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ABSTRACT

The treatment of anisotropic scattering for the
multigroup form of the even parity equation and methods for
solution of void problems have been considered within the
framework of the finite element method. The maximum principle

functional K*(9*) of Ackroyd has been used.

Anisotropic scattering in the multigroup approximation
is investigated in one dimensional slab geometry. Treatment
of within group and intergroup anisotropic scattering in the
finite element method is illustrated. Proof tests on one
dimensional multigroup neutron transport problems are re-
ported for strong anisotropic scattering. The in-group
scattering is checked using the so called backward-forward-
isotropic scattering law for source and eigenvalue problems.
With this law anisotropic scattering problems can be trans-
formed into equivalent isotropic scattering problems. In
this way the well validated isotropic version of the finite
element code FELTRAN is used to validate the anisotropic
version. Intergroup scattering effects are checked by solving
few group source problems for Pl' P3 scattering and backward-
forward-isotropic scattering law. For P1 and P3 scattering,
checks are made with the discrete-ordinate finite difference
code ANISN and the spherical harmonics finite element/ finite-

difference code MARC/PN. For the backward-forward-isotropic



scattering law, comparison is made with the two group exact

solution of Williams (1985) for one dimensional systems.

In the case of solutions of the even parity equation
for systems with voids the conventional finite element method
tends to give physically unacceptable results as the void
cross section tends to zero. An explanation of this effect
is proposed. Two new methods for voids using biased trial
functions are described and tested. Firstly, the iterative
method which synthesises a finite element solution using a
sequence of related problems with constant absorption cross
section in the void regions. Secondly, the extrapolation
method which obtains a best approximation to the void
solution by combining two or more independent biased trial
functions in an optimum way. The extrapolation method is
further divided into elementary, sequential and nodal or
multiparameter extrapolation. The theory of both the
iteration and extrapolation method is given and discussed.
Several two dimensional X-Y geometry test problems using
the above methods are investigated. Results are compared.
with those obtained with other numerical methods, e.g. dis-
crete-ordinates and Monte Carlo, and the almost exact results
of the point kernel method for voids surrounded by purely

absorbing media.

Finally hybrid principles, using a trial function and

a trial vector are briefly studied together with the synthesis



method of solution for reducing computer storage requirements,
The synthesis method uses the idea of nodal or multiparameter
extrapolation. In this method higher moment solutions can be
built-up starting with a diffusion theory solution. Using
the N'~ functional, this building up of the solution can be
done on an element level allowing discontinuous solution,

for the even parity angular flux across element interfaces.
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1. INTRODUCTION

1.1 Scope of Thesis

This thesis is mainly concerned with the solution of
the even parity neutron transport equation using the finite
element method. Both fixed source and eigenvalue problems are
considered. The maximum principle functional K+(¢r) of
Ackroyd [1] is employed for problems with anisotropic
scattering and voids. More precisely anisotropic scattering
is treated mathematically in one dimensional slab geometry
in the Qultigroup approximation and is implemented and
tested. Also new methods for solution of void problems
are developed and tested. The thesis concludes with an

application of the hybrid principles proposed by Ackroyd [2].

After a brief review of previous work done in finite
element neutron transport with isotropic and anisotropic
scattering and also voids, there follows a brief discussion

on neutron scattering interactions.

In chapter two, the first order and the even and odd
parity second order neutron transport equations are intro-
duced. The boundary conditions are also stated. Sub-
sequently various numerical methods widely used in neutron
transport calculations are outlined and their advantages

and disadvantages discussed. These include the discrete-
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ordinates finite-difference, integral transport, spherical

harmonics, Monte Carlo and the finite element method.

Chapter three is concerned with the various functionals
introduced by Ackroyd [3]. The generalised least squares
methéd for obtaining variational principles is considered.
The functional W+_(4ﬁ4'), which provides a least squares
measure of the error made by the approximations ¢+ and ¢~
is considered. Also the physical and geometrical inter-
pretations of W™ and the functional K™~ are given.

Finally, other functionals arising from the Wt~ functional

are reviewed.

Chapter four is concerned mainly with anisotropic
scattering in one dimensional slab geometry, both for one
group and the multigroup case. Angular integration is per-
formed in the K+( f') functional leading to the reduced
functional. Matrices for the angular constants are derived
subsequently, after introduction of the finite element
approximation. Also even and odd parity down-scatter
source matrices are evaluated. Extension of multigroup aniso-
tropic downscatter to higher spatial dimensions is then dis-
cussed. Next, results of test problems in one dimensional
slab geometry for both one group and the multigroup case are
presented and compared with those obtained with other numeri-

cal methods or analytical results.
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In chapter five, the problem encountered when solving
the even parity equation for voided regions using the con-
ventional finite element method is discussed. An explanation
of the almost flat flux profile obtained from the conven-
tional finite element method is proposed. Two new methods,
iteration and extrapolation, for obtaining improved solutions,
for systems with voids, are presented. The theory of both
the methods is given and discussed. Subsequently several
test problems are considered. These include a straight duct
problem, a dog;leg duct problem and also two square source
void problems. Results of the iteration and extrapolation
(global and nodal) methods are compared with point kernel,
discrete ordinates and Monte Carlo methods, and are dis-

cussed.

Hybrid principles of Ackroyd [2] which involve a trial
function and a trial vector are discussed in chapter six.
Also the method of synthesis is illustrated for one dimen-
sional slab geometry. This method involves just one
unknown per node, even for higher moment solutions and hence
reduces computer storage requirements. The idea of
nodal extrapolation, used in the solution of void problems

is also employed here in the synthesis method.

In chapter seven, there is a discussion and recommen-

dations for further study which is followed by the Appendices.
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1.2 Review of Previous Work

The finite element method has been applied to neutron
transport calculations for many years. Major effort has
been directed towards solution of the neutron transport
equation with isotropic scattering. A brief review of
some of the work carried out in the area of finite element
neutron transport is given below. Particular emphasis is
given to. anisotropic scattering work and treatment of

voided regions in finite element neutron transport.

The finite element solution of the neutron trans-
port equation has been investigated by several researchers
including Ohnishi [4], Kang and Hansen [5], Deppe and
Hansen [6] and Grenfell [7] for diffusion problems.
Transport theory work includes that of Miller, Lewis,
Rossow, [8], Kaper et al [9], Briggs et al [10] and

Mordant [11].

Ziver [12] and Ziver and Goddard [13] have developed
the finite element method for neutron transport in two
dimensional X-Y geometry. Their work includes the multi-
group scheme with isotropic scattering. Issa [l14] has
developed the method for two dimensional R-Z geometry and
has also solved some three dimensional multigroup diffusion
problems with prism shaped elements. Quah [15] has produced
a modular code for multigroup finite element neutron trans-

port with isotropic scattering.
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Wilson [16] has used the Kkt principle in one di-
mensional slab geometry with discontinuous finite elements.
He has developed the code DUPLEX and has solved several

one group problems.

With anisotropic scattering, especially in the multi-
group case, it is only recently that much effort has been
directed at incorporating anisotropic scattering within the
finite element method. Lillie and Robinson [17] have solved
two dimensional multigroup problems with anisotropic
scattering. They used a spatial discretisation of the
even parity transport equation as their basis. They con-
structed a functional with the property that the stationary
value of the functional gave an approximate solution. Both
the position and angular space were discretised, finite
elements for the former and discrete ordinates for the

latter.

Galliara [18] has used the K+(¢1U maximum principle
functional of Ackroyd [1] to solve one group neutron trans-
port problems in one dimensional slab geometry. He used
finite elements for the spatial variable and Legendre poly-
nomials for the angular variable. He also treated aniso-
tropic scattering in the one group case and used upto eight

even moments expansion for the even parity angular flux.

Fletcher [19,20] has developed the code MARC/PN for
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multigroup neutron transport calculations, using a weighted
residual technique stemming from the K+(<b+) principle. He
initially used-a finite difference scheme for neutron position
but now has the finite element option. Spherical harmonics
are used for neutron direction. MARC/PN can be used to solve

multigroup anisotropic scattering problems.

Splawski [21], and Ackroyd and Splawski [22] investigated
the use of orthogonal functions for approximating the angular
depehdence of the even parity flux. Simple one dimensional
examples were considered. Splawski also demonstrated Ackroyd's
"method of bracketing local reaction rates, (i.e. local error
bounds) wusing complementary principles, in one dimensional slab

geometry.

Wood and Williams [23,24] have developed the one group and
multigroup anisotropic scattering equations, for R-Z geometry and
Wood [25] has implemented this in the code FELICIT. Many one
group and multigroup source and eigenvalue test problems have

been solved and reported.

De Oliviera [26] has recently extended multigroup anisotr-
opic scattering for arbitrary geometry and has reported solutions
to a few test problems. Williams and Wood, and De Oliviera
have all used the K+( ¢+) functional for the even parity tran-

sport equation.
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Independently Riyait [27] and Issa [28] have worked
on multigroup anisotropic scattering using the K+(¢+)
functional. Riyait [29] has considered multigroup aniso-
tropic scattering in one dimensional slab geometry and ob-
tained solutions to several problems. Comparison of finite
element solutions is made with analytical and other numerical
solutions. Anisotropic scattering theory for the even parity
equation and results of test problems are discussed in
detail in this thésis. Issa et al [28] have extended the
multigroup anisotropic scattering to two and three dimensions.
The capability of the finite element code FELTRAN is demon-
strated by Issa et al, by solving several practical source

and eigenvalue problems.

Stott [30] has worked on cylindrical R-Z and Cartesian
X-Y geometries, and has produced a semi-commercial code
FELTRAN. He has also implemented the multigroup anisotropic

scattering option into FELTRAN.

Relatively little work has been done in improving the
solution of the even parity transport equation for voids.
The discrete ordinates methods suffer from ray effects.
Watanabe and Maynard [31] have developed the discrete cones
method for voids, using the first order equation and have
mitigated the ray effect to some extent. The direct use
of the even parity equation gives physically unacceptable

results for void problems due to the division of the leakage
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term by the total macroscopic cross section, which is usually
set to a low value (av10_8 ) for void regions. Ackroyd

and Grenfell [32] have solved duct problems using the finite
element method for the even parity equation. They used a
macroscopic absorption cross section in the void which was
one ténth of the total macroscopic cross section of the
surrounding region (a pure absorber). Reasonable flux pro-

files were obtained for the void systen.

Chucas [33] has developed a method for void regions
and implemented it in the diffusion code FENDER, originally
developed by Shuttleworth [34]. His method combines di-
ffusion theory in material regions with line-of-sight kernels
in a void region. Emergent currents at the void boundary
are calculated and combined with line-of-sight kernels to
produce incident currents on void boundaries. These are
subsequently used as additional sources for a further

diffusion theory calculation in the non-void regions.
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1.3 Neutron Interactions

Since part of the work reported in this thesis con-
cerns anisotropic scattering, it is appropriate to look
briefly at interaction involving neutrons and nuclei.
Neutrons can interact with nuclei in a variety of ways.
Neutrons may disappear in a reactor or shield as a result
of absorption reactions. An important absorption reaction

is that of radiative capture in which the nucleus is
left in an excited state after neutron capture and becomes
stable by emitting a y -ray. This reaction is of course
denoted by ( n, y ). Other ways in which neutrons disappear
is by charged particle reactions like (n,p ) and ( n, e )
reactions. Also,when a neutron collides with certain heavy
nuclei (e.g. ] ), the nuclei split into two lighter frag-

ments releasing a large amount of energy and radiation.

This of course is the fission process.

The scattering interactions are also extremely important
for the principle applications of this thesis to shielding
problems. Scattering is a mechanism which is used by
reactor designers to slow fast neutrons down to thermal
energies (0.025eV ) where they can be absorbed by ( N,y ) re-
actions. Hence, neutron scattering mechanisms and neutron
kinetics need to be considered. This is done briefly below
in Sections 1.3.1 and 1.3.2. 1In elastic scattering the nucleus

remains unchanged in isotopic composition and internal energy
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after interacting with a neutron. In the case of inelastic
scattering, the nucleus is left in an excited state after the
interaction. Each of these processes can occur by three
different mechanisms viz., compound nucleus formation,

potential scattering and direct interaction.

In compound nucleus formation the incident neutron is
absorbed by the nucleus. The compound nucleus subsequently
decays. If the nucleus returns to the ground state then it

is compound elastic scattering, but, if the emitted neutron

leaves the nucleus in an excited state this is termed com-

pound inelastic scattering.

Potential scattering is an elastic type scattering
which can occur at any incident neutron energy. The in-
cident neutron here is scattered without penetrating the
nucleus itself. In direct interaction scattering the
neutron energy is much higher than that encountered in
reactor physics. In this process the incident neutron
collides directly with one of the nucleons in the nucleus

and emerges with reduced energy.
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1.3.1 Angular Distribution of Scattered Neutrons

It has been observed that elastic scattering of
neutrons is always or nearly always isotropic in the centre
of mass (c.of m.) system for sufficiently low energies,
below 100keV. In fact for hydrogen,the scattering in the
centre of mass system is isotropic upto 30 MeV. 1In general,
the heavier the nuclide, the lower the energy above which
elastic scattering becomes anisotropic. As the energy
of the incident neutrons increases the scattering becomes
more forward peaked (anisotropic) in the centre of mass
system. Also the variations of the angular distribution
of neutrons with increasing mass number of the scattering
nucleus is similar to that occuring with increasing energy.
Broadly speaking, for light nuclei, the differential elastic
scattering cross sections in the centre of mass system are
relatively flat. With increasing mass number of the in-
cident nucleus, the scattering cross sections are forward
peaked with successive maxima and minima. Illustration of

differential cross section variation for 12C and 238

U with
scattering angle in the centre of mass system, for different
energies, is given by Lamarsh [35]. In regions of resonance
scattering it is difficult to make general statements
regarding differential elastic scattering cross sections.
For inelastic scattering the angular distribution of

scattered neutrons is relatively simple for most of the

energy range of interest in reactor physics. It can generally
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be assumed that inelastic scattering is isotropic in the
centre of mass system for reactor physics application. Finally,
potential scattering of fast neutrons is never isotropic in the

centre of mass system, but highly peaked in the forward direction.

The above statements about scattering cross sections are
all referred to in the centre of mass system. Since the frame
of neutron transport calculation is the laboratory system, then
it is necessary to transform the differential cross section
from the centre of mass system to the laboratory system. This
is relatively straight forward. The transformation from the
centre of mass frame to laboratory system itself introduces
scattering anisotropy. This effect is not so significant for
heavy nuclei, but is very important for light nuclei. A thorough
discussion of neutron scattering interactions can be found in

[35,36].
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1.3.2 KXinematics of Neutron Scattering

As mentioned in the previous section the transformation
from centre of mass system to the laboratory system introduces
anisotropy of scattering. Since neutron transport calcu-
lations are performed in the laboratory system, scattering
cross sections are required in this system. Consider a
stationary nucleus in the laboratory system as shown in
Fig. 1.1. Application of conservation of momentum in the
laboratory system leads to the following relations for the

cosines of the scattering angle @, [36].

. g’ NE - @A
My (€€ = -}[ (AM)J—; By l)j; = } (1.3-1)

where E and E! are the initial and final laboratory system

neutron energies respectively, u, = Gs@. and A= M

/m . For
elastic scattering, the reaction @ value is set to zero.

/
Solving for E , the final neutron energy, from above,gives

El{}‘L,E) = 77‘;‘;?;1 ﬂLJ? * JE{)'&"A‘—‘) +A’M')Q] (1.3-2)

The threshold energy for in-elastic scattering is then given

by

- AA+) G (1.3-3)
M+ AT -]
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and the minimum threshold energy occurs at g, =0, i.e.

- (ArQ (1.3-4)

Ew ,_.h(ﬂ'-") - =~

Laboratory System

v’/ Scattered Neutron

Target Nucleus (Mass M)

Grly—
v Y=o
Incident
Neutron
(Mass m)
VI
Centre of Mass System
[
Ve Scattered Neutron
(L=Ye) N Ve
— c «—0O Nucleus
Incident Neutron \\\\
Centre of Mass
Recoil Nucleus
Fig. 1.1 Laboratory and Centre of Mass System for

Neutron Scattering
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Now the relation between the cosine of scattering angle in

the centre of mass and laboratory system is given by

P _ \+ Me¥ N
- (1+ 284 ~¥*)? (1.3-5)
where
L
S
- IM'\.?_)
ve = A ( A wt™ (1.3-6)

So, whereas all possible angles =-J£ #le§l are possible for
scattering in centre of mass system, this is not so for

the laboratory system as can be seen from the above relation-
ship between m,. and M. When the incident neutron energy

is less than or equal to

Ec = - AQ

(A-1) (1.3-7)

it is found that O£ Y¥(E)£|, and only forward scattering is
possible.- When the neutron energy rises from E# to Ee,
M, ranges from 1 to O. For EPEy ,»(E)y] and all scattering

angles are allowed.

As a consequence of near isotropic scattering of
neutrons in centre of mass system, the differential scattering
cross section is fairly well represented by low order Legendre

polynomial expansion, viz .,
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(e, pe) = 5(8) ? ('22'1%1) fu(e) T [pe) (1.3—8.)

0}(&@#:) is the differential scattering cross section

for elastic or inelastic scattering and {,(€) are

the expansion coefficients.
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2. NEUTRON TRANSPORT

2.1 Neutron Transport Equation

One of the central problems of reactor physics is to
predict the distribution of neutrons in a reactor, since
it is the neutron distribution that determines the rate at
which various nuclear reactions occur within the reactor.
Neutron distribution is in general a function of neutron
direction, position, energy and time. The basic equation
for determining neutron distribution is the Boltzmann . transport
equation. This is simply a balance equation which equates
neutron sources in a given system to the net losses due to
absorption and leakage out of the system. 1In the present
work we are interested in time independent problems and
hence consider the steady state form of the transport equation.

The mono-energetic form of this may be written as

&V (5, 2) + &) §,(r,0) = '63(:,;;._:_;')4,{:,«1')4&'4-s(x:,_a_t) (2.1-1)
A
where
ﬂ&bﬁj is the angular flux at position & and direction & .
o3 (x) is the macroscopic total cross section at g .
ﬁé;gdﬂis the differential scattering cross section for
scattering at position £ from directiongg'to a.

s(r,;l._) is the extraneous source at position sy and direction .

The co-ordinate system for £ and & is shown in Fig. 2.1.

% Los Alamos notation for cross sections.
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Fig. 2.1 Co-ordinate System for r(x,y,z) and Spherical
System used forix (@ ,w ). '
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Assumptions made in obtaining the transport equation are

that particles may be considered as points, that particles
travel in straight lines between collisions and that particle-
particle interactions may be neglected. It is also assumed

in applications that 63 and sy are region-wise constant.

The scattering cross section 63(g,8.a!)is usually expanded in

terms of Legendre polynomials ﬁ_(ﬂ,) as

4

Gle,.0') = Lz'(ﬁ"—')”&(r)ﬁ(/“o) (2.1-2)

where g, = A n'=(GCs® , ® being the angle between directions

The coefficients 2 are calculated from

0 = 2Ar £ s (r,}x.) Fu (o) J/w

The angular flux, ﬁﬁ;*), is a useful quantity since it is
a starting point for calculations of both reaction rates
and boundary crossings in nuclear reactors and radiation
shields. The scalar or total flux is obtained by integration

of ¢°(:,§)over all directions & . Hence

g, () = L dolr,2) dw (2.1-3)

id:)is used in obtaining reaction rates. The neutron current

I(‘.’) is defined as

Tl = n-J£¢.&,e)Aﬂ (2.1-4)
N
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and is the net number of neutrons crossing a unit area, with
outward normal n , per unit time,in the direction of n. J(r)
is required at the outer boundary and interface crossings.

Detailed analysis of the neutron transport equation is given

by several authors [1,2,3].
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2.2 Even and 0dd Parity Equations

The neutron transport equation (2.1-1) is true for all

directions ¥ and in particular for direction -2 .

-&.v qit,-{ﬂ + o7 eb.(t,-&) = j 6 (-'::"&°9-')4o(" adda' + s (,:) -a)
o’ (2.2-1)

Adding and subtracting (2.1-1) and (2.2-1) leads to the
following pair of coupled equations for the even and odd parity

fluxes, 4;;(:,_4_) and §(r,2), respectively.

2.7 ¢ (5,0) +cdilsn) = stz a)

and a.7a(sa) 874 (ga) = S5 a) (2.2-2)

where \{I-"-' (g,a) = [w(r,l_l_) + \l’(r:-&)]

for any function \y(:,_\g_). The superscript + denotes even parity
component and - denotes odd parity component of the function
\{)(_;3._;_1). Eliminating é:[_v:,g) from the Eqns. (2.2-2) gives a
second order integro-differential equation for ¢}a)called the

even parity equation.

+ + -
~e.v[§a.94] +ch = ST - LVGS (2.2-3)
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Similarly the odd parity equation for‘%ﬂhg)is

_avletave] +67'4° = sT -n.vc'st (2.2-4)

The operators C and G, termed removal and leakage operators,
are positive definite and self adjoint. These properties
also hold for the inverse operators c™! and ¢7!. The C and

G operators are defined by

CY(5a) = o(2) V(54) -L, &' (c,6.20 (s, a)d n’ (2.2-5)

with
gt (r, o) = £ ] (588020 £, -g.9)}

and

guige) = B +J g(c, a.a) Yy (5 a) da’
al

o3 (D)

Here g is defined in terms of a function f as

ylga.a) ;'.{ $lz,a.0) - f(r,-8.20] (2.2-6)

where f is the non-negative solution of the integral equation

flraa) = s(na.an +f $lc, 0% a) g (e, a.am da?  (2.2-7)
(=) ar =

See for instance Ackroyd [4].
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The inverse operators are given by

¢l a) = “_’_(_5_‘9 + j d(c, a.a0) y(c,a’) da’ (2.2-8)
o a’
with dlg, 0,49 = % { £, a.a) + fie, —a.an} (2.2-9)
and
-l . (: ﬂ) - (2.2—10)
§7 Vi, a) = or Vi %~ (c, a.0) vl ) da/

‘nl
At this stage no assumption is made on cg(g,&.g.l) except that
it is a continuous function c;f 4,2’ . If, however, G(ga.4')is
expanded in Legendre polynomials as in (2.1-2), then the
kernels 3{!,&-9‘) and dlt,2.48') take the following form:

Jx,a.0") = Z‘:(’:’—r’) Tse Fila.ar)

434 Tr ( - ﬁ")
odd

(2.2-11)
and

L

d(t,a.2)) = Z (’t:') T P(2.a)

or( - )
Lzo

even

The even and odd parity scattering cross section expansions

are simply

-
(s, a.8!) = ; (%!) 03 (£) Telmo)

” (2.2-12)
o (nas) = :Z' ( "T’;‘-) Galz) Tafpe)

odd
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Although ¢*r,a) and §7/54) are mathematical functions they
can be related to physical quantities used in reactor physics.
Integrating (’o'/-‘;'-"-) over all 4 gives the scalar flux § (r).

In addition, the net number of neutrons, per unit time,
crossing a unit area in the same direction as n , the outward

normal to the unit area, 1is

alg,.-fgé," (J:,g,)J-'- (2.2-13)
Ayo .

2.3 Boundary Conditions

Two types of external boundary conditions are met in
neutron transport. At a bare surface §, of a system there

is the non re-entrant condition

¢.(r)g'-) =0 for ’.n4%o (2.3—1)

where n is the outward normal to 8§, . If there is an inward

source T(f,A)on a bare surface $s, then we have

$(c,2) = TIc, q) for A.p2o (2.3-2)

These boundary conditions are for the first order form of the
transport equation. The even parity forms of (2.3-1) and

(2.3-2) are
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¢:(ro:!) + 5[3-‘1}174:{::5)] =e for a.p<o on Sp

and (2.3-3)

dt(r, 1) SIS a.vdilr, )] = Tloa) for Z.pco on Se.

The second boundary condition represents symmetry of a system

and is the perfect reflector condition on a surface Sﬂ" viz.,

éo(r: a) = ¢, (.L', ﬂ") (2.3-4)

where _J_I: is the reflected direction to &,at £, on Sr.- . The

even parity form of this is

([s7(c,8) -8.74He,0) -57(5,2") +a*. Vo) (g,a%] =0 (2.3-5)

In addition, at interfaces of regions,4uhg)is continuous for
all directions @ crossing the interface, i.e. §}(r,a)+ 4 (c,2

is continuous for all A.n 3o.

2.4 Source and Eigenvalue Problems

Fixed source problems in reactor physics and radiation
shielding calculations involve an extraneous distributed
neutron source which is usually isotropic. When the source

term, S(g,a) » in (2.1-1),is expanded in spherical harmonics



YA

only the angle independent term is non=-zero for isotropic

sources. Hence

S(c,a) = Se (£)

e (2.4-1)

Similarly the even parity extraneous source Sﬂktﬂ) also equals
&ﬁqﬁi for isotropic sources. The transport equation with an
extraneous source represents an inhomogeneous problem. In the
present work the extraneous (fixed) source is assumed to be
regionwise constant. In multigroup problems §(r,a) is replaced
£f . eff . icul S‘%F
by an effective source,§ k;&)’ in a particular group. (£, 2)
contains a fixed source contribution and a downscatter contri-

bution from the higher groups.

In multigroup systems containing fission sources only, we
are interested in the condition when there exists a balance
between the source of neutrons produced in fission and the
total loss due to absorption and leakage. The fission source,

assumed isotropic, is given by

Y0z (x)
a (2.4-2)
i J ¢, (g, 2) d

where d;(z) is the macroscopic fission cross section and y 1is
the average number of neutrons produced per fission. The one

group even parity equation then becomes

~ay[Sa.yarlecd = f‘{é‘lj 45 a)de (2.4-3)
a
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where the source term is replaced by

r%
e X &t (g, a)de

and 93 is the fission cross section. Dividing » by k.;;,

where Lq{ is the effective multiplication factor,leads to an
eigenvalue problem for the eigenvalue ,k:”, using Eqn. (2.4-3).
The iterative scheme to determine the effective multiplication
factor and the corresbonding flux &: is known as the power
iteration method [2]. A critical system is obtained when

Lc;{. =1. In this case there is a balance of source neutrons from
fission and the total loss of neutrons. When kaﬁ is greater
(or less) than unity a supercritical (or subcritical) system

is obtained.

2.5 Numerical Methods for Neutron Transport

In the following sections various methods used for neutron
transport calculations are outlined. The methods divide into
two broad classes; deterministic and stochastic methods.
The methods sketched below include discrete ordinates, spherical
harmonics, integral transport, Monte Carlo and the finite element

method. Existing codes wusing the above methods include:

(a) ANISN [5] and DOT [6] - discrete ordinates
finite difference

(b) WIMS [7] - integral transport
collision probability

(c) MARC/PN [8] - spherical harmonics
finite difference
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(d) MONK [9], MORSE [10] and McBEND [11] - Monte Carlo

(e) RANKERN [12] - stochastic integration
point kernel

(f) FELTRAN [13], FELICIT [14] and FENDER [15]

- finite element spherical
harmonics

A comprehensive review of neutron transport approximations is

given by Sanchez and McCormick [16].

2.5.1 Discrete Ordinates Method

The discrete ordinates method is a name given to several
closely related numerical techniques for obtaining an approx-
imate solution to the transport equation. The method is based
on discretisation of the continuous angular variable &£ . The
continuous L is replaced by the discrete ordinates (directions)

&; » i=1,2,3,..... yN. In the spatial domain either a finite
difference or a finite element scheme may be used [1]. The
first step in the discrete ordinates method is to select a
finite set of directions &; and quadrature weights wg ,

i= 1,2,3,..... ,N, such that all the terms in the transport

equation may be evaluated numerically. Hence,

(2.5-1)

N
[ atsmpmeie s L &l gra)hles)

and the scalar flux is
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N

¢, ‘J ¢ (L, 2)d0 2 Z wi 4, (T, 4;) (2.5-2)
. &=

The transport equation

N
. . . . . (2-5_3)
874l 8) + o &l = B BE 42 )b [A5) +S (00
is then solved along each direction &; . The scattering

cross section, which can include anisotropic scattering, is

usually expanded in spherical harmonics, viz.,

! #
s(z, i‘{,-’ﬁ&) = ;Z 74,"[1‘-;)1"(&3) e (£) (2.5-4)

wmz-l
Diamond difference schemes for the spatial dependence lead
to good accuracy relative to the computational effort required.
Coupling of the different directions for the first order

equation is simpler than the second order even parity equation.

The discrete ordinates method is easily extended to orthogonal
multidimensional systems. Although codes based on the discrete
ordinates finite difference methods are widely used for multi-
group anisotropic scattering reactor physics and radiation
shielding calculations, the method does have its limitations.
It is difficult to treat problems of irregular boundaries
with this method. 1In higher dimensions, the method suffers
from oscillations in the solution, termed the 'ray effect'.
This effect shows up in problems with localised sources,
highly absorbing media and void problems. The ray effect
seems to be due to the inability of the quadrature formula

to approximate reasonably the scalar flux from the angular
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flux. For higher angular quadrature approximation,the
frequency of the oscillations increases while the magnitude
decreases. Lathrop [17] has proposed some remedies for the
ray effect. Recently Watanabe and Maynard [18] have developed
the discrete cones method and have had some success in miti-

gating ray effects even for low angular quadrature.

2.5.2 Integral Transport Method

This method differs from the other numerical methods in
the sense that an integral equation for the angular flux is
derived. The angular variable in the integrand can be treated
to a high degree of accuracy depending upon the angular integ-
ration. In the case of isotropic scattering a further simpli-
fication occurs and a scalar flux equation can be derived.
Usually the integral transport method is applied to situations
where affects of aniSotropic scattering are small, in order to
keep the integral equation for the angular flux relatively
simple. The most widely used method for solving the integral
transport equation is the method of collision probabilities [19].
This leads to a matrix equation for the collision rates where
the coefficient matrix, containing the collision probabilities,
is dense and unsymmetric. This implies large computer time and
memory. Hence the integral transport method is most widely
used in infinite lattice problems where the spatial domain,
which is a single cell, is sufficiently small that it requires

relatively few spatial mesh points. The method has limited use
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in deep penetration shield problems, where there may be a high
degree of anisotropic scattering and many spatial mesh points

may be required. See [19] for details of the method.

2.5.3 Spherical Harmonics Method

The spherical harmonics method has been uséd by Fletcher
[8] with a finite difference treatment of spatial dependence
to obtain numerical solutions of the transport equation for
complex systems, but more frequently it is used to provide
analytical solutions for simpler problems with, for instance,
linear anisotropic scattering. In this method the angular flux,
extraneous source and the scattering kernel are expanded in
spherical harmonics. In one dimensional slab geometry the
angular flux is a function of * and . (cosine of angle neutron
direction makes with the » axis) only. It is expanded in a

Legendre series as

b ltsp) = Z(%) dlx) Tefu) (2.5-5)

and the scattering cross section l;/g, Ao,é') is expanded as in

Eqn. (2.1-2). The coefficients éd&) in (2.5-5) are given by

1 (2.5-6)
4‘(:) s 2r ﬁ, {1':/) 7} //‘)‘[“

The advantage in using Legendre series expansion for ¢oﬁQﬂ) is
that the first two coefficients, ﬁ/,,) and é,(x), have a physical

meaning. The scalar or total flux is given by 4.@) , while
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¢ (%) gives the neutron current.

() = MOREE QTJ‘}(&, [x,/u) 4/' (2.5-7)

Substitution for d;.(x,,.) and r,/x,g.g') into the first order trans-
port equation leads to the following set of linear differential

equations for the coefficients h{,)

(({'l) 4#1 ) 4 4 Jé_(‘l’ —z) dlx) <
W) & pri *lr-md 4l = suto (2.5-8)

These are known as the PN equations and the spherical harmonics method

as the P, method [2]. For instance, in the P1 approximation,

N

all the ¢‘,'s for L2»2 are set to zero and we obtain

d¢ + (0"1- ﬂo) 4’. s Se
1;‘ (2.5-9)

and -;-“0 + (m-6u)d, =0

K’y

for isotropic extraneous source and linear (Pl) anisotropic

scattering.

Boundary conditions in the PN method cannot be satisfied

exactly since the coefficients 4&“’ extend over the whole

range of a (-1€ u £ | ) while the boundary condition, e.g.
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a bare surface, applies for only half the range of
('€ 4 or mgl ). One choice for the boundary conditions

( Marshak boundary condition ) is to set

! (2.5-10)
J 1&00 4%(5aﬂ) iﬂ = 0 :

i=1,2,3,....,N (odd N).

on a bare surface on the right hand side of a slab system.

Another condition used on a bare surface is to set

4,(!'/‘{) -0 (2.5-11)

i=1,2,3,....,(N+1)/2 (odd N)

for a finite number of points _4; . These are the Mark boundary

conditions [3]. Although anisotropic scattering can be handled

easily by the spherical harmonics method, it has the disadvantage

that the equations become complex for higher order approximations

in multidimensional geometry.
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2.5.4 Monte Carlo Method

In contrast to the deterministic methods, e.g. discrete
ordinates finite difference, spherical harmonics, integral
transport and finite elements, the Monte Carlo method. is a
stochastic method. In this method particles are tracked until
they are absorbed within the system or are lost due to leakage
from the system. The method has the advantage that it is
capable of treating complex three dimensional systems, whereas
deterministic methods, until the advent of the finite element
method, have been largely confined to regular two dimensional
systems. The Monte Carlo method has two disadvantages, in that
it is slow and that it gives only a statistical estimate of the
correct answer rather ‘than a precise value. For some problems
Monte Carlo is particularly suited to flux determination in a
local region whereas deterministic methods give a flux profile
across a system. The efficiency of Monte Carlo calculations
has been improved by attaching weights to the particles and
playing Russian roulette to terminate the history of parti-
cles or using splitting téchniques [19,20] to produce weighted
particles which are in a favourable position and direction for
detector response. Scattering is handled by sampling randomly
from neutron differential cross section which is expanded in

a truncated Legendre series.
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2.5.5 Finite Element Method

The finite element method is a general technique for
constructing solutions to boundary value problems [21,22].
The method involves dividing the solution region into simpler
subregions, called finite elements, and using variational concepts
or weighted residual methods or the hypercircle method [23] to
construct an approximation to the solution over the finite elem-
ents. The latter are connected together at certain nodal points
and the variational problem is formulated approximately for
arbitrary boundary conditions over each sub-domain. The problem
requires only a choice of simple local co-ordinate functions,
called shape functions, for each element. The shape functions
are usually polynomials. The global model is then obtained by
simply fitting together the elements representing a given domain
and by summing contributions from each element within the domain
or region. The process of building a global approximation from
local ones gives rise to a systematic technique for constructing
shape functions for arbitrary domains. The shape functions
chosen are usually piecewise polynomials with local support, i.e.
they have non-zero value only in a relatively small neighbour-
hood of.certain nodal points. In the case of linear elliptic
equations the method leads to a banded system of linear algebraic

equations, which can be solved in a variety of ways [22,24].

The finite element method has had condiderable success in

solving a wide range of problems in engineering [24]. During
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the mid-fifties finite element analysis originated as a discipline
for solving problems in structural engineering. It soon became
apparent that the method had implicad@ns beyond those considered
originally and that it was a powerful technique for numerical
solution of differential equations. In the mid-sixties the
finite element method was based on variational methods [24].

In the early seventies the method was given a functional analysis
basis [21,22]. Early work using functional analysis was by
Prager and Synge [25] on approximations in elasticity theory.

The early work on neutronics using a functional approach was

by Ackroyd [26] using the method of the hypercircle to optimise
approximate solutions and to obtain local error bounds. Some
papers on finite element neutron transport work in the sixties
and seventies include those of Pomraning and Clark [27], Kaper
et al [28], Ohnishi [29], Ackroyd [30] and Martin and Duderstadt
[31]. Recent works include those of Ackroyd [32], Mordent [33],

Lewis and Dilber [34] and Kavenoky and Lautard [35].

In neutron transport theory the finite element approximation
is usually introduced in the spatial domain to represent complex
geometrical boundaries. In the angular space spherical harmonics
or discrete ordinates approximations are used. Details of the

finite element method are given in Section 4.4,
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3. GENERALISED LEAST SQUARES METHOD FOR GENERATING

VARTATIONAL PRINCIPLES

3.1 Introduction

In this Chapter the Generalised Least Squares (GLS)
Method is reviewed. Starting with the conventional Least
Squares (LS) method, the limitations of this method are dis-
cussed. Later the basic idea of the GLS method is given
before introducing the W+-(§§¢') functional for neutron
transport calculations. The K*” maximum principle is then
derived together with maximum principles for ¢* and ¢~
separately. It is also shown how weighted residual schemes
can be derived using kt . Subsequently a geometrical
interpretation of kKt is given. Next the conventional least
squares method for the first order equation is shown with its
limitations. The conventional LS method raises the order of
the associated Euler equation. How this can be avoided is
subsequently shown using the GLS method for the first order

neutron transport equation.

3.2. Conventional Least Squares Method

Of the various methods used in the solution of boundary
value problems, e.g. weighted residual, collocation, the least
squares method offers an alternative. Although the method has
been mentioned and briefly discussed in various texts, see for

example Carey and Oden [1], Zienkiewicz [2], Mitchell and
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Wait [3], it has not been widely used. One of the reasons

for its unpopularity could be in the fact that the conventional
LS method raises the order of the original equation to be
solved. So for instance, a second order differential equation
for a boundary value problem becomes a fourth order equation.
This requires smoother trial functions, i.e. the conventional
least squares method raises the continuity requirements of

the trial function across element interfaces.

Consider an equation of the form
Lé, = S (3.2-1)

Then the conventional least squares method requires the

functional
J(‘) "-'-J (Lé-s)zdv = ﬁinimum (3.2-2)
L 4

where ¢ is an approximation to ¢ . The integral of the
residual squared is to be a minimum. Assume L is self adjoint
and without including any boundary conditions, for simplicity,
consider arbitrary admissible variation in ¢ . In other
words 4;,-1»6‘}' is a nearb.y admissible function for small @ .
Here Y is also an admissible function. Then J(d+e¥)

becomes
T(brew) = Sv [L(est ev) -s]"e\v
= f [(L&)" +82 —2Lds + 2e (L{L-ql—- Lws)
Y

+ a2 (L) Tdv (3.2-3)
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The minimum condition is that the first variation of J(é#ev)

is zero, i.e.

Lim Z_J:{Q)G‘V) = ©
é~»o0 2 e

This implies from (3.2-3) that

QJ‘ (LéLy -~ lws)dv = o (3.2-4)
v

The terms in (3.2-4) can be evaluated as follows,using

Green's Formula,

J"L" dv =I alvdy  + O {ww) (3.2-5)
Yy v

r(\bVO contains boundary terms obtained from integration by

parts. Hence, (3.2-4) becomes
j\VL"Lb,JJv 2 J;\VL“S dv — [(e-sv)
Yy

This implies an Euler equation of the form

1*La = L*s (3.2-6)

Hence the conventional least squares method has raised the
order of the equation. So for instance, if L was a second
order differential operator, L*L would be a fourth order

operator.
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3.3. Generalised Least Squares Method

3.3.1. The Basic Idea

In order to avoid the difficulties encountered in the
simple least squares method for generating variational
principles, i.e. raising the order of the original equation, the
generalised least squares method is considered. The generalised
least squares is applied here to generate variational princ-
iples and weighted residual methods for K¢ ¢t ) and K7( ¢7).

In the GLS method,operator weights are associated with the

least squares process. In the previous example we could have

- minimum (3.3-1)
IO =[ (p-s)w. (Le=s) dv =
Y
where W is an operator weight. Consider the pair of parity

equations for neutron transport [4]

a.vé- +cd -s" = o (3.3-2)

a,vet + Sl -sT =0 (3.3-3)

For an approximation (Qfl', 4;") to the pair [b;",é.“) we have the

residuals

R*Y = a9 wcdt—-st (3.3-4)
and

R = 2.7+ 54— (3.3-5)

. -1
In this case, the operator weights chosen are C . with R+ and

G with R™. So the functional becomes
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T (¢, 97) jf gte'et Jaldy (3.3-6)
iy

and

I1(¢5¢) LL R-gR™ dadv (3.3-7)

The reason for choosing the particular weights C—l and G is,
firstly, it makes it possible to obtain classical variational
principles as simple cases of the generalised variational
principle obtained from the GLS method; secondly the GLS
method does not lead to the raising of the differential
operators involved [4]. The functionals I and J can give a
measure of the local error, if applied to an element, or the

global error made by the trial functions,Q+ and &7, as

S X (R*cgt + R7gR™)dady (3.3-8)
a Jv

Similarly the measure of error or mismatch at surfaces is as

follows:

(a) Surface Source

Is(eh &) = j J la-'nl [ ¢4 —T(c,-2)1"da

Ss *.11 >0

el Lo TE OIS [ 4s
d.n<0

(3.3-9)
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(b) Bare Surface (Special case of (a))

T, (8547) = f {J ol Dat-od da
Y b Dde

¥ J 1a.n] Tat+$-12da } ds
a.1 <o (3.3-10)

(c) Interfaces Between Elements

2
Ip (6he) = j J |aont§ w* (£2) L& (c40,8) =4¥(r=0, 2)]
v (si0g) 2"

b w5, 0y Li(coma) =6~ (cram) ] fdads

(3.3-11)

See Fig 3.1 for the notation used for discontinuities.

(d) Perfect Reflector

To (5¢7) = u laon) {wt(sa) L& (e,2)- #* (g, 0?1

+ w {rnﬁ) L¢- (t, ﬁ) - é-l:rﬂ:’)] ‘} Aﬁ-a\s
(3.3-12)

The interface and perfect reflector conditions can be en-

forced as closely as required by increasing the penalty weights.
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é(c-0,4) ¥ p(rto, 4) in general

Jump in #(z,a) at the interface S: NS of subregions V: and Vi
bounded by surfaces §; and S; respectively.

¢($,ﬂ) *¢(x‘,;ﬁ‘) in general
r

fonw—gata

o

Jump at £ on a perfect reflector Ser between incident
beam ¢(g,a) and reflected beam ¢(52*).

Fig. 3.1 Jumps in ¢ for interfaces and a perfect reflector.
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3.3.2 The W'~ Functional

We can now define a functional which provides a least
squares measure of the errors made by the approximations ¢f

and ¢ as

W44 = T [#897) + Tleb¢) +Is(eod) +Llé54) (5 5 13
+Irr("3"q + If (‘54-‘)

Expanding wt (¢+,¢‘) leads to the identity (See Ackroyd [1])

K- (ah¢7) + W (¢h¢) = J { e st st> + £ 45552 1dv
Y

3.3-14 e
+zj j la.n] THdads ( ) yea
Ss 7

f.n <o

The right hand side of the above is a known quantity involving

the sources SY,S™, T and material data.

3.3.3. K'Y Maximum Principle

K*'{‘,", &‘) may be written in full as
K (¢ 6) = KHE) +KT() + L(dH,87) + ™M (#%47)

—I; (8547 - Tpe (84 47)
(3.3-15)

Here K+( d*) and K ( ¢~ ) are the functionals used to obtain

classical maximum principles.

e Jﬂ.f<¢:‘,s~‘> v <a.vgt,gsm> L —FT(# D
\'4

N 4] j lan| &7 da ls (3.3-16)
Ss L.n<o
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d - - )
) k(e = 1f f o> + <8993 es>ldv —F l547)
]
Aen| &7 di ds
+4'LS .S._‘/.‘-.on<o) al
(3.3-17)
where
F* (¢, ¢") ‘J; § 2a.vah, § (.78 + <é e Ydv
(3.3-18)
and
- oan M R 7ED + a5y dv
F(#; 4) Li <&04, 5. 510)
The surface integrals L and M are defined as
Lahad - -QJ' j £.8; 474 deds (3.3-20)
US; Y&
and
M {¢+’ &) = -7:[ j. a.n e dn ds (3.3-21)
%r A

These integrals arise from the expansion of the integrand

of the volume integral in W+-( 4%, 7). The cross term

LL 2 (896" + 6" h.vet) da dv

can be written as
2ﬂ div (a¢t4) daly

Then the divergence theorem gives

’~Jj div (aote) dadv = 1jf a,n; ¢Tddads + zJ{ S bTd deds
us Spr
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Hence these terms appear on the right hand side of (3.3-13),
Since W+-(6ﬂ¥3 is positive definite, all the component
functionals in (3.3-13) are positive definjte. Then from

(3.3-14)

K1T (8% 47) s A (3.3-22)

Hence K+~ (<N}¥3 defines a maximum principle. Equality is

obtained in (3.3-22) if and only if 4>+ = <}>,+ and ¢ = :.b:.

3.3.4 Maximum Principle for & +

The classical variational principle can be obtained from

the identity
T(at, 4) + 1(eh &) +xH(e?) + K=( &) + L (4% 47)

+ M(sh a) + Te(ehe™) +Is(45¢7) s 2«
(3.3-23)

by making suitable choices for ¢ © and4¢ . If 4;*(;-’,&_) satisfies

the following conditions:

(a) ¢+ is continuous at each interface for all directions
®’® across the interface.

(b) ¢f satisfies the reflection condition
¢+(:,~_&) = ¢+(I,§*) for all .1 =-_J?-_’:n on sf.-.
(c) $~" =2 &,

then K"'/é*) p F+ {4}5 ¢:) (3.3-24)
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This is the <classical maximum principle for ¢+.

3.3.5 Maximum Principle for ¢ .

If¢7§4)satisfies the conditions given in (a) and (b)

above and we choose
+
(c) = &

then
K=(9") < F (&, 45) (3.3-25)

Hence, a maximum principle for ¢ is obtained.

On the other hand, if both é* and ¢ satisfy conditions

(a) and (b) above, and

¢~ = SLs -=a.var]

from the parity equations, then
+
K*(4") € FH(ad, ) § ET(4) (3.3-26)

where E*(@? is the functional associated with the classical

minimum principle. See Ackroyd [4] for further details.

3.3.6 Geometrical Interpretation of K+—(¢¢,6')

A simple geometrical interpretation of the K*" maximum
principle can be obtained by considering a Hilbert space
with a suitable scalar product [4]. If the pair ( %, ¢) is

represented by the vector § and the exact solution vector by
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§ , then the generalised least squares error is given by
=0

{@-2)

Fig. 3.2 Hilbert space interpretation of max K'~(&% &),

If this distance is minimised, by appropriate choice of &
and & , as it is if § projects orthogonally on Hm,

the subspace of §m , then

(f-i},ém: o for m= 1,2..... ceeseee M.

Here Zlgm} are the set of basis functions for Hm. Minimising

(g_gdz maximises K* (4%, ¢7).

The K+—.boundary free principle not only generates a
boundary free least squares method and classical variational
principles, but, also generates Galerkin and Petrov - Galerkin
schemes (Ackroyd [5]). If the trial functions ¢* and ¢~ are
independent, then the following weighted residual equations

are obtained
_s\S L4 i-2-vavetl+ c¥f —st +a.vgs™}
F 4§ -2.VEC'a.v4=] + §7'¢~ —s” +a.ve! ST ] dadv

+ surface terms (3.3-27)



-73-

If the boundary and interface conditions are satisfied, then
the weighted residual equations, above, reduce to Glerkin

form. If¢°=4; and the interface conditions for ¢t is satis-
fied, then the following weighted residual equations are ob-

tained.

0 = J'f or [-2.vI§(2.7¢)] +cot—sT+ 4,755~ ] dudv
(T

+ surface terms (3.3-28)

When ¢r is made dependent on ¢f , to reduce the number of
unknowns, then the weighted residual equations of Galerkin
type for the second order even parity equations are replaced
by ones for the first order equations with more general
weights. Since
¢~ = §[s™- 2.ver]
with

b = = GR.VEm

then the weighted residual equations may be written as

o - ” (03 +c ' [8.7 4u])( 2.7 + 54 =s)dndv

(3.3-29)

+ surface terms
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3.4 First Order Principles

3.4.1 The K(®) and B(® Principles

In this section two maximum principles, Eﬂﬂ and K/(#)
for the first order transport equation are briefly discussed.
Usually the finite element solutions of the first order neutron
transport equation are obtained by a weighted residual scheme,
although Kaplan [6] has used a stationary principle for the
first order Boltzmann equation. The generalised least squares
method canbe used to derive a maximum principle for the first
order equation. The first principle is the boundary tied K (#)
principle. Consider a trial function which has the following

properties:

(a) & and its first derivatives are continuous within
the finite elements for given .
(b) &(e,a) is continuous across element interfaces for

all directions w crossing the interface.

Define a functional V(4) as

Vo = J ¢z (AT +Te-9), (A.Ver TS dV
Y
P smetduis v aff taal (meldnds (o
Se An<o Ss *ta
where

2¢(£’-"£) = %#h.’ﬂ) —'J— a;(t,ﬂ.ﬁ')¢(£,_\y)el\k’ (3.4-2)
"
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and

2.' ¢ (3) ﬁ) = ¢{=l L + L; $(: &, ﬂl) ‘HI’ ﬁ',) 4“”

T (3.4-3)
Let gz §-do,then V(#) can be written as
J [<n Te, ="' L. V0 +<e,£a>]4v + ﬂ' 1a.8] 82dw ds.
R " 4-4)
v S (3.

-1
Since % and 3 are positive then
Vié) %o.

Defining a bilinear form ?{#,\y), see Ackroyd [8 ], and a

functional 'K'(&) as

K(® = 1J [ <ehs) + <, Vot , 27" s>] av
v
~Fle, ) + 4'][ |a.n] dTdads (3.4-5)
Sg Ll <o

leads to the following:

V(#) + K(e) = J(s’z‘%)Jv + 2J .l T*dads (3.4-6)
"4 Ss R, N<o
Since y(¢) is non-negative, then
K@ € Kl =J- <s, 27's>dv + 9:[ 1a.alTida ds
v (3.4-7)

Ss f.n<o

is the maximum principle for the Boltzmann equation.

The E(Q) principle is completely boundary free and can
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be derived from the K17 $*,4” ) maximum principle. Here an

. . +- . .
alternative expression for K is used, viz.,

K*=(at, o) = J [2<4,s> +2 <. 7, 27's>] dv  —F (4,9)
v
+4J' j 4.0 4T dads -I ( #*a.m, dnds
S5 “A.p<o vs;Ja

—L..L #* s dsds _.gu(gmsj) LM"[ wlc, ) [cso, 8)—blr-e, 8)] ‘dds

"'J J [a.al w(r.!!)u(r.ﬁ)-#(!:,!.‘-*)]"cld-ls
Spr JA

= RK(4) (3.4-8)

Also W' (#44") may be written as

W (45¢7) = I < o274 +T4 =5), h.0g +24-5) Iv
2 \a.n] [T=-41"dn ds
+2L[ la.nl 2 dads + :LLJ n

A.nso Eea <o

+ g S l4.nl wig,a) Laleso, 2) ~¢(c-o, w)]*dn ds
u(sins)Jn

*fs,,S.,, laonlwisa) Lale oy ¢l a0 1deds

- ‘\7/‘*) (3.4-9)

Then the following identity is obtained

K + V(&) = J <s's,s> dv +1j & 1.l T dads
v Ss Vdn<o

Since V($) is non negative, then
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) < J

<s-l§5s> +2Jj .ol T*dnds
Y

ss é'n‘o

(3.4-10)

which is the boundary free maximum principle for ¢L

See Ackroyd [7,8] for a complete derivation of this maximum
principle. -When the continuity condition across inter-
faces is applied to the trial funciton, then the K/4)

fmnn

-y
principle reduces to the K(¢) maximum principle.
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3.4.2 Conventional Least Squares Method for the

First Order Equation

The conventional least squares method is applied to the
first order form of the transport equation as an illustration
before considering the generalised least squares method.
Consider the least squares functional for a system with a

bare surface only.

ule) = LJ (8.7¢+ Sé-s)*dadv flfls-nld‘ids (3.4-11)
S

» R
The operator 3 has been defined earlier. If we consider an
arbitrary variation in & i.e. d+eV¥,then the minimum con-

dition for u(¢+e“0 gives

” (A.Vd+ T é-5) (2.7¥+Zy)dadv +I£lﬁ-n14w dads = o
" : (3.4-12)

Let P¢ 3 WR.Vé + D .

Then

Hﬂ (pe-s)PY dadv +L

Using Green's formula

S X v Pu dvda =J X uT o dvda *il[ q.n av AQJS(B.A—M)
&’y NIy bﬂ’

with ua ¥ andv=7?é gives from (3.4-13)

j 4.0l d¥ dat ds = o
',

3 (3.4-13)
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2

.S/J‘ (*p4-P"s) ¥ dadv = J;.,J:'- 4.0 (s=P4IV duds

_JS' |n.ol dwdals

fn<o
se (3.4-15)

Hence, the Euler equation corresponding to (3.4-15) is

o - ] . .
TTre = TS in Y (3.4-16)

with
é- (Pé¢-s) =0 on Sp for wB.n<Lo

and (3.4-17)
(P4>'5) =0 on Sk for %L«N>o

Hence the order of the original equation increases from one

to two because of the -a,v (ﬂ-?tb) term in (3.4-16),

Note that

LL (2.7 +Té-s)*dadv

can also be written in terms of the even and odd parity

components P+ and ¢~ as

‘S’L{ (a7t +5'¢-5")" + (1 .7¢F 4t —S*)"}Jn.\v
' (3.4-18)
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3.4.3 Generalised Least Squares Method for the

First Order Equation

Here it is shown how the generalised least squares
method, using the functional Y(¢)can give rise to the first
order Boltzmann equation, together with its boundary con-
ditions. The Euler-Lagrange equations for VY(¢) imply the first

order transport equation. The functionalV($) is defined as
vm=JI (2.79 + z¢-s)z"(4.v++s¢-s) da dv
v A

+ . 2 Jads (3.4-19)
LJ ja.n] ¢

5on<°
-l
The operator weight used here is 3 as opposed to the unit

operator weight in the conventional least squares method.
Following a procedure similar to the one in Section 3.4.2,

we set ¢.=¢+e\¥ and use the minimising condition

Lim 2Y(d+cw) 2 o
€0 ?¢

This gives

xjf (a.7b+ T4 -s)=" (2.vy+xy) dadv +fj (9.n] dwd ads
A Sk

“.p<o

x= O (3.4—20)

Again if P is the operator {ﬂ-?-i-ﬂ'),then its adjoint is P* =

(—£.7+2).Using Green's formula, (3.4-14), results in

f‘( (A.7¢ + SY)Z7'(a.Vé+ ¥ =-s)dadv =J‘J‘ yP*2" (Pé-s)dadv
vy

"'J‘J 1a.n] o dads +-S;5{L.Ma‘ﬂ.n\ Y
3p Leb<o + j a.n 62 (Pd-s)da fds
[y

(3.4-21)
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for arbitrary v Hence,

(a) P*z ' (T4=9)=o  in V

(b) & =3"'(Pé-s) =0 on Sp for m.n<o (3:4-22)
(c) ZPJ(T¢'5) = © on Sb for B“.n?o

From condition (a) we have

cav(z'ave)+ T4+ 2.7(3)s-5=0

(3.4-23)

Using the even and odd parity components of  , i.e. ¢f
and ¢~ gives

a.7(z'a.v4) = a.v(85a.vé*) + 2.9 (c'a.ve-)
Also
6 = cdt+ §7'a
s = st+s™
and
av(sts) =

£.7 (§s=) + 4.V (c-'st).

Using these relations,

the even parity components of
(3.4-23) give

2.7 (5a.v8*) + cé' = s* _ a,v(gs)

(3.4-24)

while the odd components give

-2V (ca.vé™) + §7¢7 .« 5= -a.7 (c-'sY)

(3.4-25)
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Eqns. (3.4-24) and (3.4-25) are like the equations for the

even and odd parity fluxes ¢: and ¢, -

The boundary conditions are now

T+ 9" - C"(LL.V:?’-S*) -G (f.Vé—8)=0 for Lo <o

and ¢t (a.vd-st) + G (a.vér—st) =o for n.n>o

whereas the interface condition is 8 (2.Vé +3¢ -s)
continuous across interfaces for Rq.n 0.

These conditions can be shown (Ackroyd [9]) to be disguised
forms of the boundary and interface conditions for the even

and odd parity equations by defining

FUNESN (s-2.7¢) . (3.4-26)

Then ¢’ satisfies the interface continuity condition. It

can then be shown that

¢=¢ within V (3.4-27)
¢ - ¢: on Sp .
Hence
a.Vé + 2145 = S (3.4-28)

i.e. ¢ satisfies the first order transport equation.
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4. ANISOTROPIC SCATTERING IN ONE DIMENSIONAL SLAB

GEOMETRY

4.1. Introduction

In the study of neutron transport through media there
are many situations where anisotropic scattering of neutrons
is important. There are two differenct types of aniso-
tropies of scattering depending on which frame of reference
the collision process is investigated. See Section 1.3.

In the centre of mass system the scattering is isotropic
for low energy neutrons. At higher energies, above approxi-
mately 1 MeV the scattering becomes anisotropic. Then the
angular distribution of neutrons is generally forward
peaked. As seen earlier a second type of anisotropy occurs
in the transformation from the centre of mass system to

the laboratory system. This effect is most important for
neutrons scattering off light nuclei. It is the laboratory
system of course in which the transport equation is solved.
In the laboratory system anisotropy is pronounced in the
scattering of fast neutrons from nuclei of all mass numbers
and in the scattering of neutrons of all energies from
light nuclei. Anisotropic scattering effects are important
in the distribution of neutrons deep within shield regions

and small critical systems. See Brockmann [1].

Anisotropic scattering also tends to make the scattered

neutron travel in directions biased towards the direction
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of the incident neutron. In testing the mathematical
process employed, it is convenient to consider the so
called backward-forward-isotropic (BFI) scattering model.
The forward bias in real anisotropic scattering tends to
make thg.escape of a scattered neutron, from a system,
more likely when the incident neutron is travelling in an
escape direction. For example, consider the escape proba-
bility of a neutron in a slab shield system, as shown in
Fig 4.1, with a source on the left and a bare surface on
the right. 1In comparing isotropic and anisotropic scattering
the absorption and scattering cross-sections are taken to
be the same in both shield regions. In the case of aniso-
tropic scattering the backward scattering is zero and the

probability of forward scattering in the direction of the

incident neutron is a half. ¢+L;
A
los ™ n
— -

Source .
Hemisphere of
escape
directions Bare Surface

Fig. 4.1 Source-Shield Geometry.
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After scattering the components of the isotropically
scattered neutron are the same for both shield components.
If the probability of the isotropically scattered neutron
having an escape direction is & (<§), then the probability
of the anisotropically scattered neutron having an escape

direction is (1 +a« ). See Fig. 4.2.

Fig. 4.2 Angular Distribution of Forward

Scattered Neutrons.

In the present work the angular dependence of the
scattering cross section is expanded in series of Legendre

polynomials, viz.,

[

0% (tpe) = Z (%—f;-:‘;‘-) ADNAVD) (4.1-1)

0
Mo = Ja¢ﬂ is the cosine of angle between incident and
scattered neutrons in the laboratory system.
The L=o0 term represents isotropic scattering since then

é(mﬁﬂis independent of _«. . The L=/ term represents
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linear anisotropic scattering, and so on for.Lzz.

A large number of terms are required in the expansion of
0% (o) if anisotropy of scattering is severe. In many
practical calculations of reactor physics, the first three

terms in the expansion are adequate.

In this Chapter the treatment of multigroup aniso-
tropic scattering in one dimensional slab geometry is
presented in detail and several test problems with severe
anisotropic scattering are analysed. In the case of one
dimensional slab geometry, as shown below in Fig. 4.3,

the even parity equation becomes

63 Cos":q

n =N} LR N

Fig. 4.3 One Dimensional Slab Geometry.

- + = St
ﬂ%{.ﬁ(s (o) -/:‘a‘i’g(w-)} OO [np) = STl

with the bare surface boundary condition

O (b, u) = © for -l£ u<o

do (-Xb,u) = ©  for o< AS | (4.1-3)
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At a perfect reflector at %, , we have

¢o(2p, }4) = ¢°(¢.,.,-/4) . (4.1-4)

4.2 The K¥(¢*) Functional

The even parity form of the neutron transport
equation lends itself to a variational treatment since
it is a second order elliptic equation. Ackroyd [2] has
obtained boundary free maximum and minimum principles for
¢/(,4) using the Cauchy-Schwarz inequality, and the fact
that the bilinear functional F¥$%4})is independent of @f.

The maximum principle is

KHet) < N((sT) &£ F( o o+) (4.2-1)

where F is the functional associated with @: .bM#)is a

more complicated functional thanK%¢!') and so the latter is
used for computational purposes. For a derivation of the
maximum principle and an explicit expression for N(d*), see
Ackroyd [2]. For a function¢ﬂﬂg)to be admissible in the K*

principle it has to satisfy the following conditions:

(i) be continuous and piecewise differentiable in =,
(ii) be continuous in u4 except at interfaces in the
direction p=o0 .
(iii) satisfy the perfect reflector boundary condition

at ¥= %y , i.e. ¢*(xr))1) = ¢+("'Y’;"f‘)-
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An explicit expression for K*(¢*) is
KHOY) = J § 224%5%> + 2 <a.v8t, G575
\4

L84, S (LWEN> — <8 CHITAV

HL j {#ka)+ ¢e-a)]lenlTdads
&en<do

(4.2-2)

- 2
\[%US:L (67" |20l d0ds

where ¢+(x:,ﬁ)is the approximate even parity flux, T is an
inward surface source at a bare surface §, . In the case

of one dimensional slab geometry with no surface sources

K¥(é*) becomes

Ny - ¢
ki) = [ 12ce,e> v2dudfoas> - el a(udl)y
= <oteety e - [ [ anipdede iz
Sb M4
The inner product <u,y) is defined as
Zu, v EJ‘ Ute, 2) V(c, &) clﬂ- (4.2-4)
a
The positive definite and self adjoint properties of G,C

with their inverses are fundamental for the construction

of maximum and minimum principles, Ackroyd [2,3].
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4.3 The Reduced Functional

The first step in the procedure for obtaining a
solution is to integrate the g*¢") functional over u and
then over x for the finite elements. The contribution
from an element is conveniently obtained by carrying out
the integration wusing local co-ordinates for the element.
In this section the integration over 4 is discussed and
in Section 4.5 is shown the integration over the finite
elements. K*(4*) may be written as

k(e = JJ‘ | )" _e (e + S 4
LA ) - 3w

(.4 8

v a2 (%)j T izt Tule) $* (') dp'de!
Sen -
!

() 2
_de Y [ J J e (o)t d i) drdn o
o 'lZ‘l; ( ‘”)b -l “-I'(rf'(&‘) A

|
-j AL L 4"'/1:/“)]2 4/‘

- (4.3-1)
where ii:o 3 reflective boundary condition
and h—=| » bare surface boundary condition.
In (4.3-1) it has been assumed that the extraneous source
S(Qﬂ) is isotropic, hence 5-(xb“)=°' The above fuﬁctional
applies to the one group case. The angular integrals are

as follows:

- - + +
Io(x) = 7‘,-.;_4/*.4&%;}%‘5_> (4.3-2)
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L) = =03 405 &%) (4.3-3)
Ta(x) = 2L4% 847 (4.3-4)
(4.3-5)
Tyl = Z&t, Loty 8v0Y
(4.3-6)

t +
Is(») = - </“%—$ 1y <3 M ?‘>>
and a bare surface boundary term integral Tar.

The reduced functional, i.e. the functional obtained

after angular integration, is then

Kpr(cb*) * J (1,4T. +1s +I4_+I5)=li + ILgr

o

The trial function is expanded in a Legendre series

-4
24 +
Py = Z (T:F) 4 () Palm) (4.3-7)

and the kernels s ¥, m0) and 3(1,/.“) have the expansions
given in (2.2-12) and (2.2-11) respectively. In (4.3-7)
¢f(,) are referred to as the even moments of the ex-
pansion for the even parity angular flux. The integrals
T, to Ig are readily evaluated using the recurrence re-

lations for the Legendre polynomials,

,u'&(,v-) = (—ZI':'T)- (-LH)?“.[A) +1.‘P1_|[/u)] (4.3-8)
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using the addition theorem for spherical harmonics

L
P = T Tela) + 2 GBS LB ) G ()

mzl (L‘f"') .

(4.3-9)
and the orthonormality property of the Legendre poly-

nomials,

1
J Pa () TL’{)‘) J/M = 2 Su!
3 el (4.3-10)

Results of the angular integration are:

L]

= - ! (‘.LM-‘)" d o2
Il(‘) 81-26-{_ nZo { [ 3 4.']—1)] ( )
1+ J&‘l’
Cant 1) (lm;ﬁ-_) d o e
* [ (enes) 4 &* &

+
+ in (Q-n —') ] C“Vn-; cld’:-n
[ (=) 1 B = (4.3-11)

b ().

\
with %%ﬂz o] for n<«o and 4&

”
a(x) = =57 +
I.(= _9111':" Zo (4n+1) (4’») (4.3-12)
- s& o
Iy = T (4.3-13)
»
I‘(z) = 3‘;2 nz.c (lH'\"'l) S;)\ [ %3 ] (4.3_14)

Is(x) = Z ________As (ant1) {(211#!) %‘i}n +(ane2) _‘_laé_tnﬂj
X

=0 2 (Gnsd
n g (4nsd) (4.3-15)
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- 05 (an41)
where st&nﬂ3 -
9T (a—‘\’ - %-tzn+l))

The boundary term is

8, B (1) 4’2“(") Az Pam () ¢+2m (")] 'l/“

Tor = J: ﬂl-i[ '"Z:'o

M

(4.3-16)
where Gan = (4D /yr
Ihr can be evaluated using the recurrence relation

(4.3-8) and the result below [4,5] for Legendre poly-

nomials.

: J,-_(nw)[ »! Al
J; B () du= (0 2™ (pa) (rearn) [ PRI ( f*-%)!]’]

(4.3-17)
The boundary term then becomes
L) [l !
Tep v —Li Z d’:“(‘!c)(fl-nﬂ)z o (a0) [ (ZM*')Ian;zmH-*- 2 Iz"”’"-':}
8“,.0=° m=o
(4.3-18)

where j=z0, | and

nemel
! (=)  (an)l(zmse)! ]
Lan,amn =J.?gn?wl dp = I o cam=)(nmel) (M (N1)?
° (4.3-19)

and

(n+m) |
! ([ ) (an)l (am=1)] i
1'2» am-) = J?""T""' 4" F l}’“ (rmY =¥ (1 ma) (ame2ems) (hL) 2L m=01]°(4 . 3-20)
™= >

In practice the Legendre series expansions for 53(*bpd

and ¢*(ma) are truncated after a finite number of terms.
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In particular

M=l

Blop) = ), () 400 Bl

1~

(4.3-21)

where M is the number of even moments included in the

expansion.

The fission source term for eigenvalue problems

leads to an integral

!
Teto = 2| ermTe(x) du

2T _,

¥
,:a‘;qi-a") , (4.3-22)
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4.4 Finite Element Approximation

Consider a boundary value problem of the form

Lé, = §4, 4, eV (4.4-1)

and M do

3¢° é‘, € DY (4.4=-2)

with ‘k , the unknown function belonging to the space H of
admissible functions. Then the Galerkin approximation is
obtained by considering the problem in a finite dimensional
subspace Hk of H . 1In Eqns. (4.4-1) and (4.4-2) L is a
linear differential operator, M is a boundary operator, ¢

and g are given data. V is the domain under consideration

with boundary 9V . The parameter h decreases as the dimension
of the subspace increases. The Galerkin approximation [6,7]

to ¢, is

N
¢ ) = a: Xs (%)
) J-Z; A (4.4-3)

where N is the dimension of Hh. The «; are unknown coeffi-
cients and {j are linearly independent basis functions
spanning Hh . Although the Galerkin method provides an
approximation to the solution, it does not specify how to
construct Hh , i.e. the basis functions wa). The finite
element method provides a general and systematic technique

for constructing the basis functions {3.
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The main idea is that the basis functions X; can be
defined piecewise over subregions of the domain, called
finite elements, and that over the subregion the )g can
be chosen to be simple functions, such as polynomials of
low degree. To construct the basis functions, replace
the domain V by a collection Vi of simpler domains V, ,

the finite elements, such that
iz V and Wy = ‘) Ye .

Here i@ is the element Ve together with its boundary. N
is the total number of elements in the domain. In one
dimension consider a closed interval [a,b] divided into N
elements with Qo= %<{% &% .-+{Xy = b, then -\7., = [ %, L8] 1.

The basis functions Xj are now chosen to be piecewise

polynomials. Over each element Ve,local shape functions
w? , i=1,2,3,....,Ne are constructed. The approximation

¢ = .
solution (bb(x)over element Ve is then

Ne
§o = )4y (4.4-4)
i

Ne is the number of degrees of freedom for the element.
In the case of the simplest elements, linear Lagrange
elements,N¢ =2. Local shape functions have the property

that

t . _ . (4.4-5)
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i.e. shape functions have value O or 1 at nodal points
within each element. The basis functions of adjacent
elements, constructed using local shape functions, are
related through nodal parameters. The global basis
functions are obtained by patching together the local

shape functions.

The problem stated in (4.4-1) and (4.4-2) may also
be considered as one of minimisation of a functional. See
for instance, Carey and Oden [6]. In this case the finite
element approximation is a simple variant of the classical
Rayleigh-Ritz method. The functional K+ over a finite

element mesh can be written as

N
K*(d) = E ke (") (b 46)
i.e. the functional over the whole finite element domain
is simply the sum of functionals for each element. This
means that we need only consider the element functional and

the contiguous element when deriving angular and spatial

matrices. . Write
& -
NGNS
gt Ne
where ?5.": %.‘(xj) are nodal values and 15€7e . The setZ’(j}J\,_'

— L}
are the nodes in element Ve . WS(!) are of course the shape

functions. Inserting @f({)into K% and applying the con-

dition that ! be stationary with respect to nodal parameters,
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K _ .
?ﬁe -~ o J"’ )2,3,...;, N'_ (4'4_7)

leads to a system of linear algebraic equations for element V..

LSI,Z,B,---,))Q- (4.4_8)

K:g are entries in the element stiffness matrix and S:*
are entries in the element load vector. qr is a nodal

vector for the unknowns.

For example,consider Ne= 2. We then have

¥+ e
Ke i K¢+[z. 4’.‘ St

+ )
Kea Kc.:a. ¢2.
(4.4-9)
The final system of equations is obtained by summing the

contributions for each element, viz,.,

N
+ +
= KCK
; Ke 2k (4.4-10)
N [
= S
& St o (4.4-11)

where Lk refer to a global numbering scheme. Then the

following matrix equation is obtained
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Kr¢ = 3 (4.4-12)

K* is the global stiffness matrix and S the load vector.
In general the global stiffness matrix is banded due to the
coupling of the finite elements. In the present neutron

transport finite element work the trial function is

.4

Sl = LZ [42) & ) Palr)

where of course ¢§: are the even spétial moments and are
the nodal values in the finife element approximation. In
the case of linear finite element approximation the number
of degrees of freedom of the number of unknowns is equal

to the number of even moments computed.
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4.4.1 Choice of Elements

On the work reported here on anisotropic scattering
in one dimensional slab geometry only linear Lagrange
elements have been used. The Lagrange C® elements are the
most common class of elements. They are based on Lagrange
interpolation [6,7,8]. With these elements only continuity
of the interpolant across interelement boundaries is re-
quired. The simplest case is one of piecewise linear inter-
polation locally on each element -V.c . Then the flux moments
have the following expansion

_ ~e ., ¢ FORNTYY
éf(x) = ¢ W) + $s MBS (3 (4.4-13)

where y® and w® are termed local shape functions.

e = (s “‘/l-.)

W e (4.4-14)

he being the length of element Ve.
The shape functions for a linear element are illustrated

below in Fig 4.4. They have the property that
\Ke{'d‘:_l)a ] 2 WI" (x¢) = ©

& Aj=y ) T tlie) = 1.
i (md =0 s il (4.4-15)

Global basis functions are constructed from the shape
functions on elements adjacent to nodej as shown below

in Fig. 4.4.
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Ve

Fig. 4.4 Local and global basis functions for a linear

Lagrange element

Ve

Fig. 4.5 Local and global basis functions for a quadratic

Lagrange element
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Globally, the piecewise linear interpolant has the form

bo = 2 EGE

‘™

E

(4.4-16)

where N is the number of linear elements.

The next type of Lagrange elements have piecewise quadratic

interpolation on element VY, . In this case

beo = vt W) + 45 B

with \&e(xj)= S;j at node j.

The shape functions on element VYe are

W' 2 (a-hy) (%= k)

h> (4.4-17)
Voo = e (L)
h&
W:‘(x) = 2x (x-“/,,)

hl

Both the shape functions and basis functions for quadratic

interpolation are shown in Fig. 4.5.

k"

In general, using a

degree polynomial interpolation, the piecewise inter-
Q v .
polant ¢k over element Ye is

st

B o= T W (o) 4 (4.4-18)
wl

-
P o
W -
Eo

! N k k+1

Fig. 4.6. k+1 Nodes on Element V.
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where ke
Y = ‘n. Q_-:'E. = Li. (x) (4.4-19)
) J=l (xi'*\i) '
G+

the Lagrange interpolation polynomials. The degree
of an element is the degree of complete polynomial de-

fining an approximation on an element.

The other type of elements are the Hermite class of
elements. These are used in fourth order problems where
the variational functional involves second derivatives of
the trial functions. Hence the second derivative trial
function must be équare integrable over an element VL
The finite element trial function, i.e. the basis
functions, must have continuous first derivatives at
interface nodes. The function and its derivatives of
various orders are interpolated in Hermite elements.
There are then two unknowns per each node of the element.
Hence, the finite element trial function on Z' takes the

form

" et .
— A
go - Etm e D # doo

= (4.4-20)

where \T‘E and \g: are the shape functions onVe and ‘T’cl

are the nodal values of the function being approximated,
-

and.ﬂf the nodal values of the derivative. The element

has ksl nodes. The shape functionS'Qf and %E satisfy the

following relations:

ﬁgﬁ(ﬁ) =

[l
Qo -
-
By



-105-

A."{'l(' = 1 1=
and 12;’ (j)=» i i) o (Fj . (4.4-21)

These conditions are satisfied by the Hermite polynomials

[6,7,8]. Hence,

kst ket
A < %)\?* P X)
Vit = ﬂ (-7%) [H 2 2, %‘3";3}
"=l (xi—-x)) * (j:d
(#i) (4.4-22)

and bt 2
B = ﬂ (= G (x = 22)

e (=)
G+

In the case of an element with two nodes ( k=1) and length he,

the shape functions are as follows:

{;OI‘(') = ( l+:_:,)(|_f:)z

Ve (0 = 1’;(3 —_’5.)

e = gz

e (4.4-23)

Apart from the fact that with Hermite elements, there are

two unknowns per node, the rest of the finite element cal-

culation proceeds in the same way as for Lagrange (°

elements.
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4.5 Derivation of Angular Matrices

Matrices for the angular constants of the reduced
functional K{(@O can be obtained by substituting the
finite element basis functions in I, (¥),Ia(x), «¢¢..,Ts(x),
performing the spatial integration and maximising the
reduced functional with respect to nodal parameters. This
process is illustrated below, using linear Lagrange elements.
The ideas are essentially the same for higher order one
dimensional elements and for higher dimensions. For two
dimensions, e.g. x-y geometry, analytical derivation may
be difficult. We choose the piecewise linear basis

functions.
= -X % x &
¢2nb") ( ! k) ¢I-M'I ¥ "‘: 22 (4 . 5_1)

for a typical element shown below in Fig 4.7. The super-
script + on ¢%¥(x) has been dropped for convenience. h = he
is the length of element Ve . The local node numbering

is as shown in Fig 4.7.

nwe—7Y
. C\l-\'\’¢L

2M-1 2M

Fig. 4.7 Local Node Numbering for M
Moments for a Linear Element
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% are the nodal values of the flux expansion co-
efficients, ¢(x) . So for example, n=o gives the first
even moment coefficient, n=1 the second,and so on. The
number of unknowns per node increases directly as the
number of moments for the flux increases, for Lagrangian

elements in one dimension.

We start the angular constants matrix derivation

by looking at the I, term. This can be written as

I|(") = Z [c{m‘ (4 )+Pm¢wz¢2n -2 :.n] (4.5—2)

where

diy = - [: (e 4 bn? J
81>0% (ewt3)  (bw-1)

Ban = __:‘___i (,M,)(z"“)] (4.5-3)

*/
8«> 0%

(4n+3)
2n (1) ]
Yan 1""5’1' {_ (QM—l)

and

ry déo
¢ = -

/
Substituting for ¢, 4’_“2, 4;._2 into (4.5-2) gives

M—‘

L = -~ = [ d’ml*‘{’mz] + fm [ 4’»‘«)3 + &’m#&]

* [ :"m—l "";‘mﬂ.] + E"Et} ][—:w a:m»:.:]
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and the first term in the reduced functional

p.
ki) = | neds

becomes

b 1T 1 T 1 T L O
* _h— ( ‘hms*am - aney +an+z- +mq.*>mr e.w‘hml (4. 5-4)

+ Van [— - - - - =

Pa-l 4>am.g - ”-|¢mg = #;,‘ ¢an+l + q>zn ‘#:.nﬂ.] .
For two even moments expansion of the angular flux

i) < L[8-23Td] + B[RF -3 -R3 4R ]
S DR ST R E T T AT O FORPRED
Differentiating KJ{év with respect to
gives

W . e d  -awed o+ ()5 - [F5) ],
3 h W R m

+ 'y T T -
?_ﬁ& = “::.%‘ & + 2.&9 a - (’O'f:t)és -+ E,.\Lﬁ) 3
b
QK:" P *r’)_ ( )1 24y T -
EY LAl - { ferry o -2«

a;‘; [ h é‘ W 42 v 43 -—y:? é‘l'

+
QKM B —-[PetTa) T ) - —-— -
ET‘: {F ‘:; ) él + }O':vz) &% _2")_ ¢3 + 21):—- dk_
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These equations may also be written in matrix form as

K& - Vo=l -
Z wlll] e2l] ) |a
2% _
2% ¢,
K 3
?‘-3 (poﬂ'n-) 1 =l 2;4_2_.] -l 3
h -l ) h -1 1
2 ;
FY) &
. “_J - ..‘ L -

(4.5-6)

By defining the finite element local matrix for the

leakage term as _;_-.[' "] , we obtain the angular matrix
-l )

as

0 (F‘* LE )/z

(bo153) ], 42 (4.5-7)

In the case of three moments expansion of ¢?xv“),the

angular constants matrix becomes
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[ o (Po*ﬁ&/i °© ]
(8+5)), Xy (B +%)/2
o {ﬂa.i- %), A4 J

(4.5-8)

In general for M moments, the angular matrix is of

dimension mMxM

oo n&+ﬁ)ﬁ = o L
(1)), a2 (b+1),, o .
o (fs3)y .
fo) 0
. . “"‘ (L )/2.
’ ) (P:mf rm—z)/z “alu-1)
L J.
(4.5-9)

As we have seen the spatial, finite element part and
the angular part has been separated. The angular matrices

have to be calculated once only and combined with finite
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element matrices to obtain local matrices.

Similar procedure to the one described above can
be used to derive the angular constants matrices for other
4+
terms in the reduced functional. For Ky(¢)the following

diagonal angular matrix is obtained

p— ¢° -\
Y.
* o)
Y%
O
Y,
2{(m-1), (4.5-10)
where han = —-q-ﬂm+0 . The finite element local matrix
8r2
is
,/ l/‘
2h | 3

(4.5-11)

+
K@g(b*) represents part of the removal term. Since the

. . . + +
extraneous source is isotropic then the Kjg {¢.> or

. . Se
1300 term simply gives 2;1 for the angular constant,

with a finite element load vector

)
2

b

wi—
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Here So is the source strength.
K“’:(@‘) is the other part of the removal term and so the
.finite element matrix is as given in (4.5-11) whereas

the angular matrix is

- /
%W ]
% o
%,
O '
al
3 8 2(M=1) i
(4.5-12)
/
where 0_;2.” = {IH'H'I) (SQi
g8r>

’
In the case of isotropic scattering only,ss, term is re-

quired from (4.5-12), whereas, say for f3 anisotropic

/
scattering,both af,' and g3, are needed.

+
The next term in the reduced functional is Ky, /¢*),

and involves Zg(x) . This is the anisotropic scattering
leakage term. Is(x) may be written as
m-7) ,
) 2
Icle) = - Z sz [ an &,,, + €y 992»1‘:]
n=o (4.5-13)
2
where dan = ("+I)/47

€an = (2"{2,)/4_'
and

2A slantr)
/4n+3)

1}

'lMH
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Here, as in /4:@"): the finite element local matrix is
2| ! “]
f[—: BE

Now consider the angular matrix. If the scattering

is linearly anisotropic, i.e.T, scattering, for a one

moment expansion of '(x,«) the angular constant is -4, 5%,

For two moments the angular matrix becomes

-)q So‘ —/\1 Y-S

_A‘ $eéo —Al é-"
(4.5-14)

If now the scattering order is increased to Fs,
while keeping a two moment flux expansion, then the
bottom right hand corner entry in (4.5-14) becomes () €& #); §22),
In general the angular constants matrix for the aniso-

tropic leakage term can be written as
...).S." =M So€o (o] [ . .

-x. ‘,ep "{Al‘%“'x;g;) ‘x;slcl ] . .

o ~ly8a€a ~(\s62+1550)

. (4.5-15)

NE PRSI N

a

* 1
= Maaamt Sraas Eonet -{Aum gmw”\.-nsm-:)

L
for M moments.
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The final term in the reduced functional is the boundary

term (B.T.). This may be written as

Mol el
I, = -2L~,"Z_: g ol 4,0 Oun Oai [ T, iy + Kmyaier) (4.5-16)
where
J.an, L1999 = (2_“..*_'2 Izn,nloﬂ
(4kH)
'
Kzn » Ak=! = 2k Iau, 2k~
(N7
and Yo = ([n))p - -

The integrals I,, andI;n'm.have been defined in Section
4.3. In one dimensional geometry, the bare surface

boundary term will affect only the end nodes on the boundary.
Suppose, that the extreme left element begins at xso and

that there is a bare surface here. Then

o= Bl
and |
Iet = = 2l Z g ¥M| ;zm %n 41)( Y.jzn,alm + K’.n,z.k-l-l . (4.5-17)

Consider the case of two moments. Only nodes 1 and 3 will

be affected.

Ter * ‘1LAZ“°;. [""I" (Ton +Kep) + a2y (Jus + K'u)_]

+ q:;;} [q,;, (Ja,) + Kz,-l) + %E (Ja,s + Ka.l)]}
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Since Ko, 7= Ka,-' =0,then
91‘.1- = =2 { 2 (40)z$| (J‘o,') + QoA4, (JO)3+K0)I + J;,l) Il}

23,

and - Z
Mo, -1, ] 2 @R (Tus+Kan) +aean (Tost Ko + Tidd §,

°¢,

Hence the angular matrix is in this case

2000 (Jo,1) Qe qs (J;;s +Kop +J2,1)

-al, (4.5-18)

L4, (Jv,; "'ko,l +Jz,,) a (“)1 (\Tlfs + Klol)

For four moments we have

2 (QOYI,: LIY P8 (J'-,; +Keyi 'i'J'z,,) aodr. (Joys +Ko +3,,1) doag (J'.'-,+K.,5 -;»J'},,)1

1[‘5 (‘);'3+ K*Jl) a9, (3;.: + Km TJ-‘,, ¥ khl) “1.4:.(.3':,; +Ka, 5
+J3¢1 + Kep)

2 (a) (J@.s +Ktm) a4 ( Ft Kess
+ s+ Kc.s)

Symmetric

2[ Q()z (.Tc,7 + Kc,s).

(4.5-19)
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In general, for M moments the angular matrix for the

boundary term has the following entries

(;_' T - Ipla (12:.)1 [\T:.z,zau + Ku'.,zi-l)
(4.5-20)

along the diagonal, with i=1,2,3,...... (M-1). The off

diagonal terms are

W o= -2l ax “tj[Jai,i;;ﬂ"'Kai.x_j-l"'J;j,ziﬂ + Kajoamr ], L)

(4.5-21)
We can compare the th moments case with the angular
matrix given by Galliara [9]. He only went up to eight
even moments expansion, whereas, the present work is more
general and also extends to the multigroup scheme. The

following quantities are required for the angular matrix:

Joyi = Loy =

Jo,} 3 3/5- Ia,; T - 3/4_°
JL. s Ty = 7&

Ko, 1 = 2/5 I:,, = ‘/5'

Jus b Iy = Yo

K

Yo Tan * Yho.
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Hence

- - - T r 7
— 2 4 é
33, /o )

= b
I 75 au
ol -
7 7A s, ]
L " L

(4.5-22)

This is same as the expression obtained by Galliara [9].

Finally, there is the fission source term vog ¢'+{")/4rr'
In this case the finite element local matrix is given by
; %
2h 3 (4
% )
ad swhere _L_. constitutes

kegg 22 kegp
the eigenvalue and keff is the effective multiplication

and the angular term is

factor.

In actual implementation of the above, each angular
matrix is multiplied by each entry in the spatial matrix.
This generates the full local matrix which is then in-
serted into the global matrix to give the relevant con-

tribution from a particular element.
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4.6 The 0dd Parity Flux

The odd parity flux ¢"(m,u) may be required if the
full angular flux ¢fyu) is to be calculated. It is also
used implicitly in treating anisotropic downescatter in
the multigroup scheme for the even parity equation. In

one group theory, with an isotropic extraneous source

haw) = = d du 0,00
¢ lop) 5[ ’“-4—; ’J (4.6-1)

The above expression becomes approximate when an approxi-
mation to ﬁ:hu‘) is introduced. Using the definition of

5 , we have,

5 [ 4
- . - . D d& e
o yw) = /_.;_ %{ w - “"f{*'Z(‘%)A'”“’”*"’":%"" },1,,.
- s
vd
(4.6-2)
Using the Legendre series expression for ¢fﬁgﬂ) , the

first term in (4.6-2) becomes

-2 [ Z' (a:;.) e_lag;.w 1’,.(»]

N0

while the second term gives

c + A&\'
—Z Tanai b‘) As (mm)[ (an) J]%mn + (2n+3) 1.;3'\1’3] .
[ 4

Hence

N
bl = A z () {_5‘2. Fn ) -Z A A,,w)[ (2 db2n

bror

n [ %

+ (31\#3-) A_;__gﬂ"""] (4.6—3)
dx
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Expanding §(ws)  as

‘f/"/') = ? (%‘3) ¢;-n(') 15»("') (4.6-4)

the coefficients 4‘;” can be obtained readily using

(4.6-3). This gives

4 \J
«p;“ (%) a . [ (20e4) “%’.ﬂ + (2k+2) %’3‘"”]

! (4ke3) (o7 - Ts(axm)) .
(4.6-5)
Expression of the form on the right hand side of (4.6-5)

+
involving %it will be required in the downscatter sources
x
for the multigroup anisotropic scattering formulation.
f
The coupling between the moments ¢; (x) and ‘_jaﬁ,:c is
illustrated below in Fig 4.8. For example, in a two

. + - + M
moment expansion of ¢"fs.) . ¢ (x) couples é&% and %g;

h X 1 onl J*:
whereas §(=) couples y Sf
3

i
1 Moment 1;\
4 (=)
d&
/T; \

f (%) &5 (x)

/\/\

f") -(“) l %)

' J&*
2 Moments \

3 Moments

Jb."

Fig. 4.8 Coupling of ¢7(x) and dé!
it
dx
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Since

o) = Qv = =V [ J¢F zu:J
P ' 3(0?-4'.:1)[ T’-" M 3

and since the net neutron current at position x is

(4.6-6)

]
T o= j o) dp = b [
-y

then J can be calculated from (4.6-6).

In the case of the diffusion approximation

(4.6-7)

See also Riyait [10].
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4.7 The Multigroup Approximation

In order to solve practical problems of reactor
physics over a large range of neutron energies, 10 MeV
to o-oa5¢ey, the energy dependent form of the transport
equation is required, where the energy variable, E,is
continuous. Solution of such a complex equation is ex-
tremely difficult. Hence, the multigroup approximation
is introduced. See for instance Bell and Glasstone [11],
or Duderstadt and Hamilton [12]. In this approximation the
continuous energy range £mpy £ £ % Lmex is divided into a
finite number of intervals (sayNG) separated by the energies
Ej,where g=0,1,2..... NG. See Fig 4.9 below. E. represents

the maximum energyEmy and ENS the minimum energy with E.S>%"’"

, Group NG, . , Group 2 :Group 1 :
E"S E"S'-l Ea E, Eo

Fig. 4.9 Division of the Continuous
Energy Range into NG Groups.

Each energy interval is termed a group and in determining
neutron slowing down, the interactions e.g. energy de-

pendent scattering, from group g’ to g are required.

In order to include anisotropic scattering, within
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the present finite element method, for multigroup
problems, the f<_4.7¢*; §8 )dy term has to be included in
the functional, ;ince it is now non-zero. Both even and
odd parity downscatter sources have to be considered.

It is assumed that there is no upscatter although this
can be taken care of quite easily with the formulation
given in Section 4.8 . Also it should be noted that in

the multigroup case the functional K7¢» is approximate.

In solving the multigroup equations, we adopt the
following procedure. Solve each group equation assuming

the source is known. The source has three terms:

(i) The given extraneous source for that group,.
(ii) The source arising from fission within all the
groups.
(iii) The sources due to downscatter from higher

energy groups.
The two cases considered are (a) Source Problems,

(b) Eigenvalue Problems.

4.7.1 The Multigroup Equation

The one dimensional slab geometry version of the

transport equation in energy group g9 may be written as

NS
= (% ue) 10, ! ! Q »,
udbs v ox byl JZ L. G o) dglopt) 48!+ B (1)

(4.7-1)
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The overall approximate solution can be obtained
by solving a series of one group equations with an

effective source term, viz.,

SJ‘H( X, I)')

dé = Os, .(1, o ¢ h/t')Aﬂ»' +
ﬂ]_;: + O7q &y L. Saq (T p0) 49, o (e,

where

3-1
$3 tom) 2 .z S Gpadom dpbom dat &+ 8y le)
™ (4.7-3)

is an effective source term in group 4 , composed of
downscatter sources from higher energy groups and an
extraneous source term &J(-.,/.). The even parity equation in

group 4 becomes

o d[se ] < eb - §7 s

& (4.7-4)
where °; = é;[:,ﬂ) is the exact even parity angular flux
in group g . The even and odd parity effective sources
are

of N

+ + *

Sa (")/) = ZL ‘EJ-.,S"/‘") 4’31("'/") da! (Downscatter)
l_-,l
J | [:]
+ zJ f( + ] . .
- £y ¢|(=t,/.') de (Fission)
41 3= &t J

¥ Q;('l)/‘) (Extraneous Sourc?z 7-5)
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and
3
_efs - ; )
Sy lup) = Jé L Topafor? by bop') da' & €q7(x )

(4.7-6)

Since it is assumed that the extraneous (fixed) source
is isotropic, then aﬂ-{"’f')= o. In multigroup eigenvalue
problems only the fission and downscatter source terms

are required.

The approximate functional for group g may be

written as
+ + 2 pddy PR
K (8]) = | 12€45,85 > + 24> 8% )
x

ipdth, s (n48)y —<ahewy [
+ 8T (4.7-7)
Now s;'?i") involves the odd parity flux ¢;:(t,/a) from
the previous groups. {;(’D“) may be calculated starting

with ﬂ’hvo of group 1 and working downwards to the lower

energy groups. This is shown in the following section.
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4.8 Even and 0dd Parity Downscatter Sources

In this Section the even and odd parity downscatter
sources and the functional source terms are considered in

detail. VLet

I-!

Sitw = JZ,"*[l iy dyteop) Ao (4.8-1)

and
3-i

Sabop) = ZJ ACERMYORLS (4.8-2)
Jl=l

The terms in the functional that are affected are

+ off
[ace s u

and
+

J; 2 <:)‘%$J; 5,(&;‘“7>’4‘

From (4.8-1) we have
3=

3 bopd = Zﬁl P T [2) gy B )[H4) ) ) e
'

Jl:[ °

3-1 &

Z Z ([ﬁl—) 5”3"’31,"‘ 2 4)’ " (4.8-3)

J'=| neo

Hence, the term in the functional involving $4+ becomes

n k
Z h M i_il_) Sanglog Tanfu) Tag (u) o ?C'?:ks(z) é“,,(,
J' =
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This gives

3-1 o
bn
Z Z ( 4»:; Tomg J Bt $2y 00 A
J“( .nzo (4.8-4)

Note the similarity between this term and the removal

t+eff
term (4.3-5) in the functional. The other terms of 35 (x5 p)
give
3-
+
+ & & (x)dx
____Z 4 J' ¢3'(¢>P () dx 4;1.{ oy

(4.8-5)

The odd parity downscatter source is easily written as

4 w

3,[ ("‘p") Z Z (%) as'(lhﬁ)‘j'-';?lnﬂ {)‘) cb(:,,f{s)a (4.8-6)

l;( n3o

and clearly

- S a0yt duot
G950 = LA | gyl Sylepd hrdut (4 go7)
7Ty &'
-off

The term in the functional involving 53 can also be

written as -
‘ZJ; 4'}“%; » SSJJZ,, 4"33 2 %’7>> JK

The first term in (4.8-7) gives

8-l w

4n+3 = (=)
- Z z { ':T;') B gty Pane1 [4) unsiy!

73 J‘:l n®o
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while the second term gives

- d-1
4nr3
Z ( ) Parw (#) LL &nﬂ)JZ S(W)J‘-u 4’(1:.“)3? )
n=o
Hence
- 3-1
- off Z (lm»s\ | Z -
S = (x)
53 J - b / COM ‘;(snu))g‘r’ S(’"‘”)J"’J ¢°’"’)J(' 4.8-8)

Substituting in the relevant term in the functional, we

have
o -1 .
: ; b43) Bay ) - ]
M Aé;(ip/‘)z ( +: any d; ¢ (%) J 3
zL [l dﬁ n=o 4' I (r“l" ‘G(w))ﬂ J‘-l (""")3"'3 M)J' 7

(4.8-9)

Expanding q;ﬁvo in Legendre series and using the recurrence
and orthonormality relations for Legendre polynomials

reduces (4.8-9) to
3-i

(antn) "%;"3 + (am2) g“""zﬂ]z %S aanilglrg 4’(:»«) 5y

-‘-J [ dx
4n*J, “oﬁ?"ﬁmmﬂg 3=

(4.8-10)

Now ¢b;,(x,)() for group §' may be written as

—eff +
43-: (x’/‘) = SJ' [ Sal (Lp) - _M %,(ﬂoﬁ)]

The coefficients éltx) are easily calculated. They are
9i-i J Gnt))

y 0 = Z T5(ane1)9'9’ 4 (),
%=1 (‘9‘ = 036ant) )J Garils
- ! [{p‘ﬂ) Jﬁl.’l + (2)!1'3) "(éf’ﬂ“ﬂa-]
(4n+3) (6= ) gt =

(4.8-11)
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This means that Q;"l*)) for group g’ depends on the fluxes
of the previous groups, where of course 4’(:..“(;) are just
the odd spatial coefficients in the expansion for the
angular flux ¢(x,u4) . A more compact way [13,14] of
writing (P'(;ngst“’)' and which is well suited for computational
purposes is as follows:

|
-1
Let ' be a diagonal matrix with element (g — Tlane)) ) and

let Zsi. be a strictly lower triangular matrix of group

transfer downscattering cross sections 5;(2(:3)5,_” , i.e.
R
(#r - G
| O
(‘r-fsts-m))z
-
P - ..
1
R (s - ﬁlnm))ﬂs
and
r o o) (-] . . . o o
(i)} » 3 =4 ] Y ")
TS ane) 103 Tstant) 393 © - . . 95 o
ZSJQ =
. 4&0003‘7’0-
Boni) N Gamiaong Samdm-tvs 0
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W Where NG is the total number of energy groups. Then cb;
becomes
S o (0 5T
a4 - - (L “{b3
k=o
- - > 03 - )
where [ $™] is a column vector with entries 4’("‘{;’3‘
and [p3*] is a column vector with entries
+ P
- Adan 4 (an+s) 44 :.nm} i=1,2,3....
JL = [{anl.) K’“ + ’ﬁ‘( .

With the expression given for . , the term in the
P g (xnﬂ)j

functional involving §(x, m), (4.8-10), becomes

[ J
. Z ‘ [( ) doha +(anta) 4 4%
4"".{ ~. (65 - Ganm)y o —5” - T;uwd
31

3=
‘3"(,,, Yalpy! ¢_
« > ,;(m,v,ﬁg% o) Canyt
g= T GAnH))J’

|
(r - ﬁ's'fznm)).’l[ ant1) dx * [2'1*2)431( ) Cd (4.8-13)

With the definition of [D§*‘], I‘" ’ Zs:l, , above,

(4.8-13) becomes

- N§=l

-l k -t 4
#LZ‘,Z m ([‘ Z,a.) ™ [»3] dus (4.8-14)

k=t

andy
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For example in a three group calculation, (NG=3)we have

2
"'L; ZZ MJ +’(-zvm)g’ ‘L‘S dx
J“' n ’lj ”®

l...

oy »®

n -
2 [ ag(mm)l-vsj ¢(:-Vlﬂ) } Cl 3 Ju + °§(znﬁ):.-n ‘P('»m):. 4 3 Jx]
*®

"

= ._L_z oi("\*l)|-73j J.J dx + r&mn)l-’:"gamnis‘f e\.i; dae

4-'“"3 - oLy ely Hiskaaly
=v

(4n+3)

+ r‘(u»l)&-’3j ,].[ 1,‘]

(4.8-15)
Here dy = (% - 63ramips)"
Eqn.(4.8-15) gives the contribution to the odd parity source
term in group 3. Whereas, in the even parity source,
downscatter to group 3 involves ]1+»3 and 2»3 3 contributions,
in the odd parity case , the contributions 1> 3 and 23
are required, but, in additionlm»2r~>»3 is also needed.
In general for group NG all downscatter combinations to
this group are required for the odd parity source term.
All the contributions involve ¢§: of the previous groups.
Looking at (4.8-13) or (4.8-14), it is seen that these
expressions are similar to the anisotropic leakage term
in the functional for one group theory. In the multigroup
case (spatially) we have a term for group g multiplied by one
from group g’ . This leads to a downscatter source

matrix similar to that given in Section 4.5 for the
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anisotropic leakage term. Similarly, the even parity
downscatter source matrix is similar to the removal matrix

of Section 4.5. These are discussed below.

4.8.1 Local Downscatter Source Matrices

Local source matrices for downscatter sources in the
functional can be readily obtained by expanding ¢;'h) in
finite element basis functions and maximising the functional
with respect to nodal parameters. Consider the even parity
downscatter source with linear elements. For one moment

we have

v 9 . o B

il T gL TRRyr () (W) Fr + (-K)) B
°J'=| .

+ % 415 *gjl] Au .

This leads to a local source matrix

J-, - -
i, gt Ye baqi

by | 200 e

Z e | Yehe W3
byt I dsg

3=
3-!
% Y% ;'J'
= P d;OJl-pJ . 2k -
v A IRTIE

(4.8-16)
after maximising with respect toz‘d and ;’J nodal values

(unknowns) of 63600 in group g.
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Hence, the finite element matrix is the same as for the
removal term in the one group case. In general the angular

matrix may be written as

3= 1

5"

e
gZ'Sﬁzyfaénz @)

g oz, ] /" .

Ejﬁwﬁﬁu»dﬂu%mj
by (4.8-17)

Similar arguments may be applied to the odd parity down-

scatter source term in the functional. In this case the

finite element matrix is

while the angular matrix becomes

oA st SN sl ° 0
-—);'S'o'e-' =€ #)ds' 5) ‘I\z'&'ez' o .o
o - M's'e -(X;'G':ﬂ:' Sv)
' °
L ' ) 4
(4.8-18)
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where
S = ( 0 t1) g
€ = L) i
Ng-1 k ‘
and )"n = S (.["'Zs-l.) r-
D (én13) gl

is an (NGxNG) square matrix.

(4.8-19)
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4.9 Extension to Higher Dimensions

The basic ideas introduced for anisotropic scattering
in one dimensional geometry can be equally applied to
higher spatial dimensions. The main difficulty is the
complexity of the anisotropic leakage, and the odd parity
downscatter source terms. The difficulty here is in
evaluating the angular integrals and subsequent derivation
of angular matrices of the reduced functional. Quah [15],
for instance, in implementing the multigroup scheme for
isotropic scattering in X-Y geometry performed both the
angular and spatial integration, numerically. Consider,
for example, the one group functional in X-Y geometry.

From Fig. 4.10 we have

L0

L &y, Ayl = [5ib Gsu » Sin® Sinwed

10y}

and bt

Also in X-Y geometry

[ Sw 6 Gsw ?4 {r»-) + SmOSmw °¢7 (r';;&)]

4
(\-/:*) [C"“ o +S"“‘°u] (4.9-1)

&, 74t (x, 4)

where _u=z Gs6.

Then the functional becomes

K'[¢) = SI 24455y - 2<0- i)t [ e 28 +S-w°-9-] §5°2
- & (o)t L 3 w8 BT, 6 (0 '>*Lf-=»_1*
-\-S»‘.w%])} — L&t cat> 3:{1‘:!3

-L.L @) 1a.al dads (4.9-2)



-135-

Of course, in the one group case with an isotropic extraneous
source, S~ = 0 . Next the even parity angular flux is ex-

panded in spherical harmonics. In X-Y geometry we have

q; (1,5) N E ®L (») [th G&m)i"{/ Smmw( (4.9-3)

where . ¢, = & (%%)s Y= Yulvy) are the spatial

coefficients of the expansion and)@=(2_$;w),$being the
Kronecker delta. The spherical harmonics YL,@l)are defined

as

}.II.IM {ﬂ) Z ﬁ? @Lmb‘) Gim w m>o

T 2 OISR e (4.9-4)

@yz» are the normalised Associated Legendre polynomials, viz,

- [ WENT

In this case the addition theorem for the spherical harmonics

then becomes

L
T = G 810 6:0) + ‘(;%T) z, B ) BL () Gos o=

(4.9-6)

and the aorthonormality condition becomes

®7() @/r) dp = S (4.9-7)
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The even parity nature of 4>*(_:,£l_) implies that the index 4

is even. Also in X-Y geometry ﬂ@ﬁ:‘ﬁ!)implies that w is

even.
N2
4
2
1
o ﬁ
- Ry
w =
|
N
Ny N ! » LU ] {6, w)
2 ﬁ‘.*’ (T"e'“')
Fig. 4.10

fA¥is the reflection of & in the %=y plane.

It can be seen that substitution of ¢q¥g9from (4.9-3)
into K*$") leads to integrals over w and © involving products
of sine and cosine terms. This integration can become
tedious in higher dimensions, although, Williams [16] has
done the angular integration analytically for R-Z cylindrical
geometry. Riyait [17] has also done the same for X-Y geometry
to obtain the reduced functional. Issa [18,19] has used a
slightly different approach. He has converted the terms
involving sine and cosine products to multiples of terms
involving these trigonometric functions. Algorithms have
been written to work out these integrals. Here the inte-
gration is exact and systematic. In this_way the angular
integration of the more complicated terms in the functional

can be handled without too much difficulty.
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4.10 One-Group Test Cases

In this,land the following Section, results of test
problems, using the finite element method, are compared
with those obtained from other methods. The comparison
is with analytical and other numerical methods used in
neutron transport calculations. Analytical solutions are
available for simple one group problems and then again
mostly for isotropic scattering. Only a few analytical
solutions exist for anisotropic scattering. 1In calculations
which are of a realistic nature with varied neutron energies,
the multigroup approximation is introduced. In this case
numerical techniques, e.g. discrete-ordinates finitea=
difference method, are used. 1In the following both source

and eigenvalue problems are analysed.

4.10.1 Backward-Forward Isotropic Scattering law

Test Problem I

Recently, Ackroyd and Williams [20] have extended the
variational principle so that it is applicable to an albedo
type boundary condition. This condition arises with the
use of the so called backward-forward-isotropic (BFI)
scattering kernel and the subsequent transformation of the
neutron transport equation to isotropic form. With the
use of this kernel and the transformation, the existing
finite element code, with a modified boundary condition,

can be used to benchmark an anisotropic scattering finite
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element code. Williams and Wood [16] have used this
technique to test the one group version of the cylindrical
geometry finite element code, FELICIT. We use this method
to test the one group one dimensional anisotropic scattering

equations and coding in FELTRAN.

The backward -forward-isotropic scattering kernel

has the form

é{ﬂ,) = G-e=p) & o« S‘{ﬂ..;]) +_é_g£u-+l) ‘
41 2r 2 (4.10-1)

where « and p are parameters such that «fy0,8<] and «+g<I.
See Inonu [22]. As stated previously, the _above kernel

has the special property of enabling the resulting trans-
port equation to be converted into an effective isotropic
form with a modified boundary condition. Inserting AGLpQ,

from (4.10-1),into the transport equation gives

wdbtn 4 pap - (=8 g, () do?

t e dy(uyd) +<fdo(%-p) +Qnp) (4.10-2)

Herec:?.and distances are measured in units of total mean
T

free paths. The bare surface condition is

Gulsp) = © for ~lgpu<o (4.10-3)
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By writing
Blop) = AV(Sp) + B V(s,-#)

and

[ A a(’l/‘) +8& (1;"/“)]

&(f,/) = ﬂ;.s)
with

[(: - apE
e [l e m oA
and $=4x,

then '\?(j,)ﬂ) satisfies the following equation

M gla.;‘_' + ¥ (3p) + Cf (Fp0)d 2! + &5/ (4.10-4)

where
c

o el matarp)

The bare surface boundary condition now becomes

Y(Spop) = ‘%?'(fb"/‘) for —igu<o (4.10-5)

Of course, the scalar fluxes associated with d,(%mx) and

V(ﬁy/) are equal, i.e.
§0 = WD

So the normal form of the transport equation with BFI
scattering law is converted into an isotropic scattering
form (4.10-4) with a backward reflective boundary con-
dition (4.10-5). In the conventional anisotropic cal-

culations, the scattering kernel is expanded as usual,

®

G(pe) * Z (%){L P [u0) (4.10-6)

=0
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where the coefficients ;Q are given by
V4
fr 2 l-a=p)ise + <+ (-8 (4.10-7)

&‘1 for forward only scattering..&k are used in the con-

ventional anisotropic calculation.

Incorporation of the albedo boundary condition

$,(x2) = 2 4ol5-2) f21, #.a<¢o  (4.10-8)
into K*(#*) leads to an additional term

-[I 1a-n | (=2 (M deds
A Qa=+7) .

B

in the functional,withjﬂ = -/ So in solving the iso-

A"
tropic scattering problem the boundary term over the bare

surface is multiplied by a factor

1
_h=p) _ [I-c(d- y |*
Rc = ol = ————Ll__c(‘_”) _ (4.10-9)

In this first test problem, data provided by Williams and
Wood [16] is used to check the one dimensional anisotropic
scattering source calculation for slab geometry. The con-
ventional anisotropic scattering calculation cross section
data is given in Table 4.1 while the transformed isotropic
scattering cross section data is shown in Table 4.2. This
is a one region source problem with a perfect reflector
condition at the left end point and a bare surface at the
extreme right. The -anisotropic scattering calculation was
performed for Pl’ P3 and P5 scattering using 120 linear
elements, each of length 0.0SFm. The result for the scalar
flux at the end points and at a quarter, half and three

quarters
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x/cm o (™) 73 (') %L (L>0) Sty
6.0 1.0 0.6 0.12(0dd L ) 1.0
0.36(evend )

Table 4.1 Anisotropic Scattering Calculation Cross
Section Data for Problem 4.10.1.

x/cm o5 (cw ) 63 (o) S(V;C_T;
4.5027991 1.0 0.375 1.5625
Table 4.2 Isotropic Transformed Calculation Cross

Section Data for Problem 4.10.1
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of the distance in the slab are shown in Table 4.3. The
number of even moments for the flux was increased

simultaneously with the order of scattering.

The isotropic transformed calculation was performed
for up to three moments expansion in ¢#hvd . In addition
the boundary term over the bare surface was modified by
a factor R = 1.1726039. Again the results are at the end
points and at quarter, half and three quarter of the
distances in the slab. These scalar fluxes are shown in
Table 4.4. Comparison of Tables 4.3 and 4.4 show that
the two sets of results are almost identical, this in-
dicating that the one group anisotropic scattering

formulation is correctly incorporated in the code FELTRAN.
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x/cm Order of Scattering

Py P3 Ps

NOM=1 NOM=2 NOM=3
0.1 2.49410 2.48690 2.48732
1.5 2.48559 2.47651 2.47681
3.0 2.43547 2.42751 2.42589
4.5 2.19912 2,23337 2.23015
6.0 1.09438 1.05477 1.03956

NOM

Table 4.3

= Number of Moments Used for Angular Flux

Fluxes Calculated Directly for the Aniso-
tropic Scattering Problem 4.10.1%*

In the direct calculation, there is an additional

error due to the approximation for the scattering

law in terms of a finite series. So in fact

Table 4.4 gives the more accurate results against

which the direct calculation results may be

compared for any desired order of scattering.
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x/cm Number of Moments Used for Angular Flux
1 2 3

0.0 2.49410 2.48690 2.48732
1.1256997 4.85590 2.47652 2.47682
2.2513995 2.43549 2.42753 2.42591
3.3770992 2.19917 2.23343 2.23021
4.5027991 1.09444 1.05490 1.03975

Table 4.4 Fluxes Calculated for the Transformed

Isotropic Problem 4.10.1%
* Errors made in transformed problems, apart from

round-off errors, are due to the angular approxi-

mation for ¢t and the spatial discretisation of ¢™
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4.10.2 Backward-Forward-Isotropic Scattering Law

Test Problem I1

This is a three region eigenvalue problem used by
Williams and Wood [16] for checking anisotropic scattering
in FELICIT. We consider the one dimensional analogue of
this problem. The geometry of the problem is shown below
in Fig. 4.11 and cross section data is given in Tables 4.5
and 4.6. Varying number of mesh intervals were considered
for both the anisotropic and the transformed isotropic
calculation. Results for keff shown in Table 4.7 for
various order of scattering up to R, were obtained
using sixty 1linear elements. The keff values were the
same, for the decimal places shown, for both the aniso-

tropic and transformed isotropic cases.

The variation in keff with (M_:_g,)‘ where Mmax is the
maximum number of mesh intervals and M is the number of
mesh intervals used, is shown in Fig. 4.12,for Ps scattering.
Both FELTRAN and ANISN(S6) show 1linear variation of keff
with (ﬂa#)} However, the FELTRAN values converge closer
to the reference value for keff of 1.5774. The reference value

was obtained from an ANISN (S16),Ps scattering and 180

mesh-interval calculation.
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Region Distance (cm) or Lx] Ge(t>0) r63
1 0 -1.5 0.95 0.45 0.0 1.0
2 1.5 - 4.0 1.08 0.48 0.0 0.3
3 4.0 - 6.0 1.1375 0.6375 0.0 0.0
Table 4.5 Macroscopic cross section data for trans-
formed isotropic method in Problem 4.10.2
Region Distance (cm) }7. ot 03 %, (Lre) 957;
1 0-1.5 0.1 1.0 0.5 0.05 1.0
2 1.5 - 4.0 0.2 1.2 0.6 0.12 0.3
3 4.0 - 6.0 0.15 1.25 0.75 0.1125 0.0
Table 4.6 Macroscopic cross section data for anisotropic
method for Problem 4.10.2
Region 1 Region 2 Region 3
Perfect | ; } | Bare Surface
Reflector
0-0 15 40 60 cm

Fig. 4.11 Geometry for the three region eigenvalue
problem with backward-forward-isotropic
scattering law.
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Scattering P1 P3 P5 P7
order
k-eff 1.531292 1.572843 1.576205 1.576880

Table 4.7 Multiplication Factor for Problem 4.10.2
with various orders of anisotropic scattering.




Figure 4.12 Variation of the Multiplication Factor
2 .
k-eff with (Mﬂu for the One Group Backward-
™M

Forward-Isotropic Scattering Problem
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4.10.3 Forward Scattering Source Problem

This is a one region source problem with anisotropic
scattering for which an analytical solution exists [9,23].

The geometry and cross section data are given below.

Perfect Bare
Reflector Source Surface
[ 1
0.0 2.0 cm.
07 =1.0 cm_l, e =0.8cm-1, S=1.0, a(slab half-thickness)=2.0cm.

This problem has been investigated by Galliara [9] using the
present finite element formulation. He presented the results
in graphical form with error graphs. Since there is an anal-
ytical solution, the accuracy of the finite element method

may be checked. Writing ﬁ(ﬁ,}b) as

0

Gt p0) 2 Z (2-%) f1 o [x) Tl )

L

then £L=1 for forward scattering.
The analytical solution for the angular flux 4@09;) for the

above problem is given by [9]

-— =li=c) (a+x) ]
bolrm) = 'IE%ZT[ MR W] (. 10-10)

for o </A=Sl
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and

- S 1 = exp [~ G=e)la=x){u] (4.10-11)
Qo("))‘) 202 [ P ]
for —~igmuco.

where c¢c=

LR

The scalar flux is then

3 (0 = j_: do(wyp) dp

=8 §1-LE[0-aGm) -L6T0- (.-143}

(1-¢)
(4.10-12)
where @ t
Enfx) = i %7 dt
n=0,1,2,.....
(4.10-13)

is the exponential function. See for instance [4,5].

For x=0, Enlo) = ! (H>l)-

(n=1

The results of twenty element calculations for increasing
even moments in the even parity flux expansion are compared
with analytical results in Table 4.8. Up to an equivalent
of a F, spherical harmonics expansion of the even parity
flux was considered. The errors for the nine even moments

calculation are less than 17%.
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Ik/em| 'Exact' | NOM=1 NOM=2 NOM=3 NOM=4 NOM=5 NOM=6 NOM=7 NOM=8 NOM=9

(P1) (P3) (pP5) (P7) (P9) (p11) (P13) (P15) (P17)

0.0 | 3.0532 | 2.6364 2.9604 3.0418 3.0637 3.0672 3.0651 3.0619 3.0589 3.0567
0.2 { 3.0465 | 2.6307 2.9527 3.0338 3.0559 3.0598 3.0580 3.0550 3.0523 3.0501
0.4 | 3.0261 | 2.6137 2.9297 3.0096 3.0323 3.0372 3.0365 3.0342 3.0319 3.0301
0.6 | 2.9915 | 2.5852 2.8910 2.9686 2.9922 2.9987 2.9996 2.9986 2.9972 2.9958
0.8 | 2.9414 | 2.5451 2.8363 2.9101 2.9343 2.9429 12,9458 2.9465 2,9463 2.9457
1.0 | 2.8741 | 2.4932 2.7647 2.8328 2.8569 2.8675 2.8727 2.8755 2.8769 2.8775
1.2 | 2.7866 | 2.4292 2.6755 2.7351 2.7577 2.7696 2.7796 2.7818 2.7851 2.7872
1.4 | 2.67L2 | 2.3529 2.5675 2.6148 2.6335 2.6450 2.6536 2.6602 2.6652 2.6689
1.6 | 2.5286 | 2.2639 2.4396 2.4693 2.4802 2.4885' 2.4961 2.5029 2.5087 ?.513&
1.8 | 2.3319 | 2.1618 2.2900 2.2955 2.2928 2.2929 2.2954 2.2989 12,3027 2,3063

2.0 | 1.9979 | 2.0460 2.117b 2.0894 2.0648 2.0489 2.0391 2.0327 2.0283 2.0250

Table 4.8 Scalar Flux for the Forward Scattering Source Problem

Pn represents scattering order.
NOM is the number of even moments expansion in the even

parity flux.
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4.11 Multigroup Test Cases

4.11.1 Benchmark Problem with BFI Scattering Law

The energy dependent backward-forward isotropic

scattering law model has been developed

recently by Williams

[24], who has reported some two group exact solutions for

slab and spherical geometry. These results can be used in

benchmarking multigroup anisotropic scattering calculations.

The energy dependent scattering kernel can be written as

[ -

RIS ICID Y {%)Q(E"’E) P[4

Lo

The coefficients 6 (g!'»€) are given by

I
G le'»E) = ZTrJ;d;(e'-)e;/u.)T‘[,..).l/..

The BFI scattering model is

G (E2E; ) = E‘.;_.T(E!-ye)+ E%*[E’-)E)S(/u-l) ¥ g

and is an approximation to 6g(E'-®E; ue)

. (4.11-1)

(4.11-2)

Lg (e12€) § [Mee1)
3 (4.11-3)

The coefficients

«, B, ¥ can be obtained in terms of @g,-.

=z L+ (G+ G)
Bzt (ma-)
and ‘( = ‘Eo" 62 .

(4.11-4)

For backward and forward scattering only,ywo and

od = & (G.+¢?0

and ﬁ “:‘-(("" ,m)

(4.11-5)
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Williams [24], has obtained exact solution for a two group
bare slab problem containing a uniform source of unit
strength in group one and zero in group two. The parameters

for the exact solutions are as follows:

G, (121) = 0.1 05(292) = 2.0 g (1%2) = 0.2
@ (1+1) = 0.02 d(2+2) = 0.2 75 (1%2) = 0.1

In the case of the conventional anisotropic scattering

calculation, the scattering kernel for BFI model
G (evE; ) = -&-w[ag.(el-veh ‘iu(E'-n)] 5=
+ L [ (ere) o3 (1ae) ] Shuert) (4.11-5)

may be expanded as

[ ]
% (elvesp) = Z(%) a (er€) T o) (4.11-6)

~
Hence, the coefficients #; are given by

0%4,(6'-") =% {l +(-|)"} Gole€) + 3 {\— (-D”} G(ePE) (4.11-7)

1.€e. »
Girlerre) = 3. (€'a€) L even
(4.11-8)
A ’
and oy (e'5€) = & (E'we) L odd.

Hence the multigroup anisotropic scattering cross sections

to be used for the finite element calculations are



-154-

4 even L odd
G (1 - 1) = 0.1 Z,(1 = 1) =0.02
2, (1 - 2) = 0.2 (1l = 2) =0.1
#.(2 =~ 1) = 0.0 f(2 = 1) =
F.(2 = 2) = 2.0 %(2 — 2) =0.2
Calculations were performed for slab half thickness a = 1.0 cm

and 5.0 cm. Ten linear elements were used for the first case
and fifty for.the second. The exact solutions [24] and the
finite element results (for groups 1 and 2) ;re given in
Tables 4.9 to 4.12. The finite element calculation was done
for upto P17 scattering (nine moments) for a = 1.0 cm énd

upto P scattering (seven moments) for a = 5-0 cm.

13
Although the Legendre series expansion for the scattering
cross section shows slow convergence as more terms are
included in the expansion, the results are in good agree-
ment with analytical solutions for both groups. In the

case ap»w, Williams's analytical results for group 1 and

2 are:

$ (x) = (4-7620)
(9-5241).

In this case the finite element calculations with a perfect
reflector at both ends of the system gave the following

scalar fluxes in groups 1 and 2.

f(x) = (4-7620)
(9-5238).

Results for the 5 cm. slab half thickness case also agree with

those obtained independently by de Oliveira [25].
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%/cm Analytical Py Pg Pg Pia Pys

0 2.169 1.6409 2.0839 2.1613 2.1768 2.1777
0.2 2.149 1.6294 2.08627 2.1382 2.1546 2.1566
0.4 2.088 1.5951 1.98981 2.0674 2.0852 2.0903
0.6 1.977 1.5376 1.8879 1.9433 1.9506 1.9688
0.8 1.795 1.4566 1.7284 1.7566 1.7654 1.7722
1.0 1.436 1.3513 1.5137 1.4923 1.4741 1.4639
Table 4.9 Group One Scalar Flux for the BFI Scattering

Model Source Problem.

x/cm Analytical P,y Psg Pg Pya Pys

0 2.608 1.0026 2.2724 2.5818 2.6371 2.6375
0.2 2.557 0.9806 2.2129 2.5180 2.5774 2f5824
0.4 2.398 0.9145 2.0324 2.3205 2.3899 2.4071
0.6 2.107 0.8045 1.7235 1.8700 2.0465 2.0789
6.8 1.618 0.6509 1.2742 1.4315 1.4915 1.5274
1.0 0.578 0.4541 0.6664 0.6480 0.6256 0.6127

Table 4.10 Group Two Scalar Flux for the BFI Scattering

Model Source Problem.

a=1.0 cm

Pn represents scattering order.
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x/cm Analytical Py Pg Pg |
0 4.219 4.1953  4.2266  4.2179  4.2187
0.5 4;210 4.1823 4.2177 4.2089 4.2094
1.0 4.181 4.1428 4.1905 4.1810 4.IBId
1.5 4.132 4.0748 4.1427 4.1328 4.1318
2.0 4.059 3.9753 4.0701 4,.0611 4.0587
2.5 3.956 3.8398 3.8657 3.9606 3.9568
3.0 3.815 3.66189 3.8182 3.8221 3.8178
3.5 3.622 3.4337 3.6093 3.6288 3.6274
4.0 3.352 3.1445 3.3092 3.3482 3.3563
4.5 2.948 2.7812 2.8686 2.9142 2.9345
5.0 2.141 2.3270 2.2115 2.1857 2.1739
a=5.0 cm

Table 4.11 Group One Scalar Flux for the Two Group

BFI Scattering Source Problem.

Pn represents scattering order.
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x/cm Analytical Py Pg Pg Pi3

0 7.836 7.7373 7.8581 7.8308 7.8330
0.5 7.807 7.6950 7.8304 7.8022 7.8039
1.0 7.716 7.5661 7.7452 7.7148 7.7148
1.5 7.563 7.3439 7.5854 7.5635 7.5602
2.0 7.332 7.0174 7.3677 7.3382 7.3304
2.5 7.008 6.5696 7.0396 7.0218 7.0083
3.0 6.563 5.9776 6.5738 6.5848 6.5706
3.5 5.925 5.2101 5.9088 5.9728 5.9678
4.0 5.092 4.2264 4.9415 5.0787 5.1054
4.5 3.799 2.9728 3.4951 3.67389 3.7494
5.0 1.175 1.3796 1.2579 1.2282 1.2147

a=5.0 cm

Table 4.12

BFI Scattering Source Problem.

Pn represents scattering order.

Group Two Scalar Flux for the Two Group



-158-

4,11.2 Pl and P3 Scattering Source Problems

A two region two group source problem with first Pl
and then P3 anisotropic scattering was investigated. It
was used to compare the finite element multigroup aniso-
tropic scattering calculation with other numerical tech-

niques.

Solutions were also obtained from the spherical-harmonics
finite-difference code MARC/PN [14], which solves the even
parity equation with a finite difference scheme in position
space while using spherical harmonics expansion for the
angular variable. In addition, the finite-difference dis-
crete-ordinates code ANISN [26], was also used. The aim
was to compare the nodal scalar flux for variation in

mesh size and angular flux expansion.

(a) The Pl Scattering Case

The cross section data for the Pl scattering calculation
is given in Table 4.13 Scalar fluxes obtained from an ANISN
S16, 160 mesh calculation were used as reference. The

geometry for this problem is shown in Fig. 4.13.

Bare Surface

Perfect
Reflector Aﬂ/
\4 Source ] Moderator
(Region 1) l (Region 2) l
0.0 2.0 10.0 cm.

Fig. 4.13 .Geometry for the P1 Scattering
Problem
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S 0
ource o 0z, = nib Zﬂ@
Group 1 1-0 1-0 0-5 0-5
0-1 0-05
Group 2 1-0 1-0 0-5 0-5
Table 4.13 Cross Section Data for Regions One and Two.
Ty
S % Tio a3\ 0§a2 633 (|-‘:z) lﬁz) g\‘-s:;) Z"‘-%z)
Group 1}1-0 1-0 1/2 3/10 1/5 3/35
1/2 3/10 1/5 3/35
Group 2 |{1-0 1-0 1/2 3/10 1/5 3/35
Table 4.14 Cross Section Data for Regions 1 and 2

for Problem 4.11.2(b)
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Calculations were performed for 40 and 80 mesh intervals
and for one, two, three and four moment expansion of the
even parity angular flux. Because, ANISN and MARC/PN use
mesh centered nodes and FELTRAN uses element end nodes, a
few additional elements were introduced in the finite
element calculation to align the nodes. In the ANISN
reference calculation, the scalar flux was linearly inter-
polated at the end of the mesh interval in order to align
them with nodes of all FELTRAN, ANISN and MARC. /PN calcul-

ations. This is illustrated below in Fig. 4.14.

The difference between FELTRAN scalar fluxes for
isotropic and anisotropic scattering is graphically illust-
rated in Figs. 4.15 and 4.16. Effects of anisotropic
scattering are more noticable away from the source region,
as expected. Percentage errors (or deviations ) were cal-
culated relative to ANISN-S16 mesh values. Figs. 4.17 and
4.18 show the errors for 2 moments, 80 element calculations.
Errors from all three codes follow- each other closely.
At the source moderator interface ANISN, MARC/PN and

FELTRAN all give oscillations in percentage error.

If on the other hand, only 40 elements are used in the
calculations, but, the number of moments is increased to
four, then there is a reduction in percentage error as can

be seen in Figs. 4.19 and 4.20. With four moments and 80
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X = Linear interpolation

®* = Element end nodes

Fig.

4,14 Alignment of Nodes
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elements, FELTRAN shows good agreement with the reference
fluxes. The error throﬁgh the moderator region is small
and nearly constant for FELTRAN. See Figs. 4.19 and 4.20.
Percentage errors for MARC/PN and ANISN are also shown here.
It can be seen that FELTRAN scalar flux is bounded below
(above) by MARC/PN (ANISN) or 'vice-versa' except near the

bare surface boundary.

Subsequently the dimension of the moderation region
was extended in order to increase the attenuation in the
former to 18 cm, giving an overall system of 20.0 cms. In
addition the following scattering law was used for P;

scattering.

0 (ppe) = G [1tme)/a

Here&,= 1/2 10= 1/6 in both regions and both groups.

oo = &=1/6 again for both regions. In the
N 1/2 and ql("n /6 g g

above scattering law, the backward component is zero and
the forward component unity, hence, providing a more severe

test than the previous problem. Scalar fluxes in groups

one and two are shown in Figs. 4.21 and 4.22

The percentage errors for the scalar flux relative to
ANISN reference values is shown in Figs. 4.23 and 4.24.
FELTRAN percentage errors are relatively small for both
groups one and two for this deep penetration shield problem

with %_ scattering.
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(b) P3 Scattering Case

In the P3 scattering calculation the moderator region
was also extended to 18 cms in order to obtain realistic
flux attenuation for the problem. The following scattering

function was derived for the P3 scattering case.

' 2 4.11-9)
fs - s 4o (|4 (
TR i (1 o)
The coefficients ¢ of the Legendre series expansion for
0‘3(*’/") can be calculated from
t
G = 2"] 75 (xypio) Tifpe) o
-l
. _ Met . . .
The scattering law %qu = 'ET(W”‘ is shown graphically in
Fig. 4.25. It is seen that the scattering is predominately
forward with no back scattering (i.e. prQ = 0 for o ==])
and unit forward scattering. Hence, this provides a good
test for the two group anisotropic scattering calculation.

Cross section data for this problem is given in Table. 4.14

The isotropic and anisotropic (P3) FELTRAN scalar
fluxes are shown in Figs. 4.26 and 4.27. Clearly there is
a significant difference in the scalar fluxes at the boundary,
In group 1 , the P35cattering flux is a factor 28 higher
than the isotropic case (with @, =3) and in group 2 a factor
39 higher. This problem then represents a more reasonable
test for the multigroup anisotropic scattering calculation
in FELTRAN. 1In this case a four moment , 80 element cal-

culation was done. The reference values were obtained from
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an ANISN -S16 (320 mesh intervals) calculation. Percentage
errors for FELTRAN, MARC/PN and ANISN are shown in Figs. 4.28
and 4.29. Again all three codes give oscillations at the
source moderator interface. Through the moderator region
FELTRAN errors are small (less than 27) while MARC/PN and
ANISN deviate towards the bare surface boundary. It may be
noted that in the finite element calculation the errors
introduced are due to spatial discretisation and truncation
of the Legendre series, whereas in ANISN, additional error
is introduced in the discretisation of the continuous
angular variable. In MARC/PN the large errors near the
bare surface may be due to the approximate way the bare
surface boundary condition is satisfied in the spherical

harmonics method.

In Tables 4.15 and 4.16 FELTRAN (4 moments, 80 elements)
and ANISN reference results are given at various positions
in the system for both groups. The attenuation through the
moderator is approximately 10"7 in group 1 and 1076 in

group 2.
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Group 1
x/cm FELTRAN x ANISN REF xx
0.125 ' 1.76036 1.759489
0.375 1.74811 1.74706
1.875 1.16774 1.16971
2.125 0.78757 0.78535
2.375 0.55389 0.55585
2.625 0.41592 0.41958
18.875 7.64580E-7 7.77495E-7
139.125 6.25003E-7 6.35673E~7
19.375 5.08395E-7 5.18211E-7
19.625 4.12576E-7 4,19663E-~7
19.875 3.28674E-7 3.33956E-7
20.00 2.88921E-7 -

Table 4.15 Group One Scalar Fluxes for Problem 4.11.2(b).

* TFELTRAN 82 elements, 4 moments (S8) results.
*% ANISN 320 meshes, S16 results.
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Table 4.16 Group Two Scalar Fluxes for Problem 4.11.2(b).

*

* ¥

Group 2
x/cm FELTRAN % ANISN REF *x
0.125 3.20628 3.20460
0.375 3.17957 3.17762
1.875 2.15892 2.16312
2.125 1.65155 1.64672
2.375 1.29099 1.29081
2.625 1.04268 1.04638
18.875 7.10429E-6 7.21376E-6
19.125 5.86106E-6 5.95205E-6
19.375 4.81770E-6 4.89303E-6
19.625 3.93055E-6 3.99218BE-6
19.875 3.14589E-6 3.19123E-6
20.00 2.76610E-6 -

FELTRAN 82 elements,
ANISN 320 meshes,

S16 results.

4 moments (S8) results.
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4.11.3 Pl Scattering Multiregion Source Problem

This three group, Pl écattering, source problem is
based on the two-dimensional (r,z) problem analysed by
Asoaka et al [27]. The full geometry is shown in Fig. 4.30.
Quah [28] also analysed this ﬂfoblem, but, along the line
r=10 cm. for the one dimensional slab geometry analogue,
with jsotropic scattering. He carried out a systematic
comparison of finite element calculations of FELTRAN with
the discrete ordinates code ANISN. A similar scheme is
followed here with linear anisotropic scattering. The
geometry along x=10 cm is shown in Fig. 4.31. There is a
perfect reflector condition at x=0.0 and a bare surface at

x=130 cm. Multigroup cross section data is given in [27].

An ANISN S16 calculation was performed with 630 mesh
intervals (ninety in each region). The average scalar flux
per unit length ;; thus obtained, in each region was used as
reference. Initially FELTRAN (2 moments) and ANISN (S4&)
calculations were done for various mesh intervals. In each
case the number of mesh intervals were equal in each region.
Execution times in CP seconds on the Amdahl 470 V/8 computed
are quoted in Table 4.17. ANISN execution times are approxi-
mately twice the FELTRAN times. In Table 4.18 are shown the
percentage deviations in 5 (the average scalar flux) for
two moments and 560 elements. In groups 1 and 2, both ANISN

and FELTRAN give similar errors upto region 5, which is the
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first void. In this, and subsequent regions ANISN (S4)
deviations are less than those of FELTRAN. It appears that
the two moment flux expansion in FELTRAN is not sufficiently

good here.

The convergence of ; with G%agbzis shown for regions
4 (iron) and 6 (water) in Figs. 4.32 and 4.33. FELTRAN
shows an approximately linear variation in & with (ﬂ%l’-‘-)l
over the whole range of the latter. This means that with
only the first two values of $ from a coarse mesh calculation

the results can be predicted to within a few percent with

linear extrapolation.

Subsequently FELTRAN and ANISN were compared for varying
number of moments and with 200 elements. In this case the
number of elements in each region was different. The element
scheme region-wise was (10,10,20,40,40,40,40). Percentage
deviations for the four moment calculations are shown in
Table 4.19. In Figs. 4.34 and 4.35 the scalar flux ob-
tained for FELTRAN ( 4 moments and 200 elements) calcu-
lation are shown for groups one and two. It is seen that
although the one and four moment cases give similar fluxes
near the source region, there is a significant difference
from x=80 cm onwards out to the bare surface boundary.

Next the number of elements in regions 1,2and 3 were doubled

while those in regions 4,5,6,7 were kept constant. A four
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moment calculation was performed. Percentage errors are
shown in Tables 4.20 (a,b,c), together with the average
scalar flux values. Both FELTRAN and also ANISN errors

are relatively small for an attenuation of approximately

10"6. See also Riyait [29].
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No. of Mesh FELTRAN (NOM =2) ANISN(S4)
Intervals (CP Seconds)* (CP Seconds)*
35 0.36 0.70
70 0.49 0.80
140 0.77 1.31
280 1.32 2.27
560 2.44 5.49
Table 4.17 Execution times for FELTRAN and ANISN for
various mesh intervals for Problem 4.11.3
No. of Region Group 1 Group 2
Mesh - .
Tnter— A7 Feltran A7 Anisn A7 Feltran A% Anisn
vals
80 1 3.05 3.43 1.81 2.05
80 2 -1.96 -2.18 -0.95 -1.06
80 3 3.08 3.42 1.87 2.05
80 4 -0.23 0.74 -0.21 0.38
80 5 -3.25 -1.64 -0.51 0.45
80 6 -3.67 -1.98 -0.74 0.25
80 7 -4.19 -1.99 -1.04 0.06

Table 4.18 Percentage derivation
for 2 moments and 560

4.11.3

in average scalar flux
elements for Problem
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No. of Region Group 1 Group 2
Mesh
igizr- A% Feltran 4% Anisn AZ% Feltran 4% Ansin
10 1 1.06 0.79 1.28 - 0.52
10 2 -0.78 -0.49 -0.78 0.27
20 3 1.38 0.77 1.72 0.51
40 4 -3.19 -6.69 -4.22 -8.21
40 5 -2.93 -6.69 -3.83 -7.84
40 6 -2.89 -6.75 -3.76 -7.79
40 7 -2.29 -6.60 -2.86 -7.53
Table 4.19 Percentage deviations in average scalar flux for
the P1 scattering multigroup source problem.
Group 1
Meshes Region ¢(Feltran ) ¢ (Anisn) AZFeltran AZAnisn
20 1 1.0054E-1 1.0075E-1 0.50 0.72
20 2 6.1224E-1 6.1156E-1 -0.35 -0.46
40 3 4 ,0458E-2 4.0509E-2 0.59 0.71
40 4 4.8154E-5 4.7683E-5 -0.53 -1.50
40 5 3.0779E-6 3.0390E-6 -0.33 -1.59
40 6 1.6582E-6 1.6357E-6 -0.29 -1.65
40 7 7.5785E-7 7.4409E-7 0.33 -1.50

Table 4.20(a)

Average scalar flux and percentage deviations
in ¢ for 240 elements and 4 moments.
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Group 2

Region $(Feltran) ;(Anisn) A7 Feltran A7 Anisn
1 3.5074E-1 3.5063E-1 0.47 0.44

2 2.6324 2.6337 -0.28 -0.23

3 1.4075E-1 1.4053E-1 0.59 0.44

4 1.1114E-4 1.0991E-4 -0.76 -1.86

5 1.3241E-5 1.3091E-5 -0.60 -1.73

6 4.,7256E-6 4.6703E-6 -0.57 -1.73

7 1.1710E-6 1.1492E-6 0.27 -1.59

Table 4.20(b) Average scalar flux and percentage deviations
in ¢ for 240 elements and 4 moments for

Problem 4.11.3

Group 3
Region p (Feltran) $ (Anisn)
1 5.7175E2 5.7174E2
2 5.5737E2 5.5729E2
3 3.6346E2 3.6336E2
4 1.3529E2 1.3519E2
5 8.3070E1 8.3297E1
6 5.0792E1 5.0674E1
7 1.5744E1 1.5467E1

Table 4.20(c)

Average scalar flux for 240 elements and
4 moments for Problem 4.11.3
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4.11,4 P3 Scattering Eigenvalue Problem

This is a three region three group eigenvalue problem

with P3 scattering which is presented in Reference [26].

There it is solved in one dimensional spherical geometry

and is infact a critical sphere problem. We have used the

data given in [26] to test FELTRAN for one dimensional keff

calculation. The geometry for

in Fig. 4.36.

Perfect
Reflector

the problem is shown below

Bare Surface

Region 3 ,‘//

\% Region 1  Region 2 ,
4 1
0.0 18.273 19.633

Fig. 4.36

The k-eff calculations were car
moments with varying number of
FELTRAN and ANISN are shown in
Initially, five, one and three
1,2 and 3 respectively. These

by a factor of two each time.

Execution times on the Amdahl c
ANISN are given for three momen
k-eff values of both the finite

calculations are in good agreem

4
32.143cm.

ried out for two and three
elements. Results from
Tables 4.21 and 4.22.
elements were used in Regions

were subsequently increased

omputer for FELTRAN and
ts in Table 4.23. The
element and finite difference

ent.
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2 MOMENTS
Number of Elements k-eff
FELTRAN ANISN
9 1.43244 1.43036
18 1.43230 1.43202
36 1.43216 1.43236
72 1.43213 1.43242
144 1.43212 1.43244
Table 4.21
3 MOMENTS
Number of Elements k-eff
FELTRAN ANISN
9 1.43246 1.43047
18 1.43238 1.43211
36 1.43223 1.43244
72 1.43219 1.43249
144 1.43219 1.43252
Table 4.22
3 MOMENTS
Number of Elements ANISN FELTRAN
9 0.59 0.60
18 0.89 0.78
36 1.16 1.07
72 1.96 1.72
144 3.55 2.93

Table 4.23 Execution times in CP seconds on the Amdahl
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5. TREATMENT OF VOIDS

5.1 Introduction

Systems with voids/ducts have caused some difficulties
for solutions of the even parity transport equation. This
difficulty arises because of the <+teotal cross section, 937,
appearing in the denominator of the leakage term in the even
parity equation. Setting e3 in the void to a very small
number leads to a distorted and physically incorrect flux profile
in the void. The flux in the latter becomes almost constant,
which in turn gives inaccurate solutions in the neighbourhood
of the void. 1In this chapter an explanation of this phenomena
is presented. In addition, methods are developed, and tested,
which give improved solutions for void problems. The methods
are:

(a) Iteration

(b) Global or Elementary Extrapolation

(c) Nodal or Multiparameter Extrapolation.
The theory of all three methods is described and discussed.
Subsequently, several void test problems are analysed using

these methods.

5.2 Conventional Finite Element Method for Voids

In this section the conventional finite element method
for the even parity equation for systems with voids is analysed.
The treatment is restricted to voids surrounded by isotropic
media. Extension to anisotropic scattering surrounding regions

presents no problems. The physically incorrect flux profiles
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produced by the conventional finite element method for voids
are illustrated and discussed. Subsequently, an explanation
for this phenomena is proposed. Consider the first order

transport equation for a void region (Vv) without sources, viz.,

8.7V do(gy ) =0 (5.2-1)
The equivalent even parity form may be written as
0w,V (ﬂ..V (s, \./_l.)) =0 : (5.2-2)

Here ¢,(cw) and ¢ﬂgg are the exact angular and even parity angular
fluxes respectively. In addition, the even parity equation for

a source free absorbing medium can be written as

- ’V (ﬂ . V @i’) Ca é;" - ]

-+ =
%a

(5.2-3)
where o; 1is equal to 0Oy for void problems.
A 'void' is defined as region of very low absorption cross section
and zero scattering. If ¢y is the macroscopic absorption cross

section in the void, then if o7 <<

v T (soer) » where 6p.,0y is the

total macroscopic cross section for the surrounding region, it
is found that direct application of the finite element method
to Eqn.(5.2-3), using K*(¢*), gives physically unsatisfactory
results. In this case with o}y << o,y the even parity flux
Q(:;ﬁ) is approximately constant in the void region. This

distortion in the void flux influences the neutron flux in the
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neighbourhood of the void. This is illustrated for a straight
duct problem in Fig. 5.1, where various absorption cross

sections, ¢y, have been chosen for the void region.

In order to explain this phenomena, consider the maxi-

mum principle functional K*(¢4¢*) given in Section 4.2,i.e.

K@) . j § o <atst> +2 <a.v4%, 457> —<a.wdhla.vet)>
v

- 24t cat> tdv

5.2-4
- g la.al (49 dads ( ‘
bt

Then

K*r(§t) < F+/¢:0 5+) (5.2-5)

where F*/¢;,¢)) is the functional associated with $st(x, )

and is given by

Fr(4r, 42) = f f 20948, §(8.743)> + <&, ct7 dv
Y

+ 2
'];‘n.us,-L (¢F)* |a.n| dads (5.2-6)

when K(#*) is maximised, the quantity ,F*(¢t— &', ¢t— $t),
the global error in a generalised least squares sense, is

minimised since
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KHeY) + Bt (45— & 4t-df) = FHND) (5.2-7)

for an arbitrary trial function. The quantity FH it-dst, §F—")
is positive definite. See Ackroyd [1]. It is to be noted
that the global error gt(gt-dt, ¢t-ds) can arise in many
different ways. It can for example, be a uniformly distributed
error, or on the other hand it may be localised as in void
problems. Low values of the global error correspond to high
values of k*¢') from (5.2-7), since FHér-&h oF-4dot) is
positive definite. But high values of k##*") may be obtained
without ¢*(x,4) being a good approximation everwhere to g¢F(51),
as in the case of voids. The void equation is of the kind
(5.2-3) with oa replaced by oy . The contribution to K*+(4%)

from the 'void' is

; | i [A_.Vé*&.m]t + oy [¢+(,,m]‘z,la,w (5.2-8)
v
W

If AN#le,a)= 0, then the contribution of the void to Ktiet)
becomes small for small ¢35 as the second term in the integrand
of equation (5.2-8) is then small. In practice the first term
of the integrand of equation (5.2-8) is the ratio of two small
positive quantities, which may be large if ¢t is chosen in-

appropriately in some way.

When &' is chosen by maximising K*(#*) the contribution
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to K¥¢¥) from the void is made small, but, it can be made
small for small ¢; without (¢*-4') becoming small. To see this

consider the contribution of the void to the global error

pr(ov-of, ot- ) viz.,

£} (oF- & =-ah) ‘J J }(_ E%_V_(_’:'_ﬁ—]- + oy (&-#f} (5.2-9)
v dn ™ dadv.

If ¢ is constant within the void, then
H -4k, 808 = j‘j _.74\) +ov (¢4~ 4#)7'3 dadyv (5.2-10)
The above quantity, (5.2-10), may also be written as
| L«-v{w-m‘«- (4 dady (5 2-11)
Y

since
-'n—' 'v¢.+ = - rv ¢0—

from the parity equations for a purely absorbing, source free

medium. Now since

d = &+ &7 and [ #drde =0
then

[ e J i o+ @ e 2 [ @orde
Hence, the contribution satisfies

Fe< rvj f Lere (- @)l dedv 5.2-12)

Yy

Since the integral on the right hand side above is finite,
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then ﬁ/+ can be made indefinitely  small by letting oy o .
The contribution from Vy to the global error vanishes as oy—po.
This fact has to be taken into account in considering what
may happen when K*(4*) is maximised using a practical spherical
harmonics expansion of P; (say). In the shield wall and
source regions of the system, ¢* can be made to approximate

closely some solution of the transport equation, but not

necessarily the solution Q: .

Amongst .the infinity of approximate solutions of the

transport equation within the wall and source regions of the
shield, there is one which is constant along the interface of
the duct and the wall. This approximate solution and a cons-
tant approximation for the duct satisfy the continuity
condition for trial functions admissible in the K*@#') principle.
These two approximations define a trial function d¥ (say)
which makes the contributions of the wall/source region and
the duct both small for small ey, . Thus in maximising K*/e*)
for v small and a low order expansion for 4% , the function

¢? may be selected.
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5.3 Iteration Method for Voids

5.3.1 Introduction

As mentioned earlier, the basic idea behind the iteration
scheme for source problems consists of absorbing and releasing
neutrons in a void region filled with absorption cross section o’
(say). In other words, neutrons are stopped along their direc-
tion of travel in one iteration and are released along their
original direction in the following iteration. In the first
iteration or the initial solution the extraneous source S(5%)
is non-zero and the void is filled with material of absorption
cross section ¢! . It is assumed that the extraneous source
is in the non-void region Vp, . In the second and subsequent
iterations S(5®) is set to zero while the absorption sources
in Vy are released. The iteration scheme may be continued
until the absorption sources almost disappear. The macroscopic

! is usually chosen to be less than

absorption cross section ¢
the total macroscopic cross section of the surrounding region Vg .
1f ' = or ( Ya ) then convergence of the iteration scheme will
be slow, whereas on the other hand if ¢l«&< rr( VR ) then ¢+ will

be approximately a constant in the void as in the conventional

finite element method.

5.3.2 Iteration for the First Order Equation

The first order transport equation for the exact angular

flux ¢ (ra) may be written as

‘},.Vch s 0 (5.3—1)
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in a source free void region V, , and

_J_I;.V*o +24>o = S

(5.3-2)
in a non-void region Vg
Here 3} , the removal operator, is defined as
2 4ol 2) = o7 $,(5,2) -f (s, 8.0 ¢, (5, 4) dw’ (5.3-3)
A'

The Mth iteration approximation to the exact flux h(gn)is

given by
M
= I, (5.3-4)
d)M {.:, ﬂ) -Z=| WM { )

where Y, (c,0) are the iteration component solutions. So for
instance W, (x,4) is obtained with cross section ' in Vy and
extraneous sourceS(ga) in Ve . Each of the solutions y, and also
¢M satisfy the boundary conditions on the bare surface, perfect
reflector and are continuous at interfaces nglﬂ‘ of adjacent

regions V. and Vj, for L. *o.

The M'P  iterative approximation to ¢,(5,a) may be
readily obtained by writing the first order equation for Vv,
filled with an absorber, and Yg for each iteration and

summing them.

In VW
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1’

I a.9¥ +ro'y =o
II ATV +'Yy = oY,
III W, VY, + ¥z = ¥ (5.3-5)

M . 7WYy + ' Yu = o Yy

and in Ve

I AP+ LW =S
II &, pVYa + 2V >0

III .7y, + & ¥3=0 (5.3-6)

M W, 7Wm + Z2W =o0

Note that each \,_ _ is positive, as if is the angular flux
induced by a positive source. Positivity is established for

Y, and hence for V\,, etc.

Adding equations in (5.3-5) and then in (5.3-6) gives

Y]
g_L.V(Z‘ \Pm) + ' Yu =o in vy, (5.3-7)

m=)
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and

ﬁ.V(ﬁ'Wn) + z(i%}:S in

Mz (5.3-8)

Equation (5.3-7) represents an approximation for the void, W.
The VM angular flux is due to extraneous source S in Vg

and an imposed sink meM in Yy. The effect of the sink in Wy
is to make Yy 1less than ¢, everywhere. Note that each of
the iteration component solution Y, (£,4) is an exact solution
for that problem. In practice, however, each \, will be
approximate when spatial and angular approximations are intro-
duced. Now, from (5.3—4),¢"b;ﬂ) is the exact solution for the
problem generated by filling the void with material of absorption
cross section ¢' and having a sink o'y in Vy. Also 4y satis-
fies the same boundary conditions as the \WYm. In addition,
dulc) is positive within W, UV, as each of the Wm(g, a)

are positive,

If we let
X = do= b (5.3-9)
then the specification for éo and &M give

RN X = o \PM in Vv (5.3-10)

and

A7 XM ¥ 2 Xm =0 in Ve (5.3-11)

So ¥mlga) is the angular flux due to a source ¢'Yy in  Vy
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since Yy >0 » in Y, ,with no sources in Vgx.

This means that

Xm >o within Vy UVe .,
and so d~%dm >0 from (5.3-9)
i.e. ¢m < do - (5.3-12)

Now the sequence i Qmi is monotonically increasing with m
since ¢,, 1is the sum of positive angular fluxes Wm-

Since, by is bounded above by ¢,, from (5.3-12) and {dwl}
is an increasing sequence, then i¢n1 converges. Thus d&m
approaches & from below. Since W¥a 1is the angular flux
induced by the source ¢'¥, in a non-multiplying system, <V,
Similarly Yo <Wa . The sequence of sources o 'Wm is con-
sequently a monotonically decreasing sequence. In practice

this sequence converges to practically zero in a few iterations.

Consequently ¢4 for a few iterations, M, converges practically

to -

5.3.3 Iteration for the Even Parity Equation

Ideas similar to those described in the previous section
may be used to obtain approximate solutions to void problems
using the even parity equation. The even parity iterative
solutions for the even parity flux _'(g, 4u) are derived
from the first order transport equation in Appendix A. Taking
even and odd parity components of the first order equation
(5.3-5) and (5.3-6) gives the even parity equations for the

iteration scheme.
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In VV
I -0, (4. ot + O"\Pl‘r = D
‘—-'
II —a .V (AT W) oud = 2w
rl
¥ t = bt o~y
III 4 (:e:zt?a) poled s A
: + +
: —J\.,V(&o v wM*’) + rl \'VM = Q'rl QM—I — 6,.\ q)M-L
- —
M —
and in Va the even parity equations are
I -.“e'-'v [g(ﬂov\.ﬁ*)l + C-\-ﬁ* - S"'
+
II. —a.v L§(avw)] + e’ = o
[g(a.?wH] +c& =o :
o T o (5.3-14)
' +
y —xylS§(a.ves)] + cHWu =0

for an isotropic extraneous source S*(:.ﬂ). The component
solutions wg*&;g) satisfy the bare surface, perfect reflector
and continuity conditions given in Section 5.3.2. Since the

Ym are positive, then so are the W,* . Thus, the sum of

\
.sources and sinks should be positive. I.e.,

+ +
(2Vm-l -Wm—ﬂ—) 7o (5.3_15) |

for m»3,
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Adding the equations in (5.3-13) gives for W

—ay (27 éat) 4 AWE o (5.3-16)
_—7_7'—‘— - M

where

& = (W + elere s (ﬂf}ﬂ)w{%w‘!’:ﬁ*) (5.3-17)

Also for Vg, we get

1-

—a.VI§(2vhN] +cd = s (5.3-18)

In theory the solution §;(s, &) in W provides a lower

f
bound to ¢,(f,4), the exact even parity flux. Other lower
bounds to #.*' can also be obtained as will be seen in the

following Section and in Appendix B.

5.3.4 Lower Bounds to the Exact Solution in Voids

. . . . . +
The even parity iterative approximation & (=,2)
given above,is a theoretical lower bound to the exact solution
in the void, &t(s, 0), as is shown below. From (5.2-2),

and (5.3-16), we have
oy (av)Cai-4s] . ' Wa"  in W, (5.3-19)
P M

and [ + +] i Ve
e > = o in
—2.vlS(aNITE -4 +c Lé- & (5.3-20)

Since, WYt Yo, the effective source inducing [ &&= éntJ

. . + . .
is non-negative everywhere, hence, ¢} > ¢u , i.e. ¢, F is
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a lower bound to ¢f- The equations (5.3-13) and (5.3-14)
can be re-written, for practical convenience, to give the

following modified scheme (for three iterations). In Vy

I -&v(8.9W) 4+ § =0 , with yr=w
!

1T -a9/av®) g = OV, W=VYY, (5.3-21)
o1

III a9 (AF®) | =@, W= W, W

P adi
and in Vﬁ

I —a.vl§En¥l + eyt = st

II -aVLS@MNE] +c W =o (5.3-22)

11T —aylSAPH] + W =o

Thus the modified iteration scheme gives

- Y (:&.V&) +0";§' =0 in Vv (5.3-23)
o——l
and -2.9[6avdNl +cdf =g in (5.3-24)
where -&: - Ty-,"' +-\-V.;’ 4-\9; . (5.3-25)
Letting 3 = 4F _.;; then we have
-2.V(a.9)C ¢ -31] = o' 3} in ¥,  (5.3-26)
-l

and

—a.7L0 S(av)($-IN] +c & ==t 4 Vg (5.3-27)
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Since the effective source 0"&; is positive everywhere, iy
& > é;, i.e. cb: is a lower bound to ¢4, . The lower '
bound for the modified scheme with three iterations is, in

terms of the Wm of the original scheme,

¥ wto+ ;_;w,j’ + 93 (5.3-28)
by

whereas the corresponding lower bound for the original iteration

scheme is slightly better, viz.,

& = v o+ e 4+ e (5.3-29)
3

4
The reason for adopting the modified iteration scheme for

practical calculation is as follows:

Looking at the original iteration scheme equations in V, as
given by (5.3-13), it is seen that the inducing source after

. . . +
the second iteration is of the form lr“t{: -\ . If

m-2
the source is positive everywhere so is the induced angular

flux.

The angular flux can be positive everywhere in a system
with sources and sinks, fhe component of the angular flux in-
duced by the source being greater than the component induced
in the sink. In practice it is necessary to use approximations

for 10J\ﬁll and rhy* for calculating l&f and,in subtracting

m-2

these equations to obtain the right hand sides of (5.3-13), errors
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can be incurred. In order to maintain positive inducing

sources, the modified iteration scheme is introduced.

5.4 Extrapolation Method for Voids

5.4.1 Extrapolation Method Outlined

The method of extrapolation is based on the idea of best
approximation in a Hilbert space from functional analysis. If
P 1is a projection operator and WS &Y, ¢t..... are indepen-
dent functions spanning a Hilbert space H , then Pé, is a

best approximation to &, when P projects orthogonally onto H.

See Fig. 5.2 below.

Fig. 5.2 Orthogonal projection of a vector ¢, onto a
space H. -

The orthogonal projection or best approximation then minimises
the distance from A to the space H . See for instance
Kreyzig [2] and Prenter [3]. Independent solutions &L ¢ v, ...,
can be obtained for a sequence of problems by filling the
void with absorbing media of macroscopic absorption cross
sections @y, 0vs, .. ... with 0%, >0y, »6vg . .---.. . The Wt vt v,

etc. above, should not be confused with the ,F of the
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iteration scheme. The extrapolated solution is then taken

to be
N
Ve (5,8) = Z G 9 (g, 2) (5.4-1)
o r -

with the «; chosen by making \*(ga) an optimised approxi-
mation solution for the problem with a void. To ensure that
the same source is used for u@* and W' the following constraint

on the < is imposed.

N

w = 1 (5.4-2)
=|

where N is the number of trial functions used in the extrapo-
lation scheme. So for instance, with two trial function ex-
trapolation, with Wt and W.¥, we have

s+ 4 = |

and

Wige) = 6 4H(5a) +0-) ¥(5a) (5.4-3)

This combined approximation can be optimised with re-spect to
the coefficients «; in the linear combination. The error
between the exact solution of the given problem and the combined
approximation is minimised in a generalised least squares sense
by the optimisation. In the void region, Yy, the coefficients
{; are expanded in a power series in ¢% and the limit taken
for Vet as oy —» o. The trial function given in (5.4-1)
together with constraints (5.4-2) have similarity with simplex

elements in finite element theory. See for instance Carey and
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Oden [4]. In the global version of the extrapolation method
the parameters «; do not change across the system, i.e. «

is the same at each node of V¥y and Yg. In the nodal extrapo-
lation method «f are allowed to vary from one node to the
next, spatially, in the system. In the case of sequential or
regionai extrapolation the «; remain constant within a region
but, are allowed to vary from region to region. Sequential
extrapolation is intermediate to global and nodal or multi-
parameter extrapolation. Approximation of the type given in
(5.4-1) are used in both the void and non-void regions.
Calculations of the coefficients «; is discussed in Section

5.4.3.

5.4.2 Motivation for the Method

Initial motivation for the extrapolation method came by
looking at scalar flux profiles in a void region with the
void filled with a range of macroscopic absorption <cross
sections ©@v. Flux profiles were generated using the con-
ventional finite element method. It was observed that for
relatively high values of ¢ (£ % ¢uen), the flux profiles
were reasonable and had an overall 'correct' shape, but, were
lower than the exact solution whereas for ¢y <£< gF¢swwv), an
almost flat flux profile was obtained in the void which dis-
torted the solution. in Ve, in the neighbourhood of the void.
It then became apparent that linear combinations of 'correct’

profiles might generate a good approximation to the exact
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solution in a void region. This was subsequently investigated.
It may happen that if the mesh and directional approximation
in the finite element representation for @;(I,A) is coarse,
that relatively high values of K*(¢t) can be obtained for ¢+
constant in the void region. The §K*(¢#') calculation takes
account of absorption in the void and also the spreading of
neutron beams streaming for the source. By combining i+
and Yf' in the way described above, the aim is to provide a
combination Vg, in which the absorption effects are mini-
mised as far as possible without upsetting the streaming

effects.

In the conventional finite element method or direct
application of the K+(¢t) principle the trial function used has
complete flexibility in the specification at a node of the
nodal values of an element for the spherical harmonics ex-
pansion. This leads to ¢'(58) being approximately constant in
the Qoid. The extrapolation method uses biased trial functions
instead of the unbiased trial functions of the conventional
method and thus avoids the almost flat flux profile in the

void regions.

Further motivation for the extrapolation technique is
given below by considering a straight duct problem with purely

absorbing walls [5].



-216-

Problem I Shield Without Duct
A F Reflective B
[}
D Source E____Q _____ c Even-parity angular
N flux ¢sy. ABGH a square
\\ absorbing region with
\ a square source region.
g N Uniform isotropic source
e \\F g in AFED.
-t 3
9 N 9
2 N >
AN
AN
N\
G H Fig. 5.3
Vacuum

With a mesh pitch of the order of a mean free path and a P
spherical harmonics expansion for the trral function &Y, a
The

fairly accurate approximation for Qﬁ can be obtained.

even parity equation

ALY (&_Vée.*) + Ca *oc.l. = 0

-L
a

is nearly satisfied in the source free region, if a fine mesh

and a P; approximation are used.
Problem 2. Shield with Duct
A F Reflective B
,Q Even parity angular

SourceE c flux éf,— Duct absorption
Dt — ———— ——— cross section ey << o%.

\ N Duct - DEFG.

)
o BTN
e \
2 N\ P 5
o 3
o N 2
g \\ [ 7]
N

. P a0 N |y Fig. 5.4

Vacuum
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Although fairly accurate approximate solutions of the wall
equation

1 8.9 (a.7¢%) + o y* =0
oa

can be obtained, they will not necessarily be good approxi-
' mations for ¢2, because the angular flux ¢,5 varies with
direction ¥ in a more complicated way than the angular
flux ¢éet . At a position P on the diagonal AEH of Fig. 5.3
the distribution of Qd’ is by symmetry of the problem,
symmetrical about the diagonal. For the corresponding point

P of Fig.5.4 . Q;(?,AQ > &t (P, 8.) because the path
DE@ is less absorbing than the path FP. In both cases, the
angular flux is confined to the wedge of directions lying
between ¥, and &,. On the otherhand, for a .point (<}

lying in BCEF

¢t| (&, -"-"-) = 4’.:(@, ﬁ-)

because, neutrons reaching & from the source do not see the

duct.

. + . . +
Since Q“ varies in a more complex way than ¢, a
higher expansion in spherical harmonics for Q;,than ¢ seems
necessary. Practical considerations may restrict computation

to 9; (say) expansion for d:“

Consider two auxilliary problems differing from Problem 2

in one respect only. The duct filling =y is replaced by
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duct fillings oy and oys , With oy < vy LoV << 0q:

The cross section o3, is chosen to be not more than two

orders of magnitude less than @a so that the flux flattening
in the duct does not occur significantly for these auxilliary
problems. Let é:/ and (i:," be the angular fluxes for the
problems with duct fillings vy, and oy, Trespectively.
Consider the angular fluxes at P for Problem 2 and the
auxilliary problems. Since the beams with directions &a

do not intersect the duct
+ . + o
¢o& (?"‘—\x) s ¢o (?’ﬂs) = éo (T;‘ﬂ-—s)
Let the parameter & be given by

« &' (va) + (1—=) &' (P2 = é-.: (®2)

then,for directions & 1lying between £, and &,the approxi-~

mation

2 g (Poa) +(=%) " (ra) = $H(mn)

suggests the inferpolation formula,
@' (Ba) w(- $(RA) = &T(P2)

where Q”(?,g) is the optimised trial function for 4,*/ and ‘5*”(1’;5),
the optimised trial function for QZ'. The parameter « has

to be determined. Strictly it should vary from point to point

in the system. Methods for determining « are given sub-
sequently. They are based on the K* principle and the

motivation for the method used is suggested by a study of the
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phenomena arising in the duct regions where a similar ex-
trapolation procedure is used. Two extrapolation procedures,
global and nodal , are considered. For the former « 1is a
constant, and for the latter « varies from node to node of

the mesh.

5.4.3 Geometrical Interpretation

In this section a simple geometrical interpretation
of the extrapolation method is given, using two trial
functions. Let @: be the exact solution of the void problem
and let Y* and Qf be approximate solutions with void filled
with ¢y, and dy, respectively. With each of the above solutions
we can associate vectors g: ,'gf and '!: in a Hilbert
space. The metric of the Hilbert space H is given in
terms of nuclear data for the problem with solution ¢:’ [ 11.

With the extrapolation solution

B o= W (-0 (5.4=4)

where we have put «, = «, there is a corresponding vector

5.4-5
/AT LN PR V¢ ( )

= “(\g|+- \g:) + \1:
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See Fig. 5.5. As & varies the point C in Fig. 5.5, the
extremity of the vector VY¢ describes a linear space or a
straight line in this case. Maximisation of k¥ %*) with

2
respect to the parameter o« corresponds to minimisation of (CD).

Of course the distance CD is minimised when CD is perpendicular

to BC,. If %X maximises k*(¢') and

%o« (et .owS (5.4-6)

then by the projection theorem

(& - W) (y-yt) = o (5.4-7)

i.e. DC is orthogonal to the line BC. We may then write

PE o
where ? 1is an orthogonal projection operator onto AB.
The above geometrical interpretation can be easily generalised
when ¢ is a linear combination of N trial functions
4WHwt, .-y Yut. Corresponding to the extrapolation approximation

(5.4-1) there is the vector

N
We 2wy (5.4-8)
= =)

with «; satisfying the conditions given in (5.4-2). Hence,

N (5.4-9)
oW ) oc[v-w) +u

el



-221-

(@f-?;) orthogonal to line AB produced.

Fig. 5.5 Hilbert Space Interpretation of

Maximising KY(¥).
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The extremity of the approximation vector m; lies on the
linear N-I/ space specified by (5.4-9). When ktl{ye?) is
maximised with respect to the « then [__f,*—ﬁ*)‘ is

minimised and this leads to the orthogonality conditions

(& - ). (g-wt) = o (5.4-10)

A
for the optimised approximation vector y{ . Hence

(& -&)(g'-¢) =0
i.e. (f}'- Q{j is orthogonal to every vector lying in the

linear M-l space.

5.4.4 Determination of Parameters

In the elementary method of extrapolation with two
trial functions %* and Vot there is a single parameter «(=a)
to be determined for the void and i#fact for the whole system.

% is constant throughout the system. Maximising the functional

Klwt) = L [ ] av'st - [a.vets(a.veet) + Ve wer] §dadv
R JA

- L L [ & (srw) + o (wn)*] dadv

-L\Y (ve*)* 12.n] dn ds

(5.4-11)

with respect to o gives
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o = ,_VLS § Lyt—ar1s® = (xawLut- 9] +a.0 )5 8.9(vt-w¥)
R a
-(“t?u+“7>+3+‘\’>.*)cE\W""Jl } da dv

_L ( i (va.9 Dot + 2.9 @) v Tw™-wr] + g+ (< Tvit) + ),
a
4

c (pr-¢) Z dadv

-va[ [a.ng (& [yit-wt] + wt) [ut—uwt] da ds
e N

L

. (5.4-12)

If now « 1is expanded in a power series in ov as

x = Qo + Ay oy Ay OpE ...

(5.4-13)

and substituting into (5.4-12), taking the limit as o35 —»o
leads to the following simple formula for the opti-

mised value of «
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vyJ?

L L [a.7(wr-vt)] dadv
Y

(5.4-14)

The spatial integration here is over all the void
elements. The single coefficient @ is then used in
combining VY and ¥ over the entire system. The non-
void term in the functional disappears in the limiting
process, 9y >0 ., The derivation of q is given in
Appendix C. Although % calculated above is used to com-
bine Y* and Y} over the entire system, Wy UVp, it is
still ©possible to define a coefficient am for the non-

void region.

J E [ (wr-g?)s" —2owr §(8.70-u)) - whe (vt-wt) [ dady
\ [T

o = -£§ 120l wt (Yit-wt) dads
o A

(5.4-15)

_LJ“ [o.7(wt-4t)8 (3.7 (¥t-q)) 4 (wr-wr) e (wr-wr) Jdndv

' j j Lol Wit (9r—pH) > dads
5pda
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In this case matching of solutions at the void/non-void

3 . 3 3 - A

interface is required. At the interface nodes either, ¢
A~

using Qe OT M? using %m , may be defined or, a mean value

of the two solutions. Later it is shown that the idea of

extrapolation can be extended such that the value of

varies node by node in the system.

In the case of three trial function extrapolation.

using wt, y.' and Wf, the condition (5.4-2) becomes

ke d "y =1 (5.4-16)

If )= and ds.2p then the extrapolated solution becomes

W= < dEpd v (-ampddgt (S.4-17)

In this case two parameters, « and g need to be calculated.
A
Derivation of the optimised coefficients @ and b. is given

in Appendix C. The following result is obtained for g and [

?lg = Ci“‘n - cadua
(Ju&n - dnlu) (5.4-18)
and
t. = chu - mAal
(du do> - dizda) (5.4-19)
where

dn® L [, Laww(wr-wnI* dedv

diz= da = LL a7 (vt-wHev (wr-w) dudy

dus = LL [ o (w-u)*]dadv (5.4-20)

& = -J S avgha.v (v-wdady
Vv

& = ~f J oyt 2. (4 -w) de dv
vydt
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The coefficients for four trial functions case are given in

Appendix C. In the case of N trial functions extrapolation

(N-1) parameters o, are required to be calculated.

Going back to the optimised coefficient % for two
trial functions extrapolation in(5.4-14),it is illustrated
below as to how this. may be evaluated. Consider a linear

element in one dimensional slab geometry with two moment

expansions for ¥ and w'.

FElement
1 3
2 4 Fig. 5.6

The local node numbering is shown above. The quantity

to be evaluated is
-LJ J.(*J+ Alu. du
; [ 24 44

A 2
LL “* (‘%‘)J/‘k (5.4-21)

2
12
4

Consider the denominator. This may be written as

(?iYL-'saik“;iia *.Y;QLX1

%(i;-;z.?, ) <k

1%

-— —_— — - -— —
+ & ( L% - " —Xe X% 'H‘-q-xs) + 1:-:-(’(1- — 2X Xy + Xy )n
(5.4-22)

where «, , fo s Ta » % are defined in Section 4.5 and
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with the node numbering given in Fig. 5.6. The (Z:), are
nodal values of WH(up)—- Wiy after Legendre polynomial expan-
sion and linear finite element shape function substitution.

The quantity in (5.4-22) may also be expressed as

[ 7l X X ?'* ]n. A/k - A/k 3\
K
- %
Y M 4
(5.4-23)
—-— T —
or Xii SA Xu (5.4-24)

where Sy is the full local matrix consisting of angular and
. . 2 Ut v S
spatial matrices A and“h|< . . Here Xa. 1is a row
vector of nodal values of X, and 2} is a column vector of
nodal values. So existing spatial and angular matrices,
together with nodal values of W' and W', can be used to
evaluate a4 . This also applies to two and three dimensional
W dof Jx
> 2 n d.dx .
geometry. The L Lﬂ T = pd% term is evaluated as

-
VY2 Sa Xn (5.4-25)

where X, and Sp are defined as before and YJ is a row vector

of the nodal values of “hf . An alternative way of writing

(5.4-24) 1is

(222

kst 3=

™»
] e I

( )( 411_21) () (%) a; dx

(5.4-26)

"
-
-
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where WYy are element shape functions a; are angular con-
stants, (iik)lz are nodal values of X*(gu) . The quantity

in (5.4-26) is a polynomial in the nodal values of X¥{(g«).

5.4-5 Extrapolation Method for the First Order Equation

The elementary extrapolation method described earlier
can be used for the first order equation. Ackroyd [6] has ob-
tained boundary tied and boundary free maximum principles X0
and E(Q) respectively for the first order transport equation.
The K($) is the more general principle. Extrapolation methods
can be defined for both of these principles. Consider for

instance, the¥($) functional given below

Kl = -”:ft@,» +22.7627's> Jdv
v

_j [<a-7é, S A7ey +< 4 24> dv
L |

(5.4-27)
—55 |4.a] @ dnds
Sp J
where the self-adjoint positive operators 23 and 2-' are
defined as
1
¢ = o h- | o3(c,2.0) 600 dt o, o0

A‘
and

=4 = &/._? + [, $lz,0.0) ¢l 4" da! (5 4-29)
with $lgawn) defined by

%(ﬁ, &-‘N) > '_3__(_’_)__&_1'_412 j .?[vww,ﬂ) [ &4") dn? (5.4-30)

0‘.} A q.
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The trial function ¢ in the K(4) principle has to satisfy the
perfect reflector boundary condition and has to be continuous
at interfaces for all directions & <crossing interfaces. The

Euler-Lagrange equation forlffé) is a differential equation of

the type

:LL.VE =-! [S“ﬁ'vd”)]“' ¢ = S (5.4-31)

with the boundary conditions

lanl (27— &) + 4.n 2 (8= 2.94) =0 S

| (5.4-32)
8.0l ¢ —an I (s—a.vde) =0 Su

where T(52) is an inward surface source.

Equation (5.4-31) can be transformed into even or odd
parity second order transport equations or the first order
Boltzmann equation [ 6]. In the case of the EY&) functional
the optimised coefficient @ for VW for two trial function

extrapolation is

A ‘II AV 2.7 (4 —ya) dndy
= wla

LL [+7 (w.-w,)j* de. dv

(5.4-33)

where \Y; (5, 2) are of course the angular fluxes obtained by

filling the void with absorbers of cross section ov¢, t= 1,2,....,N.
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Then

~N ~ -
Velgn) = &wilms) + (2D wn(5a) (5.4-34)

is the extrapolated solution.

5.4.6 Improved Solution in the Void

A way of improving the flux profile obtained in the void,
from elementary extrapolation, suggested by Ackroyd [5], is
described below. Having already obtained a two trial function

extrapolation solution, viz.,

W = Ayt + (1-&) w

A
for the whole system, the main aim is to use Y as a foundation

for an improved solution in the void, W.

wr R . . .
Let Ye = Yg in the nonvoid region

A
+ . . i
and Ve = “g -+ QV in the void region
(5.4-35)
where

N +
é: = z: an &, .

n=t
The finite element approximation 4¢b;g) vanishes on the boundary
of the void region since W: has to be continuous at inter-

faces. If oy is the macroscopic absorption cross section in V@,

then we can write
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= f f § st - Lavws(ev®)t Wewl fdadv
7

_'H L(a.v ), w (T ]dadv
v

v

—LL (F2)" |2.n] dods

Maximising \((\7{) with respect to the coefficients gq, gives

j Lf_ (8.98) 2.9 + 2 Grétldady =0 (5.4-36)
W

N
— lal A + A
where \;g = \?g + é Qan 4\"‘ and 4, are the

optimised coefficients. Equation (5.4-36) may be written as:
e -~ A +
{ f Ja.7(G+ 2 5 d)aTH + ope (4T Ba)dn L dady
Wy Jn
where nm={,2,..-, N,

or

2 auJ‘ j [&-VNL J_l'v¢¢m +ﬁ"¢v: é:m] J*"' AV
Vy I

[ [ Do i T

(5.4-37)
This may be written in matrix form as

Ba = ¢ (5.4-38)
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where & is a symmetric square matrix with elements
*-
bmn - J j [QoVétnﬂov ¢V,: ",' rvz *vn *VM“-JJO'AV -
¥y J4

. A .
a4 1is vector of unknowns aw, & 1is a vector of known
quantities

|

f La.v 9 n.vél, — o OF 4,57 da dv
vt

The solutions ?;1 can be obtained with void filled with ab-
sorbers Ovn and with the condition that éfI vanish at
Vv/Vg interface nodes. The an are then obtained from

the matrix equation (5.4-38).

5.4.7 Sequential Extrapolation

In Section 5.4.1, the method of elementary extrapolation
for void problems was described where a single parameter «
was used for the whole system. Below, we illustrate the idea
of sequential extrapolation in which the parameter & varies
in a way to be described. A generalisation is of course nodal

extrapolation which is discussed in Section 5.4.8.

Sequential extrapolation is based on a sequence of in-
creasing large systems. Consider the void problem shown in
Fig. 5.7, that of the straight duct. Approximation U@+ for
this problem can be obtained in the elementary version of the
extrapolation method by maximising the functional K*( ye').
defined for the whole of the duct region in terms of a single

parameter « . The elementary method cannot be expected to
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be a good approximation everywhere in the duct. The original
duct problem can be considered to be a sequence of duct

problems as shown in Fig. 5.8. 1In the first system,parameters

dx can be found for xc.[ﬂpﬂzj; which gives an optimised
solution

W o= 2 ta i-2) v

Te W T/ ¥a (5.4-39)

by minimising the duct functional K*(qkt) for we Lay,asl.
A

The calculation of «y being as in (5.4-14) with the spatial

integration performed over a single element. With system IL

of the duct, the optimised solution is taken to be

Yo = %W e0-2r)wt for  xelaal  (5.4-40)

and

Y&, = vt r (-3 Wt for  xelasad] (5.4-41)

The parameter 2& is found by optimising the duct functional
for xe€ [ 43,4, J. Along AB and CD the nodal values are
determined by (5.4-40) and (5.4-41). See Fig. 5.8. 1If the
nodes of the shaded elements lie on AB and CD only then \Yzﬁ
- is defined over these elements. If on the other hand, the
nodes of the shaded elements do not lie on AB or CD the value
of ﬁ can be obtained by linear interpolation of QI and Qn .
A

+
The above process then defines ‘kh for x€[ as, a4 ]. For system IO

we have
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Perfect Reflector
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Upper Wall
o® o * Duct
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Source
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Perfect Reflector

5.7 Duct Problem for Sequential

Extrapolation Example
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V;m. = AW+ l-T) we Lasas]
l?&n = \321} x¢ [aa, a3] (5.4-42)
A
A +
and \?E+m = 0(]: \Vl+ + [' —Qm) \v; xe I 4y, q‘i—j

from the previous calculations. For the interval [ qs, a¢ ]

~
+ A N
Ve = S W +(1-&m) @ (5.4-43)
A
where &g minimises the duct functional for e [ as, ac¢ J.

For xe [ a4,as 1, Q;E is defined by interpolation as before.
The above sequential extrapolation may give appropriate values
of & since the duct functional is minimised for segments of
the duct. Strictly, the duct functional should be minimised
for the whole duct as in the nodal (or multiparameter) ex-

trapolation method.

A Correction Procedure.

If the extrapolated solution Q%+ is equated to the
exact solution e in the void, i.e.
+
dHlre) = x (wt— ) +w

we have

(5.4-44)

L = 4: - “1:."'
wh = ¥

Since dy, 70y ,then in theory §F >yt in the void. Also ¢'> it
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because there is no absorption in the duct for the exact
solution 4>°+ . The more closely We"' approaches 4:,,"' the
better is the approximation \yE'*’ . A necessary condition on

\+l5+ is that

wt 7 wt .

i.e. « <0 - When the above process of sequential extrapolation
gives oo, the value should be ignored and a value of o

for the previous system in the sequence should be used. An
alternative is to use the global « , which generally is

negative everywhere, when sequential extrapolation gives o>o-

Fig. 5.9 illustrates the behaviour of Wet with o

for two trial function global extrapolation.

Ve

F

o ;‘ :
oy ° -yt
mcm—

(it = ¥

Fig 5.9 Variation of WJ with & .

In theory we will have ¢°+> wet > vt > uwt everywhere in
a system since W, ¥,' are obtained with absorption cross-
sections 0y and o6y, 1in the void with &, & 6. In this
case o will lie in the range (d.,o) and will be negative.

If =0 then the second solution W.¥ is recovered.



-238-

5.4.8 Multiparameter. Extrapolation

One reason for obtaining high values of K¥4#) with a
trial function which is not a good approximation to the exact
solution may lie in the flexibility of the trial function.

In the direct application of the K+*(¢t) principle or the conven-
tional finite elements for voids the trial function has complete
fld*ibility in the specification, at a node, of the nodal
values of an element, for the spherical harmonics expansion;
i,e. flexibility in all the nodes, the first moment and
higher moment nodes. 1In the elementary method of extrapolation
the complete flexibility was restricted in such a way that the
nodal values at a node (and in fact for the whole system) for
all the spherical harmonics are weighted in the same way,
whereas in the conventional method they are not constrained.

So the extrapolation method uses biased trial functions in
place of the unbiased trial functions of the conventional
method. The generalised (or multiparameter) extrapolation
method also uses biased trial functions. Here the parameter

« can be varied and specified independently at each node but,
for each node the values for all the spherical harmonics for
that node are weighted in the same way. This is illustrated
below for a rectangular element with two moments expansion of
the even parity flux. At spatial node 1 there are four un-
knowns corresponding to the two moments spherical harmonics
expansion. The weight at node i1 is « for all the four un-

knowns. Similarly «5, A9 and «, are the weights at the other
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9 13

|10 14 =
11 15| %
12 16

{
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0~ O\N@

=

“‘l

Fig. 5.10 Rectangular Element with Varying «.

nodes of the element. This means that the calculation of
nodal & is simply a diffusion theory type calculation, i.e.
it is effectively a one moment calculation, involving one
unknown per node. Since the elementary extrapolation method
is a special case of the generalised extrapolation method,
and since in both cases the parameter ( or parameters) o« (%)
are found by maximising a void functional, the generalised
method should give more accurate results than the elementary

technique.

In the case of two trial functions, y* and @f, the

extrapolated solution ‘kﬁﬂﬂ) takes the form

‘k*(r.ﬂ) - JZZ (".i —_.; + (I—JJ)TV:;j)Qa(ﬂ)VE(r) (5.4-45)
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for an element. Here % represents the angular expansion
index and J the spatial expansion index. ®; (&) are the even
spherical harmonics anduﬁ(:) are the shape functions for
element ¢ . The bar on wi indicates nodal values of the
flux. We obtain the following set of linear equations after
maximisation of K*(Yet*) with respect to « S. For a void

element

J

v

I J_t.v[ JZ'G (:&— 3 &) [c)] 8.7 [Zj’{, &, V] dadv

= - L { b2 (%, & (2) (21 J_u.v[?-‘ui’ a Y] dndy
vy "oy

(5.4-46)
where 7’ = ( ;’ - ?’) (5.4-47)
9 ty 24 :
is difference of nodal values. Going over all elements of the
void leads to a matrix equation for the v«¢,
Ag = b (5.4-48)

where A is a symmetric banded global matrix.

For a non-void element we have
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[S, [en(ZaRy au)ear (G am + (35T ay)e M avnlindy

+LL la-n1 (2% X aiy )(Ex., acYe) du ds

Y

L [ ( ? a VJ) (Z)(uc 8, ) - 2 V(% 3’:5 al %) g ﬂ.V(gX’J‘ aL V’n)

vt

(Z i acy) e (37 awne) | dndv

[I ig.nl J -‘;{; Q'-?S)(%.X& ac%) dvnds

(5-4-49)

A similar matrix equation to (5.4-48) can be set up for the
non-void region. At the interface between a void and non-
void region either the void solution can be chosen or the non-
void or a mean value of void and non-void fluxes. If two or
more void (non-void) regions are non-intersecting then
separate calculations are required for each void (non-void)
region. How the nodal parameter calculation can Be performed

with existing spatial and angular matrices is described below.

Consider a line element in one dimensional slab geometry
with a two moments expansion for wfhb,) and %:lﬂﬂh The ex-

trapolated solution may be written as
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I % a:) Vils)

T al) Gl

p 79

4+
—
™M
55
ot
~—r
=€,
<€
+
—_—
fM —

(5.4-50)
b ——f
. o
1 3
2 4
Element e
- ('% =t . . .
wheze X; = Yy —‘-(’u;) is the difference in nodal values of

Wﬁ(’yﬂ) and m:(,bﬁ) . The left hand side of the local
matrix equation for the parametersw, comes-frou the ( ¥)°
term in the functional k*(9k+). We have, using the notation

of Section 4.5.
% {:,,*;z,‘ P & A A A e;_[ AL - BT e
h
2R R% +@N%] + 2B -TRRR-TLL K

— ot -—t %

(5.4-51)
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Taking derivatives with respect to =

and «; of (5.4-51)
gives

i".[ 1:}7"'-9—73?\73] 1'#::[2:‘?.3?.7; -:‘-3x—|7q, -
h

% Y]
+ ?_‘3[ 2R G - G s — X 7\+]

h
+ %

[ a7 B -2% % %

.(,[ CATT T rARN] ¥ e
Y

[ ~%%% % %% +20% %]
h

— —_— e VEVE —_— =1
+ ﬁ[-—z -Y—zi-g - X1 Xy 2 G X3 x"l-] + -dr"[-l"l Y‘LYq. + 243 x‘-l»_]
h

These may be written in matrix form as

Ar 1
P - - g —-—
Lz 7:.] do (Boﬂ'x)& % EREAIRD (}ﬁ Tﬁ)/x X, 7
¥ oy Yz X o Yq.
Y. 7 X 7 Y. A (hﬂ'g %
Jnwd[ e k)R EXAT A ) f %
% ody % X % Y‘i
JL

(5.4-52)
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o (8s+ "i-)/:_]

Hence this involves the angular matrix A = {(""")/a. <2

[ -— - - -
the spatial matrix S =%[_. '] and the known values X, X3,X3,¥%.

The right hand side térm is of the form given in (5.4-46),

This leads to the following local 'source' vector.

. "1
[nn]A[W - L% %l A[_“'f] “— At first spatial node
w 'f:
z
h
-[T, Xl A W + L% Rl A[‘j’f] <— At second spatial node
W %
L -
(5.4-53)

Extending the example to a bilinear rectangular element

(X-Y geometry), gives for the left hand side

‘\J\‘g\'g;?
[RBRT] WA[R] Regdsa %] [KeR] S.sA[ ;,] L0
o : H 3
5 Xs e
(1
[%s. . %] SuA ?] Lvs...?,]snn[fs] - «
% %
[.-Y-q ”“'7!1.] SQ\A[-YF ] u‘,...fn] S;;A ;:S ..... z’
%, %
(B %] SMF."] [fn %] SaaA[ =] |
% i', Ay
s J - |

(5.4-54)
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Here 5&3 are elements of the spatial matrix

S. Similarly
the right hand side gives

( [%....%] su Al @

Re

' ] + (3R] &sA[?ﬁ*} t""|e— At node 1
W '

Vs
e Xeld S:zA[-:;] + - le—At node 5
g

EEA SatA[-‘f-‘“ + [?.‘...7.,]83“[?:’] +oo-

[75-.--731 Sai A [ rY.l‘}] + [Xs

%

L-in---'?:s] SHA ?‘w

e At node 9

<«— At node 13

Yy |

(5.4-55)

In the process described above we are essentially summing
all the flux moments at

a spatial node with appropriate
spherical harmonics weighting.

Similar ideas will apply when calculating ¥, in the
nodal extrapolation method, in the non-void region.

Here of
course the material parameters will be included via the leakage
and removal operators,

G and C, respectively.

Summing the known nodal fluxes from y' and W'

at
a node with appropriate weights introduces a biased trial
function ti.e. there is only one value of ¥

which
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multiplies the first and higher moments at a spatial node.

If the trial function is made more flexible by specifying a

different « for each of the higher moments at a node,

then the original deficiency of the conventional finite

element method would be introduced thus producing W approximately a

constant. This of course, also applies to the case when only

the scalar fluxes from ‘{f(t.g) and q).:(rm) are used to calculate
«€; . The nodal extrapolation method simply requires a

diffusion theory type (one moment) calculation. The quantities

in (5.4-54) and (5.4-55) are local, i.e. for a single element.

T.he global matrix and the right hand side for the ¢ calcula-

tion over the entire system can be obtained by assembly of

local matrices in the usual way.

Schemes for Nodal Extrapolation

The nodal extrapolation solution obtained using two trial
functions Wt and w'Y may be used to perform a series of ex-

trapolation calculations. Two schemes are considered below.

Scheme A

Let w' Wb, $bheeennnn, wd be N independent solutions
of related problems obtained by filling the void with materials
of absorption cross section 95, . 6y,,dv;, - .- ,6vy. Then construct

the extrapolated solution as shown below
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“f \J,_f
—
e w
1
VY, +
f ®
1
bt
+
Yi-»e W
| T }
t
v(n-l)e
where
\Y"; = 3 \ﬂf +(|-al) \p:_* (5.4—56)
Yot = *yd + (-a) i

+
Y- - “"(tm)e + (=) gt

where the «Hs will be nodal parameters and %; for each of above
equations will be a different set. With this scheme N parallel
calculations may be performed to obtain gy, ¢t .....yst. These will
be the full angular and spatial calculations. Subsequently

only the §; are to be calculated at each stage and this in-
volves only one unknown per node. These latter calculations

will not require large execution times or computer memory. An advantage

with this approach is that ¢Q' can be made slowly varying,



-248-

and kept relatively high, thus avoiding any distortion in the
flux profile. This way we may be more certain of obtaining
lower bounds to tﬁe exact solution, §t(r,n), even when the
solutions W#, wt,...., yyt are not necessarily accurate approxi-

mations to the related problems. For instance o5, may be set

Lo Rtsur) with @va = ‘:Ii tlewr) ? Fvy = 'é Tresurr) » OV = J“-q(surr) .
Scheme B
Again in this scheme parallel calculations can be done
to obtain \(;_“‘ . Choose N such that there is aneven number of

solutions at each state of the scheme, until the last.

W woW W o wet Wi '
Ll ] 1 r 1 L._1_._.l ---....-‘—1_'
Yiet WE Y%
| — ] L ]
1 |
[ . ]

lﬁl__j

So combine \yt and yt to get Vet ; %* and V,;"t'b’. get Yyet
etc. Then combine the extrapolated solutions using nodal
extrapolation in subsequent stages. Another way would be to
combine W' and ¢t to get W gt, then Wit with wyt to get
Woets @ and Wt to get Wyt etc....... Again relatively

high values of o; can be chosen. It remains to be seen how

(2

sensitive these schemes are to variation in o4 . Scheme A

5
seems to be more promising in getting lower bounds to 4o - 1
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5.4.9 Choice of Trial Functions for Extrapolation Method

In the extrapolation method, as seen earlier, trial
functionsy i.e. independent solutions of related problems, are
combined linearly to obtain a best approximation solution
for the void problem. In order to get satisfactory results
with this method, some guide lines as to the choice of trial
functions is needed, since in theory there.is an infinite choice.
We need to restrict the space of admissible trial functions.
The trial functions Wt wt....,yy* which are solutions of re-
lated problems, are of course dependent on TVIr Ve, + oot OV,
the void=fill cross sections used in solving the related
problems. Hence, some restriction on the choice of &% 1is
necessary. As we have seen, low values of ¢y approximately

10—3 or less, in the void, produces an-almost flat flux
profile in the latter. In an N trial function extrapolation
we may choose ¢% = op(uyr) s the total macroscopic cross section
for the surrounding region, and choose o1~~710-3 . In fact,
from test problems analysed it is seen that oyy = {% Trreuer)

produces satisfactory results. oy;(i=)2,3,...,N-1) can then be

chosen such that

- T

= e < oy £ Op(surr)

(5.4-57)
We must avoid too low a value for o5, because it will lead to
a flat flux component in the duct. Also, if a lower value of

oyN 1s chosen, the component solution %f may not be a lower
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bound to ¢gt, which is required in theory. 1In this case
the extrapolation method will further push the component
solution above the exact solution. Now oy, the first term
of the sequence of void fill cross sections szC}i=bN may

be selected such that they satisfy (5.4-57), i.e.

TYN 4L Ty £+ e L Tyy L yy £ Ox(surr)

Once oy, and oy have been selected, other terms in the
sequence (d¢y{ may be chosen such that {ew} form a geometric
progression. By keeping @y fixed (say £ O7r(sure) ) and
varying oy (i<n) for two trial functions does not signi-

ficantly vary the extrapolated solution. This is discussed

in Section 5.5.3.
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5.5 Void Test Problems

5.5.1 Introduction

In the following sections, several one group problems
involving voids are analysed in X-Y geometry. The material
of the non-void regions has been kept purely absorbing in order
to obtain point kernel integration solutions. These can be
used as reference solutions against which the new metﬁods can
be compared. With a pure absorber the flux in the walls is
strongly anisotropic and provides a more difficult problem for
the finite element method. Point kernel solutions were ob-
tained from the code RANKERN [7], which performs the inte-
gration stochastically. Hence, there is a standard deviation
associated with these results. RANKERN results may be con-
sidered as 'almost exact' solutions. Comparison of finite
elemenﬁ solutions is also made with the finite-difference dis-
crete - ordinate code DOT 3.5 [8] and the Monte Carlo codes

McBEND [9] and MORSE [10].

In the iteration method, the void fill cross section
shouldn't be too small, since then an almost flat flux will be
| obtained in the first iteration and the absorption sources

in the subsequent iterations will be negligible. On the
other haand, if o = 03 ¢gepr) » then the iteration scheme will
have slow convergence. Hence for the iteration method the

¢y; should be chosen such that

- & oy <L Ox(suer) .
\oo
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The criteria for ey for the extrapolation method was given
in the previous section. In addition, each of the trial
functions of both the iteration and extrapolation method should
be fairly accurate solutions for the specified related problems,
with the void filled with an absorbing material. If this is
not the case then the combined solutions may not always produce
accurate results. In using the iteration and extrapolation
methods, the above criteria for o3 should be observed to

obtain satisfactory results.

5.5.2 Square Source Void Problem with Pure Absorber

This X-Y source problem for an isotropic source has the
same geometry as the one analysed by Watanabe and Maynard [11,12]
in testing their discrete cones method. The source is surrounded
by a void region which is then surrounded by a purely ab-
sorbing region. Because of the symmetric nature of the problem
only one quarter of the problem is analysed. The source region jg
of the same material as the outer region. The geometry of this
void problem is shown in Fig. 5.11 and the macroscopic cross

section data is given in Table 5.1.

Source problems with highly absorbing media and voids
problems can be difficult to solve accurately with numerical
methods for transport theory, such as the finite-difference
discrete-ordinates method. This method of course shows

oscillations in the flux for low angular quadrature. On the
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Region S oo (cm-l) o (cm_l)
6 0-8 0-0
2 - VOID
3 0-0 0-8 0-0

Cross Section Data for Square Source

Table 5.1
Void Problem

AY [em

A’ Vacuum

10.0

© Reflective

wn

Reg. 2
VOID

1.25pP

/4:. — X /
0 / 1.25 5.0 10.0 >

Vacuum

Reflective

Source 6.4 n/ cm’/s.

Fig. 5.11 Geometry for the Square Source Void Problem
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other hand, point kernel methods, such as the one used in
RANKERN [2], are only applicable for voids surrounded by

purelyabsorbing media and not scattering regions.

Conventional finite element calculations were performed
for this problem for o, = .08 cm_1 and ey = .008 cm_1 in the
void region. Calculations are done for three (S6) and four
(S8) moments expansion of the even parity flux with (8x8)
and (16x16) linear element mesh. The four moments, (16x16)
mesh results, along the diagonal are shown in Fig. 5.12.

The &5 = .08 cm_1 solution underestimates the flux along the
diagonal, while the 9oy = .008 cm_1 solution gives fairly

good results in the outer region. In fact for this problem
difficulty was encountered in obtaining accurate results

for component solutions at the source-void interface and the
source upper right hand corner. If on the other hand we plot
the scalar flux for o = .008 cm-1 in W along x=0, the per-
fect reflector surface, we can see significant discrepency
with the reference point kernel solution, in the void region.
See Fig. 5.13. With further decrease in the void fill cross
section, % , the flatness in the void flux starts to appear as
shown in Fig. 5.14, along the Y-axis, for s = .0008 cm™l.
The global extrapolated solutions with three trial functions
and with the following cross section sets io@,o-sm,o-nzfand
{08 ,0-256 y0-08} are shown along the diagonal in Fig 5.15.
These are in good agreement with RANKERN values, although at

the source-void interface, the solutions are still higher.
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This is due to the fact that not all component solutions for 4
moments (16x16) mesh are below the RANKERN values, as they
should be in theory. The iteration method was also investigated
with various values of Ov. In Fig. 5.16, results of the

lare shown

iteration scheme with 3 iterations and ¢} =.08 cm~
together with DOT 3.5 results. The iteration solution is not
quite as good as the extrapolation results. DOT (S8) profile
along the diagonal does not show severe oscillations. This may
be due to the symmetry of the problem along the plane X=Y,

since along this plane the problem. is essentially one dimen-

tional in nature.

The Monte Carlo McBEND results are shown in Fig. 5.17.
They are also in fairly good agreement with RANKERN values
along the diagonal. The Monte Carlo calculation, performed

by Watmough [13], was for 8x8 mesh.

Results along the outer boundary (bare surface) AA' are
shown for conventional finite element method in Fig. 5.18 .
Global extrapolation and iteration scalar fluxes are shown
graphically in Figs. 5.19and 5.20. It is seen that the
elementary extrapolation results are in good agreement with
RANKERN values. The discrete ordinates calculation (S8) shows
oscillations, as expected. Again the three iterations solution
is not quite as good as the three trial function global ex-
trapolation solutions. In Fig. 5.21. McBEND results along
Y= 9.5cm and the global extrapolated solution along Y = 9.377cm

are compared. Both are in reasonable agreement with each other
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and are above the RANKERN reference solution at 9y = 10.0 cm.,
which is physically correct. NextJresults along the void
boundary BB' are compared. Here nodal or multiparameter

results are also generated. Iteration, conventional finite
element and elementary extrapolation solutions along the void
boundary (BB') are shown in Fig. 5.22 . Elementary extrapolation
is in good agreement with reference scalar flux. In the case

of two trial functions, elementary extrapolation is compared
with nodal extrapolation along BB', since the latter is coded

for void regions. Here it is seen that nodal extrapolation
provides better results than the other methods, as expected.

See Fig. 5.23.These fluxes are for a 3 moment (16x16) mesh and two
trival functions nodal extrapolation calculation. Solutions

along the diagonal are shown in Figs.5.24 and 5.25 . Overall
the nodal extrapolation results are in better agreement with

RANKERN .than any of the other methods..

This square source void problem shows that both the ex-
trapolation and iteration methods give satisfactory results
even for the case of highly absorbing surrounding regions. Nodal
extrapolation gives better results than either of the other two
methods. When the region surrounding the void has scattering,the
results from the above methods should be even better for low
angular expansion of the even parity flux. RANKERN point
solutions and some global extrapolation method point scalar

fluxes are given in Appendix D.
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Fig. 5.12 RANKERN and Conventional Finite Element Solutions
Along Diagonal OA'.
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Fig. 5.13 RANKERN, Conventional Finite Element and Global
Extrapolation Solutions Along Y Axis.
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Fig. 5.14 RANKERN and Conventional Finite Element Solutions

Along Y Axis.
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Fig. 5.22(a) RANKERN, Iteration and Conventional Finite Element
Solutions Along the Void Boundary BB'.
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Fig. 5.22(b) RANKERN and Global Extrapolation Solutions Along
the Void Boundary BB'.
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5.5.2 Straight Duct Source Problem with Pure Atsorber

The straight duct in a wall (a reactor shield) with a
source at one end of the duct is a more representative shield
problem in reactor and auxilliary nuclear facilities. Straight
duct penetrations in concrete walls can occur when some dia-
gnostic equipment or pipes are inserted in shield walls. The
problem analysed here is shown in Fig. 5.26 . The duct
surrounding region is again absorbing, thus allowing RANKERN
point kernel solutions to be used as referen;e. The lower
and right hand sides of the system have bare surfaces (vacuum) while
the other two sides are -reflective. Again the source medium is the
same as the absorbing region. Cross section data is presented

in Table 5.2.

Three moments (14x18 mesh) solutions along the central
axis O0Y, for various valﬁes of o 1is shown in Fig. 5.1. It
is seen that the solutions for &= .05 cm_lgives a reasonable
flux profile but, is below the reference solution Ve'. - For
relatively small values of oy the void solution becomes dis-

torted and physically incorrect. In Fig. 5.27 are plotted

the 3 moments (28x36 mesh) solutions with & =.05 and ov=.005 cm”

for the conventional finite element calculation. The first
solution is below M; while the second with 63, =.005 is
beginning to show signs of flatness in the sense that the

flux is decreasing near the source region and increasing at the

duct exit.

1
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Region S "% (cn 1) %% (co 1)
1 1-0 0-5 0-0
2 0-0 . VOID
3 0-0 0-5 0-0

Table 5.2 Cross Section Data for the Straight-
Duct Source Problem

Source 1.0 n / cm® /s

Y Jem
}
Reflective
18.0 7
7%
L Reg.”1
L /
15.0 /<§
o
>
o~
Fu}
©| Reg. 2 Region 3 g
= ]
4 3]
= D Lo
U
c
T
0 3.0 Vacuum 155 % [om

Fig. 5.26 Geometry for the Straight Duct
Source Problem
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In fact if we try combining the #v=.005 solution with
others using higher values of ¢¥ for an extrapolated solution
the final solution ¥eg& will go above q@* . Hence, it is
better to use a higher value of o5 in the void so as to
-keep all the trial functions, in the extrapolation method,
lower bounds to WYg* . A three trial function solution with

?"(""}i;hm: los ,0°16 805§ is shown in Fig.5.28. This solution
is in fairly good agreement with W{ except near the bare-
surface (duct exit) wheré it is lower than w{ . Iteration
solution with ¢y = .05 1is also shown in Fig.5.28.Again this
is lower than Vf towards the exit of the duct. Solutions
along outer boundary of the system (0OX) for the conventional
calculation are shown in Fig.5.29. Towards the right hand
lower corner of the system even the ev = .05. solution is above
wg*. . This should not be the case in theory. A finer local
mesh and higher moments for \W;(g,4a) should bring this
solution below Waf. The ¢ =.005 solution is significantly
above WYa' in this region. Ve along the outer boundary
with elementary or global extrapolation, is shown in Fig.5.30.

As expected W' is higher than W& beyond x= 8.0 cms.

With global or elementary extrapolation we cannot expect
to obtain a good solution everywhere in a void system since
only a single parameter (for two trial functions) or two para-
meters (for three trial functions) are used globally. A better
way would be to adjust the component solutions locally, i.e. node~

wise. Hence the nodal extrapolation method .Calculations were
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carried out using the nodal extrapolation method with two
trial functions. Only the void nodal calculation is coded
in FELTRAN at present hence. the solutions are restricted to

the void region. Calculations were performed for 3 moments

1y

global and nodal extrapolation solutions for {#«}-= {o-F,a-aOSE

and 14x18 mesh. 1In Fig. 5.31 the conventional ( ¢3 =.005 cm

are compared along the central axis of the duct. In this

case the ay =.005 cm-lcomponent'solution is'dominating and

so the global and nodal extrapolation solutions do not ad-
just the &y =.005 solution significantly. Further reduction
of 7y2 would raise the extrapolated solution,global or nodal,
to above Wgt . Although it is easy to see this in this

case whether or not VW is above or below the exact solution
for the system, this will not be true in general for practical
problems. Here the void surrounding media may have scattering
included in which case solutions generated by the global

and nodal extrapolation methods can only be compared, say

with Monte Carlo calculations.

If the cross section set {ws,owS} is used in the void
then there is a significant improvement on the o= .05 con-
ponent and the global extrapolation solution as seen in

Fig. 5.32,

In order to check the sensitivity of the nodal extrapo-
lation solution several calculations were carried out.

Firstly, ¢y, was varied with o3, constant. The results are
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Extrapolation Solutions Along Central Axis of Duct.
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shown in Fig. 5.33. Hence, variation of 9w does alter
the final solution to some extent as expected. Next v
was varied with 9w, fixed at 0-05 cm-l. The results are
shown in Fig. 5.34. In this case it is seen that there is
no significant variation in the final nodal extrapolation

results.

5.5.4 Dog-Leg Duct Source Problem with Pure Absorber

This is a source problem in X-Y geometry with two
right angled bends. The geometry is similar to that of the
straight duct problem. A dog-leg duct, as it is more
commonly known, allows incident source neutrons to scatter
off the first wall, then off other walls until finally the
neutrons emerge at the duct exit. In this way some neutrons
are lost due toabsorption and others which emefge at the duct
exit after multiple scattering have reduced energy and a
modified angular distribution. In the problem reported
here, the void surrounding regions are kept purely absorbing,
Full geometry of the problem is shown in Fig. 5.35. Table

5.3 gives the relevant cross section data.

In this problem, as with the straight duct, some
difficulty was experienced in obtaining accuracy and con-
vergence in the lower right half of the system. In addition
it was difficult to get a satisfactory solution near and
along the outer boundary OX of the system. Scalar fluxes

were compared along AA' and OX. Solutions from the conventional
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finite element method along AA' for 3 moments (28x36
rectangular mesh) are shown in Fig. 5.36 for ¢v =.05 and
005 cm !, Although the first solution is lower than Y¥;"
along AA', it is closer to Qk* towards x=8-0 cm. The

second solution starts off closer to W+t wupto x=5-00 cm.
Beyond this point it diverges away from W&t . Fig. 5.37
shows the iteration (3) results with ¢y = .05cm-1 and DOT (S8)
results. Here DOT shows the typical oscillations and has

the physically incorrect flux gradient, at x=0-0, the perfect
reflector surface. The iteration solution shows overall im-
provement on the conventional finite element solutions. It

is still below gt upto x=5-0 cm. Three iterations were
considered in order to get a direct comparison with three
trial function elementary extrapolation solutions. The
solutions of the latter with {0V53iumd = {,w5»°ﬂ‘;°‘°5;

for 3 and 4 moments are shown in Fig. 5.38. These are more
satisfactory than the results of the other methods. The kink
in the solution at x=6-0 cm may be eliminated by local mesh
refinement at absorber-void interfaces. McBEND, Monte Carlo
values are plotted in Fig.5.39. These results are in good

agreement with \g' although McBEND tends to underestimate

the flux more upto x=4cm.

Along the outer boundary of the system (0X) there is
significant variation in WYR¥ from x=0:0 to 14:0cm, as shown
in Fig.5.40. Conventional finite element solutions are also

shown here. .It is seen that the #=.05solution underestimates
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: S o -1 oz ~1
Region 1 em=2s71 T (em V) $(cm )
1 1:0 5 0-0
2 0-0 0-
3 0-0 VOID
4 0-0 0-0 0-0
Table 5.3 Cross Section Data for the Dog-Leg Duct
Source Problem.
Region S -1 -1
-2 <1 °F (cm ) os (cm )
ncm s
1 6-4 0-2 0-19
2 -0 VOID
3 0-0 0-2 0-19

Table 5.4 Cross section Data for Square Source

Problem with Scattering.
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Fig. 5.39 RANKERN and McBEND (Monte Carlo) Solutions Along AA'.
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the scalar flux everywhere along O0X. The other solution with
ry = .005 is too high near and at the exit of the duct.
Difficulty was experienced in obtaining a sensible flux value
near x=6-0Ocm where the flux dips significantly. Again a local
mesh refinement here will improve the results in this region.
In Fig. 5.41 are shown the iteration method results. Again
three iterations were used with ﬂr=.05cm-1. Overall the
iterations solution is lower than W' hearly everywhere
along OX, but, does show improvements on the conventional

finite element solutions.

A three trial funciton global extrapolation solution
with_ {w;}: { w$,o-)¢.o-°5]} is shown in Fig. 5.42
for three and four moments and 28#36 mesh. Overall, these
solutions are closer to u&* than any of the previous solutions.
Finally McBEND Monte Carlo results are compared with RANKERN
values in Fig. 5.43. Upto x=8:0 cm.McBEND overestimates the
scalar flux, while beyond 10 cms it is in good agreement with

RANKERN.

5.5.5 Square Source Void Problem With Scattering Media

This square source void problem was analysed by Watanabe
and Maynard [12]. 1In this case, the geometry is the same
as that of Problem 5.5.2 but, the non-void regions are now
mainly scattering. The cross section data is given in Table 5.4.
Watanabe' and Maynard used their discrete cones method, a

modified form of the discrete ordinates method,in analysing
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this void problem. They compared their results along

x= 5.625 cm with Monte Carlo and discrete ordinates methods.
The results were shown in graphical form. See Fig. 5.44,.

It can be seen here that the S8 solution gives oscillationmns,
whereas the discrete cones method, while eliminating the
oscillations, still produces an incorrect flux gradient at
x =0.0, the perfect reflector. Watanabe [14] also did
independent Monte Carlo calculations using the MCNP code.

In Fig. 5.45 results of MCNP calculations and global extra-
polation calulations are compared along x= 5.625 cm. The
global extrapolation calculation used three trial functions
with jov]= {mz,aw(#,osz}. Overall there is excellent
agreement with the MCNP results. The maximum standard
deviation associated with the Monte Carlo results along

x= 5.625 cm was 1.07. Fig. 5.46 shows actual values of
various calculations in the top right hand corner of the
system. Here excellent agreement is obtained between the

iteration, global extrapolation and MCNP results.
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6. HYBRID VARIATIONAL PRINCIPLES FOR FINITE ELEMENT

NEUTRON TRANSPORT

6.1 Introduction

In the following sections hybrid variational principles
as applied to finite element neutron transport are dis-
cussed. Some illustrations for one dimensional slab
geometry are given. Hybrid principles, recently developed
are due to Ackroyd [1]. The classical K+( #f) maximum
principle, for instance involved only one trial function 4"
With hybrid principles two quantities (unknown) are used;

a trial function ¢' with a trial vector f' or ¥ and 4.
Hybrid principles for both diffusion and transport theory

are discussed below.

Advantages and disadvantages in using hybrid principles
for two and three dimensions and their relationship with
nodal (cell) methods is also discussed. Subsequently, com-
plementary hybrid principles are used to obtain the syn-
thesis method for neutron transport. This method uses &%
and Q’from the parity equations. An optimum solution for
each higher moment using the previous moments may be obtained
using the multiparameter extrapolation technique developed
for void systems. This is illustrated for one dimensional
slab geometry. Preliminary results using the synthesis
method for a multi-layered shield problem are shown in

Fig. 6.1. These are obtained by Nanneh [9]. See also Ackroyd

et al [2].
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6.2 Least Squares Method for Hybrid Variational Principle

6.2.1 A Hybrid Maximum Principle for Diffusion Theory

Here the hybrid maximum principle is derived for one
dimensional slab geometry using the generalised least squares
method. Consider, for instance the diffusion equation for

a system consisting of two regions.

y 1 Sia Sp
%’
Region |Region
1 2
° a b T

Assume that there exists a perfect reflector at x=o and a

bare surface at x=b. Write the diffusion equation as

dJox &+ O boln) = S(x)
x4 " (6.2-1)

and Jou < — D J_jﬁg"‘) (6.2-2)
*

where Jox is the net neutron current and ¢,(x) 1is the exact
scalar flux. The boundary conditions at the interface Sy

and the bare surface Sk are:

¢,(%) and Jox are continuous across Sia-

40(1) -~ o Jex = ©
x= Sb (6.2-3)



-307-

2 .
where «% is a constant.

Let ¢fx) and Jx be approximations to ¢,(x) and Jox (%),
respectively. We are interested in local errors occuring
in a least squares sense due to the approximations made.

More specifically consider the residuals

(& emee)

2 -
Ry (6.2-4)
daoo\*
2
and Ra = ( Je +® o2 ) (6.2-5)
within each region. Error incurred on the bare surface
can be measured in terms of
2
2 = - ,'J-n)
Re (¢ - « (6.2-6)

Across the interface, Sj,, it is assumed that both ¢ and Ix
are continuous. The global least squares error that is in-
curred by approximating (é,, J',-.) by the pair (4, .T:)

is given by the following functional

Blas) < [ [ (gome T -3 (s )T

(6.2-7)

' 2 2 ~
Weights -‘\,;. L.D and -.\‘-;_ have been used with Ry, R, and R;’
respectively, thus, generating a generalised least squares

~
functional H (¢, I;) . Expanding terms in ﬁ(é,jg) we get



(6.2-8)
We can-write the term
A « d¢
11 4n]
2 »
2;[ (6.2-9)

In general this will be div (éJ ). The volume or spatial
integral for this term can then be converted to a surface

integral term with the use of the divergence theorem, viz.,

J div F dv = J E.n dS
v s

(6.2-10)
H (4, 7<) then becomes
[§&(d dl _s)* w5 (3D fdv
+Jv { ~aps + > (@34)7+ %= $2{ dv
' Sb (¥ 24T + «xJ.*) ds
"’155,, T ds (6.2-11)
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Hence, some cancellation takes place in the surface terms
A
because of the weights chosen in constructing }1(¢,Tn)-

We can write

Al = E(m) - R
(6.2-12)
where
A d * ,," "(?,(J'ﬁ)‘ JS
E(%) =j i#(:‘f"‘s‘) + 4 (3 +J;,, |
Y
(6.2-13)
and
> - &
T(M'J' Sags - D [4) -w A J : 4
v (6.2-14)
R -EmO + RH(BX) =0 (6.2-15)
Since, ﬁ(d,]n) is positive definite by definition on
construction, then
E (\T:) - )?(4) 7o
i.e. R(4) = & (32) 5o (6.2-16)

This result implies a hybrid maximum principle since both

4 and Jx are involved in the inequality.

6.2.2 The Classical Maximum Principle

The classical maximum principle [3,4] may be obtained
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from the above by setting Je=Jex, the exact neutron current.

Then
A A
4 = on
H (4.3_") + K (#) E { ) (6.2-17)
where
il 3) = [ Lont-aam e pLEVT T
+' (=49 ds (6.2-18)
Sb x*
and
o) = [ [ 0@ et B o)
v
Since ﬁ (é,jlg) is positive definite, then

a5 [ D> EPr aeta o[

C(e) € F (40 4.) (6.2-20)

Here the right hand side is simply the bilinear functional

defined as

d we
Floy) = L { 2‘&%3 = * drwfdv + M it ds
(6.2-21)

?(¢) is simply K*(&” the classical maximum principle for

diffusion theory.

6.2.3 Minimum Principle

Above the classical maximum principle was obtained by
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making the net current exact, i.e. Jox. In order to generate
a minimum principle, set é= é., the exact scalar flux.

Theﬂ

E(J'u) = 2(*.) -+ ’I:\ (d’oan)
(6.2-22)

This can also be written as

P (3 = Fleed) + jv J& ((n-2) 4 (Fe-) Jdv

+5 [ (fe-To){ s
S

b (6.2-23)

Since all terms on the right hand side of (6.2-23) are positive,
then

E{L) 7 F(""') .
(6.2-24)

This then defines a complementary minimum principle. Hence,

B) S Fland) € E(T).

A
In the K(#) principle ¢ needs to be continuous across
A
interfaces, whereas in the E(Jk) principle ]; must be con-
tinuous across interfaces. In addition both & and J; are
required to have continuous first derivatives, i.e. they

1

belong to the class C “of admissible functions, in each region.



-312-

6.3 Hybrid .Principles for Transport Theory

6.3.1 The HY (¢ ¢) Maximum Principle

Before deriving the H' (#47) maximum principle it is
appropriate to state the restrictions imposed on the trial
functions &* and ¢~ which approximate ¢f and ¢, , res-

pectively.

(i) Trial Functions ¢+ and ¢ are continuous and
have continuous first spatial derivatives for
all a,r lying within each element.

(ii) ' need not satisfy any interface or boundary
conditions.

(iii) ¢~ is continuous across interfaces for all =
crossing the interface.

(iv) On a perfectreflector Ser.

= _at
olra) = &[5 A% for a11en T - ARRFe

(6.3-1)

where A is the outward normal to Ser.

Another quantity required is W'~ (4%, ¢”) which is a
special case of the functional hﬁ—(é*,é°) of Ackroyd [4 ]

defined in Chapter 3. We have

W (¢he) = I(6h¢) + T (h¢) + I, (5 47) + Is (6567)

(6.3-2)

where the quantities involved on the right hand side have

been defined previously. W*— gives an overall least squares
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measure of the errors incurred by ¢t and ¢~ in not
satisfying the parity equations within each element and in
addition not meeting the imposed boundary conditions for Sb
and Ss . W*= can be written more explicitly as
W= (4447 = jv <G Ta.pdtpg™#7-5"], 2.4 +§7'47—s" >dy

H < Da.oq cat-st T, 2.9 ¢Tredfost 2 dv (6.3-3)

+L{ L_l ot (eF-47)V da +)[

Ao S

+_( If.n] (¢t —4—T (r.;:t,))" dn +I 1a.a] (¢++‘"-T(r"“-))" Aalds
S

A-n <o

le.n| (¢t —g-)* da {ds

S .ﬂ'.V\—"o

This leads to the following identity involving
- kel PN

KHaM) + ko) + L st a7) + MU, #) + W, ¢7)

':'J i <c-lshsty +<§s7357 tdv (6.3-4)
v

+2JS ja.n| T*dads = 2« (known)
ss Ja

Nl Lo

Here K% and K~ are the classical maximum principles and L, M

are defined as

cata”
L(¢H¢") = —-‘?JL. a.n & P c[/t.\s (6.3-5)
Us
and
) = -3 [ aaarendads (6.3-6)
"
These terms compensate for the ] and J expansion sur-

face terms obtained by using the divergence theorem on terms
involving (h.V2*)d~ . The identity, (6.3-4) is used in

deriving hybrid principles. We start by defining a functional

HY™ (57 as
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RE- (04 97) = kH () +KT(e) —2“.«1.n¢ pte” dwds
0s;

(3

-XJ J w(z,4) 4.0l [c¢t-s*++2.7¢7]
N

SWuss
+ - 14. J
- il stz @) =sT(g, 09 + 240dlc, %) -2 94 (mﬂ ads
J Lwlna)lzs o 202
srr

. - . . '
where w(r,a) is a positive weight function and A and A

are positive parameters. We then have

HY™ (e, 87) € 2 (6.3-8)

using (6.3-4) and assuming that & and ¢~ satisfy the con-
ditions stated earlier. The above maximum principle can be-
derived using the identity, (6.3-4). We get
- - ! '

H* () +XJ I Wz, 4) M.nl[C#"-ng.M TPdads +4 J '( w(run)la.4]

S/ Sy YV

Uss 2

[st(c 0) -5H(5,4%) 404 041, 0) 2087 (5,2) | dads  (6.3-9)

+ R4
When ¢'-4 and #™= ¢ then equality holds in (6.3-8). Other-
wise there is the inequality due to the fact that W*~ and
the surface terms involving SwUS; and SF’ are non-negative.

If equality is assummed in (6.3-8) then the sum of the X, N

—_ '
and W terms vanish.

This may be seen as follows. The volume terms of WY~ vanish

hence, _

AT+ ST s s
A.946" +c&F = s*
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the parity equations within each element. Hence
-1 - -l p= = e~ _ a.y [c—ls‘v:l

c'awve] + & s 4
-avl (6.3-10)

which is the second order odd parity equation for ¢~.

Vanishing of the surface terms of W*~ give

v [s*- 4.94"1 =0 for Aa,p<o
on S}
¢-_c-t[3+_g.v¢-] zo for A.n>e
d - - - f ."_L.ﬂéo
and ¢ -+ Cc 'ES*- ﬁ-?d’ ] - T(r.ﬂ) or on gs

¢~ -c"'[S"—;‘l-V‘r] = T(5-3) for &.1>0
c-! [S-f(’:'n)_s‘\'(r'é*) +ﬂn-_w'[rm*)-gl_.w'{r‘g\)] = O for all A.pa-8"n¢o on Spr.
In addition since ¢  satisfies the interface continuity
condition and reflective condition, together with Egqn.
(6.3-10) imply ¢-= ¢, , the exact odd parity solution.

Similar arguments give &%= dF.

This means that when 4>+ and ¢~ are independent trial
functions,equality in (6.3-8) is only obtained when &%= N
and ¢= ¢ . In trying to obi:ain good approximations for &oF
and ¢,”, W (¢",¢') is maximised by suitable choice of % ¢~
with wi{£,4), A and )\ specified. Maximisation of K™ is
given in Section 6.4.1. For a discussion on the choice of

penalty parameters ), A see Ackroyd [ 3 ].
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6.3.2 Neutron Conservation

We have seen that in the H'"(¢%47) maximum principle
the trial function &% does not have to satisfy any inter-
face or boundary conditions. This means that ¢+ for one
elemenE is independent of the ¢' for all other elements of
a system. So in a particular element @ we can specify &:

as

o = b+ Wi, )

¢ (6.3-11)
where ;; is the average scalar flux in e and
A _‘:)ﬂ L) = 0
¥ da dv
Ve (6.3-12)

Consider an element that lies totally within a

system as shown below.

Then maximising H*'(#ﬂ@f) with respect to the average scalar

flux ;Q gives

2 {J s‘ [ 24st 4 0.7 4s™ _a.pglave) —&tcdt]dady
ﬁ Ve I .

*Zj[ 2,10, 4"’#’4"5‘5} = o

Us; (6.3-13)
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Hence

J j [st-cétTdadv = jjm a.n; - dads

Ve¥ vs; (6.3-14)
since € is self adjoint. The right hand side of this
eéuation implies net flow of neutrons per unit time out of
element @ . See the definition of neutron flow involving
$ in Section 2,2, In the case of constant macroscopic

absorption, scattering and total cross sections we have

|

e

{ st dndv] - o2 Ve de Jj 2.0 &~ dads
n US;n

(6.3-15)

= Net flow of neutrons per
unit time out of e.
This is a conservation equation for neutrons in element ¢
and occurs quite naturally in the maximisation of the H*~(#%47)

principle. See Ackroyd [7].
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6.3.3 The E*"(¢*,¢°) Minimum Principle

The E*"(#'¢) minimum principle can be used to obtain the
method of synthesis of solutions, described later in Section
6.4. By changing the roles of 4" and ¢~ denoted by 8%, 8~ we
can obtain E T(6%8°) nminimum principle. This is described in

Section 6.3.4. The functional E*($,4~) is defined to be

- - - + - + 4™ - . + -Jn.'
€T (e% #) K*(¢*) zjus.-,L‘ ¢t 27 dads Z‘L'Lﬂ 4o s
+ m*' (¢t¢') *f <I(£'V¢-+ c*“'_s*) '£.V¢-+C¢+_s-¥>JV

v

(6.3-16)

where ¥ is a positive operator. €'~ defines a minimum principle

since

F¥ (o, 0F) < e (4% 47) (6.3-17)

for trial functions 4% and & satisfying the conditions
stated earlier. As before equality is obtained in (6.3-17)

above if and only if

¢t = b
Q- = é: .

Derivation of the E'” minimum principle is given below. On

using the expressions for L and M and the fact that

F* (of, &%) + F (&me7) = ax (6.3-18)

(See Ackroyd [4]) we have



-319-

Kt(e*) + K (¢7) —2j _f Q.5 $Té dnds ’2Sf£'n ¢réd-da ds
" a
Vg e

SR (E58) = 2 = FHaf, ad) &+ Fo(en )

(6.3-19)

Next we can use this result and the identity

-f g - - - -2—-F+ é‘té;’)
k) +7 (€3 &) " ( (6.3-20)

where €"= (¢ = 3s"), to obtain
k¥ () —2JI a.n; e dnds —QLJ a.0 44 dads + WHTHE)
g A
= F*eS5, &) +F-[ene?) . (6.3-21)

EY~ can then be written as

(g ) - P E) ¢ Flee) +
j <p(a.ve- +ce®) BVELC ey dv (6.3-22)

here &%= (Q‘}’ d:)-

Since F*(#J,Qﬁ) is positive and each of the other terms in

(6.3-22) are non-negative, then
E*"(e%,47) » FT(ah W) o

is the minimum principle as required.
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‘- +
In fact E and K, the classical maximum principle, are com-

plementary principles in the sense
KHe) ¢ Frleh af) < EF (4% ¢)
(6.3-23)

¢+ satisfies the continuity conditions at interface and the
reflection condition on Sr,. So E¥”, the hybrid minimum

principle,is complementary to K?¥ (4%),

6.3.4 The E~*(6%,8~) Minimum Principle

The £~ principle differs from theE'” minimum principle
in that the roles of ¢* and ¢~ are changed. 1In this case
let ®" and ®~ be approximations to &t and dy respectively.

The conditions on the trial functions % and 8~ are as

follows:
(i) ®~ does not have to satisfy any interface or
boundary conditions
(ii) ot has to satisfy the continuity condition for

interfaces and reflection condition on Srr

-
The B (65 9*) functional is defined as

E-*(es6*) = x~(67) - j-( ot o~ a.n; dnds -2‘(! a.n 6o~ dals
a a
0S¢ Spr
T +J<e(£-Ve“+3"o‘-s‘), a.vet+§le"-
\'4

s=>dv

(6.3-24)
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where & 1is another positive definite operator. The minimum

principle in this case is

F-(¢7, 47) < e (o5 6%
(6.3-25)

Equality holds in (6.3-25) if

6t= &t

and o-= ¢ -

This minimum principle may be derived by letting

st = 9*-»hf

and :- - o-— #°- .

Then

K=(e-) - ?-f Li\.n-‘ s*p- dads - ZLJ;- a.n 6t0- dads
v e

PR (one7) = Fr(aad) + FH(54SY)
(6.3-26)

On using the parity equations (Section 2.2) this gives

E"Y(050%) = TT (&5 40) + FY (8, sY) +i<e(g.v $*eg-l 8,
a.vst +§-1 g->dv

Here F~ (&7 &) is positive and all other terms are non-

negative. Hence,

E-*l(e30") > F~ (a7 d-)
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6.3.5 The N'"($%4") Functional

The N*— functional is a generalisation of the Dilber-
Lewis [56] functional used for finite element based nodal

schemes. Their functional had the form

J M [ & (09¢0* v ¢ Jda - 4Tt -2 ds [y
v o T

Fle*) =
+1J‘f a.n ¢te” dads
S n
- +
where t’ = ‘j.'l‘ N.7¢7.
T
The treatment was restricted to isotropic scattering. The

more general N*T#ﬂ{?functional can handle anisotropic

scattering. N¥~ is defined as

- - +3-
N LASE) = RE (e -2 jj aoo ¢4 duds =2 [ an dtdads
5 tr

(6.3-27)
This functional can be used to formulate a nodal method and
also to begin the method of synthesis as different from using
K*(4*) and Kﬁdﬂ globally as the starting procedure. This is
illustrated in Section 6.4.4, for one dimensional slab
geometry. Further discussion and details of NY"(¢%4Jare given

by Ackroyd [ 7 ].
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6.4 Generating Higher Moment Solutions from Lower Moments

6.4.1 Maximisation of H*~ ($% a7)

Suppose that the trial functions 0"(1.,-) and d'{”V‘)

are expanded, in one dimensional slab geometry, as

K

¢* () = z: ML (6.4-1)
L

and 4= (%) = Z aQ,~ )CL'[M,M) . (6.4-2)
4l

where 9 and 4.~ are the unknown coefficients and £ 4-

are basis functions. These are products of say, Legendre
polynomials in u and finite element shape functions in ¢,
i.e. P (n) ¥; (x). Since 4% (wym) does not need to satisfy
any interface or boundary conditions in H*'(d’,d'), then we
can allow greater flexibility in the spatial specification of
.f-k*(r,/u) than -Ff(x,,u). Maximising H'" (4% 4~) with respect
to the unknown coefficients q,“" and q we get the following

set of equations:

K' K' M
t oA, + + Z Ao
Z LYW M = Z e S - ~ Bl A (6.4-3)
ksl kel ms
and V] K' K
- A -+ 4 Z "y
Avn 9m = Sak Sk - Sk,, A (6.4-4)
mz) | Y] ks

Here we have assumed an isotropic extraneous source and no

surface source. The coefficients above are given by
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.o, L{<,4&*,5(»g§¢)>+<&*.c&+>}=\z

o
Y
"
o —
e
x
I
¥

- - - df- - - 6¢-'L - due
Ar -L{<)~%».c'{/.‘,§~)> <f 5T R 8

f‘gsws; Al T ‘}/‘

(6.4-5)

and

(I)

g J < pdBT, e Gt Y el

The above maximisation of H'7(¢, &) is done with respect to
both the unknown coefficients of &Y and &~ . A simpler
way to carry out the maximisation, see Ackroyd [ 7], is to
use two stages in the process. Firstly,the optimised odd

A -
parity flux 4 may be obtained from K~ (47). Then

$ bus) = Zt.: fon (6.4-6)

A
where b, are the values of bwm,the unknown coefficients, ob-

tained using K-(¢7). Secondly, maximise H"{oﬂx;) with respect to

A
v . .. +
ay to give coefficients }x such that

K S M .
Z A&i: = Z ONEMEES Z B b
k=1 b=t mel!

(6.4-7)
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K
Av Tt oot
where y = Z. by -f-k .

Since ¢* does not have to satisfy any interface or
boundary conditions, then ¢t can be calculated at a local
(element) level if required. Initially we may calculate ¢~
using KTCd?say a P, calculation, and use (6.4-7) to obtain
a Pa approximation for ¢*. Having calculated $+ﬁU then we
can use (6.4-4) to get a P3 approximation. This process
can be carried on until the required order of expansion is
reached. In this way the solution is built up starting
at say,a P1 approximation. Since ¢¢ is independent in each
element then the neutron conservation condition holds in

each element as shown earlier.

6.4.2 Synthesis Method

Below, the synthesis method is outlined® The idea of

this method is to obtain a P approximation for ¢ofluu) using
K*{Q") and a T approximation to 4, (wm) using K(¢) and to then
start building up higher moment approximations as described
later. This method differ from the direct use of the H'”(4%47)
functional in that at later stage the approximations are not
necessarily optimum but, are optimised by a nodal, i.e. multi-
parameter, extrapolation method. Here EY~ (¢t,4~) and E-+(9‘39*)
hybrid minimum principles are applied to obtain high order
transport theory solutions. The advantages of the synthesis
method for large systems is the fact that at any stage of

*Initial theoretical work on the synthesis method was carried out in

collaboration with R.T. Ackroyd and M.M. Nanneh.
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the calculation, only one unknown per spatial node is involved
in the calculation. Hence, it is a diffusion theory type

calculation.

The synthesis solution may be obtained in cycles and each
cycle after the first has two phases. So for instance, after the
nth cycle, a . and ﬂmd approximations for ¢;’ and ¢s are
obtained. The first phase produces an optimised combination
of the even parity outputs of the previous cycle, using
smoothing and weighting operations together with K% maximum
principle. Then the corresponding ¢~ approximation is ob-
tained fronlE'* minimum principle. In the second phase the

K~ principle is used in conjunction with smoothing and
weighting to obtain an optimised combination of the odd parity
output of the previous cycle and the odd parity flux of phase
of the current cycle. This optimised ¥ approximation can
be used in E'” to give a second ¢t approximation of the

cycle. The procedure is given below.

Cycle 1
"Phase 1
T . . . - ( ). of

Here 6 is a Po approximation for ¢ (™a). Oi
satisfies the continuity condition for
interfaces and reflection conditions on
Spr. Hence, 8¢ can be admissible in x*(€).
Output of Phase 1 is §* the maximiser of k*(6})

Phase 2

¥,is a P approximation for & (wma). Again W~
satisfies the same condition as &% to be
admissible in g=(y-) principle. Calculate Qf
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the maximiser of K~(¥i").
Then the approximation for F(w m)is

A

which is a Pa approximation, but not
necessarily optimised.

Cycle 2
Phase 1

v,
First perform smoothing operatlon on Wt
of phase 2 above, since Vt will be discon-
tinuous at element interfaces,in general.
Next optimise this smoothed ¢+ using
nodal extrapolation !

A A V,'.
G;': 3 fi ($A 95*)': + (l~f£)$6 Y at each

node ¢

¥*

where $h and ¢6 are smoothing operators
and fX is the extrapolation parameter,
which can be obtained by maximising g+ (8d).

In the smoothing operation we may for in-
stance, take the mean of two Wt separate
values at interface nodes. Similarly for
perfect reflector nodes.

Hav1ng carrledvout the smoothing operation

for 8 and W' of cycle 1, then the optimum
ri.e. G{ is obtained by nodal extrapolation

uS1ng'h and ()-f) at each node £ . Next the

e; a p, approximation,generates a P, e,_,

approx1mat10n as

A4
b = sLsomdp]

v
for ¢,°(vis). Again Oy will be discontinuous.
Hence the process of smoothing is performed-

Phase 2

Here we get a P3 trial function which is
optimised

A v
Vi %Y o+ (1-f) 6a;

[3

*Justification of differentiation and smoothing is given by
Ackroyd and Nanneh [8].
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The f; are calculated using K~ principle.

Next a P¢. approximation for & fx,«) is
obtained as

wo= o [stom 4¥]

x

and the above process of smoothing and op-
timising are repeated.

The above is one possible way of obtaining a solution.

6.4.3 Synthesis Method in One Dimensional Slab Geometry

In this Section, the synfhesis method is illustrated
for one dimensional slab geometry. See Nanneh [9]. The

even parity flux moments can be determined from

- dé; ]
;:(x) = S;t.(“_)__ - ! ( [ﬂ %L ) 4 (AL4r) T;u.ﬂ
(or - maL) (a1} (67 - 6220 (6.4-8)

and the odd parity flux moments from

’ d &
- -\ . \ c“u. + tz\-‘l‘z) (M.-ﬂ)]
.. ) = ) ((2{1') Y3 ax
an (‘bl‘";)(ﬁ- .'S"UH) (6.4—9)
assuming an isotropic extraneous source. In the synthesis

method then, the optimised even and odd parity fluxes are ex-

panded as

v+

P
- bat)) p GO Pa (/')
\\l,}: ("'f') = E { I‘,.’) LY¢TA) L (6.4-10)
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and
Ve | - = 4‘“'3 = (=
Bplup) T ,§ ( 41r) Knm{«)) T(MO(”) (6.4-11)

for each angle.

Similarly, for the optimised solutions. Having obtained a Po
A A‘

solution G:from Kﬂ and a M solution Y, from K=, and

a f» solution calculated from (6.4-8) above ,and smoothed,

then
»~ A Vi
9,:-_ el 0:1;' r G=-£)Ye .

This is then substituted into the functional K*(Df) to

obtain the coefficients i .

hpt
Consider for instance the V?J‘f “Qﬁ%.Jm term in the
0D J=l

K* principle, for a simple linear element, i.e.
= b T 2e v+ v+ 1
%Ej‘ [" {L [ Bum?’ -(qu'.(o) To + Wiiay 1’1)] Ap
=t

v 2
+L' [ 9,7 + Viwh] 'i"} D{w] do

(6.4-12)
2 - -
where P %4 -+
Balu) = o LZ, i ( i e = Y T =5 Vliu)?") Yol9
v ¥V +
+ ( &,(:-,) P 4+ w\L(,,)Tﬁ-) Yolx) .
(6.4-13)

is the optimised P, solution. By letting
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A+ v v
@& = 615(.) Po - ( Vli(-)?" + Yt T‘)

v+ Vi
o = (q{u.) P+ Vlih)Tz)

Q
g
1 2
we can write (6.4-12) as
% & ]
o )| {[ e vpmd” dn § e
3 S TR -
hpt ],_ ,L‘
.
2 'lé*ﬁ L [ (it B+ It + ) 2] (6.4-14)
Maximising with respect to j and f; gives
H (10 £80) 21¥i- Y0 F ” (hez 4 fa) 4 Vit
[ (nost) s 4 [[(1nstpr) ot
In matrix form this can be writteq as: .
H ot 02 j LIL N (0 (3 % .U (bt + “b2¥ )
+
H PSS ﬂ LI LI.. ] [ (4 potp? + preda ¥ 00)]
L J b
(6.4-15)

In terms of the angular and spatial matrices already known

we can write the above as
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- <
Su Lty 2] A[“‘] Sulw ‘:JA[:!‘] !l W
hd" m«hz
+
Say [ '(:]A[-u] Saa ['-(.;:;JA ::] Lb-‘]
L heda ! “ Rode 2 -
-
FSn [ ] A[:; ] + Sn [‘:.‘:?A[ :’,]
l\oh' hodal hedsa
Sy [widal A ‘M] + SaluslA f,]
X nodaz [" nods! nedaa .\[‘p‘:‘ ]

Where $§ are elements of the removal

spatial matrix, A is the removal term

angular constants matrix.

Similarly, contributions are obtained for the leakage term.

Over an element where there is a source and/or bare surface
again these contributions are included. The global matrix

for the g calculation is then built up in the usual way

to get a global matrix equation

Mf = S .

There is only one unknown #f; at each node ¢ of the system.

The coefficients « at the nodes will contain the optimised

fo nodal fluxes and the unoptimised fo and Pz nodal fluxes,
while the coefficients f will contain only the latter.

Once the optimised fo solution has been found, then the un-

v
optimised 93 odd parity solution 64 can be found from
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(6.4~ 9) which may then be optimised in the above manner,

but, this time using the K™ principle.

6.4.4 Synthesis Using N (dh $)

The N’-w', ¢~) allows ¢+ to be indépendent in each
element of the system since ¢t does notnzgg satisfy inter-
face continuity and boundary conditions. This allows
local calculations to be carried out for .p*' . The synthesis

scheme using Nt~ may be carried out as follows:

Carry out a T, ¢ calculation using K“(¢) principle.

This will be a global calculation. Next use the optimised

P, solution in the N*-{ﬂ&') functional to obtain ¢+ locally
i.e. for an element. ¢+ can be expanded to any order but,
only the Po and TPa components will directly couple the Py, ¢~
solution.

) A

f s @t d T dpds

-
ol

A ' r4-
Ntoleh4T) = kY -2”./"6 $47 gods -f
v, *
(6.4-16)
This preserves neutrons in each element. We could for in-
stance obtain a Pa approximation for «}1' . The latter will
be discontinuous at elemenﬁ interface nodes. A smoothing
process is then carried out. Next an unoptimised ¢~ ,
solution can be obtained from 3‘, P. solution. This can then
be optimised using nodal extrapolation. After obtaining g‘a
P; optimised approximation, Nt ( ¢, 5’) can again be used to

. L 4 -
obtain optimised local ¢t solutions. Consider the N' " calculation
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and assume that the coefficients are known. For a

linear element shown below, with interfaces A and B

AL¥ 18
| R

we have for the surface terms

15 a[2) ) B ) 00 il

ST b
(6.4-17)
at A
and
’ ! A- ,’.
-j Z # ﬁ‘ﬂ)/% s ) Paarfo) B! "zu"’)%
ow W (6.4-18)
at B.
Note that  wa,p = -  at A
and AR = at B
Hence, we have
+ o r_ + A *4— A
._4_11_1‘2' [zt $20) e+ CaLtr) "m; 1"]8 (6.49)
So for A=»
A
+ £ [ & 4]
47>
‘z i ~ ~ A ,
t L [hwradiet v3hg]
L=z0, 1,2: 4

o L d v 2adesli) v G 0]
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. +
In the case of two even moments expansion for ¢ (x1.)

maximisation of NT~ gives the usual contribution from Kt( %)

and in addition a 'source'term

-

o

L 1$f at node 1,2 A B
’r—y

47> - . 1 3
- 8; 2 4

-gi; at node 3,4

Local node
numbering for
2 moments

The ¢~ approximation is ?. For a B,¢ calculation, including

say a Pg,é' calculation, we get

- ~ T
%
~ Ao
(24f+3¢3)
485
b A B
| - —
- | T
-~ ~_
"(2.‘..“"3’;) 3 6
‘~
-4 ¢
Local node
numbering for
L = 3 moments.
as the '¢~ source' vector for the element. If only a A

approximaiton was used for ¢~ then the '¢ source' vector

would be
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The entries in the '¢~ source' vector are of course nodal

values. In general we can write for the '¢ source' vector,
[ ]
ﬁ-
4

(257+3 %)

(48 +5%)
~ . A
0| @A e w0 &) A B
b { m+1
.- 2 m+2
LY 3 m+3
A ~ . .
~(2404+3 tura) .
h. ~L ‘ :
-(4' ¢M‘!"- +S 4‘.’;) m 2m

.

.
-

| (2L 3;,,_, + (3UH) 3;,, )_
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Here m refers to the number of even moments used for d&*(wm)
and hence, gives the element numbering scheme. A refers

to the order of angular expansion for @" and ¢~. -
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CHAPTER 7

7. CONCLUSIONS AND RECOMMENDATIONS

7.1 Discussion

7.2 Recommendations for Further Study
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7. CONCLUSIONS AND RECOMMENDATIONS

7.1 Discussion

This thesis has been mainly concerned with the treatment
of multigroup anisotropic scattering and new methods for
solution of void problems, using the finite element method.
There was also a brief discussion about hybrid principles in

neutron transport and synthesis of solutions.

In the case of multigroup anisotropic scattering, proof
tests on one dimensional, one group and multigroup, severe
anisotropic scattering problems show that the finite element
method gives accurate results. In the one group forward
scattering problem a nine even-moment calculation gives a
percentage error of less than one percent when compared
with the analytical result. For the two group backward-
forward-isotropic scattering source problem close agreement
for the scalar fluxes is reached with the analytical results.
The two group Fs scattering source problem and the P(
scattering multiregion source problem, both with large
attenuation, also demonstrate the accuracy of the finite
element method. Overall, the theory of multigdrup anisotropic 7
scattering for the even parity transport equation has been
illustrated and it has been demonstrated that the finite
element- method for the even parity transport equation can

handle multigroup anisotropic scattering quite successfully.



-341-

With the solution of the even parity transport equation
for systems with void/ducts, two new methods wereApresented.
The methods were termed (a) iteration and (b) extrapolation
methods. The latter was further divided into elementary
(global) and multiparameter (nodal) extrapolation. The
theory of these methods was presented and the methods were
tested on quite severe void test problems. The problems
were severe in the sense that the regions surrounding the
void were purely absorbing, except for one test problem, and
hence, the angular flux was highly anisotropic. The results
presented in Chapter 5, indicate that the iteration technique
can give better results than the conventional finite element
method. Further, global extrapolation is superior to the
iteration technique. The nodal extrapolation method predicts
the scalar flux even more accuratly even when using only two
trial functions. The results of test problems with these
methods indicate that the new methods can be used for shield
design scoping studies and for more accurate definitive cal-

culations.

7.2 Recommendations for Further Study

At the present the nodal extrapolation technique has only
been inplemented in FELTRAN for a single void region. The
next stage is to code the method for multiple void and non-
void regions. Subsequently, nodal extrapolation (and the

other methods) need to be tested on a number of void problems,
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which should include systems with a significant percentage
of void. In addition, there is a technique for generating
a variable cross section profile within the void region

which can be used as a basis for a conventional or extrapo-

lation calculation. This needs invesigation.

As seen in Chapter 6, the nodal extrapolation technique
may be used in the method of synthesis using N*~ functional.
By starting with the lowest order angular approximation
in a single element, the higher order solutions may be built
up within each element. The optimised higher order solution
being obtained by the nodal extrapolation technique. N
with extrapolation will reduce computer storage requirements.
This work is currently in progress in one dimensional slab

geometry* and if successful, can be wused in higher spatial

dimension, where it will be of greatest benefit.

Another technique to be investigated concerng the K+’
functional. Discontinuous finite elements have been used
with the K*~(¢*>¢7) functional to obtain different order
angular approximations in different regions. This requires
the use of both K*(¢*) and K7(9~) functionals where as the KAH(S"*)
functional does not require ¢~ , the odd parity angular
flux. This method can be investigated in one dimensional

slab geometry.

* See Reference 9 of Chapter 6 .



-343-

Some theoetical investigation is required into maximum
and minimum principles for the equations of electromagnestism
and solutions of these equations by the finite element
méthod, especially in three dimensional geometry. Another
area of work includes the solution of Maxwell's equations
in plasmas (for plasma containment in a fusion reactor)

by the finite element technique.
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APPENDICIES
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APPENDIX A

Derivation of the Even Parity Equations for the Iteration Method

In the case of constant ¢y=¢' in the void region (Vv)

the first order equations for the iteration scheme are:

.9 W +o'¥ =0
Q.7 o'V = «'w

Q7Y + T'Yas = ol
L 7w +ely =o' V3

:l\.-vu!« ar'¥m = 0! Yo (A1)

. /
ATYm + o W T 7

In the non-void region VR we have

2avY + T =S
R VY + LY =0

AT Y, + Wy =0

ATWe + 2 Yy =0
. (A2)

:ﬂ.v‘i'm-l—'é‘.‘l’m =0

.

J"L__,V Ym + Z P =0

where Y- y(£,4), S= S(I,il_) and Z is the operator defined in
Section 5.4.5. M is the number of iterations and V¥, is the

th . . .
m component of the iteration solution.
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The boundary conditions for VY, are:

Ywn = © on S, for *%-A<coO.

Ym continuous across interfaces for %.n %O (A3)

Valgo)aful,flon Sefor a.n =- 2%2 %o .

The even and odd parity components of (A2) give

Ay~ +cwt =5t
&OV \Y‘+ -!-34“- =s”

RV Uy~ + Pt =0
R.7 R +§YT =0

Q‘.V%- +CWM+ =0
L. P W 4G Y =0 (44)

N _ + _
LIYa +CW =0

£, 7 Wb+ g7 =0

where ¢ and S" have been defined previously. Eliminating

the odd parity flux components from (A4) for VR gives

~2.7 ] 6 (a.702) + cy¥ = st R.VGeT

-a.v LS (ﬂ-V \\U’)] -+ C—Vf:. -

. (A5)
: + eyt =0
_£.7£5(Q.VVM)3+ M
with the boundary conditions
\t’m+ continuous across interfaces for &.n %o .
gt - S[S-— avvtl =o for a.nvo- (A6)

@+ § [s--a.vyt] =0 for @,a<e on Sb,



and for m=2,3,4,...... M
“Fn:"!‘ S{Q.V ‘l)m+)=o for X.0>o0- (47)
A
t("".-j (ﬂOVWh+) =0 for ﬂtﬂ‘p
on g,
On a perfect reflector, Spr,
* .
Yut(s 4) = Wi (5 2%) for .o =-a%n &0
m=1,2,3,..... .M
I.e
L + », =
5[ 5-(:;9-) __&.v%‘i’l;’ﬂ) _.5"(:,3")4- LY [::ﬂ‘-)] (o]
(A8)
for m=1, and
gL a* vyt(s, 2" —2.7gf (5a)] =0
for my 2.
The even and odd parity components of (A1) give
279" + ~tyt=o0
2.V + 'Y~ =0
a.pp- + vt = o'yt
R 70t + Y = ol W~
: \ »
_.g__,v \f,: ! W\u‘. = Yo
., + l" - = ! --l

.
.
1
.

. +
- ]
n,v Ym + O ' \VM+ = o WYya

A vyt + Y = ! Yoot
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Eliminating the odd parity components from (A9) gives, in Vv’

—ﬁvV(.ﬂ-V“i:? +°—-' \V|+ =0
o1
-0 7 (079 et =

!

2 W'

(A10)

arl @t - ' Wt

—a.7(s.vwY) + ' Y5t
o

and for m=4,5,6,....,M

L ad ] +

]

-7 (8v ) g

G"'

Here the right hand side of (Al0) needs to be positive in
order that WJFlsa) is positive. This means that the condition
\L“‘_' vi l,l‘::‘_ is required for W\ 7o.

Eliminating the absorption sources in the first two and then

the first three equations in (A10) above gives

-7 (2.7 ( wre £ 1) (e = oo (A11)
p— + & (-ﬂ:)

and
—ay (2w (W Bwre hwY)) L o ("’;) ze
3

!

(A12)

In general for wmy | the following equation for Vv is obtained

_J\-V[ ﬂ.V(“’(“' + ':‘m;' Wt o ....-q-(m-:i'l) w: e L.PT;.;.P)]'*' - i"‘j - o

In deriving the above equation it has been assumed that each

iterative component solution VC' is exact so that all the
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above equations are also exact. In practice the equations
will be satisfied approximately since the qg* will be

approximate.

Let 6"' (c,4) = i (_U_:."_tl-) t&"’/fvﬁ-)
n T m (A13)

i.e. the solution obtained after M iterations. Then 9;
satifies

-\ 4 (-Q'V e't') 4 ! l‘_"_ﬁ_‘t = O
! M

(Al14)
in V_.

v

Y_a+ +

In addition 1let ;M= ¢."9u , where Q:'- dte,a) is the exact
solution in Vv‘ . Then 3&* satisfies the following equation,
in V.,

v

+ g
—av(av5d) o e , (A15)

! ‘ M

Similarly for VR

—ag[S(agewn)] + Cout = S = &75sT
) (Al6)
and
-7 [slﬂ.v,.dﬁf):l + c ¢ = st-wn.vgs-
Hence
in V (A17)

—a97 [§(a.05N] + c5u¢

g: also satisfies the bare surface, perfect reflector and

. .y + . .
interface conditions. Hence ﬁM is the even parity flux due to

gt

a source ——= in the void region. From (Al15) S.'>0,i.e. o' < &F
So the M iteration solution ©u is bounded above by Q:' As M w

the source in (Al5) tends to zero, i.e. Lwm §'=0 or Lim o = 4T .
uao M m—ro
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APPENDIX B

Theoretical Lower Bounds to the Even Parity Flux

In Appendix A it was shown that the M iteration solution

ol 7. () v .
1=1

was a lower bound to ﬂf . If we let

M

AR

3
0 L= (B2)

i.e. the right hand side of (Bl) with coefficient (ﬂ%éﬂd

equal to unity, then the following inequality is obtained

O’ < oy ‘L‘hf .

¢z is obtained from (Al10) but without the cancellation of
absorption sources as was the case with em" . The inequality
¢,}’ AQ? follows from ¢, <d¢o . The solution T}:; _-.;1-"-*—-‘?{," +yt

is also a lower bound to &F(f,~a). This is shown below.

Consider the case of three iterations. Then in Vv

L ‘{’ff + ! q},‘f‘ =0

= (B3)
Lwst 4 ! gt = N
—! (B4)
+

where the operator L is given by

Lz ~=2.2(2.7) .
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Equations (B3) and (B4) give

!
L (¢t 4 wdp) +7 %h = o (B6)

=
and (B4) and (B5) give

+ _ +
_i_.:_‘ r%ﬂ w-.';/,_) + (‘*’3+*' %/’) = 2% (B7)

Eliminating the absorption source 2+ Wt from (B6) and (B7)
leads to

b [lwt+wh) +h(We wh)] +§ (erWhl=e gy
Since L&fl54)=0, then

L3 w' ~ [ (vt + wh) oy (wrev]f ~ Flere Wh)  (B9)

Hence §4r - ( W+ 5/:%"’-#“’;/4-)} %0 , as it is the even parity
angular flux induced by the positive source %;[ﬁ**‘ﬂ%).
Comparing the solution (w.‘f'-r S Wt + ’/4, ‘?3"') with that
obtained ( ;} ) by simply using positive absorption sources

'yt , o'wr, !yt etc. in (B5),we have

——

W=
v’:" = 2-@-:
- ' (B10)
W{ 4 W;/z = 4 \V;

T o= e vy bYS

and N 4
o = wt o+ st + g s
Hence ¢°+—(?,*+'\?;"+E*) 2o, i.e. z;' < &t

Hence 3;’ is bounded above by ¢.+ , the exact solution in Vv
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In the case of four iterations, the equation analogous to

(B8) above is

L [ (wee i) + g [4re W)+l [% 4w e )
- | (B11)
+ 28:' (Vs++ wa'/y Fytr) =oe
Hence
o= W AW W W
(Wt+ W) +l W+ Wh) + l [ W + %% W)
(B12)

]

is bounded above by &F . So

Bomowre L WY v
and 4+ - L wh o+ # %j

Solutions of the form ¢: as in (B12) have been used in the

iteration method presented in Section 5.3.
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APPENDIX C

Derivation of Parameters for Elementary Extrapolation

Two Trial Functions

The functional for the void problem, where the void is filled

with material of absorption cross section 9v is

Krlyet) = J‘f { ayrst- [2.7¢ § 2.7t + \Ve*CW:"']E da dv

(]

_L’ [ (7w m o v (9e0)?] de dv

N

va

‘JA | ja.al (vet)> da ds
5

(C1)
where
s ) = a Yt (ga) + (1—) @' (5 2)
is the extrapolated solution using two trial functions ¥, ¥,%
These are obtained by solving the given system with the void
filled with material of cross sections ¢y and «3, respectively.
Substituting for WFfg,2) in (Cl) and maximising kYy,!) with

respect to the parameter o« gives

rvf
L/

f i [yr—wt1s' = (wav Lu—wl + 2.vyt)§ L7 (wt-wt)
RIA

~ [« [nr-wr] v wt) © [wi+—wt) 1 de dv

B f { (w 2. 9Ll9#-wr] + 2.7 1) L7 [wit—t) (c2)
Y da dv
toyr (aDwrowr] b)) € (wit- WJ)S

—-(rVJ X la.nl (& Dant-wrd + wr) [ = ) dands
s a

b

n
)
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Expanding X in a power series in ¢ as

«= «{ey) = Qo + Qv 4 Qo VT 4 . - -ii- (C3)

Substituting for & in (C2) and equating powers of » gives

A —‘J f 2.7 ¥ nplut- wh dadv
vy IR ) (C4)

L J [8.7 (wt-wr)] " de dv

q = J f 2 [\Pi(.“‘ v:l S+ - (a' a.v [Yl.t“{';]‘f Ay \Paﬂ §a.9 [‘f’l‘f‘%"]
" (& Dut-w] + w) ¢ Dw'- '] 3 dadv

“J f (aonl [ & (er-wt) +0r) Let-wt] dads
S

7y (C5)

LL (8.7 [at-w]) " dedv

Qs A

A aL[{*-&oV [‘#"Vx’] S ﬂ*v [‘H”-%"] - [%"’-WJ] c [Vl*‘%*]
%

'J I (4 [ur—ut] + &) C [%”—WJ{ dadv
- al

vy R
“ lan] Lr=ut T obads
5, Ja

]

J j (A Cut-wr] )t dedy
v, ~

v pt

(Cé)
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. ot O+
Hence Y;L'-',!‘.) = %‘P TERAN AR CAN A R

where

e = o ( L ""V’f) + W

(C7)
QI'*' = a; (Vl+" ‘V»‘l’) + LP"+
{;/: = e ( wt - W) etc.

Three Trial Functions

In the case of three trial functions, the extrapolated

solution is

g(em) = wxyty puF + (1—z-pd Wyt (c8)

Each of the coefficients is expanded in a power series
involving % . Substituting for ygt in the K* functional

gives

k*(vet) = J

Ye

J { o ( %yt pgt ¢ (1-a-p) %) st
Co. [ .7 (xwirt Bt eli-a-p) W] §1 2.9 (2t Fit+ i ~-p1%F]]

= (4t pratt (- YiF) € (< yits poat+ (=-p ) } dndv

-“ J L (a0 (cut oput 1)) v (wwts pte (i pht ) fded

- FELEAP AR (RS A L ¥ WY dads
. ¢
419
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where €2 Qo4+ a0y + Qs Fv> 4

and # = bo 4+ b|d"¢ 4 b;_o’vm 4=

Differentiating with respect to « and P and setting .__25'"

and 3K"  to zero gives

2P

j J T2 (w-w)st = Lo (wntsppts (-e-ppwh) § (A7 0wt -ws)
" + oy (v-wh)§ (2.7 (<t +fq);.++(:--l-p)tl':"')]

- [(“%*+f?x*+('-4~r)v1*)c(w'—%*')4-
(pr —DC (<t put + [1--*43‘4’3*‘)]& dndv (C9)

“f [ enis prr im0 (i ) do b
AYY

*ZJ j i L (8.7 (wvta pyt+ ((—~=p) %*)J.&.V/‘{’n*-%"))
| R

+ oV {d ptt B+ (1—a-p)ut) (wt-w )ja\adv

Y
G (tr-wt) ] —2 (W + put ¢ (—a-pdyt)C
(var =) Xclm\v

'LJ 2§ L (8.7 Kwbspuralioum pIF) A.7(yb - w5F)
voy, (Avirx put o+ (-2—pI0et) (st + —wit) Jdudv

-j j 210 (yr s pgt o (== ) U7) (at =) Ia ds
fp vt
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Substituting for = and p and equating powers ofg’ gives

?z,f L lav(pr-wh] dadv + LJWL 2.7 (w-yi) 2.7 (-] dadv

Vy

i _jf 2.V e () dedv (C11)
Wk

G°S J L.7[vt- ) A (U dadv + To,ij [&-V{V;—Wfﬂ 2 dadv
W L

= —‘I J ﬁﬂv'W; 0.y (H;"H?)oLAJ\’
s

Hence
% = _(_f_}"n. ~c de2)
(dy du. - dj 4::.)
(C12)
?,, = (ca du = G da)
(dudas ~ diada)
where

du = Jf [2.7 (v~ wr) ]  da dv
Yy I

dy = 4y = f L a.w (pH-bt) a.v (v =g dadv
vy
das = J’ f [&-‘7 ("fa.*'-‘i’;*)]l dadv
v ",
ey = “J L A W RLy (W’- Yyt) dw dv
Yv

s JJ ap gt oaw (whowr) dedv
vy ot
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Four Trial Functions

In this case the trial function is given by

Y (e, a) = gyt e gyt r v st

where d+pt ‘(+S=~|’

The optimised coefficients are as follows:

~ ~

& = b~ 4wl - b,

au i an
o (2 -b) e
° au T _ ay il A
—— — 1 G

2 _ an
at |3}

2 (b
G = ("‘l - E—’-) ba by
u as - (3:1 - ;‘)

(‘.‘A‘L - tm.)
au  ay

\
(‘.‘.1.‘. - a3 )
ay asi

where

Ll = - . v V: 4 (\Yl‘*— \YI:) .!JL °\V
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ba

2.7 4} o[- vt) dadv
v,

by = —J J a gyt oy (W) dndy
Vy Ja

Qa = j K7 {‘f,_ “ﬁ:) a.v (W’—W“) ‘l*. AV = 43
= v Ja

Q3 = J\ [ w.¢ (V;- WJ) A 7{‘4’!+" WJ) 9“‘ JV = a3
Vy Jn

Q, = J f 2.7 (%~ ) A9 [yt- Yt) dndv
VyJR

Q =J { a.v [t &) A-V(W‘—W‘)-NJV = A
vy I

Ay » J g AV (Vs" \:) 1.Y {% - y.+) dadv
v JA
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APPENDIX D



Co-ordinates Along OX (cm)

2-6892E-3 2-4920E-3  2:2411E-3  1-9170E-3  1-4875E-3  1:1050E-3  7-8589E-4  5-1262E-4  2-4426E-4
9-2621E-3 8:5409E-3  7:6444E-3  6-5057E-3  5-0499E-3  3-7525E-3  2-6416E-3  1-3233E-3
3-3667E-2 3-0771E-2  2-8244E-2  2-3275E-2 1-8231E-2  1-3714E-2  7-6637E-3
1-3286E-1 1-2112E-1  1-1154E-1 9-3927E-1 7-5893E-2  5-0056E-2
6+4400E-1 5-9509E-1 5-6765E-1 5-1616E-1  4-4929E-1
8-8118E-1 7-9549E-1  7-0770E-1  5-9484E-1
1-3928E 1-1080 8-8338E-1
32746 1-7975
5-7418
X
0 1-25 2-5 3:75 5-0 6+25 7-5 8:75 10-0

RANKERN Solutions for the Square Source Problem With Pure Absorber.

-19¢~



10.0]

2.5343E-3 2.4759E-3 2.3602E-3 2.0431E-3 1.5090E-3 1.0823E-3 7.8875E-4 4.7542E-4 2.1820E-4
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