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Abstract

A numerical investigation is presented addressing the nonlinear heave response of a rect-
angular box. The work specifically concerns the importance of the relative body dimensions,
expressed through the product of the half-beam b and the wavenumber k. When subjected
to moderately steep incident waves, the second-harmonic content of the heave motion is
found to be as large as 25% of the first-harmonic content. In considering the extent of this
second-harmonic motion, three regimes may be defined: (i) the long wave regime, where
kb < 0.4, (ii) an intermediate regime, where 0.4 < kb < 1.0 and (iii) the diffraction or short
wave regime where the kb > 1.0. Expressed in terms of the wavelength A = 27/k, these
regimes correspond to (i) b < 0.06), (i) 0.06A < b < 0.16A and (iii) b > 0.16 respectively.
The second-harmonic motion content is found to be particularly pronounced in regimes (i)
and (iii). Perhaps surprisingly, this second-harmonic content is also found to be practically
non-existent for some intermediate cases lying within regime (ii). Three sources of nonlin-
earity are shown to be particularly important. First, the interaction between the first-order
incident waves and the first-order scattered waves is key to the nonlinear loading in regime
(iii). Second, the generation of freely propagating second-harmonic radiated waves due to
the body motion is important in (i). Third, the local standing wave field associated with
the radiation problem is found to contribute to the loading in regime (iii). In addition,
the location of the body resonance also plays a critical role in defining the extent of the
second-harmonic motion content. The focus of the present work lies on a clear physical
interpretation of the sources of these nonlinear loads, coupled with an analysis of the body
dynamics.
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1. Introduction

1.1. The nonlinear radiation-diffraction problem

In many practical applications, the floating body problem is separated into two linearly-
independent problems: (A) the excitation problem and (B) the radiation problem. Within
the excitation problem, the structure is considered fixed in position and the so-called excita-
tion forces are determined. In contrast, the radiation problem concerns the forced motion of
a body and its hydrodynamic properties based on the radiated wave field. Adopting linear
superposition, (A) and (B) are combined to model the freely-floating response of a structure.

There are many load cases where a linear hydrodynamic analysis is inadequate. Common
examples include a body being driven by steep incident waves or one undergoing large
body excursions. Any nonlinear interactions that arise in either the incident wave field
or the body’s (motion) response prohibit the use of linear superposition. These nonlinear
interactions lead to considerably more challenging formulations, which are difficult to solve
analytically (or semi-analytically) beyond second order.

Significant effort has been made to develop radiation-diffraction solutions valid to second
order. The main difficulty in obtaining such solutions lies in satisfying the inhomogeneous
second-order free surface boundary condition. To overcome this difficulty, both Molin (1979)
and Lighthill (1979) adopted an indirect approach in which the second-order diffraction
forces are evaluated without explicitly calculating the second-order potential. Solutions of
this type rely on the evaluation of a free surface integral. In this context, Eatock Taylor and
Hung (1987) and Molin and Marion (1985) developed solutions to efficiently calculate this
integral by making assumptions about the behaviour of the second-order potential at large
distances from the body.

Kim and Yue (1989, 1990) extended this earlier work, achieving a full and direct solu-
tion of the velocity potential for both monochromatic and bichromatic waves. A ‘partially
nonlinear’ approach, which addresses linear (small amplitude) incident waves but considers
diffraction effects up to second order, was presented by Sulisz (1993). Within this solution a
method of matched eigenfunction expansions is used to solve the Boundary Value Problem
(BVP) for a fixed rectangular body. This produces a complete expression for the velocity
potential in two dimensions.

All of the solutions noted above were formulated in the frequency domain. Alongside this
work advances in computational resources have enabled the development of fully-nonlinear
time-domain solvers, commonly relying on a Boundary Element Method (BEM). Nonlinear
BEM formulations have been shown to efficiently model a wide variety of scenarios related
to wave generation and evolution, as demonstrated by Longuet-Higgins and Cokelet (1976),

Grilli and Horrillo (1997), Hague and Swan (2009), Christou et al. (2009) and Spinneken et al.



(2014). In addition to capturing the full extent of the nonlinear interactions, fully-nonlinear
descriptions also offer benefits in terms of implementation and convergence. These type of
approaches avoid the need for any special treatment of the slowly converging free surface
integrals commonly reported in second-order formulations. Indeed, despite appearing to be
more challenging due to their nonlinear formulation, the implementation and convergence
of fully-nonlinear time-domain solutions can often be less challenging than that of second-
order formulations. The only drawback of applying a fully-nonlinear solution lies in the
computational effort associated with the time marching. However, in a two-dimensional
context, the relatively low number of computational nodes ensures that this is not a barrier
to its effective implementation.

Other examples of nonlinear diffraction methods include the work by Ma et al. (2001),
in which a finite element method was used to compute the three-dimensional interaction
between steep incident waves and fixed bodies. Results were presented for the nonlinear
diffraction around a vertical cylinder incorporating both monochromatic and bichromatic
incident waves. Xue et al. (2001) used a mixed Eulerian-Lagrangian high-order boundary
element method to investigate nonlinear diffraction scenarios in three dimensions. This in-
cludes the generation of bow waves from ships and the ‘ringing’ loads on a surface-piercing
vertical cylinder in steep regular waves. Ferrant et al. (2003) provided a related investiga-
tion, again undertaken in the time domain, in which a BEM implementation of the initial
boundary-value problem was used to investigate the nonlinear diffraction by arbitrary 3D
structures. In the context of the nonlinear radiation problem, notable contributions include

Maiti and Sen (2001), Bai and Eatock Taylor (2006) and Zhou et al. (2013).

1.2. Nonlinearities in the floating body problem

Building upon the available body of work, the present study seeks to advance the under-
standing of the coupled floating-body problem. Specifically, the work aims to:
(i) provide guidance as to the applicability of commonly adopted linear descriptions

(ii) quantify the extent of the nonlinearities arising

(iii) explain, in physical terms, the origin of the nonlinear forcing components

To address these points, a nonlinear potential flow solver was applied to the description
of a heaving rectangular box. The calculations were undertaken in the time domain; the
box placed within a Numerical Wave Tank (NWT) based on a boundary element scheme.
Full details of the NWT formulation are provided in §2. At this stage it is instructive to

demonstrate the problem by way of an example.
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Figure 1: Heave Response Amplitude Operator (RAO) for a rectangular box subjected to regular waves with
A;k = (a) A 0.01, (b) 0 0.05, (¢) O 0.10 (present nonlinear computations for RB2) and == == Linear RAO
RB1, Linear RAO RB2, where the geometries of cases RB1 and RB2 are as outlined in Table 1(a).

In order to analyse the behaviour of a floating structure, the Response Amplitude Opera-
tor (RAO) is commonly obtained. This defines the ratio between the linear motion response
and the linear incident wave amplitude. In the present nonlinear computations, the RAO
was obtained by evaluating the magnitude of the first-harmonic heave displacement time
history, allowing sufficient initial simulation time to reach a steady state.

Figure 1 illustrates the magnitude of the heave RAO for a box of draught d = 0.2h,
where h is the water depth, and half-beam b = d; this box geometry being referred to
as RB2 hereafter. The figure also contains data relating to an alternative configuration
RB1 (dashed line) which will be discussed later on. Considering box RB2, the figure shows
both the linear RAO (solid line) obtained using a commercial radiation-diffraction solver
(WAMIT, 2013) and the RAO from the present nonlinear computations (discrete symbols).
For the purpose of the nonlinear computations, the heave displacement £ was excited by
moderately steep regular waves of wavenumber k and amplitude A;, where the subscript 4
denotes the incident wave condition. The wavenumber k is the solution to the well known
linear dispersion equation w? = gk tanh kh, where w is the circular wave frequency and g
denotes acceleration due to gravity. The nonlinearity or steepness of the incident wave field
is defined by A;k. Within Figure 1 three distinct cases are considered: (a) A;k = 0.01
(symbol A), (b) A;k = 0.05 (symbol o) and (c¢) A;k =0.10 (symbol O).

Figure 1 shows close agreement between the (linear) industry-standard approach and the
present nonlinear computations; the maximum departure being 5% for all cases considered.
Clearly, the effect of the wave steepness on the RAO is very limited. This observation is also

confirmed for box RB2 (dashed line). The close agreement in the RAO is perhaps surprising,



given that the steepness of the incident regular waves is up to A;k = 0.1. However, Figure 1
only considers the amplitude of the first-harmonic motion, which is not affected by second-
order quantities. Indeed, the first harmonic is only affected by interactions arising at the
third, fifth and higher uneven orders. As a result, if the nonlinearities of the motion are
primarily driven by effects arising at second order, comparisons based on the RAO are not
informative. To demonstrate this further, Figure 2 shows the normalised time histories of

the heave motion, £/d, for three select wave cases characterised by:

(1) Case 1, Figure 2(a): A;k =0.1 and kb = 0.2 (b ~ 0.03X)
(2) Case 2, Figure 2(b): A;k =0.1 and kb= 0.6 (b~ 0.1)\)

(3) Case 3, Figure 2(c): A;k =0.1 and kb =1.2, (b~ 0.2))

In all three cases, the body geometry (d = 0.2h and b = d) was held constant. Each
case is presented in two parts; the left hand side showing the time history of the heave
motion including the initial transient response, and the right hand side a close-up of two
wave periods in which the steady-state response is established. In each case, the transient
response is due to at least three effects. These include wave propagation into initially still
water, a ramp-up function applied at the input boundary, and the body accelerating from
its rest position. In all figures the horizontal axis shows the simulation time ¢ normalised
by the wave period T = 27 /w.

Observing Figure 2, it is clear that both Cases 1 and 3 are associated with significant
motion nonlinearities. In Case 1 a significant higher harmonic component is clearly present,
while in Case 3 the motion is highly asymmetric about the equilibrium position. In contrast,
the heave motion in Case 2 is closely approximated by a single sinusoid. Further analysis
of the data presented on Figure 2 showed that the nonlinearities occurred primarily at the
second-harmonic of the incident wave frequency. Interestingly, the nonlinearities were found
to be pronounced at low kb (kb = 0.2) and high kb (kb = 1.2), but were practically non-
existent for some intermediate values. Evidence of this is provided by the fact that in Case
1 (Figure 2(a), kb = 0.2) the amplitude of the second harmonic is approaching 25% of the
first harmonic, while in Case 2 (Figure 2(b), kb = 0.6) the second-harmonic motion content

was less than 1% of the first-harmonic motion.

1.3. Scope of the present work

In the context of the above discussion, the purpose of the present paper is to provide
a physical explanation for the nonlinearities associated with the floating body problem.
Specifically, the work seeks to quantify the influence of the relative body dimension kb on

the extent of the nonlinear forcing and the nonlinear motion. To limit the scope of the
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Figure 2: Time history of the normalised heave motion £/d for a rectangular box with d = 0.2h and b = d
subjected to regular waves of steepness A;k = 0.1.



paper, some simplifications must be made. First, the geometry is restricted to a heaving,
semi-submerged rectangular box in two dimensions. Second, the analysis will focus on
second-order effects; higher-order effects being the subject of a future investigation. Third,
the problem is limited to regular waves and the corresponding steady-state response.

The paper continues with the numerical formulation outlined in §2. To isolate the non-
linearities in each part of the solution, the numerical computations are then considered in
three distinct parts: (A) the excitation problem, (B) the radiation problem, and (C) the
coupled floating body problem. These are addressed in §3, §4 and §5 respectively. The
paper concludes in §6, summarising the key findings of the present work, and commenting

on their importance for alternative (non-rectangular) geometries.

2. Problem definition

2.1. Numerical model

The numerical method adopted in the present work is based upon the Multiple-flux BEM
(MFBEM) approach introduced by Hague and Swan (2009). This method is implemented as
a NWT; the model being analogous to an actual physical wave tank. Within this numerical
domain of length L and water depth h, a semi-submerged rectangular body of draught d,
half-beam b and mass m intersects the free surface (Figure 3). The numerical domain is
bound by a horizontal and impermeable bed, I'_;, a wave input boundary, I';, the free
surface, T's, the body surface, 'y, and a wave radiation boundary, ', (Figure 3).

The Cartesian coordinate system (z, z) is located such that @ = 0 defines the centre of
the body and z = 0 the Still Water Level (SWL). To simplify the analysis, the motion of the
body is restricted to heave. As a result, the motion of all body nodes can be captured in a
semi-Lagrangian frame of reference, where nodes only translate in the vertical z direction.
Furthermore, £(t), £(t) and £(t) denote the time-varying heave displacement, velocity and
acceleration respectively. This motion is defined so that a positive heave displacement £(t)
is aligned with the positive direction of the z axis.

The fluid is assumed to be inviscid and the flow irrotational, allowing the introduction of
a velocity potential ¢. Adopting this, the horizontal and vertical fluid velocities are defined
as (u,w) = (0¢/0x,0¢/0z), and mass continuity, which must hold throughout the fluid
domain, is expressed by Laplace’s equation,

2 2
0220 0
In addition to the velocity BVP (expressed in terms of ¢), the computation of the forces

experienced by a moving body may be achieved through the definition of a second BVP.
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Figure 3: A schematic of the numerical domain (not to scale).
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This second approach is commonly referred to as the acceleration BVP, and often defined in

terms of an artificial function ¢ which also satisfies Laplace’s equation (Kashiwagi, 2000).

The main aim of the acceleration potential is to eliminate the need to solve for the temporal

derivative of the velocity potential, 9¢/0t, in the expression for the wave-induced forces.

The present numerical method combines the MFBEM formulation by Hague and Swan

(2009) with the force computation method outlined in Kashiwagi (2000). In practice, the

solution is achieved as follows:

(i) The velocity field (u,w) is specified on the input boundary, I';, a radiation condition

(i)

is imposed on the downstream boundary, I',., and a no-flow condition is adopted on

the bed; the latter specified so that d¢/0z = 0 along the horizontal bed I'_j. The

two fully-nonlinear free surface boundary conditions are applied on the instantaneous

free surface I's, where 7 defines the elevation of the water surface relative to the SWL.

These incorporate a kinematic free surface boundary condition (KFSBC)

o _ 9n

ot " "o
and a dynamic free surface boundary condition (DFSBC)

@ _ dn

dt 2 dt

1
= —gn— 5 (u’ +w?) +w—.

(3)

For the purpose of the excitation problem, waves generated on input boundary, I';, are

incident upon a fized rectangular box so that £(¢) = 0. The regular wave kinematics

(u, w) input on I'; are calculated using the fifth-order solution by Fenton (1985). The



(iii)

no-flow condition on the fixed body is achieved through d¢/dn = 0 on I'y, where 9/0n
denotes the derivative with respect to the outward pointing surface normal, n. The
overall solution of the fixed problem is very similar to the scheme described by Christou
et al. (2008) and Christou et al. (2009), where the MFBEM was applied in the context
of wave diffraction over a submerged breakwater and wave interaction with a vertical

wall.

In considering the radiation problem, the body is subjected to an imposed time-varying
velocity &(t) given by

£(t) = R {—iwé, exp(—iwt)}, (4)
where £, is the amplitude of the sinusodial displacement, w refers to the frequency of
the imposed oscillation and R denotes the real part. The body boundary condition in

this particular problem differs from that in which the body is held fixed. Along the

body boundary I'y, the boundary condition in terms of ¢ is given as

¢ _

o £(t) cos b, (5)

where 6 corresponds to the angle between the horizontal and the outside surface of
the body measured anticlockwise. In contrast to the fixed body case, (ii) above, the
vertical position of the body nodes must now be updated using the instantaneous

body velocity at each time step. This is straightforward; with the body velocity, £(t),

imposed it does not depend upon the fluid force, F, and is, as such, known a priori.

To resolve the floating body problem, the ‘indirect acceleration potential’ method
(Tanizawa, 1995; Wu and Eatock Taylor, 1996; Kashiwagi, 2000) has been adopted

herein. For the heave degree of freedom, the dimensional force F' is given by

F(t) = —p (=€) An + Q) | (6)

where A,, serves a similar purpose to the added mass but, in this case, is calculated
from the integral of the auxiliary function identified in Kashiwagi (2000). In contrast,
@ describes all other force components not dependent upon the acceleration, f(t)
For full detail of this approach, including a formulation for A,,, @ and the boundary
conditions for the artificial function 1), the reader is referred to Kashiwagi (2000).
Adopting Newton’s second law, with F(t) = mfu(t), the unknown body acceleration

may be obtained as
e

(7)



This acceleration may now be integrated numerically to obtain the heave velocity f (t),

feeding directly into the velocity BVP.

In each of the above cases (fixed, radiating, floating) the resulting Boundary Integral
Equation (BIE) is discretised and rearranged such that the unknown quantity at each of
the domain’s nodes (either the potential ¢ or the potential flux d¢/dn) can be obtained by
solving the BIE at each time step. The acceleration BVP, expressed in terms of d¢/dt and
0?¢/0ton, is formulated in an analogous way. The solution is then time-marched, with all
integrations (free surface boundary conditions and body velocity) resolved using a fourth-
order Runge-Kutta scheme. A set of initial conditions place both the body and the fluid at

rest at t = 0.

2.2. Test parameters

From the initial discussion of Figure 2, it is clear that the body dimension kb plays
an important role in the development of any nonlinearities. To investigate this further, a
number of rectangular box configurations are considered. For the majority of the analysis,
two base configurations, RB1 and RB2, are investigated. RB1 is characterised by a draught-
to-depth ratio of d/h = 0.1, with a beam-to-draught ratio of b/d = 2.0. In RB2, the draught
is extended so that d/h = 0.2 and b/d = 1.0. In both cases, wave conditions corresponding
to the range 0.2 < kb < 1.2 will be considered.

3. Part A: Investigation of the nonlinear excitation problem

3.1. Introduction and test parameters

The main test cases considered in the context of the excitation problem are detailed in
Table 1(a). This describes the body dimension kb, the non-dimensional water depth kh and
the incident wave steepness A;k. Additional cases with varying wave steepness, A;k, were
also considered as outlined in Table 1(b). Within these tables the entries denoted with the
symbol (-) could not be achieved numerically. The reason for this lies simply in the fact that
waves cases with large wavelength A\ (small k) lead to wave amplitudes A; in excess of the
body draught d, even for relatively limited values of A;k. Setting aside this issue, the cases
described in Table 1 provide a broad range of conditions appropriate to an investigation of
the nonlinear excitation problem.

Figure 4 shows sample time histories of the vertical excitation force on box RB2; the
incident regular wave train of wave steepness A;k = 0.10 being characterised by (a) kb = 0.3,
(b) kb = 0.6 and (c) kb = 1.2. These fixed-box cases are very similar to those considered
for the heaving box in Figure 2; the only exception being kb = 0.3 since kb = 0.2 could not
be achieved for A;k = 0.1. The waves generated on the input boundary, I';, propagate into

10



Base cases

RB1 RB2
d/h=0.1 d/h=0.2
b/d = 2.0 b/d=1.0
kb kh Ak kb kh Ak Effect of wave steepness
0.2 1.0 0.05 0.2 1.0 0.05 RB1 RB2
03 1.5 0.05| 03 15 0.05 d/h =0.1 d/h =0.2
04 2.0 0.05 04 2.0 0.05 b/d=2.0 b/d=1.0

05 25 005 05 25 0.05 kb kh Ak kb kh Ak
06 3.0 005 ]| 06 30 0.05 0.6 3.0 0.02]| 06 3.0 0.02
0.7 35 005 | 07 35 0.05 06 30 0.04 | 06 3.0 0.04
0.8 40 0.05 | 08 4.0 0.05 0.6 3.0 0.06 || 06 3.0 0.06
1.0 5.0 0.05 | 1.0 5.0 0.05 0.6 3.0 0.08 | 06 3.0 0.08
1.2 6.0 0.05 | 1.2 6.0 0.05 06 30 010 | 06 3.0 0.10
- - - 03 15 0.10 06 30 012 || 06 3.0 0.12

- - - 04 20 0.10 - - - 0.6 3.0 0.14
0.5 25 0.10 | 05 25 0.10 - - - 0.6 3.0 0.16
0.6 3.0 0.10( 06 3.0 0.10 - - - 0.6 30 0.8
0.7 3.5 0.10 || 0.7 3.5 0.10 (b) Effect of wave steepness

0.8 40 010 | 08 4.0 0.10
1.0 5.0 0.10 | 1.0 5.0 0.10
1.2 6.0 0.0 || 1.2 6.0 0.10

(a) Base cases

Table 1: Specification of test cases for the wave excitation problem

initially still water. As a result, the body force undergoes a transient response during the
initial stages of the simulation. Once a steady-state has been achieved, the nonlinearity of
the problem is clearly evident, particularly in Figures 4(b) (kb = 0.6 ) and 4(c) (kb =1.2).

In making a direct comparison to the heaving box problem (Figure 2), different trends
may be identified. In the heaving box case, the nonlinear motion was most pronounced for
kb = 0.2 and kb = 1.2, with little nonlinear motion for kb = 0.6. In contrast, Figure 4
demonstrates that the nonlinear excitation force increases as kb increases. As in the heaving
box problem, these nonlinearities primarily occur at the second harmonic; the drivers for

this nonlinear forcing being investigated as follows.

3.2. Second-harmonic excitation forcing

The nonlinear excitation (or diffraction) problem is commonly associated with a nonlinear
and freely propagating diffracted wave; the magnitude of this free wave being indicative
of the nonlinear forcing. The second-harmonic of this free wave was extracted from the
total wave field upstream of the rectangular box by adopting the harmonic decomposition
method proposed by Lin and Huang (2004). Given that this methodology assumes all wave
components to be progressive, the data used in this analysis was based upon predictions
at spatial locations defined by z < —(2h 4 b), or more than 2h from the upstream face
of the box. This was necessary to avoid the influence of the evanescent wave field that

develops adjacent to the box. Considering the progressive wave field only, the harmonic

11
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Figure 4: Time history of the heave excitation force, F(t)/pgA;b, for a fixed body with configuration RB2
subjected to regular waves of steepness A;k = 0.1.

12



o) *
o *
o)
2| ® 4
A
o 8
150 R 4
— Q
o
<0
~ Jal
QU L i
o} &
A @
0.5 i
A
[m]
A A
0 1 1 1 1 1 1
0.2 0.4 0.6 0.8 1 1.2

Figure 5: Ratio of diffracted second-harmonic free component to incident second-harmonic bound component
for o RB1 with A;k = 0.05, * RB1 with A;k = 0.10, A RB2 with A;k = 0.05, and 00 RB2 with A;k = 0.10;
the data having been predicted for x < —(2h + b) to avoid contamination from evanescent wave modes.

decomposition yields (i) the bound wave (incident and diffracted) content arising at second
harmonic and (ii) the free wave content (incident and diffracted) arising at second harmonic.

Figure 5 concerns the ratio of the diffracted free wave, A;Q), and the incident bound wave,
Ai(?b), indicating that the second-harmonic diffracted free wave is particularly pronounced for
small kb. This is in marked contrast to the increased nonlinear forcing with increasing kb
observed in Figure 4. It therefore follows that the nonlinear scattered wave field is unlikely
to be the primary driver for the pronounced nonlinear excitation forcing shown in Figure 4.

To identify the actual drivers for the nonlinear excitation forcing, the full range of test
cases outlined in Table 1(a) was considered. In order to analyse the numerical force time
histories, a Discrete Fourier Transform (DFT) was applied to a time window corresponding
to an integer number of wave periods taken after the establishment of steady-state conditions.
The results of this analysis are illustrated in Figures 6(a) and 6(b), showing the normalised
magnitude of the second-harmonic force component F(?)/pgA? for configurations RB1 and
RB2 respectively. In both cases data corresponding to A;k = 0.05 (symbol o) and A;k = 0.10
(symbol x) are shown. In addition, the solid line provides a comparison with the analytical
solution by Sulisz (1993).

In both cases RB1 and RB2, it is clear that the second-order contribution becomes most
significant in deep water. Sulisz (1993) demonstrated that the deep-water approximation

for the second-order pressure upstream of the rectangular box (x < —b) is given by

p512e)ep ~ —2pgA; Rk for x < —b, (8)

13
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Figure 6: Normalised second-harmonic of the vertical force due to incident regular waves with Sulisz
(1993), approximation using dominant forcing term after equation (8), and o MFBEM for A;k = 0.05
and * MFBEM for A;k = 0.10.
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where Ryp; is the amplitude of the first-order reflected wave. This second-order pressure

()

deep arises due to the interaction of the first-order incident wave and the first-order

term p
reflected wave. For a constant incident wave amplitude A;, the reflected wave amplitude
Ry1 increases with kb, leading to an increase of the product kR1;. Furthermore, the second-
order pressure in equation (8) is independent of the the depth z. In contrast, the first-order

kz Combining the two effects, the second-order

pressure term in deep water decays as e~
pressure may become the dominant term in deep water.

The occurrence of depth-independent second-order pressures was first discussed by Longuet-
Higgins and Ursell (1948), Longuet-Higgins (1950) and Cooper and Longuet-Higgins (1951).
Indeed Longuet-Higgins and Ursell (1948) noted that this pressure generally arises in stand-
ing waves formed by two waves of equal frequency travelling in opposite directions. A more
complete theoretical treatment, Longuet-Higgins (1950), established that the second-order
pressure fluctuation in deep water is given by —2pgA; Ask cos(2wt), where A; and Ay are
the amplitudes of two progressive waves of frequency w travelling in opposing directions.
Within the experimental study by Cooper and Longuet-Higgins (1951), the second-order
pressure field in the presence of a reflective structure was shown to be —2pg A2 Bk cos(2wt),
where A is the amplitude of the incident progressive wave and f3 is the reflection coefficient.
In the context of the present work, A = A; and § = Ry1/A;, so that the expression provided
by Cooper and Longuet-Higgins (1951) is directly comparable to equation (8).

The approximation to the second-order pressure given in equation (8) is valid for x < —b.
This pressure will, in turn, drive the fluid underneath the rectangular box. The dashed lines

(2)

in Figures 6(a) and 6(b) illustrate the second-order heave force due to p..,

only. To compute

this force, all other interaction terms in the fluid region x < —b were neglected, and the

()

deep alone. The

eigenfunction matching procedure defined in Sulisz (1993) was based on p
approximation based upon this approach clearly accounts for the majority of the second-
order heave force in deep water. In fact, for kb > 0.3 the approximation based upon this
single forcing term provides a relatively close match to the full solution. This highlights the
overall importance of the interaction between the first-order incident wave and the first-order
reflected wave. On the basis of these calculations it is clear that the nonlinear forcing in the
heave excitation problem is primarily driven by the interaction of the first-order incident

and the first-order reflected wave, and is not associated with the second-order diffracted

wave.

3.3. Wave steepness

All of the above cases relate to a constant wave steepness of A;k = 0.1 for which second-
order effects were shown to be significant. To explore this for a wider range of steepnesses

(A;k), the cases outlined in Table 1(b) were considered. The wave steepness was varied from
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0.01 < A;k < 0.12 for RB1 and 0.01 < A;k < 0.18 for RB2; the maximum wave steepness
again being limited by the fixed draught d (Table 1(b)). The body dimension was chosen as
kb = 0.6, corresponding to the scenario in which the floating body nonlinearity was found
to be minimal (Figure 2), despite significant nonlinearity in the excitation forcing (Figures
4 and 6).

Figure 7 concerns the ratio of the second-harmonic vertical force F®) to the correspond-
ing first-harmonic force F(!) for cases RB1 (dashed line and symbol () and RB2 (solid
line and symbol A). The data clearly show that even for a moderate wave steepness the
second-harmonic loads may account for as much as 50% of the first-harmonic loads. The

nonlinearities are more pronounced for the deeper draught case, once again highlighting the
(2)

importance of the depth-independent pressure term Peeep-

In considering the data small departures between the analytical solution and the numer-
ical computations are observed (Figure 7), with an average departure of 4% and a maximum
departure of up to 10%. It is believed that these departures are, in part, due to the occur-
rence of effects beyond second order. For example, at third order, the first-harmonic force
F® will be affected, altering the ratio F(?)/F(1). Whilst this effect is relatively small for
the cases considered herein, (A;k)max = 0.18, it will become larger with increased steepness.
Unfortunately, an increased range of A;k is difficult to achieve for the present geometries.
However, an extended range of A;k for alternative geometries is being considered as part of

our ongoing work.
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4. Part B: Investigation of the nonlinear radiation problem

4.1. Introduction and test parameters

In the context of the radiation problem, the wave field present within the NWT arises
due to the prescribed motion of the body, £(t). To quantify the nonlinearities associated
with this problem, the relative body motion is expressed as a function of the body draught,
d, leading to the non-dimensional ratio &,/d, where £, is the magnitude or amplitude of the
body displacement. Three displacements were considered corresponding to (a) &,/d = 0.01,
(b) &/d =0.10 and (c) &,/d = 0.25.

Across these cases, the small displacements (§,/d = 0.01) were included to serve as rel-
atively linear reference cases. In these examples the MFBEM computations were compared
to a linear reference calculation (again undertaken using WAMIT (2013)). This comparison
confirmed that the MFBEM approach was capable of accurately computing the hydrody-
namic coefficients (radiation damping and added mass); the maximum departure from the
linear prediction being < 3%. Having confirmed the linear predictions, the following discus-
sion will focus on the description of the large amplitude cases, (b) and (c¢) above. Adopting
the geometry described earlier, these cases are referred to as RB1b, RB2b, RBlc and RB2c.
In all cases the frequency of the imposed motion was chosen such that the radiated waves

lie within the range 0.2 < kb < 1.2.

4.2. Radiated free waves

In the context of the radiation problem, all nonlinear forcing is due to the radiated
wave field. As a consequence, it is instructive to first consider the nonlinear content of
the radiated wave field. It is well known, particularly in the field of nonlinear wavemaking
(Schéffer, 1996; Spinneken and Swan, 2009), that a sinusoidal body motion can lead to the
generation of pronounced second-harmonic free waves. To investigate this effect, the second-
harmonic of the radiated wave field was separated into its free and bound components. This
was again achieved using the harmonic decomposition method proposed by Lin and Huang
(2004) applied at © < —(2h+b). Considering the progressive wave field alone, the harmonic
decomposition yields a description of the radiated bound wave, Ag)), and the radiated free

wave, Agc), both arising at the second harmonic.

In a first step (not shown herein), the second-harmonic bound component Aﬁ) was
directly compared to that calculated using Stokes’ second-order theory; the maximum de-
parture between the analytic solution and the MFBEM computations being < 2%. This is
exactly as expected and confirms the method of decomposition employed.

In a second step, the free wave content arising at the second harmonic was considered in

detail. Figure 8 shows the ratio of the second-harmonic free wave to the second-harmonic
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bound wave component, Af?/Afi), for cases RB1b (symbol o), RBlc (symbol ), RB2b
(symbol A) and RB2c¢ (symbol [J). As the normalised body dimension kb decreases, this ratio
increases, suggesting a larger relative freely propagating second-harmonic component. This
free wave component arises due to a mis-match in the second-order boundary condition on
the surface of the body. Along the vertical sides of the rectangular box, the body boundary
condition requires the normal fluid velocities to be zero. In contrast, on the underside of
the box the fluid velocities are defined by 9¢/0n = R {—iwé, exp(—iwt)}.

The enforced sinusoidal motion of the body only contains a single term of frequency
w. As a result, all higher harmonic terms must satisfy a no-flow condition on the body.
At the same time, the nonlinear dynamic and kinematic free surface boundary conditions
enforce a bound second-order Stokes’ wave with an associated velocity field. The mismatch
between this second-order bound velocity field and the no-flow condition on the body leads
to the generation of an additional free wave; the physics being very similar to the well-
known (nonlinear) wavemaker problem. With increasing wave frequency (corresponding to
increasing kb), the second-order bound wave content decays rapidly over depth z, and is
likely to be insignificant on the underside of the box at z = —d. As a result, the forcing
boundary condition at this location is less significant as kb increases. This explains the

decrease of Aff) /Afb) with increasing kb in Figure 8.

4.3. Nonlinear radiation forcing due to large body excursions

Figure 9 concerns the nonlinearities associated with the radiation force providing sample

time histories relating to cases (a) kb = 0.2, (b) kb = 0.6 and (c) kb = 1.2; the displacement
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Figure 9: Time history of the radiation force on a heaving box of configuration RB2 subjected to body
excursions of £/d = 0.25.

being defined by &,/d = 0.25 in all cases. It is clear from this figure that the nonlinearity of
the radiation force becomes more pronounced as kb increases. This is in marked contrast to
the increase of the second-harmonic free wave with decreasing kb (Figure 8). To demonstrate
this further, the second harmonic of the radiation force is illustrated in Figure 10; the
adopted normalisation, F?)/pg€?, being similar to that adopted in the existing literature
(§1.1). The magnitude of the relative first-harmonic component of the radiation force (not
shown herein) decreases with increasing kb, whilst the magnitude of the second-harmonic
force component increases (Figure 10). As a result, the relative importance of the second-
harmonic force component will increase significantly as kb increases. This increase in the
relative importance of the second-harmonic radiation force is consistent with earlier work
of Zhou et al. (2013) concerning truncated vertical columns, and is also evident in the time
histories displayed in Figure 9.

Unfortunately, the normalisation by pgé2 does not take into account that a particular
body motion &, /d leads to very different radiated wave amplitudes as kb varies. Generally
speaking, the body motion required to radiate a wave of particular amplitude A;,q increases
significantly as kb decreases. As a result, it may be argued that the actually radiated wave
amplitude A,.q provides a more suitable basis for the second-harmonic force normalisation.

To illustrate this, the data presented in Figure 10 are re-plotted in Figure 11, using a revised
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normalisation factor pgA2 .

Comparisons between Figures 10 and 11 reveal some key features of the nonlinear radi-
ation problem. Within Figure 10, the second-harmonic force was seen to increase monoton-
ically with increasing kb. In marked contrast, Figure 11 shows a significantly more complex
variation of this force component. For the shallower draught, configuration RB1 (symbol o
and *), the second-harmonic force shows a distinct minimum in the range 0.6 < kb < 0.8.
As kb decreases below 0.6, the radiation force F(2) /pgA?, , increases. This is consistent with
the increase of the second-harmonic free wave within this regime (Figure 8). In the range
0.2 < kb < 0.4, the second-harmonic forcing for RB1 exceeds that of RB2. This is again is
consistent with the findings of Figure 8.

As kb increases beyond the location of the force minimum (kb > 0.8), the second-
harmonic force again increases. In this regime, the second-harmonic free wave is relatively
small (Figure 8), and does not entirely account for the second-harmonic forcing. However, it
is well known that the radiation problem is also associated with a local standing wave field
arising at each order. To investigate the magnitude of this local standing wave field, the
second-harmonic of the wave runup on the body face, at © = —b, was considered in detail.
The results of this analysis are shown in Figure 12, where the second-harmonic runup, ¢(?,
was normalised by the radiated wave amplitude A,.q. This normalisation is dimensionless
in terms of physical units, but is inconsistent in respect of the order of the terms involved.
As a result, the data points for £/d = 0.1 and £/d = 0.25 lie approximately a factor 2.5

apart.
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Nevertheless, the normalisation chosen demonstrates that the magnitude of the second-
harmonic runup is significant when compared to the radiated wave amplitude, with ¢(?) /Avad
reaching up to 14%. Perhaps more importantly, this magnitude increases with increasing kb
(Figure 12). In contrast, the second-harmonic free wave amplitude decreases with increasing
kb. This suggests that a significant amount of the second-harmonic runup is associated with
a local standing wave field, which contributes to the overall forcing. In considering Figure
12, it can also be observed that the second-harmonic runup for RB2 is more pronounced
than that for RB1, whereas the opposite is true for the magnitude of the freely propagating
second-harmonic wave (Figure 8). As a direct consequence, the second-harmonic forcing for
RB2 is also more pronounced as kb increases (Figure 11) where the loading is predominately
due to the local standing wave field. Taken as a whole, the behaviour of the second-harmonic
radiation force, associated with both propagating and standing waves, may provide a sound
basis for the floating body behaviour observed on Figure 2. This is discussed in the following

section.
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5. Part C: Investigation of the coupled floating problem

The discussion given above has identified a number of sources of the nonlinear loads,
arising in both the excitation and the radiation problems. In considering the excitation
forces, the interaction between the first-order incident wave and the first-order reflected
wave was found to be most important, particularly as kb increases. Within the radiation
problem, the nonlinear forcing was found to be driven by the radiated second-harmonic free
wave, associated with both the progressive and standing wave modes.

To investigate the importance of these loads on the overall heave displacement, a har-
monic decomposition of the heave motions was undertaken for the full range of cases
(0.2 < kb < 1.2, A;k = 0.05 and A;k = 0.1). The results of this analysis are shown in
Figures 13(a) and 13(b) for RB1 and RB2 respectively. These show the magnitude of the
second-harmonic box displacement ¢ normalised by the first-harmonic displacement (1),
As the incident wave steepness increases, the relative importance of the second-harmonic
component of the body motion increases, a similar pattern being observed for both geome-
tries. For example, whilst the second-harmonic motions only account for up to 12% for
A;k = 0.05, this increases to up to 24% for A;k = 0.10 (Figure 13(b)).

In comparing Figures 13(a) and 13(b), several similarities are observed, but some differ-
ences are also present. First, the second-harmonic content in both configurations RB1 and
RB2 exhibits a U-shaped pattern. The most pronounced nonlinearities arise for the longest
waves with kb = 0.2. However, in the short wave limit, kb = 1.2, the nonlinearities also
exhibit an increasing trend. For intermediate values of kb a minimum is clearly established.
For box RB1 in Figure 13(a), this minimum occurs at kb & 0.8, whilst in box RB2 (Figure
13(b)) it is shifted to kb ~ 0.6.

Whilst the distinct U-shaped pattern may have been expected given the discussion out-
lined above, it is perhaps surprising that the nonlinear excitation is more pronounced for
low kb. Considering the nonlinear heave motion in Figure 13, it might be inferred that the
nonlinear forcing at large kb (kb ~ 1.2) is less pronounced than that at kb ~ 0.2. However,
this is misleading, not least because the heave motions are dependent upon both the applied
loads and the frequency-dependence of the system response; the latter modelled in a linear
sense using a Response Amplitude Operator or RAO (Figure 1). The dynamics of the prob-
lem are clearly dependent upon the frequency of force excitation. For all cases considered
herein, the wave frequency associated with the second-harmonic frequency, w® = 2w®),
corresponds to a relatively deep water wave. Based on this assumption, it is readily shown
that k2 h ~ 4kMWhtanh kW7, where k(?) is the wave number corresponding to free waves
at w®, and k1) is the fundamental wave number.

Combining the nonlinear forcing and the dynamic response gives rise to three distinct

23



Figure 13: Second-harmonic content in the box heave motion, & ()| normalised by the first-harmonic motion
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regimes in terms of the heave motion:

(1)

(iii)

In the long wave regime, with kb < 0.4, the nonlinear forcing is primarily driven by
the radiation problem (Figure 11); the nonlinear forcing due to the excitation problem
having been shown to be relatively small (Figure 6). Most importantly, the frequency
of the second-harmonic forcing is such that it lies in close proximity to the resonance
frequency (Figure 1). For example, EMb = 0.20 corresponds to kb = 0.6, which
is close to the resonant frequency of RB1 (Figure 1). Likewise, the corresponding
resonant excitation of RB2 occurs at k(b = 0.23, giving k(?)b = 0.8. The combination
of the nonlinear radiation forcing and the proximity of the resonance condition are the
primary drivers for the large second-harmonic motions in the long wave regime (Figure

13).

In the intermediate wave regime, with 0.4 < kb < 1.0, the nonlinear forcing due to the
radiation problem becomes relatively small (Figure 11). However, the component of
the nonlinear forcing due to the excitation problem is more pronounced. Nevertheless,
it remains smaller than that which occurs in the short wave regime (Figure 6). For
EMp = 0.6 the second-harmonic forcing occurs at kb = 2.4, for which the RAO is
relatively small (<0.1 for both RB1 and RB2). The combination of limited nonlinear
forcing and a lack of dynamic excitation leads to the small second-harmonic motions

observed on Figure 13.

In the short wave regime, with kb > 1.0, the standing wave fields due to both the
radiation problem and the excitation problem are of critical importance. This leads to
substantial nonlinear forcing in this regime. Despite the very large second-harmonic
forces, the second-harmonic motions in the short wave regime are less pronounced
when compared with the long wave regime. This is due to small RAOs; the latter

being dominated by the body inertia at high frequencies.

Taken as a whole, the nonlinear forcing is most pronounced in the short wave regime,

outlined in (iii) above. However, the combination of moderate nonlinear forcing and a

pronounced dynamic response ensures that the long wave regime is more susceptible to

large second-harmonic motions. Furthermore, this interpretation also notes that if the RAO

is narrow banded, this leads to a very narrow banded response of the second-harmonic

motion. Clear evidence of this is provided by the comparison between Figures 13(a) and

13(b); the latter being consistent with the shape of the RAOs given in Figure 1.
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6. Concluding remarks

The paper has highlighted the importance of nonlinearity in the description of a heaving
rectangular box. Most importantly, these nonlinearities were shown to produce a significant
second-harmonic heave motion, even in moderately steep incident waves. By separating
the problem into its component parts, the second-harmonic content was shown to follow a
distinct U-shaped pattern. This has pronounced nonlinear content in both the long wave
and the short wave or diffraction regime. In the diffraction regime, the primary sources of
the nonlinear loads were identified as two standing wave fields; one due to the interaction
between the first-order incident and the first-order reflected wave, and one due to the body
motion.

The influence of the second-harmonic scattered wave as part of the fixed-body problem is
very limited. In contrast, the second-harmonic radiated wave due to the body motion makes
some very important contributions to the overall nonlinearity of the problem. Taken as a
whole, the most pronounced second-harmonic motions were found where a particular load
term occurs in close vicinity to the resonance of the box. If the resonance is narrow banded,
then this also leads to a narrow banded response in terms of the second-harmonic heave
motion. This latter observation has important implications for offshore model testing or
numerical modelling, which could potentially fail to detect such a narrow-banded nonlinear
response.

Whilst the present work has focused on a heaving rectangular box, the findings are more
generally applicable. This is particularly true of alternative two-dimensional geometries
such as a wedge or a submerged cylinder. Whilst the exact numerical values for forces
(and motions) depend upon the specific geometry, a substantial amount of the underpinning
physical understanding can be translated. In the excitation problem, the dominant force
component was associated with the interaction between the first-order incident and the
first-order reflected wave. This interaction is not specific to the rectangular box. Indeed, as
already noted in the work by Cooper and Longuet-Higgins (1951), this interaction term arises
for any reflective structure. As a result, the importance of this term is readily established
by considering the reflection properties of the geometry under investigation; the latter easily
obtained through a first-order analysis.

In a floating body context, the distinct U-shaped pattern observed also has wide ap-
plications. The exact nature of this pattern depends on at least three properties of the
structure including: (i) the wave reflection behaviour, (ii) the radiation behaviour and (iiii)
the resonance behaviour. The first has already been noted above, and is responsible for the
short-wave or diffraction part of the U-shaped pattern (kb > 1.0). The radiation behaviours

of common two-dimensional geometries such as a wedge or a cylinder are well understood,
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as these have been considered in the context of wavemaking; relevant accounts being given
in Frank (1967) and Koo and Kim (2006). If this radiation behaviour leads to significant
second-harmonic forcing at the resonance frequency, the long-wave (kb < 0.4) related rise in
the U-shaped pattern is also expected to be independent of the geometry considered.

The present study has focused on effects arising at second harmonic under regular wave
excitation. Ongoing work includes numerical computations in the context of transient wave
groups, an analysis of effects beyond the second-harmonic, an extension of the work to

three-dimensions, and an experimental validation of the present findings.
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