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Topics 1n Fst intagrséon

Abstract

Several aspects of the application of path integrals to guantum
rmechanics are considered.
in chapter one, the path integral is used to form gauge invariant variables
MMandelstam, 19627 and these are used in the specific calculation of the
non-relativistic scattering of charged scalar particles from a classical

Aharonov-Bohm solenoid. This aiiows the calculation to be done withoul an

Chapter two continues with the application of the path integrai on a
multiply connected space, and forms a consiructive derivation for exact
scaiar diffraction from an impeneirabie two dimensional wedge, first
investigated by Sommerfeld //596/

Chapter three is more speculative; and represents a preliminary attempt
to obtain a path integral, invariant under general (time dependent)
canonical transformations. This would fead the way fo a consisient
quantization scherme, ang a gquanium mechanical application of the
Hamilton-Jacobi philosophy /Goldstern, 1980 Schulman, 1280)

Chapter four is a review of the ambiguities in the Dirac quantization
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Pre ace
ne wor sented in this thesis was carried out in the Theoretical
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under the kind invitation of Cecile DeWitt-Moreite. This labour was
erformed under the supervision of C.d.isham.

The material presented ic original except where otherwise stated and has
not been submitted for a degree of this or any other university. The
contencs of Chapters one and two have been separately pubiished, whiie

that of chapter three is still preliminary. Much of chapter i

;i3 the introduction, aithough the approach may be novel, and in piaces
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fintroguctiont

8] Quantization

Classical mechanics is a description of nature using commuting variables

—

that is well formuiated by the Hamiiton least action principle. Bu
Ciassicail mechanics 18 not a compiete model of nature; leaving several
lassical  electrodynamics predicis

non-causal behavior for an accelerating charge //acksas, 7575 and might

pDe considered incompiefe on these grounds alone. it mighi even De
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onsistent theory of everything; tha
might then be deduced on consistency grounds without resort to observing
the reai thing Some of the discrepancies in the ciassical theory have been
overcome in the guantum generalizatio

Dirac /7825 /49557 proposed how a quantum theory might be induced
variables pecome non-comnuting operators and suggested how the

guantum dynamice be obtained from the ciassical Hamiiten ecualions of

motion. Since the guanturn theory is the more fundamental theory (fhe
ciassical predictions following in the ®—0 Timit), it might be argued that
this should be the ting po Oirac’s schame, however has the
zdvantage of starting from a well understood theory. 'n this scheme, 1o

o cimmt . srmlimobiane fameh

each classical system corresponds many guantum gereralizations, {each
1 + = ~lmzc T mrafist far Y Miiras's matheas b o

VIgIQiNg o0 SaMe CIa551Ca, predicLions T4 R—{0) Dirac’s method however
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generaiizations. Some further :,Dek_..fh-:ix.!{)ﬁ \SUCH a5 norMal oraering; is

required to compietely specify the quantum theory {these feaiures are
= ~ i =y ~fn i £ Thrie + o=
reviewed In more detail in chapter four) This mighl not seem a
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mimmtiimn ~oamtoar -
Guaniuin Counhterpar..

as the Hamiiton-Jacobi approach so often empioyed in classical mechanics
[Goldstem, 7350]
The work of chapter three iz a preliminary investigation of ihe

alternative path integral quantization technigue of Feyﬁman, inan attempt

eguivaient, differs significantly from the usual operator formulation of
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Topics 0 Fath fatagration
(irtroduction?

S1I Translating between formalisms

rom another. Assurming a knowiedge raditional guantum mechanic
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may deduce the path integral formalism. 3tarting from the position io
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fiptroguction’

Since the Hamilionians are to agree for ali g, equating the integrands

H(q,p) = {plH¥ Qi /AL pig

ERR] H ' v

simitarly for higher powers of the Hamiitonian
in this way one may replace

5 —=mn o : Ao iEis ot =t e - - . iy R Ta RN
pe appiied to the positicn eigenstate, whiie p operators (now on the ieft)

apply to their eigensiates. This sifting induces additional terms that carry

=t

he operator ordering information for the path integral.
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fintroductions

alt =0 alt y=0
(t,)=q, qlt=q,

This is formal aque to the fact that this expression depends upon which

behind this will become Ciear iater.
why 1his object is referrad to as a "path integral” or "sum over histories”

foliows from considering the points gy, oy connected by lines. Then we

action of classical mechanics. But unlike ciassical mechanics the least
acfion path is not, a pri preferred over any other. £ach path is egually
considered and carries a phase weighting. The amplitude contribution from

each and every path is then summed to yield the total end ampiitude.

in many cases the p integrations may be explicitly performed to yield 3

i

[y A M ARy ARArARChoc Fa SEinm bR Lk = F ; Es
There 2re many approaches o :.\'3!..1_‘\.“”\-'“ this, but perhaps the one with
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the contributions from aii paths are no ionger {aken egually, but rather

canceiiation is repiaced Dy suppression. in practice even the task of

numericaily performing the complete Euclidean path integral for
reasonably iarge N is Deyond present computational power and in practice
a random sejection (Mor Cario) of paths is sampied and itaken as

representative. Clever numerical schemes exist, such as Metropoiis, which

rancdomiy selects paths with the reguired exponentia, weighting, so

avoiding over sampiing the many unimporiant paths. The field theoretic
case foilows from taking an invinite number of dimensions, when ane is

then summing over field configurations.
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§V The Wave Equation

if we are fo iake the path integrat as our primary object, as did Feynman
/7945 then we should understand how to obtain the wave eguation from

it. This may bDe illustrated by deducing Schrodinger's equatiof
corresponding to the previous example of a non-relativistic particie in an

electromagnetic field Befor
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performing the gauge transformation:

L

L A - ax/aa

D —§ - ax/at

T

<,
[gi]
o)
o

RS R S/ A o ~E
I—rlézxfﬁ{sc:’:: J§ ﬁ‘(&k/éq g ,\/U{:Izi-]

I expliex/#]
2k
which confirms gauge invariance for the mid-point path integr

Fagflt MU S S PR, Y P — A SO
stochastic terms would in general spoil gauge invariance.

To develop the wave equation, start from the mid-point Hamiltonian path
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5

e AT AR F
as oeyore, Dy

J’ explias?] ds = ¥ (in/a)

L3 Ok
o

X}

(1/2m e3Rx 1/3% - ledix, /B - Vix, /T - 1/72mF e R ) Kix, b

irmit Al—0 we then obtain:
ihaK/at = 1/2m (ih a/ax + eAP K - ed K+ VK

Schrodinger’s equalion for a non-relativistic particie
in the presence of an electromagnetic field

- . - . .
Tho AffFarantial ‘o orarractiy omanracarntast Ree i s t1ijm mEa r ~ r
she Givierentigl s \_Cuebta‘y fepreszened nele =ifhlc we are no ongea!

Jitim tha mmte imFames! Lime A Rmbean mara A wikmara O wrme mvstoies ad

wWithan inse Q".;Ln‘\ |:-\|Leurﬁi 30 We NCT (GKeN fare o7 wWhele A wWas evaida [ S N

[ P N N T PRI s T YRS S AR 1 ~mmAaae FRA e P Ry
aGditiona: ‘anomaious’ terms wouid in general appear, the path integra

=

Harmniltonian would then no jonger correspond direcily to that appearing in
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§VI Hre all paths explored by nature?

0 intriguing is the argument Lhat it is presented

screen

hght o x detector
source /-

/

5
\ / observed path

\ i of reflaction

mirror

sl mwrmoard fFrarn coaryrmtbiamy o ocymirmpateis oo FRR T b o R bl e B
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Chapter Ore
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§I Introduction

0 this work 3 gauge free formalism is developed and used Lo calculate
the differential cross section for scattering of non-reiativistic charged
scalar particies from a classical Aharonov-Bohm solenoid without the

explicit choice of 3 gauge. The result is found to agree with that obtained

| - ‘sccira’ b PRS- e JUFS = -~
In the classica theory of electromagnetic interactions {Electrodynamics),
as consolidated by Maxwell, one has pnysicar fieids. There s ihe

electrostatic (E) fieid and the magnetic (B} field, which aithough 2

relativistic manifestation of the E field, turns out to be useful to consider
in its own right. At this level {classical) it is calculationally convenient

Lo introduce potentiais from which the E and B fields are obtained The

Lll

am {5 complicated in that aithough a fie:d of potentiais

uniqueiy

true. This leads to freedom of choice as to which potential description one

chooses to work with (any cne of a family giving the same physica

predictions). Naturally a gauge is chosen so as to make the computation as

simple or illuminating as possible. But since any one of the family are in
principie equzlly good, one might suspect that a technique exists whereby
a computation could be performed without the exnlicit choice of 2z

particular gauge. in classical e’xec‘tmmagnetism the use of a potential

field is entirely mathematical and in principle it need not have been
introduced (aithough it was for caicuiational convenience); and so such

oddities as gauge freedom (and the associated need to gauge fix) might not

seem objectionable. The big surprise arrives with the introduction of

L)
[N
L3
D
(3]
N
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guanturn mechanics, where the potentials are introduced as a part of the
formalism describing charged particles, rather than on an optional basis

as before. The potentials here a2re no longer a mathems

teads to philosophical problems as to whether the potentials are physical
fields or not. In classical electromagnetism they were not directly

responsibie for any physically detectable effect; as is clear from reczliing

that this theory can be formulated in terms of the electric and magnetic
fields with no reference to the potentials. This is not the case for quantum
mechanics, where it was shown (by Aharonov and Bohm in their influentia!

naper [dharcnov and Bofm, 1959 see 3lso Kretzschman, 719657) that the

)

potential has z physi

ally detectable influence 'L is int

.h,,
D

potential field is a physical field (it gives rise to physical effects) Yet

I

the potential field has an arbitrariness (g

&Y}
[
[{®]
(€]
—ty
)
D
D
(@8
(o)
3
£
o
[l
:3‘
;“)
=3
(Ten]
o
~t

'ead one to believe that it was still a mathematical artifact even in the

...,|

D

The so called Aharonov-Bohm effect /fFewnman /9637 has been

experimentally confirmed and shows that the potential confains =ome

nhysical reality, although gauge freedorn speaks against it being the

At present, most calculations are done having selected a particular gauge

hese procedures, although valid, are not without associated

disadvantages. Further it has been found by Feynman that the perturbation
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expansion can be expressed in diagrammatic form with the possible

interpretation of particles interacting in different ways. The contribution

o

of a particular diagram can be gauge dependent, which brings the abov
interpretation into question. For these and other reasons it would be nice

{and should be possible in principle) to formulate a description of the

nhysics which, although still possessing gauge freedom (as it must), does

ot require an explicit choice of gauge in making a prediction.
An excellent and extensive review of the Aharonov-Bohm phenomena has
recently been published /f/ariv and Fapescy, 71955/ and discusses in detail

the conceptual and experimental problems it broaches.
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SII The Bharonov-Bohm effect

Particular attention has been pzid to the Aharonov-Bohm effect, as this

+

r
l:l

phencmena isolates the physical infivence of the vector potentiai (A) fisid
70 understand this effect consider the schematic experimenial

configuration iiiustrated below.

Electrostatic
deflector

9
Solenoid
| Coherent
electron
beam
O
Interference
region

Schematic experiment to demonstrate interference with a

time-independent vector potential

For caiculational simplicity we shaii work with non-relativistic charged

to which non-reiativistic unpoiarized electrons

approximate well. We shall r to such particles sirnply as ‘eiectrons’. in
this experiment z coherent beam is split and deflected around a neuiral
infinite’ solenoid via two ‘weil defined paths; the beams then being

-

recombined to interfere on the other side. The solenoid, which is shielded

Page 38
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from the electron beam cam
magnetic field is contained within the coils. However, the vector potentia!

£ cannolt be zero everywnere outside the solenoid because the total fiux

through every ioop is equai to the penetrating fiux {#):

-

$Adl = [(7 Ards = [BaS = 4

the electric and magnetic fields on the electrons. We should now like o
calculate the detectable influence of this A field (if any? upon the electron

peam. Consider the motion of non-relativistic scalar particies which are
cescribed by the Schrédinger equation:
[Gra P2 -imady=0  (PY/21=E)

if, Lo describe charged particies, we then demand that the global gauge

= o

invariance becomes local, we introduce the covariant derivative (minima;

”:\C}p — i?@p + eﬂn

K - 1 -
where ¢ = | in these units
~ Ty \D AR DA _ _
[(iha, +en /2M - (iha, + eA)] § =0
¥ X t <
which 25 pointed out by Dirac, has the solution for the contribution from
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L4n]

uncoupled (free field) soiution.

Y being the

this i5in fact & result of the covariant derivative and does not deperd on the particular
equation of motion

£ 3
for then,

=~ e
adding ampiitydes:

D = Wexp(iS,/R) + WexpliS,/ )

exp lie/h J'mﬁ.d!} {1 + expl-iet/R]}

where # is the flux contained within the path loop. Then the

{(experimentally observable) probability density is then given by:

[P = 4012 cos(et/2h)
which predicts an observabie effect upon the interference pattern due to
the flux within the soienoid. This derivation is along the lines of that
formed by Aharonov and Bohr //&59/ in their original paper, and it
zhould be noted that the solution has Deen obtained without the explicit
use of a gauge.

Two further things are worth noting:

guantized magnetic flux (remembering that c=1 in this analysis)

1) the gauge invariant quantity 3[;9(“ i3 acting as the physically invariant
guantity. This quantity dees not suffer from the same arbitrariness as A
fteelf, since 1t is not dependent upon the choice of gauge {one nead not De



opr

w5 177 Fatl fntegration
ISalenard Soatlering!

procedure adopted in the gauge free approach i

based upon a paper by the author /Sh/ess, /9567

o
0
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$III The Gauge free approach

The following notation is adopted for clarity:

A lower case Greek character symboiizes the contribution to the i

from a particular path; white the upper case is used for the compiste field
at that point; f.e. the sum of the contributions from ail paths to that point
Starting from the field equation for non-relativistic charged scalar
particies:
liha, + oA 2/2M - (iha, + eA)] P(x) = 0
The use of 3 gzuge choice might be zvoided if one could formulate the

zbove in terms of gauge invariant variables. For this reason Mandelstam

/735577 introduces the covariant variables:

outloo 2pnman, /948 Fernman ang Hibbs, /9657 is being taken, where
the field at a point ®(x) is the sum of contributions EIJ pYirom all possibie
naths to the point x (see appendix I for a heuristic derivation of the path
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{Sofenold Scatieringl

I
D) =

b1
=
5

(Having specified the path p, the end point |

T
-

The derivatives on the path dependent Mandelstam variables :
in 3 naturai way and are themselives covariant

D, W(p) = Limg,uo{W(p") - Y(p)i/8x¥

where the path p' is obtained from the path p by giving it an exiension of

magnitude 8x in the p direction (see

figure below).

¥(p) Yip2
Jrevener &% B oo i

The path extension as used in the definition of the covariant

derivative on the Mandelstam variabies

it should be noted that, like the usual covariant derivatives

..... 3

h

o
[y

operztors D and ° do not commute if there is an electromagnetic Tie!

t
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5\

[Om]
D
\
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Tanics 11 Fath ntsgrstion
(Sofepeid Scalteringl)

Upper
path

yexp (jesh[ A.dT)

Reference
path g
exp (i 4n Lower
Yexp(ieth[ Adl oath
Yexp{ieth A.d1)

The use of areference path against which to compare phases

-
{

The Mandeistam variable W obeys the "free fieid equation:

~
-

[(ihD, 2720 - TRD,J (o) = O

u representing the upper path; similarly for the lower path

i

¢, =wexpliern [ Al
¢ i

pbut lyu =l]J! {

Now muitiplying the field at each point by 2 unique phase facior does not

i) from symmetry.

alter the physics (but compietes the loops as desired).
it would not pe admissibie to muitiply by a multivalued phase facior

Pag

)
I
1



Topies 1n Pt integrstion
{5afencid Scattering!

(each loop fo a given point must be compared against the same phase zt

¢ =yexpliesn [ Aaily”
0 =yexpliesn Lﬁ.d%} U

where U7 is the (fixed) phase change along the reference path (see

this is analogous to a choice of gauge; but this choice is arbitrary and so

(I’u = exp [ie/h j;ufﬂ.d’z]

(the bar symbolizing the path reversed)

where this is the loop integral over the upper and reference paths.

j‘;-

Atthough these path contributions are themselves muitivalued, the Loia;
kerne: shouid be singie vaiued.

3imiiariy:

then adding path contributicns

= [=3v s/ F A = _&
@ =y (exp [ie/h §u’rl dil « expliest g, -Adil)
This kernei i3 not single vaiued nougn its maanitude is). This is
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Taples i Fatdy fniegrstion
{Galenold Scattering?

-t

principle, since i

Ly
i

ll]

. not possible to eliminate contributions from paths
that loop the solenoid many times. In this derivation, such contributions
have been neglected (which is a valid approximation if the path length is
much greater than the De-Broglie wave length). If account is taken of all
possible paths; then the total kernel becomes single valued This is clear
because, on looping the origin with the detector (by any pathl), each

contributing nath is modified; but we still perform the same sum over all

The probability density is given by:

7

D2 =yP (2 *E"»‘;’D{IP/H§ SAdi] + exp LIQ/"]§ SAdi])

L

where the integrais now loop over e upper and iower path and the

trary reference path has dropped out of the formalism. Note that we

L0 ot expiicitiy making a gauge choice).

AT 1 PRl SR Pmemt oy b -t
All this work seems {o indicate the adop

formalism fFewnman, 1945 Faynman ahd Hibbs, 79557 and 1t

The worx set oul above suggesis a natural extension The origina
Aharonov-Bohm paper //959/ and a recent paper by Aharonov et ai /7984

are concerned with piane wave scattering by an Aharonov-Bohm solenoid

s 3lso fKretrschman, 79657 ) Both calcuiations make use of traditional
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Topics in Fath fntegrstion
{Salanoid Scatiering/

$IV Ilotes on Scattering by an Aharonov-Bohm Solenoid

= Epwcm exp [ie/h §H.dl]

{summing over 2!l paths)

is the phase change due to the field A along the closed foop formed by this

{These in fact the Wilson loops of lattice gauge theory, which is also
a formalism that does not require an explicit gauge choice.)
{t might be supposed that this phase change is path independent {for the

‘Aharcnov~-Bohm case’) since;

where # is the flux enclosed. But it must &
must be considered ie. paths that loop more than once are inciuded. The
phase change actually depends upon the number of loops performed by the

patn around the soienoid i.e.

where m is the winding number.

oy

________

20 1t seems natural to divide the above into families of paths according

to the total number of loor > shown /2 37d7au ane

e
i
TZJ
Q
D
—
1
(<A
I
=
~—h
jax]
™y
—+
)
m

Lelitt-Morette, /9777 that the kernel must factorize in this manner i

W]
(]
D
o
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Topins 77 Fatlh integration
{Gofenard Scattering!

] {summing over one loop paths]
N punlis /R APy : -
(p,z e;aD[a*:/ n 38 H.Ua} {summing over iwo loop paths)

eLc. {including counter loeping)

P - oeh z lp'{-')

.‘.-
D
—t
[

teaving 2 set of path integrals, each of which is now a partial sum of paths

over the free field [owker, 1977

polars /Edwards and Gulvaey, /964 with their asseciated complications,

RN

™

Then if the end point ig at an angular coordinate ¢; the one loop paths end

at ¢+rZn efc



Ir [i0s 17 Foth //71'::17/' FEIG0
{Bolenard Scatlering!
§V Calculating the Differential Cross Section for Plane
Wave Scattering from an Aharonov-Bohm Solenoid in the
Gauge Free Formalism

The calcuiation is performed for non-relativistic charged scalar
particies within a ciassical potential fieid.
The two dimensional, non-relativistic, free particie Feynman «ernei in

Cartesian coordinates is given by (see appendix )

= Lim___ (p/inat)” J f f II dtk) dytk)

~sa e e k=1n-t

. b
exp[ip Z { (45) = %= R7at + vy - yi-n /At 1]

p=M/2H
Al =1/n 1 ="time of flight

Transformiing this to cylindrical poiar coordinates (see figure below):

The Conversion between Cartesian and cylindrical polar

Coordinates

el
jxA]
[Eap
D
LSl



7opics in Fath Integration
{Solenaid Scattering?

J H. riedriey des

O,.:-:: ) e I s :;;1:1,;';—1
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y
el
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=4
h
o
=
l\—_—-"l
=
[—
-

1-1 n{ Cr2G + rXG-1) - 2 16 rg-1) cos(8i-8G-1)) J/ at }}

Now there are certain subtieties here, in that if one wishes to expand and

- Fpm F -k
rgument Up 0 INg Tourth power
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and not just the second, in order to get ail the contributions to the first
orcer in AL In some treatments this is approached by the introduction of
unhecessary to expand the cosine, since it is possibie to proceed directly.
Now comes the problem of distinguishing between 8 and 8+2n efc,; i.e. the
separation into winding number families. This is achieved by introducing a
constraint on the angle /Gervy and Singh, 7979 Paak and /inomats, 1969)
which separates the contributions of the paths winding around the
sotenoid a definite number of times. Had the cosine been expanded (with
the adoption of the problems mentioned above), then the looping

distinction implicitly exists, since the angle is nof periodic; whereas the

K_=ilim_ (p/inat? [O -L} [ l II rx)dric) det

{ { r3 + r3G-0 - 2 0 rt-1 cosiBg-8G-1)) V/at }]

-niein

if ¢ 1= not restricted to a Zn interval, the constraint will be incorrectly

v .
anmiios
»‘_1:,.,-‘!..".: .?{u

o
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Topics 1n Fati [ntsgration
{Solenotd Scattering!

A 'trick’ is used to place the consiraint into the exponential /Fowards,

.
L
th

..... ¥ oo

~ith the Lagrangian by using the relation {which follows from
Fourier expanding’:
2n8(x) = j g™ g

bﬁliﬁ

L
L

K =Llim _ (p/inat)” J L}wj r3drte) dBu)

e, o e, e L:]_‘n ‘!

i/2n f glkle *2m) gy,

1I 1 exp[ép (P + P2=1) = 2 1y =1 oS8 -8i3-11) )/ At —A(B(I-8G-11) )
1.0
~ML0sT

Jsing the transformation:
¥y = 8 - 8(-»
for which the Jacobian 1s unity.

K =Lim__ (p/i mt)“ j .H Feydrik)

=1i.n-1

-

tyon | k(e 2am) I 1 explip(r) + riy-1)/at]
-L’rl'xﬂ’; .;:_ !n

__(1 r[ II ayos expl-2ipl riy ri-n coslynd J/Aat - idgo ]

Page 53
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TpIES 11 Fali integration
{Salenord Scaltering?

it should be noted that this limit is achieved when geing fo the continuum
{At=0), and 50 an approximation is not being made at this point.
It is this step that allows us te preceed without expanding and truncating

K, =cim |, (p/i nm‘”f JG e dris)
Ll :«—1.11 i

m o

1/ 71 j E,il(i‘ + Zrmj aa

—':'5“ f=2

II  expliptri + r3g-n)/at] om} ( IpZriirG-1/At)

I=Lim (;p/mt)“[ I rodre
fi—pe2 0, 0 20 k=1 .-t
II 1 axplip(r3 + r3G-n)/at }Ilh( ip2rir-n/AL)
j=i,n
Explicitly
:(1,-.,,-} {m /3 ;\ﬂJ -y \‘.‘”\“.._:.,x -
I=Lin esect Zp/IAT) Don J 0’ lm)u 1(? IEPAL i 2\=~) f n_lhi,dl n_ifﬁ'

explipR?/at] explip2r 2/at] explip2r,2/at] . explipR?/at]

[ _explier?] L (~iar) Li-ibr) r dr = i/2a expl-i(z+0?)/dal 1, (iab/ 2a)

(Red »-1)

oy which the r integrals may be suCcessively performed to yield:

3
WA
L2
D
n
I



i Fsth "//I'A-Qfdz‘!/ 7
lenaid Scatlering?

where 1 = "time of flight’
the gauge free technigue as described previously we sum over

all possible winding numbers before doing the A integration:

K = ’z glem#/h K

M=,

K = p/int explip(R2+R?)/1] J dh 2. elfime gilly = 28m) 1 (-2iRRp/1)

Ten, e m= ]
where o = e#/h

Vet Fim Eidy g,
Using the identity:

m:-—:..-.}:,.-. A== oo
wnich 7oliows from the Poisson sum formuia, which itseif derives from

Leading Lo

K = p/int explip(R2+R?)/1] En_ e inradd (_jyin+el ) {2RRp/1)

= sa o jnte)
where:
p=M/2n a=ei/n (c=1)
midin
The non-relativistic scalar kernel for the needle solenoid
Tais wernel [lowker, /977 aithough singie vaiued, as it must be, is
Page 55



and leads to the discentinuity. Since this discontinuity exists only in

We have here linked up with the solution fo the differential eguation, hut

1

what takes a few lines for that technigue [dAsronov and Bobm, 7952

where:

v -
i

Now we zre at Hiberty to multiply by an overall single valued phase

factor (for the reasons expanded upen previouslyy:

where ¥ 15 an integer, in order to work with a new o that lies in the range
nis {5 a maller of convenience and illusirates the perijodi
pehavior ina (the rescaled flux strength)

1 i +i s A N .~ I 37 .} + A )
Following the work of Aharonov and Bohm //95¢/ we choose to split S

L N
-t

.0 that

(R RN

~r~ 1 — ¢ - -
the absolute value sign may be removed:

- 1 2 3
Wnere
Y / ’}"‘Ct J =\ ~-ing

>, = 2 {(-1¥ {5} e

1 =1 e ﬂ‘*’(X
= z (i \gr\fct‘ =% pTing
[T i PPN

2 n=-o -1 x"l (!‘
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Topics 17 Path Intagratian
{Sofenoid Scattering?

where -0 <n

T = plucosd 1 . _ it 1 T du
i fs,m' { ,aﬂm) 18 Juu) 1 du

in the asympiotic Hmit (Z—ee):
J(2) = J(2/n2) coslz - na/2 - n/4)

:r\,;v-\

P oo

T =197 /32 ¢ - LT,
= 2/m [+ e TRY -1/ + cosg) I“ (1ecosall expi+iz?i gz
<150 1TC05¢)]

c 2/ (1 - e R - cose) | expl-izldz

where we have put

2imn the et I T = 2 s VA & i £ X & = =
w3ing the asymplolic behavior for the Fresnei Integrals /[Gradshtein s

=iz L1 e Vs + 63/4s costna + 0/2)/cos(gr2) |+ gitee -5 mose!

There remgzins the contripution of S, whose
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Topries 1 Fati Intagration
(Bafenoid Scattering)

Appendix [

Deducing the Feynman Path Integral formalism directly
from the Probabilistic Wave description.
(a heuristic approach)

owicing the wave propagation inte discrete time siots, then the
amplitude at each point is determined by the field at an eariier time. {{ the

evoiution time is small then the point of interest is causally connected

oniy Lo the region directly behind, see figure below, and Huygens' principie

(Contriputions from any but around the closest sources mutually
cancelling) becomes asymptotically true for At--0.
Source
/"
7 ¥n
tﬂ"l\,\_
tn
T
Detector
Time evolution of the wave, each successive field being
determined by an earhier field
W L-w*r'

Expressing this fact that each point evolves from those previously,

Page 62



Topics 171 Fatl fntagration
{Splensid Scallering?

& mfd explik, .dl] fu\ explik,.dl] .. fd;{r explik_di]
& AL i

his procedure is nothing more than summing over all possible paths,

i3 not suggesied that a par liows these paths, bui rather the

naths should be considered only within the mathematical framework zs an

IT.I
T

rnative gescription of wave propagation.

mimsinia Rimk a0 ! Yot = ‘o moartis = A ator it
orincipie, which tells us how 3 particle’'s properties are related to iis

d-1/7 Z explish ([pax - [Eat)]

$-1/72 D"W[x/’ﬁ f’w < - Hdt ]

-

with suitable provisos for when the Hamiltonian equals the eneray.

G =17 ng,,m/h

where § iz the Action

The path integral technique of Feynman
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(edgs Cittraction?

as well as the condition of no incoming wave from infinity. Here we have

converted o ravionaiized units and continue to do so. in this way he

ar; Greep’

[Az]

1

function on a g sheefed Riemannian surface as:

! i ~~ir STy ;D e A A
J, (kR) g7imni2p %:\,],l;f—mﬁ ycosin{o-¢3/jL)
i

n=0,=fp R

¥ = 2/p for n:0

for ® < 1 {f B ¢ R interchangs R and R}

K- = /2 8™ {0t - e o sin(ve

¥ wave number

This, with the addition of suitabie image contributions, satisfies the
wegge poundary conditions. in this way it is possible to describe

sommerfeid in his original paper fuily develops the solution for the

reflecting infinite half plane. Carslaw //#/49/ under his quidance complefed
this task feor the wedge, having eariier //9/d/ =olved the diffusion
equation (and so 2chrodinger's equation) for the wedge of any angle.

MacDonald//902/ in his Adams prize essay, developed the same resuiis
for the Dirichiet wedge by finding 2 solution that obeyed the Heimhoitz
eguztion and the desired boundary conditions. He obtained the Green's
function (here rationzalized)
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SIV Diffraction of Light

Y = - ) - H + i = T S -
it is shown in appendix IV how an electromagnelic wave incident upon 3

rfectly piane conductor can be decomposed into two component wave,

K

o}
I‘T,'l

L

each of which obeys the scaiar Heimholtz equation. One component has
Dirichiet boundary conditions, and the other Neumann conditions. in this

way, s0lving Maxwell's eguations reduces to soiving scalar wave

oo
D
pa i

ependent Schrodinger eguation into  the time independent
~iein-Gordon equation (Helmhoitz eguation). In fact this technique may be

used to convert a parameterized Schrodinger eguation into a Uime

Starting from Schrodinger's time dependent eguation for the Feynman

1 i

kernei fFevnman, 1948 Favnman and Hibbs, 19657

-~

iha K- (1R)?/2M 2K = iR 8(x - x ) 8(1)

1 i)

R

One can Fourier transform to obfain the Helmpoliz ecuation with a point

126 - V26 = 8(x - X ) (c=1
uSing the Fourier transform oair

G:-‘,—/'ﬁ“ ( Ke'l"ilx}’;d.r

[ I IR VA
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{Wedge Bittraction)

W
= 1/5 o -2 J ] -l
G, =1/ L} K,, explit T/4pidt
= r‘-.x/gx‘.
singe Kw =Gfor1e0

o/imTL e L*[ P \/T] > —r(nw eV} (i "};r-ipi{z}qi— pl_fﬂ
ﬁ‘-’-"i-:}-:-:: 4

—

ads to:

¥

G, = i/dmuX e e (_jym
n=-s

f Jvexplidy/al explitR® Ryl (2RR/) dy

where ¥ = 1/p
!¢ F’é_,

which may be evaluated using the identity /Gradgshiern snd Rrshik, 196

L = fﬂ}mz,fx by dy = 2 J {20 1V -B1)

AV 20 i/ =) 1))

(¥, being the modified Bessel function}
ooorder to make our integral well defined, and so use the above identily,
We Tt e = 1‘! T 1R im —4:{—1" LAl T =0 i ACInAary Ol f'vr\‘f—ﬁ'l'r =tatul
Musy feguigte (v ay adding, w0 ine now imadinary guantities & and B,
small positive real partis (8 and e respectively) which are to be reduced o
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~ 3 e ya R
S 2a+ I VUB+ 2+ s (B+o)])
then become, fo first order indand e
—~ I 3 A P — 2
J{2al JR2= =B s /20 8 = (/B2 + ) e/2

ey
C
L..
(g 4]
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-
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O
C
..1.
U’I
or
5
D
jo
——t
(o)
]
P
-
D
5
puses
D
..LJ
Lil

i - . R - - Vg : . Bl ,_}
22 h\a + H{ZRAS + 1gR/IRE-R? )e“j Z\ { KR + (2RI -(kR/AR-R=1lg/2 §
for @ : R

SE R e . . K ; N S, -
2J,LKR + 1(2R/K)8 - KR/(RP-R?) e/2} %vi-tkﬁ + (2R/K)8 +(KR/(RI-R%)) ¢/2 ]
for R < R

These soiutions can be seen to bDe weil behaved at infinity from the

§ -t iy \ - Dy
J 20 = ¥{2/n2) coslz - /2 - =/ 4) arg < m
[P ,(’ FE T rd A Ty /T
F\.v(”’.} — § iR/ 250 i 4 & SR/ 2

+

nthe limit 8§ = 07 and e = 07, this ieads fo:

e D AT A = ST Y -itnig-8'yul 7 _suinigl PO SETIN T
wa(‘i,R,Q,rﬁ A=y 2T ‘-,—;:—}; M‘E‘» VT {5 “ Pt Er

when R < R, while for R » & interchange R and &

The time independent relativistic massless kernel

{6reen’s funclion for the Helmhollz equation)
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or in phase for Neumann(+) conditions. To yield:

Gu o R,GR,0=2/8

J‘ —\\'P' I ~"-\'l £ .
LX expl-inn®/20] 0 o (kRYI(-1kR') sinlnne/8) sin

22 expl-in

mmpon?
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Appendix [

Riemannian Sheeting

i

A multivalued function may be made single-valued by considering it to
tive upon a many sheeted surface. This description is 3 supstitute for the

use of branch cuis.
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Ihe branch cut once lay. Upen crossing this connection, transfer is made fo

another sheet in the manner indicated in the figure below.
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The use of Riemannian sheeting in making a multiva

single-valued
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Appendix II

Solenoid Superpositions

Following the procedure of before, we choose to superpose combinaiions

1

of needie solenoids to achieve a free field kernel satisfying the desired

As discussed previcusly, our use of images to implement boundary

3

that the source
Hes within the physical sheet.

k\u'ﬂ-'!y’ thal:

Lim . K= 8R- “‘}Z 8l(0-¢') - 2muny

0t

Starting from the arbitrary iinear combination:

K

2 =i —i N (D D /-
p/int explip(RB+RY/M]Z 2 e OV ()oK ol ZRRP/D)

NT=2 o

N N SRt A -Ins-8 T I
=p/int exolip(R=R%/1] X 3, eI (-I2RRp/T)
n=—.'.o,:c. . R o

{reqularization is implicitly used throughout)

e
Ly
e
L]
]
Ll

i
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Fistedpe DntFactiont

Lim,_ . p/int explip(R24R2)/1] J(i/4nRRp) e 2RRATE 5 g7nle-e M
n=-:~:}c~:~ o

S e

(A3

B l
n
g g inltm £ imm CArimine reie wialAn FRa Deieemm o ee
such a periodic deita Tunction. rourier anaiysis yieids the Poisson sum
imd _ -
2 e™ozpd  §6+Inn)
N==o oz == o
Frmre (3 iy - T =+ - - Formd oA Y 9y { Ao
from which one can deduce that the g sarein fact equal {(3); 3nd this jead
o
PoAe ={irm x[x/ el {’3' o2 712 ({1,_.!~ -7 "'\\!
‘-““T"?Q"‘K i 11__;0+ B}L R \,pf IKR t) ek,_) AP H- ) /Tj _— 5’35 \,(D @J ;.ﬂp.&u
3
Al o

umHGJ ¥ (p/inR'E1) ex

1] R

The integrand c g

.8 the integrar
Rence:
= 3 RID-D - O A Sy
Lirn_ o K=2p 8(-ROZ  alio-¢) - 2mun)
ia oo !
LS. G T 0

complete kernei of before, nan

Y R
{l“:b‘.i!(!‘\:} Liig
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. B R TN Y 7 WAL R v
K =p/inp explip(R3+RD/4] 2 e7ere i (-ynil
nE-cs,e0

3,

from which we proceed as previously.

1

[LRY

{ZR'Rp/1)
it <R Rp/1i



Appendix III

Finite sum expressions

To evaiuate a finite sum form for:

S(z,¢) = 172 J (2) + E“zi “e‘i“‘”f‘ Jopt2) cos(ng/p)

¥

where | is a positive integer.
nroach taken is to develop a finite ferm parti

which is then integrated tc

ajl differentiai

~t

isfied by 5,

T

equation (wri z) sa

e I o (7)o (7)) einel
T {1 {nipked )

i+

L n=1,e=
naving used
b=y 0] - RV
v B S | N
and
toe
-0 i

After consider.

3S (2.63/3z=-/2e%J (2)-1/2 2 oI | (7] iRl
0 St -1

SRVEEDS pTinni2p Jolzre LR e

-
m
Y
€

I
A}

[Xe]
v
U0
h
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35797 = (/2 (S, + 5_,)/a7
Ty —é)

= -i/2 cosylz) - 1/2 > i (7)) - T ()1 cosl{-nig/)
n=1,5-1 it B
-icosoX e WAL (7) cosing/p)
n-l,ﬁ-a “/u

L R ~ F e
“eading to the finite term par

i=1
EE R Xe {,Jf

-3 smyist A 4 -5
gitterential equation for 5

as(z.gi/az

(=3 - o inRi24 {73 } .
£f e Jnlpfi’) C

35(z,0)/0z = plz,0) 5{2,07 + glz,0)
and nas the solution
T = AN lr i VA 1-.[. i Fi ‘2-
S(z,00 = expl | plz,¢y dzl i I e,‘p[ L PLvo) ) dv]du + flg)

J

Hence:
fooay o a-izcoss [ m T cosl( )
Hzpi=e L -i/2 & costip-nio/p
n=1 p-1
(.inm‘zp A -2 1 ¢ ) plucose 4 L ey
L& w__, AUF -2 o AU 8 adu+ o)
0,z —rij Nt j
put z=0 to Ting f{g). This gives f{gi=1/2

oA

Finaily the identity is obtained

1

172 J,(2) + En=1 _eTinmi2 Ju(Z) COS(NG/L)

T
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Appendix IV

Decomposition of the electromagnetic wave

inside a perfect conductor, the electric and magnetic fields are zero.
Using Maxwell's equations to see what this implies just outside of

surtace
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the current and charge densities are infinite on the surface.

A more convenient form of the first condition is obtained from Maxweil's

T

equation for free space.
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(V. B) =0
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g -H= PQ-K=+dF/dt
=-QF - K+ (2F/20),, G + (3F/aP), P+ (2F/at),
from which follows, by the indepencence of gand P
Q=(aF/aP, p={aF/oq), K=H+{aF/at),
L FL G¥
leaging to the Hamiiton-Jacebi equation:

en has trivial motion {(consfant phase space coordinates). The

tranzformation then carries the rotion (see fig

The Hamilton-Jacobi transformation
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SIV Transforming the Path Integral

Consider a general canonical transformation of the p and g implemented
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3y, 4 general giscretiz
Kiauger, 7983 The task ahead is to correctly perform

transformation and determine the stochastic terms so generated in the

hope that they sum to zero, as required of a canonically invariant schemie,

._)-;—.FA 117
: HEES



=i

i

10N

]
H

Pl e i

e I
S W

At e
e i 'i_igf—.‘

PR B

2

3V IMid-point Expansions

o

L1721

H

)

o

100 (k)

n-1/2

] (.k),”

i

(k3,P

ous
'

a5}

Me-11)

{

~

(G +
~
-

2 ,;’H‘\F) it U

§
AN

]

/2

i

i

i

Fa -
L;f,\g{f-'-'.‘
Vi
e
raiE )

114

/80,

-
-

(&

£ = 172 (Que + qe-1))

q {
™

{

Lo



Tapics 1 Fath intagrstian
Cancnical Transiormaiions?

AP AP AP
At AT At
B fon” AT AQ AP

4
..
¥
b

ey
r

/8 fugg AUATAL
i}

18 [T, AP AP At

U2 fug T AQAP AP

* B fion  AQATAL

[ RV 2
F P OOAD AR
a fun + UAF AT
S L
.
Sy marmeoiAdAnrs oy = o+ s 23 ] " +
oY COMSIZering - 23S a TUnCLich oF U,P angd 1,

=4
~ o -

- - .
s AF

P
+ = t
(B IPY A\-

RS

ek AQ AD AQ
+1/24 F,,777 AP AP AP
AT AL AT
AU AD AP
CAQ AL
AP AP At
T OAQ AP AP
BT AT ATAL
174 Fag AR AP AL

[x8)

AN

-
)

it

-
D

Tne generating function derivatives may be conv

i

3]
(]

T



...i ,r\
H o
Qx
= ﬁm
: o
=
“ Yoo
(xx] e o r—
I meH ._.H,: o
n n 1—:\—
e " o 4
[ iy N o]
& E £ s
Hree ol fo) [ U
L.J T I (k)
= o -~ jons e
& = oI il
Ko (K] E ..lw.x. MH.,.
ot . o i i
T - & T3
P . ™3 LN S ol o)
e 5L T T S
o “ _.m o =, = ﬂmr D,
&g 142 L) — — o
R 4t L3 [ 1 1 T —
R ot . -y Rt} o
C X 5 e A =
=~ A Bt - L - e
5 ey —\ N Al
& L s F5oaT ) S - .
rm g Lo . P . . . i _H..
iy Y [t - — =
; - 3 Cz i
i ] 2o 0 1 { =
oo o . e " . =
[ - oy LI 3 Wz - - e

0
=
i
T

rGm:

3
.

T = N s s W N o)

()
c
&
-2
+ 5 o = D :
A et [ o ] 4 ) = - X —t
o R . o A < S oo . pul -
B R~ = = U 7 R “r«w 3 ! Lo e m.h_ L = CW _.w
= I - S w2 -~ = o o
- F I N C A <R o - o = - &
€. < R R ) et L5 e P L o3 v &)
o o o I I o A = N R = R o T “ = L @
= a5y = b =L - [ B ", et — — i
- N T A Y B Y A I o e N . -
i~ s = o ') (@] [ 4t \ i i o,
+ + 4 + + + o+ + ] mu 5 .. wr (- :w = e P i
S - s he ) = I o - o A
T T o N N S T S R o i c
0L (o B R I , bt & (10 TR =y D [ Bl - D =
] 2L [ I WY 'S e 5 = > LJ 1) B— &5 H H - )
P ILCRE R B B < R « - R - - o 4!
[~ N & o A = = S s = £ e — e, _M =
oy T - " 4d e - : o .
A - ST S~ - ey a0 B, ) w
s I o o N 'S oo B = -0 oyl =
P N =N T Rae B o N o e o TTW ] ol
= . - y Py Py - - 3 (45} 3 48] [ Pt 5 - it
T Y U T T & B O Y £ X i il - = o . . s
" < et - K [ L ] [a¥] | -
o = ) @D J [ o
bt e (] (] [t 4

/.

an
b QJ
m

7 =iy
i

menr b A
e\.« v Usm

Anes
YD



7

i

=43

Sl fiteor

i

~

WiES

)

A Transtormals

-

S

0.

gr s

it

-
thes

O AD

Al

P AP

Al

AL

+
A"

AP

-+

a0 b Hhen

et

Pp AQG = AF + Py AQ ~ (i)Fnlat)qQ At

Ao

a.
Cit
i



R —

) P .

al o P o T = su
A 2 A ) o Q

A

0 Al

P AL

A

T AP A
n

IS
™y

A

AT At AL
Al A
Al

P A
AT A
AD
AR Al

n

3
£
} AV altribul
A
2

Am < X"U. (o T o T 4
el < < <]
D...H.. o it LA I et D ]
o oo < <« < < <]
zZ - <
[ [y
a |
! Dol
ot ] i

o o R e T sl -
et L . e e i.. -
S AV pe} [ w? [res [ak) I
ST N = -
. i 2 e = i | jrow (S8
o L. L. T [0 Ew _w.: (e} ot
S s A =4 1
ok ! 1 + ] ! = T =
N«u :Vu ot vt \MU -
N Sal 505 2 o
T | BT S s - - = ~ - |
=B P - o = =T
=X — - L. nU...! [y - Pon] FN/} o
a3 ﬁ 3 [l per] o] L_:H,z [t o B
W oo 3 o e = o
R N ol i W0, R SN . p
™ o Lo = L o IS £ o
=% L] oo ef Lol b = . ’
=0 oW T e &
ry ' o+ 4 ¥ : e ..
N - . P vt A=t " @ P T
85 o, #09 go o oa_ o, Do I TR o
R pcndE S S I = B o o oy ¥ o = Gg “ne
" Do I R o N B WH Do T > T o) "mm_. &) & bo DB o mu
f 2o Gl f N B £ CHOCL 4. L a4 i R S S S 5
cF f 2 FEF U OE 5 4349 a 5 oo e a
. = i o K - IR (% o e o - 4
oF e o OF o o ot ool o A= = = 4 %9 9 9 4 P S 8% a8 8%
) Rt N . ~ - -+ o= — — - o
I B ol SO - B - o bebh) - ~d 2o Do Jdon w - . -~
P < A < T S £ = D SR L R o B R o i P
I e ot 3y o - b ) - B 3 0 - o
B Do M o F oY TR, Io] rrﬂ T r©r In I I x o Sho o3 oo
W D& o, Cio A o S = B < B O~ B N SR o o DO S SR AL
= e = = 3 - i o x._mw. by ve — o = - > e bk oo N A
Q_n; .Hm.; Tor A.Wu| ﬁumu: _!xﬂl“: _.\ = r U( _wxwﬂ..x o o, %3 et - [@N - L
S S - A i I R T S S A S Gy O et Ll -
S iy [N oI = ,“,H\“ -
oL m T W m =MD s %4 bt 5
~ o N S~ ~ [yl — [ - —r
T e o (] 1 g -
S S S S e ! W ] ¥
X @, L E L =
.
3 4.4 a1



R Ies 107 Pl nisgration

R/
;T

)

4

=
i

-
KR ’ B gl Y _— Ll ju] t
‘%gﬁ, Frang i—{'i-:!:Q Pt L'f"?’('}{ D:f‘?’ 4 AF AL

AP AP AP

AU AT AL

AG AT AP

ATAT AL pg

AP AR AL candribution
YAD AP AL

AT AP AP

AT AL AT

AP AT AT

AT AT AL
AP AR AL
AL AL AL Hamiitonian
AQ AP AL contribution
AD AL AL
AP AL AL

1
}

need only work

LeN]

10
[eA]
102
D

32



J— - [o— P ] ey
ot P ‘ . 1.1 ~
_M.W.. ”M._ “ed mu. 4.t e
e < b <
- L o, R
T, -~ i o~
ot B iy IS,
D o ol
s T o T T
- o L - -
. et ()] e o
T Y e e =
- Sz o s
1ot + _Hw. [N 8y
o P e T
5 4 bt s -
] <} 5y e N
fo] o o ..r...mm.i oS5
2 ) P —r "
= .
(RN _ . . m U K de K
" [ -+ <] -+
- i~ o
S ul i <L e o B
i e - i oty o
ﬂuH - 4 o\ e T
L b
¥ ™ A et - :
b ., [ o & i =
1 o .. [ ! [
) = = * i S ~
e~ [ L= — - - =
4 Aot &) - ] - y
= e o~ - e s
; > Y4 L. [ (- -
e <] 3 lome ~ Mz -
~ iy : Pty 1 oo ~.
o 5% ! o i B o
- -l L o (] w i +
= = T - - B
= X - - L e o .
- - e o .—..u“ ——— —_—
o xS X w4 & =
= e - s 1 - £ ~ i -~
= _..% + 1 e - Lt I 4
Ly ' -~ 5 1l (] Liwrsrd -

H 14
2
{

,'_&‘
Ak

et

1,/
order A
[Jo

NSl
N—%aafjﬂ‘
0
{
i
4

o .
() g e —— | —
RS . a - 0o ™
—— > bl [—— .. [ “_w
o & = T = g ] i
L o & e - ) P .M__ =
- ] S, £ 't o = : 1
] fﬁ,.m e X . .1”_ s ] - + -
5 = ey N e -1 - o
e ™3 i b a (" o - S “3
2l o L +- o L il 1.
& & ' = _ n _
- ~ o - [ R . ¢
= <3 m_._.n_ m.u 2 1 Fw:. i W’
oty o > -

—

4

i/h (F
ex

A

II

= ~ . o
= v} [e i) . -l .. .
[ N £ @ Lo A L
g [ ) [ - o
il :.”H,\_ 1t o 1] phx. i
& [ -t L.
3

0
i
J
a
1
o






[

L

ons

1
H

Ty

J Y S .

A
il

i

IS
L

7l

2L

7

7

s

il T

f: ff

7
i
{

(.
]

~+
a1

nera

fat

$VI Hamilton-Jacobi Transformat

)
o

e
Lot

H

ot

O

T

~

COmnn
R

{
.

ne

ol

mL

[ i]
(o]
™3
(o



En
&
R
e
AN

e
3T,

2

27,

F71¢
iz

i i
7]

5/,

i
wrd

Fim
fd
-

7F
LI IE

e
7

7
FL

1
B

+ Pyk) AL/2A }

EaaS
——
[

YAL/2A 1]

& pnz&

7

1777

7471,

4
4

£

i

™
?
h
E
L

3
}

LR

s

Prog

ot
4

¥

el
Sind
s

P

i

n

120 !':,

7
i,

G

DA

C)
i

<]

AD
Al

=3

Al

{1

HL]

s

PAY

r

i

pre

T ALAL

‘A -
'-{!»!.-59 pa
[N N )

.

"
P

VD

)

[Vl

Tl o



FER
LT
T

i

¥
i

id

7
)

-
cantr
7

conir

i
[

AQ AP A

AP
)
-
+
¢

AP At A
A

Ty

A
M
i

{

FAL

{

“
oL
<]
L,
<

AT A

bl

td

[

4

i

Al
IS

Al

-
8

)
AI
AP

)

A :

AP A
A ;

i
=

A.

-
[

pR{N

2
[

Ll

A gy
[ R

=

H

R SRR

]

+

[}

B

bl L5 B YT

+

D
n
M
&
o

H

¢

RSN

specia

i LRt




117 fndaprstion

Az
7ranss

7
i

f‘ 7
747
T

7.

-

Jo
3

g

&4

Can

7
.

1

,
2
TN

g =
g
o Ry
~ e o ”.nL
B % o =
T~ = e L a.
] T L
.
o ~ nH. S
L o v
A - S
8 = & [
a e - -
_",..;.h Cl. [ P 4

A
at
A
A

}
F
1]
'

P AP AR
AT A

A
AG
AP A
}

)
{

1
J
)
j

AQ AQ AQ
AQ AQ At
AP AP At

AP A
LA
AQA

< e
< <
mm ' TR o _M. CL

wa
-t
4 2
.
3 C
oy <
* Qo
a0 -t i
¥ 3 o
(o 1L e
2 - [ow]
thoa. b
{1 S o
= (] 4 \
& ' , =
3 ]
ged [ ....h:
4 o8 bees -
0 S B
3 5 — -~
"J [kl = o
a7 L. =
) 1 < =
(o LY it
h.u .mu fowr 3 28
L 0. .
. - e L o
4 - ¥ e [}
[ bt | - (o]
o i
&) =
. 2
] i
s o Al i a.
. e EED R E L= S TP o S v i o R o A A -
Ty o SO o S & S S o TSR s N S St 5
b e e e e o444 = .
o KRS ) K1 w) W 1] - o - T T -5 R e r e N
£ T T G S e - - e
i v — _— —— - e — - Ry - w—— e - - e J— - - ..
W - 55w
e + -+ + ki 4 + 40 - + + + + + + + t + ot [ o
: ol
> e ey te. i
e L [



N - L

. M,1..... [in]

R i

2 - £

_nun _._\H. Mi

o -] -

hrd an o [eR]
< - = -
] i W

. [y !

m = ] LD
..,v ) gnd

3
i

-
s

e 3 ! P &

<7 A Pt L. o]

- o) 3 K (=
L 3 4t

i
N the A
i

e
1
s
e

AN

Rk
AQ AQ AQ
AQ AQ
AQ AQ AQ

AQ AQ At

= 30
. [ g £ -+
e iy

- 2l e . v
Y o 8] e

- — . %3} et o
i n o 1 i < " a
T £ e £ s e
o3

P AQ AQ AQ
/
se when

: o Y
- L= o i < I A PR
ﬁ”. m.nL 1 w3 .m”.u £ Q . “..wu bt ot -
. - o bl t. 4ad s - w . i s
- .- B Y ¥ ] SRS 3 g - )
Z -~ S AR S = T -

-4

]

A
-4
U
4
¥
i)
e
I
r
[
di

) [ = i i — . <t

L - 3 - ot — — O
_M"\. 1 _r\q._ m. h O .”_W lmu a o =
o 0 =ooa T oLt s 3 0E
(45 e S e Q ed

C3 a [an B <3 - ~— ”M, T et 2

— o B s Mol — e [y o )
L o 9 g o4 ' ’ v M
- = = oy R =
s <97 = S ow O
. 1. ~ - P e o
= R - @ oo
. —-— [} = %3
..;m Wm L] - )
. : ~ P e
- W\n [t _m\W. e )
35 A )
Pl - . -t o
e ok g o
) [ - D-‘m
[n) [ :..A.... L2
o Lo [ ey
4t "3 e =

- 2 -
i @
L. (A3} (28] -
[+ ] [ L. @
[P |y [se) L2

Y - . P
oo LeP] oy [y
TA a4 2 o







iy

It

=+
phata

o L] i

o &=

b 4t N

D) e i

u fued N o

/
contrigut
7

i 2] .
Y L3
- ER nZ
bt 3
- b

AP

!

=
[=;
o

m
o3
u pmad)
Ly
=) ¢l
[}
Sollomsgt ; < - . .. -
. - w2 o < m,m_ W.\A_,H T3 D <
o L - a3 SRS S
=2 = : o -~ Q o o 4 nM a2 g 3
5 m o o = S
N T T L o 4
O e Lo c of o . Z e
m ] L. a T A mm ol n)
3 oy o = K S o J b
5 ol L] e =3 = [ T S T &) [T ]
3 Ll . w0 . - D . .
g — L e Y R o L3 g B g
= : 1 _ m._u - o [ [ o = .nk
NS n J ¢ o o o < 44 i >
by [} i L __W._. bt NN o Dl w
= 3 L co T N b o - o 1 I
™, N o <5} hont + fasd - )
B a o X oy vl [ + + -+ Lo e r
N 5 ooon 5 o c L &M M
[ o B Mm" NS i3 - @ S =
: - Law] e - i it i
il i AN g o i ) [ SO o
n n o <] e — [ <
» e - 4 Pl g -
= @ e O 5 = 0 ooEo
Lo 5 = O 5y (SR o
. R s o ) s 22 E
Pt ] < - L3 o
Bl P LA e ﬂ rO.. N
oy -y M R N > o
e L <L i 1 o
: . o - + -+ + + b
/4] £ 5] = £ ) -
ol & o ad = g 1
o i oo & e
D T B A A 1) o
I MO o oy
[Ra} 2 v - — & ] !
ceee mur [ 3 o A T
... ad 1) ’ L I "
- _5 N [ — (] E 2
- 2 - ~ e g
A i D oL A
e Ll ) i



~
i

H

[
ii

o}
£ 2 @
s 15
el Q d [\
S < < (.
HE S 9
L < <«
LSS

J

2
7
i

Ham il
e 7]

' N .
i <55 G
5 < oo ~- o
QA a3 <4 .- F :

e 3!

i~ U.H [
- - ——~

~ ] “a 5
a L2 e -
wm A = =]
1y ) %)

.mu o oy
b o
[ =

00
O
o

o o
o A e Byl
i N =}
= = g- Gl
I -
Lok A N Li.
0w
o T 1

nFlgpi

L]
a5

[

[ o

=3 (45 B -
- v -



77
rmalions

,

WIS/ E

™ 3]

17 Fath lndegrsti

)

Canonical Tt

L.

loon

K
- 153 4o L) S e M‘N
LI.' [} mu (9] £2
. - £ o .-
“ o L S
ety - . L. 03
c IS
o ) £SO
' T s @
& s g
w.\; r.ﬁln [43] N 3
= _m.. L £z [
2 [av} - %3]
3 > sl * L7
[ 3 ™.
= o b i
et e} W - S )
eq Ry ﬂuu foe
z o = s
- i 0w £
-t ] o =
<] ..wa e~ P
. (@] e, ) -
i~ M . e mnw )
T CF’ SRR &
g £ g 3 S
- " o o — [
Y ci o o =
N dz £ g (- ek
e L n..-u _Au ﬁ D EA.
~ . i )
-~ [ . e
’ @ 5@
" 1 > w g
o a R
z o
. “4-d b 4
-~ I R
B Pl S
4.d re [
= 5 g
; .l

c2

mn
(=4

" e L)

.." w ) £2 e

o2 5 v

e s [ o )
[ [
e - 1) jpess
il .,u;w ] g

3 oot )
4.2 e . )
L0 w0
Lo A e N w [
s 3B
o Woooem
- [ .w
= @ ”.uu

W AT
o w o




st

e
L

'

G

o

20358 !

L

N1IGR
IRE

)

.»—.
]

L




SVIII General Canonical Transformations

3

]

st
Hi

i
-
f

a

=N

N er s

A
Y

——




L

0.\.—
i
fa.

#7

(4

egrati

lg.

STy

i

&

<o
- rm
s 8
My L
o W

.

P

;
i




23

)
777

R/ FAY

.
el 7

&

~7

81X Conclusion

LR .

HIB
i

.
e
i

N aan

Sy

{

Qs
o
a4 .

i

©
o]
o
T W
N =
— o =2
= — QO I
R =
o R oy S
(o =N
=
o
| .D,m
t &
= 2 g
£ ES
-q
=
BT PED
= ro_........nu..,
el jl.
.@Mﬁq
el
MTHH
pon

canonical
transformation

on

1
-
a

m

b

transfo

¥

Canonically transformed | g

Transformed

Theory
fGuanivmi

K{O,P )

»

midpoint
quantization
4 (r-=0}

aantizard
QUSNLi;

J

(PP R SO ST S

=

I
L

5
i

i
|

it

L
-

I
s S

S

i

Falatoiad oy
'

o

[
)

T
[\3]
[



Sy
AR

m&-,—..—&»\»—ia—-v-i_;- LS et
PRV W L ¥ BodiVi I VU v A SRR I A
o

Operator {Operator
formulation formulation
q.p’ K(Q,P)

P(r{x;‘d—‘po;nt} : (mid-point)
atn imegay ., |Path Integal
formuiation ~ SRS formulation

Hn(a.p) Kn(Q,P)

Path Integral Path integral
formulation B  induced terms formulation

Hig,p) KigP)
4.p m No induced terms B

he Mid-Point Crossing

1
ol

]
[
ol

[



7onics i Fstl Integrstion

-
{ {7 ;.'57{4.-’?/;‘:?{ FEA0E '7? 1.1/,:7[&'; TE ./

Appendix

Working out the general Gaussian integrals

5 f PN S T : } 'i ; 3
% L (duodvesznh) expliZn 2 vt - visAL/ 2o+ vue) « pvik}

PR IVEAL/ 20 v

]

fie may deveion

Integral

{Gutavin/2nn) mtegrang expli/h 2, { vipiue) - vie) AL/ Za H

P
P
!
—-
=
!
b
Il
=

Integrand integral

! |

] Fems 1A Yy
Y (SRVB U
1 N
5 0
Vi -(R/1)
LY o
S O

V; 1 :a "";
2.2 —

Ve

NP

U I Tay
n.3 /- 13 7y
VLT ANies) U



7

77

T

&

s
F

7
Frans

r
F

17

st

f3

77,

S AL

¥

o

At
i

i

T

I
.
i
rd



P T J e R
Taplas [ Faiis infeg st

(G (antization?

C!’\G}D{CI" FOUI"

,f"4m£4£§fafffes i féf’ Qf’.{}'{? g}é{ﬁ!}‘/ffﬁff@f?
/@ ro{:kfoére

Page 137



777

=Ty

7

it

.
(&,
b797

LI

S i
Fath in

-

<F

Ouantization

i
17

f7d
!

.
i

7

Is

f
irac

D

L3 fos B
g TR
"Mu % w ~ mnx [AR]
iy e i K 20 e .
ra - < - A 3 oo b u ~ o
w 93} o= s i} & A b . 0
[a7) an o< . B P - e ot a0 < [} L o (
= e = = s F.ﬁ g - o = o o
o < y = - ¢ (] L b o ds k)
. " . = L AT e b
. k3]
Ny R e W I~ m ! u h it .
o o - N g dwd - - e b - oy Lo -
oy m oy = @ ps] [ S @
] e 3 =R B T LR B = :
Wy = [ - ) [ A [ k] . L = o
&, e ¢ .= - WS . o
o 2 &8 A ERE = | AT = =
[ g s} i [l A (] [ = 5 o i Ll
— ) zmw = = 5l o T i 1N uﬁx_ ] 4 . i
"” _ Hu..z__ m 5 P foms “.xh _mm_ o - o o ,.ﬂ,,_ )
-y ja ~ - - X ¥ 1§ o - 3
o O @ ] e b - u - u k| 4 3 o nJ
P = = = ] - bos s = = o e o b
c oo 2 5 S =T > o -
. bt — [x} J 1 T3
O o [ 4t P " = -
@ 5 P 3 Aowmm 2 3 2 - F PR a5
) b b W e i e - b = o L = -5 e 2
ot [T + iy A - -t i e 4 or ]
o =W 5 = oz 202 = P
o q e (i) = P L el Kol ...”_\._ g5 <1 e -
oW o o e modm B L@ = "3
oW o7 o B e L S - P L 2 i
. et - .»\.M [ L. K [ ..xil. (] ) o . 2l o L.J
D L L -~ ke o = b L = < Lry L ] o e
o Q) Jom b - 1 <y 3 < s = = o e ~ o e
mo = o] o e S N A £l 5
o T - R o= > e = =5
- gt = . - L0 — ™ xy I 3
- o e fal] .qw [ = L _mn — = \ L. wm. e RS
s R OB o5 05 & R A= oo 2 = % Ly
- . ; HU o — . - oy A2 :
oo s = 5 = o s .+|_ 3 e [l s o k.. w = b (8] Iy
(] @ P LW = in & v = pgy " | - U,
g b L un ra P e o = L1 - & o™
o] o +- L =3 % =5 - .- 4 e - e L e ~
- . [4¥] I - — =] s
3, Y - ] i i oo — L = - =
@ P g o aD r = @ . i 4 LA ) - s
T 2 5 T 3 = £ g P s ¢ 7 S w5 RN
& a 95 Enoo= =R > = =2 T ook
K . L& B L . o~ - s n =5 e - = N
- & P 3 = o 2y T~ S P
T 2 & g g Y o R & T3
RN : 228y B g ° = 8
l_.\. ol _.”\._._ jons R a = LO . [ o) . L <1 m mw .,u\vw._ T i MI_H.._
4 ] ] L — ar o o L 4 3 U L 0 "~
e o= B T = = i - ) bl ~. ' N
= mﬂ_ e - [a}] ) I bed e [y oL = L e ] o - et [}
z 3 B = =i P S W c = < 20w X
= =S = = 2 = aeoprun
o6 5 o« o = =2 P (o B e [ £ b=
R . (< Y K - = o - ) iz r Lo = . ~= - - ;
= w3 =R = = a2 = o W =
S 2 eoe 206 Z = & BT o & w E T 4
= 3 e - W S © n = N = L. L. o rir -
s 2 k22 U = o2 52 e
Ry -~ ¢ - T - e — pl - e 4~ - - -
- R e A yoaa = S = % P C . oo
L - 2 g 3 = g 2 - Bom o
SR N = = SR > 3 M £
o oy - S phig Lt o L = - ) ., A 5 N 1
S TR R = s R =% 2 = o L
= DT S LY A i R T B = S S 50w = 11 i
e o ar ih T oy 1N b . o) E ‘D i oo e L3 [4X]
- bt o o . o - o oy i
(=N sy nf" t «..m - [e8] u.. nH. - LJ (A K] et a4 WM s
l. it ra Ko _.m 2] P e o 58] vl =t
e aed -t Rl w5 o - Il i .
At T Gl .A“..L I _qhu ”uﬁ‘" Y H_ i .,w\."
R e Ui e b i e
LR ST o
» 9 U7
i




0
F

it

oy ey D)
e S i
& - o
3 i

L LS

i

S S0

i file
imaliond
} + {\'ivi .

y

3
H
b1
4
i)
b3
g

(=
W,
hi

G
i
/
oh

Linearity
(U, Vi
1
sibnitz
Ry
V4
[R5)

1
i
:
A,
A
Iy

= el I
b . Lo
[P 1} I 2y
.w.““ Sone e’
s gy i
=3, b +
_h - o
~1 (2] — o
- -~ o
R \\v: :W
= oA s
Wie o W >
Noveagrame®
2
Wyt

andg



v

&

717 17l

7

i

s

i

/7

]

£ i

i

-t

i

2T im

Uz

{

e

i

i Hatee
LW LWL N N
ot

i

AT

3 i‘

i

-
e
3
)

s b
udd

ok
Y

e

ih Qif,q}

ik {Classical Poisson bracket)

f)(Classical object)

i) =

0

. 0D, Q)]

or commutator

s
i

Quantum operator

a5

danium opera

=i late)

Tubaauidi

-

LR

Q

fa¥al

O
!



“m%

LN

T
w = o
£ .u B

o
i

[
Ly
—w - Lhew
L1 o
[ 4 J -
(@] o3 47]
4 (] foe

,{‘&Df“a
a

Gg—!&l
Ll
or

.< T
S . | ae fod
..ﬁ:u b= _—d _;.,,m —— + b
= o B P SR o~ ~
< E = 8 - € NG I =TI~
1) g - ’ - =3
= Yoow 5 = — it - 2
5 @ 4l L . i g o)
i3 - [ £ T | D... ] D!
€I 3 - " I dy 1 ' ot
b, ) e -3 [ | Gk — 1l mw. Q
3 el
o e oy W 1 _3.....r _— N
L 53 Lo 3 ) Li [
2] q. or - R
Loooaw 1 L wr -
et 4. oo P 3
™3 s J..;
P v - .. 1L
= -3 g X
E o ™ Y "
i Ky ] 3 L
i o3 e i
a2 0
- C
B
o -
11 L2 e
o A s 2o
L o [
[ - o -
- Pt
P ") -
s [ - -
e o o .
.m.w W i)
LT 44 . -
0 . W Wl
e ut -~ C o L. e i
e - £ e oL - el
. BB & e = »
D0 5 = = ;
[ cr R \
L. -




_;, e
iy
o N
5

S
e

"

gt
14

:

ney

i
L

nat

i
L.

1]
-

A

£

e

+qp)/2

(pq

(pq)

e
I

i

'

irac’ yie!

-

npy o

al

GG

t

-

- A-
o,
D

. T

AnEa
[ e

Q(p*) = p?




£
3

BT
guantu

o~

£

pa}
PR P S e

T
P Ly
h

r



-
o . o D
- R iy
Pt -
e K ")
[ [
o @ 4

-4 oy
) Py
[ —

e 2

and nol

wi

25

1 a R
- <7 3
o [ p.u i. e ..um
& 12 - 4
A4 G “
by L u
[ [u K] U=y
| _MH -
3 3
=g o
£ [

).

gy

H
AN A

o

4
1S LAYS
TR

PRENS >
R E=
[ _
Yoo vl (Y]
m.u (R
o [Xa] w3
o ’ s
oy Fa "3
X0 B .
S o~




Topics 1n Fatl nlegration

References

——p

Y Aharonav, C.K.Au, EC.Lerner and J.Q.Liana, A sy £ 29 {1984), 2396-.

¥ Aharonov and D.Bohm, "Significancs of Electromagnetic Potentisls in the Quantum theory',
Flass Few Y16 {1952, 4585-

rartial Differential
-:[Jr“"!’ﬁ_l’/? So 30 (1892

Veage of any angle, and other probiems in the
(1210}, 363~
of any Angie’, Fraclond Nsth Soc 18
P.Chernoff, "Mathematical Obstructions to Quantization’, A7/, 4 {
R.E.Crandali, 'Exact Propagatar for Motion confined to a Sectar', o/ A44 16 (13983]
oy

{.Daubechies and J Klauder . 'True measures for real time path integrals’, in 'Path
Integrals from meVY to MeV', £d M.Guizwiller, A.lnomata, J.Klauder and L. &treit, World
=
)

Coaiantifim 100
sScienlinic, {99

Wedtes I, Found or Flis 16

hanics’, Aron Ao Soc AT09

b}

=} T A oamA VY S e
SF Zowerds and Y.V .Gulyasy, FraofaySan 279 (

v ~

o Eawards, Statistical Mechanics with Topologicai Constraints: I, APrafa S 91

1

R.Feynman, 'Space-Time Approach to Non-Relativistic Quantum Mechanics', AewMad Fhvs,
20 (:

A
G, L0

{reprinted in 'Quantum Electrodynamics’', £d. J.Schwingsr, Dover, 1958.)

1
r3
D
i



7a07es 1 Fatly lntegrst i

g Ffvmm.g ‘QED, The strange theory of Light and Matter {Alix G.Mautner memorial
Lectures)', Princeton University Press, 1985,

Feynman, 'The Feynman Lectures on Physics’. Vol 2, 5ec 155, Addizon Wesiey,
:963

ool - mme mdimme med Tihoem Cenmm Da .ls? Frh oo
r.rangiil, Canonical Transtormations and Phase Space Paih iNLEGT3is | oA Hatf Fhvs s 17
(’97&},%?u—

CCGerry ana YA SIngh, AsRer £ 20,10 (1979}, 2550-.

J.Gervais and AJevicki, 'Point Canonical Transformations in the Path inlegral’, A/ Ahes,
B1O{1980), 93-

H.Galdstein, 'Classical Mechanics', 27° Ed., Addisan-Wesley, 1980

{.5.0redsnteyn and LM Ryzhik | ‘'Table of Inlegrals, Series, and Producls’, 4 Eg

H.Groenewold, 'On the principles of elementary Quantum Mechanics’ Asvsig 12 (15
405-.

J.jackson, 'Classical Electrodynamics’, 279 £d., Wiley, 1975.

lauder, 'Path integrals’, Leclures given af RiX. internationale Univer sitaiswochen fir

[

VLK L:mmar hLidf'Uﬁuxf—SDhi'ﬂ Soatiering of a3 Wave Paceet of Finite Exiension

[ex}
[
it

L.Landau and E.Lifshitz, 'Mechanics', 378 £d., Pergamon Press, |

1.6.G.Laidlaw and C.DeWitt-Morette, Ahes Fevlafd 3 (1971), 1375,

F.Langouche, D Roskeerts and £ Tirepegul, 'Funclional Integration and Semiclassical
Expansions’, Reide], 1352

. Frociond Meth S Ser 2,1 (1904) ) 393-

in'Electric Waves', an Adams prize essay, Cambricdge Unijversity prass,

Iman, ‘Path Integrals in Curved Spaces’, /a0 Phvs, 12

whete

T

£
[y
(Rev]
D
[\



7 un 75 Jir sl /i f72'5'_(€7 37 71377

Froc/ seslond, R332

R By B IR PRI PPN ' = T 33 LY o e
Mayes ang J.Dowhar, - znd Functional Integrals’, J/eth Pl
I B by Al b

(1973), 2534~

tiply Connected Spaces and the

S.0larju and L.Popescu, 'The Quantum effects of Electromagnetic Fluxes', Aav /Mad Phvs 57
2 {1955}, 335~

W .Pauli, 'On Asymptotic Series for Functions in the Theory of Diffraction of Light’,
F,f,;-ti%?&y. 54 (1838), 3 :‘3&

& - H - - I . & =17 A Vm g e -t
i Iman, 'Exact Time-Dependent Green's Function for the Half-Plane Barrier’,
P ke’ Indute]
e L &ft 49 ( 198Z), 59%-

i ‘:_‘-A

1
? i

e
g

Sommerfeld, ‘Math

Hi i

cAoad Sor Bel gﬂ_ ?5



Topics iz Fatl intagrsty

ok @f.{ﬁfeaﬁiq@m&mﬁa

{’f fo mmer atfion b
LB GV DN, DA
<

00, smi B . H ~ o BB
natuially with my sugervas Chais dafam.,
szsmtaia [~ o p A igA SARAY T
SFALALE LTIETWG »wﬁ.'n/?r ’QJ Vi ‘G’_y ‘LG 4 ulﬂf\jf W -'Ltu{%"lkv G TGS .JL'L CUTTETY
o 7 B . i a g . ;
1‘__4»3‘, ;L LT ’L»LL i LC\’CV’ j&fvﬁi’ GUSTE LHEC). T8 4 }(/Gu’r VC{"JG' ,&i&»{/@r‘ TR G

MBI, v o Prs'b%m&dj Lo allen AT, T the sppeiwmay te ,vbu Y

o g _ 0 _. e 4
w\ogﬂ te the setivng up of o student Laboratery vaperment. Te Cacide
o g (f, &

ri,:

took amn intereat in may

~Vienetie ushe, wehide swion {fvm; quom

s L 3_)(. ;.Dd'-f \{?ﬁ f{\’\"{’,} HE QI}:‘: : HE QAL LTAML é_‘.-t"'.r B! ’5”.«'{-‘ t{* ':?3

r
ﬁ,,

12

f Yam Sam E AR

SIS

LA : = - ~ s I £
T, WS fI;J-Gb‘ tefay commeniad u-_j; om i calitoaed what ol

: v o n
TR UG \Cu%{x« wm ,5-.» v AL txi»ji G m’l G{Ag }_;L;:c,», o ’mq URB A

N AL o, caas S8 [P t 0 i Ly pmien e 23 e
= BEPAARCL L a0 AL }- VoL i.-"'{ 1908, AT *‘* T

P

T
X
Ty
L]
L



7anics i Fsth fntegrstion

7 N ~ bog Ll
F &l QAT TR uuc«,w 1o ecapR wshem the fa G eed

i3 Py o . -p ae PR ol B o
Lhe olads on L Pand Yoo Lo & mere 4 VAT Ab QU lz.t:«tgz} At pumch o5
gy

—r" n l_!
o . =4 -
J 6 Fu e BTALET 6 nadfiots and VAL 1

r-"f‘
I"t‘l

o

n
i Iy

AL AT, o LS A NN AT 44D

[ 1 a G

: Lo i . P & )
4 Eheais o LD wan i‘“v'v .

.0 ] i
wstton, pioked wp the maim conce)

,l -‘. rf- g +
HETR A u Am, et aals el

L S LI 5 L S
LHE UFAALT u'uy G LTS
& u

1] 3 o a n
G e sfucend wshve chectea

U} @2

te acknevsledae 8

-

e
[V
2
]
Lo
e



no
G4 {:‘.:ﬂ’ el UL

L sdadent. ba Blame t

T
WX
(D]
v}
tJ1



