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We will consiLer the data 1.h  ,5, 	in ,v os 7  and we will collocate at 
x = 0 • These five conwitioas ,ive the correct ti:gree of over- 

k 	,etermination if we choose a cubic interpolation polynouial 

	

ti = A + rlx 	e X./  4 t)xs .  
e have the equations 

h 	C3 %, 	c Liu 	, 
t 3 

h 	
A+ t31, t C k~ 4 

0f- h 	 + g•CLi -110kt  

5 0  •-z  4', A + T3 . 
	 and 

'Al have 	A = 	15-0/0. — h (usfh — Y-0/4 . 

= 	3 (411 -  - 	h - 	‘1'•, + 151-h 	/4 
and the Alference equation is 

o fo Nhi 	"Ith I-10 

t 5 C 	— 	/14k — 	+ V-0/4 • 
We have coupared the solutions given by this equation aith 

those given by the trapezoidal rule difference equation l'or the 

differential equation 
t3/ci  

These results are set out in the following tabie 

n 	'Trapezoidal hule 	Our Equation 

1 	y(1) - 5.0 	y(1) - 2.714285 

2 	 . 2.71804'i 

4 	. 2.733 	. 2.718274 

here n gives the nuuber of intf,:gration steps . 

0 
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olIon a : This Thesis is concerneu with the numerical solution 

of difierential equations : in particular their numerical solution 

by finite oifferenee metnods . 

The first two chapters oontain intronctory material . ,:hapter 

(I) gives a survey of two specific problems which require numerical 

methous for their complete reduction . These problems proviee a 

motivation for much that follows . ,hapter (II) contains a discussion 

of finite eirference methods for numerical uifferentiation 

in chapter 0.II) we 8tk'eSt a general method for constructing 

approxiwatin finite difference eqnations . This method_ seems 

particularly suitable /or application on electrouic eomputers . ,e 

also (.iscuss some exact -ifference equations and apply them to 

obtain expressions for the truncation error in some staneard formulae 

n chapter IV) we give a proof of the convergence of tine 

solution of the approximating diiference eouation to the solution 

of the difielential equation us the mesh si.acinio n tens to zero . 

.e consider fne initial value problem , ano a 6eneial claeo of 

self a,joint ei,envniue and boundary value problems for secono 

oruer differential equations in normal ioi . 

in chapter (v) we niecuss some proelems concernee with the 

numerical solution oi partial uliferential equations . The wain 

topics of tne chaoter are the feueibility anu conver,e,ce of t-e 

numerical techni,iue of Oilference correction . dere we restrict 

ourselves to tne consinerntion of a class of boan(.ary value problems 

for elliptic partial _ifferential equations 



INTRODUCTEJN 

That part of the work of the Thesis which falls under the 

heading 'The i4Umerical :iolution of zLferential Lquations' is 

concentrated. in the last three chapters . 'ere the topics 

consi6ered are as follows 

Chapter (III) 	The Construction of 'inite Difference L4uatione 

,e briefly survey the standard method of settin,:; up the finite 

nirference equations ( section IL ) before su„esting a general 

method for s , stematically tacklinG.  the problem ( section b ) . 

Here the basic approach is of extreme simplicity and must surely 

have been noted before although I um not aware of this certainly 

its systematic exploitation is new ; anu this is of prime importance 

se are lead to su6L;est that the computer be used not only to solve 

the set of linear equations that result from the finite difference 

approximation , but also to construct the c,.ifference approximation 

itself In this way we can hope to achieve much treater accuracy 

in our Cifference equations . In section C. we consier some exact 

sifference csjuations and approximations based on them 

application of this work is to the construction of integral forms 

for the truncation error in some stanklars finite uifference 

approximations . Sur 6eneral line of approach is similar to that 

of reference [51 of chapter 

,.:JOer 	Converence of Finite lAfference kpproximations 

here we restrict the class of differential equations consicered 

8 



to secon,  oreer equations in noral form ; and we use only the 

simplest central difference approximations . e hope to counter-

balance this specialisation by obtaining results more general 

than those hitherto available ( see references PIA and [5A of 

chapter (IV) ) . The need for such generality is implicit in 

reference [31 of chapter (IV) 

The result for the initial value problem ( section ; ) is 

not new However we obtain a generalisation to the case where 

the coefficient functions are no more than continuous by usin6  

a new form for the truncation error ( mostly due to Hersch 

reference ('A of Chapter (III) ) 

In consieerin6  two point bounbiary problems ( section B ) we 

restrict the possible types of boundary conditions to a subclass 

of those which make the differential equation self ad joint 

ilowever the only important condition which we do not consider 

would appear to be that of periodicity . We show the converL;ence 

of the eigenvalues and eigenvectors of the cifference equation 

to the correspondinc, eigenvalueo and ei6enfunctions of the 

differential equation .=re also show the ultimate converence 

of the finite difference approximation as h tends to zero for 

the case of a boundary value problem, provitied that the sulution 

to this problem is unique 	In all cases the result holes provided 

only that the coefficients in the eifferential equation are 

continuous . e point out that this is perhaps as much as uan be 

expected as aeditional information about the solution would 



appear to be required at a point of eiscontinuity of one of tishe 

coefficient function . This point is discussea in allpendix I to 

Charter (IV 

Chapter (V) Some Problems in the Numerical Solution of i'artial 

ldfferential Equations • 

In section of this chapter we discuss the extension of the 

methos of chapter (III) to partial differential equations • The 

bulk of the raAaineer of the chapter is eevoted to a critical 

.iscussion of the n,xmerical technique of differeuce correction ( 

which we cescribe in section i, ) 	In section iJ we discuss some 

difficulties which are inherent in the method . The material of 

this section owes much to r SiCney ichaelson and. Proffitessor 

- in particular the example of pagelq. In fact both 

the subject matter and. the presentation of the whole chapter owes 

much to their constructive criticism . In sections D ane E we 

eiscuss the convergence and the nature of the approximation by 

difference correcti..m . The results here are my own . 

The results of chapter (II) 'Finite ::ifference Formulae for 

America' Differentiation' are of particular relevance to chapter 

(V) 	i,specially the results which relate these differez,tiation 

formulae to the eareinal fuuction 	section C ). Sections A ane 

contain well known 7aaterial . 

The other introductely chapter - chapter 	ion Some iToelems 

i-,equirinj Numerical Solution' - contains in section 41, a summary 

3 



of my per 'on the 2ropagation of :_ound in a Layered 	eolual 

which has been accepted for publication in the :,l_tarterly Journal 

of —echanics ana Applied Aathematics . H:ere we present an example 

of an eizenvalue problem that requires numerical methods for its 

solution ; but this exaiuple is to be seen in the wider setting of 

the reduction of a problem involvdn a ra.lation conition into 

a numerically tractable form 

g 
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-hater 1. On 3eme 1-robleon :q'rin hrrieallolution 

„e MAN. considered two 1.rct,%14ire of practical )trysical intt,re;A: 

(:;) the 1.ropagatAn of sound in a layered fluie veditr, and 

(ii) to solution of R eynold duation for a .finite journal tearing. 

.e find that (A) rerviiros the solution of nn eigenvalue 1.roblem 

for a 3eciand order ordinary differential equation, 	() refrlireo 

the 3Q146iOn of an elliptic partial differential equation in two inde. 

pendent variables (a special case reduces to a boundary Value .;-robles 

for a second order ordinary differential opation). 

At Ail take these exampaes as 3 aVide to the tyres of t.roblom to 

be studied in th,3 following chapUrs, In al,,endices to chapter (IV) 

and chal,ter (V) io3 Will  give accounts of speciric computations associ.. 

ated with these vreblous, 

iropaattion o sound in a layered fluid nedtera 

Sere 	Diu that the iropaijAtion can be adequately .:..escribit 

the wave equati.xt, rand that the velocity of iswagskticn 	depends only 

on the depth cuumlinate z• 111.4s the acoustic v.ms:.;urft satia Cies the 

equatima 

Oa) 

if we also :.iartait the density p of the ,ediiv t b 	ction 

of 	then equaticn (1) takes the 	more genera. form 



221 	-121 

"a 	z e 	x 	c(h)i -3 ta 
An important case is that when f) has step discontinuities comes- 

sending to layers of tamiacible fluid of diffrrent densities. This occurs 

in practice for Unatance when studying the acoustic iropertien of aea 

ranter over a mud bottom, ?or the present we will restrict ourselves to a 

discussion of equation (a.l) or, rather, the wave eivation for a simple 

harmonic dependence on Lime (iith frequaner 	) 
ca01  ciap aelamm, p 0 „ 	 (4•2) 

However, we will have occasion to return to the more general equao. 

tion (aae the appendix). 

Our in is to :show th.t in thia case tP:e !lc:lotion o' eluation (4.0 

with a radiatI.on boundary conation at - co can be approximated by 

solutions which have boundary conditions set at finite value@ of 

..sue h an approximetion /3 of obvious importance in numorioal working. 

we will consider tho boundarj conditons 

radially outgoing aa.i.ve (or radiation condition) as 

r 	( 	4 	) —> tra . 

?or our urposes it aill. be aatiactory to say that f(v) satisfies 

a radiation collation at OD if 

f(v) -> AEriv  g(v) , and g(v) 
	

V -> CO • 

(b) 114a4a) g  o 	aure release surface). 

(c) coem P(H) x aim 211-1  a 0 
dZ 

It is natoral to -;eparate eqmtion (2) in cylindrical polar coordinates 

by putting 	a U(r)0(a) . This gives the pair of equations 



.61 * 
dta  

A.1 

11 

de 	r Or 
k44  , 	 (A.3) 

and 22.2 	co* 
(0.0.111M.WW 

dZM cwa ')0 - (4,4) 

The boundary condition (a) tells us that the nvroprints solution 

of (A.3) iA the flaskel function (2) (kr) . In thin cnne the rndiation U 	• 

condition 'saes to a saution in terms of n Itrimsn function. This -4ould 

in general not be true. of (;.4). 

Boundary conditions (b) mmd (e) make (A.4) into a self adjoint 

eigenvalus problet14. It thus hi a discrete sequence of real. sigenvMluee 

-> 4.40 and eigenfunctions lin  as its possible solutions. 

It is now not difficult to "how( vefeeenCe Lii) that the Ureenes 

fAaction Car equetion (1.2) with t1 specified boundary conditions is 

so 
zio2k) •  

n P 9  n*O 
( .5) 

the series on thF.., 	conirrging for all vmlnes of its nrgument which 

lie within the valve considered provided that f-'. intrpret (-4e) ns 

The finlike' runction u( 2) 
 
then decays exponentially fw r > U 

as  

4e will need the limitin : form or ( .5) ls ' -> co . 7or this 

purpose we will assume that C(z ) -> ofAitive limit 0 OD 

014  fetj )4/ 	; laid we write equatii)n ( 



Oa 
.48 will also assume Uant 	z Idz 4 no 

This implies that (4) 	afunclanental set or solutions 

	

) 	s  Z -> 

CO • 

	

N( ) 	4444  'A 2 	• 

these being the leading terns of asymptotic expanqiiste valid in the neigh- 

imArhood of Z 	3) • In particular (Z)ri 	satiF!fies r:..(liation con- 

dition_ at 03 • 

The behaviour o: tn.- a pectrura (values of.or which Iolution 

exists) of equation ( .4) as H —> 02 is sAm.krised in the eollowing 

x-e a tat 	• 

If -q 	< 	then AO) takes eigcrete vnlues which tend 'num 
to oefinito 	indepencient of a as 	> aa 	milles of A0> 

lie in the continuous 31:1:etrtu when 	fr) . 

To put the Jimeen's function In 	ir&ich 1.-.9 vi ie when 	CO 

we write it as a 3tielties inteLxal by introducing the ftincticn 	(I') 

which is constant except at the eigeuvaiues k/4  len  when it ,lusips 
H 	 H 

1 se dZ. (UFA is. 6 (1 . 0) . 6- (k4  - 0) .1/ 
U 

/ 	 C edz ). 
n 	 n 	0 

bY 

ncrtir 	ire 
k! Is 00 

H(02)(kr)ig z etc* Z p,k)d 6 

•• 00 

Wilere, 613 
	the convention v.-le 	- ilki mint he observeti. 

'The limit of G .  (V) as H -) aD is again a step function i'or ka  

in the i7Liscrete spectrum. Hoiyever 6 is continuous (even diiTerentlahle) 

12. 



for 	in the continu‘ws :spectrum. or proofs of three results see 

[2 i or L3].  

AA alternative approach il to construct 11(1--,2 	p) as the inz 

of the residues of e contuur imtegral AA the 'fin' ex k plane. This 

method has been tv)plied to this problem hyPeillemin 	; and we will 

indica:As his approach 

(a) for the problem ale have stated it; and 

(b) for an ctitgoing wave coneition at £. • 4D * 

This latter is the problem solved. by Pc 	in a number of special 

cadet,. 

,te begin by attempting to find a solution which ban a :nint source 

3ira;ularity• at (r (3,7 • Z ) 

Thus we siAika saution which behaves like 

cs>11e-re 

c(w) 4-ionemoimo..00,.-...-kdk 
0 

$ 4.5  * ( Z z p )5 	o , 

„. 	• ( ( 2)-k1 . 

try the solution 

( 1\16$(7•Z T ) 
	

d k• 

As 0  satisfies the second order di7frential equation (A.4), we 

sec, thmt together with the bounder,' coniitions the conditions 

(1) 0(Z .z. v.-0)zjAZ usZ p •0) , 	Irtd 

dO(4' u  4  u) dAZ - 
	  mg 2 

dZ 	d 

are sufficient to specify tile solution uniuely. 



. put 01( ) 

and 	f6G-L  ,,,- Az  C( ) 82  4(Z) for Z > Z r  
The boundary conditions then give 

(Z) 	A N(0) M( z) 1-(0) 	2 ) 	• 

1d2( z)  B .14(1i) eau • iff situ 111( 

{-14(14) *eau + 	s inn M( Z)] • 

The witching conditions then give 

(1) 	A ti(U) 	M(0) ki( 

B 	 10 Ca la • 1141  sine} t4( Z 40  1.01) ease + Mae d z 	int4K2P).1 
. 0 , 

and 
NI  ) di-( ) 	(MU ) 

14(0) d 

.0 [ MO efts + Air 21' gins aqz  d Z 	
Y(H)eoen *Tip 	 

sr 2 • 

tit 

) • Bi  14(z ) far Z Z p • 

These equations eon be written 

	

I KZ E) KZ d 	N(0) N( H) COW 

tr( 	) dt4( z _r)
,  

P 	—h1( 0) 44(0 coal 
d.,. 	d le 

Aga 
d 

d. 4 

sins [A 	 0 
a I 

sing' g 2 • 

c-f M 6 iv 
;:tr.: see thAt the first matrix in the ratrix of the ronskian ef-efre,t+em 

as 
Palli), and hence is non singular wila 	and N arc a funeiamental set of 

solutions, alile the tlecond matrix la the matrix of the detwrminant whose 

zaros (as functIons of le ) are the oigenvalues of ( .4). Thus 147, can 

allials solve for A and £3 unless 	is an eigenvalue of (A.L); And. 

in this case our integrand shas a 	singularity. 



These singularities occur on the real axis and i..es interpret the 

integre'. .,e a ;.:°.s,,achy 1:rincipal value b:e the usual vAthods of Llontour 

inte,,e-ation. 

in the case of an outgoing wave at Z as as we have 

fiz(z ) 0 13 .N(Z ) . 

and the matching condition leads to the matrix equation 

14(2 p) N(Z F ) 	N(0) 1141 1  
r( Z )  dN( 2' d 	A 0) 1 B 	L 2 • 

	

r 	1 I I I 1.•••••••• Mag./10 	 3 

	

d2. 	d -4 

;4/1 see that the characteristic equation is 

N(0) - 

which is the limit of the cheractr,ristic equation for the boendere 
6e-re 

conditions (a) as 3 -› a) provided that 0. %Fax 	< 0 (istethe aa=a. 

Z) 	 , r-1( ) -> co As 	oa ) 4, 

4 	the diecrete spectr is identical in both ca gym. The outgoing 

wave corelition is necesearile set on an infinite ranee so that it is of 

interest to ask what, in this case, correseonds to the continuous ,eectrune, 

feeele, usinj, the radietion condition, found an integral term which he 

called the branch Line integral. 	.'es will reproduce an exampl.e solved be 

ripaeriend shim that the branch line integral is identical with the con- 

tribution uf the continuous spectrum 	ndisc). 

The physical int'epr,:tation ce* these results is the following Ls 

'The terme in the discrete sIecte UM correspond to signals propaee)ted Iu 
.rafi 1 4 

the thl eCtiOla while the continuous spectrma ultireate4 ( 	ce) 

has the character or an outgeing aleoerical wave. 

e 
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As, in practice, one ia usually inttresxed in simals received for 

isre,e values of ir and moderate values of Z the Vrins in the discrete 

spectrum (which fail of: as 	) are relatively more important than the 
Vr 

tcrms in the continuous spectrum which fall of? as 
r • 

Lhe  propagation of a transient pule is described by taking the Fourier 

transform of the ,,imenis Nnction. e hive, if g(4-') is the Fourier 

transform of the pulse, 

ito 
P(ra 	eco) 0(rtZ,Z 104) )el4It 

:c0 
'im.issalume that we can ri- ce the Hankel Lunction by its anymptotio 

represen t ati on 

Feost r) 
r -1* 
4 

k r n 

and that U* method of stationmry phase can be used to ajj.roximataly 

evaluate the .Fourier transform integral. 

Ln this c4se t} points of stationary phase are given by 

440 

th:lt ls t3? 

d 

IL 
 

Aare 
	is be group velocity of the a 	• and the solution is 

F '4 Ink- E 44011.1 4A1 4  d ( ) d ' 

  

knr. ('.6) 
jpe 	the sumnation iu taken over thos vies of 	such that 

St 



n. r ,et0and 	• 

d(n(1; ) 
4, -hen d 

the fornula breaks down. eeiierm hn:.,,; given a  

fomula to evaluate 1.4 in this case. 

be cmputation of 
	

from eorsula 	requires in general the 

numerical solution of (4.4) for, at any rate, the first few cAgenvaloes 

and ,,,lgialfuncti*Is for a set of values of '4.) within the desired fre:.Fanley 

range ilsufficient for other values to be filled in by interpolation). 'As 

also coquire ?k g  and 1- (nC ) • and the latter luantity could be 

obtained Croir the former by numerical direntiation. To compute nC 

we differentiate equation 	with respect to 4) . This gives 

 

- - lea 22.ai  

 

zwe.a._? 
z 

  

46 the boundary cmlitions are independent of &' we must have the 

right hand side orthoonal to On  over (Op H) for a solution to be 

possible. 

iience 
H dk CO -?1  

k 
O n d 	c(z  

we U • 

I 

am! thus 

IL 
k_ nc 06_ d Z 
n  0 n  

• H cic(2  ) 

  

Pr d 

fhi8 argumsnt could be continued to give 	) if we are pre. 
d>.0 	g -a ff. 

pared to solve for --"" (possibly numorical differentiltion will be more 1,4a 	

"a 0111 convenient and give suf:icient accuracy). i4otc however that  

deVrminate only up to a multiple of 0n 



thi 3c:tlet of filn  ie arbitrary wti can fix one value, i.e. 

) 
Ana ) 

1 Car all 	. 	moat then have 	is 0 : and this 

gives uo an aridittonal condition which will enable us to avoid ill 

conditoned equations in our numerical working. 



So :iolution of the ;Jeynold's equation 

lie have not carried out a detailed A nalys i s of this equation; and 

we mill content ss,asselves in thls secttsn with describing the s silent 

fivatures or the problem. that requires wricai S OlUt ion. 

The :Leynoll a equation for the pressure in the oil film e a iCIIIVTA1 

bearing is 

7?;P 	• 	 0.1) "Ss x 	••• A: 	y 	dx 

where h is the clearance in the bearing, mod is assumed to be a functlen 

of x (the di5tance rsund the hearing from a fixed position) only 	is 

the coefficient of viscosity assumed constant, And I  is the speed of 

rotation. 

in the Ssrivation of (0.1) it le assumed 

(a) that the film h is so thin that the pressure can be cons ie sed 

cAistant throughout its thicknes and 

(b) that the viscosity 1.1 is indepsndent of the pressure and tampersthre. 

ASsumption (a) has been considered. by Wormier Ea.51 who derived the 

s.synolC I s equation for the constant viscosity CASe from the toks la 

equstions A3 a first approxImation for small h . e also derived an 

!)c.aa -t solution to the :Itokels equations 'or the jsurnal bearing of infinite 

breadth assuming that the pressure is periodic arsund the bearing and com- 

pared this sith the corn 	solution to Reynold's esustion. S Mfr." 

tion (b) has been tested bs ',:hri5totjhrzl"Irt [61 by integrating numeri-

sails the equations for the pressure and temperature dependent cases  

and comparing the results with numerical solutions of seynoldI 1 equation. 



iht general conclusion in both these teats is that neynOldis 

equation 	atibutes a very unnful first approximatinn provt4ed (else (b)) 

that the value a; the viscosity is chosen appropriately. 

The boundary conditions on equation (11.1) have been the subject of 

s 5-  niscuonton. kerhaps the obvinn condition is periodicity in the 

pressure as on ircult the bearing. However, thin conditon leads to 

negative presnirea in regions whore the fluid strenmlines diverge and is 

thus. physically unacceptable, nhat int, net i 	region of7 cavitation where 

the difference between the actual pressure and atmospheric pressure will 

%lie negligible. 

Certainly the boundary of the aln will be chnrncterised by the 

conditinn 	n•  it is convenient to describe distance round the cir—

cunference of the journal in tnrms of the angle the rldins vector of the 

point makes with the radix; to the point on the circumference her the 

clearance is greatent. nne boundary of the lubricntinn film will be in 

the neighbourhood of 	n U , and we call this the start position. In 

pInctice the pressnres n th vicinity or 	= 0 Ire snail in mngnitude. 

and the solution is comparntively independent of what is haening in 

thns regiun. e have teken 	as In initial approximntinn to the 

start boundary. nne or our airs Li to study the effect on the solution 

Of varying this position. 

The cast important condition in the fend' f.nnnitjon which will be 

n the neighbonrhodd of 	n • It turns out tYPt the preure it3 quite 

sensitive to chsnges in the nosition of thin end of the film. It is 

su 	es ted by hris taphers on 16 j that this boundary should be 



characterised by the condition that the film blend smoothly with the 

re30n ,417 osvitation where r - 0 • That is, s =, 0 should be a 

tangent plmne to the filr, at the end boundary. This comAtion 41,-€11 

U 

out sowed 
where n is the 	105!va norm411 to the Cum. 

(*.2) 

0 

	

0 	then also 	- 	where e is the tangential directions 
• s 

Thus 	and 	also vanish on the end line. 
• Y 



yg 

goandiare 	roam solved by i-ekeris 

;hen thc density r is alio..ed to vary with I equation (1,4) 

becomes 

• It* 	• 0 . 
C(z)2  

Our boundary conditions ;gain lead to a self adjoint eigenvalue 

.iroblem; And our previous arguments can be a. lied to it. Howerr, the 

orthoonality relation becomes 

H 
ff. dz. 

• 

41 

nu equatim. (4) became 

C;(r :Z ,Z) = 	E 11(112)(# nr) n 	 • 
• n 	

) 

Also if f' is discontinuous t certain depths then !,,e must, have 

the ad,Ational conditions (matching conditions) 

LI continuous .• continuous di 

satisfied at these points. These correscand to asking that the pres9ure 

and tht normal velocity at the tntrface be continuous. 

.e will consider the secinl model where both 	and c hove step 

discontinuities at 	And are otherwise rutnt. ur holAndary 

comilLions .tre 	at • -0 and Z 	H 

T 	eigenfunctions are given by 

my A sin  j 4 	or-t• A sin 
c.  

(9. 

in layer (1), and 

ij p 



cos  2 

0 si 8 sin Its 	) 	J3 sin 

IS 

in layer (2). 

The condition that the matching conditions be satisfied Isis to the 

character is tic equatim 

sin  "St1 
I 	cos a 3.  17) 
I r  

Goa  Per — > 	>0.— thrl 3pectrurn is di.;crete In tl-n* 
Ga  1 	2 

The characteristic equation in tril else 

tan L  1 
	i 2yti  r tanh I ,21 

which tends to 

tan  ' 21 

This equation has discrete solut..ons if it has soluticns at all. 
CIS 

The spectrum is continuolis in limit H -4 ce if 	> 	. The 

eharacteriotic equation is 

tan 	— tWa fil2D 
110••••••• 
l+tan 42H tan 

IS MO 	 tans/ f 23-11  
co The spacing betwin two consamativ zeros of 14tan q H tanj/2D . 2" 

is given by 

U() 

exactly one eigenvalue lien in this range, Thus the number of 

eigenvlires lying in anv finite raqge 

1/7 	thlt is with H . 
(J12, J 2  • As12) tends to Infiniti 

CO • 

D 	 as h—> co 



,t3 will now construct the spectral fanatic* 6 far this prohleme 
cur eigereftaction .411 have the form 

in lrtyt r a) , 
c..% &wt. JZ., 0 

a 61, .04... a. I") cos St, (z - 1.3) + e.„ J e...szo,...:.. (Pa  cz-D) 
(J, st, c.o. J1 ,1) 

in layer (4 • 

'or large vaLva 	have 

n { ttjt: ,,;„'SL, 0  + es, JC coati/LT)  1 4 0 ( 3A) 
S.  11:". 	

14 . .311clz. = — 
2. 	 H 

O e, Stis  c.ft I adta%  a .0 

and, for the distAnce between adjacent eigenvAlues, 

( ba2) )1  . ,t + 00110 • 

Thus we have 
t GAO 

A Sta 

14 121, e.LJti" .aLsiqat0 4-  es, .51:1  tosItile6j1  4.1  o( 

Tr 	es. VA:: eat.l 41•0 

end, in the Limit 11 .4.4 

d 6 (Lfla) 
	 etvr.t,11 $ 	 • 

d 
	-Tr 	el%  Jlt 1ai4:.J14 * es:L.31,2. e0.1.2 ,n,r) 

For tens in the nilcrete spectrum we him 
00 	 T:3 	 co t  21.flai (0-2) 

(PItt,s4;.+2  asp  ) 
)dam 

4. 	± ,  ffra e 	ci -7 
S 

l'p.  01 2 P, % 1'L tossin.D j 	 es. k 	ItAsi% 
 ... 

O i 

JuiL  &peal as 
ez 

.21540 

Ji. 	./031. 	it) cos in, 	t. 	451.3  44,1,2%.n, 
24.51?ces2A 



using 44, J110 

•0 
S 	24shz  4042431. 	.g.f) -Ai4.‘114D e•s 	ra y/24 - 	•4.4si 	b  
0 

This 0.yes 1.' the Oreeetie function 

aC,c:Z 3,2p) = 

14. lity.v) 	
..SX 	Sta 	.51.zp 

— 
2. 	 o &tugs 0 — r2  )34v;i111.0 

caVes..  

) C 
e. el  J12. A.L.,‘ .331z 	LS1. 7.p  

P.2 .   
owzy.

"A 
 ago e:t5142. i•sg 

GO 

which is effectively tho forr. given by l'eerio. 

WO get 

25 



9 6 

Chapter II. Finite Difference .Vormulae for i:ifferentiation 

The :rain topic of this thesis is the application of finite 

difference methods to to numerical solution of (inferential equations 

In this section we give a summary - results concerning the use of 

finite eifferance formulae for numerical differentiation us a pre-

liminary to our main topic. 

k ) Notation and Derivation of Formulae 

e concern ourselves ith functions specified by their numerical 

values (tabular values) for a ddscrete set of equispaced values of 

their arguments. This ;istance will be eenote by h. The argument 

values are then %ea  = xo 	0,1 	The numerical values will 

to denoted by 4' 	= -11 	It should be noted that f(x) is 

by no means uniquely specified. its tai ular values, as any function 
( which vanishes for all Xert  (for example sin 	a. - 

use(- to generate a set of such function:. 

The aggregate of all fuactioes having the tabular values is 

usually callea a cotabular set. 

e ( efine the central difference operator by 

sfm -  +-ri • i12, 	- 
(.:ote that only even powers of S operate on the tabular values 

(-f 
	

of f), 	e the differentiation operator by 

D f•rt 
These operations can be forAally relates for, by Taylor's theorem 

) can be 

cif 

1+ hi) + 11.4b  
at 

T, f  
• 
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Thus 

s f 	-- • A•vithk Oa. k 	• 

and. 

fin , a 	fv. - 
xpandihg the right hand sie of this last relation ih powers of 

o we have a finite ,ifferehce for4ula for the numerical value of 

the first derivative of f(x) at the ordinate point x.. 

qowever this formula involves only odc powers of 	To obtain 

a lormula acting on tabular values of f we introduce the averaging 

operator definew by 

AA 	 * 	&Aft 	 4 
Introducing this operator into the differentiation formula gives 

I, D -., _ — 2 "?.-1-41 74k a .A4 
6 

-ft . 
-T47-77' op. 

,:e have no need of this device in deriving formulae for even 

or,er derivatives as eve h powers of sixih 
1 	

g 	involve only even 

powers of Z 	. 

To set up general finite difference forulae we ,,Rst expand 

ii', (k D)2n 
	, 

(11) (1.1)2441/..lk 

as functions of S • This can be done by :.aking use of recurrence 

relations connecting the differentiation formulae of Aiffereht orders. 

e have 

0.1 DY't IMP 

•••• 
0411.. 

431 )7" r)q141,1 
iy1.1 	oiD) 	+ • 	c1 	Gtoo-31 

Ja 	d t kr)'"" 
my' 	S 



I? 

In particular 

lug" a c kb) v+1  
(A • 1) 

Art% 	s 

and r 	
_AA d Ci.2. 1111  
Aril a JA 

)"1:1  021?_rv" S 1-061021"1 
daS L _AA 	 3 4r2r+i) L 

Replacing jAl  by I + Z St  gives 

[ 02_11)1 

	

Q,D) 	44. [Q.19dxil 4.  
Ir +1 ciS art') 	j.A. 

We set 
4:0 

er  ) 

k̀ J)1.1. = 	
Z a e 	, 
P' 

T est 	 1 	a  i tl 	 i 122) .... i 66; 

	

JA 	 , 
P fl.e.  

and 	00 	 00 

(h 
Dr+q,...... 	5- s"12 

- 
P tr- r 	 ea-c•I 

Relations (LI) and (4.2) then Give 

• 

•$t MP's) 	P- 
'Ur* I a Co 
it.p+1 	P 

and 
C r, 

In this latter case we have 



whence 

	

tel 	(o. r>194 	te) 	(ars% 	4.• 	eg•;) 
C 	ir 	 

	

P 	4 (Apts.) Opt() 	pr2)(1121•11 	P • 

in start the recursion we have (hD) 	.I when r a O. This 

n1  es 

(0)  
le) 

6 j1J! k 	and
(0) 

1  11)  P 	44 lip/O 	1)-1 

( ) 	c ( 0  c  _ ()t) 	(40 
C 0 1"-  J ,  4ap+012po P-1  

Thus we have (writing out explicitly the first few terms of 

these series) 

4 1 c- Ss  
vt,t 	 o 

S9 

C 

and 

S 
go 	IWO 

(A • JO, 

(B) On the Convergence of these nxpansions 

]?or the finite ci,ference series just derived we must distinnuish 

between two different an:;es of the term convergence. These are (1) 

convergence of the series in V7e,  usnal manner when the difference 

operators are replaceu. by certain numerical values (for example one 

might diz,cuss the case 	sqf 	 and (2) conver- 

gence of the series to the numerical value of the required L.erivative 

of f(x) at the ordinate point in question (assuming convergence in 

the sense of (I)). 

now consider convergence in the sense of (I). 
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In the case r 0 we have 

(0) 

and 

p 21)(2P-2)-- 2 .----- 
AP  OP..)  ." 

P Cap)t  (2p-1.)1.-- 2 
4Pegpvsy2pn)-- • .4 5 — 

op 	(p 1)2  

Opt/); 

op 	,!)t 
,)(2p#0% 

We can estimate the values of these coefficients for large 

values of p by means of Stirling's formula 
*WAIL 

l,1! e‘! 	m e . 
We have 

spill _an  (pot 	a tr p e v 	 e iv 	 _ ,SiTi 1 - 
Op+i)! 	,siir (pt') 2 	lipti 	 -1eN • i. 4.. 	IP++ (apii)Ve. 

	

l ' 	R 
.4..• 	 ..,21311 

As 	( i + the ) 	= e 	, then 

6(0) 	0,11:t ST+  
ILPII a p 

and 
(*) 

C. 	--> a Goat' 
p+,  

TOus 
ao c  to) 

0 
is convergent provided 161 * 2, 

while 
co Ito) s2p+t 

P 
O 

is convergent for 	1 8 1 4 2. 

1 P We can show that c til 	O.) 
P and p.4 	tend to zerc4 in the same 

103 	 s) manner as C 	and la"P  . This follows readily by induction 
for then 



and 4 /3;4,21t c.2  
a e 

	

te) 	 te) 
— 	 1-) 

	

P 	P" (2.pti) 
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2p 	
C 

4(2174-1)(2P1') 

As 2; ele 	. 4 sinh a a 

ant 

we see that the even oreer difference expansions converge for the 

elementary trionometric and hyperbolic functions (provieeu that 

sinht  h/2 	I in the hyperbolic case). For the oed order 

operators there is an. exceptional case f(x) 	e 
ix. 

and h 	when, 

1 r‘11.1̀ " I 
the series for bl"./ diverges. As); e cos h — e 

vanishes when h 1 the nifferentiation formulae are ineetermin.. 

ate. 

The even order difference expansions eonverne for every real 

valued function bounuee 4.1 V, 00 ) for then we have 

1 f ta I 	vc 	an(i therefore, 

	

I E,af(3.) 
	f (,.+1.)- 2 	(A.) + ctx-h) 	lc'. 

There is equality only if f r  is cotabular with 	e ; and 

this is the only exceptional case for the odd. oiner operators. 

(C) On the Second Problem of Convergence 

From the examples in section (B) we see that a function neeu not 

	

bounded on 	00 r ao ) for the aifference expansion of its 

eerivatives to converge (although it must of course be bounder on 

	

every finite sub interval), nor need it tuna to zero at ± 	• 



32 

ie now turn to the problem of determinating that function (if any) of 

the cotabular sot which has ius aerivatives representea exactly. 

Certainly the expan ions are valid for poienomiels taS differences 

of order ereater than the uegree of the eolynomial must vanish., the 

formulae can tie reaeily verifies either airectly or by iAduction). 

It then follows that the expansions must give aseeptotic (as h 	0) 

representations of the derivatives of an arbitary feection regular at 

the point in question. 

4e now show that the difference expansions are exact for the - 

elementary trieonoeetric functions (we will consider sin \ ). 

the even oraer diffe'enced of sin \ere. are proportional to sin\et 

we have to show that C conscdtrin5 (rW) 

+ 

however we have alreaey shown that 

E-.4:,-4-• 	1  Vk 
	

To. 	a 0 
and that this series is cenvergent for 	xl• * 2. eur result now 

follows on putting x . 2i sin )e h/2 . '.he result for derivatives of 

arbitary order can now be verified in similar fashion be.  using the 

recurrence relations I..) and (.1.2). We note that the series for the 

even order cerivatives are va 	ITliu for h 	//›.1 	, while 

those for the odd order cerivatives hold only for h • 

This is because of the singularities of 

S 	± 	2 i . 
11. 

  

 

at 

4e now extend these reeuits to finctions bournied on the real axis. 
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it has been shown by E.T. Whittaker that the limit of any central 

difference interpolation formula approximating to some function f(x) 

	

bounded on(" 00 *5 ) 	 e as more and more function values are taken 

into account (with h fixed) is the function 

ao 
F Ex) .. 	f ce 	 --k)  

	

— oe, 	Tr C a— v 10 / h 

_ 	 ca 

	

00 	mh 	 i\tx-ri.) 
. .'117 —ao  —TVis  

which he called the cardinal function of the cotabular set D, p621 . 

we will show that the finite difference formulae produce exactly 

the numerical values of the derivatives of the cardinal function at 

the ordinate point in question. We consider first the case when the 

care inal function Can be representeC in the form 

rrh, 

where 	5 0 .) 	
r

(= 	(for example if 	I fy.1 
is convergent). 

rifle result is immediate for the finite difference formulae 

associates with even order derivatives for these are valid everywhere 

within the range of inte4ratio1l (that is for 	). 

In the case of the ode order formulae, we have 	6 tr)  S a" 
divergent at the ends of the range of integration. However the 

differentiatio. formula is 6iven by the operator 

3,e 	_AA 	Ls1P+1 
	

; and. we have 



2,14.1 eosin e0.2 

cOmpensating for the divergence of 

\ 0. the zero of JA  e 

er) 	9,pti 
r")  P 

L the case when F(x) is bounded. on 	00 , 00 ) we require 

a theorem of Wiener aati aley anu some relatsu results 2, fp. 130+ 

140 

As F(x) is bound.eu oh (- ND , 	) then 

00 
F(4)- ir(0)11% 

-ao 
an integral function of exponential type with exponent 

hence so also is 

theorem, 

r CA - F to ) 

7C 
Thus, by the iener-Paley 

F 	Flu) 

Ty4  

ago.) e t\l c6. 

   

_ Typ,  

where 	s 	t L2  ( 	17/11  

114 
\?%1 

N2. eelonstrate the result for the particular case (hD) 

which is typical. ve have to show that 

of x 	is convergent. iow F(x) is 

TT 



We have 

55 

S LA e"1-1 

('1 Qt~xl  

3 s 5  E x  e"" 

e )% 

• • . and so on. The general ter: is 

S 	el)"`1.1 I- 
sl" 

a 	
i\ ecra  

Substituting these expressions in the ri6ht hand side above we get 

90 	- - • S e 

{ 1Z - Z3 4. 6 et 
12 	4 0  

 

e 	co.% t% 

g 	
_L c_44 

go 
e 

 

4 uSx ES 
	

6 
s3 	_L 	.. 	Q. t: \A 

2 011)) (0)) e 

by- the equivalence of our formula with differentiation for the 

elementary triejonometric functions with 
	

I 	TT /N. 	The 

result now follows as in the previous case. 



chapter 114.  Finite differenoe approximations to ord 	differential 

equations. 

The problems elecusaed in chapter I all require for their corojete 

sulution the nemerical eoluti_en of certain diferential equations. 

procedure ue will adept will be to replace the differential eluatien by 

an auproadmate difference equation utose solution can becbtained by solving 

a finite set of linear 4WWWWAtiqmotione, In thie chapter we will con. 

eider three methods for the egnetruotien of thee. approximating difference 

equations. These are 

(a) by apprarbeition to the derivetive with trunceted finite differ. 

ence fort eiLae fur numerical differentiation (chapter-  2), 

(b) by pelynendal interl-clation of the solution, and 

(c) hy RAIregimetion to-the exact difference equetioue 

It rill be convenient to consider each of these methods in separate 

eections; and the chaptar will be broken up accordieelY. vaeh section 

elel be indicated by a capital letter. Where necessary it will be divided 

into subsections which will be denoted in the meal may. 

(A) The basic approach of method (a) IPA3 been very fully documented and 

would appeer to require little convent here. Perhaps 11 is the best 

reference. Hewever, we must point out thmt the difference expaneions 

cannot be truncated at terve of Arbitrary order. ;'or exemple, a second 

ardor differential equation has its solution (in general) uni:uely apeci. 

fled by tio additional conditions; and this is true also of P second order 

difference equation (three terse recurrence relation). in this C"410 the 

appropriate approximation is 



01;  sib 
12 —  9 0  

as higher order differences would require values at more than thre eonnems 

esti,'" points, and the resulting difference equation wouli not then h-lre Its 

oaution uniqueXy swcified by the Imposed conditions. Alwever, it has been 

su6gested [2 j that eluations involving higher order differences (more 

accurate equattens) be toed sway Cram boundary points. 

It is poesible to increase the order of the differences ignored in the 

approximation to the diff.rential equation without increasing the order of 

	

the difference equation 	rcieans of the followlni.7, device which is hest 

illustrated by an example. Let the differential eluation be 

I 	

ft 	 t 	 CO4 (y ) 

The full finite difference equation is 

If we operate an both aides of this equation with 
	( 1  4. 51/1 2) 

we get 
1 

St a,Z ( I 	1..) ft  15i 	1,1 ( 	s/v8.)9.,. 

it 	$ 13A s z 0 	 . 
sck2-0 

Thus the secant' war  dime actuation 

	

*51tv,t h t  01" l'1//%3ii 	r- 	(1*It/1 7-) c); 

(A.  
ignores 	qurvititief.3 which are at least C:> (&') 

This device can be further exploited. her *ample, if a term involving 



J ay 

a first derivative aweare in the differential equation with n constant 

coefficient 
	

then the oprrator 

Ap  
41S. 	5zpz  

/2 - 	A  
R. 

4 112 .1'  
2 	/ 

sh ip' /2 - 

can be used. 

Another method which takes account of the hilt order differences is 

that of difference cor-ection 	0 ill ,.,for our 4i3etragn of the 

method to a later chapter. 

(i.1) 4e now outliml the canner in which the usual methods of polynomial 

interpolation can be rved to construct the avpraximating finite difference 

equations. -e will asAmse fiAd mesh length 	in cvxr discussion although 

this is not necessary. 

The idea of the ethod is the follaming. Let us assume that we know 

the 'mimes of the solution 960 at &71.1)  successive points, and thnt 

w udsh to interpolate y between these points. In constructing our inter-

polation polynomial we can also use the fact that jsatisfies the differ. 

ential equation at each of these paints. This gives (Vd7449 eonditions, 

end these will determine (in general) a polynomial of degree (2/74/) . 

if, however, um ask for an interpolation polynomial of degree f/1 then 

we have 621)41) equatIone for the 0'041) unknown coefficients; and a 

selution is only possible if these equations are linearly dependent. The 

condition expresaing this linear dependence is the desired diffezence 

egnation, 



will Illustrate the method with the follGving examples. 

(1) eirst order equation 
do)
dx 

.4  

(a) tam point equation. 

;;La, 	.-nova  jo  p 	p 	II and %If y try- the quadratic: Interpol*. 

Ling palzmordal 

e get 

to 

J o f  

 

4 + 	I 

fa t a ct• L.; --- 
The difference equation is them assay 

can h written (using the dit ferential equation) 

Jh 	 Ifk) 	 1 -1A t 	 (5 h t  t0) 
0 

This equation can also be obtained by intent ating the differentia/ e j oation 

with the tiok:ezeidal rule. 

(b) -three point lit  tican, 

.e try 

IdS 	A- 	 C x i  4.- i) 3  4`• IE x 
No get the equations 

-41 

A- 	► C 	DO + E10, 
rs 	2 c t• 1- 3 bits -if eA 

A + 	4- ( -3 	11.. 4  ) 

(-31, f'ACki 3043 + kEhk. 



fro" which to have 
t 0 	= 	h 	I,  

and 	 L-3  

 

0 

Thus the difforenne emotion is 	z 
wntSiti, 	 4. yo 3  CP% 

 

IA (5  h I' 1  4 
ill et ) .} a  fot>10 

3 	 .3 	i 1
1  _h (- I  + 

h 4-h) 
z i 

-12- (° h  + A t 0 4" 5 - s.,-) • & 
This equation eau aloe be *Maimed Ire integratins the differentia 

*DOWD lor $i 	's rail. 

(a) aesand eider equatian (n* Met derivative) 

t"J II 	+- 	on 

gave point equatinno 

we take 

We have 

10 
hz. la  11  

110

h  

ts  

b h 
ht 65 :‘,1 

▪ A + 131. e e xt 4- f,x3 	E 

f3 	D 1, 3  t. F k 4t 

2 c kZ - 	3 4-  12 1= 0, 

= A 

A 4- r3 k + c tit 	111  r_-7 

C 112  r 	+. tZ E 4. 

thus the difference equation is 
, 	Ei  

ES?b - k:t  e)" 	4 	° 
Or 

htf t ( 2 -  

QS- 1.1 
**2. 	• 1,1 	 6 45 0 



have 

4 

This is the equation derived in section ()4). Note that it is not ;)ossible 

to obtain an interpolation polynemial of degree 5 frc this data, ane that 

the difference equation expresses a relation between differences and deri... 

vativos which is satisfied identically by polynomials of degree :75. The 

interpelating polynomial is 

= 
	
'Jo + 2 	 o 	10 0" 

	
2  -3 

4- 	3 	, 
o T- 

_A., 
04 
	

410 
*A-2 g 	

p 
11 

ar 	- g  
(R.1.1) 

(3) Calculation of the usual finite difference 0,IntIons. 

Let the differential equation be 

(I
S it -t-pc*) 	+ 	t1 ) 	 ) , 

oe will assume a quadratic LlaterFolating polynomial 

- 4  

as get the correct degree of overspecification by taking the valuee 

of 	at A-= - tiL)0) 	and using the differential equation at 	= o . 

The equatioma are 
n 	g 	) 

t' 3o 
	 e 

'`r 
	 t5 c)  I- Po /3 	C . 

and 

and the difference equation is 

1: 	+ 70  hp S + itz 	y0 = 	(p4.2) 
In general we get the -;t..anciard finite difference formulae by mssimimg 

an interpolating polynomial having the sere order as the eiCterential 

equation, „e get the correct degree of overdetermination by wing the values 



4 4, 

of to at the ordinate points plus the differentia equation at the point 

m rich the interpdlation Ls centred, 
eke foltotAp(alt 

04) e can see ible approach to increase the accuracy of the difference 

c: action without increasing its orcler. The simplest c,se is the first order 

aluati cn 

Let us consider the cond1ticns 

at 	o 

at s to/ ti 

otA.WAL...14:4J 	at 	X = h  z. 

These fire conditions give the correct degree of ovardotermination if 

we choose a mai* interpolating polynomial, and it is cenveniint to centre 

this Polynomial am hi 

Them 	 hit._) 	c 1)- '1/2_ r- 	r•(.k•-- 4/a. ) 1  

Weber* 

4:. --, A — 13 4/2. 	d 111/4  4m. 1-5 0/ 1? , 

int-t = A-  ' C%  h  i 2- + t "1/4  I- 0 h
3/.? , 

ta = 	T3 - a e hiz  + 3  I-)  h'/* , 

-ail I:. 	 tS -t. a c hit 	r 3 h ill,* t„ • 

	

51y, 	fh/2  4 * 13 . 
ollring the first four equations for A and (3 gins 

	

= 	3°''" 

rs 
	(kh — ("sc) 	+ ( 

Thus the desired differenee equation is 
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3 	C 	h""S a) 	Of  + ni  

+ 1/2  4 "t,_ 	(t5 	— 	-") ) 	- 9  ht2- 
lateinating the first derivatives using the di rferential equation =Ind 

grouping terms gives 

	

t'3 	3 
	4- t^tai f htz  t 

	
4-1v2 

I- 3 	+ 1/z f hit — 
	

f-kii -(1) 
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ie can compare this with the uses equation given by tropeeoidal rule 

intoixatien for the equatieek 
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T.R. 	Ow equation 

k";• I 	L6(1) = 3• 	6Vt1 = 2'40 3  
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(H.k) General procedures. 

In all  the previous examples ti* form of the differential equation ens 

such 13 to permit the elimination to be carried out readily. In eaoh case 

our procedure lead to a. aeiliar difference eluatton. In the genera). case 

Ot of an 'h order equation it weuld not be practical to attem t to calculate 

explicitly t. form of the difference equation (for the general second ardr 

equation a tedious calculation leads to result which is both clumsy and 

difficult to apely); but it is precisely in the general case that our 

aeiroach is likely to prove must useful. Let us assure that the value. 

lot  • t3.1.1... J r, are known, and that it is required to calculate 	nee 

The equations for the interpulating polymaial can be broken into two anto. 

	

The first 	1 equations in each set are the conditons that the polynouttal 



takes the values w'ji a 	n and satisfy the differential equation at the 

ordinate paints at I i  — 	The last equatj_on in one set expresses 

the condition that the differential equation be satisfied tar x = 2rk•I  

while the last equAion in the other set expresses the cenditicn y = (5net 3 

et. e Y 	t 	• If we now tritarolliris:1 the nets of equations 

we can apply the ccnditien that the final row in each net must be equivnlmt 

up to a factor of proportionality. This condition allows us to calculate 

-4K+' • 

In tttrix notation  may write the sets of equations se 

Pt 1 	1,1,12 
and 	4- 	= ‘ilL  • 

their manzwar at construction they must remit s deeemposition of 

the .Corm 

 

a, 
Al 

and 	2 "..1  
0 
c 

a z  
A. 

dere 4  is a law triangular netristo 	an upper triangular matrix 

- both of 	• The vect(rre in the partition h7tve length ill • 

Carrying out the first stage of the usual leocedere for solution we hays 

o ci 

")( 



ru t 	 *4-1e 
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Using the equivalence of the final ram we must have 

If the equations have been arrward se that On}, corresponds to 

the the 0,Ifferense equation is 

911+ I 	di2.  i 	— 	 Bl iee -f e 	
(fl. a'.1) 

The copputation can also be modified without difficulty to compute 

the differenee equation explicitly. To do this we arrange that the first 

elements of 1/ are G31, tilt 3' •454 and them maculate ^A 

a 
e) )'0-1  

as' 	t  

nOK have, from (L2.1), the% 

-7,,y47  
of 
a2 4r- 

nfr (13- 2.1). 

It would seem that (14.2) is most suitable for the solution of initial 

vales problems. 1f it is desired to use direct methods (non iterative 

methods) in salving boundary value problems then equation (p.2.2) is 

appropriate. 

c7 in cavry through the above calculations very easily in the ease of 

the fleet order equation 
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The sets of egultions are (compare 	examje 1. a) 

4 4, 

lg1= A  ) a2  

+c(111-(„1-) • 

}) 

h2 = 

4 	- 4Vaa e _ 	A .% t 2 Ei% Li + '1 
IZ 

Z 
Thus 4,1 = 

fh 
and the digferemme equation to 

h fh 
I  + 

the feature a oz: soothed which would seem to rake it sup prior to that 

t'.iscussed for example of Kepi c:21 and by Collate {/.1 (there are very 

close similarities between the two approaches) is that vie are lead even IA 

910 ,;00t, general c- 3e  io a strai4htforward and easily pro-rammed procedure 

f 	earl uting the difference equation. .iiowevor, we do not get an expression 

r the truncation error in our equation although. 	can he reasonably sure 

of its .airder of magnitude. 

+ 

lk j o 

ti2 fw 4'211 

is.1  o 
o Le-1: 
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7 
ubviJusly it is easier to use the standnrd finite difference eAum. 

tic= ,t han to apily our rciethod. flowever, tho additionnl complexity is 

cJuntertAlanced by the 	ater accuracy of our equations; and the 

accuracy can be expected to increase with the order of the difP-rential 

equation, -.Chic j3 not oit7ficult to see for the staneard equations cnn he 

=,educcid using a polynomial of degree equal to the order e" the differential 

equation, mhile our method employs a polynomial oC degree to-ice the order 

of the difPTential equation. Thus we mould expect in t,imeral thPt the 

error in our c4uat1trn would he 0 (ha) tiOOS 3mallur than the error in 

the standard equation when appromimating to an rn-4  oreer differential 

(aquatics*. 

Tae way riots that the methods of this motion are not restricted to 

differentia." equati.ons and mould certainly he all-licn4le to the numerical 

4,01ution of inteipal equations. In this case the sllive net o data Mat 

not be applied to deterring the difference equations associated with twe 

distinct ordinate points. This ot1d seet4 to bc Achieved meat eUy by 

droppin6 3ystonntieally OM of the conditions for each ordinate point. 

Th,s method should work for kernels Nhich are integrable although singular 

(in contrast to the Gaussian quadratoro rothod which it should et left 

approach in accuracy). 

()3O) Bouneiry conditions. 

To fit the boundary conditions on a particular rroblem we will in 

general need expree3ions containing derivrttives. These can be readily 

derived using the general approach of this section. 



For example, esasider the equation 

	

" 4 f13? 	=g cam) 	
eql oation 

4,e can use the conditions 	.) .9,10 the differentialAat the 

boundary point,and j  , and the differential equation 	the aejacent 

paint. To these fire conditions we fit a cubic polynuedal. We get 

h 	0 	tO 0 in 4" 

" 	 15011 
	4. 6 and 

Thum the condition is 

- 	y  eI 

that is 
a „ 

fr o 	ic, — (B.3.1) 

A mare symmetric procsAure La to )1rocoad as for thy,  usuni ti,ree point 

difference eruption (,7,1, Ile (2),  (►a)) bit using the ftrst derivative 

rather than the funct:on value as one condition at the mid point. e get 

-4, -z 	A - 3et  ti 
	

• 	;• 	30" tit  _C.. 3  te•-• t2 11* 

yo' 6 c, +(zeta% 

h 	( 	) ▪ 2 ▪ 3̀ 0 	 6 

and It 

	

43 oat ti 	.4_ n h3  

	

It 	4  6  rz 1  

Thus ;tie have 

AA S 
	

h 3  + e'3 0 

and 	via 
(3a« 	6 h1-+ 

whence the difference equation is 

A 2  t fr A4 .5:10  a .;.0 (1.3.2) 



This expression contains the tign10141 pivotal value j - ti ; but 

thi:3 can be elissinated by comblning this equaticn with the difference 

pan ti 

t13 0" )-= 

which ajmo halals for these points. 

ka another example s  consider the differential evAticn 

L 	to 

which kis eini-Dlar point at ). =co • If ,,,Le impowl the coneitime that 

be finite ,t 	, -And t) 1.70 at 	1 then the values of 	for which 

a solution is possible are the zeros of the 	:;excel function. Instead 

of the cal:lit 'Lon 	finite we cart Axiicnt,; the condition 	o 	t" • 

The boundary condition at the singular point, can be conveniently 

::'exit with by fitting a fivadratic to the conditions I s,1  • 

and the differential equation at 3e 41, . We get the equations 

J 0 
	 r5--ack 

C 

	
ta 	

-IA 1-3 

a 
	 h 	 e L. 

Jane simplification gives 

tt IN  — 	444 2 43 k 	‘), 

('hi1-  ush) 	ht  44143h - i3  L 

o 4‘h-At3h) = ik (4%‘.- L DI> 	17 7-4 2  h 

t'S 	4 (1.121.- 1.1h) 	3 	. 

and 

Thus 

sr 



have used this cone<iti in conjunction with the standard finite 

difl'erenco equation 

[ 	2.  4- 	oti 	I- 	-4  1 1.3 

to calculate the first few approximations to 	eirFs t root of 

(exact value - = 2.  y 05 ). These ere 

2. 345 ?•3 )2 

(0.1) The third of OLT Plethods of constructing th• approximate difference 

equation is based to the fact that every solution or a linear ordinary 

differential equltion is 0130 the: «I olution of a certain 	difference 

equr,,tion of the zqare order. There aro two stages to the argument which 

carry through for second order different:ill equations. These are 

(a) construction of the exact difference equation 

and 	(b) approxisanti. al to this exact equaticn. 

Let 1/(31) and Vot) form r fundamental set of solutioro for the 

equation 

5o 

It the differeme ovation is 

/9e-1 4,9 f •- 	V' 4 .9 	4 to, 	t*  t I r- 
then, in particular, it must hold far to t) , and y = * 
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We have 
ki-i 04- 	+Aiu;. 4 A 	 a  

and 	Aa—s Ni-1 e 11) +0 z 0 • 

Thus the difference equation is 
Ili Lic41 

I I U C-1 	C +I 

V:- Itflo 

In particular if we cheese ti and 1J such that 

U C-1 2 
	'01+1 

(C.1.1) 
U. 	Z 

then the difference equities beams* 

(..) ,t+t 	-I — 	eire •U:-1 IV.1 	'V: 
	yell 	(c.1.2) 

is the ease at the latmegmbeto oteitisle 12 19.) -r-  f (A) we alaY 
wits dein a particular integral using the method at Variation of para. 

meters. This is 

-S 

U cx) 'V I-) — u (t) v Cal  

6" )  

 

wct ')  

whore WO denotes the Wronskian of 0 and el/ 

substituting in the difference egression we have 

91.-1 	 4 	f 	gr. 	Ac-1 
3ti-t 

S 4 L„...4,-uve-, jt. 

ac 
— 	f 

Zitie 
veto, 	Vi41  cif 
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If we new use the tact that Utal and N(.1) satisfy (0.1.1) and (C.1.2) 

we see that the right Mod side vanishes for 1- 	, and we may write 

it as 
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4 A. U 

Vos have 	A s — Ue4 	t , and 	iru 47 -1 	50 that I  

the difference equation finally becomes 

k..tiii tiff-, li 	1- eUe..1 IVf-i 
.X.t, 	 2Citt 

.) 14i 1.) e-a 	
c 4 1 t.1  019 01 t.  4 	

f i k) 	 f) ii)-19  k 	 Gil'? 
lio 

..11.;. 	 (044) . 

We have based this d,.,:vivation an Olmmentary considerations. An 

alternative app oAch using distribmtlems hes been given kr4111184116 Hsr, 

C53 
	

he defines the distribution 70) as 

= 0 	1 	• I 7, 

T 	131.11 	3t c .., c  1 	x ) 

•••M1.I• 	 •••.• 

e 0 and I) are solutions of the adjoint equation satisfying the 

conditions (C.141). 

dreamily' thoorem now gives MO 

(A(r), 9) = Cr f) • 
As -7-  has disconLinuour first dertratives /2(7) ( 	is the aeljoint 

operator to 4 ) involves -- functions, and the integral then gives us a 

difference equations 

Z 
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The adjoint operator is 

1 vo 
otT u fa) 	tx--310 	( 	- •t) 

+ 	c3) H 	H iatti -  a) 

wfiere Hot) is the rieavyside unit step funetioo. 

Tim dfr 
" 	 1-1 (x;-x0 

+ 	" 	(A- .710 	;4,- .0 *13 1(a) 	 st)ti 

t 415'00 E 	— 5 Caiti 
and the difterense equati.00 is 

5 S 

t I  

It is not difficult to show that this equation is equivalent to 

(.1.3). ila haVO 

Ira) e: 	1,k) 1 V
(0 

A 

and 	it) (.t) 	-:-- 	(x) i V-11)  
lA)tt) 

 

••••••••••••, 
-1 WC-! 

1) C -1  

and lA)1: ltU 
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1.0 2  
and 	n--3 	"Ci 	(Ai 

( 
tA) 

L a .7) 

and we have (setting Di / 

1Ye fil 

(31 

S a(r)dE 
ati 

= j1-4, vete e 

Ve4i =0 ) 
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Thus the difference equati becomes  

U f 	iLl fUt4/1  
W 	W ttr4  

"A el.' 

(- 4 

WC"" 

Utieh is (CO24). 

Li) 4 — 
4U 

-F-F d L- 
2  I • I 

(CO2) Boundary cenditime. 

in order to satisfy the boundary conditions it is necessary to have 

equations involving derivatives of the memo function. In the hones 

poems ease such &relation is most easily derived lir considering the 

4ronskian of the differintialequetioe. We set 

then 

Weameiderieg a particular integral of the inhomegenecue equation 

we get on the right hand side 



Ccit 10.  1:41 

IA) 	• 

  

i ti 

dt 
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II") an  *I 

s5 
2.41 

21i+1 	 S ats.ids. 
u..4, iv CO dt- Ai 

W 

viara 0(1) fan be ss  solution of the haingensess equation Independent of 

V and W refers to the 14romskin of 	and 11) • 

Introducing ft) as in (Cc1) this reduces to 
)1;4. 

f (t) 47 (t-  tit 

The lett hand side eau else be 'vitt,* la ter of V • We eetumidier 

the relation governing the Icronelcien of the haesgeneous equation. This is 

It is easily seen te redo* to 

141 V (41i 
	‘11 C 	ac.) 	to f' , 

The berry sonditicair see also be obtained le using 7-= gta) N /A---rt") 

as a distritattas 4 1 = V a A >, A 	) in Groomes theoremic 

We have 

salt 	 (1) (A) # 	(x- xi )  14 of, -.+,- N.) 	V [fit) (Z (X- 

dir  - 717"(1) 14 (k-20 	(kt.- 	+ 2 °V '(.%) 5. /A- A;) 

abos 
-- V ()) OiXi4f — A) 	* 4)(*) 	 0;) 



Thus have 

(///21) 	Ai )  ÷ -43 is ( 2 SLA-1i) xiti -4\) 
12 CO 

66 

- a ft.) LA) 	CZ-2r.) 
	

* 

12(7)s) = 0 (d' ( 7  .f.)) 

fi31 	+- 	 csi 11 C4, - ct17C); 1.3 

as before. 

(0.03) Apprantinatisas based at the exact equations. 

will new eensider saws appradnatime based 411 4111111t different* 

equation* to the diMerential equations 
0114'1 +. oj (AN ls 	o 
Gt 

If we take V and ft.) as fisidemental selutians associated ttith the 
otZ 

operator d  xzthen 

tx) = 

'Dot) = 

	

Us 	(6.1.3) we are lead to the equities 
ti 

 

	

) 	- 	(0 	• 	- 2 	51.4  T 
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7-p.1) y G1 at 	 (C,34) 

By Taylor** theorist with integral fern of reminder 

9v) 	(3u)-)3=0 
..lect 11 1) 

sot a. 
t 

G12(111)
01f. 

0 
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The result of inseUng this espreesicei for (5 5) in (t.3.1) is 
1 

i4  t '5) — cTic.ot-t-) 612_17  is) ctt.--Act, 
JO' (C.3.2) 

The tens  C:(i- 	tit 
ot 

provide* an exp.esii...in for tho truncation err* in the standard finite 

difference arprovimation. 

The beat possible differevee equation it can obtain (the one la ing the 

maims* asisant of information available) is for by substituting for 

the interpolsticri r,olvnorniAl (13.1.1) nd then earn,-ing out the integrations 
h involved in 	 T t ix) t5 

The truncation errr in this prOness is 0(0 Moller than the trunca. 

tical error vthich results when j 15 - It  1.1 regaled by the intercolating 

polynomial 

	

k"}A. 	444 o 
If 	

2 
	

E (16 
? 

This . 	cent leads to the t'amiliar elution (a). 

The reason or the O(k) difference is tha.t, 1ee1)30 I is an even 

fLncLon, odd powers of 	lawn integrated with 	vanish in the second 

case but not, in genersl, in the first. 

An important application of these ideas is to the cznstruction of an 

integral expmatilon for the truncation error in equation (A..1). 

We begin by norm tiot this squattest can be deduced by.the rethods of 

sestina $ (see eample 2), and that the resulting .Interpolation polynomial 



(11.241) satisfies the difference equation is 	If7 (A) 19 this 

marnemial that by differantiating it twice, we havO 

Si= - 5 o )c. ar 11 -1)4S lqo Ye) — 

e this with 
dzy 
62 7- 

WO expend 3 6 in the .7"tn.  

503 	c5v3)04- 
'z  11--aS2(9 4))0  + 
2 

VS hiVe, 5.23i1 	lyloros thoreltr,  with integral remainders  

L y  o +- a S Jr3 15
3 c

i 

etc>, 

C k- 	t An a  

( k  3 1 	- Th  t5"61. 

where 	Tj, 	a ( " ) / fco,7 
(-17)1  3 (--) 	S • 

	
• 

Thus the differential equation my be within 

- 051) 
	11-.'tiS (115) 0  — 	W2E1  (9 'Do 

, 
7t/  (96 	1106

3 	
-1"." ( - 	cs 44 t

o  
- 

k tc s  
1-3 	(0

V 	
1;7 -7; (9 ohl ) 

The exact differs ryae equation can now ha written dm using (C.1.3). 

It is 



sct 

S'z's 0 v- - 	(9') o - 	V(t1s)0 

h 

6 
cTicot-e-) (Vs) ctr -  a.  c1-4  (01)4 ‘11-14 2.  

(C,3.3) 

	

as tame involving add powers of 	vanish wises* erg.tiplied tip T and 

integrated fr 4.4 

The desired expression for the truncation error is thus 

1. 
- T (A- rad (. 'e' - 2-11-21-75811 	ovoid dx 

6 	 (c.3.0 
4/ 

Responding ( 9  Y) by Taylor** theeren we readily derive the Wants 

 

h‘fgtsro  
+ OCkalt) and, try a simple =testa= of this 

11 6(g (5)41 
where the subscript /41 refers to 

/A 0  

argonaut, we get 	R 
040  

the fact that there is seas value of 2 in t-  it, h) ter *LA equalitr 

hold*. 

We can td.se retiree the differential equation to a difference equation 

by writing it as 

41 (c3 -  c) i 
31-' 

Veit (511•11 	ir4t 	(.6 	tie-, 	c+ 

1.)141 	t- I 

wt: 

AA-4‘ 	( 
Utz)= 	

-4'4°A 43-63i 

tyas  ( t4 

(x) 	
CSI (iite Ai) 



6 0  

If A t-. 11 then 
	[41 = 4) Ls" 

 -_-_ 2 e-o-S 573. 47 

 

cbtSg 1 - Sg c.44  
- 2 a e.trt S-5i , 

and the equation become. (HeraOh 3-1 ) 

 

13C-I - 	tees Lizs 1•1 

S5  

673i 

c 	tfrl ii I 
2  C 4  I 

 

 

-r csi ts) bs a 
(C.3.0 . 

3etting 	 ht573i 

tri 
	

a 	c 	
(1,15-5;-. k )cos 	at- 

we get 
	 kr% 

eti 
	 6-13.1 	 di 4- 	- 	dt- 

(C.3.6) 
The right hand side prerVe3 an intoresting exproomion for the trunea. 

t,.on error. The important feature :)cin.L the absence of derivatives in the  

_ntegrals..similar methods can he used to derive formulae "or ritting the 

bound-try conditdona. 

Thus. from the forsula (0.2a) 

of - 

we haves  Notting 

a zt.1 
ct 

ft) ti) 

a 
	

T.f; 1i 

- g (z) Li% 7 

h- 

10 GI 	colt--t5  0) 	S: 
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New, it (7/2 ) ask= with ;FWD a pair of Amitotic= satisfying 

(03.1) than ws most have 

0. 1-4 t3 -1 	( DID 	ae) 

as thNsult of adding this equation to (C.2.1) mot bs the diffiremo 

equation few 40 4, 

Setting tJ (2 ) = ktit 	MI have 

- 	Cul 
r b  h+a 

7; 5 ct  
(0.341) . 

Addieg ornitimis (c.3.7) and (C.3.8) wo have 

t3 0 	h 	 + c Val dx ti 

'awe v I  'X? 0 

71 	0 1  

 

h 

 

Setting 

ail')  
ct 

( 

o 	-) cl 
-4.44. STD 	— 3.) 

.04. A trio 

4 U 	 (5710 h+  
trio 

, 
A 
	 poe-0*4(fio) 

c 	44;1 trio ( 4 — 
0 	....404.4,  A erre  

 

) d  

 



(3to i  (10 cos L1 	0 — -I) 

 

Fie (k+  
k trtio  t) '5 ci 

LI 
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V (10— 	c1-1 
09-44‘hao 

1%har• V 	 '3L 	3  

- 	2 4. 0 	 (0.3•10) . 

Appendix* S avaeriaal amLisatisaso 

Canstder Mut ths distritirliatiat dctu 

( o 	(-5 C 	••• 

the salastian of this wing Us standard agraatinatien haa Won dim 

Kantararri* sad ftylaw (411 and is einnarised #ro the tallatoisig tablas  
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The exact values were obtained by lemming, the polvr series far 

.43 have obtained approximate solutions to this 01!'Terontial eluation 

tin (A.1) AJAI kot//z and 1„,q, , and in both cases we uaed the inter- 

rolation palynerrial (R.1.1) to fill in the values of 	at A 	and 

2  F.0"e 	and in the second caAe also at jL= 

11 results are set out in the Callowing table. 

o• 

k 

irD• o•16 

1,1 	,=• 

crol‘if 

1/.3 4, • /4:06 2/1r 

D •5 
0• 	// ff 0. //ikireo 

0 . // 	Cr/ 9/3  
• /.o,5 952 

0* $i o• 076 S92 • o76,12 

It 13 interesting to compare the approximation given by (4.1) with. 

the approximation given by aubstitAing (i .1.1) on the right hand siee 

a (J.3.5) and then carrying out the required intetwations. 

e have applied both methods to the equation 

+ 2O -  ' 



Using (a.1) wa have 

tiz- i/h 

• 4 )+1 S40 , 

• /f3 706, 

'442 .06I -P 

-7,94 d91, 

jegAgmoe#44, A,- 	 = 	eag• 

Using the apirezdisstion bend an (C.3.5) wo have 

	

A G,  1/.2 	 y //2 	• 44 0 	- 
Compered with these approximations the stmdard difference formula 

is not nearly so satiaractory. In thla CI 30 U0 have 

j 	s 57 

	

14 	 •/9j 39k, 

4)1/2 	-4 39 306, 

034 	• 72.? age, 

IJska = . 44g 6*5. 

Appraaimations based an (C.3.5) and similar expressions are rather 

Ledious to c,mstruct ait:Is  except for certain special Cf-;03, othr methods 

are generally to be preferred even thow this mans wortfing with smaller 

values •of 	to achieve camparalan accuracy (the truncation error in 

rising (G.3,5) and (B.1.1) is 4760.) smaller than that In using (4.1)). 

(14ever, it is not always trus that (4.1) croduces lee acfAirate 

ad-a-natiana. .;sonoider the eigenvelue problem 

46' 	r .„7 , (1110) c 	is) 	e›. 
d L  

See Chapter ( 4 ) esp73€44144 C2) 
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ihe first few eigonvalues for this prahles are Koval 4,2 

1%•cibt st6 

- Ss* 4 	It 53 

-vvo R 36. 

mation (.1) gives us the approximations 

Iqultion (G.3.5) gives 

/ix 
	

\i& s 1, eet.744. 

.), 2  

L 	11 3 	 19•4 

q3- 

r 

may note that (C.3,5) leads in tho cane of the eigenvalee problems, 

a trancendente equation for the fAgenvalues (hence the apmoximation 

1,0 	in te case 100/1, abAVO). 



Chapter IV. Convergence of finite difference approximations 

In this chapter lel further analyse approximations based on the standard 

finite difference equation tc second melee differential equations in normal 

form, 
d f 	m 	5 

teill write the elLee-f-epenee equation as 

: IX  

and the finite difference approximation es 

eq 	 t ce) 	k 	 (2) 

appreptimnte to the boundary conditions on equation (1) by 

; are? e w 	take h 	q  kaking the substitution lw-4  la 	far -- ill /- 

A. 	Initial value (marching) problems 

in an initial, value iroblem all the data necessary to specify the 

solution ie given at on point. Ye begin by considering some properties of 

the solutions or initial value problems for equation (2). As the equations 

are linear ee see that the solution of any such problem can be readily 

obtained when we know the solutions to the problems 

'3 0 

ir I 	-0 	— 10 	and 

(b) 
	

113 0 
	I 

,tAT 
	

1 	,. '3 1 ') 
we will consider only problen (b) explicitly as the other cese is 

aimilar, and the results and restrictions are identical in both cesee. 
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Awning the solution forward We have 

4 	74 	 %.• 

- k7ljo — LZt 	 I 4' 11.4 0 I' 

— ha 

Pt 4- 

I to.1 	1,1  • Tr 1-   

.. . . . . . . . . 	 I . • . 00. 40. • 	 • 
	 . • 

S 	= 	( 	0 4 at" % 141 s 	• 4- 

Putting C9 r. 	n'n,dolt. 1 Cif  2.) I 	0 f• •X 6 I 3 

F 	ern.41-ag- 	#. 110 	 S 

T1. 

we have, using 
,v1 2- 	= 
a a 

+vt- ij f- - • • 4, 	1). + I 3 

that 

On.a444. I it 
	+ 	 .. th. 11,1 

Ind this inequality ca n be solve' for fraa..,L  I (3 	Frovidod (9 Q. • 

It gives 	 1 4 F/2 
.174.a.it I 11 I 

   

—m/2. (A.1) 

Thus the solution is bounded on (C. $ x $. ,) provided 

and thin 	c,3n be relaxed if we are inter , -:sted in the solution only 

on part of the interval I 	. 	example, if we consider 

then we have 



and 
C.0 

entail. I '1 I 	1: 	1 a- 	eine% 113 I 

I 4 F/1?  
j 	 provided 	c & • 

Me general oase for finite Q is similar. ?:e can obtain bounds on 

	

finite interval r( -11,  a) where 	derelos on 	only; and we can 

obtain bounds for the whole of 	AI 6  I) in a finite number of 

steps by bounding an initial value problem at each step (as this proi.lem 

can be r,!Auced to the sun of a problem of t'ipe (a) and a problem of 

type (b)). 

t7inally, we see that the eaution of () can be extended to any finite 

piece of the X axis and is there bounded independent of is provided 

only that ¶ (x) is bounded for this range of 

now show that if 	and 	; are continuous then the solution 

of equation (;:.) tends to a definite limit function defined on all the 

rational point.. (0 ) f- 	as v,e letk---1) 0 by continually refining the 

I.J4L AI It 
	a. 5 >oat,  

let 3l,70 be the solution to (2) at the ordinate point at 
•••••.. 

with IA.= 	, and let 1100 be the value of the solution at this ordinate 

point 1..iith A= 1/.An • With this notation We have (considering the bora°. 

geneous equation) 

"' 	(1-0) and 

- 	17 to 1°) # 

t;:(I.1a)) 



4 (I- 

F 

- 7111-1 13-  (i'n—i)11) ) 

rmer-it ( fat 	fri _11 to this 

P ( + 

1, -/p  y  ( 4/P) 

Uo 11(0 -I'  

4- 

_ k_p;ast 	Pat. (,-1)11 91.  ( bp; ) 	• 

to  14)- ( ) 4 2011-I) t 	137 (2z11 ) 	p (41-1) 	-q( 
• .3  (2A - 

P 

4- - 	- • 	-o- 

t/ 11-2 t, 	(1— ak 4  :4) 	• 	 - 
Now 	r-a., 	1 2 	* 	I)+ f> 	(p-i) 

SJ that a typical term ift 4.5 ▪ C') 	:;(1) is (writing 

the magnitude of this tern is 

- munows, It at 0AZ (014) II) 1 

ert 	Q I 75 ((m-:011) 

+ 	•77•41**C I 11 ((d,; 	h) `-t7:" 	(h- .")) IN)1 

f. 	fht.4.-* ( I CS 	I 	1)41--ii)i • 

ray no6e that the case of the inhomogenecus equittlim elm LIU 

be dealt with if we add a term 

WcTOSOion• 

Now 
tijrig — 	(I-13) 1-J 

* r) 	t, (I_ 

- L f _ 



so that 

ri (1) - ;(1-k) ( 	( 	TI 4- F)), 
ic (A.2) 

70 

F12  ) 	 Q 4 F 
where 	 + F 

1- ca/1 	 1 — 4:9/t 

and this provides an upp:,,r hound for the magnitude of 

• 
3 

I '3_ ( h 	C(l-1)0i 	whenever 	.; -et t 	1 	• 

Using this inequality we have (inhceaogeneous equation) 

tleta•K I 	TV t 	 Q Ineesa I r°3 	I 
G 	+ 	1+F/2 

— tolst, 

where tau have chosen k such that 

% teL 't 10- - t, "LI  1  

and 	L k) - f tai l 

Thus 	1 	1 	 4t  2+1.-1  

(this inequality applying at the ordinate points of the Jt/,yt mesh). 

4s r, is arbitrary, and as 	can have any vale greator 	certain 

,inimum depending on 	we see that the right hand side of the above 

inequality can be made as small as we wish. Thia demonstrat:e the convex. 

eience of the solutions obtained by refining the original 	-,?: Itp, /  mesh. 

To show that the limiting solution is unique we have to ihow that it 

.Ls independent of the mesh on which the subdivisions are based. To Ole this 

we consider a second mesh 	lbrri 	tYPI 7 oh) which cannot be obtained 

'by subdividing the original mesh. The solution for these two meshes cannot 

) 

t 	3  OS ASt o  



hl 

be directly compared. iicreever, they have the ceemon mesh 	k 	1/1,1 „, 

so that we can ;v:ly (.3) twice and. we hnve (-t the common mesh points 

which always include 9L = i ) that 

. 	 r•rrt i 4 2  8 	 3 

[cipc 	1 	24F/1 —  44? ia  1 
< 	# 

	

V' 	I ' 

where 1 j 	denotes the solution for the mesh .- 	andy dr, that for 

the mesh 	. Thus we see that the solution values form Cauchy 

se uences at their ccedflon ordinate points and thii guarantees th. unique.. 

nese of the limit solution. 

-e now note two further results which will be usefui in what "ollows. 

,::roof in each case is straightforward rind All be omitted. 

(1) The limiting solution to equation (2) corresr onding to 

can be defined at every point of the interval x 	as a continuous 

function. 

(k) if we replace the 	on the right hand side of the boundary 

conditions (a) and (b) by 	then equation (1) becopies 

have indicated that it is unneces6ary to impose any condition on 

other than finiteness to ensure a bounded solution to (L) at 

as A >0 . We will now indicate this result by a rethod which does not 

require knowledge of bounds for 



inrorn the e ‘uati on 

13,- 	 'fz 
we have 

30% 	1 	 + h' (4' 	+ k i F • 
- t I + 	P> 13 ; 	we see that 	I us 	E 'Y.:. to,„ .... -. ,„ )0 	:=0 

l•Aiel ) satisfies the equation 

1. 

r.-,  
Y o 

`A> 
=I hoI 

= I 14* 

f% 'YC 

with the initial conditions 

The equation 

/1.4 I  - (2 4  P44? ))',. 
h:,=3 the general solution 

A cam' t-  (3 

where 
	 .# Ag4, 

I 7- 0 

so the required solution to the inhomogeneous equation above is 

= 	coa t- irs 	 — F/ 4  

The initial conditi ns give 

A 	1430i t F/q 3  

= 	I561 + IA15oI 2-  ( I lie 14 Fig)) Ur" + 13444 	./41 

Thus 	(1'3bI4 F/a) 	fl  4 
	

13 Di 

Now €rip 	I 
	ji_r) 4 11,10  #144irs 	

that 

rpb 	kSrst  + 0 (1, 3) for email values of 

Ihuts, for larg.•,-) values of 71 	we halm 



( iy0I + /Q) 	 kr6 -p- o( )) 

as..sr—k (Sth + o OM) (Pio 14  

4- wt01  
h ca4 + ( ha) 

as n-30 ao 
and the limiting value of this inequality ist,Adeoli—,a-amd is 

I L5( I a tj 	I c.0-1s& 374 + I 

4 E 	STA — 
(14 

Lot us now consider the solution of the problem 

419(0) -L. A 
.cicwo 

c:1. 
dzyda2 + % tx) cq = t t. 

This problem can be replaced by the exact difference expression 

(chapter (III)) 

73 

htra + ow) 
1 

So 

S a 

A 

'wing 00.9), and 
	mi+h x-24,7. 

s4c91 	kl ; 133t 	
0 
	

et  CA 

at: 
using ((3.3.2). 

The standard. finite difference equation is 

o 



Six -  E. ) 433 1 c1  E 01 

Thus 	t'S 
	[irm-sda9"1 

F. 

+ 11  'Moat I 024 	13 to. it 

11 2  

Thus the differenso 631 -  ' satisfies the difference equation 

ti 

	

03o - `le 	vle - 0 

	

5AS ( 	t5o) = 	S.  V eR " et 

S [ 	cpmica 

We have 

74 

I V 	 11 of a 
- 

IN  mi.* I (9" I 6 	4 

where 13 is soar bound independent of 11  depending only an (R and the 

region in which the solution is desired* 

• * 
	-CA;" 	) I 	I - 0 

Thus the solution of the appramieste difference equation tends point.. 

wiae to the solution of the differential equation (i.e. to point values) 

as it -z>0 s Wo require qiCx) to have a bounded fourth derivative, 
t h 	. 

Remark* If we integrate by parts ) Val4dx we can derive the 

estimate I \A I F.- le' ir1441-10 	Thus  

/13z 	[Awl& I af l  ÷ 	I CL3 k#  I } a 
and the error tends to zero at least with ii4t  

We can get a second bcdnd far //'il if we use equation (C.3.6) of 

chapter (III) to determine F which will here be of the fors APifi /VI,* 



provided only that 1 and $ are continuous. In this case we have 

t 	k nams-vc. 149" I 	E 	WI) 	/3 

and the right hand side can be made arbitrarily small by choosing a 
email  enough, 

To conclude this section we note that the results obtained here 

for the finite difference equation can be extended without difficulty 

to e ?cation (A.1) of chapter (III). This equltion is 

whicn i e can write 

A i-t 	t12  tcz 

Thus, proceeding as before, we have 

,lne.-4 1 113 1 

fTz (la) 

so that 

•• -114.-it. I K.  1. 	(°3 

+ 	inuit-s. I IV OS) I 

R• (-I `3i-I 	 — 46,--11 ,1e+t 
c _, 	+ 10 	c 	4- 	4 1 ) 

ern4-71. I (.3 	E 

Thud the bound (..1) 13 valid for yin this c-ase, and we can une 

expras ;Ions for the truncation error in this approximation to the differ. 

ential equation to show its convergence as 	followin the same 

line of ardument as used for the standard difference equation. rfr this 

method we can show that provided equation (3.3.2) of chapter (III) is 

used in approximating to the derivatives in the boundary condit_ons then 

the error in the solution of (..l) is 'it most OW) provided 	has 

Wuncled sixth derivativ3s. 



B. boundary value problems 

In this section we will study approximations to the equation 

altcp 	_ 
Gt-xt 

t ).1 03. - 4. tai  (B.1) 

with the boundary conditions 

A 0 ei(0) 

A era(ii 

d tat o)  

d t9tt) 
a 3. 

Co3 (b- 

 

(B.2) 

 

by means of the finite difference equation 

+1 1 	1.11 	) 	= 	k 2  {10%) , 	-=‘).0, --- 3 71/(3,3) 

with the boundary conditions 

AD 6130 4-  TS° A16 150 = 	co , 
A t 	t5 	+ 	i .-I4 	=1I e. 	(B.4) 

The finite difference system can be written is the matri-c equation 

A (2, (..5) 

... 2.  - 147110  .3 111 A01 rs o  [ 

2.• - kit, 

Co
/ mo o  

i 11't, 2 , -- 

where 

A 1 

L 
and 7 i8 the vector with components 

ft) 	f 	 ) 

kiik, ) 

and 

a 't.- I 

C' '
131 • 



{ + k2( 1 	 11“-. 

ht(ti--,A) 	Pi 
	pi- k 

• 

(13.1) 	'Ile now note some properties of the at,71trix 	• 

As it is tridiagonal, and as the off diagonal elements are all positive 

the principal minors of A form a :turm sequence. Thus we have 

Lemma 1. The eigenvalues of A are distinct. if the eigenvalues are 

placed in (Jrder from the least positive then the correspondizm cigenvectors 

have 0•1 ,2,- • - .) 	changes of sin respectively. 

The first part is a consequence of the Sturm property, see for mounple 

reference 1 , . To der,ionstrat4 the second part von show that the compo-

nents t  .1i1  of the e.igenvectors are proportions), to the corresponding •torm 

(an tilt-A.13g polynomials 	can fix the scale by setting 

the boundary condition is not Jo 	this case needs slightly differ.. 

eiit i,reatiiient). '‘''je then have 

c It o 
Po 
	• 

12 4 	 41-)4 — 	Aoirs. 

[ 	4  It' g  - ki" 	- A k A Dfr Po 
	• 

a + 	(t -)41 LSI 

.0/ 

• 



:.- 

Thus 	 and the co 1-onents of the eigenn 

vector are strictly proportional to the corresponding Aunt polynomials 

• 

.e have 

A + 61,,AA 	2 4 III  ( 	„44) + 2 R — 	..
Di 

- 	- rx—et, + -P+.• 	‘,1 	cji  -I, ID„ 

1, +1 	-1 	..... 2. 	A 	 9 

( A 4  W1- Ai 	= 491 11 ( 

where 	(b 	A, • - 	4 491 	41/1.3. 

is the difference representation of the terminal boundary conAticn. Thus 

we see that • is an eigenvalue of 4 if and on1r if the solution of the 

initial value problem 

i 	1  

A 0 ti o 4"t3aySyo 

	

4-kZ  OA — 	) 	= 

satisfies the terninal boundarT condition 

A A 	4 1-1 ..LA S 	-is 	0 

e will not here consider the boundary condition 50  s 0  (it is 

actually simpler than the general case); and 'w note that in all other 

eases the matrix 44 is not symiretric. Thus 	will have distinct right 

and left ,dgenvectors and these will be bierthogonal (me denote the right 
'4 

cigenvector by 	and the left by J ). licnvcr, there is a particus. 

laxly simple relation betNeen 	And 



lesisnuria  

Whore (3 is the diagonal matrix 

I 

1
/ 2 

This is readily shown by writing the eigenvalue problem as 

Whare 

A 0 

7', 

A h A018  

  

- 2 

1 

    

is symmetrie, and 

4  i)0 /A 

11  t i  

is diagonal. In this form the right and left eigenvectors arc identical, 

and the orthogonality l'aati,,,n becooes (because of the weighting matrix L.. ) 



t 

Also 	At 	ra 	
It 

so that 

• 

The ease 	0 prOViOSS a useful cowparison problem because he's 

explicit cesvcrs can readily be obtained. 	,e will write it as 

K 
We non prove the C'olloaing results: 

.1..er_ria 3. 

f.rovided that 

:arm  	'”1442 	z 	°2 13 	a 91  
(thil can always be arranged by alter.' 

ing A by a constant). 

in the pr .-of of this result we will make use of the .itayleigh quotient 

formulae 

- 	 - 	t5  

 

12, 

  

subject to the constraints 1.5 a 	a - .2 p-.1  a 

and 

subject to the constraints j 
Na‘ 

  

1J AA 

  

,e will also need the alternative characterisation of the eigenvaluos 

in wrris of th 'rar.vleigh quotients (as for example in 2 1  ). This states 

that 

= maximum value 	minimum values of tho Paltleigh 

quotients subject to any 	additional constraints 	. 

fe will prove each half of the inequality a eparately. 



We have 

Sr I 

(1) 	
• p • .dt4 p 

subject to the constraints 

- 	L if 1 Lz 4 e 1.41 tz 

tA r 	to 	0 2 C :4.'2 1 2 	1.4  ti'  

70. 	art.‘4, 
ti n. 

SS 	 LI'LQ .") 

r3  

(2) 
	

•• 

	

>, 
,44 h  s 	ra 	inuti.." 

We have 

stA 

subject to the constraints 	f 	1.0 z  = o 3  C. 

• ' ../LA  P • 	t 	ma., f 	t 	(4  
ti 1-5 y 	4113v) 

(1, /13  `2, 
P • 

e4 1.-14  A.4.4, zn  
-4:1-12rr 
2. Pti 

provided that .44 h  >, o 
Here we make use of the fact that the differenee equation 

61 4- I:LaA 	= 



has the general solution 

Y 	4 sin (kx + ) 

where 

-2 2 kh 
'A = 4h sin — g 

 and 0 < 	c n , 
2  

To prove the lemma w have only to establish the limits on k 

which permit yp  to have .,xactly P changes of sign on 0 grx t 1 . 

Notv the ax%-nlment of y changes b7 exactly k on [0,11 • 

Therefore for y to change sign f times we must h-ive 

(P 1)hi: > k+ >Pit 

thus 

(P + 1)n > 	k 	> (P - 1)n . 

P+1 

	

Provided (P + 1) < n 	sin (----n) is an increasing function 

of P so that the stated result now follous. Using this result and 

lemma 3 we have (provided 	p 0 ) 

(P + 1)2  n 	max qi 	JA p > 4(P - 1):? 	 (P.1.1). 

The methods adopted previously for hounding the solutions of 

initial value problems are not suitable for application to eigenvectors 

of arbitrarily large order as they depend on the maximum moUli of the 

coefficients in the difference equation and these tend to infinity as 

the eigenvaluos tend to infinity. In this case it is again convenient 
Oa. 

to use the eigenvectors and eigemralnes of A to estimate those of A . 



c .-n normalise both ei6envLtlue problems so that their t,ifference 

equations satisfy initial cou-ltions o1; the form 

Yo  - 1 oei; 	-\ • 
will now have the difference oeteeen their solutions satisfyin 

the dif1eaence equation 

with tine initial conditions 

)0 -  •LJS Y - 	- 
Provised that q(:() has been adjuste- so that min ( q(x) ) >4), 

then lerima (3) tells us that the right hand side of ( 	. 2 ) 

has modulus $: h2q 10.  

AUX 

first consi , er the solution of the equation 

by the method of variation of parameters Thus we try a solution 

of the form 	= aiuio+ bivi where ui and vi are inuependent 

solutions of the difference equation . We have 

6?; ai+tai+I 	ai 	+ b. .v. 	h.v. 1+1 I+ 	i 

u.Lsu. + 0.60r. + u 	a. + v. 	tSb. 1 	 1+1 	1 	1+i 	1 

J.e adjoin the condition 

u. 	/Sa. + v. /lb. i+I 	 +I 

Thus 
a 

's7 	CS); 	a. 	+ b. 	1 v. + 3. 	3. u. 	 Vu 	i + 	 a. ; 1  



wit e nee 

and 

2)1..  1,9" C9 h2  1  V ai  + 	vi  V bi  

Thus we have the equations 

u 7 ai  + vi 0  b = 0 , 

cuiVai  + 	vi c7  bi 

were 

V) i 
	LIZ 	41"' k  

1--.l); 	(1),7 	. 
C 	c 

As ai . a0  +7a. and i 
 - b

0  44.j  7b. , we see that the 
i., 	J 

jzi 

inhomoGeneous difference equation has the General solution 

.. • - vu. . 
(YL 	+ Bvi  + i h I'i vu 1 0 	3 1 

era. V . 
3 

If we put 

u....einkih,auckv.=cos kih , 

' 	kh 
4
i  

Akers 	- 4ht  sin 	, then 	= - sin ich . 2  

The solutions of the 6.1fierence equation satisfyin,j the initial 

conditions 	0. 0 is 

• 

h - 	U sin/ litho 
sin kh 

sin 	i - 
-- h ah 

= 

• 



Usih, this result we can transform (Bela) into the form 

yi 	
h FO 	iii 	j  )h 
sin Ah sin kh -c 

where hal' F. 	h (),(1-11 )y3  + h  (14 , • 
J J 

• . 	é  4maxial 	i+2 maxrd 
21Pein Kh 	n 

	

ee,ow 2h sin kh 	2(p-I) if ja is the ,LA 	 pth ei4,cenvalue 

of A 	Thus the maximum value of y
i 
, the pth eienvector of A , 

satisfies the inequality 

	

mnxiy $. 	 0 1 
2maxIgi (I + 2) I - 
P 1 

provi 	2maxiqj ed ------- 	( 1+ 2.) < I This condition is aleays p - I 

satisfied provided p and n are large enough 

Lemma 	The eigenvector: of the matrix A , normalised so that 

their first elements are unity , have their eleents of maximum 

aodulus uniform14 bounced indepeneeat of a 

Thilkesult fellows reaily for tee loeer ei,envectore ( bay 

• iQ 
	r fixed inee.enteet of n ) can be bounded 

incepenuent of a by usin, our results for the initial value ioblem 

If r is such that 	< I (this condition can always be 

satisfied ) then the higher eienvectors 

by comparison with 
.17..13 using (1.I.3) 

We note that our method of normalising the ei6envectors by 

takiree y0  . I precludes us eiscussin the case where yo  is 

prescribed U • here it is convenient to no2eeilise the ei,envector 

tailing},4y0  h . .4sain the eifference (L. - :L
P
) satisfies 

eoro initial alneitions so that e.1.5) also applies to this case 

ir 

5 

Zs  • sr are bouned ." 	, 	 d  



is 

(b.2) 	In this section we consider the ei,.,envalue problei4 

- 1,(1 

where L is the differential operator of equation 	, for 

homogeneous bouneary consitions of the tipe specifie by equation 

(.2) 	Using the results of chapter 	- equations (.3.2) 

or (x.3.6) for the difference equation e equations (c.3.9) or 

(G.5.I0)for the boundary consitione - we see that the solution 

of the differential equation also stisfies the difference 

equation ( in matrix form ) 

) (12 	h v 

where i>‘ is an eigenvalue of the homoi2;eneous differential equation 

42 is a vector with co),ponentscs4 .(9(1.h) where 90) is the 

corresponding eigenfunction , Nnc v is a vector with components 

constructed from the expressions for the truncation error 

The finite (ifference equation is 

+ 	) Las 0 

so that , by subtraction 

( A + !Al  I )(g? 	„L) 	by - 	() * jj ) 4? 

If' (x) has been normalised so that 9(o) - I , and the vector 

z noriraalisk e so that yo  = I , thenT - a.  also satisfies 

difference ecuation 

i 	, 
h 91 - acli) (q4-Yi) hv 

with the initial conditions 

qo 	Yo g° 	12-1)1S (So  y0) 	VS"  cl 
-11 

as in section (A) pages 23— 



its JA is an ei,e1 value of A the left hand sine of equation 

(as.2.I) is singular ; anc. the concition that a solution exi.A is 

Z.*' ( 1(:; 	1; 	-jA )(11 ) r 0 

- JA 
1,, 

If we denote the other eiLenvalues an eLenvectors of 	b hIJA:. 

ant], v.1  respectively.  then we have 

where 

= v - 	ei • 
and K is a constant which is deterniinate Jhen the scales of 

and 	are fixed. 	Using (E.2.3) we see that (E.2.2) can be written 

+ 

how 	rtv 	mrovo + y1v1 + 	
 ± 	

v A  

	 + Wn.Y 21.  °O.Y0 YIYI 

and as the eigenvector 2: can ue found b4 solv 10  an initial value 

a7 

problem , we have that !sax' B . 

. 	
I ;LI,  iv 
r  

Bmaxlvii 

	

n fir0Y0 + YIYI 4"4. 	'YnYnl 

Also the aenominator (for large n ) approximates to 

where y is the solution to the initial value problem 

di % 
	4- C.,Gt - lb Cal) y 	---- 0 	5 

dY(0) 	A y(0) = 	, 	thc 	4111 0 
30  



Vs 

ano is thus steictly t reater than zero ( note that ee require 

only te_at 01,A. lie in some bouneed interval for all h to guarantee 

these resal s ) Thus there is some positive number e bounced 

ineepeeeet of n ( 	 r 	 ) for which 

elv a max iv .1 
I 	

11 (B.2.4) 

	

-bes ',laxly.' 	0 as h 	(1 it follows that! )k -pi-a. 0 unless 

	

—IP -I • .Low 	- I 	0 as h --a> U , then max ( 42d also 

tenes to zero , ank, ee can apply the ar,',,ument of section A pa, es 

73 — 7,5 to the initial value statement of equation (AI',.2.I) to 

show that max 	 Thus provided i. t -I , K -hr 	, 

h 	then the components of the eieenvector terra pointwise 

( to point values ) of the ei6enftinction 	(x) . The converse is 

also true for if z tents to the cieentunction pointwiee then 
r  

(n -2sC4 ) 	y1 41g + 	 113rnaln 3 is  30 C9 Lx 

as CS,  is certainly h-integrable . Thus z cannot taker be orthoeonal 

to 41 (at least if n is I.uleje enough ) 	anu therefore K cannot 

taee the value -I • 

oar I szi 	cannot teriu to hero if 4p and z have uifferent 

oscillation properties so that a 	-I unless cP aria z exhibit 

the sa,  e number of chines i i si,n on (e, I) • uevieusly the 

funeameetal ei envecter zolItimrcan never be orto6onal 

to the vector 

 

6  constructed from the i enUarnental 
Iw 

 

eigenfunction C90(x) as all Lheir components are one signed • Thus 

certainly zu  tends pointy ise to 9 (x) 	%)., as h 	U • 



This must also se rue: for Lte higher el . iveetors an, 

el,envalues where 	ei.envai:es are oruered. trots the least 

positive ( that 	shows p cna,..tes of sign is then Guaiteiteed by 

lemma I. ) Let us assume that the pth  eigenvector fails to tend 

to an ei6enfunction . us yep lies in some bounned range (we have 

shown this - lemma 4 - for positive )A : for negative JA we 

can at uin calculate a lower bound dO - lemma 3 - explicitly ) 

there is at least one converent subsequence of the }4. (h) as 

h 	0 ; ane we can associate with this limiting value a continuous 

anu non-zero function ( non-zero ,s we can impose the initial 

conuition yo  . I ) 48 in section (A) 	Now this function must be 

orthogonal to all Srix)as otherwise 4IP -1 for some 09.‘Wariet the 

sequence of values of h chosen anu this woulu imply 	agv(A) 

contrary to our assuu,ption However this 0.ves a con.tradiction 

au the only functln. ortne6eual to all <9r  is zero 	follows that 

Z.13  tent:is pointwise to 	(x) for all p as h> 0 	n -HP010) as this 

orderinG leans to identical oscillation troperties . 

This demonstrates the converence of tie solution of the stanuare 

finite Cifference approximation to the solution of the c.ifferential 

equation as h 	0 for ei envalue proolems of second. oruer 

differential equations in nores form 

Remark s If the ei, envalue occurs multiplied by some positive 

weir. t function - that is -L(1) ),41,4(10) instead of gap) 

tLe same approach can be used to demonstrate the converse ce 

of the finite uifferenee metho s . Le cia, 3 can be amended 



can be amended to bracket the eigenvalues of the difference equation 

in this case. 

A3 with the initial value problems the two expressions for the 

truncation error fill complementary roles, 	ation (C.3.6) of chapter 

(III) ensures convergence provided 1[1(2) is continuous, while equatiun 

(C.).2) tells us that the error in the solution is at moot 	.) c Ps') 

provLded C.? has a bounded fourth derivative. 

(BO) The boundary value problem Which is given by the system of 

equations (6.1) and (B.2) can he written as the matrix problem 

- 	pr,  t 	Inez k/ 

where 	is the vector representing the truncation error in the stand 	rd 

finite difference appracimation (13.5). 	note t1 rat the components of 

can be consi,ructed (as in the previous 3 uthection and in section .11.) 

fron the fonnulae of chapter (III). 

Thus we see that the error vector al- y satisfies the equation 

whence 	02 	LI) 
no 

A-1  
it • 

4.1 C 
145 

 

i= 0 	4 al I y. 
LA Lfiers J ;  and- 11-94i. are the eigenvectors and eigenvalues of the 

1 . 1 matrix A. 	 i  . 13y lemma 4 we know that 	,a e  --> (....) at least with 1/4  ( s' - -4'  
--L— se 	i: •-b> Oa • Thus I 	lit;. I is bounded for an. 91 unlc:ss, for same 

a 4: 0 



* 	tde veto° Ily hone 

r; t4' els en v ect ovs 	ir 0313 23 •'• 

0 ( Yp) 	ke 

) m. 
olIMP 

1," 
4 e 	one of the 41c happens to be zero. T 	
tV 

o es 	it is , ,t 
 

convenient to first normalise the 	, by requiring that 14), 	2;e. 

This- condition in the analogue of normalising the corresponding eigene 

function eei by requiring that 

Thus we have (as in (Beee4) 

frit-0-M frit41.14. V 1Plit4Ht 41 4  2- 
0 

Using lereea 5 we have that i) c  can be hounded independent of /1 . 

Thus, as inte-e l V I 	0 as k o , we have teseoet I cii ‘ei 

as 	o unless samaVi also tends to zero. As the AA,: tend to 

eieenvalues of the homogeneous differential equation this exceptional 

case can only occur if the differential operator has a zero eigenvalue; 

and in this case the solution of the differential equation is not unique 

if it exists at all. 

Thus sufficient conditions for the solution of the standard finite 

difference approximation to tend pointwise to the solution of the differ— 

ential equation boundary valve problem as 7s 	are 

(l) 	that the differential equation have a unique solution, 

and (2) that 	x and 	be continuous. 

If the solution of the differential equation has a bounded fourth 

derivative then the error in the solution is ultimately 0 (0) 

ee must eualify the OW) by ultimately as we have no guarantee that 

one of the eie may not we through zero as it approaches its 

value. ee may note that the paper by leitchell L-31 giving an exneele 



I 

where the eolutions of the differential eeuation and of the difference 

	

equation 	te made to differ by arbitrarily large amounts by suitable 

choice of et makes use of the exceptional case of a zero eigenvalue 

(actually he introduces a parameter which enables him to vary a differ-

ential equation eigenvelue through zero, and then tabulates the solution 

of the differential equation and the finite difference approximation for 

different values of the parameter). 

Convergence proofs of the type given by Kanterovich and Krylotte L4-1 

give sufficient conditions for both the differential equation and the 

difference equation to have positive eigenvalues. They consider a sub-

class of the operators monotonic in the sense of Coilata L  5 . The 

condition that an operator be monotonic restricts both the coeMcionts 

in the differential equation and the form of boundary conditions. 

Typical sufficient conditions thet ensure that the difference 

equation (and the differential eeuation) always have positive eigenvalues 

are (equations (13.1), (B.2)) 

	

(1) 	to 	• 0 3 	 (or better 

1, 	_ 	• 	rr-- 	when re e- 	), and 

	

(e) 	lof(y.) 	veff0= 0CuOt) 	0 	• A more 

general sufficient condition of the same type but putting 

some restriction on A is 
vx) 	- 	0 c 

welch guarantees that the eigenvalueeof the difference equation 

are positive by lemma 3. 



The condition that all the functions appearing in the differential 

equation be continuous which has been a sufficient condition for the 

pointwise convergence of the solutions of the difference equation in nil 

three cases (initial value, eigenvalues  and boundary value problems) 

considered does nut ajvear capable of being weakened. There are two 

reasons for this: 

(a) 

and (b) 

the difference equation would be ambi7uous if a pont of 

discontinuity happened to be an ordinate point, 

additional conditions (for exanvle the matching conditions in 

the a,-pendix to chapter I) are usually required at a point of 

discontinuity in order to specify the solution of the differ-

ential equation. 



AND Lt 1: Discontinuous coe C'ficients. 

here we consider further the case of the differential equation with 

discontinuous coefficients. The occurrence of eluations of this type in 

•obiems with physical a ,plication (as in chapter (I)) suggests that one 

way of impusi% additional conditions at the discontinuity is to attempt 

to define the differential equat.:_on as the solution of a problem in the 

calculus of variations. Let WI consider for evullple the equation 

) 
	

P 	 " 5  

If the coefficients of this equation are continuous ( 	absolutely 

continuous), and if the boundary values are such as to make up a self 

adjoint system ( 	formally eelf adjoint), then 	is also the 

minimisine Junction for the variational problem 
I, .6 

A 	t) ) I ci 	to be stationary. 

Thu definition of 	in this manner is fully discussed by Gould, 

ref 2 

Turning to the discontinuous case we assume that the coefficients 

in the differential equation have a discontinuity at 2 C. , a c C  6 
44) consider the variational problem t-B 

I + 	= 	41,  ( 5+ t no) 
c_s 	 c-S 

0. 
 1 (El) 

C+6 	 c„..  C46 



integrating the e term by parts we tet 

rl = 	f(1)1.Q1 I 	+ 1P''-- P 	1 1 
c - E h 	c 4 S 

e4S 
	

e-S 

where we have assumed that the terms involving the boundary values vanish 

(i.e. that the boundary conditions are such -t9 to make +n equation with 

sufficiently regular coefficients self adjoint). 

Now our aim 13 to seek conditions on the integrated teem so that it 

vanishes in limit as 	eo for all suitably restricted variations 

(from the form of the integrated term any condition on y implies a 

similar cond tiun on 01 and vice versa). 

exiting 

= A 	+ 133t 	rr, A1. • 131. 

	

C 1_ 4- 0 bf 	 - 	01'- 
h• ere the 4 and 	indicate limiting values et the discontinuity 

• ,coached from 	and .X ( respectively, the condition that the 

_nLuLxated tem vanish becomes 

P- 

	

A 	— U - 	 (4.1) 

Any vanes or A 'nye/ r) satisfying this equation specify a 

solution of the variational problem. a also have 

a 

	

so that the c 	.,ed system is self adjoint. 

The condition of the aependix to chapter I is obtained by putting 

so that 



a - 

where, in t'2iS case, 	 . The above solution of. LI) 

is not the only one of physical interest for, in chapter I, if we had 

ta-c_en a velocity potential instead of a pressure potential the appropri. 

ate solution of 	, 	would be A 	r" IP.O. 3 13 t  0  , h 	. 
4e now turn to the problem of constructing :finite difference approxi. 

mations at the points of discontinuity. Here a useful device which le 

often possible is the introduction of pseudo points. 

For example, if Vie) in equation (13,1) is equal to 

11,2 	X 

where $1 (%) is a function which is defined for A 	and CP. (2) 
a function which is defined for 	C (and where both functions are 

at least continuous throughout their domain of definition), then the 

equation 

has its solutions defined for 	, and the equation 

has its solutions defined for 	e 

e wifl assume that the matching conditions are 

A 



017 

.0 

-1 lc) 

We can approximate the second condition by setting 

I 	'e t  (C.+1%) 	(C-101 

and 	h y,a = 	( c 4i11 	y z  C c 

where lot  c, k) is defined by the difference equation 

tt fc-h) - 	i1 t11(c)) `,3 	42 1  c c + 

and 	Ls (e—lh) by the difference equation 

tiq cc-k) - 	J-+ h 4'"ar_tc)) ')2.(C) 	132. 	- 	614(0 

In these cases we can evaluate the (expressions fee the truncation 

error in these equations because the solutions of the corresronding 

diffeiential equations can be extended ass far as the pseudo !eoints 

(C+#1) and ye (c-&j  respectively) by the remarks made above. 

The matching cunditiens now become 

') (c. 	`92. (c..) 	4- 

%1(c))1• (c) - tit ce-k) 	13:1- c (c) 

1 2. (c 4 k) 	( 1- IliZt2,(C)) 4j2. (c) 

If these equations are used at the point of discontinuity and the 

standard finite difference equation used at the remaining ordinate points 

then it is probable that arguments similar to those of the preceding 

sections can be used to show that the error in the solution of this 

Zinite difference system tends to zero as the mesh length tends to zero. 

The appropriate diffeeential equation on which to base the estimetes 

for the eigenvalues (as in lemma 3, eta.) is one in which , ; 4 )  is a 

suitable chosen step function. This eigenvalee problem is not without 

interest. It is similar to the problem discussed in the a, pendix to 

chapter I. 



Differential eAuations with discontinuous coefficients have been 

discussed by Fox y 	He swgests a method of difference correction 

to improve the accuracy of the solution to the standard difference 

euation. 

4 



APeeigajig:  eferred approach to the limit and difference correction. 

We have discussed in 01 an approach to the techniques of 'deferred 

approach to the limit' (el extrapolation), and difference correction. 

This paper is bound. with the thesis. 

At this stage it s ems that the argument made in §5 of this paper to 

justify the estimate 

01P 	act's,  
01, 2.P eb 

ra 1 
f---;\  

P  

(where re is independent of (3 2  cu, 3t, and. is bounded) is insufficient. 

If this is so then the argument of the paper needs to be modified. A 

possible method of attacking this problem Ail be given in chapter 

when we discuss some problems of partial differential equations. 

APPFXDIX it Computation of igenvalues. 

in this appendix we give a. summary of some computations of eigenvalues, 

eigenvectors, and group velocities for problem 1 of chapter I. 

The proeraree was first eritten for the;'erranti Pegasus electronic 

computer and subsequently adapted for the ?erranti Dercury At the Universitr 

Computing Unit. A particular consideration when writing the first pro. 

1%110 was the small high speed store of the Pegasus. Also the compare—

ttee slowness of thin computer makes it desirable to work fixed point 

(incorporating floating point arithmetic only where necessary). 

The difference equation adopted was (A.1) of chapter (III). This 

equation is solved in a number of stages. 1.rst we consideredtkestandard 

finite difference approximation: and we solved "or the eigenvalues of this 



equation by finding an interval in which the Sturm count (Leripa 1) 

changed by 1 and then, by a process or bisections, reducing the length 

of this interval until it is lea.; than a prescribed tolerance. The eigen- 

vectors are then found by solving the initial value problems for the 

calculated eigenvalues. Next we calculated an improvement to the calcu- 

lateu eigenvalue by 

AA 

(see reference 
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$0.••••••••rwl 

2 )4 ( c 
The fourth differences at the boundary points 

require the solution of the difference equation outside the range in 

Wich the froblom is set; but in this case these values can be calcuu. 

laced by an easy extrapolation using the difference equation (compare 

with sections t 7 L. chapter ( 

The solution is completed by using the a0.roximate eigenvalue to 

compute approximate right and left eigenvectors for equation (A.1) of 

chapter (III) treating it as initial value problem. 	then compute 

the Rayleigh 4uotient 

• 1 I m 

	

^4 	 Aw 

%here 

t a  
• 42 	 , (-I 	— 	

S Litt t#2 4 	1 4. It U it i 
-- 

	

I 2... 	 4 	 I2 
_3 .) t- 

* 	s 	f °tem lot t t appipOraega te 

CondIttl ens 	L (0) a 

oY 	titv 	00 piciari 
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tee 

ee then take teis value of A and repeat the cycle. 

.`de continue the iteration until et is constant to within the 

desired tolerance. 

In this last part of the calculation the components of the right 

and left eigenvectors satisfy similar three term recurrences, and it is 

convenient to calculate them. together and to simultaneously accumulate 

the terms in the :ea neigh Quotient. The iteration gives a quadratic 

convergence provided the eigenvectors are calculated with sufficient 

accuracy; and a floating point routine should be used in their CtaCupm. 

lation to guard against loss of significant figures. 

The eturm sequence routine was particularly useful in the calcula—

tions made on the eegasue computer. Here it could be kept in the high 

speed store as a self preserving subroutine. This  advant, e tar out— 

eiehed its comparative slowness as any more elaborate method (for 

example the version of Newton's method described by Fox Lae ) would 

have required programme transfers from the backing store. WI the 

ercury the eturm technique ,as used to isolate the root and to form a 

rough approximation only. The final computation was done by iterating 

eith the eeyleigh quotient for the standard finite difference equation 

to get a process with quadratic convergence. 

The process outlined above is completely satisfactory providing 

that the cemputation of the eigenvectors by means of a marching technique 



is stable. In the problem of chapter (I) the main occurrence of 

-instability is likely to be in the computation of the exponentially 

decaying eigenfunctions associated with ver great (linCinitee) depths 

of fluid. In this case we *marched' from. both boundaries to some con—

venient internal ordinate point and matched the two solutions by requir—

ing that 

(1) function values agree (this then fixes the scale for the whole 

calculation), and 

(2) that the difference equation must be satisfied at this ordinate 

point. 

Condition (2) provides a check on the accuracy of our working as 

does the terminal boundary condition in a straightforward computation. 

This check is essential as it provides an indication of the stability 

achieved by our choice of matching point. In computations of this kind 

there is an inevitable loss of accuracy even in a stable procedure due 

to bnild up of rounding errors. As an example of the loss of accuracy 

due to marching in e well behaved case we give in the table 1 some 

values of the check against the order of magnitude of , . The comp*. 

tat ions were carried out with 
	

are .'1 solutions -were matched 

at 	. The floating point registers held approximately 

si4nificant figures. 



t 0'3 

Cheek 

g 
- 7 — 5 x 0 
- 6 

10  

	

— 5 
	1 - 

10- s 

	

I 	I 0 
- 

Sc 

17 

A 0 

Table 1 

It is apparent that 2 figures have been lost representing 2% of 

the available significance yet the matching point was carefulle adjusted 

for maxim= stability. 

Although instability can be a problem in computing the eigenvector 

it lees very little effect on the calculetieln of the eigenveluo by using 

the ;tom sequence. The reason for this ir.1 that the unwanted solution 

which may ruin the calculation of the exact eigenvector, is present dry 

rieht When 	is net exact; and trouble from the component of this 

solution introduced by rounding errors can only occur when 	is very 

close to its exact value. 

An essential point in this argument is that the order of the differ-

ence equation and differential equation are the same so that their funda-

mental solutions correspond. It will not hold in general if the order of 

the difference equation is ereater than that of the differential equation. 

in calculating the cigenfunction for a fluid of infinite depth one 

is forced to eeproximate by taking the depth largo but finite. I do not 



know of any general method for checking this approximation other than 

that of comparison between solutions for two or more depths. Another 

disadvantage is that one choice of the depth is not likely to be uni—

formly good for all oigenfunctions. To illustrate this point we have 

tabulated the first and eighth eigenfunctions for a particular case 

(taking 11 =AO and tabulating every second value). 

1 	 a 
o 000 000 e. 	 0 OD 000 0 

IR 	6'f 	 II 	I. dt• 
stiio 
y)44. 
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11 9q0 5 

45 3 1Vi 
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51 A41. 6 
1 1 ,1a6 0  

2 2 it 7  
3 jp  *1 6 

I I 	2 
it 
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3 11 

96 

6 

1' 

%al It 
3s 743 1 
/4 011 0 

3 4 	5 

5 3w6 9 
3st /go 

35 9.
gq  

	al' 
"/ 

3 fq4 g 
0 	3 -7 4 3 
9 27 

39 	6q ,o 
et-i AS 

6 	41 35  

437 7g Jf3  

3 4 1 5 

47 57e9 

2.dt "hr  At 
O 

It is obvious that I. will provide a much better approximation to 

the actual function than 	2. 
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Chapter (V). Some Prohl ea in the tiumerical eelution of Partial 

/'.quati ans. 

This chapter is divided up in the fellemine mennor. In the aret 

sectien we eonnieer the extension of the re,!thods of chapter (III) to 

partial differential equations, while the bulk of the remainder f this 

chapter is devoted to the consideration, or the feasibility' and conver-

gence of the difference correction thod for the eolutian of partial 

differential equations of elliptic type. 

Finite difference areximations to partial differential seeetiehe. 

The :inite difference formulee of chapter (II) can be used to neer° i 

sate te the derivatives in a partial differential equation to give an 

a,proximate finite difference equation. In this section we will restrict 

oureelves to differences taken on 1: squere reeh of side 11 	the exten-

sj.en to rectangular mashes is irradiate while accounts or triangular and 

hexaeonal reshee may he Cound in the literature (for or.AM e 
	

[ 	• 
Consider the differential equation 

tee t•1 

in this ease the aperoxiente difference equation is 

- 263ii 	;1 : 	•I•• 	j:•1 	 Vi 3 i4t) 	( 4.1) . 



This equation is often displayed hv means of the array 

• 

2. 
—4- 	1 

• 

for partial differential equations the construction of rore acurate 

finite difference approximations is much more difficult than !t is in the 

case of ordinary differential equatiom•  4uitie apart from the additional 

labour that the eamputati4n of the solution of a p.d.e. neceslarily 

tnvolves, ue find that rolny of the methods of chapter (III) do not goner. 

iac to the higher dimensional case. ,.'or example ue find the analopele 

of the result that tie 'solution of an ord,in8r7 linear differential. equa.. 

tion exactl sltisfies a liner difference erluation o the sage order is 
Li-mcr.t„ 

the .4.cent.IJ formula 

%here 	is A closed curve and 	any interior point of this curve. Thus 

the analogue of the one dimensional difference equation is an integral 

e,uAtion. 

to, however, hose tic method of polvomial interpolation which we 

outlined in section B of chapter (III). To derive the basic finite 

di4:Axence equation Oa) by this method we use the values of the solution 

t the wash points of the array, anel the differential equat,on at the 

c,;ntral point, -;.he..11 are six independent eulynomials of degree 



< w in x and y 

c 

x 

xy vanishes at every point on the arrNv and therei'ore clnnot 

contribute to any condition on the data Zivea nt these points. This we 

h4ve six conditions to determine five unlmowns (the coefficients of the 

non zero terms). ,e readily verify that ('1.1) gives the necessary con-

dition on the data for the interi:olation to be possible. 

in the cise of Laplace's sleatLon we can make use of the fact that it 

n 	cial family of rolynomial solutions (the harmonic r aynomiAls) 

i4' the real, and imaginary parts of j . The first few of these are 

1 , 

x 

x -y 	XV $ 

x 	4.y4. , 4x.)y...4.zyj • 

	

-10x3y1 •5xv4 	5x4Y-lux3,34-Y5 

	

Here we Rio not need 	use the condition that the polynomial satisfy 

Laplace's equation nt the ordinate 1:oints tecauue this 19 Initomati ,ily 

satisfied if wm expand in terra of the harmonic re1yno~nial s. 

For the array of equation ( .1) .vte obtain the correct degree of 

over!! pecification if we pose the solution values nt the points of the 

array (five conditIons), and tiJ ire interolation polynarial of depree 

two as 	At four harmonic polynomials of degree: < 2 non ftro at 

these -oints (the exception is, as before, gy ). 



The equations dete waning the e -,f-icients in the interpolating 

polynomial 

y 4  A + Bx + Cy * ;Ax 

are 

te Y-hlo A . Rh " 

" A. 	fth 	, 

7Q 	s Yo o 

Yodi m A 
	Ch - Dte , 

Ch Yet-h 
Thus 

7-h„o Yhoo Yo,h Yot-h 47eo " ' 

and this is the desired difference equation. It Is just. equation ("+a) 

applied to Laplace's equation. 4-fe can readily verify that it is satie- 

fied 	the harmonic polynomials of degree three Hit not by both those 

of degree four. 

if ve consider the array 

0,0 
• • 	• 

h 	h 	kt 3 - 6 
• • 

and seek a difference approximation to Laplace's °Illation on it we see 

thnt t e have 9 function vai-es and 9 harmonic polynomials of degree < 4 . 

Howevklr, the palynomial 4(x3Pm.X73)  vanishes at every point of the array 

and can thus he imored in the Interpolaticn. 

/ '4  



tty 

	

+ Cy + r (x4.4 	+ 
	'(x3-3x 2 ) + a(30ey-y3)+ 

+ 1.1( 4-6x4V.g +Y4) • 

The equations determining the unknown are 

	

..Bh Ch 	+ 2113  + 2Gh3  - 4Ah4  ° h,h 

o 	 + Phi°  

y h „-h 	A - Vih - Ch 

7 .h a A 	. Ch - WI' 
- oe 
Y 	. 0,0 

Yoth 	A 	+ Ch 	 Gh3 	Hh4  

7rh 	A + Rh + Ch 	4,  El? - 2'h3  + 2Gh3  4Hh4  

and 

• 

and 

	

4 0 	
A • Sh 	+ thce 	+ Thi 	+ 1114  

, 
--2113  - 20h3 .. 414h4  Th,-h •• A + t4h - Ch 

..:* have 

(< * + e )00 y mi 44 , 

	

ci x 	y  

	

E 	Yki 	
. _12,0,4 • 8y 0,0 • 14,40  

XSaz  + S e)Yao  + __. Yu  - Boo  i. 0 , 
-- 400  

01 •4 .1 

	

.4 	• -20 	.4 

	

.1 	• 4 	01 

is th e orres ,;onding array. 

J.! readily -1,rfw 	fy that the' e7uati en 19 nntilf1.r.0 by h:Irincinic 	- 

of degree fl 

ni3 
	

+ Hh4 

113  .4i113  

Oh3  + 0114  



In all te levy on” Peaterles we were able to eet the correct tiepree  

of overdetceeinatiea only because certain of the polynomials vanished at 

the ordinate points and therefore couV not contribute to sny rela- 

tion on the data, T 	•uld s(eari to be due to the eyrie try of the arrays. 

way cause serious di' fieulty if it 19 desired to compute the 

dii'ferenc! equations becuse it means thet he exact degree of overdetere 

t:inatien may be obscure. Another difficulty is that the member of points 
ea 41-c. 

in a reetangulart does not bear any satisfactory relation to the reveler 

of ce.:feiciqnts in the interpolating polynomials. 

Both these difficulties can be removed by going to asyrnetric arrays. 

,eeever, the magnitude of the problem remains large. :','rr example teere 
0141)(114-2)  are 	 independent polynomials of degree < n 	If .1t is ('esired 2 

to use interpolation polynomials of degree 10 (gay} • them to c urn ute th 

dig". eerence equation a matrix of order 66 x 66 has to be decorwased into 

ueeer and lower triangular matrices at each point in the oomain. The 

niiktiMMI requirements would heexothing like 25 interior points (plus 19 

boundary values). It elx 1 he seen that tlr-  amount o work is necessarily 

considerable. 

en the credit side ee will have no difficulty in grouping pints in 

re ,,tons where the solution can be expected to change rapidly, and no 

ae-itional measures ;eve to be taken to deal with curved bound,,.ries. 

rofesser elcielfy has pointed oft to .me that triangular meshes are carve t 

,tor two dimensional inter :elation. IC these _!Ire employed then the irreeee 

1w stars need only Le used in the vicinity of the bo;Wary. 



B. 	Difierence me4;rdod73, for the solution of p.d.e.is 

In this section we will consider in outline some of the finite differ.. 

once techniques available for the solution of elliptic partial diftrrential 

tAuations. For cUnVonienck,; 	restrict ourselves to a discussion of the 

oisson 

(Bel) 

given in some finite region F, on whose botaacinries A takes prescribed 

values. Ilfferences 	be calculated on a rectangular mesh with 3 faeings 

6,x 

	

	h and jr k . The 	is a.,;3usied to be of sufficient extent to 

enable differences oi7 any required order to be calculated at any poJ:A, 

The basic finite difference equation is 

xo 	4* le' 2  ;". 	 • 

assure for the moment that the boundary of 	intersects the 

,.,esh at grid points and, further, that there are a f3,7111/0.- nce. or values of 

h and k tending to zero such that this remains true. The bol.n&rr con.:11— 
7P t—on on (ii.2) 	then that , 	" 0 at the grid points on the boundary of 

::iufficient conditions for the solution of (.2) to differ by as little 

as we aease trey the cctrresionding point values of A provided h and k 

are small enough are Ihell known. 

?or example, ;ollats E21 shave that the, rnamitude of the error in 
Le  

the solution of (n.2) is w he  '"2  ""'n't 	(alsuming h -- k ) where ( is the 
24  

radius of a circle enclosing a , and M4  is a hound for the fol.irth 

doz v:itives of 	. 3> stearin discussion is given in Ka ntarovich and 

Krylov j 



se can obtain much more information about the c-/nner in which 

a, proximates to 	if 	strengthen the condit ono on the differentiability 

of A . or example if A Is at least 211+2 times contInuounly differ. 

entiable in both variables then 1L: can he exprea ed as the sum or 0 

a polynomial of dr-Fyee ;.:11.2 in h and k inv-lvin only even powers of 

h and k and tavin; nus:ratie lowest order t 	ithe coeffininnts in 

the polynomial being f-netions of x and y ), nd function which is 

small in the sense of being of (iegree 2n in P. and k . 	will 

ti s :or the case n.2 

The solution of (8.2) is s function of h and k as well 1$ of x 

and y . .e will assume that it can be represented in the form 

• Exs;70"'pk) 	jx,Y) hill(x0r) 14* 

+ h4021.(x$Y) 4' h14.-2(xylr) 	lelt<3(x$7) 

+ 4(x,y:hok) 

where, in partinnlar, g is at least of third degree in h and k • 

have 

h 

41 
+ 
12 • L. 

+ ) , and 

,Fj6.11. 	)0/4)  • 

Y• 	.  Oi .) 74 

The expression for 	must satisfy (8.2) identically. if we group 

t_rt-vo with similar dependence on h and k together th6! resultinr,, exrroc3. 

sion muot ant) vanish identically as h and k can vary inderxmdently. 

This gives the uerion of equations 



1.1  4 IC.14 	g 

and 

f(x.y) 
Dzs De 

	

4A 	 -N4 
• h3 	hlik 	 + hie 16.6,1

4 

	

Zz4 	31# 	z 	 y 
o(h4 + ii ) 

As the b,iundary c•,:ndit:LC418 Are independent of h and k • So 
on the botnehtry of 	And the other functions :Satisfy the boundary condi.. 

tione #14 0 (and g 	 ) ). Thus pso is sek-n to be identical with pi 

the lolution of (k41) while 011  • 412  (terms involving odd ilawers of h 

and 37. ): ,srlfi #22  vanish identic'l1v. In .articular g(x,y : h,k) 
, Ah4 + k4) at most (e can uqc the results of t2 S and 3 quoted 

wAril:r to F,uarantee this). 

Sr irmediate comequcnce is tlmt the CIA 5 3 ical technique of the 

dt;:rred a4ronch to the limit  ( hat-extrapolation) can be -ixied to refine 

solutions of (B.2). 



where i 1 satisfies the eluetiee 

h 	8-̂ 3' + k-4  g;e1 fq 3.  • C i + e(71  

e define /71  by the equation 

tr2  ge +k-' 
	1 as C 

c 	1  

41111r. 	 11/ 

,nother pethod mdlle, like the techniqne of h+- 	trapolation, seeks 

to determine paint values of the solution of (B.1) by refining the solution 

of Ups basic difference equation in the technihue of difrerenee correcton 

Here we make .u;(1 of the sub: tit”tion (chapter ( 1), ecuation 

(4.4)) 

to vvrite 

ha l a  • e• a  4/1•S4  +361S 44) 	4. 90  

(11.1) in the form 

• • • 

2 	4 1 
hS 3/0  + 	e;3$ S A 	f(xty) + 

.„•_-2 	1 -2 et  • 	-2 e44., -2 C
6 
	-2 

+k 	y 	Toth o x k 
C 6 
y ) + 

e take -E,  (the solution of (11..)) as a first aprroximation to $ 

and et 

0 - 	(71 

(B.4), 
and 31122224i22 oh by the recurrence 

Ira  Sat 4 V S 	- C• 	o 1 i-1 

As A a 1.  at the boundary mesh points ‘e take : U as the 

boundary conditions on (.4)  and  (3.5). issumins that the confutat, an 

the ai can be carried out ,4e then have 

CO 
- 

101 
I
i 

as a formal solution to equation (.3). 

# 

iscussion o1 this result and its 

is eli ations will occupy tie bulk of the remainder or the paper. here we 



44111111. 	 it!`) 

restrict ourselves to the following. reworks. 

(:k) n i 	consequence of chapter (II) is that a regular function 

bounded on the real axis which can be differentiste.-1 exactly by means of 

the finite di:ference formulae i3 necessarily an in te 	. r1.7114",' tion of 

exponential type. o such restrictions apply to the solution of equation 

(.1). '17 .13 ir•plies that equation (13.3) cannot in mineral be an equiv. 

lent statement of equation ( ,!,.1). Wive it will tw neces7.3arq-  to (its ClISM 

the convtwgence of (B.E)) in both of the senses oriel in ch,apter (Li). Ofne 

results in this direction will be given in sections D and R. 

(B) In pre/at/As,: the cceputatitri of 	requires the solution of a finite 

',:ystew, of linear equations, and to st up thee* equations WOhsve to Or4.1.0. 
.111.90 

culate ( 	. This requires the knowledge of /914.  outside the 

region in which the i:reblem was orizinally srecified, In accovints or the 

oxaiutational technique (for example L 5 	p. 78) it is suc gesthti 	the 

diferenee equation can be usse to i.erf arm th extrapolation. se will 

discuss this point further in the nest section. 
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G. 	'leme iTobleas associated with the Applicetion of the ,A.fference 

rrectien 

ALugh there is et present little rigorous justiAxation for the 

technique of difference correct en, there is considerable evidence -.)r its 

utility in practice. This is especially true eer the boundary- value rrob. 

lees of ordinary differential equations (reference t6)  is devotee L. the 

subject). ee are concerned with the application of difference correction 

to the numerical solution of elliptic eartial differentiel eluatiuns, and 

here the problem is more complicated. 

The main reasons for tete are the fallowing: 

(1) The boundary of the region inehich the problem is posed fat17 not inter-

sect the mesh. at grid points so that we here to proceed (a) by using inter-

ielation formulae to compute values at the interned grid pointn eejacent to 

the boendery, or (b) (more crudely) by trans'errine the boundary values to 

the no 	grid points. 

I) general ee cannot obtain high order centrel differences of our 

aperoximate solutions at grid points in the neighbourhood of the bolsidary 

by tieing the difference equetion to extrapolate the solution across the 

boundary as such a oontinuoion is useedJer not defined without additional 

information (an even when defined it may be highly unstable). 

in case 1(a) the difference correction forneee are coneideraely 

cemt.licated at the grid points adjacent to the non-grid boundary mesh 

eints; and in general, each of thee() points will need speciel trentment, 

in caoe 1(b) difference correction is }Aray appropriate as any correction 

erecese must take account or the wodificatons made to the original bonndary. 



(a) 
	

(b) 

mourn 1. The ,:otttinuation kroblein 

(a) Solution 
	

0 

L;untit'ioatiun by age 
oint formulas 

Oatrt required to eartplata 
the cant in.untims 	C.) 

(b) 	' lye oin to formula 
for Lot/ lace a gnat,. on 

(CcooctflOrs A- I ) 



if ee consider problems sts:t on rectangular regions (the simplest case) 

then WO can illustrate the continuation !- roblem as in ri.;7ure 	.r_.ithout 

ads ittenal i.n 'ormat:i. n the diT:frir ewe scheme specifies the continuation 

only in a trianeular region whose diZien31.5 depend on the ratio 

hik s i6.3t/
6 an on tkelf3ngt1- of the hotsVary. 'ee see that the continue 

I    
atten is sufficient to give no mace than the fourth central dirferences at 

an internal point adjacent to a bonneary corner. 

liut even the ft)C111-Vnee o' t eont:i.nuatton into this triangular region 

raises an interestins problem. Let us assume that the original problem is 

V1 a • U in the interior of es rectangle with pi specified round the 

beendary; and let IS ae.tume that the prescribed valet of 0 are conti.nue 

ous everywhere, and that their rirst derivative In the direction of the 

boundsz7 	continuo except at isolated boundary points, se have seen 

Vett the solution of the difference equatse-en (n.2) converges to the true 

Uutitxt everywhere tn the interior of the rectangle as the ,esh tends to 

zero. Let ue assume that the ratio t, I 
19 held constant. This then 

fixes the triangular exLensiork, in Vie region the solution or the differ. 

as ce teluatien can ut tend to a  runction 1,4hicIT is a ha/Ironic continuation 

of the sautien in the rectangle. Tis eould imply the (slcietelnce 

harmonic functi41 which has isolated singularities (he taints o eiscon.. 

tinuity of the t*.irst derivative in the direction of the butzelary) ire whose 

neighbourhood it is bounded which is impoesible L7 s • 

Let ins cunsi x• the difference equation at a point on the x constant 

boundary which hes the interior of the rectangle on the side x decreasing. 

This can be written 



air 

[ 	(x+h,7) 44 0430 	"  L (34Y) 1 (laah,y) 

" D(x4,y+k) 	(x,y)1 ♦ [ oe,y) 	(x,y-k) 

if x•Y  is a point or continuity a 11 WO have 

1 um E 	(x,y+k) cr,  ()cot- t (347) 	(xty- 
lo->0 

as 	on the honndary. 

In section P we Shat,oetd that the error in 	in the Interior of 

is 0(h11 ) • Thus if iL m lit-24Y) 10-1":0  exists then so will. 
b-,0 

iat 	OLT) 	(x-h .1r)  in d these limits will be equal. If we assume 
h-oo 
that those .limits exist then, as the ratio h  k  is fixed, the difference 

equation insists that 	oust be continuous across the bominiy. 

Fig  vould imply a harmonic continuation into the tril.ngular extension 

8 • 	stivi we hive p.lready scroin this to be impossible. In t ., Is case s 

must conclude ths.t t differ enCe equation must fail in the limit. 

It will be seem that the hounds .r cry' the rectangle is a natural 

boundary of the solution to the problem, =e have been considering. 

13 in eximple to illustrate t'el Above discussion consider the solution 

of Lap lace's swat ion in an infinite strip with the imt,ased houndnry 

condit, ..ons 

(a) 0(x,o) x, U < x < 
(b) 1-x , 	x 	# 

(c) )6(0,y) 	pi(1,y) - U 	-m c y g 0 , 
(d) pi(x0) -› u , = 

* 	This etxaui to Wif3 3 uggen,,,ed 	 :-ichaelson and Vroteessor 
Rickisy. 

e 

si 0 



This problem hr l the solution 

412 
(4) SW 4+MCit 0(4+1)17  

	

1=0 	(21+1)*  

&t y . U the normal derilrtive is given by 

rD 

	

L 	

i 
4 1:1 	41.1.)2

_7 It
15 

000.0a as  
;141 

1, 0 < x 	. 

War let us asst Vast a harronic continuation is possible in a mall 

circie centre (;,0) 	U 4 ; g k •  Then this continuatAon must be possible 

.-4 
	a of vowvx series (double Taylor series); and thin series must 

arras with the t. olution of the Cauchy problem for ki 	= 0 with 4 . x 

and ,..an 	. 1 on the corresponding small section of the boundary by 

the Caueby.Kowaleski theorem [81 . The solution of this 	 by problem 

is 0 x.y . This agrees tAth (.1) nowhere in the interior of the iven 

Jtrip contradicting the sw, osition that the continuation Iwo possitas. 

Ibus it f6liale thA the asegent of the bwrndary C e x •c 1 in R natural 

boundary at (3.1) - the case 	is exnctly similar. 

ftr this equntion we can also get an explicit solution far the 

approximate difference equation (8.2) (this is the equation that results 

We use the five uoint formula of rig. lb). We as9vme that h . k . To 

au tusks carry out 1 finite harmonic analysis at A(x) on 7 	, And 

then weight the trigonometric terms (sin lax 	e1, 2, 	n-1, n e 14) 

'sty  with the functions 0 	to give the corrnct fecav is 	-> 	We Mgt 

havO 
i 

	

--412c.9Py.  I sin Dm e 	o 



(1 

which gives 
0411 

4 sire 	)4. side a P 

whenCe P . 2n sinh 	sin Alai 
For any finite valve of n the solution of the difference equation 

is defined for aIl x and. y 4 440 but, AS An." 	Rs  h 	, 

the solution tends to a finite limit nowhere in y > 0 ASh -> L.. 

the solution .f the diffronce equsticn L defined for all finite 

X and y for any h a 0 , there is no continuation problem in calculating 

the first stage (8.4) or the difference correction; and here another 

feature become bilrortant. in this .,,xample the trigonormtric factors are 

alresey exact and difference correction does not :ater this, also their 

coefficients at y . 0 are fixed by the bonv3rr conditions on the differ-

ence equation. 

Now, assuaing that the difference correct on procedure ccnverges. this 

.plies that we get at the grid points not the values of the solution of 

the original podblem but those of a modified problem in which the original 

boundRry =2ondilon on (4(x4 1. y 0 is replaced hr its finite 

harmonic sum approxiniation on the mesh ue arc considering. 

Using the xisms modulus theorem (which apilles to tarmonic functions) 

that the kaglitutie of the *mar in the solution obtained by diner. 

evA3e correction i lea; than Ve maxiinaqmor;ulus or the error 5.n the approxi- 

tLn to the originsl boundry conditions. 

This exnvile highlights an intresting 0,?fect of difference correction 

when aplied lo -,..artial differential equations. Lot us assume thrt all 

other difficulties have been overcome Pod that we hsve obtained satisfactory 
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convergence to a soluton (4s, will see that this need nut tqly thnt the 

difference correction irocedure cunverge). The solution Whos values we get 

,st 	resh points a;Itii('s not the preseribe,-1 hound:Iry coneAitionl but an 

tint interOlation of tirtiam; and the Re uraeff 1,4, get depens on the 

rate of coniv:rgence of this interpolation. There is this s easesolving 

the :-roblem ngnin on a finer mesh even nfter he ip_we calculated the differ-

ence correction. Thi point has been made before from a semeWhat different 

point of view In L9 and elsewhere. klao sce* recent wrk by Collate 

it; or interest became, although hi a methods are quite remote from 

our oton, it illustrates the afoy.tnnce of Rdeouatly interpolating to the 

bound:111r condit',ons. 
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L. 	L:alculation of the , iffortnce. rrectin  

Let u corssider the solution of the roisson eluation 

7 '0 - nx.y) 	 (P.1) 

on a square or .side unity with $ U being the prescribed bo,Incl.ary 

condition. dth this boundary condition the onerator \f/ 4 1114 the Agen. 

functions 

. sin LOC sin jity 

and the eigenvalues 

Aij 0 i 1 4  e 	• 

The solution of (B.1; ij thn 

OD CO ( f ,0 ) 

— 	1,4 04 
jal 

1 1 
wilere (fliii ) a 	 (17  — the .icalrir product of 	and the 0   

eigen f cton i 

Let us ssnuro that f(x,v) is defined forall values of 	and y - 	•  
by the expansion 

OD OD 
m 4 1, 	'x 
	 (1  .2) 

i*1 Jul 

then the function $ defined 1-yy (7- .1) s,ltinfies (ia) for all values of 

x and y • it is thus reasonable to speak of it .as valid in the whole 

plane. 

e now consider the application of dir:!er:. nce correction to (-‘,."1) 

with f(x,y) defined as a periocic function by (D.2). Thin spt•mi..Cientlori 

of Aso) 43 a periodic runction  in essential to our argument. 

Oii 
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for convenience we will set h k . In this CAM-0 we consider the 

aifferente °orator 	+ 	• The figmfunctins of thin oferator which 

satisfy tho boundary conditi;dn zero on eluare of aide unity are 

sin Luc sin tNy 

with i, j . 1, ;4, 	n-i, (n 

The eigenvalues are 

4 sing 4 + 4 Sie 

The solution oe the difference equation (B.2) is 

nma n-1 
e L 	R 

jorl 	fiij 

n-I 

14)41""ii 4 h4 	, and 
rul s.1 

n-1 n-i 
h

ijij ri e.1 

in a finite harmonic sum approximation to f(x,y) - that is 

dr 111‘ 	r A., .0, = 44,71.1  ;) 	r, 	*of., n-1 • n n 

4ow„ using the periodicity of both f and g , we see that extv) 
is a finite harmonic its approximation nverywhere in the x,y plane. 

i 
	 is defined orxywhere and satisfies (B.2) or all values of x 

and 7. 	can now calculate g 	which is main defined in the whole 

plane as a finite sum of the 0
ij 	The rreblem of solving (f.4)  in thus 

tecnically the 3/11 as that ()7 solving (1.2); aric this is also true of 

each of the equA.,ons (i3.5). 

Thu we hmve 



MAO 

	

rail seal re 	re 
n-1 n-1 

r A(i-1)  

n-1 n-1 fi(1-3,.) 
i-1 

	

rs 	Pre 1,1 
oat E, rs  i3 given by -(h.011•• Sal ) operating 	rg ,tk. At is by 

t:1ors itiNAtil  • Ise) 	sad' is• 4 aina  "TA bra . 	u  re 

Au the igenfunct_ons of S #  *C " pec X 	y are erthogon 1 with rest to 

suaration over the 1711311 we have 

a-1 n-1 (1-1) 1124ra 
rwl smi re 	4.  rs 

hal 
(i) 	 1)  .,,, p.„ 

** 	-A 
rs 

ea ....
1  ,:.'or the series 	to be convergent we must have ,.  

i1 
h4A - 1 Are v__,rti max 	r AMC 	 ... 	1111111•00.1.0.4.,...••10. illin 

... 1 	< 1 e r,a 	 rp 	
41.1-'`(sins' P-1- 3 sin's  rs 	 271 

Me P.aXiMIXtrt occurs when r 	'9n-1 , i'71tt.3.aj, (:I-1)7Vn 	the 

condition becomes 

- 
4 sir? t- 

43 	n -> op 	-> n , and the left 'q-u.0 3tde of this inequality tends 

to 4 
 - 1 or about 1.5 • Thus for ra greAkter than a certain finite 

value (in fact n = 8 the dit.ference correction $.rocecIlire fails to con- 

4t by the equivalence of the finite difference fonsulae with differentiation 
for sin Ax (A c nin) 



verge for titt.; , 	nut -le can sav Elora for, even when the diffft-enc• 

correction procedure converges, we obtain not .soint values of the solution 

o (E.,1)„ hut. &_oint values of thy.= solution of a modified Trohlem in which 

f(x,y) is replaced on tho rirl)t hand side of (R•1) bv el finite harmonic 

at. approx/mation to it on the ivon mesh* :e now give a proof oe the 

result. 
a rib 

ii'rom the raanner of its construction 181C' have that 'I, 	 E ft74  satio. 
14 14  

i'ie the diffenswer meatless 

ic, 	f s; Cloil • 	• 
New, es sin riot satisfies the e !ustion 

h 	sin rx MD 

dXj  

[ss •  	- 4 I 6 
1;2 see 	sin nix 

with r - 1, .14 troO, t1-1 we also hsve thsl, 
i 1 
 satisfies the differential 

equatiall 
Ii "7i 

""6 	? 
n-1 n-1 

j=1 	A 13 
	1. 

and, hence, that 
n-]. n-1 i4 	.. . h....2, 
. 	A. 	... Li 	41 	

3 4, A 
i 

1 	i..1 j=m1 it(  so 	
i  

n..1 n-1 if 	 n-1 n-1 
L 	IC 	h 

iskl 

_ S (x,v) . 
Bee that Le (x,y) satis la es the .oiss on ei.n.ti n  

C1' LI)  - ex.Y) 
it/bleb ostaolishes the stated result. 



11.‘ ..a tore of the aepreximation bar Difference correction 

In eections C and ee heve eiluntrated the fact that equations 

and (P.3) are not equivalent stetements ox:' the sare problem (^) because 

the infor ration necessery to enable the high order differeeces ie 	0 

to be computed may not be available, and (b because even when the T.oceeile.e 

outlined in section d can be car.,^:Lead through (aLl in 	n D the solution 

of (8.3) is, in general, not the save function es the eelution of (fel)). 

It is not even cotaeuiar with it at the grid puenta in the :interior of the 

seecified regien. 

eor these reaxi>res we ilea consider Um thins eection not eelettion (e.3) 

but the equation 

[c'xea  + 	S h 

where e a has been written for the expression Obtained be truncoting 

at differences of order em . ee see that 	setineies this equetion 
2M+2 e with an error which tends to zero with n 	provided the order of 

has been suitably restricted. The factore determining the order of 

are eur ability to continue 4 beyond the boundaries of the region A 

and the di .Cferentiebility of 0  in the extended region. The error esti- 

mate for p may he derived fT usiew the Taylor expaneon (in general the 

finite exoneien Flee remainder term) in the celculatiun of the differences 

occurrine in (-J.). 

TWQ other estimates of this type which ee will need in thiesection 

are 

[ 9;i1I  • S;:**1 c (s, 	- 00.4 	 (7..0 

( .1) 



")e g( x, 5f) 	0(14  g) 	 (r .3) 

Provided h ( nih in (.3)) la less than the radius of conwrgence of the 

Taylw.  series for g about the point xly • The conditioe that g be 

re,-'r is stronger thn we need; and it t3 suffic;.ent that g can be 

reprosentad b'r a polynomill of order at least that of the highest order 

difference consilered piis s remainder term which remains lintformly small. 

One first estimate (elution (.2)) is eerily derived. e have 

ig(x+.0o5r) 2g(x,Y) g(x-h 

OD 
	co i 

('41) 
 a 1" 

iva 11 f-x, x1,7 	U cx Icor 

h'a La 
dx2  

'4' 	• • • ft (04g) , and the second 

difference in the y directicAn nan be computed in the same way. 

Instead of the seolence of equations (H.4), (i.4), (H.5) Wich define 

the recursion far the difference correction we now consider the system 

[ Ste + S1.1 	• WI! 

[S1**  + styli h • 
• . 	. 	41 	• 	• 	• 	• 

[C71.ts 	i>1 	T,D  Et.). i2,3 Se*, rn-3. • 

A forvial ai,plication of equation (1E.3) gives 

31144 *
3r 	 cX  	h44Fi-1.) • 

Thus 	" haa(Ei.-1) . L].3° I' * 3.) 80 that 

ti 	• 



/ 
satin:ice the equation 

14 
ke • hat 	a - 

w hit 4 M y * 0(0afk) 

so that 	-f - 4) satin "len the 4itterrie 	vtt1on 
• " {s'Ax• . vi.  - em-1 Cr - • ( . .4)  

1,1:1 	t i7 r'nult definite for the cxneTle of aecticn r by 

d,Jriving the enttuaten 'rar t 	by a 1.rect method. Aarting with the 

SuAtiOn 

we hal* 

v."1•1:1 EstA 
e: 1'1.2 • 

ThLa i. rocere can be repeated end gives finally 

[ 	" 	 3 i#1 	ha  [ emml t • 

simcify the solution of this equatn we must imposc i Ivaandary 

oundions in addition to the boundary condition F.
i 0 • 'n the 

F , p I, k2 	m-1 can be expressed in terms of the 0
ij 

(of 

Jeetion 1), the expansuns being valid in the whole riane, and =.4s the !wen. 

order diaerences of Aij are proportion;,1 to 
	which vanishes on the 

boundary of the svare, the most convehimt bocndary coneLAtann to imuctse 

are 

[s 	 1S ? fl F m 'i-p , p 	1p Wp 0410, i • 

se thlt the itArated difference operator has the nfu-e eigenfunctione 



0 	(that is the 0.A 
I " 
(CS 

/30 

, and 

raised to operator 

°co 

-( 	)
i+1 

Pq 

sumnalti.4n not intetwation. 
ss 

, and (0 	4 ) 
	n /14,  so that 

for the slunre as the operator 

that its kiigenvalues are thoa;= o.7 the 

the (i+l)st 	Thus we have 

4 	,t n 	n h (b,, 	1) 
r 	L L 	 

p.1 q.1 (4pg,  fifpq) 

wt,eAe the scalar product hero in plies 

Now h
-2 

 14 4  > 4(0,1)'+(1.1)4) 

the comionents of q satisfy the inequality 

1E11 ( 4 h-4  max IC! fl ! 	2 	
 

p1 q.1 (h-2 	)i+1 
Pq 

and w 	1 e have 	 boundfd for all n by comiarison 
(h 	)

1+1 -2 

n n 
with the series  

P-1 (1.1 40a41)141 
with i > 1 . Therefore 

n n 

FR U(h ) frovided that equation ( .3) can 
• 

(;.`.mate r 	 f • .0 a  

To justify tl- e .3st1mates for the E.  

be ,Thlied recur: ilmly to 

in the general case is more 

di icult. 45
i 

is the solution of a difference equation it in defined 

only at a discrete set of pcints, and a f:ossible approach is to show that 

is coteOlar with a function for which the estimate of ( .2) mind (''43) 

are valid. A result of this type was oadicated in section BA, 

?or the example of sect.on 1" we can also Invert equation (' 

estimate (0-40 	a rtaun (-.0 is a difference equatl.on of order 2m 

aerofore to sfvoify the solution or this equation posed. as a boundary 



+ (41.W 	)a  

• 4s ire 

value orobIem it, la necessary to give in boundary donOitions. Here 

it is conwril =tit tar speeie.v the! t.lren order cliCrerences normal to the 

bottidary of order up to km,..2 :w well m Lhe value or the fUnetion AM 

the boundary. As both 0 anA y are expres3ibln in terre of the 

Aij (the expresiiene beta,: valid in thn Alole pi, e an in lection 

we see that the boundary condition* are 

{1, si; 	 ) 0 

where 1) &meta, that differenees are take ;11 the 	c t ion normal to 

/3/ 

( .5)  

the boundary. 

ma see that the operatwS:01/  • S2;1  

and the eigenvalues 

4siml() • 4site(Ilt 

+ ••• • 

karticular me see that 

4sizi.  
if we write equation (..,•4) as 

S 	+ SIty.  e 	(A- 4.3 ) hg 

then, by an easy estimate of the eigenfunction expansion or 

we have 
n 

wax 1,0. y  l< kik" 4 max Igi 
i+1 3+1 h-6µ.ij 

the solution, 

evm has the eigenfunetIons 

()(log n) for large n we have that 
iii J.1 i8+ja  

ti,ax 16- 9) 1 k h log( 
	 (.6) 

where rrti is some mntAller indepmdent of b • 



ej -glitA 	* 	 (k)) 

It is of intereet to anelyne 	4,) directly. a typical term 

(ir 	n) would be 

1114  ii 

 a  .1'4 p /sp 

Mere the Ai;)  are here defined by the recursion (compare with 

section D) 

(k) 
A
ij 

Ate exixest3iOn far /IS ij impl 	sifies to 

i(f, }ell !I  i(1  xij 	54 	P" 
sitemes 

Now Hij  sa h (f, ij) her400efficicrits of tires in the .7Poerier 

omelets (D.2) correlronding to harraenice with i mosi j n , eo ttet the 

goodnese 	the arvroximetion of 4? to 0 depende an two factors 

(1) the improvement in. the apracbeation to the lower eigenvalees 

(h"'‘eti  is a better appreximetim to X14  than h 	), and 

(4 the rate oC decrease of the "carrier eoefAcienta in equation.2).  

The second condition in really the criticel one as it is on the 

differentiability properties of C that thtme of 0 depends, and these 

are reflected in the rate el.: decrease of the l'aerier coefficientes in 

lAkrticolAr 	seo that the typo of continuation used in section , is 

suitable eniy for functions r which heve the correct periodicite,  

properties. 

it aeon's that the difference correction in the form described in 

section gives, efiere applicable, a better approximatIon to the 



3o1utios 	of the diff.:,rential equation. Using the terminoloa of 

Ohapter (II), subsection C o  we may intxpret equation (3.3) ns the rOrlrial 

st-ater-*-111. of an 4sytnptatic relation. The difference correction frocedure 

is thus a method of computing the ;solution of an equation which lies 

awe to this asymptotically satiltied diCTerence equation.. A general 

proof that this solution i3 a goo4 :•,proxization to 0  is more difficult 

then in the example of this section as the boundary values (- .3) rare not 

in general sere, and furthec analysis moot he cone to show that they are 

sufficiently wall. lioveyvIr, the method of approo_ch used in this section 

should be capable oi xtdansion to more general -problem. 



ii.fference Correction and h*  -xtrapo.lation 

it 01113t be pointed Jut that no diacrer.ancy !..letktn the theory  and 

i,n,.tetice of dit:'.7erence correction has been noted precisely be :WWII(' the 

numerical. technique has been treated as .an asyrtptotic expansion. ear 

Qxati .i.lkt, in reference L6 A , it 17 recomended that only converging 

diferences be kept Pt any stage as the diverging, high order differencos 

„in Iv1.5eir!rftly contrarinated by• round off errors. Ilais then ensures a 

recursion of 	type considered in the previous 3eletion. rtoreov:r, this 

rt.-curs I un 13 continued on 17 until the terms become small 	OM again the 

probabilito' that rounding errors 	domilytte all subsequent calcula—

tions is sufficient reason for stopping the cartputat' on at this point. 

Thto, o'cririeed h is chosen AVAll enough so that differences of sans 

convnient order arr.,  no gligible • w can be confident that diff7erence 

correction leads to numerical values that art as accurate IA rounding 

errors -141.11. permit. 

..hen saving, partial difeer.etttial equations calsitierably 1,es is 

attempted. In reference 4 only the fourth differences of the solution 

to the difference equation are calculated at the grid points in !t 3nd 

theee are found by usin the difference e4trition to extrapolate the solution 

to the exteri.or grid points adjacent to the boundary. These values are then 

used to computo a first 7ipiroxiuntlan to the required correction. It is 

noted that in -,vf-3r7 case the result gave a parked inprovertent to the solu—

tion of the h44.sie difference equation. 

The ctTect of roind oft' error an di-Tem/Ices in .7 similar to that 
of the ttopJr, incf of high order hart on cs. 



Mara it seems that the difference correction .ves an h4—extrapole—

tion of the solution of (3.0. In fact the correction is given by solving 

the basic difference equatAone approximating to the differential equations 

	

determinene the ke4  terms in 	(the solution of (6.2)). e muet show 

that the error in setting up the right hand niece of theme oatione is 

(04) . 

,s 	e A 	, and 	hAbil  0(h6)  this re nult is immediate 

everyehere in the int rior of h. except for the cosh points adjacent to 

the buundery where an exterior value must he used in calculating at lest 

one of the fourth differences. It is probeble that it also holm at these 

loints. To see this we note that it is eossible (for any fixed h ) to 

find polynoedel eolutions to (11.e) cotabular everywhere in e . These 

edlynomiels will di fifer from e be en error term which is e(h3) in 

This will also be true or the error in apprewimating the fourth deriva—

tives of e by Leans of the fourth riertritives of these polynomials, end 

hence by means of *ourth dieferencos of the solution of the differ- nee 

equetiene This will be true everyetere in 

The use of special sets of pArimuials in the solution of Le place's 

equation has been oiscuseed in retaliate* 11111 . It is here noted that 

the polynomial expansions are not unique. This at ore anoteer illustra—

tion of the eontinuateon problem. 



'01ti-U,411. if,.‘7.1ynolclo 5 errsition 

40 tAlow several previous workers in using nite difference 

metKoda to into 	this equation (for exar,ple, ,:.s:hristoehere Oil El 31 • 

or aainordi and oyd 	TS ). 

41 a first step it in ccnvenient to tansform the diffg,rential 

eqUli.10f1 by introducing the new war table 

3/k Cl) 

tl ansforrltIon ac,;4:13 t.4,40 l'urpol4es. .`irot It reduces the 

4iTrentiai ui* to norn.n1 Corn; 	sec,,,nd it gives a depl'n,::nt 

variable wIdoll ehhingeefair 	ir,oethly in regions ,,.her e h i 	trip), • 

It h thus a,  van t,:.ge at. s 	n 	len I work. This teams Con:anti 	s 

wed in nri:stopilerson Lits It is reeily verified th't the boundary 

car 	Ions on ,`") qre identical with those on I 

.1,11 the usual non-himensionAl form the equation becomes 

Ze41 	co -D_241 +. 	a eeev# + e2 9 + eel:Alto  m  
ea'e 	 C 	gem i-Ent 

( I 	404.191 212.  

oe ber.ring  where a sa tztwith or bearing h I  and e is the fk ccentrteity of the 

be:trim:A. .;:ni the mer rico' work that 	hat.tn oarrie,1  ut to this stae 

hlve trued LIP: t%nciar f1nit ,'1":'ererkte e-uation (A •I ). •1! cs is 

also the e 1uati311 which has bon used h" the other t.nvent`D-7.ators. 

131, 

n)b, seansof the ratio 



The boondary of the iubricating fit r is unnown and must be 

calculated bo nor: e kind of iteration procedure. This Kee been done by 

loaimondi are. Boyd usino the Liebman iteration, and by c.hristupherson 

sino relaxation by requiring that the solution of the approximate 

difference equation never take nooative values. 

Our approach has been to aoproxlmate the end boundary bye strai4kt 
lg* 

line an to ask that 

	

	U nt the veirp eoint of this line as well 
.0719 

as 41 . 	oe it. 	solve for /I for R trial rectangular region Kith 

7'51 
41 	as bounderr condition, and then compute ---- ot the aid ene4 

point of the end boundary. If this is not sere) then this boundory 

tion i3 oejuseed. 

irooramoes to carry out this part of the computation has been COP.. 

leted. It is hoped. to finish the comoutation by calculatino values of 

dati 
01 on the rectangular end edge which will make el and Ter vanish 

on some anterior line; and we have worked out formulae to do this. 

will ad,4  another stage to the iteratton. However, it will not be 

necessary to know much vore about t. initial guess of the film extent 

than that it is an over estimate. 

The initial approxination turns out to be R useful one, and. spot 

checks have eoown good agreerent with the results o., previ 	investi. 

gators (for example '..aesenfeld and Walther otki ). The disaoreements 

p to 5i, for 	'95) can be explained in tart by the inadeouacy of 

tOe inteeretion routine for evaluating the resultant thrust on the 

loce ing. In the orioinel prooramme we used the trapezoidal rule; and 

t is has now been modified to use ir000nis rule. This apoers to give 

an 	ovement having the right order of magnitude. 



0 

start 

• 0 

4 • ‘03. 	 y • U. U i 0  

end 

•0 0 

y 	1, LI = 0 

U 
Y a 4i • 0 • • 4,  • • 

UL now describe in greater dela. 1 the nctial method used for 

the soiution of the difference equation. 

e writx? equation (z) 

a  ..a211 ......—a a( 4011 b(4) 

Using this tefluinology the difference equation can be written 

YU ki • 	 (3) 
where 1J  is the (n x ta) matrix of the solutice values at the grid 

points in the approxiroate lubricating films  

X. is the (n x 	matrix 	a  + 1 
operating on the,  rows of U • 

is the (a at a) matrix 
[ k 	

opsrating on the 

columns 0t U , 

and if is the (n x 	matrix of the values of b(44) at the 

grid jlflt. 

e comider only half the bearing width as the flow win be 57,n vo- LH,c 

about the centre line; and c take the boundary condition 	o at 

• g as in figure 1. 



t te ths matrix 

r 	w. 
'.411 

-2h +a 
2 h-2 

   

/31 

• 

-2h 2+an 	• 

and 	Y is the matrix 

     

*a 

   

-ge2 

    

    

     

      

-e see thwt the syrnetry of Y is destroyed b7 the 111t row, 

til() e14lenvalues 

Ai -4a K Sin 

 

t't rnt soot Mma t 
aaJYi 

The right eigtinyectors ac Y ire 

0641)9  * sin (214.1)7t 	p 	1, 
APj  

biorthogonal left eigenvectors are 

(ii;)s 	sin (4j+1)7t 	s 	1, 

(4) 	(2,)+1)ri -6- 
M 	 al 

• • • # 



It will be necwary to norma119,e 1;he,,Je vectors. 	e have 

;sa l 1. site (4*-1).m S in' (2,j+1)1T 
L 8.1 

m  
;111 

11 
• sin-  (2:)+1)7. dx 1/4  

0 

as the trapezoidal rule is exact Cor this case, 
q• 

Ill% Or  14. 
toJ 

and the nomal.ised \rector is 	#ej  • In the actval pro:.rav, e the Nrusial4le 

locetim 	cm La ins -2ra so ti- it the o 1ii in factor is 

agyt(4v,) . 
The Latr.ix ; ,̀ is given by 

b(41) b( )  

b(41)  

S. 

t(,,) ) 

.e can write elwItion (5) as 

+ 1.1 	s„ 	H 

where n , and Me are the MA t.rieei of the normalised right and le rt 
eigenvectors of 	re3poctively, and 	is the diagccal matrix whose 

elerwnts are the eigenvelues, 

can now write this ris 
I 	it 

14 	U X 	 t4 	U 

V X + 	. 

4 

h(•iri) 



Lot 	denote the ith 0 	row uf y , then wo hnirs 

4  )ki 	" -ektil • 

ir 	 ve tno equation 

j • 1, 40 •.•, g 

This givas a syste o t sets of liner el:oaLons L solve !'or 

the comonente or i 	this IAN iven 4ene the sol.•,n A given 

4 the tv4trix prOdoet 

• !Y , 

abuse procedure has beoin suilgeoted by Pickley snd Ylc7larone in 

1 recent paper {151 . Cor prograrlre represents thP rirst precties1 

JicatLon of this tent' 	*Lich has *n adva1t7 awr stsndttrd fitmet 

it-oce&Tes (see for ckamlleii 61 ) it that the nethine storage can be 

utilised more efflointly (our ,,-Torse uses art Avantot the 
ion 

(ma) 	(mn) Tito/Ago lo tine needed in tho trisngulater or the 

partitioned atitrix)., 

The eerivative " at the end .sit.on is round fro 	'orri1a 
44. 

Wap g U( n41) , m 

(11042), m 	411,m) 

This forsula involrrs the unknown grid value U(n4), m 	ane this 

can be round from the difference eluation cMtrod on TA144, m • 

This gives 

h 	(2.4.! , 	• Uhs  a0 	15(7141) 

33 all othcr tome have Lhe value 4ero be:cause C vsnishee an the ene 

t4( 

(4) 

• 



(1I 

• 
• • 	--"-a  - 	Unto • 1121  b(n+1)) • 	 (ti) 

It i hoped that the fallowing formulae will enable the ponition of 

the end line to be calculated mare accurately.. If m asaums that our 

rectangular approximation to the t.71.114 13 too large, then the computed 

pressures iii. become ,r1:, _!,.Aticrot neat our approxivAte end line. .e plan 

to compute a '-otter afTraxlinntion 	0111o. 

(1) 	e comorte the position of the interior Line al mig.  which the presqure 

ishes• 

increase the rallass of U on the arNroxininto end boilitiarr to 
V try and make 74  vanish on the zero line computed in (1). 

It will be sell that (k) will give 1 new boundary condition on the 

elpprOXIAS to? end lire; and the sttf..Testion is that -we recalculate ow 

solution wing this now boundary condition.. The whole procedure is to 

be repea.ted until the -.4olutl:a settles ,'*,/n• 

tae (1) of the computation is the calculation of the line o -ero 

preo-ure. 	conaider the fi tette il 

h x 
uh 

• k 	. 	k • .z  

V ) 0 h 

• 

The problem 19 to find o. such that U s Q • Perhaps the beet 

romula to we :or this is the finite difference formula approximating 

to the ciii:!erential equation using unequal int-rvale in the 4o(h) 



} 
) h1-2  -0 411 S (7)  

h4 (1 - am) k 

   

"1+1, 

A 
	 /4 3 

eluation the formula is 

+ • Askftanommeo 111410 
4a  

— 	U ij(1, ,a): (6) . 

The value or (%, iS found by setting U 	. 0 and solving the resniting 

e,lustion for 

stne. 	oe the cconputat,Oln we can ass tiike the fOilariiirkg 

• U desired 

ah 
h 	 'D 

• k . k • 	U known 

here 	want to replace the U value which was Ixerions1,T < 0 by ono 

which makes 	0 at the 1:vint ah • The difference no:nation linking 

these va.lues J;21 

"a$ 
in trli.s..) caso we put ..2) 40 	0 	and 3cave car U1+1,, j • 
'Zquation9 (6) and (7) are both Jbtained by tittinp 71  quadratic inter. 

olation ,-6,1yrtostial to the liven data, The Ctettkils Plre eery similar to 

thori3,  .L`or the construction of the standard finite difference equation as 

described in 3ection (A) • 
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SUMMARY 
It is a common hypothesis that the error involved in a certain numerical process 

is an analytic function of a parameter which specifies in some way the closeness of 
the approximations used. We consider this hypothesis in detail for difference 
approximations to differential equation eigenvalue problems. Our approach is to 
construct the solution of this difference equation by determining a recurrence for 
the terms in its Taylor series. Existence is then guaranteed by the convergence of 
this series. The solution thus obtained is used as the basis for a discussion of methods 
by which h2-extrapolation of the eigenvalues and eigenvectors of the difference 
equation could be obtained. 

1. Introduction- 
To make our problem definite we restrict ourselves to the eigenvalue 
problems of second-order, self-adjoint differential equations, although our 
method clearly has much wider application. The results could readily be 
duplicated in a particular case by following the procedure outlined in this 
paper. 

We proceed in the usual way, and approximate to the differential 
equation by a difference equation on a finite grid of points of mesh length 
h. As we increase the number of points in the grid and let h 0, we expect 
the eigenvalues of this difference equation to tend to the eigenvalues of 
the differential equation. We can write this as 

lim A„(h) = 
71—.0 

for the pth eigenvalue. We also ask that the components of the pth eigen-
vector of the difference equation tend to the values of the pth eigenfunc-
tion evaluated at the ordinate points x = ih. That is 

lim ci>„(x = ih, h) = 961,(x), 

where here we regard x as a fixed ordinate point and i (an integer) and h 
as variables, and where we set 

S6„(.17 , h) = 461,W 0 0  

for all h and fixed x to make definite the scaling of the eigenvectors. 

t The argument in sections 1-3 follows closely that of Fox (1), 332-42. 
[Quart. Journ. Mech. and Applied Math., Vol. XIII, Pt. 2, 1960] 



h2-EXTRAPOLATION IN EIGENVALUE PROBLEMS 	157 

This behaviour is certainly guaranteed if we can form the expansions 

A(4)  = 	mmdhm m = o • 
*' 	dmA(0) 	 (1) 

m 	m! On4.(x 	ih, 0)} 
m=0 m!( 

hm   and 	0(x jh,h) = 	 (i —Os s! r! 	axsahr 	(2) 

In all subsequent discussion we will write 

anlyqx = ih, 0) ds farCx = ih, 0)1 = ds art/4x)  
axsahr 	det 	ahr 	f de ahr 

to emphasize that the coefficients of hm in (2) are functions of x alone. 
Note that we could just as well have written (2) as 

00  m 
ck(x = ih, h) = 	,7,(x = ih). 

m=o nt  • 
However, convergence of this expansion gives to ck,„ the meaning amoiahm; 
and our notation anticipates this result. 

The most general differential equation of the type we consider can be 
written, after suitable transformation, in the form 

d2 rit. r(x)(A— q(x)}0 = 0. 	 (3) 

Together with (3) we consider the class of boundary conditions 

Ao  CO) + Bo  4d(°)  = 0 
	

(4) 

and 
	

A,0(1)+BI &dx
I) = 0 	

(5) 

given at the ends of the interval (0, 1). We put r(x) = 1 in our subsequent 
calculations as this simplifies the arithmetic—it is not difficult to return 
to the more general case. 

2. Approximation of the boundary conditions 
We first consider what restrictions central difference approximations to 

(4) and (5) place on the expansion (2). The simplest representation of 
(4) is 

A0 sb(0 , h) 	Isb(h, h)—y6(—h,  h)} = 0. 	 (6) 2h, 

This must be an identity in h. Therefore, when (2) is substituted in (6), 
the coefficients of powers of h must vanish. This leads to a series of 
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relations, the first few of which are 

h°: A0 0(0)+Bo  dckd(°)  = 0, 

hi.:  

	

4(0) 	00(0)  0  
ah 	(Ix 

h2:  A  020(0) _L B0  f d APO) + 1 d30(0)1 _ 0.  

	

o 	-I- 1dX ah2 	3 dxs f 

It is to be noted that the first two relations are similar to the given 
boundary condition (4); but that this is no longer true for the third. If 
we take a more accurate representation of (4)—ignoring fifth differences—
we get 

A00(0,h)d--- 12° {-0(2h, h)+80(h,h)-80—h,h)+0(-2h,h)} = 0. h 
(10) 

This fails to reproduce the boundary condition in the coefficient of h4  
giving 

A  040( 0 ) 	d a40(0)  4 d°0(0)1,_  . 

	

h4
: —° 	±— 	

0 
°1dx am 5 dx° 	

(11) 

In general our ability to reproduce the given boundary condition in the 
coefficient of len depends on the accuracy of our difference approximations. 
It would seem from the above examples that central difference formulae 
including differences up to the (2m-1)th fail in the coefficient of h2m. 

3. Formal recurrence for the solution of the difference equation 
The simplest difference equation approximating to (3) is obtained by 

setting 
h2 ±2  82, 

dx2  
and ignoring the higher order differences. This gives the equation 

0((i+1)h, h)-20(ih,h)+0((i-1)h,h)-Fh2(A(h)—q(ih))c6(ih,h) = 0, (12) 

which can be written as the matrix eigenvalue problem 
{A±h2A(h).1}cp = 0. 

If the boundary condition (6) has been used, then the matrix A is 
—2—h2q(0)-1-2hAo/B0 	2 

	

1 	—2—h2q(h) 1 . 1 
1 

(7)  

(8)  

(9)  

The eigenvector cp has the components cki  = cb(ih,h). 



where 	V,„,(x) m! 	dm-PA aPo 

d2r 	 M! —2 
dx2r ahm+2-2r  2r!(m+2-2r)!' 

p= 0  p!(m—p)! dhm-P ahP 

ri(m+2)] 

r =2 
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Substituting (1) and (2) into (12) and writing ih = x to indicate an 
arbitrary ordinate point we get, on equating to zero the coefficients of 
powers of h, the series of equations the first few members of which are 
given below: 

h2: {L±(A-q(x))}0 = 0, 
	 (13) 

h3: (cid:2+ (A 1(x)))1 ddAh 4(x), 
	 (14) 

h4: 1  d2  
idx3+ (A  q(x)) ):2:2  = 

ddh2A20(x)_ 2  dA ack(x)  1 d40(x) 
dh eh 	6 dx4  ' 	(15) 

h5: { d2  
dx2+(A q(x))}aa3:3  = — dhd3A341(x)-3ddh2A2  Ih(x)  

3 
dA a20(x)  1  d4   00(x) 
dh ah2 	2 dx4  eh ' (16) 

i d2  _L(1 	i l ia4ck 	d4A ,4(  \ a  d3A 00(x) 
idx2  ' ‘'' q̀ x ah4  =- —dhee' x' - dh3  eh 

6 
d2A 820(x)  4  dA 030(x) d4  820(x) 	1 d60(x).  
dh2  ah2 	dh 0113  dx4  ah2 	15 dx6 	(17) 

The general equation is 
2  

hm+2* { 
	

A dx2+( —  q(x  )) },a—Fen = 17-(x)' 

h6:  

(18) 

We see that (13) is the original differential equation (3), and that in all 
subsequent equations we regain the left-hand side of (3) operating on 
emck(x)lehm; but now forcing terms appear on the right. 

4. Solution of this recurrence 
We now discuss the way in which the terms in expansions (1) and (2) 

are determined by the manner in which they appear in the above equations. 
In equation (14) we know that 00(x)fah always satisfies the same boundary 
conditions as the eigenfunction q(x) of the original equation. Therefore 
the corresponding A is again an eigenvalue; and, for a solution to be 
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possible, the right-hand side must be orthogonal to cb(x) over the range 
(0, 1) of x. That is 	1 

whence 

dA ch2  dx 	0 
j dh 

dA 
dh 

We thus regain the original equation, and hence 00(x)/ah is q5(x) apart 
from a numerical factor. This factor is zero for we agreed to fix 56(x = x , h) 
as a constant (non-zero and independent of h) for all h, and hence 
am95(x = x)/akin = 0 (m > 1). 

The general equation (18) not only has the right-hand side non-zero, 
but also satisfies the inhomogeneous boundary conditions 

A0 
am4)(0)  B  d &11C0 ) 	Gino),  

ehm 	dx ahm 

and A 
, 

amOhm  
C6() 

 4- B1 dx ahm 
d em̀ b(1)  — H.(1). 

The condition that (18) has a solution can be expressed in the form (see 
(2) 214-16) 

1 

f V.( dhdrnmA x)(b(x) dx 	G.(0){d0(0)Idx} H„,(1){4(1)Idx} (19) 

	

, 	— 

0 
A0 	 A1  

Applying (19) to equation (15) we get 
Bo  d30(0)  

G2(0)  — 	3 dx3  

H2(0) 	d30(1)  
3  d x3 ' 

and 
d2A 	02  dx — Bo  d30(0) d0(0)  B1  d 3(b(1) 4(1)  1 d40 dx f 
dh2 	3A0  dx3  dx 	3A1  dx3  dx 	6 j dx4  

0 	 0 

This simplifies to 
d2A 	d30(1),(1 ) 1 d30(0) 	1 r 	I 	

4.2  dx. 	(20) 
dig 	3 dx3 	3 dx3  °(13)—  6 j dx4  96 

 dx 	4.2 

o 

Equation (19) can always be solved for dinAldhm because we can assume 
that, at this stage, all other terms and their derivatives with respect to 
x are known quantities. The solution of (18) is determinate to within 
an arbitrary multiple of the original eigenfunction 0. This is fixed by the 
condition On40()/blen = 0. 
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We now show that 0m0/ahm and dn'Al Wen are uniquely determined by 
the condition that (18) should have a solution satisfying the imposed 
boundary conditions together with the condition Onkk()I 	= 0. 

We prove this by induction. It certainly holds for m = 2 for, if we 
denote the difference between two solutions satisfying the above condi-
tions by A(020/0h2), we have the following differential equation satisfied 

d2 	a20 	d2A  
0+ (A-9'

) }0 
 ah2  — 	dh2)°' 

also the original boundary conditions (4) and (5), and the adjoined condi- 
tion 0(e20(2)1ah2) = 0, whence 

d2A A - 
d
— 0 and A  °(

x 
 )  — O. h2 	 Oh' 

Now if we assume that the result is true for ajolahi (i < m), we can repeat 
the above argument exactly for am//Ohm  and clmA I dhm , and hence the 
uniqueness follows. 

5. Convergence of the formal series 
We can now establish the convergence of expansions (1) and (2) under 

the assumption that q(x) is a regular function with a non-zero radius of 
convergence p about every point x in (0, 1). We know from standard 
theorems that 0 and OMO/Ohin  are regular functions with the same radius 
of convergence as q(x). Let the minimum value of p for x in (0, 1) be not 
less than j5. 

We have the estimate 
I 

E dP Oqck 
de ahq <  ' PpK  ' 

D 
 

where K is independent of p, q, and x and is bounded in (0, 1) since 
ag0/ahq has no singularities in this range, and vanishes at x = a-c. 

We can now form an expansion which dominates (2). We have that the 
modulus of the mth term in (2) is less than 

. 	hm  m! K 	1 	 5m-23 	 m hm 	1 P  I d — Zim  
In! 	Pm P  (In —P)! 1 i — ilm-P < 

Ii—   i 

	

13m 	P=  P! 1 j —i1P  =  

= jj—ilm h--7-Kexp{  .15  .} 
i5m 	— 

The series 	
o I 

j—i Im hm  Kexp{  P  

	

fin' 	—i 
converges for !j—i ih < p. 

We proceed to prove similarly the convergence of (1). To estimate 
!dmAidhm I  we evaluate (18) at x = x. We know that the left-hand side 

5092.50 
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is bounded—in fact an'0(0ahm = 0, and we can take (d2 /dx2 )(bmcd()/ahm) 
into the second sum on the right. Writing K, = K 10(o) we have, since 
all terms in the first sum vanish except (dn'A/c/hm)(/)(4 

dmA
< 

ri(m+ 2)] (2p)!K 	m! 
' _— 2K1  m! Ei(m+2)1  _ P-(m+2  -2p)  

dhm L 	P2P 	
, 
' (2p)! On+ 2 — 2p) ! 

p=1 
174+2  p=1  

(MR- 2-2p)! 

< 2K
1  m!1 sinh p: m odd 

_ 	 pm+2  t cosh fi: m even, 

and hence 	m! <  	1  	cosh fi. pm+2 

2K, cosh p hm ' The series 
0 

which dominates the series (1) for A(h), converges for h < p. We have 
thus proved that expansions (1) and (2) exist, and that they satisfy (12) 
for h < T. 
6. Proof of the 'deferred approach to the limit' 

The result that forms the basis of Richardson's technique of deferred 
approach to the limit can now be deduced. 

If central difference formulae are used to approximate to the boundary 
conditions (4) and (5) of the differential equation (3), then all odd deriva-
tives of and A with respect to h are identically zero. To prove this we 
need the following results. 

(1) The inhomogeneous terms in the boundary conditions on 
f021n+10(x)}1(0h2'n+1 ) 

involve odd derivatives with respect to x of odd derivatives with respect to h 
of degree less than 2m+ 1. 

This follows because (a) the 1/h term multiplying the difference operator 
means that derivatives of total order 2m+ 2 are involved; and (b) the 
coefficient of 0(x, h) is the negative of the coefficient of 96(—x, h) in the 
central difference expansion of dqSIdx about x = 0, and a similar result 
holds about x = 1. Thus the even derivatives with respect to x cancel. 

(2) The forcing term on the right-hand side of the differential equation for 
{a2m-Ficx )} (ah2771+1)  consists of odd derivatives of A (q) times even derivatives of 
qS (A)—the derivatives being taken with respect to h, and even derivatives 
with respect to x of odd derivatives of 0 with respect to h. 
With this information we can form an induction. 

If we assume that odd derivatives of and A with respect to h of 
order up to 2m-1 vanish, then a2m+101a2m+1 must satisfy the boundary 
conditions exactly (02m+1 = H2m+1 = 0); aiad the right-hand side of the 

P
2 	pm' 
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differential equation must be equal to _(d2m-1-1A/c/h2m+1)0.  We have 
already proved that 00(x)/ah = dA/dh = 0; and, as the circumstances here 
are exactly similar, our result is established. 

This vanishing of the odd derivatives of (A. and A with respect to h does 
not occur in general if forward or backward differences are used to approxi-
mate to the boundary conditions. For instance, if we approximate to the 
condition d(0)/dx = 0 by the difference relation 64(0, h) = 0, the 
boundary condition on bolah is 

d 00(0) 	1 d2c6(0). 
dx Oh 	2 dx2  

and we have Gi  0. This leads to a non-trivial relation for dA/dh; and 
hence we get h-extrapolation only. 

7. h2-Extrapolation of the eigenvalues 
Our equation (20) can be used as the basis for a method of obtaining 

h2-extrapolation of the eigenvalues. We have 

d2A 
dh2  

1 d30(0) 	-L 1 d30(1)411 \ 1 
6 j 

0 

f 
dx4 	dx} f 02  dx. 

0 
3 	dx3  (4") 	3 	dx3  

But 

also 

	

d x3 	dx 

	

3rk 	(A_o__O +1,0,  

d 
d40 = 0_00±2q, dr/Sx+q„c6,  

x4  

and 	 f 0{2q1 2 ±q"0} dx = 1 
o' 

so that (20) involves only quantities which lie in the range (0, 1), and 
which are known to within 0(h2 ) when the simple difference equation (12) 
has been solved. Thus the error in using the results of (12) and, say, the 
trapezoidal rule to evaluate h2/2! x (20) is 0(h4 ); and we have an h2-extra-
polation. 

There is a very close relationship between formula (20) and the difference 
correction given by Fox (1). We show this for the case when boundary 
conditions of the form (6) have been used; and we restrict our attention to 
the integral terms of (20). 

The difference correction AA, with boundary terms suitably interpreted, 
to be applied to the eigenvalues of (12) is just —h2/2! x (20) evaluated by 
the trapezoidal rule with error 0(h4). 
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We use the fact that 

h4d40(x = ih) 	540(ih 	deck(ih)  +0(h8). 
dx4 	 dx6  

Applying the trapezoidal rule to (20) we get 

d2A 

	

( ,, ) fh-2  „i„, 	nt 

2 !d10 = 

	

	 {q5(ih)}2+ boundary terms +0(h4 ). 12 i=o 	 i-o 
We use the notation 1* to indicate that we take the first and last 
members of the sum. 

The difference correction is given by 

AA = (1)*'CcP +boundary terms, 
cf)*'cP 

where cp and cp* are the right and left eigenvectors of (12) respectively, 
and C is the correction matrix. Here C is the matrix representing the 
operation (h-2/12)84  on cp. We see from the matrix form of (12) that, if 
cb: = No, then g = 4 (i = 1,..., m-1), and cbt = 40,.. This establishes 
the required result. The role of the boundary values in difference correc-
tion is discussed in section 9. 

8. h2-Extrapolation of the eigenvectors 
We can obtain an h2-extrapolation of the eigenvector by solving (15) 

numerically. In doing this we must use 020(x)/ a10 = 0 as one of our 
boundary conditions to avoid trouble from the eigensolution of the homo-
geneous equation. For example, if we assume that difference conditions 
of the form (6) have been used, and that we may fix the scale by setting 

= 0, ck(0, h) = 1 (say), then we get a marching problem for a20(x)/310 
with the initial conditions 

02,./,(01 
(a) ari:2  ' — 0, and 

(b) d la20(o) \ = 	1 d30(0) 
dxk M2  ) 	3 dx3  

and the terminal condition (which gives a numerical check) 

Ai S20(1)  +Bi d 0 20(1)  +1 d30(1)} O. 
dx ah2 3 dx3  

In practice one would probably need to repeat the computations at 
least once using the improved value at each stage to reduce the residual 
error. If the marching problem is unstable we could solve (15) as a two-
point boundary problem using one or other of the initial conditions as 
a check. If the original boundary condition is OM = 0, then we must 
have x 0 0, and we get two two-point boundary value problems. The 
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condition that (d/dx){820(x)/0h2} be continuous at x = x supplies the 
check. 

We could now proceed to obtain an h4-improvement using equation (17) 
provided we have worked to 0(h4) in solving for d 2A/dh2  and 020(x)/ah 2. 

As a numerical example consider the equation 

	

d 	 	+ (A— x)(k = 0 	 (21) 
dx2  

with the boundary conditions 

0(0)+4(0)  = 0 
dx 

0(1)+2 d0(1)=  O. and 
dx 

We give below the result of the numerical computation of the first 
eigenvalue; formula (20) was used to compute d2A/dh2. 

h 
	

A(h) 	d2Aldh2 	improved A 

0.1 	—0.82621 	—0.040 	—0.82601 

The correct value to six places of decimals is —0-825980. 
As a check on the numerical solution of (15) we used inverse interpola-

tion to determine d2A/dh2  such that the terminal boundary condition was 
satisfied. This gave d2A/dh2  -= —0.041 for h = 0.2. 

9. A method of difference correction 
The process outlined in section 8 suffers from the important disad-

vantage that the correction terms are defined 1:0y differential equations. 
The numerical solution of these (and the construction of the terms appear-
ing in them) provides another source of error; and a revision procedure 
involving all terms previously calculated is necessary when proceeding to 
a higher order of accuracy. Our work does, however, suggest a modifica-
tion of the difference correction method described in (1), and we give a 
sketch of this below. 

The exact eigenfunction 0(x) satisfies the difference equation 
h-28201+ 	qi i  h -V254_9086 

at the ordinate point ih. 
We write the approximation given by equation (12) as 

h-282sli+(A—qi) i  = 0; 

and 	 0i  = (Ti±h2ci, 

A = A±h2F, 

using the results of section 6. 



02P (x,  h) 
Oh2P 

1 
2p! 

d2PA(h)  
dh2P 

hen 

   

1 
2p! 

h2P, 
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Now h2Ci  and h2ti, are given by the difference equation 
h-28202cil+ (A_ qi){h2Ci} h2 	 h2 

jult2Ci+ 

	

+h —2{204_ k813+ 	h-2{11284 d_086+ ...}h2ci.  

We define h2ei  by the equation 
h-28202cil+ (A q i ){h2 C 	 h2 t1,1 h —2 {12.84 _01086+ ...A.  

As the ignored terms are 0(M), we have that 

MCi  = h2Cli+h4Di, 
and 	 h2µ = prt+h4„,  

where h2Ft is defined by the usual orthogonality condition (that is the 
algebraic condition analogous to equation (19)). 

Now h4Di, h4v satisfy the equation 
h_282th4N+ 	qi ){164 Di} = _h4v4) i _h2A11,201  h2 aah4 	h4,1620 

—h4vh41)1+h-
2{2284 jos + ...}h2ci+h-2{22 ,34_ 91686 	.}h4 

Proceeding as before we define h4Di  and Mi; by the equation 

	

h_282{h4Di}+(t  qi ){h4r)i} 	 h2r,h2ci+h_2{.284_466+  

ignoring terms which are 0(h6 ). 
This process can obviously be continued; and we have finally 

	

cki  = 	 (22) 

	

A A+h2A+h4p+.... 	 (23) 

It would be satisfying if at this stage we could make the identification 
_ 21a20e(ihh2,  h) and 

— 2! dh2  
_ 	1 d2A(h) 

and so on; but these relations do not hold. We can, however, say that 
(22) and (23) are asymptotic expansions in the sense that, if we truncate 
these expansions at their nth terms, the remainders will tend to zero like 
h27'; for it can be shown that 

Rn(56)1 < 
D=. 

and 	 I R.(A)1 < K2 
P =. 

where K1  and K2  are bounded for a fixed n. 
Also, if the scale has been fixed by setting qS„, = ck„ ah = x, then we 

can adjoin the conditions 

as 

Co, = D = = 0, 
e2n0(ah, h) 	a2n95(ah , 0) 	0  

.ah2n 	ah2n (n > 1). 



and 	 A(h) = 
(-1)74  Ami-lh2nt 

(2m+2)! 
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Thus the procedure outlined in section 8 can be paralleled for the 
sequence of difference equations. The boundary conditions on the differ-
ence equations can be derived in the same way as we derived the equations 
themselves. 

For example, we have that 

A 0  00+ Bo h-11.1,800 	o h-la tk62  — kuu83  _10 o, 
and 	 A o 	B oh-1/180o = 0. 

Hence, 

A o{h2Co } B o h-1  iti,8{h2C}= B o h-lfb,c63  — 1(285 	0+ 
B h -1{tu83  —3+4185  ...}h2C 0 ; 

and 	A o{h200}+ Bo  h-1p,8{h200} = Bo  h--1-ap,83-313p.82+ ...} 00  . 

All significant differences can be calculated provided we can extra-
polate 9i  far enough (see (1)). 

10. Another application of our results 
As a final example let us ask when the approximate difference equation 

is satisfied exactly by point values of the eigenfunctions of the dif-
ferential equation. This means that 82m0(x)/ hem — 0 for m > 1, which 
implies that (18) has a solution proportional to 0, so that the condition 
82mo (x)iah2m = 0 ensures its vanishing. This means that the orthogonality 
condition (19) must be trivially satisfied, and hence that d2r4A/c/h2'n can 
be chosen to make V,,n(x) vanish identically. Thus we get the differential 
equation d20 A. 	± = 0. 

ctx2  
We have 02m  = H2m, = 0, which give as the possible boundary conditions 

= 0, and d0/dx = 0. 
In these cases it is possible to express A(h) in a closed form. We have 

d2mA 	2.2m! ( i)  
dh2ni = (2m+ 2) ! 

=h2 (1—cos(VAh)) 

= 4h-2  sin2(
'V
2  A). 

This result is readily verified. Equation (12) becomes 

0i +1  — (2 — h2A)0i± 	= 0. 
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This difference equation has the particular solutions q,. = eirP, e-irP, where 
g is defined by 

(2 —PA) = 2 cos p, or ). = 4h-2  sine .$. 
From the boundary conditions we get the relations 

(a)  0(0) = 0(1) = 0: sinmig = 0 (f3 = r7rh), 
(b)  (0) = (1) = 0: sinmg =- 0 (g = rvh), 
(c)  96(0) = ch1 (1) = 0: cos mg =- 0 (13 = irTrh), 

where 1 < r m, and h = lim. 
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