ON THE ANALYSIS OF A COUPLED KINETIC-FLUID MODEL WITH

LOCAL ALIGNMENT FORCES
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ABSTRACT. This paper studies global existence, hydrodynamic limit, and large-time be-
havior of weak solutions to a kinetic flocking model coupled to the incompressible Navier-
Stokes equations. The model describes the motion of particles immersed in a Navier-Stokes
fluid interacting through local alignment. We first prove the existence of weak solutions
using energy and LP estimates together with the velocity averaging lemma. We also rigor-
ously establish a hydrodynamic limit corresponding to strong noise and local alignment.
In this limit, the dynamics can be totally described by a coupled compressible Euler - in-
compressible Navier-Stokes system. The proof is via relative entropy techniques. Finally,
we show a conditional result on the large-time behavior of classical solutions. Specifically,
if the mass-density satisfies a uniform in time integrability estimate, then particles align
with the fluid velocity exponentially fast without any further assumption on the viscosity
of the fluid.
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In the animal kingdom, one can find several species where the action of individuals leads
to large coherent structures and where there are no external forces or “leader”
the interaction. Perhaps the most famous examples are flocks of birds, schools of fish,

or insect swarms.

guiding

However, similar phenomena in self-organization are also relevant for

bacteria, in robotic engineering, and in material science. The past decade has witnessed
a massive growth in the attempts to develop mathematical models capturing these types

of phenomena.
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These models are usually based on incorporating different mechanisms
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of interaction between the individuals such as local repulsion, long-range attraction, and
alignment. These Individual Based Models lead to macroscopic descriptions by means
of mean-field limit scalings, see [7] for a review. These continuum descriptions can be
written as kinetic equations in which there is a mechanism of interaction in the velocity or
orientation vector. A very simple idea implementing the consensus mechanism in velocity
was introduced by Cucker and Smale in [9] and improved recently in [28]. These models
take into account nonlocal interactions of the particles by averaging in velocity space. Here,
we will focus on a much stronger local averaging of the velocity vector and the effect of a
fluid in the tendency to consensus. We will explain the relation to these classical models of
alignment below.

The model under consideration governs the motion of particles immersed in a Navier-
Stokes fluid interacting through local alignment. By local alignment, we mean that each
particle actively tries to align its velocity to that of its closest neighbors. The particles
and fluid are coupled through linear friction. If we let f = f(z,&,t) be the one-particle
distribution function at a spatial periodic domain = € T3, ¢ € R3 at time ¢, and u = u(z, 1)
be the bulk velocity of fluid, then our model reads

Ouf +&-Vof =aVe- [(€ —u)f] + BVe - [(€ —up)f] +0lef
Ou+u- Vyu+ Vep = pAgu — app(u — uy) (1.1)
Ve -u=0

subject to initial data

f(l',f,o) :fO(l‘v&)v U(SU,O) :u0($)7 (1'2)

where o, 3,0 > 0 are constants, and py and uy denote the average local density and velocity,
respectively

pri= [ s opug = [ erie (13)

The model (1.1) contains as particular cases two previously studied models in the literature.
If 8 = 0, the model reduces to the fluid-particle model studied in [16, 17], see also [3, 8,
18, 26, 27]. They analyzed the existence of weak solutions and their hydrodynamic limit.
On the other hand, if & = 0, (1.1) decouples and becomes the kinetic flocking model
studied in [21, 22, 23]. This latter series of papers establish existence of weak solutions and
hydrodynamic limit, but leaves out the question of large-time behavior.

In this paper, we shall be concerned with the case «, § > 0. This introduces new
difficulties compared to the previous studies, requiring non trivial arguments to overcome
them. To prove existence of weak solutions to (1.1), the main challenges are posed by the
product fuy and the lack of regularity on w. In the first case, weak compactness of fuy
is not trivial as there does not seem to be any available regularity in a spatial domain.
Moreover, uy is only defined on regions with oy > 0 and hence does not belong to any
LP-space. In this paper, we will obtain the needed compactness from the velocity averaging
lemma together with some technical arguments. This part of the proof will be similar to the
existence proof in [21] for (1.1) with a = 0. However, the coupling with the Navier-Stokes
equations introduces new problems that are not straightforward to handle.

Since the equation (1.1) is posed in 2d + 1 dimensions, finding an approximate solution
is computationally expensive. For this reason, it is of interest to identify regimes where
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the complexity of the equations reduces. In this paper, we shall rigorously identify one
such regime corresponding to strong noise and local alignment. That is, the case where
B ~ o ~ 71, where ¢ is a small number. We will establish that in this case f is close
to a thermodynamical equilibrium f ~ cpo fe_|“f —¢/2 and that the dynamics can be well
approximated by a compressible Euler equation for (of,us) coupled to the incompressible
Navier-Stokes equations for u (See Section 2.2 for clarity). We will achieve this result by
establishing a relative entropy inequality. Though this type of inequality was originally
devised in [10] to prove weak-strong uniqueness results, it has also been successfully applied
to hydrodynamic limits for kinetic equations [14, 24, 29]. The perhaps most relevant study
is [22], where (1.1) with o = 0 is studied. However, with 8 > 0, deriving a relative entropy
bound is more involved and requires completely new arguments that does not have a kin in
the literature.

For the estimates of large-time behavior of solutions, when 8 = 0, i.e., no local alignment
force, the particle-fluid equations (1.1) reduce to the Vlasov-Navier-Stokes-Fokker-Planck
equations. For this system, classical solutions near Maxwellians converging asymptotically
to them were constructed in [15]. More recently, the incompressible Euler-Fokker-Planck
equations (8 = 0 and pu = 0) were treated in [5] showing the existence of a unique classical
solution near Maxwellians converging to them. On the other hand, without the diffusive
term (o = 0), the particle-fluid system has no trivial equilibria, and as a consequence the
previous arguments used in [5, 15] for the estimates of large-time behavior can not be ap-
plied.

By replacing the Cucker-Smale alignment
force in [1] by the local alignment one, we will show the emergence of alignment between
fluid and particles as time evolves.

Let us now give some explanation for the term local alignment and how this pertains to
the Cucker-Smale flocking model. In the previous decade, Cucker & Smale [9] introduced a
Newtonian-type flocking model using ¢2-based arguments:

dzx

. d¢; N
@6 TG, >0 e, (14)

where z;(t) € R? and &;(t) € R? are the position and velocity of i-th particles at time ¢,
respectively and were ¢;7 is a communication weight between particles defined by

1 . .
f]s = N¢CS(|$i_xj|)7 (2] 6{1,...,N}. (15)

Subsequently, this flocking model and its invariants have been extensively studied in a
vast number of papers such as [4, 6, 19, 20] to mention a few. However, more recently
Motsch and Tadmor pointed out several deficiencies with the Cucker-Smale model, and
suggested a new model which take into account not only distance between particles but also
their relative distance [28]. More precisely, they considered a nonsymmetric communication
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weight normalized with a local average density:
€5
mt i
= . 1.6)
J N (
Dk=1 Yk
As a result, the Motsch-Tadmor model does not involve any explicit dependence on the
number of particles. Since ;’;t is nonsymmetric, they introduce a new tools based on the
notion of active sets to estimate the flocking behavior of particles.
On the other hand, when the number of particles goes to infinity, N — oo, one can
formally derive a mesoscopic description for system (1.4)-(1.6) with density function f =
f(x, &, t) which is a solution to the Vlasov-type equation:

Oif +&-Vauf + Ve (FIf1f) =0,

L fRd < Rd wcs(‘ziyl)(g* 7€)f(y7§*)dyd§*
Flfl(@,§) = Jra ves(lz—yl)ps (y)dy ’

fo(z, &) :== f(z,£,0).

Now, notice that F[f] can be rewritten as

fRded ,¢CS(|‘T - y|)£*f(y’ f*)dydf*
Jra ¥ (Jz = yl)ps(y)dy '

and hence that this equation is a non-local version of (1.1);. However, we can localize the
previous derivation by assuming that the communication rate is very concentrated around
the closest neighbors of a given particle, i.e, that ¢*(x) is close to a Dirac Delta at the
origin. Under this localization of the alignment, it is reasonable to expect (1.1); as the
N — oo limit of the Motsch-Tadmor model. Some formal indications on its validity are
provided in [23].

In the next section, we state our main results. Then, in Section 3, we provide a priori
energy and LP estimates. Section 4 is devoted to the proof of global existence of weak
solutions using Schauder’s fixed point theorem and velocity averaging lemma. In Section
5, we rigorously investigate the convergence of weak solutions to the system (1.1) when the
local alignment and diffusive forces are sufficiently strong. In Section 6, we show a priori
estimates for long-time behavior of solutions.

Notation.- We provide several simplified notations that are used throughout the paper.
For a function f(z, &) ((x,€) € T2xR3), we denote by || f||» the usual LP(T3xR3)-norm, and
if u is a function of z € T?, we denote by [lu|z» the usual LP(T*)-norm, otherwise specified.
We also drop z-dependence of differential operators 0,,, V., and A, ie., 0;f = 0y, f,
Vf:=V,fand Af :=A,f.

Fifl=1u5—& where ay:=

2. MAIN RESULTS

In this section, we state the three main results of this paper. Our first result concerns
the existence of global weak solutions to (1.1). In the second result, we rigorously study a
hydrodynamic limit of (1.1) corresponding to strong noise and strong local alignment. Our
final result is an estimate on the large-time behavior of solutions to (1.1) with o = 0. The
latter result assumes that the solutions are sufficiently integrable and the particle density
is uniformly bounded in time.
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2.1. Existence of weak solutions. Let us define
H:={wel*T |V-w=0}, V:i={weH (T |V -w=0}

and denote by V' the dual space of V.
Existence will be proved using the following notion of weak solutions.

Definition 2.1. Suppose the initial data (fo,uo) satisfy
fo € (LL N L) (T3 x R?), [€fo € LYT?> xR®), wp € H. (2.1)

For a given T € (0,00), we say that the pair (f,u) is a weak solution of (1.1)-(1.2)
provided the following conditions are satisfied:

(1) f € L®(0,T5 (L N L) (T? x R%)),  [¢]7f € L=(0,T; L'(T* x R?)).
(2) uwe L>*(0,T;H) N L0, T;V)NC°([0,T],V).
(3) For all ¢ € CH(T? x R? x [0,T)) with ¢(-,-,T) =0,

T
_ / / f (0 + € Vo) deduds
0 T3 xR3
T
- / / (alu—&)f + Bluy — E)f — oVef) - Ve dededs
0 T3 xR3

_ /TS  Judl-.-.0) ded.
(4) For all v € [CH(T3 x [0,T))]3, and V -9 =0, for a.e. t,

/11‘3 u(t) - w(t)da:—l—/o /11‘3 (—u-0pp — (u- V) -u+ uVu: V) dzds

:—/Ot/T?)(u—Uf)-wpfdxds—i—/jrguo-w(o,-)da:.

Our existence result is given by the following theorem.

Theorem 2.1. Suppose the initial data (fo,up) satisfies (2.1). Then for any T > 0 there
exists at least one weak solution (f,u) to (1.1)-(1.2) on the time-interval (0,T).

The proof of Theorem 2.1 is the topic of Section 4.

2.2. Hydrodynamic limit. In our second result, we study the regime where the noise and
local alignment are relatively strong compared to the other terms. That is, for € small, we
consider the system

O+ € VI + Ve [0 ~ ) = Ve Vel — (ug- — 57,

ot +uf - Vu® + Vp® — pAu® = —/ (u® — &) fodg, (2.2)
R3

V-u® =0.

Now, observe that the right-hand side can be written

Ve [Vef® — (upe =) f] = Ve - (MEVS ({;)) ,
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where we have introduced the Maxwellian
1 leupe@nl?
[E— 2
(2m)3/2 €
Consequently, if we have that wge — uy and u® — u, then we expect that f° converges to
the thermodynamical equilibrium

Me(z,&,t) =

le—uy (@)
Pr (:vt, t) lenrenn
(2%)5/2
In this case, it can be readily seen that p¢,ur, and u evolves according to the fluid-particle
model

o= My (2, €,t) i= as ¢ — 0.

Ops +V - pruy =0,
8t(prf) + V- (pfuf & Uf) + fo = pf(u — Uf),

Ou+u-Vu+ Vp — pAu = —ps(u — uy), (2:3)
V-u=0,

subject to
(pf(z,0),up(z,0),u(x,0)) = (pgy, usy, o), T E T3. (2.4)

In our second result fact, we prove that weak solutions of (2.2) are close to a strong unique
solution of (2.3). Hence, if ¢ is sufficiently small, (2.3) provides a good approximation of
(2.2).

Theorem 2.2. Assume that there exists a unique strong solution (pg,us,u) to the system
(2.3)-(2.4) in the interval [0, T*]. Furthermore suppose that (fo,up) satisfies (2.1), and fo
s given by

lg—uz (@)
pro(x) 1@l
(2m)

Then, for any sequences of weak solutions (f€,u®) to the system (2.2), we have

fO(wag) =

N

sup (|luge —ugl2 + loge — prll7 + U — ul7.) < CVe.
0<t<T*

As a consequence, as € — 0,
1 S LL (0,7% L}(T? x R%)),
(2m)}
pyeuge = ppug in Li (0, T LH(T?)),
preluge* = prlugl® in L, (0, T L'(T?)),
u —u in Ll (0,T*; L*(T3)),

fo—=

2.3. Large-time behavior. Our third result is a large-time behavior estimate for our
kinetic model. To state this result, we introduce several energy-fluctuation functions:

1

eplt)i=5 [ Il rduds

o) =5 [ lus(o) = us0) Pos(a)ps(dody
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1
Ep(t) = 5 - lu — uc(t)|2dx,

1(t) 1= 5 huelt) — &(0)

where u, and &, are the mean bulk velocity of the fluid and the averaged particle velocity:

Ue ::/ udr and & ::/ &f dédx.
T3 T3 xR3

We finally set a total energy function &:
E(t) :=2Ep(t) + Eul(t) +2Er(t) + Er(1).
For this analysis, without loss of generality, we assume oo = 3 = 1.

Theorem 2.3. Let (f,u) be global in time classical solutions to the system (1.1)-(1.2) with
o = 0 satisfying

£(0) < oo, lim [¢2f(z,&t) =0,  (2,t) € T* x [0,00).

€] =00

Assume that ||pf|| Lo (0,00;18/2(T3)) < 00, then the total energy fluctuation function E(t) sat-
1sfies

d
%E(t) < —CE&(t), for tel0,00),

where C is a positive constant depending on i, py.

Remark 2.1. Since the total momentum u.(t) + &:(t) is conserved, we find

2

2

SE1(0) = fuet) = (60) + )| = [68) — 5(£(0) + ue(0))

Thus this deduces the emergence of exponential alignment between particles and fluid, and
they asymptotically converge to half of the initial total momentum. Notice that the previous
theorem makes no assumption on the viscosity of the fluid.

3. PRELIMINARY MATERIAL

The purpose of this section is to derive a priori energy and LP estimates for the system
(1.1). We will also provide two technical lemmata that will be frequently applied in the
subsequent analysis. In this process, we shall use the following notations for the k-th local
and global momentums

(P t) = [ JePsde, MA@ = [ 1€l p e,
R3 T3xR3
where £ = 0,1.... We also observe that

pr=molf)(@ ), lpyusl < mu(f)(@,1), and  My(f)(t) = | mi(f)dz.



8 CARRILLO, CHOI, AND KARPER

3.1. A priori energy and L? estimate. The following proposition provides an energy
estimate.

Proposition 3.1. Let (f,u) be any fast decaying at infinity smooth solutions to the system
(1.1). Then, the following properties hold

L d
(1) dt/[[‘3><R3 fdédz =0,

(i) (;lt </Tgudx—i—/T3 R3§fd§dx> =0,

1
i) 14 (/ |§|2fd§dx+/ |u|2d:n> +u/ Vul2dz
th TBXRS T3 T3
= —a/ \u—5\2fd§d:c—/3/ \uf—5\2fd5d:c+3a/ fdédz.
T3 xR3 T3 xR3 T3 xR3

Proof. (i) and (i7) are readily obtained from the system (1.1). For the estimate of (iii), we
multiply (1.1), by [£]?/2 and integrating over T2 x R3 to get

1d )
2l Jyags €] fdédx
—a / ¢ (u—€)fdeda + 8 / luy — €2 fdede (3.1)
T3 xR3 T3 xR3
3 dédz,
* 0/11‘3><]R3f f v

where we have used that

up - (ug — €) fdéds = 0.

T3 xR3
On the other hand, from (1.1);, we get
1d
/ |u|?dx + u/ \Vu|*dx = —a/ u- (u—§&)fdéde. (3.2)
2dt Jrs T3 T3 xRR3
We now combine (3.1) and (3.2) to conclude the desired result. O

Remark 3.1. Throughout the paper, without loss of generality, we assume
Mo(fo) = [ fole€dudg = 1.
T3 xR3
Then it follows from mass conservation (Proposition 3.1 (i)) that
MO = [ S s =1, 120
T3 xR3

We next provide a LP-estimate for the particle density function f.

Proposition 3.2. Let (f,u) be any smooth solutions to the system (1.1). Then we have

d 4 -1 P
G + TE=D b = 30+ 8)(p - IS
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In particular, we have that
[ £l Los (13 xmr3xj0,77) < C(Ts e, B)| foll oo (18 xR3)-
Proof. (i) Multiplying (1.1); by pfP~! and integrate over T x R3 to obtain
d

dt T3 xR3

=ﬂm/ 1 (- €) ) dade
T3 xR3

fPdzde

80 [ PV (g = ) )dadg +p [

T3 x

A¢ fdxdg
R3
=1L+ 1+ I
For the estimates of I;,7 = 1,2, 3, it is straightforward to get by integration by parts

h=salp-1) [ e

T3 xR3

L=33p-1) [ s

T3 xR3

do(p—1
I3 = _(’(p)/ Ve f2|dade.
p T3 xR3

This concludes the proof. O

3.2. Integrability and velocity averaging. Let us now provide two useful lemmas for
later reference. For the proofs of these lemmas, we refer to [3, 13, 21].

Lemma 3.1. Let ko > k1 and f be a nonnegative function. Suppose f satisfies
[ fll oo (T3 xm3x[0,7]) < 00, and mpg,(f)(z,t) < oo, a.e. (z,t).

Then the following inequality holds.

k1+3

4
my, (f)(z,t) < <37r||f||L°°(’[F3><R3><[O,T]) + 1> My, (f)(z,6)F2%2, ae. (z,t).

We conclude this section by stating the following version of the celebrated velocity aver-
aging lemma.

Lemma 3.2. For 1 <p < 2, let {G"}, be bounded in LP(T? x R? x (0,T)). Suppose that
f™ is bounded in L°°(0,T; L' N L>=(T? x R?)),
I€)2 ™ is bounded in L>°(0,T; L*(T? x R3)).
If f* and G™ satisfy the equation
[l+& VT =VeG" M=o = fo € LP(T° x RY),
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for a multi-index k. Then, for any ¥ (&), such that [(&)| < c[¢| as || — oo, the sequence

{[ ot ac}

is relatively compact in LP(T? x (0,T)).

4. GLOBAL EXISTENCE OF WEAK SOLUTIONS (THEOREM 2.1)

In this section, we will prove the existence of weak solutions to the system (1.1) and
thereby prove Theorem 2.1. Our strategy will be to pass to the limit in a sequence of
approximate solutions. To define the approximate solutions, fix a small ¢ > 0, let 0 be a
standard mollifier:

6>0, 0cCP(T?), supp,f C Bi(0), O(x)dx =1,
T3

and set 0. (z) := (1/&3)f(x/e). The approximate solutions are obtained by solving:

Of +&-VI+ Ve [f(xr(u) — 8] = Ve [f(xr(uf) — §)] + oA,
Ou+ (0= xu) - Vu+ Vp = pAu+ (my — opu)1p(u), (4.1)
V-u=0,

where my = [ps £fd¢. Compared to (1.1), we have introduced the regularizations

L, |w[<R,

m
1p(w) = : = wlg(w), and uf = —
R(w) {0’ otherwise xr(w) = wlg(w), and uf

of+¢’

(4.2)

and in addition, we have regularized the convection velocity 6. x u. Notice that we do not
need the notation of wuy.
We shall also need to regularize the initial data:

u§ = 0-%ug, [t = folr(€). (4.3)

Remark 4.1. In our approzimation scheme (4.1), for simplicity, we set « = = 1. We
also dropped the subscript € and R, for instance &1 or u>f by f or u.

Before we can start sending ¢ — 0 and R — oo in (4.1), we need to make sure that (4.1)
actually admits a weak solution. We will establish the following proposition.

Proposition 4.1. For a given T > 0, suppose that (fo,uo) satisfy (4.3). Then there exists
a weak solution (f,u) to (4.1) in the sense of Definition 2.1 (with xr(u}) replacing ug).

For the proof of Proposition 4.1, we will consider another decoupled system which is
defined in the next subsection.

4.1. The regularized and linearized system. We shall prove Proposition 4.1 using a
fixed point argument. For this purpose, we will use the space

S := L*(T3 x (0,T)) x L*(T? x (0,T)).
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For (w,u) € S given, let (f,u) be a weak solution to
Oif +&-VI+ Ve [f(xr(w) =] = Ve - [f(xr(@) = ] + 0Acf,
Ou~+ (0 *u) - Vu+ Vp = pAu+ (my — o5w)1r(w), (4.4)
V.-u=0,
and define the operator 7 : S — S through the relation

T [w,a] = [u,u5] = [ungQf] .

Observe that a fixed point [u, u7] = T{u, u%] is also a solution of (4.1). Hence, Proposition
4.1 follows if we are able to establish the existence of such a fixed point. In this subsection,
we shall achieve this by verifying the postulates of the Schauder fixed point theorem.

4.1.1. The operator T, | is well-defined.

Lemma 4.1. Let (fo,uo) satisfy (4.3), and assume that we are given (w,u) € S. Then
there exists a unique solution (f,u) of (4.4) satisfying

2
| £l oo (0,7;2r (T3 xR3)) + ||fog ||£2(0,T;L2(’]I‘3><R3)) < C(R,0,7)| foll Lr (13 xR3)

) (4.5)
sup /f|§| dédr < C(R,k,o0,T).
te(0,T)
forp € [1,00] and all finite k, and moreover,
1 1
Slullzooorip2qesy) + plVullp2omir2(rs)) < 5lluollzee(o,rzaersy) + C(R, T). (4.6)

Here, C(-) denotes a generic constant depending on -.

Proof. First, we observe that the two equations in (4.4) are decoupled and a solution can
be obtained by first determining f and then u. Let us begin by discussing solutions to the
first equation.

1. Since both xgr(w) and xr(@) are bounded in L>(T? x (0,T)), existence of a unique
function f € C([0,T]; (L' N L>=)(T? x R3)) solving (4.4) is by now standard and can be
found in [11] (cf. [21]). The LP bound in (4.5) can be found in [21]. We also notice that for
a smooth solution f to (4.4) provides

d k— k—
[, petdgdes [ (2RI okl 1)) deds

it
< C(R, k,0) < /T | Judgdo+ /T e d&dx).

Since [14, gs fodédr < 0o and [rs, ps fE€|F dédx < oo for any finite k, we obtain that

sup / fl€* dedz < C(R, k,0,T) for any k finite. (4.7)
te(0,T) J T3 xR3

This bound continues to hold for the unique solution f of (4.4). To see this, one can for
instance localize |¢|* as ¢ (|¢|*) where ¢(r) = 1 when r < D, and ¢ = 0 when r > 2D, make

the corresponding calculations and send D — oo. This concludes the second inequality in
(4.5).
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2. Let us now turn to the Navier-Stokes equations for u. First, since all (finite) moments
of f are bounded (4.7), Lemma 3.1 gives in particular

o, my € L™(0,T; L*(T%)), (4.8)
where the inclusion constant depends on R. Due to (4.8), we see that the right-hand side
in the equation for u is also in L°°(0, T; L?(T?)), that is,

[(my — opw)l<rll Lo 0.1;02(12)) < C(R).

Standard parabolic theory then asserts the existence of an unique solution u satisfying (4.6)
(cf. [12]). O

From the previous lemma, it readily follows that 77, -] is well-defined and maps into a
bounded subset of S.

Corollary 4.1. There is a constant C(R, ), such that
T w,ull|s < C(R,e), Y(w,u)eS.
Proof. By definition, we have that

I1TTw, @lls < lull 2oy + 2 Imsllzzrosomy
< C(R,e,T),
where the last inequality is (4.5) and (4.6). O
4.1.2. The operator T[] is compact.

Lemma 4.2. Let (fo,up) and T be as in Proposition 4.1, and let {(wy,un)}o>, be an
uniformly bounded sequence in S. Then up to a subsequence {T [wy,Un]}o>, converges
strongly in S.

Proof. Let {(up, fn)}n be the sequence of solutions to (4.4) corresponding to {(wy, iy ) }n.
We will prove compactness of the two components of 7|+, -] separately.
1. We take the first component of T [wy,, Gy], T [wp, Up]|; = upn. To show its compactness
in L2(0,T; L?(T3)), it suffices to prove that
HUTLHL2(O,T;H1) <C, and Hatun”LQ(O,T;V’) <,

due to the Aubin-Lions compactness lemma.

e Estimate of |lunl|z2(0,7,51) < C: From (4.4), we get

1d

[ e sn [ Funfde == [ = Ofbuien - undéds
2dt Jps T3 T3 xRR3 B

< lpsallezllunllz + llmgp, [ 2llunll 2

2
< (logallze + lmyg, llz2)” + llunll7-
Then it follows from Lemma 3.1 that
1d
§£Ilunlliz + pl| V|72 < C + [Junl|72,

and this yields
unllooo,msz2) < €, and  [[Vugl[ 207,02y < C. (4.9)
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e Estimate of ||Oyun||r2(0,r,7) < C: For this, it is enough to check the convection and drag
force terms. For ¢ € V, we obtain

/OT/TS ((%*un).Vun).qzﬁdxdt‘ = /OT/TS ((95*un).v¢).undmt‘

T
< / 102 % tnll 1< [V 12 1t 2t
0

T
< 10elsallun B aey [ IVt
< C(T,e)IVPllL2(0,1;2)s
by (4.9). This implies
T
(f)»—>/ / (A * un) - Vuy) - ¢dxdt is bounded in L*(0,T; V).
0 T3

For the drag force term, we obtain

T
/ / (w = &) fuljw|<r - ¢ dfdxdt
0 JT3xR3
< R"¢“L2(07T§L2)”panLQ(O,T;L2) + H¢HL2(0,T;L5)HmanLQ(

< Cllollr20,1;m1)-

Here we used again Lemma 3.1 and T2 is bounded. Hence we conclude that the drag force
term is uniformly bounded in L2(0,T;V’).
2. The second component of T+, -] is given by

5
0,T;L1)

M fn

T wn, @)y = W7

and hence strong convergence follows if we can prove the compactness of g, and my,. From
(4.8), we have that

an’ mfn eb Lz(']:["?’ X <O7T))7
where €, means that the inclusion constant is independent of n. To show the compactness,
we write (4.4) in the form

Oifn+&-Vin= Vg -Gy + O'Aﬁfny
where we have introduced the quantity

Gn = fa (XR(wn> + XR(an) - 25) .
For any finite 2 < p < oo, an application of the Holder inequality provides

Gl Lo (72 x R3)

1
p—1 P
< OB full(rsxrs) + 2 Fal e o s ( JE dsdx) < C(R),
X

where the last inequality is (4.5)-(4.6). Hence, we can conclude that

Gn €y LP(T? x R? x (0,T)) for all p € (1,00).



14 CARRILLO, CHOI, AND KARPER

The velocity averaging Lemma 3.2 is then applicable and yields that {oy,}, and {m¢,}»
are relatively compact in L?(T? x (0,T)). This concludes the proof of compactness of the
operator T . O

Proof of Proposition 4.1. Through Lemma 4.1, Corollary 4.1, and Lemma 4.2, we have
established that the operator 77, -] is well-defined, bounded, and compact. Moreover,
continuity of the operator T, -] is straightforward. As a consequence, the postulates of the

Schauder fixed point theorem are satisfied, and hence yields the existence of a fixed point.
This concludes our proof of Proposition 4.1. O]

4.2. Uniform bounds. To consider vanishing approximation parameters, we will need
some uniform (in € and R) LP and energy bounds on solutions of (4.1). We recall that the

energy is given by
2 2
E(t) = / ‘5‘ dédx —I—/ Jul® dz.
T3 XR3 2 2

Lemma 4.3. Under the conditions of Proposition 4.1, there exists a constant C > 0,
independent of R and e, such that

2
I £l oo 0,7, o (T3 x R3)) + ”V§fg||£2(1r3xR3X(0’T)) < C(p,o, 1) foll Lr (T3 xr3), (4.10)

T
sup B(t)+p [ [Vulfaey i+ [ Flxetu) - ¢ deda
0 T3 xR3

te(0,7) (4.11)
< E(0) + 30 Mo(fo)T-
Proof. By direct calculation using (4.1), we deduce
d 40’(p - 1) P
% Hf”ip(’]I‘SXRCS) + 7vaf2 ||%2(’I[‘3><R3)
= [ () + xr(u5) ~ 29) - Vef? dede = 611y
T3 xR3
and (4.10) follows from the Gronwall inequality.
Next, we calculate E/(¢) using both equations in (4.1);
: 1 lEE °
E:/ut-udw—l—/ dédx
T3 T?’XR?’ 2
= —,uHVuH%z(Ts) — /5 (O *xu)-Vu)-ude+ /5(mf —ofu)lp(u) - u dz
T T (4.12)

+30M(fo)+ [ fxw() = )€ dedo

[ Ol
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By adding and subtracting, we deduce that

/T - Fer(w) =€) € ded
_ / fxr(u) — € dédz + / (opxa(u) —my) - Xa(u) dz (4.13)
'IF3><]R3 ']1‘3

- _/f flxr(u) —¢&? dfdx—i—/ (oju —mys)1g(u) - u da.
T3 xR3 T3

We also have
mg®

g\ _ ) 9
/TSX[RS fxr(ug) =€) édgda:g/Ts pf+€da: /]1‘3><R3 €2 f deda < 0, (4.14)

where we used |my|? < py ([ps |£[2fd€). By applying (4.13) and (4.14) in (4.12), we obtain
(4.11). 0

4.3. The R — oo limit. We are now ready to send R — oo in our approximate equation
(4.1). We begin by deriving some compactness properties. Some of the arguments we shall
use in this regard are similar to those of [21].

Lemma 4.4. Let ¢ > 0 be fized, set R = n, and let {(fn,un)}o>, be the corresponding
sequence of solutions to (4.1). Then, up to a subsequence as n — 0o, we have

fo—f i C(0,T;LP(T? x R?)), p € (1,00),

of, = 0f a.e and in LP(T3 x (0,T)), p€ (1, Z),

(4.15)
my, —my a.e and in LY(T? x (0,T)), q€ <1, i),
U, = u  a.e and in L*(T3 x (0,7T)),
where 05 = [ps fdE and my = [o3 Ef dE.
Proof. 1. We first apply the previous lemma and Lemma 3.1, to deduce that
o7, € LP(T? x (0,7)), my, € LI(T? x (0,T)), (4.16)

for any p € (1, %) and q € (1, g) Using this, we apply the Holder inequality to find that

T
/o - Optin - v dmdt‘ < lunl 2313 x (0,0 IV un | 2(13 x (0,7)) 1V ]| L6 (13 % (0,7))

+ 1llVunll z2rex 0,0 IVl 22(13 5 0,7))
+IpnllL2 (s x 0, IV - vl L2 (r3 < (0,1) (4.17)

+ Hmfn”L°°(07T;Lq(T3))Hv”Ll(QT;Lq%l(Tiﬂ))

+ ||anun||L2(0,T;Lq(']I‘3))HUHLQ(QT;L%(TF)))a
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for ¢ < 2 and all v € [C§°(T? x (0,7))]>. To bound the last norm in the right-hand side, we
shall need the calculation

g, unllL20,m;0(12)) < ll0f, |l lunllz2(0,7;L5(13))

5q_
Lo (0,T;L 54 (T3))

<C
< Clley, ||LOO(O7T;L5%(T3)

(4.18)
) |, ”L2(0,T;W1»2(T3))-

We notice that 55qu < 2 since ¢ < 2. By applying (4.18) in (4.17), using (4.16) and (4.11),

and using q = g, we deduce that
Oy €, L5(0,T; W 12(T3)).
Since in addition u,, €, L?(0,T; W2(T?)), we can apply the Aubin-Lions lemma to conclude
U, —u a.eand in L?(0,T; L*(T%)) , asn — occ.
2. To conclude compactness of oy, , we write the first equation in (4.1) in the form

Orfn+&-Vin ::‘75'(;n'+’01§§fﬁ,

where G, = f, (Xn(un) + Xn (ujcn) — 25). By direct calculation, using the uniform bounds
(4.10), (4.11), and (4.18), we deduce

|Gnll La(rsxr3x (0.1))
< [ fnunllLarsxrex 1)) + 1 fnts, | Larsxraxo,r)) + 2l frlélllLa(rs xrax (0,1))

<C <||un||Lq(0,T;L5(’[[‘3)) +lImg, lnaersxo,m) + 1V fn!5|||L2(1r3xR3x(o,T)))
<C,

where we used
g—1 1

| Futallzaqronasy < NFall oMo, g, - e

( (4.19)

—1

q
< Nl e syl | otz

1
q

5
L5-4(T3)

1
and here ||ps, || 5 is uniformly bounded in n since 5—Eq < 2. Hence we can conclude
L5—4

(T3)
that

Gn € LYT3 x R x (0,T)), Vqc (1, Z) : (4.20)
The velocity averaging Lemma 3.2 is then applicable and yields
£ s = [ o) de in 117 x (0.7)), (421)

for any ¢(£) such that [¢(€)] < c[€] as |¢] = oo, and any g € (1, 2). If we set 1(£) =1 and
P(€) =& in (4.21), we obtain
o, —of and my, —my in LY(T? x (0,7)).

The proof is now complete. 0
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In the next lemma, we establish convergence of solutions to (4.1) as R — oco. Specifically,
we will send n — oo in

atfn + f . vfn + Vg : [fn(Xn(un) - 5)] = _vé : [fn(Xn(uifn) - é‘)] + UAé'fna
Oyup + (06 *un) Vg, + Vp, = pAuy, + (mfn - anun)ln(un)v (4'22)
V-u, =0.

Lemma 4.5. Under the conditions of the previous lemma, (f,u) is a weak solution of
Wf+E&-VI+Ve [flu=8)]=—Ve- [f(uf—&)] +0Acf,

Opu+ (0 xu) - Vu + Vp = pAu+ (my — oyu), (4.23)
V.-u=0,

in the sense of Definition 2.1, where u% is defined in (4.2). Moreover, (f,u) satisfies

2
”fHLOO(O,T;LP(']l‘3><R3)) + Hv£fg‘|£2(07T;L2(T3XR3)) < C(p, T)”fOHLP(T3><R3)7 (4‘24)

T
wam+u/\ww;@%ﬁ+/‘ Flu— € dede
0 T3 xR3

t€(0,7) (4.25)

< E(0) + 30 Mo(fo)T-
Proof. The only problematic terms when passing to the limit in (4.22), are

fnXn (un), ann(uifn)v anunln(un)' (4.26)
1. Let us begin with the latter. From (4.18), we have that

los,unllozizaczy < € a <. (427)
As a consequence, we can apply weak compactness to (4.27), (4.11) and use the strong
convergences of py, and u, in (4.15) to deduce
Of, Up — 0fu as m — oo in L*(0,T; LY(T3)), ¢< Z (4.28)
Now, by adding and subtracting, we see that
0, unLn(un) = 0f,un — 0f,un(1 — 1n(un)), (4.29)
where the last term converges to zero as
log, un(1 = 1n(un))ll L1 (3% (0,1))
< C”anun|’L2(07T:Lg(T3))||1 — L (un)ll 220,528 (T3))

C C -
< llunlizzrpoersy < llunllzzo,rm sy =0,
where we have used ¢ = % < 2 in (4.18) and the estimates of uniform bounds for the

approximations (4.11). Hence, we can send n — oo in (4.29) to conclude

)
0, Unly(un) = opu  as n — oo in L*(0,T; LY(T?)), ¢ < T (4.30)
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2. Let us now consider the first term in (4.26). For this purpose, we use (4.11) and (4.19)
to find

HfuunHLZ(O,T;Lq(’]I‘3><R3))
qg—1 1

< anHLZ(TL% XR3x (0,T")) prn”i%(o,T;L%(W)) ”un||L2(0,T;L5(T3))
< Cllunl 20,7501 (13)) < C-
Then we use the similar argument to (4.28) to obtain
fatn — fuin L2(0,T; LY(T? x R?)). (4.31)
Next, by adding and subtracting, we write
faxn(un) = foun + fr(xn(un) — un), (4.32)
where the last term converges to zero as
[ fn(xn (un) — un)ll L1 ((0,1) T3 xR3)
= llof, un(1 — Ln(un))|lL1(0,7)xT3)
< HanHLOO(QT;L%(W))“un”LQ(O,T;LG(T3))Hl — L (un) |l 2(0,7;26(T3))

1 2 n—00
< el oo 8 oy lun 1220, 220(z3)) —0-

This, together with (4.31), in (4.32) yields
Foxn(un) = fuin L?(0,T; L9(T? x R?)). (4.33)
3. Finally, we consider the second term in (4.26). First, we calculate

||fnu§n HLOO(O,T;LQ('JT?’ xR3)) < | fn ||L°°(0,T;L°°('ﬂ‘3 xR3)) Huifn HLoo(o,T;Lq(TS))

C C
< ;||mfn||L°°(o,T;Lq(1r3)) < =

where the last inequality is (4.10), (4.16), and ¢ < %. We also notice that the convergence

estimates of py, and my, in (4.15) and €+;f <1 yield

£

ufn

)
= M mzee MW gy L8 % (0,T)), ¢ < o,
€+ oy, €+ of 4

for each fixed ¢ > 0, due to a simple application of Vitali’s convergence theorem. In
particular, we again use the similar strategy to (4.28) to have that

fouf, — fuy asn—ooin LI(T? x (0,7T)). (4.34)
By adding and subtracting,
ann(uifn) = fnujfn + fn(Xn(ujfn) - u?n)v (435)

where the last term satisfies

| fn(xn(uF,) — u% ) L (78 xR3 % (0,7)

Lt (4.36)
= llog,uf, (1 = Ln(uz Dl rsx o) < n/o /Tg of,|u5, ? dedt "% 0,



KINETIC FLOCKING-NAVIER-STOKES MODEL 19

since [ gfn|u*}n|2 dr < [1a,gs fnl€|* dédz, which is bounded by (4.11). By combining
(4.34), (4.35), and (4.36), we conclude
faxn(uF,) — fuj asn — oo in LY(T? x (0,7)). (4.37)

4. Equipped with (4.30), (4.33), and (4.37), there are no problems with passing to the
limit in (4.22) to conclude that (u, f) is a weak solution to (4.23). The bounds (4.24) and

(4.25) can be proved as in Propositions 3.1 and 3.2.
(|

4.4. The £ — 0 limit and proof of Theorem 2.1. We will now send ¢ — 0 in (4.23) and
thereby conclude the proof of Theorem 2.1. The largest challenge is presented by possible
vacuum regions of oy rendering passing to the limit in u; non-trivial. To this end, we shall
need the following lemma:

Lemma 4.6. Let {(f-,uc)}e>0 be a sequence of weak solutions to (4.23). Ase — 0,
fe—=f inC([0,T); LP(T® x R?)), p € (1,00),
)
0f. = 0f a.e and in LP(T3 x (0,T)), pe <1, 4),
: (4.38)
my. —my a.e and in LYT® x (0,T)), q¢€ <1, 4),
ue —u  a.e and in L*(T® x (0,T)),

where o5 = ng fd§, my = fR3 Ef dE, and where the convergence may take place along a
subsequence.

Proof. Since (4.16), (4.18), and (4.20) hold independently of e, the proof follows by the
exact same arguments as the proof of Lemma 4.4. O

Theorem 2.1 follows as a consequence of the following lemma.

Lemma 4.7. Under the conditions of the previous lemma, (f,u) is a weak solution of (1.1)
in the sense of Definition 2.1, where

f€ dg
- L? Qf # 07
U= f]R3f dg
0, Of = 0.
Proof. From (4.38), we easily conclude that
)
fe(ue =€) = f(u—¢) in L*(0, T; LY(T* x RY)), ¢ < 4,
my, — op.ue —my — opuin L0, T;I(T), ¢ <7,

(0 % ue) - Vue — u- Vu in L5 (T3 x (0, T)).
Hence, in order to pass to the limit in (4.23), it remains to prove that

u% — fur as e — 0in the sense of distribution.
fe f
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For this purpose, let A > 0 be a small parameter and define

Ay = {(l‘,t) : Qf(.%,lf) > )\} .
Since of. — oy a.e, Egoroft’s theorem yields, for any 7 > 0, the existence of a set B , with
|Ax\ By,y| < n and where oy, — o5 uniformly on B),. In particular, for a sufficiently small
g,
05 > A— g Ve <&, (2,t) € Bay.

By virtue of (4.38), we have that

e my,
Uy = - —

my . 5
= — ——in LY(B,,), q¢<-.
e+or  of (Bxa) 4

In particular, since f. converges weakly, we can conclude that

feus. = fuy in LYBy, x R?) as e — 0.
We then write

feuf 1a, = feui 1p, + feuf 1a,\B,,
where we see that the last term is small due to the following bound
1 1
Hfgu?alAA\BnHLl(T3><]R3><(O,T)) < 09 lmyp | Lacrs < .0y = O ). (4.39)

Since we can choose 1 arbitrarily small, we must have that

feuf — fup in LI(Ay x R3) as e — 0.

For the estimate on the set (T3 x (0,T)) \ Ay, we let 7 be a small parameter and make
another application of Egoroft’s theorem to obtain a set C) , such that

[((T3 % (0, T) \ A\ Col <7 0p. < >\+g Ve <E.

On C,,, the product gg,uy, is controlled by A + Z as

2 /T
L1(Ch yxRY) = </CM @fsdxdt> (/O /TS of

(e

where we have used [ 07 [u [*dz < [, ps fe|€]? d€dx which is bounded by (4.11), and
the fact that |T3 x (0,7)] is finite to conclude the last inequality. As in (4.39), we also see
that

I/zu7.

1
13 2 ?
(o ‘ dxdt

1
=L (@0 mmanneamxrs) <O <”q ) '
Since 1 can be chosen arbitrarily small, we deduce

1
| feus, L(((T3 % (0,T))\ Ax) xR3) = o (/\2> :

Hence by choosing sufficiently small A to conclude

5
feu§, = fuy in LYT? x R® x (0,T)), ¢< T

This completes the proof. ]
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5. HYDRODYNAMIC LIMIT (THEOREM 2.2)

In this section, we will study the flocking-Navier-Stokes system (1.1) under the assump-
tion of strong noise and local alignment. In this regime, we shall rigorously establish that
the evolution can be accurately described by a coupled compressible Euler and incompress-
ible Navier-Stokes system, and thereby prove Theorem 2.2. For the reader’s convenience,
we recall the equations under consideration:

O +E VI + Ve [~ O] = TVe - [Vef* — (uge — )],

ou 4+ u® - Vu® + Vp® — pAu® = —/ (u® — &) fodg, (5.1)
R3
V-uf =0,
subject to
(f*(@,€,0),u"(2,0)) = (fo(,§), uo(x)). (52)

Our goal is to prove that solutions of this system can be well approximated by the Euler-
Navier-Stokes system

8th + V- (Qfo) =0,
(orug)e +V - (orup @ us) + Voy = oy(u —uy),
ur +u-Vu+ Vp — pAu = —op(u — ug),
V-u=0,

provided ¢ is sufficiently small.

5.1. Entropy of weak solutions. We first show that the weak solutions obtained from
Theorem 2.1 satisfies some entropy inequalities that are uniform in e. For this, we set

2 €12
Firaey= [ (g s+ 5 ) asas s [ Ea

DuF)i= [ IVl (uge =) f P, (53)
Dol i= [t P dade g [ |90 P,

Then it follows from Proposition 3.1 that

G F(F ) + LDU(S) + D) = Mo ().

and this yields
]-'(fs,ua) f[),’LLO / Dy f€ ds + / D2 , dS = 3M0(f0) (54)
On the other hand, we notice that

/ fe|log f2|dzde < / [ log fedads + i/ (1+ &) fedade + C.
T3 xR3 T3 xRR3 3 R3

T3 xRe
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This implies that

1 €12
/[ ff <1+]10gf5]+4]§\2) d:I:d§+/ ] ——dx
T3 xR3

. - (5.5)
1
4 [ Dot s+ L [ DurIa < Flfoswo) + (D).
0 0
By expanding the square, one can check after some tedious computations that
1 € € g
3 [ @O W) - &P ddedyds. + [ ppelut —upfdo
T6 xRS T3 (5.6)
] :
— [ ePrdnd 5 [ gy luge(a) — ugey)Pdody
T3 xR3 T3 xT3
Now we use the similar estimates in [22, Lemma B.3] to get
1
5 [ prr@pre@)luge(@) — upe(y)Pdady
T3 xT3
< 3 M 2 ]‘ € € |€ £*|2
< =3(Mo(fo))” + C(T)e + 5 Da(f%) + fo (@, 8) f(y, &) =———dwdSdydg..
€ T6 xRS
(5.7)

Combining (5.4), (5.6), and (5.7), we obtain

/D1 ) ds+// pre|u’ — wuge| dmds—i—,u/ / |V |2dads (5.8)

<]:(f0,u0 +C(T)e,

where we used the fact that fo has a unit mass, i.e., My(fp) = 1. In light of the above
arguments, we conclude the following proposition.

Proposition 5.1. Suppose the initial data (fo,uo) satisfies (2.1). Then for any T > 0
and € > 0 there exists at least one weak solution (f¢,u) to (5.1)-(5.2) on the time-interval

(0,T) satisfying (5.5) and (5.8).

We will prove Theorem 2.2 through a relative entropy argument. For this to be rigorous,
we need a unique strong solution (at least for short time) to the system (2.3)-(2.4). We
claim the following result.

Theorem 5.1. Let s > 3. Suppose the initial data (pf,,us,,uo) € H*(T?) and pys, > 0.
Then there exists a positive constant T* > 0 such that the Cauchy problem (2.3)-(2.4) has
a unique solution (pf,ur,u) satisfying
(g up) € C(O, T H*(T%) N CH([0, T7); H*~H(T?)),
u € C([0,T*]; H5(T?)) N L*(0,T*; H¥T(T?)).

Since local existence theories for this type of balance laws have been well developed, we
omit this proof. We refer to [25] for the readers who are interested in it.
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5.2. Relative entropy. We shall prove Theorem 2.2 using a relative entropy argument.
For this purpose, it will be convenient to write the equation in a more abstract form using
the variables

of my 0 0
U= |ms|, AU):= Lfimf or 0],
u u®@u 0 0
and
0
F(U) = ofu —mg :

my — ofu — Vp + pAu
where my = pyuy. The system can then be recast in the form

and the macroscopic entropy (energy) takes the form

img? | Julf?

20f 2

E(U) := oflog oy +

Using the newly defined variables, we define the relative entropy functional as follows:
of
HWVI|U):=E(V)-EU)-dEU)(V -U), and V:=|m;], (5.9)

u

Upon noticing that

my
—g,7 Tlogpr 1) [ pp—py

—dE(U)(V—U) = — my my—my
’;j u—u

PF P =
= Ef\wl2 - gflujfl2 — (log ps + 1) (pj — py) + prlusl? — pruj-up — (@ —u) - u,
we see that the relative entropy can alternatively be written
PF 2 1 _ 2
HVIU) = - lup = upl” + Slu —ul” + Plpg, py),

where

1 o [1 1
Plpg,ps) = pilogpy — prlogpr + (py — pp)(L +log py) = 5 min { } (p7 — ps)*

pi’ ps
Hence, the relative entropy controls the L2-difference provided one of the densities is without
vacuum regions.
To proceed, we shall need to derive an evolution equation for the integrated relative
entropy.
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Lemma 5.1. The relative entropy H defined in (5.9) satisfies the following equality.

d

T H(V|U)d$+ﬂ/ |V (u—a)| dm—i—/ pil(uf— 1) — (uy — u)*dx

:/ 8tE(V)dac+/ Pyl — ug dac—l—,u/ \Va|2da
T3 T3 T3

_ [ V@BEW)) : AV|U)ds — / AE(U) [V + V- A(V) — F(V)] da
T3 T3

~ [ (or = o= u)(u = ws) da,
where we have introduced the relative flur functional
AWVIU) = A(V)—-AU) —dAU)(V = U).

Proof. Although this lemma is essential for the proof of Theorem 2.2, it is rather lengthy and
technical. Thus we postpone its proof in Appendix A for the smooth flow of reading. O

5.3. Relative entropy bound. The proof of Theorem 2.2 will follow as a consequence of
the following proposition.

Proposition 5.2. Suppose all assumptions in Theorem 2.2. Set

P pre
U:=|pruy and U® := | preuge |,
u u®

where (pg,ug,u) and (f°,u®) are a unique strong solution to the system (2.3)-(2.4) and weak
solutions to the system (5.1)-(5.2), respectively. Then we have

t 1 t
/ HUE|U)(t) dﬂ:—f—u/ / ]V(u—ue)deds—l—/ / prel(upe —u®) — (uy — u)Pdwds
T3 0 Jrs 2Jo Jrs

<OV,
for all t € [0,T].

Proof. From Lemma 5.1, we know that

/”HU‘E]U dx+u// |V (u —u) 2dxds—|—// pre|(upe —u®) — (uy — u)|*deds

:/ HEWU?) + prelus — upe + pl V| d:rds—/ V(dE(W)) : A(US|U)dads
// AE(U) [UF 4V - A(UE)—F(Ua)]dxds—/ / (s = ppo) (0 — u)(u — uy) dads,
T3 0 JT3
4
=1
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e Estimate of I;: We first notice that [ps E(U®)dx < F(f%,u), where F is given in (5.3).
Then we obtain

L(t) = /E3 (E(U®)(t) — E(Up)) dx +/0 /Eg pfs\ua — Ufs‘z + u!VuE\deds
= [ EU)@) dr — F(f7,u")(t)

’]TS

t
L F(EL ) () + / / prelu® — g + ul Ve Pdzds — F(fo, uo)
0 T3

+ F(fo,u0) — /1r3 E(Uo) dz
< C(T%)e,

where we used the facts that (5.8) and F(fo,uo) = [13 E
e Estimate of I»: Straightforward computation shows that

AUR|U) = A(U?) — A(U) — dA(U)(U® — U)

o O O

0 0
= | pre(upe —up) © (upe —uy) 0O
® 0

(uf —u) ® (uf — u)

This implies that
/ |A(UE|U)| dx = / preluge —uyp|*de +/ |u® — ul’dz < 2/ H(U|U) dx
T3 T3 T3 T3
and ,
bt) < c/ / H(UF|U) dads.
0 JT3

e Estimate of I3: One can find that py- and wuy- satisfy

Oipge +V - (pgeuse) = 0,

8t(pfsufs) + V- (pfsUfe X Ufe) + Vpype — pfs(Ufs —u)

=V (/ (upe @ uge —€®§+H)f€d§) ;
R3

in the distribution sense on T2 x [0, T*). Then we deduce that

dE(U)[US + V- A(UF) — (U&)]dxdt'
T3

/ ‘VdE |'/ U,fs®Ufs—§®§+]I)f5d£
0 JT3

gc/ﬂ/w

Then we now apply the same argument in [22, Lemma 4.8] to have

<

d:z:dt’

dxzdt.

[ e 0w —goern) o

dE(U) [US +V - A(U®) — F(U®)] dads| < O (T*).

’]I‘S
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e Estimate of Iy: The strategy is to use the third term in the dissipation. By Cauchy-
Schwartz inequality and using the fact

. 11
1<min|—,-|(z+vy), for z,y>0,
ry

we get,

‘/11‘3(pf = pse) (W —u)(u —ug)de

/1 1 9 2 2.\
< flu — ug| g min | —, — | |py — pye|“dx (pr + pre)lu — u|“dx
T8 pr’ pre T8

1
gc/ H(U€|U)dx+/ prelu — uf|*d.
T3 4 T3

(5.10)

On the other hand, the second term of the last inequality in (5.10) is again estimated as
follows.

/ pfs|u—u€|2d:z:/ pfa’u—Uf—l—Uf—Ufa +Ufa—UE’2dl‘
T3 T3

< 2/11‘3 prel(u—uyp) — (u® —ufs)\2da:+2/1rs prelup — upe|*dr,

and this implies

1
/ prelu —u*dx
4 T3

1 1
< / prelup — upe*dr + / prel(u —up) — (uf —uype)Pd
2 T3 2 T3
1
< ’H(UE\U)da:—i—/ prel(u—ugp) — (u€ —uype)Pdw.
T3 2 Jrs
This concludes that

s = o) = w)(u = ug)do
T3

1
<C %(UaU)d:v+/ prel(u—uj) — (uF —upe)da.
T3 2 T3

From the above, we have

t
/ H(US|U)(t) dx—i—u/ / |V (u — u®)|*dzds
T3 0 JT3
1 ! € 2
+3 prel(upe —u®) — (up — u)|*dzds
0 JT3

t
< Cye+ C/ H(U|U)(s) dxds, for all ¢ e [0,T].
0 J13
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We now apply the Gronwall’s inequality to derive that
t
/ HUE|U)(t) dm—i—u/ / IV (u — ) |>dzds
T3 0 JT3

1 t
+ / / pre|(upe —u®) — (uy — u)Pdads < C/e.
2 0 T3
t

5.4. Proof of Theorem 2.2. The entropy inequality in Proposition 5.2 and arguments in
[22] yield that

pye = py i Lie(0,T%5 LY(T?)),
preupe — ppup in L (0, 7% L' (T%)),
prelugel* = prlug® in Li,o (0,7 LY(T?)),
u® —u in L (0,T%; L*(T3)).
Furthermore, we can also use the same argument in [22] to conclude that

le—up|?
<2pf>362f in L}, (0,77 L}(T* x R?)).
m)2

This completes the proof. O

fF—=

6. A PRIORI ESTIMATE OF ASYMPTOTIC BEHAVIOR (THEOREM 2.3)

In this section, we provide a long-time behavior estimate for the system (1.1)-(1.2) with-
out diffusion, i.e., ¢ = 0. Since the constants o and 8 do not play any crucial role in our
analysis as we mentioned before, we assume that a = § = 1. For the estimate of large-time
behavior, we first notice that local density py and velocity us in (1.3) satisfy the following
hydrodynamic equations.

Opr +V - (prus) =0, 61)
at(prf)—i-V‘(prf®Uf)+V-P:pf(u—uf), '
where P is given by

P o= /R (€~ up) © (€~ up) .

We recall energy-fluctuation functions Ep, &y, EF and &r:

eplt) =5 [ | I6—wlrduas

1
eut)i=3 [ lus@) = us )y @)ogw)dody
Er(t) = % [ e,

£1(1) = luelt) — (1)

Then we next investigate the time-evolution of the above energy-fluctuation functions.
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Lemma 6.1. Let (f,u) be classical solutions to the system (1.1)-(1.2) with o = 0 satisfying
lim €2 f(x,&,t) =0, (z,t) € T x [0,T].

|§|—o0

The following identities hold:

(Z) ng:/ (V-]S)'ufda:—élé'p.
dt T3

d&é ~
(ii)dtU:—Q/ (V-P)-dem+2/ pr(u—us) - updr
T3 T3

—2/ pfufdac-/ pf(u—uy)de.
T3 T3

(4i7) % =—pu /1r3 \Vul|? da + /T3xR3(uc —u) - (u—§)fdéde.

) % =2 [ ) - dee

Proof. For the estimate of (7), it follows from the system (1.1) that

dE 1
P:_/ @—Wy@fm%+/ € — usP0,f ddg
dt T3 xR3 2 Jr3xm3

1

=5 [ Jem (=6 VI Ve (e —unfl = Ve lw—ON)dode (5

3
= ZIM
=1

where u} = %Uf, and Z;,t = 1,2, 3 are given by

1

L= 2 /TSXRS V(e - uf|2) (& f dad§ = _/qrsng ((5 —ug) - Vuf) -§f déd,

@z—/ € — w2 dude,
T3 xR3

L= [ () - Ofdeds =~ [ € (¢~ up)f dudg

3><]R3
— _/w y & — ug|*f dadt.
X

A further integration by parts leads to

3
==X [ € e dre

1,7=1

3 . . . . . B
= > [ € )o@ s = [ (7 P)-upae

1,7=1
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Thus, (i) is obtained by combining (6.2) and (6.3) with the above equality. For the identity
(ii), we use the hydrodynamic equations (6.1) to find

%U N /ng (up(@) = up(y)) - (uf(x) = w(y) ps(x)ps(y) dady

+ /TSXTS up(x) = up(y) P (2)ps(y) dady

:2/ uf-u'fpfdzc—2 </ pfujvdx> . (/ ,ofu'fd:c>
T3 T3 T3
-|-2/ prus - (ugp-Vuy) de —2 </ py(ug - Vuy) dx) : </ prfdm>
T3 T3 T3

:—2/ (V-P)-ufda;—i—Q/ prlu—uy)-ugpde
T3 T3

_2</Tapfufdx> - (/Tgpf(u—u]e)dx>,

where we used the fact that [|pf||z1(rsy = 1 and
pfu/f +psuy-Vuy+ V- P = pr(u—ug).
For the estimate of (iii), we use the definition of £ and direct integration by parts to get
d€
2R :/ (u—uc)‘atudx—ulc-/ (u—uc)dx:/ (u—ue) - Opudx
dt T3 T3 T3

:—/EB(u-Vu)-(u—uC)dac—/ (u—uc) - Vpda

T3
—ug) - A _ —ug) - (u—
—I-,u/Ta(u uc) - Audx /]1‘3><R3(u ue) - (u— &) f dadé
i [ VuPdo= [ ) (0= F dade,

since V - u = 0. Finally we employ the following facts

g = /]1‘3><]R3 (u —§)fd§da: and ul, = —[NXRS (U—f)fdfdx7

to derive the estimate of (iv)

d&r

dt = (uc_£C) : (u::_g(/:) = _Q(uc_fc) / (U—f)fdfdl’

T3 xR3

Remark 6.1. Since [; 05 dv =1, we have that

/ (uf —&e)py da = / (§—=¢&)f dédx = 0.
T3 T3 xR3
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As a consequence,

Eult) = ;/Tgwg lug(x) —up(y)*ps(z)ps(y) dady
- ;/TWS up(z) = €+ e — us(y)Pps(@)ps(y) dady
1

=5 /T:),er3 lup(x) — §c|2pf(gg)pf(y) dxdy

N ;/Tswg lup(y) — &2pp (@) ps(y) dady — (/T3(Uf —&)py dx>2

= /TS lu — &cl’py da.

Proof of Theorem 2.3. For the sake of the reader, we divide the proof into two steps.

1. In this part, we will show that
d
(z’)£(25p + EU) = —8Ep — 28y + 2/ (& —&) - ufdéd.

T3 xR3

d
(i)~ (25F + 51) = 28 + 4Ep — 2M/ Vul2d — 2/ lu— &2 fdude  (6.4)
dt T3 T3 xR3

2 [ (€6 upduie

For a detailed estimate of (i), we use Lemma 6.1 to get

d
—(25p +5U) = —8Ep + 2/ pr(u—ug) - (up —&)dx
dt T3

= _85P+2/ Pf(u_fc) : (uf_gc)dx_2/ Pf|uf _fc|2d‘r
T3 T3

= —8Ep — 2&y + 2/ pru- (ug — &) de,
T3
where we used
/ prupdr =¢. and / prluy — &) dr =0.
T3 T3
(i),

For the second part it also follows from the Lemma 6.1 that

d

Gerra) = [ Pdo—2 [ -9 (w-g)fans

= —2u/ |Vu|*dx — 2/ |u — &% fdxde (6.5)
T3 T3 xR3
o[ we-opdeds sz [ e (6- &) dude
T3 xR3 T3 xR3
On the other hand, the fourth term in the last inequality of (6.5) is estimated by

2 [ ee-grnds=2 [ 6— e ruds = 26y + 6.
T3 xR3 T3 xR3
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This yields the estimate of (ii).
2. We now combine two inequalities in (6.4) to find

d

—&(t) = —4Ep — 2u/ \Vu|?dx — 2/ lu — &2 fdxdE.
dt T3 T3 xR3

We set a corresponding dissipation function D(t) to £(t):

D(t) := 45p+2u/ \Vu]de—i—Q/ lu — &2 fdade.
T3 T3 xR3

3%
Then we obtain
—E(t) +D(t) =0.
It () () 0

Claim: there exists a positive constant C' > 0 such that £(t) < CD(¢t) for all ¢ > 0.
For the proof of claim, we estimate the last term in the function D(t) as follows.

/ \u—£!2fd§dx=/ U — e 4 ue — e+ & — €2 fdEd
T3 xR3

T3 xR3

:/ pf\u—uc|2dm+ ]uc—ﬁc\Q—i-/ e — € fdéda
T3 T3 xR3
+2/ ('LL—’U,C) : (uc—§)fd§dx (66)
T3 xR3
=251+26p+ &y + / prlu— uc|2daj
T3

+2/ (u—ue) - (ue — &) fdédz,
T3 xR3
where we used
[, (=) (&9 fdcdn =0,
T3 xR3

and

/ \gc—§y2fd§dx—/ \gc—uf\Qfdgdx+/ luy — & fdéda

T3 xR3 T3 xR3 T3 xR3

=&y + 2Ep.

Furthermore we use the fact that

/ e — €[2 fdde = o — €0+ &0 — € fdude
T3 xR3 T3 xR3

= [ (o= & |6~ €P)dodg
T3 xRR3

=281 +28p + &y

to find
—4/ (u—ue) - (ue — &) fdxdé < 4/ pf]u—uc|2d:n—i—/ |uc—£|2fd:vd§
TBXR?’ T3 T3XR3 (6 7)

= 4/ prlu— uc|2d:v +2Er +2Ep + &y

']1‘3
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Then it follows from (6.6) and (6.7) that

25[+25P+5U§2/

T3 xR3

lu — € fdxdé + 2/ prlu — uc|*dz.
']TS
This deduces that

E(t) < u—uc|2d:n—|—2/ |u—£|2fd:nd§+2/ pf|u—uc|2d33
T3 T3 T3

xR3

<C (14 ol imoaom) [ IVuPdo+2 [ Ju—ePsdude
T3 T3 xR3

< cD),

where we used the following Sobolev inequalities.

/ lu — ue|?dr < C/ |Vu|*dz,
T3 T3

[ o= e < lpslo e =l

< Cllpsllpsrallu = uclt < Cllpsll oo o,00,032) I VUl 72
This yields the proof of claim, and we have

d
dt
for some positive constant C' > 0. This completes the proof.

E(t)+CE() <0, t>0,

APPENDIX A. PROOF OF LEMMA 5.1

In this part, we provide the proof of Lemma 5.1. It follows from (5.9) that

d H(V|U) dx = WE(V)dx — dE(U)YV;+V-A(V)—-F(V))dz
dt T3 T3

+ / PEU)V - AU)V —U) +dEU)V - A(V) dx
’I[‘3

— / CPEU)F(U)V —U) +dE(U)F(V) dx
TB

4
i=1

Using integration by parts, we find

I = / (VAE(U)) : (dAUY(V - U) — A(V)) dz
/ (VAE(D)) : (A(V|U) + AU)) dz
T3

(VAE(U)) : A(V|U) dx
T3
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Here we used the fact that
/T3 (VAE(U)) : A(U) dx = - V-QU)dx =0,
where @ is an entropy flux function given by
Qi(U) =Y Api(U)dp E(U).
k
For the estimate I, we claim that the following identity holds.

/ d*E(U)F(U)V —U) +dE(U)F(V) dx
’]I‘S

_2 _12
= — | orlur—al’ do— vald
/ngﬂuf al” dx M/Tg\ ul® dx

(A.1)
N _
—I-/ Q]?‘(Uf —u) — (uf—u)‘ dx—I—,u/ |V(u—u)|2 dx
T3 T3
+ /T3(Qf —op)(u—u)(uf —u)dzx.
Proof of claim: We first notice that
’m2 mf
loggf+1—ﬁ * 2 0
dE(U) = my | and PEU) = |« L
i{ 0o o0 1
Then by direct calculation, we have
/ PEUFU)V —U)dx
T3
= / of [ufﬂ —Upu — Ul + u2] + of [—Uf’LL + ufc +upu — ujzu]c] dx (A.2)
T3
+ / (u —u)pAu — (u —u)Vp dx.
T3
and moreover
dE(U)F(V) dx = / oF [upa — upup+upu — au| dx
T B (A.3)

+/ pwuldAu —uVp dx.
T3
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By combining (A.2)-(A.3), and using that V-u =V - @ = 0, we obtain

/ PEWU)FU)V —U) +dEU)F(V) dx
T3

= ng [ Ufu+uf—2ufo—|—2ufu—|—u]vu—uu] dx
(A4)

/ gf Ufﬂ—ujvu—uﬂ—i—uﬂ dx
T3

+/ w[uAa + uAu — uAu)| de =: Jy + Jy + Js.
T3
By adding and subtracting, we rewrite J; as follows.
J1 :/T3 oF [—upu+ 'U/?c — 2upug + 2upu + gl — uu| du
—/3 oF [2(uf — @) (uy —u) — u(uy —u) —ugu + u}] dx.
T

Next, we add and subtract ofluy — u|? to discover
J = /JTJ oF [_Q(Uf —u)(up —u) + up — u]2] dx
_ 2 - 2

+/ 0F [—|uf —ul® —u(up —u) — Ufu—l—uf] dx

T3

_ 2 _12
= l(ur — ) — — dzr — slur —ul°d

/ngf‘(uf a) — (uf u)‘ T /ngf|uf ul|“dx
+ / oF [ugu — u® — duys + tu| du.

T3

As a consequence, we find that

J1+J2:/ gf‘ —u) — (uf—u)‘Zda:—/3 gf-|uja—ﬂ|2dx
T3 T
+/ (o7 — of) [upu — u® — Guy + wu] da
T ) (A.5)
:/ Qf‘ — 1) — (Uf—u)‘ dm—/qr3gf|uf—ﬂ|2daz
+/Tg<gf—@f><u—u><uf—u>da:.
Next, we apply integration by parts to write J3 in the form
ng/ w[uAt + uAu — uAu) d :_M/ |Vul dx—l—,u/ |V (u — @)|*dz. (A.6)
T3

By setting (A.5) and (A.6) in (A.4), we obtain (A.1).



KINETIC FLOCKING-NAVIER-STOKES MODEL 35

ACKNOWLEDGMENTS

JAC was partially supported by the project MTM2011-27739-C04-02 DGI (Spain) and
2009-SGR-345 from AGAUR-Generalitat de Catalunya. JAC acknowledges support from
the Royal Society by a Wolfson Research Merit Award. YPC was supported by Basic
Science Research Program through the National Research Foundation of Korea funded by
the Ministry of Education, Science and Technology (ref. 2012R1A6A3A03039496). JAC
and YPC were supported by Engineering and Physical Sciences Research Council grants
with references EP/K008404/1 (individual grant) and EP/I019111/1 (platform grant). The
work of TK was supported by the Norwegian Research Council (proj. 205738).

1]

REFERENCES

H.-O. BAE, Y.-P. CHoI, S.-Y. HA, AND M.-J. KANG, Global ezistence of strong solution for the
Cucker-Smale- Navier-Stokes system, J. Diff. Eqns., 257, (2014), 2225-2255.

H.-O. BAE, Y.-P. CHo1, S.-Y. HA, AND M.-J. KaNG, Asymptotic flocking dynamics of Cucker-Smale
particles immersed in compressible fluids, Disc. Cont. Dyn. Sys.-A., 34, (2014), 4419-4458.

L. Boupin, L. DESVILLETTES, C. GRANDMONT, AND A. MouUssA, Global existence of solution for the
coupled Vlasov and Naiver-Stokes equations, Differential and Integral Equations, 22, (2009), 1247-1271.
J. A. CaN1zo, J. A. CARRILLO, AND J. ROSADO, A well-posedness theory in measures for some kientic
models of collective motion, Math. Models Methods Appl. Sci., 21, (2011), 515-539.

J. A. CARRILLO, R. DUAN, AND A. MoussaA, Global classical solutions close to the equilibrium to the
Vlasov-Fokker-Planck-Euler system, Kinetic and Related Models, 4, (2011), 227-258.

J. A. CARRILLO, M. FORNASIER, J. ROSADO, AND G. TOSCANI, Asymptotic flocking dynamics for the
kinetic Cucker-Smale model, STAM J. Math. Anal., 42, (2010), 218-236.

J. A. CARRILLO, M. FORNASIER, G. Toscani, F. VECIL, Particle, Kinetic, and Hydrodynamic Models
of Swarming, in Naldi, G., Pareschi, L., Toscani, G. (eds.) Mathematical Modeling of Collective Behavior
in Socio-Economic and Life Sciences, Series: Modelling and Simulation in Science and Technology,
Birkhauser, (2010), 297-336.

J. A. CARRILLO AND T. GOUDON, Stability and asymptotic analysis of a fluid-particle interaction model,
Comm. PDE, 31, (2006), 1349-1379.

F. CUCKER AND S. SMALE, Emergent behavior in flocks, IEEE Trans. Autom. Control, 52, (2007),
852-862.

C. M. DAFERMOS, The second law of thermodynamics and stability, Arch. Rational Mech. Anal., 70
(1979), 167-179.

P. DEGOND, Global ezistence of smooth solutions for the Vlasov-Fokker-Planck equation in 1 and 2
space dimensions, Ann. Sci. Ecole Norm. Sup., 19, (1986), 519-542.

V. GIRAULT AND P.-A. RAVIART, Finite element methods for Navier-Stokes equations, vol. 5 of Springer
Series in Computational Mathematics, Springer-Verlag, Berlin, (1986), Theory and algorithms.

R. GrAsSEY, The Cauchy problem in kinetic thoery, Philadelphia: Society for Industrial and Applied
Mathematics, (1996).

P. GoncAaLvEs, C. LANDIM, AND C. TONINELLI, Hydrodynamic limit for a particle system with degen-
erate rates, Ann. Inst. H. Poincar Probab. Statist. 45(4), (2009), 887-909.

T. GoubpoN, L. HE, A. MoussA, AND P. ZHANG, The Navier-Stokes-Viasov-Fokker-Planck system
near equilibrium, SIAM J. Math. Anal., 42, (2010), 2177-2202.

T. GoupoN, P.-E. JABIN, AND A. VASSEUR, Hydrodynamic limit for the Vlasov-Navier-Stokes equa-
tions:I. Light particles regime, Indiana Univ. Math. J., 53, (2004), 1495-1515.

T. GoupoN, P.-E. JABIN, AND A. VASSEUR, Hydrodynamic limit for the Viasov-Navier-Stokes equa-
tions:1I. Fine particles regime, Indiana Univ. Math. J., 53, (2004), 1517-1536.

K. HAMDACHE, Global existence and large time behavior of solutions for the Viasov-Stokes equations,
Japan J. Indust. Appl. Math., 15, (1998), 51-74.

S.-Y. HA anDp J.-G. Liu, A simple proof of Cucker-Smale flocking dynamics and mean field limit,
Commun. Math. Sci., 7, (2009), 297-325.



36

CARRILLO, CHOI, AND KARPER

[20] S.-Y. HA AND E. TADMOR, From particle to kinetic and hydrodynamic description of flocking, Kinetic

and Related Models, 1, (2008), 415-435.

[21] T. K. KARPER, A. MELLET, AND K. TRIVISA, Ezistence of weak solutions to kinetic flocking models,

SIAM J. Math. Anal., 45(1), (2013), 215-243.

[22] T. K. KARPER, A. MELLET, AND K. TRIVISA, Hydrodynamic limit of the kinetic Cucker-Smale model,

submitted (2012).

[23] T. K. KARPER, A. MELLET, AND K. TRIVISA, On strong local alignment in the kinetic Cucker-Smale

model, Hyperbolic conservation laws and related analysis with applications, Springer Proc. Math. Stat.,
49, (2014), 227-242.

[24] C. LANDIM, Hydrodynamic limit of interacting particle systems, School and Conference on Probability

Theory, 57100 (electronic), ICTP Lect. Notes, XVII, Abdus Salam Int. Cent. Theoret. Phys., Trieste,
(2004).

[25] A. Maipa, Compressible fluid flow and systems of conservation laws in several space variables, Applied

Mathematical Sciences 53, Springer-Verlag: New York, 1984.

[26] A. MELLET AND A. VASSEUR, Global weak solutions for a Vlasov-Fokker-Planck/Navier-Stokes system

of equations, Math. Models Methods Appl. Sci., 17, (2007), 1039-1063.

[27] A. MELLET AND A. VASSEUR, Asymptotic analysis for a Vlasov-Fokker-Planck/Compressible Navier-

Stokes equations, Comm. Math. Phys., 281, (2008), 573-596.

[28] S. MOTSCH AND E. TADMOR, A new model for self-organized dynamics and its flocking behavior, Journal

of Statistical Physics, Springer, 141(5), (2011), 923-947.

[29] H.T. YAu, Relative entropy and hydrodynamics of Ginzburg-Landau models, Lett. Math. Phys. 22(1),

(1991), 6380.

(José A. Carrillo)

DEPARTMENT OF MATHEMATICS
IMPERIAL COLLEGE LONDON, LONDON SW7 2AZ, UNITED KINGDOM

E-mail address: carrillo@imperial.ac.uk

(Young-Pil Choi)

DEPARTMENT OF MATHEMATICS
IMPERIAL COLLEGE LONDON, LONDON SW7 2AZ, UNITED KINGDOM

E-mail address: young-pil.choi@imperial.ac.uk

(Trygve K. Karper)

DEPARTMENT OF MATHEMATICAL SCIENCES
NORWEGIAN UNIVERSITY OF SCIENCE AND TECHNOLOGY, TRONDHEIM, N-7491, NORWAY

E-mail address: karper@gmail.com



