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Abstract

In this paper we present a new domain decomposition non-intrusive reduced order model

(DDNIROM) for the Navier-Stokes equations. The computational domain is partitioned into

subdomains and a set of local basis functions is constructed in each subdomain using Proper

Orthogonal Decomposition (POD). A radial basis function (RBF) method is then used to

generate a set of hypersurfaces for each subdomain. Each local hypersurface represents, not

only the fluid dynamics over the subdomain to which it belongs, but also the interactions with

the surrounding subdomains. This implicit coupling between the subdomains provides the

global coupling necessary to enforce incompressibility and is a means of providing boundary

conditions for each subdomain.

The performance of this DDNIROM is illustrated numerically by three examples: flow

past a cylinder, and air flow over 2D and 3D street canyons. The results show that the DD-

NIROM exhibits good agreement with the high-fidelity full model while the computational

cost is reduced by several orders of magnitude. The domain decomposition (DD) method pro-

vides the flexibility to choose different numbers of local basis functions for each subdomain

depending on the complexity of the flow therein. The fact that the RBF surface represen-

tation takes input only from its current subdomain and the surrounding subdomains, means

that, crucially, there is a reduction in the dimensionality of the hypersurface when compared

with a more traditional, global NIROM. This comes at the cost of having a larger number of

hypersurfaces.
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1. Introduction

Reduced order modelling is a powerful tool for real-time analysis as it offers the poten-

tial to reduce dimensionality of large complex systems. It has been successfully applied to

various fields, for example, fracture modelling [1], fluid dynamics [2, 3, 4, 5, 6, 7, 8, 9],

air pollution [10], molecular dynamics [11], aerospace design [12], parameter optimisation

[13] and haemodynamics [14]. A Reduced Order Model (ROM) can be derived by Proper

Orthogonal Decomposition (POD) in combination with Galerkin projection, for example. It

can also be derived by model identification methods in conjunction with the POD Galerkin

method [15]. ROMs constructed from computational models can be classified as two types

according to whether they require modification of the original source code or not; intru-

sive ROM and non-intrusive ROM (NIROM) respectively. The intrusive ROMs typically

require modification of the source code in order to project the discretised system onto the

basis functions and form the discretised reduced system. Intrusive ROMs have been reported

to suffer from instability, and when applied to non-linear problems, the resulting ROMs can

be inefficient [16, 17, 18, 19, 20]. To tackle these issues, a number of stabilisation methods

have been developed, for example; Petrov-Galerkin methods [21, 22], calibration methods

[23, 24, 25], regularisation methods [26] and Fourier expansion methods [27]. Also, various

non-linearity model reduction methods have been proposed such as the empirical interpo-

lation method (EIM) [28], discrete EIM (DEIM) [19], residual DEIM (RDEIM) [29], least

squares Petrov−Galerkin projection methods [24], a Gauss−Newton method with approxi-

mated tensors (GNAT) [30] and the quadratic expansion method [31].

More recently, non-intrusive reduced order modelling has become popular in various re-

search and engineering fields as its implementation is independent of the original source

code. That is, no modifications need be made to the source code in order to construct the

non-intrusive reduced order model. All that is required from the full model is its output,

i.e. the solutions. Non-intrusive reduced order modelling has been demonstrated to be a

robust and an efficient approach for the model reduction of general linear and non-linear

time-dependent flow dynamical systems, and has been applied to examples in fluid dynam-

ics [32, 33], fluid-structure interaction problems [34, 35] and multiphase porous media flows

[36, 37]. Xiao et al. [38] also presented a parameterised NIROM for general time-dependent

non-linear partial differential equations. However, POD-based ROMs have difficulty in cap-
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turing moving discontinuities, which require larger quantities of data for NIROM to capture

the system energy and a larger number of basis functions [39]. This also motivates the devel-

opment of subdomain ROM technology for complex flows (e.g. flows with shocks, turbulent

flows) and localised complex physical problems, e.g. urban flows with traffic. Using Domain

Decomposition (DD) methods allows one to construct local basis functions based on details

of local flow solutions over each subdomain. For example, within a subdomain containing

a shock there may be many POD basis functions required to capture the physics, whilst in

other subdomains with less complex physics, fewer basis functions may be needed.

The domain decomposition method originated in the work of Przemieniecki [40] and has

been applied to various fields, such as parallel processing [41, 42], shear bands [43], stochas-

tic multi-physics systems [44] and hydrodynamics [45]. Lucia et al. [39] first introduced

domain decomposition to ROM for accurately tracking a moving strong shock wave. Baiges

et al. [46], Amsallem et al. [47] and Chaturantabut [48] applied domain decomposition to

non-linear model reduction. Kerfriden et al. [49] proposed a partitioned ROM strategy for

non-linear fracture problems. Pau et al. [50, 51] used the POD mapping method to construct

ROMs for fine-resolution river basin models. Lucia et al. [52] used domain decomposition

methods based ROM to investigate the moving shocks. Antil et al. [53, 54] used domain

decomposition to form ROMs based on balanced truncation.

This paper presents a new Domain Decomposition NIROM (DDNIROM) for fluid prob-

lems using POD and Radial Basis Function (RBF) interpolation methods. This extends our

previous work on RBF-based NIROMs [55] by generating local basis functions through the

application of domain decomposition. Additionally, the applications in this paper are chal-

lenging and based on the multi-dimensional (2D and 3D) Navier-Stokes equations.

Using the RBF interpolation method, a set of single-valued functions is constructed in

such a way as to represent the underlying reduced flow dynamics. These functions, herein

after known as hypersurfaces, are local to a subdomain.

In DDNIROM, during the offline computational procedure, the solutions to the full model

are recorded as a sequence of snapshots over the entire computational domain which is then

partitioned into subdomains according to the local flow features. From the local solution,

i.e. the snapshots over each subdomain, a number of local basis functions are generated us-

ing POD. The RBF multi-dimensional interpolation method is then used to construct a set of

hypersurfaces representing the local fluid dynamics over this subdomain. When construct-

ing the hypersurfaces for a given subdomain, the solution in the surrounding subdomains is

taken into account by introducing their POD coefficients as inputs to the hypersurfaces of this

particular subdomain.
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During the online computational procedure, for each subdomain, the solution of the DD-

NIROM at the current time level can be obtained from the reduced solutions at the previous

time level for the current subdomain and from the reduced solutions at the current time level

for the surrounding subdomains leading to an implicit method. The performance of the new

DDNIROM is assessed by applying it to three fluid dynamics test cases: flow past a cylinder,

and 2D and 3D flows in street canyons. Comparisons between the high-fidelity full model

and the proposed DDNIROM are presented, and in some cases results from NIROM are also

shown.

The structure of the present paper is as follows. Section 2 presents the governing equa-

tions of fluid problems. Section 3 describes the general theory of the non-intrusive reduced

order modelling. Section 4 derives the DDNIROM. Section 5 demonstrates the performance

of the DDNIROM for three test cases: flow past a cylinder, and flow in 2D and 3D street

canyons. Finally, in section 6, the summary and conclusions are presented.

2. Governing equations

This work uses the Navier-Stokes equations to describe the fluid dynamics, namely,

∇ · u = 0, (1)

∂u

∂t
+ u · ∇u = −∇p + ν∇2u, (2)

where u ≡ (u, v,w)T is the velocity vector, p is the pressure and ν is the viscosity.

3. Non-intrusive model reduction method

In POD-based reduced order modelling methods, any variable Ψ (for example, velocity

or pressure) can be expressed:

Ψ =

m∑

i=1

αiΦi, (3)

in which m is the number of POD basis functions, αi represents the ith POD coefficient (from

a total of m POD coefficients (α1, α2, · · · , αm)) and Φi represents the ith POD basis function.

The ensemble average of the variable Ψ is sometimes included on the right-hand side of

equation (3). We omit this here as we have found its inclusion may lead to inaccuracies [35].

The POD basis functions can be obtained by applying Singular Value Decomposition

(SVD) to numerical solutions of the governing equations taken at certain time levels (i.e. snap-

shots), see [55]. If Ns snapshots are produced, the SVD will produce Ns singular values and
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a corresponding Ns basis functions. In this paper, a solution snapshot was generated at each

time level, so the number of snapshots is equal to the number of time levels, Nt . Not all

POD basis functions need be used. The square of each singular value represents the amount

of information captured by the corresponding basis function, so if the singular value is low

its corresponding basis function can be discarded. Based on this, a common criterion for

choosing how many POD basis functions to include is as follows: for a tolerance η . 1, find

the smallest integer m such that ∑m
i=1 σ

2
i∑Ns

i=1
σ2

i

> η, (4)

where m 6 Ns.

In non-intrusive reduced order modelling, a set of hypersurfaces is used to represent the

dynamics of the reduced system. We construct the hypersurfaces with a radial basis func-

tion (RBF) interpolation method, which is a good method for interpolating scattered data in

a high dimensional space. There are various types of RBFs such as: multi-quadric, plate

spline, Gaussian and inverse multi-quadric. In this paper we use the Gaussian RBF, which

has the general form φ(r) = e−(r/σ)2

(σ being the shape parameter and r being the radius). The

choice of shape parameter value has an impact on the accuracy of the interpolation function.

As discussed in [56], a conflict arises between the accuracy and stability of the approxima-

tion both of which depend on the parameter value. Generally, the smaller the value of the

shape parameter, the more accurate the approximation, however, the smaller the value of the

shape parameter, the more likely the method is to be unstable. There are several automated

approaches to find an optimal value for the shape parameter, such as Leave One Out Cross

Validation (LOOCV), Generalised Cross Validation (GCV) and Maximum Likelihood Esti-

mator (MLE). References discussing these methods can be found in the work of [56]. In this

paper, we base the value on the maximum range of the values of POD coefficients. The exact

form of the shape function is given in the following paragraph in equation (8).

As explained in [55], the POD coefficient αn
i

associated with the ith POD basis function

at any time level n can be obtained from the hypersurface, fi, and the POD coefficients at the

previous time level:

αn
i = fi(α

n−1) = fi(α
n−1
1 , αn−1

2 , · · · , αn−1
m ), n ∈ {1, 2, . . . ,M}, (5)

where αn−1 denotes the complete set of POD coefficients at time level n − 1, fi is the RBF

interpolation function or hypersurface for the ith POD coefficient and M is the number of

time levels. We split our NIROM into two stages: an offline stage, during which the NIROM
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is constructed, and an online stage, during which the NIROM is solved. Both stages rely

upon equation (5), and for the offline stage,Mwill equal the number of snapshots and for the

online stage,M will equal the desired number of time levels for the NIROM. For the online

stage, an initial condition will also be required, and can be calculated by pre-multiplying the

high-fidelity full model’s initial conditions by the transpose of the basis functions. In order to

construct the NIROM, the POD coefficients of each snapshot are found and used to provide

data which will determine the hypersurfaces fi. As previously stated, each hypersurface fi is

approximated by a linear combination of a number of RBFs [55]:

fi(α
n−1) =

Ns−1∑

j=0

wi, j φ
(∥∥∥αn−1 − c j

∥∥∥
2

)
, n ∈ {1, 2, . . . ,Ns} (6)

where

• wi, j denotes the weight of the ith POD coefficient associated with the RBF at the jth

centre;

• φ is the RBF (shown here evaluated at time level n − 1 and at the jth centre)

φ
(∥∥∥αn−1 − c j

∥∥∥
2

)
= exp

−


∥∥∥αn−1 − c j
∥∥∥

2

σ


2
 (7)

where the shape parameter is defined as

σ =
αmax − αmin

Ns

(8)

in which

αmax = max
∀i,n

αn
i and αmin = min

∀i,n
αn

i (9)

for n ∈ {0, 1, . . . ,Ns − 1} and i ∈ {1, 2, . . . ,m};

• c j is a vector containing the coordinates of the jth centre. In this work, the centres are

chosen such that cn = αn for n ∈ {0, 1, . . . ,Ns − 1};

• ‖ · ‖2 denotes the ℓ2 vector norm (or Euclidean norm).

Combining equations (5) and (6), and evaluating them at the centres leads to a system of Ns

equations and Ns unknowns for the ith POD coefficient which can be written as

Awi = yi, (10)
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where

A =



φ
(∥∥∥α0 − c0

∥∥∥
2

)
φ
(∥∥∥α0 − c1

∥∥∥
2

)
· · · φ

(∥∥∥α0 − cNs−1
∥∥∥

2

)

φ
(∥∥∥α1 − c0

∥∥∥
2

)
φ
(∥∥∥α1 − c1

∥∥∥
2

)
· · · φ

(∥∥∥α1 − cNs−1
∥∥∥

2

)

...
...

...

φ
(∥∥∥αNs−1 − c0

∥∥∥
2

)
φ
(∥∥∥αNs−1 − c1

∥∥∥
2

)
· · · φ

(∥∥∥αNs−1 − cNs−1
∥∥∥

2

)



(11)

yi =
(
α1

i , α
2
i , · · · , α

Ns

i

)T
, (12)

wi =
(
wi,0,wi,1, · · · ,wi, j, · · · ,wi,Ns−1

)T
. (13)

The hypersurface fi is obtained by solving equation (10) for the weights. Once a hypersurface

for each POD coefficient has been calculated, the offline stage is complete. The online stage

consists of solving equations (5) and (6) given an initial condition. The NIROM solution at

the current time level is calculated from the known hypersurfaces evaluated at the NIROM

solutions at the previous time level. In the online stage the centres are the same as in the

offline stage, i.e. the POD coefficients of the snapshots.

4. Domain decomposition strategy for non-intrusive reduced order modelling

This section describes how domain decomposition can be applied to NIROM. In the

DDNIROM approach, the computational domain Ω is divided into S subdomains, Ωd, d ∈

{1, 2, · · · , S }. Each subdomain has local unknowns Ψd ∈ R
Md

, where Md is the number of

nodes (in the finite element mesh) in subdomain d and M = M1 + · · · + Md + · · · + MS is the

total number of nodes. The subdomains are constructed in such a way that each node belongs

to just one subdomain.

In this method, the solutions at nodes within subdomainΩd are used to form a set of local

POD basis functions Φd. The local POD basis functions are calculated by performing a SVD

on the nodal values of the snapshots from only this local subdomain.

For each subdomain Ωd, we construct a set of hypersurfaces to represent the underlying

dynamical system associated with this subdomain and the surrounding subdomains over the

reduced space. By modifying equation (5), each hypersurface maps between POD coeffi-

cients as follows:

αd,n

i
= f d

i (αd,n−1, {αsd,n}sd∈Dd
), (14)
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where vector αd,n−1 denotes the complete set of POD coefficients (for example, velocity αu,

pressure αp) at time level n − 1 for subdomain Ωd, and Dd denotes the set of neighbours

of subdomain d. POD coefficients from neighbouring subdomains {αsd,n}sd∈Dd
are included

in the hypersurfaces in order to provide information from these subdomains. This can be

thought of as a means of enforcing boundary conditions. In 2D, the number of surrounding

subdomains associated with a subdomain Ωd is either 2, 3 or 4, depending on whether sub-

domain Ωd is in the corner of the domain, on an edge of the domain or neither of these. This

is illustrated in Figure 1, which shows the four surrounding subdomains associated with a

particular subdomain.

Here, we consider only the vertical and horizontal neighbouring subdomains (North,

South, West and East). Although the POD coefficients of diagonally neighbouring subdo-

mains (North-West, North-East, South-West and South-East) are not considered explicitly,

their influence is felt indirectly. For example, referring to the subdomain numbering given in

Figure 1, subdomain 8 has as its neighbouring subdomains 3, 7, 9 and 13, and subdomains 2,

4, 12 and 14 are not considered to be its neighbours. However, subdomain 12, for instance,

is a neighbouring subdomain of subdomains 7 and 13, which are themselves neighbours of

subdomain 8. Therefore subdomain 12 affects subdomain 8 indirectly, through subdomains 7

and 13. In more complex realistic cases, all surrounding subdomains could be considered, as

is done in the Lattice Boltzmann method, for example.

Figure 1: The figure shows a subdomain d with its four neighbouring subdomains (labelled sd).

Once we have the snapshots and the decomposed domain, NIROM is used to construct

a set of hypersurfaces for each POD coefficient in each subdomain as previously described.

Having the hypersurfaces means that the reduced model can now be run, in place of the

discretised governing equations, i.e. the full model. These procedures are summarised in

algorithms 1 (offline) and 2 (online). Algorithm 1 describes the offline computational proce-
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dure of the construction of a set of hypersurfaces for each subdomain. In order to do this a

set of snapshots is generated from solutions of the full order model; the POD basis functions

are found from applying SVD to the snapshots; data on which to base the hypersurfaces is

created by projecting the snapshot solutions onto the basis functions; a system relating the

weights in the RBF interpolants to this data is solved which fully defines the hypersurfaces.

In equations (20), (21) and (22), Ad, cd, j and csd, j have the same structure as A and c j in

equation (11). The difference is that Ad, cd, j and csd, j are restricted to nodal values taken from

subdomain d and its neighbours, whereas A and c j are constructed using nodal values taken

from the entire computational domain.

In Algorithm 1, two fields are considered: velocity and pressure. This algorithm could

also be applied to the case where just one field is considered, for example, velocity, or to the

case where more than two fields are considered, for example velocity, pressure and density.

In the latter case, α =
(
α

T
u ,α

T
p ,α

T
ρ

)T
, where αρ represents the POD coefficients of the density.

Algorithm 2 details the online computation of DDNIROM, in which the interactions be-

tween a subdomain and its surrounding subdomains are taken into account. At every time

level, information about the incompressibility must be communicated to all the subdomains,

therefore we chose an implicit coupling resulting in a recurrent neural network. In this al-

gorithm, the inputs of the function f d
i

include POD coefficients from the previous time level

α
d,n−1 (known) and the current time level from surrounding subdomains {αsd,n}sd∈Dd

. The

latter might be unknown, in which case, an iteration method is introduced to obtain αd,n at

current time level n. The iteration loop (for it = 1 to Niteration) ensures that the hypersurface

incorporates the flow dynamics over the subdomain d, but also, includes the flow interaction

between the subdomain and its neighbouring subdomains.

When we solve the DDNIROM for each subdomain at time level n, at iteration it > 1,

we need the solutions over the subdomains, αd,n−1 and {αsd,n}sd∈Dd
. After completing the

subdomain loop (for d = 1 to S ), the solutions at the current time level for each subdomain are

updated. For iteration it = 1 however, the current solutions from neighbouring subdomains,

{αsd,n}sd∈Dd
, might not be available. When this is the case we take solutions from the previous

time level. For example, consider it = 1, d = 1 in algorithm 2. The POD coefficients αd,n are

calculated solely from POD coefficients from time level n − 1:

α
d,n

i
= f d

i (αd,n−1, {αsd,n}sd∈Dd
) ∀i (15)

αd=1,n
i

= f d=1
i (αd=1,n−1,αsd=2,n,αsd=6,n) ∀i (16)

≈ f d=1
i (αd=1,n−1,αsd=2,n−1,αsd=6,n−1) ∀i, (17)
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as αsd=2,n and αsd=6,n are not yet known. For the second subdomain, d = 2, solutions are avail-

able at time level n from neighbouring subdomain 1, but not from subdomain neighbours 3

or 7, hence αd=2
i

is calculated as follows

αd=2,n
i

= f d=2
i (αd=2,n−1,αsd=1,n,αsd=3,n,αsd=7,n) ∀i (18)

≈ f d=2
i (αd=2,n−1,αsd=1,n,αsd=3,n−1,αsd=7,n−1) ∀i, (19)

as αsd=3,n and αsd=7,n are not yet known. Once all subdomains have been looped over, the

solutions in every subdomain will be known and available for the second iteration. In this

work, the iteration number, Niteration , is set to be 4 as we have found that this ensures that the

algorithm converges within a time step.
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Algorithm 1: Offline: constructing a set of hypersurfaces for DDNIROM

(1) Generate Ns snapshots over the time period [0, T ] by solving the governing

equations

(2) Divide the computational domain Ω into S subdomains

(3) Generate POD basis functions and coefficients

for d = 1 to S do

(a) Generate a number of POD basis functions Φd
u and Φd

p by performing an SVD

on the snapshots matrix of subdomain d;

(b) Calculate a set of POD coefficients (αd
1
, αd

2
, · · · , αd

md ) for each subdomain by

projecting the snapshots into a reduced space;

(4) Obtain a set of hypersurfaces

for d = 1 to S do

for i = 1 to md do

(i) Set the values yd
i
=
{
αd,1

i
, αd,2

i
, · · · , α

d,Ns

i

}
for the ith POD coefficient

(ii) Calculate the weights wd
i

by solving:

Adwd
i = yd

i , (20)

(iii) Obtain the hypersurface f d
i

, for subdomain d and POD coefficient i, by

substituting the weights obtained in the above step into equations (21)

and (22);

f d
u,i(α

d,n−1
u ,αd,n−1

p , {αsd,n
u ,αsd,n

p }sd∈Dd
) =

Ns−1∑

j=0

wd
i, jφ
( ∥∥∥α̃d,n − c̃d, j

∥∥∥
2

)
, (21)

f d
p,i(α

d,n−1
u ,αd,n−1

p , {αsd,n
u ,αsd,n

p }sd∈Dd
) =

Ns−1∑

j=0

wd
i, jφ
( ∥∥∥α̃d,n − c̃d, j

∥∥∥
2

)
(22)

where (α̃d,n)T =
(
(αd,n−1)T , {(αsd,n)T }sd∈Dd

)T
and

(c̃d, j)T =
(
(cd, j)T , {(csd, j)T }sd∈Dd

)T

endfor
endfor
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Algorithm 2: Online DDNIROM calculation for the fluid problem

for n = 1 to Nt do

!! Calculate POD coefficients at the current time step:

for it = 1 to Niteration do

for d = 1 to S do

if it == 1, then: Initialise POD coefficients for subdomain d: (αd,0
u ,α

d,0
p )

for i = 1 to md do

(i) Obtain the POD coefficients for associated surrounding

subdomains. If there are no solutions for any of the surrounding

subdomains, then ignore these particular subdomains at this

iteration.

(ii) Evaluate the hypersurface f d
i

by using the complete set of POD

coefficients αd,n−1
u,i

,α
d,n−1
p,i

and, if available, {αsd,n

u,i
,α

sd,n

p,i
}sd∈Dd

which

gives the POD coefficients αn
u and αn

p at the current time level n:

α
n
u = f d

u,i

(
α

d,n−1
u,i

,αd,n−1
p,i

, {αsd,n

u,i
,αsd,n

p,i
}sd∈Dd

)
, (23)

α
n
p = f d

p,i

(
α

d,n−1
u,i

,α
d,n−1
p,i

, {α
sd,n

u,i
,α

sd,n

p,i
}sd∈Dd

)
(24)

!! Calculate solutions at the current time step:

for d = 1 to S do

Calculate the solutions ud,n and pd,n for each subdomain d on the full space

for each time step n by projecting αd,n

u, j
and αd,n

p, j
onto the full space.

ud,n = ūd +

md∑

j=1

α
d,n

u, j
Φd

u, j, pd,n = p̄d +

md∑

j=1

α
d,n

p, j
Φd

p, j (25)

5. Numerical examples

In this section, we demonstrate the capability of DDNIROM on three test problems,

namely, 2D flow past a cylinder, and 2D and 3D flows in a street canyon. The first prob-

lem has flow structures that span most of the domain, whereas the street canyon problems
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feature localised flow dynamics and it is in such problems that we expect DDNIROM to per-

form well. The full model solutions were obtained from the finite element code Fluidity [57].

All the simulations were conducted using a shared mesh (for pressure and velocity) of linear

triangular or tetrahedral elements and a projection-based solution method which solves for

pressure and velocity separately with a second order Crank-Nicolson time-stepping scheme.

In this paper, in order to demonstrate our approach, we decompose the domain naı̈vely as can

be seen in Figures 2, 12 and 20. As future work we plan to develop a method that decomposes

the domain more intelligently.

5.1. Case 1: flow past a cylinder

The DDNIROM is first applied to flow past a cylinder for a Reynolds number of 1000

(Re = UL
ν

in which U, L and ν are the representative velocity, length scale and viscosity). The

cylinder has a diameter (L) of 0.1 units in a computational domain of size [0, 2.2] × [0, 0.41],

see Figure 2(a). The centre of the cylinder is located at (0.25, 0.25) and an inlet velocity of

U = 0.5 is applied to the the left of the domain. The viscosity ν is therefore 0.5 × 10−4. Zero

normal flow and no slip boundary conditions are applied to the cylinder and both lateral sides.

The outflow is an open boundary with a natural boundary condition which effectively sets the

pressure level to zero at the outlet, see [58]. There are 3213 nodes in the computational

domain and 6142 triangular elements. In this example, the global domain is divided into 15

subdomains, see Figure 2(a). The full model is run over a time period [0, 6] with a time-

step size of ∆t = 0.01 and with an initial condition of zero. The inlet boundary velocity is

impulsively accelerated from zero to U = 0.5 in one time step. Sixty snapshots (solutions)

are recorded at regularly-spaced time intervals of 0.1.

Figure 3 shows the global and local singular values associated with the global domain

and the 15 subdomains respectively. The logarithm (base 10) of the singular values is also

shown. The local basis function associated with a larger singular value captures more energy

(or information) of the flow dynamics of the full model equation, see equation (4). It can

be seen in Figure 3 that the magnitude of the local singular values decreases faster than that

of the global singular values. Thus, in comparison to the global NIROM, a smaller number

of local basis functions is required to capture a given amount of the energy in the original

flow system. Consequently this reduces the dimension of the hypersurfaces required in the

NIROM. To improve the accuracy achieved by the reduced order model, subdomain 7 is

divided into 4 subdomains, labelled 16, 17, 18 and 19, see Figure 2(c). Figure 4 shows the

singular values of subdomains 7, 16, 17, 18 and 19. This shows that the singular values

associated with the further subdivision into subdomains have a more rapid reduction than

13



subdomain 7, so fewer of them are required for a given accuracy.

Figures 5 and 6 show the first four basis functions associated with the global domain

and with subdomains 2, 7, 8 and 14. To visualise the velocity basis functions we plot the

following

Φ̂i,k =

√
(Φu

i,k
)2 + (Φv

i,k
)2 + (Φw

i,k
)2 ∀ k ∈ {1, 2, . . . , M} (26)

where Φu
i,k

is the kth nodal value of the ith POD basis function corresponding to the x-

component of velocity, Φv
i,k

corresponds to the y-component and Φw
i,k

corresponds to the z-

component. In 2D problems the final term is omitted. For NIROM, M is the number of nodes

in the finite element mesh. For DDNIROM, Md should replace M in equation (26) as Md

is the number of nodes in subdomain d. The structure of the POD basis functions shown in

Figures 5 and 6 are designed to represent the vortex shedding past a cylinder. The first basis

function associated with the subdomains seems more uniform than the first basis function

of the global POD approach possibly because the latter has to capture more variation in the

solution. However, more structure emerges in the subdomain basis functions associated with

the higher order POD modes (basis functions) so they are able to represent the more subtle

dynamics of the system.

Figure 7 shows the magnitude of the velocity solutions obtained from the full model

and DDNIROM at time level 5.0. The numbers of local basis functions used within each

subdomain are given in Figure 2(b). These numbers were based loosely on the criterion

given in equation (4). As shown in Figure 7, the solutions from the DDNIROM are close

to those from the full model. The x-component of the velocity at a particular point (x, y) =

(0.718, 0.287) located in subdomain 8 (see Figure 2(b)), is shown in Figure 8. We compare the

full model against a NIROM (without the domain decomposition) and a DDNIROM (with the

domain decomposition). As one can see from this figure, the DDNIROM with a maximum of

12 local basis functions in each subdomain (see Figure 2(b) for the number of basis functions

in each subdomain) is more accurate than the NIROM with 18 global basis functions. There

will be a difference in the CPU cost of NIROM and DDNIROM in general, although for

problems with so few degrees of freedom, the difference is very small.

In order to test the predictive capability of the DDNIROM, the simulation was run to a

time level of 7, beyond the training period [0, 6] of the DDNIROM. Figures 9 (a)-(c) show the

velocity solutions obtained from the full model, NIROM with 12 global basis functions and

DDNIROM with 6 local basis functions in each subdomain, at time level t = 6.5 (where the

DDNIROM is predicting). Figure 9 (d) shows the x-component of velocity obtained from the

full model, NIROM with 12 basis functions and DDNIROM with 6 local basis functions at a
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particular point (x, y) = (0.989, 0.283), the location of this point is shown in Figure 9(a) as a

black point. Figure 10 plots the same quantities as Figure 9, but at time level t = 7, and the

time series is taken at a point nearer the cylinder. It can be seen that the DDNIROM predicts

well at time levels t = 6.5 and t = 7. Furthermore, the accuracy of the DDNIROM is similar

to the global NIROM despite the small number of DDNIROM basis functions. DDNIROM

is not ideally suited to this application (vortex shedding past a cylinder) as the NIROM basis

functions decrease rapidly anyway. It may be better suited to ‘hard’ problems in which the

singular values, associated with global NIROM, do not decrease rapidly and also, to problems

with a larger number of degrees of freedom. The next two problems are slightly harder than

this one, mainly, in terms of the rate of decrease in the global singular values.

Figure 11 presents the root-mean-square error (RMSE) and the correlation coefficient

(CC) of the solutions of the full model and the reduced order models (NIROM and DD-

NIROM respectively). The correlation coefficient is computed for each time step, and is

defined as

CC(ψ(t), ψo(t)) =
cov(ψ(t), ψo(t))

σψ(t)σψo(t)

=
E(ψ(t) − µψ(t))(ψo(t) − µψo(t))

σψ(t)σψo(t)

. (27)

where µψ(t) and µψo(t) are expected values; σψ(t) and σψo(t) are standard deviations; ψi(t) and

ψo,i(t) denote the DDNIROM solution (mapped onto the finite element mesh) and the full

model solution at node i and time t, respectively; and M represents the number of nodes on

the finite element mesh. The RMSE is defined as

RMSE(t) =

√∑M
i=1(ψi(t) − ψo,i(t))2

M
, (28)

The black line shows the RMSE and CC between the full model and NIROM with 18

global basis functions. The red dotted line shows the RMSE and CC of solutions between the

full model and DDNIROM with 12 local basis functions. We can see that DDNIROM is in

closer agreement with the full model than the global NIROM, as the correlation coefficient

of DDNIROM is closer to a value of 1. There is not much difference between RMSE for

NIROM and DDNIROM.

5.2. Case 2: 2D urban street canyon

In the second example we construct a DDNIROM of a 2D urban street canyon with two

buildings. The computational domain has a size of [0, 2] × [0, 1] and comprises of an un-

structured finite element mesh with 8264 nodes, see Figure 12. A uniform velocity of 1 is set
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(a) Size of domain: [0, 2.2] × [0, 0.41] with subdomain number

(b) Number of POD basis functions in each subdomain (c) subdomain 7

Figure 2: Case 1: flow past a cylinder. The plots show (a) the computational domain, (b) number of basis

functions used in each subdomain, and (c) the subdivision of subdomain 7.
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(a) singular values of all subdomains (b) Logarithmic singular values

Figure 3: Case 1: flow past a cylinder. The global and local singular values associated with the global domain

and 15 subdomains respectively.
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(a) singular values (b) Logarithm of the singular values

Figure 4: Case 1: flow past a cylinder. The singular values over subdomain 7, 16, 17, 18 and 19. (Subdomain 7

was split into four subdomains.)
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(a) 1st basis function of subdomain 2. (b) 2nd basis function of subdomain 2.

(c) 1st basis function of subdomain 7. (d) 2nd basis function of subdomain 7.

(e) 1st basis function of subdomain 8. (f) 2nd basis function of subdomain 8.

(g) 1st basis function of subdomain 14. (h) 2nd basis function of subdomain 14.

(i) 1st global basis function of velocity. (j) 2nd global basis function of velocity.

Figure 5: Case 1: flow past a cylinder. The first and second basis functions for velocity of subdomains 2, 7, 8,

14 (DDNIROM) and of the global domain (NIROM). The basis functions are plotted using equation (26).
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(a) 3rd basis function of subdomain 2. (b) 4th basis function of subdomain 2.

(c) 3rd basis function of subdomain 7. (d) 4th basis function of subdomain 7.

(e) 3rd basis function of subdomain 8. (f) 4th basis function of subdomain 8.

(g) 3rd basis function of subdomain 14. (h) 4th basis function of subdomain 14.

(i) 3rd global basis function of velocity. (j) 4th global basis function of velocity.

Figure 6: Case 1: flow past a cylinder. The third and forth basis functions for velocity of subdomains 2, 7, 8, 14

(DDNIROM) and of the global domain (NIROM). The basis functions are plotted using equation (26).

(a) full model, t = 5.0 (b) DDNIROM, t = 5.0

Figure 7: Case 1: flow past a cylinder. The magnitude of the velocity solutions obtained from the full model

and from DDNIROM at time level 5.0. Note that the numbers of local basis functions for each subdomain are

labelled in Figure 2(b).
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Figure 8: Case 1: flow past a cylinder. The time series of the x-component of velocity solutions obtained from

the full model, global NIROM with 18 basis functions and DDNIROM (with 15 subdomains, the number of

POD functions used within each subdomain is shown in Figure 2(b)) at a particular point (x, y) = (0.718, 0.287),

which is located in subdomain 8 in Figure 2(b).

as the inflow boundary condition (left boundary). The simulation is impulsively initialised

(in the same way as for case 1) from an initial velocity of zero. The top and bottom boundary

conditions are free-slip and no-slip respectively. No-slip boundary conditions are prescribed

to all the building surfaces. An open boundary condition is used at the outflow. A Reynolds

number of 3000 was used where the length scale was given by the tallest building (0.3 units)

and the viscosity was therefore 1×10−4. The full model was run for a time interval of [0, 0.8]

with a time-step size of ∆t = 0.01 and zero initial conditions. Forty snapshots were taken at

regularly-spaced time levels of 0.02. In this example, the global domain was partitioned into

15 different subdomains, see Figure 12. In the full model, the anisotropic Smagorinsky large

eddy simulation (LES) model was used [59] in which the Smagorinsky coefficient was set to

be 0.1.

The flow structure within subdomain 8 is complex. Thus, to capture the details of eddies,

subdomain 8 is further subdivided into 3 × 2 subdomains labelled 16 to 21 in Figure 12. Fig-

ure 13 shows the global and local singular values over the global domain and 15 subdomains

respectively. Figure 14 shows the singular values over subdomain 8 and the subdomains 16

to 21 that fit within subdomain 8. In this figure it can be seen that the singular values of sub-

domains 16 to 21 decay faster than those of subdomain 8 and the global domain. Different

numbers of local basis functions are thus chosen for different subdomains so that most of
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(a) full model, t=6.5

(b) NIROM, t=6.5
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(c) DDNIROM, t=6.5 (d) Magnitude of velocity

Figure 9: Case 1: flow past a cylinder. The graphs (a)-(c) show the velocity solutions obtained from the full

model, NIROM with 12 global basis functions and DDNIROM with various numbers local basis functions

(given in Figure 2b) at predicted time level t = 6.5. Graph (d) shows the x-component of velocity obtained from

the full model, NIROM with 12 basis functions and DDNIROM with 6 local basis functions at a particular point

(x, y) = (0.989, 0.283), the location of this point is shown in plot (a) as a black point.
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(a) full model, t=7

(b) NIROM, t=7
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Figure 10: Case 1: flow past a cylinder. The graphs (a)-(c) show the velocity solutions obtained from the

full model, NIROM with 12 global basis functions and DDNIROM with various numbers local basis functions

(given in Figure 2b) at predicted time level t = 7. Graph (d) shows the x-component of velocity obtained from

the full model, NIROM with 12 basis functions and DDNIROM with 6 local basis functions at a particular point

(x, y) = (0.290, 0.262), the location of this point is shown in plot (a) as a black point.
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Figure 11: Case 1: root-mean-square error and correlation coefficient of velocity solutions between the full

model and NIROM with 18 global basis functions (black line); RMSE and CC of velocity solutions between

the full model and DDNIROM with 12 local basis functions (red dotted line).
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energy is captured, as indicated in Figure 12. The number of POD basis functions are again

chosen, loosely based on equation (4). The graphs of the two most significant basis functions

(i.e. the ones with the highest singular values) over the global domain and subdomains 2, 7, 8

and 12 are displayed in Figures 15. These figures show that the local basis functions capture,

and global basis functions reflect, the vortex shedding past the tallest building. The result of

subdividing subdomain 8 into six subdomains 16 to 21 is that the singular values decrease

even more rapidly for these subdomains than for subdomain 8 as seen in Figure 14.

Figure 16 presents the velocity magnitude distributions at time level 0.6, as obtained

from the full model and DDNIROM using the numbers of local functions chosen for each

subdomain shown in Figure 12. There are only minor visual differences between the solutions

of the two models. It can be seen from Figure 16 that the DDNIROM captures well the small

structures of the flow around the two buildings.

To further demonstrate the capability of the DDNIROM, first one and then three local

basis functions (for each of the two velocity components and for pressure) are used for every

subdomain to construct the DDNIROM. Figure 17 shows the velocity solutions at time level

0.4, for the full model and for both of the global NIROM and the DDNIROM. Figures 17

(f) and (g) show the error of velocity solutions from the NIROM and DDNIROM with 3

basis functions at time level 0.4. It can be seen that the DDNIROM captures well the eddies

above the two buildings even using just 3 local basis functions, and performs better than

the global NIROM. This is further confirmed by the velocity solution at a particular point

(x, y) = (0.332, 0.328) shown in Figure 18. With an increased number of basis functions, the

accuracy of solutions from both the NIROM and DDNIROM has been improved. Again the

DDNIROM with a maximum of 12 basis functions in each subdomain provides better results

than the global NIROM with 18 basis functions, especially around the peak at t = 0.04.

This is also highlighted by the correlation coefficient of velocity solutions, see Figure 19.

The reduced number of basis functions in DDNIROM leads to a decreased dimension of

the hypersurfaces, thus decreasing the computational cost. Decreasing the dimension of the

hypersurface also enables us to more accurately represent it.

The offline computational cost of the reduced order model is the sum of costs of calculat-

ing the snapshots, forming the POD basis functions and constructing the hypersurfaces. The

time taken to generate the snapshots is just over 2 and a half minutes. Obtaining the basis

functions and the hypersurfaces both take less than a second, giving an offline time of less

than 3 minutes. As the problem solved here is small (a few thousand nodes and fewer than 20

basis functions), there is no significant difference in times between NIROM and DDNIROM.

The online computational cost includes the time for solving the DDNIROM and project-
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(a) subdomain number

(b) distribution of number of POD (c) street canyon subdomain 8

Figure 12: Case 2: 2D urban street canyon test case. The 2D urban street canyon case: (a) the computational

domain and 15 subdomains; (b) the number of POD basis functions chosen for each subdomain; and (c) 6

sub-subdomains within subdomain 8.

ing the reduced order results onto the full space. For this example, the online cost amounts to

approximately 0.02 seconds, giving a speed up of several orders of magnitude. The problems

presented in this paper are very small, and it would be interesting to compare computational

cost of NNIROM and DDNIROM for more challenging problems.

5.3. Case 3: 3D urban street canyon test case

In the third example the DDNIROM is applied to the simulation of a 3D street canyon with

two buildings. The computational domain is shown in Figure 20, consisting of a street canyon

between two buildings. The domain has a dimensionless size of [0, 2] × [0, 0.7] × [0, 1]

and comprises of an unstructured finite element mesh with 9905 nodes, see Figure 20. A

uniform velocity of (1, 0, 0)T is given to the left side of the computational domain as the

inflow boundary condition. Again the simulation is impulsively initialised from zero (at

t = 0) in the same way as for the other two simulations. The sides and bottom boundary

conditions are free-slip and no-slip respectively. The top boundary is a free-slip boundary

condition. No-slip boundary conditions are prescribed to all the building surfaces. An open

boundary condition is used at the outflow. The viscosity is 1×10−5 and the Reynolds number

is 30000. The full model was simulated over a time interval of [0, 0.312], and the solutions at

time level 0.312 are chosen as the initial condition. The full model was then simulated for a
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(a) singular values (b) Logarithmic singular values

Figure 13: Case 2: 2D urban street canyon test case. The global and local singular values over the global domain

and 15 subdomains respectively.
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(a) singular values of subdomain 8 (b) Logarithmic singular values

Figure 14: Case 2: 2D urban street canyon test case. The singular values associated with subdomain 8 and the

subdomains inside the subdomain 8.
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(a) 1st basis function of subdomain 2. (b) 2nd basis function of subdomain 2.

(c) 1st basis function of subdomain 7. (d) 2nd basis function of subdomain 7.

(e) 1st basis function of subdomain 8. (f) 2nd basis function of subdomain 8.

(g) 1st basis function of subdomain 12. (h) 2nd basis function of subdomain 12.

(i) 1st global basis function of velocity. (j) 2nd global basis function of velocity.

Figure 15: Case 2: 2D urban street canyon test case. The first and second basis functions and global functions

of velocity. The basis functions are plotted using equation (26).
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(a) full model, t = 5.0 (b) DDNIROM, t = 5.0

Figure 16: Case 2: 2D urban street canyon test case. The magnitude of velocity from the full model and

DDNIROM at time level 5. The numbers of local basis functions chosen for each subdomain are shown in

Figure 12.

time interval of [0.312, 1.6] with a time-step size of ∆t = 0.008. Eighty snapshots were stored

at regularly-spaced time levels of 0.016. The anisotropic Smagorinsky large eddy simulation

(LES) model is used with a second order Smagorinsky coefficient of 0.1, see [59]. In this

example, the global domain was partitioned into 6 different subdomains, see Figure 20. The

domain is divided equally into two horizontal subdomains, and the top and bottom half are

further divided equally into two and four subdomains respectively.

Figure 21 shows the global and local singular values over the global domain and 6 sub-

domains respectively. In this figure the singular values of subdomains 1 to 6 decay faster

than those of the global domain. Different numbers of local basis functions are thus chosen

for different subdomains, loosely based on equation (4). In this case, 6 basis functions are

used in subdomains 4 and 5, and two basis functions are used for other subdomains (1, 2,

3, and 6). Figure 23 (a)-(c) presents the velocity solutions at time level 0.632, as calculated

from the full model and the NIROM with 6 global basis functions and the DDNIROM with

different number of local basis functions (six basis functions are used in subdomains 4 and

5, see Figure 20; three basis functions are used in other subdomains); Figure 23 (d) and (e)

show velocity errors from the NIROM with global basis functions and the DDNIROM with

local basis functions at time level 0.632. As expected the DDNIROM errors are smaller than

those of the global NIROM results.
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(a) Full model at time level 0.4.

(b) NIROM with 1 global basis function. (c) NIROM with 3 global basis functions.

(d) DDNIROM with 1 basis function. (e) DDNIROM with 3 basis functions.

(f) Error of NIROM with 3 basis functions. (g) Error of DDNIROM with 3 basis functions.

Figure 17: Case 2: 2D urban street canyon test case. Figures (a) - (e) show the magnitude of velocity at time

level 0.4, as calculated from the full model, global NIROM with 1 basis function and local DDNIROM with

3 basis functions for all the subdomains; and figures (f) and (g) show the velocity errors from both the global

NIROM and DDNIROM with 3 basis functions at time level 0.4.
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Figure 18: Case 2: 2D urban street canyon test case. The x-component of velocity of the full model, the global

NIROM with 1, 3 and 18 global basis functions, as well as the DDNIROM with 1, 3 and 12 basis functions at a

particular point (x, y) = (0.332, 0.328).
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Figure 19: Case 2: 2D urban street canyon test case. RMSE and CC of velocity solutions.
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(a) computational domain with 6 subdomains (b) computational domain mesh

Figure 20: Case 3: 3D urban street canyon. Computational domain and distribution of 6 subdomains. The

velocity magnitude is shown.
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Figure 21: Case 3: 3D urban street canyon test case. The global and local singular values over the global domain

and 6 subdomains respectively.
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(a) 1st basis function of subdomain 4. (b) 2nd basis function of subdomain 4.

(c) 1st basis function of subdomain 5. (d) 2nd basis function of subdomain 5.

(e) 1st global basis function. (f) 2nd global basis function.

Figure 22: Case 3: 3D urban street canyon. The first and second basis functions and global functions of velocity.

The basis functions are plotted using equation (26).
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(a) Full model at time level 0.632.

(b) NIROM with 6 global basis functions. (c) DDNIROM with local basis functions.

(d) Error of NIROM with 6 global basis functions. (e) Error of DDNIROM with local basis functions.

Figure 23: Case 3: 3D urban street canyon test case. Figures (a) - (c) show the velocity solutions at time level

0.632, from the full model and from both of the NIROM with 6 global basis functions and DDNIROM with

different numbers of local basis functions (six basis functions in subdomain 4 and 5, three basis functions in

other subdomains, see Figure 20); figures (d) and (e) show velocity errors from both the NIROM with global

basis functions and DDNIROM with local basis functions at time level 0.632.
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6. Conclusions

In this article, a new Domain Decomposition Non-Intrusive Reduced Order Model (DD-

NIROM) is presented. The motivation of this development is to improve the capability of our

recently developed NIROM [32, 55] for complex flow problems over widely varying ranges

of scales, for example, from modelling buildings to streets to cities. In this paper, we achieve

this by partitioning the spatial computational domain into subdomains with a domain decom-

position approach. Using Proper Orthogonal Decomposition, the local basis functions, within

each subdomain, are generated based on the local solution snapshots over each subdomain.

The Radial Basis Function interpolation method is then used to construct a set of hypersur-

faces for each subdomain. These hypersurfaces are designed to include the fluid dynamics

not only from the subdomain itself, but also from the neighbouring subdomains. DDNIROMs

have been constructed for three test cases: flow past a cylinder, and flows in 2D and 3D street

canyons. Different numbers of basis functions were used in each subdomain depending on

how rapidly the singular values decrease within each subdomain. A comparison between the

high-fidelity full model, NIROM and DDNIROM has been conducted. The numerical results

show that the DDNIROM exhibits comprehensive good agreement with the full model.

The DDNIROM is a generic and efficient approach for model reduction of general linear

and non-linear time-dependent flow dynamical systems, and can be applied whether or not

the original source code is available. Compared to existing ROMs that use global basis func-

tions, the DDNIROM proposed here, is able to; (1) calculate more details of local flows since

local POD basis functions are generated based on local flow solutions over each subdomain;

(2) reduce the need for large multi-dimensional hypersurfaces representing the fluid dynam-

ics using the global NIROM; and (3) reduce the size of the singular value decomposition and

provide a greater scope for parallelisation of this. The DDNIROM is an essential step to-

wards applying NIROMs to demanding real-life scenarios with arbitrarily complex physics,

e.g. air flows with traffic, chemistry etc. We conjecture that, to fully exploit DDNIROM,

one would require ‘hard’ problems in which the global singular values do not necessarily de-

crease rapidly, but if the subdomains are sufficiently small and well chosen then the singular

values associated with their POD basis functions would decrease more rapidly. Thus, next

steps would be to apply this approach to much more complex problems.
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[3] B.R. Noack, W. Stankiewicz, M. Morzyński, and P.J. Schmid. Recursive dynamic mode

decomposition of transient and post-transient wake flows. Journal of Fluid Mechanics,

809:843–872, 2016.

[4] X. Xie, D. Wells, Z. Wang, and T. Iliescu. Approximate deconvolution reduced order

modeling. Computer Methods in Applied Mechanics and Engineering, 313:512–534,

2017.

[5] S. Lorenzi, A. Cammi, L. Luzzi, and G. Rozza. POD-Galerkin method for finite volume

approximation of Navier–Stokes and RANS equations. Computer Methods in Applied

Mechanics and Engineering, 311:151–179, 2016.

[6] Y. Wang, I.M. Navon, X. Wang, and Y. Cheng. 2D Burgers equation with large Reynolds

number using POD/DEIM and calibration. International Journal for Numerical Meth-

ods in Fluids, 82(12):909–931, 2016.
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