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Abstract

A new two-layer model for impulsive wave generation by deformable granular landslides
is developed based upon a discontinuous Galerkin finite element discretisation. Land-
slide motion is modelled using a depth-averaged formulation for a shallow subaerial
debris flow, which considers the bed curvature represented by the local slope angle vari-
able and accounts for inter-granular stresses using Coulomb friction. Wave generation
and propagation are simulated with the three-dimensional non-hydrostatic coastal ocean
model Thetis to accurately capture key features such as wave dispersion. Two different
techniques are used in treating wetting and drying (WD) processes during the landslide
displacement and wave generation, respectively. For the lower-layer landslide motion
across the dry bed a classical thin-layer explicit WD method is implemented, while for
the resulting free-surface waves interacted with the moving landslide an implicit WD
scheme is utilised to naturally circumvent the artificial pressure gradient problem which
may appear in the dynamic interaction between the landslide and water if using the
thin-layer method. The two-layer model is validated using a suite of test cases, with
the resulting good agreement demonstrating its capability in describing both the com-
plex behaviours of granular landslides from initiation to deposition, and the consequent
wave generation and propagation.

Keywords: Landslide generated wave, Two-layer model, Granular flow, Discontinuous
Galerkin, Finite element method, Non-hydrostatic

1. Introduction1

Impulsive waves in nature are often related to surface gravity waves caused by a sud-2

den water displacement that may occur in reservoirs, rivers, fjords, and oceans [1]. Apart3

from earthquakes, landslides are commonly considered as one of the major sources of4

these waves [2]. These waves are also often referred to as tsunamis in the literature. Past5

tsunamis, such as those caused by the earthquake in Shikotan in 1994 [3], by the Cana-6

dian Grand Banks submarine landslide in 1929 [4], and by the subaerial landslide in7

Lituya Bay of Alaska in 1958 [5], generated serious humanitarian, economic and environ-8

mental impacts in coastal areas. Although significant tsunamis are arguably generated9

by earthquakes more frequently, landslide generated waves can create the largest hazard10

[6, 7]. In contrast to earthquakes, subaerial or submarine landslides can generate waves11

with relatively shorter wavelengths and stronger dispersive characteristics, and locally12

they may cause higher wave amplitudes and run-up heights along adjacent coastlines. It13
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should also be noted that it is possible that an earthquake triggers a landslide [8], and14

that both may contribute to the generation of a tsunami [9–11].15

Landslide generated waves represent the combination of two hazards — the land-16

slide itself and any induced (tsunami) waves. For complete numerical simulation one17

has to consider both the landslide motion, typically with a prescribed rheological as-18

sumption, and the coupled and resulting hydrodynamics, including any induced waves.19

Considerable effort has gone into the study of landslide generated waves using various20

types of computational models based upon different levels of simplification of the un-21

derlying Navier-Stokes equations; for example, the shallow water equations [4, 12–14],22

Boussinesq wave equation [15–18], and non-hydrostatic pressure decomposed equations23

[19–22] have been utilised. A computational fluid dynamics (CFD) based approach, e.g.24

multi-phase flow models solving the full Navier-Stokes equations with a free surface25

tracking method, is also an alternative approach to accurately reproduce the entire pro-26

cess of the slide motion and its complicated interactions with surrounding water [23–29].27

However, its significant computational costs limit the applications of CFD approaches28

over relatively limited spatial and temporal scales.29

In terms of landslide motion, there are generally two approaches taken for large scale30

simulations. One is to treat the landslide as a rigid solid, potentially with prescribed31

kinematics obtained from a semi-empirical formulation, while the other is to consider32

the slide as a deformable object with a particular rheology. In the former the slide motion33

can be integrated into wave generation/propagation models via an approach that may be34

interpreted as a moving bottom boundary condition, i.e. one-way coupling where bot-35

tom boundary deformations act on the free surface. Although this treatment is widely36

applied to submarine slides [30–33], and replicates certain simplified lab cases, the in-37

ability to capture landslide deformation may limit its application to realistic cases where38

the deformation of the landslide shape may be important. It should be noted that if the39

deformation is known a priori it is generally readily feasible to impose it within an oth-40

erwise “rigid” block approach [34]. As confirmed by some experimental and numerical41

studies [35–39], landslide deformation can significantly affect the shape of the slide as42

well as the impact height and velocity in the case of subaerial slides. The resulting wave43

amplitudes can be overestimated by models which treat the slide as a solid mass [19, 40–44

42]. In this sense, allowing the slide to naturally deform can be beneficial for the accurate45

representation of landslide generated waves.46

Among the methodologies available to simulate deformable slides, various rheolog-47

ical models have been used to represent the behaviours of the slides. In terms of sub-48

marine landslides, a popular approach is to model the slide and its surrounding water49

as separate fluids with different properties. For example, based upon the long wave ap-50

proximation [12] proposed a depth-averaged model where water was taken to be inviscid51

and incompressible while the deformable slide was treated as a Newtonian, viscous fluid52

layer. This was further developed and applied to some realistic cases, e.g. in [13] and53

[43]. Moreover, the slide can also be assumed to be a non-Newtonian fluid, such as by54

adopting a Bingham rheology [44, 45]. Another alternative approach is to model the slide55

as a mixture of sediment and water driven by the setting velocity and baroclinic pressure56

[19, 46, 47].57

The deformable landslide and resulting wave generation and propagation can be sim-58

ulated by the above described approaches and models with reasonable accuracy in the59

submarine slide case. However, for subaerial slides the fluid based slide models cannot60

reproduce well the overall landslide motion from the initial sliding on the hillslope to the61

final deposition, since the laminar viscous fluid or Bingham viscoplastic fluid rheologies62

cannot properly account for the inter-granular stresses and basal pore water pressure63

in landslides. Based on depth-averaged formulations for shallow subaerial debris flows64
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[48–50], numerical models that consider the subaerial landslide as a dense grain-fluid65

mixture and its motion as debris flow, were applied to describe the granular behaviour66

of submarine [51–54] and subaerial landslides [20, 21, 55–59]. These models accounted67

for the inter-granular stresses using a Coulomb friction approach.68

In this study we adopt the Savage–Hutter (SH) formulation [48] as that used in [20,69

21, 52, 54, 58] to describe the landslide as a granular flow. Different from the models70

of [20, 21, 58] based on the flat bed-normal coordinate system, the present work follows71

the formulation of [52, 54], which takes the effects of bottom curvature into account72

introducing a local slope angle under the hypothesis of small variation of the curvature73

[60]. In the work presented here, we extend the original two-dimensional (2D) form of74

equations to the three-dimensional (3D) one with only considering the x-direction bed75

curvature.76

Following the underlying SH theory [48], many granular landslide models were de-77

veloped and applied, e.g. [20, 21, 51, 52, 54, 55, 58, 59]; however, they are all based on78

finite volume (FV) or finite difference (FD) methods. To the best of the authors’ knowl-79

edge this study represents the first application of a finite element based discretisation for80

modelling tsunami wave generation from granular landslides based upon the SH theory.81

In the context of more general landslide-induced wave applications, recent advances82

in particle or meshless methods should be acknowledged that are also suited to this type83

of problem [61–66]. Although this kind of approach allows for the more accurate repre-84

sentation of the constitutive relation among the material particles within the landslide, it85

is still a challenge to directly apply meshfree particle methods to large-scale applications86

due in part to significant computational costs and the disparity between horizontal and87

vertical lengths scales. The work in this study, presenting one of the first demonstrations88

of the discontinuous Galerkin based finite element (DG-FE) discretisation, hence focuses89

on mesh based modelling.90

A DG-FE based two-layer granular landslide and wave generation coupled model is91

thus developed within the coastal ocean model Thetis [22, 47, 67–69]. For this work one92

of the main objectives is to introduce an applicable two-layer model applying the discon-93

tinuous Galerkin method to the modelling of granular landslide generated waves. The94

DG method offers high-order accuracy, is strictly conservative locally, while also inherit-95

ing the geometric flexibility of FE and FV methods [47]. During the whole processes of96

subaerial landslide motion and its generated wave run-up, significant wetting and drying97

(WD) processes occur and thus efficient WD methods are required to accurately capture98

the moving WD front. In this work, a well-balanced vertex-based WD method [70, 71],99

compatible with the Runge-Kutta DG-FE based approximation, is implemented in Thetis100

combined with a Harten–Lax–van Leer–Contact (HLLC) Riemann solver [72] resolving101

the dry bed flux especially at the WD front during granular landslide movement.102

The remainder of the paper is structured as follows. The governing equations for103

both the granular landslide and wave generation are presented in Section 2. The finite104

element discretisation, time integration scheme and wetting and drying techniques are105

introduced in Section 3. Numerical benchmarking against several test cases is demon-106

strated in Section 4, followed by conclusions in Section 5.107

2. Mathematical formulation108

In this work, a two-layer model is developed for granular landslide generated waves.109

Landslide motion (the lower-layer) is represented through a depth-averaged granular110

model, while wave generation and propagation (the upper-layer) are modelled using the111

three-dimensional coastal ocean model Thetis. The formulations for this coupled system112

are presented separately in this section.113
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2.1. Lower-layer granular landslide114

Following [73], the landslide motion is treated via the flow of a grain-fluid Coulomb
mixture. Assuming the flow is incompressible, the starting system of equations in the
Cartesian coordinate system read

∇ · v = 0, (1)

ρ

(
∂v
∂t

+ v · ∇v
)

= −∇ ·T+ ρ∇ (g · x) , (2)

in which

ρ = γsρs +γf ρf , v =
(
γsρsvs +γf ρf vf

)
/ρ, T = Ts +Tf . (3)

Here ρ is the mixture density, and v = [vx,vy ,vz]T is the mixture velocity. g = [0,0,−g]T115

represents the gravitational acceleration. x = (x,y,z) denotes Cartesian coordinate, and116

∇ = [∂∂x ,
∂
∂y ,

∂
∂z ] is the gradient operator in the Cartesian coordinate system. T is the stress117

tensor and normal stresses are defined as positive in compression. It is assumed that118

the granular quantities have contributions from both the solid and fluid phases denoted119

by the superscript ‘s′ and ‘f ′, respectively, and both phases have the same velocity [73].120

Those variables with no superscript represent the final mixture of solid and fluid phases121

with corresponding volume fractions γs and γf , respectively, where γs +γf = 1.122

Figure 1: Sketch of the two-layer system with model parameters defined. The lower-layer landslide motion
is along the non-erodible bottom b with the curvature represented by the local slope angle θ.

Equations (1) and (2) are then transferred to a local coordinate system over the non-
flat bed denoted by z = b(x). For the sake of simplicity, this study only considers the
x−direction bed curvature with a local slope angle θ (see Fig. 1). We simply extend the
two-dimensional transformation matrix in [52] to the following three-dimensional one,

∇x(x′ , z′) =
1
J


cosθ 0 sinθ

0 J 0
−Jsinθ 0 Jcosθ

 , J = 1− z′ dθ
dx′

, (4)

where θ is only related to the x′− and z′− components of the local coordinate system
x′ = (x′ , y′ , z′). x′ represents the curve length of the bottom, and z′ denotes the distance
measured perpendicular to the bottom. J is the Jacobian of the change of variables, and
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for a non-erodible bed dθ
dx′ = ∂θ

∂x′ is valid. Following [52], the transferred equations in the
new local coordinate system are

∂vx′

∂x′
+
∂Jvy′

∂y′
+
∂Jvz′

∂z′
= 0, (5)

ρ

[
∂Jvx′

∂t
+
∂v2

x′

∂x′
+
∂Jvx′vy′

∂y′
+
∂Jvx′vz′

∂z′

]
= ρ

∂(g · x)
∂x′

− ∂Tx
′x′

∂x′
−
∂JTy′x′

∂y′
− ∂JTz

′x′

∂z′

+ ρvz′
(
∂vx′θ
∂x′

+
∂Jvy′θ

∂y′
+
∂Jvz′θ
∂z′

)
+ Tx′z′

dθ
dx′

, (6)

ρ

∂Jvy′∂t
+
∂vx′vy′

∂x′
+
∂Jv2

y′

∂y′
+
∂Jvy′vz′

∂z′

 = −
∂Tx′y′

∂x′
−
∂JTy′y′

∂y′
−
∂JTz′y′

∂z′
, (7)

ρ

[
∂Jvz′

∂t
+
∂vx′vz′

∂x′
+
∂Jvy′vz′

∂y′
+
∂Jv2

z′

∂z′

]
= ρJ

∂(g · x)
∂z′

− ∂Tx
′z′

∂x′
−
∂JTy′z′

∂y′
− ∂JTz

′z′

∂z′

− ρvx′
(
∂vx′θ
∂x′

+
∂Jvy′θ

∂y′
+
∂Jvz′θ
∂z′

)
− Tx′x′

dθ
dx′

, (8)

where vx′ , vy′ and vz′ are the velocity components based on the local slope coordinate.
Note that no coordinate transformation terms are present in (7), since no y−direction bed
curvature is considered in the present work for simplicity. The coordinate transformation
terms in (6) and (8) can also be further clarified as follows

ρvz′

(
∂vx′θ
∂x′

+
∂Jvy′θ

∂y′
+
∂Jvz′θ
∂z′

)
= ρvx′vz′

dθ
dx′

, (9)

ρvx′

(
∂vx′θ
∂x′

+
∂Jvy′θ

∂y′
+
∂Jvz′θ
∂z′

)
= ρv2

x′
dθ
dx′

, (10)

which is valid given that no bed curvature in the y−direction is considered.123

For the landslide layer, kinematic boundary conditions at the slide surface (z′ = hs)
and the non-erodible bottom (z′ = 0) are given by

vz′ =
∂hs
∂t

+ vx′
∂hs
∂x′

+ vy′
∂hs
∂y′

at z′ = hs, (11)

vz′ = 0 at z′ = 0, (12)

and dynamic boundary conditions are [54]

ni ·
(
T(1) −T(2)

)
ni = 0 at z′ = hs, (13)

T(2)nb −
((
T(2)nb

)
·nb

)
nb =


−nb ·

(
T(2) −T(1)

)
nb

vx′√
v2
x′+v

2
y′

tanφb

−nb ·
(
T(2) −T(1)

)
nb

vy′√
v2
x′+v

2
y′

tanφb

0

 at z′ = 0, (14)

where hs is the thickness of landslide perpendicular to the bottom. ni and nb are the124

exterior unit normal vectors at the slide-water interface and the bottom, respectively. The125

superscript (1) and (2) denote the upper water layer and the lower slide layer, respectively.126

φb is the basal friction angle, and it is noted that the Coulomb-type friction law presented127

in (14) takes into account the buoyancy effects from the fluid layer where grains are128

submerged.129

Next, the model equations (5)–(8) are integrated in the direction normal to the bed.
In the integration process, dθ

dx′ is assumed to be O(ε) [52] (ε = H ′/L′ with H ′ and L′ rep-
resenting the characteristic lengths in the x′ and z′ directions), and z′ dθdx′ is supposed to
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be small. J = 1− z′ dθdx′ is then reduced to J = 1 up to second order, and hence we drop J in
the following derivation. The underlying hypothesis is based on small variations of the
bed curvature considered in this study. For the test cases that meet the criteria of small
variations of bed curvature, it can be expected that reducing J to second order does not
affect the accuracy of the results. Similarly, the integration of the term Tx′z′

dθ
dx′ in (6), i.e.∫ hs

0
Tx′z′

dθ
dx′

dz′ = Tx′z′
[
z
dθ
dx′

]z′=hs
z′=0

,

is also supposed to be a small value compared with other terms, and can be dropped130

here.131

Using the boundary conditions, integrating (5)–(7) over the slide thickness, and drop-
ping high-order terms as in [52, 54], we obtain the depth-integrated continuity and hor-
izontal momentum equations

∂hs
∂t

+
∂hsv̄x′

∂x′
+
∂hsv̄y′

∂y′
= 0, (15)

ρ

[
∂hsv̄x′

∂t
+
∂hsv̄

2
x′

∂x′
+
∂hsv̄x′ v̄y′

∂y′

]
=

∫ hs

0
ρ
∂(g · x)
∂x′

dz′ −
∫ hs

0

[
∂Tx′x′

∂x′
+
∂Ty′x′

∂y′
+
∂Tz′x′

∂z′

]
dz′ ,

(16)

ρ

∂hsv̄y′∂t
+
∂hsv̄x′ v̄y′

∂x′
+
∂hsv̄

2
y′

∂y′

 = −
∫ hs

0

[
∂Tx′y′

∂x′
+
∂Ty′y′

∂y′
+
∂Tz′y′

∂z′

]
dz′ , (17)

where v̄x′ and v̄y′ are depth-averaged velocities in the x′ and y′ directions, respectively.132

Note that the over-bar notation implies a depth-average quantity throughout.133

Given the much larger ‘horizontal’ length scale of most of the slide scenarios under
consideration are in comparison to the ‘vertical’, the vertical momentum equation can be
first reduced to

∂Tz′z′

∂z′
= ρ

∂(g · x)
∂z′

− ρv2
x′
dθ
dx′

, (18)

i.e.

∂T sz′z′
∂z′

+
∂T

f
z′z′

∂z′
= ρ

∂ [−g(b+ z′cosθ)]
∂z′

− ρv2
x′
dθ
dx′

= −ρgcosθ − ρv2
x′
dθ
dx′

, (19)

where T sz′z′ and T fz′z′ are z′-direction normal stresses in solid and fluid phases, respectively.
Then integrating (19) over the landslide depth, we obtain

T sz′z′ |z′=0 = ρghscosθ + ρhsv̄
2
x′
dθ
dx′

+ T sz′z′ |z′=hs + T fz′z′ |z′=hs − T
f
z′z′ |z′=0. (20)

For the sake of simplicity, |z′=0 and |z′=hs are replaced by subscripts ‘b′ and ‘h′ denoting
the bed and landslide-water interface, respectively, and hence (20) becomes

T sz′z′b = ρghscosθ + ρhsv̄
2
x′
dθ
dx′

+ T sz′z′h + T fz′z′h − T
f
z′z′b. (21)

Given the upper-layer fluid pressure at the interface P fh = T sz′z′h + T fz′z′h, a distribution
factor λ1 is introduced to describe the contribution from the fluid and solid phases of
the lower layer [52], i.e. T fz′z′h = λ1P

f
h and T sz′z′h = (1 − λ1)P fh . Furthermore, assuming
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the pressure in the fluid phase is linearly dependent on the landslide depth, the pore
pressure at the bed can be related to that at the interface via

T
f
z′z′b = T fz′z′h +λ2ρ

f ghscosθ, (22)

and the depth-averaged pressure is

T̄
f
z′z′ =

1
2

(
T
f
z′z′b + T fz′z′h

)
= λ1P

f
h +

1
2
λ2ρ

f ghscosθ, (23)

where λ2 is another factor defined by [49] to control what percent of the normal pressure134

comes from fluid phase through the lower granular layer. Both the factors λ1 and λ2135

are determined through calibration such as laboratory measurements. Note that λ1 = 0136

implies the isolation of the pore fluid from the upper water layer, while λ1 = 1 represents137

the continuity of the fluid pressure between the lower grain-fluid mixture layer and the138

upper water layer.139

Substituting (22) into (21), the normal stress in the solid phase at the bed is given by

T sz′z′b = (1−λ1)P fh +
(
ρ −λ2ρ

f
)
ghscosθ + ρhsv̄

2
x′
dθ
dx′

, (24)

and the depth-averaged value is

T̄ sz′z′ = (1−λ1)P fh +
1
2

(
ρ −λ2ρ

f
)
ghscosθ +

1
2
ρhsv̄

2
x′
dθ
dx′

. (25)

The stresses in the x′-direction momentum equation can be formulated as follows

−
∫ hs

0

[
∂Tx′x′

∂x′
+
∂Ty′x′

∂y′
+
∂Tz′x′

∂z′

]
dz′ =−

∂
(
hsT̄x′x′

)
∂x′

+
∂
(
hsT̄y′x′

)
∂y′


+
∂hs
∂x′

Tx′x′h +
∂hs
∂y′

Ty′x′h + Tz′x′b − Tz′x′h, (26)

in which the Leibniz integral rule is applied. Constitutive relations can be applied to
relate normal and shear stresses of each phase. The fluid phase of the Coulomb mixture
is assumed as homogeneous and an isotropic stress is defined, i.e. T fx′x′ = T fy′y′ = T fz′z′ . In
terms of the anisotropic solid phase, the normal stresses T sx′x′ and T sy′y′ are related to the
z′-direction normal stress T sz′z′ through a coefficient of lateral earth pressure ka/p derived
from Coulomb theory:

T sx′x′ = T sy′y′ = ka/pT
s
z′z′ . (27)

For frictional granular material, the earth pressure coefficient ka/p (sometimes repre-
sented by kact/pas in literature) can be taken to be [48, 49]

ka/p =

2
1∓[1−cos2φi(1+tan2φb)]

1/2

cos2φi
− 1 if φi ≥ φb,

1+sin2φi
1−sin2φi

if φi < φb,
(28)

where φi is the internal friction angle, and φb is the basal friction angle. For divergent140

depth-averaged flow which is indicated by ∂v̄x′
∂x′ +

∂v̄y′
∂x′ > 0, the sign ∓ is negative and ka/p141

corresponds to kact; for convergent flow the sign ∓ is positive and ka/p corresponds to kpas.142

In terms of ∂v̄x′
∂x′ +

∂v̄y′
∂x′ = 0, ka/p = (kact + kpas)/2 can be considered for this case and hence143

ka/p = 1 + tan2φi [52].144
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Assuming that all stresses inside the landslide increase linearly with landslide thick-
ness, we obtain

Tx′x′h = ka/pT
s
z′z′h + T fz′z′h =

(
λ1 + ka/p (1−λ1)

)
P
f
h , (29)

and the depth-averaged normal ones

T̄x′x′ = ka/pT̄
s
z′z′ + T̄

f
z′z′

=
(
λ1 + ka/p (1−λ1)

)
P
f
h +

1
2

(
λ2ρ

f + ka/p
(
ρ −λ2ρ

f
))
ghscosθ +

1
2
ka/pρhsv̄

2
x′
dθ
dx′

. (30)

The shear stresses Ty′x′ in (26) can also be expressed as [20]

Ty′x′ = −sign(Sx′y′ )T
s
x′x′sinφi , (31)

where Sx′y′ is the rate of strain indicated by 1
2 (∂v̄x′∂y′ +

∂v̄y′
∂x′ ), and note that the fluid shear

stress are negligible as compared with the Coulomb friction they are insignificant. Simi-
larly, we obtain

Ty′x′h = −sign(Sx′y′ )ka/p (1−λ1)P fh sinφi , (32)

T̄y′x′ = −sign(Sx′y′ )ka/p

[
(1−λ1)P fh +

1
2

(
ρ −λ2ρ

f
)
ghscosθ +

1
2
ρhsv̄

2
x′
dθ
dx′

]
sinφi . (33)

Furthermore, the Coulomb-type friction law gives the shear stress at the bed

Tz′x′b = −T sz′z′b
v̄x′

|v̄|
tanφb = −

[
(1−λ1)P fh +

(
ρ −λ2ρ

f
)
ghscosθ + ρhsv̄

2
x′
dθ
dx′

]
v̄x′√
v̄2
x′ + v̄

2
y′

tanφb.

(34)

The shear stress at the layer interface Tz′x′h and Tz′y′h are represented by the friction
between the upper and lower layers [52]:

fricx
(
u
f
d , v̄

)
= −ρf Kin

∣∣∣∣ufd − v̄∣∣∣∣ (ufd − v̄x′) , (35)

fricy
(
u
f
d , v̄

)
= −ρf Kin

∣∣∣∣ufd − v̄∣∣∣∣ (vfd − v̄y′) , (36)

where ufd = [ufd ,v
f
d ]T stands for the upper-layer fluid velocity near the landslide-water145

interface, and Kin is a positive constant.146

The gravity based term in the x′-direction momentum equation is evaluated as fol-
lows ∫ hs

0
ρ
∂(g · x)
∂x′

dz′ =
∫ hs

0
ρ
∂ [−g(b+ z′cosθ)]

∂x′
dz′

= −ρghs
∂b
∂x′

+
1
2
ρgh2

s sinθ
dθ
dx′

. (37)

Note that the term in (9) containing the vertical velocity vanishes in the integration pro-147

cess due to the shallow domain considered.148

Analogously, all the stresses in the y′ direction in the depth-averaged momentum
equation can be obtained. Then substituting all evaluated terms, and re-transforming
the model equations to the Cartesian coordinate system based on the following relations,

∂
∂x′

= cosθ
∂
∂x
,

∂
∂y′

=
∂
∂y
, h =

hs
cosθ

, p = hv̄x′ , q = hv̄y′ , (38)
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we finally obtain the granular flow equations in divergence form in the Cartesian coordi-
nate system

∂W
∂t

+∇h ·F(θ,W) = S(θ,W), (39)

where ∇h = [∂∂x ,
∂
∂y ] is the horizontal gradient operator, W is a vector defined as W ≡149

[h,p,q]T , and the flux matrix F = [Fx,Fy] are given by150

Fx =


pcosθ

p2

h
cosθ +

1
2
Λ2gh

2cos3θ

pq

h
cosθ

 , Fy =


q
pq

h
q2

h
+

1
2
Λ2gh

2cos2θ

 , (40)

with Λ1 = λ1 + ka/p(1−λ1), Λ2 = rλ2 + ka/p(1− rλ2) and r = ρf

ρ .151

The source term is S = Sg +Sτ +Sc. The gravity related term Sg and the coupling term152

between the upper and lower layer Sc are given by153

Sg =


0

− ghcosθ
∂b
∂x
− 1

4
gh2cosθ

∂cos2θ
∂x

0

 , Sc =



0

− Λ1

ρ
hcosθ

∂P
f
h

∂x
− fricx
ρcosθ

− Λ1

ρ
h
∂P

f
h

∂y
−

fricy
ρcosθ


, (41)

and Sτ = [0,Sτx,Sτy]T is the main stress term, in which

Sτx =−

 (1−λ1)P fh
ρcosθ

+ (1− rλ2)ghcosθ +
p2

h
∂sinθ
∂x

 p√
p2 + q2

tanφb

+ sign(Sxy)ka/ph

1−λ1

ρ

∂P
f
h

∂y
+ (1− rλ2)g

∂hcos2θ
∂y

sinφi , (42)

Sτy =−

 (1−λ1)P fh
ρcosθ

+ (1− rλ2)ghcosθ +
p2

h
∂sinθ
∂x

 q√
p2 + q2

tanφb

+ sign(Sxy)ka/ph

1−λ1

ρ
cosθ

∂P
f
h

∂x
+ (1− rλ2)gcosθ

∂hcos2θ
∂x

sinφi . (43)

It should be noted that under the hypothesis of small variations of the bed curvature con-154

sidered here the higher-order residual terms related to bed curvature in the coordinate155

transformation have been dropped as in the dimensional analysis of [52, 54].156

2.2. Upper-layer wave generation157

The landslide wave generation and its subsequent propagation are modelled using a158

non-hydrostatic (NH) version of the 3D DG-FE based coastal ocean model Thetis [22, 47,159

68]. A series of NH formulations are included in Thetis, including a multi-layer model160

[68], an Arbitrary Lagrangian Eulerian (ALE) based model [22] and a σ -coordinate based161

model [47], all of which can accurately simulate the free-surface water waves present162

in the upper-layer. In [47], it is demonstrated that the multi-layered approach is fully163

consistent with the σ -coordinate formulation with a specific vertically discretised form164
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of model equations, and that the σ -transformation approach can be considered equiva-165

lent to the ALE approach with a particular type of mapping. The current work hence166

adopts the σ -coordinate based model for the representation of the upper-layer free-167

surface waves.168

The governing equations, i.e. the 3D incompressible Navier-Stokes equations, are
transformed into a σ -coordinate system based on the relations [74, 75]

t = t∗, x = x∗, y = y∗, σ =
z∗ + d
H

, (44)

where (x∗, y∗, z∗) denotes the standard 3D Cartesian coordinate system and (x,y,σ ) repre-169

sents the target domain where the wave model equations are solved.170

Dropping the Coriolis, baroclinic pressure and viscosity terms which are not relevant
to this study, the continuity and momentum equations in the σ -coordinate system take
the form

∂u
∂x

+
∂u
∂σ

∂σ
∂x∗

+
∂v
∂y

+
∂v
∂σ

∂σ
∂y∗

+
∂w
∂σ

∂σ
∂z∗

= 0, (45)

∂u
∂t

+u
∂u
∂x

+ v
∂u
∂y

+ω
∂u
∂σ

+ g
∂η

∂x
= − 1

ρf

(
∂Q
∂x

+
∂Q
∂σ

∂σ
∂x∗

)
, (46)

∂v
∂t

+u
∂v
∂x

+ v
∂v
∂y

+ω
∂v
∂σ

+ g
∂η

∂y
= − 1

ρf

(
∂Q
∂y

+
∂Q
∂σ

∂σ
∂y∗

)
, (47)

∂w
∂t

+u
∂w
∂x

+ v
∂w
∂y

+ω
∂w
∂σ

= − 1
ρf
∂Q
∂σ

∂σ
∂z∗

, (48)

with

∂σ
∂t∗

= − ∂σ
∂z∗

∂z∗

∂t
,

∂σ
∂x∗

= − ∂σ
∂z∗

∂z∗

∂x
,

∂σ
∂y∗

= − ∂σ
∂z∗

∂z∗

∂y
,

∂σ
∂z∗

=
1
H
, (49)

and the vertical velocity that arises in the σ -coordinate, given by

ω =
Dσ
Dt∗

=
∂σ
∂t∗

+u
∂σ
∂x∗

+ v
∂σ
∂y∗

+w
∂σ
∂z∗

, (50)

where [u,v,w]T is the 3D velocity vector and Q is the non-hydrostatic component of the171

total pressure. d is the water depth from the slide surface to the still water level and172

H = η + d is the total depth with η denoting the free-surface elevation. More details of173

the free-surface flow model can be found in [22].174

2.3. Interaction between landslide and water175

At the wave generation stage, the landslide deformation can significantly contribute176

to the surrounding water fluctuation and vice versa. For an accurate representation of177

the landslide-wave processes, their interaction should be treated properly. While retain-178

ing sufficient accuracy in simulating slide motion and its generated waves, the coupled179

model presented in this work simplifies the interaction such that the mixing effects at180

the landslide-water interface are not considered, e.g. the entrainment of large air cavi-181

ties are ignored. The landslide and surrounding water are assumed to remain in contact.182

Furthermore it is noted that significant wetting and drying processes are involved and183

should be handled accurately. The specific numerical technique will be presented in184

section 3.3 about wetting and drying treatments.185

The coupling of the slide motion and free-surface flow is mainly through the upper-
layer fluid pressure P fh imposed at the interface and the moving bottom boundary con-
dition resulting from the time-varying landslide position and thickness, as well as the
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friction between the slide and water. The upper-layer fluid pressure at the interface can
be obtained by

P
f
h = ρf g(η + d) +Qd , (51)

where Qd represents the contribution from the non-hydrostatic pressure.186

Given the temporal variation of the bottom geometry, impermeability boundary con-
ditions at the free-surface and bottom boundaries for the upper water layer are given
by

wη =
∂η

∂t
+uη

∂η

∂x
+ vη

∂η

∂y
, wd = −∂d

∂t
−ud

∂d
∂x
− vd

∂d
∂y
, (52)

where the subscripts ‘η′ and ‘d′ denote the boundary locations of free surface |z=η and187

the landslide-water interface |z=−d , respectively.188

Utilising (52) and integrating (45) over the water depth, we also obtain the equation
for the free-surface elevation

∂η

∂t
+
∂Hū
∂x

+
∂Hv̄
∂y

= −∂d
∂t
, (53)

where ū =
∫ 1

0 udσ , v̄ =
∫ 1

0 v dσ , and ∂d
∂t can be computed via the temporal variation of189

landslide thickness.190

2.4. List of assumptions191

For clarity, the assumptions adopted for the mathematical formulation are summa-192

rized as follows:193

• The inter-granular stresses are represented using Coulomb friction (specifically the194

Savage–Hutter formulation);195

• The stresses inside the landslide increase linearly with landslide thickness;196

• The landslide and surrounding water remain in contact, and shear stresses at the197

landslide-water interface are neglected;198

• The granular quantities have contributions from both the solid and fluid phases,199

and both phases have the same velocity;200

• The slide flow is incompressible, and the fluid phase is homogeneous with an isotropic201

stress.202

3. Numerical formulation203

3.1. Finite element discretisation204

3.1.1. Function spaces205

The model variables of the coupled two-layer system (39, 45–48, 53) are h, p, q for206

the lower landslide layer and η, u, v, w, Q for the upper wave flow layer. Choices of the207

function spaces for these variables are essential to the numerical stability and accuracy.208

The discretisation in this paper for both landslide and free-surface flows is based on209

a linear discontinuous Galerkin function space, PDG
1 . The lower-layer granular landslide210

model solves depth-averaged equations based upon 2D triangular elements, and it is211

discretised using an equal order DG element pair for the landslide thickness h, the hor-212

izontal depth-averaged momentum components p and q. The computational domain Γ213

is divided into a finite set Γe of sub-domains, and based on Lagrangian basis functions214
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φi : E ⊂ R2 → R, a piecewise polynomial function space W is defined upon the sub-215

domains. For PDG
1 discretisation, linear polynomials are assumed within triangles with216

no continuity enforced between adjacent elements. With appropriate Riemann fluxes217

embedded at element interfaces the PDG
1 element pair is well suited for shallow water218

problems [67, 76].219

The upper-layer free-surface flow model uses 3D prismatic elements which are ex-220

truded from the same horizontal triangles that subdivide the horizontal domain Γ used221

in the lower-layer model. The 3D σ -coordinate domain Ω is divided into a finite set Ωe of222

prisms, and the function space defined on Ωe is the tensor product of the horizontal func-223

tion space W = PDG
1 (Γe) and a vertical function space PDG

1 (Ve), i.e. V = PDG
1 (Γe)⊗PDG

1 (Ve).224

For more details of the finite element function spaces, readers may refer to [22, 47].225

In order to facilitate the derivation of weak forms, we use the following shorthand
notation 〈

•
〉
Γ

=
∑
E∈Γe

∫
E
•dxh,

〈〈
•
〉〉
IΓ

=
∑
I∈IΓ

∫
I
•dS,

〈
•
〉
Ω

=
∑
E∈Ωe

∫
E
•dx,

〈〈
•
〉〉
IΩ

=
∑
I∈IΩ

∫
I
•dA,

where 〈•〉 represents the spatial integral over elements, while 〈〈•〉〉 denotes that over226

interfaces.227

In addition, the notation {•} = (•L + •R)/2 and [[•]] = (•L −•R)/2 are adopted for mean
and jump operator, respectively. To be specific,

{a} = 1
2

(aL + aR) , {u} = 1
2

(uL +uR) , [[an]] = aLnL + aRnR,

where a and u represent scalar and vector fields, respectively. The subscripts ‘L′ and ‘R′228

represents the cell interface’s negative and positive side, respectively, and n = [nx,ny ,nz]229

denotes the outward unit normal vector.230

3.1.2. Discretisation of the granular landslide model231

Multiplying (39) by an test function φh ∈W ×W ×W, and integrating by parts over
elements in the 2D domain Γ , the following weak form is obtained:〈∂W

∂t
·φh

〉
Γ

+
〈〈

[[F̂ ·φh]]
〉〉
IΓ
−
〈
F · ∇hφh

〉
Γ

=
〈
S ·φh

〉
Γ
, (54)

where F̂ denotes the numerical flux.232

In the present work, a Harten–Lax–van Leer–Contact (HLLC) Riemann solver [72]233

is used to compute the numerical flux at cell faces. As an improvement to the classical234

Harten–Lax–van Leer (HLL) Riemann solver [77], HLLC is able to maintain the rarefac-235

tion wave and is thus preferred in resolving contact discontinuities. It should also be236

noted that other choices of Riemann solver are feasible, such as the Roe-type Riemann237

solver, a fairly common choice in industry standard flood modelling [78] and which has238

also previously been used for granular flow and landslide modelling [54, 79].239

To compute fluxes of the variable vector W, we consider the states to the left and
to the right of the discontinuity, denoted by WL and WR, respectively, as well as the
averaged intermediate states W∗L and W∗R. The four states are separated by three waves,
whose speeds are denoted by SL, S∗ and SR. The wave speeds are estimated by [80]

SL = min(vL − cL, vR − cR) , SR = max(vL + cL, vR + cR) , (55)

S∗ =
1
2gh

2
Lcos2θ − 1

2gh
2
Rcos2θ + hRvR(SR − vR)− hLvL(SL − vL)

hR (SR − vR)− hL (SL − vL)
, (56)
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where v = v̄′ · n′h is the normal velocity at element facets in the local coordinate and c is240

the ideal gravity wave speed represented by c =
√
Λ2ghcos2θ.241

The approximate Riemann solution is defined as

Ŵ =


WL if SL > 0,

W∗L if SL ≤ 0 ≤ S∗,
W∗R if S∗ ≤ 0 ≤ SR,
WR if SR < 0,

(57)

and the corresponding HLLC flux is given by

F̂ =


n′h ·FL if SL > 0,

F∗L(WL,WR) if SL ≤ 0 ≤ S∗,
F∗R(WL,WR) if S∗ ≤ 0 ≤ SR,
n′h ·FR if SR < 0.

(58)

There are various ways of estimating the intermediate states and flux W∗ and F∗, e.g.
[77, 81, 82]. In this study, the HLLC flux is evaluated in the general form

F̂ =
1
2

[
n′h · (FL +FR)− (|SL| − |S∗|)W∗L + (|SR| − |S∗|)W∗R + |SL|WL − |SR|WR

]
(59)

with

W∗L =
SL − vL
SL − S∗

(
WL + [0, hLcosθ(S∗ − vL)n′x, hLcosθ(S∗ − vL)n′y]T

)
, (60)

W∗R =
SR − vR
SR − S∗

(
WR + [0, hRcosθ(S∗ − vR)n′x, hRcosθ(S∗ − vR)n′y]T

)
, (61)

where n′x and n′y denote components of the unit normal vector n′h in the local coordi-242

nate system, and in the practical numerical implementation n′h is implemented by the243

horizontal unit normal vector in the Cartesian coordinate, i.e. n′h = [nx,
1

cosθny].244

3.1.3. Discretisation of the water wave model245

To model the dispersive free-surface wave dynamics, we use the non-hydrostatic ver-246

sion of the 3D coastal ocean model Thetis, which adopts the DG-FE discretisation. Details247

of the discretisation may be found in [22, 47, 68], with essential components only briefly248

presented here.249

In terms of the wave equations’ solution, the momentum equations (46)–(48) are
first solved without the dynamic pressure terms considered. The weak formulation is
obtained by multiplying the momentum equations by arbitrary test functions ψu ∈ V,
ψv ∈ V and ψw ∈ V, and performing integration over the σ -coordinate domain Ω, to
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yield:〈∂u
∂t
ψu

〉
Ω

+
〈〈
uup{u}[[ψunx]]

〉〉
IΩ
−
〈
u
∂ψuu

∂x

〉
Ω︸                                         ︷︷                                         ︸

advection term u ∂u∂x

+
〈〈
uup{v}[[ψuny]]

〉〉
IΩ
−
〈
u
∂ψuv

∂y

〉
Ω︸                                        ︷︷                                        ︸

advection term v ∂u∂y

+
〈〈
uup{ω}[[ψunσ ]]

〉〉
IΩ
−
〈
u
∂ψuω

∂σ

〉
Ω︸                                          ︷︷                                          ︸

advection term ω ∂u
∂σ

+
〈〈
g{η}[[ψunx]]

〉〉
IΩ
−
〈
gη
∂ψu
∂x

〉
Ω︸                                     ︷︷                                     ︸

elevation gradient term g ∂η∂x

= 0,

(62)〈∂v
∂t
ψv

〉
Ω

+
〈〈
vup{u}[[ψvnx]]

〉〉
IΩ
−
〈
v
∂ψvu

∂x

〉
Ω︸                                        ︷︷                                        ︸

advection term u ∂v∂x

+
〈〈
vup{v}[[ψvny]]

〉〉
IΩ
−
〈
v
∂ψvv

∂y

〉
Ω︸                                       ︷︷                                       ︸

advection term v ∂v∂y

+
〈〈
vup{ω}[[ψvnσ ]]

〉〉
IΩ
−
〈
v
∂ψvω

∂σ

〉
Ω︸                                         ︷︷                                         ︸

advection term ω ∂v
∂σ

+
〈〈
g{η}[[ψvny]]

〉〉
IΩ
−
〈
gη
∂ψv
∂y

〉
Ω︸                                     ︷︷                                     ︸

elevation gradient term g ∂η∂y

= 0,

(63)〈∂w
∂t
ψw

〉
Ω

+
〈〈
wup{u}[[ψwnx]]

〉〉
IΩ
−
〈
w
∂ψwu

∂x

〉
Ω︸                                          ︷︷                                          ︸

advection term u ∂w∂x

+
〈〈
wup{v}[[ψwny]]

〉〉
IΩ
−
〈
w
∂ψwv

∂y

〉
Ω︸                                          ︷︷                                          ︸

advection term v ∂w∂y

+
〈〈
wup{ω}[[ψwnσ ]]

〉〉
IΩ
−
〈
w
∂ψwω

∂σ

〉
Ω︸                                           ︷︷                                           ︸

advection term ω ∂w
∂σ

= 0, (64)

where the superscript ‘up′ represents the conventional upwind value at the cell inter-250

faces, and boundary condition terms have been omitted for simplicity.251

The velocities u, v,w solved for based upon the weak forms (62)–(64) are intermediate
and need to be substituted into the mass equation (45) to yield the 3D Poisson equation
for the non-hydrostatic pressure Q (see Eq. (61) in [47]). Its weak formulation has been
presented in Eq. (68) in [47] and are not repeated here for brevity. However, note that in
this study due to the moving bottom boundary from landslide motion, another boundary
term should be added to the right-hand side of the original weak form of the Poisson
equation to account for the coupling dynamics, which is given by〈〈ρf

∆t
1
H

(
hn+1 − hn

∆t

)
3d
nzψq

〉〉
∂Ωb

, (65)

where ψq is the test function forQ, and ∂Ωb denotes the bottom boundary of the domain252

Ω. The superscript ‘n+1′ and ‘n′ represent the current and previous time step levels and253

the time step size is ∆t = tn+1− tn. The subscript ‘3d’ implies that it is a 3D field from the254

vertical extrusion of the 2D landslide thickness h.255

Given the corrected velocity fields, the surface elevation should be updated accord-
ingly by solving the depth-integrated equation (53). The weak form reads〈∂η

∂t
φη

〉
Γ

+
〈〈
{H}ū∗[[φηnx]]

〉〉
IΓ
−
〈
Hū

∂φη
∂x

〉
Γ

+
〈〈
{H}v̄∗[[φηny]]

〉〉
IΓ
−
〈
Hv̄

∂φη
∂y

〉
Γ

=
〈∂h
∂t
φη

〉
Γ
, (66)
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where φη ∈ W is the test function, and the linear Roe solution [76] gives ū∗ = {ū} +256 √
g/{H}[[ηnx]] and v̄∗ = {v̄} +

√
g/{H}[[ηny]]. Note that the right-hand side term stands257

for the temporal variation of landslide thickness, and the total depth of the upper-layer258

water H also accounts for the effect of the landslide thickness h.259

3.2. Coupled time integration scheme260

For time stepping of the coupled two-layer system, a two-stage time integration scheme
is used. For convenience we rewrite the lower-layer landslide equation (39) and the
upper-layer water wave equations (46)–(48) as

∂W
∂t

= F (θ,W) +S(W, P
f
h ), (67)

∂U
∂t

=A(U,W) +P (Q,h), (68)

where U = [u,v,w]T denotes the 3D velocity of the upper-layer water and A denotes261

terms treated explicitly, such as advection and 3D elevation gradient terms. P
f
h in S262

consists of contributions from the non-hydrostatic pressure Q and free-surface elevation263

η appearing in (68), while W included in A is to account for the inter-layer friction and264

the landslide motion (67) acting on the upper-layer domain with the moving bottom265

boundary condition.266

We use a second-order Strong Stability Preserving Runge–Kutta scheme, SSPRK(2,2)
[83] to advance (67)–(68) in time. For a generic problem ∂c

∂t = F(c), the scheme reads

c(1) = cn +∆tF(cn), c(2) = c(1) +∆tF(c(1)) (69)

cn+1 =
1
2
cn +

1
2
c(2) = cn +

1
2
∆tF(cn) +

1
2
∆tF(c(1)). (70)

The first stage of time stepping evaluates the intermediate level of both the landslide
and water velocity variables:〈

W(1) ·φh
〉
Γ

=
〈
Wn ·φh

〉
Γ

+∆t
〈(
F (θ,Wn) +S(Wn,Qn,ηn)

)
·φh

〉
Γ
, (71)〈

U∗ ·ψu
〉
Ω(1)

=
〈
Un ·ψu

〉
Ωn

+∆t
〈
A(Un,W(1),η(1)) ·ψu

〉
Ωn
, (72)〈

U(1) ·ψu
〉
Ω(1)

=
〈
U∗ ·ψu

〉
Ω(1)

+∆t
〈
P (Q(1),h(1)) ·ψu

〉
Ω(1)

, (73)

where the pressure projection method is adopted to solve for the non-hydrostatic pres-267

sureQ(1), i.e. substituting (73) into the continuity equation (45) and solving the resulting268

Poisson equation for Q(1) (see Eq. (61) and (68) in [47]). With the value of Q(1), the veloc-269

ity U(1) is updated via (73). The whole time stepping is based on a fixed computational270

domain, and the domain notations Ω(1), Ωn (with the superscripts (1) and n denoting271

time step levels) actually represent the time-varying physical domain with respect to the272

free-surface perturbation and the moving bottom boundary. In the numerical implemen-273

tation, they are represented by the σ -transformation terms (49)–(50) computed at each274

stage.275

15



Similarly, the second stage advances the coupled equations in time as follows:〈
Wn+1 ·φh

〉
Γ

=
〈
Wn ·φh

〉
Γ

+
1
2
∆t

〈(
F (θ,Wn) +S(Wn,Qn,ηn)

)
·φh

〉
Γ

+
1
2
∆t

〈(
F (θ,W(1)) +S(W(1),Q(1),η(1))

)
·φh

〉
Γ

(74)〈
U∗ ·ψu

〉
Ω(2)

=
〈
U(1) ·ψu

〉
Ω(1)

+∆t
〈
A(U(1),Wn+1,η(2)) ·ψu

〉
Ω(1)

, (75)〈
U(2) ·ψu

〉
Ω(2)

=
〈
U∗ ·ψu

〉
Ω(2)

+∆t
〈
P (Q(2),hn+1) ·ψu

〉
Ω(2)

, (76)

where the final values of the landslide variables are obtained which are subsequently276

used for the wave flow equations. The pressure projection is again used in the same way277

as the first stage and the velocity is corrected with the substitution of non-hydrostatic278

pressure Q(2) into (76). The final velocity can then be obtained based on Un+1 = 1
2U

n +279

1
2U

(2).280

Along with the time advancing of the coupled system, the free-surface elevation (53)
is also advanced with a compatible two-stage time integration scheme [67]:

c(1) = cn +∆tF(cn), (77)

cn+1 = cn +
1
2
∆tF(cn) +

1
2
∆tF(cn+1), (78)

which is a combination of a forward Euler and trapezoidal steps. Denoting the weak
form of the divergence term in the free-surface equation (66) by G, the two-stage time
stepping for the elevation in (71)–(76) is given as follows〈

η(1)φη

〉
Γ

=
〈
ηnφη

〉
Γ

+∆t
〈
G(ηn, ūn, v̄n)φη

〉
Γ
, (79)〈

η(2)φη

〉
Γ

=
〈
ηnφη

〉
Γ

+
1
2
∆t

〈(
G(ηn, ūn, v̄n) +G(η(2), ū(1), v̄(1))

)
φη

〉
Γ
. (80)

To be specific, the elevations η(1) and η(2) are updated first at each stage before advancing281

the 3D momentum of upper layer water, i.e. (72) and (75). Once the landslide thickness282

and position as well as the upper-layer surface elevation are known, it is straightfor-283

ward to compute the σ -transformation terms (49)–(50) which actually originate from the284

movement of the physical domain. Based on the underlying practical physical domain,285

e.g. denoting Ω(1) and Ω(2) at different stages, the momentum equations can be advanced286

accurately. It is also noted that using the divergence-free velocity field Un+1 the final free-287

surface elevation ηn+1 can be obtained via (53), leading to the updated domain Ωn+1 and288

associated σ -transformation terms for the next time step.289

In terms of choosing the time step, the stability of the coupled two-layer system con-
strains the maximal admissible time step. According to the Courant-Friedrichs–Lewy
(CFL) condition, the typical admissible time step is [84]

∆t ∝ L
c+U

, (81)

where L denotes the length scale of an element, which is taken as the square root of area290

of the triangle element for horizontal domain. U ≥ 0 is the maximal advective speed. c291

is the speed of the surface gravity waves, and c =
√
Λ2ghcos2θ and c =

√
gH are used for292

the lower and upper layer, respectively. It is naturally noted that the maximal admissible293

time step for the lower- and upper-layer time advancing may not match. Our preliminary294

experiments indicated that the maximal admissible time step size for the lower layer is295

generally lower than that for the upper layer. It is to some extent explained that the296
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length scale of the landslide is much smaller than that of the water wave, which results297

in the smaller time step size required.298

As the computational cost of the upper-layer 3D model, with solving the Poisson299

equation for the non-hydrostatic pressure, is significantly higher, for the sake of compu-300

tational efficiency of the coupled model the lower-layer granular flow is set to be solved301

with a higher temporal resolution satisfying (81), i.e. δt = ∆t/M, where M is the integer302

time step ratio, and with an time indexm ∈ [0,M] the corresponding time is tm = tn+mδt.303

The presentation of (71) and (74) adopts the time step with a specific case of M = 1. For304

a general and complete solution procedure, the whole time integration scheme is sum-305

marised in Algorithm 1.306

Algorithm 1: Summary of the coupled time integration scheme
Input: Model variables at time tn: Wn,Un,ηn,Qn

Output: Model variables at time tn+1: Wn+1,Un+1,ηn+1,Qn+1

tm← tn;
while tm ≤ tn+1 do

First stage:
1: Solve 2D lower-layer granular flow for W(1), i.e. (h(1), p(1), q(1)) (71);
2: Apply wetting and drying treatments for W(1) (82)–(87);
if tm = tn+1 then

3: Update bathymetry d(1) and expand d(1), h(1) to the 3D fields d(1)
3d , h(1)

3d ;
4: Compute the temporal variation of slide thickness and update
free-surface elevation η(1) (79);

5: Compute σ -coordinate based vertical velocity ω(1) (50);
6: Update the non-hydrostatic pressure Q(1) and 3D upper-layer
momentum equations for U(1), i.e. (u(1), v(1), w(1)) (72)–(73);

7: Extract the non-hydrostatic pressure at the landslide-water interface
from Q(1), and compute the total upper-layer fluid pressure P fh (51);

end
Second stage:
8: Solve 2D lower-layer granular flow for Wm (74);
9: Apply wetting and drying treatments for Wm (82)–(87);
if tm = tn+1 then

10: Update bathymetry dn+1 and expand dn+1, hn+1 to the 3D fields dn+1
3d ,

hn+1
3d ;

11: Compute the temporal variation of slide thickness and update
free-surface elevation η(2) (80);

12: Compute σ -coordinate based vertical velocity ω(2) (50);
13: Update the non-hydrostatic pressure Q(2) and 3D upper-layer
momentum equations for divergence-free velocity Un+1 (75)–(76);

14: Extract the non-hydrostatic pressure at the landslide-water interface
from Q(2), and compute the total upper-layer fluid pressure P fh (51);

15: Update the final free-surface elevation ηn+1 and ωn+1;
end
tm← tm + δt;

end

307

3.3. Wetting and drying treatments308

In the modelling of granular subaerial landslides and wave generation, wetting and309

drying (WD) processes are expected to occur both in terms of the landslide movement310
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across the dry bed, and also with regards to the resulting free-surface waves forming a311

wet-dry interface moving across the landslide or the non-erodible bottom (e.g. in mod-312

elling phenomena such as wave run-up and run-down). To treat the wetting and drying313

properly, two different WD techniques are adopted in this work for the lower-layer land-314

slide and upper-layer free-surface flows, respectively.315

3.3.1. Wetting and drying treatment for landslide model316

For slide collapse and flow across the dry bed, a classical thin-layer technique is im-317

plemented in the model based on a fixed mesh (as opposed to a mesh that moves with the318

slide). It is relatively straightforward to use this technique with a FV approach [85–87]319

by first detecting the dry cells below a depth threshold ε and properly determining the320

flux at dry cell interfaces. For DG-FE, however, a different treatment is needed to ensure321

positivity of the mean depth within each finite element and a well-balanced numerical322

flux computation is used to limit numerical oscillations and preserve steady states at rest.323

The present numerical implementation closely follows the method presented by [70],324

in which the nodal depth hi and momentummi within an element are modified element-325

wise. The basic treatment is as follows:326

(1) If hi ≥ ε, ∀i ∈ {1,2,3}, then

h̃i = hi , ∀i ∈ {1,2,3}. (82)

(2) If h̄ ≤ ε, then

h̃i = h̄, ∀i ∈ {1,2,3}. (83)

(3) If h̄ > ε, sort the values of hi in ascending order, leading to hn1
≤ hn2

≤ hn3
, then

h̃n1
= ε, (84)

h̃n2
= max(ε,hn2

− (h̃n1
− hn1

)/2), (85)

h̃n3
= hn3

− (h̃n1
− hn1

)− (h̃n2
− hn2

). (86)

(4) Remove the momentum at dry nodes and evenly distribute to wet nodes

m̃i = αi (mi +∆m/nw) , (87)

where the procedure is applied at each Runge–Kutta time stepping stage. h̄ denotes327

the average depth within an element, and h̃i and m̃i denote the approximated nodal328

depth and momentum, respectively. αi = χ(h̃i − ε) is the flag denoting the wet or dry329

status of node i after modifying the depth, nw =
∑3
i=1αi is the number of wet nodes, and330

∆m =
∑3
i=1mi(1 − αi) represents the sum of momentum at dry nodes. χ(•) is the unit331

indicator function defined as that if h ≤ 0, χ(h) = 0 and else χ(h) = 1. A detailed discus-332

sion of the method can be found in [70], and for brevity only essential components are333

presented here. In the present landslide model which includes a bed curvature variable334

(i.e. θ), we take the additional step, as in [79], to not consider bed curvature around the335

WD interface for calculating the numerical fluxes, which can prevent potential issues as-336

sociated with artificial numerical waves caused by the bed curvature changes and further337

ensure the steady state solution of the model.338

3.3.2. Wetting and drying treatment for water wave model339

The thin-layer WD method used in the lower-layer landslide modelling relies on ex-340

plicit detection of dry elements, and the time step size is strictly constrained by the WD341

front which can propagate only by one element per time step [88]. The resulting explicit342

time integration scheme required would lead to significantly growing computational cost343
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for the upper-layer 3D non-hydrostatic simulations with relatively high vertical mesh344

resolution. In addition, the thin-layer WD approach is generally aimed at conserving nu-345

merical mass only, which is sufficient for the gradually propagating granular (landslide)346

flow; in terms of the dynamic landslide-water interaction, however, the potential artifi-347

cial pressure gradient problem may lead to serious momentum conservation issues and348

further affect the accuracy of the coupled two-layer modelling.349

To represent the complex moving shoreline with respect to the landslide-generated350

waves interacting with the uneven bottom or the landslide interface (taking account of351

the additional slide thickness over the original non-erodible bottom), a different implicit352

wetting and drying method [47, 88] is applied in this work to naturally circumvent the353

artificial pressure gradient problem. The underlying idea is to choose an appropriate354

modification function f (H) of the total water depth H to ensure H̃ = H + f (H) ≥ 0 in355

the whole domain. Note that the free surface level solved for can freely move below356

the dry area of bottom, although the total water depth actually "acknowledged" by the357

primitive equations is still positive with a spatially varying thin layer over the bed in358

drying phase. The advantages of this WD method include (a) no spurious free surface359

slope, (b) a smooth transition around the WD interface (or front), (c) the modification360

function can be naturally retained in both the primitive mass and momentum equations,361

and (d) the resulting feasible implicit time integration can reduce the computational cost.362

Different modification functions are selected by [88] and [47], but the basis is the
same. In this study we follow [47] and use

f (H) =
2δ2

2δ+ |H |
+

1
2

(|H | −H), (88)

so that the redefined water depth is given by

H̃ =H + f (H) =
2δ2

2δ+ |H |
+

1
2

(|H |+H), (89)

where H is a 2D field, and the parameter δ denoting the depth threshold at the WD363

interface (i.e. H = 0) is used to control the transition smoothness, which can affect the364

numerical stability significantly. It may be noticed that the modified water depth H̃ over365

the dry bed (i.e. where H < 0) is always positive, since the first term 2δ2

2δ+|H | > 0 and366

the latter term 1
2 (|H | +H) = 0 are satisfied unconditionally. In terms of the bed in the367

wetting phase, the modification (88) should be significant only near the WD front due to368

f (H) = 2δ2

2δ+H ≈ 0 for large H .369

Replacing H by H̃ , the weak formulation of (66) is modified as〈∂η
∂t
φη

〉
Γ

+
〈〈
{H̃}ū∗[[φηnx]]

〉〉
IΓ
−
〈
H̃ū

∂φη
∂x

〉
Γ

+
〈〈
{H̃}v̄∗[[φηny]]

〉〉
IΓ
−
〈
H̃v̄

∂φη
∂y

〉
Γ

=
〈∂h
∂t
φη

〉
Γ
−
〈∂f (H)

∂t
φη

〉
Γ
. (90)

After updating the approximated 2D free-surface elevation and the still water depth370

including the slide thickness, the corresponding 3D fields η3d and d3d can be obtained371

from vertical extrusions.372

To compute the 3D σ -transformation terms (49)–(50), the 3D water depth field (i.e.H3d =
η3d + d3d) should also be adjusted in a similar manner as (89):

H̃3d =
2δ2

2δ+ |H3d|
+

1
2

(|H3d|+H3d), (91)
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which is used to obtain the recovered vertical coordinate z∗ in the Cartesian coordinate373

via z∗ = σH̃3d − d3d, σ ∈ [0, 1]. The σ -coordinate transformation terms, including ω,374

∂z∗

∂t , ∂z∗

∂x , ∂z∗

∂y and ∂σ
∂z∗ = 1

H̃3d
, are calculated using z∗. These terms are then employed in375

both advancing the momentum equations and solving the Poisson equation for the non-376

hydrostatic pressure.377

4. Test cases378

The coupled two-layer granular and free-surface flow model presented above is veri-379

fied and validated in this section using a suite of test cases. The first three cases involve380

the validation of the granular landslide model. Among these, the model’s capability381

of preserving the stationary solutions is first verified, and then a frictional dam break382

flow on a flat slope as well as a granular flow onto a sloped bed with curvature are con-383

sidered to benchmark the accuracy of the granular model in representing wetting and384

drying transitions, friction and curvature effects. The subsequent cases with experimen-385

tal measurements are adopted for examining the impulsive wave generation by subaerial386

landslides which involves both the lower- and upper-layer flows. Given the last two test387

cases also considered by [20], we compare our results against theirs.388

4.1. Stationary solutions389

In terms of the stationary solution, the granular material is considered with no move-
ment, i.e. v̄x′ = v̄y′ = 0. Given this condition, the x−direction momentum equation in (39)
gives

∂1
2Λ2gh

2cos3θ

∂x
= −ghcosθ

∂b
∂x
− 1

4
gh2cosθ

∂cos2θ
∂x

+ Sτx, (92)

where for brevity the inter-layer coupling terms are not considered. According to [52],
the coulomb friction term Sτx can be understood by the fact that when the friction is
lower than the basal critical stress (i.e. |Sτx| < σc), the granular landslide stops moving
(i.e. v̄x′ = 0), where σc = (1 − rλ2)ghcosθtanφc with φc denoting the angle of repose
of the sliding mass. We use this treatment in the practical numerical implementation
to enforce zero velocity when the granular material is expected to stop moving. The
following relation can be derived

|Sτx| =
∣∣∣∣ghcosθ

∂b
∂x

+
∂1

2Λ2gh
2cos3θ

∂x
+

1
4
gh2cosθ

∂cos2θ
∂x

∣∣∣∣
=

∣∣∣∣ghcosθ
∂b
∂x

+Λ2gh
∂h
∂x

cos3θ +
3Λ2 + 1

4
gh2cosθ

∂cos2θ
∂x

∣∣∣∣ < σc, (93)

i.e. ∣∣∣∣∂b∂x +Λ2
∂h
∂x

cos2θ +
3Λ2 + 1

4
h
∂cos2θ
∂x

∣∣∣∣ < (1− rλ2)tanφc ≤ tanφc. (94)

Treating this relation as an equality, i.e. assuming the friction equals the critical stress, it390

forms a first order differential equation that can be solved for h with appropriate bound-391

ary conditions [79]. The inequality implies that the stationary flow surface is dependent392

of the values of Λ2 and the bed curvature. When Λ2 = 1, (94) reduces to
∣∣∣∣∂(b+hcos2θ)

∂x

∣∣∣∣ <393

tanφc; if further assuming the landslide material is in fact water, i.e. φb = φc = 0, the394

stationary solution becomes b+ hcos2θ = cst.395

To evaluate the model’s ability to preserve the stationary solution discussed above, a
simple numerical test is performed. An arc-shaped bottom with 1 m radius is adopted

20



to account for both the bed slope and curvature, with the geometry and the initial flow
surface given by

b(x) = 1−
√

1− (x − 1)2, h(x) =

0 if b(x) ≥ 0.235,

0.235− b(x) if b(x) < 0.235.
(95)

In the numerical simulation, the domain is discretised with a split-quad mesh using396

200 triangles, where a 2D (quasi 1D) computational domain with a single cell in the397

y-direction is in fact adopted in the simulation, i.e. ∆x = ∆x = 0.01m. The time step size398

is set as 0.001 s, and all boundaries are closed. A layer of still water is first considered399

with specifying zero friction angles (i.e. ka/p = Λ2 = 1). The numerical results are demon-400

strated in Fig. 2, and the left panel shows the artificial wave fluctuation (blue dashed401

line) caused by the bed curvature term (41) near the wetting and drying front. With the402

additional treatment as that in [79], i.e. the bed curvature is not considered in determin-403

ing the numerical fluxes around the wetting and drying front, the present model can be404

ensured well-balanced and the steady state solution (red line) can be preserved as shown405

in Fig. 2(a).406

Fig. 2(b) illustrates the final stationary profiles of three granular masses correspond-407

ing to Λ2 = 1.3, 1.5 and 2.0 based on the same basal friction angle φb = 30°. Not account-408

ing for the upper-layer effects, Λ2 is equal to ka/p and is dependent on the internal friction409

angle φi as indicated by (28), where ka/p = 1+tan2φi can be derived if ka/p = (kact+kpas)/2410

is considered for stationary solutions with zero velocities [52]. As shown by the inequal-411

ity (94), the stable state is associated with the bed slope and curvature as well as the412

internal and basal friction angles. The higher value of Λ2 means increasing internal fric-413

tion angles and can result in (94) not being satisfied using the same initial conditions. In414

other words, the profile of the granular mass will keep moving until transitioning to a415

new stable state with a spatially varying ∂h
∂x and h. After reaching the new stable state, i.e.416

the inequality (94) has been satisfied, there will be no further movement of the granular417

mass and the surface profile will be preserved. This can be observed in Fig. 2(b) and it is418

clear that the final surface height of the granular flow and its gradient are different from419

those at initial position.420
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Figure 2: Numerical results corresponding to a layer of (a) water and (b) granular fluid at rest. Left panel (a):
water with zero internal and basal friction, i.e. φi = φb = 0° and ka/p = Λ2 = 1; (b) granular stationary surface
with φb = 30° against different values of Λ2 (i.e. the earth pressure coefficient ka/p for full dry granular flow
without water mixed). The artificial wave caused by the bed curvature term in wetting and drying front is
visualised by the blue dash line in panel (a).

4.2. Frictional dam break on a flat slope421

To confirm the validity of the granular model implementation, a frictional dam break
case which possesses an analytical solution [89] is used. The problem contains a disconti-
nuity at the moving wetting and drying interface and thus the resulting dry bed Riemann

21



problem should be resolved properly. The analytical solution for the debris flow height
as a function of space and time is given by

hs(x, t) =
1

9gcosα

(x
t
− 2c0 +

1
2
mt

)2
, (96)

where x = 0 coincides with the initial front of the dam, α is the constant bed slope an-422

gle, c0 =
√
gh0cosα is the wave celerity, h0 is the initial dam height, and m = −gsinα +423

gcosαtanφb. This solution is only valid for the confined region xL < x < xR, where424

xL = −c0t − 1
2mt

2 and xR = 2c0t − 1
2mt

2, with the wider solution assumed flat outside.425

The computational domain has a length of 2 km, and its left-hand side is occupied426

initially by the granular material with height h0 = 20 m. With a split-quad mesh, the427

domain is discretised using 1000 triangles, in which the edge length of elements is 4428

m and there is only a single element in the y-direction. The total simulation period is429

15 s, and the time step size is 0.02 s. Except for the right-hand outflow boundary, all430

other boundaries are closed. The earth pressure coefficient ka/p is set to be unity, and431

the parameter λ1 is set as zero corresponding to the isolation of the pore fluid from the432

upper water layer. λ2 which is generally calibrated through laboratory measurements is433

here directly set to zero which is consistent with the dry granular flow based analytical434

solution. The wetting and drying depth threshold ε is set at 10−5 m.435

Fig. 3 compares the simulated and analytical dam break profiles at time t = 15 s for436

the three cases with/without bed slope or bed friction. Specifically the first case is dam-437

break flow on a horizontal plane without basal friction, while the other two consider438

a bed slope angle of 20° in which the basal friction angles are 0° and 20°, respectively.439

For all three cases, the numerical results agree well with the exact solutions and the440

corresponding L2 errors computed at the end of the simulations are 2.29%, 2.22% and441

2.14%, respectively. This indicates that the implemented model can correctly simulate442

granular flow with a wetting and drying discontinuity.443

4.3. Granular flow on a slope with bed curvature444

The previous test case considers the dam break flow from an inclined slope onto a445

frictional flat bed with a constant slope angle. In this section, the experiments of [90] are446

adopted to assess the granular model’s capability in representing the frictional flow on447

a bed with curvature. The experiments were performed in a 0.1 m wide chute which is448

made up of an inclined and a horizontal section (using a curved segment to connect and449

control the angle of inclination 40–60°). A finite mass of granular material is released450

down the inclined slope, passing the curved portion of the chute and depositing on the451

horizontal section. In the experiments, a series of inclination angles, mass weight, fric-452

tion angles and earth pressure coefficient were tested; the current numerical study for453

model validation only considers experiment No. 113, in which the plastic grains with454

bulk density ρg = 450kg/m3 are released onto a slope with an inclination angle of 60455

° and the curved transition of 0.246 m radius, and the internal angle of friction, φi , and456

a bed friction angle, φb, are 29° and 23°, respectively.457

The horizontal computational domain is 3.5 m, which is discretised using 700 trian-458

gles with only one element in the y-direction (∆x = ∆y = 0.1m). The time step size is459

chosen as 0.0005 s, and the period of simulation is 2 s. The boundary is closed, and the460

wetting and drying depth threshold ε is set at 10−5 m. For the fully dry granular flow461

considered in this case, the parameters λ1 and λ2 are both set at zero. Dynamic inter-462

nal friction angles are smaller than their static counterparts [90, 91], and it is feasible in463

ensuing computations to somewhat reduce the angle of internal friction from its mea-464

sured value as that in [90]. We here adopt the internal angle of friction φi = 20° in the465

computation.466
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Figure 3: Comparisons of the profile of dam-break flow on a frictional bed between simulated results (solid
lines) and analytical solution (circles) at time t = 15 s. Top panel (a): bed slope angle α = 0°; bed friction
angle φb = 0°. Middle panel (b): α = 20°; φb = 0°. Bottom panel (c): α = 20°; φb = 10°. The initial dam break
profile (dashed line) with height h0 = 20 m is also given in panel (a).

Fig. 4 (a) demonstrates granular profile time series from the initiation to the final de-467

position at t = 1.6 s, and Fig. 5 (a) compares the simulated profile of final deposition with468

the experimental measurements [90] as well as numerical results from Hungr [92] (based469

on a Lagrangian framework with the SH assumptions) and Yavari-Ramshe [79] (based on470

the finite volume discretisation with the Q-scheme of Roe). It can be observed that the471

predicted maximum thickness of the final deposition from the present model agrees well472

with the measured data, and the front position is also closer to the experimental one than473

that of Hungr [92]. The time-series distance from the granular front to the initial position474

shown in Fig. 5 (b) further demonstrates the agreement with experimental data. In gen-475

eral, our simulated results can reasonably represent the final deposition measured in the476

experiments, although the predicted trailing flow is relatively slow compared to the mea-477

surements. This discrepancy was also reported by Yavari-Ramshe [79]. It is thought to be478

due to the constant friction angle considered in the simulations, while in practice it may479

vary depending on the flow dynamics; for example, the tail moves in a more fluidized480

regime while the front flows with more concentrated granular material [49].481

We also set-up a numerical test based on the bed that does not include the curvature482

around the connection between the slope and horizontal domain, i.e. the inclined slope483

is connected directly with the horizontal domain without the smooth transition. As illus-484

trated in Fig. 4 (b), the resulting granular profiles at t = 0.6 s and t = 1.6 s are compared485

with the results considering bed curvature at corresponding times. It is shown that after486

the granular flow passes the slope transition, that considering the curvature affects the487

flow velocity significantly. The curved part can in fact accelerate the granular flow, lead-488

ing to the final position further away from the initial position. In contrast, in the case489

with a direct connection it seems to play a role more like an obstacle to hinder the flow.490

This is further illustrated by the computed curved distances shown in Fig. 5 (b).491
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Figure 4: Predicted granular profiles at various time for the bed (a): with the bed curvature and (b): without
the bed curvature, i.e. the inclined slope connected directly with the horizontal domain. Their profiles at
t = 0.6 s and t = 1.6 s are also compared in panel (b). For better visualisation the flow thickness in the slope
and horizontal domains is exaggerated 2 and 5 times, respectively.
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4.4. Impulsive wave generation by a 2D subaerial landslide492

To validate the ability of the coupled two-layer model involving both the granular493

and wave motions, the results of a laboratory experiment in a 11 m long, 0.5 m wide and494

1 m deep wave channel [93] are employed to investigate subaerial landslide impulsive495

wave generation. [94] presented the laboratory experiment setup in detail. The subaerial496

landslide made up of granular material initially contained in a box is accelerated under497

gravity with a pneumatically generated initial velocity.498

In the experiments, the still water depth d is 0.3 m, and a series of inner slide box499

lengths (0.6, 0.3 or 0.15 m) and heights (0.236, 0.118 or 0.059 m) were studied; in the500

current work only the 0.6 m long and 0.118 m high slide box as shown in Fig. 6 is501

considered. The landslide made up of the granular material (with a grain diameter dg = 4502

mm and a grain density ρs = 2745kg/m3) has a bulk density ρ = 1678kg/m3. The internal503

friction angle is φi = 34° and the dynamic bed friction angle is φb = 24°. The initial504

velocity of the landslide is 3.25 m/s when leaving the slide box. The locations of gauges505

from the experiment used to record the time evolution of slide profiles and free-surface506

elevations are also demonstrated in Fig. 6.507

Figure 6: Sketch of the experimental set-up for the [93] laboratory case. The upper panel demonstrates
the positions of seven capacitance wave gauges (CWG) recording wave elevations, while the lower panel
visualises the positions of the slide and two laser distance sensors (LDS). The slope angle α is 45° and the
still water depth d is 0.3 m.

The computational domain has the same length of 11 m as that of the wave channel,508

which is discretised using a split-quad mesh of 440 triangles (∆x = ∆y = 0.05 m). Three509

layers are used in the vertical in order to allow for the representation of dispersion in the510

generated impulsive waves. The total time of simulation is 7 s, and the time step size511

for landslide and wave models is taken as 0.0005 s and 0.005 s, respectively. The earth512

pressure coefficient ka/p is calculated by (28). As the granular slide is considered to be513

dry before entering water, we set the parameter λ1 = λ2 = 0 and zero fluid pressure in514

the subaerial environment. After water entry, however, λ1 and λ2 in the submarine part515

of the slide are taken to be 1.0 and 0.5, respectively, and P fh is determined through (51).516
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The wetting and drying depth thresholds for the granular and free-surface flows are 10−5
517

m and 10−2 m, respectively.518

Since the landslide height and velocity at impact play an important role in accurately519

simulating the wave generation processes, the simulated slide profiles are first compared520

with two LDS records in Fig. 7 which also shows numerical profile results from another521

two-layer model [20] within the numerical framework of NHWAVE [87]. This model uses522

the same Savage–Hutter theory [48] to treat the slide as a granular flow based on a finite523

volume method. Below for brevity ‘NHWAVE’ is used to refer to the two-layer model524

[20]. Time t = 0 s corresponds to the slide’s entry into the water. As indicated by Fig.525

7, the landslide profile evolution is predicted reasonably well, although the steep tails526

appearing in the measured profiles are not captured by either our model or NHWAVE. In527

terms of the slide height good agreement is found, particularly as compared to the over-528

estimation given by NHWAVE. In addition, the landslide frontal speed can be calculated529

based on the time lag between the two profiles; the well-predicted slide front location530

implies that the speed of the slide front is also represented accurately.531
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Figure 7: Landslide profile time series at upper panel (a) LDS−1 and lower panel (b) LDS0. Measurements
(black dashed lines) are used to compare against simulated results from our granular model (red solid) and
from NHWAVE (blue dash-dot) [20] using the same theoretical framework of granular flow [48].

Fig. 8 compares the simulated landslide-generated wave elevations with the recorded532

data at gauge 2–7. The observed good agreement indicates that the presented model im-533

plements the mechanism of wave generation reasonably and represents the subsequent534

impulsive wave motions correctly. Compared against the over-estimation of the leading535

wave amplitude and the significant water level drawdown in the numerical results of536

NHWAVE [20], our model captures the main peaks and overall phase structure with less537

discrepancy. It may also be noted that after the normalised time t
√
g/d > 30 the surface538

elevations at gauges 5–7 are affected by reflected waves. Although a numerical sponge539

layer is used near the right-hand side boundary to diminish the reflection, due to the540

close distance between the gauges and the boundary the reflected waves are not totally541

absorbed. In addition, the simulated results from the present model with only consider-542

ing the hydrostatic pressure (depending only on the water height) at the landslide-water543

interface are also given in Fig. 8. The comparisons demonstrate that the non-hydrostatic544

pressure imposed at the landslide-water interface can play an important role in the slide545

motion and its shape evolution, and thus the resulting slide deformation in turn affects546
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the free-surface wave fluctuation. In this case, the upper-layer water pressure seems to547

push back against the granular landslide to prevent its sliding movement.548

Fig. 9 displays raw PIV images recorded in the experiment [94] showing the simulta-549

neous granular landslide and generated wave dynamics, which are also compared against550

the simulation results. As shown by panels (b)–(e) in the figure, after reaching the hori-551

zontal flat domain, the simulated slide motion is faster than that in the experiment, and552

the resulting predicted location is significantly overestimated by the present model. One553

of the possible reasons could be that the basal friction angle in practice may increase554

after the slide passes the slope transition to the horizontal domain, while in this study555

we only consider constant values for both the internal and basal friction angles. More-556

over, the complicated landslide-water interaction is simplified in our model such that557

the landslide and water remain in contact without the entrainment of large air cavities.558

For this case with such a large initial velocity (3.25 m/s) compared to its length scale, the559

impact effects should be important and the resulting resistance cannot be ignored. How-560

ever, the present model does not account for this possible velocity reduction from the561

significant landslide-water interaction during water entry. With the gravitational driv-562

ing force vanishing, the slide will come to rest on the plane bed due to the basal friction.563

In the simulation, the landslide is almost at rest at the normalised time t
√
g/d = 5.72,564

and its predicted slide height of final deposition is very close to that in the experiment,565

although the centroid location (around x/d = 4.7) is obviously over-estimated. A similar566

overestimation of the final position was also reported by [20], and it should be noticed567

that the predicted slide length (around 3.7 m) at the deposition by the present model568

is very close to that by NHWAVE [20]. Fig. 9 also shows the time-series slide profiles569

and water levels from the simulation with only hydrostatic pressure of the water waves570

considered, and the discrepancy further indicates the importance of the non-hydrostatic571

pressure effects for an accurate assessment of impulsive wave generation by deformable572

landslides in certain parameter regimes.573

4.5. Impulsive wave generation by a 3D subaerial landslide574

In this section, impulsive wave generation by a 3D granular landslide is further stud-575

ied based on the laboratory experiments of [38] in a wave basin of 48.8 m in length and576

26.5 m in width. Varying still water depths of d = 0.3, 0.6, 0.9 and 1.2 m are considered577

in the experiments; in the case chosen for comparison here, however, only a still water578

depth of 0.6 m is adopted. The subaerial landslide is initially contained in a slide box579

(1.05 m long, 1.2 m wide and 0.3 m high) and is accelerated on a slope with an incline of580

27.1°, as demonstrated in Fig. 10. The slide comprises of river gravel with sizes 6.35 mm581

~ 19.05 mm, a grain density ρg = 2600kg/m3, a landslide bulk density ρ = 1760kg/m3,582

an internal friction angle φi = 41° and bed friction angle φb = 23° [20, 95].583

Due to symmetry about the y = 0 plane in this case, the computational domain only584

includes half of the physical domain in y. The 13.25 m wide half-domain has been ex-585

tended to 17 m with a sponge layer to diminish reflected waves; it is discretised using586

240 and 85 elements in the x− and y− directions, respectively, yielding the resulting587

mesh with an edge length of 0.2 m. To simulate the dispersive wave flow, three layers588

in the vertical are used. The entire simulation period is 20 s, and the time step size for589

granular and wave models is 0.05 s and 0.005 s, respectively. During the simulation,590

wetting and drying processes occur around the shoreline. The wetting and drying pa-591

rameters for the granular and wave motions are ε = 10−4 and δ = 5×10−2 m, respectively.592

The subaerial landslide is initially located in the middle of the slope, and the simulation593

adopts the same granular parameters as those in the experiment, except that the range594

of grain sizes is approximated with the inter-granular stresses using a Coulomb friction595

approach. Before the slide enters water, the parameter λ1 and λ2 are both expected as596

zero, whereas for the submarine part of the slide λ1 an λ2 are adjusted to 1.0 and 0.5,597
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Figure 8: Free-surface elevation time series at gauges 2–7 for the impulsive wave generation by a 2D sub-
aerial landslide [93]. Simulated results from the present model (red solid lines) are compared with both the
recorded data (black dashed) and NHWAVE’s results (blue dash-dot) [20]. The numerical results from the
present model without considering the non-hydrostatic pressure at the landslide-water interface are shown
by the grey dotted lines.
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Figure 9: Comparisons between measured [from 94] (left) and simulated (right) slide profiles and water
levels at normalised times t

√
g/d = (a) 1.14, (b) 2.29, (c) 3.43, (d) 4.57 and (e) 5.72. The time t

√
g/d = 0

corresponds to the slide impacting the water. The simulated slide profiles and water levels are represented
by the red dashed and blue solid lines, respectively. The black solid lines show the bottom geometry, and the
grey dotted lines represents the results from the simulation that does not account for the non-hydrostatic
pressure at the slide interface.

Figure 10: Sketch of the experimental set-up for the [38] case. The grey dots show the positions of the wave
gauge array: (a) θ = 0°, r/d = 9.0, 14.2, 23.3, 40.2, (b) θ = 30°, r/d = 7.7, 10.3, 16.4 and (c) θ = 60°, r/d =
13.3, 17.3, where θ refers to the angular direction and r denotes the radial propagation distance. The still
water depth d considered here is 0.6 m and the slope angle α is 27.1°.
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respectively, based on where the unmodified water depth is positive (the wet part of the598

domain).599

Fig. 11 compares the simulated surface elevations (for our model as well as that of600

[20]) with experimental measurements at nine wave gauges. In general, good agreement601

can be observed especially in terms of the leading waves, indicating that the dynamics602

of the impulsive waves are represented reasonably well by the proposed model. Com-603

pared to measured data, the numerical results of NHWAVE [20] demonstrate significant604

over-estimation of leading wave elevations, which further indicates that our model is605

capturing the overall wave structure reasonably well.606

Fig. 12 displays the numerical results based on the wave model using the hydrostatic607

assumption, i.e. not solving the Poisson equation for the non-hydrostatic pressure, and608

compares them with the non-hydrostatic ones. Compared to the non-hydrostatic results609

that consist of a series of waves due to dispersion, the hydrostatic ones do not represent610

wave dispersion correctly and the larger wave with steep wave front indicates that the611

wave energy is concentrated mostly in this leading wave. This is further shown by the612

snapshots of the wave patterns in Fig. 14, where the left panel corresponding to the613

hydrostatic simulation illustrates the absence of a generated wave train. These results614

demonstrate that non-hydrostatic pressure can play a key role in the accurate represen-615

tation of landslide-induced dispersive waves.616

Fig. 12 also evaluates the sensitivity of the simulated wave elevations to the param-617

eter λ2, with results obtained using λ2 = 0.2 and λ2 = 0.5 compared. The parameter618

λ2 controls what percent of the normal pressure comes from the fluid phase through619

the lower layer, and hence determines the pore pressure at the bed. Specifically, λ2 = 0620

represents constant fluid pressure inside the landslide layer from the landslide-water in-621

terface to the bed. It is noted that the parameter λ used in NHWAVE [20] is similar to the622

combination of parameters r and λ2 considered in the present model, where r = ρf

ρ rep-623

resents the ratio between the water density and the mixture density and rλ2 can together624

influence the magnitude of Coulomb friction. Fig. 12 shows that based on the same value625

of r a smaller value of λ2, i.e. larger Coulomb friction retarding the granular slide mo-626

tion, leads to decreased peak wave heights and slower wave propagation. Compared to627

the leading wave, the wave train appearing after the leading wave is more affected by the628

value of λ2, since before water entry the slide is considered as fully dry (i.e. λ2 = 0) and629

hence the variation of this parameter starts to make a difference after water entry and630

has a larger influences on the subsequent wave generation. Furthermore, the parameter631

λ2 more strongly affects the impulsive waves near the wave generating zone, as demon-632

strated by the decreasing discrepancy of wave elevations from panel (a) to panel (d) in633

Fig. 12. Similar results were given by [20].634

The simulated landslide motion is demonstrated by the snapshots in Fig 13. Com-635

pared to the 2D vertical-slice subaerial-landslide case illustrated above, the 3D slide mo-636

tion with lateral spreading is more complex. During the slide motion, its width grows637

significantly owing to the retarding effects of the dry slope bed and the water after im-638

pact. It is clear to observe that the slide starts to pile up after reaching the plane bed639

(e.g. compare frames at t = 3s and t = 4s). Although the slide deposits around the slope640

transition, the radial waves as seen in the right panel of Fig. 14 develop due to the initial641

wave crests generated by the slide impact and the subsequent water displacement from642

the wave run-up and run-down along the adjacent slope. The simulated final deposition643

of the granular material is compared with measurement in Fig. 15. Consistent with what644

can be observed in Fig. 13, the final deposition is found around the bed slope transition.645

Compared to the measured deposition, the simulated one is located further offshore, and646

has a much reduced slide height. The significant discrepancy is expected due to the fact647

that in the experiments the lateral spread is confined before water entry (see their figure648
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Figure 11: Time-series of free-surface elevations at (a) θ = 0°, r/d = 9.0, 14.2, 23.3, 40.2, (b) θ = 30°, r/d =
7.7, 10.3, 16.4 and (c) θ = 60°, r/d = 13.3, 17.3, for impulsive wave generation by a 3D subaerial landslide
[38]. Laboratory measurements (black dashed lines) are compared with simulated results from the present
model (red solid) and from NHWAVE (blue dash-dot) [20].
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Figure 12: Free-surface elevation time series at θ = 0°, r/d = (a) 9.0, (b) 14.2, (c) 23.3 and (d) 40.2 for the 3D
subaerial landslide generated waves. The hydrostatic numerical results (red dash-dot lines) are compared
with non-hydrostatic results with λ2 = 0.5 (black solid) and λ2 = 0.2 (blue dash).

3 and 4 in [38]), but in the present numerical simulation the slide moves freely after ini-649

tiation and has spread more laterally. Assuming volume conservation, it can to a certain650

degree be explained why there is such a big difference between the high level of the ex-651

perimental slide and the low level of predicted slide along the symmetry axis (y = 0). In652

terms of the discrepancy of final deposition with the lab results, a further possible expla-653

nation is the constant representation of Coulomb friction angles at the slope transition654

and the simplification of the landslide-water interaction. It is noted that compared with655

the results of NHWAVE [20], the present model produces similar results.656

5. Conclusions657

In this paper a new two-layer granular landslide wave generation model is devel-658

oped based on a discontinuous Galerkin finite element discretisation. The lower layer659

describes landslide deformation which is treated as a granular debris flow and is solved660

using a depth-averaged granular model with inter-granular stresses considered. Coupled661

with this granular lower layer, the upper layer is formulated as a vertically resolved free-662

surface flow using a previously developed non-hydrostatic coastal ocean model with a663

σ -coordinate transformation used in the vertical [47].664

Compared to the prior models of [21, 87], which are based on a flat local coordinate665

system, the present granular flow model introduces bed curvature to enable a varying666

bed slope angle. The resulting model equations are first derived in a local coordinate667

system and then transferred to a global Cartesian coordinate system. In this way both668

the granular landslide and impulsive waves are represented in the Cartesian coordinate669

system, and hence the exchange of variable values in the coupling between the landslide670

and wave flow equations are more straightforward compared to if they are formulated in671

different coordinate systems.672
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Figure 13: Granular landslide motions in a plan view ((x,y)-coordinate) along the slope at t = 0 (initial), 1, 2,
3, 4 and 14 s (almost completely deposited). The white lines at x = 0 indicate the slope transition. The colour
scale for the landslide thickness ranges between 0 to 0.1 m based on a blue-green-orange colour variation
for all frames.

Figure 14: Wave patterns in a plan view ((x,y)-coordinate) at t = 14 s generated by a 3D subaerial landslide.
Left and right panels denote results from the hydrostatic and non-hydrostatic simulations, respectively. The
colour scale for the surface wave elevation ranges between -0.006 m to 0.008 m based on a blue-red colour
variation.
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Figure 15: Final deposition along the symmetry axis (y = 0) for the 3D granular landslide. Our numerical
results (red solid line) are compared to NHWAVE’s results (blue dash-dot) [20] as well as measured data
(black dash) [38].
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The presented two-layer model uses a coupled time integration scheme and a novel673

wetting and drying scheme to avoid an artificial pressure gradient. A series of test cases674

have been used to validate the model. The first stationary case was used to ensure that675

the model is capable of preserving the stationary solution, followed by two cases only676

involving granular flows to validate the model’s accuracy in treating the wetting and dry-677

ing discontinuity through the implementation of a HLLC Riemann solver. Subsequent678

validation against laboratory experiments demonstrated that the model can efficiently679

represent landslide-water interaction. Although the developed model and its numerical680

techniques were demonstrated to successfully predict granular landslide motion from681

initiation to deposition as well as impulsive wave generation by 2D and 3D landslides,682

limitations of the current study and model should also be acknowledged.683

In addition to the long wave approximation, the fluid normal stress in the granular684

layer is assumed to be linearly dependent on the landslide depth, and the fluid shear685

stresses at the landslide-water interface are neglected. The interaction between the lower686

landslide and upper water layer is simplified by assuming that they remain in contact,687

and hence complicated processes such as the entrainment of large air cavities cannot be688

represented. In addition, the local slope angle introduced in the present work to take689

the effects of bottom curvature into account assumes small variations in curvature, and690

for relatively large slope curvatures the current model may not be as accurate. Thus,691

the assumptions and simplifications exploited in deriving the mathematical formula-692

tion may limit the applicability of the present model and affect the accuracy in studying693

some cases with significant landslide-water interaction. Furthermore, the current study694

only introduces along-slope bed curvature and arbitrary bed curvature is not considered,695

which further limits the model’s application to realistic cases. In future work further696

extension of the present model could focus on permitting landslide motion over more ir-697

regular bathymetry, i.e. accounting for lateral variations. Other potential areas for future698

study include comparing wave generation by landslides with various rheologies, as well699

as benchmarking against real subaerial and submarine landslide cases700
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