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ABSTRACT.

Using a martingéle theoretic framework, dynamic
prOgraﬁming methods and the techniques of absolutely
continuous transformation ot probability measures, the
optimal control problem of a certain class of stochastic
jump processes is formulated and analysed. The approach
followed here is in many respects similar to that used
in the control of systemsAgoverned by stochastic diff- ~—
erential equations developed over the last decade.

+ is
characterized by asequence of . random variables

The sample path of the jump process x

(Zys Tq»

anticipative conditional probability distributions

Zl, T2, ZZ"")’ described by a family of non-
(uk, keZ+) which 1n turn determines a basic probability
measure P. It turns out that the family (uk, keZ+) is
in one-one correspondence with a family of so called
"local descriptions" (Ak,xk, keZ+) of the process.
Essentially the pair determines when and where the kth
jump goes respectively.

The method of control is through the absolutely
.continuous transformations of the family of 1local

descriptions, achieved through a family of controlled

Radon Nidodym derivatives ( aﬁ,Bﬁ, keZ+), where:
k _ dak kK _ ak
o, = u , Bu = u .
dAIE dxﬁ

The controls u(t,w) are assumed predictable with respect

to the increasing partial observations sigma fieid p%.

- The cost function to minimise is of the form:

J{u) = E {s rf‘)c{s,x,us,)dﬁu(s,‘xj' * Gelo) }
(o,TéxX



——.——

where 5u(t,A) is the predictable increasing process under
measure ﬁu associated with p(t,A), the counting process
of Xy

Using dynamic programming a very general principle
of optimality is first obtained for the problem. Further
necessary and sufficient conditions of optimaiity for
both complete and incomplete observations are then
derived using martingale theory and Doob-Meyer decompo-
sitions of supermartingales.

Sufficient conditions to ensure the existence of
an optimal control are given for the complete observatiéns
situation.. i

The special Markovian situation is analysed in the

above light. Finally praciical examples are provided

to illustrate the theory.



TO MY FAMILY



ACKNOWLEDGEMENTS

I wish to express my sincere thanks and gratitude to my supervisor,
Dr.M.H.A. Davis, for his guidance and encouragement throughout the
period of research leading to this thesis.

1 am also also grateful to the staff of the Control section of
the C.C.D. for providing me with a sound mathematical background,
without which this research would have been impossible.

This work has been supported by the London University Postgraduate

Studentship during the sessions 1974-75, 1975-76 and 1976-77.



i CONTENTS.
page
TITLE PAGE 1
ABSTRACT | 2
DEDICATION 4
ACKNOWLEDGEMENTS 5
CONTENTS 6
CHAPTER 1 INTRODUCTION 8
1.1 Introductory and Historical remarks | 8
1.2 Review ot some literature on jump processes 14
1.3 Motivations, Contributions and Outline of thesis 23
CHAPTER 2 THE GENERAL JUMP PROCESS AND RELATED THEOREMS -~ 28
2.1 Definitions : 28
2.2 Martingale representational results : the single jump
case. 31 .
2.3 Absolutely continuous changes of rates : the single
jump case 37
2.4 The general jump process and corresponding results 39
CHAPTER 3 OPTIMALITY CONDITIONS FOR GENERAL JUMP PROCESSES 49
3.1 Mathematical formulation 50
3.2 'the general principle of Optimality 57
3.3 Complete information situation (F{ = Ft) 63
3.4 Meyer's method | 78
3.5 Optimal control with partial observations 84
CHAPTER 4 THE EXISTENCE OF OPTIMAL CONTROLS IN THE COMPLETE
INFORMATION SITUATION 95
4,1 Introduction 95
4.2 On the weak compactness of the class ot attainable
densities 96

4.3 The existence theorem 104



CHAPTER 5 MARKOVIAN JUMP PROCESSES
5.1 Introduction
5;2 Mathematical description of the Markov controlled
jump process
5.3 The Markovian principle of optimality
5.4 The Markovian minimum principle
5.5 Markovian existence results
5.6 Infinitesimal generators and related topics
CHAPTER 6 APPLICATIONS AND CONCLUSIONS
6.1 Examples of practical applications
6.2 Conclusions
APPENDIX
REFERENCES

page
110
110

111
116
124
128
130
134
134
145
146
151



-8-

CHAPTER 1: INTRODUCTION.

1.1. Introductory and Historical remarks.

Over the last decade considerable progress
has been made in the theory of optimal control of systems
governed by stochastic differential equations. Using a
combination of mathematical tools old and new, various
fundamental results concerning optimality conditions and
existence questions were established on a rigorous basis.
The o0ld tools include the familiar concepts in dynamic
programming and Ito's calculus while thé new ones which
precipitated reSults‘thaf could only be speculated upon
before are like martingale representation theoréms, Doob-
Meyer decompositions, Girsanov's technique of transforming
measures and also an updated theory of stochastic integra-
tion. |

The theme of the present thesis is to extend
the above success story to a different kind of control
system, namely a system modeled by stochastic jump processes.
Whilst the principal tools we shall use are essentially
those already mentioned above, in lesser or greater forms,
our approach could on the other hand be concisely stated
as dynamic programming involving martingale representa-
tional methods. /

This work is a contilnuation and extension of
that started in (20). The jump process framework and the
martingale representation theory involved are based on
that of Davis in (15). By adding on control parameters to
a pair of Radon Nikodym derivatives which determine the
stochastic rate and jump size distribution, we achieve’
control of the process in terms of absolutely continuous

transformations of probability measures. This method has



the merit of not altering the sample path structure of

the process during control. The objective is to choose

a control policy based on some past observations of the
process, complete or incomplete, such as to minimise a
prespecified control dependent cost functional. Necessary
and sufficient conditions characterizing an optimal control
are then derived using dynamic programming and martingale
theorems.

In the rest of this section we trace briefly
the development of the part of stochastic control theory
relevant to our studies here. A survey of some related
literature on the optimal control of jump processes is
then given in the next section. In the light of all this,
we give motivations for the present work and a more detailed
description of the contributions and contents of this
thesis in section 1.3. .

Early research on stochastic control theory
were mainly devoted to discrete Markovian decision
processes, inventory control, statistical decision
theory and suchlikes during the 5B's. See for example the
works of Bellman(2), Howard(36), Arrow, Karlin and Scarf
(1) for expositions. One could view these as the initial
reactions to the discovery of the dynamic programming
principle by Bellman.

Subsequent more mature works along similar lines
were carried out during the early 60's on the control :ef
discrete parameter processes by authors like Blackwell
(5), Derman(22), Dubins and Savage (24) and Jewell(38).
The typical set up is to control the transition probabi-

lities of a given discrete state Markov chain Xy
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Associated with every control action and each type of
.fump is a specified cost function. Optimality conditions
with nice properties could then be derived using discrete
dynamic programming. This state of affairs was later
»extended to continuous time discrete state space type

of control problems. Equally successful and perhaps

more elegant results were obtained. See for example Miller
(46), Kakamanu(39).

Meanwhile, led on by this initial success, and also by
promising results in the field of deterministic control
theory, attention was being drawn to the control of

more genéral forms of continuous time stochastic processes,
mostly Markovian diffusion types at first. Some of the
pioneers engaged in such work were Fleming, Nisio(30),
Kushner(42) and Florentin(32); The culmination of these
efforts could be found in the excellent review article

of Fleming (29). The system model used here is typically

expressed as a stochastic differential equation of the

form:

dxt

X = X.
(o]

th,xt,ut)dt + c(t,xt)dwt. 1.1
Here xeR" is the-lnitial state, utaRm is the control,
assumed Markov, W is a separable n vector Brownian
motion process defined on some probability space (Q,]',P),
o is an nxn matrix valued function on [O,l]x R" and
g:[O,l]x R™ x R™R™ is a n-vector valued function.

Various smoothness and uniform elliptic type of conditions
were needed on the coefficients o,g to guarantee a
solution to the equation (1.1). The objective is to

choose a specified kind of Markov control u so as to
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minimise a cost function of the form:

J(u) = E{fc(t,kt,ut)dt}
(O’T]

. . . . +
where 1 is the exit time from some cylinder QCRn 1

and ¢ is some measurable cost rate. Note that due to the

control dependence of the sample path x the partial observa-

9
tion o-field r{=o{x¢} also depends on the control u .
This makes variational analysis ditficult as the future
admissibility of controls would depend on what controls
were used in the past. Another disadvantage of the above
type of model is the requirement ot some kind of smooth-
ness assumptions in the dependence of the admissible
controls on the observations. This is clearly undesirable
for certain kinds of optimal controls, like bang-bang type.
To avoid the abovementioned shortcomings, a
new approach to the optimal control ofvsystems described
by stochastic differential equations was initiated by
Benes in(4) at tﬁe beginning of the 70's. Although the
kind éf systems equation was still the same as that in(1.1)
a radically different notion of what is a solution was
now introduced. Instead of using directly the
transformation W, Xy to charactefize a solution, a
transformation of probability measures P'+Pu was defined

such that some original random variable x, defined by:

dx, = o(t,xt)d‘Bt. (1.2)

generate under Pu the measure in their sample space
appropriate for the solution (1.1). Here B, is some fixed
n-vector Brownian motion process on some gilven probability
space (Qﬂ?,u). ‘The formula for this transformation of
measures was originally given in Girsanov (34) and is

1)

expressed by the Radon Nikodym derivative (for n
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dp, 1 -1 s 2
a_l)_u = exp{ IOO g(S,XS,uS,)dWs -%fo(o lg(s,xs,us)) ds}

(1.3)
Using this approach, the objectionable lipschitz type of
condition on the admissible control laws can be avoided.
And since the sample path of.xt is now given by (1.2), it
is unchanged under the transformation of measures P +Pu.
Hence the observations sigma field, now generalized to
?'{ = 6{ £(x,.),0< s< t, some measurable function f}, is
also independent of the control law used. Benes (4) and
Duncan and Varaiya (25) gave sufficient conditions to
ensure the existence of a solution to (1.1). Then by
imposing certain convexity conditions on g(t,x,U),
they separately proved the existence of an optimal control
law to a fairly standard type'of cost function:

1
J(u) = E Ioc(t,x,ut)dt.

Davis and Varaiya (19). thén continued in this
direction to establish some significant Hamilton-Jacobi
type of dynamic programming optimality conditions for the
partially observable control system. A so called principle
of optimali£§ was first derived and using Doob-Meyer
decompositions for supermartingales and martingale
representation theorems, more explicit optimality conditions
similar to the Hamilton-Jacobi equation of deterministic
control were obtained. Some of the techniques used here
originated from Rishel (49) who considered the optimal
control of a very general type of continuous time
stochastic system. A concept introduced in this paper

known as the relative completeness of the value function

was needed in (19) to establish the principle of optimality,



-13-

The Doob-Meyer decompositions and martingale represen-
tation theorems used here were developed a few years earlier
by authors 1like Meyer (45), Kunita and Watanabe (40),
Clark (14) and Wong (60).

A development parallel to that of (19) and (49)
was given by Striebel in (56). Very similar types of
dynamic programming optimality comditions were.obtained,
though instead of the relative completeness concept, she
used an alternative weaker condition‘known as the e-
lattice property. We shall have occasions to use this
latter concept in this thesis.

The above is then a brief outline of the development of
a fair part of stochastic control theory for the last
ten or fifteen years. The present work on the optimai
control of jump processes is a continuation of the above
trend of research in that many of the techniques used
here could also be found in (19). The main difference is
that while the sample path there is given implicitly

by a stochastic differential equation like (1.2), the
sample path of our jump process 1is explicitly stated, and
is essentially a piecewise constant step process with
arbitrary jump'sizes. This more explicit 'structure
énables us to obtain better optimalify conditions.
Before we give more motivations for this work and also
an outline of the contents of this thesis, it is desira-
ble to look at some previous literature on the theory

of jump processes and their control. This is done in the

next section.



-14-

1.2. Review of some literature on_jump processes.

Early works on the control of jump processes
deal with the continuous time Markovian type of situation
we have mentioned in the last section. See for example
Miller (46), Kakumanu (39). Most of these were concerned
with finite or countable state and action spaces and use
conventional Markovian tools and techniques like the
policy improvement scheme of Howard (36). The results
obtained therefore do not easily extend to more general
kind of situations, e.g. non-Markovian with continuous
state and action spaces and non- anticipative type of
information structure.

This state of affairs has improved over the past
few years with the appearance of several papers concerning
jump process theory. The first group of these could be
represented by the works of Stone(54), Pliska(48) and
Rishel (50). Although the techniques used here were
essentially conventional, the first tﬁo authors managed
to derive better results on Markovian type 'ofZsystems
with continuous state space, while Rishel gave a useful
necessary caﬁdition of optimality for a fairly general
type of jump processes with partial observations. We
shall review these works in greater detail latter on.

The second group of these papefs was initiated
by the pioneering work of Bremaud (L1) who presented a
martingale theoretic approach to the analysis of point
processes. By exploiting the analogies between point
processes and the Brownian motion process, he obtained

elegant results on likelihood ratios and estimation
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theory very similar to those of Brownian motion already
in vogue. This initiative was immediately taken up by
several groups of authors: Boel, Varaiya and Wong (Y),
Chou and Meyer (13), Jacod (37) and Davis and Elliot (20).
They separately derived the important martingale repre-
sentation type of results for general jump processes. So
as in the Wiener process situation, every martingale of

a jump process can be represented by a stochastic integral
of the jump process. The link between abstract theory and
concrete applications was thus established and the stage
set for problems like the optimal control of a jump
process.

This task was first pursued by Boel (7) who
in his thesis used the martingale framework of (9) to
formulate and solve the optimal control problem of a
general jump process. His approach and the tools used
were essentially those in (19). However, due to the
imprudent use of such tools which were more suited to
continuous path type of processes, this initial work
published in (8) was unnecessarily abstract and heavy in
flavour of éhe LZ- theory of (19). We shall also review
this work in greater detail later on.

Meanwhile a more direct approach to the control
problem was adopted by Davis and Elliot in their paper(20).
Though many of the techniques used there still originated
from (1Y), more emphasis was being given to the piecewise
constant path structure of the jump process. The optimality
conditions obtained thus have greater resemblance to
previous literature on the control of jump processes.

The present work is a continuation and extension
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of that in (20). The spirit is to exploit the powerful
martingale theory developed over the last decade while
retaining the distintive characdteristics of the jump process
under consideration.

Let us now review in greater detaill the works of
Pliska (48), Stone (54), Rishel (50) and Boel and Varaiya
(8). These will be needed in the future tor comparison with
our work.
(i) Pliska..

The part of Pliska's paper relevant to our
study here considets the optimal control of a Markov jump
process with general state and action spaces over a finite
planning horizon. The results obtained there were thus
related and extend those of others like Miller, Blackwell
and Kakumanu on continuous tiﬁe Markov decision theory.

Pliska's approach to the formulation of the
controlled jump Markov process was through indexing a
certain linear operator A(f) with the decision rule or
control actidn f. A(f): B+B corresponds to the infinitesi-
mal generator of the Markov process under action f where
B is the Banach space of all bounded borel measurable
real valued functiohs on S, the state space. A(f) is
defined by:

AL£)V(s) = -A(5,E(s)){v(s) - sgviz)Q(dz/s,£(s))}.
| (1.4)

where seS, veB, f(s) is the decision rule mapping the
state space S into a certain set of admissible control
action T for each seS, Q is a sub-Markov kernel that
determines the conditional state distribution and is also

~indexed by £, A(s,f(s)) is the exponential holding rate
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of the jump process under action f while in the state s.

Defining M to be the set of measurable control
policies TR F, where F is the set of all the decision
rules { ey seS}, PlisRa showed that a Markoy jump
process with infinitesimal generator ALnt) exists for
each mweM,

Phe expected cost criteria used over the time
horizon T is defined to be vT(n), where

T“r(sa,nt(stj)dr + [ P(T-t,T,sdz)v(z)
T-t S (1.5)
and weM, T is the bounded, real valued reward rate and

vt(s) = Esf

P(e,e5.,.) is the transition function of the Markov
process corresponding to the infinitesimal generator
A('rrt). |

The control problem 1s to maximise the expected

*
reward , i.e. to seek a m €M such that:

~ *
Vo T VT( T ) = sup vT(n) (1.6)
meM
One of the main results of the paper was in

showing that Vi is the solution to the differential

equation: -
1 :
v, = max {A(f)vt + r(f)}
feF (1.7)
v, = veB' B, 0< t< T. ’

where F 1s a admissible class of decision rules.
The other main result is the statement of a
necessary and sufficient condition for optimality. Thus
meM is optimal if and only if:

ACre )V, + r(m_.) = max{ A(£)v, + r(£f)}
T-t’Vt T-t foF t (1.8)

a.e. on [O,T] . The same holds 1f v,is replaced by v ()

t
Finally it is also worth noting that Pliska
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gave a sufficient condition for the existence of an
optimal policy in the sense of (1.6)

Remarks 1.1.

Though concise and neat, the above aﬁproach is
not easily exfended to more general kinds of situations
with perhaps non-stationary rates and kernels and a more
encompassing information structure. However it should
be noted for its success in improvement on the Markovian

decision theory of the last decade.

(ii) Stone.

A different kind of stochastic-process is
considered in Stone's formulation. It is the so called
semi-Markov jump process and is roughly determined as
follows: Ehad |

Let'{xt, t>0} be a stochastic process defined
on a probability space (2, , P) and a state space I.
Let

Ty

t if x =x,, all Og sg t.

t- sup{s: 0< s< t, xs#xt}, otherwise.
Then {x,, t> 0 }is a semi-Markov jump process if the
two dimensional process'{(Xt,Yt), t >0} is a strong
Markov process with stationary trangition probabilities.
See (55) for a more pfécise definition.
Thus the future evolution of the semi-Markov
jump process at time t depends on the complete information
of its sample path from the last jump epoch up to the present
time t.
His method of control was through choosing a pair of

measurable functions which determined the rate and condi-



-19-

~tional state jump distribution of the jump.process.
The analysis was carried out in terms ot the infinitesi-
mal generator of the two dimensional stationary Markov
process. This approach is hence in some ways similar to
Pliska's though the underlying processes were not exactly
identical,

The cost functional used 1n Stone's paper was-
of the form: |

-At

_ T u u -AT u
§u(z) = Ez{foe c(Zt,u(Zt))dt + e c(Zt)%

where zel xR+, A>0 is some exponential discounting factor,
T-1s a random stopping time of {xg}. c and C are Borel
measurable functions and u is the control defined on xR’
to some specified control space. The control problem is to
seek a control u*e U' such that

¢u*(x,s) = min¢u(x,s) R all (x,s)e:= xR*.
ueU’

where.-u' is a specified set of controls.

By using dynamic programming and the infinite-
simal generator characterization of the semi-Markov
process, Stone derived some necessary and sufficient condi-
tions of optimality very similar to those of Pliska's,
though the technical details of the former sgemed to be
more involved.

Remarks 1.2.

The techniques and approach being basically the same as
Pliska's, Stone's work therefore also contains the same
disadvantages, i.e. not being easily extended to more
general problems. On the other hand both models are

sufficient for most practical applications.
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(iii) Rishel.

Rishel's approach to the problem is an original one
in that the theory used is essentially self contained
and involved no Markovian or martingale methods. The
jump process characterization is in terms of the condi-
tional rate,q(a/xj) and the conditional state jump
distribution “H(dxj+1/ij)’ where Xj=(xo,sl,xl,...,s.,xj),

J
X.= (X5 S15X seeesSs5Xs5555,7) ANd{X ,57,X 000,55, Xs,000}

J J7 ] J° 3]
is the discrete sequence of states and interarrival times
which generate the jump process.

The first part of the paper used this characteri-
zation of the jump process to derive certain represen-
tation formulas of functionals of the process and of
conditional expectations of such functionals. These are
useful for controlling purposes, since, for example, the
conditional expected remaining cost functional would have
such a useful and explicit representation.

Part II of the paper constructed a controlled system
of jump process by parametrizing the conditional rate
and state jumpadistributidn with the control variable u.
Thus they are now denoted as q(a,u/Xj) and H(dxj+1,u/ij)
respectively. The remaining cost functional to minimise
is defined as:

T
J) (t) = E{s f(s,xs,us)ds * glxXq) /o, }
‘ T

where o, is the observation sigma field which is in

t
general incomplete.

The main result, known as the minimum principle,
was a set of necessary conditions for optimality and was

derived by differentiating the cost performance under a

control that slightly departed from the original one.
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Hence the methods used were essentially perturbational
analysis. An intinite system of differential equation was
also derived, analogous to the adjoint equation of the
Pontryagin's maximum principle in deterministic control.
The main statement of the minimum principle ran as foilows:

For u(t) to be optimal, it is necessary ‘that for
each te [0,T] , veU, we have:

min E{ H(t,v)/ct}' = E{H(t,u,)/0,) (1.9)
velU

where U is the control value space and H(t,ut) is a
certain "Hamiltonian" function. The adjoint equation
associated with (1.9) is:

g.%ﬂl_)_(l) = -H(t,ut). (1.10)

Remarks 1.3.

The results of Rishel are in some respects genera-
lizations of the Markovian decision theory of Pliska and
Stone, though the methods and approach are entirely
different. One important difference is that while the
optimality conditions of Pliska and Stone are necessary and
sufficient, Rishel's condition 1s only a necessary one.

This also accounts for the unusual explicitness of the

minimum principle even when the observations are incomplete.

(iv) Boel and Varaiya.

The approach Boel and Varaiya used is closely related
to ours. Both were inspired by the martingale theoretic
type of results obtained in (19).

Tﬁey first derived some very general necessary and
sufficient dynamic programming conditions for the optimal
control of a wide class of stochastic processes which
also included the class of jump processes. These rather

abstract conditions were then applied to the special case
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of a jump process to obtain more significant results.

The method of controi they adopted was through the
change of probability measures. A stochastic jump prbcess
(xt,ift, PO) was first defined over some given interval
I on a given probability space (Q,y}VPO).The control law
u has the effect of changing this basic process to
(xt,ift,Pu) without altering the sample path of the process.
Pu would in normal circumstances be mutually absolutely
continuous with respect to the basic measure PO, though
this was not required in the paper, achieved through
considering all relevant processes and quantities up to
null sets of Pu‘ The sigma field of observations was
'7{(};gand assumed to be increasing with time. The optimal
control problem was to choose a control policy out of
the class of 7},; predictable controls Y .such as to
minimise the cost J(u) given by:

"
. -~ f
J(u) = E {s rEC(s,X,uS)dPuts,X) tr TJe}

(o,Tf] xX

Here c is the bounded cost rate, r the discount factor,
pu(t,A) is the predictable increasing process associated
with the jump process under measure Pu. Jy is the terminal

cost, assumed/?T. measurable. .

The necessafy and sufficient conditions for optima-
1ity obtained were similar in structure to those of (1Y),
one form of which was a kind of stochastic analogue of the
Hamilton-Jacobi equation, derived via martingale repre-
sentation theorems. A special situation with Markov
structurc and observations was also considered, but due

to the apparent failure of the relative completeness

property, an extra assumption concerning discrete appro-
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-ximation of a Markov control had to be introduced.
Hence the Markov results obtained were not entirely satis-
factory.

Remarks 1.4.

The work of Boel and Varaiya is probably the first
attempt using the martingale theoretic approach in the
control of a jump process. However, as we had remarked

earlier, the L2

flavour is a bit too strong, resulting

in abstract conditions not easily related to practical
circumstances. Another major shortcoming is the require-
ment that all jump times of the process should be

totally inaccessible stopping times.of'?t. The reason

is that the martingale representation theorems of (9) would
otherwise be invalid. This means that certain jump

process phenomena with discontinuities in the jump time
distributions could not be modeled by the above approach.

1.3. Motivations, contributions and outline of thesis.

Systems that could be modeled by jump processes occur
widely in the physical world, ranging from natural pheno-
mena like gamma ray detection and sun spot activities to
more mundane human affairs like inventory control and
traffic regulation. It is hence desirable to formulate a
sound mathematical model flexible enough to incorporate
the bulk of these systems and to develop theory related
to their control. This forms the basic motivation for the
present work. As to the reasons for adopting the martingale
approach, we believe they are:

(i). The martingale framework allows the optimal control

problem to be-formulated in 1its greatest generality,

A
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The increasing information structure also fits nicely

with the concept of F, adaptability of the basic martin-

t
gales of the jump process. We thus expect elegant results
like those obtained in systems described by stochastic
differential equations.

(ii) Powerful theorems on Martingale representation

and supermartingale decompositions developed over the

last decade were especially successful in the analysis

of Brownian motion type of processes. It is hence logical
to apply them to jump processes. Due to its inherently

more explicit sample path structure, one should expect

even more straigtforward results.

(iii). Boel and Varaiya had used a similar approach,

but due to the overuse of L2 type of techniques and conven-
tions more suited to Brownian.motions, the results they
obtained were unnecessarily abstract., This work plans

to avoid such pitfalls and to present an overall picture
more akin to the traditional results of Markov decision .
éroblems. Previous results could then be more easily

?

related to ours enabling future research on such matters

to have a better foundation.

Contributions of thesis.

The contribution of this work towardghfhe optimal
control of stochastic jump processes could be viewed
as two fold.
(i). A significant improvement and extension of some
of the previous results of Davis and Elliot (20). A
much more integrated and concise outlock is presented.
The details are as.follows: Whilst the proofs of most of the

results in (20) are based on the elementary onc jump
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situation, the main results here are derived directly for
the general situation. This eliminates the need for ex-
trapolation of results and hence reduces the possibilities
of unforeseen negligence. This more direct approach also
throws more light on the structure of the general jump
process and on such matters as the absolutely continuous
transformation of rates. It turns out that the - mathematical
description of the multijump process can'be made to resemble
closely its one jump counterpart. This is advantageous
towards the simplification of concepts and notations.

Another improvement over the results in (20) is that in
the proof of the principle of optimality we discarded the
rather cumbersome relative completeness propertf and instead
used a simpler concept called the e-lattice property. Con-
siderable effort is saved in the verification of the simpler
property.

Finally in the analysis of the optimal control problem
we made use of a stochastic dyramic programming. lemma to
reduce the problem of seeking optimal controls on a fixed
interval to one of seeking optimal controls between two jump
epochs. Again this is helpful in conceptual visualization and
notational simplicity.

(ii). New resuits are obtained in several areés, mainly those
concerning partial observations, the existence question and

the Markov situation. In the pértial observation situation,

we derived formulas for the local descriptions of the observed
process and reformulated the control problem in terms of

these local descriptions. The problem and results obtained thus
resemble those in the complete observations situation, except
that one is now also confronted with complicated projections

and with the nuissance of past control dependence of such

projections.
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For the rest of the new results, see outline of thesis.

Qutline of Thesis.

In Chapter 2 we pave the foundation ot the control
problem by constructing the general.jump process in the
manner of (15). Related theorems on martingale.repre-
sentations and formulas for the absolutely continuous
- changes of rates and measures are.stated. The procedure
is normally to do it for the simple one jump process and
then extend it to the general case. The jump process
will be characterized by the so called 'local descriptions'
(A;A) which determine when and where a jump goes. A,
the integrated jump rate of the basic jump process will
be allowed to have discontinuities, meaning that the
jump times are not required to be totally inaccessible
stopping times of Ft=o{ X¢ 0< s< t} . This is hence an
improvement of the situation in (8). The results of this
chapter are mainly extensions of that in (20).

. Chapter 3 begins with the formulation of the general
optimal control problem. The information.pattern used
P{ is ssumed to be incomplete and increasing. i.e.
;’_F{C_ E:t and F}S’CF{ for s<t. The controls used are assumed
to be é{ predictable. Using a concept known as the e-
lattice properly, a fundamental theorem known as the
principle of optimality is then derived using dynamic
programming. This roughly states that the minimal eXxpec-
ted cost after time t is smaller than the expected value,
given the information at t, of the cost of using any

control law on [t,t+h ) and thereafter returning to an

optimal control. Further significant necessary and
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sufficient conditions of optimality are then derived
using martingale theory for both the case of complete
and incomplete informations. Only in the éomplete
information situation do we find a true Hamilton-Jacobi
type of equation. |

In the chapter 4 we give sufficient conditions
to*ensure the existence of an optimal control law in
the case of complete observations. The approach used
here is essentially that of Davis (16), the advantage
being not requiring any sort of convexity assumptions
in the controlled rates. It is hence different from the
approaches of Benes (4) and Duncan and Varaiya (25).

Chapter 5 looks at the special situation when the
jump process aﬁd its cost structure are Markovian. A
version of the principle of optimality is proved and
optimality conditions similar to that of Chapter 3
derived. The main result is to show that a Markovian
optimal control is also optimal in the class of controls
based on complete observations. Existence results
similar to that of Chapter 4 are then obtained. The
relation ofrtnese results to some of the past literature
on Markov jump process control is exemplifieq by
comparing our work with Pliska's aﬁd Stone's. Finally
an interpretation of the Markov results in terms of
infinitesimal generators is given.

Chapter 6 provides several examples in real life to
which the above theory can be applied. It also contains

the conclusion of the thesis.
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CHAPTER 2: THE GENERAL JUMP PROCESS AND RELATED THEOREMS.

A class of jump process is formulated in this chapter
and related theorems derived in preparation for the control
problem analysed in future chapters. In our approach, we
shall exploit the piecewise constant path property of the

process
jump process. This property ensures that the jump,is well
defined once we specify a countable set of random variables
(Ti’zi’ i=1,2,...) and their joint distributions, provided
the Ti's do not have multiple accumulation points. Being
more constructional and attentive to details, we feel that
our approach has greater practical appeal over the more
abstract approach of others 1like (8) who started off by
naming.a complicated probability measure on some abstract
measurable space. On the other hand, like (8), we shall
be concerned with tools like the martingale representation
theorem and formulas for absolutely continuous changes

of measures. These, as we shall see, are useful in the

analysis of the control problem.

2.1. Definitions.

The basic jump process (xt, t>0) takes values in a
measurablé space (X,s) which is also assumed to be a
Blackwell space. This is not restrictive since most spaces
have this property. (e.g. complete separable metric spaces)
See (Meyer, 45 IIID15). Let Zos 2, be fixed elements of
X and for i=1,2,... , let (Yi,yi) denote a.copy of the

measurable space

(Y,¥) = (R xX)U{ (=, ;w)};G{B(R+)*S, (=2, )1

Define @ = I Y* F°= o{ T v'} .
i=1 i=1

Let (Ti’zj):9+ Y! be the coordinate mapping and mk:9+ Qk
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k .
where Q= nYl, is the projection operator onto Q.
i=1
i.e.
mk(m) = (Tl(m),Zl(m),...,Tk(w),Z (0)) .
" Now set

T (0) = lim Ty (w).
k+oo

and define the path of X, by:

x, (w) = Z if t<T1(m),
Zi(m) if te [Ti(m), Ti+1(w) ), (2.1)
z if t >T (w).

(=]

Thus the process starts off at an initial position z,

and at the random time T1 jumps-to the random state Zl‘

At the random time T2 the process jumps to Z2 and so on.

T _(w) is the accumulation time of the random times (Tk,k=1,2,
«es ), and may be finite or infinite. z_“is the fixed
terminal state of the jump process. X

t
continuous and have piecewise constant sample paths.

is then right

The random process X, generates its own increasing

t
family of sigma fields (Fz) given by:

o :
Foo= o{xg, s<t}

We now construct a probability measure P on (2,ry
by defining the following family of condifional distribution
functions: uy is a probability measure on (Yl,yl) such that:

.ult‘({om)unR“‘X{zo})) = 0.

For i=2,3;..., Myt Qi_lxy+[0,1] is a function such

that:
(1) ui(.,r) is measurable for eachTevr'.
(ii) ui(mi_l(m); .) is a probability measure on (Y,y) for

each wef.
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(iii) ui(wi_l(m);R+X{Zi_l(m)} ) = 0, for each weq.
(iv) ui(wi_l(w);{(w,zm)}) =1, if Ti;l(w) =, each weQ.

(v) ui(wi_l(w);(o,t]xX) = 0, for tﬁIi_l(m), each we®.

The conditions (iiil and (v) ensure that two successive
'jump times do not occur simultaneously and that the process
does have an effective®jump at each jump time.

The probability measure P on (@,r°) is then defined

as follows: for Tey and ne@;_;, let

P{ (Tl,zl)er} = ul(r)

_ oo ) (2.1a)
P{ (Ti,Zi)eP /wi_l=n} = ui(n;P ), 1=2,3,...

Denote by F (F resp.) the sigma field obtained by augmen-
ting FZ(FO resp.) with all null subsets of P null sets of r°.
With the above set up it can now be shown that:-
(1) (Ti¢ i=1,2,...) are stopping times of the sigma field
£
(ii) Tco is a predictable stopping time of F..
(iii)r_ = F, where r_=V Feo
t>o0

(iv) X FTn = FTm_ =FT;= F.

(v) F(Tk ;é) T, = FTk_1VU{xka_l+s)th, se[0,t]}, for all t>0.
-1 ~

Remarks 2.1

These properties of the stpplng times and stopped
sigma fields are proved in (15). Note also that (Ti, i=1,2,..)
are F, stopping times because of assumptions (iii) and (iv)
of the conditional distributions(ui, i=1,2,..) ensuring

that we have 'genuine' jumps .
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2.2. Martingale pepresentational results: the single

jump case.

It turns out that most of the significant results
on general jump processes can be obtained from the special
situation in which we have only one jump. Since this affords
us with the simplification of notations, we begin by consi-
dering the on jump case and then deducing the corresponding
results for the general case by means of concatenation.

In this section we shall describe the '"local descrip-
tions" of the jump process and state the martingale repre-

sentation theorem associated with it.

The process x, described in section 2.1 has only one

t
jump 1if:
uz(n; {(»,z_)}) =1, for all neYl.

i.e.

Tz(w) = o, w.p.l.

It can also be constructed directly by:(e,r°) = (Y,v)
and P=u1, where as before, we require that:
+ .
ul(R X{Zo}) = 0.
to ensure a genuine jump at each epoch.

‘The sample path of Xy is then:

Xy ={zo if t<T1(u)),
Zl(w) if tz_Tl(w).

Ft is defined as before. For the remainder of this

section, we shall drop the subscripts of Tl,Zl,u1 and

denote them respectively as T,Z,u.
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For Aes, define

FY = u((t,] xA) , F, = F

A c = 1nf{t:Ft=O}.

(2.2)
Then in view of its definition F, 1s right continuous and
monotonic decreasing. Hence, by standard analysis, there
are only countably many points of discontinuity of Ft
over the interval [O,c).-At each point ot discontinuity
se[0,c), denote
AF_ = F_ - F__ .

F, specifies the marginal distribution of T, i.e.

Ft = P(T>t) .

The probability measure pspecifies the stochastic

evolution of the one jump process x However, from an

£
application's point of view, it may be more convenient to
specify this by the so called '"local descriptions'" of the
jump process. This essentially is a pair of entities
that determine conditionally when and where the jump
occurs, given past information. It is also closely related
to the "Levy systems" for Hunt processes. See (62). For
the one jump process, the local descriptions is derived
as follows:

For each Aes, the measure on LR+, B(R+)j defined
by Ff is absolutely continuous w.r.t. that defined by F. .

Hence by the Radon Nikodym theorem, there exists a non-

negative measurable function A(A,.) such that:

Ff - B = 1a(A,s)dF. (2.3)
o} s
(o,t]
So A(A,s) = dFﬁ , and 1t is easy to see that A (A,s) can
an

be interpreted as prob(ZeA/T=s).

A regular version of this conditional probability can be
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-

shown to exist by the Blackwell property of (X,s). Thus

A(.,s) is a probability measure for each s. Now define:

A(t) = - © dF
(0, t]F__ (2.4)
ALt) = ACELT)

The pair (A,)) is what we called the local description of
\
the jump process, and is due to the interpretation:

da, = P{ Te(t,t+dt] /T>t }

t

A(A,t) = P{ ZeA /T=t }

One can verify directly from their definitions.
that the pair of functions (A,2) have the following properties:
(i) A(t) is defined on [O,cj. '

(i1) A(0) = 0, and A(t) is increasing and right continuous.

(iiz) AR =M -A _< 1 for all points of discontinuities.

(iv) If AA_=1, then A=A for t>s.

(2,5)
(v) ar(A,s)> 0 for Aes, s>0.

(vi) A(A,.) is measurable for each Aes .
(vii) For all se(0,c), except on a set of dA-measure O,
A(.,s) is a probability measure on (X,s) and r(.,c) is

a probability measure if c<= and A(c-)<e.

Now by (ii), we can decompose A(t) into:

At) = aSct) + 2%t

d

where Ac(t) is increasing and continuous and A (t) =

TAA(S) .
s<t

The following theorem then shows how Ay is related to Ft‘
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Theorem 2.1.

There is a bijective correspondence between the set
of probébility measures u on (Y,Y) and the set of local
descriptions (A,A) satisfying the properties (2.5) (i)-

(vii). Further, F_ is related to A, by:

t

i
]

exp(—Ai ) @m (1 - AAS), t<c

szt ' (2.6)

F, =0, t>c.
Proof:

It is already clear how the pair (A,)A) is obtained
from p . The converse is obtained by defining Ft by (2.6)
and for ecach Aes, define

p((0,t xA) = - IA(A,s)dFS.

(0,1] _

For a derivation of (2.6) see for example (37).

Remarks 2.2.

When extended to a general jump process, theorem 2.1
enables one to model such processes in terms of their
local descriptions. This is a great advantage since in
most practical situations, jump processes are specified
by dynamical rates and conditional jump distributions rather
than the abstract measure P.
| For the single jump process, the basic family of martin-
gales is obtained as follows:

For Aes, teR” ,'deflne:

PEA) = TitsryT(zen)

p(t,A) = - J dF‘S‘
; 2.7)
(o, t1TF__ (
. q(t,A) = p(t,A) - p(t,A).
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Lemma 2.2.

(q(t,A))t>0 is a LFt,P) martingale.

Proof: See (15) for details.

To consider the question of martingale representation,
we need first to form stochastic integrals with respect
to the family of martingales q(t,A). First let us define
a class of suitable integrands. Let r denote the set of
measurable functions g:Y+R such that g(~,z)=0, for all zeX.
Now since for fixed (t,w) the functions p(t,A) and a(t,A)
are countably additive in A, we can define Stieltjes

integrals of the form:

/ g(s,z2)p(ds,dz) / g(s,z)p(ds,dz)
(o, t] xX (o,t]xX

for suitable ger.

Explicitly, one has

i) g(s,x)p(ds,dx)
(0,=] xX

g(T,2)

Lo,mjrx)g((s,X)p(ds’dX) (o’m] ;’;XI (SiT)g(.s’x) dl}i‘s(iZX)

The stochastic integral fgdq is now defined as:

/I g(s,x)dq(s,x) = I g(s,x){p(ds,dx)fﬁ(ds,dx)} s
(o, t] xX (o,t]xX ’ (2.8)
the difference of two Stieltjes integrals.

The following classes of integrands are required:

Ll(p) = {ger: E slg(s,x)|p(ds,dx) < « }
R xX
LY (p) = {ger: E s|g(s,x)|p(ds,dx) < = }

R+xX

1 1
Liolp) = tgerl: gI(t<ok)€ L (p), k=1,2,..., for some

sequence of F_ stopping times °k<T& o4T a.s.

t ke

P}
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1 (5) is defined analogously. It turns out that:
loc. g

(i) thp) = Ll(ﬁ) = {ger: f|g(s,x)|du(s,x)<=}
)
R xX
(ii) Lioc(p) = Lioc(p) ='{geI:+f I(Sit)|g(s,x)|du(s,x)<w, ¥ t<c}
R xX

L

See (15) Prop. 4 for proofs.

Suppose Mt’ t>0 , is a uniforﬁly integrable martingale
of F, such that M0=O a.s. Then there exists some measurable
her such that M= E{ h(T,Z) /Ft} a.s. By direct evaluation,

we have: -
Me = Teom P2 ~Teery X nis,x)ducs,x)
Fe (o,t] xX (2.9)
Now for geLioc(p) define
ME = 1 g(s,x)q(ds,dx) (2.10)

t (o,t]xX

as the difference of Stieltjes integrals. The M% is a
(Ft,P) local martingale. One of the main results in (15)
states that all (Ft,P) local martingales have the form (2.10),

as the following theorem shows.

Theorem 2.3;1

Mt is a (Ft,P) local martingale if and only if

1
M, = M%, for some geLlOC(p).

Whereas in most martingale representation theorems
dealing with continuous path processes, integrands analo-
gous to g have no explicit representations, such a repre-

sentation exists here. If we take M_ to be as defined by’

t
(2.9), then
g(t,x) = h(t,x) + I(t<c)—%— S h(s,x)du(s,x)
(o,t] xX ‘
gl=,x) = O. (2.11)

See (15), remarks after Prop. 5.
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Remarks 2.3.

The representation (2.11) is possible because the
sigma field F is generated by the random variables (T,Z),
allowing all u.i. martingales to be expressed as (2.9).
This is certainly not the case for Brownian motions, since
one needs an infinite number (countable) of r.v.'s to
generate the sigma field r . This is perhaps an indication
that one should not solely rely on methods used with
stochastic differential equations when dealing with jump

processes. Formula (2.11) will be used 1n latter chapters.

2.3. Absolutely continuous changes of rates: the single

jump case.

In this section we summarise some results of (20)
concerning the single“jump process when we perform absolutely
continuous changes of rates. The main result is that if
we change the local descriptions of the process from (A,X)
to (A,1) such that A<<A, X<<i , then the measure u
corresponding to ( K,i) is also absolutely continuous with
respect to u . The converse situation is also true, i.e.
if p<<p , then R<<A , X<<\ . The former result will be used
latter to formulate 'controlled rates' for the jump process.

Recall that the 'base rate’ Ay has the decomposition:

Lemma 2.4,

Suppose we are given another integrated rate A

t
satisfying the (i)-(iv) of (2.5) and such that ﬁt<<At,
then the Ft associated with Kt has the form:

B, = Foexp(~ff(a(s)-1)dA)T (2.12)
t A “s/ 0t ‘

0
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where
a(s) = di(s) | '
e , (2.12)
I, = g (1 - aLS)AAS)

s<t (1 - ah) (2.13)

Proof: See (20).

Remarks 2.4.

Clearly Ft<< Ft' If we require the converse, i.e.

F << Ft, a sufficient condition is to restrict ao(s) so that

1

- (1-])F_
% <o(s) < min (n, —R 52

AFS

for any positive integer. n. This condition will also
ensure that L and Kt are mutually absolutely continuous.
We shall require this property in deriving optimality

criteria tor the control problem.and also in showing the exis-

tence of optimal controls.

Theorem 2.5.

Suppose the probability measures u,u on (@,r) have

local descriptions (A,A) and (A,X) respectively with A _<< A

t
on (U,8), x(.,t)<<¥.,t) a.e. th , where E=inf(t:Ft=O);

t

then p<<p with Radon Nikodym derivative

L(t,x) = a(t)s(t,x)exp(-fgta(s)-l)dAg)Ht_'I(t<E)'

(2.14)
where _
da
C((t) = ..__E
dAt
dx
B(t:x) = —(t,x)
dx
and 1 is as in (2.13).

Proot: See (20) theorem 3.7.
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Remarks 2.5.

The above theorem allows one to describe a class of
jump processes parametrized by u with My <H by their respec-

tive Radon Nikodym derivatives, Lau,Bu).

It is often necessary to work with the conditional
expectation Lt=E(L/Ft) rather than L itself. L, is ‘'obtained

through a direct calculation, as follows:

Ly = B(L/F) = L(T,2)T (¢, py + 1(t<T)—l— £ Lis,x)du(s,x)
t (t,c]xX

Substituting L(s,x) from (2.14) gives:
L, = a(T)BLT,Z)exp(—fg(a(s)—l)dAg)nT_I(tzT)

. . - (2.15)
+ I(t<T)exp(—fo(a(s)—l)dAS)Ht.

Ly is by definition a right continuous martingale.

2.4. The general jump process and corresponding results.

In this section we extend the results obtained in
the previous sections for the one jump case to the general
jump process. We shall, in doing so, use notations that pre-
serve the 'one jump' appearance of the various formulas
and equations.

Using the tformulation of sec.2.1l, write for each

k=1,2,..., t>0, Aeé, wef

FEA = B ) = (o, _q )5 (t, o] xA)
FY = FiX(w)
; | (2.16)
PBA) = T )Tz, en)
) ) dpcA
CPR(t,A) = PN ey W)it,A) = -
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k k -
ad“(t,8) = pN(t,8) - pN(t,n)
p(t,A) = § p(t,A)
k=1
- - ~K (2.16 contd.)
p(t,A) = 2 p (t,A)
k=1
q(t,A) = p(t,A) - p(t,A) .
The following lemma is then a-éimple extension of

lemma 2.2.

Lemma 2.6.

qut,A) and q(t,A) are (Ft,P) martingales, all t>0,
Aes, k=1,2,...
s As in sec.2.Z, for each KsZ+,st, AsS,-FEA<< F% ,
so there exists a Radon Nikodym derivative Ak(wk_l(w);A,t)
such that:

FRA - KA - A, s)aER

(o, d°

And as before we can choose AMe to be a-regular family of
"conditional distributions so that Ak(.,s) is a probability
measure, each keZ+, s>0, weQ. Now write:

K
dFS.

B (6) = Mylogy (0)51) = Iofti?f_
Then the family (Ak,kk, ksZ+) constitutes the local descrip-
tions of the general jump process. For each ksZ+, weQ,
tﬁe pair (AK,Ak) satisfy the properties (i)-(vii) of (Z.4).

As in theorem 2.1, there is a bijective correspondence
between the measure My and the pair of local descriptions
(Ak,kk) satisfying (2.4) (i)-(vii).

To state the martingale representation theorem, we

first define the class of integrands I to be all measurable

functions g:axY-R such that there exists g1:Y+R and tor
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k-1

k=2,3,..., measurable functions gk:ﬂ xY+R such that:

g(t,x,w) = gl(t,x) if t_s_;Tl(m)
gk(mk_]_(w);tsx) if tE(TK_l(m)sTk(m)]
0 if €T _(w). (2.17)

gl(=,%) = gMlup_ 3=,%) = O.

Then Ll(p) and L1

10C(p) are defined as in sec.2.2.

The martingale representation theorem for general

jump processes states:

Theorem 2.7.

If M, is a (Ft,P) local martingale, then there exists

a gsLiOC(p) such that
Mt - MO = [ g(s,x)ql(ds,dx). (2.18)

(o,t] xX
"Proof: See (15), theorem 2.

-Remarks 2.6.

Suppose T_==, then the above theorem could be restated
as: M, is a (Ft,P) local martingale if and only if there

. 1
exists a gsLlOCLp) such that

M, - M = [ gls,x)q(ds,dx).
(o, t] xX ,

See remark 1 of (15) after theorem 2.

Suppose My is a uniformly integrable martingale of Fo
with M,=0 a.s. One would now naturally like to evaluate
the integrand g for this martingale as in the one jump
case. This is done as follows: From (15), the following
formula holds for all t>O0.

M, = M + ¥ M - M )I
t t. T t. Ty Tyoq  (E2T, 4) - (2.19)

Tl k=2
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Define
%t - MtATl
(2.20)
Xg = Migar, )1, " Mp | 5 KRS
Then from (2.19)
M, = kﬁlx%t_Tk_l)vo ~ (2.21)

For fixed k, define

k _
He = F(t+Tk_1)ATk

Using the optional sampling theorem (45, VI9) we see that
k k .. k_ . k
Xt £ with XO—O. And since He
by Fo and the sample path of xg tor sa(Tk_l, (t+Tk_l).TkJ .

is a martingale of A is generated

k-1
there exists a measurable function hk such that:

k

XX = B o, _q5Ty,20) I (2.22)

But by (2.20) and (2.18)

X; = s gk(s,x)qu(s,x) ' . (2.23)
(o,(t+Tk_l)ATK]xX

so that as in the one jump situation, one has:

gk(t,x) = nk(t,x) - I(t<ck)—_E i) hk(s,x)duk(s,x).

1
F. (t,~] xX
(2.24)

where
k . k
c (mk_l) = inf (t: F (wk_l;t) =0 ).

Equation (2.24) 1is an extension of (2.11).

We now consider the question of absolutely continuous

changes of rates in the general case. Suppose for each

A k

keZ+, weQ, ( ,Ak) is changed to (KK,XK) such that:
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X0y ()52 <<h® (o, )52)

k

xk(wk_l(m);.,t)<< J\k(mk_ltm);.,t) a.e.dl-\t.

The question one would naturaily ask now is whether

the probability measure P derived from the local descriptions
L(R5,3%), kez'} s mutually absolutely continuous w.r.t.
P. It turns out that it is a very.severe restriction to
require that P ~P on an infinite interval. (Since two
Poisson processes with different rates are strictly singu-
lar w.r.t. each other on the intinite interval). But

since we shall be dealing with finite intervals in the con-
trol problem, such restrictions do not concern us. The °
following arguments show that if we consider the
restrictions of P,P to'{FTk, kez¥} or toﬁ{FTf, Tg<=l,

then the two restricted probabillf& measures are indeed
mutually absolutely continuous w.r.t. each other.

First, we note that fdr each kez” » neQ, _;, , We can
treat the kth jump, . .characterized by the pair of r.v.'s
(Ty»2Zy), as a "single jump" by itselt, with zero probability
of occurence before the time Teoqe The single'jump
analysis thus applies. Using Lemma 2.4 and theoremZ.5 we

conclude that ﬁk(n;.)<<uk(n;.), with Radon Nikodym

derivative
duy
Li(t,x) = Lp(nst,x) = —(n;t,x)
duk
= a, ()8 (t,x)exp{-s* (o LS)—l)dAk?ﬂk I.. -k
Kk k+™? P1=/5 %k siht-"(t<c).
(2.25)
where :
’ ik
@ (t) = apln;t) = —¢(n;t) (2.26)
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aik
Bk(t,X) = BkLn;t,X) = E;E (n;t.x)
k, .
k gl-dk(S)AAs)
n, = -
ke k k
A = A, - ZARA
t t Tget S
ek - Ek(n) = inf(t:FK(n;t)=O).
Now for A,erl, A, ev? h
1€Y7, A,ev”, we have
?{(Tl,Zl)sAl, (Té,ZZ)aAZ} = i Ezcal;Az)ﬁl(dal)
1
dﬁk + !
And since L= — , kel , we have .

duk

AL XA

?{(Tl,Zl)sAl, (T,,2,)eA,} = f Li(ag)L,(a;3a,)P(da,,da,)
S

. . . ' +
so that, using induction, we conclude that for each keZ ,
Aseyl, i=1 k
i ’ ’..., [ ]

k
P{(Ti,Zi)eAi,i=1,...,K} = figlLi(al,..,al)P(dal,..,dak)
Alx"XAk

k
— figlLide
ALX'XAk

This implies that §k<<PK, each keZ" where pk’bk are the

restrictions of P,P respectively to r

'
Further:
dP K
de i=1
. dp
As kte, -—— may not converge to a measurable function. So
dp
k

= + . .
although Pp<<Py for each keZ , 1t is not necessarily
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that. P<<P. A counter-example to demonstrate this anomaly
is given in (17).
However if T _== a.s.P and o, (.)<N<= for each kez® s

then we also have P <<Pp , where P, ,Pp are the restric-
£ .

A ¥
_ £ f °f
tions of P,P to {FT , Tf<w}. This is intuitively obvious
f

since the above conditions ensure that T =~ a.s.P, so
that the jumps do not 'pile up' at some finite time. The
following arguments make this more precise.

Consider a_ set Aeij such that P(A)=0. To show that
?T <<Pp , it is sufficient.to prove that P(A)=0 . Now

f b
since T;>T; a.s.P eventually as kt=', we have

P(A) = P{\J.Ak} = I ﬁ(Ak)
+

kez® kel
where A, = AV{y: T 12 }
Clearly AKEFT’, so that since ?Tk<<Pk, we have P(Ak)=0,
each kez® . This implies P(A)=0. Hence ?T <<Pp .
f f
The converse PT <<'P5T is similarly shown.
f f
P,
We now give an expression for LT = f . Observe that
£ dPT
- f
for each keZ+, we have
HPTf dPTf
— 1 = E{—"/F.. }I
ap,  Te-1=Te<Ty) ap, T Uy =TeTy)
f : f :
dPTk
= E{— /F
dp t (1L 15T g<Ty)
TK
so that on the set {T,_;<Tc<lyt ,
k-1 Te C '
Lp = {n L:Yexpl-/ (ak(s) 1)aA“ }n (2.28)

f i=1



~46- -

4 . . -
For any teR  we have: L, is a right continuous

uniformly integrable martingale, with limlL,
. t+oo
See (45), remark after theorem 6, chap. VI.

=], a.s.

If as above, T_=» a.s., We obtain-a more elegant

system of notation as follows:

First note that all Fo measurable functions h(t),

right continuous in t, have the repiesentation

_ e | k ,
h(t) = e, 7)) W (e 1lw);5t)

" +
Hence we can define, for teR , AeS, weQ:

) ' k
A, = A(t,w) = ¥ 1 AN wy_ (w)st)
| ttelTy_|,T )} k-1

t k=1

[

A k
AA, ) = A(A, t,0) = 1 . AT (wy,_ (w)3A,t)

a(t) = a(t,w) = T I oy (0, 1 (w)st)
rop {te (T, 1, Tl 19k k-1

B(t,x) = B(t,x,w) = kill{te(Tk-l’TK]}Bk(wk-lkw);t’X)
AR Y k—l .
.= -3 { z 1t yofr,
L T LT L S 98
(2.29)
Using these detinitions, (2.28) becomes, ftor t<e ,
L, = nta(s)s(s,xs)exp{-fgca(r)-l)dAi} T, (2.30)
S<
xs#xs_

which looks nearly the same as (2.15) tor the elementary
one jump situation,.

One interesting property of the likehood ratio is

given in the next lemma.
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Lemma 2Z.8.

. + ‘
For any tl,tzeR , with ti2t,, we have

ty
E(L L /F, ) =1 a.s.
Y ’
where
L
Ltz ) t,
t L,
1
Proot:

+
We know that tle[TK_l,Tk) for some ke% w.p. 1

Hence using (2.28) and the definition of Lti, we get

t ' t ‘ kt
2 : 2 k 2 .
Ltl = exp{-/, (ak(r)-l)dArC}Ht , Af t,<T,
1 1
T kT
- K kc k.
ak(Tk)Bk(Tk,Zk)exp{-ftl(ak(r)—l)iAr }ntl .

j-1 ' oty c. Jt,

- "I L (T, Zi)exp{-fT (a (r)- 1)dAJ }n ,
i=k+1 j-1 J -1
| if t e[T

some j>k.

j-1 J)

where .
Hitz _ n (l-ai(s)AA;)

t 1
1 ty<sst, (1-aA))

Now on the_gét {T <T

<t }
t k-1 = 1tz k’>2
E(L /F, ) = E( L /T, >t,,Fr. YP(T >t,/F, )
tl tl tl k™72 tl k Z tl

tsy
J

+ IE(L, /tze[TJ 12 T3) ,Ftl)P(tze[Tj_l,Tj)/Eti)

j>k ty

(2.31)
Using (2.6), the first term on the right is
t. ktz RC

expl-s %oy (r)-1)dr S n, 2 exp- . boo(1-805)
1 1 1 1_1<s<t2



-48-

= exp{-(RK - 7Ky 1 (1-ar%y
t t1 t1<51t2 [}
Ft
L -
F 1
Y

A similar calculation shows that the second term on the
right ot (2.31) is
P(tze[Tj_l,Tj) /Ftl).
Hence
ty

E(Ltl /Ftlj

1

P(T, >t,/F,. ) + % P(t,elT. ,,T.)/F, )
k™ "2 t >k 2 j-1°73 ty

= 1 a.S.

This completes the prooft.
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CHAPTER 3 : OPTIMALITY CONDITIONS FOR GENERAL JUMP PROCESSES.

In this chapter we formulate and solve the optimal
control problem for general jump processes. Necessary and
sufficient conditions which an optimal control must satisfy
are derived using dynamic programming and martingale methods.
These methods were first used by Davis and Varaiya (Y) to
obtain optimality criteria for controlled systems described
by stochastic differéntial equations. In applying them,
we shall take advantage of the piecewise constant path
property of the processes we are investigating, a feature
not shared by the Wiener process framework of (9). Thas
extra structure will yield us with optimality criteria
more explicit than those of (9).

The control action consists of changing the probabi-

lity measure governing the stochastic evolution of the
process, achieved through changing the local descriptions
of the jump process. Only measures that are mutually
absolutely continuous are considered, for this permits
the comparisons of processes under different measures.
The control themselves are dependent on the observations
on the past history of the process, which are allowed to
be partial or complete. The concepts of increasing sigma
fields and adaptability are hence relevant here.

Our approach, though proceeding lafgely along similar
lines as that of (8) and (56), differs from theirs in that
our system model is practically oriented instead of being
completely abstract. Thus we speak of controlled rates
rather than abstract measures. People like engineers will
find our approach and results easier to understand and use.

One other peint is that we do not require the rather
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complicated relative completeness concept in our framework.
This concept was introduced by Rishel in (49) and used

by Davis and Varaiya in (Y) and Boel and Varaiya in (8)

to prove their versions of the principle of optimality.
'Huge efforts based on using Zorn's lemma were needed to
demonstrate that the admissible class of controls are
relatively complete. By using an alternative concept

known as the e-lattice property, first introduced by
Striebel in (56), we show how these unjustified efforts

can be avoided.

2.1. Mathematical formulation.

Let the measurable space (X,s) and (Q,FO) be as
defined in sec.Z2.1l. We assume.that a base probability
measure P is given on (2,F°) such that the process Xy
given by (2.1) is a jump process. In practice P would be
specified either through the set of conditional distribu-
tions (uk, k=1,2,..) or through thé set of local descrip-
tions (Ak,Ak, k=1,2,...). The accumulation time T_ is
assumed to be =a,s. P. As before , let F(Ft resp.) be fhe
completion of Fo(Fz resp.) with respect to P, where
Ft=°{xs’ s<t} . The control law u has the effect of changing
the probability measure from P to P with the property PP,
Before describing how this is achieved, the class of ad-
missible control laws is defined. Let [O,Tf] be the
interval of interest, where Tf<m is the terminal time.

For tg[D,Tf] , let F¥ be a given increasing family of sub-
sigma tields of r,_, i.c. F{C Fe » all te[O,Tf] . F{ is
to be interpreted as the information available to the
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controller at time t. The control law u(.,.) is defined

to be a function u(t,w): [O,Tf]xQ+U, where U is the space
of contfol values, assumed to be a metric space. The class
of admissible control laws vis then defined as the set of

controls u satisfying the following conditions:

(1) u(t,w) is F{ predictable, each te[O,Tf] .
(i1) (ut,F¥,Pu) is a measurable stochastic process.

(i1i) Lf u,vev , then so does

(u,v,t) = u(s) if s<t ,
v(s) if s>t.
-i.e. v is closed under concatenation.

(iv) For each uev , Ae Fiy Pu(A) depends only on u s<t.

S’

Now, under the basic measure P, the general jump
process has local descriptions (A,x)}, given by (2.29),
-where each of the componenfs (Ak,AK) of (A,Aj-;atisfy a
set of conditions similar to (2.5) (i)-(vii). The controlled
measures Pu, mutually absolutely continuous with respect
to P, 1s constructed as follows:

Definition 3.1.

For the measurable space LU,BU) let

a(t,u,uw) : R*xUxe+R" , B(t,x,u,w) - R xXxUxa~> R"

be jointly measurable functions satisfying the following

conditions: For all (S,X,u,w)ER+XXXUXQ.

(1) «(t,u,w), 8(t,x,u,u) are r

(i1) O<- ¢

& predictable.

1

< a(s,u,n) <min (CZ,ZK;) .

1

(3.1
(i11) O< cq2 B(S,X,u,u)< Cz « )

(iv) JB(s,x,u,w) A(dx,s,s) = 1.
X
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where c4,c,,c; are positive constants,

For each uev ,denote the functions a(.,u.,.),

B(eyesUe,o) DYy @ Bd respectlvely..

u’
The pair (du,su) plays the role of controlled Radon

Nikodym derivatives and is analogous to the drift coeffi-

cients f(t,x,u) in diffusion control. ¢ and Bu controls

respectively where and when the next jump ot the process

is going to occur. The Fo predictability of (au,Bu)

means that the process is self exciting.

Since (au,Bu) are F, predictable, there exists

. + + + +
some measurable functions ap i@y xR xU>R-,  8,:9) ;xR xXxU>R
such that:

= ¥ I .
alt,u,w) kil {te(Tk_l,Tk]}uk(wk-l(w)’t’u)

(3.2)

t = £ I < 3t
B ( ,x,u,w) ko1 { tE(Tk_l,Tk]}Bk(mk-lgm) ’X,u)

(“ku’sku) are the component Radon Nikodym derivatives of
Lau,Bu) » and obviou$ly satisty conditions (3.1) (1)-(iv).

Now for each kez' , UelU, neQy s Aes, te[O,Tf] , define:

Ae(nst) = Juy (nss,u )day(n;s)

(o, tf

(A E) = LB (3t x,u ) a5 dx, ©)

(3.3)

It can then be verified, using (3.1)(i)-(iv) and (2.5)
(i)-(vii) that the set (AE,AE, k=1,2,..) qualify as local
descriptions of the general jump process;

So by virtue of a one-one bijective theorem similar
to theorem 2.1, a set of controlled conditional distri-

butions (ﬁE, k=1,2,..) can be constructed. Since AE<<Ak’

u . _ .
Ak<dkkand vice versa (due the bounds away from zero of («,B)),
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the measures {uE,K=1,2,..} are also mutually absolutely
continuous w.r.t. {u,, k=1,2,..} , by theorem 2.5.

Finally, the measure P is obtained from'{uz, k=1,2..1}
using the same procedure as that for P in sec.2.1l. Since
T =wa.s. P and %y is uniformly bounded above, Tm=v:a.s.Pu,
and Pu is mutually absolutely continuous w.r.t. P. See

also sec.Z2.4. This completes the description of P,

Remarks 3.1.

The above approach to the control of jump processes
is practically inspired since such processes are invariably
described by 'rates' resembling our (au,Bu) in most
applications. One other method of control is to start otf
by defining an abstract measure Pu absolutely continuous
w.T.t. P without bothering about what processes we are
considering. See fof example (8) and (56).

dp
The likelihood ratio Lt(u) = E( —u /Ft) is evaluated
dp '

as in sec.2.4, thus, for each uev , ts[U,Tf] , we have

Lo (u) = {1 o, (5)B,(s,x )exp{-/ o (r)-1)dAS)T, (u))

s<t
XgFXg (3.4)
where ﬂ
o k-1 ' I3
s 1) Tegn ) THO)
with "
K _ (l_ak(wk_l(w);ssus)l}lvs
Ht(u) = 1

s<t (1- AAE)

Lt(u) is a (Ft,P) martingale for each u .
To define the class of (Ft,Pu) predictable processes
pu(t,A) associated with p(t,A), first write for uev ,

te [O,TfI, AeS ,weQ ,
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u u @ u
Al = A (t,w) = T I o AL (o, _+3t)
t ’ k=1 {tE[Tk-l’lk)}. k k-1 .
u u -] u
Y t) = A = A ALt
(A! ) (A,t’m) KilI{tEETK-l’Tk)} k(mk_l) ] )
Then
pU(t,A) = Y(a,s,w0)nb(ds,u)
(o,t]
=k§ fkﬁ(wk_l;A,s)Aﬁ(mk_l;ds)
=1 -(o,t.Tk]
@ ~u
= t. A
o PrEA T M) (3.5)
where
PR(t,A) =  SAp(op_13A,8)Ap 0y ;ds)
(O,tl o

As in lemma 2.6, one can now show that qu(t,A) =
{p(t,A)-ﬁu(t,A)} is a (Ft,Pu) martingale, all t>0, AesS .

Hence, using the same integrands geLioc(p) defined in
sec.2.4, the stochastic integrals fgdqu are similarly o
defined. The martingale representation theorem under
measure Pu is then also the same as that in theorem 2.7,

Having described'the controlled system of jump process,
we now come to the cost structure of the control problen. |

First, some definitions.

Definitions 3.2.

+ . .
(a) Bet c(t,x,u,w): R xXXxUxa+Rk* be a non-negative function,
jointly measurable w.r.t. BR*S* BU*F and such that

(ij c(t,x,u,w) is Fy adapted, each (x,u,uw)

. +
(11) O< c(t,x,u,w)< Cq<= , SoOme c4eR , all (t,x,u,uw).

t . . .
(b) Let r (w) be a non-negative function detined for
pe-)

weﬂ,s,teLU,Tf] such that s<t, and rg(m) is F¥ adapted and
&

t. . .
Bp"F measurable. 1 {(w) shall also be unitermly integrable

19
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and has continuous sample paths for fixed w. Also

t t t
3_ .2 73
r.o=r. " r.,~ a.s. P for t;< t,< t;.
1 2
t_
rt = 1 a.S. P

(c) Set Gf(m):Q+ R* be a non-ﬁegative Fo measurable

function such that Gf(m)< Cq<= , some c, ek, all weQ.

For each control policy uer, a cost Jfu) is incurred,

where
T

Ofo(m)} .

(3.6)

J(u) = E O/ rzc(s,x,us,m)diu(s,x) + 7
Lo,Tf]xX
and Eu(.) denotes taking expectation w.r.t. the

PU measure.

Remarks 3.2.

By the boundedness assumptions on c,uu,Bu,Gf , J{(u)<e=
for each uev . rg(m) is the discounting factor and reflects
- the fact that future costs are weighted differently from
present costs, usually less heavily. c¢ is the instantaneous
cost rate and Gf is the terminal cost incurred at time Tf.
The predictable process iu(t,A) is chosen as the integrator
as it is more general than A(t,w), the basic integrated
rate of the process (normally Lebesgue's measure). There
is no difficulty involved in replacing 5u(t,A) by some
other increasing process A(t) or Lebesgue's measure.

Remarks 3.3.

Since q"(t,A) = p(t,A) - p(t,A) is a (rY,P)

martingale, therefore the stochastic integral

i rzc(s,x,us,w)(dp—diu)
(o,Tfj xX
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is a zero mean (Fz,Pu) martingale, so

- ~u
Eu{ i) rzc(s,x,us,w)(dp—dp J} =20
(o,TflxX

We can therefore rewrite (3.6) as

T
: £
Jw) = E { J roc(s,x,u,w)dp(s,x) + 1, 6}
(o,Tf]xX

The cost thus increases only at the epochs on [O,Tfl .

Statement of the Optimal control problem:

The optimal control problem is to find a control

u*év such that

J(u*) = J* = inf J(u)
uey

(3.7)

Such a u* is called an optimal control and is charac-

terized by the property:
J(u*) < J(uy, all uev .

Remarks 3.4.

The above fixed interval problem can be transformed
into a random time interval problem by replacing the
integrand of J(u) by I{S<T{w)}c(s,x,us,w), where T(w) is
any bounded Ft stopping time.

Our control problem is formulated hereAwithout the
assumption of total inaccessibility of the stopping times
{Ti,i=1,2,.;} .What-tnis amounts to is that the predictable
process 5(t,A) can have discontinuities.

This clearly is a desirable feature, for in certain
problems like inventory control, one would like to have

a model in which .there can be a positive probability of
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occurence of deliveries or demands at fixed instants of
time; These instants would correspond to the discontinuities
of the predictable process 5(t,A). Such problems are there-
fore included in our set up. One restriction of the model
used by (8) is that they requifed total inaccessibility of
the stopping times'{Ti} . This is because their version

of the martingale representation theorem in (9) is other-
wise invalid. The assumption of total inaccessibility is
also inherent in (50) and (48). This is because they were
both dealing with conditional probability density (or rates)
of occurrences of jump times, and therefore require the base
integrated rate to be Lebesgue's measure which does not
permit discontinuities.

3.2. The general principle of optimality.

In this section, the first set of necessary and
sufficient conditions an optimal control must satlsfy.are
derived. These conditions are known as the principle of
optimality because dynamic programming techniques are
involved. By wusing a concept known as the e-lattice
property, we are able to prove the principle using fairly
straightforward techniques.

For u,v,sv ,define

Hi

(u,v,t) = { u(s) if s<t

v{s) C O if st

Then since v is clesed under concatenation, (u,v,t)ev .

For te[O,Tf], the following process is well defined.

~

T
‘s bt 4 v 2. f y
u,v,t{ S ltC(S,X,vs)dp S R /Ft} (3.8)
(t,Te] xX

¢'(U3vs t) = E
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¥ (u,v,t) represents the conditional expected cost incurred
aftér time t, evaluated at time t, given the information
sigma field F{ and that the control u is used up to time
t, after which v is adopted. It is called the remaining

cost function. .. e

Now ¢ (u,v,t) is by definition integrable and
1 y
Ib(u,V,t)e L (Q,Ft,Pu)

(because of E {¢v(u,v,t)} = Eu{wtu,v,t)} s

u,v,t
see (iv) in the definition of v in sec.3.1.)

Now L1 is a complete lattice under the natural
partial ordering for real valued functions. See (26) IV8-z2.
Hence the following Pu essential infimum exists.

= i 1 y
W(u,t) = inf y(u,v,t)e L7(Q,FL,P )
u
VeU
(3.9)

W(0) = J*,
W(u,t) represents the lowest expected cost achievable
after time t, evaluated at time t, and given the informa-
tion F{ and that control uev had been used up to time t.
It is known as the value function of the control problem.
Notice also that (W(u,t),F¥,Pu) is a stochastic process
adapted to F{ , as is the remaining cost vu,v,t).
Remarks 3.5.

It is usual to evaluate the costs at time 0. To do
this one mercly multiply W(u,t) and y(u,v,t) by rﬁ . This

is allright since rg is by definition F{ adapted.

One can, if one wishes to, detine an.alternative

remaining cost function as follows: let

- T
¢ (u,v,t) = E{L(u,v,t) - s rsc(s,x,v)dpV + T fG_ /FY}
t t °f

t
(t,Tf]xX
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Where

dP ) .
L(ugv,t) = —(uy,1)

Theri for similar reasons as $(u,v,t)
1 y
vaﬁkl,m,ﬂ?P&.

¢ (u,v,t) is also a sort of remaining cost function and is retated

to y(u,v,t) by

¢(u,v,t) . ¢(u,v,t)

E{L(u,v,t) /F{} E{L, (w) /r)}

p(u,v,t) =

The value tunction corresponding to ¢(u,v,t) can then be defined
to be:
= 1 y
V(u,t) = inf ¢(u,v,t)e L7(Q, FisP)
veU _
We shall be chiefly concerned with using ¢(u,v,t) and W(u,t)
in this thesis.

Definition3. 3.

'The class of controlsuv is said to possess the e-lattice property.
w.r.t. the remaining cost function y(u,v,t) provided that for each

>0, U,Vy,VyeU , tqp,Tf] , there exists a vev such that :
y(u,v,t) j_w(U,Vi,t) + g, i=1,2. a.s. (3.10)

Remarks 3.6.

This definition is adapted trom a.version used in (56). It
replaces the stronger relative completeness property used by ‘the
authors of (19) and (8) . THis latter property is detined as: For
each e¢>0,uev , tdO,Tf] , there exists a veu such that ¢ (u,v,t)<W(u,t)+e .
Clearly this condition implies (3.10) since W(u,t)gp(u,vi,t),a.S-,i=1,2.

In addition to its simplicity, the e-lattice property proves to be

eaglly verifiable in the Markov situation, when the relative completepess

1s difficult to show.
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Lenma 3.1.
The class v of F{ predictable controls has the e-lattice property.
Proof:

In the definition (3.3), chovse the policy veU to be :

vEs) =y u,vy, b uvy, )3 V2 Ty, tiseu,v,, 0
for se [t,T; 1.

The reason .that veU is that vy

cator functions on the right is F{ measurable, and hence Fg measu-

rable since s>t and Fz pj F{ . Clearly then

V€U  and that each of the indi-

¢WNﬂ)iwwﬂPﬂ'+e a.s. i=1,2,

The reasoning above would fail if, for example, F{ 1s not increasing.

Lemma 3.2.

For each te[O,T

f] , “h>0 , such that t+he[t,Tf] , UeU , we have

inf E {rt+hw(u,v,t+h) /Fy } = E {inf rt+hw(u,v,t+h) /Fy } a.s.
u't t u t . t
velU VeU
Proof:
From Lemma 3.1, v has the e-lattice property. The proot then
follows as in theorem A2 of (56). See also the Appendix for a version

of this proof.

Equipped with the above two lemmas, we are now in a position to

state and prove the main theorem of this section.

Theoremn 3.3.  (principle of optimality.)

Given any te[O,Tf], h>0 such that t+he[O,Tf] , we have for all uev

. ~ y +} . ; .
W{u,t) S.Eu{ I ric(s,x,u)dpuLs,x) /F%] + Eu{rt ln’(u,c+h) /F{; a.s.

f Y = R Y o e 2
Wu,To) = B (G (w) /rTf) GaS. (3.12)

Furthermore, u is optimal if and only if equality holds in (3.11}).
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Proof :

Since inf y(u,v,Tg) = inf E {Gglw) /‘%f} = E {G.(v) /F¥f} ,
VeU VeU
equation (3.12) follows. To prove (3.11), note that for all vev ,

W, t) v(,¥,t) = B, o (1 ricls,x, v )dp’ /F)}
(t,t+h] xX
- T
: S -yav, . £ y
+ Eu,? t{ s rtc(s,x,vs)dp + T, Gf(w) /Ft }
(t+h,Tf] xX
Now let v = (u,v,t+h), some v €U, then it is easily seen that

W(u,t) < E{ f ric(s,x,wdp"” /r]}

(t,t+h]xX
T,
. : S . v f y
* \1rnzf1 By,v,tenl  Tee(s,x,v)dp” + 17Gy /ry
€ (t+h,TIxX

= Eu'{f ric(s,x,u)dpu /F¥}

(t,t+h]xX
+ inf E {rt“l‘p (u,v,t+h) /F’}
veU u,v,t+h" "t 27 t

But from lemma 3.2 and 3.1, we know that the infimum and the condi-

tional expectation can be interchanged. And since

t+h

. - o
u,v,t+hl T E v(u,v,t+h) /r} = E { vy W(u,t+) /p}é}_

VeU

E

the inequality (3.11) follows.
It remains to prove the final assertion. Suppose u 1s optimal, then

trom the definition of the value function,

» T
- > f

Wu,0) = J* = Eu{ I rzc(s,x,u)dpu +  f r(s)c(s,x,u)dpu T, Gf}

(o,t1xX (t,TelxX
. - t
= Eu{f rgc(s,x,u)dpu}-+Eu{r0w(u,u,t)} (3.13a)
(o,t]xX
Now -apply (3.11) with t=0, h=t to get :
W(u,0) 5_Eﬁ{ / rzc[s,x,u)dpu/F¥} + Eu{r;w(u,t)} (3.13b)

{0, t]xX
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Comparing (3.13a) and (3.13b) shows that
Eﬁ{w(u,u,t) - Wu,t)} <0.

But

¥ (u,u,t) Z_W(u,t) a.s.
Hence we get
v(u,u,t) = Wlu,t) a.s. (3.14)

which implies equality of (3.11). Conversely, it equalaty holds in

(3.11),t1et t=0, h=T; , then
* : S ~“u Tf
J* = W(u,0) = Eu{f roc(s,x,u)dp * T, Ge} = J(u)
(o,Tf]xX

and hence u is optimal.

This completes the proof.

Corollary 3.4.

For all uev , te[O,Tf] , the process Mﬁ detined by:

S “u
M% = rEW(u,t) +E L/ roc(s,x,u)dp /F{} (3.15)
(0, t]xX
is a (F{,Pu) submartingale. It is a martingale 1f and only 1f

u is optimal.

Proof : This follows immediately from (3.11).

‘Corollary 3.5.

~1f u*ev is an optimal control, then for each ta[O,Tf]

Wlu*,t) = y(u*,u*,t) = Eu*{ s ric(s,x,u*)dﬁu* + Gf /Fz}
(t,Tf]xX

Wu*,Tp) = B «{Gelv) /F.)lr.f}

Proof : Follows from (3.14) in the proof of theorem 3.3.

[USEmI
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Remarks 3.7.

Theorem 3.3 is one of the main result in (19), being éast in
a different framework from ours. They had to use the stronger relative
completeness concept to prove the theorem, an unnecessary procedure,
as we have shown. The advantage of using a simpler concept like the
e~-lattice property becomes even clearer when we investigate the
Markovian case, where we no longer have increasing information.
Corollary 3.4 is the version of the optimality principle proved
in (56). The interpretation of M% is the expected total cost evaluated
at time t with the available information F{ , given that control u
was used up to time t, and an optimal control law used afterwards.
The submartingale property means that if a control ﬁ is used for a
longer time, the expected cogt should increase. The martingale pro-
perty says that this increase is zero if and only if u is optimal.
Since all uniformly integrable'(Fi,Pu) martingales have the
form Eu(g(w)/f{), some measurable r.v. £(w) , the optional sampling
theorem of (45) is applicable., Hence for any two 7 stopping times

t

S,T such that S<T, a.s., vie have:

U Y- u
Eu{MT,Tf /FSATf}-l MSATf a.S.

for all uev , with equality holding 1f and omly if u is optimal.

<
i

3.3. Cowplete information situation (] = F.).

T

Optimality conditions for the situation in which we héve complete
observations on the past is investigated in this section. We are treating
this problem tirst because only in this special case do we obtain
some significant results that are likely to be applicable in practical
situations. Anyone dealing with such control probiems who has access
to the entire past observations of the process can just read this

section and ignore the next one dealinp with optimality conditions
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with partial information.

A property that considerably simplifies the analyéis in the
complete information situation is that the remaining cost function at
time t is independent of the past control. This is made clear by the

following lemma.

Lemma 3.6.

If F?c' =Fg, then the remaining cost function y(u,v,t) defined by

(3.8) does not depend on the control u.

Proof : )
From (3.8)
s vV Tf
y(u,v,t) = Eu,v,t{ J rtc(s,x,v)dp + Ty Gf /Ft}

(t,Tf]XX

Using a result of Loeve in (44) sec.24.2, we get

- T
E{L(u,v,t) / rsc(s,x,v)dpv + rthf /Ft}
Ylu,v,t) = (t,Tx X
E{L(u,v,t) /Ft}
E{LT (u,v,t) /S roc(s,x V)df)v-'*' rTfG- /F.}
- £, tf Ut
E{Ly (u,v,t) /Ft}
£ (by an applicaticn of
the iterated conditional expecta-
tion rule. )
Te s -y Tg
E{L, (w) L (u,v,t)} S ric(s,x,v)dp’ + r G /Ft}
= (t,Tf]xX
Bily (u,v,) /ry)
where
(u,v,t)
LTf(uv t) = LTf ,,
t 2%

From equation (3.4), we see that :
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T T T.

c f

Ltf(u,v,t) = Ha(s,vs)s(s,xs,vs)exp{-f tt(av(r)-l)dAr} I, wv) .
1:<s_<_Tf
xs#xs-

where .
T HT (U,Vyt)
fey =

I, v) = ———

Ht(u,v,t)

and is independent of u.

From lemma 2.8,

T, E{LTf(u,v,t) /Ft}
E{L, (V) /Ft} = =1 a,s.
L, (u)
so that
Te . s -y g
¥(u,v,t) = E{L (v} s ric(s,x,v)dp’ + T, G }/Ft}
(t,Tf]xX
=y(v,t).

and 1s independent of u. This completes the proof.

Corollary 3.7.

When F{ = Fy, the valqe‘functlon W(u,t) defined in (3.9Y) is
independent of the control u.
Proot:

W(u,t) = inf y(u,v,t) = infy(v,t) = W(t)
-VeU veuU

independent ot u.

Remarks 3.8.

The fact that there is only one value function at each time t
is the main reason for treating the complete information case With

such importance.
Mg defined in (3.15) is now given by :

Mﬁ ={s rgc(s,x,u)dﬁu + rEW(t)} (3.19)
(o,t]xX
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and is a (Ft,Pu) submartingale for all uev , and a martingale it and only
_if u is optimal.

1f u*ev is optimal, then rEW(t) is given by

t ' s LA Te |
T W(t) = Bl f Toc(s,x,um)dp  + T Gg /i) (3.17)
(t,TdxX

For ta[O,Tf] , define ' .= inf{ s>t : x_#x,_}. 7, 1is clearly a F

t t t
stopping time. It is the first jump time of the process after time t.

Let 0= (rtATf) . Then o, 1S also a Fe stopping time.

Lemma 3.8.
For each ta[O,Tf],

. - c
rEW(t) = inf E&{ i) rzc(s,x,v)dpv’+ rotW(ct) /Ft} a.s.
veU :
(t,ct]xX
Proof :-

It is equivalent to proving that for each uev ,

M% = f ric(s,x,u)diu + rEW(t)

(o,t] xX
-~ ~ ag
= J rzc(s,x,u)dpu + inf EV{ i) r(s)c(s,x,v)dpV + rttw(ot)/pt}
(0,t]xX VY (0] XX

Write (u,v,t) = w for each u,vetU . Then from the definition of the

value function and optional sampling theorem,

M

o o
[ ~¥
S roc(s,x,w)dpV + rttW(ot)

g
t
(o,ct]xX
3 W Tf
< B0 7orels,x,wydp” + 1 Ge /F_ )
(o,Tf]xX t

£t a.s., we can take conditional expectations given Ft on

both sides and apply the iterated conditional expectations rule to give :

And since g

o
S W t
E L f rjc(s,x,w)dp” + 1, W(Gt) /F}

(0,0, )xX

t
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- t
< BEAEAL S rf')c(s,x,w)dpw + 1, Gp /T }/Ft}

t
(o,Tf]xX
3 W Tf
= Ew{ S roc(s,x,w)dp + T, Gf /Ft}
(0, T, ]xX

which can be rewritten as :

. ~ - : ~ O
I r2C(s,x,u)dpu +E L J rzds,x,V)de + rotw(ot) /F.}

{o,t]xX (t,0.]xX
S ~u s na Tf '
< Jre(s,x,u)dp + E { f rcls,x,v)dp” + r G /Ft}
(o,t]xX (t,Tf]xX

Taking inf on both sides yields :
veU

- . ., .G
J rf)c(s,x,u)dpu + inf EV{ i) r(s)c(s,x,v)dpV + rotw(c ) /Ft}

(0;t]xX Ve (0, 1K t

< J r(s)c:(s,x,u)di;u + rEW(t)

(0,t] xX

It remains to prove the inequality in the opposite direction.

Since the controls w and u agree on [0,t] , we use the optional
sampling theorem and the submartingale property of the principle of
optimality to yield :

: c
v -
M‘é = I»ffc' < Ew{ﬁot /Ft} = EW{ s ch(s,x,w)clpW + rotW(ot) /Ft}
(o,ct]xX

-~ - g
S
s roc(s,x,uydp” « E L J roc(s,x,v)dp’ + T, W(o,) /F.)

(0,t]xX (t,0,1xX
Taking inf gives
VeU
- : - o
Mlt] < [ rzc(s,x,u)dpu + inf EV{ J réc(s,x,v)dpv + rotW(ot)/Ft}
(o,t]xX Veu (t,ctjx)(

. (3.19)
(3.18) and (3.19) establish the resulit.
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Remarks 3.9.

The previous lemma states the stochastic dynamic programming
equation which the value function satisfies. Using it, we have
effectively reduced the problem of finding optimal controls on [t,Tf]
to one of finding optimal controls on [t,ot] . Thus if the next jump
time after time t occurs before the terminal time T,, then, conditioned
on F., one can rest}ict one's attention to seeking optimal controls
frqm the presént time instant t till the next jump epoch. And due
to-tne piecewise constant path property, an optimal control on{t,o.] ,
if it exasts, and te(Tk_l,Tk] , Will be only a function of wk_l(w) and
t, i.e. of the form u*(wk_l(w);t) . This means that the optimality
criteria has the same form on the interval [t,ct] .

This approach was also used by Stone in (54) to obtain necessary
and sutficient optimality conditions for controlled semi-Markov
jump processes.

Note that lemma 3.8 is even more obvious if we assume the existence
of an optimal control u*. For it is clear that optimizing over controls

vey is the.same as optimizing over controls ot the form (V,u*,ct), where
(v,u*,ot)(s) = v(s) if 5204

u*(s) it s>o, .

The following theorem is the main result of this section, it

gives an optimality criteria in terms ot a pointwise minimization.

For this reason it is also known as the minimum principle.

Theorem 3.9. (Minimum principle.)

u* ey is an optimal control if and only if there is a measurable

function g:oxY»R with geLioc(p) such that for each te[O,Tf]

My = J* +( s ;g)(dsc,X)dq*(s,x) a.s. (3.20)
o,t
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and at almost (dJ\t) every point , ts[O,'l'f] , U* minimizes the

Hamiltonian

a(t,ut) IHg(t,x) + rgc(t,x,ut)} B(t,x,ut)k(dx,t) (3.21)
x .

(N.B. the superscript * denotes the control u*)

Proot:
From the principle of optimality the control u* is optimal

if and only if M;‘; is a (Ft,P*) martingale. Hence if there exists

1

1 OC(p ) such that (3.20) holds, then u* 1s optimal. This proves

a geL.
the sufficiency part. To prove the necessity part, we need to show
that a u* satisfying (3.20) also minimizes the Hamiltonian (3.21).

Now for any control ueU ,

My

I rzc(s,x,u)di;u + rgw(t)

(0,t1xX
= M:E + J rf)c(s,x,u)df)u - J ric(-é,x,u*)dfa*
(0,t]xX (0,t]xX

-

Substituting equation (3.20) gives

Mlé =J* + [ g(s,x) (dp-d1~)u+d1’;u-df)*) + f r(SJc(s,x,u)dpu - J ric(s,x,u*)dfy*
(0,t]xX (0, t]xX (0, t1xX
=J*+ f g(s,x)dqu + [ {g(s,x) + ric(s,x,u)}df)u
(0,t]xX (o,t]xX
- J {g(s,x) + ric(s,x,u*)}dﬁ*
(o,t]xX (3.22a)
Writing
mlé = f g(s,x)dqu
(o,t]xX
a¥ = 1 ((gls,0) + rc(s, W)Y - (gls,%) + roc(s,x,u*))dp*}

(0,t] xX
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so that
u _ oo u u .
Mt J* + me + ag (3.22b)

where mg is a (Ft,Pu) martingale and ag 1s a predictable process of

integrable variation. Moreover by (63), ‘theorem IV 32, Mg 1s a
"semimartingale speciale'', and the decomposition (3.21) is unique.
Now from the Principle of optimality , ME

martingale. And from (45), V1 T 16 , Mg has a right continuous

is a (Ft,Pu) sub-

modification denoted also by Mg such that it admits the following

unique decomposition.

M‘; =J* + ﬁ‘; + 5‘; (3.23)

with ﬁg being a (£,P ) martingale and 52 a predictable increasing
process. Comparing (3.22b) and (3.23), one has by uniqueness,

m, = mt s and a_, = a
u

Hence we see that ap

can be written as

is an (a.s.) increasing process. But since ag

ag = [ {f{(g(s,x) + rzc(s,x,u))au(s)su(s,x)
(0,t) X
N - (gU5,X) + ToC(s,X, U (5) B (S,x)} A(dX,s) pdA,

Wwe infer that the integrand in the above expression is non-negative, 1.e.

I (g(s,x) + rzc(s,x,u))au(s)Su(s,x)x(dx,s)

X
-1 (gls,x) ¥ rcs)cts,x,u*))a*(SJB*(s,XJAt¢Y,S) >0
X a.s.dAS .
so that
axls) £ (g(5,%) + Toe(s,%,u7))B (s, X)A1dx,S)
X

= min a(s,uw) S (g(s,x) + rzc(s,x,u))ﬂ(s,x,u)Ade,s) a.s.dAs

uey X (3.24)
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- Thus an optimal control u* minimizes the Hamiltonian given by (3.21).

This completes the proof.

Remarks 3.10

Equation (3.24) is a "true" minimum principle as one has a
pointwise minimization over the space ot control values U. This is
analogous to results obtained in applying dynamic programming theory
to deterministic controlled systems modelled by ditferential equations.
Whereas in deterministic systems open and closed loop controls are
equivalent, the feedback aspect here manifests itself through
requiring all the terms inside the Hamiltonian (3.21) to bé F adap-
ted. The Fo adaptability also means that . these terms may not be
compietely determined if the information available is partial. One
thus expects less satisfactory results for this more general situation.

This 1s dealt with in a latter section.

As we observed in remarks 2.3, integrands associated with a martin-
gale representation have explicit representations due to the struc-
ture of the jump process. Thus one would expect g(s,x) of the
equation (3.20) to have an explicit form. This is obtained as follows:
Let u* be the optimal control of theorem 3.Y. From (3.20),

for each te[O,Tf], we have

M{ =J* + [ g(s,xdq* = [ ric[s,x,u*)dﬁ* + réW(t)
(o,t]xX (o,t]xx

P

To enable us to use stopping time arguments like those in sec.2.4,
let us extend the definition of M% in (3.16) on to R' by defining
. . . <+
ME = M%f , for all t Z_Tf' Then M; is a LFt,P*] martingale on R .
From lemma 3.8, since u* is optimal, we have
_ s - Oy -
rEW(t) = E*{_ / roc(s,x,u*)dp* Ty W(ot) /Ft}
(t,ot]x)(
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Hence M,’E can be rewritten as

My =J=+ S g(s,x)dq*
(0,t1xX

. ) . :
=EJ{ f rcs)c(s,x',u*)dp* + rotW(ct) /F.}

(0,0,]1xXX

Using the shorthand Ti £ = Ti"Tf , we follow the conventions ot sec.2.4

(2.19)-(2.21) and define for >0,

i

T T (1) .T,

% REEN Ml WY
- S - 'ka
=E.{ S roc(s,x,u*)dp* + T W(’l‘kf)
(0, Ty g]xX
- r(S)c (s,x,u*)di;* - rvlka(Tk_lf) /Hl;}
(0, Ty 141X

Then as in sec. 2.4, X]; is a zero mean (HI;,P*) Iflartingale.
Rearranging and noting that ng* (t,A) and qk* (t,A) are zero

on ‘[O’Tk—ll , we obtain

Xi= 1 gN(s,0d"
(0, (r+Ty_1) T ] xX

T. T
_ ~k k k-1f, .. k
= Bl S 13c(s,xu)ep’ ™ + 1 W) - 1T /)

(Oska]XX
So as ‘in equation (2.22 ) , we 1dentiry a measurable function h® :

K X ,
h (TK’ZK) =h (wk_l(w) ’Tk’zk)

T
S ~k kf
J rocgs,x,ut‘)ap =+ T, W(ka)

} (o,ka]xX

and using the short}.land Ik(t) =1 {te(Tk—l’Tk]} , mTk"T_f)\Tk% = Wk(t,x),

=X

r

the integrand gk is given by (2.24) for each tg[O,Tf] as:
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I

Ik(t){ hk(t’x) - t<Ck*)?€ J hk(s x)du:l*(
t (t,=]xX

I, (g (£,%)

Ik(t){ i) roc(s X u*)dp * 4 rgwk(t,x)

(o, t]x X
. R G STTC IR u*)dp"*
T tacks)
_;E t (t, m]xX (o,s Tf]xX
_ S.T
s (s, Yut (s,%))

Bringing the first integral into the second yields :

Ik(t)gk(t,x) = L () { T, (£,%)

s.T

I(t<ck*)~i£ P el e a4 (5,0 1k %0
(t <} xX (t,s Tf]xX
where
Ke(n) = mf( t: Fr(nst) = 0}
The second term on the right is merely
~k Tyg
Ik(t)E*{ s roc(-r,g,u*)dp * 4 T, (T1 f) /FT 1’ k>t}

(t, Tyl XX

which upon the application of lemma 3.8 , becomes

I (t)E.{ row(t) /FTk_l, T ot)

I (t) Eld r‘éW(t) fr}

Ik(t) nt

where

ng = E.{ rg’W(t) /F._}
We thus conclude that
LX) = LT 1 (£,%) - )

The above is summarised in :



—74-

Corollary 3.10.

The integrand g in theorem 3.9 is given by
1 .
glt,x) = glt,x,w) = (g (t,x), if t<Ty
k ) .
g (wk_l(w),t,x) if te(Tk_l,Tk]

where
I (05w, _; W)5t,%) = T (1) W (t,%) - n,
n, = E.{ rEW(t) [P}

(3.25)
Wk(t,X) = W(Tk'\Tf) Tk=t

Zk=x
h® = Lite(r .1 D

Further the Hamiltonian that an optimal control minimizes is now

given by :

H(t,ut) = a(t,ut)f f{IEW(t,x) + rgc(t,x,ut)}B(t,x,ut}l(dx,t) - nt}

X
(3.26)
where
W(t,x) f”W(ot) —t
ZG =X
t
Remarks 3.11.
In the above notations, we thus have :
H(t,u;) = min H(t,u) ‘ (3.27)

uel
for any optimal control u*ev .
Equaticn (3.27) is the main result of this section. All the terms
that constitute the Hamiltonian H(t,ut) are Fy adapted. Hence one can

theoretically perform the minimization (3.27) and obtain the value of

the optimal control u* at time t.
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A slightly different version of the above problem is to define

the cost function J(u) as :

T
= g S
J) = Eu{ i roc(s,xs,us)dAS T,

(O,Tf]

£6ew)} (3.28)
The arguments of lemma 3.6,corollary3.7, lemma 3.8 still hold.true.

Following a proof as in theorem 3.9, the Hamiltonian to minimise is

now given by :

ﬁ(t,ut) = rgc(t,xt,ut) + a(t,ut){ i) TEW(t,x)B(t,x,ut)}\(dx,t) - nt}

X
(3.29)

The cost function J(u) has the same form as Rishel's in (50), where
Ag is taken to be s. The Hamiltinian H is indeed also in close agree-
ment to Rishel's version given in equation (39) of his paper. On

the other hand the results stated here are not restricted only to
the special case A=s but to more general forms of underlying

procability measures.

The next theorem derives a differential equation analogous to
Hami1ton-Jacobi-Bellman equation obtained in Dynamic programming theory
applied to dynamical systems. Since it is closely coupled to the
miniman principle, we can also look at it as an "adjoint equation"

analogous to that of the Pontryagins maximum principle.

‘Theorém 3.11.

If u*ey is an optimal control and A(t) is continuous in t,

then the following differentiaticp formula holds :

dny

= -H(t,uf) , each te[0,T,]
dA A

t
(3.30)

where e is defined in (3.25).

o\
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Proof :

From lemma 3.8 and the definition of ne in (3.25), we have

- o
n.= EJ{ s rzc(s,x,u’_‘)dp* + rotW(ot) /Ft_}
(t,ot]xX
so that we get

T.
~ kf
L (On, = L () Bl J roc(s,x,u*)dp* + v~ W(T ) /Fp

Ty_q-Ty>t!

= ;k[tJ —_K' f{ {5 c(r E u*)dp* + r k(s’x)}I(SETf)
(t ©] XX (t,s]xX

T
+ {7 roc('r,g,u*)dp* + T G }I( ST )} dug (s ,X)
(£, T xX

Now since A(t) is continuous in t, we have

t
. . X
F],é* = exp{-—éak(r) dAr}

1

* * k k*
duk(s,x) Bk(s,x))\ (dx,s)dFs

F]s(*a]’z (s) BE(S ,X) Ak (dx,s) dAlg

which means n, is differentiable w.r.t. A, so that for each te[O,Tf]

dn

() —& = I (t) {aft) e

Ty dAt k2 Tk
+L*_d_.£ I St c(T,E,u )dp I(s<T RRE: C(1,8,u )dp*I(S>T )

£ I (eexX (9% (t, Tf]xx
. duk(s,x)
P S W (s,%)1 +TfG } dug(s,x) }

?*—EAEJ T s,X) (in) Ty Of (>T) W=

t Tt (t,m]XX |

The last term on the right is
. k. N g k
—Ik(t)—i‘;* £ T (e, Fr af(6) 85,02 (x,t)

=~ (t) 1 15N (£,085 (£, %3 (ex, 1)
X
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The middle term on the right is, using the Leibniz's formula for
differentiation,
“I (1) £ rhe(r,E,u)a () 8t (t,) K (dx, )
k o T’ 2 k k H ?

X
so that we finally have

Ik(t) EA—K = Ik(t)al’;(t){nt -7 {rovk(t,x) +.,roc(t,x,u;‘:)}
t X
B2 (t, )2 (dx, 1)}

and since this is valid for all te[O,Tf] R kez* , we conclude that

dl’] *
—L- W) n - S rg{wu,x) + c(t,x,ut)}8 (t,A(dx,1)}
A
t X
= - H(t,uf (using (3.26))

This completes the proof.

Corollary 3.12.

I1f u*ev is an optimal control and A(t) is continuous then,

—— = - min H(t,u) = - H(t,u{) (3.31)

dA ¢ uel

for all tsfo;Tf] .

Proof :

Follows from the minimum principle and the previous theorem.

Remarks 3.12.

(3.31) is in a form closely similar to Pliska's version for
controlled Markov jump processes. Rishel too had a similar "adjoint:"
equation. Observe that for 1';W(t) to be differentiable, the base
rate At must be continuous (e.g. Lebesgue's measure ). When At is

not necessarily continuous, one can, in place of (3.30), derived an
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integral equation. This is

N v(s) *
n, = J* + [{rW(s) ~ ——— 1} o (s)dA
° 1-a (s)aA S
(0,t] S (3.32)

fsyan 2
P LG LS

s<t 4 -a*(s)AAS

where

¥(S) = FLW(s,x) + Toc(s,x,uB8(s,X,u$)A(dx,s)
X
The one jump version of the above formula is derived in (20). Note that

(3.32) reduces to (3.30) when An,= 0, all t, as it should.

3.4, Meyer's method.

From Meyer's book (45), (VII T 28,T29) , we know that for each
right continuous potential of class (D), there exists an integrable,

natural, increasing unique process (At) , which generates Xy and

such that for every stopping time T (w.r.t. F_ in our case ) we have

t
AT = w lim A?
ho
where the weak limit is taken in o(Ll,Lw), and where
ot
AL = L ix - Blxg, /r) s, teR*
o}

We show in this section how the above result is related to cur
minimum principle. The methods used here will also be required in
the next section dealing with partial information. Since Lebesgue's
measure is used by Meyer in the above formula, we assume As=s in
the rest of this section. However, it is almost certain that one

can replace s by more general forms of increasing functions without
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invalidating Meyer's proofs of the theorems VII T28, T29 in (45). This
means that the results in the sequel can be readily generalized to
include more general forms of A,.

Define for each uev , te[O,Tf]

w(u,t) rg v(u,t) - rEW(t)

T
E, { f roc(s,x,u)dp” + rf6. /r ) - My (3.33)
(O,Tf]XX

The first term on the right is a right continuous wumiformly
integrable martingale while the second is a (Ft,Pu) right continuous
‘supermartingale (due to the negative sign) by the principle of
optimality. And since 1lim w(u,t) = 0 , w(u,t) is a right continuous
potential. It is of claggm(D) due to the umiform boundedness of the
cost function. Heﬁce w(u,t) admits a Doob-Meyer decomposition, and

there exists an integrable, increasing process A% which generates

w(uyt), further this process is umique, and
i

AL = w Lim=— J{ w(u,s) - E,(wlu,s+h)/r)}ds (3.34)
hso h u
(o,t]
Now since M% is a (Ft,Pu) submartingale, it also admits a Doob-Meyer

decomposition. The increasing process associated with it must also be

A% as ME and w(u,t) differs by a (Ft,Pu) martingale. Hence we have

U _oy U, pU
M, =J% + N + Ag

. u . u .
some (Ft’Pu) martingale Nt . So we can rewrite At of (3.34) as :

u _ .1 u
At = w lim—S{ —Mg + Eu(Ms+h/Fs) }ds (3.35)
h»o h (O,t]

Now define for uev , te[O,Tf]

u . 1 -
Bt w 1lim ———-Eu{ w(u,t) - w(u,t+h) /Ft}

hso h (3.36)

g 1o u _,u
v Lim O NS
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We know the above limit exists by following an argument similar to that
in lemma 4.1 of (19).

The following lemma then proves that :

A}c‘ = B‘;ds a.s. (3.37)
(o,t]
Lemma 3.13.

Let (2,F,P) be a given probability space and f,fn ‘xR -R

be a sequence of bounded jointly measurable functions such that for

each seR’
fn(.,s) -+ f£(.,s) weakly in U(Ll,Lm)
Now
Then
t t +
I fn(.,s)ds >~ f £(.,s)ds , for each teR
° e 0 weakly in U(Ll,Lm)
Proof :

For eeLm(Q) we have

t
e 1 { £ (v,5) - £(u,5)}ds dP(w)
Q 0
t
= 1 I8 £ (v,5) - £(u,5)} dP(w) ds
°f (having used Fubini's
= fta (S)ds ) theorem)
0 n

(3.38)

where by hypothesis, for each seR’

(5 = 8@ { £,(0,9) - £(u,8)} &PW) > O

e

But since the functions are all bounded, we can apply Lebesgue's
bounded convergence theorem to give :
t

! an(s)ds > 0 each teRf
o nme

From (3.38), we now see that this implies the required result.

This completes the prcof.
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Remarks 3.13.

Compare the above lemma with lemma 4.1 of (19). A% always has
the form (3.37) by theorem VII T29 of (45). The above lemma shows that
in this case B% is given by (3.36). This is helpful in obtaining

an explicit expression for Bg.
Lemma 3.14.

Suppose u*ev is an optimal control, then for each te[O,Tf]

u
Bt = H(t,ut) - H(t,u{) a.s. (3.39)

where H(t,ut) is the Hamiltonian defined in (3.26).

Proof :
In the following, we shall use the strong limit, as it implies
the weak limit if the former exists.

From (3.36) and the definition of Mg in (3.16), we have
BY = liml (B { 1 PW(t+h) - TN(D) /r )+ BL S 1oe(s,x,u)dpt/e )
hoh W O o) t u ) t
(t,t+h]xX

if the limit exists.

Again using the shorthand I, (t) = we have
k Ti]}

I
{te (Tk—l )

T (8) By(ry WO Jeg) = GG, S T (00
t  (t,t+h]xX

t+h _t+h

+ ;‘Ru—ro W(t+h) }

t
and

Ik(t)Eu{ I3 ric(s,x,u)dﬁu/Ft}
(t,t+h]xX

R :
= LU S re(smua G0N @,s)ds + o))

Fe (t,t+h]xX
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Hence provided the 1limit exists,

L (OB = I, () Qim L 7 5 (s,0d0 + —CB t+hW(t+h)
k t k o h ;Eﬁ ok k ;Eﬁ
(t, t+h] xX t

~ rgW(t) + ;EEE ! rzc(s,x,u)aﬁ(s)Bi(s,x)lk(dx,s)ds}}
(t,t+h]xX
(3.40)

The first term on the right of (3.40) is

I, (t) gg% glc—u h riwk(s,x)alli(s)Fls(uBE(s,x)lk(dx,s)ds
(t,t+h]xX

= T (®) (0 T (6008 (@x,0)

The second and third term of (3.40) are

t+h t+h )
I (t) lim— Lim—- im— { “Eu_ W(t+h) - rg’W(t) }
t .
F]‘gh - e o THCEh) - x(E)
= L(0) lim { ———— 15 W(t+h) + }
ho | h R h

. . . . +
Now since A=t Fﬁu is absolutely continuous. And since for each teR

P*(Tk=t/FTk_1) = 0, we have

I (t) n, = L (t) E*{rgW(t) /FTk_l, T >t}

I (DE,{r JH(t) /FTk_l, T, >t}

'Ik(t) E {ri(t)/r }

I, (1) rg‘\l(t)
so that we can use theorem 3.11 to evaluate the last limit as
~L (O ay()n, + H(t,up)}

The last term on the right of (3.40) is easily evaluated as
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K
‘Ik(t) ap (1) )f( rgc(t,x,u)s‘lj(t,x)x (dx,1)

Combining the above limits, we obtain

) B = G0 (O ng + L (630 + ret o u (07 @)

~ H(t,u*t)

it

H(t,ut) ~ H(t,u{)
This establishes the result.

From the above result, one immediately obtains the following

corollary, a restatement of (3.27).

Corollary 3.15.

If u*ev is an optimal control, then for all uev , te[O,Tf] ,
u _ _ .
Bt H(t,ut) H(t,ut).z'O a.s.

Proof :

This is easily inferred from (3.37), since

t
u _ u
At = fo Bs ds

is (a.s.) an increasing process for all uev , implying the result

Remarks 3.14.

The above methods show how Meyer's constructional formula can
be used effectively in jump processes theory. Such explicit calcu-
lations are probably not possible for continuous path processes.

The results in this section i;fglternative interpretation of

those derived in the last. They will be required in the next section

where we consider the control problem for partial observations.
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3.5. Optimal control with partial observatioms.

Often in practice, one does not have complete access to the
entire pést history of the jump process. Instead, only part of it
may be available to the controller. This information is depicted by the
observations sigma field F{ of sec.3.1 and sec.3.2 and has the
property F{C Fo, FZ(:F¥ if s<t . In this section we shall use the
framework of sec.3.1 and sec.3.2 to obtain optimality conditions for
the problem (3.7) when the information available is partial. We have
treated the complete information case before this because the results
there really stand on their own and are needed later to show the
existence of optimal controls. Moreover, theée previous results are
the more significant ones,as far as implementation is concerned, and
hence should predominate the present apparently more general situation.

We assume throughout this section that A=t. The partial observation
sigma field F{ is defined as follows.

Let (Z,z) be a Blackwell space and f : X+Z be a measurable
function. Let y, = f(xt) and Fy =o{yg ,s<t} , where F{ is assumed
completed with respect to P. Since f(.) is a deterministic function,
(yt,F¥,P) will also be a juﬁp process,and represents the observed
process derivgq from X, For example, one may have X=Rp, Z=R™ with
m<n, so that only certain of the co'ordinates of x, are observaule.

The jump times of Yy must by definition coincide with some or all

the jump times of X, but not necessarily conversely. This means that,

in contrast to the complete information situation, one may not be

certain of the number of jumps that have occured, or the actual jump

sizes of those that are observed. Hence, the controller is additionally
burdened by the task of having to predict the present rate and condi-

tional jump distributions. This deficiency will manifest itself in

the lack of a genuine minimum principle in the sense of giving a

pointwise minimization. Note also that the measurable function £
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cannot include any random component since the sigma field F{ must
be fixed for each t. Nonetheless, one can include these additional

random elements by suitably extending the state space X.

For the derived jump process Vs define for teRf, Bez , the

counting process

Pyt = 2 My @y, @), vy WeB)
(3.41)

= 51 -
{£0X; #£ , £ B}
T,<t (xri (XTi-l) (XT:'L) -

S I{f(x)#f(xs_), f(x)eB} p(ds,dx)
(o,t]1xX

As in the X, process, py(t,B) counts the number of jumps of Ve
before time t which end up in Bez . Note that only 'genuine' jumps are
counted to ensure that the jump times of Y, are actually F{ stopping

times.

Lemma 3.16.
For all Bez , the predictable increasing process 5y(t,B) associlated

with py(t,B) under the measure P is given by :

p, (t,8) = / E{ J Iy(s,0(dx,s) /r)} ds a.s.P (3.42)
Y (o,t] X .

where
IB(S,X)(w) = IB(S,X) = I{f(x)#f(xs_)’f(x)eB}

Proof :

For Bez , teRf , let

%y (6B = p (t,B) - S EU/ Iy (s, )\ (dx,s) /FL} ds

Using (3.41) , this is :
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q,(t,B) =/ Tp(s,){ p(ds,dx) - A(dx,s)ds)
' (o,t1xX
+ 10 ITpls,)M(dx,8) - B [Ip(s,00(dx,8)/r() 3 ds
CH

Now for h>0, we have

E{ q,(t+h,B) - q,(t,B)/ry} = E{ J Ip(s,x)da(s,x)/r}}
(t,t+h] xX

+ BT ( Ip(5,00(dx,5) - B{ JI5(s,)(dx,5/F}}ds/F))
(t,t+h] X

Since F{c Fe, and q(t,A) is a (Ft,P) martingale, each Aes , the first
term on the right disappears. Similarly, since s>t inside the
integral of the second term, we apply VT 25 of (21) and infer that
it is zero as well. Hence qy(t,B) is a (F{,P) martingale and by
the uniqueness of Doob-Meyer decomposition, the compensator term of
py(t,B) is

p.(t,B) = J E{ SI,(s,)r(dx,s) /F} ds
y B S
(O,t] X

This completes the proof.

The above lemma is adapted from an argurent of (8). Note that

(t,B) is necessarily an increasing process since A(A,s) is always

positive.

Corollary 3.17.

With respect to the probability measuré Pu’ uev , the predictable

increasing process is(t,B) associated with py(t,B) is :

Py(tB) = J Ej a,(s)f 8,(5,0T5(s,02(dx,s) /F)} ds  a.s.

(0,1] X each teR+, Bez

(3.43)

Furthermore the process defined by



~-87-~-

@wm=%mm—£mm . (3.44)
is a (f{,Pu) martingale.

The interpretations of py(t,B), 5y(t,B), qy(t,B) ( py(t,B),
i;(t,B), q;(t,B), resp. ) are analogous to p(t,A), 5(t,A), q(t,A)
( p(t,q), iu(t,A), q(t,A) resp. ) of the basic process X, under measure
P ( P, resp.).

One would now naturally wish to obtain a local descriptions of
the observed process Ye if one exists. It seems that the following
assumption is necessary to ensure a meaningful interpretation.

Assume for each taRf, x'eX

A(D(X"),t) >0 (3.45)
where

D(x') = {xeX : £(x) # £f(x")}

This merely says that if a jump occurs at time t, then whatever the
present state is, the jump is observable with positive probability. As

a result of this, for each SaRf, we have
i IZ(S,X)A(dx,s)-=A(D(xs_),s) >0

and -

i h(s,x)IZ(s,x)A(dx,s) > 0
for any strictly positive measurable function h(s,x).

We now formulate the local descriptions of Yt under measure P.
For teR’, let

A, (1) = P (t,2) = § E{ ST, (5,2 (dx,s)/rl} ds (3.46)
Y y (o,t] X S

so that by analogy with the process X, s Ay(t) is the integrated rate

- ofy, . The conditional jump rate is then given by :
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dp_(t,B dp, (t,B) 1
| Ay(B,t) = _EBLE__;l = py( . :
da dt da
y Y
dt
B{ ST5(t,x)A(dx,t) /F)) .
= X eaCh BEZ , tER
E{ JT,(t,x))(dx,t) /F{}
X
(3.47)

(3.47) is well defined since the denominator of the right hand side
 is strictly positive by assumption (3.45). Further, Ay(.,t) is pxoba-
bility measure as it should be. Hence the local description of Y
is the pair (Ay,Ay) given by (3.46) and (3.47).

Similarly, since au(t), Bu(t,x) are strictly positive for each
uet , (t,xX)e R+xX, the local descriptions of Ye under measure Pu
is given by :

(8 = B(,2) = 7 Byl ay(s) 1,(s,) (5, 0A(dx,s) /7] }ds
(o,t] X

dpP(t,B) 1
P, (t,B)
dt

Ay (B,0) (3.48)

FIC
4
dt

~ B { o (t) {(Bu(t,x)lz(t,xjx(dx,tj 177} ’

E{ o (t) /8. (t,X)I,(t,x)A(dx,t) /F}
u x Y B t each teR+,BeZ

- u U . .
Since Ay n ds, Aym ds , we also have Aym Ay . So the Radon Nikodym
derivative corresponding to the change of measure P->Pu is

u u
dAy _ dAy dt

a;(t)

dAy dt dAy

y
_ Byl ey (0 J6,(60 T (6,00@x,0) /) 5109

B(/ I,(t,300(dx,0) /7] }
X

A; may not be absolutely continuous with respect to Ay’ but as we
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shall see, this is not an essential point.

Remarks 3.15.

All the predictable projections of the various terms
with respect to (F{,Pu) may not be independent of the past
control. This is a feature of most partial information stoch-

astic control problems. The reasons are as follows:

Let h(w) be any integrable Fo measurable function (e.g.
f
the remaining cost function). Then using the measure P@ v,t)’
2v >

u,vev ,ts[O,Tf] corresponding to the control

(u,v,t) = u(s) if s<t
v(s) if s>t.

we have from lemma 2.8 and sec.24.2 of (44)

T
(LS (L, F(v)h(e) /7))

E _ .{ h(w)/Fl}=
u,v,t Rl L f(he)/r

T
As E{L f(v)/F, )=1, the denominator is E{L{(w/#}} . But

although Lg(u) is F, measurable, it is not necessarily F{

t
measurable, so that

T :
. f y
E{Lo(u)Lt (V)h(w)/Ft}

E{Lo(u)/Ft}.

: Yo
Eu v,t{h(w)/Ft}—

>
and is in general dependent on u as well as v. This
explains why the partial information value function rgW(u,t)
defined in (3.8) must also be indexed by u, in contrast
to the complete observation situation.

Having described the process Y and related processes,
we now come to the control problem itself. First, let us

state a couple lemmas.
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Lemma 3.18.

For each ueU , te[O,Tf] , the following weak limit in o(L;,L,)

exists. _
B't) = w lin L E { 2%Pw,eh) - rie,n /) (3.50)
ho h 4 © °
Proof :

From the principle of optimality we know that

u _ S “u,y
M = B (S ric(s,x,u)dp"/F} + r¥(u,t)
(0,t)xX
is a (Fy,P ) submartingale, so as in sec.3.4, we can follow an
tu
argument of (19) lemma 4.1 to infer that the following weak limit in

U(Ll,Lm) exists.

.1
W%f(’)‘??u{ Mlt]+h t /Tt

z9(t)

.1 .t
w lim — {Eu{ r0+hW(u,t+h) - rgW(u,t)/F{}

ho h
(3.51)
S u o,y
+ Eu { 7 roc(s,x,u)dp /Ft} }
(t,t+h]xX
But the last term on the right is by VI25 of (21) equal to
u _ .1 : S . y
8 (t) =w lim— s E{ fric(s,x,u)a (s)8. (s,x)r(dx,s)/F’}ds
hso h u 0 u u s
(t,t+h] X

which clearly exists. Thus looking at (3.51), we inferlthat Rp(t)

must exists. This completes the proof.

Lemma 3.19.
For u eu;ta[O,Tf] , the following weak limit in U(Ll:Lu) exists.
ANE) = w lim—s E { v Mqu,s+h) - tSW(u,s) /&) ds
hoo h u o 0 s
(0,t] (3.52)

- and rgw(u,t) admits the decomposition
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rW(u,t) = J* + A%t + n(t) (3.53)
where nu(t) is some (F¥’Pu) martingale.
Proof: One can follow an argument similar to that of (8) sec.4.l.

Remarks 3.16.

If uev in Lemma 3.19 is 'value decrezsing', i.e. if r:;W(u,t)
is a (I{,Pu) supermartingale, then the 1imit in (3.52) would exists
straightaway as a result of Meyer's decomposition. The arguments of (8)
sec.4.]l gets rid of this unnecessary assumption so that the decompo-
sition (3.53) is valid for all uev , and not just value decreasing
ones. Au(t) 0f£(3.52) is not necessarily an increasing process, though

it is clearl F redictable. It is increasing if u is value decreasing.
Y F4 P g g

The principle of optimality , theorem 3.3, states that M'%l is
a (p{,Pu) submartingale for all uey and a martingale if and only if

u is optimal. Hence for h>O , such that tthe [t,Tf], we have

Eu{r§+hW(u,t+h) - IEW(u,t) + f rgc(s,x,u)diu /F{} >0
(t,t+h]xX

with equality if and only if u is optimal.
But, by VI25 of (21), we have

S u,y
E { s rcls,x,u)dp/ry}
(t,t+h]xX

s

= Eﬁ{ ; EA frzc:(s,x,u)au(S)Bu(s ,X)A(dX,S)/F)S'}dS/F{}
(t,t+th] X

=E{ /s E{
Y(o,t+h}' x °

= 1 B{ sroc(s,x,ua (88, (s, (dx,s) /L) ds/Fy)
(0,t] X

c(s,x,ua, (s)8, (5,21 (dx,s) /FL} ds

Therefore, if we now define
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) = 1 E L sric(s,xoue ()8, (5,0 (dx,5) /FLHds + TN (u, b)

(o,t] X
(3.54)

then ﬁp(t) is also a (Fz,Pu) submartingale for all ueU and a martingale

if and only if u is optimal. Using (3.53) and(3.54) we get

ﬁp(t) = J* + nu(t) + [ Eu{ frgc(s,x,u)au(s)Bu(s,xjk(dx,s)/FZ}ds
(o,t] X
+ A (3.55)

Since the weak limit Kp(t) of lemma 3.18 is known to exists, we
conclude from lemma 3.13 that
u t_u
A"(t) =7 A°(s) ds
)

Using this, (3.55) becomes

i) = %+ a0 B rlels oy (5)8y(s,01 (dx,5) /7))

et X + R(s)) ds. (3.56)

Now the last term on the right of (3.56) is certaiﬁly F{ predictable,
which means that (3.56) is also the Doob-Meyer decomposition of -ﬂp(t).

And as Mu(t) is a [Fz,Pu) submartingale, the process

. 3 y ) <
I Eu{ froc(s,x,u)uu(s)Bu(s,x)x(dx,s)/Fs} + A(s)} ds
(o,t] X

is a.s. increasing. We thus conclude that
E{ rroc(s,x,we (s)8. (s,3)A(dx,s)/F ) + A%(s) > 0  a.s
uXO A} | u‘’? ’ s 2. «S.

with equality if and only if u is optimal.

The above results are summarised in the following theorem.

Theorem 3.20.

For all controls uev , ta[O,Tf] , we have

t . _ -
E,{ {(roc(t,x,ut)au(t)su(..,x)x(dx,t)/r{} +A%t) >0 a.s. (3.57)

u is optimal if and only if equality holds in (3.57), where Ru(t) is
given by (3.50).
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The above theorem means that if u*eU is an optimal control,then

E { Froc(s,x,u*)ax(s)8.(s,X)A(dx,5)/F} + R*(s)
u X Q S

= min{ Eﬁ{ fric(s,x,u)au(S)Bu(S,X)l(dX,S) /FZ} + A(s)}
uesl X
(3.58)

Remarks 3.17.

(3.58) is not a true minimum principle since the predictable
projection is dependent on the past control used up to time s, as
made clear in remarks 3.15. However it is already more explicit than
the corresponding results of Brownian motions type of processes

encountered in (19).

"The rest of this section is devoted to obtaining a more explicit

expression for AU(t).

Lemma 3.21.
Suppose W(u,t) is differentiable w.r.t. f, each uev , then
AY%(t) defined in (3.50) is given by |
_ dW(u,t)
A = Pl -t + f t,t, 2 (dz,t) + ——— 1 a.s.
Yy 0 . (o] b dt

(3.59)
where -

W, t,2) = Wt (8, v, ()] ¢ (o
| y( Ve @) (=t
YTY(t)=Z

and ry(t), Yo (v) 2T€ the first jump time and state of the process
y

Y after time t.

Proof :

Since the local description of the process Y¢ is well defined,
and W(u,t) is F{ adapted, we can emulate a derivation of the formula
(3.59) just as in lemma 3.14 of sec.3.4. The only notable difference is

that whereas dW(t) is explicitly represented by —H(t,u;) there,
dt
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this may not be possible here, hence the differentiability assumption.

Theorem 3.22.

If W(u,t) is differentiable with respect to t, each uev , then

for all uev , te[O,TfI,

i%?lbﬁj + a;(t){é rEW(u,t,z)A?%dz,t) - rEW(u,t)}
+ B { Srec(t,x,u)a (88, (£,0A(dx,)/F} 20 a.s.

X
' (3.60)
and u is optimal if and only if equality holds in (3.60).

Proof : Immediate from Theorem 3.20 and lemma 3.21.

Corollary 3.23.

If u*ev is an optimal control, then for each te[O,Tf] s

dW(u*,t) = - (01 érEW(u*;t,z)A;(dz,t) - TNt 1)}

a_t___}__

+ Eu*{ frgc(t,x,u;)a*(t)B*(t,x)k(dx,t) /F{} a.S.

X (3.61)

Remarks 3.18.

A1l the equations in the theorems and lemmas of this section
reduce to their corresponding counterparts in the complete information
situation when we put F{ =Fy - The optimal criteria in this section
suffer from the drawback of a functional minimizatioﬁ, which is

virtually intractable in all but the very special cases.
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CHAPTER 5 : THE EXISTENCE OF COPTIMAL CONTROLS IN THE COMPLETE

INFORMATION SITUATION.

4.1, Introduction.

In the last chapter optimality conditions were derived for which
an optimal control, if it exists, must satisfy. These cenditions are
useful in providing insights to the evaluation of such controls. How-
ever, before one undertakes on such a task, a natural and more funda-
mental question to ask is whether an optimal control actually exists.
In this chapter we provide the answer to the above question by stating
some sufficient conditions which ensure the existence ot an optimal
control. As in most other literature on the subject, (e.g.(4),(25)
and (16) ) we shall be concerned only with the situation in which
complete information is available.

The approach we follow here is-basically that of Davis's in (16).
We first show that the set of attainable densities (i.e. likehood
ratios L(u), uev ) is weékly sequentially compact and then use it to
prove that a certain control constructed from the Hamilton Jacobi
theory developed in the 1ast-chapter is optimal in the ciass v . This
can be done as there is no mention of the existence of optimal controls
in the derivation of the principle of optimality, thanks to the use of
the e-lattice property. Our approach, being basically constructional in
spirit, is therefore quite different from that of (4)'or (25), both
of whom depended on the usual compactness-continuity arguments of
most existence problems. The main difficulty of this approach lies in
showing that the limits of sequences of admissible densities are also
admissible. To do this, they needed the stipulaticn that the drift term
f(t,x,U) (which corresponds to our au’Bu )} is convex on U. No such as-
sumptions are needed in our present framework.

One other notable feature of our methods is that the framework

is cast in L1 (P) rather than LZ(P) , as in the case of Brownian motions
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types of processes. This we feel is only natural, since jump processes
have discontinuous sample paths and are therefore not square integrable.
Again this represents a departure from the usual LZ(P) treatment of

Davis and Varaiya in (19) for continuous path processes.

4.2. On the Weak compactness of the class of attainable densities.

It proves useful to consider the following set of L, functions.

Definition 4.1.

Using the framework and notations of sec.3.1, let

a(t,w) : Rx> R

B(t,x,0) : R xXxa+ R

be jointly measurable functions satisfying the following conditions :

(1) o(t,w) and B(t,x,0) are F, predictable.
t
- -8 o’
(ii) 0 < ¢, £ a(t,w) < min (cz,—l-) a.s. dAt ,all wep , Some © 70o.
_ e Y
(1i1) O < ¢y 2 B(t,x,w) <cg, a.s. dAt, all (x,w)e XxQ

(iv) JB(t,x,0)A(dx,t,0) =1 a.s. dh, , all wep
X

where Cys € and Cg are the same positive constants of Definition 3.1,
and {A(t,w), A(A,t,w)} are the local descriptions corresponding to

the basic measure P.

Denote by G, all a(.) and G, all B(.) functions satisfying the

1
above conditions. The set of ordered pair of measurable functions
G={ (a,B) : a e Gy, Est} shall be called the set of admissible
rates of the jump process. The reason is that for each uev , the class

of Fy predictable controls defined in sec.3.1, there exists measurable

functions &sGl, Est such that
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a(t,w) = a(t,ult,w),w)

B(t,X,0) =B(t,x,u(t,w),n) ,

where (a,B) are the Radon Nikodym derivatives defined in definition3.1

and which corresponds to the change of measure PP .

Now since the pair (a,B)e G are Fe predictable, then as in :sec.3.1

there exists measurable functions
- + _+ - + +
ap . XR > R ’ By MR XX R

such that (a«,B) coincide with (Ek,ék) on the stochastic interval
(Tk_l(m), Tk(m)] , esch kez© ,we . Hence (Ek,ﬁk) necessarily satisty
the conditions of definition 4.1 on this interval. Denote for each keZ+,
w_q @eRy _; , by G? , Gg all such &k’ Ek respectively. Set

Gk ={(ak, Ek), &k EG]](- ’ Ek EGIZ( } .

For each keZ+, mk—iQk-l , (Ek, Ek)eGk we can therefore define
a second pair of local descriptions (Kk, ik) mutually absolutely
continuous with respect to the basic pair (Ak,xk), with
&k @k

o = B =

kKoak 7 Tk gk

Following the same arguments of sec.2.4, we then infer that ﬁk(mk_l;.),
the probability measure corresponding to the pair '(Kk, Xk) is mutually

+ N -
absolutely w.r.t. uk(mk_l,.), each keZ Wy 1€ Qk—l’ with Radon Nikodym

derivative
dﬁk
L (t,x) = Ly (v _;5t.X) = o (W _155%)
Yk
- - - k
= G OB (.0 el-TS G-I T 6y (40
k ke =k . _
where L., Ay, C are defined analagously to that of (2.26).

Denote by D(Gk) all Lk(.) of the form (4.2), where (&k, Ek)e GK.
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+ - Loy s | .
Now for each keZ , 1€ Qk—l s uktmk_l,.) is mutually absolutely conti
nuous w.r.t. uk(mk_l;.). It therefore follows from the arguments of
sec.2.4 that -PN , NeZ+, the probability measure on (QN ,FTN) corres-
ponding to the family of local descriptions'{ﬂk, ik, k=1,2,...N},
is also mutually absclutely continuous w.r.t. Py, the restriction of

P to FT . Moreover one has

N
\ dp, N
ﬁw=—%w=nmw, each wye. 2y - (4.3)
dP k=1 :

where Lk(.) is given by (4.2).
Now define for each NeZ+,

DN(G) = { EN(.) of the form (4.3), where Lk(.)eD(Gk), k=1,..,N}
(4.4)

Clearly DN(G) corresponds to the set of attainabie densities
restricted to the stochastic interval [O,TN(m)] . This means that
for each (a, B)e G, one can define a corresponding iN(.)eDN(G), Nez”.

Note that

DV(G) € Ly (rp Py
and that for each iNeﬁN(G), we have

o, = 1 £ L apy = By 7, ?EFTN

T
In the above notations, the likehood ratio LON (u) , uev ,

corresponding to the propability measure Pu’ is an element of DN(G).
This accounts for the name attainable densities.

The main result of this section is to prove a certain weak
sequential compactness property of ﬁN(G), nameiy that for each sequence
'{ig} eDN(G), there exists a subsequence which converges in °(L1’Lm)
to an element iN in LICQN’F%}’PN)' Moreover the element iN has

X N
the property L'> O a.s. PN
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For the rest ot this chapter we shall assume that for each ksz+,

the basic distribution function Fk given in (2.16) have the following
form: |
“

k k .
Fo(og_150) = F(Ty_15t) = Fy(t-Ty ;) , each teTy 1, v _1e@ ;. (4.4)

where Fg(.) is a deterministic distribution function. (i.e. F§(0)=1,

Fg(s) monotonic decreasing, right continuous, s.t. Fg(w)=0 etc. )

lemma 4.1.
For each NsZ+ , £>0, there exists a 6>0,p<» and DsFT such that
N
0<§ S_LN(mN)§p<m for mNsD, each LNsDN(G): Furthermore ﬁN(D)z_l-s ,

where ﬁN is the probability measure corresponding to N,
Proof:

First note that since LN is an attainable density, there exists
LksD(GK), k=1,..,N such that

N N '

L (mN) =1 Lk(mk_l;Tk,Zk) (4.5)

k-1
(1-a (s)AAk)

<t 1 —AAIS<) -

t
- - . - K
Lk(mk_lgt,x) = ak(t)sk(t,x)exp{-g (ak(s)-l)dAsC

where (&k, ék)s:Gk is the pair of Radon Nikodym derivatives corres-
ponding to Lk'
For notational convenience, let {s:AA§> 0} = {tl,tz,...} and
a; = AA_ . Observe that O<a;<l, so that from standard analysis
i . ,
I (1-a.)> 0 <=> T a. < w
- Py - 1
i=1 1=1
Hence for any constant c, O<c<l, we have
it (l—ai) >0 <=> 1 (l—cai)> 0 <= % a;< @
i=1 i=1 i=1
Denote

Yk(s) = min(czAAg, 1-6') < 1
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Now from (2.12)

1-
P (ugq5t) = By (T ot/ 1) = expl-! @ LSS (15 (s)anky
o s<t
exp{-c A Y om (1-c,a; ) < n (1-c,a, )
1t t <t 1 t, <t 1 (4.6)
And from (4.4)
k
2 kc (1-y (ti))
ciexpl-(c,-DAS} T —————— g_Lk(w ;t,X)
1 2 t k-1
t.<t (1-a.)
i i
. (1-c;a.)
< czcsexp{(l-cl)Aic} 1 ———-;LJL— 4.7
t <t (l-ai)
There are now two separate cases to consider.
case 1 : ck=m or ck<co s Fkk =0
C -—
. . k k =
Clearly in this case At as t4c .. Suppose I x & =
. t.<C
so that *
. .
n, -y (t.)))y=0= 1nmn, (1-a;) = 1 (1-c,a.)
t.<cK i t.<ck i t.<ck 171
Then for any e'>0 there exists a rk<ck such that
a ~Cq34 ) <g!
t. <Tk
i—
X ‘ . (4.8)
L (I-y (t.))>0 , (1 a. )> 0
i
t. <t t-<T
i— i—
Now define ,
D, = L 10,751 x x
k
2 ( 1 kC} (1-y (ti))
8, = cyexpl{-(c,~-1)A n, ——
k 1 2 TK t.<rk (1-a.) (4.9)
. i, i
-y ey
Py = exp{ (1-c A } n, ——-
k - ©2%3 t < k (1_ai)

Due to assumption (4.4) , it is easily verified that Gk’pk’

-

(Tk—Tk_lj are all not dependent on w and depends only on €' and K.

k-1
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Using (4.6), (4.7) and (4.8) we now conclude that

0 <6k < thwk) iDK< ad

- k

PN(wk(w)sDk]z‘l—s' all w sDk R LkeD(G ) . (4.10)

k

On the other hand it I pa<e, so that

t.<cC 1
1—
K o
o (1=y (t;)) m,(l-a.) I, (l-c,a.) are all
tiiPk i’» ti<Ck i’ ti<ck 171

strictly positive, we then must have Atc+m as t+ck .

Hence for given ¢'>0, there must exist a TK<Ck such that
exp{—clAki} <g!
T
Again detining Dk’ 8> Py @S in (4.9), equation (4.10) applies.
case Z: ck<w, Fkk> 0.

C—

In this case since I  a.<», we have I (l—yk(t,)) R
k “i k i
t.<cC t.<C
i— i—
m, (1-a.) , T  (1-c,a.) are again all strictly positive , and
k i K 171
ti<c ti<c

that AEE < @,

Thus choosing rk= ck, equation (4.10) applies with ?N(mk(w)) = 1.

(since Fkk =0)
c

We have thus shown that (4.10) is true in general, for each
k=1,..,N. Thus we can now apply the above argument tor each k=L,..,N and

“for e¢'> O pick times rl,rz;ws,..,rN such that

ﬁNL Tk>TK) <e' , all LNsDN(G) .

Hence for any €>0 , we can choose €' small enough so that
N

Pl ALTe 7 )2 1e, anl LNed¥().
k=1
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And since on Dk R Lk shas bounds 8150y » WC concilude that

N .
0< 8 iL(mN)ip<°°, torwNeD,

B> 1-e , all NeN(u) .

where

N.

§= 1 §
k=1 K
N

p= I op
k=1 K
N

D= A (T<x'},
k=1

This proves the lemma.

Lemma 4.2. o

For each NeZ® , the set of attainable densities DN(G)CLl(QN,F
1s weakly sequentially compact.

It is equivalent to showing that DN(G) is unitormly integrable,
i.e. tor each €0, there exists a §>0U such that PN(A)<6 implies

PN(A)<€ , Where AEFT .

N
Let DsFT be as in lemma 4.1, then
N
Py) = 1 Napg o+ s 1Nap
AnD ’ AND

From lemma 4.1 we then have tor €' 0

— \
PN(A)i p'PN(A) + ¢ , all 'LI\E:DN(G), some p' <=

Hence for e0, choosing 6= — , € =—.2€— , Wwe get PN(A) <8

2p'
amplies

P (A)<e , all LNEDN(G) , AeF
N Ty

This proves the lemma.

Py
>
Ty N
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Lemma 4.3.
N . - . UN . . .
Suppose {L } 1is a weakly convergent sequence in U (G) with limit
N N
L eLl(QN,FTN,PN), then L' >0 a.s. PN.

Proot:

By detinition

I N N, each Acry
A nse A N
et A= {LN = 0} , then from lemma 4.1 we have
. N . N
0=1im [ Ln dPN = 1im s L dPN E_GPN(Af\U)
nre A me AND n
where
PN(D)z_l-e
Hence
PN(AI\ D) =0
and
P () = PN(Af\DC)< € .
Since e1s arbitrary, we conclude that PN(A) = Q.
i.e.
LN >0 a.s PN.

This completes the proof.

s

Remarks 4.2.

‘the above proot of the weak sequential compactness of UN(U)
is novel and difters from the usual L2 techniques of Benes (4) or
Duncan and Varaiya (25). The entire proof relies on the fact that the
'tail' of the distribution fumctions FX is "uniformly insignificant'.
Notc also that we do not require weak closure ot the set DN(G) but only
that the weak limit is strictly positive, a.s. PN. This will be needed

in the next section.
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4.3, The Existence theorem.

The mathematical formulation of sec.3.1 with F¥=Ft shall be
used in this section to show the existence of an optimal control in the
class U of Fo predictable controls. In addition to the assumption

stated in sec.3.1, we also need the following conditions.

(i) For each (s,x,m)stxXxQ , afs,.,0), B(s,x,.,w) are continuous
on U.
(ii) The cost rate c(s,x,u,w) is continuous on U for fixed (s,x,w)e
R'xXxq .
(iii) The interval of control [O,Tf] is finite , i.e. Tg< .

(iv) For each (t,u,w)e R xUxe , define (4.12)

H(t,u,p,w) = JF{p(t,x,w) + rzc(t,x,u,m)}a(t,u,m)s(t,x,u,m)k(dx,t,m)}
X
where p(t,x,w) : R'x¥xe> R' is in Ll(p) .

Assume that for each (t,p,») there is a uosU such that
H(t,p,w) = H(t’uoyps“’) = inf H(t,u,p,w)
uel

This assumption is satisfied if for example U is compact.

Theorem 4.4. ( The existence theorem.)

With the formulation of sec.3.1 and the assumptions (4.12)(3i)-
(iv), an optimal control u* exists in the class v of Fy predictable

controls.
Proof :

From the assumptions (4.12) (i)-(iv), H(t,u,p,w) is clearly
continuous on U for fixed (t,p,w). It is also evident that H is
measurable with respect to M = B(Rf)*B(Rf)*F for fixed u.

Let S be a countable dense subset of U, then we have

H(t,p,n) = inf H(t,u,p,v)
ueS
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Thus

{(t,p,») : H(t,p,u)<a} = v { (t,p,0) : H(t,u,p,») <a }
“UeS

and hence H is M measurable.

Now in view of assumptions (4.12) (iv), we also have

H(t,p,w)e H(t,U,p,w)
And according to a lemma of Benes in (3), these facts guarantee the
existence of a jointly measurable Fe predictable mapping y(t,p,w)

such that

H(t,p’w) = H(t’Y(t,psw) ’p’w) (4'13)

From the principle of optimality we know that for each uev ,

te[O,Tf]
Mz = f rzc(s,x,u)dﬁu + rEW(t)
(o,t]xX

is a (Ft,Pu) submartingale, and that Mg admits a Doob-Meyer decomposition

Ml: =J* +mg +a; ' (4.14)

where mg is a zero mean (Ft,Pu) martingale and az

increasing process.

is a predictable

The martingale representation theorem can thus be used cn m

t
to give
u _ u '
m_t = f g(S,X)dq - (4.15)

(0,t1xX

where gsLl(p) and is independent of u due to the form of the
decomposition (4.14).

Now let p(t,x,») = g(t,x,w) in (4.13) and construct the control

u*(t,0) = y(t,g(t,x,u),u) on [0,T,] (4.16)

Clearly u* is a well defined Fy predictable process taking values in U,

i.e. u*ev.
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—

To show the existence result , it is sufficient to prove that u*

is optimal in v,

From (4.14) and (4.15)

=J* + [ g(s,x)dq" + a>

M ¢
(0,t1xX
Using the

where

i) réc(s,x,u*)dﬁ* + rEW(t)
(0,t]xX

= Mz + [ ric;di* - f rzcgdiu
(o,t]xXX (0,t]1xX

=J% + [ gdg" + r(s)c;di;* - s rzc:dfau

(0,t]xX  (o,t]xX (0,t]xX

=J*+ [gdq* + J g(a*B*-auBu)dlsdAs
(o,t]xX  (o,t]xX

(4.17)

control u* constructed in (4.16), we get, using obvicus shorthands

+ a

ct

' S wamk L s u,"u u
+ J roc;dp i) rocsdp +oay
(0, t]xX (0,t]xX
=J*+ [ gdq* + ay (4.18)
(o,t]xX
- u_-u
T8 T
_ : s u oy S .«
= J {g+rocs} auBudASdAs S {g+r0cs } a*B*dlsdAS
(o,t]xX (o,t] xX
4.19)

Clearly 52 is a predictable increasing process by virtue of the

construction of u*.

To prove that u* is optimal , it suffices to show that a* = 0 a.s.

From (4.

u
Mt

17)

= J* + a: + [ gdg®
(0,t]xX

t
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= J* + az - 52 + f gdq* + f rgc:dpu -J rzc*sdp*

(0,tIxX (0,t]xX (o,t]xX

Taking expectations w.r.t. Pu gives

u u -u s u,"u S w1
E a, ?:Eu;t - Ea, + Eu{ J gdg* + J rcdpt - S roc;dp*}
(0,t]xX  (0,t]xX (0,t]xX
i.e.

v

s u."u S - o =u
Eu{ S ogdg* + [ rocsdp - J roc;dp* } = E 2, 0, all uev

(0,t]xX  (o0,tIxX (o,t]xX =0 if ueut.
(4.20)
Now for each uev , certainly
S u,"u t S u, u ) I
J rocsdp + row(u,t) >J rocsdp + rgW(t) = Mt
(0, t]xX (0,tIxX
Hence
_ S u,"u t
Jw) =E (s ocdp  + rov(u,)} 1EuM‘; (4.21)
(0,t]xX

But for any >0, we know from the infimum property that there
exists a uev such that
J) <J* + ¢

so from (4.19), (4.21) we obtain

. u u
J e > I 3EUM‘; = J*+Efa  + /gdq}

(0,t1xX
= -u
= J* + nua; + Euat + Eu S gdq* + Eu S g(a*s*-ausu)dksdAs
(0,t]1xXX (0,t]xX
. S u,-u S -
= J* + Eugz + Eu{ S ogdq* + J rocsdp - J roc*sdp*} (4.22)
(0,t]xX (o,t]xX (0,t]xX

From (4.20), (4.22), we infer that

Eua; < g a fortiori.
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By using the Optional Sampling theorem, the above arguments can also

be repeated for a F. stopping time like t. TV’ Nez'. We then have

+
Euaz TN € all te[O,Tf} , NeZ .

Thus there exists a sequence '{un}eU such that

E a* -+ 0
Yn t“TN e

Define a* T (K) = at T ~ K, some K < =

N N

then clearly

E a* (K -+ O (4.23)
Un t“rN oo

Now corresponding to the sequence of controls'{un} is a sequence of
densities {LON(un)}eﬁN(G) . S0 we can rewrite (4.23) as
Ty '
*
EL0 (un) ai 1 XKy - 0
N i
But from lemmaz 4.3 , {L (u )}eDN(G) is weakly sequentially
compact with limit L el (QN, T2 N) Since a (K)e L_ , we have
N

N o N,
EL0 (un) aEAT r - EL at T XK) =0
N T N

for some subsequence n.
T,

And since lemma 4.3 also says that LON >0 a.s.PN, we have

a;;ATN(K) =0 a.s. P all K<o , all NeZ'

As this is true for all K and N, and as TN>t as Nt~ w.p.l, we have

*:
at 0O a.s.

This proves that u* is optimal.

Remarks 4.3.

The above proof of the existence of an optimal control is in

the same spirit as that Davis's in (16). It is to be noted that the
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Hamiltonian H(t,u,p,w) defined in (4.12) (av) is the same as that
obtained in the minimm principle, theorem 3.9 if p(t,x,w) is taken
to be g(t,x,w), the integrand of (4.15). In this case (with p=g)
the condition (4.12) (iv) must also be a necessary one in order to

guarantee the existence of an optimal control.
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CHAPTER 5 : MARKOVIAN JUMP PROCESSES.

5.1. Introduction.

In this chapter a more restricted class of controlled jump processes
is -considered, namely those where the control u, the Radon Nikodym
derivatives («,B) , the basic local descriptions and the cost parameter
c(.) at time t all depend only on the state at that time instead of
the entire past history ot the process up to t. To be completely general,
these functions are all allowed to depend on the time t, measured
from the origin. The result of the above specialization is a very wide
class of controlled Markov jump process inclusive ot most other
models in the literature on the subject.

An analogous approach to ours was attempted in (8), but we
believe their work contains a major shortcoming, namely they did
not verify the relative completeness property needed to prove the
principle of optimality. Instead an extra assumption dealing with
the discrete approximation of a Markov control was introduced to
circumvent this difficulty. By using the simpler e- lattice property
we give a direct proof of the Markovian principle of optimality in
this chapter. It will be noticed that the main difficulty here is that
we no longer have increasing information pattern, so that a lemma
similar to lemma 3.1 is harder to prove.

After deriving a version of the general princiﬁie of optimality,
we go on to produce results analogous to that in the complete informa-
tion situation, i.e. the Markov minimum principle, a Markovian Hamilton
Jacobi type of equation and also a Markovian existence result. The
intuitively obvious fact that a Markovian optimal control is also
optimal in the class of completely observable controls will also be
proved. Finally we interpret the results in terms of the infinitesimal
generator of the jump process and relate them to the work of others.

Recent literature on controlled Markovian jump processes include
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(48), (54), (39), (46) and (51).

5.2. Mathematical description of the Markov controlled jump process.

A class of temporally non-homogeneous Markov jump process is
formulated in this section to provide the basis for the control
problem in the next few sections. The model we use will be of sufficient
generality to include these of (48), (54), (8) and (51).

As in the general situation, we begin by a description of the
basic Markov jump process. The notations and conventions used here
are the same as before.

Let Km(x;t) : oR>R" bea jointly measurable function

with the following properties.

(1) Km(x;O) = 0 and Km(x;t) is increasing, continuous in t for all xeX.
(11) Km(x;t)i Kt, some K<~ and I_&m(x;t)+°° as tte , all xeX.

(5.1)

Also let A"(x;A,t) : XxsxR +[0,1] be a measurable function
such that
(1) )\m(x;.,t) is probability measure on (X,s) for each (x,t)eXxR+.
(i1) Am(.;A,.) is jointly measurable w.r.t. S*B(R+), each Aes .

T (5.2)

Recall in the formulation of the general jump process in sec.2.l
that the stochastic evolution of the basic process Xy ’is determined
upon the specification of the family of conditional probability
distribution {ui, i=1,2,...}. So we now emulate this procedure by
defining for each Al s Ti_leR+, Z; 18X the corditional probability

distribution of the pair (Ti’zi) according to :

(3) ui(wi-l;(t’mlxx) um(Ti_l’Zi_l; t) (5.3)

1l

exp{ ~{ AM(Z;_3t) - AM(Z;_13T; )} } if ©T

1 if t<T. 4
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(11) (031500, xA) = u"(Ty_1,%515t,)

-n" (Z 1,A S)u (T.
(o t

j-1083-1398) £ ©T;

0 if thi_l
Aes .

(5.3contd.)

The ui's defined as such is a genuine conditional probability
distribution corresponding to the pair of local descriptions (Am,xnﬁ

where

m -
KT 1525430

if t>T.

Mz, 3t) - Mz i1

i-13 i-13T3-1)

-\0 if t<T, 4

This fact is verified easily by checking (Am;xnﬁ against the
conditions laid down in (2.5) (i)-(vii) and also the one-one bijective
theorem 2.1. Note that Am(x;t) is continuous in t, and as a result
of condition (5.1) (ii), Ti<c° w.p.1l, all ieZ”.

With the family {ui,i=1,2,...} defined as above, a probability
measure P can now be constructed on (?,F) as in (2.1a) of sec.2.1l.

Observe that given T 21-1’ ' has the same form for all ieZ .

1’
This invariance property accounts for the following lemma.

Lemma 5.1.

Under measure Pm, the jump process x, 1is also a Markov process.

t

Proof :

Define for teR+

v(t) = inf{ s>t , xg# X}

Then (y(t), XY(t)) represents the co'prdinates of the first
jump strictly after time t. Also define

g(t) = sup{ s: O<s<t, xs# xt} .

to be the jump time immediately prior to time t.
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To prove that . is a Markov jump process it is sufficient to

show that the conditional probability distribution of (y(t) ’XY (t))
given the entire past Fis depends only on the present state X, .
Now for t'>t>0,

| W £ () X (1) 5t)

WME(E),x(1) ;1)

1

Pl (t)>t' /7))

exp{-{ AM(x(t);t') - AM(x(t); (£))}}

exp{-{ AMx(t);t) - AM(x(t); (£))}}

exp{-{ AM(x(t);t") - A(x(t) ;) 1}

and is independent of the past at time t.
Similarly for Aes
W(E(E),x(t) 5%,A4) = WT(E(L) ,x(t);t,A)

WM E(E) ,x(t) 5t)

Pm(xy(t)eA /Ft) =

€)1 K(x, 3ds)

5 () ;A,s)exp{'—{l_&m(xt;s)—ﬂm(x
t - -
exp{-{A"(x,3t) - X (x.3E) )

R . A=Ay o)Ay . el
—{:A (Xt:A:S)eXp{ {A (Xt’s) A (Xt’t)}}A (Xt’ds)

and is also independent of the past at time t.
This shows that the probability distribution of (v (t),xY (t)) is
dependent only on the present occupied state X; s giveIi the entire past

Fye Hence X, is a Markov process.

Remarks 5.1.

Whereas an entire family of local descriptionS{Ak,,\k, k=1,2,...}
is required to define the general jump process, one such pair (;?n,km)
suffices here in the Markov situation. This is intuitively clear
since a self exciting Markov jump process does not distinguish the

nunber or nature of jumps that had occured in the past. The present
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occupied state alone affects its future evolution.

In most applications A"(x;t) will be of the form fga(x,s)ds
for some reasurable function a(.,.). Then a(x,t) is interpreted as
the rate of the jump process at t. Often in practice a(x,t) is
taken to be 1, so that Km(x,t) = t. Then the counting process Nt
derived from X is just a Poisson process with unit rate. The above
calculation shows that the basic process can be much more general
than this.

We now come to the formulation of a controlled system of Markov
jump process. The space of control values U is assumed to be the same
as that defined in sec.3.1. The class of Markovian controls vy is
taken to be controls of the form u(t,w) = u(t,xt_(m)). As such,ueUM
is clearly Fe predictable and moreover uCU o, where v is the class of
Fy predictable controls previously defined.

The following class of markovian controlled Radon Nikodym derivatives
is defined analogously to that in sec.3.l.

Let o (z;t,u) XxR x> RT , 8 (z;t,x,u) R o R

be jointly measurable functions such that :

(1) 0< cqc a"(z5t,we ¢, 5 all (z,t,u)e xR xU

(ii) O« le_Bm(Z;t,X,u)ﬁ_C3 , all (z,t,x,u)e XxRxXxU .
(iii) IBm(z;t,x,u)Am(z;dx,t) = 1, all (z,t,u)e XxR XU
X .

(5.5)
For ue vy , the pair of controlled local descriptions, (AE,AE), for
the ith jump is defined as :

(1) A" (Tl 1° 1_1, t) = fo™ (Zl 1°? su )dA (T 1’ - l,ds)
(T, ,,tl

i-1° (5.6)
=(/ o (Z _13S,U )A (Z1 15 ds) if t>Ti_1
(T35t s
0 if t<T.

1-1
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.. m - m . .
(i11) A (Zl 1,A t) iB (Z1 13t x,ut)l (Zi_l,dx,t) if t>Ti—1
0 ‘ if t<T, ;-
each Aes

(5.6contd.)
The conditional probability distribution ﬁg corresponding to (AE,AE)

for the ith jump is then given by :

m ’ . -

uu(Ti—l’Zi—l’ t) =fexp{ -A" (T1 1, L t)} if t>Ti—1

1 if thi_l

Mer, o ,Z. 13 t,A) = -f x’“(z sA,s)um(T. sds)  if t>T
Malti-10%4-10 B T o utti-1 »SIuy (T 152595 1 i-1
0 if t<T, 4
each Aes .

(5.7)

As in the basic process, it can readily be checked that (AE,Aﬁ)
defined by (5.6) is a genuine pair of local descriptions and that
uﬂ is the one-one bijective probability measure corresponding to
" it. Hence a probability measure PE can be constructed from the family
{u (T i-1° _1;.), i=1,2,...} and it -can be shown uging a similar

argument as that in lemma 5.1 that x_ is a Markov process under Pﬁ.

t
Moreover due to the bounds on (aﬂ,sﬂ) and also that on Tn(x,t), we
have PE is also mutually absolutely continuous w.r.t. P".

Note that the Fy predictability of u, is compatible with the
definitions (5.6) and (5.7). The reason is that the non-trivial
parts of these definitions clearly concern only the values ot (aE,Bﬂ)

and u on g(t)<t<y(t) , i.e. where x ] - If t=£(t)=Ti_1

= x = 7
t- £(t)
then the detinitions become trivial.
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5.3. The Markovian principle of optimality.

Before we define the Markovian optimal control problem , some
redefinitions of the cost structure is necessary.
Assume in the sequel that the quantities c(.), r(.), Gf(.) of

definition 3.2 have the following forms.

c(t,x,u,w) = c(t,x,u,xt_(m))
r@ =1
Gf(lD) = Gf(x'rf_(m))'

This will ensure that the above quantities are 'observable' with
Markovian information. For each ue vu,,, the Markovian cost fumction

is now defined as :

Jm(u) Bm {r c(s X,Ug 5 X (m))dpm(s x) +G (xT (@)}

T JxX
(©,Tgl (5.8)

Here B’E(.) refers to taking expectation w.r.t. the Markovian probabi-
lity measure PE » €ach ue Uy. 1;;(t,A) denotes the predictable increa-
sing process associated with the Markovian jump process X, under measure
PIS . Obviously, since the bounds on c and Gf are unchanged , Jm(u <®
all ue Uppe
The Markovian optimal control problem is then to seek a control
u*e Uy with the property :
JI’I‘1 = Jm(u*) = inf J (u) (5.9)
uey
M
As in the complete information situation in sec.3.3, for u,v, e Upps

we define the remaining cost function by :
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b (u,v,t) = B v 't{ i) c(s,x,v)dpx + Gy /F.}

u,v,
(t, 11X
= Eg'{ Ic(s,x,v)dp; + G /Ft } (by lemma 3.6)
(t,TexX
= Eg'{f C(s,x,v)dix + Gg /Ft} ( by the Markov
(t,Te]xX property )
= v, t,x) e Llcn,pt,PE') (5.10)

so that as in sec.3.3 we know that a Markovian value function V(t,xt)
exists by virtue of the complete lattice property of Ll(Pﬁ). Thus

V(t,Xt) = i]:fun (v,t ’xt)
M

Vo) = J* | | (5.11)

To seek optimality criteria for the Markovian control problem,
we naturally would like to establish a Markovian principle of optima-
lity analogous to that in sec.3.2. At first sight this may seem trivial,
but on closer examination, a difficulty arises. In contrast to the
the general si£uation of sec.3.2, we now no longer have increasing

observations pattern. This presents a problem in verifying the e-lattice

propefty made precise by the following definition.

Definition 5.1.

The class of controls Uy is said to possess the e-lattice property
with respect to the Markovian remaining cost n(v,t,xt) provided that
for each g¢>0, Uy ,UgE Uy, ts[O,Tf] , 2eX , there exists a control ue Un
such that

n(u,t,z) < n(y,t,2) +e , 1=1,2.
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This is an adaptation of the definition in sec.3.2 where we had
increasing information. |

Whereas in sec.3.2, the e-lattice property is easily verified
for the class of controls U of F{ predictable controls (see lemma 3.1),
the situation is not as simple here. Since the information availa-
ble is no longer increasing, one cannot construct a control based
on past observations , as we did in lemma 3.1 . And since the principle
of optimality relies critically on this property, we have to seek
an alternative proof for it. Thigfdone through several lemmas.

First define a class of 'switching' controls U]g , each te[U,Tf] ,

ne Z+ as follows:

Consider a partition on [t,Tf] of the form :

(‘;;1) (Te -1 ), *0,1,2,...,2%1 .

k
[t7(Tf-t),t+

Using the shorthand d = (Tg - t) , the class of controls Uil con-
o0

sists of all controls u" defined on -[t,Tf] of the form :

u. = u(s, x(t+kdn)—(w))’ for sa[t+kdn,T+(k+1)dn)

and some ue UM .

Observe that u" is not a Markov control but is 'nearly' one if

the partition is fine enough. On each of the partitions it 'remembers'’
the information at the left end point. Hence we can call " a
.'pseudo-Markév' control. A pseudo Markov control is n;early as good

as its Markov counterpart in the following sense.

Lemma 5.2.
For each te [O,Tf], neZ’,zeX, ue Uy >
ln(un,t,z) - n(u,t,z)|< C_ a.s. (5.12)
n
2
where u'e UIE is the pseudo Markov control corresponding to u, and

C<=» is some positive constant.
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Proof :
This is a consequence of the boundedness of the rates «

and of the costs c and Gf.

Define
g = S c(s,xu)dp,
(t+kdn, t+(k+1) dn] xX
Then cleary cﬂ(u) = c‘lz(un) on those intervals of the partitions

that contain no jumps of the process Xgs @S U and u" coincide on
such intervals.
Suppose there are m jumps on the interval [t,Tf], and let
J denotes the indices of those intervals of the partitions containing

at least one of the m jumps. Then

Ann

ln(un’t’z) - n(u,t,z) l

IE ol @ + g+ Gp /xTz )
k eg kéz

-El ¢ cllz(u) + I clli(u) + G /x.=z H
keg kg

1

Since cﬁ(u) < Cldn, some C <= , due to the boundedness of the cost

rate c(.), we note that

E oLz g@h/x=z} - B

T i;I]:(u)/xt=z}li mC]‘dn
u keg keag ’

And since glll(un) = cﬁ(u) for the indices {kds} , we have
n, n n
b= g (u) +G. = £ g, (u) +G
k¢ k £ kéa k £
is uniformly bounded r.v..But since u" and u are different on at
most m intervals of the partitions, we infer that

: _ : . 2 2
lEun {6 /x,=z} - E {6 /x=z}] < mC'd , some C'<
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Now as the jump process x, has a bounded rate, there exists a Poisson
process with rate «® that dominates the point process Nt derived

from > AP We thus conclude that

: > 1.2 c

An™ < E (C1+C2)dnmpl?l = (C+C )dnao(Tf—t) == where C<= -,
m=1 _ 2

where pI(I)l is the probability of m jumps on [t,Tf] corresponding to

the dominant Poisson process.

This completes the proof.

The next lemma shows that for any two pseudo Markov controls

n n . . -n_n._. .
Uy, uIzle U, , one can derive a third one une:ut with the smallest remain-
ing--  cost of the three. This seems intuitively obvious if we

imagine T as a control that 'switches' between urll and ulz1 at the
left end points of the partitions with the intention of incurring

the least remaining cost. We use dynamic prograrming to prove it.

Lemma 5.3.
+ n n n . -n_ n
For each te'[O,Tf], neZ , u; , Uye Uy there exists a u'e U
such that

n@',t,z) < n(ui,t,z), all zeX, i=1,2.

Proof :

n

Suppose for some k e{O,l,Z,...,Zn-l.} there exists a Ue Uy

on the interval [tk,TfI , such that

n(ﬁn,t »2) in(ur.ll,t,z) R all zeX, 1=1,2.

where = t+kdn , k= 0,1,2,...,2n-1.

We now show that the above hypothesis 1s also true for the
number k-1.
Define

Ak-l = {zeX : n(urll(k-l),tk_l,z) < n(ug(k-—l),tk_l,z)}



-121-

where

u?(K—l)(s) = ﬁg(s) if sefty1,t)
a(s) if seft,Te], i=1,2.

Now extend the definition of U'e UE on to [tk_l,Tf] by defining
a® on the interval [te-1st) as

W'(s) = Wsxg, (@)~

k-1

-n

ul (s ,th-l_ (m) )1

{xtk—l_ (we A4}

+ o , w))T
w400 by - ehyZp}

all seft, _;,t)-
Clearly by construction we now have
n(@,t, 1,2) < n(o z) all zeX, i=1,2
» k-1 =nm i’tk-l’ > > 3l

Hence the hypothesis 1s true for k-1.
But it is obvious that the hypothesis is true for k=2n-1, i.e.
on the last interval of the partitions, so that we conclude that it

is true for all k. In particular we have
-n “n -
n(u,t,z) f_n(ui,t,z) , all zeX, i=1,2.

This completes the proof.

To illustrate the above construction, -2 diagram is given below.

A /'Ak-l -/ Azn_2
1

H— f—t — A
iU | 1 ¢ : V/
2 ! ug n !
X ug ! Y : ug
Ak‘ ] |
|
& n |
1 Pou ] u i U2
T2 2 |
[} (,' [/) i
t 4y tez teel tk tn T
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The next lemma is the converse of lemma 5.2. It shows that given a
pseudo Markov " one can derive a Markov control u that approximates
=n
u -

Lemma 5.4.

Let U" be the control constructed in lemma 5.3. Then there

exists a Markov control ue UM such that

In(u,t,z) - n(ﬁn,t,z) i%., s all zeX

where C<~ is the same positive constant as that in lemma 5.2.
Proof :

Ue Uy is constructed by freeing the 'pseudoness' of " to

convert it back into a Markov.control. Hence let

u(s) = u(s,xg_(w)) = ﬁn(s,xs_(w)) , each se[t,Tc]

. -n .
Now since u is the one-one correspondent of u, an argument exactly

similar to that in the proof of lemmza 5.2 shows that

[n(u,t,z) -n(ﬁn,t,z)l;.% all zeX.

This completes the proof.

Lemma 5.5.
For each te [O,Tf] , €20, Uy,Use Uy, there exists a ue Uy such
that

n(u,t,z) _<_n(ui,t,z) +¢, all zeX

Proof :
Fix ¢ , and take n = log, (%g) , where C is the positive constant
in the previous lemma. Using lemma 5.2 we can construct two pseudo

Markov controls ulil, ug € UI; , such that
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o

n(_ur.l,t,z) < n(u.,t,z) + £ i=1,2. (5.13)
1 - 1 2

From lemma 5.3, there exists another pseudo Markov control

4" such that
n(@,t,2) < n(u},t,z) , i=1,2. (5.14)

Finally from lemma 5.4 we can obtain a Markov control ue Un

from u" such that
n(u,t,z) < n(@,t,z) + — (5.15)
2
Combining (5.13),(5.14) and (5.15), we get

- € n £.
n(u,t,z) < n,t,2) + 5 < nlup,t,z) +5ny,tz) + ¢

i=1,2.

n(u,t,z) 5n(ui,t,z) +¢ , i=1,2.
This completes the proof.

Remarks 5.2.

The previous lemma is the e-lattice property of the class of

Markov controls v,, . The use of 'pseudo Markov' controls here does

M
away with the need for convergence and continuity techniques used
both in (18) and (7). This is due to the realization that a pseudo
Markov contrél agrees with an actual Markov control on the intervals
between jumps. Once again we find that it is advantageous to depart

from methods more suited to Brownian motions type of processes and

instead rely on the structure of the process for answers.

Theorem 5.6. (Markovian principle of optimality. )

For each ta[O,Tf], h>0 such that t+he [t,Tg, we have for all

ue UM:
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-

V(t,x) < BN S clsxu)dpais,x)/x )+ Hy (V(tsh,x, 0/x,)
(t,t+h]xX

(5.16)
V(Tf’fo) = GfD(Tf)

Furthermore equality holds if and only if u is optimal in Uye

Proof :
Since the e-lattice property holds for the class Uy with
respect to xpm(.), we can follow a proof similar to the‘ general

situation in theorem 3.3.

Remarks 5.3.

Once again we have obtained a useful optimality condition
without the need of assuming the existence of an optimal control.
This means that theorem 5.6 can be used in the future to prove
existence results in the Markovian situation. This approach is
however not used by others like Pliska and Stone. Instead they both
provided optimality criteria in their final forms without bothering
about some intermediate but fundamental result like the above
theorem. This is perhaps due to the fact that they were using more
conventional tools of analysis like semigroup theory of Markov processes

instead of the relatively novel approach we had followed.

5.4. The Markovian minimum principle.

In this section we prove the Markovian version of the minimum
principle and the intuitively obvious fact that a Markovian optimal
control is also optimal in the class of controls based on complete
information of the past. This is because in the Markovian situatioﬁ,
only the present state affects future events. Hence information
concerning the past history would be useless to the controller and

can be discarded without regrets. Finally we shall derive a Hamilton
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Jacobi type of equation analogous to that in theorem 3.11.

Although the whole of F_ is not available to the controller in

t
choosing a control, it can still be used fictiously during the inter-
mediate stages to obtain a verifiable optimality criterion. In fact,
by virtue of its formulation in sec.5.1 and sec.5.2 the Markovian
situation is merely a subcase of the complete information control
problem, only that certain of the quantities like u,c(t,Xx,u) now
acquire special forms. With such a perspective in mind, the analysis

is considerably simplified.

First note that theorem 5.6 can be restated as :

M};(t) = f c(s,x,u)di);(s,x) + V(t,xt) (5.17)
(0,t] xX

is a (Ft’PIS) submartingale for all ue Uyp each 'ts[O,Tf] , and is a
martingale if and only if u is optimal in Ve

This is a simple application of the Markov property :
EE {f(XS, tisin/xt} = EE {f(xs, tiSin/Xt}
for any integrable functional f(.) of X -

Theorem 5.7. (Markovian minimum principle.)

u*e Uy 1s a Markovian optimal control if and only if there exists

a measurable function & oxy +R* with gmsLioc(p) such that

Mi(E) = -+ S g (s,x)dgr(s,x) a.S. (5.18)
(0, t]xX

and at almost (dAI:) every point te[O,Tf] , u* minimizés the Hamil-
tonian

o (t,u,) )f(’{ g (t,X) + c(t,x,u)} em(t,x,ut);\m(dx,t) (5.19)

Proof :

Since the principle of optimality and the martingale representa-
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theorem still applies, (5.18) is obvious from (5.17) and theorem 5.6,.

The rest of the proof is exactly as in theorem 3.9.

As in theorem 3.9, the integrand gm(t,x) must also be Fe adapted.
However due to the special form of the value function V(t,x,) and

. Thus we have

corollary 3.10, gm(t,x) in fact depends only en X

from corollary 3.10,
gm(t,x) = V(t,x) - V(t—,xt_(m)) - a.s. (5.20)

wtlere V(t,XJ = V(Ot ,xo-t(mJ) Ut=t

XU{: (w) =x.

We now have the following corollary.

Corollary 5.8.

A’necessary condition for a Markov control u*e Uy to be optimal

is that it minimizes (a.s. dAn,g) the Hamiltonian

‘Hm.(t,-u,;):: ="-f7am(t,ut) {{(" V(t,%) + c(t,x,u)} 68 (t,x,u)\"(dx,t)

- V(t-x) } (5.21)

The next theorem 1s the main result of this section.

Theorem 5.9.

A Markovian optimal control u*e Uy is also optimal in the class
of Fe predictable controls. i.e.

inf J (W = infJ (u)

ue
UM uev

Proof :
Since a v optimal control is one that mininizes the Hamiltonian (5.21)

as well (by theorem 3.9 and corollary 3.10), u*wM therefore qualifies
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as an optimal control in the class U.

Remarks 5.4.

There is an alternative explanation why the integrand gm(s,x)
is dependent only on X, _. If u* is an optimal control in Uy, then

for T >t,> t;> 0, we have from (5.17)

ME(E,) - ME(t)) = S c(s,Xug)dpy + V(tyx, ) =Vt %)
(ty,ty)xX

t
and is hence F 2 o{x_, t,<s<t,} measurable.
tl s? 1——"2
i.e. M;l(t) is an additive tunctional of the Markov process

(xt,Ft,PT) . By a result in (40) then one has the representation

Ml’;l(t) = Jm* + ._!'gm(s,x)dql’;l a.S.
(o,tIxX

where gm(s,x,w) has the form gm(s,x,xs_(m)).

Note also that Hm(t,ut) is observable to the controller since
all its terms depend only on X, _ (w) instead of w as in the complete

information situation.

Since Am(t) is continuous in t by assumption, theorem 3.11 is

applicable and one gets

Theorem 5.10.

Suppose u*e Uy is a Markovian optimal control, then for each

te[0,T;] , the following 'adjoint equation' holds :

dv(t-,x, ) . .
——2t-/ = - H (t,u*) = - minH (t,u)
dAI;:l m t uey ™ (5.22)

Proof : As in theorem 3.11.
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Remarks 5.5.

The above result is analogous to theorem 12 of (48). The
framework is however more general here, since we are dealing with

a non-homogeneous process.

5.5. Markovian existence results.

It is perhaps more useful to obtain some results on the existence
of Markovian optimal controls. Afterall, Markov jump process models
are the most widely used in practical situations. In this section we
present the Markovian version of the results derived in Chapter 4

As we had remarked in the previous section, the Markov control
problem, by virtue of its formulation in sec.5.2 and sec.5.3, is merely
a special case of the complete information situation. So with some
appropriate modifications the results of Chapter 4 should apply with-
out much difficulty. First let us re-examine the proof of the compactness
property of thé class of attainable densities. The obvious changes
necessary are :
(1) The basic probability measure in the formulation of Chapter 4
should now be taken as Pm, corresponding to the pair ot local descrip-
tions (A™,A™) .
(ii) The pair of 'attainable rates' (a,B) of definition 4.1, apart
from satisfying the conditions (4.1) (1)-(iv) under the probability

measure p" , should now have the form : (5.23)

(-!(t,(n) = a(t:xt_ (‘”))

B(t,x,w) = é(t,x,xt_(w)), each teR', xeX , we@ .

The assumption (ii) ensures that the («,8) would also serve as

attainable rates for the Markovian Radon derivatives (aﬁ,Bﬁ).

Proceeding as in sec.4.2, a Markovian probability measure ﬁm,

mutually absolutely continuous with respect to P on any random interval
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e

[0,t], where t<xa.s. Pm, can now be constructed corresponding to each
pair (a,8)e G. Hence by restricting to Fy , each Nez®, the set of
Markovian attainable densities Dz(G) is Eefined analogously to that in
'(4.4) . Proceeding the same way we did in sec.4.2, we can show that
the lemma 4.3 also applies to the class D:\In(G) CLl(QN,FTN,P,‘I:I‘). i.e.
DQ(G) is weakly sequentially compact in the topology of o(Ll,Lm), such

that any weak sequentially limit of Dﬁ(G) is strictly positively, a.s.

o,

The assumptions corresponding to those laid down in (4.18) '
are :
(i) For each (s,X,w)eRXxa , o"(s,.,x,_(4)) and 87(s,X,.,X,_())
are continuous on U.
(ii) The cost rate c(s,x,u,xs_(m)) is continuous on U for fixed

(s,x,0)e R xXxa

(1ii) For each (t,u,m)efoUxQ , define

H, (t,u,p,,X,_ (@) = o™ (t,u) B, (£,%,% (@)) + c(t,x,u)B" (t,X,u)x" (dx, 1)
X . .

where pm(t,x,xt_(m)) : RxxxX R’ is 1n Ll(p) .

Assume that for each (t,p,&) there is a quU such that

n (t,p,&) = H (t,u ,p ,E) = m{f] H (t,u,p,E)
ue (5.24)

We are now in a position to state the Markovian version of the

existence theorem.

Theorem 5.11.

With the formulations of sec.5.2 and sec.5.3 and the assumptions
(5.23) and (5.24), an optimal control u*e pyy exists in the class ot
Markov controls.

Proof :

Since DE(G) is weakly sequentially compact as in lemma 4.3, the
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proot proceeds in the same manmer as in theorem 4.4.

Remarks 5.6.

As in the more general situation, if we take p, to be the integrand
g, of (5.20) (which always exists by the principle of optimality
and the martingale representation theorem) then the condition (5.24)
(i1i)is also a necessary one for the existence of a Markovian optimal
control.

For a class of jump process with homogeneous rate Pliska gave
a sufficient condition to ensure the existence of a measurable optimal

policy in (48).

5.6. Infinitesimal génerators and related topics.

Most authors in the literature on Markovian control problems
have used Infinitesimal generators and the associated semigroup
operators as their tools of analysis. In this section we provide an
interpretation of the optimality principle in terms of the infinite-
simal generator of the jump process and to see the relation of our
work to others like Pliska and Stone.

For simplicity we take AM(t) = t in the rest of this section.

For each ue Uy teR" , >0, consider the following operator :

TEWEE) = BNl )/x=) = EnExpy)
where f(.) is a real vaiued bounded, measurable function on X.

Since for s,h>0,

T: (u) T}g (W£(x) T: (u) Eﬁx(f (x

t+n))

, I || R
Ellrzlx Ejgxt +s(t Xeagn)) = BEeE Xpasin) )

]

Tﬁ +s Wfx) (having used the Markov
property and the iterated
conditional expectation.)
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" we conclude that

T TEW) = Tp

+
e (W) » for each teR , ue yy.

Hence T:(u) is a semigroup operator. And as in Dynkin's book, (27)
Chap. I, sec.6, we can now define the weak infinitesimal operator

corresponding to Tﬁ (u) as :

A WEE) = w 1im—}11—' W) - £}

hto
.1 m
=w lim—{ E_(f(x,,.)) - f(x) } (5.25)
hio h ux t+h

provided the weak limit on L_ exists.
A calculation along similar lines as that in lemma 3.14 shows

that the above limit does exist. and is in fact

A WEE) = o"(t,u )l S FE)ET(E,E,u N (dE,t) - £1X)
X

= aﬁ(t){ I f(g)x’u"(dg,t) - £(x) } ' (5.26)
x .

This is clearly in agreement with the generator ot a jump process.

See for example (Breiman,10, Chap. 15, sec.4), (Pliska,47) or (54).
In the context of our control problem it is however necessary
to consider operating on time varying functions like the Markovian

value function V(t,xt) rather than time invariant functions like

f (.). This presents no problem.if we assume the existence of an optimal

control u*e Uy as in corollary 3.12. V(t—,xt_) is then difterentiable
w.r.t. t . And as in lemma 3.14, we can show that for each teU,T.]
ue Uy, we have

dv (t—,xt_)

At (U)V(t— ’Xt—) = at

+ arun(t){ {( {V(t,x) + c(t,’x,ut)}sﬂ(t,x))\m(dx,t) - V(t-,xt_)}

(5.27)
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which in the notation of theorem 5.10 1s just
dV(t_ sxt_)

At(u)V(t—,xt_) = E—— + I—gntt,ut) . (5.28)

In temms of this infinitesimal generator, the Markovian minimum

principle can be restated as :

Theorem 5.12.

If u*e Uy is a Markovian optimal control , then

At(u)V(t—,xt_) 3At(u*)v(t—,xt_) = 0 a.s. dA

for all ue yy , te[O,Tf] .

Pliska's model of the Markov jump process is obtainable from ours

if we make the following changes.

(i) Further restrict U to all controls of the torm u(t,w)=u(xt_(m 1),
i.e. time invariant controls.

(ii) with the basic rates !_&m(x,t) = t, Am(x;A,t) = Am(x;A), each xeX,
Aes , teR+ , let the controlled Radon Nikodym derivatives (aﬂ,BIun)

be of the form

o (x,_3t,ulx, ) = o' (x,_sulx,))

m m
B (x, _5t,X,ulx, )) = B (X, »X,ulx )
i.e. the rates are also time invariamt.
(iii) Let the cost rates c(t,x,ut,xt~) be ot the form c[u(xt_) ,xt_)

and define the cost function to be
J ) = BIS s c(u(xs_) ,xs_)ds + G(fo)}

™
(o,Tf]

~To obtain Stone's model from our framework, it is necessary

to slightly alter the structure of the information pattern available.
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The reason is that Stone's process is not a Markov but rather a semi-
Markév process. The information available to the controller therefore
dates back to the last jump time from the present instant, i.e. at
time t both the jump time and the state at the last epoch £(t) are

observable. The control one uses now 1s thus of the fomm
u(t,w) = ulE,x, 5t)

Stone however further restricted this to

u(E,,x, 5t) = ulx _;t-g,)

i.e. dependent only on the present state and the time elapsed
since the last jump epoch.

The other changes necessary are :

. -m,_. - m . - m . _
(1) A70Gst) = t, A(EL,x AT XX _3A,t-E)
(li) am(gt’xt_;t’utxt_;t-gt)) = am(xt_;t-gt,u(xt_;t_gt))
B (E, X _st,X,ulx, _3t-E)) = B (x_;t-E.,x,u(x,_;t-£.))
t’xt_’ b Rl | . - t t_’ t’ b t_! t

The process so obtained is no longer Markov and the superscript
m should indicate the semi-Markov property of the process. Since the
sigma field of observations Ft

£
t
the results of the section on complete information is still applicable.

= o(xs,£t§§5;) is locally increasing,

(fairly obvious if we view the region of control as [t,ot] ). The changes

required in the minimum principle are then trivial.
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CHAPTER 6 :  APPLICATIONS AND CONCLUSIONS.

6.1. Examples of practical applications.

In this section we give a few examples of practical situatioﬁs
in which the control theory developed so far can be applied. Due to
the apparently discrete nature of physical objects and human endea-
vours, these situations certainly can be found in abundance in the
world. It could therefore be remarked that efforts towards controlling

such discrete phenomena are well justified.

(i) Optimizing the rate of machine operation.

The following situation is perhaps one that occur in most produc-
tion lines in the modern factory.

Imagine a certain machine making some commodity on a production
line. Suppose the machine can be operated in k modes, each ' mode
being characterized by a parameter U i=1,2,..,k; where ui<uj if j>i.
The higher the mode of operation would mean (say) higher speed or greater
efficiency. Further suppose that corresponding to each mode of opera-
tion us the machine manufacture imperfect products according to a
Poisson process with rate a(ui), where O<a(ui)<a(uj)<w , all
i,je {1,..,k} , j>i. Thus in terms of faulty products 1t is certainly
unwise to opeféte the machine at a high mode.

Denote the jump process ( in this case -~ Poisson) formed by the
occurences of imperfect articles by Ne and let u, be the mode used
at time t, chosen according to the number of imperfections already
occured. i.e. u, 1is the control based on Markov observations. We wish
to find a control policy based on such observations to minimise the
cost function

J(u) = B LS c(s,u )ds + G(NTf)}
(O’Tf]

‘where Tt<” , ¢l.,.) is a non-negative, bounded measurable function which
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is also decreasing in the parameter u. G(.) is a non-negative, bounded
increasing function. In practical terms c(t,ui) would be the cost rate
ot operation at time t while engaging the mode u; . Cleariy it would be
best to operate at the highest mode uy it not for the increased rate
of producing faulty articles. The cost of this is being summarised by
G(NTf), a function of the total mumber of impertect products at the
end ot the control period.

Since the process is Poisson, the Markovian analysis of Chapter 5
thus applies. Hence using theorem 5.10, the optimal mode of operation at

time te[0,T,] is chosen according to

dv(t’Nt-) + min {a(ui){V(t,Nt_+1)—V(t,Nt_)} + c(t,u)} = 0.
dt U3 ‘

L)

V(TN ) = G ) (6.1)
£T, T, |

It for example a(ui) and C(ui) are linear and of the forms
aUs €174 respectively, some positive constants ozo,co,cl, then

the optimal control u* is one that minimises

ut{ ao{V(t,Nt_-Fl)-V(t,Nt_)J’ - Co}

uf = Uy if ao{V(t,Nt_+1)-—V(t,Nt_)} - Cy < 0

if ao{V(t,Nt_+1) - V(t,Nt_)} - < >0

As required uy is Markovian and Fo predictable. The soiution of

(6.1) could now be obtained by solving recursively the equation
dv(t,N .
(tNeD) 4w minta (V(E,N,_+1)-V(E,N Y -, O )

dt

+ ulmax{aO{V(t,Nt_ﬂ)—V(t,Nt_)} -C 0}r=0

VN = 60D

(o) b
(6.2)



(ii) Ferry control.

Another interesting situation is the operation of a terry crossing.
Assume that the rate o(u) of arrival of passenger ferries at a crossing
is Poisson and is a function of the total mumber u ot ferries in service,
where u=1,..,k. Also suppose that the people arriving at the crossing
forms another Poisson process with a fixed rate L Denote the former
process by N% and the latter bu Ni . We assume tor simplicity that a
terry arriving will always be able to accomodate the accumulation of
potential passengers at the crossing and that the boarding time is
negligible so that it can be considered iﬁstantaneous.

At any time t, the number of people x_ waiting at the crossing is

t
then given by

_ 2
X = Ne = Ny

where

w(t) =sup {s<t: Ni# Ni }
s

Xy is thus a jump process with jump sizes of +l1 with rate g

and jump sizes of -X,_ with rate u.

By controlling the number of ferries u in service, we wish to
minimise the following cost function based on the Markov observation
x_t_ L] . m——

Ju) =E{ s c(s,u,x_)ds + G(x.) 1}
u S- lf
) (O"J'.f ] N R
. Since the system is obviously Markov, we can therefore apply the
Markovian minimum principle and infer that an optimal control is one
that satiasfy

dVIt, X, ) 4 ning a (V(t,x,_+1)-V(t,x, )+ u{V(t,05-V(t,x._)}

dt u
+ c(t,u,xt_)} =0
(6.3)

V(Tf,xl.f) = G(foJ

To obtain an explicit form for the optimal control we could take
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G(fo) = 0 and c(t,u,xt_) to be of the form

. c(t,u,xt_) =Cut X

some co>0. An optimal control u* is then one that minimizes :

uilc + v(t,0) - V(t,xt_)}

i.e.
uf = [k it '{co +V(t,0) - V(t,x, )< O
1 if '{co + V(t,0) - V(t,xt_)} >0
Again uf is Markovian as required and is Fy predictable. From

(6.3) we then obtain

VXD o o Vit x _+D)-V(t,x )} + X,
dt , .

+ min k‘{co + V(t,0) - v(t,xt_), 0}

+ max{ ¢, + V(t,0) - V(t,x ), 0} =0 (6.4)
V(Tf,fo) =0

which can be solved recursively.

Remarks 6.1.

The above example could be pictured as a queueing system in

which the queue length at time t is x_. The service offered is

t.
however not the usual continually occuring type where the queue length

’

decreases by one each time a service is completed. Here the service
occurs at random according to the Poisson rate a(u) and clears the
entire queue instaneously each time it occurs. Another example in

real life of the above situation is the collection of accumulating
piles of letters by post oftice vans at a depot. The two contracdicting
costs are again the waiting cost ot each letter and the service cost of

the vans in operation.
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(iii) Inventory control.

The problem of inventory control is a relatively old one when
compared to topics like martingale representation and stochastic integra-
tion. We show here how an inventory system can be modelied and analysed
using the control theory of jump processes we have developed.

Consider the situation where one operates an N period inventory
system in which the demands (or purchase) tor stocks arrive according
to a Poisson process at a fixed rate o , say. Assume that the magnitude
of the demands are random and identically distributed with a probability

'density of ¢(g), where ¢(g) 1s strictly positive and bounded above.
To keep up the stock level, goods are ordered at the beginning of

each period, i.e. immediately after the arrival of a demand. We assume
that the orders are always fulfilled before the next arrival ot demand.

Z’.-’
denotes the amount of goods ordered for the jth period (Tj-l’Tj] at

Suppose tu ,u u,, } is an ordering sequence, where u.J

time T5_1 . Denote by‘{ej, j=1,..,N } corresponding to the demands at
time '{TJ,j=1,..,N }. One can then write down the stock level sequence
’{Zj,j= 0,1,..,N} corresponding to the two sequences {uj},'{sj} as

follows

Zo

"
S
Vamn
)
L
®
&

Z; NERTREN AN P (6.5)

I
=

+
[N

Zj denotes the stock level immediately after time 15,'when the jth
demand Ej has been fulfilled.

Given Z. the expected jth period cost under policy {uj} is

j-=1 2

defined as

E J{c(zJ 108500500+ Fuj{c(uj) *htugrz; g) + pley=2y oy )I{AJ U <ES Y

]

c(uy) + h(u;+25. ;) +(f p(a-zj,,l]—uj)(t(a)dg
4. .
-1 (6.6)
E 7. {C(Z )}
Yy0%5-1

L}
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where c(.), h(.), pl.) are all pounded non-negative functions. The
practical interpretation of the various costs are :

E(uj) the ordering cost for uj items

h(u. +Z.J ) the storage cost for the jth period.

plE -uj) the shortage cost for the jth period.

~Z:

j -l
The inventory problem is then detined as choosing an ordering policy

u= {uj ,j=1,..,N} ‘based on the observations of the current stock level

so as to minimise the tollowing expected N period cost.

N

x ‘ 6.
E {J C(Z.J 1’53"‘3)} (6.7)

The above set up can be viewed as a problem ot controlled jump
process if we -identify the jump times with {Tj, j=0,1,..,N } and the
states with {Zj, j=0,1,..,N} . The rate of jumps of this jump process 1s
hence fixed at o« and is not under control. The conditional state jump

distribution of the jth jump : imder control u is given by :

J . -
M(zZ. . b ,u.) = AL, -
u( J"l’ (a’ ’uJ) {:Eg}] j-1 E)dg

Thus ¢ correépond to the controlled Radon Nikodym derivative 8, (.)
and Y (Z._J 15 ,u ) 1s mutually absolutely continuous w.r.t. Lebesgue's
measure (since the state space 1s the real line here. )

A control uey is of the form

u(t,9 = gy 525 )T e ecr, ERAN
5=1 !
and 1s hence Markov and time invariant between jumps.
The cost function (6.7) can then be written using our system ot
notations as

Jw = E { s cxug,x,_(w))dp(t, X)}
]xX
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-

= B {rc(x,u,,x, )dp"(£,%)) | (6.8)
(o,TN]xX

Note that we have used a random terminal time TN instead ot the

usual tixed time T but this is no restriction by remark 3.4.

f 2
Since the cost rate and controls are only state dependent, the
value function W(t,») will have the following form
N

Wtw) = T W, o(Z: ) I .
(t,u) i 5210251 ttelT,_;,1,0}

for some measurable functions Wj_l, j=1,..,N.
We can now apply corollary 5,8 to characterize an optimal policy

u* as one which minimises

af {W(L,E) + c(E,u,x )} ¢(u, + x; -g)deg - W(t~)
(0,=1

Due to the time invariance property, this can be restricted as :
F{W.(g) + *,Z. *+%. -E)dE - W__.(Z.
(g{ilj (g) C(E,UJ’ J"]-)} ‘b(uJ j-1 g)dg J_l( J_l)

= min{a(f{w%(g) + c(g,u,Zj_lj} ¢(u+Zj_1-£)d€ - Wj-l(Zj-l)}
0, :

each Zj-l’ je{i,..,N}

h 6.9)
If we take «=1 (no restriction) then cleariy the L.H.S. ot (6.9)
is clearly zero by the definition of u* and the value function. Hence

(6.9) would reduce to the followlng recurrence equation.

W_p(Z5 ) = mliln{(f{ wlvj (8) + Cle,u,Zy 1)} dlurds_ -e)de)
0,®

This equation was also obtained by Scarf in (5Z) wno showed that

1f (h(.)+ pl.)) is convex and if c(.) is of the tomm

c_;Lx)={0 itx=0

K + cx, 1if x>U, some K, c,<> ,
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then the optimal policy for the N period problem is characterized by a
pair of critical numbers (s,S), where s<S. The optimal policy is to
order the amount (S-x) if the present stock level is x<s and not to
order if x>s.
Remarks 6.2.

It is interesting to realise that one can apply the theory ot
jump process to inventory control,since at first glance, the demands
which arrive at random are not subjected to control. Other reterences

on ivéntory problems include (52) and (1).

(iv) Regulation of the rate of a Poisson process.

This example was first considered by Rishel in (50). We give
a modified form of it here.

Consider a system'whlch‘nas an input Poi;son process m, with a
fixed rate of arrivals a . We wish to control this process so that
the resulting output process Kt is as near to a " fixed rate r as
possible in the sense of minimising

E Tf 2

u{/s (Kt - rt)~dt }
o

vhere u 1s the control based on observations of the input process m, and
O<u.<1 1s théuprobability of allowing the input procesé to join the
output process. )

To obtain optimality criterie for the problem, we let the jump
process X, be that corresponding to the jump times {Ti, ieZ'} of
the input process m, and the jump states { Z, ieZ" , S.t. Zi= Oni,ki)}
where m = mri s ki=l<Ti .

Thus the controls are based on partial information in the sense
that while all the jump times {Ti,1e2+} are observable, only the tirst
co'ordinate of the jump state 1s observable.

Hence 1n the notations of sec.3.5, the observed process y{t) is
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also the counting process p(t) of the jump process X, so that

u =
ay(t) = o

Moreover
u .
A1 X¢= (mt_+1,Kt_+1)} ,8) =u

A% { X~ tm,_+1,K )} ,t) =1-u

AN Lx, £ (m_*1 K,_+1) and x, # (m_+1,K, )} ,t) = O

‘The optimality criteria is hence obtained according to theorem

3.22 as

dW(u,t-)

+ Kert)? + a d Wtz + W, t,20) Umu) - Wiw,t=)32 0
dt

(6.10)

for all uvev , with equality 1f and only 1f u 1s optimal, where

N
1

(m,_*1,K,_+1)

ZO

@, +1,K, )

Owing to the past control dependence of W(u,t), the optimal
control is not explicitly evaluable. But (6.10) could perhaps be used as

+a starting point for approximations.

(v) Controlled Poisson disorder process.

To illustrate the partial intormation situation, we give another
interesting example which can be applied to practical problems connected
with (say) the emission of electrons ot a cathcde ray tube.

Consider a Poisson process N, whose initial exponential rate
is 0;>0 . It is possible to alter this rate to a,> oy by exerting
a control device (voltage change perhaps ) characterised by the parameter u,

O<a<u<b<l. Assume this change of rate can only occur at the jump times



-143-

P

ot the Poisson process and that u is the probability ot achieving

this change. Apart from knowing that the initial rate is a , the controller

12
does not observe the change of the rate o, toa, . The problem 1s to
seek a control based on the observations of the jump times over a
tinite interval {0,T.] so as to minimise

T

f 2
Eu é (klus -kst)ds

Here klus2 could represent the energy expended while KN, is
proportional to the number ot occurences ot events which we like to
maximise.

Using the convention ot sec.3.5 we retormulate the problem as tollows

Detine a controlled jump process Xe with jump times coinciding
with that of the Poisson process N, but whose state space X is

in RZ and each state Zi is of the form

Zi = Li,al) or (i,az)

The 1nitial state of X, 1s (O,al), and observatici:s can only be
made on the tirst co'ordinate of each state.

The ~rate a(t,w) of the jump process X

+ is determined by the set

of measurable tuncticns {ak(wk_l;t), keZ+} defined by :

ak(wk_l;t) = ak(zk_l;t) = al if Zk_l= (K—l,al)

»

if Zk—l= (k-1, az)

‘The conditional state jump distribution Au(.,t,w) corresponding

to a control u is time invariant and of the form

Au(wk_l; (ksaz) = au(zk—l;(K’aZ))

u  if 7 = (k1)

1 if Z

k-1 = (liey)
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A (o3 Ua)) = A5 (ko))

1-u if Zp_q = (k-1,09)
0 it 2y 4 = (k-l,uzj

Since the observed counting process is the same as that corres-

ponding to X, 5 DY (5.49) we have

‘u u
a;(t) E a(t)/ﬁt’; = ov + a,(l-vg)

where ylé Pu( a(t) = oy /F{)

Using theorem 3.2z we obtain the optimality criteria as

dw(u,t-)

u Uy 5 1 o u
" +{alyt+u2(l-yt)}{ {Wu,t,Z )ut + W(u,t,Z27) (L- t)}yt

+ W(u,t,z.l) Ll-—yltl) - W(u,f-)} + (klutz:-kZNt) >0

(6.11)
for all uev , where

1 ' ,0
= (Nt_+1,az) , L = LNt_+1,cx1)

burther equality holds if and only if u is optimal.

Remarks b6.3.

Note that due to the complete observations ot all jump times,
a kind of separation principle 1s obtained 1n that the rate of the
process could be estimated by itselt. The equation (6.11) 1s however
still too complicated to permit an explicit solution.

For a more general formulation of disorder problems, see (59)
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6.2. Conclusions.

The thesis has successfully tormulated a mathematical modei for
a very general class of controlled jump processes, flexible enough
to be inclusive of most physical and economic systems dealing with
such processes. Significant necessary and sutficient Hamiiton -Jacobi
type of optimality conditions were obtained for the optimal control
problem, using relatively new techniques in martingale theory. This is
especially true of the case when complete information of the past is
available to the controller. It is also here that we managed to prove
the existence of an optimal control iaw, subjected to certain conditions
on the Radon Nikodym derivatives and cost rate ot the process. By
specializing to the Markovian situation, we managed to show that our
results are generalizations of some of the previous literature on
Markovian decision theory. It can thus be concluded that the martingale
theoretic approach to such problems, though esoteric in some sense,
certainly provides elegant and comprehensive results when applied

pertinently.
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APPENDIX.

The e-lattice property and the interchange of the -infimum and

the conditional expectation operator.

The following is an adaptation of the arguments ot Striebel in (56).

Detinition.

let {fY(m), veC} be a family of non-negative integrable tunctions
on a probability space (@,F,P), then the infimum in .LL(Q,F,P) 1S
defined as

fiw) = inf £ (w) a.s. P
veC
where :
(1) f(w) is F measurable .
(ii) for all veC, £(u) <t (w) a.s. P
R (a1)
(1ii) If g(w) satisfies (i) and (ii) then

glw) < f(w) a.s. P

Lemma A.l

The intimum of 1{ fY,yeC} exists and is uniquely (a.s.P) given

by :
. _da .
inf £ (w) = —(w) a.s.P (AZ)
ye€C Y aP
where ~
A = [ . ,
Y(A) A fyﬁm)dP , eahc AEF (a3)
and
n -
A(A) = inf R AY' (Ai) , each Aer . (Ad)
{Yi’ Ai =1 1
1=1,..,n}

where the intimum is taken over all finite sets ot indices tyi,i--l,. .,n}

n
and disjoint sets A, erF, i=l,..,n} with WVA.=A,
i=1
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Proof :
Since
LA = Jf(wad , each AeF ,
Y A Y .
we have
. n n
A(A) = inf z AY.(Ai) = int I J f_Y.(m)dP
{yi,Ai i=1 i {Yi,Ai i=1 Al i A5)
i=1,..,n} i=1,..,n} '

By (26) IIi 7.5, 7.6, A(.) exists and is a countably additive -
measure.

Since the infimum in (A5) 1s over some finite sets and indices,
A(.) must be absolutely continuous w.r.t. P, hence a Kadon Nikodym

derivative % is defined a.s. P uniquely by

“A(A) =7 g%(w)dP , each AefF .
A
To prove (A2), we need to check that gp—)‘ satisties (Al).

Clearly dr satisfies (Al)(i) . Suppose now that ﬂLm)> f (w)
dp ap Y

for weA such that P(A)> O , then

n
AA) =7 %(m)dk’ > fy(m)dP > T [ f (wdr

- Y
A A 1=1 Ay
n
> inf T S f.Lw)dP = AlA)
{y;A; i=LA Vi
i=1,..,n}

which is a contradiction, hence we infer that

g%(m)i fY(m) a.s. P

and (Al)(ii) is satistied.
Suppose now there is a measurable g(w) satisfying
glw) < fY(w) a.s.P, all +yeC .

we have
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n
Sgwd <l WP = 3 f £ WP
A AY i=1 A Y

=]

<

1

™

I £ (wdr some {Yl,i=l,..,n}
1A Vi

Taking infimum over the set tyi,Ai,1=1,..,n; AjEF , A=A } on

both sides yields

[ g = 7 )
A A

implying
glw) ig%(w) a.s. P.
Hence %% satisties (Al)(1ii) as well, so that

A

P - inf fY(w) ' a.s. P_

vyel

This completes proof.

Detinition
The family '{fY(m) , YeC} , has the "e-lattice property provided

for all e>0, Y15 C, there exists a Yo eC such that

f (wW)<f (w+e,as.P i=1,Z.
Yo Yi

Lemma AZ.
If the famly {fY(w)’ veC} has the e-lattice property, then
A(A) defined by (A3) and (A4) satisties

A(A) = inf A_(A) , each Aer . (A6)
veC Y

Proof :

For Aer , e>0, take Y,€ C, disjoint sets {ajer , 1=1,..,n}with

. 1

n
v A, = T A = A
i=1 i=

and
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——

n ' .

E
T (A <A+ 5 (A7)
i=17; ? 2

From the e-lattice property, there exists a YoeC such that

(@) < £, @) + .g , 1=1,2,..,n a.s. P
i

£

o
From (A3) this means that

€ s -
AYO(Ai) iAYi(Ai) + 5 P(Ai) , i-1,Z2,..,n

Hence

n n
A (A)= & A (A< I (A) +=PQA)
Yo i=1 Yo YT i=1Yi ? 2

< A(A) + e . (using (A7)

Thus

int A_(A) <A (A) 22(A) + €
veC Y Yo

From (A4) we also have

inta_ (A) > A(A)
yeC Y

implying

int A _(A) = AA)
yeC Y

This completes the proof.

Theorem A 3.

Let {fY(m) , veC} be a family of non-negative integrable tunctions
with the e-lattice property, let Fy(' F and let P¥ pe the restriction

of the measure P to Fy- Then

E {inf £ (w)/F} = int E{ £ () /”} a.s. ¥V
yel Y veC Y
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Proof :
Due to the linearity of the conditional expectation operation,
E {i:'Y (w) /é.y} on (g, Fy,PY) is non-negative, integrable and satisfies

the ¢-lattice property. Let

Ay =5 £ (waP , Ae F
Y AY

A'B) = E{ £/} d , Bep
Y B Y

AlAd) = infa (A) , Ae F
Y
Y
A'(B) = inf al(s) , be 7Y
Y Y

From lemma Al and A2 , we have

inf £y = % a.s. P (A8)

vel
'
v

inf B{ fY/FY} = a.s. pY (Av)

veC

But from the property of conditional expectation , for Be ey

AB) =/ £ (d = [ECE/M P =2(B)
Y BY B Y :

Hence

A(B)

A'(B) (AlV)

Thus trom (A8), (A9), and (Al0), we have for atl Be o

’

int B{ fY/Fy} @ = A"B) =A®) =/inff @

J
B B v

= [E{inft /F} dP
B v !
And since inf E{ :tY /e'} 1s r measurable, we obtain
Y

int E{ £ /&) = E{ int £ /¢} a.s. PV
veC v veC Y

'this completes the proof.
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