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A B S T R A C T

The treatment of anisotropic scattering for the 

multigroup form of the even parity equation and methods for 

solution of void problems have been considered within the 

framework of the finite element method. The maximum principle 

functional of Ackroyd has been used.

Anisotropic scattering in the multigroup approximation 

is investigated in one dimensional slab geometry. Treatment 

of within group and intergroup anisotropic scattering in the 

finite element method is illustrated. Proof tests on one 

dimensional multigroup neutron transport problems are re­

ported for strong anisotropic scattering. The in-group 

scattering is checked using the so called backward-forward- 

isotropic scattering law for source and eigenvalue problems. 

With this law anisotropic scattering problems can be trans­

formed into equivalent isotropic scattering problems. In 

this way the well validated isotropic version of the finite 

element code FELTRAN is used to validate the anisotropic 

version. Intergroup scattering effects are checked by solving 

few group source problems for P^ , Pg scattering and backward- 

forward-isotropic scattering law. For P^ and P^ scattering, 

checks are made with the discrete-ordinate finite difference 

code ANISN and the spherical harmonics finite element/finite- 

difference code MARC/PN. For the backward-forward-isotropic
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scattering law,comparison is made with the two group exact 

solution of Williams (1985) for one dimensional systems.

In the case of solutions of the even parity equation 

for systems with voids the conventional finite element method 

tends to give physically unacceptable results as the void 

cross section tends to zero. An explanation of this effect 

is proposed. Two new methods for voids using biased trial 

functions are described and tested. Firstly, the iterative 

method which synthesises a finite element solution using a 

sequence of related problems with constant absorption cross 

section in the void regions. Secondly, the extrapolation 

method which obtains a best approximation to the void 

solution by combining two or more independent biased trial 

functions in an optimum way. The extrapolation method is 

further divided into elementary, sequential and nodal or 

multiparameter extrapolation. The theory of both the 

iteration and extrapolation method is given and discussed. 

Several two dimensional X-Y geometry test problems using 
the above methods are investigated. Results are compared, 

with those obtained with other numerical methods, e.g. dis­

crete-ordinates and Monte Carlo, and the almost exact results 

of the point kernel method for voids surrounded by purely 

absorbing media.

Finally hybrid principles, using a trial function and 

a trial vector are briefly studied together with the synthesis
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method of solution for reducing computer storage requirements. 

The synthesis method uses the idea of nodal or multiparameter 

extrapolation. In this method higher moment solutions can be 

built-up starting with a diffusion theory solution. Using 

the N+” functional, this building up of the solution can be 

done on an element level allowing discontinuous solution, 

for the even parity angular flux across element interfaces.
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1. INTRODUCTION

1.1 Scope of Thesis

This thesis is mainly concerned with the solution of 

the even parity neutron transport equation using the finite 

element method. Both fixed source and eigenvalue problems are 
considered. The maximum principle functional K+(<J>+ ) of 

Ackroyd [1] is employed for problems with anisotropic 

scattering and voids. More precisely anisotropic scattering 

is treated mathematically in one dimensional slab geometry 

in the multigroup approximation and is implemented and 

tested. Also new methods for solution of void problems 

are developed and tested. The thesis concludes with an 

application of the hybrid principles proposed by Ackroyd [2].

After a brief review of previous work done in finite 

element neutron transport with isotropic and anisotropic 

scattering and also voids, there follows a brief discussion 

on neutron scattering interactions.

In chapter two, the first order and the even and odd 

parity second order neutron transport equations are intro­

duced. The boundary conditions are also stated. Sub­

sequently various numerical methods widely used in neutron 

transport calculations are outlined and their advantages 

and disadvantages discussed. These include the discrete-
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ordinates finite-difference, integral transport, spherical 

harmonics, Monte Carlo and the finite element method.

Chapter three is concerned with the various functionals 

introduced by Ackroyd [3]. The generalised least squares 

method for obtaining variational principles is considered.

The functional W"* ), which provides a least squares

measure of the error made by the approximations and 

is considered. Also the physical and geometrical inter-
_i__ -|__pretations of W and the functional K are given.

Finally, other functionals arising from the W+ functional 

are reviewed.

Chapter four is concerned mainly with anisotropic 

scattering in one dimensional slab geometry, both for one 

group and the multigroup case. Angular integration is per­

formed in the K+( <j>+ ) functional leading to the reduced 

functional. Matrices for the angular constants are derived 

subsequently, after introduction of the finite element 

approximation. Also even and odd parity down-scatter 

source matrices are evaluated. Extension of multigroup aniso­

tropic downscatter to higher spatial dimensions is then dis­

cussed. Next, results of test problems in one dimensional 

slab geometry for both one group and the multigroup case are 

presented and compared with those obtained with other numeri­

cal methods or analytical results.
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In chapter five, the problem encountered when solving 

the even parity equation for voided regions using the con­

ventional finite element method is discussed. An explanation 

of the almost flat flux profile obtained from the conven­

tional finite element method is proposed. Two new methods, 

iteration and extrapolation, for obtaining improved solutions, 

for systems with voids, are presented. The theory of both 

the methods is given and discussed. Subsequently several 

test problems are considered. These include a straight duct 

problem, a dog-leg duct problem and also two square source 

void problems. Results of the iteration and extrapolation 

(global and nodal) methods are compared with point kernel, 

discrete ordinates and Monte Carlo methods, and are dis­

cussed.

Hybrid principles of Ackroyd [2] which involve a trial 

function and a trial vector are discussed in chapter six.

Also the method of synthesis is illustrated for one dimen­

sional slab geometry. This method involves just one 

unknown per node, even for higher moment solutions and hence 

reduces computer storage requirements. The idea of

nodal extrapolation, used in the solution of void problems 

is also employed here in the synthesis method.

In chapter seven, there is a discussion and recommen­

dations for further study which is followed by the Appendices.
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1.2 Review of Previous Work

The finite element method has been applied to neutron 

transport calculations for many years. Major effort has 

been directed towards solution of the neutron transport 

equation with isotropic scattering. A brief review of 

some of the work carried out in the area of finite element 

neutron transport is given below. Particular emphasis is 

given to.anisotropic scattering work and treatment of 

voided regions in finite element neutron transport.

The finite element solution of the neutron trans­

port equation has been investigated by several researchers 

including Ohnishi [4], Kang and Hansen [5], Deppe and 

Hansen [6] and Grenfell [7] for diffusion problems.

Transport theory work includes that of Miller, Lewis,

Rosso w, [8], Kaper et al [9], Briggs et al [10] and 

Mordant [11].

Ziver [12] and Ziver and Goddard [13] have developed 

the finite element method for neutron transport in two 

dimensional X-Y geometry. Their work includes the multi­

group scheme with isotropic scattering. Issa [14] has 

developed the method for two dimensional R-Z geometry and 

has also solved some three dimensional multigroup diffusion 
problems with prism shaped elements. Quah [15] has produced 

a modular code for multigroup finite element neutron trans­

port with isotropic scattering.
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Wilson [16] has used the K+ principle in one di­

mensional slab geometry with discontinuous finite elements. 

He has developed the code DUPLEX and has solved several 

one group .problems.

With anisotropic scattering, especially in the multi­

group case, it is only recently that much effort has been 

directed at incorporating anisotropic scattering within the 

finite element method. Lillie and Robinson [17] have solved 

two dimensional multigroup problems with anisotropic 

scattering. They used a spatial discretisation of the 

even parity transport equation as their basis. They con­

structed a functional with the property that the stationary 

value of the functional gave an approximate solution. Both 

the position and angular space were discretised, finite 

elements for the former and discrete ordinates for the 

latter.

Galliara [18] has used the K+( maximum principle

functional of Ackroyd [1] to solve one group neutron trans­

port problems in one dimensional slab geometry. He used 

finite elements for the spatial variable and Legendre poly­

nomials for the angular variable. He also treated aniso­

tropic scattering in the one group case and used upto eight 

even moments expansion for the even parity angular flux.

Fletcher [19,20] has developed the code MARC/PN for
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multigroup neutron transport calculations, using a weighted 

residual technique stemming from the K+(4>+) principle. He 

initially used- a finite difference scheme for neutron position 

but now has the finite element option. Spherical harmonics 

are used for neutron direction. MARC/PN can be used to solve 

multigroup anisotropic scattering problems.

Splawski [21], and Ackroyd and Splawski [22] investigated 

the use of orthogonal functions for approximating the angular 

dependence of the even parity flux. Simple one dimensional 

examples were considered. Splawski also demonstrated Ackroyd’s 

method of bracketing local reaction rates, (i.e. local error 

bounds) using complementary principles, in one dimensional slab 

geometry.

Wood and Williams [23,24] have developed the one group and 

multigroup anisotropic scattering equations, for R-Z geometry and 

Wood [25] has implemented this in the code FELICIT. Many one 

group and multigroup source and eigenvalue test problems have 

been solved and reported.

De Oliviera [26] has recently extended multigroup anisotr­

opic scattering for arbitrary geometry and has reported solutions 

to a few test problems. Williams and Wood, and De Oliviera 

have all used the K+( ^ +) functional for the even parity tran­

sport equation.
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Independent ly Riyait [27] and Issa [28] have worked 

on multigroup anisotropic scattering using the K+(<£+) 

functional. Riyait [29] has considered multigroup aniso­

tropic scattering in one dimensional slab geometry and ob­

tained solutions to several problems. Comparison of finite 

element solutions is made with analytical and other numerical 

solutions. Anisotropic scattering theory for the even parity 

equation and results of test problems are discussed in 

detail in this thesis. Issa et al [28] have extended the 

multigroup anisotropic scattering to two and three dimensions. 

The capability of the finite element code FELTRAN is demon­

strated by Issa et al, by solving several practical source 

and eigenvalue problems.

Stott [30] has worked on cylindrical R-Z and Cartesian 

X-Y geometries, and has produced a semi-commercial code 

FELTRAN. He has also implemented the multigroup anisotropic 

scattering option into FELTRAN.

Relatively little work has been done in improving the 

solution of the even parity transport equation for voids.

The discrete ordinates methods suffer from ray effects. 

Watanabe and Maynard [31] have developed the discrete cones 

method for voids, using the first order equation and have 

mitigated the ray effect to some extent. The direct use 

of the even parity equation gives physically unacceptable 

results for void problems due to the division of the leakage



-20-

term by the total macroscopic cross section, which is usually
—8set to a low value (^lO" ) for void regions. Ackroyd

and Grenfell [32] have solved duct problems using the finite 

element method for the even parity equation. They used a 

macroscopic absorption cross section in the void which was 

one tenth of the total macroscopic cross section of the 

surrounding region (a pure absorber). Reasonable flux pro­

files were obtained for the void system.

Chucas [33] has developed a method for void regions 

and implemented it in the diffusion code FENDER, originally 

developed by Shuttleworth [34]. His method combines di­

ffusion theory in material regions with line-of-sight kernels 

in a void region. Emergent currents at the void boundary 

are calculated and combined with line-of-sight kernels to 

produce incident currents on void boundaries. These are 

subsequently used as additional sources for a further 

diffusion theory calculation in the non-void regions.
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1.3 Neutron Interactions

Since part of the work reported in this thesis con­

cerns anisotropic scattering, it is appropriate to look 

briefly at interaction involving neutrons and nuclei.

Neutrons can interact with nuclei in a variety of ways. 

Neutrons may disappear in a reactor or shield as a result 

of absorption reactions. An important absorption reaction 

i5 that of radiative capture in which the nucleus is 

left in an excited state after neutron capture and becomes 

stable by emitting a y -ray. This reaction is of course 

denoted by ( n, y ) . Other ways in which neutrons disappear 

is by charged particle reactions like ( n, f ) and ( n, « ) 

reactions. Also,when a neutron collides with certain heavy 

nuclei (e.g. 14*"u ), the nuclei split into two lighter frag­

ments releasing a large amount of energy and radiation.

This of course is the fission process.

The scattering interactions are also extremely important 

for the principle applications of this thesis to shielding 
problems. Scattering is a mechanism which is used by 

reactor designers to slow fast neutrons down to thermal 

energies (0.025eV ) where they can be absorbed by ( n, y ) re­

actions. Hence, neutron scattering mechanisms and neutron 

kinetics need to be considered. This is done briefly below 

in Sections 1.3.1 and 1.3.2. In elastic scattering the nucleus 

remains unchanged in isotopic composition and internal energy
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after interacting with a neutron. In the case of inelastic 

scattering, the nucleus is left in an excited state after the 

interaction. Each of these processes can occur by three 

different mechanisms viz.,compound nucleus formation, 

potential scattering and direct interaction.

In compound nucleus formation the incident neutron is 

absorbed by the nucleus. The compound nucleus subsequently 

decays. If the nucleus returns to the ground state then it 

is compound elastic scattering, but, if the emitted neutron 

leaves the nucleus in an excited state this is termed com­

pound inelastic scattering.

Potential scattering is an elastic type scattering 

which can occur at any incident neutron energy. The in­

cident neutron here is scattered without penetrating the 

nucleus itself. In direct interaction scattering the 

neutron energy is much higher than that encountered in 

reactor physics. In this process the incident neutron 
collides directly with one of the nucleons in the nucleus 

and emerges with reduced energy.
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1.3.1 Angular Distribution of Scattered Neutrons

It has been observed that elastic scattering of 

neutrons is always or nearly always isotropic in the centre 

of mass (c.of m.) system for sufficiently low energies, 

below lOOkeV. In fact for hydrogen,the scattering in the 

centre of mass system is isotropic upto 30 MeV. In general, 

the heavier the nuclide, the lower the energy above which 

elastic scattering becomes anisotropic. As the energy 

of the incident neutrons increases the scattering becomes 

more forward peaked (anisotropic) in the centre of mass 

system. Also the variations of the angular distribution 

of neutrons with increasing mass number of the scattering 

nucleus is similar to that occuring with increasing energy. 

Broadly speaking, for light nuclei, the differential elastic 

scattering cross sections in the centre of mass system are 

relatively flat. With increasing mass number of the in­

cident nucleus, the scattering cross sections are forward

peaked with successive maxima and minima. Illustration of
12 238differential cross section variation for C and U with 

scattering angle in the centre of mass system, for different 

energies, is given by Lamarsh [35]. In regions of resonance 

scattering it is difficult to make general statements 

regarding differential elastic scattering cross sections.

For inelastic scattering the angular distribution of 

scattered neutrons is relatively simple for most of the 

energy range of interest in reactor physics. It can generally



-24-

be assumed that inelastic scattering is isotropic in the 

centre of mass system for reactor physics application. Finally, 

potential scattering of fast neutrons is never isotropic in the 
centre of mass system, but highly peaked in the forward direction.

The above statements about scattering cross sections are 

all referred to in the centre of mass system. Since the frame 

of neutron transport calculation is the laboratory system, then 

it is necessary to transform the differential cross section 

from the centre of mass system to the laboratory system. This 

is relatively straight forward. The transformation from the 

centre of mass frame to laboratory system itself introduces 

scattering anisotropy. This effect is not so significant for 

heavy nuclei, but is very important for light nuclei. A thorough 

discussion of neutron scattering interactions can be found in 

[35,36].
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1.3.2 Kinematics of Neutron Scattering

As mentioned in the previous section the transformation 

from centre of mass system to the laboratory system introduces 

anisotropy of scattering. Since neutron transport calcu­

lations are performed in the laboratory system, scattering 

cross sections are required in this system. Consider a 

stationary nucleus in the laboratory system as shown in 

Fig. 1.1. Application of conservation of momentum in the 

laboratory system leads to the following relations for the 

cosines of the scattering angle 0L [36].

/Solving for E , the final neutron energy, from above,gives

The threshold energy for in-elastic scattering is then given 

by

(1.3-1)

where E and E* are the initial and final laboratory system
Mneutron energies respectively, juLz Ol and A= / . For 

elastic scattering, the reaction 0 value is set to zero.

- A/A+0 & (1.3-3)
Mi* + A i - I
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and the minimum threshold energy occurs at ©L =0, i.e.

. (a *0
/Ati)q
A

(1.3-4)

Laboratory System

Centre of Mass System

Nucleus

Fig. 1.1 Laboratory and Centre of Mass System for 
Neutron Scattering



Now the relation between the cosine of scattering angle in 

the centre of mass and laboratory system is given by

Mu
1+ Me*------------ V J-

( 1+ x w + r *)1
(1.3-5)

where

Ylt) a  ( ,» a p t ) ' (1.3-6)

So, whereas all possible angles are possible for

scattering in centre of mass system, this is not so for 

the laboratory system as can be seen from the above relation­

ship between /iu and M  • When the incident neutron energy 

is less than or equal to

it is found that 0 £ fte) ̂  | f and only forward scattering is 

possible.' When the neutron energy rises from £** to £*e,

>4L ranges from 1 to 0. For and all scattering
angles are allowed.

As a consequence of near isotropic scattering of 

neutrons in centre of mass system, the differential scattering 

cross section is fairly well represented by low order Legendre 

polynomial expansion, viz

Ec - AQ

(A-l) (1.3-7)
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<%(e,Jtc) *  *1 (£) 2? f - ^ r )  ( 1 . 3 - 8 )
A*

&s (S//*c) is the differential scattering cross section
for elastic or inelastic scattering and

the expansion coefficients.

are
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2. NEUTRON TRANSPORT

2.1 Neutron Transport Equation

One of the central problems of reactor physics is to 

predict the distribution of neutrons in a reactor, since 

it is the neutron distribution that determines the rate at 

which various nuclear reactions occur within the reactor. 

Neutron distribution is in general a function of neutron 

direction, position, energy and time. The basic equation 

for determining neutron distribution is the Boltzmann . transport 

equation. This is simply a balance equation which equates 

neutron sources in a given system to the net losses due to 

absorption and leakage out of the system. In the present 

work we are interested in time independent problems and 

hence consider the steady state form of the transport equation. 

The mono-energetic form of this may be written as

+0(r,i) + s-(t)
r

v
<5 fo £) i foaOJ a1+ s fc a)

*

(2 .1-1 )

where

is the angular flux at position £T and direction £  .

<rTlr) is the macroscopic total cross section at r .
the differential scattering cross section for 

scattering at position £■ from direction to A .

Sfei) is the extraneous source at position £■ and direction £ .

The co-ordinate system for £ and ^  is shown in Fig. 2.1.

* Los Alamos notation for cross sections.
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Fig. 2.1 Co-ordinate System for jr(x,y,z) and Spherical 
System used for̂ A. ( $ , uj ).
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Assumptions made in obtaining the transport equation are 

that particles may be considered as points, that particles 

travel in straight lines between collisions and that particle- 

particle interactions may be neglected. It is also assumed 

in applications that <r̂- and <r% are region-wise constant.

The scattering cross section *3(£,&.4!)is usually expanded in 
terms of Legendre polynomials as

The angular flux, is a useful quantity since it is

a starting point for calculations of both reaction rates 

and boundary crossings in nuclear reactors and radiation 

shields. The scalar or total flux is obtained by integration

(2 .1-2 )

where = A. di1 = £ , g) being the angle between directions

£ and a ' . The coefficients are calculated from

directions A . Hence

§ . M  * J*
(2.1-3)

used in obtaining reaction rates. The neutron current

J(d is defined as

£• J A ^ (2.1-4)
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and is the net number of neutrons crossing a unit area, with 

outward normal O , per unit timefin the direction of J2 • JYr) 
is required at the outer boundary and interface crossings. 

Detailed analysis of the neutron transport equation is given 

by several authors [1,2,3].
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2.2 Even and Odd Parity Equations

The neutron transport equation (2.1-1) is true for all 

directions and in particular for direction — £  .

= f Jj —Sb• 4 1 ' ) ■ + ■  s (e, -a)
JjL> (2.2-1)

Adding and subtracting (2.1-1) and (2.2-1) leads to the 

following pair of coupled equations for the even and odd parity 

fluxes, and , respectively.

£k-V &(*■£)

£.74£(*>&) + £ "I4'.'/Ai) = S"(r,A) (2.2-2)

^  (t , i)  - [<V(r,A) ± V (r ,- i )3

for any function Y(r,A)* The superscript + denotes even parity 

component and - denotes odd parity component of the function 

Yfo^V Eliminating 4£(ctA) from the Eqns. (2.2-2) gives a 
second order integro-differential equation fori+fci) called the 
even parity equation.

and

where

-fl..v[S £.7 4 .+ ] = s+ - A.7SS- (2.2-3)
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Similar ly the odd parity equation for <p (s,a) is

-A.vlc-1 1 +S-'*r = 5“ -a*Vc~l S*" (2.2-4)

The operators C and G, termed removal and leakage operators, 

are positive definite and self adjoint. These properties 

also hold for the inverse operators C  ̂ and G~^.

G operators are defined by

C-Yfoi) s - J^ ft*(£*&•£') VC** -') ̂  A 7

with
n.i (r,£.*') - ± { lib,£.*') ±<rs

and

S v l c , * )  *  v f c f i )  4- C  g f r ,  f l . & O ' f ' f o a O  J « '
«r/c> Ja '

Here g is defined in terms of a function f as

The C and

(2.2-5)

(2 .2-6 )

where f is the non-negative solution of the integral equation

= r* +• I -p/r,fl* a') rg fr, jA"
fc)* Ja» cc.

(2.2-7)

See for instance Ackroyd [4],
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The inverse operators are given by

C"1 Y(r, &) = V fcjl) + f (c, £.£') y (c ,£ 9  U '  (2 .2 -8 )
“'/l 1

with Jfcfi.AO * * { f f c  A.*') -£.*>} (2'2_9)

and

S ' 1 V ( r ,  A) Or - A.*
Jjt•

^Ovfca') 4a.'
(2.2-10)

At this stage no assumption is made on aO except that

it is a continuous function of . If, h owever, A.£')is

expanded in Legendre polynomials as in (2.1-2), then the 

kernels jfr.i.*') and Jfc*. £/) take the following form:

Z f f l r .
<Tsl _ 7 X {&.£')
(rr - *si)

and
(2.2-11)

4 (£,«•£’) y  ( zjLh)  **l
L  l ***/ *r(*t- 
iso

Txfi.i')
«*c)

The even and odd parity scattering cross section expansions 
are simply

oft
[?"!) ni.lt) 7lU*)

i*oCVMi
(2 .2-1 2)

J.*l
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Although Vt*A) and bita) are mathematical functions they 
can be related to physical quantities used in reactor physics. 

Integrating over all *1 gives the scalar flux L M -

In addition, the net number of neutrons, per unit time, 

crossing a unit area in the same direction as n , the outward 

normal to the unit area, is

(2.2-13)

2.3 Boundary Conditions

Two types of external boundary conditions are met in 

neutron transport. At a bare surface sb of a system there 

is the non re-entrant condition

a  } ss © for (2.3—1)

where n is the outward normal to Sw . If there is an inward 

source TfcA)on a bare surface Ss , then we have

<Ur,*)= T(r, £■) for -•*** (2.3-2)

These boundary conditions are for the first order form of the 

transport equation. The even parity forms of (2.3-1) and 
(2.3-2) are
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i*(c.i) * s[s--£.rtifo*)] = ® for a .q 4.0 on Sb

and (2.3-3)

k'bi.) +s[s_- TfeA) for on s'

The second boundary condition represents symmetry of a system 

and is the perfect reflector condition on a surface Spr , viz.;

$0(r,£) = <f>* (r, &*) (2.3-4)

where A is the reflected direction to £,at XT, on Spr • The 

even parity form of this is

S[s-fr,i) (£,£*)] (2.3-5)

In addition, at interfaces of regions, is continuous for

all directions £ crossing the interface, i.e. 

is continuous for all

2.4 Source and Eigenvalue Problems

Fixed source problems in reactor physics and radiation 

shielding calculations involve an extraneous distributed 

neutron source which is usually isotropic. When the source 

term, S(c,a ) , in (2.1-1),is expanded in spherical harmonics
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only the angle independent term is non-zero for isotropic 

sources. Hence

extraneous source represents an inhomogeneous problem. In the 

present work the extraneous (fixed) source is assumed to be 

regionwise constant. In multigroup problems Z(r,±) is replaced

contains a fixed source contribution and a downscatter contri­

bution from the higher groups.

In multigroup systems containing fission sources only, we 

are interested in the condition when there exists a balance 

between the source of neutrons produced in fission and the 

total loss due to absorption and leakage. The fission source, 

assumed isotropic, is given by

where <rJ, (t) is the macroscopic fission cross section and y is 

the average number of neutrons produced per fission. The one 

group even parity equation then becomes

S(c,&) = S.(z)
¥r (2.4-1)

Similarly the even parity extraneous source Si£,Jl) also equals 

for isotropic sources. The transport equation with an

(2.4-2)



-45-

where the source term is replaced by

r
a t
4tt

JjL

and ^  is the fission cross section. Dividing ? by ,

where is the effective multiplication factor,leads to an

eigenvalue problem for the eigenvalue / using Eqn. (2.4-3).

The iterative scheme to determine the effective multiplication

iteration method [2]. A critical system is obtained when

=1. In this case there is a balance of source neutrons from

(or less) than unity a supercritical (or subcritical) system 

is obtained.

2.5 Numerical Methods for Neutron Transport

In the following sections various methods used for neutron 

transport calculations are outlined. The methods divide into 

two broad classes; deterministic and stochastic methods.

The methods sketched below include discrete ordinates, spherical 

harmonics, integral transport, Monte Carlo and the finite element 

method. Existing codes using the above methods include:

factor and the corresponding flux is known as the power

fission and the total loss of neutrons. When greater

(a) ANISN [5] and DOT [6] discrete ordinates 
finite difference

(b) WIMS [7] - integral transport 
collision probability

(c) MARC/PN [8] - spherical harmonics 
finite difference
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(d) MONK [9], MORSE [10] and McBEND [11] - Monte Carlo

(e) RANKERN [12] - stochastic integration
point kernel

(f) FELTRAN [13], FELICIT [14] and FENDER [15]

- finite element spherical 
harmonics

A comprehensive review of neutron transport approximations is 

given by Sanchez and McCormick [16].

2.5.1 Discrete Ordinates Method

The discrete ordinates method is a name given to several 

closely related numerical techniques for obtaining an approx­

imate solution to the transport equation. The method is based 

on discretisation of the continuous angular variable . The 

continuous is replaced by the discrete ordinates (directions)

<L̂  , i=l,2,3,.... ,N. In the spatial domain either a finite

difference or a finite element scheme may be used [1]. The 

first step in the discrete ordinates method is to select a 

finite set of directions %  and quadrature weights uj£. ,

i= 1,2,3,.... ,N, such that all the terms in the transport

equation may be evaluated numerically. Hence,

(2.5-1)

and the scalar flux is
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M
■ I * £  wi+.ft.ai')

i-1
(2.5-2)

The transport equation

is then solved along each direction £L» . The scattering

cross section, which can include anisotropic scattering, is 

usually expanded in spherical harmonics, viz.,

Diamond difference schemes for the spatial dependence lead 

to good accuracy relative to the computational effort required. 

Coupling of the different directions for the first order 

equation is simpler than the second order even parity equation.

The discrete ordinates method is easily extended to orthogonal 

multidimensional systems. Although codes based on the discrete 

ordinates finite difference methods are widely used for multi- 

group anisotropic scattering reactor physics and radiation 

shielding calculations, the method does have its limitations.

It is difficult to treat problems of irregular boundaries 

with this method. In higher dimensions, the method suffers 

from oscillations in the solution, termed the ’ray effect’.

This effect shows up in problems with localised sources, 

highly absorbing media and void problems. The ray effect 

seems to be due to the inability of the quadrature formula 

to approximate reasonably the scalar flux from the angular

l> Ml«l
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flux. For higher angular quadrature approximation,the 

frequency of the oscillations increases while the magnitude 

decreases. Lathrop [17] has proposed some remedies for the 

ray effect. Recently Watanabe and Maynard [18] have developed 

the discrete cones method and have had some success in miti­

gating ray effects even for low angular quadrature.

2.5.2 Integral Transport Method

This method differs from the other numerical methods in 

the sense that an integral equation for the angular flux is 

derived. The angular variable in the integrand can be treated 

to a high degree of accuracy depending upon the angular integ­

ration. In the case of isotropic scattering a further simpli­

fication occurs and a scalar flux equation can be derived.

Usually the integral transport method is applied to situations 

where affects of anisotropic scattering are small, in order to 

keep the integral equation for the angular flux relatively 

simple. The most widely used method for solving the integral 

transport equation is the method of collision probabilities [19]. 

This leads to a matrix equation for the collision rates where 

the coefficient matrix, containing the collision probabilities, 

is dense and unsymmetric. This implies large computer time and 

memory. Hence the integral transport method is most widely 

used in infinite lattice problems where the spatial domain, 

which is a single cell, is sufficiently small that it requires 
relatively few spatial mesh points. The method has limited use
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in deep penetration shield problems, where there may be a high 

degree of anisotropic scattering and many spatial mesh points 

may be required. See [19] for details of the method.

2.5.3 Spherical Harmonics Method

The spherical harmonics method has been used by Fletcher 

[8] with a finite difference treatment of spatial dependence 
to obtain numerical solutions of the transport equation for 

complex systems, but more frequently it is used to provide 

analytical solutions for simpler problems with, for instance, 

linear anisotropic scattering. In this method the angular flux, 

extraneous source and the scattering kernel are expanded in 

spherical harmonics. In one dimensional slab geometry the 

angular flux is a function of < and (cosine of angle neutron 

direction makes with the * axis) only. It is expanded in a 

Legendre series as

and the scattering cross section is expanded as in

Eqn. (2.1-2). The coefficients 4/M in (2.5-5) are given by

*
Z (2.5-5)

(2.5-6)

The advantage in using Legendre series expansion

that the first two coefficients, f(x) and 4,(x) > have a physical

meaning. The scalar or total flux is given by 4j *) , while
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gives the neutron current.

♦i{‘) K * ) j* &  (*>/•) 4" (2.5-7)

Substitution for and *s (*,&.*') into the first order trans­

port equation leads to the following set of linear differential 

equations for the coefficients

(^0 w  + ^ 4. (trf - n 0  fat*) * stN)
(1+2) T* (aui) T* (2.5-8)

1=0,1,2,.... . N .

These are known as the P^ equations and the spherical harmonics method 

as the P^ method [2]. For instance, in the P^ approximation, 

all the fas for 1.7 / 2 are set to zero and we obtain

+ (<rT- a-j.) s S#

and i + (13. - rsi) i 1 - o
3 4*

(2.5-9)

for isotropic extraneous source and linear (P^) anisotropic 
scattering.

Boundary conditions in the P^ method cannot be satisfied 

exactly since the coefficients few extend over the whole 

range of /k (— | $ jx & I ) while the boundary condition, e.g.
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a bare surface, applies for only half the range of

or ja £ t ). One choice for the boundary conditions 

( Marshak boundary condition ) is to set

*l
4>. (*>/<) -1/ = o

(2.5-10)

i=l ,2,3.... ,N (odd N).

on a bare surface on the right hand side of a slab system. 

Another condition used on a bare surface is to set

(2.5-11)

i=l,2,3______(N+l)/2 (odd N)

for a finite number of points . These are the Mark boundary 

conditions [3]. Although anisotropic scattering can be handled 

easily by the spherical harmonics method, it has the disadvantage 

that the equations become complex for higher order approximations 

in multidimensional geometry.



2.5.4 Monte Carlo Method

In contrast to the deterministic methods, e.g. discrete 

ordinates finite difference, spherical harmonics, integral 

transport and finite elements, the Monte Carlo method, is a 

stochastic method. In this method particles are tracked until 

they are absorbed within the system or are lost due to leakage 

from the system. The method has the advantage that it is 

capable of treating complex three dimensional systems, whereas 

deterministic methods, until the advent of the finite element 

method, have been largely confined to regular two dimensional 

systems. The Monte Carlo method has two disadvantages, in that 

it is slow and that it gives only a statistical estimate of the 
correct answer rather than a precise value. For some problems 

Monte Carlo is particularly suited to flux determination in a 

local region whereas deterministic methods give a flux profile 

across a system. The efficiency of Monte Carlo calculations 

has been improved by attaching weights to the particles and 

playing Russian roulette to terminate the history of parti­

cles or using splitting techniques [19,20] to produce weighted 

particles which are in a favourable position and direction for 

detector response. Scattering is handled by sampling randomly 

from neutron differential cross section which is expanded in 

a truncated Legendre series.
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The finite element method is a general technique for 

constructing solutions to boundary value problems [21,22].
The method involves dividing the solution region into simpler 

subregions, called finite elements, and using variational concepts 

or weighted residual methods or the hypercircle method [23] to 

construct an approximation to the solution over the finite elem­

ents. The latter are connected together at certain nodal points 

and the variational problem is formulated approximately for 

arbitrary boundary conditions over each sub-domain. The problem 

requires only a choice of simple local co-ordinate functions, 

called shape functions, for each element. The shape functions 

are usually polynomials. The global model is then obtained by 

simply fitting together the elements representing a given domain 

and by summing contributions from each element within the domain 

or region. The process of building a global approximation from 

local ones gives rise to a systematic technique for constructing 

shape functions for arbitrary domains. The shape functions 

chosen are usually piecewise polynomials with local support, i.e. 

they have non-zero value only in a relatively small neighbour­

hood of.certain nodal points. In the case of linear elliptic 

equations the method leads to a banded system of linear algebraic 

equations, which can be solved in a variety of ways [22,24],

The finite element method has had condiderable success in 

solving a wide range of problems in engineering [24]. During
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the mid-fifties finite element analysis originated as a discipline 

for solving problems in structural engineering. It soon became 

apparent that the method had implications beyond those considered 

originally and that it was a powerful technique for numerical 

solution of differential equations. In the mid—sixties the 

finite element method was based on variational methods [24].

In the early seventies the method was given a functional analysis 

basis [21,22]. Early work using functional analysis was by 

Prager and Synge [25] on approximations in elasticity theory.

The early work on neutronics using a functional approach was 

by Ackroyd [26] using the method of the hypercircle to optimise 

approximate solutions and to obtain local error bounds. Some 
papers on finite element neutron transport work in the sixties 

and seventies include those of Pomraning and Clark [27], Kaper 

et al [28], Ohnishi [29], Ackroyd [30] and Martin and Duderstadt 

[31]. Recent works include those of Ackroyd [32], Mordent [33], 

Lewis and Dilber [34] and Kavenoky and Lautard [35].

In neutron transport theory the finite element approximation 

is usually introduced in the spatial domain to represent complex 

geometrical boundaries. In the angular space spherical harmonics 

or discrete ordinates approximations are used. Details of the 

finite element method are given in Section 4.4.
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3. GENERALISED LEAST SQUARES METHOD FOR GENERATING

VARIATIONAL PRINCIPLES

3.1 Introduction

In this Chapter the Generalised Least Squares (GLS) 

Method is reviewed. Starting with the conventional Least 

Squares (LS) method, the limitations of this method are dis­

cussed. Later the basic idea of the GLS method is given 

before introducing the ) functional for neutron

transport calculations. The K+ maximum principle is then 

derived together with maximum principles for and 

separately. It is also shown how weighted residual schemes

can be derived using K+ . Subsequently a geometrical
-{—interpretation of K is given. Next the conventional least 

squares method for the first order equation is shown with its 

limitations. The conventional LS method raises the order of 

the associated Euler equation. How this can be avoided is 

subsequently shown using the GLS method for the first order 

neutron transport equation.

3.2. Conventional Least Squares Method

Of the various methods used in the solution of boundary 

value problems, e.g. weighted residual, collocation, the least 

squares method offers an alternative. Although the method has 

been mentioned and briefly discussed in various texts, see for 

example Carey and Oden [1], Zienkiewicz [2], Mitchell and
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Wait [3], it has not been widely used. One of the reasons 

for its unpopularity could be in the fact that the conventional 

LS method raises the order of the original equation to be 

solved. So for instance, a second order differential equation 

for a boundary value problem becomes a fourth order equation. 

This requires smoother trial functions, i.e. the conventional 

least squares method raises the continuity requirements of 

the trial function across element interfaces.

Consider an equation of the form

Lfe = S (3.2-1)

Then the conventional least squares method requires the 

functional

= f (Lf-sfdv = Minimum (3.2-2)
Jy

where ^ is an approximation to • The integral of the 

residual squared is to be a minimum. Assume L is self adjoint 

and without including any boundary conditions, for simplicity, 

consider arbitrary admissible variation in ^ . In other 

words is a nearby admissible function for small € .

Here y is also an admissible function. Then T( 4+*'*') 
becomes

f -S] Av

a f  [  -  2 L is  *  2.8 (t-if-v -  U>s)

Cm ')4 ] <1v (3.2-3)
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The minimum condition is that the first variation of J  /V«>v) 

is zero, i. e.

lim = O
6->o -̂6

This implies from (3.2-3) that

a f  (l^Ly - - o  (3 2Jy
The terms in (3.2-4) can be evaluated as follows,, using 

Green’s Formula,

u- La dy Jy = 1
uL*vdv +  f1 (3.2-5)

r (U» VT) contains boundary terms obtained from integration by 

parts. Hence, (3.2-4) becomes

J VL*u> * (vL-sdv _ W u r& v )
This implies an Euler equation of the form

L*Lk = (3.2-6)

Hence the conventional least squares method has raised the 

order of the equation. So for instance, if L was a second 

order differential operator, L*L would be a fourth order 
operator.
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3.3. Generalised Least Squares Method

3.3.1. The Basic Idea

In order to avoid the difficulties encountered in the 

simple least squares method for generating variational 

principles, i.e. raising the order of the original equation, the 

generalised least squares method is considered. The generalised 

least squares is applied here to generate variational princ­

iples and weighted residual methods for K+( ) and K~( <p~).

In the GLS method/operator weights are associated with the 

least squares process. In the previous example we could have

where W is an operator weight. Consider the pair of parity 

equations for neutron transport [4]

minimum (3.3-1)
'V

t c W (3.3-2)

±  .v -s- = O (3.3-3)

For an approximation (P> 4>“) to the pair /».*, we have the
residuals

r+ * £ . 7 < r  -t-c-** - s+ (3.3-4)
and

r a  .7<t>+ +  -  s (3.3-5)

In this case, the operator weights chosen are C . with R+ and

G with R . So the functional becomes
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= r r k+c -v  jn.iv (3.3-6)

and
l/^r) •  J J V  R - g a -  i * J v (3.3-7)

The reason for choosing the particular weights and G is,

firstly, it makes it possible to obtain classical variational 

principles as simple cases of the generalised variational 

principle obtained from the GLS method; secondly the GLS 

method does not lead to the raising of the differential 

operators involved [4], The functionals I and J can give a 

measure of the local error, if applied to an element#or the 

global error made by the trial functions, ^  and as

Similarly the measure of error or mismatch at surfaces is as 

follows:

(a) Surface Source

(3.3-8)

»*_ *"-T (r, «U

(3.3-9)
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(b) Bare Surface (Special case of (a))

i h (*+,*')

(c) Interfaces Between Elements

1$ (**»*') = f  f  li.n l { ^  -4 ^ r -o , A)]

+ «'(r,fi) -*T(r.-o,*)] J J*

(3.3-11)

See Fig 3.1 for the notation used for discontinuities.

(d) Perfect Reflector

I f r  - \ lA.fll £w+(*,4) L*+fc,4 ')- i’h(C,&*)li
v *

+ w- lei) [>" (c>a) - J *}

(3.3-12)

The interface and perfect reflector conditions can be en­
forced as closely as required by increasing the penalty weights.
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<f>(ic-o,4) * ffe+e, A.) in general
a

Jump in at the interface Sc 0 %  of subregions Vi and 'Jj
bounded by surfaces and Sj respectively.

Jump at r on a perfect reflector S“pr between incident 
beam $(£,*) and reflected beam $(%£*).

Fig. 3.1 Jumps in (j> for interfaces and a perfect reflector.
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3.3.2 The W+ Functional

We can now define a functional which provides a least 

squares measure of the errors made by the approximations ft 

and 4F as

Expanding WH—

I far)  + D +  ^ ^  (3 .3-13) 
f ir>r)

( ♦+*; <JT ) leads to the identity (See Ackroyd [1])

K+'(4f>4>‘*) + w +~ (*+, r) * f {Jy
(3.3-14)

*»>

The right hand side of the above is a known quantity involving 

the sources S+ ,S , T and material data.

4. ~3.3.3. K Maximum Principle

K ♦-/?»*■> may be written in full as

“ If +") - Ifr 4~)
(3.3-15)

Here K+( ) and K ( ) are the functionals used to obtain
classical maximum principles.

V ( * v> = af + ^&.v<t>+,55-> iJv - r * ( ****>
V
+ 4 lii.al d a Jls

<o
(3.3-16)
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and
if { < +- s-> + ^  c-‘s+>] 4v
Jv

■L fc*
l^.nl <t>“r d>aJs

(3.3-17)

where

and
r ( r ,  r )  * J  t <*•**'>c"  7<r)> *  <4“ s ‘ ,<r^ iv

(3.3-18)

(3.3-19)

The surface integrals L and M are defined as

r r

and

u r . r )  - - 2.
J

---
»£ Ja els

Jl
(3.3-20)

M fa, *■) = — 2.L1 jA.w d ̂  ds (3.3-21)

integrals
r —

arise from the expansion of the integrand
of the volume integral in W+“($+, $"). The cross term

2. ( V &. V<T +• 4>“ £.74>+) «U 4vIINi Jy
can be written as

Then the divergence theorem gives

aJJ Jfv jv « a j  *. B.C + vA., ^ el 13
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Hence these terms appear on the right hand side of (3.3-13), 

Since W+”($+,<̂ ) is ppsitive definite, all the component 

functionals in (3.3-13) are positive definite. Then from 

(3.3-14)

K +~ ^ a°' (3.3-22)

Hence K+ ( $% ) defines a maximum principle. Equality is

obtained in (3.3-22) if and only if s 4>0+ and <J>" • .

3.3.4 Maximum Principle for j> *

The classical variational principle can be obtained from 

the identity

+ M  (+% +”) ■+ 3-b (*+, +” ) + Xs ( ^
(3.3-23)

by making suitable choices for ^ + and . If t, &) satisfies 
the following conditions:

(a) is continuous at each interface for all directions 
£ across the interface.

(b) satisfies the reflection condition

=. $*(•£/£*) for all iL*J3 = — it* H on .

(c)
then

k W  4 f * IK> K )
(3.3-24)



-71-

This is the classical maximum principle for ty*.

3.3.5 Maximum Principle for

If a ) satisfies the conditions given in (a) and (b) 

above and we choose

(c) 4>+ * £

then

(3.3-25)

Hence, a maximum principle for is obtained.

On the other hand, if both and satisfy conditions

(a) and (b) above, and

=. S [ S- -  i . 7

from the parity equations, then

K * W )  ^ F + (4>.+, 4.+ ) * (3.3-26)

where £*(*) is the functional associated with the classical 

minimum principle. See Ackroyd [4] for further details.

3.3.6 Geometrical Interpretation of

A simple geometrical interpretation of the K+~ maximum 

principle can be obtained by considering a Hilbert space 
with a suitable scalar product [4]. If the pair ( ) is

represented by the vector $ and the exact solution vector by
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then the generalised least squares error is given by

Fig. 3.2 Hilbert space interpretation of max + ~( <b‘).

If this distance is minimised, by appropriate choice of 4> 

and 4> , as it is if $ projects orthogonally on Hm,_o
the subspace of , then

( f - f . V L .  = °  f °r m= 1' 2 .....................
Here i u  are the set of basis functions for Hm. Minimising 

( i - b ?  maximises k +" ^ +. $-)._̂The K boundary free principle not only generates a 

boundary free least squares method and classical variational 

principles, but, also generates Galerkin and Petrov - Galerkin 

schemes (Ackroyd [5]). If the trial functions and are 

independent, then the following weighted residual equations 
are obtained
0 . | f -v|Sa.v*+3 + c ++ - +  fi.v ss" }

+ l -i.VtC-'&.V + 5"'+“ -S* +4.7C"1 S+}3
4* surface terms (3.3-27)
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If the boundary and interface conditions are satisfied, then 

the weighted residual equations, above, reduce to Glerkin 

form. If and the interface conditions for is satis­

fied, then the following weighted residual equations are ob­

tained .

0 i.vCj +c<|>+ - s+ +  &.vss~2 «Wv'

+ surface terms (3.3-28)

When is made dependent on , to reduce the number of 

unknowns, then the weighted residual equations of Galerkin 

type for the second order even parity equations are replaced 

by ones for the first order equations with more general 

weights. Since
<r= s E s “ - * . v * * ]

with
M «— S fyv*

then the weighted residual equations may be written as

f +  C_I
J y  J jL

+ surface terms
(3.3-29)
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3.4 First Order Principles

3.4.1 The k M  and Principles

In this section two maximum principles, and K (t)

for the first order transport equation are briefly discussed. 

Usually the finite element solutions of the first order neutron 

transport equation are obtained by a weighted residual scheme, 

although Kaplan [6] has used a stationary principle for the 
first order Boltzmann equation. The generalised least squares 

method canbe used to derive a maximum principle for the first 

order equation. The first principle is the boundary tied K (4) 

principle. Consider a trial function which has the following 

properties:

(a) £ and its first derivatives are continuous within

the finite elements for given

(b) is continuous across element interfaces for 

all directions £  crossing the interface.

Define a functional Y($) as

V

(3.4-1)

where

(3.4-2)
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and

s"+te« ^  +f f fr ,£.£0 4fr, a») 4*'
J*' (3.4-3)

Let & - , then Vf$) can be written as

f f <A.7e,2 -'i.Ve> +<»,ie>]jv + f j  li.Bl e1 Js.
1  L "  iw A ( 3 . 4 - 4)

.-lSince 2 and 2  are positive then

V(*) »o.

Defining a bilinear form f U>v ) / see Ackroyd [8 ], and a 

functional *(*) as

K(« = i  [  < +» s> , s ' ‘s > ]  dv
J y

+ 4-JJ l&.n| 4>t* J s

leads to the following:

(3.4-5)

*5

Yft) K ft) <Cs,2 *'s>Jv +  a. Ifl.alt M ^ J s (3.4-6)

V is
Since v(« is non-negative, then

*(♦) £(♦•) *f <S, 2 ~'s>jv + if fJ„ JJ.. (3.4-7)s* st.n̂ o

is the maximum principle for the Boltzmann equation.

The principle is completely boundary free and can
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be derived from the K+ ( ) maximum principle. Here an

alternative expression for K+ is used, viz.,

K+“ M * " )  * f  £a < 4,S> +2-<a.5,+ *'2",S>] Jv -?(*,*)
Jy

f Ia .qj+t i*is - i*Js

—  I 1 4X»/L.v\ i^iS — 1 1 l̂ »ai U»6̂ 5)£<t>fc+o#jA)-4)(r-«
IsfA* f ~ Jo(s£nSj)Jji

“ f [ l&.al w/r,£) L4 fa & ) - E» i?) J el/tJs 
ŝ#*» Jji

r

Also may be written as

»( -S), -+2+-s) ^

(3.4-8)

1a «h I d ,a
i»a<»+2 [ I l**Ill Js + :

Jib
4. f  ̂ I4.nl {.btt+O? ^  ̂
JofSiASjWA

L + +(£§'&?) 3^*-

- v/<0 . (3.4-9)

Then the following identity is obtained

K(*) + ?(+) = <^*‘s, S> Jv f |:&.lllTx -U is
4 S  ̂A.ri<o

Since Vft) is non negative, then
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<2'%S)> -+2 j l^.ul T ’-Jnjs
ss

(3.4-10)

which is the boundary free maximum principle for 

See Ackroyd [7,8]*for a complete derivation of this maximum 

principle. -When the continuity condition across inter­

faces is applied to the trial funciton, then the 

principle reduces to the m maximum principle.
A/
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3.4.2 Conventional Least Squares Method for the 

First Order Equation

The conventional least squares method is applied to the 

first order form of the transport equation as an illustration 

before considering the generalised least squares method. 

Consider the least squares functional for a system with a 

bare surface only.

The operator 2  has been defined earlier. If we consider an 

arbitrary variation in ^ i.e. then the minimum con­

dition for gives

(3.4-13)

Using Green’s formula

_ &

with Ua ^  andi^*T^ gives from (3.4-13)

(3.4-14)
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7 *s) Y d V

| w\ • AI J5
&»a^o

(3.4-15)

Hence, the Euler equation corresponding to (3.4-15) is

7*? + - T  *S in V.
(3.4-16)

with

and

4.- Ct * - s ) = O on Sb for 4L.JC1 ̂  0

(3.4-17)
(p * -s) = 0 on Sfe for sfi:«KN>o

Hence the order of the original equation increases from one 

to two because of the -Vi.Y term in (3.4-16).

Note that

f (H'Yt * 22 ♦-s)2 J.A J\/J V Ja
can also be written in terms of the even and odd 

components and as
parity

[ £ [  ( i . v ^ r ' - r - s - f  + U - ™ f+ c + + - s+) * I j3jv
(3.4-18)
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3.4.3 Generalised Least Squares Method for the 

First Order Equation

Here it is shown how the generalised least squares 

method, using the functional Vfo) can give rise to the first 

order Boltzmann equation, together with its boundary con­

ditions. The Euler-Lagrange equations for V(4) imply the first 
order transport equation. The functional Y^) is defined as

y(f) = J J 1- 2?4>-s)2 7^.7+ + S3 4 ^  Jy

+ f  f  l& .n l $a J /lJs (3.U 19)

The operator weight used here is 2* as opposed to the unit 

operator weight in the conventional least squares method. 

Following a procedure similar to the one in Section 3.4.2, 

we set and use the minimising condition

L»̂  3 o

All-LO g-LVCO

/* r
A

.v{> + s 4 - s ) ^ " 1 + Jv +  f la*Ja .ji <c
al A Js

<o
(3.4-20)

Again if P is the operator (&.V+S) , t hen its adjoint is P* = 

( - i .7 + 2 )  .Using Green's formula, (3.4-14), results in

j j  (A .7y+2V)2_7 ia .v$+av-s) <toJv = J J  vt* * ”1 6 *4 -s) JjjJv
+ ( f f la.nl 4>y
JSb J£.n<c7

+ f  A.D (J.2 -1 fp4-s)Jyi ] j s
+  f  w . b i  by  J i J s
jYi.lKo

(3.4-21)
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for arbitrary jj/ . Hence,

(a) ? * 5T ‘ fT+-S) = o in V

(b) <jT- 2J"1 = o on Sb for ^.rUo (3.4-22)

(c) ^ ‘(T^-s ) » © on Sb for

From condition (a) we have

-&.V ̂ S"'A.V4)+ S  + +  V ( 2 ~')s-s - 0  (3.4-23)

Using the even and odd parity components of ^ , i.e. 

and 4 gives

± '7 ( s ~ '£ . v t )  = £ . v  ( S s4»7++) +  •H.V (c~'£„V$-)

Also
24> s c * + ■+• S-' * "  

s = s+ + s "
and

s) = it. 7 fS s“) ■*“ f c “l S+) •

Using these relations, the even parity components of 

(3.4-23) give

( £ i .V 4 i+) +  c4>+ « s+ - i . v C s s - )
(3.4-24)

while the odd components give

- A . 7  fc-'sS.y*-) + S’V  - s- -fi.7fc-'s+)1 (3.4-25)
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Eqns. (3.4-24) and (3.4-25) are like the equations for the 

even and odd parity fluxes (J>* and •

The boundary conditions are now 

4)*+. - C-'f sf) - £ ( s) = O for JL./l < o

and c-1 (£.r<T-s*) + = ° for -*n > °

whereas the interface condition is 2"* ( — t

continuous across interfaces for

These conditions can be shown (Ackroyd [9]) to be disguised 

forms of the boundary and interface conditions for the even 

and odd parity equations by defining

= H ~ ' ( s - ± . V $ )  . (3.4-26)

Then satisfies the interface continuity condition. It 

can then be shown that

Hence

<f> - 4’1 within \/

on S|> .

+ 27 <f> « $

(3.4-27)

(3.4-28)

i.e. <j> satisfies the first order transport equation.
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4. ANISOTROPIC SCATTERING IN ONE DIMENSIONAL SLAB

GEOMETRY

4.1. Introduction

In the study of neutron transport through media there 

are many situations where anisotropic scattering of neutrons 

is important. There are two differenct types of aniso­

tropies of scattering depending on which frame of reference 

the collision process is investigated. See Section 1.3.

In the centre of mass system the scattering is isotropic 

for low energy neutrons. At higher energies, above approxi­

mately 1 MeV the scattering becomes anisotropic. Then the 

angular distribution of neutrons is generally forward 

peaked. As seen earlier a second type of anisotropy occurs 

in the transformation from the centre of mass system to 

the laboratory- system. This effect is most important for 

neutrons scattering off light nuclei. It is the laboratory 
system of course in which the transport equation is solved.

In the laboratory system anisotropy is pronounced in the 

scattering of fast neutrons from nuclei of all mass numbers 

and in the scattering of neutrons of all energies from 

light nuclei. Anisotropic scattering effects are important 

in the distribution of neutrons deep within shield regions 

and small critical systems. See Brockmann [1].

Anisotropic scattering also tends to make the scattered 

neutron travel in directions biased towards the direction
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of the incident neutron. In testing the mathematical 

process employed, it is convenient to consider the so 

called backward-forward-isotropic (BFI) scattering model.

The forward bias in real anisotropic scattering tends to 

make the escape of a scattered neutron, from a system, 

more likely when the incident neutron is travelling in an 

escape direction. For example, consider the escape proba­

bility of a neutron in a slab shield system, as shown in 

Fig 4.1, with a source on the left and a bare surface on 

the right. In comparing isotropic and anisotropic scattering 

the absorption and scattering cross-sections are taken to 

be the same in both shield regions. In the case of aniso­

tropic scattering the backward scattering is zero and the 

probability of forward scattering in the direction of the 

incident neutron is a half.

Source

Bare Surface

Fig. 4.1 Source-Shield Geometry.
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After scattering the components of the isotropically 

scattered neutron are the same for both shield components. 

If the probability of the isotropically scattered neutron 

having an escape direction is * ( ), then the probability

of the anisotropically scattered neutron having an escape 

direction is ( £ + ai ) . See Fig. 4.2.

Fig. 4.2 Angular Distribution of Forward 

Scattered Neutrons.

In the present work the angular dependence of the 

scattering cross section is expanded in series of Legendre 

polynomials, viz.,

»siv o - X* O
is the cosine of angle between incident and 

scattered neutrons in the laboratory system.

The o term represents isotropic scattering since then 

independent of yU* . The X - f  term represents
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linear anisotropic scattering, and so on for X.7/ 2» .

A large number of terms are required in the expansion of 

ts (W*) if anisotropy of scattering is severe. In many 
practical calculations of reactor physics, the first three 

terms in the expansion are adequate.

In this Chapter the treatment of multigroup aniso­

tropic scattering in one dimensional slab geometry is 

presented in detail and several test problems with severe 

anisotropic scattering are analysed. In the case of one 

dimensional slab geometry, as shown below in Fig. 4.3, 

the even parity equation becomes

Fig. 4.3 One Dimensional Slab Geometry.

^ J { s Cs-M V* ] + c tf(v> * S+(’V‘) (4.1-2)
with the bare surface boundary condition

- O for —

(-*b = ° for o < l (4.1-3)
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At a perfect reflector at , we have

(xr, /k) - 4>o (*r> * (4.1-4)

4.2 The £*($*) Functional

The even parity form of the neutron transport 

equation lends itself to a variational treatment since 

it is a second order elliptic equation. Ackroyd [2] has 

obtained boundary free maximum and minimum principles for 

Ufa/) using the Cauchy-Schwarz inequality, and the fact 
that the bilinear functional 4») is independent of . 

The maximum principle is

4 n  (<J>+) 5  FftKNV) (4.2-1)

where F is the functional associated with <t>»+ . u(*+) is a 
more complicated functional than and so the latter is

used for computational purposes. For a derivation of the 

maximum principle and an explicit expression for see

Ackroyd [2]. For a f unc t ion t o be admissible in the

principle it has to satisfy the following conditions:

(i) be continuous and piecewise differentiable in *.

(ii) be continuous in yu except at interfaces in the 

direction jk r o .
(iii) satisfy the perfect reflector boundary condition 

at it: ty* , i.e. (*r,jk) r >* (*r, r/4) •
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An explicit expression for is

K W )  = J { i<f,s+> 4>+» 5 s->

-  S £fls*74>+)> -  <4>*s C 4>+> j Jv

+1 \ f { 4. 14.al T is

-  f f ( & f  l i i .nl  i A i £
JA

(4.2-2)

where <tfy:C, £) i s the approximate even parity flux, T is an 

inward surface source at a bare surface Sfc • In the case 
of one dimensional slab geometry with no surface sources 

K W ) becomes

K+tt’1') = [ 1

-  <C*+,C*+> ]< U  - f  [  d * 0 V ^ H ( 4 . 2 - 3 )
ja 4m

The inner product <u»v> is defined as
(

<£ufV> v(r,£) ck (4.2-4)

The positive definite and self adjoint properties of G,C 

with their inverses are fundamental for the construction 

of maximum and minimum principles, Ackroyd [2,3].
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4.3 The Reduced Functional

The first step in the procedure for obtaining a 

solution is to integrate the $+(&*) functional over ̂  and 

then over * for the finite elements. The contribution 

from an element is conveniently obtained by carrying out 

the integration using local co-ordinates for the element 

In this section the integration over ja is discussed and 

in Section 4.5 is shown the integration over the finite 

elements. may be written as

In (4.3-1) it has been assumed that the extraneous source

(4.3-1)

where jL*=o ^ reflective boundary condition 

and s I ^ bare surface boundary condition.

s 1̂ /a) is isotropic, hence The above functional
applies to the one group case. The angular integrals are

as follows:

Ii M — jr ^  y (4.3-2)
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i>.(o = *■*■> (4.3-3)

Ii(x) = (4.3-4)

X„(«) = ^++. < ‘’s+, 4-+»

Xs-W = - < / ‘̂ 4i ,^3 ,/4 |̂+>>

(4.3-5)

(4.3-6)

and a bare surface boundary term integral Tar*

The reduced functional, i.e. the functional obtained 

after angular integration, is then

The trial function is expanded in a Legendre series

given in (2.2-12) and (2.2-11) respectively. In (4.3-7) 

4x+M  are referred to as the even moments of the ex­
pansion for the even parity angular flux. The integrals 

Ii to I5 are readily evaluated using the recurrence re­
lations for the Legendre polynomials,

IsoAV«iV
and the kernels ©) and have the expansions

(4.3-8)
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using the addition theorem for spherical harmonics

H(fc) - T x M T / M  +

(4.3-9)
and the orthonormality property of the Legendre poly­
nomials ,

i

-̂i
?l(^) 7jl,I'u) J/* = X Su1 

2X-H

Results of the angular integration are:
(4.3-10)

X iM  * “  ' > 1 \ f  1 (Z-» L L &*+>) (4'W“ <) (“ UT n-o T3L J

+ r  C^+i) ( W a j l  4 ^ - 2 .  4 j^ a>1
L j  7 7  7 7

+ r  ( a * - 0  1 <U+a*-a- 4 £ * "  
[  £ ^ 7 J  * * (4.3-11)

w ith  =r o 
it for n < o  and 5 4>* (*) •

I» ( * >  =
*o

- . a  E  fo« -o  f ♦ £)*■ (4.3-12)

= S.+ 4*?
4-T2- (4.3-13)

L W frrr* ^  (4»v h ) &xn [
w*o (4.3-14)

Ts(*) J 1 U2nn)Sir* L ^ T *  J
(4.3-15)
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where A
°~s fxn+Q_____

^  («T— ŝfa.*♦<>)

The boundary terra is

1 «C lO M
T^r = f  M t-i ^  (/*) <£2v>(*) 3̂.w> ^  »*(/*') £*am (“*0 JJ0 U wi*o *»©

h *,w (4.3-16)
where = ^ +%.TT

-̂i&r can be evaluated using the recurrence relation 

(4.3-8) and the result below [4,5] for Legendre poly­
nomials .

J\(* 1-A+i) »l A l _________ l
(p-a) [ [%)!] ’[ ( 2JL 2M-A-4

(4.3-17)

The boundary term then becomes

1 .̂ » -lL £  (4‘n+l̂  tiinM £ ̂ wi+OIan^am+i*^ h-iJ

where Xso, I and
(4.3-18)

*■ , f___ f-ij flnHC**1"*1)!_______ 1
T»«1Wi V*s |_ (z„-2m-,)(»+"«)

Jo
(4.3-19)

and
.1 11 f - w U ) ! f r » - 0 ! 1•»0 -1 /. \ A a _<jr= -i • 3-2°)

J&lay»,a*x-l “
In practice the Legendre series expansions for <rj (*,j**) 

and ^(*9/^ are truncated after a finite number of terms.
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In particular

t t v ) -  2
(4.3-21)

where M is the number of even moments included in the 

expansion.

The fission source term for eigenvalue problems 

leads to an integral

li M
r I

1. e .

4 * ^
(4.3-22)
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4.4 Finite Element Approximation

Consider a boundary value problem of the form

L +» * 4.6 V (4.4-1)

and Z o II 3 4. «■ (4.4-2)

with cj>0 , the unknown function belonging to the space H of 

admissible functions. Then the Galerkin approximation is 

obtained by considering the problem in a finite dimensional 

subspace H*1 of K • In Eqns. (4.4-1) and (4.4-2) L is a 

linear differential operator, M is a boundary operator, -f 

and 3 are given data. V is the domain under consideration 

with boundary 9V . The parameter K decreases as the dimension 

of the subspace increases. The Galerkin approximation [6,7] 

to is

sJ

s  Y *j m
j=<? (4.4-3)

where N is the dimension of H** • The are unknown coeffi­

cients and X\ are linearly independent basis functionsJ
spanning H • Although the Galerkin method provides an 

approximation to the solution, it does not specify how to 

construct H *1 , i.e. the basis functions X,*(■*)• The finite
element method provides a general and systematic technique 

for constructing the basis functions Xj .
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The main idea is that the basis functions Xj can be 

defined piecewise over subregions of the domain, called 

finite elements, and that over the subregion the Xj can 

be chosen to be simple functions, such as polynomials of 

low degree. To construct the basis functions, replace 

the domain V by a collection Vh of simpler domains Ve , 
the finite elements, such that

Here Ve is the element Ve together with its boundary. N 

is the total number of elements in the domain. In one 

dimension consider a closed interval [a,b] divided into N 

elements with Qo = *)Co<‘>C|<<a • • then Vt = [ *£-i » 1 •
The basis functions Xj are now chosen to be piecewise 

polynomials. Over each element Ve,local shape functions 

^  - i=l,2,3,....,Ne are constructed. The approximation 

solution <|£(x) over element is then

Ng, is the number of degrees of freedom for the element. 

In the case of the simplest elements, linear Lagrange 

elements,Ne =2. Local shape functions have the property 

that

H
VK a V and V h * U •

(4.4-4)

(4.4-5)
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i.e. shape functions have value 0 or 1 at nodal points 

within each element. The basis functions of adjacent 

elements, constructed using local shape functions, are 

related through nodal parameters. The global basis 

functions are obtained by patching together the local 

shape functions.

The problem stated in (4.4-1) and (4.4-2) may also 

be considered as one of minimisation of a functional. See 

for instance, Carey and Oden [6]. In this case the finite 

element approximation is a simple variant of the classical 

Rayleigh-Ritz method. The functional over a finite 

element mesh can be written as

i.e. the functional over the whole finite element domain 

is simply the sum of functionals for each element. This 

means that we need only consider the element functional and 

the contiguous element when deriving angular and spatial 

matrices. Write

are the nodes in element Ve . V; (*) are of course the shape
J

dition that ft be stationary with respect to nodal parameters,

(4.4-6)

The set £ jj-, ?

functions. Inserting 4>* into and applying the con­
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3K.
(4.4-7)

leads to a system of linear algebraic equations for element V*

. f  * 4  = s *
J  ( 4 - 4 - 8 >

K*lj are entries in the element stiffness matrix and 

are entries in the element load vector. <$,* is a nodalj
vector for the unknowns.

For example, consider s Z . We then have

■<*i

s«
K*ai l ** J

(4.4-9)

The final system of equations is obtained by summing the 

contributions for each element, viz./

I
e,-i

NZ
K+tic

SjL

(4.4-10)

(4.4-11)

where u  refer to a global numbering scheme. Then the 

following matrix equation is obtained
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K + $ 3 § (4.4-12)

K+ is the global stiffness matrix and S the load vector. 

In general the global stiffness matrix is banded due to the 

coupling of the finite elements. In the present neutron 

transport finite element work the trial function is

where of course j are the even spatial moments and are 

the nodal values in the finite element approximation. In 

the case of linear finite element approximation the number 

of degrees of freedom of the number of unknowns is equal 

to the number of even moments computed.
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4.4.1 Choice of Elements

On the work reported here on anisotropic scattering 

in one dimensional slab geometry only linear Lagrange 

elements have been used. The Lagrange C* elements are the 

most common class of elements. They are based on Lagrange 

interpolation [6,7,8]. With these elements only continuity 

of the interpolant across interelement boundaries is re­

quired. The simplest case is one of piecewise linear inter­

polation locally on each element . Then the flux moments

have the following expansion

(4.4-13)

where and are termed local shape functions.

(4.4-14)

being the length of element Ve.
The shape functions for a linear element are illustrated 

below in Fig 4.4. They have the property that

Mi6, ( a I > = 0

\y* (-<1- 1)  = o ,  M'i* N t) s l • (4.4-15)

Global basis functions are constructed from the shape 

functions on elements adjacent to node j as shown below

in Fig. 4.4.
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Fig. 4.4 Local and global basis functions for a linear 

Lagrange element

Fig. 4.5 Local and global basis functions for a quadratic

Lagrange element
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Globally, the piecewise linear interpolant has the form

NJ __
= Z  t  Xj W  ( 4 . 4 - 1 6 )

j

where N is the number of linear elements.

The next type of Lagrange elements have piecewise 

interpolation on element Ve • this case

quadratic

<|̂ 60 -

with = Sij at node j.

The shape functions on element Ye are

v f w  =
(4.4-17)

=

h1 [ 1

1* [ * - % )  
Ks

Both the shape functions and basis functions for quadratic 

interpolation are shown in Fig. 4.5. In general, using a 

It* degree polynomial interpolation, the piecewise inter­

polant over element Ye is

« C M

lt+1 _
- T  y £  w  

1*1
(4.4-18)

1 2  3 4 k k+1

Fig. 4.6. k+1 Nodes on Element Ve
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where
^  fr)

1M
l-î O (4.4-19)

(j *o
the Lagrange interpolation polynomials. The degree 

of an element is the degree of complete polynomial de­

fining an approximation on an element.

The other type of elements are the Hermite class of 

elements. These are used in fourth order problems where 

the variational functional involves second derivatives of 

the trial functions. Hence the second derivative trial 

function must be square integrable over an element Ve • 

The finite element trial function, i.e. the basis 

functions, must have continuous first derivatives at 

interface nodes. The function and its derivatives of 

various orders are interpolated in Hermite elements.

There are then two unknowns per each node of the element. 

Hence, the finite element trial function on Ye takes the 

form

(4.4-20)

where and are the shape functions on Vc. and

are the nodal values of the function being approximated,

and 4* the nodal values of the derivative. The elementrt
I A n Ahas nodes. The shape functions^* and satisfy the

following relations:

O .



These conditions are satisfied by the Hermite polynomials 

[6,7,8]. Hence,

[]*) (4.4-22)

and
Vi*w * Tf 
,L I I ,

In the case of an element with two nodes ( k=l) and length h 

the shape functions are as follows:

V.,‘ M  - [ 1 +
[ KeyK- t )

A .
t*) =

<
>
 

— 
(* II

* ( ■ - f c f

m  = £ ( ' - f t ) (4.4-23)

Apart from the fact that with Hermite elements, there are 

two unknowns- per node, the rest of the finite element cal­

culation proceeds in the same way as for Lagrange Q°

elements.
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4.5 Derivation of Angular Matrices

Matrices for the angular constants of the reduced 

functional (̂ +) can be obtained by substituting the 

finite element basis functions in I| /•♦•••> Trf*)*
performing the spatial integration and maximising the 

reduced functional with respect to nodal parameters. This 

process is illustrated below, using linear Lagrange elements. 

The ideas are essentially the same for higher order one 

dimensional elements and for higher dimensions. For two 

dimensions, e.g. x-y geometry, analytical derivation may 

be difficult. We choose the piecewise linear basis 

functions.

(4.5-1)

for a typical element shown below in Fig 4.7. The super­

script + on has been dropped for convenience. |* s

is the length of element Ve . The local node numbering 

is as shown in Fig 4.7.

» ■■ ■ ■ »
1 2
3 4
5 6

2M-1 2M

Fig 4.7 Local Node Numbering for M
Moments for a Linear Element
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are the nodal values of the flux expansion co­

efficients , <K») • So for example, n=o gives the first

even moment coefficient, n=l the second,and so on. The 

number of unknowns per node increases directly as the 

number of moments for the flux increases,for Lagrangian 

elements in one dimension.

We start the angular constants matrix derivation 

by looking at the I, term. This can be written as

i ,m  = 2 . K ,  ( * U  + M L X  -5-2)YVS.D

where

4 %* “ -I f l n f i)1 +  A-n2"
L (4w+s) ft*-#)

A _ = l !— ■ \ (xv\ + 0  (2w +2.)paw
L (4* + 3)

3 ll -  i [  JU . f v i - l )  1
L  (4w - | )  J

(4.5-3)

and
V  s .

‘ *3k
Substituting for into (4.5-2) gives

Z  * [ -  [ -+»♦* * *«+*]Wo

[  -*W l + ♦  + ^  + "ix j J

!.(*)
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and the first term in the reduced functional

Kj M
f ̂a I I, (*>
Jo

becomes

-
r

X  *nso
— x r 7 — x* - ,2 4> 4> + a1a»tl “ann *2n+a Txnfx ]

♦ fan 1
- t fa*nj4aim ânt* taM.x L̂nUfiL*i+ ̂ Jhit+ij (4.5-4)

* % [ fea-l x̂nfj ‘txn-l̂ a*** ~ *** ^  ̂an+a l  *

For two even moments expansion of the angular flux

k,;(**) « £[?.1 + £  [?»?, +?*.?»]

* x K  + x (4.5-5)

Differentiating with respect to 4,, ?x . +j , K
gives

**ui - *<• £ k 2Wo 4x k + £* - (fr+r*)k k

l!<m = + - ■+ (p.+rOl, k k

It

-**1, «« 
St* k -f Hu£$4* -a&k

■5>kT«
Iv -?^= 4j + a &  U. K

+
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These equations may also be written in matrix form as
--
-1

1*4
-

__
_l

Zjtl P_
•tl -»

9?, -1 ^

-

3 Kilt ■ *
l -l

3J4
K -1 1

(4.5-6)

By defining 

leakage term 

as

the finite element local matrix for the 

as i  I 1 "* I » we obtain the angular matrix

(4.5-7)

In the case of three moments expansion of 

angular constants matrix becomes

the
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(p0 r̂».)/a O

(fa +

0 <*<h j •

In general for M moments, the angular matrix

dimension Mx M

(V®+r*-)/r o O

(nri/x lh**d/x 0

D «V

0 0
•

(4.5-8)

• t a +0 / z

(hut

(4.5-9)
As we have seen the spatial, finite element part and 

the angular part has been separated. The angular matrices 

have to be calculated once only and combined with finite
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element matrices to obtain local matrices.

Similar procedure to the one described above can 

be used to derive the angular constants matrices for other
4terms in the reduced functional. For Ka^^the following 

diagonal angular matrix is obtained

U
where

is
rZv\ — — (Arn+l)

gr z

I k 'i

%

WlH-t) (4.5-10)

The finite element local matrix

V<
>h

(4.5-11)

*2fL i p / represents part of the removal term. Since the 

extraneous source is isotropic then the Kst (**) or 

term simply gives for the angular constant/

with a finite element load vector

i%
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Here So is the source strength.

is the other part of the removal term and so the 

finite element matrix is as given in (4.5-11) whereas

the angular matrix is

o

o o*
S %(u -0

(4.5-12)

where
/ (k-n+t) *ss%*.

Sir1-
In the case of isotropic scattering only, term is re­

quired from (4.5-12), whereas, say for anisotropic 
scattering,both and are needed.

The next term in the reduced functional is 

and involves I s M  ■ This is the anisotropic scattering 

leakage term. X r M  may be written as

/**-/)

Z
f

n-so (4.5-13)

where s (Zn+O/tfr

(wOjt+j

and

\2n*t •2* sfan-ti)

( kv\+i)
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Here, as in the finite element local matrix is

Now consider the angular matrix. If the scattering 

is linearly anisotropic, i.e.Tj scattering, for a one 

moment expansion of 4>+ the angular constant is —  A|&a. 
For two moments the angular matrix becomes

—At S*x — Ai

-Ai — A i
(4.5-14)

If now the scattering order is increased to P3, 
while keeping a two moment flux expansion, then the 

bottom right hand corner entry in (4.5-14) becomes — (Xi £»lf A j $x) , 

In general the angular constants matrix for the aniso­

tropic leakage term can be written as

—ju s*1 —

-(A.^ + Aj&x)

O o
o

- ( W W A ‘)

-Alu.1 Sv_t

(4.5-15)

for M moments.



The final term in the reduced functional is the boundary 

term (B.T.). This may be written as

(4.5-16)

where
Jaw, ak+i s (2k+0 Ian#ak+I(4k «)
Ka«,*k-l * ■(Ifk+l)

and s [ M ) k r . ■

The integrals Xantxĵi andIan>jauihave been defined in Section 
4.3. In one dimensional geometry, the bare surface 

boundary term will affect only the end nodes on the boundary. 

Suppose, that the extreme left element begins at **o and 
that there is a bare surface here. Then

Consider the case of two moments. Only nodes 1 and 3 will 

be affected.

and
(4.5-17)

x=0 x=h

1
3

2
4
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Si nee Kc,-{ ~ Ka,-» s 0* then

££»r a - 21* y a fa®)*’?, fjo,|) +■ **4* fj#>3 + ̂*>!+ Ja,l) ̂ 3 }
a?,

and _ -
3 X rr s  -J U e  ^  ( j * , j  +  K a ,i) + 4 * ^ 9 - fa»>s +  K®/i +  3 a , i) ^ i  /

*+»

Hence the angular matrix is in this case

- H
%(*•) (j»9i') 4# 4% (j»fi 3zti)

4**2 (j0t3 +Ja,i) %{(*) [j2ti+}̂ 24î)

(4.5-18)

For four moments we have

lM  X,t -hK#>i +Ja^,) (j#,p + & , j  + J^ ,) «̂>qf  +  +J?d)

*{<$  (5,3+ K*,i) «**. for t  taj +J*j + O  (Tl'J +,<a'-r+3*i + lfa,,)

-2t. ( ^ » r %u(U^7 + Ktnr 

+ Jc,r+ &,j)
Symmetric

2('<Ic)1fjV,7 +

(4.5-19)
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In general, for M moments the angular matrix for the 

boundary term has the following entries

<fll r — 4to (&Zi) (Jzi, a£+i + Kii

along the diagonal, with i = l,2,3,..... (M-l)

diagonal terms are

(4.5-20) 
The off

tftj = - l L  «ii +  + J i j ,  i i* l +■ K » j ,2 i - i J  , <■ * j  .

(4.5-21)

We can compare the two moments case with the angular 

matrix given by GalTiara [9]. He only went up to eight 

even moments expansion, whereas, the present work is more 

general and also extends to the multigroup scheme. The 

following quantities are required for the angular matrix:

a | * /l
To,3 a 5 " 3/+0

3*a,i = Ta,. = %

Ko# i * V*1*/ -  '/ s

* %  â, 3 II o

Ka,i - ¥«■ I j,i *
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Hen c e

3 V z sk <t>l

= - L
tC rx

T
is k 3̂

_

(4.5-22)

This is same as the expression obtained by Galliara [9].

Finally, there is 

In this case the finite

the fission source term 

element local matrix is given by

Ah * '6 \ '

'/t s J

angular term is t where
ktff

constitutes

the eigenvalue and keff is the effective multiplication 

factor.

In actual implementation of the above, each angular 

matrix is multiplied by each entry in the spatial matrix. 

This generates the full local matrix which is then in­

serted into the global matrix to give the relevant con­

tribution from a particular element.
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4 .6 The Odd Parity Flux

The odd parity flux may required if the

full angular flux is to be calculated. It is also

used implicitly in treating anisotropic down—scatter in 

the raultigroup scheme for the even parity equation. In 

one group theory, with an isotropic extraneous source

The above expression becomes approximate when an approxi­

mation to is introduced. Using the definition of

JJ , we have,

(4.6-1)

(4.6-2)

Using the Legendre series expression for (*>/*) > the

first term in (4.6-2) becomes

while the second term gives

Hence

n K.

(4.6-3)
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Expanding *(*./■) as

$ l**/1) ~ 27 ( 'Zm M  (4.6-

the coefficients ^  can be obtained readily using 

(4.6-3). This gives

4> (*)T*k»i
-l f fa*) <A4>a* + fek+Oif*1** 1 

^  37 J -(4.6-5)

Expression of the form on the right hand side of (4.6-5) 

involving will be required in the downscatter sources

for the multigroup anisotropic scattering formulation.
\ AtThe coupling between the moments and ^2* is

illustrated below in Fig 4.8. For example, in a two 

moment expansion of couples and ^4*

whereas ̂ 7<) couples only "3?

1 Moment T*

2 Moments

3 Moments

Fig. 4.8 Coupling of <£) (%) and
C(X
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Since

<tfto = 4,(*) = ---f i £ + zJ*il
3fyf- tf5i) L 7* 4* J (4.6—6)

and since the net neutron current at position x is

t  - r if = '̂t*)jz r ,
♦'h

then T can be calculated from (4.6-6).

In the case of the diffusion approximation

j  - - 1 —  / d j u A

See also Riyait [10],

(4.6-7)
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4.7 The Multigroup Approximation

In order to solve practical problems of reactor 

physics over a large range of neutron energies, 10 MeV 

to the energy dependent form of the transport

equation is required, where the energy variable, E,is 

continuous. Solution of such a complex equation is ex­

tremely difficult. Hence, the multigroup approximation 

is introduced. See for instance Bell and Glasstone [11], 

or Duderstadt and Hamilton [12]. In this approximation the 

continuous energy range ^ divided into a

finite number of intervals (sayNG) separated by the energies

,where g=0,l,2.... NG. See Fig 4.9 below. E0 represents

the maximum energy and EH£ the minimum energy with Ê  > Ej-h .

I Group NGj________|_________________ j Group 2 j Group 1 j
6"S Ŝ-i Ea. El Eo

Fig. 4.9 Division of the Continuous
Energy Range into NG Groups.

Each energy interval is termed a group and in determining 

neutron slowing down, the interactions e.g. energy de­

pendent scattering, from group g/ to g are required.

In order to include anisotropic scattering, within
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the present finite element method, for multigroup 

problems, the | £S~}Jv term has to be included in

the functional, since it is now non-zero. Both even and 

odd parity downscatter sources have to be considered.

It is assumed that there is no upscatter although this 

can be taken care of quite easily with the formulation 

given in Section 4.8 . Also it should be noted that in

the multigroup case the functional W )  is approximate.

In solving the multigroup equations, we adopt the 

following procedure. Solve each group equation assuming 

the source is known. The source has three terms:

(i) The given extraneous source for that group.

(ii) The source arising from fission within all the 

groups.

(iii) The sources due to downscatter from higher

The two cases considered are (a) Source Problems,

(b) Eigenvalue Problems.

4.7.1 The Multigroup Equation

The one dimensional slab geometry version of the 

transport equation in energy group j may be written as

energy groups.

(4.7-1)
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The overall approximate solution can be obtained 

by solving a series of one group equations with an 

effective source term, viz.,

where

* H i - + M
J” ' (4.7-3)

is an effective source term in group j , composed of 
downscatter sources from higher energy groups and an 

extraneous source term • The even parity equation in

group 3 becomes

+ C *'J 3 ^  - ^ [ S^ T 7 - 4 )

where is the exact even parity angular flux

in group j . The even and odd parity effective sources 

are

J-lZL (■*>/') <!«• (Downscatter)
i‘-i

MS

+ $  (*/*•) A (Fission)
ta r  J iT ,  J jl1 0

+ (Extraneous Source)
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and

v r•sj (*>/> - 2.1 J %i+jr,'u’'> ^ / )  ̂ A> +  ®j •

(4.7-6)

Since it is assumed that the extraneous (fixed) source 

is isotropic, then o. In multigroup eigenvalue
problems only the fission and downscatter source terms 

are required.

The approximate functional for group j may be 

written as

*3 W ' * 2 < / Jf
Jx

& ( * & ) >

(4.7-7)+ 6-T.

Now .Sj (**/*) involves the odd parity flux $3* (*#*') from 
the previous groups. f , may calculated starting

with of group 1 and working downwards to the lower
energy groups. This is shown in the following section.
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4.8 Even and Odd Parity Downscatter Sources

In this Section the even and odd parity downscatter 

sources and the functional source terms are considered in 

detail. Let

J-t

r*'
(4.8-1)

and
J-l

Sj (*>/>) - ^  J  ■

The terms in the functional that are affected are

(4.8-2)

and

f + „ +«« .
a. <  4>j *

J  2 <  J*

From (4.8-1) we have 
J”* Jtr

v j .
<3

J-i *0 .■ ZZ j M . (4.8-3)

Hence, the term in the functional involving £j+ becomes

* 1  i  Z t ^ k 3 (xi4 **̂ *
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This gives

3-1 -

I I. nso ) a**'3'-*3
v« (4.8-4)

Note the similarity between this term and the removal 

term (4.3-5) in the functional. The other terms of Sj (*,/) 

give

J-l
*4. 2  itch

.1-1 Jyu 4rir%J
J sl ~~ (4.8-5)

The odd parity downscatter source is easily written as

3-i

sJ (*ir> = 2 1 *  ( 4* ) (4.8-6)j«»i ns©
clearly

-t#
Sj sj M  = (»»>»)

f
(4.8-t’r’* Jjl* 7)

-« ffThe terra in the functional involving Sj can also be 

written as
3-I

- a j  ' ̂ ‘»  ** ■

The first term in (4.8-7) gives

frs J*3i n*o
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while the second terra gives
J-l

h-o
Hence

SJ SJ = Z  ( 4 ir)('V -< W ))s I 'n»ft J*l (4.8-8)

Substituting in the relevant term in the functional, we 
have

J-l

- wuy-rj S'
fJ*.

*

-i l 4r / (rT- ^  ̂ ^ &**>/

(4.8-9)

Expanding (*»/•) in Legendre series and using the recurrence J
and orthonormality relations for Legendre polynomials 

reduces (4.8-9) to

J-
4nl

f  V - - !- - - f" ( a n t r t  -h ( W 1 ) V  4̂ , ^ /

(4.8-10)
Now for group may be written as<3

43> , a > -  V  [  S j 'I U

The coefficients iu (*) are easily calculated. They are
S‘-t

JO s Y  fsCxH+ils'i+l' A~ (*)
***' 3i i  (* -rM h ‘

-  j ------------ L td
fe+3) * *(4.8-11)



-128-

This means that <{> (*) for group V  depends on the fluxes 

of the previous groups, where of course are just

the odd spatial coefficients in the expansion for the 

angular flux • A more compact way [13,14] of

writing <tT (*) and which is well suited for computational 

purposes is as follows:
( x

Let r* be a diagonal matrix with element fo _ ) and

let Z.J. be a strictly lower triangular matrix of group 

transfer downscattering cross sections » i •e •

-l
far- fs(%w*o) x

o

o
MS „

and

o o

o O

2 *  =
ŜfriM-01+3 o o
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u Where NG is the total number of energy groups. Then 

becomes

t n  -
k so

(4.8-12)

where [ f" ] is a column vector with entries ,

and is a column vector with entries

dt = [<W0 \

With the expression given for A6iw«>3

i=l,2,3.. 

, the term in the

functional involving (4.8-10), becomes

. r v — l ^ Glh+i) +(Ow+a.)

&  “ ” v *j 1 <«■ - « w » ) 7 ^

(4.8-13)

, NG.

With the definition of [ ̂  ] > X"* * , above,
(4.8-13) becomes

( r ' Z j j V 1 U r ]  I*, (4.8-14)
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For example in a three group calculation, (NG=3)we have

4trx
Am

1 2j'«l n
ktuin)̂  ^j Jx

4*ira
^  |  gS6>w)»-»3 fy*,,*), dj Jx 4- Jl d>

, t Ji J3 Jx + ŝCxn+ilx-** 0s(**+t'>V**J Jlidi
Lvrx L  * 1* 3 J x  -*I**«<3ns*

+ r

•(vU} JtC
•Uj l*

I

(4.8-15)

Here Jj r (rT - aU»m,)s)'
Eqn.(4,8-15) gives the contribution to the odd parity source 

term in group 3. Whereas, in the even parity source, 

downscatter to group 3 involves 1h-*3 and 2v—► 3 contributions, 
in the odd parity case , the contributions 1 *—-> 3 and 2 I— * 3 

are required, but, in addi t ion 1 H-*2 >— ► 3 is also needed.
In general for group NG all downscatter combinations to 

this group are required for the odd parity source term.

All the contributions involve of the previous groups.

Looking at (4.8-13) or (4.8-14), it is seen that these 

expressions are similar to the anisotropic leakage term 

in the functional for one group theory. In the multigroup

case (spatially) we have a term for group 3 multiplied by one 
from group 3* . This leads to a downscatter source 

matrix similar to that given in Section 4.5 for the
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anisotropic leakage term. Similarly, the even parity 

downscatter source matrix is similar to the removal matrix 

of Section 4.5. These are discussed below.

4.8.1 Local Downscatter Source Matrices

Local source matrices for downscatter sources in the 

functional can be readily obtained by expanding in

finite element basis functions and maximising the functional 

with respect to nodal parameters. Consider the even parity 

downscatter source with linear elements. For one moment 

we have

+ i?
This leads to a local source matrix

3-1

I
 ̂0303*-*.9- 

Wr%

,;3 ^3* Vc

(4.8-16)

after maximising with respect to and ^ nodal values 

(unknowns) of in group j.
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Hence, the finite element matrix is the same as for the 

removal term in the one group case. In general the angular 

matrix may be written as

J-*
I3'-'

o

o

y (4.8-17)

Similar arguments may be applied to the odd parity down- 

scatter source term in the functional. In this case the 

finite element matrix is
I — I 
-l I

while the angular matrix becomes
-A,' -A/ %*** o

o - XitxZ* - Iky )

(4.8-18)



where

and

3 /4-tt

X'ft̂ , = - L -  5

is an (NGxNG) square matrix.
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4.9 Extension to Higher Dimensions

The basic ideas introduced for anisotropic scattering 

in one dimensional geometry can be equally applied to 

higher spatial dimensions. The main difficulty is the 

complexity of the anisotropic leakage, and the odd parity 

downscatter source terms. The difficulty here is in 

evaluating the angular integrals and subsequent derivation 

of angular matrices of the reduced functional. Quah [15], 

for instance, in implementing the multigroup scheme for 

isotropic scattering in X-Y geometry performed both the 

angular and spatial integration, numerically. Consider, 

for example, the one group functional in X-Y geometry.

From Fig. 4.10 we have

and T * \ *»3 3

Also in X-y geometry

A . V ^ r , 4) * [ S , ; 6 ^ " sy **?]

s (\-S*y L + (4.9-1)
where jU r Cos & •

Then the functional becomes

K*(?) • [f [ K « S » > -

+ sc.«^t3)> - <=+•*>

[ f U?)x l&.nl 4a is
Jjk J* (4.9-2)
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Of course, in the one group case with an isotropic extraneous 

source, O . Next the even parity angular flux is ex­

panded in spherical harmonics. In X-Y geometry we have

j==? ®X (>) [ (4.9-3)

where are the spatial
coefficients of the expansion and ^ 5(2-. $ being the

Kronecker delta. The spherical harmonics W & )  are defined

yX\M fil) = ^ SJ. TH'Z'O

s ^  ?•»_. hM vo v*^o (4.9-4)

are the normalised Associated Legendre polynomials, viz.

S i j V wr w r ft-.
L * fa (4.9-5)

In this case the addition theorem for the spherical harmonics 

then becomes

?a(X> « (££i) ^  2  C4)®T M  6*
(4.9-6)

and the orthonormality condition becomes

/-I

<&>> <Sf/W f  * $u' (4.9-7)
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The even parity nature of ♦ W )  implies that the index X 

Also in X-Y geometry implies that isis even, 

even.

^  A i

A  s (9,
A* ■ &9 u>)

Fig. 4.10

L̂*is the reflection of £  in the X-y plane.

It can be seen that substitution of ^jjr^lfrom (4.9-3) 

into K W  leads to integrals over w and 0 involving products 

of sine and cosine terms. This integration can become 

tedious in higher dimensions, although, Williams [16] has 

done the angular integration analytically for R-Z cylindrical 

geometry. Riyait [17] has also done the same for X-Y geometry 

to obtain the reduced functional. Issa [18,19] has used a 

slightly different approach. He has converted the terms 

involving sine and cosine products to multiples of terms 

involving these trigonometric functions. Algorithms have 

been written to work out these integrals. Here the inte­

gration is exact and systematic. In this way the angular 

integration of the more complicated terms in the functional 

can be handled without too much difficulty.
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4.10 One-Group Test Cases

In thisjand the following Section, results of test 

problems, using the finite element method, are compared 

with those obtained from other methods. The comparison 

is with analytical and other numerical methods used in 

neutron transport calculations. Analytical solutions are 

available for simple one group problems and then again 

mostly for isotropic scattering. Only a few analytical 

solutions exist for anisotropic scattering. In calculations 

which are of a realistic nature with varied neutron energies, 

the multigroup approximation is introduced. In this case 

numerical techniques, e.g. discrete-ordinates finite- 

difference method, are used. In the following both source 

and eigenvalue problems are analysed.

4.10.1 Backward-Forward Isotropic Scattering Law 

Test Problem I

Recently, Ackroyd and Williams [20] have extended the 

variational principle so that it is applicable to an albedo 

type boundary condition. This condition arises with the 

use of the so called backward-forward-isotropic (BFI) 

scattering kernel and the subsequent transformation of the 

neutron transport equation to isotropic form. With the 

use of this kernel and the transformation, the existing 

finite element code, with a modified boundary condition, 

can be used to benchmark an anisotropic scattering finite



-138-

element code. Williams and Wood [16] have used this 

technique to test the one group version of the cylindrical 

geometry finite element code, FELICIT. We use this method 

to test the one group one dimensional anisotropic scattering 

equations and coding in FELTRAN.

The backward-forward-isotropic scattering kernel 

has the form

where * and are parameters such that *>/©, | and

See Inonu [22]. As stated previously, the.above kernel 

has the special property of enabling the resulting trans­

port equation to be converted into an effective isotropic 

form with a modified boundary condition. Inserting ^ , 140), 
from (4.10-1),into the transport equation gives

HereCsi and distances are measured in units of total mean 
free paths. The bare surface condition is

♦ e t ■ f ' & l v )  (4.10-2)

© for — 1̂ /4 <o (4.10-3)
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By writing

and

with
S f ^ )

a v ( M  + *v(h-'u)

I J" A +

%

A I-A

and Js^x,

then 76,/) satisfies the following equation

+ 5rj*'Y (4.10-4)

where ĉ =

The bare surface boundary condition now becomes

Yta./O • - % * ( h > - A  for - > ^ < o  (4.10_5)

Of course, the scalar fluxes associated with «̂0 an<̂  

? ( v )  are equal, i.e.

$.M ' Y. (f)
So the normal form of the transport equation with BFI 

scattering law is converted into an isotropic scattering 

form (4.10-4) with a backward reflective boundary con­

dition (4.10-5). In the conventional anisotropic cal­

culations, the scattering kernel is expanded as usual,

JL* o 1
(4.10-6)
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where the coefficients ^  are given by

£t » O-M-fi)}*.. +  * +■ (-0^ (4.10-7)(4.10-7)

1̂ * 1 for forward only scattering. &'« are used in the con­

ventional anisotropic calculation.

Incorporation of the albedo boundary condition

* f  £•£<& (4.10-8)

into k W  leads to an additional term

ia.n i (*-SA J/lJs 
i\+f)
- B , P .in the functional,with f  - - /^. So in solving the iso­

tropic scattering problem the boundary term over the bare 

surface is multiplied by a factor

In this first test problem, data provided by Williams and 

Wood [16] is used to check the one dimensional anisotropic 

scattering source calculation for slab geometry. The con­

ventional anisotropic scattering calculation cross section 

data is given in Table 4.1 while the transformed isotropic 

scattering cross section data is shown in Table 4.2. This 

is a one region source problem with a perfect reflector 

condition at the left end point and a bare surface at the 

extreme right. The anisotropic scattering calculation was 
performed for P^, and P^ scattering using 120 linear 

elements, each of length 0.05jcm. The result for the scalar 

flux at the end points and at a quarter, half and three

1
Rc (4.10-9)

quarters
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x / c m «r Tcm-') 6^-') <*Ul>o)
S (ntm'1 

s-')

6.0 1.0 0.6 0 . 1 2 ( odd l ) 1.0
0 . 3 6 ( e v e n  X. )

Table 4.1 Anisotropic Scattering Calculation Cross 
Section Data for Problem 4.10.1.

x/cm s ( l ‘-o

4.5027991 1 . 0 0.375 1.5625

Table 4.2 Isotropic Transformed Calculation Cross 
Section Data for Problem 4.10.1
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of the distance in the slab are shown in Table 4.3. The 

number of even moments for the flux was increased 

simultaneously with the order of scattering.

the boundary term over the bare surface was modified by 

a factor R = 1.1726039. Again the results are at the end 

points and at quarter, half and three quarter of the 

distances in the slab. These scalar fluxes are shown in 

Table 4.4. Comparison of Tables 4.3 and 4.4 show that 

the two sets of results are almost identical, this in­

dicating that the one group anisotropic scattering 

formulation is correctly incorporated in the code FELTRAN.

The isotropic transformed calculation was performed

for up to three moments expansion In addition
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x/cm Order of Scattering

pi
N0M=1

P3
N0M=2

P5
N0M=3

0.1 2.49410 2.48690 2.48732
1.5 2.48559 2.47651 2.47681
3.0 2.43547 2.42751 2.42589
4.5 2.19912 2.23337 2.23015
6.0 1.09438 1.05477 1.03956

NOM = Number of Moments Used for Angular Flux

Table 4.3 Fluxes Calculated Directly for the Aniso­
tropic Scattering Problem 4.10.1**

** In the direct calculation, there is an additional 
error due to the approximation for the scattering 
law in terms of a finite series. So in fact 
Table 4.4 gives the more accurate results against 
which the direct calculation results may be 
compared for any desired order of scattering.
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x/cm Number of Moments Used for Angular Flux

1 2 3

0.0 2.49410 2.48690 2.48732
1.1256997 4.85590 2.47652 2.47682
2.2513995 2.43549 2.42753 2.42591
3.3770992 2.19917 2.23343 2.23021
4.5027991 1.09444 1.05490 1.03975

Table 4.4 Fluxes Calculated for the Transformed 
Isotropic Problem 4.10.1*

Errors made in transformed problems, apart from 
round-off errors, are due to the angular approxi­
mation for and the spatial discretisation of 4>+.
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4.10.2 Backward-Forward-Isotropic Scattering Law 

Test Problem II

This is a three region eigenvalue problem used by 

Williams and Wood [16] for checking anisotropic scattering 

in FELICIT. We consider the one dimensional analogue of 

this problem. The geometry of the problem is shown below 

in Fig. 4.11 and cross section data is given in Tables 4.5 

and 4.6. Varying number of mesh intervals were considered 

for both the anisotropic and the transformed isotropic 

calculation. Results for keff shown in Table 4.7 for 

various order of scattering up to P7 were obtained 

using sixty linear elements. The keff values were the 

same, for the decimal places shown, for both the aniso­

tropic and transformed isotropic cases.

The variation in keff with where Mmax is the

maximum number of mesh intervals and M is the number of 

mesh intervals used, is shown in Fig. 4.12,for scattering. 

Both FELTRAN and ANISN(S6) show linear variation of keff 

with ^£2*1^ However, the FELTRAN values converge closer 

to the reference value for keff of 1.5774. The reference value 

was obtained from an ANISN (S16) >?15 scattering and 180

mesh-interval calculation.
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Region Distance (cm) *ii (l>o)
1 0 - 1.5 0.95 0.45 0.0 1.0
2 1.5 - 4.0 1.08 0.48 0.0 0.3
3 4.0 - 6.0 1.1375 0.6375 0.0 0.0

able 4.5 Macroscopic cross section data for trans
formed isotropic method in Problem 4.10. 2

Region Distance (cm) A °s

1 0 - 1.5 0.1 1.0 0.5 0.05 1.0
2 1.5 - 4.0 0.2 1.2 0.6 0.12 0.3
3 4.0 - 6.0 0.15 1.25 0.75 0.1125 0.0

Table 4.6 Macroscopic cross section data for anisotropic 
method for Problem 4.10.2

Region 1 Region 2 Region 3
Perfect j---------- ----- |— --------------------- 1------------------ 1 Bare Surface
Reflector0 0 T5 4 0 6 0 cm

Fig. 4.11 Geometry for the three region eigenvalue 
problem with backward-forward-isotropic 
scattering law.
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Scattering
order pi P3 P5 P7

k-ef f 1.531292 1.572843 1.576205 1.576880

Table 4.7 Multiplication Factor for Problem 4.10.2
with various orders of anisotropic scattering.



k-e
ff
Figure 4.12 Variation of the Multiplication Factor

k-eff with for the One Group Backward-

Forward-Isotropic Scattering Problem
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4.10.3 Forward Scattering Source Problem

This is a one region source problem with anisotropic 

scattering for which an analytical solution exists [9,23].

The geometry and cross section data are given below.

Perfect Bare
Reflector Source Surface

i- - - - - - - - - - - - - - - - - - - - - - - - 1
0*0 2.0 cm.

=1.0 cm #5 =0.8cm S=1.0, a(slab half-thickness)=2.0cm.

This problem has been investigated by Galliara [9] using the 

present finite element formulation. He presented the results 

in graphical form with error graphs. Since there is an anal­

ytical solution, the accuracy of the finite element method 

may be checked. Writing (fcfajju) as

r , M  •
then ft. =1 for forward scattering.

The analytical solution for the angular flux for the

above problem is given by [9]

(4.10-10) 

for o l
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and

S f 1 -  [- Ci-O («-*)£*]] (4.10-11)
— e.̂ »-

for -I .
*6-0

where c= £L •
*r

The scalar flux is then

I M '

s
f»-<0

[ I -j eJ o -o  &<.*>]

(4.10-12)

where

E n W
f* -X-fc
1 & _  Jfe Jo

n=0,1,2,
(4.10-13)

is the exponential function. See for instance [4,5].

For x=0, E * M  *  !—  (m > 0  •(n-|J

The results of twenty element calculations for increasing 

even moments in the even parity flux expansion are compared 

with analytical results in Table 4.8. Up to an equivalent 

of a P,7 spherical harmonics expansion of the even parity 

flux was considered. The errors for the nine even moments

calculation are less than 1%.
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x /cn 'E xact' N0M-1

(P I)

N0M-2

(P3)

N0M-3

(P5)

N0M=4

(P7)

N0M=5

(P9)

NQM»6

( p m

N0M»7

(P13)

N0M-8

(P15)

NOM-9

(P17)

0 .0 3 .0532 2.6364 2.9604 3.0418 3.0637 3 .0672 3 .0651 3.0619 3.0589 3.0567

0 .2 3 .0465 2 .6307 2.9527 3.0338 3 .0559 3.0598 3.0580 3.0550 3.0523 3.0501
0 .4 3 .0261 2.6137 ' 2 .9297 3 .0096 3 .0323 3.0372 3.0365 3.0342 3.0319 3.0301
0 .6 2 .9915 2.5852 2 .8910 2.9686 2.9922 2.9987 2.9996 2.9986 2.9972 2.9958
0 .8 2 .9414 2.5451 2.8363 2.9101 2.9343 2.9429 2.9458 2.9465 2.9463 2.9457

1 .0 2 .8741 2.4932 2.7647 2.8328 2.8569 2.8675 2.8727 2.8755 2.8769 2.8775
1 .2 2 .7866 2 .4292 2.6755 2 .7351 2.7577 2.7696 2.7796 2.7818 2.7851 2.7872
1 .4 2 .6742 2 .3529 2.5675 2 .6148 2.6335 2 .6450 2.6536 2.6602 2.6652 2 .6689
1 .6 2 .5286 2.2639 2.4396 2.4693 2 .4802 2.4885 2 .4961 2.5029 2.5087 2.5134
1 .8 2 .3319 2.1618 2.2900 2.2955 2.2928 2.2929 2.2954 2.2989 2.3027 2.3063
2 .0 1 .9979 2.0460 2 .1170 2.0894 2.0648 2.0489 2 .0391 2.0327 2.0283 2.0250

Table 4.8 Scalar Flux for the Forward Scattering Source Problem 

Pn represents scattering order.

NOM is the number of even moments expansion in the even 

parity flux.
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4.11 Multigroup Test Cases

4.11.1 Benchmark Problem with BFI Scattering Law

The energy dependent backward-forward isotropic 

scattering law model has been developed recently by Williams 

[24]* who has reported some two group exact solutions for 

slab and spherical geometry. These results can be used in 

benchmarking multigroup anisotropic scattering calculations. 

The energy dependent scattering kernel can be written as

(4.11-1)

The coefficients are given by

(4.11-2)

The BFI scattering model is

and is an approximation to The coefficients

<4, p , f can be obtained in terms of Hi •

* = j[ + *s»)

P * i  ( « > - (4.11-4)

and Y  * rs#-  .
For backward and forward scattering only;yio and

and

d s 1 fflj* + *si) 

f> r *E.) . (4.11-5)
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Williams [24], has obtained exact solution for a two group 

bare slab problem containing a uniform source of unit 

strength in group one and zero in group two. The parameters 

for the exact solutions are as follows:

fl&(l-W) = 0.1 <&(2-»2) = 2.0 *£( l-*2) = 0.2

<6\(1-*1) = 0.02 <6,(2-*2) = 0.2 <^(l-*2) = 0.1

In the case of the conventional anisotropic scattering 

calculation, the scattering kernel for BFI model

« s ( e ‘Site1-**)]

+ J- tost £«'■**>] (4.11-5)

may be expanded as
to

■ £  /^f) (4.11-6)

AHence, the coefficients <u are given by

+ (4.11-7)

i . e . a
fsilê e) * «30(6'-»e) l even

(4.11-8)

and 4̂  te'+t) - *i\(Ef+S) l odd .

Hence the multigroup anisotropic scattering cross sections 

to be used for the finite element calculations are
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JL even

4 ( 1 -* 1) = 0.1
—► 2) = 0.2

4 ( 2 —¥ 1) = 0.0
& (  2 2) = 2.0

JL odd

1) = 0.02
& u 2) = 0.1

4(2 1) = 0.0
4(2 — * 2) = 0.2

Calculations were performed for slab half thickness a = 1.0 

and 5.0 cm. Ten linear elements were used for the first case 

and fifty for . the second. The exact solutions [24] and the 

finite element results (for groups 1 and 2) are given in 
Tables 4.9 to 4.12. The finite element calculation was done 

for upto scattering (nine moments) for a = 1.0 cm and
upto scattering (seven moments) for a = 5*0 cm.

Although the Legendre series expansion for the scattering 

cross section shows slow convergence as more terms are 

included in the expansion, the results are in good agree­

ment with analytical solutions for both groups. In the 

case ay-+cO, Williams's analytical results for group 1 and 

2 are:

2(x) = (4*7620)
(9*5241).

In this case the finite element calculations with a perfect 

reflector at both ends of the system gave the following 

scalar fluxes in groups 1 and 2.

L (x) = (4*7620)
(9*5238).

cm

Results for the 5 cm. slab half thickness case also agree with

those obtained independently by de Oliveira [25].
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%/cm Analytical Pi Ps P9 P 13 P1 7

0 2.169 1.6409 2.0839 2.1613 2.1769 2.1777
0.2 2.149. 1.6294 2.0627 2.1382 2.1546 2.1566
0.4 2.088 1.5951 1.9981 2.0674 2.0852 2.0903
0.6 1.977 1.5376 1.8879 1.9433 1.9506 1.9688
0.8 1.795 1.4566 1.7284 1.7566 1.7654 1.7722
1.0 1.436 1.3513 1.5137 1.4923 1.4741 1.4639

Table 4.9 Group One Scalar Flux for 
Model Source Problem.

the BFI Scattering

x/cm Analytical Pi Ps P9 P 1 3 Pl7

0 2.608 1.0026 2.2724 2.5818 2.6371 2.6375

0.2 2.557 0.9806 2.2129 2.5180 2.5774 2.5824

0.4 2.398 0.9145 2.0324 2.3205 2.3899 2.4071

0.6 2.107 0.8045 1.7235 1.9700 2.0465 2.0789

0.8 1.618 0.6509 1.2742 1.4315 1.4915 1.5274

1.0 0.578 0.4541 0.6664 0.6480 0.6256 0.6127

Table 4.10 Group Two Scalar Flux for the BFI Scattering
Model Source Problem.

a=l.0 cm

Pn represents scattering order.
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x/cm Analytical Pi Ps Ps P 1 3

0 4.219 4.1953 4.2266 4.2179 4.2187

0.5 4.210 4.1823 4.2177 4.2089 4.2094

1.0 4.181 4.1428 4.1905 4.1810 4.1810

1.5 4.132 4.0748 4.1427 4.1328 4.1318

2.0 4.059 3.9753 4.0701 4.0611 4.0587

2.5 3.956 3.8398 3.9657 3.9606 3.9568

3.0 3.815 3.6619 3.8182 3.8221 3.8178

3.5 3.622 3.4337 3.6093 3.6288 3.6274

4.0 3.352 3.1445 3.3092 3.3482 3.3563

4.5 2.949 2.7812 2.8696 2.9142 2.9345

5.0 2.141 2.3270 2.2115 2.1857 2.1739

a = 5.0 cm

Table 4.11 Group One Scalar Flux 
BFI Scattering Source

for the 
Problem.

Two Group

Pn represents scattering order.
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x/cm Analytical Pi Ps P9 P13

0 7.836 7.7373 7.8581 7.8308 7.8330

0.5 7.807 7.6950 7.8304 7.8022 7.8039

1.0 7.716 7.5661 7.7452 7.7148 7.7148

1.5 7.563 7.3439 7.5954 7.5635 7.5602

2.0 7.332 7.0174 7.3677 7.3382 7.3304

2.5 7.008 6.5696 7.0396 7.0218 7.0093

3.0 6.563 5.9776 6.5738 6.5848 6.5706

3.5 5.925 5.2101 5.9088 5.9729 5.9678

4.0 5.092 4.2264 4.9415 5.0787 5.1054

4.5 3.799 2.9728 3.4951 3.6739 3.7494

5.0

a = 5.0 cm

1.175 1.3796 1.2579 1.2282 1.2147

Table 4.12 Group Two Scalar Flux 
BFI Scattering Source

for the Two 
Problem.

Group

Pn represents scattering order.
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4.11.2 PI and P3 Scattering Source Problems

A two region two group source problem with first P^ 

and then P^ anisotropic scattering was investigated. It 

was used to compare the finite element multigroup aniso­

tropic scattering calculation with other numerical tech­
niques .

Solutions were also obtained from the spherical-harmonics 

finite-difference code MARC/PN [14], which solves the even 

parity equation with a finite difference scheme in position 

space while using spherical harmonics expansion for the 

angular variable. In addition, the finite-difference dis­

crete-ordinates code ANISN [26], was also used. The aim 

was to compare the nodal scalar flux for variation in 

mesh size and angular flux expansion.

(a) The PI Scattering Case

The cross section data for the PI scattering calculation 

is given in Table 4.13. Scalar fluxes obtained from an ANISN 

S16, 160 mesh calculation were used as reference. The 

geometry for this problem is shown in Fig. 4.13.

Bare SurfacePerfect 
Reflector

\l Source______ I__________Moderator
' (Region 1) (Region 2)

0.0 2.0 10.0 cm.
Fig. 4.13 Geometry for the P^ Scattering 

Problem
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Source <*T *5o
(Tie <rst

Group 1 1-0 1*0 0-5 0-5

0-1 0*05
Group 2 1*0 1-0 0-5 0-5

Table 4.13 Cross Section Data for Regions One and Two.

S <rr <rso **1 ai-x po o-si IT’s-}, .

Group 1 1*0 1*0 1/2 3/10 1/5 3/35

1/2 3/10 1/5 3/35
Group 2 1-0 1-0 1/2 3/10 1/5 3/35

Table 4.14 Cross Section Data for Regions 1 and 2 
for Problem 4.11.2(b)
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Calculations were performed for 40 and 80 mesh intervals 

and for one, two, three and four moment expansion of the 

even parity angular flux. Because, ANISN and MARC/PN use 

mesh centered nodes and FELTRAN uses element end nodes, a 

few additional elements were introduced in the finite 

element calculation to align the nodes. In the ANISN 

reference calculation, the scalar flux was linearly inter­

polated at the end of the mesh interval in order to align 

them with nodes of all FELTRAN, ANISN and MARC./PN calcul­

ations. This is illustrated below in Fig. 4.14.

The difference between FELTRAN scalar fluxes for 

isotropic and anisotropic scattering is graphically illust­

rated in Figs. 4.15 and 4.16. Effects of anisotropic 

scattering are more noticable away from the source region, 

as expected. Percentage errors (or de vi a-t ions ) were cal­

culated relative to ANISN-S16 mesh values. Figs. 4.17 and 

4.18 show the errors for 2 moments, 80 element calculations. 

Errors from all three codes follow- each other closely.

At the source moderator interface ANISN, MARC/PN and 

FELTRAN all give oscillations in percentage error.

If on the other hand, only 40 elements are used in the 

calculations, but, the number of moments is increased to 

four, then there is a reduction in percentage error as can 

be seen in Figs. 4.19 and 4.20. With four moments and 80
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ANISN

meshes

ANISN/
MARC
80
meshes

FELTR AN
82
elements

ANISN/
MARC
40
meshes

FELTR AN
42
elements

« X X X X X X

a X*
« -rJ

X Jl
h/2 h 71

*----------*— ------- ----------- -

•  -  Mesh c e n tre  nodes
% -  L in e a r  in t e r p o la t io n
*  -  Elem ent end nodes

Fig. 4.14 Alignment of Nodes
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elements, F'ELTRAN shows good agreement with the reference 

fluxes. The error through the moderator region is small 

and nearly constant for FELTRAN. See Figs. 4.19 and 4.20. 

Percentage errors for MARC/PN and ANISN are also shown here. 

It can be seen that FELTRAN scalar flux is bounded below 

(above) by MARC/PN (ANISN) or ’vice-versa’ except near the 

bare surface boundary.

Subsequently the dimension of the moderation region 

was extended in order to increase the attenuation in the 

former to 18 cm, giving an overall system of 20.0 cms. In 

addition the following scattering law was used for P]̂ 

scattering.

OJ -  *S •

Here<£0= 1/2 ,<£,= 1/6 in both regions and both groups. 

f -  1/2 and $,f=^l/6 9 again for both regions. In the 
above scattering law, the backward component is zero and 

the forward component unity, hence, providing a more severe 

test than the previous problem. Scalar fluxes in groups 

one and two are shown in Figs. 4.21 and 4.22

The percentage errors for the scalar flux relative to 

ANISN reference values is shown in Figs. 4.23 and 4.24. 

FELTRAN percentage errors are relatively small for both 

groups one and two for this deep penetration shield problem 

with P̂  scattering.
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(b) P3 Scattering Case

In the scattering calculation the moderator region 

was also extended to 18 cms in order to obtain realistic 

flux attenuation for the problem. The following scattering 

function was derived for the Pg scattering case.

&(*,/!*) * *» ■{£ (4.11-9)

The coefficients of the Legendre series expansion for 

can be calculated from

Qi = T̂fJ fs [*>/*•) Txf/40)
The scattering law f{̂ «) = ^ 0 v ‘) is shown graphically in
Fig. 4.25. It is seen that the scattering is predominately 

forward with no back scattering (i.e. -f ̂ *°) = 0 for Jto = —1) 
and unit forward scattering. Hence, this provides a good 

test for the two group anisotropic scattering calculation. 

Cross section data for this problem is given in Table. 4.14

The isotropic and anisotropic (P3) FELTRAN scalar 

fluxes are shown in Figs. 4.26 and 4.27. Clearly there is 

a significant difference in the scalar fluxes at the boundary. 

In group 1 , the P^jscattering flux is a factor 28 higher 

than the isotropic case (with no -*) and in group 2 a factor 
39 higher. This problem then represents a more reasonable 

test for the multigroup anisotropic scattering calculation 

in FELTRAN. In this case a four moment , 80 element cal­

culation was done. The reference values were obtained from
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an ANISN -S16 (320 mesh intervals) calculation. Percentage 

errors for FELTRAN, MARC/PN and ANISN are shown in Figs. 4.28 

and 4.29. Again all three codes give oscillations at the 

source moderator interface. Through the moderator region 

FELTRAN errors are small (less than 2%) while MARC/PN and 

ANISN deviate towards the bare surface boundary. It may be 
noted that in the finite element calculation the errors 

introduced are due to spatial discretisation and truncation 

of the Legendre series, whereas in ANISN, additional error 

is introduced in the discretisation of the continuous 

angular variable. In MARC/PN the large errors near the 

bare surface may be due to the approximate way the bare 

surface boundary condition is satisfied in the spherical 

harmonics method.

In Tables 4.15 and 4.16 FELTRAN (4 moments, 80 elements) 

and ANISN reference results are given at various positions 

in the system for both groups. The attenuation through the 

moderator is approximately 10  ̂in group 1 and 10  ̂in 

group 2.
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Group 1

x/cm FELTRAN * ANISN REF **

0.125 1.76036 1.75949

0.375 1.74811 1.74706

1.875 1.16774 1.16971

2.125 0.78757 0.78535

2.375 0.55389 0.55585

2.625 0.41592 0.41958

18.875 7.64580E-7 7.77495E-7

19.125 6.25003E-7 6.35673E-7

19.375 5.09395E-7 5.18211E-7

19.625 4.12576E-7 4.19663E-7

19.875 3.28674E-7 3.33956E-7

20.00 2.88921E-7

Table 4.15 Group One Scalar Fluxes for Problem 4.11.2(b).

* FELTRAN 82 elements, 4 moments (S8) results.
** ANISN 320 meshes, S16 results.
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Group 2

x/cm FELTRAN * ANISN REF **

0.125 3.20628 3.20460
0.375 3.17957 3.17762

1.875 2.15892 2.16312
2.125 1.65155 1.64672
2.375 1.29099 1.29081

2.625 1.04268 1.04638

18.875 7.10429E-6 7.21376E-I

19.125 5.86106E-6 5.95205E-

19.375 4.81770E-6 4.89303E

19.625 3.93055E-6 3.99218E-

19.875 3.14589E-6 3.19123E-I

20.00 2.76610E-6

Table 4.16 Group Two Scalar Fluxes for Problem 4.11.2(b).

* FELTRAN 82 elements, 4 moments (S8) results.
** ANISN 320 meshes, S16 results.
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i

Isotropic and Anisotropic (PI) Scattering.

Isotropic and Anisotropic (PI) Scattering.
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for Anisotropic (PI) Scattering.

for Anisotropic (PI) Scattering.
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for Anisotropic (PI) Scattering Problem.

Fig 4.20 Percentage Errors in Scalar Fluxes (Group 2) 
for Anisotropic (PI) Scattering Problem.



Fig. 4.21 FELTRAN Scalar Fluxes for Isotropic and 
Anisotropic (PI) Scattering
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Anisotropic (PI) Scattering.

171-



-172-

Fig. 4.23 Percentage Errors in Scalar Fluxes 
for Anisotropic (PI) Scattering.

for Anisotropic (PI) Scattering.
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, c

-------- + FOR P3 SCATTERING

Mo= Cos 0
© = K / 2  /  Curve sym m etric a b o u t 0  = 0 

&  . .

Fig. 4.25 Polar Plot of the Scattering Function 
used in Problem 4.11.2



Fig. 4.26 FELTRAN Scalar Fluxes for Isotropic and 
Anisotropic (P3) Scattering.
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Fig. 4.28 Percentage Errors in Scalar Fluxes 
for Anisotropic (P3) Scattering.

Fig. 4.29 Percentage Errors in Scalar Fluxes 
for Anisotropic (P3) Scattering.
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4.11.3 PI Scattering Multiregion Source Problem

This three group, PI scattering, source problem is 

based on the two-dimensional (r,z) problem analysed by 

Asoaka et al [27]. The full geometry is shown in Fig. 4.30. 

Quah [28] also analysed this problem, but, along the line 

r=10 cm. for the one dimensional slab geometry analogue, 

with isotropic scattering. He carried out a systematic 

comparison of finite element calculations of FELTRAN with 

the discrete ordinates code ANISN. A similar scheme is 

followed here with linear anisotropic scattering. The 

geometry along x=10 cm is shown in Fig. 4.31. There is a 

perfect reflector condition at x=0.0 and a bare surface at 

x=130 cm. Multigroup cross section data is given in [27].

An ANISN S16 calculation was performed with 630 mesh 

intervals (ninety in each region). The average scalar flux 

per unit length fa thus obtained, in each region was used as 

reference. Initially FELTRAN (2 moments) and ANISN (S4) 

calculations were done for various mesh intervals. In each 

case the number of mesh intervals were equal in each region. 

Execution times in CP seconds on the Amdahl 470 V/8 computed 

are quoted in Table 4.17. ANISN execution times are approxi­

mately twice the FELTRAN times. In Table 4.18 are shown the 

percentage deviations in <p (the average scalar flux) for 

two moments and 560 elements. In groups 1 and 2, both ANISN 

and FELTRAN give similar errors upto region 5, which is the
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first void. In this,and subsequent regions ANISN (S4) 

deviations are less than those of FELTRAN. It appears that 

the two moment flux expansion in FELTRAN is not sufficiently 

good here.

The convergence of £ with is shown for regions
4 (iron) and 6 (water) in Figs. 4.32 and 4.33. FELTRAN 

shows an approximately linear variation in J with 

over the whole range of the latter. This means that with 

only the first two values of ^ from a coarse mesh calculation 

the results can be predicted to within a few percent with 

linear extrapolation.

Subsequently FELTRAN and ANISN were compared for varying 

number of moments and with 200 elements. In this case the 

number of elements in each region was different. The element 

scheme region^wise was (10,10,20,40,40,40,40). Percentage 

deviations for the four moment calculations are shown in 

Table 4.19. In Figs. 4.34 and 4.35 the scalar flux ob­

tained for FELTRAN ( 4 moments and 200 elements) calcu­

lation are shown for groups one and two. It is seen that 

although the one and four moment cases give similar fluxes 

near the source region, there is a significant difference 

from x=80 cm onwards out to the bare surface boundary.

Next the number of elements in regions l,2and 3 were doubled 

while those in regions 4,5,6,7 were kept constant. A four
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moment calculation was performed. Percentage errors are 

shown in Tables 4.20 (a,b,c), together with the average 

scalar flux values. Both FELTRAN and also ANISN errors 

are relatively small for an attenuation of approximately 

10~6. See also Riyait [29].
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Fig. 4.31 Geometry for the Multiregion Source Problem.
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Fig. 4.32 Convergence of average scalar flux in region 4
with square of inverse mesh interval for problem 
4.11.3
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No. of Mesh 
Intervals

FELTRAN (N0M =2) 
(CP Seconds)*

ANISN(S4)
(CP Seconds)*

35 0.36 0.70
70 0.49 0.80

140 0.77 1.31
280 1.32 2.27
560 2.44 5.49

Table 4.17 Execution times for FELTRAN and ANISN for 
various mesh intervals for Problem 4.11.3

No. of 
Mesh 
Inter­
vals

Region Group 1 Group 2
4% Feltran A% Anisn Feltran A% Anisn

80 1 3.05 3.43 1.81 2.05
80 2 -1.96 -2.18 -0.95 -1.06
80 3 3.08 3.42 1.87 2.05
80 4 -0.23 0.74 -0.21 0.38
80 5 -3.25 -1.64 -0.51 0.45
80 6 -3.67 -1.98 -0.74 0.25
80 7 -4.19 -1.99 -1.04 0.06

Table 4.18 Percentage derivation in average scalar flux 
for 2 moments and 560 elements for Problem 
4.11.3
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4 Moments

No. of 
Mesh 
Inter­
vals

Region Group 1 Group 2

4% Feltran 4% Anisn A7o Feltran A% Ansin

10 1 1.06 0.79 1.28 • 0.52
10 2 -0.78 -0.49 -0.78 0.27
20 3 1.38 0.77 1.72 0.51
40 4 -3.19 -6.69 -4.22 -8.21
40 5 -2.93 -6.69 -3.83 -7.84
40 6 -2.89 -6.75 -3.76 -7.79
40 7 -2.29 -6.60 -2.86 -7.53

Table 4.19 Percentage deviations in average scalar flux for 
the scattering multigroup source problem.

Group 1
Meshes Region 5 ( Feltran ) f(Anisn) A%Feltran A%Anisn

20 1 1.0054E-1 1.0075E-1 0.50 0.72
20 2 6.1224E-1 6.1156E-1 -0.35 -0.46
40 3 4.0458E-2 4.0509E-2 0.59 0.71
40 4 4.8154E-5 4.7683E-5 -0.53 -1.50
40 5 3.0779E-6 3.0390E-6 -0.33 -1.59
40 6 1.6582E-6 1.6357E-6 -0.29 -1.65
40 7 7.5785E-7 7.4409E-7 0.33 -1.50

Table 4.20(a) Average scalar flux and percentage deviations 
in for 240 elements and 4 moments.
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Group 2

Region $ ( Feltran) f (Anisn) A % Feltran A % Anisn

1 3.5074E-1 3.5063E-1 0.47 0.44
2 2.6324 2.6337 -0.28 -0.23
3 1.4075E-1 1.4053E-1 0.59 0.44
4 1 .1114E-4 1.0991E-4 -0.76 -1.86
5 1.3241E-5 1.3091E-5 -0.60 -1.73
6 4.7256E-6 4.6703E-6 -0.57 -1.73
7 1.1710E-6 1.1492E-6 0.27 -1.59

Table 4.20(b) Average scalar flux and 
in  ̂ for 240 elements 
Problem 4.11.3

percentage deviations 
and 4 moments for

Group 3

Region ^ (Feltran) £(Anisn)

1 5.7175E2 5.7174E2
2 5.5737E2 5.5729E2
3 3.6346E2 3.6336E2
4 1.3529E2 1.3519E2
5 8.3070E1 8.3297E1
6 5.0792E1 5.0674E1
7 1.5744E1 1.5467E1

Table 4.20(c) Average scalar flux for 240 elements and 
4 moments for Problem 4.11.3
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4.11.4 P3 Scattering Eigenvalue Problem

This is a three region three group eigenvalue problem 

with P3 scattering which is presented in Reference [26].

There it is solved in one dimensional spherical geometry 

and is infact a critical sphere problem. We have used the 

data given in [26] to test FELTRAN for one dimensional keff 

calculation. The geometry for the problem is shown below 

in Fig. 4.36.
Perfect Bare Surface
Reflector

Region 1 | Region 2 j____________ Region 3
0.0 18.273 19.633 32.143cm.

Fig. 4.36

The k-eff calculations were carried out for two and three 

moments with varying number of elements. Results from 

FELTRAN and ANISN are shown in Tables 4.21 and 4.22.

Initially, five, one and three elements were used in Regions 

1,2 and 3 respectively. These were subsequently increased 

by a factor of two each time.

Execution times on the Amdahl computer for FELTRAN and 

ANISN are given for three moments in Table 4.23. The 

k-eff values of both the finite element and finite difference 

calculations are in good agreement.
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2 MOMENTS

Number of Elements k-eff

FELTRAN ANISN
9 1.43244 1.43036
18 1.43230 1.43202
36 1.43216 1.43236
72 1.43213 1.43242
144 1.43212 1.43244

Table 4.21

3 MOMENTS

Number of Elements k-eff

FELTRAN ANISN

9 1.43246 1.43047
18 1.43238 1.43211
36 1.43223 1.43244
72 1.43219 1.43249
144 1.43219 1.43252

Table 4.22

3 MOMENTS
Number of Elements ANISN FELTRAN

9 0.59 0.60
18 0.89 0.78
36 1.16 1.07
72 1.96 1.72
144 3.55 2.93

Table 4.23 Execution times in CP seconds on the Amdahl
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5. TREATMENT OF VOIDS

5.1 Introduction

Systems with voids/ducts have caused some difficulties 

for solutions of the even parity transport equation. This 

difficulty arises because of the cross section, <rT ,

appearing in the denominator of the leakage term in the even 

parity equation. Setting in the void to a very small

number leads to a distorted and physically incorrect flux profile 

in the void. The flux in the latter becomes almost constant, 

which in turn gives inaccurate solutions in the neighbourhood 

of the void. In this chapter an explanation of this phenomena 

is presented. In addition, methods are developed, and tested., 

which give improved solutions for void problems. The methods 

are:

(a) Iteration

(b) Global or Elementary Extrapolation

(c) Nodal or Multiparameter Extrapolation.

The theory of all three methods is described and discussed. 

Subsequently, several void test problems are analysed using 

these methods.

5.2 Conventional Finite Element Method for Voids

In this section the conventional finite element method 

for the even parity equation for systems with voids is analysed. 

The treatment is restricted to voids surrounded by isotropic 

media. Extension to anisotropic scattering surrounding regions 

presents no problems. The physically incorrect flux profiles
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produced by the conventional finite element method for voids 

are illustrated and discussed. Subsequently, an explanation 

for this phenomena is proposed. Consider the first order 

transport equation for a void region (V ) without sources, viz.,

£) - o  (5.2-1)

The equivalent even parity form may be written as

( &.7 (** A)) = o (5.2-2)

Here 4»fo£) and $(£r&) are the exact angular and even parity angular 

fluxes respectively. In addition, the even parity equation for 

a source free absorbing medium can be written as

- a -v fa.ptfO + os 4 * = o

(5.2-3)
where is equal to for void problems.

A ’void* is defined as region of very low absorption cross section 

and zero scattering. If is the macroscopic absorption cross 

section in the void, then if <ĵ r̂Csorr) » where ^ 8orr) is the 
total macroscopic cross section for the surrounding region, it 

is found that direct application of the finite element method 

to Eqn.(5.2-3), using » gives physically unsatisfactory

results. In this case with <Ty •« the even parity flux

4 /r,a ) is approximately constant in the void region. This 
distortion in the void flux influences the neutron flux in the
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neighbourhood of the void. This is illustrated for a straight 

duct problem in Fig. 5.1, where various absorption cross 

sections, t have been chosen for the void region.

In order to explain this phenomena, consider the maxi­

mum principle functional given in Section 4.2,i.e.

l •+ Z  $S“ >

- c.4f> idv
(5.2-4)

Then

K* /$+) ^ +*) (5.2-5)

where F^/Vi^**) is the functional associated with <f6‘*"(x,Jl) 
and is given by

r*74.\4.+) * | £ 4 &.V4+, S/'s.V4.+ )> + c=4-+> I

+  f f |ii.n| JrtJs
JJi.US. Jxi (5.2-6)

When | W )  is maximised, the quantity ,T+(4+-4S, 4+-<fc.+ ), 
the global error in a generalised least squares sense, is
minimised since
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Fig. 5.1 Scalar Flux Distribution Along Central Axis 
of Duct.
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14-̂ 4.+) +■ F+ 4f -  & - )  -  F+(4.W) (5.2-7)

for an arbitrary trial function. The quantity 4**— 4»+)
is positive definite. See Ackroyd [1]. It is to be noted 

that the global error F+( 4+-4*+, can arise in many
different ways. It can for example, be a uniformly distributed 

error, or on the other hand it may be localised as in void 

problems. Low values of the global error correspond to high 

values of Y?(&) from (5.2-7), since F'W'-to 4*+) is
positive definite. But high values of KW) may be obtained 

without being a good approximation everwhere to

as in the case of voids. The void equation is of the kind 

(5.2-3) with replaced by try . The contribution to

from the ’void’ is

r f

w M i »v (5.2-8)

If o, then the contribution of the void to

becomes small for small *y as the second term in the integrand 

of equation (5.2-8) is then small. In practice the first term 

of the integrand of equation (5.2-8) is the ratio of two small 
positive quantities, which may be large if is chosen in­
appropriately in some way.

When 4* is chosen by maximising the contribution
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to K+M*1) from the void is made small, but, it can be made 

small for small rfy without (P- 4£) becoming small. To see this 

consider the contribution of the void to the global error 

F + U*--*.*, V - V -) viz.,

f * + - * > * )  - f  f \  l * - ? ( * * -  * ~ l l  + i f }

^  <rV J'liv.
1If £ is constant within the void, then

rv+UMJ-,<Mrt - f [ j +-«v (*-**)*] ̂  ̂

(5.2-9)

(5.2-10)

The above quantity, (5.2-10), may also be written as

]  f  * » i  U * - V ) % +  J « 4 v
»v

(5.2-11)

since
£.7$#+ 3 - 4>t

from the parity equations for a purely absorbing, source free 

medium. Now since

4o 3 4* +" hr and L  #  ^  -
then

7  L
Hence, the contribution Fv* satisfies

w  < [ 4.1 + (t+- Av (5.2-12)
JVy J*

Since the integral on the right hand side above is finite,
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then ^  can be made indefinitely small by letting <fy -**© . 

The contribution from Vv to the global error vanishes as 

This fact has to be taken into account in considering what 

may happen when )<+($*) is maximised using a practical spherical 

harmonics expansion of T5 (say). In the shield wall and 

source regions of the system, can be made to approximate 

closely some solution of the transport equation, but not 

necessarily the solution $0+ .

Amongst .the infinity of approximate solutions of the 

transport equation within the wall and source regions of the 

shield, there is one which is constant along the interface of 

the duct and the wall. This approximate solution and a cons­

tant approximation for the duct satisfy the continuity 

condition for trial functions admissible in the KW) principle 

These two approximations define a trial function^ (say) 

which makes the contributions of the wall/source region and 

the duct both small for small . Thus in maximising K'V**) 

for small and a low order expansion for , the function 

may be selected.



-203-

5.3 Iteration Method for Voids

5.3.1 Introduction

As mentioned earlier, the basic idea behind the iteration 

scheme for source problems consists of absorbing and releasing 

neutrons in a void region filled with absorption cross section ^  

(say). In other words, neutrons are stopped along their direc­

tion of travel in one iteration and are released along their 

original direction in the following iteration. In the first 

iteration or the initial solution the extraneous source S(r*,j£) 

is non-zero and the void is filled with material of absorption 

cross section a** . It is assumed that the extraneous source

is in the non-void region . In the second and subsequent

iterations $(r,a ”) is set to zero while the absorption sources 

in Vy are released. The iteration scheme may be continued 

until the absorption sources almost disappear. The macroscopic 

absorption cross section r*1 is usually chosen to be less than 

the total macroscopic cross section of the surrounding region V# 

If 1*1 = ( V/i ) then convergence of the iteration scheme will

be slow, whereas on the other hand if V* ) then will

be approximately a constant in the void as in the conventional 

finite element method.

5.3.2 Iteration for the First Order Equation

The first order transport equation for the exact angular 

flux 4>0(rfJL) may be written as

£.7 S o (5.3-1)



-204-

in a source free void region Vv » and

4>o — S (5.3-2)

in a non-void region V* .

Here 2  » t*ie removal operator, is defined as

Z  4J*> £)
JA1

( 5 . 3 - 3 )

The Mth iteration approximation to the exact flux 0̂Ci;̂ )̂ s
given by M

6  f c ,  a )  =  Z  ML -)IMSl
( 5 . 3 - 4 )

where are the iteration component solutions. So for

instance V, IX,•&) is obtained with cross section <rf in Vv and 

extraneous source Sfcj&) in V* • Each of the solutions and also

satisfy the boundary conditions on the bare surface, perfect 

reflector and are continuous at interfaces S^ASj of adjacent 

regions Vc and Vj, for ^ 0.

The M*1*1 iterative approximation to may be

readily obtained by writing the first order equation for Vy, 

filled with an absorber, and Vg. for each iteration and 

summing them.

In Vv
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I A.7^, t  -  O

II A.V +■  r x Vi =■ °"/ Vi

III )Jt, V  + <r’ ̂ 3 - Va (5.3-5)

M +  r x = <r-' vyM_,

in  Vp.

I a  .7 vy, 4- S  V, * S

II 7 Va. +  U  Vx. =**>

III (5.3-6)

M A . 7 1 V M  +  2  - o

Note that each ij) is positive, as i^ is the angular flux 

induced by a positive source. Positivity is established for 

Vi and hence for ly* , etc.

Adding equations in (5.3-5) and then in (5.3-6) gives

Y m = o in yv (5.3-7)
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Vk
(5.3-8)

Equation (5.3-7) represents an approximation for the void, Vv.

The angular flux is due to extraneous source S in V*
and an imposed sink <r**yM in V v The effect of the sink in Vv 
is to make Vm less than cf># everywhere. Note that each of 

the iteration component solution is an exact solution

for that problem. In practice, however, each will be

approximate when spatial and angular approximations are intro­

duced. Now, from (5.3-4), is the exact solution for the

problem generated by filling the void with material of absorption 

cross section and having a sink in Vy. Also ^  satis­

fies the same boundary conditions as the vy**, . In addition, 

is  positive within Vv U VR/ as each of the Op, &)
are positive.

If we let

(5.3-9)

then the specification for and 4m  give

A .7 X* a r 1 V M in Vv (5.3-10)

and

vA;,7 XM * 2  X m  - o in V* (5.3-11)

So is the angular flux due to a source H’m in Vv
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since > o » in V/ , with no sources in V*.

This means that

Xm  >© within Vy VJ Vft ,

and so 4©— 4m  > O from (5.3-9)

i.e. (J>M < io • (5.3-12)

Now the sequence n u i  is monotonically increasing with m  

since is the sum of positive angular fluxes V*U •

Since, 4m  is bounded above by 4 © from (5.3-12), and f4«*J 

is an increasing sequence, then converges. Thus 4 m

approaches 4b from below. Since Va. is the angular flux ?

induced by the source *̂,V| in a non-multiplying system, ^ ,

Similarly • The sequence of sources is con­

sequently a monotonically decreasing sequence. In practice 

this sequence converges to practically zero in a few iterations. 

Consequently 4m for a few iterations, M , converges practically

to «j>® *

5.3.3 Iteration for the Even Parity Equation

Ideas similar to those described in the previous section 

may be used to obtain approximate solutions to void problems 

using the even parity equation. The even parity iterative 

solutions for the even parity flux (£, &) are derived

from the first order transport equation in Appendix A. Taking 

even and odd parity components of the first order equation 

(5.3-5) and (5.3-6) gives the even parity equations for the

iteration scheme.
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In W

i

ii

h i

+  o-l u ) ^  =  O

-il .7 + <ri y + » 2-tr* V,/ UJ.+

-Jj. .V C4.7 V?) +<r' «VJ+ = J U r V - O ' V  (5 3.13)

M
—  V  V m *) -i- r '  ^M-l ^K-2.

and in V* the even parity equations are

i -A.v LŜ iflk-vw,+)3 + cvt* - s+

I I  - £ . 7  L S ( f e . 7 Y » ) ! I  +  c ^ +  " °

h i _ JJ..V LS (i-v ̂ ) ]  +  c ^ (5.3-14)

M - a .7 C . S ^ . F W m *')3 +  cifM+ »

for an isotropic extraneous source S*(r, £). The component 

solutions satisfy the bare surface, perfect reflector

and continuity conditions given in Section 5.3.2. Since the 

4\w are positive, then so are the Vk+ • Thus, the sum of 

sources and sinks should be positive. I.e.,

(H-t, - > o (5.3-15)

for vy\>/l>.
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Adding the equations in (5.3-13) gives for Vv

-£.V 4v+) s o (5.3-16)

where

+ •• + JVm+ ) (5.3-17)

Also for v«, we get

- i . v  LS(&-V4*+)1 +c V  = s+ (5.3-18)

In theory the solution in Vy provides a lower
■fbound to / the exact even parity flux. Other lower

bounds to $  can also be obtained as will be seen in the 

following Section and in Appendix B.

5.3.4 Lower Bounds to the Exact Solution in Voids

The even parity iterative approximation a)

given above,is a theoretical lower bound to the exact solution 

in the void, (r, *2.) , as is shown below. From (5.2-2), 

and (5.3-16), we have

“* in Vv (5.3-19)
i- i M

and
- A .TtsrA.?)]££-tf:i+cC*.+-tf] in *  , onN(5.3-20)

Since, >o , the effective source inducing C 4>m+U
is non-negative everywhere, hence, > 4>«+ , i.e. * *  is
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•a lower bound to %  • The equations (5.3-13) and (5.3-14) 

can be re-written, for practical convenience, to give the 

following modified scheme (for three iterations). In V/

I -£•7 (&.V Vf) + 0-* ^  =0 , with y,r =• Vi**
<r*«

II -Ik.7/Vk.7'fv) +*J«r = T 1?^, «*'='»’%  (5.3-21)
<r~i

III -£.7 (A.7?}*) 
/ +<r'^ ■?; =

and in Vr

I _ £ .7  LS +  C-Vf = S1-

ii -& .v  L S ( a - V ) + c  » o (5.3-22)

III -£.7 C.S +  C ^J ” ° •

Thus the modified iteration scheme gives

-2k. 7 (iUV jjf) 90  in Vv
<r*

and - St in V*

where ^  4. .

Letting * 4* _  then we have
3

(5.3-23)

(5.3-24)

(5.3-25)

-£.V (2̂ .7) C ** -3?3 = <r' in Vy (5.3-26)

S C & . 7 ) ^ : -  5J)3 + C  4J - S +  in V* <5-3-27)
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Since the effective source 0-' is positive everywhere,

4* > <̂3 ; i • e . is a lower bound to 4.+ - The lower
bound for the modified scheme with three iterations is, in 

terms of the of the original scheme,

^  -t- J£ ifc? -t- V? (5.3-28)

whereas the corresponding lower bound for the original iteration 

scheme is slightly better, viz.,

At * Y,+ +• !£ ■+• Stf (5.3-29)
^  ** T

The reason for adopting the modified iteration scheme for 

practical calculation is as follows:

Looking at the original iteration scheme equations in Vv as 

given by (5.3-13), it is seen that the inducing source after 

the second iteration is of the form 2.o-; qT^ — r*1 q ^  . If 

the source is positive everywhere so is the induced angular 

flux.

v

The angular flux can be positive everywhere in a system 

with sources and sinks, ifhe component of the angular flux in­

duced by the source being greater than the component induced 

in the sink. In practice it is necessary to use approximations 

for X<r' and <r* q^^ for calculating and/in subtracting

these equations to obtain the right hand sides of (5.3-13), errors
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can be incurred. In order to maintain positive inducing 

sources, the modified iteration scheme is introduced.

5.4 Extrapolation Method for Voids

5.4.1 Extrapolation Method Outlined 

The method of extrapolation is based on the idea of best 

approximation in a Hilbert space from functional analysis. If 

f is a projection operator and vtf* > V * .....  are indepen­

dent functions spanning a Hilbert space H » then 1*$>0 is a 
best approximation to ^  when f* projects orthogonally onto {4.

Fig. 5.2 Orthogonal projection of a vector onto a
space H- ""

The orthogonal projection or best approximation then minimises 

the distance from A to the space H . See for instance 

Kreyzig [2] and Prenter [3]. Independent solutions Vi?, .

can be obtained for a sequence of problems by filling the 

void with absorbing media of macroscopic absorption cross

sections tfyi, ,.... with i ^ ^ 3 * • * • .... The Y,f, fi+,

etc. above, should not be confused with the of the
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iteration scheme. The extrapolated solution is then taken 

to be

H

'C fcr*) -  T  «i '}■ (£,*') ( 5 -4_1)C*l k
with the t(i chosen by making an optimised approxi­

mation solution for the problem with a void. To ensure that 

the same source is used for and the following constraint

on the ^  is imposed.

i <1 1 (5.4-2)

where bJ is the number of trial functions used in the extrapo­

lation scheme. So for instance, with two trial function ex­

trapolation, with and V**/ we have

and
* » .  t t  |

a (5.4-3)

This combined approximation can be optimised with respect to 

the coefficients «<;, in the linear combination. The error 

between the exact solution of the given problem and the combined 

approximation is minimised in a generalised least squares sense 

by the optimisation. In the void region, Vy, the coefficients 

•(̂ are expanded in a power series in tf'y and the limit taken 

for as o-y — o . The trial function given in (5.4-1)

together with constraints (5.4-2) have similarity with simplex 

elements in finite element theory. See for instance Carey and
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Oden [4]. In the global version of the extrapolation method 

the parameters °(l do not change across the system, i.e. 

is the same at each node of Vy and V^. In the nodal extrapo­

lation method are allowed to vary from one node to the
next, spatially, in the system. In the case of sequential or 

regional extrapolation the *£ remain constant within a region 

but, are allowed to vary from region to region. Sequential 

extrapolation is intermediate to global and nodal or multi­

parameter extrapolation. Approximation of the type given in 

(5.4-1) are used in both the void and non-void regions. 

Calculations of the coefficients ^  is discussed in Section 

5.4.3.

5.4.2 Motivation for the Method

Initial motivation for the extrapolation method came by 

looking at scalar flux profiles in a void region with the 

void filled with a range of macroscopic absorption cross 

sections <*V. Flux profiles were generated using the con­

ventional finite element method. It was observed that for 

relatively high values of #y (^^rcsvm)/ the flux profiles 
were reasonable and had an overall 'correct* shape, but, were 

lower than the exact solution whereas for orv ^fa^rr), an 

almost flat flux profile was obtained in the void which dis­

torted the solution, in in the neighbourhood of the void.

It then became apparent that linear combinations of'correct' 

profiles might generate a good approximation to the exact
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solution in a void region. This was subsequently investigated. 

It may happen that if the mesh and directional approximation 

in the finite element representation for A) is coarse,

that relatively high values of &*(&) can be obtained for 4>* 
constant in the void region. The calculation takes

account of absorption in the void and also the spreading of 
neutron beams streaming for the source. By combining 4/,+ 
and in the way described above, the aim is to provide a

combination in which the absorption effects are mini­

mised as far as possible without upsetting the streaming 

effects.

In the conventional finite element method or direct 

application of the K+(*V principle the trial function used has 

complete flexibility in the specification at a node of the 

nodal values of an element for the spherical harmonics ex­

pansion. This leads to being approximately constant in

the void. The extrapolation method uses biased trial functions 

instead of the unbiased trial functions of the conventional 

method and thus avoids the almost flat flux profile in the 

void regions.

Further motivation for the extrapolation technique is 

given below by considering a straight duct problem with purely 

absorbing walls [5].
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Vacuum

Even-parity angular 
flux ABGH a square 
absorbing region with 
a square source region. 
Uniform isotropic source 
in AFED.

Fig. 5.3

With a mesh pitch of the order of a mean free path and a Pff 

spherical harmonics expansion for the tri’a 1 function £,+ , a 

fairly accurate approximation for can be obtained. The

even parity equation

-_L  £..7 liL*? tof) *  ** * #,+ '  °<r«

is nearly satisfied in the source free region, if a fine mesh 

and a Pjj. approximation are used.

Vacuum

Even parity angular 
flux Duct absorption
cross section <rv <r->, 
Duct - DEFG.

Fig. 5.4
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Alt hough fairly accurate approximate solutions of the wall 

equa tion
_L + <r«<ta

can be obtained, they will not necessarily be good approxi­

mations for because the angular flux varies with

direction £  in a more complicated way than the angular
flux At a position V on the diagonal AEH of Fig. 5.3

the distribution of ko* is by symmetry of the problem, 

symmetrical about the diagonal. For the corresponding point 

f  of Fig.5.4 » 4£(‘P,4|,> >4>61 (?,&*) because the path
DEP is less absorbing than the path FP. In both cases, the 

angular flux is confined to the wedge of directions lying 

between and On the otherhand, for a point 6L

lying in BCEF

<{>*, (&.t & ) = ^

because, neutrons reaching 6k from the source do not see the 

duct.

Since ^  varies in a more complex way than a

higher expansion in spherical harmonics for than seems

necessary. Practical considerations may restrict computation 

to ?4. (say) expansion for 4a" •

Consider two auxilliary problems differing from Problem 2 

in one respect only. The duct filling is replaced by



-218-

duct fillings «yj and <rya , with < <TVz <*Vi •

The cross section is chosen to be not more than two

orders of magnitude less than so that the flux flattening

in the duct does not occur significantly for these auxilliary 

problems. Let and $0V be the angular fluxes for the

problems with duct fillings r$x and respectively.

Consider the angular fluxes at P for Problem 2 and the 

auxilliary problems. Since the beams with directions J±x

do not intersect the duct

Let the parameter «*■ be given by

< + (l-*0 ^  ( * * *

then,for directions £  lying between .£1 and the approxi­

mation

* 4w (?•4.) + (> -•*i +*+“ fo A) s (t>£>

suggests the i^-ferpolation formula^

< # ' (7,£) -vfi-O 4>+"(7»*) = <W+ (7^a)

/ + ̂where 4H?,4) is the optimised trial function for and

the optimised trial function for . The parameter * has

to be determined. Strictly it should vary from point to point 

in the system. Methods for determining are given sub­

sequently. They are based on the ]C* principle and the 

motivation for the method used is suggested by a study of the
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phenomena arising in the duct regions where a similar ex­

trapolation procedure is used. Two extrapolation procedures, 

global and nodal t are considered. For the former •< is a 

constant, and for the latter •< varies from node to node of 

the mesh.

5.4.3 Geometrical Interpretation

In this section a simple geometrical interpretation 

of the extrapolation method is given, using two trial 

functions. Let be the exact solution of the void problem

and let ^  and Ufx be approximate solutions with void filled 

with *v. and dra. respectively. With each of the above solutions 

we can associate vectors fj* > V,+ and in a Hilbert

space. The metric of the Hilbert space H  is given in 

terms of nuclear data for the problem with solution <£0+ [ 1 ] .

With the extrapolation solution

+ 6 - * ) ^  (5.4-4)

where we have put o(, = o< , there is a corresponding vector

¥e+ » +■
(5.4-5)

*(¥,*- V?) +- 'it
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See Fig. 5.5. As oc varies the point C in Fig. 5-5, the 

extremity of the vector vf describes a linear space or a 

straight line in this case. Maximisation of K+(f'e+) with
respect to the parameter o< corresponds to minimisation of (CD). 
Of course the distance CD is minimised when CD is perpendicular

to BC,. If * maximises tC+/fet) and

• 5 (5.4-6)

then by the projection theorem

i

f£- - ° (5.4-7)

i.e. DC is orthogonal to the line BC. We may then write

A. j.
Tjf *

where T is an orthogonal projection operator onto AB.

The above geometrical interpretation can be easily generalised 

when is a linear combination of N trial functions

..., Vĵ+. Corresponding to the extrapolation approximation
(5.4-1) there is the vector

N

a - -  Z .  (5-4-8)
c.-*

with •(• satisfying the conditions gi ven in (5.4-2 ) . Hence,

N-1

a  = 2* ^  ^  -  v s )  +
&

(5.4-9)
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(ir-rf) orthogonal to line AB produced.

Fig. 5.5 Hilbert Space Interpretation of 

Maximising .
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The extremfty of the approximation vector ^  lies on the 

linear N —/ space specified by (5.4-9). When 9/€*’) is

maximised with respect to the then (£S- #*)1 is
minimised and this leads to the orthogonality conditions

( p  -  t f j )  ■ ° (5.4-10)

for the optimised approximation vector . Hence

i.e. ( V -  $«*) is orthogonal to every vector lying in the 

linear N~l space.

5.4.4 Determination of Parameters

In the elementary method of extrapolation with two 

trial functions and there is a single parameter

to be determined for the void and injfact for the whole system. 

* ijs constant throughout the system. Maximising the functional

tcW) l  2-VeV -  [ .&.VVe*S(&.VVe*) * W 3  j  <U Jv
* JA

f | [ ± (&.vvt+)1 ifl-Jv

[ J  (V)1 l**»l e'A< ŝ

(5.4-11)

with respect to oi gives
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0 - ®v

'Vy J,A

[ f ^[y+_y^]s+ -  (o<fl..v'LH,i+-4,>+3 +£-Vl^+)Si^Wr'<'f-ftf)
V A
- (*L'Kh-'ft.+3 + Y>*)c C^-^3 } dA iv

[ (<4.7 +S.Vl(i+)Jl.7C'«t--’(V3 ■»■ <**(•< If,-Mif)

C. ] < U iv

-<V li.fli /* [t’l+’- tv ]  + ir1.+ ) £ Ja J s
V

. (5.4-12)

If now o/ is expanded in a power series in ffy as

« = 4© 4» -̂y + <̂v ry1 + .....
(5.4-13)

and substituting into (5.4-12), taking the limit as «^->o 

leads to the following simple formula for the opti­
mised value of o< .
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A
• f  f  £.741  +  i k . 7 ( M 4 + - ^ + )
JyyJ* _____________________

Vj
[ *. 7 (w*-- Vv+) J ̂  * n a  (/

(5.4-14)

The spatial integration here is over all the void 

elements. The single coefficient ?<» is then used in 

combining % and over the entire system. The non­

void term in the functional disappears in the limiting 

process, —* 0 . The derivation of a® is given in

Appendix C. Although a* calculated above is used to com­

bine Vi* and over the entire system, VvWf., it is

still possible to define a coefficient a0g for the non­

void region.

*<o* =

[_ - n.v'jf? sfa-vW-W)) -
>y*>

- f  ^  l&.&l vS  l y f - v t )

(5.4-15)

[A.7(Mfj+-<fV+)S li-V I v , + - « * ) )  4 ( v f - m + )  C ] J'l Jv

+  f f hC-Bl V  N f - V f ) *
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In this case matching of solutions at the void/non-void 

interface is required. At the interface nodes either, 

using a* or w  using , may be defined or, a mean value

of the two solutions. Later it is shown that the idea of 

extrapolation can be extended such that the value of 

varies node by node in the system.

In the case of three trial function extrapolation, 
using v?,+ , Vx+ and , the condition (5.4-2) becomes

+ =| (5.4-16)

If and then the extrapolated solution becomes

(5.4-17)

In this case two parameters, ot and p need to be calculated.
A ADerivation of the optimised coefficients a0 and b» is given

Ain Appendix C. The following result is obtained for q, and b.

C\ — Ci <J»a

and
A
u.

(4u4aa —

c% j n  — Q d a l  
(4ii — iit4a»)

(5.4-18)

(5.4-19)

where

<i» . | | [ ji.r (%■*- m̂ )x] «UA'/

C : -f ( ,a.7ft+.A.7
Jyv J/l

^  s -f f £.v%+ Jv

(5.4-20)
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The coefficients for four trial functions case are given in 

Appendix C. In the case of N trial functions extrapolation 

(N— 1) parameters o(• are required to be calculated.

Going back to the optimised coefficient for two

trial functions extrapolation in(5.4-14),it is illustrated 

below as to how this, may be evaluated. Consider a linear 

element in one dimensional slab geometry with two moment 

expansions for and yj" •

The local node numbering is shown above. The quantity 

to be evaluated is

Element
12 Fig. 5.6

(5.4-21)

Consider the denominator. This may be written as

+

(5.4-22)

where ^  are defined in Section 4.5 and
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with the node numbering given in Fig. 5.6. The (Xi)lx are 

nodal values of af ter Legendre polynomial expan­

sion and linear finite element shape function substitution. 

The quantity in (5.4-22) may also be expressed as

£ X|

----------------
-

«

-A/k X
m. (5.4-23)

or xTiZ 5 a (5.4-24)

where Sa is the full local matrix consisting of angular and 

spatial matrices A and |J • Here is a row
vector of nodal values of *ix and 5?n. is a column vector of 

nodal values. So existing spatial and angular matrices, 
together with nodal values of Vtf* and can be used to

Aevaluate <*© . This also applies to two and three dimensional

geometry. The J J J*% term is evaluated as

Sa (5.4-25)

where and Sa are defined as before and is a row vector 

of the nodal values of . An alternative way of writing

(5.4-24) is

fxiii &)(¥Jo i-i jsi x ' (5.4-26)
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where T k are element shape functions are angular con­

stants , ( X i l O i a  are nodal values of T C ’ f o A )  • The quantity
in (5.4-26) is a polynomial in the nodal values of

5.4-5 Extrapolation Method for the First Order Equation

The elementary extrapolation method described earlier 

can be used for the first order equation. Ackroyd [6] has ob­
tained boundary tied and boundary free maximum principles Ktb) 

and Kli) respectively for the first order transport equation. 

The is the more general principle. Extrapolation methods

can be defined for both of these principles. Consider for 

instance, theKit) functional given below

Hi)
“V

-( r |a .bi »)1
J *

(5.4-27)

-Iwhere the self-adjoint positive operators 21 and 22 are 

defined as

2  * « Ur k - ) T* & 0 (5.4-28)
and

2 ''* (5.4-29)
with -f defined by

f(£, &.£') * +
* (5.4-30)

A" <*j.



-229-

The trial function in the K(4) principle has to satisfy the

perfect reflector boundary condition and has to be continuous 

at interfaces for all directions £  crossing, interfaces. The 

Euler-Lagrange equation for |t ($) is a differential equation of 

the type

j\.9V  £  (s — J 4* 2  — S

with the boundary conditions

l&.al (a-T- 4») + 4*n 2"'  (s~ — -  °  
la.nl ^  - A.a 2 *' C s ~ a .

where is an inward surface source.

(5.4-32)
St

Equation (5.4-31) can be transformed into even or odd 

parity second order transport equations or the first order 

Boltzmann equation [ 6 ]. In the case of the |C&) functional 
the optimised coefficient a» for Vy for two trial function 

extrapolation is

AAo JW J' (<</>-vt) J*dy

[i.7 fa-Y*)]*
(5.4-33)

where are of course the angular fluxes obtained by

filling the void with absorbers of cross section o'Vt > l/ay
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Then

z Ci.Vxlx,*') +- (5.4-34)

is the extrapolated solution.

5.4.6 Improved Solution in the Void

A way of improving the flux profile obtained in the void, 

from elementary extrapolation,suggested by Ackroyd [5], is 

described below. Having already obtained a two trial function 

extrapolation solution, viz.,

I f /  = a . ■+* V if

for the whole system, the main aim is to use as a foundation

for an improved solution in the void, W.

Let ¥ II It1+ in the nonvoid region

and ?e

êr+II in the void region
(5.4-

where +

II £  a- • n-i
The finite element approximation 4v7x,*) vanishes on the boundary 

of the void region since has to be continuous at inter­

faces. If <fy is the macroscopic absorption cross section in Vv,

then we can write
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*  J  [  [  1 ? s+ -  U . 7 ?  5 t  ? c  ^ ]  ]  J i l v

U i . 7 V / ) *  +  «. (?r)a3 i A j v
Vv

r r

A
(vf)* |£*a| A*-^

Maximising k  (vt) with respect to the coefficients gives

Vv
[ { + r*‘ - O (5.4-36)

where \fg * Ve + 2  4vi> and £• are theRS|
optimised coefficients. Equation (5.4-36) may be written as:

£ 4 *V + 2 flu + ffv* (tyg ** ̂V*)$ym 1 4 a J V
I I Jj%  J*

where n,m =, |#1, .. N

or

£«■ [ f ^  4*^4v*i + t v x 4>£<l>m ]  Av

= -J [*.7V*+*.74;», -«v4$g 4>tkJ Ja J\/
(5.4-37)

This may be written in matrix form as

Eli = £ (5.4-38)
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where (b is a symmetric square matrix with elements

b Z  -+ <rvx <fVn .
v/M

JyvM

3, is vector of unknowns 4* , c is a vector of known 

quantities
r  r

D&.V'fc i£.7<|£h -  jv4 Ye 3 J-a J v

The solutions can be obtained with void filled with ab­

sorbers Ovn and with the condition that (|>ŷ vanish at 

Vv/V& interface nodes. The are then obtained from

the matrix equation (5.4-38).

5.4.7 Sequential Extrapolation

In Section 5.4.1, the method of elementary extrapolation 

for void problems was described where a single parameter 

was used for the whole system. Below, we illustrate the idea 

of sequential extrapolation in which the parameter varies 

in a way to be described. A generalisation is of course nodal 

extrapolation which is discussed in Section 5.4.8.

Sequential extrapolation is based on a sequence of in­

creasing large systems. Consider the void problem shown in 

Fig. 5.7, that of the straight duct. Approximation for

this problem can be obtained in the elementary version of the 

extrapolation method by maximising the functional K+ ( Vt¥)> 
defined for the whole of the duct region in terms of a single 

parameter •< . The elementary method cannot be expected to
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be a good approximation everywhere in the duct. The original 

duct problem can be considered to be a sequence of duct 

problems as shown in Fig. 5.8 . In the first system,parameters 

<<x can be found for ; which gives an optimised
solution

Vie - ^  + Ya (5.4-39)

by minimising the duct functional k * K « )  for ye L<*«, •
The calculation of being as in (5.4-14) with the spatial

integration performed over a single element. With system H  

of the duct, the optimised solution is taken to be

Ven. 5 $I 'Vi+ t(i-Sr) for (5.4-40)

an d

V (I “ Ife?" for y. 6 (5.4-41)

AThe parameter is found by optimising the duct functional

for y. € [ 3$, Along AB and CD the nodal values are

determined by (5.4-40) and (5.4-41). See Fig. 5.8 . If the 

nodes of the shaded elements lie on AB and CD only then Ven 

is defined over these elements. If on the other hand, the 

nodes of the shaded elements do not lie on AB or CD the value
f- A  Aof o( can be obtained by linear interpolation of ^  and .

A+The above process then defines %  for<e[ 4(f. ]. For system HI
we have
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Perfect Reflector

Upper Wall Bare Surface 

____x
• • • • • Duct

Source

Lower Wall

Perfect Reflector

Fig. 5.7 Duct Problem for Sequential

Extrapolation Example



System I System II System III

Source
Region

A B C D

Fig. 5.8 Sequence of Duct Problems
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A t
Hfc* = y* + (i— v*-+ *t E

fen. »
*+
V«B X€ E***As] (5.4-42)

W hl =
%€ I a i,

from the previous calculations. For the interval [ 4c ]

“ ^nt ^  (5.4-43)
A

where ^DL minimises the duct functional for [ 4?, 4o 1 * 

For 1» Mfcn. is defined by interpolation as before.
The above sequential extrapolation may give appropriate values 

of A since the duct functional is minimised for segments of 

the duct. Strictly, the duct functional should be minimised 

for the whole duct as in the nodal (or multiparameter) ex­

trapolation method.

A Correction Procedure.

If the extrapolated solution is equated to the

exact solution in the void, i.e.

Cfr.i) » * ( H'i1'—  V?) +V&T
we have

M.f -
V utf - vtv+ (5.4-44)

Since dyi ̂ di^/then in theory > y,'*' in the void. Also
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because there is no absorption in the duct for the exact 

solution . The more closely approaches the

better is the approximation . A necessary condition on

Ye+ is that

7 Vx+ .

i.e. «<-<0 • When the above process of sequential extrapolation 

gives o(>o / the value should be ignored and a value of 

for the previous system in the sequence should be used. An 

alternative is to use the global ®< , which generally is

negative everywhere, when sequential extrapolation gives *L>sO>

Fig. 5.9 illustrates the behaviour of HV*” with oi 

for two trial function global extrapolation.

In theory we will have > Ye+ > yv+ ? 4-1+ everywhere in 

a system since are obtained with absorption cross-

sections PVf and 0"Vx in the void with S\i . In this

case oL will lie in the range (ol»fo) and will be negative.

If =-o then the second solution is recovered.



-238-

5.4.8 Multiparameter. Extrapolation

One reason for obtaining high values of with a

trial function which is not a good approximation to the exact 

solution may lie in the flexibility of the trial function.

In the direct application of the principle or the conven­

tional finite elements for voids the trial function has complete 

flexibility in the specification, at a node, of the nodal 

values of an element, for the spherical harmonics expansion; 

i.e. flexibility in all the nodes, the first moment and 

higher moment nodes. In the elementary method of extrapolation 

the complete flexibility was restricted in such a way that the 

nodal values at a node (and in fact for the whole system) for 

all the spherical harmonics are weighted in the same way, 

whereas in the conventional method they are not constrained.

So the extrapolation method uses biased trial functions in 

place of the unbiased trial functions of the conventional 

method. The generalised (or multiparameter) extrapolation 

method also uses biased trial functions. Here the parameter 

* can be varied and specified independently at each node but, 

for each node the values for all the spherical harmonics for 

that node are weighted in the same way. This is illustrated 

below for a rectangular element with two moments expansion of 

the even parity flux. At spatial node i there are four un­

knowns corresponding to the two moments spherical harmonics 

expansion. The weight at node 1 is for all the four un­

knowns. Similarly etg-j Ay and of,̂ are the weights at the other
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Fig. 5.10 Rectangular Element with Varying <*

nodes of the element. This means that the calculation of 

nodal •< is simply a diffusion theory type calculation, i.e. 

it is effectively a one moment calculation, involving one 

unknown per node. Since the elementary extrapolation method 

is a special case of the generalised extrapolation method, 

and since in both cases the parameter ( or parameters) M 

are found by maximising a void functional, the generalised 

method should give more accurate results than the elementary 

technique.

In the case of two trial functions, î + and l£,+, the 

extrapolated solution 'ftV.a) takes the form

' f c V ,  a )  -  £  £  f 11 -  * y  ( * >  yj m (5.4-45)
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for an element. Here j, represents the angular expansion 

index and j  the spatial expansion index. Cik)  are the even 

spherical harmonics and TjT (z) are the shape functions for 

element • The bar on Vilt indicates nodal values of the

flux. We obtain the following set of linear equations after 

maximisation of K+(4,e + ) with respect to s. For a void

element

(5.4-46)

where 5fy a ( [j -  ) (5.4-47)

is difference of nodal values. Going over all elements of the 

void leads to a matrix equation for the *£./

A Si * fe (5.4-48)

where A is a symmetric banded global matrix.

For a non-void element we have
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f f [ i . 7  ( 2  <j M j) $  ±-7 (S& + (?*!> *yr «;<$) c ^  at <k)]j*Jy*- V) J 4 ' 0

+ f  f l* * A l(^ ° (j Xcj &i %') <J<.Y)c) i*  i sJsb Ja y t

Jy^A L U 1 lJ J c

l Z &,ai vj) c f| xj «<.4v) J <Mv
1 1  lfl*Bl (£ %  Js

(5.4-49)

A similar matrix equation to (5.4-48) can be set up for the 

non-void region. At the interface between a void and non­

void region either the void solution can be chosen or the non­

void or a mean value of void and non-void fluxes. If two or 

more void (non-void) regions are non-intersecting then 

separate calculations are required for each void (non-void) 

region. How the nodal parameter calculation can be performed 

with existing spatial and angular matrices is described below.

Consider a line element in one dimensional slab geometry 

with a two moments expansion for and The ex­

trapolated solution may be written as
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Vê *'/4) 7, f Z  <;1 t
+ ( Z  Xi * i )  ViWc

( z  ̂  * 0
(5.4-50)

i*—  t  — »i
9— ----------------•
1 3
2 4

Element e

whece Xi • (%*c “ ) is the difference in nodal values of

Vi*(»//«) and * The hand side of the local
matrix equation for the p a r a m e t e r s c o m e s  from the ( 7c)1 
term in the functional y*( Ve+) . We have, using the notation 
of Section 4.5.

£ {V x* -  2«|7S7, X4 + 7,17*1] + fc [ V x,*. -  7s 7, x» 7*.

-  XX Xi + 7s1 xi *u] + £  [_711X» Vx -*(. <*i VxXj. -^1 ViX, Xu.

+ 7,% 7* 7. ] + £  [s;lXx - W.*» Xl*']

(5.4-51)
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Taking derivatives with respect to and of (5.4-51)
gives

5.51 55* — f t  1" f>o £ 2*i ^  X* — *i *V — ®(j *»• J

+ £  f A «» 7» & -  ?3>(i 7* -  ** *
K L

+  x [  ^  ^  ^
and

- * 7 ,  *  7j  +  f e [  - * • * ! * < ■  - 7 , 7 1 / 3  +  2 7 a x £ 7 * ]
TTL

4- ft £ -  «j 7. X*3 -7,7; 7̂  2 «iJi Vm- J + ^ [ - 2 7  ^

These may be written in matrix form as

U  7x] rfo (p *+ft)£ 4 —R *  (f.+r>)/1'’ *j

* o<r ft «. A

*©  ( p * + r *)/z R  a ] *® (P*+*0&
» ■

*  *<v
_

Xx X L

(5.4-52)
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Hence this involves the angular matrix A m ^
2 fl -•"] - _____the spatial matrix S s t* 1 and the known values Xt, .

<0

The right hand side term is of the form given i n (5.4-46), 

This leads to the following local 'source1 vector.

LxiTJ A f ^ +

L v

At first spatial node

At second spatial node

(5.4-53)

Extending the example to a bilinear rectangular element 

(X-Y geometry), gives for the left hand side
WvA-tA'Vl 7

[x, 7* 7* 7«J s« A v
[ f t . . . f t ] Si* A f t L f t - f t l -s»sA f t

7j . f t -
_ 7a.

[ f t ..... f t ]  Sa»A *i* L*s- Xsl̂ aa A ?s'
. 7».

E f t - —[ f t ........ *i

%

[ f t * ---- ViJ] A F ** 1 I * * " '  ^A2 A

f t 1

U J

XS

‘tJ

f t

f t

C<I)

(5.4-54)
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Here Stj are elements of the spatial matrix S. Similarly

the right hand side gives

[7,....7*] s.i A ?,+ ' i f t  Si*A “9T
. V .

—
i

-•p-

[7*-.*-7|]Sa,A + Cx*.- Xrl Su A •S
t

A .

>
 

__1

[ x v  h i  A r$*l + V* v -%]suA

LVJ
r

V J

L x . v S j  s«ha

Y«l ̂

At node 1

,At node 5

At node 9

At node 13

(5.4-55)

In the process described above we are essentially summing 

all the flux moments at a spatial node with appropriate 

spherical harmonics weighting.

Similar ideas will apply when calculating Mi, in the 

nodal extrapolation method, in the non-void region. Here of 

course the material parameters will be included via the leakage 

and removal operators, G and C, respectively.

Summing the known nodal fluxes from and at

a node with appropriate weights introduces a biased trial 

function ^  i.e . there is only one value of which
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multiplies the first and higher moments at a spatial node.

If the trial function is made more flexible by specifying a 

different ?t* for each of the higher moments at a node, 

then the original deficiency of the conventional finite 

element method would be introduced thus producing MY*"approximately a 

constant. This of course, also applies to the case when only 

the scalar fluxes from and 4£te.#) are used to calculate

. The nodal extrapolation method simply requires a 

diffusion theory type (one moment) calculation. The quantities 

in (5.4-54) and (5.4-55) are local, i.e. for a single element.

The global matrix and the right hand side for the ^ calcula­

tion over the entire system can be obtained by assembly of 

local matrices in the usual way.

Schemes for Nodal Extrapolation

The nodal extrapolation solution obtained using two trial 

functions Y»+ and yf may be used to perform a series of ex­

trapolation calculations. Two schemes are considered below.

Scheme A

Let ly,*, ...... . be N independent solutions

of related problems obtained by filling the void with materials

of absorption cross section *y, . ,*V5, .....*Svn' Then construct
the extrapolated solution as shown below
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Yiti ■

-I------- 1
V
1-------r-

Vjt

where

%  - * V -t- (i—0 'ft.+
ll * Vi i 1- fi-1) Vj4

(̂h-*)e 
\___ Vn+j

(5.4-56)

C * h - o v M+

where the K's will be nodal parameters and ê* for each of above 

equations will be a different set. With this scheme N parallel

calculations may be performed to obtain yf, ...These will

be the full angular and spatial calculations. Subsequently 

only the are to be calculated at each stage and this in­

volves only one unknown per node. These latter calculations 
will not require large execution times or computer memory. An advantage 

with this approach is that can be made slowly varying,
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and kept relatively high, thus avoiding any distortion in the 

flux profile. This way we may be more certain of obtaining 

lower bounds to the exact solution, even when the

solutions W") • •• • > Yn>+ are not necessarily accurate approxi­
mations to the related problems. For instance may be set

t0 *T(Svtr) V̂-l « £ T̂fcj/'rr) * = 5 T̂fKurr) f £  ̂ Tfsurr) •

Scheme B

Again in this scheme parallel calculations can be done 

to obtain . Choose N such that there is an even number of

solutions at each state of the scheme, until the last.

^  ^  Vs* t̂+ ViJh V«o41-- 1--- 1 I-----j_____l I--- ,----- 1 ............... I______|______ I
4U+ %*e
I----- ------- 1 I___________ I

So combine y,+ and to get ,̂e+ ; ys+ and tir getÂ j.e+
etc. Then combine the extrapolated solutions using nodal 

extrapolation in subsequent stages. Another way would be to 

combine tyi* and to get , then with Wy to get

; y* and to get etc......  Again relatively

high values of can be chosen. It remains to be seen how 

sensitive these schemes are to variation in V̂c • Scheme A 

seems to be more promising in getting lower bounds to 4°+ *
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5.4.9 Choice of Trial Functions for Extrapolation Method

In the extrapolation method, as seen earlier, trial 

functions, i.e. independent solutions of related problems, are 

combined linearly to obtain a best approximation solution 

for the void problem. In order to get satisfactory results 

with this method, some guide lines as to the choice of trial 
functions is needed, since in theory there.is an infinite choice.

We need to restrict the space of admissible trial functions.

The trial functions .. which are solutions of re­

lated problems, are of course dependent on ...

the void— fill cross sections used in solving the related 

problems. Hence, some restriction on the choice of tfy 1 is 

necessary. As we have seen, low values of approximately

10 or less, in the void, produces an almost flat flux 

profile in the latter. In an N trial function extrapolation

we may choose *Vi * ®T(*urr) • the total macroscopic cross section
_ 3for the surrounding region, and choose >10 . In fact,

from test problems analysed it is seen that <fŷ  JL (rj-rturtO 

produces satisfactory results. (i = i, 2,3,..., m -i) can the-n be 
chosen such that

(5.4-57)

We must avoid too low a value for because it will lead to

a flat flux component in the duct. Also, if a lower value of 

sr̂is) is chosen, the component solution yj" may not be a lower
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bound to fc>+ , which is required in theory. In this case 

the extrapolation method will further push the component 

solution above the exact solution. Now 0y\ , the first term 

of the sequence of void fill cross sections £ <Tyc } may

be selected such that they satisfy (5.4-57), i.e.

<ryN ^ ...... ^ *Vo. ^  ~ OrCturr)

Once and have been selected, other terms in the

sequence may be chosen such that {syc} form a geometric

progression. By keeping fixed (say ) and

varying for two trial functions does not signi­

ficantly vary the extrapolated solution. This is discussed 

in Section 5.5.3.

V
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5.5 Void Test Problems

5.5.1 Introduction

In the following sections, several one group problems 

involving voids are analysed in X-Y geometry. The material

to obtain point kernel integration solutions. These can be 

used as reference solutions against which the new methods can 

be compared. With a pure absorber the flux in the walls is 

strongly anisotropic and provides a more difficult problem for 

the finite element method. Point kernel solutions were ob­

tained from the code RANKERN [7], which performs the inte­

gration stochastically. Hence, there is a standard deviation 

associated with these results. RANKERN results may be con­

sidered as Almost exact’ solutions. Comparison of finite 

element solutions is also made with the finite-difference dis­

crete - ordinate code DOT 3.5 [8] and the Monte Carlo codes 
McBEND [9] and MORSE [10].

In the iteration method, the void fill cross section 

shouldn’tbe too small, since then an almost flat flux will be 

obtained in the first iteration and the absorption sources 

in the subsequent iterations will be negligible. On the 

other hand, if * °t csorr) * then the iteration scheme will 

have slow convergence. Hence for the iteration method the 

*y- should be chosen such that

of the non-void regions has been kept purely absorbing in order

\oo
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The criteria for for the extrapolation method was given

in the previous section. In addition, each of the trial 

functions of both the iteration and extrapolation method should 

be fairly accurate solutions for the specified related problems, 

with the void filled with an absorbing material. If this is 

not the case then the combined solutions may not always produce 

accurate results. In using the iteration and extrapolation 

methods, the above criteria for tfyi should be observed to 

obtain satisfactory results.

5.5.2 Square Source Void Problem with Pure Absorber

This X-Y source problem for an isotropic source has the 

same geometry as the one analysed by Watanabe and Maynard [11,12] 

in testing their discrete cones method. The source is surrounded 

by a void region which is then surrounded by a purely ab­

sorbing region. Because of the symmetric nature of the problem 
only one quarter of the problem is analysed. The source region is 

of the same material as the outer region. The geometry of this 

void problem is shown in Fig. 5.11 and the macroscopic cross 

section data is given in Table 5.1.

Source problems with highly absorbing media and voids 

problems can be difficult to solve accurately with numerical

methods for transport theory, such as the finite-difference 
discrete-ordinates method. This method of course shows 

oscillations in the flux for low angular quadrature. On the
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Region S (cm 05 (cm 1)

1 6 • 4 0*8 0-0
2 0-0 • VOID
3 0-0 0*8 0-0

Table 5.1 Cross Section Data for Square Source 
Void Problem

Fig. 5.11 Geometry for the Square Source Void Problem
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other hand, point kernel methods, such as the one used in 

RANKERN [2], are only applicable for voids surrounded by 

purely absorbing media and not scattering regions.

Conventional finite element calculations were performed 

for this problem for <rv = -08 cm  ̂ and = .008 cm  ̂ in the 

void region. Calculations are done for three (S6) and four 
(S8) moments expansion of the even parity flux with (8x8) 
and (16x16) linear element mesh. The four moments, (16x16) 

mesh results, along the diagonal are shown in Fig. 5.12.

The ay = .08 cm  ̂ solution underestimates the flux along the 

diagonal, while the vy = .008 cm  ̂ solution gives fairly 

good results in the outer region. In fact for this problem 

difficulty was encountered in obtaining accurate results 

for component solutions at the source-void interface and the 

source upper right hand corner. If on the other hand we plot 

the scalar flux for 07 = .008 cm  ̂ in Vy along x=0, the per­

fect reflector surface, we can see significant discrepancy 

with the reference point kernel solution, in the void region. 

See Fig. 5.13. With further decrease in the void fill cross 

section, , the flatness in the void flux starts to appear as 

shown in Fig. 5.14, along the Y-axis, for = .0008 cm 

The global extrapolated solutions with three trial functions 

and with the following cross section sets f o*&, 0*3 H / and

\o'9 ,0'XZQ; are shown along the diagonal in Fig 5.15.

These are in good agreement with RANKERN values, although at 

the source-void interface, the solutions are still higher.
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This is due to the fact that not all component solutions for 4 
moments (16x16) mesh are below the RANKERN values, as they 

should be in theory. The iteration method was also investigated 

with various values of <*V. In Fig. 5.16, results of the 

iteration scheme with 3 iterations and tfy =.08 cm"^are shown 

together with DOT 3.5 results. The iteration solution is not 

quite as good as the extrapolation results. DOT (S8) profile 
along the diagonal does not show severe oscillations. This may 

be due to the symmetry of the problem along the plane X=Y, 

since along this plane the problem, is essentially one dimen- 

tional in nature.

The Monte Carlo McBEND results are shown in Fig. 5.17 .

They are also in fairly good agreement with RANKERN values 

along the diagonal. The Monte Carlo calculation, performed 

by Watmough [ 13 ] , was for 8x8 mesh*

Results along the outer boundary (bare surface) AA ' are 

shown for conventional finite element method in Fig. 5.18 .

Global extrapolation and iteration scalar fluxes are shown
graphically in Figs. 5.19and 5.20. It is seen that the

elementary extrapolation results are in good agreement with 

RANKERN values. The discrete ordinates calculation (S8) shows 

oscillations, as expected. Again the three iterations solution 

is not quite as good as the three trial function global ex­

trapolation solutions. In Fig. 5.21. McBEND results along 

U= 9.5|cmand the global extrapolated solution along y = 9.37^cm 

are compared. Both are in reasonable agreement with each other
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and are above the RANKERN reference solution at J = 10.0 cm., 

which is physically correct. Next,Jresults along the void 

boundary BB ' are compared. Here nodal or multiparameter 

results are also generated. Iteration, conventional finite 

element and elementary extrapolation solutions along the void 

boundary (BB') are shown in Fig. 5.22 . Elementary extrapolation

is in good agreement with reference scalar flux. In the case 

of two trial functions, elementary extrapolation is compared 

with nodal extrapolation along BB’, since the latter is coded 

for void regions. Here it is seen that nodal extrapolation 

provides better results than, the other methods, as expected.

See Fig. 5.23.These fluxes are for a 3 moment (16x16) mesh and two 

trial functions nodal extrapolation calculation. Solutions 

along the diagonal are shown in Figs. 5.24 and 5.25 . Overall 

the nodal extrapolation results are in better agreement with 

RANKERN than any of the other methods..

This square source void problem shows that both the ex­

trapolation and iteration methods give satisfactory results 

even for the case of highly absorbing surrounding regions. Nodal 

extrapolation gives better results than either of the other two 

methods. When the region surrounding the void has scat ter ing f the 

results from the above methods should be even better for low 

angular expansion of the even parity flux. RANKERN point 

solutions and some global extrapolation method point scalar 

fluxes are given in Appendix U.
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Fig. 5.12 RANKERN and Conventional Finite Element Solutions
Along Diagonal OA'.
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Fig. 5.13 RANKERN, Conventional Finite Element and Global
Extrapolation Solutions Along Y Axis.



Ne
ut
ro
n 

Sc
al
ar
 F

lu
x 

(n
 c

m

-259-

Distance Along Y Axis (cm)
Fig. 5.14 RANKERN and Conventional Finite Element Solutions 

Along Y Axis.
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Fig. 5.15 RANKERN and Global Extrapolation Solutions Along
Diagonal OAf.
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Fig. 5.16 RANKERN, Iteration and DOT Solutions Along
Diagonal 0A’.
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Fig. 5.17 RANKERN, and McBEND (Monte Carlo) Solutions
Along Diagonal OA'.
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Fig. 5.18 RANKERN and Conventional Finite Element Solution
Along the Outer Boundary AA'.
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Fig. 5.19 RANKERN and Global Extrapolation Solution Along
the Outer Boundary AA'.
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Fig. 5.20 RANKERN, Iteration and DOT Solutions Along the Outer
Boundary AA?.
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Fig. 5.21 RANKERN, Global Extrapolation and McBEND (Monte Carlo) 
Solutions at the Outer Boundary AA'.
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Fig. 5.22(a) RANKERN, Iteration and Conventional Finite Element 

Solutions Along the Void Boundary BB1.

_______________i_______________i_______________ i_______________ i______________ i---------------------- 1---------------------- 1---------------------1—0 1 .2 5  2 .5  3 .7 5  5 .0
Distance Along BB' (cm)

Distance Along BB' (cm)

Fig. 5.22(b) RANKERN and Global Extrapolation Solutions Along
the Void Boundary BB'.
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Fig. 5.23(a) RANKERN, Conventional Finite Element, Nodal and
Global Extrapolation Solutions Along Void Boundary BB'.

Fig. 5.23(b) RANKERN, Nodal and Global Extrapolation Solutions 
Along Void Boundary BB'.
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2.5

Fig. 24(a) RANKERN, Nodal and Global Extrapolation in Void 
Along OB’.

5 .0
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X Co-ordinates (cm)
Fig. 24(b) RANKERN, Nodal and Global Extrapolation and Conventional 

Finite Element Solutions in Void Along OB’.
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Fig. 5.25 RANKERN, Nodal and Global Extrapolation Solutions 
in Void Along OB'.
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5.5.2 Straight Duct Source Problem with Pure Absorber

The straight duct in a wall (a reactor shield) with a 

source at one end of the duct is a more representative shield 

problem in reactor and auxilliary nuclear facilities. Straight 

duct penetrations in concrete walls can occur when some dia­

gnostic equipment or pipes are inserted in shield walls. The 

problem analysed here is shown in Fig. 5.26 . The duct 

surrounding region is again absorbing, thus allowing RANKERN 

point kernel solutions to be used as reference. The lower 

and right hand sides of the system have bare surfaces (vacuum) while 

the other two sides are reflective. Again the source medium is the 
same as the absorbing region. Cross section data is presented 

in Table 5.2.

Three moments (14x18 mesh) solutions along the central 

axis OY, for various values of is shown in Fig. 5.1. It

is seen that the solutions for = .05 cm Ogives a reasonable 

flux profile but, is below the reference solution Yrt*. For 

relatively small values of the void solution becomes dis­

torted and physically incorrect. In Fig. 5.27 are plotted 

the 3 moments (28x36 mesh) solutions with Oy = .05 and *v = .005 cm 

for the conventional finite element calculation. The first 

solution is below Y a  while the second with o y  = .005 is 

beginning to show signs of flatness in the sense that the 

flux is decreasing near the source region and increasing at the

duct exit.
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Region S ®"t (cnT̂ ) *s (cm *)

1 1*0 0-5 oo

2 0*0 • VOID
3 0-0 0 • 5 0-0

Table 5.2 Cross Section Data for the Straight- 
Duct Source Problem

Fig. 5.26 Geometry for the Straight Duct 
Source Problem
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In fact if we try combining the tfV = .005 solution with

others using higher values of for an extrapolated solution

the final solution *Ve+ will go above . Hence, it is

better to use a higher value of in the void so as to

keep all the trial functions, in the extrapolation method* 

lower bounds to v *+ . A three trial function solution with

i  I   ̂ is sh°wn Fig.5.28. This solution
is in fairly good agreement with tyg’ except near the bare- 

surface (duct exit) where it is lower than 4/£ . Iteration

solution with = .05 is also shown in Fig.5.28.Again this 

is lower than v<r towards the exit of the duct. Solutions 

along outer boundary of the system (OX) for the conventional 

calculation are shown in Fig.5.29. Towards the right hand 

lower corner of the system even the <*v = .05. solution is above 

4/̂ + . . This should not be the case in theory. A finer local 

mesh and higher moments for should bring this

solution below 4>ft+* The 0y=.OO5 solution is significantly 
above Vif in this region. Ve along the outer boundary 

with elementary or global extrapolation, is shown in Fig.5.30.

As expected 4̂ * is higher than beyond x= 8.0 cms.

With global or elementary extrapolation we cannot expect 

to obtain a good solution everywhere in a void system since 

only a single parameter (for two trial functions) or two para­

meters (for three trial functions) are used globally. A better 

way would be to adjust the component solutions locally, i.e. node­

wise. Hence the nodal extrapolation method.Calculations were
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carried out using the nodal extrapolation method with two 

trial functions. Only the void nodal calculation is coded 

in FELTRAN at present hence, the solutions are restricted to 

the void region. Calculations were performed for 3 moments 

and 14x18 mesh. In Fig. 5.31 the conventional ( =-005 cm

global and nodal extrapolation solutions for £*Vt*j = l °'5‘p o*o*s\ 
are compared along the central axis of the duct. In this 

case the fly =*005 cm ^component solution is1 dominating and 

so the global and nodal extrapolation solutions do not ad­

just the *y =.005 solution significantly. Further reduction 

of would raise the extrapolated solution,global or nodal,

to above Although it is easy to see this in this

case whether or not Vi+ is above or below the exact solution 

for the system, this will not be true in general for practical 

problems. Here the void surrounding media may have scattering 

included in which case solutions generated by the global 

and nodal extrapolation methods can only be compared, say 

with Monte Carlo calculations.

If the cross section set io’S/o^oS] is used in the void 

then there is a significant improvement on the oy = .05 com­

ponent and the global extrapolation solution as seen in 

Fig. 5.32.

In order to check the sensitivity of the nodal extrapo­

lation solution several calculations were carried out. 

Firstly, *yx was varied with <ry, constant. The results are
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Fig. 5.27 RANKERN and Conventional Finite Element Solutions
Along Central Axis of Duct.
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Fig. 5.28 RANKERN, Iteration and Global Extrapolation
Solutions Along Central Axis of Duct.
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Fig. 5.29 RANKERN and Conventional Finite Element Solutions 
Along Outer Boundary OX.
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Distance Along Outer Boundary OX (cm)
Fig. 5.30 RANKERN, Iteration and Global Extrapolation Solutions 

Along Outer Boundary OX.
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Fig. 5.31 RANKERN, Conventional Finite Element, Global and Nodal 
Extrapolation Solutions Along Central Axis of Duct.
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D ista n c e  Down C en tra l A xis o f  Duct (cm)
Fig. 5.32 RANKERN, Nodal and Global Extrapolation Solutions

Along Central Axis of Duct.
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<n
CMI

Fig. 5.33 RANKERN and Nodal Extrapolation Solutions Along 
Central Axis of Duct with Varying
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Fig. 5.34 RANKERN and Nodal Extrapolation Solutions Along 
Central Axis of Duct with Varying o~v\
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shown in Fig. 5.33. Hence, variation of <*Va. does alter 

the final solution to some extent as expected. Next °V/ 

was varied with fixed at 0*05 cm The results are

shown in Fig. 5.34. In this case it is seen that there is 

no significant variation in the final nodal extrapolation 

results.

5.5.4 Dog-Leg Duct Source Problem with Pure Absorber

This is a source problem in X— Y geometry with two 

right angled bends. The geometry is similar to that of the 

straight duct problem. A dog-leg duct, as it is more 

commonly known, allows incident source neutrons to scatter 

off the first wall, then off other walls until finally the 

neutrons emerge at the duct exit. In this way some neutrons 

are lost due to absorption and others which emerge at the duct 

exit after multiple scattering have reduced energy and a 

modified angular distribution. In the problem reported
7

here, the void surrounding regions are kept purely absorbing. 

Full geometry of the problem is shown in Fig. 5.35. Table 

5.3 gives the relevant cross section data.

In this problem, as with the straight duct, some 

difficulty was experienced in obtaining accuracy and con­

vergence in the lower right half of the system. In addition 

it was difficult to get a satisfactory solution near and 

along the outer boundary OX of the system. Scalar fluxes 

were compared along AA’ and OX. Solutions from the conventional
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Fig. 5.35 Geometry for the Dog-Leg Duct 
Source Problem
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finite element method along AAf for 3 moments (28x36 

rectangular mesh) are shown in Fig. 5.36 for «V=.Q5 and 

•005 cm"^. Although the first solution is lower than 9̂ * 

along AAf, it is closer to towards x=8*0 cm. The

second solution starts off closer to upto x=5•00 cm.

Beyond this point it diverges away from . Fig. 5.37

shows the iteration (3) results with *7 = .05cm-  ̂ and DOT (S8) 

results. Here DOT shows the typical oscillations and has 

the physically incorrect flux gradient, at x=0*0, the perfect 

reflector surface. The iteration solution shows overall im­

provement on the conventional finite element solutions. It 

is still below v^+ upto x=5*0 cm. Three iterations were 

considered in order to get a direct comparison with three 

trial function elementary extrapolation solutions. The 

solutions of the latter with t J 0*oŜ ̂

for 3 and 4 moments are shown in Fig. 5.38. These are more 

satisfactory than the results of the other methods. The kink 

in the solution at x=6*0 cm may be eliminated by local mesh 

refinement at absorber-void interfaces. McBEND, Monte Carlo 

values are plotted in Fig.5.39. These results are in good 

agreement with although McBEND tends to underestimate

the flux more upto x=4cm.

Along the outer boundary of the system (OX) there is 

significant variation in from x=0*0 to 14*0cm, as shown

in Fig.5.40. Conventional finite element solutions are also 

shown here. , It is seen that the *y=.05 solution underestimates
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Region S -2 -1 n cm s °"T (cm *) ^(cm *)

1 1-0 0-5 0-0
2 oo 0*5 0*0
3 0-0 VOID
4 0*0 0*0 0*0

Table 5.3 Cross Section Data for the Dog-Leg Duct 
Source Problem.

Region S
-2 -1n cm s (cm *) °"3 (cm”*)

1 6*4 0*2 0*19
2 oo VOID
3 0-0 0-2 0-19

Table 5.4 Cross section Data for Square Source 
Problem with Scattering.
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Fig. 5.36 RANKERN and Conventional Finite Element
Solutions Along AA? for the Dog-Leg Duct Problem.
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D ista n c e  Along AA' (cm)

Fig. 5.37 RANKERN, Iteration and DOT Solutions Along AAf
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1*0

D ista n ce  Along AA' (cm)

Fig. 5.38 RANKERN and Global Extrapolation Solutions Along AA'.
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■̂8* 5.39 RANKERN and McBEND (Monte Carlo) Solutions Along AAf.
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Fig. 5.40 RANKERN and Conventional Finite Element Solutions
Along Outer Boundary OX.
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Fig. 5.41 RANKERN and Iteration Solutions Along Outer Boundary OX.
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Fig. 5.42 RANKERN and Global Extrapolation Solutions

Along Outer Boundary OX.
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Fig. 5.43 RANKERN and McBEND (Monte Carlo) Solutions

Along Outer Boundary OX.
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the scalar flux everywhere along OX. The other solution with 

= *005 is too high near and at the exit of the duct. 

Difficulty was experienced in obtaining a sensible flux value 

near x=6*0cm where the flux dips significantly. Again a local 

mesh refinement here will improve the results in this region.

In Fig. 5.41 are shown the iteration method results. Again 

three iterations were used with =.05cm Overall the

iterations solution is lower than tfo+ nearly everywhere 

along OX, but, does show improvements on the conventional 

finite element solutions.

A three trial funciton global extrapolation solution 

with \?vi \ - { ] is shown in Fig. 5.42

for three and four moments and 28x36 mesh. Overall/these 

solutions are closer to than any of the previous solutions

Finally McBEND Monte Carlo results are compared with RANKERN 

values in Fig. 5.43. Upto x=8*0 cm*McBEND overestimates the 

scalar flux, while beyond 10 cms it is in good agreement with 
RANKERN.

5.5.5 Square Source Void Problem With Scattering Media

This square source void problem was analysed by Watanabe 

and Maynard [ 12], In this case, the geometry is the same 

as that of Problem 5.5.2 but, the non-void regions are now 

mainly scattering* The cross section data is given in Table 5.4 

Watanabe and Maynard used their discrete cones method, a 

modified form of the discrete ordinates method,in analysing
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this void problem. They compared their"results along 

x= 5.625 cm with Monte Carlo and discrete ordinates methods. 

The results were shown in graphical form. See Fig. 5.44.

It can be seen here that the S8 solution gives oscillations, 
whereas the discrete cones method, while eliminating the 

oscillations, still produces an incorrect flux gradient at 

x =0.0, the perfect reflector. Watanabe [14] also did 

independent Monte Carlo calculations using the MCNP code.

In Fig. 5.45 results of MCNP calculations and global extra­

polation calulations are compared along x= 5.625 cm. The 

global extrapolation calculation used three trial functions 

with JtfVcj 5 i fO'oetf, o'OXiJ . Overall there is excellent 

agreement with the MCNP results. The maximum standard 

deviation associated with the Monte Carlo results along 

x= 5.625 cm was 1.0%. Fig. 5.46 shows actual values of 

various calculations in the top right hand corner of the 

system. Here excellent agreement is obtained between the 

iteration, global extrapolation and MCNP results.
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Fig. 5.44 Discrete Ordinates and Discrete Cones 
Method Solutions Along x= 5.625 cm for 
Problem 5.5.5

* DCL-Discrete Cones Method
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CNI

4.0-
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• Global Extrapolation
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3 moments 16x16 mesh
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Nodes Along Y Direction
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Fig 5.45 MCNP (Monte Carlo) and Global Extrapolation 
Solutions Along x= 5.625 cm for Problem 5.5.5.
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Fig. 5.46 Conventional Finite Element, Iteration, Global Extrapolation 
and MCNP Solutions in the Top Right Quadrant of the System.
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6. HYBRID VARIATIONAL PRINCIPLES FOR FINITE ELEMENT 

NEUTRON TRANSPORT

6.1 Introduction

In the following sections hybrid variational principles 

as applied to finite element neutron transport are dis­

cussed. Some illustrations for one dimensional slab 

geometry are given. Hybrid principles, recently developed 

are due to Ackroyd [1]. The classical K ( <f> ) maximum

principle, for instance involved only one trial function 4̂* 
With hybrid principles two quantities (unknown) are used; 

a trial function 4>+ with a trial vector or and . 

Hybrid principles for both diffusion and transport theory 

are discussed below.

Advantages and disadvantages in using hybrid principles 

for two and three dimensions and their relationship with 

nodal (cell) methods is also discussed. Subsequently, com­

plementary hybrid principles are used to obtain the syn­

thesis method for neutron transport. This method uses 4>+ 

and from the parity equations. An optimum solution for 

each higher moment using the previous moments may be obtained 

using the multiparameter extrapolation technique developed 

for void systems. This is illustrated for one dimensional 

slab geometry. Preliminary results using the synthesis 

method for a multi-layered shield problem are shown in 

Fig. 6.1. These are obtained by Nanneh [9]. See also Ackroyd 

et al [2].
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0 80 160 240 320 400

Fig. 6.1 Neutron Scalar Flux for a Multi-layered* 
Shield Problem.

*Results by Nanneh from Reference 2.
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6.2 Least Squares Method for Hybrid Variational Principle

6.2.1 A Hybrid Maximum Principle for Diffusion Theory

Here the hybrid maximum principle is derived for one 

dimensional slab geometry using the generalised least squares 

method. Consider, for instance the diffusion equation for 

a system consisting of two regions.

Assume that there exists a perfect reflector at x=o and a 

bare surface at x=b. Write the diffusion equation as

<J Tog. 4. $*(<) = s M
(6.2-1)

and
To < (6.2-2)d*

where Jox is the net neutron current and $oCx) is the

scalar flux. The boundary conditions at the interface Si* 

and the bare surface Sb are:

<f0(x) and Jo* are continuous across

f,(*) - °
X= Sb (6.2-3)
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where is a constant.

Let f(t) and X* be approximations to and X k

respectively. We are interested in local errors occuring 

in a least squares sense due to the approximations made. 

More specifically consider the residuals

and

g.

R,

X - ( T7 

( + *

(6.2-4)

(6.2-5)

within each region. Error incurred on the bare surface 

can be measured in teruTs of

(k - T-V (6.2-6)

Across the interface, Sjx , it is assumed that both and Xc

are continuous. The global least squares error that is in­

curred by approximating (io» Jo*) by the pair ( Tk )

is given by the following functional

f  JL ( s

(6.2-7)

i i  i % 2. %Weights and “ *x have been used with Rj , and Rg

respectively, thus, generating a generalised least squares

functional H (+» T*) • Expanding terms in H ( 3* ) we get
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H (k> X*)

(6 .2-8 )
We can write the term

2. as

2L
(6.2-9)

In general this will be div ( J ). The volume or spatial 

integral for this term can then be converted to a surface 

integral term with the use of the divergence theorem, viz.,

div f Jv s f.fi i?
S ( 6 . 2 - 1 0 )

H ($,X*) then becomes

I ,  £ * ( & - ’ ) “
4 j y  [  +  ^  ^  ^  ^

+ J  f + ) ^ s

4- a. ( Js
JSb (6 .2-1 1)
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Hence, some cancellation takes place in the surface terms 

because of the weights chosen in constructing H f Tx) • 

We can write

H (fc T-) - i  t o  - S W (6 .2-1 2)
where

1 ft.).} Js

(6.2-13)

and

i»4» -
(6.2-14)

£(♦) - E (l<) + H J«) » o (6.2-15)

Since, H (*, Jk ) is positive definite by definition on
construction, then

E  f i t )  -  K f * )  >/o

i-e- (<(<*) - 6 fT*) (6.2-16)

This result implies a hybrid maximum principle since both 

<)* and Tx are involved in the inequality.

6.2.2 The Classical Maximum Principle

The classical maximum principle [3,4] may be obtained
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frora the above by setting It s T w , the exact neutron current. 

Then

H + K W  = e I***) (6.2-17)

where

H (*, T,«) s f L
+ \
Jsw

e w  *  |  [  + i k £ J

(6.2-18)

3 (6.2-19)

Since ft (♦ ,T»*) is positive definite, then

f c<* > «  |  ! > & ) * *  £ J s

£ (*) i  F +.) (6 .2-2 0)

Here the right hand side is simply the bilinear functional 

defined as

F(*.y) * [  i  tS +  ♦ • 'N r liv  +  J^fc ^ 1 J S
( 6 . 2- 2 1 )

%.(*) is simply K+U*) the classical maximum principle for 

diffusion theory.

6.2.3 Minimum Principle

Above the classical maximum principle was obtained by
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making the net current exact, i.e. Jox. In order to generate 

a minimum principle, set 4># , the exact scalar flux.

Then

t (j«) * Kf*.) + H
(6 .2-2 2)

This can also be written as

+ ( ( (j«- T.«)*I J«
JS»> (6.2-23)

Since all terms on the right hand side of (6.2-23) are positive, 
then

£ (J*) ^ F .
(6.2-24)

This then defines a complementary minimum principle. Hence,

K (♦ ) 5? F (<U<U *
In the k M  principle <£ needs to be continuous across 

interfaces, whereas in the E(J0 principle must be con­

tinuous across interfaces. In addition both k and XK are 

required to have continuous first derivatives, i.e. they 

belong to the class C ^of admissible functions, in each region.
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6.3 Hybrid Principles for Transport Theory

6.3.1 The H* (4>% Maximum Principle

Before deriving the maximum principle it is

appropriate to state the restrictions imposed on the trial 

functions and which approximate and 4o~» res­
pectively.

i4* ^(i) Trial Functions T and ^ are continuous and 
have continuous first spatial derivatives for 
all lying within each element.

(ii) need not satisfy any interface or boundary
conditions.

(iii) is continuous across interfaces for all ±
crossing the interface.

(iv) On a perfect ref lector Spr.

- rl*,**) for alli>2 • - * ' - * * •

(6.3-1)

where is the outward normal to Spr.

Another quantity required is IaJ + ~ ($*» cfc”) which is a 

special case of the functional of Ackroyd [4 ]

defined in Chapter 3. We have

w +" r) = 1 1 *  *•) + J * lb (*•* r) *

(6.3-2)

where the quantities involved on the right hand side have

been defined previously. v7+ ” gives an overall least squares



-313-

measure of the errors incurred by 4>+ and in not

satisfying the parity equations within each element and in 

addition not meeting the imposed boundary conditions for Sb 

and S5 . W + — can be written more explicitly as
J <s 1, £.^4++5',<T-s-'>4y

^c-,rA.94>c4+-Svl, £.7 4r+c4»f-s+ (6.3-3)

+ f l£.nl £V’-4'la* +[ te-ii | (tf- -4-)1 1 ds

1 r i£ .a i * f '«•«! a *i **
J& U A.V o tb***

This leads to the following identity involving

* i-tf) +• L £*+. m  (»\ ♦*) + w +74>+; +7

= | [ <e-'st,st> +*SS1 s-?]4v (6.3-4)

4-2 f f U.fl l eUJs
<0

(known)

Here K.+ and K"* are the classical maximum principles and L, M 
are defined as

u w )  -- -  4 j j  * + < r ^ A  J s
yst

(6.3-5)

and
Js (6.3-6)M ( W )  *  - a j f  1a . u 4 f + " * l A

•/. % Jl ojpr
These terms compensate for the I and J  expansion sur­

face terms obtained by using the divergence theorem on terms 

involving (&.v *+H" . The identity, (6.3-4) is used in 
deriving hybrid principles. We start by defining a functional

H+~ l$+ as
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' /%
K+ [#■) -i i.fii ***‘ A* Js

J  J v i

us-

- x f  f  w k , * ] ] * . * !  U ^ - s * + i l . 7 * - 3
5wUSs

-A 1 -2.?4>“(r,4)j d^s

where w(r,*) is a positive weight function and A and A* 

are positive parameters. We then have

H+_ (*,*-) < (6.3-8)

using (6.3-4) and assuming that 4>+ and satisfy the con­

ditions stated earlier. The above maximum principle can be 

derived using the identity, (6.3-4). We get

H + ' far) + U "  J  t o r £ , i ) i a . B i [ c * +- s + + A . ? * - ] \ u > J s  + V
OSs

w (r, »2) I £ *J51

IVfc*) -S+(r, A*) +**.Vf(tt4*) -&7<ns>3)l *eU (6.3-9)
When ++s k! and <fr0~ then equality holds in (6.3-8). Other­

wise there is the inequality due to the fact that and

the surface terms involving SkUS3 and $̂ r are non-negative.
If equality is assummed in (6.3-8) then the sum of the A, A* 

and W r terms vanish.

This may be seen as follows. The volume terms of W +“ vanish 
hence,

ji.V $>+ + S'1 « S “
dl . 7  +  C *  & +
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the parity equations within each element. Hence

+ r'<b- = * - -  i.vLc-'s^
-  (6 .3 -1 C

which is the second order odd parity equation for <t>“. 

Vanishing of the surface terms of "w4* give

4>'+c*' [s+-i-?-r3 = °

4--C-' Es+- =“

for

for ik. a >© on Sb

and <|>>C-lEs+- ^ . v r ]  = T(r,£)
•c-lEs‘h-A*v<V'3 - Tic,-*)

C"1 [s'Vr, A') -S+fo£*) " 0 for a11 £•»»-**•*#* on Sfr.

In addition since 4>" satisfies the interface continuity 

condition and reflective condition, together with Eqn.

(6.3-10) imply 4>e- , the exact odd parity solution.
Similar arguments give $+ 5 •

This means that when and are independent trial 

functions,equality in (6.3-8) is only obtained when 4* » 

and r »  ♦r. In trying to obtain good approximations for 

and 4>6* , H+" U*, *-) is maximised by suitable choice of 4>~
with u)(fr,«a) , X and X* specified. Maximisation of H+ is 

given in Section 6.4.1. For a discussion on the choice of 

penalty parameters X, X* See Ackroyd [ 3 ].

for d!k • B 

for A. B > o
on S*
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6.3.2 Neutron Conservation

We have seen that in the maximum principle

the trial function does not have to satisfy any inter-

face or boundary conditions. This means that $ for one

element is independent of the for all other elements of
\

a system. So in a particular element e. we can specify 

as

C  = 4>«. + (6.3-11)

where <|>e is the average scalar flux in c and

» *
y /  /r, l̂) J'A Jv/ = o

V *  (6.3-12)

Consider an element that lies totally within a 

system as shown below.

Then maximising H with respect to the average scalar

flux ¥*. gives

2_ (" f  f  [n + s + +*.74>+Ss- -  * + t * +3 ^ i v

-21 I - o

WSi (6.3-13)
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Hence

•a.n.c4>“ Ja «!s
(6.3-U)

since C is self adjoint. The right hand side of this 

equation implies net flow of neutrons per unit time out of 

element . See the definition of neutron flow involving

in Section 2.2. In the case of constant macroscopic 

absorption, scattering and total cross sections we have

s+ cUJv -  <r« Ve
Jl

r r
Jk. As

(6.3-15)

Net flow of neutrons per 
unit time out of .

This is a conservation equation for neutrons in element a 
and occurs quite naturally in the maximisation of the 

principle. See Ackroyd [7].
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6.3.3 The g*~ (* *■) Minimum Principle

The E*"~ (t* fr) minimum principle can be used to obtain the 

method of synthesis of solutions, described later in Section 

6.4. By changing the roles of and 4 denoted by Q*, &“ we 

can obtain E*+(e+,»*) minimum principle. This is described in 

Section 6.3.4. The functional $”) is defined to be

i* ~ / * ♦ , * - )  -<*(**) - i f  f  * + , T i 4 j s  -i  f  jA . a 4 + * " J a J s
JVsiJ* if>rJ/L

+ (*+ ,*-) 7 < T i- c * +-s * )  ,A-V<t>--*-c4+-s*>Jv>

(6.3-16)

where X is a positive operator. £+“* defines a minimum principle 

since

+~) (6.3-17)

for trial functions $+ and t>“ satisfying the conditions 

stated earlier. As before equality is obtained in (6.3-17) 

above if and only if

*♦. t>.+

$ * 4* •

Derivation of the £+” minimum principle is given below. On 

using the expressions for L and M and the fact that

F (4**! 4**) ^ 2 (6 3-181

(See Ackroyd [4]) we have
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K+(*+) +  K~

+  ( * * . * ' )

-2 || a. ti. 4>+̂ “ <Ia<U -aj is
use

a- = ■F+ ^.+, U )  ->• F-ft.-, ♦.-)

(6.3-19)

Next we can use this result and the identity

«•(*■) £‘) - a-- f*( +»*. 4»+)

where €“« to obtain

(6.3-20)

%+(*+) -aJJ 4>+*ri*Js -aJ^J -#tl +■*“♦"«U<U + w+"f«rt4")

= it) -vF-fe-€-) . (6.3-21)

E+" can then be written as

E+~ ( * U i  * + +

J  4*C€-+ ). A*7€"^-C€+> dv (6.3-22)

here €.* = C ̂ +“ 4*+)-

Since F+ (*.♦ , V ) is positive and each of the other terms in 
(6.3-22) are non-negative, then

E+’ / ♦ M " )  » F * ( k +. *.*) > o

is the minimum principle as required.
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r+ “  ̂tIn fact c and * » the classical maximum principle, are com­

plementary principles in the sense

K + M  - * £+
(6.3-23)

satisfies the continuity conditions at m-ke-rface and the 

reflection condition on . So E*"" * the hybrid minimum
principle,is complementary to

6.3.4 The Minimum Principle

The E"* principle differs from the£* minimum principle 

in that the roles of 4>+ and 4““ are changed. In this case 

let and ©“* be approximations to and 4** respectively.

The conditions on the trial functions ©+ and are as 

follows:

(i) does not have to satisfy any interface or
boundary conditions

( ii) has to satisfy the continuity condition for
interfaces and reflection condition on

The ©*)

E ~ * ( e -e +) a

+

dn.ls

functional is defined as

yt'le-) - a f j  A.ni -

VO

(6.3-24)
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where ^ is another positive definite operator. The minimum 

principle in this case is

4") ^

Equality holds in (6.3-25) if
- $6+

and 4,“ •

This minimum principle may be derived by letting

S+ = &+ - ♦?
and = fr-- |cT •

(6.3-25)

Then

K ' f o " )  “  a f  f  i - f i ;  6 + e “ i * « l s  - a
V *

$+ &- JU da

+ w +- (e+G") = -*• F+ ^ +#S+)
(6.3-26)

On using the parity equations (Section 2.2) this gives

E'+(e- e+) - r - (k~, *.-) + F+ (f+,r+) + f S").
v r + +S“ * • " >  Jv

Here F ” 4r) is positive and all other terms are non­
negative. Hence,

&-+(e-» *+) * F-ffc-,4.") .
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6.3.5 The i") Functional

The functional is a generalisation of the Dilber-

Lewis [5,6] functional used for finite element based nodal 

schemes. Their functional had the form

+• 3.
I

f

JA
A.v\

where 4” = _ _L A . 7 
*r

The treatment was restricted to isotropic scattering. The 

more general î ") functional can handle anisotropic

scattering. tv)** is defined as

u*’ to r) Y.+ to) - a
0$;

«UJis -Jo is
(6.3-27)

This functional can be used to formulate a nodal method and 

also to begin the method of synthesis as different from using 

and globally as the starting procedure. This is

illustrated in Section 6.4.4, for one dimensional slab 

geometry. Further discussion and details of N*” -to,*-) are given 
by Ackroyd [ 7 ].
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6.4 Generating Higher Moment Solutions from Lower Moments

6.4.1 Maximisation of h +- r)

Suppose that the trial functions and

are expanded, in one dimensional slab geometry, as

(6.4-1)

(6.4-2)
L

and fi7 (*>/•)
<1*1

where and are the unknown coefficients and ^ *f
are basis functions. These are products of say, Legendre 

polynomials in ̂  and finite element shape functions in <» 

i.e. 1>;^) vfjW . Since 41" ( does not need to satisfy 

any interface or boundary conditions in HW<r,<r), t hen we 

can allow greater flexibility in the spatial specification of 

than • Maximising (♦“*) with respect
to the unknown coefficients and we get the following

set of equations:

K1 M

I  -k«i
E  C  v  -k-i |MSl (6.4-3)

and m k'
/ A*** ' £  C k V - ĵ£n *k (6.4-4)CJ k-l k*«

Here we have assumed an isotropic extraneous source and no 

surface source. The coefficients above are given by
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A* ■ [  l  $  ' 5 ( *  i f )  cfkf> 1Jx

SU  '  -L < 'ft+' ^

= J  J -k+£ “ 4 “
"kM

A", = j { <  t_l (/* J^’)> •*■ ^7V

+ f l/*l •?** 4**
Ĵ U5s '

(6.4-5)

and

The above maximisation of is done with respect to

both the unknown coefficients of <̂+ and $”* . A simpler

way to carry out the maximisation, see Ackroyd [ 7 ], is to 

use two stages in the process. Firstly,the optimised odd 

parity flux may obtained from Then

A_
4 l* IAl (6.4-6)

A__
where tw» are the values of t»*», the unknown coefficients, ob­

tained using Hi**). Secondly, maximise $“’) with respect to
* A  +A^ to give coefficients ^  such that

t , c <
M

(6.4-7)
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K
A

where *Y

Since $+ does not have to satisfy any interface or 

boundary conditions, then 4>+ can be calculated at a local 

(element) level if required. Initially we may calculate 

using say a R calculation, and use (6.4-7) to obtain
. A La Ta approximation for Having calculated w (?%) then we

can use (6.4-4) to get a Tj approximation. This process 

can be carried on until the required order of expansion is 

reached. In this way the solution is built up starting 

at say, a T| approximation. Since is independent in each 

element then the neutron conservation condition holds in 

each element as shown earlier.

6.4.2 Synthesis Method

Below, the synthesis method is outlined*. The idea of 

this method is to obtain a "Pt approximation for $*(*!/*) using 

K*(**’> and a Ti approximation to 4r(v0 using and to then

start building up higher moment approximations as described 

later. This method differ from the direct use of the 

functional in that at later stage the approximations are not 

necessarily optimum but, are optimised by a nodal, i.e. multi­

parameter, extrapolation method. Here E+" and 9~, e+)

hybrid minimum principles are applied to obtain high order 

transport theory solutions. The advantages of the synthesis 

method for large systems is the fact that at any stage of

^Initial theoretical work on the synthesis method was carried out in 
collaboration with R.T. Ackroyd and M.M. Nanneh.
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the calculation, only one unknown per spatial node is involved 

in the calculation. Hence, it is a diffusion theory type 

calculation.

The synthesis solution may be obtained in cycles and each 

cycle after the first has two phases. So for instance, after the 

nth cycle, a and approximations for and are

obtained. The first phase produces an optimised combination 

of the even parity outputs of the previous cycle, using 

smoothing and weighting operations together with K+ maximum 

principle. Then the corresponding <fc~ approximation is ob­

tained from JL“ + minimum principle. In the second phase the 

K-* principle is used in conjunction with smoothing and 

weighting to obtain an optimised combination of the odd parity 

output of the previous cycle and the odd parity flux of phase 

of the current cycle. This optimised $T approximation can 

be used in to give a second approximation of the

cycle. The procedure is given below.

Cycle 1

Phase 1

Here &T is a To approximation f or 
satisfies the continuity condition for 
interfaces and reflection conditions on 

Hence, can be admissible in 
Output of Phase 1 is the maximiser of VC+( 0*)

Phase 2
y,"is a T» approximation for Again M'i
satisfies the same condition as to be
admissible in K-(vr) principle. Calculate y"
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the maximiser of )*
Then the approximation for is

which is a Ta. approximation, but not 
necessarily optimised.

Cycle 2

Phase 1
v .First perform smoothing operation on Vr 

of phase 2 above, since yf will be discon­
tinuous at element interfaces,in general. 
Next optimise this smoothed using
nodal extrapolation 1

at each 
node L.

where $A and are smoothing operators
and SC is the extrapolation parameter, 
which can be obtained by maximising #.+ (9%).

In the smoothing operation we may for in­
stance, take the mean of two t?t+ separate 
values at interface nodes. Similarly for 
perfect reflector nodes.

Having carried^ out the smoothing operation 
for bt and V.* of cycle 1, then the optimum 
bi i.e. is obtained by nodal extrapolation
using y4* and o-fi) at each node jL . Next the 
8/, a ?x approximation, generates a fj, 
approximation as

for /»//*) • Again will be discontinuous.
Hence the process of smoothing is performed •

Phase 2

Here we get a T3 trial function which is 
optimised

-  f t  ? , •  +

^Justification of differentiation and smoothing is given by 
Ackroyd and Nanneh [8].
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The f{ are calculated using principle.

Next a P4. approximation for (at/*) is 
obtained as

t s *  - V  4 J - ‘ ]

and the above process of smoothing and op­
timising are repeated.

The above is one possible way of obtaining a solution.

6.4.3 Synthesis Method in One Dimensional Slab Geometry

In this Section, the synthesis method is illustrated 
for one dimensional slab geometry. See Nanneh [9]. The 

even parity flux moments can be determined from

S i V « ) ____ !------- [ 1L
C«v- l**''* (*-«»)

and the odd parity flux moments from

■A_______ .
IkJL+l) («T- (6.4-9)

assuming an isotropic extraneous source. In the synthesis 

method then,the optimised even and odd parity fluxes are ex­

panded as

(6.4-10)
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and

0>//> = f  ( i f )  U ’ 7c«.)W
for each angle. (6.4-11)

Similarly, for the optimised solutions. Having obtained a To 
solution from K , and a ?i solution Tl from and

a Px solution calculated from (6.4-8) above , and smoothed, 

then

6+VXL
Y+

JC ft*. f f.-JE) Vi

This is then substituted into the functional K+ fax) to 

obtain the coefficients $i •

■kr i
Consider for instance the H ”. L  ^  term in the

K* principle, for a simple linear element, i.e.

* L ' t  ^ » T> * 1
(6.4-12)

where
K M . *  I  t ( ^  -  O -  - r  n . 11) v ‘ ” >

+ ( % l ,  ^  ■

(6.4-13)

is the optimised T% solution. By letting
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«v

Pc

A  + T. -  ( $ it(.)T* +■  7l)

( %  4- X* T * )1 Mc(*> r* ^  Y«C(») '

we can write (6.4-12) as

a. r f 4 f f V « t * h t r
ICT1 £ | J* H

kf I
= 3t I J [ lf.<i+ M'fi +• If. •<» + P*) v j U* 4

Maximising with respect to S' and A  gives

J J  (Si*i f >») *• Vi • Y t  + I f  -hpx) *1 Vi Yx 

Jj ff, *i+?t) -uYi-YV -f f t  ( U * *  + f * )

(6.4-14)

In matrix form this can be written as:

I f  <>x -ft1
* « 
h

♦
|J + <l#»

If «i I f  «►* * x k» 4 IJ C«<*MV» +■

(6.4-15)

In terms of the angular and spatial matrices already known 

we can write the above as
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» .4 . ,  W
■

S .x O i
h»<Ua

* -

Sxi D<i ‘c>3AN» ] 
.  h .JLl I W

S a x  IV . KxI A K ]
ho A* a

i *

s» c\ ^ A [fc] + 8,1‘‘.Ui
**^1 K.cUl hwU'

s*. x<\ *<o a r ̂
HoAfcX t-̂*J ho4*l

5»x[?i M  Ajfl *1h»Jk& [fl»J
K*Jk*

Where svj are elements of the removal 
spatial matrix, A is the removal term 
angular constants matrix.

Similarly, contributions are obtained for the leakage term.

Over an element where there is a source and/or bare surface 

again these contributions are included. The global matrix 

for the calculation is then built up in the usual way

to get a global matrix equation

There is only one unknown /t* at each node t of the system.

The coefficients * at the nodes will contain the optimised 

to nodal fluxes and the unoptimised ?© and nodal fluxes,

while the coefficients f will contain only the latter.

Once the optimised Pa. solution has been found, then the un- 

optimised 13 odd parity solution can be found from
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(6.4- 9) which may then be optimised in the above manner, 

but, this time using the principle.

6.4.4 Synthesis Using N*

The »*'(**, r) allows ^ to be independent in each
> n.ce<\'element of the system since <pT does not £to satisfy inter­

face continuity and boundary conditions. This allows 

local calculations to be carried out for . The synthesis

scheme using may be carried out as follows:

Carry out a Ti, 4"" calculation using fcTi*) principle.

This will be a global calculation. Next use the optimised 

fl solution in the functional to obtain locally

i.e. for an element. can be expanded to any order but,

only the To and Ta components will directly couple the T| * 4 

solution.

fV+'(4+»r) = k+w  - 2 [ a  - /  _ A  * ** j-l 5oy»use ^

(6.4-16)

This preserves neutrons in each element. We could for in­

stance obtain a Tx approximation for . The latter will 

be discontinuous at element interface nodes. A smoothing 

process is then carried out. Next an unoptimised , fj

solution can be obtained from  ̂ , Pz solution. This can then
A

be optimised using nodal extrapolation. After obtaining a 

P3 optimised approximation, N* ( <j>*j $>“") can again be used to 
obtain optimised local solutions. Consider the a/+ calculation
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and assume that the coefficients are known. For a

linear element shown below, with interfaces A and B

A v

we have for the surface terms

J ’ £  f a *  "h
ll1

(6.4-17)

at A

and

W  M  h J , )  C > ' > J r
(6.4-18)

at B .
Note that ii•SI at A

and * at B .

Hence, we have

1  r k  f  I H  f c - /  £  *  C a t " >  £ ] *
4vx izo 6 (6.4-19)

So for JL=.pi

t - J - [  4T V ]
4irl

1=0,1:

± -fi £  4T 4? 4,'if + 3 K  tf. ]

Oo, ,,2: ± _Z_ [  (- ^  +  (ifr+sfc) i-4-fc 4 ( 2
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In the case of two even moments expansion for

maximisation of gives the usual contribution from $*)

and in addition a 'source’term

a
♦r at node 1,2

at node 3,4

A#■
12

B
3
4

Local node 
numbering for 
2 moments

The approximation is Ti . For a calculation, including

say a calculation, we get

+r
ft 4T13 )

A

- 4 ;

A —

A

12
3

B

4
5
6

Local node 
numbering for 
3 moments.

as the ’ source1 vector for the element. If only a ft 

approximaiton was used for then the '^’'source1 vector

would be
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tr

A*
-a-*,

o

The entries in the ' source’ vector are of course nodal 

values. In general we can write for the ’4- source’ vector,

+r
£2. $i*+ * )

A
4-TMfl

— (^*4n +i+  ̂4■%*».)

+5 4 *+»)

A B

1 m+1
2 m+2
3 ra+3

m 2m

L*» ̂ J
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Here w  refers to the number of even moments used for 

and hence, gives the element numbering scheme. jL refers 

to the order of angular expansion for and .
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CHAPTER 7

7. CONCLUSIONS AND RECOMMENDATIONS

7.1 Discussion
7.2 Recommendations for Further Study
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7. CONCLUSIONS AND RECOMMENDATIONS

7.1 Discussion

This thesis has been mainly concerned with the treatment 

of multigroup anisotropic scattering and new methods for 

solution of void problems, using the finite element method.

There was also a brief discussion about hybrid principles in 

neutron transport and synthesis of solutions.

In the case of multigroup anisotropic scattering, proof 

tests on one dimensional, one group and multigroup, severe 

anisotropic scattering problems show that the finite element 

method gives accurate results. In the one group forward 

scattering problem a nine even-moment calculation gives a 

percentage error of less than one percent when compared 

with the analytical result. For the two group backward- 

forward-isotropic scattering source problem close agreement 

for the scalar fluxes is reached with the analytical results.

The two group Pa scattering source problem and the Pf 
scattering multiregion source problem, both with large 

attenuation, also demonstrate the accuracy of the finite 

element method. Overall, the theory of multigt5|rup anisotropic  ̂

scattering for the even parity transport equation has been 

illustrated and it has been demonstrated that the finite 

element method for the even parity transport equation can 

handle multigroup anisotropic scattering quite successfully.
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With the solution of the even parity transport equation 

for systems with void/ducts, two new methods were presented. 

The methods were termed (a) iteration and (b) extrapolation 

methods. The latter was further divided into elementary 

(global) and multiparameter (nodal) extrapolation. The 

theory of these methods was presented and the methods were 

tested on quite severe void test problems. The problems 

were severe in the sense that the regions surrounding the 

void were purely absorbing, except for one test problem, and 

hence, the angular flux was highly anisotropic. The results 

presented in Chapter 5, indicate that the iteration technique 

can give better results than the conventional finite element 

method. Further, global extrapolation is superior to the 

iteration technique. The nodal extrapolation method predicts 

the scalar flux even more accuratly even when using only two 

trial functions. The results of test problems with these 

methods indicate that the new methods can be used for shield 

design scoping studies and for more accurate definitive cal­

culations .

7.2 Recommendations for Further Study

At the present the nodal extrapolation technique has only 

been inplemented in FELTRAN for a single void region. The 

next stage is to code the method for multiple void and non­

void regions. Subsequently, nodal extrapolation (and the 

other methods) need to be tested on a number of void problems,



-342-

which should include systems with a significant percentage 

of void. In addition, there is a technique for generating 

a variable cross section profile within the void region 

which can be used as a basis for a conventional or extrapo­

lation calculation. This needs invesigation.

As seen in Chapter 6, the nodal extrapolation technique 

may be used in the method of synthesis using N+ functional. 

By starting with the lowest order angular approximation 

in a single element, the higher order solutions may be built 

up within each element. The optimised higher order solution 

being obtained by the nodal extrapolation technique. N+~ 

with extrapolation will reduce computer storage requirements. 

This work is currently in progress in one dimensional slab 

geometry* and if successful, can be used in higher spatial 

dimension, where it will be of greatest benefit.

Another technique to be investigated concerns the K+ 

functional. Discontinuous finite elements have been used 

with the functional to obtain different order

angular approximations in different regions. This requires 

the use of both K+(*+) and w )  functionals where as the 

functional does not require  ̂ , the odd parity angular

flux. This method can be investigated in one dimensional 

slab geometry.

* See Reference 9 of Chapter 6 .
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Some theoetical investigation is required into maximum 

and minimum principles for the equations of electromagnestism 

and solutions of these equations by the finite element 

method, especially in three dimensional geometry. Another 

area of work includes the solution of Maxwell's equations 

in plasmas (for plasma containment in a fusion reactor) 

by the finite element technique.
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APPENDICIES
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APPENDIX A

Derivation of the Even Parity Equations for the Iteration Method

In the case of constant (Tysr1 in the void region (V ) 

the first order equations for the iteration scheme are:

Jl.V + e-'V| =■ o
+ = '"'Vi

&.7V& +
jt.7 ̂  HV » tr1 ̂ 3

i.r HU -*■ i ̂ «r' V- h

J±.V V* ir
9*' Wf*-<

(Al)

In the non-void region we have

7  4>, +  2  Mfi - s

£ .  v  4>i. +• 2  »  o

£.V S  Mfi - o
A.7 Vi + 3  Vft * O

( A2 )

A , 7 ^ = o

where , S * Sfa£) and 2T is the operator defined in

Section 5.4.5. M is the number of iterations and Xp,* is the 

m*'*1 component of the iteration solution.
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The boundary conditions for Mm are:

V*, « o on Sfc for •
continuous across interfaces for &••£. ̂  ©• (A3)

-Sf*- for 71. n =-•&*. fl o .

m=l, 2,3.... .M.

The even and odd parity components of (A2) give 

£.7 4T + C m»,+ » S+
£.7y,+ + $"<Y f * S"
£.7 7*“ + s *
£.7 * °

£ . 7 ^ “ i-cvp^ =-e>
£ . 7 7j* +5",4/v»»" )

£.V 4>m“ «+ c ̂ m+ ^ °

A. 7 + 3“*

where C and 5”*have been defined previously. Eliminating 

the odd parity flux components from (A4) for gives

-&.v £s +■ =• V* = s+ - &.v Sa_

- va.7 LS (a .7 Hittl c-'ft-* «<»

: (A5 )
- L v U U ' V ' I'm-) 3 +  eV^ + - «

with the boundary conditions

continuous across interfaces for •
y,+ -  5 C s &%V M'i+3 =© for A;%ji> o . (A6)

+ S t s~ “ — for £.tl^o on Sb,
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and for m=2,3,4...... ,M

for £•**(>•

Vwf • S (&•¥¥»*) for a . a
on sw .
On a perfect reflector, V -

Y„+(ii a.) - y J - L-c, &■*) for it.a. = - £ * a

m=l, 2,3........ M.
X.e.

g [ s-fcs .) - a .7 Y +fc.£) - s " / r , **•>•*• £ *W i'hk £ ) ]

for m=l, and
s L  a *. —  *.*<*£ foa)3 * °

for m>,%.

The even and odd parity components of (Al) give 

i ± . v  q\“ + *-* w* = o
&. V 4- r*' if,” - o

+ ir'Va+ = r ' W  
i£V. • 7 M>»-+ ■*■ r 'V » ' = o'1'Ci

i.VNW" +•«•' 't'*+ s "tl->
i- 7  (fi+ -t-«"• MU" - MC->

%
%
%I
a . 7 V m~ -V <r ' Ym+ = <r' Mvl.,

iL. 7 VfM+ +  «*' 4>*_ * ^,7.,

( A7)

=t> o •

0

( A8)

(A9)
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Eliminating the odd parity components from (A9) gives, in V ,

- A.V ( 4 a-1

- & .7 l A 4 .  <r} WS

■s. o

- A. 7 ( Vi*) 4- <r-' 3̂*

- v *

_ 3jT; »̂+

(A10)

and for m=4,5,6.... ,M

-A.V [£.7 V*S) + r \ v̂ u+ = x»-' m£ , -  mC-i

Here the right hand side of (A10) needs to be positive in 

order that is positive. This means that the condition

is required for tyfyo .

Eliminating the absorption sources in the first two and then 

the first three equations in (A10) above gives

-A.7 f&.yf + r \ =. o (All)

and
-£■ 7 ( *-v (  W *  % 'ft.*-*- W ) )  +. H ^t£j =e ( A12 )

In general for the following equation for is

_*.v[ vf + = £  ••••* — ^  * " ' +

obtained

m

In deriving the above equation it has been assumed that each 

iterative component solution is exact so that all the
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above equations are also exact. In practice the equations 

will be satisfied approximately since the will be

approximate.

Let M

» H  K ' (A13)
i.e. the solution obtained after M iterations. Then 

satifies

( ik»7 »&) + <r*1 ©
M. ( A14)

in V . v
In addition let , where i+- & W )  is the exact

solution in V^. - Then satisfies the following equation,

in V j v

-*.v [*.v S ~ )
M ( A15)

Similarly for

- a .7 C S ( ©**)3 •*

and
-ft.v £ 5 <fcj*)] + c. <t>o « s +-

Hence

-*.v £S(A’? V ) 1 + C S « + in VR

also satisfies the bare surface, perfect reflector and 

interface conditions. Hence is the even parity flux due to 

a source T* in the void region. From (A15) 0m+<
So the M iteration solution ©m+ is bounded above by ^ . As M ^ 

the source in (A15) tends to zero, i.e. LiC* J**s o or L’** 0m * 4>M-̂ O M

(A16)

(A17)

+ o
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APPENDIX B

Theoretical Lower Bounds to the Even Parity Flux

In Appendix A it was shown that the M iteration solution

0 + -

bA
M 1 (Bl)

was a lower bound to If we let
H
Z (B2 )

i.e. the right hand side of (Bl) with coefficient (ft 

equal to unity, then the following inequality is obtained

6m+ c  t W  ^  +»* .

<|>̂ is obtained from (A10) but without the cancellation of 

absorption sources as was the case with . The inequality

follows from 4>m  ̂  • The solution $>+ =.

is also a lower bound to <1?(*>&.). This is shown below. 

Consider the case of three iterations. Then in V

L W ,-1 =0
cr1

l|

cr' -f- tr1 4̂3̂ = ^r1
where the operator L is given by

(B3 ) 

(B4) 

(B5 )

L 3- a*?1) •



-351-

Equations (B3) and (B4) give

(n* + +<r> - ° (B6)

and (B4) and (B5) give

L. fy3++ '^1)

Eliminating the absorption source from (B6) and (B7)
leads to

i. + ¥»«•/*) + \  ( Y}f + W/a.)] + S’' ('***' ~ ° (B8)
Since Ltf(*is)=o , then

k  J ^  _ [(*+ + VSTA) +  1/4. («&♦■*-M ^ j j  ' gbt*-  ̂ A) (B9)

Hence [ - ( W-** 5k ̂  +  ̂ A-)] >/o , as it is the even parity
angular flux induced by the positive source 

Comparing the solution (n>,+ -r %lft.+ + Vj*. H’*+) with that

obtained ( 4/ ) by simply using positive absorption sources 

» rWi etc. in (B5),we have

It

_  (BIO)Ya + = 4- <
^  •= 4>i+ +- s'/# vJ

and
= 'Vi+ % '#»+ + 3 V,lj+-

Hence $ + - /<p,+ -+• v}£ •+■1^+) >/o , i.e. ^  < 4v>+ . .

Hence +i is bounded above by * the exact solution in V .

= 2-<H V-
(B7)
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In the case of four iterations, the equation analogous to 
(B8) above is

L f  («N- «■/i) + '4 l<h*+ MUt) 4-'/, ( <4+ + W.%4-v/)]
«*’ L (Bll)

4- d  ( r }+ +  'rtV a  +- % •*) ~  °

Hence

^  -** YL+ + V

= I Vi+-t- ̂ % )  4- !i (t'i+ + W J  + '/? ( ̂
(B12)

is bounded above by ^  . So

m y,+ + |̂  fv+ + \ vf +■ V, hv+

and ^  i ^ +

Solutions of the form as in (B12) have been used in the

iteration method presented in Section 5.3.
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APPENDIX C

Derivation of Parameters for Elementary Extrapolation

Two Trial Functions

The functional for the void problem, where the void is filled 

with material of absorption cross section is

|Cf(ye+) = f J 4’e‘
*A ^

-  f  [  v  o /  ( % +) ' ]  < *•* ^L ^

i lA.nl J" Js
JA

(Cl)
where

^(r, d) c * M\4 y* (•*>£)

is the extrapolated solution using two trial functions 

These are obtained by solving the given system with the void 

filled with material of cross sections and *vx respectively.

Substituting for Y/fei.) in (Cl) and maximising ftlf'et) with 
respect to the parameter tc gives

V

JvvJ a

J t ]s+ - (K4.7 )-5 --7 N +"4̂)
-  (^C^-M y] V S )  c d*
j (* a.vC’T-V] +*.7^) Jk-v I MV-MV) (C2)
+ (* t y^-^3 + ) c («'+- w )  3 M  ̂

r f  | A . a l  ( *  D r > * -  V v+ 3  •+• ^ )  / v i + - ^ + )

'5b ̂

= o
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Expanding < in a power series in as

* = «(rv) = «o + ai«V -t ** 4* • • •• (C3)

Substituting for <* in (C2) and equating powers of gives

Kdo ^
vA.V Jv

[£.V{<H+-H'S)]X ji* jv

(C4)

A
Jv

(  ̂[%+- 'ji*'}S*’ -f«. Si-7 [Tit-'ft+]

- ($. W - w ]  +• Vv+) C ^ 3  1 J A A*

“ f f  [vy.fl| ( *. (  ^ ̂  L ^ - ^ ]  ^  ̂
V * (C5)

A I | j_£,y IV-tf] Sfl.vLr.+-4i+3 - Lr.-'+'vJc U*--v]
“ J | (i [«♦-*♦] ■*• «*) c L̂-vsl l Uiv
5,j J 1'A.nl Ja.As

t t
\  J*

(C6)
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Hence = V. + ^  +■

where
A-

- $„ ( Y.+ -y».+) + vj"

A<-
V. 1 Si (<K+ -  Vv4-) +- 4*

/> VV> «u ( yf -  s'J )

( C 7)

etc

Three Trial Functions

In the case of three trial functions, the extrapolated 
solution is

- o' +■ Vi* (C8)

Each of the coefficients is expanded in a power series 

involving ^  . Substituting for in the K+ functional
gives

K+(V) l s. (<¥,++ ̂ f s+

- (u yt**+- piA+t M “p̂ î+) c (•< Yi++ P^ +

-h pYa.+ + Yj*)1 ol'A Js
'ili
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where c< a Qt -b a~v +■ fV*' b • 

and £ •=- bo f bi^V b bs-^V1, +•

f^®^tiating with respect to •( and  ̂ and setting ^ 
and 3K4- to zero gives

d> s f J  | 2 (*+_ yf)s* -  [j&.7 (•‘ 'H+ + Pti.4> ( i —1 S ('■ A.TYW—Vi4)) 

^  +• A.7 S 1 & ‘ V  i * V '++^ 44.+ + ̂ ~‘‘-f?

-  L (■ • 'v f+ f vf 4 f» -* -r t v*4-) c ( vt4- -  Vi4-) +
— v»+)c (•< V:4+ PVi+ + fl-x-p^V^4-)! j (C9)

-2  fi.r>| (*!«+-*■ fV*++ 6 -x-p ) yf)  (y,+ _  Vi+) d* Js 
Jlfc

+ <TV (Vl+-4,>+) ] ^ Ae1''

0
r

JytJ
l a (t'v+-y ir)s+ -  a [ ik .7  f ^ t+ p y ^

S - 2  (<oh4‘+ p>H4+)c
(CIO)

(y»+ -M'st ) j  JUAv

+ »-y ( *<Vl+ -V f t 4‘ + ( ' - * - P W )  -M^4) ]

f  3 . |A .a i
v Sb

(oCy,4‘+ f ^ 4 - + -  ( l - x - p ) l t V ' )  (,Yi + - '^ + )  «U  i s
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Subs ti tilting for * and p and equating powers of^# gives

3. + t. j f a.7 l £ . v  JaJv
JJl JVyJ“

3 “ [ f A . V ' f t JulAv (C11)
\ J x

AQft
J/yiv/1

± .7 /W +- Y j t ) : £ . V ^ ~ ^ ^ v + to
r r
Jy\

LA.Wtf-'tfjDMA.lv

oi.y V+ jv.7 ( W - W )  JweW

Hence
A

A
U

4|X —
Ĉ aj 4u. — (In elai)

(c-x 4[\ — C, ̂ ai )
(4ue(xa. - 4|». ̂ *0

where

tin < f [JVyJW\

< U = < l a i =  f  [  & . y  k 4 - ^ )  A . 7 ( V a .+  - ' ( ' j 4- 3 ^ i v

4lt : || [a.? ■k'k
Jyy J'ft

6, a -  f  * . y  y% ■ a . 7  k 4--  ^ +) **■  ^
JyvJ'A.

Ca -- - f  f i . 7  *♦  • -  ^ +) J *  Jv
Jyy J *

(C12)
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Four Trial Functions

In this case the trial function is given by

\y *(t, *) = •< yi+ + p Y+ + r'f's' + s V

where + r+ s * i •

The optimised coefficients are as follows:

where

\>\ A. 7 yu+ A .7 (y y „ +) Ja cW
Jw }*■

(C13)

(C14)

(C15)

(C16)
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4u - 

2

4»3 -

4ix - 

*12 =

f r
j

£.7 a .7( t+- V*-) Jv

£.7 HV+ £.7 ( 7 /- 1V+) Jv
#Vy JA

£.7 /y(*- Hif) A.7 (w*- ^  ̂
'Vy JA

J  J  & . ?  / y ^ - n t f )  £ * 7  ( y * k  J v '

U ji.7 (y3f- yv+) 4.7(vf- <H?) A* J/
L

= 4x|

= 43|

JVr J* 

* r

•A/v Ja

£.7 (v*- %.*) *.vfya.+- y<p+} J*

£ .7  / Y / -  V )  £ . 7 ( 4 V +) J *  Jv = « i i

/yy J A £..7 ( 'tf-Y ** ) £ .7  (Vjf -Y y+) « liJ7
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APPENDIX D



Y -i

10-0 2•6892E-3 2•4920E-3 2-2411E-3 1-9170E-3
8*75 9* 2621E-3 8•5409E-3 7•6444E-3 6•5057E-3
7-5 3-3667E-2 3-0771E-2 2•8244E-2 2-3275E-2
6.25 1•3286E-1 1-2112E-1 1•1154E-1 9-3927E-1
5-0 6-4400E-1 5-9509E-1 5-6765E-1 5-1616E-1
3.75 8-8118E-1 7-9549E-1 7-0770E-1 5-9484E-1
2.5 1-3928E 1-1080 8-8338E-1
1-25 3-2746 1-7975
0 5-7418

1-4875E-3 1•1050E-3 7•8589E-4 5-1262E-4 2•4426E-4
5•0499E-3 3-7525E-3 2-6416E-3 1-3233E-3
1-8231E-2 1-3714E-2 7-6637E-3
7-5893E-2 5•0056E-2
4-4929E-1

o 1-25 2-5 3-75 5-0 6-25 7-5 8-75 10-0

Co-ordinates Along OX (cm)

I

1

RANKERN Solutions for the Square Source Problem With Pure Absorber.
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Y
10.0 2.5343E-3 2.4759E-3 2.3602E-3 2.0431E-3 1.5090E-3 1.0823E-3 7.8875E-4 4.7542E-4
8.75 9.2303E-3 8.9339E-3 7.8652E-3 6.5840E-3 4.6250E-3 3.4500E-3 2.5109E-3 1.2631E-3
7.5 3.4007E-2 3.3412E-2 2.7726E-2 2.2909E-2 1.6388E-2 1.3117E-2 7.4428E-3
6,25 1.3898E-1 1.3470E-1 1.1196E-1 8.5579E-2 6.8042E-2 4.8232E-2
5.0 0.60354 5.7497E-1 5.0390E-1 4.2278E-1 3.3869E-1
3.75 1.0222 8.9723E-1 6.5483E-1 5.0423E-1
2.5 2.0053 1.6740 1.0450
1.25 2.9232 2.4839
0.0 6.0487

0.0 1.25 2.5 3.75 5.0 6.25 7.5 8.75

Co-ordinates Along OX

3 Trial Functions, 4 Moments, 16x16 mesh.

* = 0.53747, = -2.15757
^,=0.8, r/JL = 0.319, tfV3= 0.128

Global Extrapolation Results for Square Source 
Void Problem with Pure Absorber

2.1820E-4

-----► x
1 0 . 0
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V
i ,

5.0 5.9572E-1 5.6460E-1 5.1061E-1 4.8183E-1 4.1356E-1
3.75 1.0386 9.1607E-1 6.8389E-1 5.4285E-1
2.5 1.8113 1.5405 1.0384
1.25 3.2928 3.0761
0.0 •

0.0 1.25 2.5 3.75 5.0

Co-ordinates Along OX (cm)

Nodal Extrapolation Results(in Void) for Square 
Source Void Problem with Pure Absorber

3 moments, 16x16 mesh 
fVi = 0.8, (7̂ = 0.128 cm
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1
8.8589E-1 6.6228E-1

14.0 6.2655E-1 5.4959E-1
4.7863E-1 4.3705E-1

12.0 3.6161E-1 3.5001E-1
2.8525E-1 2.8905E-1

10.0 2.3969E-1 2.4837E-1
2.1179E-1 2.2108E-1

8.0 1.9209E-1 2.0140E-1
1.7594E-1 1.8534E-1

6.0 1.6183E-1 1.7054E-1
1.4935E-1 1.5589E-1

4.0 1.3789E-1 1.4108E-1
1.2659E-1 1.2666E-1

2.0 1.1543E-1 1.1442E-1
1.0734E-1 1.0814E-1

0.0 1.1067E-1 1.1207E-1

0.0 3.0

Co-ordinates Along OX

Nodal Extrapolation Results (in void 
for the Straight Duct Source Problem

3 Moments, 14x18 mesh 
fry, = 0.2 and = 0.05 cm



-365-

List of Joint Publications

1. Treatment of Voids in Finite Element Transport Methods. 
R.T. Ackroyd, J.G. Issa and N.S. Riyait.
Progress in Nuclear Energy 18, 1/2. (1986)

2. Comparison of Numerical Solution to Predict Neutron 
Streaming in Shield Design for Re-Processing plants.
A.K. Ziver, J.G. Issa, N.S. Riyait and M.H. Watmough. 
Progress in Nuclear Energy 18, 1/2. (1986)

3. Multigroup Application of the Anisotropic FEM Code 
FELTRAN to One, Two, Three-Dimensions and R-Z 
Problems.
J.G. Issa, N.S. Riyait, A.J.H. Goddard and G.E. Stott. 
Progress in Nuclear Energy, 18, 1/2 (1986)

4. The Finite Element Method for Multigroup Neutron
Transport: Anisotropic Scattering in 1-D Slab
Geometry.
N.S. Riyait and R.T. Ackroyd.
Annals of Nuclear Energy, 14, 3 (1987)

5. Projection and Conservation Methods for Neutron 
Transport.
R.T. Ackroyd, J.G. Issa, N.S. Riyait and M.M. Nanneh.
The Mathematics of Finite Elements and Applications, 
Brunei University, April 28 - May 1, 1987.

6. The Finite Element Code FELTRAN: Its Structure and
Benchmarking (Poster Session)
R.T. Ackroyd, A.J.H. Goddard, J.G. Issa and N.S. Riyait. 
MAFELAP, Brunei University, 1987.



-366-
i

7. The Finite Element Transport Code FELTRAN: Its 
Structure and Benchmarking.
R.T. Ackroyd, A.J.H. Goddard, J.G. Issa, N.S. Riyait 
and M.H. Watmough.
Topical Meeting on Advances in Reactor Physics, 
Mathematics and Computation. Paris 1987.

8. Iteration and Extrapolation Methods for the Approximate 
Solution of the Even Parity Transport Equation for 
Systems with Voids.
R.T. Ackroyd and N.S. Riyait
To be published in Annals of Nuclear Energy.


