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ABSTRACT

This thesis is concerned with developing new
methods for the solution of non-linear resistance
networks, and the application of these new methods
to the solution of resistance-network analogues of
physical problems which cannot easily be obtained
by existing analogue network techniques. The extension
of existing non-linear theories involving resistance
networks is also included.

A numerical method for the solution of small
non-linear networks suitable for use with desk
calculating machines is described., This method is
derived from the existing theory of content and
co-content. For large networks the method can
be used with a digital computer. The method of
solution by graphs, based on the theory of content
and co-content is also investigated. New theorems of
the content and co-content are presented together
with suitable analogue devices to assist and speed
up the computing process.

A new graphical method based on the voltage and

current diagram o0f the resistance-network is used t0



obtain the solution of the resistance network
analogue of physical oroblems, and is successful

in cases where the existing analogue network
techniques failed to produce. the solution. This
method is not only superior to the existing analogue
resistance network techniques in this respect, but
it is also quicker, simpler to understand and more
economical than using an analogue resistance network
computer. The method is also used successfully in

the design of complex valve amplifier circuits.
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INTRODUCT ION

L physical system is said to be non-~linear
if the behaviour of each of its elements cannot
be represented by an algebraic)differential or
integral equation of the first degree. Strictly
speaking all physical systems are non-linear, for
linear systems never occur in nature. HMost physical
problems are however treated asgs linear systems
because of the difficulty in analysis of the non-
linear type, and in most cases, approximate solutions
are essential in day to day practice.

The electrical system is not an exceptional case.
Lack of knowledge of non-linear theories and lack
of methods of solving non-linear problems however,
compel it to be treated as & linear system, but
this unfortunate factor may obscure interesting
properties possessed by the non—iinear system itself.
Thus some paerts of this thesis are devoted to the
development and extension of existing non-linear
theories even though they may seem to have no
immediate application.

The soclving of non-linear resistance networks

will not only benefit the field of electrical
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engineering, but the method could be applied to

other cengineering problems, suclh as those concerning the
flow of ligquid or gas in a pipe line, le. the distribution
of water supply, mine ventilation, the problem of the
distributed load of non-linear springs, and building
structures. Production engineers are looking for a
gsolution to the problem of smooth flow on production
lines, which is in many senses similer to the flow of
currents through non-linesr resistances.

Obtaining the solution of the non-linear
electrical resistance network, by direct application of
both of Kirchhoff's laws, brings in the problem of
solving non-linear simulteneous algebraic equations.
This is not only difficult but in some cases impossible.
There are meny other numerical methods which have
been used from time to time for the soluticn of non-
linear resistance networks, but most of these methods
were developed for a particular type of circuit
and limited im & general apolication.

The first part of thisg thesis deals with a
new numerical method which is developed from a
suggestion made by Profegsog Cherry, and cgtated 1in
the paper published by Milie% concerning the properties

of"content" ond "co-conbtent" of a resistance network,
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The method zuggested by Profesgor Cherry is a

form of the relaxation method, and has been proved
to give excellent results. The time taken to
reach the solutions depends however; on personal
experience of the problem, and has proved to be
rapld only if the apovroximate solutions are known
beforehand. This thesis describes its development
into a systematic process and experience of the
problem or the knowledge of approximate solutions
is no longer so necessary.

Following the numerical method, Miller's theory of
content and co-content is investigated graphically.

It has been extended to cover the cases where negative
resistances are included in the circuit.

The application of this graphical method to the
solution of resistance network anslogues (Appendix 1
resistance network being used asan =2nalogue of the
finite~difference form of a non-linear differential
equation) was successful, and at the time it was superior
to the existing method when applied to some cases.
This was because the existing iterat%ve processes
(due to Liebmann and Bailé?f Karpi&gj ete.) failed
to converge when certain values of negative

resistances occurred in the circuit. Unfortunately
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the solution by this grayphicelmethod is slow and
tedious, mainly because many graphs have to be plotted
and thus further development was concentrated on finding
a means of zccelerating the graph-plotting process.
This is done mainly by the analogue device. (2.5 page 69).
Further study of the solution of differential
equations by the resistance-network analogue has
led to the following questions:-
a) Is 1t necessary to employ expensive equipment
such as the equipment used by Hutcheon and Spalding(7),
or by J. Ph. Korthals Altes(6)for the solution of a
one dimensional problem ?
b) Is 1t possible to use cheaper equipment which 1s
2lso applicable 1o the ceses where the analogue
techniques describeds by Liebmann end Bailey<9),
Karplus(l3), Hutoheon(ll)and Altes<6) f2il to converge ?
c) Is there a less complicated system which can be
employed ?
These questions have led to the development of
the new gravhical system, described in the latter
part of the thesis, which is based on Cherry's v-1
rectangle diagrams(l)&(322
The technique of the resistance-network analogue
for solving boundary value pnroblems involving différential

equations has been known for a long time and because of
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its ability to give good approximate solutions to the
Laplace and Polsson equations when the exact mathematical
analysis fails, it has been extensively used. The first
known form of this analogue technique is the

. oo | (31)
electrolytic tank which was first used by Adams
85 years ago and has been developed to use resistors
by Beuken in Holland for the solution of transient
heat-flow problems in 1937, known as "electrical
models". It has then been developed by m2ny authors
in many countries. The best known authors in this
field in the last few yearsare the late G. Liebmann,
and 5.C Redshaw. This technique has been used
extensively in the azerodynamic field, but it 1s most

unfortunate thaet the iterative method is the basis

.
: aTie o gter thon Laplace gl

for obtaining the gblﬁ%ibn:ﬁ In 1957 M.E. Fisher(4)
pointed out that tie iterative wetiaod fails %o converge
when the soluticn becomes wave-like even for the
linear equation. his ohstacle 1s inherent in the
iterative process of computing and cannot be overcome
in & direct manner. To solve this vproblem then
became part of the object of this thesis and led to
the development of the new graphical method.

The iterative method by visual means has been

known and practised by most of us in our childhood
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in the form of jig-saw puzzles, and has remained in
our subconsciong minds and been used extensively in
many forms. It has been known to be superior to the
msthematical method because the eyes can interpret
many problems guiciker than the other senses even though
they may not give very sccurate resgults. This may

be demonstrated by a problem of arranging furniture

in 2 room to be built,wﬁgﬁathe size ¢f the room is
reprezented on a plece of paper, and all the furniture
im represented by small pieces of paper of
proportional size. They can then be arranged to

fit the room much guicker than if they were represented
by numerical dimensions. This visual iterative method
togeth%i with the planar electrical diagran described
by Cherr; forms the main part of the new grapnical
method. Cherry describes a representation of an
electrical circuit by a set of continuous rectangles
originzted from the theory of scuared~sguares, a
classical problem in geometry. Dach of the rectangle
sizes 1s determined by the V-1 charscteristic of

the resistance element -{Section 3.1). I have Ffound
that the solutivn of the ladder unetwork contalning
non-linear resistances can be obtained very rapidly by

drawing the V-1 characteristic of the constituent
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resistances on rectangular sheets of transparent glass
and arranging them on top of one another to forn
Cherry's diagram. From thisg impressive result, the
method 1s then further developned by using templates

1

instead of glasgs sheets. This method is extended to
cover a ladder network contsining non-linear nsgative
reéistanoes, and it can be used to solve many one-
dimensional Polsson's eguations,and ,second-order
differential eguations 1acluding the cigenvalue problemn.
The foyrtda-order differential eguation is slso not
beyond the capability of this template method, and T
have shown that it cen give a more accurate rcesult
than using two resistance networks coupled together by
high vslue resistors, which letter was Liebmonn's methoé?)
This is because these high value resistors can be
omitted altogether and therefore the approximation made
for the losses in these resistors is no longer necessary.
This teunnlate method is fouand to be equally useful

in the design of complex valve (or transistor) circuits.

v

and it is no longer necessery to assume that the valve
characteristics 2re linear. This method will give a
precise solution of valveg circuits for d.c. coupling.
In the cese of the cathode-coupled amplifier circuit,

the Y"longtail pair", this method can give an accurate
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solution even when both valves have different
characteristics. Usge of the existing analytical method
in such a case only leads to great confusion.

Finally this template wmethod can no doubt be
zpplied to two-dimensicnal problemns involving the
resistance network analozue by further development,
and with the asgistance of the automatic means outlined
in section. 3.7. It will have & wide application in
all fields beczuse of its flexibility, Simplicity, and

econony.



17

CHAPTER I

The Solution of the Non-lineor Regigtive Electrical

Circuit by the theory of the Content of the

Resistance letwork.

In this section the theory of the "content" of the
network, defined by W.Miller<2), is employed to obtain
the solution of non-linear resistive circuit.

The iterative method derived from the theory of
content, together with s desk calculating machine or
slide rule, has been found to be a very powerful tool
in obtaining the solution of & smnll non-lineazr resistive
circuit. In a larger circuit the revlacement of the
desk calculating machine by the digital computer
would be essential.

The non--linear equaticns associated with the non-
linear circuit are transformed into approximate linear
simulteneous equations. The solution obtained from the
linear simultaneous equations is then the first approx-
imate solution of the non-linear circuit. This solution
iz then improved Dby repeating the same process.

1.1 The Tneory of the Content

The content G of 2 resgistance elenent is defined
28 the area under the voltage-current characteristic

of the element, from zero current to the operating
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current i' of the element. ( i.e. The sheded area in

Pig.1.)

Content has the dimensions of power and indeed for
an ordinaery (linear) resistance, the content is equal

to helf the power dissipation.

it it
Ivdi = ; Al = FR(11)°
0 0 -
The content of a constent-voltage source E is
i'
equal to ms Bdi = -Ei'. This has 2 negative value if
0

the current i' flows from the high potential to the low
potential terminal through the external circuits (it is
equal to minus the power supplied by the generator.)
The content of a counstant-~current generator is zero.

It was shown by Miller(g)that the total content of
two-terminel resistance network is equal to the sum of
the contents of the constituent elements of the network.
In 2ddition, the content of the network has a stationary
value at the real velues of the voltages and currents
of the network, with respect to fictitious varistions
of mesh currents ( or of some other set of currents
satisfying £1 = O at all nodes). The voltage laws v = 0

round méshes is violated during the fictitious current
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variation, but the V-I relationship of ezch resistance is
maintzined.,

1.2 The application of the content to the non-linear

.. giffeuit
For the sclution of a non-linear resistive circuit

with N unknown currents, each unknown current will

Tirst be given an arbitvary value. The arbitrary

value of the currents is denvted by a letter"O" such as

I The anmount of current

I cnd I

100207 iy 1o
winich is added to, or subtracted from easch arbitrary current
to bring it to the correct valus iz denoted by a letter
in' GO is the sum of the contentyof the network
corresponding to the arbitrary valuc of the currents
______ =hele is 1l 1 > the o1l

IlO’IQO INO’ and G 1ls the content of the network
after the values of the arbitrary currents are corrected.
( I, . +1i +1, ) mm————— L+ ) refore is 1l
<( 10 1),(12O 2) (INO lN)) Therefore & the

~ct of the rents i i,y i)
function of the currents (Ilo+1l, Iogtis, Lo lN)

By Taylor's theorem, G is expanded in terms of GO

as followg:~

! . D P)
G =G + (1.5 + i-5 + ——enigi= )G
0 1T, 7 1231, NIy 0
1,. ) ) ) 2
+e(if= 4+ 18 4 e i &= )G
2V 13T, 29T, NDlNO 0
1es 2 b J 3
i3+ 57t - iysT, ) Gp==—~(1)
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To obtain aporoximate values of il’ 12, 13 the
derivatives from the 2nd order upwards &re neglected.

The equation (1) becomes.

¢ =0 4 (1.0 4+ i 4 emmeeni X )G
0 121, 23I,, RIS
1,. 2 . 2 2
+=(1 I e pu— ) G e (2)
2 719I, 7 T291,, NI 0
Assume that N = 2, for gimplicity in presenting the
theory, then equation (2) becomes
2 2
G = G, +i EE* + 1 aGO + liZELSQ + ligb GO +
0 1314, 291 271 2 272 ) 2
10, 20 210 I50
9 Gg '
N e e e e e {3)
17231, 3750
If ¢ is to have 2 minimum value, the iﬁ and iﬁ
oty 1o

must e equal to zero.

Differentiating G with respect to il and 1 the equation

2’
(3) becomes:-

de )¢, o »76, . 2°6, (4)
- = 0 4+ s== + + 1 - + + 4 gm— e 4
91y T lali 291199 Ipg
)G 3°G, el -
0, . 0 . . 3%
=yt Tt ST TS = U s (5)
7410 )15, 917102 420
Similarliy
3G 5% 2a
28 . 0,3l 0 s O S0 (6)
2 %% S5, 102120
Since 110 and IOO hzve been given arbitrary values then the
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¥, a6, BZGO QZGO 92(}0
corresponding values of > <
01157 3oy’ B:[fo ’ 91750’ oLy oy

can be calculated.
The eguations (5) and (6) then become linear
gsimultaneous equations, whose golutions will be il and i2'
For N unknown currents in the circult there will
be N gimultanecus equations.
In squation (2}, the derivatives which are greater
than the 2nd order are neglected, thercfore the values
of il and i2 for non-linear cases are only approximate.

Thus it follows that the sclutions of the unknown

currents Iy and I? are only the approzimate solutions.

( ie. Ifﬁ

However,

Ilo+ i and Iz-ﬁ:I20 + 12).

1
these approximate values of the curreants can
be improved by repeating the calculations and using
these approximaie values of the currents as the next
arvitrary values.

In the linear case, the derivatives which are
greater then the 2nd order are ZeTO0, and therefore the
vazlues of the curreants il and 12 are now exact. hen
after the arbitrary values of the currents are corrected,
tiie values of the currents are the correct soluticns.
1.3 Ezamples.

Exzmples are given for both linear and non-linear

cages. In the linear case, the eramples are to demonstrate
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that the method gives the correct golution in one
operation. This is because the value of in is an exact
vzlue., In the non-linear case in is merely an
epproximate value and the degree of approximation
depends on the values of the terms omitted from equation
(1). 'The values of the cmitted terms also governs the
rate oi convergence. ie. If they are small the
convergence will be rapid.
Bg. 1. Lineer Case

The currents Iy ana Is of the cirpuit shown in
Tig. 1.1 are to be evalusted. R = 5Q. Hl = 1@
R2= 292 and E = 10 volts.

The arbitrary values of the currents IlO and 120

zre chogsen to be 1 amp. each.

The value of the arbitrary content GO is

calculzted as follows:-
; "10*20 (f10 jfzo |
GO = —'(Ilo+120) + gldl + Ohlldl + Szldl

)2 1 2 1 2 (7)

' . 1
= =B(Iyptipg)+ 5R(I1g+In0) "+ 581190 + FRolgg~~

oG :

O — _T 1 . - — e e e e e e Q
SIIb— E + ﬁ(1104120) + RlIlO = 1 (3)
G

9 = E + R(I; +I,.) + BRI . = 2 mec——cmmeeme (9)

_ 107420 2+20
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- Vl
-~ ~\~
Ry
— "\ \\—
R g
(1.+1.) —>
1 &} 1. —
2
Ry
- V2 m—
o
/ N
B
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2
? Gy
2
bIlO
BZGO
-awlg = R + R2 = 7 """"""""""""""""" (ll)
20
2
a8

Substitute (8) to (12) in ecuations (5) and (6)

(5) becomes 1+ 61y + 5i, o ¢ (13)
(6) becomes 2 + 51y + 71, O (14)
evaluate il and i2
i) = T% AP S o o e e e e e (15)
iy = —I% BIPS —————— - —————— e (16)
The value of the current I, is then equal to Ij.+ il
= 12  amos
Il = 117 amps.
Similarly
10
12 = T7 amps.

They both are the correct values of Il and i2

Eg.2 The Non-linear case.

The currents Il and 12 of a gimilar circuit to

that shown in Pig.l.l z2re to be evaluated. R and RZ
are linear resistors of the value 5 ohms and 2 ohms
respectively, but the resistor Rl is non-linear and has
its V-I characteristic V = kI with k = 0.85.

The arbitrary values of currents 110 and 120 are

chosen to be 1 amp.; =2nd the arbitrary content GO



is calculated from these
Gy = -E(Io*Iyg) +
= BlIyptTy) ¢
BGO
STIO = =B + R(I;5+Is
BZGO
3110
BZGO ]
Tl
bGO . ,
= -F + R(Iqn+I
3120 10%120
36,
o = "+ R2
6120

Substitute (17) to (22)

and evaluate il

Since this is a non-line

and 12.

merely approximate value

26

values,

Lio* Tog(t10 Ioo

Ridi + \xilagi + R,idi

o 0 0

1 2, k3 4 1y 12 __
52(I10* 1500 7+ FI7* 3R,15
O) -+ 1{:[]2_0 “““““““““““““““““““““
) + 1{2120 ______________________

L e —

into equation (5) and (6),

11

s, therefore the process has

ar cose, and i2 are

(17)

to be repeated until the correct values of the currents

are obtained.
he table below sho

currents Il and 12 after

ws tihie improved wvalue of the

ench approximztion togather

with the sum of the voltages around outer and inner

V. and V,.

meshes, o

1
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Ilamps. 12amps. Vlf?O
lst approx. 1.1849 0.5722 0.1894
2nd approx. 1.1790 0.5854 0.0065
3rd zporox. 1.1767 0.5830 0.0005

Any further approximetion only

V2f>O volts
~0.0701
~0.0002
+0 . 0004

improves the 3rd

and 4th decimal places.
Eg.3

This example illustrates the calculation when there
A linear case is first

2re three unknown currents.

considered, followed by 2 non-linear case in the

next example.

For ¥ = 3 equation (3) becomes:-
26, 2, 26, 18 %, i5¥q,
G = G‘O + llaI + 12-—b~I—=- + 13-3—1——- + -2-—- 3: 5 + -2*— T
10 20 30 15, 312U
1%62Go " BZGO . od 3EGO C i 52GQ
g 1 1 oy gem————————— Ry 1,1
7*3150 1L 31, T 9T 2300y,
36 BGO + BZGO + ] bzGO + 3 BgGO 0 (24)
== T ==+ i i b gt = () e
01 d110 131§O 2 130 Too  T325300h10
e 3°e 3a | Ya
26 = 0+ Ly * Iy * iyg—de— = 0 —-=(25)
d1o 220 Ca1g, 10 20 01302400
3 e 3G e )26 -
--g—— = -—-——9- + 1 20 + 11-5-1———%-—'—- + 12-'1:———3—%—— = Q "'"“"(26)
2%3 oo 331 109130 o0 I3y
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(1)

Pig.1.2
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The currents 11,12,13, of the bridge cirecuit shown in
FPig.l.2 are to be evaluated.

Rl = 2%, Rg 3 5
m3 o 1 - ~ o o oo

The arvitrary currents IlO’IZO and 130 are chosen to be

=19, R, = 1@, R4 = 29, R, = 28, T = 10volts

i._J

amp., and the arbitrary value of GO is calculated.

+ ir 12 4 Ln 12 4+ dg _1°

Gy = ~E(Ijg*lo0)+ SR I90+ SRy 150% SRels,

2

%RZ(I]_O+I3O) + %34(120"130)2 ““““““““““““ (27)

ST -E + R, T + RQ(I

+1..)
0 1710 107730

= B+ Rylyg + By (Ipg= Iyg)—r==mmmmmmm—mmmm (29)

5T.. = Belygt BplIiptlsg) = By

5T Rl+ Rz ““““““““““““““““““““““““““““““““ (31)

i T (36)
1509130
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Substitute(28) to (36) in the equations(24),(25) and

(26) and obtain the values of iy 12 and j3.
This gives

ll = 2 amps

1, = 3 anps

1y = O amps.

The values of the currents I I. ,I, are then

1’ 72 3
3,4, and 1 amps. respectively. These are the exactly
correct results which are to be expected in & linear

crse.

Eg.4 Non-linear Case.

The circuit similar to that shown in Fig.l.2 is

enployed. The resistors Rl’Rz’R R4 and R5 are

37 :
non-linecr and have the V-1 choracteristics as follows:-
R, V= 3I°
32 V =21 + %12
Ry, V=1+ 1°
R, V=201
Rg V=3I +6I°

The arbitrary currents ilO’ IZO and are chosen to be

130
1.5 amps., 3.4 omps., and 0.4 amp., respectively.
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The table below shows the value of the curreats

Il 12 and IB(amps.) after each approximation,together

with the sum of the voltages(volts) around meshes

1,2 and 3,

1y 12 13 Vl—>O Vg@ 0 V3e>O
Starting 3.4 1.5 0.4 181.56 4,35 ~-170.24
lst approx.2 1.2 0.4 47.20 =1.2 ~-44,56
2nd approx.l.34 1.3 0.4 10.063 ~0.01 -9.691
3rd ap» rox.1.10 1.3 0.4336 1.18 0.026 -2.511
4th anprox.1l.153 1.265 0.5336 0.16 0.0124 0.808

In four approximations the table shows the rapid
rate of convergénce, The values of the mesh voltages Vl’

\ V3 are reducing rapidly towards zero.

2’
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CHAPTER II

The Graphlcal Applicaticn of the Content to the

Solution of the Non-line=zr Circuit.

The purpose of this secticn is 1o illustrate
a new gravhical method, incorporating the theory
of content (or co-content), and its appliczticn to
the solutions of & non-linear resistance network.
The theory of centent (or co-content) is extended
to cover the non-linear circuit in which negative
resistances are included. In addition the anologue
computer is employed to speed up thes ovrocess.

This graphical method can only be‘used for
& simple mnetwork bacause of the lengthy process
entailed in »lotting ecch gravh, despite the help
of the cnalogue computer. Hevertheless 1f the wrocess
of graph plotting could he done more cuickly by automatic
means, the method can be cxtended to cope with a more
cueitplex network., This method is found to be very
ugeful however when 1t is applied to @ nin-linear

network which hns a repetitive pattern such as a

-«

ledder network.
It was mentioned in the previous ssction that
the content of a resistance netwsric is the sum of

the content of the constituent elements in the network.
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In addition, the content of the network has o
stoationary value at the real values of the voltages and
currents of the networic, with respect to fictitious
variations of mesl currents, (or of some other gét of
currents satisfying €1 = 0 at all nodes).

It is therefore possible that the values of
the content of the network cen be plotted against
fictiticus values of mesh currents, and this grajh
will then display the stationary vpoint of the content
of the network. The value of the current corresponding
to the pousition of the stationary poeints of the
content of the network is then the real value of
the currvent of the networi.

In mony cases there can be more then one stationary
point.The valuss of the currents cerresponding to these
20ints are the real currents, ond the circuit may exist
in any one of these states.

2.1 Graphical theory of Content (or Co-content).

Before the theory of content can be apnlied
craphically to the zolution of the resistance network,
gume new theorems have to be provided. These theorenms
will help to indicate the positicvn of the solutions
by establishing in advance whether the total content of

the network will have maximum value or minimum value or
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both. Furthermore they will indicate whether the
stationary value of the content is wpositive or negative.

a) Series Connected Networic,

For the series connected network the total content
of the networik (including the content of a voltage
generator) can have either maximum or minimum vnoints
depending mainly on the vaelue of the resistances.

If thetotal impedance of the network has a positive value,
its V-I characteristic has o pnositive slope. and then the
content of the network including the content of the
constant voltage generator will have a minisum value.
Correspondingly if the totul impedance of the network has
a negative volue its V-I chearacteristic has negative
glope, =nd then the content of the network inciuding the

- econtent of the constant voltage generator will have a
maximum velue.

It may be proved as follows:- Consider the network
shown in Fig. 2, and assume that Rl R2 and PB have linear
characteristicy, and that the constant voltage generator
has a velue E volts.

The total content of the network G, can be expressed
in terms of

¢ = -Ei + -]-:Rlig + £n.12 4+ Lr_4°

2 2 2 3

. .. . aG
For ¢ to have either a minimum or 2 maxinum value BN mast
2
.. d ,
be equal to zero., If G has a minimum value, ——% will have
di



1=

35

R’
1— l/l\{_,\/—
R, > |(1-1)
o
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2 positive value and vice versa. Differentiating equation

(1) with respect to i twice, gives:-

2

d-G

- = R, + R, + R

di2 1 2 3
which is the impedsnce of the network. Therefore for a

. ‘ dZG .
positive imped@nce of the network, — will have a positive
, di

value and vice versa.’

b) Parallel Connected HNetwork.

The parallel comnnected network is shown in Fig. 2.1.
The total content of the network including the content of
a constant voltage generator will have maximum or minimum
volue for o condition similar to that above, ile. minimunm
for positive imvedance =2nd vice versa with respect to
the variation of the current 1. The interest in this circuit
is concerned mainly with how 1 divides between the two
internal paths. This solution can be obtained from the
position of the stationary value of the sum of the contents
of Rl and 32 plotted ngainst i1 or i2 for each constant
value of 1., To indicnte whether the stationary value is
the maximum or minimum value of the content, the following
theorens are provided: -

1) When Ry and R, both have positive velue, the sum
of the content will have minimunm value.

2) When Rl and R2 both have negative value, the sun
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the content will have maximun valiue.

g}

O
3) When one of the resistors has a nezative value
and the other rameins positive, then the total content may

either have o maximum or a ninimun value. This is determined

r;.b)

by the numerical value of R, and R,. If R2 has
<

1

negative value and R, has a poesitive value, and if the

1
numerical value of R2 is greater than that of Rl then

the total content will have a maxinum value. It will

have a minimum valuve if R2 is numerically sasller than Rl.

This may Dbe proved as follows:-
The content of the network is given as

1, 52, 1,

137+ BR,y(i-1y)

for the linear cose. The content of a constant current

G R

generator is egual 10 zero.

2
It then follows that g«% = Ry+R, = %{EZ
di 2 2@
If R has a negative value, tien for the term “wg
2
d™G

or == to remain positive so that tae total content
di
1 2 minimum volue, then R2 must remain smaller than

Rl and vice versa

c). Positive and Negative Value.

The advance knowledge of the positive or negative

value of the stationary noint sometimes assists in



38

obtaining the solution of the network, but it is

not as importent as knowing whether the total content will
have a maximum or minimum value. To give some idea of
whether the stationary value of content is going to be
positive or negative, the following theorems have been
produced: -

1) When the network has a positive input impedance,
and when its V-I characteristic can be drawn past the
origin of the V-I akis, the total content of the network
including the content of a constant voltage generator
will have a minimum negative value with respect to the
variation of the input current.

2) When the network has a negative input impedénce
and when its V-I characteristic can be drawn past the
origin of the V and I axis, the total content of the
network including the content of a constant voltage
generator will have a maximum positive value.

3) In the case of the parallel network shown in Fig.
2.1 for each value of injected current the total content
will have a maximum positive value or minimum positive
value with respect to the variation of il or 12 if the
input impedance of the network is positive and its
characteristic line is in the lst or 3rd quadrant of the

V-I axis, and vice versa.
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2.2 The solution 0f the Resistance Hetwork by the

Graphical Method.

To obtain the values of the currents flowing in the
resistance networlt the following procedure may be
adopted: -

1) Obtain the content of the input impedance as a
function of the input current.

2) Add the content of the constont voltage
generator to the content of the impedance of the network

graph

[

for = range of input currents which maoy give o
similar to that shown in Fig. 2.2.

The minimum position then indicates the actual value
of the input current.

To obtain the content of the input impedance of a
series connected resistance, the values of the contents of
each of these resistances which correspond to 2 value of
the current i input current zre added togetheralgebraicly.
The calculation is repeated for a range of values of i,

thus giving the content of the impedance of the network

)

13 o function of the input current.

In the case of the parallel network shown in Fig.
2.1, the content of the input impedznce for each value of
the input current i is obteined by plotiing the sum of the

contents of Ry ana Ré zgeinst the veviation of the

current 1, or 1, (il + i, = i ) 1 being Lept constant.
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The total
content of the
network including
the content of
& congtant
voliage generator. l

1'
Input current
Fig. 2.2
The gum
0f the contents
of Rl&nd R2
l
1
1

Current il

Fig.2.3
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Then the stationary value of the total content is the
content of the imp&dence of the whole network at
current 1. The minimum position also gives the
actual value of current i, or i

1 2
The calculation necessary to obtain the graph of Fig.

shown in Fig. 2.3.

2.3 can be repeated for a range of values of 1, and the
various stationary values of the content give the contént
of the whole network as a function of the current 1.

In some cases there can be more than one stationary
point, and the values of the currents corresponding to the
positions of the stationary point may not be the actual
current which flows in the circuit, and thus further
investigations have to be mzade to locate the actual values
of the current. This only occurs where the V-I
characteristic of the impedance of the network is a
non-linear npn-monttonicfunction &s shown in Fig. 2.4

To help to determine the actusl current in the
network, the following method can be adopted:; -

1) If the constant voltage generator has a
value less than V, volts ( ses Tig 2.4 for the symbols)
then the solution will lie between the values of the
current O—il, and similarly if the veltage generator
is greater than V2 volts then the solution will lie

beyond the value of the current 12.
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1

Current —

Fig.2.4
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2) If the constant voltage generator has z
vazlue in between Vl and V2 volts, then 2ll the values
of the current corresponding to the positions of
all the stationary points of the total content are
the real solutvions, and the circuit nay exist in any
one of these states.

2.3 The solution of Ladder Networks containing

Non~-linear Resistances.

The solution of the lazdder network shown in Fig.
mey be obtained by a successive reduction method, ie.
the number of sections is reduced step by step.

The content of the impedance of the extreme right-~
hand section as a2 function of il ig first obtained
by the method described in section 2.1b and 2.2.

The next step is to add the content of the resistance
Ty to the content of the impedance of this section.
This will give the content of the impedsznce looking
in 2t 2a' as 2 function of il'

The section on the right of =2a!' has now been
reduced to an equivalent single resistance R' whose

content is known as a function of i and the method

1’

2.5

czn be used again to find the content of the resistance

looking in at bb' from the left. The network for the

second step is shown in Fig. 2.6 and the content looking
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el

Fig.2.6
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in 2% bb' to be found as a function of i2.

Proceeding in this way, the input terminals zz'

on the extreme left will eventuszlly be reached after
much laborious graphical work, and the total content will
be known as a function iN' To this 1s added the

content, -EiN, of the generator, and if this grand-

total-content is plotted against i, the minimum walue

N!
will give the actual input current iN'. It is then a
simple matter to work forwards, from left to right

on Fig. 2.5 to find the node voltages.

The solution obtained by this method is much more
accurate then might be supvosed, because although
based on graphs showing a minimum, it is not the
position of the minimum (ie. the value of the current),
which is used in the next stage of the calculation,
but the actual minimum value of the content, and this
is well-defined,

When the left hand end is reached and the value of
the input current is obtained, the value of this current
mzy not be within the required linit of accuracy, but it
can be improved by numerical calculation. This is done
very rapidly beceuse of the good start given by the
vz.lue already obtained. To obtain the node voltages from

left to right, the value of the voltage of node N (see
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fig. 2.5) is obtained by subtracting the potential drop
in the resistor ry from the value of the voltage generator.
The Valué of this potentinl drop may be obtained from the

V-I characteristic of the resistor r,, or by calculation.

N
When the value of the voltage of node N is found, the
value of the current flowing in the resistor Ry ; is
obtained similarly, from either V-I characteristic of RN-l
or by calculation. The value of this current is then
subtracted from i'N which then gives the value of the
current iﬁ-l' By reveating the same process along the
ladder, the value of the veoltage of node 0 will eventuzlly
be obtained. If this value does not correspond to that
of the value given,ie. in this case zero, the value of
i'N is improved by slightly increasing or decreasing 1it,
and then the calculation is repeated. This will eventually
give a2 more exact value of i'N.

In some cases one can estimete the wvalue of i'N
end refine 1t as above quite gquickly without any
reference to the 'content' theory. However in fthe case
where there are many negative resistances in the circuit,
or where the resistances in the circuit are highly non-
linezsr, estimation of the value of the input current

it may lead vo & great amount of calculation.
N o
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Example In order to illustrate the consequences of some
of the theorems discussed in section 2.1 to 2.3, one
simple case will be worked out. For ease of comparison
with the analytical results, the linear case is chosen.
When the calculation 1s made on =z non-linear problenm

the process will remszin the same in principle, and an
example of a non-linear case will be given in a further
section in which the application of the non~linear ladder
network is discussed.

The ladder network contaiming negative resistances
as shown in fi1g.2.7, 1s considered. The series resistors
TyTys Tpy r3, Ty and Ty hzve a positive linear value of
12. The shunt resistors R,Rl,Rz,R3 and R4 have a negative
linear value of -1.621 @.

Granvh 1 shows the content of the 1@ resistor and the
-1.621% resistor. Hote that when the resistor has a
negative value, 1ts content will 2lso have a negative value.
The current flowing in the series resistors r to Ty is
given positive sign when it flows from the left-hand ter-
minal to the right-hand terminal and vice versa. Similarly
the current flowing in the shunt resistors, will have a |
positive value when it is flowing downwards.

Graph 2 shows the process of obtoining the value
of the content of the extreme right-hand section,

i. is first

looking at alai as a function of 1 1

1



Fig. 2‘.‘7

The value of the shunt resigtorsg R to R+
is -1.621Q.

8y
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given a constant value of 1 amp., and the sum of the
content of the resistors r and R is plotted against
the variation of the current i', flowing through the
r851stor R.

Since R 1s numerically greater than r then the
sum of the content has a maximum value with respect to
the variation of the value of i'. The impedance looking
at ala'l hoWever, has 2 positive value, and therefore the
value of its content as a function of iy has a positive
value.

The next step is to repeat the process for the value
of il equal to 2,3,4,-1,-2,-3,-4 anps.

Graph 3a shows the content of the section a,a l as a

function of i 3b shows the total content including the

1"
content of the resistor Ty By inspection of graph 3b
it becomes obvious that the value of the impedance of the
last section looking at aa' has a positive value and is
numerically greater than the impedance of Rl’ The
impedance looking at blbl will then have a negative
v2lue with resgpect to the value of current ise

Graph 4 shows the process of obftaining the
content of the impedance looking in at blbl as
2 function of i,. The sum of the content of the

resistor.Rl and the impedence looking in at aa', for

each constant value of i2 has a minimum negative value
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with respect to the variation of the current il‘ as
expected. |

Grzph 5 shows the content of the impedance
llooking at blbl' as o function of i2.

. Graph 6 shows the total content of the whole
network as a function of i5.

Graph 7 shows the content of the whole network
including the content of El' The actual value of the
current flowing into the network is determined by the
position of the nminimum value of the total content of
the circuilt.

The value of the current obtained by this
method is 2.1 anmps, which is indeed very close to the
correct value of 2.135 amps.

The values tabula ted below show the voltage at

gach node computed from the value 1 = 2.1 anmps, and

5
he exact value of the node volteages.
Node 0 1 2 3 4 5 6
Computed

10 7.9 0.925 ~-6.621 -10.087 -7.333 -0.054

values

Bxact 10 7.865 0.878 ~-6.,6674 ~10.099 ~7.302 -0.00

vaelues
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Graph 32 and 3b
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2.4 The Coweontent and its Graphical Application

to the Solution of Non-linear Circuits

In thé cases shown in sections 2.1 to 2.3, the
solutions are given in terms of current components,
but to obtain the voltage components some further
calculation is necessary. If only the values of the
voltages at each node are required, then the co-content
of the network may be used in a similar way to the content.
(The co-content of the resistive element is a dual
guantity to the content of the resjstive element, in the
same sense as voltages to currents, and meshes to nodes.)
In this case the co-content is plotted against the \
fictitious value of node volteges ie. Tv=0 at all meshes.
The current law Ti=0 at all nodes is violated during the
fictitious voltage variation.

The co-content of a resistance element, represented
by J, is defined as the area under the V-1 characteristic
of the element from zero potential to the operating
potential 9',(g111er(2)), the unshaded aresa in Fig.2.8.

Jd = ¥ idv
40 | | |

The co-content of the network, (ie. it is the sum

of the co-contentdof the constituent elements of |

the network) has stationary values at the actual

values of the voltages and currents of the network.
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Voltage

v'

o Qurrent

. Fig.2.8
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To illustrate the co-content method, the bridge
circult shown in Fig.2.9 is employed.

A constant voltage connected between the terminals
heg a value of 10 volts. Rl’ R5 and R3 are linear

resistances. R, and R, = 1@, and R,= 3.52. R, and R

1 5 3 2 4
are non-linear resistances of the same value and their
V-1 characteristic is shown on graph (9). The required
solutions are the values of the voltages Vl and VZ‘
The graph plotting procedure is as follows:-

1) The values of the co-~contents of all the
resistances are plotted as a function of the voltages
from 0-10 volts

2) The co-contents of the resistors Rl and R4
are added together in such a way that the sum of the
potential drops across By and 34 remains constant
and equal to 10 volts. This totzal comcontent is then

plotted against the value of V from 0 - 10 volts

l’
(graph 10) 1 )2 5
. o 1\0-vy 1 V1
ie. (J1+J4) = 3 —~§I—- + 5 EZ

3) Similarly the sum of the co-contents of the
resistors R,and RS,(J2+J5) is plotted against the

value of V, from the range of 0-10 volts.(Graph ll);

2
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Fig. 2.9

R2 and R¢ arec non-~linear resigtorg
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4) The co-contents of 2ll the resistors R, R, R3 R4

and R. are then added +$ogether in the following

5

manner.
a) The value of the total co-contents of the

resistors R, and R (J

2 57 2 2
is added tc the total co-contents of the resistors

+J5) at V, equal to 1 volt,
R, and Ry, (J1+J4) for all the values of Vy.ie. from
0to 10 volts.
b) On the same graph the value of the co-contents
of the resistors R3, I3 at the voltages (Vivvz) ie.
V, -1 volts, is added, for all values of vy (graph 12)
This curve displays the total content of the
whole network for all values of Vl’ when V2 is being
kept constant at 1 volt . The minimum positilon of this
curve gives the actual value of the voltage Vl of the

network, if the voltage V., is being kept at 1 volt.

2
5) Repeat 4) by increasing v, %o 2, 3,....10 volts,
This will give a set of curves as shown in graph 12,
and each one will have a ninimun value at a different
value of Vl'
6) Plot all the mininum values of the total content
as a function of Vl' This gives a curve shown in

graph 13. The minimum position on graph 13 gives the
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actual value of the voltage V1 of the network. The
actual value of V2 can then be easily computed.

The result obtained gives Vl and V, equal to

2
7.5 and 2.5 volts resvectively, which compare very

closely with the values Obtained by the numerical

method ie. Vl: 7.58 volts and V, 2.4 volts.

2
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Graph 10

The Sum O0f the c¢co-contents

-

50
co~-content

d
%40
volt-amp.

J1+

304

20 }

10}

Voltage v, volts



66
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Graph 12
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2.5 The Application of Analogue Devices to the

Graphical Method.

The graphical nethod discussed in both sections
2.3 and 2.4 is rather tedious, but it has béen found
possible to speed up the work by using function
generators and adders. This method may now seenm inferior
to the new graphical method decribed in the latter part
of this thesis, but nevertheless when the experiment
was carried out, it provided a new method of solving
finite differencer’. equations, ( Appendix I), in cases
where the iterative method failed to oonverge.(4)

The function generators are tapped potentiometers
fitted with ten variable-resistance shunts, so that
the voltage on the slider can be nade to represent
the content G(i) or the co-content J(v) of a resistance,
while the angular position of the slider represents the
current i, for content, or the voltage v for-
co-content. (Appendix II)

When dealing with the ladder section of Fig.2.6
three function generators and an adder are used as
shown in Fig.2.10

When the system of Fig.2.10 is set up it is
first used to find the content looking towards the

right at aa' on fig.2.5 as a function of il‘
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Fig.2.10

GT indicates the minimum sum of the contents
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JT indicates the minirmmm sum of the co~-contents
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When the content of this section as a function
of il is obtained, it is then ready for the next
similar stage of the process in which the content
looking in at bb' will be found as a function of i2.

When dealing with the Bridge circuit as in
section 2.4(Fig.2.9) five function generators and an
adder are used, and connected “together as shown in
Mig.2.,11.

The voltage V2 is set in small steps and Vl

is varied from O to 10 volts. The input voltage

to the function generator JR, is adjusted to the

3

1 and V2. The minimum outpnl

for each V2 setting is then obtained, and the smallest

difference betwesn V

value of the minimum output indicates the actual

distribute voltage, V., and V..

1 2
2.6 The Application of the Non-linear Ladder Network

The non-linear ladder network has been used as an
analogue of the finite-difference form ofaone-dimensional
non-linear differential equation.(Appendix I). Its appli-
cation in this case has assisted in scientific and
engineering fields, and its usefulness has been proved by
the evidence 0f papers published by many scientists.

The solution of the non-~linear ladder network by the method
showniEECtion 2.3 and 2.5 was employed successfully even

(9)

in cases where the iterative methods of Liebmann and Bailey
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(7) .
Karplus(S)aﬂd Hutcheon failed 1o converge, (These failures,which
)
were analysed by Fisher(4'uhiea occur: even in linear

>
cases in certain circumstances, ie. the simple harmonic

equation.( Illustrated in the section 2, 3).

Since a new graphical method based on Cherry's
diagram, has been discovered,and is discussed in the latter
part of this thesis, and this is in many ways simpler and
quicker than this graphical nethod, only one non-linear
example(for the solution of a differential equation) will
be given. This example can also be used for comparing this
method with the graphical method described in the nex?d
chapter.(This is the same problem as that published by
Kovattana and Barker. A reprint of the paper is given
inside the back pasge of the thesis.)

Example This example is taken from Hutcheon and Spaldié%ls
paper on steady-state hegt-flow, with convective losses,

in uniforn bars. The differential equation to be solved

2
a6 . K65/4 in which 6 represents tenperature at

is
a diéféﬁce v along the bar. The nunerical value of X is
12.5 and the boundary values are 60:1 at y=0 and %%zo
at y=1 for the example presented here.

The ladder network for this solution is as shown in
Fig.2.14, For the node potential V to be numerically

equal to the temperatures © in the bar at the values
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of y indicated, the shunt resistance Rf will have the

RVn n
value R, = s for R=18, h=7
n h er51/ £ ’ ’

N 4.9
then Ry = - 1 8
t, 12,574

n
The process of computing is similar to that discussed

in section 2.3 and 2,5 and the total content of the
impedance of the network looking in at gg' 1s shown on
graph 14 as & function of the current Il. Graph 15 shows
the total content of the whole circuit including the
content of the voltage generator connected at the terminal
gg! This giVes a minimun value between the values of
current I, equal to .40 and .50.

When comparedwith the new graphical method decribed
in the latter part of the thesis,this method is long
and laborious.

To obtain the final result of I the numerical

17
calculation is used. This is done very rapidly because of
the good start given by the two values obtained. The final
value of Il is .458 amp. The node voltages are then
reading from left to right on Fig.2.14.

1.8, €77, 0.50, 0.33, 0.22, 0.15, 0.11, 0.09

which are similar to thode obtained by Hutcheon and

Spalding.(7)
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CHAPTER II1I.
The Solution of the Ladder Network by a New Visual

terative Method based on graphs, and Its Application

to solve Second-order Differential EBouations.

In 1951 Cherryiihowed that the network topology,
the V-1 characteristics of each resistance, Kirchhoff's
circuit laws and the power relationships of a pure
resistance network energised by a single power, can
be illustrated in a rectangular diagram. I have found
that\}h solving a non-linear resistance network
expecially a ladder network, the solution can be obtained
very rapidly by drawing the V-I characteristics of the
constituent resistances on rectangular sheets of transparent
glass and arranging them visually on top 0f one another to
form Cherry' diagram. This idea is then developed to
use templates instead of glass sheeots to solve second-
order differential equations. This diagram is also
extended to cover the resistance network which includes
negative non~linear resistances(ie. resistances with V-I
characteristics with negative slope) and the circuits
which have more than one eneigy source.

Since the ladder network as analogue of the dif-
ferential equation has very wide and useful applications,

this method of solution will be discussed and illustrated
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meinly with reference to the ladder network and its
application to various types of problems.

3.1 The, Diagram for a Ladder Network of Positive

Resistance.

To introduce the method, the ladder network of
Fig, 3.1 is considered. In this network the series elements
are linear resistors, the shunt resistors are non-linear
end e.m.f's By and E, (Ei>E2) are applied at the
ends. The voltages at the two intermediate nodes have
to be found. For the moment, however, suppose that the
problem has already been solved so that the final diagram
can be exhibitéd, as in Fig.3.2. Within an area defined
by two rectangles of sides El X Il and E2 X 12, the
following appear:-

a) Portions of the V-I characteristic of the resistors

1,3 and 5 which have slopes R

1’R3 and R5 respectivelys
b) Portions of the non-linear V-1 characteristic
of the shunt resistors 2 and 4, starting at zero
potential and continuing up to their actual operating
points.
c) All these V-I characteristics appear, diagonally
inside minor rectangles which are fitted together in a

way which satisfies both of Kirchhoff's laws. For

example the sum of the voltage drops across 1,3 and 5,
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should be El'Eg’

the voltages represented along the left-hand edge of the

and this relationship 1s satisfied by

main rectangle (on which all the node potentials appear).
Next teking horizontal distances in Fig.3.2,the current

in 1, which is I can be seen to equal the sum of the

1!
currents in 2 and 3, similarly, the sum of the currents
in 4 and 5 is the current in 3.

d) Finally, the area of each minor rectangle
represents the power dissipated ih g resistance, and tihe
total area of these minor rectangles 1-5 is ElIl~E212,
which is the power supplied by the two sources, so that
the law of conservation of energy is satisfied.

The method of solving the problem when only By
and E2 are given is very simple. After estimating Il
an attempt is made to draw the diagram to scale using
the V-1 characteristics in the following order; 1,2,3,4
and 5. (Templates will be needed for the non-linear
V-I characteristics, and these can be cut out of graph
paper of the same kind as is used for the rectangle
diagram). The drawing is made as follows:- On Fig.3.2

is the point (El,Il); AB is drawn of slope R whence

l!

ABY is IR leaving voltage XB'= 0B for the rest of the

171’
network. The current flowing through the non-linear

resistor R2 1s found by sliding its V-1 characteristic to
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the position 2 (it passes through B' and has its origin
at C) whence current CX flows through it, and 0C flows

into R3. C'D of slope R3
is vertically above C, and OD will be the next voltage

is drawn next, from G!' which

aCross Rq. The current in 34 is obtained by sliding
its V-1 characteristic to the position 4. E'F is drawn

of slove R5 and if I, were correctly chosen, OF would

1
be equal to EZ' On completion of the drawing, the distance

OF on Fig.3.2 is unlikely to be equal to E,, but it will

2’
be obvious in what sense to adjust Il in order to improve
it, and & second attempt can then be made. Because

vision is idncorporated in this trial and error process

the solution can be rapidly obtained. If the ladder

network is long and highly attenuating and Ez—% 0,

the voltages remote from the source El cannot be
found‘accurately unless a very large drawing 1s used.

In this case, 1t is better to improve Il’ in the latter
stages only, by numerical calculation. If OA is calculated
for two values of Il’ preferably one larger and one smaller
than the true value, improvement by intervpolation 1s

rapid because of the good start given by the graphical
method. (The calculations are simple:- starting with

E,and 11, the voltage drops and curreants can be found

1
as the ladder is traversed from left to right.)
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3.2 The Diagram for a Ladder-network containing

Negative Shunt Resistances.

When the shunt resistors RZ and R4 in Pig.3.1 are
negative, the diagram is drawn similerly to the above
except that the currents C'B' and E'D' are added to the
currents BB' and DD' (Fig.3.2) when the potentials
OB and 0D are positive. The final diagram is shown
in Fig.3.3

To avoid possible confusion due to inexperience
the following rule may be useful.

Rule.

a) The V-I characteristics are used in the order 1,2,3,
4,5 ag labelled on Fig.3.1

b) Each V-I characteristic lies diagonally inside a
‘rectangle.

¢) Each successive V-1 curve has its operating point
at that corner of the previous rectangle which is not
occupied by the previous V-I curve, and which is not
on either the V or I axis of the diagram.

d) If a series element is being dealt with, the V-I
curve hags its origin on the V~axis and if a shunt
element is concerned, it is on the I-axis.

Applying this to the network of PFig.3.1 R4 and

R5 have negative non-linear characteristics. Il is
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drawn to locate the starting point 4 (where A is Il,El)
on the diagram shown in Fig.3.3. A line of slope Bl

is drawn from A4 to intersect the voltage axis at B.
This defines the first rectangle, for resistor Rl, of
which B' is the cozner which satisfies the rules.

The V-1 characteristic of RZ is drawn pzssing through
B' and has 1ts origin at C on the current axis. This
curve is the diagonal of the second rectangle, for
resistance 2, whosge corner C' is the starting point
for the next V-1 line.

3.3 The finite difference solution of U = £(U,x,K)

by the graphical method.

When the ladder network as shown in Fig.3.l is used
as analogue of the finite-difference form of the
equation %Z% = T(¥,x,K), E; and E, will be the
value of the boundary conditions, and the shunt resistors
Rzand 34 will be the functiom of f(v,x,X). |
In the actual computing wrocess there will be
more than three sections as in Fig.3.l. The shunt
resistors R2,B4 are referred to as Ry where index n
denotes the node position. In most cgses the series

resistors Rl R3 35......have the same wvalue and will De

referred to as resistor 'R' unless otherwise stated.
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Since the resistors Ry are presented purely for
the purpose of helping to ?ndicate the amount of current
apolied to the node n, then if this current can befound
zare guickly by another method, it is not necessary

to draw the V-1 characteristicgof an as CB' and ED'

in Fig.3.2 vrovided that B'C' and D'E' can be correctly
located. Thus it follows that the templates may not
have to be made in some equations.

3.4 Classification of the equation.

In sone cases the number of templates for each
equation to be solved can be reduced. To minimise
the number of templates, some consideration of each
equation must be made and the egquation may be classified

as follows: -~

1) %Z% = £{%x,K) in this case the function varies
‘ with the value of x only.
2) a® = £(y,K) fungtion varies with the value
dX. of ¥ only.
3) é;% = f(v,x,K) function varies with both the
- , values of x and ¢
1) QE%:: f{x,K), when function {(x,X) varies with
x only, gich as f(x,K) = K(axrl+“bxn'"l+c:»<ﬂ"2 ..... , )

the current I_ to be supplied to each node has a
fn h2 gee and uge
fixed value for each node and equals i f(x,K).[(Appendix Il
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x = hn. Since the value of x is known for each node
then the value of if can be calculated. Thus no
template 1is requirednfor this equation. The method of
solving the problem 1s similar to that shown in Fig.3.2
except that CX and EC are always constant for the BB!
and DD' node.l' and E' can be located by & pair of

dividers.
dzw ” . ' I, T
2) =% = £(¥,K) i.e. £(¥,K) = K(alt +by
dxz

In this case the current If deoends only on the value
‘ n

1 —2.')

—K—cwn

of ¥ which is in fact the value of the voltage of
2 .
node n. (I, = %: £(¢,K)_ ). The relationship of
. n (! n
If and wn can be plotted and is referred to as the
n
V-I characteristic of the shunt resistor Rf . It is

n
obvious thet the same curve is used for all nodes, and

therefore only one template is reguired.
2 .
3) é—% = £(v,x,K) This function can take many

dX . . .
forms such as T(¥,x,X) = g(¥) + 6(x) or £(V¥,x,K) =
g(¥) . G(x), or a mixture of hoth forms. In the

2 2

first case If is equal %o E g(y) + % G(x)_. Let

2 n h2 R n n
. _ h . _ Iy .
ien T E g(ﬂr)n and i,,= ¢ C—(X)n then Ifn— iont dap
are calculated before-hand and their values are

lGn

constant for each node. imn is obtained from

<

the curve(template) i.e. the relationship of i_ =
<

(v)

£
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C*B' is obtained by drawing the curve cB' which gives
2
c'B', and then C'c'(C'c = %G(h.l) ) is added.

Pig.3.4
ne .
i g s ).
£ is equal to 5 g(¥).6(x)
There are two methods which may be used:-
2

a) Templates are made Tor the relation % g(y) .6 (hn)

In the second case I

for 211 vzlues of n, and the diagram is drawn as in
Fig.3.2

2 N
g(¥).

To obtain the current C'B'(Fig.3.5), the curve cB'

b) Only one template is made for the relation %

is drawn and cX is then the value of % g(wl),

this value is multiplied by G(h.l) which is then equzl
2 .
h .
t0 H g(\lfl).G(h.l) = C'B'.

3.5 Example
Eg. 1,
dgw 4

The equation is —> =7 and the boundary
dx

1
Jo
condition is given as follows:-

0, o =0

1l

1) when x

2) when x = 10,9 = 21.5
ne

The current Ifn: T *J
with h equal to 1 is taken. The value of R is

: a 10 sections network

o
S

arbitrarily chosen as 1Q. Thus resistors R will have
3/2 Ty

values equal to %Vn where Vn is the notential between the

n®® node and ground. The V-I characterisbtic of all the



89

Voltage
——— - , A(E 1)
B '2 e B ]
}/f”//’/?E?%G(h.%Y
Ei D - E' e
- F [~ icl-ut— j 1
2
&
T T 7o E e ¢ c
Current —

2
Fig.3.4 The vzlueg of %G(h.n) arg calculated

befere-hand znd remain congtent for each node



g0

A
Voltage A(EIq)
oy — — —
B ‘ ¢’ B’
3 (cX).6(n.1)
D [}
( .
El __H
Ey
| s
0 E c X
éuri‘e11t =

Fi,g;3.5



91

ig as shown 1A Pig.3.6 .
f right hand

To obtain the solution of this network, the|end

resistors R

section of the network is used as the starting point
oif the drawing as shown in Iig.3.7. The e¢stimated
current Ilo and the boundary voltage 21.5 volts forms
lthe starting vpoint A. The slope of the series resistor
R is drawn from point A to interssct the voltage axis
at point B, and the rectangle AA'BB' is drawn. The
template Rf is slid along the current aZig until the
curve coincides with point B'. C and C' are then marked
on the drawin=.

Fig.3.8 dispiays the voltage aiong the node
of the network for varicus values of the estimated
The two values, of 1

currents I 2.5 amps. and

10° 107
3 am»s. form the two dotted lines which indicate that

the correct solution lies in bhetween. The correct

vglue of the current I is 2.8 amps.

10
Results.

x y exact s@lniﬁ) @ computed
of differepntial oo, gsolutions

0 0 0

1 1 1

2 2.52 2.61

3 4.33 4.41
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4 6.35 6.42
5 8.55 8.60
6 10.9 10.94
7 13.4 13.41
& 16.0 16.0

9 18.7 18.7
10 21.5 21.5

Eg. 2,

A case Tor which the analogue computor will
encounter convergence difficulties is taken as the
next example. Com3ider :-

a@ 2

+ K9 =0

(o))
A
S

with K° = 1, o

H

10 at x=0 and 9=0 at x=3x/2, for

wnich the exact solution is ¢ = 10cos.x. The analogue
network, which has six intervals is employed which
gives the value of h, a finite difference interval,
equal to ®/4 and Rp = ~1.621. The solutions obtained

by graphical drawing depart slightly from the solutions
obtained from 1lOcos.x, but the error is due to finite
diff'erence apvroximation and is not relevant to the
solving of the network; errors in the network solution
cannot be detected. The complete diagram is as shown in
Pig.3.8b. The drawing is commenced in the order 1,2,3,--

of the resistors shown in Fig.3.8a
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3.6 The Solution of Ordinary Linear and Non-linear

Differential Equstions by the Graphical Iethod

The enquation in the form of
a%p . ¢ovdg L .
E—% + I(X)E§ -Ko +F(x,9) = 0 is to be considered.
X
The presence of a first derivative introduces an

additional feature to the problem, but the procedure
in applying graphical drawing follows the same pattern.
The analysis of the ordinary diffential equation
in the finite-difference form, is given in Appendix III
and every term used in this section refers to it.
The finite-difference form of the first derivative
(%%)n causes the values of the series resistors
Rl RB RS'°RnLi(Fig'3'l) to be different and the
calculation necessary to obtain these values is
given in equation (A43.21) of Appendix III. If they have
non-linear values then templates are made for each of
them.
The value of the shunt resistors for each node

is equal to the value of the resistor R' and RFn (Hg A3 p.i19)

L]
n
connected together in parallel, and a separate template

is required for each node, having a V-I characteristic
R'.R
- _n " Tn
fn R, +R)
M n

of the combined values of Rﬁ and RFn i.e. R

An example of this type of equation is given

in Eg.1 section 4.2
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3.7 The Electrical Analozue of the Graphical Method.

To speed up the graphical drawing an electrical
circuit which will perform in the same way as the
graphical drawing, may be used. Consider the ladder
network in PFig. 3.11.

To obtain the graphical solution of this network
the current Il is estimated and the node voltages Vl V2
cebecan "“"VN are obtained from the drawing of the V--I
characteristics of the resistances in the circuit.

Thus Il is the only independent variable. The
variation of the value of I, will then cause the

values of V., V to change =zccordingly. Thus

1 Vo eeeeennn N
it follows that VN can have any value by suitably

vV

choosing the value of Il. For the solutions of the ladder
network shown in Fig. 3.11, the wvalue of Il will hawve to

be adjusted until the value of V. is equal to the value

N
of ene Then Vl V2 ......VN will have values equal to the
values of the node voltages €1 €5 ceennnns eye

If a.cireuit as shown in Fig. 3.12 is used,
similar behaviour to that of the graphicael drawing can

be obtained. (This circuit is by no means a topological

analogue form of the ladder network in Fig. 3.11, but

the series resistors Rl R2 .......RN will have the same

value as those of the ladder network). The blocks
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in the diagram represent devices which will give voltage
at the right-hand end without taking any current from
the left-hand end, ie. cathode followers.

To obtain a similar result to that of the
graphical drawing the circuilt is operated in the following
ways s

1) The estimated value of the current Il is caused
to flow through the resistor Rl, by adjusting the
variable voltage sounce Vl' Vl will be the first
estimated voltage of the first node similar to that
on the graphical drawing.

2) The current I, is obtained by adjusting the

variable voltage source V2 until the amount of current

is equal to the sum of the estimated current Il and the
current obtained from the V-I characteristic of the

resistor Rfl, for the corresponding voltage Vl’

3) The currents I 14 veeves.I. are got in the same

N
and the valuesof the node voltages

3
way as the current 12,
v V4 ...... Vi corresponding to the estimated value I5
are obtzined.

The change in the wvalue of +the current I1 will
cause the values of the voltage VN and the rest of the

node voltages to alter accordingly.

This arrangement can obviously be made automatic
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s0 that only 1, requires adjustment and the rest of
the currents will adjust themselves accordingly. Thus
VN will respond simultaneously with the value of Il.
It would then enable Vi to be speedily adjusted to the
value of the boundary condition when a second-order
differential eguation is being solved.

The réplaoement 0of the V~I characteristic of the
Rf resistor when the new eguation is to be soclved, can
be made simple by installing a universal function
generctor, and in most cases only one type of function.
generator will be recuired.

This arrangement may not be appreciated on a
one dimensional problem, but it will be of great value

when a two dimensional problem is involved, and it

will be more convenient if all the values at the boundary

an
pointican be displayed simultaneously onloscilloscope.
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CHAPTER IV

The Solution of the Eigen Value Problem by

theGraphical Drawing.

2@ = 0 is widely used to

The equation §3Q+K
express vibration and oscillation problems. They are
not easy to solve by conventional numerical methods,
because the solutions of the mode distribution ¢ and
the unknown eigen value parameter K have to be found.

K is equel to 2x/~ where n is the wave-length of the
oscillstion. It has been shown by H.EB.Fish&®)that
when the value of K is greater than 1, the conventional
iwerative process on a resistance network analogue
technique fails to converge. This however does not
occu} when the graphical method is applied, as already
shown in the example 2 section 3.5  When this problem
is to be solved, the given boundary conditions in

most cases are the values of © at the first node

and the last node, together with the wvalue of the slope
at one poing, (normally at the first node or the last
node).

4.1 Applying the Graphical Method.

The finite difference solutions, and the eigen
value K, of the above equation or other similar equations,

can be obtained by the graphical method as illustrated
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in section 3.3. The only additional procedure is that
the correct values of the shunt resistors of the
ladder network have to be found. Since the value of

n® 2
the current I 1is == K Gy
n R

and the numerical value
of ®p is equal to the value of the voltage at node
n, then the value of eaclhi of the shunt resistors
is - E?E?' In this case, K is unknown, and theref ore
the values of the shunt resistors are also unknown.
(R is the value of the series resistors of the laddef
network, and h is the finite-difference interval). It
must be noted that for any value of K the finite
difference solutions of the above equation can be
obtained if only two boundary conditions are to be
satisfied. To satisfy also the third boundary condition
the value of K becomes critical. To solve the above
equrtion two values of K are first estimated and the
finite~difference solutions for each value of X which
satisfy two of the given boundary conditions, are
obtained. The examination of these two sets of solutions
and the third boundary condition, will show in what
way the vzlue of K has to be zdjusted so that the
third boundary condition will be satisfied.

When the values of the boundary cendbions are

given as the values of the solutions at both boundary
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points and the value of the first derivative =t one
of the boundary points, then the correct finite difference
solutions may be obtained in a shorter time, if the
computing is commenced at the boundary point where two
conditions are known.

This factor isgs illustrated below. Consider Fig.4

and asgume that the finite difference solutions and the
2

eigen value K of the equation é—% = —KZ@ are to be
obtained. The following boundgﬁy conditions are given.
1) ¢ = Eq when x = O
2) ¢ = E2 when ¥ = 1
3) %%O: 0 when X = O

It is also assumed that for (%%)Oz 0.
4@1—3@0—@2 =0 .....(Appendix IV) U €
PprPy and ¢, are equal to the value of the voltage
of the ladder network at nodes 0,1 and 2 respectively.
Let Ky be the first estimated value of X, and two sets
of solutions are obtained. The first set of solutions
satisfies the boundary conditions 1 and 2 and the
gsecond set satisfies the 1st. and the 3rd. boundary
conditions as shown in Fig. 4.1.

The first set of solutions is obtained by the
method explained in section 3.1. All the values of the

node voltages have to be found for every estimated
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value of Il'

To obtain -the second set of solutions, I is
estimated, and the values of the voltage of the lst.
and 2nd. nodes only are obltained. These values are
then substituted in the equation (4.1). Wher the correct
value of Il is found (when equation 1 is satisfied) then
the rest of the node voltages are computed.

Since the values of the voltages of the first two
nodes only are needed to be computed Tor each estimated
value of I;, then the second set of solutions can be
obtained in a much shorter time than the Tirst set.

4.2 Example.

Eg. 1. The eguation %;% + % %% g(;gff}*4ﬁ2)@ eon (4.2)
has been investigated by many authorsdéﬂa'the first

eigen value 32 has been obtained. In this example an
attempt is also made to obtazin the second eigen value
which could not be found by the other iterative processes

using analogue computor techniquses. The boundary

conditions are given as follows:-

1) 9 =1 forr=0
2) 9 = 0 for p= 0.5
3) £ =0 for o= 0

This condition is only possible for ®=s specific values

of ~.
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The ten sections network is employed, and therefore
the value of h, the finite interval, is 0.05.
The values of the series resistors and the
shunt registors are computed Trom the equation given
by the Appendix III, and the value of Ky (also Apvendix III)
is given as 1.
The value of the series resistor Rn in this case
may be calculated from the following forpuls -

Rn::'“ l .‘q..-o..o(4¢3)
1
400(1’1‘-?)

and Rf the value of the shunt resistor is
n
Bp =~ - (o= 0.05n)..(4.4)
e L e L ) = Uo l'l LI .
n /?2(1”$g)ﬂ :

To determine the value of the slope at the point

A= 0 the following equation is used.

(%%)O - é‘%‘i (491=395=95) - - .
Fig. 4.2 shows the distribution of the voltages along
the ladder network for three values of 2 When £
has the value 5.3 the voltage at the last node of
the network is above the earth potential and does
not meet the requirements of the boundary condition.
For the value of f2 = 5.5, the voltage at the last
node becomes negative. The two dotted lines show the

distribution of the voltages when the values of z are

i
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5.3 and 5.5. The s0l1ld line shows the distribution

of the voltages waen B has the value 5.413. TFor

this value of g, the three boundary conditions are
satisfied and therefore the values of the voltages at
each node are numerically equal to the values of the
required finite~difference solutions.

To obtain the distribution of the voltages along
the ladder network for each value of B, the drawing
commences from the node n=0, and the voltages of nodes
1,2,. ..., 10 are obtained. At node n=0, two boundary
conditions are given. i.e. 1)o = 1 and 2) (%%)O: 0.

The first boundary condition is repdily satisfied when

he boundary voltage equal to 1 vdlt is used. The second
boundary condition is obtained from the relationship
given by equation (4.5). i.e. 4@1—3¢O—¢2 = 0 or

0, = 4@1~3¢O P § 9= Vn)......(4.6)
The second boundary condition is met by obtaining the
for various values

values of the node voltages V., and V

1 2
of Il, until the values of the voltages V1 and V2
satisfy equation (4.5). When both boundary conditions
are satisfied, then the rest of the node voltages

are obtained in the usual way. For both values of fp

ie. 5.3 and 5.5, the third boundary condition is not

met, as 1s shown in Fig.4.2, but the correct value of P
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is clearly indicated to have the value in between these
two values.

The values of the resistors Rn and Rf for the
n

value of 3 equal to 5.413, 5.3 and 5.5 are tabulated

below: -
. 1]5:n - %‘f‘n
( p= 5.413) ( p=5.3) ( 5=5.5)
1 200 29 27.809 29.95
2 602 56.256 53.93 58.08
3 1090 79,759 76.68 82.58
4 1408 98.45 94.38 101.64
5 1818 109.875 105. 34 113.44
6 2222 112.51 107.87 116416
7 2631 108.10 104.21 112.23
8 3000 84.384 80.9 87.12
9 3887 50,103 48.03 51.72
16 3773 00.00 00.00 00.00

The second eigen value is obtained in the same way
as the first eigen-value, except that the solutions
display3/4 of the wave length, as shown in Fig.4.3.

The value of Vo which satisfies all three boundary
conditions is 13.13. The equation(4.5) is also employed

to indicate the zero slope at the point » =0
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It has been:shown that there are other relationships
which may be used to indicste the value of the slope at
& point, apart from that of the equation (4.5) (see
Appx. IV). The error introduced to the finite-difference
solutions by all these relationships varies for each prob-
~ lem. To reduce the errvor introduced to the finite-—
difference solutions hy all these relationships, the
reduction in the value of h (the finite-difference interw
val), 1s commonly used. In obtaining the second eigen
value it 1s obvious that more sections will be reguired for
greater accuracy-Since this example is purely a demonstra-—
tion of applying the graphical method, then the reduction
of the value of the finite-difference intervél h, or the
employment of other relationships to indicate the value of
the slope at a point, will not bring an aporeciable
advantage.

Results
/9: 5.413

. ¢ exact solutions y computed
[ of diffevential 257, solutions
i 1 1

0.05 0.98 0.98
0.1 0.93 0.928
0.15 0.85 0.845

U.2 074 0.738
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G.25 0.62 0.615
0.3 0.48 0.485
0.35 0.35 0.355
G.4 0.22 0.228
0.45 0.11 0.11
0.5 0.00 0.00
2= 13.13
¢ computed
i solutions
O 1
J.05 0.898
.1 0.6
0.15 Q.229
0.2 - 0.11
0.25 —0.342
0.3 -C.43
.35 -0.398
0.4 -0.28
0.45 -0.133
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Eg. 2.

The following differential equation is the
expression of the propagation of a steady laminar
spherical flame. The problem has been investigated by
the Mechanical Eng. Dept., Imperial College, by means
of a resistence network analogue computor.

The equation is
ggf— to %%%4;1—253u (1~T)":4§

&

Ve ¢

and the boundary conditions sre given as follows:-

1) 4= ¢ when T= 0
2) == 1 when “-= 1
1 .
3) e = 0.32
(Fzhe= 0

&

It is b;yond the scope of this thesis to examine
this problem in detail and give all the definitions of
all the notatlions, but nevertheless the above
differential equation is of an interesting form, and the
given information 1s sufficient for this equation to
be solved by the graphical method, and for the unknown
eigen value x to be obtained.

The V-1 characteristic of the shunt resistor Rf

n
is obtained from the following eguation.
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Wn is equal to the value of the voltage at node n
of the resistance network analogue. R = 1@, is the
value of the series resistors, and h = 0.09, is the
velue of the finite difference interval. The V-I
characteristics of each shunt resistor sre not egual
and take the form =2s shown in Tig. 4.4. The value of
the current If becomes zero when YT has the value egual
to 0 and 1 volt, and has ite meximum value when 1is
equal to 0.8 volts.

In order that the results can be compared with
the result obtained by the resistance network anzlogue
computor, the same number of finite intervals as that
of the computor vas employed in the graphical drawing.

. . , . T T,
The first slope of the solution, i.e. ”“jf”““
5 o N b P .
is assumed to have the value egual to ( j,: 0 5“??
(This technique is also employed with the resistance
network computor).

The unknown eigen value A obtained by the
graphical method is 0.623. This value 1s the same

as that obtained by the resistance network snalogue

computor.
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CHAPTER V

The §olution of the Biharmonic Equation by theVisual

Iterative ilethod based on @raphs.

The application of the gravhical method to solve
various second-order differential equations has been
described in Chapter III, and in this section the
fourth-order biharmonic equation will be brought within
the scope of the method. This equation is of condiderable
importance in the theory of deflection of beams on
elostic foundations (linear or non-linear elastic
foundations), and in cases of the vibration of beamns.

In the latter cases the solution of the eigen-value
problem ig important.

Many physical wroblems can be expressed in terms of
a fourth-order differential equation vﬂw = T(y,x,K)

4 5, 2 a* . .
when ¢ = v (¥) = ( wmx-) and X is 2 constant which
dx
may be kucwn (in deflection of beam problems) or
unknown (in vibration problems, i.e. eigen-value problems;.

Many authors have shown thet it is possible to use

two gimilar resistance networks in cagcade to solve the
RN =] s B dli.ll[ “ T,
fourth-order differential equaiion —j = Ty, x,K)
dx
Their arrsngements are very similer in form =s shown 1in
Fig. 5.

The two resistance networks R and B' are coupled

together 2t corresponding nodes by & high value resistor
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Ilc&z f(\}'n,xn‘,KJ

Fig.5. Two resiptance netwerks coupledtiogether
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'rt', Currents proportional to the value of f£(v,x,K)

are applied to the appropriste nodes of the R-networke.
When the boundery conditicns of both networks are
adjusted to the specified values, the numerical value

of the voltages at each node of the R'-network will be
approximately equal to the numerical value of the finite-
difference soldtion ¢ of the equation. The corresponging
values of the node voltages of the R-network are propor-

tional to the numericsl values of and referred to

(oY Jo¥
% o
=

as @.

The accurzcy of the solution of this network depends
on the ratio of r» to R, and r to R', G.Liebmann<3)
has shown that to obtain solutions accurate to within 1%
of the true finite—difference solutions, r must be a
least ten times greater than the value of R and R', and
thus it followg that ¢ V.

5.1 The Solution of Fourth-order differential equations

by applying the graphical method to two resistance

networks coupled together

Graphical methods can be applied to solve these
networks in 2 similar way to those previously deéscribed,
( Chapter III). The graphical revresentations of the
relationships between voltzges and currents of R-network

and R'-network, are separately drawn. The networks and
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graphical representations are shown together in
Piga 5.1 and 5.2.

The value of the currents Il and Ii are first
egtimated, E1 and Ei beilng the value of the left-hand
boundary conditions. The vertical lines 0A and oz
represent the value of the voltages El and Ei and
the horizontzal 1iﬁes AB and ab represent the estimated
value of the curreants I1 and Ii respectively.

The V~I chzracteristic of the resistor R is drawn,
starting =2t C from the vertical line 04 and pessing through
the point B. OC will then be the value of the voltage eq
of the R-network. In a similar way the value of the
voltage vy of the R'-network is obtained, and is represented
by the line oc. Both networks are joined at this point
by a resistor r, and therefore there must be a current
flowing from one network into the other network., The
value of this current is determined by the value of the
voltage ey and vy and the value of the resistor r.

Since in this case ey is greater than V19 then the current
i1 will flow from the R-network into the R‘—network.i.e.il
will be sub¥%racted from I1 and added to Ii. The current

i1 is found by drawing the V-I characteristic of the

resistance r from the level equal to vl.passing through

point D. DF or GH will then represent the value of
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il' il is added to the R'-network by extending cd to f.

At the node e. the current I will be fed or drawn

1 f
1
out of this node according to the sign of the function

f(¥,x,K) of this node, =nd may be represented by 2 resistor

Re . (It can either have positive or negative velue, and
1
can 2lso have a non-linear characteristic). The

resistor Re will be connected from this node to earth.
“1
Supposing 1t has a non-linear positive value, then the

current will flow from eq to earth, and will be subtracted

from Il’ This is done by drawing the V-1 characteristic

of the resistor Rf starting from earth potential and
1

passing through point P. JI will then represent If .

1

We are now left with the currents 12 and Il, for the

E and R' networks respectively. These currents will
flow into the adjoining resistors. The process 1s then

repeated starting with voltages e, and A and the currents

1
I, and I}, and is continued until the last resistor of
the network R and R' is drawn, which will give the wvalues
of E2 and Eé. Tlie values of B2 and Eé are not likely

to be the same as the boundary values vprescribed fox

the equation, but the valuesof I, and Eé can be compared
with the given boundary conditions and the results used

1 and Ii, so that after
several attempts the reguired values of E, and E'2 will

$0 dgtermine the new values for I
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be obtained. Fig.5.3a shows 2 complete V-I drawing for
the network shown in IMig.5.3.

It can be seen from Fig.5.3a that if the value of
T is very large, the values of the voltages and currents
of the R-network will be very much larger than
those of the R'-network. If the drawing of the R'-network
is very small, as is always the case, then the error in
drawing will be ajpreciably high. This must be avoided by
heving a very large drawing for the R-network, so that
the drawing of the R'-network remains a2 reasonable size.
Alternalfively different scales could be used for each
network but this is not a practical »roposition, as
changing the scale can cause some confusion when hoth
drawings are done simultaneously.

5.2 The Solution of Fourth-order differential eguations

by apolying the grapnical method to two separate resis-

tance networks.

The fourth order differential equation ﬁﬁw = f{y,x,K),
may be written as vg(vgw):f, and if ¢ is egual tovgw,
then <;@=f(w,x,K) or QE% = f(¥.x,K). By using a network
of resistznces, R, angkapplying the currents I.= %%(w,X,K)
into the appropriate nodes, the value of the voltage at

each node will be equal to the value of the finite-~-dif-



126

i 7777
Pig. 5.3



1217

10

<+
+-

P

U

T
+
+



§—1
N
<2

ference golution ¢ at the corresponding distance.il.e.

@O,@l,@z......@N. If another network of resistances R!

is used, and has the same number of nodes, as the R-network
h2 h2 h2
i U= &L ¢ e Do a0 s v, U

and if currents If ﬁ'wO’ ﬁ'@l =1 Py

the corresponding nodes, then the voltage at each node

are applied to

will have 2, value egual to the Tinite-~-difference solutions
d

dx
By using two separate networks, the disadvantage

N
<=

|

U, since = .

AV

mentioned above of the node voltages of one network being
much greater then those of the other network, is overcome,
unless the solution ¢ 1s greater than the solution ¢ in
the first case. In such cases the scaling method must be
introduced. The resistors 'r' are no longer required

and therefore more exact solutions are possible.

5.3 The Classgification of the Egquations

The fourth-order differentisl equation can be

classified, into three group as follows:-—

4
1) g—% = f(x,K) where 1(x,K) variecs with the
dx
. value of x only.
4-lr 4 '
2) —-—-z ¥ = £(4,K) when £(¥,X) varies with the
X! '
) value of ¥ only.
d4w ‘ .
3) —*i = f(y,x,X)
dx

In all these cases XK 1s 2 known constant. For the problem
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where X 1s an unknown constant, there is a different

approach to the problem which will be discussed later.
4
Solution of &Y = £(x,x)
L{_
dx

This type of fourth-order differential equation is
very comnon in the problem of beam bending with a uniform
or non-uniform distributed load, or with a concentrated
load &t a known distance. The beam itself may have
a non-uniform cross-section which is & function of distance.

To obtain the solution of this class of equation,
2.

the values of ¢ or g—% are first cobtained. The current If
dx 2 n
applied to the node n is equal to % (x,K). Since the

values of x and K zre independent of the value of ¢ or v,
then Re (Pig.5.4) will have the characteristic of a
n
current generator. The gravhical drawing of the V&I
relationship of the network is as shown in fig 5.4D.
OA represents the voltage of the boundary condition

when x=0., AB or CD represent I which is an estimated

19

current. The V-I characteristic of B is drawn to obtain

the value of the voltage of node 1(0C). If ig added or
1

subtracted from Il-and is represented by the line DF.

CF will then be the wvalue of the current I, flowing into

2
the next resistor R. The process is repeated until the

lagt resistor of the network is drawn which will give the
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value of the voltage EZ' E2 is unlikely to have the same

value as the boundary condition of this node. By
succeglve comparisons of the value of E2 with the

value of the given boundary condition, however, a new
value of Il will eventually be produced which will make

the new value of E, equal to the value of tihe boundary

2
condition., Thus it follows that the node volteges are

-2
the solution ¢ (or gm%). In the problem of beam

-
£

bending, $he values of ¢ are proportional to the values of
the bending moment =2long the beam, and therefore the values
of the boundary conditions are proportional to the valucs
of the vending moment =T both ends of +the beam.
The second V-1 relstionship of the R'-network
is drawn in a similar way. The current I' applied to
2 (d2

each node is equal to L or

e V nl 2 n'

When all the boundsry conditivns are satlstled, the node
voltages will then equal the numerical value of the
golution ¥.Fig.5.5 and 5.5b. This process is very
straight forward as the solution of the second network
in no way modifies the solutions of the first one.

The values of ¥ in beam problem correspond to ths

values of the deflection along the beum, and the values
0of the boundary conditicns are the values of deflection

at both ends.
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4’ .
Solution of im‘jf = £(¥,X)
dx

This equation can be applied to the problem

concerning vibration of beam, or any problem

I -1

which may be expressed as %w% = K(aw1+bw ceeve ).
‘ X

To obtain the solution V¥, voltage and current rela-
tionships of both resistance networks, R and R', are

drawn simultaneously. (Fig.5.6) The currents I;, and I

are first estimated, and the value of the voltages
at the first node of both networks is obtained in

the usuval way. The current If applied by R to the

> 1 Ty
h : .
- R-network is f(¥,K). Since this current is & function

of ¥, therefore it is also a function of the node voltage

of the R'-network. Heunce in this case the resistance Rf
n
of the R-network has a V-1 characteristic depending on

~the value of the node voltage of the R'-network and
independent of the node voltage of the R-network.

Similarly the resistance R% hzs a VI characteristic
1

depending on the node voltage of the R-network.

To obtain the current If the V-1 characteristic
1
of the resistor Rf 1s drawn on the diagram of the
1

R-network, starting from esrth potential and passing
through the point D'. OD' is egual to oc, =nd the

value of If ig represented by the line FD. Similarly
1
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IL.

)

represented by, the line fd.
a*y ' |

solution of =~ = f(¥,x,K)
ax

is found on the drawing of the R'-network, and is

This eguation éppears in mostlof the problems of
beams resting on elastic foundatians, guch as & freely
supported beam with 2 linear, non-linear or concentrated
load,‘resting on & linear or non-linear spring. It also
applies to the problem of a sheet pile wall with non-
linear active and pessive load on both sides.

This equation may be divided into three classes.
a2) when the function £y, xK) takes the form f(v,x,K)
= KéGLX)+g(w);, G(X) is a function of x alone and g(V)
is & functioﬁ of ¥ alone.
b)lwhen the function f(¥,x,K) takes the form
£(,%,K) = K{6(x).g(v)]
¢) when the function f(¥,x,K) takes any other form
which is not in either class a) or b).

In class a), the current I, applicd: fto each

Ta L2 12
node of the R-networkx is equal to EKG(X)+§Kg(w)

Therefore the resistances Ry may be replaced by

n

two resistances in varallel. One will have a V-I
2

characteristic depending on the %KG(X) term, and

- I .
the other will depend on %Kg(w). Since the value
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of ﬁ b(w) term depends on the value of v i.e. the
voltage of the R'-network, then the V-I charactsristic
of this resistance is the same in all nodes, 1.e. only
one template is required. The valus ll12{(}( ;) depends on
the value of x, i.e. the position of the node, and
therefore ezch node will require a2 different constant
current. This value can ezsily be calculated before-
hand.

In drawing the V-I relstionships of all the resis-
tances of the I and R' network, the procedure is
very similar to that in 2) scction 5.3 except that on

the drawing of the R-network the extra currvent in terms

2
of %KG(X) is added to it.Fig.5.7.
Cless b) In this class the ValQC of the currents
0 ( (oon)
Ifnls equal to R (G(X)) (b(v)),and therefore an w1ly

have the V-1 characteristic depending of the value of

and xz. To obtein the value of the current If the value
2 n
of %Kg(w) is Tirst found by using a template, and then
multiplying by the vprecalculated value G(nh). If can
n
also be obtsined by using & template which is a function
n2 |
of ?KG(nh).g(w) for each node
[

Class c¢) Yrom both class a) and b)it is obvious

that 1f the current If has the value composed of the
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terms mentioned in class 2) and b), seversl templztes
nave to be made for each node, and careful planning
will help to minimise the number of templates.

5.4 The Boundary Conditiocns.

o

(741

D
o
N
w
-t
®©
=
=)

If +the boundary valuc at both ends of
y

are known for both networks i.e. for the network

2
X . d™« - . ;
for the equation S = flu,x K and for the network
! 5 5 YL 3
X . acy —* . .
for equation —— = ¢, then the method of solving the
z

equation is stmight forwsrd. In some cases the boundary

conditions are given as the slovpe of the solution at

: do dg
and o+l A . o A AN - 2] )
one end or the Ltnerll,ea Pp and (dX)m or ( x) nd o
s e o - ~ N 5 . d O] dh’f
end similadyfor the y-network. IT the slope 3 (or HE)

is specified =t a boundary then the nroblem remzins as
to how this can be set up. It so happens that the
slopes can be expressed in terms of ¢(or V¥), at points
near the boundary, see mypendix IV.-Fut a new relation
wnich is found t2 be nmore suitable Lo this grephical
method will be derived:-

When solving fourth-order differential equations
by employing two similar resistance networks, it is
obvious that both networks are doing exactly the same
thing, i.e. producing the solution of 2 second-order

differential equation. Therefore both nretworks can
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be dealt with by the same method, in which ¢ and ¢ can both
be represented by 'y'. Both equations will take the form
%;% = f(y,%,K)

It is required to find what relation (dJ) has with

the neighboring value of y separated by the distance

h as shown in Fig.5.8a and 5.8b. n denotes the node

which the value of the slope is precribed.

For n = 0 Fig. 5.8s

By Taylor's exvansion the following is obtained -~

W22 3.3 A 4
vp =g+ (gD ¢ 5, + HED) ¢ 5+
- dx dx =
252, 343, 4 a4,
_ dy h%d h7d h'ed y
Vo = vp - n(Eh ) + 538, - B+ S (S
0 1 x’1 2 a2’ L 6 axo L 24 dX4 1
- _ 2.d "y h',d"y
yl + yo - 2371 -+ h (dvz)l lg(di ) o (5 l)
if h is small enough then the terms omitted w111 be
4
very small, but in most cases the terms —«@ ete.,
dx X
are very small or equal to zero.
Similar to above v ekpuaded in termsof y, gives:-—
2 3 3 4
dy h d Jhard d'y
V1 = T *h(E0), 5 ) z( ) (—F)y--(5.2)
1 0 0 24, 2 ax” o 24 axt ©

Substituﬁngyb(5.2 in (5.1) gives

2.2 2 353 G b
dyy,  _ L( h7d<y 2,4%y h7d h'd'y
(T = 571+ 558, + v () + 25D, + 55D
dx n(v1"ve" 7 4x2 0 4x2 1 6 dx3 0 25 470
4 .4
PR dy ) 5.
12(——Z 1) (5.3)

dx
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Similarly for n = N Fieg.5.8Db

n2g? 343,
dy L + B, hrd’y
(T = 5(Vm-1" T2 2<1 Dy + ° ( 1" 59y
4 _4 4
h (d'y ) d'y
-+ ‘ﬁ(dxq.)lq ( )I\T 1° DI N R A 0(5-4‘)

Since. e second-order differential equation is to

2
be solved, the known equation of (Q_%} will be

furnished, =and thus the vzlue of (12 ( )
d2 d;Z n? 2 n+l1’?
dXZ)n—l~~~ may be ubtulﬂed from the SOlULlOn Yt Ipa1

VSRR In some cases however, they are independent of the
solutions and may be obtained before-hand. The
equctiﬂn caq also be differentizted to find the wvalue of
(~—X) and (—~: and sc on.
ax’ dx " (33) ) dy

W.E. Milne ‘has shown also that the slope (EE)
can be exvressed in terms of the solution yng Va1t Ip4o?
~—~— which ig\sh0wn in appendix IV.

The reletiors shown in equztion (5.3) and (5.4)
are most suitable to be applied to the ledder network,
because only the first two values of the solutions
may be required to determine whether the boundary
condition is satisfied before the rest of the solutions
are computed.
5.5 Example.

In many non-linear cases, the exact finite-difference

solutions cannot be obtained by the iterative methods
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of other writers for these fail to converge. Therefore
to illustrate the new methods, linear examples are
taken, since only these cen be solved by the numerical
method. There would be no difficulty in vroviding
non-linear examples, but there are no zlternative
solutions with which to compare them. (It is not the
non-linearity which gives trouble, but wave-like properties)
Bg. 1

This example illustrates the equation which
exhiblts wave--like solutions, and in which the vealues

of, the boundary conditicn are kxnown. The eguation is
5 a

&
EM% = ¥ . The boundery condition is when x=0, ¥= -10
dx* .2 2 :
and Q“% = 10, and when x = %E ’ Q“% and ¥ are equsa
. dx dx
to zero. The current apvlied to the R-network is .
o 2 2
If = hz' ¥ and that to the R'-network is Ipy = %, (g~%)
n R n n © ax= B
If the values of the currents If and I% are negative,
n n

the current will be fed into the node, and if the values

are positive the current will be drawn out. The solution
a%y |
of the above equation is —-% = 10cos ¥ and ¥= -10cos x.
dx
The value of R and R' is chosen to be 12. h is equal
=

to T - The grazphical drawing is shown in Pig. 5.9a,b,&c

and drawing procedure is as followWs:-—

1) Draw the V-I characteristics of the shunt

resistors Rf and R'f for both R and R'-networks..
n n
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In this case they both have the value 1.621%, ie. EZQ
Pig.5.9a. 8

2) For R-network, the value of the boundary
condition when x = 0 is 10 volts, and therefore
on the vertical axis of 1ig.5.9b the value of the
boundary condition is marked at A. The next step is to
estimate the value of current I which will
give the starting point B. From B the V-I characteristic
of the resistance R is drawn, having its origin at point
C on the wvertical axis. Complete the rectangle ABCD.

3) Repeat the process for R' network, on Fig.5.9c¢
and complete the rectangle abed.

4) Obtain the current Ifl from the V-I characteristic
of Ry . The voltage corresponding to this current is oc
on Fi§.5.9c whiclhi thus gives a negative current. This

current is therefore added to the current I, at D to L,

1
and the next rectangle CEFG is drawn.

5) Repeat (4) for the current I%l which has a
positive value, and therefore is drawn ocut of the node
1 of the Rinetwork ie. extend cd to e. (oc is negative).
The rectangle cefg is drawn using the V-I characteristic
of R' to obtain point gz.

6) Reveat (2) to (5) until the last resistors of

both R and R' networks are drawn which will give
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i fn fl -
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1
the current correspond to the voltage 06(5-95)
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the values of the voltages of the last nodes of Dboth
networks. The whole process 1s repeated until the correct

values of the currents I, and I! are obtained which

1 1
will then give the node volitages of, both networks
equal to the numerical values of QE% and ¥, Fig.5.10.
Results dx
Exact Finite- Computed Soln.
difgerence So;n. >
- a-v d
= re
0 16.00 -10.00 10.00 -10.00
T 7.862 ~7.862 7.865 ~7.865
5 0.88 ~0.88 0.878 -0.878
22 -6.6439  6.6439  ~6.6674 6.6674
% ~10.0665 10.0665 ~10.0997 10.08997
gL -7.278 7.278  =7.3025 7.3025
2 0.00 .00 0,00 0.00
Eg.2

This example illustrztes the equation in which

the boundary conditions are given as the values of

the slopes of the eouation i.e.(gmi) and av
4|l axs dx
The equaticn is é_%,: K, where X = 20. .
The given boundary conditions are when.x = 0 — and
2 ‘ dx
Q,% = 0, and when x = 1 %ﬁ and ¥ are equal to zero.
dx X

The vealues R and R' of the network are equal to 1@
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L
10

The resistance networks representing this equation

and h =

are as shown, in the fig.5.13. The first network gives the
1 .
value of (g—%)n, and the second network gives the value
3 dX .
of ¥. The computing procedure is as discus ed in (1) sec.

2
h hd\,ff
5.3 and the value of I. = =20 and I! = (==t )
fn R fn R dX

Applying the Boundary Condition.

2
Since gné = 0 when x = 0 and 1if Yy is equal to (““?)n’

then (%9)O = 0., The condition when (== Q)O 0 is that

2.2 2
o h7d g 2,47 .
Go = Gp ﬁ(gzﬁ)o + h (Egﬁ)l (from egn.5.3)
(d3@) (d49) are equal t0 zero
ax- ax* © 2 )
2 2
(L), = (29, =20
ax® 0 Taxl

Similarly for the network R!

n= 10 (eqn.5.4) <dx 0 =0
' 242 ' 13 3, 4 4
Phen Vg = ¥g ¥ 5(5;%>1o+ a%yg - ( g J10* 7447 w)lO
, bt atyy
T2V 479
4 4 2
ay ary <o
(=) = (x)g = (=F)yy = 20
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The values of ( )10,(d 2)9,(d Y )1, are obtained

from the solutlons of the R—aetwark.

then WB = Wg + 0.,12792

Hesults

Exzct Solutions Exact Solutions Computed

X of differential of finite-dif- Solutions
equation ference eqn.

0] 2.5 2.4942 2.495

.1 2.1867 2.16228 2.162

.2 1.8347 1.83136 1.830

3 1.5067 1.50444 1.504

o4 1.1380 1.18552 1.19

5 0.8854 0.8846 0.885

.6 0.6086 0.50768 0.607

T 0.3667 0.36676 0.367

.8 C. 1747 0.17484 0.174

9 0.047 0.04692 0.047

1 0.00 0.00 0.00

5.6 Bigenvalue Problems.

When the constent X of f{V,x,K) is an unknown
value, the equation becomes an eiger value problem.
This does not however present any greater problenm

in finding both the solution ¥ and the value of XK.
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The procedure 1is very similar to that discussed in
Chapter IV. Pirstly the value of K is estimated, and then
the solution of the equationwhich satisf?Stwo given
boundary conditions is obtzined for both R and Rinetworks.
It will be evident that the third boundary conditions

of both networks will not be satisfied unless ¥ 1is
correct. When the solution is obtained for the first
value of K, the value of X is then either increased or
reduced to obtain a new set of solutions. It will now

be possible to see whether tne third boundary conditionsv
of both networks are approaching or departing from the
given value. This will indicate whether the wvalue of

K should be increased or decreased. The value of K

is then improved until all the boundary conditions

are satisfied. After the first comparison of the

two values of X, the next value of K can easily be
estimated which will bring it very near to the correct
solution. The example for obtaining the value of K

is already given in detall in Chapter IV.
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CHAPTER VI

The Application of the Visual Iterative lethod based

on grapls to the Design of the Valve Circuit.

In the orthodox way of designing valve amplifiers,
either graphically or nﬁmerically, the valves are in
most cases assumed to have linear characteristics.
This is because the non-linearity of the valve
characteristic is treated as a complex problem. In
this section an attempt will be made to simplify the
design of the valve circult when a non--linear character-
istic 1s included. PFurthermore an attempt is also made
to describe a valve amplifier as a circult consisting
only of linear and non-linear resistors which can be
explained in terms of simple mathematics or a graph.

W.R. Evans and D.H. Hitchell 28 have illustrated
the power and flexibility of solving non-linear circuits
by a graphical method. The new graphical method discussed
in Chapter III with its power and flexibility, can also
be used and will cope with even more complex forms of
non-linear circuits. When the number of resistors in
the circuit increasss and the circuilt becomes more complex,
the method of W.R. Evans and D.H. Mitchell may lead to
confusion. This is because the V~I characteristics of

each resistor are not positioned in the same way as the
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resistors in the ci@Tuit, i.e. network topology does not
appear on their diagrams. Furthermore the V-1 character-
istics are drawn on top of one another which makes the
drawing more difficult to analyse. In this new graphical
method, the topology of the network is clearly illustrated
and the overlapping of the V-I characteristics in the
diagram only occurs when negative resistors are present.

6.1 The Single-valve Amplifier Circuit.

The planar electrical diagram as described by Cherry
is used to show the relationship of the voltages and
currents of an amplifier circuit shown in 1ig.6

The diagram (Fig.6a) is logically drawn so that
the V-1 characteristic of ezach component has =
position corresponding to the position of each
component in the circuit.

One of the V-~I characteristics of a valve
corresponding to its grid-cathode potential vg is

n
employed for each diagram. The only potential which
cannot be correctly revresented on this diagram is the
input potential. This i1s already known or can be
easlly obtained from the given grid-cathode potential
Vg for each V-1 characteristic of the valve.

n
The potentizl at each point on the amplifier

circeuit is emsdemssdls shown on the vertical axis,



v
~ ' a
L~ gn

V-1 characteristic

- Input

voltage
l

|

of the wvalve corres-
ponding to the grid

cathade v
gn

current ———

Fig.6 ig.6a

LST



158

and therefore the vertical exis of the graphiczl
diagram will display the potential =t each point. On

the greaphical diagram Kirchioff's voltage law is

readily satisfied, since the sum of the potentiel

drop in the wvalve (0C), and the potential drop in

the resistor RL(CA), i1s always equal to the supply
voltage EHT(OA). It is 2lso true that the sum of

the ootential drop in the resistor R _(GD), the

resistor RL(DB) and the voltage source E(XG) is

equal to the supply voltage EHT(BX or AO). The curvrent
relationsiiiv is displayed by the horizontel axis and
elso satisfies Kirchhoff's current law because the
current flowing in the resistor RL, which is represented
on the graphical diagram as the line CD, is equal to the
sum of the current flowing into the valve (represented
by the line CH') and the non-linear resistor R,
(revresented by 4'D).

The diagonal lines CB,0H' and FD are the V-I
characterlistics of the resistor RL, the valve (which has
a V-1 characteristic similar to & non-linear resistor)
and the non-linear resistor Rn respectively. Points
C,0 and ¥ are their origins. Finally each minor
rectangle represents the power dissipated in each

component, and the total area of these minor rectangles
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is equal to the power supplied by the two sources.
To obtain this relationship, the drawing mex Beis
made on the V-I characteristic of the valve, which k=smay have
its vertical line as 2 current exis, and the voltage
axis is on the horizontal line, but in this paper the
vertical line is the voltage axig. The drawing is
commenced as follows:-~

1) Mark the E T point on the voltage axis, and

H

estimate the current Il which will give a starting point

B. Fig.6a

2) Draw the V-I characteristic of the resistor Ry
Starting from the voltagé axis and passing through
point B, &nd complete the rectangle ABCD.

3) Where the line CD intersects with the valve
characteristic, the line H'H is drawn,CH' will
represent the velue of the current flowing into the valve.

4) Draw the V-I characteristic of the resistor R
(ueing 2 template) starting frem the line H'H and
passing through the point D, and complete the rectangle
H'DGF.

If the current I, 1s the correct value, GX will be

1
equal to the voltage E, but if GX is not equal to the
voltage E, It will be obvious in what way Il needs to

be adjusted.
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It was found that if an extra template of the V-I
characteristic of the resistor RL is also employed,
this diagram can be drawn in a matter of minutes.

To obtain any value of the anode voltage v, which
corresponds to any value of the grid cathode voltage
vgn, one of these diagrams is drawn. Each of these
dlagrams may be drawn on the top of one another so that
all the anode voltages may be displayed simultaneously
for each velue of the grid cathode voltage, or input
potential. (Fig.6.1)aThe relationskip of the anode
voltage and grid input potential is plotted in Fig.6.la.

6.2.The Amplifier Circuit with Cathode Resistor.

The graphicai drawing in Fig.6.2a shows the voltage
and current relationship of the amplifier circuit
shown in Fig.6.2.

The diagram (isplays the V-I characteristic
of each component in the circuit. The cathode resistor
RC is connected in the cathode circuit of the amplifier,
and therefore its V-I characteristic is drawn below
the V-I characteristic of the wvalve Vl in the diagram
Fig.6.2a. Since the cathode resistor RC takes the
same amount of current as the valve it is drawn in the

diagram to share the sam® amount of current. The net
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value of the input voltage required to cause the valve
t0 be at this operating point is (vc+ Vg ).

In obtaining the solution of the aboge circuit
1t is found more convenient to rearrange the drawing
so that the V-I characteristic of the cathode resistor
RC is drawn above the valve V-I characteristic, as shown
in Fig.5.3.

It is also possible to illustrate the change in the
gein of the amplifier caused by the alteration of the
value of the cathode resistor RC on the graphical
diagrem shown in Pig.6.4. Consider the circuits C
and Cl’ in Fig.6.4s. The corresponding values of the
components of both circult are equal excent that the
value of the cathode resistor Rcl is greater than the
value of the cathode resistor RC. The grephical
diagrams of bhoth circuits are drawn on top of one another
as shown in 1ig.6.4. The anode voltages of both
disgrams are arranged so that they both have the same
valus, and thus all the corresponding values of the
currents of both diagrsms will also be the same. The
value of the cathode resistor of one diagram 1s greater
then the other, le. R R,

¢, ¢
difference between these two diagrams is that the

‘and therefore the only

rectangle CH'II'N' is greater than the rectangle CH'LKN.



B E—
T
Cl
Pig.6.4a ,Rc1> Rc

Current ——

Fig.6.4 V"I v,

991



167

This causes the valve to operate on two different V~I

characteristics, v_ and v_ .
€n €n
for the circuit C to be at this operating point the

required input potential is v + v_ . Similarly for
n
the circuit Cl, the reguired input potential is Vot Vg o
1 ©m
Since in most cases v, and Ve will be approximately
1

equal to the value of the input voltages of the circuits
C and Cl respectively. Vclis greater than v, &8s is

shown on the diagram, and therefore the amplification

of the circuit C is greater than that of C.

€:3 The Cathode-follower Circuit.

The sclution of the cathode-follower circuit can
be obtained by the graphical method in a similar way
to that of the current feed-bazck circuit, secticn 6.2.
he difference between these two circuits is that the
output of the cathode-follower is taken from the cathode
of the valve, and there is no lozad resistor RL in the
cathode-follower circuit. The circuit and the graphicel
diagram is as shown in Fig.6.5, and Fig.6.5a respectively.
In Fig.6.%a, the diagonal line CB is the V-~I
characteristic of the valve corresponding to its cathode-
grid potential Vg . The lines QOH' end ¥D are the V-I

n
characteristics of the cathode resistor RC and the load
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resistor Rn respectively. The vertical line OA = EHT

is the supply voltage, and the vertical line HF = E is the
potential to which the load resistor Rn is connected.

To obtsin the solution of this circuit, templates
ore made for the V-I charzcteristics of the valve for

each value of cathode-grid potential Vg s and also a
n
template is made for the V-I characteristic of the load

resgistor Rn if it has 2 non-linear characteristic.
The V-1 characteristic of the cathode resistor Ro is
plotted on the graph paper on which the diagram is to
be drawn, with its origin 2t point O. Point A 1s

marked on the voltage axis so that O4 = E and

HT?
a horizontal 1line AZ is drown. The fitting of these

characteristics together is then completed in the
usual way.
After all the V-I characteristics of the valve

corresponding to all the grid-cathode potentials Vg
n
are used, the values of the cathode voltage Vo

corresponding to the values of the inout voltage

(vC + v_ ) can be plotted to give the relationship
o .
n

between the output voltage and the input voltage.

It should be noted that the value of the input

voltage 1is vt Vg and the output voltage 1is Vor
n

Since Vo is very much greater then v then the invut

o
“n
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voltage is approximately ecual to the output voltege.

In order to avoid msking templates for the V-I
characteristics of the valve, the V-I characteristics
of the valve may be plotted on the graph paper on which
the diagram is to be drawn as shown in Fig.6.6 together
with the V-1 characteristic of the cathode resistor RC.
The origin of the valve V-1 characteristic is placed
at point A where OA = EHT and the values of the anode
voltage are plotted in the reverse direction.

The solution 1s obtalned by estimating the value
of the ancde current Ia which will give the starting
point B. ¥rom B a vertical line 1is drawn to intersect
the valve V-1 characterigtic at point D. BD will then
be the value of the potential drop in the valve. From
this point the procedure is similar to that of the
drawing of the diagram shown in Fig.6.b5a.

Fig.6.7 shows the graphical diagrams of a cathode-
follower plotted on top of one another for three valve
V-I characteristics corresponding to the grid-cathode
voltage 0,-2, and-4 volts respectively. The votential
to which one end of he resistor Rn is connected is 90
volts. For the cathode-grid potential equal to O volts,

the cathode potential is above 90 volts, and therefore
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the current is flowing from the cathode potential'through
the resistor Bn to the 90 volts source. For the
grid-cathode potential equal to -2 volts, the cathode
potential is at 90 volts, therefore no current flows

into the resistor Rn. Lastly for the grid-cathode
potential equal to -4 volts, the cathode potential

is 69 volts. Therefore the current flows from the 90
volts source through the resistor Rn to the cathode
potential.

In the design of 2 cathode-follower, the following
points must be observed:-

1) The maximum current through the valve and the
maximum dissipation of the valve must not exceed the
given limit.

2) The grid current must be kept at a minimum.

3} The valve must not be cut off.

All these points are 2lready displayed on the graphical
diagram shown in Fig.6.7.

When the grid-cathode potential of the wvalve
increases beyond O volts, the valve will begin to draw
grid current, and therefore the maximum value of the
grid-cathode within which the valve will operate 1is
0 volts. This will also give the maeximum value of the

current through the valve. A4s the grid-cathode potential
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of the valve decreases, it will cause the current through
the valve to reduce, and therefore the length of the

line CD on the diagram is shortencd. When point D
coincides with point C, the val%e will cut off, and
therefore this will be the other limit of grid-cathode
potential within which the valve will operate. The

anode dissipation is the ares ABCD and therefore for

the whole working range of the cathode-follower this

ares must not exceed the maximum rating of the valve.

6.4 The Cathode-coupled Amplifier.

The cathode-~coupled amplifier, or as it is sometimes
called, the "longtail pair", is widely used as the first
stage of a D.C. amplifier. The method of obtaining
the exact solution of this circuit by the numerical
method is rather long and complicated. This process
can be simplified and speeded up by the use of the
graﬁhical diagram. To illustrate the graphical method,
the circuit is first divided into two parts, each part

containing one valve. (Vl and V The diagram

2)‘
showing the relationship between the voltage and current
of each part is also illustrated separately. Once

the method is understood, it will be obvious how the

graphical diagrem mey be drawn as one diagran.

Consider the circuit as shown in Fig.6.8. It is
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assumed that both valves have similar characteristics.
( When both valves have different characteristics, this
graphical method is still spplicable without any more
labour). The circuit as shown in Pig.6.9 is

similar to the circuit shown in Tig.6.8, provided

that the cathode voltage remains the same throughout
the operation, and the sum of the wvalues of the
resistors R, ond R} is equal to R,. In Fig.6.9

the solution of the output part is first obtained by
the graphical diagram. From this result the value of
the current ié of the input part can be found. On the
input part of the circuit, the anode current ié

and the cathode voltage is known, and thus the
potential drop in the valve can be assessed. From this,
the required grid-cathode potentizl of the valve vV, can
be found and then the input potential. For each value
of the outout voltage, the input voltage is computed
(graphically), and thus the relationship between the
input and the outout potential can be obtained.

In the graphical diagram of the output part shown in
Fig.6.10, the resistor Rg is omitted because the cathode
potential v, is already known for each V-I characteristic
of the wvalve. ie.:vg +v :El. The value of the current

c
n
ig will be known when the diagram is completely drawn,
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as 1t has the same value as the current flowing in the
valve.

To draw the diagram the following values are
already knowns -~

1) The grid-cathode vén for the V-~I charscteristic

of the valve.

2) The fized grid-bias potential E

l.
3) The supply voltage By
The cathode potential v, is then equal to El—vé .
n
On the graph paver the values of the EHT voltage

and the cathode potential are located at the points

A" and M" on the vertical axis. The current I is
estimated to form the starting point B", and the V-I
characteristic of the resigtor Rﬁ is drawn passing
through it, with its origin at point Cv. Complete the
rectangle A"B"C"D", Next the valve V-1 characteristic
is drawn starting from point M" and intersecting the
line C"D" at H'. This will give the amount of current
flowing in the 1oad resistor R, ie.H'DY. If this
current is of the correct value the potential F"H will
be equal to E2 when the V-I characteristic of the load
resistor Rn is drawn.

The drawing of the input part is done with the
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following information alresdy known:-

1) The anode current Ia' = ia', i.e. it is equal to
1{9_ - ia”
R,

2) The cathode voltage Ve

3) The supply voltage EHT
The drawing is commenced a5 follows:- Mark the value of
the EHT voltzge, the cathode potential v,  and the
current I_ ' at point A', M' and B' respectively.

The V-I characteristic of the resistor RL' is
drawn next and then the rectangle A'B'C'D' is coumpleted.
This will give the potential drop in the valve equal to
M'C'. At point M' draw several V-I characteristics of the
valve Vl for various vzlues of the grid cathode potential
v! untlil the one which passes through point D 1is
obtgined. This will then give the value of the input
potential corresponding to the value of the outout
potential in the output diagram.

These two diagrams cen be combined together in
many ways, the most effective way belng to reverse
the current direction of the innut diagram and join
it to the output diagram on the voltege axis shown in
Fig. 6.12. This will give a distinction betwesn all
the components of each valve, except the cathode

resistor.
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When the output side is completely drawn, the
V-1 characteristic of the resistor RC may be drawn
sterting at the current axis and passing through point
N".  O0X' will then be the value of the current i_'.

Since the cathode potential ¥, (Fig. 6.12; does
not remain constant over the operating range of the
amplifier, the origin of the V-I characteristics of the
valve for each diagram will not remain at the same
point. It is therefore necessary for templates to be
made for all the V-I characteristics of both valves.
This can however be avoided, and all the V-I
characteristics of the valve are plotted on the graph
paper bn which the diagram is going to be drawn
having their origins &t the same point. To do this
it is convenient to rearrange the position of the
V-I characteristics of al1ll the elements even though
the network topology is not then so clearly exhibited
by the dizgram. This rearranging is already shown in

Fig. 6.3.
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CONCLUSEON.

The sclutions of non-linear resistance networks
have been discussed and one numerical method and two
graphical methods have been demonstrated, each of them
possessing different interesting properties. It is
evident trat tc solve non~linear resistance networks
without having to make any apyroximation of the non-
linear propsrties, the graphical method explained
in Chapters II1I IV V and VI is the best method to use.
This method 1is also suitable for use in most non-linear
problems where a fast calculating machine is not
available.

The nunericzal method discussed in Chapter I is
suitable for use with = digital computer. This is
because the programme for solving linear simultaneous
equations is already known, and only slight modifications
in programming will be needed to cope with this
numerical meth2d. For a small number of unknown
currents the calculation can be done by the use of
a desk calculating mechine or slide rule, but when the
number of unknown currents becomes greater than five,
it can lead to dire confusion in solving large linear

simultaneous equations. This is & common problem
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and to overcome this difficulty the digital computer
may be employed. This numerical method is a form of

the relaxation method, and therefore it is possible that
the method may fail to converge. In my own exXperience
of working out a large number of problems this has

not occurred, but it cannot be assumed that the method
will always converge. It would be most vaeluable if-
sume conditions could be obtained under which the
calculation will diverge, but this is mainly a
mzthematical problem.

The application of analogue computers to the
namerical method has been considered and proved to be
unsuitable, because the error in the results can be
very great, due to the errors made by the znalogue
computer. Also it is only suitable for small problems
and therefore there is no appreciable adventage over
the deslk calculating machine.

The graphical method shown in Chapter II is rather
slow and tedious, but the purpOsevOf looking into this
problem was to investigate the theory of content
graphically, and to extend it. From the graphic
investigation of the theory of content, an interesting
property is suggested. This is the proverty of insta-

bility. In many cases when the total content has more
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‘than one stationary point, the sygstem is unstable, and

the circuit can exist in any one of those states. (Section

2.2). Slight external disturbance can easily cause the

circuit to change its state. This property may well be

used in the non-linear servo-system to indicate instability.
The graphical method discussed in Chapter III is most

useful especially when 1t is used for the solution of

second-order differential equations. When it is used

for the solution of differential equations, the only

error involved in the solution is caused by the use

of a finite-difference to represent the differential

equation. This error is common in all resistance

network analogues and cannot be avoided. The error which

is caused by the construction can easily be lessened by

increasing the size of the graph paper used, and it is

then very suall compared with the error caused by finite-~

difference approximetion. This method is economical

and very simple to understand. The problem can be

solved in a much shorter time by this method than by

using anzlogue resistance network computers (as Hutcheon

and Spalding did). The time taken in setting the non-

linear function generator, and building a resistance board

for each problem must be taken into account, not to mentinm

the building of the whole computer, and in addition the
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analogue computer cannot easily be used to solve problems
which exhibit wave-like solutions.‘ This graphical

method can be expanded to cope with two dimensional
problems of second-oxder partial differential equations.
To do this it may be found necessary to use an automatic
version of the electfical system explained in Section 3.7.
The automatic eledtrical system -will be mers ugeful

than the zutomatic analcgue resistance computersbuilt

by Hutcheon and Spalding, J. Ph. Korthals Altes and

W.J. Karplus, because of 1its cohvergenee properties.

(To solve the eigen-value problem by the method
discussed in Chapter IV would take 2 slightly longer
time than solving straight forward second-order |
differential equations. This is understandable because
more solutions ere required from the equation which
gives less information than the straight forward second-
order differential equation. The method explained by
this secticn is entirely different from the method
described by G- Liebmaéi? His method however, leads to
many calculations in order to obtain the eigen value
and many repetitions of the process of setting up the
annlogue network. The new graphical method only
requires a very few estimations of the value of X

(Section 4.1). By using the equation 4.5 sectivn 4.1
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a more accurate value of X can be obtained. In the
method described by G. Lie¢bmann the eigen value can
only be obtained if the soluticns have zero slope

2t one boundary voint. The graphical method discussed
in this section overcomes this problem, and 1t also
can be used to obtain higher eigen values which cannot
be computed by other iterative processes.

The golution of fourth-order differential eguations
discussed in Chapter V is applied to many problems
concerning structuresand frameworlk. When solving
fourth-order differentisl equations by the gravphical
method, the use of two separate resistance networks is
preferable as this reduces not only construction error
but aiso gives a more accurate solution.

It has been brouzht to my attention that satis-
factory solutions of the distribution of stress of a
sheet pile wall with non-lineer active and pessive loads
has not yet been obtained. The difficulty seems to be
in finding 2 suitable method of solving non-linenr
fourth-order differential equations. The method
discussed in Chapter V may well be suitable for solving
such problems.

To solve two resistance networks simultaneouély

28 in cases 2 and 3 in sectioun 5.3, a longer time may
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be needed to arrive ot the sovlution, because thorerare tvo

1
function of the R'=~network. Therefore the use of the

independent variables I1 and I,' and because If is ‘a -
n

automativ electrical analogue of the graphical method
(Section 3.7) will considerably speed up the computing
process. This will also be necessary when the two
dimensional fourth-order partial differential equations
are explored.

The use of this new grsphical method to assist in
the design of valve amplifier circuits has the
following advantages -

1) The maximum current through the valve is shown

on the diagram.

2) The maximum dissipation of the valve is shown.

3) The precise relationship between the output

end the invput voltage is shown.

4) It is simple to understand and can be used

in most types of valve circuits.

This method can also be used to assist in teaching,
beczuse of the clear relationship of voltege and current
between each element in the circuit. In the case of
the Cathode~follower, the dizgram illustrates the
reason why the output voltsge approximately equals the

input voltage. The diegram of the amplifier circuit
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containing the cathode resisteor illustrates the change

of the over-all gazin, for different velues of the

cathode resistor. Finelly for the case of the

"eethode coupled" amplifier, = more accurate relationship
between the output and input voltage than in any existing
analyticel method can be obtained, and no difficulty
arises in designing this circuit when both valves have

different characteristics.
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APPENDIX I

To illustrate the relation between the finite
difference solution and the ladder resistance network,
Figs. Al.l and Al.2 are considered.

To solve 2 differential equation
a

-d—_';ig_ = f(q)’X‘,K) v"l...l.".'..t'0'...0<A1'l)
dx
with ¢ = Pq when x = 0

and ¢ = ¢, When x = X
v T Oy N

by meens of the finite-difference approximation method,
the first step is to replace the derivative by its
finite-difference approximation so that

- 29
2 ...—13'. = f((ﬁ}n’n}l;]’\\.oo-o.ocn(Alo2)

Congider next a ledder network of resistances as

shown in Fig. Al.2, for which equating %o zero the

sum of the currents arriving at the nth node give
Vn1 My H Vn+l__+ Vn _ Xg - 0
R ‘ R Rf -
n
Vper ¥ Vo1 - 2V 3 XE ceee e (ALL3)
n
= I COOOUCOQCOO‘(A1‘4)
fn

This ig similar in form t¢ the finite~difference .

equation, (Egn. 41.2) znd this too can be used as the
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asis of an analogue solution of Eqn. Al.2,and
therefore of an approzximate svlution of the
differentizl equation Bqn. Al.l.

, For Yy and Vn to have equal numerical values

v
5 f(wn,nh,K) mist be equal to n/an or Ifn

g

RV
thus Ry = —s A
n s} f(@n,nh,K)

If £ is not proportional to ¢, Rey is then a
non-linear resistance.

When f(@n,nh,K) is negetive, R, is a negative
resistance. i

It is then obvious that if the circuit is
connected up, with 211 the appropriate resistors
in their places, and with correct boundary voltage
applied at both ends of the network, then the voltags
of node n will have a numerical value equal to the
numerical value of Py

The non-linear or negative resistor cannot be
easily made, and therefore to solve this differentiel
equation by the anaslogue method the current If has

n

to be fed or extracted from the ncde n, depending on

the sign of f(@n,nh,K) i.e. negative = feeding, and

positive = extracting.
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APPENDIX IT

The Design of the Universal TFunction Generator.

The m2in requirement of =2 universsl function
generator is that the instrument must be easily set
to generate the required function with = high degree
of accurazcy. This regquirement can be met by using
& tapped potenticmeter shunted between each pair
of adjacent taps by & varizsble resistor, and this
srrangement is powered by & current generator. The
current generator consists of one pentode valve
end & few components. It is powered by an external
voltage stabilizer.

The non-linear function is built up by inter-
polation of linear function and in this case it is
based on linear interpolation of voltages. The devendent
veriable is represented by the numerical velue of
the voltage V at the slider terminal of the tapped
potentiometer. The independent variable is represented
by the enguler position of the potentiometer ocutwut
arm.

The circuit of the universal function generator
is shown in Fig.ATJ1 It consists of a linear

tapped potentiometer and variable resistors shunted



i

¥

1y}
RS N Position of ihe
A ' slidér represents

T i
;% independent varidle

U

Voltage represents

dependent varidle




193

across each palr of tapvs. The eleven taps divide
the potentioneter equally with regerd t¢ both the
resistive value and the =ngle of rotation of the
slider. The values of all the shunt resistors are
also equal and have a mazimum value of about ten
times the value of the resistance between taps, and
2 minimum value of zZero.

'The difference between the potential of two
adjacent tavs is the value of the slope of the required
function at the corresvonding independent variébles.
To obtain the slope, the shunt resistor scross that
pair of taps is adjusted. Wote that with this circuit
arrangement the adjustment of the vaelue of gny shunt
resistor does not élter the slope of the other pair
0f taps. This i1s because the total amount of current
flowing between each pair of taps remains constant
end each current is equal to current I of the

current generntor. i.e. 1y+iq' = i2+ 172

- ® ®» ® c ¢ 0 o & & @

= iﬂ+in' = I. Therefore nny alteration in-the

value of its shunt resistor does not alter the

total value of the current flowing between that

pair of taps. The vaelue of current I a2lso determines

the value of the maximum slope between any pair of
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taps, and therefore the maximum slove of the funcfion
to be generated determines the value of the current I.

The current generator is constructed from a
pentode valve as shown in Fig. 2, and it is powered
by an external stabilized H.T. supply. If the
external supply 1s not connected to any reference
potential, then the voltage at point b, corresponding
to the voltage VO of Fig. 1 can be connected to any
desired reference voltage.

To set up the function generator to the required
function as shown in FPig. 3, the X axis is first divided
into ten equal intervals, each interval corresponding to
a palr of taps on the potentiometer. The maximum
slope 1s next loceated. On this occasion it 1s
between 1 2nd O which correspends to taps 1 and O.

The shunt resistor connected across these taps 1is
adjusted to its maximum vaelue so that most of the
current flowing across these taps will flow in

the resistance coil between thzse teps of the tapped
potentiometer. Next a volt meter is connected
between taps 1 and 0 and the value of the current I
of the current generator is adjusted until the value

of the required slope is reached. To adjust the rest
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of the slopes is quite simple and is done by connecting
a volt meter across the appropriate pair of taps

and z2djusting its shunt resistance until the reguired
velue of the slope is obtained. No re-checking is

necessary if the current I remsins constaent.
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APPENDIX III
To llustrate the relation between the finite-
difference- solution of Ordinary Linear and Non-linear
. Differential Equations and the ladder resistance -
network. The equation.in the form of
2

g—% + f(X)%% - Ko + PF(x,9) = 0 ..v...(43.1)
dx

is considered. ( Soroka(26)). The presence of a
Tirst derivative introduces an additional feature to
the problem, i.e. causes the values of the series
resistances Ry,R, ...RN(Fig.A3.1) to be different
and the calculation necessary to obtain these values
is as follows:-

The finite-difference form of the first derivastive
P ¢ ‘

do . n+l = “n-1 N . .
(dx)n 1s 5T . Thus the finite difference
Torm of the equation A3.1 becomes:-
P + @ - 29 ¢ - @
n+l n~1 n Tn+l n-1
h2 + fl’l( 2h ) -~ K(pl’]. + F(Xn?q}n)

S (A3.2)

If n is equal to 1, the equation becomes

Voten=29y Ty
1 + sp(9o=40) = Ko + F(xq,99) = 0.vv...(43.3)
¢}

Collecting terms involving common solutions.
1 f

1y,
(=5= 5oy +
w2 2o

(l + fl)' (B + 2 )¢, + F(xy,97)=0 (4.344)
L2 " 7h ©o~ 2 ©q 129177 7
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Fig. (A3.1)
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Consider next a ladder network of resistances as
shown in Fig.A3.1 for which, equating to zero the

sum of the currents arriving at the first node, gives

V.-V V.=V v v
OR1+231-§:-$;Q”“”““””@LQ
1 2 Iy 1
v v Y.
) 2 1 1 1 1 =
= b == - (F o+ =+ = )V, - 2= = 0 ......(A3.6)
Ry R Ry R, ni) 1 RFl

This is similar in form to the differential equation,

Eqn.(A3.4) ond

%1 = (ig- ;%) RN 0% T &
%é = (%2+ ;%) e (A3.8)
%'z K i e ... (43.9)
%El: 'F(Xl’@l)/vl = _F(Xl,vl)/Vl ...... (43.10)

h

The ternm §% in Eqn.43.7 and 43.8, is due to the presence
of the first derivative in Eqn. A3.1. Since it is added
to the eqn.A3.8 and subtracted in the eqn.A3.7 it means
thet the resistors connecting nodes have different
values, depending on which end of the resistance

1s being considered as the node. When the 2nd node %s

1

considered the resistor R, has the value = = (L= 52)
2 Eg h2 2h'e
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It is inmportant to make the value of R2 equal in both
cases.

When the 2nd node is considered, the equations (A3.4)
and (A3.6).become

T 1 5

—-l —~—2 | ——a ——— — Laand [
(Z5 = 7700y + (Fpt mp)eg=(K + =)0, + F(x,,0,)
h h h

= O "o A A A I (.[i3nll)
v v v
1 3 1 1 1 2
— b e - ("" + ks + o= )V - Y = O n-'-oo(A3012)
RZ R3 RZ h3 Ré 2 RF

2
If Equns. (43.6) and (43.11) are multiplied by Xy and

K2 respectively, they yield
for the 1lst. node
f
1 _ /1 1 .
7, (32- FEIK] e (43.13)
f
1 1
, - (1_2+ 5%)1{1 ................... (43.14)
o
L xx (43.15)
Ri l * . ¢ ¢ 8 9 @ € I e .
% = <F (k) VB /T eeinnns e (43.16)
Fq
and for the 2nd. node
T
1 _ /1
B, = (Com gy ceeeeeeens (43.17)
1 (l f2 8
EB - £2+ -’Z_H)KZ e 00 e . e o e o(ABtl )
1
= = KK . . . P A R . (A3019)
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l - L
'R}? - 1<X2,V2)K2/V2 o....a......-.....(AB-ZO)
2 )
Since R2 for both nodes must have the same value

then the Egn. A3.14 must be equal to Egn.A3.17.

This gives

1 1
("'2 + 'é_ﬁ')
K. - n - .K
2 <£ _ gﬁ)' 1
h2 2
For node n then
1 fn-l
—_— 4 el
- n 2h
K = ‘ K
he 2h
and & = (& f—ll)K (43.21)
o Rn h2 21’1 n oooooooooo ® ® ¢ & ® ¢ o 9o 0 oo
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APPENDIX IV
W.B.Milne ("Numerical Calculus") has shown
hat the slope (%%)n can be expressed in terms

of the solution Ty .and & remainder

Ypa1? Tpaotrecee
tern as follows;~
In the expression for the remsinder term; the

(n+l) th

notation y means the (n+l) derivative of

vy taken at some point x = z lying between Xq and Xpge

N = 2, three points

N 2 '
dy 1 he_(3)
(dX)O - 2h(~3YO + 4'yl - y2) + 'j"y

2
4y - X h* (3)
(dX)Z - Eh(yo - 43’1 + 3y2) + '3"'-]

N =3, four points

3
dy h
&y, = (113, + 18y, - 9y, + 27y) - 2yt
3
dy -1 n- (4)
@)y = gnl-2vg* 9yy - 18yy + Ayy) + gy
N = 4, five points
4
&L, = %Eh(-25y0+48y1—36y2+16y3-3y4) + %.y(S)
4y, = L (3y,-16y,+36y,~48y,+257,) + nt_ (5)
dx/4 T Ton'\ Vgm0V TI0TpmARYyTey ) T T
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Solution of ladder networks containing non-linear resistances

by T. KOVA”ITANA, M.Sé., and J. R. BARKER, Ph.D,, F.Inst.P., Imperial College of Science and Technology,

London
[Paper received 13 May, 1960]

Abstract

A graphical method of solving network problems involving
non-linear andfor negative resistances is described and
Jully developed for the case of ladder networks. Such
networks have been used for the solution of non-linear
differential equations,.using an analogy based on finite
differences, and the examples given in this paper are of
this application. -

Introduction

N 1951, Cherry(" gave a description of a planar electrical
Iresistance network which, in a single diagram, showed
M the network topology, the F=/ characteristics of each
resistance, Kirchhofl’s circuit laws and the power relation-
ships. The present paper uses Cherry’s diagram to solve
problems involving resistance networks and shows that it is
particularly useful when some or all of the resistances are
non-linear. It is also applied to networks containing negative
resistances. A resistance network can be the analogue of the
finite-difference form of a non-linear differential equation
and, as many papers on this analogy have appeared in this
Journal, our illustrative examples will be taken from this
field. The new method of solution is of special interest
because it can be used for those cases where the iterative
analogue techniques described by Liebmann and Bailey,®
Karplus® and Hutcheon™ fail to converge.

Ladder network of positive resistances

To introduce the method, the ladder network of Fig. 1 is

considered. In this, all the series elements are linear
. Ry R3 Rg
" FWVW ANAAA vwwj I
= Rz Re B2

T

Fig- 1. Ladder network with non-linear shunt elements

resistors, the' shunt' resistors” are  non‘linear resistors and
em.l’s E and"E,-(£] > E,) dte appliéd at’ the ends: The
voltages at” theé two’ intérmedidte nodés® have to be found:
However, for the* mioment; suppose that the problém has”
already been solved so that the final didgram can be exhibited,
as*in"Fig. 2" Within an area defined by the two rectangles
of'sidés 'Ey X Iy and 'E;-x I, the following appear:

(a) Portions of the ¥~/ characteristics of the resistors 1;
3 and ‘5 which’have slopes-R;, Rj-and R; respectively; ,

(b) ‘Portions of the non-linear V-I chatactéristics’ of: the

shunt resistors 2 and 4, starting at zero potential and con-
tinuing up to their actual operating points;

(¢) All these V- characteristics appear, diagonally, inside
minor rectangles which are fitted together in a way which

. voltage
______ ACE) )
[
|
B - S
E 3
3 ’
D
D 5
Frof 4
Ey
o -|.. - current
O E C X

Fig. 2. Rectangle diagram for network of Fig. 1
OX = 11, OF = 12 and X4 = Ey

satisfies both of Kirchhoff’s Laws. For example, the sum
of the voltage drops across 1, 3 and 5 should be E; — E,,
and this relationship is satisfied by the voltages represented
along the left-hand edge of the main rectangle (on which all
the node potentials appear). Next, taking horizontal dis-
tances in Fig, 2, the current in 1, which is I;, can be seen to
equal the sum of the currents in 2 and 3; similarly, the sum
of the currents in 4 and 5 is the current in 3.

(d) Finally, the area of each minor rectangle represents
the power dissipated.in a resistance, and the total area of
these minor rectangles 1-5 is E,I; — E,I,, which is the power
supplied by the two sources, so that the law of conservation
of energy is satisfied. ,

The method of solving the problem when only E; and E,
are given is very simple, After estimating I;, an attempt is
made to draw the diagram, to scale, using the F-I charac-
teristics in the following order: 1, 2, 3, 4 and 5. (Templates-
will be needed for the non-linear ¥—I characteristics, and, if
not many- cases are to be solved, these.can be cut. out.of
graph paper, of the same kind as-is used for the rectangle
diagram. If a lot of work is to be done, it is worth making:
metal - templates for the. characteristics,) The drawing:is
made as follows. On Fig. 2, .A4'is the point (E, I;); AB is"
drawn - of slope R;,. whence AB’ is I|R,, leaving voltage
XB'" = OBfor the rest of the network. . The current traversing”
the non-linear resistor. R’ is found by sliding .its’ -1 charac-
teristic. to ‘the position 2 (it passes:through® B" and'has its.
origin at C) whence:current' CX flows: through ‘it and OC
remains to traverse Ry. C’'D of slope Ry is drawn next,
from C’ which is vertically above C, and OD will be the
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voltage across Ry. The current in R, is obtained by sliding
its V-I characteristic to the position 4. E'F is drawn of

- slope Rs and, if I; were correctly chosen, OF would be
equal to E,.
on Fig. 2 is unlikely to be equal to E,, but it will be obvious
in what sense to adjust I; in order to improve it, and a
second attempt can then be made. We have been surprised
by the speed with which this trial and error process leads to
the correct solution, especially when a little intelligent
interpolation is applied.

If the ladder network is long and highly attenuating and
E; = 0, the voltages remote from the source £, cannot be
found accurately unless a very large drawing is used. In this
case, it is better to improve I;, in the latter stages only, by
numerical calculation. If OA is calculated for two values of
I,, preferably one larger and one smaller than the true value,
improvement by interpolation is rapid because of the good
start given by the graphical method. (The calculations are
simple: starting with E, and I, the voltage drops and currents
can be found as the ladder is traversed from left to right.)

Example 1

The first example is taken from Hutcheon and Spalding’s
paper® on steady-state heat flow, with convective losses, in
uniform bars. The differential equation to be solved is:
d*f 574
P = kb 1)
in which @ represents temperature at a distance y along the
bar. The numerical value of 4 is 12-5 and the boundary
values are @ = 1 at y = 0 and df/dy = 0 at y = 1, for the
example presented here.
It is not necessary in this Journal to repeat the derivation
of the finite-difference analogue network. It is sufficient to
say that the node potentials ¥ on the ladder network of Fig. 3

On completion of the drawing, the distance OF .

Hutcheon and Spalding’s values are obtained from their
Fig. 7a, bottom graph, and are, of course, similar.

Ladder network containing negative resistances

Negative resistances appear in finite-difference analogue
networks as shunt elements when, if

Vip = f(¢, x, ¥, 2) @

is being solved, f(¢, x, », 2) is negative. . (In passing, it should
be mentioned that constant-current sources are often used in
place of the shunt resistors, in analogue equipment, par-
ticularly if the resistances are negative.)

If the solution ¢ is wave-like along the ladder, the normal
iterative analogue computers fail to converge to a solution
under conditions given by Fisher,’® although Korthals
Altes” has suggested a tedious practical method of double
iteration which does give convergence. No such troubles
beset the graphical method of this paper.

Example 2

A case for which the analogue computers will encounter

convergence difficulties is taken as the next example. Con-
sider:

a¢ s

iz TH$=0 3

with k2 =1, ¢ = 10 at x = 0 and ¢ = 0 at x = 37/2, for
which the exact solution is ¢ = 10cosx. The analogue
network is shown in Fig. 4 for a finite difference interval of
m/4. Tts solution by means of the rectangle diagram is carried
out as already described but it is slightly complicated by the
fact that the component rectangles will trespass outside the
main rectangle E, x I;. There is however a simple rule to
enable the diagrams to be drawn quickly, a rule which applies
also to the ladder network of positive resistances.

Elw

ot

osn

-~

o=t
=T

o501 )

0.

Fig, 3.

Finite-difference analogue network for heat-flow problem

For all shunt elements:

1= 12-5 Vsia,

49
‘ where Vis in volts

should be numerlcally equal to the temperatures 6 in the bar
at the values of y indicated. (Any discrepancy between the
values of-§ satisfying equation (1) and the node potentials
will be due to the coarseness of the ﬁmte-dlﬂ'erence approx1
mation used.)

For the network of Fig. 3, Il ‘wis estlmated to be’ 0 40 A,
Foolscap graph paper was used and a-paper template cut
out for the non-linear " ¥-I characteristic. On successive
drawings it was found that I, = 0-40 A was too small,
0-50 A was too much, 0-45 A was too small, 0-46 A was
too big and 0-458 A seemed very close. The node voltages
were then, reading from left to right on Fig. 3: :

1-0,0:77,0-50, 0-33, 0-22, 015, 0- 11, 0-09 V.

and [ in amperes

Rule

(a) The V-I characteristics are used in thc order 1, 2, 3, 4,
. as labelled on Fig. 4.

(b) Each V-Icharacteristic lies diagonally inside a rectangle.-

{¢) Each successive F~I curve has its operating point at.
that corner of the previous rectangle which is not occupied.
by the previous V-I curve and which is not-on either the ¥~
or I-axis of the diagram. .

(d) If a series element is being dealt with, the ¥~I curve
has its origin on the V-axis and if a shunt element, it is on the .
I-axis.

Applymg thls to the network of Fig. 4, an initial estlmate
of I; is made and this determines the starting point 4
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. /2
P ; A

Tr 312

k
1
1
i
i
1
1
1

Fig. 4. Network for vibration problem.

All shunt elements R =10
All shunt elements R’ = — 1-621 Q

(co-ordinates: 10V, I;A) on the diagram shown in Fig. 5.
A line of slope 1  is drawn from A to intersect the voltage
axis at B. This defines the first rectangle, for resistor 1, of
which B’ is the corner which satisfies the rule. From B, a
line of slope —1-621€) is drawn to intersect the current
axis at C. This line is the diagonal of the second rectangle,

ALY
L2
o
2 j
S
B l c
3 2
D D’
O current C

Fig. 5. V-I diagram for the first three elements of the
network in Fig. 4

The node potentials are E;, OB and OD

for resistance 2, whose corner C’ is the starting point for the
next V-I line. Close examination of Fig. 5 shows that
Kirchhoff’s Jaws will be satisfied on the diagram. When the
diagram is completed, the value of I; can be assessed and
another trial made. In the example,.the correct value of
I is 2:13 A and Fig. 6 shows a graph of the node voltages
along the network. These depart slightly from 10 cos x,
but the error is due to finite differencing and is not relevant
to the network-solving; errors in the network solution cannot
be detected in Fig. 6.

Other applications

It seems likely'that the solution of some two-dimensional
problems involving the equation

32 2 1}
Eé+§_y(§=f(¢’x’y)’

and the solution of one-dimensional elastic problems, involving
a fourth-order differential equation, can be carried out by
extensions of the graphical method. We are already tackling
eigenvalue problems. However, the application of non-
linear resistance networks is not restricted to the single
group of circuits considered so far. For example, for mine-
ventilation networks® and gas and water-distribution systems,
useful preliminary investigations might well be carried out
graphically. Bridge networks containing tungsten filament

10 ' v ]

Voltage (V)

T 1 2 X|

-lof- 4

Fig. 6. Node potentials on network of Fig. 4 approximate to
10cos x

lamps and d.c. amplifier networks might provide other
useful applications.

This paper has described a method of solving non-linear
resistance networks. It should, however, be possible to
interpret it as a graphical method of solving the finite differ-
ence approximation to a differential equation without
mentioning the resistance network analogy at all.
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