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ABSTRACT

The programme of studies presented in this thesis was aimed at the develop~
ment of procedures for the characterisation of the fatigue failure process in thermo-
plastic materials through the application of the fracture mechanics principles. The
total energy balance concept of failure analysis has been applied to thg formulation
of a theoretical method for the prediction of the cyclic crack growth initiation
life and the determination of the fatigue endurance limit in viscoelastic solids.

The fatigue crack propagation process has been extensively studied by performing

a comprehensive programme of empirical studies on four characteristically different
thermoplastics (polymethylmethacrylate, polycarbonate, nylon 6.6 and polyacetal)
and the effects on the rate of crack growth of such parameters cs the amplitude

and the mean level of the stress intensity factor, the loading frequency, the load
cycle waveform, the molecular orientation ir; anisotropic materials and the environ~
mental temperctﬁre have been investigated. Subsequently a model for the deter-
mination of the cyclic rate of crack growth was proposed. The specific form of
this model enables its representation in terms of such concepts as the crack opening
displacement and the crack tip plastic zone size. The correspondence of the pre-
dictions of this model to some fatigue data on metals, with subsequent simplification
of the data selection process at the design stage, has also beén discussed.

The problem of failure under multiaxial loading conditions has been investi-
gated through the analysis of the failure process in specimens containing cracks of |
arbitrary orientation and subjected to uniaxial and biaxial loading conditions.
Variations of the fracture toughness parameter and hence the initiation life in

fatigue as well as the changes in fatigue strength as a function of the extent of load



biaxiality have been discussed. From the consideration of the results of the finite
element stress analysis of the uncracked specimens and the physical path of fracture
obtained from the empirical studies, a procedure for the determination, at the
design stage, of the path of crack extension in a component subjected to complex

loading conditions has been proposed.
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CHAPTER ONE

INTRODUCTION

This introductory chapter is aimed at providing a brief survey of some of the
most important contributions to the field of fatigue failure analysis, with the basic
purpose of outlining the adv&ntages and/or shortcomings of the various empirical
and analytical approaches to the characterisation of failure under cyclic loading |
conditions. The effects of some of the important factors influencing the fatigue

life of engineering materials are also indicated.

1.1  The Fatigue Failure Problem:

The subject of fatigue failure analysis of metals and polymers is concerned,
fundamentally, with the apparent fact that these materials will fail, often in the
absence of excessive elongation or gross plas.tic flow, upon the repeated applica-
tion of a stress which the material would withstand if applied in a static manner.

The interest in the ability to predict the specific behaviour, under fatigue
loading condiﬁons,' of various materials stems from the fact that a very large num-
ber of engineering components (such as rotating parts, pressure vessels and vibrating
parts) are subjected to cyclic loading conditions in their service. Very often
during the manufacturing processes defects are produced resulting in the presence
of undesirable stress concentrations which can act as sources of subcritical crack
nucleation.  Such cracks will subsequently grow to a critical size and catastropic |
failure of the component will ensue.

The fatigue life of a component can, in general, be divided into two stages:

(@), the period during which a crack-like flaw is initiated and (b), the period



embracing the propagation of a macrocrack leading to unstable failure. These two
distinct periods have been designated the stuge | and stage 11 growths (Forsyth,
1961). In metals stage | takes place through a slipping process on the most favour-
able crystallographic plane (i.e. the plane closely aligned with the maximum shear
stress direction) resulting in the generation of intrusions and "exirusions”. When
the microcrack reaches a point where the ratio of the local shear siress to tensile
stress is sufficiently low, it turns into stage |1 growth which will be on a plane per-
pendicular to the maximum tensile stress at this point. During the lafter stage
ripple markings (fotigue striations) are produced on the fracture surface.

There are numerous examples of experimental data relating to the compora-
tive lengths of stages | and 1l. The question as to af what size or at which point in
time a microcrock becomes a macrocrack can not, of course, be divorced from con-
§ideroﬁon of the microstr.ucturol integrity of the material, the overall geometry of
the component and the conditions of loading as well as the characteristics of the
environment (Forsyth, 1961). A crock should be considered os a macrocrack if it
is large enough to permit the application of the notions of a homogeneous con-
tinbum.

| Clearly,in low cycle (and/or high siress) fatigue, the initiation period is not
expected to be large and inversely with low stress cycling, stage | may assume the
major part of the total fatigue life.

In addition, if the component is rather bulky with no distinct stress raisers,
the nucleation stage will be very long compared to the propagation period. On the
other hand in structures with severe stress concentrations, and particularly in thin
plates and shells, formation of a macrocrack takes place relatively early in the
fatigue life and hence in terms of the number of load cycles the propagation phase

constitutes the major part of the total life.



It is of interest to consider the proposals put forward in relation to the mechan-
ism of crack propagation, associated with stage Il.  Laird and Smith (1962) and
McEvily et al. (1963) have suggested a crack blunting and sharpening process,

i.e. that the crack grows during the tensile portion of the load cycle until the
radius at the root is increased (blunting) so much that the stress concentrcl‘ién is
sufficiently relieved so as to arrest any further growth. Electron fractography of
failure surfaces has shown that there is a very good correlation between the number
of load cycles and the number of fatigue striations.

The complexity of the mechanism involved in fatigue failure, is mainly due
to the cyclic nature of the loading process. Many factors which exert little, if
any, influence on the static strength properties ;::f a material, may be the cause of
marked changes in their fatigue chracteristics. A general, even brief, considera-
tion of the whole spectrum of the factors influencing the fatigue failure process,
will be outside the reasonable scope of any sinlgle treatise on the subject.

However, it is possible to list a range of elements which are of obvious major influ-
ence: (a) The metallurgical processes used in metal production; (b) Characteris-
tics of the manufacturing process (e.g. casting, rolling, etc.); (c) Characteristics,
of the external loading conditions; (d) The detailed design characteristics of the
component; (e) Additional post-production treatments of the component (e.g.
surface hardening and polishing) and (f) the conditions of service environment.

The present study of fatigue crack propagation in thermoplastic materials,
will be mainly concerned with part (c) in the above list with further exploratory

studies associated with parts (b) and (f).



1.1.1 A historical survey of various approaches to the analysis and characterisa-

tion of the fatigue failure process:

The fatigue failure phenomenon has been recognised by technologists for well
over a century. Indeed, the first attempt to study the failure of a machine compo-
nent subjected to repeated loading was made by Albert in 1829, who studied the
fatigue strength of welded mine hoist chains. However, the first original systema-
tic testing method is due to Wohler who, in 1852, published the results of his
studies of the failure of railroad axles. Wohler's representation of his results in
the form of graphs of applied stress against fatigue life (so called S-N curves) have
since been extensively used. Today, in situations where the crack initiation per-
iod occupies by far the largest part of the total fatigue life (conditions of low stress,
large components), the S=N type data are used by some designers.

Based upon his test data, Wohler proposed the two fundamental laws of
fatigue:

(1) That iron and stee! may fracture under a stress not merely less than the
static rupture stress, but also less than the elastic limit, if the application of the
stress is repeated a sufficient number of times; and (2) No matter how many times
the stress cycle is repeated, rupture will not take place if the range between the
maximum and the minimum levels of stress is less than a certain limiting value.
Thesc two laws have formed the basis of the major part of the conventicnal methods
of fatigue failure analysis, i.e. in the determination of endurance limit and fatigue
strength of materials.

S-N type data, while being of some qualitative use in aiding material selec-
tion, do not indicate the effect of discontinuities or stress concentrations on the

overall fracture resistance. Endurance limits obtained from S-N curves show the



maximum nominal stress to avoid crack initiation, whereas in structural components
in service this nominal siress is readily exceeded at discontinuities, or at points of
stress concentration. Consequently, using this approach the predicied time to
failure of a given component can be severely overestimated.

The fundamental ideas relating to what is known as the cumulative ddmage
process were proposed by Orowan in 1959, who considered the existence of weak
spots within the bulk of a material as sources of stress concentration. It was postu-
lated that the ability of a material to flow plastically enhances its rupture sirength.
Thus the failure of a metal after repeated application of a stress cycle, with peak
stress level less than the critical siress for the specific materic;l, was atfributed to
the gradual loss in its ability to fléw as a result of work hardening. The cumulative
damage concept may become so complicated in the case of some materials that its

accurate application would be impractical (Christensen, 1954).

1.1.2  Abrief review of the quantitative theories of fatigue failure:

The quantitative theories of fatigue crack pr0pagaﬁon‘in metals may be
divided into the follbwing categories:

(a) The metal physics approach which embodies the advantages of considera-
tion of structural lattice defects in relation to microcrack growth, Machlin (1949)
and Valluri (1961). Growth of the crack is attributed to the movement of disloca-
tion, at the edge of the flow, generated by the application of a shear stress cycle.
Such an approach to failure analysis, while undoubtedly important in aiding the
discussions of the mechanics of crack growth, has been of limited practical use.

(b) The empirical approach suggested by Manson (1953) and Coffin (1954),
which consisted of a method of separation of the plastic strain, ep, from tbe

total strain, in a load cycle and then relating the plastic component to the
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total cyclic life, Nf. A linear relationship (of slope 0.5) was shown to exist in a

logarithmic plot of ¢ P against N,. A considgrable quantity of experimental

£
data has been analysed using this approach.

However, difficulties arise in attempting to use the plastic strain range as a
damage criterion for low ductility metals in the case of which the plastic strains are
too small to be measured or calculated accurately and hence can not be easily cor-
related with parameter, Nf (Mehringer and Felgar, ]9§0). |

(c) The increasing interest in the failure life prediction of components sub-
jected to loading conditions in which the initiation period occupies a relatively
small fraction of the total fatigue life, has led to the direction of the research
efforts towards the measurement of the actual cyclic rate of crack propagation in
various materials. This aspect of fatigue failure has, in recent years, been the
focus of a most concentrated research effort, utilising both the conventional stress
analysis methods and, lately, the relatively more powerful linear elastic fracture
mechanics (LEFM) techniques.

At the initial stage of development of such approaches, the stress distribution
around fatigue cracks were analysed using the continuum mechanics concepts
(McLintock, 1963), hence taking into consideration the influence of the ccmponent
configuration and the crack geometry. Subsequently a number of crack growth

equations based on empirical data were proposed. These equations may be

expressed in the general form:

%.N'=¢(Ul°lc) (1.1)

where a is the crack length; N is the number of cycles; o ic the applied
stress level and C is a parameter whose magnitude depends on a range of factors

such as loading frequency, material properties and testing conditions.
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More specifically, the first crack growth equation of this kind was proposed by

Head (1953), which was of the form:

— = a ¥ | (1.2)

X being the parameter dependent upon the stress amplitude.
This equation was later revised by Frost and Dugdale (1958) and expressed in
the following form:

da

T - C o3a (1.3)

The above equations and those of similar form proposed by others may be

expressed in the general form of

da _
——f\—l' C o a (].4)

Q.

This general model for crack propagation will be referred to again in Section
(2.3) where the more efficient LEFM based mc;dels will be discussed.

(d) Ata more fundamental level, the concepts of general process rate
theories have been used by Yokebori (1969) in the development of a failure criterion
based upon the dissociation mechanisms at the atomic level. Although in an
approach of this nature, the fundamental aspects of failure are dealt with (as in the
ultimate analysis fracture of metallic and polymeric solids occurs as a consequence
of the rupture of bonds which normally bind the atoms together), the practical appli-
caticns of such a model are at present very limited. The main reason being the lack
of quantitative data related to the magnitudes of the parameters involved in the
analysis at the atomic level. However, some useful information with regards to
the relative role of such parameiers may be obtained from the outcome of such

analyses (Yokokori, 1971).



(e) The energy based approach: This is the most fundamental approach to
failure analysis at the continuum level.  Through an examination, at the crack tip,
of all the energy compeonents, general criticality criteria are derived. There have
been two distinct parts to this approach in the past: (1) the global energy consid-
eration of Feltner and Morrow (1961) and (2) consideration of the local dissfpation
processes by Liu (1963).

The total thermedynamic energy balance approach has been succeﬁsfully used
(Griffith 1921, 1924) for the development of the fundamental principles of LEFM.
More recently it has been used by Cherepanov (1968) to develop a rigorous analysis
of failure of solids in general terms.  This approach has been utilised in the present
study, in the derivation of a theoretical model for prediction of the cyclic initia-

tion life, Ni' in viscoelastic solids (Chapter 4).

1.2 Fatigue Failure of Thermoplastics:

Polymeric r;lcfericls (in the form of plastics, fibres and rubbers) are now fre-
quently used by engineering designers, wherever they can suitably replace the con-
ventional materials. The comparatively favourable strength to weight ratio, excel=
lent damping properties, good wear resistance and the facility of economic manu=-
facture of intricately shaped components, are some of the advantages of polymeric
materials, highly attractive in the design of components such.cs light duty gears,
belloews, bearings, bushes, dampers, etc.

Thus, in recent years with the continuous development of industrial plastics
of improved mechanical properties, a tremendous amount of interest has been
" created in the knowledge of the beiwviour of these materials under monotonic and

cyclic loading conditions.



The static fracture has received by far the largest attention, especially in the
case of glassy thermoplastics, where concepts of linear elastic fracture mechanics
(LEFM) have been successfully utilised in the analysis of craze (local yielding)
growth and the measurement of such parameters as the critical siress and flaw size
for fracture under various loading conditions (see for example, Rosen, 1964).

Attempts to analyse the fatigue failure process, however, have been relatively
scarce, mainly due to the inherent complexity of the fatigue failure mechanisms as
well as the complexity of the polymer molecular structure and the subsequent lack
of sufficient understanding of the effects of structural changes on physical behaviour.
The initial studies have, inevitdbly, been carried out on elastomers (Andrews,

1961; Thomas, 1967).

In the case of thermoplastics the fatigue failure studies were initially based
upon the conventional techniques of empirical analysis used for metals; i.e. the
determination of the total fatigue life of specimens of such materials from plate-
bending, rotational bending and reversed shear (torsion) tests. Results obtained
from such tests were normally presented in the form of the S-N (Stress~-Number of
cycles) curves as was the case for metals. However, thg total fatigue life studies.
have, in practice, often proved to be of limited importance in the analysis of ser-
vice failure problems - as indicated in the preceding section. The structural in-
homogeneity of polymeric solids (due to irregularities in molecular chain entangle~
ments plus the fact that during the processing stage, there exists a strong possibility
of inclusion of extern§| particles and gas bubbles) inevitably results in the presence
of a number of stress concentration points within the bulk of the material. Thus,
the cyclic crack growth initiation life in these solids are often relatively short
(McEvily and Boetner, 1963); and hence the importance of the information on the

effects of various parameters influencing the cyclic rate of crack propagation becomes
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apparent.

It is pertinent to remark here, that due to the wide variation in the viscoelas-
tic and mechanical properties of polymeric solids, attempts to generalise the results
obtained from tests on one material must be cautiously treated. The quasi-brittle
glassy thermoplastics, behave in many ways similar to metals. For example, the
fatigue behaviour of PMMA and its fracture surface appearance were studied by
Feltner (1967) from rotating bending tests.  His results Vdemonsfrated that the failure
occurred in a cycle dependent manner with surface striations similar to those in
metals. McEvily et al. (1963) studied the high siress, short life fatigue crack pro-
pagation in polycarbon.afe, PC and polyethylene, PE, reaching generally similar
conclusions. However, as it will become clear later, important differences in

material behaviour due to basic structural properties may also be observed (Vvon

Jacoby and Cramer, 1969).

1.2.1  Some general aspects of fatigue failure process in polymeric materials:

Empirical studies of fatigue failure in polymeric materials have revealed that
the failure of these materials under repeated loading conditions, takes place as a

consequence of the occurrence of one of the following three phenomena:

1) Creep (strain accumulation) due to cyclic loading.
2) Propagation of flaws up to a critical length.
3) 'Softening'of the material due to an excessive rise in temperature within

its bulk (cyclic thermal softening).

Fatigue failures in the above three modes have been observed in cyclic axial
loading, rotating bending, plate bending and three point bending tests. In mode 1

(equivalent to cumulative damage process in metals) and mode 3 failures, the direct
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manifestations of the time-iemperature dependence of the mechanical properties of
polymers are observable.

The strain accumulation will occur if the periodic time of the load cycle is
short enough not to allow complete strain recovery in each cycle; and the high
temperature rise which occurs under high frequencies is attributed to the frictional
movement between molecular chains within the polymer bulk.

The second mode of fatigue failure in these materials is the main focal point
of the empirical analysis presented in Chapter 5. It is influenced by a very wide
range of parameters such as the maximum and minimum levels of the load cycle, the
load frequency, the cyclic waveform, crack sharpness (crack tip radius) and the
environmental conditions.

Mode 1 will be used in the present study (Chapter 4) as the criterion for ini-

tiation of crack growth in a flawed viscoelastic body subjected to cyclic loading.

1.2.2 A discussion of mode 3 fatigue failure:

Considerable amount of experimental evidence exists which points to the
fact that all polymeric materials under certain conditions of‘sfrcin (or stress) and
loading frequency, will exhibit a tendency to "self-heat", with the temperature in
the stressed zone rising gradually to a threshold level where it increases very
rapidly, thus causing melting of the material and its subsequent failure (Koo et al.,
1967; Opp et al., 1969 and Constable et al., 1970).

This phenomenon occurs as the direct consequence of high damping capacity
(which is the result of frictional movement between the molecular chains) and the
low thermal conductivity of polymeric solids. In metals, the high thermal conduc-
fivi‘fy coupled with relatively low cyclic hysteresis loss (damping) enables the

cyclically loaded material to maintain its initial mechanical characteristics.  As

11



the physical properties are functions of temperature themselves, so in polymers the
energy dissipated per cycle does not itself stay constant for a particular set of load-
ing conditions. These changes can not be negllected (Constable et al., 1970) and
although thermal failure models have been proposed (Opp et al., 1969; Koo et al.,
1967), their accurate application is by no means well established. Attempts at
quantitative formulation of the temperature rise, inevitably have met with practical
difficulties such as the accurate measurement of temperature (One method for the
measurement of small temperature rises has been devised by Higuchi and Imai, 1970.)
and also the uncertainties arising from the fact that while linear viscoelastic damping
is well defined and indeed is a basic tool of polymer characterisation, the complex
and non-linear nature of damping under fatigue loading conditions has not yet been

analysed.

1.2.3 Factors infl.uencing the fatigue life:

In the previous section, a passing reference was made to some of the most
important parameters which have a marked influence on fatigue life of polymeric
components. |t is thought desirable toreconsider the specif';c effect of some of these
parameters, as the necessary background for the discussion of the experimental re-
sults presented in Chapter 5.

Two excellent reviews of the coniributions to the study of various aspects of
fatigue failure in thermoplastics have been prepared (Dillon, 1950; Andrews, 1969’0);
the consideration here will be confined to some of the most illuminating and closely
relevant observations:

Findley (1941) who studied the behaviour of cellulose acetate from test resulis
in the form of S~-N curves, showed that the endurance limit of this material increased

winen each of the following steps was taken:
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The minimum stress was held at zero level; Specimen surfaces were machined;
Loading frequency was reduced; Specimens were cooled (say by airblast) and the
specimen cross~section was changed from rectangular to circular. (In the case of
rubbers, the fatigue life increases if the minimum stress is not allowed to fall to zero;
Andrews, 1969b.

in polymers increasing the mean stress always tends to decrease the fatigue life
(Mukherjee and Burns, 1971). The effect of loading frequency has beeh studied
both from tests in which excessive teﬁperature rise was experienced (Opp et al'. ,
1969) and also from tests in which non-thermal failure was observed (von Jacobyand
Cramer, 1968; Herfz:berg et al., 1970; Mukherjee and Burns, 1971). The general
conclusion being that for the majority of the materials, the increase in frequency
leads to a decrease in the total fatigue life (with the exception of PC for which
variations from this trend of behaviour have been observed in some cases, von .
Jacoby and Cramer (1968). Williams (1967) c;nalysis of the growth of a spherical
flaw under pulsating loading conditions also resulted in a growth function related to

frequency in accordance with the above mentioned empirical evidence.

1.2.4  Analysis of the crack propagaticn process:

Theoretical approaches to the analysis of the fatigue crack propagation process

in polymeric solids, can be fundamentally divided into two categories:

(1) The molecular rupture analysis
and (2) the continuum mechanics approach to failure. Contributions to each of

these two fields will be separately considered:

“Trreversible

Treating the polymer failure under cyclic loading as basically an
accumulative" process, Zhurkov and Tomashovskii (1959) postulated a principle of

impairment superposition.  Their analysis was fundamentally based upon Eyring's
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(1936) reaction rate theory and assumed that there exists a direct relationship
between rupture under constant load (static) and that under cyclic load. The time

to failure, tf, was obtained from:

tf .
dt
/ tle M1 ] (1.5)

(o]

where T Lo(n] = T ex‘p[(Uo Yo o(t))/ kT J and it was suggested that
coefficients Uo' L8 and yocan be determined from static tests; « and T being
the Boltzmans Constant and the absolute temperature.  The stress function o(t)
can take any form. Subsequent to this analysis there have been a number of other
contributions, notably in the Soviet Union, which have confirmed the above hypo-
thesis and compared it to test data, (Leksovskii and Regel, 1965).

A similar approach to failure analysis was adopted by Pervorsek and Lyons
(1964) onci Kargin and Slovimiski (1967) who s;.‘udied the characteristics of the chem-
ical structure and the effects of various parameters on the failure processes in bulk
polymers. However, as previously indicated, treatments at the atomic level suffer
from the paucity of comprehensive quantitative information with regards to the
structural parameters involved.

From a direct engineering application point of view, approaches based on
continuum Mechanics concepts have proved to be by far the most vseful; Lake and
Lindley (1964) on rubbers; Borduas et al. (1968) on PMMA; Mukherjee et al.
(1969) on PMMA and PC; Andrews and Walker (1971) on polyethylene.

Opp et al. (1967) studied the fatigue failure of a set of homogeneous and
heterogeneous polymers (cast PMMA, rigid PVC, acetal homopolymer and nylon

6.6 ). The possibility of direct application to polymeric solids, of some of the
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fatigue failure theories developad for metals was examined.  The empirical models
based on plastic strain measurement (Coffin, 1954) were found to be not applicable
to viscoelastic materials due to high sensitivity of these materials to temperature
and strain rate variation,

A total hysteresis energy model (Feltner and Morrow, 1959) was also considered
but rejected on the basis of its theoretical deficiency in application to polymers as
well as its incapability to deal with such important factors as relaxation and creep‘
response, load rate, temperature and geometrical dimensions.

Studies of Gent et al. (1964), Lake and Lindley (1964) and Thomas (1967) on
fatigue of rubbers and that by Andrews and Walker (1971) on polyethylene have all
been discussed in terms of the "tear energy” concept. This particular approach to
failure of polymers was initially derived by Rivlin and Thomas (1953) and was based
upon the brittle fracture criterion of Griffith (1921). Fatigue studies showed that
the incremental growth of a crack, with each stress cycle, obeyed u relationship of

the form:

d{a) _ s .
N - ¢(j’) (1.6)

T being the parameter representing the energy available for crack propaga-
tion or alternatively describing the stress distribution at the crack tip. More speci-

fically, the following form of the above equation was obtained:
do. - " (1.7)

B and n being functions of a range of parameters which influence the fatigue
life.
R da . . b
On a logarithmic scale, NS linearly related to “J, with n as the slope

of the line. It has been shown that for some materials, depending on the specific
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testing range, different values of B and n may be cbtained (Andrews and Walker,
1971) - an observation comparable to the distribution of the crack propagation data
reported for some metals, Barsom (1971a).

For an edge crack, in a semi-infinite sheet of a highly elastic material, Rivlin

and Thomas (1953) defined:
T = 2k aW_ 1.8)

where Wo is the term 'represenfing the stored strain energy densify (= %—%);

a is the crack length and k is a numerical factor which varies between © and
1(Andrews, 1969b).

Waters (1966) also observed that PMMA exhibits the phenomenon of small
scale crack growth, when subjected to cyclic loading and with the value of T~
chosen such that it fell well below the level of the critical tear energy, Tc' for
the material. |

In line with the development of the LEFM techniques and their application to
fatigue failure of metals, some attempts have been made to test the applicability
of LEFM concepts to the fatigue failure analysis of polymerié materials (Borduas et
al., 1968; Hertzberg et al., 1970). These approaches will be further discussed in
the following chapter. The basic impediment to the direct application of the
LEFM concepts, is the strong non-linearity of some polymeric materials. In such
cases the energy based approach will be preferred. However, for a wide range of
polymers, approximate linearity can be assumed within specified limits of load dura-
tion and level. Thus prior to the direct application of the LEFM concepts, these
limits must be identified for a particular material. The fundamental value of the
LEFM approach, in the case of polymeric solids ~ as also for metals - lies in the

fact that this method of failure behaviour characterisation considers a material
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simply as an elastic continuum and hence requires no knowledge of the specific

nature of the microscopic structure.
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CHAPTER TWO

FRACTURE MECHANICS CONCEPTS AND FATIGUE FAILURE ANALYSIS

In this chapter a brief review of the pertinent aspects of linear elastic fracture
mechanics (LEFM) principles is presented and the uses of LEFM concepts in empirical
and theoretical analysis of the fatigue failure problem in metals and polymers are sur-

veyed.

2.1  Some Pertinent Aspects of LEFM Concepfs:

2.1.1 Introduction:

Most engineering structures contain flaws or cracks that are created either
during the manufacturing process (e.g. inclusion of external particles and voids), or
af the fabrication stage (e.g. weld defects) or during service (e.g. corrosion pits).
Unstable fracture occurs when these flaws develop to a critical size that is a func-
tion of both the applied (or residual) stress acting on the structure and the toughness
of the material. The presence of these flaws results in reducing the potential
theoretical strength of solids to a relatively much lower level (e.g. The theoretical
strength inherent in a perfect structural lattice in a metal will typically be of the
order of 2500 tons/in2 Y.

Recognition of the inherent weaknesses in practical engineering materials
(i.e. the existence of non-continuity and non-homogeneity) has led to a total re-
thinking in the approach to the design of engineering components, specially with
regards to the use of lhigh strength-low ductility materials.

Basically there are two methods of evaluation of failure strength: (1) The

ductile-brittle transition temperature approach, which is an empirical method of
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determinction of the temperature ranges over which material ductility is-lost; and
(2) the analytical approach which is based on the evaluation of the stress fiéld
parameters in the vicinity of the crack. Within the context of the latter approach,
accurate analyses of fundamental parameters such as the relationship between the
flaw size, the external loading, and the characteristic mechanical proPertfes of a
material, etc. are required.” LEFM concepts have been developed to simply pro-
vide the tools with which such correlations between the influential parcﬁneters in
failure analysis can be obtained. Comprehensive reviews of the method and its
fundamental aspects are now numerous (Weiss and Yukawa, 1965;. Paris and Sih,
1965; Tetelman, 1970). Here we shall only refer to those aspects which will be
relevant to the analysis and discussion of the outcome of the present programme of

studies..

2.1.2 A note on the plane-sirain, plane=stress and ductile, britile fractures:

Assuming that the conditions of fracture can be divided into plane-strain and
plane-siress, the following comments may be made:

In plane-stress, where the components of stress Uzz = Uyz = oxz = 0, rhe.
material when pulled in one direction, is free to deform in the transverse direction.
In so doing it sets up resistance to further fracture. This is a 'tough' mode of
failure. On the other hand, plane-strain is a state of stress that is characteristic
of thick or bulky parts for which the stress adjacent to a flaw is trioxial tension.
The triaxial stress condition is a result of either the bulk restraint or the material
brittleness. Plane-strain leads to rapid fracture as a flaw in triaxial state of stress
can have little local yielding. Material yielding in plane-strain is usually doing

so in its weakest manner and will fracture below the siress level required for failure

in plane-stress.
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There are two main situations in whféh brittle fracture can occur in engineer-
ing materials: 1) By placing a normally tough, hedium strength material into a
"brittle" environment. For instance, one can introduce flaws into the structure
during the material solidification stage, in metal forming operations, during heat
treatment and in welding. One may also use the material in very low temperature
environments, where it is known that tough materials become brittle. The rate of
loading could also cause the material to react in a brittle manner rather than yield-
ing graduolly. If the component is loaded in two orthogonal directions at once,
under certain stress conditions, its ability to yield in transverse direction will be
limited and hence brittle behaviour may be observed (see Chapter 7). And (2)
the case of high strength, low ductility materiais which are known to be highly
brittle in fracture mode. It is, thus, clear that a primary goal of LEFM methods of
analysis will be to determine which particul.ar condition of fracture prevails. If
failure occurs in plane-stress, the usual yield strength criteria are often sufficient
to render a safe design. However, for the more usual plane-strain case, fracture
mechanics tests must be performed to determine the exact nature of parameters asso-

ciated with fracture.

2.1.3  Thermodynamics of fracture; the energy balance concept; fracture

toughness and crack tip plasticity:

Studies of fracture behaviour in terms of phenomenological, structural and
atomic or molecular aspects involved in the failure process, require some means of
intercorrelation so as to develop a unified theory of mechanical response in fracture.
On the continuum level the fracture behaviour is described in terms of the relations
between stress and strain and their time derivative (e.g. Griffith 1921, Cherepanov,

1968). On the atomic or molecular levels, the behaviour of the discrete particles
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is described by their relative positions in space, their velocities and the force of
interaction between them (Barenblatt, 1962, treatment of cohesive fracture). The
concept of energy balance has the same meaniné at all levels of structural subdivi-
sion. Therefore the problem of not being able to provide an equation of state for
real materials can be by-passed and the mechanical response determined by a uni-
fied theory of fracture based upon a thermodynamic energy approach.

Considering a solid body containing a crack, Griffith (1921, 1924) was able
to demonstrate that work must be done to supply the energy necessary to create new
surfaces and hence extend a crack. The well known Griffith equation was derived
by considering an ellipsoidal crack (initially analysed by Inglis, 1913) in an elastic
medium. The criterion for crack extension being that the energy required for
separatn’ﬁg the surfaces was just less than the amount of elastic energy released as a
consequence of crack propagation. Griffith's (1921) calculation of the required

stress to initiate fracture resulted in the following relationship:

o = @ (2.1

where o is the required stress (fracture strength), E is the Young's modulus
of elasticity, y is the surface energy and a is the crack length. Inevitably the
most useful application of this equation depends simply on the accuracy with which
the above parameters can be evaluated. In Griffith's case the solution was obtained
for a perfectly elastic solid.  Such an ideally brittle material is rarely found in
practice and for engineering materials, specifically, such perfect elasticity may not
be assumed.

In quusi-brittle and ductile materials, due to very high concentration of
stresses at the crack tip, plastic yielding will take place. The nature of the frac-

ture process that follows is dependent on the extent and form of the plastic deforma-
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tion. In developing a quantitative treatment of the effects of plasticity in fracture,
it is necessary to consider the work done by deforming a localised reg'ion as the
crack progresses. Irwin (1948, 1957) and Orow.an (1949) independently analysed
the way in which the work of plastic deformation can be incorporated in the crack
propagation equation. This is achieved simply by replacing the true surface energy

term, y , in equation (2.1) by another term y *, where
Y*oE oy + oy - (2.2)

Yp is the irreversible work absorbed in local plastic déformation per unit
area of crack extension. Y* may be 1000 times higher than v (Spremak, 1961)
except, perhaps, in the presence of a strongly corrosive atmosphere which reduces
ductility; Yp varies widely for differ'ent materials. Cherepanov (1967) suggested
that the ratio  Y*/ ¥ in many cases is of the order of E/o - for a specific
material (UYP being the yield stress in tension). The magnitude of v* is depen~
dent on parameters such as temperature and crack speed; for example, for metals
it can increase rc:'pidly with a small increase in temperature. However, in the case
of PMMA material, Y* increases with the lowering of temperature (Pratt, 1968).
In both metals and polymers the work of plastic deformation increases with crack
speed, an effect evident from the analytical solution of Goodier and Field (1963)
and the empirical data of Berry (1964). It is clear that, the magnitude of Y*, in
real materials, is a measure of the work required for the exteﬁsion of cracks. This
characteristic parameter of a material (which is defined under specific conditions of
loading) is called the material fracture toughness. Thus the practical and physical
significance of 'fracture toughness' is that it is essentially a measure of the ease and
speed with which a crack propagates through the damaged material under selected

stress and environmental conditions. From the above discussion: in metals the
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plastic deformation and hence the fracture toughness value may be suppressed under
the conditions of high crack velocity and low temperature. An increase in the
degree of brittleness in fracture under these conditions can be observed. The frac-
ture toughness of high strength materials also decreases asymptotically with increas-
ing thickness as the fracture mode changes from fully plane=-stress to fully plane-
strain.

Irwin and Kies (1952, 1954) analyses of the balance between the input elas-
tic energy and the irreversible work of deformation discussed above, resulted in the
development of a criterion for fracture which involves the following two quantities:
(a) The strain energy release rate, denoted by G, which represents the elastic
stored energy released per unit crack extension; And (b) A term denoted by Gc
(the limiting value of G) which is a measure of the fracture toughness of the
material as discussed above. Gc = 2Y* as two surfaces are created in crack ex-
tension.

The strain energy release rate is a useful parameter in the phenomenological
study of the crack stability; however, it does not lend itself to aid the mechanistic
study of fracture as in such a stidy detailed analysis of the structure at the crack tip
will be required. - Parameter G can be determined experimentally as well as
analytically. A comprehensive treatment of the experimental aspects of fracture is
provided by Brown and Srawley (1966). If the direction of crack extension is co-
linear with the plane of the crack, the strain energy release rate can be calculated
using the analytical method of lrwin (1957); see also Chapter 5.

In considering the input and the absorbed energies, one is faced with the pro-
blem of variations in the plastic deformation work with increasing crack length, as

this will decide the degree of stability of a crack. In the presence of plastic flow,
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as the crack starts to propagate, the stiffness of the component and the nature of the
loading mechanism determine the continuation of its growth. Propagation of the
crack reduces the compeonent stiffness.  Under "dead load" conditions (i.e. when
work is being done at the boundary as the crack extends) the displacement will in-
crease automatically to compensate for loss of stiffness and catastrophic failure will
ensue. However, under "fixed grip" conditions, the loss of stiffness may unload
the specimen and hence arrest the crack. In other words the work of plastic deforma-
tion will become so large that without an increase in the boundary loading the crack
propagation can not continue. Note that a large specimen under fixed grip condi-
tions may contain sufficient strain energy to cause complete fracture when the point
of instability has been reached. |

The causes of increase in the plastic deformation energy demand vary with
materials. In highly ductile materials, it is the result of increase in the si.ze of the
plastic zone at the crack tip. Since the stress increase dhead of the crack is |
limited by yield stress, the increased disturbance to the original field is balanced by
a larger zone within which stress has reached yield load. The energy of deforma-
tion increases as it is proportional to the deformed area. Glucklich (1971) proposed
that in quasi-brittle materials, increase in plastic energy demand is due fo the
development of microcracks in the highly stressed zone ahead of the crack. The
energy transformed to the surfaces of these microcracks is lost as the majority of these
cracks ao not join to form the main crack. In glassy polymers, the material adjacent
to the fracture plane, thus,develops the so-called "crazes", dissipating an appreci-
able amount of energy in the process. The density of these microcracks in the body
of the material increases with increasing crack length and hence the plastic deforma-
tion work per unit crack extension rises in magnitude as the crack grows in length.

This phenomenon has been observed in PMMA (Berry, 1964).
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The smaller the work of plastic deformation, the less stable will the crack
growth become. In static fracture (i.e. under monotonic loading conditions) and in
fatigue failure after the initial crack has grown to an appropriate limiting length,
two singular events occur: Namely the start of slow (stable) crack growth and the
onset of rapid crack propagation. The value of Gc' referred fo above, .is nor-
mally taken as that which corresponds to the latter stage. The extent of slow crack
growth will be less the more brittle is the material behaviour and in the limit of
extreme brittleness the start of slow crack propagation and the onset of rapid fracture
will tend to coincide; Cherepanov (1968) qﬁd Wnuk (1971). Hence in practice,
the more brittle a material, the more accurate is the determination of the fracture
toughness parameter. Obviously the study of factors which may influence the ex~
tent of slow growth is of special significance. Some of the most important para=-
meters are: material properties, section size, load history, temperature and corro=~

sive environment,

2.1.4 The concept of stress intensity factor:

Linear leastic fracture mechanics techniques make use of the elastic stress
analysis of a cracked part to define the conditions under which an existing crack
will extend. The basic assumptions are the same as those in theories of strength of
materials: the material is a homogeneous isotropic continuum; strains are small;
stress is proportional to strain and distortions are neglected. In addition, non-
linear effects such as those due to yielding, internal stresses and local irregularities
in the crack surface are assumed not to affect the general characteristics of the
stress field (Paris and Sih, 1965). Thu;, a necessary requirement in the applicabil~
ity of the method is the confinement of the plastically deformed zone to a region at

the crack tip, small in comparison to the characteristic dimensions of the structure,
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such as its thickness.

Irwin (1957, 1958) noted that basically fhlere are three kinematicclly.odmis-
sible modes of crack extension (Figure 1); andthat all other types of crack opening
may be considered as a combination of these three modes, which result from three
types of loading: in~plane tensile; in-plane shear and anti-plane shear. Subse-
quently the elastic siress field associated with each mode of opening was analysed.
The stresses and strains were shown fo have a singularity of the form (1) > where r
is the distance from the crack tip (Williams, 1957, lrwin, 1958). It was shown
that whatever the geometry or self-equilibrating loading conditions, the environ-
ment in the immediate vicinity of a crack tip can be described by a single parameter,
which was designated the stress intensity factor, K; subseripts |, Il and 11l are
assigned corresponding to three types of opening. In an isotropic material, brittle
facture usually occurs in mode I.  Crack growth in the form of shear lip is a com-=
bination of modes | and 111, but is usually treated as mode | in calculations. In
two-dimensional cases and shell problems only modes | and Il can exist. Mode I
displacements exist only at internal or very deep external cracks. Knowledge of

KI' K” and K”| at the crack tip, will completely specify the stress environment

at the tip.  For the stresses:

] B .6 . 30
O K| \ 1 - sin 2 sin =
o = €os 3 1+ sin s sin 3_9 t
yy 2 2
(277) - 30
xy sin 3 cos
[ ) 6 30 |
K” , =2 - cos 5 cos -
sin & 0 36 (2.3)
2 COS = CO§ —=
3 2 2
(2 w) 6 6 30
cot E - COS :’Z cos -2—
L —
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and

. O

2 LTI

1 0

Txy @2mr)? | % 2

or more briefly for mode I:
KI . .
cii = ¢ii(6) + other terms bounded at the crack tip. (2.4)
€L ‘
(2 r)*

Strains and displacements are obtained in a similar manner.  The set of func-
tions ¢ii(9) are the same for all symmetrically loaded crack problems. For an

infinite plate, containing a crack of length 2a loaded at the boundary (Figure 2):

K
Ouy (2.5)
where ' :
K = cw\f21ru - (2.6)

The nature of the above relationships point to the fact that linear factors

K

|’ K” and KIII have no bias towards any particular field parameter and although

the current usage describes them as stress intensity factors, they could equally well.

be described as strain intensity factor, displacement intensity factor, etc.

2.1.5 Methods of determination of the stress intensity factor parameter:

Various techniques have been developed for the purpose of calculation of the
stress intensity factor in flawed bodies. The choice rests, in effect, on the selec-
tion of an appropriate method for analysing the stress field in a plane elasticity
problem. For practical cases of reasonable simplicity, complex stress functions
have been derived (Muskhelishvili, 1953).  However, for relatively more compli-

cated problems reasonable accuracy can be obtained only by implementation of

27



numerical techniques. A summary of the important and useful fechniques available,

will be presented here:

(A) The boundary collocation technique:

This method has been extensively used in derivation of the ASTM standard
formulae for determination of stress intensity factors (Brown and Srawley, 1966).
It is easily applicable to problems involving simple crack-body configurations (in |
the slightly complicated cases, elaborate computcfionall analysis may be involved;
no general proof of convergence for the method is available at present).

Basically the technique consists of the selection of stress functions, usually
in the form of polynomials, which satisfy boundary conditions on the crack face
and also have the desired angular behaviour in the vicinity of the crack tip. The
free parameters in the stress function are then collocated so that the remaining

boundary conditions are approximately satisfied.

(B)  Muskhelishvili stress functions:

Analyses of elastic stress fields in solid bodies confcini.ng cracks - used ini-
tially by Westergaard (1939) in the form of complex stress functions = have been
formulated in a very comprehensive form by Muskhelishvili (1953). Two complex
stress functions are defined for any particular flawed body/crqck configuration and
boundary conditions. Component stresses and strains are given in terms of these
complex functions; for instance in an infinite plate containing a crack of length

2a and loaded at infinity in a direction perpendicular to crack plane inclination:

oy t oo = 200 EF $E)] 2.7

Uyy - Uxx+ 2i°xy = 2[z ¢"(z) + lp'(z)]
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where z = x+iy and ¢ (z) and V¥ (z) are the complex stress functions,.
defined for a particular configuration.
For the crack tip at point z = Z.s the magnitudes of the stress intensity fac-

tor can be found from:

KI - iK” = 2(2'”)% Jim (z-zi)% ¢ '(z) (2.8)

for the example of cenire-notched plate:

z
0'(z) = 3 — -1 (2.9)
| (2 - #)?
where 0 is the applied stress,
1
| , 2(z-c) .
Thus K -iK, =0 @2m)° lim - (z-a)®
1 1
2% L @) )
' (2.10)
= c\f Ta
Hence KI = c\f Ta : (2.11)

and K, = 0

(C)  The approximate method

This method, proposed by Williams and Isherwood (1968), provides solutions
with approximations of about 20% (improved results have been obtained over certain
ranges of crack length). It consists of substitution of a weighted average value for

parameter ¢ in equation (2.11).

Thus K, = o '"4fra (2.12)

] m
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Example methods of calculation of o' are provided in the above reference.

(D) The finite elements method:

This method, by virtue of its ability to deal with very complicated geometries
and loading conditions, is by far the most versatile technique for the accurate cal-
culation of the stress intensity factor parameter. A comprehensive review of the
contribution to the development of this method and its applications may be found in

Hayes (1970) and Miyamoto et al. (1971).

2.1.6  Temperature and load rate dependency of fracture toughness:

In Section (2.1.3), in the discussion of the fracture toughness parameter, the
important effect of the loading rate was referred to.  In the case of a large number
of quasi~brittle and ductile materials, the KIC parameter (termed the plane=-strain
fracture toughness value) is significantly affected by variation in the load rate, as
indicated by the differences in the results of the slow-bend and the Charpy tests.
The discussion previously' presented in relation to the increase in the degree of
brittleness and the subsequent decrease in the level of the réquired energy for crack
extension under various conditions, should be reconsidered. Thus in practice a
drop in the value of KlC in th-e presence of an increasing brittle behaviour may be
anticipated for a large r;umber of materials.

Temperature variations also influence the value of KlC' If a lowering of
temperature enhances the brittle behaviour of a material,a lowering of KIC value
may be expected. A model for the prediction of the temperature dependence of

K,~ in low alloy steels exists (Tetelman, 1970), in which it is postulated that the

IC

K,~ variation occurs as a result of variations with temperature, in yield stress,

IC

o of the material. Thus if the value of K, . is known at one temperature and

IC
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o o is known as a function of temperature variation, the value of K, . af various
y .

IC
levels of temperature can be calculated.
The temperature and load rate (frequency) dependence of the KIC parameter

is obviously of considerable importance in fatigue failure studies; hence, in

Chapter 5, such effects with special reference to polymers will be reconsidered.

2.1,7 The concept of crack opening displacement (COD):

When a specimen c0nf<-1ining a crack is loaded, the crack tip opens without
extension of the crack. This movement is called the Crack Openiné Displacement
(COD) ond is associated with the development of the crack tip plastic zone (Wells
1965q,1968); i.e. the material contained within a local zone of appropriate dimen-
sion at the crack tip is plastically strained to accommodate the crack tip displace-
ment. In a non strain hardening material the stresses in the plastic zone are of the
order of the yield stresss, Gyp' Consequently the work of plastic deformation
(or G) at the crgck tip is approximately equal to the product of the local stress
acting on the volume element adjacent to the tip and the displacement through
which it acts (McLintock and Irwin, 1965). It has been Fo-und that, (Wells,
1965q):

32

G = =5 o, (COD) (2.13)

The critical value of COD, associated with a certain load rate, is denoted

§ ~ and may be used as a tool in assessing the fracture resistance ot materials

C

(Nichols et al., 1969). From the consideration of a simple model of elastic-
plastic state of stress in the vicinity of the crack tip, Wells (1965b) related the
COD to the crack tip extension force. Subsequently Williams and Swedlow (1967),

using numerical analysis methods, demonstrated that COD in the presence of general
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yielding is related to the fracture toughness of the material. Kobayashi et al.
(1969) analysis showed that, excluding a segment of lengih of approximaiely a/10
from the crack tip, any other position along the crack surface may be suitably used
for COD measurements as an index of fracture toughness of ductile materials.

For low strength, high ductility materials, the COD concept has the advan-
tage that it still has meaning at and beyond the general yield point (Burdekin, 1949).
For brittle materials, fraciure takes place at GC withcut any prior crack growth;
and in the transition range from brittle to ductile behaviour, unstable cleavage
fracture may be preceded by a small amount of ductile crack growth (Nichols et al.,
1969).  The possible use of COD concept in fatigue failure studies will be discussed

in Chapter 6.

2.1.8 The contour integral, J:

The contour integral technique is used basically to calculate the change in
the energy of a body as a consequence of crack extension. It was developed by
Rice and Rosengern (1968) through consideration of the behayiour of linear and non
linear elastic bodies. The change in energy is expressed in terms of a line integral
which has the property of being path independent, with a magnitude designated J.‘
This integral is a function of stress, displacement gradient and strain energy density.
Hence these parameters must all be defined along the path of integration; thus

along apath T , (Rice, 1968 q)

v,
= - !
J = /(w (= Jdy - T. (=) dS) (2.14)
A i
where the strain energy density,
€Emn ‘
W(smn) = / cii ds:ii (2.15)
o .
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€ is the infinitesimal strain tensor
T. is the traction force
u, is the displacement
and dS is an element of arc length along T.

Parameter J may be regarded as the single parameter associated with the
stress environment near the crack tip from which all parameters of current interest
in fracture mechanics may be deduced. Note that the prerequisite of linear beha-
viour of material, a andqmentol necessity in calculating the stress intensity factor,
does not apply in the case of J.

By considering the stress field singularity terms associated with the stress en-
vironment near the crack tip in a linear elasiic body with small scale yielding, and

evaluating the integral, the value of J is found to be (Rice, 1968b):

_ 1 "\’2 2 2 1+v 2 ‘
3= (K2 K2 () K | (2.16)
and for the special case of mode | crack opening,
1-v2 ' .
J = E ) KI = G, _ (2.17)

which, again may be taken as a general proof of the equivalence between
stress intensity factor and the crack extension force.

The J integral parameter was evaluotea employing a total (deformation)
theory of plasticity. Two dimensional d;formarion fields (plane strain, generalised
plane stress and anti-plane strain) have been considered. Experimental evidence
for the usefulness of J parameter as a crack growth initiation criterion is gradually
being collected (Begley and Londes;, 1971). There is, as yet, no substantial proof
for its applicability to prdpagoting cracks, which will naturally be immediately

relevant to the fatigue problem. In the discussion of the experimental fatigue data
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(Chapter &), we will return to equation (2.17) to explore the possibility of applica-
tion of the J factor. An inherent advantage of parameter J is that, like other
energy based criteria, it may be used in problems dealing with large scale plasticity
(Rice, 1968a) as obviously in the presence of gross plastic strain, the linear elastic
stress intensity analysis will prove deficient, even though its empirical usé in such

situations has met with some success (McEvily and Johnston, 1966).

2.2 Application of the LEFM Concepts to the Characterisation of Failure in

Polymeric Solids:

Failure in polymeric solids may occur eifher by excessive permanent deforma-
tion or by quasi-brittle fracture. While cross-linked polymers fail only by frac-
ture, linear polymers may fail both by flow and fracture depending upon tP'ze rate
of load application and the temperature. |

At the continuum level, the distinctive characteristics of polymeric solids

may be identified as follows:

(@)  Strong temperature and time dependence of elastic constants.
(b)  Relatively low elastic constants.
(¢) Non-Hookean elasticity.
(d) Viscoelasticity (which gives rise to pronounced mechanical losses during the
cyclic deformation in the elastic range).
Variation in each of the above characteristics may have a significant effect on the
fatigue failure process in polymers.
In addition, there are distinct variations in the degree of non-linearity in
mechanical behaviour of polymeric solids and although the fundamenta! stress analy-
sis of these materials is based upon linear viscoelasticity theories, prior to the

application of the principles of LEFM, the limits of strain and loading time within
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which approximate linearity may be assumed, ought to be identified. In the case
of the thermoplastic materials used in the present study, such limits were cbtained
from the consideration of the room temperature (21°C) isochronous and isometric
data available; see Table (1).

There is a considerable amount of empirical data available as evidence of the
possibility of application of LEFM concepts in the analysis and characterisation of
the fracture and fatigue failure processes in polymers. Glassy polymeré such as
PMMA, PC and Polystyrene (PS) as well as semicrystalline thermoplastics such as
rigid Polyvinylchloride (PVC), Nylon and Polyacetal (PA), together with most
thermosetting polymers and other highly crystal,vline materials can be studied in terms
of the LEFM concepts; (Boogart and Turner, 1963; Hertzberg et al., 1968;
Andrews, 1968 and 19694; Mukherjee et al., 1969; Key et al., 1948). |

However, elastomers and soft crystalline polymers, such as Polyethylene (PE),
and anisotropic polymers, such as fibres and films, deviate strongly from liﬁear
behaviour in elastic range and thus prohibit the application of any theory which is
based upon classical elasticity concepts and infinitesimal strain assumptions.

Hence it may be stated that at least for the case of materials enumerated
above, all aspects of the fundamental concepts of the LEFM techniques (Section
2.1) can, within the limits discussed, be equally applied to the polymeric materials;
with realization of the fact that some parameters, such as the fracture energy term
y* and the plane-strain fracture toughness, ch, may r;spond in a manner differ-
ent from the case of metals when important factors such as strain rate, temperature
and structural properties are modified.

Quantitative studies of the above phenomena have been relatively scarce.
Increase in the fracture toughness of PMMA with increasing crack speed and with a

rise in the molecular weight of the material was demonstroted by Berry (1964),
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Radon (1971) reported a set of data to relate the variation of the K, . parameter in

ic
PVC as a function of temperature and load rate.  Key et al. (1968) measured the
fracture toughness of PMMA and PS under various load rates and temperatures.

From a general consideration of the data referred to above, the following
comments on some aspects of polymer fracture may be made:

The fracture surface energy (and hence the fracture toughness value) in poly-
mers increases as the following steps are taken:

Reduction of temperature; increase in crack velocity; increase in molecular
weight of the material; increase in the angle between the molecular orientation
direction and the crack inclination (maximum when angle = 7 /2), Well docu-
mented exposiﬁons.of various aspects of fracture of polymers may be found in Rosen
(1964), Lindsey (1967) and Andrews (19€8).

The crack tip plastic deformation associated with fracture has also been
studied in some materials. For example, Brinson (1970) showed the possibility of
applicqtio.nvof thé Dugdale (1960) model of plastic flow, to the fracture process in
PC material. The crack tip deformation has been more extensively studied for
PMMA, often using optical interference techniques (Theocaris, 1970). The general
problem of craze growth ~ i.e. local yielding not necessarily at the tip of a crack -
has also been studied using the LEFM concepts. An aspect of craze formation pro-
cess, particularly useful in the discussion of local yielding during fatigue crack pro=~
pagation process,is the time and strain dependency of craze size. From the studies
of Kambour (1968) and LeGrand (1969) the following conclusions have emerged:

A critical stress (or strain) and time limit controls the craze formation process;
i.e. with a smaller strain a longer loading time will be necessary to develop a
craze of a specific size. The importance of this phenomenon in relation t.o frequency

dependence of fatigue failure will be discussed in Chapter 6.
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There have also been a number of attempts to develop theoretical models for
fracture of viscoelastic solids. Evidence presented by Berry (1961) on PMMA and
PC indicates the existence of a submicroscopic flaw which satisfies the Griffith
criterion for fracture. Thus, based upon an energy balance concept, the theoretical
formulation (Williams, 1962 and 1965; Knauss and Dietman, 1970; Wnuk and
Knauss, 1970; Mueller, 1971) provide solutions for the onset of fast fracture in
polymeric solids under various loading conditicns. These solutions creAinevitcbl);
in terms of the mechanical properties of the material. Hence, except in a few
cases, the paucity of accurate and comprehensive data on structural properties and
physical behaviour of polymers has severely limited the extent to which comparisons
of the analytical solutions with the test data could be carried out. Thus such
theoretical solutions, irrespective of their apparent success, should be regarded as

attempts to explore certain concepts rather than as definitive statements.

2.3 Application of the LEFM Principles to Fatigue Failure Analysis:

In Section 1.1, in the discussion of the various techniques of fatigue failure
analysis, the specific advantages of the use of LEFM concepts were referred to.
In the conventional fatigue design theories, the energy required to initiate crack
propagation was not considered and hence the ability to prevent the growth of a
crack was severely limited. Fracture mechanics concepts treat this energy as well
as taking into account the effects of such parameters on the component geometry.
The continuum models of failure all aim at the provision of a quantitative
tool to aid the designer. Hence while it must be ascertained that such models have
a sound physical basis, they must also be in a relatively simple form and contain

only the field parameters of the system which would be easily available. Considera=~
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tion of the vast variety in the composition and the microstructural characteristics of
actual materials, the diversity in geometry, loading conditions and the environment,
clearly indicates that search for a general and unified model of failure applicable to
all materials will, at present, probably be a futile task. Hence the great quantity
of empirical data on the fatigue crack growth rate in metals under various 'loading
conditions. However, in the case of polymeric materials, such data are scarce
and, as yet, no comprehensive study of the cyclic crack propagation phenomena in
these materials has been carried out.  As one of thé main purposes of the present
study is to develop an empirical model for the prediction of the cyclic crack growth
rates in polymers, models presently available fbr metals and their possible applica-

bility to polymers will be surveyed in the following section.

2.3.1  Empirical analysis of the cyclic crack propagation process:

The output from the vast quantity of experimental studies of the fatigue crack
propagation process, has been in the form of a specific relationship between the
crack length, a, and the number of cycles, N. In all crack growth models, it has

been assumed that da/dN  (hereafter abbreviated to a which is the cyclic .

9
increcse in crack length, is a continuous function of suéh variables as the external
load, geometrical dimensions and material properties.

As mentioned in Section 1.1, the first cyclic crack growth equation of this
type was proposed by Head (1953) in the form of a rather complex relationship
between stress levels and the crack lengtl-;. The model contained the idea of a
plastic element at the crack tip surrounded by an elastic continuum. The com-

plexity of determination of the size of the plastic particle was the main disadvantage

of Head's equation.
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At a later stage, a growth model was proposed by Frost and Dugdale (1958)
which indicated a direct correlation between éN, crack length and the applied
stress to the power three. A similar model was proposed by Liu (1961) re}oting
éN to a in the following form:
= Fa - (2.18)
where F was a function of the alternating and the mean stress levels; i.e.

= a g :
F = F o m) (2.19)

Equation (2.18) can thus be put in the more general form of:

éN = ¢ (00, o a) | (2.20)
However, the initial introduction of the LEFM concepts to the analysis of the
cyclic crack propagation process is attributed to Paris (1963) who proposed that
since the elastic stress field and the plastic deformation in the vicin.ity of the crack
tip can be chcrc<_:ferised by the stress intensity factor (KI, for in-plane extension
mode), the rate of crack propagation should be some function of KI' Subsequently

the analysis of zero-tension test data on an aluminium alloy resulted in an expres-

sion of the following form:

ay = C k)™ (2.21)

where AK= K - K . ; C is anumerical parameter dependent upon
max  min
material properties and testing conditions and m is a numerical index. Both C
and m have to be determined by empirical methods.

In a review of the crack propagation models available at the time, Paris and

Erdogan (1963) - and in the discussion of this review by McEvily - it was pointed

out that the cyclic rate of fatigue crack propagation is proportional to a term
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= 6 (02" Q" 2.2

c.IN
Similar formulations have been independeﬁfly arrived at by Mclintock (1962,
1965) and Schijive(1961). Thus equation (2.21) is a special case of equation
(2.22). McEvily in the discussion of Paris and Erdogan (1963) also pointed out that
equation (2.21) did not apply very occu;'otely to the test data obtoined on some
copper alloys. He argued that the growth rate would be proportional to the energy
stored in the plastic zone; and since the quantity of this energy is related to KIZ,

then
= pK? (2.23)

where b is a measure of plastic zone size. Thus depending on the exact
nature of b (e.g. with small scale yielding b = Klz), éN may be proportional
to K2 raised to a power not necessdrily equal o 2 as suggested by Paris (1963).
Thus, the main objection to the form of equc:ﬁ.on (2.21) is that the effect of mean
level of stress in’rénsity factor, Km, is not catered for and as will be shown later,
this parameter may have a significant influence on the rate of crack growth.

The crack propagation models discussed above, do not include, in an explicit

form, the effect of frequency variation on c':N parameter.

(A) The effect of mean load on éN:

The criterion for crack growth rate prediction has been considerably developed
since the initial formulation of equation (2.21) by Paris (1963). A wide range of
experimental studies of the effect of the mean stress on the rate of crack propagation
in a number of materials have demonsirated that in a lot of cases, simple correlation
with the range of variation of stress {or K) will not yield an accurate prediction of

6N. (Broek ond Schijive, 1963; Frost, 1966; Roberts and Erdogan, 1967; Taira
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and Abe, 1969 and Frost and Greenan, 1970).

Roberts and Erdogan (1967) proposed that the rate of fatigue crack propagation
is probably more fundamentally related to the si‘ze of the plastic zone ahead and in
the plane of the fatigue crack. Their analysis lead to the conclusion that the level
of Kmax reached in a loading cycle must be given a more prominent part in the
formulation of a crack propagation law, instead of the use of the term 4K as in
equation (2.21).  The effect of variation in Krn was also recognised. = Thus a

modified crack propagation equation was proposed:

a. =CKP

q
N ST | (2.24)

From fatigue testing in tension and bending of Al-alloys (2024-T3) and
(7075-T6). They found that p =q =2,

The effect on éN of variations in mean stress was investigated by Broek and
c 4 ) -

Schijive (1963) using a parameter R = mn ; Forman et al. (1967) proposed a
% max

crack propagation equation which included the term R explicitly and also incor-

porated the conditions of fast fracture as chx approached KIC in a particular

loading programme; thus:

c(ak)™

a, = _
N (]—R)KC aAK

(2.25)

C and m have to be determined empirically, for a material under specific
loading conditions.

Both equations (2.24) and (2.25) have been examined by a number of investi-
gators (e.g. Hudson, 1969 with data on high strength aluminium alloys and Crooker
and Lange, 1968 with data on high strength steels), and reasonable success was
achieved in fitting the empirical data to these models of crack growth; except for

equation (2.24) when correlated with the test data at the high growth rates (above
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5x10"° in/cycle) in (7075-T6) aluminium alloy (Hudson 1969).
The influence of the load ratio R, was also examined by Pearson (1972), on
six aluminium alloys of low and high fracture toughness and it was confirmed that

the magnitude of a,, increases as the level of R is raised for alloys with relatively

N

lower fracture toughness while R has a relatively smaller influence on a

N in high
fracture toughness alloys.
Equation (2.25) was modified by Roberts and Kibler (]9716) such that a term

called the effective stress intensity factor, Ke' was introduced. Denoting the

stress intensity factors in tension and bending as Kt and Kb' Ke was defined as:

Ke = Kt for plane extension
K, = Kb/2 for bending
Ke = Kt + (Kb/2) for combined loading and extension.

And thus the modified equation took the form:

. . CO+D)(sKe)?
N~ K- T+D)aK,

(2.26)

where C and D are constants to be determined empirically'.
One difficulty which may arise in the application of equation (2.25 or 2.26)

for rate sensitive materials at a particular loading frequency, is the availability of

(or K as a function of load rate; as K

data on parameter K may undergo

C IC) IC
substantial changes‘ when loading rate is varied. In some metals, when the data
over a range of frequencies are being analysed, an average value for KIC paramefer
must be used (Bucci, 1970).

The numericul parameters C and m in the above crack propagation laws

have to be accurately determined for each material under specific conditions. There

have been a number of attempts to analyse the nature of dependency of these para-
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meters on material properties (e.g. Yokobori, 1969, 1971). MeclLintock (1966)
showed that C is a function of the ultimate sfre.ngth, the Young's modulus and the
fracture strain. However, as yet there is no generally acceptable analytical method
of determination of this parameter.

As far as the power law index m is concerned, a considerable amount of test
data on various metals point to a value of m = 4, However, it is also recognised
that the value of m may change considerably as a function of variations in loading
conditions such as frequency (for rate sensitive materials), environmental conditions
and alse the range of applied stress. Barsom (1971a) discussed some fatigue data
on steel in which a logarithmic plot of 6N aéoinsf AK, yielded three distinct
regions of varying slope, m. The middle range was the region for which most of
the usual fatigue data are obtained. It was also proposed that the rise in m,
under specified loading conditions, was due to the combined contributions of a duc-
tile tear and a cyclic damage type of growth . It was further indicated that the on-
set of the transition in most metals is associated with the level of COD reachirg a
value of approximately 1.68 * 10~ *inch. The transition of growth rates has also
been observed by Clark (1968) and Pearson (1972). The value of index m will
also change if there is a significant variation in the degree of ductility of a material;
for example, if the material exhibits a high degree of brittleness under higher load

rates (or loading frequencies), m will have a higher value, Miller (1968).

(B)  Crack tip plastic zone size and the COD as criteria for crack propagation:

Crack propagation models based on the stress intensity factor variation do not,
in general, throw much light on the nature of the mechanism responsible for the
propagation of fatigue cracks. There have been a few attempts to relate the rate

of crack propagation to the crack tip plastic deformation process - as a consequence

of which the fatigue crack propagates - (Paris, 1963; McEvily et al., 1963; von
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Jacoby and Cramer, 1968). Rice's (1967) model of plastic yielding and Johnson
and Paris's (1968) analysis of the deformation zone, as it passes through a cycle of
loading and unloading, resulted in the following relationship for the determination

of the extent of deformation:

w, = K2 (2.27)

dd 2u(20 )?
yP

This relationship was subsequently presented as a justification for the use of
the crack growth model, equation (2.21). However, the extent of accurate informa-
tion on the nature of the cyclic; crack tip deformation is af present very limited and
hence it has not been possible to use, in an explicit and direct form, the crack tip
plastic zone size as a criterion for prediction of crack growth rate.

Closely related to the plasticity aspects of crack tip stress field, is the con-
cept of crack opening displacement (COD). It is now possible to measure this
parameter fcirly accurately and hence a numb.ef of attempts have been made to
develop a cri terién for cyclic crack growth rate prediction based upon the COD
parameter, denoted by 8; Mclintock and Pelloux (1968); Hall and

Shah (1971) and Dover (1972). The crack growth equation used was of the form:
=c " (2.28)

Use of the plastic zone and COD in empirical models of fatigue crack propa-

gation will be furthér discussed in Chapter 6.

2.3.2 Some comments on the crack growth initiction process :

The concepts of LEFM have in general been applied to the characterisation of
the process of crack propagation and thus comparatively little effort has been devoted

to the analysis of the crack growth initiation process. It is thought desirable to con-
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sider at this stage, some of the parameters which influence the cyclic initiation life,
Ni' as an aid to the discussion, in Chapters 4 and 6, of the proposed theoretical
‘mefhod for prediction of Ni' |

Nakozawa et al. (1969) studies on carbon steel (S35C) and Jack and Price
(1970) analysis, showed a decrease in the value of Ni as the level of the applied
mean stress was raised. Frost and Dugdale (1958) performed similor studies on non-
propagating cracks in mild stgel; and Bilby and Heald (1968) used a plastic relaxa-
tion model to develop an expression reloﬁng Ni term to the level of stress inten=-
| sity factor.

Nemec (19700 opproach in deve|0ping the notion that the first stage of
failure process occurs in the thin surface layer of the body, resulted in a relation=-

ship of the form:

N, « 22 4(5 ) o (2.29)
] EG ef )

where q isa measure of average grain size and cef is given by the locol effective
cyclic stressing in the notch root region. The higher the value of Y the lower
the value of Ni will be.

o( cef) in the above equation will include the effects of such elements as
the notch root-radius and the quality of surface.

Jack & Price (1970) results on mild steel showed that, ot a particular level
of applied stress, Ni was independent of crack tip radius, p, up to a value of
p = 0.01 in (= 0.25mm). This limiting value of p was found to be inde-
pendent of crack length (or notch depth), a, ond the stress level. Data from
tests with notch root radius greater than the above value, indicated an increase in
Ni as p increased, the approximate relationship being Ni « p2. Aplot of

Ni against A K values used in the above report for specimens of various width and
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thickness values, resuited in a linear distribution with a slope approximately equal
to ~1/4, indicating that for the range studied:
]

N, « | (2.31)
' (8K)*

Unfortunately there is no other information of similar nature available at pre=
sent and hence further examination of a relationship such as equation (2.31) is not
possible.  One difficulty in obtaining data on initiation of crack growth has beeﬁ
the problem associcted with the accurate measurement of the crack length and the
onset of growth. .

It is pertinent at this point to make a briéf comment on the possibility of the
presence of loading situations in which Ni acquires an infinite value, i.e. a
‘threshold’ level for the applied stress intensity factor. In corrosion fatigue tests
such a threshold does exist, denoted by KISCC (Barsom 1971b, Bucci 1970). The
case of fatigue in air is discussed by Johnson and Paris (1968) and it is suggested that
for some materials no threshold value can be found. However, Tetelman and
McEvily (1967) argued that it is more appropriate to use equation (2.21) in a modi-
fied form, such as: _

G, = CK__-Kk)" 2.32)
N max O
where Ko is the 'threshold' stress intensity below which nol growth will occur.
Adams (1970) observed a threshold value in tests of high strength steels.  Similar

conclusions have been drawn by Weibull (1963) and Klesnil and Lukas (1972).

46



2.4 Appiication of Empirical Laws to Fatigue Crack Propagation in Polymeric

Materials

Development of empirical models for cyclic failure of polymeric materials has
progressed along two conceptually similar, although mathematically different,
paths. One approach which has initially, and mainly, been used in the study of
elastomers is based on an energy concept; the other has been the direct application
of empirical models discussed in the previous section, using the concept of stress
intensity factor.

The development of a modified form of Griffith's (1921) fracture energy cri-
terion as the tearing energy concept in rubbers. (Rivlin and Thomas 1953) in which
the strain energy density within the body and the iength of cracks are used as the
main parameters influencing the failure mechanism, have been successfully extended
to the case of cyclic failure in elastomers (Gent et al., 1964; Lake and Lindley,
1964). Empirical data has shown that the cyclic rate of crack growth could be

related to the tearing energy, J, through a relationship of the form:

N BT | - (2.33)
where J' = ¢(strain energy density and cut length), B is the crack growth
constant; and n was found to be equal to 4 in tests on SBR but had a value of 2
for natural rubbers.  Investigations also showed that B was an inverse function of
the loading frequency; éN decreased with increasing frequency.
Concepts such as the stress intensity factor, which is based on the assumption
of linear elastic behaviour, can not be applied to elastomers, or indeed to any other
polymeric material which behaves in a highly non-linear manner. Andrews and

Walker's (1971) study of fatigue crack growth in polyethylene is thus based upon a

similar criterion as equation (2.33). It is interesting that in the logarithmic plots
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of éN against J, from data on polyethylene, regions of varying slope were
observed (similar to the case of metals discussed‘previously).

Andrews aind Walker (1971) attribute the transition region in PE data to a
change from quasi-brittle to ductile fracture. The exact position of the transition
region was said to be a function of stress and temperature. Waters (1966) Adlso
used equation (2.33) to study the process of cyclic crack propagation in a brittle
thermoplastic, PMMA. However, experimental results of Watts and Burns (1967)
and Borduas et al. (1968) showed that the LEFM concepts could successfully be
applied to the study of crack growth process in PMMA. These two reports and also
that of Mukherjee et al. (1969) which deals wiﬂ-n PMMA and PC were devoted to
the study of the applicability to these materials of the crack propagation law, equa-
tion (2.21),

Tests were carried out under constant cyclic stress intensity factor conditions,
in zero-tensi;)n loading. Both Borduas et al. (1968) and Mukherjee et al. (1969)
tested specimens of different thicknesses and found no deviation from the behaviour
predicted by equation (2.21). Mukherjee found the value of index m in this
equation, to be approximately equal to 5.1 for PC and 3.6 4.6 for PMMA.,

These tests were performed at a loading frequency of 0.5 Hz. von Jacoby and
Cramer (1968) in a study of fatigue failure of.pol‘yccrbondte also showed that a
growth model in the form of equation (2.21) could be used in characterisation of
the fatigue failure process.

Studies of simildrv nature (i.e. the attempt to relate the macroscopic cyclic
crack growth rate to the stress intensity factor was carried out on Nylon 6.6 by

Hertzberg et al. (1970) whose work also included investigation of the behaviour of

PMMA, PC and low density polyethylene.
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From the foregoing discussion it is evident that fatigue failure studies of poly-
meric materials, using the LEFM principles, have been carried out in a limited and
basically exploratory manner. However, it has; been shown that at least for some
polymeric solids, the LEFM concepts can be applied as useful tools in the analysis
and characterisation of the fatigue failure process. The experimental research pro-
gramme, to be discussed in Chapters 5 and 6, has been aimed at the study of the
effects of parameters such as the range and the mean level of the stress intensity
factor (denoted by AK and Km) as »well as frequency and temperature, so as to
enable the development of a model for the prediction of the cyclic rate of crack

propagation in thermoplastic materials.

49



CHAPTER THREE

-STRUCTURAL PROPERTIES OF POLYMERS AND THEIR INFLUENCE ON THE

FATIGUE FAILURE PROCESS

In this chapter some aspects of theories of linear viscoelasticity relévant to
cyclic loading process are considered. The importance of identification of the
degree of non-linearity in mechanical properties of polymers and the effects of
relaxation and creep processes are discussed. The physical nature of the cyclic
hysteresis energy and its dependence on loading frequency and temperature are des-
cribed. The role of molecular parameters, such as the degree of crysta“inlify and

orientation, in determining the mechanical behaviour of polymers is indicated.

3.1 The Extent of Linearity in Mechanical Behaviour of Viscoelastic Materials :

In an earlier discussion (Chapter 2), it was indicated that the approximate
limits of Iinearif’y in mechanical behaviour of viscoelastic material must be identi-
fied prior to the application of methods of stress analysis based upen linear elasricity.
theories.

Linear viscoelasticity implies that, at any instant, the magnitude of a time
dependent response is directly proportional to the magnitude of the applied time
dependent input. Linear viscoelasticity is a typical property of the polymeric
materials which have constant structural formation within the time span of a loading
operation; and the non-linear behaviour, ébserved at higher siress and deformation
levels, is associated with structural changes in polymers.

For linear materials, it is sufficient to specify the mechanical response of the

material by defining a parameter such as the creep compliance function and the
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linear relationship between the stress and strain permits the prediction of the beha-
viour of the material under any type of external loading pattern through the applica-
tion of the Boltzman superposition principle (Ferry, 1970). Such a superposition
technique cannot be utilised in characterisation of non-linear behaviour (Sharma
and Sen, 1965).

In the present study the limits of loading time and stress level below which
approximate linear behaviour may be assumed, were identified from the considera-
tion of isochronous and isometric data at room temperature (Ogorkiewicz, 1971);

see Table (1).

3.2 Relaxation and Creep Behaviour = Determination of the Glassy and the

Rubbery Moduli

The constitutive equations for viscoelastic solids are formulated in terms of
fuqctions representing the cumulative influence of time. The stress relaxation and
creep phenomena in these materials are described by time dependent moduli relating
‘the instantaneous value of strain to the stress level. Ferry (1970) and Williams
(1964) provide excellent discussions of the time dependent mechanisms and their
specific role in influencing the mechanical behaviour of polymeric solids.

‘As an accurate realisation of the phenomenological aspects of the behaviour
of polymers under cyclic loading conditions requires a knowledge of such parameters
as the relaxation modulus and the frequency dependent loss modulus, etc., the speci-
fic characteristics of such elements will be briefly discussed.

The "mechanical” modulus of polymers is defined as the complex sum of a
storage component, E', and a loss component, E". E' being controlled mainly by

the motion of the molecular chain backbone and E" by the movement of the chain

51



side groups. Hence the complex modulus is defined as
E* = E'+iE" : (3.1

There have been numerous attempts to investigate the variation in the magni-
tudes of E' and E" as afunction of changes in time and temperature, Ferry (1970)
and Williams et al. (1955). In studies of the mechanical behaviour it is essential
that this type of information is available.

The relaxation spectra for these materials have been described through analyti-
cal formulations which include the glassy (or short time) value, Eg, and the
rubbery (or long time) value, Ee . The glassy modulus is, thus, associated with
loﬁding situations in which the effects of viscosity are largely suppressed.

The specific form of the functions characterising the relaxation and creep
spectra depends on the assumed structural model for the viscoelastic material.  For
example, for a three element model (spring and dashpot in parallel, in series with
am’:ther spring) also called the single relaxation time model, the time dependent
modulus is defined as:

E -E

=F - 9 ¢
E(t) Eg . .*_)“ (3.2)

and the creep compliance function is:

D -D
D,,=D + —98

—_— (3.3)
(1) e 1+ ‘f:)n

where 1 is the relaxation time and n is obtained from the slope of D(f) (or E(H))
against time graph.

Schapery (1964) has proposed a more general formulation of the above equa-
tions, which thus is independent of the specific choice of the basic mode! used for
material characterisation:
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E(r) = E +ZEie | (3.4)

and t

Dy = Dg -ZD; e ! - (3.5

For the case of a simple, single relaxation time, model

D. =D -D | (3.6)

i e g
and thus
D -D
Dy = D - _3671_9 - (3.7)

These simplified equations will be used in the theoretical analysis of the failure
process, discussed in Chapter 4.

For most thermoplastic materials, room temperature values of .Eg and Ee
parameters have not yet been determined. The dearth of such data is mainly due to
the inherent difficulty of obtaining empirical data at the two extremes of the experi-
mental time scale. Eg values have to be determined from measurements at very
short times (much lower than 0.1 second) so as to prohibit the experience of the
effect of viscous deformation of the material; and accurate measurement of the Ee
values may require years as the appropriate length of the experimentation period.

A soluﬁ’on to this practical problem seems to be the use of time-temperature
superposition principle. However, the use of such methods should be combined
with a check on the possibility of performing a time-temperature shift, Williams et
al. (1955), for a specific material. In contrast to elastomers, it has not been
possible to carry out this type of analysis on some thermoplastic materials due to
presence of non-linearity in mechanical behaviour, Ferry (1970). However, it is

clear that through such studies, it will be possible to obtain good approximations to
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the values of Eg and Ee parameters; see also Chapter 5 in which a method for the
measurement of Eg parameter is fully described.. Briefly, in order to obtain the
value of Eg (= —]5-) a test programme was devised to measure this modulus by per-
forming a range ofgdeformation tests at a temperature of ~197°C.  Through this
approach it was hoped that the viscous elements would be "frozen" and hence a

value for the modulus associated with negligible viscosity (or short times) would be

obtained.

3.3 Cyclic Viscous Energy and Its Dependence on Frequency and Temperature:

Under cyclic loading conditions, a part of the total input energy is dissipated
in viscous deformation. Th¢ magnitude of this 'lost' energy, Wv' is dependent
upon the specific value of E", the loss component of the complex modulus, which
itself is a function of disturbance frequency and temperature of the environment.
Calculatien of Wv in terms of loading pcram.eters is important as: (a) it influences
the magnitude of the energy available for crack propagation, and (b) it is a measure
of the internal temperature rise due to viscous deformation. = Williams (1964) has
provided a solution for determination of Wv in terms of the ratio E"/E' (usually.
denoted by tan §, called the loss tangent). The following analysis is provided so
as to demonstrate the effect of the mean stress, Om

Let the stress cycle have the form:

6 =0 + o sin wt (3.8)
m a

where o and o, are the mean level and the amplitude of the applied

stress cycle and w is the circular frequency.

For a unit volume the viscous energy Wv , absorbed per cycle of load applica-

tion, will be
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W = / oM &M dt 4 (3.9)

where T* is the periodic time and & is the strain rate; ¢" and &" are the

quadrature components of o and  é&.

27 1
*— — D e—
T f
and
o" = E"e' (3.10)
also
é" = mg,— =4 e ' (3.11)
Thus:
W, = - v BT . f (3.12)
El +Ell
or
Wv = ‘:E - f [0 -t-0 sinwt ] dt
El +Ell

‘and, from equation (3.1)

w

)

v . [20 2 4+ 2] per cycle (3.13)
E*

(A)  The effect of frequency:

Equation (3.12) shows the interdependence of Wv and E" terms. However.,
in order to realise the effect of a change in frequency on the magnitude of Wv' it
is necessary to study the nature of variation in E" as a function of frequency. E"
has a low value at the two extremes of the frequency range, a behaviour for which
the following explanation in terms of the molecular kinetics concepts may be offered.

When the frequency is low, the retarded elasticity component of deformation
can fully develop within the time scale of stressing and the static loading conditions
will be approximated; hence E' and E" parameters will both have small values.

However, when the frequency is increased to an intermediate level (say w= — =4 ,
’ T. m
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where 1 is the reloxation time and W is the value of frequency at which maxi-
mum relaxation occurs) the polymer chains do not have time to uncoil to their
equilibrium state during the period of stress application. This means that the ampli-
tude of deformation will be decreased. Thus if failure is to occur at a certain cri-
tical level of strain accumulation, then at higher frequencies, the number of load
cycles required for the development of a critical sirain will be larger than that for
low frequencies (Williams, 1967).

Evidently, E" peaks can be established for a material at various temperatures.
Depending on which side of the maximum point (corresponding to the so-called
resonance frequency level) one chooses a test range, the effect of frequency varia-
tion on the term Wv’ and hence on the level of available energy for crack exten-
sion, will be different.

Assuming that the tests are carried out to the left of the E" peak, for example,
increasing frequency will result in a gradual increase in E" and hence a higher
value of Wv will prevail.

To summarise, the energy loss occurs if the circumstances are such that all
input elastic strain energy can not be recovered. At low frequencies because of the
possibility For‘ molecular chains to rearrange faster than the stress variation, the
strain energy is almost completely recovered (Lord ar;d Wetton, 1961); and at very
high frequencies, due to the short loading time the viscous deformation (molecular
rearrangement) can not take place in an exi’ensiveA manner, and the material beha-
viour will approach the elastic conditions. In both cases the energy loss (and E")
will have a small value.

Finally, in real materials more than one peak may be observed in E" - f

distributions.  The discussion in the following section will deal with the specific
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nature of these maximum loss situations.

(B)  The effect of temperature:

As a direct consequence of the temperature dependenvce of mechanical beha-
viour, it is essential that the influence of temperature variations on E" and w
parameters be established prior to the application of a relationship such as equation
(3.13).

It has been shown thaf- an increase in temperature causes a displacement of the
loss modulus maxima towards a higher frequency (Ferry, 1970), confirming the relax-
ation origin of these peaks. Thus the effect of temperature may be simply exempli~-
fied by its influence on relaxation time,’ T

From the transition state theory, for small strains:

w
m

r = —— = C explUy/RT) - (3.13)
where Uois the activation energy

R, is the gas constant

T is the absolute temperature

Plank's Constant
2(Boltzman's Constant x Absolute temperature) *

and "~ C isequal to:

Parameter C may be treated as a constant over a certain range of temperature.
Thus, T will be large at low temperatures and it will have a small value at
high temperatures. The arguments presented in the preceding section in terms of
frequency dependence of E" ond E' can be rephrased for the description of the
effect of temperature. With the same reasoning, E" will have a small value under
the temperature conditions in which the molecular cﬁain mobility is highly restricted.
The existance of local mobility in molecular chains has been confirmed from

the empirical studies of the dynamic properties of polymers. It has been shown that
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several maxima are obtained in the temperature-loss modulus distributions. These
maxima, caused by the absorption of energy during the rotation of small kinetic
units, are called the o, 8, vy, § etc. peaks in a descending order of tempe rature
level. The o transition occurs at very high temperatures and it is associated with
crystallite melting. The B transition occurs around the glass transition témperature
region; hence the cyclic loading studies performed at room temperature (such as the
one discussed in Chapter 5) are associated withy and & peaks. It is thus esseﬁ-
tial to ascertain the frequency levels at which the peaks occur in order to be able
to determine the position of a specific range of test frequency and hence predict the

expected trend of variation of E" with frequency.

(C)  The influence of molecular parameters:

éxperimenrul studies of the parameters associated with the chemical structure
of polymers have shown that the mechanical behaviour of these materials moy‘be
significantly influenced by the variations in parameters such as the molecular orien~
tation, the degree of crystallinity, the molecular weight, the monomer friction co-
efficient, etc. Williams and Kelly (1970) have provided ¢ useful summary of the
data relating the effects of some of the parameters associated with the molecular
structure, on the magnitudes of properties such as the loss and the storage moduli.

It is anticipated that a higher degree of molecular chains cross-linking and
material crystallinity will result in a rise in the value of the complex modulus. The
empirical data also indicate that the storage and loss moduli will be independent of
the variations in the molecular weight if it exceeds a certain levei for a specific
material, (e.g. approximately 10“ for polystyrene).

The anisotropy introduced as a result of molecular chains orientation will have

obvious effects on the mechanical properties of a polymer. In an extruded sheet,
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for example, there will be a large degree of orientation along the direction of extru-
sion and the material will exhibit a higher strength in that direction, Hsiao (1964).
This effect has be.en studied under fatigue failure conditions and will be discussed in
Chapters 5 and 6.

As a subsidiary part of the present studies, an attempt was made to deveIOp a
molecular rupture criterion for the prediction of failure of polymeric solids, so as to
enable the quolifdtive analysis of the relative effects of the various pafamefers asso-

ciated with the molecular bond dissociation process. This analysis is presented in

Appendix (A).
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CHAPTER FOUR

DEVELOPMENT OF AN ANALYTICAL SOLUTION FOR THE DETERMINATION OF

THE CYCLIC INITIATION PERIOD IN VISCOELASTIC SOLIDS

4.1 Introduction

Closed form solutions for the problem of failure in polymeric materials under
cyclic loading conditions are very rare. Indeed, only the contributions of
Williams (1967) and Yokobori (1969) can be referred to in this context. = Yokokori
(1969) analysis was based on chemical structural properties of the material and
utilised the dissociation rate theory (see also Appendix A); and Williams (1967)
analysed the special case of the cyclic growth of a spherical flaw under repeated
hydrostatic tension loading. The application of the former approach has been
limited due to the complexity of the solution and also the scarcity .of the réquired
data on basic material properties. The latter approach was based upen the energy
balance at the continuum level, and enables, at least, the direct calculation, for
the special case treated, of the cumulative flaw growth without the semi empirical
fitting of experimental data.

Andrews and Walker (1971) also, have proposed a solution hased upon the
magnitudes of the transformed energy components in cyclic loading, so as to sub-
stantiate the use of the tearing energy concept in the analysis of the fatigue failure
process in polyethylene. However, this particular solution does not include the
effects of such parameters as the relaxation modulus or the creep compliance of the
material. For polymers, a fundamental analysis of the cyclic damage process must
be explicitly in terms of the time dependent properties of the material. Hence, in

the method of analysis presented here the effects of such properties will be considered.



The procedure is based upon the total energy balance approach to failure, proposed
by Cherepanov (1967, 1968) dealing initially with the conditions of monotonic
fracture.

Cherevpanov's approach to the analysis of fracture of solids is by far one of
the most rigorous techniques available at present. It treats the failure phenomenon
as a consequence of the achievement of limiting conditions arrived at through the
disturbance of the balance between the internal energies of the systemvcnd the e>;-
ternal energies imposed upon it. The only assumption, in relation to material
characteristics, is conﬁnufty of the medium. Consequently it is possible to treat
elastic- plastic or viscoelastic materials through the same general approach. Deri-
vation by Cherepanov (1968) of the limiting conditions for fracture of viscoelastic
solids will be briefly described for the sake of completeness. This analysis will
then be combined with the contributions of Williams (1965, 1971) to develop a solu-
tion for the determination of the cyclic crack growth initiation life in viscoelastic

solids.

4.2 A Summary of Cherepanov's Approach to Failure Analysis:

From consideration of the general case of a crack in a semi-infinite plate
subjected to uniform loading at infinity, and assuming that in the near field of the
crack tip some physical law relating the parameters of the medium and their funda-
mental time and spatial characteristics exists, Cherepahov (1968) formulated the con-

ditions of total energy balance in a small region at the crack tip:

;A+(.§=l'5k+\/.v+1.1 “4.1)

where

A is the work of body surface tractions on the boundary of the local zone
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Q  is the coniribution of the input thermal energy

Ek is the kinetic energy term

W is the internal energy
and 1 is the energy for surface extension

(Superfix 'dot' signifies differentiation with respect to time).

Subsequently, the conditions of criticality were derived for a fixed crack in an
elastic medium which, neglecting the contributions of the kinetic eneré)' term (for a

stable crack) and the body forces, takes the form:

+o

R f (B, cose =~A,) do = 2y* | (4.2)
-7
where
B, =f° de + o0 de +2t de 4.3)
x x ¥y Yy Xy Xy _
and o
. U . 3V
= -_— ) 8y
A, (cx cosB+t  sin e)Bx + (Gysm +Txy cos )Bx 4.4)

y * is the ;urface energy term and R is the radius of the small zone under
consideration.

The equation (4.2) above was then suitably modified so as to be applicable to
the specific case of solid bodies with time dependent mechanical properties. In this
type of materials, the stress and strain values will be related through cumulative time
operators.

Thus by substitution of the time dependent parameters and also converting the
stress and crack length terms into the stress intensity parameter, K, the following

equation, representing the criticality conditions in viscoelastic solids was obtained:

an '—El(tl’)(—')- Kdt + % %[uv(ﬂ K = 2y* 4.5)
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For which a limit check, as t 5 0, yields:
E .Y* = TK?2 . (4.6)

i.e. Irwin's limiting conditions for brittle cracks in plane stress.
The stress intensity factor in the above equation can be related to an external
loading system of arbitrary form (step, ramp, sinusoidal, etc.). In the present case

a sinusoidal stress function will be used.

4.3 Determination of the Cyclic Iﬁifiation Life, Ni:

4.3.1  The crack growth initiation process:

In the presence of a flaw in a material, the application of a stress cycle of
appropriofe level will result in an extension of the flaw. In many cases, however,
if the flaw is small enough and the maximum applied stress is below.a certain level,
the component may endure an excessively large number of applied load cycles prior
to the commencement of the macroscopic crack propagation process (Ni may have
an infinite value in some cases - the concept of fatigue endurance).

If, however, the stress intensity factor (combining the initial flaw size and ,
the value of the applied load) is higher than a specified level, after the application
of a finite number of load cycles, Ni' the crack propagation process wiil be ini-
tiated.

A possible criterion for the endurance of Ni cycles prior to the initiation of
growth may be expressed as follows:

Viscoelastic deformation is not in phase and lags behind the applied stress.
For a linear material the strain will follow the stress but with a phase angle. Due to
the concentration of stress in the region of a discontinuity in the material, plastic

flow will take place which may induce non-linearities in the mechanical response of
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the local material. The plastic flow will cause a permanent separation of the
crack faces, and the magnitude of this separation will increase gradually according
to a damage accumulation law which, as will be shown, may be formulated in terms
of the stress intensity factor parameter.

The extent of the permanent deformation continues fo rise until the achieve-
ment of a critical level, when the deformed material at the tip of the crack can no
longer accommodate any further increases in flow and hence rupture results.
Williams (1967) showed that the rate of damage accumulation is a function of the
applied loading frequency. A higher level of frequency results in a shorter initia-

tion life.

4.3.2 A theoretical method for the determination of Ni:

'I;he conditions of limiting stability for a crack in a viscoelastic solid, as
derived by Cherepanov (1968) in the form of equation (4.5), can be exiended to the
case of a material subjected to an external disturbance of cyclic form, in order to
determine the value of the Ni parameter in terms of the stress intensity factor and
the material properties.

The following assumptions are made in order to simplify the analysis:

(a) The creep function is chosen to be of the form (equation 3.6):

1}
O
|
o
Ko}

Dcrp(f) e ext

" where X

De and Dg are the rubbery and the glassy values of the creep compliance

function and 1 is the material relaxation time.



(b) The case of an incompressible material with Poisson's ratio v= % s

considered.

(c) The value of fracture energy term , Y*, is considered to be a constant.

Let the time dependent stress intensity factor be defined as:

K@) = o) y 42 (4.7)

For a crack length of a, under plane strain conditions, and using equations (3.7),
(4.7) and the general equation (4.5), Williams (1965, 1971) derived the following

relationship:

% % ‘}ao , E)Dcr (t-£) 4
o(t)J—-z— [Dg c(t)d‘;+ 5 {o(g) T(f&_—?— dg]: ﬂY*

(4.8)
¢ being a time variable.

If the initiation of growth occurs at t = bt

2 f (" - E’.) 8 ‘Y*
Do fo a(t—t’;). dﬁ—ﬁa: (4.9)

o
in this equation, the stress function 9 (1) can take any form.
With the application of an external disturbance of the form:
o(t) = %0+ O1 sin wt ' (4.10)

where o is the mean level and o) is the amplitude of the stress cycle, equation

(4.9) becomes:
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D [002 + o £sin? mtf+2ooclsin mtf]|+

g
(1) 'f |
-x(t-£)
[00 + o) sin mff][oof X(De - Dg) e f dg] +
t
f (.H) -x(tf-g) .
oy sin (wg) x (De-Dg) e = 3 Lé.o_

o

In the above equation

1 -x(tf- E) tf —xi‘f
() =00 x (D-DJ| e - 90 (D,-D)(1-e )
and t
f -x(tf-i)
an = . /01 sin (W) x (De-Dg)e de =

o
le(De-Dg) [
x2 + _wz

=Xt
xsinwtf-wcos wt.-we

f

Thus (4.11) becomes:

Dg [002 + 01%in2 wff+20001 sinwtf] + [00 + 0, sinwtf]

-xtf °1x(De -D)
{Uo(De'Dg)(]'e ) + — = 9 [xsinwt -

X2+ mz
-xt

f - 8 Y

Lucostutf-we ]} = 3 a3

o

A limit check for t > 0 vyields:

*
» = 8 7 EQ

0" T 37 a

o
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i.e., Irwin's critical stability cenditions for fracture in plane-strain, which is given

%
as K2 = EyT , With the use of assumption (b) above and equation (4.7).
(1 -v2) '
Assuming that the time e corresponds to the completion of Ni laad cycles,
i.e.
wte = 27N, | (4.14)
Equation (4.12) becomes:
, - -’-(-(217 N.)
o U i
Dg og? + aq [oo(De - Dg)(l - ) -
oy x(D_-D) = @rN
1 Ty i *
e 9 (yt+e ')] =%;l- 4.15)
X 2 + m2 qO .
Thus: «
2 2 T (ani)
D 90" +90°(D_-D )0 - -
. ©, - D)(1 - o )
X
0g 01 ,'—(ZTFN') *
x (D -D)[w-l-e ¢ l:l =8 «2 (4.16)
2 e g 3n a

xT + W
This equation represents the general conditions of limiting stability correspond-
ing to a situation in which Ni cycles have been applied.
For the special conditions of minimum stress =0 (i.e. 90 = 91) and also

assuming that the glassy value of the creep compliance is much smaller than the

rubbery value (i.e. D_ << De)' equation (4.16) becomes:

g
"5 @) %" - X (27N,
ae® D 1-¢ "1 - ———— Dy +e © i]
e x2 4+ w2 e
_ 8 y*
= = L (4.17)

o

The above equation can be solved in terms of Ni:

N, = =—=— In(a) (4.18)

i 27X
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where

3n002 a De(x2 + 42+ x)

31 0p2a D (x2 + w2- ux) - 8y *(x2 + 2
0 o e Y

From equation (4.18) an "endurance limit" may be determined (Ni = );

Ni +® a5 A+ ; for which

3n00200 De(x2 + 02~ wx) -8y* (@ +u2) = 0
i.e.
* 2 2
oL S (4.19)
0 3ma D x?2 + w2~ wx ‘ :
o e

And in ferms of the stress intensity factor, using equation (4.7)

' * 2 2
¢ - 4y x4 + w . (4.20)
o 3"De x2 + w2~ wx _

Hence for a certain material with specified values of De' Y* and x, sub-

jected to a loading frequency of @, the cyclic crack extension will be avoided if
the level of the stress intensity factor is chosen to be less than that of Ko.

The above results will be compared with some experimental data in Chapter 6.

4.4 Analysis of the crack propagation process:

An attempt was made to extend the above analysis to the study of the process
of cyclic crack propagation. However, the outcome of this second stage in the |
theoretical characterisation of the fatigue failure process in viscoelastic solids indi-
cated that in the absence of some modifications to the assumed (simplified) energy
conservation relationships, equation (4.2), an accurate formulation of the behaviour

of cyclically propugating cracks will be impossible.
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It is thought that the inclusion of the kinetic energy term and also the consid-~
eration of thermo-mechanical coupling processes will be steps in the right direction.

See also Chapter 6.

69



CHAPTER FIVE

THE EMPIRICAL ANALYSIS

Experimental studies under discussion in this section, were devised with the
aim of investigating the specific roles of a number of parameters which may have a
marked influence upon the fatigue crack propagation process. These parameters
were chosen through consideration of the fatigue failure process in the light of the
discussions presented in Chapters 1 to 4, The analysis has been carried out in terms

of the linear elastic fracture mechanics concepts.

5.1 Introduction to the Test Programme:

The discussion of fatigue failure process in polymers, presented in previous
sections, was aimed mainly at the exposition of some of the pdrametérs which signi-
ficantly influence the fatigue life (both the initiation and propagation stages) in
these materials. The experimental programmé in the present study has been designed
so as to provide data which will identify the exact role of some of the most important
of such parameters.

The influence of the amplitude of variation and the mean level of stress inten~
sity factor (AK and Km) and the loading frequency on four thermoplastic materials
with different structural characteristics were investigated. The effect of variations
in the environmental temperature, with its implicit influence on such parameters as
the E" peak frequency and the value of KIC for each material were examined.

The effects on the cyclic crack growth rate ot variations in the load cycle

waveform and molecular orientation in the material have also been explored.
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The programme of empirical studies was divided into the following test series:

Series 1 Fracture energy (and KIC) measurements using constant compliance

(contoured triangular) specimens.

Series 2 Measurement of the temperature dependency of the instantaneous
modulus and determination of an approximate value for the glassy

medulus, E .
g

Series 3 Fatigue crack propagation in PMMA,; study of the effects of AK,

Krn and frequency.

Series 4 Fatigue crack propagation in PC; study of the effects of AK,

Km' frequency and the cyclic waveform.

Series 5 Fatigue crack propagation in Nylon 6.6; study of the effects of

AK, Km, frequency and molecular orientation.

Series 6 Fatigue crack propagation in PA copolymer; study of the effects

of AK and K .
m

Series 7 Study of the effect of environmental temperature variation on fatigue

crack growth rate in PMMA and Nylon 6.6.

Series 8 Determination of crack growth path under complex loading conditions.
Fatigue crack growth studies in PMMA under ki axial loading condi-

tions; effect of crack orientation on cyclic initiation life.

In Chapters 5 and 6 test series 1 to 7 will be discussed. Series 8 will be described

in Chapter 7.
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5.2  Fracture Energy (and K IC) Measurement Using Constant Compliance

Specimens
(Test Series 1):

The aim of this series was two-fold: 1) To explore the possibility of use of a
triangular crack-line-loaded specimen which, under constant applied loading condi-
tions, would have the property of maintaining a constant level of the stress intensity
factor irrespective of the crack length. Such specimens have been used in fracture
studies of metals (Srawley a;'\d Gross 1967; Mostovoy et al. 1967 and Radon et al., -
1971). Their use in fatigue failure studies would significantly simplify the process
of control of the applied load limits in order to maintain specific stress intensity
factor levels as the crack propagates. And 2) to attempt to measure the fracture
energy and hence the value of the critical stress intensity factor for the PMMA
materi-al, under certain cross-head speed conditions. The knowledge of the ch

parameter associated with certain sirain rates wiil be useful in determination of the

maximum level of the stress intensity factor to be applied in fatigue tests.

5.2.1 Design and selection of the specimens:

If @ specimen is so designed that its compliance, C, changes linearly with

crack length, a, then dc_ will have a constant value. Irwin and Kies . (1954)

da

relationship between the energy release rate in crack extension

_ P* dc
®c* 25 @ 5-1)
c
where P is the applied load and B; is the crack width; and
2 - _E —ctra
KIC o GIC (plane-strain) (5.2)

can then be used to calculate the value of G, -, the critical level of the energy

IC’
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release rate corresponding to unsiable fracture. From the above equations it is

clear that for a constant value of dC , the relationship between the G

da
and the load P will be independent of the crack length.

ic ° Kic

Constant —j;c specimens designed by Srawley and Gross (1967) and Mostovoy
et al. (1967), Figure (3), were both tested in the present study. As shown in the
figure, the specimens had surface V-grooves to control the crack growth direction.
Square slots (0.006 inch wide and 0.33 inch deep) were added to the V-grooves at
a later stage so as to improve the direction control. The cracks were initiated from
a dovetail shaped stress rasier, Figure (3).

Preliminary tests with Mostovoy et al.  (1967) specimens proved to be not
very successful as the initial crack tended to deviate from the centre line (out of
the groove) and hence premature fracture of one specimen arm resulted. It was

decided that Srawley and Gross (1967) specimen with straight edges and its improved

form with contoured edge (Radon et al., 1971) will be used in the present fest series.

5.2.2  Experimental method and results:

The test procedure consisted mainly of the following s‘teps:

A load-deflection (P v 8) plot at a certain crosshead speed was obtained fro;n
a test on an Instron testing machine. (Crosshead speeds of 0.05 and 0.1 inch/minute
were used in these tests.) During the test the crack length was marked at regular
intervals on the output chart, The compliance values C = % (in/lbs) were then
calculated at various points and the results were plotted in the form of a compliance
against crack length graph. For a well-designed specimen this graph will be approxi-
mately linear and its slope will yield the parameter j—g in equation (5.1) above.

In Table (2) a set of data obtained from one test are presented.
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The above procedure was repated in a number of tests at the two crosshead

speeds of 0.05 and 0.1 in/min. The K, . values calculated from these tests

IC
ranged from 1050 to 1200 psi Y'in; see, for example, the data in Table (2).  This
range of values for KIC were in agreement with the data previously obtained
(Borduas et al. (1968)). In the following sections, the value of KIC ~ 1100 psivin

will be used as the value from whose fractions the maximum limits of the applied

load cycles will be selected..

5.3 Measurement of Short-time (Glassy) Modulus, Eg:
(Test Series 2):

5.3.1 Introduction:

The value of the modulus of eicsficity; parameter, E, used in the conversion
of strain energy release rate to the stress intensity factor (see equation 5.2) is that
pertaining to a linear elastic material. In polymeric solids this modulus is of a time
dependent nature and hence in an application of the above equation to the dynamic
loading conditions, the instantaneous (or short time) modulus of the material should
be used. It is assumed that the value of this modulus will approximate the glassy
value of E(t) which is defined as Eg in the relaxation spectra. The value of Eg
for most thermoplastics is not available in the literature as the normal test procedures
adopted in relaxation studies would require measurements of load and strain at ex-
ceedingly short times and hence are often impractical. A range of room temperature
relaxation data for PMMA, Nylon 6.6 and PA are given in (Ogorkiewicz, 1970).
The shortest time interval used in obtaining these results was of the order of 1/100
of an hour and in general such data seemed to be far from reaching a plateau region

in such spectra, expecfed to identify the approximate Eg levels, Ferry (1970). In
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the present test series, it was proposed to make relaxation measurement tests in grad-
vally decreasing environmental temperature con.diﬁons until the achievement of cry-
ogenic temperature (i.e. from 21°C to -]97°C). At the lowest temperature, the vis-
cous behaviour of these materials is assumed to be largely restricted and hence the

modulus measurements obtained under such conditions will approximate the value of

E .
g

5.3.2 Specimen Ereparatién and the testing apparatus:

All specimens used in this series of tests were in the form of bars of rectangular
cross-section. The specimens had the dimensions of standard Charpy specimens
(10 x 10 x 55 mm), Figure (4a). They were cut from cast plates of PMMA and ex-
truded sheets of PC, Nylon 6.6 and PA, in a direction perpendicular to that of
ex'rr‘usion. |

A temperature controlled bath containing a support frame (Figure 4b) was
mounted on an Instron testing machine and load-deflection readings were obtained

using an output x~y plotter.

5.3.3  Methods of éxperimentaﬁon:

Compliances and moduli are usually determined by applying forces to a body
and measuring the resulting deformation. In the present studies the specimens were
placed lengthwise on the supports and the striker was lowered until it just made cen-
tact with the specimen. Tests were carried out at a constant crosshead speed of 0.2
in/min and measurements were taken after approximately 1 minute. The temperature

o o
range used was from 420 C to =197 C.
To achieve the conditions of cryogenic temperature, the bath was filled with

liquid nitrogen. Other modulus measurements, at higher temperatures were carried
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out in baths filled with various mixtures of liquid nitrogen and petroleum ether. Test
readings. were recorded after the specimen had been allowed to reach a steady tem-
perafure. Most tests were repeated 3-4 times so as to ascertain the repeatability of

the results.

5.3.4  Discussion of results:

Data relating the changes in modulus to the value of environmental tempera-
ture for PC, PMMA, Né.6 o.md PA are given in Figures (5 and 6). In these figures
similar data obtained for polyvinyl chloride (PVC) are also included so that a general
comparison of the behaviour of these different materials may be made. The figures
show the general trends of behaviour in the modulus/temperature relationships and
one may assume 'thoi an approximate plateau region has been achieved in the data on
PVC, P'MMA ond PC. However for PA and more prominently for N§.6 the plateau
region is less pronounced. Indeed, the modulus of N6.6 seems to be still rising at
a temperature of -197°C. The specific values of the moduli at ~197°C and at
20°C are given in Table (3).

The room temperature data in this table were compared with relaxation data
given in (Ogorkiewicz, 1970) and a reasonably good degree of correspondence wa;
observed. Also, for N6.6 the value of modulus obtained at -197°C was compared
to the data provided in the Cryogenic Materials Data Handbook (1968). The results
of tests on round bars of 0.25 inch diameter were considered and excellent correla-

tions were obtained, Figure (6).
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5.4 Fatigue Crack Propagation Studies:
(Test Series 3~6):

5.4,1 Materials selection:

With the aim of testing thermoplastic materials of widely different structural
properties, the following four materials were selected:

Polymethylmethacrylate (PMMA), on which most of the initial work on crack
propagation studies has been carried out, was selected as the representdfive of
quasi-brittle, glassy type thermoplastics with the additional aim of developing it as
a model material to be used in studies of phenomenological behaviour of propagating
cracks (see Chapter 7). PMMA (ICl Perspex) was suppliedvin the form of cast
sheets of dimensions 4' x &' of various thicknesses.

Polycarbonate of Bisphenol A (PC), is also an amorphous thermoplastic;
however it was selected because of its relatively more ductile behaviour in medium
rate fracture tests at room temperature. PC (Makrolon Bayer) was supplied in the
form of extruded sheets of dimensions 12" x 48" x X" inch thick.

Nylon 6.6 (Né.6) and polyacetal copolymer (PA) were chosen as representa-
tives of semi-crystalline thermoplastics. These materials also exhibit enhanced de:-
tility in fracture at low load rate at room temperature. N&é.6 (ICl Maranyl) and PA
(ICI Kematal) were supplied in the form of exiruded sheets of dimensions 12" x 48"
x I in thick.

The above materials differ from one another in their basic polymerisation pro-
cess;es. PMMA and PC are obtained through the addition polymerisation process;
and N6.6 and PA are obtained through the condensation polymerisation process. The
former group are of much higher molecular weights than the latter.

Uses of N6.6 (and PA as its replacement) in engineering applications are much

more proliferate than those of PMMA and PC. This is due to the more favourable
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mechanical and wear properties of N6.6 and PA under cyclic loading conditions.
However it is essential that comprehensive data on such different materials be
collected so that: (a) the effects of structural properties on failure strength of
materials are identified; and (b) the analytical solutions to the failure problem,
upon which no a priori limiting assumptions on structural characteristics of the

material are imposed, can be fully examined.

5.4.2  Specimen design and preparation:

In the design of specimen configurations, general principles laid down for
fracture and fatigue studies by the American Society for Testing and Materials were
taken into consideration. These principles have been proposed in various ASTM
publications; see for example ASTM STP 410. The following are some of the

important fundamental points to be observed:

(1) Point of load application must be remote from the region of crack exten-=
sion.

(2) The specimen dimensions must be sufficiently large so as to provide the
necessary elastic constraint around the plastic zone developed at the crack tip prior.
and during the stable crack p1;0pogction.

(8) The adequacy of the sharpness of the starting crack. This point is
especially important in the light of the discussions in Section 2.3.2 on the effect of

crack tip radius on initiation life in fatigue.

With the additional requirement of being able to obtain results over a reason-
ably long crack growth range (at least 2-3 inches) so that the accuracy of the deter-
mination of the rate of growth is enhanced, the following specimen dimensions were

selected:
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PMMA Rectangular plate 134 x 15 x  inch thick
PC oo 7 xa2xi onoow
N6.6 o 7 x12x% " o
PA neooow 7 x12x4 moow

PA, PC and N&6.6 specimens were cut out of the extruded sheets with the 12 inch
side perpendicular to the direction of extrusion.

A 1 inch diameter holé was drilled at the centre of all specimens and an ini-
tial crack of length of 1 inch was produced in a direction perpendicular to that of
the extenal loading; see Figure (7) . At each end of the centre crack, a sharp
notch was created by means of a razor blade which was placed at the root of the cut
and forced into the specimen body. The length of this flaw was approximately
0.020 inch. Care was taken that the flaw was produced ahead of the razor blade
tip.

Two rows of % inch diameter, equally spaced, holes were drilled on the two

sides of each specimen so as to enable the uniform application of the external load.

5.4.3 Methods of experimentation:

Fatigue crack growth studies in this series of tests were in general carried out
under constant stress intensity factor conditions, at room temperature (2'I°C) and in
air.  Magnitudes of cyclic loads were gradually reduced as fhe crack grew in length
so as to maintain the applied K; levels at constant values. The increase in
length on the two sides of the centre crack was monitored using a cathetometer,

The stress intensity factors were calculated initially using the following equa-

tion known as the tangent formula (Paris and Sih, 1965):
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N~

Ky = O'(TTCI)% ["lv(; tan TT—\:—:I ' | (5.3)

At a later stage in experimental programme, the following improved equation

derived by Brown and Srawley (1966) was used:

Ki = of /& (5.4)
where ,

Y = 1.77+0.277 Z-0.510 Z2 +2.70 Z3
and

In the above equations o is the applied stress, P is the applied load, w and h
are the specimen width and thickness and a is the half crack length.

Tables of K, a and P appropriate to specific specimen geometries were pro-
duced using a computer programme. The |oqd levels were chosen SL‘JCI"I that the maxi-
mum limit of the applied stress intensity factor did not exceed the level of 80% of
the estimated vaiue of K, for the material under test. In general the fatigue

IC

tests were carried out with Kmax levels varying between 0.7 and 0.2 of the KIC
value. Corresponding maximum applied stress levels hence fell far below levels
which would be associated with gross deformation. Similar arguments have been
used in the preparation of data for tests on metals (Frost et al., 1971).

The degree of accuracy in the application of the abové equation for parameter
K1 falls rapidly as the crack length exceeds 0.5 of specimen width, w. Hence,
most tests were terminated when 2a reached a value of about 0.4w.

Tests in which a grossly uneven crack front prevailed and also tests in which

the crack on one side propagated much faster than the other - hence perpetuating

the non-uniformity in the stress distribution - were abandoned. These defects were
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usually present as a consequence of non-uniformity of the initial razor notch.
Results of tests were checked in a random manner. Deviations of up to 6 per

cent were observed.

5.4.4 Description of the experimental apparatus:

Fatigue crack propagation tests were in the main carried out using the Dowty.
electrohydraulic fatigue testing machine. Only a section of 0.1 Hz frequency -
studies on PMMA were perfo'rmed on a specially converted Denison T42C2 testing
machine. Any possible discrepancy in results arising from the use of two machines
was checked by performing similar tests on both; such discrepancies were found to
be negligible. The Denison T42C2 testing machine was of limited capacity in terms
of the loading frequency (maximum less than 1 Hz).

However, the Dowty electrohydraulic machine, which is comprehensively
described by Knight (1965), was capable of cycling up to 100 Hz at. loads ranging
up to 12000 Ibf in the available model. Various major components of the machine
are shown in the circuit diagram, Figure (8). Briefly, asine wave input (or a wave-
form of any other kind), produced by a signal generator, pdsses through an amplifier
and subsequently operates the actuator.  The signal from a load cell is monitored by
means of a graduated oscilloscope on the control console.  There were facilities on
the machine to vary the load whilst a test was in progress.

The specimens were bolted to a pair of steel holding plates and then placed

between the load cell and the actuator.

5.4.5 Fatigue crack growth studies in polymethylmethacrylate:
(Test Series 3):

Initial experimental studies on PMMA were performed in continuation of the

studies of Watts and Burns (1967), Borduas et al. (1968) and Arad (1970) which were
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basically aimed at the confirmation of the possible application of Paris's (1963
model of crack growth based upon AK = K - K . porameter. Borduas et al.
max  min

(1968) and Arad (1970) referred to the influence on the cyclic crack growth rate,
dN' of the mean level of the stress and hence the stress intensity factor, Km
Thus the Km parameter was selected to be exhaustively studied.

In order to establish the possible limits of the external load cycle in these
tests, preliminary monotonic fracture tests were performed to obtain a value for the

critical stress intensity factor for this material (Section 5.2). K, . values thus

IC
obtained ranged between 1100 and 1200»psi\/i71 , in close agreement with the data
of Borduas et al. {1968). The highest level of Kmax used in the present series of
tests was chosen at 900 psi Vin (see Sectioﬁ 5.4.3). Conditions of plane strain
were assumed in all tests, as the plastic zone size, "p, calculated from a relation-
ship based upon equation (2.6) for the special case of yield under plane-strain con=
ditions, with K = 900 psi¥in and an approximate value of o chosen at

11000 psi was found to be equal to 0.35* ]0-3 inch. This value of rp was con-

sidered to be sufficiently small when compared to the specimen thickness of 0.25

inch.

(A)  The effect on éN of the maximum and the minimum levels of the siress

intensity factor:

Through a careful selection of the values of K and K , for a wide
max min
range of tests, it was possible to establish crack growth rates over a large spectrum
of values of Km and 2K parameters.
A typical set of results, obtained at a loading frequency of 5 Hz, showing
the relationship between crack length and load cycles is given in Figure (9). A

similar linear relationship was obtained under all testing conditions; and this is in
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agreement with the previous work of Watts and Burns (1967), Borduas et-al. (1948)
and Mukherjee et al. (1969) concerning tests in which Kmin was always maintained
at zero.

From consideration of the various test results, it became immediately apparent
that tests conducted with very similar AK ranges were associated with widély differ-
ent crack growth rates.  For instance, tests 1 and 4, having AK values equal to
440 and 450 psi Vin, gave crack growth rates (cbtained from the slopes éf graphs
such as those in Figure 9) of 13.8 x 10~ ®and 3.14x 107° in/cycle respectively.
Furthermore, a comparison of tests 2 and 3 in this figure shows that the test in
which & Kwas least (Test 2, A K = 300 psivin compared with Test 3, AK = 360
psi Vin) produced the higher crack growth rate (9.05 x107° in/cycle compared with
6.1%107 in/eycle).

A study of all the results (Table 4) indicated that there is no single controlling
parameter in these tests at constant speed of c‘ycling. Two further major test series
were therefore undertaken to clarify the effects of the range of stress intensity fac-
tor, A K, and the mean value, Km' In the first series, Figure 10, Ao K was main-
tained constant and Km was varied by factors of 3 and 5.  Each test produced a
linear curve and the crack grewth rate increased non-linearly with Km; (the
results indicated a fifteen-fold increase in crack growth rate for a five-Fol;J increase
in Km) Similar results were obtained for other constant, but different, 8 K tests
in which Km was similarly varied, Figure (11).

In the second series of tests, Km' was maintained constant throughout but
A K was varied in each test. The results (Figure 12) for Km = 400 psi/in and
AK variable between 200 and 700 psi vin were similar to the previous series in that
crack growth rate increased rapidly although non-linearly but this time with an

increase in A K. Similar results were obtained from a further series of tests with
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Km =750, 500, 375 and 275 psi Yin and at different AK ranges, These resulis
are included in Table (4) from which it is clear that both AK and Km are éf con=
siderable importance in influencing fatigue cra?:k growth rate in PMMA. The com-
bined effects of Ky and £ K with reference to the values of Kmox have been pre~

sented in Figure (13). The limiting curve to the left is the locus of the results of

tests with K , = 0., i.e. K = I,
min max

(B)  The effect of variation in the loading frequency:

The discussion presented in Chapter 2 in relation to the cyclic crack growth
process in rate sensitive materials showed that significant frequency effects may be
experienced by such materials. A very limited amount of data is at present avail-
able in the literature concerning the manner in which a change in frequency affects
the cyc;lic rate of fatigue crack propagation, 6N, in fhermoplostiq. Published
data indicate a simple dependence of viscoelastic energy absorbed ~ and henc;e the
energy available for crack propagation - on the cyclic frequency; Riddelletal.
(1966), Opp et al. (1969) and Hertzberg et al. (1970).

Present studies were commenced by testing the effect ;>f Krrl parameter at
different loading frequencies. Results of tests performed at a frequency of 0.1 Hz
clearly indicated that the mean level of the stress intensity factor has considerable
influence on the value of éN at the frequency of 0.1 Hz as well as 5 Hz.  More
extensive investigation of the influence of cyclic frequency was then undertaken.

The results of tests with Kmax = 750 psiYin and Kmin = 250 psifi: (i.e.
AK = 500 and Km = 500 psi/Tn) at loading frequencies of 20, 5 and 0. 1 Hz are
given in Figure (14). Evidently, decreasing the frequency from 20 Hz to § Hz and
then to 0.1 Hz (under the same Kmox and Kmin conditions) resulted in an increase

in the magnitude of the cyclic growth rate, éN (see also Table 5). However, when
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the results were arranged in terms of the crack growth rate with respect to time, ét'
the order of the slopes changes, Figure (15). Here, the slopes for 20, 5 and 0.1 Hz
are 1.0, 0.7 and 0.41 x10™" in/s respectively. Thus, as expected, faster load
cycling of PMMA leads to a shorter total fatigue life, if all other parameters are
maintained constant. |

The relationship between dN and the frequency is shown in Figure (16), whgre
the results of tests at a range of values of 4K and Km are presented, it is evident
from these results that the rate of variation of éN with changing frequency is a

function of the stress intensity factor, viz:

d(ay) \
—— = ¢K_, 8K) (5.9)

At lower frequencies, the effect on éN of variations in Km is more pronounced.
This may be attributed 1o longer hold times under low frequency loading conditions.
In Figure (17) the logarithmic plots of c':N and frequency for a range of values of
Km at constant AK are presented so as to demonstrate the apparent relatively

higher effect of Km at lower frequencies.

5.4.6 Fatigue crack growth studies in polycarbonate:
(Test Series 4):

(A) Determination of the applied load and the frequency levels:

Various attempts have been made to study the process of fatigue failure in PC.
von Jacoby and Cramer (1968) described the fatigue mechanism in this material as
a process of superposition of crazing, orientation and physical cross-linking and sub~
sequently proposed a model similar to the models of fatigue crack growth put forward
for metals in terms of a relationship between the applied stress amplitude and the

rate of crack growth (as discussed in Chapter 2). Also Hertzberg et al. (1970), from
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the results of some exploratory tests suggested the applicability of equation (2.21) to
fatigue crack growth process in PC. Thus it was decided that a test programme,
similar to the case of PMMA, should be carried out to investigate the crack growth
process in this material. However, some preliminary studies were necessary to
determine the range of frequencies to be tested at room temperature. The tempera-
ture rise due fo load cycling at various levels has been investigated by Higuchi and
Ishii (1968) and Higuchi and Imai (1970). In tension cycling with the mean stres#
range extending fo above 5000 psi and alternating stress values above 4000 psi at
a frequency of 1 Hz, the maximum temperature rise obtained was about 0.4°C above
room temperature. (The rise in temperature was related to viscoelastic strain and
was also associated with an increase in the stiffness.)

Heijboer (1968) studied the variations of material damping (measured by the

n
loss tangent tan § = E ) with changes in temperature and showed that the damping

B
maximum of PC af room temperature occurs at frequencies above 10* Hz. Ata
frequency of 20 Hz (the highest used in the present series of tests) a loss tangent
peak was observed at a temperature of about -75°C.

Fracture toughness measurements for the polycarbonate material have been
carried out at various strain rates (Key et al., 1968). Although the exact nature
of the behaviour of this material in failure under various loading conditions is not

fully understood, the available data indicate a value for K, . at moderate loading

IC
rates (corresponding to cross-head speeds of 0.02 in/min) of about 3200 psi?'in.
This approximate value was confirmed from some exploratory tests on Charpy type

specimens manufactured out of the PC material and in the fatigue tests, Figure (18).

The maximum limit of Kmax parameter in this series of tests was chosen to be equal

to 2400 psi/in.
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(B) The combined effect of K and K ., on a,
max min N

As in the case of PMMA, the linear relationship between total crack length,
2a, and the total number of cycles, N, in tests with constant K limits was found
to be a linear one (Figure 19). At a frequency of 0.1 Hz, the data obtained
from these tests kTqble 6) show the marked dependence of c':N on Km as well as
AK. Similar to the case of PMMA, by appropriate choice of the Kmax and the
Kmin it was possible to obtain higher crack propagation rates at smaller 4 K values.
In Table (6) data on the combined effect of Km and A K parameters on the cyclic
crack growth rate in this material are presented. |t is thus evident that at a load-

ing frequency of 0.1 Hz, the trend of variations in 6N as a function of the applied

load levels is similar in both PC and PMMA materials.

(C) The effect ot C)'/C“C waveforms

In order to investigate the effect of input waveform on the crack growth
pattern a number of tests were performed with a triangular input waveform. The
results are included in Figure (20) for comparison with the sinusoidal waveform case.
It is evident that éN values obtained in triangular waveform tests are generally
smaller than those from sinusoidal waveform tests; although the mognitudes of varia-

tions in the results from the two test series were very small.

(D) The effect of loading frequency:

Simillor to the case of PMMA, a series of tests were performed on PC, at fre-
quencies of 5 and 20 Hz and the results were compared to the data from tests with
frequency of 0.1 Hz described in the previous section. An interesting point arose
from consideration of data obtained at a frequency of 5 Hz: that the direct depen-

dence of a,, on both AK and K , observed previously, did not exist for the

N m
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whole sel of data. Closer examination indicated a point of transition in the rela-
tive effects of AK and Km. It was found thaf beyond a certain level of K
| (obtained by dividing the 4K in a test by half the periodic time) the effect of Km
became very small and the influence of AK became the predominant factor. This
transition value of l&, l&*, was found to be in the region of 4000 psimv s 1.
Figure (21) shows the results of tests at a frequency of 5Hz where K is
below 4000 psi/i—n_s- * It is noted that the maximum K achieved in the 0.1 Hz‘
tests was 140 psims-l.
Wherever the value of K exceeded the !&* value, it was sufficient to use

only the changes in AK, to predict the value of & From Figure (22) it is evi-

N’
dent that when K is smaller than 4000 psivin s Y, the influence of Km on éN is
significant, as exemplified by the results of tests at A K = 300 psivVin. However for
K larger than k*, as noted from the results of tests at AK = 500 psi¥in, the effect
of variation in Km is very small,

The stress intensity factor rate effects were confirmed when tests were carried
out at a frequency of 20 Hz. The minimum K value applied in this series of tests
was 8000 psi’fi-r;s- 1 Thus if the observations from Figure (22) were correct, it
would be expected that the Km effect would be of secendary importance when

compared to the influence of 8 K. Figure (23), a logzrithmic plot of & _, against

N
AK, confirms the previous observations.

The above results (Tables 6, 7 and 8) indicated that the fatigue failure char-
acteristics of PC can not be simply determined from a consideration of the applied
stress intensity factor levels without the appreciation of specific loading frequency
effects which seem io be unique to this material.  When the problem is approached

using the ‘K paramter, the frequency effect takes a different form, according to the

testing region in which one is interested. For all the tests with K greater than
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I&*, the influance of frequency variation on éN was as shown in Figure (24).
These results indicate a small drop in the value of GN as the frequency is reduced,
Figure (25) In this figure it is shown that fou; K values below the level of I&*,
the behaviour is similar to that of PMMA; Figure (16). However, above k* level,
the resistance to cyclic crack growth tends to decrease as frequency is raised. This
indicated a behaviour in opposition to the observations on PMMA. These results
were considered as confirmation of the existence of some unique characteristics in
cyclic failure properties of PC material, as indicated by von Jacoby and Cramer
| (1968) and Hertzberg et al. (1970); in the latter work it was shown that there was
a large increase in the value of c':N as the loading frequency was raised from 0.33
to 10 Hz. The characteristic behaviour of the PC material at load frequency levels
tested (0.1 to 20 Hz) may possibly be attributed to the particular damping properties
of this material. It is possible that at still higher frequency levels the trend may
change again.

Data relating the relaxation properties of PC and its behaviour in fracture may
prove to be useful in the development of an acceptable explanation for the occurrence
of failure phenomena described above. Such data, available for PMMA (Johnson
and Radon 1972), help to clarify the nature of the processes relating the fracture
strength of the material - in the stable growth region ~ to the load rate parameter.

A peculiarity in the relaxation data on PC has been the observation of an intermedi-
ate relaxation peak, situated between the o and B peaks (lllers and Brever, 1963).
This small peak has been observed both in mechanical and dielectric tests and at
present there is no explanation for its existence. It is experienced in oriented poly-
mers (drawn or extruded) and not in annealed ones (McCrum et al., 1967); (In the

present study extruded sheets have been used).
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5.4.7  Fatigue crack growth studies in Nylon 6.6;
(Test Series 5); .

This particular test series was aimed at the investigation of the relative effects
of AK and Km parameter on the fatigue failure process in a semicrystalline
thermoplastic. Nylon 6.6 material is widely used in engineering design brocesses
(design of gears, bushes, bearings, etc.) and hence it was felt that the availability
of fatigue data on this material will be very useful.

Fracture toughness tests on this material indicated that Nylon 6.6 behaves in
a relatively ductile manner in failure under low loading rates at room temperature.

At a crosshead speed of about 0.002 in/min a wide scatter in K, . measurements

IC
have been observed; Figure (26). However at higher crosshead speeds above
2 in/min a quasi-brittle type of failure was experienced and consistent values for
KIC parameter could be obtained. Under cyclic loading conditions, even at the
lowest frequency used (0.1 Hz) the rate of load application falls into the quasi-
brittle behaviour region.

It was also thought desirable to test the effect of anisotropy of the material
in relation to the fatigue crack growth resistance. Advantage was taken of the

molecular orientation characteristics in an extruded material by performing crack

propagation tests in two perpendicular directions under similar loading conditions.

(A) The effect of AK and Km on_dy:

A test series simi'lar to those of PMMA and PC, but with Kmax ranging from
1000 to 2000 psivin and Kmin from O to 1300 psi /in was carried out. The results
obtained at a loading frequency of 5 Hz have been presented in Table (10). Again,
under constant chx and Kmin conditions, a straight line relationship between

the crack length and the total number of cycles was obtained; Figure (27).
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As in PMMA and PC, the significant effect on a

N of Krrl ‘US well as 4K

parameters, was cbserved. For example in a test with K =1800and K , =
_ ‘ max min
1300 psi vin (Km = 1550 and AK = 500 psi vin) a crack growth rate cf 0,160 in/cycle
was obtained; whereas in a test with K = 1000 and K . =300 psi/in (i.e.
, max min
Km 650 and &K = 700 psi vin ) the value of c'xN was 0.010 in/cycle. Compurison
of the data in Table (10) confirms the conclusion from previous test series that highl.y

erroneous predictions of a,. value will result if the important influence of Km

N'

parameter is discarded.

(B) The effect of loading frequency:

Cyclic crack propagation rate in Nylon 6.6 is influenced by changes in load-
ing frequency in a manner similar to that in PMMA.  Experimental studies at three
frequel;cy levels of 0.1, 5 and 20 Hz indicated that the value of 6N gradually
decreases as the loading frequency is raised. - Testing conditions under which these
results were obtained have been tabulated in Tables (9,10, and 11). The trend in
the variation of éN with frequency has been demonstruied'in Figure (28).

Material properties data in Table. (12) show that the relaxation peaks (maxima
of E" parmater) at room temperature (21°C) occur at very high frequencies (above |
10 *Hz). This may be taken as an indication that within the limits of the frequency
range used in the present study, the value of E" will be gradually increasing with
increasing frequency. From the discussions in Chapter 3, it is expected that the
level of the viscous energy absorbed per cycle will rise and hence the magnitude of
the energy available for crack extension per cycle will be lowered. A decrease in
the value of &N may then be expected.

Data on the fracture toughness values related to crack speed are not yet avail-

able for N6.6; hence the discussion of this important aspect of the failure phenomena
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has to be left out. Additional arguments in relation to the effect of loading fre-

quency will be presented in the following Chapter.

(C) The effect of molecular orientation:

In extruded sheets of polymeric materials, the effect of molecular orientation
in the direction of extrusion, manifests itself in a higher fracture strength in that
direction. The same effects are observed in the case of rolled and exiruded metals.

Some exploratory work was carried out to test the effect of anisotropy on
fatigue crack growth rate in the Nylon 6.6 material: specimens were cut from the
supplied extruded sheets such that the centre notch was perpendicular to the extru-
sion direction. Fatigue tests were carried out at a loading frequency of 5 Hz. The
results have been included in Figure (27) so that a direct comparison with the pre-
viously discussed data could be made. From such a comparison it became evident
that cyclic growth rates for cracks extending-in a direction perpendicular to that of
extrusion, are about 15 per cent lower than the values corresponding to the cracks

extending in parallel to the direction of extrusion.

5.4.8 ' Fatigue crack growth in studies in polyacetal copolymer:

(Test Series 6)

The main purposes of this particular study were the following:

(1) To study the fatigue behaviour of a copolymer which has frequently been
used as a substitute for Nylons in engineering applications; and to provide data on
the combined effects of AK and Km levels on the c'xN parameter.

(2) To study the possibility of using constant stress cycle tests in place of
constant stress intensity factor tests, as a more convenient procedure for gathering

data on fatigue behaviour of a material.
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Preparation of specimens was according to the procedure described in Section

5.4.2.

(A)  Cyclic crack propagation under the conditions of constant applied stress

levels:

A test was carried out with the maximum applied load of 2160 |bs and the mini~
mum of zero. The cyclic fcfe of growth increased with increasing crack length.
Figure (29) shows the relc’rio.nship between crack length and the total number of
cycles. As expected an exponenfial.patrern of behaviour (accelerating crack) was
observed.

It was indicated above that one of the purposes of the present sec’rién of the
empirical studies was to investigate the possibility of derivation of crack growth
rates related to stress intensity factor data. In the above figure, the slope of 2a
against N graph at each value of a yields ?he rate of variation, éN' The tran-
sient maximum and minimum value of K' corresponding to a particular crack length
can be found using the instantaneous crack length and applied stress values. In
Table (13) the magnitude of stress intensity parameter and the corresponding value
of 6N, obtained at each value of «, are presented. Figure (20) shows these
results plotted on the basis of the parameter Kqu (= 8K). Evidently a linear
relationship has been obtained.

In order to investigate the degree of accuracy of the above data, a series of
tests were performed in each of which the appropriate value of the stress intensity
factor was maintained constant. Results of these tests have been superimposed on the
previous set of data in Figure (30).

The limited extension of the data does not allow a full analysis of the results,

However a small percentage of deviation in the data obtained from the ccnstant stress
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test is clearly evident. Nevertheless, it is reasonable to assume that whenever a
good approximation to the actual value of 6N, is sufficient to serve a certain pur~
pose, the above method will yield much faster ;'esults, in that only one or two tests
are required to be carried out and the subsequent analysis will also be relatively

simple.

5.5 The Effect of the Environmental Temperature on the Cyclic Rate of Crack

Propagation:
(Test Series 7):

The studies of the effect of the environmental temperature on the fracture
»strength of polymeric solids (e.g. Key et al., 1968, on PC and PMMA; .Benbow
and Roseler, 1957, on PMMA; Johnson and Radon, 1972, on PMMA), have indi-
cated that the variations in temperature may have a significant influence on the

value of the fracture toughness parameter, K for these materials. The rate of

IC’
crack propagation under cyclic loading conditions, is influenced by the variations
in the value of KIC barameter (Miller, 1968) and hence it was thought desirable
to obtain some data indicating the extent of the effect of environmental temperature
on the value of the c'xN parameter.

Ideally, the test programn\le should consist of the study of the combined effects
of the loading frequency and the temperature, so as to be able to relate the effect
of variations in frequency, on the c'xN parameter, to the changes in the material
properties such as the loss modulus distribution and the relaxation peaks which would
experience a shift to higher frequencies as the temperature level is raised. However,
this would be a major study in its own right and thus within the context of the pre-

sent programme of studies, the test series (7) was aimed at the measurement of the

extent of the effect of the environmental temparature on the cyclic rate of crack
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propagation,

5.5.1 Materials and the specimens:

The materials selected for testing were PMMA énd Nylon 6.6, for both of
which room temperature crack propagation data at three frequency levels were avail-
able; (Test series 3 and 5).

The specimens used were of the following dimensions: 13% X 12 % inch thick
plates for PMMA and 7 x 12>; % inch thick plates for Nylon 6.6. All specimens

contained on initial centre notch of length about 1 inch.

5.5.2  Equipment and the test procedure:

All tests were carried out at a frequency of 5 Hz using a specially designed
environmental chamber which could be added to the Dowty electrohydraulic testing
machine (see Figure 31a). The general arrangement of the test chamber is shown in
Figures (32 and 33).

The main I:Jn“, A, was manufactured out of 1% inch thick wood and was
covered by an external metallic shield. The subsidiary equipment consisted of a
heoter—refrigerqfor unit (Gebruder Haake, Model KT32) which provided a circulating
liquid at temperatures over the range of -30° t0 100°C.  This liquid was subsequently
passed through the two copper coils in the unit B. An electric fan, also placed in
this unit, circulated the air past these coils hence providing the environment of
appropriate temperature inside the chamber. The unit B could be arranged in any
desired position in relation to the chamber itself. In the present tests it was placed
in parallel and adjucent to the walls of the main unit so as to reduce the length of
the external pipingsl and hence lower the level of heat losses from them.

The dimensions of the test chamber (30 x 22 x18 inches) were so chosen as to

allow the use of the 12 x15 inches plate specimens. However, the large surface
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area resulted in considerable heat losses. In order to reduce the volume of air to
be controlled at fixed temperatures, slabs of foamed polystyrene material were
placed in the chamber so as to fill the space between the walls and the specimen.
The external surface of the whole unit was covered with layers of "glass-wool"
material so as to limit the extent of heat losses.  These measures did result in an
extension of the available temperature range. Tests proved that temperature levels
from (+ 3°C) to (+70°C) couldbe easily maintained over long periods of testing
which are normally required in fatigue failure studies.

In the present test series, the crack propagation process at two temperature
levels of (+ 3°C) and (+ 38°C) were studied and the results were compared to the
data obtained at room temperature (+ 2]°C). All tests were performed at a loading
frequency of 5 Hz.

The following two poinis should also be noted: (a) Enough space was avail-
able inside the chamber so as to allow at least one other specimen to be placed
inside it while a test was being performed. This led to a reductibn in the length of
time (about two hours) normally allowed in a test, for the specimen to reach a steady
state condition in relation to its environment; and (b) the liquids used in the tem-
perature control unit may be selected from the following on the basis of suitability

for tests over a certain temperature range:

From -30 to +50°C Methyl or Ethyl alcohol
From +1to 95°C Distilled water
Up to 100°C Pure Ethylene Glycol, Kerosene, Glycerine

or low viscosity mineral oil.

In the present tests methyl alcohol was used.
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5.5.3 Discussion of results:

For each of the two materials selected, a number of tests were performed at the
two temperature levels of 3°C and 38°C.  The results have been presented in Table
(14) in which the room temperature (21°C) data have also been included to facilitate
the comparison.  In the case of the PMMA material, lowering of the envi;onmentcl
temperature to 3°C resulted in a considerable increase in the cyclic rate of crack
propagation. In all cases the values of the c':N parameter were more than 50%
higher than those obtained at room temperature. Data obtained at a temperature of
38°C also indicated a lowering of the resistance of the material to cyclic crack
extension, These results, although slightly lower than the data obtained at 3°c,
indicated a rate of crack propagation much higher than that at room temperature.
The above results have been presented in Figure (34).

In the case of the Nylon 6.6 material also, under the same load levels,
variations in the environmental temperature c;nditions (from 21°C t0 3°C and 38°C)
resulted in sighiffcant changes in the cyclic rate of crack propagation. The trend
of this variation, however, was opposite to that observed in PMMA.  As indicated
by the result of tests presented in Table (14) and Figure (35), the fatigue resistance
of this material increased at both temperature levels of 3°C and 38°C in comparison
to that at 21°C.  The crack growth rates obtained at 3°C, particularly, were of
much lower magnitudes than those at room temperature; Figuvre (35).

The above results, although covering a limited range of tests, were taken as
the evidence for the important fact that relatively small variations in the environ-
mental temperature levels can cause drastic changes in the fatigue crack propagation

rate in the materials tested.
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A plausible explanation for the considerable variation in the value of the éN
parameter at different temperatures may be based upon the analysis of the effect of

temperature on the specific fracture energy (or the K, . parameter) of these mater~

[@
ials.

Recent developments in the studies related to the fracture phenomena in poly-
mers in connection with the molecular kinetic processes, have demenstrated the
correspondence of a rise in the measured fracture toughness value of a material, fb
a rise in the extent of relaxation processes toidng place in deformation. It has
been shown that the temperature and the load rate (frequency) levels associated with
the g relaxation process, correspond to a peak in the distribution of the fracture
toughness data (Johnson and Radon, 1972). Hence, if under certain loading condi-
tions, variations in one parameter (e.g. the temperature, as in the present study)
leads to a change in the value of the KIC parameter, it is expected that the rate
of crack extension under cyclic loading conditions will also be affected. From
Figure (6) in Johnson and Radon (1972), in which data on PMMA have been pre-
sented, it is evident that at a frequency of 5 Hz, a loss peak (dielectric) will occur
at a temperature of about 20°C. A reduction in the value of the KIC parameter, as
a consequence of the temperature level being raised to 38°C or lowered to 3°C, will
thus be anticipated. (An exploratory measurement of the KIC ‘parameter value for
PMMA at 3°C yielded the value of 850 psi Yin, i.e. about 25% lower than the
1200 psi ¥in value obtained at room .temperdture and at the saﬁle load rate.) The
reduction in the value of the KlC parameter will lead to a higher rate of crack pro-
pataion under cyclic loading condition, as indicated by the results of the present
test series.

Similar data on Nylon 6.6 material are not, at present, available. It is pro-

posed that phenomena similar to those described above, were responsible for the
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variations in the fatigue sirength of this material. It is also possible that at a tem-
perature of 38°C the extent of non-linearity in mechanical response and also the
level of ductility of this material are enhanced to such a degree that fundamental
modifications to the material characterisation procedures are required.

The exposition of the important effect of the environmental temperature varia-
tion on the value of the 6N- parameter, again points to the fact that the room tem-
perature data discussed in previous sections, should be used only in conjunction
with an exact identification of the specific environmental conditions. The present
test ranges will obviously have to be extended in future studies, in order to establish

the exact form of the effect of temperature on the 4., parameter.

N
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CHAPTER SIX

DISCUSSION

In the present section an attempt will be made to discuss the general trends of
material behaviour apparent in all tests.
A model for prediction of fatigue crack propagation rate based upon the empi-

- rical data and results of the analytical solution will be proposed.

6.1 Analysis of the Crack Initiation and the Crack Propagation Processes:

Theoretical analysis of the fatigue failure process in viscoelastic solids was
carried out th‘rough the application of a thermodynamic energy balance approach.
Cyclic initiation period and the rate of crack propagation were analysed indepen-
dently. The process of initiafion was discussed in terms of an accumulation of
cyclic strain in the region of maximum stress ;:oncentration, up to a critical limit
where the strain at the crack tip (which can be discussed in terms of separation of
the two crack faces) is sufficiently high so as to induce the initiation of the macro-
scopic crack propagation process.

From the discussion of the 'slow' growth zone in the fracture of quasi-brittle
materials (Chapter 2), it is evident that in the case of even the most brittle thermo-
plastics, such zones are expected to exist - except for the purely idealistic case in
which the testing parameters such as the load rate or temperature are so chosen as to
create the conditions of the perfectly brittle response of the material. In such a
case, initiation of failure will result in catastrophic fracture. However, for the
case of the stable growth mechanism, which is an inherent characteristic of the

fatigue process, the strain gradient in the stress field region extending from the crack
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tip into the uncracked body, is such that a small extension, Sa, reduces the maxi-
mum strain level to a value less than the critical limit req;Jired for crack extension.
This drop is, however, compensated by the application of the next load cycle which
raises it again to a critical level and thus the cyclic propagation process proceeds.
This seems to be the explanation for the "per cycle growth" pattern observéd in
these tests. Although there have been some suggestions of a multi-cycle dependent
propagation (Elinck et al., 1971), observations from the present tests indicated a
growth pattern per cycle of load application. This was clearly evident from frac-
ture surface studies, Section 6.6. Fatigue literature related to metals, contains a
considerable amount of evidence in favour of a crack propagation pattern based on

crack extension per each load cycle (e.g. ASTM STP 415).

6.1.1  Results of the theoretical analysis of the crack growth initiation process:

The cyclic initiation period, Ni' as determined from equation (4.18) was
compared to the experimental data obtained from tests on PMMA.  The important
limiting factor in such tests of correspondence between empirical and analytical
results related to the tested materials, has been the scarcity of data on v *, the
speéiﬁc fracture energy values for these materials. For PMMA the value of this
parameter has been measured by a number of authors.  Results of Pratt (1968) have
been used here.

As indicated in Chapter 2 the specific fracture energy, Y*, is itself a func-
tion of temperature and load rate, Bénnet et al. (1970); hence in order to be able
to substitute the correct value of Y * in the analytical solution, data on variation
of v* with load rate and temperature must be available. Such data for the

commonly used thermoplastics are at present very scarce.
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For the majority of tests in the present studies, the very sharp through-thick-
ness razor notches resulted in the commencement of crack propagation after the
application of the first load cycle. However, in a few cases a small number of
cycles pertaining to the initiation period could be detected. Such data on the
crack growth initiation life in PMMA compared reasonably well with the theoretical
values (Figure 36). The apparent overestimation of Ni from the analysis was
thought to be due to the introduction of approximation in the values of Poisson's
ratio (assumed Vv = %), creep compliance and specific fracture energy terms. The
specific form of equation (4.18) enables the determination of an endurance limit
(similar to the conventional stress-number of cycles (S-N) curves in fatigue) below
which an infinite crack growth initiation life is predicted. (An endurance limit for
PMMA has been observed in plate-bending type tests, Riddell et al., (1966).)

Attempts to extend the analysis to the conditions of macroscopic crack propa-
gation were not successful. An exponential dependency on the K 2 term was
obtained for the cyclic crack propagation rate. However in the final analysis, the
specific form of the crack growth function indicated a negative dependency of &N
on the stress intensity factor term' Cherepanov (1968) and Wnuk (1971) in the gen-
eral analyses of the cra;k propagation processes chose to leave out the case of
fatigue failure in viscoelastic materials.

More significantly, in Cherepanov (1968) solution of cyclic crack propagation
problem in elastoplastic materials, the final function contains a negative sign, indi-
cating a reduction in the cyclic rate of crack growth as the crack length is increased,
while boundary loading is maintained at the same level. The significance of this
particular result was not discussed.

It is suggested that the inclusion of such terms as the
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kinetic energy and the thermo-mechanical coupling (ignored in the preseni analysis)

may help the derivation of a correct solution.

6.2 An Empirical Model for Fatigue Crack Propagation:

Review of contributions to the field of LEFM and its application to tHe analysis
of fatigue crack propagation with the various methods of approach based upon para-
meters such as the stress intensity factor, K, Paris (1963), the crack Op.ening dis-
placement, COD, Dover (1972), and crack tip plastic zone size, rp, Erdogan
(1968), etc. (see also Chapter 2), indicates the need to develop a novel model
which is capable of replacing those available at present in such a way that it throws
a unifying light upon them, as they each have been demonsirated to be specifically
applicable under certain conditions. Such a development would drastically simplify
the task of the designers.

Crack propagation laws in use at presen‘t, do not, in general, aid in the expo-
sition of the specific nature of the mechanisms which may be responsible for propa-
gation of a crack. On the continuum level, it seems reasonable to assume that the
rate of crack growth is controlled by the pattern of transformations, during each load
cycle, of various energy components.

However, even an intuitive consideration of the characteristics of the para-
meters which, as indicated above, have keen shown to have controlling influence
under certain conditions (such as COD and rp) ; lends itself to a postulation of the
cyclic crack growth rate dependency on parameter K2. In a zero-tension load

cycle, c':N will be related to szax and when Kmin% 0, 4,, isexpected to be

N

proportional to K 2 - K2, .,
max min

From the above consideration, the following crack growth equation is proposed:
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Gy = 80 )
where » = K -K: (= 2aKK) 6.2)
max min m

g and n are the numerical factor and the exponent and values of both vary
as functions of the load frequency,environment and other testing conditions.
Evidently, in all cases where K . =0 (i.e. K =AK) the above
: min max _

equation may be written as:
. - 2 n :
ay = B Ko (6.3)

ond

by = 8 @K™ 6.4

This equation is of the same form as that proposed by Paris (1963); equation
(2.21). ' Similarly, in the cases where Km is held at a constant level, variations -
in élN may simply be described in terms of changes in AK.

The crack growth data for the four materials under test, which were previously
discussed in terms of the influence of 4K and Km pﬁrometers, were replotted in
terms of the parameter A. Figures (37 to 39) for PMMA, (40, 41) for PC, (42 to
44) for Nylon 6.6 and (45) for PA show a linear relationship, on a logarithmic scale.,
between 6N and ) parameters; thus confirming the accuracy of the specific formu-
lation of equation (6.1). It is evident that, the results of all the above tests may
be discussed in terms of the A porometer. and irrespective of the specific values of the
AK and Km terms. For a certain part of data on PC material, where no significant
influence of Km on c'xN was observed, analysis of data in terms of the A K para-
meter was found to be sufficiently accurate (Section 5.4.6).

In the following section, an attempt will be made to demonstrate the facility

with which the above model, equation (6.1), cun be converted into the form of a

model based upon the cyclic strain energy release rate, the crack opening displace-
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ment and the crack tip plasticity. Correspondence of empirical data to the above

model for crack propagation will be demonstrated in Section 6.3.

6.2.1  The energy approach:

The failure of solids, particularly polymers, must be treated in the light of the
general phenomena governing the nature of temperature~time dependence of strength.
Such phenomena can be characterised in terms of the energy concepts. The ‘total
thermodynamic energy' crite.ria applied to the failure in monotonic fracture and
cyclic fatigue of solids (Griffith, 1921; Williams, 1965, 1967; Cherepanov, 1967,
1968) have proved to be reasonably adequate. The approach to fatigue in elasto-
mers based on the tear energy concept has already been mentioned; (Gent et al.,
1964). Also, the empirical models of cyclic failure which are based on the total .
hysfere'sis energy, plastic strain energy, etc., developed for metals and described in
Chapter 1, point to the possibility of the development of a unified approach to fati-
gue failure based upon the cyclic energy balance and irrespective of
the nature of the particular continuum. Cherepanov (1967, 1968) analytical treat-
ment (see Chapter 4) may be considered as the theoretical iL.lSﬁﬂCClﬁon for such an
approach.

The stress intensity factor, KI' is related to the strain energy release rate per
unit crack extension in the form of the following equation:

K2

G = T (1= .v2) (6.5)

for plane-strain conditions.
It is evident that equation (6.1) can be readily converted to an energy formu-

lation by substituting for K, in terms of Gj:

a, = p*6_ -6 )" (6.6)



where * =8 (—]—57') n . ' (6.7)

The term G in such cases will be calculated from an equation such as the one used
for rubber (Gent et al., 1964) and for polyethylene (Andrews and Walker, 1971).

The direct use of the energy term, eliminates the linearity limitation which is
a prerequisite to the application of the stress intensity factor concept. Only when
the material is linear or the displacements are very small, the two approaches wi"
correspond to each other.

The discussion of the energy term G, Iebd:;, 'fo fhe additicn of a note on the
possibility of inclusion of the term J, the path independent contour integral
(Chapter 2). Within the bounds of the present programme of research there has
been no direct experimental study of the J parameter and its application to the
propagating crack situations; and as far as it could be ascertained data of i’hi‘s
nature have not been reported elsewhere. However, it is clear that, the form of
the proposed crack growth model (equation 6.1) is such that it is capable of conver-
“sion to include the term J. This model, when duly examined by empirical methods,
may be applicable to the case of linear and non-linear elastic behaviour (Note the
special relevance to the case of polymers.) and also to the fatigue failures involving
large plasticity.

The energy based model can thus be written as:

a, = MA

N (6.8)

where A =G -G (=) =J.) (6.9)

max min max ~min

M and n being the numerical factor and the exponent whose values are

dependent upon material properties and loading conditions.
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Crack growth data presented as a function of A will be very similar to those
produced as a function of the parameter A. Except that the inclusion of the modu-
lus parameter in this equation facilitates the prediction of the variations in the fatigue
failure characteristics of a material subjected to various loading conditions from the
knowledge of the manner in which the modulus of elasticity of the materiai is influ-

enced by such conditions.

6.2.2  Consideration of the COD and the crack tip plasticity:

(A)  Implementation of the COD concept:

Fatigue failure is a strain dependent process; thus it is reasonable to assume
that the rate of crack growth would be a function of the actual separation of the two
crack seraces during each load cycle. The concept of crack opening displacement
(COD), Wells (1968), is implicitly related to the plastic zone size and to the‘energy

criterion, thus

COD =6 =

(6.10)
yp yP

Clearly, wherever convenient, equation (6.1) can be expressed in terms of the

2 Es

COD parameter through the replacement of KI by -;;—qyp; thus:

Eo
a, . = 3(_‘:29.)“ (6 -5 )" | (6.11)

N max min

Dover (1972) demonstrated the possibility of relating &, , to the specific levels of a

N
COD cycle.

(B)  Crack tip plasticity:

In a similar manner to the above, relating the crack tip strain to the crack tip

plastic deformation, as a consequence of which fatigue crack growth occurs
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(McLintock, 1962; Valluri, 1961; Tomkins, 1968; Buck et al., 1972) the crack
growth rate can be predicted in relation to the crack tip plastic zone formation.
The size of the plastic zone is dependent ;Jpon the upper bound of the stress
intensity factor cycle, i.e. Kmax; and the length of the region within the plastic
zone starting from the crack tip which undergoes reversed deformation as unloading
takes place can be reasonably assumed to be dependent on the magnitude of the
reducﬁon in Kmax (see also. Paris, 1963). The smail cyclic increase in the crack
length is related to the length of this region (Rice, 1967) and hence to rhé differ-
ence in the plastic zone size, rp, corresp?nding to Kmax and Kmin; and r s

related to the stress intensity factor, as in:

_ ]
ProaZn Py

) (plane-strain) (6.12)

2

r and r will correspond to K > and K, respectively

P_. max min |
max min

and hence the cyclic rate of crack growth may be taken as related to the difference

of these squared terms:

a

=@ 2n o2 )" - n 6.13
N BWZr ) e e ) (6-13)

max  Pmin

In rate dependent materiqls,the yield stress g;p will be affected by changes:
in frequency (or load rate) and thus the value of rp will be correspendingly influ-
enced. The above equation has the advantage of being capable of application to

fatigue under various multiaxial stress conditions, if an estimate of the plastic zone

size under such conditions can be made (see Chapter 7).

(C) A note on the use of the plastic zone size and the plastic strain in the

fatigue failure models:

The following remarks may be made in relation to the importance of the plastic

zone size and plastic strain concepts in the analysis of the fatigue data:
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1) In the presence of excessive boundary loading conditions (where o,
approaches pr), it will be very difficult to justify the use of the stress intensity
factor parameter in characterising the failure process. Under such conditions the
plastic strains and the plastic zone size will yield a rigorous measure of the mechan-
ical phenoména taking place.

2) In certain configurations with the theoretically same stress iﬁtensity
factor, it is possible to have different crack growth rates (Erdogan, 1968) - plate
bending compared to plate extension is one example of such circumstances. The
plastic zone size will provide an accurate correlation in such cases. Other exam-
ples include comparison of flat with shear, or plane-strain with plane-stress, modes
of crack propagation in relatively thin plates.

3)  The plastic yielding phenomena conveniently ccmbine the mechanical -
variables at the continuum level and the microstructural properties of the material,
Hence in the development of an integrated crack growth model such properties of
the material may be represented by the characteristics of the plastic deformation
process.

4)  Under complex loading conditions, a knowledge of the variations in the
extent of plastic yielding due to the presence of multiaxial loading conditions may
prove very useful in determining the upward or downward change in the fatigue

_resistance of a material; see Chapter 7.

6.3 Survey of the Empirical Data and Comparison with Various Crack Growth

Models:

6.3.1  The effect of the emplitude and the mean level of the stress intensity factor:

Experimental data produced from the present test series indicated that a crack

growth model formulated such that a simple relationship between a, . and AK s

N
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satisfied, will, in many instances, yield erroneous predictions. Thus although the
initial studies of the fatigue crack propagation process were based upon the effect
of AK parameter (Borduas et al., 1968; Mukherjee et al., 1969; Hertzberg et al.,
1970), recently some evidence of the significant effect of Km has been obtained
(Mukherjee and Burns, 1971; Herizberg et al., 1972). Results of the pregent test-
ing programme demonstrated that by an oppropriate; choice of Kqu and Krﬁi

n

levels it is possible to obtain.widely different c'lN values under constant AK condi-
tions (Tables 4, 6, 10, 13). From the data presented in these tables, it is evident
that if the level of Km is appropriately modified, one may obtain a larger crack
growth rate value for a smaller 4 K load cycle.

The significant effect of Krn on the rate of crack propagation was observed in
tests on all four materials under investigation, Figures (37, 40, 42 and 45). Similar
behaviours were observed at all three frequency levels of 0.1, 5 and 20 Hz. The
specific influence on c':N of the frequency variation will be described in the follow=
iné section. In the case of PC the combined effect of AK and Km was found to be
dependent on the specific level of the applied cyclic load rate, Figures (22, 23).

The special characteristics of the behaviour of PC material within the limits of
the test range in the present study was described in Section (5.4.6).

The experimental results of the study of AK and Km parameters may now be
analysed in relation to the proposed crack propagation model, equation (6.1).

The value of A parameter in each test was calculated from equation (6.2).
These values, as presented in Tables (4, 6, 9, 13), indicate that irrespective of the
values of Kqu and Kmin' the crack growth rate will stay the same if the appro-
priate level of the A parameter is maintained. Graphs obtained from the plots of
c'tN against A demonstrate the applicability of equation (6 1) to fatigue crack pro-
pagation process in the four materials tested; Figures (37, 40, 42 and 45). A per-
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fectly linear relationship (on a log-log plot) would not be expected, however,
within the limits of experimental scatter ~ unavoidable due to the anomalies involved

The

in fatigue tests - there is a unique relationship between parameter A and c':N.
logarithmic plots of the results, obtained at various frequency levels, show good
linear distributions and allow the values of parameters n and 8 in equation (6.1)
to be calculated (Table 15).

To illustrate the effectiveness of the parameter A , tests were cénducted in
which AK and Km were allowed to vary arbitrarily but A was maintained at a

constant value. The results, in the form of logarithmic plots of a,, against A,

N
are shown in Figure (37) for PMMA.  Thus application of the A model leadsto the

following simplification in the analysis of the effect on a,, of the stress intensity

N

factor values: that irrespective of the specific values of K and K . (and
max min

hence AK and Km) the cyclic rate of crack growth will stay constant if parameter

A is maintained at a certain level. Assuming, of course, that all other testing

parameters have remained the same. See, for example, Figures (37 to 39) in which

6N against A data for PMMA at three loading frequencies have been presented.

6.3.2  Correspondence of the empirical data to other crack growth models:

The limitations inherent in the crack growth models available in the literature
on the fa.tigue problem became immediately apparent when an attempt was made to
analyse the data obtained from the present study. The application of Paris's (1963)
model, equation (2.21), was found to be limited to the conditions of constant Km
More specifically, as discussed before, by an appropriate choice of Kmax and

Kmin levels, it was shown that it is possible to obtain an increased éN value cor~

responding to a reduced AK level. Hence, any prediction of a,, based solely

N

upon A K parameter, and irrespective of the value of Km’ will yield erroneous results,

m



Amongst the other crack growth models, the one proposed by Roberts and
Erdogan (1967) and the equation recently used by Mukherjee and Burns (1971) were
considered. These two equations are very similar to the mode! proposed here
(equation 6.1), specially that by Mukherjee and Burns (1971) which contains both

AK and Km parameters as:

o1 oy Qs
‘c’i(,ff)= C, F oAk K (6.14)

where f is the loading frequency and C;,a; , o, and d3 are numerical
constants, |

This equation has been based on a general consideration of the fatigue data on
PMMA. The exponents ¢2 and a3 were found to be 2.13+0.18 and 2.39+0.18,
Bearing in mind the nature of the experimental work, it may be stated that @2 and
d3 hc'xv;e approximately equal values, i.e. the exponents of AK and Km terms in
the above equation are equal. This would then support the form of the proposed
model (equation 6.1). Equation (6.14) will produce a reasonably good fit to the
empirical data obtained from the present study. This model, however, does not
possess the specific advantages arising from the special form of equation (6.1) based
on parameter A, as described in earlier parts of the present discussion. |

In the analysis of the fatigue data on metals, a frequently used crack growth
equation is that proposed by Forman et al. (1967); (seeequation2.25). When the
data obtained from fatigue tests on viscoelastic materials were analysed using this
model, it was found that its predictions did not accurately correspond fo experimental
results. The specific conditions set for this comparison have been given in Table
(16). Contents of this table show that, under certain chx and Kmin levels
where approximately equal rates of crack propagation were obtained in the tests, the

predictions of the Forman et al. (1967) model are widely different; whereas the
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values of » parameter are nearly equal. Equation (2.25) clearly can not be used
in relation to t.he present test data. In Section 6.4 it will be shown that the use
of the model in place of Forman's equation (whfch includes a constant value for
R= Kmin/Kmax in each case) in application to fatigue data on metals, will result

in considerable simplification of the task of the designers.

6.3.3 Discussion of the effect of frequency:

From the discussions in. Chapter 3, it is expected that the mechanical response
of a viscoelastic material in terms of the viscous dissipation energy, the extent of
.yielding, etc,, will be highly rate dependent. In fatigue cycling tests such effects
have a pronounced influence on the rate of crack propagation. This is indeed
demonstrated by the results of tests carried out at three frequency levels of 0.1, §
and 20- Hz on four materials under consideration.

Except for a section of the results on PC material (discussed in Section 5.4.6),
the general trend. of behaviour of PMMA, PC ,N 6.6 and PA may. be described as
follows. | |

If all parameters associated with the conditions of loa.ding, including stress
intensity factor levels, are maintained consfonf, an increase in frequency will lead
to a decrease in the cyclic rate of crack propagation, éN. However, if crack
growth rate is determined as a function of the time ellapsed, faster cycling leads to
a shorter life time. Due to the very complex nature of the mechanisms involved in
the extension of cyclic damage, no simple explanation can be offered as the phenom-
enological substantiation of the observed frequency effect. However, an attempt
will be made to present explenations which seem to be reasonably plousiblé.

The trend of change in 6N values as a consequence of frequency variation

may be attributed to the following sources:
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(A) The effects of parameters associated with the external loading conditions:

During the high frequency loading process (sharper sinusoidal waveform), the
material is subjected to the high loads for a shorter period of time in each cycle.

The rate of growth of fatigue cracks is proportional to the extent of plastically
deformed zone at the crack tip (Frost, 1966; Rice, 1967), and as indicated by equa-
tion (6.13). In the case of the glassy polymers, the permanently yielded zone may
conveniently be considered as the crazed material through which the crack propa-
gates. There is evidence of time and strain dependency of craze growih in PMMA
(Higuchi, 1965), and in PC (Burnier and Kambour, 1968); namely that if the same
strain is applied for a shorter period of Hrr;e, the size of the crazed zone which con-
sequently develops will be smaller. Observations of the fracture surface produced.
under various load frequencies also confirm the hypothesis of smaller plastic deforma-
tion at higher frequencies. The study of the fracture surfaces produced in monotonic
fracture tests at various load rates, has indica.ted that with increasing load rate,
ductile behaviour of the material becomes more restricted and consequently a more
smooth fracture surface results,

In the discussion of variations with load rate of the energy required for crea-.
tion of a unit fracture surface one must also refer to the data relating the fracture
toughness value of the material to the speed of crack propagation. Such data on
PMMA, for instance, show arise in KlC (indicating a higher fracfurg strength)
as the crack speed increases up to a level of about 1700 psivin and then starts to
decrease; see Figure (2) in Johnson and Radon (1972). The first part of this graph
(i.e. up to crack speed of about 3 in/s) is considered as con;responding to the stable
crack grow*h situdﬁon, with which conditions of crack growth under cyclic loading

conditions may be associated; i.e. one would expect an increasing resistance to
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crack extension (higher KIC) as the load rate is raised.  As yet crack speed/
fracture toughness data are available only for PMMA (Willioms et al., 1968;

Johnson and Radon, 1972).

(B)  The influence of the intrinsic viscoelastic properties of the material :

From the consideration of the analytical treatment of the viscoelastic fracture
process by Williams (1965), as referred to in Chapter 4, it is evident that the role ‘of
the viscoelastic absorbed energy may be detrimental to the availability of propaga-
tion energy required for crack extension. The magnitude of this loss energy, desig-
nated. Wv’ as calculated in Chapter 3, is a function of E" parameter (the loss
component of the complex modulus, E*).  The loss medulus itself is a function of the
loading frequency. At low frequencies, where large recoveries may occur in the
delayed elastic response of the material, and at high frequencies when there is not
sufficient time for extensive stress relaxation fo take place, E" has a small value.
(A full description of this aspect of dynamic response has been provided in Chapter
3.) In the intermediate range, E" has a peak at a level of frequency termed the
resonance frequency. Thus depending on which side of the E" peak a frequency
range is selected, the loss modulus will increase or decrease with increasing frequency
levels. The specific trend of variations in E" will appropriately influence the Wv
term above and hence the magnitude of the energy available for crack propagation
will be offected. Room temperature relaxation data covering a wide frequency
range are as yet scarcely available for most thermoplastics.  Comprehensive data of
this nature are requiredso as to enable the establishment of the relative positions of
the relaxation pecks (a, B, y etc.) ot fixed temperatures for each polymer and

hence aid the accurate estimation of the Wv—frequency relationship.
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A final point may be made in relation to the association of the impact strength
of a material with viscoelastic energy absorption and hence its resistance to fatigue
crack growth. High impact toughness in a material will be associated with condi-
tions under which extensive relaxation (in the form of chain rotation) occurs in res-
ponse to dynamic loading sifuations. Hence a rise in impact strength will result in

a lower cyclic crack growth rate for a given stress intensity factor level,

The discussion in Sections (A) and (B) above poini to the possible effect of
two sources of influence which have rate dependent characteristics. It is, however,
important to at least recognise, from the limited amount of information available cﬁ
present, that in most situations where conditions of stable crack propagation (in the
absence of high material temperature rise) prevail, a considerably larger proportion |
of the mechanical work done per cycle is stored rather than convertéd into heat
(Tanchert, 1970). This means that the arguments put forward in part 1 of the above
discussion in terms of the load rate dependency ot fracture toughness etc. should per-
haps be treated as the relatively more imporfant factors affecting the rate of crack

propagation.

6.3.4  The effect of the cyclic waveform:

The foregoing discussion in relation to the effect on éN of loading frequency
variation may be reﬁonsidered in the context of the input waveform effects.  Such
effects are expected to be more predominant in the slow cycling tests as in high fre-
quency tests a sinusoidal waveform test, for example, will closely approximate to
the one with a triangular waveform.

In the present programme of studies the effect of change from a sinusoidal to a

triangular input waveform on the cyclic crack growth rate in PC has been studied
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values obtained with a triangular input waveform were gen-

(Figure 40). The a4
N
erally smaller than those obtained from a sinusoidal waveform test.  Similar results
obtained from tests on metals have been discussed in Bradshaw et al. (1970). The
trend of behaviour in both thermoplastics and metals seem to be similar.  In general
as the waveform changes from triangular to sinusoidal, then to trapezoidal and then
to square forms, the amount of damage due to each load cycle tends to increase.
One explanation for such a behaviour may be put in terms of the effect of the in-

crease in hold time at maximum load, as a triangular waveform is gradually changed

to a square one.

6.3.5 Variations in parameters B and n as a function of test conditions:

Values of the parameters 8 and n in the crack growth model, equation (6.1),
are functions of the material properties such as the loading frequency, the environ-
mental temperature (as indicated in Section 5:5) and the chemical properties of the
containing medium. Yokobori (1969, 1971) analyses attempt to identify the speci-
fic role of some of the above parameters in determining the crack propagation rate.
Discussions presented in Section 6.2 also demonstrates the manner in which a para-
meter such as B is related to oy and E. Variations in the material properties as
a function of the loading conditions, affect the value of g, resulting in a parallel
shift - upwards or downwards - of the linear graph of the logarithmic plot of 6N
against A,

The slope of such a plot yields the value of parameter n. The present test
results indicate significant variations in the value of n as a function of test fre-
quency and temperature. Mukherjee et al. (1969) from tests on PMMA at a fre-
quency of 0.65 Hz, found the approximate value of m (index in équaﬁon 2.21)

to be equal to 5, which will corresponds to a value of n = 2.5 in the A -model.
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(See Section 6.2.) From Figuras (37 to 39) the values of n were found o be 2.3,
;'2.2 and 3.5 at frequencies of 20, 5, and 0.1 Hz. No specific trend in variation
of slope n with frequency can be identified cxn.d any general conclusicns are avoided,
since data are limited to only three frequency levels. However, from the results of
Mukherjee et al. (1969} and the present test programme, it is proposed that for
medium and high frequencies an average value of n =2.5 will yield good approxi-
mations to the value of 6N'.

In the case of polycarbonate, due to the unique behaviour of this material it
was not possible to compare values of index n in A -based equation (6.1) as the
relative effect of Km was found to be insignificant, above a certain level of para-
meter K. However, one can refer to the results of tests at three frequency levels
under constant Km conditions. Figure (46) shows plots of some data of this nature.
The slopes of the graphs change from 3.35 to 3.5 to 4.0 as the Frequeﬁcy (loading
rate) is raised from 0.1 to 5 and then to 20 Hz.

For Nylon 6.6 materials, plots of c':N against A data in Figures (42 to 44)
show slopes of 3.1, 3.3 and 1.8 for frequency levels of 0.1, 5 and 20 Hz respect-
ively. From comparison of the above values of the parameter n+ it is evident
that due to the dearth of sufficient data, no special significance can, at present, be
attached to the relationship between the slopes of the graph and changes in loading
frequency. It can only be stated that the maximum value of parameter n in equa-
tion 6.1, does not exceed 3.5 for the materials tested at three frequency levels.

The large differences in the value of n in some cases, may be attributed to the

possibility of inclusion of data from tests in which limits of approximate linearity

t Note: Only for the PC material the value 4.0 corresponds to parameter m as
it is obtained from an éN v 4K plot.
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have inadvertently been exceeded. In such case linear elastic fraciure mechanics
analysis will fail to produce very accurate data. LEFM concepts will be uncble to
account for the specific nature of the mechanisbm (involving inelasticity) of response
of the material to cyclic loading even though such concepts as the stress intensity
factor may successfully characterise the crack growth process. (A similar point
may be raised as an addition to the discussions in relation to the unique behaviour
of the PC material,)

In Andrews and Walker (1971) studies of fatigue crack growth in polyethylene
(PE), an analysis based on energy density parameters was employed (similar to the
model used by Gent et al. (1964) in the failure studies in rubber). The energy
level approach is applicable to the non-linear behaviour of PE.  Three distinct
regions were obtained from plots of crack growth data: Regicn 1, of slope of 3.5,
region 11 a transition zone of not a distinct slope and region I, which contained by
far the majority of the experimental results, of slope 2 to 2.5 depending on the
specific PE material tested.

Variations in the slope of the logarithmic p‘ots of éN against stress intensity
factor dependent terms have been observedalso in metals.  For example, Miller
(1968) found an increase in the slope of such graphs as the effective KIC value for
the material was lowered as a result of variations in the test conditions. Barsom
(1971a) tests on steels observed an increase in the slope of the graph pertaining to a
particular value of 4 K (or Kmax) parameter. It was proposed that after a certain
level of crack opening displacement (6 = 1.6 x 10 3inch) had been surpassed, a
ductile tear process accompanied the true fatigue damage process and hence higher
values for 6N were obtained. Hence it is accepted that for some materials, over

a very wide test range, graphs of singular slope may nol be obtained.
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A final point ought to be made in relation to the comparison of slopes from
various sets of data: when an attempt is made to relate data on the same material
obtained from various test programmes performeci by different workers, care must be
taken to check for any differences in the basic material properties due to the methods
of production and specimen preparation.  For example whether the materials possess
similar temperature and time histories in their processing stage; whether the manu~
facturing techniques have differed from one case to another (such as cast or extruded
material) and also whether there have been any subsequent (post~processing) treat~
ments such as annealing or drawing. Insufficient care in this respect will yield

erroneous conclusions in attempts to correlate various sets of data.

6.3.6 The heat affected zone at the crack tip:

Heat generation at the crack tip and tHe surrounding material under certain
cyclic loading conditions, has a considerable effect upon the rate of crack propaga-
tion. The magnitude of the temperature rise, which occurs as a consequence of
viscous energy dissipation in polymeric solids, will be a function of the specific
material properties in terms of the characteristics of the cher;nical structure (degree
of crystallinity, molecular friction coefficient, etc.), the strain levels and the load-
ing frequency. Hence, under similar loading conditions, the heat generation due to
viscous deformation and the frictional movement between the molecular chains is
expected to be lower for amorphous thermoplastics than semi~crystalline ones.

Clearly the region in which the highest degree of deformation and reorientation
of molecular chains occur will be the plastic yield zone at the crack tip. Hence it
may be expected that in thermoplastic materials significant rises in temperature may
be associated with certain cyclic loading conditions in which the applied load and

frequency levels are such that large crack tip plasticity, at high rates of deformation,
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is involved.

Higuchi and Imai (1970) measured the rise in temperature in PC material when
subjected to cyclic loading conditions and subsequently proposed a relationship
between the temperature rise and the load and frequency levels. The general appli-
cability of this relationship to other materials has not yet been demonstrated and
hence it will not be discussed here; however, the results of the above analysis iden=
tified the limits of the applied load and frequency levels below which the rise in
temperature, for PC, will be insignifﬁcant.

At the highest level of frequency used in the present programme (20 Hz), the
rises in temperature in all four materials were found to be negligible. This general
observation could be confirmed from studies of the fatigue crack surfaces, which
clearly.showed a step-wise propagation process. In the presence of large internal
temperature, thermal softening will occur and the material will lose .its basic inte~
grity (Constable et al., 1970).

However, in an exploratory test on PVC (7x 12x % inch thick specimen) with
load levels of 2100 - 0 Ibf and at a frequency of 20 Hz the following results were
obtained:

a) The crack propagated in cyclic steps and a uniform rate of growth was
obtained; and

b) At a crack length of about 2.75 inches, when the applied stress in the
ligament was equal to about 1000 psi, a very large temperature rise at the crack tip
was experienced and material softening occurred. The heat affected zone subse-
quently extended to a length of about 1.5 inches in front of the crack, Figure
(31b). Crack extension at this stage was no longer along the crack plane. The
process of fatigue failure under conditions is not measurable in terms of the crack

propagation relationship previously discussed.
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6.4  Application of the Model to the Fatigue Crack Growth Process in Metals:

In an attempt to test the possibility of application of equation (6.1) to the
fatigue failure process in metals, data were extracted from the available literature on
the studies of the relationship between the cyclic crack growth rate, éN’ the range
of stress intensity factor, AK, andratio R(=K ., /K ). Data on-metals are

min’ max
often presented in terms of 6N and 4K at afixed value of R. These results

have been plotted on the basis of the parameter A in Figures (47 to 50). X was

calculated in each case from the values of AK and R:

| _AK
as chx = T-R (6]5)
and Kmin = 'IR-AI;< (6.16)
Then | .
21 - p2 '
A _ (AK)2 (1 - R2) (6.17)
(1-R?

The data on two Aluminium Alloys (2024—T3 and 7075-T6), obtained at ¢
frequency range of 0.5 to 13.7 Hz, were taken from Hudson (1969); those on
(INi - 4Co ~ 0.25C) steel, obtained at a frequency of 0.1 Hz, from Crooker and
Lange (1968) and those on cold rolled mild steel from Frost et al. (1971).

The encouraging outcome of this exercise demonstrated that at least for the
case of the above metals, the crack growth rate can be determined from a single
set of data irrespective of values of £ K and R. From the designer's point of view
successful application of the model will be considered as an important step in sim=-
plifying the éN prediction procedure and reduce the complexity of the empirical
data as exist in the present form, with the index and constant in the power law model

(equation 2.21) having a different value at various R levels.
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In some metals the effect of Km has been shown to be relatively small, Frost
et al. (1971) on some aluminium alloys and steels for example; hence it is required
that further checks on the behaviour of metals are carried out before the 2 relation-
ship (equation 6.1) is adopted as a criterion for the prediction of fatigue crack growth
rate in these materials.

The use of the parameter 2 may open the possibility of treating.the combined
creep and fatigue data.  Extensive study of this parficular aspect of failure will
depend upon the availability of the LEFM based creep and fatigue data obtained
under similar environmental conditions.

Finally, correspondence of the * model to fatigue crack propagation in metals
and polymers suggests that, at the macroscopic level, the controlling mechanisms of
crack growth process may be similarly characterised by the stress intensity factor

concept.

6.5 The State of Stress and the Shape of the Crack Front:

The rate of growth of fatigue cracks in a material, will be influenced by the
variations in the fracture toughness value of the material. If component geometry -
and loading arrangements are such that plane=stress or plane-strain conditions pre-
vail, different crack propagation rates will be observed. In plane-strain conditions,
where the critical stress i'n.tensity factor will be lower than plane-stress values,
application of similar loading conditions will yield a higher rate of growth. Depen-

dence of a,, on material fracture toughness value has been discussed by Miller

N

(1968) in terms of the variations in the power law index. The value of index n in

equation (2.21) was greater for a material with lower KIC'
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In the present study of behaviour of polymers, c'JN data under various loading
frequencies can be taken as evidence of similar behaviour.  As the fracture tough-
ness in the stable range increases with the load rate (or crack speed), under the same
applied load levels, a smaller crack growth rate is obtained.

Transition from the plane-stress to the plane-strain state of stress (in ‘fhe regions
of the specimen surface and interior) and subsequent anticipated larger growth at the
centre of the specimen is evident from the parabolic shape of the crack front
obtained in all tests in this series. Similar crack front shapes were obtained by

Mukherijee et al. (1969).

6.6 Fracture Surface Studies: .

The study of the specific features of the crack surfaces in failed speciméns can
make a significant contribution to the recognition of the particular pﬁttern of crack
propagation under the static or the cyclic loading conditions.

From amonésf the materials tested in the present study, only in the case of the
PMMA was it possible to observe and identify regular features representing various
patterns of crack propagation under different loading conditions. These observations
(obtained at a magnification of 24:1) will be briefly described in the following sec~

tion.

6.6.1 Comments on the specific features of the fatigue failure surfaces in PMMA:

The appearance of the failure surface ot a fatigued specimen of PMMA has been
previously described (e.g. Mukherjee et al., 1969). For centre-notched specimens
it consists of the following three distinct regions: (a) the initial saw-cut with sharp
stress raisers on each side; (b) the fatigued zone (containing the striations) which

has a silver-coloured appearance and (c) the unstable fracture zone which usually
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contains 'fan' marks, i.e. lines originating from the crack tip and fanning out towards
the specimen boundaries.

In the case of PMMA, the presence of distinct fatigue striations were observed
at a magnification of 24:1, Figure(51a). The two regions shown in this micrograph
correspond to two different levels of the applied frequency (0.06 Hz and 0.1 Hz).
Fatigue striations of equal spacing in each region correspond to an approximately
constant rate of crack propagation per cycle of load application. The effect of |
frequency vdriotion on the value of the 6N parameter is also evident from the
decrease in the spacing between the lines as the frequency level is raised.

The striations observed in the fractography of the fatigued region should be -
distinguished from ancther set of lines which are also observed on the failure surface.
These lines are of similar form but the spacing between them increases as the free
boundary of the specimen is approached, Figure (51b). They correspond to the fast
(unstable) fracture process which occurs as the fatigue crack reaches a critical
length, and are associated with the interaction of the stress waves travelling towards
the free boundary and those reflected from it; see also Wolock and Newman (1964).

The surface features of the fatigued zone in Figure (51a) correspond to brittle
fracture striations as discuss;ad by Frosyth (1961). For relatively more ductile type
of fatigue crack growth (i.e. in the presence of extensive plasticity) the fatigued
surface in metals consists mainly of cyclic striations. However, for the case of
brittle crack propagation an additional feature in the form of narrow bands (ridges)
approximately parallel to the crack growth direction may be observed in fractography.
These bands indicate the presence of cleavage mechanisms. The presence of such
bands is expected to be more prominent in fatigue failures under the environmental

conditions which enhance the brittle behaviour of a material.

125



For PMMA, the study of the fatigue failure surfaces obtained from tests at a
temperature of 3°C confirmed the suggestion that the failure at the lower end of the
temperature range occurred under the conditions of enhanced brittle behaviour of the
material. The cyclic crack propagation pattern was again observed (Figure 51¢);
however the narrow bands associated with the presence of cleavage mechanisms were
found to occupy the surface to an extent greater than that on the surfaces obtained
from room temperature tests.

The effect of high environmental temperature was also observed on the surface
of the fatigue zone in a specimen tested at a temperature of 38°C (Figure 51d).
Micrographs ¢ and d were obtained from specimens subjected to the same stress inten-

—

sity factor levels and the same loading frequency (chxx - Kmin = 400 - 200 psi¥in;

f=5 Hz'). Thus, a direct comparison of these two micrographs will yield some
information on the relative states of material ductility under the two test conditions.
In Figure(51d) large regions, apparently featureless at the magnification of 24:1,
can be observed. The existence of these features indicates the possible presence of

such processes as the material 'healing'. The failure process stiil occurs in a cyclic

manner as indicated by the presence of small striations.
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CHAPTER SEVEN

GROWTH OF CRACKS UNDER COMPLEX LOADING CONDITIONS

The main purpose of the discussion in this chapter is to present a method for the
determination of the path of crack extension in fatigue and fracture under arbitrary
loading conditions. The effects of initial crack orientation direction on the frac-
ture toughness value of the material and on the cyclic initiation life and rate of

crack propagation in fatigue are also indicated.

7.1  Introduction:

The study of the growth of cracks or flaws arbitrarily oriented in relation to
the boundary loading direction is a natural extension to the considerable amount of
research work directed towards the analysis of the fracture processes Qnder uniaxial
loading conditions. In its earliest stages, the problem of failure of components sub;
jected to biaxial ioading conditions was examined empirically from tests such as frac-
ture and fatigue of internally pressurised cylinders or rofoﬁng discs. Valluri (1965)
and Dong (1970) in studies of the biaxial failure of metals and polymers developed
failure envelope concepts in which failure planes described by the principal stress
compom;.-nts were used as loci of points of limiting stability for fracture under multi-
axial loading conditions. A similar criterion based upon the equivalent-stresses,
used initially by Griffith (1924), has been employed by Joshi and Shewchuck (1970).
The exact form of this criterion will be described later. Tuba and Wilson (1970)
proposed the use of a criticality plane described in terms of the three stress intensity
factor components KI' Kl and K s S0 as to enable the application of the LEFM

parameters to the extension of cracks subjected to combined mode crack opening con-
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ditions. Direct application of the LEFM concepts to these loading conditions will be
discussed in a separate section. It suffices to say that at present no general closed
form solutions for the combined mode failure problem are available. However, from
the practical application viewpoint, as will become clear later, some success has
been achieved in the analysis of the effect of the crack orientation direction on para-
meters such as the fracture toughness of a material.

A factor of considerable importance in the process of fracture under arbitrary
loading conditions, is the determination of the path of crack extension. Irwin
(1957), in the discussion of the siress field parameters which significantly influence
the fracture process, proposed that cracks will grow in a direction controlled by the
orientation of the maximum stress direction at the crack tip. At a later stage
Forsyth (1961) proposed the hypothesis of division of the fatigue failure process in
mefals to stages | and Il (see section 1.1), where in stage I, flaw growth occurs
parallel to the crystallographic plane of maximum shear and in stage 11, the macro-
scopic crack propagates in a direction perpendicular to that of the local maximum
stress.  The hypothesis that cracks will extend in a radial direction, from the tip,
normal to the direction of maximum tangential stress was confirmed by Erdogan
and Sih (1963) and also by Cotterell (1965 and 1966) who from the consideration of
the second term in the power series solution of the stress field in a cracked body,
concluded that a crack will propagate along the principal siress plane passing through
its tip.

The aim of the present study was to investigate the specific role of such para-
meters as the component geometry, the initial crack orientation and applied load
levels, in the determination of the path of crack extension under complex loading

conditions. Some exploratory work on the effect of crack inclination on the critical

128



load at fracture, the crack growth initiation life and the rate of cyclic crack propa-
gation in fatigue will also be discussed. The experimental work was performed on a
quasi-brittle thermoplastic (PMMA). However, the phenomenological aspects of

crack behaviour in fracture analysis can be equally applied to the failure of metals,

7.2 Analysis of the Stress Field in the Vicinity of an Inclined Crack:

In addition to the analyses based upon the equivalent stress term, used initially
by Griffith (1924), various other attempts have been made to study the characteris-
tics of the crack tip stress field. The effect of crack inclination angle, B8, on the
shear stress distribution in the neighbourhood of the crack was analysed by Schijve
(1964); similar studies were carried out by Hasseem and Affimiwala (1972) who in-
vestigated the stress distribution pattern using photoelasticity techniques.  Studies
of variations in strain concentration with increased biaxiality were performed by
Wilson and White (1971) wlho used both the finite elements analysis and photoelastic
measurements for the analysis of stress fields in cross~-shaped specimens.

In terms of the LEFM concepts, in the presence of both the opening mode ond
the sliding mc;de crack face movements, the strength of stress singularity at the crack
tip is controlled by the stress intensity factors KI and K“ (Paris and Sih, 1965,
Tuba and Wilson, 1970). Hence in the analysis of the fracture strength of a material
subjected to biaxial loading conditions, a relationship combining KI and K” must
be employed. Attempts have been made to develop such a relationship by Erdogan
and Sih (1963) and Tuba and Wilson (1970) for isotropic materials and by Wu (1968)
for anisotropic materials.

The instability criterion proposed by Erdogan and Sih (1963) was of the general

form:

129



2 2 _ : .
011 Kje + 20K, K|+ apK 2 = 1 N'A)

The three coefficients a1, ai2 and ay, must be determined experimentally,
(Note that when the crack propagates in its own plane, dl1 = az2 and a12 = 0.
Thus only one coefficient, a11, must be determined by empirical methods.)

Use of such a relationship would require the knowledge of KI and K“ pora-
meters determined from the component geomeiry and loading conditions. However,
analytical difficulties have prevented the extensive development of such solutions
(Brezhinitskii, 1965) and only with the aid of such techniques as the boundary collo-
cation method or the finite elements analysis has it been possible to obtain reason=-
ably accurate solutions for Kl and K“ parameters (Wilson, 1969; lida and
Kobayashi, 1969). |

7.2.1 Plastic deformation at the crack tip:

The influence of biaxial loading on the extent of plastic deformation at the
crack tip has not yet been formulated in terms of a general criterion. On the one
hand vsome experimental data - to be discussed in Section 7.8 - indicate an increase
in the degree of brittleness of the material when it is subjected to biaxial loading
conditions, hence implying that the extent of crack tip plastic deformation is reduced
when the load parallel to the crack plane is increased (Joshi and Shewchuck, 1970).
On the other hand there is a considerable amount of evidence that in many other
cases the introduction of external load biaxiality enhances the fracture toughness of
the material (Pook, 1970; Kibler and Roberts, 1970). Also, Ang and Williams
(1961) showed that if von Mises criterion for yield is adopted, under the conditions
of constant normal stress, the estimated plastic zone size increases as the stress parallel

to the crack is increased.



Due to the complexity of the problems associated wfth the presence of a degree
of non-linearity introduced by crack tip plasticity and the important influence of para-
meters such as the state of stress (plane-stress or plane~strain) and Peissen's ratio
(Swédlow, 1965) a specific criterion uniquely describing the effect of biaxiality in
all materials is as yet unavailable.

The crack tip plastic zone sizes, related to the three modes of crack opening are

given as follows (Pook, 1970):

P = N [K 2 + 3K 2] plane-stress (7.2)
P 270 2 | I
and P
ro= 1 [Kz(l-Z\))2 +3(K2 +K2 )] plane=strain (7.3)
P o’ | TRRNTT
yP

In plane problems, in the presence of modes | and I, the plastic zone is no longer
symmetrical about the crack plane, Figure (52). The direction of initial crack growth
will be approximately the direction in which the extent of yielding is minimum
(Kobayashi et al., 1969). This will be the direction in which the shear component
of the local stress has the least possible value (zero) i.e. in the direction of a prin-
cipal plane. The discussion of the crack growth direction is deferred to Section

7.6.3.

7.2.2 Determination of the K, and K

| 1 parameters:

A general closed form solution for the combined mode problems is as yet unavail-
able. However, for the simple case of an inclined crack in an infinite plane sub~

jected to uniaxial loading, KI and K“ parameters may be calculated from (Sih

et al., 1962):
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Kl = g J/ra sin® B ‘ (7.4)
and
K” = g Vra sinB cos B (7.5)

where g is the angle between the crack plane and the loading direction and
0 is the magnitude of the applied boundary stress.

Various combinoﬁor;s of numerical and empirical techniques have been lused to
calculate KI and KII porarﬁefers, by varying degrees .of apprbximation.

For the general case of a crack loaded in such a manner so.that both the open=-
ing and sliding modes are present, the elastic state of stress in the vicinity of its tip

may be described in terms of the local polar coordinate system as (Paris and Sih,

1965):
o = ::” cos -29[1 -sin-ze- sin _@32_- - —-2K—ﬂl:—- sin-ze- |:2+cos§- cos%e-]

) (7.6)

g = Kl cos 2 [1 -sing sin §_6‘-1 + K“ sing cosg cosg-g

y \/;; 2 2 2_J \/Z\'T 2 2 2
(7.7)

L TN S S LI _6_[1_5-,,9 s;nia_]

Tay \/E:r: sinz cos 5 cos \/5_“_; cos 3 in 3 5

(7.8)

. . 0 .
The maximum in-plane shear stress, T~ , can be obtained from:

02 g =0
O [_L_X_] . 7.9)
2 xy
Using equations (7.5, 7.6 and 7.7):
3
0 1 2 . a2
T = ————— | (K, sin® + 2K, cos8) +(K, sin®) (7.10)
| 1 1]
227
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0 T ‘
Differentiation of T with respect to 8 will yield the angular direction, 8 "

along which the maximum shear stress occurs (Erdogan and Sih, 1963; Smith and

Smith, 1970):

K K
(-,—<'l—')2 - 3 (_Klll) cot (20_) -

L. 0 (7.11)

w]

This'relationship thus yields a function for ¢ o in terms of K“/Kl ratio.

It is possible, through the implementation of the photoelastic studies, to deter-
_ hine qnother relationship between Kl and K.“ using equation (7.10). From iso=
chromatic fringe patterns, for each of which the value of 0 s known, values of

r, 8 and 17 are substituted in equaﬁoﬁ (7.10). Angle 6m will again corres-

pond 'to the direction in which % has reached a maximum (Smith and Smith, 1970).

K, and K, are hence determined from the two relationships thus obtained.

7.2.3  Use of the finite elements method in the calculation of the stress intensity

factors:

If the states of stress or displacements in the neighbourhood of the crack tip
can be determined with reasonable accuracy, then the stress intensity factors Kl and
K" may be calculated from the stress field equations presented in the previous section.
Facilities offered by a technique, such as the finite elements method, thus immediately
becbme apparent. As arule of fhuml;, the magnitudes of the stress components in a
region r< %6 have to be calculated with the maximum possible accuracy. Although
| Kobayashi et al. (1969) proposed that this restriction may be relaxed significantly

along the crack boundary, i.e. for 6= .

lida and Kobayashi (1969) used the finite elements technique to calculate the

Kl and K”

lations were carried out over a range of crack lengths corresponding to the results of

components of the combined mode stress intensity factor. These calcu-
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fatigue crack growth tests. Plots of K” and KI as a function of crack extension
indicated an immediate drop in K“ component and a rise in KI. In other words,

the crack turned to grow under the conditions of maximum KI.

7.3 Empirical Studies of the Crack Growth Path:

Experimental studies carried out in the present work may conveniently be -
divided into the following two sections:

1) Uniaxially loaded specimens containing inclined centre notches (Test
series UA and AG).

2) Biaxially loaded specimens containing arbitrarily oriented side and centre
notches (Test series RR, ROR and RTR).

In the following sections, the general trends of behaviour, observed from these

tests will be discussed.

7.3.1 EquiErﬁent:

Uniaxial loading tests (Series UA and AG) in both fatigue and fracture studies
were perfou:med on an Avery hydraulic testing machine with a maximum load capacity
of 25000 lbs.

Biaxiol loading tests (Series RR, ROR and RTR) were carried out using the
Dowty electrohydraulic fatigue testing machine (Fully described in Section 5.4.4.) .
A loading frame was designed and added to this machine in order to enable the
application of loads in two perpendicular directions; see figure (53). The frame,
which was placed between the two main columns of the Dowty machine, supports side
loads applied through a steel wire ~ pulley arrangement shown in the figures. Maxi=

mum side load used in this series was 100 Ibs on each side.
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7.3.2  Material selection and specimen design:

(A) The material:

The material selected for use in these tests was polymethylmethacrylate (PMMA)
supplied in the form of 0.25 inch thick and 1 inch thick cast sheets. The main reasons
for this choice were the quasi-brittle behaviour of this thermoplastic material and its
transparency. The latter characteristic enables very precise monitoring of the crack
position and its progress fhrouéh the body of the material.

In addition, availability of the data from uniaxial loading tests in this material,
enables a direct comparison with the results of arbitrarily loading test in order to
analyse the specific effects of multiaxial loading conditions.

The PMMA material is being employed as a convenient model material to study
the phen.omenologicdl aspects of fracture and fatigue processes and hence the results

may equally well be applied to the failure processes in metals.

(B) The specimens:

General arrangements of the specimens are presented in Figure (54).

Specimens used in the uniaxial loading tests were of dimensions 5%" 11x3
inch in UA series and 5% X 11 ¥ 1 inch thick in AG series. A centre hole of % inch
diameter was drilled in these specimens and using a hack-saw an initial crack of
length of 1 inch was produced at angles of 159 309 45%nd 60° to vertical direction.
Sharp stress raisers were created at the ends of the centre notch using razor blades.

In AG series of tests, surface grooves were produced at various angles, through
a vertical milling process.  Subsequently centre cracks colinear with the grooves

were produced as described above.
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In biaxial loading, specimens of dimensions 9 % 18 x ] inch were used, -
Figure (54c,d). Dovetail forms were cui on the sides of these specimens and suit-
ably designed blade-form components (Figure 55) which fitted the dovetails closely,
were used to apply the side loads. This particular design of the specimen and the
loading components were chosen so as to represent the practical engineering pro-
blem of the failure in turbine rotors and blades.

At the initial stage four. blades on each side were used; however this arrange-
ment was found to be unsuvitable as it resulted in extremely long initiation lives. In
the present test series only two blades on each side were employed.

Specimens used in ROR tests, contained a circular hole of diameter of 21
inches, at the centre. Whereas in RR tests initial cracks of length of about 1/8
inch were produced at appropriately chosen angles at the root of the dovetail forma-
tions, in ROR tests initial nctches were created at points around the periphery of the
centre hole at various selected angles.

In RTR fe;fs; specimens of the type used in RR tests were employed. However,
in this series of tests the specimens were loaded in a transverse direction (see Figure
53b) so as to study the failure of the dovetails as representative of the failure in

blade-root regions around the periphery of the turbine rotors.

7.3.3 Methods of experimentation:

(A)  Uniaxial loading tests:

Monotonic fracture and fatigue tests under uniaxial loading conditions were
carried out with initial centre cracks inclined at angles of 15, 30, 45 and 60 degrees
to the loading direction. The cyclic tests were carried out at a frequency of 0.25
Hz. The growth of crack on two fronts was monitored by a cathetometer. In
fatigue tests the effect of initial crack angle on Ni' the cyclic crack growth initia-
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tion period, was evaluated. The specific level of the critical stress intensity factor

corresponding to final unstable fracture was also measured.

(B) Biaxial loading tests:

Tests under static and cyclic biaxial loading conditions were performed with
initial cracks at various angles selected on the basis of the results of the finite ele-
ments analysis of the stress fields in the specimen. In some cases the initial notches
were so produced as to fall on a major principal plane and in others they were of
arbitrary orientation.

In RR tests the curvature of path of crack growth in the fractured specimens
was examined using a Hilger optical projector. Magnification level of X25 was

found to be sufficient.

(C) Determination of the applied load levels:

Stress ratios in RR, RTR and ROR tests were calculated on the basis of stress
levels acting across the narrowest section of the dovetails. For example: if the
applied blade load is equal to 30 |bs on each side, then each blade will carry 15 lbs
and hence the load acting on the narrowest section of the dovetail formation
(8 = 10 mm, Figure 55) will be equal to 30 Ibs. This load will give rise to an

average stress of:

15 x 25.4

00,795 152.4 psi .

This stress was designated the blade (or radial) stress op and the levels of the

hoop stress, OH' were so chosen as to give various values to the ratio UB/UH.
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7.4 The Method of Analysis of the Stress Fields in the Test Specimens:.

Stress distribution in RR, RTR and ROR specimens subjected to various boundary
loading conditions were analysed using the finite elements stress analysis technique.
Elastic solutions were found for all the specimens in uncracked state.

The computer program used for this analysis was based on the program developed
by Hayes (1970). The program treats a displacement based method of discrete ele-
ment analysis with the fundamental assumption that the displacements within each
triangular element are linear functions of the coordinates. A full description of the
basic program may be found in Hayes (1970).

In its present form, additional subroutines have been introduced into the pro~
gram so as to make possible the calculation of the principal stress values and
the angle of inclination of principal planes at the nodes of the finite elements mesh.
These results were obtained in the form of punched cards and could subsequently be
plotted using Calcomp and Kingmatic plotfing.fociliﬁes to obtain the principal stress
distributions or isoclinic contours. (Isoclinics are the loci of nodal points af which
the principal plane inclinations relative to the horizontal direction, are equal.)

In Figures (56 to 58) the finite elements meshes used fcr RR and ROR specimens
are shown. Advantage was taken of the specimen symmetry and only a quarter of

each plate was analysed.

7.5 Distribution of the Stress Fields in the Specimens:

Results of the finite elements analysis of stress distribution in RR and ROR speci-
mens were plotted using the Calcomp and Kingmatic computer plotting facilities.
As the main interest lay in the study of possible crack growth directions, the plotting

progroms were so arranged that the outputs were in the form of isoclinic contours.
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The choice of isoclinic contours rather than the principol stress plane contours, was
based on the fact that some photoelastic data of similar nature were available and
hence a direct check on the accuracy of the results of the finite elements analysis
could be made, see Figure (59).

From the distribution of the isoclinics, plots of principal plane directions
could easily be obtained. One way of achieving this would be to use the specific
angular \)alue by which a contour is designated. This will be the value of the |
angle at which all principal planes situated on the particular contour are inclined
to the horizontal. By drcw%né an appropriately inclined short line at each point on
the curves, contours of principal plane directions will be constructed.

Another method would be to take advantage of the fact that the isoclinics
cross the free boundary of the body at a point positioned such that the tangent to the
boundary curvature at that point is parallel to the direction of one of the principal
planes. This particular characteristic arises from the fact that at the free boundary
the major principal stress acts in a direction .fangenfial to the surface.

The isoclinic patterns obtained in RR specimens corresponding to RR1 loading
conditions, were compared to the results from photoelastic analysis and a very good
degree of correspondence was observed.  [n Figures (60 and 61) a sample plot of
isoclinic contours for biaxial lcading conditions under two exireme cases of Lx =0
and Ly =0 are presented, (Lx and Ly being the load in x and y directions,
respectively). -

Principal plane contours obtained from these plots have been sketched onto
these graphs. The minimum principal stress trajectories cross the periphery of the
circular centre hole in a radial direction, os maximum principal stresses act tangen-

tially in relation to the circle.
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7.6 Discussion of Results:

7.6.1 The effect of crack inclination on fracture toughness:

A series of tests were carried out, using the UA specimeﬁ (rectangular plates
with inclined centre cracks), to study the variations with angle B of the apparent
fracture toughness, KAC' of the material. The term apparent is employed as the
crack length parameter used in the calculation of the critical siress intensity factor
values did not represent a medsurement a.long the whole length of the crack. It

represented the length of the horizontal section, £ , of the crack plus the pro-

jected length of the inclined section at the centre, Figure (54a), thus:
2a* = 2asin B + 22 (7.12)

In Tables 17 and 18 a summary of the results obtained from this series of tests
is - presented.

It is apprent that irrespective of the initial angle of crack inclination, the
crack continues to propagate in a cyclic manner until the achievement of a critical
length. This limiting value of crack length, 2a, combined with the maximum
applied stress level, yields values of parameter KAC' the apparent fracture tough-
ness of the material, Table 18. Relatively small variations in the level of the KAC
parameter were obtained from the results of various tests.  Under uniaxial loading
conditions (B= 900), the fracture toughness value, KIC' was found to be about
1100 psi/in; data in Table 18 show that the KAC levels reached at the end of
fatigue loading processes examined cover a range from 745 to 796 psi/_i—rT. The rela-
tively smaller values of KAC may be attributed to the fact that the crack length
used in the calculations, 2a*, is smaller in magnitude than the physicai length of

the crack. The case, in fact, corresponds to the conditions of the presence of a

zi g-zag crack.
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From this set of data it is also evident that the effective total crack length,
2a*, is nearly equal for all values of 8, when applied load levels are maintained
at a constant level: 1.30, 1.37 and 1.37 inches under lcad limits of 560-224 Ibf
and 1.70 and 1.80 inches under load limits of 448-112 Ibf. This indicates that the
extent of crack growth in the direction perpendicular to that of loading, pﬁor to
the achievement of unstable fracture conditions, increases with decreasing angle 8 .

The angle of inclination has a very sign‘ificant influence on the value of thé
effective stress intensity factor at the tip of the initial crack in a static fracture
process. This influence plus l’he. effect of angle B on the cyclic initiation life and

crack propagation rate will be discussed in the following sections.

7.6.2 The cyclic initiation life and the subsequent rate of erack propagation:

Ti‘1e cyclic initiation life, Ni' discussed in Chapter 4 is primarily influenced
by the magnitude of the stress intensity factor parameter which characterises the
stress field in the vicinity of the crack tip. Hence it is expected that in such cases
where the initial crack direction is inclined to the loading direction, the value of
N, will be influenced by the magnitude of angle B . As discussed in a previous
section (7.2.2), the value of KI component of the combined stress intensity factor
increases with increasing B . Thus it is anticipated that a shorter initiation life
will result from an increase in the value of B8 . Results of experimental studies,
Table 17, show that such a prediction based upon the above analysis, is indeed
éccurafe. In tests UA2, UA3 and UA4 where the angle B had values of 600, 30°
and 45° respectively, the initiation life, Ni' was found fo be 6500, 25700 and
13400 cycles. These results indicate a ratio of 1:2,0 : 3.5 in Ni values as angle

B is varied from 60° to 45° to 300.
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in the second set of tests (UAS and UA6) performed under the conditions of a
lower leve! of maximum applied load, relativevly larger values for Ni were obtained;
however the ratio of Ni values for the cases of 8= 60° and 30° is approximately
the same as above, i.e. 1: 4.

In this series of tests, the initiation period constituted by far the largest propor-
tion of the total fatigue life (Ni values in tests with 8 =90° and under similar
loading conditions were of the order of a few hundred cycles). In Table 17 fota‘l
number of cycles to failure are also included. The figures indicate an increase in
total life with decreasing angle B. This increase was mainly due to the differ-
ences in the initiation period, although the rates of crack propagation in all cases
were also different. Wherever the value of Ni is smaller, the rate of propagation
in the subsequent stage of the fatigue process is greater.  This behaviour would be
expected as both processes are, in the main, influenced by the KIC term.

In propagation, the large value of g means a larger effective initial length
(sén‘3 +1 as B> 1/2) and under constant applied stress level, this would correspond
to a higher level of stress intensity factor. Hence a greater value for crack propaga-

tion rate is expected.

7.6.3 Determination of the crack growth path in fatigue and fracture under

complex loading conditions:

From the finite elements stress analysis of RR specimens the position and the
pattern of distribution of principal stress planes around the periphery of the dovetail
roots at the sides of the specimen, were determined. The first set of tests in RR
series were carried out with initial cracks produced along a maximum principal plane
contour. In Table 19 a record of various test parameters (initial crack orientation

angle and biaxial load levels) are provided.
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(A) The RR tests:

Test RR1 was carried out in order to obtain a measure of the fracture load-
with an initial crack inclined at a small angle to the horizontal direction, 8 = 10°
in Figure(55a). It was found that with blade loads of 50 Ibs on each side (qpplied
through two blades) the load Ly could be raised up to 2000 Ibs prior to fracture.
Test RR2 was performed under Oy 10 stress ratio of 0.8 : 1 with initial crack
inclination of 0=25°. After 4 x10° cycles no growth was observed. This
behaviour may again be discussed in terms of the relationship between the cyclic
initiation life, the crack angle and applied stress levels.  Evidently in this particu-
lar case, much higher values of L would‘be needed in order to initiate the crack
propagation process. Subsequent tests, RR3, RR4 and RR5, were performed under
stress ratios of 4.3:1, 3.5:1 and 4.3:1, respectively. The initial angle of crack
inclination varied from © = 10% to ©=15°. Lower values of ® were not chosen as
the test would then approach the case of the horizontal crack problem and a larger
value of 9 was avoided as it would result in the immediate fracture of the dovetail.
The latter phenomenon, however, has been separately investigated using the RTR
specimens (Part C).

The specific values of angle 6 used in these tests were selected from the photo-
elastic and the finite elements studies (Table 20). These values correspond to the
angular position of the peak stress concentration point appropriate to each level of
the applied stress ratios.

Crack growth paths obtained from the above tests demonstrated that if the ini-
tial crack lies along a minimum principal stress trajectory, it continues to grow along
that contour.  The correspondence of experimental observation to the results of the

finite elements analysis is demonstrated in Figure (62). The dotted lines in this
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figure are the isoclinic contours and the full lines are the appropriate minimum prin-
cipal stress trajectories. The path of crack growth is indicated by the direction of
the arrows.

In practice, however, the crack in its original stage may have an arbitrary
orientation and may not necessarily lie on a plane passing through the theoretical
peak stress concentration point. Test RR7 was devised to study this particular aspect.
With an applied stress ratio of 4.3:1 the maximum stress concentration §ccurs at
6= 100; however the initial crack was positioned at 6 = B.Ob. The result showed
that the crack continues to propagate along the principal plane passing through its
tip. This plane obviously becomes the specific principal stress plane,perpendicular
to which the maximum principal stress of highest magnitude acts.  This outcome con-
firms the proposals of Cotterell (1966) in relation to the expected path for crack pro-

pagation, as discussed earlier.

(B) The ROR tests:

Due to the specific geometrical configuration of the RR specimens, the contours
of maximum principal stress plane do not possess a pronounced curvature and hence
use of optical magnifiers is often necessary in order to establish the exact contour of
the fracture planes. This geometry was thus modified into the form of ROR speci-
mens where the presence of the centre hole of 2% inches diameter ensures the exis-
tence of principal plan.e contours of large curvature. The stress field in this speci-
men subjected to biaxial loading conditions has been analysed, Figures (60 and 62).
The principal stress contours are again indicated by full lines in these figures. Due
to the circular shape of the boundary, the minimum and the maximum principal
stresses at each point on the periphery will be in radial and tangential directions

respectively.
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Data for ROR tests have been presented in Table 19. In tests ROR1, two
initial notches were produced at B = 45° position: one along the 45° radius and
the other at 30° to the horizontal direction, see Figure (63a). Under cyclic load-
ing conditions at a frequency of 5 Hz and with Ly =840 ” 0 Ibs and static loading
of Lx =15 Ibs on each side, fatigue crack growth was observed only on the 30°
crack side, indicating again a much lower initiation life for the more favourably
positioned crack. In ROR2 te;t with both cracks oriented in a radial direction and
positioned at B= 600, fatigue crack érowfh was observed on both sides.

A monotonic fracture test was also carried out with radial cracks at 8 = 45°
position (Test ROR3). The path of crack extension under unstable fracture condi-
tions was found to be closely coincident with the predicted confour, Figures (63b
- and 64b).

In test ROR4, with the minimum level of the applied load cycle # 0, the two
cracks were produced one along 8= 15° radius and the other at B= 45° position but
in a horizontal direction, Figure(63c). The crack growth path obtained in this
specimen (where one of the initial cracks was not oriented along a principal plane)
is indicated in this figure. It was found that the horizontal crack turned to grow
along the minimum principal stress trajectory passing through its tip. The exact

contour of this plane had been predicted from elastic stress analysis of the uncracked

specimen.

(C) The RTR tests:

A brief series of tests were performed to study the pattern of behaviour of cracks
leading to the fracture of dovetails supporting the blades. Clearly, this type of
failure occurs when the L>< : Ly load ratio is such that the highest stress is applied

across the neck of the dovetail. Distribution of the minimum principal stress trajec-
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tories in the region of dovetail root is shown in Figure (59). In RRT tests the RR
specimens were held in a transverse direction (Figure 53b) and various initial cracks
were used to study the fracture path. Figure (61) shows that, again, the path of

crack propagation was coincident with the principal plane contour.

(D) Comments on the crack growth path determination:

The above results clearly indicate that it is possible to predict the crack
growth direction in a componént subjected to arbitrary loading conditions.  Stress
analysis of the uncracked bedy yields information on the distribution of the minimum
p?incipal stress trajectories and previous discussions of experimental data showed that
cracks continue to grow in a direction closely approximating those predicted from
analysis of the stress field. Naturally, growth of the crack disturbs the stress dis-
tribuﬁor'; pattern in the specimen. This will cause a change in the magnitudes of
the specific values assigned to each principal plane, i.e. the plane on which fhé
crack is propagating acquireé the highest level. The principal plane is a plane of
zero shear and the extension of the crack dlong it does not disturb the pattern of
local symmetry, in relation to this plane, of the stress field. As indicated by
Cotterell (1965, 1966) the crack propagation will occur along this plane of sym-
meiry, i.e. along the major principal plane.

For the case of an initially mis-oriented crack, one must consider the shape of
the crack tip curvature itself. Principal plane contours will cross this curve in rad-
ial directions.  Schematic representation of the configuration of principal plane
contours in a rectangular plate, containing a circular or elliptical centre hole are
given in Figure (65). Depending upon the ratio of Ox /Uy the stress concentra-
tion point will move around the periphery of the centre hole. For example, for the

case of the circular arc in Figure (65b), if Ux = 0, the maximum siress concentra-
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tion points will occur at regions 1 and 3, If 0)’ =0, these points will move to 2
and 4.  And for any other values of ratio 0’/0)’ , s Ox is raised, the maximum‘
stress concentration points move gradually along 1-4, 1-2 and 3-2, 3-4 paths.
Thus, variation of the applied loacj loads does not cause any changes in the config-
uration of these planes and only the specific stress magnitudes are influenced.

Figure (65¢c) shows the direction of principal planes intersecting the large
radius arcs at the two ends of the ellipse. If 0y> ox, the maximum stfess concen-
tration point will be in regions 1 and 3, as confirmed by the photoelastic stress
analysis data of Kobayashi et al. (196%9) and Hasseem and Affimiwald (1972).

In a rectangular plate the direction of principal planes will be paralle] to the
plate boundaries, Figure (65a). If in pracﬁce‘it were possible to produce cracks
with zero tip radii, then the crack, irrespective of its orientation, would turn to
grow in a direction parallel to the boundary carrying the greater load; however,
the finite radius at the crack tip and subse.quer;f curvature of the principal planes in
the vicinity of the tip, signify that a small curvature in crack path, at the initial
stage of propagation, should be expected. A short distance away from the crack
tip, the contours become straight again.

This behaviour is, indeed, evident from the fracture ccntours obtained in UA
series of tests.

The principal plane direction (with shear stress equal to zero) can be theoretic-
ally determined in a stress field for which a closed form solution exists.  For instance,
for the case of uniaxially loaded rectangular plate containing a slanted centre crack,
Erdogan and Sih (1963) equated the shear stress equation to zero to find the maximum

principal plane direction:

sin éo + (3cosoyg- 1) cot g =0 (7.13)

147



It is thus possible to produce a range of data relating the angle of orientation
to the angle of extension over the range of 0 § B<%/2; Erdogan and Sih (1963),
Williams and Ewing (1970).

Theoretical predictions have compared favourably with experimental data to a
large exfent‘(Erdogan and Sih, 1963). However, in the case of a vertical crack,
i.e.8 = 0, the above equation predicts an extension angle of 6g = 70.5 degrees,
assuming the case of a crack in pure shear conditions. However, the crack is nét
in pure shear (from equation 7.4, as 8 +~ 0, K”-* 0) and as shown by Williams and
Ewing (1970) a crack extension angle of about 90 degrees is obtained in practice,
confirming the hypothesis of growth along a principal plane direction. In the latter
report it was restated that the discrepancy with the analytical solution in part of the
test data of Erdogan and Sih (1963) was due to the omission of the effect of the stress
component parallel to the crack surface (Cotterell, 1966). The corrected formula-

tion showed a better correspondence to the test data over the whole range of 0 < 8

$ 7 /2,

(E)  Crack growth path in cross-shaped specimens:

As an additional confirmation of the "path selection" aspect of the phenomel;uolo-
gical behaviour of cracks, the experimental studies of Kibler and Roberts (1970) were
analysed: these authors studied the fatigue and fracture processes in cross-shaped
specimens of aluminium alloys (6061-T4) and (6061-T6). The specimen contained
centre cracks parallel to one arm and were subjected to biaxial loadings with vari-
ous Lx/Ly ratios. The symmetrical geometry of this type of specimen allowed the
designation of a finite elements mesh confined to only a quarter of the specimen,
Figjure (66). Plots of isoclinic contours obtained from the stress analysis are pre-

sented in Figure (67). The actual crack growth directions obtained by Kibler and
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Roberts (1970) have been superimposed onto these figures. These directions coin-
cide very closely with the predicted principal p»lone contours. Clearly the results
of these tests could be predicted from the stress analysis of uncracked plates.

As previously mentioned, in all specimens whose geometry consists of a single
rectangle or as in the present case a combination of rectangular forms, irrespective
of the initial crack orientation the crack will continue to grow - or will immediately
turn to extend - in a direction parallel to the side which is subjected to the highe.r
load. This will be true for a large section of the crack path. However, when the
crack has grown a considerable length in relation to specimen size, extensive bend~
ing may occur and consequently the crack will turn away from its prescribed path
due to this major change in loading arrangement. See, for example, the final sec-

tion of crack path in tests of Kibler and Roberts (1970), Figure (67).

(F)  The minimum system energy concept:

As indicated by Erdogan and Sih (1963), prediction of the direction of crack
propagation may be hased upon a total ;ysfem energy concept. Namely that the
crack will propagate in a direction along which the elastic strain energy release per
unit crack extension is maximum. This statement is based upon the accepted hypo;
thesis that all systems will tend to move towards equilibrium conditions associated
with the minimum total energy. Indeed, as indicated by Anderson et al. (1971)
the finite elements technique may be used to determine the path of crack extension
by simply calculating the total strain energy of the system, ‘with a small crack exten-
sion assumed over a range of directions and subsequently selecting the direction
which is associated with the minimum possible energy level. The process may be
repeated in steps,to cover the whole width of a component.  The required computer

analysis will be reasonably complicated as with each small extension of the crack,
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element mesh pattern will have to be suitably modified at least in the neighbourhood

of the crack tip.

(G) Crack growth path under reversed loading conditions:

Roberts and Kibler(1971b)found that under the conditions of application of a
fully reversed load cycle, the direction of crack growth on a macroscopic scale,
~was  in the plane of the ini'ﬁal crack. Consideration of crack growth at a rela-
tively lower scale, provedthe growth mechanism to be the same as that described in
previous sections, i.e. small extension in the direction perpendicular to that of the
maximum principal stress. However due to the reversing nature of the load cycle,
in each full cycle two principal stress di.recﬁons, distributed symmetrically about
the crack plane, are obtained and thus the crack tends to propagate in a saw-tooth
pattern, Cotterell (1966). Clearly this is an important aspect of the whole process

of crack path determination and will have to be more extensively studied.

7.7 Further Studies of the Crack Growth Direction: the Results of Tests with

Inclined-Grooved Specimens:

This series of tests (AG Series) were devised for the purpose of further investi-
gation of crack growth path of inclined cracks. The results of UA series of tests
indicated that irrespective of the values of ¢ N and o, parameters, it was impessible
for an inclined crack to extend in its own plane. For the AG series of tests speci=
ments of dimensions 5% "x12"x1" thick with deep narrow surface grooves (1/8 inch
wide, 0.1-0.45 inches deep) along the crack orientation plane were used, similar
to the specimens in Figure (54). All cyclic loading tests were performed at a fre-

quency of 0.25 Hz.
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The surface grooved specimens have‘been widely employed in fracture tests,
for the purpose ot control of crack growth direction (Radon et al., 1971). The use
of surface grooves was first proposed by Hill (1953) and later used by Ellington
(1958). Deep grooving results in a thin section of the material separating two rela-
tively more bulky parts and thus, under load, ensures a good approximationv to a

plastically deformed region surrounded by two elastic zones.

7.7.1 Discussion of results:

A general feature of the outcome of this series of tests was that irrespective
of the groove orientation angle, the crack did not extend along the plane of the
groove. However, the specific characteristics of crack propagation process could
be influenced by the depth of the surface grooves.

Up to a groove depth of approximately 0.3 inches (i.e. sixt)'vper cent reduc-
tion in specimen thickness) the initial crack turned immediately to form along a
minimum principal stress trajectory until it reached the unstable fracture point.
These results confirmed the outcome of UA series of tests discussed previously,
Figure (64c).

Using a specimen of larger diménsions (13% x15 x 1 inch thick), the groove
depth was further increased to about 0.45 inch (i.e. ninety per cent reduction of
specimen thickness) the following pattern of growth was obtained.

The crack initially started to grow out of the plane of the groove as before;
however, dofter a growth of about 0. 15 inch on each side, the relative strength of
the specimen in the two directions of extended crack and groove itself, became very
much smaller in the groove due to its very narrow section. Consequently a finite
rupture took place along the groove. The occurrence of this phenomenon trans-

formed the situation to those pertaining at the initial stage except now a larger crack
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along the groove existed. The process was repeated six times until the final un-
stable fracture point. Thus under these conditions the separation of the fwb parts
of the specimen occurred along the drastically reduced section of the material.
The actual cyclic crack extension never occurred along the groove and it was al-
ways in the preferred principal plane direction. The extent of growth inté the
bulk material became smaller from one stage to the other. This was due to the
gradual weakening of the thinned section as the effective length of the .crock that
it contained became larger from one stage to another.

The importance of the outcome of this series of tests lies in the following
observation; that although the direction of crack extension is monotonic fracture
and under cyclic loading conditions will be determined from the orientation of the
minimum principal stress trajectories, for certain component configurations where
conditions of AG specimens in terms of thickness variations are approximated, actual
material separation may occur along a highly weakened geometrical plane (in this

case due to the presence of deep grooves) and away from the expected crack growth

direction.

7.8 The Effect of Load Biaxiality on the Fracture Strength and the Fatigue Crack

Growth Rate:

Linear elastic fracture mechanics theories state that, in a biaxial stress field,
the stress parallel to the fracture direction does not contribute to crack growth
(Paris and Sih, 1965; Sih, 1967). This statement can only apply in the limit to
the case of a perfectly brittle mateial, where plasticity phenomena are not considered
to be relevant. However, as the discussion of the stress field analysis in Section
7.2 indicated, in real materials the process ot plastic yielding at the crack tip is

considerably influenced by the presence of biaxial loading conditions. The exact
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nature of such an influence is not unique and indeed as indicated by SWedlow (1965)
the stress applied parallel to the crack plane may either strengthen or weaken a
cracked plate depending upon the state of stress (plane-stress or plane-strain) and
the value of Poisson's ratio for the material, Clearly the presence of hydrostatic
stress conditions will limit the extent of plasticity and lead to an enhanced brittle
behaviour.

Wilson et al. (1968) and Pook (1970) proposed that the extent of plosfic yieid-
ing at the crack tip is increased when the transverse load is added. If the crack
tip plosﬁci"ry is taken as a measure of the energy required for crack extension, then
it is expected that the apparent fracture toughness value of the material (calculated
irrespective of the crack angle) will be lorgér under biaxial loading conditions.

The apparent increase in fracture strength under biaxial loading was observed
in fracture and fatigue tests performed by Kibler and Roberts (1970) using cross=-
| shaped specimens of cold rolled (6061-T4) and (6061-T6) aluminium alloys, under
plane-stress coﬁditions. Data from these tests indicate a 25 per cent rise in fracture
toughness for Ux /Gy = 1. Fatigue data shqwed a gradual decrease in the magnitude
of the exponent m and coefficient C in the power law model for fatigue crack
growth, hence indicating a drop in the cyclic rate of crack growth as load biaxiality
was introduced.

On the other hand the experimental results of Joshi and Shewchuck (1970)
show an increase in the rate of crack propagation undér cyclic loading conditions,
when circular and elliptical specimens of (2024~135) aluminium alloy, 0.25 inch
thick, were tested under fully reversed bending conditions. The highest rate of
crack growth was obtained for o= Gy indicating enhanced brittle behaviour under

biaxial loading. These authors analyse their results in terms of an equivalent stress

153



intensity factor term calculated on the basis of an equivalent stress, Ue-, which in

maximum strain energy theory of failure, has the following form:

oe2 = 012 t 0,2 = voy0, (7.14)

wherev 01 and 02 are the principal stresses and V is the Poisson's ratio.

Fatigue crack growth studies of lida and Kobayashi (1969) on alumium alloy-
(7075-T6) tested in the form of rectangular plates of 0.032 inch thickness, with cen-
tral inclined cracks subiectedv to uniaxial loading, also showed an increase in the
cyclic rate of crack growth of the order of 15 per cent when K” component was
present even at relatively low ratios of K“/ KI (i.e. for large values of B ).
Hence, with respect to the influence of biaxiality, the trend of these results is in
general agreement with the data of Joshi and Shewchuck (1970).

Based on the foregoing discussions the following general comments may be
" made:

If the addition of the load component parallel to the crack plane enhances the
brittle behaviour of the material, the fracture toughness level, in monotonic fracture,
will be reduced.  Under cyclic loading conditions, the cycl.ic initiation life, Ni'
will be reduced and the subsequent rate of crack propagation, éN' will be raised.
Coﬁversely, if larger plasticity is experienced as a consequence of introduction of
load biaxiality (increase in ductility associated with a lowering of yield stress, pr),
the fracture toughness level will be increased and subsequently, under fatigue load-
ing conditions, Ni will be raised and the &N will be appropriately lowered.

In the present tests, as previously indicated, an increase in the apparent frac-
ture toughness of the PMMA material was observed as the angle B was lowered. For
instance the value of the apparent fracture toughness term obtained from a test with

a rectangular specimen of dimensions of 9 X18* } inch thick, with a side nofch of
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0.2 inch long and with 8 = 60°, was found to be approximately equal to 1300
psi'/i—n-. This value is about 15-20 per cent higher than the KIC values of about
1100 psivin ogtained with 8=90° (see Section 5. 1).

The cyclic initiation life, Ni’ was also extended as a result of a decrease in
the value of the angle B. A smaller cyclic rate of growth was observed as B was
lowered while maintaining the applied load levels at constant values (see Table 17).

has been found to be approximately equal to

For PMMA, the value of K”C

Erdogan and Sih, 1963). A knowledge of KIC'

that of K, . (K, ~=0.9K

IC “lC IC’
and the resolved value of -KI (from equation 7.4) however, are insufficient to
_predict the criticality conditions for the initiation of crack growth. The assumption
that the crack will start to propagate when the resol;ed value of KI reaches the
level of ch may prove to be dangerously optimistic (Pook, 1970), particularly

in situations where the resolved value of KII is equal or greater than the resolved

level of Kl.

7.8.1 A note on the applicability of the empirical crack growth models to the

conditions of biaxial loading:

The test series UA, the results of which have been discussed in Sections 7.8 -
and 7.10, were of exploratory nature and consequently the limited extent of the
result does not allow the possibility of application of the ) ~model (equation 6.1) to
the prediction of cyclic crack growth rate, under biaxial loading conditions. The
present study will benefit from a future extension in such a direction,

Roberts and Kibler(1971a) indicated that the crack propagation models avail-
able at present - mainly based upon data from uniaxial loading tests involving cracks
perpendicular to load direction - may be used for the purpose of prediction of crack

growth rate under biaxial loading conditions after some of the parameters used in
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such models are suitably modified. For example the term KC in the Forman et

al. (1967) model should be replaced by the apparent fracture toughness of the mater-
ial which is appropriately influenced by biaxiality; or the power law exponent in
the model proposed by Erdogan and Roberts (1965) should be interpreted as being a
function of the apparent fracture toughness, .as indicafed.by Miller (1968). | Roberts
and Kibler (1971b)have also proposed a possible model for crack propagation which
includes both the terms K, ~ and K, .. As yet substantial data to verffy any

IC e

such model have not been presented.
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CHAPTER EIGHT

DESIGN AGAINST FATIGUE FAILURE IN THERMOPLASTICS

Conclusions drawn from the discussions presented in the foregoing sections
dealing with a range of phenomena associated with the process of crack grdwfh ini-
tiation and cyclic propagation, yield sufficient information to enable the developf
ment of a failure prediction technique to be employed in the design of polymeric
components subjected to cyclic loading conditions. From the discussions in Chapter
4 on the initiation process, it is éviden’r that at the design stage an optimum combina-
tion of the material properties and the loading conditions may be found, which would
correspond to the ideal conditions of infinite cyclic initiation life. This will be
carried out through the selection of an appropriate material and its subjection to .
specified load levels and frequencies. Failing this, or in a situation where a rela-
tively large invifiul crack exists, a procedure based upon equation 6N = g A"
can be adopted to predict the rate of propagation of cracks and determine the cyclic

life of a flawed component.

8.1 Cyclic life computation:

At the design calculations stage, the applied siress limits, the loading fre-
quency and an estimated or calculated initial flaw size are usually available. Under
constant applied stress conditions, an increase in the length of the crack results in a
rise in the magnitude of the applied stress intensity factor; hence, there will be an
accelerating rate of crack propagation leading to the final unstable fracture,

Taking the two limits of the applied stress as cmux and omin' a ratio
R=o . /o max Con be defined.  From equation (2.11), for any arbitrary crack

length, this ratio will alsobe equal to R = K , /K : then
. min’ max
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2 = K2 - K2 = (1-R)K?2 @.1)

max min max

and hence equation (6.1) can be rewritien as;

ag = B = 8 (1-R) (Kr;!ax_)“ 8.2

Since in most practical cases o and o . are constants associated with the
max min
characteristics of the external disturbance, the growth of the crack will not chang‘e
the value of R, even though the values of the K . and K parameters
min max
increase gradually. Thus, in equation (8.2), (1 - '8 )n is a constant and hence a
plot of éN against A as in Figure (37) can be changed to a plot of éN against -
ith 8 replaced by 8(1 - R%)".

Kmax’ wi replaced by B( )

The following procedure can be used to estimate the cyclic fatigue life:-

From the results of the type shown in Figure (37), a small cyclic period is
chosen to suit a particular loading situation, during which it is assumed that the rate

of change of a,, is very small. Then, using the value of the maximum design

N
stress, the initial flaw size and the appropriate stress intensity factor relations, the
value of K is computed. From the relationship between a,, and K 2
max N max
(equation 8.2), the value of c'JN corresponding to the calculated value of chx
is obtained. This magnitude of 6N is then used to calculate the increase in crack
length, 8a, after the first cyclic period has elapsed. 6 a is added to a, and
then a new value for Kmax is calculated. The process is repeated until the value
of Kmax becomes equal to the appropriate level of KIC' the critical value of KI
corresponding to unstable fracture for the specific material. The achievement of the
condition Kmax = KIC is treated as the criterion for final catastrophic fracture of

the component. These calculations are carried out using a suitable computer pro-

gram in which, for each casz, the parameters B and n from the graphs of a'N
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against A and also the values of O o and o . are specified.

It is pertinent to reiterate briefly a point previously raised in connection with
the rate dependency of the plane-strain fracture toughness parameter, KIC' which
is used in the above procedure: whenever the data covering a range of cyclic load-
ing frequencies are to be analysed, special attention must be paid to the seiection
of a correct value for the KIC' If the variations in KIC over the range of strain
rates (corresponding to the frequency range under consideration) are reasonably
small, an average value for KIC should be used in the above procedure. However,
if such variations are considerable, at each frequency. level an appropriate value for

must be used; hence, the importance of the fracture toughness v load rate data

Kic

for the rate-sensitive materials becomes evident.
Typicol results obtained from the above described computation procedure have
been presented in Figures (68 and 69) for PMMA, Figures (70 and 71) for PC and
Figures (72 and 73) for Nylon 6.6. On the basis of such results (i.e. total number
of cycles to failure related to the initial flaw size), at the design stage, materials
can be compared in terms of their resistance to fatigue crack growth. Clearly these
Kl (applied)
results could also be expressed in terms of the —

fl
IC
the cyclic fatigue life. The Kl (applied) term will be calculated in the present

ratio related to N

case from ‘equation (2.11) which represents the general case of a cracked plate
loaded at infinity. o will be given the value of O x in each case (Figure 68)
and a will be the appropriate initial flaw size.

In Figure (68) the value of omax is fixed and calculations are carried out for
the various L levels. These calculations correspond to constant frequency condi-
tions as the values of B and n parameters change from one frequency to onother.
Figure (69) shows the effect of variations in .fhe value of o ax OP the relationship

between the initial flaw size and the total number of cycles to failure.
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Thus, when the whole range of data covering various frequencies and load
levels have been prepared, and having the initial flaw size (which can be inspected
or assumed to exist) and the minimum number of load cycles that a component must
be capable of enduring prior to the point of catastrophic failure, an appropriate
decision can be made on the choice of the most suitable material, the frequéncy

level and the limits of the applied stress cycle as required.

8.2 Limitations of the Applicability of the Above Procedure:

The procedure outlined in the preceding section is based totally on the LEFM
parameters; hence it is qbvious that necessary precautions must be taken so as not to
exceed the limits set upon the range of accuracy of the relationship based upon the
LEFM concepts, specifically with regards to parameters associated with component
geometry. For example, acceptable limits of component thickness and plastic

zone size relationship are defined by:

K , . |
B> 0.25 (—<) (8.3)
“yp |

so as to provide for the applicability of the assumption of small scale yielding.

The relationship between the crack length, a, and the component widih,
w, is also important in that as the ratio a/w increases above a certain limit (often
0.4-0.5), the accuracy of the equations used for the caleulation of the stress infen-
sity factor itself is reduced. Such limits will depend on the choice of a particular
stress intensity factor equation for which one can normally find graphs describing
the percentage error in relation to a/w ratio (Paris and Sih, 1965).

In the computation procedure described in Section 8.1, the general infinite

plate solution for the stress intensity factor term equation (2.11) has been used. This
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equation must be replaced by the appropriate relationship applicable to a specific

case.,
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CONCLUSIONS

The concepts of linear elastic fracture mechanics can be successfully used to
characterise the fatigue failure process in thermoplastic materials whose mechanical
behaviour under small scale yielding conditions can be assumed to be approximately
linear. The results of a comprehensive programme of empirical studies indicated
that variations in such param.erers as the amplitude and the mean level of the stress
intensity factor (AK and Kn'1 respectively), the loading frequency, the cyclic
waveform, the molecular orientation in anisotropic materials and the environmental
temperature conditions may have a significant effect on the cyclic rate of crack pro-

pagation, in polymeric solids. An increase in the levels of AK and Km

élN,
leads to a rise in the value of éN. A rise in the level of the applied load frequency
resulted in a decrease in the cyclic rate of crack propagation; however, in terms of
the total fatigue life, the time to failure was §horter at higher Frequéncies. Varia-
tion of the cyclic waveform from triangular to sinusoidal led to a small increase in

the level of élN and tests oﬁ extruded sheets showed that the greater material
strength in the direction of extrusion, manifests itself in the form of a reduced cyclic
rate of crack extension along a direction perpendicular to that of extrusion. The
effect of the environmental temperature was found to ke very significant. A rela-
tively small change in the level of the temperature was found to have a very con-
siderable influence on the value of the éN parameter.

Consideration of the data gathered from the empirical studies indicated the

possibility of use of the following model for the prediction of the cyclic rate of crack

propagation:
ag = 82
where A = K2 - K2 = 28KK
max min m



The form of this mode! implies that the value of éN parameter can be pre~-
dicted from the consiaeration of the value of X and irrespective of the specific
values of 4K and K., It was also shown that this equation can be used in the
prediction of the fatigue crack propagation rate in some metals; consequently,
irrespective of the specific values of Kmax and Kmin' all the data on these
materials could be represented by a single graph.

The specific form of the above model also enables it to be related to the créck
opening displacement (COD) and the crack tip plasticity (rp) concepts through a
simple conversion of the K? term into the appropriate COD or rp functions.

The total energy balance concept of failure analysis was used in the deriva-
tion of a theoretical model for the determination of the cyclic initiation period
which may precede the crack propagation process. The analytical solution also
indicated the possibility of the determination of the fatigue endurdnce limit under
specified loading conditions.

Based upon the outcome of studies of both the initiation and the propagation
processes, a design procedure for the prediction of fatigue failure life in thermo-
plastic components was devised.

From the consideration of the process of fajlure under multiaxial loading con-
ditions the following conclusions were drawn: the crack w‘ill grow along the minimum
principal stress trajectory passing through its tip. This phenomenon was demonstrated
by performing uniaxial and biaxial loading tests on specimens containing cracks of
arbitrary orientation.  The siress fields in the uncracked specimen (in the form of
contours of maximum principal stress planes) were determined using the finite elements
method. The cyclic initiation life was found to increase as the magnitude of the

angle between the crack inclination and the load direction was reduced.
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The presented results will be of direct interest to materials scientists who are
interested in the comparative sfudy. of the behaviour of elastic and viscoelastic
solids; to engineering designers using polymeric matericls as a convenient substitute
for the conventional materials - and also to the designers of such components as the
turbine rotors and blades, gear wheels, etc. in which the specific direction of crack
propagation prior to the final catastrophic failure may have a considerable influence
on the consequences of the failure process. '

Finally, in dealing with a discipline such as viscoelasticity, which although
being rapidly established, is nonetheless as yet so young in its fundamental develop~-
ment, it is perhaps inevitable that due to the paucity of comprehensive data on
material properties a few rather speculative remarks enter into the general discussion
of the behaviour of polymeric solids. However, it is hoped that a rauch more than
proper balance has been maintained between such aspects and the firmly established

parts of the data.
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PROPOSALS FOR FUTURE WORK

The discussions presented in this thesis in relation to the cpplicc:;bility of the
linear elastic fracture mechanics concepts to the characterisation of the fatigue
failure process in polymeric materials, have clearly indicated the need for further
studies of a large number of parameters which may have a significant influence on
the fatigue strength of polymeric solids. |

In addition to the need for the data on the basic material properties, the fol=-
lowing studies may be considered as the immediate extension of the present pro=
gramme of research:

The analytical studies of failure should be further extended to a Forhulatim of
the rate of crack propagation. Also, an attempt should be made to appropriately
modify the present analysis for the prediction of the initiation life so as to explore
its applicability to the case of failure under multiaxial loading condAil’ions.

The empirical model proposed should be further studied so as to identify the
exact form of the dependence on the material properties of parameters 8 and n.
Attempts should also be made to test the applicabilities of this mode! to other poly-
meric and metallic materials. The possibility of the use of the above model for the
treatment of the combined creep and fatigue failures should also be investigated.

The empirical studies discussed in this thesis concerned the tensile fatigue
failure process. An obvious extension of the work will be the study of the applica-
bility of the empirical model to the case of failure under a tension-compression load=-
ing pattern.  The investigation of the effects of the temperature and the chemical
composition of the environment on the fatigue crack growth rate in polymers is a
field of research in which very little work has yet been carried cut. Provision of

data related to the effects of the above parameters plus the study of the influence of
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such elements on the material processing conditions, with its subsequent effects on
the mechanical properties of the material, will prove to be extremely useful in the
development of design procedures.

The combined effects of the environmental temperat‘ure and the loading fre-~
quency should be further studied with the aim of provision of data on the valriation
of the fracture toughness parameter as a function of the load rate (frequency) and |
temperature and also on the extent of the shifts in the distribution of thelloss modulus
data with temperature and frequency and its subsequent efféct on the rate of crack
growth in a material.

The failure under multiaxial loading conditions should be extended in the
following directions:

The variation in fracture tougnness of a specific material as a function of the
changes in the angle of crack inclination should be studied. Hence the effects of
load biaxiality on the cyclic initiation life and the rate of crack propagation in the
material may be investigated. The possibility of the employment of the proposed
model based upon parameter %, for predicting the rate of crack growth under bi-
axial loading conditions should be studied. Further extension of the tests with the .
grooved specimens to study the effects of 'weakening' in geometry is also desirable.

A computer program should be developed for the purpose of optimisation of the
role of various parameters involved in determining the nature of the stress field dis-
tribution in a component of arbitrary shape. The geometrical factors (for example
the design of the turbine blade root) and the loading conditions should be combined

in order to achieve the preferred paths of crack extension in engineering components.
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TABLE 1

PERCENTAGE STRAIN DATA ON THE FOUR MATERIALS STUDIED

(Test of approximate linear behaviour)

(@ PMMA (PERSPEX)  (65% RH; 20°C)
Loading time (hrs)

0.01 1 100 1000 10000

Stress (psi)

500 0.12 0.12 0.13 0.15 0.20
1000 0.23 0.24 0.29 0.35 0.44
2000 0.44 0.52 0.66 0.78 0.97
3000 0.70 0.84 1.10 1.30 -

4000 ' 0.95 1.22 1.720 2.08 - -

(b) PC (MAKROLON) (20°C)
Loading time (hrs)

100 1000

Stress (psi) |
500 0.14 0.16
1000 0.29 0.30
2000 0.56 0.56
3000 0.84 0.87
4000 1.08 1.24
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() PA (KEMATAL)

Stress (psi)

500
1000
2000
3000
4000

d  Né.6 (MARANYL)

Stress (psi)

500
1000
2000
4000

0.01

0.12
0.25
0.52
0.82

0.01

0.1
0.22

0.45

0.92

Loading time (hrs)

] 100 1000

0.17 0.24 0.3
0.33 0.50 0.63
0.68 1.05 1.33
1.08  1.73  2.20
1.55  2.61 -

Loading time (hrs)

1 100 1000
0.11. 0.15 0.23
0.23 0.31 0.46

0.47 0.61 0.95
0.97 1.30 2.4
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10000

0.37
0.77
1.63
2.69

10000

0.44
0.88
1.80
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TABLE 2
MEASUREMENT OF THE GlC AND THE KIC PARAMETERS FOR PMMA
Crack length (a) Load (P) Time Deflection (6) Compliance (5/P) Cic Kic
(in) (Ib) (Min) (in) (in/Ib) (Ibf/in) psi”in
3.22 6.5 " 4.0 0.200 0.0307 1.88 940
3.62 6.8 4.50 0.225 0.0330 - 2.05 980
4.02 7.1 4.90 0.245 0.0345 2.25 1020
4.40 7.5 6.00 0.300 ' 0.0400 2.35 1040
4.80 ' 7.9 7.25 0.365 0.0440 2,73 1120
5.20 8.3 7.40 0.370 , 0.0445 3.07 1190
5.60 8.5 .00 0.450 0.0530 3.15 1210
6.00 8.7 2.90 . 0.495 0.0570 3.25 - 1235

6.36 8.9 10.55 0.527 0.05%90 3.53 1255



TABLE 3

MODULUS MEASUREMENTS AT THE MAXIMUM AND

THE MINIMUM LIMITS OF THE TEMPERATURE RANGE

Material

N 6.6
PC
PVC
PA

PMMA

184

Temperature (°C)

20 -197 | :

|
180,000 936,000
310,000 622,000

364,000 800,000
371,000 1,510,000

419,000 942,000



TABLE 4

CYCLIC CRACK GROWTH RATE DATA FOR PMMA AT A FREQUENCY OF 5 Hz

Test K K . . AK K A a
max min m N

No. (psivin) (psi in) (psi ¥in) (psivin) Ibf 2in~ 2 (in/cycle)

1 800 700 100 750 150,000 1.42 x107°
2 850 650 200 750 300,000 5.65 "
3 500 300 200 - 400 160,000 1.02 "
4 250 0 250 125 625,000 0.39 "
5 500 250 250 375 187,500 2.15 "
é 750 500 250 625 312,500 4.10 "
7 900 600 300 750 450,000 12.50 "
8 750 450 300 600 360,000 8.50 "
9 . 660 350 310 505 313,600 6.10 "
10 610 250 360 430 309,600  6.00 "
1 600 200 400 400 320,000 7.10 "
12 770 330 440 550 502,900 13.80 "
13 500 50 450 275 247,500 3.14 "
14 770 300 470 535 502,000 13.80 "
15 750 250 500 500 500,000 13.60 "
16 500 0 500 250 250,000 3.20 "
17 560 0 560 280 312,500 6.10 "
18 675 75 600 375 450,000 12.40 "
19 750 50 700 400 560,000 19.70 "
20 750 0 750 375 562,500  19.60 "
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TABLE 5

CYCLIC CRACK GROWTH RATE DATA FOR PMMA AT FREQUENCIES OF 0.1 AND 20 Hz

Test Kmax- Kmin" Km' AK A A aN (in/cycles)
No. (psi /1) (psi/in) (psiy/ ) (psi¥in) (Ibf2 /in®) 0.1 (Hz) 20 (hz)
1 600 550 575 50 57,500 0.5x107° 0.025x 10" °
2 500 300 400 200 160,000 1.7 " 0.05 "
3 500 200 350 300 | 210,000 50 " 0.70 "
4 550 250 400 300 240,000 20.0 " 2.10 "
5 500 50 275 450 247,500 40.0 1.25 "
6 650 350 500 300 - 300,000 122.0 " 2.5 *
7 © 750 500 625 250 312,500 210.0 2.80 "
8 750 450 600 300 ~ 360,000 260.0 " 3.0
9 700 200 450 500 450,000 380.0 " 450 v
10 750 250 500 500 500,000 - 440.0 " 4.80 n
" 750 50 400 700 560,000 480.0 " 5.30 "
12 800 100 450 760 630,000 560.0 91.0 "
13

850 - 50 450 800 720,000 600.0 " 130.0



Test

No.

-— el el vemd eed
o~ W NN - O

CRACK GROWTH RATE DATA FOR PC AT A FREQUENCY OF 0.1 Hz

K.

max

(psi ¥in)
250
500
500
550
500
650
750
750
650
700
700
750
750
800

K

min

(psi/in) * (psi”in)  (psiVin)  (IbF*in"")

50
300
250
250

50
350
500
450
150
200

0
250

50

100

AK

200
200
250
300
450
300
250
300
500
500
700
500
700
700

TABLE 6

K

m

150
400
375
400
275
500
625
600
400
450
350
500
400
450

187

A

60,000

160,000

187,500
240,000
247,500
300,000
312,500
360,000
400,000
450,000
490,000
500,000
560,000
630,000

a

N

(in/cycle) |

0.09 x10~

0.69
1.57
1.57
1.96
1.72
1.92
3.90
5.10
10.5
12.0
15.03
27.5
31.3

"

)

6



TABLE 7

CRACK GROWTH RATE DATA FOR PC AT A FREQUENCY OF 5 Hz

A .
Test K K . A K Km aN

max min

No. (psi/in)  (psiv/in) (psi/in)  (psivim)  (Ibf2in~2)  (in/cycle)

1 250 50 200 150 60,000 .03 xI0™°
2 35 150 200 250 100,000 .063 "
3 500 300 200 400 160,000 .120 ™
4 450 200 250 325 162,500 .140 ®
5 500 250 250 375 187,500 .194 "
6 550 250 300 400 240,000  .197 ™
7 650 350 300 500 300,000 .268 "
8 750 450 300 600 360,000 .430 "
9o 775 475 300 625 375,000 .800
10 1700 1400 300 1550 930,000 1.470 ™
11 1600 1200 400 1400 1,120,000 1.970 "
12 1500 1100 400 1300 1,040,000 1.380 ™"
13 1000 600 400 800 640,000 1.100 " -
14 600 200 400 400 320,000 1.400 "
15 500 50 450 275 247,500  2.500 "
16 1100 650 450 875 787,500  2.200 "
17 1700 1250 450 1475  1,327500  2.950 *
18 700 250 450 475 427,500 2.950 *
19 650 150 500 400 400,000 2.500 *
20 700 200 500 450 450,000 2.500 "
21 750 250 500 500 500,000  2.400 *
22 1600 1100 500 1350 1,350,000 2.500 "
23 1000 450 550 725 797,500  2.900 *
24 1100 550 550 825 907,500  3.600 "
25 1600 1050 550 1825 1,457,500 5.500 "
26 800 200 600 500 600,000  4.600 "
27 1100 500 600 800 940,000 5.00 ™
28 1500 900 600 1200 1,440,000 3.940 "
2 750 150 600 900 540,000  4.700 "
30 900 250 650 575 747,500  6.100 "
31 1050 400 650 725 942,500  6.800 "

32 750 30 700 188 400 560,000 10.600



Test

No.

NV 0N 0D W -

TABL

ES8

CRACK GROWTH RATE DATA FOR PC AT A FREQUENCY OF 20 Hz

K nax

(psi 7in)
250
500
500
550
650
750
1700
1200
1500
600
500
1100
1700
700
650
700
750
1450
1000
1100
800
700
1100
1600
900
1250
700
1800
1800

K ..
min
(psi Vin)

50
300
250
250
350
450

1400
850
1100
200

650
1250
250
150
200
250
950
450

200
100
500
1000
250
600

1100
1000

AK
(psi /in)

200
200
250
300
300
300
300
350
400
400
450
450
450
450

500
500
500
550
550
600
600
600

650
650
700
700
800

(psi /in)

K
m

150
400
375
400
500
600

1550

1025

1300
400
275
875

1475
475
400
450
500

1200
725
825
500
450
800

1300
575
925
350

‘1450

189

1400

A

(Ibf2in 3)

60,000
160,000
187,500
240,000
300,000
360,000
930,000
717,500

1,040,000
320,000
247,500
787,500

1.327,500
427,500
400,000
450,000
500,000

1,200,000
797,500
907, 500
600,000
480,000
960,000

1,560,000
747,500

1,202,500
490,000

2,030,000

2,240,000

a

N

(in/cycle)

0.04 x
0.10
0.20
0.396
0.150
0.276
0.290
0.390
1.38
1.25.:
2.10
1.28
1.57
2.30
3.50
4.40
5.0
4.1
2.8
2.6
5.6
5.4
7.8
6.8
9.5
5.9
9.8
15.0
20.6

10-8



TABLE ¢
CYCLIC CRACK GROWTH RATE DATA FOR NYLON 6.6 AT A FREQUENCY

OF 0.1 Hz

Test K K . A K K A a
max min m N

No.  (psi¥in)  (psi/in)  (psi An)  (psivVin)  Ibf2 in"3 (in/clycle)

1 1000 100 900 550 990,000 0.66 x10-% .
2 1150 450 - 700 800 1,120,000 0.92 "
3 1500 1000 500 1250 1,250,000 1.00 *
4 1860 1300 500 1550 1,550,000 1.720 "
5 1420 600 820 1010 1,646,400 2.3 "
6 1400 470 930 935 1,739,100 3.50 "
7 1400 0 1400 700 1,960,000 3.23 "
8 1500 500 1000 1000 2,000,000 4.05 "
¢ 1500 0 1500 750 2,250,000 - 4.88 "
10 1600 400 1200 1000 2,400,000  6.20 "
11 1600 200 1400 900 2,520,000 6.20 "
12 1600 100 1500 1350 2,550,000 2.20 "
13 1800 800 1000 1300 2,600,000 12.4 "
14 1700 400 1300 1050 2,730,000 5.1 ",
15 1700 300 1400 1000 2,800,000 16.0 "
16 1700 200 1500 950 2,850,000 20.1 "
17 1700 100 1600 200 2,880,000 7.8 "
18 1800 400 1400 1100 3,080,000 30.0 "
19 1800 380 1420 2180 3,095,600 30.0 "
20 1800 300 1500 1050 3,150,000 3.2 "
2] 1825 0 1825 912.5 3,330,625 31.6 "
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TABLE 10

CYCLIC CRACK GROWTH RATE DATA FOR NYLON 6.6 AT A FREQUENCY

Test

No.

OV O N O DA WN e

N RN v e e ed ot e el ol e
— O N0 00 NN O O bW D - O

K
max
(psi Yin)

1000
1150
1400
1400
1750
1800
1850
1800

© 1800

1850
1500
1450
1550
1575
1600
1725
1700
1750
1800
2150
2150

min

(psiv"in)

0
500
800
750

1250

1300

1300

1200

1200

1200
500
200
400
400
200
400
300
350
200

0

OF 5 Hz

AK

1000
650
600
650
500
500
550
600
600
650
1000
1250
1150
1175
1400
1325
1400
1400
1600
2150
2150

191

K

500
825
1100
1075
1500
1550
1575
1500
1500
1525
1000
825
975

986

900
1063
1000
1050
1000
1075
1075

A

m : '
(psi Vin) (psi vin) Ibf2in 3

1,000,000
1,190,000
1,320,000
1,397,000
1,500,000
1,550,000
1,732,500
1,800,000

1,800,000

1,982,500
2,000,000
2,062,500
2,252,500
2,320,625

2.520,000

2,715,625
2,800,000
2,940,000
3,200,000
4,620,000
4,620,000

N
(in/cycle)

.014 x 10~ ©
04 "

.05 "

.08 "
g2
a7
21
35 "
38 "
&0 "
66 "
1.0 "
0.82 "
1.32
1.78 "
2.09 "
2.40 "
2.63 "
3.80 "
4.18 "
55 "



TABLE 11.

CYCLIC CRACK GROWTH RATE DATA FOR NYLON 6.6 AT A FREQUENCY

Test

No.

O O N O U AW N —

|2 T N T S i T S —
—_ O NV O N O WD - O

K

max

(psi ¥in)

1500
1700
1000
1500
1600
1700
1800
1500
1610
1600
1200
1700
1800

850
1000
1000
1400
1400
1400
1010
1500

K

min

(psi vin)

1200
1300
500
1000
1100
1200
1300
1000
1100
1050
600
1100
1200
150
300
300
700
600
500
100
500

192

OF 20 Hz
AK |<m
(psivin)  (psi /in)
300 1350
400 1500
500 750
500 1250
500 1350
500 1450
500 1550
500 1000
510 1355
550 1325
600 200
600 1400
600 1500
700 500
700 650
700 650
700 1050
800 1000
900 950
210 555
1000 1000

A
Ibf 2in~ 3
810,000
1,200,000
750,000
1,250,000
1,350,000
1,450,000
1,550,000
1.250,000
1,380,000

1,457,500

1,080,000
1,680,000
1,800,000

700,000

910,000

910,000
1,470,000
1,600,000
1,710,000
1,010,100
2,000,000

a

N
(i n/ cycle)

.028% 108

042
025 "
045 "
046 "
.050 "
.064 "
.042 "
.056 "
.051 "
.038 "
.09%0 "
110 "
024 ®
031 "
.034 "
.048 "
.075 "
095 "
.035 "
1.14 "
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Material

PMMA

PC

Nylon 6.6

TABLE 12

DATA ON THE RELAXATION PROPERTIES OF THE MATERIALS USED

Glass Transition
Temperature

(Tg.°C)

105

150

70

120°C (1 Hz)

160°C (1 kHz)

60°C (4 Hz)
65°C (5 Hz)
90°C (70 Hz)

(Sources: McCrum et al., 1967 and Ferry, 1970)

40°C (1 Hz)

21°C (0.727 Hz)

-20°C (0.8 x1072 Hz)
-50°C (2.99 x 10~ Hz)

-40°C (20 kHz)

-70°C (1 Hz)

25°C (3x 105 Hz)
-100°C (1% 10° Hz)
-173°C (1 Hz)



TABLE 13

CRACK GROWTH RATE DATA FOR PA AT A FREQUENCY OF 5 Hz

Test K o =2K A aN(m/cycle)

No. . psi/in IZins hedtmess ey fa
] 1700 2,890,000 7.5%10" 8 -

2 1800 3,240,000 9.1 8.0 x 10”8
3 1950 3,802,500 14.4 * -

4 2100 4,410,000 18.8 " 16.7 "

5 2300 5,250,000 21.1 " 19.9 =

6 2450 6,002,500 25.1 " -

7 2500 6,250,000 - - 28.0

8 2650 7,022,500 | 35.4 -
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TABLE 14

CRACK GROWTH RATE DATA FOR PMMA AND NYLON 6.6 AT VARIOUS

K

max

(psiv/n)

250
500
500
£00
675

max

(psivin)

1500
1400
1500
1600
1700

K

min

(psivin)

50
250

- 50
200
75

K

min

(psi vin)

1000
700
500
400
300

TEMPERATURES

(Test frequency = 5 Hz)

PMMA
A
Ibf2 jn~3 3°c
60,000 0.55x107°
187,500 3.6 "
247,500 5.6 "
320,000 12.9 "
450,000 19.4 "
NYLON 6.6
A
Ibf2in=3 3°¢c
1,250,000 0.01 x10-5
1,470,000 0.03 "
2,000,000 0.15 "
2,400,000 0.40 "
2,800,000 0.80 "

195

éN (in/eycle)
21°¢C

0.39 x10™°
2.15 "
3.14 "
7.10 "
12.4 "

éN (in/cycle)
21°¢C

0.05 x10-
0.18 "
0.70 "
1.30 "
2.10 "

38°C

0.48 x 10~ ¢
2.9
4.6 "
10.5 *
18.7 "

(o]

38°C

0.03x 10"
0.11 "
0.45 "
0.80 "
1.40 "



TABLE 15

TABULATION OF PARAMETERS n AND 8 FOR VARIOUS TEST CONDITIONS

(h and B from equation (6.1); m and ¢ from equation (2.21))

Material Frequency n 8
(Hz)

PMMA 0.1 | 3.5 2.8%10" 2
PMMA 5 | 2,2 1.2x10- 17
 PMMA .20 | 2.3  4.8x10-1°
PC 0.1 3.35 - 1% 10- 2%
Pc 5 1.8 o 4x10-Y?
pc 20 m=4.2 ¢=1.3x 10717
" Nylon 6.6 0.1 "3l 1.1x 10-25
"Nyion 6.6 5 3.3 1.0x 10727
" Nylon 6.6 20 | 1.8 7.0%10”'°
- 19

PA 5 1.8 1.4%10

196



TABLE 16
TEST OF APPLICABILITY OF FORMAN ET AL. (1967) MODEL TO DATA

ON POLYMERS

Material : PMMA
Arbitrary values of m=3 and c=1 are used

Loading frequency = constant = 0.1 Hz

K K . A aN Crack Growth Rate
max min (Test data) predicted by
(psiVin) (psi ¥in) Ibf 2in~3 (in/cycle) Forman et al. (1967)
750 500 312500 210 x 10~ 35511.1
560 50 311100 213 x 10~ 19788.0
610 250 309400 107 x 10~ © 15250.0
660 350 313100 210 x 10~ © 8990.0

Note: The approximately constant value of * corresponds to c'xN values which
are nearly equal, whereas the Forman et al. (1967) model predicts widely different

values for a,,.
‘N

197
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Test No.

UA2
UA4
. UA3
UAS
UA6
UA7
UAS8

TABLE 17

RESULTS OF UA SERIES OF TESTS (PART I),FREQUENCY = 0.35 Hz

Specimen Dimensions

5% %11 %%

133 %15 x%

B

(degrees)

60
45
30
&0
30
30
45

Applied

Load Limits
(tons)

0.32-0.1

0.29 - 0.05
0.58 - 0.1
0.58-0.15

Cyclic
Initiation Period

(N,

6500.
13400
25700
11450
45300
78630
49700

Total Cycles
to Failure

8474
16000
29976
13900
59350

153691
90434
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TABLE 18

RESULTS OF UA SERIES OF TESTS (PART 2)

Total Cyelic Effective Total 2a* Maximum Stress Apparent Fracture
Test No. B Growth Prior to Crack Length - Plate Width at Point of Toughness based
Final Failure ' 2a* (in) (%) Fracture on a*
(in) (psi) (psi¥in)
UA2 60 0.5 : 1.30 23.6 . 533.3 761
Ua4 45 0.6 1.37 24.9 . " 780
UA3 30 0.75 1.37 24.9 " 780
UAS 40 0.70 7 1.70 _ 31.7 472.0 771
UA6 30 1.10 1.80 ' 32,7 " 795
UAS 45 1.53 2.33 17.3 388.0 745



TABLE 19

DATA ON THE RR, ROR AND RTR SERIES OF TESTS

Test Angle (8) Stress Ratio Static Load
(to the horizontal) ' per blade
(degrees) (lbs)
RRI1 10 Static test 25
RR2 10 0.8:1 25
RR3 10 4.3:1 12.5
RR4 15 3.5:1 . 12.5
RRS 10 4.3:1 25
RR6 14 ' 3.5:1 12.5
RR7 30 4.3:1 7.5
Test Angle (6) Cyclic Load Static Load
(Ibs) per blade
(Ibs)
RTR1 14 ‘ 480 - 0 10
RTR2 25 480 -0 7.5
RTR3 20 300 - 120 7.5
RTR4 30 ' 120 - 40 7.5
Test Crack 1 g Crack 2 B Cyclic Load Static Load
Radial Position Radial Position (Ibs) per blade
(degrees) (degrees) (Ibs)
ROR1 45 45 45 60 840 -0 7.5
ROR2 30 &0 30 60 720 -0 7.5
ROR3 45 45 45 45 Static 7.5
7.5

ROR4 75 15 45 90 1800-400
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TABLE 20
DATA ON STRESS DISTRIBUTION IN THE DOVETAIL REGION OF THE BIAXIALLY
LOADED SPECIMENS

(Obtained from photoelastic studies)

Maximum Radial ~ Maximum Hoop
Test Radial Hoop’ Stress Stress
No. Nominal Nominal Ratio  Value Position Value Position
Stress Stress .

1 2.0 .71 0.855 12.0 11520  3.37 22°
2 1.0 430 43 57 119°  s81 9°
3 0 4.38 “ - - 6.88  0°

Position Stress for Test No.

o° 1 .2 3

0 2.90 6.35 6.80

10 3.00 6.80 6.70

20 3.30 6.30 6.20

30 3.30 5.25 5.65

40 3.10 3.85 3.90

50 2.80 2.50 1.55

60 2.75 1.40 0.65

70 3.05 1.50 -0.55

80 3.65 2.50 -1.05

90 6.30 4.40 -1.20

100 8.10 4.95 -1.05

110 9.70 5.15 -0.70

120 9.70 5.55 -0.55

130 8.85 4.60 -0.55
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FIG (1) THE BASIC MODES OF CRACK OPENING

<— Leading Edge

"~ of Crack
Nz

FIG (2)  STRESS COMPONENTS IN THE CRACK TIP STRESS
. FIELD
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FIG (9) CRACK GROWTH PATTERN AT DIFFERENT VALUES OF A K AND

K IN PMMA
m
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Number of cycles (103)

Curve ] 2 3
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FIG (10)  VARIATION WITH K_ OF CRACK GROWTH RATE IN PMMA;
A K= Constant = ™ 250 psi/in
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Crack growth rate d(2a)/dN (10%in/cycle)

241

18

12

1 | L

150 300 4580 600
Range of stress intensity factor, AK (psi\fi_n_ )

Curve 1 2 3 4 5
K_ (psi /in) 750 500 400 375 275

FIG (11) VARIATION WITH 2K OF CRACK GROWTH RATE IN PMMA AT DIFFERENT VALUES OF Km
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FIG (12) VARIATION WITH 4K OF CRACK GROWTH RATE IN PMMA,
K = CONSTANT = 400 psiv'in
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FIG (13)  VARIATION WITH Km OF CRACK GROWTH RATE IN PMMA AT DIFFERENT VALUES OF AK
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FIG (20) THE EFFECT OF VARIATION IN THE CYCLIC WAVEFORM CON THE CRACK GROWTH RATE IN PC; FREQUENCY
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FIG (21)  THE EFFECT OF K ON THE CRACK GROWTH RATE IN PC; FREQUENCY = 0.1 Hz
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FIG (31)
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ARRANGEMENT OF THE EQUIPMENT FOR THE
ENVIRONMENTAL TEMPERATURE CONTROLLED
TESTS

THE HEAT AFFECTED ZONE AT THE CRACK TIP;
WHITE PVC SPECIMEN
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FIG (51) FRACTOGRAPHY OF THE FAILURE SURFACES IN PMMA

(@) FATIGUE STRIATIONS; FREQUENCY = 0.1 Hz (TOP)
AND 0.06 Hz (BOTTOM). (b) SLOW GROWTH REGION
(¢) TEMPERATURE = 3°C (d) TEMPERATURE - 38°C

(MAGNIFICATION 24:1)
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FIG (53)  THE ARRANGEMENT OF EQUIPMENT FOR THE
BIAXIAL LOADING TESTS

(@) RR AND ROR TESTS
(b) RTR TESTS
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FIG (54)  THE SPECIMENS USED IN THE TEST SERIES UA, AG, RR,
RTR AND ROR
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FIG (58)  THE FINITE ELEMENTS MESH USED FOR THE
ANALYSIS OF THE RGR SPECIMEN
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FIG (59)  DISTRIBUTION OF THE MINIMUM PRINCiIPAL STRESS
TRAJECTORIES IN THE REGION OF THE DOVETAIL
(FROM PHOTOELASTIC STUDIES) |
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FIG (60)

CONTOURS OF [SOCLINICS, PRINCIPAL PLANES AND

THE CRACK GROWTH DIRECTION; L =0
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FIG (61) CONTOURS OF ISOCLINICS, PRHNCIPAL PLANES AND THE
CRACK GROWTH DIRECTIONS; Ly =0 FOR THE CASE (b).
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CORRESPONDENCE OF THE EXPERIMENTAL CRACK GROWTH

DIRECTION TO THE PREDICTIONS OF THE FINITE ELEMENTS
STRESS ANALYSIS (Sce also Fig 60)
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FIG (63)  PATH OF CRACK EXTEMNSION IN BIAXIAL LOADING
OF ROR SPECIMENS CONTAINING INITIAL CRACKS
AROUND THE PERIPHERY OF THE CENYRE HOLE

N
[oXS
«



(c)

FIG (44) PATH OF EXTENSION OF INCLINED CRACKS:
(@) UA SERIES

a
(b) ROR SERIES
(c) AG SERIES
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FIG (65) SCHEMATIC REPRESENTATION OF THE CONFIGURATION OF
THE MAXIMUM PRINICIPAL PLANE CONTOURS
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FIG (66)  THE FINITE ELEMENTS MESH USED FOR THE
ANALYSIS OF THE KI3LER AND ROBERTS
(1970) SPECIMEN
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APPENDIX A

CONSIDERATION OF FAILURE AT THE MOLECULAR LEVEL

In Chapter 4 the interrelations. between the chemical structure and the mechan-
ical properties of viscoelastic materials were referred to. Recognétion of the import-
ance of the influence of molecular kinetics on the physical behaviour at the macro-
scopic level has led to the development of various methods of failure analysis in
viscoelastic solids, formulated in terms of the fundamental concepts of dissociation
processes at the atomic level; e.g. the recent contributions of Kawabata et al.
(1970), Kaush (1971) and Landel and Fedors (1971). The most imporfcnt achieve-
ment in this field has, perhaps, been the development of theories related to physics
of rubber elasticity. As the analytical approaches based upon the atomic bond rup-
ture mechanisms contain the largest possible number of basic material proberﬁes,
they enjoy the highest degree of adaptability and when fully developed, they will
provide the most accurate solution to the failure problem. Useful \reviews of the
reaction rate models of failure have been provided by Martin (1969)and Henderson
et al. (1970).

The fundamental subject matter to be covered prior to the achievement of a
reasonable level of realisation of the extent of the influence of molecular mechan-
isms on the failure process, is extremely broad. Hence, it is pertinent to reiterate
that the underlying philosophy of the analysis presented here has been to demonstrate
the possibility of derivation of a quantitative relationship between the parameters
associated with the chemical structure and those related to the macroscopic mechan-
ical behaviour. It is hoped that the exposition of the .specific role and the relative
importance, with regards to the failure process, of such parameters as the molecular

chain length, the dissociation energy and other parameters of the theories related to
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chain scfssion and factors such as the temperature and the nature of the external dis-
turbance,even at its simplest form, will be useful in the prediction of possible varia-
tions in the mode and the extent of failure as a consequence of changes in the
material properties and the environmental conditions . The analysis will be aimed
at the derivation of a relationship for the determination of the time to failure under
the conditions of application of an arbitrary load function.

In the following analysis, the dissociation rate theory will be used. to charac—~
terise processes such as the molecular bond strain and rupture for a certain volume of
the material containing an arbitrary number of bonds.  These results will be related
to the physical parameters used in the continuum approaches to the analysis of the

strength of the material.

(@) Changes in the macroscopic dimensions:

Consider a stress region of dimensions déx 1x 1 (Fig. A.1) in a linear visco-

elastic material.

Fig. (A.1)  The stressed region under consideration.
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Upon the application of load P(t), sustained for a period t, dimension do
acquires a new value d(t). d(t) increases gradually up to a certain critical level,
df, at which point material failure occurs, thus:

d(t) = Y() do .
and M

d(t)| = d = Yd

f—i'f _

Y(t) is a parameter which characterises the material behaviour.  This can be

written as:
dt) = [1 +D_ () P(t)] d_ @)

where the creep compliance function

Dcrp(f) = Dy _eT/}— | | )

De and Dg are the rubbery and the glassy levels of Dcrp(f); T is the relaxa-

“tion time; (see Chapter 3) for the case of Dg =0

D
d) = d |1 + € PGt
t) o eW; (t)
and the fotal extension at failure:
De P(t) :
d(f)__:_df=d°]+tf.r (4)
t=t e
f
and
Yf 1 + P(?
E ef T
e
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(b) ~ Variations in dimensions at the molecular level:

The dimensional changes defined by equation (4) can be related to the varia-
tions in the physical dimensions at the molecular level. |

The molecular chain mode! of Rousel(termed the bead-spring model) was
selected for consideration. If such a chain is subdivided into Z sub-molecules each
with n links (N = Zn, where N is the total number of links), then the end-to-end
distance, Ro' at time t=0, of a freely orienting chain (i.e. a chain of sufficient
length so that completely free segmental orientation caﬁ take place) will be given

in terms of a root-mean-square function:
R = N2 (5)
where - R, is the end~to-end distance vector-

and 2,0 is the initial bond length; Figure (A.2).

Fig. A.2  Representation of the end-to-end distance and the bond length of a

molecular chain.
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In the coiled position, Ro will be much smaller than the contour length of
the chain. Let us asume that for a configuration such as that in Figure (A.2) one
may write: .

R=N2°coseD o (6)

<.

for all values of 0 < D
b = 1 corresponds to fhe fully stretched conditions and D =0 corresp;ondsA
to the conditions in which the two chain ends are close together.
Upon the application of the arbitrary load P(t), Ro will increase up to the
fully stretched point and further (with the introduction of pairing bond strain) until
a value Re has been reached which corresponds to the conditions of chain scission

at a strained bond length of lf:
Rf = Bf R | (7)
and as D = 1 under these conditions, then froni equation (6):

Rf = N RF cos 6 ‘ | (8)

Parameter Bf which is a measure of the extension of the end-to-end distance,

can be related to the individual bond strain  X(t):

As
L(t) - 2
X(H) = - °
2o
and
2.f-2.
X, = = 9
f %q
and also
L -
B=Ef_—Nfcose=Ncoseg,o ]+f_f____22_
f R~ R R L
o o o o
hence

278



N 2 cosé
o

o]

From equations (6) and (10):

DBF=I+X1c ' ()

(c) A criterion for pairing bond dissociation and chain rupture:

The failure process is essentially a non-equilibrium process which involves the
molecular bond rupture and viscous flow. The analysis of the chain failure mechan-.
isms described here, is based upon the chemical rate process theory of Arrehnius as
developed by Eyring (1936). The theory assumes that a process which occ'ﬁfs at a
constant rate is the result of the movement of a unit of flow (a molecule or a larger
unit) past a potential energy barrier which opposes this motion, Figure (A.3). A
considerable amount of input eneréy is required to enable this 'acﬁvc;ﬁon' process to

take place:

Energy

Bond Strain

Fig. A.3  The relationship between bond strain and potential energy.
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In the absence of an external input energy, the rate of transition into the acti~

-U
» kT
R = T P [ ﬁ?] (12)

k is the Boltzmann's constant

vated state is given by:

where

h is the Plank’s constant

R, is the Gas constant

T is the absolute temperature.

If the equilibrium state is disturbed by the introduction of an external force,
parameter Uo- above can be replaced by [U*= Uo - ¢(o)] , where ¢(0) isa
function of the applied stress, Zhurkov (1965).

For an isothermal proces Eﬁ-[ = J is a constant, the magnitude of which is
of the order of bond vibration frequenéy.

The quantity R dt will thus be therarec;fwhich the activation process result-

ing in bond rupture takes place during the time dt. Thus:

Rdt = J exp ['—IL;—;] dt (13)

The chain extending bond in most polymers is the carbon to cﬁrbon single bond.
Both the interatomic distance between the carbons and the valence angle (i.e. the
angle between successive carbon-carben bonds) are indepenent of the chain length.
In the present analysis, dealing with the failure in linear polymers, it is assumed
that th-e bond rupture will be preceded by full chain extension (i.e. extension into
zig-zag form with valence angle, 6 ). The pairing bonds will subsequently be
strained until one of them fails. The assumption of or.ientafion before failure is

based on the experimental observation of Novikov (1968).
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Real polymers possess molecular chains of various lengths.  If the number of
bonds (links in the chain backbone) in a particular chain is N, then a chain length

(N) against the number of chains (QN) distribution of the following form may be

assumed. (Flory, 1969):

Qu

N Nmax
Fig. A.4  Chain length - number of chains distribution.

Thus QN is the number of chains with N links and Nmox is the number of
bonds in the longest possible chain. The rate of chain failure is dependent on chain
length. The shorter chains are stretched out in a shorter period of time and thus
will fail before the longer chains.

The total number of chains within the volume under consideration is denoted by
QT . It is assumed that the failure of the stressed region will occur when a critical

o

number of chains QT have been ruptured (Higuchi, 1965). There will, thus, be a
¢ !

certain value of N, denoted by Nf, such that at the instant when chains with Nf

links have failed and only QT number of chains have remained, material failure
f

OoCcCurs.,
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Parameter Q. may be calculated as follows:

T¢

U* in equation (13) can be written as:
U = U(X,) - U(Xq) (14)

i.e. the difference in energies corresponding to two bond strain levels.

From Bueche (1962):
wg = 1l @ - 8X) | 15)
and at the instant of rupture, substituting for Xf from equation (11)
UHX) = U [a - (DB, - 1)] (16)

Thus the rate of bond failure, for a chain of N bends, when subjected to an

energy transformation of magnitude U* for a period dt, is obtained from equation

(13):

»* F_U* .

Rdt = N Jexp ] E,-T—] dt (17)
or

. _Uo . .

Rdt = NJ exP_l_i-lf B(DBF-I) - o|dt (18)

The relative rate of chain scission amongst the chains of various lengths must
also be determined.

chains each with N links. At the
o

At the instant t =0, there exist QN

constant t> 0 the rate of decrease in the number of these chains is given by

(Tebolsky and Eyring, 1943):

-d QNt = QNt J N exp(d) dt (19)
where Qy, s the number of chains with N links at instant t, and
t
U° _
b= 2 [B(o BF-I)-a] (20)
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Note that the equation (19) is formulated on the basis of the assumption that
chains rupture without reforming. The following comments may justify such an
assumption (Bueche, 1962):

The number of chains at any instant is directly proportional to the applied
stress at that instant. The broken chains are not always 'dead'. They mcy react
with each other or with another unbroken chain.  Since the stretched chain will
retract very rapidly after scission, it is reasonable to assume that chain reformation
will always occur in the relaxed state. As a result these newly formed chains will
not contribute to the relief of stréss in the yet unbroken portions of the chains.

Assuming that at time =0, QN is a certain fraction f of the total num-

o
ber of chains, Q. , i.e.
To

QN = f QT » , @1)
o o
and also from Figure (A.4) T
max '
Q - / Q, dN (22)
° A o ‘

At an instant t> 0, all chains with number of links smaller than Ni‘ have

ruptured. The total number of the remaining chains, Figure (A.5):

max
QT = / QNt dN (23)

+ Approximation is introduced due to the unrealistic assumption of zero as the lower
limit of N.
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Ny N Nmax
Fig. A.5 Number of chains with N links at various instances during the loading
period.
At the point of total failure of the stressed zone:
max
QT = / QN dN | (24)
f N f
f
From Figure (A.5), an approximate value of QT is found:
f
max
QTF = / QN dN = QN (chx - Nf) (25)
) )
N

From equation (19) and (21) parameter QN is obtained in terms of QN :

t o
Q Q t
Nf dQNt Nf
— = |In Q = =] fN exp (b) dt
QN N t
Q t T o
N N
(o] (o]
(26)

hence
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t

QNt = QNO exp [-J f Nr exp (4) dr] (27)
o .
Thus
max i'F
Q; = Qt = QT f f exp [—J Nf f exp (A)]dN
M=t f ° N o
f f

(28)

(d)  The relationship between the zone extension Y(t) and the chain extension

B(H) :

This relationship is found through the assumption that the chains are not allowed
to fail at the stressed zone boundaries. This is a reasonable assumption as the strong-
est pull takes place in the middle of the chain. The assumption implies that all the

chains situated within the zone, are positioned as shown in Figure (A.6):

t t Pt t

< i
% *la. |
¢ / |

| | | | |

Figure A.6  Position of a chain in the stressed zone.

For the sake of generality it is assumed that the end~to-end vector Ro makes

an angle x with the loading direction. From Figure (A.6):
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Q.
I

Ro cos X | (29)

The time dependent chain extension

B(t) = BR—(Q = Y() cos x
o
and ' : _ (30)
do
Bf: = chos X = Yf e
- o
Equation (20) becomes:
Uo do .
A = T [B(Yf R—o-l)-a] ‘ (31)

with D = 1 at failure.

Thus using equation (21) and (25) equation (28) becomes:

{ QN (N - N,) f :
- o max f .

QT{-‘ = QT (Q ) oxp G NI . exp [f exp(d) df] (32)

o Ty f o
Therefore ¢
f ' :
IN, = f exp (&) dt (33)
o

or
t

ff exp [%‘T’][s(;f- -1) -a] dt = JN (34)
o ‘

o
In this equation parameters Uo’ Ror T, Ry 8, o and J are known. df
can be substituted in terms of do, P(t) and e The parameter Nf. for a particular
polymer will be determined from empirical studies such as creep failure under iso-
thermal conditions; d)c and te can be measured and hence N, can be calculated.

f
Subsequently graphs of Nf v T distribution will be prepared.
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Discussion:

The formulation of a function for the determination of time to failure under
arbitrary loading conditions (equation 34), can, no doubt, be further refined. As
indicated in the introduction, the above analysis should be treated simply as an
enquiry info the possible effects of some of the parameters associated with the chemi-
cal structure.  Such analytical studies should be coupled with extensive experimenta-
tion on materials with well defined structural properties so as to verify the relevance
and the accuracy of the basic assumptions made throughout the theoretical treatment.
For example, there may be doubts about the specific form of the distribution of the
chain length against the number of chains, Figure (A.4); specially whether the same
type of distribution can be assumed for the products of both the addition and the con-
densation polymerisation processes. It is, however, possible to determine the chain
length distribution for a certain polymer by the electron paramagnetic resonance
technique (De Vris et al., 1971). |

There may also be some differences of opinion with regards to the choice of the
criterion of equal load distribution for all chains of the same orientation. This is a
less realistic choice than that in the model of Hsiao (1959). However the mathema-
tical complexity of this model has prevented its further development.

Further complexities in the mathematical formulation will arise when the func~
tion P(t) is substituted for in terms of a sinusoidal load function. In the past some
attempts have been made to incorporate the effect of periodic stress on the kinetic
behaviour of the molecular deformation unit (Coleman, 1956). Ree at al.(1951) and
Lyons (1958) also introduced into the reaction rate theory a concept relating the freq-
quency dependence of the mechanical properties. It was proposed that under the

periodic stress conditions the activation energy may vary as a function of frequency.
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With each periodic application of stress, the probability of bond breakage is increased
above the level prevailing in the simple constant-load case.

It is suggested that the incorporation of the macroscopic strain d(t) in terms
of a sinusoidal function for P(t) in equation (34), will be capable of incorporating
'the cyclic damage accumulation process (Chapter 4).  Inevitably, the relaﬁ.onship
will acquire a mathematically more complex formulation; see also Yokobori (1969).
However, it will not be too difficult to perform such analyses with the aid of com-
puters (De Vris et al., 1971).

Finally, the importance of the molecular failure analysis with regards to the
exposition of the specific role of parameters associated with the chemical structure
lies in the fact that subsequently more accurate pl;ediCﬁOﬂS of the properties of new
materials can be made. The results will also yield guidance to the attempts to syn-

thesise materials with optimum properties.

288



REFERENCES

Bueche, F.

Coleman, B.

DeVris, K.L.,
B.A. Lloyd and
M.L. Williams

Eyring, H.

Flory, P.J.

Henderson, C.B.,
P.H. Graham and
C.M. Robinson

Higuchi, M.
Hsiao, C.C.

Kausch, H.H.

Kawabata, S.,
S. Tatsuta and

H. Kawai

Landel, R.F. and
R.F. Fedors

Lyons, W.J.

Martin, F.R.

Novikov, N.P.

Ree, T.,
M.C. Chen and
H. Eyring

(1962)
(1956)
(1971)
(19.36)
(1969)
(1970)
(1965)

(1959)

(1971)

(1970)

(1971)

(1958)

(1969)

(1968)

(1951)

"Physical Properties of Polymers,” Interscience,

New York '
J. Polym. Sci., (20), 447

J. App. Phys., (42), 4644

J. Chem. Phys., (4), 283

"Principles of Polymer Chemistry," Cornell

Univ. Press

Int. J. Fract. Mech., (), 33

Proc. Ist Int. Conf. Fracture, SENDAI, 1211

J. App. Phys., (30), 1492

Proc. 1st Conf. Mechnical Behaviour of

Materials, Tokyo

Proc. 5th Int. Cong. Rheology, Tokyo

Tech. Rep. JetPropulsion Lab., California
Institute of Technology

Text. Res. J., (28), 127

Ph.D. Thesis, Rensselear Polytech. Inst.,
N.Y.

Int. J. Solids Struct., (4), 1243

Text. Res. J., (21), 789

289



Tobolsky, A. and
H. Eyring

Yokobori, T.

Zhurkov, S.N.

(1943)

(1969)

(1965)

J. Chem. Phys., (11), 125

Rep. Res. Inst. Strength and Fracture of
Materials, Tohoku Univ., (5), 19

Int. J. Fract. Mech., (1), 312

290




Symbol

c

D

D, (. D)

APPENDIX B

NOMENCLATURE

Meaning

Work of surface tractions

Half crack length

The value of a at t=

Rate of change of a per load cycle

Rate of change of a per unit time

Constant in the crack growth equation
Component thickness

Crack width

Constant in the crack growth equation
Constant in the crack growth equation
Compliance

Constant in the crack growth equation

Time dependent creep compliance

Rubbery level of the creep compliance
Glassy level of the creep-complionce
Young's Modulus

Time dependent Modulus

Rubbery value of the time dependent modulus
Glassy value of the time dependent modulus
The complex modulus of a viscoelastic malerial

Real (storage) component of the complex modulus
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Symbol Meaning

E" Imaginary (loss) component of the complex modulus
EK | Kinetic energy term in the energy balance equation
e Strain
f Loading frequency
G Strain energy release rate
GC Critical level of G
GI Value of G for mode | crack opening
G Maximum level of G

max
G . Minimum level of G

min
h Specimen height
J Path independent contour integral
J Maximum level of J

max
J . Minimum level of J

min
K Stress intensity factor
KI The value of K under mode } crack opening
K“ The value of K under mode |l crack opening
Kin The value of K under mode Il crack opening
Kic The critical value of K under plane strain conditions -

termed the fracture toughness of the material

AC "Apparent” level of fracture toughness
Kb Value of K for pure bending conditions
KC , The critical value of K
K, The "effective” level of K

Maximum level of K, in a load cycle
max ] | :
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= _z Z 3

-0

© o o ©

Meaning

Minimum level of K, in a load cycle

Mean level of KI in a load cycle

Thréshold level of K

Time dependent stress intensity factor

Rate of change of K with respect to time
Constant in the crack growth equation
Constant in the crack growth equation
Numerical index in the crack growth equation
Number of load cycles

Cyclic initiation life

Numerical index in the crack growth equation

Applied load level

Numerical index in the crack growth equation

Input thermal energy term in the energy balance equation

Numerical index in the crack growth equation
Ratio of K . /K
Universal Gas Constant

Radial distance measured from the crack tip
Plastic zone size at the crack tip

Maximum level of r

Minimum level of r

Absolute temperature

Traction forces

Time



Symbold

®1 7 02s O3
B

B

Meaning

Time to failure

Activation energy

Displacements

Internal energy term in the energy balance equation
Strain energy density

Viscous energy lost per load cycle

Specimen width

Extent of plastic deformation at the crack tip
Numerical indices in the crack growth equation
Constant in the crack propagation model

Angle of inclination of a crack with respect to the loading
direction

Specific surface energy

Specific fracture energy

Irreversible work of deformation

Coefficient in the time to failure equation

Extent of crack opening displacement

Strain tensor |

plane strain

plane stress

Boltzmann's Constant

Term representing the stress intensity factor parameter in the
crack growth equation

Poisson's ratio

A time function
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Symbol

Meaning

Surface energy term in the energy balance equcﬁoh
Stress level

Real and imaginary components of complex stress function
Stress tensor

Mean level of stress

Amplitude of stress cycle

Weighted average value of stress

Yield stress in tension

A time function

Components of shear stress

Maximum in plane shear stress level

Parameter representing the level of available energy in crack
propagation equation

Parameter in the crack propagation equation - a function of the

applied siress level

Circular frequency
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FATIGUE CRACK PROPAGATION IN

VALUE OF STRESS INTENSITY FACTOR
By S. Arad*, J. C. Radont} and L. E. Culve;r:[:

Polymeric components often contain structural defects which give rise to regions of
internal stress concentration. As the engineering application of these materials expands,
the need to understand their behaviour under various loading conditions becomes more
necessary.

This paper reports the results of part of a programme of research undertaken to study
fatigue crack propagation phenomena in thermoplastics.

A fracture mechanics approach is used and the effects of the mean stress intensity
factor, Ky, and the range of stress intensity factor, 4K, on crack propagation phenomena
in polymethylmethacrylate arc studied.

Based on the experimental data available, a relationship of the following form, be-
tween the cyclic crack growth rate d(2a)/dN and the tensile loading levels, has been
proposed

d(za)ldN = B(Kmaxz_Kmmz)"

where K. and K., are the maximum and minimum values of the stress intensity
factor in each loading cycle. In tests at room temperature (21°C), in air, at a loading
frequency of 5 Hz, n was found to be equal to 2:5; log g equalled —12-37.

75

POLYMETHYLMETHACRYLATE; THE EFFECT OF THE MEAN

INTRODUCTION

POLYMERS arc finding an increasing use in engineering
applications and if they are to be developed to their fullest
extent, 4 complete understanding of their behaviour under
all types of loading is necessary. Previous work (1)-(3)§
has shown that linear-elastic fracture mechanics concepts
may be successfully used to describe the  propagation
of through-thickness and part-through-thickness cracks

. under fatigue conditions in polymethylmethacrylate. It
has also been suggested that for through-thickness cracks,
the crack growth rate could be described as

d(2a)
AN

where 2e is the crack length, N is the number of cycles,
4K is the range of stress intensity factor and C and m

=Cu4Ky" . . . . D)
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are constants for the material, mean load and frequency
used.

This law, originally proposed by Paris (4), is typical
of those, based on empirical data, suggested for crack
propagation in metals. The fact that crack growth in
polymethylmethacrylate was found to follow the samec
law suggested that it might be a very useful material for
model studies of the growth of fatigue cracks in metallic
components in which it is often difficult to monitor such
growth. However, the law represented by equation (1)
does not give a clear indication of the effects of the mean
value of the stress intensity factor; the previous work
had been conducted using a minimum value of the stress
intensity factor K, equal to zero for all tests. Thus, as
AK was increased, there was always a proportionate in-
crease in the mean value, K, whose effect therefore
became masked.

For metals, it had previously been suggested (4) that
K, was of minor importance when compared to 4K but
more recently attention has been drawn to the influence
of K,, on the rate of fatigue crack propagation. In par-
ticular, in tests on round bars of carbon steel (S35C)
evidence has shown that thc mecan stress (proportional
to K,) cannot be discarded as having only secondary
influence on crack growth (5). Similar conclusions have
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been drawn for aluminium alloys of high and low fracture
toughness (6). Forman, Kearney and Engle (7), following
tests on aluminium alloys, have proposed a fatigue crack
propagation mode! which relates the cyclic growth of the
crack to the range of stress intensity factor and the ratio of
its minimum and maximum levels. :
The purpose of the work assessed in this paper was to
study further those variables which control the growth
of fatigue cracks in glassy plastics and, in particular, to
assess the influence of the mean value of the stress inten-
sity factor, Ky, in relation to the range, 4K, used. Re-
peated tension tests have been carried out on sheet

specimens of polymethylmethacrylate, } in thick, each-

containing a central through-thickness crack. A concurrent
study of the influence of frequency of loading is being
continued. '

Notation

a Half crack length.

C Numerical constant,

J Frequency.

K Stress intensity of crack tip stress field.

K;, K;, Crack tip stress intensity factor in mode I frac-
ture. Subscript ¢ refers to critical value.

K Maximum . .
max X levels of the stress intensity factor

Ko Minimum K

K. Mean '

mn Numerical exponents.

N Number of loading cycles.

p Radius of plastic zone at the crack tip.

!4 Width of specimen.

B Numerical constant.

4K The range of variation of stress intensity factor.
A Parameter dependent on K, and 4K.

ay Tensile yield stress of the material.

FRACTURE MECHANICS CONCEPTS

The differences between experimental and theoretical
values of tensile strengths have been attributed by
Griffith (8) to the presence of inherent flaws which act as
stress raisers. Fracture mechanics has thus evolved as a
study of flawed components rcpresented by notched
specimens. Early work was couched in terms of the energy
in the system but Irwin (9) gave stress-function solutions
rclating the stress field in the vicinity of a crack tip to the
applied stress. '

For an infinite plate containing a central crack (Fig. 1)
the clastic stress (,;) close to the crack tip may be repre-
sented by

© v
2= G/ @ @

where K is the stress intensity factor and r and & are the
polar co-ordinates with origins at the crack tip. Since the
stress field is essentially described in terms of K, any
fracture criterion must be related to K or to the applied
stress p, but experience shows that p, whether based on
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Fig. 1. Specimen geometry

gross or net area, is not constant at fracture. It is there-
fore postulated that K has a constant, critical, value K,
at fracture. ‘

The value of K needs to be determined for the par-
ticular specimen geometry being used. For a centre
notched plate of width W (Fig. 1) its value is closely
approximated by

W 1/2
K=smap (Zeanlp)” . . @

if the total crack length 2a is less than half the plate width
(x0). This value of K, often designated as K, applies
to the opening mode of fracture. It refers to the case
where the applied load is in the y direction and the crack
surface lies in the x-z plane. Only this mode is considered
in this paper.

It is a basic requirement that the radius of the plastic
zone, r,, at the tip of the crack should be small compared
to the crack length and specimen thickness (xx). Its value
may be calculated, for plane strain or plane stress condi-
tions, respectively, from

2 2
Ky or r,= K

r, =
P 6mo,?

O

where oy is the tensile yield stress of the material under
the appropriate testing conditions.

2
2moy
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TEST PROGRAMME
The polymethylmethacrylate specimens, 133x15x}in

thick, were cut from cast sheets and the central notch .

was produced by drilling a central }in diameter hole
from which the slot was saw-cut to the required length
(Fig. 1). A sharp crack was then formed by forcing a
sharp razor blade into the root of the saw cut. In the early
stages of the fatigue test, uniformity of the initial notch
front has been found to be very important in determining
the accuracy of data on the rate of crack growth (2) but
the two ends of the central crack will normally start to
propagate in a symmetrical manner if sufficient care is
taken in producing the initial notch. Those specimens
which did not produce symmetric growth were discarded.
All specimens were allowed to normalize at a temperature
of 214+1°C and a relative humidity of 50 per cent.

The specimens were assembled in turn in a Dowty
electro-hydraulic fatigue testing machine. This machine
is capable of cycling from 2 c/h to 6000 c/min at loads
ranging from 6001bf to 12 000 Ibf and is fully described
in (x2). Briefly, a sine wave input, produced by a signal
generator, passes through an amplifier and subsequently
operates the actuator. The signal from a load cell is moni-
tored by means of a graduated oscilloscope on the con-
trol console. There are facilities on the machine to vary
the load or strain whilst a test is in progress.

The specimens were bolted to a pair of steel holding
plates placed between the load cell and the actuator and
were then cycled in tension at a constant frequency of
5 Hz between predetermined limits of stress intensity
factor, K.« and K,,,. These values, being dependent
upon crack length (equation (3)) were maintained con-
stant by suitably adjusting the load limits as the crack
propagated. The crack growth was monitored by using
a cathetometer until the total crack length reached 0-4
times the plate width, when the specimen was pulled
directly to fracture.

By carefully selecting the values of K, and K, for
cach test, it was possible to establish crack growth rates
over a wide range of values of mean stress intensity
factor K,, and the range of stress intensity factor 4K
independently. The highest value of K, used in the pro-
gramme was 900 1bf/in®?2, It was found, from preliminary
tests, that at even higher values of K., slow crack growth
interfered with the fatigue process and further investiga-
tion of this aspect is currently under consideration.

Values of the stress intensity factor at the start of un-
stable crack growth K, were also obtained from simple
tension tests on specimens of the same geometry. They
varicd between 1100 and 1200 1bf/in®?2, thus agreeing
with previous established values (2). The plastic
zone size calculated for plane strain conditions from
equation (4) for Kj, equal to 1200 Ibf/in®2 and using
o, = 11 000 1bfj/in? was 0-640 x 102 in. For the highest
value of K, .. used in these tests, i.e. 900 Ibf/in®2, r,
amounted only to 0-355x 10-%in; this value was con-
sidered negligible when compared with the specimen
thickness of 0-25 in.
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RESULTS AND DISCUSSION

A typical set of curves showing the dependence of crack
growth on the number of load cycles for four different
specimens is given in Fig. 2. A linear relationship exists
for all the test conditions used which is in agreement
with the previous work (x)—(3) using tests in which K,
was always zero. What is immediately significant, how-
ever, is that tests conducted with very similar 4K ranges
(the upper and lower curves of Fig. 2 having 4K = 440
1bf/in*?2 and 450 1bf/in®2 respectively) have very different
crack growth rates (c.g.r.), namely 13-8x10-¢ and
3-14x 10~%in/cycle as given by the slopes of the graphs.
Furthermore, a comparison of the central two curves in
Fig. 2 shows that the test in which 4K was least (300
1bf/in®? compared with 360 1bf/in®/?) produced the higher
crack growth rate (9-05x10-%in/cycle compared with
6-1x10-%in/cycle). Similar results were obtained in
tests conducted at a frequency of 0-1 Hz (see Table 1).

A study of the results indicated that there is no single
controlling parameter in these tests at constant speed of
cycling. Two further major test series were therefore
undertaken to clarify the effects of the range of stress in-
tensity factor 4K and the mean value, K. In the first
series (Fig. 3) 4K was maintained constant and K, was
varied by factors of 3 and 5. Each test produced a linear
curve and the crack growth rate increased non-linearly
with K. The results indicated a fifteen-fold increase in
crack growth rate for a five-fold increase in K,,. Similar
results were obtained for other constant, but different,
4K tests in which K, was similarly varied (Fig. 5).

In the second major series, K,, was maintained con-
stant throughout but 4K was varied from specimen to

40—
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[

CRACK LENGTH, 2@ —in

L o |
LW4

g

N | ! ! | |
0 25 50 75 100 125 150

NUMBER OF CYCLES
Curve 1 2 37 4

4K, 1bffin*? 440 300 360 450
Ky, Ibffin®? 550  -600 430 275

Fig. 2. Crack growth pattern at different values of
4K and K,,

L 3
175x10
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Table 1
Kmax, Koo, 4K, Ko, Ay Frequency, c-g.r-; Ref. to
1bf/in3/2 1bffin®'2 1bf/in®72 1bf/in?/2 1b£2fin® Hz 10-5 in/ Figs
cycle
770 330 440 £ 550 502 900 5 13-80 2 (1)
750 450 300 600 360 000 5 850 2
610 250 360 430 312 500 5 610 3)
500 50 450 275 247 500 5 314 (@
750 450 300 600 360 000 01 260-0
610 250 360 430 309 600 01 2070
250 0o 250 125 62 500 5 0-39 3 (1)
500 250 250 375 187 500 5 215 2)
750 500 250 625 312500 - 5 610 3)
750 250 500 500 500 000 5 13-60
500 0 500 250 250 000 5 © 7320
500 300 200 400 160 000 5 1-02 4(1)
600 200 400 400 320 000 5 7-10 @)
750 50 700 400 560 000 5 1970 (3)
900 600 300 750 450 000 5 12:50
850 650 200 750 300 000 5 565
800 700 100 750 150 000 5 1-42
500 250 250 375 187 500 5 215
675 75 600 375 450 000 5 12-40
750 0 750 375 562 500 5 19-60
560 0 560 280 312 500 5 6-10
610 250 360 430 309 600 5 6-00
660 350 310 505 313,600 5 610
750 . 500 250 625 312500 5 610
708 0 708 354 500 000 5 13-60
770 300 470 535 502 000 5 13-80
750 250 500 500 500 000 5 1360
675 .75 600 375 450 000 5 12:40
900 600 300 750 450 000 5 12:50
750 500 250 625 312 000 0-1 210-0 9 (1)
660 350 310 505 313 100 01 2130 2
610 250 360 430 300 600 0-1 207-0 (3)
560 50 510 305 311 100 01 210-0 @

specimen. The results (Fig. 4) for ‘K, = 400 lbf/in®?
and 4K variable between 200 and 700 1bf/in®? were simi-
lar to the previous series in that crack growth rate in-
creased rapidly although non-linearly but this time with
an increase in 4K, Similar results were obtained from a
further series of tests with K, = 750, 500, 375 and
275 Ibf/in*? and at different 4K ranges. These results
are included in Table 1 and it is clear that both 4K and
K,, are of considerable importance in influencing fatigue
crack growth rates in polymethylmethacrylate,

From the results it is possible to construct families
of curves. Fig. 5 represents the effects of variations in
4K on crack growth rates when K, is maintained con-
stant, and Fig. 6 represents the effects of variations in
K,, when 4K is maintained constant.

In addition to these two parameters, however, it seemed
possible that the maximum stress intensity factor reached
in any cycle, K.y, should have an influence on the rate
of fatigue crack growth., A number of additional tests
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were therefore performed under constant K, ., condi-
tions whilst allowing 4K, and hence K,,, to vary from
specimen to specimen. The results have been superim-
posed on Fig. 6 to form a grid representing the influence
of three major variables on the crack growth rate for a
given frequency of loading.

Consideration of all the available results led to the
possibility of forming another law, more general than
the law of equation (1), governing the crack growth rates
under the range of variables used. Any such law would
need to be similar in general form to equation (1) since
that has previously been shown to be satisfactory for the
test conditions then used and a possible form for the
specified test conditions is

d(2a
DB . .G

where B and n are constant and A is a parameter to be
established.
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Fig. 3. Variation of crack growth rate with K,
AK = constant = 250 Ibf[in®'2

The present work suggests that A is a direct function of
both AK = (Kax—~Kiin) and Ky, = 3 (Kpax+ Kmin) and
a reasonable assumption is to take

A = f(Kmax®~ Konta?) . (6)

which has the virtue of incorporating all the three vari-
ables considered.

The value of A for each of the tests now reported has
been calculated and is included in all the results. It is
clear that even in. tests conducted with different con-
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Fig. 4. Variation of crack growth rate with AK,
K., = constant = 400 lbf[in®?

trolling parameters, the crack growth rate is similar
between tests,” provided the factor A is also similar,
despite the anomalies discussed earlier. A linear relation-
ship would not be expected but within the limits of
experimental scatter, there is a unique relationship be-
tween the parameter and the crack growth rate. A logar-
ithmic plot of the results (Fig. 7) as suggested by the form
of the law now proposed

d(2a) .
dN = ﬁ(Kmax

- Kminz)n (7)

| |

9% 150 300 250 : 500
RANGE OF STRESS INTENSITY FACTOR, AK —Ibffin /2
I
Cu 1 2 4 5
Kolbffin®® 750 500 B0 35 295

Fig. 5. Variation of crack growth with AK at different values of K,
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Fig. 6. Variation of crack growth rate with K, at different values of AK
shows a good linear distribution and allows the constants CONCLUSIONS

n and log,, B to be calculated as 2-5 and —12-37 respec-
tivcly.

Finally, to illustrate the effectiveness of the parameter
A, further tests were conducted in which 4K and K,
were allowed to vary but A was maintained constant
throughout. The results are shown in Fig. 8 which con-
firms A as the parameter controlling crack growth rate.
Similar results were obtained from a few check tests run
under similar conditions but at a frequency of 0-1 Hz
(Fig. 9).
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L 50 55 50

Iogw?\
Fig. 7. Variation of crack growth rate with A
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The propagation of fatigue cracks in centre-notched
sheets of polymethylmethacrylate under cyclic tension
conditions in air have been shown, in terms of fracture
mechanics concepts, to be dependent upon the range of
stress intensity factor 4K and its mean value, K ; but
apparent inconsistencies can occur unless care is taken
in interpreting the results.

These inconsistencies can be avoided by describing
crack growth rate in terms of a parameter A = (K ,2—
K..i.?). It has been shown that, over the range of values

CRACK LENGTH,2¢ —in

) 1 ! o
0 50 100 150 200 250
NUMBER OF CYCLES

1 1

{
300x103

Fig. 8. Dependence of crack growth on A at various
values of Ky, and 4K

Vol 13 No 2 1977



FATIGUE CRACK PROPAGATION IN POLYMETHYLMETHACRYLATE . 81

T
[=)
I

o
o
°

CRACK LENGTH, 20 —in

. | | |
405 2 4 gx10°
NUMBER OF CYCLES

Fig. 9. Dependence of crack growth on X at a lower
Sfrequency (see Table 1)

in the variables 4K and K,, tested, the crack growth
rate d(24¢)/dN is constant if A is constant.
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The rapid increase in the rate of application of thermoplas-
tics in engineering design preblems and the interest in the
structural use of these materials have resulted in the require-
ment of comprehensive information about the behaviour of
thermoplastics when subjected to cyclic loading conditions.
In addition to the “total fatigue life” data already available
for many materials, attempts have been made to analyse the
crack initiation and steady crack growth processes and deter-
mine the effects of parameters such as mean load, frequency
and crack geometry on the rate of crack propagation. The
results of an investigation of these aspects of fatigue crack

rowth in a brittle thermoplastic, polymethylmethacrylate
%PMMA), have already been reported. In this paper, the
results of a test program devised to study the behaviour, at room
temperature and in air, of ‘a polycarbonate, (PC), under
similar loading conditions, are presented, Fracture Mechanics
concepts have been used to analyse the results. It was found
that a relationship of the form ay = 8 A" aiready shown to pre- .
dict the cyclic tatigue crack propagation rate in PMMA, is
also applicable to polycarbonate. However, when the effects
of frequency and loading rate were studied, it was found that
after the magnitude of parameter K( = aK/half the periodic
time) exceeded 4000 le in.—3/2 s~ the influence of the mean
level of stress intensity factor, Km, became negligible in com-

parison to the effect of AK.

INTRODUCTION
T he fatigue failure process in polymeric solids has,

in recent years, attracted considerable attention
as there has been a continuous increase in the rate of
application of these materials in the design of engi-
neering components subjected to cyclic loading, as
well as an increased interest in their structural appli-
cation in both unreinforced and reinforced forms. A
considerable amount of data has been gathered from
“total-fatigue-life” studies using plane bending or
rotating bending types of tests. A model for the
fatigue failure process in polymers related to the
temperature rise due to rcpeated loading, which is a
consequence of the relatively high damping capacity
and low thermal conductivity of these materials, has
been proposed (1). However, there is no reason to
assume that the failure due to cyclic loading will be
merely temperature dependent, In fact, in many
cascs, within reasonably wide ranges of variation in
the mean load, the alternating load levels and the

POLYMER ENGINEERING AND SCIENCE, MAY, 1972, Vol. i2, No. 3

frequency, the temperature rise has been shovm to
be very small (2).

In a study of the behaviour of polymeric materials
under fatigue conditions, the influence of a range of
parameters needs to be investigated. The most im-
portant of these are: range of stress, mean stress,
frequency of loading, waveform of the cyclic loading
process, crack sharpness, damping characteristics of
the material, and its thermal conductivity, as well as
the conditions of the environment such as tempera-
ture, humidity, and presence of chemically harmful
agents,

In the presence of a crack, an energy balance
equation for a polymeric body under load, relating
the input encrgy to the elastically stored cnergy, the
surface energy, and the viscoclastically dissipated
energy can be formulated (3). The rate of heat build
up within the material is directly dependent on the
rate of viscoelastic encrgy loss, W, the magnitude of
which is related to the loading churacteristics (Sq
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and S;), the frequency (f) and E” in the following
form (4):

wa’

W=—5[25.2+52] (1) |

E’l-

This equation shows that the manner in which the
E” characteristics of the material as well as the fre-

quency of loading vary, directly influences the W
term and hence affects the magnitude of the energy
available for crack propagation. In dynamic loading
studies, basic data relating the parameters in the
energy balance equation to strain rate and tempera-
turc variations are required. Variations of loss tangent
with frequency in constant temperature tests and
with temperature in constant frequency tests and
variations of the surface energy term in relation to
the ductile-brittle transition phenomena are only a
_few examples of the type of information which will

be helpful when an attempt is made to interpret
fatigue crack growth data under various loading con-
ditions and to produce a general and comprehensive
model for crack growth.

The physical properties of polymeric solids depend
upon molecular motions which can occur in these
materials in the solid state. Heijboer's work (5) to
study the variations in shear modulus and damping
(measured by the loss tangent tan &) with changes
in temperature, showed that the damping maximum
of PC, at room temperature occurs at frequencies
above 10* Hz. At a frequency of 20 Hz (the highest
used in tests described in this paper) the loss peak
occurred at about —75°C.,

The importance of the availability of fundamental
data, such as the characteristics of the relaxation
spectra of the material under various conditions in
the analysis of the fatigue failure process is recog-
nised but complete data for this material have not
yet been collected. Some information related to the
above mentioned parameters is available from non-
deformation (e.g, dielectric) tests (6), as is data
from dynamic mechanical behaviour tests conducted
at one frequency but at various temperatures (7, 8).
However, the effects of frequency variations at room
temperature have not been fully studied.

The static fracture of PC has been studied by
workers using both the conventional stress analysis
techniques and the linear elastic fracture mechanics
principles. Linear Elastic Fracture Mechanics
(LEFM), in providing a unique design concept that
yields a quantitative relationship between applied
stress, component geometry, flaw size and material
properties, has been successfully applied to the anal-
ysis of the fracture and fatiguc failure processes in
many metals. The special parameter used to charac-
terise the crack tip environment, in relation to the
applied load and crack-loading geometric relationship
is the stress intensity factor, denoted by K, which in
the present work has been calculated as in the Ap-
pené’ix. The application of LEFM principles to
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fracture and fatigue failure in a number of thermo.
plastics has been demonstrated (9-11).

The fracture toughness characteristic of the mate-
rial and its variations with strain rate and tempera-
ture were required in order to estimate the ratio of
the maximum applied stress intensity factor K, in
fatigue cycling, to the critical value of K under the
particular conditions of the test. Experimental data
reported in (10), partially cover these requirements.
Changes in the fracture toughness of glassy thermo-
plastics (PMMA, PS, PC) were measured under
various temperature and strain rate conditions, using
specimens of different thicknesses. The fracture
toughness parameters, K;c, of PMMA and PC, at
room temperature, tended to reduce as the strain
rate was increased.

The influence of the variation in the value of K¢
on the results of fatigue tests on polycarbonatc, at
high frequencies (20 Hz) and at lower frequencies
when the load amplitude was large, will be shown
later. In the case of PMMA, reported previously (4,
12) this variation did not significantly change the
outcome of tests, within the range of frequencies
used (0.1 to 20 Hz).

Various attempts have been made to study the
process of fatigue failure in PC. Jacoby and Cramer
(13), described the fatigue mechanism in this mate-
rial as a process of superposition of crazing, orienta-
tion and physical cross-linking and subsequently
proposed a model similar to the models of (}ntigueA
crack growth put forward for metals in terms of a
relationship between the applied stress amplitude
and the rate of growth of the crack.

Temperature rises due to load cycling at various

levels have been investigated by Higuchi, et al (2,
14). In tension cycling, with the mean stress range
extending to above 5000 Ibf in.~2 and alternatin
stress values above 4000 Ibf in.~% at a frequency o%
1Hz, the maximum temperature rise obtained was
about 0.4°C above room temperature. The risc in
temperature was related to viscoelastic strain and
was also associated with an increase in the stiffncss
(14). Measurements reported by the above workers
show an initial rise in temperature and then an ap-
proximately constant level of temperature until the
final fracture point, when there is a sharp rise in the
temperature level. Hertzberg, et al (9), have re-
Forted on their studies of the applicabilit{ to the
atigue failure process in PC, of a power law rcla-
tionship relating the cyclic rate of growth to the
change in the range of stress intensity factor. From
the results of tests with K, = AK, it was concluded
that the following relationship originally used for
metals, could be applied to PC:

d(2a)/dN = C(aK)™ (2)

In previous papers (4, 12) the present authors
have discussed the influence of the mean level of the
stress intensity factor K, as well as its amplitucle, on
the rate of growth of fatigue cracks in PMMA. The
effect of variations in the loading frequency was also
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Fig. 1. Results of tests at a frequency of 0.1 Hz, for sinusoidal
and triangular input waveforms.

evaluated. Subsequently a model for crack growth
rate of the following form was proposed:

aNzﬁA"’ (3)

and n, the numerical exponent, in the case of PMMA
was shown to be approximately equal to 2.5 and to
vary very slightly with change of frequency.

The aim of the present study has been to investi-
gate the fatigue failure process in another glassy
thermoplastic, polycarbonate (PC), which in static
fracture behaves differently to PMMA, and to demon-
strate whether the more general crack growth model
(Eq 3) is applicable to PC.

MATERIALS AND EXPERIMENTAL
PROCEDURES

The material chosen was polycarbonate of Bis-
phenol A (Makrolon, Baver) in the form of ex-
truded sheets. Plate specimens of dimensions 7 X
12 X Y-in. thick, (Fig. 1), were used in all tests.
A Y-in, diam hole was drilled in the centre of the
plate and a flaw of 1-in. length was produced parallel
to the direction of extrusion, using a miniature hack-
saw. The initial sharp notches at the ends of the saw
cut were produced using a razor blade.

The testing machines emploved in these tests con-
sisted of a Denison T42C2 Hydraulic machine and a
Dowty Electrohydraulic system. The characteristics
of these machines have been described clsewhere (4,
12). Briefly, the output from a signal generator is
amplified and then used to drive an actuator which
is connected to the test specimen and a load cell. A
sinusoidal waveform has been used for the loading
process.

In a similar manner to that described in (12), a
series of cyclic tension tests in which the two limits
of the stress intensity factor, K and Kiin were kept
constant were performed to study the rclationship
between the total crack length and the number of
cycles. Also, by appropriate choice of K limits, the
effects on the crack growth rate of K, the mean
level, and 3K, the range of variation of K were in-
vestigated, -
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The stress intensity factor limits were maintained
constant throughout each test by adjusting the ap-
plied load levels according to the current crack
length. Crack length measurements were carried out
at regular intervals using a cathetometer. A series of
random check tests were performed, and the devia-
tions in the growth rates were found not to exceed

8%.

DISCUSSION OF RESULTS

As in the case of PMMA, the relationship between
the total crack length, 24, and the total number of
cycles, N, in tests with constant K limits, was found
to be a linear one. Cyclic rates of crack growth (ay),
were calculated from the slopes of these graphs. At
a frequency of 0.1 Hz, the data obtained from the
experiments® shows a marked dependence of ay on
K., as well as on AK. The crack growth rate does not
vary with a simple dependence on AK, and in fact,
by appropriate choice of Knax and Ky, it is possible
to obtain higher crack propagation rates at smaller
AK values. Test results indicate that with equal AK
values one may obtain completely different growth
rates depending on the choice of K,,. Using this sct
of results it was shown that at a frequency of 0.1 Hz,
the fatigue failure of PC may be predicted from a
model similar to that used for PMMA, in Eq 3. This
is evident from Fig. 1 where the cyclic rates of
growth have been plotted against the parameter A,
(= Kuax® — Kup?). On a log-log scale, as will be
shown later, this graph is a straight line, the slope of
which gives the value of the exponent n in Eq 3.

To investigate the effect of the input waveform on
the growth pattern, an effect which would be more
predominant in the slow cycling tests, a number of
tests were performed with a triangular input wave-
form. The results are included in Fig. 1, so that a
comparison can be made with the sinusoidal input
waveform. It is evident that the variations in results
from the two series of tests are generally very small.

Applicability of Eq 3 for the prediction of crack
growth rates at various frequencies was shown (4)
tor the case of PMMA. To study the behavior of PC,
a similar series of tests was performed at frequencies
of 5 and 20 Hz. An interesting point arose frem con-
sideration of the data obtained at a frequency of 5
Hz: that the direct dependence of ay on A, observed
previously, does not exist for the whole set of data.
Closer examination indicated a point of transition in
the relative effects of AK and K,,. It was found that
beyond a certain level of K (obtained by dividing
AK in a test by half the periodic time) the effect of
K., became very small and the influence of AK be-
came the predominant factor. The transition value of
K, K°, was found to be in the region of 4000 Ibf
in.~%2 §~1, Figure 2 shows the results of all tests at
5 Hz where X is below 4000 Ibf in.~3/2 S—1, and there
the applicalnlity of parameter A is clearly demon-
strated in a log-log plot. It is noted that the maximum

© The numcrical duta presented in the graphs will he supplied to
readers un teguest,
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K achieved in the 0.1 Hz tests was 140 Ibf in,~3/2 §-1,
Where the value of K exceeded the K® value, it was
sufficient to use only the changes in AK, to predict
the value of ay. From Fig. 3 it is evident that when K
is smaller than 4000 1bf in.~%2 §-* the influence of
K., on ay is significant, as exemplified by the result§
of tests at AX = 300 Ibf in.~®2. However, for K
larger than K®, as can be noted from the results of

- tests at AK = 500 1bf in.~3/2, the effect of variation in

K., is very small.
The stress intensity factor rate effects were con-
firmed when tests were carried out at a frequency

of 20 Hz. The minimum K value applied in this series
of tests was 8000 Ibf in.~3/2 §~1, Thus if the observa-
tions from Fig. 3 were correct, it would be expected
that the K, eftects would be of secondary importance
when compared to the influence of AK. Figure 4, a
logarithmic plot of dy against AK, confirms the previ-
ous observations.

From the above results it was concluded that the
fatigue failure characteristics of polycarbonate can-
not be simply determined from a consideration of
the applied K levels and an appreciation of the load-
ing frequency effects, as was the case in PMMA (4).
In the case of PC, the cmpirical data point to a much
higher rate-dependency effect. When the problem is
approached using the K parameter, the frequency
effect takes a diflerent form, according to the testing
region in which one is interested. For all the tests

with K greater than K®, the influence of frequency
variation on ay is as shown in Fig. 5. These results
indicate a small drop in the value of ay as the fre-
quency is reduced, Fig. 6. Similar results werc re-
ported in (9, 13). The increase in material resistauce
to the cyclic rate of growth at lower {requencics was
attributed by Hertzberg, et al (9), to the particular
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Fig. 5. The effect of chenge in frequency on ay: 20 Hz e
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damping characteristics of this material. It must be
noted that the effect of frequency variation in the
above case is opposite td that in polymethylmeth-
acrylate. However, when the results from tests with

K smaller than K® (where K,, influenced day signifi-
cantly ) are considered, the effect of frequency varia-
tion was similar to that in PMMA. In Fig. 6 these
trends in the frequency effect are shown. With the

AK values chosen in these tests, the K® values oc-
curred at a frequency of 5 Hz and thus this value of
f corresponds to the transition frequency in Fig. 6.
In order to analyse the effect of frequency on the
value of the exponent n in Eq 3, the results of a series
of tests at a constant value of K, were plotted in
Fig. 7. The value of n increases from 3.35 to 4.0 as
the loading rates are increased. It has already been
mentioned that the K¢ value for polycarbonate drops
significantly at high loading rates (10), and thus it

is expected that under similar applied Ky, condi-

tions, at higher loading rates, a higher crack growth
rate will be achieved as the ratio of K., to the cur-
rent fracture toughness of the material will be com-
paratively higher. Observations of a similar nature
on the effect of fracture toughness values on the fa-
tigue crack growth in metals were reported in (15).

The results of tests on PMMA, PC (and on Nylon
6.6 on which some preliminary tests have been per-
formed) indicate that the parameter K? ought to be
given the dominating part in any mathematical for-
mulation of the fatigue crack growth process. It is
significant to note that the crack opening displace-
ment (16), the plastic zone size at the crack tip,
given by

=t (Ko Y (4)
PT4NZr NS,

and also the term denoting the elastic energy release
rate (17), aré proportional to K% Considering the
plastic deformation process at the crack tip, as a con-
scquence of which the fatigue crack propagates, in a
loading cycle with minimum load = 0 the load is
completely removed on the return half and thus the
whole of the plastically deformed zone undergoes a
reversed loading; however, when only a proportion of
the maximum load is removed ( minimum load 54 0)
then: considering that there will be 7y, and rpmm
values corresponding to Kp.x and Ky, at the end
of the return half cycle only a part of the rpm., region,
from the crack tip, will have undergone the reversed

loading. It is hypothesised that the growth will be -

proportional to the actual dimensions of the zone of
double deformation. When Ky, = 0, then rpp, = 0,
and this is the case for the applicability of Eq 2
since (AK)™, for AK = K,.,, can be treated as
(Kuax )¢ where ¢ = m/2,

The plastic zone size consideration is also useful

. when loading rate effects are being investigated. PC

has a decreasing fracture toughness at high loading
rates. The [racture surfaces of this material at very
high rates are increasingly more smooth, It is as-
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sumed that at high loading rates, there is not suffi-
cient time for the plastic zones to form in the manner
deseribed above and a different mechanism domi-
nates the fatigue crack growth progress,

A minimum time and strain limit does exist in the
crazing process of polymers (15). Data obtained by
Higuchi, et al (14), show that for any given strain,
at higher loading rates, a longer time is required for
initiation of crazing. Thus the calargement of the
crack by crazing at the tip is strain rate dependent.
Under the same strain, smaller crazes are produced
at higher rates, This phenomenon can easily be re-
lated to the observed influence of the loading rate on
dy. Load rate dependency is an important aspect of
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crazing process in poiymers, not yet fully docu-
mented, which will be immediately useful in the
analysis of fatigue crack growth-phenomena in these

materials. ,
I

CONCLUSIONS

The growth of cracks in polycarbonate specimens
due to cyclic loading in air and at room temperature
have been studied.

It was found that the fatigue failure process can

be described in terms of the application of LEFM

concepts in the form of an equation:
I
[y = ﬁ A"

which includes the effect of mean stress intensity
factor, as well as the range of its variation.

However, when the effects of loading frequency
were investigated, it was found that a transition point
in the value of the K term existed above and below
which the mean stress and frequency effects were
different. Above the value of K = 4000 Ibf in,~3/2 §-1
the K,, effect was small and an increase in frequency
led to larger cyclic crack growth rates. However,
below this value of K, K,, had a significant effect on
ay under the same applied K., and Kpyn.

Data obtained from tests at a frequency of 0.1 Hz
with sinusoidal and triangular waveforms of the same
amplitude varied only by a small amount.

NOMENCLATURE
2a = total cracklength
dy = cyclicrate of crack growth = d(2a)/dN
C = aconstant
E’ = storage component of complex modulus
E” = loss component of complex modulus
f = frequency
h =  specimen thickness
K; = stress intensity factor in mode one open-
ing of the crack
Kic = critical value of K,
ﬁ':“ ; gzzlnmum }evels (I)(f the stress intensity
Kpn = minimum actor
AK = (Kmax — Keia)
K = AK/%T
m,n =  numerical exponents
N = number of loading cycles
P =  applied load
r, = radius of plastic zone at the crack tip
S« = amplitude of the applied stress
Sm = mean value of the applied stress
Sy = yield stress
T = periodic time
w = specimen width
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the rate of viscoelastic energy loss
" numerical constant

§ Elf
tan—? (—E;-
numerical exponent
(K2mnx - min)
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APPENDIX

The stress intensity factor, K, corresponding to the
“opening mode” for a plate specimen and allowing
for finite width effects, were calculated by Brown
and Srawley (19) using the following equation:

K; =£Z‘ . E
wh

where,
Y =177+ 0.227Z — 0510 22 4- 2.7 23
and

z —2
w
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FATIGUE CRACK PROPAGATION IN
POLYMETHYLMETHACRYLATE; THE EFFECT OF
LOADING FREQUENCY

S. Arad*

J. C. Radont

L. E. Culver}

The influence of loading frequency on the cyclic rate of crack propagation dy, in a glassy thermoplastic (poly-
methylmethacrylate, p.m.m.a.) in air, at a temperature of 21°41 degC and relative humidity of approximately
50 per cent, has been investigated and linear—elastic fracture mechanics concepts have been used to analyse the
results. Tests have been conducted on sheet specimens, fatigue loaded in tension, under conditions of constant
maximum and minimum values of stress intensity factor, K, and at three frequency levels, namely 0-1, 5 and
20 Hz. It was found that, under these conditions, an increase in frequency led to a decrease in dy. Also, the
results showed that when K, achieved levels equal to or greater than 750 1bf/in®2?, the contribution of
‘dynamic creep’ type damage to the crack growth process became more significant. The lower the frequency,
the greater was the effect of K, the mean level of K, on dy. It was also found that for the material under
investigation the crack propagation power law index, » in equation @y = B(A)", where A = Kpax? —KminZ, had an
average value approximately equal to 2:25 and varied only by a small amount with frequency changes.

1 INTRODUCTION

FATIGUE FAILURE in polymeric materials may occur as the
result of the following loading processes. »

(1) A process which produces negligible internal heat
build-up in the material and results in component failure
due to pure fatigue growth which may, in some cases, be
accompanied by some degree of creep damage.

(2) A process which causes a considerable temperature
rise inside the material (due mainly to the relatively high
damping capacity and low heat conductivity of polymeric
substances) and as a result ‘thermal failure’ takes place.

The present paper is concerned with the former failure
mechanism.

The empirical data available on the effect of variation
of loading frequency on the rate of fatigue crack growth
in some metals, point to the very small influence of changes
in frequency within reasonably wide testing ranges (1)§.
However, in the case of all rate-sensitive materials, such
as polymers, changes in frequency of loading may have a
considerable effect on the fatigue behaviour of the
material.

Very little data is available concerning the manner in
which a change in frequency affects the cyclic rate of
fatigue crack propagation, dy, in thermoplastics. Some
results have been published which indicate a simple
dependence of viscoelastic energy absorption on frequency
(2) (3). However, when stress cycles of the following form
are applied

S=8+S8;sinwz . . . . (D
then, for a unit volume, the viscous energy W, absorbed
per cycle of load application will be
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W — o SII " d
v=[ sea . . L@
‘ 1
where | t* = 2nfw = 7
8" and " are quadrature components of S and ¢
S” —~ Ellels é” — ?El, —_— wel
Hence
1 [2nle E”2+E'2
- = 2 - T
W, = ”fo S2dr, where p “E
1 [2nle
= - f (Sa+ S, sin wi)? de
®Jo
=1 [ 5.2 (?7_*) 45 (2_“’)]
7 w 2 \w
ie.,
p— _1 2 2
W,,—Hw(ZS,,, ) I )
E”, the loss modulus = #(f, T), we have
wE”
R 2 2
W, = E71E? (28,24 S,%) percycle. (4)

The loss modulus E” increases as a function of frequency
up to a peak value and then decreases, the position of
the peak being a function of temperature (4). The frequency
level at which E” reaches a peak is termed the resonance
frequency. The increase or the decrease in the level of the
cyclic absorbed energy as a function of a rise in frequency
will depend on whether the test frequency range is sclected
to be below or above the resonance frequency at test
temperature.

1.1 Notation

a Haif crack length.
dy Cyclic rate of crack growth.
di Crack propagation rate with respect to time

(= dnf).
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E’ ‘Storage’ component of the complex modulus,

E”  ‘Loss’ component of the complex modulus.

é Strain rate.

f Frequency.

h Specimen thickness,

K Stress intensity factor (5.i.f.) of the elastic field in
the vicinity of the crack tip.

K, S.i.f. referring to the opening mode of crack ex-
tension.

K, (Critical value of K,.

K,  The mean value of K.

Ko The maximum value of K.

K., The minimum value of K.

m,n  Power law indices.

P Applied load.

p Radius of the crack tip plastic zone.

S Applied stress level.

Se The amplitude of the stress cycle.

Sn The mean stress applied.

Smax The maximum value reached in the stress cycle,

S,,  Yield stress of the material.

T Temperature.

t Time.

¥ Periodic time.

W,  Viscous energy absorbed.

w Width of specimen.

B Power law parameter dependent upon loading fre-
quency, material properties and environmental
conditions.

4K = Kma.x’_Kmin'

A A parameter (= K., —K112).

w Circular frequency = 2xf.

2 EQUIPMENT AND TEST PROCEDURE

The material chosen for the tests was p.m.m.a. as it has
previously been shown to be a convenient material for
crack propagation studies using linear—elastic fracture
mechanics concepts (5) (6). The specimens were in the
form of rectangular plates (13} inx 15 inx % in thick)
containing a central slit 1 in long. Sharp notches at the
ends of the central slit were produced using a razor blade.
These specimens and the notching procedure have been
fully described elsewhere (5) (7).

Cyclic tension tests conducted at frequencies of 5 and
20 Hz were performed in a ‘Dowty’ electrohydraulic
fatigue testing machine (7), whilst some of those at 0-1 Hz
were in the ‘Dowty’ machine and others in a suitably
adapted ‘Denison T42C2 Hydraulic Universal Testing
Machine’. The possibility of differences in the results
arising purely from the use of two different testing
machines was checked and found to be negligible. Also,
the repeatability of the results was examined and the
discrepancies found never exceeded 6 per cent.

In cach test the maximum and minimum levels of crack
tip stress intensity factor, K, and K, were maintained
at specific values by adjusting the applied load limits as
the crack' propagated and the growth of the crack was
monitored using a cathetometer.

3 APPLICATION OF LINEAR FRACTURE
MECHANICS CONCEPTS

Values of the stress intensity factor, K, corresponding to
the ‘opening mode’ for a plate specimen and allowing for
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finite width effects, were calculated using the following
equation from (8):

Ki=8Yya. . . . . (5
where
P
S= oh (6)
Y = 1774+ 0-227Z2-0-51022+2-72% , (7)
and = 2
w
At the crack tip, the size of the plastic zone was calculated
from
_—— - . . - 8
T» 4V 2 [Syp ®

At the highest K, level applied (850 1bf/in®%) and taking

'Sy» = 10000 Ibf/in2, the value of r,, is equal to 4 x 10~ * in.

This value of r,, is very small in comparison with the plate
thickness and enables plane-strain conditions to be as-
sumed throughout the tests.

Values of K,,,, in these series of tests were chosen as
fractions of some critical level of stress intensity factor
K¢ (here assumed to be equal to 1200 1bf/in*? (5)), and
never exceeded the level of 0-8K;,. However, in rate
sensitive materials, K, itself is dependent upon the rate
of loading and hence on frequency, and thus when equa-
tion (9) in Section 4 is being applied to a range of fre-
quencies, an average value for K, is used.

4 CYCLIC RATE OF CRACK GROWTH
As a result of an earlier series of tests to investigate the

~ effect of mean stress on the rate of fatigue crack growth (7),

it was found that the following expression relates the cyclic
rate of crack propagation and the stressing conditions

ay=BA" . . . . . (9
where A = (Kpa®—Knin?), 7 is a numerical parameter
and B is a function of loading frequency, material proper-
ties and environmental conditions.

5 DISCUSSION OF RESULTS

At a particular value of the parameter X (here specified by
certain 4K and K, levels), and at a constant frequency,
the relationship between the total crack length, 24, and the
total number of cycles of the applied load was found to be
a linear one. Fig. 1 shows the results of tests with K,
= 750 1bf/in*? and K, = 250 1bf/in®2 (i.e., AK = 500
1bf/in®2, K, = 500 1bf/in®?) at frequencies of 20, 5 and (-1
Hz. This linear behaviour has previously been established
for glassy thermoplastics tested at constant frequency (6)
(9), and also for metals (z). In the present tests, decreasing
the frequency from 20 Hz to 5 Hz and then to 0:1 Hz
(under the same K,,,, and K, conditions) resulted in an
increase in the magnitude of the cyclic growth rate, dy (scc
Fig. 1 and Table 1). However, when the results are ar-
ranged in terms of the crack growth rate with respect to
time, d;, the order of the slopes changes (Fig. 2). Here, the
slopes for 20, 5and 0-1 Hz are 1-0, 0-7 and 0-42 x 10~ % in/s,
respectively. Thus, as expected, faster load cycling of
p.m.mn.a. leads to a shorter total time life, if all other para-
meters are maintained constant.

The relationship between dy and frequency is shown
in Fig. 3, where the results for a range of values of A
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(corresponding to various combinations of 4K and K,,) are
presented. The reduction in the cyclic rate of crack growth
can be attributed to (1) the possibility of increase in visco-
elastic energy absorbed per cycle as the frequency is in-
creased and (2) the increase in the effective yield strength
of the material with increasing strain rate which reduces
the size of the plastic zone at the crack tip, approximately
calculated from equation (8). This is similar to the strain
rate sensitivity of the craze growth pattern in p.m.m.a.
reported in (10). It must also be noted that, in faster
cycling tests, the material is under high stress intensity
factor levels for a shorter period per cycle and this might
also tend to reduce the size of the plastically damaged zone
at the crack tip, in comparison to the case of slow cycling.

Fig. 3 shows that the rate of variation of dy with chang-
ing frequency is a function of the stress intensity factor
limits, namely,

different frequencies dl@g/df = (K, AK) . .. . (10)
Table 1
No. | Kumax Kuin K 4K A = Koa? —Knin? dy (in/cycle) at frequency (Hz)
1bf/in3/2 (Ibf2/in®)
01 5 20
1 600 550 575 50 57500 05x10-¢ 0-46 x10-° 0:025x10-¢
2 500 300 400 200 160 000 1-7x10-¢ 1.02x10-° 005 x10-¢
3 500 200 350 300 210 000 5:0x10-¢ 2:50x10-¢ 0-70x10-¢
4 550 250 400 300 240 000 20-0x10-¢ —_ 2:10x10-¢
5 500 50 275 450 247 500 40-0x10-¢ 3-14x10-°¢ 1:25x10-°¢
6 650 350 500 300 300 000 122:0x 10-° 5-10x10°¢ 2:50 x10-°
7 750 500 625 250 312500 210-0x10-¢ 6:10x10-¢ 2:80x10-¢
8 750 450 600 300 360 000 260:0x10-° 8-5x10-¢ 3:0%10-¢
9 700 200 450 500 450 000 380:0x 10-¢ 12:5x10-¢ 45%x10-¢
10 750 250 500 500 500 000 440:0x 10-° 13:8x10-¢ 4-8x10-¢
11 750 50 400 700 560 000 480:0% 10-° 19-7 x10-Y 53x%x10-¢
12 800 100 450 700 630 000 560:0x 10-° 100-0x10-° 91-0%10-¢
13 850 50 450 800 720 000 600:0x10-¢ 180-0x10-¢ 1300 x10-¢
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The effect of variation in A on dy which increases as A
increases, is more pronounced the slower the cycling
conditions, It is suggested that in tests at 0-1 Hz, crack
growth is relatively more influenced by ‘dynamic’ creep
damage. :

In Fig 4, logarithmic plots of dy and frequency for a
range of values of K|, at constant 4K are presented to
demonstrate the important effect of K, on the rate of
change of 4, with respect to frequency. The graphs show
that K, has a relatively higher effect at lower frequencies.

In addition, as is evident from Figs 5 and 6, the para-
meter A conveniently relates the loading limits and cyclic
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Fig. 5. Relationship between dy and X at frequencies
of 5 and 20 Hz
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Fig. 6. Relationship between dy and X at a frequency
of 0-1 Hz

crack propagation rate dy for each frequency. This simply
confirms the suggestions made in (7) in relation to the
validity of equation (9) in predicting the crack growth rate,
under various cyclic load limits and testing frequencies, in
this material. However, the results in Table 1, for tests
in which very high K., levels were applied, show that
when K, is equal to or greater than 750 1bf/in®?, values
of dy obtained are much greater than that which would be
expected from the relative magnitude of A. This is especi-
ally evident from the results of the last three series of tests
in Table 1. Such an observation is in accordance with the

.conclusion in (§) of the results of a series of cyclic fatigue

and static creep tests, where, for values of K. greater
than 750 1bf}/in®2, ‘cyclic’ creep had a pronounced effect
on the crack growth rate. Results of a concurrent pro-
gramme of research reported in (xx), have also pointed to
the importance of the effect of variations in K, and fre-
quency on the cyclic rate of crack growth in p.m.m.a.
Also, the results of tests on low toughness Al alloys and a
medium strength tough steel reported in (12), showed the

o o
=
&2 .
o
5
1~ .
o
! 1 !
%V 5 6 7
Log A
Slope = 23,

Fig. 7. Variation of dy with X at a frequency of 20 Hz
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marked influence of the ‘slow growth’ type propagation
on dy.

Some attention is now given to the variations in the
value of parameter » in equation (9) with respect to changes
in frequency, For metals, based on an equation of the
form :

d(2a)
dN

it was originally suggested (1) that a value of m =4 is
applicable in many cases. Various modifications have been
made to this relation (13) (14). For unreinforced glassy
thermoplastics, values reported for m have been approxi-
mately equal to 5 (6). Logarithmic plots of the results in
Figs 5 and 6 yielded straight lines, such as those shown in
Fig. 7 for example, the slopes of which gave the values
for index # in equation (9). The values were 2:3, 2-2 and
3-5 at 20, 5 and 0-1 Hz, respectively. The results at 0-1 Hz
show a relatively higher degree of non-uniformity and
scatter and in general tend towards a line of higher slope
than the other two sets of results. This difference in crack
growth behaviour at very low frequencies has already been
referred ro in terms of K, effects. Thus, considering the
value of m reported in (6) for tests at frequencies of about
0-65 Hz and results of present tests at 5 and 20 Hz with »
(from equation (9)) equal to 2-2 and 2-3, it may be stated
that the value of the parameter m in the power law equation,
which is an index to the stress intensity factor term, is
approximately equal to 4-5 for this material and is almost
independent of the loading frequency for the pure cyclic

=CUKy". . . . (1

fatigue damage processes, but it acquires a higher value

when cyclic creep damage contributes significantly to the
crack growth process. Variation of this parameter with
other characteristics of the loading process have been dealt
with for the case of metals (15). In thermoplastics, it may
be expected that # will depend on testing conditions, such
as very high frequencies which, as already mentioned, may
result in internal heat build up in the material and cause
failures due to thermal softening. Such a failure process
ought to be treated totally independently from the type
of farigue damage discussed here. The value of n might
also vary with significant variations in environmental
temperature, as under such conditions other material
properties such as yield and ultimate strength, relaxation
modulus and fracture toughness (16) are expected to vary.

Examination of the fracture surfaces of the specimens
used in the 0-1 Hz tests revealed the presence of definite
fatigue striations as well as markings of the kind normally
observed in the slow growth region (17) in static fracture
tests. This Jends support to the experimental observations
on the rate of growth. Fig. 8a shows two regions in which
the spacing of the striations is different, The right-hand
side corresponds to a frequency of 0-1 Hz with K,
= 800 Ibf/in*? and K,,;, = 100 1bf/in®2, and the left-hand
side corresponds to a region of yet slower cycling, 0-06 Hz,
under the same K limits, which resulted in cyclic crack
growth of about three times that at 0-1 Hz. Fig. 86 shows
the fracture surface of a specimen which was cycled at
20 Hz with K., and K, equal to 900 and 600 1bf/in%?
respectively. In this case, at the magnification depicted in
Fig. 8a, striations cannot be observed on the crack surface,
Due to the very large value of K,,,, and the high rate of
cycling, the growth pattern was found to be similar to the
casc of ‘slow growth’ before final fracture, i.e., a fast, but

Journal Mechanical Engincering Science

steady, and clearly visible extension of crack under re-
peated loading conditions. The line markings on the
micrograph are ‘stop marks’, obtained by stopping the
cycling process every 50 s (or 1000 cycles), specially pro-
duced to examine the manner in which the crack grew
under these conditions, The ‘stop marks’ are approxi-
mately equally spaced, showing that the crack was growing
at a constant rate. In the region of slow growth, prior to the
ultimate unstable fracture, the increase in the spacing of
the markings shown in Fig. 8¢ indicates an accelerating
‘slow growth’.

6 CONCLUSIONS

The influence of variations in frequency of loading on
fatigue crack propagation in p.m.m.a. at room tempera-
ture in air has been examined. Under cyclic loading condi-
tions, if the maximum and the minimum levels of the
stress intensity factor are maintained constant, the rela-
tionship between the total crack length and the total
number of cycles of applied load is a linear one. In con-
stant K., and K, tests, any increase in frequency
results in a decrease in the cyclic crack growth rate, dy,
the effects of frequency variation becoming more marked
at higher stress intensity factor levels.

At all frequencies, under conditions of K., > 750 1bf/
in®2 the contribution of ‘dynamic creep’ to the damaging
process becomes more significant and also at very low
frequencies, as tested here, cyclic creep influences the
fatigue failure process, even at relatively lower K., levels.

The crack propagation power law index, n, for p.m.m.a.,
is independent of frequency variations under pure fatigue
failure conditions,
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DESIGN AGAINST FATIGUE FAILURE
IN THERMOPLASTICS¥

S. ARAD, J. C. RADON and L. E. CULVER
Mechanical Engincering Department, Imperial College of Science and Technology, London,-SW7,
England

Abstract— Empirical studies of fatigue failure in polymeric solids have led to the development of a cyclic
crack propagation model of the following form:

dQa) _ . _ o
aN =d,=pN

where
A= (KR —KLD)

max min

Applicability of this model to the analysis of fatigue failure in polymethylmethacrylate and polycarbonate
has previously been demonstrated. In this paper data on the behaviour of Nylon 6.6 under cyclic loading
conditions are presented and on the basis of the above fatigue failure model a procedure for the computation
of cyclic fatigue life is described. The effect on the rate of crack propagation of variations in loading frequency
is also indicated.

Nomenclature

a Half crack length
a,, Cyclic rate of crack growth
f Loading frequency
h Specimen thickness
K, Stress intensity factor in mode I crack opening
Kmax
Kuin 1 The maximum, the minimum and the mean levels of stress intensity factor

K, Thecritical level of K,, corresponding to unstable fracture
AK = Knax — Kmin
K = AK/half periodic time
m,n Indices of the power law equations
N Number of load cycles
N; Number of load cycles at failure (cyclic life)
P Applied load
R = Kuin/Kmax
S Applied stress

The maximum and the minimum levels of the applied stress cycle

S,» Yield stress in tension
W  Specimen width
B A parameter in the fatigue crack growth model
AN =K2 —K: =2AKXK,.

max min
+Presented at the Symposium on Fracture and Fatigue at the School of Engineering and Applied Science,
George Washington University, Washington, D.C. May 3-5, 1972,
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1. Introduction

The increasing rate of application of thermoplastics in the design of engineering
components which are subjected 1o repeated loadings. such as gears and bearings,
has resulted in o demand for information on the behaviour of these materials in terms
of their resistance to fatigue crack growth. However guide lines or exact information
in the form of mathematical models or empirical data (which can be gathered from
investigations of the cffects of various parameters on fatigue life such as the amplitude
and the mean level of the applied load, the frequency and the characteristics of the
load cycle) exist only in a very limited quantity. Until recently, the types of data avail-
able in this ficld consisted largely of those obtained through rotating bending and plate
bending types of tests, ie. total fatigue life data which did not lead to the further
understanding of the influence of the basic factors alfecting the rate of crack growth.
Such information could not readily be used in cases where initial flaws and notches
existed, as the exact influence of the parameters which affect the mechanics of crack
propagation could not be included in the fatigue life estimation.

During the last few years, folowing the development and application of Linear
Elastic Fracture Mechanics (LEFM) concepts to fatigue crack propagation in metals,
some data have been published refating the cyelie crack growth rate in polymers to
the variation of a stress ficld parameter known as the stress intensity factor, K,
which for the case of an infinite plate containing a crack of length a, is obtained from:

K, = SVau (1)

The results pointed to a fatigue strength characteristic in many ways similar to that
of metals. The rate of crack growth could be predicted from an equation of the form[1]

dQQu) "
N - C(AK) 2)
when such parameters as the frequency and the environment were maintained constant.
The above model did not originally include the effect of variations in the mean level
of the stress intensity factor, K,,. However, with further appreciation of the importance
of K,, in crack growth rate determination in fatigue failure processes in metals, various
modified forms of equation (2) have been proposed[2-4].

In the following paper the results of a comprehensive test programme intended to
study the effects of frequency and the mean level and the amplitude of the stress
intensity factor on the growth of fatigue cracks in three characteristically different
thermoplastics (Polymethytmethacrylate, (PMMA), Polycarbonate, (PC) and Nylon
6.6) are reported. Previous papers by the present authors have discussed crack growth
data for (PMMA) and (PC) in terms of fracture mechanics parameters[5-7]. The
current paper is concerned with the application of LEFM to Nylon 6.6 and discusses a
crack propagation model of the form

i = p\n 3)

N

The parameter A(=K2__—K? =2AKK,) includes the influence of the mean level of

max min
the stress intensity factor, K,,. In addition, a computational method for the estimation

of the cyclic fatigue tife, which takes into account the cumulative effect of the rise in
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stress intensity factor due to crack growth is described. The outcome of investigations
into the effects of frequency and the ratio of the minimum to maximum levels of
stress intensity factor are also presented through initial flaw size/cyclic fatigue life
data.

2. Empirical analysis

The specimens used were rectangular plates of dimensions 7% 12 x }in. thick for
all tests except those on PMMA where the dimensions were 15 X 134 X in. thick. All
specimens contained an initial central notch of length | in. Tests were carried out on
a Dowty Electrohydraulic fatigue testing machine, the characteristics of which have
been previously described[5], and tension cycling with a sinusoidal input waveform at
frequencies of 0-1, 5 and 20 Hz were used. The stress intensity factors, calculated
from[12]:

K, =PYVa/Wh (4)

where

Y= 177402272 —0-5102:+272" and z =28,
were maintained constant throughout each test by appropriately adjusting the levels of
applied load, as the crack increased in length.

As previously reported for PMMA and PC[5-7], the results obtained indicated that
changes in K,, and in the loading frequency strongly influenced the cyclic rate of
crack growth. It was shown that for these materials, a crack propagation equation
which does not include the K,, term will not yield an accurate prediction of crack
growth rate. Figures (1 and 2) demonstrate the effectiveness of equation (3), in which

16— PMMA —
f+5Hz b 44

LOG (3, x10%)
[=)
o
I
°
|

n--22
0.4l ® _
®
0 ¢ | e |
4-5 5-0 55 4-0
LOG )

Fig. 1. Rate of crack propagation as a function of A for PMMA at frequency of 5 Hz.
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Fig. 2. Rate of crack propagation as a function of A for PC at frequency of § Hz.

the parameter A = (Kpax + Knin)(Kmax — Kmin) 18 included. These results were obtained
from a range of tests in which arbitrary Ak(= Ku.x — Knim) and K, levels were chosen
and it was shown that with an appropriate value of K,,, a smaller AK may result in a
higher erack growth rate than a larger AK with a different K. This cffect has now been
demonstrated for the case of PMMAT[S5], PC[7] and for Nylon 6.6 (Figs. 3a—c). The in-
fluence of the cyclic frequency has also been investigated and it has been found that
unlike most metals, where within a reasonably wide range, the effect of changes in
frequency on the crack growth rate was very small, in the case of polymeric materials
there is a marked change in the cyclic growth rate as the loading frequency is altered,
Figs. (4a and b). 4, decreases as the frequency is increased; however, the.rate of crack
growth with respect to time increases as the frequency is increased[6].
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3. A note on the proposed model
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Fig. 3(c).

(b) 5Hz and (¢) 20 Hz.

515

In the case of polymeric materials, as mentioned above, the effect of K,, and fre-
quency on the rate of crack growth have been shown to be quite significant and hence
only criteria in which the role of K,,,, as well as AK, is fundamentally embedded, will
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find accurate and acceptable applications. The crack propagation model proposed here
can be taken as one such criterion and although it is based on empirical analysis, it is
in a novel form which seems to offer some clarification of the mechanics of crack
growth. Implicit in the proposition of the proportionality of the rate of crack propaga-
tion to the K* term is the exposition of the dependency of cyclic damage to the strain
energy release rate G[8], the crack opening displacement[9] and the crack tip plastic
zone size[10]. Thus the model appears to project a unifying pattern on most of the
previously proposed fatigue laws which have been obtained both analytically and
experimentally and have treated the fatigue failure phenomena in terms of local yield-
ing, total energy transformation, applied stress parameters, etc. Further explanation of
the characteristics of equation (3) and its applicability to the cyclic crack growth rate
prediction in some aluminium alloys and steels have been givenin[11].

4. Cyclic life computation

During the process of design calculations for the fatigue life of an engineering
component, the design stress limits, the loading frequency and an estimated orcalculated
initial flaw size are available. As the crack increases in length, an increase in the magni-
tude of the stress intensity factor is implied and hence there is an accelerating rate of
crack propagation leading to eventual fracture.

Taking the two limits of the applied stress as S, and Sy, a 1atio R = Smun/Smax
can be defined. For any arbitrary crack length this ratio will also be equal to R = K,/
Kmax,

Then

A=K2 —K2 ={(1—R)K?

max min max

and hence equation (3) can be written as
a,=p\"=B(1—R(KE )" (5

Since in each practical case S,,,, and S,,;, are constants, the growth of crack will
not change the value of R, even though the values of K,,;, and K, gradually increase.
Thus, in equation (5), 8(1—R?)" is a constant and hence a plot of a, against A as in
Fig. (1) can be changed to a plot of ay against K2, with 8 replaced by 8(1 —R2)™.

The following procedure can be used to estimate the cyclic fatigue life: From
results of the type shown in Fig. (1), a small ‘cyclic period’ is chosen to suit a particular
case, during which it is assumed that the rate of change of ay is very small. Then using
the maximum design stress and the initial flaw size and the appropriate stress intensity
factor relations, the value of K., is computed. From the relationship between ay and
K} .. (equation 5), corresponding to the calculated value of K., a value for ay is
obtained. This magnitude of ay is then used to calculate the increase in crack length,
8a, after the first cyclic period has elapsed. 8a is added to 4, and then a new value for
Kmax is calculated. The process is repeated until K., becomes equal to the appropriate
K¢, the critical value of K; corresponding to unstable fracture for the specific material,
which is used as a criterion for final catastrophic fracture of the component. These
calculations are, of course, carried out using a suitable computer programme in which,
for each case, the parameters 8 and » from Figs. (1-3) and S, and S, are specified.
One point of practical importance is the choice of an appropriate value of K,c. For
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many materials this is a highly rate dependent parameter and thus in order to enable the
designer to make the right decision on its value, when dealing with fatigue problems at,
say, various loading frequencies, data on variations of Ky with loading rate must be
available. In the case of some polymeric materials such measurements have been
carricd out but the available data are far from complete in many cases. Data reported
in [13] for PMMA and PC point to a drop in the value of K for these materials as the
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load rate (cross head speed) is raised. As LEFM concepts are being implemented here

it will be more useful to establish the relationship between K and K¢, where

K = (Kmax — Kmin)/half periodic time

an increase in K corresponds to a decrease in K¢ within the range tested.
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On the basis of results such as those in Figs. (5-11) (i.c. total number of cycles to
failure related to the initiad flaw size), at the design stage, materials can be compared
in terms of their resistance to fatigue crack growth: Data of the type presented in Figs.
(5 and 6) for PMMA, in Figs. (7 and 8) for PC, and Figs. (9-11) for Nylon 6.6, will be
obtained from the computational procedure described above. In IFig. (5), the value of
Sz 15 fixed and caleulations are carried out for various S,,,, levels. These calculations
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Fig. 11. The influence of variations in the loading frequency on fatigue life
of Nylon 6.6.

are all for one frequency, as the values of 8 and n change from one frequency to
another. Fig. (6) shows the effect of variations in the value of §,.x on the relationship
between the initial flaw size and the total number of cycles to failure.

Thus, when the whole range of data covering various frequencies and load levels
have been prepared, and having the initial flaw size (that can be inspected or assumed to
exist) and the minimum number of load cycles that a component must be capable of
undergoing prior to catastrophic failure, an appropriate decision can be made on the
choice of the most suitable material, the frequency level and the limits of the applied
stress cycle as required.

An important point which must not be overlooked is that this type of data can only
be used when the requirements for the applicability of LEFM concepts, in the case of a
particular component, are satisfied. One such criterion being that the following
relationship is satisfied:

K. \2

h =025 (—1‘~) (6)
SIIP

where A is the thickness of the material and §,,,, is the appropriate yield stress.
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SUMMARY

A study has been made of two types of failure, namely
monotonic fractures-using Charpy type specimens and fatigue
crack propagation using rectangular plates containing an
initial central notch. The work was conducted on an amor-
phous polymer (polycarbonate) and a semi—crystalline polymer
(Nylon N 6.6). Monotonic tests were performed in an Instron
testing pachine between 0.002 and 20 in/min, and in a Charpy
testing machine, between 2000 and 11800 in/min. The cyclic
tests (under constant K conditions) were caffied out at
frequencies that ranged from 0.1 to 20 Hz. . o

A model for the relationship between the cfclic rate of
craék growth and appropriate LEFM parameters, previdusly |
described, has now been converted into cyclic strain energy
transformations. In computing the strain energy.ﬁhe value .
of thé.time dependent modulus of the material was‘uséa and
under cyclic loading conditions the glassy (short time)
Yalue was employed. The authors have proposed that the
modulus measurements obtained at very low temperatu:es,
where the Qiséous response of the material is highly re-
sfricted, wili approximate the glassy value, Eg’fqund by
'conducting relaxation measurement tests at different tem-
peratures down to —197°C.

Within the range of tests conducted, the fracture tough-
ness values of both PC and N 6.6 apparently decrease with
increase in loading rate. Fatigue crack growth in both
materials is inf;uenced by loading frequency and cyclic
waveform. These variations may be related to the magnitude
of thebviscous energy loss and hence to the available aenergy

for crack extension per cycle.

.
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NOTATIONS

G -G .
max mln

Cyclic rate of crack propagation da/dN

Crack speed da/dt

Time dependenﬁ modulus of polymers

Glass modulus

Complex.modulus

L}

Real part of E* (Storage

Imaginary part of E* (Loss

Strain energy release rate

Maximum and minimum levels
| 3

Stress intensity factor in

Maximum and minimum levels

modulus)

modulus)

of G
mode 1 crack opening

of K1

Critical value of K:1 - corresponds to unstable

fracture conditions

Stress intensity factor calculated at the point of

initiation of slow (stable) growth

Amﬁlitude and mean level of applied stress cycle

Numerical constant in crack growth equation

Exponent in crack growth equation

Viscous energy absorbed per cycle of loading

Numerical parameter in crack growth equation

K 2 _ K . 2
max min



1. INTRODUCTION

An analysis of the failure strengths of polymeric
materials may be conveniently'expressed in terms of the time
and temperature dependencies of their mechanical properties.
Irrespective of the nature of the external load, the response
of viscoelastic solids will be conditioned by the time and
temperature histories of the loading prbcess imposed upoh
theﬁ.

This behaviour is indicative of the.complexity of the
nature of such problems as the determination of the combined
effects of, say the relaxation moduli, the mechanical hyste-
resis’energies and the characteristics of the boundary
loadings combined with a formulation of the time and tempera-
ture effects on each of these parameters. However, in recent
yeafs, as the use of polymeric solids has increased the
failure of such materials under static and cyélic loading
conditions has been the subject of numerous investigations.

Monotonic fracture and fatigue studies have been
carried out employing the concepts of linear-elastic-fracture-
mechanics (LEFM), [1], [2]. Successful applications of LEFM
concepts to a number of thermoplastics have been demonstrated,
although sﬁch applications are limited to a raﬂge of load
time and strain in each materiai, where approximate linear
- elastic behaviour may be assumed [3]. Consequently, failures
containing large amounts of plastic deformation are not dis-
cussed,

Linear elastic fracture mechanics has provided the

designer with quantitative relationships between various

parameters influencing the failure of bodies containing flaws.



A parameter which represents the combined influence of

applied stress, body geometry and the current crack length

is introduced into the field of failure analysis. This
parameter, termed the stress intensity factor, K, has been
tabulated for a wide range of stress fields in flawed bodies
[4,]. Achievement of a critical ievel of the stress in-
tensity factor corresponds to Catastr;phic failure conditions.

In fhe present paper, th types of failure studies will
be discussed in detail: 1) monotonic fracture studies using
standard Charpy-type specimens and 2) fatigue crack propa-
gation studies using large rectangular plates containing an
initial centre notch. The stress inéénsity factors for these
two geometries have been given previously [6, 7].

It was decided.to study the behavyiour of an amorphous
polymer (polycarbonate, PC) and a semicrystalline polymer
(Nylon, N 6.6) under the above two loading conditions. Mono-
tonic fractures at various étrain rates énd cyclic failure
patterns under different loading frequencies were investigated.
A model for the relationship between the cyclic rate of crack
growth and appropriate paraﬁeters associated with LEFM
principles, which has previously been described [8, 9] is now
preéented in terms of cyclic strain energy transformations.

For the computation of strain energy, the value of the
time dependent modulus of the material, E(t), was used, but
under cyclic loading conditions (and also under the con-
ditions of fast dynamic fracture), it was assumed that the
use of the glassy (short time) value Eg’ would be sufficiently
accurate.

| A convenient procedure for the determination of the E

modulus for thermoplastic materials is described and the



results of such measurements on a number of thermoplastics

(including PC and N 6.6) are presented.

2. MATERIALS, SPECIMEN DESIGN AND TEST PROCEDURES

Materials used were polycarbonate of Bisphenol A
(Makrolon, Bayer) and Nylon 6.6 (ICI Maranyl) which had been
produced in the form of extruded sheets. Methods of prepa-
ration of the three-point-bend Specimens'(dimensioﬁs 10 x 10
x 55 mm) used in the static fracture tests and the centre-
notched plates (dimensions 7|x 12 x 4 in) used in the fatigue
studies have been fully desc;ibed in [6] and [8] respectively.
Descriptions of the assoéiated equipment used may also be
. found in the above papers.

The dimensions of the rectangular-plate fatigue speci-
mens were selected such that crack growth over a length of
about 3 in could be monitored. These tests,-in tension,
were carried out under the cénditions of constant maximum
levels of the stress intensity factor, the conditions being
achieved by a gradﬁal reduction in the level of applied load
as the crack grew in length.

In the static fractufe tests a 10,000 1b capacify Instron
tensile testing machine was used for the low load rates and
a 120 Kg m capacity instrumented Charpy impact machine for
the high load rates.

In the modulus measurement studies, unnotched bars of
similar form to those used in the Charpy tests were employed
and the tests were performed at crosshead speeds of 0.2 in/min
at cryogenic temperature (—197OC, obtained in a liquid

nitrogen bath). Other modulus measurements, at higher tem-

peratures, in the range between fZOOC to =197°C were carried



out in baths filled with various mixtures of-liquid nitrogen
and petroleum ether. Test readings were recorded after the

specimen had reached a steady temperature.

3. . STATIC FRACTURE TESTS

The critical value of the stress inténsity factor at
the point of instability (catastrophic fracture) is termed
the fracture toughness of the material, and in planevstrain
cdnditidns it is designated by K1C‘ This pérameter is a Q
measure of the energy required for crack extension in the
material and it is to be expected that, in rate dependent
materialé (such as polymérs), K, ¢ will change as a function
of variations in the applied loading rate, environment and
temperature. It is anticipated that at lower temperatures
and. higher loading rates, the material will behave in an
increasingly less ductile manner.

In order to analyse the behaviour of PC and N 6.6
under such conditions, a range of ﬁésts was carried out to
study the variation of fracture toughness value with change

in loading rate, other conditions being constant.

3.1 Load Rate Effects

The influence of loading rate °n>K1C was studied in
three-point bend tests at room temperature (21°C) in air,
over a range of crosshead speeds between 0.002 and 11800
in/min. The tests were performed in accordance with the
ASTM standard [7]lénd the fracture toughness values were

j

calculated using the same procedure as described in [6],

i.e. by calculating the strain energy release rate and then

converting it to the stress intensity factor term. The



results of these tests have been presented in Figures 1
and 2 which clearly indicate the variations in K1C as the
loading rate is increased. The variations at relatively
high crosshead speeds, however, do not seem to be as large
as those suggested in [10] for PC. The discrepancy may lie
in basic differences in the materials tested and in testing
techniques including the nature of the initial notch in.the
specimens, |

Slow bend fractures in Nylon 6.6 were in the'form of
very ductile failures; under these conditions the LEFM con-
cepts are not applicable and the guoted K1C values may be
described only as "appareht" toughnesses; the three tests
carried out at this rate exhibited a large deviation in
results, Figure (2{. However, as the loading rate was in-
creased, a gradually decreasing ductility was observed and
the measurements of K1C became more consistent.

Fracture surfaqe studies have also confirmed such a
gradual transition in béhaviour pattern; see for example
[11] for studies on PC. Quasi-brittle materials usually
exhibit a stable crack growth period (termed the slow growth)
preceeding the final unstéble fracture. The length of this
s;ow growth zone can be correlated with the material duc-
tility and if K1 INIT is calculated at the point of initiation
of slow growth rather than at thé catastrophic failure point,
a value different from and lower than Kic will be obtained;
in the presence of an increasing slow growth region a de-
creasing value for K1 INTIT will result. Similar behaviour
may be observed with increasing test temperatures. Thus, as

the degree of ductility is reduced through variations in

testing conditions, smaller slow growth regions will be
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obtained and the fracture toughness values calculated at
the beginning and at the end of this region will become

closer to each other.

4. CYCLIC CRACK PROPAGATION

A comprehensive programme of experimentation, results
of which have in part been reported previously, [8, 12, 131],
has.shown that a crack propagation model of the following
form may successfully be used in predicting the cyclic rate

of crack growth:

a, B8 A" | (3)

i

I
A
1

A

where )

B and n arelndmerical parameters - to be determined
empirically - dependent upon frequency of loading, material
propefties and other testing conditions. |
| The form of this crack growth model, enables the crack
propagation rate to be expressed in terms of G, the strain
energy release rate, in a load cycle [3]. The K2 term is

related to G by the following [141].

2
K .
6= ¢ . (4)

1 - plane strain
where € =

1 'plane stress
Equation (3) can thus be converted into the following form

En n
ay = B () [c -G . 1 (5)

max min

or briefly:



ay = MA" ‘ (6)

e A = G - G .
wher ' max min

.In [3] a review of instances of application of an energy
based model for crack propagation as well as its specific

advéntages have been presented.

4.1 Effect of Variation in Freguency on Cyclic Damage

Evidence indicating the strong frequency dependence
of;cyclic crack growth rate in polymeric materials has been
produced [8, 9, 13]. It has been found that in general,
under constant stress level conditions, an increase in
frequency leads to a decrease in the cyclic rate of growth,
Fig. 3. However, in terms of time to failure, a riée in
frequency will result in a shorter total life [131].

In the case of N 6.6 data from tests at three frequency
levels namely 0.1, 5 and 20 Hz, has clearly indicaﬁed such
a trend [9]. However, in the case of PC, Fig. 4, a devia-
tion from this pattern of behaviour is observed above a
certain frequency level [8]. Other studies Eé, 11] have
shown that it is possible'to obtain an increase in the
cyclic rate of crack propagation with increasing frequency.
The following discussion may explain, at leést in part,

the above mentioned frequency effects:

a) The influence attributed to the external loading:

During the fast cycling process (sharper sinusoidal wave

form) the material is subjected to high loads for a shorter
period of time per cycle. The crack growth rate is propor-
ﬁional to the size of the plastically deformed zone at the

crack tip, as indicated by equation (3) [3, 8]. The plastic
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zone may be considered as the crazed material at the crack
tip through which the crack propagates. There is evidence
of the time and strain dependency of Craze growth in PMMA
[15] and PC [16]; namely that if the same strain is applied
for a shorter period of time, the size of the crazed zone
‘developed will be smaller. Observation of the frac%ure
surfaces produced under various 1Qad rateslalso coenfirms
such a hypothesis: as the loading rate is increased the
fracture surfaces become more smooth, indicating a more
brittle type of behaviour. In the discussidn of variations,
with load rate, of the energy requiréd to create a unit

~ fracture surface however, one must also refer to the data
relating the fracture toughness value to the crack speed,
;t’ in the materiay. Such data on PMMA, for example, shows

a rise in K1C indicating a higher fracture toughness as ay
“increases Up to a certain level corresponding.to crack
speeds of a few inches per second. Subsequently K1C remains

constant but the situation becomes more complicated as ay

continues to rise to very high wvalues (1000 ft/s) and Kic
then begins to rise again [17]. Clearly if the crack growth
rate in fatigue falls within the first section of this be-
'haviour pattern, one would expect an increasing resistance
to crack growth as the loading rate (or freduency) is in-
Creased.

Data relating crack speed and fracture toughness are
not, unfortunately available yet for most materials although
someé have recently been produced on PC [18] and hence de-

tailed discussion of such results at present, has to be

limited. The fracture toughness measurements discussed in

section 3, clearly indicate the gradual change in the specific
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fracture energy of PC and N 6.6; however such data must be
extended to a wider range of loading rates before a general
discussion covering behaviour of stable and accelerating
cracks is possible.

b) The influence of intrinsic viscoelastic properties

of the materialg

From consideration of analytical solutions of Visco—
elastic fracture processes [19], it is evident that the role
of the viscoelastic absorbed energy is importaht in the
availability of propagation energy required fo:vcraék ex-

tension. This loss energy, W s is a function of E" (the

loss component of the complex modulus of a polymeric material,

E* = E' + iE"). W, is related to E" and E' in the following
form [8]:

W= nE" 2

v —5—— L[28_+ S ] , ‘per cycle

. E" 4 B m a . o T

Sm and'Sa being the pean level and amplitude of‘the applied
stress cycle.

The loss modulus E" is itself a function of freqﬁency.
At low frequencies, where large recoveries may be made in
‘delayed elasticity, as well as at high frequencies when there
is not sufficient time for molecular motions required for
stress relaxation to take place, E" has a small value. In
the intermediate range, E" has a peak at a level of f:equency
termed the resonance frequéncy. Clearly, depending on which
side of the E" peak a frequehcy range is chosen, the loss
modulus may incréase or decrease with increasing frequency

levels. The specific trend of wvariations in E" will thus

influence wv and consequently the magnitude of the energy
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available for crack propagation will be affected. Quanti-
tative substantiation of the above is not possible at
present as comprehensive relaxation data for PC and Nylon

6.6 at room temperature are not yet available.

‘5. MEASUREMENT OF GLASSY MODULUS Eg

The value of E in equation (4) is that pertaining to
a linear elastic material; hence in an application of this
equation to polymers, the value of E must correspond to the
instantaneous modulus of the material which will be an
appropriate choice for all dynamic loading conditions. It
is assumed that the value of this modulus will approximate
the short time (glassy value of E(t) which is defined as Eg
in relaxation spectra. The value of Eg for most thermo-
plastics is not available in the literature as the normal
procedures of relaxation studies would require measurements
of load and strain at exceedingly short times and hence are
often impractical. In the present programme of studies,
it was proposed to meke relaxation measurement tests in
gradually decreasing environmental temperatures until the
_achievement of cryogenic temperature (i.e. from + 21°C to
- 197°C). Data relating the value of the modulus to tem-
. perature, measured after approximately 1 minute, at a constant
crosshead speed of 0.2 in/min, for PC and‘N 6.6 are given in
Figures (5 and 6). In these figures similar data obtained
on Polyvynil Chloride (PVC), polyacetal (PA) and polymethyl-
methacrylate (PMMA) are also included so that a general
comparison of the behaviour of these different materials may

be made. The figures show the general trends of behaviour

in the modulus/temperature relationships and one may assume



- 13 -

that an approximate plateau region has been achieved in

the data on PVC, PMMA and PC, However for PA and more
prominantly for N 6.6 the plateau region is less pronounced,
iﬁdeed, the modulus of N 6.6 seems to be still riéing at a
_temperature of -197°C. The specific values of the moduli

at -197°C and at 20°C are:

Modulus (psi)
‘| Material o : o

20°c -197°C
PVC 364,000 800,000
PA 371,000 1,510,000
PC 310,000 622,000
N 6.6 180,000 936,000
PMMA 419,000 942,000

Thé room temperature data in the above table werecom-
pared with relaxation data given in [20] and a reasonably
gobd degree of correspondence was observed. Also, for
N 6.6, the value of the modulus obtained at —196°C was com-—

" pared to data provided in [21] and excellent correlation

was obtained, Figure (6).

6., DISCUSSION

Application of energy based approaches to fallure pre-
"diction and analxsis in engineering materiéls, have been
immensely fruitfﬁa. Studies of ductile-brittle fractures
of metals, originally initiated by the work of Griffith

[22], fracture in elastic and viscoelastic polymers [19, 23],

tear and fatigue of rubbers [24] and fatigue of polyethylene
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[25] have indicated the possibility of development of a
unified approach to the analysis of failure processes in
general. Equation (3), which has been based on empirical
data from fatigue crack growth studies, is in the most
suikable form to be converted into an energy based criterion,
equation (6). Possibility of the application of this growth
model to fatigue failure in metals has been explored with
some deéree of success in [3]. It is within the context

of such: an energy based criterion for failure, that one may
be able to incbrporate with facility, the effects of wvarlous
pérameters assoclated with loading conditions. For instance,
the influence of loading rate (or frequency) and temperature
can be easily predicted, in the light of the empirical data
and the discussiong presented in previous sections, from

the analysis of the effects of such external parameters on
various energy components involved in a failure process, as
formulated in [191].

The specific role of strain rate in influéncing the
amount of energy available for crack extension may be dis-
cussed in,terms of the magnitude of the hysteresis energy
~loss. In the monotonic fracture tests, this phenomenon is
observed in the form of a reduction in total energy required
for crack extension as the loading rate is increased and
thus the material is increasingly more restricted in exer-
cising its viscous response. In cyclic loading, the effect
_of an increase in frequency manifests itself in terms of a
reduétion in the cyclic rate of cfack growth which may,
again, be partly explained in terms of\the variation in

viscous energy components.

From the above discussion the following conclusions
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may be drawn with regard to the effect of loading rate on
the behaviour of PC and N 6.6 in failﬁre:

. The fracture toughness values of both PC and N 6.6
decrease with an increase in loading rate, at least within
the! presented range of experimentation. Fatigue crack
growth rate in both materials is influenced by wvariations
in loading frequency and éyclic waveform as these parameters
have a éonsiderable effect on the magnitude of-éhe avallable
energy for crack extension. The rate of growth can be
directly related to this energy, equation (6).

The trend in the variation of the cyclic rate of
growth, éN’ with frequency was found to be consistent
throughout the range of tests on PMMA reported‘in [13];

i.e. a gradual decrease in ;N as frequency is raised. 1In
the case of PC, however, this trend is not continuous

throughout the whole range of test frequencies: ay initially
decreases with an increase in frequency, but subsequently
increases again as the frequency is raised further (Figure
3). It is suggested that this variation in behéviour is
possibly related to a change in frequency/E" and crack speed/

. Kic dependencies.
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Variation of fracture toughness of polycarbonate

with crosshead speed at 21°C.

Variation in fracture toughness of Nylon 6.6

" with crosshead speed at 21°c.

Effect of frequency variation on cyclic crack

growth rate in polycarbonate at 21°%c.

Dependence of cyclic crack propagation rate in

N 6.6 on parameter ) at 21%¢.

Variation in time dependent modulus of PMMA,

PVC and PC with temperature.

Variation in time dependent modulus of PA and

N 6.6 with temperature.
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GROWTH OF FATIGUE CRACKS IN THERMOPLASTICS

S. Arad, J.C. Radon, L.E. Culver
MECHANICAL ENGINEERING DEPT. IMPERIAL COLLEGE, LONDON, U.K.

1. Introduction Empirical studies of fatigue failure in polymeric

materials have revealed that thg failure of these materials under
cyclic loading conditions takes place as a consequence of thé
occurrence of one of the following three phenomena: |

1) Creep‘(strain accumulation) due to cyclic loading

2) Propagation of flaws up to a critical length

3) "Softening" of the material due to an excessive rise in

temperature within its bulk. (Cyclic thermal softenirg) .
. In Fhe present ‘paper fatigue failure in the absence of high

maéerial temperature will be discussed; the fallure process is divided

Into initiation and propagation.

2. Determination of Crack Growth Tnitiation Life Cherepanov (1968)
analysis of failure in solids which is founded upon thermodynmamic
energy balance concepts, resulted in the following ¢riticality

condition for viscoclastic solids:

1-V(8) ¢ l
Jx T Kt~ 2 E(t) [3+Y(8)] K = 2y, | (1)

vhere K is the stress intensity factor; Y, 1s the specific fracture
energy and E(t) and Y (t) are time dependent modulus and Poisson's
ratio. As discussed by Williams (1971), for an incompressible

material (¥=%}) with a simple 3-element material model the creep

compliance is given by

) = -9
Dcrp(t) D, (2)
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where x = %3 Dg is the glassy value and De the rubbery wvalue of the
~ compliance.
3 _
let K(t) = o(e) [ASE] | (@)

with an initial crack length of a, and an external disturbance of the
. form
- i L «a
o(t) = + 0, sinwt _ R (4)
from the above equation,. the time to failure tf(= %?Ni) is calculated

(Arad 1972) where Ni = the number of cycles for initiations

N, = == 1nA
X

2 2 .
where A= 3nd°h a De (x™+ u?+ x) (5)
2 2 2. 2 '
v-«-31td°;-—»ad-De---(x—+ - WA - 8 Y, (x™+ &)
with Ni =@, the level of maximum applied stress intensity factor
corresponding to fatigue strength is found to be:
o Ad ) e
¢ = 33D é 2 2 g
e X+ W- wx , o

Fig.1l shows a plot of Ni against do' ‘Some experimental data
.obtained from tests on Polymethylmethacrylate were superimposed on the

theoretical curve and reasonably good correspondence was observed.

3. Macroscopic Crack Propagation Under Cyclic Loading Conditions

.3f1' The effect of the amplitude and the mean level of stress

intensity factor: A comprehensive programme of testing on the

three materiais (PMMA, PC, N 6.6) revealed very significant effects on
the cyclic rate of crack propagation, éN’ of the mean level and
ampiitude of the stress intensity factor (Km and AK). It was shown
tﬁat by an appropriate choice of the maximum and minimum limits of the

load cycle, it was possible to obtain higher crack growth rates at
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smaller AK values. Based upon experimental data, and from a general
analysis of the crack propagation process (in terms of the relationships
between éN, the Cogfgra;k tip plaéticity) the following model for
crack propagation was proposed: .
| 5 = B Ny

-, vhere ) = Kiax - Kiin (= 2AK Km) and B and n are constants.

It was thus demonstrated that irrespective of values of Kmax and
Kmin the rate‘of crack propagation may be described.by parameter ).
This model has been shown to be applicable to fatigue failure process in
some metals (Arad et al 1973). Such'déta on metals, which are normally
presented in the form of graphs of éN related to AK at various values
of R = Kmin/Kmax’ were shown to fall on a single line when presented
on the basis of } model. |

3e2. The effect of loadina‘frecuency: The effect of frequency on the

value of éN was investigated at 0.1, 5 and 20Hz. It was fognd that,
contrary té the case in most metals, in general in polymers the loading
fregueﬁcy had a significan effect on éN. The cyclic rate of crack
growth decreased as frequency was raised. The effect of frequency may
be attributed £o two sources:

1) The effect of the external parameters: Here the change in fracture
toughness level of the material with increase in crack speed (6r rate
éf 16ad application) may be considered. It has been shown thaf for

example for PMMA, K c rises with crack speed in the stable growth

1
region. This is expected to result in a smaller rate of growth per
cycle under high frequency fatique conditions.

In association with this effect, the influence of load rate on the

éxtgnt of crack tip plasticity is important. The existence of strain

and time limits for development of crazes of a certain size in some
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glassy polymers have been demonstrated. A stress applied for a shorter
time will result in a crazed zone smaller than one which will result
from application of the‘same stress for a longer time. This aspect of
craze formation in polymers (not yet fully docuﬁentéd) will be immensely
_useful in the analysis of the fatigue failure process.
2) The effect of parameters associated with molecular structure:
Analysis of reiaxation data for thérmoplastic ma£erials yields
information on the specific frequency levels vhich result in achieve-
ment of maxima in loss modulus (E") values at a certain température.
Clearly, depending upon the position of the testvfrequency range in
relation to such peaks, the value of E" will increase or decrease with
increasing frequency. The extent of viscous energy absofbediper cycle
ﬁv is related to the loss medulus parameter:

W =—;-’-t§"—- (20‘2+62)

v 2 2 m a

: (8)
E'+ E"

with a constant total input energy, if ﬁv increases with increasing
frequency, the amount of energy available for crack propagation per
cycle will be reduced. Hence a reduction of éN is expected.

3.3. The effect of cvclic waveform: This effect was studied from tests

with sinusoidal anq triangular waveforms. It was found‘that the value
of 5N under sinusoidal loading conditions were slightly higher than |
those under triangular ones. It is expecfed that, under the same
'loading conditions, as the waveform is varied from triangular via
sipusoidal and trapozoidal to ﬁ square wéve, the extent of damage per
cycle is increased. Such an effect may be attributed to an increase in
'hold time' under higher loads, as the waveform is changed in the above

manner,

3.4. The e“fect of orientation: Tests were carried out on Nylon 6.6

specimens cut from extruded sheets, in two perpendicular directions



=S

(one in the direction of extrusion). The effect of molecular
orientation in the direction of extrusion wasAobserved in the form <;f a
10-15% smaller rate 6f growth for fatigue cracks propagéting in a
direction berpendicular to the direction of extrusion.
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SUMMARY

Empirical data on the propagation of tensile fatigue
cracks in metals and thermoplastics have been examined. It
was found that a cyclic crack propagation re1a£ionship,
based on the stress intensity factor concept, exists which
can be successfully utilised for both types of materials.
The possible modified forms of such a relationship in terms
of strain energy release rate, the crack tip yielding and

| . . . s
the CFaCK opening displacement concepts are also indicated.

|



1, INTRODUCTION

The exact nature of the mechanisms involved in the
fatigue failure of engineering materials is by no means well
understood. Even though aAgreat amount of research effort
has been focused on the study of various aspects of the
phenomena associated with component failure under repeated
loading conditions, a general criterion for the analysis of
such failures has not yet been established.

Various empirical as well as analytical apbroaches have
been adopted ranging from cyclic plastic strain measurement
[1,2] to the implementation of dislocation mechanics tech-
niques [3,4], and the development of an analytical failure
model based upon the reaction rate theory [5]. However,
many of the conventional approaches suffer from the lack of
generality and the difficulty of application.

With the development of linear elastic fraéture mechanics
concepts (hereafter referred to as LEFM) a considerable number
of basic problems associated with the assessment of service
life of engineering components in relation to the available
sample test data have been solved. LEFM, in providing a
uhique design concept that yields a quantitative relationship
between the applied stress, component geometry, flaw size and
material properties, has been successfully applied to the
analysis of fracture and fatigue failure processes in many
metals and also in some polymeric solids,.

The aim of this paper is to examine the empirical evidence
on the pattern of crack propagation in some metals and polymers
in the light of LEFM concepts and to demonstrate that a var-

ticular criterion, related to a parameter known as the sktress
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intensity factor, K, can be successfully applied to both
types of materials. In addition, the possibility of the
development of a general failure criterion based on the
strain energy release rate, G, the crack tip plastic zone

size, or the crack opening displacement (COD) is pointed out.

2. The Fracture Mechanics Approach

The concept of applying the stress intensity factor, K,
[6]1 for the determination of fatigue crack gréwth rate was
originally used by Paris [7]. The following relationship
was demonstrated to describe the changes in the cyclic rate
of crack growth in relation to the changes in the range of

variation cf K (denoted by AK):

d2a) o (ax)M ' (1)

where m is & numerical constant and C is a numerical factor
dependent on loading conditions, the mean level of K, (Km),
the material properties and the characteristics of the en.-
vironment. Both C and m have to be determined experimentally.
The implication of the above relationship was that Km should
be treated as of secondary importance compared to AK. This
line of approach has since been considerably developed. The
influence of Km on the crack growth rate has been further
appreciated and various modified forms for equation (1) in-

/K have been

cluding the parameter K or ratio R = K _.
9 P m a rati min’ Tma

proposed [€,9,10].
One particular model which has been examined by a nunmbaer

of investigators is that due to Forman et al [9] and is of



the following form:

AK™

C(‘l—R)K,l

. (2)
c — &K

A

The term K1C in this equation refers to a critical level
of stress intensity factor, corresponding to unstable fracture.
KiC has been shown to be a rate dependent parameter for many
materials and hence, when fatigue data for rate senzitive
materials at a range of frequencies are being analysed, an
avérage value for Kic nmust be used.,

Eqguation (2) has found applications in various metals
[11]. However, when the data obtained from fatigue tests on
viscoelastic materials were analysed using the same equation,
no success was achieved. [See Table 1 in which serious dis-
crepancies are observed in the Forman predicted values al-
though the experimentally observed values of éN are very
similar. The Forman model values should alsc have bheen approxi-

mately equal at all values of kmax and Km.

in for any particular

values of C and ml.

3. Consideration of Viscoelastic Materizls

Conventional methods of fatigue failure analysis and life
determination (e.g. plane-bending and rotating-bending tests)
have been used in the past to provide design data for the pre-
diction of failure of polymers under cyclic loading conditions.
Only recently, following the application of LEFM principles to
the fracture analysis of some viscoelastic materials, efforts
have been made to use these concepts in relation to the fatigue

failure process in this type of material. Clearly appropriate
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checks must be made on the extent of non-linearity of a par-
ticulaer viscoelastic material, before the LEFM concepts are
applied. These were carried out in the case of the materials
discussed here (polymethylmethracrylate, PMMA; polycarbonate;
PC; and nylon 6.6, N 6.6) by examining the characteristic
isochronous and iscmetric data and the limits of time and load
within which approximate linear behaviour can be assumed wers
determined.

'Associated with studies of the fatigue failure process in
polymeric materials, i1s an examination of the influence of
the viscous energy loss, W&, during each loading cycle. wv
is a function of the loss modulus (EY, the imaginary com-
ponent of the complex modulus) which in turn is a functicn of
frequency. Data on fatigue crack growth rate in varicus
viscoelastic materials shows a strong frequency dependence
[12, 13, 14]. Hence, in order to determine the exact role of
Wv in the cyclic energy balance equation, the characteristic
dependence of E" on frequency must be known. Additionally,
due to the poor thermal'conducfivity of viscoelastic materials,
there is the possibility of a very high temperature rise in
the material as a consequence of cyclic loading. This would
lead to thermal failure [15]. Data referred to in this raper
were obtained from tests in which freguency levels werc chosen
such that the rise in temperature was insignificant and
thermal softening thus avoided.

Based on the outcome of an extensive test programme
covering a wide range of maximum and minimum levels of the
stress intensity facter (Kmax and Kmin) at various loading
frequencies and using the three materials referred to above,

the following relationship has been proposed as the oquetion
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governing the fatigue crack growth rate [12, 131]:

dgi?) = paR (3)
ot 2, 2, _ . ] . "
where A = (K__ % - K . ) = 24K K » n is a numerical constant

and B is a numerical factor dependent on frequency, material
characteristics and loading conditions. Curves illustrating
the relationship are included as Figs. 1 -~ 3.

It is interesting to compare equation (3) with the crack
growth relationship recently proposed in [16], which has the

following form:

£%1 Ax%2 1<m°‘3 (4)

1

and which is based on a general consideration of fatigue data
on PMMA. The exponents of %y and xy were found to be 2.13 2
0.18 and 2,39 * o.1s. Bearing in mind the nature of experi-
mental work it may be stated that %, and d3 are approximately
equal; i.e. the exponents of the Km and AK terms in the model
are equal which then supports the form of the proposed equa-

tion (3). However there are advantages arising from the im-

plementation of eguation (3) in the form given.

4. Application of Eguation (3) to Metals

In an attempt to test the possibility of applying eguation
(3) to the fatigue failure process in metals, data were extrac-
ted from the aveailable literature on the relationship belween
d(2a)/d{N), AK and the ratio R. The data on two Al-alloys

(2024-73, Fig. 4, and 7075-T6, Fig. 5, (obtazined at a frecuency
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range of 0.5 to 13.7 Hz) were taken from [11]. Those on
(9Ni-4Co--0.25C) steel, Fig. 6, (obtained at a freguency of
0.1 Hz) from [17] and those on cold rolled mild steel, Fig.
7, from [18]., These results have been plotted on the basis
of parameter A in Figs. 4 - 7.

The encouraging outcome of this exercise demonstrated
that at least for the case of thé above metals, the crack
growth rate can be determined from a single set of data ir-
respective of the values of AK and R. Obviously similar
checks on other metals must be made before ﬁhe relatiénship
is adopted as a general criterion for the predictibn of
fatigue crack growth rate. It may be noted that ecuation (1)

is a special case of equation (3} sSince it was based on tests

ig which Kmin = 0, i.e. Kmax = AK; hence it may be written
as:
d(2a) 2\n n
an - = € Kpax ! (BA) (5)

m
when n = .

5. The Enercy Anproach

The failure of solids, particularly polymers, must be
treated in the light of the general phenomena governing the
temperature-time dependence of strength. The total thermo-
dynamic energy criteria applied to failure in inonotonic frac-
ture and cyclic fatigue of solids [19, 20, 21, 22, 23] have
proved to be reasonably adequate. The fatigue problem has
also been treated using & bulk plastic hysteresis absoxrxption

criterion [24]; through the development of a cyclic growth



relationship based on the crack driving force [25] and by
the adoption of an approach based on the local dissipative
processes near the tip of the crack [26]. Significantly the

analysis in [26] resulted in a relationship of the forms

~

d(2a) | 2 - (6)

pointing to the dependence of d(2a)/dN on the term K2.

Howeﬁer this analysis cannot be completely adopted as tests
|
on iﬁs correspondence to empirical results have not been

entiJely successful.

|
The critical stress intensity factor, Ky is related to

the strain energy release rate per unit crack extension G1C’

in the following form[27]:

2
K e .
G,lc = = (7

(1 - v plane strain
(

(1 plane stress

where

and v is the Poisson's ratio.
It is evident that equation (3) can be readily converted

to an energy formulation by substituting for K, in terms of

3
G1 from the above relationship:

d(2a) . S o
dN— = B (Gmax - Gmin) (8)
gD
where B* = B (E) (9

It has already been shown that a total energy criterion

can be applied to the analysiz of the fatigue failure process
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in viscoelastic materials [21]. In elastomers the cyclic
rate of crack propagation has been determined [28, 29] from

an enerqgy function of the following form:

a2a)  _ . (2x wa)® (10)

dN

where W is the term representing the strain energy density.
Also the fatique failure mechanism in polyethylene has been
trested through implementation of equation (10), [30].

Thus there exists a considerable amount of data (largely
empirical) pointing to the possibility of the development
of a unified approach to fatigue failure based on cyclic
energy balance and irrespective of the nature of the particular
‘continuum. Cherepanov's [22, 23] analytical treatment can be
considered the theoretical justification for such an approadh,
Whereas one of the limitations of the LEFM principles would
be the required linear behaviour of the material, the enerqgy
based approach is not unduly held back by this factor. How-
ever, when the material under ccnsideration is linear, the
two approaches will corfespond to each other.

A ncre generalised form of equation (8) can be obtained
by replacing the energy term G by another parameter recently
introduced [31, 32], namely the path independent contour
integral, J. The applicability of the J integral to monotonic
fracture is gradually being recognised [33]. At the present
stage of its development, the line integral approach can bhe
applied to two dimensional plane strain or generalised plane
stress problems. In the case of stable fatigue Cravk propia-—
gation where only a smazll zone of plastic deformation is

created at the crack tip during ecach cycie, the particular
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case of

J, = G, = = (1)

is considered. Eguation (8) can thus be converted into the

following form:

d(2a) . n
an . = fy = MA (12)
- = - . = - J . . 13
Thele A Gmax Gmln ( Jmax mln) (13)
!
lcu hi
Gmax and Gmin have been calculated from the corresponding

maximum and minimum levels of the stress intensity factor
achieved in cach cycle.

Figs. 8 and 9 illustrate the éN vs A relationship for
some metals. Some of the data were obtained from plane
strain and some from plane stress conditions and this has
been appropriately taken into account when calculating G.

For the case of the two Al-alloys, Fig. 8, where the
values of the modulus of elasticity E and also the values of
.éN at the same levels Qere comparable; a single curve nay Dbe
drawn with a slope of approximately 2.1. Such a single
curve could not be drawn for the data on the two steels,
Fig. 9. 1In this case the $lope n increases from approximately
2 for the high strength steel to approximately 2.3 for the

cold rolled mild steel. The fracture toughness K o of the

C
latter material is sensitive to the variations in the loading
rate however and the change in slope may thus be a conseuuance

of changes in loading freguency [341. BEmpirical data quoted

for a number of metals indicate that the index n varisas
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between 2 and 2.4; hence én average value of 2.2 will give
a reasonably good approximation to the actual créck growth
rate.

For comparative purposes, in Figs. 10 and 11, part of
the data on the three thermoplastic materials are similarly
given in terms of the éN'vs‘A relationship. The G parameters
for these materials were calculated using the gléssy value
‘Eg, of the time dependent modulus E(t), in each case (Table
2). Fhe magnitudes of the glassy modulus parameter for
various material s were obtained from a study of the pattern
of bghaviour of the relaxation modulus data over a tempera-
ture range of (+21°C) to (-197°C), [35]. Obviously, due to
the very high rate sensitivity of these materisls, values of
M (and in many cases also the index n) are influenced by
changes in loading frequency. The values of n are indicated
in each of the figures and values of M are brought together

in Table 3.

6. The Crack Opening Displacement and the Plastic Zoneg Size

Fatigue failure is a strain dependent process,.thus it
is reasonable to assume that tﬁé rate of crack growth would
be a function of the actual separation of the two crack
surfaces during each cycle. The concept of crack opening
displacement (COD),[36],for a specific strain rate and stress
state is related to the energy criterion:

2

- (14)

K.
\_1
Y

[0

|

n)]

S
’Jyp ¢

T

Clcarly, wherever convenienit, eguation (3) can be expresscd



in terms of COD through a replacement of qu by EEQ Oyp®
E o n n
&, = B (—=L2) (5 -5 _..) (15)

N ~ s max min

-

In a similar manner, relating the crack tip strain to
the crack tip plastic deformation, as a consequence of which
fatigue crack growth occurs [37,.4, 38], the crack growth
rate can be predicted in relation to the crack tip plastic
zone formation. The size of the plastic zone is dependent
upon the upper bound of the stress intensity factor dycle,

il.e. K and the length of the region within the plastic

max’
zone starting from the crack tip which undergoes reversed
deformation as unloading takes place can reasonably be
assumed to be dependent on the magnitude of the reductiocn in
Kmax; The small cyclic increasg in the crack length is re-~

lated to the length of this region and hence to the diffe-

rence in the plastic zone size (rD) cerresponding to Kmax
& + . S’

and K

nin® Also rp is related to the stress intensity factor
[6] by
2
1 Xq e .
Xy = ( ) plane strain. (163
/2 T
/2 7 Syp
r will correspond to Kmaxz and r may be thought of

max > min
in terms of Kmin and hence the cyclic rate of crack growth

will be related to the difference of these sguared terns:

230 (yp -y P (17)

E.i = R (4-/'2 [
N R t o
¥p pma bt pmin

Agailn, in rate dependent materials, the vield stress,

ayp’ will be affected by changes in freguency {(cr load rate)
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and thus the wvalue of rp will be correspondingly influenced.

7. Conclusions

Presentation of tensile fatigue data on metals and poly-
mers in the above form points to the possibility of further
development of an enefgy based criterion, such as eguaticn

(12), for the prediction of fatigue crack growth rates in

’r

ax? hmin and fre-

both types of materiéls, under various Km
quen%y levels. An obvious advantage of the energy formu-
iatién, which introduces the material characteristics into
the $rack growth equation will be its applicability to a
very wide spectrum of media. In addition it is possible
thaﬁ the failure cases in which reasonably large plastic
deformations are involved - thus prohibiting the direct
application of the stress intensity factor concept - could also
be treated. |

The correspondence between the strain enerqgy, the crack
opening displacement and the plaétic zone size approaches
has been pointed out in terms of the modified forms of the

equation: v S %

éN = MA
- The proposed model appears to project a unifying pattern
on most of the previously adopted fatigue laws which have
been obtained both emplrically and analytically.
For metals, the value of index n varies between 2 and
2.4 fqr the range of data considered; thus it could be stated

that an average n = 2.2 would give a good approximation to
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the value of & The task of experimentalists would then

N®
consist mainly of tabulating the vaiues of M for various
materials (see Table 3), the knowledge of which will be
sufficient to enab}e a designer to predict by a good appro--
ximation, the crack growth rate at a particular value oif A,
In the case of polymeric materiais, koth n and M will

be frequency dependent and thus need to be specified as an

average for a given frequency range.

|
|
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NOTAT ION

a Half crack length

A Cnax ~ Cmin

C, C1 ‘Constants in fatigue crack growth equation

E Young's modulus of elasticity

E(t) Time dependent modulus (viscoelastic
materials)

E" Loss component of the complex modulus

(viscoelastic materials)

Eg Glassy modulus (viscoelastic materials)
f Loading frequency
G1 Strain energy release rate per unit crack

extension corresponding to mode 1 crack
opening

Critical level of

[
¢}

1

Maximum aznd minimum values of 61

Q@ @

G .
max? “min

Jq The path independent contour integral
J J . Maxi ini es of J
max’ min aximum and minimum values of Jq
k Numerical parameter in crack growth eguation
K, Stress intensity factor for mode 1 opening
K * iti r
1c Critical wvalue of K1
K K _. K Maximu ini s of K
max’ “min’ Fm Maximum, minimum and mean values of hl
AK K - K .
max min
M Numerical factor in crack growth eguation
m, n Numerical exponents in crack g¢growth eguation
N Number of cycles
R /K
min’ imax
r Pilastic zone gize at the crack tip



W
v

%1,2,3
B,B*

€y u

Yp

- 20 -

Strain energy density

Viscoelastic energy absorbed iﬁ each

load cycle

_Exponents in crack growth equation
Numerical factor in crack growth equation
Crack opening displacement

Kmax2 - Kmin2 = 20K K,

Poisson's ratio

Constants in crack growth equations

Yield stress
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LEGENDS

Cyclic crack growth rate data for‘polymethyl—
methacrylate at a loading frequency of 5 Hz.
Cyclic ¢rack growth rate data for polycarbonate
at a loading frequency of 5 Hz.

Cyclic crack growth rate data for nylon 6.6 at

a loading freguency of 0.1 Hz,

Cyclic crack growth rate data for aluminium
alloy (20245T3);'Hudson (1969).

Cyclic crack growth rate data for aluminium alioy
(7075-TG); Hudson (1969).

Cyclic crack growth rate data for (9Ni-4Co-0.25C)
steel; Crooker and Lange (1968).

Cyélic'crack growth rate data for cold rclled
mild steel; Frost et al (1971).

Data on twe aluminium alloys plotfed on the bagis
of parameter A.

Data on cold rolled mild steel and (9Ni-4Co--0.25)
steel plotted on the basis of parameter A.
Fatigue crack growth rate data for polymethyl-
methacrylate and polycarbonate plotted as a
function of paraméter A.

Cyclic crack growth rate data fof nylon €.6 at
two frequencies plotted as a function of para-

meter A.
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Table (1)

Test of Forman et al (1967) model for data on polymers.
Arbitrary values of m = 3 and C = 1 are used. Loading

frequency is constant in all tests (0.1 Hz).

. a
Kpax  Fmin N Predictions
ma (in/cycle) ediction.
3/2 (Experimentally from Forman
1bf/in et al medel

determined)

750 500 210 x 10~° 35511.1

560 50 210 x 107° 19788.0

610 250 207 x 10~° 15250.0

660 350 243 x 107° 89506.0
Table (2)

Approximate Values of the Glassy Moduli

Material PMMA N 6.6 pC

E_ (PSI) 950, 000 950,000 600,000

-
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Table (3)

Tabulation.of Values of Parameter M in Equation (12)

for Various Materials

MATERTIAL M

AL Alloy (7075 - T6) 1.0 x 1077
Al Alloy (2024 — T3) 1.0 x 10~
?old Rolled Mild Steel 3.4 x 1077
(ONi - 4Co - 0.25C) Steel 1.6 x 10~

Frequency
(Hz)

Polycarbonate ' 5 2.0 x 107°
Polymethylmethacrylate 5 1.0 x 10™4
Nvlon 6.6 ' 0.1 1.1 x 107°
Nylon 6.6 | 5 0.6 x 1077
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