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ABSTRACT

The Principle of Effective Stress is fundamental to the
application of Soil Mechanics theory to practical engineering
problems. The research undertaken probes the validity of

this principle in relation to the mechanical behaviour of
granular soils. The line of questioning starts with the
mechanism of interparticle contact under pure normal loading,
and goes on to investigate the behaviour when the interparticle
contacts are subjected to shear loading as well, and a
theoretical model for the friction of minerals is put

forward.

Using this model and observations on the mechanics of the
particles it has been possible to compare the shear strength
response of a granular soil with predictions based on various
theoretical quations for effective stress that have been

advanced in the past.

The model for interparticle behaviour is also used to investigate
the stresses which effectively control the compression of a
granular soil under isotropic and anisotropic conditions.

The resulting relationships between stress and strain are

used to compare theoretical predictions'of settlements of

Rockfill and field observations.

The physical bases of stress-strain theories are also reviewed
in terms of interparticle behaviour, and a conceptual model

for the behaviour of a granular soll is proposed.
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CHAPTER 1

REVIEW AND OUTLINE OF WORK UNDERTAKEN

1.1 Introduction:

Sediments are aggregates of mineral particles, and an
individual grain only contacts a few of its immediate
neighbours. Through these contacts are transmitted forces
which are a consequence of the stresses applied to the
sediment. The behaviour of the material involved in these
particle to particle contacts will determine the deformation
characteristics of the particles, and as the deformation of
the sediment as a whole 1is purely the sum total of the
individual deformations it is obvious that the interparticle
contact characteristics must dominate the strength and

deformation characteristics of the sediment as a whole.

Having made this statement one would expect to find in the
literature on soil behaviour a substantial section devoted
to interparticle contact behaviour, but this is not the case.
Certainly the subject is not simple. For example, direct
observations are difficult as optical microscopes may not
have sufficient resolution to distinguish individual grains,
let alone the contacts between grains. Even more sophisticated
instruments such as the stereo scanning electron microscope,
with magnifying power of up to 40,000 times, cannot resolve
this problem. So for these materials various 'soil structure
models' have been proposed (for example, the 'card house

model') and have in some cases been used to explain possible



de formation mechanisms for particular soils. (The card
house model has been used to explain the sensitivity of

marine clays, (Rosenquist, 13959).)

Other difficulties with clay soils arise because particles
are influenced by electrical attractive and repulsive forces,
which will also influence the strength and volume change
characteristics. These forces are variable - for example,
they can be modified by changing the pore fluid. Sridharan
and Venkatappa Rao (1973) conducted consolidation tests with
various pore fluids, and showed that the equilibrium voids
ratio for a particular consolidation pressure was indeed
dependent on the dielectric constant of the pore fluid, but
they had to interpret their results using assumed models for
the deformation behaviour of the soils they tested, because
the results showed that increasing the dielectric constant of
the pore fluid reduced the equilibrium void ratio for kaolin

whereas . the opposite was true for montmorillonite.

The compressibility model of the soil structure advanced by
Sridharan and Venkatappa Rao (loc cit) depended on the relative
importance of the shearing resistance of grain to grain
contacts as compared with the influence of long range
electrical repulsive forces which increases with increase

in dielectric constant. So if a law relating compression

and applied stress is to be determined it is still necessary

to determine the areas of real contact between particles.

It is easier to consider the behaviour of a material composed

of particles which are very little influenced by long-range



electrical forces, and the experimental work conducted for
this project is concerned with these materials, and the
objective is to investigate the physical basis of various
hypotheses which have been advanced which enable mathematical
equations to be written defining the stresses which are

effective in controlling strength or deformation.

1.2 Brief History of the Concept of Effective Stresses for

fully saturated Soils:

The use of the concept of effective stress controlling
deformation and strength was used by Terzaghi in the early

1920's, and the first statement in the form:
c!' = 0 - u

where g' is the effective stress, o is the total stress and

u the pore fluid pressure, was also made by Terzaghi, although
an exact date for the statement of the concept is difficult

to define. A very clear exposition of the development of the
understanding leading towards the effective stress concept

is given by Skempton in From theory to practice in soil
mechanics under the heading 'Significance of Terzaghi's

concept of effective stress'.

A period of assimilation followed, during which the effective

stress concept was built into Soil Mechanics practice.

Then in 1953 Bishop proposed a modification for the equation
governing compression of soil, taking into consideration the

compressibility of the solid material Cg and of the skeleton



C. The resulting equation expressed as a change in effective
stress Ac' was:

C
Ac'=Ao—Au<1-—C§>

This equation and Terzaghi's equation-were compared by
Skempton in 1960, who stated that the effective stress
controlling volume changes is given with sufficient
accuracy by Bishop's equation, and that Terzaghi's equation

was a very good approximation.

In this paper Skempton also proposed a new equation for the
effective stress governing shear strength, and his equation

was:
v _ _ a tan
c' =0 (1 ?EE_$T2)'U

where o' is the effective stress
o is the total stress
a is the contact area ratio
Y is the angle of intrinsic friction of the solid
material of the soil grains
¢' is the effective angle of shearing resistance

u 1s the pore water pressure

The derivation of this equation utilizes two assumptions,
first that the deformation of the soil structure involves
pure sliding of the particles in contact, and second that
this deformation mechanism does not change for changes in

external pressure or pore water pressure.

In this paper Skempton gives the background to discussions




on effective stress and compares the predictions of three

effective stress equations, namely:

1. The intergranular stress equation for effective stress

o' = ¢ - (1 - a)u.
2. Terzaghi's equation ¢' =0 - u.
3. Skempton's equation o' = o - (1 - %E%%ggﬂ)u.

The data presented by Skempton tended to support his equation.
This brief review again reinforces the need to look more
fully into the physical nature of interparticle contacts,
their frictional characteristics and the mechanics of the

particles during deformation.

1.3 Friction between Mineral Surfaces:

Friction, lubrication and wear (now called the science of
Tribology) has become a subject in which there has been

an enormous increase in research effort; even so, most of
the effort has been devoted to the frictional behaviour of
metal surfaces. Nevertheless, some of this work can be used

to explain the frictional behaviour of non-metals.

Minerals are strong crystalline solids which are brittle in
their behaviour, and until recently it was thought that
plastic flow was not involved in contact and frictional
phenomena. But the material is confined at interparticle
contacts so brittle fracture will be inhibited and failure
could be by plastic flow, if the stresses are large enough.

In fact Marsh (1964) showed that glass flowed plastically



during indentation experiments. But when he calculated flow
stresses, using flat rigid die theory for penetrating an
elastic plastic material, values well below stresses at which
brittle fracture occurs were obtained. However, using an
alternative mode of deformation, a radial flow of material
away from the indenter which the work of Samuels and Mulhearn
(1957) and Mulhearn (1959) indicated as valid, Marsh advanced
a new theory which provided a more realistic solution for
.materials like glass, and other materials with a high ratio

of flow stress to modulus of elasticity.

Using this theory it is possible to calculate the stress
conditions at contacting asperities. Starting from these
stresses and using a plastic junction growth behaviour during
the application of shear stresses it is possible to derive a
relationship for the friction between the mineral grains, and

so obtain values for the interparticle contact areas at slip.

This analysis would hold for first loading conditions, but

for interparticle contacts which have sustained larger loads
than those current, an elastic analysis should be used. Here

a difficultyarises because the stress distribution at the
interparticle contacts would be unknown and would depend on

the shape of the contacts, as modified by the initial stressing
if plastic deformation had been involved. In this respect

the determination of contact area ratios becomes intractable.
It is, however, important to note that the contact area ratio

would be smaller than for the plastic junction growth analysis.



Another feature of the behaviour of elastically loaded contacts
is important. This is partial slip at a loaded contact and

an explanation of this phenomenon follows from the analyses

of Mindlin (19439) and Hamilton and Goodman (1966), and the
experimental work of Johnson (1955, 1961), which indicates

that slip occurs over a peripheral band at a contact even

if the tangential load applied is insufficient to produce

gross slip, the width of the slip band being a function of

the magnitude of the tangential force in relation to the

normal force and explains the mechanism of fretting.

Hamilton and Goodman's work shows that quite small tangential
tractions produce tensile stresses in the junction surface
larger than those produced by the normal load itself, and
these stresses play an important part in generating fracture

during sliding of brittle soils.

Returning to the plastic junction growth approach; clearly,
if this mechanism is valid, there must be adhesion of the
material at the junction interface. There is now evidence
that strong adhesion can occur between non-metals. A good
example is freshly cleaved mica. Bailey and Courtney-Pratt
(1955) showed that two such surfaces placed in contact have
an interfacial strength almost as great as the original

material.

Also King and Tabor (1854%) showed that other non-metals adhere
when placed in contact under pressure. For example, two

pieces of rock salt pressed together at room temperature



welded together to form a very strong bond. Bowden and
Hanwell (1966) showed that frictional tests on diamond
surfaces, if clean, produce strong adhesioﬁ, and lead to
fragmentation under the large tangential stresses induced,
the friction coefficient rising to values of the order of

unity.

A theory of friction based on brittle fracture was put forward
by Byerlee (1967). His analysis showed that the coefficient"
of friction should lie between 0.1 and 0.1l5 for brittle
materials, but many experimenters have reported values much
larger. TFor example, Horne and Deere (1962) obtained wvalues
as high as 0.77 for feldspar and 0.66 for quartz, both values
being for saturated conditions; lower values were obtained

for dry surfaces.

It is known that the strength of massive structured minerals
is reduced in the presence of polar liquids like water, which
would mean that the coefficients of friction deduced from
Byerlee's theory should be lower when tested submerged but,
as can be seen, the reverse is observed. In addition his
theory is contradicted by the results of Bowden and Hanwell
(1966), who obtained friction coefficients ranging from 0.7

to 0.9 for clean crystal surfaces of minerals.

Thus it seems highly probable from this evidence that a theory
of friction based on adhesion between crystal surfaces would
AN

be a more realistic description of the behaviour of interparticle

contacts’ between mineral particles.



1.4 Strength as Influenced by the Mechanism of Deformation:

When soils are stressed the fabric or structure chénges.

This was clearly demonstrated by Skempton (1964) when he

put forward the idea that part of the strength drop observed

in the post-peak strain softening behaviour of overconsolidated
clays was due to the development of preferred orientation of

the clay particles. Beautiful micrographs of preferred

orientations have since been published by Tchalenko (1967),

Roscoe (1967) and many others as well.

Developed anisotropy in granular materials has also been shown
by Arthur (1972). The development of stress-induced
anisotropy was used by Horne (1965, 1969) to explain the
ability of a triaxial sample of granular material to withstand

a continuously increasing stress ratio.

Clearly then if structure (and its mode of deformation) reflects
the strength of the soil, any investigation into stresses
effective in controlling strength, using changes instress,

must be done for a particular structure or fabric of the soil
being studied, at a particular stage of its deformation.

This means that those investigations involving stress

changes must be made during the deformation process on a

single specimen. In addition it must also be assumed that

the stress changes do not invoke any change in the mode of

deformation.

It is perhaps simpler to study the influence of boundary

stress changes on specimens which are constrained in their



mode of deformation, such as two blocks of mineral sliding
on each other. Then if stress changes can be made which do
not change the frictional response, these stress changes can
be discounted as effective stresses. But if siﬁilar stress
changes are made to a mass of particles not constrained in
the same way and their strength response changes, we shall
be forced to consider them as contributing towards the

effective stresses.

So the question of whether the effective stresses are functions

of deformation mechanisms has to be answered.

Time is a parameter which will have to be excluded from the
present investigation, because it is known that a soil structure
changes with time under sustained stress, therefore structural
changes due to creep could produce strength changes independent
of any changes in strength due to changes in stresses. For
this reason experimental work will be performed on materials

substantially free from time-dependent behaviour.

1.5 Interparticle Contact Deformation and its Influence on

Stress-Strain Relationships:

It is clear that several different models for interparticle
behaviour could be followed, and for each a particular type

of stress-strain behaviour would follow.

In soil mechanics problems stress-strain relationships, which

could be described as either elastic or plastic, are used.



Usually the soil is assumed to behave perfectly isotropically,
and, in the elastic case, to be linear in its behaviour.
Elastic behaviour, in the context used in this work, will

be taken to mean a material which, when subjected to a

closed stress cycle, dissipates no energy. So a material
having a non-linear strain behaviour can still behave
elastically. Plastic behaviour means that energy is
dissipated when the soil is subjected to a closed stress

cycle.

Solutions to many soil mechanics problems have been obtained
by replacing the soil with a model material which obeys a
Coulomb failure criterion but exhibits plastic behaviour.
Drucker and Prager (1952) showed that solutions with these
assumptions implied a volume expansion accompanying the
shearing of the soil. Although this expansion is Observed
with many soils the expansion is terminating. To satisfy
this condition Drucker, Gibson and Henkel (1955) suggested
that soil‘could be represented as a work-hardening material,
which could reach a perfectly plastic state. This implied
that a yield surface in addition to the Coulomb yield

surface existed for soils.

A development of this approach led to the development of
the 'Cam-Clay' soil model as outlined in "Critical State
Soil Mechanics" by Schofield and Wroth (1968). The first
concepts of this work were presented by Roscoe, Schofield
and Wroth in 1958, and it has been expanded and developed

by many researchers at Cambridge University, notably Calladine



(1963) and Burland (1965). The model is primarily intended
for 'wet' soils, that is, those that contract when sheared
under drained conditions. The soil is taken as isotropic,
work hardens and Drucker's stability postulate is obeyed,
which then enables the strain increment direction to be
obtained. The material obeys a particular hardening law,
which states that isotropic and anisotropic consolidation
paths (%, = constant) form a set of parallel straight lines
on a plot of e versus 1n p', with the swelling lines forming
a similar set with a smaller slope. The soil also obeys a

particular yield function.

The shortcomings of these assumptions can be evaluated when
studying real soil behaviour, and the theories have been
shown to be deficient in some respects. These shortcomings
will be studied in the light of interparticle contact

behaviour.

Lastly, the stress-dilatancy concept of soil behaviour should
be considered. This theory by Rowe (1962) and supported by
Horne (1965, 1969) assumes that sliding occurs between
individual particles or particle groups in such a way that
valio of e rake of dissipation of enemgy in internal friclha. % rate of supply of erergy inthe direchion of +he major principal shess
theAeﬁefgyfﬁfﬁﬁfﬁﬁ%éﬁ is a minimum. This approach gives a
relationship for the instantaneous strain rate ratio as a
function of the instantaneous stress state. Barden and
Khayatt (1966) suggested that if the normality condition
based on Drucker's stability postulate could be accepted,

an equation for the current yield locus (which is also the

plastic potential) can be derived.




This theory is based on interparticle contact behaviour, but
of one kind only, that is, purely slip, and so the importance
of mechanisms other than gross frictional slip must be

studied.



CHAPTER 2

APPARATUS AND TESTING TECHNIQUES

2.1 Introduction: 4 -

The experimental work undertaken for this research project
required the design, construction and development of apparatus

not common to normal soil mechanics practice.

The main object of the research was, as indicated by the title,
concerned with the effect of high pore water pressures on the
mechanical behaviour of soils, and to compare the results

with the predictions of the theory of 'effective stress'
controlling both shear strength and compressibility. For

the experimental work concerned with strength, it was necessary
to measure, very accurately, the shear strength of weak

samples tested in a high pressure environment. The mechanieal
system which enabled this to be done successfully was the idea
of Professor A W Bishop, the detail design, commissioning and

development being done by the author.

To prove the basic ideas, apparatus based on tried components

was built - this is shown in the photograph Plate 2.1, and

diagrammatically in Figure 2.1. This cell is designed to

work with pressures up to 1000 psi. As can be seen, this

cell consists of two identical cell tops with rotating bushes
et al.

(Bishop,{1965). The rotating bushes are used to minimize ram

frietion, and the rams are linked with yokes and tie-bars.



The whole assembly is counterbalanced with weights acting
through balance beams. Thus, when the cell fluid is
pressurized, the hydraulic pressure‘exerts an equal thrust
on both rams and this thrust is absorbed in the tie-bars
linking the two yokes. When the pedestal carrying the sample
is moved upwards against the top ram, the axial load is
applied through a proving ring which oﬁly registers the load
on the sample. Therefore, in tests performed with varying
cell pressures, the varying hydraulic thrust on the upper
ram 1s automatically balanced by that on the lower. A
calibration test on this apparatus gave a maximum axial

load change of 0.06 1lb for a_éhange in cell pressure of 1000

psi.

The cell pressure is supplied from a self-compensating mercury
control system (Bishop and Henkel, 1962) with one adjustable
mercury column giving pressures from 0-75 psi and four fixed
columns which extend the range to 150, 285, 568 and 1027 psi

respectively. The layout is illustrated in Figure 2.2.

The top and bottom cylinders for the columns 3, 4, 5 and 6
are made from stainless steel cylinders, the lower cylinders
of columns 3, 4 and 5 being placed on floors below the Soil
Mechanics laboratory, which is on the fifth level of the

Civil Engineering building.

2.2 Setting-up Procedure and Details of Apparatus:

Granular material:

s e - —————— . ——

All tests were performed on saturated material and the samples



were sedimented under water - the method is described fully

in Bishop and Henkel (1962). The initial suction is very
conveniently provided using mercury column 6 (see Figure

2.2) and the method is as follows. The pressure in the line
Al is adjusted (prior to setting up the sample) to balance the
pressure due to mercury column 6, so as to achieve atmospheric
pressure at the mid-height of the sample. The sample is
erected inside a rubber membrane supported by a split former,
the valves 15, 16, 13 and 14 are opened (valve 12 remains
closed) and excess water.is allowed to drain from the sample,
and the membrane sealed to the sample top cap. The reading
indicated by the volume gauge then forms the reference from
which volume changes of the sample are noted. A small suction
can now be applied to the sample, by reducing the pressure in
lihe Al. After consolidation of the sample under the influence
of the suction the sample former is removed, the sample
dimensions are measured and the cell erected and filled.

The test can now be performed using the standard procedure.

In one series of tests, used to study the validity of the
effective stress equation, it was necessary to measure the
effect on the shear strength of the sample of changing the
pore water pressure u, without‘changing the value of oy - U.
This becomes very simple with the control system shown in

Figure 2.23; the procedure adopted is as follows.

The chosen limits of cell pressures are pre-~set; the upper

by means of mercury columns 3, 4 and 5 and the pressure in




line A3, and the lower by adjusting the pressure in line A2.
Also, the pressure in line Al is set to equal the chosen

value of (03 - u), and then the length of the self-compensating
column 6 is set, with valves 13, 14, 15 and 16 open, and

valves 12 and 17 closed, to give no flow through the volume
gauge when the water pressure at mid-height of the sample is

at atmospheric pressure. The sample is then formed and
measured as described above and the cell erected and filled

with water.

The sample is consolidated by a series of increments in the
cell pressure, using line A2, until the cell pressure is
equal to the pressure in line Al. It follows that the
sample is now at the chosen value of (03 - u). Valve 14

is closed and valve 12 opened$ the system now constrains
the pore pressure to follow exactly any variation in cell

pressure.

The test is performed drained. For the first stage the cell
pressure is maintained with the self-compensating system
supplying the pressure through line A2, then, at a chosen
value of strain, valve 8 is closed, and with valves 1 and

2 open the cell pressure is increased smoothly, with the
screw control, until the pressure reaches the upper value
pre-set using line A3 and columns 3, 4 and 5. This pressure
is now connected to the cell by opening valve 3, and the
next strain stage is performed at this upper value of cell
pressure. In this way a multi-stage compression test can

be performed keeping (03 - u) constant while both 05 and u



are varied systematically.

Other tests performed in thils apparatus were consolidated
drained and undrained shear tests, a KO consolidated undrained
shear test and a consolidated drained ?est with the later
portion of the shear stage performed under slowly decreasing
cell pressure such that the stress path approached failure

at a higher stress value than could be obtained in a standard
consolidated drained test. The techniques for these tests,
with the exception of the last mentioned were standard, and
are described fully in Bishop and Henkel (1962). TFor the
last mentioned test the procedure is the same as that used
for a standard consolidated drained test up to the point

in the shear stage when O3 is lowered; this is done by
connecting the cell to the screw control and then closing

the pressure supply line from the self-compensating control.
The cell pressure is then controlled manually with the screw

control while shearing, to achieve the desired stress path.

Both the volume gauge and null-indicator used in these tests
are capable of sustaining pressures up to 1000 psi, the
construction of the volume gauge is shown in Figure 2.3 and
the perspex cylinder was machined from a solid bar and
carefully annealed before use. The null-indicator is of
the standard construction (see Bishop and Henkel, 1962),

the only difference being in the thickness of the perspex
block used; 11" thick instead of the normal 11". Here

again the perspex block Qas annealed before use to relieve

the stresses built in by the machining operations.



This apparatus was very successful so a high pressure version
capable of sustaining 10,000 psi pressures was designed and
built. The triaxial cell concept followed the prototype

in using opposed hydraulically balanced rams running in
rotating bushes, but, in this case, long cylindrical

bushes were used to provide a long leakage path for the

high pressure cell fluid. The main features of the cell

are shown in Figure 2.4, with some details in Figures 2.5

and 2.6.

In the prototype apparatus the rotating bush was an integral
part of the driven wheel of a worm and wheel drive gear, but
in the high pressure apparatus the driven wheel of the worm
and wheel drive gear was machined into the rim of a cup.

This cup was carried by a tapered roller bearing used to
transfer the thrust of the bush to the clamping rings. The
bush was forced against the inside of the cup by the cell
pressure. Rotation imparted to the bush was thus transmitted

by a frictional link between it and the driven 'cup wheel'.

This system had the advantage of simplicity and it enabled
the running surfaces of the ram, bush and the running bore

in the cell heads to be ground and lapped without difficulty.

The running clearances chosen had to allow for the distortion
of the cell head when pressurized. Because of the difficulties
of determining the changes in bore diameter analytically, a
model of the head was made, strain gauged and tested. These

tests showed that to keep the bore diameter changes to



acceptable values, and so allow small clearances and hence
low leakage rates through the bushes, very thick end plates
would be required. To avoid this requirement the heads

were re-designed so that the major thrust on the heads
passed directly acrossto the clamping rings via the cell
wall or pedestal base. This method relieved the cell heads
of most of the bending stresses and so enabled very close

tolerances to be used in the final design.

The final diameters of the rams and bores of the bushes were
measured on a universal meésuring machine which measures
directly to 0.0001". The measurements made were 0.99938"
over the whole length of both rams, and for one bush the
bore diameter was 1.0003" at the ends, tapering to 1.0002"
at the centre, and the second bush had an internal diameter
of 1.0002" over its whole length. So the minimum radial

clearance was 0.0001(5)" and the maximum was 0.0002".

The clearances on the outer diameter of the bushes were
slightly larger. The outside diameters of the bushes were
1.5004" and 1.5003", and the inside diameters of their
housing bores were 1.5009" to 1.5008" for one head and
1.5008" for the second, giving a minimum clearance of

0.0002" and a maximum of 0.0002(5)".

The surface finishes were measured with a Talysurf profile-

ometer and were as follows:

ram 1 average CLA (centre line average) 1 micro inch/inch

ram ? " " 2 n ’ 1" "



bush 1 average CLA (centre line average) 4 micro inch/inch
inside ,
2 micro inch/inch
outside

bush 2 average CLA (centre line average) 5 micro inch/inch
inside -

- 4 micro inch/inch

outside

With these dimensions and finishes the difference in thrust
for a change in confining pressure of 10,000 psi was less
than 0.06 1b. (This corresponds to less than 1 division
on the dial gauge of a 150 1b proving ring fitted with a

dial gauge graduatéd in 0.0001" divisions.)

Although the cell design proved very satisfactory for accurate
load measurements, the leakage rate of o0il was fairly large

at 2 litre/hour when confining a pressure of 10,000 psi.

With this leakage rate it was necessary to have a pressure
generator which could provide this quantity of fluid at these

high pressures and still maintain the pressure accurately.

The system used achieved this by means of a closed loop
servo-controlled system, and the layout is shown in Figure

2.7.

The high pressures were generated by a swash plate piston
pump, driven through a servo-controlled Kopp variator. 0il
was fed to the main pump, through an o0il cooler and filter
which retained particles above 5 microns, under a small

pressure, by a small primary gear pump. This was done to



avoid cavitation problems at the suction valves. The pump
itself was kept at a fairly constant temperature by water
from the mains supply flowing through copper tubing wrapped
around its body. The high pressure oil from the pump was
passed through a non-return valve, then through another

cooler to a series of hydraulic resistors.

Details of these resistors are shown in Figure 2.8. By
selecting an appropriate pumping speed and a fixed number
of resistors a predetermined pressure could be built up.
Required changes in pressure could be obtained either by
varying the pump speed or, in steps, by increasing or

decreasing the number of resistors in series.

The pump, being a piston pump, produced a pressure pulse
during each stroke, this pressure pulse was damped out using
a long iength of high pressure rubber hose which was
manufactured with a spirally wound wire reinforcement.

This method of damping was very successful because no flutter
of the cell pressure gauge could be seen even when pumping
against it alone, that is when all the lines except that

supplying the pressure gauge were shut off.

The selected pressure was monitored by sensing the position
of the weights of a Budenburg dead weight pressure gauge
tester (NPL certified accuracy 0.05% of pressure monitored)
with an inductive displacement transducer. The signal
generated was fed to a limit switching device which in

turn controlled the servo drives. The layout of the control



circuits is shown in Figure 2.9. This controi system is an
'on-off' system which was found to be adequate for the
relatively short-term tests undertaken in this research
project, but it would have been better, although much more
expensive, to have used a proportional.control system.
Nevertheless the system enabled the weights of the dead
weight tester to be held in position within the limits of
+ 0.02" without difficulty or without introducing undue
hunting. Although to achieve this it was necessary to
introduce a secondary fine control in the form of a small
direct acting hydraulic ram. This effectively eliminated
'hunting' of the main control system which occurred without
this secondary system because the response of the main system

was comparatively slow.

One problem involving instability of the pressure system

was traced to the spring loaded safety valve shown in Figure
2.7. The instability was caused by a small intermittent
leakage when working close to its preset 'blow off' pressure.
This source of error was eliminated by introducing another
type of safety device which consisted of a thin brass shim,
permanently sealed, backed by a hardened steel die. This
shim was designed to burst at a predetermined pressure which

could be changed by selecting shims of different thickness.

For one series of tests the difference between the cell
pressure and pore water pressure had to be maintained at

a constant value while the cell pressure was varied. This



was achieved by building a system equivalent to the constant
pressure self-compensating mercury control system (Bishop
and Henkel, 1962) and submerging it in the high pressure
cell fluid (see Figure 2.10). This system also incorporated
a volume gauge built into the stationary reservoir of the
mercury column. This volume gauge was very simple in that
it consisted of a stainless steel float resting on the
mercury. Attached to the float was the core of an inductive
displacement transducer. This arrangement enabled the
position of the float to be sensed. The capacity of the
volume gauge was 20 cc, and the overall discrimination of
the system was 1 x 10~ cc, but the system could not be
calibrated to this accuracy as its repeatability was only
within + 0.01 cc. Calibration data for the gauge is shown

in Figure 2.11.

The adjustment of the spring length in the bottom pot of
this system, to achieve constant (03 - u), was very tedious
as it involved stripping down the bottom pot after every
check test. The check consisted of balancing the system
with the same pressure for a no-flow condition through the
volume gauge at both ends of the travel of the gauge. The

spring length was adjusted to ensure that this was satisfied.
P g

The system was then checked at high pressure by first inter-
connecting both Budenburg gauges (see Figure 2.7) at the same
pressure and balancing them by adding lead shot to a container
resting on the weights of no 2. Then, with the cell erected,

the cell pressure was applied and mcnitored by Budenburg



gauge (1) while the other was connected to the bottom pot
of the (03 - u) = constant system and re-balanced with lead
shot. The weight of.lead shot added enabled the value of
(63 - w) to be determined. This.check confirmed the value

of (03 - u) determined initially, which was 52.6 psi.

To prevent damage to the volume gauge a flow sensitive
safety valve was incorporated in the sample drainage line.
This consisted of a small piston which allows water to flow
past it slowly. If, however, the flow rate increased
suddenly the piston would be carried with the stream and
seal the outlet orifice. Flow could be restarted if the
Pressure across the small piston was equalized, when the
piston would fall away from the outlet and allow free flow

to take place.

Tests with values of (03 - u) > 52.6 psi had to be performed
with manual control of the back pressure, and this was done
with the manually controlled hydraulic ram. It was found to
be very easy to control the back pressure manually if the
pressure was constant, by maintaining the weights on the
dead weight pressure gauge tester at a constant elevation.
It was however very difficult to maintain (03 - u) constant
when varying the cell pressure, as this difference could only
be obtained by subtraction of the pressure gauge readings.

A differential dead weight system was designed using opposed
matched pistons similar to those in the standard deadweight
pressure gauge testers, which should have eliminated this

difficulty, but the manufacturers were not able to supply



the pistons before the end of the test programme.

A general view of the commissioned apparatus 1is shown in
Plate 2.2 and a close-up view of the high pressure cell in

Plate 2.3.

The accurate measuring devices and precise controls used
were developed around the transducers supplied by Boulton

Paul Aircraft Limited - Electronics Department.

The miniature inductive displacement transducers supplied

by this firm had a fairly large clearance between the core

and coils which enabled easy setting up, and it also ensured
that a friction free displacement could be obtained. These
transducers proved to be eminently suitable for use when
immersed in high pressure oil, as theysuffered no changes

in output or calibration when the pressure was changed. The
former was checked by resting the cores inside the transducers
then changing the confining pressure while monitoring this
output, and the latter by installing the transducer inside

the cell and checking against a dial gauge mounted externally.
(The dial gauge used was itself calibrated against a micrometer

reading to 1/10,000".)

The instrument used for powering and reading the transducers
was also supplied by Boulton Paul Aircraft Ltd, and was
designated as their type C61 Transducer meter. It 1is based
on a null balance measuring technique and uses a carrier

source of 5V at 1 Ke/s, stabilized against changes in amplitude



and frequency. This source energizes both the transducer

and the nulling system, and this feature automatically
compensates for any small variations in supply. The nulling
voltage is derived using a tapped-transformer technique
ensuring great accuracy and stability. The overall accuracy
of the instrument is better than + 0.01%, and has a resolution
of 1 part in 100,000. Two of these instruments were used in
the research programme. They are seen in Plate 2.2 and Plate
2.4, which also show the switching control for the measuring
transducers and the limit switching unit used for driving

the servo controls.

One further piece of apparatus that was developed was for
measuring the coefficient of friction between mineral surfaces
while surrounded by a high ambient pressure. The details are
clearly shown in Plate 2.5. The whole apparatus is assembled
within the high pressure friaxial apparatus with the base
slipped over the pedestal. The heart of this apparatus is

the load measuring element which was designed to be
comparatively stiff and yet to be sensitive. Here again

a miniature inductive displacement transducer was used and

a stiff boss proving ring was designed to accept it. The
resulting transducer was capable of sustaining a load of

22 Kgf, and was able to discriminate loads less than 1 gramme,
and by amplifying the transducer signal discrimination of

1/10 gramme is possible, but signal noise makes this procedure

rather unreliable.

The same apparatus was used for measuring friction between



particles, and this test arrangement is shown in Plates 2.6

and 2.7.

In concluding this section it must be pointed out that one

of the major problems encountered in the development and
commissioning of this equipment was a very practical one,

and was due to the difficulty of obtaining the materials

for the high pressure cell, which was made from castings

of EN 57 stainless steel. Two sets of castings had to be
made, because the first set were found to have hair line
fractures which were thought to be due to cooling the billets
too fast; the second set of castings were cooled more slowly
and were fault free. The time from ordering these castings

to accepting them was just under one year.

The time taken to design, construct, commission and test the
equipment prior to the experimental programme was two and a

half years.



Plate 2.1 1000 p.s.i. Triaxial Apparatus



Plate 2.2 10,000 p.s.1. Triaxial Apparatus



Plate 2.3

KD

LWL

10,000 p.s.i. Triaxial Cell (close up)



Plate 2.4 C 61 Transducer Meter

and Pantam Limit Switching Device



Plate 2.5

Friction Apparatus

as set up on Pedestal of 10,000



Plate 2.6 Friction Apparatus for Particles



Plate 2.7 Friction Apparatus for Particles



COUNTER BALANCE WEIGHT ——— {1

YOKE

BUSH

Py

AXIAL

LOAD

ROTATING

STEEL CYLINDER =

SAMPLE

CONNECTION TO

PRESSURE SUPPLY

DRAINAGE OR PORE

PRESSURE CONNECTION

PEDESTAL BASE

SUPPORT FOR CELL

ROTATING BUSH

TRIAXIAL CELL WITH HYDRAULICALLY

v

V&4

Y

‘.

v

SUITABLE FOR SAMPLE CONFINING PRESSURES

(0146 RAMMATIC)

UP TO 1000 lb/sg.in.

BALANCED RAMS

Frg 24




a7 .
reservipir
oy
Cell wikh rofatig bushes Priming pump
and hydravhically bolonced
rame. k 7 .
’}’D/umz gauge
A
i
. {
i |
N
bR
W
o Hli& )
z L Lx'y 432 o " A “
; T T L) 1
3 Hx3 Hrxs 2 2
~ 2
S pllpse srr )L 3 § 3
T 1 L] T - ~
—
& ” Hi-xe Hi-xe S L 3
3 x4 || r48 Fr il T3, e Y e
i [ ' U ) S g
g L (=(={ (= L O o
E; \ | N R
— ./ N
7 Noll indicator 2 — - N— ?T
ol .
‘i’E% Scraw  control suikable -+ Y- "’_}“"(
A
/ / i o pressures up
\ to 000 b fsgin H
Prcsure supslad From [ UP TO 150 ﬁ/-,.i#ﬁé“i
S/ana’ard.béwa/ayu/f» UP To 150 atyi =3 ling A2 r
Compansaling smercury 4 I \_1
controf sy.n‘m with hvel ue TO 150 /‘/:’h N /ineA3 B =
columns of 7S//sgir eachk kS

THE LAYOUT OF THE SELF-COMPENSATING MERCURY CONTROL FOR PRESSURES UP 70O /OOO/é/s%i/L

. l ’ Fic 2-2



WATER FILLED TUBE (COPPER)
FROM BACK PRESSURE CONTROL

FILLER PLUG 7

C/RCLIP
\\ /_

L ———— O-RING SEAL

. o
AN o.D- 27
PERSPEX CYLINDER ”
\, 1.D = ,
-~ \ BURETTE CENTRALIZER
- I SN
=N COLOURED PARAFFIN
: L /N
AN ,/ ] I N
. . T i BURETTE
o \
[ y
S
/ % e BRASS CYLINDER WITH WINDOWS
. — /\
e : -
o / \\ \
7b - /‘ RUBBER TUBE SEAL
Y . o / \
i N
3 . g“\t\— O—RING SEAL
/ 7 h
L — T
] | T——— C/IRCLIP

CONNECT/ION TO SAMPLE

VOLUME GAUGE SUITABLE FOR PRESSURES UP 70O /OO0 i/fsy.in.

Fiéc 2-3



TRIAX/IAL CELL WITH KHYDRAULICALLY BALANCED RAMS

SUITABLE FOR SAMPLE CONFINING PRESSURES UP TO 10,000 Ib/sgjn.




0°135"
O RING CROSS SECTIONAL DIA o743"

SERVICES TO PEDESTAL BASE SEALS USING THE UNSUPPORTED AREA PRINCIPLE

' Fig 2-S. _Fra 2:¢,




small chrect aclng servo-

J;

s

T

High pressuee
Vvolume Jauge.

Flow sensilive
Safct’ valva.

High pressure
balanced -ram
cell

controlled hydravlic ram o*i0psi
Sorwng Jooded - Safe vessure  lines ;
T e by At presse . i
2, 7 &y ” N
il o cat presre Back prassure it |
) fauge akge. @_u)_wﬁmt Ll
Damping ool
madke from | -
:"i‘, we - Tmnsgicer for sensing
Euling with ¥ derl’o:Jo/ ights =
il wnre  Wacaute Sgpal olpd
reinforcemen resislors
ﬁ / T
ol fithr it
senwir! B
o F———] e oy e— !1
4
/' 2
Pimng
o/ coolers pomp il
Mon-raburn vake . R R
Budenbary dead weght pressure Jauge
Lesters. The weiphts werr rotaled i
\ s by motor drive 16 slminate frichonal errors. FH
LE X
q—:—h—- o ] dﬁb
Cao)/, ” | ~ = B
Beackam’ swash plaly pikn pump - driven Mangally contolied '
Mraujﬁ a senp-controlled Kopp® varialor hydraa..//; ram H . -
' . Vacuum exhacton syskm
for wasty oif
IAGRAMMAT, UT_OF TRIAXIAL ' APPARATUS USED FOR TESTS WITH CELL PRESSURES UP TO_ 10,000 ib/sq. in.

Fia27



79

////////4

‘ \\\\\\m\i‘ \\ M\\" LV NNANANAR

v ///)é////]
;2= A

Tany/ chn

{/l/a.lyoozs

0:025" obzo 4 o Pilzh

. //////////////

'\\

AN\

\ ////// ///////////////// %

ree 2.

Hypeavuric Rresis7ors.
Scale- Fote Sz,




R4
%51 50V SOck.

:

GOIILN  PINTAM

IMLT_ SWITCHI: MT

Coniml signal fod ta Mu wmiy bhowugn

a Boviun 4 Al Cot mel balanca
Mansducer mabe, Frere 5 muiaimy
induchve displacemant iranycinsr,
Wwhich sansas Hu mevementy of the
weigh wn & Bwhnbe'y dead- miht’
PRSI giuge dosler

OFF LOADING RELATS

G ]
| i
i @@f RO
FUNLE YT e |
=i BT T_!-*__fh—
\ ) Pump A /
R o 2, || 2,
T i | \ /
1 Mb gt ke b st s |
- r*‘!' 0 Hl
X i = F }_,l-: \ewrains 1o meacust_pam wess Ag
" "
T RIVING TH - . 4
ACTING  HYDRAULIC RAM. J[ SPEED OF THE KQPP VARUATOR —g
DR, ! L] b(

Fa 2.9



B

T

T T 0 s —

APPARATUS USED FOR G- U=CONSTANT
TESTS AT HIGH CONFINING PRESSURES,
INCORPORATING A VOLUME GAUGE

FOR TESTS /NVOLVING HIGH BACK-
PRESSURES,

Fie 2-10



=1l

2:

7
|
|
e
T
1
|
1
—
:
1
i
i
|
—-—

4

!

T

|

i
I
]

|

|

I
!
|
il
i
—

¥

i
;

—~C

t-—4— 4. [ A (NP N S U S WD o

Q

o i IR ERERE i P ITTTT T TR .
LI L REREERNEE _ L DT T | * IEERR RN I RERRE RS /w DU SO
HH; ; ArL,:wv o J, - - _ W\“ \,_ L i + - } 4 w l.zthv. N 1 +.(.$wl —
j SRR S AR L s 1 L . | i : ! L e ilf \ ' [

- c | | + L o { ! | | [ -..%l { Pk ; B Hh

R L dorgd | P ! Lid ] 1l \. 1o

NT T 3 dr ULt b ,. i

v i e ‘ B HEESSEERARE SRR B U N

- : ] \J s .
1

i
|
i
i
!

— 4
4. e

I

¢
B
! .

)
i
T
.
:
|

S
W,

Yo
i
.
|
f

]
R

%
|
|
;
t
|
[
]
o
|
I8
1]
[
P4
oy
Ul

Fi

"f‘/-fb

4.
]
PAY

I
U

4

[[;;-—J.f

1pressore.

- 4Q

r’m{/

Ix]

—
!

B oL JCSPDSRRE USSR SR
; R
4
+

]

L 4_005-_% 5000 -
i
11

Ferse s

n/of

trd

l,
|
-
s

e

dacte

jas

o
L
;—6—‘{
S

i
AN
-84+

3
-

)

253

cell

s

+*.

7,

i

|

pre——r—e — e

cell -base + pressvre Transdvcers:

R

Valt

v

EENAEIN : - g SRR ARRRE NG
uuﬁuﬁ J Not VNG & REMYERSERRS
Q- 4 For B ERESARERR N
I /_ﬁ d- 1o Bl / m ) :,Msaf o uﬁ
InlL\.}‘T ,Mi%! . ,S _ GLO, ,w/ , , ._ H . 4.6 N m ” {
, Y | |- [ o
AN - Q

6ot Vi)

"
P

pacge

|

97-~7q.{

Cl

i

-
e

" 2d55 8050

.4

Jag

2

277

S2-0

520

N .20,90” - .f._l ,_30®‘ .

Fressure Aar

T Back Prssure

!
+

RIS
‘
]

T

<o/l

Vo/ e,

-
|
T 1B
i
11

V cale

Volure:

——

Z

[ -

/' !

1

leirsie

.7

s

i

by
‘ —
i
i |
;

B

/I

A

.
HE
[

At .

Govgs

!

T

. *.4,.5,.; OO0

et

' .
PG S
i

|
|

T
Lo
1

NPT VS S

|- ’.;.l-wi ;

!

sl ___LUL_'._J_;_ L

—— .

|{_,;\__
: e

+—r 4.

ETreT
'

B i e ST

s
NG
|-

i

g
R
VI
X
\§
N
N
3
N
N
N
I

Vo/vrm



/7
/8

-

(20
2/

®

Fig 2-12.

L]

FRICTION APPARATUS

[l




3.1

CHAPTER 3

THE FRICTION OF MINERAL SURFACES UNDER LOW AND HIGH
AMBTIENT PRESSURE CONDITIONS - WITH SPECIAL

REFERENCE TO QUARTZ

3.1 The Contact between Mineral Surfaces:

The surfaces of minerals, as encountered in sands and
silts, are likely to be complex in shape and their surface
texture very variable. If, however, we look at the contact
between two mineral grains, the forces will be transmitted
from one to tﬁe other through contact areas formed by the
deformation of the surface asperities on the grains (Bowden
and Tabor, 1954). The shapes of these asperities tend to
be approximately conical or pyramidal, as indicated in Fig
3.1 to Fig 3.4 which show the surface profile of quartz
specimens prepared for the friction tests reported later

in this chapter.

3.2 The Strength of the Asperities subjected to Normal Load

without Shear:

When the mineral grains are forced together, the surface
asperities in contact will deform, their tips being squeezed
flat, and the mean normal pressure Pm at each contact will be
related in some way to the yield stress Y of the deformed
material at the tips. Therefore, before any progress can

be made in discussing frictional behaviour, the strength of



the asperities must be determined. To facilitate the
discussion the strength of quartz, for which data are

available, will be taken as a typical example of a mineral.

The strength of quartz specimens cut from quartz crystals

has been experimentally determined by a number of people, .
and most of the available data are summarized in the paper

by Christie, Heard and La Mori (1964). Fig 3.5 shows a mean
strength envelope assuming that quartz failure is governed

by an equation of the form:

T; = k + op tan (3.1) (Skempton, 1960)

where T is the intrinsic shear strength of the material,
k is the intrinsic cohesion,

y is the angle of intrinsic friction.

The particular values of k and ¢y are chosen bearing in mind

the comments in the paper by Christie, Heard and La Mori (196Y4).

Bowden and Tabor (1954, Part 1, page 19) have shown that,
when metal surfaces rest on one another, the peaks of their
asperities readily deform plastically, the mean pressure

being given by:

P, = C.Y (3.2)

Y is some 'representative' measure of the elastic limit of
the deformed material at the.tip of the asperities. The
factor C depends on the shape and size of the surface
irregularities, but for conical and pyramidal asperities of
a wide range of angles and for hemispherical asperities, C

has a value of about 3. Thus the mean pressure of the surface



irregularities is approximately equal to 3Y. For work-
hardened metal the value of Y is independent of the amount
of deformation that has occurred, and even with annealed
metals, the asperities are work-hardened by surface abrasion

and again Y tends to a constant value.

Using data on work-hardened copper from Bowden and Tabor
(195u,.Part 1), we can draw the Mohr stress diagram
corresponding to the mean stress conditions existing at

a typical asperity contact in this material (see Fig 3.6).
The diagram shows that a large mean confining pressure, ¢_,
is induced at the junctions.. In the case of work-hardened
copper surfaces cp = 1.84 Y; that is, almost 2 of the mean

3

pressure across the junction interface is hydrostatic.

However, the material composing mineral grains generally

does not have a Mohr stress envelope of the form:
1. = k : (3.3)

but can be approximated to a form as shown in equation (3.1),
which indicates that the 'yield' stress increases with
increasing confining pressure, and in general, minerals tend
to be highly elastic. Therefore larger elastic strains can
be accommodated around the asperities, which would tend to
lower the apparent confining pressure Op at the asperity tip.
The effect of this on equation (3.2) is that the value of C
is reduced. Even more significant is the mode of deformation

of the material around the asperity. This was investigated



3.L{-

by Samuels and Mulhearn (1957) and Mulhearn (1959), who
showed that for hardness test indentations, material is
often displaced radially outwards from the indentations
rather than towards the surface, as in the rigid die theory.
Mulhearn assumes that the major deformation process is one
of uniform radial compression, with the surfaces of equal
displacement and equal strain being hemispheres. Marsh
(1964) used this mechanism in formulating a new theory for

the indentation hardness test, giving the equation:

§=c+1<131nz (3.4)

_ 3

T (3 - )
Y
Ea

modulus and v is Poisson's ratio and Y is the flow stress

3
A+ 3u - Au

where C and K are constants, B and Z = ( )

where A = 6(1 - 2 v).% and 4 = (1 + v). E is Young's

of the material.

To test the validity of the above expression Marsh tested
many highly elastic materials. The results of these tests
are shown in Fig 3.7a and Fig 3.7b, which are based on the
data from Marsh (1964). The line predicted from Marsh's
spherical cavity theory is a 'best fit' line using values

for C = 0.28 and for K = 0.60.

Since it is reasonable to assume that the material behaviour
during the indentation test is similar to the behaviour of
two asperities in contact, under load, the above theory can
be used to explain the mechanics of contact between highly

elastic materials. Before this is done for quartz the



indentation behaviour will be checked against the above

equation.

The indentation hardness of quartz has been reported on by

many workers, but undoubtedly the most comprehensive series

of tests is reported by Brace (1963), who showed that the
hardness increased with decreasing load. Although there is

a great deal of controversy about the dependence of hardness

on load (see Mott, 1956) and about the effect of elastic
recovery on the value of the hardness, measured from the
recovered indentation, it is usually accepted that for a

Knoop indenter, as used by Brace, the long diagonal has a
smaller recovery; the elastic recovery occurring mainly

across the smaller diagonal. Therefore, it is more than

likely that the variation measured by Brace is a real behaviour
of the material. Brace's results are shown in Fig 3.8. It is
the writer's opinion that this data can be looked at as if it
were analogous to the tensile strength of imperfect quartz
fibres - ie. as the size increases there is a greater possibiliy
that there will be a larger number of faults in the material
with a corresponding decrease in strength. In the same way,
when the indentation load increases, the volume of material
deformed increases, consequently increasing the possibility

of including discontinuities which would lower the hardness.

To see if Marsh's theory can be used to explain what is
happening in indentation tests on quartz, the value of Y,
the flow stress, has to be known. For the materials tested

by Marsh, the flow stresses of each material, in the fully



work-hardened condition, were measured by compressing small
fully work-hardened cylinders, and the hardness of the
specimens was subsequently measured. Marsh's results are
shown in Fig 3.7a and Fig 3.7b. But it has been shown

that the strength of quartz depends on confining pressure,
see Fig 3.5. Therefore it follows that the yield stress

Y is also a function of confining pressure. Fig 3.9 shows
the strength envelope for quartz, as shown in Fig 3.5 but
extrapolated, with the Mohr stress circles for some of Brace's
hardness tests superimposed. Assuming that the maximum
allowable stress for each particular hardness value measured
is represented by the circle touching the strength envelope
it is possible to determine the 'yield' strength for each
test. This will be taken as the diameter of the appropriate
stress circle. This yield stress can then be compared with

the yield stress predicted from Marsh's analysis.

In order to determine the flow stress Y from Marsh's theory
the value of Young's modulus E must be known. Here again E
varies with crystallographic orientation (Brace and Walsh,

1962) and with pressure.

For quartz the elastic constants are known for atmospheric
pressure conditions, but very little data exist on the
effects of confining pressures on these parameters. Most
of the available data concern the effect of confining
pressures on compressibility, and this is shown in Fig 3.10
and Fig 3.11, from which it can be seen that the bulk

modulus for the average stress conditions during an indentation



hardness test using a-1000 gm load would be approximately

0.48 x lO6 kg/sq em. In the case of a 2 gm load the mean
stress is approximately 200,000 kg/sq cm and from the shock
compression data we can see that the quartz at this pressure
has probably undergone a polymorphic transition, which
increases the compressibility, and the material behaves, -
according to Wackerle, rather like a fluid in this pressure
region. In consequence the hardness behaviour for this

_ pressure region could well be very different from the 'normal'
behaviour. The 5 gm load indentation circle, shown dotted on
Fig 3.9 has for a mean stress a value of 146,000 kg/sq cm,
which approximately coincides with the transition pressure

of 1uy4 Kilobars quoted by Wackerle. However, Brace's hardness
data show a marked change in behaviour below loads of 50 gm,
which wduld indicate a lower value of mean stress for the
transition; that is supposing the transition coincides with
the change in indentation behaviour. However, in the
indentation test the actual stresses are not uniform, and

the maximum streés could well reach the transition pressure
for lower loads, which would predicate a change in behaviour
in the hardness test. In the discussion that follows only

the hardness values for loads greater than 50 gm will be
considered. For the 50 gm load the bulk modulus is approximately

0.53 x 10°

kg/sq cm. From the above it is seen that there is
an increase in the bulk modulus with increasing pressure, a
10% increase for the mean stress conditions corresponding to
the indentation tests using 50 gm as compared with that for

the mean stress conditions for the tests using a 1000 gm load.

Consequently it is possible that there will be a similar



variation in the valué of Young's modulus E. Another
difficulty is that quartz exhibits a variation of E with
crystallographic orientation, so average values will be

used in the analysis. The value for Young's modulus for zero

6

confining pressure will be taken as 0.76 x 10~ kg/sq cm.

If we assuﬁeno variation of Poisson's ratio with pressure,
the values of E for various pressures can be determined.
These values for the mean pressure conditions of the
indentation tests using 1000 gm and 50 gm loads are 1.00

6

b'4 lO8 kg/sq cm and 1.10 x 10" kg/sq cm respectively.

It is now possible to substitute the values of % into Marsh's

equation for the expansion of a cavity.

6

P = 67,000 kg/sq cm. Use E = 1.00 x 10~ kg/sq cm
T = 0.067 (for v = 0.15)
From Fig 3.7b ¥ = 0.038.

Therefore for Marsh's equation Y should be 38,000 kg/sq cm.
This value is to be compared with the yield stress for the
mean stress conditions for this test shown in Fig 3.9, which

gives Y = 44,000 kg/sq cm.

P = 101,000 kg/sq cm. Use E = 1.10 x 10° kg/sq cm
P _
£ = 0.090

From Fig 3.7b = 0,058 (for v = 0.15).

i<



Therefore for Marsh's equation Y should be 63,800 kg/sq cm.
This value is to be compared with the yield stress for the
mean stress conditions for this test shown in Fig 3.9, which

gives Y = 58,000 kg/sq cm.

The above comparison shows that with the assumptions made,

the cavity expansion theory fits the experimental data

better than the rigid die theory. The values of % are 1.52
and 1.74 for the 1000 gm and 50 gm loads respectively, instead
of 2.97, which would be the value if the rigid die theory

was valid for this material.

From the above discussion it is clear that apart from the
case where material transformation influences the behaviour,
the contact between mineral grains can be considered to be
controlled by the bulk strength of the material as defined
by equation (3.1). This bulk strength includes the effects
of the flaws present in the material. If the material was
flawless it is possible that the strength envelope could

be rather like that shown for work-hardened copper in Fig
3.6. TFig 3.9 shows that the tensile yield strength for
drawn quartz fibres is much the same as the compressive yield
stress, obtained by extrapolation for the indentation test
using a 2 gm load. These tests are most likely to include
material free from flaws, whereas the other indentation tests

include some flaws within the stressed material.

It is thus possible to describe the behaviour of the contact

between grains of quartz using Marsh's equation, when no shear



tractions are applied.

Since the material strength envelope is known, it is possible
to determine the relationship between P, Y and Eé (33 being
the operative confining pressure at the grain contacts, made
up by the sum of the ambient hydrostatic pressure and the
self-induced confining pressure). The relationship between
the ratio % and Eé is shown in Fig 3.12 for quartz. The
indentation test data from Brace (1963) for loads between
71000 and 50 gm indicate that the range of values of ; should
lie between 1.53 and 1.73. In a real soil the values of
interparticle load are likely to lie closer to the smaller
loads used by Brace, and it would be likely that the wvalues
of s encountered would be in the range 1.73 to 2 - that is,

Y
the variation should be quite small.

However, there is the problem of the transition behaviour

for the smaller loads. One point which must be mentioned

here is that the previous discussion considered the deformation
behaviour of gquartz indented by a diamond, which is a much
harder material. When two quartz asperities come into contact
the constraint is likely to be less, and would probably allow
the smaller loads to be carried within the 'normal' behaviour
range, so it would be reasonable to use Marsh's model for

grain to grain contacts formuch smaller loads than considered

above.

3.3 The Behaviour of Asperities subjected to Normal and

Shear Loads:

It is convenient at this point to refer to two papers. The



first is by F P Bowden and A E Hanwell and the second ﬁy

F P Bowden and C A Brookes, both papers being in the
Proceedings of the Royal Society, 1966, Vol 295. Conclusions
reached in these papers were that friction of clean crystal
surfaces for smooth and rounded sliders is due primarily to
adhesion between the surfaces, and that the frictional
behaviour of a hard conical slider can be considered in

two regimes; in the first, with light loads on blunt sliders
(when magnesium oxide was used) the load is borne largely by
elastic stresses and plastic flow, the friction being mainly
due to adhesion, provided the load is insufficient to cause
deep penetration. In the second regime, penetration of the
crystal occurs; thus the geometry of the slider and the
associated ease of penetration controls the friction.
However, it is shown that in the high friction regime the
type and degree of bulk deformation, which is the major
mechanism for relieving the frictional force, is determined
by the value of u, the coefficient of friction, and it does
not matter whether this high value of p is achieved by
penetration of the slider or adhesion at the sliding contact.

The deformation mechanism is slip parallel to crystal planes.

In the paper by Christie, Heard and La Mori (1964), the
authors put forward a similar hypothesis to explain the
crystallographic nature of the faults developed in their
test samples. It was that the cracks were initiated by
yielding and slight plastic flow on certain crystal planes,
and then propagated rapidly in these planes by a brittle

facture mechanism.



3.4 Theory of the Friction between Mineral Surfaces:

It is apparent from the previous discussion that when
mineral grains come together under load, their asperities
in contact will deform plastically to support the applied
load, and the friction between the two surfaces should

follow a plastic adhesion type of theory.

In the theory outlined below the followng assumptions will

be made:

a) ‘The normal and shear stresses, produced by the applied
loading, are interdependent (McFarlane and Tabor, 1950).

b) The mean contact stress produced by the applied load,
under conditions of no shear loading with zero ambient
pressure, will be taken to be equivalent to the Vickers
hardness, Hv’ measured with the same load. In addition
it will be assumed that the mean pressure in a hardness
test at a pressure other than atmospheric is increased
by the ambient pressure O3 in such a way that the mean
confining pressure in the indentation is equal to the
sum of the ambient pressure and the self-induced hydro-
static pressure for zero ambient pressure.

c) The mean confining pressure 33 at the junctions between
contacting asperities is equal to the sum of the ambient
and self-induced hydrostatic pressures.

d) No work-hardening takes place during shear.

e) The shear strength of the contact region material increases
linearly with the mean normal pressure - see equation (3.1)

(Skempton, 1960).



Assumption a), as used by McFarlane and Tabor (1950),
accepts that plastic flow occurs, and that a representative

'flow stress' can be ascribed to the material.

But for quartz it has been shown that the yield stress
increases with increasing normal load, so that to use
assumption a) some representative 'flow stress' has to

be chosen. Therefore another assumption will be made, and
that 1is:

f) When gross slip is about to occur the yield stress is

given by:

Yy = 27g ' (3.5)
cos y

where Té is the shear stress at the junction at slip
(see Fig 3.15) and that the junction would have behaved
in the same way if this 'flow stress' had been operative

throughout the yielding process.

From assumption a):

Using the same type of expression as McFarlane and Tabor (1950)

o, ta't" = P (3.6)

e

where g_ =

n + 04 and T = g (see Fig 3.13).

When t = 0 it follows from b) and c)

_ (1 + sin ¥) _
On © H, + 03 (1 - sin ¥) ~ Po (3.7)




2t
s

cos Y

But the operative yield stress to be used is Y =

(assumption f).

So equation 3.6 can be re-written:

2T
2 2.2 _ 2 s (2
o, ta'tt =y (33575)
where y is a constant.
Therefore when 1t = 0 we have:
(ZTS) (1 + sin ¢)

%n = YTcos 9y Hy * 9371 - sin V)

<14

(3.8)

(3.9)

Now consider the other limiting condition, when the junction

has grown, due to the shear traction increasing to such an

extent that on becomes very small. Then T would tend to its

. . Y Y @ Ts
maximum allowable value, 1ie, T ~* Uk But 7 % Sos U from (3.5).
Neglectin in ation 3.8 we have a’t2 - 2 ( ZTS )2
g g o, equati . o ==y cos U

Therefore o = 2y (3.10)
Hence equation (3.8) can be re-written:

62 + q?7% = a2(_1§__)2 (3.11)

n cos ¢
This relationship is shown in Fig 3.15.
The limiting condition is slip when p = éig but at slip
n
T = Tg-
Ts

Therefore uo= o= (3.12)



1

or TR S— (3.13)

a tan y

From equations (3.9) and (3.10):

(1 + sin @)
cos w{H + g — =
o = v 3(1 sin ) (3.14)
T
s
But we also know that at slip:
T = k + o, tan ¥ (3.15)
And from (3.12):
T
= =
°n T 3 (3.186)

Substituting (3.16) in (3.15) we obtain:

ku

Ts = Ty - tan W
Therefore from (3.14) and (3.17):
: (1 + sin ¥)
cos Y(p - tan w){ﬁ + 0 —=
o = v 3 (1 sin ) (3.18)

kun

Therefore from (3.18) and (3.13) the coefficient of friction

is given by:

k

. (1 + sin )
Sl“‘”%ﬂz+ 93(T - sin P)

Equation (3.19) shows that if a material had no intrinsic
cohesion the value of p, the coefficient of friection, would
be given by pu = tan y. On the other hand if the material
behaved as a true plastic material with constant yield stress
(ie. ¢ = 0), the coefficient of frietion, u, would reach

infinite proportions, ie, seizure would result from the

(3.17)

(3.19)



application of a shear traction.

The above discussion relates to the friction of clean crystal
surfaces. The effects of a contaminant film, which is weaker
than the bulk material, can be argued in much the same way as

that used by Bowden and Tabor (1964, p 74).

If we have the strength of the contaminant film = BTS, where

B i1s a coefficient between O and 1, then at slip t = BTS.
So:
BTS
Mo = 5 (3.20) .
n

Substituting (3.20) into (3.11) gives:

B cos ¥
He ® a/(1 - B%cos? ¥) (3.21)

At this point we have to make the assumption that the contaminant
film does not affect the gross behaviour of the underlying
material, so that the stress path followed is the same up to
the point at which the film shears. This implies that a is
unchanged by the introduction of the film.

BT

Thus : u_o= (3.22)

c ~ (1 + sin V) _ a2 2
%R/*’°3(1 - 1P)}/(l B cos” ¢)

We also know that at slip the shear stress = BTS.

But: Bt

s = BUc + 05 tan ) (3.23)

uck

s (uc - B tan ¥)

or: T (3.24)



3.17

Substituting (3.24) in (3.22), the coefficient of friction

for the contaminated surfaces is given by:

Bk

(I + sin ) .72
{Hv * 937 - sin w)}/(l B cos y)

(3.25)

M., =8 tan ¢y +

C

3.5 Prediction of the Coefficient of Friction for Quartz

on Quartz:

The friction between two quartz surfaces will depend on
whether they are clean or contaminated. If the latter, it
seems unlikely that a value of U, can be predicted because
the value of B would have to be known. However, in the case
of clean surfaces the known intrinsic parameters can be
substituted into equation 3.19. Then we obtain:

34,310

uo=0.292 + Ho + 1.777 0

(3.26)
3

—

(for K = 9600 kg/sq cm and ¢ = 16%0). Note that both H,

and 04 must be in kg/sq cm units.

Using Brace's indentation hardness data the value of the
coefficient of friction can be predicted for a load on a
single asperity, and also for various ambient pressures.
These values are shown graphically in Fig 3.16 for both

oy = 0 and o, = 632.8 kg/sq cm (9000 psi) ambient pressures.

3.6 Experimental Determination of the Friction of Quartz on

guartz:

For a full description of the friction apparatus see Chapter 2.



The tests described were performed with the apparatus shown
in Plate 2.5 described in Chapter 2. The friction apparatus‘
was mounted on the pedestal of the 'balanced ram high
pressure cell'. The friction force on the slider was
sensed by an inductive displacement transducer, mounted

in the load ring, which was fed from the carrier source

in a 'Boulton Paul Aircraft Limited' transducer meter,

type C81. The response of the load cell transducer was

fed back through the nulling system of the C61, and ﬁﬁé
remaining unbalanced voltage fed to a 'Leeds and NOrthrup
Speedomax, type H' strip chart recorder, which had a full-

scale deflection for 10 mV input signal.

Using this method of sensing,great accuracy in the measurement
of the frictional forée is possible. For example in the high
sensitivity range, full-scale deflection on the strip chart
recorder is obtained for a change in load of 72.3 gm; which
means that each division on the chart corresponds to a change
in locad of 0.723 gm. On medium sensitivity the chart division
corresponds to a load change of 7.23 gm (ie, full-scale
deflection for 723 gm) and on low sensitivity each chart
division corresponds to 72.3 gm (ie. full-scale deflection

for 7230 gm).

In these tests on quartz specimens, where there is a small
natural variation in the coefficient of friction from point
to point of the surface, it was not possible to obtain a

complete trace on the high sensitivity scale, because the



variations in the frictional force were too rapid for the
response of the recorder, which is quite slow - nominally

5 seconds for full-scale travel - and in many cases even
when the medium sensitivity scale was used, the trace ran
off the chart because the frictional force was greater than
could be indicated. However, with the type of measuring
system used, it was possible to bring the trace back on to
the paper by nulling a part of the out of balance voltage,
using the nulling system on the C61 transducer meter, it
being only necessary to note on the trace the change in

nulling voltage indicated by the five decade switches.

The magnitude of the trace éhift is 10.1 chart divisions
to the left for a change of decade reading of -00100, and
a shift to the right of 10.1 chart divisions for a change
of decade reading of +00100 far the medium sensitivity

range.

In the friction tests reported the traces are given for the
slider advancing, this producing a deflection of the trace
to the right; then reversing over the same friction track,
giving a deflection of the trace to the left. To produce
results which would be taken as if the tests were performed
on identical tracks, the slider was moved backwards and
forwards over the same track many hundreds of times before
any results were taken. The frictional force required to
move the slider in any one direction is one half of the
force required to move the trace from right to left or vice

versa.



A typical result is shown on the trace in Fig 3.17, which
was a test performed on specimen 1 with slider 1, with the
quartz surfaces dry in the normal atmospheric conditions;
the load on the contact was 977 gm and the trace was
recorded with the C61 meter set on medium sensitivity.

The speed of the slider over the specimen block was 0.0025

inches per minute.

Fig 3.18 to Fig 3.22 inclusive show recorder traces of a
series of tests performed on the same specimen 1 with the
same slider 1, moving over the same friction track, which
had been pre-formed as explained above. Fig 3.18 shows that
the friction of the air dry surfaces was low, the maximum
coefficient of friction being 0.19. By submerging the
surfaces in distilled water (Fig 3.19) thé coefficient of
friction was increased to a value of 0.864 maximum and
severe stick-slip was obtained. This test was repeated

and a recorder trace with the tangential load scale reduced
by a factor of 10 was obtained (see Fig 3.2la) and a

coefficient of friction of 0.84 was obtained.

To reduce the tangential load scale it is only necessary to
switch the sensitivity control on the C61 transducer meter
from medium to low sensitivity. This reduces the out of
balance signal transmitted to the strip chart recorder by

a factor of 10. This was done in order to produce a trace
which was defined completely within the width of the paper

chart of the recorder. The ambient water pressure around



the contact was then increased to 9000 psi, and the friction
tests repeated. The trace obtained with the medium
sensiti&ity setting‘is shown in Fig 3.20 and that for

the low sensitivity setting in Fig 3.21b. The behaviour
under these conditions is seen to be much the same as for
the O psi ambient pressure conditions.  The coefficients

of friction in the high ambient pressure tests were 0.887

and 0.84 respectively.

The difference in the maximum measured values of the
coefficient of friction for an increase in the ambient.
pressure from O to 9000 psi when the medium sensitivity
setting of the C61 transducer meter was used can be read
off the charts in Fig 3.19 and Fig 3.20, and expressed as

a percentage,is 3.1% increase in the coefficient of friction
for an increase of 9000 psi in the ambient water pressure.
>This is a very small difference, bearing in mind the severe
stick-slip motion being monitored. No difference in the
coefficient of friction for the tests using low sensitivity
was obtained. This 1s not unreasonable as a 3% change in
coefficient of friction would have only changed the trace
separation distance by 0.75 chart divisions, and the width

of the trace itself is 0.3 chart divisions.

The traces obtained for the surfaces submerged show that

the stick-slip mechanism depends on two parameters at least;
first the variable coefficient of friction of the submerged

surface, and secondly the stiffness of the mechanical system

employed. The stiffness of the system for the forward trace



can be considered as due to the stiffness of the tangential
load transducer itself; whereas, for the reverse track,
additional flexibility is introduced into the system by

the return springs, used to pull the specimen back. The
combination of these two factors is clearly seen in Fig
3.21a and Fig 3.21b. It is therefore possible to reduce
the amplitude of the stick-slip motion in the reverse
direction by increasing the stiffness of the return springs.
However, the stick-slip behaviour would still be present
because it is not possible to increase the stiffness of

the mechanical system to a value more than that of the

tangential load transducer itself.

The only way to reduce the amplitude of the stick-slip
motion would be to obtain sliding surfaces which had a
more uniform coefficient of friction when submerged. To
see if this is possible it is necessary to find out why
the surface friction increases when the surfaces are
saturated. When the surfaces are exposed to the laboratory
atmosphere they become contaminated, a layer being formed
on the quartz surfaces, and the shear strength of the
contaminating film is less than that of the quartz itself.
Hence the friction is low. But because the slider is
traversed many hundreds of times before immersion in the
distilled water, we can expect the contaminating film td
be quite thin, probably only a few molecules thick. Now
when the surfaces are immersed, those constituents iﬁ the
contaminating film which are soluble in water dissolve.

Also the quartz itself is very weakly soluble and so we



can expect that the surface film will be disrupted. The
test results show an increase in friction when submerged,
and so support this hypothesis. Only the more insoluble
and more strongly adhering parts of the contaminating film
are left. The result is a surface which will have non-
uniform frictional properties, and this is again evident
from the results. However, if this hypothesis is correct,
we can expect that because the surfaces are immersed in
distilled water, once the surface contamination is removed,
the clean surfaces will tend to stay clean, as the mobility
of the contaminating molecules in water should be low; and
furthermore, the longer the surfaces are immersed the more
uniform the frictional properties of the surface will become

as the surface layers are dissolved off.

To test this hypothesis the quartz specimen 1 and slider 1
were kept immersed in distilled water for approximately 9
hours after the tests previously reported, shown in Fig 3.18
to Fig 3.21, and then the friction test was repeated. The

result is shown in Fig 3.22a and Fig 3.22b, and it can be

seen that the frictional properties of the surface are

much more uniform than for the previous tests. (Compare

the tests shown in Fig 3.2la and Fig 3.21b with that shown
in Fig 3.22b.) There is still a small variation in the
surface friction (this is shown up on the reverse traces)
because of the lower stiffness of the mechanical system.

The coefficientsof friction for the tests shown in Fig 3.22a
(medium sensitivity) and Fig 3.22b (low sensitivity) are

0.85 and 0.84 respectively.



These tests indicated that the stick-slip mechanism was-
avoidable, and consequently more representative tests for
'clean' quartz surfaces could be obtained by immersing the
surfaces in distilled water for a sufficient time, to remove
as much of the surface contaminating film as possible. Also,
if the slider was moved backwards and forwards over the same
track, while submerged, any residual contamination from the

track itself could be worn away.

With this in mind a second series of tests was performed on
another quartz specimen 2 with another slider 2, the results
being presented in Fig 3.23 to Fig 3.28 inclusive. The
behaviour again follows the hypothesis outlined previously,
the stick-slip motion being eliminated after 2u héurs of
immersion (see Fig 3.25a and Fig 3.25b). To verify if the
maximum amount of the surface contamination had been removed,
the surfaces were kept immersed for a further 17 hours (ige,
41 hours in all) and the tests repeated. This result is
shown in_Fig 3.27, the maximum coefficient of friection being
0.83(9) - this can be compared with the test shown in Fig
3.26, which is the corresponding trace for 24 hours immersion
when the maximum coefficient of friction was found to be
0.83(5). Therefore we can say that after 4l hours of |
immersion virtually all the removable contamination had

been removed. The test shown in Fig 3.28 is a repeat of
that shown in Fig 3.27, with the ambient water pressure at
the contacts increased to 9000 psi, the maximum coefficient

of friction being 0.83(4). We can therefore conclude that



for the quartz specimens used, immersion in distilled water
enables the friction of 'clean' quartz to be measured, and
that increasing the ambient pressure by 9000 psi has a very

small influence on the frictional behaviour.

3.7 Comparison of the Theoretical Prediction of Friction

Coefficient with the Experimental Results:

From the theory outlined earlier in this chapter, it was
shown that the coefficient of friction could be written,

for clean crystal surfaces, as:

- k ‘a1
p = tan ¢ + (T + sio o) (3.19)

sin 1p{Hv * 93T —sin v)

and for clean quartz surfaces in particular:

34,310
H, + 1.777 ¢

p = 0.292 +
3

To check if the theory outlined previously fitted the test
results for the clean surface produced on specimen 2 with
slider 2 it is necessary to find the correct value of H,
for the test. The results by Brace (1963) show a variation
of hardness with load, therefgre it is necessary to find
approximately the number of asperities carrying the load

of 732 gm applied to the slider. Referring to Fig 3.2, 3.3
and 3.29 it is seen that the flat tip of slider 2 could rest
on anything between 1 and 10 asperities. If the assumption
is made that these major asperities take the majority of

the load it would seem reasonable to use a mean value of



HV for loads between 70 gm and 700 gm. It was, however,
very difficult to perform indentation tests below 300 gm
because of the difficulty of measuring the very small size
of the indentations produced. The mean values obtained for

300 gm and 500 gm loads were very close and are given below:

Load 500 gm H, = 65,500 kg/sq cm
(for a mean of 10 tests, the maximum and minimum
values being 71,500 kg/sq cm and 60,000 kg/sq cm

respectively)

Load 300 gm H, = 64,900 kg/sq cm
(for a mean of 10 tests, the maximum and minimum
values being 76,300 kg/sq cm and 54,300 kg/sq cm

respectively)

These hardness values show that there is a considerable
variation in the hardness from point to point on the surface,
which would reflect in varying coefficients of friction in

the test. The variation is probably due to varying orientations
of crystals making up the specimen, which was not a single
crystal, and to impurities in the crystal structure which

according to Brace (1963) lower the hardress.

Because of these difficulties it is apparent that verification
of the theory can only be approximate. However, to test if
the correct order of magnitude is forecast by the theory,

the value of H = 65,200 kg/sq cm will be used.



Theoretical y for G4 = O is given by:
_ 34,310
W= 0.292 + pEo3so— = 0.818
And for g5 = 632.8 kg/sq cm:
L= 0.292 + 34,310 = 0.809

65,200 + 1.777 x 632.8

Maximum measured values (see Fig 3.27 and Fig 3.28):

for o3 = O, p = 0.839; for Gy = 632.8 kg/sq cm, U = 0.834,.
The predicted and experimental values are fairly well in
agreement. It must however be pointed out that because of the
limitatdions in the accuracy of the measuring system the third

decimal place in the measured coefficients is in doubt.

One further check is available, using the data in.the paper
by Bowden and Hanwell (1966), for quartz sliding on quartz,
under high vacuum conditions, and when special techniques
were used to énsure clean crystal surfaces. In the test
reported the normal load was 70 gm and the coefficient of
friction pu = 0.71. If Brace's (1963) data are used the
hardness at 70 gm is HV = 98,000 kg/sq cm. Substituting

this value into equation 19 gives:

34,310
98,000 + 0

H = 0.292 + = 0.64

Again the agreement is not unreasonable.
These results tend to confirm that an adhesion mechanism can

be used to explain the frictional behaviour between quartz

surfaces, and there seems no reason to doubt that the same



mechanism will obtain for other minerals as well. Furthermore
it is seen that for the ambient pressure range used (ie. O
to 9000 psi) the coefficient of friction for clean crystal

surfaces can be considered to be nearly constant.

The friction of miner;l surfaces which are not clean will
depend on the shear strength of the contaminating layer, and
consequently the coefficient of friction will vary from that
of clean surfaces. Thus if any correlations are to be made
regarding the behaviour of a mass of mineral particles, with
the interparticle friction, it will be necessary to determine
the coefficients of friction for the mineral surfaces as

occurring in the tests on the particulate mass.
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FIG.3.1. Talysurf profilometer record of the surface of
specimen 2, g8long the length of the specimen
off the line of the wear track.
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FIG.3.2.

Talysurf profilometer record of the surface of

specimen 2, across the specimen
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FIG.3. 3. Talysurf profilometer record of the surface of
specimen 2,along the length of the specimen

on the centreline of the friction wear track.
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FIG.3.4. Talysurf profilometer record of the surface of

slider 2, showing the smoothness of the worn tip.
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CHAPTER 4

THE INFLUENCE OF INTERPARTICLE FRICTION ON THE

SHEARING STRENGTH OF A NON-COHESIVE MATERIAL

4.1 Introduction:

In the last chapter the friction of mineral surfaces
under various conditions was considered. But, before
the results can be applied to the shear strength of non-
cohesive particulate materials, it is necessary to study
the influence of interparticle friction on the shearing
behaviour of the aggregate material. This point was
clearly stated by Terzaghi in 1920, who, in a paper on
'0ld earth pressure theories and new test results',

published the following statement:

The fundamental assumptions of the traditional earth
pressure theories cannot, in fact, stand even superficial
examination. The fundamental error was introduced by _
Coulomb, who purposely ignored the fact that sand consists
of individual grains, and who dealt with the sand as if it
were a homogeneous mass with certain mechanical properties.
Coulomb's idea proved very useful as a working hypothesis
for the solution of one speeial problem of the earth
pressure theory, but it developed into an obstacle against
further progress as soon as its hypothetical character came

to be forgotten by Coulomb's successors.

The way out of the difficulty lies in dropping the old
fundamental prineiples and starting again from the elementary

fact that sand consists of individual grains. This method of



dealing with the problem was first tried by Couplet, in
1627, forty-seven years before Coulomb published his
theory, but Couplet failed. In 1916 and 1917 Professor
Skibinsky of Limberg published a series of articles on

the pressure exerted by a mass of spheres. Investigations
of this kind are apt to be based on certain assumptions
concerning the arrangement of the spheres, and the
tnvestigations result therefore imn rather complicated
formulae of limited value. In L9117 the author, who had

no knowledge of Professor Skibinsky's publications, started
to investigate along the same lines. But in the attempt to
check theoretical results by observations he became
convinced that earth pressure is an experimental rather
than an analytical problem, and that we ought first of

all to learn the physical facts of earth behaviour.

4.2 Theoretical Relationships between Shear Strength and

Interparticle Friction:

In the development of strength theories many have followed
the example of Coulomb, and have considered the behaviour
of soils as if they behaved as continuous media; and
consequently no relationship between the interparticle
friction and the shearing strength of the material is
considered. However, a few investigators have considered

this problem, and some of their results are outlined below:

Caquot showed theoretically that for plane strain conditions,
with the assumption that only sliding takes place between the
soll grains, the relationship between the effective angle of

internal fricion, ¢' , of a granular material and the

cv



coefficient of friction acting between the grains, when

shearing at constant volume, is:

tan ¢év = u X %

Bishop, using energy considerations, and assuming no rotation
of the granular elements, ie. angular strain being caused by

sliding along surfaces of particles, obtained the following

relationship:
a) Triaxial compression where Ué = cé <ci
. 15y
t -
Sin ¢, = (10 + 3p)
o + 03
b) Plane strain, taking oé = =

3u

. y - 3u
Sin ¢cv =3

Rowe (1962):

Rowe produced a stress-dilatancy relation for static
equilibrium of an assembly of particles in contact; the
basis of which is that sliding occurs only on certain
favourably-oriented and situated surfaces, the orientation
being such as to minimize the rate of dissipation of energy
in sliding friction between particles with respect to energy

supplied. This produced a relation for triaxial stress

conditions where oé = oé <0i'of:

= tan (”-5 + %- ¢].l) (‘/‘mm ?oug IQé’Z)



where tan ¢u = u, the coefficient of friction between the

particles.

And for shearing at constant volume this would imply that

_ 2 o, 1
= tan” (457 + 2¢H)

QIQ
QO] =

This result is not supported by experimental results, and
so Rowe introduces a variable parameterf%.(such that
¢U

is shearing at constant volume.

< ¢f <¢CV) and ¢f becomes equal to ¢cv when the material

4.3 Particle Mechanics during Shear:

All the above results are obtained with the assumption that
relative movement between soll grains is accomplished by

sliding, no rotation of the grains being allowed.

However, many other investigators have suggested that the
mechanism of deformation in a shearing sand mass involves
both sliding and rotation; and as far back as 1925 Terzaghi,
in Erdbaumechanik, describes 'The mechanism of resistance to
sliding' in this way: As the shearing stress applied to a
mass of sand increases, the particles rotate without changing
partners; the displacement is resisted largely by friction at
the points of contact between grains. At constant shearing
-stress the rate of increase of displacement decreases and

finally ceases. Sliding occurs suddenly, particles on one



gside of the surface sliding, advancing with reference to
the other side, and thus changing partners. Resistance
depends largely upon the degree of interlocking, so the
coefficient of friction along surfaces of sliding in sand

inereases considerably with decreasing porosity of the sand.

Similarly Taylor (1948) in his book Fundamentals of Soil
Mechanics, page 345, under the heading 'Factors contributing
to Shearing Strength in Soils' also suggests that the
shearing strength in sand may be said to consist of two
parts: the internal frictional resistance between grains,
which is a combination of rolling and sliding friction, and

a second factor for which the most common name is interlocking.

The writer considered that because of the uncertainty of
the movements of the particles, it was necessary to try to
establish whether rotation of the grains takes place during
shearing of a mass of particles, and what effect the
coefficient of interparticle friction has on the mechanism

of failure.

To do this, advantage was taken of the change of interparticle
friction, which is observed with glass ballotini, when
submerged under water as compared with the values obtained

when tested surrounded by air.

4,4 Surface Friction of Glass:

The values obtained for the coefficient of friction are as



follows:

Series_1:
A single 1 mm glass ball sliding on a smooth slide glass.
The test was carried out using the friction apparatus

described in Chapter 2, Figure 2.12 and Plates 2.6 and 2.7. .

The apparatus was modified, so that it could be mounted
horizontally on the test bench, and the anvil (6) to which
the slide glass was attached, was driven forwards by a push
rod, moved by a screw rotating in a threaded guide, the
retraction of the anvil being accomplished, as before, with
strong return springs. The single glass ball was mounted
on the end of the quill (21), and the adhesive used was
'Lakeside'. This adhesive is used generally for mounting

thin sections of rock.

The surface traction between the two surfaces was monitored
by means of the high sensitivity proving ring (10), whose

output was fed through a Boulton and Paul C61 transducer

meter to a Leeds and Northrup strip chart recorder.

Typical traces for wet and dry contacts are given in Figure
4.1. These correspond to the tabulated results numbered
3, 4, 5 for the dry contacts, and 10, 11, 12 for the wet

contacts.

The recorder trace is deflected to the right when the anvil
is pushed forwards, and when pulled back, the recorder trace
is deflected to the left. The overall deflection from right

to left thus corresponds to a complete reversal of the friction



force; consequently the angle of friction ¢u is given by:

(surface traction change)
load on the contact

1
tan ¢u =3

The deflections of the traces for test 11 and 12 were too
large to be accommodated on the width of the chart, therefore
a part of the transducer output was 'backed off'. This
effectively shifts the trace back on to the chart. This
shift of the trace, corresponding to a change in decade
reading of +00100 units, is 10.1 chart divisions to the
right, and a shift of 10.1 chart divisions to the left for

a change in decade reading of -00100 units.

Series 1 ~ Results:

load on ball Pk

gons

Frictional #orce for : Frictional Force for
bal moving b He #igh , ball moving % he lft

Change in Suriace Croction
for a reversal of 5//‘;4'0_7 areetron

Surface traction load: in all calibrations 1 chart

division = 0.014 1b.



Results of tests to determine the angle of friction

between a 1 mm glass ball and a smooth glass slide

under wet and dry conditions

Test Sliding Load P 1b
No Condn speed on 2F 1b F/P ¢

in /min Contact U
1 dry 0.062 0.382 0.135 (max) 0.178 10.1°
2 wet 0.062 0.382 0.688 (max) 0.300 42.0°
3 dry 0.062 0.378 0.068 (max) 0.090 5.1°
0.061 (min) 0.081 4.62

0.064 (mean) 0.085 b.9
4 dry 0.062 0.951 0.189 (max) 0.099 5.72
0.178 (min) 0.093 5.3

0.183 (mean) 0.096 5.5
5 dry 0.062 1.951 0.412 (max) 0.106 s.og
0.405 (min) 0.10Y4 5.9°

0.408 (mean) 0.105 6.0
6 dry 0.062 0.378 0.069 (max) 0.091 5.22
0.068 (min) 0.089 5.1o

0.068 (mean) 0.089 5.1
7 wet 0.012 0.378 0.689 (max) 0.910 42.32

0.606 (min) 0.801  38.7
0.648 (mean) 0.857 40.86°
8 wet 0.062 0.378 0.659 (max) 0.872 uz.og
0.606 (min) 0.801  38.7¢

0.641 (mean) 0.843  140.3
9 dry 0.062 0.378 0.071 (max) 0.093 5.38
0.059 (min) 0.078 4.52

0.065 (mean) 0.086 4,9
10 wet 0.062 0.378 0.633 (max) 0.839 40.02
0.569 (min) 0.766  37.50

0.620 (mean) 0.820  39..
11 wet 0.062 0.951 1.584 (max) 0.832  39.8°
1.530 (min) 0.804  38.8°
1.560 (mean) 0.820  39.4°
12 wet 0.062 1.951 3.010 (max) 0.772  37.7°
2.780 (min) 0.712 35.22

2.900 (mean) 0.742 36.6




Series_2:

A further two sets of tests were performed, aimed at
finding the coefficient of friction between glass ballotini
directly. This was done for both 1 mm and 3 mm sized
ballotini. For each size glass balls were mounted in pairs
on the anvil, so that the line joining their centres was at
right-angles to the direction of travel of the anvil, and a
ball of the same size mounted on a quill of the friction
apparatus. Loads were applied by dead weights on the head
of the quill, whose vertical displacement was monitored by
an inductive displacement transducer, mounted over the contact,
powered by a second Boulton and Paul C61l transducer meter.
This arrangement enabled the writer to measure the surface
traction when the 'quill ball' was at the apogee of its
travel. (The vertical movement of the quill could be

6 in.) The average

discriminated to the order of 2 x 10~
values of surface traction change for three or four traverses
were taken as a representative value and these results are

given below.

Series_2_=_Results:

In the results the following symbols are used (see next page).
For the geometry chosen:

At the apogee of the quiil ball PC = W/V3 = 0.5773W.

The surface traction change 2F measured in the test was the

sum of the surface traction at both contacts, ie.

2F = 2 x ZF% = UFC
. _ -1l ‘¢
since ¢, = tan P_
6 = tan Y L (measured surface traction change)
U 4 0.5773W

Speed of sliding at contacts = 0.012 in/min.



Load on
Qa.l// ball W ib.

Frickonal Force
al ong cortact
75 fe b, and Fhe
Manje rn friclonal
force for a
reversal of shan
direction s 2k b.

Condzcl Fforces
Qre 2 4,

EﬁﬂlGﬁ%?e .

Hretronal Force
’s 2F b.

Where 2F = 4K

bhe Lo lower balk

Qre  FLrxed.
4
Secrion BB Sec7ioN__A-A

Results of tests to determine the angle of friction

between glass ballotini sliding on glass ballotini

under wet and dry conditions

TeSt  condition PAIIOTIML  yi1p  oF 1p 0.866 F/W
o slze
1 dry 3 mm 0.404 0.069 0.074 u.zg
wet 0.631 0.677 34,1
2 dry 3 mm 0.404 0.075 0.080 4.6°
wet 0.603 0.646 32.9
3 dry 1 mm 0.087 0.01u 0.070 u.og
wet _ 0.124 0.618 31.7




4.5 Analysis of the Mechanics of Spheres and Rollers

subjected to various frictional Tractions:

In this section the mechanics of simple geometrical arrange-
ments of rollers or spheres are analysed, with particular
reference to the frictional conditions required to initiate
slip at favourably-orientated contacts, or to those conditions
which promote rotation of particular rollers or spheres

without slip at contact points.

Ball or roller on a frictional inclined plane, under the
influence of a load W and a horizontal frictional traction

T at its apex.

Equilibrium normal to the plane:

N =W Cos8 + T Sin®8 (4.1)



Equilibrium parallel to the plane:
F+T Cos 6 =W Sin 6
or F = WSin 6 - T Cos 6 (4.2)
Taking moments about point A:
WRSIin 8 = TR (1 + Cos 8)

(1 + Cos 8)

or W = T——453-7 (4.3)
Limiting equilibrium is reached when either:
a) F = ulN where By is'the friction coefficient between
the plane and the roller,
b) T = u2W where M, is the friction coefficient between
the body providing the load W and the ball or
roller.
From a) and equations (4.1), (4.2) and (4.3) we obtain:
8. = 2 tan Tu (4.4)
a 1 *
where Ga is the critical value of & for condition a).
And from b) and equation (4.3) we have:
8, = 2 tan Tu (4.5)
b 2 :

where 8, is the critical value of 8 for condition b).
If By > Uy the ball or roller will slip on the plane, the
point A on the ball or roller moving down the plane, unless

the angle 6 is smaller than éa = 2 ‘t:an-l » when the ball

My

or roller will start to roll up. -the incline raising the

weight W.



If My > w then sliding will take place at point B until

2

the angle 8 becomes smaller than eb = 2 tan—luz, when the

ball or roller will start to roll up the incline raising

the weight W.

If My = M, sliding will take place at either point A or B
until the angle 6 becomes smaller than 2 tan—lu, when the
ball or roller will start to roll up the incline raising

the weight W.

If, for example, the case illustrated in the figure shown
below is considered with balls or rollers 1, 2 and 3 free,
and the half balls or rollers fixed to the bottom plane,

B B A A, and A

1 °2 o 3’
30

2 3
ie, Yy < 0.268. If p>0.268, then the balls or rollers

and taking equal values of u at Bl’ g Bgs

the plate would only travel horizontally if u € tan

would roll and lift the plate.
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A ball in a frictional groove, under the influence of a load

W and a horizontal frictional Traction T at its apex.

SecT/ON A-A

SEcrioN BB

Consider the equilibrium of the forces resolved in the
plane of section B-B:
At right-angles to the slope:

2N sin B = W cos 6 +#+ T sin 8

Wocos 8 + T sin 6

or N = 2 sin B

(4.6)



Parallel to the slope;
2F + T cos 6 = W sin B

or T = W sin 82— T cos © (4.7)

Taking moments about the line YY: -
W.R sin B8 sin 6 = T.R(1 + sin B cos B)

T(l + sin B cos B8)

or W = sIn B sin © (4.8)
Limiting equilibrium is reached when either:
a) F = ulN where My is the friction coefficient between
the groove and ball, or
b) T = H,W where My is the friction coefficient between
the body providing the load W and the ball.
From a) and equations (4.6), (4.7) and (4.8) we obtain:
. sin 85 sin B
M1 7 Gos 6, + sin B (4.9
where ea is the critical value of 6 for condition a).
For m/2 >ea>o:
_ -1f_ 2 1 + sin B
6, = 2 tan { A+ V(A + T‘T‘EZE‘E)} (4.10)
_ sin B
where A S YT - sin B
Now from b) and equation (4.8) we obtain:
sin eb sin B
(4.11)

Ho = T3 cos 5, sin B

where eb is the critical value of 6 for condition b).



_ -1 _ 2 _ 1+ sin B
or 6, = 2 tan {_B /(g% - 1S3 8 B)} (4.12)

sin B

where B = u,(1 - sin B)

If slip is to occur simultaneously at the apex and at the
contacts with the groove, for particular values of 6 and B8,
u, and u, are given by equations (4.9) and (4.11), and by
considering the differences between the denominators of
these equations, it can be seen that for w/2 > 6 > 0, and
/2 > B > 0,(cos 6 + sin B) € (1 + cos 6 sin B), ie.

uy > P for /2 > 8 >0 and /2 > 6 > 0

Therefore for equal values of u, slip will always occur
first at the contact points on the sides of the groove, the
points C1 and 02 on the ball sliding down the plane, except
for case 1, when the groove reduces to a plane, and slip
takes place simultaneously on the plane and at the apex of

the ball.

The limiting values of My and u, are plotted against values
of 6, and 6y respectively on the graph figure 4.2 for values
of the groove half angle B = 900, B = 60° and B = 300, and

tableSof limiting values of My and u, are given below:

limiting values of ug

6

&  g=90° B=75° g=60° g=45° g=30° B=15° g=0°
0 0 0 0 0 0 0 0
10 .087 .086 .081 .073 .058 .036 0
20 .176 .173 164 147 .119 .074 0
30 .268 264 .250 .225 .183 .115 0
40  .364 .359 .341 .309 . 254 .162 0
50  .u4B6 460 . 440 401 . 335 .220 0
60 .577 571 .549 .507 .433 .295 0
70 .700 .69L 674 .633 .558 405 0
80  .839 .848 . 821 .790 .731 .590 0
90 1 1 1 1 1 1 1




limiting values of u»?

0

b g=90° g=75° g=60° g=45° B=30° B=15° 8=0°
0 0 0 0 0 0 0 0
10 .087 .086 .08l .072 .058 .036 0
20 .176 .173 .163 . 145 .116 .071 0
30 .268 . 262 . 247 .219 L174 .106 0
40 . 364 .357 .335 . 295 . 232 .139 0
50 . 466 L456 426 .372 .290 .170 0 .
60 .577 .56 .523 L452 . 346 .198 0
70 . 700 .682 .628 . 535 401 .223 0
80 .839 .815 741 .620 . 453 . 2uY 0
90 1 .966 . 866 .707 . 500 .258 0

Since slip occurs at the sides of the groove first, for equal
values of y (see previous argument), it is possible to evaluate
the magnitude of the limiting ratio of surface traction to

applied load = % in terms of 6, B and u.

When slip occurs F = puN, and using equations (4.6) and (4.7):

T _sin 6 sin B - u cos 8
W ™~ cos 6 sin B + y sin 6 (4.13)

and the maximum value that p can reach before rolling starts

is My where

sin 8_ sin B
a

Uy  S6s ea + sin B (4.9)
. : . T T
Denoting the maximum ratio of W by W ve have:
A > > .
T sin B sin ?a . (cos ea + 51? B) 4 1n)
W 1l + cos ea sin B 11 + cos Ba sin B -

Now because cos ea + sin B € 1 + cos ea sin B for 0O < ea < 90°

and 0 € B € 90° we have $

=i-3>

LS

From this it is apparent that if a plate is put over an array



of free balls, which are themselves supported on another
similar fixed array, and the plate loaded with a weight W,
pulled with ahorizontal force T (which causes the plate to
just move in the direction of T, when the balls are about
fo roll and 1lift the weight W (ie. dilate)), the ratio of
% does not depend solely on the coefficient of friction u,

but on the geometry of the array as well.

To illustrate this the following geometrical arrangements
A
of spheres are analysed for maximum u, and % for the conditions

of incipient dilation.

a) Uniform spheres in rhombic packing:

al) Traction in direction (1):

o = 19.4° g = 60°

u 0.159 (¢ = 3.03%)

=3>

0.99611l

a2) Traction in direction (2):

o = 35.3° g = g90°

u 0.318 (¢, = 17.659)

=S -

"y

b) Uniform spheres in face-centred centre packing:

bl) Traction in direction (1):

o = u5° g = 90°

u 0.414 (¢, = 22.5°)

=13> +
1]
=



b2) Traction in direction (2):

6=35° 8 = 60°

_ _ (o]
u, = 0.293 (4 = 16.33%)
5 ‘
W = 0.985111

PLAN,

The previous analysis investigated the limiting conditions
which could be applied to an array of free balls which are
on the point of dilating on a similar fixed array, the balls
having a coefficient of friction which is itself only Jjust
sufficient to prevent the free balls slipping down the faces

or the valleys formed by the supporting balls.

If the coefficient of friction is greater than the critical
value the layer of free balls would dilate. If, on the other
hand, the friction coefficient is less than the critical value
for the particular geometry of the array, then the value of

% cannot be determined by the previous analysis because each
of the free balls would gain additional support from either
one or two more balls in the fixed array. To illustrate this
point consider the four balls shown in the figure below, the
three lower balls being fixed in both position and orientation,

the only free ball being the fourth 'upper' ball.

Then for equal values of u if we put F = uN and apply arbitrary

forces P and X at B,it is seen that if sliding occurs at the



contact points A, anc:lﬂA2 so that the ball centre 0 tends to

rotate, then slip must also occur at point B. Therefore:

X = WP (4.15)

LLEVATION

PLAN




Taking moments about a horizontal axis through O:

T.R = 2uN.R sin B8 + RuP

or T = 2uN sin g8 + uP (4.16

Parallel to slope 6:

2uN + T cos 8§ - W sin @ + P cos(a - 8) + pP sin(a - 8) = O (4.17
Perpendicular to slope 8:
2N sin B + P sin(o - 8) — pP cos(a - 8) - T sin 6 - W cos o
There are three unknowns T, N and P. We want to eliminate N
and P in order to find T in terms of W. From (4.17):
N + plcos(a - 8) + y sin(o -~ 6)) _ W sin 8§ - T cos 8 (4.19
2u 2u
From (4.18):
N + P(51n(a - 6) - u cos(a - 8)) _ Wcos 8 + T sin 8 (4.20

2 sin B 2 sin B

Subtracting (4.20) from (4.19) we obtain:

P(sin B(cos(a - 0) + p sin(a = 8)) - p(sin(a - B8) - u cos(o = 0))
21 sin B

sin B(W sin 6 - T cos 0) - pu(W cos 68 + T sin 8)

2p sin B
Hence:
P = sin B(W sin 6 - T cos 0) - u(W cos 8 + T sin 8) (4.21
cos(o - 8)(sin B + p¢) + sin(a - 0)(u sin B - )
Re-writing (4.16):
N+ T = (1. 22

2 sin B = 2p sin B



From (4.20) and (L.22):

(Wcos 68 + T sin 8) - T/u

P sin(aa - 8) - p cos(a - 6) - 1 (4.23)
Therefore from (4.21) and (4.23):
T . 1 -
cos 6 + W (sin 8 - E) )
sin(oo - 8) - yu cos(a - 8) -1 ~
(sin 8 sin B - ¢y cos 8) - %(cos 8 sin B + u sin 8)
cos(o - 8)(sin B + pu<) + sin(o - 6)(y sin B - u)
Hence:
% - - COs eiA + B.C (4. 24)
(sin 6 - E).A + D.C
where = cos(a - 6)(sin B + p2) + sin(a - 8)(ulsin 8 - 1))

A

B = sin & sin B - yu cos 6

C = sin(fa - 6) - u cos(a - 6) -1
D

= cos B sin B + y sin 6

If the ball does not slip at A, and A, but rolls, P = 0. Then

1
the value of T is given by T where:

2

T _ sin B sin ©
W

= TF sin B cos © (see previous analysis)

Therefore this analysis holds for the range of p values such

that 0 « % < % if in this range % < u. If, on the other hand,
the analysis indicates that % > u, then the analysis is

inadmissible, and in fact the top ball would remain fixed in
position, and the body, through which the surface traction is

applied, would sl:iie across the top ball.



As an example the analysis has been applied to uniform
spheres in rhombic packing with only the top ball free.
The results obtained for % by substitution into equation

(4.24) of the values of 8, B and o for a rhombic pack are

tabulated below. 6 = 19° 28' 16.u", B = 60° and a =
54° uyt g,1s5",
" T/W
From equation (4.24) Limiting value

0.01 0.011 0.01

0.02 0.022 0.02

0.04 0.0u4 0.04

0.06 0.065 0.06

0.08 0.085 0.08

0.10 0.105 0.10

0.12 0.124 0.12

0.14 0.142 0.14

0.15 0.151 0.15

0.159 0.158 0.158

From the table it is seen that for all values of u up to
the critical value that will cause the top ball to roll,
the top ball remains fixed and the frictional body providing

the surface traction T slides across the top of the array.

4.6 Tests to establish the Occurrence of Particle Rotation

during Shear:

The previous analysis suggests that if a test was conducted
with glass ballotini in a shear box apparatus, with the

bottom half of the box replaced with a flat plate of glass,



the sample would indicate very little dilation when the glass
particles are dry, because ¢u lies between 1° and 10°.
However, some vertical displacement can be expected, because
first the experimental arrangement of the glass ballotini is
random, which may permit rolling together with sliding of
the plate, as some values of 6 could be low enough to cause
folling; second, the ballotini are not perfectly spherical
and consequently some re-arrangement of the pack may occur
under load, which could cause small vertical movements of
the loading platten. However, when the glass is saturated
(in which case ¢u rises to values between 26.5° and 42.5°)
most particles should lock and the rolling mechanism should
predominate. If an initially dense packing is used, rolling

must be accompanied by dilation of the mass of glass particles.

Two typical test results are shown in Figure 4.4 and Figure
4.5. In the first test 1 mm glass ballotini were used with
a vertical normal load of 97.3 1lb. No provision was made to
keep the top part of the shear box clear of the glass plate,
except that after the normal load was applied to the glass
ballotini screws were inserted into threaded holes in the
brass box, and by screwing against the glass plate a small
clearance was obtained between the brass box and the glass
plate; the screws were then removed before the shear load
was applied. This load was applied in the usual way, the
reaction being taken by a proving ring. One further small
modification was made to the apparatus, and that was to the

plunger loading the proving ring. This was modified so that



the line of thrust was level with the surface of the plate

glass.

In the second test the usual proving ring was replaced

with a high sensitivity proving ring, the deflection of

which was monitored electronically, the electrical signal
being fed through to a strip chart recorder. This chart

is presented in Figure 4.5 and plotted on it are the vertical
displacements of the normal load hanger. In this test a
further refinement was made, this was to separate the top

of the box from the plate glass, by a small amount, with
small needle roller bearings, so that at no time were the
plate and box allowed to come into contact. In this case

3 mm glass ballotini were used with a normal load of 20 1b.

In both cases the predicted behaviour occurs. It follows
that a particle rolling mechanism occurs, and furthermore
indicates that the values of interparticle friction cannot
be obtained with this test method if dilation occurs. The
interparticle friction must be measured directly between

representative particles.

4.7 Comparison of Theoretical Relationships and Experimental

Results:

It has now been established that rotation is a possible mechanism
for the particles in the particular case where the mass of

particles is sheared using a plate as the lower half of a



shear box. There seems no reason to doubt the existence
of the same mechanism, combined with sliding, occurring in
a mass of particles subjected to normal and shearing stresses

on the boundaries of the mass.

If the trend established in the special tests were to be
extended to the more general case of shearing within the
granular mass, we should expect materials with differing
values of friction coefficient, but similar in all other
respects, fo show more rolling of the particles the higher
the friction coefficient. This effect would therefore change
the energy input required to shear the granular mass compared

with the energy required if only sliding were taking place.

As an example, let us consider the equation put forward by
Caquot in 1934. For shearing at constant volume (no rotation

allowed) with a normal load of W:

1 - Ty
tan éoy = 3
-1 mwp
i - ——
or ¢cv = tan 5
Energy input per unit horizontal displacement = W£%;l.

For glass particles we have shown that p changes from about
.07 when dry to about .62 when wet. This would correspond
to a change of ¢' from 6.27° to 44.25° for the two conditions,

which should result in nearly a ninefold increase in strength.

Since we are now able to measure the intergranular friction



we can now test the above equation. To do this a series

of tests was conducted on 3" diameter steel ball bearings
(dry), 3 emam diameter lead shot (dry), 3 mm diameter glass
ballotini (dry and wet) and 1 mm diameter glass ballotini
(dry and wet) in the shear box apparatus. The load displace-
ment curves obtained, using the electronic monitoring system
as used in the special tests described previously, are
presented in Figure 4.13 to Figure 4.42. Plotted on these
charts are the values of vertical displacement of the load
hanger, which were visually monitored using a dial gaugé
during each test. In these tests the two halves of the shear
box were separated by small-needle roller bearings to eliminate

friction between the two halves of the shear box.

The interparticle friction for each material was also measured
for a series of differing vertical loads, and these values are
given in Figure 4.6 to Figure 4.9. These friction tests were
performed with the friction apparatus described previously,

photographs of which are shown in Chapter 2.

Friction tests were also performed for glass ballotini sliding
on the plate glass used in the special tests, and are shown

in Figure 4.10. In these tests the particles were not stuck
to the anvil or quill, but were clamped in a special vice

made to hold the balls secure with their centres at right-
angles to the direction of movement, and a chuck for holding
the quill ball was used (see Chapter 2). The effect of

differing surface conditions is also shown in Figure 4.11



and Figure 4.12.

From the shear tests on the various materials the values of
¢$ax for each test have been plotted to a base of initial
porosity in Figure 4.43a. This shows that the values of
¢$ax for a particular value of initial porosity seem to be
almost independent of material and interparticle friction.
(The values of ¢ﬁax were obtained using the conventional
interpretation of the shear box test.) There is considerable
scatter of the results which may be the result of using
relatively large particles in a small shear apparatus. The
scatter is very much less for the smaller 1 mm diameter glass
ballotini, these results being plotted by themselves in
Figure 4.44. The correspondence between the ¢$ax values

for a particular porosity for these tests is quite remarkable,

and tends to confirm the observation made previously about

particle size and scatter.

From these results we can conclude that for low stresses,
such as were used in these tests, when particle fracture
is not a.feature of the shear process, the shear strength
of a mass'of spherical particles is not a unique function

of the interparticle friction.

It is also suggested that a rolling mechanism accompanies
sliding within the mass of particles, and that rolling
increases as the value of the interparticle friction
increases. Furthermore, there seems to be a direct correl-

ation between particle rolling and the violent variations



in shear load observed with the higher friction particles,

and therefore the material is more prone to rolling. This
statement is supported by the result of the special test

when the lower half of the shear box was replaced with a

glass plate (see Figure 4.5). For this test it was shown

that rolling was accompanied by dilation of the mass of
particles, and it is seen that the dilation stage is also
accompanied by the characteristically violent variations of
the shear load observed with the standard tests on the higher
friction materials. For the low friction materials, lead shot
and dry glass ballotini, the shearing process is much smoother.
The effect of suddenly increasing the interparticle friction
is shown in the shear test using 1 mm glass ballotini (see
Figure 4.37). There is a distinct change in behaviour,
although there appears to be only slightly more variation

in the shear strength than is observed with dry ballotini

(see Figure 4.35). This test also underlines the statements
above because even though the interparticle friction is
increased by up to twelve times, the shearing strength is
hardly affected at all. Therefore a change in the mechanism
of the particles is demanded to satisfy this observed behaviour.
Referring to Figure 4.2, it is seen that for the particular
case analysed, for increasing values of By OF U, there is

an increase in the permissible angles 6, or 6., for which
rolling is a possible mechanism. Therefore for higher

values of u, Or u, more particles are free to roll. It is
suggested that this mechanism also applies to the mass of

particles in the shear tests, and this is advanced as a

possible explanation of the observed behaviour.



The results of.these shear box tests can also be used to
compare the theoretically established values of ¢év
function of interparticle friction angle ¢U which were

summarized in Section u4.2.

as

The coefficients of friction

.30

for the materials tested are given in the table below, and

the range of values of ¢év are calculated from the load

displacement curves for those portions when no dilation or

consolidation was taking place.
in Figure 4.46, which shows complete disagreement between

the experimental results and the theoretical predictions.

This data is summarized

Material Cogzizion Conf?gg)Load Coeff of Friction
5.7 0.03 0.05
dry 11.5 0.05 0.07
1 mm dia 23.1 0.07 0.09
lass 52.0 0.06 - 0.08
ballotini 5. 0.50 0.58
11.5 O.64 0.72
flooded 23.1 0.76 - 0.79
52.0 0.78 0.80
5.7 0.03 0.06
11.5 0.03 0.07
dry 23.1 0.05 0.07
3 mm dia- 52.0 0.07 0.12
109.7 0.07 0.08

glass

ballotini 5.7 0.79 0.89
11.5 0.83 0.93
flooded 23.1 0.87 0.89
52.0 0.85 0.86
109.7 0.80 0.82
5.7 0.29 0.48
v dia 11.5 0.46 - 0.62
steel dry 23.1 0.52 0.686
balls 52.0 0.63 0.66
109.7 0.60 0.62
5.7 0.07 0.08
3 mm dia 11.5 0.06 0.08
lead dry 23.1 0.08 0.09
shot 52.0 0.10 0.11
109.7 0.10 0.12

- ——————————— i — 5 5 t— - — 8 v = - —— = W= - e G G = e e e e S S S e -

(continued)



Material Coigizion Cont?gg)Load Coeff of Friction
10.0 0.02 - 0.07
20.0 0.02 - 0.08
3 mm dia dry 40.0 0.06 - 0.11
glass 90.0 0.11 - 0.13
ball 190.0 0.11 - 0.1k
sliding 10.0 0.61 - 0.90
on plate 20.0 0.85 - 0.88
glass flooded ~40.0 0.85 - 0.88
90.0 0.89 - 0.91
190.0 0.80 - 0.90

The experimental results are for plane strain conditions,
so the theoretical plane strain analyses of Caquot (1934)
and Bishop (1954) can be compared with the experimental
results. However, Taylor and Leps (1939) and others have
shown that the shear strength of a granular material in
triaxial compression tests differs marginally from that
measured in the shear box apparatus. Hence it would seem
probable that the conclusions derived from these results

would apply in principle to triaxial tests as well.

If the analysis in Section 4.5 (which led to Figure 4.2) is
borne in mind when looking at Figure 4.46, it would appear
that because of the increasing likelihood of rolling as a
mechanism for the higher values of ¢u (ie. p values) for the
likely 8 values which will be in the low range, the energy
input should be lower than that predicted for the pure slip
theories. Therefore the ¢Cv.values for the tests on steel
ball bearings and flooded glass ballotini could be expected

to fall below the theoretical curves.

On the other hand the ¢cv values for lead shot and dry glass



4.32

ballotini could have Been expected to lie close to the values
predicted by the pure slip theories, because rolling is a
less likely mechanism for these low ¢uAmaterials. The fact
that the ¢y values for these materials are not dissimilar

to the values for high ¢u materials leaves unanswered
questions about the constraints imposed on the particles

and their mechanics. For example, it is possible that even
though the test is in essence a plane strain test, the low
friction between the particles may allow weaving movements

of the particles in the o, direction, which would lead to
more energy being dissipated. However, this is speculation,
and a definitive analysis (for both high and low ¢u materials)
will have to await the results of further research into

particle mechanics.

Note: The shear box tests are plotted to a base of horizontal
displacement of the lower carriage. If a base of
relative displacement is required, the correction
to be applied depends only on the deflection of the
proving ring, and is given by correcting the base
scale by 0.010" for a load change of 15.5 1b.

Figure 4.45 shows a test on the two halves of the

shear box, to establish that the friction was negligible

when the roller bearings were used. However, as it

turned out, this refinement was probably unnecessary,

as the sample dilated in every case under these low

stresses. Consequently the top half of the box
.probably remained in contact with the roller bearings

for only the initial stages of these tests.
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CHAPTER §

SHEAR CHARACTERISTICS OF PARTICULATE MATERTIALS AND THE

STRESSES THAT ARE 'EFFECTIVE' IN CONTROLLING THEM

5.1 Introduction:

The previous work (see Chapters 3 and 4) showed that

there were many variables that influenced the frictional
properties of mineral particles, and consequently we

can expect these to play some part in the shear strength
exhibited by a mass of particles. Some of these variables

are properties of the mineral of which the particles are
composed, others are to do with the physical nature of

the particles, i1e. shape, surface texture and crystallographic
orientation, and finally the nature of the pore fluid itself

played an important role.

In this chapter the part played by these variables is
considered in relation to the concept of effective stress,

related to the strength of a granular material.

In the ensuing discussion 'effective stress' will be taken
to mean that stress which controls changes in the strength

of the material under consideration.

As will be seen later the concept of effective stress applied

to granular soil is rather complex, and so the argument will




be built up step by step - and as the first step we shall

consider the following:

5.2 Effective Stress as applied to 2 Single Solid Body:

We now have to define what is meant by 'strength'. We can
say that it is the 'yield strength' or the 'peak strength'
or the 'residual strength'. In fact it is best if we say
that strength is characterized by the whole of the stress/
strain behaviour under particular specified boundary

conditions.

Now having defined 'effective stress' and strength, we can
look af the elastic and plastic yielding of materials.
First take the case of metals which have a stable plastic
hardening. characteristic such as mild steel and copper.

H D Pugh (1964) reports that pressures up to llO;OOO psi
have no effect on the true sfress/strain curves for tensile
tests on mild steel, and for tensile tests under pressure
up to 44,800 psi, no effect is observed in the stress/strain
curve for copper. These results confirm earlier work by
Bridgman, who concluded that to a first approximation the
strain-hardening curve was independent of pressure. Thus
these materials have unique stress/strain characteristics,
and therefore the introduction of 'effective stress' is

unnecessary.

Secondly, there are those materials whose stress/strain

(and so strength) characteristics are significantly influenced



by the hydrostatic component of stress. This is the class
into which most of the soil-forming minerals fall. Most

of these materials behave in an elastic/brittle mode at

low pressures, changing to an elastic/plastic mode at higher
pressures. In the elastic range the stress/strain behaviour
is generally only slightly influenced by confining pressure;
for example in Chapter 3 the compressibility and Young's

moduli for quartz were discussed.

However, the fracture or yield stress and plastic flow

stress are markedly dependent on confining pressure, and
Skempton (1960) has presented data for Calcite, Rock Salt

and Quartz. Therefore for these materials it is evident

that the 'effective stress' is the confining pressure Oé
applied to the sample, but the form of the equation connecting
the strength to 'effective stress' (ie, the confining pressure
03) will vary from material to material, and could depend on
other factors as well, typically temperature and straining
rates. For example the temperature has a marked influence

on the brittle to ductile transition pressure and also
directly influences the flow stress. Straining rate is

rather more difficult to deal with, and very little is known
about its influence. Most of the data is summarized by

M S Paterson (1970), who presents the work of Heard (1963)

on Yule marble. Both of these factors are related to changes
in.the microstructure, and have a significant influence on

the strength in the ductile range of behaviour and much

smaller influence on the stress/strain characteristic when



the material is brittle.

But apart from noting that temperature and strain rate
influence strength, we shall not actively consider them

in the following work.

5.3 Effective Stress as applied to two Discrete Solid

Bodies in Contact:

Here we are considering strength as 'frictional reéistance'
between the two bodies in contact under some constant
external normal load, both bodies being submerged in a

fluid in which the pressure can be varied. We will consider
frictional resistance in the form of the coefficient of

friction.

The friction of mineral surfaces was considered in detail

in Chapter 3, where a theoretical analysis was put forward
for the friction of mineral surfaces. The experimental
results obtained for clean quartz surfaces were shown to

be in satisfactory agreement with the theoretical predictions.
The equation for the coefficient of friction is:

k

(T sin ) (3.19)
3 (1 - sin y)

H = tan ¢ +

sin w{HV + 0

So we see that in this case the 'effective stress' is again
the confining fluid pressure 0,5, for a particular value of

load/asperity, ie, H, = constant.

To the knowledge of the writer no other analysis for the



friction between mineral surfaces has been published, but
it is possible to modify the equations presented by
Skempton (1960) to make them apply to this case. Skempton
(1960) obtained the following equation for the strength of

an assembly of particles:

— - mg
Tg = C + (o u)(M + m tmuws) + aanltmuws
where ¢! = ao.m.s.k
and a, = ASO/A

But in the case of solid body friction which we are consider-

ing, the factor m = 1, Tg = Ts and for clean surfaces ws = y.

So we have:

Tg =T c' + (o - u)(% + tan ) + a.u tan Y

But we want to find the coefficient of friction p = % where
the applied load is L, so we must insert the values of

g = % and T = %. But in this case P = L + uwA. Thus:

= c' + (% - u)(% + tan ¥) + a.u tan Y

1=
1

T = c'. A + (P - u.A)(% + tan Y) + A.a.u tan ¥

T c!'. A
u:tz +

+ tan Y + A.a U tan ¥

B
L M L

But AS = A.a, therefore:

A
oo Cso Bk, u tan y

B _
¥ + tan Y) o+ Al I

Again in the case which we are considering we have that



under zero external pressure and zero pore-water pressure
the contact area ratio is zero, i,e_aO = 0. Therefore:

As.u tan ¢

w=tany + &+ - ) (5.1)

the
If the strength of the material injfcontact is the same as

that of the body of the solid material 8 = 1.

However, equation 5.1 can not be used to predict the
coefficient of friction of mineral surfaces because the
coefficient M depends on the geometry of the asperities, and
on the stress—strain characteristics, as does the value of

the area of contact of the asperities Ag.

But equation 6.D shows that the 'effective stress' is the
confining pressure at the contacts, ie. for constant load
L on the contacts, u. (Note: u in equation (5.1) is

equivalent to 0 g in equation (3.19)).

Now we have two equations for friction coefficient; the
terms in equation (3.19) can be isolated and determined,

so that it can be used. It also explains the observed
behaviour of materials for which ¢ - 0O, ie clean metals,
where gross seizure is observed and hence p +> «, As can.

be seen from equation (3.19), as ¢ > 0, sin ¢ - O, therefore
g > o, Considering equation (5.1) we see that as ¢ »~ O,

<

tan ¢ + O, and u ~» 7" Therefore, for uy » «, M must + O.

But Skempton suggested that when ¢ = 0, M = N, where

N = a/(1 - 82) and 03 + 02.12 = a2

2
f .k



However, for clean surfaces B +~ 1, and therefore N - 0,

and so again g * . So both predict the same type of

behaviour.

Now, considering the implications of equation (3.19), we

see that for Y > O the 'effective stress' is O35 and for

the special case Y = 0, u + », irrespective of the value

of 05. Therefore in this special case introducing 'effective
stress' is again unnecessary. Now most crystal surfaces are
not clean in nature, and therefore the above statements may
not be correct. However, the analysis in Chapter 3 was
extended to cover contaminated surfaces, and the coefficient

of friction is given by equation (3.25).

: B.k
H_ =8 tan ¢ + - e
c (1 + sin ) _ a2 2
{HV * 03 (T - sin w)} /a1 B° cos® y)
and in this case for ¢ = O:
B.k

He (H, +04) /(I -B2)

In this case 03 remains as the 'effective stress'.

One particular material, quartz, is of interest because much

of the later work involves this material. The coefficient

of friction for quartz is given in Figure 3.16. The variation
to be expected by changing the confining pressure from
atmospheric pressure (0 psi gauge) to 9000 psi gauge, depends
on the load carfied by an asperity, and lies between 0.1% to

1.0% for asperity loads of 2 gm to 1000 gm respectively. These



variations are only j&st within the discrimination of the
experimental tests, and then only for the higher asperity
loads. It can be seen, however, that the theoretical

predictions were supported by the test results.

Therefore we can say that for the pressures used in these
tests, which would in general be much larger than those
encountered in engineering practice, strength, as represented
by the coefficient of friction, for constant asperity loads,
is almost independent of the confining pressure, which is

the controlling or 'effective stress’.

As an addendum to the previous argument, we can consider the
two blocks to be enclosed in a membrane as shown in the

diagram. In this case the confining pressure at the contacts
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is u (ie. it is equivalent to 03 in equations (3.19) and

(3.25) and to u in equation (5.1)). If now a pressure u



is also applied outside the membrane, there will be no load
on the asperities. To make the loading conditions of the
system equivalent to the cases discussed, we must apply an
external load to the two blocks, say L, which must be kept
constant. This load could then be considered as an external
stress of magnitude %. Thus the total external stress ¢ on

the upper and lower boundaries is ¢ = % + U,

Now, we noted that the coefficient of friction was a function
of the load on the asperities (see Figure 3.16 for quartz
surfaces). So, since we have shown that the magnitude of

u (within the stress range considered) does not significantly
change the coefficient of friction, as long as the load L is
not altered, we can say that the stress generated by the load
L is controlling the frictional behaviour and is therefore
the 'effective stress', ie, the'effective stress' is % = ¢!

= g - u. This is the form of the equation which is familiar.
So, for constant (¢ - u), variation of u from O psi to 9000
psi only changes the value of u for quartz by 0.1% to 1.0%

depending on asperity load.

We now consider the case where one of the mineral blocks is

replaced by a random assembly of mineral particles:

5.4 Mineral Block in contact with a Random Assembly of

Mineral Particles:

It will be assumed that the particles move relative to the



mineral block which remains stationary. If the particle
geometry remains fixed and sliding takes place only at the
contacts between the block and the particles adjacent to
the block, then the conditions are the same as discussed
in Section 5.3, and the same conclusions would be wvalid,
ie. the effective stress 0' can be represented by the

equation:

If, however, the arrangement of the particles in contact
with the block is allowed to change, then the direction of
movement of the particles need not coincide with the direction
of application of the tractive force; this would mean that
the magnitude of this tractive force would differ from that
generated when the particles are fixed. In addition there
would be a contribution (either addition or subtraction) to
the energy applied across the boundaries of the sample due
‘to the normal load moving towards or away from the fixed
mineral block. Also, as discussed in Chapter 4, there is
the possibility that some particles do not slide but rotate
on their neighbours, and so the energy dissipated-by these
particles would be less than that dissipated if they had

moved without rolling.

These various possibilities for the deformation mechanism,
and hence strength response, makes the analysis for the force
which is resisting deformation indeterminate. The only

remaining possibility is to investigate experimentally



the stress controlling the strength for this particular

arrangement.

In this experimental investigation we have to bear in mind

some of the points made previously. This can be done if

we consider a particular geometrical arrangement of particles,
at a particular instant, during the shearing process. The
particle mechanism will be controlled by the external
constraints and by the coefficient df friction between

the particles and between the particles and mineral block.

This coefficient, as we saw previously, will be strongly
influenced by the forces between the particles and fractionally
so by the hydrostatic stress to which the contact asperities
are subjected. Therefore, if the hydrostatic component of
stress is increased, both in the pore space, and simultaneously
on the external boundaries, the contact forces will not change
and therefore there will only be the very small change due to
the confining effect of the pore fluid. If this small change
affects the particle mechanics and hence the strength of the
sample, then the simple equation for effective stress o' = ¢

- u will not be valid. This point is investigated in the

next section, where shearing within a mass of particles is
considered. However, we must consider the influence of the
pore fluid itself. As we saw in Chapters 3 and 4, substituting
water for the pore fluid in place of air changed the coeff-
icient of friction of both quartz and glass very significantly.
In this case we make no changes to the boundary stresses, and

so there is no change in the loads carried at the contact, for



a particular particle geometry; that is, there is no chaﬁge
in what was considered the 'effective stress' previously.
However, because of the change in coefficient of friction,
there is a change in the strength response for the particular
configuration under consideration. The test arrangement
described in Chapter 4 for the special tests on glass
ballotini fits in with this argument, the test set up

being shown in Figure 4.3, and typical results in Figures

4.4 and 4.5. The changes in friction for these materials

are shown in Table 4-1 and Figures 4.8 and 4.10.

For the test shown in Figure 4.5 the range of values that
could occur in the coefficient of friction between the glass
surfaces in the dry and wet conditions was 0.02 < u < 0.13
between the plate and the 3 mm ballotini with air as the
pore fluid, and 0.61 < y < 0.91 with water as the pore
fluid. Between the ballotinl particles the values are

0.03 < y < 0.12 with air as the pore fluid and 0.79 < p < 0.93
with water as the pore fluid. This change in pore fluid
resulted in a change in the ratio of shear locad T to normal
load P from an average value of 0.20 with air as the pore
fluid, to an average value of 0.36 with water as the pore
fluid. This means that the shear load required nearly
doubled for a tenfold increase in the average friction
coefficient for the contacts at the plate surface, and the
average increase was 113 times for the contacts between the
ballotini themselves. This change in friction coefficient

also induced a change in the shear behaviour, made evident



by the increased rate of dilation. Thus it is clear that
the mechanics of the particles significantly influence
the strength of the particulate mass, for had the particle
mechanics not changed, then the shear strength would have
changed in the same ratio as the change induced in the

friction coefficient.

This test brings out two important points. First, when
defining what we mean by 'effective stress' as the stress
controlling 'strength', we should be careful to define the
strength of the material as the ’'resistanc¢e to deformation,
at a particular instant of the shearing process, of a
particular geometry of particles, whose mechanics for that

particular instant are strictly specified’.

And secondly, that factors such as the change of pore fluid,
which lead to changes in strength, have to be considered
separately, and can not be included in a theory which
considers strength changes due only to changes in 'effective

stress',

There is another factor which would influence the strength,
this being polymorphic transition of the mineral itself (see
Skempton, 1960), and even though this change is controlled
by the stresses (and temperature) it has to be excluded from

consideration.

We have considered in the previous sections strength and



effective stress for formal configurations, and so we now

go on to consider the more general case of shearing within

a mass of mineral particles.

5.

5.

Effective Stress for a Mass of Mineral Particles

Three theories have been advanced for the effective stress

applied to soils and these are, taken in order:

a)

b)

Subjected to Shear:

Te = c' + (0 - u) tan ¢!

ie, effective stress =

For the triaxial test (on non-cohesive materials such

as the sand tested)

2(03 - u) sin ¢'

0'

o - u

s) - g =

ie. for constant (o
axial strain should be

this can be written as:

p (0] - 05) = 0.8

1
O‘
+
~
Q

I

ie, effective stress

Again, for non-cohesive soil, we have for

test:

(Ul - 0,) = (o

3 3

+ a.u

unchanged by varying 03 and u,

0".

- u)

‘u) tan ¢!

tan ¢

3 1 - sin ¢!

o (-

a tan V)

+ a.u tan V¥

tan ¢'

2 sin ¢'

1 - sin ¢'

2 sin ¢!

tan ¢"1 - sin ¢!

/ .

u

.14

(5.2)

(5.3)

3~ u) the curve of (01 - 03) versus

the triaxial

(5.4)

(5.5) .

(5.6)

(5.7)

(5.8)
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Therefore for constant (63 - u), with u changed by

Au, the change in (o, - 03) is given by:

Bloy - og) = a.u P00 St (5.9)

or Ao, - o) = 2.a.Au tan y. T Sogiﬁ'(b, (5.10)
¢) Intergranular Stress_ Theory:

Te = C! o+ (¢ - u) tan ¢' + a.u tan ¢' (5.11)
-ie, effective stress ¢' = ¢ - (1 - alu (5.12)
Again for the triaxial test for non-cohesive soil:

(6, - 0y) = (o - u)lz_sifi‘n%, + a.u.lZ_Si'I;ncb(;, (5.13)
and for constant (03 - u) and u changed by Au we get:

Ao, - 0y) = 2.a. Au. T fi‘s‘iﬁ'(p, (5.14)

Here again we are constrained to an experimental approach

to discriminate between the three theories outlined above.

The experimental technique, as mentioned in the previous section,
consists of increasing the hydrostatic component of the stress
system on a cylindrical sample in a triaxial cell; the apparatus
used for these tests 1s described in Chapter 2. The tests

were consolidated drained triaxial tests, and during the
shear stage of these tests both'the confining pressure O3

and the pore water pressure u were simultaneously changed,

so that 03 - u = constant. For the tests with small differences



between confining pressure and pore water pressure, it was

possible to do this automatically by subtracting the pressure

due to a column of mercury of constant height from T4 thus
ensuring the condition of 05 - u = constant. But, for those
tests with values of 0y - u in excess of 60 psi, the change

in o3 and u had to be done manually. It was very difficult
to maintain exact rates of change for 03'and u, and this
meant that the value of (03 - u) changed slightly, producing
significantly large changes in the shear load and sample
volume change. Therefore comparisons between strength for
various different values of hydrostatic component of stress
could not be made because the particle geometry and mechanics
were different for the different conditions. This difficulty
was not fully overcome, but two other techniques were tried;
both of these were more successful but not completely
satisfactory. The first of these was to temporarily stop

the straining machine and to close the drainage line, thus
isolating the sample. Then the cell pressure was changed

to the new value required, the back pressure system adjusted
to give the previous value of 03 - u, and then the drainage
line re-opened. There are two drawbacks to this method; the
first is that a small change in geometry occurs due to the
differential compressibility of the pore water and soil
grains, which could lead to a change in the strength of

the sample, and secondly, the valves used were high préssure
shut-off valves, which introduced.a volume change in the

back pressure line, which was not completely reproduceable.

Thus 1t could not rigorously be said that the particular



strengtﬁ response was not due to a change in sample volume
during the process of changing the hydrostatic stress.
Nevertheless, fairly good results were obtained using
this method, the test shown in Figure 5.6 (test A7) being

of this type.

The second method for large (03 - u) values was to shear

the sample partly, then unload it and at this stage to change
the cell and pore water pressure simultaneously to their new
values, and then to carry out a second shear stage under the
new conditions. This technique gave more reproduceable
results, but it still introduced some volume change during
the unloading and reloading cycles. Tests using this
technique are shown in Figures 5.7, 5.8, 5.9 and 5.10, test

numbers A8 and AlO.

Tests using the mercury column 'pressure subtracting' technique
were also run on Ham River sand, Braehead silt, crushed marble
and lead shot, and these tests are shown in Figures 5.1 to 5.5

and 5.11 to 5.15.

To compare the theoretical and experimental results, it is
necessary to know what the contact area ratio 'a' is.

A
Skempton (1960) defines this term thus: a = — where Ay =

A
area of solid contact and A = gross area parallel to contact;
therefore the value of As has to be known. We can say that

although it is not possible to find the exact value of As’

the previous work on friction enables the range of possible
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values of AS to be determined, assuming‘that all the
particles in contact carry equai loads ranging from 2 gm
to 1000 gm, and that the only mechanism is particle slip,

which is in accord with the theories to be compared.

In a triaxial sample, for the condition that é% is a

n

maximum, the inclination of the shear surface to the
1

horizontal is given by 8, where 8 = 45° + 7? where ¢$ is

the current ¢ mobilized, and the stress carried by the

particles normal to this plane (following the argument

given in the addendum to Section 5.3) is given by:

(¢! - gl
1 3 1 .
1 - — 1
o = 5 (sin 37 sin ¢m)
m
. ) .
where ol = cn(total) u (5.15)
0' - 0'
. 1 3
But sin ¢$ = =7 Gé
Therefore:
] - 1 1 1 1 - 1
s (cl 03) (0]’_ + 0§) ) (o]'_ c?) (5.16)
n 2 (ol - 03) (ol + 03)

And from the friction coefficient for quartz under junction
loads of a) 2 gm, and b) 1000 gm, ie.nu = O.4 and p = 0.8
respectively, we get the normal stress across the junctions

from the intrinsic strength envelope (see Figure on next

page).

At slip y = E%T , and so an = %. But at slip we also have

that:
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Therefore 1Jonj = k.+ cnj tan ¢
And so:
_ k
%ni © Tu - tan @) (5.17)

For quartz k = 9600 kg/cmz, and ¢ = 161°.

[y

For the two limiting cases considered we get the normal

stress . as:
s Onj

6

1.26 x 10° psi >o_. >2.69 x 10° psi | (5.18)

]

Hence, from (5.16) and (5.17) we get the area ratio 'a'
1

o
where a = —>,
nj
Substituting in the values of On3 from 5.18 we have:

! c!
n : n .. .
1,2§_§“155 < a < 3~ T1g° where o is in psi (5.19)

We are now in a position where theoretical predictions and

experimental results can be compared.



Ham River Sand:

1. Test shown in Figure 5.2 (Test A3):

Gy - u = 52.6 psi

Consider the first increase of u from 97.4 to 3947.4 psi,

ie. Au = 3850 psi at an axial strain of 9.403%.

135.2

Q
=
|
Q
w
I

135.2 + 105.2 = 240.4

78}
o]
Q
<4
Q
n

Therefore:

135.2 (240.4 _135.2

Gﬁ = ) psi

2 135.2 240.4
o% = 67.6 (1.778 - 0.562) = 67.6 x 1.216 = 82.2 psi
Therefore:
-5 T
6.52 x 10 < a < 3.06 x 10

Now substituting into the equations for A(U1 - 03) for

the three theories, and taking ¢ = 16%0 for quartz:
a b c
_ . Between 0.28 Between 0.64
A(gy - o) psi 0 and 1.29 and 3.02

From the test the value of A(U1 - 03) is, for all

practical purposes, equal to zero.

Differences of about 3% in the values of (Ul - 03) would
just give detectable jumps in the stress/strain curve
for this test. This would correspond to values of

ACo, - 04) of approximately 0.7 psi, and since the

1
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average particle size is approximately 0.2 mm diameter,

it is probable that the load per particle 1s less than
82.2 X uby

5 = 2.2 gm.
(25.4 = 0.2)

This implies that theory c)would fall in the range
where discrimination is just possible, and the test
results do not support it - but one could not say
that it is entirely disproved by these tests where

g3 —u is low.

As for the other two theories, Terzaghi's and Skempton's,
the tests are not discriminating enough to verify one or

the other.

Test shown in Figure 5.6 (Test A7):
For this test (03 - u) = 1002.6 psi, and we shall consider
the part of the test where Au = +6000 psi, at an axial

strain of 7.52%.

1852 psi

91 T 93

1852 + 2005.2 = 3857.2 psi

1 1
So g4 + 03

, _ 1852 3857.2 _ 1852 | _ _
And o! = =% . (pes S5t 3) = 926(2.083 - 0.480)
= 1484.Y4 psi

Therefore 1.18 x 10—3 < ac< 5.52 x 10—3.

Substituting into the equations for A(cl - 03) we get:

a (eq 5.5) b (eq 5.10) c (eq 5.14)

AG. - g.) : Between 6,95 Between 13.07
1 3 0 and 32.51 and 61.15




Here again differences of about 1% would give detectable
jumps in the curve, this corresponding to values of

ACoq - 03) equal to about 10 psi. The test data show
that there is no jump in the curve, ie.A(ol - 03)'ﬁ 0,
indicated by the continuing shape of the curve, and the
best fit is really given by the Terzaghi theory, 1ie, o' =
g - u. But here again one can not irrefutably discard
theories b)and c)because in this test a substantial amount
of particle breakage occurs, and thus again interparticle

loads may be low.

The tests for higher values of (03 - u) do not give as

much discrimination as the test just analysed, because

the value of Au is restricted by the capabilities of the
equipment. We can, however, note that the changes in

(ol - 03) are clearly due to changes in the geometry of

the particles during the unloading-pressure change-reloading
cycle, as an increased strength is obtained for both increasing
and decreasing hydrostatic component (see Figures 5.7 to
5.10, tests A8 and Al0). The test data used for Figure

5.9 (test Al0) are replotted in Figure 5.10, together with
two consolidated drained tests run without change in the
cell pressure. This figure shows clearly that the strength
increases are caused by decreases in voids ratio during

each of the unloading-pressure change-reloading stages.

We now pass on to consider the other materials tested.

Braehead Silt:

This material is composed mainly of quartz, as can be seen
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from the particle size curve, the median particle size

is about ten times smaller than the sand tested.

So, if similar arguments are used for the tests on this

material, we should expect to find the stress/strain curve
unaltered by changing the hydrostatic component of stress.
This conclusion is seen to be verified by the tests shown
in Figures 5.11 and 5.12. Therefore for this material we
can say that theeffective stress o' given by the equation

o' = o - u is valid for the stress range of the tests.

Crushed Marble:

No direct friction tests were done for this material.
However, it is possible to calculate a value from the
friction theory. Micro indentation hardness is 240 kg/mmz,

13800 kg/cm2

and from Skempton (13960) - for calcite - k

and ¢ = g° Using equation (3.19) with O,y = 0:
k
MEtan bt g—iny
\

0.7

Hence u

This can be compared with the range of values obtained by
Horn and Deere (1962) for saturated conditions; namely 0.6

to 0.68.

Test shown in Figures 5.13 and 5.14:

Gy~ u = 10 psi

Consider the first increase of u, ie, Au = 950 psi:

(o6, = 05) = 34.94 psi, (o] + o)) =354.94 psi
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_ , _ 34.94 ,54.94 _ 34.9u, _ _
So: o} = 5 (3u.9u 54.94) = 17.47 (1.572 0.636)
cé = 16.4 psi

Now using equation 5.17:

_ 1900 x 14.22 _ 27,018

°ny ¥ T0.7 - 0.1% - ~0.56 - 1"8,246 psi

Therefore:

16.4 4

a=m 3.40 x 10

and so A(csl - 03) should be as shown in the table below:

a (eq 5.5). b (eq 5.10) c (eq 5.14)

A(cl - 03) psi 0 0.2 1.4

The experimental data clearly do not support theories b)
or c). The stress/strain curve for this test is shown in
Figure 5.14 to an expanded scale with a false origin, so
that only the relevant data is shown. It is clear that
even a change of the order of 0.2 psi could have easily
been seen. The only theory to follow the experimental
behaviour is Terzaghi's theory, ie, effective stress o' =

g - u.

Lead_sShot:

Uniform particle size of 1 mm.
Specific gravity Gs = 11.39.
Coefficient of friction p = 0.1.

Indentation hardness H_, = 950 kg/cmz, and taking lead to

be a nearly perfect plastic material, we can say that the



value of k can be obtained from the relationship between

the flow stress and indentation hardness, ie.

Hv = 3Y and 2k = Y
Hv
i.e._ k = T .
So: k = 2%9 = 158 kg/cm2

(Skempton (1960) gives values for lead as k = 100 kg/cm2

°)

and ¢ = 2 We shall use the value of k = 158 kg/cmz,

but we shall adopt Skempton's value of ¥ 3°.

Test shown in Figure 5.165:

o3 —u = 52.6 psi

Consider the first increase of u, ie Au 3850 psi at an

axial strain of 9.2u4%, oy - = 179.2 psi. So:

O3

1 ! - 3
(cl + 03) = 284.4 psi

Therefore:
, _ 179.2 ,284.4  179.2, _ _
o, = 5 (179_2 284.4) = 89.6 (1.587 0.630)
. 1 —_ 3
So: o, = 85.7 psi

In this case we can not use the friction analysis as before,
because it is evident that the friction is controlled by

surface films on the lead.
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If no junction growth—takes place and the friction is
controlled by the bulk properties of the lead, then we
should have expected a friction coefficient of the order
of 0.17, but we measured a value of 0.1l; therefore we
can expect only a little junction growth (see diagram).
Therefore, in the analysis of this test we shall assume
no junction growth, which gives the smallest area ratio.
85.7

Therefore area ratio a = 350 x 14.97 - 0.0064, and so

A(Ul - 03) should be as shown in the table below:

a (eq 5.5) b (eq 5.10) c (eq 5.1u4)

A(ol - 03) psi 0 1.34 83

Again the experimental data do not support theories b)
or c¢); in fact A(Ul - 03) = 0. Thus we can say that the

effective stress is given by o' = ¢ - u.

These triaxial tests with systematic variation of 0 and
u, keeping (03 - u) constant, have shown that the inter-
granular stress concept for effective stress is not valid.
Of the two remaining theories the experimental data agree
with the simple expression due to Terzaghi, namely that the
effective stress o' = ¢ - u. However, the precision of the
data 1is such-that the discrimination between the theory due
to Skempton (1960) and the Terzaghi theory is on the limit
of the fesolution of the data. This is not to imply that
the data are in any way impreciée, but rather that the two

theories yield solutions which are extremely close.

Any attempt to improve techniques would not be able to resolve



this problem. The only -remaining way would be to substan-
tially increase the pressure range of the equipment to

enable much larger values of Au to be obtained.

However, as has been repeatedly stressed, the comparisons
between theory and experiment are only valid if the mechanism
of deformation of the particles is restricted to frictional
slip. Now, since the effect of increasing the hydrostatic
component of stress is to decrease (marginally) the friction
between the particles, this should therefore decrease the
strength of the granular sample. But, as we have seen, it
appears not to have this effect. This implies that the
particle mechanism must change to allow the sample to have
the same strength. To investigate this point tests were
performed with glass ballotini, which enabled tests to be
carried out with the same material but with radically
different coefficients of friction, this change being

assoc¢iated with different pore fluid, namely air and water.

These tests are reported in Chapter 4. Making reference to
the tests reported in Figure 4.4L4 and the corresponding
interparticle friction values in Figure4.9, it is seen

that for small loads on the particles the average increase
in the coefficient of friction 1s from p = 0.04 to p = 0O.54
when changing from dry to wet conditions, and yet this large
change produces no change in strength. The argument
presented in Chapter Y4 indicates that this result is due

to a change in the mechanics of the particles caused by



the change of interparticle friction. It follows that the
effective strength of this type of sample cannot be
dissociated from the mechanics of the individual particles.
Therefore, in this respect, the mechanism of pure sliding
of the particles as used by Skempton (1960) for these

materials and for the stress range used would not be correct.

One other factor that plays an important role in the shear
behaviour of granular material is particle fracture. The
influence of this factor, apart from absorbing additional
energy, would be to alter the mechanics of the particles

in contact with the grains being fractured, therefore
invalidating the conditions imposed by only considering

the changes in resistance of a‘particular particle geometry

with a particular instantaneous deformation mechanism.

No study was made of the influence of fracture, but it is
interesting to speculate that, for example, in a test on a
material composed of grains of quartz and calcite, if the
hydrostatic component was increased sufficiently, in the
same way as in the tests reported previously, then because
of the difference in compressibility of the two materials,
internal shear stresses large enough to cause changes in
structure could result and so modify the strength. So we
could expect in this case that the stress equation o' =

o - u to be invalid.

However, apart from this interesting speculation, the results



presented suppbrt this very simple Terzaghi equation:

g' = g - u.
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CHAPTER 6

STRESSES CONTROLLING VOLUME CHANGES

6.1 Volume Changes due to Isotropic Stress Changes:

When effective stresses controlling shear strength were
discussed, it was possible to define exactly what shear
strength was. But in discussing changes in volume in a

two (or more) phase material some difficulty arises, because
any change in isotropic stress induces a volume change which
is a function of two factors. The first is the compression
of the soil skeleton associated with the compression of soil
grains, and the second is associated with changes in geometry
of the particles, and both these factors are not influenced

in the same way by changes in the pore fluid pressure.

To describe these volume changes in more detail consider the

three samples shown in Figure 6.1 below:

a) a simple solid cylinder made from some mineral crystal,

b) a cylinder of the same material, with the same external
dimensions, but in this case with continuous pores, and
finally,

c) a cylinder with the same external dimensions, composed of

discrete particles of the same mineral.

Initially let these samples be subjected to an external stress
of 04, and in the case of b) and c¢) a pore fluid pressure of

05 as well. g, can have any value, and its significance is



discussed later.

a) Ar) c.)
@+ 45 @ +45) @3+ 063
ore flnd
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Volume of solid rmalicrisl = U (Qbr @ Vs=y)

pore  polwme =g (+ 7 pKe0) [Fe 61

Now consider cylinder a). If the external stress is increased
to g, + A03, a change in external volume of AV will occur

where

AV = CS.V.A03 (6.1)

where CS is the compressibility of the solid material for

the stress range of gy to o5 + Ao

3°

(Note: The sign convention that will be used in this case is
that compressive stresses are positive, and they
produce decreases in volume which are also considered

positive.)



For sample b) suppose that the external stress is changed

to oy * A03 and the pore fluid pressure to oy + Au. Then

-the change in volume of the external boundary will be

V= C_.V.Ao, if Aoy = Au (6.2)

3 3

That is the same as the first sample.

(Note: The external boundary in this case is considered
to be the surface passing through the same points

of the solid phase for both stress conditions.

The points in the fluid phase which coincide with
the boundary initially need not coincide with the
boundary after the stresses have been changed. This

point is discussed later.)

Now if + Ao 4 # + Au, then there will be a change in volume

due to (A03 - Au). First because the geometry of the specimen
will change, this being a function of the original shape of
the specimen and also of the deformation characteristics of
the solid material, and secondly, there will be a volume
change due to the compressibility of the solid material
itself. If this compressibility is dependent on the stress
changes, this component of volume change will not be the same
as in the first case, because each element of the solid

material is not subjected to the stress change + Ao, but

3
to some stress change which is a function of the way in

which the solid body is stressed. Also shear stresses will
exist, the magnitude and distribution of which will be
dictated by the geometry of the specimen. These shear

stresses will not contribute to the volume change of the



solid material, if it is perfectly linear, elastic and
isotropic, but they may cause some of the solid material
to fail, and so add to the volume change by virtue of a
further change in geometry. If that part of the volume
change due to changes in geometry can be represented by a
compressibility C, then the total change in volume of the

sample will be:

AV = C.V.(A03 - Au) + fCS.AGm.dV + ICS.Au.dV (6.3)

wherg Ao is the mean stress change in the solid element
dV, the first integral being taken over the volume of the
solid material, and the second over the pore volume. If
Cs can be taken to be the same for the stress changes Acm

and Au, then:

AV = C.V.(Ao3 - Au) + CS.V.Au + Cs f(Aom - Au).dv (6.14)

the last integral being taken over the volume of the solid

material.

Although this expression for volume change contains only the
changes in pressure from the original value of the ambient
stress, namely o,, the influence of g4 is contained in the
values of compressibility C and Cs’ which have to be the
correct values associated with changes.in stress from the
original value of g4 (see, for example, the variation in
compressibility of quartz with ambient stress which is

given in Figure 3.10.)

For the stress range used in the experimental work, where



confining stresses up to only 4000 psi were used, the
variation in compressibility would only be significant

in the small zones which 'bridge' beﬁween the larger

blocks, and would only involve a small volume of material.
Values of CS as a function of the initial ambient stress

o3 are available for most minerals, unlike the value of C
which has to be determined for each sample. But for each
sample it is only possible to determine the compressibility
C for one value of O3> Ao3 and Au for the reasons outlined
previously. However, by considering data available on the
the influence of confining pressure on the stress-strain
characteristics of minerals, we can gain some insight into
the effect that the pore fluid preséure could have on C.

Most minerals behave in an elastic brittle mode, and the

main influence of increasing the pore pressure in this case
is to increase the fracture stress. Therefore if fracture

is a major mechanism contributing to the value of C, it is

to be expected that this compressibility would be influenced
by the magnitude of the pore fluid pressure, but the magnitude
of the influence will be unknown. In addition, for materials
like calcite, in which the brittle-ductile transition occurs
at a comparatively low ambient stress (about 300 bars) (see
Figure 6.2), the mode of deformation contributing to the
value of C could be significantly changed. However, no
investigation was made into these effects and the points
mentioned remain speculative. But the experimental variation
of AV as a function of (A03 - Au) was carried out and this

is discussed later in this Chapter.
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Lastly we must consider cylinder c). For this sample all

that was said for cylinder b) applies but in this case the
change in geometry will be different because the 'bridges'
between the particles will not be of the same form as
before. Therefore the stress distribution throughout the
solid phase will be different, and in addition a further
volume change could occur through relative displacement

of adjacent points across interparticle contacts, by either

partial or gross slip at the contact.

Mindlin and Deresiewicz made a full study of elastic spheres
in contact under varying oblique forces in 1953, and the
following is an extract from their paper: "Owing to the
presence of slip, with its associated energy dissipation and
permanent set, the changes in traction and displacements
depend not only upon the initial state of loading, but upon
the entire past history of loading and the instantaneous

relative rates of change of the normal and tangential forces."



However, all this can be summarized by incorporating in
equation 6.4 an appropriate value for C which in this case
will also depend on the sign of the stress increment and

on the stress path taken to reach the ambient stress level

0'3-

Considering the terms in equation 6.4, it is evident that
the value of Ao is indeterminate except for the simplest
solid geometries, and its influence on the volume change

could not normally be separated out from the C.V.(Ac., - Au)

3
term experimentally, since it arises wholly as a consequence
of Aos £ Au. Therefore it could be considered as a

contribution to the E.V.(Ao3 - Au) term, so equation 6.4

could be rewritten with a different value of compressibility

C as:
AV = C.V.(Ao3 - Au) + CS.V.Au (6.5a)
Cc .
AV S
~ = C. {(Ao3 - Au) + ?T.Au} (6.5Db)
Note: Skempton (1960) gives the equation below (where

sign convention and symbols have been altered to

agree with that used above.)

AV = C.V.(Ao3 - Auw)(1l - n.Au.tan V)

+ CS.V.Au

where n is a function depending on the relative contributions



by particle re-arrangement and deformation to the total
volume change, and involving the parameters a, 1l/tan ¢' and
1/K where a is the contact area ratio and K is the intrinsic
cohesion of the solid material of the particles. This
equation can be compared with equation 6.4 which is quite
similar. Skempton goes on to say that it is sufficiently

accurate to write:

C
- - - _8
AV = C.V.{A03 (1 C)Au}

which is identical with equations 6.5, a and b, and is the
same as the equation given by A W Bishop in a letter to
A S Laughton (24th November, 1953). This gives the

effective stress governing volume changes as:

C

_ - _S
Acé = (A03 Au) + C.Au (6.6)

6.2 Measurement of Volume Changes when Pore Fluid Pressures

are changed:

It 1s usual in soil mechanics to measure volume changes for
saturafed samples by monitoring the volume of water expelled
or imbibed by the sample. This technique was used in the
experimental work for this programme. Although this is a
convenient method it provides some difficulty in those

tests where the pore fluid pressure is changed during the

test, as can be seen from equation 6.5b.

Many tests were run keeping the difference between the cell



pressure and pore water pressure constant, ie A03 = Au. If
we look at equation 6.5a we see that there will still be a
change in the volume.enclosed by the boundaries of the sample
of magnitude AV = CS.V.Au, but this will not be equal to the
volume of pore fluid passing through the volume gauge, as the

following analysis will show.

Initial conditions:

Sample (overall) volume =V
Volume of solid particles = VS
Volume of pore water = Vw

Compressibility of solid particles CS per psi

Compressibility of pore water = C, per psi

Then for a simultaneous change in cell pressure and pore

water pressure of P psi, we get (from equation 6.5a):

Change in overall volume AV = C_.V.P (6.7)

But the change in the volume of voids will be:

AV = C .VV.P = C_.n.V.P (6.8)

and the change in the volume of water which occupies the

original void volume is given by:
AV = Cw'vw'P = C_.n.V.P (6.9)

Because C > C_ we have AVW > AVV, ie, for a pressure increase

of P psi there is an overall volume decrease in the sample



of AV = CS.V.P, and to maintain A03 = Au the sample must
imbibe a small volume of water (AVw - AV = n.V.P(Cw - CS).
So the volume gauge records an 'apparent' volume increase
for a 'real' decrease in the volume of the sample. And the
converse 1s true for a decrease in the pressure. In addition
the volume gauge will record changes due to its own volume
change, which is a function of pressure, and also the
changes in volume of the tubing connecting it with the
sample. In the test data plotted in the figures for Chapter
9, allowance for these 'apparent' volume changes was made to
obtain the 'true' volume changes. The curves of volumetric
strain versus axial strain show that this is apparently a
sufficiently correct analysis of the data, which would
justify the use of equation 6.6 for the effective stress

controlling volume changes.

However the above statement must be qualified because of the
very small sample boundary volume changes involved. Volume
change apparatus with much greater accuracy than that which

was used is required to provide firm justification.

For example, taking typical values of sample size used, the
sample volume would be about 85 cc, and using for quartz a
compressibility of C_ = 2.6 x 1076 per Kg/cm2 (or 0.183 x

-6

10 per psi) from Bridgman (1925, 1928), the volume change

associated with a pressure change of 4000 psi would be

AV = 0.183 x 10™% x 85 x 4000 = 0.062. cc, which represents
a volume strain of %¥= 0.00073 or 0.073%. The water inflow

into the sample for the conditions taken would have been



"about 0.4839 cc. (The value depends on the current porosity
of the sample, and the volume change quoted would correspond

to a porosity of 45%.)

The repeatability of the volume gauge in the tests reported

in Chapter 5 was about + 0.0l cc, although its resolution

was much better (see Chapter 2). This lack of repeatability
(or lack of accuracy) represents too large a percentage

error of the true volume changes to be acceptable for checking

the validity of equation 6.5b.

It is, however, perfectly acceptable for the measurement of
pore water volume changes (inflow or outflow), the accuracy

of the system would only induce errors of the order of + 2%.

The other difficulty arising in these tests is that minute
variations in the value of (03 - u) due to transient flow
éonditions are sufficient to cause significant 'apparent'

errors in the context of these tests where boundary volume

changes of only 0.06 cc should occur.-

Another method of measuring volume changes is to use a length
of fine bore transparent tubing containing a thread of mercury
in the drainage line, and measure the travel of the thread of
mercury caused by changes in volume. This method, although
very accurate, is restricted to small changes in pressure.

One test using this technique is described below.

The test equipment was set up as shown in Figure 2.2 except



that the volume gauge, consisting of a length of §" OD
'Saran' tubing, was connected between valves 15 and 16 (the
null indicator being removed), and provision was made for
driving the screw control ram so that the cell pressure
could be slowly increased or decreased. (Also, at this
time the 1000 psi volume gauge shown in Figure 2.3 had not
been constructed. Thus the line from fhe top of mercury

column 6 was conhected to valve 15.)

A known weight of mercury was injected into the tube, which
was laid horizontally along the bench, and the length
occupied by the mercury enabled the internal volume per
unit length of the tube to be determined. By keeping
valve 16 closed and applying pressures to valve 13 the
variation in internal volume as a function of pressure
could be worked out, by measuring the change in length

of the mercury thread, and taking the compressibility of
mercury as 0.26 x 1076 per psi. This calibration is shown
in Figure 6.3. Different lengths of tubing, all cut from
the same coil, showed virtually identical calibrations,
which were nearly reversible, up tc 400 psi; beyond this
creep was observed. TFor example, the length/cc of tubing
changed from 20.75 to 20.66" after two hours, and to 20.50"

after 437 hours under a sustained pressure of 1000 psi.

However, an attempt was made to eliminate doubts about
calibrations for that part of the test when O3 and u were

varied simultaneously, by first performing the variation



several times, and then taking readings of travel of the
leading edge of the mercury column for one pressure cycle;
next, keeping valve 16 closed, a small quantity of water
was allowed to drain out of the same tube, then sealing the
tubing and re-opening valve 16, the test was repeated with
a different length of Saran between the leading edge of the
mercury column and the sample. Thus the volume changes

due to the tubing and the water filling it could be

eliminated from the results.

The raw daté for this part of the test are reproduced below:
sample volume, as measured at O3 - u = 5.05 psi, V = 80.63
ml; weight of Ham River sand used 126.53 gm, specific
~gravity = 2.7. Therefore V, = 46.86 ml. During the
erection of the cell and pressure cycling the sample
decreased in volume by 1.307 and 0.064 ml respectively.
Therefore sample volume at start of test = 80.63 - 1.371

= 79.259 ml. At this stage the cell pressure was 100 psi
and o3 — = 5§.05 psi. The cell pressure was changed
slowly from 100 psi to 350 psi, at a steady rate, in 40
minutes, then decreased steadily to 100 psi in 27 minutes.
This difference in time is caused by the slow leak from the

rotating bushes. The length of Saran tubing in circuit

was 205.8 ins at 100 psi.

The next cycle was for 56.5 ins of tubing in circuit, and
the time for the same pressure changes were 41 minutes for

raising the pressure, and 28 minutes for decreasing the



pressure. The differences in rates between the two

are probably due to a small temperature increase in

for the second test, which would increase the bleed

through the bushes. The travel of the leading edge

the two tests is recorded in the table below.
values indicate travel towards the sample, ie,

in the length of water-filled tube.

tests
the o0il
rate

for

Negative

a decrease

Change in length of water-filled tube for

Cell pressure

an initial length of

206.1 in 56.6 in

100 0 0

125 - 0.35 - 0.16
150 - 0.70 - 0.28
175 - 0.95 - 0.38
200 - 1.27 - 0.53
225 - 1.59 - 0.66
250 - 1.89 - 0.80
275 - 2.22 - 0.91
300 - 2.53 - 1.04
325 - 2.85 - 1.18
350 - 3.19 - 1.29
325 - 3.00 - 1.26
300 - 2.79 - 1.17
275 - 2.50 - 1.06
250 - 2.21 - 0.93
225 - 1.90 - 0.80
200 - 1.80 - 0.66
175 - 1.27 - 0.51
150 - 0.95 - 0.38
125 - 0.61 - 0.25
100 - 0.29 - 0.10

From these readings the

changes in volume due

to the sample,



porous disc at the base of the sample and the water in the

drilled drainage ports in the pedestal and cell base can be

found.
These volume changes have been plotted in Figure 6.4.

(Note: It has been assumed that the expansion of the drilled

drainage ports can be neglected.)

A small hysteresis effect still persists in these results,

the maximum difference being equivalent to about 0.1".of
'Saran' tube (0.005 cc). A small anomaly is apparent in

these results when the behaviour during this part‘of the

test is compared with the results of the shear stage (Figure
6.5), which shows a small decrease in shear strength for
increasing pressures and an increase in strength for decreasing
pressures. This was due to a pressure drop in the tubing
supplying 'castor oil' to the cell. The viscosity of the

oil used is large (aimed at preventing excessive leakage
through the rotating bushes) and the oil flow required to
pressurize the cell was sufficiently large to induce these
pressure losses. This results in the value of (03 - u) being
smaller when pressurizing the cell when compared with the
pressure reduction cycle. Proof of this statement is
demonstrated on Figures 6.6 and 6.7,'which show results of
tests with the small bore volume gauge tubes removed, to prevent
pressure loss errors in the back pressure line, thus no .

volume change readings were taken for these two tests. Figure



6.6 shows a test when the cell pressure was varied between
about 100 psi and 650 psi, increasing at about 24 psi per
minute and decreasing at 34 psi per minute, ie, about four
times faster than the test reported in Figure 6.5. The
change in strength is now very marked. TFigure 6.7 shows
a test with larger bore tubing in the cell supply lines
f%" OD nylon tubes) and

in this case the strain motor was stopped while the pressures

(1" OD nylon tubes in place of the

were changed, and then re-started with the new pressure
conditions established. In this case only a very small
quantity of oil flows down the supply tubes, that required
to replace the loss through the rotating bushes and to
compensate for the volume changes in the sample. The
result is a smooth stress-strain envelope to the six

discrete straining periods.

These tests highlight the sensitivity of the strength response

to small changes in test condition.

Now, referring back to Figure 6.4, the result shown enables
a check to be made on equation 6.5a, bearing in mind the

qualifications already discussed.

The calculation and the data required are given below. The

object is to calculate the compressibility of quartz and
6

check it against Bridgman's value of 0.183 x 10 ° per psi.
Volume of sample VO = 79.25 cc
= U46.86 cc

Volume of sand used VS



Volume of pore water Vw = 32.39 cc
Volume of porous stone = 5.43 cc
Volume of pores in porous stone = 2.17 cc
Volume of drillings in cell base = 1.181 cc
These values were for o, = 100 psi and (o, - u) = 5.05 psi.

If an average slope is taken in Figure 6.4, then the volume
of water flowing into the sample for a change in ambient

pressure of 250 psi is 0.0295 cc.

Change in water volume for 250 psi change (using C, = 3.38 x

107% per psi) = 36.37 x 3.38 x 107°

x 250 = 0.0307 cc (intake).
If we take (Ao3 - Au) = 0, no change in the volume of the
drillings, and assume that the compressibility of the porous
stone material is the same as that of the solid material of
the sample, then change in void volume AVV = CS x 34.56 x 250

= 8640.CS. Therefore

c = 0.0307 - 0.0285 _ 0.0012
S 8640 - 8640

0.139 x 10°° per psi (cf 0.183 x 10°° per

(]
"

psi)

This result is surprisingly good when one considers the
comparatively poor resolution of the volume measuring device
used, and all the qualifications listed in the previous

discussion.



The data presented thus lend support to the expression given
in equation 6.6 for the effective stress controlling volume

changes, namely:

C

v - =2
Acs = (Aqs Au) + C JAu

6.3 An Investigation into the Physical Nature of the

Deformation Process of Isotropic Compression:

In applying equation 6.5, when trying to predict volume
changes, the value of the compressibility C has to be
specified for the particular»stfess range under consideration.
It is therefore relevant to try to investigate the physical

nature of the deformation process of isotropic compression.

In Chapter 3 the nature of the contact between mineral grains
was discussed at length, and it was shown that the behaviour
of grain contacts of quartz could be described by Marsh's
equation, when no shear tractions are applied. These would
be approximately the conditions induced by isotropic compression
ifthe material was nearly homogeneous. Marsh's equation is
bésed on 'plastic' radial compression of the material around
the contact. The deformation conditions result in the
formation of surfaces of equal displacement in the form of
hemispheres, and is essentially the same for a wide range

in indenter profiles, the maximum strain near the indenter
for metals being approximately 8%. This being so it would
be reasonable to say that, if the material had a fairly

constant yield stress, the ratio of g would be the same for



all contacts. (In Chapter 3 it was shown that the relevant
flow stresses for contact loads of 1000 gm and 50 gm were
38,000 Kg/cm2 and 63,800 Kg/cmz. This variation in contact
load would be exceptional in practice. In the case of
uniform sand used in this work the variation should be

fairly small.)

Therefore if the mean contact stress P can be taken as a

load on the contact
( area of contact ) would be

constant, then the value of

constant. The area of the contact should/nearly proportional
be

to the square of the displacement or strain between the

particles for pyramidal or conical contact points (see

Chapter 3 for discussion of geometry of particle contacts).

Load on contact (L)

(Interparticle =train)? - constant

Therefore

and since the change of load on the contact is directly
dependent on the change in .applied stress (A°3 - Au), and the

strains are assumed isotropic, we get:

1
(Ac3 - Au)? = constant.%¥

Assigning a value of éL for this constant we have:
o

. _
8 - - 2

CO.(AC3 Au) (6.10)
This relationship was hypothesized by Chaplin in 1961. 1In

the volume change process there will also be a contribution

due to elastic compression and particle fracture. However,



if when the particles fracture, the component parts do not
grossly re-orient themselves, new contacts will be formed
between the fragments, and the same mechanism should re-
establish itself. But if the fractures are such that gross
re-orientation i1s necessary, then departures from the above
hypothesis will occur. There is some evidence to show that
broken grains of sand tend to stay in their original orient-
ations during isotropic stress increases (Maxwell, 1960 and

Borg et al, 1960).

Now comparing equétions 6.5b and 6.10 we can write, for the

case when Au = O:

]
- - z
C(Ao3 }ﬁg) = CO Ao3

However, it should be noted that the absolute value of the
pore pressure can be any value as long as it does not change.
There would be no significant difference to the argument if
this pore pressure did change by a small amount. So for
conveniencé we shall retain the original form of equation

and write:

N

C = CO(AO3 - Au)

If it can be shown that Cq is constant for a particular sample
it would be more convenient in the case of Au = 0 to use
equation 6.10, for deformation predictions rather than
equation 6.5b.

AV

It is possible to check this variation of C, by plotting i



versus (Ao3 - Au)15 for isotropic consolidation tests. During
the course of the experimental programme some tests were
conducted to determine the uﬁiformity of linear strains

for isotropic stress changes. The results of one of these
tests will be used to test the constancy of the coefficient

Co in the above expression.

The test arrangement is shown in Figure 6.8; the results were
all very similar and one set is shown in Figure 6.9. This
particular test was chosen because several unloading and
reloading cycles were included. This data will allow a
comparison to be made of the 'plastic' behaviour of the
contacts, assumed in the above expression, with the elastic
behaviour which must occur when unloading from a plastic state

by decreasing the isotropic stress.

Figures 6.10 and 6.11 show these unloading and reloading cycles
in more detail. The fact that there is a small amount of
energy dissipated in each cycle of loading is to be expected,
even though the assumption made is that the contacts are now
behaving essentially in an elastic fashion. This is because
the sample can not be expected to be perfectly homogeneous.

In addition shear stresses will be induced at the top of the
sample by the rigid top cap, and at the bottom by the guard
ring and porous stone. If perfect homogeneity existed and
perfect test conditions were attainable, then the linear strains
measured by the transducer (see Figure 6.7) would be equal to
the diametral strains, and therefore equal to a third of the

volumetric strain (to the first order). Looking at Figure



6.9 we can see that the average ratio for the whole test is
a quarter and not a third. A part of this discrepancy can
be accounted for by membrane penetration. For example, if
it is assumed that area and volume porosities are equal and
that the maximum membrane penetration is to a depth of about
half median particle size, which is about 0.1 mm, then the
maximum volume change due to this cause would be 0..43%.
Using this value the final ratio of linear to volumetric

strain is 0.3 at (Ao, = Au) = 700 psi.

The hysteresis effect observed during the stress cycles implieé
that small shear forces must exist within the sand mass during
the test, and the energy loss is associated with the influence
of these shear forces at the interparticle contacts, which

are assumed to be elastically loaded during this part of

the test. Mindlin (1949), Mindlin et al (1952) and Mindlin

and Deresiewicz (1953) obtained solutions for elastic spheres
in friectional contact. Thelr results also show that this type
of hysteresis loop occurs. This problem is also discussed in
Bowden and Tabor, part 2 (1964). The small shift of successive
cycles could be due to fretting at the contacts and perhapsv
fracture of a few particles which are unfavourably stressed.
After a few cycles, however, only the energy loss due to
microslip at the outside edge of contact areas should be
apparent, and the strain load cycles should close. Figures
6.10 and 6.11 indicate that a larger number of cycles than

those applied would be required to reach this condition.

Now, going back to the discussion on the value of Cy: In



Figure 6.12 the values of (Ac3 - Au)%are plotted against
volumetric strains caused by these stress changes for the
whole test. It is clear that the experimental points for
virgin stress conditions fall close to the line joining
the origin to the last few points near the maximum stress
state. This is encouraging, however it is possible that
the index value of % is slightly incorrect. To check this
it is best to look at é graph of log (%!) versus log

(Ao3 - Au). This is shown in Figure 6.53. This shows a
progressive change in slope of the virgin consolidation
line from 0.87 initially to 0.45 between stresses of 50 psi

to 750 psi. The large index for the low stress range may be

due to membrane penetration and platten bedding effects.

I

H
o

Figure 6.14 shows a similar plot, buf in this case log (
is plotted versus log (Aogy - Au). This graph should be
free from membrane penetration errors, but it will still
have bedding errors. This graph also shows different slopes
for the low stress range as compared with the high stress
range, in this case 0.71 and 0.51 respectively. If the

linear portion of the 0.51 slope is ektrapolated back to
intersect the (A03 - Au) value at 4 psi, we obtain a value

of 0.0007 for (%ﬂ) as compared with the initial value of
0.0004. This cogresponds to a difference of 0.0003 x 1.754"

= 0.0005", which would not be unreasonable to attribute to
bedding of the two ends of the sample. From this it seems

- that the original assumption of pyramidal or conical forms

of interparticle contact and that the contacts are plastically

deformed, gives a very reasonable picture of the behaviour of

the sample, for virgin loading conditions.



Now, consider the stress cycles where the interparticle
contacts should be behaving elastically, because the contaéts
are being unloaded from a plastic state, if the hypothesis

is correct. Figures 6.13 and 6.14% indicate that these
unloading and reloading stages also give rise to approximately

linear log (%X) versus log (A03 - Au) and log (%ﬂ) versus

o o
log (A03 - Au) graphs, with hysteresis loops, of course.
So we might expect a power relationship even for these

elastic conditions.

The shapes of the contacts will, for these conditions, be
altered by plastic deformation, but some insight can be

obtained by considering much simpler conditions.

For example the contact areas for quartz are extremely small
because of the high stress at the contacts (of the order of
9.3 x lO5 psi or 6.5 x 10" kg/cmz), and it was shown in
Chapter 3 that the asperities on the surface of grains

would tend to be shallow conical or pyramidal projections.

If, as a first approximation, we assume that the contact
stresses could be represented by a distributed stress
(radially symmetric in this particular analysis) imposed

on the surface of a semi-infinite homogeneous elastic domain,
it is possible to determine the maximum displacement and the

total load for various forms of stress distribution.

For example consider the distribution shown in the diagram

below:
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We can obtain the deflection at 0, ie. Wos by summing the
contributions to W from all'such layers of uniform stress
such as 80g. In this case 80 acts over a circle of radius r,
and 1if we can specify the function f in the relationship

o = f(r), then the magnitude of w_ is easily obtained from:

2
R e T

£
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So W, o= 2£l_f_ﬁ_l foo r.do

a
and the total load P = f 2wrco.dr
o

This has been done for four different distributions of stress

and the results are shown in the table below.
So in general w_ = klooa

and load P = kzo a
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Since volumetric strain (%!) is proportional to W it will
o

also be proportional to 0, a- Similarly change in load on

the contact AP is proportional to effective stress change

(Ac3 - Au), and so to Acoaz. Or if our datum is P = O,

(03 - u) = 0, we can say that P is proportional to (Ac3 - Au)
and so to coaz. If 0, can be related to a, then the relationship
between between (%l) and (Ac3 - Au) could be established.
o
Let us speculate on the relationship Oy = kgan:
"
if o= Ki
5 s & ¥
> osn<l KsL——‘—‘
n n=1 MN=0




We then have:

_ _ x
5 = kM(AO3 Au)

Note: The values of VO and (Ac3 - Au) must be taken from
the datum of the start of elastic behaviour, and
so will be different from the values used for the

original datum taken for the virgin loading

conditions. We have x defined such that:
% <x <1 for n >1

X = % for n =1

% < X <€ % for 0 £ n<g 1l

This shows that the Hertzian type of contact stress is a

o]
special distribution of normal stress where (?g) is constant.
In fact this is so because the normal stress distribution

takes the form of a hemisphere on the surface of contact.

If o, is constant then (%Z) varies as a function of a, and

o
the contact load or (o, - u) varies as a function of a2,

3

Ye) (%X) would be proportional to (03 - u)2. This relationship
o

should be obeyed during unloading from the virgin compression

N~

condition, assuming that the contact had been plastically
strained, so that the stress was nearly constant across the

contact area.

We conclude from the above analysis that the index x in the

expression:

AV X
N Co(boy — AW)



for elastic behaviour would lie between 3 and 1, depending
on the relationship between the maximum stress and contact

size.

if the curves for the stress cycles shown on Figures 6.13 and
6.14 are replotted with appropriate datum values V# and H#*,
then we could see if the analysis is followed. This is

done in Figures 6.15a and 6.15b, from which we can obtain
values for the index x. In faect the variation is remarkably

small, and lies close to the lower limit of the above

analysis. These values are for:
AV _ - X
7F Co(A03 Au) 0.48 < x < 0.69
%% = CO(A03 - A% 0.54 < x < 0.88

The foregoing results are very encouraging. Also the Figures
6.13 and 6.14% show that there is a yield stress where transition
from an elastic deformation regime to a strain hardening

plastic one occurs, the plastic deformation conditions

applying to the virgin loading path. Thus it is fair to

say that for these conditions the constant CO and the index

X are useful soil constants.

If the confining pressure were raised beyond those levels
already investigated, then particle fracture could influence
the deformation behaviour. In Figure 6.16 (%!) values are

o

,
plotted versus (A03 -~ Au)? using the results of tests up

to 1000 psi confining pressure.



The test on loose Ham River sand shows a very ciose agreement
with the postulated behaviour, and yet this sample would be
expected to show the influence of particle fracture first.
The results for dense Ham River sand samples with fixed and
free ends are also shown. The 'fixed' ends sample (test 25)
shows some deviation from the linear relationship above

500 psi confining pressure, but it is suggested that this
could be due to end platten effects as the test with the
'free' ends (test 16) shows good linearity. In this test
rubber discs lubricated with silicone grease were used at
both ends of the sample, the drainage being through one end
only, through a " diameter porous stone (sample size: 2.92"
long, 1.46" diameter). The linear relationéhip is very good,
even though the sample had a lower porosity than the 'fixed'
end dense sample. Of course, in all the tests errors due to
membrane penetration and to bedding would be present, but

they do not appear to be significant.

Also shown in Figure 6.16 are two tests on cast steel shot.

: 1
These tests have linear (%1) versus (Ac3 - Au)? plots up to

about 120 psi for test a, gnd up to 50 psi for test bj; the
results then curve away from the linear portion. This
suggests that the steel shot behave as polyhedra in the
low pressure range, the particle contacts being through
small asperities. The tips of these asperities become'
plastic very easily at low pressures giving rise to the

1
linear (é!) versus (Ao, - Au)? plot, but at higher stresses
\Y 3

the loads could be carried by means of elastic deformation



of the material. If the material under the asperities is
assumed to be still of the same shape, then assuming the
asperity is of conical shape, we can obtain an approximate

2lastic stress-strain behaviour.

Assume that the material forced down from the asperity tip
displaces the material below to produce a larger effective
area,,and'that we can neglect the change in volume of the

material, then the situation is as shown below:

The idealized condition can be
represented like this. The
assumption that the displaced
material goes into the same
height of material below is
arbitrary, but will not affect
the argument, because we‘only
want the general form of the

behaviour assumed.

With these idealizations we

have the following:

Z = 2.62 h
Z - h /'\\
X = 7 «a ) [/ \\
;! N
So contact afeé = /’ \
Y
_ 2 ‘ / // A \ h
G ﬂ.{iz—i—hl} .a’ A S
7/
PTG

\\ \
The stress distribution across \$7\\\\
X
the contact face will be nearly I | a ,l |l
’ i
Enlargement of idealized
lower confact



conical in form, so taking maximum stress as o, we shall get

for the load on the asperity P = 0.40 azco.

But a = 2h tan %-MEre % is the half‘angle of the asperity tip
and is a constant. So we can write P = K hQOO where K is a

constant depending on asperity angle.

In addition the change in P will be proportional to the change
in confining stress (Acs - Au), and of course the displacement
of the asperity tip is h, which will be proportional to the

strain and the maximum stress G-

Summarizing: h & g
2
P «h 9,

ie. P = h3

So, in terms of the symbols used previously:
1

AV .3
-\C = CO.(AO'S Au)

<

So the index x should be % for elastic behaviour of conical
asperities.In fact the indices for both the tests on steel
shot are close to this value; they are x = 0.4 and x = 0.3

as shown on Figure 6.17.

The beéhaviour reported may be due to the fact that the steel
shot were initially rusted, and for these tests the shot
were tumbled in a glass jar to remove any loose scale, and

then washed in water until the waste water ran clear. This



process should have removed most of the loose rust scale,
leaving behind a pitted surface which could have had the

characteristic outlined above.

One test was also run on lead shot with a mean particle
diameter of 1 mm. The maximum effective stress imposed

was only 52.6 psi. The test data are shown in Figure 6.18.
These indicate that lead shot contacts also appear to follow
the plastic relationship for which the index x = %. This

is not surprising as the lead has a very low yield stress.

If the shot deformed as true 'plastic spheres a linear -
relationship should exist between effective stress and
volumetric strain, ie x = 1. No tests were conducted
with a large enough effective stress to test this behaviour,
but it is possible to use the data of Dr Laughton, published

by Skempton (1960), to explore the validity of this statement.

Laughton's test was performed in an oedometer, therefore

shear stresses at the particle contacts would also influence
the volumetric strain behaviour. But the data should still
indicate qualitatively the change in behaviour from 'pyramidal'
to spherical type of behaviour. The e versus log P' relation-

ship is drawn in Figure 6.19, and is replotted in Figure

Av
v
o

that the postulated change exists, the slope of the early

6.20 as Log versus log P'. This figure clearly shows

portion of the consolidation plot being 0.52, changing to

0.96 for larger effective stresses, and finally curving



away when the particles no longer deform as spheres. This
occurs when P' = l20_1<g/cm2 when the contact area ratio
was about 0.1 and the volumetric strain about 22%. The
foregoing data for metals are seen to lend qualitative
support for the concept'of plastically deforming contacts

for virgin loading conditions.

However, in the case of mineral grains fracture must sooner
or later be a dominant factor, even though the parabolic
relationship would seem to be valid up to very high confining

stresses.

Figure 6.21 shows the results of a test on Ham River sand up
to (A03 - Au) equal to 4002.6 psi. The parabolic relationship
between effective stress and volumetric strain is seen to
hold up to an effective stress of about 2000 psi, after

which the volumetric strain becomes larger than predicted.
This increase in strain could be accounted for by fracturing
of those grains most severely stressed or those which already

have inherent weaknesses.

The problem is to determine how the grains facture. At
particle contacts the stresses are controlled by plastic
deformation (sufficient data have been collected in the
previous chapters and in this chapter to accept this statement),
and as was shown in chapter 3, the stresses at the asperities
include a very large hydrostatic component; therefore tensile

fracture would be inhibited. If failure occurred at the



contacts the mode of failure would be by shear, but again
the large hydrostatic stress raises the shear strength very
considerably, and it is possible that before shear failure
occurs at the contacts, the stresses within the bulk
material could rise with increasing contacf load until a .
point is reached where grain failure is permitted by the
tensile fracture within the 'relatively' low stressed body
of the grain. This is similar to the fracture mechanism
encountered in the Brazilian tensile test for brittle

materials.

Both types of failure probably occur in isotropic compression
of sand, but the tensile fracture of the grains would probably
cause more radical changes to the structure of the sample and
it is probable that this mechanism is the cause of the
behaviour shown in Figure 6.21. Fractures similar to
fractures of Brazilian tensile test specimens are shown

by Borg et al (1960) where the grains split across contact

points.

If fracture of grains within the sand mass is controlled

by this process, then we must look at the distribution of
contacts per particle, because the load at each pair of
diametrically opposed contact points may either relieve or
add to the tensile stresses imposed by other contacts at
various angles to them. Therefore we could not expect that
the load per contact that would cause failure of the particle

within the soil sample will be the same as the load to cause



failure of the same particle when loaded across a single pair

of contacts.

To illustrate this point we could compare the load per contact
(following Bishop (1965) in assuming a cubical pack) on an
average particle assuming that this particle will fracture

at 2000 psi confining stress, because it is loaded across

only one diameter, due to misfit of the cubical pack, and
compare the result with data published by Billam (1971) and
Bergstrom (1963) for failure of sand particles loaded

similarly.

Load per particle = 2000 x dz.

For a tensile fracture stress of O the fracture load is

a.ot.dz, where the coefficient

given approximately by PC
'a' is approximately % to % for a spherical particle, and
depends in general on Poisson's ratio, grain shape and size

of loaded area. Jaeger (1967) gives reasons why 'a' may be

smaller.

However, using

%o .a% = 2000.4%

gives = 6000 psi.
Extrapolation of Billam's data gives a mean value of about
12000 psi for particles with a mean diameter of 0.2 mm, which

corresponds to the mean diameter of the Ham River sand. This



1s twice the value obtained in the previous calculation.
However, it seems reasonable that those particles with
defects would be the first to fracture, which would imply
that the value of oL = 6000 psi is reasonable for first
fracture to be observed at a confining stress of 2000 psi.
Further refinement in analysis would be unjustified at this
stage in view of the little that is known about the way in

which particles are stressed.

6.4 Settlement of Granular Fills:

We can now see if it is possible to use this general approach
to calculate the settlement of granular materials, in

particular for the conditions of one-dimensional settlement.

The suggestion is that if the influence of fracturing of

the particles is small, then because the ratio of shear
stress to normal stress remains appregiably constant, there
will be tendency for particles to remain in contact with the
same group of adjacent particles and the arguments used
previously can be used again except that in this case the
particle contact positions must adjust to the changing
geometry of the sample and the contacts will be subjected
to larger shear forces. But, as before, we could hypothesize
that the relationship between changes in volumetric strain
and changes in mean stress could be represented by an
equation of the same form as used before, but in this case

we could use the mean effective stress.



%X = constant . (mean effective stress)™®
o
Ag?
ie, %X = constant.(—§l (1 + 2k N~ (6.12)
5 o
(using the prime for effective stress)
(1 + 2KO) X
The term (————g————) could be included with the constant

and we would get:

AV _ 1A X
~ D.(Aol) (6,13)

In this case the index x will probably differ from 0.5 because
the contact points would be subjected to fairly_severe shear
loads in addition to the normal loads. Nevertheless it would
be of interest to observe if the form of the relationship

is reasonable. -

Figure 6.22 shows the result of a Ko test on Ham River sand
conducted in the triaxial cell, plotted on a log-log basis.
The readings lie on a remarkably straight line with a slope
of 0.76, which gives the relationship for this test as:

- -4 110.76
v - 2.9 x 10 .(Acl)

where Ac! is in psi and D = 2.9 x lO-.u

.,=0.76
1 (psi) )5

Chaplin's work in 1961 was referred to in connection with
isotropic compression. He also indicated that a power law

relationship should exist in the case of increasing stress



with a constant stress ratio, the index being 3. The above

result does not agree with this hypothesis although the

power law is upheld.

So, for materials like Ham River sand, the relationship given

in equation 6.13 holds true for one-dimensional strain.

We can use this relation in the analysis for the one-dimensional
settlement of a layer which settles under its own weight,
assuming that the placement density is always the same.

(In rockfill dams this is usually the dry weight or weight

of soaked material, the only water being present is held

by capillary forces around the particle contacts. So it
will be reasonable to assume that the effective stress is

the same as the total stress.) As the dam is constructed,

the lower layers are strained, and so increase in unit weight.
This results in a thick layer of rockfill which has an
increasing unit weight with depth. Since the settlement of
any point within the layer is due to the compression of the
material below the point stressed by the weight of the
material above the point, it is obvious that the variation

in unit weight of the material above the point should be

taken into account.

We can do this fairly easily if the solution is approached

in the following manner:

1. Assume that the layer is constructed under zero gravity
conditions to some height Ho’ with material of the same

initial voids ratio. Also, there is a marker placed in



the material at some height Yo

2. Allow the gravitational acceleration to be applied. Then
the layer will settle to a final height of Hp and the

marker will come to rest at some height Vg

3. Now assume that an identical layer to the first is built

under zero gravity to a height of Yor

4. Allow this layer to settle under gravitational acceleration -

the height of this layer will be some intermediate value,

say y:.

If the first layer had been constructed with the same quantity
of rockfill under the influence of gravitational acceleration,
then the thickness of the layer would have been HF’ and the
measured settlement of the marker point would have been

given by A where A = y. - yp as shown in the diagram.
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Consider a small layer 8y at a height of y (zero g). Then
after applying g the layer would be subjected to a change
in stress of YO.(HO - vy), where Yo is equivalent to the
placement unit weight, and using equation 6.13 we would

have:

Change in thickness = Gy.D.{YO(HO - ¥

So the marker layer displacement would be:

- _ X
Yo = YF = Iyg D.{y (H - y)}™ &y

x Yo x
= Dy, é (H, - y)7 dy
This gives
DYO X x+1 x+1
Yp T Y T x ¥ 1 {Ho - (Hy - yo) }
Similarly
py = x+1
H, = H - ° {H }
F o} X + 1 o)
and
Dy = x+1

The measured settlement of the marker layer would have been:

X
D
A = Yo {H
X + 1 o)

xX+1

)x+1 -y x+l}

- Hy -y, o

(6.

(6.

(6.

(6.

1y)

15)

16)

17)



6.41

(Note: Yo and HO are imaginary dimensions and so can not
be measured inthe field. The measured dimensions
would be yi,.yF and Hp. So, if equation 6.17 is
to be used the values of Yo and HO must be obtained

from equations 6.15 and 6.16.)

If on the other hand it is assumed that the change in unit
welght is not significant the relationship for settlement

can be obtained in the following manner:

Initial stress on a small layer at

y will be (yi - y)YO.

Final stress on layer will be
Yoly; = ¥ + v (Hp - y.).
So initial strain in layer will be

- X
€5 where €; = D-EYO(yi - Y)] .

Final strain on the layer is €¢ Where

Ef = D. [Yo<yi - y) + 'YO(HF - yi)]x-

So change in strain will be

€g - €5 = D.{[Yo(yi - y) + YO(HF - yi):]x - [Yo(yi - y)]x.}

Therefore the measured settlement will be A where

y. V.
b = [ Mep - eddy = Doy K S M [y - y) +Hp - y O]
O O
= [<Yi - y)]x}dy
X
. i D.v, [H x+1 _ (H.. - )x+l _ x+¥] (6.18)
°©4 =3 F F - Y4 Vi :



The solutions given by_equations 6.17 and 6.18 can be compared
using data published by Penman, Burland and Charles (1971) of
measurements made during construction of Scammonden Dam.

The dam is very wide so a large portion of the rockfill
shoulders should be fairly close to a one-dimensional strain
condition. Fortunately the stress-strain curve for the
placement density conditions, obtained from laboratory
cedometer tests, is also given in their paper. This data

has been replotted on Figure 6.23, from which are obtained

the values of the parameters D and x. They are:

3

x = 0.52 and D = 1.07 x 10 ° for true strain and for stress

measured in kN/m2.

Average placement bulk density was 21.2 kN/mB.
The final height of the dam was Hp = 70 m. Taking one of the
marker plates (B.10 in the paper), a reasonable value for Yi

can be taken as y; = 18 m. The measured settlement was 0.59 .

Equation 6.15 gives H, = 72.31 m and equation 6.16 gives
Yo = 18.29 m. Substituting these values into equation 6.17
gives a settlement of 0.54 m. If on the other hand equation

6.18 had been used (assuming constant density) a calculated

settlement of 0.52 m 1s obtained.

The settlement calculations have been repeated for other values



of HF’ and are shown on Figure 6.24a with the measured
settlement values. The settlements predicted using constant
bulk density (equation 6.18) are only very slightly smaller
than those predicted using equation 6.17, which is more
difficult to use. In practice, therefore, the use of

equation 6.18 would suffice.

In the same paper Penman et al also reported the results of
calculated settlements using an equivalent compressibility,

4 mz/kN. A comparison of

which they found to be 0.257 x 10~
results using this value of compressibility and results from
equation 6.17 and 6.18 are shown on Figure 6.24b. Tt will

be noticed that since the result obtained using equation 6.13
and the constant m, curve were fitted to give the same final
settlement at mid-height, there is little difference at other
heights. In addition it was assumed that the bulk density
was constant for both. However, using equation 6.17, which
takes into account the increase in unit weight, results in
larger final settlements throughout the layer. At mid-height

for a y; = 35 m the settlement is 0.7 m compared with 0.67 m,

ie, about 4.5% difference.

Papers giving settlement records for other dams are available,
in the literature, but few give enough data to enable the
values of the parameters x and D to be obtained. One dam,

for which this is possible, is the Venemo Dam in Norway;

it is a rockfill dam with an upstream asphalted concrete

blanket. Settlement records are reported by Holest8l et

al (1965)for two cross arm installations on the centre-line



of the dam, where near one-dimensional strain conditions can
be expected. Average behaviour of the compression of the dam
can be obtained if tﬁe compressions of layers between cross-
arms are summed for each installation for the period during
placing of rockfill. Compressions were recorded during

the placing of the upstream asphaltic concrete apron, but

these have not been taken into consideration.

The sum of the compressions for installation 1 is 2.44 ft, where
7 cross-arms were installed, and 3.02 ft at installation 2

where 8 cross-arms were installed. The average sPaéing

between cross-arms is reported as 17.4 ft and Holestdl et

al used a field unit weight of 125 1b/cu ft (2 T/m®) as a
representative value in their paper. They also give results

of field measurements of porosity; about 60% of the material

excavated had a porosity of 35% and 40% had a porosity of 25%.

An analysis for the settlement is possible only because
compressibility data for Venemo material are given by Pigeon
(1969, unpublished PhD thesis). Results of three of his
tests are shown in Figure 6.25. These results show that

for the two tests at initial porosities of 30.3% and 35.9%
the index x has the same value of 0.71. The test on the
densest material shows a trend towards the same index value.
(This index value is not very different from that obtained
in the K, test on Ham River sand shown in Figure 6.22, which

was x = 0.76.)

Since the major portion of the test pit material had a porosity



of 35%, the following analysis is based on the results of

test G-24-2 in Figure 6.25. This gives:

=42 x 1078 (ag)9-71

I
|5

for Acg' in lb/ft2

o

The sum of the compressions between the cross-arms can be
obtained by utilizing equation 6.18, and applying it to
calculate the settlement of each cross-arm relative to the
next cross-arm below for the final construction height of
the dam, and summing the results, This was done and the

results are shown below:

Sum of compressions measured at Installation 1 2.u44 ft
" " " " " Installation 2 3.02 ft
Sum of compressions calculated for Installation 1 2.22 ft
o " " " Installation 2 2.76 ft

The agreement is quite good, but it must be pointed out that
it is assumed that the vertical effective stress is given by
oi = vyh, where y is the field unit weight, and h is the height
of fill above the point considered, that is assuming true
one-dimensional conditions existed. This may not be true
for the stress conditions in the dam. See, for example,

the analysis by Bishop (1952) for a homogeneous elastic
embankment; also Clough and Woodward (1967) for the state

of stress in homogeneous embankments. If the Venemo Dam
could be considered as homogeneous, it is likely that the
ratio (Ui/Yh) would vary from about 0.8 at the base to 1

at the top of the embankment. If this kind of variation was



inserted into the calculation then the agreement would not

be as good.

Data published by Sowers et al (1965) also confirm the general
behaviour of rockfill derived from hard rock, as is seen in
Figure 6.26, but no porosities for their tests were given.

It is interesting to note that the wvalues of the index 'i'

for all these materials lie in a very narrow band, the main
variation being in the value of the coefficient D, which
reflects the porosity and rock type. This varies from D =

6

3.8 x 10 ° for Greywacke (unknown porosity of maximum

particle size 11", tested dry) to D = 86 x 10 °

for Granite
(unknown porosity, maximum particle size 11", tested dry).

The values of D are obtained for ci measured in 1lb/sq ft.

It is of interest to note that the power law form of settlement
relationship is also valid for other types of rockfill, examples
of this being shown in Figures 6.27, 6.28 and 6.29, which are
test results again taken from Pigeon's thesis, and are results

of tests on a Silurian mudstone.

6.5 Creep of Rockfill:

The previous discussion indicates that the behaviour of both
virgin isotropic and Ko compression of granular material can
be considered as resulting from a plastic behaviour at
particle contacts. One result of plastic behaviour in

metals is that the material creeps in the plastic stress



range. So by analogy one would expect that granular material
should also creep when stressed. There is a lot of evidence
that rockfill creeps, and it is usually postulated that

creep is due to 'cataclastic flow'. The primary deformation
at higher stress levels would certainly be dominated by this
mechanism, as has been previously argued, but in the lower
stress range this mechanism could not be significant. For
example it is necessary for a finite stress to be applied

in order to build up the loads on particles to a sufficient
level in order that fracture could take place. This implies
a threshold stress level above which creep takes place. The
writer has not been able to find a single reference where a
threshold stress was found. In fact the opposite is the case.
For example Pigeon (1969) states "There is no threshold value

below which creep does not occur.".

Further evidence against fracture-induced creep is to be found
in a paper by Sowers et al (1965). They report the results
of tests using single rock pyramids or wedges forced against
flat ground surfaces of the same rock; all tests indicated a
sudden initial settlement, followed by slowly increasing
settlement with time. (The load on the rock points was

not quoted, but since the settlement recorded was large,

the loads used must have been substantial.) The initial
settlement was undoubtedly due to crushing; this took place
very rapidly, which is understandable as fracture is a

very fast process. On the other hand the time-dependent

behaviour reported was a slow process, and so probably due



to an entirely different process. This conclusion is further
strengthened because in their tests flooding of the loaded

contacts resulted in additional rapid settlement.

These additional rapid settlements were observed to produce
additional crushing, which would be consistent with a
suddenly lowered strength®. This implies that the slow
time-dependent behaviour was not associated with strength
reduction, but (since the settlement rate decreased with time)
it could be argued that the material was strain hardening,
and this is consistent with the concept of straining of

plastic junctions at particle contacts.

A few short-term creep tests were performed during the course

- of the research, the results of one of these are shown in

u,
et

The influence of moisture on the strength of rock has been
related to a reduction in the molecular cohesion of the
solid. Tests reporting this are given by Colback and

Wiid (1965). The explanation is as follows - the molecular
cohesion, which according to Orowan (1949) is given by:

o, = /Z%E where E is Young's modulus and a is the
interatomic spacing, both of which are

unlikely to be moisture sensitive, implies that

the change in strength must then be attributed to a change
in surface energy vy when the fluid in contact with the
solid has its surface tension changed or the fluid itself
is changed. :

Supporting evidence for this conclusion is shown in the
Figure 6.30 which is from Colback and Wiid's paper.

This result explains the sudden increase in settlement on
flooding, but is directly contradictory to the result of
obtaining additional settlement by adding an agent (not
named by them) which reduced the surface tension to half
the normal value. It is of course possible that this
agent caused a decrease in the molecular cohesion of the
solid material, but this is pure speculation!



Figures 6.31 to 6.35. They show a test on saturated Ham
River sand subjected first to an isotropic stress of 4000

psi, and allowed to creep for 60 minutes, after which the
.stress was reduced to 0.7 psi and the swelling creep observéd.
The swelling creep does not fit into the 'cataclastic flow'
theory, as the stresses on the particles are being reduced,

so they should not fracture.

One point that can be noticed is that at the high confining
stress of 4000 psi, the volumetric strain is very nearly
equal to 3 x axial strain, indicating that the membrane

had probably penetrated as far as possible, and thus these
results are probably free from this source of error. In
contrast the volume changes in the swelling stage at low
pressures are considerably larger than 3 x axial strain,
which of course would be the result of the rubber disengaging
from its deeply buried state. In this case it is better to

rely on the axial strain measurements.

Concentrating on the axial strain measurements it is seen

that a logarithmic creep relationship is a good fit to the
swelling creep behaviour, but not so good for the consolidation
behaviour. But if a power function is fitted as shown on
Figure 6.34% and 6.35 the index for the power law is the

same for both swelling and consolidating creep, and is in

fact very close to the power law suggested by Andrade (1910,

1914)

wl -

€y (t) = A t



The index in these tests on Ham River sand is in fact 0.39.

Further research into the effects of pore fluid with differing
surface tensions and of varying temperatures on the creep'
behaviour of granular materials should throw some additional

light on the physical basis. of creep in these materials.

6.6 Summary:

It was shown that the effective stress controlling the volume
changes 1in isotroplc compression could be represented by the
equation:

C
Acé = (Aq3 - Au) + —=. Au

C
Also, the results reported again support the hypothesis of
plastic junctions for granular material, for virgin loading
conditions. Although the plastic strains and the elastic
strains are of similar magnitude, they can be lumped together,
as they both appear to be related to a power function of

the effective stress.

Extending this lumped model to one-dimensional strain conditions
has enabled a rather simple form of one-dimensional settlement
calculation to be developed, which gave reasonable agreement

with field measurements of rockfill dam settlements.

It was also shown that the creep behaviour of granular material

supported the plastic Jjunction hypothesis.
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CHAPTER 7

FACTORS INFLUENCING THE STRESS-STRAIN

BEHAVIQUR OF GRANULAR MATERIALS

7.1 Introduction:

In the previous chapters the physical nature of the contact
between grains was discussed at length, and a lot of
experimental evidence was presented to support the
contention that the grain contacts could be considered

as plastic junctions, and when shear was applied to the
junctions a junction growth mechanism occurred allowing
plastic deformations (compressions and shear) to take

place before slip. (It must always be borne in mind that

elastic strains would also be present.)

Secondly, it was poimted out that, under the influence of

cyclic isotropic stresses, some energy was expended in
overcoming micro slip (termed fretting slip) at the Jjunctions
when the junctions were unloaded and then reloaded essentially
elastically. This energy loss can be expected to play an
increasingly important role when the sample becomes more
anisotropic. This anisotropy ;an be caused by shearing at

large stress ratios.

One other mechanism was introduced when discussing volumetric

strain behaviour, and that was particle fracture, which is



significant at high confining stresses.

So we have the following types of behaviour:
a) Elastic-plastic degenerating to frictional,
b) Elastic-(fretting) frictional during cyclic stressing,

c) Particle fracture.

All these mechanisms contribute to the stress-strain behaviour
of the material, and it is hardly likely that a simple

theory can be formulated to take account of all of them.
However stress-strain theories have been developed and it

will be interesting to see how well these interparticle

mechanisms are modelled.

7.2 Particle Fracture due to Surface Contact Stresses:

It is not until fairly recently that fracture as a mechanism
has been studied, so it is important to understand the
mechanics of fracture and the conditions which best promote

its occurrence.

In Chapter 3 the frictional properties of minerals were
discussed in terms of a plastic junction growth mechanism,
which terminated when the interfacial stresses coincided
with the intrinsic strength envelope, or at some intermediate
envelope which characterized the strength of the junction
material. In the former case oné could say that if the
stresses at the junction interface were on the intrinsic

strength envelope, then fracture would take place in the



junction material. Indications of this type of fracture
should be observable if thg surface friction conditions

are not inhibited by weak junction material.

This mechanism has been observed in friction experiments
by Bowden and Brooks (1966), and, in triaxial tests on Ham
River sand at confining pressures of 40 psi, Bishop and
Green (1965) report that in a microscopic examination at
five times magnification of the sand grains before and
after testing no discernable differences between the size
and shape of the grains before and after a test were noted,
but that a quantity of 'fines' was present after shearing.
The size of these 'fines' ranged from 0.01 mm to 0.0Y mm,
and the sand grading of the original sample ranged from
0.1 to 0.4 mm. Fracture at interparticle contacts could

explain the production of these 'fines'.

No analysis for a 3-dimensional elasto-plastic junction
subjected to normal and shear forces is available, so it

is difficult to be certain of the conclusions reached above.
However, an analysis to determine the complete stress field
for a contact carrying a hemispherical Hertzian normal
pressure and proportional distributed shearing traction

has been presented by Hamilton and Goodman (1866). Two
important points are brought 6ut in their analysis which
are illustrated in Figure 7.1 and Figure 7.2. (These
figures are reproductions from Hamilton and Goodman's

paper.) Figure 7.1 shows that, as the friction coefficient



is increased, the zone of maximum octahedral shear stress
becomes more 1intense and moves towards the surface from

below. At the same time a secondary zone of high shear

stress develops in the surface of contact, and this =zone
becomes dominant when the friction coefficient is larger

than 0.27. Figure 7.2 shows that a very shallow system of
large tensile stresses at the edge of the contact exists,
which would indicate that if tensile fracture were to occur,
small fragments of material could be broken out of the surface.

This tends to support the findings of Bishop and Green (1965).

This elastic analysis would of course, be invalid if the
contact was already plastically deformed under normal
loading. However, it does give é good picture of the

likely form of stresses near the surface, and it does
indicate that it 1is necessary to look for other mechanisms
which could produce the gross grain fracture observed during
triaxial compression tests even at quite moderate confining

pressures.

7.3 Particle Fracture due to Internal Stresses:

Hiramatsu and Oka (1966) presented an analytical analysis

for the stresses in a sphere compressed diametrically. Also,
by means of 3-dimensional photoelastic experiments using the
stress freezing technique, they showed that the state of
stress in an 1irregular test piece, subjected to concentrated
loads, is much the same as for a sphere in the vicinity of

the axis of loading. They went on to demonstrate for the



spherical test piece that the circumferential tensile stress
along the compression axis is not strongly influenced by
Poisson's ratio, and as long as the area over which the

load is applied subtends an angle less than 5° at the

centre of the sphere, this stress takes a value from:

1.21 x W 1.36 x W

to
2Tra2 2‘na2

where W is the applied locad at a contact, and a is the radius

of the sphere.

The variation of Poisson's ratio taken was

~l—
N
<
n

W]

The tensile stress increases slightly with increasing
distance from the centre to a maximum value of about 10%
greater than the central value, and then decays becoming

compressive at a radius equal to about 0.65a.

So the tensile strength of an irregular piece can be taken

as:

LU
t 22 (7.1)

Their experimental results for irregular lumps of various

rocks were in fairly good agreement with equation 7.1.

Thus if tensile fracture of the grains in a granular
material is controlled by diametral compression and is a
dominant feature of the shear process, then a scaling factor

of l% could be used to compare the results of tests on
a



different materials. This was done very successfully by
Billam (1967), who was able to unify test results on -
different materials for a series of consolidated drained
triaxial tests on initially dense samples; the scaling

factor he used was:

where Pc = mean crushing force for a single grain of de size.

However, work by Jaeger (1967) can be used to indicate where
difficulties could arise, if this type of correlation was
extended to a variety of loading conditions. For example,

a particle in the granular sample is probably not loaded
across a single diameter but sustains a number of loads
distributed over its surface, each load contributing to the
stress conditions within the particle. If the particle
fractures under the influence of these loads, the tensile
stress at fracture may not be the same as that for the
simple diametral loading condition. Jaeger (1967) illustrates
this point for cylinders compressed in two diametral planes.
His analysis for the stresses within a cylinder for the case
of a number of cylinders packed together in contact is shown
in Figure 7.3. The maximum tensile stress and its position
is also tabulated, as are the results of tests on specimens
2" in diameter x 1" long. It appears that as long as the
included angle between the planes of loading is less than
45° the tensile stress at failure is very nearly the same

as that obtained from a single diametral loading condition



(a Brazilian tensile sérength test) but, when the included
angle is greater, there are still substantial tensile
stresses. However, they are much smaller than the Brazilian
tensile strengths, and the contact loads required to produce
fracture are much larger. Another point to notice is that
the zone of material subjected to tensile stresses moves

away from the centre of the cylinder, and the maximum
tensile stress now occurs approximately on the line adjoining

the loads.

Thus in general it is to be expected that if the loads on any
particle are evenly distributed around its surface, tensile
fracture will be inhibited. So for isotropic compression
tests fracture should not play an important role, unless

the confining stress is very large, leading to large contact

forces.

In Chapter 6 it was shown that, for isotropic consolidation,
fracture in the grains of Ham River sand probably started at
about 2000 psi confining pressure, and for KO consolidation,
at a maximum principal effective stress of about 1200 psi,
when the minor principal stress was at about 600 psi. These
results lend support to Jaeger's analysis. The actual
amount of particle fracture is rather difficult to quantify,
and the best way would be to measure the amount of new
solid surfaces produced so that the energy dissipéted can
"be taken into account. In practice this turns out to be
difficult although experimental techniques for doing this

exist, but they appear to be limited in accuracy. For



example, Schellinger (1952) in his experiments to measure the
surface energy of quartz by a calorimetric method used a gas
absorption method to measure the surface area of the crushed
materiél. The surface energy calculated from these measurements
was 107,000 ergs/sq cm. If compared with values calculated

by Brace and Walsh (1962) using an analysis by Gilman (1960),

who obtained the relationship:

where E Young's modulus normal to the plane in question,

a = atomic radius of atoms lying in the cleavage
plane,
do = spacing of cleavage planes ,

the values calculated by Brace and Walsh for.different cleavage
surfaces in quartz range between 480 ergs/sg cm and 760 ergs/
sq cm. Schellinger's value is about two orders of magnitude
larger - the most likely source of error in his results is

the surface area measurement. -The reason for the error may

be because the gas is unable to penetrate the innumerable

fissures produced in the crushed material.

In the case of the tests conducted in this research programme
the influence of crushing was observed qualitatively.
However, some samples were sieved before and after testing,
typical results being shown in Figure 7.4 and Figure 7.5.
Looking at Figure 7.4 it is apparent that the shift of the
grading curve for the-consolidated drained test at 500 psi

is somewhat greater than that for the isotropic consolidation



‘test at 4000 psi. The apparently small shift of the grading
curve 1s rather deceptive as can be seen from the two
photomicrographs, plate 7.1, which show the material

°
before and after a consolidated drained test at 500 psi

confining pressure.

Other difficulties are encountered if diametral tensile
strength is used as a scaling factor. One difficulty is

that the same scaling factor has to be used when comparing

the dilatancy 6f the same material at different voids ratios,
and obviously different relationships are obtained because

the dilatancy varies with initial voids ratio. Another
difficulty is that if the grains of a material deform
plastically, dilatancy at higher stresses 1is still suppressed,

but in this case due to plastic deformation and not fracture.

Tests to illustrate this point are shown in Figure 7.6, which
shows the results of consolidated drained triaxial tests

using 1/32" steel shot at various confining pressures. .

1

For comparison Figure 7.7 shows the same relationship (3—'
lc

1

where Jq is the value of J£ at the end of the

consolidation stage plotted against void ratio e) for Ham
River sand. For both materials the dilatancy 1is suppressed
with increasing pressure. The dilatancy rates at failure

for some consolidated drained-tests are shown in Figure 7.8,
which clearly illustrates this, but the suppression 1s caused
by different mechanisms, fracture in the case of Ham River

sand, and plastic deformation in the case of the steel shot.



In addition Figures 7.6 and 7.7 clearly indicate that the
changes in void ratio are dependent on the initial void

ratio for both materials, which could be anticipated,

because it has been shown that the volumetric strain
behaviour is controlled by the deformation at the interparticle .
contacts, which are a function of the particle packing and so
of void ratio. It also follows that void ratio is not the
correct parameter to use when discussing the stress-strain
behaviour of particulate material, because it can not take
into account the distribution of contacts in relation to

the stress directions, and it is the contact distribution

and loading with respect to the magnitude and direction of

the applied stresses which control the behaviour.

Contact distribution is difficult to measure, but since it

is linked to geometrical anisotropy, and work describing this
aspect of soil structure is being actively studied (see, for
example, Arthur (1972)), it is possible that progress in
describing stress-strain behaviour with respect to contact
distribution will become possible. However, in the following

discussion void ratio will still be used.

Having discussed the underlying causes of straining in a soil
structure it is now possible to see if some of the simple
stress-strain models for soil behaviour provide reasonable

predictions.

7.4 Factors Influencing the Stress-Dilatancy Theory:

This theory by Rowe (1962 and 1963) was based on the assumption



that the minimum amount of energy is absorbed in ffictional
slip within the deforming mass. Later Horne (1965) showed
that the stress dilatancy equation could be obtained using
the concept of virtual work. The relation for the triaxial

compression test is:

Q
-

. gr )
E = ————éag— = tan2 (45°+ T%) (7.2)
1 - —Y _
del
The volmetric strain increment dev = del + de2 + de3. Here

de, = de3 and ﬁ, the ratio of energy supplied to energy
transmitted per unit volume, is a minimum. Equation 7.2

is sometimes written as:

R = D.K (7.3)
0.'
where R = —%
o
3
de
D=(1—HE—V-)
1
2 o) ¢u
and K = tan® (457 + TT)

There have been criticisms of the derivation and of the
assumed mechanism by Gibson and Morgenstern (1963), Roscoe
and Schofield (1963), Scott (1964) and Trollope and Parkin
(196 3).

If this relationship is accepted we have to take into account

the following limitations placed on its validity:



a) The particles must be rigid, rotund, cohesionless with a
constant coefficient of solid friction.

b) Elastic and plastic deformations, crushing and cracking
are all ignored (assumed not to occur).

c) Deformation occurs as a result of relative sliding motion
between groups of particles.

d) Particles acting as rollers between groups are not present.

Rowe (1962) replaces ¢u with ¢ to provide a better fit of
experimental data. Horne (1964) explains the lack of fit in
terms of rotation, which leads to lower é values in the early
stages of the triaxial test, and at later stages. The lack of
fit is due to variation of the sliding angle between particles

leading to higher E values.

7.5 Stress Dilatancy Correlations for Variable Stress Ratio

Paths:

Although in the derivation of equation 7.2 crushing and plastic
deformations are specifically excluded, the strains produced by
these mechanisms cannot be separated from the assumed rigid
Particle slips of the theory, and so verification of the theory
1s not possible when these mechanisms are present. Nevertheless
let us examine the theory to see what the effect of these

mechanisms is on the predictions.

Equation 7.2 expresses the result of a minimization process
and so, if additional energy has to be provided to produce

fracture or plastic distortion, the magnitude of the energy



ratio should be larger. This is simple to verify experimentally.
- From the results of a test on some material at low stresses
during which little, if any, crushing or plastic work is

done in comparison with the frictional work done, the R -~ D
plot can be used to establish the magnitude of K (which is

the slope of this plot) and hence the value of é, which is
equal to K for the purely frictional behaviour for this model.
Then from the argument presented above, a test on the same
material at a stress level which produces particle fracture
or plastic distortion should provide a larger value of R for
a particular value of D. The magnitude of the difference is
a function of the additional energy required to provide for

the current rate of production of new surface or the current

rate of plastic work being done or both. This conclusion is
verified for Ham River sand, as shown on Figure 7.9, which
shows that é min = 3.04 for a consolidated drained test at

a confining pressure of 10 psi. The results of two further
tests at confining stresses of 990 psi and 4000 psi are also
shown. (The voids ratio changes for these tests are shown on
Figure 7.7). It is very clear that fracture in these two
tests occurs, and that the effect of this is to increase

the value of é quite markedly., In fact, in the early stages
of both tests, D 1is negative, or in other words, no energy
is transmitted; in fact energy is supplied both axially and
radially. It is not until the very last stages of these
tests that the magnitude of é falls to a value of 3.25,

the same value obtained for the fest at ol = 10 psi. The

3

results for the two high pressure tests when oé = 990 psi and

Gé = 4000 psi are rather deceptive, in that they appear to



be very close together on this plot. That this is not so

is illustrated if a comparison is made, for example, between

R values of 2 to 3. For the test at oé = 990 psi, E = 4.7
falling to 3.95, whereas for oé = 4000 psi the corresponding
values are E = 7.9 falling to 4.2, showing that a much larger

proportion of the energy supplied is being absorbed by

crushing in the higher pressure test.

Similar results were obtained for tests on iron shot, and
are shown in Figure 7.10. The values of é in the early
stages of the high pressure test are certainly significantly
larger than for the low pressure test, but, the values of é
during the later stages of the low pressure test increase,
whereas those for the later stages of the high pressure test

remain almost constant.

The results for a test on lead shot are also shown on Figure
7.10. Here again the energy ratio for virtually the whole
test is largef than the value at the end of the test, the
shape of the R ~ D plot being very similar to those for the
high pressure tests on sand. Results presented by Billam
(1971) also show that in general larger values of R are
required than those predicted by the stress dilatancy theory

for materials which crush easily.

Figure 7.9 and Figure 7.10 also show the R ~ D plots for
unloading at the end of the shear stage. In this type of
stress'path the axial stress 1is being reduced while the

radial stress remains constant. So the form of the stress



dilatancy relation changes. Horne (1964) gives the analysis

for this condition and obtains:
. q) »
E = % = tan2 (45° - 7%) (7.4)

This relationship is shown in Figures 7.9 and 7.10.

The unloading stages of the tests at low pressure (shown inset
in these Figures) do cross over very rapidly to these energy
ratio lines, and then roughly follow them down as the stress
ratio decreases. The fact that very large values of the
dilatancy function D are obtained is a direct consequence

of the severe anisotropy of the interparticle contacts

induced in the sample during the drained compression stage,
and does not imply that the sample is dilating strongly. In
fact the sample is consolidating during this stress path.

In the radial direction the strains are directed inwards

and are large in comparison with the axial extension strains.

1 1] 1] 1 1
- cldsl ) 01/03 01/03
Now E=- 20 tde T = 2de./de =
3773 3 1 1-de_ /de
v 1
¢
= tan2 (45° - 7;)

where de = de, + 2de4, and in this case de 4 is positive and

1

de, 1s negative and de is large compared with de

1 1

Note: Different sign conventions are used in various papers;
for example, Rowe (1962) uses compressive stresses as positive,
and compressive strains as positive. Horne (1964) uses
compressive stresses as positive and extension strains as
positive. In the above equations compressive stresses and
strains are considered positive.




So the sign of the denominatcr D (where D = - 2de3/del) is
positive and large, although the sample is consolidating.

This consolidation feature was observed in all the tests

(see Figures 7.6 and 7.7) and shows how sensitive the strain
response of an anisotropic granular material is to particular
stress paths, as pointed out by Bishop (1971). It is possible
that membrane penetration has some influence. However the
cell pressure is maintained constant for these paths, so

one would expect the membrane penetration effect to be small,
and in any case the volume changes for the low pressure tests
have the largest values. For example, for-oé = 10 psi, 1.37
cc of water were expelled from the iron shot sample, and

0.84 cc from the Ham River sand sample; for the tests at.cé =z
990 psi the values are 0.43 cc for the iron shot and 0.4l cc
0.46 cc and 0.48 cc for the Ham River sand samples. These

are comparatively large values, larger than would be expected
for membrane penetration (see comments made on this in Chapter
6). But because this is a most important feature of the
behaviour of granular material, apparatus must be developed

to enable these strains to be monitored directly in future

research programmes.

The magnitude of the consolidation behaviour during unloading
increases with the magnitude of the stress ratio from which
unloading takes place. It is; of course, the stress ratio
attained during the drained compression stage of a test.

This can be seen in Figure 7.11l, which shows the volume

changes during unloading stages from different stress ratios.



These volume changes are not recoverable and are therefore
not elastic. This is clearly seen in Figure 7.12 which shows
the volume changes during cyclic unloading and reloading at
the end of the shear stage of a test with the confining
pressure at 500 psi. A point to notice is that the stress
ratio attained on reloading is slightly larger than the peak
value obtained in the previous loading stage, indicating

that the structure of the sample had been altered and

strengthened.

The significance of these results with respect to the Cambridge

models will be discussed later.

A model for this behaviour couldbe described as follows.

During the compression stage of the test more contacts, many

of them heavily loaded, are required in the axial direction

to carry the larger axial stresses. These are formed by the
sample becoming anisotropic with respect to its 'interparticle
contact density' and should display an anisotropic (non-linear)
elastic behaviour on unloading. During unloading particles

whose axially loaded contacts which were strained least

become unlocaded first, so allowing the confining stress to

push these particles radially inwards. If the sample is now reloag-
it will exhibit an increased stiffness. If this mechanism is ©
correct then it follows that slip strains occur, and the stress
dilatancy model should be followed, if the elastic strains

are small in comparison with the slip strains. In Figures

7.9 and 7.10 this is seen to be the case for the low pressure

tests where the magnitude of the elastic strains should be



small, but the unloading stages for the high pressure tests
only approach the é min line during the last stages of
unloading. (Elastic strains were not separated out from
these results. A'suggested method of doing this is included

in the discussion of the Cambridge Models.)

7.6 Stress Dilatancy Correlations for Constant R Paths:

It was pointed out that strains due to plastic deformation

or crﬁshing could not be separated from strains due to
frictional slip. In any case the basic hypotheses of this
theory exclude these mechanisms and elastic deformations as
well, so it would be unreasonable to expect close correlations
for stress paths wﬁere these mechanisms‘dominate, which should
be for paths where 1 < R g l/KO during which the strains are
compressive. (The following discussion would also be valid
for the early stages of varying R tests when R is small and

the sample contracts in volume.)

Note: Horne (1965) suggests that in theearly stages of an
ordinary triaxial test when the particle assembly is decreasing
in volume, and there is a poor fit between the test data and
the min E line, the groups of particles, instantaneously
deforming as a unit, may be small, and that there exists

the possibility of rotation. Rotation allows the transmission
of energy without frictional loss so the energy ratio E might
be expected to lie below that given by egn 7.2. The results
of experiments at low confining pressures give a reasonable
fit with eqn 7.2 above stress ratios of R = 2 to R = 2.5;
these ratios are slightly larger than the value of 1/K, that
could be expected for these materials (see Rowe, 1962, fig
21). This would suggest that the predictions of the stress
dilatancy theory become better after the sample starts
expanding radially. Frydman (1972) suggested that a yield
point, defined as the point when the volume expansion starts,
represents a point in the stress deformation process below
which relatively little interparticle slippage occurs.




For first-time loading, when the stresses are low for these
paths, fracture is not likely, so the mechanism to consider

is an elasto-plastic one.

This elasto-plastic mechanism was shown to lead to a good
description of the behaviour of granular material under
isotropic stress conditions, and led to a relationship of

the form:

AV _ 1\ X
- -D(Ad3) (7.5)

It was also shown that by inferring a similar behaviour the
one-dimensional compression behaviour of granular material
could also be represented very well by a relationship of the

same form, namely:

‘g¥ = constant x (change in mean effective
stress)® (7.6)

Different values of the constant and the index x were

obtained.

Figure 7.13 shows a Ko consolidation test and an isotropic
consolidation test with the relationship shown in equation

7.6 fitted. It is seen that the agreement is very good.

These tests were purposely chosen because the initial porosities
of the sample were quite close, and the samples were prepared

as loose as possible, because, as was shown previously, the
strain behaviour is sensitive to the density of interparticle

contacts, and it was felt that a more uniform behaviour could



be obtained from the loose samples. (The measured porosities
were 46.3% and 45.u4% for the K, and isotropic tests

respectively.)

Membrane penetration again affects these results, but no
allowance has been made for this in the results shown in
Figure 7.13, which indicates that overall the K, test has

a larger void ratio change than the-isotropic consolidation

test, but for the early stages the reverse is indicated.

E1-Sohby (1969) gives results for tests with constant R,
for both dense and loose samples. His test results for
loose samples show larger vélumetric strains, for the stress
ratios R = 1.5 and R = 2,(1/K_==2), than for R = 1, and for
the dense samples the tests with R = 1 and R = 1.5 gave the
same volumetric strains; only slightly smaller strains were
obtained in the test for R = 2. Larger stress ratios for
both loose and dense samples showed smaller volumetric
strains, and in the case of dense samples, a stress ratio
change from R = 4 to R = 4.5 changed the behaviour from
consolidating to dilating. (Large stress ratios for the

loose samples are not shown.)

We can now describe the mechanics of this behaviour. Consider

a loose sample - the strains derived as a result of isotropic
stress are simply due to plastic strains set up at each contact,
accompanied by the elastic strains in the material below. If
we suppose that at this stage the shear loads are applied

at interparticle junctions, consider what could happen at



each junction. The junction is shown in the diagram with
a purely normal load. The junction is in equilibrium in a

plastic state.

Normal /baa’on@v Normal & | shear lcads.
/
X
A&
of > g::&b\f’/
- Eepeer
/ //n/'!/'a/ \\ /7 £/7/a,rzlng'

‘The shear load is then applied progressively. First the
junction must increase in area to lower the normal stress,
so that it can accept the combined shear and reduced normal
stress. Therefore the initial direction of motion will be
directed towards the junction and this can be represented

diagrammatically as shown.

The nett result is to produce additional consolidation of the
granular sample. However, the lateral movements must also be
accommodated; this is possible in a loose sample but as the

packing becomes more compact, these lateral movements would



tend to produce dilation, and in the very dense samples
appears to be a dominating factor. So the model can explain

the observed behaviour.

Clearly for this type of mechanism the basic hypotheses of
the stress dilatancy theory are invalid, and so it is only
to be expected that the theory does not fit experimental

data.

The same conclusion 1s obtained from an examination of the

basic equation R D.K. TFor R to be constant D must be

"

constant.
So D = %
- 2d€3
But D= —u—
del

and since both ds3 and dsl for these stress paths (1 € R l/KO)

are positive, the resulting D is negative, which is impossiblie.

7.7 Stress Dilatancy Correlations for Elastic Paths (including

Fretting Friction):

By definition elastic paths do not involve slipj; therefore the

stress dilatancy model is inapplicable.

7.8 Summary of the Conditions during which the Stress

Dilatancy Theory can be used as a Soil Model:

The three mechanisms studied were listed at the start of the



Chapter. Of these it appears that this model can only apply
to purely frictional behaviour when the sample 1s dilating
under low to moderate stresses, and to the special case of

unloading a highly anisotropic sample.

7.9 Factors influencing the Cambridge Soil Models - namely

Granta Gravel and Cam Clay Models:

These models are considered together, because they are based on

similar hypotheses.

The hypothesized behaviour of specimens following these models
is illustrated in Figure 7.14a-f, taken from Schofield and
Wroth (1968).

»
Data have already been presented to show that for a granular
material the relationship between mean effective stress change
and voids ratio is of a power form, so the mathematical
equations developed for both these models based on a linear
specific vblume versus 1n (mean effective pressure)
relationship, will not be followed. Even so, it is instructive

to see if the other assumptions for these modéls are valid.

When discussing the stress dilatancy model, unloading stress
paths under drained triaxial test conditions were considered
(see Figures 7.11 and 7.12). These paths result in non-
recoverable volumetric strains, which violate the basic

assumptions of the Cambridge models.

One further illustration that these models do not predict the



behaviour of granular material is indicated by the results .
from consolidated undrained tests on loose sand shown in
Figures 7.15 and 7.16. Figure 7.16 indicates the false
concept that'undraingd paths for tests with increasing
consolidation pressures will be of identical shape. (This
should be so even if Calladine's (1963) suggested modificétion
to the yield curve is included.) Figure 7.16 alsé shows a
test with Ko consolidation stage followed by an undrained
shear stage. At the end of the shear stage all the samples
were unloaded undrainéd. The pore water pressure changes
induced were positive in all these cases and are shown in
Figure 7.17. (Compare with the volume changes caused by
unloading shown in Figures 7.11 and 7.12, see note.)

The effective stress paths for these stages are also

shown in Figure 7.16.

Clearly this response is not elastic and so the Cam Clay

model is not valid for granular material.

These arguments indicate that neither the Granta Gravel nor

the Cam Clay models can be applied to granular material.

The data presented in this Chapter indicate that of the soil
models discussed, the stress dilatancy model and the two
Cambridge models, the former is to be preferred but has many

shortcomings.

If the stress-strain behaviour of granular non-cohesive soil

is to be adequately represented, a much more flexible predictive



model will have to be developed.

Note: Liquefaction due to undrained loading: It is obvious
that this type of behaviour is a characteristic of anisotropic
granular material, and forms part of a logical progression of
the behaviour reported by Bishop (1971) (Figure 7.18). No
undrained reloading cycles were done, but the results shown

in Figure 7.12 can be used to argue that 31iquefaction can

be associated with undrained unloading of anisotropic

granular material as follows: If a saturated anisotropic
granular material, initially in equilibrium, is unloaded
undrained rapidly (eg, by an earthquake shock), then excess
pore water pressures are built up. The vertical load will

be reapplied and if the deposit is prevented from consolidating,
as the data shown in Figure 7.12 indicate could happen, the
pore water pressure must rise again. The strength would

now be much lower than the previous equilibrium value, and the
result would be a collapse of the structure; that is
liquefaction occurs.



Before test After test

Plate 7.1 Ham River sand grains before and after a consolidated drained test at 500 p.s.i. confining pressure.
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a. Cyl.inc/er compressed in fwo diamelal planes inclined at w.

(in b.a&c. I, limit of fensile field

2., locus of max: fensile sfress.).

TABLE 1. Values and position of the maximum tensile stress
attained in the system shown above.

w oo 300 450 600 900

ant

W 1-954 1420 0+795 0-352 0-123
g o) 0 0 0-5 0:85

7R

(In the Brazilian tensile test with loads 2W, —;—¥= 2.)

TABLE 2, Normal loads W(1b) and maximum tensile stress q (p.sei.)

at failure in the system shown above,

w =0 45° 60° 90°
Carrara marble
W 1600 4080 4130 5160
O 1000 1030 460 200
Gosford sandstone
W 850 2350 2900 3640
q 5% | 590 330 140

Data from Jaeger (1967).

Fig. 7- 3.



‘7L o

oo
[ S
—— ——

TSoTROPIC CONSOLIDARTION

&' 4000 psi.

N, = 407 7

3
=
|
|

e —
—t
———]

20 ////
y/o)
00'06 02 06

CornsSOLIDATED fawsb TESTS

AT

;= 39-8%. . 392% /:/

I
| [l
I |
| |

/ Il

/)
/] j
\/ / W/

Log (Partick size i;: mm).

CHANGES 1N GRADING _DURING _DRAINED _COMPRESSION

53 = 40026 psi.
e 41T o 22-7%

%

¥

/

!
/1]
|
|

|

f

006 o2

[<}-]



L 91

ConNSOLIDATION PRESSURES.

0;;" So0p.8.L. 5;” Sops.i 6c= 790 ps.i.

= 44l € 3r6% M= 4s9) = 125K w = 45 3%

€= 3/'2%

9o | [

. |

R l
e | |
> L / |
s M | | i
& T ) /
il ’ i

lo? Ctarticle size in mem).

CHANGES IN GRADING _DURING CONSOLIDATED UNDRANED TESTS.




i
- . i - e . H
! '
O S S D R,
— . -
———m . . .- . . - : o R H
S . R - . i .
boee . . . P - B -
e R - R ... [ = -
o : : ' H s
" 4 T T ——t
$— - . e - - - i - L -
b ok e - R PUCH T S [P,
e T e S !
= SRR IR B ! ,
- e b [ - [
; r
; ) i
- e - e R e
S - R c e ed e e e -
b e [ D U S . —— i
. ' i : ;
b e ok - . 4 [P S PN
- t
; '
. , -t T
-3 r e b S S [ U
S JESCURRUR SR OGRS PEUR S T S IR S RS BN GO SO B
e e e e b e e e e
—
foe e 4 P S R N SRS W Sy SR T

ol shot

- lstee

‘,/I/
5

AMHMmewy

ke SREETRE

s
%ZSéslofr
AR IR

vy

| :l

" Consolidated_Dramed
onsolidaled D

- e m " ; 4 R
ISR RPN IS SpS S IR E R O RN DU

w Lt : 4 L T e T . — IR H : ‘5‘ N
I T N Q iIIiIiITTrITTmen T - SO
B e o Dl e e RS : B TS NSO S
R, .Ia,lr!‘;‘l,lqﬂwl.ll ——e ! . BN B —_— L ‘,w|r — Tv .

USRS USRS SUUEPUE OIS U -
i ' . . i N [ Ll ! -
i f T
IR I AU IO . !
! ! ;
ST VNN U SRR RSP
T :

T e B el et SP SN bpearen
+ g R SO 2 b L. PR e o .Lblr[w\wxwv <4 L i I.t,!f;.
EFR T SOV N0 SO DU U I RSP N S O SRR A SO N N O T U O
! - : L g . i Ll A»>~|HA|. - T »Lﬂ,,_ it 1 "




.....

(.. T

- -

. F S T .

S S § &

A S S S AR SR ST S

b e e e e e e e e [ - ..»..l#..\l. v;lM,fvzlfh, .
S ) S [ (R

Lo

ERRad SREtS Eenta i

b cpe e e e

Sl SEURS Pluus SR

AP E Nt RS SN T T
L . . - - — — § —— it —
I .‘ N Syt iy PSR WY

L b <R S - —

e -

A I -t~ — 1 4 -

[ L ki ) L i A P




(S OIS
PR

R ESSREEEIN I

[y

20 M At

Steel Shot

) »
32

A Dense Ham Kiver Sand.
® loose Ham River Sand.

/6,000

1000

100

05, PS.L.




M

on_ Ha

AINED

RBivege Sand,

lesTs

_De

(lonsoLiDATED

(as*=8)) -

-2

: }/n/oézﬁh‘; i stage.

L ET0°33

:

; N
ISau R d Rl iy
. L i 44 R
] T AT e
T ! e
S TR

. -4 - - o
. L d - i 0 bt

S b

T~

- Jheprel/cal

+
i
~—

»30}3

4

-

re D=

e

A

b o

S A

R

- T
: i R
| AND A } .
g 2
P oo @y - Sas
| P /.DIM/J.“ . .. H..‘
: . | Pln 8 \ Pl
EERRRRRRRRR LA TR Bk
§ B =
w bbb _Wr fﬁnﬁw W -t uw MfH
T RS I
R b -
, Poridgge ] ! f- |
" ‘i oq) ﬂ

Tt

[ S,

PR
I

fre e

b




oy
L R TR S SN
ke e e e

_ Consoriparsp _DRAned_ Igs Ts_,au_,ir.ca_ma_lmg Suar:

= t—szs=,an (45" —2—53M
. :rp 318 T

E- 177=/an(95 i—’

. Un/az.a’mi’ .nf-! e
szu S!Bé'F_J. /a Pl

6'" /OJSL

@_it‘ecﬁ shot'

W T T 53 - qqo psé

: . : e ._.‘,k,?,
. . —
S S s el Sl i
B e . i - —
P, b b e b e -y
RIS SV AU U S e JUSSN




'j '1)1 ’:NT S'Te.&‘ss /?A 705

Vaz.cw‘ C';/mvcss Duame. .De,qw':a UN/.M@/NG FeoM‘ S

I(EEP/N.r *'63 * ConSTENT

i DRSS :
"""" .SWJ/er — ‘Con.so//c{aﬁ'zg :
: — — "@-a———-Sa.mp/e Va/ume -
g \ LISl
_Sample volume 744/«. e
Maf:rlal //am ‘6ver Sandd]
n—tefé—ls—dsa—séown .
7'156,,::5':,?.':1; LIITETEIIIT UL
i etorb paii
ede T

b —

R

i B .
f e
o i -
Ll e i
R L o
ISR T T 1
* I.- T -
. —— ke
R PR AU »i
: ! ;
i — e
)
- o
|~ .
i - -
—— [P, H
L | ce
——— ——— 1
[
R —— -
Ll [
T : - T
PR DU —
o —

e

SN -

P T —

Lo —e
bdeeieem
b

VorumME  CHAnGE

AVee,




‘ w;“ .....
e
I .é

D OF . THE

L
N N

B 2

v

LG

LA

4

TEST. N .

I P S S

‘

————— e e

e - e

e b

&

stbage)

b{' #z Lshé)

CESUUSPE TR SIS —— e mbme e R : [ — )
SRS S DI ' S DR SN SDIPUUUUUS S SV SO SR SR
I o R il Rt e B B IS SR B SR P
S en I S S SR g Tese i ee i\ﬁe
RSt I I Y : -

!
i
|
| {

av

R A

/40/45

)

[N SRS

DRAIN.
3 AT

L ' Q M :
: [ i ; : . e
i S B e B s e nE s B / et
IRSBERSNR INSNRY . SO S - R SURNIROY SPUPURES (SN NN It — . - Q!
F——{—-q % 1 rTT T T A /:u
F ’ —_ 41. : . ! \ d i
‘9.9 m N Y f.!ro».l,...IL.HHﬁUIJ.MLl '.;L.MLL.' : N Y A H‘W ./I “
R I et oiess DT ST St Ara ST B Y AR -,.<U~ m ‘
- E T v - - haRel Sl el S A el il o i‘" T M 70 :J_
— “ - nﬂb . K . I CUUNIDUIDU SV S lx.irl..,rl ! M AT 8% % i
o ..<_w . M N0 SR RS SRR S IR SN IRGE AN AN SO m AN
PSS Shahiieh Sl SIS SN R S ARl S At S ]
oy X ﬁ;lm.'nwr N R S o 1..\\Nf.i,lw o W_% .
. ﬂ e - - . U ST N S . -~ e f e ———— . H
7R e S e T i g ANl
e i R e Y
i oS e St ibewios Sl S iy A RESS S wed Sy I
- Pl IR SN SRS T o T ‘t.iw\v§fls_ll.|-.r?|1 S I
e T S TS SRS AESLAREE N AN : w ,_W
‘ -1 ; IR NN EONDESE SEIRERTIY RS o S ; e e §
llitﬁx ST »H-w.” J - DS s s S '»4' RS
“ o > = _ 9]
N e N e N e o B s fauinate] RER SIS
[ I I P & S| H : . ' N ; -
DRI DRSNS IR S DI TS NN NS FRDIDIUN DDA ENGS ISRUOUDEI IDSEREDEY MNP
o e i S I SRt ErRantans IR thaoaten SR asne AR M
R BT B D s el B A
T RSIEEE (R IRRISEEESs She S P et ey b P
P RS Hu.m‘.lﬁu % 5 DU R S A - [V AN SRS PSR iVu) IR I
o O R SR S I . B RIS U5 S GG U SR Ny SR SR
L,‘A.q‘rm‘ﬂwq . ﬁ:w..,. . . eps P “ s e

772




-.9"‘/9::1/' ’ dr‘:._/' ~ Cor‘ 1/’1.’4ja4”or) 7[

. pn /Jam lezzfe/ J:m.d e

szﬁ

”"I;v egua-f‘fon o//ﬂe'

i ,+ e =D
' -0~ 355

(Af)___;;;,; -

l """ o
( | /( fesfi @ expa'/rﬂeq/&/ I’ZSU/LLS ......

......

:cl /f?_a

i B ;..I..7_;$,_, eeer
T D 3830

RSNl SRS I SOl B B R B i SR
- - ....;mdx,o{ e - e -
......... e - PETEEEN : - .




1 91
" Yield curve for Yeeld curve Hr .
() % = 14’0
Rigid -— . Elastic for
a) i ! P d) Uo[u.mi change. P
E
v} T : vi T
1 I |
I ] 1
1 ; ]
: \' 1{&'0._ :
% ’ !
\ |
b e) E
|
w =P f'l’ Tx I"‘P_
v
y \
c.) \
bp # Inp

Cam- dgg;

Yield Curyes for Grml'a.-yraw[ and Cam-cézg

Fia. 714



_Sano.

orv__Ham Rivge

_Unprazd TESTS

—
7

LonSOLID

.........

30

L A S

= — X
RIS NG IS NG IVIRNRE

USRI S

as

ST IR RU I A,

20

TS o 20 |- RS-

i s
. i N
J T o

—r -

: .;S't‘r:z/

1

1

L~ Consol

 pressyres..

Lior

I{

pSL

2
1
-X- 750"

psé. L

w0990

1
e

‘,.@3

s

— ._.‘rA. ——

B et

1
I §o g
i w‘:llu
L potf

A

B S

| !

i ! ; |

! R 4 P 4 l- 1 A 1 b e

H . RN [ — N B o . - .

4 . | HW H it SR D O B 0% 0 : « 7* . o . Lw i
Pl I RN L C e o LT SRR E R
— s ¥ et EERER SR RRRS R RRLY:

, ! , , H i RERTES
1 HERS EEA o 1k RERRRSE RESSN AT
t I ; | . } ! . .
P i .w : i 4 R i

: " g

./..m.

i

1o

N

R

e

) A .
£ P SN o
5. i
 |msis | gva

Tt

Q

S

Tt

..
o4
L

|
Fig_115_|




Stress _palhs for iso#gg/'ca//g and _H_consolidarted samples
_Sheared ond pnloaded UndrasmeX.

Maleyial — Ham River Sarnd.

Soo
T D> ‘
// .i,// 1
(559 D D f
& ] E

1,,/1% ~

o 00 looco

5,'*63) p.s5.0
(2 3) /JSL_

9/ L o4

/500




- -

S/TOWM; racrease a ,00’8 M”-é’ /""‘5”’ ‘ P

— "‘“—a'urm "an/:aa’r.y a/ -Me*zn ‘“of"v%e sé.ar*s?" je

e s e

f

s

e
c

T_._~,,A.,A I

,._!._.

¢ end ot consol. J’_.

e o
I ct ¢ ““‘i
e "-i e ,
Eaatl e O
P O T . 1
IR I et
] b "J'
F_‘L:,‘.Ifg.. ‘
BREERN
_-W%fy\ -
SRasetc I

JUSURVOUDISSESN S8

,Qfoaa’/y__,,,,_’_ A




‘gL 9

Ao

30
20
/0 /_EP—‘J B
. //-’" '+ oy N
‘6-' — Z 1 Pse
Q‘LZ—L,DSO o] 3] 25 30 7A) % 3 7k gpo 9o /3a /1o

AN

-30

Stress paths for consolidated undrained tests on samples
having the same void ratio after consolidation (=0,789),
Tests by Reades,1971.

After Bishop 1971.




CHAPTER 8

BEHAVIOUR OF GRANULAR SOIL

8.1 A Conceptual Model for Granular Non-Cohesive Soil:

The model must incorporate the mechanisms which were shown

to control the stress-strain behaviour. These were:

a) Elasto-plastic degenerating to frictional for certain
stress paths, and fracture at higher stress levels.

b) Elastic-fretting frictional

c¢) Fracture.

A brief review of the previous findings in relation to the

stress paths shown in Figure 8.1, for radially symmetric

triaxial stress states is given below.

The material is assumed, initially, to be homogeneous (but
not necessarily isotropic) and is subjected to isotropic
stress, represented by point A in Figure 8.1. Particular

stress probes directed away from A are shown as 1, 2, 3 and

u‘

For 1: Aoy = Aoé >0
For 2: Aoé =0 Ji increasing
For 3: Aci + 2Acé =0
For 4: Aoi = Acé <0 L Ji decreasing

A stress probe in the direction 4 results in a decrease in



interparticle contact load for an average contact within
the soil, so that a material which had been plastically
deformed would revert to elastic behaviour, but some
frictional work is expended. A similar situation exists
for probes betweenlt and 3 with progressively more frictional
work being done as the probe becomes more inclined towards
3. At the same time there will be a tendency for the
contacts to remain plastic for probes close to direction 3.
The additional frictional work required could have been
expected from the work of Mindlin and Deresiewicz (1953).
At higher confining stresses fracture will influence the

behaviour.

For probes between 3 and 1 both normal and shear loads will
be increased at interparticle contacts, leading to additional

plastic work requiring more expenditure of energy.

Thus no matter which way a stress probe is applied some work
is done which cannot be recovered. Therefore the point A

could be circumscribed by a primary yield surface.

Along path AO there shéuld be no fretting slip for a perfectly
homogeneous isotropic material, as no external shear stress

is applied. But since granular material could never reach
this ideal, someenergy will be expended. This was what was
observed for the tests reported in Chapter 6, where cyclic
stresses produced hysteris loops, with a small permanent
compression which could Hawabeen due to a small proportion

of unfavourably stressed contacts which either fractured or



slipped. In general this path could be considered to be
contained within an envelope of stress states, outside which
either gross slip, re-orientation of the particles or fracture
were the predominant mechanisms. Stress cycles within this
envelope could be considered to lead to closed stress cycles
with a very small amount of permanent compression or
distortion. This second envelopé could be called a secondary

yield surface.

A stress probe fairly close to 3 is followed in the initial
stages of an isotropically consolidated undrained compression
test on a fully saturated specimen. If the elastic behaviour
of the sample could be taken as approximately linear elastic

for a small stress probe, then the value of

(if B = 1 and A = 1/3), or on the curves of Figure 7.16 the

initial slopes should be:

LI 1
403 T 803 AR -1
o] * Aoy  ART ¥ 1 -

It is apparent, from the tests shown in this Figure, that

the slope of 3:1 is only folléwed for a very small part of
the stress path, the strain being considerably less than 1%
at the breakaway point. This breakaway could be due either

to particle crushing or slip or both.



Stress probe 2 is a conventional drained test, and the data

for this type of test are shown in Figures 7.6 and 7.7. The
continuity of these éurves indicates that a hardening process,
similar to that for isotropic compression, takes place for these
tests, eventually giving way to slip and dilation for the

lower pressure tests at a stress ratio of about R = 2. 1In

the higher pressure tests strains due to particle fracture

occur very early in the shear stage, so the secondary

yield surface, in this direction, is adjacent to stress point

A.

This enables the secondary yield surface to be drawn as shown
in Figure 8.2, which is taken to apply to both sides of the
oi = Ué line. This secondary yield surface is shown dotted

as no overconsolidated tests were conducted.

Not very many shear tests on anisotropically consolidated
sands have been reported so it will be hypothesized that
primary and secondary yield should occur in much the same
way as the isotropic case, but since the interparticle
contacts always carry their shear components, after
consolidating, in the same direction, the elastic domain
will be unsymmetrical about the stress line along which

the sample was consolidated.

The X consolidated undrained test shown in Figure 7.16
produced a very rapid increase in pore water pressure, which
was larger than the small increase in axial load at the

start of the undrained shear stage; this would indicate a



yvield surface very close to the stress point at the start

of the shear stage for this particular path.

It was also shown that at the end of the shear stages of
undrained tests, the sample yielded during unloading.
Similar behaviour was observed for the unloading stage

of the consolidated drained tests. So it would appear
that the secondary yield surface is very close to the line

joining the stress point to the origin.

The writer is not aware of any published information on
tests conducted on overconsolidated granular soils either
isotropically or anisotropically overconsolidated. But
tests of this type have been conducted on remoulded clays.
A comprehensive series of tests were conducted by Namy
(1370) on a silty clay, 68% of which was of silt or sand
size. The results of his tests can be summarized by

referring to Figure 8.3.

Path AO is essentially elastic. For a stress path beyond A
(ie. for stress increment a)) a yield occurs just beyond A
(ie. A is on the yield locus). For stress paths b) and c)
when unloading from comparatively large stress ratios, Namy
states that yielding of second order was observed at the end
of the unloading path of cyclic drained tests (which could
be analogous to the behaviour noted for granular material

in both drained and undrained tests).

For stress paths (dl) and (d2) yielding occurred when the



stress ratio was increased.

Using this information, the behaviour of granular material
can be drawn up for various initial stress conditions. These

are shown in Figures 8.4 to 8.7.

An idealization of this behaviour would be to consider the
path A0 as the elastic path, and the zone of progressive slip
as that portion of the yielding process that can be associated
with the voids ratio® at the particular stress ratio fhat

the sample sustained at the start of the s{ress cycle being

considered.

The material behaviour is thus never entirely elastic, and
even when it approaches elastic behaviour is highly non-linear.
In addition the elastic response is linked to the applied
stress ratio. In other words a soil element adjusts its

state of anisotropy to be compatible with the current state

of stress. This means that an analysis using a linear elastic

approach would be invalid for this material.

Work-hardening theories of plasticity would also be inappropriate

oJo

* Note: It has been pointed out previously that the mechanical
response is controlled by interparticle contact behaviour
which will be influenced by their distribution. This
characteristic cannot be described by a scalar quantity

such as the voids ratio. But there is no way, at present,

to measure the number of contacts and their current load
capacity, so voids ratio, which can be measured, will be

used - but, always linked with the stress ratio and the
magnitude of the mean effective stress currently sustained.



because the current stress point is entirely surrounded by

a yield surface, or in the case where the stress path A0

is taken as being elastic, the idealized primary yield
surface reduces to the straight line AO. Since any movement
of the stress point away from the line would produce a change
in the elastic character, Drucker's stability postulate can
not be applied and hence this approach to the normality

criterion 1s blocked.

This point can be illustrated by referring back to Namy (1970),
who stated that for Newfield clay, the permanent strain
increment vectors depended on the loading history, and on the
stress increment vectors, and that they were not normal to

his experimentally determined yield locus. For example,

see Figure 8.8.

So we are left with a model which can only be tested
experimentally and used empirically, basing predictions

on the observations of experiments. This 1is not too severe
a restriction since the use of elastic or plastic theories
requires at least that these models adequately predict the
results of experiments, and if they do not, their use would

be inappropriate.

8.2 Early Stress-Strain Behaviour Predictions from Anisotropic

Consolidation Tests:

A series of anisotropic consolidation (R = constant) tests on

fine sand were reported by El1-Sohby in the Proceedings of the



7th International Conference. These data are replotted in

Figure 8.9 and 8.10 for loose and dense samples respectively.

Two consolidated drained tests at a confining pressuré of
100 psi, conducted on loose and dense samples of Ham»River
sand, are shown in Figures 8.11 and 8.12, and superimposed
are paths, obtained from El1-Sohby's data, assuming that the
stress paths can be associated with the initial voids ratio
used in the R = constant tests. The shear test path is then

simply obtained by using the wvoids ratios at points

corresponding to the intersection of the R = constant lines
and the path for which»Aoé = 0, with the assumption that

the voids ratio changes are independent of the stress path
taken, providing that the magnitude of R' 1is always increasing
towards the value being considered. These paths in Figures
8.11 and 8.12 are for Ji/de where J)'  is the value of Ji at
the end of the consolidation stage. Thus for these paths
Ji/8'c = (R! + 2)/3, so the value of e for any value of R'
corresponding to the particular valﬁe of Ji/3 being considered,
can be obtained from the data in Figures 8.9 and 8.10. Both
the materials are fine sand, but the material used by El-
Sohby was finer (100/150 BSS), whereas the Ham River sand

used was (36/150 BSS). However, the behaviour appears to

be much the same.

Comparing the superimposed paths with the test paths, it is
obvious that the assumed behaviour of no gross slip with R'
increasing is a good approximation up to a value of R' = 2,

in the case of the loose sample when the axial strain was



8‘9

0.7%. Whereas the assumption appears to hold good to a
stress ratio R' = 4 for the dense sample, which then had an
axial strain of 2.1%; Beyond these values the assumed
behaviour is not valid which is not surprising, because
gross interparticle slip is occurring, and the slip

directions are associated with a different stress path.

Using the same assumptions as before and employing E1-Sohby's
experimentally obtained relationship between volumetric and
axial strains shown in Figure 8.13, comparisons between the
stress ratio versus axial strain relationships for the loose
and dense tests (previously used for the stress path
correlation) can be made. These are shown in Figures 8.14
and 8.15. In the case of the loose sample it must be pointed
out again that the two materials are not the same, and that
the initial voids ratio of El1-Sohby's tests was 0.859, while
the Ham River sand sample started at a voids ratio of 0.813.
Nevertheless the resulting strains compare very favourably.
Unfortunately E1-Scohby's data do not extend beyond a stress
ratio of 2.5. The correlation ié much better for the dense
sample right up to a stress ratio of about R' = 4, when the

test on Ham River sand starts showing appreciably larger strains.
No low pressure consolidated undrained tests were performed
for this research programme, so comparison of the early strain

behaviour can not be made.

Now, going on to the higher stress range it is only possible



to indicate the behavioural trend, as no experimental data
are available for constant R' teéts at higher stress levels.
Looking back to Figure 7.13 and to Figure 7.7 it is seen
that increasing stress ratios produce a marked increase in
particle fracture, which ieads to a rapid decrease in
porosity. So in this case the tendency to dilate will

be completely suppressed and the curves of e versus P'

(P' = Ji/3) for varying stress ratio will show smaller e
values for increasing R' for particular values of P', even
for those samples which started off dense and which initially
éhowed positive dilatancy for high stress fatios in the low

P' range.

One can qualitatively endorse this argument by considering
the consolidated undrained tests shown in Figure 7.16. These
tests show that for high confining pressures the undrained

shear stage produces a reduction in the mean effective stress
for increasing R', which is whét the previous argument would

have led us to expect.

8.3 Stress-Strain Behaviour during Shear Stages when Slip

and/or Crushing Mechanisms Predominate:

These phases of the stress-strain behaviour need much more
experimental work before stress-strain relationships can be

established.

This does not imply a plasticity type of approach, as no

recourse is made to the concept of yield nor the associated



normality concept.

For the high stress regidn the stress dilatancy relationship
was shown to be inadequate. At this stage it seems that a

wholly empirical approach is the only course open.

In the lower stress ranges the stress-dilatancy relationsﬁip_
can be used as a flow—rule,.with experimentally determined
hardening and softening laws, for those cases where it was
shown that a reasonable fit to the experimental data was

obtained.

8.4 Summary:

It has been shown that a classical pure plasticity approach
to the sfress-strain behaviour of granular non-cohesive
material is inappropriate. In the low stress range an
empirical assumption assuming that the voids ratio is a
function of the stress ratio and mean effective stress and
is independent of stress path, providing that the stress
ratio is progressively increased, leads to reasonable

predictions for moderate stress ratios.

Suggestions for future research work are that hardening and
softening rules could be experimentally determined and used
with suitable flow rules to provide a framework for the
stress-strain behaviour for those stress ranges where

crushing and/or slip are the dominant mechanisms.
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