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Abstract

The transformational approach to software development is recognised as an important formal
route for software construction. One major benefit of this approach is the possibility of
providing machine assistance to this development process. This thesis works towards this goal
by systematizing four major classes of transformations into automated methods (or tactics).

The first class of transformations involves the fusion of composed expressions to eliminate
unnecessary intermediate data structures and function calls. A producer-consumer model of
functions is introduced to explain this transformation. With this model, we show how the
deforestation algorithm of Wadler can be extended to all first-order programs. The extended
transformation algorithm is presented, termination proof given and further improvements
- suggested. A similar consideration is also developed for compositions in set abstractions.

The second class of transformations involves the removal of certain higher-order features from
well-typed programs. Three transformation algorithms are developed. Two of them are directly
concerned with the removal of higher-order features. Termination proofs for these algorithms
are given. A third algorithm preserves full laziness in a manner compatible with higher-order
features removal. With these transformations, the extension of deforestation to higher-order
programs is also developed.

The third class of transformations concerns the removal of redundant computation through
tupling. A survey of past techniques is presented, followed by the development of a new
analysis technique to discover eureka tuples to remove redundancy. This new technique makes
novel use of selection orderings to search for eureka tuples. We give some methods to
determine appropriate orderings and provide extensions to the basic analysis technique.

The last class of transformations involves the use of constraints (or invariants) to help improve
recursive programs. Both the finite differencing tactic and a new base-case filter promotion
tactic are part of this category of transformations. The necessary laws and semantic conditions
for these two tactics are systematized.
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1. Introduction

1.1. The Software Problem

The past twenty years has seen another industrial revolution, this time of the information
technology, which has been driven largely by the increase in sophistication and falling costs of
computer hardware. Unfortunately, this rapid improvement in computer hardware technology
has not been matched by a similar trend in software. Late schedules, over-run costs and suspect
qualities are still features experienced in software projects. They are happening because
software developers' productivity has not kept up with the demands of ever more complex
tasks being entrusted to computer systems.

A fundamental cause of this problem is that there is an inherent conflict in the required
characteristics of software. On the one hand, software must be specified in the clearest possible
manner in order to aid in understandability, reasoning and modifiability. This objective is
normally achieved by using various forms of high-level abstractions, e.g. abstract data types,
weak algorithms! and modularized programs. On the other hand, software must be suitable for

implementation by being efficient in its use of computer resources and be able to meet
performance requirements.

These two characteristics, clarity and efficiency, cannot usually be satisfied simultaneously by a
single piece of software. This is because high-level abstractions, like data abstraction,
modularisation and weak algorithms, are constructs which make software easier to write and
understand but are unfortunately inefficient to implement. Such constructs tend to be general
and widely applicable. But for efficiency, we need different forms of programs which are
specialised with respect to the way they are used. In particular, they have to exploit the specific
contexts of programs for efficient implementation. Use of specialised contexts, as opposed to
the generalised constructs, may improve efficiency but tend also to result in software codes that
are more obscure, with higher interconnectivity between the various parts of the programs.

To harmonise both these conflicting requirements, many researchers have been advocating for a
program transformation approach to software development [Darlington76,Burstall77,
Green81,Bauer79,Balzer81]. In this approach, software is permitted to be specified using high-
level constructs which are clear and easy to understand, without worrying about implementation
concerns. After completing the software specification, it could be subjected to a sequence of
correctness-preserving transformations that would gradually change the clear but inefficient
specification into an equivalent program that is more efficient. Only correctness-preserving
transformations should be used in order to guarantee that the transformed program will always
preserve the intended meaning of its original specification.

The transformational approach represents an earlier formalisation of both the specification and
design phases within the software life-cycle's requirement, specification, validation, design,
coding and testing phases. Previously, the actual formalisation of software development occurs

1 e.g. generate-and-test algorithms are weaker (and more general) than divide-and-conquer algorithms.

1.1 Software Problem !



principally at the coding phase, with largely informal techniques used at the specification and
design phases | Wirth71,Dijkstra76,Yourdon75]. Earlier formalisation in the software life-cycle
can help to improve one fundamental problem of software, namely the difficulty of getting it
correct with respect to users' requirement. This is so because:

(1) itis possible to validate system earlier through executable or verifiable
specifications.

(2) high-level specifications are less likely to contain errors.
(3) correctness-preserving transformations (cf. design) will not introduce errors.

Such formalisations are very important because they open up opportunities for providing
machine assistance in software development. These opportunities are the central theme for a
proposal by Cordell Green, R Balzer et al [Green83], in the long-term, of providing
Knowledge-Based Software Assistants (KBSA) which will put the machine at the centre of the
software life-cycle activities. Possible areas where machine assistance could be provided
include project management and supervision, acquisition and transformation of specifications,
to automated facilities for testing, documentation and version control.

Our focus in this thesis is on the narrower but nevertheless important phase of transforming
specifications to implementations. This phase has been viewed by many researchers as the key
phase for large scale automation of the software construction process. However, the current
state of art is presently some way from this goal of large scale automation.

This thesis contributes towards this goal by presenting a number of classes of transformations
that can be automated. Each of these classes of transformations will be formalised into a
transformation method, called tactic, which will be able to make appropriate use of analysis on
program structures in order to suggest the corresponding transformations to improve the
program. An overview of these tactics will initially be outlined in Section 1.4 before they are
presented (in details) in Chapter 2 to 6. But first, we will address two preliminary concerns:

(1) asuitable language for specification and transformation (Section 1.2).

(2) a suitable methodology for program transformation (Section 1.3).

1.2. A Suitable Language for Specification and Transformation

The last decade has seen the development of a class of programming languages, called
declarative languages, such as logic, functional, constraint and to some extent object-oriented
lahguagesz, which are more suitable for writing software. Declarative languages represent
another level of abstraction over imperative languages, like Pascal, Fortran, Modula. This is
because they are more problem-oriented and possess better abstraction constructs for
supporting the specification of problems rather than their intricate procedural solutions. In other

2 Strictly speaking, object-oriented languages are not considered as declarative languages. However, their use
of local rather than global states (plus corresponding methods) allow each object to be be viewed as a
process (or function) which takes a list of requests and a state in order to return new state and replies to the
requests (see (Perry89b]). In [Goguen87], a more direct formulation is used to combine the object-oriented
paradigm with the functional paradigm. This involves the use of special modules to support objects, methods
and classes. Both formulations allow objects to be integrated into the declarative paradigm.

2 Chapter 1 - Introduction



words, declarative languages allow us to concentrate more on the 'what' rather than the ‘how'
of software and are increasingly recognised as a suitable way to specify software.

One very desirable mathematical property of declarative languages is referential transparency.
This property makes declarative programs more amenable to mathematical reasoning and
program transformation. The referential transparency property essentially states that each
expression should denote the same value, wherever it may be used in a program. With this
property, we can perform program manipulations by substituting one expression with another
expression, which denotes the same value, and be sure of preserving the original meaning of
the program. This is a basis by which safe manipulations of programs for transformations or
proofs can be carried out.

The main reason why referential transparency is present in declarative languages, but not
imperative languages, is that they do not have features like destructive assignment statements,
which make expressions dependent on the computation history (or global memory state).
Expressions that are sensitive to computation history are more difficult to manipulate safely.

1.2.1. An Extended Functional Language

One suitable declarative language for software specifications and transformational development
is a functional language which has been extended to handle logic, constraint and object-oriented
programming features. Such a language is currently under development at Imperial College, as
a successor to HOPE' [Perry89a,89b,Darlington89a]3. The logic and constraint programming

features permit very high-level specifications to be written, while the applicative/functional: - -

features allows efficient algorithms to be either written (by programmers) or derived (through
transformations).

In a sense, this extended-functional language is a restricted form of the wide-spectrum language
that have been used in a number program transformation systems e.g. CIP-L in CIP
[CIP85,Bauer81], Anna/Ada in PROSPECTRA [KBruckner89], V in CHI [Phillips83]. A
language is said to be wide-spectrum if it contains programming constructs from a range of
programming styles. This spectrum of programming styles typically includes pre-algorithmic
logic & set notations, applicative, imperative and even machine-oriented programming
constructs. Wide-spectrum languages have been used in program transformation systems
because they allow (localised) transformations to be applied, all the way, from high-level
specifications to ultra-efficient implementations. Our extended language covers the declarative-
end of this spectrum. It has been argued that this is quite sufficient because the gap between
applicative and machine-oriented implementations can usually be carried out by automatic
(optimising) compilation techniques.

Other functional languages, e.g Haskell [Haskell89], Miranda4 [Turner85], Ponder
[Fairbairn82], are also available. But as they do not possess logic and constraint-programming

3 Hope was originally developed by Burstall, MacQueen and Sanella in Edinburgh [Burstall80]. It has since

undergone major language extensions in Imperial College to include continuation-based I/O, absolute set
abstractions and constraints.

4 Miranda is a trademark of Research Software Ltd
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features, we shall not use them in this thesis. These constructs are important because they are
needed in certain classes of transformations (see Chapter 2 and 6, later).

1.2.2. Types of Abstractions Available

As mentioned earlier, our extended functional language can provide a number of high-level
abstractions which are useful for specification purposes. Four kinds of abstractions that can be
supported are:

*  data abstraction to support common, re-usable abstract data types
»  program abstraction to support common, re-usable programs

»  specification abstraction to support high-level specifications using problem-
independent algorithms or techniques

*  system abstraction to support the programming of large systems with multiple
components
We describe and illustrate the above abstractions next. In the process, we shall also be
introducing the language constructs of HOPE informally.

1.2.2.1. Data Abstraction

There is an abstract way of defining data structures in HOPE through data declaration
statements. These data statements can be used to define enumerated types, like week_days:

data week_days = mon ++ tue ++ wed ++ thur ++ fri4++ sat++ sun;

More importantly, they can also be used to define complex recursive data types, such as list and.
tree, through algebraic data type statements, as follows:

data list(alpha) = nil ++ alpha :: list(alpha);

data tree(alpha) == |eaf(alpha) ++ branch(tree(alpha),tree(alpha));
These recursive data types are defined using constructors, such as nil, :;, leaf and branch, which
can be used to build large and complex data structures. They represent another level of
abstraction over the dynamic data structures used in imperative languages, like Pascal of C.
This is because implementation concerns, like allocation-deallocation of heap spaces and
manipulations of pointers, will be automatically handled by the functional language compilers
or interpreters.

Furthermore, the above type declarations are each parameterised with a type variable, alpha.
This facility, known as polymorphism, is used to define generic data types - from which more
specific types can be instantiated. Two examples of instantiated types are list of numbers and list of
lists of numbers, as shown below.

type list_num = list(num);

type list_list_num = list(list(num));
Polymorphism, algebraic data type notation and modules® can be used to define generic abstract
data types, whose representations are hidden by a set of access functions. A classic example of
this is the abstract data type for stack. This can be defined using the list structure as the concrete

5 Module facility and separate compilation are supported by Hope+ (see [Sephton89]).
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representation, together with a set of access functions, as declared below.
type stack(alpha) == list(alpha)

dec empty . stack(alpha);

dec push .  alpha # stack(alpha) -> stack(alpha);
dec top . stack(alpha) -> alpha;

dec pop :  stack(alpha) -> stack(alpha);

These type declarations provide an interface for the abstract stack type, whose implementation
is realised by a set of HOPE equations of the form, - - - LHS <= RHS, as shown below.

- - - empty <= nil;

- - - push(a,stk) <= austk;

---top(a:) <= a;

- - - pop(_.::stk) <= stk;
1.2.2.2. Program Abstraction

Apart from data abstraction, functional languages also support program abstraction. This
abstraction can be used to support generic re-usable programs and is provided through
polymorphism and the higher-order facility (or function parameterisation). An example of this
is the following generic function for representing a class of binary divide-and-conquer
algorithms.

dec d_c : alpha # (alpha -> (alpha # alpha)) # (beta # beta -> beta) # (alpha -> truval) # (alpha -> beta);
- - - d_c (x,divide,conquer,primitive,basic)
<= If primitive(x) then basic(x)
else let (a,b)==divide(x) In
conquer(d_c (a),d_c (b}));
This abstract divide-and-conquer function can be re-used in a range of circumstances, with
different instantiations applied to the function-type parameters, divide, conquer, primitive, basic.

More popular examples of abstract programs include those used for processing the recursive
data structures. An example is the map function which produces an output list by applying its
parameterised function, F, to each element of its given input list.

dec map : list(alpha) # (alpha -> beta) -> list(beta);

- - - map(nil,F) <= nil;

- - - map(a:x,F) <= F(a):map(x,F);
Such abstract programs, using higher-order functions, are frequently used by functional
programmers as highly re-usable software components. They provide the same kind of
abstraction benefits to programs, as data abstractions provide for data structures.

1.2.2.3. Speclfication Abstraction

There is yet another form of abstraction, called specification abstraction, which uses high-level
mathematical set and logic constructs to write software specifications. While program
abstraction provides a facility for abstracting out commonly-used algorithms, specification
abstraction stresses on weak algorithmic techniques that are problem-independent and more
widely applicable.

As an example, consider how the sorting function can be specified in an abstract or declarative
manner using the set abstraction, {p|pe perm(x), ordered(p)}, as shown below.
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dec son . perm : list(num) -> set(list(num));
dec ordered : list(num) -> truval;

- son(x) <= {p]|pe perm(x), ordered(p)};
--- perm(x) <= If x=[} then { []}
else { a::p | a € make_set(x), p € perm(x - a)};
- - - ordered([]) <= true;
- - - ordered([a]) <= true;

- ordered(a::b:x) <= a<b A ordered(b::x);

T' .bove sorting specification states that a sorted output list, p, of input list, x, is a
pc  atation of the original input (i.e p e perm(x)) which is also ordered (i.e. ordered(p)). This
specification is evaluated, as a generate-and-test algorithm, by generating all possible
permutations using the perm function, before each of its possible solutions is tested by the
ordered function.

Notice that we have managed to provide the above abstract specification through a set
abstraction construct that is purely functional. This is so because each function call in the above
set abstraction always takes in input values to produce outputs. Such a use of set abstraction is
also known as the relative set abstraction or the set comprehension construct. It is now widely
accepted as a standard feature of a number of modern functional languages, like HOPE™,
Haskell and Miranda. However, in Miranda and Haskell, a variant of this construct, known as
list comprehension, is used. This variant simply returns a list (rather than a set) which allows
duplicate elements and has a positional order.

Apart from this purely functional usage, the set abstraction construct could alsobe used to -

support the more powerful predicate-logic language's relations (where any parameter field can
act as either input or output). This use of set abstraction, known as absolute set abstraction,
was first introduced in [Darlington86] as a means of integrating logic language feature into
functional languages. It is achieved by allowing functions (in absolute set abstractions) to be
evaluated backwards (i.e. given an output find its possible inputs) and thus behave as relations.
An example of this is the following alternative specification for perm.

- - -perm([]) <= {}

- - -perm(a:x) <= {plolalop2))|pe perm(x), pi<>p2 = p};
Here, we have an expression, p1<> p2 = p, making use of an append function, <>, which needs to
be executed backwards in order to obtain various ways of splitting the p list into sublists, pt and
p2. Such backwards evaluation of functions is done through the narrowing mechanism, using
both unification and rewriting (see [Pull90] for details). The ability to use functions in a multi-
mode manner, like relations, provides for a more abstract and concise way of writing
programs.

Recently, an even more general programming paradigm, called constraint logic programming
scheme, was introduced by [Jaffar87]. This scheme is a proper generalisation of logic
programming because Prolog II and IIT have been shown to be particular instances of this more
general paradigm. In particular, the resolution mechanism of logic programming is just one of
the problem-solving techniques which could be used in this more general paradigm. Other more
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complex constraint-solving methods, e.g. linear equation solving, can also be used.

This more general paradigm has also been taken up in a proposed version of constraint
functional programming [Darlington89a], through an even more general use of the set
abstraction construct. Here, constraints are simply conditionals of the set abstraction construct,
which could be evaluated with the help of appropriate problem-solving techniques. An example
of this is the function, solve, for declaratively stating the solutions of two simultaneous linear
equations, 3x+4y=5 and 7x+8y=8, as shown below

dec solve : void -> (num # num);
- - - solve() <= (X,y) st 3x+4y=5,7x+8y=8;

To evaluate the above function, we need a linear equations solver but this is again an
implementation concern and not a concern of the programmer. Note the use of a special form of
set abstraction, expr st condy,..,cond,, which returns a singleton result, expr, satisfying the
constraints, condy,..,cond,.

1.2.2.4, System Abstraction

In [Shaw89], another form of abstraction, called system abstraction, is introduced for
structuring and programming larger systems. For a while, software developers have been
building systems using a number of popular abstract software architectures which are more
suitable for structuring multi-component systems. Examples of these abstract system
architectures include, the layered hierarchical approach for building operating and
communications system, pipes and filters as is commonly used in UNIX, data abstractions with
inheritance in object-oriented systems, rule-based engines for expert systems and blackboard”
architecture for multiple knowledge-base systems. These abstract system architectures are
extremely suitable for structuring large software systems with multiple components.

Some of these system abstractions (e.g. layered approach, pipes and filters) can be directly
supported by the hierarchical and compositional style of functional programs, while others
(including object-oriented systems) can be embedded within the functional programming
paradigm.

Closely related to this system abstraction capability, is the increasing realization that the
expressiveness of functional languages can also be used to capture common program forms of
different parallel computer architectures, e.g. SIMD, CSP, systolic, etc. This expressiveness
can help to map (or transform) our programs directly to forms which are suitable for these
parallel architectures and is the basis of a transformation-for-parallelism project currently under-
way in Imperial College [Sharp90,Darlington89c].

All these different types of abstractions are supported in our extended functional language -
making it extremely suitable as a specification language.

1.3. A Suitable Program Transformation Methodology

Almost all program transformation systems are based on source-to-source transformation rules

which are correctness-preserving (i.e. preserve the meaning/value of the programs they
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transform). These rules are normally classified as either schematic or procedural in form.

Schematic rules are typically of the form P1 — P2IF C, where P1 and P2 are generic program
schemes for representing classes of programs, and C is an applicability condition, consisting of
a set of syntactic and/or semantic tests. An expression, e, can be transformed by a schematic
rule if it matches the first program scheme, P1, and the corresponding applicability condition, C,
is also satisfied®. When both the matching and applicability condition are satisfied, the
expression, e, can be replaced by the second program scheme, P2, with the appropriate
substitutions from the earlier matching. The simplest form of matching which can be used is a
firsi-order matching. However, if function-type variables are present in the source program
scheme, P1, then the second-order matching technique of [Huet78] should be applied. This
form of schematic rules was used in an early Edinburgh transformation system [Darlington76]
and in the Munich CIP7 project [CIP85]. Such schematic rules are declarative in form and are
easy to follow. However, not all rules can be expressed in this way.

Procedural rules, on the other hand, are normally specified in an algorithmic fashion as meta-
functions of the type, expr # info -> expr. Each of these meta-functions takes an expression of the
type, expr, together with some additional information of the type, info, to produce a transformed
expression of the type, expr. The use of such procedural or algorithmic rules normally results in
transformations which can be carried out more efficiently. Even more importantly, they are also
more general because it should be theoretically possible to implement any computable
transformations by procedural rules. However, their main weakness is that they are less
declarative in form.

Both forms of rules (plus hybrid rules) have been used in various program transformation
systems. In fact, there are even some proposals to exploit the declarative versus efficiency
aspects of schematic and procedural rules. This is done by applying the transformational
methodology to the development of the rules themselves. In particular, a recent ESPRIT
project, called PROSPECTRAS® [KBruckner89], allows transformation rules to be written as
algebraic specifications between any two program schemes. These algebraic specifications
could then be systematically tran: rmed to more efficient algorithmic rules. To support the
algorithmic rules, the PROSPE RA system also uses a specially designed functional
language, called TrafoLa [Heckm.. -38], which directly supports higher-order pattern matching
(on expression trees) with back-tracking or non-determinism.

1.3.1. Catalogue versus Generative Set Systems

Though rules are normally classified as either procedural or schematic in form, transformation
systems tend to be classified by the nature rather than the form of the rules. In particular, some
researchers have classified transformation systems according to whether they are based on large
sets of complex rules or smaller sets of more elementary rules. In [Partsch83], systems that are

6 Syntactic tests can be evaluated directly for the transformation system. However, semantic tests are more
difficult and normally need to be verified by either the user or a separate theorem-proving system.

7 Computer-aided Intuition-guided Programming

8 PROgram Development by SPECification and TRAnsformation
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based on large sets of complex rules are known as catalogue systems, while those that are
based on small sets of elementary rules are known as generative set systems. These two
approaches were also known as the dictionary and the discovery approaches in [Kieburtz81].

The good thing about the catalogue system is that each of its rules represents a fairly large step
that could be applied to perform meaningful transformations. However, the main limitation is
that the system's range of applicability is strictly dependent on the rules available. Furthermore,
each new rule for the catalogue must, in general, be pre-proved by the users before it can be
added to the catalogue.

In contrast, systems based on small sets of elementary rules are often nearly complete (when
augmented with relevant domain-related laws) in their range of applicability, and do not require
users to add pre-proven rules. However, the main problem of such systems is that each of the
elementary rules result in only a small change. As a result, we often require a number of them,
in appropriate sequence, to perform meaningful transformations. Organising these small rules
to perform useful transformations is the key problem of generative set systems.

In the early days, there was a debate about which of the two approaches is better. However, it
is now becoming clear that the two approaches address quite distinct concerns. In particular, the
catalogue approach is more suitable for providing large automatable transformations, while
generative set approach, with its generality, is useful for handling the widest possible range of
transformations. More promising systems are therefore based on a hybrid approach which uses
small rules for generality and relying on complex rules for meaningful transformations.

1.3.2. Desirable Criteria for Transformation Systems

Experimental program transformation systems have been around for some ten to twenty years
now but are presently still some way from being accepted in industry. For these systems to be
adopted as formal alternatives to software development, there are at least three important criteria
which must be present. These are:

*  Safety or Correctness criterion to ensure that all transformed programs
are correct with respect to their specifications;

*  Generality or Completeness criterion in order to let these systems cope
with the widest possible range of transformations;

*  Automatability to help construct transformations automatically
whenever possible.
The first criterion is important because it is through this assurance of correctness that users can
have confidence in their transformation systems. The second criterion of generality is necessary
because software development is, by nature, an open-ended task where the programming
solutions are nearly as varied as the problems themselves. Thus, in order not to be limited by
the adopted methodology, we must choose a system which would allow the most flexibility. In
this way, we could always fall back on user-prepared transformations whenever automated
tools are not available. Lastly, the third criterion of automatability is vital for alleviating
transformational programmers from much of the tedium of constructing transformations. This
can help to improve productivity in software construction and is a powerful incentive for
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encouraging the use of transformation systems.

Most current program transformation systems are presently unable to satisfy all the above three
criteria simultaneously. Some of them can be automated but are not generally applicable, while
others are general but harder to automate. This thesis intends to show that, though difficult,
these objectives can be achieved simultaneously. The first two criteria of safety and generality,
in essence call for a generative set transformation system. Such a system is based on a small set
of elementary transformation rules which is in some sense correct and complete.

One of the earliest generative set approach for program transformation is the unfold/fold
methodology that was introduced by Burstall and Darlington in [Burstall77]. We shall give an
overview of this methodology in the next section and then show how the rules are in some
sense correct and complete (under appropriate circumstances).

However, the reliance on elementary rules can make the third criterion of providing automated
assistance non-trivial. This is because each elementary rule can only make a small change. As a
result, appropriate combinations of the small rules are needed to perform useful
transformations. This task of providing automated assistance within the unfold/fold
methodology is the principal theme of this thesis. We shall introduce larger automatable
transformations, known as transformation tactics, which are based on the unfold/fold rules. But
first, we need to introduce the unfold/fold methodology.

1.3.83. The Unfold/Fold Methodology

The unfold/fold program transformation methodology is based on €quality reasoning of
functional programs that are expressed as equations. It consists of six elementary rules namely,
define, instantiate, unfold, abstraction, fold and laws, as described below.
fin Introduce a new equation (function definition) with a unique LHS.
In ti Provide an appropriate instance of a given equation.

Unfold Replace a function call by its corresponding function body, with the appropriate
parameter substitutions.

Fold Replace an expression that matches a function body by its corresponding function
call.
Laws Apply domain laws/lemmas of the language constructs and functions.

e.g v(if a then b else c)=if a then v(b) else v(c)
Abstraction Extract out one or more identical sub-expressions using the where/let construct.

The principal rules in the above list are define, unfold, fold and laws. The where abstraction
step is actually a special law for the let/where language constructs. Also, the instantiation step
can often be combined with unfolding by a process commonly called narrowing. This is made
up of instantiation (via unification) followed by unfolding. We will sometimes refer to this
narrowing step as just a general form of unfolding.
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Let us consider how these rules could be used to improve a simple function, av_list, for
computing the average of a list of numbers, as shown below.

dec av_list . list(num) -> real;
dec sum :  list{num) -> num;
dec length . list(alpha) -> num;
- - - av_list(x) <= sum(x)/length(x);
- - - sum([]) <= 0;

- - - sum(a:x) <= a+sum(x) ;

- - - length([]) <= 0;

- - - length{a::x) <= 1+length(x) ;

The present av_list function is inefficient because it involves the double traversal of the input
list, x, by two recursive calls, sum(x) and length(x). To improve this function, we must group the
two calls together into a new function definition. We perform this by initially defining a new
function, say av_tup, as shown below.

define

- - - av_tup(x) <= (sum(x), length(x) );
This tuple function definition can be transformed to give two equations by narrowing on the
function call, sum(x), as follows:

narrow on the sum call to give:

- - - av_tup([}) <= (0, length([]) );

- - - av_tup(a:x) <= (a+sum(x), length(a::x) );
This narrowing step corresponds to an instantiate followed by an unfold step on sum(x). After
this, the two equations can be separately transformed. The first equation can be simplified by
unfolding the length function call, to give:

unfold length call

- - - av_tup([]) <= (0,0);
The second equation can be transformed by three steps. These are an unfold on length call,
followed by an abstraction step (using the where construct) and finally a fold step, as follows:

unfold length call

- - - av_tup(a:x) <= (a+sum(x), 1+length(x) );

abstract sum(x) and length(x)

- - - av_tup(a:x) <= (a+u,1+v ) where (u,v)==( sum(x), length(x) );
fold with av_tup(x)

- - -av_tup(a:x) <= (a+u,1+v ) where (u,v)==av_tup(x);

The above sequence of transformation produces the following function definition for av_tup:

dec av_tup . list(alpha) -> (num # num) ;
- - -av_tup([]) <= (0,0);
- - - av_tup(a:x) <= (a+u,1+v ) where (u,v)==av_tup(x);
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This is a more efficient function because it traverses its input list only once in order to compute
the two results. We can use it to improve the original function, av_list, by replacing the two
recursive calls with an abstract step and a fold step, as follows:

- - - av_list(x) <= sum(x)/length(x);

abstract sum(x) and length(x)

- --av_list(x) <= u/v where (u,v)==( sum(x),length(x) );

fold with the original definition of av_tup(x)

- - -av_list(x) <= u/v where (u,v)==av_tup(x);
This sequence of steps is an instance of horizontal loop combination transformation. Other
classes of transformations could also be performed using these simple but surprisingly
powerful rules. We shall discuss the correctness and the completeness criteria of this
methodology next.

1.3.4. CORRECTNESS

The six elementary rules of unfold/fold methodology essentially involves equational reasoning
and cannot therefore result in inconsistent programs. However, the rules can only preserve
partial correctness. This is because arbitrary use of folding steps can sometimes introduce non-
termination (i.e. a less def'red function). As an example, consider the following identity
function, id.

dec id : alpha -> alpha;

---id(x) <= X;
If the RHS of the above definition is folded against itself, we would obtain a function which is
non-terminating (even though the original definition is not so), as shown below.

--id(x) <= x; Ifold id(x)

<= id(x);

This loss of total correctness is clearly undesirable, but fortunately there are ways of preventing
it from happening. We discuss three possible ways to ensure total correctness in a strict
language.

The first technique is to employ termination proofs (immediately after transformation) to check
that the transformed programs are terminating. Those programs that are terminating would be
accepted as being valid because they could only have arisen out of totally correct transformation
steps. This technique was used by Manna & Waldinger in a deductive system [Manna79] that
had elementary rules similar to the unfold/fold rules. One problem of this technique is that
termination proof is, in general, an undecidable problem. Nevertheless, there exist heuristics
[Dershowitz79] that could be used.

A second more direct method for ensuring total correctness arised from a theoretical study in
[Kott78] on the validity of unfold/fold rules. Kott considered each transformation sequence on
a function definition to be made up of a series of unfoldings, simplification (laws) and folding
steps. With a restricted form of simplification steps, he was able to show that total correctness
can be guaranteed if at any one time there are always equal or more unfold steps than fold steps.
If each sequence of transformations satisfies this condition, then erroneous introduction of non-
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termination could never arise.

Finally, there is also a proposal in [Scherlis80] for a restricted use of fold steps which could
guarantee total correctness. He showed that fold steps based on newly defined functions, which
contain at least one function call which has been unfolded, will always be safe to carry out. A
similar approach was also adopted in an unfold/fold system for logic programs in
[Kanamori87]. This restricted use of folding appears to be the simplest method to adopt for
total correctness but it does exclude certain categories of transformation. It could perhaps be
used in conjunction with Kott's validity condition, to ensure a wide-range of safe
transformations.

The above three techniques to guarantee total correctness are each given under the context of a
strict language. In the case of non-strict language, additional precautions are needed to
guarantee that non-strict behaviours are adhered to. [Runciman89] gave a consideration of how
the instantiation step should be applied to comply with non-strict semantics. A brief discussion
of this non-strict semantics correctness is given in Section A2.5 of Appendix 2 where we
explore the strictness implications of conversion-to-iteration transformations.

1.3.5. COMPLETENESS

The unfold/fold methodology is almost complete in terms of the range of program improvement
transformations which can be carried. This generality is certainly impressive.

However, there is an asymmetry in its rules which typically allows transformation to proceed
from a non-recursive function to a recursive fanction but not vice-versa. This is the basis by
which most program improvements are carried out but it may also be possible to have some
examples which do not improve in this way.

An example of this is the identity function for lists,

dec id_list . list(alpha) -> list(alpha);
- - - id_list(x) <= X; (1.1)

which can be transformed to:

dec id_list 1 list(aipha) -> list(alpha);
- - - id_list(nil) <= nil; (1.2)
- - - id_list(a::x) <= auid_list(x); ' (1.3)

but not quite vice-versa, even though the first definition is more efficient.

This asymmetry could be overcome if a better complement of the unfold/fold rules is allowed.
For example, if a step to re-define an existing function (suggested in [Burstall77] as a
complement of the define step) is allowed, we could have proved that id_list(x)=x from equations
(1.2) and (1.3) and then replace them with equation (1.1) by just a re-definition.

Alternatively, we could use the law, id_fist(x)=x, to transform equation (1.3) to:

apply law id_list{x)=x to (1.3), giving:
- - - id_list(a::x) <= aux; (1.4)

After this, if a generalise step (as a complement to the instantiation step) is allowed, we could
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generalise the two equations (1.2) and (1.4) to give the more efficient equation (1.1).
This example suggests two issues which need to be addressed to achieve better completeness.

» the transformation system should allow all steps which preserve correctness
(including those which goes from loosely-specified to more-defined
functions). ‘

+ it must be possible to derive or synthesize the necessary laws (using a reliable
inference sub-system, perhaps the user!).

As shown in the last two sections, the unfold/fold methodology could satisfy both the
correctness and completeness criteria. In the rest of this thesis, we shall see how the third
criterion, automatability, could be satisfied.

1.4. Contribution of Thesis

The main contribution of this thesis is the systematisation of four major classes of
transformations, namely fusion, higher-order removal, tupling and constraint-based
transformations, which we shall show can be largely automated. These classes of
transformations each correspond to a particular programming technique. The ability to automate
these techniques implies successful encapsulation of the programming knowledge involved in
implementing the transformations. Furthermore, we shall show that all these transformations
can be formulated using the unfold/fold transformation methodology.

Chapter 2 presents a proposal for a comprehensive program transformation system (based on
the unfold/fold methodology) which is capable of ensuring correctness, generality and machine
assistance. We describe each of the system's key components that should be present. One of
the most important components is the merhods/tactics bank, for containing a collection of
transformation tactics which are able to analyse user-programs and then suggest
transformations to improve them. We shall show how these tactics can be organised as meza-
programs (cf. LCF proof tactics [LCF79]) and then present two very simple tactics, one
algorithmic and the other schematic, to perform simple but useful transformations. These two
simple tactics are used to illustrate the possibility of automation within the unfold/fold
methodology. More substantial transformation tactics are investigated in the next four chapters.

Chapter 3 considers an important class of program transformations, commonly known as
fusion, which improves programs by merging (or fusing) function calls of composed
expressions. Successful fusion can often improve programs by reducing the number of
function calls used and eliminate the need for intermediate data structures. We introduce a
producer-consumer model of function to explain this fusion transformation. In [Wadler88], a
transformation algorithm, called deforestation, was presented. This algorithm can fuse any
expressions which are composed from a sub-class of first-order functions with a certain
syntactic property. This sub-class of functions is actually a description for good consumers and
good producers for fusion purpose. Our contribution in this thesis, is a proposal for the
extension of deforestation to cope with all (rather than just a sub-class of) first-order programs.
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This extension helps to increase the number of instances where fusion could be applied. We
make use of two apparatus for this extension. These two apparatus are a parameter annotation
scheme and the let construct. They are used to identify good producers and consumers from
bad producers and consumers. With these distinctions, fusion could be applied whenever a
good producer meets a good consumer. We give the complete transformation algorithm to
achieve this, together with a proof that our algorithm will always terminate. After that, we
present an analogous technique that will enable independent function calls in set abstractions to
be fused together. Set abstractions are usually used to specify generate-and-test programs.
Successful fusions between generators and filters often correspond to a powerful program
transformation technique, commonly known as filter promotion. This technique is capable of
making drastic improvements by cutting off sub-spaces of infeasible solutions from the
programs' search spaces.

Chapter 4 presents a new transformation tactic for removing certain higher-order features
in functional programs. Higher-order facility provides additional expressive power to functional
languages but it also carries additional overheads and complicates both analysis and
transformation techniques. We show, in this chapter, how they can be removed by three fairly
independent transformation algorithms which are applicable to well-typed functional programs.
Two of the algorithms are used to eliminate a form of applications, called general applications,
and a certain class of non-variable function-type arguments. A third transformation algorithm is
concerned with preserving full laziness during the removal of function-type arguments. This
algorithm differs from the conventional fully lazy lambda lifting technique, which requires the
higher-order facility (rather than their removal) to preserve full laziness.

All three transformation algorithms work together for the efficient removal of most higher-order
features. With this removal, the resulting expressions will be relatively simple and near first-
order in form (with some residual higher-order features). We shall show how easy it is to
extend the first-order deforestation technique of Chapter 3 to the resulting residual higher-order
programs. This would provide an indirect route for deforestation to be applied to higher-order
programs. Many other transformation or optimisation techniques could similarly rely on this
higher-order removal for the extension of their techniques from first-order to higher-order
programs.

Chapter 5 deals with a slightly more complicated transformation tactic, called tupling. This
tactic relies on the use of the tuple structure for grouping together separate function calls with
common recursion variables. A major.use of this tupling tactic is for the elimination of
redundant calls in certain recursive functions. We present an analysis technique which works
by systematically exploring the descendant calls of these recursive functions to discover eureka
tuples (that would remove redundancy). A key feature of our technique is the use of an
appropriate selection ordering to systematically search for eureka tuples. We show how this
selection ordering could be heuristically determined either from the syntactic representation of
function-argument pairs or from the constructor patterns of calls of functions with pattern
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matching equations. This tupling analysis technique is one of the most general technique to-date
among comparable work in the area. It is applicable to a very wide class of programs with

redundant calls.

Chapter 6 investigates a class of transformations, called constraint-based transformations,
which uses invariant or constraint relationships for program improvement. These constraint
relationships must be maintained across recursive functions in order to allow optimisations to
be made to their programs using the established invariants. Both finite differencing and a new
(base-case) filter promotion technique are part of this category of transformations. We shall
show that this class of transformation can be systematised by identifying the essential semantic
conditions, which are needed to maintain the constraint relationships. These conditions must be
successfully analysed and synthesized before our tactics could be applied to improve programs.

Chapter 7 summarises our achievements.

Figure 1.1 outlines the seven chapters of this thesis and provides an informal reading order for
the various chapters.

16 Chapter 1 - Introduction



f

hapter 1 - Introduction

Software Problem
Extended Functional Language
Unfold/Fold Transformation Methodology

Two Simple Tactics
- Useless Parameter Elimination

- Conversion to Iteration

Chapter 2 - Automated Methods
Key Components of System

—

Chapter 3 - Fusion

Producer-Consumer Model

Deforestation
Pure/Extended/Universal

Fusion of Set Abstractions

-
Chapter 5§ - Tupling

e _

Find Eureka Tuples with the
Continuous Sequences of Cuts

Selection Orderings to Discover
Eureka Tuples

Trees of Cuts for Complex Examples

AN

\

Chapter 6 - Constraint-Based

Transformations

Finite Differencing
Base-Case Filter Promotion

Preserve Full Laziness

N

Chapter 4 - Higher-Order Removal

Remove General Applications
and Higher-Order Arguments

by Extracting Ground-Type MFEs
Higher-Order Deforestation

~

J

Appendix
Appendix
Appendix
Appendix
Appendix

1.4 Contribution of Thesis

(2L G S

Chapter 7 - Conclusion

- Higher-Order Useless Parameter Eliminations

- Other Conversion to Iteration
- Derivation of Parallel Lemmas
- Implementation of Tactics

- A Termination Proof

Schemes

Figure 1.1 - Overview of Theslis

17



2. Automatic Methods
2.1. A Pitfall to Avoid

There is a pitfall to avoid when attempting to provide automated methods for generative-set
transformation systems. This pitfall is a lesson learnt from early theorem-proving systems
which are similarly based on small sets of generative inference rules. Many of these systems
originally relied on uniform search strategies that exhaustively search for proofs in the solution
spaces of the specified theories. Such uniform strategies appear to be quite successful for small
examples but immediately encounter the combinatorial explosion (or computational
intractability) problem when larger examples are attempted. This phenomenon is caused by
poor searching techniques in the large search space of the elementary inference rules.

Instead of uniform search strategies, we should attempt to provide appropriate methods or
tacrics that use various heuristics and analyses to help provide guided searches (for solutions).
Such specialised methods or tactics could be discovered and codified into operational
techniques, after careful identification of common patterns of problem-solving techniques in the
particular problem domain. A number of well-known mathematical domains, such as
integration or differentiation, already have collections of useful problem-solving methods that
are widely applicable. These collections of methods, in effect, represent intelligent procedural
knowledge of the respective problem domains.

Alan Bundy called this approach of avoiding the fallacy of uniform search strategies, the meta- - -

inference or meta-reasoning technique [Bundy81]. Meta-inference techniques are concerned
with formulating reasoning at the meta-level, on methods or heuristics, for more guided
searches which would (in turn) induce object-level inferences. In contrast, object-level
inference techniques are concerned with the formulation of general inference rules which
directly apply to objects. This often results in blind (rather than guided) searches.

A number of successful problem-solving systems, covering different mathematical domains,
have been classified in [Bundy83], as having employed (directly or indirectly) meta-inference
techniques. Some examples of these systems include Boyer-Moore's inductive theorem proving
system [Boyer79], the PRESS system for equation solving [Sterling82] and the Geometry
Machine [Gelernter63]. The successful applications of meta-inference techniques in these
systems are achieved through the exploitation of domain-specific problem-solving techniques.

Fortunately, the programming domain, as exemplified by program transformation, also has a
similarly rich structure of techniques or methods which could be exploited to provide automated
mechanisms. Examples of useful transformation techniques that have been identified, but not
necessarily systematised yet, include tupling, loop fusion, filter-promotion, convert-to-
iteration, finite-differencing and dynamic programming. Each of these techniques or tactics
corresponds to a particular programming knowledge. Often, it either introduces good features
or eliminate bad ones, with the overall objective of improving the efficiency of programs. All of
these tactics have been observed to have fairly well-repeated sequences of rule applications.
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In this chapter, we shall consider how this tactical or meta-inference approach could be
provided for the unfold/fold methodology. We begin by proposing in Section 2.1 a
comprehensive program transformation system, based on the unfold/fold methodology, which
is able to satisfy the three criterion of correctness, generality and automatability. In particular,
we suggest how tactics could be provided as meta-programs within this comprehensive system.
After that, we claim in Section 2.2 that each transformation tactic can normally be structured
into two distinct phases, namely an analysis before a transformation phase. To illustrate this
common structure for tactics, we shall introduce in Sections 2.3 and 2.4 two very simple
tactics, one algorithmic and the other schematic in style. The algorithmic tactic is used for
eliminating useless parameters, while the schematic tactic is used to convert linear recursive
functions to tail-recursive equivalent. '

2.2. A Comprehensive Transformation System

In this section, we shall describe the essential components of a comprehensive transformation
system, which is able to satisfy the three objectives of safety, generality and automatability.
Such a system would contain a number of key components as outlined in Figure 2.1. We give a
brief descriptions for each of these components before describing them further in the next few
sub-sections.

Lemma
Library Inference
Program | - Sub-System |
Reposito
Transformatio ] .
Processor Coordinator { Té‘;tl‘](és
.

USER

Figure 2.1 - Components of a Comprehensive Program Transformation System

At the centre of this system is a coordinator which accepts requests directly from the users and
then directs these requests to the various system components. One of the these components is a
transformation processor which will accept all valid instructions to transform user-programs
that are stored in a program repository. This processor will only accept instructions based on a
small set of correctness-preserving elementary rules. The use of these elementary rules will help
to ensure both the generality of the system and the correctness of every transformation carried
out by the processor.

Furthermore, to help provide automated mechanisms, we shall have a methods/tactics bank,
consisting of both algorithmic and schematic tactics. These tactics would analyse user-programs
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before suggesting (to the processor) the appropriate sequences of elementary steps required to
improve the programs. Also, to make our transformation system more complete, we shall have
an inference sub-system which is capable of either deriving or verifying laws about the user-
programs. These laws (derived, verified or given) are frequently needed in transformations and
we shall have a lemma library for storing them.

2.2.1. Transformation Processor and the Script Language

At the base of our system is a transformation processor which is capable of accepting and
processing transformation scripts based on the unfold/fold rules. Each of these transformation
scripts is a prescription for the appropriate sequence of transformation steps that is to be applied
to a given user program. These steps/operations must conform to a special script language.

Such a processor and its associated script language have already been designed and
implemented for the Flagship Transformation-Based Programming Environment. The script
language is documented in [Pull88]. A sample list of the script operations allowed is shown
below.

type pattern==string;
type hope_pattern==string;
data eqn_spec==all_eqns ++ egspec(hope_pattern);
data eqn_defn==eqn_defn(hope_pattern);
data context==any ++ context_match(pattern);
data subterm==sbterm(hope_pattern # context) ++ locn(list(num));
data script ==

unfold(subterm,eqn_spec). | unfold a subterm using the.specified equation, eqn_spec. > -
fold(subterm,eqn_spec) | fold a subterm using the specified equation, eqn_spec.
replace(subterm,hope_pattern) ! apply a lemma (second argument) to the subterm.

I

define(eqn_defn,script) | define a new equation, eqn_defn, and apply the specified
transformation script to this new equation.

Tt

++ abstract(subterm) | apply the where abstraction to all subexpressions which are
identical to specified subterm
+ substitute(subterm) | remove a let/where subterm by substituting the value of its local

variable into the main expression of the let construct. This is a dual
of the abstract operation.

+ compose (list(script)) | apply a list of scripts in strict sequence.

++ branch (list(script)) ! apply a list of scripts in parallel by branching out into separate
equations.

+ nil_script | dummy script operator.

The argument, subterm, in some of the above operations refers to a sub-expression (within the
current equation) which is to be transformed. This subterm could be specified using either be a
simple tree-address location or a more sophisticated context-matching notation. As an example,
consider the following program.
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dec sumdb,sum : list(num) -> num;

dec double : list(num) -> list(num);
- - - sumdb(x) <= sum{double(x)); (2.1)
- - - sum({]) <= 0;
- - sum(a:x) <= a+sum(x);
- - - double([]) <= [];
- - - double(a:x) <= 2*a:double(x);

To refer to the sub-expression double(x), in the RHS of equation for sumdb, we could use the
tree-location, [2,2,1] (not [2,1], see footnote 1). This tree location is simply a list of numbers to
indicate by location, a particular sub-expression within the current equation. It is ideal for use in
scripts that are automatically generated from tactics.

Alternatively, we could also use a context pattern, sbterm("double(x)",pattern) where pattern is used
to provide a cross-reference to uniquely identify a sub-expression. In this case, pattern could
either be:

any if the sub-expression specified is already unique
context_match("™— — —sumdb(x)<=_") to provide an appropriate cross-reference using the parameter x.

context_match("™— — —sumdb(x)<=sum(?)") to narrow the scope of searching, where ? indicates the place to
search for the sub-expression

Such subterms based on context patterns are easier for scripts which have to be manually
prepared.

Let us consider a simple transformation script, called lc_script, below.
- - - lc_script <=.
branch [ compose [ unfold(locn [2,2,1],eqspec "double({})"), unfoid{locn [2],egspec "sum([])") ]
,compose [ unfold(locn [2,2,1],eqspec "double(a::x)" ), unfold(locn [2], egspec "sum(a::x)" )
, fold (locn([2,2,2],egspec "sumdb(x)" ) ]
IR
This script is actually a prescription to apply a loop combination transformation to equation (2.1)
of sumdb. It could be applied (by the transformation processor) through the following request,
apply_script(lc_script,"sumdb"”)
where apply_script takes a script and a function for the processor to apply the specified
transformation.

We shall now describe how this script is interpreted by the transformation processor. Initially,
the outermost script operation, branch, is used to split the transformation into two independent
transformations which will generate separate equations.

The first branch, using the sub-script,

compose [ unfold(locn [2,2,1],egspec "double([])"), unfold(locn [2],eqspec "sum([})") ]
would initially perform a narrowing (instantiate and unfold) on the inner function call, double(x),
using the base-case double equation (specified by eqspec "double([))"), before a second unfold is
applied to the outer call, sum([}). These two steps result in a base-case equation for sumdb, as

1 Notice that the tree-address location is formulated for a higher-order language where apply nodes have to be
taken into account. Thus, the ith argument of a function call, f(tl,..,tn), is given the relative address [2,i]
rather than just [i] because this function call is internally represented as apply(fl,(tl,..,tn)).
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shown below (with each script operation to be processed, shown on the right).

- - - sumdb(x) <= sum(double(x)); I unfold(locn [2,2,1),egspec "double([])")
- - -sumdb([]) <= sum([]); I unfold(locn [2],eqspec "sum([])")
- - - sumdb([]) <= [;

Similarly, the other sub-script,
compose | unfold(locn [2,2,1],eqspec "double(a::x)" ), unfold(locn [2], egspec “sum(a::x)")
, fold (loen[2,2,2],eqspec "sumdb(x)" ) ]
would initially perform a narrowing on the inner call double(x) with the recursive equation
eqspec "double(a::x)", followed by an unfold of the outer sum call before a fold back on to the
original definition of sumdb. This sequence of steps produces a recursive equation for sumdb, as
shown below.

- - - sumdb(x) <= sum(double(x)); ! unfold(locn [2,2,1],egspec "double(a:x)" )
- - - sumdb(a:x) <= sum(2*a::double(x)); ! unfold(locn 2], eqspec "sum(a::x}" )

- - - sumdb(a:x) <= 2"a+sum(double(x)); | fold (locn[2,2,2],eqspec "sumdb(x)" )

- - - sumdb(a::x) <= 2*a+sumdb(x);

The result of applying the transformation script lc_script to sumdb is the following two
transformed equations (for update into the program repository).
- - - sumdb([}) <= 0

- - - sumdb(a::x) <= 2'a+ sumdb(x);

Such transformation scripts, based on the elementary rules, could be generated by either the
users or automatically from the relevant tacties. They (the scripts) are the only means by which:
the system can be instructed to perform transformations on programs.

2.2.2. Program Repository
The program repository is used to store two types of information, namely:

+ user functions
* definition set.

The user functions are the primary data present in the program repository. They could either be
directly provided by users or indirectly obtained through program transformations. In addition
to this, the program repository is allowed to keep a definition set which contains all the original
equations that defined some of our functions before transformations. An example of an original
equation is sumdb(x)=sum(double(x)) for the function sumdb in the previous sub-section. This
equation was transformed to two new equations but we must continue to keep it in the program
repository. It must be kept because if a similar expression occurs in another part of our
program, we could apply a fold step to it and thus avoid the need for the introduction and
transformation of another identical function. This allows the re-use of previous
transformations.

2.2.3. Lemma Library

The lemma library is a place where useful lemmas or laws on functions are kept for use by
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transformations. The presence of relevant lemmas is important because the completeness of the
unfold/fold transformation systems is ultimately dependent on them. To start off with, this
library must contain all useful laws for both primitive functions (e.g. +) and language
constructs (e.g. Iif and let). Some examples are:

v(if a then b else c) = |f athen v(b) else v(c) !distributive law of if

0+x = X 1 1eft identity law for primitive function +
In addition, lemmas of interest for user-defined functions must also be available. These can
either be provided by user or be synthesized by the system. See Appendix 3 for the possibility
of synthesizing some useful distributive lemmas.

2.2.4. Inference Sub-System

Transformation systems are normally incomplete without the presence of some general
inference capability. In the unfold/fold methodology, this capability is indirectly provided by
allowing laws to be used but little consideration has been given to the way these laws could be
obtained.

For a transformation system to be as self-contained as possible, we need a general inference
(both inductive and deductive) capability that is able to verify or synthesize laws (or lemmas)
needed by transformations. To help provide this capability, we actually need a separate
inference sub-system. However, such a sub-system need not have to use a separate logical
framework. This is because most inference steps also involve equational reasoning and could
therefore be embedded within the unfold/fold transformations.

For example, consider the right identity law, x<>[}=x, for a list append operator, <>, of the
following definition.

ey <= Y;

seralX oy <= a:i(x<y);
This law can be inductively proved by embedding the equational reasoning required in a
sequence of transformations. This is achieved by initially defining a new function (representing
the proof) for the above law, as follows:

define a proof function for the expression to be proved

- - -proof1(x) <= X[ =x;
After that, we can narrow the append operator, <>, and follow it with a sequence of
simplification steps, as shown below.

- - -proof1(x) <= x<>[] =x; tunfold <

- - -proof1([]) <= []=[}; llaw (x=X) = true
<= true;

- - -proofi{a::x) <= a:i(x<>[])= aix; Plaw (c(ty,..tq)=C{ty"oty)) = (t4=t4" A o A th=ty))
<= a=aAx<[]=Xx; tHaw (x=x) = true
<= X<>[] =X; | fold proof1

<= proofi(x);

The final equations from the above transformations are:

- - -proof1([]) <= frue;
- - -proof1(a::x) <= proof1(x);
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This transformation actually represented an inductive proof which split into two cases. The first
case (represented by the base case equation) was simplified to true; while the second case used a
fold step to form a recursive equation for proof1. This use of a fold step? in effect mimics the
application of an induction hypothesis step, called fertilisation in [Boyer79].

The results for such inductive proofs are represented by the final form of the transformed
(proof) functions. A proof is considered to be successful if only the values true and recursive
calls (representing induction steps) are found in the final transformed program. This is indeed
the case for the above proof, as represented by the transformed equations of proof1. With it, we
have established the right-identity law for the append operator, <.

Hilbert claimed that all mathematical activity can be formulated as proof in some formal system.
Program transformation is one such activity and a number of researchers have attempted to
formulate this as a theorem proving activity (e.g. [Manna80]). We could make the corollary
claim that proofs (involving equational reasoning) can also be formulated within program
transformation by the above embedding.

2.2.5. Methods or Tactics Banhk

The methods or tactics bank is an extensible collection of meta-programs (cf proof tactics of
[LCF79]) to provide either automatic or semi-automatic transformations. These meta-programs
are allowed to analyse and manipulate user-programs but are not themselves allowed to make
direct updates to the program repository. Instead, each meta-program should return a script,
after analysing its given program. This script must then be passed to the transformation-
processor before the specified program is transformed and updated in the program repository.

Thus, tactics will typically be of the form:

dec tactics : program # add_info -> scripts;

where add_info signifies the additional information which may have to be supplied from the
user.

Forcing the tactics to return scripts, which are then passed to the transformation processor, may
involve duplicate work by both the tactic and the processor. However, this arrangement allows
ordinary programmers (and not just system designers) to add tactics to the system safely. This
is possible because tactics will always have to return scripts, containing correctness-preserving
elementary rules, before they are accepted by the processors. This safe extension of the tactics
bank (by both ordinary programmers and system designers) is a key difference between our
system and other catalogue-based systems.

2 We need to be careful about the fold step for proof (in the same way as that for transformation). It must not
result in a loss of total correctness (i.e. the introduction of non-termination).
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2.3. Common Structure of Tactics

The library of transformation tactics is, in effect, a collection of knowledge base for our
program transformation domain. Possible transformation tactics range from those that are
simple and completely automatable, to those that are complex and may require either user
guidance or intelligent inference techniques to assist in the transformations.

Early optimisation techniques, frequently employed in imperative language compilers, such as
dead code elimination, constant folding and constant-code motion out of loops can also be
formulated at the functional language level. These techniques correspond to very simple
automatable tactics that result in minor but useful optimisations.

Other more sophisticated transformation tactics are also possible. Some of them can even
change the algorithmic structures present in user programs. For example, [Smith85] introduced
a transformation tactic which was able to synthesize divide-and-conquer programs from
generate-and-test programs. Similarly, [Bird87b] formulated theorems, using function-level
notation, which state the conditions required to obtain greedy algorithms from certain kind of
minimising/maximising search programs.

This thesis will examine a range of tactics, from simple tactics (like elimination of useless
parameters and conversion-to-iteration) to more sophisticated tactics (like fusion, finite-
differencing, filter-promotion and tupling). Our formulations of these tactics represent further
systematisations and extensions over the present state-of-art for automated transformations. We
show how each of these tactics can be formulated within the unfold/fold methodology.

From our experience in formulating these tactics, we observe that most tactics can be structured
into two distinct phases, namely an analysis followed by a transformation phase. The analysis
phase is used to determine if a given program satisfies the applicability conditions of its tactic.
After the appropriate analysis, the transformation phase is normally achieved by applying a
straightforward sequence of unfold/simplify/fold steps.

The form of analysis needed varies according to the particular transformation tactic. It may be a
simple syntactic test to see if some program forms are satisfied or a semantic test to see if
certain algebraic conditions are present, or even a combination of both. The analysis may also
be on the function parameters to see if certain static properties are present. Or it may involve
repeated failure analysis to obtain an appropriately generalised program form that is more
suitably transformed (i.e. folded).

We shall see this common two-phase structure repeated for all our transformation tactics. To
illustrate this, we shall consider two very simple tactics in the next two sections. One of them is
an algorithmic tactic for eliminating useless parameters, while the other is a schematic tactic for
performing conversion-to-iteration transformations. We shall show how both of them can be
formulated as unfold/fold transformation tactics and also identify the analysis techniques needed
to make these tactics automatable.
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2.4. An Algorithmic Tactic: Removing Useless Parameters

It is frequently possible for functions to possess parameters that are nor required in their
computation. Such parameters are said to be useless and are undesirable because they cause
both redundant computation and use up unnecessary storage spaces.

An example of this is the second parameter, w, of function traverse, as shown below:

dec traverse : list(num) # list(num) # list(num) -> list(num);

- - - traverse([},w,1) <= {;

- - - traverse(a:x,w,1) <= traverse(x,a:w,3"a:t);
The second parameter in this function is useless because it does not contribute to its function's
result. This function may have been written by a careless programmer. But it is also possible
for such a function to be an intermediate result of another program transformation tactic, e.g.
finite differencing tactic of Chapter 6.

Useless parameters are one source of dead codes? for functional programs. Conventional
compiler optimising techniques [Aho77] for detecting (with data flow analysis) and eliminating
dead codes in imperative programs are therefore quite similar and could be applied here.

However, we would like to illustrate this elimination through the unfold/fold methodology,
where correctness is formally assured. Our tactic for eliminating useless parameters will involve
both an analysis and a transformation phase. The analysis phase will be used to identify which
of the parameters are useless. This result can then be utilised by the transformation phase to
apply a correct sequence of steps which would eliminate the identified parameters.

2.4.1. A Simple Functional Language

To simplify our presentation, we shall only consider this tactic for a simple first-order
language. The complete treatment for higher-order programs can also be provided but this is
more easily done after the removal of some of the higher-order features by another tactic that is
presented in Chapter 4. For the interested readers, we have therefore provided the treatment for
higher-order programs in Appendix 1.

Also, instead of the first-order HOPE language, we shall use an even simpler language which
contains the minimum (essential) features that are typically present in a functional language. In
particular, we shall use a case construct to replace the use of pattern-matching functions, let
and conditional f constructs. The extension of our presentation to a fully featured (or sugared)
language is straightforward and will not be shown.

Consider a simple first-order language where each user function is of the form:
- - f(vq,..vp) <= tf;

and where vy,..v, are the parameter variables of the function and tf is a RHS term that can be
represented by the grammar rules below.

3 Another source of dead codes is those functions which are never referred to (directly or indirectly) by the
main function of the program. '
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1 = v ! variable
| cltyratp) ! constructor term
I f(t4.atp) ! function call
| casetginpy=>ty|.|p; =>tend ! case construct

p L= v | c{pq,-Pp) ! pattern

The first grammar rule, t, is used to specify either a variable, a constructor term, a function call
or a case expression. The second grammar rule, p, is used to denote constructor patterns that
are used in case constructs. With this simple first-order language, the earlier function, traverse,
shall have to be translated to:

- - - traverse(x,w,t) <= casexin[]=>t

| aux => traverse(x,a:w,3*a:t) end;
Note that the case construct is not a standard feature of HOPE*. However, it could be provided
because each case construct of the form:
casetyinpy =>ty|..|py=>t end

is simply equivalent to a lambda application of the form:
(lambda py=>t4 |..|py=>t,6nd) tg

2.4.2. Phase 1: Analysis for Useless Parameters

The analysis phase requires an appropriate technique to help identify useless parameters. For
this task, we can turn to recent research on the abstract interpretation method (first introduced
for functional programs in [Mycroft81], collection of papers in [AbsInterp87]) which is capable
of providing a range of safe analysis techniques for various static properties of functional
programs. The general method of abstract interpretation works by computing in the abstract
domain using abstract functions (rather than the standard domain and standard functions) to
discover the static properties of programs.

An illustrative example of the abstract interpretation method is the 'rule of sign' technique for
finding the sign of the sum of two numbers. Using an abstract sign domain of + (positive), -

(negative), ? (don't know), together with an abstract addition function, add¥, represented by the
semantic table below,

add* | o . 2
+ + ? ?
. 2 . ?
2 2 ? ?

we can quickly find a safe approximation for the sign of the sum of two numbers by
interpreting in the abstract sign domain (rather than the standard numeric domain). For
example, the sign of add(6,7) can be computed by interpreting add®(+,+), under the sign domain,
to give a value of + where add and add¥ are respectively the standard and abstract functions for
addition. Such interpretations in the abstract domains can normally be done more quickly4 than
interpretations in the standard domains but may involve a loss of information as we are only
calculating safe approximations.

More useful static properties may also be analysed by abstract interpretation. Two analysis

4 In fact, abstract interpretation can be performed in finite time (i.e. terminating) if a finite abstract domain
is used. This is an essential condition for analysis of compile-time optimisation techniques.
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techniques, which have attracted considerable interests, are:

(1) strictness analysis [Mycroft81,Burn87b] to determine the parameters which can
be evaluated strictly in a lazy program, and

(2) compile-time storage analysis [JonesSB89] to determine places where constructor

cells (storages) can be safely overwritten in a functional program.
Similarly, useless parameters may also be analysed by interpreting in an appropriate abstract
domain. For this analysis, we introduce an abstract domain consisting of two values, present
and absent, which are abbreviated as P and A respectively. The first value, P, is used to signify
the possible presence of a parameter variable for computing the result of an expression, while
the second value, A, is used to denote the definite absence of the parameter in the function's
result.

With this abstract domain, each parameter of a function, say f, can be analysed separately by the
abstract call, t#(..,P,..), where the parameter of interest is given the value P, while the rest of the
parameters are each given the value A. If this parameter is possibly used in its function's body,
then the result from the above call should be P; otherwise the value of A will be returned to
signify that the parameter is not needed at all (i.e. useless). Notice that we have to analyse the
parameters individually in order to find out if each parameter would (possibly) contribute
towards the result of the function.

The outcome of this analysis is assured by the way the standard expressions are translated into
abstract expressions by the syntax-directed translation rules, called use, in Figure 2.2. For
example, each constructor term, c(ty...t,), is translated to set_OR{useft],..,use[it,]} because the
resulr of a constructor term is dependent on the sum effect of its arguments. The semantic
function, set_OR, and its auxiliary function, or, act as the least upper bound functions
(summation of result) for the abstract domain where A is lower in the domain ordering than Pp.
Also, the last translation rule (for the case construct) uses a let construct to propagate the
abstract value of ty to each of the auxiliary variables, vq..v4,y, Of the patterns p4..p,. These
values are used in the combined result of t1..t,, as represented by set_OR(vg,use[ t{]...,use[t, ]).
The abstract expressions of tg and t4.t, are combined together because the final result of the case
expression is again dependent on all of them. These translation rules effectively provide an
abstract expression to analogously compute the required flow analysis>.

With this set of rules, each function of the form:

- - (V1,eVp) <« tf;

shall have an abstract function of the form;

f#(vq....vp) = use [tf]

5 as used in traditional compiler analyses
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dec use : expr -> expr;

use [v] . e v
use [c(ty,..t5) ] < set_OR {use[ty ],..,use[[t, I}
use [f(ty...tn) 1 « t# (use [ty ],..,useltn 1)

use [casetyinpy=>ty|..|py=>t,end] <« let vo==use [ty ]Jin
let vq..vaux==vg..vg in
set_OR(vq, use [ty I...,use[t, ])
where vq..vy,y==vars [ py..p(]
Note that vars [ py..p] returns all variables in
the patterns, pq..py.

WHERE

set_OR {} <A

set_OR {x} =X

set OR{xjuS < or (x,set_OR(S))
or (A,x) &= X

or (P,_) <P

Figure 2.2 - Translatlon Rules for Useless Parameter Analysis

Applying the syntax-directed translation rules for use to the function, traverse, would give us its
abstract function through the following sequence of translations and simplifications®.
traverse#(v,w,t) = usefcasevin[J=>t
| anx => traverse(x,a::w,3"a:t) end]
= letvg==use [v]in
let (a,x)==(vq,vq) in
set_OR {vg,use [t] ,use [ traverse(x,anw,3"aut) J} = -~ -
= letvg==vin
let (a,x)==(vq,vg) in
set_OR {vq,t ,traverse#(use [ x] ,use [ a::w] ,use [ 3*a::t])}
= let (a,x)==(v,v) in
set_OR {v,t ,traverse#(use [ x] ,use [ a:w],use [ 3*a:t})}

set_OR {v, t, traverse#(v,or(v,w) ,or(v,t)) }

The final abstract function is recursive and can run into non-termination if directly computed.
But as the domain of our abstract function is finite, we can use fix-point iteration to find the
least fix-point value of the recursive function. A range of efficient fix-point iteration techniques
can be found in [Martin90]. Using it, the semantic values for the three calls (of interest), which
represent the analyses for the three parameters, are:

traverse#(P,A,A) = P
traverse#(A,P,A) = A
traverse#(A,A,P) = P

From these analyses, we can safely state that the first and the third parameters may be needed in

our function's computation but not the second parameter because traverse#(A,P,A) returns a
value of A.

6 The simplification steps are not strictly needed for computing the abstract function. It is shown here to
provide a clearer definition for the abstract function.
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This method of analysing for the static properties of parameters is also known as forward
analysis because we provide abstract inputs in order to compute the corresponding abstract
output. Alternatively, there is another static analysis technique, known as backward analysis,
which is also able to analyse for useless parameters. This alternative technique works by
computing backwards, the possible context of inputs from the context of the required output. A
range of backward analysis techniques is clearly presented in [Hughes88].

2.4.3. Phase 2: Transformation

After the identification of useless parameters, we can proceed with the second transformation
phase to eliminate all the identified parameters. Initially, we shall informally describe, using
traverse as our example, the necessary transformation steps needed in this phase.

Our transformation begins by defining a new function, say tr_good, to compute the same value
as the original function, but without the useless parameter, as follows:

dec tr_good : list(num) # list(num) -> fist(num);
- - - tr_good(v,t) <= traverse(v,w,t); (2.1)
More ...

Dropping the useless parameter in the new function definition of (2.1) results in an unbounded
free variable, w, where an unbounded free variable is a variable on the RHS which does not
appear in the LHS of the equation. Because of this free variable, the definition of (2.1) is not a
syntactically valid functional program. However, it is still meaningful because we are simply

saying that the value of this variable is immaterial to the outcome of the function. More-. .

importantly, this can be regarded as a temporary condition which can be removed by
subsequent transformations. In fact, an unfold step followed immediately by a fold step will be
sufficient to remove the unbounded variable, as shown below.
- - - tr_good(v,t) <= traverse(v,w,t); ! unfold traverse(v,w,t)
<= casevin[]=>t
| aix => traverse(x,a::.w,3"a:t) end; ! fold tr_good
<= casevin[] =>t
| anx => tr_good(x,3"a::t) end;
We are able to achieve this removal of the unbounded variable because the second parameter of
traverse is indeed useless. With this removal, the new function, tr_good, can now be used to
replace all occurrences of the old function, traverse, by folding with the original definition (2.1)
of tr_good.

Notice that though this useless parameter analysis could be formally proven/shown to be correct
(either by way of [Burn87a] or [Hudak88]), the unfold/fold rules will also ensure correctness
in some sense. This is because if a wrong parameter is selected for elimination, the resulting
transformed equation will still have an unbounded free variables on its RHS - giving the system
sufficient reason to reject the transformation!

2.4.3.1. Transformation Algorithm

The above informal transformation can be formalised into a transformational algorithm, which
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we will denote with the symbol, U. This is possible because we need only three types of
elementary rules, namely define, unfold and fold, to remove the useless parameters.

To simplify the presentation of our transformation algorithm, we shall assume the following:

1) Each identified useless parameter will be annotated with the symbol, A.

2) All the useless parameters, of each function, will be logically grouped together
as the first m parameters. Each function call will therefore be represented as
1(t4A. 4P tme1-tn) Where m>0 and n2m. Those functions without any useless
parameters will simply have m=0.

These two assumptions simplify the presentation of our transformation algorithm but do not
reduce generality. This is because we can either permute the parameters of each function to
satisfy the above condition or modify the algorithm to handle arbitrary parameter orderings.
Based on these assumptions, the transformation algorithm to eliminate useless parameters is
made up of four U rules in Figure 2.3. These rules belong to a meta-function of the type:

U : expr -> expr;

They will transform any expression, which may have useless parameters, to equivalent
expression without useless parameters.

Given f(vq,..vp) =tf;
(1) ufvl &= v
2) ulelty,.-tn) 1 <  cultyl..ultyD)
(38) ufcasetginpy =>t4|..|p,=>t,end] .
= case U tglinpy =>U[t4] |.. | pp =>U[t,] end
@) ULty A A tmy1-tn) 1
a) if m=0 (no useless parameters)
' <= fulyyl.ulty)
b) if m>0 and f_old(v 1, Vp)=f(V{..Vm:Vm41--Vn) € def_set; then (fold)
< fold(u [ty 1. u [ty
c) otherwise (m>0) (define & unfold)
<  {new(U[tmsqD- U [ty
define f_new
and def_set:=def_set \U {f_new(vm, 1,...Vp)=t(V{.-.Vm:Ym+1-Vn)}
f_new(Ve 1 V) =tV1..Vm:Vm41-Vn)
unfold f call ,
f_new(vm,qVp)=U [tilvy/vy,..vpiva] 1

Figure 2.3 - Transtormation Rules for Eliminating Useless Parameters

A brief description for each of the four rules now follows. Rule 1 deals with variables. Rule 2
deals with constructor terms by recursively examining only their sub-terms. Rules 3 deals with
case constructs, again by examining only the sub-terms. All these three rules simply apply
recursive applications of U rules to the sub-terms (where available) without affecting the
outermost constructs. The main rule for eliminating the useless parameters occurs in Rule 4.
This rule deals with function calls of the form f(tyA..t,A .t 1.tn) Where there are three courses

of possible action.
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If none of the parameters in the function is useless, i.e. m=0, then the call is left alone with
recursive transformation applied to just the arguments (see U 4a). However, if there are some
useless arguments (i.e. m>0), together with the fact that there is a previously defined function
(i.e f_old) with a RHS that matches the call, then a fold is applied to remove the useless
arguments (see U 4b). Otherwise, we will replace the function call with a newly defined
function (i.e f_new), without the useless parameters, and proceed to transform the body of the
new definition, after the original call has been unfolded (see U 4c).

Notice also that both the steps, U 4b and U 4c, use a definition set in the form of a global
variable, def_set, for all newly defined functions. This definition set is extended by step U 4c
for each newly defined function. In addition, it is also used by ‘U 4b to check if folding can be
applied for re-occurring function calls. Presently, we are using the global variable to simplify
the presentation of our rules (i.e. avoid an additional rule parameter). However, this non-
functional global variable can also be removed, as suggested later in Section 2.4.3.3.

2.4.3.2, An Example

The meta-function, U, is used to transform expressions. To use it on programs, we will have to
apply the rules to each RHS of functions, as follows:
- - 4(vq,Vp) <« U[tf]

Let us illustrate this application to the earlier example, traverse. Applying it to the RHS of the

function results in the following sequence of steps, where the rules taken at each step is shown
on the right.

--- traverse(v,wA,t) <= Ufcasevin[}=>t

| anx => traverse(x,a::wA,S'a::t) end ] 1u3

<= caseUfv] in[]=>u[t]

| anx =>‘u[traverse(x,a::wA,S'a::t) ] end tu 1,1
<= casevin[]=>t

| anx =>‘u[traverse(x,a::wA,S'a::t) 1 end 'U 4c, define tr_good
<= casevin[=>t

| amx =>tr_good(u[x],u[[3%a:t ])end tu 1.2
<= casevin[] =>t

| aix =>tr_good(x,u[3*a] :uft])end 'u 1,.

<= casevin[] =>t
| aix =>tr_good(x,3*a:: t)end
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At one of the above steps, a new function, called tr_good, is introduced by U 4c. This new
function will also be transformed by the U rules to a function without the useless parameter, as
shown below.

Define
- - - tr_good(v,t) <= traverse(v,w.t)
Unfold traverse
- - - fr_good(v,t) <= “U[casevin[}=>1
| anx =>tr_good(x,3"a::t)end] lug
<= caseUfv] in[J=>uft]
| aix =>U[tr_good(x,3"a::t)] end lu1,1,4a
<= casev in[j=>t
| amx =>tr_good(U [x],uf3*a:t])end 1u1,2,.

<= casevin[[=>t
| aix =>tr_good(x, 3*a:: t) end
The result of this transformation is the following more efficient function definition for traverse.
-- -traverse(v,wA,t) <= casevin(]=>1t
| aux =>tr_good(x,3*a::t)end;
- - -tr_good(v,t) <= case Vin[l=>t
| aux =>tr_good(x,3*a::t)yend;
2.4.3.3. A Version of U whlch Carrles the Detinitlon Set

As noted earlier, the U rules are presently specified in a non-functional way because they make
use of a global variable, def_set, for storing newly defined functions. This non-functional
apparatus can be removed by changing our rules from the type: = =~

U : expr ->expr;

to the type:
U : expr# def_set -> expr # def_set ;

where def_set is passed as both a parameter and a result. The necessary changes to the rules are
shown in Figure 2.4. These changes are quite straightforward and involve the passing of
definition set, ds, from one U call to another in order to accumulate each new function
definition introduced. To help us do this, we also have an auxiliary meta-function, U_list,
which operates on a list of expressions (rather than a single expression) by passing the
definition set which results from one expression to the next expression along the list.
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dec U : expr # def_set -> expr # def_set;
dec u_list : list(expr) # def_set -> expr # def_set;
(1) ufv]ds < (v, ds)
() ulclty....ty) Ids = let (t'y..t', ds')== U_list [t{..t, ] dsin
(e(t'g,-t'p), ds)
(3) Ul[casetginpy=>ty]..| py=>t,end]ds
< et (tpt'y..t'y, ds')== U_list [tgtq..t, [ dsin
(casetyin py =>t'1|..| py=>1} end, ds)
@) Ul A tmey-to) Ids
a) if m=0 (no useless parameters)
< et (t'y..t'y, ds)==u_list [t1..t, [ dsin
(f(t'y .. 'n),ds")
b) if m>0 and f_old(viy41,.4Vn)=HV{..Vm:Vm4+1--Vpn) € ds; then (fold)
< et (1.t ds')==U_list [ty ..t ] defin
(f_old(t'm41-t'n).ds)
c) otherwise (m>0) (define & unfold)

< letds'== {f{_new(vi,1.,...Vp)=tV{.Vy,Vmye Vo)t U ds

in
let (t'm, 1.'q,d8")== U_list [ty 1.1, ] ds'in
let (tf', ds™)== U [ti[vq/vq,...va/va] ] ds" in
(f_new(t'm1..t'n).ds™)
new function to repository
f_new(viy, 1,.Vp)=tf’
u_list[[] ] ds = ([1.ds)
U_list [t:rest J ds = let (t'.ds")==U [t]ids In
let (rest',ds")==_list [rest] ds' In
(t:rest’,ds™y == -
Figure 2.4 - Modifled Rules to Carry the Definitlon Set, ds
2.4.,3.4. A Version of U which Returns Scripts

Furthermore, as our transformation tactic is supposed to return a script rather than the
transformed expression, we should actually change the meta-function to the type:

U : expr # location # def_set -> script # def_set ;

where location indicates the position of the present expression, expr, within its equation.

This new version of meta-function, U, is shown in Figure 2.5. Again, there is no major
problem involved in the change. Instead of returning a transformed expression, we simply
return a corresponding script that records the desired transformation. The only additional work
needed is the correct maintenance of the location parameter. This parameter is used to indicate
the correct tree-address for the current sub-expression.
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dec ‘U : expr # location # def_set -> scripts # def_set
dec u_list : list(expr) # location # def_set # num -> scripts # def_set

(1) uflv]locds = (nil_script,ds)
(2)  u[c(ty,..ty) Jloc ds &  U_list[ty..th]loc>[2) ds 1
(3) ufcasetginpy=>14|..|py=>t,end]locds
<  u_listJtgty..t,Jlocds 0
@) ulttyA A tmet-th) 1 locds
a) if m=0 (no useless parameters)
<  u_list[ty..tq] loc<>[2], 1

b) if m>0 and f_old(vim,1..Va)=f(V1..Vm:Vm+1--¥n) € ds; then (fold)
& let (sc,ds')==U_list [t} 1.tp] loc<>[2],ds, n+1 in

(compose[fold(iocn loc,eqspec "f_old{vp, 4,..Vn)"),sc].ds’)
c) otherwise (m>0) (define & unfold)

= let ds'== {f_new(vq, 1...¥p)=f(V{-.V;m:Vmy1--Vp)t U ds in
let (sc_arg,ds")== U_list [ty 1.t ] loc<>[2] ds' 1 in
let (sc_tf, ds™)==u [tf[vy/vq,...vu/va] T [2] ds" In
(compose[define(™ {_new(Vi, 1,--Va)=HV{..¥m:Vm41--Va)"
compose[unfold(locn [2],eqspec "(vq,..,vy)"),sC_tf]
,sc_arg] ,ds™)
u_list [[] Jloc ds no = (nil_script,ds)
u_list [t::rest ] loc ds no = let (st,ds')==U [t]loc<>[no] ds In
let (srest,ds")==_list [rest]loc ds' no+1 in
(compose[st,srest],ds")
Figure 2.5 - Modifiled u© Rules to Return Transformation Scripts

In the presentation of the other algorithmic tactics in Chapter.3 and.4, we shall leave out the'-- =~ -
versions of meta-functions which return scripts or carry the definition set. These corresponding
versions can be easily formulated, as shown here for the U rule. We shall ignore them to
simplify the presentation of our tactics.

2.5. A Schematic Tactic: Conversion-to-lteration

The next tactic to be presented is the conversion-to-iteration tactic for transforming linear
recursive functions to tail-recursive equivalent. Tail-recursive functions are desirable because
they correspond directly to the imperative while loops.

For example, the higher-order (generic) tail-recursive function, {_it, shown below,
-- A itx,w,BHN) <= if B(x) then w ! a tail recursive function
else f_it(N(x),H(x,w),B,H,N);
is actually equivalent to the following function from an imperative language, e.g. Pascal, where
while loops and assignment statements are allowed.

f_it(x,w,B,H,N) = while not(B(x)) do | an imperative function
begin
wi=H(x,w); x:=N(x)
end
return w; I result of function call is in w

Successful transformations to tail-recursive form could thus improve recursive functional
programs by eliminating the need for the storage-expensive recursion mechanism.
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The general techniques for conversion-to-iteration transformations are now pretty well-
understood. One of the earliest presentations for some of these techniques were made in
[Cooper66] and [Darlington76]. More recent and thorough treatments can also be found in
[Bauer82] as transformation schemes and in [Harrison86] as theorems between linear-recursive
functions and their tail-recursive equivalent. These techniques have largely been presented as
transformations between pairs of equivalent program schemes.

The most general of these transformation schemes could convert any linear-recursive function
to its tail-recursive equivalent by employing a two-pass iteration. The first-pass is used to find
the base-case value of the last recursive call and to collect a data stack of argument values.
These are then used in the second iterative pass to compute the function call, bottom-up, from
the base-case value. However, this most general scheme offers little improvement because of
the need for a two-pass iteration and a data stack.

More efficient conversion-to-iteration transformations normally require additional syntactic and
semantic conditions to be present. These extra conditions can be specified in alternative
transformation schemes. A comprehensive list of these schemes is documented in [Bauer82].
They can be combined into a conversion-to-iteration tactic for transforming any applicable linear
recursive function to its tail-recursive counterpart.

Program transformation techniques, like conversion-to-iteration, which can be structured into a
limited number of general transformation schemes, are suitable for formulation as schematic

transformations. This category of transformations has traditionally been specified in catalogue ...

systems, like CIP, where the schematic rules are provided and pre-proved by users/designers.

What we would like to show in this thesis is that schematic rules can also be present and
applied in generative-set systems. The main difference is that these schematic rules would be
constructively built from the elementary rules, rather than directly provided by the users. The
advantage in doing this is that separate proofs for these rules will be unnecessary because they
will be correct by construction.

Specifically, we would like to show that schematic rules can be provided under the unfold/fold
methodology. In CIP, a wider form of scheme expressions (where free functional variables are
allowed) was provided to specify schematic rules. We shall show that this is unnecessary
because program schemes are just generic programs which can be formulated using higher-
order functions. In addition, the applicability conditions of schematic rules can be specified (in
our higher-order programs) as attached constraints.

In the rest of this section, we shall construct a simple schematic rule using the unfold/fold rules
and then examine the techniques required to apply it within our transformation methodology.

2.5.1. Constructing a Schematic Rule

One sub-class of linear recursive functions which always have an efficient tail recursive
equivalent, is commonly referred to as having a special right-commutative outer functional and
constant-at-termination property. This sub-class of functions can be represented by the
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following higher-order function:
- - -f1(x,B,H,N,c) <= If B(x) then ¢
else H(f1(N(x),B,H,N,c));
with four fixed parameters, B,H,N,c, and one recursion parameter, x. The base case result of this
function, c, is a constant (hence the term constant-at-termination) and its outer function
operator, H, is right-commutative because it does not use the recursion variable, x, as one of its
inputs.

We select this sub-class of functions to illustrate because its transformation has never been done
before under the unfold/fold framework. This is because it requires the constraint specification
mechanism which was not available in (un-extended) functional programs.

Specifically for this transformation, we will need to define a new function, call it f1_it, in terms
of the old function, f1, as follows:

- - -H1_it(x,w,B,HN) <= H™(f1(x,B,H,N,c)) st w=H"¢; (2.1)

This new function has an additional parameter, w. It also has a RHS definition that is rather
unusual as it applies the outer functional parameter, H, to the function call, f1(x,B,H,N,c), n times
where n is a logical variable that is specified indirectly through the constraint w=H"c. The n-times
application of the parameter, H, can be defined as follows.

HO (x) = X

H M) = HY(H(X)

Also, the constraint used, w=H"c, is solely to assist in program transformation and is not
suitable for direct execution. With its help, we are able to transform this new function into an
efficient tail-recursive equivalent.

- - H1_it(x,w,BHN) <=1 H™(f1(x,B,H,N,c)) st w=H"c; ! unfold f1
<=p HA(if B(x) then ¢
else H(f1(N(x),B,H,N,c)) st w=H"c; ! distribute if construct
<=q If B(x) then HN(c)
else HMH(f1(N(x),B,H,N,c)) st w=H"c; ! substitute w=H0¢
<=4 If B(x) then w
eise HMH(f1(N(x),B,H,N,c)) stw=H"c;  !law HRH=HD+]

<=g if B(x) then w

else HM1(11(N(x),B,H,N,c)) st w=H"c;  !law a=b — H(a)=H(b)
<=g it B(x) then w

else H™*1(f1(N(x),B,H,N,c) st Hw=H"*1c; ! fold f1_it
<=7 if B(x) then w

else f1_it(N(x),H(w),B,H.N)

Figure 2.6 - Transforming a Generlc Functlon to Its Tall-Recurslve
Equlivalent

The detailed unfold/fold sequence of transformation steps to achieve this is shown in
Figure 2.6. Notice how the constraint is used to simplify the expression, H(c), to w, in step
<=4. Also, the fold rule in step <=7, requires w=H"(c) to be converted to H(w)=HN+1(c) before the
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main recursive expression can be successfully folded.

The final transformed equation for t1_it, shown below, is tail recursive and is free of the
previous constraint because the logical variable, n, is no longer required in the main expression.
--f1_it(x,w,BH,N) <= If B(x) then w
else f1_it(N(x),H{w),B,H,N);
To complete our schematic rule, there is one last thing to be done. Notice that the relationship
between the old and the new functions, in the original definition (2.1) of f1_it, is not totally clear.
This can be made explicit by instantiating the logical variable n to 0, followed by simplification
steps, as shown below.

Instantiate with n=0

f1_itx,w,BH.N) = HO(f1(x,B,H,N,c)) st w=HOc
Apply Law HOx=x

f1_it(x,w,B,H,N) = f1(x,B,H,N,c) st w=c
Substitute w=c from Constraint

f1_it(x,c,B,H,N) = f1(x,B,H,N,c)

The final equation from this simplification, f1_it(x,c,B,H,N)= f1(x,B,H,N,c), directly relates the tail
recursive function with the original linear recursive function, and is a representation of our
schematic rule between higher-order functions. In the unfold/fold methodology, this schematic
rule can be regarded as a lemma between two generic functions. With it, any function that is an
instance of f1 can be safely transformed into its tail-recursive form f1_it. We can represent this
schematic transformation rule with the equality relationship, as shown below.

Schematic Rule 1 - for f1_it

#1(x,B,H,N,c) = f1_it(x,c,B,H,N)

In this particular case, no constraints are needed for the equality to hold. Other schematic rules
may be more complex (see Appendix 2).

2.5.2. Applying the Schematic Rule

Having shown the way schematic rules are constructed, we are now ready to examine how they
can be used to transform expressions within the unfold/fold system. Each of these schematic
rules is, in essence, an equality relationship (possibly with some constraints) between two
generic expressions involving higher-order functions. This rule can be applied to instances of
expressions, which match the first generic expression (and satisfy the constraints), by replacing
them with corresponding instances of the second generic expression.

However, the primary form of matching used in the unfold/fold rules is firsz-order matching.
This is unfortunately not appropriate for generic expressions of schematic rules which may
have function-type variables to instantiate. For generic expressions, it is better to use the
second-order matching technique of [Huet78] to help us determine if an expression (or a
function) is an instance of another given generic expression (or function).

More specifically, we have formulated a matching technique, called Function Equivalence
Match (FEM), that is based on a mix of equational reasoning and second-order matching for
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testing to see if a function is an instance of another higher-order function. This technique begins
by equating a specific function to the generic one and then apply equational reasoning to see if
the two funétions match, and if so, obtain the instantiations for complete function equivalence.
Like inductive proofs (of Section 2.2.5), we shall see that this technique can also be embedded
within the unfold/fold framework.

As an example, consider the following linear recursive function for finding the length of a list.
- - -length((]) <= 0;
- - -length(a:x) <= 1+length(x);

This function is actually an instance of the higher-order function, 1. To test if this is indeed the
case, we must initially define an equivalence function, call it match1, to equate the length function
to an f1 call, as shown below.

- - -match1(x,B,H,N,c) <= length(x) = t1(x,B,H,N,c);

In this equivalence definition, each of the unchanged (or fixed) parameters, i.e. B,H,N,c, is kept
independent while the changing (or recursion) parameters, i.e. x, of the two calls are made
equal. Which parameters are fixed and which are changing (in a recursive function) can be
detected by simple parameter analysis.

The detailed transformation to show that the two function calls match is given in Figure 2.7.
The fold step in <=4, corresponds to an induction step during the matching. Also, second-order
matching is applied in <=4 to instantiate the function-type parameter variable, H, as H(z)=1+z.

The end-result of this transformation-based matching is shown below. .
- --match1([},B,H,N,c) <« B([})=true A0 = c;
- - -match1(a:x,B,H,N,c)<=  B(a:x)=false A N(a:x)=x A 142 = H(z)

A match1(x,B,H,N,c);

It essentially contains the following substitutions for the four fixed parameters,

B = lambda [] => true | a::x => false end
N = lambda a:x => x end

H = lambda z => 1+z end

o] = 0

in order for function length to be made equal to an f1 function call.

There are three consistency checks which can be used to determine if a matching task is
successful. They are:

1) no part of the conjunctive expression must ever be false

2) each equality relationship (obtained from the matching) which involves a fixed
functional parameter, e.g. B,N,H, must be a valid equation, €.g. B([])=true but not
B([})=x where x is not a fixed parameter’.

3) descendant recursive call, e.g. match1(x,B,H,N,c), are allowed. This is because it
represents a match for the recursive function.

7 Fixed parameters, being a constant, can appear on the RHS of an equality without having to be present on
the LHS.
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Define a new matching task
- - -match1(x,B,H,N,c) <=4 length(x) = f1(x,B,H,N,c)
Unfold length([])
- - -match1([},.B,H,N,c) <=2 0 =f1((J,BHHN,c) ! unfold f1
<=3 O=if B([]) then c else H(f1(N([]),B,H.N,c)) t law C(e) = (e=2) A C(2)
<=4 B([))=z A O=if z then c else H(f1(N([]).B,H,N,c)) ! instantiate z=true
<=g B([])=true A O=if true then c else H(f1(N([]),B,H,N,c})
!law if true then a else b = a
<=g B({])=true A 0=c
Unfold length(a::x)
- - -matcht(a:x,B,H,N,c)j<=7 1+length(x) = f1(a:x,B,H,N,c) ! unfold f1
<=g 1+length(x) = if B(a:x) then ¢ else H(f1(N(a:xx),B,H,N,c))
! law C(e) = (e=z) A C(z)
<=g B(a:x)=z A 1+length(x) = if z then c else H(f1(N(a::x),B,H,N,c))
! instantiate z=false
<=q9 B(a:x)=false A 1+length(x) = H(f1(N(a:x),B,H,N,c))
! law C(e) = (e=z) A C(z)
<=4y B(aux)=talse a 14y =H(f1(N(a:x),B,H,N,c))
A length(x)=y ! fold against matchl
<=1  B(aux)=false A 14y =H(f1(N(a:x),B,H,N,c)) ’
A y=t1(x,B,H,N,c} A match1(x,B,H,N,c) ! subs y=f1(x,B,H,N,c)
<=q3 B(a:x)=false A 1+f1(x,B,H,N,c) = H(f1(N(a:x),B,H,N,c)
A matchi1(x,B,H,N,c} o ! second-order match
<=14 B(aux)=false A N(a:x)=x A 1+z = H(z)
A match1(x,B,H,N,c)
Figure 2.7 - Function Equivalence Matching (FEM) between length and f1

This transformation-based matching has therefore established the following equality.
length(x) = f1(lambda [] => true | a::r => false end,
lambda a::rr => r end, lambda x=> 1+x end, 0, x)

It could be used as an alternative definition for length which could then be transformed (using
Schematic Rule 1) to:

length(x) f1_it(lambda [} => true | a::r => false end,

lambda a:ir => r end, lambda x=> 1+x end, 0,x)
We now have a function, length, which is tail-recursive because it calls the tail-recursive
function, f1_it. However, there are some higher-order arguments present in this call which can
be removed. This removal can be automatically applied by another tactic, called higher-order
removal tactic, which is described in Chapter 4. Its application will give us following efficient
first-order program.

- - -length(x) <= length_it(x,0);
- -length_it({l,w) <= W;
- - -length_it(a::x,w) <= length_it(x,w+1);

The final program is now tail-recursive and could be directly compiled into an efficient while

40 Chapter 2 - Automatic Methods



loop by a functional language compiler.

The FEM technique has not been implemented yet. At first glance, this looks like an arbitrary
hard technique because we have formulated it as an equational reasoning between two function
calls. Indeed, such equational reasoning is, in general, an undecidable problem because we
could also use it to test if two functions are equivalent under this framework! However, the
primary task of FEM is to test if a function is an instance of another higher-order function.
Because of this, we could (by suitable restrictions) view the FEM technique as a simple
extension of the second-order matching algorithm of Huet & Lang [Huet78]. The simple
extension involves the ability to match a pattern-matching function with a conditional function
and the independent treatment of fixed parameters (see Section 2.5.4 on a discussion of this
extension). With appropriate restrictions, the author believe that it should be possible to build
an FEM technique that is no less automatable than the second-order matching algorithm. This
work is, however, left to a later date.

2.5.3. The Stages for Rule Applications

The above application of schematic rules can be summarised as consisting of three stages.
These are:

1) Function Equivalence Matching to check if a function is an instance of another
higher-order function.

2) Transformation of expression by (a) replacing each matching function call with
its equivalent higher-order function call and then (b) apply the- appropriate-—:~ -
schematic rule between higher-order functions.

3) Tidy-up by removing all unnecessary higher-order arguments, where possible.
The first two stages can be viewed as the analysis and transformation phases of the conversion-
to-iteration tactic. These two phases are sufficient for obtaining tail-recursive program, albeit a

higher-order one. As for the third tidying-up stage, we will regard it as the application of a
separate transformation tactic (which normally follows our conversion-to-iteration tactic).

To illustrate the generality of this schematic rule, let us consider a linear recursive version of the
fibonacci function.

- - -fib_tup(0) <= (1,1);
- - -fib_tup(n+1) <= H(fib_tup(n));
---H(u,v) <= (u+v,u);

This function can be similarly shown by FEM to be an instance of the higher-order function, {1.
Application of a subsequent transformation step to f1_it, followed by the removal of higher-
order arguments would similarly convert fib_tup to the following tail-recursive equivalent.

- - -fib_tup(n) <= fib_it(n,(1,1));
- - fib_it(0,(u,v}) <= (u,v);
- - fib_it(n+1,(u,v)) <= fib_it(n+1,H(u,v));
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2.5.4. Wider Applicability of our Approach

Our application of schematic rules, involving detailed steps for matching and an additional stage
for higher-order removal, may look unnecessarily long but it is more flexible. The earlier
example already illustrated this flexibility by successfully matching a condirional function, f1,
with a pattern-matching function, length. In addition to this, the transformation-based matching
is not obstructed (or confused) by the presence of parameter variables - a perceived weakness
often cited by proponents of function-level languages, like FP, [Harrison86,Kieburtz81]
against object-level functional languages, like HOPE.

To see why, we shall illustrate an example where the presence of extra parameters does not
confuse our technique. This example, add_len, is a slightly modified version of the function
length, with an extra fixed parameter, b, that is added to its result for each item of its input list.

- - -add_len([],b) < 0;

- --add_len(a::x,b) <= b+add_ien(x,b);
Direct second-order matching, as used by catalogue systems like CIP, between this function

and the program scheme for f1 will fail. This is because the extra parameter, b, will upset the
matching.

However, the more flexible Function Equivalence Matching is able to find a match between
add_len and f1. This is done by initially providing the following equivalence definition,
- - -match2(x,b,B,H,N,c) <= add_len(x,b) = f1 (x,B,H,N,c);

where each of the fixed parameters (including b of add_len) is kept independent. After that,a - - -

sequence of corresponding transformation and matching steps could be applied to try to prove
that add_len is an instance of f1. These steps would result in the following.
- - -match2([},b,B,H,N,c) <= B([])=true 0= ¢;
- - -match2(a:x,b,B,H,N,c)<= B(a:x)=false n N(a:x)=x A b+z = H(z)
A~ match2(x,b,B,H,N,c);

The above substitutions for the fixed parameters could then be used to provide an alternative
definition for add_len, in terms of f1, before it is transformed to a tail-recursive f1_it call, as
shown below.

- - -add_len(x,b) <= fi(lambda [} => true | a::r => false end,
lambda a:rr => r end,lambda x=> b+x end,0,x);
<= f1_it(lambda {] => true | a::r => false end,
lambda a:r => r end,lambda x=> b+x end,0,x);
A final tidying-up stage could similarly be applied to remove the higher-order arguments. This
gives the following efficient tail-recursive program.
- - -add_len(x,b) <= add_len_it(x,b,0);
- - -add_len_it([].b,w) <= W
- - -add_len_it(a::x,b,w) <= add_len_it(x,b,w+b);
Using this approach, our matching technique is less sensitive to the presence of additional
parameter variables. We simply have to equate changing parameters together and allow the
fixed parameters to be independent for FEM.
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2.5.5. Benefits of Schematic Rules

So far, we have presented a conversion-to-iteration scheme which applies to programs that have
the night-commutative and constant-at-termination property. Apart from this particular scheme,
there are also a number of other conversion-to-iteration schemes (with different syntactic and
semantic conditions) for linear recursive functions. These other schemes would be needed in a
more complete transformation tactic. For this purpose, we have presented three more
conversion-to-iteration schemes in Appendix 2. In particular, we show how these schemes can
also be constructed directly using the unfold/fold rules.

One of the primary benefits of organising transformations into schematic rules is that they
represent large, generally-applicable rules which are easier to apply. The clever combinations of
elementary steps (in Figure 2.6) need only be applied once to discover the schematic rules.
Once discovered, the result of each of these rules could be applied to any program instance
which matches the source program scheme and satisfies its constraints. The matching and some
syntactic constraints can be checked by the transformation system. In addition, we may also
need the more general inference capability to verify the semantic constraints. These checks are
often much easier than trying to re-discover the clever combinations of steps for each program.

Another potential benefit of the schematic rules is that they could be used as the basis of a more
sophisticated learning component within our program transformation system. In [Chin89], we
outlined this possibility by introducing a learning capability, based on the explanation-based
generalisation technique [DeJong86, Mitchell86]. Explanation-based generalisation technique is
a recent learning technique which could learn from single examples with the help of domain
knowledge that is able to explain or reason about the examples. This contrasts with similarity-
based generalisation technique [Mitchell82,Michalski83] which could only learn from two or
more close examples by noting their similarities and differences.

In the case of program transformation, we can learn from a single transformation instance
(containing source program, target program and script) by generalising it to a transformation
scheme (source scheme, target scheme, and constraints). This is achieved by applying
generalisations to the source and target program to obtain their generic (higher-order)
counterparts in such a way that all critical transformation steps (serving as explanations) are
preserved in the new scheme (particularly the steps leading to the self-recursive fold).
Schematics rules are suitable for this form of learning because they capture generalised versions
of program classes quite naturally.
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2.6. Summary of Chapter 2

In this chapter, we outlined the key components of a comprehensive transformation system,
based on the unfold/fold methodology, which satisfies the generality, safety and automatability
criteria. An important component, from the point of view of automated assistance, is the
methods/tactics bank which contains meta-programs as our transformation tactics. These meta-
programs are required to return scripts (for the transformation processor) rather than make
direct updates to program repository itself. Such an arrangement helps to ensure safety.

We also noted that tactics are usually structured into an analysis and a transformation phase,
with the analysis phase playing a key role for automating transformations. To illustrate this
structure, we presented two very simple tactics, namely a useless parameter elimination tactic
and a conversion-to-iteration tactic. The algorithmic useless parameter elimination tactic uses an
abstract interpretation technique to help identify the useless parameters before its transformation
algorithm is applied to remove these redundant parameters. Correspondingly, the schematic
conversion-to-iteration tactic uses a special matching technique (based on equational reasoning
and second-order matching) to check if a program is an instance of another higher-order one.
This matching effectively represents the necessary analysis (before transformation) to indicate if
a given program can be transformed to its tail-recursive equivalent.

In the next four chapters, we shall present four classes of more substantial tactics. Each of these
tactics will involve some form of analysis before transformations. Also, each of them will'be” -
based on the elementary unfold/fold rules.
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3. Fusion

3.1. Introduction

Structural and modular approaches to software development, as first advocated in [Dijkstra72,
Parnas72], involve a style of program development where sound techniques (like abstraction,
modularisation, hierarchical development, information hiding) are used to structure large
systems into meaningful components. This approach has been shown to produce systems that
are generally more complete and robust. In terms of actual implementation, the software is often
structured into hierarchies of modules, where complex programs are built or composed from
simpler ones. Such modularisation helps to simplify the task of implementing large systems. It
also aids in software reusability.

Though good for software development, modular or compositional styles of programming is,
in general, less efficient. This is because compositions of separate programs, while offering
better clarity and modularity, usually involve more computation time and space than if they
were integrated or fused together. The process of integrating separate programs, which are in
some form of composition, into a single definition can often be achieved by a program
transformation technique that is commonly referred to as fusion. The availability of this
technique is extremely useful coupled with the modular style software development. It implies
that we can continue to use this style without incurring the runtime penalties of modularisation.

We examine two common forms of program composition in functional programs and look at _
how the fusion transformation can help to improve their efficiency.

3.1.1. Two Forms of Composition
Two possible ways in which programs can be composed together in functional languages are

» functional composition, where function calls are connected by nesting (or
juxtaposition).

+ set abstractions, where function calls are connected by intermediate
variables.

3.1.1.1. Functional Composlition

Functional composition is one of the basic means by which programs are put together in

applicative languages. Essentially, this is used to route the output of one function call to the

input of another. A simple example of this is the composition, F(G(x)), in the definition below
---P(x) <= F(GX);

where the inner function call, G(x), is supposed to produce an intermediate output for the outer
function call, F.

Such a composition of functions can be inefficient. In particular, if the intermediate output
produced by the inner function call is a large (recursive) data structure, our program may incur
considerable amount of storage and computation expense in order to construct this data before it
1s used or consumed by the outer function call.
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An example to illustrate this phenomenon is the following definition of sumdb.

dec sumdb,sum: list(num) -> num;
dec double: list(num) -> list(num};
dec sqr: num -> num,;

- - -sumdb(x) <= sum(double(x));
- - -sum([}) <= 0;

- - -sum(a:x) <= a+sum(x);

- - -double((]) <= [I;

- - -double(a::x) <= 2'aidouble(x);

This function, sumdb, has a composition of two simpler functions, sum and double. A call to it
would cause the inner call, double(x), to produce an intermediate list by doubling every item in
its input list, x, before the intermediate list is totalled up by the outer function, sum. This
creation of an intermediate list is expensive (for both strict and non-strict languages).

A more efficient definition can be obtained by fusing the two composed function calls together
and in the process, eliminates the need for the intermediate list. This can be done by a
straightforward sequence of transformations, involving only the unfold and fold steps, as
shown in Figure 3.1. Our transformation initially unfolds (narrows) the inner call, double(x).
This produces two symbolic intermediate terms at steps <=5 and <=4, which can be partially
consumed by unfolding the outer function call. One of these two steps, results in a base case
value of 0 (at <=3), while the other results in an expression which can be folded against the
original definition of sumdb (at <=¢). The end-result is a more efficient fused definition, shown

below, which no longer needs the intermediate list.

- - -sumdb([]) <= 0;

- - -sumdb(a::x) <= 2'a+sumdb(x) ;

- - -sumdb(x) <=1  sum(double(x)) ! narrow double(x)

- - -sumdb([]) <=  sum([]) ! unfold sum([])
<=3 0]

- - -sumdb(a::x) <=4  sum(2*a:double(x)) ! unfold sum(a::x)
<=5  2'a+sum(double(x)) ! fold back to sumdb
<=¢ 2"a+sumdb(x)

Figure 3.1 - Fusion Transformation on sumdb

This kind of transformation is also known as (vertical) loop combination!. The merging of the
two recursive calls into a single self-recursive definition, has the effect of halving the number of
function calls required. It can thus be viewed as combining the two recursive loops into a single
equivalent loop. Martin Feather makes heavy use of this particular transformation technique
(also called combining tactic) to semi-automatically transform (using his ZAP transformation
system) a small multi-pass compiler into a more efficient two-pass compiler [Feather79,82].

1 There is also another form of loop combination, called horizontal loop combination, which involves the
tupling of independent recursive calls instead of the fusion of nested calls. An example of this was given in

Section 1.3.3. This horizontal loop combination can be considered as a special case of the Tupling Tactic in
Chapter S.
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3.1.1.2. Set Abstraction

Set abstractions provide another way in which program units can be composed together. In this
case, intermediate variables are used to link separate program units together. This is frequently

used to concisely specify generate and test programs. A schematic example of this is the
following function,

- - -prog(x) <= {p|pegen(x)filter{(p),..fitery(p)} ;

where each output represented by intermediate variable, p, is taken from a generator, gen(x).
This intermediate output must satisfy every test, filtery (p)....filter,(p), before it is accepted as one
of the results.

The use of (relative) set abstraction and the associated programming style provides higher-level
abstractions to functional programs. However, this style of generate and test programming is
often very inefficient. This is because loosely composed generators and filters frequently cause
many infeasible intermediate solutions to be generated. Such inefficiency can normally be
removed by using a fusion technique to merge the generator and filters together. This has the
potential benefit of obtaining a superior generator, which could automatically cut off some sub-
spaces of infeasible solutions. These cut-offs are achieved by parts of the filter being promoted
into the new genefator during the transformation - hence the name filter promotion
[Darlington78] for this kind of transformations.

As an example, consider the following generate-and-test program for finding all complete paths
in a set of nodes for a given graph.

dec all_path,perm: set(nodes) -> list(nodes);

dec path: list(nodes) -> truval;

dec path': nodes # list(nodes) -> truval;
dec arc: nodes # nodes -> truval;

- - -all_path(s) <= {p|p e perm(s),path(p)};

- - -perm({}) < {0}:

- - -perm(s) <= {a:p|ae s,pe perm(s-a)};
- - -path([}) <= true;

- - -path(a::x) <= path'(x,a) ;

- - -path'({],a) <= true ;

- - -path'(b:x,a) <= arc(a,b) A path'(x,b) ;

The main function of this program, all_path, has a generator, p.e perm(s), that produces all
possible permutations, p, from a set of nodes, s. Each of these solutions is then tested by path
(which make use of a graph-specific function arc) to check if it is a valid path within the given
graph.

This classic generate-and-test program is grossly inefficient. To improve its efficiency, we can
apply the fusion transformation, as shown in Figure 3.2. This transformation results in the
following fused program, with an auxiliary function, all_path', introduced at step <=1¢.
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- - -all_path({}) <= {}:

- - -all_path(s) <= {a:p|ae s,pe all_path'(s-a,a)};

- - -all_path'({},a) <= {I};

- - -all_path'(s,a) <= {b:p|b e s,arc(a,b),p € all_path'(s-b,b)} ;

The above program is a more efficient because part of the filter, denoted by arc(a,b), has been
promoted into the recursive generator of ali_path’ during the transformation. As a result,
subspaces of infeasible solutions are now avoided by the better generator. Before this
transformation, the complexity of our program was O(n!), where n is the number of nodes. With
filter promotion, the complexity of the transformed program has been reduced to between O(n)
and o(n!), depending on the connectivity of the input graph.

- - -all_path(s) <=1 {p | p € perm(s),path(p)} ! unfold perm(s)

- - -all_path({}) <=y {p | p € {0I},path(p)} ! substitute p
<=3 {01 path() ! unfold path([])
<=4 {[ | true} ! remove true
<=5 {}}

- - -all_path(s) <=g {p|pe{a:p|ae s,pe perm(s-a)},path(p)} ! substitute p
<=7 {a:p | a € s,p e perm(s-a),path(a::p)} ! unfold path
<=g {a::p | a € s,p € perm(s-a),path’(p,a)} ! define all_path’
<=g {a:p | ae€ s,p e all_path'(s-a,a)}

define

- - -all_path'(s,a) <=19 {p|p € perm(s),path'(p,a)} ! unfold perm(s)

---all_path'({}) " <=11  {plpe{lpath'(p.a)} " ! simplify
<=12 {}}

- - -all_path'(s,a) <=13 {p|pe {b:p|be sp e perm(s-b)},path’(p,a)} ! substitute p
<=14 {b:p|be spe perm(s-b)path’(b::p,a)} ! unfold path'
<=15 {b:p|b e s,p e perm(s-b),arc(a,b),path'(p,b)} ! fold all_path'
<=1 {b:p|be s,arc(ab),p e all_path'(s-b,b)}

Figure 3.2 - Fliter Promotlon on the function all_path

Apart from generators and filters, there is another form of composition in the set abstraction
construct that may also benefit from the fusion technique. This other form of composition is
between generators and processors which give results to the set abstraction. An example of this
is illustrated in the following program,
- -all_cost(s) <= {cost_path(p) | p € all_path(s)} ;

- - -cost_path([]) <= 0;

- - -cost_path(a::x) <= cost_path'(x,a) ;

- - -cost_path'(l,a) <= 0;

- - -cost_path'(b::x,a) <= cost(a,b)+cost_path'(x,b) ;
where the generator is the previous function, all_path, and the processor function is cost_path for
computing the cost of the entire path. Using the previously fused definition of all_path, this pair
of generator and processor can be similarly transformed to give us the following fused
program.
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- -all_cost({}) <= {0},
- -all_cost(s) <= {c|ae s,ce all_cost'(s-a,a);
- -all_cost'({},a) <= {0}

- -all_cost'(s,a) <= {cost(a,b)+c | b € s,arc(a,b),c € all_cost'(s-b,b)} ;

The intermediate list has been completely eliminated and we have also avoided some redundant
computations which are experienced by the cost function.

3.1.2. Consumer-Producer Model

Both functional composition and set abstraction share some similarity; notably, the manner in
which intermediate outputs are produced by one function call and then consumed by another.
As a result, the transformation techniques to fuse these composed function calls are quite

similar. They typically require the define, unfold and fold steps, making the mechanisation of
the technique seems promising.

To help us explain this fusion technique, we would like to introduce a producer-consumer
model of functions. Under this model, each function call is viewed as both a consumer of
inputs (through its parameters), and at the same time a producer of output (through its results).

The objective of the fusion transformation is to try to fuse, where possible, compositions of
consumers and producers together so that the resulting program could operate as an integrated
(strongly synchronised) and more efficient unit. We have seen fusion applied to a composition
between sum (as a consumer) and double (as a producer) in order to give an integrated function,
sumdb. Similarly, the composition between perm (as a producer) and path (as a consumer) was
also fused to give an integrated program containing two functions, all_path and all_path".

However, not all compositions between function calls can be successfully fused together. Some
of these function calls may not be in the appropriate form for fusion. Let us call a producer that
is in an appropriate form for fusion, a good producer, and a consumer that is in an appropriate
form for fusion, a good consumer. Correspondingly, we shall also call consumers and
producers, that are not in the appropriate forms for fusion, bad producers and bad consumers,
respectively. With this characterisation, a composition can be successfully fused if both the
producer and consumer are of the appropriate form (i.e. good producer and good consumer).
But what are these appropriate forms? ‘

Recently, Phil Wadler invented an important transformation technique called deforestation
[Wadler88], which is capable of eliminating some intermediate data terms in functional
compositions. He formulated this as an automatic transformation algorithm that can
successfully transform any expressions which are composed solely from a sub-class of first-
order functions. This sub-class of functions has a syntactic property, called
pure treelessness. This property is actually a description for functions which are both good
producers and good consumers in the above producer-consumer model. We shall present the
notation used and main results of his work in Section 3.2.

Our contribution in this chapter is a gradual extension of this area of transformation to include
all first order functions, rather than just a subset, for possible deforestation. We shall introduce
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two apparatus for this extension. Firstly, in Section 3.3, we introduce a novel parameter
annotation scheme which can be used to classify parameters of functions into two categories,
namely those that are suitable for deforestation and those that are not. More specifically, they
actually constitute a way of differentiating good consumers from bad consumers. With this
annotation scheme, the class of expressions which can be deforested is considerably extended.
We give the target expression form, transformation algorithm and prove that our algorithm
terminates. Secondly, in Section 3.4, we widen the class of expressions which can be
deforested to all first-order expressions. We achieve this by making use of the let construct to
help make certain situations appear deforested. This is only needed whenever we encounter bad
producer functions. With this apparatus, we are able to provide deforestation for all first-order
programs.

We complete this area of work, in Section 3.5, by suggesting further improvements that are
possible for deforestation. We also make a comparison between Turchin's supercompilation
and our extended deforestation in Section 3.6. Finally, in Section 3.7, we apply analogous
results to the way compositions in set abstractions can be fused together.

3.2. Wadler's Deforestation

Wadler's deforestation work is based on a simple first-order functional language, where each
term or expression, t, can be described by the following one-line BNF grammar:
to= vic(ty..tp) | g totq.atn) 1T (tg..tn)

Here, v is a variable, c.is a. constructor and f and g are two kinds of user-defined functions: ~ -

These two kinds of functions are used to distinguish functions with pattern-matching
parameters? from those without pattern-matching parameters, and are defined as follows:

- - f(v1,-0Vp) < tf
- -g(p1 ,V1 v'-vvn) <= tg‘l

- - -g(PpV1s-sVp) <= tg,

where each pj=ci(v'y,...v}) is a pattern and thtgy...tg, are first-order terms.

Notice further that there are two simple restrictions placed on the pattern-matching parameters
of g-type functions. These are:

+ only one pattern-matching parameter (the first one) is allowed per g-type
function

+ each pattern, pi=c(vy"....v}), is allowed to be only a single constructor deep.
In [Augustsson85], this is called a simple pattern.

2 The original deforestation work of [Wadler88] is based on a first-order language which uses case constructs
in the place of g-type functions. This old formulation tended to produce large programs by maximally
unfolding all pattern-matching functions. In this chapter, we shall use the more recent formulation by
Ferguson and Wadler (in [Ferguson88]) which uses pattern-matching functions to replace case constructs.
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Despite these two restrictions, there is no loss of generality because methods exist
[Wadler87a,Augustsson85] to transform functions, involving arbitrary number of pattern
matching parameters with nested patterns, to equivalent functions with the above restrictions.
These methods were given for expressions involving the case constructs but could easily be
adapted for the above language.

Far from reducing generality, the two restrictions are extremely useful. They help to simplify
the forms of functions permitted and as a result make both the specification of the
transformation algorithm and the proof of its termination much simpler.

3.2.1. Pure Treeless Form

Using this first-order language, Wadler and Ferguson identified a sub-class of expressions
which forms the basis of deforestation. This sub-class of expressions has a special syntactic
characteristic, called pure treelessness. An expression is said to be pure treeless3 if it has no

intermediate terms and is linear. This characteristic can be defined formally, as follows:
Definition 3.1 - Pure Treeless Form

A term is said to be pure treeless if it is linear and satisfies the following
grammar:
tt o= vietty,..tty) | f(vi..vq) | @ (VO.Ve.eaVp)

WHERE f and g are pure treeless functions and each free variable, v, occurs
only once (i.e. is linear) in the expression.

Correspondingly, a function is said to be pure treeless if its definition (RHS of

its defining equations) is made up of pure treeless terms.
The most distinctive feature of the above pure treeless grammar is that each function call,
f(v{....vn) OF g(vg.v1....vpy), must take only variables as its arguments. This condition helps to
ensure that no function call nesting exists and hence there are no intermediate terms in the
expression, as required. The second criterion of requiring terms to be linear is also important
because non-linear parameter arguments can cause losses in efficiency when large expressions
(which are expensive to compute) are duplicated by unfolding. This is clearly undesirable and
one way of preventing this is to strictly enforce the linearity criterion for all pure treeless
expressions.

Three examples of pure treeless functions are:
dec append: list(alpha) # list(alpha) -> list(alpha);
dec rev_tree: list(alpha) # list(alpha) -> list(alpha);
dec twos: list(num);

- - -rev_tree(leaf(a)) <= leaf(a);

- --rev_tree(node(x,y)) <= node(rev_tree(y),rev_tree(x));
- - -append([].y) <= y;

- - -append(a::x,y) <= a:append(x.,y);

- - -twos() <= 2:twos();

3 has been called pure treeless form to distinguish it from other restricted or extended forms of treelessness.
We shall see the other forms of treelessness later.

3.2 Wadler’s Deforestation 51



Notice that each RHS term of these three functions is linear and satisfies the pure treeless
grammar. The first two functions are pattern-matching g-type functions, while the third function
is an f-type function without any parameters.

3.2.2. Deforestation Theorem

The pure treeless form is actually a way of characterising functions which are both good
producers and good consumers. With this treeless form, Wadler was able to formulate the main
result of deforestation as the following theorem.

Theorem 3.2 - Deforestation

Every linear term, containing only occurrences of (pure) treeless functions, can

be effectively transformed, by the Deforestation Algorithm, to an equivalent

(pure) treeless term, without loss of efficiency.
Under this theorem, the sub-class of expressions which can be transformed are those making
use of only pure treeless functions. An expression which belongs to this sub-class is
append(append(x,y).z). This expression satisfies the requirements of the Deforestation Theorem
and can thus be transformed to an equivalent treeless expression by the Deforestation
Algorithm. The rules of this algorithm, denoted by T, are given and described in the next
section. We briefly illustrate, in Figure 3.3, how this transformation algorithm works by
applying it to the simple expression, append(append(x,y),z). The end result of this transformation
is a treeless expression, app(x,y,z), which uses a newly defined function, app, that is also
transformed to treeless form. The resulting program is more efficient because it no longer
produces an intermediate list.

T [append(append(x,y),z) ] can be transformed by deforestation to:
= T [append(append(x,y),z)] ! T 7, define app
= app(x,y,z)

define

- - -app(x,y,z) <= append(append(x,y),z) !t unfold append(x,y)

- - -app((l,y.2) <= T [append(y,z) ] I T 4, treeless call
<= append(y,z)

- - -app(a:x,y,z) <= T [append(a::append(x,y),z) ] I T 5, unfold append
<= T [a:append(append(x,y),z) ] | T 2, skip constructor
<= T {a]l::T [append(append(x,y),z) ] I T 1, skip variable
<= a:T [append(append(x,y),z) ] | fold against app
<= a:app(x,y,z)

Figure 3.3 - Deforesting a Simple Expression with T
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3.2.3. Transformation Algorithm

The deforestation algorithm for the Wadler's theorem is made up of seven? rules in Figure 3.4.
These rules rely principally on the syntax of expressions to direct transformation steps, that are
made up of the define, unfold and fold operations. We briefly describe each of these rules next.

Rules T 1 and 2 are used to handle variables and outer constructor terms. These rules leave the
outer expressions intact and transform the inner sub-expressions, where applicable. Rules T3
and 4 are used to deal with {- and g-type function calls which are already treeless (with variables
as their arguments). Such calls are just left unchanged.

The main deforestation rules are T 5, 6 and 7, which may each have one or more intermediate
terms to eliminate. These three rules use a context notation, ...t..., to describe a sub-term, t,
inside a nesting of pattern-matching g-type function calls, where:

L=t g Gttty

More specifically, the context notation is used to refer to an innermost function call, last_call, in
a nesting of g-calls, €.8. g{(ga(...gN(last_call,ty,..ty)....t1 "ty )ity "ty "), Where there are zero or
more (N20) outer g-calls, gy....gy. For example, the innermost call for the expression,
append(append(x,y),append(a,b)), is append(x,y) and not append(a,b) because the first call lies in the
pattern-matching parameter of the outer append function call but not the second call.

Rule T 6 handles each innermost {-type function call, while rule T 7 handles each innermost
g-type function call with-a variable in its pattern-matching argument. Each of these calls is
unfolded/narrowed to produce an intermediate result, possibly with an outer constructor. Those
intermediate results with outer constructors are consumed (or propagated) by rule T 5, which
unfolds each g-type function call with a matching constructor term as its first argument. The
overall effect of these three rules is to unfold/narrow some innermost function calls and then
propagate out any intermediate constructor terms produced. This corresponds to the typical
transformation sequence for the fusion technique.

The given rules involve principally the unfold steps (in T 5,6 and 7) and a define step (in
T 7). For some expressions which may re-occur during transformation, we also need the fold
steps in this otherwise infinite transformation. These fold steps are considered to be implicit
steps needed in Wadler's deforestation rules. They can be implemented by checking each new
expression to see if it is a re-occurrence (modulo renaming?) of the previous expressions
encountered by the T 6 and T 7 rules. Rule T 5 can be left out of folding because there
could never be an infinite sequence of just T 5 steps.

4 Actually, the original deforestation algorithm of Wadler consists of only 5 rules. We have added two more
rules, T 3 and 4, to explicitly detect function calls that are already treeless and hence do not require further
transformations. These are just minor optimisations.

An expression which differs from another expression by just the names of variables used. In other words,
an exact match.
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GIVEN f(VinaVy) = ff

and g(P{.V1,-Vp) = 104
g(PpVesenVp) = g, where pisci(v1'...,vj')
1y Tivl] = v
() Tlclty..ty) ] < c(T[4D..T Ity
) TIHvy..vp) ] <  f(vq,...vp)
(4) T Ig(vg.vq.Vp)l <  9(vo:Vir-Vp)
) TL.g(Citty' vt tatn)] & T Lotgilty Ve V] 1 Vet Vg
(6) T[4ty .t0)-] <  T[..tlt4/ve,.010/vg]) ]

7y TL...9(vgitysatn).. = g_new(vo,w1,..,w1)

where Wq,eaWj =vars[...g(vp.ty,.otp)---] - Vo

define g_new(vo,w1,..,wj )= 0(vgutesentn) e

unfold on the innermost call, g, to give:
9_new(pq.Wy,..Wj )=T [...tgq [t4/vy,..ta/Vp]...]
g_new(ppWq,..Wj)=T [...1g; [t4/V4...ta/Vpl...]

Note: vars[ex] will return all free variables in expression, ex.

Figure 3.4 - Wadler's Deforestation Rules

Furthermore, to enable folding, an implicit define step is also needed to introduce new function
definitions for expressions encountered by T 6. This define step could either:

1) be made explicit (as in T 7) for each new expression encountered (by
T 6) that has not been previousty defined,’or °

2) be inserted retrospectively by re-transformation whenever an expression
re-occurs.

The first option of using explicit define steps may cause too many (unnecessary) intermediate
functions to be defined, while the second option (using re-transformation) is both inefficient
and difficult to implement. The proposal made in [Ferguson88], uses a labelled tree to give a
trace of steps taken and corresponds essentially to the first option where unnecessary®
intermediate functions may be introduced. We suggest a better alternative in the next section.

3.2.4. Making all Steps Explicit

The implicit define and folding steps of Wadler's deforestation rules can be made explicit by
making simple modifications to rules T 6 and 7, as shown in Figure 3.5. Firstly, we add a
new parameter, ds, to carry all new function definitions introduced so far by the T rule. This
set of new definitions is used to check for foldable expressions at steps T 6b and 7a.

Secondly, explicit define steps are used by both T 6¢c and T 7b. Each of these steps introduces
a new function definition for each new expression encountered. However, there is an
optimisation possible for expressions of the form,..f(ty...t,)..., which are encountered by T 6.

6 It was suggested by Wadler, in personal communication, that unnecessary intermediate functions may be
removed by an additional post-processing stage.
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If the innermost f-type call is from a non-recursive function, then a re-occurrence of this

expression cannot occur and we can directly unfold such innermost calls, as specified in rule
T 6a.

For example, the expression append(twos(),y) may re-occur during transformation because the f-
type function call, twos(), is recursive. This expression must therefore be handled by either T 6b
or T 6c¢. In contrast, another expression, append(id(x),y) where id(x)=x, cannot re-occur during its
transformation because the innermost f-type function call, id(x), is from a non-recursive
function. It can therefore be handled in a more efficient way by T 6a. This optimisation will be
shown (in Section 3.2.5) not to affect the termination property of the deforestation algorithm.

(6) T[...0(t4,...tp)...1ds
a) if f is non-recursive then (unfold)
< T[.tty/vy0tq/vg). D ds
b) if f_old(w1,..,wj) = ..f(t1,..t5)... € ds then (fold)
&= f_old(w1,...wj)
where wq,..,wj ==vars[...{(ty,..tp)...]
c) otherwise (define & unfold) < f_new(w1...,wj)
where wy,..,w; ==vars[...(ty,...ty)...]
where new_ds==ds U {f_new(w1,..,wj) = .. f(tq,.0t0). )
define f_new (w4 ,..,wj) = . (1q,..10)..
unfold on the Innermost call, {, to give:
f_new(w1,..,wj) =T [...tf[t4 /vq,..ta/vp]... I new_ds
(7) T ...9(vgtq,aty)-.J ds ...
a) if g_old(vo,w1,..,wj)=...g(vo,t1,..,tn)... € ds then (fold)
= g_old(vo,w1,..,wj-)
where wy,..,w; ==vars[...g(vg.t1,..tp)-.] - Vo
b) otherwise (define & unfold) < g_new(vg,wq ,..,wJ-)
where wy,..,w; ==vars[...g(vo.ty...tp)...] - Vo
where new_ds==ds U { g_new(vg,w{ oW )=...g(vo.t1atn). )
define g_new(vp,W4 oW )=...0volqseatp).
unfold on the innermost call, g, to give:
g_new(py,W1,..Wj )=T [...tg1 [t4/vq...tn/vp]... I new_ds

g_new(p,,wq W =T [...t1gy [t1/vq...utn/Vpl... T new_ds
Figure 3.5 - Modifled Rules to Make All Steps Explicit

3.2.5. Proof for Deforestation Theorem

The deforestation theorem can be proved by showing the following three lemmas, which
together, demonstrate the validity of the theorem.
Lemma 3.3 - Adherence to (Pure) Treeless Expression Form

Each expression, which satisfies the condition of containing only treeless
functions, can always be transformed by the Deforestation Algorithm to an
equivalent pure treeless expression.
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Lemma 3.4 - No Loss in Efficiency

Each expression, which results from the Deforestation Algorithm, will be no
less efficient than the original un-transformed expression, where efficiency is
measured by the number of function calls that will be invoked.

Lemma 3.5 - Termination of Algorithm T

Under the pre-condition of using expressions containing only (restricted)
treeless functions, the Deforestation Algorithm (T rules) will always terminate.

Proof for Lemm n frecless form
The first lemma can be proved by structural induction on the seven T rules of the Deforestation
Algorithm. It can be trivially shown that every expression and new function defined in the RHS

of each of the T rules is indeed treeless. Also, the equivalence between the original and the
transformed expression automatically follows from the correctness of the unfold/fold rules.

Proof for Lemma 3.4 (on efficiency)

The second lemma can again be proved by structural induction. The only transformation steps
used by the rules are the define, unfold and fold steps.

The unfold step always results in a more efficient expression by virtue of requiring one less
function call, provided no large expressions are duplicated. This is the case because all the
expressions used are linear. Hence, this step will always produce a gain in efficiency. The
define step introduces a new intermediate function, which we would regard as a loss of
efficiency. However, each define step is always accompanied by an unfold step. Thus, the.
inefficiency introduced by define is always cancelled out by an unfold.

Lastly, each fold step against a previously defined function can, in general, cause either a gain
or a loss in efficiency - depending on the sequence of transformation steps which have been
applied between the define step and its correspondingly fold step. If the sequence of
transformation steps prior to a given fold step (but after the define step) results in a gain in
efficiency, then this fold step will allow the efficiency gain to be amplified in the newly
introduced recursive call. Correspondingly, if the prior sequence of steps results in a loss of
efficiency, then this fold step will amplify the loss. As all the other rules are efficiency-
preserving, the fold steps of the T rules will never cause a loss of efficiency. Hence, the
efficiency-preserving characteristic of the T rules.

Proof for Lemm n termination

The termination proof for the transformation algorithm is the most difficult of the three lemmas.
To simplify the termination proof, Ferguson and Wadler [Ferguson88] actually used a slightly
more restricted form of treelessness where each term is permitted to have only a single outer
constructor. This form, known as restricted treeless form, is used in place of pure treeless

form and can be defined by the following grammar rules:
n o= rtlc(ty,..npy)
' i= v (Vi) 19 (VoYY Vi)

where f and g are restricted treeless functions and each term is linear
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Even though this is a more restrictive form, there is no loss of generality involved because each
pure treeless expression can always be converted to an equivalent restricted treeless expression
by introducing suitably defined intermediate functions. With the restricted treeless form, the

_termination proof in [Ferguson88] was given in two parts. We briefly outline the proof in this
section in order to give the reader a flavour of how termination proofs could be given for
transformation algorithms.

Firstly, some measure, related to the size of expressions occurring during transformation, must
be shown to be bounded by each of the T rules. The measure used, called function nesting,
was as follows:

N[v] = 0

N [c(ty,..th)] =  max{N[t{],...N [tqI}

N [f(ty,..t5)] = 1+max{N[t4]..N [t;I}
N [g(tg..-tp)] = 1+max{N[tgl...N [t5I}

It was shown to be bounded by proving that:
For each transformation step, T [t] < ... ... T 041...... NJIN[tD2N[4]

This is possible because all the unfoldings in T involve only restricted treeless function calls.
These unfoldings will never increase the function nesting of their expressions because each

treeless function's body has a measure of at most one, which at worst, replaces the nesting of
the function call just unfolded.

Notice that the function nesting measure does not take into account constructor terms. Showing
that this nesting measure is bounded is not, on its own, sufficient for termination proof. What
is needed is a proof to show that the size of expressions (represented by the depth of
expresSions tree) encountered by the transformation rules is bounded, with respect to the initial
expression. By using the restricted treeless form, Ferguson and Wadler provided this proof by
showing that each term encountered by their T rules can only have a single constructor. This
was proved by showing that each new term encountered at the RHS of T satisfied the grammar
form of fct, whenever the previous term (on the LHS of T') satisfied fct where fct was a

grammar (for expressions with a single constructor each) of the following definition:

ﬁ l ...c(t1,..,tn)...
1 I g (...1-..,“1,..,ftn) )
vt (fty,..fty) | g (fo...fty) WHERE f and g are restricted treeless functions

—
[¢]
-~
]

=4
nou

The initial term is assumed to satisfy the grammar of ft without loss of generality (because each
constructor can always be replaced by a corresponding intermediate treeless function).

The presence of an upper bound on the size of expressions which could be encountered by
Wadler's T rules (for any given initial expression) is sufficient for termination proof. This is
because:
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(1) With an upper bound on the size of expressions handled by the T rules, the
number of different expressions (based on an initial finite set of function and
constructor symbols) which could be encountered during transformation will
be corresponding finite. This implies that there will only be a finite number
of steps involving T 5,6,7 (of Figure 3.4), as any re-occurrences of
expressions (for these steps) are assumed to be terminated by the implicit
fold steps.

(2) The other recursive rule, T 2, could never form infinite sequences of rule
applications on its own. This is because it operates on successively smaller
sub-expressions.

Because of these two reasons, the four recursive rules, T 2,5,6,7, could never form an infinite

sequence of applications for any given initial expression. Hence, the termination of algorithm,
T.

Wadler's rules relied on the presence of implicir fold steps to handle expressions which re-
occur during transformation. This was already noted in Section 3.2.3 to require either a
complex retrospective mechanism for introducing the necessary define steps or a less than
optimal solution which introduces an intermediate function for each new expression
encountered. To improve this situation, we introduced explicit define&unfold rules for T'6c
and T7b in Section 3.2.4, together with the corresponding explicit fold rules, T6b and T'7a.
We also introduced direct unfold rules, T5 and T6a, which we claimed do not require the fold
steps. We shall outline the additional termination proof which allows this optimisation. ...

With the (slightly) modified rules, the number of explicit define&unfold steps will continue to
be finite. This is because there is still an upper bound on the size of expressions which could be
encountered. However, the direct unfold rules of TS5 and T6a could no longer rely on the
presence of fold steps to terminate any re-occurrences of their expressions. This is still fine
provided we can prove that, during the transformation, there could only be finite sequences of
steps involving just the (other recursive) rules T2, T 5 and T 6a.

If we are able to prove this, then the total number of recursive T’ steps will always be finite for
any given expression. This is because each addition of a finite sequence of steps for T 2,5,6a,
among the finite number of the define&unfold steps (T 6¢,T7b) will never extend the total
number of steps into an infinite one. Hence, the termination of the modified T rules. The other
rules, namely T 1,3,4,6b,7a, need not be considered because they are the terminating cases.

To show that there could never be an infinite sequence of steps, involving just rules T 2,5,6a,
we must show the presence of some well-founded decreasing measure for these rules. A well-
founded decreasing measure is one which decreases to its smallest value in a finite number of
steps. Informally, this is possible because:
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(1) Rule T 5 propagates constructor terms outwards. This means that the
position of the constructor within our expression (after each application of
this rule) can be used to show a well-founded measure which decreases.
This measure would guarantee that there could never be an infinite sequence
of just T 5 steps.

(2) Rule T 6a is used to unfold non-recursive i-type function calls. To show a

well-founded decreasing measure, we could assign a function hierarchy
number, H [ pl, to each function p (for both i-type and g-type functions),
such that each of its auxiliary function, say p_aux, has a hierarchy number,
H [p_aux] that is less than H [ p]. Correspondingly, each mutual recursive
function, p_rec of p, should have a hierarchy number, H [p_rec], that is equal
to H [pl.
With this function hierarchy numbers, we can show that the expression
which results from each unfolding of a non-recursive function call will have
a decreasing multi-set (bag) measure that is made up of the hierarchy
numbers of all its functions. This (well-founded) decreasing measure will
show that there could never be an infinite sequence of the just T' 6a steps.

(3) Lastly, the T 2 rule deals with successively smaller sub-expressions. We
could therefore use the size of expression as the basis for a (well-founded)
decreasing measure for this rule.

Of course, the above three (different) measures are presently applicable to each of the rules
individually. What is needed is a single well-founded measure which can be shown to be
decreasing for all the three rules simultaneously . If this can be proved, then there could onty be
finite sequences of steps involving just T2, T 5 and T 6a. There is indeed such a measure,
taken by combining the above three separate measures into a single complex measure. This new
measure and the proof that it is decreasing for the three rules is given in the Appendix 5. With
this well-founded measure, the total number of recursive T rules will always be finite (under
the conditions of the Deforestation Theorem). Hence, the termination of the modified T rules.

This style of termination proof will be repeated for a number of transformation algorithms in
Chapter 3 and 4. We shall always begin by showing that the explicit define&unfold steps (with
fold rules) will only occur a finite number of times. This is possible as long as there is a bound
on the size of expressions used by these define&unfold rules. After that, we shall show that
there is a well-founded decreasing measure for the other recursive rules. This will help to
confirm that the total number of recursive steps will be finite because finite sequences of the
other recursive steps (from the well-founded measure) could never increase the overall number
of steps (within the finitely many define&unfold steps) by an infinite number.

3.2.6. Blazed Treeless Form

One important extension to the above work is to widen the definition of treeless form so that
deforestation can be safely applied to an even a larger class of expressions. Wadler has
proposed differentiating terms, depending on their type information, to either:-
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1) recursive type terms, like lists and trees, which can be gainfully deforested;
or

2) simple atomic type terms, like true-false and num?’, which are better left
alone because of negligible gains possible from recovering unit storage.
This differentiation is indicated by annotating each term (or expression) with a ¥ if it is of
recursive type, or with a = if it is of aromic type. Wadler called this term-based annotation
process blazing and provided the following definition® for blazed treeless terms.
Definition 3.6 - Blazed Treeless Form

A term is considered to be blazed treeless if it satisfies the following grammar:
bt::=bv | ¢ (btq,...btp) ¥ | f (bvq,..bvp)¥ | g (bvg,...bvy)*
bvii=v¥ | v | ¢ (bvq,...bvy)" | f (BVy,...bvp)” [ g (bvg,...bvp)

WHERE f and g are blazed treeless functions; and v¥* must be linear; v° can be non-linear

Correspondingly, a function is considered to be blazed treeless if its definition

is made up of blazed treeless terms.
The grammar of this form is a considerable extension of pure treeless form. Nested calls are
now allowed for terms which are annotated as °. In addition, non-linearity is also allowed for
variables which are annotated as °. As a result, blazed treeless form can now include many
more functions. An example of a function which is blazed-treeless but not pure treeless is:

- - - up_to([],n) < [k
- - - up_to(a:x,n) <= n:up_to(x,n+1);

This function is not pure trecless. because of the nested call up_to(x;n+1) and the nondinearity <

of n.

A similar Deforestation Theorem was given in [Wadler88] for blazed treelessness, together with
a modified transformation algorithm. The main modification to this algorithm involves the
extraction of all subterms which are annotated as = before introducing new function definitions.
This generalisation enables fold operations for recursive expressions and also ensures that large
expressions are not duplicated by the unfolding of non-linear parameters.

As an example, the expression double(up_to(x,1)) can be deforested by initially extracting out all
subterms annotated as “, as follows.

let v==1°In double(up_to(x¥,v°)¥)*

7 The basic num type is presently assumed to be a directly implemented type. This is why it is considered as
an atomic type. Alternatively, we could also define the number type recursively in peano-style. In this case,
it would be considered as a tree-like type. Of course, there is nothing to stop us from having both versions
of num in our programs (referring to them by different names).

8 The original blazed treeless definition were formulated for expressions with case construct but we have
adapted it here for pattern-matching functions.
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This is then deforested to:

let v==1°In d_t(:’(x‘(),,va)<>

WHERE
- - -d_to([],n) < [I;
- - -d_to{(a::x,n) <= lot v==n+1°In 2*n°:d_to(x™,v°)%

Using our consumer-producer model, blazed treelessness can be viewed as a way of marking
all atomic-type terms as bad producers and bad consumers. This is because the fusion of
expressions involving them do not result in any significant gains in efficiency. Annotating them
differently will allow these terms (or compositions) to be disregarded during deforestation.

3.3. Our Extension to Deforestation

Despite its wider applicability, the type-based annotation of Wadler does not go far enough.
This is because there are still many functions outside blazed treeless form which can also be
safely deforested. The main feature of these functions is that some but not all of their recursive-
type parameters are suitable places for deforestation.

An example is the following iterative list reversal function.
dec rev_it : list(alpha) # list(alpha) -> list(alpha);
- - -rev_it([l,w) <= W;
- - -rev_it(a::x,w) <= rev_it(x,a::w);

This function has two linear, list-type parameters. It is not considered (blazed) treeless because- - - «

it has a nested constructor term, a::w, as the second argument of the recursive call, rev_it(x,a::w).
In contrast, the first parameter does not have this problem and appears to satisfy the treeless
requirement of not having an intermediate term because there is a variable, x, as the first
argument of its recursive call. Thus, it should not be surprising to learn that an expression like
rev_it(double(x),[]), with an intermediate term in the first parameter of rev_it, can still be safely and
successfully deforested.

This consideration suggests that a change to the annotation scheme should be made. Instead of
annotating individual terms, our new scheme will directly annotate each function's parameter
with either a * or a ° to indicate if the parameter is suitable for deforestation or not.

Firstly, as before, atomic-type parameters are not suitable for deforestation. This is because the
gains arising from eliminating the atomic-type arguments' unit storage are negligible. Hence,
they should continue to be annotated °, as in blazing. But what about recursive-type
parameters? There are two kinds of recursive-type parameters, as we have just seen in rev_it.
There are some parameters which are suitable for the safe elimination of intermediate terms and
these should be annotated as . At the same time, there are also parameters which are
unsuitable for the elimination of intermediate terms and these should be annotated as °. This
additional consideration (on annotating all parameters) gives us a more complete way of
distinguishing good consumers from bad consumers.
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As it turns out, there are some specific criteria to help us distinguish between these parameters.
We present these parameter criteria next.

3.3.1. Parameter-Based Annotation Scheme

Apart from type information, there are two other important criteria which need to be considered
for determining if an argument is suitable for deforestation or not. These are:

+ Variable-Only Criterion

+ Linearity Criterion
3.3.1.1. Varlable-Only Criterion
A close examination of the way deforestation's transformation works, suggests that there is a
very useful parameter criterion which could guarantee successful folding in recursive
expressions that are being transformed. This criterion, which will be known as the variable-
only parameter criterion, was implicitly used in pure treelessness where all function calls are
obliged to have only variables as their arguments. However, instead of requiring all parameters

of function calls to be variable-only, we can relax our consideration by permitting parameters to
be either variable-only or not.

For example, the earlier rev_it function has two parameters, one of which is variable-only while
the other is not. Another example is the function swap below. The first three parameters of this
function are variable-only while the fourth parameter is not, as dictated by the recursive call,
swap(x,c,b,w<>[a]), of the second equation. -

dec swap : list(alpha) # beta # beta # list(alpha) -> (beta,list(alpha));

---swap(lbew) < (bw)

- - -swap(a:x,b,c,w) <= swap(x,c,b,w<>[a));
This criterion is primarily relevant to parameters of recursive functions where a parameter of a
function is considered to be variable-only if the corresponding parameter argument in each
recursive call of our function definition is made up of only variables. Non-recursive functions
need not worry about this criterion because their function calls can always be unfolded without
requiring folding. This syntactic criterion can be formally defined as follows:

Definition 3.7 - Variable-Only Parameter Criterion

Given a set of mutually recursive functions, pq..pg, where k21. The jth-
parameter, vj, of the ith-function with definition:

Pi(v4 ,..,Vj,..,vn) <= ff

is considered to be variable-only if all its recursive calls, Piltyrenrtjueeitn)s in each
of the definition of mutual recursive functions, py..pg, have the jth-argument, tjs
as a variable.

Also, all parameters of non-recursive functions are trivially considered to be
variable-only, since there are no recursive calls.

This simple syntactic criterion is sufficient to ensure successful folding of recursive expressions
during deforestation. Two informal reasons (though not the only reasons) for this are:
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« If this criterion holds for the pattern-matching parameter, then this
parameter is likely to be used as a consuming parameter for deforestation
purposes (see first parameter of rev_it).

« If this criterion holds for the non pattern-matching parameters, then it is
likely that only some form of permutation in the arguments will take place
during transformation and this will help ensure folding (see second and
third parameters of function swap).

In contrast, those parameters which are nor variable-only tend to accumulate results in their
arguments. This may cause infinite number of function calls (containing different arguments) to
occur during transformation, thus preventing folding from taking place (unless we apply
appropriate generalisations). For example, try transforming the expression, rev_it(double(x),[)),
without ever generalising the second argument, []. This would simply result in the following
infinite number of expressions (containing the rev_it call) for new function definitions (during
its transformation).

rev_it(double(x1).[a])

rev_it(double(xo),[a,a1])

rev_it(double(xp),[a,aq,...an.1])

3.3.1.2. Linearlty Crlterion

Apart from the variable-only criterion, there is another very important parameter criterion, called :
linearity, which is needed to ensure no loss of efficiency in the transformed programs. This
criterion is important because functions with non-linear parameters run the risk of losing
efficiency when expensive sub-expressions are duplicated by unfolding. An example of this is
the function, twotimes, with a non-linear parameter, x, as shown below.

- - -twotimes(x) <= X+X;

Calls of such functions must be considered carefully. If a large expression appears in the non-
linear argument, e.g. twotimes(y'y), then the call should not be unfolded, as its unfolded
expression, y'y+y'y, will be less efficient because of the duplicated arguments. However, if a
variable or a constant is present in the non-linear parameter position, then the call can still be
unfolded without loss of efficiency, e.g.

twotimes(a) can be efficiently unfolded to a+a, and
twotimes(4) can be efficiently unfolded to 4+4

But how should the linearity criterion be determined? The simplest method of identifying non-
linear parameters is to check if multiple occurrences of parameter variables are present in each
equation. Those parameters which occur more than once are simply considered to be non-
linear. This method can be performed quite efficiently and is used by Wadler.

However, it is not accurate enough. This is because some parameter variables, though
occurring more than once in their function's definition, are only evaluated once (even in the
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call-by-textual substitution parameter mechanism). A simple example of this is the parameter, c,
of function p below.

---p(b.c) <= if (b,2%c,c);
- - -if (true,x,y) <= X;
- - -if (false,x,y) <= Y;

This parameter, ¢, occurred twice in the body of p. However, each occurrence of ¢ appears in
disjoint paths of the conditional function, if. This means that c is unshared and will only ever be
evaluated once. As a result, function calls like p(b,twotimes(c)), can still be unfolded without any
loss of efficiency, assuming that we have a lazy rather than strict evaluation mechanism. Hence,
a more accurate linearity criterion is one which augments syntactic counting with a modified
form of sharing analysis [Hudak85] for multiply occurring parameters. This criterion can
be defined as follows: ,
Definition 3.8 - Linearity Parameter Criterion
A parameter of a function definition is said to be linear if
it occurs at most once in each equation's RHS, or
* it occurs more than once but is unshared (according to sharing analysis).

Otherwise it is considered to be non-linear.
The linearity criterion is an important consideration for unfolding. In [Sestoft88], this
consideration is also known as duplication risk analysis.
3.3.1.3. Annotation Scheme.

The above two parameter criteria, together with the type criterion of blazed treelessness, can be

used in the following parameter annotation scheme for determining the suitability of a parameter
term for deforestation.

Definition 3.9 - A Parameter Annotation Scheme for Deforestation

A parameter of a function definition will be annotated as +, and therefore

marked as a suitable candidate for deforestation, if and only if, it satisfies all
the three criteria below:

e is arecursive type
 is linear
 isvariable-only
If it does not satisfy all three criteria, then the parameter will be annotated as °.
As an example, the earlier function rev_it will have the following annotations.
- - -rev_it([]¥,w") <= W;

- - -rev_it(a:x¥,w°) <= rev_it(x,anw) ;

Both parameters of this function are recursive-type and linear but only the first parameter is
variable-only, hence the annotations are as shown.
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3.3.2. Extended Treeless Form

With the new annotation scheme, the parameters of each function can be logically separated into
two groups of either ¥ or = annotation. Henceforth, we shall represent this logical separation by

using the following three forms of function calls for both the f- and g-type functions:-

¥ tm T tma 1™ - tn)

a(to® 1%t Ttmee” -t

gt 1 %ot otma 1 ty?)
For the purposes of exposition, we shall require all + parameters to occur before = parameters,
apart from the pattern-matching parameters of g-type calls which may either be ¥ or =. It should
be noted that this is merely for convenience in describing the transformation (later). It does not
represent a programming restriction as we can cater for it by either automatically permuting the
parameters of the functions during transformation or simply modify our transformation rules to
accept arbitrary orderings. With this assumption, we are able to define a new kind of

treelessness, called the extended treeless form, as follows.
Definition 3.10 - Extended Treeless Form

A term is said to be extended treeless if it satisfies the grammar below.
et:=v | c(ety,...etp) | f(vyF.vFety 17 ety”) | g(voPivyFvy ¥ etn, 17 ety)
| gletg"vi¥.vin¥.6tmy1™.6tp")

Note that all arguments in parameter positions annotated as ¢ must be
variables, as in v4..v,; while those arguments in parameter positions annotated

= can be terms, as in ety,.1..et,. Also, g and f are extended treeless functions.

Similarly, a function is said to be extended treeless if and only if its definition
is made up of extended treeless terms.

This extended treeless, or e-treeless, form is a generalisation of blazed treelessness because:

1) recursive-type arguments, annotated as ©, are allowed to contain nested
terms, and

2) linearity is no longer a pre-requisite on any variable.
It is a significant generalisation of treelessness. As an example, consider the following set of
functions for finding an infinite list of prime numbers by the sieving technique. With blazed
treelessness, only functions, if, fI', fiter and inf_int are considered to be (blazed) treeless but not

functions, prime and sieve. However, with the extended form of treelessness, all the six
functions are (extended) treeless.
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dec prime : list(num);
dec sieve,inf_int : list{num) -> list(num);
dec filter : list(num) # num -> list(num);

- - -prime() <= sieve(inf_int(1)) ;

- - -sieve ([I) - 0;

- - -sieve (a:ux°) <= ausieve(filter(x,a)) ;

- - -inf_int ( n%) <= nzinf_int(n+1) ;

- - ilter (¥, 2°) <= [};

- - filter (bux*,a") <= fl'(x,b,a) ;

-l (x¥, bo, @) <= if (b mod a=0,filter(x,a),b::filter(x,a)) ;
- - -if (true”x¥y%) <= Xx;

- - -if (false” x¥y®) <= y;

Of the above functions, sieve appears to be the most interesting. This function is not considered
to be blazed-treeless because its definition contains a recursive call, sieve(filter(x,a)), with an
intermediate list-type term. However, by annotating sieve's parameter to °, we have managed to
include this function under the new extended treeless form. As a result, we could now deforest
expressions which use these functions. We shall see an example of this later.

Also, unlike the restricted treeless form, we allow arbitrary nesting of constructor terms to be
used. This helps to avoid unnecessary intermediate functions which will otherwise cause the
programs to be larger and less efficient. For example, consider the following e-treeless
function:.

dec thrice_ones:list(alpha) -> list(num)
- - -thrice_ones([]) < [];
- - -thrice_ones(a::x) <= 1::1::1:thrice_ones(x) ;

The previous restricted form of treelessness would have required this function to be translated
into the following alternative program, with two intermediate functions to break the nesting of
constructors.

- - -thrice_ones([]) < [I;
- - -thrice_ones(a::ix) <= 1:thrice_ones'(x) ;
- - thrice_ones'(x) <=
- - -thrice_ones"(x) <=

1::thrice_ones"(x) ;

1::thrice_ones(x) ;

This restriction was imposed to allow the proof of termination in [Ferguson88]. We shall show
that this is unnecessary by providing a different termination proof in Section 3.3.6 .

3.3.3. Extended Deforestation Theorem

A theorem for deforesting expressions, which use e-treeless functions, can be stated as follows:

Theorem 3.11 - Extended Deforestation
Every term, even non-linear ones, containing constructors and occurrences of
functions which are extended treeless, can be effectively transformed, by the

Extended Deforestation Algorithm, to an equivalent extended treeless term,
without any loss of efficiency.
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The Extended Deforestation Algorithm referred to in the above theorem will safely and
successfully eliminate all intermediate data terms that appear in parameter positions annotated
as *. Each such elimination will normally produce a gain in efficiency. We shall present the
transformation algorithm in Section 3.3.4 and the proof for the above theorem in Section 3.3.6,
but first, let us look at a simple expression, rev_it(double(x).[]). This expression cannot be
deforested using Wadler's transformation algorithm because the function rev_it is not considered
to be pure or blazed treeless. However, it is an e-treeless function. We can therefore use our
Extended Deforestation Algorithm, given in Figure 3.7, to transform this expression into an e-
treeless equivalent. Such a transformation is illustrated in Figure 3.6, where a new function,
rev_db, is defined. This transformation resulted in the expression, rev_db(x,[]), together with the
following e-treeless function:

- - -rev_db([},w) <= W,;
- - -rev_db(a::x,w) <= rev_db(x,2*a:w) ;

Notice that the rules had (correctly) generalised the second argument of rev_it, in the expression
rev_it(double(x),[]), before the function rev_db was defined. The reason for this is that the second
parameter of rev_it does not have the variable-only criterion.

T [rev_it{double(x)™,[]")] can be transformed to:
= T [rev_it(double(x),[1)] | T 9b, define rev_db
= rev_db(x, T I 1 T3
= rev_db(x, [])
define
- - -rev_db( x,w ) <= rev_it(double(x),w) ! narrow double(x)
--rev db([lw) <= T[lrev_it({lw) ] I'T 6a, unfold rev_it
<= T{w] IT1
<= W
---rev_db(a:x,w) <= T [rev_it(2*a::double(x),w) ] !'T 6a, unfold rev_it
<= T [rev_it(double(x),2%a:w) ] !'T 9a, Fold with rev_db
<= rev_db{x,T [2*a::w]) T2,
<= rev_db(x,T [2*af.:T [w]) 'T 1,3,1,2
<= rev_db(x,2*a:w)
Figure 3.6 - A Simple Example of Extended Deforestation
3.3.4. Transformation Algorithm

The Extended Deforestation Algorithm is made up of the nine transformation rules in
Figure 3.7. To shorten these rules, we use the abbreviation, t; ,, to represent a list of

arguments, t4,..ty; and T[t]y_, to represent T[t1]...,T [t 1. Also, each expression used for this

transformation can be any combination of constructors and extended-treeless functions, as
shown below:
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eft = v | c(efty,..efty) | f(efty m¥.eftm,q1.n7) | gleftg®.efty mT.eftmiq. 0
| gleftg™efty m¥.eftm, 1. n7)
The first five rules (Rules T 1 to T5) deal with simple situations where the outermost
expressions (function calls or constructors) are already in extended treeless form. These
outermost expressions are left alone, with the transformation rules applied only to the remaining
subexpressions.

The main elimination rules (for intermediate terms) are T 6 to T 9. Each of these rules deals with
a function call, say last_call, which lies in the leftmost innermost position of pattern-matching
parameter positions, annotated as ¥, of zero or more outer g-type calls. This leftmost innermost
call could only be one of the following forms:

ft1-tm%tme-tn)

a(vo¥.ty . tmTtme1-tn?)

gle 1t tm P itmaet -ty

9ot - tmFitme1-tn)
If it is not one of the above calls, then it must be of the form g(tg®.t1..tn% tm41-1a7), Where there
is another inner function call in the pattern-matching argument, ty, that is annotated as .

Such an innermost function call could be concisely represented by the expression,
...last_call..., which uses a context notation (represented by outer ellipses) that is defined by the
following grammar.

et o=t gl Bt ¥ itmatn)
This expression is actually a shortened notation for
91(92(.-.gn(last_call®,ty. tmFotm s 1oty ) B U B e U )P L e E g )

where N20. With the help of this notation, the (leftmost) innermost function call for the
expression, append(sieve(inf_int(2°)°)¥,y¥), is sieve(int_int(2°)°) and not inf_int(2°) because the
former lies in a * pattern-matching parameter position but not the latter.

In each of these rules, we can either perform a define & unfold, unfold or fold step. In the case
of the define & unfold steps (T 6b,7¢,8b,9b), a generalisation and renaming process using the
auxiliary meta-function, gen_ren, is always performed on the expression first. This is done
before a new function definition is introduced, whose innermost call is unfolded, before further
transformation.

The generalisation and renaming meta-function, gen_ren, simultaneously extracts out all sub-
terms that are annotated® as - and renames all the variables that are annotated as ¥. This ensures
that the resulting expression is linear and and has only variables for arguments annotated as ~.
Thus, given a term, eft, this meta-function would return a tuple of five items,
(eft™,teq_g.veq s VO1_kVnq k), Where eft™ is the generalised and linearised expression, teq g are

9 by virtue of its occurrence in the annotated parameters.
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the extracted subterms annotated as and veq_ g are the corresponding substituted variables.
Also, voq i are the old variables with + annotations and vnq_ are the new renamed variables.

As an example, gen_ren [rev_it(double(x*)?,[]"] would return:
(rev_it(double(a®)¥,b%), [(I], [b], [x] [a])

where the generalised and renamed expression is rev_it(double(a®)¥,b%), extracted sub-term in [J,
replacement variable is b, old name of variable annotated as * is x and new variable name is a.

We represent by eft™ the generalisation and renaming of a term eft. Similarly, the generalisation
and renaming of context expression ...eft... will be represented by the notation ...eft™...”. These
generalised expressions will conform to the following grammar:

eft™

v L e(eft™q,..0ft™n) | Heft™y mTVme1.n7) 1 9(Ef70%eft7y m¥Vmet.n))
| glvo™eft™1.m*Vm+1..n")

ot ” t]g(..te.” eft™y m¥Vmet1.n")

The generalisation operation is important because it can help to ensure the termination of the
transformation algorithm through successful folding. We shall formally see this requirement
later, in the termination proof of Section 3.3.6.

The fold steps (T 7b,8a,9a) must work in tandem with the corresponding define steps for
recursive expressions. Each of these fold steps checks previously defined function definitions
in def_set!0 to see if there is an earlier function definition whose RHS matches exactly with the
generalised and renamed expression. Whenever such a definition exists, we apply the fold step
in preference to the define step: ‘

Also, we have a direct unfold step in rule T 6a and T 7a. This is applied in rule T 6a to deal with
the consumption of nested constructor terms within outer g-type function calls. We apply direct
unfolding whenever the arguments annotated as © in the innermost matching g-call are all
variables. This can be done, without worrying about folding, because there can never be an
infinite sequence of steps requiring just the rule T 6a. The only time the define step of T 6b is
used is when one or more of the arguments annotated as = are non-variables.

As for Rule T 7a, there are two pre-conditions which must be satisfied before we are allowed to
perform direct unfolding. These pre-conditions are:

+ the expression is non-recursive, otherwise a define step is needed for
subsequent folds, and

 the - arguments of the innermost function call (an f-type call) are variables,
otherwise loss of efficiency may result from duplicating its non-linear
arguments.

10 1o simplify the T rules, def_set is not passed as a rule parameter. Instead, it is presently assumed to be a
global data structure. See Section 2.4.3.3 for the necessary changes to enable this definition set to be passed
around as a rule parameter.
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If both these pre-conditions are not satisfied, then we simply perform an indirect unfold
through the define step of T 7c.

(1) TIv] = v
@) Tlclyty)] P ¢ (T [t4].,..T [tnl)
@ T vi.m%tme1.00] = (v mT [tImst.n)
@ TIovo* V1 m¥tme1.n)l & 9 Vovi.mT [t Ims1.n)
G TI9(to" V1. mTtmet1..n7] = o(T [tol V1. m'T [t Imst.n)
®  TL--0ty, ot mTtmet. a1
a) It t,, 1. are all variables (unfold)
&= T[.tgilt/V'y_jtve pl--1
b) otherwlise (define & unfold) « f_new(voq T [tely g)

where(...g(ci(t"™ 1™ 1 .mVems1..n)- 01 s:VOY s

voq kN1, k) == gen_ren[...g(ci(t'y ity mims1..n)--1
define

f—“ew(""1..ky"°1..s)=---9(°i("~1..j)"~1..mv"em+1..n)--'~
unfold on call { to give:

f_new(vny veq g)=T [...1Qt" " V'y j 17Ny nvelVmyq pl"1
7 TL A mEtmet.n)1
a) if f Is non-recursive and t, 4  are all variables (unfold)
= T [...tHtvq pl..]

b) if f_old(vny_k.veq g)=-.f(t”{ m:Vem41..n)~ € def_set; then (fold)
= f_old(voy kT [tely s)
where (..f(t"{ " m.vems1. n)---"oteq gvVeq s
voq, k.Vnq. k) == gen_ren[...f(t{ m.tmst..n)e--]
c) otherwise (define & unfold) < f_new(voy k.T [tely. s)
where(...(t" 1 _m.Vemi1..n)- €9 _sVeq s

voq_kVny k) == gen_ren[..fty mtmsi..n)e-]
define and add to def_set

f_new(vny yveq gl=-tt™1 mVemiq. n)-”
unfold on call { to give:

t_new(vny y.veq g)=T [L..tft"/V{ m.velvmuq. nl-"1
®) TL..9vg" 4 m¥tmet.n )]
a) if g_old(vng,vn{ k.veq g)=..0(vNg,t™ 1. m.Vemy1..n)~ € def_set; then (fold)
= g_old(vg,vo1 T [tely. s )
where (...9(vno.t™ 1. mVem41..n)-- ot€1 sVe1. s
VOvO1{, kVNoVNny, k) == gen_ren[...a(vo.ty mitms1..n)---1
b) otherwise (define & unfold) < g_new(vg.voq T Dtelly. s )
where(...g(vng,t™y m.Vem41..n)- t€1. sVeq s

VOVO1, kVNoVNy, k) == gen_ren[...g(vo.ty mtms1..n)--]
define and add to def_set

g_new(vng,vny k.veq ¢)=...a(vngt™1 m.Vems1..n)e
narrow on call g to give:

9_new(p1.¥nq k¥eq g)= T L1911 V1, mvelmyt_nl-"]

g_new(p,vnqi k,veq. g)=T [...1glt™ V1. mVveNmi1.nl--"1
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@) TL-900"..m*tme 1,071
a) if g_old(veg,vnq_k.veq g)=...a(Vno.t"y. m.Vem41..n).. € def_set; then (fold)
= g_old(T [tol.voq kT Dtelq.s)
where (...g(veg,t'" y m.Vem4+1..n)- toteq. sVegveq s,
Vo, k1. k) == gen_ren[...g(to.t1. mtm+1..n)-]
b) otherwise (define & unfold) « g_new(T [tol,voq kT Itel4. s)
where(...g(veg.t™ . m:Vem4+1..n)-- stoteq s:vegveq s

voq, kv, k) == gen_ren[...g(to.t1, m:tms1..n)-1
define and add to def_set

g_new(veg,vny .veq g)=-.0(veq.t™y mVems1..n)-”
narrow on call g to give:

g_new(py,vnq_ k.veq. g)=T [...1g1[t" V1 m.ve/Nme1..nle- 1

g_new(p,vny k.veq g)=T [...tgt™Vy_ m.ve/Vmi1..nl---"1

WHERE
gen_renf[v] = v~ ILOIVLIV'D Iwhere v™ is a new variable
gen_ren[ c(ty,..ty) J = (c{t™ ...t ") te_lt,ve_lt,vo_lt,vn_it)

where (t74..t7 te_It,ve_lt,vo_It,vn_lt)==gen_list[ t{..t,]
gen_ren[ ity m¥itmiq.n) ]
= ({71 .m» Vemae1..nhte_te>tm, 1.tn.ve_lt<>ver, 1 nvo_ltvn_lt)
where (7 m.te_lt,ve_lt,vo_lt,vn_lt)==gen_list] tot4 1
gen_ren[[ g(to™t1 m¥itme1..n"7)1

(=
Ot 071, . mVeme1..nhte >ty 1. tq.ve_lte>ve, 1 pvo_ltvn_lt)

where (t70,t™) m.te_It,ve_lt,vo_It,vn_ltj==gen_list[tot1 nI

gen_ren[[ g(ig"ty, mitm+1..n7)]
= (9(vept™ 1 mVemy1. nhte_l<>toty 1. tqve_lte>vegven, 1 n,
vo_lt,vn_it)

where (t™q .te_lt,ve_ltvo_it,vn_It)==gen_list[t; ]
gen_list[ ty.t, 1 & (7147 te_lty. te_lt, ve_lty..ve_lt,vo_lty..vo_ith,vn_lty..va_It,)

where V ie 1..n (t7 te_It;ve_lIt;vo_ltivn_It;,)==gen_ren[ t;]

Figure 3.7 - T Rules for Extended Deforestation Algorithm

3.3.5. An Example

We illustrate the increased capability of extended deforestation with a slightly more complex
expression, second(prime()). This expression finds a list of alternate prime numbers. It uses the e-
treeless function, prime (from Section 3.3.2), and a treeless function, second, as shown below.

dec second,second' : list(alpha) -> list(alpha);

- - -second([}) <= []

- - -second(a::x) <= second'(x)

- - -second'([}) <= []

- - -second'(a::x) <= a:isecond(x)

In its original form, the expression presently constructs an intermediate list. This intermediate
list can be eliminated by Extended Deforestation as shown by the transformation sequence in
Figure 3.8, where two new function definitions, new_sieve and new_sieve’, are introduced. The
new definitions are correctly generalised using rule T 9b, by extracting out all sub-terms
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(arguments) annotated as °. This generalisation enables the functions introduced to be
successfully folded during transformation.

T [second(prime()¥)]
= T [second(prime()) ] ! T 7a, unfold prime()
= T {[second(sieve(inf_int(1))) ] ! T9b, define new_sieve
= new_sieve(T [ inf_int(1) II) T3
= new_sieve(inf_int(T [ 1 1)) T2
= new_sieve(inf_int(1))
define
---new_sieve(xX") <= second(sieve(x")) ! narrow sieve(x)
---new_sieve([[") <= T [second([]) ] !'T 6a, unfold second
< T[[O] T2
<=
- - -new_sieve( a:x") <= T [ second(a::sieve(filter(x,a))) 1 !'T 6a, unfold second
<= T [ second'(sieve(filter(x,a))) ] !'T 9b, define new_sieve'
<= new_sieve'(T [ filter(x,a) 1) 'T3
<= new_sieve'(filter(x,a))
define
---new_sieve'(x") <= second'(sieve(x~)) ! narrow sieve(x)
---new_sieve'([7) <= T [second([]) ] ! T 6a, unfold second'
<= T[] T2
<= ]
- - -new_sieve'(a:x") <= T [ second'(a:sieve(filter(x,a))) ] ! T 6a, unfold second'
<= T a:second(sieve(filter(x,a))) ] 'T2
<= T[ a]:T [ second(sieve(fitter(x,a))) ] IT1
<= a:T [ second(sieve(filter(x,a))) ] !'T 9a, Fold with new_sieve
<= a:new_sieve(T [ filter(x,a) ]) T3
<= a:new_sieve(filter(x,a))
Figure 3.8 - Another Example of Extended Deforestation
3.3.6. Proof for Extended Deforestation Theorem

The proof for the Extended Deforestation Theorem will essentially follow that of the basic
Deforestation Theorem in Section 3.2.6. Again, three lemmas have to be proved in order to
support the validity of our theorem. These lemmas are:

Lemma 3.12 - Adherence to Extended Treeless Form

Each expression, which satisfies the theorem's condition of containing only
constructors and e-treeless functions, can always be transformed by Extended
Deforestation Algorithm to an equivalent e-treeless expression.

Lemma 3.13 - No Loss in Efficiency
Each expression transformed by the Extended Deforestation Algorithm will not

result in a loss of efficiency, where efficiency is measured by the number of
function calls invoked.

Lemma 3.14 - Termination of Algorithm T

Under the condition of the theorem, the Extended Deforestation Algorithm,
using T rules, will always terminate.
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f for Lemma 3.12 (on e-treeless form

Lemma 3.12 can be trivially shown to be correct by using structural induction on every
expression and newly defined function that results from the transformation rules. Also, the
equivalence between original and transformed expressions holds by the correctness of the
unfold/fold rules.

Proof for Lemma 3.1 fficien

No loss of efficiency results from the transformation because every define step in the rules is
always accompanied by an unfold step. This ensures that there will be no net increases in the
number of intermediate function calls being introduced. Furthermore, all non-linear arguments
annotated as - will always be variables before unfolding. Hence, these rules will never result in
a transformed expression which is less efficient than the original expression.

Proof for Lemma 3.14 (on termination

The termination proof for the Extended Deforestation Algorithm must again show that the size
of expressions occurring during transformation is bounded (w.r.t. the original expression). In
fact, we shall show that the RHS of each new function definition introduced (rather than each
expression encountered) will have a size that is bounded w.r.t the given initial expression. If
this can be established, then the number of different new functions which could be introduced
(based on a finite set of function and constructor symbols) will also be finite. This means that
each transformation of a given expression will have a finite number of define&unfold steps,
with any re-occurrences handled by the corresponding fold steps. The other recursive rules can
be separately shown to have some decreasing measure (or ordering) to confirm that there will
only be finite sequences of their steps. The net effect of these separate proofs is to show that the
total number of the recursive T steps will be finite (and therefore terminating) for any given
application of the algorithm, under the conditions of the Extended Deforestation Theorem.

Thus, for the termination proof, we shall initially show that there is a measure (not the size of
expression) that is bounded by all expressions occurring during transformation. After that, we
shall show that the size of expressions used for new function definitions is, in turn, bounded
by this measure. This would confirm that there is a finite number of define&unfold step for any
given expression. Lastly, we shall outline the presence of a well-founded decreasing measure
for the rest of the recursive T rules.

The measure, we shall show will be bounded, is the function nesting on arguments which are
annotated as +. This nesting measure, A, can be defined as follows:

Niv] = .0
N]]:C(t1 v“'tn)]] = maX{NIIt‘I Hv-'vN [[tn]]}

NI 1 mtmaet..07] = max{1+max{N [t m}N[tIm41..0}
N9 (%t . mTtme1.n0] = max{temax{N[toDN [t]1, m} N [tIm41..0)
NI9 o™ty m¥tme1..nl = max{t+max{N [ty b N [toI N [tIm+1..n}

3.3 Our Extension to Deforestation 73



where N [t]; q is a short-hand notation for A([t{],..,N [t,] and max{}=0.

Notice that this measure is not directly related to the size of expressions because it ignores the .
constructors and sub-terms in parameter positions annotated as °. Notice further that each e-
treeless expression will have an %0 measure which is < 1.

The lemma, stating that this nesting measure is bounded by each transformation step of the T
rules, is given below.

Lemma 3.14.1 - Nesting Measure, N, is bounded by the T Rules

The nesting measure, A, on expressions being transformed is bounded by all
nine Extended Deforestation T rules.

For each transformation step, T [t ] «...... TI4] ... ViN[t] 2 N[t]

The proof for the lemma is presented in Figure 3.10. The crux of the proof is that all unfoldings
of e-treeless function calls, with only variables in the arguments annotated as =, will never
increase the nesting measure, %. Furthermore, since the T rules make use of the meta-function,
gen_ren, to generalise and extract out sub-terms from the expression, we also need a secondary
result in our proof which states that:

Lemma 3.14.2 - Each Nesting of Generalised and Extracted sub-terms is
always less than the Source Expression

The generalised expression and each extracted sub-term from gen_ren will
always has a nesting measure which is less than or equal to the source
expression. This condition can be formally stated as follows:

NIt Dzmax{ N[t" }.N[tely. g} - where (t",teq ¢,_,-,_)==gen_renft} -~ -

The proof for this secondary result can be shown by structural induction on each equation of
gen_ren. This is detailed in Figure 3.9.

Having shown that the measure, %; is bounded by the rules, we shall now proceed to show that
the size of expressions for new function definitions is, in turn, bounded as well. More
specifically, we shall show that the size of generalised expressions from gen_ren (used by each
new function definition) is bounded by the measure, ;.

We provide the rest of our proof in two parts. The first part shows that all the expressions
(occurring during transformation) conform to a special grammar form. After this, we show that
the size of generalised expressions from this special grammar form is bounded by the nesting
measure, .

Part One - Expressions conform

We observe that in any finite program, there is always some maximum finite nesting on its
constructor terms. Let us assume a very large number, say Q, to denote the maximum possible
contiguous (unbroken by function call) constructor nestings for our program. We further
assume that this limit is so large that it will never be reached in practice by any program. Using

it, we can introduce an alternative grammar, eft, which implicitly states that such a limit exist,
as follows:
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eft eft{Q}
eft{x} n= eft{x-1} | c(eft{x-1}4,..,eft{x-1}p)

eft{0} v [ {(efty mT.eftn 1. n7) L oleftg®efty m¥.eftmiq..n7)
| gleftg™efty m*.eftmiq.n?)

These rules represent a class of grammars with different limits, ©, that are progressively more
general (cover larger classes of expressions) with bigger Q. As this limit can be arbitrary large,
we can always assume that there is some version of this class of grammars which will accept
any expression that the original grammar, eft, accepts.

Correspondingly, the e-treeless form can also be specified in this manner with the grammar:

et = et{Q)}

et{x} = et{x-1} | c(et{x-1}4,...,et{x-1}y)

ef0} = fig(v) 11vy_m¥.etvmy1,.n7) 190V0% V1. m®.eVm41..n)
| gletvg Vi, metVmyq..n”)

etv = v|e{Q}

Again, we permit an arbitrary large nesting, Q, of constructors to appear in the outer expression
and in each argument, that is annotated as =. However, this time we also use a special identity
function, fi4(v)=v, in place of each variable, v, found directly within a constructor term (not
variables within a function call). The use of this special identity function does not involve a loss
of generality or efficiency because they can be easily added or removed from the e-treeless
expression. We can visualise this identity function as existing to separate out variables from
constructors, through intermediate functions. With it, we can show that any substitutions of
arguments, satisfying the grammar of eft{Q}, into the variables of a term of the above e:treeless ~ -
form, et{Q}, will result in a term which satisfies the original grammar form, eft{Q}. This
condition will help to show that our transformation preserves the form of eft{Q}.

Using these alternative grammar forms, we can show that all expressions occurring under
extended deforestation will always satisfy the grammar of eft{Q). Such a result can be stated as
follows:
Lemma 3.14.3 - Each expression, during deforestation, always satisfies
eft{Q}

Given an expression of the form, eft{Q}, for transformation by the T rules, the
expression encountered during the recursive application of rules will continue

to satisfy the same grammar form, eft{Q}.

The proof for Lemma 3.14.3 is given in Figure 3.11. In the proof, we also make use of the
following secondary lemma which states that the generalised term and the extracted sub-terms
from gen_ren will always satisfy the grammar form of eft{Q}.
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Lemma 3.14.4 - Each Generalised or Extracted Subterm of eft{Q} always
satisfies eft{Q}

Given a term, ...t..., together with the extracted subterms, teq ¢, and the
generalised term, ...t~...~, as shown below.
(..t7..7teq g )==gen_ren[ ...t... ]

If the term, ...t..., satisfies eft{Q}, then the extracted subterms and generalised

term will continue to satisfy the grammar of eft{Q2}. This can be formally stated
as follows:

Lt eft{Q) = (Vie 1.s teje eft{Q}, t7e eft{Q}), Vx e eft{QQ} = ..x...7 €
eft{Q})
The proof for this secondary result is trivial because the corresponding grammar the generalised
expressions, eft~{Q}:

eft™ = eft™{Q)}
eft™{x} = eft™{x-1} | c(eft™{x-1}1,...6ft"{x-1}p)
eft™{0} = v [H(eft™y m¥vemyq n7) ] 9leftToeft™y mPvemy n?)

| g(veg™eft™y m¥.vemy1..n)

is a subset of the grammar of eft{Q} where all arguments annotated as ° are generalised to
variables. Thus, each extracted subterm from the generalised expressions will also satisfy the
grammar form of eft{Q}.

Part Two - Size of Generalised Terms is bounded by %

The size of generalised term, satisfying the grammar form eft™{Q}, must now be shown to be
bounded by function nesting, A. We introduce a new measure, S, on the actual nesting of all
constructors and functions to denote the actual size of expressions as follows.

SIvl =0

S [ettq,..ty)l = 1+max{S [t11....5 [t,1}

S If (4. m¥tmat1..n0l = 1+max(s [t41....5 [taI}

S 09 to% . . m¥tme1..n0l = 1+max{s [tol....s [tal)

s 09 (0"t .mTtme1.n)] = 1+max(s [tol....s [tnl}

This size measure, S, can be shown to be bounded by the function nesting, A/, as stated in the
following lemma.
Lemma 3.14.5 - Size, S, of Generalised Expression is bounded by N

The nesting measure, A, directly bounds the size, S, of generalised expression,

denoted by eft™.
In fact, we can prove that the following bounded relation, s [eft™{Q}] < Q+1+ (Q+1)*N [eft™{Q}],
holds for each generalised terms, eft™{Q}. This proof is given in Figure 3.12 by showing the
relation holds for each case of the grammar rule, eft™{x}.

The presence of a bound on the size of each new function definition, together with a finite
(initial) set of constructor and function symbols implies that the number of new definitions
introduced is bounded. This means that there is a finize number of different (modulo renaming)
new function definitions which could be introduced. As a result, the number of define&unfold
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steps (T7¢,8b,9b) will be finite for the transformation of each expression, that satisfies the
Extended Deforestation Theorem conditions. The other (recursive) 7T rules, can be divided into
two groups, namely:
1) those which operate on successively smaller sub-expressions,
T 2,3,4,5,7b,8a,9b, and
2) the direct unfold rules (T 6a,7a) and the define&unfold rule (T 6b), without
the corresponding fold rules.
The rules of the first group have a decreasing measure (size of expression) and cannot therefore
have infinite sequences between themselves. The rules of the second group are a little
problematic because they do not decrease the size of expressions. However, the unfold steps of
rules T 6a,6b propagate constructor terms outwards. There is therefore a decreasing measure on
the number of deep constructors that are present in the expression (after each application of
these rules). Correspondingly, the direct unfold step of T7a replaces a non-recursive function
by its set of auxiliary functions. We could again use the function hierarchy numbers (see
Section 3.2.5) to show that the overall expression has a decreasing measure whenever a non-
recursive function call is unfolded. This would give a well-founded measure for rule T7a.

These two well-founded decreasing measures can be combined with the size of expressions to
give a more complex measure that is decreasing for these two groups of recursive T rules. A
detailed proof for such a well-founded measure is given in [Chin90]. This proof is very similar
in style to that given in Appendix 5 for the Basic Deforestation Algorithm.

With this well-founded measure, each sequence of steps involving these rules will always be
finite. As these finite sequences of steps could only occur among a finite number of the
define&unfold rules, the overall sequence of (recursive) steps could never be infinite. Hence,
the Extended Deforestation Algorithm will terminate under the conditions of its theorem.
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Proof of Lemma 3.14.2
Prove: For each equation of meta-function, gen_ren

N[t Jzmax{ N[t~ ],N [te_lt }iwhere(t” ,te_It,_,_,_)==gen_ren[t ]
Case (1) t=v :

From defintionof N N[v] = O
’ = max{N[v™ I}
Hence: NIvl = max{«N[v~ ]} where(v~.[]._,_._)==gen_ren[v]
Case (2) t=c(ty,..tp):
From definition of At~ N[e(ty,..ty) 1 = max{N [t1 1...% [tn 1}
Given Y ie 1.n (t7jte_ltj,_,_,_)==gen_ren[t; ],

by induction, we have Vie 1.n max{N [t [}2max{ N [t™; TN [te_lt; I}

thus: Nle(t).tg) 1 2 max{N[t7q 1. N[tThIN[te_t 11 n}
From definition of A’ 2 max{N [c (171,17 )IN [te_Itl_p}
Hence: Nlc(tq,..th) 1 . 2 max{N [c (t7q,..t7)IN [te_Itl_p}
where (C (t”1,..t p)te_lty n._._._)==gen_ren[c(ty,..ty) ]

Case (3) t=f(ty m¥tmeq.n0):
From definition of N
NIt motmet..n) ] = max{temax{N [t]1 mb N [tIms1.n}

Given V ie 1.n (t7te_lIt;,_,_,_)==gen_ren[t; I,

by induction, we have Vie 1.m max{ N [t I}2max{~ [t™; IN [te_t I;}

Thus: N[t mitmet.n) ] max{1+max{x [t"14, m.N [te_th4 mh N [tIm41.n)
max{1+max{N [t"]1 m}1+max{N [te_t]q m} N [tImee.n}
max{1+max{® [t"]1 mbN [te_tD1 m N [tIm41.n}

From definition of ' : max{N If ¢71_mvem+1..n) BN [te_itl 4 m N [tImst.n}

Hence: N[f(t1 mtm+1..n)] max{n If 71 mvem+1..n) TN [te_tD 1 m, N [tIms1..n}

where (1 (71, m.vemy1..n)tms1..nte_lty n._.__)==gen_ren[fty mtimy1.n) I
Case (4) t=g(tg¥.ty_m¥tms1..n7) : Similar to Case (3)

vV vV v v WV

Case (5) t=9(1g" 14 _m~tm+1..n") : Similar to Case (3)
Figure 3.9 - Proot of Lemma 3.14.2 (gen_ren produces smaller terms)

Proof of Lemma 3.14.1
Assume Lemma 3.14.2: »[t]zmax{ N[t~ I.N[tels &)

where (t”,teq ¢,_,_,_)==gen_ren[t]

Prove: For each transformation step, T [t] <...... TI4D e ViNI[t] 2 N[Y]
Case for Rule T 1 - v : nothing to prove
Case for Rule T 2- c(ty,..tp) :
From the definition: N [c(ty,...ty) 1
« thus Vie t.n NIt 1
Case for Rule T3 - f(vi m.tm+1..n):
From the definition: N [f(v{_mtm+1..n) I= max{ N[t Im41..n}
+ thus Vie m+1..n NIYD < NIV mtm+1..0)]
Case for Rule T4 - g(vg®,v{_m-tm41..n) : Similar to Case for Rule T3

max{ N [t11....N [t,]}
NIIC(H ,..,tn)n

IA

Case for Rule T5 - g(tg",V{. m.tm+1..n) © Similar to Case for Rule T 3
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Case for Rule T6 - ...9(ci(t'y_ ).ty m®tm41..n")--» Where glcj(vy".v),V1-Vo)=tg;:
a) tm41..n are variables:
From Definition: A [[g (ci(t'1'_j),t1 mtmet.n) ]

= max{t+ max{ N[tTq N [thy m}N[Dmet.n}
Since ty, 1. are variables = 1+ max{ N [t']4 ..j’N [ty m
Since g is e-treeless, N[ tg; J< 1 2 N[tgi ]+ max{Nl[t']h“j,N[[t]le}

2 N[ 'V jWV1 mtVme1..nl ]

Adding a context to sach side:

* N[...tg; [t'/v'1__j,t/v1_.n]...ﬂs Nﬂ'"g(ci(t'1..j)'t1..m'tm+1..n)"- 1
b) otherwise:

From Lemma 3.14.2 on gen_ren:

N[0 (it Pt mitme1.n)- 1
2 max{N[...9(cit"™ 1 )17 1-mVemyt..n)--~ INEte I s}

« Thus:Vie t.s: N[te;i<N[...9 (Ci("1..j)"1..m-‘m+1..n)--- 1
Also, From Definition: & [g(citt™ 1 )™ 1--m.Yem+1..n) ]
= max{t+ max{ N[UTq N ICTy m I NIveDmyt .o}
= tema{ N[y pNITDy )
2 N[tgi I+ max{N['"T4 jNTt" 1. m}
> N[Glt™ vy pt7 V1 mveVmyq.all

* Thus: N[...Agjlv' My jt™ M1 mVelVmydt .nl- 1< N L9 €' )t motmet..n)eee 1
Case for Rule T7 ...f {1 _m™tm41..n")--» Where f(vq,..,vp)=ti:

From Lemma 3.14.2 on gen_ren:

NI A emtmetn)- 1 2 max{NL. S0ty mVemer. n)--~ IN[te Ty s}
a) tm41..n are variables: Similar to Case for Rule T 6a
b) apply fold against old definition:
+ FromLemma 3:14.2: Vi€ fus N [te;l<s NL... 1ty itmet..n)e- T
c) otherwise: Similar to Case for Rule T 6b

Since g is e-tresless, N [tg; ] <1

Case for Rule T 8 -...9(vo¥.ty, m¥itme1.n )t
From Lemma 3.14.2 on gen_ren:
NI--9(vot1 . mitmst..n)- 12 max{N[...g(vnot™ 1 mVemyq. n)” IN[te Iy s}
a) apply fold against old definition:
» FromlLemma3.142:Vie 1.5 N[tejl<N[...0(vo.t1. . mitm+1.n)- 1
b) otherwise:
« From Lemma 3.14.2:Vie 1..s: N[te;]< N[...9(vo.t1 mimat.n)-- ]
Also, From Definition: A[[g(vng.t™ 1. .m:Vem+1..n) ]
max{1+ max{ N [vnol X[t Ty .m bNVelmy1..n}
1+ max{N[t"1{ m}

For each equation g{p;,v{,...vn)=tg;:

v

Since g is e-treeless, N[ tg; [< 1 NI tgj I+ max{ N[t™ 11..m}
NGV My jt™ M1 mveNmyq .l ]
* Thust N[...tgjlv' vy it~ N1 .mVveNmet..nle 1S NI---9(Vo.t1. mitms1.n) 1

Case for Rule T 9 -...g(tg"t1{ . m¥.tm+1..n")---: Similar to Case for Rule T 8

v

Figure 3.10 - Proof of Lemma 3.14.1(n( Is bounded)
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Proof of Lemma 3.14.3

Assume Lemma 3.144: ..t.ceft{Q) = (Vie 1.5 te e eft{Q}, t7e eft{Q}
LV x e eft{Q) = ..x...” € eft{Q}) where (...t17...7 teq_g,_._)==gen_ren[...t... ]
Prove: Foreachstep, T[t] &=....T[ 4] ...... JVite eft{Q) = te eft{Q}

Case for Rule T 1 - v : nothing to prove
Case for Rule T 2 -c(ty,..ty) :

c(tq,..ty) € eft{Q} = c(ty,..ty) € c(eft{Q-1}4,..,eft{Q-1})
« thus Vie 1.n = e eft{Q-1}
= tje eft{Q}

Case for Rule T 3 - f(v{_m¥.tmeq.n):
Ve mtmset..n) € f{Ql = Hv4 mimeq.n) € HER{QDy m.eftiQ} myq n)
« thus Viem+i.n = t; € oft{Q}

Case for Rule T 4 - g(vo¥.v1. m¥.tm41..n") : similar to case for T 3

Case for Rule T 5 - g(t9°.V1. . m¥:tm+1..n7) : Similar to case for T 3

Case for Rule T 6 - ...g(ci(t't_j)*?‘,q_.m*’,tmn'_n")..., where g(cj(v1".vj).v1..vp)=tg;:
a)tm,1..n are variables:

9 Gty 1. .mitma1..n)e € eft{Q)= g (G(t'1 )i mim+1..n)

€ g (ci(eft{Q-1}4 ..j)-eﬂ{Qh mVm+1..n)
= Viel.jtle eft{Q-1},Vie 1.m tie eft{Q}

Since g is e-treeless, tg; € et{Q}, = g [tV WV mtVme1.nl € ef{Q)

+ Adding the context: . - = WA UV IV mitVmy 1. ples € oft{QE 7 o o
- b) otherwise:

From Lemma 3.14.4 on gen_ren = g (G 71 mVem4t n) - € €f{Q},

Vie 1.s tej e eft{Q}

+ Thus: each extracted term = teje eft{Q}

Also, = Viel.jt7e eft{Q-1},Vie 1.mt7e eft{Q}

Since g is e-treeless, tg; € et{Q}, = g [t™V '_j,t”/v1'_m,ve/vm+1._n] e eft{Q}

* Adding the generalised context: = ..1gj[t"'NV'y jt"Vy m.velvy,q gl € eft{Q}

Case for Rule T 7 ..f ({1 m¥tmyt..n)et
a) ty1..n are variables: Similar to Case for T 6a
b) apply fold against old expression:

From Lemma 3.14.4 on gen_ren = I mTtmetn) T € ef{Q),
Vie 1.s teje eft{Q)}
+ Thus: each extracted term, = teje eft{Q}

c) otherwise : Similar to the generalise, define, unfold step of T 6b
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Case for Rule T 8...9(vo¥ty. m¥tmet..n e
a) apply fold against old expression: Similar to Case for T 7b

b) otherwise:
From Lemma 3.14.4 on gen_ren = .0 Vot 1. .mVems1.n) - € eft{Q},
Vie 1.5 teje eft{Q}
+ Thus: each extracted term = teje eft{Q}
Also, = Vie l.mt%e eft{Q}
For each equation, g(p;,v{,-...Vp) =tg;
Since g is e-treeless, tg; € et{Q}, = g [VV'y TNy mvelm,q nl € eft{Q}

+ Adding the generalised context: = LG VIV TV mivelVmy g nl T € eft{Q}
Case for Rule T 9-...9(t0°t1..m* tms1..n")--.: Similar to Cases for T 8
Figure 3.11 - Proof of Lemma 3.14.3 (eft{Q2} Is preserved)

Proof of Lemma 3.14.5
To Prove: For each grammar case of eft™{x}, s [eft™{x}] < (x+1)+ (Q+1) * N [eft™{x}]
Case (1), when x20, eft™{x} — eft™{x-1}:
ToProve: § [eft™{x-1}] < (x+1)+(Q+1)*N [eft™{x-1}]
By Induction: s [eft™{x-1}] < ((x-1)+1)+(Q+1)*N [eft™{x-1}]
(X)+(Q+1)*N [eft™{x-1}]
(x+1)+(Q+1)"N [eft™{x-1}]

=

IA

=
Hence the above proof.
Case (2), when xz0, eft{x] — c(eft™{x-1}1,..,eft™{x-1} 5}
To Prove: S [c(eft™{x-1}1,..,eft™{x-1}1)] < x+1+(Q+1)*N[c(eft™{x-1}1,...eft™{x-1} )]
From Definition: S [c(eft™{x-1}4,...eft™{x-1})]
= 1emax{s [eft™{x-1}4]....5 [eft™{x-1}1}
From Induction Vi € 1..n, S [eft{x-1};]< (x-1)+1+(Q+1)*N[eft{x-1}]] :
< temax{(x-1)+1+(Q+1) N [eft{x-131] ... (x-1)+ 1+(Q+1)*N [eft{x-1} ;]
= < 14+0-1)+1+(Q+ 1) 'max{N [ eft{x-1}1] ... N [eft{x-1},]}
= < x+14+(Q+1) max{N [ eft{x-1}4],... N [eft{x-1},]}
From the Definition of A(: < x+1+(Q+1)*N [c(eft™{x-1}4,..,eft™{x-1} )]
Hence the above proof.
Case (3), when x=0, eft{x} — v:
To Prove: SIvl < 1+(Q+1)'N [v]
By the definitions of + and *:
0 < 14+(Q+1)0
Hence, by the definitions of § and 2\ we have:

SIvl < 1+Q+1YN [v]

IA

3.3 Our Extension to Deforestation

81




Case (4). when x=0, eft{x} — f(eft™{Q}1._ m¥Vms1.n):
To Prove: 5 [f(eft™{Q}1. m:Vm41..n)] < O+ D)+HQ+1) N ™{Q} . mVm+1..n)]
From Definition: 5 [f(eft™{Q}y_ m.Ym4+1..n)1
= 1+max{s [eft™{Q}]y m}
From Induction Vi e 1.m, S [et{Q};]< Q+1+(Q+1)"'N[et{Q};] :
< 14max{Qe1+(Qe 1) NIHQH] ... Q41 +(Q+1)'N [e{Q} ]}
1emax{(Q+1)*(1+N[eft{Q}] ),...(Q+1) (1+N [f{Q} ]}
1+(Q+1)* (1+max{N [et{Q} 1, m})
1+ Q1) NH(eft™{Q)1, mVm41..n)]

IA

IN

From the Definition of 2 :
Hence the above proof.
Case (5). when x=0, eft{x} — g(eft™{Q}g¥,eft"{Q}4 m¥Vm41..n7): Similar to Case (4)

N

Case (6), when x=0, eft{x} - g(vg~,eft™{Q}1_m~¥Vm41..n): Similar to Case (4)
Flgure 3.12 - Proof of Lemma 3.14.5 (5 Is bounded by N for all generalised terms)

3.3.7. A Minor Improvement to Extended Deforestation

There is a minor improvement possible to rule T 3 of Extended Deforestation. Previously, this
rule left each outer f-type function call, which is already e-treeless, unchanged. This is not the
most desirable thing to do because non-recursive f-type function calls, which do not cause any
loss of efficiency, can always be improved by direct unfolding. Thus, we can change T 3 to the
following:

@ TI V. m"tmet.n)] -
a) if fis non-recursive andt, 4 , are all variables/constants

= TIH VYV mtVmaed . nl-]
b) otherwise &= f(v1-.vmT [t Im41.n)

The new direct unfold step (T 3a) need not introduce any new function definition because the {-

type call, being non-recursive, cannot re-occur by unfolding. In addition, Lemmas 3.14.1 to
3.14.5 of the termination proof continue to hold with this new step.

Notice that this improvement can only be applied to T 3 and not to analogous rules, T 4 and 5,
of g-type function calls. This is because g-type function calls cannot be directly unfolded
because we would like to adhere to the language restriction of one pattern-matching parameter
per g-type function.
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3.4. Deforestation for First-Order Expressions

Thus far, both the basic and extended Deforestation Algorithms are only applicable to
expressions composed solely from treeless functions. But what about those expressions which
use a mix of treeless and non-treeless functions? Such expressions may still contain
intermediate terms that are worth eliminating and we should strive to extend our technique to
work for them as well!

Let us look at an example of a non-treeless function, called rev_flatten, as shown below.

dec rev_flatten : list(list(alpha)) -> list(alpha);
- - -rev_flatten([]) <= [];

- - -rev_flatten(a::x) <= append(rev_flatten(x)¥,a¥) ;

This function operates on a list of lists and is used to simultaneously flatten and reverse the outer
list. The main reason why the above function is non-treeless is that its second equation contains
a recursive term in the first parameter (annotated as *) of the append function call. As a result,
the Extended Deforestation Algorithm cannot guarantee the safe transformation of expressions
which use this non-treeless function. This includes the RHS expression of the function itself.

For example, if we attempt to transform the RHS of rev_flatten definition, using T, we will
simply enter into non-termination as shown in Figure 3.13. Here, we get progressively larger
intermediate function definitions, rev_flattenq,rev_flatten,,.., rev_flatteny,.., being introduced as
new functions!

---rev_flatten([]) <= T[] T2
<= ]
---rev_flatten(a::x) <= T append(rev_flatten(x),a) ] !'T 9b, define rev_flatten;
<= rev_flattenq(x,a)
define
---rev_{flatten{(x,a1) <= append(rev_flatten(x),a{) ! narrow rev_flatten
---rev_flattenq([}.a4) <= T[ append([l,a{)] !'T 6a
<= Tl aq] 'T1
<= aj
---rev_flattenq(as:ix,a4) <= T[ append(append(rev_flatten(x),as),aq) ] 1T 9b, define rev_flatteny
<= rev_flattens(x,as,a4)
define
---rev_{lattens(x,an,a4) <= append(append(rev_flatten(x),as),ay) ! narrow rev_flatten
define
---rev_flatteny(x,ap..a4) <= append(...append(rev_flatten(x),ay)...,a4) ! narrow rev_flatten

Figure 3.13 - An Unsuccessful Application of T on a mix of treeless and non-
treeless functions

The main reason for this non-termination is that the rev_fiatten function is itself non-treeless and
should not therefore be selected for unfolding. Unfolding such non-treeless function calls will
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simply result in successively larger expressions, and violate the bounded nesting measure
property. Under our consumer-producer model, this kind of recursive functions are actually the

bad producers!

There is simply no way in which rev_flatten can be converted to treeless form by the purely
unfold/fold means of the deforestation algorithm. Only special transformation techniques which
make use of semantic laws, like associativity, may possibly be able to convert such functions to
e-treeless form. However, this use of laws is not generally automatable.

All is not lost, as there is one very neat method (or trick!) which could be used to make any
non-treeless expression appear treeless. This method involves the use of the let construct to
extract out the offending subterm, so that the expression becomes pseudo-treeless. The earlier
equation for rev_flatten can be made pseudo-treeless by this trick, as follows:

- - -rev_flatten(a::x) <= let v==rev_flatten(x) In append(v,a) ;

Here, a local variable, v, is introduced by the let construct to abstract out the offending sub-
term, rev_flatten(x), in append(v,a). The overall effect of this is that both subexpressions,
rev_flatten(x) and append(v,a), of the let construct are now treeless. As a result, the entire equation
appears treeless.

One caveat in this use of let constructs is that it is too general and can actually convert any
expression into pseudo-treeless form. This is a cause for concern because we ought to avoid
pseudo-treelessness if an expression can be deforested into genuine treeless form. As an
example, let us look at the sumdb fur}ction.

- - -sumdb(x) <= sum(double(x)) ;

This definition contains a nesting of two treeless functions, sum and double. It is not yet treeless
but can be transformed into genuine treeless form by the deforestation algorithm. As such, it
would be unnecessary to use the pseudo-treeless let construct, in the following way:

- - -sumdb(x) <= let v==double(x) in sum(v) ;

The trouble with the pseudo-treeless form is that the abstracted intermediate term has not been
eliminated. It is merely separated out to make the overall expression appears treeless. Because
of this, pseudo-treeless let constructs should only be used when deforestation rules cannot
cope. In the next few sub-sections, we shall present a safe generalisation of Extended
Deforestation which will only introduce let constructs when really needed. This safe
generalisation will allow deforestation to be applicable to any first-order expressions.

3.4.1. Universal Treelessness

We shall call a new treeless form which uses the pseudo-treeless let construct, the universal
treeless form, and formally define it as follows.
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Definition 3.15 - Universal Treeless Form

A term is said to be universal treeless if it satisfies the grammar below:
ut = ut'|let v==uty Inut’p
ut' = v e(ut'y,.,ut'y) | Hvy Ty, Tt q7uty”)
| g(vo®.v1¥.vm ¥ Ut 17.ut) [ g(ut'e” v1Z.vm T ut e 7 ut'y”)
where v4..vy, are variables annotated ¥, and ut'y, 4..ut,, are argument terms
annotated =; and g and f are universal-treeless functions.

Correspondingly, a function is said to universal treeless, if its deﬁmtlon is

made up of universal treeless terms.
This new universal treeless, or u-treeless, form is a simple generalisation of e-treeless form
with the addition of a let construct. To simplify matters, we have restricted this let construct to
be present only as an outermost construct. This does not involve a loss of generality because
inner and nested let constructs can always be removed by replacing them with intermediate
functions. Also, we shall restrict the use of this let construct to be present only in the f-type
functions, again, without loss of generality.

With this universal treeless form, we propose a corresponding deforestation theorem as
follows:
Theorem 3.16 - Universal Deforestation

Any first-order term, containing only constructors and universal treeless
functions, can be effectively transformed, by Universal Deforestation
Algorithm, to an equivalent universal treeless term, without any loss of
efficiency.

The transformation algorithm, referred by this new theorem, is*a simple generalisation of the *~ -
Extended Deforestation Algorithm. Apart from the original nine T rules (in Figure 3.7), we
need two more rules (to deal with the let constructs and f-type functions containing the let
constructs). These two rules are presented in Figure 3.14, as rules T 10 and T 7d.

Rule T 10 preserves each outermost let construct by transforming just its sub-expressions,
while T 7d is an alternative step of T 7. This alternative step handles each expression which
contains an innermost f-type function call with a let construct. We can view each function, with
a let construct, as a function which is pseudo-treeless. If it appears in the expression as an
innermost function call, then it can be unfolded by T 7d; but we also need the following
distributive law:

wletv==styints... = letv==ty In ...t5....
to allow the let construct to be made outermost. This law is used implicitly in T 7d and is
always allowed because let constructs are not nested under our language restrictions. It is

useful because the presence of outermost let construct makes it easier for our rules to identify
all t-type functions which are pseudo-treeless (or bad producers).
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7 T4 S tmeton)-]
d) if f(vq,...vp)=let v==tly in ti, then

= f_new(voq T [tely )
where(...f{(t"{ _m.Veém41..n)-- 1te1 sVeq s

voq k.VNq k) ==gen_ren[l..f(ty mimi1..n)el
define

f_new(vnq_i.vey, g)=-f(t"1. mVemy1..n)--
unfold on call { to glve:

f_new(vny_ .vey. g)=let v==T[tl4 [t"/v{ n.velNm,q. pllin
T ...tlo "y _nvevmiq . ple"1
(10) T [let v==tq into] = let ve=T [t4] in T [to]]
Figure 3.14 - Two Addltlonal Rules to Deal with the let construct

~

3.4.2. Proof of Universal Deforestation Theorem

The proof for Universal Deforestation Theorem follows by extending from the proof of the
Extended Deforestation Theorem in Section 3.3.6. Like the original nine rules of Extended
Deforestation, each of the two new rules for Universal Deforestation could only produce terms
which are u-treeless (by structural induction). In addition, they do not cause a loss in efficiency
because each intermediate function defined is always compensated by an unfold step.

Additional Proof Cases for Lemma 3.14.1

Prove: The nesting measure, N , on expressions being transformed is also
bounded by rule T.7d and 10... . ..

Assume: N[t]zmax{ N[t~ ].N[te]y s} where (" ,teq ¢._._._)==gen_ren[t]
Case for Rule T7 ...t (ty...;;"'tmyt..n0)e
d) given f(vy,..,vp)=let v==tl{ intly
From Lemma on gen_ren, we have:
NL- At motmetn) 1 2 max{N[...57 .. mvemet. )~ IN[te]ly ¢}
« Thus:Vie t.s: N[teIsN[...{(ty..mitmet..n) 1
+ Also, From Definition: N [f(t™q..m.vem41..n) 1
= max{1+ max{ N[t"]{ m}NIve Im4q.nl)
2 1+ max{N[t"]1 m}
Since t is u-treeless, N[ let v==tl{ in tix] < 1
2 N[let v==tly in tio]+ max{ N[t"]1. m}
max{ N[t 1A [t} + max{ XN [t™ 11}
max{ N[ thy I+ max{ N[t 11 _m}, N[ tlpl+ max{ N[t Iy}
max{ N[t [tV _nVelmy 1. .nl INTHRL Ve nveNm.t..nl I
Thus: N[...th[t"/v1 n.velVmeq..nle- "1 NIty mitmet.n) ]

and  N[t[t"Vq nvelVmyq .l 1< NL-A0 mitmetn)-e ]
Case for Rule T 10 let v==t4 inty:
From Definition: A([let v==tl{ intlo] = max{N[tl41.N[tIo]}
Therefore, N[ tl4] < [let v==tl{ in ‘llz]] s N[ to] £ N([let v==tl4 in tio]

v

v v

Figure 3.15 - Additlonal Proot of Lemma 3.14.1 to show that N Is bounded by the
new Unlversal Deforestation Rules
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Most importantly, the two new rules do not cause the termination property to be lost. This is
because they continue to bound the function call nesting measure %, given in Section 3.3.6,
when we include the following additional definition.

N[letv==tyints] = max{N[t4].N[t21}

The proof that this nesting measure is bounded by the two new rules is given in Figure 3.15.
Furthermore, the restriction on single outer let construct helps to ensure that there will never be
more than one such construct in our expression. As a result, the actual size of expressions

occurring during transformation will continue to be bounded by «. Thus, the proof that T
terminates goes through, as before.

3.4.3. Converting Functions to Universal Treeless Form

The Universal Deforestation Theorem, as presented, is directly formulated for dealing with
individual expressions. But what is really needed is a re-formulation of deforestation to
transform individual functions to u-treeless form. We refer to this process of transforming
individual function to treeless form as conversion, and define it as follows:

Definition 3.17 - Function Conversion

A function, k, which can either be an f- or g-type definition,

- - -k(V{,.Vpy) <= t
or ---k(pq,V{,.-Vp) <= t4
- - k(PpV1 V) <= t, where pi=C; (v{'....v{)

is considered to be successfully converted to a universal treeless function
if and only if the application of the deforestation algorithm, 7, to each..
RHS term of the function's definition (as shown below) will terminate and
result in universal treeless expression.

- - k(v1,.Vp) <= T[t]
or ---k(pg.Ve,..Vp) <= TIHI
-- -k'(p,,v1 V) <= TIY4]

With the help of the let constructs, we claim that it is always possible to convert any first-order
function safely to an equivalent u-treeless function. This result can be stated as follows:
Theorem 3.18 - Universal Conversion

All first order functions can be safely converted to universal treeless form.

The proof for this Conversion Theorem can be given by showing the following three main
results, which together support the validity of the theorem.

+ applying conversion, in a bottom-up manner, will help ensure that
auxiliary functions are always converted (to u-treeless form) before the
main function

» non-recursive functions, with auxiliary functions which are u-treeless, can
always be successfully converted.

» recursive functions, with auxiliary functions which are u-treeless, can also
be successfully converted.

These three results will be given in the next few sub-sections.
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3.4.3.1. Bottom-Up Converslon Strategy

The set of functions of any given programs is normally specified in a defining hierarchy with
each funcuion making possible use of both its auxiliary as well as its mutually recursive
functions. The auxiliary functions are those which are lower in the defining hierarchy, while the
mutually recursive functions are considered to be at the same level. As each expression to be
deforested must make use of functions which are u-treeless, we will normally have to apply our
conversion to auxiliary functions (which are lower in the hierarchy) before the main function
and its mutual recursive set. This can be done through a bottom-up conversion strategy.

bottom_up(f,env) <=
it visited(f,env) then env
else

let mut_set == mutual_recursive(f,env) U {f} in

let aux_set == L { auxiliary_fn(m) | m e mut_set} in
all_convert(mut_set,all_bottom_up{aux_set,env));
all_bottom_up(aux_set,env) <=
if aux_set={} then env
else let (a, rest)==singleton_split(aux_set) in
all_bottom_up(rest,bottom_up(a,env));
all_convert{mut_set,env) <=
If mut_set={} then env
else let (m, rest)==singleton_split(mut_set) in
all_convert(rest,convert_and_mark(m,env));
WHERE
env - data containing function definitions, hierarchy and visited markings
singleton_split - given a set, return an arbitrary element together with the set with
that element removed.
visited - test if a function has been marked as visited
mutual_recursive - returns a set of mutual recursive functions
auxiliary_fn - returns a set of auxiliary functions
convert_and_mark - apply deforestation algorithm to function's definition and.--
mark the function asvisited )

Figure 3.16 - Algorithm for Bottom-Up Conversion

The bottom-up conversion strategy would have to be recursively applied because the auxiliary
functions may themselves be making use of other auxiliary functions. This recursive application
can be specified as an algorithm in Figure 3.16. The given algorithm simultaneously considers
each function and its set of mutually recursive functions (if any), in such a way that all their
auxiliary functions are dealt with, before the main function and its recursive set. Each function
which has been converted is marked as visited so that none of the function is ever transformed
more than once. If this is not done, some functions may be processed more than once because
we normally have a graph rather than tree structure for the defining hierarchy.

With this strategy, we can inductively assume when considering a function for conversion, that
its auxiliary functions will have been converted to universal treeless form. This assumption is
used in the next two lemmas on function conversions.

3.4.3.2. Conversion for Non-Recursive Functlions

Each function of a given program is either recursive or non-recursive. We propose two
lemmas, in this and the next section, to show that both kinds of functions can be converted to
universal treeless form.
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Assuming the use of the bottom-up conversion strategy, the conversion for each non-recursive
function can be stated as follows:
Lemma 3.19 - Conversion for Non-Recursive Functions

Every non-recursive function, using only auxiliary functions which are u-
treeless, can always be safely converted into an equivalent u-treeless form,
without any loss of efficiency.

Proof

Let k be a non-recursive function with auxiliary functions, kaq..ka, (m 20), which are all u-
treeless. Each RHS term of this non-recursive function, k, is simply an expression which
contains only u-treeless functions (i.e. kaj..kap). Such terms satisfy the requirement of
Universal Deforestation Theorem and can therefore be deforested successfully by its

transformation algorithm. Hence, the validity of the above lemma on the conversion of non-
recursive functions.

3.4.3.3. Conversion for Recursive Functlons
Similarly, the conversion for recursive functions can be stated as follows:
Lemma 3.20 - Conversion for Recursive Functions

Every set of mutually recursive functions, using only auxiliary functions
which are u-treeless, can always be safely converted to an equivalent set of
u-treeless functions.

Proof

Let kq..kg (s21) be a set of mutually recursive functions whose auxiliary functions, kay..ka,
(m=20), are all universal treeless. Each RHS term of these mutually recursive functions may
now contain a mix of both treeless functions (i.e auxiliaries kay..kap) and possibly non-treeless
functions (i.e recursive kq..kg).

As seen earlier with rev_flatten example, such a mix of expressions can cause non-termination if
the deforestation rules are not applied carefully. However, it is still possible to perform safe
transformation on such mixed expressions if we can ensure that all the current recursive
function calls, kq..ks, (possibly non-treeless) are never unfolded. This assurance is provided by
two additional rules, in Figure 3.17, for handling these possibly non-treeless function calls,
denoted with the symbol k. (Note that the k functions can be either i-type or g-type functions.)

Rule 11 merely skips over each outer non-treeless k call, in order to recursively transform only
its arguments. Rule 12 is used to handle a context expression, ...k(t4,..tn)..., of nested g-calls
with an innermost k call. This innermost k call should not be unfolded. Moreover, as this is one
of the situation which may be non-treeless, we must use a let construct to abstract out the k-call
so as to make the expression appears treeless. We also use an intermediate f-type function,
f_new, to contain this let construct in order to ensure that the construct is outermost.

These two additional rules are sufficient to convert any recursive function to universal treeless
form. A close examination of the expressions resulting from these two rules shows that they are
indeed u-treeless. In particular, notice that the parameters of each recursive function, k, are
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currently un-annotated. This parameter annotation would only be assessed after deforestation
has converted the set of recursive functions to u-treeless form. At the very worst, all the
parameters could be annotated as °, and the expression would trivially satisfy the u-treeless

form.
(11) T k(ty...t5)1 & KT [t41...T [taD)
(12) T[...k(tq,...tp)...1 <  f_new(voq T [tely o)

where(...k(t"{,..t7p)... 7 ,tey g.veq g,
VOq{_k:VN{ k) == gen_ren[...k(tq,..tg)...]]
define f_new(vnq_ y,veq ¢)=let v==T [ k(t"1,.t70) 1 inT[...v...7]
WHERE gen_ren rule for k calls is:
gen_ren[k(ty,...tn)] = (k (179,17 ) te_It,ve_lt,vo_lt,vn_lt)
where (t71..t7,te_lt,ve_it,vo_lt,vn_It)==gen_list[ t4..t ]
Flgure 3.17 - Rules to Deal with Non-Treeless Functlon Calls

Furthermore, the new deforestation rules can also be shown to terminate. This is because none
of the possibly non-treeless function calls are ever unfolded. As a result, we still have a
bounded measure, as the proof in Figure 3.18 shows. Thus, the Universal Deforestation
Algorithm, in conjunction with these two additional rules (for handling the current recursive
functions) can be used to safely convert any recursive function to its u-treeless form, as claimed
in the Recursive Function Conversion Lemma.

Additional Proof for Lemma 3.14.1 =~

Prove: The nesting measure, N, on expressions being transformed is bounded
by rule T 11 and 12.

Assume Lemma 3.14.2: N [t1zmax{«N [t~ 1.N[te §y ¢}
where (17 ,teq_¢,_,_._)==gen_ren[t ]

Define: N [k(ty...ty) 1=1+max{ N[t1]...X [t ]}
Case for Rule T 11 - Kk(t{,..,t5):

From the definition: N([k(t,..,t3) 1 = 1+max{ N[t{]...N [t,1}
»thus Viet.n «N[41 < Nk(ty...th)]
Case for Rule T 12 - ...K(ty,..,tp)...:

From Lemma on gen_ren for k (with a result similar to constructor terms):
NI k(tq,ety) e T 2 max{N[...K (17q,..t70) .. " LN [tel 4 g} :

« thus:Vie 1.s: N[tej] <NI...k(t1...t0)... 1

Also from lemma N([...k(t{..tq)... J2N[...K (t74..t7p)...7 I, we get:

* N[...k(t4,..tp)... T 2 N[..v..” ] (another generalisation)

o NI...k{t{,.utp)ee T 2 NIk (t71,..,17q) ] (an extracted sub-term)

Figure 3.18 - Additional Proof for Lemma 3.14.1 to show that it holds for
Rules T 11 and T 12

3.4.4. Example of Universal Treeless Conversion

With the Universal Conversion Theorem, any first order function can now be transformed into
its u-treeless equivalent. We illustrate this by showing how the bottom-up conversion strategy
would apply to the following set of four functions.
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dec main:list(list(num)) -> list(num);

dec list_double:list(list(num)) -> list(list{(num));

- - -main(x) <= rev_flatten(list_double(x));

- - -list_double([]) <= [];

- - -list_double(a::x) <= double(a)::list_double(x);

- - -double([]) <= [};

- - -double(a:x) <= 2'a:double(x);

- - -rev_flatten([]) <= [I;

- - -rev_flatten(a::x) <= append(rev_flatten(x),a);
The above function, main, takes in a list of lists of numbers and uses the function list_double to
double every item in its input, before the intermediate output is flattened (and reversed) by
rev_flatten. One sequence in which the bottom-up conversion could be applied is: 1) double
2) list_double 3) rev_flatten 4) main. This sequence ensures that all auxiliary functions are converted
before their parent functions.

The first two functions, double and list_double, are already in u-treeless form. Applying the
deforestation rules will make no changes to them. The third function, rev_flatten, could however
be deforested as shown in Figure 3.19. This conversion results in two mutually recursive
functions, rev_flatten and rev_flat', with a new let construct introduced in rev_flat".

- - -rev_{flatten([]) < TI[1 T2
<[]
- - -rev_flatten(a::ix) <= T[ append(rev_flatten(x),a) ] !'T 12, define rev_flat'
<= rev_{lat'(x,a)
define
- - -rev_{flat'(x,a) <= letv==T [ rev_flatten(x) ] inT [ append(v,a)] 'T11
<= let v==rev_flatten(T [ x]) ] inT [ append{v,a) ] 'T1
<= let v==rev_flatten(x) in T [ append(v,a) ] 'T4

<= let v==rev_flatten(x) in append(v,a)
Figure 3.19 - Converting Function rev_flatten

There is actually no gain in efficiencyl! arising from the conversion of function rev_flatten. This
conversion is however needed to enable the function main to be improved. In particular, the
deforestation of main, as shown in Figure 3.20, manages to successfully eliminate an
intermediate term. This last conversion results in the following final deforested program.

- - -main([]) <= [k

- - -main(a::x) <= main'(x,a);
- - -main'(x,a) <= let v==main(x) in main_aux(v,a);
- - -main_aux([],a) <= double(a);

- - -main_aux(b:iv,a) <= b::main_aux(v,a);

1l g fact, there is a loss in efficiency from the introduction of an intermediate function with a let construct,
without being compensated by a corresponding unfold. This always occurs for T12 and is a penalty of
pseudo-treelessness. Nevertheless, this loss of efficiency can be undone by a post-processing stage, after
deforestation, which unfolds each function with a let construct.
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- - -main(x) <= T[ rev_ilatten(list_double(x)) ] !'T 8b, narrow list_double
- - -main([}) <= T[ rev_flatten(]) ] !'T 6a, unfold rev_flatten
<= T[] 172
<= ]
- - -main(a::x) <= T[ rev_flatten(double(a)::list_double(x)) ] !T 6a,unfold rev_flatten
<= T rev_flat'(list_double(x),double(a) ) ] !'T 7d, define main'
<= main'(x,a)
define
- - -main‘(x,a) <= rev_flat'(list_double(x),double(a) )
<= letv==T [ rev_fiatten(list_double(x )) |
inT [ append(v,double(a)) | ! T 8a,fold with main
<= let v==main(x) in T [ append(v,double(a))] !T 8b, define main_aux'
<= let v==main(x) in main_aux(v,a)
define
- - -main_aux(v,a) <= append(v,double(a)) ! narrow append
- - -main_aux([},a) <= T [ double(a)] 'T 4
<= double(a)
- -main_aux(b:iv,a) <= T [b::append(v,double(a)) ] T2
<= T[b]:T [ append(v,double(a)) ] 'T1
<= buT [ append(v,double(a)) ] 1T 8a,fold with main_aux
<= bimain_aux(v,a)
Flgure 3.20 - Converting Function main

3.5. Further Improvements to Deforestation

The deforestation transformation, though complete for first-order programs, may at times be
less than optimal. Some of these less than desirable situations are:

1) Itis sometimes possible for recursive programs to have some unnecessary
mutual recursive function calls (which can be unfolded away). When this
happens, we describe the program as having a poor mutual recursion
structure. It is undesirable because deforestation will propagate the poor
structure to newly transformed programs - leading to bigger programs
which could have been improved.

2) Certain pattern-matching parameters may be variable-only but non-linear.
This is sometimes caused by non-linearity in one or more of its auxiliary
variables, resulting in the pattern-matching parameter being conservatively
marked as unsuitable for deforestation. Such parameters should be
linearised, if possible, to improve deforestability.

3) Some pseudo-treeless expressions, which cannot be deforested by the
unfold/fold steps, can often be made into genuine treeless form by using
special laws. These laws, if available, would boost the performance of the
deforestation transformation.

We examine these issues and suggest some improvements in the next three sub-sections.
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3.5.1. Eliminating Unnecessary Mutual Recursive Functions

One source of unnecessary intermediate functions may be found in some mutually recursive
programs. This could happen with functions that are badly written. For example, we could
have re-specified the rev_it function to use an intermediate mutual-recursive function, intm, as
follows.

- - -rev_it([]¥,w¥) <= W,
- - rev_it@ix¥,w¥) <= intm(x¥,auw’) ;

- - -intm(x¥,w°) <= rev_it(x¥,w¥);

The intermediate function introduced serves no useful purpose. It may have made the second
parameter of rev_it appears variable-only but this is merely transferring the accumulating
condition to the second parameter of intm. Far from being useful, such intermediate functions
are undesirable because they result in bigger and inefficient programs.

Another possible problem of intermediate mutual recursive function is that it may actually
introduce a form of pseudo-treelessness. An example of this is the following.

- - -prog([],2) <= Z;
- - -prog(a::x,y) <= prog_mut(x,double(y)) ; ! a kind of pseudo-treelessness
- - -prog_mut(x,z) <= prog(x,triple(z)) ;

This program has a mutual recursive call, prog_mut(x,double(y)) in the definition for prog, which
can be regarded as existing to abstract out the sub-term, double(y). Our deforestation rules cannot
presently unfold this prog' call because this call will be considered to be a possibly non-treeless
function call by rule T 11. In confrast, if this function call cafi be unfolded, it would have helped ™ °
to reveal an expression, triple(double(y)), for genuine deforestation, as shown below.

- - -prog(l.y) <=y,
- - -prog(a:x,y) <= prog(x,triple(double(y))) ;

These two examples illustrate the problem caused by certain unnecessary mutual recursion. We
have a problem because our rules will propagate (but not createl2) these poor recursion
structures to newly transformed program. To illustrate this propagation, consider the following
function which uses the above rev_it function.

- - -rev_db(x,w) <= rev_it(double{x),w) ;

This function can be transformed by deforestation to:

- - -rev_db([],w) <= W;
- - -rev_db(a:x,w) <= intm_db(x,2*a:w) ;
- - -intm_db(x,w) <= rev_db(x,w) ;

which has an identical mutual recursion structure to the above rev_it function. We are presently
unable to prevent this propagation with our rules (unless expensive retrospective re-
transformation with implicit define steps of Section 3.2.3 is resorted to).

12 the T 7 rule presently introduces a new intermediate function definition for every recursive expression with
an innermost f-type call. This can propagate mutual recursion structures but not create new ones.
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Allis not lost because we can introduce a pre-processing stage (before deforestation) to avoid
such poor mutual recursions in the first place. This pre-processing stage would unfold each
intermediate mutual recursive function call which satisfies the following conditions:-

1) is an f-type function, and

2) is strictly mutual recursive with no self-recursive!3 call in its definition,
and

3) mustnot causé loss of efficiency from its non-linear arguments.

3.5.2. Linearising Pattern-Matching Parameters

The linearity criterion for each pattern-matching parameter is determined by the total status of all
the variables of its patterns. This is occasionally an undesirable situation because certain
pattern-matching parameters may be variable-only but still marked as unsuitable for
deforestation, whenever one or more of its auxiliary variables are found to be non-linear. An
example of this phenomenon is the pattern-matching parameter of function, square, for squaring
every element in an input list, as shown below.

- - -square([]") S

- - -square(a::x") <= a‘ausquare(x) ;

The parameter of this function is actually variable-only but is non-linear because of its auxiliary
variable, a. As a result, the parameter has to be marked as °. This means that we could not
eliminate intermediate terms in expressions like square(double(x)).

Fortunately, we can improve this situation by applying techniques that could make such pattern-
matching parameters linear. A simple technique is to introduce an intermediate function to
abstract out each sub-expression which has multiple occurrences of the auxiliary variables.
Applying this technique to square would give us:

- - -square(a:x®) '<= sq(a)::square(x) ;

- - -sqg(a”) <= a'a;

This linearising technique could help to improve deforestability. However, it may sometimes be
possible for the introduced function call, which is non-recursive (e.g. sq), to be unfolded
during deforestation; thus un-doing our earlier attempt at making the parameter linear.

A more permanent and simpler solution is to use the let construct to abstract out each non-linear
auxiliary variable, as shown below.
- - -square(a:x™) <= let v==a in v*visquare(x) ;

This alternative use of let construct (which is not to be eliminated) will help improve
deforestability and make the linearised parameter more permanent.

13 1f the mutual recursive function, calls itself and another mutual recursive call, we do not select it for
unfolding because the process will be non-terminating otherwise.
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It is important to note that this linearising technique should only be applied under certain
circumstances. In particular, we will only consider its use if the pattern-matching parameter in
question satisfies the following two conditions.

1) is variable-only, and

2) with the non-linearity caused by auxiliary variables, and not by the main
descent variable (e.g. a non-linear auxiliary variable, a, satisfies the
conditions for linearisation allowed but not a non-linear descent variable,
x, of the above example).

If both these conditions are not satisfied, then we are not likely to obtain any improvements by
linearising the pattern-matching parameter.

3.5.3. Laws to Improve Deforestation

The deforestation algorithms presented relied on just the define, unfold and fold transformation
steps for eliminating intermediate terms. However, certain expressions may also require laws to
perform genuine deforestation on their intermediate terms. An example of this is the function,
size_tree, for computing the size of a binary tree in terms of function length and flatten_tree, as
shown below.

- - -size_tree(t) <= length(flatten_tree(t));
- - flatten_tree(leaf(a)) <= [a];
- - -flatten_tree(node(x,y)) <= append(flatten_tree(x),flatten_tree(y));

If we apply the original universal deforestation rules to these functions, we will only obtaina. ..

partially deforested program, which uses the pseudo-treeless let construct, as shown below.

- - -size_tree(leaf(a)) <= 140;

- - -size_tree(node(x,y)) <= size_tree'(x,y);

- - -size_tree'(x,y) <= lat v==flatten(x) In app(v,y);
- - -app([l.y) <= size_tree(y);

- - -app(a:x,y) <= 1+app(x.y);

- - -flatten(leaf(a)) <= [a];

- - -flatten_tree(node(x,y)) <= flat'(x,y);

- - -flat'(x,y) <= let v==flatten_tree(x) In app_flat(v,y);
- - -app_flat([].y) <= flatten_tree(y);
- - -app_flat(a::x,y) <= a:app_flat(x,y);

In contrast, if the distributive law of length, namely length(append(x,y)=length(x)+length(y), is
permitted, then we are able to obtain the following fully deforested function, size_tree, which is
also much smaller.

- - -size_tree(leaf(a)) <= 140;
- - -size_tree(node(x,y)) <= size_tree(x)+size_tree(y);

It would obviously be desirable to obtain the latter program with genuine deforestation where
possible!4. A preliminary investigation suggests that two major changes may have to be made

14 assuming that the appropriate laws are made available from either the user or a synthesis sub-system (see
Appendix 3).
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to Universal Deforestation if these laws are to be incorporated into our transformation
algorithm. These two major changes are:

+  We may have to withdraw the use of let constructs, and substitute it with
explicit (function) annotations for the bad producers.

* We may have to allow the unfolding of bad producer functions if laws
exist to distribute the terms that are causing the non-treeless characteristics.

These two changes are fairly major. A thorough re-consideration of Universal Deforestation is
therefore needed to ensure that the laws could be safely incorporated. We leave this as an area
for future research.

3.6. Supercompilation - A Related Work

In [Turchin86], an automatic program transformation technique, called supercompilation, for
applicative REFALI!3 programs was presented. This technique works by symbolically
evaluating a given program in order to observe the possible history of computational states,
called configurations, which could result from the program. Based on this computational
history, Turchin's supercompiler would try to construct/compile a better program.

The symbolic evaluation used, called driving, is based on the outside-in evaluation of the lazy
semantics. This outside-in driving will essentially locate one or more innermost function calls,
which are currently preventing the outermost function call from being unfolded. Each of these
located function calls is unfolded to produce another symbolic expression (as the next -

configuration). This process is repeatedly applied in order to build a history or graph of
configurations. "

The graph of configurations, during driving, is potentially infinire. In order to obtain a finize set
of configurations, supercompilation needs to perform two additional tasks, namely folding and
generalisation. Folding is applied for a configuration that matches a previous configuration,
while generalisation is needed to obtain a more general configuration, for a configuration that is
close but does not match a previous configuration. This more general configuration is then
selected for re-supercompilation. It is needed because driving and folding alone may still
produce an infinite number of configurations. Thus, the generalisation algorithm, presented in
[Turchin88], is a key part of supercompilation. It is needed to ensure termination of the
supercompilation process.

The sub-class of transformations which could be performed by Turchin's supercompiler,
appears to be similar to what we could achieve with the Universal Deforestation Algorithm. It
essentially covers the fusions of functional compositions.

15 the REcursive Function Algorithmic Language
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The principal difference between Turchin's supercompilation technique and our Universal
Deforestation is that the former uses an on-the-fly generalisation technique for finding more
general configurations whenever any two configurations are close enough. This approach to
generalisation was classified as an on-line approach in [JonesN88a] because it performs
generalisations at transformation-time. In contrast, our Universal Deforestation algorithm uses a
parameter annotation scheme (before transformation) to support an off-line generalisation
technique.

This off-line (pre-processing) technique is used to determine in advance the various places (i.e.
parameter positions) where generalisations must be applied. It is a simpler and more efficient
technique than Turchin's on-line technique which requires both a complex algorithm to
determine when generalised configurations have to be introduced, and re-supercompilation of
the generalised configurations whenever they are introduced. In addition, our off-line technique
allows the Universal Deforestation algorithm to be extended to higher-order programs (see
Chapter 4 later). Turchin's super-compiler is currently available for only first-order REFAL
programs.

3.7. Fusion in Set Abstractions

In set abstractions, intermediate variables are often used to route the output of one function call
to the input of another. A simplified form of program to illustrate this phenomenon is shown
below. .. '

- - -prog(v1,...Vp) <= { process(w,vy,..,Vn) | W € generate(vy,..,vp), filter(w,v{,...vy)};

Here, we have an intermediate variable, w, which is used to link together three functions,
generate, filter and process. This is a generate-test-process program. The generator function call,
generate(vy,..,v,), produces a set of intermediate outputs. Each of these intermediate outputs,
denoted by w, must satisfy the test, filter(w,v4,..,v,), before it is converted into an appropriate
result by process(w,vy,...vy). Often, the intermediate outputs are recursive data structures. As a
result, the opportunities for fusion in set abstractions are similar to those we encounter for
fusion in functional compositions (deforestation).

Two kinds of fusions can be identified in the above program. The first kind involves the fusion
between a generator, wegenerate(vy,...vy), and its filter, filter(w,vy,..,vy). This kind of fusion is
frequently known as filter promotion, where the filter and generator are fused together in order
to produce a better overall generator. We have already seen an example of this in the
introductory section of this chapter.

The second kind of fusion is between the fused generator and the outer processor function call,
process(w,v1,...vp). This fusion is closer in form to deforestation because the intermediate term,
represented by w, can be truly eliminated. Compare this with the filter promotion technique,
which merely merges the generator and filter together, without actually eliminating its
intermediate output term.
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In the next two sections, we shall show how the algorithmic transformation technique of
deforestation can be formulated analogously for these two forms of fusion.

3.7.1. Filter Promotion

Unlike deforestation where each user-defined function may act as either a producer and/or a
consumer of intermediate outputs, the functions used in set abstractions have clearly distinct
roles. In particular, all generators will act as producers, while all filters will act as consumers of
intermediate outputs produced by the generators.

Furthermore, the types of these functions are also different. Assuming the presence of an
intermediate output of (recursive) type, Rtype, the typical function types for generators and
filters are as follows:

dec generate : (04..0,) -> set(Rtype);

dec filter : (Rtype # B4..3,)) - truval;

Each generator must return a set of results, while each filter is a test function which returns a
boolean value.

These two classes of functions (with distinct roles) could either be f-type or g-type functions.
However, as they play different roles in fusion, we shall further differentiate these functions
with capitalised suffix subscripts, g and f, to distinguish between generator and filter functions
respectively.

3.7.1.1. Desirable Fliter Form

In the case of filter functions, we are allowed to have the following f-type and g-type functions.
- - -fp(vy,.0vp) <=  btf
- - -gF(P1,V1:--Vp) <= btgy

--9F (PpV1Vn) <= btgn WHERE pj=cj(v'y,..,V)), and the suffix, F, denotes a filter function

The RHS terms of these functions shall be boolean terms. For the purpose of fusion, we would
like to differentiate the filter functions into those which are suitable for fusion and those which
are not. Those filter functions which are suitable must be good consuming functions. The main
criterion which can be used to determine if we have a good consuming function is whether its

RHS boolean terms satisfy a certain desirable form, as defined below.
Definition 3.21 - Desirable Filter Form

A filter function is regarded to be of desirable form for filter promotion, if each of
its RHS terms satisfies the following grammar.

bt::=bt" | bty A bto | bty v bt
bt'::i=v | true | false | gp(vp*ity,...ty) | fE(ty..tp) KE(t.-atn)

where t4...t, are general terms, kg (either f-type or g-type) is a filter function that
does not satisfy the desirable filter form and gr & ff are desirable filter functions.

Notice that each desirable g-type filter function call, gg(vg*.ty...ty), must only have a variable in

its pattern-matching argument. This requirement ensures that the desirable g-type filter functions
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are good consumer functions - a condition essential for successful fusion. We shall see later
how this desirable expression form can be used in a transformation algorithm for merging
filters and generators together. At the moment, there is one assumption which could be taken to
help simplify our transformation algorithm.

Our algorithm could be made much simpler if we are able to assume that only g-type functions
are considered as good filter functions. In other words, we would like to regard f-type filter
functions as being unsuitable for fusion. This is a reasonable assumption to make because only
g-type functions are the real consumers. The f-type filter functions are either bad filter functions
or are intermediate functions which could disappear (before fusion is applied) by direct
unfolding. We shall therefore make this assumption in our transformation algorithm.

3.7.1.2. Deslrable Generator Form

Similarly, generators are allowed to be either f-type or g-type functions, as shown below.
--4gvys-vp) < stiy
- - -9G(P{YesaVp) <= stg4

--9G (PnV1sVp) <= stgy WHERE pj=cj(v'y,..,V'j), and suffix g denotes a
generator function
But this time, we do not require desirable generators to be just g-type functions. This is because
both f-type and g-type functions could be good producers. The main factor which determines if
a generator is a good producer is whether its RHS terms satisfy the following form. -
Definition 3.22 - Desirable Generator Form

A function is considered to be a desirable generator, if each of its RHS terms
satisfies the following form.

st = st'|styusty|stynsty ! outermost set expressions

st' = st"[{}[{p]|bt"y,..bt"} ! set results

st = v|figlty...ty) 1 agltoty.ty) ! set variable and function calls
bt" 1= we st"|bt' ! generator or filter

P i= v|cy,-Pp) ! variable or constructor term

where w is an intermediate variable

The above expression form represents a particular canonical form for set expressions. It is also
a desirable form for producing intermediate terms that could be consumed by other functions.
This is because:

+ The set union and intersection operators, placed on the outermost
positions, help to normalise the expression. This normalisation enables
distributive laws to be applied whenever these operators are present (or
unfolded) inside another set abstraction.

*  We have restricted the set results to either intermediate results, like
{p|bt"y,..bt", } where p is a constructor term, or make direct use of other
good generator functions, like fg(ty,..ty) OF ggtg e tn)-

This restriction ensures that either suitable intermediate outputs (for the
consuming filters) or good producers (for further fusion) are provided.
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With both these desirable expression forms (for generators and filters), we can now present a
transformation algorithm for the filter promotion technique.

3.7.1.3. Transformatlion Algorithm

The transformation algorithm for fusing filters and generators together (in set abstractions) is
more complex than the deforestation algorithm for functional compositions. Apart from the
define, unfold and fold steps, we shall also need a number of lemmas to help transform set
abstractions into a form which is similar to the canonical form of desirable generators.

To simplify our presentation, we shall fuse only a pair of one desirable generator and one
desirable filter at a time. Selecting one pair of generator and filter at a time corresponds to a
form of incremental transformation which have to be applied repeatedly. This must be
performed until no more pairs of desirable generators and filters are found.

To help us achieve this, we shall use the following notation for an arbitrary selection of a pair
of desirable generator and filter from the set abstraction, under transformation, as follows:

{... |we generate(ty,..ty), filter(w,tp . 1,..utn),ee0}

The selected pair is taken arbitrarily from the set abstraction and need not necessarily be the first
two sub-terms (conditions) of the set abstraction. More generally, we shall use the notation,

{...It....}, to denote the selection of a sub-term, t, arbitrarily from the conditions, t,..., within the
set abstraction.

Such a selected pair of sub-expressions would be used to define a new function that is to be
fused, as shown below.

- - -new_generate(vy,..,Vp)<={w | w € generate(vy,...vy), filter(w,vp 1., Vp)k
Except for the intermediate variable, w, we shall generalise and linearise (as shown above) all
the other arguments, ty..tqn.tm41.-th, Of the two function calls, generate(ty,..ty,) and
filter(w,tm.41.--tn). This total generalisation will help to maximise the chances of successful

transformation through appropriate folding. With it, we can perform the following sequence of
transformation steps in order to achieve filter promotion.
1) Narrow on the generator call to produce an intermediate output.

2) Apply relevant lemmas to distribute out the unions or intersections of
intermediate output, in order to ensure canonical form for our expression.

3) Unfold the filter function call, if possible, and perform further
normalisation where applicable.

4) Apply folding, if applicable.
5) If there are more pairs of generators and filters, either define a new

function and repeat the same transformation sequence or fold it with a
previously defined function (if it matches).

6) If there are no more pairs of generators and filters, then terminate.

100 Chapter 3 - Fusion



(1 6 Il = |

) 6Ilvl = Vv

3) ¢ I{r}l = {p}

(4) g [AuUB] < GIAlvGIIB]

(5) G I[AnB] < GIAInGIB]

©® ¢ I[{.Ixvy.. < 6. x..JJuGgI{. Iy}

7 G I I1xAy...]] < G I{. xy..]]

8) GI{.lweAuUB..]] = GI{.lweA.JJugl{.IweB,..lJ]
9) GI{..|weAnB..J = GI{.lweA.JJAGI{. IweB..)]
(10) G [{... |true,...}] = GI{. 1.1

(11) G [{... | false,...}] = )

(12) 6 [{wiwe ] =

(13) ¢ [{.1we {h...}] = {

(14) G [{... Iwe {pIbq,..ombh-- 1] = GlI{.[pwll..[p/wW],Dbq...bp}1
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a) if ty..t, are variables/constants, then (unfold)

e G [{...] bgtilpn’ 1"]-,t/v1._n],...}]]
b) otherwise (define & unfold) & fg_new(ty.th,vp,1..vz)
define
fG_new(v{..vnVne1-Vz)={.o. | GF(Ci(P1-P)HV1-V),een)
unfold the generator
fg_new(vq..vn,Vni1--V2)=G [{...] batjlp/V' 1__j,v/v1__n],...}1]
where v, q..vy==vars [{... |...}]
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a) If tg_old(vq,..vq )={ W | W € fG(V1,..¥m)s OF(W,Vpg 4 1.Vl € def_set, then (fold)
= GI{.|we fg oldity. tmtmeq-tn)--1
b) otherwise (define & unfold) <= G [{.|we fg_new(ty.tmtmet-ta)ee-]
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fg_new(vq,..vp)={ W | w e ig(v{,..vm) GF(W.Vm 4 1s-0Vn))
unfold the generator
fg_new(vy,..,vp)=G [ {w|we sti, gp(W.v 1.Vl
(17) G [{... Iwe galtote, - tm)9FWHtmeqr-t)ree-]
a) if gg_old(vg,vq,..vn )={ W | W € 9G(vVo:V1s-Vm) GF(W,Vmyp1:-Vp)l € def_set,
then (fold)
< GMH.|we ggoldipty. tmtmet-tade--]
b) otherwise (define & unfold) <= G [{..Iwegg_newltol1.tmtmet-ta)ie.-]
define and add to def_set
gG_new(vg.V{,...Vp)={ W | W € gg(Vo.V1sVm) OF(WVip 190V}
narrow on the generator
9G_new(pq,v1,..Vp)=G [ { W |we stgy, gFW.vmp1 -Vt 1

9G_NewW(pr.Vv1,..Vp)=G [{w|we stg,, grW.Vmy 1.Vt ]
(18) G [{...I...]] ) < {...|...} If none of the above rules applies anymore
Figure 3.21 - G Rules for Fllter Promotion

Such an iterative sequence of transformation steps can be performed by sixteen rules in
Figure 3.21. These rules are ordered in such a way that, should any two rules be applicable at
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the same time, the lower numbered rules are selected in preference.

Rules 1 to 5 are used to handle outer constructs which are already in the desirable expression
form. These are skipped over to transform just their sub-expressions (where applicable).
Rules 6 to 9 apply distributive laws of both boolean and set operators (in relation to the set
abstraction construct) in order to normalise the expression under transformation.
Rules 10 to 13 help to identify opportunities for simplification in the set abstractions. This can
happen whenever part of the expression is reduced to either true or false (w e {} is also equal to
false) or to a set by itself ({w|w e t} is equivalent to t).

Also, Rule 14 is used to collapse an inner set abstraction (an intermediate result from unfolding
a generator) by substituting the variable, w, with the constructor term, p (from the inner set
abstraction). The rest of the conditions, by..b,, (from the inner set abstraction), are also
appended to the main set abstraction. Rule 15 identifies a filter function call with an intermediate
term that can be consumed by unfolding. Either a direct or indirect unfold takes place here.

The main rules for discovering pairs of desirable generators (i- or g-type) and filters (g-type) are
Rules 16 and 17. Rule 16 deals with an {-type generator, while Rule 17 deals with a g-type
generator. In both cases, we can apply either a define & unfold step or a fold step. In the case
of the define & unfold step, all the arguments (except the intermediate variable) of the two calls
are generalised before we introduce a new function definition. After that, the generator function
call is unfolded before the original expression and the newly defined function are subjected to
further transformations. Also, the fold step works in tandein with the define & unfold step for
folding pairs of generators and filters that re-occur.

Lastly, Rule 18 is applied whenever none of the earlier rules are applicable. This could happen
when all pairs of desirable generators and filters have been selected for fusion.

3.7.1.4. An Example

We shall now illustrate the application of transformation algorithm, G, through a simple
example.

Consider the function, all_length, for finding the length of all sub-sequences (of an input list)
which are valid paths of a given graph. This function can be defined using a set abstraction with
a generator, we sub(x), and a filter, path(w), as shown below. The two functions, sub(x) and
path(w), are of the desirable forms for generators and filters respectively.

- - -all_length(x) <= {length(w) | w e sub(x), path(w)};
- - -sub((]) <= {lk

- - -sub(a::x) <= sub(x) U {a:w | w € sub(x)};

- - -path([]) <= true;

- - -path(a::x) <=  path'(x,a);

- - -path’({},a) <= true;

- - -path'(b::x,a) <=  arc(a,b) A path'(x,a);

We also have a processor function call, length(w), but this function call will be handled by a later
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transformation technique in Section 3.7.2.

Our present concern is the application of transformation algorithm, G, to the RHS of function
all_length. This results in a sequence of transformation steps, as shown in Figure 3.22, causing
the original generator and filter to be successfully fused together.

- - -all_length(x) <= G [ {length(w) | w € sub(x), path(w)}] ' G 17b,define sub_path
<= G [{length(w) | w e sub_path(x)}] I G 18,nothing left
<= {length(w) | w € sub_path(x)}

define

- - -sub_path(x) <= {w]|w e sub(x), path(w)} ! narrow sub

- - -sub_path([}) < GL[{w|we {[}, path(w)}] 1 G 14,subs w
<= G I{0Irath(D}] !'G 15,unfold path([])
<< GI[{0O]ltrue}] 1 G 6,simplify
<= ¢G[{01 | G 3,terminate
= {}

- - -sub_path(a::x) < G [{w|we sub(x)u{a:w|we sub(x)}, path(w)}}]] !G 10,distribute U
<= G [{w]|we sub(x), path(w)}] VG 17a,fold

uG [{w]|we {azw|we sub(x)}, path(w)} ] 1 G 14,subs w
<= G [{wlwe sub_path(x)}] 1 G 12,simplify
UG [ { a::w|we sub(x), path(a::w)} ] ! G 15,unfold path
<= sub_path(x) U G [ {a:w|we sub(x), path'(w,a)}] !G 17b,define sub_path’
<= sub_path(x) UG [ {a:w|we sub_path'{x,a)}] -~ | G:18,n0- more:
<=  sub_path(x) U {a:w |w e sub_path'(x,a)}

define

- - -sub_path'(x,a) <= {w]we sub(x), path'(w,a)} ! narrow sub

- - -sub_path'([],a) < G[{w|we{[]} path'(w,a)}] 'G 14,subs w
< G L{0}lpath'([a)] 1 G 15a,unfold path'
< GL{0|true}] 1 G 10,simplify
< GI{D] ! G 3,terminate
<= {[}

- --sub_path'(b:x,a) <= G [{w]|we sub(x)

U {b::w | w € sub(x)}, path'(w,a)} }] 1 G 8distribute U
< G [{w|we sub(x), path'(w,a)}] 1 G 17a,fold
UG [ {w]|we {biw|w e sub(x)}, path'(w,a)}] 1 G 14,subs w
<= G [{w|we sub_path'(x,a)} ] 1 G 12,simplify
UG [ {b:w|w e sub(x), path'(b::w,a)} ] ! G 15,unfold path’
<=  sub_path'(x,a)
UG [ { bxw]| w e sub(x), arc(a,b),path'(w,b)}] 1 G 17a,fold
<=  sub_path’(x,a)
UG [ {bxw|we sub_path'(x,b), arc(a,b)}] ! G 18,n0 more
<=  sub_path'(x,a) U {b:w|w e sub_path'(x,b), arc(a,b)}
Figure 3.22 - An Example of Fliter Promotion with the G Rules
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The end result is a new pair of efficient generators, sub_path and sub_path'.

- - -all_length(x) <= {length(w) | w € sub_path(x)};
- -sub_path([]) <= {lk
- -sub_path(a::x) <  sub_path(x) u{ a:w | we sub_path'(x,a)};

---sub_path'(la) <= {[I}

- - -sub_path'(b::x,a) <=  sub_path'(x,a) u{ b::w | w e sub_path'(x,b), arc(a,b)};
This application of fusion has successfully promoted part of the filter, arc(a,b), into the new
generator function, sub_path'. Such a promotion improves the above program by helping to cut
off sub-spaces of infeasible solutions from its search space.

3.7.1.5. Undeslirable Expression Forms

Our transformation algorithm for filter promotion requires both the generators and filters to be
in their respective desirable forms before they can be selected for fusion. However, it may (at
times) be possible for functions to be defined in a form which is presently unsuitable, but could
be subsequently converted or transformed to the desirable form for fusion. In such
circumstances, it would be advantageous to apply these conversions before the filter promotion
transformation. Doing this would help to improve the chances of successful fusion.

In the next two sub-sections, we shall investigate two possible unsuitable forms and suggest
appropriate techniques which could transform them into desirable forms.
3.7.1.5.1. Undesirable Generators
For ease of specification, some generator functions may be-written inabsctute set abstractions;
rather than relative set abstractions, where functions are required to be executed backwards
using the unification mechanism. Two examples are the functions front and sub_list, as shown
below, for obtaining all initial sub-lists and arbitrary sub-lists, respectively, from their input
lists.

- - -front(x) <= {w|lwo_=x};

- - -sub_list(x) <= {(wW|_owo_=x};
The above definitions are more concise in form but they are also unsuitable for the earlier
transformation algorithm. In their present forms, our technique will simply mark these two
functions as undesirable generators.

However, we can transform these two functions to the desirable genérator form. This is
achieved by removing, where possible, all the unification (or backwards execution) features.
For this very purpose, we can turn to a transformation tactic, called the removal-of-unification
tactic, which was recently formulated by Helen Pull. A systematic description of this tactic
appears in [Pull90], and we shall briefly illustrate the essence of this tactic with a simple
example.

Pull's removal-of-unification tactic operates in two phases. The first phase is made up of a
series of transformations consisting of narrowing, unfolding, simplification and folding steps,
which would work together to transform expressions with the unification features to equivalent
expressions without them. This transformation phase often results in a set of equations which
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may have overlapping LHS. The second phase is meant to resolve the possible overlaps of
LHS. This is done by applying appropriate instantiations and union of set equations.

To illustrate these two phases, let us consider this transformation for the function, front, given
earlier. The first transformation phase would apply the following sequence of steps in order to
remove the unification features.

- - -front(x) <« {W|wo_=x}; ! narrow <>
- - -front(x) < {0l_=x} ! substitute _=x
= {Dk
- - -front(x) <= {azw]aiwe_=x}; ! unify anw<>_ with x
- - -front(a::x") <= {aw]|a=a,wo_=X'}; ! fold back with front

< {axw]|we front(x) };

This sequence essentially consists of a narrowing step (on <>), followed by simplification steps
(e.g. a=a -> true) before a fold operation. It results in two equations with an overlapping LHS, as
shown below.

- - front(x) <= {{lk

- - -front(a::x") <= {auw|we front(x)};

Narrowing of a function call introduces or-parallelism whenever logical variables (as opposed

to bound variables on the LHS of equations) of absolute set abstractions are instantiated. This
or-parallelism semantics implies that a set result from the various branches of narrowing must
now be returned. Equations could therefore be allowed to be overlapping because we must take

the set union.of the results-from each of the equations during-execution: Howevet this overlap - -
of equations (and the need to take a union of the results) is not very satisfactory from the stand-
point of functional programs.

Because of this, a second phase of symbolic manipulation was devised by Pull to get rid of
overlapping equations. In particular, notice that the LHS of the first equation is more general
than the LHS of the second equation. To resolve this overlap, an instantiation of the first
equation using list's two cases [] and a:x' is required, giving: '

- - -front([]) <= {lk

- - -front(a::x’) <= {0k

- - -front(a::x") <« {axw]|we front(x) };

This instantiation results in three equations. Two of them (the second and third equations) have
a common LHS. These two equations can be combined by uniting the two RHS with a set
union, as shown in the second equation below.

- - -front([]) <= {0k

- - -front(a::x") < {[J}u{amw]|we front(x) };
Once this is done, the final equations will no longer be overlapping. Furthermore, they also
satisfy the desirable generator form and are without the unification features.
3.7.1.5.2. Undeslirable Fliters

Like generators, filters may also be in the wrong form for fusion. Consider the following
generate-and-test program to find all sub-sequences (from the input list) whose lengths are less
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than 8.

- - -shon_sub(x) <= {w]|w e sub(x), length(w)<8};
- - -sub([}) <= {0

- - -sub(a::x) <=  sub(x) u{a:w]|we sub(x)};
- - -length([}) <= 0

- - -length(a::x) <= 1+length(x);

The filter of this program is actually an expression, length(w)<8. The outermost function of this
filter expression is a primitive operator, <, that is certainly not the desired pattern-matching
function needed for fusion. However, there is another function call length(w) within this filter
expression, that is a proper function call for consuming the intermediate output, w, of the
generator.

If this function, length, is tail-recursive or has an associated function which is tail-recursive, we
will be able to convert the whole expression into a desirable filter function. As it turns out, there
exists an equivalent tail recursive version of this function that is obtainable through the
conversion-to-iteration transformation tactic. This tail-recursive function, length_it, is defined to
be related to the original length function, as follows.

- - -length(x) < length_it(x,0);
- - -length_it({],m) <= m;
- - -length_it(a::x,m) <« length(x,m+1);

Using this tail-recursive function, we can define a new filter function, as shown below,
--il_fn(x,m) . - <=. length_it(x,m)<B;.: .vs» -
which can be directly transformed (by an unfold followed by a fold step) to:
- - -fil_fn({],m) <= m<8;
- - fil_fn(a::x,m) <= fil_fn(x,m+1);
Such a filter function is of the desirable form that we need. The steps used to obtain it can be
automated because the conversion-to-iteration tactic and the transformation to a tail-recursive
filter function can be mechanised. With the new filter function, we can replace the filter
expression, length(w)<8, in the earlier generate-and-test function, as shown below.

- - ~short_sub(x) <= {w]|w e sub(x), fil_fn(w,0)};

With this replacement, we can apply the G rules to the function, short_sub, to obtain the
following fused program.

- - -short_sub(x) <=  n_sub(x,0);
- - -n_sub([],m) < {Im<s}
- - -n_sub(a:x,m) <= n_sub(x,m) v {aup | p e n_sub(x,m+1)};

The main improvement to this fused definition is a merged generator which does not need to re-
compute the length of each generated sub-sequence. This is possible because the length of the
partially evaluated sub-sequence is kept in an accumulating parameter, m, of function, n_sub.

However, the promoted filter, m<8, has ended up in the base-case equation rather than the
recursive equation of the generator function, n_sub. As a result, there is actually no cut-off in
the search-space of the transformed program. This example shows that not all fusions between

106 Chapter 3 - Fusion



generators and filters necessarily produce generators which cut off sub-spaces of infeasible
solutions.

Nevertheless, those filters that have ended up in the base-case equations could sometimes be
promoted into the recursive portion of generators by another transformation technique. This
other technique uses invariants (rather than fusion) for its filter promotion and is presented in
Chapter 6. Our present fusion technique is still useful because it can help to prepare generate-
and-test programs (by transforming them to recursive functions with base-case filters) for this
other form of filter promotion.

3.7.1.6. An Extension (Patterns Instead of Variables)

In this section, we will consider a simple extension to widen the class of expressions which
could be handled by the transformation algorithm, G.

Often, a constructor pattern rather than a simple intermediate variable is used to link separate
program units together in the set abstractions. An example of this is the following program,
taken from the paragraph problem in [Bird86], for generating all valid permutations of
paragraphs (lists of lists of words) from a given text of words (a list of words).

dec paragraph,lines: list(word) -> set{list(list(word}));

- - -paragraph(x) . <= {w] we lines(x),nonil(w)};

- - -lines([]) < {[:w|we lines()} v {};

- - -lines(a:x) <=  {[:w|we lines(a:x)} U { (a:b):w | b::w € lines(x)};
- - -nonil([]) « < - true;..»

- - -nonil(a:x) <= a#[] A nonil(x);

The generator function, lines, produces all possible paragraphs, while the filter function, nonil,
rules out all the invalid paragraphs that contain one or more empty lines. This program is not
only inefficient, but it is actually non-terminating because the function, lines, returns an infinite
set. Also, there is a constructor pattern, b:w with logical variables b and w, in the second
equation of function lines. This constructor pattern is used for holding intermediate results of the

recursive generator but it violates one of the earlier grammar rules for the desirable generator
form.

To extend our transformation technique to cope with the above example, we must first permit a
more general grammar rule for the desirable generator form of Definition 3.22. In particular,
we must change the grammar rule bt" to allow pattern term p (instead of just a simple variable)
to be used with generators as p e st. This change is reflected in the following two modified
grammar rules.

bt"::=p € st'| bt'

p i=V| c(Pys-Pp) | (P1:-:Pn)

The pattern term, p, could either be a simple variable, v, a constructor pattern, c(p,...pp), OF @
tuple pattern, (p4....pn). With this more general form, we must also modify three G rules, namely
Rules 14, 16 and 17 of Figure 3.21, to handle this wider class of expressions.
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The modified rules are given in Figure 3.23. Rule 14 collapses an inner set abstraction and
must now apply variable substitutions that are obtained by matching pattern and term. These
variable substitutions are obtained from pattern matching by a meta-function called match,
whose definition is also given in Figure 3.23. Also, the other two rules, Rule 16 and 17, to
select appropriate pairs of generators and filters (for fusion) must be modified to handle the
more complex pattern link. To help us specify these two rules, we have employed a new
context notation, ..w.., for describing an intermediate variable, w, within a pattern term, as
shown below.

W = w el W) ) Gewen,l)

This more general pattern link is used to replace the simple variable link in the previous G rules.

(14) G [{... | pattern € { term |by,..,.bp},...}]
& GI{..[twy nll.. YWy pl bybm}]
where t/wq , ==match [term,pattern]
(16) G [{... | -.w..€ fG(t1,..,tm),gF(w+,tm+1,..,tn),...}]]
a) If fg_old(vq,..vq )={ .W.. | .W.. € fG(v1,..,vm), OF(W.Vm41.-Vp)} € def_set, then (fold)

e GII{.].w.eig_oldty.tntmeq-th).-.]
b) otherwise (define & unfold) = GII{.|.w.eig_new(ty. tmtm,q-ta)-e-1
define and add to def_set

fa_new(vq,..vp)={ .Ww.. | .w.. € IGg(V{Vm) SF(WVm4 sV}
unfold the generator

fg_new(vq,..vp)=G [ {.w..|.w..e stf, gp(W,vpy 1.V} T omin
17 G I{... | .w..e gG(to,t1...,tm),gF(W+,tm+1,..,ln),...}]]
a) if gg_old(vg,vq,...vp )={ . W.. | .W.. € 9a(VOiV1s VM) OF(W.Vm41:-Vn)} € def_set,
then (fold)
< Gl .w.e gg_oldltgty.tmtmet-tn)e--1
b) otherwise (define & unfold) & G H.l.w.e gg_new(tg,ty.tytmet-th)---1
define and add to def_set

gg_new(vg.V{....Vp)={ .W.. | .W.. € gg(Vo.V1r--Vm) IE(W.Vm4 1Y)}
narrow on the generator

gg_new(pq,ve,..vp)=G [ {.w..| ..w.. € stgq, gp(W,vry 1. Vplt ]

gg_new(p;Vi,..Vp)=G [ {.w..|..w.. € stg,, gF(W,Vvm4 1.V} 1

WHERE

match [t,v] = [tV)

match [c(ty,..,tn).c(P1,.,Pp)] < matchfty/pq] <>...<>match [t,/pp]
match [(t4,..tn),(P1,-Pp)] < match [t1/pq] <>...<>match [tp/py]

Figure 3.23 - More General G rules which accept Complex Pattern Link

These modified G rules can be applied to the earlier non-terminating paragraph program in order
to obtain the following more efficient (and terminating) program.

- -paragraph([]) <= |k

- -paragraph(a::x) <= {(a::b)::w | b::w € paragraph'(x)};

- -paragraph'({]) <= {[]=0k

- - -paragraph’(a:x) <= {0::w| w e paragraph(x)} u { (a::b):w | b::w € paragraph’(x)};

'
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3.7.2. Fusions between Generators and Processors

After the successful fusion of generators and filters, we can proceed to combine the resulting
generator with its outer processor function (where applicable). Typically, such a pair of
functions would be of the form:

- - -new_gen(vy,.,Vp) <=  { process(w,vy,4,..Vn) | W € generate(vy,...vp)}

where the function call, process(w,vy,1...Vp), is @ consumer of intermediate output, w, from the
generator, w e generate(vy,..,Vp).

However, there is one important pre-condition which must be satisfied before we can consider
any fusion between a generator and its processor function. This pre-condition (not needed in
the earlier fusion between generators and filters) requires that each intermediate variable should
only be present in its generator (as output) and its processor (as input) and nowhere else.

Should the intermediate variable be present in other parts of the set abstraction, complete fusion
between the generator and processor functions could not take place. This is because we will not

be able to completely eliminate the need for the intermediate output (and thus the generator) by
such fusion.

This 1s why we must always apply filter promotion technique (to reduce the number of
references to the intermediate variable) before this form of fusion.
3.7.2.1. Desirable Processor Form

In a similar manner to filters of the previous technique, we must also identify a desirable form -
for the processor functions which could act as good consumers of intermediate outputs. Each of
these processor functions will typically be of the type:

dec process : (Rtype # 84..5,) -> Ptype;

which takes an intermediate output of the type, Rtype, together with the other arguments, 84..5,,
in order to produce a new result of the type, Ptype.

Like the desirable filters, we could also simplify the presentation of our transformation
algorithm by restricting the desirable processors to just g-type functions. The f-type processor
functions are assumed to be either bad consumers or capable of disappearing by direct
unfolding. '

With this assumption, we shall consider only g-type functions as our desirable processor
functions, denoted with the suffix p, as shown below.

== Op(P{V1eVn) = Yy

- - -9p(Pr.V1s¥n) <=t WHERE pj=ci(v'y,..,V')); the suffix p stands for processor function

The RHS terms, ty....t,, of these processor functions will be general (first-order) terms. The

only requirement on them is that the desirable g-type function calls must only have variables in
their pattern-matching arguments, as defined below.
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Definition 3.23 - Desirable Processor Form

A processor function is considered to be of desirable form for fusion, if each of its
RHS terms satisfies the following grammar.

1 = V| C(t1,...tm) | kp(t1,..,tn) | gp(V0+,t1,..,tn)
where kp (either f-type of g-type) is a processor function that does not satisfy the
desirable processor form.
As for the generator functions, the desirable form remains identical to Definition 3.22 (given in
Section 3.7.1.2).

3.7.2.2. Transformation Algorithm

With these desirable expression forms, we can formulate a transformation algorithm for the
fusion of desirable generators and processors. However, this transformation algorithm need not
be completely new because most of its rules are essentially similar to the previous & rules for
filter promotion. In fact, all the pfevious rules, except G 14, 16 and 17 (for dealing with the
filter functions), could be re-used for the new fusion algorithm.

(19) G [{.-.9p(ci(P1.-uPP¥itestn)ens | }]
a) if t1..t, are varlables/constants, then (unfoid)
<= G [{...otpV 1._j.t/v1_.n]...|...}]]
b) otherwise (define & unfold) <= fg_new(ty.1q,vpe1-Vz)
define
fG_new(v1..vn,vn+1..vz)={...gp(ci(p1..pj)+,v1..vn)... | .}
unfold the processor
fg new(vy.vpyiva,1-v2)=G T{.otpAV' '1"__1’,‘v/v1‘_n]'...l.'..}]]" T
where v, 1..vy==vars [{... ...|...}]

20) G [{...apW*tnitr-atm)-e | W€ fgtysetm)---}1 | w must not be present elsewhere |
a) if fg_old(vq,...vn )={ gp(W¥,Vn,1,-Vm) | W e fg(Vy....v)} € def_set, then (fold)

= G .W.|We fG_0|d(t1..Tm,tm+1..tn),...]]
b) otherwise (define & unfold) = G [{..W..|We fg_newlty.tmtmyt-th)e-l
define and add to def_set

fg_new(vy,..vp)={ gcW¥Vny10Vm) | W € fG(Ve,..Vp)}
unfold the generator
fg_new(vy,..vp)=G [{9cW*.Vn,q-mVm) | W e sti} ]
21) G [{...apw™tn, 1rtm).-.| W e ggltosteseatm)---}I | W must not be present elsewhere |

a) if gg_old(vg.,v{,..vp )=l 9p(WH V90V m) | W € 9G(Vo.Ve,-Vm)} € def_set, then (fold)

<= G I[{..W..|We gg old(tg.ty..tmtmet-tn)---1
b) otherwise (define & unfold) < G [{...W...|W e gg_new(tg.t1.tm.tmet-tn)---1
define and add to def_set
9G_New(vg.V1...Vp)={ Sp(W¥Vp 1, Vm) | W e ggltoitysetm)}
narrow on the generator
9G_NeW(P1.V1,--V)=G [ { 9pW*t.vp q0Vm) | W € stgq} ]

gg_new(pVe.-Vp)=G [{gpW* Vo1 Vi) [We sig;}]
Figure 3.24 - Addlitional Rules for the Fusion of Generators and
i Processors
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As a consequence, only three more rules (analogous to the three rules G 14, 16 and 17) are
needed for a transformation algorithm to appropriately fuse generators and processors. These
three rules are given in Figure 3.24 as G 19, 20 and 21. In each of these rules, we use a context
notation, ...gp(W.tm, 1.--tn)..., for selecting a sub-term which has a desirable processor function,
gp, with an intermediate variable, w, as its pattern-matching argument.

Rule 19 is used to consume an intermediate output term by either direct or indirect unfolding of
its matched processor function call. Rules 20 and 21 are used to select pairs of generator and
processor functions which are suitable for fusion. In both these rules, the intermediate variable,
w, must not occur anywhere else in the set expression. Either a define & unfold step or a fold
step is taken in each of these two rules, in order to perform the appropriate fusion.

3.7.2.3. An Example

To illustrate the new transformation algorithm, we shall use the earlier function, all_length,
which was transformed in Section 3.7.1.4 to:

- - -all_length(x) <=
- - -sub_path([}) <=
- - -sub_path(a::x) <=
- - -sub_path'([],a) <=
- - -sub_path'(b::x,a) <=

{ length(w) | w € sub_path(x)};

{0k

sub_path(x) U { auw | w e sub_path'(x,a)};

{0k

sub_path'(x,a) u { b::w | w e sub_path'(x,b), arc(a,b)};

This transformed function contains a generator, sub_path(x), and an outer producer function call,
length(w). Such a.pair of generator and producer can be fused by applying the new G rules to the =~
main function, all_length. The transformation sequence for this fusion is shown in Figure 3.25.

This transformation results in a more efficient program (shown below) which does not make
use of the previously present intermediate list.

- - -all_length([]) <=
- - -all_length(a::x) <=
- - -all_length'([].a) <=

<=

- - -all_length'(b::x,a)

3.7 Fusion in Set Abstractions

{0}

all_length(x) U { 1+4W | W € all_length'(x,a)};

{0}

all_length'(x,a) U { 1+W | W ¢ all_length'(x,b), arc(a,b)};
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- - -all_length(x) <= G [{length(w)|w e sub_path(x)} ] ! G narrow sub_path

- - -all_length([]) <= G [{lengthiw)|we {(}}] ! G 14,substitute
<= G l{length((}] 1 G 19,unfold length
<= G[{0}] | G 3,singleton
<= {0}
- - -all_length(a::x) <= G [ {length(w) | w e sub_path(x) ! narrow sub_path
U {a:w|we sub_path'(x,a)} }] ' G 8,distribute U
<= G [{length(w) | w € sub_path(x)}] ! G 21a,12,fold
u G [ {length(a::w) | w € sub_path'(x,a)} ] 1G 19, unfold length
<= all_length(x)
v G [ { 1+length(w) | w € sub_path'(x,a)} ] | G 21b,define all_length'

<= all_length(x) UG [ {1+W |We all_length'(x,a)}] !G 18,no more
<= all_length(x) U { 1+W | W € all_length'(x,a)}

define
- - -all_length'(x,a) <= {length(w) | w € sub_path'(x,a)} ! narrow sub_path’
- -all_length'([},a) <= G [{lengthiw)|we {[}}] 1 G 14,substitute
<= G [{length()}] 1 G 19,3,unfold length
<= {0}
- - -all_length'(b::x,a) <= G [ {length(w)|w e sub_path'(x,a)
"~ u{b:w|w e sub_path'(x,b), arc(a,b)}}] 1G 14,substitute
<= G [{length(w)|w e sub_path'(x,a)} ] 1G 21b
U G [ { length(b::w) | w € sub_path'(x,b), arc(a,b)} ] | G 19,unfold length
<= G[{W|We al_length'(x,a)} ] 1G 12
U G [ { 1+length(w) | w € sub_path'(x,b), arc(a,b)} ]! G 21b,fold
<= all_length'(x,a)
uG [ {1+W | W e all_length'(x,b), arc(a,b)} ] ! G 18,n0 more

<= all_length'{x,a) U { 1+W | W € all_length'(x,b), arc(a,b)}
Figure 3.25 - An Example to lllustrate the Fusion of Generators and Producers

3.8. Summary of Chapter 3

In this chapter, we presented two major transformation algorithms, denoted by T and G, which
can be used for fusing function calls in functional compositions and set abstractions
respectively. These transformation techniques improve programs by eliminating the need for
intermediate data structures and/or reduce the number of function calls used (whenever
possible). We also introduced a producer-consumer model of functions to help us explain the
way fusion transformation works. In particular, we stated that successful fusion could only
take place when a good producer meets a good consumer. We gave precise descriptions (in the
form of grammar rules) for identifying good from bad producers and consumers.

In the case of functional compositions, we showed how the original deforestation algorithm of
Wadler, could be gradually extended to all first-order programs. This was achieved by two
apparatus. The first apparatus is a novel use of the variable-only parameter criterion (together
with linearity and type information) to mark out those parameters which are bad consumers.
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Correspondingly, the second apparatus, the let construct, was used for identifying
(transforming out) bad producers. These two simple but effective apparatus enabled us to
formulate the Universal Deforestation Algorithm which was proved to be terminating and
applicable to all first-order programs!$,

A similar consideration (of the fusion technique) for set abstractions was also formulated but
this formulation is more complex. To simplify our presentation, we restricted good consumers
(filters or processors) to just g-type functions. This simplification still leaves us with an

impressive range of programs which can be successfully fused, as illustrated throughout
Section 3.7.

In the next chapter, we shall apply similar algorithmic transformation techniques towards the
removal of higher-order features. This removal will help us improve program efficiency. It will

also pave the way for an even more general extension of deforestation to higher-order
programs.

16 Remember that programs from the full first-order language can always be transformed (by Augustsson and
Wadler’s pattern-matching translation algorithm) to an equivalent program of the restricted first-order
language in this chapter (i.e. single, unnested pattern-matching parameter for each g-type function).
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4. Higher-Order Removal
4.1. Introduction

An extremely attractive feature of functional languages is their ability to handle higher-order
objects. This feature enables functions to be treated as first-class citizens, where they can be
passed around as arguments and returned as results, in just as the same way as data terms can.
It is desirable because of the extra level of program abstraction which can be obtained by
parameterising functions. In particular, it encourages and eases the construction of generic
functions, which are often the building blocks for reusable software.

Though highly advantageous for ease of programming and software reusability, higher-order
functions are inefficient to implement. Expensive closures (on heap space) are frequently
needed to support the execution of higher-order programs. Furthermore, the generality of
higher-order functions is often a source of complications for both program analysis and
transformation techniques. For example:-

» Deforestation can be formulated successfully for first-order programs
([Wadler88] and Chapter 3) but encounters complications to its
transformation algorithm when we try to consider it directly for arbitrary
higher-order programs.

» Backward analysis techniques work well for first-order programs but face
difficulty when considered for higher-order expressions [Hughes88]. This -z~ -
is because function-type arguments, unlike ground-type ones, have to be
propagated in a forward manner for analysis.

* Forward analysis techniques (abstract interpretation) [Mycroft81,Burn87a]
can be neatly formulated for strongly-typed higher-order functional
programs. However, they still experience intractable complexity problem
[Hunt89] in their fix-point analyses. This is due primarily to the much
larger domain spaces required for function-type parameters.

One method of partially addressing this problem is to provide a means by which mosr of the
higher-order features can be eliminated. We propose in this chapter a transformation tactic that
can eliminate significant classes of higher-order features from source programs.
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4.1.1. A Simple Higher Order Language

A simple higher-order language can be provided by making a few extensions to the first-order
language given in Chapter 3 (for deforestation). This higher-order language will continue! to
support the two kinds of functions, denoted by f and g, of the following form:

R (L2 PR <= tf
-« -g{P1:V1reVp) <= tg4

- - g(PpVerVp) <= tg; WHERE pj = ¢j(V'y...,V})

In addition, the RHS terms (i, tgy,..,tg, ) of these functions will now be terms that can be
described by the following BNF grammar.

t = t]cty,..ta)
t' u= v|fid| lambda (v{...vq) =>tend | t' (t1,..ty)
fid == f|g

This grammar allows functions to be returned as results in the form of function identifiers,
(fand g), lambda abstractions (i.e lambda (v4,..v,) => t end) or applications (i.e. t'ty...t;)) which
return function results. It also allows function-type expressions to be present in any of the
arguments, ty,..t,, of both applications, t'(t{,...t;), and constructor terms, c(ty,...ts).
Furthermore, this grammar describes an uncurried language where partial applications are
always expressed using lambda abstractions. For example a partially applied function call,
ft1.t,.1, where the arity is n, can be denoted using lambda v => f(t{,...t,.1.v) end. We use
this uncurried notation because it helps to simplify the formulations of our.transformation . -
algorithms later. In particular, it is easier to consider the unfolding of (uncurried) function calls
because they will always have gll their arguments present.

Of all the features present, the two most interesting features for the higher-order removal
transformations are:
» applications, denoted by t(ty,..t,).

» function-type arguments in applications and constructor terms.

In the case of the applications, t'(t4,..t), we can re-classify them into three categories, as shown
by the following alternative BNF grammar.

t'ty,.0ty)  u= fid (tq,..t0) [va(ty,..ty) | ga (ty...tg)
va = viva(ty,..ty)
ga = fid (t4...t,) | lambda (v4,..,vq) => tend (t4...t5) | ga (t4...t5)

If t'is a function identifier, as in fid(tq,..t), then its form will be similar to the first order
function calls, like f(ty...t,) Or g(tg...t). We will refer to this application as just a function call or
a function application. Also, if t'(ty...t,) contains a leftmost functional term that is a variable,

like va(ty,..tn), we will refer to this application as a variable application. Otherwise, if t' has a
leftmost functional term which is either a function call or a lambda abstraction, as in ga(ty,..t,),

1 The distinction between f-type and g-type functions, though useful for universal deforestation, is not
essential for higher-order removal transformations. We could avoid it by using the case construct language
of Section 2.4.1. However, as we intend to provide higher-order extensions to deforestation later (Section
4.5), we shall put up with the slight complication of having to formulate transformation rules separately for
f- and g-type functions.
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we will refer to it as a general application. These are the only three forms of applications which
are allowed in the above language.

The other higher-order feature of interest is the function-type arguments. These arguments may
appear inside constructor terms or applications. We shall frequently refer to them as either

higher-order or function-type arguments.

In this chapter, we shall see that all general applications and a certain class of higher-order
arguments (from function applications) could be eliminated by using just the define/unfold/fold
transformation steps. We shall initially give brief overviews of these eliminations through some
examples first. After these overviews, we shall present (later in the chapter) the complete
transformation algorithms to perform automatic eliminations.

4.1.2. Overview of General Application Elimination

Each general application can be viewed as an application of the form:

e ('t )t 1tp)
where the leftmost functional expression, e, is either a function identifier or a lambda
abstraction. This leftmost expression, e, has the type (a;,..aq) = .. (8;,..8,) —» v where
(01,2am)-(81,..8,) are the types of the arguments, (t'y,..t'm)..(t1,..t5), and yis the result type

from the above general application.

General applications of the above form can always be eliminated by using the
lump uncurrying technique. This technique can always convert each of these general
applications to a functien application of the form; thaw(tq....t .. t1....t,) Where fnew is a new
intermediate function of the type (ay,..¢m,+81.-+85) = ¥. Uncurrying is the conversion of an
application involving a function of the type, a — .. 8 - v, to a function of the type,
(a,..,8) - v. Lump uncurrying is simply a more general technique where tuples of parameters
are involved.

To illustrate this technique of eliminating general applications, consider a simple program
consisting of two functions, prg and inc.

- - -prg(u) <= inc(u)(4);

- - -in¢c(x) <= lambda y => y+x end;
Here, we have only one general application, inc(u)(4), in the function prg. This general
application can be eliminated by the lump currying technique, using a new intermediate
function inc, to:

-~ - prg(u) <= inc'(u,4);

-~ - inc'(u,x) <= U+X;
However, the introduction of new intermediate functions in lump uncurrying is not always
necessary. At times, it is also possible to eliminate general applications by just direct
unfoldings. A direct unfold is an unfold operation which does not introduce intermediate
functions. With the earlier example, we could also have eliminated the given general application
by two direct unfold steps, as shown below.
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- - -prg(u) <= inc(u)(4); ! unfold inc(u)
<= (lambday => y+u end) (4); ! unfold lambda application
<= 44u;

The removal of this general application by direct unfolding has managed to transform prg into a
more efficient definition, without the need for the intermediate function, inc'.

As we shall see later, the combination of direct unfolding and lump uncurrying could be used
for (efficiently) eliminating all general applications.

4.1.3. Overview of Higher-Order Argument Elimination

Some instantiated higher-order arguments of function applications can also be removed by
transformations. This elimination of instantiated higher-order arguments can be seen as a form
of function specialisation, like those used in partial evaluation and mixed computation
[Futamura71,Ershov82,JonesN85,PE&MIX88]. In function specialisation, a function call of
two arguments, p(k,u), where one argument, k, is known (or grounded) and the other
argument, u, is unknown (e.g. a variable), can often be specialised to a semantically equivalent
but more efficient call, px(u). This new call uses a specialised function, py(u)=p(k,u), which can
often be made more efficient through the specialised context of the known argument, k. Our
elimination of higher-order arguments can be viewed as this specialisation process where the
known or partially known arguments are the instantiated function-type arguments.

To illustrate this process, consider a function double which uses a map function call, to double
every element in its input list, as shown below.

dec doublé:list(num) -> list(num); - -
dec map:list(alpha) # (alpha -> beta) -> list(beta);

- - -double(x) <= map(x,lambda a => 2'a end);
- - -map([],F) <= [
- - -map(a:x,F) <= F(a)::map(x,F);

The map call in the function definition of double has a higher-order argument,
lambda a => 2*aend. This higher-order argument can be eliminated by initially narrowing the
map call, followed by an unfold and then a fold step, as shown below.

- - -double(x) <= map(x,Jambda a => 2'a end); ! narrow map

- - -double([]) <= [k

- - -double(a::x) <= (lambda a => 2*aend ) (a) ::map(x,lambda a => 2*a end); ! unfold lambda
<= 2'a:map(x,Jambda a => 2'a end); ! fold double(x)

<= 2*a:double(x);

The result of this transformation is a purely first-order definition for double which is sightly
more efficient because there are fewer applications needed. We are able to specialise this higher-
order map call because of the unchanged|/fixed parameter, F, in the map function. A parameter of
a recursive function is said to be unchangedifixed if it does not change across its successive
recursive calls. This property can guarantee successful folding needed to specialise recursive
function calls. However, there is a more general parameter criterion, called the variable-only
parameter criterion (introduced in Section 3.3.1.1 for Extended Deforestation), that could
provide a more general way of indicating the arguments which are specialisable.
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Consider another higher-order function, with two function-type parameters F and G, which are
being swapped around with each recursive call.

dec alt_map:list(alpha) # (alpha -> beta) # (alpha -> beta) -> list(beta);

---akt_map(,F.G) <= {};

- - -alt_map(a:x,F,G) <= F(a)::alt_map(x,G,F);
These two parameters are not fixed but they satisfy the variable-only criterion. As a result, we
are able to specialise any instantiated use of the function-type parameters of alt_map. For
example, the following function with instantiated arguments, sqr and cube,

- - -every_other(x) <= alt_map(x,sar,cube);

can be transformed or specialised to the program below (with a similar sequence of
define/unfold/fold steps as the previous example).
- - -every_other([]) < [I;

- - -every_other(a:x) <= sqr(a)::every_other'(x);

- - -every_other'({]) < [I;

- - -every_cther'(a::x) <= cube(a)::every_other(x);
Notice that we have effectively eliminated both the instantiated function-type arguments from
the alt_map call?.

Apart from the above higher-order arguments which can be (easily) eliminated, it is also
possible to have higher-order arguments which are harder to eliminate. These arguments are
those without the variable-only parameter criterion. As an example, consider the parameter, F,
of function acc_map below.

dec acc_map:list(num) # (nunt => num)™~s list{num);-~—=- - ~

---acc_map([]lF) < [};

- - -acc_map(a:x,F) <= F(a)::acc_map(x,lambda b => b+F(a) end);
This parameter acts as a kind of accumulating parameter and could generate infinite versions of
recursive calls during unfold/fold transformations. For example, if we try to specialise the
function call acc_map(x,id) where id is the identity function, with just the define/unfold/fold
transformation steps, we may obtain the following infinite versions of recursive function calls
to specialise!

acc_map(x,lambda by => bq+id(a{) end),

acc_map(x,lambda b, => by+(lambda by => bq+id(a4) end(as)) end),

acc_map(x,lambda b3 => bg+(lambda by => bo+(lambda by => by+id(a{) end(a5)) end (a3)) end),
Such higher-order arguments, without the variable-only criterion, are harder to eliminate. They
frequently require either laws or more complex sequence of transformation steps before they
can be eliminated. Because of this, we shall ignore these arguments in our higher-order removal
tactic.

2 To achieve this higher-order argument removal, we have introduced two new functions, every_other and
every_other’, to replace the instantiated function call. This increase in program size is frequently a
consequence of program transformation techniques. However, as the storage used is statically determined
before run-time, it is less expensive than the dynamic heap spaces required by closures for higher-order
arguments.
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4.1.4. Overview of Full Laziness Technique

An important efficiency concern for higher-order programs is the preservation of full laziness.
This concern was first recognised in [Wadsworth71], where it was observed that the evaluation
of functional expressions may cause losses of efficiency, unless free expressions of lambda
abstractions are always shared before the lambda bodies are duplicated.
A free expression in a lambda abstraction (or a given expression) is a
subexpression which does not contain any of the bound variables of the lambda
abstraction (or the given expression).
Wadworth's full laziness technique is a run-time technique which always searches for free
expressions (other than simple variables or constants) for sharing, before lambda abstractions
are about to be duplicated/copied. This technique carries some run-time overheads.

Subsequently, Hughes proposed a compile-time technique, called fully lazy lambda lifting
[Hughes82], which provided inherent laziness through the parameter sharing mechanism. This
technique combined the need for full laziness into lambda lifting. We discuss the lambda lifting
technique next, before looking at how full laziness was built into the lambda lifting technique.

Lambda lifting is a transformation technique for removing free variables from lambda
abstractions. As lambda abstractions may be nested, lambda lifting must be applied to the inner
lambda abstractions before the outer ones. Given an inner lambda abstraction,
lambda x1..x, => E end, with free variables, v4..v, in E, the lambda lifting technique works by
converting the given lambda abstraction to (lambda vy..vp,Xq..X, => E end) (vq..v). The result of
this conversion is a new lambda abstraction; lambda v4..vp,.X1..xy => E énd, which does not ~~
contain any free variables because the free variables have been added as bounded parameters of
the new lambda abstraction. Such lambda abstractions, without free variables, are called
supercombinators by Hughes. They are useful because compiled codes could be provided to
support their argument instantiations during program execution. This is more efficient than

using the interpretive method (of recursive tree-walk) needed to instantiate lambda abstractions
with free variables.

Even though lambda lifting technique is useful, it does not preserve full laziness. To preserve
full laziness, Hughes suggested the extraction of maximal free expressions (rather than just free
variables) during lambda lifting.

A maximal free expression (or MFE) is a free expression in a lambda

abstraction (or a given expression) that is not contained within another free
expression.

The technique of extracting out MFEs is known as the fully lazy lambda lifting technique. It
works by considering the inner lambda abstractions before the outer ones. In addition, it must
also deal with single-parameter lambda abstractions. Each multi-parameter lambda abstraction,
lambda x4..x, => E end, would have to be converted to a nesting of single-parameter lambda
abstractions, lambda x4 => (lambda x5 => ... (lambdax, => E end) ... end) end before it could be
converted by the technique. Thus, given the above innermost lambda abstraction,
lambda x, => E end, the fully lazy lambda lifting technique will search for all MFEs, say eq..e;,
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in E. These MFEs will be extracted from the lambda body to
give (lambda vy..vyx, => E [vy/eq,..,vi/es] end) e4..e;. The extraction process is repeatedly applied
to all lambda abstractions until each of them is made into a fully lazy supercombinator. To
illustrate this fully lazy lambda lifting technique, our simple program would have to be
expressed in curried form (in order to allow the easy extraction of both ground-type and
function-type free expressions), as shown below.

---py <= dup lambda x=> + (sqr y) x end;

---dupv <= +(v3)(v4)

This program must also be converted to use single-parameter lambda abstractions, as follows.

---p <= lambday => dup lambda x=> + (sqr y} x end end;
---dup <= lambdav => + (v 3) (v 4) end;
- - -inc'(u,x) <= U+X;

In this form, we can only find one MFE, + (sary), which occurs in the inner lambda abstraction
of the function p. To extract it, the fully lazy lambda lifting technique would introduce an
intermediate function, h (i.e. a supercombinator), to hold the MFE. This extraction and the
lifting of all lambda abstractions gives:

--py <= duph (+ (sary));
---hYx < YX;
---dup v <= +(v3)(v4);

The MFE extracted, + sqr(y), is actually a partial application. The effect of this extraction is the
introduction of another function, h, which has a function-type argument, Y. Such extractions of
partial applications and the corresponding introductions of higher-order functions (with.
functioﬁ-type parameters) are the means by which fully lazy lambda lifting preserve full
laziness. However, the technique contradicts with the goal of higher-order removal
transformations because of its introduction of function calls with higher-order arguments. The
goal of our transformation is the removal of higher-order arguments and not their introduction.

To preserve full laziness, we shall propose (later in this chapter) a new full laziness
transformation technique which does not need to introduce higher-order features. We give a
brief introduction of how the new technique works here.

Instead of extracting out all MFEs, our full laziness technique will only extract out the ground-
type MFEs.
A ground-type MFE (GT-MFE) of a lambda abstraction (or a given
expression) is a ground-type free expression, other than a simple variable or
constant, which is not contained within another ground-type free expression.
Also, an expression is ground-type if it returns an object-type result, like 2,
['a''b], as opposed to a function-type result, like lambda x=> x+1 end.
Notice that simple variables or constants are not regarded as GT-MFE because they do not

cause any losses of laziness when duplicated.

The extraction of only GT-MFE will help to ensure that we do not introduce higher-order
arguments. With the earlier example, this means that we shall extract out the GT-MFE, sqary,
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rather than the MFE, + (sqry). This extraction would result in the following fully lazy program,
without any introduction of functions with higher-order arguments.

-ply) <= dup h'(sqr(y)) ;
- -h'(Y) <= lambda x => Y+x end;
- - -dup(v) <= V(3)+V(4);

Our alternative technique does not need lambda abstractions to be converted to single-parameter
lambda abstractions. This is because it could directly examine each lambda abstraction of the
form, lambda x4..x, => E end, to find and extract out the GT-MFEs that may be present in E.
However, some GT-MFEs may be trapped under function calls. These trapped GT-MFEs must
be revealed by other transformation techniques. As an example, consider the following
alternative program for p.

- - -ply) <= dup (lambda x => h{y,x) end);
- - -h(y.x) < sqr(y)+x;
- - -dup(v) <= Vv(3)+V(4);

On the surface, the lambda abstraction, lambda x => h(y,x) end in function p, does not contain any
explicit GT-MFEs. However, if we allow the direct unfold of function call, h(y,x), in the lambda
abstraction, this would reveal the implicit GT-MFE, sqr(y), trapped under the function h, as
shown below.

---Ply) <

<

dup (lambda x => h(y,x) end); ! unfold h(y,x)
dup (lambda x => sqr(y)+x end);

The use of transformation techniques, like unfolding, to reveal and allow the extraction of
implicit GT-MFEs are v1tal instruments of our new full-laziness technique. We shall see how
they are carried out later in this chapter '

4.1.5. Overview of Fully Lazy Higher-Order Argument Elimination

Previously, we illustrated the elimination of higher-order arguments without considering a
possible loss in efficiency that is closely related to the full laziness concern. In particular, the
primary technique used to eliminate instantiated higher-order arguments is unfolding. This may
sometimes duplicate (non-linear) instantiated higher-order arguments and cause possible losses
.of efficiency.

As an example, consider the fully lazy function, p, from the previous section.

- - -ply) <= dup (h'(sar(y)));
- - -h'(Y) <= lambda x => Y+x end;
- - -dup(v) <= V(3)+Vv(4);

To eliminate the higher-order argument, h'(sar(y)), in dup call of function p, we could apply the
following sequence of transformation steps.

- - -ply) <= dup (h'(sqr{y))); ! unfold dup
<= h'(sar y)(3)+h'(sar y)(4); ! unfold h' twice

(sar(y)+3)+(sqr(y)+4);

<

This sequence of transformation steps has produced a first-order function without any higher-
order arguments. However, the transformed function also contains two identical sub-
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expressions, sar(y), that arise from the duplication of non-linear function-type argument of dup
call. This redundancy is related to full laziness concern because we have duplicated a non-linear
higher-order argument with GT-MFEs.

To avoid this loss of efficiency, we must always extract out all GT-MFEs from the non-linear
function-type arguments before they are duplicated by unfolding. The only GT-MFE in h'(sar(y))
is sqr(y). Note that we are using a more general definition of GT-MFE which does not have to
be from a lambda abstraction (see the bracketed alternative in the definition of GT-MFE in
previous sub-section). Extracting this GT-MFE out with another intermediate function, pnew,
would give us:

---p(y) <= pnew(sqr(y));
- - -pnew(Y) <= dup (h(Y));

- -h'(Y) <= lambdax => Y+x end;
- - ~dup(v) <= V(3)+v(4);

The new instantiated higher-order argument, h'(Y) in pnew, does not now contain any GT-MFEs.
It could therefore be (efficiently) eliminated by unfolding the dup function call to give:
- - -pnew(Y) <= (Y+3)+(Y+4);

We shall call such a technique for eliminating higher-order arguments, the fully lazy higher-
order argument elimination transformation.

4.1.6. Outline of Stages for the Higher-Order Removal Tactic

As shown with the earlier examples, the two principal higher-order features, general

applications and higher-order arguments, can be eliminated by unfold/fold transformations.'In =

fact, we shall show that these eliminations can be formulated as automatic transformation
algorithms, which will be known respectively as:

1) Elimination of General Applications (denoted by )
2) Elimination of Higher-Order ARguments (denoted by R)

In addition, we shall also need a new full laziness transformation technique to make programs
fully lazy withour introducing any new higher-order arguments. This technique works by
extracting out ground-type MFEs from lambda abstractions, where possible. We shall show
that it can also be formulated as a transformation algorithm which will be known as:

3) Full Laziness Transformation (denoted by L)

Our full laziness algorithm shall be compatible with the higher-order removal transformations.
In particular, it will help to float out both implicit and explicit ground-type MFEs to places,
where they could be shared, before the elimination of higher-order arguments via R. This is
especially important for the fully lazy elimination of non-linear higher-order arguments.

These three transformation algorithms, A, L and R, together make up the higher-order removal
tactic. They are closely inter-related because some of these transformations may introduce
features which have to be eliminated by the other transformations. For example, the elimination
of higher-order arguments, R, may in its process introduce general applications which have to
be eliminated by A4, and vice versa.
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However, instead of organising it as a single complex transformation, it is better for us to
separate them out as three fairly independent algorithms which are applied in some appropriate
sequence. One suitable application sequence is shown in Figure 4.1. This sequence contains
three principal transformation stages (denoted by the thick arrows), which must each be applied
exhaustively to an entire program before moving on to the next stage. These stages are intended
to gradually transform our expressions to more desirable forms - starting with the elimination of
general applications, then the preservation of laziness and finally the elimination of instantiated
higher-order arguments from function calls. These stages are best illustrated by looking at the
expression forms, E1, E2a, E2b and E3, before and after each of the above three
transformation stages. The various expression forms are:

E1 -  any expression from the simple higher-order language
E2a -  without general applications
E2b - fully lazy and without general applications

E3 - fully lazy, without general applications and without instantiated
higher-order arguments (that have the variable-only property).

A- Elimination of General Applications

L- Full Laziness Transformation

R- Fully Lazy Elimination of Higher-Order Arguments

Figure 4.1 - Complete Transformation Stages for the Higher-Order
"Removal Tactlc

As mentioned earlier, the three transformation algorithms cannot be made completely
independent from one another. This is because it is still possible for the R and the L
transformations to re-introduce general applications. Nevertheless, these re-appearances can be
removed by re-invoking the A transformation, as shown by the dotted arrows. These re-
invocations will not result in non-termination, as we shall see in our termination proofs.

In this chapter, we shall describe all three transformation stages which together constitute our
higher-order elimination tactic. We begin by describing, in Section 4.2 and 4.3, the two
transformation stages for eliminating general applications and higher-order arguments
respectively. In each of these cases, we present the transformation algorithm, target expression
form and proof that our transformation is both safe and effective. For simplicity, the
presentation of higher-order argument elimination will initially ignore the full laziness concern.
This laziness issue is considered retrospectively in Section 4.4, where we present a new
approach to full laziness and show how this new approach can be made compatible with higher-
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order argument elimination. After describing these three stages for higher-order removal, we
shall show in Section 4.5 one very useful result of these eliminations, namely that we are able
to extend the previous universal deforestation algorithm of Chapter 3 to higher-order programs!
This extension will also have the advantage that it is able to eliminate lists and trees of functions.
We shall conclude in Section 4.6 by comparing our tactic to some related research works.

4.2. Elimination of General Applications

The source of the transformation stage, A, is any higher-order expression, while the target is a
class of expressions that is devoid of all general applications. We shall call the target expression
form, the applyless form, and formally define it as follows.

Definition 4.1 - Applyless Form

A term is said to be applyless if it does not contain any general applications. This
form can be described by the grammar below,

t = va|c(t{,..th) | lambda (vq,.,vy) =>tend | {(t1...t5) | 9lto.ty,...10)
va = v|va(ty,.tp)

where g and f are applyless functions.

Correspondingly, a function is said to be applyless, if its definition is made up of
applyless terms.

The distinctive feature of this applyless form is the absence of general applications. We shall
show that general applications can always be eliminated by transformation algorithm, A. This
result is stated by the following theorem.
Theorem 4.2 - Elimination of General Applications ‘

Any higher-order expression, which is well-typed can always be effectively

transformed by algorithm, A, to an equivalent term that is applyless, without any

loss of efficiency.
The theorem states that all higher-order expressions can always be converted to applyless form
if the expression is well-typed. An expression is well-typed if it satisfies the Hindley-Milner's
polymorphic type checking algorithm [Hindley69,Milner78]. This requirement is important for
proving the termination of the transformation algorithm, A, as we shall see later in
Section 4.2.3.3. Also, to convert an entire program into applyless form, we have to apply the
transformation algorithm, A, using the bottom-up conversion strategy of Section 3.4.3.1. This
will help to ensure that all auxiliary functions are always converted before their parent
functions. The proof for this elimination of general applications theorem shall be given in
Section 4.2.3.

4.2.1. Transformation Algorithm, A

The twelve transformation rules for A are given in Figure 4.2. To shorten these rules, we
frequently use the abbreviation, t4_, to denote a list of arguments, ty,..,t,.

The first nine rules (A 1 to 9) of our algorithm deal with the outer expression structures that are
already in applyless form. The structures of these outer expressions are preserved with
recursive transformations applied to their sub-expressions, where applicable.

124 Chapter 4 - Higher-Order Removal



The main general applications elimination rules occur in A 10, 11 and 12. In each of these three
rules, we start our elimination by referring to the leftmost sub-expression of the general
application. This leftmost sub-expression, e, is specified with the notation:

e (t1,..tn) (teq,...teg)..(teg b, teg)
where e is either a lambda abstraction or a f- or a g-type function identifier. These are the only
three types of general applications. We perform their eliminations with either one of the
following.

1) adirect unfold step (A10a, A11a), or
2) adefine&unfold step (A10b, A11c, A12b), or
3) afold step (A11b,A12a).

Our first choice step for removing general applications is direct unfolding (A 10a, 11a). This
direct unfolding can be used for

lambda abstractions and non-recursive f-type function calls, whose non-linear as

well as function-type arguments are either variables or constant functions (CF).
A constant function is either a constant, like 1 or 2, or a function without parameters that

returns a constant. These functions can be assumed to be pre-computed and thus will not cause
inefficiency when duplicated.

To identify the parameters which determine if direct unfolding is possible, we introduce an
annotation, @, (that can be determined before transformation) to mark all those parameters that
are either non-linear and/or of function-type for each lambda abstraction and non-recursive i-
type functions. These parameters -are assumed to 'be grouped together as parameters, vy, 4.v5 -
(as shown in 210 and A11).

With this assumption, let us consider a general application, p(3,w)(b*b), where w and b are
variables and p is a function as defined below.

- - -p(x@,v@) <= lambda a => v(x"x+a) end;

The function, p, has a non-linear parameter, x, and a function-type parameter, v. Both of these
parameters are annotated as @, However, as the arguments of the function call, p(3,w), are just a
constant 3 and a variable w, we could still perform a direct unfold using A11a. This could then
be followed by a sequence of A steps, as shown below, in order to transform the given
expression to an equivalent applyless expression without any general applications.

Z[ p(3,w)(b"b) } is transformed to: la11a
= A[ lambda a => w(3"3+a) end (b*b) ] 1210a
= A[w(3'3+b™b) ] 127
= w(a [ 3"3+b*b]) a8
= w(a[ 3*3]+Aa[ b*b]) I 88
= wA[3]*A[3]+A[bl*A[bl) 12 2,2,1,1
= w(3'3+b*b)

4.2 Elimination of General Applications 125



afv]
2fclty.tp) 1
A[ lambda (v{,..,vp) =>tf end ]

) v
)
)
43 afletv==tyinty]
)
)

c@lHl..alta D)

lambda (vq,..,vp) => 2 [ tf ] end
letv==2[14] ina[ts ]

f

g

2011
Algl
(7) 2l valtq...ty) ] Allval(alty]...2 [ty 1)

8) ALty ] A1t A [t D)

© 20gltg.tn)] =  o@ltgl-alty D)

(10) [ lambda (v1.Vm Ve 1@.Vn®@) => tf end (ty-tmtms 1 8-t @) (teq...teg)..(tea b tes) ]

L1 N | | | O

Given @ annotates each argument which is non-linear and/or function-type
a) if t,,,1..t, are variables or constants; (direct unfold)

= AL [y Vqatg vl (teq . teg). . (teg .. teg) ]
b) otherwise (define & unfold) < f new (A[t] 4 n2ltelq.g)
define and unfold lambda application
f_new(vqy pnveq o) =A [t [vi/ve,...vp/ivp]l (veq,..,vegz)..(ves, p....Veg)]
(11) 2011 -tmtme 12-1,D) (teq...teg)..(10g b teg)]
Given @ annotates each argument which is non-linear and/or function-type
a) if ty, 1..tn are all variables/CF and { Is non-recursive; (direct unfold)

< At tyivy ,..,tn/vn] {teq,..teg)..(teg  p.-teg)]

b) if f_old(v{ n.ve1. g)= f(V1..mVm+1..n) (Veq....veg)..(vez.p....veg) € def_set then (fold)
= fold@[t]q n2ltelq s
c) otherwise (define & unfold) < fnew (2[t] 4 nAltelq ¢)
define and add to def_set '
f_new(vy n.ve1 g)=T(V{ mVms+1.n) (V&1.vey)..(Vea, b, VEG)
unfold t call to give:
f_new(vqy nveq g) =2t [vi/vy,..vp/vp] (veq,...vegz)..(Vea, b....Veg) ]
(12) 21 glto.ty..n) (teq...teg)..(teg p,--teg)l

a) If g_old(vg,vq nVeq s)= 9(Vo.Ve,.n) (Vey...veq)..(Vea,p....ves) € def_set then (fold)
= gold@[tlg.nAltel s
b) otherwise(define & unfold) «  g_new(@[t]q nAltel. )

define and add to def_set

g_new(vp, V1. nveq g)= 9(vo.vy..p) (Veq,...veg)..(Veg, b....Ves)
unfold g call to glve:
g_new(pq,vy, nvey g)=R [ 194 [ViV{...vp/Vp] (veq....vey)..(veg p.-..Veg) ]

g_new(p,.V1, nveq g)=2 [1g; [Vi/Vq,..vp/Vp] (vey,...veg)..(Vea b, Veg) ]
Figure 4.2 - Rules for the Eliminatlon of General Applications

If the above condition for direct unfolding cannot be satisfied, we must instead use the
define&unfold step. For example, another general application, say p(a*3,sar)(b), cannot be
directly unfolded by A11a because of the presence of the non-linear argument, a*3, and the
instantiated function-type argument, sqr. To eliminate this general application, we must resort to
A11b which would define a new function, say p', followed by the extraction of all the
arguments before an unfold. This transformation is illustrated below.

3 jet is presently not a construct of the simple higher-order language in Section 4.1.1 but this rule represent
how it must be handled if it is present.
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2[ p(a*3,sqr)(b) ] is transformed to: I define p_int by 211b
= p_int(a [ a*3],A [ sqr].A [ b]) 12 85,1

p_int(a*3,sqr,b)

- -p_int(x,v,b) <= p(x,v)(b) ! unfold p(x,v)
<= A[lambda a => v(x*x+a) end (b) ] 1a10a
<= A[v(x*'x+b) ] 1A7,..
<= V(X"x+b) 1a7,.

We still get an applyless expression, but it is not as efficient as the earlier case. These two cases
illustrate how we would eliminate general applications without losing efficiency by the 2 rules.

In addition to the direct unfold and the define&unfold steps, we also have the fold steps (A11b,
A12a). These fold steps work in tandem with the define&unfold steps for handling recursive
function calls which might otherwise cause non-termination. They check to see if there are any
re-occurrence of general applications among the previously defined functions in def_set
(function definition set). Notice that we do not need a fold step for rule A 10 because lambda
abstractions are non-recursive and do not therefore have to be folded.

4.2.2. An Example

To illustrate the application of the transformation algorithm, A, let us consider a recursive
higher-order function, app, as shown below.

dec app : list(alpha) -> (list(alpha) -> list(alpha));

- - -app([)) <= lambda w => w end;

- - -app(a:x) » <= lambda w => a:app(x)(w) end; a
This function contains a general application, app(x)(w), which can be eliminated. To eliminate it,
we apply the A rules to each of the two RHS terms, as shown in Figure 4.3.

- - -app()) <= A flambdaw =>wend] 123
<= lambdaw=>2[w] end 121
<= lambdaw=>w end
- - -app(a:x) <= A [lambda w => a::app(x)(w) end ] 123
<= lambdaw => A [ a::app(x)(w) ] end 122
<= lambdaw=>A[a]::2 [ app(x)(w) ] end 121
<= lambdaw => a::2 [app(x)(w) Jend ' A 12b, define append

<= lambdaw => a:append(Z[x ] .A[[w])end 12 1
<= lambdaw => a:append(x ,w) end

define
- - -append(x,w) <= app(x)(w)
- - -append([],w) <= A [lambdaw=>w end (w)] 12 10a
<= A fwl 121
<= W
- --append(a:x,w) <= A [lambdaw => a:append(x w)end(w)] !A 10a
<= A [a:append(x ,w)] 'a 2,1,9,1,1
<= a:append(x,w)
Figure 4.3 - Successful Application of 2 to a Recursive Functlon
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In this transformation, an intermediate function, append, was introduced. This function,
together with function app, was eventually transformed to the following two applyless

definitions.
- -app([}) <= lambda w => w end;
- -app(a:x) <= lambda w => a::append(x,w) end;
- -append((].w) <= Wi

- -append(a::x,w)

#

a::append(x,w);

This example illustrates how recursive g-type functions could be handled by the A rules.
4.2.3. Proof of Theorem 4.2

The complete proof for the General Application Elimination Theorem follows from the
following three separate lemmas.
Lemma 4.3 - On Applyless Form

Each expression which results from algorithm A, under conditions of the General
Application Elimination Theorem, will always be applyless.

Lemma 4.4 - On Efficiency

No loss in efficiency occurs with the transformation rules of A
Lemma 4.5 - On the Termination of 2

The transformation algorithm, A, will terminate under the conditions of the
theorem.

4.2.3.1. Proof for Lemma 4.3 (on applyless form)

The first lemma can be proved by structural induction. By examining each expression which
results from the A rules, we can show that the transformred expressions-will always be =
applyless in form. This is because none of the results (on the RHS of the the A rules) contain
any general applications.

4.2.3.2. Proof for Lemma 4.4 (on efficlency)

The second lemma can also be proved by induction. In the case of the define&unfold step (in
A 10b, 11c and 12b), a subsequent unfold will compensate for the additional intermediate
function introduced. No loss of efficiency occurs here. Also, in the direct unfold steps (of
A 10a and 11a), no intermediate functions are introduced. This means that there will be fewer
function applications and thus some efficiency improvement. Similarly, folding (of A2 11b and
12a) as it is used here (for recursion) does not cause any loss in efficiency. The other rules, 2 1
to A 9, just recursively consider their subexpressions. By induction, they do not cause any loss
of efficiency.

4,2.3.3. Proof for Lemma 4.5 (on termination)

/
The third lemma on algorithm termination needs to prove two properties in the recursive rules.
These are:

(1) The presence of an upper bound on the size of expression used on the RHS of
each new function definition introduced. This would show that there will only
be a finite number of define&unfold steps of A 11b and A 12b, as any re-
occurrences of expressions encountered by these rules could always be folded,
in preference over another define&unfold step.
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(2) The other recursive rules, A 2,3,4,7,8,9,10a,10b,11a,11b,12a, must be shown
to have a well-founded decreasing measure. This would show that any
sequences of steps involving just these rules will always be finite.
If both these properties can be established, then the total number of recursive steps for this
transformation algorithm will also be finite (for any given expression that satisfies the
conditions of the theorem). We outline the proofs for these two properties separately.

To show the first property, notice that the A rules use only general applications (with variables
as arguments) for new function definitions. We could thus define the size of expression by the
maximum number of tuples which are present in each general application. This size will always
be bounded for any well-typed program. This is because each well-typed program will only
have functions whose type descriptions are finite. The type description of a function can be
described by the following grammar rule.

T = ground_type |(t4,...th) | T4 -> T2

Its description is said to be finite if it can be represented using a finitely-sized tree. Hindley-
Milner's type-checking algorithm can assign a consistent and finite typing to each function (or
expression) only if the program is well-typed.

Because of this, each well-typed general application, e(vq,...vp)(vey,...veg)..(ve,p.-.veg), Which
is used for a new function definition, will have a size (in terms of the number of tuples of

arguments) that is never more than size_ga[ type[e] ], where type[e] returns the type of the
expression, e, and size_ga is defined as follows:

size_gafground_type] = o]
size_gaf(tq,..,7n)] = o]
size_gafJt{ -> 1] = 1+ size_ga[to]

Correspondingly, in any well-typed program with a set of functions4, hy..hy,, the maximum-
sized general application, say hj(ty,..tp)(teq,...tea)..(teg  p....teg), which could result from the
functions, hy..hp,, will never be more than max{size_ga[typelh11....size_ga[type[h,,]T}. In other
words, the general applications that could result from each well-typed program will always be
bounded to a maximum size, namely max{size_ga[typefh4}1,...size_ga[type[h,,]1}, of the original
expression. As a result, the size of expressions used for new function definitions of the A rules
will be correspondingly bounded.

For example, the program of the previous section containing only one function, app, whose
type is list(alpha) -> (list(alpha) -> list(alpha)), has a bounded size, max{size_ga[ type[app] }=2. As a
result, all well-typed general applications that could result from transforming the expressions of
this program will never be more than two tuples long, e.g. app(a)(b) and never app(a)(b)(c) !

In contrast to the finitely-typed functions, infinitely typed functions may cause non-termination
with the A rules. A fictitious and illegally-typed example is the function, illegal_fn, which has an
infinite type description, as shown below.

dec illegal_fn : alpha -> (alpha -> (alpha -> (.......... ))); ! infinite type description
- - -illegal_fn(x) <= illegal_fn(x)(x) ;

4 including lambda abstractions
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This infinitely-typed function contains a general application, illegal_fn(x)(x), that can never be
completely eliminated! An attempt to eliminate it will simply result in ever larger general
applications of the form:

iltegal_fn(x{)(xo)

illegal_fn(x1)(x2)(x3)

illegal_fn(x1){x2)}(x3)..(Xp)

causing non-termination to the A rules. Such illegally typed functions should be gxcluded from
our language. This is assured by Hindley-Milner's type-checking algorithm. Notice that this
exclusion does not include the fix-point operator, fix, for primitive recursion. This is because
the fix-point operator still has a finite type description, (alpha -> alpha) -> alpha, as shown below.

dec fix : (alpha -> alpha) -> alpha ; . ! finite type description

- - -fix(v) <= v {fix(v)) ;
The other recursive steps, A 2,3,4,7,8,9,10a,10b,11a,11b,12a, can be shown to have a well-
founded decreasing measure. Firstly, there is a set of rules (A 2,3,4,7,8,9,11b,12a), which
always work on successively smaller sub-expressions. This set could rely on the size of
expressions for a well-founded measure. Secondly, there is a direct unfold rule, 2 11a, for
removing non-recursive f-type function calls that appear as the leftmost term in a general
application. We could use the function hierarchy number to show that the resulting expression
from this rule has a (well-founded) decreasing measure.

Lastly, there is a direct unfold and a define&unfold rule (A 10a,10b) for applications involving
lambda abstractions. These two rules do not have corresponding fold rules. However, notice
that these two rules always reduce the size of the present general application by at least one.
This characteristic could be used to define a well-founded decreasing measure. All these
separate measures are for the individual rules. They could be combined into a single complex
measure which decreases with each application of any of the recursive rules. Such a well-
founded measure is given and proved in [Chin90]. It is achieved in a manner similar to the
proof of Appendix S.

Because of this well-founded decreasing measure, there could never be an infinite sequence of
just these recursive steps. Together with the fact that there is only a finite number of the
define&unfold steps of A 11c,12b, the total number of steps for this algorithm will always be
finite. Hence, the termination of algorithm A, under the conditions of its theorem.

4.3. Elimination of Higher-Order Arguments

The second transformation stage, R, to eliminate higher-order arguments is more complicated
than the first transformation stage, A. One factor which adds to the complication is the need to
provide fully lazy treatment during the elimination of non-linear higher-order arguments. This
treatment is quite complex but is essential for ensuring no loss of efficiency. In order to
simplify our presentation, we shall initially ignore the full laziness concern by assuming that all
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higher-order arguments are devoid of ground-type MFEs. This issue will instead be addressed
retrospectively in Section 4.4.

4.3.1. Higher-Order Specialised Form

The source expression form to be used by the Elimination of Higher-Order Arguments, R, shall
be the applyless expression form. The target expression form for R shall be an expression form
which is devoid of all instantiated higher-order arguments (satisfying the variable-only
parameter criterion). We shall call this target expression form, the higher-order specialised, or
HO-specialised, form.

To help us define the target form, let us introduce a new parameter annotation, *, to mark each
parameter that is function-type and satisfies the variable-only criterion. (Note that this variable-
only parameter criterion is identical to that described and formally defined in Section 3.3.1.1.)
This annotation identifies an important group of arguments that are to be eliminated. With this
annotation, we can represent the two types of function calls by:

f(l1..tm,tm+1@..tn@,ht‘la..htq#) or g(to,t1..tn,ht1‘..htq‘)

The group of higher-order arguments, ht1"..htq’, annotated as * is the primary group targeted
for elimination. Also, we have continued to use the previous annotation, @, for marking all
function-type parameters (without the variable-only criterion) and all non-linear ground-type
parameters for the i-type function calls. This could help us identify some of the non-recursive
function calls which could be directly unfolded.

With this annotation scheme, we can define the higher-order specialised form as follows:
Definition 4.6 - Higher-Order Specialised Form

A term is said to be higher-order specialised if it satisfies the grammar below.
ti=va | c (t,..tp) | lambda (v4,..,v,) =>t end

114t s 1 @10 @1 "vg ") L gltoty -t vg)
vai=v | va(ty,..tp)

where v, Vg are higher-order variables, and g and f are higher-order specialised
functions.

Correspondingly, a function is said to be higher-order specialised, if its
definition is made up of higher-order specialised terms.

Notice that the specialised form does not have any instantiated higher-order arguments whose
parameters satisfy the variable-only criterion. This is because our transformation will be able to
eliminate them, leaving behind only arguments that are made up of variables (i.e. v4.vq in the
above grammar).

4.3.2. Transformation Algorithm, R

With this higher-order specialised form, we postulate that it should be possible to transform any
applyless expression to this specialised form. This suggestion is stated in the following
theorem.
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Theorem 4.7 - Elimination of Higher-Order Arguments

Any well-typed, applyless expression, composed using occurrences of functions
or lambda abstractions which are higher-order specialised, can always be
transformed, by algorithm R, to an equivalent term that is also higher-order
specialised, without loss of efficiency (assuming that full laziness is being taken
care of).

The proof of this theorem is given later in Section 4.3.6. In this section, we shall just describe
the transformation algorithm, R. This algorithm is represented by twelve rules in Figure 4.4.
Rules 1 to 7 are similar to the corresponding ones for the A rules. Each of these rules preserves
the outer structure of the current expression by recursively transforming the inner sub-
expressions, where applicable. Rules 8 and 9 deal with both f- and g-type function calls which
are already in specialised form, namely with variables as actual arguments of its parameters
annotated as °. These function calls are left alone with recursive applications of the rules applied
to the (other) arguments.

The main elimination steps appear in R 10 and R 11 for each function call that is not yet
specialised. The three primary steps used are:

1) the direct unfold step (R 10a),

2) the define&unfold step (R 10c,R 11b),

3) the fold step (R 10b,R 11a).

If the function call is a non-recursive f-type function call which can be unfolded without any
loss of efficiency, then it is directly unfolded (see R, 10a)..If this is not possible, then a new - - -
function definition is defined for the function call, with the instantiated higher-order arguments
present, followed by an unfold of the call (see R 10c and R 11b). To illustrate these two steps,
consider the following simple non-recursive function with a non-linear parameter, x (annotated
with @), and a function-type parameter, F (annotated with °).

-- -apply_f(a,x@,F°) < a+F(x"x);

To eliminate a function call, apply_f(3,w,sqr) where w is a variable, we can apply the direct
unfolding step of R 10a, as shown below.

R.[apply_{(3,w,sqr) ] is transformed, using R 10a, to:
=  R[3+sar(w'w)]

= 3+sqr(w'w)

This step successfully eliminates the previous call with a higher-order argument, sqr. However,
if we are given another function call, apply_t(3,w*w,sqr), where there is a non-linear argument,
w*w, we cannot use the direct unfold step to eliminate the instantiated higher-order argument,
sar. This is because we may duplicate w*w. Instead, the define&unfold step of R 10c should be
used to introduce an intermediate function for holding the non-linear argument, w*w. Thus, the
sequence of steps to efficiently remove the higher-order argument is as follows.
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R [ apply_f(38,w*w,sqr) ] is transformed, using R 10c, to: | define apply_f_int
= R[apply_f_intB.w'w) ] '

= apply_f int(3,w*w)
- - -apply_{_int(a,x) <= apply_f(a,x,sqr) ! unfold apply_f
<= R[a+sar(x) ]

<= a+sqr(x)

Apart from function calls with non-linear (large) arguments, the define&unfold step is also used
for recursive function calls. This is needed to introduce new function definitions that may be
subsequently used by steps R 10b and R 11a for folding recursive function calls that re-occur.
In all these three steps, the resulting expressions, together with the other arguments, are
recursively applied by R in order to convert all expressions to the specialised form.

Lastly, a very special rule for this algorithm is R 12.
(12) Rl ga(ty.-.tp) ] = R [A[Rc[gal®RIYH]...R[t, 1) 1]

This rule deals with the re-appearances of general applications during transformation. These can
re-appear because variable applications can be instantiated to general applications by the
unfolding of function calls with instantiated higher-order arguments. These re-appearances
must be removed by re-invoking the earlier A rules but we also need a nesred application of R,
rules with:

» aninner R rule applied to each sub-expression of the general application = -
(with the help of auxiliary rule R, ) prior to A, and

* anouter R rule applied to the entire expression, after A has converted the
- general application to applyless form.

The outer rule is needed because the applyless expression derived after the A rule may not yet
be HO-specialised. Its use can therefore help to remove further higher-order arguments. The
utility of the inner rules is a little more subtle. There is an interplay between the A and outer R,
rule which may cause non-termination without the presence of the inner rules. This happens
whenever a recursive sub-expression, which requires an inner R rule for folding, occurs (or
will occur) as the leftmost call of its general application. If this inner fold is not done, a looping
condition may result in the transformation. This phenomenon is best illustrated with the help of
an example (see Section 4.3.5.3). Furthermore, the termination proof of this algorithm (given
in Section 4.3.6) also requires the inner rules to be present.
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Given f(v4..vpVhy..vhe) - tf
and 9(P1.V1-VpVhy.Vhg) = tgy

g(p,,v1..vn,vh1..vhq) = ig,
(1) RIvl = v

(2) RIclty.atp)] = c®RIH]..RI[tx 1)

(3) R[lambda (vq,..,vy) =>tiend ] &= lambda (v4,...vq) => R tf ] end
(4)° R[letv==tqinty] P letve=R[t4] nR[ts]

5) R[] = f

6) RIgl = g

(7) Rlva(ty..tp) ] = RIva](RI4]...R[t 1)

@ =R ﬁ“‘1..m-‘m+1..n@"’h1..qa)Il = fRILT1. mRItTmet.nV1.q)
9) R I9ltg.nvhy.q)] = g(R[tJo.nVh1.q)

(10) R ﬂf(‘1..m'tm+1..n@- ht1..qﬁ) 1

a) if ty, 1. are all variables/CFs and f is non-recursive then (unfold)

= RIY V1 mtVmet..nhtvhy gl ]
b) if {_old(vy pn.V'y h)=t(vVq_n.hty q) € def_set then (fold)
= fold (R[] 1.m RItTm+1..nV'1.0)
where v'y_p=vars[hty g]
c) otherwise (define & unfold) & fnew (RItT1. mV'1.h

where v'y_p=vars[hty_g]
define f_new(v{ nV'{ h)= f(v1__n,ht1_.q) add to def_set
unfold t call to give:
f_new(v1.'n,v'1._h)= R[ tf [v/v,;_n,ht/vhh-q] R
(1) RI9(tg. nhty. q )1

a) if g_old(vg pn.vhy. ) = Q(Vo..n-m1..q) € def_set then (fold)

= gold (RItTo..nV'1..h)
where v'y_p=vars [hty g]
b) otherwise (define & unfold) <« g_new (RI[t1 1. nV'1.0)

where v'y p=vars [ht1._q]

define g_new(vg n.V'1_h) = 9(Vo..n.N1, ) 8dd to def_set
unfold g call to give:
g_new(py.Vy, nV'1. )= RI1G1 [VIVq nhtivhy gl ]

9_new(p,vq n Ve n)=RI1gr [VVy_ nhtivhy gl ]

(12) Rlga(ty...tn) 1 < R [A[Rx[ga] (R[], R[ta 1) 1]
WHERE

Ry [ (tq,-0tp) 1 = REf (4,101

Rx {9 (to.--th) 1 = RIg (tg,-th) 1

Ry [ lambda (vy,..vp) =>tfend] « lambda (vy,..,vp) => R [ tf ] end

Ry [ 92 (t1,.t) ] = Reloal(RIt].RItn D)

Figure 4.4 - Transformation Rules for Higher-Order Argument Eliminations

S et is presently not a construct of the simple higher-order language in Section 4.1.1 but this rule represent
how it must be handled if it is present.
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4.3.3. A Simple Example

We illustrate the higher-order argument elimination algorithm, R, with a simple function, twos.
This function, shown below, produces a list of 2's that is of the same length as its input list, x.
dec twos: list(alpha) -> list(num);
- - -twos(x) <= map(x,lambda (a) => 2 end);
The present definition uses a higher-order map call which can be specialised by applying the R
rule, as shown in Figure 4.5. Notice the re-invocation of the A rule at step <=g by R 12. This
step is needed to eliminate a lambda application which has re-appeared from an earlier unfold
step. The result of this transformation is a new first-order function for twos.

- - -twos(x) <=1 R [map(x,lambda (a) => 2 end)] ! Rule 11b, narrow map
- - -twos([]) <=y RIOI ! Rule 2
<=3 [}
- - -twos(a:ix) <=4 R[(lambda (a)=> 2 end) (a)::map(x,lambda (a)=> 2 end)] ! Rule 2
<=5 R[{lambda (a)=> 2 end) (a)] ::R [map(x,lambda (a)=>2 end)] ! Rule 11a fold
<=¢ R (lambda (a)=> 2 end) (a)] ::twos(R [x ]) ! Rule 1,12
<=7 R [A[R[lambda (a)=>2end ] (R [a])]] :twos(x) ! Rule 1,3,2
<=3 R[A[(lambda (a)=>2 end) (a )] ] ::itwos(x) ! Apply A rule
<=9 RI[2]:twos(x) ! Rule 2
<=19 2:twos(x) ! Rule 2
Figure 4.5 - A Simple Example for R

Though our transformation rules have been formulated (in general) to transform individual
expressions, we often apply them to just the RHS of function definitions. Because of this, there
is an optimisation which is sometimes possible for the define&unfold steps (e.g. R10c and
R11b). In particular, if the new function which is about to be defined is identical (modulo
renaming) to the current function whose RHS we are transforming, then there is no need for us
to introduce another identical definition. This optimised step of not introducing a new identical
function is used in the first step, <=1, of the example in Figure 4.5. We shall use such
optimised steps, where applicable, in our examples. To distinguish between the full and
optimised define&unfold steps, we shall indicate on the comment lines whenever new function
definitions have to be introduced. This should also be clear from context.

4.3.4. An Optimisation for the Nested Rules

The nested application of rules in R 12 may actually be a source of redundant transformation.
Redundancy can occur because the subexpressions that have been transformed/processed by
inner rules may be re-transformed again by the ouzer rules!

One way of avoiding this redundancy is to mark each subexpression which has been processed
by the inner R rules, with a symbol P, to indicate that the subexpression is already in higher-
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order specialised form. This marking is only needed for the inner rule applications of R 12 and
Ry. We place the markings as follows:

(12) REga (t1.-tn) ] = RIA[Ry [9a] RIHIP..RIth IP) 1]
WHERE

R.x [If (t1 r--vtn) ]]

Rx g (Iov-vtn) 1

Ry [lambda (vq,..,vp)=>tf end ]

Ry [ 0a (tq n--tn) |

RIT (t0ty)] P
RI9 (tg.ty) 1 P
lambda (v4....vp)=> R [ tf Jend P

Re[oalRIHIP...R [, 1P)

Tt

With these markings, all subexpressions that have been marked with P shall be considered as
higher-order specialised, and may therefore be left unchanged when they are re-encountered by
the outer R rules. This no change step can be handled by a special rule, R O, as shown below.

(0) RfexprP] = expr P

The markings in each of these subexpressions will remain until some substitutions (say from
unfolding) has occurred to change the subexpression and hence its form.

4.3.5. Further Examples

In this section, we will show three examples of higher-order argument eliminations, using the
optimised R rules. One of the examples, the last one, is provided to illustrate the necessity of
the inner rules of R, 12.

4.3.5.1. mapreduce : . -

Consider a very general higher-order function, mapreduce, which can be used to define two
popular higher-order functions, map and reduce, as follows:

dec mapreduce: list(alpha) # beta # (alpha # beta -> beta) -> beta;
dec map: list(alpha) # (alpha -> beta) -> list(beta);
dec reduce: list(alpha) # beta # (alpha # beta -> beta) -> beta;

- - -reduce(x,z,F) <= mapreduce(x,z,lambda (a,x) => F(a,x) end);
- - -map(x,F) <= mapreduce(x,[],lambda (a,x) => F(a):x end);
- - -mapreduce([],z,F) <= Z;

- - -mapreduce(a::x,z,F) <= F(a,mapreduce(x,z,F));

Both the above map and reduce definitions each has an instantiated mapreduce call which can be
specialised. We show, in Figure 4.6, the steps needed for specialising the call in function map.
The transformation for reduce follows in a similar way and is not shown.

Notice that the inner rules at step <=5 have managed to place P markings on some of the
transformed subexpressions. These marked subexpressions are more efficiently handled by R
0. The end result of this transformation is a more efficient direct recursive map function, without
the need for the intermediate mapreduce fynction.

This example illustrates that specialisation can also occur among higher-order functions, and
not just with first- or second-order functions.
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- -map(x,F) <=1 R[mapreduce(x,],lambda (a,x)=>F(a):x end) ]  !R 11b, unfold mapreduce

- -map([].F) <= RI0I IR2
<=3 []
- - -map(a:x,F) <=4 R[lambda (a,x). F(a):x end

(a,mapreduce(x,[],Jambda (a,x) => F(a)::x end)) ] IR 12
<=5 RIA[R[lambda (ax)=> F(a):x end ]P (R[ a} P
,R [ mapreduce(x,[],lambda (a,x)=> F(a)::x end)] A1 1
'R 3,..R 1,R 11a fold
<=¢ RIAllambda (ax) => F(a):x end P (aP,map(RIx]1.FP)] ]! R 1
<=7 R[A[lambda (ax) => F(a):x end P (aP’,map(x F)P)]1 ] !Z rule
<=3  RIF(aP):map(x,F)P ] 1R 2

<=9 RIF@)] =RI[map(x,F)P] 1R 7,1;0
<=19 F(a):map(x,F)
Figure 4.6 - Application of the Optimised ® Rules to the map function

4.3.5.2. twice_map
The next example, twice_map, will show that the R rules can also be applied to expressions

which are already in specialised form. In this case, the rule merely passes over its sub-
expressions without making any changes, as shown below.

- - -twice_map(x,a,b) <= R [ map(map(x,a),b) ] 'R9
<= maP(R.E map(xva) ]rb )I] 'R9
<= map(map(R[x].a),b)] 'R 1

<= map(map(x,a),b)

Notice that the composition of the two map calls can actually be fused together. But this must be
dealt with by a later deforestation transformation which can work with HO-specialised
expressions (see Section 4.5).

4.3.5.3. fix-point operator and R 12

Our last example uses the primitive recursion operator, fix, to define the following recursive
function, inf_int, which produces an infinite list of increasing numbers.

dec inf_int ; num -> list{num);
dec H : (num -> list(num)) -> (num -> list(num));

- - -inf_int <= fix(H);
---H(v) <= lambda n => niv(n+1) end;
- - fix(v) <= v (fix(v));

The function definition of inf_int uses a higher-order function call, fix(H). This call can be
successfully specialised by the R rules, through the sequence of steps given in Figure 4.7. The
outcome of this transformation is two higher-order specialised functions. One of them is a new
function, inf_int, that is introduced at step <=; for the general application, inf_int() (n+1).
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This example needs the inner rules of R 12 to transform successfully. In particular, at step <=7,
an inner rule is required to cause the recursive subexpression, fix(H), to be folded against the
original function inf_int. This folding is essential for allowing the newly specialised function,
inf_int, to be utilised in a subsequent transformation step.

- - -inf_int <=1 R fix(H)1 ! R 10c, unfold fix
<=  RIH(fix(H)] ! R 10a
<=3 R [ lambdan => n:fix(H) (n+1) end ] 1R 3
<=4 lambdan =>R [ n::fix(H) (n+1) Jend 1R2
<=5 lambdan=>®R [n]: R [fix(H) (n+1)]Jend IR1
<=¢ lambda n=> n: R [fix(H) (n+1) Jend 'R 12
<=9 lambdan=> n::
R I[AMRIfix(H)] (RIn+1])] Jend !' R, 10b fold,R 8,1,2
<=g lambdan=> n: R [A[inf_int()P (n+1P)]Jend ! A Rule, define inf_int'
<=9 lambda n => n = R [inf_int' (n+1P) Jend ! R 10bR 0
<=19 lambdan =>n:inf_int' (n+1)end
- - -inf_int'(n) <=11 Alint_int ()(n)] ! A Rules

<=12 A[ lambdan => n:inf_int" (n+1) end (n) ]
<=13  nuinf_int' (n+1)
Figure 4.7 - Applylng the ® Rule to Inf_int’

Without this fold step, a non-terminating situation could arise as R and A go into a loop; where -
a general application introduced by R, causes A to result in a function with higher-order
argument; which in turn re-introduces the same general application.

Such a sequence of non-terminating transformation is illuminated in Figure 4.8, assuming the
use of R 12 without its inner rules. Two new function definitions, G and H', are introduced in
this transformation. The non-terminating sequence happens at step <=13, where the re-
occurrence of a general application, fix(H)(n+1+1), forces a fold with the definition of G. This
simply results in a repetition of steps from <=4 to <=3, again and again, causing the body of
function inf_int to be gradually unrolled. The cause of this problem is that no inner rules were
present to fold an inner recursive expression, fix(H). In fact, we shall see that the need for the
inner rules are also reflected in the termination proof of the next section.
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Assume the use of R 12 without the inner R rules

- - -inf_int <=1 R[fix(H)] !' R 10c, unfold fix
<=, RIH(fix(H)] ! R 10a
<=3 R [ lambdan=>n:fix(H) (n+1)end ] 'R3
<=4 lambdan=>®R [ n:fix(H)(n+1)Jend 1R2
<=5 lambdan=>R [n]: R [fix(H) (n+1)jend 1R 1
<=¢ lambdan=> n:R [fix(H) (n+1) Jend 'R 12
<=7 lambdan=> n:R [A [fix(H) (n+1)] Jend | A rule, define G
<=g lambdan=> n:R [G(H,n+1)]Jend | R 10a
<=g lambdan=> n: R [H(fix(H)) (n+1) Jend 'R12
<=1p lambdan=> n:R [A [H(fix(H)) (n+1)] Jend ! ARule
<=11 lambdan=> n:u:R [H'(fix(H),n+1) Jend ! R 10a
<=1p lambdan=> n:R [n+i:fix(H) (n+1+1) Jend 'R2,.

<=13 lambdan=> n: n+1:R [fix(H) (n+1+1)Jend
. ...keep repeating from step <=g to <={3....

- - -G(v,n) <=14 A[tx(v)(n)] ! 2 Rule
<=15 A[v(fix(v))(n)] ! A Rule
<=1 V(fix(v))(n) ! A Rule

- - -H'(v,n) <=17 A[H(v)(n)] ! A Rule
<=13 A[lambdan=>n:v(n+1)end (n)] ! ZARule
<=19 nuv(n+1) ! A Rule

Figure 4.8 - A Looping Transformation Without the Inner Rules of R 12

4.3.6. Proof of Theorem 4.7

The complete proof for the Elimination of Higher-Order Arguments Theorem will again need
three lemmas, like those used in the proof of the General Application Elimination Theorem.
Lemma 4.8 - On HO-Specialised Form

Each expression which results from algorithm R, under conditions stated in the
Elimination of Higher-Order Argument Theorem, will be in higher-order
specialised form

Lemma 4.9 - On Efficiency

Ignoring full laziness concern, no loss in efficiency results from the
transformation algorithm R,

Lemma 4.10 - On the Termination of R

The transformation algorithm R will terminate under the conditions of the
theorem

The first two lemmas can be trivially proved by structural induction on each of the R rules. We
will not show them here.

However, the most difficult result to prove is still the last lemma which deals with termination.
This is especially difficult because the nested rules of R 12 cause the function set, from which
new definitions could be composed, to be increasing and not fixed. An increasing set of
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function symbols used by the expressions occurring during transformation weakens one of the
normal pre-conditions for such termination proofs.

Nevertheless, we can still prove the termination of our rules by considering the outer rules
separately from the inner rules. In other words, we regard the outer rules from R 12 to be
completely separate applications of the R transformation.

With this consideration, we shall provide the termination proof in two parts. Firstly, we shall
show that each sequence of the inner rule applications (excluding the outer rules in R 12) can
be shown to be finite. Secondly, we shall prove that there could only be a finite number of
times in which the outer R 12 rule could be (recursively) applied.

The first part of the proof is similar to that of previous transformation algorithms. This involves
the determination of an upper ‘bound on the size of expressions used for new function
definitions and the presence of a well-founded decreasing measure for those recursive rules,
other than the define&unfold rules with corresponding fold rules.

The second part of this proof makes novel use of the type structure of expressions, whose
degree or higher-orderness (to be defined later) will be shown to be strictly decreasing with
each encounter by the outer rule. Both these proofs would together support Lemma 4.10 stating
that transformation algorithm of R terminates (for all well-typed programs).

Part One - To show that the inner R rules will always terminates

In the first part of our proof, we define a measure, s,, for the expressions to be specialised, as

follows:
Selvl = 0
S I = 0
Srlal = 0]
Sylcty,..tp) ] = max{ Sy [t1 I....5; [t}
S; [ lambda (vy,..,vp) =>tf end ] = S [t]
Sefletve=tyinty ] = max{Sy [ t41, Sy [ to1}
Sl valty,..th) 1 = max{S,[val.s  [t1]...5; [ tn]I}
S 1t nhty g ] = max{S[t]q aScINtDq gMINtDq g
Srllg(to..nvhﬁ..qo)ﬂ = max{S[tlo nSr[ht]q qMINt]q g}
Sloalty,..th) 1 = max{s, [9al.S; [t1].,...5; [t ]}
MIv] = 0
Miexp] =  size[ exp] ! where size is the actual nesting

140 Chapter 4 - Higher-Order Removal



This measure is directly related to the maximum size of expressions used for new function
definitions during the R transformation. Notice in particular, the use the function, size, to
measure the actual nesting of each instantiated higher-order argument. Also, by the definition of
this measure, every expression which is HO-specialised will have an S, measure of 0. This
could be shown by a simple inductive proof on all the possible forms of the HO-specialised
grammar (Definition 4.6).

We can prove in Figure 4.9 that this measure, s,, is directly bounded by all the inner R rules of
the transformation algorithm. The main reasoning used in the proof is that, the unfolding of
higher-order function calls, whose function body is HO-specialised (i.e. s,=0), will never
increase the measure of the resulting expression whenever instantiations are present for only
function-type, variable-only arguments.

As the size of expressions which could be encountered (for new function definitions) is
bounded, the number of define&unfold steps (R 10c,11b) for the inner R rules will also be
finite. This is because the corresponding fold rules (R 10b,11a) will always be applied (in
preference over the define&unfold step) whenever an expression re-occurs. As for the other
recursive rules, they either operate on successively smaller expressions (e.g
R 2,3,4,7,8,9,10b,11a) or perform direct unfolds for non-recursive i-type function calls
(R10a). We can thus combine the expression size measure with the function hierarchy number
to give a well-founded decreasing measure for these recursive rules. The proof for this is again

similar to that given in Appendix 5. For the interested reader, the detailed proof appears in"-- .

[Chin90].
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Prove: For each transformation step, R [t] <...... R{I47....,where R [t ] isan
inner rule application, then Vi. s [t] 2 s [ 4]
Case for R 1 - v : nothing to prove
Case for R 2 -cty,..tp):
From the definition: §; [c(ty,.tq) ] = max{ Sy [t11....S; [t}
+ thus VYie 1.n S It < Sple(ty,. tyl
Case for R 3 - lambda (v{,..,vp) => tf end :
From the definition: 5, [ lambda (v4,..,vy) => tf end ] = S, [tf]
» thus S [f] < S [lambda (v4,..,vq) => tf end]
Case for R4-letv==tyinty:
From the definition: S, [let v==14 intp] = max{S, [t41.5; [t21}
+ thus Vie 1,2 S [t] < Spfletv==tyinto]
Case for R 5 - f : nothing to prove
Case for R 6 - g : nothing to prove
Case for R 7 - va(ty,..tp) :
From the definition: S, [va(ty,..tp))] = max{ S; [ val,s; [ t4 ....S; [tn 1}
« thus Vie 1.n Se [tj 1 s Splva(ty...tp)land S; [[va [ < S; [va(ty,...tn)]
Case for RS - f(t1..n.vh1._q“) :
From the definition: S, [[f(t1'_n,vh1”q)]| = max{S [t] n}
« thus Vie 1..n Sr ﬂti 1 < 5 [f(t1,_anh1_,q)B
Case for R9 - 9(10,,n,Vh1,,qc) :similarto R 8
Case for R10 - f(t1_‘m@,tm‘ﬂ__n,hq_-qa) :
Step a) ty,,. 1. a@re variables/CF
From the definition: 5, [f(ty_ m@.tmy1..n.ht1. gl
= max{S[th oS [htTi oMt g}
since f is HO-specialised, S, [tf }=0; = max{ S [t .S, [t14 .S OIht]4 ._q,M [htlq g}
. 2 max{ Sy [ {tvy_n.htivhy gl I}
Step b) folding step
From the definition: S, [f(ty _ m@.tmy1.nhty. o)1= max{ S [thy nSrIhtDy qMINt] o}
. thus Vie 1.n, ST < S Ity m@itmet. bty g )l
Step c) otherwise
From the definition: S; [f(t4 ..m@"‘m+1 nehty ‘_q°)]) = max{ S;[tIy nSy [ ht]y __q,M Ihtl q}
Each extracted argument is always no bigger than the expression
cthus Viet.n,  SI4] s S Ity m@imet bty gl
Also, Sp [ty mim+1..nNte. gl 2 max{ S [vely nS;[ht]y qMINt] q}
since f is HO-specialised , S, [ tf [=0; 2 max{ S; [tf .5, [ve I1..n.Sy [ ht 14 __q,M [htT4 ..q}
. -] max{ S, [ tf[ve/v1_'n,ht/vh1__q] 1}
Case for R11 - 9(‘0..nvh‘1..q“) : Similar to 10b and c.
Case for R12 - gaf(ty,..t,y) : Consider just the inner R, rules.
From the definition: S, [ga(t{,...ty)]= max{ S, [9al.s, [t] n}
« thus Vie 1.n, S, [t 1< S [oa(ty,..tp)]
Also for Rx - ga(ty,...tp) :
From the definition: S, [ga(ty,...t5)]= max{ S, [9al.s [t]y n}
« thus Vie 1.n, S [tj 1< S  [oalty...tn)] and Sy [ga [ < S; [a(ty....th)]

Figure 4.9 - Proof that the Measure, S,, Is Bounded by All the Inner R rules
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Part Two - To show that for any given expression, there is a finite number of recursive
applications for the outer R rule

For the second part of our proof, we must show that the number of times in which the outer R
rules could be (recursively) applied is finite for any given expression. In order to prove this, we
must show that there is another measure encountered by each of the outer R rules, which is
strictly decreasing (not just bounded!) with respect to the original expression.

To show this, consider a type structure, 1, which can be obtained from each expression, e, as
follows, type [el=t. This type structure can be described by the following simple grammar
which supports either ground-type (includes constructor types like list and trees), tuple-type or
function-type.

1= ground_type | (t{,..t5) | T4 > 12
With this type, we define the order (or degree) of types in each expression by:

1+the highest possible degree in the expression's arguments
using the equations:

degree [ ground_type ] = 0

degree [ (11,...75) 1 = max{degree [ 1,]...,degree [ t,]}

degree[[1; -> 15 ]

max{1+degree [ 1,],degree [ 1,1}

This degree of type will always be a finite value for each well-typed expression (with a finite
type structure). With this finite degree, we can define a new measure, called s;, which keeps a

count of the maximum possiblé degree in the instantiated higher-order arguments that are tobe

eliminated. This measure, s, will be almost identical to the previous bounded measure, s,
except for the meta-function, M, which is now given as follows:

MIv] = 0

M[exp] = degree [type [ exp] ] !type of expression
Such a new measure, s, can be similarly shown to be bounded by all the inner rule
applications. More importantly, we can also show that each of the outer R rule applications will
always have to deal with an expression whose degree that is strictly smaller than that of the
original expression. This is a very important result for the outer R rules because the presence of
a strictly decreasing sequence implies that the number of recursive outer R applications is
correspondingly finite. As a result, the nested R algorithm will terminate because this
decreasing sequence could only reduce to O (i.e. first-order specialised form when the algorithm
will definitely terminate).

More specifically, consider an initial expression, e, which contains a number of instantiated
higher-order arguments, hty..ht,, that are to be eliminated. According to the definition of s, the
maximum degree of this expression is max{degree [ type [ ht{]1}....degree [ type [ ht;11}. Now,
consider each general application, htj(t"y,...t"m)..(t4,...ty), which arises (from an instantiation of a
variable application) during the transformation of the initial expression, e. Each of these general
applications would have been instantiated by one of the higher-order arguments, hty..ht,, as
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indicated by ht,. It will also be handled by R 12 which will use its inner R rules to convert all the
arguments, t"y.t"q.t1..ty, and the leftmost sub-expression, htj, to the specialised form
(i.e. 5=0). With these inner rule applications, the function call for the outer R rule shall be:

AIRL M) RL 4 R L DR D4 DR [ty D] (3.1)

after the A rule has removed its general application. Now, this function call which will be of the
form, say p(aty..atp,bty ..btq°), may have a number of instantiated function-type arguments, say
bt..btq. These instantiated function-type arguments will have to come from the arguments of the
general application whose arguments include ®R[t"4],.R [t I..R [[t4]...R [t, ] and the
arguments of R [ ht;] (if this is a function call rather than a lambda abstraction). The reason for

this is that the A rule never eliminates any of the instantiated function-type arguments. As a
result, the Sy measure of (3.1) is always less than degree [ type [[ ht;] 1. This is because:

S 13.1]
From Definition of S; :

S5 [ p(aty..aty,bty..btg")]
max{s[at] 1, St [bt]1.q M0 1 g
Arguments, at4 ..atn,bt1..btq are in HO-specialised form after processing by the inner R rules:
= max{M[ bt] 1..q}
The instantiated function-type arguments have not been removed by A , thus:
< max{MIRIt"DD 1. mo MIRItD] 1 n.M[arguments of ht;]}
According to the definition of degree, the order of each argument is always less than that of its function:
< MIR[h]]
Now, M (and 5;) is bounded by the application of R :
< M[hy]
From Definition of M "<~ ‘degree [type { ht;1T
< max{degree [ type [ ht4]] ,...degree [ type [ ht;] ]}

Hence, the degree of the expression (3.1) is strictly less than the degree of the original
expression, e, from which expression (3.1) was obtained.

With this result, each outer R rule application will always have to deal with an expression
whose degree is even smaller than the previous outer R rule application. As there could only be
a finite sequence of decreasing s; measure (to a value of at most 0, before we get to a first-order
term), the number of outer R rule applications will always be finite. This result should not be
surprising because the essence of higher-order argument elimination is to reduce the order of
our expressions and this could not go on forever with well-typed expressions.

Thus, together with the bound on the size of expressions for inner R rules, we have succeeded
in showing that the transformation algorithm, R, (with nested rules), will always terminate for
all well-typed expressions.
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4.4. Full Laziness Concern

The fully lazy lambda lifting technique of Hughes works by extracting out maximal free
expressions during lambda lifting, in order to convert all lambda abstractions to fully lazy
supercombinators [Hughes82]. This is a useful technique because:

1) It helps to preserve full laziness in higher-order programs by allowing
common free expressions to be shared through the call-by-need parameter
passing mechanism

2) It removes free variables from lambda abstractions. This allows the
parameter instantiation operations for function calls to be compiled rather
than interpreted.

However, the classic fully lazy lambda lifting technique is nor compatible with the higher-order
removal transformation. The reason is that it works by extracting out partial applications for
sharing - causing functions with higher-order arguments to be introduced. This contradicts with
the goal of higher-order removal transformation.

Apart from this incompatibility, there are also a number of shortcomings in the original fully
lazy lambda lifting technique. The main ones are :

» It is dependent on the positional order of parameters for maximum
laziness. Different orderings of parameters can often cause different degree
of laziness. Some of these may not be optimal for all cases (see - -
[PeytonJ87]).

» It is possible for unnecessary intermediate functions to be introduced by
extracting out partially applied expressions which are free but unshared.
This can result in programs that are less efficient (see [Hudak85]).

» It is possible for space-leak to occur for partially applied recursive function
calls (see [Peyton]87] and Section 4.4.1.5 later).

These three shortcomings can be overcome by a new transformational approach to full laziness
which extracts out ground-type MFEs (GT-MFEs) rather than any MFEs. However, this
selective extraction of only GT-MFEs may itself suffer from a minor loss in efficiency under
certain circumstances. We shall show two examples of this minor loss in Section 4.4.5 and
will argue that the loss can be either avoided (by abstracting with let constructs), ignored (as
loss is normally limited) or partially rectified (with the help of further transformations).

We begin by presenting an alternative transformational approach for preserving full laziness.
This approach is made up of four main techniques which together could convert each applyless
expression to its fully lazy equivalent. We informally illustrate and describe these techniques
before presenting a formal transformation algorithm (containing three sets of rules) to
implement our full laziness transformation. Once this is done, we shall show how the higher-

order argument elimination algorithm, R, can be appropriately modified to preserve full
laziness.
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4.4.1. Various Techniques for Full Laziness

Our approach to full laziness will use a collection of four safe techniques to help float out both
explicit and implicit GT-MFEs. These four techniques are:

L(a) Extract out GT-MFEs from lambda abstractions;
L(b) Convert grounded GT-MFEs to constant functions® (CFs);

L(c) Direct unfolds of non-recursive function calls, where possible, to reveal
implicit GT-MFEs;

L(d) Re-define certain non-recursive functions, to enable unfolds that could
reveal further implicit GT-MFEs.

We shall often refer to these four techniques as L(a), L(b), L(c) and L(d) respectively. We
describe (with the help of examples) each of these techniques in the next few sub-sections.

4.4.1.1. L(a) Extract out GT-MFEs from lambda abstractions.
In the applyless form, the most appropriate places to identify and extract out GT-MFEs are the
lambda abstractions. These are the places where free expressions may exist and are most likely

to be duplicated during execution. Our transformation should search and extract out all GT-
MFEs, whenever possible, from these lambda abstractions.

As an example, consider the function, F, below.

dec F : list(num) # num # num -> list(num);

- - -F(x,A,B) <= map(x,Jambda a => a+A"B end);
This function is not fully lazy because of the GT-MFE, A*B, in the lambda abstraction of map
call. To make this function fully lazy, we must extract out its free expression through an
intermediate function, say int_F, to give:

- - -F(x,A,B) <= map(x,int_F(A"B));

- - -int_F(2) <= lambda a => a+Z end;
We suggest that it is quite acceptable to consider only ground-type MFEs for extraction. This is
true as long as there is a way of extracting out all such MFEs, that may be explicitly present or
implicitly hidden under levels of function calls. The rationale behind this is that ground-type
MEFEs are the major source of redundancy for duplicated expressions. In contrast, function-type
MEFEs require additional inputs before being complete for computation. We shall see in
Section 4.4.5 that ignoring the function-type MFEs will only suffer from a minor loss of
efficiency.

4.4.1.2. L(b) Convert grounded GT-MFEs to CFs

Ground sub-expressions (i.e. expressions without any free variables) are also considered to be
free expressions. Note the distinction between ground-type and ground. An expression is
ground if there are no free variables in the expression. This same expression could also be

ground-type provided it returns an object-type result, like 2, ['a,'b’], as opposed to a function-
type result, like lambda x=>x+2 end.

6 ground-type functions without any parameters
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However, instead of extracting them out and risk the introduction of (unnecessary) intermediate
functions for their lambda abstractions, we can introduce constant functions (CF) in their
places.

As an example, consider the function F2, as shown below.

dec F2 : list(num) -> list(num);

---F2(x) <= map(x,Jambda a => a+sqr(4) end);
This function has a grounded GT-MFE, sqr(4), in its lambda abstraction. Instead of extracting it
out as an argument of an intermediate function, we can simply introduce a constant function,
sg4, in its place as follows:

---F2(x) <= map(x,lambda a => a+sq4 end);
---sg4 <= sqr(4);

‘

By assuming that this constant function will only be evaluated once, the new program is, by all
purpose, fully lazy. This technique is similar to the one described in [PeytonJ87] for
introducing CAF’ during fully lazy lambda lifting. We differ from this primarily in our concern
with only expressions of ground-type.

4.4,1.3. L(c) Direct Unfolds for non-recursive function calls

Not all GT-MFEs are explicitly available for extraction in lambda abstractions. Some of them
may be hidden implicitly underneath function calls. An example of this is the function F3, as
shown below, with a non-recursive G3 function call, in its lambda abstraction.

- - -F3(x,A,B) <= map(x,lambda a=> G3(a,A,B) end);

- --G3(a,A,B) <= a+A’'B;. ..
This non-recursive call currently contains an implicit GT-MFE, A*B. One way of making this
MEFE explicit is to directly unfold the non-recursive G3 function call, as follows:

- - -F3(x,A,B) <= map(x,lambda a=> G3(a,A,B) end); ! unfold G3

<= map(x,lambda a=> a+A"'B end);

This method of unfolding improves efficiency and helps to reveal GT-MFEs for extraction by
the first technique, L(a).

However, we may only apply direct unfolding to non-recursive i-type function calls which do
not result in any loss of efficiency (from non-linear arguments). This restriction of only
permitting the unfolds of non-recursive i-type function calls can avoid two problems. Firstly,
recursive functions may cause non-termination if they are considered for direct unfolding.
Secondly, g-type functions may cause a violation of our language restriction (of one pattern-
matching parameter per g-type function) if they are directly unfolded.

4.4.1.4. L(d) Indirect Unfolds by Re-Defining non-recursive functions.

Lastly, not all non-recursive function calls can be directly unfolded to reveal implicit GT-MFEs.
Some of these calls may be prevented from direct unfolding by either being g-type function calls
or simply contain non-linear bounded arguments which are preventing the direct unfolds. An
example is the following function, F4, which has a pattern-matching G4 function call that is not

7 Constant Applicative Form - an expression (ground or function-type) without any free variables
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allowed to be directly unfolded.

- - -F4(x,A,B) <= map(x,lambda a=> G4(a,A,B) end);

- - -G4(true,A,B) <= A'B;

- - -G4(false,A,B) <= A;
This G4 call hides an implicit GT-MFE, A*B. One way of making this free expression explicit is
to re-define the non-recursive function, G4, to a semantically equivalent one, G4', as shown
below.

- --F4(x,A,B) <= map(x,lambda a=> G4 '(a,A,B) end);
---G4'(a,A,B) <= G4 "(a,A'B,A);

---G4"(true,AB,A) <« AB;

- - -G4"(false,AB,A) <« A;

This re-definition floats out the implicit GT-MFE and enables the new semantically equivalent
function to become unfoldable again. Unfolding this call will help to reveal the trapped free
expression, A*B, as shown below.

---F4(x,A,B) <= map(x,lambda a=> G4'(a,A,B) end); ! unfold G4'
<= map(x,lambda a=> G4"(a,A*B,A) end);

4.4.1.5. Recursive Functlons and the Space Leak Problem.
Both the direct and indirect unfolding techniques for revealing implicit free expressions are only
suitable for non-recursive functions. Recursive functions cannot be handled by these techniques

because we may run into non-termination problem. As a result, we may sometimes be
prevented from maximising the laziness of recursive functions.

However, this may be a blessing in disguise because recursive functions can cause space leak = -

problems when they are made fully lazy. This is possible because partially applied recursive
function calls may be completely unrolled (unfolded) into a large graph/code which awaits
additional arguments. Such unrolled codes may help to reduce computation but they also cause
excessive storage spaces to be consumed unexpectedly - hence the space leak problem. We
illustrate this phenomenon with the following example from [PeytonJ87].

--p <= drop 1000;

- - -drop(n,xs) <= If n=0 then xs else drop(n-1,tl(xs));
The above function, p, contains a partially applied function call, drop 1000, which could be called
(or shared) from a number of different places. Assuming the possibility of using partial
applications, this program could be converted by the fully lazy lambda lifting technique to:

---p <= drop 1000 ;
---drop n <= Ln=0(dropn-1);
- - -L bool nxt xs <= |f bool then xs else nxt (tl xs) ;

With this fully lazy program, the function call drop 1000 (in p) could be fully reduced or unrolled
by one of its invocations, as follows:

p => drop 1000
=> | false drop 999
=> L false L false drop 998

=> L false L false L false....... drop 0
= [ falsel false L false ...... L true drop -1
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This fully unrolled code (the last line) could be retained for re-use by the other calls of
function p. The sharing of this unrolled code helps to avoid some re-computation (involved in
building this code/graph). However, it also takes up considerable amount of storage space and
may even force the program to fail should insufficient memory space be available.

In contrast to the fully lazy recursive program, the original function of drop is actually tail-
recursive and can potentially be optimised into an iterative loop which requires only constant
space for execution. This could provide for a space and time-efficient program because of the
reduced memory management overheads. Other programs may not be tail-recursive but could
still have the space-leak problem avoided through a sacrifice of this form of laziness - which is
peculiar to partially applied recursive function calls.

4.4.2. Full Laziness Transformation Algorithm

The above collection of techniques can be combined together to form the full laziness
transformation. In particular, we can formalise it into a transformational algorithm that is made
up of three main sets of syntax-directed rules, L, £ and ¥. The first set of rules, L, is the main
set of rules for full laziness transformation. This set of rules performs direct unfolding and
invokes the second set of rules, E, at each lambda abstraction for the extraction of GT-MFEs.
The last set of rules, ¥, is used by E to find the GT-MFEs which may either be explicitly
present or implicitly hidden under nesting of function calls. The ¥ rules may also be involved in
re-defining certain non-recursive functions, which could not be unfolded, in order to extract out

the implicit GT-MFEs. These three sets of rules are formally presented and described in the
next few sub-sections. -

4.4.2.1. The L rules

The main set of rules for full laziness transformation, £, must be applied to each RHS of our
functions. This must be applied in a bottom-up manner to all functions of our program, in order
to convert each of them to fully lazy form. The set of L rules is given in Figure 4.10. It
performs two major tasks, namely:

» The direct unfolding of non-recursive f-type function calls, whenever
permitted (see £ 8a). This implements the technique of L(c).
» Invokes the second set of rules, £, at lambda abstractions (£ 0 and £ 7a)
for the extraction of free expressions. This leads to the techniques of L(a),
L(b), as well as L(d).
Note the use of @ parameter annotation (in L 8) to help us identify all non-linear ground-type
and all function-type parameters. This annotation is needed to avoid the unfolding of function
calls which may cause losses in efficiency (or result in further general applications). Also, we
avoid the unfolding of functions which contain lambda abstractions because such functions will
not contain any GT-MFEs after applying a bottom-up transformation.

In order to achieve these two objectives, the L rules are structured into three different cases,
depending on the first parameter, x, of the rule. The first case, x=0 (see L 0), is used when we
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are dealing with the body of the outermost lambda abstraction (the function itself). For
example, each f-type and g-type function, shown below:

---Htg.0t) < tf

-9y yty) <= g4

c-gPlyety) <= tgy

must be transformed to its corresponding fully lazy form, as follows:
- -ty t) < LO[tf]
== 9Py tyaty) <= L0 [tg4]

- -g(Pptyhatn) <= L0 [tg,]

Even though such outermost lambda abstractions do not contain any free variables, there is still
a possibility of finding ground GT-MFEs which should be converted to constant functions.
This is why the E extraction rule is invoked by L 0. The second case, x=1, is used principally to
locate each inner lambda abstraction (see L 7a) for free expression extraction; while the last
case, x=2, is used purely to search for non-recursive function calls which can be unfolded. This
last case is invoked by the E rule (see Figure 4.11, later). It simply looks for direct unfolds and
does not invoke the E extraction rule when encountering lambda abstractions (see L 7b).

(0) L Ofexpr] = E[L1[expr] ] vars[expr]

() £x[v] = v

(2) £ x[clty,..tq)] = cLx[tyh...£x[ty D)

(3) £ x[letv==tyin to ] = letv==L x[t4]inL x[t2]

4y Lx[f] = f

(5) Lx[gl = 9

(6) £ x[va(ty,..ty)] = Lxval@x[tyL...x [ty 1)

(7) L x[lambda (vq,..,vy) =>tfend ]
a) if x=1 = E[lambda (v4,..,vp)=>L 1[tf Jend ]{}
b) if x=2 = lambda (vy,...vq) =>L 2[tfJend

®) £ x[1t1 m®tme1.n)]
a) if f is a non-recursive, non-lambda function and t,,, ;  are variables/CF

then unfold
= Lx[#[tVy mtVmet..nll
b) otherwise = e XTI 1. . m@LXIt] metn)
9 L x[oltg....tp) 1 = gL x[tol,.Lx[th D)
Figure 4.10 - Full Lazlness Algorithm, L, for Unfolding and Extraction

To illustrate the use of the L rules, let us consider the following simple program.

- - -P(x) <= dup(lambda a =>h1(x,a) end);
---h1(x,a) <= h2(x*x,sqr(a));

- - -h2(x,a) <= X'x+(a+a);

- - -dup(v) <= V(3)+v(4);

The only function with a lambda abstraction is the function P. To make this program fully lazy,
we shall apply the L rule to its RHS term through the following sequence of steps.
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- -P(x) <= L O dup(lambda a =>h1(x,a) end) ] 1o
<= £ [L£1[dup(lambda a =>h1(x,a) end) ] ] {x} 'L 8b
<= E [dup(£1] lambdaa=>hi(x,a)end] )] {x} 1L 7a
<= E[dup(E [ lambdaa=>L1[hi(x,a)] end] {}) I {x} 1 L 8a, unfold
<=

E [dup(z [ lambdaa=>L1[ h2(x*x,sqr(a)) ] end] {})]{x} !L 8b,.

<= E [dup(E [ lambda a=>h2(x*x,sqr(@))end] {} )] {x}

These steps have accomplished two tasks. The first task is the direct unfolding of function call,
h1(x,a), to h2(x*x,sqr(a)). This helps to reveal the implicit GT-MFE, x*x. The second task is the
strategic placements of two E rule applications, ready to extract out all the explicit and implicit
GT-MFEs. The outer E rule application will be used to extract out all grounded GT-MFEs
because the complete set of variables, namely {x}, is considered to be bounded. The inner E
rule application will be used to extract out GT-MFEs from the inner lambda abstraction.

We shall look at the E rule next and will continue (later) with this example in order to illustrate
how the GT-MFEs are extracted.

4.4.2.2. The £ rules

Both the explicit and the implicit GT-MFEs must be extracted by the E rules of Figure 4.11.
These rules iteratively extract out GT-MFEs relative to a set of bounded variables, bset.

E[ expr J bset .
let (expr*, feq p.veq p)==F [expr] bsetin
1) i p21
let (expr”, fe'y q.ve'y q)==CF [ (expr*, feq p.veq p)l In
a) If g1 ' = ~Lnew(fe'1__q,vr1__z)
where vry_j==vars [expr*']-ve'y q
define f_new(ve'y qvry z)=F [L2[expr']] {ve'y qvry 7}
b) if q=0 = E[L2[exprr'] ] bset
2) p=0 = expr
WHERE

Cr [ (exfe:fe_lt,verve_It) ]
a) If fe Is grounded then « Cr [ (ex[f_CF/te),fe_It,ve_It]
define { CF =2 [fe] ! constant function
b) otherwise &= (ex’, A [fe J::fe_It',ve:ve_lt',)
where (ex'.fe_It'.ve_It')==CF [ (ex,fe_lt,ve_lt) ]

Figure 4.11- £ Rules for the Repeated Extractlon of GT-MFEs

The actual extraction is done with the help of the F rule. This is applied until no more GT-MFEs
are left in the given expression. This iterative step occurs in £ 1a and E 1b, and terminates with
E 2 when no more GT-MFEs are found. Also, for each GT-MFE extracted, the rule uses an
auxiliary meta-function, CF, to check if the MFE is:

1) aground GT-MFE, and/or

2) a general application.

If it is a grounded GT-MFE, the C¥ rule will convert it into a constant function. If it is a general
application, the A rule will be used to transform it to applyless form. There is a possibility of
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getting general applications because we are performing this full laziness transformation before
the elimination of function-type arguments. These function-type arguments may cause the
instantiations of variable applications to general applications during the extraction process.

The earlier example from the previous section contained two un-evaluated E rule applications,
as shown below.
- -P(x) <= E [dup(E [ lambda a => h2(x"x,sqr(a)) end ] {}) {x}

We are now ready to show the (abbreviated) steps for the extractions of GT-MFEs by the £
rules. These extractions will help to produce a fully lazy program. At each invocation of the E
rule, the F rule is called to search for both explicit and implicit GT-MFEs. In this illustration,
we shall show the results of the F rule application as brief comments (the details are given in the
next section). Each of these F applications returns a tuple of three items, namely the new
expression after extraction, a list of extracted GT-MFEs and a corresponding list of new
variables which replace the extracted GT-MFEs. They are important because the presence or
absence of GT-MFEs determines precisely what must be done by the E rule, as illustrated
below.

- --P(x) <= E [dup(E [ lambda a => h2(x*x,sqr(a)) end ] {} ) {x} ! £1a,extract
| ¥ [ lambda a => h2(x*x,sqr(a)) end J {}
| returns (lambda a => h2(A,sqr(a)) end,[x*x],[A])
<= E [dup({n1(x*x)) ] {x} ! E 2,terminate
1F [dup(fn1(x*x) ) J{x}
| returns (dup{ fn1(x*x) ).IL.I})
<= dup(fn1(x*x))
Definefniby £~ -

- - fn1(A) <= E[ lambdaa=>L 2 h2(A,sqr(a)) ] end] {} I £ rule,try unfold
<= E[ lambdaa=> h2(A,sqr(a))end ] {} | E1a,extract
I¥ [lambda a => h2(A,sqr(a)) end ] {}
I returns (lambda a => h2'(B,sqr(a)) end,[A*A],[B])
<= fn2(A"A)
Definein2 by £
- - -fn2(B) <= E[ lambdaa=>L 2] h2'(B,sqr(a)) ] end ] {} ! L rule,try unfold
<= E£[ lambdaa=>h2'(B,sqar(a))end ] {} ! E£2 terminate

17 [ lambda a => h2'(B,sqr(a)) end ] {}
I returns (lambda a => h2'(B,sqr(a)) end,[],[])
<= lambda a => h2'(B,sqr(a)) end
Re-Define h2 to h2' by ¥

- --h2'(B,a) <= B+(a+a);
The result of the above extractions is the following fully lazy version of P.
- - -P(x) <= dup(fn1(x*x));
-- n1(A) <= 1n2(A*A);
- - -fn2(B) <= lambda a => h2'(B,sqr(a)) end ;
- - -h2'(B,a) <= B+(a+a);

Two intermediate functions, fn1 and fn2, were introduced by the E rules to hold the extracted
GT-MFEs. Also, another new function, h2', was introduced by the F rule to help extract out the
implicit GT-MFE from a function call, h2(A,sar(a)), which could not be directly unfolded. Each
of E rule terminates whenever no more GT-MFEs are found by the ¥ rule.
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4.4.2.3. The F rules

The search for GT-MFEs is carried out by the F rules of Figure 4.12. Each of these rules takes
an expression, e, together with a set of bounded variables, bset, in order to return a tuple of
three items, namely:

(1) a new expression, e*, derived from the original expression, e, by
extracting some or all of its GT-MFEs. (Note the use of notation, e*, to
denote an expression which has just been processed by ¥ .)

(2) alist of ground-type MFEs, say feq p, extracted from e which are free
relative to the bound variables in bset. A given expression is free relative
to a set of bounded variables, if none of the bound variables are contained
in the given expression.
(3) a corresponding list of new variables, vey_p, to replace the GT-MFEs
of (2)
Every expression examined by ¥ is initially tested to see if it is a ground-type free expression by
F 1. If it is not, then one of the remaining F rules is invoked instead.

Of particular interest are rules ¥ 9 and 10 for dealing with function calls. Initially, the
arguments of these calls are tested to see if there are GT-MFEs among the arguments. If there
are, then these GT-MFEs are extracted through F 9a and 10a. But if there are no GT-MFEs in
the arguments and if the function call being dealt with is a non-recursive and non-lambda
function, then we can search for implicit free expressions that may be present in the body of our -
functions (see rules F 9b.2 and 10b;2) via the technique of L(d). In this search for implicit GT-
MFEs, we must propagate the function calls arguments' status to indicate if they are free or
bounded, using the meta-function, divide_arg. Successful location of implicit GT-MFEs, will
involve the re-definition of these non-recursive functions, according to L(d), in order to float
out the located GT-MFEs. This re-definition is done at steps F 9b.2.2.1 and 10b.2.2.1.

Lastly, an auxiliary meta-function F_list is also used in our rules. This rule merely deals with
the extraction from a list of expressions rather than from a single expression (as in ).

(1) Fle]bset
if eis a GT-MFE relative to bset (and not a variable or a constant) then

< (ve,[e][ve]) ! where ve is a new variable
(2) F[v]bset < (WL
(8) Flc(y,.ty) I bset < (c(thq,..t"p).fe_ltve_lt)
where (t*4,..1".fe_lt,ve_It)==F _list [ t4,...t, ] bset
(4) 7F [letv==tqinta]bset < (let v==tty inthy, fe_lty<>fe_lty,ve_lty<>ve_lty)

where (t*{,fe_it{,ve_lt{)==F [t ] bset
where (t'5,fe_Ito,ve_lto)==F [ to ] bset U {v}

(6) 7 [t]bset < (L0.0)
(6) 7 [g]bset < (.}
(7) Fva(ty...ty) ] bset &= (var(thq,..t%q).fe_lt'esfe_lt,ve_lt'esve_lt)

where (t"1..t" fe_lt,ve_lt)==F _list [ t4..t, ] bset
where (va’fe_lt',ve_lt')==F [ va ] bset
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(8) 7 [lambda (v{,..,vp)=>tf end ] bset
& (lambda (vq,..,v,) => tf* end,fe_It,fv_It)
where (tiAfe_lt,ve_lt)==F [tf ] bset U {vq,..,vp}
(9) FILf(ty...ty) D bset
let (thq..t%, feq ..p,ve1..p)==}'_llst [ty..th] bsetin
a) if p>1 then < (f(t"q...t%)feq pveq p)
b) if p=0
b.1) if f is a recursive, primitive or a function with a lambda abstraction then
e (ftq.ta) L)
b.2) let (free,bounded) ==divide_arg [ t1..t,] bset in
b.2.1) if free={} < (H(ty,. )00
b.2.2) If freex{}, given f(vq,..,vy)=tf
let (tfrfe'y q.ve'1. .q)=F [t 1Vbounded IN
b.2.2.1) if q=21 &= (f_n(ve'1“q,vr1__Z,vbounded) [t/V1“n ],

fe'y. qltV1..n lve's q)
where vry_j==vars [tf"]-veq g Vhounded

define 1_n(veq p.Vr{ z:Vbounded)=tt"
b.2.2.2) if q=0 = (fity..ta) L0
(10) F [ gltg.-..ty) 1 bset
let (1"g..t"n.feq .pveq ._p)==}'_list [to.ty Qbsetin
a) if p=1 then = (g(t"o,..,t"n),fe1"p,ve1“p)
b) if p=0
b.1) if g Iis a recursive or lambda fn then
&= (g(to,,tn),[],[])
b.2) let (free,bounded) ==divide_arg [t4..t,] bset in
b.2.1) if free=(} < (9(tg...tn) LD
b.2.2) if free={}, given g(pPq1.Vys-Vp)=tay -

g(Pr.V1.Vn)=tgr
let (tg”q..19%; [fe'y q.ve'y q)=F_list [tgq..tg, ] vars[py..p;] U Vpoynded!n
b.2.2.1) if p=1 = (9_"00"’9'1..qva1..z-Vbounded) vy nl
te'y q [Vv1..n lve'y g)
where vry j==vars [1g"1.19% ]- ve'{ _g- Vbounded- Vars(p1..ry]
define g_n(py,ve'y, q.Vr1. z:Vbounded)=19"1

g_n(pr.ve'y, qVr1..z:Ybounded)=t9"
b.2.2.2) If p=0 e (gtg,to) LD

WHERE
F _list [[] ] bset < (.00
F _list [ t:irest ] bset < (thiresth fe_lte>fe_rest,ve_lte>ve_rest)
where (t*,fe_lt,ve_It)=F [t] bset
where (rest? fe_rest,ve_rest)=F _list [ rest ] bset
divide_arg [[] ] bset < (L.
divide_arg [t;::rest ] bset < Htis free relative to bset then (i::freed,bounded)

else (freed,i::bounded)
where (freed,bounded)==divide_arg [rest] bset

Figure 4.12 - ¥ Rules to Find both Expliclt and Implicit GT-MFEs

It is important to note that the F rule will always extract out the explicit GT-MFEs before the
implicit ones. Also, each invocation of the F rule often extracts out only some of the GT-MFEs.
This effectively means that we may have to apply the F rules a number of times before all the
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GT-MFEs could be extracted. This repetitive extraction of GT-MFEs is, however, handled
outside the F rules (e.g. by the E rule).

We are now really to illustrate the extraction of GT-MFEs (by ¥) using the earlier example from
the previous section. There were four invocations to the F rules but only two of them produced
any GT-MFEs. We illustrate the two invocations which result in GT-MFEs below.

F [lambda a => h2(x"x,sqr(a)) end J{} 178
= (lambda a => tf end fel,vel) where (tf,fel,vel)==F [ h2(x*x,sqr(a)) J{a} !F9a
(lambda a => tf end,fel,vel) where (tffel,vel)==(h2(A,sqr(a)).[x*x],[A])
(lambda a => h2(A,sqr(a)) end,[x"x],{A])
¥ [ lambda a => h2(A,sqr(a)) end ] {} 1¥8
(lambda a => tf end,fel,vel) where (if,fel,vel)==F [ h2(A,sqr(a)) 1{a} ! F9b221 define h2'
(lambda a => tf end,fel,vel) where (tf fel,vel)==(h2'(B,sqr(a)),[A*A],[B])
(lambda a => h2'(B,sqr(a)) end,[A*A],[B])
Defined by ¥ 9b.221
- - -h2'(B,a) <= B+(a+a)

The first invocation of the F rule results in the extraction of an explicit GT-MFE, x*x. The
second invocation is slightly more complex because it involves the re-definition of h2 to h2' (by
step F 9b.221). This re-definition results in the extraction of implicit GT-MFE, A*A.

As for the other two invocations which did not result in any GT-MFEs, the sequences of rule
applications are as-follows.

F [ dup(in1(x*x)) T {x} 179
= let (t1,fel,vel)==F list [fn1(x*x) J{x}in ?1 1F9
= let (t1,fel,vel)==let (12,fe2,ve2)==F list [ x*x J{x} In ?2in 21 ---- - 1F9b1
= let (t1,fe1,vel)==let (t2,fé2,ve2)==(fn1(x'x),[],[]) in 71
= let (t1,fe1,vel)==(fn1(x*x),[L[}) In 2?1 1 F9b21
= (dup(tn1(x*x)).[1.[})

F [lambda a => h2'(B,sqr(a)) end ] {} '¥8

= (lambda a => f end,fel,vel) where (tf fel,vel)==F [ h'(B,sqr(a)} J{a} !¥9a
= (lambda a => tf end,fel,vel) where (tf fel,vel)==

let (t1,fe1,vel)==F list [[B,sqr(a)] J{a} In 1¥9
= (lambda a => tf end,fel,vel) where (if,fel,vel)==
let (t1,fe1,vel)==([B,sqr(a)l.[l.[]) in 21 1 F9b222

= (lambda a => tf end,fel,vel) where (tf fel,vel)==(h'(B,sqr(a)),[].0})

= (lambda a => h'(B,sqr(a)) end,[],[])
To simplify the above presentation, we have used the notations ?1 or 72 to denote some
outstanding operations which depended on the result of the corresponding ¥ _list rule
applications. Also, certain steps in the above derivations have been abbreviated.

4.4.3. Fully Lazy Elimination of Higher-Order Arguments

After the application of the full laziness transformation, L , our program will be in a form that is
more amenable to fully lazy higher-order argument elimination. In particular, all of the lambda
abstractions will not have any explicit or implicit GT-MFEs, as these would have been extracted
out. Furthermore, all grounded GT-MFEs would also be converted to CFs.

Based on this fully lazy expression form, it is only necessary to modify two rules of R to make
the higher-order argument elimination algorithm fully lazy. The two rules which need to be
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changed are R 10 and 11 for dealing with function calls with instantiated higher-order
arguments. We change these two rules by introducing an irerarive step in each of these rules.
This iterative step searches for all GT-MFEs in its function call's non-linear higher-order
arguments.

The two iterative steps are shown in Figure 4.13 as R10d and R11c. They must be applied,
where possible, in preference over the other steps (namely R10a,10b,10c,R11a and 11b of
Figure 4.4) of the same rules. If GT-MFEs exist in the non-linear higher-order arguments, they
should be extracted out using intermediate functions as shown in R 10d and 11c. The resulting
expression for the intermediate function is then recursively subjected to the same R rule, until
no more GT-MFEs are found. At this stage, the non-linear higher-order arguments can be
duplicated, without loss of efficiency, by the other steps of the rules (in Figure 4.4).

Notice that the variable-only higher-order arguments are now divided into two groups, ht, ._p**
and hty, +1_‘q°“. The first group, with an additional ¢ annotation, is for the linear parameters,
while that with the additional = annotation is for the non-linear parameters. Also, we make use
of the meta-function, F_list, to search for ground-type MFEs in the iterative steps.

L] 1]
(10) R [f(t4 ..m@v‘m+1..nvht1..p Fhtpe1.q7) ]

d) let (ht"p+1__q,fe1_'a,ve1_.a)==}‘_llst [[htpﬂ_.q]] {} in
it a2t (GT-MFEs exist)

&  f_new(vr{ R [fel{ a)
where vry_j=vars[ty p,hty pl

define f new(vr1 zveq. a) =® [ty m,tm+1 nhty phthpi1 g1
(11) R Laltoty..nhty p Tihtoyt.q )]

c) let ("5, 1 qfe1. aveq. a)==F_list[hty 4 gl{}In
if a1 (GT-MFEs exist)

= f_new(vry -, R [fe] 1 a)
where vrqy_j=vars[tg n.hty ..p]
define t_new(vry_;.vey a)==R [9dltg.ty nhty pht'piq g) ]

Figure 4.13 - Additlonal Sub-Rules for Fully Lazy Higher-Order Arguments
Ellmination

4.4.4. An Example

With the modified R rules, we can now give an example of fully lazy higher-order argument

elimination. Our starting point is the following set of three functions, which are applyless in
form.

dec main : list(num) # num # num -> list(num);

- - -main(x,A,B) <= map(x,lambda y=> f_1(y,A*B) end);
--4_1(y,A) <= f_2(y'y.A+A);
---4_2(y.A) <= y'y+sar(A);

The full laziness transformation, L, can transform it to a new set of fully lazy functions, as
shown below.
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- -main(x,A,B) <= map(x,ll_x(A*B) ;

- -Il_x(A) <= [lI_x2(A+A);

- -ll_x2(A) <= |_x3(sqr(A));
- - -ll_x3(A) <= lambday => f_2a(y"y,A) end ;
- - -f_2a(y,A) <= Y'y+A;

In making the above program fully lazy, three intermediate functions, Ii_x, Il_x2 and I|_x3, are
introduced to lift out some ground-type MFEs in the lambda argument,
lambda y=>f_1(y,A*B) end. This new fully lazy program also has a new function, f_2a, which
arises out of a re-definition of function t_2. This re-definition is needed because the original f 2
call cannot be directly unfolded (as it would duplicate the bounded subexpression y*y). Also,
two earlier functions, f_1 and f_2, are not included in our program because these are no longer
needed by main.

The above fully lazy program can subsequently be transformed by the modified R rules to give
the following efficient higher-order specialised program.

- - -main(x,A,B) <= main_1(x,A*B);

- - -main_1(x,A) <= main_2(x,sqr(A+A)) ;

- - -main_2([],A) <= [];

- - -main_2(a:x,A) <= {_2a(aa,A):: main_2(x,A) ;

- --f_2a(y,A) <= Y'y+A;
The result of this transformation is a set of first-order functions. Two new intermediate
functions, main_1 and main_2, are introduced to lift out ground-type MFEs, prior to the
elimination of the higher-order map call. Also, all the previous intermediate functions, Il_x, Il_x2
and Il_x3, are eliminated® because they have been unfolded out. -

4.4.5, Possible Losses of Efficiency

In order to remain compatible with the higher-order argument elimination, we have constrained
the full laziness transformation to extract out only ground-type MFEs. This restriction may, at
times, cause a loss of efficiency because it is possible for function-type MFEs to cause
redundancy when duplicated.

There are two sources of function-type MFEs (FT-MFEs) which may cause some loss in
laziness or efficiency in our full laziness transformations. The first source is from the non-
recursive g-type functions, while the second source is from the recursive functions (both {-type
and g-type). They both arise out of our inability to directly unfold their respective function calls.
We discuss both forms of FT-MFE next and suggest possible solutions to minimise the loss of
efficiency.

8 This example shows that though additional intermediate functions may be created by program
transformation, it is also possible for some of the older functions to be eliminated whenever they are no

longer referred by the main function. This is particularly true, when we move from one transformation tactic
to another.
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4.4.5.1. FT-MFEs from g-type functions

Consider the following higher-order program,
dec Floss:num # truval -> num;
dec app_twice: (alpha -> alpha) # alpha -> alpha;
- - -Floss(x,b) <= app_twice(if(b,sqr,cube),x);

- - -app_twice(f,x) <= f(f(x));
- - -if(true,f,g) <= f;

- - -it(false,f,g) < 0;

- - -sqr(x) <= X'X;

- - -cube(x) < X'X'X ;

where the app_twice call in function Floss contains a function-type MFE, if(b,sqr,cube). This MFE
is also a higher-order argument which needs to be eliminated. The fully lazy R rules cannot
extract it out because this would result in another intermediate function with the same higher-
order argument. Instead, the present R rules will simply eliminate this function-type argument
through the following sequence of (abbreviated) steps.

- - -Floss(x,b) <= app_twice(if(b,sqr,cube),x); ! unfold app_twice
<= if(b,sqr,cube) (if(b,sqr,cube) (x)); ! eliminate general application
<= if(b,sqr(it(b,sqr,cube) (x)),
cube(if(b,sqr,cube) (x)) ); ! eliminate general application

<= if(b,sqr(if(b,sqr x,cube x)),cube(if(b,sqr x,cube x));

This elimination results in a function that is higher-order specialised, but it also incurs a minor
loss in efficiency. The conditional if function with the common test variable, b, will be evaluated
twice, as opposed to once, in the newly transformed program.

The main cause of this loss of éfficiency is that we did not allowed the non-recursive g-type
function calls to be directly unfolded. The reason for this restriction is that we wanted to adhere
to the original language specification of one pattern-matching parameter per g-type function. If
this language restriction could be lifted, we can avoid the loss of efficiency by a sequence of
transformation steps which involve the direct unfolding of g-type function call, if(b,sqr,cube), as
shown below.

- - -Floss(x,b) <= app_twice(if(b,sqr,cube),x); ! unfold if function

- - -Floss(x,true) <= app_twice(sqr,x); ! unfold app_twice
<= sqr(sar(x));

- - -Floss(x,false) <= app_twice(cube,x); ! unfold app_twice
<= cube(cube(x));

In this particular example, the only violation of our language is that the pattern-matching
parameter of the resulting function did not appear as the first parameter. Additional work would
have to be done to transform the resulting program to comply with the original language
restriction. Though the language restriction is not essential for the higher-order removal tactic, it
is important for the deforestation transformation (of Chapter 3) which could be applied after
higher-order removal, as we shall illustrate in Section 4.5.

4.4.5.2. FT-MFEs from recursive functions

Another source of function-type MFEs is from the recursive functions. An example of this is
the following program.
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- - -Floss2(w,x) <= app_twice(appd(w),x);

- - -appd(w) <= lambda y => append(w,y) end ;
Here, we have a function-type MFE, appd(w), which originates from the partial application of
recursive append function (which cannot be directly unfolded). As a result, the higher-order
argument elimination transformation would be as follows:

- - -Floss2(w,x) <= app_twice(appd(w),x); ! unfold app_twice
<= appd(w) (appd(w)(x)); ! eliminate general application
<= append(w,appd(w)(x)); ! eliminate general application

<= append(w,append(w,x));

The resulting function will traverse the parameter, w, twice. In contrast, an equivalent function
that results from fully lazy lambda lifting need only traverse the parameter once with the help of
code unrolling technique (as illustrated in Section 4.4.1.5). Code unrolling (from fully lazy
lambda lifting) is a form of laziness which is peculiar to partially applied recursive function
calls. It is inherently dependent on higher-order facility to support. There is just no way we
could support this laziness while purporting to the goal of higher-order removal. The space leak
problem associated with this form of laziness may persuade the reader that this form of laziness
is not always desirable.

4.4.5.3. Copling with the Loss of Full Laziness

We would like to suggest three possible courses of action which could be taken, in response to
the loss of laziness from the two kinds of function-type MFEs. These are:

+ ignore the loss of laziness
 avoid the loss of laziness
* recover some of the loss of laziness

The first option is to ignore the loss of laziness. This appears to be quite acceptable provided
there are not too many intermediate g-type function-type calls which are FT-MFEs. This is
because real losses of efficiency could occur otherwise. As for function-type recursive calls, the
loss of laziness may be justified by a trade-off with the space-leak problem. Furthermore, the
removal of higher-order features may well compensate this small loss of efficiency.

A second more conservative action is to avoid the loss of laziness totally. This can be achieved
by using the let construct to extract out all FT-MFEs. For example, the first example of
function, Floss, can simply avoid its loss of laziness by transforming to:

- - -Floss(x,b) <= let v==if(b,sqr,cube) in app_twice(v,x);

This let construct does not result in higher-order argument elimination but helps to make the
expression appears pseudo-specialised.

A better approach is to try and recover the loss of efficiency from the g-type function calls but
ignore the loss from the recursive function calls. We have seen how the loss of laziness from g-
type function calls could be recovered by permitting direct unfolds to these calls. However, we
shall also need to tidy up the program after this elimination. As for the function-type MFEs of
recursive functions, the loss of laziness is irrecoverable because this laziness is intrinsically
dependent to partially applied expressions of higher-order (curried) programs. This loss is
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acceptable if the prevention of space-leaks is also as one of our objectives.

4.4.6. Termination of the Full Laziness Transformation Rules

There are a number of rules involved in the preservation of full laziness transformation. The
main rules are R, L (three cases), E and F. These rules fall under the following invocation or
calling hierarchy, namely {L0>L 1>E > L 2}, {€ >F} and {R > F}. Apart from these
rules, there are also a number of auxiliary rules, e.g. F_list, CF, divide_arg, but these can be
trivially shown to be terminating, as long as the main rules are terminating. We shall therefore
be concerned with just the main rules in our outline of the termination proof.

To prove that the entire full laziness transformation algorithm terminates, we have to prove that
each of the above recursive rules (except L O which is non-recursive) terminates, and does not
affect the termination of the other rules which use it. The full termination proof for each of these
rules is given in [Chin90]. In this section, we shall merely outline the essence of these proofs.

Starting, with the F rule (which lies at the bottom of the hierarchy), we can see that each of its
recursive rules either (1) operate on successively smaller sub-expressions or (2) operate on the
bodies (RHS) of non-recursive functions (to look for implicit GT-MFEs). These rules can
therefore have a well-founded decreasing measure that is made up of the function hierarchy
number combined with expression size. Similarly, the recursive L 1 and L 2 rules either
operate on successively smaller sub-expressions or perform direct unfolds of non-recursive
function calls. These recursive rules could similarly have a well-founded decreasing measure
based on the function hierarchy number and expression size. -~ -

Rule £ is also recursive but has a termination property that is tied very closely to the Frule. In
particular, it repeatedly extracts GT-MFEs from its expression and will terminate only when no
more GT-MFEs remain. To show that this repeated extraction terminates, we must show that
each application of F extracts out some GT-MFEs, in such a way that there are fewer GT-MFEs
left in the resulting expression.

To prove this, we simply define a GT-MFE measure to count the maximum number of
extractable GT-MFEs (by F ) that is present in any given expression. The equational definition
for this measure will essentially mirror the recursion structure of . It will always return a finite
value because such a recursion structure has been shown (for ) to be terminating. Having
defined this GT-MFE measure, we could prove (by induction) that each eipression that results
from an application of F will always have a measure that is either (1) less than the measure of
the original expression, or (2) zero, (i.e. unchanged from the original expression which also
has a measure of zero; no more GT-MFEs). This well-founded decreasing measure is sufficient
to prove that the E rule will terminate.

Rule R 10d and R 11c also repeatedly invoke F until no more GT-MFEs could be found. By
the same reasoning as the E rule, this could not go on forever. As a result, each sequence of
repeated extraction of GT-MFEs by R 10d and R 11c will always be of finite length. As these
repeated extractions are made up of finite sequences, which always come just before the other
steps of rules R 10a,b,c and R 11a,b, we could never obtain an overall sequence of steps that is
160 Chapter 4 - Higher-Order Removal



infinite. The reason for this is that there is only a finite number of steps for R 10a,b,c and R,
11a,b (previously proved).

4.5. Deforestation for Higher-Order Expressions

There are two major advantages of the higher-order removal transformation algorithms, A, £
and R. The first advantage is the efficiency gain that results from the absence of higher-order
features; while the second advantage is the presence of a much simpler higher-order specialised
form that is as close to first-order expressions as our transformations will produce for us.

The simpler expression form is an advantage because it helps to ease the extensions of various
implementation, analysis or transformation techniques, from first-order programs to higher-
order programs. In particular, it is only necessary to consider the extensions of these techniques
to the specialised form. Once they work for expressions of this form, we can safely assume that
they will also work for any higher-order expressions because these can always be converted to
the specialised form by the earlier transformations.

In this section, we shall consider an extension for the Universal Deforestation transformation,
which has already been shown in Chapter 3 to work for all first-order programs. Our extension
involves the modifications of Universal Deforestation rules to cope with the vestiges of higher-

order features (e.g. variable applications and lambda abstractions), which remains in the HO-
specialised form.

We shall call the suitably modified rules,.which could deforest HO-specialised expressions, the = -

higher-order deforestation transformation rules. However, before presenting the full
modifications required, we shall first present an appropriate parameter annotation scheme and
target expression form for this new result.

4.5.1. Parameter Annotations for Higher-Order Deforestation

For the purpose of higher-order deforestation, we need to categorise the parameters of our
function calls into three major groupings. These three major groupings will be marked by the
following parameter annotation scheme:
Definition 4.11 - Annotation Scheme for Higher-Order Deforestation

Each parameter in a function call will be marked with one of the following

annotations depending on whether certain criteria are present. These

annotations are:

¥ if the parameter is linear, variable-only and of tree-like type
if the parameter is variable-only and function-type

=  otherwise
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With this annotation scheme, we can present the function calls (from the HO-specialised
expressions) in one of the following forms:

(4%t P tmaq ™t Vhy g )

or gltg™.ty *”..tm*‘.tmn“..tn",vmn..vhq“)

or 9(to™ 1%t Tt 1" An"Vhy -Vhg )
The most important of these parameter groupings is the first group, ty..t,, for linear, variable-
only and recursive-type parameters. This group is important because they represent intermediate
terms (arguments) that are targeted for elimination by the deforestation stage. In addition, we
also have the higher-order arguments, vhy..vhg, which were significant in the previous R
transformation stage. This group of arguments should be variables because their instantiated
counterparts would have been eliminated by R, The remaining arguments, which do not satisfy
the criteria of the first two groups, will be lumped into t.,,4..t,. Also, as before, there is an
additional pattern-matching parameter argument, ty, for g-type function calls. This pattern-
matching argument can either be annotated as ¢ or %, depending on whether it is linear, variable-
only and recursive-type or not; thus giving the above two kinds of g-type calls.

With this new categorisation for parameters, we are now ready to propose a possible target
expression form for higher-order deforestation.

4.5.2. Higher-Order Treeless Form

We call the target form, which shall result from higher-order deforestation, the higher-order
treeless, or HO-treeless, form: This HO-treeléss fortn is a further specialisation of the HO-
specialised form, with all unnecessary intermediate terms eliminated by our transformation.
Such a form can be defined as follows:
Definition 4.12 - Higher-Order Treeless Form
A term is said to be higher-order treeless if it satisfies the grammar below.

ht = t[letv==tyinty

t = va |c(ly,.t,) | lambda (vq,..vy) => tf end | f(v{ mFtmit.n"Vhe, q)
| 9(vag® V1. m®tms1..nmvhy, q)lg(to Vi.mTtmad.noVhe, q)

va = v|va(ty,.tp)

where vhy_q are higher-order variables and g and f are higher-order treeless
definitions.

Correspondingly, a function is said to be higher-order treeless, if its
definition is made up of higher-order treeless terms.

Two distinctive features of this grammar, when compared to HO-specialised form, are:

» The first group of arguments, v4 %, in each f and g-type call must be
variables. This group represents arguments for intermediate terms which
can be eliminated by deforestation.

+ The g-type calls, with pattern-matching arguments annotated as ¥, must be
of the form g(vag®,v1 mt'm+1..nVh1.q) Where vag is either a variable or a
variable application. We allow variable applications to be present because
the presence of leftmost functional variables do not allow these terms to be
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unfolded away.

Furthermore, in order to remain compatible with the first-order universal treeless form, we have
restricted the use of let to be present only as an outermost construct (without loss of
generality).

This new treeless form can be used as the target for the following result.
Theorem 4.13 - Higher-Order Deforestation

Any well-typed higher-order specialised expression, whose functions and

lambda abstractions are higher-order treeless, can always be effectively

transformed to an equivalent term which is also higher-order treeless

without loss of efficiency.
Notice that we require the source expressions to be well-typed HO-specialised form. This could
be obtained from the previous higher-order removal transformations. A brief proof for this
theorem is given in Section 4.5.6. The effective transformation algorithm to perform this

conversion (to higher-order treeless form) is described next.

4.5.3. Modifications to the Transformation Algorithm

The transformation algorithm for higher-order deforestation shall be based on an extension of
the first-order universal deforestation rules of Chapter 3. This extension must be able to handle:

1) three groups of arguments in each function call, as opposed to two groups
in the first-order case;

2) possible presence of variable applications in pattern-matching parameters
of g-type function calls;

3) lambda abstractions, variable applications and function identifiers of the
HO-specialised form;

4) possible re-appearances of higher-order features.

We present solutions for each of these four issues and look at what rules must be added or
modified in order to handle them.

Previously, the universal deforestation rules need only handle function calls with two groups of
arguments, namely those arguments that are either annotated as ¢ (linear,variable-
only recursive-type) or © (others). However, the HO-specialised form has an additional group
of arguments, annotated as °, for higher-order arguments. This new group of arguments is
fortunately only variables, after passing through the R transformation stage. Thus, we can
trivially accommodate them in the modified rules by trearing them as if they were arguments of
the - annotation category.

A more difficult issue to handle is the presence of variable applications as pattern-matching
parameters of the g-type function calls. This requires the modification of rules T 4 and T 8 (of
the original deforestation rules in Figure 3.7) in order to permit the possible presence of either
variables or variable applications in the pattern-matching parameters of g-type calls, as shown in
Figure 4.14.
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@) Tlovag® Vi m¥tme1.a)l & 9T Ivagl vy mT [tImst.n)
8 TIL.--9lvag®ty. m¥tmst..n)-1
a) if g_old(vng,vnqy k.veq g)=...9(vng.t™{ mVemyq..n)--- € def_set; then (fold)
= g_old(T [ vapl.voq_ . T [tely. .s)
where (...g(vno.t”1 m.Vem+1..n)- 181 sVeq s,
VoY1 Kk VNoVNy. k) == gen_renl...g(Vo.ty mima41..n)-]
b) otherwise (define & unfold) < g_new(T [vaplvoy kT Mtely g)
where(...g(vng,t™ 1 _m:Vemy1..n)- o184, gVe1 s

VovVO1_ k.VNoVNy k) == gen_ren[...a(vo.ty . mitme1..n)--1
define and add to def_set

g_new(vno.vny i.veq g)=--g(vno.t™q m.Vems1, .n)---
narrow on call g to give:

g_new(pq,vny k.veq g)=T [...194[t"V{ m.veVmit. .l

~

g_new(ppvny_k.veq. g)=T [...tg[t" Vi _m.ve/Vmi1. nl--"]
Figure 4.14 - Modlfled Rules for Higher-Order Deforestation

Apart from these two modified rules, we also need five more new rules for higher-order
deforestation. These new rules are given in Figure 4.15. The first four rules are provided to
deal with the additional constructs of the HO-specialised form. Rules T 13 and 14 are needed to
handle variable applications and lambda abstractions. These two rules preserve their respective
expression's outer structure and recursively transform just the inner sub-expressions. Also,
rules T 15 and 16 are needed to skip over function identifiers.

The last rule, T 17, is not meant for new constructs. Instead, it is required for handling re-
appearances of higher-order features which may arise under certain circumstances. These re-
appearances must be removed by re-invoking the previous transformation algorithm, R. We
will describe why these re-appearances of higher-order features can occur under higher-order
deforestation in Section 4.5.5 and show an example of how they can be eliminated.

(13) T[lambda (v4,..vp)=>tfend] < lambda (v4,.vy)=>T [tf] end
(14) Tvalty,..th) ] e Tlval@[4]..7 [ta1)
(15) 711 =

(16) Tlgl < g

(17) T[...exp (t1,..tp).-. 1 < T[..R [exp {ty,..t5) .. ]

where exp (t4..t;)) does not conform to higher-order specialised form.
Figure 4.15 - New Rules for Higher-Order Deforestation

" Apart from extending the deforestation rules, we must also provide a similar extension to the
auxiliary Vmeta—function, gen_ren. However, only one additional equation, for handling variable
applications, is needed. This is because variable applications are the only higher-order feature
that could possibly be ground-type and thus appear as arguments with the ¢ annotation.

gen_renfva(ty,..ty) I = (va™(t™q,...t ) te_It'<>te_lt,ve_lt'<>ve_lt,vo_lt'<>vo_ltvn_It'<>vn_lt)
where (va™{,te_lt',ve_lIt',vo_lt',vn_It')==gen_ren[ va]
where (t71..t7n,te_lt,ve_it,vo_lt,vn_It)==gen_list[ t{..t4]
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The other features of HO-specialised form will only be present as arguments which are
annotated as -, and are therefore not processed by gen_ren.

4.5.4. An Example

With the help of the above modified rules, we are now ready to present an example of higher-
order deforestation. Consider the function, twice_map (from Section 4.3.5.2), which is already
in HO-specialised form. This definition has a nested expression, map(map(x,h).k), which can be
fused together. Applying the higher-order deforestation rules to this definition, results in a
sequence of steps as shown in Figure 4.16. This transformation successfully eliminates the
intermediate term of the inner map function call. Note the use of T 14 at steps <= and <=q for

handling the variable application, k(h(a)).

- - -twice_map(x,h,k) <=1 T [ map(map(x,h)k)] ! T 8, narrow inner map
- - -twice_map([},h,k) <= T I map({]k) ] !'T 6a
<=3 T[0O] 172
<=4 I
- - -twice_map(a::x,h,k)<=5 T [ map(h(a)::map(x,h),k) ] I'T 6a
<=¢ T [k(h(a))::map(map(x,h),k) ] IT2
<=7 T [k(h(a)) [::T [ map(map(x,h),k) ] {T 8 fold
<=g T [k{h(a)) ]:twice_map(x,h,k) 'T 14
<=¢g TI[k}T [ h(a)]):twice_map(x,h k) IT1; 14,1,1
<=1g9 k(h(a)):twice_map(x,hk)
' Figure 4.16 - Applying T to twice_map

4.5.5. Re-appearance of Higher-Order Features

Under certain circumstances, it may be possible for general applications and instantiated higher-
order arguments to re-appear in higher-order deforestation stage. This is possible because the
previous R algorithm, which eliminates instantiated higher-order arguments, has left the pattern-
matching arguments of g-type function calls undisturbed. These pattern-matching parameters
can be an indirect source of higher-order arguments, in the form of lists or trees of functions.

As a result, the deforestation of intermediate terms from these parameters may cause higher-

order features to re-appear again. An example of this phenomenon can be illustrated by the
program below.

dec main:num # num -> list(num);

dec add_five:list(num) -> list(num -> num);

dec map_ho:list(alpha->beta) # alpha -> list(beta);

- - -main(x,y) <= map_ho(add_five(x),y);

- - -map_ho(f],y) <= [I;

---map_ho(a:x,y) <= a(y):map_ho(x,y);

- - -add_five([]) <= [];

- - -add_five(a::x) <= lambda z=>z+5a end::add_{five(x);

All the functions of this program are currently in HO-specialised form. The pattern-matching
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parameter of map_ho is actually a list of functions which is used to create a corresponding list of
applications by applying each of the functions (from this list) to the second argument, y. Also,
function add_five takes a list of numbers, x, and produces a corresponding list of functions with
5 times the respective number from x, added to the argument of each of the functions. These
two functions, map_ho and add_five, are composed together in the body of function main.

To convert all the functions to HO-treeless form, we must apply the T rules to each RHS term
of the above functions. The definitions of map_ho and add_five are already HO-treeless. The T
rules will make no changes to them. As for function, main, there is an expression,
map_ho(add_tive(x).y), which can be fused together. The sequence of transformation to fuse it is
shown in Figure 4.17.

Notice that the presence of the pattern-matching parameters, which carries functions, has
caused a general application, lambda x=>x+5a end (x), to re-appear during its transformation.
This general application occurred in step <=¢ of Figure 4.17 and must be eliminated before we
are allowed to perform further deforestation. To do this, T 17 is applied in order to re-invoke
the R rule and subsequently the A rule to eliminate the general application. This elimination
enables us to completely transform the above program to the following first-order treeless
function.

- - -main((]y) <= [I;

- - -main(a:x,y) <= y+5a:main(x,y);
This example illustrated that the combination of deforestation and higher-order removal can help
us eliminate lists and trees of functions. This was not achievable by either of the two
transformation tactics on their oWn. ‘

- - -main(x,y) <=1 T [ map_ho(add_five(x),y) 1 ! T 8b, narrow add_five
- - -main([],y) <=9 T [ map_ho({l,y) ] !'T 6a

<=4 Ti01 'T2

<=4 ]
- - -main{a:x,y) <=5 T [ map_ho(lambda x=>x+5a end::add_five(x),y) 1 I'T 6a

<=g T [ lambda x=>x+5a end (y) :: map_ho(add_five(x),y)] !'T2
<=7 T [ lambda x=>x+5a end {y) ] :: T [ map_ho(add_five(x),y) ]! T 8a,fold

<=3 T [ lambda x=>x+5a end (y) ] :: main(x,y) 'T 17

<=q T [ R [lambda x=>x+5a end (y) ] ] :: main(x,y) 'R 10

<=19 TIRIA[R[lambdax=>x+5aend] (R [y])]] :: main(x,y)! ®3,8b,..;1
<=1; TIR[A [lambdax=>x+5a end (y) ] ] :: main(x,y) ! A rule

<=19  T[R[y+5a]] : main(x,y) ! R 8b,..

<=13 T [y+5a]:: main(x,y) T3

<=14 Yy+5a: main(xy)
Figure 4.17 - Deforesting a List of Functions
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4.5.6. Proof of Higher-Order Deforestation Theorem

The proof for the additional rules of Higher-Order Deforestation follows by extending the
proofs of Extended and Universal Deforestation Theorems from Chapter 3 (Section 3.3.3,
3.4.2, 3.4.3.3). Firstly, all the T rules continue to result in only higher-order treeless terms.
This can be trivially shown by structural induction. Secondly, no loss of efficiency could ever
arise because each intermediate function introduced is always compensated by an unfold step.

Thirdly, we can prove that the additional rules will not cause the termination property of the T
rules to be lost. This is due to the following three factors.

1) The nesting measure, N, will continue to be bounded for the modified
rules, T 4,8, and the new rules T 13,14,15,16. This is shown in
Figure 4.18 where the definition of N for the four new constructs (of
higher-order treeless form) are also given.

2) The actual size of generalised expressions for newly introduced function
will continue to be bounded to the nesting A{. This is because:

(i) we can ignore lambda abstractions and function identifiers because
they could only be present in the parameter positions which are
annotated as °. Thus, they will never contribute to the size of

generalised expressions for new function definitions.

(i) we can regard variable applications as playing a similar role to
constructors because they are never unfolded. As a result, they will =
also have a contiguous bound in the same way as constructors.

3) The T17 rule has an inner R rule application which could introduce new
- function symbols. Because of this, we have to treat this rule separately as
an independent transformation. However, for well-typed programs, the R
rule always decrease the type degree? of the expression it transforms. By
virtue of this decrease, there could never be an infinite number of T17
applications for any given well-typed expression.

Hence, the additional rules of Higher-Order Deforestation will continue to be terminating under
the conditions of its theorem.

9 suitably modified (from Section 4.3.6) by taking into account the degree of arguments within constructor
terms.
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Additional Proof for Lemma 3.14.1

Prove: The nesting measure, N, on expressions being transformed is
bounded by modified rules, T 4,8, and new rules, T 13,14,15,16.

Define: Nlva(tq,..tn)] = max{N [val. N [t1]...N [t,1}
N[lambda (v{,...v) => tf end] = NIt
N1 = 0
Nl = 0

Case for Rule T 4 - g(vag™.v{, mitm+1.n) :

From the definition: A [9(vap®,v{._mitm+1..n) 1= max{1+ N[vagl. N [t Im41..n}
* thus Vie m+1.n NIt1 < N[a(vag®ve. . mimsi..n)l
. Nlvagl < N[9(vag®v1 mim+1..nl
Case for Rule T 8- ...g(vag¥ty m¥tmyt..n7)-"
From Lemma 3.14.2 on gen_ren:

NI...ovoy . mimet.n)e 12 max{N[...a(vngt™1 m.vemet..n)-- IN[te Iy s}:
a) apply fold against old expression:
From Lemma3.14.2: Vie 1.5 N[te;] sN[...9(vo.t4. . mim+1..n)e 1
+ By the monotonicity of ¢ Ntej]l <AN[...g(vagti mtms+i.n)-1
+ Also : Nfvagl sN[...-9(vag.ty mtm+i..n)e- 1
b) otherwise:
FromLemma3.14.2:Vie 1..s: N[tej] s N[...9(vo.ty. mitms1..n)- 1

+ By the monotonicity of A; Nlteil <N[...g(vag.ty, mitmei.n)e 1
+ Also . : Nlvagl € N[..-9(vagty mitmst..n) 1
Also, From Definition: N [g(vno.t™ 1. mvem+1..n) 1

= max{1+max{ N[vno TNt ]y m } AN [velmy1..n}
, == temax{N[t" ]y m}
For each ‘equation, g(p; ,V{..-,Vp)=1g; :
Since g is HO-treeless, N\ [tgjI1<1 =  N[tg; I+ max{N[t™ Iy _m}
2 NGV V' jt7 V1 mveVmy1..nl ]
Thus: N[...1g{lv' My _jt™ V1 mveVmeq..pl--"1€ NL...0(vn0ty mitmet..n)- 1
« By the monotonicity of A
N[ ... tgilv' My ._j,t“ N .mVeVmed..ple T ENI-.0(vagty . mitmat..n)e 1
Case for Rule T 13 - lambda (vq,..,vp) => tf end :
From the definition: A [lambda (v4,..,v) => tf end = N[tf]
 thus N[tf] < «([lambda (vq,..,vp) => tf end]
Case for Rule T 14 - va(ly,..tp) :
From the definition: A{[va(tq....tn) I = max{N [val. N [t1D....N [ta]}
« thus Viet.n N[HT < Nva(ty,..tp)]
. NIva]l =< A[va(ty,..ty)]
Case for Rule T 15 - f : nothing to prove
Case for Rule T 16 - g : nothing to prove

Figure 4.18 - Addltlonal Proof of Lemma 3.14.1 to show that it holds for
the New and Modifled Rules of HO-Deforestation
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4.6. Related Works

The proposed higher-order elimination transformations promise to bring about automatic
removal of most of the overheads and complications of higher-order programs. In this section,
we shall discuss and compare our result with some related research works.

4.6.1. Restricted Higher-Order Facility

Our higher-order removal tactic is formulated to handle programs from the full higher-order
language. In contrast to this, a restricted form of higher-order facility, called higher-order
macros, was proposed in [Wadler88] as a substitute for a certain class of higher-order
functions. These macros can have function-type parameters but are not allowed to be recursive.
This restriction is imposed to allow the full expansion of macro calls to first-order programs.

Even though macros are not allowed to be recursive, they could still use local recursion with the
let/where constructs to support a special kind of recursion where the function-type parameters
are fixed/unchanged. An example of such a macro is the following definition which
corresponds to the popular map function:
map(x,F) = m(x) where  m([])=[]
m(a:x)=F(a)::m(x);

A similar restricted proposal for higher-order facility was also argued for by [Goguen88]
through parameterised modules. The main reason why these restricted forms of higher-order
facility were suggested, is the ease with which macro applications (or parameterised modules)
could be expanded out to first-order equivalent. However, with the formulation of our new
higher-order removal transformations, there are now fewer reasons for limiting ourselves to
this restricted higher-order facility.

4.6.2. Translation to First-Order Programs using Explicit Closures

In the language implementation front, some researchers [Reynolds72,Bondorf88,Johnsson85]
have proposed the use of explicit closures for implementing higher-order features directly using
first-order programs. This technique can actually convert all higher-order expressions to first-
order equivalent. This is done by replacing each lambda abstraction (or partial application) with:
(1) a unique constructor term to act as an explicit closure, and
(2) a new equation to apply the explicit closure.

As an example, consider the following higher-order program.

- - -main(x,y) <= map(y,lambda a => x<>a end);
- - -map({],F) <= [}
- - -map(a:x,F) <= F(a)::map(x,F);

To convert this higher-order program to its first order equivalent, the explicit closures technique
will initially introduce a new unique constructor term, say cl_1(x), to represent the lambda
abstraction, lambda a => x<>a end, as follows.

- - -main(x,y) <= map(y,cl_1(x));

This special constructor term acts as an explicit closure. It must always be applied by the
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following newly added apply equation.

- - -apply(cl_1(x),a) <= X<>a;

With these two changes (new constructor term and its associated apply equation) for each
lambda abstraction, the technique must now change all variable applications (in the program) to
use the specially defined apply function. In the above example, a variable application occurs in
the second equation of map. This equation must be converted to:

- - -map(a:x,F) <= apply(F,a)::map(x,F);

The result of these changes is a purely first-order program, which uses explicit closures to
represent the partially applied higher-order functions. This translation technique has been
suggested as a simple means of supporting higher-order facility in an (untyped!9) first-order
language. However, the overheads of higher-order features are still largely present because
explicit closures must still be created on the heap space. Furthermore, the complexity of the
resulting program (with explicit closures) will continue to hamper both analysis and
transformation techniques.

A better use of this technique could perhaps be made for the residual higher-order features of
HO-specialised form, after our higher-order removal tactic has been applied.

4.6.3. Partial Evaluation

The specialisation of function calls, in order to eliminate higher-order arguments, can be viewed
as a special form of partial evaluation [PE&MIX88]. Conventionally, the partial evaluation
technique has relied on an abstract interpretation technique, called binding-time analysis (BTA)
[JonesN88b], to help determine the function calls which can be specialised. Those function
calls which can be specialised are expected to have one or more arguments which will always
be grounded (known) or partially grounded in the program. Which of these arguments possess
this property (of being always known or grounded), is the main analysis performed by BTA for
partial evaluation.

In [Nielson89], the use of BTA and the partial evaluation technique was suggested as a way of
specialising higher-order function calls with known function-type arguments. However, this
proposal was only formulated to handle (totally known) function-type arguments without any
free variables.

Instead of BTA, we have used a completely different parameter criterion, called the variable-
only criterion, for specialising higher-order function calls. This criterion is used to help identify
both function-type (e.g. higher-order argument elimination) and ground-type (e.g.
deforestation) arguments which could be specialised.

10 pecause of the overloaded apply function
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We argue that our criterion is more suitable for specialising symbolic arguments. This is
because we can :

(1) Ensure the termination of our the transformation process for any given
program. In contrast, partial evaluation using BTA, may fail to terminate
for non-terminating programs [JonesN88b];

(2) Accept in their natural form higher-order arguments with free variables.
In contrast, the partial evaluation technique (using BTA) needs to
represent higher-order arguments (with free variables) as explicit closures
[Bondorf88] before they can be analysed as partially static structures
[Morgensen88].

(3) Support full laziness in our transformation.

(4) Use the simpler variable-only parameter analysis.

(5) Be applied to both grounded and symbolic arguments (not variables),
while BTA could only be used on grounded or partially grounded
arguments.

With these advantages, there appears to be a possibility of providing an alternative to partial

evaluation by enlarging the universal or higher-order deforestation transformation to include the
following:

»  specialisation of atomic-type arguments which are variable-only and
linear . ,

»  provide reduction and simplification steps which are needed for grounded
or partially-grounded terms

Further investigation is necessary to determine how this alternative form of transformation
would differ from the conventional partial evaluation through BTA.

4.7. Summary of Chapter 4

In this chapter, we presented two major transformation algorithms, A and R, for eliminating the
following two types of higher-order features:

» general applications,

» instantiated function-type arguments, annotated as *, in function
applications
We presented both the source and target expression forms of these two transformation
algorithms and also proved that these algorithms will always terminate for all well-typed higher-
order programs. Furthermore, to preserve full laziness during higher-order removal, we
formulated an alternative transformation algorithm, called L, which differs from the classic fully
lazy lambda lifting technique of Hughes. In particular, our technique does not depend on
parameter ordering and the extraction of partial applications for full laziness. Instead, our
technique simply extracts out all implicit and explicit ground-type MFEs from lambda
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abstractions, whenever possible. This is the way in which full laziness can be made compatible
with our eliminations of non-linear instantiated higher-order arguments.

We saw two major benefits of these higher-order removal transformations. The first major
benefit is that we get more efficient programs which use fewer applications and less storage
heap spaces (for closures). The second major benefit is that the resulting expression form, after
higher-order removal, is much simpler. This simpler form makes it easier for us to consider the
extensions of other transformation and optimisation techniques (which work for first-order
programs) to higher-order programs. In particular, we showed how this was done for the
universal deforestation transformation of Chapter 3 by simply extending it to work for the
higher-order specialised form. This extension also permitted the removal of function-type
arguments in constructor terms.

172 Chapter 4 - Higher-Order Removal



5. Tupling
5.1. Introduction

There is a class of inefficient programs which when invoked result in many subsidiary function
calls that are identical and thus cause repeated computations. A classic example of this class of
program is the fibonacci function of the following definition:

dec fib I pum > num;

- - - fib(0) <= 1;

- - - fib(1) <= 1;

- - - fib(n+2) <= fib(n+1)+fib(n);

A call to this function will normally cause the redundant evaluation of a number of identical
subsidiary calls. For example, if we evaluate the function call, fib(5), using the following
sequence of reductions:
fib(5) -1 fib(4)+fib(3)
-y (fib(3)+fib(2))+fib(3)
-3 ((fib(2)+fib(1))+tib(2))+tib(3)
-4 ((fib(2)+fib(1))+fib(2))+ (fib(2)+fib(1))

-n 8
we will encounter two identical calls to fib(3) at reduction step 2 (denoted by -,), and three

identical calls to fib(2) at step 4. Thése redundant function calls cause the fib function to have a

computational complexity of 0((1+¥)"), where n is the argument value of the initial call.

5.1.1. Mémoisation and Tabulation

A very general technique for avoiding the evaluation of redundant function calls is the
memoisation technique of [Michie68] with his proposal for memo-functions. A memo-
function is a special function which remembers/stores either some or all of its previously
computed function calls (in a memo-table) so that the values of re-occurring function calls can
be retrieved rather than re-computed.

The most general form of memoisation technique may store and remember all its memo-
functions' computed calls throughout the life-time of the whole program. However, a more
useful sub-class of this technique, called tabulation [Bird80], need only be concerned about
redundancy from subsidiary calls of a specified recursive function (rather than calls from the
whole program). This subclass is more useful because it is more amenable to program
transformation techniques and contains most of the redundancy (from recursive function calls).

Within this tabulation subclass, there is a very general technique, called exact tabulation
[Bird80], which simply remembers all previously computed subsidiary calls for re-use. This
exact tabulation technique can be applied to any recursive function definition and requires no
special conditions from the program. We can even have a functional formulation of the
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transformed function by passing its memo-table around as both parameter and result of the new
function, as illustrated in [Khoshnevisan87].

Given a schematic function of the form:
dec {: alpha -> beta;
- - -f(x) <= |f Base(x) then K(x)
else H(x,f(c(x)).f(d(x)));
It is possible to transform this function to an equivalent function which uses a fully tabulated
function, t_new, as shown below.

dec f new: alpha # table(alpha # beta) -> beta # table(alpha # beta);
- - -f(x) <= uwhere (u,_)==f_new(x,empty_table);
- - -f_new(x,tab) <= If Base(x) then (K(x),tab)
else let (flag,ans)==retrieve(tab,x) in
it flag=found then (ans,tab)
else let (a1,ntab1)==f_new(c(x),tab) in
let (a2,ntab2)==f_new(d(x),ntab1) in
let ans==H(x,a1,a2) in
(ans,insert(ntab2,x,ans));
This tabulated function uses a suitable memo-table of type table(alpha # beta), to store computed
subsidiary calls, together with corresponding insertion and retrieval functions for the memo-

table.

Though general, exact tabulation suffers from two problems. The first is that the transformed
function has a rather complex algorithmic structure. This makes it very difficult forus to subject ~
the tabulated function to further prograrh transformation techniques, e.g. conversion-to-
iteration. A second more serious problem is that it suffers from excessive table management
overheads. This is because entries inserted in the memo-table are not normally deleted even
after they are no longer required. Thus, the performance of such tables, for both insertion and
retrieval operations, will deteriorate when large number of subsidiary calls occur during
computation. Other means of providing more efficient tables should therefore be favoured,
whenever possible, but they do require program analysis.

5.1.2. Tupling Transformation

One class of programs in which we are interested is those programs whose redundancy can be
removed by static-sized tables!. This class of programs can be handled by a transformation
technique, known as tupling? [Burstall77,Pettorossi84]. The tupling transformation technique
uses the simple tuple structure (as a static-sized table) for grouping together a collection of
potentially re-usable function calls to remove redundancy.

' table whose size is known or deducible (from program structure) at compile-time
2 Tupling can either be used for removing redundancy or for horizontal loop combination (as we saw for
function av_list in Section 1.3.3). In this chapter, we will be concentrating on tupling to remove redundant

function calls. Those programs which require tupling for loop combination can be considered a special case
of this where are no redundancy.
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For example, an appropriate tuple structure for removing the redundancy in the earlier fib
definition is (fib(n+1),fib(n)). This tuple expression can be used to define a new tuple function:

dec fib_tup : num -> (num,num);

- - -fib_tup(n) <= (fib(n+1),fib(n));
which can be transformed by initially narrowing the call, fib(n+1), followed by a sequence of
steps involving unfolding, where abstraction and folding, as shown below.

- - -fib_tup(n) <= (fib(n+1),tib(n)); ! narrow fib(n+1)

- - -fib_tup(0) <= (1,fib(0)); ! unfold fib(0)
<= (1,1);

- - -fib_tup(n+1) <= (fib(n+1)+fib(n),fib(n+1)); ! abstract fib(n+1),fib(n)
<= (u+v,u) where (u,v)==(fib(n+1),fib(n)); ! fold fib-tup

<= (u+v,u) where (u,v)==fib_tup(n);
Note, in particular, the use of the where abstraction to collect together the fib calls, followed by
a fold step to ensure that this redundancy is eliminated throughout the entire recursion of the

above function. This combination of where abstraction and folding has been referred to as
forced folding [Darlington81].

After the above transformation, we can obtain an efficient version of the fibonacci function by
either:

(1) applying another forced fold in the recursive equation for fib, as follows:

--ib(0) <« 1. .

- - fib(1) <« 1;

- - fib(n+2) <= fib(n+1)+fib(n); ! abstract fib(n+1),fib(n)
<= u+v Where (u,v)==(fib(n+1),fib(n)); ! fold with fib_tup

<= u+v where (u,v)==fib_tup(n);
(2) or re-define the fib function as:

- - -fib(n) <= v where (_,v)==fib_tup(n);

The second option would give us the following program for fibonacci function which uses the
efficient linear recursive tuple function, fib_tup.

- - fib(n) <= v where (_,v)==fib_tup(n);
- - fib_tup(0) <= (1,1);
- - fib_tup(n+1) <= (u+v,u) where (u,v)==fib_tup(n);

This program is more efficient than an equivalent memoised function because of the use of a
static-sized tuple with constant retrieval time. In addition, we can subject the above function to a
further transformation using the conversion-to-iteration tactic of Chapter 2. This further
transformation can make use of the constant-at-termination and special right-commutative
property within the definition of fib_tup to produce a space-efficient, tail-recursive function,
fib_it, as shown below.
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- - -fib_n(0, (u,v)) <= (u,v);

---fib_t(n+1.(u,v)) <= fib_it(n,(u+v,u));
where:

- - Hib_tup(n) <= fib_it(n,(1,1));

Our primary concern in this chapter will be the tupling transformation. The main steps used by
this transformation are the define, unfold, where abstraction and fold steps. Of all these steps,
the most difficult is the step which introduces an appropriate tuple function definition. Due to
this difficulty, this step is frequently referred to as a eureka step and is the key step for
automating the tupling transformation.

In this chapter, we shall present a very general analysis technique which could automatically
discover eureka tuples for a large class of programs. We begin our presentation by describing a
common tabulation analysis tool, called Dependency Graph (DG for short, see [Bird80]). This
tool could be used to analyse for appropriate tables which would remove redundant calls. After
that, we discuss in Section 5.3 a range of past analysis techniques. These past techniques can
be classified into two main approaches, namely those which rely on algebraic properties of
programs and those which perform direct analysis with the DG. One direct DG analysis
technique, proposed in [Pettorossi84], provides a very suitable formal framework for tupling
analysis but it presently lacks a systematic method for mechanically finding the appropriate
eureka tuple. We describe Pettorossi's tupling framework in Section 5.4, before presenting
extensions that would give a mechanisable tupling analysis technique.

Our tupling analysis technique émploys selection orderings to search for eureka tuples which
could be used for tupling transformations. We shall show this new tupling analysis to be
mechanisable and widely applicable in Section 5.5. Furthermore, in Section 5.6, we shall show
a simple extension which would help to widen our analysis even further. Lastly, in
Section 5.7, we examine the application boundaries of the tupling tactic by looking at two
inherent limitations.

5.2. Dependency Graph

The dependency graph of a function call is basically a compressed representation of the
evaluation tree for the function call which shows the calling structure of the resulting subsidiary
recursive calls. This compressed representation is made into a graph by merging all function
calls with identical arguments together. An example of this compression from a tree to a graph
is shown in Figure 5.1 for the function call, fib(4). Each node and leaf in this compressed DG
represents a unique function call that is connected by directed arcs which always points from
parent function calls to the children (or subsidiary) function calls.
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Figure 5.1 - Compression of a Tree of calls to a DG.

This DG for fib(4) is constructed using grounded function calls and is therefore an instance of
grounded DGs which are normally finite in size. Apart from grounded DGs, we may also have
symbolic DGs, based on symbolic function calls, which are potentially infinite in size. An
example of a symbolic DG is shown in Figure 5.2.

Figure 5.2 - Symbolic DG for fib(n)

Both forms of DGs exhibit redundancy patterns which exist among subsidiary calls. They are
therefore useful for analyses to find suitable tabulation techniques to eliminate redundancy. We
shall see how DGs can be used for this purpose later. But first, we examine two important
issues of dependency graphs.

5.2.1. Relevant Subsidiary Function Calls

For simplicity, most previous analysis techniques [Cohen83, Bird80] only considered DGs
where each node (in the graph) represents a call from the same function. This is suitable for
functions, like fib, with only self-recursive calls but not for programs which have murually or
auxiliary recursive function calls among their redundant calls. Previously, these other functions
are considered to have been converted to self-recursive definitions before analysis. However, a
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slightly better approach is to directly handle both auxiliary and mutually recursive function calls
in the DGs. This would avoid the need to convert programs to self-recursive definitions.

We propose a minor extension to DGs which will consider a set of functions, say f4..f,, for
analysis. These functions will be of the form:
- - -fi(x) <= If Bj(x) then C;(x) (5.1)
eise H;(x,fi1(Njq x)....fia(Nja X));
where the subsidiary calls are f;1(Nj1 x).-fia(Nja X). With some restriction3 on the possible form of
H;, the function of (5.1) is similar to the multi-linear class of functions used in [Khoshnevisan87]

Notice that each of the subsidiary calls, f;j(N;x), of the above function can either be:

s self-recursive if fij=f;

* mutual-recursive if f; is a mutual recursive function of f; .

* awxiliary-recursive  if f; is an auxiliary function of f;
These subsidiary calls will be the calls which are needed to show redundancy patterns in DGs.
We shall refer to them as the relevant subsidiary calls. They will include:

1) both self and mutual recursive function calls, and

2) auxiliary recursive calls which share some common recursion parameters with
the main recursive function under analysis.

The self and mutual recursive calls can be trivially found by examining the recursion structure
of function definitions. As for the auxiliary calls, we must be able to tell if it shares a’common
recursion argument with its parént recursive function. A recursion parameter is a parameter in a
recursive function definition which is either increasing or decreasing in some measure (or
value). A common recursion parameter between an auxiliary and its parent function is an
identical parameter which shares this progressive nature (of being either increasing or
decreasing in value) over successive recursion calls.

An example of a common recursion argument in the following function is the parameter, n.

dec factlist : num -> list(numj;
dec fact: num -> num;

- - - factlist(n) <= if n=0 then []
else fact(n)::factlist(n-1);
- - - fact(n) <= |f n=0 then 1

else n*fact(n-1);

Notice that the two subsidiary calls, fact(n) and factlist(n-1), in the body of the main function
factlist share a common variable, n. This numeric parameter is subjected to a recursion which
decreases its value in both the auxiliary function, fact, and the main recursive function, factiist.
Thus, it satisfies the requirement of being a common recursion argument. As a result, the
auxiliary function call, fact(n), should be considered as a relevant subsidiary call for DG
analysis.

3 One simple restriction is that the functions, f4..fn, must not be a part of Hj.
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5.2.2. Requirements of DG analysis

Apart from finding relevant subsidiary calls in DGs, there are two other important requirements
which must be satisfied before a given program (a set of recursive functions) is considered as
suitable for DG analysis. These two requirements are:

1) The set of recursive functions must be non-linear, where a set of functions is considered to
be non-linear if there exists two or more relevant subsidiary calls in at least one of the
function definitions. If this condition is not satisfied, there will simply be no redundant calls
which can be tabulated.

2) There must be a partial order (transitive relationship) among relevant subsidiary calls. This
is an important requirement because tabulation techniques can only be successfully applied
if there are no cyclic dependencies among function calls. If cycles exist, no amount of
tabulation is able to remove the redundancy. Because of this, the DGs which are
constructed for redundancy analysis must be acyclic. This is why such DGs are also known
as minimal compressed directed acyclic graphs (m-dag) in [Cohen83].

The first requirement can always be syntactically detected, while the second requirement of
detecting for partial ordering would need heuristics based on data domain orderings. The main
advantage of having these requirements (or pre-conditions) is that they can provide a means by
which unsuirable program definitions can be rejected before the DG analysis.

5.3. Past Analysis Techniques

A number of different analysis techniques have been proposed in the past for finding the
appropriate table structures for removing redundancy. Most of these techniques either directly
or indirectly analyse the redundancy patterns in function definitions with the help of
dependency graphs of function calls.

We classify these techniques into two main approaches:
1) Indirect Analysis using Algebraic Properties of Programs
2) Direct Analysis using DGs ‘
5.3.1. Analysis using Algebraic Properties of Programs

The indirect analysis approach relies on the presence of certain algebraic properties in programs
to suggest appropriate tables for removing redundancy. [Cohen83] proposed a technique using
this approach by carefully identifying four useful conditions (or relationships) between
descent functions of certain classes of recursive programs, where the descent functions are
those functions which are applied to the arguments of subsidiary recursive calls.
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In particular, a schematic function (shown below) with two self-recursive calls, f(c(x)) and
f(d(x)), whose descent functions are c and d respectively was employed to illustrate Cohen's four
useful descent conditions.
- - f(x) <= [f b(x) then K(x)
else h(x,f(c(x))f(d(x));

Each of these descent conditions corresponds to a class of programs with a particular
redundancy pattern. The four classes of redundancy, together with their corresponding descent
conditions, are specified below. They fall in a linear hierarchy with each condition
progressively more general (or weaker) than the condition before it.

1) Explicit Redundancy, where c=d.

2) Common Generator Redundancy, where there exists a common function, g,
such that gM=c and g"=d, for some m,n, where g™ means gogo..og, m-times.

3) Periodic Commutative Redundancy, where c¢M=d" for some m,n and
cod=doec.

4) Commutative Redundancy, where cod=doc.

The most interesting finding from Cohen's results is that the redundancy from each of the
above four categories of programs can be eliminated by tabulating with particular kinds of
tables. Cohen discovered the structure of these tables by examining the DG for each of these
classes of programs.

For example, each recursive pfogram with the common generator descent condition, where
gM=c and g"=d (assuming that no common factors exist between m and n), can have a DG of the
form shown in Figure 5.3, where the subsidiary recursive calls (represented by just the
arguments in the figure) are positioned in a straight line.

ROOT

00000000 [ XXX XX XN )

X gx " min(n,m) gmin(n,m)+l x gmax(mm) 4 gmax(n,m)+1 X

Figure 5.3 - DG for a Program with Common Generator Descent Condition

This DG can be shown to have a redundancy pattern which can be tabulated by using a table of
size max(m,n). This is possible because we can always compute the values for a new table,
containing the calls:

(f(x).f(g x),{(g2x)...figmax(m.n)-1 yy)
from the previous table (down the recursion):

(Hg x),{(g2x)....{gMax(M.n)-1 x) fgmax(m.n) x))
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where x is the current recursion argument. This is done by computing the first call, f(x), (for the
new table) using the calls f(gMin(m.n) x) and f(gMa*(M.n) x) and then getting the remaining calls
from the previous table. An example of this class of programs is the earlier fib function which
needs a table containing two items to remove redundancy.

Similarly, programs with periodic commutative descent condition can also be handled by fix-
sized tables?, as the DG has a regular redundancy pattern. (see Section 5.5.5.2 for a detailed
look into this class of programs)

However, programs with commutative redundancy require dynamic-sized tables. This is
because the dependency graph of this class of programs has a width that broadens as it gets
further away from the root, as shown in Figure 5.4. An example of this class of programs is
the binomial function of the following definition.

dec binomial: num -> num;

- - - binomial(n,m) <= If n=0 or n=m then 1

else binomial(n-1,m-1)+binomial(n-1,m);

With a weaker dependency, this class of programs could only have its redundancy removed by
a table whose size is big enough to cater for the lowest (and widest) level of the DG. This size
is dependent on the initial parameter value of the root function call. In Cohen's approach, this
was still acceptable because he used dynamic arrays for tabulation. In contrast, our analysis for

tupling transformation would not work for this class of programs. This is because we are using
static-sized tables. «

Flgure 5.4 - DG for a Program with Commutative Descent Condition.
Closely related to this approach of analysing through relationships between descent functions is
the corresponding analysis using function-level reasoning by [Khoshnevisan87]. He used the
multi-linear class of self-recursive functions to help identify programs with the common

4 tables whose size does not change during computation, but may be dependent on initial parameter values of
function calls

tables whose size may change during computation

5.3 Past Analysis Techniques 181



generator property. This analysis was used to provide table managers for a variant® of memo-
functions, which could automatically eliminate entries (from memo-tables) that are no longer
needed. The main advantage of this approach is that full memoisation can still be used when
common generator analysis fails to find a suitable table-manager.

Further work in [Harrison88a] used the list construction in FP [Backus78], in a manner similar
to tupling, to eliminate redundancy. By using additional analysis conditions (or theorems),
Harrison extended his area of applicability to include some auxiliary and mutually recursive
functions. These extra analysis conditions essentially specify when tupling of auxiliary or
mutually recursive functions can be done in order to obtain self-recursive functions (with the
common-generator descent condition).

Though fairly extensible and mechanisable, there are still other classes of programs (e.g. Tower
of Hanoi) which are not yet addressed by these approaches. This is due primarily to the
difficulty of analysing for all possible conditions, without getting ad-hoc.

5.3.2. Analysis using Dependency Graph

A second more general approach for analysing the redundancy pattern of recursive functions is
to make direct use of the dependency graph. Richard Bird pointed to the possibility of using
pebbling game [Pippenger80], which has been extensively studied and used in problem
domains involving space-time trade-offs, as a general technique for this purpose. The main

objective of this game is to search for.a suitable pebble placement sequence, which uses the. -5~

minimum number of pebbles, to visit the entire graph from the leaves to the root. The basic
rules permitted in this game are:

1) remove a pebble from a node or a leaf
2) place a pebble on a leaf
3) place a pebble on a node whose children are all currently pebbled.

The successful discovery of an appropriate pebbling sequence can help to identify a correct
tabulation sequence for removing redundancy. However, this game is essentially bottom-up
and requires the use of grounded DGs. These DGs must in turn be big enough to exhibit the
inherent redundancy pattern of programs. The difficulty of determining an appropriately sized
DG together with the choice of a suitable pebbling algorithm casts some doubts on the viability
of this approach as a mechanisable technique.

Instead of the bottom-up approach of pebbling games, we can also use a top-down approach
based on symbolic DGs. Early work in [Darlington81] involved an analysis function, called
FindCleverTuple’, which performs top-down search in the DG for a pair of tuples that matches.
This analysis function uses a heuristic search that works for a sub-class of programs but is not
generally applicable.

6 known as Self-Garbage-Collecting (SGC) memo-functions
7 following an earlier suggestion in [Burstall77].
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Subsequent work in [Pettorossi84] also used this top-down approach on symbolic DG to find
the eureka tuple for removing redundancy. In particular, he rigorously explored this approach
and managed to present a formal framework for tupling analysis. This framework is extremely
helpful but is incomplete because it still lacks a systematic method for mechanically discovering
matching tuples. We examine Pettorossi's framework next and present important extensions
which could help us overcome this shortcoming.

5.4. Pettorossi's Framework

Central to Pettorossi's framework for analysing eureka tuples is the notion of a cut®. This is
simply a subset of nodes across a DG that when removed, will divide the graph into two
disconnected halves. With this notion, Pettorossi's central thesis is that:

An appropriate eureka tuple can be found if and only if there exists a
progressive sequence of cuts, that march one another, in the function's
dependency graph.

A progressive sequence of cuts is one where each cut in the sequence is in some sense smaller
than the previous cut. A pair of cuts (each containing a set of function calls) is said to match if
there is a one-to-one mapping from the first cut to the second cut, such that a consistent
substitution is obtained when each function call of the first cut is matched with the
corresponding function call of the second cut. (We shall give a more formal definition of
matching between pairs of cuts later in Section 5.5.)

.. The terminolagies used for.this formulation can be more precisely described by the following
list of definitions, which we have reproduced (with modifications) from [Pettorossi84].
Definition 5.1 - Dependency Graph

A dependency graph is a rooted acyclic graph which can be formally
defined by the pair, (G,children), where G is the complete set of nodes in the
graph, while children is the successor function of the type:

children: node -> set(nodes)

From this basic successor function, children, we can also define the following additional
functions between nodes in the DG.

parents(x) = {y| x e children(y)}
descendants(x) = children(x) u{z |y e children(x) A z € descendants(y) }
ancestors(x) = {y | x e descendants(y)}

Each of these functions presently takes a node in order to return a set of nodes (i.e
nodes — set(nodes)) However, we may at times consider. the corresponding set functions of the
type, set(nodes) — set(nodes), with the same name. Thus given a function, f, we can define its
corresponding set function, say fgey, by:

Furthermore, as the dependency graph, G, must be acyclic and contain only one root, it must
also satisfy the following:

8 called slice in Darlingtion's FindCleverTuple analysis
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« there can only be one root node, root, such that
root € G A parents(root )={}

+ the graph must not contain cycles,
Vne G.ne¢ descendants(n)

Inherent within each DG is a transitive ordering among nodes, called the ancestor-descendant
ordering (AD-ordering). This ordering is defined as follows:
Definition 5.2 - Ancestor-Descendant Ordering

The ancestor-descendant ordering (AD-ordering), denoted by >pp, is
defined by:

X >pp Y IFF x e ancestors(y)

A cut, ¢, is a subset of nodes from a dependency graph, G, which when removed divides the
graph into two disconnected halfs. This definition of a cut is given below.
Definition 5.3 - Cut

Given:

top_half(x) = ancestors(x) - x
bottom_half(x) = descendants(x) - x

A sub-set of nodes, ¢, from a dependency graph with nodes, G, is
considered to be a cut if it satisfies the following:-

V t € top_half(c). children(t) n bottom_half(c) = {}
This condition essentially states that the two halfs of the DG (separated by
the cut) are disjoint.
A progressive sequence of cuts is a series of cuts where each new cut is in some sense smaller
than the cut just before. A cut is said to be smaller than its previous cut if
1) for every node in the current cut which is not in the previous cut, there is a node in
the previous cut that is bigger than it; and
2) for every node in the previous cut which is not in the current cut, there is a node in
the current cut that is smaller than it.

This can be formally defined as follows:
Definition 5.4 - Progressive Sequence of Cuts
A sequence of cuts, cutq,cuty,...,cuty, is said to be progressive if:
Vie 1...N-1.cut 4 cutj A cut;_qpcut;
AVme cutj- cutj,.3ne cutj y.m>ppn

AVne cut q-cuti.Ime cut. m>ppn

These definitions provide a formal framework for Pettorossi's thesis on tupling analysis. But
his result currently lacks a general technique for mechanically discovering progressive
sequences of matching cuts. As a consequence, the examples given in [Pettorossi84] have been
largely hand-analysed with some non-optimal results given (see Section 5.5.5.2). One heuristic
suggested by Pettorossi involved the tupling of calls which share sub-computation (immediate
successor calls) during the transformation (symbolic evaluation). However, this heuristic does
not appear to be generally applicable.
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Our work can be seen as an extension of Pettorossi's framework. In particular, we shall show
that it is possible to provide a systematic and general means by which matching tuples can be
mechanically discovered.

5.5. Our Tupling Analysis Technique

Our tupling analysis technique is based on a systematic, top-down exploration of the DG, in
order to find a pair of matching tuples as its eureka tuple. This exploration starts with the root
node as its first cut (or frontier) and then successively builds the next cut by giving up at least
one node from the current cut, in order to acquire corresponding successor nodes for the next
cut. The giving up of a node (function call) and the acquisition of its children (subsidiary calls)
corresponds essentially to an abstract form of unfolding which reveals only the relevant
subsidiary calls (rather than the complete RHS of an equation).

An important requirement of this process is that all the nodes that have been given up must not

be subsequently re-acquired. This requirement is important because it can ensure that

successive cuts (frontiers) are progressive in nature. It could be adhered if at all times we give-

up only those nodes in the current cut which are topmost. A topmost set of nodes from a cut is

defined as the set of nodes containing only calls that are biggest or maximal with respect to the

ancestor-descendant ordering, >5p. This topmost set can be formally defined as follows.
Definition 5.5 - Topmost Set

The topmost-set, topmost;, from a‘cut, cut;, is-a setof nodes whose ™ -~ -
ancestors are not present in the cut itself. This condition is satisfied by the
following definition.

topmosti={t|te cutj,— (3x e cutj. x>apt) }

With this requirement, the sequence of cuts from this systematic top-down exploration will be a
special case of the progressive sequence of cuts. This special sequence will systematically cover
all nodes in its exploration. In particular, it will visit all nodes between the root and the latest
frontier. We call this sequence, the continuous sequence of cuts, and define it formally as
follows:

Definition 5.6 - Continuous Sequence of Cuts

A continuous sequence of cuts, cutq,cuty,...,cuty, is a successive series of
cuts which starts with the root node as its first cut. This sequence
successively obtains the next cut by giving up a subset of nodes, selected;,
from the topmost set, topmost;, of the current cut, cut;, in order to acquire
the children, newnodes;, 1, for the next cut, cut;, 4.

The constructive definition for a continuous sequence of cuts can be stated
as follows:

topmosti={t|te cut;,—~ (3x € cuti. x>apt)}
selected; ¢ topmost; A selected; # {}

newnodes;, 1 = {x | t € selected;, x & children(t) }
cuty= {root | parents(root)=(} }

cutj, 1 = cut; - selected; L newnodes;_ 4
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This new notion of a continuous sequence of cuts provides a more viable technique for
systematically finding the eureka tuple. In particular, our tupling analysis is considered to be
successful if we can find a pair of cuts in the continuous sequence which matches. This search
can be formulated by the following abstract specification.

Find a sequence of continuous cuts, cuty,cuty,cutg,...cuty such that

3j. 1<j<N A match(cutj,cutN)

The matching test between two cuts, each containing a set of function calls, is done by a

function, called match. This function performs a kind of force matching, which succeeds when

there exists a one-to-one mapping, m, from the first set to the second set, such that their

corresponding one-way matchings produce a consistent substitution, o, as specified below.
match(cutj,cutN) IFF 36 3m.Vxe cutj . m(x)=xc

where m is a one-to-one mapping from cuti to cuty A o is a consistent substitution

The above specification to construct a continuous sequence of cuts is both semi-decidable and
non-deterministic. It is semi-decidable because there are some programs, €.g binomial function,
which do not have any static-sized eureka tuple. These programs can cause successive cuts to
be increasing in size, resulting in non-termination for our analysis. In order to prevent this, we
will need to place an upper bound on our analysis algorithm. This upper bound need not be
very large as most programs require only small-sized tuples to eliminate redundancy.

Also, our analysis algorithm is non-deterministic because there could be more than one ways in
which selected sub-sets of nodes are taken from the topmost set (see Definition 5.6). As a
result, it is possible to have more than one continuous sequence of cuts from any given
program. We shall see later that this is not a serious problem. This is because there exist good
heuristics which could make our analysis deterministic, whilst still finding eureka tuples. But
first, we shall illustrate our tupling analysis technique with a simple example where there is a
unique sequence of continuous cuts.

5.5.1. An Example

We illustrate informally how the systematic construction of continuous sequences of cuts can
find us a matching tuple, using the fib function (from Section 5.1) as an example.

Starting from the main function call, fib(n), as the first cut, our analysis will replace this call by
its two subsidiary calls, {fib(n-1),fib(n-2)}, to give the second cut. This second cut contains only
one topmost item, fib(n-1), because the other call, fib(n-2), is a subsidiary call of this topmost call.
It can therefore be unfolded to give the third cut, {fib(n-2),fib(n-3)}, which incidently matches the
second cut - thus giving us a matching tuple. This search for a pair of matching tuple can be
viewed graphically in Figure 5.5, where the systematic exploration of the DG is represented by
a successive sequence of frontiers (shown highlighted).
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frontiers and numbering of nodes represent
selection sequence.

Note: Bold face nodes indicate successive I '

Figure 5.5 - Successive Frontlers (Cuts) During the Exploration of a DG

Each successive frontier of calls is obtained from the previous frontier by choosing the
appropriate calls to unfold. We will frequently represent this systematic exploration?® by just a
list of cuts, as shown below, with calls that are selected for unfolding in bold faces.

NO [o11h £}
cuty  fib(n)
cuty  fib(n-1),fib(n-2)

cutg  fib(n-2),fib(n-3) matches!O cut,

Our analysis finds a pair of matching tuples by the unfolding of appropriately selected calls and
uses matching as a means of testing for successful folding. These steps essentially mirrors the
necessary unfold/fold steps of the subsequent tupling transformation. Thus, when this analysis- -
succeeds, the major task of the tupling transformation would also have been accomplished.
Tupling analysis technique therefore provides us with both a way of determining the right tuple,
as well as the essential steps needed in the tupling transformation.

We shall henceforth assume that once the tupling analysis has succeeded, the transformation
steps for obtaining a more efficient program automatically follow from the analysis.

5.5.2. Selection Orderings for Deterministic Analysis

One deterministic method for constructing the continuous sequences of cuts is to introduce an
appropriate ordering for selecting nodes to unfold in the construction. Let us call an ordering
which is used for this purpose, the selection ordering and denote it by >4, With this
selection ordering, the nodes which are selected (for unfolding) ffom each cut, cut;, shall be all
those which are maximal w.r.t. >¢¢), as shown below:

selected; = {t|te cutj,— (Ix e cutjp. x>gq 1) }

9 This systematic exploration can also be viewed as a repeated failure analysis. When a tuple (cut) fails to
find a descendant tuple which matches, the resulting tuple (often a larger tuple) is used as the new
(generalised) tuple for further analysis. However, we also keep a history of cuts for matching because two
matching tuples may be separated by several intermediate stages.

10 Note that (n-c) is just a short-hand notation for pred(..pred(n)) c times where pred(n)=n-1 and cis a
constant. This representation, pred(..pred(n)), is easier for matching than expressions of the form, n-c.
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Also, all these selected nodes must belong to the topmost set (of the current cut) if we are to
generate only continuous sequences of cuts. This means that the chosen selection ordering must
always be at least as strong as the ancestor-descendant ordering, >pp, as specified below:

UxVy. (x>apY) = (X >gq1Y)

Even with this restriction, there are still numerous possible orderings which could be used to
generate continuous sequences of cuts. In this chapter, we shall only consider two important
classes of selection orderings, namely:

. AD-Based Selection Orderings.

. Function-Argument Selection Orderings.
The first class of selection orderings, based on the AD-ordering, is primarily of theoretical
interest. They will help to illustrate the extent to which our analysis technique could be applied
but is not practical for two reasons. The first is that AD-pased orderings require, in general, the
complete construction of grounded DGs!! before the true ordering relationships could be
determined. This full construction is expensive and wasteful. A second more serious problem is
the difficulty of determining, in advance, the appropriate size of grounded DG to use for tupling
analysis. This appropriate size varies according to the program we are dealing with.

The second class of selection orderings is more practical because we are not required to
construct complete DGs. This class of orderings is dependent on the possibility of determining
a transitive-ordering with the help of function-argument call pairs. Determining such a transitive
ordering is, in general, an undecidablé problem (cf halting problem). Nevertheless, we shall
show that widely-applicable heuristics exist to help us perform this task.

We shall describe these two classes of selection orderings, in the next two sections, using the
following factlist definition as our running example.

- - - factlist(n) <= If n=0 then []
else fact(n)::factlist(n-1);
- - - fact(n) <= |f n=0 then 1

aelse n*tact(n-1);
Redundancy occurs among the auxiliary recursive fact calls and we will look at how these

selection orderings can help us find the eureka tuple.

5.5.83. AD-Based Selection Orderings

In this section, we shall present two possible selection orderings which are based on the AD-
ordering. One of them is based on the AD-ordering itself (as the selection ordering), while the
other is an enhanced version of the AD-ordering.

11 Notice that symbolic DGs cannot, in general, be used to determine AD-ordering relationships. This is
because given any set of nodes, {nq,..,Nk}, which represents the current frontier (or cut) of a DG, it is in

general undecidable how far we should explore the DG before we can have sufficient AD-ordering
relationships.
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5.5.3.1. AD-Ordering

If the AD-ordering is used as the selection ordering, we shall be selecting the maximum
permitted subset of nodes (i.e the topmost set) to unfold at each time and this tends to produce a
continuous sequence of cuts which is being explored most quickly.

Figure 5.6 - Symbollc DG for factlist definition

To illustrate how the AD-ordering could be used, we give a partial construction of the symbolic
DG for factlist in Figure 5.6. We assume that this partially constructed DG is sufficiently large
to exhibit all the AD-ordering relationships which will be needed. Using these AD-ordering
relationships of factiist, the continuous sequence of cuts that will be generated, is shown below.:.
| NO cuTs

cuty factlist(n)

cutp fact(n),factlist(n-1)

cuty  fact(n-1),factlist(n-2)

In this example, the entire cut is selected at each stage (for unfolding) and the analysis
terminates when cutg is found to match with cuty, to give an eureka tuple of (fact(n),factlist(n-1)).

This simple example illustrates how the very weak AD-ordering can be used to successfully
find matching tuples. However, not all programs can be successfully analysed by the AD-
ordering, even though eureka tuples exist. This is caused by the weakness of the ordering,
which may cause part of the frontier of the DG to be explored faster than the rest. We call this
phenomenon a race-ahead condition. It can be illustrated with a modified version of factlist,
called factlist2, which recurses down its argument at twice the rate of the original function. This
definition is shown below, together with its DG in Figure 5.7.

dec factlist2: num -> list{num);
- - - factlist2(n) <= If n<1 then []
else fact(n)::factlist2(n-2);

When the AD selection ordering is used with factiist2, we get a continuous sequence of cuts that
grows progressively larger as we explore deeper down its DG, as shown below.
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NO  CUTS
cuty  factlist2(n)

cut,  fact(n)factiist2(n-2)

cutg fact(n-1),fact(n-2),factlist2(n-4)

cuty  fact(n-2),fact(n-4),factlist2(n-6)

cutg  fact(n-3),fact(n-4),fact(n-6),factlist2(n-8)

Figure 5.7 - DG ftor factlist2 definition

The weak selection ordering used and the auxiliary recursive calling structure of our example
have permitted the factlist2 calls ‘on the right side of DG to be explored (or unfolded) at a much
faster rate than the fact calls on the left. As a result, we are unable to find a matching pair in-
spite of the fact than an eureka tuple of (fact(n),factiist2(n-2)) is possible.

It is important to note that such race-ahead conditions could only happen in cases where there
are auxiliary or independently recursive calls rather than self or mutual recursive calls. We make
a distinction between recursion structures among the function calls (with appropriately
instantiated arguments) and the recursion structures of just the functions (or function names),
themselves. This is because it is always possible to change the recursion structure of functions
without changing the recursion structures of the function calls. For example, by using a
composite type for num and list,

data composite = a_list(list(num)) ++ a_num(num)

we could change the (auxiliary recursive) pair of functions, factlist and fact, into the following
self-recursive function, f_self:

---1 self(1,n) <= If n=0 then a_list([]);
else a_list(get_num(f_self(2,n))::get_list(f_self(1,n-1)));
---{_self(2,n) <= If n=0 then a_num(1)

else a_num(n*get_num(f_self(2,n)));
---get_num(a_num(n)) <= n;
- - - get_list(a_list(x)) <= X;

such that factlist(n)=get_list(f_self(1,n)) and =/.
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Though the new function is now self-recursive, the DG of its recursive calls still exhibits an
auxiliary recursion structure. This is because function calls of the form f_self(1,n) could invoke
recursive calls of the forms, f_self(2,n) and f_self(1,n), while calls of the form f_self(2,n) could
only invoke other calls of the form, _self(2,n). This calling structure is still auxiliary recursive.

A better characterisation for the classes of programs, which can be handled by AD-ordering, is
therefore on the recursion structures of function calls. We shall give this characterisation later,

after we have look at another AD-based ordering which could partly overcome the race-ahead
condition.

5.5.3.2. Descendant-Enhanced Ordering

Race-ahead conditions can cause our analysis to fail and are undesirable. Fortunately, they can
be avoided by using stronger selection orderings. One straightforward way of getting a stronger

ordering is to introduce extra orderings between nodes that were not previously ordered (by the
AD-ordering).

This stronger ordering can be formulated by adding extra orderings between the children of
unordered nodes. Specifically, any two unordered nodes, say x and y, can be additionally
ordered by checking if children(x) of the first node is strictly greater than children(y) of the second
node. We define a set of nodes to be strictly greater than another set of nodes if there exists a
node in the second set that is a descendant of the first set but not vice versa. With this additional
ordering, we can define the descendant-enhanced ordering (denoted by >pg), as follows:

X>pg Y = x >ADY V strictly_greater(children(x),children(y))
strictly_greater (s1,s2) = (descendants(s1) ns2 # {}) A (descendants(s2) ns1 ={})

This enhanced ordering can help to prevent the earlier race-ahead condition for auxiliary
recursive function calls. In particular, we are able to order auxiliary calls in front of main
factlist2 calls by this enhanced ordering. As an example, consider a new DG with the extra
orderings, in Figure 5.8, for the earlier function, factiist2.

descendant enhanced
ordering
_____-’

parent-children
link

Figure 5.8 - Descendant-Enhanced DG for factlist2 definition
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This ordering can be used to produce the following continuous sequence of cuts

NO CUTS
cuty  factlist2(n)

cutp  fact(n),factlist2(n-2)
cutg  fact(n-1),factlist2(n-2)
cuty fact(n-2),factlist2(n-4) which matches cuto

where cut, is found to match with cut,. Notice that in cuty, factlist2(n-2) was prevented from

being unfolded because its child node, fact(n-2), is lower in ordering than the child node of the
other call, fact(n).

With such enhanced ordering, the tupling analysis is able to correctly handie programs with
auxiliary recursive calls. However, independently recursive calls, which do not have common
descendants between them, are still not synchronisable. This should not unduly concern us
because independently recursive calls do not have redundancy between them. Nevertheless,
there are still stronger orderings which could be used to synchronise independently recursive
calls. These stronger orderings (to be examined later) are also more practical because they do
not need to construct DGs to obtain ordering relationships. Before turning to this other class of
selection orderings, we shall attempt to formally characterise recursion structures of function
calls next.

5.5.3.3. A Characterisation for Recursion Structures of Functlon Calisl?2

In this section, we shall attempt to characterise the recursion structures of the recursive calls <=

from a given program (containing a set of functions). Our characterisation is based on the class
of programs with eureka tuples.

Let us assume that in a given program, prog, we have managed to find a continuous sequence of
cuts with a pair of matching tuples. We further assume that this pair of tuples are (ay...,a,) and
(by....bs), With a consistent substitution o such that Vie 1..n. a; 6 =b;. As there is a transitive AD-
ordering in the acyclic DG, we will assume that the calls in the matched tuples are positioned in
a way that is consistent with its (partial) order. That is:

Viel.n -@3j>i. aj>ADai)

With this pair of eureka tuples, we can describe the dependencies of calls in the first tuple on
calls from both the tuples by a function, called depends_on. This dependency function essentially
identifies the set of function calls (from the two tuples) which are needed to define each call in
the first tuple. It can be formally stated by:

12 The reader may skip this section on first reading.
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Definition 5.7 - Dependency in a pair of Matching Tuples
Given a pair of matching tuples, (a4....an) and (by....by).

The function, depends_on, which identifies the dependency of each call of
the first tuple, in terms of calls in both the first and second tuples, can be
defined as follows.

Vie 1.n leta_set={a;, 4.ap}in
let b_set = {b;..b,,} - a_set In
depends_on(a;) = {bj} if bi e b_seta aj= bj
= unfold(a;a_set U b_set) otherwise
WHERE unfold(a,set)={x | x € set, x € children(a)} u

{y | y € unfold(x,set),x ¢ set, x € children(a)}
With this formalisation for the matching tuples, we can now define a graph, called the tuple

graph, to characterise the calling structure of the given program. This tuple graph is defined by

a set of nodes, labelled {1..n}, corresponding to the calls in the eureka tuple, and the following
set of arcs:

{arc(p.q)|pe 1..n,q€ 1..n, (aq € depends_on(ap) v bq € depends_on(ap)) }
This set of arcs (for the tuple graph) essentially represents the recursion structure of a program
where each call in the eureka tuple is 'considered’ to be from a separate function. It can be used

to characterise three classes of recursion calling structure for our program. We shall refer to a
tuple graph (and its corresponding program) as:

1) mutually recursive if there is a complete cycte whicH includes every node,
{1..n}, in the graph.

2) independently recursive if there are two or more disjoint sub-graphs present in
the tuple graph.

2) auxiliary recursive otherwise, i.e. no disjoint subgraphs and no complete

cycles.
sum(x) length(x) factm«n) fib(n) fib(n-1)
)

Matching Cuts + + ‘ ‘ ><&
sum(y) length(y) factlist(n-1) fact(n-1)  fib(n-1) fib(n-2
e L) QL)

~_ >

Independently Recursive Auxiliary Recursive Mutually Recursive

Figure 5.9 - Dlfferent Recurslon Structures of Functilon Calls
These three different recursion structures are illustrated by examples in Figure 5.9 Those

programs which have calling structures (tuple graphs) that are mutually recursive will always be
successfully analysed using just the AD-selection ordering. This is possible because the cyclic
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dependency will ensure that we do not have the race-ahead problem of auxiliary or independent
recursions. Correspondingly, those programs with auxiliary recursive tuple graph could be
handled by the descendant-enhanced ordering. However, programs with independent
recursions could not be handled by any AD-based orderings.

5.5.4. Function-Argument Selection Orderings

Very often, a stronger selection ordering can be obtained if we are able to determine a
(transitive) ordering that is based on the synractic representation of function calls, as a pair
<fn,arg>. We shall refer to this class of orderings, which is determined from the representation
of function calls, as the function-argument ordering and denote it with >g5g.

An important pre-condition on this class of orderings is that it must be strong enough to
preserve the parent-children links, as follows:

Vx Vy.x € G,y € children(x) — x >farg ¥

with any two calls, x and y, belonging to the set of calls in DG, G, correctly ordered with
respect to one another if they are parent-children nodes. This condition ensures that each chosen
ordering, >(5.g, Will be at least be as strong as the AD-ordering (due to transitivity of

descendants), thus:

VxVy. x € Gy € descendants(x) — x >farg ¥

Before presenting the technique to suggest appropriate function-argument orderings, let us
informally examine a simple example. Consider the previous function, factiist2, and a possible
representation for its function calls, v(n-x) where x>= 0 and (v = factlist2 or v=fact). Such a
representation could be used to establish a valid!3 function-argument ordering, >facyjist2, a5
follows:

vi{n-x) >tactlist2 Y2(n-y) IFF (y>x) v (x=y a vi=factlist2 A v2=fact)

where vi(n-x) and v2(n-y) are any two function calls in the dependency graph. Notice that the
primary means of ordering is through the main recursion arguments, n-x and n-y, with the
function names, v1 and v2, playing a secondary role when both the arguments are identical.
This form of ordering is characteristic of most function-argument orderings and can often be
determined (see the next sub-section). Using it, we can generate the following continuous
sequence of cuts, which finds that cutg matches with cutp, to give an eureka tuple of
(fact(n),factlist2(n-2)).

NO  CUTS
cuty factlist2(n)

cuty fact(n),factlist2(n-2)

cutg  fact(n-1),factlist2(n-2)

cuty fact(n-2),factlist2(n-2)

cutg  fact(n-2),factlist2(n-4) which matches cuty

13 pecause it satisfies the parent-children ordering relationship.
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This selection ordering has certainly overcome the earlier race-ahead problem of auxiliary
recursion. In fact, its ordering through the common recursion parameter is even stronger than
the descendant-enhanced ordering because we are able to synchronise calls from independently
recursive functions. We suggest a technique (heuristic) for determining function-argument
orderings next.

5.5.4.1. A Technique to Determine Function-Argument Orderings
In any given set of functions, f;.,, of the form:
---fi(x) <= If Bj(x) then C;(x)
else Hj(x,fi1 (Nj1 x),...fia(Nijg x));
It is, in general, undecidable whether a transitive function-argument ordering, >f5rg, €Xists to
correctly order function calls of the form, fj (Ng1oNgo...oNg, x) where o is the function

composition operator.

However, there is a general heuristic which could be used to suggest transitive-orderings for a
wide class of programs. This heuristic relies on two important conditions. Firstly, we must be
able to analyse the parameters of functions individually, where possible. Secondly, we must be
able to identify one of the parameters as the recursion parameter for ordering purpose.

At present, the set of functions, f4..f;, contains only one composite parameter, x, for all the
functions. For our technique, we need to be able to split this parameter into a group of
independent parameters. A parameter, x, of the set of functions, f4..f,, could be split into m- -~
independent parameters, x4,...xm, if the following condition holds:
Viet.nVje1.a3 Nij1--Nijm st Nij (XqseeXm) = (Nij1 x1,..,Nijmxm)

This condition essentially implies that each descent function, Nj, could be split into Njjy,...Njjm in
order to operate independently on each of the parameters, x4,...xp,. With this split-up, we could
now have the following alternative form for each of the functions, fy..f,.

- - - fi(Xq0e0Xm) <= [f Bj(Xq,...Xm) then Ci(xq,...xm)
else Hi((x1,..xm) fi1(Ni11 X1.-:Njt mXm)s--fia(Nia1 X1.--Nja1Xm));
With this alternative form, we can now look for a suitable parameter, say x;, from the group of
parameters, xq,..Xny, as the recursion parameter for ordering purpose. A parameter, x;, is
suitable as a recursion parameter (for ordering) if there exists a progressive function, d, for the
argument domain such that, for each function, f;:

Vke t.a3dz (Nikj= dd) A (1) (5.2)

In a sense, d, is a special form of common generator for the argument, xj, but it is important to
note that this function must be progressive (i.e. results in either ascending or descending values
when recursively applied to some arguments). A function, d, is said to be progressive if

VyVzel.oo. yzz —» dY #d?

Examples of d functions which satisfy this criterion are d(n)=n-1 or d(n)=n+1 or d(a:x)=x. An
example which does not satisfy this criterion is d(n)=n mod 2. We can recognise such functions
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by associating a set of common d-type functions for each data domain which are likely to
provide recursion parameters. Such recursion parameters can be used to order function calls for
tupling analysis.

However, this ordering is a little restrictive because it requires the function, d, to be applied at
least once (i.e. z>1) to each of the parameter. We can relax this requirement to z>0 if we could
establish a transitive ordering among the set of functions, f;..f,, whenever z=0. The use of
functions and recursion arguments for ordering will give us a more general technique for
finding transitive-ordering.

Thus, a slightly more general method for selecting an appropriate recursion parameter, xj, will
be based on the following condition where d is a progressive function.

Vket.a3z. (Nig=d?)  (220)

In addition, we need to build a function-order graph, call it GF, with the function nodes, f,..1,,
such that:

Viet.nVke t.a (Nig= d%) - arc(fifi) € GF

This graph must be acyclic before we can select the parameter, x;, as the recursion parameter.
Otherwise, the formulated ordering will not be transitive.

Once such a recursion argument, say xj, has been identified, together with its corresponding
function-order graph, GF, we can define the function-argument ordering, >farg, as follows:

For any two calls, fi4(..,d%! )‘ij,f.) and 'fi2(..,dzz‘>'(?,..), we have:

10487 %) >targ fio(-+ 0?2 Xj...) IFF (22521) v (22=21 A path(fi1.fip) )

where path(v1,v2)=true if there exists a path from v1 to v2 in the graph, GF
As an example, consider the following function, inf_list, which returns an infinite list.

dec inf_list : num -> list(num);

dec merge : list(num) # list(num) -> list(num);

- - - inf_list(n) <= n:merge(inf_list(n+1),inf_list{n+2)) ;

---merge(a:x,blly) <= aib:merge(x,y) ;
This function presently involves redundant computation in its subsidiary recursive calls. There
is only one relevant recursive function, inf_list, to consider and one parameter, n. This parameter
is a suitable recursion parameter for the function-argument selection ordering because there is a
common ascending function, d(n)=n+1. With it, we could provide the following function-
argument ordering which is based solely on the recursion parameter.

inf_list(dZ1 n) >farg inf_list(d22 x) IFF (z22>z1) where d(n)=n+1
This ordering can be used to find an eureka tuple containing two calls, (inf_list(n),inf_list(n+1)).

With this eureka tuple, we can define the following tuple function,

dec inf_tup : num -> (list(num) # list(num));
- - - inf_tup(n) <= (inf_list(n),inf_list(n+1)) ;

which can be transformed to:
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- - - inf_list(n) <
- - - inf_tup(n) <

u where (u,v)==inf_tup(n);
(n::merge(u,v),u) where (u,v)==inf_tup(n+1) ;

This example shows that our programs need not be terminating. The only thing that is needed
(before tupling analysis could be successful) is that there exists a recursion parameter, together
with its function-order graph, which could give a transitive-ordering among the function calls.

In the next section, we shall consider two more techniques for determining selection orderings
for programs that are expressed using pattern-matching equations.

5.5.4.2. Constructor-Based Ordering

Most of the recursive functions presented, so far, are expressed without pattern-matching.
However, it is also possible to specify some recursive functions through pattern matching
equations, with constructor-based arguments that get progressively smaller in the successive
recursive calls. This alternative method of specifying functions is often better for tupling
analysis. This is because we could use the decreasing sizes of pattern-matching argument as the
appropriate selection orderings. We shall call this particular form of selection orderings, the
constructor-based ordering. It is often the dual of what we get from function-argument
ordering of the previous section.

As an example, let us re-express the original definition of factlist, using pattern-matching
eqautions, as follows:

- - - factlist(zero) <= [];

- - - factlist(succ n) <= fact(succ n):factlist(n); -
- - - fact(zero) <= 1;

- - - fact(succ n) <= succ n*fact(n);

By considering only the pattern-matching arguments which are unchanged or descending, we
could determine an appropriate selection ordering, >y, as follows:

vi(succX n) >oonsv2(sucey n) IFF (x>y) or (x=y A vi=factlist A v2=fact)

where v1(succXn) and v2(succYn) are simply any two calls that result from the above factlist
definition. The techriique to determine this constructor-based ordering is essentially similar to
the technique of the previous section for function-argument ordering. In this case, a pattern-
matching parameter that is descending (or unchanged) will be selected as the recursion
parameter.

With this ordering, we can generate the following continuous sequence of cuts where the
4th cut is found to match with the 2nd cut to give an eureka tuple of (fact(succ nq),factlist(ny)).

NO INSTANTIATION SETOF CALLS
cuty factlist(n)
n=succ nq factlist(succ ny)
cuty fact(succ nq),factlist(nq)
cutg fact(nq),factlist(n1)
nq=succ n fact(succ no), factlist(succ no)
1 2 2 2
cuty fact(succ nj) factlist(ny) cuty matches with cuty
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Notice that the above sequence of cuts contains an additional column for argument
instantiations. These instantiation are needed to unfold some of the function calls. For example
the first cut, cuty, containing the call factlist(n), must be instantiated with n=succ ny, to give
factlist(succ ny), before this call can be unfolded. This is simply a consequence of unfolding
pattern-matching (symbolic) function calls. Only minimal instantiations, which enables
unfolding, need to be made at each time. This can be achieved by the narrowing mechanism
which combines (minimum) instantiation with unfolding.

5.5.4.3. Instantiate and Unfold Ordering

The need to instantiate before unfolding can be combined with some simple restrictions to
provide another, even simpler, selection ordering for tupling analysis. We call this technique of
selecting calls for unfolding, the instantiate-and-unfold ordering technique, and will
describe it below.

Let us describe a function call as unfoldable if it can be unfolded without any instantiation and
those which cannot be so unfolded non-unfoldable. This dichotomous division of calls can be
used as a crude means of ordering function calls which are present in a cut. But to use it as a
selection ordering, there are two additional pre-conditions which the given function definitions
must satisfy first. These two restrictions are:

1) Recursive function definitions must be expressed using pattern matching.

2) All relevant subsidiary calls, on each RHS of definitions, must be in a non-
unfoldable state.

The first pre-condition is necessary if we want to use the unfoldability test as a crude means of
ordering function calls. The second condition is essential to separate out parent calls
(represented by LHS of equations) that are unfoldable, from children calls (represented by
subsidiary calls in RHS of equations) that are non-unfoldable. These two restrictions make it
easier for us to implement tupling analysis but it is less general (e.g. we could not use it for
infinite programs, like the earlier inf_list function).

At times, some function calls in the given program definition may not satisfy the second pre-
condition. This can occasionally be rectified by applying direct unfolds to the offending
subsidiary calls until they are no longer unfoldable. For example, the previous factiist definition
has an auxiliary call, fact(succ n), which is unfoldable. This violation can be removed by
unfolding the call to give:

- - factlist(0) <= [};

- - factlist(succ n) <= (succ n * fact(n))::factlist(n);
With the pre-conditions satisfied, we can generate a continuous sequence of cuts by starting
with the main call as the first cut and then successively select all those calls which required the
minimum instantiation to unfold. The minimum instantiation, opin j, for each cut, cut,
together with the set of calls that would be selected for unfolding, selected;, is specified as
follows:
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selacted; = ({s|se cutj, unfoldable(topmin )}
Smin,i = o st3ae cutj Vb e cutj. min_subs(a) <g,,g Min_subs(b)

min_subs(s) = o st Jo. unfoldable(sc) A (Vo unfoldable(sa) = ¢ Sgypg @)

Note that unfoldable is a test to see if a call can be unfolded, min_subs finds the minimum
instantiation (output substitutions) needed to unfold a given function call and <g,,s compares
two substitutions to see which one is more general. The actual determination of this minimum
instantiation (for a cut) can be achieved by using unification (or narrowing) to find the output
substitutions required to unfold each of the function calls. These substitutions (from each call)
are then compared to see which is the most general (or minimal).

The use of minimum instantiation guarantees that those calls which are made unfoldable will
always be from the topmost subset (i.e. parent calls). An application of the instantiate-and-
unfold ordering to the above factlist definition would result in the following continuous
sequence of cuts.

NO MIN INSTANTIATION ITEMS IN CUTS
cuty factlist(n)
N=Succ nq factlist(succ nq)
cuty fact(ny),factlist(nq)
nq=succ np fact(succ nj),factlist(suce nj)
cuty fact(np),factlist(no) cutgz matches with cutp

At the beginning of each cut, all calls in the cut must be non-unfoldable. Minimal instantiation is
then applied to the calls to select all those calls that could be directly unfolded in order to
generate the next cut. These unfoldings will only result in children calls which are non-
unfoldable!4; ready for the same process to be repeated for the next cut. The analysis ends
when the 3rd cut is found to match with the 2nd cut.

Such an instantiate-and-unfold ordering considerably simplifies the tupling analysis technique.
In particular, the selection of calls to unfold is simply achieved through the unfoldability test.

5.5.5. Examples

Our tupling analysis, augmented with an appropriate selection ordering, can find eureka tuples
for a wide class of programs. This analysis can be shown to work for common generator and
periodic commutative classes of programs; self, auxiliary and mutual recursive programs; and
even programs with complex descent conditions like Tower of Hanoi. Furthermore, our
analysis technique is capable of producing a better result (with smaller matching tuple) for the
periodic commutative class of programs than that reported in [Cohen83] or [Pettorossi84].

In this section, we shall illustrate this capability with some examples, using either the
instantiate-and-unfold ordering Or the function-argument ordering.

14 pbecause of minimal instantiation and condition requiring that subsidiary calls in program definitions be in
non-unfoldable state.
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5.5.5.1. Example 1 - Common Generator

The fibonacci function we showed at the beginning of this chapter is an instance of the common
generator class of programs. However, to show that our analysis algorithm is applicable in the
general case, let us consider the following schematic function from the common generator class
(with two recursive calls),
---1(x) <= [If B(x) then K(x)
else H(x,f(g" x),{(gm x));

Note that g is the common generator of the two descent functions, g" and g™, where n and m are
each > 1 and have no common factors between them.

Under such a definition, we can represent the subsidiary calls of this function by a canonical
form, t(g'x), where i20. This canonical form can be used to define a suitable function-argument
selection ordering, >f5g, Which satisfies the relationship:

192 X) >farg f(gP x) IFF b>a

where t(g?x) and f(gPx) are any two subsidiary calls. Such an ordering could be detected by the
technique of Section 5.5.4.1 where the composite parameter of the above function is also the
recursion parameter.

The above ordering for this class of programs is total and will only select one largest item to
unfold from each cut. With it, we will eventually find a matching tuple,
(fx).(gx).1(gx)....{(gMax(M.n)-1x)), of size max(m,n). This is identical to the. result of Cohen's
descent function analysis for the common generator class of programs.

It may be of (theoretical) interest to note that the AD-ordering can also be used as the selection
ordering for this class of programs. However, this ordering may be a partial ordering which
allows the maximal possible items to be selected for unfolding at each cut. As a result, the
matching pair of tuples discovered will select min(m,n) calls, rather than just one call, to unfold
before getting to the next tuple. This implies that the new transformed program will simply take
bigger recursion steps. Nevertheless, an eureka tuple of size max(m,n) can still be obtained.

5.5.5.2. Example 2 - Periodlc Commutative

The periodic commutative class of programs can be represented by the following schematic
function.

- - -p(x) <= [f B(x) then K(x)
else H(x,p(c(x)),p(d(x));

where its descent functions, ¢ and d, satisfy the commutative (i.e. ¢ o d=d o ¢) and periodic
(i.e. c"=d™ for some m,n ) conditions. This class of programs was shown by Cohen to have a
uniform redundancy pattern whose DGs can be drawn as rectangular blocks of nodes, as
shown in Figure 5.10. Notice that there are two kinds of dependency arrows shown. Both are
used to denote parent-children dependency but the bolded arrows are used to highlight the
boundaries of repeated rectangular blocks of nodes. Also, we have abbreviated the calls to
show just their arguments with the first root call, p(x), denoted by, x, in the top-leftmost corner.
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Using this DG, Cohen showed that a table consisting of two arrays of size m and n,
representing the left and top sides of the rectangular blocks, would be sufficient to remove
periodic commutative redundancy. This pair of arrays can be represented by the following two
groups of calls, p(x),p(d x),p(d x),...p[d™ 1 x) and p(x).p(c x),p(c2 x),...p{c™ x).

X - cx - 2 - ... - -l -
d J i 1
dx —  dex - dex = ... - deIx - 5
d 1 i 18
l d i l
am-ly 5 gmley 5 ogmle2y - dm-lenly m
e Y ex = ecx — ecx o ... . . - ey
1
d d i d
- 5 edx — edex — edeZx - . . . . . - edc™lx
= X
d d i {
l - Lo, 3
= n edm-1y —  edM-lcx - edm-1¢2x -
- ed™-len-1y - o

.....

Figure 5.10 - DG for the Perlodic Commutative Class of Programs
as a Rectangular Array WHERE e=d™ or e=c®

Subsequently, Pettorossi improved this result to m+n-1, by using a progressive sequence of
matching L-shaped cuts in the DG. These L-shaped cuts are essentially the same two sides of
the rectangle with a common overlapping node. However, this result is not yet optimal
(minimal). Instead of L-shaped cuts, we can actually use a diagonalised cut (as the eureka
tuple) which connects the top-right end to the bottom-left end. This is represented by p(c"! x)
and p(d™-1 x) in Figure 5.10 of the rectangular block of nodes. Diagonalised cuts are smaller
because each diagonal movement across the DG is equivalent to one horizontal plus one vertical
traversals. These cuts result in eureka tuples of size max(m,n). There are a number of different
possibilities for such diagonalised cuts. Assuming that n>m, one of them can be represented by
the following set of function calls
p(c"1 x),p(c"2d x)...,p(c""MdM-T x),p(c""M+1gM-1 x), _.p(cd™-1 x),p(d™1 x)

where the next matching cut can be obtained by applying the descent function, c, to each of
these calls. Optimal diagonalised cuts, like the above, can be automatically discovered by our
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tupling analysis technique. Even the weakest AD-selection ordering can successfully find an
optimal matching cut.

For theoretical interest, each of the above function calls can actually be represented by the
canonical form, p(ef ¢l d x) where e=d™ and e=c". In this canonical form, we could provide each
periodic-commutative program with the following fairly complex selection ordering.

p(e! It d x) >p5r P(67 €2 A2 x) IFF (i1>12) v (i1=i2 A (1212 A k1>k2) v (152 A k12k2))

Our technique will not obtain orderings in this way. This is because we will need to establish
the periodic-commutative condition before we are able to use the above canonical form. If we
are able to establish the periodic-commutative condition, then there is no need for our tupling
analysis at all!

Instead, our technique would try to recognise the presence of some recursion argument which
is appropriate for function-argument ordering. Let us illustrate this with the impatient commuter
program, given in [Cohen83]. This program can be specified by the following schematic
function:
- - -f(i,h) <= Ifi> C then K(i)
else S(i,h,f(i+1,h)f(i+2,nh));

where its descent functions are c(i,h)=(i+1,h) and d(i,h)=(i+2,nh) respectively and n(n(h))=h. These
descent functions satisfy both the periodic and commutative conditions.

Using the earlier technique of Section 5.5.4.1, we could determine a function-argument . -

ordering, based on the first (nurhen'c) recursion parameter, as follows:
f(i+a,) >farg f(i+b._) IFF b>a

This ordering can be used to produce the following continuous sequence of cuts that finds its
eureka tuple, when the 5th cut matches with the 4th cut.

NO QUTS

f(i,h)

f(i+1,h),f(i+2,nh)

f(i+2,h) f(i+2,nh),f(i+3,nh)

f(i+3,h),f(i+3,nh),{(i+4,h),{(i+4,nh)
f(i+4,h),f(1+4,nh),{(i+5,h),f(i+5,nh) matches with Cut 4

O

This gives us a diagonalised cut of (f(i,h),f(i,nh),i(i+1,h),f(i+1,nh)) which could be used as the eureka
tuple. Other kinds of orderings, including the weakest AD-ordering, will also produce
diagonalised cuts. They differ mainly in the calls that are selected for the matching tuple. For
example, if the AD-ordering was used as the selection ordering, we would get
((i,h).1(i+1,h),1(i+1,nh),{(i+2,h)) as the eureka tuple. Both these tuples are still shorter than the L-
shaped cut of five items, (f(i,h),f(i+1 h).f(i+2,nh).f(i+2,h).4(i+3,h)), suggested in [Pettorossi84].

With the first diagonalised cut, we can define a new tuple function
- - -f_tup(i,h) <= (f(i,h).f(i,nh),f(i+1,h),f(i+1,nh));

that can be automatically transformed to:
- - f_tup(i,h) <= If i>C then (K(i),K(@).K(i+1),K(i+1))
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else (S(i,h,u,x),S(i,nh,v,w),u,v) where (u,v,w,x)==f_tup(i+1,h);

This wple function can now be force folded against the original definition of f to give:
- - -(i,h) <= Ifi> Cthen K(i)
else S(i,h,u,x) where (u,_,_,x)==f_tup(i+1,h);

One possible criticism of the way our analysis produces a matching cut is that it is possible for
the resulting tuple function to over-compute (in a strict language!5) some function calls that are
not needed. The above definition of f does not use the two middle items, denoted by don't care
variable '_' (from the tuple function call f_tup(i+1,h)). This over-computation is not serious
because it only represents a small constant overhead. Nevertheless, it can still be eliminated by
simply unfolding the tuple function call and then removing all unreferenced variables, where
possible. This is repeated until none of the don't care variables remain. Such a sequence of
steps is shown below for the above function, f.

- - (i,h) <= If i>C then K(i)
else S(i,h,u,x)
where (u,x)==If i+1>C then (K(i+1),K(i+2)) else (S(i+1,h,uq,x1),vq)
where (uq,v4,_Xq)==f_tup(i+2,h);
<= If i>C then K(i)
else S(i,h,u,x)
where (u,x)==If i+1>C then (K(i+1),K(i+2)) else (S(i+1,h,uy,x1),v4)
where (uq,v4,Xq)==If i+2>C then (K(i+2)K(i+2) K(i+3))
else (S(i+3,h,u2,x2),S(i+3,nh,v2,w2),v2)
where (up,vo,wWp Xo)==f_tup(i+3,h);

5.5.5.3. Example' 3 - Tower of Hanol.

The Tower of Hanoi program can be expressed as a function, seq, which returns a sequence of
moves needed to transfer n discs from poles A to B using C, as shown below.

dec seq : (int # char # char # char) -> list(char # char);

- - - seq(zero,A,B,C) <= [];

- - - seq(succ n,A,B,C) <= seq(n,A,C,B)<>[(A,B)]<seq(n,C,B,A);
Analysis techniques of both Cohen and Khoshnevisan were unable to cope with this class of
programs. However, our tupling analysis technique can easily handle this program under its
more general framework. In particular, we can analyse the eureka tuple with the instantiate and
unfold selection ordering. This analysis will produce the following continuous sequence of
cuts, where the 4th cut is fouﬁd to match with the 3rd cut.

NO  INSTANTIATE CUTS
1. seq(n,A,B,C)
N=SUCC N4 seq(succ nq,A,B,C)
2. seq(nq,A,C,B),seq(n4,C,B,A)
n{=SuUcC Ny seq(succ np,A,C,B),seq(succ n,,C,B,A)
3. seq(ny,A,B,C),seq(ny,B,C,A),seq(n3,C,A,B)
no=succ ng seq(succ n3,A,B,C),seq(succ ng3,B,C,A),seq(succ n3,C,A,B)
4, seq(nj3,A,C,B),seq(n3,C,B,A),s0q(n3,B,A,C)

which matches Cut 3

154 lazy program would not over-compute for items that are not needed
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At each of these cuts, all the calls are selected for instantiation and unfolding. This results in a
matching tuple of three calls, ((seq(ns,A,B,C),seq(ns,B,C,A),seq(n»,C,A,B)), which can be used to
define the following tuple function, seq_tup.

dec seq_tup: num # char # char # char -> (list(char # char) # list(char # char) # list(char # char));
- - -seq tup(n,A,B,C) <= (seq(n,A,B,C),seq(n,B,C,A),seq(n,C,A,B));

This function can subsequently be transformed (with the help of the steps taken in analysis) to:
- - -seq_tup(zero,A, B,C) <= ([LILI);
- - -seq_tup(succ n,A, B,C) <= (u<|[(AB)]l<v,w<[(B,C)l<>u,v<>[(C,A)l<>W)
where (u,v,w)==seq_tup(n,A,C,B);
5§.5.5.4. Examplie 4 - Mutual Recursions

We have already seen our analysis technique working for both self and auxiliary recursive
functions. The same success can also be shown for mutually recursive functions, where we are
able to analyse the function definitions directly without having to convert them to self-recursive
definitions first. An example of mutual recursion is the following pair of functions, f and g,
which operates on the linear list data structure.

dec f,g : list(num) -> num;

---1(0) = 0
---H(a)) <= g

- - -f(aibux) <= a+f(b:x)+g(x);
---9() <= 0;

---g(b:x) <= f(x)+g(x);

These two functions satisfy the instantiate’ and unfold ordering’s preconditions and can be
analysed for a matching tuple by the following sequence of cuts.

NO  INSTANTIATE QUTS
1. t(x)
X=anaqi X4 f(a:aqixq)
2. f(aq::x9),9(xq)
X{=ao: X2 f(aq:an: xo),g(az::xo)
3. f(ag:: x3),9(x2).f(x2)
Xo=83:: X3 f(ap:ag: x3).9(ag:: x3).f(ag:: x3)
4, f(ag:: x3),9(x3),f(x3)

which matches Cut 3
The matching cut discovered, f(as:: x3),9(x3).f(x3), can be used to define the following new tuple
function:
dec f_tup: num # list(num) -> (num # num # num);
- - -t _tup(a,x) <= (9(x).f(a:: x)f(x));

which can be subsequently transformed to:

- - -f_tup(a,[]) <« (0,a0);
- - -f_tup(a,b:x) <= (w+u,a+v+u,v) where (u,v,w)==f_tup(b,x);
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5.6. An Extension to the Tupling Analysis Technique

Thus far, all successful programs chosen to illustrate our analysis technique are based on the
following two properties:

1. they use linear (recursive) data structures, e.g. numeric and list type, and
2. they have one recursive equation per function

Other programs which do not have these properties, e.g those which use non-linearlé binary
tree structures or those specified with multiple recursive equations per function, will not be
correctly handled by the proposed tupling analysis technique. We look at why this is so for
some programs and then suggest ways in which the original analysis technique can be
generalised to cater for these other programs.

5.6.1. Non-Linear Data Structure

A program which uses the non-linear binary tree data is the following two functions, deepest
and depth, for finding a list of leaves that are furthest away from the root node.

dec deepest: tree(alpha) -> list(alpha);

dec depth:tree(alpha) -> num;

- - -deepest(leaf(a)) <= [a];

- - -deepest(node(l,r)) <= If depth(l} > depth(r) then deepest(l)

else If depth(l) < depth(r) then deepest(r)
else deepest(l)<>deepest(r);
- - -depth(leal(a)): <= 0;
- - -depth(node(l,r)) <= 1+max(depth(l),depth(r));

The redundant function calls in this program cannot be correctly analysed by the present
analysis technique. This is because the continuous sequence of cuts produced will just continue
to grow in size, as shown below,

NO  QUTS MINIMAL INSTANTIATIONS
1. dp(n) n=node(l,r)

2. d(1),dp(l),d(r),dp(r) l=node(ll,Ir), r=node(rl,rr)

3. d(lt),dp(ll),d(ir),dp(lr),d(rl),dp(rl),d(rr),dp(rr) Hl=node(lillir), Ir=node(lrl,Irr), ...
4,

where deepest and depth are abbreviated to dp and d respectively.

The main problem with the above sequence of cuts is the presence of an increasing number of
distinct recursion variables, e.g I,r in the 2nd cut and ii,ir,rlrr in the 3rd cut, which arise from
the branches of the original binary tree. These independent variables are a problem because they
are not ordered with respect to one another, but more importantly they give rise to descendant
calls which belong to completely separate and disjoint sub-graphs in the DG. As a
consequence, the frontier in this analysis will simply get progressively wider.

16 Lists and peano numbers are considered to be linear data structures but trees are considered as non-linear
structures. This is because tree-like structures may contain more than one recursive data structure in their
nodes.
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To rectify this problem, our analysis algorithm must be extended to recognise groups of
function calls in a cut that are distinctly disjoint. Such groups of calls should be split into sub-
cuts which could then be independently analysed. For example, the 2nd cut,
d(1),dp(}),d(r),dp(r), should be split into two sub-cuts, d(l),dp(l) and d(r),dp(r) which can then
be independently analysed. This modification to our analysis would result in a continuous
tree of cuts, rather than just a continuous sequence. Each branch of this tree will be
considered to be successful if its final cut matches with another cut higher in the tree. Such an
extended analysis, when applied to the earlier example, would result in the analysis tree shown
in Figure 5.11.

Cut 1 | dp(n)

n=node(l,r)

cut 2 [dp().d(1).dp@),d(r) |

PR

~
-

] -
v S

Cut 22 [dp0).4(D) cut 2o [P0

1=node(l1,1r)

Identical to Cut2a, modulo renaming

Cut 3 | dp(11),d(11),dp(lr),d(lr)
PEdhES ———

.- ~a instantiate and unfold

g ’ N ) ‘N ——
dp(11),d(11 )
Cut3a { dp(lh.adh Cut 3b | dp(in),d(Ir) splitting up into sub-cuts

Matches Cut2a Matches Cut2a

Figure 5.11 - A Continuous Tree ot Cuts for dp(n)

We have not produced a complete analysis tree in Figure 5.11. This is because we can optimise
the analysis by avoiding duplicated analyses of sub-cuts that appear more than once. For
example, the two sub-cuts, Cut 2a and Cut 2b, of the above analysis are identical modulo
renaming to each other. Hence, only one of them needs to be analysed as both of the analyses
will be identical.

The result of this analysis is a pair of matching tuple, (depth(t),deepest(t)), that can be used to
define the following new function.

dec d_tup: tree(alpha) -> (num,tree(alpha));
- - -d_tup(t) <= (depth(t),deepest(t));

which can then be transformed to:
(0,[a]);

if u> athen (md,v)

else If u <athen (md,b)

else (md,v<>b)

where md==1+max(u,a)
(u,v)==d_tup(l); (a,b)==d_tup(r) ;

- - -d_tup(leaf a)
- - -d_tup(node(l,r))
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Notice that this extension requires the tupling analysis technique to recognise disjoint groups of
calls in a cut. Incidently, this is helped by the use of pattern-matching equations with
constructor terms. This is because the presence of independent variables in constructor
arguments can be used to detect disjoint function calls. The alternative, without pattern
matching, is to specially recognise descent functions, e.g. left and right descent functions for
binary trees, which result in disjoint calls.

5.6.2. Multiple Recursive Equations per Function

The fusc function from Dijkstra is an example of a program which uses more than one recursive
equation per function definition. This function has two recursive equations, even and odd cases,
together with two base case equations, as shown below.

dec fusc : num -> num;

- - -fusc(0) <= 0;

- - -tusc(1) <= 1;

- - -fusc(2n) <= fusc(n);

- - -fusc(2n+1) <= fusc(n+1)+fusc(n);

Previously, our analysis only considers one way of unfolding each function call. But the
presence of multiple recursive cases has now meant that there could be more than one way of
unfolding some of its function calls! This again implies that we should use a continuous tree of
cuts, rather than just a sequence of cuts. With this tree structure, the extended tupling analysis
should find a matching pair of cuts for each branch before the entire tree is considered to be
successfully analysed. This normally results in a set of matching cuts (one matching cut from
each branch) from which we must select the most general matching cut as the eureka tuple. The
tree of cuts for the fusc function is shown in Figure 5.12. Notice that this tree structure is
slightly different from the earlier tree of Figure 5.11. The earlier tree branches out by splitting a
large cut into sub-cuts, while the present tree branches out according to the different ways in

which function calls are unfolded.
Cut 1 I fusc(n)'

0=2m+l _ _.=7 Se.a

Cut la fusc(2m+1)

Cut 2a [fusc(m+1),fusc(mﬂ

'. \‘

m=2p+1,2°" S\ m=2p
‘o"' ~ -
VY b
Cut 2aa l fusc(2(p+l)),fusc(2p+1)l Cut 2ab [ fusc(2p+1),fusc(2p) ] _____ -
split by instantiation
l ﬁ
Cut 3aa [ fusc(p+1),fusc(p) J Cut 3ab L fusc(p+1),fusc(p) ] unfolding

matches Cut 2a matches Cut 2a

Figure 5.12 - Tree of Cuts for a Multl-Recursive Cases Function
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Three matching cuts, Cut 3aa, Cut 3ab and Cut2b, are found from the above analysis. Two of
these cuts are actually identical, while the third cut (with only one item) can be viewed as a
subset of the other two. Hence, the most general tuple is (fusc(n+1),fusc(n)) which becomes the
eureka tuple for transformation.

Such an exhaustive exploration using a tree of cuts can of course be implemented but this is
potentially expensive. In particular, redundant analysis can occur because we are interested only
in the most general matching cut. Fortunately, there is an alternative method which could find
eureka tuples in a much quicker fashion. This method involves dividing up the analysis into a
number of consecutive mini-analysis phases - one for each of the recursive equations (e.g. even
and odd cases). Each of these mini-analysis phases will only use its assigned recursive case, to
instantiate and unfold, in order to find its own matching cut. However, these mini-analysis
phases are not independent because we will have to carry over the matching cut from one phase
as the starting cut of the next phase. The starting cut of the first phase will be the main call,
while the matching cut from the last phase will be our eureka tuple which satisfies all the
recursive cases.

This shorter analysis is valid provided two further conditions hold, namely:

1) The entire set of calls, at each cut, is always selected for unfolding; and
2) Each subsequent eureka cut must always be more general than the eureka cut before
it. We describe a cut, say (ny,..n5,p), to be more general than another cut, say
(My,..my), if ny,..n, matches my,..my and np,..,n4,p also matches with mmg. -2 -
When these two conditions are satisﬁed,‘the matching tuple from a latter case will automatically
be applicable to the previous cases. However, if either of the above two conditions do not hold,
we could still ensure that the last eureka cut will work for all the recursive cases by testing to
see if it will match for each of the other cases.

Let us look at how this alternative method, with its pre-conditions, would apply to the fusc
function. In this function, there are two recursive cases, namely even and odd, which implies
that we must use two corresponding mini-analysis phases. Either of these two phases can be
used to start first, but they must use the main call, fuse(n), as its first cut. For this example, we
will use the even case as the first phase, where instantiation and unfolding using the even case
equation produces a matching cut of one call (see 2nd cut below). This matching cut is now
carried over to the second (and final) phase, where further analysis using the odd case
instantiation results in a matching cut at Step 4. The final matching cut immediately becomes
the eureka tuple.

208 Chapter 5 - Tupling



NO  INSTANTIATE CUTS
start with even instantiations

1. fusc(n)
n=2n4 fusc(2n4)
2. fuse(ng) matches with Cut 1

continue with odd instantiations
2 (cont) ny=2no+1 fusc(2no+1)
fusc(ng),fusc(ng+1)
no=2ng+1 fusc(2ng),fusc(2(ng+1))
4, fusc(ng),fusc(ngz+1) matches with Cut 3

Notice that the two conditions required by the shorter analysis are satisfied. This is because all
calls are unfolded for each cut and the second cut is more general than the first cut.

With the eureka tuple obtained, we could define the following tuple function,

dec fusc_tup : num -> (num # num);
- - -fusc_tup(n) = (fusc(n),fusc(n+1));

that can be transformed to:
- - fusc_tup(0) = (0,1);
- - -fusc_tup(1) (1,1);
- - -fusc_tup(2n) (u,u+v) where (u,v)==fusc_tup(n);
- - -fusc_tup(2n+1) = (u+v,v) where (u,v)==fusc_tup(n);

Incidently, this tupling analysis for programs with multiple recursive equations per function is
again made simpler by. the use of pattern matching. With it, we are able to mechanise the~:
analysis technique using instahtiation, unfolding and matching. Had the fusc function been
expressed without pattern matching, like the definition below, more reasoning would be needed
to analyse for its eureka tuple.

- - -fusc(n) <= If x<2 then x
else If even(x) then fusc(x/2)
else fusc(x/2)+fusc(x/2 + 1);

5.6.3. Simplification Rules

In the earlier analysis for the fusc function, we have implicitly used some simplification rules to
convert all function calls to their canonical form. This is needed to allow some of these calls to
be correctly unfolded. For example, the call fusc(np+1) can be instantiated by the odd case to

fusc((2ng+1)+1). This call is not in the right form for unfolding and must be simplified to
fusc(2(ng+1)) before we recognise that it is an even case call.

Such simplifications to a canonical form can be performed by a small set of rules based on the
operators (or constructors) used for the argument domain of the given program. In the case of
numeric domain with the three operators/constructors, even(n)=2n, odd(n)=2n+1 and succ(n)=n+1,
the complete set of rewriting rules is:

succ(even n) — odd(n)

succ(odd n) — even(succ n)
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This set of rules merely floats out the even or odd constructors to the outermost position. If in
addition, the operator pred(n)=n-1 is used, the following extra rules are also needed.

pred(even n) — odd(pred n)
pred(odd n) — even(n)
pred(succ n) - n
succ(pred n) - n

Such a closed set of simplification rules can be provided (for each commonly used argument
domain) to help simplify our calls to their canonical form.

5.6.4. Logarithmic-Time Fibonacci

There is an alternative more parallel definition of fibonacci, which is based on even and odd
recursive equations, as given below.

- - fib(0) - 1
- - fib(1) - 1
- - Hib(2n) <= fib(n)*fib(n)+fib(n-1)*fib(n-1);
- - Hib(2n+1) <= fib(n)*fib(n)+2*fib(n)*fib(n-1);

The time-complexity of this definition is linear, i.e.O(n) where n is the parameter value, but
there are still some redundant function calls. If this redundancy can be removed, the time-
complexity of the above function can be reduced to logarithmic time. Indeed, the extended
analysis from the previous section can be used to analyse for an eureka tuple. This analysis,

using the even and odd mini-analysis phases (together with appropriate rewriting of calls to.. -+~

canonical forms) can produce the folloWing result.

NO INSTANTIATION CUTS
start with even instantiations

1. fib(n)
n=2n4 fib(2n4)
2. fib(nq),fib(nq-1)
ny=2ny fib(2ny),fib(2ns-1)
3. fib(ny),fib(ng-1),fib(ny-2)
no=2ng fib(2ng),fib(2n3-1),fib(2n3-2)
4. fib(nz),fib(ng-1),fib(n3-2) which matches Cut 3
continue with odd instantiations
4, fib(ng),fib(ng-1),fib(ngz-2)
ng=2ng+1 fib(2ng4+1),fib(2ny),fib(2n4-1)
5. fib(ng),fib(ng-1),fib(n,-2) which matches Cut 4

The final matching cut from this analysis is a tuple of three calls, (fib(n),fib(n-1),fib(n-2)). This cut
is suitable for use as an eureka tuple for eliminating redundancy.

Actually, we can further reduce the size of tuple (required to eliminate redundancy) to just two
calls, namely (fib(n-1),fib(n-2)), if another valid equation of fibonacci function, shown below, is
either supplied or known by the system.

fib(n)=fib(n-1)+fib(n-2)
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This equation will enable the first call, fib(n), to be derivable from the other two calls. With it,
we have a smaller eureka tuple which can be used to define the tuple function:
dec fib_log : num -> (num # num);

- - -fib_log (n) <= (fib(n+1),fib(n));

which can be transformed to:

- - fib_log (0) <= (1,1);

- - fib_log (1) < (2,1);

- - fib_log (2n) <= (u*u+2'u‘v,u*u+v'v) where (uv)==fib_log (n-1);

- - -fib_log (2n+1) <= (z'z+Uu’u,u*u+2'u’v) where z==u+v; (u,v)==fib_log (n-1);

This use of additional equations to find a smaller tuple is optional and is best performed after an
initial eureka tuple has been found, using just the basic equations. Doing it after an initial eureka
tuple has been found can help to avoid the complications of having to decide whether the basic
or additional equations are to be applied. In contrast to this approach, Pettorossi suggested the
use of DGs which contain alternative dependencies (provided by the extra equations) in order to
directly find a smaller eureka tuple. He called DGs constructed with alternative dependencies,
simplified m-dags, and claimed that their use is indispensable (see [Pettorossi84]) with the
help of a more complex linear recurrence function. We would like to suggest otherwise by
showing that the more complex function can also have a matching tuple, without the help of
additional equations.

5.6.5. A Complex Linear-Recurrence Function

The complex linear recurrence function from [Pettorossi82,84] is:

- - -G(a,b,0) <= a;
---G(a,b,1) <= b;
- - -G(a,b,2k) <= G(1,0,k).G(a,b,k)+G(0,1,k).G(a,b,k+1);

- - -G(a,b,2k+1) <= G(1,0,k).G(a,b.k+1)+G(0,1,k).G(a,b,k+2);

This function is actually a generalised form of fibonacci that can be obtained through the linear
recurrence transformation strategy in [Pettorossi82], where fib(n)=G(1,1,n). Our extended
analysis algorithm is capable of using just the basic recursive equations to discover a matching
tuple for this function definition. This analysis is shown below with a final matching cut of 11

function calls found at the 9th step. (We have abbreviated the calls in the cuts to show just their
arguments.)
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NO INSTANTIATION  CUTS

Pl

start with even instantiations
(a,b,k)
k=2k4 (a,b,kq),(1,0,k1),(0,1,kq).(a,b,ky+1)

ky=2kp (a.b,k2),(1,0,k),(0,1,ko), (a,b,kp+1),(1,0,kp+1),(0,1,kp+1),(a,b,kp+2)
kp=2kg (abkg),(1,0,k3),(0,1.Kg), (a,b,kg+1),(1,0,kg+1),(0,1,kg+1),(a,b,kg+2)

l(1 ,0,k3+2),(0.1 ,k3+2)

ka=2ks  (ab,kg)(1,0,k4).(0.1.Kg),(a,b.kg+1),(1,0,ka+1),(0,1,kg+1),(a,b,Kg+2)

1(1,0,kg+2),(0,1,k4+2)  which matches Cut 4
continue with odd instantiations
(1,0,k4),(0,1,ka).(a,b,kg+1),(1,0,k4+1),(0,1,kg+1),(a,b,kg+2)
,(1,0,k4+2),(0,1,k4q+2)
kg=2kg+1  (1,0,kg),(0,1,ks),(a,b,kg+1),(1,0,kg5+1),(0,1,ks+1),(a,b,kg+2)
.(1,0.kg+2),(0,1,kg+2),(a,b,kg+3),(1,0,k5+3),(0,1,k5+3)
kg=2kg+1  (1,0,kg),(0,1,kg),(a,b.kg+1),(1,0,kg+1),(0,1,kg+1).(a,b,kg+2)
,(1,0.kg+2),(0,1,kg+2),(a,b,kg+3),(1,0,kg+3),(0,1,kg+3)
which matches Cut 7
double check to see if it applies to even instantiations
kg=2k7+1  (1,0,k7),(0,1,k7).(a,bk7+1),(1,0,k7+1),(0,1,k7+1),(a,b,k7+2)
,(1,0,k7+2),(0,1,k7+2),(a,b,k7+3),(1,0,k7+3),(0,1,k7+3)
which matches Cut 7

Notice that the second eureka cut of 11 calls (obtained at Step 8) is not more generall? than the
first eureka cut of 9 calls (at Step 5). However, we ensure that it applies to the even case
instantiation by testing to see if it matches in a furthei step.

The extra general equation for the G function is:

G(a,b,n+k)=G(1,0,k).G(a,b,n)+G(0,1,k).G(a,b,n+1)

This could, if desired, be utilised in a further analysis to reduce the size of the eureka tuple just
found.

17 according to criterion in Section 5.6.2.
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5.7. Limitations of Tupling Analysis

Our proposed tupling analysis technique, using an appropriate selection ordering, is one of the
most general techniques to-date for tabulating programs which require static-sized tables. A
version of this technique, using the instantiate and unfold selection ordering, has already been
implemented. This selection ordering appears to be the easiest to implement and has been used

to successfully transform a number of functions, including Tower-of-Hanoi, deepest-depth and
factlist functions.

Nevertheless there are two limitations with our analysis when compared to other approaches.
These limitations are actually the limitations of tupling tactic itself. The first limitation is that our
analysis technique will only work for programs which can be tabulated using static-sized
tuples. Other classes of programs which do not satisfy this criterion, e.g. the binomial function,
will not be successfully analysed. Apart from those programs which require dynamic-sized
tables, our analysis will also fail for programs which require fixed, but not static-sized, tables
whose sizes are not known at compile time. An example of this the following generalised
fibonacci function from [Khoshnevisan87].

dec g_fib : num # num # num -> num;

- - -g_fib(x,a,b) <= [fx<1then1

else g_fib(x-a,a,b)+g_fib(x-b,a,b);

The table size required for this function is max(a div g,b div g) where g is the greatest common
divisor of parameters a and b. These parameter values are usually known only at run-time. As a
result, our tupling analysis technique is unable to cope with it.

A second limitation of our approach is that it is primarily suitable for programs which need
small tuples for tabulation. Those programs which need very large tuples for removing
redundancy will take a long time to analyse and result in very large programs. An example of
this is the following fibonacci-like function.

dec fib_1000 : num # num # num -> num;

- - -fib_1000(x) <= |f x <1000 then x

else fib_1000(x-1)+fib_1000(x-1000);

This function needs an eureka tuple of 1000 items. Both long analysis time and
correspondingly huge programs are incurred when tupling analysis and transformation are
applied to this simple example! Furthermore, the semi-decidable nature of our analysis
technique, with its corresponding need for an upper bound, makes it impractical to analyse for
programs with large table requirements.

The best solution appears to be the use of a combination of techniques. Programs which need
small or medium-sized static tables should be handled by our tupling analysis technique. This
has the benefit of both a more efficient program, as well as one which is more amenable to
other forms of transformation. If tupling analysis fails, then the descent analysis technique of
Cohen, with its use of dynamic arrays or vectors, could be applied to handle programs with the
four classes of redundancy. This could help to handle common-generator and periodic-

5.7 Limitations of Tupling Analysis 213



commutative programs (which need large or unknown-sized tables) and commutative programs
(which need dynamic-sized tables). When this analysis fails as well, there is still the generally-
applicable full memoisation technique which does not require any special analysis conditions.

5.8. Summary of Chapter 5

In this chapter, we presented a very general analysis technique for the tupling transformation.
This analysis technique is able to discover eureka tuples for a large class of programs.

Our analysis technique makes novel use of a selection ordering criterion. This ordering criterion
is based principally on the function-argument pairs to help systematically search for eureka
tuples. This search will construct a sequence of continuous cuts where a matched pair of cuts in
the sequence will be taken as the eureka tuple. Though finding an appropriate ordering for
function calls is, in general, an undecidable problem, we are still able to give techniques
(heuristics) which could determine transitive orderings for a large class of programs.

We showed how the tupling analysis technique could be applied to self, mutual and auxiliary
recursive programs. Included within these programs are those with common-generator,
periodic commutative and other forms of more complex redundancy patterns. We also showed
how programs, which have multiple-recursive cases and those which use non-linear data
structures, could also be analysed through a tree rather than a sequence of continuous cuts.
Furthermore, our analysis algorithm appears to discover minimal-sized tuples where possible.
In particular, we illustrated this power by showing how it could discover eureka tuples that are
smaller than those reported by Cohen and Pettorossi for the periodic commutative class of
programs.

Lastly, we pointed out the theoretical and practical limitations of the tupling analysis technique,
namely that it is only suitable for programs with small and static-sized tupling requirements. To
overcome these limitations, we informally suggested the combined use of a host of techniques,
from tupling analysis (as the most specific technique) to memoisation (as the most general
technique) for the removal of redundant calls.
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6. Constraint-Based Transformations
6.1. Introduction

The use of assertions to specify invariants (or constraints) between inputs and outputs of
programs have always played an important role in program construction and verification of
imperative programs. This facility is not available to pure functional programs (and the original
unfold/fold methodology) but could be provided through the logic and constraint programming
language extensions [Darlington86,89a]. The key features that are present in these extensions
are absolute set abstractions, logical variables and constraints. These features increase the
expressive power of our language by allowing additional properties of programs to be directly
specified.

One use of these features is to specify functions in a pre-algorithmic fashion, where the output
for a function is specified through a list of constraints between input and output. For example,

the integer divide function, div, can be specified in this fashion using the definition:
dec div : num # num -> num;

- - -div(a,b) <= r st r'b+c=a, O<c<b ;

where the constraints, r'b+c=a and 0<c<b, are used to define the logical output variable, r, in
terms of the inputs, a and b. This use of the constraint facility enables very high-level
specifications to be written, which declaratively state the desired relationships between inputs
and outputs of programs. Such specifications are clear and concise but may be either
unexecutable or very ihéfﬁcié’ntly executable using the logic and constraint implementation
techniques. Nevertheless, they can always be improved by subjecting them to the appropriate
unfold/fold transformations.

Apart from this use as a high-level specification aid (via input and output constraints), these
features can also be used to state useful pre-conditions between just inputs of functions. Such a
use is important for exploiting certain categories of transformations which rely on specialised
program contexts for improvements. In particular, two transformation techniques which require
this capability are finite differencing [Paige82] and a new form of filter promotion.

Finite differencing's main objective is the replacement of expensive expressions in program
loop (or recursion) by equivalent expressions which are incrementally maintained. This
incremental maintenance is often cheaper than re-calculating the expensive expression in the
loop. In the case of functional programs, the incremental maintenance of expressions are
normally kept as new parameters whose values are specified using constraints. Such constraints
represent invariant relationships that must be maintained by the transformation. We describe
this technique in Section 6.2 and pay particular attention to the analysis conditions that would
permit its application.

Similarly, there is a form of the filter promotion technique which uses constraints, rather than
fusion (of Chapter 3), to filter out infeasible sub-spaces of certain generate-and-test programs.

6.1 Introduction 215



In this case, no new parameters are introduced. Instead, the constraint is used for filtering
purpose. This technique requires certain syntactic and semantic conditions to be satisfied before
it can be applied. We describe what these various conditions are in Section 6.3 and illustrate its
application with examples.

Lastly, we shall also discuss the utility of keeping invariants/constraints for transformation in
Section 6.4, and a work that is related to base-case filter promotion in Section 6.5.

6.2. Finite Differencing

Finite differencing has its origin from Briggs' sixteenth century method of polynomial
tabulation by difference polynomials [Goldstein77]. This differencing technique underlies both
a compiler optimisation technique called strength reduction for numeric operators [Allen81],
and Earley's proposal for iterator-inversion [Earley76]. Later work by [Paige82,87]
considerably generalised this technique by working with high-level set theoretic expressions,
where more opportunities for asymptotic program improvements are possible. It was with this
generalisation that the name, finite differencing, was coined. These past techniques were
proposed principally for imperative programs. We shall therefore begin our description of the
general technique by showing how it applies to imperative programs.

Let us consider a schematic, imperative program loop with induction variable, i, that only
changes by i:=nxt(i) at each iteration round the loop, together with an expensive expression,
costly(i), which uses the induction variable.

i:=init;
while cond(i) do
begin
i-=nxt(i) ;
=...costly(i)...;
end;

This schematic program may be inefficient because it is often expensive to compute, costly(i),
afresh each time round the loop when the changes to the induction variable, i, may only be
minor. We could improve the program if the costly expression can be computed incrementally
in accordance with the changes in the induction variable. This improvement is possible if there

exists a cheaper operator, delta, such that:
costly(nxt(i))=delta(costly(i),i)

With this incremental relationship, it is possible to change (improve) the earlier program loop
to:
i:=init;
t:=costly(i);
while cond(i) do
begin
t:=deltaf(t,i);
ir=nxt(i) ;
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The costly expression is now maintained in a new variable, t, which is at all times equivalent to
costly(i). This variable is initialised by t:=costly(i) before entering the loop and then incrementally
updated by t:=delta(t,i) to maintain its equivalence to the costly expression. The new program is
an improvement over the earlier loop because the costly expression, costly, has effectively been
replaced by a much cheaper incremental operator, delta. Two concrete examples of the above
schematic program loop are:

(1)  In the numeric domain, we may have:

nxt (i) = i+l
costly(i) = i**3,

where the costly expression is the power operator, **. This operator can be replaced by

the following cheaper multiplication operator:
delta(t,i) = 13,

because:

costly(i+1) (i+1)**3
i**343

costly(i)*3

(2)  Similarly in the set domain, we may have:
nxt(i) = ju{x}
- costly(i) = size(i)

where the costly expression is the cardinality function, size, of sets. This operator can be
replaced by the following incremental operator:

delta(c,i) = Ifxeithencelsec+ 1,

because:

costly(i v {x})

size(i U {x})

= [f x e i then size(i) else size(i U {x})

= |f x € i then size(i) else size(i) + 1

= If x e i then costly(i) else costly(i) + 1
This is an improvement if we assume that the set membership test, €, can be done in
constant time (e.g. by implementing the set with a hash table). Alternatively, if the
program context suggests that the element, x, is always a new element of the set, i, then

even this membership test can be avoided by using:
delta(c,i) = c+1

Although this technique was originally developed under the imperative setting, it is even more
natural to perform it within the declarative paradigm. Here, in place of program loops and
induction variables, we have recursive functions together with their changing (or induction)
parameters. Finite differencing can then be applied to replace costly expressions (in the
recursive functions) by incrementally maintained values under new function parameters.

The general finite differencing technique is now quite well understood. What we would like to
show in this thesis is that this transformation could also be supported under the unfold/fold -

6.2 Finite Differencing 217



framework. We illustrate this with a simple example and follow it up with details of the key
transformation steps required.

6.2.1. An Example

A simple function which can be improved by finite differencing is given below. This function

attempts to split a list of items into sublists of six items each (except for the last sublist).

dec split_list: list(alpha) # list(alpha) -> list(list{alpha));

- - -split_list([},.w) < W;

- - -split_list(a:x,w) <= If length(w)=6 then w:split_list(a::x,[])

else split_list(x,w<[a]) ;

The costly expression in the above function is length(w), which operates on parameter w. This
expression is expensive because it is being re-computed at each recursive call even though the
parameter, w, has undergone only a minor incremental change. We can avoid this inefficiency if
we are able to introduce a new parameter that can be maintained to the value of length(w).

To achieve this goal, we define a new function, new_split, that would compute the same result as
the original function, split_list. This new function will, in addition, have a new parameter, d,

whose value is constrained to be equal to the expression, length(w), as shown below.

dec new_split: list(alpha) # list(alpha) # num -> list(list(alpha));

- - -new_split(x,w,d) <= split_list(x,w) st d=length(w); (6.1)
The invariant condition for the new parameter, d=length(w), is specified through the constrainz
feature. A similar construct, called qualifier, was used in [Scherlis80] for such transformations,
while [Smith89a] relied on a pre-condition notation. We have opted to use the more general
constraint construct (which also includes guards and absolute set abstractions with logical
variables) in order to incorporate this transformation under a more general setting.

Having specified what the new function definition should be, we can proceed to transform it
into a more efficient function. This involves a sequence of steps that is shown in Figure 6.1.
The first step is to unfold the main call, split_list. After this, the resulting equations are
immediately subjected to the fold steps in order to obtain a self recursive function. These fold
steps are always possible because we can replace split_list(x,w) by new_split(x,w,length(w)), in
accordance with definition (6.1) of new_split. Finally, an attempt is made to remove all costly
expressions, length(w), by substituting it with the parameter, d. This attempt involves the
application of a distributive law and some simplification steps (unfold, reduce, laws) to convert
the expressions into a simpler form where the costly expression can be replaced by the
parameter, d. The final program is more efficient because the costly expression is now
incrementally maintained in a new parameter.
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- -new_split(x,w,d) <= split_list(x,w) st d=length{w); ! unfold/narrow split_list
- -new_split([lw,d) <= w st d=length(w);

- -new_split(a::x,w,d) <= If length(w)=6 then w::split_list(a::x,[])
else split_list(x,w<>[a]) st d=length(w);
! fold the two calls against new_split definition
<= If length(w)=6 then w:new_split(a::x,[],length([]))
else new_split(x,w<>[a],length(w<>[a])) st d=length(w);
! use laws length(w<>x)=length(w)<>length(x); length([])=0
<= If length(w)=6 then w:new_split(a::x,[],0)
else new_split(x,w<>[a],length(w)+length[a]) st d=length(w);
! substitute length(w)=d, unfold length [a]
<= [f d=6 then w:new_split(a::x,[],0)
else new_split(x,w<>[a),1+length []) st d=length(w);
| unfold length []
<= If d=6 then w::new_split(a::x,[],0)
else new_split(x,w<>[a),1+0) st d=length(w);
! law x+0=x
<= If d=6 then w::new_split(a::x,[],0)
else new_split(x,w<>[a],1) st d=length(w);

Figure 6.1 - Transformation Sequence for new_split

Of all the steps in this transformation, there are two steps which are most difficult. The first
difficult step is the correct identification of the costly expression (for the new definition step),
while the second difficult step is a series of rules (distributive laws and simplifications) which
enables the costly expression to be incrementally maintained. We shall see how these difficult
steps can be systematised later. But first, fet us take ageneral 100k at the constraints which are
to be used for program transformation in this chapters.

The constraints used and introduced in our transformation do not make use of any logical
variables. Instead, they appear mainly in expressions of the form, e(x) st o(x), where x is an
input variable. These constraints are used to specify the invariant (or pre-condition)
relationships which exist for their enclosed expressions, e.g. e(x). They are special forms of
constraints for representing additional semantic conditions (or contextual information) that
could be attributed to the code of our program.

Their representations as syntactic entities (through the st construct) enable us to formally reason
and manipulate these invariant constraints for program transformation purposes. However, it
should be noted that they represent the contextual or semantic conditions, under which
expressions appear, and as such are not required for computation purposes.

But, how are these (special) constraints used in transformation? Very often, they are used to
simplify the sub-expressions that are under their context. For example, any sub-expressions of
e(x) in the above example, can make use of the constraint ¢(x), to perform simplification
transformation.

Also, how are these constraints introduced into our programs? We have already seen one way
of introducing constraints, namely through new function definitions. Apart from constrained

6.2 Finite Differencing 219



function definitions, we could also accumulate the constraint or invariant conditions for certain

sub-expressions under appropriate circumstances. For example, if we have an if expression,
~If B(x) then C(x) else D(x)

we could assume that C(x) occurs under the context, B(x), while D(x) occurs under the context,
not(B(x)). Because of this, we are permitted to add these contexts explicitly to the respective sub-

expressions by changing the above If expression to:
if B(x) then (C(x) st B(x)) else (D(x) st not B(x)),

Similarly, if we have a set expression:
{y ly € S(x).0(x)}

where x is an input parameter variable, we consider the sub-expression, y € S(x), to occur under
the context/constraint of ¢(x). As a result, we could add the condition, ¢(x), to this sub-
expression as follows:

{y | (y € S(x) st o(x)),0(x)}

We shall refer to these operations as constraint adding laws. The reader should bear in mind
that these explicitly added constraints are used for transformational purposes only. They do not
affect the way expressions are computed.

6.2.2. The Tactic

We are now ready to give a detailed description of the general finite differencing tactic. This
tactic is made up of two distinct phases, namely:

1) An analysis phase to identify expensive expressions (in the body of
recursive functions) which could be incrementally maintained across
recursion levels.

2) A transformation phase to define a new function with additional
parameters to hold the value of each expensive expression, followed by a
straightforward sequence of unfold/fold transformations to get a more
efficient function.

We give a detailed account for both these phases next.
6.2.3. Phase 1: Analysis for Expensive Expressions

The analysis phase for expensive expressions will involve two tasks. The first task is to
identify an expensive expression in the recursive function, while the second task must
determine if the expression can be incrementally maintained. We consider each of these two
tasks separately.

To assist us in the presentation, we shall consider the transformation for the following self-

recursive (schematic) function, with N subsidiary recursive calls.

- - -f(x) <= If B(x) then C(x) (6.2)
else H(xf(nxty x)f(nxty x),....f(nxtyN X));
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It is also possible for mutually recursive functions to be considered for finite differencing. To
simplify matters, we shall assume that they will be converted to the above self-recursive form
before being considered by this tactic.

6.2.3.1. Identification of Expensive Expression

The identification of expensive expressions would have to take into account two important
issues. Firstly, we need to know the computational cost of the expensive expression (in relation
to its incremental operator) in order to decide if the expression is worth eliminating. Secondly,
we need to know if it has the right properties (e.g. incrementally maintainable) which will make
it to be suitable for finite differencing. In this section, we shall be concerned mainly with the
second issue of the right properties that make expressions suitable for finite differencing. As to
the first issue, there are some work currently done on complexity analysis, e.g.
[Sands90,Metayer88], which could be used to help decide if an expression is worth replacing
or not.

Suitable expensive expressions for finite differencing could occur in any part of the recursive
function but must not include the recursive function itself. In the case of function definition
(6.2), this means a suitable expensive expression, say costly(x), may appear in either B(x),
H(x,?...?), C(x) or even one of the nxtj(x) where isN. Should the expensive expression be present
in the terminating branch of recursion, i.e. C(x), then the potential improvements will be less
significant. We may get linear time speedup, from a kind of loop combination (see
Section 6.2.5 for an example), rather than asymptotic improvements that are possible when an
expensive expression occurs in the repetitive parts of the recursive function.

The identification task therefore can look for expensive expressions in almost anywhere of the
function body. One easy way out of this task is to let the user indicate the expensive
expression. Such indications can be considered as decisions made by user in a semi-automatic
approach. However, there are still plenty of opportunities for some form of automatic
identification. One very useful and general heuristic is to initially identify certain categories of
induction/changing parameters which are conducive to finite differencing. These parameters
could then be used to search for expensive expressions.

For example, the earlier split_list function has a parameter of list type which accumulates
elements across successive recursion by using the append operator, <. This append operator
often allows distributive laws (to be present) which may help incremental maintenance of
expressions to be achieved. Similarly, the numeric and set domain also have certain kinds of
incremental operations which are more conducive to finite differencing. Some examples of such
parameter types, together with the desirable incremental change across successive recursion
levels, are given below. In each case, the changing parameter is represented by the variable, w,
with a small parameter change across successive recursive calls signified by the variable, c.
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types changes across recursion Jevels

numeric W+C,W-C WHERE c is a constant

list type W< C, € <> W, tail(w) WHERE c is small list, e.g. [a]
set type W»C, W-C WHERE c is small set, e.g. {a}
bag type W»C,W-C WHERE c is small bag, e.g. {a}

By specially recognising such parameters with incremental/inductive changes across recursions,
we could systematically search for all auxiliary sub-expressions which use these parameters.
These auxiliary subexpressions can be suggested as possible costly expressions for finite
differencing. In addition to the above incremental change, we may also allow either no change
(e.g. w -> w) or re-initialisations (e.g. w->[]).

An example of a parameter which satisfies the above condition is the parameter, w, of spilitlist.
This parameter could be used to find the sub-expression, length(w), which we already saw could
be replaced by finite differencing.

6.2.3.2. Malntenance Laws

For each costly expression that we manage to identify, it is necessary to determine if the
expression can be incrementally maintained across successive recursive calls. This is achieved
by discovering maintenance laws for the expression across each of the subsidiary recursive
calls.

Using the earlier schematic function, we must discover one maintenance law, per costly
expression for each of the N subsidiary recursive calls, f(nxty x),f(nxts x),..,f(nxtp x). Each of

these maintenance laws must either be one of the following two forms.

costly(nxtj x) = déltai(costIY(x),x) (1) incremental law
costly(nxtjx) = simplified;(x) (2) simplified or
re-initialisation law
where both delta; and simplified; are simple functions.

The first law expresses an incremental maintenance, which uses delta; to compute the next costly
expression in terms of the previous costly expression; while the second law is a simplified law
which does not need the previous costly expression. This second law is normally used in
recursive calls where re-initialisation of parameter has just taken place. Both forms of
maintenance laws can be discovered by applying the distributive and simplification laws
together with expression reduction and unfolding.

As an example, the two laws (an incremental and a re-initialisation law) for the costly
expression of split_list can be derived as follows:

length(w<>[a)) = length(w<>[a)]) ! distributive law
= length(w)+length([a]) ! unfold length({a])
= length(w)+(1+length([])) ! unfold length([])
= length(w)+(1+0) ! reduce 1+0=1
= length(w)+1

length([]) = length([]) ! unfold length([])
= 0

These derivation steps could be handled by an inference sub-system which would attempt to
simplify the expressions to either an incremental or re-initialised form. They can be automated
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as long as the inference sub-system has an adequate supply of the relevant laws. The laws/rules
for unfolding, simplification and reduction are fairly easy to provide, while that for the
distributive condition is slightly harder. Nevertheless, some of these distributive laws could be
synthesized and we present a technique to do this in Appendix 3.

Before continuing with the transformation phase, we will look at two additional forms of
semantic laws. The first form is a special law which results from unchanged parameters, while
the other form of semantic law is a proper generalisation of the incremental law.

6.2.3.3. Speclal Unchanged Laws

A very simple incremental law can result if we encounter parameters that remain unchanged in
some of its recursive calls. When this happens, no incremental maintenance is needed for these
calls, as the corresponding costly expression will also remain unchanged. The special
maintenance law for this purpose is simply of the form:

costly(nxt; x)=costly(x) (3) unchanged law

This unchanged law is a special case of the previous incremental law with deltaj(y,_)=y. They
could be syntactically detected.

Furthermore, should this special situation be repeated for all N subsidiary recursive calls, we
will have a special case of finite differencing where the costly expression remains unchanged
throughout the entire recursive function. This special situation is in fact identical to a compiler
optimisation technique known as constant-code motion out of loop. We give an example of this
special case in Section 6.2.5. ~

6.2.3.4. Generallsation to Multiple Maintenance Laws

Sometimes, a costly expression may itself be defined in terms of other auxiliary or mutual
recursive (costly) expressions. When this happens, we may need two or more maintenance
laws per subsidiary recursive call in order to fully specify the costly expressions incrementally.

This possibility can be considered as a generalisation from the earlier incremental law. Instead
of one incremental law per recursive call, f(nxt; x), we now have M incremental laws per

recursive call, as follows:

costly(nxtjx) = delta;(x,costly(x),costlys(x),..,costlyp(x))

costlyo(nxtj x) = deltagi(x,costly(x),costlys(x),..,costlyp(x))

costlyp(nxtj x) = deltapgj(x,costly(x),costlyp(x),..,costlyps(x))

]

where M > 1 and costlys(x),...costlyp(x) are the auxiliary or mutual recursive expressions that are
needed to define costly(x) incrementally.
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A simple example of where this is needed is the following function for tabulating a list of sine
values.
dec Ist_sinireal -> list(real);
- - -Ist_sin(theta) <= [f theta>2"pi then [}
else sin(theta)::lst_sin(theta+0.1);

The fairly expensive sine expression, sin(theta), uses a numeric induction parameter that changes
from theta to theta+0.1, and can be incrementally maintained. However, we require two
incremental laws for this purpose, with cos(theta) as the mutually recursive costly expression, as
shown below.

sin(theta+0.1) = sin(theta)*cos(0.1)+cos(theta)*sin(0.1)

cos(theta+0.1) = sin(theta)*sin(0.1)-cos(theta)*cos(0.1)
Another example of the need for multiple incremental laws is a function with an expensive
expression, costly()=i2, that uses an induction parameter, nxt(i)=i+1. This costly expression will
need an auxiliary expression, costlys(i)=2*i+1, in order to completely replace both the squaring
and multiplication operators by just additions, as shown in the following two incremental laws.

(i+1)2 = (iP+(2%i+1))

2*(i+1)+1 = (2'i+1)+2
Multiple maintenance laws, like the above, are especially important for complex expressions.
Paige found these to be essential for set-theoretic finite differencing and called them chain
rules [Paige82].

6.2.4. Phase 2 : Transformation

Once the analysis phase is sucéessful, the transformation phase that follows is straightforward.
We need only apply (automatically) the following four steps:

1) Define a new function, to be equivalent to the original function, but has an
additional parameter for each of its costly expressions;

2) Unfold the original call in this new function;
3) Fold away all recursive calls of the original function;

4) Apply maintenance laws obtained from the analysis phase and then remove
costly expressions by substituting from the constraint list.

Let us illustrate this sequence of steps with a simpler schematic example, g, which has only one
recursive call and a single costly expression, costly(x).
- - -g(x) <= If B(x) then C(x)
else H(x,costly(x),g(nxt(x)));
We further assume that this costly expression must be defined in terms of another auxiliary
expression, costly,, using the following two incremental laws.

costly(nxt x)
costlyo(nxt x)

delta(x,costly(x);costly»(x)) (6.3a)
deltas(x,costlyo(x)) (6.3b)

The four steps required are now illustrated.
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Step 1 - Define a New Function

The first step is to define a new function that would contain two additional parameters, one each
for the costly and auxiliary costly expression, as shown below.
- - -g_fd(x,wq,w2) <= g(x) st wy=costly(x),wo=costlyo(x); (6.3c)

We use a list of constraints to associate each new parameter value to its costly expression.

Step 2 - Unfold the Original Function Call

We proceed with a single unfold that would reveal the body of the original function call, g(x), as
follows.

- - -g_fd(x,w{,wp) <= It B(x) then C(x)
else H(x,costly(x),g(nxt(x)))
8t wq=costly(x),wpo=costly5(x);

Step 3 - Fold to Remove the Original Recursive Calls

We then apply the fold rule to each recursive call of the original function, g, in order to remove
all references to the old inefficient function as shown below.
---g_fd(xwq.Wp) <= [f B(x) then C(x)
else H(x,costly(x),g_fd(nxt(x),costly(nxt x),costlyo(nxt x)))
‘8t wq=costly(x),wo=costlyo(x);

This fold step can always be applied because the implicit equation:
g_fd(x,costly(x),costlyo(x))=g(x)

is a direct consequence of definition (6.3¢c) for g_fd. This equality is obtained from the
constrained equation of g_fd by substituting the constraint expressions of the parameters, w4 and
wo, back into the LHS of the equation.

Step 4 - Eliminate Costly Expression

The last step of this transformation concerns the elimination of all costly expression. We
achieve this in two sub-steps. Initially, we apply the two incremental laws, (6.3a) and (6.3b), to
the costly expressions, in order to express them incrementally in terms of the old costly
expressions, as follows:
- - -g_fd(x,wq,wo) <= |f B(x) then C(x)
else H(x,costly(x),g_fd(nxt(x),delta(x,costly(x),costly5(x)),

deltas(x,costly»(x)))
8t wq=costly(x),wo=costlyo(x);

The resulting function now uses the old costly expressions, costly(x) and costlyo(x). Both these

expressions can be eliminated by substituting them with corresponding parameters from the
constraint list, as shown below.

<= [f B(x) then C(x)
else H(x,wq4,g_td(nxt(x),delta(x,wq,wo),deltas(x,w5))
8t wq=costly(x),wo=costlys(x);
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The final transformed function is a more efficient function. Remember that the attached
constraints are not use for computing results, and merely express some additional semantic
conditions which hold for the function.

6.2.5. Special Cases of Finite Differencing

There are two special cases of finite differencing that are normally considered as different
categories of transformation. We are able to formulate them as special cases because of our
generalisation to constraint-based transformations.

The first special case corresponds to a kind of loop combination which arises when expensive
expressions occur in terminating branches rather than at the repetitive places of recursive
program. An example of this is the following function, rev_sm, which has an expensive

expression, sum(w), in its base-case equation.

dec rev_sm:list(num) # list(hum) -> (num # list(num));
dec double:list{(num) -> list(num);

- - -rev_sm([l.w) <= (sum(w),w);
---rev_sm(a:x,w) <= rev_sm(x,a:w);
- - -sum([) <= [I;

- - -sum(a::x) <= a+sum(x);

This program is inefficient because there is a double traversal of its input. It builds up a
reversed list in the second parameter, w, and then performs a summation of the reversed list.

This double traversal can be removed by defining a new constrained function definition, rev_{d,
- - -rev_fd(x,w,s) <= rev_sm(x,w) st s=sum(w);

which can be transformed to:

- - -rev_{fd([],w,s) <= (s,w);

---rev_fd(aix,w,s) <= rev_fd(x,a:w,a+s);
The above transformed function uses only a single traversal of its input list in order to obtain
both the summation and its reversed list.

A second special case of finite differencing arises when an expensive expression is based on the
fixed parameters of a recursive function. When this happens, we can simply lift the expensive
expressions out of the recursive function in a manner similar to constant-code motion out of
loop. An example to illustrate this is the function:

dec g:list(num) # num -> list(num);

---9([LA) <= [I;

- - -g(a:x,A) <= sqr(A)*a:g(x,A);
where the second parameter, A, is unchanged throughout the whole function call. The
expensive expression sqr(A) (based on the unchanged parameter) can be moved out of the
recursion by including it as a new parameter in the following function.

dec g_fd:list(num) # num # num -> list(num);
- - -g_{d(x,A,s) <= g(x,A) st s=sqgr(A);

This function can be transformed to:

---gfdAs) <« [;
- - -g_fd(a::x,A,s) <= s*a:g_{d(x,A,s);
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without the expensive expression.

Incidently, this transformation causes the unchanged parameter, A, to be useless. This
phenomenon is quite common in finite differencing as the addition of new parameters often
causes some of the older parameters to become redundant. Such a situation can be easily
detected and removed by the useless parameter elimination tactic of Chapter 2.

6.2.6. Comments

As seen in the above presentation, finite differencing tactic can be easily incorporated under the
unfold/fold transformational framework. More importantly, the analysis phase which is
required to automate the tactic appears to be fairly well-structured. The key steps are the

identification of costly expressions followed by the discovery of the appropriate maintenance
laws.

The identification of expensive expressions can be automated by exhaustively looking at all
expensive expressions (not involving the recursive function itself) that make use of incremental
or fixed parameters. The discovery of maintenance law is slightly more complex. This will
involve the application of distributive and simplification laws together with expression
reduction and unfolding to each costly expression of recursive call, in order to see whether they
can be incrementally maintained, re-initialised or simply unchanged. To help us in this process,
we will need a collection of useful distributive laws for common operators in numeric, set or
list domains. The possibility of synthesizing some of the distributive laws is given in
Appendix 3. "

6.3. Base-Case Filter Promotion

Apart from finite differencing, constraints are also useful for performing filter promotion in a
sub-class of generate-and-test algorithms. Chapter 3 illustrated how fusion techniques can be
used to promote filters into generators. This works principally for programs of the form:

- - -prog(s) <= {p|pe gen(s)test(p)};

where the generator, gen(s), and filter, test(p), are two separate recursive function calls that can
be merged by fusion.

However, not all filters in generate-and-test functions can be promoted in this way. In
particular, there is a sub-class of recursive generate-and-test programs which cannot be
improved by fusion. This sub-class of recursive functions contains base-case filters that are
tested at the termination branches of the recursion. A simple schematic example of such a
function is given below.

- - - prg_be(x) <= {ans(x) | 0(x)} v {p_ans(v) | ve prg_bec(nxt x),u(x)}; | (6.4)

The generator of this function is present in the recursive portion { p_ans(v) | v e prg_bc(nxt x)},
while its base-case filter, ¢(x), is applied at the base-case result, { ans(x) | o(x)}, after each solution
is fully generated. Notice that this is not the most general schematic function for representing
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the class of recursive functions with base-case filters. A more general program scheme is
presented i1n Section 6.3.5. For exposition purposes, we will use this simpler function, prg_bc
(with a single base-case and a single recursive case), to illustrate the key features of the base-
case filter promotion technique. The reader should note that some of the concrete examples
(given in the following sub-sections) are actually instances of the more general scheme of
Section 6.3.5, rather than this simple illustrative scheme.

This kind of function is often inefficient because its filter is applied at the very end, after each
complete solution has been generated. Nevertheless, there is a possibility of improving the
function by bringing forward the base-case filter into the generator. The effect of this promotion
would be to filter out sub-spaces of infeasible solutions at much earlier stages. We can perform
this by using a constraint-based transformation technique. But before we are allowed to do this,
there is one very important semantic condition that must be satisfied.

6.3.1. Continuous Filter Condition

Before a base-case filter can be promoted to its recursive generators, we need to show a
condition which states that:
IF the filter condition fails for the present call THEN it will also fail for
all its subsidiary recursive calls and their descendants.
Using the earlier schematic function, prg_bc, this condition can be precisely stated by the
following logical implication,
not q;(x) .= not ¢(nxt x)

which is equivalent to:
o(nxt x) — o(x) (6.5)

where ¢(x) is the base-case filter and nxt is the descent function of the subsidiary recursive call
and - is the logical implication operator. We call the condition of (6.5), the continuous filter
condition, because it relates the filter condition of successive recursive calls in a continuous
manner.

Why is this continuous filter condition important? It is important, because its presence allows
us to promote the base-case filter into the recursive part of the program. This promotion make
use of the following law:

prg_be(x) = {v |ve prg_bc(x)d(x)} (6.5a)

which could only be obtained if we have the continuous filter condition. The inductive proof
(requiring the continuous filter condition) to show this law is as follows:

Case ¢(x)=true, trivial because:
RHS = {v|ve prg_bc(x)true}

{vive prg_bc(x)}

prg_be(x)
LHS

228 V Chapter 6 - Constraint-Based Transformations



Case o(x)=false, we have:

RHS = {v |ve prg_bc(x)faise}

= {}
LHS =  prg_be(x) 1 unfold prg_bc

= {ans(x) | ¢(x)} v {p_ans(v) | ve prg_bc(nxt x),u(x)}
to(x) = o(x) & by induction
= {ans(x)|false} U {p_ans(v)|ve {v |ve prg_bc(nxtx),o(nxt x)},u(x)}
= {p_ans(v)|v e prg_bc(nxt x),6(nxt x),n(x)}
1 o(nxt x) — &(x)
= {p_ans(v) |v e prg_bc(nxt x)false,n(x)}
= {}

= RHS
This law (obtained with the help of the continuous filter condition) can be used during
transformation to promote the base-case filter into the recursive portion of the set function. We
shall see how this is used in the coming examples.

An example of a program that satisfies this condition is the sub_less function for obtaining all

subsequences (from an input list) which are less than or equal to eight items long.
dec sub_less: list(alpha) # list(alpha) -> set(list(alpha));
- - -sub_less([],w) <= {w|length(w)<8};
- -sub_less(a:x,w) <= sub_less(x,w) U sub_less(x,w<>[a]);
This function accumulates its subsequences in the second parameter. It has two recursive calls,
sub_less(x,w) and sub_less(x,w<>[a]), and a base-case filter, length(w)<8. The base-case filter can be

promoted into the recursive generator because it satisfies the continuous filter condition for both - -

the recursive calls, as shown below.

length(w)<8 — length(w)<8 for sub_less(x,w)
length(w<>[a])<8 — length(w)<8 for sub_less(x,w<>[a])

The analysis to show that the above two conditions are satisfied must be carried out by some
inference sub-system (perhaps semi-automatically). Our main concern in this chapter remains
the systematisation of the necessary semantic conditions and the steps needed to perform base-
case filter promotion.

6.3.2. Transformation

Once the continuous filter condition has been established, we can perform the filter promotion
transformation on the function sub_less. This is done by initially defining a new function with

the base-case filter as a constraint, as follows:

dec new_sub: list(alpha) # list(alpha) -> set(list(alpha));

- - -new_sub(x,w) <= sub_less(x,w) st length(w)<8;
This definition essentially states that the new function must always have the condition,
length(w)<8, present when its calls are invoked. We can introduce such a definition because of its
continuous filter condition. In particular, we can have the following special fold rule (a reversed
definition!):

sub_less(x,w) = {v |ve new_sub(x,w)length(w)<8}
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that is obtained by the following sequence of transformation steps:
sub_less(x,w)

sub_less(x,w) | flaw from (6.5a)
{v | v e sub_less(x,w),length(w)<8} | constraint adding law
{v | ve sub_less(x,w) st length(w)<8,length(w)<8}

I fold against new_sub

{v | v e new_sub(x,w),length(w)<8}

We shall call the end-result of this derivation sequence, a special fold rule which required the
continuous filter condition. In our examples, we will apply this special fold directly without
going through the detailed steps.

With this constrained definition, we can proceed to transform the function by three major
transformation steps. The first step is to unfold the original function call in order to reveal its
function body. This is followed by a special fold operation on each of the recursive call (from
the original function) in order to remove all references to the old function. After this, we can
simplify all filters in the function body, which are also present in the constraint list, to true.
Such a sequence of steps for new_sub is shown in Figure 6.2.

- - -new_sub(x,w) <= sub_less(x,w) st length(w)<8 ; ! narrow sub_less

- - -new_sub([],w) <= {w|length(w)<8} st length(w)<8;
! simplify with law (& constraint) X — (x=true)
< {w|true} st length(w)<8;
!law {w | true}=w
<= {w} stlength(w)<8;

---new_sub(a:x,w) <= sub_less(x,w) U sub_less(x,w<>[a]) st length(w)<8 ;
! law sub_less(x,w)={p|p € new_sub(x,w),length(w)<8)
<= {p|p e new_sub(x,w),length(w)<8}
U {p|pe new_sub(x,w<[a]),length(w[a])<8} st length(w)<8;
! simplify with law (& constraint) x — (x=true)
<= {p]|pe new_sub(x,w)} u{p|pe new_sub(x,w<>[a]),length(w<[a])<8}
st length(w)<8;

Figure 6.2 - Fliter Promotion through Constraint for new_sub

The final outcome of this transformation is the following more efficient function (not showing

its constraints), with the base-case filter promoted to the generator portion of the function.
- - -new_sub([},w) <= {w};
- --pew_sub(aix,w) <= {p|pe new_sub(x,w)} U{p|pe new_sub(x,w<[a)),length(w<>[a])<8} ;

The steps employed for the above transformation are actually quite straightforward, once the
analysis phase has successfully established the continuous filter condition. To show this, we
will illustrate the above transformation again with the earlier schematic function, prg_bc. This
transformation is shown in Figure 6.3 and consists of the following steps:

1) define a new function, constrained by its base-case filter, for the given
function

2) unfold the given function call
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3) fold away all of the given function's subsidiary recursive call
4) simplify filters, where possible, with the help of the constraint list

Assume that ¢(nxt x) — ¢(x)
Define a new constrained function definition
- - -new_prg(x) <= prg_bc(x) 8t ¢(x);

Perform the transformation
- - -new_prg(x) <= prg_bc(x) st o(x);
! unfold prg_bc
<= {ans(x) | 6(x)} U {p_ans(v) | v € prg_be(nxt x),u (x)} 8t o(x);
! special fold of new_prg (assuming continuous filter cond)
<= {ans(x) | 0(x)} U {p_ans(v) | v € new_prg(nxt x),4(nxt x),pt (x)} st ¢(x);
! simplify with law (& constraint) x — (x=true)
<= {ans(x)} v {p_ans(v) | v e new_prg(nxt x),d(nxt x),i (x)} st d(x);

Figure 6.3 - Fliter Promotion using the Continuous Fliter Condition

We shall next look at two alternative semantic conditions for base-case filter promotion. One of
them is a stronger (more specialised) condition than the continuous filter condition, while the
other is a weaker (more general) condition.

6.3.3. Incremental Filter Condition

With certain base-case filters, we are often able to directly express the next filter condition,
o(nxt x), of the recursive call incrementally in terms of the original condition, ¢(x), as follows:
o(nxt x) = 6(x) A 8(x) (6.6)

We call this condition, the incremental filter condition. It simply indicates that the filter
condition of each successive recursive call requires more tests than the calls before it. This is
actually a stronger result than the continuous filter condition, as the following reasoning shows.

o(nxt x) = 6(x) A 8(x) I replace = by the weaker —
o(nxt x) = o(x) A 8(x) ! drop 8(x)
o(nxt x) — ¢(x)

Thus, all base-case filters with incremental conditions can always be promoted. In addition, we
are also able to use the incremental condition, ¢(nxt x) = ¢(x) A 8(x), to improve the program
further. More specifically, we can simplify the filter test, ¢(nxt x), to just the incremental test,
3(x), as shown in the sequence of transformation in Figure 6.4.
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Assuming that 6(nxt X) = 6(x) A 8(x)
Define a new constrained function definition
new_inc(x) <= prg_bc(x) st o(x);

Perform the transformation
new_inc(x) <= prg_bc(x) st o(x);
! unfold prg_bc
<= f{ans(x) | 9(x)} U { p_ans(v) | v e prg_bc(nxt x),1 (x)} 8t &(x);
! special fold of new_inc (assuming continuous filter condition)
<= {ans(x)| ¢(x)} U { p_ans(v) | v e new_inc(nxt x),0(nxt x),u (x)} st d(x);
! incremental condition
<= {ans(x)| ¢(x)} U { p_ans(v) | v e new_inc(nxt x),d(x) A 8(x),1 (x)} st d(x);
! simplify with law (& constraint) x — (x=true)
<= {ans(x)} U { p_ans(v) | v e new_inc(nxt x), 8(x),p1 (x)} st ¢(x);

Figure 6.4 - Fliter Promotion using the Incremental Fllter Condition

6.3.4. Weaker Filter Condition

At times, the base-case filter, o(x), does not directly satisfy the continuous filter condition.
Instead, it may be possible for a weaker filter, say v (x), that is a consequence of the base-case
filter to have the necessary continuous filter condition, as shown below.

(6(x) = y(x)) A (y(nxt x) = y(x)) (6.7)

We call this, the weaker filter continuous condition. When it occurs, we could use the
weaker implied filter, y(x), for promotion. Notice that this is actually a more general situation
than our previous continuous filter condition for base-case filters. If we replace y by ¢, we have
the original continuous filter condition because (x) - ¢ (x) is trivially true.

Similarly, a slightly stronger condition for weaker filters can be obtained if the incremental
condition is present for the weaker filter. This gives us:

(O(x) = 7(X)) A (y(nxt x) =y(x) A dx)) (6.8)

which will be called, the weaker filter incremental condition. When this condition is
satisfied, we can promote the weaker filter into the recursive generator. For simplicity, we shall
refer to both conditions (6.7) and (6.8) as just the weaker filter conditions.

One immediate source of weaker filters is possible if o(x) is a conjunctive filter of the form:
0(x) = 01(x) A 92(X) A ... A 0p(X)

In this case, any one of ¢;(x) could be used as the weaker filter provided the continuous
condition, ¢;(nxt x) — ¢j(x), or the incremental condition, ¢j(nxt x) = ¢;(x) A 8;(x), holds. However,
other sources of weaker filters are also possible and we must be able to search for them. Later
in this section, we shall look at an example of weaker filters which does not come from
conjunctive expressions.

The weaker filter condition (and some stronger derivatives of it) could also allow filters to be
promoted to the recursive parts of our functions. This is possible because we can use the law:
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prg_bc(x) = {v |ve prg_be(x),yx)} (6.9)
This law is valid because of the following proof:

Case y(x)=true, trivial because:

RHS = {v]ve prg_bc(x)true}
= {v|ve prg_bc(x)}
= prg_bc(x)
= LHS

Case 7y(x)=false, we have:

RHS = {v |ve prg_bc(x)false}

= {
LHS = prg_bc(x) | unfold prg_bc

= {ans(x) | 6(x)} v {p_ans(v) | v e prg_bec(nxt x),u(x)}
Lo(x) = ¥(x) & by induction
= {ans(x) | false} U {p_ans(v)|ve {v |ve prg_bc(nxt x),y{nxt x)},un(x)}
= {p_ans(v)|ve prg_bc(nxt x),y{nxt x),n(x)}
Py(nxt x) = ¥(x)
= {p_ans(v)|v e prg_bc(nxt x)false,u(x)}

= {
= RHS

With the help of this law (obtained by the weaker filter condition), we could define a new
constrained function, new_weak:

new_weak(x) =  prg_bc(x) st y(x)

The transformation to promote the weaker filter of this constrained function is given in
Figure 6.5. This transformation made-use of the earlier law, (6.9), to obtain a special fold rule,
as follows:

prg_bc(x) = {v |ve prg_bc(x),yx)} | add a constraint in context
= {v | ve prg_bc(x) st ¢{(x),y{x)} I fold new_weak
= {v |ve new_weak(x),y(x)}

At the end of the transformation, both the original base-case filter and its weaker filter are
needed in the final transformed program. The weaker filter, y(x), is there to help cut off some

sub-spaces of infeasible solutions, while the base-case filter, ¢(x), is needed for selecting only
acceptable solutions (from the reduced space of solutions).

Assuming that d(X) = y(x) A y(nxt x) = y(x);
Define a new constrained function definition
new_weak(x) <= prg_bc(x) sty(x);

Perform the transformation
new_weak(x) <= prg_bc(x) sty(x);
! unfold prg_bc
{ans(x) | (x)} U {p_ans(v) | v e prg_bc(nxt x),u (x)} st y(x);
! special fold of new_weak (assuming the weaker filter cond)
<= {ans(x) | ¢{(x)} u {p_ans(v) | v e new_weak(nxt x),y(nxt x),u (x)} sty (x);

(i

Figure 6.5 - Fliter Promotion using the Weaker Fliter Contlnuous Condition
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A concrete example of the presence of two weaker implied filters is the following function with
a base-case filter, length(w)=8.

dec sub_8: list(alpha) # list(alpha) -> set(list(alpha));
- - -sub_8([}.w) <= {w]length(w)=8};
- - -sub_8(aux,w) <= sub_8(x,w) LU sub_8(x,w<>[a));

This function finds all sub-sequences from a list that is exactly 8 items in length. Though, the
continuous filter condition is not satisfied by this particular base-case filter, there are actually
rwo weaker filters which would satisfy the continuous condition instead. These two weaker
filters are:

length(w)<8 and length(w)+length(x)>8

Both these filters are weaker than the base case filter because:
iength(w)=8 — length(w)<8
and length(w)=8 — length(w)+length(x)>8

In addition, these two filters also satisfy the continuous filter conditions for each of the two
recursive calls, sub_8(x,w) and sub_8(x,w<>[a)), through the following provable statements.

length(w<>[a])<8 — length(w)<8
length(w)<8 — length(w)<8
length(w<>[a])+length(x)28  — length(w)+length(a::x)>8
length(w)+length(x)=8 — length(w)+length(a::x)=8

With these two weaker filters, we can improve the original generate-and-test function by the

sequence of transformation shown in Figure 6.6. The result of this transformation is to promote
the two weaker filters to give: |
---new_sub8([lw}) <= {w|length(w)=8};
- - -new_sub8(a:x,w) <= {p|p e new_subB(x,w),length(w)+length(x)=8}
v {p | p € new_sub8(x,w<>[a]),length(w<[a])<8};

The first filter, length(w<>[a])<8, is there to ensure that the accumulated list has not exceeded a
length of 8; while the second filter, length(w)+length(x)28, checks to ensure that the sum of the
accumulated list, w, together with the remaining items, x, is still big enough to construct
subsequences of eight items. This transformed function is more efficient as it avoids some sub-
spaces of infeasible solutions.
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Define a new constrained function definition
dec new_sub8 : list(alpha) # list(alpha) -> set(list(alpha));
- - -new_sub8(x,w) <= sub_8(x,s) st length(w)<8,length(w)+length(x)=8;

Perform transformation (by inmitially narrowing on sub_8)
---new_sub8([l,w) <= {w]|length(w)=8} st length{w)<8 length(w)+length(x)=8;

- - -new_sub8(a:x,w) <= sub_8(x,w) U sub_8(x,w<>[a])
st length{w)<8,length(w)+length(a::x)=8;
! special fold of new_sub8 (assuming weak filter condition)
{ p | p € new_sub8(x,w),length(w)<8, length(w)+length(x)=8}
v {p | p € new_sub8(x,w<>[a)),length(w<>[a])<8,length(w<>[a])+length(x)=>8}
st length(w)<8,length(w)+length(a::x)28;
! simplify with law (& constraint) x — (x=true)
! also length(w<>[a])=length(w)+1
{ p | p € new_sub8(x,w),true,length(w)+length(x)=8}
v {p | p € new_sub8(x,w<>[a]},length(w<[a])<8,length(w)+1+length(x)=8}
st length(w)<8,length(w)+1+length(x)28;
! simplify with law (& constraint) (14+x)>b — (x>b = true)
<= {p|pe new_sub8(x,w}length(w)+length(x)>8}
v {p | p € new_sub8(x,w<>[a)),iength(w<>[a])<8}
st length(w)<8,length{w)+1+length(x)=8;

()

i

Figure 6.6 - Fliter Promotion with two Weaker Fliters

A short note about the efficiency characteristics of the transformed program when compared to
the original program. Except for programs that are transformed via the incremental filter
condition (which could be shown to preserve efficiency), the other transformed programs may
either cause gains or losses in efficiency. These programs are able to save on computation time
by cutting off certain sub-spaces (with infeasible solutions) from their search spaces, but they
also require additional filter tests (i.e. the promoted filters) to help perform these cut-offs. There
is therefore a trade-off between the reduction in search spaces and the additional filter tests
required.

A program can make efficiency gain if the gain from its reduced search space is able to
compensate for the additional computations required by its promoted filter. This trade-off is
not, however, always clear cut and is often data dependent. For example, the transformed
function, new_sub8, could result in considerable efficiency gains if its input list is long (much
longer than eight items) but actually causes a loss of efficiency if this list has less than eight
items (as no sub-spaces are filtered out)!

In general, we should also prefer transformations which introduce simple filters and avoid
those which require complex filters. One way of ensuring this is to subject our program to
further transformations. One transformation tactic that is frequently applicable is finite
differencing. This transformation could be used to incrementally maintain the (expensive)
expressions, length(w) and length(x), of the earlier example. This will simplify the filter test
considerably.
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6.3.5. A More General Program Scheme

The schematic function of (6.4), in the beginning of Section 6.3, is not the most general
program scheme which could be transformed by the base-case filter promotion tactic. A more
general program scheme is the following:

- - -pro(x) < Yl @i 1o} v 4 Ee_ansiv) v e pralnxt X)) ()

which allows multiple base-cases, iek‘l) 0 { ansj(x) | ¢; (x)}, and multiple recursive cases,
jekiJm{ p_ansj(v) | v e prg(nxt; x).pj (x)}. In fact, two of the previous examples (i.e. new_sub8 and

sub_less) were actually members of this class of programs because they have multiple recursive
function calls.

With this new program form, an appropriate weaker filter, y(x), could be used (for filter
promotion) if it satisfies the following.

(Vie 1.n ¢j(x) »v(x) ) A (Vje 1.m y(nxti X) = y(x) )

Furthermore, programs which use the conditional constructs or pattern matching are not
incompatible with the above program scheme. For example, a conditional function of the form:

- p(x) < HB(x) then . \J {ansix)]¢;(x)}
else je\{m{ p_ans;j(v) | v € p(nxt; x),uj (x)};
is simply equivalent to: . _
- - -p(x) < L, fansix) I‘¢i (x).B(x)} v je}{m{ p_ansj(v) | v € p(nxt; x),uj (x),not B(x)};

where the conditional test, B(x), is added to all the base-cases and not(B(x)) is added to all the
recursive cases.

6.3.6. Comments

Our new filter promotion transformation tactic (not implemented yet) again needs an analysis
phase that would:

1) syntactically recognise recursive programs with base-case filters; and then

2) semantically check for either the incremental filter condition, continuous
filter condition or weaker filter condition.

The syntactic condition can be mechanically checked by parsing but the check for the semantic
conditions is non-trivial. In particular, the search for weaker implied filters would, in general,
have to come from a fairly sophisticated inference sub-system.

6.4. Keeping and Using the Invariants/Constraints

The constraint-based transformations of finite differencing and base-case filter promotion could

accumulate a list of invariants/constraints for each user function they transform. As we saw

236 Chapter 6 - Constraint-Based Transformations



earlier, this list of constraints is not needed for computational purpose but it is extremely useful
for program transformation.

In formulating the various semantic conditions (or laws) for the two transformation tactics, we
have largely ignored the potential use of the invariants that are carried over from the previous
applications of transformations. These invariants may assist in making subsequent
transformations applicable. To show how they could be used, let us reformulate the schematic
function (6.4) which contains a base-case filter, to the following:

- - - prg_be(x) <= {ans(x) | 6(x)} v {p_ans(v) | v e prg_bc(nxt x),u(x)} stinv(x)

where inv(x) represents the list of invariants/constraints that were carried over from the previous
transformations.

With the presence of these invariants, the weaker filter condition of (6.7) and (6.8) could be re-
specified in a more general way, as follows:

inv(x) - (o(x) = y(x) A y(nxt x) > y(x))
inv(x) - (0(x) > 7(x) A y(nxt x) =v(x) A d(x))

This essentially states that we could use the previous invariants to help us establish the weaker
filter condition. Similarly, the continuous filter condition of (6.5) and the incremental filter
condition of (6.6) could also make use of the previous invariants, as follows:

inv(x) - (o(nxt x) = o(x))

inv(x) - ( o(nxt x) = d(x) A 3(x) )

Correspondingly, these invariants may -also-be useful in the finite differehcing tactic tohelp find ™~
the appropriate incremental laws.

6.5. A Related Work - Global Search Algorithms

Recently, Smith and Lowry [Smith89a] presented a global search algorithm design strategy
which can be used to improve high-level generate-and-test program by deriving a filter, called
the necessary filter, to be promoted. Their design strategy is formulated using (essentially) a
schematic approach which relates by theory extensions a problem theory (the source scheme) to
an algorithm theory (the rarget scheme). The relationship between the problem and algorithm
theories may be further constrained by additional axioms (applicability conditions).

Let us represent Smith & Lowry's global search algorithm design strategy transformation by
the corresponding functional programs of the problem and algorithm theories.

In the case of the problem theory, a source program scheme (used in [Smith89a]) to implement
the theory is:

dec F : D -> set(R};

- --F(x) <= {z]|ze D, O(x,z)} stI(x);

where I is an input condition (or pre-condition) for the parameter, x, and 0 is an output
condition for the result, z, in relation to x. Also, the types D and set(R) are the domain and range
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of the problem specification. Notice that this is a very high-level way of writing generate-and-
test specifications (which may be unexecutable).

The above program scheme can be transformed to the féllowing target program scheme which

represents a class of global search algorithms.
dec F : D -> set(R);
decF gs:D# R-> set(R);
dec Split : D # R -> set(R);
dec fy:D>R;
dec Extract : R -> set(R);
- -F(x) <= 2] DXlox) , 2 F_gs(x,Fo(x))} stI(x);
- -F_gs(x.f) <= {z|ze Extract(f), O(x,2)} u{alae F_gs(x$), Se Split(x,’), P(x.35)}
stI(x) A D(x.1);

where a new type, R, is used to represent subspace descriptors (sets of solutions) of the
original range R. This new subspace descriptor must have three associated functions, 7, Split
and Extract. The function 7, is used to obtain an initial sub-space descriptor; the function Split is
used to split a sub-space of solutions into a further set of sub-space descriptors; while the
function Extract is used to obtain a set of extractable solutions from the given sub-space. These
new functions of the target program scheme must be related to the original program scheme by
the following two axioms.

vx,z. O(x,z) = Satisfies(z,?o(x))
Vx,f. Satisties(x,f). <=  JkeNat, 38 R [8 € Splitk(x,’) nz e Extract(S8y} * ~ = SR

where Splitk is defined by:

Split0(x,1) - {r

Split"+1(x,1) N {15 e splitix,r) , 1t e Split"(x,8)}
The first axiom states that all feasible solutions can be obtained from the initial sub-space
descriptor, while the second axiom states that a feasible solution is in a sub-space if it could be
extracted after a finite number of applications of Split. The sub-space domain and the
corresponding functions, f,, Split and Extract, must be made available for each possible target
program scheme. However, there is a necessary filter, @, of the target program which could be
derived by ensuring that it satisfies the following condition:

vieR3ze R Satisfiés(z,?) AO(x2)] = D

Smith & Lowry proved that the above global-search target algorithm will implement the original
problem theory if its specified conditions are satisfied.

The use of theories, containing a set of sorts/types and functions, to represent classes of
programs/algorithms is certainly an interesting and generally applicable approach. In fact, the
global search design strategy encompassed both the fusion and constraint-based filter
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promotion techniques presented in this thesis. In addition, it could also be used to formulate
other kinds of search algorithms, e.g. heuristic search or branch-and-bound?.

However, the approach taken by us differs from Smith & Lowry in several aspects. The global
search algorithm design strategy relies on the provision of appropriate target schemes
(containing the appropriate sub-space descriptors and their associated functions) for its
transformation. In contrast, we make use of more fundamental transformation (symbolic
evaluation) techniques, e.g. removal-of-unification, filter promotion by fusion and filter
promotion by constraints, which could directly obtain efficient search algorithms from the
specification. This has the potential advantage that we could derive implementations without
being constrained by the provided target schemes. Furthermore, our fundamental
transformation techniquesbhandle both high-level as well as intermediate-level specifications.

6.6. Summary of Chapter 6

This chapter presented two transformation tactics, finite differencing and base-case filter
promotion, which required constraints for specifying useful invariants to improve certain
classes of recursive functions. We have not yet implemented both of these two tactics.
However, we have identified that the key requirement in both these two tactics is the successful
discovery of laws to maintain specified invariants throughout the recursive functions. If this
could be achieved, these programs are improved through either the replacement of expensive

expressions by cheaper operators (i.e. finite differencing) or the elimination of sub-spaces of -~

infeasible solutions from the search space (i.e. base-case filter promotion).

We have managed to systematise the main semantic conditions/laws required by the two tactics.
In particular, we identified the unchanged, simplified, incremental and multiple incremental
laws for the finite differencing tactic. We also established the incremental, continuous and
weaker filter conditions for the base-case filter promotion tactic.

Finally, we suggested that the search for these semantic conditions should be handled by a sub-
systems with more powerful inference or theorem-proving capability.

1 We need an additional transformation technique (not presented in this thesis) to derive branch-and-bound
algorithm.
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7. Conclusion
7.1. Summary of Thesis

At the beginning of this thesis, we identified three criteria, namely correctness, generality and
automatibility, that are essential for program transformation systems which are aimed at
providing formalised routes to software construction. We also identified the unfold/fold
methodology as a suitable framework for such transformation systems. This methodology is
near-complete, preserves (partial) correctness and is not incompatible with the goal of providing
automated methods.

After this introduction, we showed in Chapter 2 how transformation tactics could be built (as
meta-programs) on top of the elementary unfold/fold rules. This arrangement helps to preserve
correctness. We also saw that each of these tactics is normally structured into an analysis and a
transformation phase. The analysis phase is the key phase for the tactic and is used to determine
if the program could be transformed. We illustrated this two-phase structure with two very
simple transformation tactics. One of them is an algorithmic tactic for eliminating useless
parameters. This tactic uses a forward analysis technique to identify useless parameters. The
other transformation tactic is a schematic tactic for converting programs to tail-recursive form.
This tactic uses the Function Equivalence Matching technique to help determine if a given
function is an instance of another higher-order one. These two tactics were presented to
illustrate the possibility of building meaningful and automatable transformations based on the
unfold/fold rules.

Our main contribution in this thesis is the systematisation of four major classes of
transformation tactics, namely fusion, higher-order removal, tupling and constraint-based
transformations. These tactics are widely applicable and systematic enough to be automatable.

In Chapter 3, we considered the class of transformations that was characterised by the fusion
of composed expressions. We introduced a producer-consumer model to characterise this
fusion transformation. We showed how the deforestation algorithm of Phil Wadler could be
extended to all first-order programs - using this model to explain the apparatus needed for our
extension. We made novel use of the variable-only parameter criterion. We also established an
important termination result for this extended transformation algorithm. Lastly, we applied a
similar technique to the fusion of expressions in set abstractions and presented the desirable
program forms needed to ensure successful transformation.

In Chapter 4, we presented a transformation tactic, consisting of three algorithms, to remove
certain classes of higher-order features from functional programs. This tactic has two major
benefits, namely:

(1) the elimination of overheads associated with higher-order features, and

(2) the provision of an easier route for extending transformation and optimisation
techniques from first-order to higher-order programs.
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We showed that the higher-order removal transformation algorithms will work and terminate
for all well-typed programs. Two of the algorithms, A and R, are directly used to remove
higher-order features. A third transformation algorithm, L, is concerned with preserving full
laziness in a way that is compatible with higher-order removal. The classic full laziness
technique of Hughes was not compatible and we proposed a new technique, based on algorithm
L, to extract out all (implicit and explicit) ground-type MFEs rather than any MFEs. We
showed that this did not result in any loss of efficiency, provided we ignore the laziness
associated with partially-applied recursive functions. This laziness is, in any case, space-leak
related. With the help of this higher-order removal tactic, we showed how the Universal
Deforestation Algorithm of Chapter 3 could be extended to higher-order programs.

In Chapter S, we presented a very general analysis technique for the tupling transformation.
This analysis, called tupling analysis, is based on the presence of appropriate selection
orderings to help build up continuous sequences of cuts. We showed the various practical
techniques which could be used to determine suitable selection orderings. These practical
ordering techniques include those based on pattern matching (e.g. instantiate and unfold
ordering) as well as those based on recursion parameters that are progressive (e.g. function-
argument orderings). We illustrated the general applicability of our approach by showing that it
works for a wide class of programs. Furthermore, by extending the tupling analysis from
sequences of continuous cuts to trees of continuous cuts, we showed how our technique could
be extended to programs which use non-linear data structures and multiple-recursive equations.

In Chapter 6, we considered how constraints could be used by two transformation tactics.
One of them, finite differencing, used constraints to introduce new parameters which could
replace expensive expressions from recursive programs. We identified four types of laws that
could be used in this tactic, namely unchanged, simplified, incremental and multiple incremental
laws. The other transformation tactic is a new form of filter promotion which promotes base-
case filters of recursive functions. This class of transformations used constraints to help filter
out sub-spaces of infeasible solutions. We identified the semantic conditions that are needed
before the tactic is considered to be applicable. These semantic conditions are the incremental,
continuous and weaker filter conditions. We also pointed to the need for some inference
capability to help establish by verification or synthesis) these conditions/laws.

7.2. Underlying Computational Structures

In a sense, the classes of transformations presented are actually based on some more
fundamental computation structures. These computational structures could be used to classify
our transformation tactics. In particular, the three fundamental computation structures used (in
this thesis) are:

1) compositions

2) tuples

3) constraints/invariants
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The simplcét computational structure (from the point of view of transformation) is composition.
This is used by both fusion and higher-order removal transformations. The essential
requirement for this computational structure is to identify the places where fusion could take
place. To help us in this task, we used some annotations to indicate the places where fusion can
occur and apply generalisations to the places where fusion cannot occur. Furthermore, most of
these transformations could be handled by the define, unfold and fold steps together with the
appropriate distributive laws (e.g. for set abstractions).

Another computational structure that is useful is the tuple structure. This structure is used to
group recursive function calls together. An essential requirement for this tuple structure is to get
eureka tuples which have descendant tuples that match. We saw how this requirement could be
discovered by the tupling analysis technique, which uses appropriate selection orderings to
generate continuous sequences of tuples for the matching test.

Similarly, constraints/invariants are used to help improve some recursive programs through
specialised contexts. The essential transformation task needed by this computational structure is
to ensure that the constraints are maintained throughout the recursion.

These computational structures represent more fundamental underlying mechanisms for
program transformation techniques. Further types of computational structures are also possible.
They include the use of lambda abstractions to perform a range of transformations as illustrated
in [Wand&80,Pettorossi88] and lists and vectors (in the place of tuples) to provide dynamic-sized .
tables for certain classes of redundant programs [Bird86,Cohen83]. In addition, it may also be
possible to use combinations of the different computational structures. For example, the tuple
structure may be used with composed sub-expressions rather than function calls. To be
successful, these more complex structures have to satisfy the simultaneous requirements of
each of its constituent structures (e.g. both the requirements of tupling and fusion).

Such computational structures provide us with a more fundamental view on how program
improvement by transformation works. Further investigations along this line may help to
formulate more fundamental transformation techniques.

7.3. Future Work

The classes of automatable tactics, presented in this thesis, represent substantial contributions to
the state-of-art in formalised software construction techniques through program transformation.
Despite these contributions, much work remains to be done in order to bring the fruits of
transformation technology closer to practical use. Some further work which may be pursued
include:

. In an earlier work, a limited number of tactics have been implemented (by the author) as
meta-programs (which return scripts) in the Imperial College's Transformation-Based
Programming Environment. The implemented tactics include:
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(1) a simple form of loop combination (even simpler than pure deforestation!)
where functions are self-recursive

(2) a tupling tactic which uses the instantiate and unfold selection ordering

(3) a simple partial evaluator.
Much implementation work therefore remains to be done in order to evaluate out the other
proposed transformation tactics. These to-be-implemented tactics include higher-order removal,
finite-differencing, filter-promotion and more general fusion and function specialisation
techniques. An implementation for them will substantially add to the automated capabilities of
our transformation system. At the moment, a third year student is helping with the
implementation of some of the tactics.

. Another avenue which could be pursued is the incorporation of some of the more
automatable tactics (e.g. deforestation and higher-order removal) to functional-language
compilers. Present-day functional language compilers are still some way from producing
program code with acceptable efficiency. The possibility of providing these transformation
tactics as high-level optimisations may dramatically improve this situation and encourage
programmers to adopt a reusable and modularised approach to programming. Furthermore, this
application could provide a direct route for reaping the benefits of program transformation
research. A number of researchers have been pursuing this avenue by incorporating
sophisticated program transformation techniques in extended-compilation systems
[Paige87,Turchin86].

. Currently, each of the transformation tactics is presentéd in a stand-alone fashion where
the users are expected to give strategic guidances to ensure that tactics are applied in the
appropriate sequence. Nevertheless, it may be desirable for the system to spot some of the more
obvious sequences of tactic applications. We saw this in the higher-order removal tactic where
we indicated to the reader that the three transformation algorithms, A, L and R, should be
applied in sequence. This is done with the possibility of re-invoking prior algorithms if
necessary. Also, we noted that these higher-order removal transformations should be applied
before deforestation - again with the possibility of re-invoking the earlier transformation
algorithms. Other examples of appropriate sequences of applying tactics include the application
of useless parameter elimination after finite differencing as a tidying-up stage and the
application of higher-order removal after the schematic conversion-to-iteration tactic.

Apart from these straightforward sequences of applications (which could be built into our
tactics), we may also wish to provide our system with more sophisticated strategies for
ordering transformation tactics. Fickas implemented a semi-automatic system, called Glitter
[Fickas82], which used a goal-directed approach to mechanise the planning aspects of
transformations. In his system, the user specifies a set of goals and the problem-solver finds
an appropriate sequence of transformation methods which could achieve this goal with the help
of selection rules (and possibility the user, as well). Corresponding, Alan Bundy et al
[Bundy89] reconstructed an extended form of Boyer-Moore's theorem-proving system
[Boyer79], which used tactics as planning operators to build proof plans. These tactics are
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formulated into methods by adding in pre- and post-conditions to describe the applicability
conditions and resulting states of applying the tactics. Further investigations into these two
works may yield useful frameworks for formulating application strategies for our
transformation tactics.

. In the presentation of some of the our transformation tactics (e.g. constraint-based
tactics), we have indicated the need for a more general inference (deductive and inductive)
capability that could be used to derive or prove certain laws needed. The KIDS system of
Kestrel Institute [Smith89b] uses a general deductive system, called RAINBOW II, which uses
directed inference for a number of purposes. This could be used for simplification, theorem-
proving and derivation of antecedent, consequent or expression bounds. It is achieved by
searching via deductive transformation (according to a specified relationship e.g. <, =, =, 2,
<) to obtain a target expression from a source expression which bears the specified
relationship. A more complete inference sub-system for our transformation system could
perhaps supplement this approach with inductive (e.g. [Bundy89]) and synthesis capability
(e.g. distributive lemma of Appendix 3). It may also be organised along tactical lines for more
guided searches.

. The tactics presented in this thesis are only a sub-set of the possible transformation
techniques which could be systematised. Many other researchers have been working on
transformation techniques which apply to various classes of programs. Some examples include

the removal-of-unification tactic in [Pull90], the synthesis of divide-and-conquer algorithins’in* -+

[Smith85,Smith87], the generation of inverse functions in [Harrison88b,Khoshnevisan89], the
abstract data-types transformations in [Darlington84], the global search design tactics of
[Smith89a]. It would be useful to classify and build up a taxonomy for all these classes of
transformation tactics and investigate how they inter-relate.

In conclusion, the program design problem domain, as exemplified by program transformation,
contains a rich structure of techniques which could be systematised into automatic or semi-
automatic methods. This thesis presented a collection of these methods and developed the
necessary analysis for automating them. Our work represents a small but certain step towards
formalised and automated processes for software construction. Certainly, machines are destined
to play a more significant role in software development.
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Appendix 1. Higher-Order Useless Parameter Eliminations

The elimination of useless parameters tactic of Chapter 2 can be extended to work with higher-
order programs. This is best performed after the elimination of undesirable higher-order
features by another transformation tactic in Chapter 4.

The expression form which remains, after the elimination of higher-order features, is called the
higher-order specialised form (see Section 4.3.1). The corresponding higher-order specialised
form for the simple language in Section 2.4.1 can be described by the following grammar rules.

t u= va| c(t1....tn)|f(t1..tn,vh1°..vhq°) jcasetginpy =>ty|.. | py=>t,end
| lambda (v4,..,vy) =>tfend
va = vva(ty,.tp)

p = v|c(py,.Pp)

Only two additional constructs are present in the above grammar rules when compared to the
simple first-order language. These are variable applications, va(ty...ts), and lambda
abstractions, lambda (vq,..,v,) =>tf end. In this appendix, we shall present the extensions needed
in both the analysis and transformation phases to cope with these two features.

Al1.1. Extension to Analysis Phase

For the analysis phase, we shall have to add two new syntax-directed translation rules and a
new equation for the least upper bound function, or, as shown below.

use [lambda (vq,..,vy) =>tf end ]| < lambda (v{,..,v) => use [[tf ] end _
use [va(ty,..ty) I ’ ‘< use [va] (use [ty ]...,useflt, ])
WHERE

or (lambda (v4,..,vq) =>tf4 end, lambda (vy,..,v,) =>tf5 end)

< lambda (v4,..,v) => or (tf4,tf>) end

These new rules must be added to those rules, given in Section 2.4.2 for first-order
expressions. The two use rules are for dealing with variable applications and lambda
abstractions respectively. Also, we have an additional equation for the semantic function, or, to
compute the least upper bound values of any two abstract functions.

Another affected portion of the analysis phase is the appropriate abstract calls needed to identify
useless parameters. Previously, each parameter to be identified must be tested with an abstract
function call, t#(..,P,..), where the abstract value P is given to the parameter to be identified,
while each of the other arguments is given the value A. These abstract values are only applicable
to ground-type parameters. For function-type parameters, say of type aq#..#o, -> oegyits WE
will have to use different abstract values. In particular, if this function-type parameter is the
parameter of interest, we have to use the abstract value, lambda (v4,...v,) => P end, otherwise the
abstract value of lambda (v4,..,vy) => set_OR{v4,..,v;} end is needed.

As an example, consider the following higher-order function with a function-type parameter, v,
and two other parameters, a and b.
---ho_prog(v,iab) <= v(a);
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The definition for corresponding abstract function can be obtained using the syntax-directed
translation rule, as follows.

ho_prog# (v,a,b) = use [v(a)]

= v(a) (A1.7)

With this abstract function, we can analyse the three parameters by computing the semantic
values for the following three calls.

ho_prog# (lambda v => P end,A,A) = P

ho_prog# (lambda v => v end,P,A) = P

ho_prog# (lambda v => v end,A,P) = A
These three analyses state that the third parameter can be eliminated but not the first two. Notice
that we have used lambda v => v end, rather than lambda v => A end, if the function-type parameter is
not the parameter of interest. This is so because we would like to pass the function-type
parameter's possible argument (i.e. a in equation (A1.1)) to the result. If this is not done, we may
wrongly identify the second parameter to be useless.

The above example only gives the abstract values needed for a second-order parameter of the
tYPE (0tq5.,0p) > Oygsytty WhETe (ay,..,0) are ground-type arguments and o,qq,p 1S @ ground-type
result. For arbitrary higher-order parameters, we need a more complex (and complete) way of
obtaining abstract. argument values. The appropriate abstract values to supply is, in fact,
dependent on the fype of the parameters. We can describe the type, t, of our simple expressions
by the following simple grammar rule.

T:= ground_type | (T{,..Tn) => Tresult

With this type structure, any parameter, say argy, whose type is given by Type [arg,], should be
given the abstract value of ABS[Type[arg,),P] if it is the parameter to be identified. Otherwise, if it
is one of the other parameters, an abstract value of ABS[Type[arg,],A], should be given.

The definition for ABS is given below.
ABS[ ground_type,r ] = r
ABS[ (14,...T) -> Tresult:P)

lambda (v4,..,vp) => ABS[t,eqit.P] €nd

ABS[ (1,..T) = Tresult:'] lambda (vq...,vp) => ABS[t;gsult
,set_OR{aux[tqy,v1],..,aux[tq,v1],r}] end
aux [ ground_type,v ] = Vv

aux [ (t4,-4Tn) > Tresult V) aux [tygguit: V(ABS| 14,A],..,ABS[ 14,A])]

Under this formulation, each ground-type parameter will be given either the value P or A, as
before. Also, each higher-order parameter will be given an abstract function value that either
returns the value P or simply propagates its argument values to the final result.

A1.2. Extension to Transformation Phase

Apart from the above changes to the analysis phase, some changes must also be made to the
transformation rules to enable them to handle higher-order specialised expressions. In
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particular, we will need two more new rules, as shown below.
(6) wullambda (vq,.,.vy)=>tfend] « lambda (vq,..,v,) => U[t{]end
6) ufva(tq..ty) 1 < ufvajulty]..u [t,1)

These two new rules are for handling lambda abstractions and variable applications
respectively. Together with the changes to the analysis phase given earlier, we now have a
useless parameter eliminations tactic that can be applied to any higher-order program.
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Appendix 2. Other Conversion-to-lteration Schemes

In Chapter 2, we presented a conversion-to-iteration schematic rule that works for all linear
recursive functions which have the constant-at-termination and the special right commutative
properties. This class of programs is represented by the higher-order function, f1, in
Section 2.5.1.

Apart from this special right commutative scheme, there are also a number of other
transformation schemes for converting linear-recursive functions to their tail-recursive
equivalent. In this Appendix, we shall illustrate three more of these schemes.

For generality, we shall use the following linear recursive function,
---1(x,B,C,D,H,N) < Iif B(x) then C(x)
else H(D(x),f(N(x),B,C,D,H,N));
as the common source program for each of the three transformation schemes. These schemes
will differ primarily in the additional syntactic or semantic conditions placed on the function, f.

The first scheme to be presented is a general technique for converting any linear recursive
function, matching f, to its tail-recursive program using a two-pass iteration and a data stack.
The data stack is used (in the first pass) to collect all arguments of the recursive function calls
before the second pass utilises it to compute the result. This scheme is very general because it
only requires functions to be linear recursive. However, the transformed tail-recursive program
contains little improvement.~ - '

A second transformation scheme can be formulated if an efficient inverse function, call it invN,
is available for the descent function, N, such that invN(N(a))=a. The presence of this inverse
function can be used to eliminate the need for the data stack and thus provides a slightly better
tail-recursive program.

Lastly, another well-known and useful transformation scheme that will be presented, is based
on the associative dual property being present for the outer operator, H, such that
H(a,H(b,c))=H(J(a,b),c) for some function, J. This scheme, also known as the re-bracketing
technique [Darlington76], will always have an efficient tail-recursive equivalent.

All three schemes are not new. What is new about our formulations is that we have managed to
derive these schemes using the constructive unfold/fold transformation methodology. Almost
all previous presentations of them, e.g. [Kieburtz81,Harrison86,Bauer82], have relied on the
verification approach where both source and target schemes are given before a posterior proof.

A2.1. Two-Pass Iteration with Data Stack

Program transformations, especially those based on elementary rules, typically require some
insightful steps before useful results can be obtained. One of these difficult steps, frequently
referred to as the eureka step, is the define step for obtaining a new function in terms of the
other existing functions. This step is considered to be difficult because it often represents the
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starting definition for a desirable target program. Choosing the right target definition, from the
numerous possibilities, requires intelligent inductive capability.

One useful technique which could be used is to analyse the given function symbolically through
different evaluation strategies. This analysis could sometimes suggest to us better evaluation
strategies that could be applied to compute our functions. More importantly, it could often
suggest appropriate new function definitions for program transformation. Let us see how the
analysis by symbolic evaluation could suggest an appropriate eureka definition for the
conversion-to-iteration transformation.

If we take a snap shot of the evaluation of function call, {(x,B,C,D,H,N), after it has make n+1
recursive invocations, we could get the following intermediate expression:

H(D(x),H(D(Nx),H(D(NZx),...,H(D(N.“x).f(N“”x,B.C.D,H.N))...)))
assuming that the base case conditional test, B(x), is false for each of the n+1 function

invocations. This intermediate value represents a general computational history for the recursive
call, and can be symbolically altered (using a different evaluation strategy) to the following:

H(D(x).?) o H(D(Nx),?) 0 H(D(N2x),?) 0 .. HD(N"x),?) f(N"+1x,B,C,D,H,N) (A2.1)
where H(D(x),?) is a short hand notation for lambda a => H(D(x),a) end and o is the function

composition operator where a o b = lambda c => a(b(c)) end.

The expression, H(D(x),?) o H(D(Nx),?) o HD(N2x),?) o .. H{D(N"x),?), to the left of the above recursive

call, {(N"*1x,B,C,D,H.N), involves a composition of n+1 functional sub-expressions which differ - -

only in the arguments x,Nx,N2x..,N"x. This expression pattern can be captured, more generally,
by rewriting the expression of (A2.1) to:

r_apply(IN"x,...,N2x,Nx,x],H,D) {(N"+1x,B,C,D,H,N)
where there is a new function, r_apply, that can be defined as follows:
r_apply(INX,...,N2x,Nx,x,H,D) = H(D(x),?) 0 H(D(Nx),?) o H(D(N2x),?) o .. H{D(N"x),?)

We have extracted the arguments, N"x,..,N2x,Nx,x, in reverse order as a data stack for the new
function, r_apply. This new function is equivalent (can be synthesized) to the following
definition,

- --r_apply([],H,D) <= id;

- - -r_apply(a::s,H,D) <= r_apply(s,H,D) o H(D(a),?);

where id is the identity function.

With this analysis of an alternative expression form which may be taken by function f, we can
now define a new function, F2_i, as follows:

---F2_it(x,s,B,C,D,HN) < r_apply(s,H,D) f(x,B,C,D,H,N); v (A2.2)

This function definition carries an additional data stack, s, and can be transformed to its tail-
recursive program, as shown in Figure A2.1. The result of this transformation is a tail-
recursive program, which is made up of two functions F2_it and F2a_it, as shown below.
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.- -F2_it(x,s,B,C,D,H.N) < If B(x) then F2a_it(s,H,D,C(x))
else F2_it (N(x),x::s,B,C,D,H,N);

- - - F2a_it([},H,D,w) <= W;

- - - F2a_it(a::s,H,D,w) < F2a_it(s,H,D,H(D(a),w));

The first function, F2_it, accumulates the argument, x, of each recursive call into the data
stack, s. This is done during the main recursion of F2_it, which acts as the first iterative pass.
At the end of this recursion (or pass), the auxiliary recursive function, F2a_it, is called as the

second iterative pass for computing the results, bottom-up. This second pass uses the argument
values from the accumulated stack in its computation.

---F2_it(x,s,B,C,D,HN) < r_apply(s,H,D) f(x,B,C,D,H,N); ! unfold f
<= r_apply(s,H,D) If B(x) then C(x) ! distribute if
else H(D(x),f(N(x),B,C,D,H,N));

<= [f B(x) then r_apply(s,H,D) C(x) ! abstract H(D(x),?)
else r_apply(s,H,D) H(D(x),{{N(x),B,C,D,H,N));

< If B(x) then r_apply(s,H,D) C(x) ! fold r_apply
else r_apply(s,H,D) o H(D(x),?) f(N(x),B,C,D,H,N);

<= [f B(x) then r_apply(s,H,D) C(x) ! fold F2 it
else r_apply(x::s,H,D) f(N(x),B,C,D,H,N);

<= |t B(x) then r_apply(s,H,D) C(x) ! define F2a_it

else F2_it (N(x),x::s,B,C,D,H,N);
if B(x) then F2a_it(s,H,D,C(x))
else F2_it (N(x)x:s,B,C,D,H,N); =-

i

Define F2a_it

- - - F2a_it(s,H,D,w) < r_apply(s,H,D) w; ! narrow r_apply

- - - F2a_it([},H,D,w) < idw; ! unfold id
< w;

- - - F2a_it(a::s,H,D,w) < r_apply(s,H,D) o H(D(a),?) w; ! (fog) (w)=f(g(w)
<= r1_apply(s,H,D) H(D(a),w)); ! fold F2a_it

A

F2a_it(s,H,D,H(D(a),w));
Figure A2.1 - Transforming to a Two-Pass lIteration with Data Stack

The main schematic rule from this transformation is the following.
Schematic Rule 2 for f2_it
#(x,B,C,D,H,N) = F2_it(x,[],B,C,D,H,N)
This rule can be used to replace any linear recursive function matching f, with the two-pass tail-
recursive function F2_. It is obtained by instantiating s=[] in the original equation (A2.2) of F2_it,
followed by the simplification steps, as shown below.
F2_it(x,[].B,C,D,H,N)
F2_it(x,[].B,C,D,H,N)
F2_it(x,[].B,C,D,H,N)

r_apply([J.H,D) f(x,B,C.D,H,N) ! unfold r_apply
id f(x,B,C,D,H,N) ! unfold id
f(x,B,C,D,H,N)
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A2.2. Scheme with Function Inversion

The previous tail-recursive result (using a two-pass iteration and a data stack) for f is general
but nor efficient.

If an inverse function, say invN, for N can be found such that invN(N(a))=a, we can at least avoid
the need for the data stack, [N"x,...N2x,Nx,x]. With this inverse function, we will only need to
keep the two ends of the stack, i.e. N™x and x, rather than the entire data stack. This is possible
because we can always compute the next element, N™1x, by applying invN to the top element,
N"x. The bottom element, x, is needed to tell us when we have reached the end of our stack,
namely when it (the bottom element) is equal to the top element.

Thus, if we re-examine the generalised expression (A2.1), of the f call, we could also have
replaced it by:

i_apply(N™*1x,x,invN,H,D) f(N"+1x,B,C,D,H,N) st invN(Nx)=x

where i_apply carries the top and bottom element of the stack and has the following definition!.
- - -i_apply(x,y,invN,H,D) <= |f x=y then id
else i_apply(invN(x),y,invN,H,D) o H(D(invN(x)),?);
With this alternative form for f, we can define a new function, {3_it, whose existence is
dependent on the presence of an inverse function, invN, as shown below.

- - -13_it(x,y,B,C,D,HN,invN) < i_apply(x,y,invN,H,D) f(x,B,C,D,H,N) st invN(N(a))=a; (A2.3)

This new definition can be subjected to a sequence of transformation steps, as shown in
Figure A2.2, to obtain a tail-recursive program which consists of the following two functions.
- - -13_it(x,y.B,C,D,H,N,invN) < If B(x) then {3a_it(x,y,C(x),invN,H,D)
else f3_it(Nx,y,B,C,D,H,N,invN);
- - - f3a_it(x,y,w,invN,H,D) <= If x=y then w
else f3a_it(invN(x),y,H(D(invN x),w),invN,H,D);
We again have a two-pass iteration but this time there is no need for the data stack. All that is
needed is a first pass, by 3_it, to obtain the last recursive call's argument and a second pass, by
f3a_it, to compute the results backwards. This second pass obtains its successive argument
values with the help of function, invN.

The schematic rule for this transformation is shown below, together with a condition which
states the need for an efficient inverse function for N.

Schematic Rule 3 for f3_it
f(x,B,C,D,H,N) = 13_it(x,x,B,C,D,H,N,invN) st invN(N(a))=a

This schematic rule is obtained from the original equation (A2.3) of F3_it by instantiating y=x,
followed by simplification steps, as shown below.

1 In actual fact, the first argument carried by i_apply is NN+1x. This is one element above the original top
element, NNx, which can be obtained from NN+1x by applying the inverse function, invN, to it.

260 Appendix 2 - Other Conversion-to-Iteration Schemes



13_it(x,x,B,C,D,H,N,invN) = i_apply(x,x,invN,H,D) {(x,B,C,D,H,N) st invN(N(a))=a ! unfold i apply
3_it(x,x,B,C,D,H,N,invN) = id (x,B,C,D,H,N) st invN(N(a))=a ! unfold id
3_it(x,x,B,C,D,H,N,invN) = {(x,B,C,D,H,N) st invN(N(a))=a

- - 13_it(x,y,B,C,D,H,N,invN)

<

- - - 13a_it(x,y,w,invN,H,D) <=

<=

<=

Figure A2.2 - Transforming to a Two-Pass Iteration without Data Stack

< i_apply(x,y,invN,H,D) {(x,B,C,D,H,N); ! unfold f
i_apply(x,y,invN,H,D) if B(x) then C(x) ! distribute if

else H(D(x),f(N(x),B,C,D,H,N));
if B(x) then i_apply(x,y,invN,H,D) C(x) ! abstract H(D(x),?)
else i_apply(x,y,invN,H,D) H(D(x).f(N(x),B,C,D,H,N));
If B(x) then i_apply(x,y,invN,H,D) C(x) ! apply x=invN(N(x))
else i_apply(x,y.invN,H,D) o H(D(x),?) f(N(x),B,C,D,H,N));
If B(x) then i_apply(x,y,invN,H,D) C(x) ! fold i_apply
else i_apply(invN (Nx),y,invN,H,D) o H(D(invN (Nx)),?) {(N(x),B,C,D,H,N));
If B(x) then i_apply(x,y,invN,H,D) C(x) ! fold f3_it
else i_apply(N x,y,invN,H,D) {(N(x),B,C,D,H,N));
If B(x) then i_apply(x,y,invN,H,D) C(x) ! define f3a_it

else f3_it(Nx,y,B,C,D,H,N,invN);

If B(x) then {3a_it(x,y,C(x),invN,H,D)

else f3_it(Nx,y,B,C,D,H,N,invN);

i_apply(x,y,invN,H,D) w; ! unfold i_apply
(if x=y then id

else i_apply(invN(x),y,invN,H,D) o H(D(invN x),?)) w; ! law of if

if x=y then id w ! unfold id

else i_apply(invN(x),y,invN,H,D) o H(D{inVN'x),?) w; ! a 0 b (x)=a (b(x))
If x=y then w

else i_apply(invN(x),y,invN,H,D) H(D(invN x),w); ! fold f3a_it

if x=y then w

else f3a_it(invN(x),y,H(D(invN x),w),invN,H,D);

A2.2.1. improving the 2-Pass Iteratlon to a 1-Pass Iteration

Under certain circumstances, it may be possible to improve the two-pass tail-recursive program
of 13_it to a single-pass tail-recursive program. In particular, notice that the purpose of the first
pass is to find the argument value of the last recursive call. This can be determined, in advance,
if the base case test function, B, is of the form B=lambda x=> x=co end where co is a constant.
When this happens, we can simplify f3_it to a single-pass tail-recursive function, as shown

below.
- - - 13_it{x,y,B,C,D,H,N,invN)

< If B(x) then f3a_it(x,y,C(x),invN,H,D) ! subs. B(x)=(x=co)
else f3_it(Nx,y,B,C,D,H,N,invN) st B=lambda x=> x=co end;

<= I x=co then {3a_it(x,y,C(x),invN,H,D) ! subs x=co in f3a_it call

else {3 it(Nx,y,B,C,D,H,N,invN) st B=lambda x=> x=co end;

< If x=co then f3a_it(co,y,C(co),invN,H,D)

else f3_it(Nx,y,B,C,D,H,N,invN) st B=lambda x=> x=co end;

! outer recursion removal law (see below)

<= {3a_it(co,y,C(co),invN,H,D) st B=lambda x=> x=co end;
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The removal of outer recursion requires a complex law of the following form:
Fn(x,N,B,C,y) = C(y) st 3i. i0, B(Ni X,y)=true

where:

---Fn(x,N.B.C.y) <= [f B{x,y) then C(y)
else Fn(N x,N,B,C.y)

This complex law can be proved by structural induction. Initially, from the above constraint,
3i. i20, B(N! x,y)=true, we can find a minimum i, say min_i, such that:
B(NMIN_i x y)=true A Vj. j<min_i. B(N] x,y)=false
We could then prove by induction that:
V. jgmin_i. Fn(Nj x,N,B,C,y)=Fn(x,N,B,C,y)
using backwards reasoning, as follows:
Base case, j=0:

Fn(NOx,N,B,Cy) = Fn(x,N,B,Cyy)
Fn(x,N,B,C,y) = Fn(x,N,B,C.y)
true
Recursive case, where j=j-1, we have:

Fn(NI''x,N,B,Cy) = Fn(x,N,B,C.y) I unfold Fn(Ni-'x,N,B,C,y)
if B(Nj'1x,y) then C(y) else Fn(Ni x,N,B,C,y),C.y) ! B(Nj'1x,y)=false
= Fn(x,N,B,Cy)
if false then C(y) else Fn(Nj x,N,B,C,y),C,y) Ilaw of if
= Fn{x,N,B,Cy)
Fn(Ni x,N,B,Cy).Cy) = Fn(x.N,B,C.y) by induction
true

Once this inductive proof is established, we can get the complex law by:
Fn(x,N,B,C,y) = Fn(x,N,B,C)y) | by the above result
= Fn(NMin_ix NB.Cy) tunfold Fn
= I BINMIN_i vy then C(y) | B(NMIN_ixy)=true
else Fn(NMIn_i x N.B,C.y)

= If true then C(y) 1if law
else Fn(NMIn_i x N.B,C.y)
= C(y)

This additional derivation gives us the following schematic rule.

Schematic Rule 3a for f3_it
f(x,B,C,D,H,N) = 3a_it(co,x,C(co),invN,H,D) st invN(N(a))=a, B=lambda x=> x=co end

It is obtained from Scheme Rule 3 by unfolding the 3_it function. Notice the presence of the
additional constraint, B=lambda x=> x=co end.
A2.2.2. Avolding the Equality Test on the Recursion Argument

The above tail recursive function f3a_it uses an equality test to check if the end of the second
pass has been reached. This equality test may be a source of inefficiency, if the recursion
argument used, x, is made up of a large aggregate type.
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We can avoid this test by transforming f to a different tail-recursive program whose first
iterative pass will obtain the maximum number of recursive calls in this linear recursion. In a
way, this count corresponds to the maximum size of the previous data stack, [N"x,...,N2x,Nx,x],
from the generalised expression of (A2.1). With this data stack size, we can ignore the bottom
element and its associated equality test, and simply concentrate on maintaining the current size
of the data stack to indicate when the end of the stack is reached.

Such a formulation would result in the following alternative expression:
n_apply(n+1,N"x,invN,H,D) f(N"+1x,B,C,D,H,N) st invN(Nx)=x (A2.4)
where n_apply is a function of the following definition.

- - -n_apply(0,x,invN,H,D) <= id;
- - -n_apply(n+1,x,invN,H,D) <= n_apply(n,invN(x),invN,H,D) o H(D(x),?);

Using this alternative expression (A2.4), we can define the following new function, f4_it, in
terms of f.

- - f4_it(x,n,B,C,D,H,N,invN) < n_apply(n,invN(x),invN,H,D) f(x,B,C,D,H,N) st invN(N(a))=a;
which can be transformed (as shown in Figure A2.3) to:

---f4_it(x,n,B,C,D,H,N,invN) < If B(x) then fda_it(invN(x),n,C(x),D,H,invN)
else f4_it(Nx,n+1,B,C,D,H,N,invN);
- - - f4a_it(x,0,w,D,H,invN) <= W;
- - - f4a_it(x,n+1,w,D,H,invN) <= fda_it(invN(x),n,H(D(x),w),D,H,invN) ;
The second iterative pass, represented by function f4a_it, no longer uses the equality test on*-
recursion argument. Instead, a count (which is computed by the first pass and decremented in
the second pass) is used to determine when to terminate.

The schematic rule from this transformation can be represented as follows:

Schematic Rule 4 for f4_it
f(x,B,C,D,H,N) = f4_it(x,0,B,C,D,H,N,invN) st invN(N(a))=a

This rule is obtained by instantiating n=0 in the original equation (A2.4) of F4_it, followed by
simplification steps, as shown below.
f4_it(x,0,B,C,D,H,N,invN = n_apply(0,invN(x),invN,H,D) f(x,B,C,D,H,N) st invN(N(a))=a
f4_it(x,0,B,C,D,H,N,invN) = id {(x,B,C,D,H,N) st invN(N(a))=a
f4_it(x,0,B,C,D,H,N,invN) f(x,B,C,D,H,N) st invN(N(a))=a

Presently, the target program scheme is still two-pass but it could be converted to a single-pass
scheme if the number of recursive calls and the result of the last recursive call could be
determined in advance. This could be determined if appropriate conditions exist between B, N
and C.
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---f4_n(x,n,B,C,D,H,N,invN) < n_apply(n,invN(x),invN,H,D) {(x,B,C,D,H,N); ! unfold f
<= n_apply(n,invN(x),invN,H,D) if B(x) then C(x) ! distribute if
else H(D(x),f(N(x),B,C,D,H,N));

< If B(x) then n_apply(n,invN(x),invN,H,D) C(x) ! abstract H(D(x),?)
else n_apply(n,invN(x),invN,H,D) H(D(x),{(N(x),B,C,D,H,N));

<= If B(x) then n_apply(n,invN(x),invN,H,D) C(x) ! fold n_apply
else n_apply(n,invN(x),invN,H,D) o H(D(x),?) f(N(x),B,C,D,H,N));

< |f B(x) then n_apply(n,invN(x),invN,H,D) C(x) ! x=invN(N(x))
else n_apply(n+1,x,invN,H,D) {(N(x),B,C,D,H,N));

<= If B(x) then i_apply(n,invN(x),invN,HD) C(x) ! fold f4 it
else n_apply(n+1,invN(Nx),invN,H,D) f(Nx,B,C,D,H,N));

<= |f B(x) then i_apply(n,invN(x),invN,H,D) C(x) ! define f4a_it
else f4_it(Nx,n+1,B,C,D,H,N,invN);

< It B(x) then fda_it(invN(x),n,C(x),D,H,invN)

else f4_it(Nx,n+1,B,C,D,H,N,invN);
define f4a_it

- - - f4a_it(x,n,w,D,H,invN) <= n_apply(n,x,invN,H,D) w; ! unfold n_apply
- - - f4a_it(x,0,w,D,H,invN) <= idw; ! unfold id
<= W,
- - - f4a_it(x,n+1,w,D,H,invN) <= n_apply(n,invN(x),invN,H,D) o H(D(x),?) w; ! (a 0 b) c=a(b(c))
<= n_apply(n,invN(x),invN,H,D) H(D(x),w); ! fold fda_it

<= f4a_it(invN(x),n,H(D(x),w),D,H,invN) ;

Figure A2.3 - Transforming to a Two-Pass Iteratlon without the Equallty
Test on Argument.

A2.3. Associative Dual Scheme

Our last transformation scheme is for a sub-class of linear recursive functions which can always
be transformed to an efficient single-pass tail-recursive equivalent. This sub-class of functions
has the associative dual property for the outer operator, H, such that H(a,H(b,c))=H(J(a,b),c)) and J
is an associative dual of H. The associative law, H(a,H(b,c))=H(H(a,b),c)), is a special case of the
associative dual where J=H.

With this associative dual property, we can define a new function,
- - - f5_it(x,w,B,C,D,H,NJ)<= H(w}1(x,B,C,D,H,N))} st H(a,H(b,c))=H(J(a,b),c)); (A2.5)
which can be transformed to the following tail-recursive equivalent.

- - - f5_it(x,w,B,C,D,H,N,J)<= If B(x) then H(w,C(x))
else f5_it(Nx,J(w,D(x)),B,C,D,H,N,J));

The transformation to achieve this is shown in Figure A2.4. It uses the associative dual

property to help re-order the main expression for an application folding to obtain tail-recursion
(for f5_it).
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- -15_it{x,w,B,C,D,H,NJ)<= H(w,i(x,B,C,D,H,N)) st H(a,H(b,c))=H(J(a,b),c)); !unfold {

<= H(w, If B(x) then C(x) I distr. if
else H(D(x),f(N(x),B,C,D,H,N)) ) st H(a,H(b.c))=H(J(a,b),c));
<= If B(x) then H(w,C(x)) | apply assoc. dual
else H(w,H(D(x),f(N(x),B,C,D,H,N)) st H(a,H(b,c))=H(J(a,b),c));
< If B(x) then H(w,C(x)) I fold f5_it

else H(J(w,D(x)),f(N(x),B,C,D,H,N)) st H(a,H(b,c))=H(J(a,b),c));
<= [t B(x) then H(w,C(x))
else f5_it(Nx,J(w,D(x)),B,C,D,H,N,J)) st H(a,H(b,c))=H(J(a,b),c));

Figure A2.4 - Transforming to Tall-Recursive Program with the Assoclative
Dual Property

The schematic rule, shown below, is taken directly from the original definition (A2.5) of 5_it.
Schematic Rule 5§ for f5_it
H(w,f(x,B,C,D,H,N))=f5_it(x,w,B,C,D,H,N,J) st H(a,H(b,c))=H(J(a,b),c))

This rule can be applied to the RHS sub-expression, H(D(x),f(N(x),B,C,D,H,N)), of the linear
recursive function, 1, as long as the associative dual property is present.

Thus, the earlier definition of function f (given at the beginning of this Appendix):
---{(x,B,C.D.H.N) <= If B(x) then C(y)
else H(D(x),f(N x,B,C,D,H,N) | apply schematic rule 5
can be transformed to the following:
---1(x,B,C,DH,N) <= If B(x) then C(y)
else f5_it(N x,D(x),B,C,D,H,N,H)

This last equation could also be used as our schematic rule.

Also, a slightly different rule can be provided if H has a left identity, u, such that, H(u,a)=a. If
this extra condition is available, we can have the following simpler rule which gives a direct
relationship between f and 15_it.
Schematic Rule Sa for f5_it
f(x,B,C,D,H,N)=f5_it(x,u,B,C,D,H,N,J) st H(a,H(b,c))=H(J(a,b),c)), H(u,a)=a
This is obtained from the previous schematic rule by instantiating w=u, and then simplifying the
LHS with the identity law, H(u,a)=a.

A2.4, Combining the Schematic Rules into a Single Tactic

The above collection of schematic rules could be combined into a single transformation tactic.
Our use of a common linear recursive function, f, is meant to make this integration much easier.

Even the special right commutative transformation scheme, presented in Chapter 2, can be
based on this linear recursive function. This is done by demanding that H does not depend on its
left parameter, i.e. H=lambda (a,b)=>H'(b) end, and C be a function which returns a constant, i.e.
C=lambda a=> c end. Both these requirements are syntactic and can be stated through the
following possible equations between f and fi_it (from Schematic Rule 1).
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f1_it(x,c,B,H'\N) f(x,B,C,H,N) st C=lambda a=> c end,H=lambda (a,b)=>H'(b) end

or:
f1_it(x,c,B.H'N) = f(x,B,Jambda a=> c end,lambda (a,b)=>H'(b) end,N)

Based on this common linear recursive function, f, we can devise a conversion-to-iteration
tactic around the five major schematic rules. Our tactic would initially match a given function to
the common function, f. After that, it will test the various syntactic and semantic conditions in
order to determine the most appropriate transformation scheme to apply. A good order for
testing and selecting the most appropriate scheme is outlined in Figure A2.5. The first choice
rule is Schematic Rule 1, with the special right-commutative and constant-at-termination
property. This rule results in an efficient tail-recursive program and is easy to check because its
applicability conditions are purely syntactic. The last choice transformation is Schematic
Rule 2. This rule is applicable to all linear recursive functions but it hardly results in any
program improvement.

- - -conversion_to_iteration (g) <= | g is a given function
if g is non linear-recursive? then exit
else
if g is tail recursive? then exit
else
if g is special right-commutative and has constant termination?
then apply Scheme 1
else
if g has an associative dual for H? then
if H has a left-identity? then apply Scheme 5a
else apply Scheme 5
else
if g has an inverse function for N? then
If recursion argument is of aggregate type? then apply Scheme 4
else If B is a constant argument test? then apply Scheme 3a
else apply Scheme 3
else apply Scheme 2 ;
Figure A2.5 - An Integrated Conversion-to-lteration Tactlc

A2.5. A Problem with the Lazy Semantics

One crucial problem of the conversion-to-iteration transformations is that it does not always
preserve the semantics of programs in a lazy language. In particular, it is occasionally possible
for non-termination to be introduced into an otherwise terminating lazy program.

As an example, consider the following contrived program which consists of a function flatten
for flattening a list of lists; a function first to select the first element in a list; and a function int to
repeatedly return the same input list as elements of an infinite list of lists.
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- - -main

<= first(flatten(inf(x)));
- - irst(a:_) < a;
- - -inf(x) <= x:inf(x);
- - -flatten([}) < [];
- - -flatten{a::x) < ac>flatten(x);

The function, flatten, is linear recursive and can be transformed by the associative dual scheme
(Schematic Rule 5a) to the following tail-recursive program.

- - -flatten(x) < flatten_it(x,[]);

- - -flatten_it([],w) <= W,

- - -flatten_it(a::x,w) <= flatten_it(x,w<>a);

However, this tail-recursive version of flatten (using flatten_it), causes the function, main, with
an expression, first(flatten(inf(x)), to become non-terminating. This is so because the tail-recursive
flatten_it needs to traverse the whole of its first input list before it can produce any result. As this
input list inf(x) is an infinite list, the entire expression becomes non-terminating. In contrast, the
original un-transformed program does not have this problem because function flatten can be
lazily evaluated to give partial results. The conversion-to-iteration tactic has thus violated the
lazy semantics2 of this program.

However, not all conversion-to-iteration transformations necessarily result in loss of lazy
semantics. For example, the following two functions can be converted to their tail-recursive
counterpart without violating the lazy semantics.

- - -sum([]) < [I;

- - -sum(a::x) < a+sum(x);

- - -rev([]) < [k

- - -rev(a:x) < rev(x)<>[a];

The main reason for this is that the arguments for these two linear-recursive functions are of the
same degree of strictness as their tail-recursive counterparts. In particular, the function sum is
completely strice in its recursive argument, while the function rev is tail-strict 4 in its recursive
argument. Corresponding, the tail-recursive counterparts of these two functions are also of the
same degree of strictness. This implies that lazy semantics will be preserved in the conversion-
to-iteration transformations of these two functions.

More specifically, all tail-recursive functions (based on list-type recursion parameter) are at
least tail-strict in their recursive arguments. As a result, linear recursive functions must also be
at least tail-strict if they are to be safely transformed to their tail-recursive counterparts.
Functions, like sum and rev, satisfy this requirement and can therefore be safely converted to

2 Apart from this loss of lazy semantics, the earlier tail-recursive version of flatten is actually less efficient
than its original un-transformed function! This is caused by the inefficient accumulation of list, using the <>
operator, in function flatten_it. There appears to be a possible correlation between this loss of efficiency and
the loss of lazy semantics. Further investigation is, however, necessary to ascertain this.

3 need to evaluate every element of the entire list to give a result
4 need to evaluate only the spine of its input list to give a result
5 could be analogously formulated for the other types.
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their tail-recursive counterparts. In contrast, the function flatten is only constructor-stricté and
not tail-strict. It cannot therefore be safely transformed by the conversion-to-iteration tactic.

Such a criterion, based on the appropriate strictness of recursion arguments, could be used to
identify programs that could be safely transformed to tail-recursive form (for a lazy language).
A number of static analysis techniques which are capable of analysing this strictness
information have already been formulated by various researchers [Burn87a,Hughes88]. One
technique which is particularly suitable for our purpose, is the strictness analysis technique for
list-type arguments using a non-flat abstract domain [Wadler87b].

In [Runciman89], a related investigation was made into how certain unfold/fold operations
could be safely carried out for non-strict programs. In particular, they showed that the
instantiation step can alter strictness behaviour under certain circumstances. To avoid this
change of behaviour, it was suggested that strictness analysis should be used to determine
when it is safe to instantiate. If it is not safe to instantiate, there is still a possibility of shifting
the instantiation to a safer context with the help of additional intermediate functions.

Runciman et al's investigation is interesting because it is based on a careful consideration of the
elementary instantiation rule. Using their result, we could probably show that the deforestation
and higher-order removal tactics (of Chapter 3 and 4) preserve the non-strict behaviour. This is
because we always make use of safer contexts by introducing new intermediate functions
before function calls with pattern-matching parameters are instantiated and unfolded.

However, the present strictness consideration for the conversion-to-iteration tactic is slightly
different from Runciman's result because laws are involved in the transformation. More work
is therefore needed to generalise his result to cover transformations that use laws.

6 requires only a single constructor in its arguments before a result can be produced

268 Appendix 2 - Other Conversion-to-Iteration Schemes



Appendix 3. Derivation of Parallel Lemmas

An important part of any program transformation system is the laws or lemmas that are needed
for simplifying and manipulating expressions to more desirable forms. We have already seen
the necessity for these laws in a number of places, including the two constraint-based
transformation tactics of Chapter 6.

These laws can be classified into two main categories. Firstly, there are primitive laws for
specifying valid relationships of either language constructs or primitive functions. An example
of this is the following law for the conditional construct.

v(if b then c eise d) = If b then v(c) else v(d)

Such primitive laws represent useful relationships of primitive operators or language
constructs, and must be available, a priori, in program transformation systems.

Secondly, there are also laws on user-defined functions for specifying additional relationships
(other than those given in the basic definitions) which may be useful for transformations. As an
example, the expression double(reverse(x)) of the following two functions:

- - -double([]) <= [I;

- - -double(a::x) <= 2*a:double(x);
- - -reverse([]) <= [};

- - -reverse{a::x) <= reverse(x)<>[a);

requires an additional law, double(x<>y)=double(x)<>double(y) of function double, for a successful
application of the loop combination transformation.

But should such laws or lemmas on user functions be provided? A simple way is to let the
users supply the necessary laws together with their programs. This approach is presently used
in most program transformation systems. For example, the PROSPECTRA system
[KBruckner89] uses additional axioms of algebraic specifications as useful transformation
laws, while Kestrel Institute’s KIDS [Smith89b] requires users to supply some of the
distributive and monotonic laws in order to let its inference sub-system derive (at a higher-level)
more complex laws. Such an approach has the advantage of not complicating the transformation
systems but we are also placing an unwitting burden on the users to come up with the necessary
laws.

An alternative approach is to provide techniques which could derive/synthesize (probably with
user help) some of these lemmas for us. In particular, it would be nice to have synthesis
techniques or methods which are sound and will produce correct lemmas by constructions.

One important class of useful lemmas (which are frequently needed) is the parallel or
distributive lemmas over simple composition operators, like <> (append for list), + (plus for
num) and u (union for set). These lemmas are typically (but not exclusively) of the form
f(x<>y)=g(f(x),f(y)) for list type, f(a+b)=g(f(a),f(b)) for numeric type and f(p U a)=g(f(p).i(q)) for set type.
They are useful for two purposes. Firstly, they could be used as semantic laws for program
transformation. Secondly, they can often act as alternative parallel forms which are suitable for
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obtaining divide-and-conquer algorithms.

The original user-functions of these parallel lemmas are normally based on aggregate data
types, like list, num, set and bag, whose natural views are sequential. An example of this is:

- - -length([}) <= 0

- - -length(a::x) <= 1+length(x);
From such sequential definitions, we are often expected to obtain the corresponding parallel
lemmas, e.g. length(x<>y)=length(x)+length(y).

In this Appendix, we shall outline a constructive method for synthesizing such parallel lemmas
directly from the user functions' sequential definitions. To illustrate this synthesis method, we
shall give eight classes of programs (in schematic form) whose parallel lemmas can be
discovered. Finally, we shall also touch on the scope of this method.

A3.1 Three-Stage Synthesis

Our synthesis method for parallel lemmas is based on a three-stage procedure. The first of these
three stages is a symbolic evaluation stage on the given sequential definition, in order to obtain
two or more instances of equations with a common parallel form. These instances of equations
must then be compared and generalised, in a matching and second-order generalisation stage,
to obtain a parallel form with unknown functional variables. Using this parallel form, the last
stage of our synthesis will apply appropriate instantiations and derivation steps in order to
synthesize the unknown functional variables. Successful applications of these three stages will |
produce for us the appropriate parallel lemma.

To simplify the presentation, we shall restrict our attention to synthesizing parallel lemmas for
functions with only a single self-recursive function call. We shall not be concerned with
function definitions that are mutually recursive or have multiple recursive calls in their
definitions.

An example, which we would be considering, is the following definition for sum with one
recursive call in its second equation.
- - -sum(f}) <= 0;

- - -sum(a::x) <= a+ sum(x);

We shall use this example to illustrate the three stages of our synthesis method.

A3.1.1 Stage 1: Symbolic Evaluation to obtain Comparable Equations.

The main purpose of the first symbolic evaluation stage is to obtain instances of an appropriate
parallel form directly from the given sequential definition. To do this, we must apply symbolic
evaluation to obtain two comparable recursive equations from the original recursive equation.

But what is meant by two comparable recursive equations? Two recursive equations are said to
be comparable if their RHSs each have an identical skeletal expression that leads to the
recursive function call. For example, the recursive equation of sum,
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- -sum(a:x) <= a+ sum(x);
has a skeletal expression, _+sum( ), which leads to the recursive call of sum. The symbol, _, is

used to represent an arbitrary sub-expression (that is of no immediate concern at this stage).

A second recursive equation, which has an identical skeletal expression to the above recursive
equation of sum, can be obtained by the following symbolic evaluation.

- - -sum(a::x) <= a+sum(x); ! instantiate x=bu:x’

- - -sum(a::b:x’) <= a+ sum(b::x’); ! unfold sum(b::x")
<= a+ (b+sum(x)); ! a+(b+c)=(a+b)+c
<= (a+ b)+sum(x’);

This second equation is obtained (from the first equation) by narrowing the recursive call,
sum(x), followed by an application of the associative law of +. It is said to be comparable to the
first equation because it has the same skeletal expression!, _+sum().

A3.1.2 Stage 2: Matching and Second-Order Generalisation.

These comparable equations (from the first-stage) are actually instances (or symbolic traces) of
a possible parallel form. To obtain this parallel form, we must subject the two comparable
equations to a matching and generalisation process.

Our earlier two comparable equations can be re-written as follows,

- - -sum([a]<>X) <= a+sum(x);

- - -sum({[a,b]<>x") <= (a+ b)+sum(x’);
with the LHS altered to take the simple composition operator, <. These two equations can be
compared by matching, with generalisations applied to the places where they mismatch, in
order to obtain their common parallel form.

The LHS of both equations are compared to give sum(m<>x), where m is a generalised variable
for both [a] and [a,b]. This is obtained by first-order generalisation. Similarly, the RHS of the
two equations are also compared (taking into account the matching which has just taken place
on the LHS) but this time we need to apply second-order generalisation2, In this case, a
mismatch occurs between a and a+b, which can only be resolved if we supply a generalised
expression, H(m), where H is a functional variable and m is the generalised (or mismatch)
variable from the LHS. This comparison gives H(m)+sum(x) as the generalised RHS.

Combining both these generalised LHS and RHS, we obtain the following valid parallel form
for the function sum,

sum(m<>Xx) =  H(m)+sum(x) (A3.1)

! The idea of using skeletal expression is similar to the first-order generalisation technique used by Arsac and
Kodratoff [Arsac82] for recursion removal. Their technique identifies a (most general) set of embedded
functions (leading to the recursive function call) which could be used as a generalised expression for new
function definitions. The recursive call in this generalised expression is then unfolded, followed by
manipulations to obtain a matching form - leading to a tajl-recursive transformation. Instead of tail-
recursion, we are using this technique for finding parallel lemmas where second-order generalisation is
required (see later).

2 First-order generalisation introduces object-type variables, while second-order generalisation introduces
both object and function-type variables.
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where H 1s an unknown functional variable.

A3.1.3 Stage 3: Synthesis of Unknown Functions.

The third stage of our method involves both instantiation and derivation steps to synthesize out
the unknown functional variables in the parallel form. Where possible, we will try to derive
each of the unknown functions in terms of the original known function.

Let us look at one way of synthesizing the unknown function, H, in the parallel form of sum. To
obtain a definition for H(m) in (A3.1), we will need to instantiate its dependent variable, m, to two
cases, [] and a:m. This is followed by a sequence of derivation steps in each case, as shown
below.

Case m=[], we have:

sum([}<>x) = H{) + sum(x)

LHS = sum([J<>x) ! unfold [J<>x
= sum(x)

RHS = H({) + sum(x)

< H({D = 0

Case m=a::m, we have:

sum((a::m)<>x) = H(a:m)+sum(x)
LHS = sum({(a:m)<x) ! unfold <>
= sum(a:(m<>x)) ! unfold sum(a::m)
= a+sum(mox) ! inductive step of (A3.1)
= a+(H(m) + sum(x)) ! associative law (a+(b+c))=(a+b)+c
= (a+H(m)) + sum(x)
RHS = H(a:m) + sum(x)
~ H(a:m) = a+H(m)

The result of the above synthesis is the definition, H([])=0; H(a::m)=a+H(m), for the unknown
function, H. This definition of H is actually syntactically equivalent to the definition for function
sum. As a result, the new parallel lemma for function sum is:

sum(m<X) = sum(m) + sum(x)

Note that this synthesis is normally a direct consequence of the first symbolic evaluation stage.
In particular, the laws and unfolding steps used in the first stage are often mirrored in this
stage. ’

The above complete instantiations of the dependent variable, m, is one way of synthesizing the
unknown function, H. However, we could also use a different way of synthesizing the
unknown function. This technique requires fewer derivation steps and can be used if there is a
direct relationship present between the unknown function, H, and known function, sum. It
works by instantiating the dependent variable, x, of the known function, sum, to its base
case, []. This is followed by a sequence of simplification steps, as shown below.
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sum(m<{)) = H(m)+sum()

LHS = sum(mol)) ! m<>{]=m
= sum(m)

RHS = H(m)+sum(]) ! unfold sum([])
= Hm)+0 ! a+0=a
= H(m)

<~ H = sum

The result of this equational reasoning tells us that H is equal to sum. This method is shorter and
simpler to implement. However, it is only feasible if there is a possibility of expressing the
unknown function in terms of the known function. This may not always be possible, and we
may have to rely on the earlier complete instantiations technique for some of our examples.

A3.1.4 Embedding Synthesis within the Unfold/Fold Framework

The above two derivations, to obtain the value of the unknown function, are based on
equational reasoning which involves program manipulation in both the LHS and RHS of
equations. To perform it under the unfold/fold framework, we must again embed the necessary
reasoning in newly defined functions, like what we did for inductive proofs in Chapter 2.

For example, we could embed the equation of (A3.1) into another newly defined function, as
follows:

- - -synthesize1(mx,H) <= sum(m<§x)=H(m) + sum(x);

Direct derivation of H could then be made by instantiating x to ], followed by some
simplification steps. The result of this synthesis, shown below, indicates that H is equal to sum.

- -synthesizei(m,[JH) <= sum(m<[])=H(m) + sum([]); ! m<>[]=m, unfold sum([])
<= sum(m)=H(m) +0; - Ya+0=a
<= sum(m)=H(m); !aw (vi(m)=v2(m)) = (vi=v2))
<= sum=H;

Alternatively, we could also obtain the definition for H via the complete instantiations of
parameter, m. This would similarly have resulted in a definition for H that is identical to sum.

The main attraction for embedding this synthesis within the unfold/fold framework is that it
allows us to perform both synthesis and transformations under a single framework.

A3.2 Classes of Programs which are Synthesizable

The three-stage synthesis method just outlined is a very general technique for deriving parallel
lemmas. However, it depends crucially on special properties (e.g. associative law) that are
needed to help manipulate the recursive equations into common paralle] forms.

To illustrate specifically what these properties are and at the same time show the range of
applicability of our synthesis, we shall identify eight classes of programs whose parallel
lemmas can be synthesized by this method. These classes of programs will be represented by
program schemes (i.e. higher-order functions). Such a list of schemes may serve as a
knowledge base for guiding our synthesis method.
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A3.2.1 Scheme 1- simple homomorphic form

The sum function (given earlier) is an instance of the following program scheme.

Program Scheme 1
---F1([l.af.u) < U;
- - -F1(azx,g.f,u) <= g(f(a).F1(x,g,t,u));

WHERE g is associative, i.e. g(a,g(b,c))=g(g(a,b),c), and u is the identity of

g, 1.€. g{a,u)=a A g(u,a)=a.
Using similar derivation steps as the sum function, we could synthesize the following parallel
lemma for the above scheme.

F1(m<>x.g,f,u) = g(Ft(m,g.fu),F1(x,9.f,u)

This program scheme, with its parallel lemma, is also known as a homomorphism

(homomorphic with respect to <> operator) in [Bird87a]. In his paper, Richard Bird showed

that such a function is strongly equivalent to a composition of map and reduce, as shown below,
F1(x,9.f,u} = reduce(g,u,map(f,x))

where g is associative and v is the identity of g.

This scheme represents one of simplest classes of sequential programs which has a direct
parallel lemma. We shall also see other classes of programs with parallel lemmas (many of
whom are variants of this basic scheme) in the next few sections.

A3.2.2 Scheme 2 - undefined for.the nil or null case .-

Occasionally, it may be possible to have functions that are undefined in the nil or null cases. An
example of this is the following function, min, for finding the minimum element in its input list.

- - -min({a]) <= a;

- - -min(a::x) <= min2(a,min(x));

- - -min2(a,b) <= lta>bthenb
else a;

Notice that the base case equation of this function is defined on a singleton element rather than
on the nil case. As a result, it is not considered to be an instance of the first program scheme.
Instead, we have to consider it under a variant scheme, as shown below.

Program Scheme 2

- - -F2((a],g.f) <= f(a);
- - -F2(a:x,g.1) <= g(f(a),F1(x,9.));

WHERE g is associative, i.e. g(a,g(b,c))=g(g(a,b),c).
In [Bird87a], a technique for handling this class of variant functions was suggested. His

technique assumes the existence of a fictirious identity, say z, for the outer associative
operator, g. In the case of the min function, the fictitious identity is the infinite number, oo.

With this assumption, the second program scheme now resembles the first program scheme
because the null case equation, F2([],g,f)=z, is assumed to exist. Hence, a parallel lemma which
is identical to the first program scheme can also be obtained.
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However, it is also possible to synthesize the same parallel lemma without resorting to the use
of fictitious identity. We simply need to perform a synthesis which uses singleton list
instantiation rather than nil and recursive case instantiations. We illustrate this synthesis by
using the following possible parallel form (obtained from the first two stages of our synthesis
method) with an unknown H, as shown below.

F2(m<x,0.f) = g(H(m,g.0),F2(x,g.}))

With this parallel form, we will initially apply the instantiation, x=[a], as shown below,

F2(m<>[al.g.f) = g(H(m,g9,1),F2([a),9.f) ! unfold F2([a],g,f)
= g(H(m,g,f).f(a))
This gives us:
F2(m<>[a),g,f) = g(H(m,g,f).f(a)) (A3.2)

which is unfortunately not a definition for H yet. To obtain a definition of H, we have to perform
a further derivation sequence, using another instantiation, x=[b]<>[a], as follows.

F2(m<>[bl<>[algf) = g(H(m,g.f) F2(lbl<>[a}.0.0)

RHS = g(H(m,q.f),F2([bl<>[a),0.f)) ! unfold F2
= g(H(m,q,f),g(f(b),F2([a],g,f)) ! unfold F2
= g(H(m,g,f),g(f(b).f(a))) ! associative law of g
= g(g(H(m,g,f).f(b))}(a)) ! apply (A3.2) in reverse
= g(F2(m<>{b}.g.f).f(a)) .

LHS = F2(mo|blela),g,f) ! apply (A3.2)
= g(H(m<>[b],g,f).{(a))

- H{m<>[bl,g,f) = F2(moiblgf). -

H = R

Such a derivation sequence gives the same result as Bird's use of fictitious identity because the
new parallel lemma:
F2(m<>x,g,f) g(F2(m,g.f),F2(x,9,))

is identical to the previous parallel lemma for F1.

A3.2.3 Scheme 3 - without the identity element

Another possible variant of the first program scheme, F1, is when u is not an identity of g. In
this case, we need the presence of an extra semantic condition before we are able to synthesize
the unknown function in terms of the known function. Specifically, there must a left-inverse of
g, say g’!, such that:

g7 (ga.b).b) = a.
Some examples of such a left-inverse are minus, -, for plus, +, such that -(+(a,b),b)=a (in pre-fix
notation), and divide, /, for multiply, *, such that /(*(a,b),b)=a.
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A program scheme for this variant can be specified as follows.

Program Scheme 3
- - -F3([l.9.f.u) <= u;
- - -F3(anx,g.fu) < g(f(a),F3(x,g.f,u));

WHERE g is associative, i.e. g(a,g(b.c))=g(g(a,b),c), and there exist a left-
inverse, g1, such that, g1(g(a,b).b) = a.

To derive the corresponding parallel form for this scheme, we must initially obtain the
following possible lemma with an unknown function, H.
F3(m<>x,9.1,u) = g(H(m.a.f,u).F3(x.a.f,u)) (A3.3)

After that, we can apply the instantiation x=[], in order to perform the following derivation

sequence.
F3(m<>[].9,f,u) = g(H(m,g.f,u),F3([l,9.f,u))
LHS = F3(m<(lg.fu) ' ome>{]=]]
= F3(m,g.fu)
RHS = g(H(m,g,f,u),F3([],0.f,u)) ! F3([l.e.f,v)
= g(H(m,gfu)u)) ! F3([e.fu)
Applying g71(7,u) to both the LHS and RHS, we have
g YgH(matuuu) = g 1(F3(m,g.fu)u) ! simplify LHS using g"1(g(a,b),b) = a
H(m,g.1,u) = g 1(F3(m,g.fu)u)

The last equality gives a definition for H, in terms of F3. This result can be substituted back into
(A3.3) to obtain the following parallel lemma for the program scheme, F3.

F3(m<>x,g.f,u) = o(g”1(F3(m.g.f,u),u),F3(x,g.,u))

A3.2.4 Scheme 4 - with accumulating parameter

Our fourth program scheme is meant to cover programs with additional accumulating
parameters. This is not provided by the earlier three program schemes, where only one main
list-type recursion argument and some fixed parameters are present.

An example of this new class of programs is the following function, label, with an accumulating
parameter, no, for marking a list of items with consecutive numbers.

dec label : list(alpha) # num -> list(alpha # num);

- - -label([],n0) <= [I;

- - -label(a::x,no) <= [(no,a))<>label(x,no+1);
The associativity of the outer < operator, in the recursive equation, enables us to obtain two
comparable equations with the skeletal expression, _<label(_,_). Second-order generalisation
should produce the following parallel form with two unknown variables, H and Aux.

label(m<>x,no) = H(m,no)<>label(x,Aux(m,no))}

The second unknown function, Aux, is caused by the presence of the accumulating parameter.
This unknown function must also be derived through appropriate synthesis.

Initially, the first unknown function, H, is obtained by instantiating x=[], together with the
following derivation steps.
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label(m<>[],no) = H(m,no)<>label([],Aux(m,no))

LHS = label(m<>[],no0) ! apply law, a<>[]=a
= |abel(m,no)

RHS = H(m,no)<>label([],Aux(m,no)) ! unfold label([],a)
= H(m,no)o[] ! apply law, a<>{]=a
= H(m,no)

~ H = label

This derivation tells us that H is equivalent to label but is unable to provide a definition for Aux.
This is because the auxiliary function, Aux, is not directly related to the known function, label,
and cannot therefore be obtained by this instantiation. Instead, we must apply complete
instantiations of the dependent parameter, m, of Aux in order to synthesize a fresh set of
equations for Aux.

Starting from the following partial definition of our parallel lemma,

label(m<>x,no) = label(m,no)<>label(x,Aux(m,no)) (A3.4)

we could initially apply the instantiations m=[], to obtain a base case equation for Aux.

label([}<>x,no) = label([]),no)<>label(x,Aux([],no))

LHS = label([J<x,n0) ! unfold [J<>x
= label(x,no)

RHS = labsel([],no)<>label(x,Aux([},no)) ! unfold label([],no)
= [J<>label(x,Aux([],no)) ! unfold [J<>x
= label(x,Aux([],no))

-~ Aux([],no) = no

This is followed by the recursive case instantiation, m=a:m, in order to obtain a recursive
equation for Aux.

label(a::m<>x,no) = label(a::m,no)<>label(x,Aux(a::m,no))
LHS = label(a::m<x,n0) ! unfold label
= [(no,a)]<>label(m<x,no+1) ! apply (A3.4)
= [(no,a)]<>(label(m,no+1)<>label(x,Aux(m,no+1))) ! apply associative law of <>
= ([(no,a)l<>label{m,no+1))<>label(x,Aux(m,no+1))
RHS = label(a::m,no)<>label(x,Aux(a::m,no)) ! unfold label
= ([(no,a)]<>label(m,no+1))<>label(x,Aux(a::m,no))

- Aux(a::m,no) Aux(m,1+no)

The synthesized parallel lemma, together with its auxiliary function, is therefore as follows:

label(m<>x,no) = label(m,no)<>label(x,Aux(m,no))
- - -Aux([],no) <= no;
- - -Aux(a::m,no) <= Aux(m,1+no);

This example can be more generally formulated under the following program scheme.

Program Scheme 4
- - -F4([}w,g.fj,u) <= u;
- - -F4{azx,w,gtju) <= gl(f{a,w),F4(x.j(a,w),gf.ju);

WHERE g is associative, i.e. g(a,g(b.c))=g(g(ab).c), and v is the identity of
g, i.€. g(a,u)=a ~ g(u,a)=a.

The accumulating parameter in this program scheme is w. With an associative outer operator, g,
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and the identity element, u, we can derive (in a similar manner to label) the following parallel
lemma,

F4(m<>xwagtju) = g(F4(m,w,g.tju),F4(x,Aux(m,w)g.tju))

where Aux 1s defined by:

- - -Aux([].w) < W;
- - -Aux(a:m,w) <= Aux(m,j(a,w));
A3.2.5 Scheme 5 - requiring generalised programs

Certain sequential functions may not have direct parallel lemmas for their (present) definitions.
Instead, it may be necessary to obtain generalised versions of these sequential programs before
proper parallel lemmas are possible. One class of programs with this characteristic is
represented by the following program scheme.

Program Scheme §

- - -F5([]l.g.t.v) <=y
- - -F5(a:x,g.f,u) <= g(f(a:x),F5(x,9.f,u));

WHERE g is associative, i.. g(a,g(b,c))=g(g(a,b).c), and u is the identity of
g, 1.€. g(a,u)=a ~ g(u,a)=a .
The primary difference between this program scheme and the first scheme, F1, is that this
scheme's function argument, f, is applied to a::x rather than a (in the recursive equation). Our
synthesis method could obtain the following parallel form with an unknown function, H.
F5(m<>x,g,f,u) = g(H(m,x,9.f,u),F5(x,9.1,u))
Instantiating x=(] for this equation will produce the following relationship between the unknown
function, H, and the original function, F5.
F5(m,g.f,u) = H({lmg.fu)

However, this is not a proper definition for H. The proper definition for H can only be obtained
by the complete instantiations of m, followed by the appropriate derivation steps. This would
result in the following two equations for H.

- - -H({ly.g..u) <= u

- - -H(a::x,y,g.f,u) <= g(f(aix<>y),H(x,y,g.f,u));
Such a definition of H cannot be expressed in terms of F5. As a result, we have actually failed in
the attempt to obtain a parallel lemma for F5. This is because the lemma we get is not a genuine
parallel form, as H is currently defined sequentially.

Nevertheless, the definition of H is actually a generalised version of function F5. We could use it
to try and derive another parallel lemma. Applying the three-stage synthesis method to this
generalised function, H, we can obtain the following genuine parallel form.

H(m<>x,y,0.f,u) = g(H(m,x<>y,g,f,u),H(x,y,g.f,u))

This technique of applying the synthesis method a second time, after the first attempt have
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failed, is an example of productive use of failure3. We have made productive use of the
generalised program, from the failed first attempt, to try and obtain a genuine parallel lemma in
the second attempt.

So far, all the five program schemes presented, are based on the list data type as the main
recursion argument. We could also have formulated corresponding program schemes for the
numeric, set Or bag data types. To illustrate this, we will use a numeric-based example that is
similar to the fifth program scheme, F5. This example is a sequential function for calculating
factorials, as shown below.
- -fact(zero) <= 1;

- - -fact(succ(n)) <= succ(n)*fact(n);
The synthesis method must initially analyse two comparable equations, in order to obtain the
following parallel form with an unknown function, FG.

fact(m+n) = FG(m,n)*fact(n) (A3.5)

- This unknown function is a generalised definition of fact because instantiating n=zero, followed
by some simplification steps, gives:

fact(m) = FG(m,zero)

The proper definition for FG can only be obtained by the complete instantiations of m to zero and
succ(m), followéd by a further derivation sequence. This would result in the following two
equations for FG.

- - -FG(zero,n) <= 1;

- - -FG(succ{m),n) <= (succ(m)+n)*FG(m,n);
A lemma, in terms of f and FG, is now available for fact but this is not a genuine parallel lemma
yet. To obtain a proper parallel form, we must apply the same synthesis method to the
generalised function, FG. This final application will give:

FG(p+m,n) = FG(p,m+n)*FG(m,n)

as the parallel lemma for FG. With it, we can base the parallel lemma for function, fact, on the
generalised function, FG, by replacing fact(n) in (A3.5) with FG(n,0), as shown below.
fact(m+n) = FG(m,n)*FG(n,0)

This last equation (based on the generalised function FG) could be used as a basis for the divide-
and-conquer algorithm for the factorial function!

A3.2.6 Scheme 6 - deeper pattern-matching

There is yet another variant of the first program scheme, which uses deeper pattern matching
mechanism in its recursive equation. An example of this variant is the following function for
testing to see if a list of nodes belongs to a path of a given directed graph. Associated with the
given graph is a test function, arc, which determines if any two nodes is an arc of the graph.
Notice the deeper pattern, a:b:x, in the third equation of path.

3 Boyer and Moore's theorem proving system is described in [Bundy83] as capable of making productive use
of failure. In Boyer-Moore's system, a proof attempt which fails may make use of information from the
failure to obtain a stronger (more general) theorem which may succeed.
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dec path: list(nodes) -> truval;

- - -path([]) <= true;
- - -path([a]) <= true;
- - -path(a::b:x) <= arc(a,b) A path(b::x);

Comparable equations can be generated from the above function in order to obtain the following
parallel form with an unknown function, H.

path(m<>[b}<>Xx) = H(m<[b]) A path(b::x)
Instantiating x=[), followed by a sequence of derivation steps could derive a definition for H, as
shown below.

path(m<>[b}<>{]) = H(mob]) A path(b::[])

LHS = path(m<[bl<|]) lac>{]=a
= path(me[b])

RHS = H(m<[b)) A path(b::]]) ! unfold path
= H(m<[b)) A true laatrue=a
= H(m<[b))

~H = path

This derivation gives us the following parallel lemma.

path(m<>[b]<>X) = path(m<>[b]) A path(b::x)

Because of the deeper pattern matching, the final parallel lemma has an intermediate element, b,
which is shared by the two recursive calls of path. This path function is an instance of the
following program scheme.. . .

Program Scheme 6

- T -F6([],g,f,u) <= U

- - -F6([a),a.f,u) <= u;
- - -F6(a::b:x,g.f,u) <= g(f{a,b),F6(b::x,g,f,u));

WHERE g is associative, i.e. g(a,g(b,c))=g(g(a,b),c), and u is the identity of
g, 1.e. g(a,u)=a A g(u,a)=a.
Our synthesis method could obtain the following parallel lemma for this scheme.
F6(m<>[bl<>x,g,f,u) <= g(F6(m<>[b),g.f,u),F6(b::x,g.f,u))

The pattern matching, a::b:x, used in the above scheme is presently two constructors deep.
Corresponding program schemes could also be devised for even deeper patterns.

A3.2.7 Scheme 7 - tail recursive functions

So far, each of the presented program schemes requires the associative property for its outer
operator (denoted by the g parameter) to obtain parallel lemma. However, other syntactic or
semantic conditions may also be sufficient before parallel lemmas can be synthesized.

One sufficient syntactic condition is the presence of tail recursion. However, the parallel lemma
for this class of tail-recursive functions is not strictly parallel in form because its two recursive
calls (in the lemma) will be nested. Nevertheless, they are still useful as laws for program
transformations.
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This class of functions is covered by the following program scheme.

Program Scheme 7

---F7((lwi) < W

- - -F7(aux,w,f) <= F7(xf(a,w),1);
The generation of two comparable equations, followed by its matching and generalisation, will
yield for us the following parallel form with an unknown function, H.

F7(m<x,w,f) = F7(x,H(m,w,f),f)

This unknown function can be found to be equivalent to F7, by instantiating x=[], followed by
the derivation steps below.

F7(m<[]w,f) = F7([L,H{f,mw)f)

LHS = F7(m<[w,f) ! m<>[}=m
= F7(mw,}f)

RHS = F7([,H(m,w,f),f) ! unfold F7
= H(mw,/1) ! unfold F7

. H = F7

The parallel lemma from this synthesis is:
F7(m<x,w,f) = F7(x,F7(m,w.f),f)

Notice that the two F7 function calls are currently nested. Such a lemma is not suitable as a
parallel algorithm but is still useful as a law for program transformation.

A3.2.8 Scheme 8 - more complex semantic conditions

Our last example is a progrém which requires more complex semantic conditions for ‘
synthesizing its parallel lemma. This more complex example will hopefully illustrate the point
that our synthesis method is quite general and is mainly dependent on the possibility of
identifying comparable equations.

Consider the following function, comp, for computing a rather complicated value from a list of

numbers.

- - -comp({]) <= 0;
- - -comp((a,b)::x) <= a+(b*comp(x));

Using the following associative and distributive laws of + and *,

a+(b+c) = (a+b)+c
a*(b*c) = (a'b)c
a*(b+c) = (a'b)+(b*c)

we can obtain a second comparable equation which has an identical skeletal expression,

_+(_*comp( ), to the original recursive equation, as shown below.

- - -comp((a,b)::(c,d)x) <= a+(b*(c+{d*comp(x)))); ! distributive law b*(c+d)=b*c+b*d
<= a+(b*c+b*(d*comp(x))); ! associative law of +
<= (a+(b*c))+b*(d*comp(x)); ! associative law of *

<

(a+(b*c))+(b*d)*comp(x));

These two comparable equations can be used to obtain the following parallel form with two
unknown functions, H and G.
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comp(m<>x) = H(m)+G(m)*comp(x)

By instantiating x=[], we can deduce that the unknown function, H, is in fact equivalent to comp,

as follows:

comp(m<>{]) = H(m)+G(m)*comp((])

LHS = comp(m<>{]) ! law m<>[]=[]
= comp(m)

RHS = H(m)+G(m)*comp((]) ! unfold comp([])
= H(m)+G(m)'0 ! x*0=0
= H(m):0 ! x40=x
= H(m)

s H = comp

The other unknown function, G, must also be synthesized. This can only be obtained by
applying the complete instantiations of m, followed by the appropriate derivation steps. Thus,
using the following partially known parallel lemma,

comp(m<X) = comp(m)+G(m)*comp(x) (A3.6)

we could perform two sequences of derivation steps in order to derive a definition for this
unknown function, G, as follows.

Case m=[),
comp([J<>X) = comp([])+G([])*comp(x)
LHS = comp(fl<>x) ! unfold [J<>x
= comp{x)
RHS = comp{[])+G([])*’comp(x) . ! unfold comp([])
= 0+G(())*comp(x) ! O+b=b
= G({])"comp(x)
= G(() = 1
Case m=a:m,
comp((a,b)::im<>x) = comp((a,b)::m)+G((a,b)::m)*comp(x)
LHS = comp((a,b)::m<x) ! unfold comp
= a+(b*comp(m<>x)) ! apply parallel lemma (A3.6)
= a+(b*(comp(m)+G(m}*comp(x))) ! distribute b*(c+d)=b*c+b*d
= a+(b*comp(m)+b*(G(m)*comp(x))) ! associative law of +
= (a+b*comp(m))+b*(G(m)*comp(x)) ! associative law of *
= (a+b*comp(m))+(b*G(m))*comp(x)
RHS = comp((a,b)::m)+G((a,b)::m)*comp(x} ! unfold comp((a::b)::m)
= (a+b*comp(m))+G((a,b)::m)*comp(x) '
~ G((a,b)::m) = b'G(m)

With this synthesis, the parallel lemma for comp, together with a definition for its auxiliary
function G, is:

comp({m<>x) = comp(m)+G(m)*comp(x)
--G() < 1
- - -G((a,b):m) <= b*G(m);

A corresponding program scheme, with the above semantic conditions, can also be provided.
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A3.3 Scope and Limitations of our Synthesis Method

The list of program classes presented in this appendix is fairly extensive but not complete. In
particular, we have not even considered the various combinations of the different factors
present in the above list of schemes. For example, we may have programs with deeper pattern
matching of Scheme 6, combined with say, accumulating parameters of Scheme 4.

However, each of the parallel lemmas (for the program schemes) has been synthesized using
the same three-stage method. This is a testament to the generality of this method.

Though general, our synthesis method has its own limitations, as well. One of the main
difficulties is the symbolic evaluation stage itself (for obtaining two or more comparable
equations). This stage is quite difficult because it requires the presence of certain syntactic and
semantic conditions (in particular the associative property of the outer operator) before
comparable equations and parallel form can be obtained.

Another difficulty, which we may encounter, is that certain sub-expressions (or portions)
within our programs may sometimes not directly have the required semantic properties. Instead,
it may only be possible for the generalised versions of these sub-expressions to have the
necessary property. When this happens, our synthesis method will fail. An example of this
failure is the following insertion sort function.

- - -sort([]) <= [I;

- - -sorf(aix) - <= -inseri(a,sort(x)y; -

- - -insert(a,[]) <= [a];

- - -insert(a,b::x) <= If a>b then b::insert(a,x)
else a:b:x;

The outer operator, insen, in the recursive equation of sont does not presently have the necessary
associative property for synthesizing a parallel form. As a result, we are unable to synthesize a
parallel lemma directly from this sequential function.

Instead, there is actually a more general merge operator (with insert as a special case), which will
have the associative property.

- - -merge(x,[]) <= X;

- - -merge([].,y) <= y;

- - -merge(a:;x,by) <= If a>b then b:merge(a::x,y)

else a::merge(x,b:y);

The use of this merge operator, in place of insert, would have allowed our synthesis method to
derive a parallel lemma for the above sort function. The open question here is how to obtain
such generalised versions for our sub-expressions. We presently offer no answers to this
question.

Notice that this generalisation is not the same as that used in program scheme, F5. In the case
of F5, we synthesized a generalised program for the scheme itself, while the sorting example
requires a generalised version for one of its sub-expression, i.e. the insert function.
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Nevertheless, it is more common for program transformation techniques to derive these more
complex parallel algorithms directly from high-level generate-and-test specifications, rather than
from the sequential programs. An example of this is the semi-automatic synthesis technique of
Douglas Smith (in [Smith85,Smith87]) which uses various design strategies to obtain different
forms of divide-and-conquer algorithms from (certain) high-level generate-and-test
specifications. Successful derivations of these parallel algorithms could then be used to obtain
the corresponding sequential definitions.

In contrast, our synthesis method is not suitable for complex functions, like sorting. It is
primary intended for simpler functions that are more naturally specified in their sequential
definitions (from which we could derive their parallel forms). In this respect, our method can
be described as being complementary to the synthesis technique of Douglas Smith.
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Appendix 4. Implementation of Tactics

This appendix briefly describes the implementation of some of the transformation tactics
presented in this thesis. The implementation is carried out on the IC Transformation-Based
Programming Environment [Darlington89b] where each tactic is implemented as a HOPE meta-
program of the form:

dec tactic: IntHE # add_info -> script;

where IntHE is an abstract data type for HOPE expressions and add_info is the additional
information supplied from analysis or given by users. Each of these meta-programs must return

a transformation script that is supposed to be applicable to the given HOPE expression (or
equation).

This appendix presents a top-down description of the implemented tactics. We begin by
showing a sample session of how the tactics are used to transform programs. This is followed
by brief descriptions of the various implemented tactics. Lastly, we present two principal
building blocks for implementing the tactics, namely an intermediate symbolic tree data structure
(plus its associated support functions) to represent the transformational development, and the
low-level access functions for performing program manipulations.

A4.1. Overview of the Partial Evaluator and Tactics.

At the heart of the IC Transformation-Based Programming Environment is a transformation
processor, called the partial (or symbolic) evaluator [Pull88]. To invoke this evaluator, there is
a command (or function) of the form:

dec apply_script : script # program -> program;

which takes a transformation script and a program (in effect a module of functions) in order to
return another program (or module).

In each of these programs (modules), there may be a number of functions which could be
transformed. To transform these individual functions, the outermost script must be specified as:

choose_eqgns( list{fname # script) )

which takes a list of function names and their corresponding scripts, in order to apply each
script to its corresponding function.

This simultaneous application of scripts to individual functions (of a module) is available for
general use. However, for our purpose, we shall assume that only one function from a module
will be dealt with at a time. This assumption can be handled by a function, called app_tactics,
with the following definition,

dec app_tactics: (modulename # fname) # (IntHE -> script) -> program;
dec get_one_eqn: (modulename # fname) -> IntHE ;
- - -app_tactics((mn,fid) tactic) <= apply_script(chcose_eans [ (fid, tactic(get_one_eqn(mn,fid))) ], mn);
- - -get_one_egn((mn,fid)) <= leot [eqn]==get_eqns(mk_fid(mn,fid)) in eqn;
WHERE get_eqns - an access function to retrieve equations from the program repository
mk_fid -  converts a module and a function name into a function identifier
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which takes a module name, mn, and its function name, fid, together with a tactic of the type
IntHE -> script, in order to generate a new module where the specified function has been
transformed by the tactic. Notice that the given tactic is invoked to generate a transformation
script which is then applied (to the specified function) through apply_script.

Let us briefly illustrate the application of a simple tactic, called loop_combine, which has the
following declaration.

dec loop_combine : IntHE -> script;

This tactic is a simplified form of fusion transformation (i.e. deforestation). It applies to
expressions where the composed functions are self-recursive.

Consider a program/module, ex1, of the following definition.

module ext;
dec sum,sumdb : list(num) -> num;
dec double : list(num) > list(num);

- - -sumdb(x) <= sum(double(x));

- - -sum((]) <=0,

- - -sum(a::x) <= a+sum(x);

- - -double([]) <=1}

- - -double(a::x) <= 2"a::double(x);
_end exi;

A function of this module, which could be transformed by the loop combine tactic, is sumdb.
This function has a composition of two self-recursive functions, sum and double. It could be.

transformed using the following sequence of issued commands (shown in italic).
tuple -app_tactics
| this invokes the programming environment, called tuple
load "ex1.hop";
I this loads in the specified module into the environment
"new_p" := app_tactics(("ex1","sumdb"),loop_combine);
I this invokes the tactic and partial evaluator to produce a new
| module, called new_p, which contains the transformed
| equations
I Notice that := creates a new module in the environment
display_module new_p;
[ this displays the contents of the new module
module new_p;
dec sum,sumdb : list(num) -> num;
dec double : fist(num) -> list(num);

- - -sumdb([}) <=0;

- - -sumdb(a::x) <= 2"a+sumdb(x);
- - -sum([]) <=0;

- - -sum(a::x) <= a+sum(x);

- - -double([]) <[

- - -double(a::x) <= 2*a::double(x);
end new_p;

The first command in the above sequence starts up the programming environment. This is
followed by a command to load the module, ex1, into the environment before the function,
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sumdb, is subjected to the loop combine tactic (using app_tactics). In the transformation, a new
module, new_p, is created to contain the newly transformed function.

This simple session illustrates how tactics are invoked to transform programs in the present
programming environment.

Ad.1. Description of Implemented Tactics

So far, three simple tactics have been implemented as meta-programs of the programming
environment. We give a brief description for each of these tactics below, before proceeding to
describe the components used to construct the tactics.

dec tupling:IntHE # set(Functionid) -> script;

This tactic takes an equation, containing a single function call, together
with a set of mutually or auxiliary recursive functions in order to analyse
for a eureka tuple by the instantiate and unfold ordering technique.

If an eureka tuple is found, the tactic will produce a script that would
construct a new non-redundant tuple function.

dec loop_combine:IntHE -> script;

This is a very simplified form of fusion where all the function calls used in
the given equation are self-recursive. It narrows the innermost call of the
given equation, and performs unfolds (where possible) before a fold step.
If this sequence of transformations is successful, a corresponding script is
returned; otherwise an empty script is returned.

dec pe: IntHE # (Functionld -> truval) -> scripts; - --

This tactic performs a simplified form of partial evaluation (pre-
computation) by unfolding, simplification and reductions. It uses the
pattern-matching equations to decide if a call can be unfolded.

To prevent infinite unfolding, this tactic takes a parameter of type,
Functionld -> truval, in order to indicate those function calls which could be
safely unfolded (without causing non-termination in the transformation
process). Those functions which may cause non-termination are not
unfolded by this tactic.

A4.2. Symbolic Tree for Transformation

Program transformation can be viewed as an extended form of execution which operates on
symbolic rather than ground terms. This unifying view between execution and transformation
was presented in [Darlington88]. A trace for the program transformation steps could thus be
recorded symbolically using some form of tree structure. For this purpose, we introduce a
symbolic tree data structure, called sym_tree, to record the history of the transformation steps
performed. This tree structure is represented by the following HOPE data structure.
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data expr_loc (loc # IntHE);

st_passive(expr_loc)

st_active(expr_loc)
st_error(expr_loc,string)
st_transform(expr_loc # script # sym_tree)
st_branch(list(sym_tree))
st_subexpr(expr_loc# list(sym_tree))
st_define((IntHE # sym_tree) # sym_tree);

data sym_tree

S i i O A AN I

The symbolic tree contains enough information to obtain either the final transformed program or
the script needed to re-play the transformation. We use it in all our tactics to represent the
intermediate stages of transformational development.

The tuple data structure, expr_loc, is used to represent the current sub-expression (of the type
IntHE) together with its location (of the type loc) within the present equation. This tuple structure
is used in various parts of the symbolic tree structure. The symbolic tree contains three types of
leaves, namely st_passive, st_active and st_error to represent the latest status (stage) of the
transformation. It also contains four types of (recursive) nodes, namely st_transform, st_branch,
st_subexpr and st_define to represent the intermediate stages of transformation. We give a brief
description of the purpose for each of these leaves and nodes, below: |

st_passive(ex) - This leaf is used to represent an expression which could not to be
transformed further (by the present tactic) e.g. a constant or a variable.
st_active(ex) - This leaf is used to represent an expression which could be

transformed further (by the present tactic).

st_error(ex,msg) - This leaf is used to denote that an erroneous condition has occurred -
during the present transformation. A common error is when the tactic
could not apply successfully, e.g. a required fold step is not possible.

The second argument, msg, is used to contain the error message.

st_transform(ex,sc,tr) - This node represents the application of a transformation script,
represented by sc, to an expression, ex, in order to obtain a new
symbolic tree, tr.

st_branch(tr_list) - This node contains a list of independent symbolic trees that are being
branched out for independent transformations. This could arise from
the narrowing (unfold and instantiate) step where each branch is used
to denote a different instantiation.

st_subexpr(ex,tr_list) - This node breaks up an expression, ex, into a number of
independent sub-expressions, represented by the list of symbolic trees,
tr_list, for independent transformations. An example of its use is the
separate transformations for each of the arguments of a constructor
term. :

st_define(eqgn,tr_1,tr_2) - This node contains a new function definition, eqn, together with
its transformation (or development) in the symbolic tree, tr_1. The
other symbolic tree, tr_2, is used to represent further transformation (or
development) on the present expression. This further transformation
may use the auxiliary function, egn, just introduced.
The symbolic tree is a fundamental structure used by all our transformation tactics. It is used to
contain the original, intermediate and transformed expressions. It also provides a trace of the
transformation steps which have been carried out, and could therefore be used to obtain a script

to re-play the transformations. Even though there are overheads associated with maintaining the
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symbolic tree, it provides us with a re-usable and flexible component for developing tactics.

With this tree, each equation, eqn, which is to be transformed will start of as st_active(([},ean)).
This initial symbolic tree could then be developed (transformed) by the tactic into hopefully a
symbolic tree where all the leaves are of the type st_passive. When this is achieved, the
application of our tactic will be considered to be successful.

To help us support transformations on the symbolic tree, we have a set of support functions. A
sub-set of these functions is presented below.

dec one_step_eval: (expr_loc -> sym_tree) # sym_tree -> sym_tree;

dec extract_script: sym_tree -> script;

dec extract_eqn: sym_tree -> list(IntHE);

dec check_error: sym_tree -> truval;

dec finish: sym_tree -> truval;

A brief functional description for each of the above set of support functions follows:

one_step_eval(fn_step,tr) - This applies a single transformation step, represented by the
function-type parameter, fn_step, to each active leaf of the symbolic
tree, tr. The result of this operation is a new tree where each active leaf
has been further developed.

Evaluating the symbolic tree, one step at-a-time, allows us to control
the transformation. As an example, we may wish to alternate between
the application of two different sets of lemmas. This is easy to achieve
with the symbolic tree.

extract_script(tr) - This function can be used to extract the entire script from the given
symbolic tree, tr. This script would allow the re-play of-
transformations and is normally invoked at the end of a successfully
applied tactic.

extract_eqn(tr) - This function is used to extract the final list of transformed equations
from the symbolic tree, tr. This list may include intermediate functions
defined and transformed in the tree. It is normally used for display or
validation purposes.

check_error(tr) - This function is used to check if one or more errors have occurred
during transformation. This is done by checking for st_error leaves in
the tree, tr.

finish(tr) - This function checks to see if there are any active leaves left in the
present symbolic tree, tr. If there are, then further transformation may
be needed, otherwise the transformation will be considered as finished.
The symbolic tree is used to contain the structure of the transformational development.
However, to directly manipulate and transform the expressions, we need lower-level access
functions. These functions are discussed next.

A4.4. Low-Level Access Functions

There are a number of primitive functions which form the building block for all our
transformations. We call these the access functions. They are used to retrieve equations from
program repository (but not updates); convert between abstract syntax trees (IntHE) to concrete
representations (string); manipulate (test, read or build) expressions; and perform matching,
apply substitutions, or renaming.
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Six of these access functions are:

dec get_eqns: Functionld -> list(IntHE);

Given a function's identifier, this primitive function will retrieve the
current list of equations for the function from the program repository.

dec IntHEtoStr: IntHE -> string;

Given an expression, this function will convert it into its string
representation. It is useful for displaying expressions to users.

dec StriolntHE: string -> (truval # IntHE);

Given a string (representing the concrete form of an expression), parse it
to give the corresponding expression. An error flag may be set if the

parsing is not successful

dec unify: IntHE # IntHE -> truval # substitutions # substitutions;

Given two expressions, make an attempt to see if the two expressions
unify. If they do, return a true flag together with an input and/or an output
substitution lists. If they don't, return a false flag.

dec apply_substitutions: IntHE # substitutions -> IntHE;

Apply a list of substitutions to a given expression, in order to obtain a new

expression.
dec rename: list(IntHE) -> list(IntHE);

Rename a list of expressions with unique variables.

Apart from the above functions, we also have a number of primitive functions which could

directly manipulate or access the HOPE abstract syntax tree. These functions are divided into

three groups, to either test, read or build expressions, as shown below.

(A) TEST FUNCTIONS to check for the various expression constructs.

dec Is_HE_egn: IntHE -> truval;
dec Is_HE_applic: IntHE -> truval;
dec Is_HE_ifexpr: IntHE -> truval;
dec Is_HE_let: IntHE -> truval;

dec Is_HE_letrec: IntHE -> truval;
dec Is_HE_lambda: IntHE -> truval;
dec Is_HE_tuple: IntHE -> truval;
dec Is_HE_set: IntHE -> truval;

dec Is_HE_rel_set: IntHE -> truval;
dec Is_HE_equiv: IntHE -> truval;
dec Is_HE_function: IntHE -> truval;
dec Is_HE_data_constr: IntHE -> truval;
dec Is_HE_variable: IntHE -> truval;
dec Is_HE_num: IntHE -> truval;
dec Is_HE_real: IntHE -> truval,
dec Is_HE_char: IntHE -> truval;
dec Is_HE_text: IntHE -> truval;
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Is the given expression an equation?
apply node?

if construct?

let construct?

recursive let construct?
lambda abstraction?
tuple expression?
absolute set expression?
relative set expression?
equality?

function identifier?
constructor identifier?
variable?

number?

real?

character?

string?
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(B) READ FUNCTIONS to obtain the components of the various constructs;
type IntHE2==(IntHE # IntHE);
type IntHE3==(IntHE # IntHE # IntHE);
data vcheck(alpha)==valid(alpha) ++ invalid;
dec Get_HE_eqn: IntHE -> vcheck(IntHE2); | Getthe LHS and RHS of an eqn.
dec Get_HE_applic: IntHE -> vcheck(IntHE2); |  Get the function and the argument of an apply node
dec Get_HE_ifexpr: IntHE -> vcheck(IntHE3);
dec Get_HE_let: IntHE -> vcheck(list(IntHE2) # IntHE # IntHE);
dec Get_HE_letrec: IntHE -> vcheck(list(IntHE2) # IntHE # IntHE);
dec Get_HE_lambda: IntHE -> vcheck(vector(IntHE));
dec Get_HE_tuple: IntHE -> vcheck(vector(IntHE));
dec Get_HE_set: IntHE -> vcheck(IntHE # list(IntHE) # list(IntHE2));
dec Get_HE_rel_set: IntHE -> vcheck(IntHE # list(IntHE3));
dec Get_HE_equiv: IntHE -> veheck(IntHE2);
dec Get_HE_function: IntHE -> vcheck(Functionld);
dec Get_HE_data_constr: IntHE -> vcheck(Functionid);
dec Get_HE_variable: IntHE -> vcheck(Functionid);
dec Get_HE_num: IntHE -> vcheck(num);
dec Get_HE_real: IntHE -> vcheck(real);
dec Get_HE_char: IntHE -> vcheck(char);
dec Get_HE_text: IntHE -> vcheck(string);

(C) BUILD FUNCTIONS to construct expressions from sub-expressions
dec Build_HE_eqn: IntHE2 -> IntHE; |  Given the LHS and RHS, return an eqn.

dec Build_HE_applic: IntHE2 -> IntHE; |  Given a function and an argument, return an apply node
dec Build_HE_ifexpr: IntHE3 -> IntHE;

dec Build_HE_]et: list(IntHE2) # IntHE # IntHE -> IntHE;

dec Build_HE_letrec: (IMHE2) # IntHE" # IntHE -> IntHE; ~
dec Build_HE_lambda: vector(IntHE) -> IntHE;

dec Build_HE_tuple: vector(IntHE) -> IntHE;

dec Build_HE_sst: (IntHE # list(IntHE) # list(IntHE2)) -> IntHE;
dec Build_HE_rel_set: IntHE # list(IntHE3) -> IntHE;

dec Build_HE_equiv: IntHE2 -> IntHE;

dec Build_HE_function: Functionld-> IntHE ;

dec Build_HE_data_constr: Functionld-> IntHE;

dec Build_HE_variable: Functionld-> IntHE;

dec Build_HE_num: num -> IntHE;

dec Build_HE_real: real -> IntHE;

dec Build_HE_char: char -> IntHE;

dec Build_HE_text: string -> IntHE ;

The test and read functions are used mainly for analysis. The build functions could be used to
construct transformation operations or to generate expressions for new function definitions. To
assist us in developing more complex functions over the expression type, IntHE, higher-order
reduce or map functions (based on the above primitives) have also been written. They include:

dec Reduce_IntHE: (IntHE # alpha ) # ((IntHE # alpha) -> alpha) -> alpha;
dec Map_IntHE: (IntHE ) # ((IntHE') -> IntHE) -> IntHE;
dec Reduceloc_IntHE: (IntHE # alpha # loc) # ((IntHE # alpha # loc) -> alpha) -> alpha;

The last higher-order function also maintains a location counter which could be used to indicate
the tree-address of the present sub-expression being handled.
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Appendix 5. A Termination Proof

For the interested reader, we shall briefly reproduce the main result of Ferguson and Wadler's
termination proof (for pure deforestation) in this Appendix. We shall also provide an additional
proof to show that the slight modification we suggested for their algorithm will not cause the
non-termination property to be lost. This additional proof shows the presence of a well-founded
decreasing measure for expressions encountered by those recursive rules which do not have the
fold steps, namely T 2, 5 and 6a.

A5.1. Pure Deforestation Termination Proof

As mentioned in Section 3.2.5, Ferguson and Wadler's proof of algorithm termination relies on
two major results, namely:

1) Function nesting measure, N, is bounded by the T rules
2) Each expression encountered (by the T' rules) always satisfies the grammar
form of fct.

Proofs for the above two results are reproduced in Figure AS5.1 and Figure AS.2.

To Prove: Forallsteps, T [t] <...... TIYy]
Case for Rule T 1- v : nothing to prove
Case for Rule T 2- c(ty,..ty) :
From Definition: N [c(ty,..,ty) J = max{ N[t{],.., N[t ]}
« thus: Viet.n . Nic(ty.oty) 3 2 NIy Y
Case for Rule T 3-f(v4,..,vp) : nothing to prove
Case for Rule T 4- g{vg.v{4....Vp) : nothing to prove
Case for Rule 'T 5- ...g(ci(t‘1,...t‘j),t1,..,tn)..., where g(ci(v1‘,..,vj'),v1,..,vn)=tgi,
From Definition: N [g(cj(t'q....t}):t1....tp)]
= 1+max{max{ N[t'1] .., N[It'j]]), N[t{D,... NIt 1}
= 1+max{N[t'{],.., N[It'iI], N[t41.... NIt ]}
Also, since g is treeless, N[[tg; ] < 1, hence:
2 N[tg; J+max{N[t'{].,.., N[It'j]], N[It41,... NIt 1}
2 NItgilt'/”V'y jitivq nl 1
Adding a context to each side:
* NL..g (' atDtysntn)e 12 N [Lotgj [tV jitvy pl...]
Case for Rule T 6 -..f (t1,..ty)...:

a) Similarto CaseforT 5
b) Nothing to prove
c) Similarto CaseforT 5
Case for RuleT 7 -...9(vp.ty,...tp):
a) Nothing to prove
b) Similarto CaseforT 5

...... NViN [t]2N[Yy]

Figure A5.1 - Proof to Show that the Nesting Measure, N, Is bounded
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To Prove: Foreachstep, T [t] e=...... T [4].... ,Vite fet = tje fet
Case for Rule T 1 - v : nothing to prove
Case for Rule T 2 -c(ty,..,ty):
c(ty,..ty) e fct = C(tq,..tp) € c(fty,..ft)
+ thus Vie 1..n = teft
= tj € fet
Case for Rule T' 3 -f{(vq,..,v) : nothing to prove
Case for Rule T 4 - g(vg,v{,..,vpy) : nothing to prove
Case for RuleT 5 - ...g(ci(t'1...,t'j),t1,..,tn)..., where g(ci(v1'..vj‘).v1..vn)=tgi:
...g(ci(t'1,..,t‘j),t1,..,tn)... € fct = VieljtieftVie l.nte ft
Since g is restricted-treeless, tg; € i, = ..tg; [t/V'q_jtvq pl... € fot
Case for Rule T 6 - ...f (t4,..,tp)...:

a) Similarto CaseforT 5
b) Nothing to prove
c) Similarto CaseforT 5
Case for Rule T 7 -..g(vp.tq,..ty):
a) Nothing to prove
b) Similarto Case for T 5
Figure A5.2 - Proof to show that the grammar torm of fct Is preserved

A5.2. An Additional Proof Step for the Modified Rules

The remaining termination proof of the (slightly) modified pure deforestation rules concerns the
recursive rules of T 2, 5 and 6a. This set of three rules do not have corresponding fold rules; -
and must therefore be shown to have some well-founded decreasing measure. A well-founded
decreasing measure is one which starts from some finite value and could always decrease to
some smallest (least) value, within a finite number of steps. If such a well-founded measure
exists, there could never be an infinite sequence of steps involving just these three rules.

Earlier in Section 3.2.5, we informally argued that there is a decreasing measure present for
each of the three rules. In fact, we can provide a multi-set (bag!) measure, M, (which takes into
account the decreasing measures we informally mentioned) to show that all the three rules will
always decrease this measure. Now, this multi-set measure for a given expression, e, will
assign a tuple of three numbers to each sub-expression that is present in the given expression.
The tuple of three numbers is meant to keep track of the following information:

(1) The function nesting depth of the current sub-expression.

(2) The number of constructors since the last function call.

(3) The function hierarchy number of each sub-expression which is a function
call (O if it is a constructor term).

Such a multi-set (of tuples) measure can be defined, as follows:

1 Bags are sets which may contain duplicate elements.
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Mxy) {v] = {}

M(xy) felty..ty)] {(xy+1,00} U { M (x,y+1) [t4].... M (x,y+1) [ta1}
M(xy) [H(ty,..t5)] {(x+1,0,H[f])} U M (x+1,0) [tV .. U M (x+1,0) [t ]
M(xy) [atgty,ty)] = {(x+1,0,HIg])} UM (x+1,0) [tolu .. v M (x+1,0) [t,]

[}

where H[[ f] returns the function hierarchy number of its input function, f. The pair of
parameters, (xy), of the measure, M, is used to carry the depth of the function nesting for the
current sub-expression, and the number of constructors encountered since the last function call.

This multi-set (or bag) measure can be ordered using the classic multi-set ordering, which could
be defined as follows:
B4 > Bo IFF max(B4)> max(By) v (max(B4)=max(Bs) » (B4- max(B4))> (Bo- max(By)) )
where max(B) selects the largest item from bag B

The items (or tuples) of these bags must also have an (total) ordering defined between them.
The ordering which will be used in our proof is a lexicographic ordering of the following
definition:

(nq.cq.hq) > (np.co,ho) IFF ny>nov(ngy=nsacy>cy)v (Ny=nyacy=coahy>hy)

Note that we have used the symbol, >, to represent different versions of the ordering operator
(between bags, tuples and numbers). There should be no confusion here because the various
versions of the ordering operator should be distinguishable from context.

We shall prove the following lemma which states that the measure, M, provides a well-founded
ordering for the recursive rules of T 2, 5 and 6a. V
Lemma AS.1 - Well-Founded Measure for T 2, § and 6a Rules

The multi-set measure, M, on expressions being transformed by the recursive
rules, T 2, 5 and 6a, can be shown to exhibit a well-founded decreasing
ordering. This decreasing ordering can be expressed, as follows:

Forrules T2,5and6a, T[t] «...... TI4T...... NViM(xy)[t]> MExy)[y]

To prove that this measure is well-founded we have to establish three results, namely:

1) the measure is finite for each given finitely-sized expression,
2) the measure has a smallest (bottom) value,
3) each expression encountered (on the RHS of T ) by the three recursive rules
will always have a measure which is less than the measure of its originating
expression (on the LHS of T).
Now, M is defined recursively on successively smaller sub-expressions. Such a definition is
bound to produce a finite value for any given initial expression that is finite. Furthermore, it can
be shown that M has a smallest value of {}, when its given expression is a variable. Most
importantly, it can also be shown that the measure M is decreasing with respect each application
of rules, T 2,5,6a. This result is given as a proof in Figure AS5.3.

With this well-founded measure, all sequences of steps, involving just T 2,5,6a, will always
be finite. As a result, they could never extend the overall sequence of the T rules into an
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infinite one (because there are only a finite number of the explicit define&unfold steps). Hence,

the slightly optimised rules do not destroy the termination property of Wadler's algorithm.

Proof of Lemma AS5.1
To Prove: Forsteps, T 2,5,6aT [t] =...... TI4]...... ViM (xy)[t]> M &y [4]
Case for Rule T 2- c(ty,...t ) :
From Definition: M (x,y)[c(t1,..tq) 1= {(xy+1,0} UM (xy+1)[t1Ju.u M (xy+1) [t,]
Also since, M (x,y)[tj ] < {(x,y+1)} v M (x,y+1)[t]:
+ We have: Viet.n M xyI4] < {xy+1,0} oM (xy+1)[t;]
< {(xy+1,0} UM (xy+ D[] w0 M (x,y+1) [t,]
< M (xy) [cty,..th) ]

Case for Rule T 5- ...g(ci(t'1,..,t'j).t1,...tn)..., where g(ci(v1',..,v]-'),v1 o Vp)=tgj, and H [g] =r
From Definition: M (x,y) [[g(ci(t'1,..,t'j),t1,..,tn)]
= {(x+1,0,N} U M (x+1,0) [Ici(t'1,..,t'i)]]
UM (x+1,0) [t4Jv .. v M (x+1,0) [t,]
= {(x+1,0,0),{x+1,1,0} UM (x+1,1) [[t'4 ] .. UM (x+1,1) [[t'iI]

UM (x+1,0) [t4Ju .. UM (x+1,0) [[t,]
Since g is r-treeless, M (x,y) [tg; I < {(x+1,1,0)}, hence:
> {(x+1,0.).M (xy) [tgi I} oM (x+1,1) [t]q
UM (x+1,0) [tD 4.
Since M (x+1,0) [t' I<s M (x+1,1) [’ I:
> {(x+1,0,N} UM (xy) [tg; J UM (x+1,0) [It']1"j
UM (x+1,0) [t]4
Since t'y_jity..n (as linear arguments) are each substituted at most once, we also have: -
- M (y) DG PNV Ve mtVmaetnl IS M (xY) [t D UM (x+1,0) [t'] ¢
UM (x+1,0) [t]1.
> {(x+1,0,0} U M (xy) [tg; ['V'q_jitvy nl ]
> M (xy) [tg;i [ty jitve..nl ]
Adding a context to each side:
o M (xy)[...9 (ci(t'1,..,t'j).t1,..,tn)... I>M (x.y) [..-tg; [t'/v'1_.]-,t/v1“n]...]]
Case for Rule T 6a-..f (t1,..ty)..., where f(vq,..,vq)=tf, and H [{]]=r
From Definition: M (x,y) [f (t1..t5) ]

- {x+1,00}uM (x+1,0) [t 11 . q
Since f is r-treeless, and non-recursive M (x,y) [tf J < {(x+1,0,r)}, hence:
> {M (xy) ﬁ“ B}UM (x+1,0) [It]]1..n

Snce ty_p, (as linear arguments) are substituted at most once, we also have:

My [ty Q] ISHM (xy) [ JUM(x+1,0) [t D4,
Thus: > M (xy) [t [t vq nl ]
Adding a context to each side:
o M (xy) [...ftg.tg)e. D> M (xy) [...tf [t vy pleee T

Figure A5.3 - Proof of Lemma A5.1 (M Is well-founded)
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