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ARTICLE INFO ABSTRACT

Communicated by X. Li We present an efficient computational framework for the design of optimal drug delivery control strategies
that can successfully treat a family of neurodegenerative diseases that originate from channelopathies and
synaptopathies. To this end, we extend our previously introduced scalable and adaptable modelling framework
that models heterogeneous Hodgkin-Huxley (HH) neuronal networks to account for the modular organisation
of the neurons in the brain, e.g. interconnecting sub-networks of heterogeneous neurons. Based on this
framework, we introduce a novel design of lateral inhibition networks to successfully reproduce 2D optical
illusions that are known to occur in the human retina. We model the dynamic behaviour of Diabetic
Retinopathy (DR), a neurodegenerative disease that progressively hinders the inherent ability of patients to
distinguish optical illusions. We implement nonlinear control on accurate models of diabetic lateral inhibition
neuronal networks to recover their functionality and investigate the effects of virtual drug administration. We
utilise the healthy and diabetic optical illusions generated by these networks as a ‘computational’ phenotype
to design therapies based on an adaptive terminal error iterative learning controller (TE-ILC). Therefore, we
provide a comprehensive computational framework that is able to imitate the dynamics of healthy and diseased
neuronal networks and we propose an adaptive nonlinear control strategy based on the error between output
images that correspond to healthy and diseased conditions.
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ionic channel malfunction via blockers or activators has demonstrated
positive results in various neurological conditions such as neuropathic
pain and epilepsy [5,6]. Impaired synaptic function has been linked

1. Introduction

Neurodegenerative diseases are defined as chronic medical condi-

tions of the nervous system that are caused by the gradual deterioration
and subsequent death of nerve cells within the brain [1]. They are
known to impair the normal operation of the brain by disturbing its
robustness to disturbances and sensitivity to external stimuli. A few of
the most common neurodegenerative diseases are Alzheimer’s disease,
Parkinson’s disease, and Huntington’s disease, with all displaying an
early manifestation of synaptic malfunction [2]. This translates into
severed communication between neurons and neuronal network struc-
tures that hinders the relay of information and has a detrimental effect
in normal brain functionality that is expressed with the appearance
of neurological symptoms. In addition to synaptic deterioration, ionic
channel dysfunction within the neurons can also be responsible for
a series of neurological abnormalities that result in neurodegenera-
tion [3]. Both synaptopathies and channelopathies are disorders known
to play an important role in the on-set and progression of neurodevelop-
mental (e.g. autism, bipolar, epilepsy) and neurodegenerative diseases,
so they form ideal therapeutic targets [3,4]. Attenuating the level of
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to the appearance of symptoms for both Alzheimer’s and Huntington’s
disease and can be considered a catalyst for the development of novel
therapies that specifically target synapses [7-9]. The use of ketamine,
a known synapse receptor antagonist, has demonstrated positive out-
comes on the management of depression and anxiety [10]. Therefore,
it is obvious that improving and potentially restoring the function of
synaptic connections via targeted optimal drug delivery can lead to
effective treatments for a wide range neurodegenerative diseases.
Modelling the electrophysiological dynamics of brain networks can
provide an effective framework to study the complex mechanisms
surrounding the on-set and progression of a variety of neurodegener-
ative disorders as well as explore the application of drugs on diseased
neuronal networks for therapeutic purposes in a non-clinical set-up.
The integration of mathematical modelling, medical information on
diseases, and drug discovery can enhance the understanding on the
processes underlying the transition from health to disease and assist
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the development of novel treatment strategies [11]. Modelling neu-
rological diseases requires an accurate and bio-physically meaningful
model of neurons and neuronal network dynamics that incorporates
the majority of the potential diseased states and parameters and gives
the opportunity for the incorporation of external input, equivalent
to a virtual drug. The Hodgkin-Huxley (HH) model fulfils the above
requirements and is considered the most accurate, reliable, and efficient
model of neuron dynamics [12]. The HH formalism has been utilised
to model neurodegenerative diseases by modifying the original model
accordingly and studying the resulting diseased neuronal behaviour.
Perez et al. have used an augmented HH model to study the impaired
neuronal activity observed in Alzheimer’s disease in [13]. Ying et al.
have combined the HH and neural mass model to study the effect of
anti-epileptic drugs on neural dynamics in [14], while Knox et al. have
used the HH formalism to study the mechanisms of pathogenesis and
medication effects on childhood absence epilepsy in [15].

Mathematical modelling of diseased neuronal network dynamics in
combination with control theory methods can have a radical impact
on the design of optimal drug administration for the maintenance and
treatment of a variety of neurodegenerative diseases. Controlling the
behaviour of a neuronal dynamical system from a diseased to a healthy
condition is highly non-trivial because of the complexity of the brain
as a biological system that is characterised by strong nonlinearities
and large dimensionality. There have been multiple applications of
control on neuron dynamics to revert abnormal firing activity. In
multiple instances bifurcation control has been applied to the HH
model to investigate the change of bifurcation point as the means
to avoid unwanted oscillations linked to Parkinson and epilepsy [16-
19], while Frohlich et al. have applied a model-based feedback control
scheme to control the generation of action potentials of single neurons
in [20]. Ullah et al. have explored a Kalman filter based controller
to annihilate seizures and restore normal neuronal activity in [21].
Finally, Schmetterling et al. have applied model-reference adaptive
control to modulate conductance-based neuronal models in [22]. While
the control of single neurons has been studied extensively, the con-
trol of large-scale brain neuronal networks remains ambiguous due
to the complexities arising from heterogeneous nonlinear systems (the
neurons) interacting with each other via heterogeneous potentially
nonlinear routes (the synapses) under the effect of pharmacodynamics.
The majority of attempts related to the control of neuronal networks
concerns the synchronisation and desynchronisation of neuronal as-
semblies [23-25] and firing pattern tracking [26,27] via feedback and
Kalman filtering control schemes.

The biological plausibility of the majority of the control attempts
on neuronal networks is limited because of the idealistic use of the
neurons voltage as a measurable output and the use of the external
input current as the control variable which is not always feasible,
especially when the treatment corresponding to the disease is in the
form of a drug. Therefore, despite an increasing interest in the synergy
between computational neuroscience and control theory there is a lack
of an established bio-physically meaningful approach that combines
accurate mathematical modelling of diseased neuronal networks in
combination with nonlinear control strategies whereby a virtual drug
drives a diseased network model to a healthy state by using plausible
measurable outputs as feedback.

Previously, we have introduced a novel scalable and adaptable mod-
elling framework to accurately model HH neuronal networks composed
of neurons with different dynamic properties and distinct firing patterns
based on a control-inspired feedback structure [12]. In addition, we
have utilised the aforementioned framework to model bio-physically
meaningful large-scale networks of lateral inhibition that successfully
reproduce the 1D Mach Band optical illusion commonly occurring
in the visual system [28]. We have argued that the structure of the
proposed framework is ideal for applications of control methods both
for modelling the effect of pharmacological substances as well as for
modelling diseased neuron and network conditions.
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In this paper, we present an efficient computational framework for
the design of nonlinear control strategies that can successfully treat a
family of neurodegenerative diseases originating from synaptopathies
or channelopathies. For this purpose, we modify the structure of the
proposed modelling framework to incorporate modular heterogeneous
neuronal networks. Modularity, in this context, refers to the ability
of the model to mimic the modular network organisation observed
in the brain by allowing the interconnection of heterogeneous sub-
networks. Modularity in the network ensures a good level of robustness
and adaptability [29] and its modelling is therefore essential. This
model adjustment gives the opportunity for the novel design of lateral
inhibition networks that successfully reproduce 2D optical illusions
that are known to take place in the human retina and can be an
important indicator for normal retinal function. Our model successfully
imitates the behaviour of the 2D Mach Band illusion and the Hermann-
Hering grid illusion and therefore verifies the validity of our proposed
extended modelling framework. We model the dynamic behaviour of
Diabetic Retinopathy by treating it primarily as a synaptopathy and
subsequently a neurodegenerative disease that progressively hinders
the inherent ability of patients to distinguish optical illusions [30].
We implement nonlinear control on accurate models of diabetic lateral
inhibition neuronal networks to recover their functionality and inves-
tigate the effects of virtual drug administration. We utilise the healthy
and diabetic optical illusions generated by these networks as a ‘compu-
tational’ phenotype to design therapies based on an adaptive terminal
error iterative learning controller (TE-ILC). Therefore, we provide a
comprehensive computational framework that is able to imitate the
dynamics of healthy and diseased neuronal networks and we propose
an adaptive nonlinear control strategy based on the error between
output images that correspond to healthy and diseased conditions.
The accuracy of the healthy and diabetic lateral inhibition models, in
this context, is determined by their ability to reproduce the known
optical illusions as perceived by healthy individuals and patients with
diabetic retinopathy. To guarantee the model accuracy, we have cho-
sen Hodgkin-Huxley neuronal network dynamics with bio-meaningful
parameters, we have incorporated the basic minimal structure of het-
erogeneous lateral inhibition networks in the retina as described in the
literature [31] and we have manipulated the corresponding parameters
according to observed neurodegeneration targets [32,33].

The novelty of the work presented in this paper is the combination
of concepts in neuroscience, modelling, and control to tackle a complex
problem in a non-standard way. This special application introduces a
biologically-plausible modular, scalable, and adaptable computational
framework based on augmented Hodgkin-Huxley equations to accu-
rately model the function of 2D lateral inhibition networks. To the best
of our knowledge, this is the first time the 2D Mack Band and Hermann-
Hering grid illusions have been quantitatively modelled and accurately
reproduced via simulations. In addition, this is the first time 2D optical
illusions have been modelled in normal and diseased conditions and
used to design a virtual therapy regimen for diabetic retinopathy. In
this novel approach, a tangible and realistically measurable output
has been used as feedback for the design of a controller that acts on
a biologically plausible model of heterogeneous neuronal networks.
Finally, the proposed controller, though inspired by common ILC tech-
niques, has been specifically adapted for the needs of this model taking
advantage of the established projection algorithm and model-specific
constraints.

This paper is organised as follows. Section 2 analytically describes
the modelling of modular networks using heterogeneous HH neuronal
networks. Section 3 introduces the 2D lateral inhibition model based
on the computational framework introduced in Section 2. Section 4
presents two 2D optical illusions: the 2D Mach Band and the Hermann-
Hering grid illusions. Section 5 describes the process of modelling DR
on lateral inhibition networks. Section 6 introduces the optimal drug
administration design based on an adaptive TE-ILC controller, Section 7
provides simulation results and discusses future directions while Sec-
tion 8 summarises our work. Appendix A clarifies the definition of some
basic mathematical operations and Appendix B provides tables with
important parameter values for reproducibility.
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2. Modular network design

The modelling of modular heterogeneous brain neuronal networks
can be achieved via a structural modification of the novel modelling
framework introduced in [12,28]. In this paper we have incorporated
the case of interconnections between different groups of heterogeneous
networks. We define a modular network of N neurons consisting of K
modules. Each module M, (k = 1,...,K) contains N, heterogeneous
neurons with distinct firing patterns: N kF S Fast Spiking (FS) neurons,
N 254 Regular Spiking with Adaptation (RSA) neurons, and N/ Intrin-
sic Bursting (IB) neurons. The coupling between neurons belonging to
the same module or between neurons of different modules is achieved
via electrical and chemical synapses. This, as explained in [12], can be
modelled via the incorporation of feedback loops on the augmented HH
network model as seen in Fig. 1.

Therefore, the vectorised network equations for an heterogeneous

Vsyn

) 4

Fig. 1. Feedback structure of an heterogeneous neuronal network with electrical and
chemical couplings.

modular network are
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where @ denotes the Hadamard division, o the Hadamard product or
power, and ® the Kronecker product (see Appendix A). The definitions
of the variables and parameters in Eq. (1) are given in Table 1 and
Table 2 while the values of the parameters are given in Table 3 and
Table 4 in Appendix B. C), € RN¥*! is the membrane capacitor vector,
I, =Sol;,; € RNl is the external current applied to all or some of the
neurons based on the selection column vector § € RVX1, g, € RN
and Vy € RMX! are the maximum conductance and resting potential
vectors of the potassium, slow potassium, sodium, calcium, and leak
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Fig. 2. An example of a modular heterogeneous network of 9 neurons and 3 modules
consisting of 3 FS neurons, 3 RSA neurons and 3 IB neurons. The adjacency matrix
corresponding to the network contains 3 diagonal blocks and 6 biadjacency blocks.

chloride channels, where X = {K, M, Na,Ca, L} and X = X — {M}. The

synaptic input due to the electrical couplings is given by u,, = —LV
where L the Laplacian matrix and V = [V, e VMK]T, where
Vm, = [VNk+1""’VNk+NfS’
VRGNSt Vi N TS (st @
VNk+N[5+leSA+1’ s VRN,

with N, = Zj;l N,_;, and N, = 0. Similarly, the synaptic input due
to chemical couplings is given by u,, = A.,(Iyo(1” ® r)V), where

V =V -V,,, V., is the synaptic potential vector and A,, is the

syn> syn

adjacency maytrix o? the underlying graph. The rest of the variables and
parameters of the model follow the same pattern as the vector V in
Eq. (2) to compactly represent the interaction between heterogeneous
neurons that belong to the same or different modules.

The last two terms of V in Eq. (1) are the result of the synaptic
connections between the neurons and depend on their connectivity on
an inter-modular and intra-modular level. As previously mentioned,
two neurons can be connected via electrical or chemical synapses. The
electrical and chemical couplings between the neurons of the network
and their respective synaptic strengths or weights can be defined by
block bipartite adjacency matrices of the following form

Ay B o Bk . .
Az|Bu An ™ 5 N
: ) Bg_1x B . '
Bgy ..o Bgk-1 Agk s N
in which the diagonal blocks A;;,...,Axx are related to the in-

terconnections within the modules while the bi-adjacency blocks B
are related to the couplings between neurons belonging to different
modules, e.g. block B,, describes the relay of information from neurons
in module 2 to neurons in module 1. The synaptic weight ¢;; represents
the strength of the connection from a presynaptic neuron j to a post-
synaptic neuron i. Suppose a random modular heterogeneous network
of N =9 neurons and K =3 modules with both intra-modular and inter-
modular couplings as illustrated in Fig. 2. The sample network consists
of 3 FS, 3 RSA, and 3 IB neurons unevenly distributed in distinct
interconnected modules. Neuron 7 receives input from both neuron 4 in
M, and neuron 6 in M, and therefore ¢;, =1 € B,; and ;5 = 1 € Ay,.
The interconnections between the neurons can be described by an NxN
binary adjacency matrix with K =3 diagonal blocks with sizes N, XN,
where k=1,...,K.

Therefore, the synaptic input currents produced by the electrical
and chemical couplings between neurons can be fully described by
the directed weighted adjacency matrices A, and A,, with synaptic
weights ¢ and ¢°” respectively. The Laplacian matrix L can be derived
from A,, via the relationship L = D—A,; where D is the diagonal Degree
matrix

N N
— i el el
D—dtag<. elj,...,Z€Nj>,

Jj=1 Jj=1
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where both €/ and ¢ have units of conductance.

The modelling of a modular heterogeneous neuronal network re-
quires the specification of the network structure and connectivity
strengths via the Adjacency and Laplacian matrices as well as the
selection of the neurons receiving external input. All the neuron and
network parameters can be manipulated freely to examine the functions
of modular networks under various healthy and diseased conditions.

3. Minimal 2D lateral inhibition model

Given the 1D model of lateral inhibition network [28] and utilis-
ing the aforementioned expanded computational framework we have
designed a compact, scalable and flexible model of lateral inhibition in
2D that is able to produce 2D optical illusions such as the 2D Mach band
and the Hermann-Hering illusions further showcasing the ability of our
model to produce complex functions related to contrast sensitivity. To
model 2D lateral inhibition networks we have designed a network of
N = Ny K = (N"+ N™ 4+ N*“")K neurons where N'" is the number of
excitatory RSA neurons that comprise the input layer and they receive
the external input current, N"“ is the number of inhibitory FS inter-
neurons that comprise the intermediate layer, and N°“ is the number
of excitatory output RSA neurons that form the output layer of a single
module M. The number of inhibitory neurons in each module is directly
related to the number of input neurons via the following relationship:
N™ =2 (N™—2). The number of input RSA neurons in each module
N'" determines the size of the horizontal dimension, while the total
number of modules K determines the size of the vertical dimension. In
the case in which N, = K the network processes a square input image.
Each module corresponds to a 1D lateral inhibition network, while the
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Fig. 3. Schematic representation of a 2D lateral inhibition network from various angles:
Side view (A), top view (B), front view (C) and angled view (D). The grey squares
represent the input image.

inter-modular couplings are executed by chemical synaptic connections
originating from the inhibitory neurons. Fig. 3 illustrates the schematic
representation of the smallest possible 2D lateral inhibition network
with N = 224 neurons in total that consists of K = 8 identical modules
(see Fig. 3A), each module having an equal number of N,, = 28
neurons for M € [1, K] (see Fig. 3B). The network consists of 64 input
RSA neurons, 64 output RSA neurons and 96 FS neurons. Fig. 3C-D
illustrates the front and side views of the model where the grey-scale
squares represent a 2D input image of size N x K = 8 x 8 with two
distinct levels of brightness that is received by the input layer. The
input RSA neurons excite both the output RSA neurons (black lines)
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Fig. 4. Schematic representation of the connectivity matrices corresponding to electri-
cal (top) and chemical couplings (bottom).

and the intermediate inhibitory FS neurons (green lines). In turn, the
FS neurons inhibit the neighbour output RSA neurons of the same
module (red lines) as well as the neighbouring output RSA neurons
of the neighbouring modules (purple lines). As previously mentioned,
the connectivity of the 2D lateral inhibition network can be described
by a set of sparse adjacency matrices that correspond to electrical
and chemical synaptic connections. The electrical adjacency matrix A¢/
contains 8 identical blocks on the main diagonal corresponding to the
intra-modular couplings via electrical synapses (see Fig. 4 top). Each
diagonal block contains two distinct sub-blocks corresponding to the
relay of information from the input RSA neurons to the FS neurons
(green) and the output RSA neurons (black). The chemical adjacency
matrix A" contains 8 identical blocks on the main diagonal corre-
sponding to the intra-modular connections via chemical synapses and
12 identical blocks below and above the main diagonal corresponding
to the inter-modular connections via chemical synapses (see Fig. 4
bottom). Each block corresponds to the inhibition acting on neighbour
output RSA neurons from the FS neurons within (red) and between
modules (purple).

4. 2D optical illusions

The model of 2D lateral inhibition network has been utilised to
produce common 2D optical illusions that are crucial indicators of
normal operation of networks known to perform important functions
such as contrast enhancement and edge detection. A grey-scale image
of size N" x K has been used as an input to the 2D model of lateral
inhibition and the output spiking frequencies of the output RSA neurons
are calculated and are subsequently transformed into another grey-scale
image that corresponds to the post-processed output of the initial visual
information. During the calculation of the output frequencies, the first
and last output neurons in both directions are ignored for symmetry
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Input
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Fig. 5. 2D Mach band illusion. An input image is processed by a 2D network of lateral inhibition to produce the output image.

purposes to avoid distortion of the image due to unbalanced inhibition
at these regions. All neurons are assumed to be evenly distributed in
space [34] and the visual stimulus is considered to be a time-invariant
input current I, with spacial alterations depending on the optical
illusions to be modelled. The synaptic weights used for the production
of the illusions are given in Table 5 in Appendix B.

4.1. 2D Mach Band illusion

Suppose a network of N = 3480 with K = 30 modules and N = 30
input neurons per module. The 30 x 30 grey-scale input image is
modelled as a piecewise constant signal that varies in space and has
values that correspond to two different levels of brightness. This gives
the matrix representation

Np N Ny N

Imi" = a-172 2 b-12 z
Ny Ni7 Ny N |

b-172 72 a-172 "2

where a =1, b = 0.6 and 1 is a selection matrix of ones that determines
the distribution of the brightness in space. The image Im™ is used as
a visual stimulus to the input RSA neurons of the 2D lateral inhibition
network and the frequencies of the output RSA neurons are calculated
as the inverse of the inter-spike intervals.

A Center

Border Corner

Fig. 6. A neuron of interest with neighbour-dependent firing frequency surrounded by
4 neurons.

Subsequently, the output frequencies are transformed into another
grey-scale image, the output image (see Fig. 5). As previously men-
tioned, not all neurons are taken into consideration at the calculation
of the frequencies and as a result the output image is 28 x 28 in size.
The output image exhibits 6 levels of intensity compared to the original
image due to the effect of the lateral inhibition on the frequency of
the output neurons and the relative location of the output RSA and
FS neurons. Focusing on the top left light section of the image one

identifies 3 different scenarios: center, border and corner position (see
Fig. 6A). Centrally, all output RSA neurons receive identical excitation
from the input RSA neurons and are inhibited by 4 surrounding FS
neurons with identical firing rates. Therefore, the frequency forms a
plateau of high brightness that is lower than that of the input image. At
the border, the output neurons fire at a higher rate due to the inhibition
received by high and low rate FS neurons at a ratio 3 to 1. This results
in a band of higher frequency and therefore higher brightness. At the
corner, the output neuron is inhibited by a combination of high and
low rate FS neurons at a ratio 2:2 and therefore it displays the lowest
frequency of the set of neurons belonging to the light region of the
image. Similarly, at the top right dark section of the image the 3
position scenarios (see Fig. 6B) result in a band of lower brightness
at the borders and a pixel of the lowest possible brightness. Fig. 7
illustrates the plateaus of high and low brightness as well as the edges
that correspond to the bands and the spikes that correspond to the 4
pixels with the maximum and lowest brightness.

The resulting differences between the original and the output image
constitute the Mach band phenomenon, a 2D optical illusion that
performs contrast enhancement and edge detection in an image with
two distinct levels of grey.

Fig. 7. Frequency of the output neurons in space.

4.2. Hermann-Hering Grid illusion

For the simulation of the Hermann-Hering grid illusion, the same
2D lateral inhibition network is subjected to an image that consists
of a light grey grid on a dark grey background and the frequency of
the output neurons is again transformed into the output image (see
Fig. 8). The effect of lateral inhibition on the input image produces the
Hermann-Hering grid illusion that is characterised by the appearance
of medium-grey spots at the intersections. The principle behind the
illusion is the same as the one of the Mach band illusion. At the
intersections, the output RSA neurons are inhibited by 4 surrounding
FS neurons that fire at a high frequency as they are excited by input
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Fig. 8. Hermann-Hering Grid Illusion. An input image is processed by a 2D network of lateral inhibition to produce the output image.

neurons that receive high intensity current. As a result, the neurons at
the intersections fire at a higher frequency than the ones located inside
the dark areas, but at a lower frequency than the neurons in the rest
of the light-grey grid resulting in dark spots that do not exist in the
original image. Fig. 9 illustrates the plunge of the output frequency at
the intersections.

Fig. 9. Frequency of the output neurons in space.

5. Modelling neurodegenerative diseases - Case study: Diabetic
retinopathy

Diabetic retinopathy (DR) is recognised as one of the most sig-
nificant ocular complications of diabetes mellitus and is one of the
leading causes of blindness worldwide [35-37]. For many years, DR has
been considered primarily a microvascular disease and its diagnosis has
relied on the detection of vascular lesions [38]. Recent evidence suggest
that the DR is also a neurodegenerative disease that causes functional
and structural abnormalities in the retina that manifest before the onset
of the vascular symptoms [39]. The precedence of the neurological
symptoms suggests that the Diabetic Retina Neurogeneration (DRN)
may actually be the leading cause of vascular damage [39-41] and
should be recognised for its serious role on the deterioration of the
visual system [30]. This hypothesis opens up the possibility for non-
invasive early detection of DR way before the appearance of vascular
lesions as well as personalised targeted treatment strategies that focus
on neurological phenotypes [42].

Diabetes is known to cause serious functional changes on the
retina including abnormal contrast sensitivity [43,44]. The significant
reduction of contrast sensitivity in diabetic patients implies damages
on the network of lateral inhibition that is responsible for this func-
tion [45]. The abnormal perception of the Hermann-Hering grid illusion
in patients with diabetes indicates the causal relationship between
diabetes mellitus and lateral inhibition network malfunction [30]. The
exact changes that occur in the network due to diabetes have been
under investigation although the mechanisms still remain unclear.

Castilho et al. [32] have isolated the damage on the inhibitory chemical
synapses between amacrine and ganglion cells with lower conduc-
tances being observed under the influence of diabetes. The reduced
channel conductance of the inhibitory synapses in diabetic patients
has been also concluded in [33]. The lower synaptic conductance in
diabetic amacrine cells has been linked to lower and slower release
of GABAergic neurotransmitters (inhibitory) or reduced number of
receptors and has been proven to cause major disruption within the rod
pathway of the retina [31]. The retinal rod pathway includes layers of
excitatory Rod Bipolar Cells (RBC), three types of inhibitory amacrine
cells distinguished by different neurotransmitter release: the glycinergic
AIl amacrine cells, the gabergic GABA AC and the dompaminergic DA
cells and the excitatory Ganglion Cells (GC) [31].

\Y% \Y% \Y%

' RSA® = Rod Bipolar Cells (RBC) . Inhibitory chemical synapse
v FS ~ Amacrine Cells (AC)

Excitatory electrical synapse
X7/ RSA™ - Ganglion Cells (GC) Y v ynap

Fig. 10. Minimal rod pathway.

In the introduced minimal model of lateral inhibition the input
RSA™ neurons play the role of RBC, the FS neurons mimic the be-
haviour of the GABA AC and the output RSA%" neurons represent the
GC (see Fig. 10). The excitatory synaptic connections have been mod-
elled via electrical synapses, while the inhibitory couplings have been
modelled via chemical synapses. To model diabetic lateral inhibition
networks we have focused on the manipulation of the parameter related
to the synaptic conductance of the chemical couplings between the
amacrine and ganglion cells, which corresponds to g;,,, = ¢*"r. We have
decreased the value of g, by decreasing the value of the weight e in
our model while leaving the dynamics of r unchanged. In other words,
we have changed the values of the A, adjacency matrix to match the
damage that is observed in the networks of lateral inhibition during the
onset of diabetes. In what follows the parameters g, and ¢ are used
interchangeably.
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6. Therapy design - nonlinear controller

To design the controller, two output images of the modelled
Hermann-Hering grid illusion are produced for two different values
of the inhibitory synaptic conductance between the FS and RSA™
neurons that correspond to healthy &) and diabetic (g;*yn) states,
with g7 < &, to match the observed lower conductance of inhibitory
synapses between the amacrine and the ganglion cells. The output
diabetic image Im is compared to the output healthy image fm and an
error signal is created according to the mean squared error

Nim
e= R%;Z;[ﬁna)—lmaﬂz

where i = 1,...,N"™ and N'™ =2 (N — 1) is the number of pixels in
the image that corresponds to the number of output neurons that are
involved in the calculation of the output frequency. The error signal e
is used as feedback to the controller to produce the virtual drug « that
acts on the defective g7, of the lateral inhibition network according to
the function

EynW) = fu) = (1 + pu) g7 .. 3

where g, is the synaptic conductance and f is the absorbance rate
of the administered drug. Fig. 11 illustrates the closed-loop process of
determining optimal drug administration with an undetermined con-
troller that acts on the defective synaptic conductance of the diseased
lateral inhibition network such that the optical illusions produced by
the two models are identical. Therefore, the control problem is defined
as finding the optimal drug administration « such the error e between
the diabetic and the healthy output images is minimised.

Im

Healthy
Model

a

Controller

Fig. 11. Block diagram of the closed-loop error-model.

6.1. Input - Error map

Multiple diseased models with defective g7 = 80%&,,, have been
simulated in open-loop for a variety of inputs u € [0,30] and the
relationship between e and u has been established to be of quadratic
form with plateaus as shown in Fig. 12. The red region of the Input-
Error plot corresponds to the set of values of u that produce zero error
between the healthy and the diseased images. The existence of plateaus
validates the robustness of neurons and neuronal networks to conduc-
tance alterations that are known to cause little or no change to neuronal
firing activity [46,47]. For the design of an optimal drug delivery the
Input-Error relationship has been approximated as a discrete quadratic
map of the form

e = M) = (”k - f‘)z
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Error e

0 5 10 15 20 25 30
Drug u

Fig. 12. Input - Error Map.

where k is the iteration index and # is the optimal drug dosage that
corresponds to g, = &,,-

6.2. Terminal Error Iterative Learning Controller

To achieve an optimal drug administration strategy we have intro-
duced a Terminal Error Iterative Learning Controller (TE-ILC) [48] that
is designed based on the predefined Input-Error Map. We consider the
34 order discrete-time nonlinear system

2
e = (e —a),
U = u+ e + 9wy, @
Wiyr = €

where ¢, is the error between the two images at iteration k, w; = ¢;,_j,
u; is the drug dosage at iteration k, 4 is the optimal drug dosage, and
9, and 9, are the controller parameters to be tuned. The control law
u, is a Proportional-Derivative (PD) type update rule with constant
gains that is updated at the end of the kth diabetic image formation as
shown in Fig. 13. The objective of the TE-ILC is to achieve the condition
lim;_, e, =0.

Healthy
Model

e

]
&

+
[ Uy fe
U1 +]e 9, z 'l
€r-1

Fig. 13. Block diagram of the ILC.
6.3. Center Manifold theorem

The stability of the operating equilibrium of the approximated
system can be proven using the Center Manifold theorem [49,50]. The
equilibrium point of the system in Eq. (4) is (€ogs Uogs Weg) = (0,8,0). A
coordinates transformation of the form x;, = e,y = u, — i,z = wy
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yields the equilibrium point (Xegs Vegs Zeg) = (0,0,0). Separating the
resulting system into linear and nonlinear part gives the equation

Xpes1 0 0 0] x Vi
Vel |=[% 1 S v [+] 0 | )
Zirt 1 0 0| z 0
[ ——
F

Computing the eigenvalues of the map linearised around the origin
gives the repeated eigenvalue 4,, = 0 and the eigenvalue A; = I.
Therefore, there is a two-dimensional stable (s) manifold and a one-
dimensional center (c¢) manifold. To block diagonalise the matrix F we
consider the transformation matrix 7

0 o0 c
T = 1 —192 Cy 5
0 1 c

where the entries ¢, ¢,, and ¢z, with ¢; # 0 are to be determined such
that matrix F is transformed to a block diagonal matrix

i 0 0
A=|0 4 1 |=T7'FT
0 0 A
N —

arranged such that the eigenvalue corresponding to the center manifold
is at the top left corner. This is achieved by setting ¢, =1, ¢, = -9, -9,
and ¢; = 0. Decoupling the linear part of the system into center (A) and
stable (B) subsystems yields

q?’ 1 0 O q
q;' =0 0 1 9 |+
] lo o of a

B

(9, +9,) (920 — a1 +43(8, + 9,))° |}/

0
g
(192(12—611"'43(191"'192))2 }

where ¢7 = [ql,qz,q3]T =771 [xk,yk,zk]T and ¢* = gq;,,. The center
manifold can be locally represented as [51]

W) = {(q1.92.93) €R*| 45 = hy(q)),
q3 = hy(q); h;(0) =Dh;(0) =0,i = 1,2}

for ¢, sufficiently small. We consider an approximation of the center
manifold of the form

h(g,) = [ hy(q) ] _ [ “1‘1f+ﬂ1qf+(9(qf)
! hy(qy) 0‘2‘1% + /3211? +0 (qf)

This satisfies the equation [50]

N(h(ih)) = h(A‘h +f(‘]17h(511))) _Bh(fh) —g(fhah(%)) =0,

up to order 3. Substituting (q,) into N'(h(ql)) to find a;,ay, By, B,
yielding the reduced map

qf =q,+ (9, +9,) g} + (297 — 69,9, —497) ¢}

Setting 9, = —-29, # 0 makes the zero equilibrium of the center
manifold attractive for all initial conditions in the set [0,1/8,].

Therefore, we conclude that the equilibrium (0,0, 0) of the system
in Eq. (5) is locally attractive provided ¢; > 0 and small. We verify
this fact with the Verhulst diagram as illustrated in Fig. 14A where the
iteration converges to zero for the initial condition ¢,(0) = 0.5. The
center manifold (W) and the tangent plane to the stable (E*) manifold
are depicted in Fig. 14B.
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Fig. 14. Verhulst diagram (A) and plot of the reduced centre manifold (B).

6.4. Adaptive TE-ILC

The local attractivity properties of the approximated system do not
guarantee convergence of the error signal to zero when the controller
is applied to the model of diabetic lateral inhibition due to approxima-
tion of the error-signal map and the distance of the initial condition
of the system from the neighbourhood of the equilibrium point. In
addition, the existence of plateaus on the actual input-error map makes
the use of constant controller parameters 9, , restrictive. To achieve
convergence and ‘escape’ from the plateaus we utilise a projection
algorithm [52] for optimal adaptation of the varying parameters §, and
9,. The approximated system thus becomes

2
e = (g _A”) ’ R
Uy = u+91(key + 9wy,
Wee1 = €

To design the update laws we minimise the cost

1

5 =33

5

s+—s|

where 8% = §(k + 1) and 9 = d(k) subject to the constraint

s o*

U = (Pz‘w = [ek* Wk] 9#] (6)
2

where ¢ is a regression vector and § is the unknown parameter vector.

Introducing the Lagrange multiplier A for the constraint in Eq. (6) yields

the Lagrange function

A Al2 N
=26 =8| + 4 (w - o1 )
from which we obtain the necessary conditions of optimality
JdL dL
—.,— | =(0,0). 7
(55-5) 0o ?

The solution of Eq. (7) yields the following projection algorithm for the
update of the controller parameters §; and 8, described by

ae
=8+ —L* Ty —(ed; +wd,)],
1 1 01+(9i+wi) [“k (ek 1T Wy 2)]
1§; =1§2+ 42 Wk [uk - (ek(§l +wk1§2)] .

e+ (e +w?)

in which the tuning parameters a;, and c¢;, have been added to the
original solution for convergence speed regulation.

7. Results and discussion

We have utilised the methodology in Section 6 to design optimal
drug administration for a diabetic lateral inhibition network of the
human retina. The diseased network comprising of N = 224 neurons
produces an output image that fails to showcase the features of the
Mach band optical illusion that are extensively described in Section 4.1.
The drug u produced by the Adaptive TE-ILC is applied on the de-
fective synaptic conductance g7 ~according to Eq. (3) and the output
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Fig. 15. Optimal drug dosage for a diabetic lateral inhibition model. Top: Output images for three values of drug amount u. Bottom: The error e and the corresponding drug

amount u at each iteration k.

image progressively improves until the Mach Band illusion is clearly
visible and the error e between the healthy and the diabetic output
images fm and I'm is minimised. The regulation of the error signal is
achieved via the adaptive TE-ILC controller and is directly influenced
by the tunable controller parameters. The difficulty originating from
the plateaus appearing in the error function have been dealt with by
adequately selecting the adaptive controller parameters. The constant
tuning parameters a,, and c,, of the controller are chosen for a fast
plateau ‘escape’ and subsequently fast convergence to zero. The con-
troller achieves error minimisation after 16 iterations and the gradual
amelioration of the output image is characterised by the appearance of
both light and dark bands for drug amount u = 9.1 as well as the light
and dark pixels at the center for drug amount u = 24.1 as shown in
Fig. 15. The simulations were performed in Matlab 2021b and the time
complexity for the provided example with 224 neurons, equivalent to
1792 nonlinear differential equations, and 20 iterations simulated on a
computer with a 24-Core Processor and 1TB RAM is 1 hour.

The robustness of the lateral inhibition network to small variations
in the synaptic conductance allows for a range of values of drug dosage
u to be acceptable solutions for the error minimisation and therefore
it is normal that the final synaptic conductance does not match the
healthy value exactly. This collective characteristic of the neurons
comprising the network allows for the possibility to examine the effect
of applying different values of drug amount in each neuron as well as to
take into consideration that neurons might not absorb the drug at the
same rate. In this work, only the diseased synaptic conductances receive
the virtual drug and therefore the effect of the possible drug absorbance
by healthy neurons that leads to the appearance of side effects has not
been considered. Variations in drug absorbance and the appearance of
side effects due to the drug altering the activity of healthy neurons
will be studied in a future work with the purpose of reducing the
gap between our model and the actual system taking into account the
complexity of the human retina, of the drug administration regimen
and the underlying pharmacokinetics. In addition, we will study the
efficacy of the proposed framework for model identification purposes
to explore the aspect of personalised medicine by matching patients to
respective models using information from the optical illusion images.

8. Conclusion

We have presented an efficient computational framework for the
modelling of retinal neuronal networks affected by a family of neu-
rodegenerative diseases that originate from synaptopathies and chan-
nelopathies. Based on this, we have studied the dynamic behaviour of
diabetic retinopathy and we have produced images of common optical
illusions that correspond to healthy and diseased conditions. Treating
these images as computational phenotypes, we have designed an adap-
tive terminal error controller that successfully determines the optimal
drug amount for the restoration of the model parameter responsible
for the deterioration based solely on the error between the healthy
and the diabetic images. To the extent of our knowledge, this is the
first time a tangible and realistically measurable output has been used
as feedback for the design of a controller that acts on a biologically
plausible model of heterogeneous neuronal networks. This work can
potentially improve the study of neurodegenerative diseases and the
effect of pharmacological substances in a non-clinical set-up via a
possible neurodegenerative disease virtual simulator.

CRediT authorship contribution statement

A.G. Giannari: Conceptualization, Methodology, Software, Valida-
tion, Formal analysis, Writing — original draft, Visualization. A. Astolfi:
Conceptualization, Validation, Writing — review & editing, Supervision.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability

No data was used for the research described in the article.



A.G. Giannari and A. Astolfi

Neurocomputing 569 (2024) 127099

Table 1 Table 4
HH model variables and definitions.. Synapse parameters and values for each neuron type..
Variables Units Definitions Synapse parameters Units FS RSA 1B
14 mV the membrane potential T, ms 0.5 0.5 0.5
n,m, h,p,q,s dimensionless variables between 0 and 1 Ta ms 8 8 8
associated with the activation and Vipn mv [~80,-50] 20 20
inactivation of the channels Y mv -20 -20 —20
r fraction of receptors bound to the
neurotransmitters Table 5
Synaptic weights for 2D lateral inhibition networks..
Table 2 Synaptic couplings ! et
HH model parameters and definitions.. RSA™ — FS 0.1
Parameters Definitions RSA™ - RSA™ 0.16
FS — RSA™ 0.075
Ly injected current per unit area
Cy membrane capacitance
8x channel maximum conductance
Vx channel resting potential Definition 4. The Kronecker product of two matrices A = [q;;] € R™"
T time constant associated with RSA neurons o B '1 u B
Lo external input signal and B = [b;;] € R4 gives the block matrix A ® B = [ T e
7, synapse rise time constant ay B ... 4y, B
7, synapse decay time constant RP™an [56].
Vipn synapse potential
14 synapse reversal potential Appen dix B
Table 3 See Tables 1-5.
HH model parameters and values for each neuron type..
Model parameters Units FS RSA 1B
Cuy ”—Fz 0.5 1 1 References
cm
Vi mv -90 -90 -90 . . P . .
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