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Abstract

The petrochemical industry’s pipe-network is increasingly suffering from corrosion-induced

shutdowns and thus a quantitative measurement approach is vital for making adequate

service-life predictions and to guarantee safety. At pipe-supports, access is limited and

traditional point-inspection methods such as ultrasonic thickness (UT) testing are not

feasible. Guided wave tomography has been proposed as a solution to this problem. In

this technique ultrasonic guided waves are excited from an array around the defect and

received signals capture the interaction of the defect with these waves. From these signals,

velocity maps are reconstructed and the dispersive nature of the waves utilised to invert

to thickness maps. Recently, it was found, that although reconstruction algorithms such

as the hybrid algorithm for robust breast ultrasound tomography (HARBUT) allow for

very high-resolution reconstructions, in practice, the mismatch of traditional guided wave

scattering of Lamb waves used in guided wave tomography with the acoustic scattering

models on which algorithms are based lead to poor resolution.

In this thesis, another type of guided wave mode is investigated instead, shear-horizontal

(SH) guided waves. Traditionally, these have been harder to excite but recent advances in

electromagnetic acoustic transducer (EMAT) excitation made them a practical alternat-

ive. Since the fundamental SH0 mode is non-dispersive, the aim of this thesis is to assess

whether the first higher-order SH mode, SH1, is applicable to guided wave tomography.

SH1 exists at a higher frequency than those used in guided wave tomography with funda-

mental Lamb wave modes, leading to a smaller wavelength and it offers no out-of-plane

displacement, which should avoid leakage into any pipe-loading. The thesis presents a

thorough numerical investigation of the SH1 mode, examining its scattering behaviour

and reconstruction of various defect types using three different SH excitation sources; (i)

pure SH1 point source (ii) SH surface point source and (iii) directional SH surface source.
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These numerical results were validated experimentally, confirming the robustness of SH1

based guided wave tomography. In addition, the thesis investigates a technique to sep-

arate out individual modes via the application of the nonuniform fast Fourier transform

(NUFFT) algorithm to non-uniformly sampled guided wave data.

The benefits of SH1 for guided wave tomography are shown throughout the thesis and

have been demonstrated by accurate and reliable thickness mapping of the defects. The

SH1 wave was able to achieve a 2.4 times better resolution than was previously achieved

using Lamb waves; yielding the best numerical and experimental guided wave tomography

reconstructions to date. The application of the NUFFT algorithm showed how filtering

in the frequency-wavenumber domain could be used to separate modal components even

without the application of time-based windowing approaches. This technique can also be

used to robustly determine bulk shear velocity even from directional data. Finally, this

thesis demonstrated proof of concept for SH1 guided wave tomography, suggesting that

this technique should be further investigated for employment in the accurate sizing and

quantification of corrosion in pipelines.
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Chapter 1

Introduction

Corrosion is a major problem in pipework [1] and leads to yearly costs of £28 billion in

the UK or £4 trillion globally and over 20% of all major gas and oil incidents within

the EU since 1984 are associated with it1. Moreover, a lot of assets in the North Sea

have exceeded their design life and most pipe failures are caused by corrosion. Therefore,

accurate estimation of the remnant wall thickness of pipelines and storage vessels in the

presence of corrosion damage is highly important for making service-life prediction and

for avoiding environmental disaster in the petrochemical industry.

Knowledge of remnant wall thickness is especially required at locations with limited access

such as pipe-supports, where corrosion under pipe support (CUPS), which is also known

as touch point corrosion or contact point corrosion, is one of the common causes of pipe

failure (see fig. 1.1). Guided wave tomography has been proposed as a solution to this

problem by reconstructing thickness maps from guided wave signals that were transmitted

through the region of interest utilising the dispersive nature of certain guided wave modes.

It is of great importance to industry to reliably size defects down to dimensions of 3T ×
3T , where T is the nominal wall thickness [2]. For a nominal wall thickness of T =

10mm, this would correspond to 30mm. It is noted that this measure does not make any

assessment of defect shape, so the actual in-plane resolution would need to exceed 3T in

order to capture the necessary complexity present in true corrosion defects to establish

maximum depth. In terms of depth resolution, estimates are required to be within 10% of

1Source: S. Burch, HOIS joint industry project managed by ESR technologies, Accessed September
2021.
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Figure 1.1: Spotlight on a corrosion patch at pipe support. In order to assess service-life,
quantitative measurement of the remnant wall thickness at this point is vital. Source: Guided
Ultrasonics Ltd., January 2022

wall thickness, i.e. 0.1T ; while this itself has been achieved through various approaches,

the necessary in-plane resolution to achieve this accuracy in practice places a significant

requirement on the capabilities of the technology, and one which has not been reliably

met up to this point.

1.1 Motivation

The typical approach in guided wave tomography is to utilise the measured signals to

reconstruct a velocity map. Each velocity value can then be directly mapped to a cor-

responding thickness value by the guided wave dispersion curves, ultimately producing

the required thickness map. This approach has been the basis of many approaches in

the past, mainly utilising Lamb waves [3–8]. There have been experimental investig-

ations that have shown 100% sensitivity to damage detection and even in challenging

scenarios such as pipe bends [9]. Also, guided wave tomography has been investigated

for structural health monitoring purposes [10–12]. Another approach that is utilised for

velocity inversion is full waveform inversion (FWI), where an iteratively updated acoustic

finite difference model is matched to measurements and has been investigated using Lamb
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guided wave modes [13, 14]. However, in all of these investigations it was found that the

remnant wall thickness cannot be captured accurately when relying on Lamb waves.

The underlying assumption in most of the previous investigations is that guided waves

scatter from varying thickness in the same manner as acoustic waves in a 2D medium

would scatter from the corresponding change in the velocity field. This is a reasonable

assumption provided the thickness variation is gradual, such that the dispersion curves,

derived assuming constant thickness, can capture the behaviour. As thickness varies

faster, Huthwaite [15] showed that the approach cannot capture the guided wave scattering

behaviour, which manifests itself as a resolution limit of around two wavelengths for the

fundamental asymmetric Lamb mode A0 at 50 kHz, which corresponds to 8T in-plane

resolution.

There are two options to improve the resolution further. The first option is to develop a

model that better captures the guided wave behaviour. The HARBUTISM [16] approach

develops a more sophisticated model which aims to capture the guided wave scattering

behaviour more accurately than the dispersion curve and hence enable higher resolution.

Francis Rose et al. [17–19] have developed Mindlin plate theory along similar lines for

both composite delamination and plate corrosion damage. However, both approaches

are typically more complex and less robust, since they are sensitive to discrepancies (e.g.

small perturbations in local properties such as wall loss) in the modelled behaviour of

guided wave scattering [20,21].

The other option is to select a guided wave mode and frequency such that the wavelength

becomes shorter, which typically would improve resolution. There are practical issues

around this, such as the reduction in signal mode purity due to the existence of other

guided wave modes. For example, in the case of Lamb waves [22], the next higher order

modes, the asymmetric A1 and symmetric S1, will co-exist with the two fundamental

Lamb wave modes A0 and S0, and for the typical propagation distances in guided wave

tomography, will overlap heavily in the time-domain making any single-mode analysis

extremely complicated. In addition, whenever the guided waves interact with a defect,

mode-conversion may occur at sharp boundaries, which will further add to the complexity

of the signal. Another issue is that Lamb waves display out-of-plane displacement. This

is an issue whenever the plate or pipe boundary is in contact with a liquid, e.g. water in
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a pipeline. The energy of the waves will inevitably leak into the liquid which adds to the

difficulty by attenuating the signal. Moreover, if this energy can couple into the liquid, it

can provide a mechanism for additional wave-paths through the space between the source

and receiver, adding unwanted coherent noise in the data (see [12]). All of these aspects

will pollute the signal and typically increase attenuation (see [23] for a study of various

operating frequencies and modes).

1.2 Aim

In this thesis, shear-horizontal (SH) guided waves will be investigated for use in guided-

wave tomography. With the fundamental mode SH0 being non-dispersive and thus unsuit-

able for thickness inversion from dispersion curves, the first higher-order SH mode, SH1,

will be the main focus. This mode operates at higher frequency than the fundamental

modes, and the shear form of the wave avoids much of the attenuation associated with

liquid loading, which is problematic for most usable Lamb modes. This is due to the SH

guided wave’s lack of vertical, out-of-plane displacement. There will be some shear coup-

ling into any liquid loading but compared to the amount of vertical coupling by Lamb

waves it will be much lower. Also, despite being a higher order mode, it is relatively

straightforward to extract pure measurements since below SH2 cut-off only SH1 and SH0

exist and SH0 may be separated more easily because it has a very different wave speed

and crucially, is non-dispersive, thus keeping its waveform.

Therefore, this thesis aims to explore the possibility of using the SH1 mode to enable

guided wave tomography to achieve its potential of imaging defects of 3T × 3T reliably

and robustly.

1.3 Thesis outline

Chapter 2 will provide background on guided wave tomography and the algorithm that

was chosen for thickness inversion. Chapter 3 will present the numerical model that was

used for pure SH1 excitation and demonstrate the suitability by reconstructing various

defects from pure SH1 point source data generated from 3D finite-element simulations.
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As pure SH1 excitation is practically hard to achieve without access to both surfaces

of the pipe, reconstructions from surface-only point source excitations were investigated.

Next, a more realistic, directional excitation of SH guided waves will be explained and

the same defects as before reconstructed from numerical data. Furthermore, results from

a numerical study comparing the performance of the fundamental Lamb wave modes A0

and S0 against SH1 guided wave tomography of axisymmetric defects of varying width

will be presented. The final section in the numerical investigation will present an in-

teresting reconstruction from pure SH0 data. In chapter 4, the method is tested and

validated experimentally by reconstructing thickness maps from defects that were ma-

chined into mild-steel plates. Given the issue of mode-conversion and modal-overlap at

higher frequencies, chapter 5 applies the nonuniform fast Fourier transform (NUFFT)

based strategies for modal decomposition and velocity determination. The final chapter 6

will discuss the results, the main findings of this project and outline potential future work.
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Chapter 2

Theoretical Background

2.1 Introduction

In this chapter, a brief introduction of the theory of ultrasonic waves in solids is given,

which come in the form of bulk waves (section 2.2) and guided waves (section 2.3). Given

the focus on shear-horizontal (SH) guided waves within this thesis they will be introduced

in a more detailed fashion in section 2.3.1 and followed by an introduction to guided wave

tomography (section 2.4). Finally, in section 2.5, an overview of the Finite Element (FE)

method will be provided and the SH guided wave excitation model used in this thesis will

be explained (section 2.5.1). Parts of this chapter have been adapted and extracted from

publication [P1].

2.2 Bulk Waves

Bulk waves are governed by Euler’s time dependent equation of motion, which is defined

as

ρ
∂2u

∂t2
= ∇ · σ , (2.1)

where ρ is the density of the material, u is the particle displacement vector and ∇ is the

vector differential operator (∇ = ∂
∂x
i + ∂

∂y
j + ∂

∂z
k, where i, j and k are the unit vectors

along the x, y and z axes, respectively) acting on the stress tensor σ. In an isotropic
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material, the stress tensor can be related to the material strain ε using Hooke’s law:

σ = C · ε , (2.2)

where C is the stiffness tensor. For the case of a linear elastic, isotropic and homogeneous

material, the theory of elasticity states that one may reduce the components of the stiffness

tensor to the two Lamé constants, λ and μ. Furthermore, it is possible to express the

stress tensor in terms of displacements, by transforming Hooke’s law into

σ = λI∇ · u+ μ(∇ · u+ u∇T ) , (2.3)

where I is the identity matrix. The Lamé constants are also related to Poisson’s ratio ν

ν =
λ

2(λ+ μ)
(2.4)

and to the modulus of elasticity E which is given by

E =
μ(3λ+ 2μ)

λ+ μ
. (2.5)

Substituting eq. (2.3) into eq. (2.1) yields Navier’s differential equation of motion for an

isotropic elastic material:

ρ
∂2u

∂t2
= μ∇2u+ (λ+ μ)∇∇ · u , (2.6)

where ∇2 is the scalar differential operator ( ∂2

∂x2 + ∂2

∂y2
+ ∂2

∂z2
). Expanding this vector

equation into its spatial components (x, y, z) leads to a set of scalar linear equations.

This linearity guarantees that the superposition of several valid solutions will itself be a

solution. However, these equations cannot be integrated directly and therefore a proper,

application-dependent solution must be presumed. By applying the Helmholtz decom-

position, the particle displacement vector u may be written as

u = ∇φ+∇×ψ , (2.7)
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where φ is a compressional scalar potential and ψ is the shear vector potential. Clearly,

∇φ is the irrotational component, and ∇× ψ the rotational component, where ∇φ = 0,

also known as the gauge condition [24]. Substituting eq. (2.7) into eq. (2.6) gives

∇
[
(λ+ 2μ)∇2φ− ρ

∂2φ

∂t2

]
+∇×

[
μ∇2ψ − ρ

∂2ψ

∂t2

]
= 0 , (2.8)

which is satisfied as long as both terms in the square brackets are equal to zero. This

leads directly to the Helmholtz differential equations: the first one governs longitudinal

waves

∂2φ

∂t2
= c2L∇2φ , (2.9)

and the second one shear waves

∂2ψ

∂t2
= c2S∇2ψ , (2.10)

where cL is the phase velocity of longitudinal waves, defined as

cL =

(
λ+ 2μ

ρ

) 1
2

(2.11)

and cS is the phase velocity of shear waves, defined as

cS =

(
μ

ρ

) 1
2

. (2.12)

Due to eq. (2.9) and eq. (2.10) being independent from another, shear and longitudinal

waves propagate independently in an unbounded isotropic medium, without interacting.

There exist general solutions for the propagation of longitudinal- and shear waves and for

the case of propagation in the z-direction they are defined as

φ = φ0e
i(kLz−ωt) (2.13)
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and

ψ = ψ0e
i(kSz−ωt) , (2.14)

where φ0 and ψ0 are arbitrary amplitudes, i =
√−1 is the imaginary number, z is the

spatial coordinate of the wave and kL,S are the longitudinal (L) and shear wavenumbers

(S), defined as

kL,S =
ω

cL,S
, (2.15)

with ω = 2πf being the angular frequency and f being the ordinary frequency.

2.3 Guided waves

Bulk waves have been derived for infinite structures and are solely dependent on the

material properties. However, they do interact with boundaries, where refraction, reflec-

tion and mode conversion can occur. It is the interaction of bulk waves with boundaries

that leads to the occurrence of guided waves. The Rayleigh surface wave [25] is one ex-

ample, which propagates along a boundary. For the case of an infinite plate (see fig. 2.1),

two other types of guided waves may be excited, namely the Lamb waves [22] and the

shear-horizontal guided waves [24,26,27]. Guided waves share the wave propagation equa-

tions with bulk waves, however, guided waves depend not only on the material properties

but also on the material boundaries. Thus, any solution is required to satisfy the wave

propagation equations and the physical boundary conditions.

Let us analyse the case of a guided wave in an unbounded stress free and isotropic plate of

infinite extent. Two popular solutions are the method of potentials and the partial wave

technique. While the latter is able to describe the occurrence of guided waves through

the superposition of the waves reflected at the boundaries, and Snell’s law governing the

reflection of waves, the method of potentials may be used to solve eq. (2.9) and eq. (2.10)

with φ and ψ as unknown variables.

Lamb waves are a solution for the case of a plane wave propagating along the z-axis, if the
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y = T

y = 0

y

z
x

direction of 

propagation

Figure 2.1: Schematic of an isotropic plate of thickness T with internal reflecting waves and
indication of shear horizontal displacement.

assumption is made, that particle displacement in the x-axis is zero (i.e. ux = 0). From

this, it follows that ∂
∂x

= 0 and that only x-axis rotations are allowed (ψz = ψy = 0).

This leads to a simplified set of Helmholtz equations,

∂2φ

∂t2
= c2L

(
∂2φ

∂y2
+
∂2φ

∂z2

)
, (2.16)

and

∂2ψ

∂t2
= c2S

(
∂2ψ

∂y2
+
∂2ψ

∂z2

)
, (2.17)

to which the solutions are the Lamb waves.

For the opposite case, where no out of plane displacement is permitted, i.e. any displace-

ment along the y and z-axis is assumed to be zero (i.e. uy = uz = 0) and neglecting any

compressional scalar potential (φ = 0), eq. (2.9) cancels out and eq. (2.10) reduces to

∂2ψ

∂t2
= c2S

(
∂2ψ

∂x2

)
, (2.18)

for which the shear-horizontal (SH) guided waves are the solutions. The displacement of

these SH guided waves is purely perpendicular to the direction of propagation. Given that

SH guided waves are of particular importance in this thesis, we refer the reader to [26]

for further discussion of Lamb waves. It has to be noted however, that exact Lamb wave

solutions have to be derived numerically and approximations may be derived analytically

13
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through Mindlin plate theory (see [17, 19]). Analytical expressions for SH guided waves

will be presented in the following subsection.

2.3.1 Shear-horizontal guided waves

The SH guided wave solution to eq. (2.18) is given by the following equation of wave

propagation:

ψ = ψ0(y)e
i(kz z−ω t) , (2.19)

where ψ0 is the displacement amplitude and kz is the wavenumber in the propagation

direction. There is a similarity to eq. (2.14) but in this case, the displacement amplitude

is thickness dependent as it is a function of the spatial term y, thus describing a potential

of thickness-dependent sinusoids:

ψ0(y) = A sin(ky y) + B cos(ky y) , (2.20)

where A and B are arbitrary constants and ky is the through-thickness wavenumber. For

traction free boundary conditions applying y = T and y = 0 to eq. (2.19) yields

A cos(ky T/2)− B sin(ky T/2) = 0 , (2.21)

A cos(ky T/2) + B sin(ky T/2) = 0 , (2.22)

resulting in the frequency equation

cos(ky T/2) sin(ky T/2) = 0 , (2.23)

which is only satisfied if

ky =
π n

T
(n = 0, 1, 2, 3, . . . ) (2.24)

14
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at integer values n, showing that SH guided waves may propagate only under certain

conditions. Using the relationship between the bulk shear wavenumber kS and ky,

k2y = k2S + k2z , (2.25)

the substitution of eq. (2.15) for shear (S) and eq. (2.24) leads to the SH guided wave

dispersion relation

k2z =
(πn
T

)2

−
(
ω

cS

)2

. (2.26)

From this, the frequency f and thickness T dependent phase velocity of SH guided waves

is found by utilising kz = ω/cp [26]:

cp(f T ) = ±2 cS

(
f T√

4(f T0)2 − n2 cS2

)
, (2.27)

as well as the group velocity of SH guided waves, which describes the velocity of the wave

pulse envelope:

cg = cS

√
1− (n/2)2

(f T0/cS)2
. (2.28)

From both equations it is immediately observable that for the fundamental SH guided

wave mode SH0, n = 0 and both group and phase velocities are equal to the phase

velocity of the bulk shear wave, cS. In fig. 2.2a, the phase velocity dispersion curves for

SH guided waves and the two fundamental Lamb wave modes are plotted. Moreover, it

is shown that the higher order SH guided wave modes do not exist below certain cut-off

frequency-thickness products, which are defined by

f T =
n cS
2

, (2.29)

stating for a particular integer value of n, solutions have to be greater than a corresponding

f T value. This property is solely dependent on the material parameters which set the

bulk shear wave velocity.
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Figure 2.2: a) Phase velocity dispersion curves for Lamb and shear-horizontal guided waves in
a steel plate. SH guided wave mode shapes for b) SH0 & c) SH1 for a single frequency. The grey
arrows in b) and c) indicate the direction of propagation.

The mode shapes of the fundamental SH mode (SH0) and of the first higher order mode

(SH1) are shown in fig. 2.2b,c. SH guided waves do not have any out-of-plane displace-

ment, which makes them less susceptible to attenuation due to liquid loading, since,

neglecting viscosity, no part of the shear motion can be transmitted into the liquid. The

dispersion relationship between thickness and phase velocity is frequently used to determ-

ine remnant wall thickness from wave velocity measurements.

The fundamental SH0 mode is non-dispersive and therefore unsuitable for this type of

thickness inversion method. The first anti-symmetric mode, SH1, does not exist below a

cut-off frequency-thickness product of f ·T ≈ 1.6MHzmm but in contrast is highly dispers-

ive up to a frequency-thickness product of 5MHzmm, making it a promising candidate

for thickness inversion guided wave tomography. The working point on the dispersion

curve depends on the required depth penetration. For the case of SH1, the working point

would move towards higher frequency-thickness products when greater depth penetration

is required. Given the steepness of the slope at lower frequency-thickness values between

cut-off and 3MHzmm, SH1 will be most sensitive for shallower defects and thickness in-

version will be more challenging when moving to greater frequency-thickness values for

greater depth penetration. Here, the accuracy of the velocity measurements will determine

how accurately greater depths can be measured.

The following section will briefly explain acoustic wave scattering before explaining guided
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wave tomography in the section thereafter.

2.4 Guided wave tomography

0520052-
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-250
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m
)

Transducers
Tx
Transducers

R

Figure 2.3: Schematic of the full view guided wave tomography layout employed in this thesis:
A circular array of radius R is placed on a plate. The transducers are used for excitation as
well as reception. The arrow pointing towards the defect indicates an excitation event at a
transmitting transducer Tx. A defect is placed in the centre of the plate. The incident waves are
interacting with the defect and the scattered waves (arrows pointing away from the defect) are
picked up by the receiving transducers.

The goal of guided wave tomography is to reconstruct a thickness map of a region of

interest (ROI) using guided waves which are transmitted through the ROI and received at

various receiving positions by an array placed around it (see fig. 2.3). This reconstruction

is possible since dispersive guided waves modes are dependent on the product of frequency

and thickness and by fixing frequency, their group or phase velocity become thickness

dependent. Typically, the aim is to generate a velocity map from the measurements and

utilising the dispersion relationship to convert that velocity map to a thickness map.

As mentioned previously, the SH1 mode seems to be a particularly suitable candidate,

as it offers shorter wavelength than the Lamb waves typically considered, meaning it

has potential for improved resolution. Using even higher frequencies would lead to a

multitude of modes being present, which adds complexity to the signal processing, due to
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mode conversion and overlapping wave modes in both time and space. Higher order Lamb

modes are also not considered because generating a pure mode is practically challenging.

The next section will explain the basic acoustic scattering model which is used for velocity

inversion.

2.4.1 Forward scattering theory

Commonly applied reconstruction algorithms use the change in phase to infer velocity

which may then be used to infer thickness; assuming an applicable dispersion relationship

is known. It is worth noting that these algorithms typically assume an acoustic scattering

model. In this section, the model used in this thesis will be explained briefly by investig-

ating the scattering in the frequency domain. The Helmholtz equation describes the wave

equation in the frequency domain

[∇2 + k(x)2]φ = 0 , (2.30)

where k is the wavenumber at position x and φ is the scalar field potential. In the

frequency domain, the response for a background wavenumber k0 can be defined by an

object function

O(x) = k20

[(
c0
c(x)

)2

− 1

]
, (2.31)

which, when substituted into the Helmholtz equation (2.30) yields

[∇2 + k20]φ = −Oφ . (2.32)

We can find an equation for the scattered field φS = φ−φ0 using the free space Helmholtz

equation

[∇2 + k20]φ0 = 0 , (2.33)
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and subtracting it from eq. (2.32), which gives the Helmholtz equation in free space acting

on the scattered field φS that produces the strength response −Oφ:

[∇2 + k20]φS = −Oφ . (2.34)

Using the Green’s function solution, we can write eq. (2.34) as

[∇2 + k20]G(y,x) = δ(x− y) , (2.35)

where x and y are the position vectors of the source and receiver locations. The analytical

solution for the two-dimensional case is given by

G(y,x) = − i

4
H

(1)
0 (k0r) , (2.36)

where

r = |x− y| (2.37)

and H(1)
0 is the Hankel function of the first kind.

We can now multiply the right-hand-side (RHS) of eq. (2.34), −Oφ, with eq. (2.35) and

find

−Oφ · [∇2 + k20]G(y,x) = −Oφ · δ(x− y) . (2.38)

Integrating both over dx gives

∫
−Oφ · [∇2 + k20]G(y,x)dx =

∫
−Oφ · δ(x− y)dx . (2.39)

The operator on the left-hand-side (LHS), [∇2+k20], can be moved out of the integral and

the RHS simplifies to −Oφ:

[∇2 + k20]

∫
−O(x)φ(x)G(y,x) dx = −Oφ , (2.40)
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which, compared to eq. (2.34) leads to the Lippmann-Schwinger equation:

φS = −
∫

O(x)φ(x)G(y,x)dx . (2.41)

In order to solve the Lippmann-Schwinger equation an approximation is needed and the

most commonly used one is the Born approximation [28]. The main assumption of the

Born approximation is that the total field is approximately equal to the incident field

φ ≈ φ0, which when substituted into eq. (2.41) leads to

φS =

∫
−O(x)φ0(x)G(y,x)dx . (2.42)

This may be solved by assuming a far-field array which models the incident field and the

Green’s function as plane waves [29] so that

φS =

∫
−O(x)eik(ŝ−ŝ0)·xdx , (2.43)

where ŝ represents the scattered wave direction to the receiver and ŝ0 is the incident

wave direction from the source (see fig. 2.4a ). This is commonly recognised to be a

two-dimensional Fourier transform

φS(ŝ, ŝ0) ≈ −Ô[k(ŝ− ŝ0)] . (2.44)

By exciting and receiving from all possible angles from 0 to 2π it is possible to fill the

Ewald limiting disc [28] of radius 2k0 (see fig. 2.4b ). This can be achieved by plotting

the measured components into a uniform grid in ‘k -space’, the spatial frequency domain.

For an array with 120 positions, all populatable k -space positions are depicted as grey

dots in fig. 2.4(b) within the Ewald limiting circle with radius 2 k0 (black circle). For

a fixed source position (red circled dot in fig. 2.4(a)) each measurement is mapped to a

particular point in k -space. The multi-coloured arrows indicate that through-transmission

information (from light blue, green to yellow) is mapped to the low-spatial frequency

region in k -space, whereas reflection information (blue, red to orange) is stored towards

the high-spatial frequency region close to the 2k0 limit. By performing all transmit-receive
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Figure 2.4: Schematic of mapping scattered information from the spatial domain to the spatial
frequency domain called k -space: (a) shows a circular transducer array setup and the excitation
vector ŝ0 in red and the receiving direction ŝ. Different receiving directions are indicated with
the different colours shown. (b) presents the spatial frequency domain of the object, known as
k -space, into which the measured scattered components can be mapped, according to eq. (2.44).
The component corresponding to ŝ0 incident and ŝ in reception in (a) is mapped to (1, -1) as
illustrated. By changing the receiver direction ŝ around 360 degrees, a circle is mapped out,
illustrated by the colours shown in both plots. Changing the source direction then allows this
circle to be iteratively moved around, with all the measurements ultimately populating the disk
shown.

combinations, all possible positions in k -space are filled. After application of an inverse

2D Fourier transform, the scattered object may be reconstructed. The next section will

explain how this principle is employed in guided wave tomography.

2.4.2 Reconstructing thickness from velocity maps

In order to generate the velocity map which can then be converted to a thickness map,

a velocity inversion algorithm is needed and typically, this assumes an acoustic wave

behaviour. One of the simpler algorithms is to model the waves as rays and to use their

arrival times for estimating the velocity. While this can allow a defect to be located, the

resolution of this approach is very poor as it neglects diffraction which occurs when the

scattering object is small compared with the wavelength. Many approaches in tomography

have utilised ray theory, including Hinders [30,31], Volker [5], Simonetti [32] and Belanger

[33].

Another possibility is the use of the diffraction tomography algorithm. This is, however,
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limited by its underlying use of the Born approximation which limits the contrast and

size of the object which can be reconstructed [15, 29]. An alternative approximation

that may be used with DT is the Rytov approximation [29], which has been considered

for guided wave tomography in the past [34]. Here, the phase of the field has to be

unwrapped which is challenging particularly for complex scatterers and if any noise is

present in the signals. The HARBUT algorithm, which relies on a modification of the Born

approximation, has been shown to have good performance for guided wave tomography

velocity inversion [15]. In essence, HARBUT is a modification of diffraction tomography

(DT). DT produces a reconstruction by recognising that the wave scattering process, under

the Born approximation and due to the sinusoidal nature of waves at a single frequency,

forms a Fourier transform of the scatterer. Hence, an inverse Fourier transform may

be used to obtain an image of the scatterer. HARBUT modifies DT to incorporate an

inhomogeneous background from bent ray tomography (BRT), accounting for the wave

aberrations with an Eikonal solver, ultimately increasing the contrast and size of objects

which can be imaged.

Thus, by combining the complementary strengths of bent ray and diffraction tomography,

the algorithm is capable of achieving high resolution results at very low computational

intensity. HARBUT has been shown to be robust for a huge range of different defects

across different modes and with different frequencies [35].

The highly-dispersive nature of the SH1 mode would traditionally limit the propagation

distance of the wave. However, since HARBUT operates in the frequency domain rather

than the time domain where dispersion would be an issue, we bypass this challenge. The

maximum propagation distance depends on energy lost from the wave; dispersion does

not remove energy but simply redistributes it in time and therefore, frequency domain

methods are insensitive to this. It is for these reasons that HARBUT has been chosen as

the algorithm for velocity reconstruction in this investigation.

Once a velocity reconstruction has been achieved (see fig. 2.5(a) ), the velocity values are

looked up in a dispersion curve (see fig. 2.5(b) ) and maybe be converted to thickness

values (see fig. 2.5(c) ).
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Figure 2.5: Mapping velocity to thickness: A velocity map was reconstructed from captured
SH1 signals (a). By fixing frequency to 350 kHz, the velocity becomes thickness dependent and
the thickness values are looked up in the dispersion curve to calculate a thickness map (c). The
green cross is a point of nominal thickness and the red cross depicts a location with 50% wall
loss.

2.4.3 Resolution in guided wave tomography

The resolution of an imaging modality determines how well features may be resolved. The

finer the details that are desired to be imaged are, the higher the requirement in terms

of resolution. The achievable resolution of a guided wave tomography system broadly

depends on four parameters: the type of the transducer array, the number of transducers,

the chosen centre frequency fc (i.e. wavelength λ = c/f) and finally, the applicability

of the reconstructing algorithm to the elastic wave model. In order to capture the full

scattering information from a defect, a circular, ‘full-view’ configuration is desired over

for example a pair of parallel arrays, which only offers ‘limited view’ of a region of interest

because the ROI is not illuminated from certain directions.

Another factor is the number of transducers, which is dictated by the sampling criterion

that is dependent on the wavelength, which is determined by the chosen centre frequency.

One fundamental aspect to the imaging problem that has been underestimated in the

past is the applicability of the reconstruction algorithm to guided waves [16]. The typical

acoustic scattering model used has been the Born approximation which holds for small

perturbations in velocity. The approximation assumes that the scattered field is the

superposition of infinitesimally small elementary scatterers, which in this case, scatter

acoustically or rather in an omnidirectional fashion. Any density variations will have

dipolar scattering. It should be noted that while the Born approximation is used to analyse

and describe the scattering here, the conclusions are general to guided wave scattering

and not just applicable to reconstructions achieved via the Born approximation.
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Recent work by Huthwaite [15] has revealed that for Lamb waves, the scattered amplitude

from a point-like defect does not exhibit acoustic scattering behaviour but rather shows

a highly directional scattering profile. This was shown through a comparative study

between simulated data from 2D acoustic and 3D elastic simulations.

As has been described previously, the resolution limit of diffraction tomography and HAR-

BUT is λ/2 [29,36], which may be achieved if the field is fully sampled and the scattering

behaviour is fully acoustic. A frequently used tool to determine the spatial resolution

of an image is to determine the wavenumber components that were captured in the fre-

quency domain. For diffraction tomography, the maximum wavenumber components that

can be captured are located within the Ewald limiting circle in ‘k -space’. k -space is the

2D Fourier transform of an image as illustrated in fig. 2.6 and by choosing an invest-

igation centre frequency, a background wavenumber k0 can be determined. Using this

background wavenumber, the axes of the k -space image can be normalised to multiples

of this wavenumber.

It is useful to know that low spatial frequency (or wavenumber) components are located

at the centre of k -space, whereas high frequency components are located at the outer

regions. The consequences of this can be readily demonstrated by applying two types of

windows to the k -space image. First, we apply a circular binary window w◦ of radius k0

to the k -space image, setting any wavenumber components lower than k0 to zero:

w(k)◦ =

⎧⎪⎨
⎪⎩
0 k ≤ k0 ,

1 k > k0 ,

(2.45)

where k is the wavenumber position in k -space. Applying the inverse 2D FFT to this

windowed k -space image yields an image that contains only the details of the image. It is

directly obvious that higher spatial frequency components correspond to the finer details

within the image. Applying the inverse of w◦ to the k -space image shown in fig. 2.6(c),

where

w(k)◦ =

⎧⎪⎨
⎪⎩
1 k ≤ k0 ,

0 k > k0 ,

(2.46)
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Figure 2.6: k -space representation and reconstruction of images after applying an inverse 2D-
FFT: Inverting the full k -space image K (a) leads to the original image (e). Removal of low
spatial frequency components at the centre (b) leads to a reconstruction of the finer details (f),
encoded in the high spatial frequency components. Inversely, removal of the higher spatial fre-
quency components (c-d) leads to a drop in resolution but maintains the low spatial frequency
information of the imaged object (g-h). The more high spatial frequency components are re-
moved, the ‘blurrier’ the image and greater the loss of resolution.

followed by application of the inverse 2D FFT leads to a reasonably accurate reconstruc-

tion of the original image but a noticeably blurrier result as can be seen in fig. 2.6(g).

From the figure, it is shown that the finer details are missing. Reducing the window radius

to 0.5k0 as shown in fig. 2.6(d) leads to greater loss of resolution and to a much blurrier

result shown in fig. 2.6(h). Any high spatial frequency components in regions > 2k0 are

not captured using image reconstruction techniques based on the Born approximation.

As stated previously, the wavelength and array parameters should have been sufficient

to achieve a resolution of λ/2 but due to the mismatch in scattering behaviour between

Lamb and acoustic waves insufficient scattering information is captured, leading to a loss

of wavenumber components in k -space and ultimately a significant loss in resolution. Ex-

panding the resolution criteria to the upper limit of wavenumber components, we can

determine which wavenumber components need to be captured in order to achieve suffi-

cient resolution to capture the depth accurately, while retaining good in-plane resolution.

In the following section, the fundamentals of the FE method used for the numerical

investigation is discussed and the modelling approach for pure SH1 excitation is explained.
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2.5 Finite element simulations

In the last decades, numerical simulation tools have been developed that allow for highly

realistic simulation data. One of the most important types of modelling tools is the FE

method, where large models are segmented into small, finite elements and thus finding

approximate solutions to partial differential equations with boundary value problems is

possible for even complex geometries. In this thesis, FE modelling was employed to in-

vestigate guided wave propagation in isotropic steel plates. For this, the steel plate was

discretised into millions of finite elements. Next, the partial differential equation with

boundary values is solved at every node of these elements which provides approximate

solutions at a specific timestep. The calculations are ideally solved explicitly. This means

that the next timestep value is based solely on known values from the current and previ-

ous timestep without an interdependence in the following ones.

The FE package used in this thesis was Pogo, which utilises graphics processing units

(GPUs) to solve the explicit time-domain FE model which significantly speeds up the

simulation, compared with conventional FE software that runs on central processing units

(CPUs). The main advantage is that Pogo is an Nvidia compute unified device architec-

ture CUDA enabled solver, solving explicit time domain problems on one or multiple

GPUs allowing for a dramatic speed in solving time compared to CPU-based commercial

FE packages.

More specifically, Pogo solves the dynamic equilibrium equation in its finite form, which

is given by

[M ]ü+ [C]u̇+ [K]u = [Fext] , (2.47)

where ü is the acceleration vector, u̇ the velocity vector and u the previously introduced

displacement vector. [M ] is the diagonal mass matrix describing material density, [C] is

the viscous damping matrix (which is zero for the case of an elastic material), [K] is the

static stiffness matrix that encodes Young’s modulus and Poisson’s ratio and [Fext] are

the external forces that are applied to the system.

Using the finite difference scheme, the acceleration, velocity and displacement vectors in
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the dynamic equilibrium equation may be defined as

ü =
ut+1 − 2ut + ut−1

δt2
, (2.48)

u̇ =
ut+1 − ut−1

2δt
, (2.49)

u = ut , (2.50)

using the displacement vectors of the previous timestep ut−1, of the current timestep ut

and the next timestep ut+1.

Careful selection of the time increment δt and the element size Δx is required for accurate

numerical results. Drozdz [37] recommended the following relation

δt ≈ xmin

c0
√
G
, (2.51)

where xmin is the smallest nodal distance in the mesh, c0 the velocity of the fastest

propagating wave and G the dimensional order of the model. Essentially, δt needs to be

smaller than the time it takes for the fastest propagating wave to transverse between the

smallest nodal distance xmin. It is thus equally important to select a suitable element

size Δx as numerical stability also heavily depends on this. For this, Drozdz suggested a

mesh density of 30 elements per wavelength for a triangular mesh

Δx ≈ λ

30
, (2.52)

which should lead to sufficiently accurate quantitative results that nevertheless need to

be verified in case of greater defect complexity. For the case of a tetrahedral mesh,

Carandente [38] used 22 elements per wavelength for greater defect complexity. Thus,

in this thesis the numerical simulations were performed with at least 20 elements per

wavelength. Another important factor in FE modelling of guided waves is the excitation

approach. The next subsection will explain the technique that was employed to generate

pure SH guided wave excitation data.
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Figure 2.7: a) Omnidirectional shear excitation on all nodes of four elements. The source can
be positioned arbitrarily by weighting the displacements of the four elements and superposing
the signals together. (b) shows how this shear source can be applied to the top and bottom
surfaces; excitation by twisting in opposite directions top to bottom will excite the asymmetric
SH modes and pure SH1, assuming excitations well below the SH3 cut-off frequency.

2.5.1 SH guided wave excitation approach for FE

The finite element package Pogo was employed to capture the full complexity of guided

wave scattering as it provides full three-dimensional elastodynamic simulation capabil-

ities [39]. In order to excite and receive pure SH guided wave signals from an array of

point sources, an omnidirectional excitation model had to be developed. The array of

transducers was modelled by exciting forces and measuring the displacement of nodes

around the transducer positions. This can be seen in fig. 2.7 by considering a single col-

our. Note the depicted situation only occurs if the desired point source location happens

to lie perfectly at the centre of an element. In practice, one solution is to accept a slight

shift in the transducer position and move it to be centred on an element, however, in this

thesis this excitation is applied to each of the four adjacent elements, shown as different

colours in fig. 2.7.

Next, the weighting of each element is determined by a linear interpolation approach, such

that the centre of mass of the source lies at the desired location. The case depicted in

fig. 2.7(a) shows the weighting that would be applied for the ideal case of the transducer

position being exactly on the centre node (number 5), although it should be noted that

the central forces will balance and hence cancel each other out to become zero. The
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principle of reciprocity means that the same weightings that are used during excitation

are also used during reception, summing the measured displacement values on each degree

of freedom with the same weighting as the excitation term.

During lower frequency investigation, SH1 was excited by an opposing set of twisting

sources on the top and bottom surfaces of the plate; the twisting avoids longitudinal

excitation because it has zero divergence, and the opposing sources prevent the fully

symmetric SH0 and SH2 from being generated. This was sufficient, as long as the fre-

quency content of the excitation pulse was below the cut-off frequencies of higher order

asymmetric SH modes (such as SH3 and SH5).
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Figure 2.8: Shear-displacement uy profiles for the first four SH guided wave modes: (a) SH0,
(b) SH1, (c) SH2 and (d) SH3. The two symmetric modes are plotted in red and the asymmetric
modes in blue.

When investigating deeper defects, however, the excitation had to be performed at higher

frequencies, where the bandwidth of the used pulses might contain frequency components

that are greater than e.g. SH2 and SH3 cut-off frequencies. This could lead to higher

order symmetric or asymmetric modes being picked up by the previous excitation scheme,

where excitation and reception only occurred at the top and bottom surfaces. In order to

compensate for this effect, the through-thickness displacement curves were calculated for

every mode within the frequency range used in this thesis (SH0 - SH3) and are shown in

fig. 2.8 .

The displacement was then coupled with the weighting of all excitation nodes on every

thickness layer of the model. For example, for SH0, the displacement through-thickness is

a straight line as it is the fundamental symmetric SH mode. This was modelled by selecting

9 nodes for every thickness layer of the model and applying the weighting described above

multiplied with the displacement curve. Hence, pure modal excitation and reception

were achieved by multiplying the mode dependent displacement shape with the element
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2. Theoretical Background

weighting for every thickness layer. The scheme is shown for SH0 and SH1 in fig. 2.9 in

a 10mm thick plate which is close to the thickness of a 12 inch schedule 40 pipe. Thus,

true pure SH mode excitation and reception were achieved at higher frequencies.

In practice, pure omnidirectional point source SH excitation is very challenging to achieve.

The same holds for pure through-thickness modal excitation as this requires access to

both surfaces of the pipe. In the field, the access will usually be limited to the surface. In

the following chapter this is acknowledged by increasing realism from pure and through-

thickness excitation over surface point source excitation to directional surface excitation.

Nevertheless, the here presented pure excitation model is vital for careful modal analysis.
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Figure 2.9: Through-thickness nodal displacement schematic for pure SH0 (a) and SH1 (b)
point source excitation in a 10mm thick plate: Here the transducer is positioned at [x, y] =
[200, 0]mm. The 9 node columns are colour coded by thickness from 0mm = darkblue to
10mm = yellow for all 21 model layers. The red vectors indicate the displacement in counter-
clockwise direction and blue arrows point in the clockwise direction. For SH0 (a) this leads to
a uniform displacement profile through-thickness while for SH1 (b) this leads to anti-symmetric
displacement profile through-thickness. Note that the centre of the transducer position is located
perfectly on the grid and therefore the nodal displacement in the centre is zero.

2.6 Summary

In this chapter, the fundamentals of bulk waves, guided waves and more specifically SH

guided waves were presented. Guided wave tomography was explained and the various

stages demonstrated. Next, the FE method was discussed and the special approach to

exciting pure modes of SH guided waves was explained. This was the fundamental problem

necessary to solve to reach a thorough understanding of the scattering phenomena which
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2. Theoretical Background

affect the quality of reconstructions in guided wave tomography. The next chapter will

see the application of these fundamentals in numerical simulations.
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Chapter 3

Numerical investigation of SH guided

wave tomography

3.1 Introduction

In this chapter, SH guided wave tomography was investigated numerically. As mentioned

in the introduction of this thesis, Lamb waves exhibit a markedly different point scat-

tering pattern compared with acoustic waves, which leads to an underperformance of

the HARBUT reconstruction algorithm. It was thus necessary to first identify the point

scattering pattern of SH guided waves in order to determine whether any increase in

frequency would lead to an improvement in resolution. The results of this investigation

are presented in section 3.3. This is followed by results of SH1 point source guided wave

tomography for several types of defects. Naturally, the idealised pure mode excitation

approach is currently not practical for field applications and therefore a directional SH

source was modelled. The guided wave tomography results using this type of transducer

are presented in section 3.6. This is followed by a performance analysis, comparing SH1

with the two fundamental Lamb wave modes, A0 and S0. Next, HARBUT is used for

reconstruction from SH0 signals yielding an interesting result. Finally, the chapter is

summarised in section 3.9. Parts of this chapter have been adapted and extracted from

publication [P1].
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3. Numerical investigation of SH guided wave tomography

3.2 Plate model

Figure 3.1: Plate modelling approach: 2D thickness maps were used to squash node layers,
‘imprinting’ the defects into the structured mesh. Here, a cut-out of the total model is shown,
highlighting the thickness profile through the deepest point of the defect and the squashed
elements.

As curvature can be neglected for the pipe-radii of interest in industry [40], the investig-

ation was simplified by considering corrosion patches in 10mm thick isotropic mild-steel

plates (E = 210GPa, ν = 0.3125, ρ = 8000 kg/m3), which had to be modelled numeric-

ally. The thickness value of 10mm has been chosen throughout this thesis as it allows for

better comparison with previous work (see for example [13, 34, 36]), allows scalability of

the results and is quite close to the thickness of a commonly used pipe type, the 12-inch

schedule 40 pipe. It is noted that during manufacturing, pipe or plate thickness may

vary slightly and variations of 10% are not uncommon for oil industry applications. Any

such thickness change will cause a corresponding velocity change. However, it should be

possible to spot in the signals when assessing bulk velocity from calibration signals. An-

other factor that might affect wave velocity is material anisotropy due to uneven rolling

of the pipes during manufacturing. In this thesis, such effects are neglected and isotropic

material properties as well as nominal thickness are assumed.

The plates were modelled in the form of structured meshes with 8-element hexahedral

elements following the approach used in [8] and using Pogo’s mesh generation routines for

MATLAB (see fig. 3.1). For frequencies up to 300 kHz an element size of Δx = 0.5mm was

chosen which for a 0.5m wide quadratic plate led to 21 million nodes (1001× 1001× 21).

For higher frequencies, an element size of Δx = 0.25 was selected, increasing the model

size to 160 million nodes (2001 × 2001 × 41). In order to avoid signal from boundary
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3. Numerical investigation of SH guided wave tomography

reflections, 60mm of stiffness reduction method (SRM) boundaries [41] were applied along

the edges of the plate model. For the defect region, axisymmetric defects were calculated

and laser scanned defects imported and used as templates for element-wise ‘squashing’

in the out-of-plane z-direction in order to model the thickness changes inherent within

the defects. A set of seven thickness maps of two categories were created (see fig. 3.2);
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Figure 3.2: The seven defect models used in the numerical study: Hann-shaped axisymmetric
Hann, Tukey-shaped axisymmetric Tukey and laser scanned defects of corrosion under pipe
support (CUPS): Alpha-Echo.

two synthetic axisymmetric defects and five rough defects based on real laser scanned

corrosion patches provided by industry. This range of defects is shown in fig. 3.2 for the

case of 20% maximum wall loss. Whenever greater wall loss was required, the thickness

maps were scaled linearly. The axisymmetric defects were based on the Tukey [42] and

Hann [43] window functions. These were chosen as they are axisymmetric, which reduces

simulation duration, as a single excitation event may be used to create a full dataset.

Furthermore, the Tukey window was chosen for a cylindrical flat-bottomed defect type

as it is slightly more realistic to assume shallow slopes in contrast to sharp boundaries.

Furthermore, this helped by reducing mode-conversion, adding situational control.
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3. Numerical investigation of SH guided wave tomography

For the Hann-shaped defect (Hann), the thickness function T (x) was defined as

T (x) =

⎧⎪⎨
⎪⎩
T0 − d

2

[
1 + cos

(
2π|x|
w

)]
|x| < w

2

T0 |x| ≥ w
2
,

(3.1)

where d is the depth of the defect and w the width. These values were set to d = 2mm

and w = 100mm for Hann. In order to model an axisymmetric flat-bottomed defect, a

Tukey window function was used as a template and adapted to

T (x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

T0 − d
2

[
1 + cos

(
π (|x|−w/2)

W/2−w/2

)]
w
2
< |x| < W

2

T0 − d |x| ≤ w
2

T0 |x| > W
2
,

(3.2)

where w is the width of the bottom hole and W the width of the defect at the surface. The

window becomes rectangular when W = w and a Hann window when w = 0. In the case of

defect Tukey, the width was set to w = 100mm and an outer width of W = 200mm. For

the five realistic defects, the spatial resolution of the models was limited to 2.5mm, the

maximum diameter was scaled to be ≤ 200mm and the depths were linearly scaled such

that the maximum depth in each case was set to 2mm. These defects can be grouped into

two classes, pitting-corrosion (Alpha and Bravo) and larger corrosion patches (Charlie,

Delta, Echo).

The Pogo model was run on eight NVIDIA Quadro RTX 8000 GPUs which required 29

minutes to run for the case of 120 excitation events.

3.3 Scattering of SH guided waves from a point-like

defect

Recent work by Huthwaite [15] identified a mismatch in scattering behaviour between

acoustic and elastic waves. It is this mismatch that leads to the under-performance of

HARBUT, which assumes acoustic wave scattering. This was demonstrated for the case of

a realistic, laser-scanned defect model where HARBUT performed as expected with data
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3. Numerical investigation of SH guided wave tomography

from acoustic frequency domain finite difference (FDFD) simulation data and achieved

good resolution. When reconstructing from elastic simulation data, however, the resol-

ution could not be matched although all parameters such as wavelength, material prop-

erties, and number of transducers were constant. This became especially apparent after

analysing the spatial frequency components of the reconstructed images, revealing that

only wavenumber components within a circle of radius 0.63 k0 were acquired, instead of

the to be expected 1.4 k0 radius for full-view through transmission data. In order to assess

the origin of this mismatch, Huthwaite performed an analysis of the scattering amplitude

from a point-like defect, which was modelled in form of a shallow and small (diameter

λ/4) flat-bottomed defect of depth 5% of the remnant wall thickness. The specific sizes

are unimportant as long as the scatterer may be considered elemental compared to the

wavelength.

The purpose of this study is to determine the scattering pattern of SH guided waves in

order to assess whether their use could offer a better match to the acoustic case and thus

lead to a resolution improvement.

3.3.1 Model

The radius of the array was set to R = 200mm and an excitation frequency of 200 kHz

for the SH modes was chosen. At this frequency, SH0 has a phase velocity of 3162m/s

for all frequencies and a wavelength of 15.8mm. The SH1 mode, at the same frequency,

has a phase velocity of 5164m/s and a wavelength of 25.8mm. This is already well below

the 40mm of A0 at 50 kHz. As the wavelength of SH0 is much smaller than that of

180°

incident wave

point 
scatterer

θ

scattering angle

scattered wave

0°

Figure 3.3: Schematic defining the scattering angle θ for a point scatterer.
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3. Numerical investigation of SH guided wave tomography

SH1, the width of the point scatterer was chosen to be a quarter of SH0’s wavelength at

200 kHz, leading to a defect width of λSH0

4
= 15.8mm

4
≈ 4mm. The depth was chosen to

be 5% of the nominal wall thickness leading to a depth of 0.5mm, which is in line with

the defect setup used by Huthwaite [15]. The circular array sampling criterion was set to

N = 128. Although SH0 is non-dispersive and therefore unsuitable for thickness inversion

from velocity, its scattering behaviour might still be of interest for reconstructing the

change in effective density for cases where modal purity is impossible to achieve.

3.3.2 Data processing

In order to extract the scattering amplitude, the received time-traces after an excitation

at a single source are recorded and a Fourier transform is applied. Taking the absolute of

the values of each receiving position per centre frequency leads to the complex amplitude

of the total field. In order to retain the scattered amplitude, an identical defect-free model

was run and the same data processing steps were applied. This allowed for the subtraction

of the incident field complex amplitude Ainc(θ) from the total field complex amplitude

Atot(θ) which yields the scattered field’s complex amplitude:

Ascat(θ) = Atot(θ)− Ainc(θ) . (3.3)

The scattering pattern is the absolute of the complex amplitude and was plotted as a

polar plot, showing the scattered amplitude versus scattering angle.

3.3.3 Results

The resulting scattering amplitudes for the acoustic case, A0 at 50 kHz, SH0 and SH1 at

200 kHz are plotted in fig. 3.4. A0 exhibits the expected directional dipolar pattern, with

a larger reflected component and a smaller through-transmission lobe. Notably, this is

limited to only small angles, and matches the acoustic case only up to a scattering angle

of ≈ 37◦. The fundamental SH guided wave mode, SH0 also scatters in a directional

manner, with the biggest amplitude appearing in the reflected amplitude. Interestingly,

the through-transmission components are almost reduced to zero except for a very small
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3. Numerical investigation of SH guided wave tomography

(a) A0 (b) SH0 (c) SH1

Figure 3.4: Comparison of acoustic and guided wave scattered fields for a 3mm wide and
0.5mm deep point-like defect in a mild steel plate: (a) A0 (green) at 50 kHz, (b) SH0 (red) at
200 kHz and (c) SH1 (blue) also at 200 kHz. The peak of the acoustic amplitude is indicated by
the dashed grey circle.

amount of amplitude in direct through-transmission and two larger side-lobes between

60◦ and 90◦. Here, the through transmission parts will correspond to the slowly varying

features and should match the acoustic model perfectly in the limit as the scattering angle

disappears to zero. For SH0 the lack of dispersion means that there should be no velocity

variation and therefore no scattering in through-transmission.

The first higher-order SH mode, SH1, on the other hand shows a vastly higher amount of

through-transmitted amplitude with the two side lobes being less pronounced than was

the case for SH0. However, the wavelength is also significantly larger. Nevertheless, the

through-transmission components match the acoustic case much better and most crucially,

seem to retain more higher spatial frequency components than for the case of A0. The

next step was to assess the matching area more quantitatively in order to be able to infer

a resolution prediction from the scattering angle.

3.3.3.1 Resolution prediction

In guided wave tomography, the amount of captured scattering information dictates the

achievable resolution. By relying on through-transmission data and neglecting any re-

flected information, the scattering angle θ is already limited to a range between 0◦ to

90◦ and 270◦ to 360◦. As mentioned in section 2.4.3, the scattered amplitudes may be

directly mapped to K-space, which is the two-dimensional Fourier transform of the spatial

domain. For a given excitation position ŝ0 and measurement direction ŝ the component
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3. Numerical investigation of SH guided wave tomography

of the scattered field maps to a point at k0 (ŝ0 − ŝ). Given that a circular, full-view

array was employed, any directional bias in the maximum wavenumber can be neglected

and only the magnitude of the vector may be considered, which dictates the maximum

wavenumber that may be obtained and in turn sets the resolution limit. Hence, we can

set

k0 |ŝ0 − ŝ| = k0
√
(ŝ0 − ŝ) · (ŝ0 − ŝ) (3.4)

where · is the standard dot product. It is now possible to transform eq. (3.4) to find

k0 |ŝ0 − ŝ| = k0
√
ŝ0 · ŝ0 − 2ŝŝ0 + ŝ · ŝ (3.5)

= k0
√
2− 2 cos(θ) (3.6)

= 2 k0

√
1− cos(θ)

2
(3.7)

= 2 k0 sin

(
θ

2

)
(3.8)

where θ is the scattering angle between ŝ0 and ŝ. Using the 3 dB envelope criterion, is it

possible to determine a maximum scattering angle at each frequency up to which we can

expect a reasonable match with the acoustic scattering amplitude. For scattering in the

perpendicular direction,

θ = 0 +
π

2
, (3.9)

which leads to a maximum wavenumber of

2 k0 · sin(π/4) ≈ 2 k0 · 0.71 (3.10)

= 1.42 k0. (3.11)

For A0 at 50 kHz, a maximum matching scattering angle of 0.64 radians [15] leads to a

maximum wavenumber of

2 k0 sin(0.64/2) = 0.63 k0 , (3.12)
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in turn corresponding to a wavelength of

λ =
2π

k
(3.13)

⇒ λA0(50 kHz) =
2π

0.63 k0
(3.14)

≈ 2π

0.63 · 166.8m−1
(3.15)

= 59.8mm (3.16)

or in terms of resolution θ:

θA0(50 kHz) ≈ 1.5λA0(50 kHz). (3.17)

This is clearly far below the theoretically achievable resolution of λ/2 and leads to a

significant loss in resolution which explained the poor results of the reconstructions from

elastic data in [15].

For SH0, a determination of the through transmission resolution is not of much relevance,

as within the through-transmission envelope only between π/3 and π/2 components are

captured and therefore a huge loss of low spatial frequency components can be expected.

This would lead to a significant drop in contrast and given that the majority of the signal

is reflected, only the contours of scattering regions should be detectable. As SH0 cannot

be used for thickness inversion, this result is noteworthy but not problematic, except that

in the case of coexisting SH0 and SH1 signals, higher wavenumber components might

overlap with SH1 components, which would require proper modal decomposition of the

signals.

It can be shown that SH1 offers the best match of the guided wave modes with the

acoustic model. The full range of through-transmission scattering angles may be captured,

which leads to a maximum wavenumber of 1.42 k0. For the SH1 wavelength at the given

frequency, this leads to a maximum resolution θ of

θSH1(200 kHz) = 0.7λSH1(200 kHz) ≈ 18mm. (3.18)
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This would be a significant improvement over A0 at a centre frequency of f = 50 kHz

and more importantly significantly exceeds the target of 3T in plane resolution set by

industry.

3.3.4 Summary

This section has investigated the point scattering behaviour of SH0 and SH1 and compared

it to that of the fundamental asymmetric Lamb mode, A0. Although the SH guided wave

modes both exhibit directional scattering behaviour, it was shown for the dispersive SH1

mode, how the greater range of scattering angle coverage should lead to an improvement

in resolution. In the next section these results will be tested by running three-dimensional

elastic FE simulations and applying HARBUT to the data.

3.4 SH1 guided wave tomography from pure SH1 point

source data

Having shown the theoretical improvement in resolution based on the more favourable

scattering pattern of SH1, in this section, several defect types were modelled and investig-

ated. For the first part of this section, defects with a maximum thickness loss of 20% are

considered which can be broadly categorised into artificial axisymmetric type defects and

more realistic defects which have been sourced from laser scans of real corrosion patches.

Next, the most interesting defects were scaled for a maximum thickness loss of 50% which

required excitation at a higher frequency. First, a brief description of the models for these

plates with defects will be given and it will be explained how they are introduced into the

plate model. This is followed by the data processing that was involved until finally, the

results are presented.

3.4.1 Model

For excitation, a 5-cycle Hann-shaped pulse was used to create the experimental guided

wave data which was excited at 120 transducer positions with a circular array of radius
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R = 200mm. For the initial investigation of 20% wall loss, a centre frequency of f =

250 kHz was chosen. At this frequency, SH1 has a wavelength of λ = 16.3mm and with

the cut-off frequency thickness product being at about 1.6MHzmm, a maximum wall

thickness-loss of

dmax(250 kHz) = 10mm− 1.6MHzmm

250 kHz
= 10mm− 6.4mm = 3.6mm (3.19)

was expected to be suitable for imaging. However, for these initial simulations the max-

imum wall loss was set to 20%, which, at 2mm wall loss, is well within the limit posed

by the cut-off frequency thickness product. In order to reach greater depth, a higher

frequency is required as has been discussed previously. In order to penetrate 50% wall

loss, a centre frequency of 350 kHz was selected, offering a wavelength of λ = 10.1mm.

For the selected material parameters, this should allow for a depth penetration of up to

dmax(350 kHz) = 10mm− 1.6MHzmm

350 kHz
= 5.3mm. (3.20)

The choice of 120 transducers was made using the sampling criterion for a circular array

by Simonetti et al. [44]:

N ≈ 4π r0
λ

, (3.21)

where r0 is the radius of a circle which contains the region of interest with a resolution

of half the wavelength. If r0 is to be equal to the array radius R, the number of required

transducers for λ(200 kHz) = 16.3mm would have to be N(200 kHz) ≈ 155. As the

defects considered in this thesis will not exceed a diameter of 300mm, this region is set

to 75% of the array radius R or r0 = 150mm. This leads to N ≈ 116 but has been

increased to N = 120 to be able to move in 3◦ steps during the experimental stage of

the project. Also, for a wavelength of λ(350 kHz) = 10.1mm the required number of

transducers to achieve half the wavelength sampling rate would be N(350 kHz) ≈ 155.

The maximum resolution using HARBUT is set by the Born approximation and is limited

to half the wavelength. The wavelength and thus resolution in turn is limited by whatever

frequency is chosen. Any complexity of a defect and its finer features will not be captured
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if their size is smaller than half the wavelength, even if an infinite number of transducers

is used. For the case of a full-view circular array configuration, the features that are

bigger than half the wavelength will be captured as long as the defect is within the circle

of radius r0, where the sampling criterion holds and a resolution of half the wavelength

is possible. Therefore, the number of sensors required has to be adjusted so that the full

extent of the defect remains within the circle at the centre of the array in order to capture

its complexity to the extent that is possible at the set frequency.

3.4.2 Data processing

Owing to the modal purity of the data (see fig. 3.5), no windowing of the signals was ne-

cessary and, for every transmit-receive combination, an FFT of the signals was performed

in order to obtain the required frequency domain data for HARBUT. This is because any

source will produce an arbitrary amplitude change and phase shift (both in simulations

and experimentally) calibration of the measurement data is required. It would in theory

be possible to measure or calculate these, but in practice it is simpler to scale the meas-

urements based on a known value. Typically, one chooses a measurement whose ray path

did not interact with the defect or from the incident field, if available. Since an array

of measurements are taken there are multiple transmit receive combinations that may

be suitable for calibration purposes. If convergence fails, other such combinations might

have to be considered or another section of the pipe might have to be used for preliminary

measurements. For the actual calibration, a matrix is calculated by assuming an incident

field generated by unit point sources [8], given by the 2D-Green’s function

G(r) = − i

4
H

(1)
0 (k0r) (3.22)

where r is the distance from the source to the receiver, H(1)
0 the Hankel function of the first

kind and k0 the background wavenumber. For every SH1 simulation dataset, a calibration

value was generated from a transducer pair that did not interact with the defect.

Within this thesis, the HARBUT algorithm was used starting from a homogeneous back-

ground; it was found that with suitable regularisation, convergence was still achieved. The

regularisation steps taken were to a) apply a Gaussian filter (with the standard deviation
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Figure 3.5: Point source transducer signal processing: a) Magnitude of the pure SH1 wavefield
at t = 0.13ms after excitation at Tx(1). b) Magnitude of the Hilbert envelope of the received
SH1 time traces for the excitation at Tx(1) and reception at all 120 transducers. c) 5-cycle Hann
shaped excitation signal and the received pure SH1 signal.

of the Gaussian distribution set to σ = 3) to the velocity map of the previous step, which

served as background for the next one and b) to use an additional positivity constraint,

that any value lower than the background velocity would imply an increased thickness

which is non-physical and therefore any such values were corrected to the background

velocity.

Since only the through-transmission data is used for reconstruction (θ < 90◦; which

corresponds to the low spatial frequency components [29] discussed in section 2.4.1), we

set the limiting spatial frequency components to values corresponding to

kLim =

[
1.1 2 · sin

(
θ

2

)]
· k0 (3.23)

θ=90◦≈ [1.1 1.4] · k0 , (3.24)

where θ is the scattering angle. Applying a step filter, which removes all frequency content

above a specific value, will result in ringing artefacts appearing in the image. Therefore

we use a sine-shaped taper in the filter, from 1 to 0. The two values given correspond to

the start and end of the filter. This upper limit was used for every defect type and the

absence of any large ring artefacts suggests that the sampling was sufficient and effects

from the incident field low [45].

The convergence criterion Q was based on the average thickness change over the sum

of the region of interest relative to the nominal thickness, following the approach in [8],
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where the parameter Q is defined by

Q(n) =

∫ |T (n)(x)− T (n−1)(x)|S(x)dx
T0

∫
S(x)dx

. (3.25)

In this equation, T0 is the nominal thickness, T (n)(x) is the thickness at location x for

iteration n and S is a map indicating the extent of the damage area. S is a binary map

which was created by setting any reconstructed depth greater than 5% of the background

thickness to 1 and everything else to zero:

S(x) =

⎧⎪⎨
⎪⎩
1 T0−T (n)(x)

T0
≥ 0.05

0 T0−T (n)(x)
T0

< 0.05 .

(3.26)

We set the convergence value to Q ≤ 4 · 10−3 as this led to fewer than 10 iterations

required for convergence in most cases. This value was found through trial and error and

will have to be revisited for other configurations.

Two error metrics were calculated for all defects by comparing them to the values of the

true thickness maps. The global error e is based on the quality of shape assessment used

in [15], which is based on a root mean squared (RMS) error:

e =

√∫
[T (x)− T ∗(x)]2w(x)dx

T 2
0

∫
w(x)dx

, (3.27)

where T (x) is the true thickness map, T ∗(x) is the reconstructed thickness map and w

is a windowing function that biases the error metric towards depth changes towards the

centre of the array of radius R:

w(x) =

⎧⎪⎨
⎪⎩

1
2
[1 + cos

(
πx
R

)
] x < R

0 x ≥ R .

(3.28)

Essentially, this biases the global error towards the region where the defect is most prom-

inent and neglects the outer regions closer to the array positions, where no defect is to be

expected. It has to be noted that this is an error metric specific to this full view circular

array configuration.
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The relative error at maximum defect depth was calculated by:

em =
|Tm − T ∗

m|
T0

, (3.29)

where Tm is the true thickness at maximum depth, T ∗
m is the ‘measured’ thickness at

maximum depth and T0 the nominal thickness of the plate.

3.4.3 Results

3.4.3.1 20% wall loss

The reconstruction results for the pure SH1 point source data excited at a centre frequency

of 250 kHz are shown in fig. 3.6 and all results are listed in table 3.1. Qualitatively, the

geometry and features of the defects were captured extremely well. The two axisymmetric

defects stood out for being very accurate reconstructions. At the location of greatest

depth, their respective errors were extremely low at em = 0.2% for the Hann-shaped and

em = 0.1% relative background thickness for the Tukey-shaped defect. Their global error

percentage was also below 1%, which suggests that the shape of the defects was also

captured very well.

Table 3.1: Error and performance values for point source finite-element results: The global
error e, the error at maximum defect depth em, the number of iterations per case and the defect
area.

Metric: e (%) em (%) Iterations Defect area (mm2)

Hann 0.2 0.2 5 7.8
Tukey 0.2 0.1 17 21.8
Alpha 0.8 1.7 5 17.3
Bravo 1.0 1.1 5 11.8

Charlie 0.7 2.1 10 34.8
Delta 0.9 1.3 8 22.6
Echo 0.7 0.6 7 18.2

The five realistic defects also showed very good agreement with the true values. They

ranged from 1.5% for Alpha to 2.1% for Delta, which is extremely low. At the maximum

depth, the error values were again extremely low, with Echo showing the greatest accuracy

with only em = 0.6% deviation from the background thickness. Defect Charlie showed the
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Figure 3.6: HARBUT reconstruction from point source SH transducer FE simulations. (a) - (g)
show true thickness maps, (h) - (n) display the reconstructed thickness maps and (o) - (u) show
line profile through the deepest points for the true (black) and reconstructed depths (red).
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greatest error at 2.1% which corresponds to a deviation of 0.21mm, which is importantly

within 10% desired by industry.

Another interesting result is the number of iterations that were required for convergence.

The two axisymmetric defects show the lowest and highest number of iterations at 5

(Hann) and 17 (Tukey). Similar numbers of iterations were observed for the more realistic

defects where smaller defects (Alpha & Bravo) required fewer iterations than the larger

ones. This is likely to correspond to the phase shift of the guided wave passing beneath

the defect. Essentially, the increase in phase shift pushes the scattering behaviour further

away from the Born approximation, which assumes weak scattering, and therefore more

iterations are required to account for this shift. Given that Tukey and Charlie are among

the largest defects, thus increasing phase shift, their higher iteration counts corroborate

this assumption as convergence was still achieved although iteration counts where notably

higher.

3.4.3.2 50% wall loss

The initial results for 20% wall loss at an excitation frequency of 250 kHz were excellent

and provided good reason to investigate defects of greater depth. Therefore, the axisym-

metric Hann and the realistic Echo defect were selected for the 50% wall loss investigation.

As before, the defects were linearly scaled to reach 5mm depth at their points of greatest

wall loss. In order to achieve proper depth penetration, a sufficiently high frequency

had to be chosen. The choice of 350 kHz was made in light of SH1’s maximum depth

penetration of 4.8mm at this frequency. The results are shown in fig. 3.7. The Hann

shape is captured equally well as for 20% wall loss as is evident from fig. 3.7(b) and (c).

Both the global error at e = 0.2% and the error at maximum em = 0.4% are extremely

small. The Echo defect is again captured near-perfectly with even finer features such as

the smaller pit to the top right of the largest pit being visible in fig. 3.7(e). As is shown

in the thickness profile plot in fig. 3.7(f), the geometry of the defect is captured very

well. Most importantly, the error at maximum depth is extremely small, at 0.4% and the

global error is 1.6% which is mainly due to the loss of high resolution components and

minimal artefacts around the defect. It is noted that each iteration typically takes around

1 second on an Intel i7 desktop computer; meaning that the algorithm run time is not a
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Figure 3.7: HARBUT reconstruction from point source SH1 transducer FE simulations at a
centre frequency of 350 kHz.(a) and (d) depict the two investigated defect models, Hann & Echo.
The HARBUT reconstructions from FE data are shown in (b) and (e). As can be seen from
the thickness profiles in (c) and (f) both defect shape and thickness were captured with extreme
accuracy.

consideration in the majority of cases. This is an important factor for in-field operation

as this will allow for rapid data analysis in contrast to full-waveform inversion approaches

that require more powerful computational resources and processing time.

3.4.4 Summary

This section showed that for the case of pure SH1 signals, the expected resolution was

met and that it exceeds that of A0 guided wave tomography. This is made possible by

the superior scattering match of SH1 with the acoustic case, leading to the capture of up

to 0.7 · λSH1 which at 350 kHz leads to a resolution up to 8.5 times smaller than what

was previously possible with A0 at 50 kHz (0.7λSH1(350 kHz) = 0.7 · 10.1mm ≈ 7mm ⇒
59.6mm
7mm

≈ 8.5). The next task will be to increase the modelling realism by exciting a

surface-only point source. This will lead to a loss of modal control, which in turn will

lead to the excitation of other SH guided wave modes. For lower frequencies, this will be
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the non-dispersive SH0 and the first higher order mode SH1, but when the penetration

of greater depth is required, higher frequencies and thus higher order SH guided wave

modes will have to be dealt with. The following section will lay out the strategies that

were employed to deal with this and present the results from surface-only SH point source

excitation simulations.

3.5 SH1 guided wave tomography from SH point source

data

Having demonstrated the increase in resolution from pure SH1 data, the next step was

to investigate how well SH1 data can be extracted from more realistic, full SH mode

component signals. This is necessary, as it will be extremely challenging to excite a pure

SH1 mode in practice, especially, when there is only access to one surface of a plate or

pipe. Therefore, careful analysis of the multi-mode situation is vital.

At frequencies lower than the SH2 cut-off frequency, the main obstacle is the excitation

of SH0. In order to penetrate greater depths, however, frequencies will have to be chosen

where higher order modes such as SH2 and even SH3 may appear. Fortunately, these

will tend to travel at much lower group velocity and be sufficiently separate from the

SH1 components at the chosen array radius of this investigation. However, whenever SH0

and SH1 scatter at deeper thickness points, mode conversion will occur, leading to the

superposition of SH0, SH1 and mode converted components. In order to deal with these

difficulties, the previously employed strategies had to be adjusted and will be explained

in the next subsection.

3.5.1 Model

Compared to the previous section’s defect model, all parameters are identical except that

the point source excitation is only applied to the 9 surface nodes per transducer. The most

immediate effect of the surface SH excitation at f = 250 kHz compared with the idealised

omnidirectional source discussed earlier is the additional excitation and detection of the
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fundamental SH mode, SH0, which appears within the measured time traces (see fig. 3.8).

The next higher order mode, SH2 was not picked up as the excited frequencies were well

below SH2 cutoff. The primary signal processing problem to solve was the isolation of

SH1 from the SH0 + SH1 time traces. For the case of excitation at f = 350 kHz, two

problems arise. First, SH1 is less dispersive and travels at more similar velocity to SH0

leading to an overlap of the tail of SH0 and the front of SH1 components. Second, the

next higher order mode SH2 is excited but as it is extremely dispersive and much slower

at close to its cut-off frequency, the previously employed time-gating approaches should

be applicable.

3.5.2 Data processing

a) Wavefield at t = 0.11 ms b) | Hilbert( Received timetraces )| c) Normalised centre timetrace

Figure 3.8: Example of full SH point source excitation of a 5-cycle Hann shaped pulse at
250 kHz: a) Magnitude of displacement wavefield at t = 0.11ms after excitation of SH0 in
addition to SH1 when modal decoupling has occurred. b) Magnitude of the Hilbert envelope of
the received time traces and the respective arrival times for of SH0 (red), SH1 (green) and the
calculated SH1 window boundary times: t1 (light grey) and t2 (light grey dashed). c) Full centre
time trace (black) and Tukey windowed SH1 component (red).

Indeed the removal of unwanted modes was achieved by applying a simple adaptive win-

dowing technique that relied on knowing the distance between transducers as well as the

group velocities (see fig. 3.8(b) & (c) ). The latter were taken from the dispersion curves

calculated using Disperse [46,47], which made the calculation of theoretical arrival times

straightforward. For the case of exciting at 250 kHz these matched very well for the non-

dispersive SH0 mode but overestimated the arrival time of SH1, which is primarily caused
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by the wavepacket dispersing and hence part of it arriving earlier. A separation point

between the two modes was taken to be the mean of the two arrival times. The length

of the SH1 signal component was calculated by multiplying the calculated SH1 arrival

time by 1.5 which was found to capture the extent of the useful SH1 data sufficiently,

accounting for the dispersion. These two signal SH1 window boundary times are defined

as

t1(250 kHz) =
ln

cg,SH0

+
1

2
·
(

ln
cg,SH1

− ln
cg,SH0

)

t2(250 kHz) = 1.5 · ln
cg,SH1

,

where cg,SH1/SH0 are the group velocities of the fundamental mode SH0 and the first

higher order mode SH1 and ln the distances between every transducer pair. Using these

two arrival times, the signals were windowed using a Tukey window (see fig. 3.8c) defined

by the following equation:

h(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 0 < t < t1

1
2

[
1 + cos

(
π(t−t1)
α(t2−t1)

)]
t1 ≤ t < t1 + α(t2 − t1)

1 t1 + α(t2 − t1) ≤ t < t2 − α(t2 − t1)

1
2

[
1 + cos

(
π(t−t2)
α(t2−t1)

)]
t2 − α(t2 − t1) ≤ t < t2

0 t2 ≤ t

(3.30)

where the length of the window was defined by t which is a linear-spaced vector with

length t2 − t1. Setting α = 0.1 led to an almost rectangular Tukey window with a steep

slope, therefore not altering the bulk of the signal as would have been the case with e.g. a

Hann window. For the higher excitation frequency of 350 kHz, the SH1 window boundary

times were chosen differently. This was due to SH1 travelling at higher velocity and

being less dispersive. Thus the SH1 wave-packet’s front and the tail of SH0 components

were overlapping even at maximum travelling distance. This could be readily solved by

increasing the transducer array radius which would allow for proper signal separation.

However, there could be situations where such an increase would not be feasible and

the task was set to investigate whether a proper window could be found that allowed
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for sufficiently pure signals. Fortunately, because of the lower dispersion of the SH1

components, the theoretical SH1 arrival time was more representative of all frequencies

in the wavepacket than was the case for 250 kHz and could be chosen as the first window

boundary time. The closing window boundary time had to be chosen to avoid capturing

any SH2 components as well as sufficiently capturing those SH1 components that had

been significantly slowed down by the greater defect depth. Thus, the initial excitation

pulse duration was multiplied by 1.15, leading to the following window

t1(350 kHz) =
ln

cg,SH1

t2(350 kHz) = 1.15 ·
(

ln
cg,SH1

+ΔTSH1

)
,

where ΔTSH1 is the pulse duration of the 5-cycle Hann-shaped excitation pulse.

Further processing was carried out as described in section 3.4.2. The only difference being

that instead of using through-thickness excitation, only 9 nodes at the plate surface are

selected for weighted excitation. As can be seen in the wavefield in fig. 3.8(a), multiple

modal components are excited when using the directional transducers. The Hilbert en-

velopes of the received signals shown in fig. 3.8(b) highlight how the chosen transducer

model only receives SH0 and SH1 modes, which was desired. Moreover, due to the differ-

ence in group velocity and the non-dispersive nature of SH0, the two modes separate out

well at the through-transmission region between receivers #30 and #90 (see fig. 3.8(b) ).

This allowed for a straightforward separation method using a Tukey window. This type

of window is a tapered cosine function, allowing for relatively sharp boundaries while

retaining most of the desired signal components (see fig. 3.8(c) ).

3.5.3 Results

The result for 50% wall loss is shown in fig. 3.9. Owing to the proper windowing of

the signals, the SH1 components at centre frequency could be isolated. This made the

accurate HARBUT reconstruction shown in fig. 3.9(b) possible, which converged after

37 iterations. Apart from some minor artefacts around the defect, the overall shape was

captured very well and the two largest pits can be identified easily. The thickness profile
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Figure 3.9: HARBUT reconstruction from point source SH transducer data of FE simulations
at a centre frequency of 350 kHz. (a) depicts the investigated defect model, Echo. The HARBUT
reconstruction from SH point source FE data is shown in (b). As can be seen from the thickness
profiles in (c), both defect shape and thickness were captured accurately.

through the point of maximum depth (red) plotted in fig. 3.9(c) against the true thickness

profile (black) showed that not only the depth was accurately recovered but also that the

overall geometry was followed nicely. The error at maximum wall loss was thus very low

at em = 0.5% and the global error slightly larger at e = 1.3%.

3.5.4 Summary

The result shown in this section showed how the employed time-based mode-windowing

was successfully employed to enable extremely good HARBUT reconstructions even at

up to 50% wall loss from full SH mode component signals. It was already mentioned that

pure SH1 excitation is extremely challenging and omnidirectional point source excitation

is only slightly simpler. More realistic excitation uses directional SH transducers and the

next section will present the results from investigation into this type of approach.

3.6 SH1 guided wave tomography from directional SH

source data

In a practical physical setup, pure omnidirectional SH1 transducers are difficult to imple-

ment without simultaneous access to both sides of the plate or the inside of a pipeline,

which is unfeasible. So far, highly accurate reconstructions were produced from pure SH1

point source data as well as from full SH point sources where SH1 components were win-
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dowed. Both of these setups are idealised. In in an experimental setup, directional SH

transducers are more commonly used. Next, the modelling approach of a directional SH

transducer is explained and the reconstruction results from this type of data presented.

3.6.1 Model

FE Mesh Nodes
Transducer Boundary
Selected Nodes
Centre of Transducer

Figure 3.10: Directional transducer (width w = 5mm, length l = 20mm) modelling approach.
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Figure 3.11: Directional transducer signal processing: a) Magnitude of displacement wavefield
at t = 0.11ms after excitation of SH0 in addition to SH1 due to directional excitation, measured
on the top surface of the plate. Modal decoupling has occurred. b) Magnitude of the Hilbert
envelope of the received time traces and the respective arrival times for of SH0 (red), SH1 (green)
and the calculated SH1 window boundary times: t1 (light grey) and t2 (light grey dashed). c)
Full centre time trace (black) and Tukey window based on t1 and t2 (black dashed) and windowed
SH1 component (red).

The excitation of SH waves can be achieved with both EMATs and shear piezoelectric

transducers, and in general, the function of these are to excite a force parallel to the

surface in a particular region. Following this, the SH transducer was modelled as a
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simple rectangular shape with a width of 5mm and a length of 20mm (see fig. 3.10).

These parameters were found to be a good compromise between a wide beam spread

to ensure the whole of the defect lies inside the transducer wavefield, and directionality

to ensure that sufficient energy is transmitted into the medium. The transducer model

is made in this way to approximately represent the behaviour and dimensions of the

true transducer to be used in experiments. In theory, it would be possible to model the

resulting forces arising from a full electromagnetic model of the EMAT, but this is seen

as unnecessary given the intention is to demonstrate the general performance with a more

realistic, directional transducer rather than focusing on the specific example.

A rectangular mask was calculated for every array transducer and the nodes within the

rectangular area were selected. In order to generate a homogeneous shearing traction

on the surface, all nodes within one transducer area received the same forcing, weighted

between the two in-plane degrees of freedom in order to excite the force parallel to the

longer dimension of the transducer. The forcing applied in the x and y directions for each

transducer is given as

xn = sin(θn)

yn = − cos(θn) ,

where n is the number of the transducer and θ the angular coordinate of the transducer.

Due to the use of a structured mesh, transducers that align perfectly with the mesh (e.g.

0◦, 90◦, 180◦, etc.) held more nodes than those at an angle which resulted in uneven signal

amplitudes. In order to reduce this effect, a bias angle of 2.14◦ was added to the angular

coordinate θ, which helped to even out the number of nodes within all transducers.

3.6.2 Results

3.6.2.1 20% wall loss

The reconstructions from windowed SH1 data using directional transducers are shown

in fig. 3.12 and the results are listed in table 3.2 . The same reconstruction parameters

were used as in the reconstructions from point source data (kLim = [1.1, 1.4], σ = 3,
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Figure 3.12: HARBUT reconstruction from directional SH transducer FE simulations. (a) - (g)
show true thickness maps, (h) - (n) display the reconstructed thickness maps and (o) - (u) show
line profile through the deepest points for the true (black) and reconstructed depths (grey).
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QLim = 0.004). The defect shape and details are reconstructed extremely accurately,

with the axisymmetric defects achieving the best values and lowest error values across

all metrics. The geometry of the defects is reconstructed very well and the overall error

values are well below 2 % for both the global error and the error at minimum thickness.

The number of iterations for convergence increased as well which can be explained by

the added ring artefacts due to the use of the directional surface transducer model (see

for example fig. 3.12(j,k) ). It seems that in these cases the chosen reconstruction limits

might be slightly too high, leading to Gibbs ringing artefacts [29]. Nevertheless, they are

consistent with the number of iterations required for the ideal point source dataset.

Table 3.2: Error and performance values for directional source finite-element results: The global
error e, the error at maximum defect depth em, the number of iterations per case and the defect
area.

Metric: e (%) em (%) Iterations Defect area (mm2)

Hann 0.3 0.2 5 7.8
Tukey 0.5 0.1 19 21.8
Alpha 1.0 3.0 4 17.3
Bravo 1.0 2.5 5 11.8

Charlie 0.9 0.1 9 34.8
Delta 1.2 2.7 7 22.6
Echo 1.2 0.6 5 18.2

3.6.2.2 50% wall loss

As stated in the previous sections when using SH1 point source and SH point source data,

greater depth penetration required an increase of operating frequency. As this leads to a

smaller wavelength, the number of transducers required to sample the full Ewald limiting

circle increases. However, it was shown how, even for a sub-sampled array, data from pure

SH1 and full SH point source data produced highly accurate reconstructions and in order

to allow for better comparison the array parameters were kept constant, with a circular

array of N = 120 transducers.

The Echo case was investigated and the reconstruction and thickness profile can be seen

in fig. 3.13. Reconstruction proved challenging as the larger level of phase change in

addition to the effect of directional transducers led to non-convergence of HARBUT. This

was remedied by adding another level of regularisation, setting all values to the background
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Figure 3.13: HARBUT reconstruction of a 50% maximum wall loss defect from directional SH
transducer FE data. (a) shows the input model, (b) is the HARBUT reconstruction after 26
iterations and (c) shows the thickness profile of the reconstruction (red) compared to the input
model (black).

velocity which were outside of a circle at the origin with a radius of r0 = 100mm. Adding

this constraint led to convergence after 26 iterations. The shape of the overall defect was

captured as well as the two deeper pits. The error at maximum depth was very low at

em = 0.7%. The global error on the other hand was slightly higher at e = 1.8% which is

of course biased by the regularisation that removed smaller artefacts in the non-defective

regions of the model. Given that industry is mostly interested in knowing the minimum

remnant wall thickness, larger errors at higher remnant thickness locations are tolerable

as long as the minimum remnant wall thickness measured is highly accurate as is the case

here. Thus, the result showed that even under adverse conditions, defects of greater depth

should be detected with high accuracy.

3.6.3 Summary

As has been stated previously, any directionality of the scattering pattern leads to a loss of

captured scattering angles and therefore to a loss in resolution. Nevertheless, sufficiently

sampled arrays yield good results and confirm the improvement in resolution seen in

the previous cases. Given the high fidelity of the FE simulations, similar results can be

expected from experimental data which will be investigated in the next chapter. The next

section, however, will present results of a performance analysis between A0, S0 and SH1

reconstructions of axisymmteric defects of various widths and fixed depth.
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3. Numerical investigation of SH guided wave tomography

3.7 Performance Analysis

Having demonstrated the concept with complex defects from numerical data, the per-

formance of SH1 compared with the two main modes considered previously, A0 and S0,

will be investigated. For these purposes, the focus will be set on simple axisymmetric

defects of the same type as the Tukey defect used previously.

3.7.1 Model

During these simulations, A0 was excited at 50 kHz on the 10mm thick plate, S0 was

excited at 175 kHz and SH1 was excited at 250 kHz. These operation points are the ones

commonly identified for guided wave tomography, recognising practical constraints [23].

At these operating points, the wavelength was 3.8T for A0, 2.8T for S0 and 1.6T for SH1.

In all cases, point sources were used and simulations performed using FE, as discussed in

section 3.2. The data was post-processed in the same way and images produced via the

HARBUT algorithm. The filter was set to [1.1, 1.4] for all reconstructions.

3.7.2 Results

Firstly, the performance of SH1 compared with the A0 and S0 modes is evaluated. Tukey-

type defects of width 10T down to 1T and 0.1T depth are used for this. Figure 3.14 shows

the line plots of the true (grey) thickness profiles and of the reconstructions of A0, S0 and

SH1. From these, it is clear that the A0 mode performs the worst through all the widths,

indicating that it has the lowest resolution. SH1 appears to have the best resolution,

particularly capturing the shape for width 1T and maintaining a good accuracy as the

width increases. There is a clear ‘overshoot’ visible for both S0 and SH1 at 1.5 − 2T

for SH1 and 2.5 − 3T for S0. This is very likely to be associated with the change in

effective density of the plate causing additional scattering to the guided wave, which is

not accounted for in this thesis, and is most significant for small defects of the scales

considered here. As explained in [35], the effective density is assumed to be proportional

to the mass per unit area and therefore proportional to thickness if there are no material

density changes, and this only plays a role whenever there are sharp boundaries. This is
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Figure 3.14: Comparison of HARBUT reconstructions using Lamb wave modes A0, S0 and
shear-horizontal modes SH0 and SH1 for Tukey-type defects with widths ranging from 1T to
10T, where T is the nominal plate thickness.

demonstrated for both A0 and S0 modes, and it is reasonable to expect that other modes,

including SH1, exhibit this too.

For the smallest defects, the S0 reconstruction is resolution-limited so it underestimates

the wall loss, an effect noted in [48]. As the defect becomes larger, resolution is less of

an issue so the wall loss estimate increases, but at one point the mode overestimates the

value because of the density effect discussed above. As the defect width increases further,

the density effect becomes less significant compared with the velocity contribution, and

the overshoot reduces. This same pattern is visible with SH1, although the transitions

occur at smaller defect widths. The overshoot of SH1 is small at widths of 2.5T and

above, indicating that SH1 is reliable for reconstructing all defects in this range and hence

demonstrating that the 3T requirement can be met. It is noted that the performance
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Figure 3.15: Global error plot of the Tukey defect diameter sweep for A0 (dashed), S0 (dot-
dashed) and SH1 (solid).

below 2.5T is still good. In contrast, S0 requires defects of width 4T and above to

minimise the overshoot.

Moreover, errors at fringes are much smaller in the case of SH1 than for the other modes,

suggesting that SH1 will lead to superior defect sizing performance as well.

While these images give a good qualitative overview, they are not quantitative. Figure 3.15

compares the global error (see eq. (3.27) ) across all defects for the three modes; this error

indicates the overall behaviour of the modes and avoids sensitivity to overshoots. As can

be seen, SH1 at 250 kHz outperforms A0 at 50 kHz and S0 at 175 kHz for all investigated

defect diameters.

3.7.3 Summary

In this section the two fundamental Lamb wave modes A0 and S0 were compared with the

SH1 mode at the typical excitation frequencies when performing guided wave tomography.

The results show how SH1 outperforms the two Lamb wave modes at the individual

frequencies and across all investigated defect diameters.
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3. Numerical investigation of SH guided wave tomography

3.8 SH0 guided wave tomography

The SH0 mode is non-dispersive and thus not suitable for thickness inversion but its

analogous pipe mode T(0,1) is the fundamental tool for long range guided wave testing

[49]. Although it is to be expected that the interaction of SH0 with a defect will be

relatively weak in through-transmission, it is nevertheless of interest to identify what

kind of reconstructions are possible, as the shape of the defect and possibly its finer

features might be encoded in through-transmission signals. This is caused by the small

wavelength even at 150 kHz which is λSH0(150 kHz) = 21mm. Unfortunately, the non-

dispersive nature of SH0 does not allow for thickness to be extracted from a velocity

map. Therefore, the thickness-dependent scattering behaviour can be explained by the

change in relative density that can be observed at any boundary changes such as the

defect edges and whenever the thickness gradient is high [35]. The resulting map could

provide valuable information about the extent and shape of the defect and identify pits

and other finer details that might be hidden in the reconstructions from SH1 with larger

wavelengths. If these pits were not captured in the SH1 reconstructions, they could hint

at deeper and smaller pits and add to inspection evaluation.

3.8.1 Model

The through-thickness SH point source excitation allowed for pure SH0 signals to be

received by fixing the weighted degrees of freedom of all nine nodes in every layer of the

FE model. Thus, even at excitation frequencies that are above the cut-off frequency of

higher order SH modes, pure SH0 signals may be received. The modelling of the plate is

identical to the SH1 Echo case with a maximum wall loss of 50% (see fig. 3.16(a) ). Here,

an excitation frequency of 350 kHz was chosen which leads to a wavelength of 9mm for the

SH0 mode. Matching previous models, the number of transducers is kept at N = 120,

which leads to a gap of 10.5mm between the transducers.
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3.8.2 Data processing

Data processing was performed matching previous sections. Owing to the modal purity of

the received SH0 signals, no windowing scheme was required. During the final reconstruc-

tion steps, the final thickness-inversion steps were neglected, as velocity remains constant

over thickness and only one iteration was performed.

3.8.3 Results

(a) Input model thickness map

y 
(m

m
)

(b) Laplacian of input model

x (mm)

(c) HARBUT reconstruction from SH0

Figure 3.16: HARBUT reconstruction of pure SH0 guided wave tomography data. (a) shows
the previously used Echo input model, (b) shows the Laplacian of the k-Space filtered input
model and (c) shows the HARBUT reconstruction.

The HARBUT reconstruction from SH0 point source data is shown in fig. 3.16(c). The

defect shape and dimensions are captured very well, as well as details such as the location

of deepest pit in the lower left corner as well as the minor pit to the top right of the

largest pit. The SH0 transmission data appears to capture the scattering at areas with a

sudden thickness change, which corresponds to sudden changes in effective density.

As discussed, the SH0 phase velocity is constant and thus HARBUT reconstructs the dens-

ity term (as a velocity) which forms a Laplacian, i.e. the second derivative. When Fourier

transforming this operator, it introduces a weighting proportional to k2 - effectively re-

moving the constant component and minimising lower wavenumber values, and amplifying

the higher wavenumbers. This is demonstrated in fig. 3.16(b), where the Laplacian was

calculated for the thickness map. This is a qualitative result but the clear matching with

the HARBUT velocity reconstruction indicates that it is an effective density effect that

was captured in this reconstruction.
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3.8.4 Summary

The theoretical predictions were confirmed for the case of SH0 tomography. The SH0

reconstructions offer valuable information about defect complexity and appear similar

to the high frequency component filtered reconstruction seen in fig. 2.6 in section 2.4.3.

The high resolution reconstructions of the complex defects showed that SH0 scattering

captures sudden thickness changes at the boundary of the defect as well as at major

pits. While this does offer certain insights, it also leads to the generation of higher order

modes through mode conversion. Unfortunately, these will interfere with the desired SH1

scattering information. Nevertheless, proper windowing and modal separation should

allow for the compensation of these effects. The next section will conclude this chapter,

summarising the main results.

3.9 Summary

This chapter is an example for the high fidelity of state of the art FE simulation cap-

ability. The good agreement with the resolution prediction of the scattering analysis of

SH1 and the latter achieved results highlight the potential of SH1 based guided wave

tomography. The robustness of this approach was demonstrated by increasing simulation

realism gradually from the ideal SH1 point source over full SH modal point sources up

to the case closest to real world application: directional SH excitation. In all of these

scenarios, SH1 outperformed previous results. This was confirmed by the performance

analysis, where the established modes A0 and S0 were compared with SH1. Finally, pure

SH0 data was investigated and it was shown that although it does not offer an inversion

mechanism using the dispersion curves, effective density changes at defect boundaries

and sudden thickness changes such as pits are captured in the SH0 through-transmission

signals which may be used to reconstruct the dimensions of the defect and highlight the

location of deeper corrosion pits. The following chapter will present the results from an

experimental verification study of SH1 guided wave tomography.
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Chapter 4

Experimental verification of SH1

guided wave tomography

4.1 Introduction

In this chapter, the findings from the numerical study were experimentally validated. In

the first section, the set up of the experiment is described, which involves steel plates with

machined defects and commercially available SH transducers. This is followed by a brief

description of the signal processing steps of the experimentally collected data. Next, the

results from the various experiments are discussed. Finally, a summary of the chapter

will be provided.

4.2 Experiment setup

For the validation experiment, several mild steel plates (1000mm × 1000mm × 10mm)

were acquired and synthetic defects were machined into them. Two types of defects were

manufactured with a maximum thickness loss of 20%: an axisymmetric defect (Fox-

trot) and the complex corrosion patch Echo considered for the numerical simulations (see

fig. 4.1). For this, 2D thickness maps were generated in MATLAB and imported into

plate models in SolidWorks® which were used as templates during metal milling. The

spatial resolution of the models sent for machining was limited to 2.5mm, which is the
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4. Experimental verification of SH1 guided wave tomography

tip size of the metal milling tool. In order to assess proper machining, epoxy moulds of

the defects were taken and a tyre tread depth gauge was used to confirm thickness at the

deepest points as the whole machined plates could not be placed in a laser scanner and

no laser camera was available at the time of the experiments.
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Figure 4.1: The thickness map templates which were machined into mild steel plates and used
in experiments.

In order to guarantee repeatable accurate positioning of the transducers, a plywood rig

was designed (see fig. 4.2). The rig consisted of a plywood frame that was attached

securely to the steel plates via datum holes in the four corners of the steel plates. A ring

with 120 positioning holes and identifier labels was fastened to the frame and served as a

rail for two wooden sleds which were attached to the two transducers. The sleds fit the

curvature of the inner and outer diameter of the ring and two steel rods were used to fix

the positions of the sleds on the ring and therefore the attached transducers.

For signal excitation and reception, a modified QSR1® system by Guided Ultrasonics

Ltd. was employed [50]. The use of SH1 relies upon directional EMAT transduction,

with a racetrack coil applied to the specimen in conjunction with alternating permanent

magnets [51]. This is a key distinction from the A0 mode, which was readily excited with

point transducers [6, 52]. The time-traces were captured with an in-house acquisition

software and saved individually for every excite and receive component.

For the axisymmetric defect, data acquisition from one transmission and 51 receiving
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4. Experimental verification of SH1 guided wave tomography

Figure 4.2: Experiment setup: (A) custom plywood rig with 120 array positions, (B) & (C)
QSR1® transducers attached to wooden sleds, (D) Laptop computer for data acquisition, (E)
QSR1® base unit, (F) mild-steel plate with machined defects (shown here: Echo).

points was sufficient, since a full dataset can be produced by replicating those measure-

ments and exploiting the symmetry of the defect. This was not possible for the rough

defect and therefore 120 transmission and 51 receiving positions led to a total of 6120

single measurements. In all measurements a 5-cycle Hann-shaped pulse was excited and

16 averages per acquisition were taken to minimise incoherent noise. This number of

averages was chosen as this was the point from which no further increase in SNR was

observed. Data was acquired using two electromagnetic acoustic transducers (EMAT) of

the QSR1® system and recorded on a laptop.

Throughout this thesis, a full view configuration is used, with sources and receivers placed

360 degrees around the scatterer which may not be practical in many scenarios. The

intention is to demonstrate the capability of the method. However, it should be expected

that the limitations of other setups are aligned with the common issues seen with limited

view velocity reconstructions, namely artefacts and resolution loss [53,54].

Parts of this chapter have been adapted and extracted from publication [P1].
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4. Experimental verification of SH1 guided wave tomography

4.3 Data processing

One of the most notable differences between experiment and simulation data is the pres-

ence of noise. Owing to signal averaging, the time traces were already low in incoherent

noise. Thus, the experiment data was processed in an analogous manner to the direc-

tional FE data, except for the application of a frequency filter to eliminate most of the

high-frequency noise. For this, a Tukey window was placed in the frequency spectrum of

every time trace, filtering out any signals below 150 kHz and above 400 kHz, which helped

with determining the correct SH0 arrival time as this discarded most of the incoherent

noise and led to smoother Hilbert envelopes of the signals (see for example fig. 4.3).

Since the exact values for the elastic modulus and density of the experiment plates were

unknown, the dispersion curve had to be calculated using the analytical equation for

SH phase velocity (eq. (2.27)). For the case of n = 0, the shear velocity equals the

phase velocity of SH0 so extracting this information is all that is needed to enable the

calculation of the dispersion curves. The arrival times of SH0 could be determined by

identifying the arrival of the maximum of the Hilbert envelope of SH0 for every transducer

arriving at its opposite receiver (e.g. 0◦ and 180◦, 3◦ and 183◦ etc.), then used to estimate

the velocity since the distance between the transducers was known. From this velocity,

theoretical arrival times were calculated which were used to calculate SH1 windows using

the scheme developed during numerical investigation. The windowed SH1 components

were then Fourier transformed and information at the frequency for every captured send-

receive combination used to fill a complex amplitude input matrix for HARBUT. The

next section will present the results gained from experiments.

4.4 Results

4.4.1 Defect-Free plate

For initial testing purposes, a defect-free mild steel plate was purchased and a set of time

traces acquired. The magnitude of the Hilbert enveloped raw time traces can be seen

in fig. 4.3(a) for the case of excitation with a 5-cycle Hann shaped pulse with a centre
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frequency of 250 kHz at position 000◦ and reception from positions 090◦ to 270◦.1 From

this and the plot of the centre-time trace in fig. 4.3(b), the low amount of noise can be seen

as well as the separation of the SH0 and SH1 components of the initial pulse. Moreover,

the most prominent effect of a real plate is visible, as at t ≈ 0.31ms, the two back-wall

reflections of the non-dispersive SH0 mode are received at the same time.

For example, if excitation occurs at coordinate [x, y] = [−0.2, 0], the pulse will propagate

to the left (towards the edge of the plate) and the right (towards the centre of the array),

where it will be reflected at the boundaries of the plate. The left-travelling pulse will be

reflected by the left boundary of the plate, reflected and return to the excitation position

after propagating for 0.6m of distance and continue to propagate through the defect to

arrive at the receiver at the same time as the reflection of the first transmitted pulse, that

was first received at t ≈ 0.12ms. The first arriving pulse, after travelling through the

defect, will continue to propagate and be reflected from the other back-wall of the plate

and, since the array is symmetric, arrive at the same time.

Selecting the maxima of the Hilbert envelopes to be the arrival times yields an arrival

time of tSH0 = 0.122ms for the initial SH0 pulse and tSH0_BW = 0.309ms for the arrival of

the backwall reflections. This signal is a useful tool to determine the bulk shear velocity

of the plate which is required to calculate the dispersion curves. Given that the distance

from the receiver to the back-wall is 0.3m, the total distance travelled will be 0.6m and

this can be used to calculate the bulk shear velocity cSh as

cSh,B =
0.6m

tSH0_BW − tSH0

= 3212m/s , (4.1)

where tSH0_BW is the arrival time of the maximum of the Hilbert envelope of the back-wall

reflected SH0 signal and tSH0 the arrival time of the maximum of the Hilbert envelope of

the first arrival of SH0. This can now be used to confirm the velocity taken from the first

arrival of SH0 and dividing this from the array diameter

cSh,A =
0.4m

0.122ms
≈ 3280m/s . (4.2)

1The horizontal bar at t = 0ms in fig. 4.3(a) is the excitation signal that was picked up by the receiver
due to crosstalk.
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Figure 4.3: Experiment data acquired from excitation at a centre frequency of 250 kHz: (a) the
magnitude of the Hilbert enveloped time traces for all receiver positions, (b) the centre time trace
from receiver position 180◦, (c) the windowed SH1 components with the border times (dashed
blue) and the theoretical SH1 arrival time (blue) and (d) the calculated SH dispersion curves.
In (e) the magnitude of the Fourier transform of the windowed signal is shown and in (f), the
magnitude of the Fourier transform at the frequency is plotted in a polar diagram.
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The slight discrepancy of the velocities can be due to multiple reasons. Firstly, it is unclear

how the measurement system set t = 0. Thus, it was deemed more accurate to use the time

difference between the first arrival and the back-wall reflection for determining the bulk

shear velocity required for the calculation of the dispersion curves shown in fig. 4.3(d). As

in the previous chapter, the theoretical arrival times were calculated and used to window

the SH1 components (shown in fig. 4.3(c) ) which were Fourier transformed (fig. 4.3(e) )

in order to find the complex amplitude at the frequency (green line). The directional

nature of the transducer is emphasised in fig. 4.3(f) by plotting the magnitude of the

complex amplitude at the frequency in a polar plot. In order to penetrate greater depths,

a higher frequency was required and, based on the dispersion curves calculated using the

bulk shear velocity, a centre frequency of 325 kHz should be sufficient and the results

from this are presented in fig. 4.4. In hindsight, a more conservative selection would have

been 350 kHz. As discussed previously, the bandwidth of the pulse will very likely overlap

with the cut-off frequency of SH2 and indeed, as can be seen in fig. 4.4(b) in the range

t = 0.2 − 0.3ms, SH2 components were received. Again, the SH0 back-wall reflections

were picked up and using the two techniques, the bulk shear velocity was acquired:

cSh,A ≈ 3255m/s , (4.3)

cSh,B ≈ 3233m/s . (4.4)

Here, the discrepancy is much smaller and their values lie between the ones found during

the 250 kHz excitation. While cSh,B was used for the calculation of the dispersion curves,

cSh,A was more useful for calculation of the SH1 windows. The pulse-duration can be

estimated by

Δtpulse ≈ ncyc · 1

fcentre
, (4.5)

where ncyc is the number of pulse cycles and fcentre is the centre frequency of the pulse.

By subtracting half of the pulse duration from the selected arrival time, the start of the

SH1 window was found and for the end of the window, a multiplication factor of 1.15 for

a centre frequency of 250 kHz and 1.25 for 325 kHz was applied. These were determined

by observing the data and estimating suitable values. As can be seen in fig. 4.3(b)
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Figure 4.4: Experiment data acquired from excitation at a centre frequency of 325 kHz: (a) the
magnitude of the Hilbert enveloped time traces for all receiver positions, (b) the centre time trace
from receiver position 180◦, (c) the windowed SH1 components with the border times (dashed
blue) and the theoretical SH1 arrival time (blue) and (d) the calculated SH dispersion curves.
In (e) the magnitude of the Fourier transform of the windowed signal is shown and in (f), the
magnitude of the Fourier transform at the frequency is plotted in a polar diagram.

74



4. Experimental verification of SH1 guided wave tomography

and fig. 4.4(b), the window envelope times were well suited to discard SH0 and SH2

signals components as well as any later arriving back-wall reflected signal components.

As has been observed in the previous chapters, at higher frequencies, the SH0 tail and

SH1 first arriving components tended to overlap. Thus, a certain amount of the SH1

pulse was inevitably discarded. It can also be observed that the modal conversion could

play a more prominent role at higher frequencies due to the overlapping arrivals of the

SH1 waves. Next, results from data acquired from plates with machined defects will be

discussed, starting with the case of an axisymmetric defect.

4.4.2 Axisymmetric defect

Having established the experimental data processing steps on the defect-free plate, a mild

steel plate with an axisymmetric defect was investigated next. The magnitude of the

Hilbert enveloped raw time-traces can be seen in fig. 4.5(a). The first arrival of the SH0

pulse’s peak maximum was found at t = 0.122ms leading to a velocity of cShA
= 3270ms.

From this, the SH1 window was calculated and are shown as light blue dashed lines in

fig. 4.5(c). The backwall reflection at about t = 0.3ms was used to calculate the bulk

shear velocity cShB
= 3192m/s from which the dispersion curves were determined (see

fig. 4.5(d) ). The HARBUT input data matrix was created from the Fourier transformation

of the signals, shown in fig. 4.5(e); the complex amplitudes were extracted from this at

the centre frequency. These complex amplitudes were used to populate an input matrix

for HARBUT and have been plotted in fig. 4.5(f). Owing to the symmetry of the defect, a

synthetic full set of data could be created by shifting and repeating the time-traces. As can

be seen, there is an asymmetry in the magnitude of the complex amplitude, which could

be a material-dependent effect. As mentioned, this complex matrix was input into the

iterative HARBUT algorithm with kLim set to [1.3, 1.4] and σ = 3 and the reconstruction

converged after 4 iterations.

The experimental results are summarised in fig. 4.6. The template sent for machining is

plotted as reference in fig. 4.6(a) and the reconstruction from experimental data based

on fig. 4.5(f) is plotted in fig. 4.6(b). Most notably, the maximum depth was captured

very well with the value being within 0.14% of the true thickness. From fig. 4.6(c)
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Figure 4.5: Experiment data acquired from excitation at a centre frequency of 250 kHz for
the axisymmetric defect: (a) the magnitude of the Hilbert enveloped time traces for all receiver
positions, (b) the centre time trace from receiver position 180◦, (c) the windowed SH1 components
with the border times (dashed blue) and the theoretical SH1 arrival time (blue) and (d) the
calculated SH dispersion curves. In (e) the magnitude of the Fourier transform of the windowed
signal is shown and in (f), the magnitude of the Fourier transform at the frequency is plotted in
a polar diagram.
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it can be seen that the depth profile changed at the correct points as in the model.

Quantitatively, however, the depth values are incorrect in the region between ±2.5T and

±9T . At the centre point of greatest depth however, the thickness change was captured

near perfectly. This could be due to potential discrepancies between the model that

was sent for machining and the real defect. Furthermore, as shown by Belanger [6] and

Huthwaite [15], reconstructions from a single set of received data that has been formed

into a full array from axisymmetric data is prone to exaggerate any errors present within

that data set. In contrast, utilising a full data set will average out more of the incoherent

errors. Nevertheless, the global error value of 1.7% is again very low. The next step of
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Figure 4.6: HARBUT reconstruction of the axisymmetric machined defect from Experiment
data at 250 kHz: (a) shows the true thickness map, (b) displays the reconstructed thickness map
and (c) shows the line profiles through the deepest point for the true (black) and reconstructed
depths (gray).

this investigation was to analyse data from a defect based on the Echo template used

during the numerical investigation.

4.4.3 Realistic defect - 20% wall loss

The next experiment was conducted on a mild steel plate which saw defect Echo from

the previous chapter machined into it. The resolution of the model was 2.5mm/pixel due

to the limitations of the machining tool. This time, measurements had to be performed

at 120 excitation positions. For each excitation position, signals were received at 51

positions, leading to a total number of 6120 measurements. The time-traces for the case

of exciting at position 000◦ are shown in fig. 4.7(a). Similar to before, the first arrival

of SH0 can be observed at t ≈ 0.12ms, leading to a measured bulk shear velocity of
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Figure 4.7: Experiment data acquired from excitation at a centre frequency of 250 kHz for
the realistic defect at 20% maximum wall loss: (a) the magnitude of the Hilbert enveloped time
traces for all receiver positions, (b) the centre time trace from receiver position 180◦, (c) the
windowed SH1 components with the first arrival times T1 (dashed light blue), the theoretical
SH1 arrival times T2 (dashed dotted light blue) and (d) the calculated SH dispersion curves. In
(e) the magnitude of the Fourier transform of the windowed signal is shown and in (f), this data
is used to populate a complex amplitude matrix.
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4. Experimental verification of SH1 guided wave tomography

cShA
≈ 3272m/s, which was used for the windowing of the signals shown in fig. 4.7(d).

The bulk shear velocity for the dispersion curves shown in fig. 4.7(d) was determined from

the four excitation and reception position pairs 000◦ − 180◦,090◦ − 270◦,180◦ − 000◦ and

270◦ − 090◦. Here, the distance travelled between the first arriving SH0 pulses and the

SH0 back-wall reflections can be assumed to be 0.6m. Thus, the bulk shear velocity was

calculated as the mean of the four velocities:

cShB
≈ 3222m/s . (4.6)
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Figure 4.8: HARBUT reconstruction of the 20% realistic machined defect from experimental
data at 250 kHz: (a) shows the true thickness map, (b) displays the reconstructed thickness map
and (c) shows the line profiles through the deepest point for the true (black) and reconstructed
depths (gray).

The complex amplitude input matrix was populated from all 120 excitation events (see

fig. 4.7(f) ) after SH1 windowing was applied and the data was Fourier transformed as

shown in fig. 4.7(e).

Next, iterative HARBUT was employed and after 7 iterations, convergence was achieved.

The global error was very low, at 1.1% and the error at the global minimum was 0.71%.

The reconstruction is shown in fig. 4.8(b) and as can be seen, the defect was reconstructed

extremely well because both of the profiles are nearly identical in fig. 4.8(c). Some artefacts

can be seen in fig. 4.8(b), between 12 and 3 as well as between 6 and 9 o’clock, in the

outer regions of the field of view. This seemed to indicate some variance in bulk shear

velocity which is a common feature in steel from rolling manufacturing. Overall, the
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4. Experimental verification of SH1 guided wave tomography

experiment results for the 20% wall loss case are in line with the numerical predictions,

which, importantly, is a demonstration of the highest resolution experimentally achieved in

guided wave tomography to date. The next step was to determine whether the predictions

could also be met for a defect with a greater maximum depth of 50% maximum wall loss.

The results of this are presented in the next section.

4.4.4 Realistic defect - 50% wall loss

For the realistic machined defect with a maximum depth of 5mm, the defect template

Echo was linearly scaled to match that depth at the global minimum and the spatial

resolution was set to 2.5mm. The data was acquired from a set of 120 excitation positions

with 41 receiving positions each. Thus, a total of 4920 measurements were acquired. For

the excitation at 000◦, the raw time traces are shown in fig. 4.9(a) and for the case of

receiving at position 180◦, the time-trace is plotted in fig. 4.9(b). The SH0 components

were relatively unaffected and arrived first, with the back-wall reflections arriving later,

at t ≈ 0.31ms. The centre frequency was chosen to be 325 kHz and from fig. 4.9(c), it can

be observed that the greater depth led to most of the SH1 components being reflected,

which was expected. As before, the velocity measured from the first arrivals was used for

windowing of the signals and the velocities measured from the back-wall echo differences

at 000◦, 090◦, 180◦ and 270◦ were used for calculation of the bulk shear velocity. The

velocities were cShA
= 3257m/s and cShB

= 3192m/s. From this the dispersion curves

were calculated which are plotted in fig. 4.9(d) and the cut-off frequency was found to

be fcut−off ≈ 159.912 kHz which led to a maximum penetration depth of ≈ 4.9mm at the

centre frequency of 325 kHz. An example of the windowed time traces can be seen in

fig. 4.9(b&c) from which the Fourier transform was calculated (fig. 4.9(e) ). Taking the

complex amplitude at the frequency, the complex amplitude matrix was populated for

every transmit-receive combination which is shown in fig. 4.9(f).

From the FE simulations of directional excitation, convergence of iterative HARBUT was

achieved after 58 iterations, which indicates a much higher level of phase shift due to

the greater depth of the defect. However, for convergence, the field of view had to be

reduced. This was achieved by setting all values at positions with radii from the centre
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(f) Complex amplitude matrix
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Figure 4.9: Experiment data acquired from excitation at a centre frequency of 325 kHz for
the realistic defect at 50% maximum wall loss: (a) the magnitude of the Hilbert enveloped time
traces for all receiver positions, (b) the centre time trace from receiver position 180◦, (c) the
windowed SH1 components with the first arrival times T1 (dashed light blue), the theoretical
SH1 arrival times T2 (dashed dotted light blue) and (d) the calculated SH dispersion curves. In
(e) the magnitude of the Fourier transform of the windowed signal is shown and in (f), this data
is used to populate a complex amplitude matrix.
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larger than r0 = 0.45 · R to the background velocity. The reason this was required was

the undersampling of the total field of view, using only N = 120 transducer positions,

as well as because of the lower number of received time-traces which led to fewer data

points from signals that have traversed nominal plate areas. However, given the sampling

criterion by Simonetti et al. [44], this allowed for a higher sampling of k-Space during

reconstruction, making it possible to set kLim = [1.3, 1.4].2 Still, the global error was

larger than in previous results, at 3.7% as well as the error at the global minimum, at

5%. This corresponds to 0.5mm and is thus still quite low.

Results are shown in fig. 4.10(b) and (c). The reconstructions are not as pristine as those

of the 20% remnant wall thickness defect, however, this was predicted by FE results and

can be attributed to the use of directional transducers, the lower number of receiving

positions and the challenge of finding a suitable calibration value and finally, the chosen

centre frequency being slightly too low. Nevertheless, this 50% wall loss experiment

matches the FE results extremely well and successfully concluded the experiments.

4.5 Summary

In this chapter, the experimental proof of concept of SH1 guided wave tomography was

presented. This was possible owing to the design of the experiment test rig, which allowed

for the repeated accurate positioning of the transducers. The experimental data processing

very much benefited from the groundwork performed during the numerical testing. The

results were in line with numerical predictions. The shallow defects were reconstructed

very well. Somewhat surprisingly, the complex defect overall geometry was reconstructed

more faithfully than the axisymmetric defect’s geometry. This was most likely due to a

mismatch between the machined defect and the model. The result for the 50% defect

shows that the loss of resolution is well understood and that a transducer more similar to

an SH point source is required to better capture the scattering information. Moreover, the

field of view being too narrow is another cause of this reduction in resolution. Nevertheless,

the reconstruction was much better was previously achieved for Lamb wave based guided

wave tomography and shows how robust the use of SH1 guided waves is. Also, modal
2See section 3.4.1 for a discussion of the sampling criterion.
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Figure 4.10: HARBUT reconstruction of the 50% realistic machined defect from experimental
data at 335 kHz: (a) shows the true thickness map, (b) displays the reconstructed thickness
map and (c) shows the thickness profiles through the deepest point for the machined (black) and
reconstructed depths (red).

conversion signals will have played a role in reducing the quality of the reconstructions

and the next chapter will present strategies that were investigated to remedy the impact

of these factors as well as present results of techniques applied to the data acquired in

previous chapters.
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Chapter 5

Modal decomposition of non-uniformly

sampled SH guided wave data

5.1 Introduction

The key to a high performance guided wave system has always been to reduce the number

of modes present in the captured signals. Similarly, this is also desired in guided wave

tomography to achieve the best corrosion mapping outcome using the velocity-thickness

method implemented in this work. The presence of unwanted guided wave modes leads

to coherent noise; especially when they exist at the same frequencies as the SH1 signals.

Unwanted guided wave modes can also be generated when the SH1 waves interact with

the sharp boundaries of deep defects. The higher the frequency, the more SH modes may

be excited which may be combined together upon arrival at the receiver locations. Simple

1-dimensional Fourier transformation without windowing will lead to a Fourier spectrum

showing interference patterns of the multiple modes. This is especially the case when

multiple modes exist at the excited frequencies. One way of separating the modes from

this type of data is to apply the 2-D Fourier transform in order to generate data in the

frequency-wavenumber domain, which is often referred to as the frequency-wavenumber

(f-k) diagram [55–58]. The f-k diagram allows to distinguish signal components or modes

according to their velocity by frequency and wavenumber, revealing dispersion relation-

ships.”
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5. Modal decomposition of non-uniformly sampled SH guided wave data

In this chapter, the 2-D FFT technique will be applied to SH guided waves. It was applied

to Lamb guided waves for the measurement of amplitudes and velocities by Alleyne [2]

for the first time and later used by Hayashi [59] to extract single Lamb wave modes.

However, this technique allows for the separation of multiple modes when receiving signals

at equidistant receiving positions only. Crucially, it requires uniformly sampled data in the

time-domain as well as in the spatial-domain. In the setup considered in this thesis, the

measurements are taken around a circular array. These are equidistant from each other.

However, as a wave is radiated from an individual source, the distances between that

source and the remaining transducers in the array will not be equally spaced and thus, the

spatial Fourier transform fails to properly separate the wavenumber components. Instead,

the non-uniform Fast Fourier Transform (NUFFT) algorithm [60, 61] will be applied to

this problem for the first time, showing how it allows for the separation of the SH guided

wave modes for signals received from a circular array. It should be noted that this could

also be applicable to other guided wave modes but given the focus of this thesis on SH

guided waves, the investigation was limited to them.

First, the original 2D-FFT method will be explained for a set of signals received by

uniformly spaced receivers and the f-k diagram will be introduced. The strategy for

extracting the non-dispersive SH0 components from the full SH f-k diagrams will be

explained and evaluated. Next, the application of the NUFFT algorithm for the creation

of f-k diagrams from circular array signals will be shown for the defect free case. This

is followed by application to FE data of complex defects. Given the limited amount of

information captured by the directional excitation, the technique suffers from a loss of

resolution which makes modal separation near impossible. Nevertheless, a useful result

was the development of an approach for determining phase velocity from NUFFT-based

f-k diagrams, which will be explained and applied to data from the experiment. Finally,

the results will be discussed and recommendations for the application of this technique

will be provided.

86



5. Modal decomposition of non-uniformly sampled SH guided wave data

5.2 Frequency-wavenumber diagrams from signals ac-

quired at equispaced receivers

In this subsection, we will demonstrate the original 2D-FFT technique on analytically cal-

culated SH signals for equispaced receivers placed in a line on a mild-steel plate. In order

to penetrate greater depths in mild steel plates, higher excitation frequencies have to be

selected and thus an excitation frequency of 350 kHz was chosen throughout this chapter.

At this frequency, three SH guided wave modes can exist: the fundamental SH mode,

SH0, the first higher order asymmetric SH mode, SH1 and above its cut-off frequency of

330 kHz, the SH2 mode is received as well (see fig. 5.1(b-d) ). The signals were received

at 120 receiving positions at a distance step of δx ≈ 5mm over a maximum distance of

600mm. As shown by the time-traces in fig. 5.1(e), the signals are separable after hav-

ing travelled about 400mm by applying proper time-windowing techniques, however, the

combined Fourier spectrum in fig. 5.1(i) shows the aforementioned interference pattern.

This pattern emerges after addition of the Fourier spectra of SH0, SH1 and SH2 shown

in fig. 5.1(f-h). Since the complex amplitude used to populate the input matrices used

in the HARBUT algorithm stems from this Fourier spectrum, the decomposition of sig-

nals is of vital importance. By performing another Fourier transform along the distance

axis, frequency-wavenumber diagrams (fig. 5.1(j-l) ) are obtained and as can be seen in

fig. 5.1(m), all three modes can be separated from one another. However, at these higher

frequencies, the SH0 and SH1 components are placed ever closer to one another making

very narrow windowing of the SH0 components a priority. Owing to the linear nature of

the Fourier transform, the inverse Fourier transform will return the original signal (after

division by the number of frequency components) as can be seen in fig. 5.2. Given that

SH2 at 350 kHz excitation frequency will travel much slower and should be easily remov-

able via time-gating, the main obstacle is the SH0 components overlapping with SH1

components leading to corrupted frequency domain information. Thus, the focus here is

on the removal of the SH0 components.

Two window types were investigated: SH0WinA is shown in fig. 5.3(a) and is created by

subtraction of SH1 and SH2 components in the frequency domain and the creation of a

binary map from the thus created pure SH0 f-k diagram by setting values below the full-
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Figure 5.1: Model setup and steps from time-distance to frequency-distance and frequency-
wavenumber diagrams: The first line shows the model setup of uniformly spaced receivers on
a plate. Next, the Hilbert envelopes of the received time-traces at every receiver position are
shown as well as the magnitude of the FFT of theses signals and the frequency wavenumber
diagrams for SH0 (first column), SH1 (second column), SH2 (third column) and all SH modes
(fourth column). Notice how the three modes are distinctly separated only in the f-k diagram.

width-at-half-maximum value to zero and all values higher than that to one. The other

window type, SH0WinB is a parallelogram that follows the linear SH0 dispersion curve

and uses the excitation pulse frequency bandwidth (see y-axis in fig. 5.2(b) ) as height

and the width of the main lobe at the centre frequency as base (see blue dashed-dotted

line in fig. 5.3(c) ).

Next, these windows are applied to the full SH f-k diagram and an inverse Fourier trans-
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(d) Final time-trace

Figure 5.2: From frequency-wavenumber back to time-distance: Applying inverse Fourier trans-
forms to invert (a) the f-k diagram to (b) the frequency domain and finally to (c) the time domain.
The last plot (d) shows the perfect agreement of the inverted time-domain signal with the ori-
ginal signal from fig. 5.1(e).

form is performed, which leads to the frequency distance spectra shown in fig. 5.3(d) and

(e). In a perfect scenario this would isolate only SH0 components and lead to the pure

SH0 spectrum seen in fig. 5.1(f).

For SH0WinA, the smaller ellipsoidal window clearly cuts off the lower and higher fre-

quency components and the smooth distribution in fig. 5.3(d) points to an elimination

of other modal components that would be visible in the form of interference patterns.

The same may be said for SH0WinB in fig. 5.3(e), however, due to the larger size of the

parallelogram-type window, more frequency bands are captured.

For both window types the magnitude is lower at the beginning and end of the spectrum

and increased at the centre. This is shown in fig. 5.3(f) , where the centre frequency

components are compared to the magnitude of the pure SH0 Fourier spectrum at the

centre frequency (grey). As the whole process is linear, this magnitude shift was inherited

in the time-distance domain signals as their amplitude was higher at the centre (see

fig. 5.3(g-h) ). However, as can be seen in fig. 5.3(i) , the cycles of the reconstructed

signals matched well.

Most crucially, the phase information of SH0 at the centre frequency was captured very

well by both windows as is evident from the very low phase difference values plotted

in fig. 5.3(j). The phase difference was calculated by dividing the recovered complex

amplitude at centre frequency by the true complex amplitude of SH0 and calculating the

phase angle. The phase difference of SH0 with SH0 is of course zero (grey). Although the

phase differences of both SH0WinA (red dashed-dotted line) and SH0WinB (blue dashed-

dotted line) were very low, the SH0WinA phase difference remained relatively constant

whereas the phase difference of SH0WinB was worse at the beginning and the end but
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close to zero around 300mm distance.
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Figure 5.3: Application and inversion of two SH0 windows in the frequency wavenumber dia-
gram. (a) shows SH0WinA. (b) is a window based on the bandwidth of the excitation pulse.
(c) shows the windows applied to the centre frequency f-k components for SH0 (grey), SH with
window SH0WinA (red dashed-dotted) and window SH0WinB (blue dashed-dotted). (d) and
(e) are the Fourier spectra after applying an iFFT to the windowed f-k diagrams. (f) shows the
magnitude at centre frequency. (g) and (h) are the Hilbert enveloped time-traces from applying
an iFFT to the Fourier spectra. (i) shows the final time-traces for the true SH0 signal and the
two windowed SH0 components. (j) compares the phase differences of the two filtered cases with
the true SH0 phase angles at the centre frequency.
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The ultimate goal of this procedure will be to remove SH0 components in the Fourier

spectra (frequency-distance domain) which is used to generate the k-matrices that are

the fundamental input for HARBUT. Thus, the SH Fourier spectra after subtracting the

recovered SH0 components were investigated (see fig. 5.4).

Here, the amplitudes of the filtered SH0 components of SH0WinA and SH0WinB were

normalised by dividing by the maximum magnitude per receiver channel (or rather, dis-

tance) and multiplying with the magnitude at the centre frequency of the SH0 spectrum.1

The first sub-figure, fig. 5.4(a), shows the SH Fourier spectrum after subtraction of the

true SH0 components, where the underlying smooth SH1 spectrum is visible and where,

at frequencies above SH2 cut-off frequency, the interference pattern of SH2 with SH1 is

visible. Given the narrower Fourier spectrum of the recovered SH0WinA filtered SH0

components, the SH0 removal is only observable in the region between 300 − 400 kHz

(see fig. 5.4(b) ).

For SH0WinB, a larger bandwidth region was available for SH0 removal and thus, the

qualitative resemblance with the subtraction spectrum for real SH0 was the highest. This

becomes more clear when subtracting the SH2 components as well. During experiments,

this could be achieved by time-gating the slower moving SH2 components. Essentially,

this leaves the pure SH1 components (fig. 5.4(d) ) and again, SH0WinB appears to be a

better window when more frequencies than just the centre frequency are required.

Most crucially, however, both windows performed very well at the centre frequency where,

based on comparison of the phase difference at the centre frequency, they matched the

phase information of SH1 very well (see fig. 5.4(g) ). As before, the phase difference was

constant for the values from the SH0WinA data while phase difference from SH0WinB

data matched better at the centre than at the beginning and end. This seems to be an

effect from the applied windows and could be beneficial for circular array data, when the

defect interaction will be located at the centre of the Fourier spectrum.

Thus, a viable method for modal decomposition was demonstrated that could be a power-

ful tool in combination with other modal suppression methods such as the time-windowing

methods described in earlier chapters. It was shown that for a uniformly spaced receiver

1This is an optimisation problem that will have to be addressed in the later investigations, where pure
SH0 components may be unavailable.
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(g) Phase difference at centre-frequency comparison

Figure 5.4: Comparison of the performance of SH0 removal by the two window types. (a)
shows Fourier spectrum ground truth when subtracting SH0. (b) shows the subtraction of the
SH0 components filtered by applying SH0WinA and (c) SH0WinB to the f-k diagram. (d) shows
the SH1 Fourier spectrum obtained after subtracting the true SH0 and SH2 components and (e)
and (f) show the Fourier spectrum when subtracting SH2 and the f-k windowed SH0 components.
(g) compares the phase difference at centre frequency for the three cases and shows the excellent
performance of the f-k filtered SH0 component subtraction.

array, f-k diagrams could be calculated and how, through proper windowing techniques,

individual modes could be separated. Next, the circular array setup will be investigated,

where the non-uniform placement of receivers will lead to the break-down of the spatial

Fourier transform, requiring the application of the NUFFT algorithm.
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5. Modal decomposition of non-uniformly sampled SH guided wave data

5.3 Frequency-wavenumber diagrams from signals ac-

quired at nonequispaced receivers

The chief guided wave tomography array utilised in this thesis is a type of ‘full-view’ array,

the circular array. For this, N transducers were positioned at equidistant positions on a

circle around the region of interest. In this subsection, a 10mm mild steel plate is invest-

igated upon which a circular array with radius R = 200mm and N = 120 transducers was

placed. SH signals were calculated analytically in the form of 5-cycle Hann-shaped pulses

with a centre frequency of 350 kHz, leading to the appearance of the fundamental mode

SH0 and the first and second higher order modes SH1 (cut-off-frequency at approximately

160 kHz) and SH2 (cut-off-frequency at approximately 330 kHz).

This setup is shown in fig. 5.5(a) and the resulting signals for excitation at a single source

(red cross) and receiving at all receivers are shown in fig. 5.5(b-e) for SH0, SH1, SH2

and full SH. In fig. 5.5(f-i) the corresponding Fourier spectra are plotted. The plots in

fig. 5.5(j-m) are the f-k diagrams of the above Fourier spectra. For the linear array in

the previous section, another application of the Fourier transform along the distance axis

would lead to a frequency-wavenumber diagram, revealing the dispersion relationship for

the various modes. As can be seen in fig. 5.5(j-m), this step fails for this configuration and

although there are differences in the f-k diagrams, there is no distinct revelation of SH

mode components and they do not correspond to the expected dispersion curves plotted

in fig. 5.5(m).

This was due to the requirement of the Fourier transform for uniformly sampled data.

For the case of the circular array, the time-traces are sampled uniformly at a constant

time-step, but crucially, the signals are not captured at equispaced positions from the

source. This becomes clear when plotting the Euclidean distance of the receivers from the

source on a line; receivers close to the source show a greater distance-step than the ones

around the receiver opposite from the source, where the distance-steps are much smaller.

In summary, these non-uniformly sampled spatial steps are causing the break-down of the

spatial Fourier transform.

One solution to overcome this problem is the application of the non-uniform fast Fourier

transform (NUFFT), which has been developed extensively by several groups [60,61] over
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Figure 5.5: Model setup and steps from time-distance to frequency-distance and frequency-
wavenumber diagrams: (a) shows the model setup of a circular array on a plate. In the next
line, the signals are shown for (b) SH0, (c) SH1, (d) SH2 and (e) full SH. Below, the Fourier
spectra are plotted for (f) SH0, (g) SH1, (h) SH2 and (i) full SH. The bottom line shows the f-k
diagrams for the four cases. In (m), the expected frequency wavenumber dispersion curves are
plotted for SH0 (red), SH1 (blue) and SH2 (green).

the past decades and has recently (MATLAB R2020a) been introduced as a function in

MATLAB. The nonuniform discrete Fourier transform of a spectrum X is defined as

Y (k) =
n∑

j=1

X(j) e−2πi t(j) f(k) , (5.1)

where X is a vector of length n, t are sample points, f are frequency query points and
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where k = 1, 2, . . . ,m. In order to calculate the f-k diagram with the NUFFT func-

tion, the Euclidean distance for every source-receiver combination is needed, as well as a

wavenumber vector with a sampling wavenumber step-size of

ksnu =
2π

k0
, (5.2)

where k0 is the wavenumber at the centre frequency. For n query points, the wavenumber-

step is calculated from

Δknu =
ksnu
n

, (5.3)

and used to calculate a wavenumber vector knu of n evenly spaced points between 0

and Δknu · n. By providing the NUFFT function with this wavenumber vector and the

non-uniform distance vector d, the frequency-wavenumber diagram of the circular array

based SH Fourier spectrum can be calculated.2 This is shown in fig. 5.6(a), where the

frequency-wavenumber dispersion relationship of the three modes SH0 (red), SH1 (blue)

and SH2 (green) was properly captured as indicated by the dispersion plots.

Compared to the f-k diagram for the equispaced receiver case shown in fig. 5.2(a), there

are significantly more artefacts in the lower (left) and higher (right) real wavenumber

components. Nevertheless, a distinction of the three modal component areas is possible

and they agree very well with the analytically calculated dispersion curves. Given the

non-uniformity of the distance vector d, the inverse Fast Fourier Transform (iFFT) is

unsuitable as well. Thus, the inverse was found by applying the NUFFT algorithm to

Y (k)′ and by switching the query with the sample points.

This led to the result shown in fig. 5.6(b). Qualitatively, the shape of the Fourier spectrum

resembles the spectrum in fig. 5.5(i), however, the regions close to the source and the ones

at the centre of the spectrum are showing exaggerated magnitudes. This is especially

apparent in fig. 5.6(c), where the magnitude at the centre frequency is plotted for the ori-

ginal SH Fourier spectrum (grey) and the one reconstructed using the NUFFT algorithm

2This of course requires accurate knowledge of the position of the transducers. From simple recon-
struction trials it was shown that position errors should not exceed ± 0.5mm in order to avoid artefacts
in the reconstructions which could lead to a tight tolerance for industry.
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(black). Up to distances of ≈ 300mm, the minima and maxima are captured well but

especially in the regions around the receiver opposite from the source, the magnitude is

almost four-times that of the original SH magnitude.
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Figure 5.6: Investigation of the NUFFT performance: (a) shows the f-k diagram of the full
SH spectrum. (b) shows the spectrum after applying the inverse NUFFT to the f-k diagram in
(a). (c) shows a comparison of the magnitude at the centre frequency for the true SH spectrum
(grey) and for the recovered magnitude from the NUFFT f-k diagram (black). (d) Compares the
phase angle at the centre frequency for SH (grey) and SH from NUFFT (black).

This is most likely due to interpolation errors of the NUFFT algorithm which are intro-

duced by the spatial sampling being very small in these regions, as the distance steps

between these receivers are significantly smaller than the ones less than 200mm away

from the source.

The most crucial information is the phase as this is used by HARBUT to reconstruct

phase velocity. Thus, the NUFFT-based SH phase angle at the centre frequency is com-

pared to the true SH Fourier spectrum’s phase angle at the centre frequency and displayed

in fig. 5.6(d). Interestingly, the phase matches well in the regions where the magnitude

is exaggerated and shows worse agreement at positions closer to the source. It there-

fore seemed promising to apply the inverse NUFFT calculation to an SH0-windowed f-k

diagram. The two SH0 f-k windows, SH0WinA and SH0WinB were multiplied with the
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(h) Phase difference comparison at centre-frequency

0

90

M
ag

n
it

u
d

e 
(a

.u
.)

0

90

M
ag

n
it

u
d

e 
(a

.u
.)

Figure 5.7: Comparison of the performance of SH0 removal after applying the two f-k SH0
windows to the NUFFT-based f-k diagram. (a) shows the true SH0 Fourier spectrum, (b) shows
the SH0 spectrum reconstructed after applying the window SH0WinA to f-kNUFFT and (c) is the
reconstructed Fourier spectrum from SH0WinB applied to f-kNUFFT. In (d), the phase difference
over distance is compared for true SH0 (grey), SH0WinA (red dashed-dotted) and SH0WinB
(blue dashed-dotted). In (e),(f),(g) the SH0, SH0WinA and SH0WinB components are subtracted
from the full SH Fourier spectrum. SH2 components are removed as well which would be achieved
through signal windowing. In (h), the phase difference is compared for SH-SH0-SH2 (grey), SH-
SH0WinA-SH2 (red dashed-dotted) and SH-SH0WinB -SH2 (blue dashed-dotted).
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f-kNUFFT diagrams and the inverse NUFFT strategy used to calculate the Fourier spectra

shown in fig. 5.7(b)&(c). Figure 5.7(d) provides a comparison of the phase angle of SH0

at the centre frequency taken from the true SH0 frequency spectrum (see fig. 5.7(a) ) with

the ones recovered from the two windows and yield very similar results and matching

the true SH0 values well in most areas. Finally, the SH0WinA and SH0WinB spectra

were subtracted from the full SH spectra along with the true SH2 and compared with the

subtraction of true SH0 components (see fig. 5.7(e-g) ). As can be seen in fig. 5.7(h), the

resulting phase angle matches the one found by subtracting true SH0 and SH2 very well.

In summary, the f-k diagram for a circular, non-uniformly spaced array was successfully

calculated, using a NUFFT algorithm implemented in MATLAB. Moreover, an inverse

NUFFT was found to yield satisfactory results, allowing for the application of previously

found SH0 windows to the f-k diagram. Usage of these SH0-windowed Fourier spectra

for SH0 removal from full SH spectra led to promising results as can be seen from the

well matching phase angles at the centre frequency. The next subsection will see the

application of this strategy to FE signals with a complex defect.

5.4 SH0 removal from FE acquired complex defect point

source SH signals

Having demonstrated the application of the NUFFT algorithm for f-k diagram calcula-

tion from circular array data and the subsequent implementation of the SH0-f-k -filtering

scheme, this section will showcase the results from application to signals acquired after

the SH guided waves have travelled through a complex defect. This is a significant in-

crease in complexity as no mode conversion occurred in the two models of the previous

sections. In this scenario, the interaction of the SH guided waves with a rough defect

with a maximum of 50% wall loss will lead to the inevitable creation of mode-converted

signal components. However, the main focus will be on the removal of the first arriving

SH0 components, as for the distances and excitation frequencies considered in this thesis,

SH0 and SH1 will overlap partly in the time-domain. This in turn causes problems when

applying the time-windows.
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Figure 5.8: Model setup and steps from time-distance to frequency-distance and frequency-
wavenumber diagrams: (a) shows the model setup of a circular array on a plate. Next, the
Hilbert envelopes of the received time-traces at every receiver position are shown (b-e), as well as
magnitude of the Fourier spectra of the signal components (f-i) and the NUFFT-based frequency
wavenumber diagrams (j-m).

Figure 5.8(a) shows the model setup which is equivalent to the one used in the previous

section, apart from the presence of a rough corrosion patch with a maximum wall loss

of 50%. The magnitude of the Hilbert envelopes of the received signals are shown in

fig. 5.8(b-e). In fig. 5.8(b), some mode-converted SH0 components are visible at around
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t = 0.15ms. The strong interaction of SH1 with the defect is clearly visible in fig. 5.8(c).

SH2 also interacts heavily with the defect as can be observed in fig. 5.8(d). Most of SH2’s

frequency components are unable to propagate through the defect due to the remaining

thickness being below the cutoff frequency-thickness value for that mode. Another fa-

vourable effect is the relatively slow propagation of SH2 which allows for almost complete

SH2 removal by time-windowing in future steps. The full SH time-trace received from

the SH surface-only point receiver shows again how SH2 should be relatively straightfor-

ward to separate, whereas SH0 will be more challenging to remove as for the distance

used in this model, the modes are much closer to one another in the time-domain (see

fig. 5.8(e) ). The level of interaction of SH0 with the defect is more subtle in the SH0

Fourier spectrum in fig. 5.8(f), which is in contrast to the significant interaction of SH1 in

fig. 5.8(g) and SH2 in fig. 5.8(h). Next, the NUFFT function was applied to calculate the

f-k diagrams and the results are shown in fig. 5.8(j-m). The NUFFT-based f-k diagrams

are capturing the main modal components, however, there are artefacts visible at small

and higher wavenumbers in all four f-k diagrams. Given that the f-k SH0 windowing

approach neglects these regions, they are of no concern.

Having applied the previously discussed SH0 f-k window approaches to this data the

results can be compared to pure mode data to evaluate the performance. In fig. 5.9(a-c)

the pure SH0 Fourier spectrum is compared to the Fourier spectra reconstructed from

f-k diagrams after windowing with SH0WinA (fig. 5.9(b) ) and SH0WinB (fig. 5.9(c) )

and applying the inverse NUFFT approach. From a qualitative point of view these are

quite different and the defect interaction seems implied by the drop in magnitude at the

opposing receiver positions at centre. As can be seen in fig. 5.9(d), the phase differences

at the centre frequency of the recovered complex amplitude are larger than in the defect

free case shown in the previous section but still remains below π/2, which is encouraging.

The next step saw comparison of the windowing approaches with a perfect subtraction

of SH0 and SH2 from the full SH data. The ideal case in fig. 5.9(e) was achieved by

subtracting the true Fourier spectra of SH0 and SH2 from the full SH which left the

sought after SH1 components. In reality, this would be hard to achieve as there would

inevitably remain overlapping SH0 components. SH2 components are easier to remove

as they travel at much lower group velocity and for this configuration can be removed in
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(h) Phase difference comparison at centre-frequency
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Figure 5.9: Comparison of the performance of SH0 removal after applying the two f-k SH0
windows to the NUFFT-based f-k diagram from complex defect FE point source data. (a)
shows the true SH0 spectrum, (b) shows the SH0 spectrum reconstructed after applying the
window SH0WinA to f-kNUFFT and (c) is the reconstructed spectrum from SH0WinB ap-
plied to f-kNUFFT. In (d), the phase difference over distance is compared shown for true SH0
(grey), SH0WinA (red dashed-dotted) and SH0WinB (blue dashed-dotted). In (e),(f),(g) the SH0,
SH0WinA and SH0WinB components are subtracted from the full SH spectrum. SH2 compon-
ents are removed as well which would be achieved through signal windowing. In (h), the phase
difference over distance is compared and shown for SH-SH0-SH2 (grey), SH-SH0WinA-SH2 (red
dashed-dotted) and SH-SH0WinB -SH2 (blue dashed-dotted).
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the time-domain. For comparison-sake, however, the SH2 Fourier spectra were subtracted

along with the f-k windowed SH0 components from the full SH f-k diagrams. The results

of these subtractions are shown in fig. 5.9(f) for SH0WinA and in fig. 5.9(g) for SH0WinB.

Compared with the original full SH Fourier spectrum in fig. 5.8(i), the SH2 interference

pattern at frequencies above 330 kHz are removed and the interference pattern from the

interaction of SH0 and SH1 is reduced. This seems to be more the case for SH0WinB

data than for SH0WinA data. However, the most important aspect is the recovery of the

phase at the centre frequency. This is again analysed through calculation of the phase

difference which is shown in fig. 5.9(h). For the first time in this analysis, the phase

difference approached values in the order of π for components received between receiver

positions 180◦ and 225◦. These receivers are in direct line with the deepest corrosion pit

of the defect shown in fig. 5.8(a) and therefore the region where the greatest amount of

phase difference is to be expected. In other regions, the phase difference values remain

below π/2. Next, this windowing and subtraction was repeated for all 120 excitation

events and then used to populate an input matrix for use in HARBUT.

The final assessment of the separation routine performance is to compare the resulting

reconstructions. The HARBUT reconstruction results are shown in fig. 5.10. The time-

domain window approach led to a slightly better result than the NUFFT-based f-k SH0

windowed reconstructions; it converged after 36 iterations compared to 65 (SH0WinA)

and 59 (SH0WinB), had a lower error at maximum depth with 0.2% compared to 0.7%

(SH0WinA) and 0.6% (SH0WinB) as well as a lower global error at 2.3% compared to

3.6% (SH0WinA) and 3% (SH0WinB). Also, in order to achieve convergence, the two f-k -
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Figure 5.10: HARBUT results after SH0 removal. (a) shows the HARBUT result from sec-
tion 3.5.3, (b) shows the result after applying the NUFFT-based f-k -window type A and (c)
the result after applying the NUFFT-based f-k -window type B. (d) compares the true (grey)
thickness profile with the reconstructed ones.
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filtered datasets had to be regularised during reconstruction by setting all values at radii

larger than 0.55 ·R to the background velocity. This is noticeable in fig. 5.10(b&c) by the

lack or artefacts compared to the outer regions of fig. 5.10(a). Nevertheless, this is a very

good result as this demonstrates the possibility of accurate thickness reconstruction from

full SH mode data after application of SH0 removal through NUFFT based f-k filtering.

5.5 Investigation of directional source SH signals with

NUFFT-based frequency wavenumber diagrams

In the previous subsections, the NUFFT-based f-k diagram windowing of SH0 has been

applied to point source FE data. It was shown that using the NUFFT algorithm, this

allowed for reasonable decomposition of the various modal components. For experiments,

a directional SH guided wave transducer was used which led to acceptable results in the

20% case but less optimal results in the 50% wall loss case. This was mainly due to the

limited view that was created by limiting the received time-traces per source in order to

reduce measurement time. However, another factor seemed to have been the inaccurate

measurement of the fundamental shear velocity of the mild steel plate used. It is therefore

of interest to see whether an f-k diagram may be calculated from directional data which

could be used to calculate the dispersion relationships.

Thus, an FE model was run that had the same setup as the previous one, albeit without

a defect and using the rectangular surface excitation approach introduced in a previous

chapter. The centre frequency was set to fc = 350 kHz, the transducer width was set to

TxW = 5mm and the transducer length was set to TxL = 20mm.

The resulting time-traces for excitation at source Tx(1) and receiving at all receivers

Rx are shown in fig. 5.11. Due to the directionality of the transducer, the desired SH1

components are only received at receivers that are opposite to the source and at least

350mm away. Compared to the point source data, a lot of spatial frequency components

are therefore missing and a poor separation in the frequency-wavenumber domain may

be expected. In fact, the interfering signals received at the other receivers lead to a

frequency wavenumber diagram without a clear dispersion pattern visible as can be seen
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Figure 5.11: f-k diagrams from FE simulation generated directional transducer signals: (a)
received signals from a directional transducer. (b) shows the windowed SH0 components of (a).
(c) shows the f-k diagram calculated from the data in (a) and in (d), the f-k diagram calculated
from the windowed SH0 components is shown. Overlaid on (c) and (d) are the f-k dispersion
curves of SH0, SH1 and SH2.

in fig. 5.11(c). To check whether this was due to the algorithm under-performing, the SH0

components in fig. 5.11(a) were windowed following the approach from previous chapters.

The f-k diagram calculated from these windowed components is shown in fig. 5.11(d) with

the expected SH f-k dispersion curves overlaid. The lack of interference patterns indicates

that it was indeed possible to window the SH0 components, however, the blurry ‘blob’

indicates a lack of wavenumber-resolution as the algorithm fails to build a clearly defined

region. Also, it can be seen how the captured SH0 components leak into the SH1 ‘region’
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5. Modal decomposition of non-uniformly sampled SH guided wave data

which undermines the argument of modal separation through time-based windowing or

f-k diagram based filtering.

Although this result makes it impossible to perform any meaningful f-k diagram based

filtering of SH0, it might yet prove useful. Qualitatively, it seems as if the maxima of

the blurry SH0 region are close to the SH0 f-k dispersion curve. We know that this plot

contains accurate data as it stems from FE data. Furthermore, since SH0 is non-dispersive

we know that it must be zero at origin which can be useful for performing linear regression

in order to determine the SH0 f-k dispersion curve for experimental data. This in turn

should theoretically enable the calculation of SH0’s phase velocity, which as previously

stated is equal to the bulk shear velocity. This velocity is fundamentally important for

calculating the dispersion curves used for inversion. The next section will present the

investigation of this approach.

5.6 Determining bulk shear velocity from NUFFT-based

f-k diagrams

As has been shown in the previous subsection, the directionality of the data leads to

poor spatial frequency (wavenumber) resolution which does not allow for proper modal

separation as was the case for point source-excited SH data. Furthermore, the uncertainty

of the wavenumber components also leads to indistinguishable full mode f-k diagrams and

without signal processing, any dispersion curve fitting seems arbitrary.

In previous chapters, it was shown how a very simple windowing approach was used to

determine the shear velocity which is equal to the phase- and group-velocity of SH0, as

SH0 is non-dispersive. This was achieved by utilising the prior knowledge of the transducer

positions and thus the distances between source and receiver pairs. Given the good results

of the reconstructions, it seems as if this way of determining the velocity is sound. For

greater depths, however, where the velocity gradient in the dispersion curves is reduced,

the better this velocity estimate, the better the reconstruction.

In this section, the NUFFT algorithm is applied to experimental data in order to generate

f-k SH0 diagrams, which allow for the determination of the shear velocity through linear
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5. Modal decomposition of non-uniformly sampled SH guided wave data

regression. For this, the available limited dataset of captured time traces for every source

excitation was used to determine the group velocity of SH0, in order to calculate an arrival

time based SH0 window. The width of the window was found using the pulse duration of

the 5-cycle Hann shaped pulse.

Next, the Fourier transform was performed on the windowed signals and the NUFFT

algorithm applied in order to generate a frequency-wavenumber diagram. Consequently,

the maxima of the relevant frequency components were determined and a fit was found

through linear regression. The slope of the fit may then be used to determine the shear

velocity at the centre frequency. This strategy was applied to the two experimental data

sets discussed in the previous chapters for 20% and 50% wall loss.

Figure 5.12 shows the individual steps and results for the 20% wall loss case with an

excitation frequency of 250 kHz. In fig. 5.12(a), the raw data is shown along with the

theoretical arrival times for SH0 (red line) and SH1 (blue line). The theoretical SH0 ar-

rival times tarr,SH0 are used to calculate an SH0-window, using the 5-cycle Hann shaped
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Figure 5.12: Results from 250 kHz experimental datasets: From time-traces to f-k diagram
linear regression based shear velocity: (a) Received experimental time-traces, (b) windowed SH0
components and (c) their Fourier transform. (d) SH0 f-k diagram and (e) the maxima (black
crosses) at several frequencies used to fit the SH0 dispersion curve. (f) shows the velocities found
for all 120 excitations.
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pulse duration (fig. 5.12(b) ) and are then Fourier transformed using the FFT algorithm

(fig. 5.12(c) ). Next, the NUFFT algorithm is applied and the frequency-wavenumber dia-

gram calculated (fig. 5.12(d) ) and the maxima per frequency and wavenumber at several

frequencies around the centre frequency are determined (black crosses in fig. 5.12(e) ).

Using linear regression, a line is fitted against the found values and the slope values are

used to calculate the SH0 phase velocity, which is equal to the SH0 group velocity and the

material’s bulk shear velocity. This is repeated for every received dataset at all 120 trans-

mission positions and which yielded the results plotted in fig. 5.12(f). As can be seen, the

bulk shear velocity is anisotropic and encouragingly, the values calculated from opposite

source positions are in good agreement. Here, a mean shear velocity of cSh = 3188m/s

was found (red dashed line in fig. 5.12(f) ), which is slightly lower than what was found

through peak detection. From this velocity, a dispersion curve plot may be calculated

and the velocity can be used during HARBUT reconstruction.

As was shown in previous sections, the 50% wall loss data seems to be more complicated.

The same steps as before were applied to the available limited dataset. In fig. 5.13(a),

(a) Received signals | Tx #1 (b) SH0 windowed signals (c) FFT

(d) f-k
NUFFT

 diagram for SH0 components (e) Linear regression through origin | Tx #1 (f) Shear velocity from f-k
NUFFT

 fit for all Tx

Figure 5.13: Results from 325 kHz experimental datasets: From time-traces to f-k diagram
linear regression based shear velocity: (a) Received experimental time-traces, (b) windowed SH0
components and (c) their Fourier transform. (d) SH0 f-k diagram and (e) the maxima (black
crosses) at several frequencies used to fit the SH0 dispersion curve. (f) shows the velocities found
for all 120 excitations.
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the raw time-traces for excitation at Tx #1 (position 000◦) are shown along with the two

theoretical arrival times tarr,SH0 in red and tarr,SH1 in blue. These were calculated using

the peak of the Hilbert envelope of the SH0 pulse and prior knowledge of the diameter of

the array. The SH0 window was calculated using the pulse-duration and the windowed

data was Fourier transformed (see fig. 5.13(c) ). The next steps were performed as before,

creating a NUFFT-based frequency-wavenumber diagram (fig. 5.13(d) ) and executing the

linear regression fit to find the slope of the SH0 values (see fig. 5.13(e) ). In fig. 5.13(f) the

recovered velocity is plotted, which also shows anisotropic variation. There are about four

outliers which were most likely due to mode-converted signal components overlapping the

SH0 pulses and by excluding these from calculating the mean shear velocity was found to

be c̄Sh = 3234m/s. In contrast to the 250 kHz data, this value is much closer to the mean

velocity found from peak detection.

5.7 Summary

This chapter dealt with the application of the NUFFT algorithm to non-uniformly sampled

array data in order to achieve modal separation of the signals. For this, various scenarios

were investigated, starting with uniformly sampled data, which allowed for the applic-

ation of the FFT algorithm to find the frequency wavenumber diagram. It was shown

how only the NUFFT algorithm allowed for proper modal separation of the circular array

based received signals in the frequency wavenumber domain. For point source based ex-

citation, it was shown how two types of SH0 frequency wavenumber windows allowed for

acceptable SH0 removal in the frequency domain. Moreover, the HARBUT reconstruc-

tions using this type of filtered input data were shown to yield extremely similar results to

the time-domain windowing based approach, confirming ability of the NUFFT algorithm

to capture accurate phase information.

Moreover, the constraints of the method were demonstrated as it was shown how direc-

tional source data provides too few wavenumber data points to allow for modal separation

in the frequency wavenumber domain. Nevertheless, the method was successfully used in

an algorithm to determine the bulk shear velocity, which was applied to experimental data

that was excited and received using directional transducers. Thus, the found velocity was
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shown to provide slightly better reconstructions and proved sensitive enough to reveal the

slight inhomogeneous nature of the rolled plate material.
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Chapter 6

Conclusions

6.1 Thesis review

The guided wave tomography method has been adapted for the use of the first order

shear-horizontal guided wave mode, SH1 after previous work showed that Lamb wave

based guided wave tomography approaches do not deliver the required resolution for

algorithms that assume acoustic wave behaviour. The analytical and numerical findings

showed that this approach offers an improved resolution, which was also experimentally

validated.

In chapter 2 of the thesis, the theoretical background of guided waves, SH guided waves,

guided wave tomography and 3D FE simulations was outlined.

Chapter 3 discussed the numerical investigation of SH guided wave scattering as well as

SH-based guided wave tomography for pure SH1, multi-mode SH point sources as well as

full-mode directional surface sources.

Chapter 4 presented the methods used in experiments and the results for three defect

types, which includes an axi-symmetric defect, a rough laser-scanned defect with 20%

wall loss at maximum depth and the same defect linearly scaled to up to 50% wall loss at

maximum depth.

Having demonstrated the proof of concept of the method as well as improving resol-

ution 2.4-fold in previous chapters, chapter 5 investigated a NUFFT-based frequency-

wavenumber diagram for use in modal decomposition, ultimately trying to remove un-
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wanted modal data, as well as for use in determining the true bulk shear wave velocity.

6.2 Main findings

One of the main limitations for A0 Lamb wave based guided wave tomography is its direc-

tional scattering behaviour failing to match the assumed acoustic omnidirectional pattern.

This is limiting the scattering angles covered in through transmission, which leads to a

significant reduction of resolution. This is the main reason why the extensive work on

guided wave tomography done in the past [5,9,31,34] has not been able to improve resol-

ution beyond 1.5λ. Using Full-Waveform-Inversion (FWI), where an iteratively updated

acoustic finite difference model is matched to measurements [16], is limited in very much

the same way when relying on Lamb guided wave modes [13,14].

In this thesis, the scattering pattern from SH1 showed a much greater match with the

acoustic case, suggesting a higher suitability of SH1 for use with reconstruction algorithms

that assume acoustic scattering, such as HARBUT. For the case of excitation at 200 kHz

for instance, the matching scattering angles on through transmission suggested a res-

olution of up to 0.7λSH1 which is significantly better than 1.5λA0 for A0. The other

important factor is that the wavelength of SH1 at the chosen excitation frequencies in

this thesis is also much lower than the wavelength of A0 at the typical excitation fre-

quency of 50 kHz. The more compatible SH1 scattering behaviour in combination with

the smaller wavelength of SH1 are what enabled the highly accurate reconstructions in

this thesis.

The ability to implement high-fidelity three-dimensional FE models to simulate the propaga-

tion of pure SH1 excitation in realistic mild-steel plates, and solving a full model with 120

excitations, has enabled very accurate reconstructions of both simple axisymmetric and

real corrosion-like defect models. Crucially, the reconstruction error at maximum defect

depth was below 5% and the global errors below 2% for all cases, confirming that pure

SH1 through-transmission data comes very close to the theoretical resolution limit which

may be achieved with acoustic scattering. This also confirms that the scattering analysis

gives a good estimate of the achievable resolution.

The results from the experimental study validated the simulation based results and
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provided a proof of concept. Here, accurate results were achieved for 20% maximum

wall loss defects and reasonable results were achieved for a 50% wall loss defect. It was

found that this was mainly due to the directionality of the transducer type as well as to

the limited number of scattering angle coverage during reception.

Finally, the application of the NUFFT algorithm for modal decomposition through fre-

quency wavenumber filtering was investigated. With a rudimentary SH0 window in the f-k

domain, the SH0 components could be successfully filtered out without any time-domain

windowing of the signals.

While the technique fails to be applicable to directional data due to the limited amount

of receiver channels, the technique proved to be useful for determining the bulk shear

velocity of the plates, revealing an anisotropic bulk shear velocity of the samples.

Overall, while directional transducers lead to acceptable results, it was found that point-

source like transducers offer much higher stability, higher quality reconstructions and

ultimately better resolution.

6.3 Future work

As mentioned above, this thesis served as a proof of concept for SH1 guided wave tomo-

graphy. Given the advances made in this thesis there still remain some limitation that

need to be addressed prior to industrial application of SH1 guided wave tomography.

For instance, the impact of limited view array configurations needs to be investigated

thoroughly as this will inevitably lead to a loss in resolution. There have been some

developments to account for them in the recent past [62, 63] and a first step would be to

apply these techniques to SH1 guided wave tomography data. Again, FE simulations will

allow for an accelerated investigation.

Another limitation that needs to be addressed is EMAT size. In order to reduce acquisition

time, it is imperative to receive at multiple locations simultaneously or shortly after

another. Using the SH specific EMATs by GUL enabled the excellent results shown during

experiments, however, their size will not allow for the employment of multiple receivers

next to each other and therefore more development is required to reduce transducers.
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Potentially this might require use of piezoelectric transducer arrays in order to increase

the number of transducers.

Given the wealth of corrosion types and the readily available computational power these

days, one possible future project would be to do a comprehensive study of various defect

types, depths, frequencies and array set ups.

Another aspect worth considering is to harness the broadband signal information by

investigating the combination of HARBUT reconstructions from several frequencies.

This study focused exclusively on isotropic mild steel plates but other materials such as

aluminium or anisotropic materials such as CFRP or GFRP plates would be interesting to

investigate. In the latter, delamination detection is an important problem in the aerospace

industry.

Also, modelling of SH1 guided wave tomography on pipes will be of interest to take the

technique further and to deal with any required adjustments due to the helical pathways.

In some cases, pipe-supports are welded to the pipe which might be a particular challen-

ging test of the performance of the technique.

Moreover, modelling a loaded pipe might become possible in the future which may be

used to confirm the assumed lesser attenuative effect from a liquid loading on SH1 guided

waves due to their nonexistent vertical displacement.

Concerning the NUFFT-based modal decomposition approaches, experimental verifica-

tion from point source-like SH guided wave transducers would be of interest as well as

experimental verification of the NUFFT-based f-k diagram velocity determination tech-

nique and comparison with other velocity determination methods.

The combination of Lamb-wave and SH guided wave based approaches might be helpful

for the case of defects with greater depth when phase distortion increases even further.

Here, the Lamb-wave based lower-resolution reconstructions might be useful when serving

as background for the SH guided wave tomography reconstructions.
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