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ABSTRACT 

The coupled-integral equations formalism of 

L. D. Faddeev is used in the low~energy three nucleon 

system for p-d scattering and the ppn bound state. 

3. 

The approximations involve the use of non-local 

separable potentials to describe the low energy 

nucleon-nucleon interactions. The effects of the 

nucleon-nucleon short-range interactions including 

angular-momentum, helicities and isospin are considered. 

The effect of the Coulomb potential is also completely 

accounted for by the use of the Coulomb modified 

functions gc' rather than the original separable 

potential functions g. 

The results are in good agreement with the experi­

mental data and are compared with calculations of others. 
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CHAPTER 1 

INTRODUCTION 

~ 7. 

Faddeev [1-4] who gave for the first time the 

correct formulation of non-relativistic three-particle 

scattering, has opened a way for calculations on three­

body problems in their full complexity. The difficulty 

with using the usual Lippmann-Schwinger equations [5] to 

study the interaction of three or more particles is that 

the kernels are not compact because of the presence of 

disconnected processes in which only two of the particles 

interact. In contrast to equations of the Lippmann­

Schwinger type the Faddeev equations have kernels that 

depend upon the solution of the three two-particle sub­

systems. Thus all the properties of the three-particle 

problem may be derived as long as one knows the exact 

(off the energy shell) two-body scattering amplitudes. 

Nevertheless the three-body equations in their full 

generality are still very complicated and cannot easily 

be solved without any approximations. Such approximations 
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were made by Amado [6J, Rosenberg [7J, Lovelace [8,9] 

and others. 

In the following, we further develop the \vork of 

Omnes [lOJ who extended Faddeev's theory to non-zero 

angular momentum. h1e also formulate the Coulomb Green's 

functions which are essential in discussing the 
.._ 3 
He 

bound state. Further the concepts of helicities and 

isospin are used in our formulation. 

Chapter 2 is devoted to a discussion of some general 

aspects of two-particle scattering. The notations and 

the brief review of the results by Jacob and Wick [11] 

which are relevant for our purposes are also discussed. 

Following the work of Dmnes [lOJ, the Faddeev equations 

with angular momentum, helicities and isospins are 

described and the system of coupled integral equations 

in one variable is derived in Chapter 3. Chapter 4 

contains the approximation of the separable interactions. 

In Chapter 5, we briefly review the results by 

Harrington [16J and the Coulomb wave function is modified 

in obtaining gc from g for the S-state. Chapter 6 

contains the discussion of the bound state properties of 
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the three-nucleon system to obtain the He 3 wave function 

and p-d scattering amplitude. In Chapter 7 we discuss 

our numerical results. The conclusion and final remarks 

are in Chapter 8. 

He slightly modify the special quadrature rules [39J 

which allow us to get accurate results with a small number 

of mesh points. This method is discussed in the appendixe 
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CHAPTER 2 

PRELlt··lINAR IES 

In this Chapter, we shall first discuss the kine-

matics of a non-relativistic three-particle system and 

introduce our notations. In the second part of this 

Chapter, we shall briefly review the two-particle system 

using the operator techniques. 

I. KINEr·'1ATICS AND NOTATIONS 

Let us consider three particles of masses illl ? ffi 2? 

'tvith momenta respectively. The usual 

relation between the kinetic energies (El , E2 , E3)~ momenta 

and masses are 

ex = 1, 2, 3 • (2.1) 

The total momentum P is given by 

(2.2) 

He introduce the momentum of particle 1 relative to par-

tic Ie 2 in their own centre-of-mass system as 
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(2.3) 

and t.heir kinetic energy in this system is given by 

k 2 
3 

E12 = ~ , (2.4) 

t'lhere ~ is the reduced mass of particles 1 and 2, namely 

1=1 +± 
tl ml m2 

The angle bet\\1een two momenta £1 and 

centre-of-mass system is given by 912 , where 

222 
PI + P2 - P3 

Cos 812 = 
2 PlP2 

and 

in the 

(2.5) 

This can also be expressed in terms of masses and kinetic 

energies, thus 

• (2.6) 

In the centre-of-mass system PI' £2' £3 add up to 

zero, i.e. PI + £2 + £3 = 0 and symbolically form a 

triangle 'tvith sides equal to £1' £2' £.3 respectively 

in magnitudes and directions. This triangle is coro-

pletely defined up to a translational displacement. 
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Similarly, a triangle can be formed by taking the sides 

equal in magnitude to the kinetic energies E1, E
2

, E3 

respectively. 

Again ".tIe can easily obtain the cosine of the angle 

Y3 between P3 in the total centre-of-mass system and 

~3 in the relative centre-of-mass system of particles 1 

and 2; thus 

where 

Cos Y3 = (2.7) 

= [(ffil+m2)(ffilECffi2E2) + (ffi2-ffil)ffi3E3](ml:-m2)-1 

(2.8) 
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The momentum of the particle 3 relative to the centre-

of-mass of the subsystem of particles 1 and 2 can be 

'tvritten as 

(2.9) 

where M stands for the total mass of the particles 1, 2, 3. 

This relation can be written in general form 

m P 0:-
.9.0: = M Eo:' 

From these, VIe can write 

3 

~=l 

0: = 1, 2, 3 • (2.10) 

(2.11) 

Again the no: are expressed in terms of P k n 0 thus 
.t:. -' -0:' .::.Lo: ' 

ffi2P ffi! 
9.3 - k3 (2.12) E.2 = '"'10"' + 

Ii ml +m2. 

m3P 

E.3 = -- - .9.3 1\1 

We can also write the ko: in terms of the 20: 7 thus 



k1 = 

etc. 

m3 
m +m .9.1 - .9.2 2 3 

14. 

(2.13) 

It is convenient to use the momentum K3 (total 

subsystem momentum): when considering the subsystem of 

particles 1 and 2. Thus \OJe take 

!3 = kl + ~2 (2.14) 

giving 

m 

12.1 = 1 K + k 
m +m -3 -3 1 2 

(2.15) 
m 

P2 = 1 K _ k 
m +m -3 -3 1 2 

Similar expressions can be \vritten down for other pairs 

of particles. 

II. TIlO - PARTICLE SYSTEN 

We are now going to review some results [1,8 J l1] in 

two-particle potential scattering. In order to distinguish 
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between similar operators in the two- and three-particle 

Hilbert space we will adopt the following notation. 

Capital letters will refer to operators in the three-

particle space while small letters will be reserved for 

operators in the two-particle Hilbert space. 

Let the free Hamiltonian operator, h , o 
be defined 

in the centre-of-mass system. Let 2fT £2 be the 

momenta of particles land 2 respectively on the space 
I u..ce p~ I?~ lh. 

of square integrable function of two real variables ~l r 

and-~ 

final momenta respectively. 

The resolvent operator of h o 

Then we have 

is 

g (z) = [h _2rJ-1 
o 0 

He also 

(2.16) 

(2.17) 

,\There I is the unit operator and Z is a complex 

parameter. It can also be defined in the momentum 

space representation by 
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(2.18) 

In this representation, if v is a local potentia1 9 then 

its locality requires that it depends' only on (E.-I?')' He 

have 

< E. \ v( E.' > = v (E,-I?') • ( 2. 1 9 ) 

He assume v(k) is square integrable. Secondly v(k) 

is analytic in k for a domain containing the real 

axis. J.L.or a s EH::Jffi~ftg ehis a:natyttc;i:-ey, We assume v to 

be a generalized Yakawa potential of range ~. 

v(k) = (2.20) 

The weight function g(w) can contain delta function 9 

but its integral 

w 

I(w) = ·5 g(v)d\! 

~ 

must be of bounded variation on (~, +(0) • Therefore, 

'VJe can see that v(k) "tvill be analytic in ifkf in a 
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domain including the real axes and as 

$k ~ -> 00 • Finally, time reversal invariance require s 

that v(k) have the real valued property 

The total two-particle Hamiltonian is given 'by 

h=h +v. o 

Its Green's function operator is 

g(z) = [h - 21J-1 • 

(2.21) 

(2.22) 

(2.23) 

We note that g(z) of course will not exist for all 

values of z. If z is equal to the energy of a bound 

state or lies on the real positive axis, then g(z) 

ceases to exist. 

The property of the resolvents g and go are 

governed by t'tvO identities known as the first and second 

resolvent equations. The first resolvent equation for 

g may be obtained directly from (2.23) 
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(2.24) 

SimilarlyJthe first resolvent equation for g 
o is 

The resolvent operators g(z) 

(2.25) 

and g (z) will satisfy 
o 

an identity called the second resolvent equation. This 

result follovls by using both (2.23) and (2.17)" 

g(z) = g (z)(h -z)g(z) 
o 0 

(2.26) 

This second resolvent equation can be deduced in another 

form namely 

(2.27) 

If this is written out in terms of matrix elements, it 

gives an integral equation for <£ /g(z) 1£'>. The 

formal solution for g(z) may be obtained from (2.26) 

in the following way. 



g(z) = g (z)[l 
o 

= g (z)[l - vg (z)J-1 • o 0 

The kernel representation of g (z)v is o 

19. 

(2.28) 

(2.29) 

(2.30) 

Now we introduce the t-matrix or transition amplitude 

operator. The transition operator is defined to be the 

operator t such that 

t(s+iE ) = v - vg(s+i£ )v • (2.31) 

The most general version of t is obtained by replacing 

s + i~ with z, where z is any point in the complex 

plane. That is, 

t(z) = v - vg(z)v • (2.32) 

Its matrix elements <E. tt(z) jE. t > on the energy shell 

defined by 

(2.33) 

give the physical transition amplitude from the initial 
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state with momentum p to the final state ''lith momentum 

l? ' • 

By multiplying Eq. (2.32) from the left and from the 

right by go(z) , we get with the help of the second 

resolvent Eq. (2.27) 

and 

t(z)go(z) = [v - vg(z)vJgo(z) 

= v[g (z) - g(z)vg (z)J 
o . 0 

= vg(z) 9 

go(z)t(z) = go(z)[v - vg(z)v] 

= [go(z) - govg(z)]v 

= g(z)v 

'vhere (2.26) has been used. 

Then \'le can write Eq. (2.32) by using (2.34) 

t(z) = v - t(z)go(z)v 

and using (2.35) 

t(z) = v - vg (z)t(z) • o 

(2.34) 

(2.35) 

(2.36) 

(2.37) 
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Both (2.36) and (2.37) are operator version of the 

Lippmann-Schwinger equation for the t-matrix. tIle can 

express these operator equations as integral equations 

thus 

Since g v is analytic and compact the solution of (2.36) o 

may be \I}ritten 

t(z) = [1 + vg (z)]-lv 
o 

= vel + g (z)v]-l • 
o 

(2.39) 

Then the solution of the integral equation (2.38) is 

unique except at poles of [1 + g (z)v]-l • 
o 

"Je nO't;T discuss the scattering ampli tude for nOTI-zero 

angular momentum and helicities. Follo~',ing Jacob and 

Hick [11], we use the component of spin along a fixed 

direction, say the z-axis, to classify the possible 

polarized state of a particle. The states are labelled 
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by the component of the spin along the direction of motion 

of the particle ~t]hich we may call the helicity q,uantu01 

number or ' briefly helicity. 

Let '1
1

' '1 r: ('1 C 
/\ I\. 2' ;..... /\ 1 ' 

'1 11 T' , '-, 
/\2' ,-, ) be the helicities nnd the 

total kinetic energy of particles 1 and 2 in the initial 

(final) state respectively. Let J ".,( 
, 1:1 = J \, (J v ~,:V '-. 

Z I ~ .. , I be 

the angular momentum and its z-component for the initial 

(final) state. TJe define 
\

'G" ...... , an(~ 

r E', J', J:i 9
, Ai, Ai> to be the initial and final states 

respectively in the centre-of-mass system. The S-matrix 

can be written in the form [llJ 

<E ' J t ': 9 '1' '1 V let T":1 , ,u, /\1' I\.2 I.J c. , J , i." AI' "A 2 > 
_ ~ ('1"." ... ) (' &: < '1 , 
-'. f..J -1.. ?) J ' J H 'li I\.l' Ai \ SJ(E) I "AI' (2. L~.O) 

The reduction of the S-matrix to submatrices SJ C-~) , 

belonging to definite values of and J, is, of course, 

an essential step in any general collision analysis. The 
J 

J z diagonalization of Sand S is usually achieved by 

algebraic addition of the spin vectors and relative orbital 

momentum vector. As a result an element of the submatrix 

SJ(E) is labelled by 
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<L' s' I 5J 
(E) I Ls> , 

where Ls(L'sV) are orbital and total spin quantum numbers 

for the initial (final) state. 

If J, J ,J are the components of angular momentum x y z 

for the particle, a finite rotation with Eulerian angles 

0:, S, Y is performed by the operator R Q ~:Jhere 
(XtJY 

R Q = exp(-io:J ) exp(-i~J ) exp(-iyJz ) • 
afJy x Y 

(2.41) 

It is easy to construct the states with zero linear 

momentum and definite total angular momentum J and its 

component 1v1(= J ) • Since the magnitude p of the z 

relative momentum and the helicities ""I and t./A 2 
are 

invariant against rotations in (2.41), we can assign 

definite values to them, together with J and H • 

Let 12, J, M, AI' A2> be the symbol for such a state. 

We can define this state with a suitable normalization 

factor N as 

·kJ 
D ".1"1 (0: P y ) R Q f "l "l ,( 20 42) 

l' /\ a tJ Y -12./\1/\ 2 
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where and '+' 'A 'A 
E. 1 2 

is the phase of the state 

and 

du = da d cos ~ dy • (2.43) 

The integral extends over the domain 0 < a < 2n ~ 

o < ~ < n, 0 < Y < 211: and the star means complex 

conjugation. Furthermore, 

(2. L1-4) 

is the matrix corresponding to 

representation oj • 

R 
cx~y 

in the irreducible 

If we choose the normalization factor 

N' = [(2J+1)/411:]1/2 

and use the orthogonality relation [~2] for the d-function 

namely 

and 

11: 

~ d~~(~)d~~(~)d(COS ~) = 

o 

6,., 2[2j+1]-1 , 
JJ 

(2.46) 

~ ~(2j+l)d~~(~)d~~(~I) = ~(COS ~ - cos ~') • (2.47) 
J 
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where and '+' A A 
:2 1 2 

is the phase of the state 

and 

du = da d cos ~ dy • (2.43) 

The integral extends over the domain 0 < a < 2n , 

o < ~ < n, 0 < Y < 2rr: and the star means complex 

conjugation. Furthermore, 

(2.44) 

is the matrix corresponding to 

representation nJ • 

in the irreducible 

If we choose the normalization factor 

N2 = [(2J+l)/4n]1/2 

and use the orthogonality relation [12J for the d-function 

namely 

and 

c [ J-1 
0jj' 2 2j+1 , (2.46) 

o 

~ ~(2j+l)d~A(~)d~A(~I) = ~(cos ~ - cos ~') • (2.47) 
J 



25. 

We easily find that the angular momentum-helicity states 

are normalized in a standard fashion, thus 

Also the transformation matrix 

satisfies the unitary conditions 

and 

id . .oJ < e,5 "1" 2 I JM"l "2> < e,5 "1" 2 jJ I M I "1" 2 > * 

= 0J' ~~1' 

~ <e~AlA2 fJMAIA2><9'~'AlA2 \JMA1A2>* 
J1-1 

= ~ ( e¢; e' ~ , ) 

(2.48) 

(2.49) 

(2.50) 

and 62 , the two-dimensional ~-function on the unit 

sphere, viz: 

These relations are useful in the following discussion of 

the S-matrix. 
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The differential cross-section can be \vritten dovm 

2 
d iT'" (2 np -1 ) I < erl> "i ":1 I T ( E) I 0 0 " 1 "2 > 12 d.Jl., ( 2 • 51 ) 

'vhere d...o.. ( == sin 6d9dv5) is the final solid angle in 

the centre-of-mass system and the operator T is related 

to S by the usual equation 

s -11 = iT (2.52) 

where 1L is the unit matrix. The cross-section refers 

to given values of the initial and final helicities. 

By using equations (2.45) and (2.49), we can obtain 

the matrix elements S in the helicities representation 

and in the J1:1 representation, Eq. (2.40), viz: 

Is (E ) t J ' tl t. '\ '\ > < J 't-J ~. '\ '\ I 0 0 0 '\ \ > 
1 , /\1/\2 ' /\1/\2 ' '\1/\.2 

(2.53) 
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Again with the help of equations (2.51), (2.52) and 

(2.53), the differential cross-section becomes 

(2.54) 

where 

(2.55) 

rJ(E) is identical with - iSJ(E) except in the case of 

elastic scattering. Then love can write Eq. (2.52) as 

<".~"2 ISJ(E) 1"1"2> -~A" ~A'''' 
1 2 1 2 

= i <~iX~ jTJ(E) 1~1~2> ~ (2.56) 

~ve summarize our two-body results; all the important 

equations governing two-body scattering have been expressed 

in operator form. We have deduced the first and second 

resolvent equations. Simple algebraic manipulations then 

lead to the Lippmann-Schwinger equations for the t-matrix. 

We have also been able, by using the spin components 

(helicity states) not only in the initial and final states, 

but also in the angular momentum states, to reduce the 
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S-matrix to a simpler form. The above approach to two­

body scattering is applicable to the solution of the 

three-body scattering problem. By using the first and 

second resolvent identities together with our two-body 

results we will obtain Faddeevvs equations. 
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CHAPTER 3 

THE THREE - PARTICLE- SYSTEN 

Here we shall summarise the derivation of the Faddeev 

equations which help one overcome certain defects of the 

Lippmann-Schwinger equations for the three-body problem. 

We also discuss the angular momentum analysis for the 

three-body problem based on Omnes [lOJ. Further, the 

concepts of spin and iso-spin are introduced. 

Let us consider first three non-relativistic spinless 

particles of masses and their momenta 

£2' E3 respectively. Ue shall always assume that the 

total centre-of-mass momentum p(= £1 + £2 + £3) is zero. 

This condition implies that only two of the three momentum 

vectors are independent. The momentum configuration of 

a system can be described by the pair of vectors (k3 , £3) 

Nhere k3 is defined in (2.3). The unperturbed three-

particle Hamiltonian 

H 
o 

H 
o 

is given by 

(3.1) 
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The appropriate three-particle Hilbert space for 

these variables is that of square integrable functions 

of six real variables on L2(k,2) • Now we define the 

form of a two-body interaction in the three-particle 

Hilbert space. A two-body interaction will not involve 

the third particle and thus the potential v l2 may be 

written in the three-particle momentum spa~e as 

(3.2). 

The Hamiltonian of the three-body system has the form 

(11 = 1) 

H = H + v (3.3) 
0 

3 

where v = L v and v = 0 • a 0 

a=o 

The three-body forces could be included, but we shall 

leave them out for the sake of simplicity. 

defines the Green's function operators 

Then one 
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G(z) = IH - Z1J- l (3.4) 

and 

G~(z) = [H - Z1J-1 
o 0 

(3.5) 

where Z is a complex parameter and 1 is the unit 

operator. 

As before we start with the second resolvent equation 

relating G (z) 
o and G(z) • Algebraic manipulations 

identical to those that give us (2.26) and (2.27) show 

that 

G(z) = G (z) G (z)vG(z) (3.6) 
0 0 

G(z) = G (z) G(z)vG (z) (3.7) 
0 0 

T;Je can express the scattering amplitude operator T(z) 

the ~wo-body system in the Hilbert space variable of the 

of 

three-body system. Then T(z) denotes a state in \vhich 

one of the three-particles does not interact with the 

other two. Thus 

T(z) = v - vG(z)v • (3.8) 

Combining (3. 8) 'vi th (3.6) and (3. 7) gives us 



T(z) = v - v G (z)T(z) o 

= v - T(z)G (z)vJ o 

where we have also used 

and 

G(z)v = G (z)T(z) o 

vG(z) = T(z)G (z) • o 

The formal solution of equation (3.9) is 

T(z) 

By expansion of [1 + vG (z)J-l , we get 
o 

T(z) = [1 - vG (z) + vG (z)vG (z) - ••• Jv o 0 a 

= v - vG (z)v + vG (z)vG (z)v - •••• 
000 

32. 

(3.9) 

(3.10) 

(3.11) 

It'Je can rearrange this series in the following way by 
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+ ••• (3.12) 

Now T
1

(z) is denoted the sum of the chain 

(3.13) 

Obviously, T1(z) is the solution of the equation 

(3.14) 

which is obtained from (3.9) if the other two potentials 

and are equal to zero. 

Here T1(z) is the amplitude for the process in 

which particles 2 and 3 scatter, "tvhile particle 1 goes 

straight through. It is not quite the same as the two-

particle amplitude t1(z) for particle52 and 3. The 

relation between them is given in the momentum space by 

<J2.1' kl I T 1 (z) I J2.i, ki > =S-' (J2.cJ2.i) likl I tl (z-pi) I ki> • 

(3.15) 

Lovelace ~'h$shown that an important consequence of (3.15) 

is that, if the t (z) 
rx have bound state poles at Z = - E rx 
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then T (z) a \ViII have branch points there, with cuts 

going from - E ex 
to +00 • These are the right hand.cuts 

for the scattering of the bound state. hTe define the 

energy scale so that z = 0 corresponds to the three-

particle threshold for a three-particle system and to the 

two-particle threshold for a two-particle system. 

The amplitude T(z) for a transition between an 

initial configuration of the three particles with momenta 

E.1' £.2,' £.3 and a final configuration with momenta :e.i, 
, n3' £2' J;. 

is given by the matrix element of the scattering 

matrix 

(3.16) 

Faddeev has shown that T(z) can be written as a sum of 

the three contributions, 

where T(~)(z) are defined by 

T(O:)(z) = v 
0: 

(3.17) 

0: = 1, 2, 3. (3.18) 

l'lith the help of Eqs. (3.14), (3.17) and (3.18), the 
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components of (3.17) form a set of equations which are 

conveniently written in matrix form 

'T(l)(z) 

T(2)(z) = 

T(3)(z) 

Tl(z) 

T2(z) 

T3(z) 

G (z) 
o 

I 
f 

0 

T2(z) 

T3(z) 

T(1)(z) 

T(2)(z) 

T(3)(z) 

T
1

(z) 

0 

T
3

(z) 

He can \vrite Eq. (3.19) in the following form 

T
1
(z)' , 

T
2

(z) 

0 / 

(3.19) 

r(a)(z) = T (z) - T (z)G (z)[r(~)(z) + T(Y)(Z)]. (3.20) 
a. rx 0 

The integral equation for <£,k IT(z) J£~,k'> is 

simply derived from the operator Eq. (3.20) by taking tqe 

plane wave expectation values and using the completeness 

relation for the plane wave states. Thus we have 

<2 k Ir(a)(z) \2' k'> = <2 k \Ta(z) \2' k'> -

S
dk" dE. IV <£ k f T (z) I E. tv ~ tv> 
~ k ~~ < 2" k" \ [r ( ~ ) (z) + r ( Y ) ( z B 12 ' k I > 
2n + z;- - z 
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where 

1 ....... = 
n (3. 22 ) 

He can ,,,,rite this more explicitly by using the relation-

ship, (3.15), between two-body and three-body amplitudes. 

Our plane wave equation becomes 

P 2 

<n k \T(O:)(z) In 'k '> =( (n -n t)<k \t (z ~\ 
~o: -0: t~o: -a V ~o: ~o: -0: 0: - 2n J 

ex 

\ko:') -

(3.23) 

This makes explicitly the fact that the principal in-

gredient contained in the kernel for the Faddeev's integral 

equation is the off-shell two-body transition amplitude 
p :2 

<k· It (z - ~) \k tt) vJhen we have obtained this -a 0: 2n 0: ex 
kernel and have solved Eq. (3.23), then "tve have solved 

all three-body problems for the three particles interacting 

through potentials va. The operator kernel K(z) is 

also defined from Eq. (3.19) by 



37. 

K(z) = o G (z) • 
o 

(3.24) 

This is called Faddeev's kernel whose matrix elements 

contain ~-functions of the momenta. The important 

property of equations (3.19) is that the square of thG\' 

\ 

kernel does not contain any ~-function, owing to zeros 

on the main diagonal. Furthermore, Faddeev [4J has ' 

proved that K2(Z) is completely continuous, i.e. 

(3.25) 

apart from the values of z ",hich are not equal to the 

energy of a physical state. Love lace [8] has shovm that 

the scattering matrix T(z) is an analytic function of 

z except for these values of z which are equal to the 

energy of a physical state, e.g. 'tv-hen K2 (z) denotes a 

bound state. 

vJe denote the momentum state t 21 22 23> by a single 

parameter IE.>. The normalization of these states is 

given by 
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(3.26) 

We are considering that the states with momentum pO in 

an arbitrary direction specified by polar angle, e,~ 

may be defined by means of a suitable rotation applied 

to the states having momentum £ in the positive 

z-direction. The rotation is conveniently defined to 

be a rotation through an angle e in the positive 

direction about the axis £ x £' . 

It is easy to construct the states with zero linear 

momentum and definite total angular momentum J and its 

third component J (= H) • 
z 

Since the magnitude p of 

the relative momentum and the helicities A are invariant 

under rotations, we can assign definite values to them~ 

together with J and tv1. An eigenstate of this set 

of observables is denoted by IE, E, J, M, A) E 

and A stand for E1 , E2 , E3 and AI' A2, A3 respect-

ively. In the centre-of-mass system (f = 0), we can 

denote the initial and final states by I E, J, lvi, A) and 

IE', J', M', A9
) respectively. In order to evaluate the 

operator products we need to know how to transform in the 
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three-body Hilbert space from the basis I El' £2' £3> 

the basis tEl' E2, E3 , J, M, ~>. Since the rotation 

to 

J (J') f 0 matrix el:ement Dl'1A. 't', S, VJ is just the eigen unct1.on 

of J2 H '\ , ,/\. on the angular space (\V, e, r/J) 'tve have 

r/J) , 

(3.27) 

where N is some scalar to be determined. We can 

determine N by fixing our normalizations for the states 

The conven-

tional normalization condition for fEl' E2, E3 , J, N, A.> 

is taken to be 

<E l , E2 , E3 , J, 11, ~~:E'l' E'2' E~, J V
, M', ~> 

(3.28) 

Thus Eq. (3.28) may be \vritten by using the completeness 

of the momentum states and after integrating over £3 

5 dI?l dI?2 <E1 ,E2 ' E 3' J ,r1, A I I?1'I?2 ,I?3 > <I?l' I?2' I?3 I 
E • E t E' J 1 ':' .• 1 ,\' > :::: iI' 2' 3 ' ,r'l, I\. 
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(3.29) 

By changing the variables of integration to P12/2m1 7 

P22/2m2' P32/2m2' '+, e, r/J, \fJe can integrate easily. 

For restricted to lie in the plane defined 

by "+', e, r/J \\1e can \vri te 

where dR is the measure of the rotation group 

dR = sin e de d·'t dr/J , (3.31) 

and 

n 2n 2n 

)dR = 5 sin e de ) d"V ~ dv1 
.. 

0 0 0 

= 8n 2 
• (3.32) 

Thus Eq. (3.29) may be simplified to 

(3.33) 
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by using the orthogonality relation for the D-functions. 

Comparing (3.33) with (3.28) gives us \N\2 

(3.34) 

~rJe have to find the Faddeev equations (3.20) when 

taking the matrix elements between the states IE, J ,I'll, 'A.) 

and 1 E ' ,J ,N, 'A. '>. Thus 

<E' ,J,M,X' I r(a)(z) I E,J,l1,X) 

= <E' ,J,M,A' I Ta(z) I E,J,M,A> 

- <E',J,M,'A.' I T (z)G (z)[T(~)(Z) + T(Y)(z)] 
ex 0 

J E ~ J , 1/1, 'A. > • ( 3. 35 ) 

In the initial and final states, we have used the same 

J and 1-1 indices because J2 and M both commute lvith 

the total Hamiltonian, H and from the definition of the 

three-body transition operator (3-.8), it follows 

immediately that T(z) is diagonal in J and 1:1. 

The expectation value of G (z) 
o 

state /E,J,N,'A> because all 

each other and H so that 
o 

is very simple in the 

J2 P1 'A. commu t e l'li th ,. , 



42. 

(3.36) 

Then Eq. (3.35) becomes 

.. _. -r dE"<E' ,J,N,A' I To:(Z.) I EtI,J,iVj, A''> x fE, J , H, A> - \ .. 

L E"+E"+E" z A" 1 2 3-

This is an integral equation which contains the kernel in 

terms of known two-body functions. 

We can now evaluate the inhomogeneous terms in the 

Faddeev equations, namely, <E' ,J,H,A' I To:(z) I E,J,1vi,i\> 

by extending the procedure of Omnes [lOJ to the angular 

momentum and to the helicities. For simplicity, let us 

consider 0: = 1 • 

between the states 

The expectation value of T1(z) 

<E' J 11 l' I and , , ,A I E,J,t1,A> is 

<E ' , J , H, A' I T 1 (z) l E , J , 1'1, A. > <T 1 > = ) ) d£2d£2 ' d£3dI?3 • 'I 

<E',J,M,i\.' lE.2E.3><E2E.3 \T1(z) lE.2'E,3'><E.2'E.3 v \E,J,H,A> • 

(3.38) 
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This can be rewritten, using the relation between Tl and 

t 1 , as 

<Tl> = (ffilffi2ffi3)2INj" ~dRd(Pl"/2ffil)d(P2·/2ffi2) 

(3.39) 

where I N\2 is the normalization factor and ;\= A, 2-"'3 

and (\.' = A' -2 
At 

3 . 
Since E,1 and E,2 depend on the Euler angles in 

and R' , the only complicated factor in this integral 

Thus we may use the representation of 

the delta function in spherical coordinates [27J to get 

'ZY.'(ECEP = p~" '(/qE1-~i~(cos e - cos g' ~('P-'t') 

= ---L..C;(E -E' )f6( cos e - cos e' )'0('+' - '-V' ) 
mlP l 1 1 

(3.40) 

Substituting Eq. (3.40) in Eq. (3.39), we get 

R 
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Integrating over the delta-functions b (cos e - cos at)., 

~ dv.S dv.S' d cos Q d Y D~(\ (v.S, e, 't' ) 

(3.42) 

We choose the direction of the helicities to lie along the 

PI direction. This direction is uniquely determined by 

'8, "P' • In fact, 't-Je can deduce a relation between 

J~ J~ 

DM'A (r/J I, e, 't') and DlV1'~ (95,9, y) as 

J~ J 
DH'~ (~' ,e, 'f) = exp(-if\~t )dN.

A 
(9) exp(-il>1't') 

= e xp ( i 1\ (~.-r/J • ) ) e xp ( - i /\ r/J ) ~ f', ( e ) e xp ( - iH Y ) 
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= exp(il\(~-!6' »D~';~ (~,e, "¥) • (3.43) 

We have Xl = xi · 
u = rf; - r/J

0 

Then Eq. (3.42) becomes, using 

2n 

JdU exp(ij\u)<k1 I t1(z-E1 ) I~i> · 
o 

For the choice of the direction of the helicities, we have 

2n 

) du exp(il\u) X 

o 

(3.45) 

vIe may expand the two-body amplitude by using the 

partial wave projection [12J as 

~ (2t+l)t l {(k1 ,ki;z-El ) ~ 

I 
Pt(cos Yl cos yi + sin Yl sin yi cos u). (3.46) 
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The Legendre polynomial may be now expressed in terms of 

Pt(cos Yl cos yi + sin Yl sin yi cos u) 

4n \_._- ..... 
== 2[+1 .L ylm~(Yl'~l)Ylm(Yi,~i) 

m 

4n L Ylm(Yl,O)Ytm(yi,o)exp(-imu) == 21+1 • 
m 

(3.47) 

Then Eq. (3.45) can be written with the help of Eqs. 

(3.46) and (3.47) as 

<T1(z» == L 
t 

2n 

) du exp(iu(/\ em» J • 
o 

(3.48) 

The integral term in square bracket in zero unless m = 1\ · . 1 

We can now write down the most general form of the matrix 

element <T > thus ex 

m +m 
B y Ib.(E -E') 

n(2m E)~ a a 
a a 
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Up to now we have assumed that the particles have no 

initial degrees of freedom. 1rJe now introduce isotopic 

spin. The three-particle states are represented by 

1£1' £2' £3' II lIz' 12 12z ' 1313z> where la' 1az 

designate the total isotopic spin and z-component 

respectively of the ath particle. These states can be 

this ''lave function 12 and 13 are coupled to form I 23 

which is coupled in turn to 11 to form the total isotopic 

spin I • lrJe can write the inhomogeneous term includirig 

angular momentum, helicities and isotopic spin as 

(3.50) 

We use an additional subscript 23 to emphasize that the 

two-body scattering matrix also depends on 123 • The 

matrix elements <11(1213)12311z l (1311)1311211z> are 

directly related to the 6-j symbols according to the 

formula 
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<11 (1213)12311z J (1311 )131 1211z> 

I +1 +1 +1 1 

= (-1) 1 2 3 [(2131+1)(2123+1)]~~ 

(3.51) 

We have considered 131 = 1~3 • The recoupling of three 

angular momenta and the 6-j symbols are discussed in 

appendix. 

Finally one gets the inhomogeneous term Tl(z) in 

the representation of angular momentum, helicities and 

isospin with the combination of Eqs. (3.48), (3.50) and 

(3.51) 

(3.52) 
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We can write the kernel Ka:(E',E'O) in general form 

I +1 +1 +1 1 

K c/ E I ,E ") = ( -1 ) 1 2 3 [ ( 2 131 +l )( 2 1
23 

+l ) ]'2 )< 

t 
12 13 123 "\ rri: +m 

) ~ r 61' f\' S (E~-EQ)X 
131 ~ 

. ~ 

II I n(2m E )2 ex ex 
) 

a ex 

(E " + E It + E IV_ z)-l L Y fA (Y a ' 0 ) Y t 1\ ' ( y ~ , 0 ) ex ~ y 
t ex ex 

Basdevant [28J and Ahmadzadeh and Tjon [29J have 

shown that if the kernel K(z) is separable the system 

of integral equations in three variables are reduced to a 

system of coupled integral equations in one variable only. 

v.le folIo,,, Basdevant' s reduction method to obtain from three 

variables to one variable coupled integral equations. 

The kernel defined in Eq. (3.53) can be written in the form 

KN(E',E tt ) =~. (E'-E")A (E')B (EIO) 
u. \.j ex ex ex ex 

where 

A (E t) 
a: 

1 +1?+1 +1 1 (I 
== (-1) 1 ... 3 [(21 +1)(21 +l)J~l 2 

31 23 I 
1 

(3.54) 
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and 

Then the Faddeev equations (3.37) become 

( 

T ( a) (E ' ,E) = T (E', E) - A ( E ') J B ( E U)&( E ' -E U) ~ 
a a a· a a 

(3.55) 

Its solution can be defined as 

T(a)(E' E) = T (E' E) - A (E')X (E' E) • 
~, 0:: rl..' 0:: c( a 0(' 

(3.56) 

Substituting (3.56) in (3.55), we obtain a new set of 

integral equations,involving the function Xo:;(E~,E) 

- L (Z '" (E' ,E Ii)X", (E n, E)dE~' • 
B ) at--' c( 0(. t--' ~ "" 

Introducing the functions ryo:; (E~ ,E) and 

(3.57) 

Z (EI E") aB ~'c{ 
thus 
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and 

2 (E' E ") = (1 ~: ) \Ba(E)A~(EjO(E~-Ea)~E~-E~)dE a~ (j..' rJ.. - -lex ~ , 
.I 

Eq. (3.57) becomes 

X (E' E) = 'J (E' E) -L ) Z a ~ (E ; , E ;') x~ ( E ~ " E ) dE " ex «....' ex eI.' 
~ 

(3.58) 

or written in matrix form 

( Xl (E;, E) ( J 1 (E~' ,E) \ . 0 212 213 

( X2(E: ,E) 'J 2(E; ,E) ) = Z21 0 223 

\ X3 (El ,E) ~j 3 (EJ, E) 231 232 0 

Xl (E~',E) 
\ 

X2.(EJo,E) • (3.59) 

X3 (E~', E) 

At this point let us assess what we have accomplished. 

The form of the equations we have obtained is quite analo-

gous to that of the original Faddeev equations; what must 

be pointed out as extremely important from a practical 
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point of view is that we have now a problem involving a 

system of coupled integral equations in one variable 

only. 
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CHAPTER 4 

THE SEPARABLE APPROXINATIONS 

In the last section, we have discussed the formal 

aspects of three-particle scattering. All the properties 

of the three-particle system may be derived as long as one 

knows the exact scattering amplitudes (off-energy shell) 

for the two-particle system and information about the 

form of the three-body force. 

Attempts to solve the three-body problems ,\\1ere made 

by several authors [6, 7, 9, 10J. Though starting with 

different formalisms Lovelace and Rosenberg in potential 

theory and Amado in field theory, the three-body equations 

of these theories are very similar. However, the most 

comprehensive calculations are due to Lovelace. 

tJith regard to two-body interaction, it should be 

noted that the two-particle scattering data only deter­

mine the scattering amplitude on the energy shell. 

Information regarding the off-shell scattering amplitude 

can be obtained by the study of multiparticle systems. 

In particular, the Faddeev equations provide a basis for 
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the study of this off-shell behaviour and its effects on 

the three-particle system. However, this is not a very 

practical proposition since the number of degrees of 

freedom involved in the three-particle problem renders 

difficult attempts for numerical .olution without 

approximation (S. Lee's Ph.D. thesis, University of 

London, 1969). One possible approximation is a 

separable two-body potential. 

The Lovelace theory is applicable to a three-particle 

system in which each t"t:lo-particle subsystem can form 

bound states or resonances. It exploits the fact that 

the energy and form factor of the bound and resonance 

states determine the behaviour of the tw'o-particle ampli­

tude (off-and on··the energy shell) in the vicinity of 

the poles associated with these states. The assumption 

of the separable potential leads to an approximation of 

the two-particle amplitude which is separable in the 

initial and final variable. 

The separable approximation of the two nucleon system 

has been proposed by Yamaguchi [13J and has since been 

used extensively [14, ISJ. We here discuss its 
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theoretical justification. This approximation gives rise 

to an adequate representation of the low energy t"f,vO 

nucleon data. It would be desirable to include the 

effects of the nucleon-nucleon short-range and tensor 

forces. The inclusion of these phenomena would greatly 

increase the numerical difficulties involved in the 

solution of the three-nucleon problem. As \ve believe 

their effects will be small, we have chosen to represen~ 

them by a single adjustable parameter hoping that with q 

single choice of this constant a good representation of 

several three-nucleon observables can be obtained. 

Let us consider a two-body system with Hamiltonian 

h (= h + v) • 
a 

The relation between the resolvent of 

the Hamiltonian h and the t-matrix is given by 

t(z) = v - vg(z)v • (4.1) 

If h gives rise to a bound state function 'V n (E) ~vith 

binding energy E , 
n 

then as is "1e 11 kno\'I7l1 

hence t(z) will have a pole at z = - E n 

g(z) and 

• It has 

been shown [8J that g(z) has the following spectral 

representation 
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00 

I '-Vn (;) ;~(£') + ! 
n n j-dqq" ~f (£.9.) )( 

q2 _ Z - i t~ 

o 

(4.2) 

'vhere 't'1 (£.,9) are the continuum wave functions. 

The assumption that the bound states dominate the 

two-particle interaction leads to the approximation. 

Thus 

(4.3) 

If we have just one separable potential with partial l:'Jave 

then we can easily get a closed for.m for the off-shell 

t-matrix which has been given by many authors [14-J. 

Thus 

(4.5) 

where 
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(4.6) 

The separable potential will have a bound state, if there 

is a point z = - E[ for which 

(t}.7) 

Then, Eq. (4.6) becomes 

-1 

•••• 

(4.8) 

If we take the second factor constant, then the t-matrix 

will reduce to the bound state contribution. Thus the 

t-matrix becomes 

<£ I t I ( z) IE' > = L. gt(E)gt(2' ) (z + )-1 (4.9) E{ , 
I 

where gt(p) is the form factor of the bound state. 

We see that the factors of the separable potential 

are just the bound state form factors provided the 
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coupling constants ~{ of Eq. (4.4) are chosen to give 

these form factors the right normalization 

CD 2 

\ 
o 

q 
2 

dq f g { ( q ) i 
(q2 + E )2 

I 
= 1 • 

It is instructive to cOll.sider the separable amplitude as 

an off-shell form of N/D equations. The arnplitude 

(4 .• 5) may be written in this way 

(4.11) 

where D{(Z) has only the right hand cut and Nt(Z) 

only the left hand cut. Therefore, we have 

tl(Z) 
1 = n,,(z) , 

(4.12) 

and 

1:-
gt(p) = [Nt (p2)J2 

The bound state form factors gt(£) satisfy [21J 

dispersion relations in p2 with only a left hand cut 

and the off-shell t-matrix is given by 
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(4.14) 

provided that the potential wave is determined by a 

bound state. The numerator N{(Z) is determined by 

the form factor of the bound state and hence contains 

the left hand cut [22J. The form factors that will be 

considered correspond to pole or double pole approxi-

mations to the left hand cut. 
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CHAPTER 5 

TEE COULONB INTERACTIONS 

In this section 'tJe study the Coulomb interaction. 

Charged particles are much easier to study experimentally 

than neutral particles, but their Coulomb interactions 

complicate the theory considerably. The Cou.lomb poten-

tial is~ of course, not separable and at low energies~ 

with the particles held together in the bound or resonant 

states, can not be treated as a small perturbation. 

Another exact method for dealing vJith the Coulomb 

interactions is therefore required. 

The three-particle equations require the exact t\!?O­

particle t-matrix elements (off-energy shell) and these 

are at present not knoivu precisely. A method for 

dealing with this difficulty will be described below. 

The behaviour of the t\'lo-particle interaction via a 

short-range separable potential together with a Coulomb 

potential was studied by Harrington [16J. He illustrated 

the nature of the Coulomb modification to the g-functions 

in a simple s-wave problem with a single term {central 
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force part) of separable potential of Yamaguchi type [13J. 

vJe shall apply the technique to calculating s-\'Jave 

g-functions with the separable potentials of Yamaguchi 

[ 13J .. 

He consider a Coulomb potential \'I7i th cut-off. The 

potential v is expressed as v = v + v 1h7hich is the s c 

sum of a separable potential v 
s 

and Coulomb potential 

v 
c The cut-off radius P 

J.\. of v 
c 

is much larger than 

the range of v 
s 

The three-particle system is described by the 

Hamiltonian H 'tvhere 

H-·H +v +v o s c 
(5.1) 

and H is the kinetic energy operator. o 
The Coulomb 

Green's functions are given by [18J 

and 

G c(z) = [H + v _ zJ-1 • 
o 0 C 

Then we can rqri te G c (z ) in momentum space as 
o 

(5.2) 

(5.3) 
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Since kl is the relative momentum of particles 2 and 3 

then Eq. (5.4) can be \vritten vvith the Coulomb function 

<k1 11!l~> in momentum space .. as 

(5.5) 

He assume the Coulomb function <k I ,pc> to be strongly 
- 9. 

peaked at k = 9., both in magnitude and direction. 

Then Eq. (5.5) becomes to a first approximation 

(5.6) 

The short-range interacting separable potential 

v in its partial 't'Jave form is s,{ 
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(5.7) 

Harrington [16J has shovm that vJhen v is separable s,[ 

the scattering potential Vsc,t \vhich includes the 

Coulomb potential v I is also separable. Thus 
C,A 

= exp(i~ ,(q'»)Atg ,(q')g ,(q)exp(i~ ,(q)). 
C,I, C,A C,A. C'JA 

(5.8) 

\vhere 

co 

j dqq2 I <k \~;> tla~( lj.) J 

o (5.9) 

~c,l is the Coulomb phase-shift, and vsc ,/::: vS'Jt+vc,t • 

Since is separable, the matrix amplitude 

(4.5) becomes 

t ,(z) exp(i~ ,(q», 
C,A e,A 

(5.10) 

,vh.ere 

(5.11) 

o 
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The asymptotic form of the radial "VJave function 

ii']t(q,r) in configuration-space for the cut-off Coulomb 

potential is given by 

1 
lrJ,(q,r)r\j sin(qr - -2 fre +!J. ,(q» • 

'" ~ C,I, 
(5.12) 

Yost, Hheeler and Breit [17J have originally shovm that 

the radial Coulomb wave function Ft(q,r) has the 

asymptotic form 

1 
F t(q,r) (\) sin(qr - x log 2qr - 2" {n + 6.

c
,t(q»), (5.13) 

\vhere !J. If' the Coulomb phase-shift is given by 
C, T, 

6.c ,I(Q) = arg r<t + ix) , (5.14) 

and 

(5.15) 

The wave function h7t (q,r) satisfies the Schrodinger 

equation v.lith a cut-off [29], rather than exact Coulomb 

potential (for qR» {(/+1) + x2 (q) and r < R ). 

This is required in order that Ht(q,r) has its a.symp-

totic form when r = R • Then we have for r > rr 
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wt(q,r) ~ F[(q,r) 

= (2i)-1-1 C,(x)M. J~1(2iqr) 
" 1X,A.I.::;2 

(5.16) 

where M is the YrJhittaker function and C,,(x) , the 
~,v " 

barrier penetration factor [17J 

C/(x) = 22f«zt+1)!)-Z({2+x2) [<1_1)2 + X2] 

(1+x2)2nx(exp(2nx) _ 1)-1 • 

• • • 

The function gc,/(q) is defined [16] in terms of 

trJ t ( q , r ) by 

00 

gc,/(q) L,.nq -1 Sr dr G I (r )~\JI (q , r ) ::: , (5.18) 

0 

where Gt(r) is defined by 

co 

Gt(r) = (2n 2 )-1 5 q
2

dq gt(q)jt(qr) (5.19) 

0 

and j{ is a spherical Bessel function. 

With the help of (5.16), Eq. (5.18) becomes 

ro . 

gc ,(q) = 4nq-l \ rdrGI (r)(2i)-t-1C,(X)N. tI~l (2iqr) •. 
, A. J " 1X,,, 1.::;2 

o (5.20) 



lJ e can no\\! compute the functions' gc ~ l (q ) for the 

different angular momentum states. 

66 .. 

We consider the non-local separable potential of 

Yamaguchi type [13J for the S-state in the form 

""here 

() ( 

n ~\-l 
~ 0 = ~ ~ + q~ J 
b o 1 0 

and ~o is a constant parameter. 

So Eqn. (5.19) becomes 

co 

J q(~oa + qa)-l sin(qr)dq • 

o 

Now we have the result [24J 

co 

(5.21) 

(5.22) 

\ x2m+l sin(ax)dx = 

J (z+x2 )n+l 

(_l)m+n 1t dn [zm 
---...-....:- -2 -n exp(-a I;) ] n! dz 

o (5.23) 

Then G (r\ o ) becomes 

G (r) = (41tr)-1 exp(-~ r) • 
o 0 

(5. 2L. .. ) 
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,tJith the help of Eqns. (5.18) and (5.2~.) 

00 

() 4-1 
gc 0 q :::: TIq \ rdr(4nr)-1 exp(-~ r)(2i)-lc (x) l< j 0 0 , 

o 

M. 1 (2iqr) 
:LX, --2 

We also have the result [25J 

o 

11+1:-2 }'( 2 \ ( J ) A._II_l, ( J ) _A._I 1-1:-2 :::: a~ L ~+l) s-~a ~ ~ s+~a ~ • 

Then the final form of 

~lhere 

C 2(X) = 2TIx[exp(2nx) _ 1J-l • 
o 

becomes 

All calculations of (5.26) are in appendix III. 

(5.25) 

(5.26) 

(5.27) 

This function is useful in finding the correct 

separable-potential parameters for the scattering of 
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two charged particles, especially in those cases vlhere 

there are no neutral counterparts. With this information 

the off-shell two particle T-matrix needed as input in the 

Faddeev equations of the three-body problem can be calcu-

lated. In the next section, \\l€ shall use the function 

gc to modify the Faddeev equations of our p-p-n problem. 
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CHAPTER 6 

THE MODIFIED FADDEEV EQUATIONS 

The aim of this chapter is to study the three-body 

bound state problem Hi th t~',70 of the particles charged. 

TIJe shall use the approximate form of the Coulomb Green's 

functions in momentum space, suggested by Schulm2.u [19J 

and Adya [20]. Both of them left out spin, isospin~ 

angular momentum, tensor forc.e and hard core saturation 

effects. They only considered the two-body short-range 

interaction with the central force term of the Yamaguchi 

potential [13 J. Alessandrisi et al [30J discussed the 

Coulomb energy t1 of 3 and the probability He P3/2 c 

of finding the 3 in I = 3/2-state. They extended He an 

the formalism of Alt et al [31J to spin and isospin and 

l
~lsO ~hO\ved that the Coulomb interaction violates the 1 
1sospln symmetry. We shall try to modify the Faddeev 

equations with the Coulomb potential including angular 

momentum, helicities and isospin. 

We have already discussed the three-particle system 

of the uncharged particles and their Green's functions in 
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Chapter 3. The transition to the charged particle system 

is now straightforward. The total Hamiltonian for this 

system is defined in (5.1) and the Green's functions 

and G c(z) 
o 

respectively. 

are also defined in (5.2) and (5.3) 

Then we can \'I7rite 

(6.1) 

where 

3 

T(z) = L r(a)(z) • (6.2.) 
0:=1 

The T(a)(z) satisfy the coupled integral equations 

(6.3) 

(0:, ~ = 1, 2, 3). 

The T c(z) is operator in the three-body space for the 
0: 

charged particles. 
J.S2. 

to (~) 

He can write T c(z) in analogous 
a 

ffir:<+m 
tJ Y 
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[12 13" 1 23 ') 

-~/\t ~ Y1f'.. (y,O)YI A' (yV ,0) X ( 4.-

II I 131 ) I 

ti(k ,k'; \ ex ex 
z-E ) ex 

(6. L}) 

where 

c( I tl ka,ka; z) = g l(k)g t(k')t t(z-E) , c, a c, Cl c, ex 
(6.5) 

and g ,(k) and t ,(z) are given in (5.14) and c,,,- c,,,-

(5.11) respectively. 

Let us denote the factor K~Alf(Y'Y') by 

I 11+1 2+13+1 ~ 
KI\f\'I(y,yV) = (-1) [(2I23+1)(2I23+l)J2 'f 

(6.6 ) 

The operators Tl (z) and T2(z) ,vhich we have 

already discussed in Chapter 3, are equal in our case 

(p-n subsystems). They are not affected by the Coulomb 

potential. Only the operator will be affected 



for the Coulomb potential. The integral equation, in it$ 

angular momentum, helicities and isospin decomposed form 

for the Coulomb effect, is obtained from (6.4) and (6.3). 

Thus 

m~+m ______ ..... X __ x 

tn
1
m2m1 .J2m E ,,_. a a 

( dEGV IzI ( Y , Y 10 'J (E-t so + E 00 ..I.. E"'\ to - J ./\' /\ 19 {' a J ~ I Y - z -

, .. 
c ~ (E ,,_ fo' r) t C (k k · z-E ") <E IV J H A. tQ I W I o a ~a I. a' a' a "" 23 \ 

(6.7) 

rile can 'vri te the kerne 1 in (3. 29) inc 1 uding Coulomb 

potential 

K3 '( E ' , E ") KI (' ") '( E 91 10 E to )-1 = 1 /\' /\ Hl Y ,y 1 + E2 + 3 - z - vex 

Again this kernel can be written in analogous to (3.f~ 
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where 

( VI) ( 89 ) -1 (U) (n '. F 3 E == L E -z-v Y I /\ It Y 3 1 0 g II k3 ) c 1\ 3 C,I, 
(6.10) 

and 

I +1 +1 +1 
A

3
(E') - (-1) 1 2 3 [( 2I i2 + 1)(2112 + 1)]\ ~ 

Y II (\Gi (yV, O)g ,(k3 ')t t(z-E':')') • 
"- 3 C)lA C, ..) 

(6.11) 

Then Eq. (6.7) becomes 

3.57 
According to (~), Eq. (6.12) can be 'tvritten as 

dEn .... (~ K (E' E It) X ( E IV E) dE to 

) f'-' 3~ 3' 3 ~ 3'..J 3' 
(6.13) 

(~ = 1, 2) 



where 

Let us denote D3(E',E) by 

Then Eq. (6.13) becomep 

X3(E
3
°,E) = B (E V E) .3 3' 

_Jr ~ K (E' E ttl ) X (E 99 E) dE IV 
L~ 3P J' ~,3' '.3' 

Similarly, Xo:(E~,E) (0: = 1, 2) can be written as 
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(6.16) 

(6.17) 

Combining (6.16) and (6.17), lve get the equation in 

matrix form 

Xl (E~., E) 

X2 (E~, E) 

X3(El,E) 

= 

# X (E co E) \' 
1 c( , 

"" v (E n Ii') L"'2 ..Ad' .u 

, 
X (En E) 

3 'J.' 

(6.18) 



75. 

Hhen particles 1 and 2 are the same~ then equation (6 .. 18) 

becomes 

(X (E' E~\ 'I 0( , 

( Xl(E~,E) = 

\X3(E~ ,E») 

/B (EO E) 
1 c<' 

-:") (E' l-i" ~l '" ,--,) 

B3(E~,E) 

I 0 0 

0 0 

K (Ti' 9 4' VO) 
31 ...... Q(' L'J I 

X (ElfVTi') '"I (,(, ..., 

"'A Xl (E ~Q , E ) 

X3 (Ej',E) 

TT (F. v -, VI) ,t\'13 -~t\'" l~c( 

IT (F Y 17 SO ) 
~13 -'0(' "-'ot 

iT (E' Ti"V ) L" 31 _lei' l-1 rI 

(6.19) 

Eqs. (6.19) are after one iteration, integral equations 

co 

Xl (E; ,E) = BI (E: ,E) - K13 (E; ,E)B3(E~,E) + \ 2K13(E,' ,En 1-

~o 

K (T-i" E to) X (E n E) dE 19 
31 L;"" 1 " " 

and 

00 
r' 

(6.20) 

X3(E~ ,E) = B3(E~ ,E) - 2K31 (E; ,E)BI (E,' ,E) + ) 2K31 (E;,E;) X 

o 

(6.21) 
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Combining Eqs 0 (6. 20) and (6. 21) ~ \ve can wri te the p-d 

scattering amplitude matrix equation as 

ro 

( K (E' E fO)K (E' E U)X (E n E) dE tv 
) exp e{' 0( ~cx «' 0( ex 0(' 0(' 

o 

(ex,~ = 1,1,3) , (6.22) 

,,,hen if ex = ~ • 

Eq. (6.22) forms the basis of many of our predictions for 

proton-deuteron scattering. At this stage, it is cou-

venient to make a number of resultso 

The bound state "tvave function equation can be '>Jritten 

from equation (3.2 0 ) as 

G (z)T (z) 
o ex 

Then the He
3 ~/Jave function becomes 

(6.23) 

co 

Y (E' E) 
ex <rl.' 

(K (E' E It) K (E' E f9) Y (E 99 E) dE tv . j ex~ «.' c( ~a of' J. ex 0(' ~ .. 

o (6.24) 
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Thus we have a set of homogeneous integral equations that 

has a solution only at an energy equal to the binding 

energy of the three-nucleon system. 

For the treatment of isospin, we choose to work in 

a basis in \lJhich the total isospin I is diagonal. 

Since the Coulomb interaction violates I-conservation 

not I , the bound state scattering operators vlill be 
z 

diagonal in I 
z ' 

but \\7i11 have nonvanishing matrix 

elements bet":,veen the states of different I. ~ .. Je can 

vJrite the equations in a basis in the Hilbert space in 

which the SU( 2) symmetry breaking in the three-nucleon 

system is transparent. vJhen I 
1 they more = - 2 , 

z 

reduce to the we ll-kno'vn equation for n-dscat tering [9], 

but for they sho,v implicitly the Coulomb 

effects. 

The eigenstatesof I available for the three-nucleon 

system are I ::.!. and 
2 

3 
I = '2 • If the pairs of nucleons 

are in a deuteron-state, the total isospin can only be 

1 
1=='2 • However, if the pairs of nucleons are in a 

1 
nucleon-state, the total isospin can take both values 2 

3 
or 2 • '\Je shall discuss the results for the S-state in 

the next section. 
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CHAPTER 7 

THE OBSERVABLES 

Here we report on the results of our numerical 

calculations of the three-body bound state described 

in the last chapter. In the following we describe 

Faddeev's T-matrix for p-d (ppn) elastic collisions 

and the binding of 3 as \vell the Coulomb energy He as 

energy ~ of He 3 
• We also compute the phase-shifts c 

from the calculated T-matrix elements for the t = 0 

partial wave. 

Firstly we calculated the strength of the coupling 

constant A. The value of the coupling constant is 

conveniently determined from the equation [32J 

'\ -1 _ 2 ~-3 
I\. -TC t-' -

which relates it to the singlet scattering length 

(7.1) 

a 
s 

Table 1* contains the strengths of the inverse of the 

coupling constants for n-?, p-p and n-n collisions ~qith 

corresponding input parameters. 

"k 
See on page 86. 
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We also determined the strength of the Coulomb 

potential () 2 -1 v r = e r • c Taking the Fourier sine 

transform into momentum space viz. 

obtained for v (p) 
c 

a value of 0.011466 (using 

Throughout our calculation we assumed the equal masses 

for nand P thus m = m = m = 4.76 F- l 
, P n and 

reduced mass 1 -1 
~ = 2 x 4e76 F • 

1 
137 ). 

We replaced the momentum variables k by the energy 

variables w using the relations 

and 

respectively. Then to(k1,ki; z) in (4.5) and 

t o
c

(k3 ,k3; z) in (6.5) became 

row -1 mw ' -1 
to(kl,ki;z) = t o (w1,wi;z) = (~2 +~) (~2 + ~) x. 

00 

~ t:~i/2(~. + m~i)-\z 
o (7.2) 

and 
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-1« )~ Q-l)J [ 2/ '~2 tan 2mwl I'-' exp (2lle (2mwl ) • 'f.. 

-1« V)~ Q-1) [A-l 
tan 2mwl I'-' pp .. A 

d 'J- l 
wI • (7.3) 

For solving integral equations (6.20) and (6.21) we 

used the quadrature rules described by Osborn [39J slightly 

modified. Tjle transformed the integral equation to matrix 

form by approximating the integrations by finite sums. 

The infinite limits of the integrals were easily changed 

into finite ones by a conformal mapping. Gaussian 

quadrature was used to convert the integral into a sum. 

Our quadrature rules evaluated exactly all the rapidly 

varying terms in the integrals and allowed us to get 

accurate results ''lith a small number of mesh points. 
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All calculations were carried out on an I3N 709L~ II 

computer at the Computer Centre of Imperial College. ltle 

used five point Gaussian quadrature [33J. He also used 

the energy units of inverse Fermis instead of Mev. The 

-1 , relation between them was 139.4 Mev = 1.415 F • Faddeev s 

T-matrices were estimated at different (total kinetic) 

energy leve 1s viz. 5 Hev, 8 l\lev, 10 i,lev and 15 Mev for 

p-d elastic scattering. The phase-shifts were determined 

from these matrices. 

Lovelace [9J has shown that the T-matrix satisfies 

the principal value form of the Lippmann-Schwinger 

equation '{vhen i( is dropped i.e. Im(z) = 0 and the 

integral becomes a principal valued integral. Let 

At(p,qjk:;!) be the amplitude which is the solution of 

the T-matrix equation. Lovelace derived the relation 

between At and tl thus: 

2n:;!ikA,(p,kjk2 )A,(k,Qjk2
) 

1 + 2n2 ikAt (k,kjk2
) 

• (7.4) 
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Since is real and symmetric in p and q, Eq. (7.4) 

satisfies the off-shell unitarity relation. The on-shell 

T-matrix is related to the phase-shifts by 

(7.5) 

Using this relation we estimated the phase-shifts 

for the S-state. Our results and those of other authors are 

shown in table_ 2~ BHM's theory [26J included t = 0, 1, 2 

whereas ours only t = 0 . This probably explains the 

small energy dependence of our t = 0 phase-shifts and 

the discrepancy at higher energies. CG determin£d their 

phase-shifts I = 0 from the experimental differential 

cross-sections and the phase-shifts for t > 1 calculated 

in Born approximation. 

For the binding energy of He 3 /'Y' 
we deter;Jned the 

largest eigenvalue of the kernel of the homogeneous 

equations (6.24) for a definite energy. When the 

largest eigenvalue was equal to 1, then this energy was 

called the binding energy of He 3 • 

.t. 
" See page 87. 

Weinberg [34J 
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discussed the properties of the eigenvalues and eigen-

vectors of the kernel of the Lippmann-Sch\vinger equations 

for real potentials. Phillips [35J used the matrix 

equation of the form 

K .. (E
b

) J. (E
b

) = k ~. (E
b

) • 
1J J ) J 

(7.6) 

He employed an iterative method for finding the largest 

eigenvalue k max 

binding energy, 

of 

k max 

K .. (E
b

) • 
1J 

3 
If Eb was the He 

= 1 • l~e observed the energy E 
b 

by searching for the zeros of the Fredholm determined of 

Eq. (6.24). The difference between the binding energies 

and He3 yielded the Coulomb energy of 3 
He • 

Our model estimated the He3 binding, energy \qhich 

'vas in good agreement 'vi th the experimental value. In 

table 3*, the binding energy and the Coulomb energy 6 
c 

of He
3 

are sho\vu together with those of Adya [20J and 

the experimental values. Adya took an approximation of 

the form factor g (k) = c(x) exp[x tan-l(k/~)J and 
c 

calculated the Coulomb energy from his 

-----------------------------------------------------------~~-~ ,,, 
See page 88. 



84. 

estimated triton binding energy of 8.3 Nev. In our case, 

no approximation to the form factor gc(k) = P2!k2 c(x) X 

exp[x tan-l(k/~)J 1Nas made and the Coulomb energy ~ 
c 

of He3 was determined from the experimental value of 

the triton binding energy of 8.49 Mev. 

iVlany authors [37] have suggested that the Coulomb 

energy ~ of He3 may be considerably smaller than 
c 

the binding energy difference between He 3 and H3. 

Nost recently Okamato and Lucas [38J have shown that 

the effect of a soft repulsive core of the nuclear forces 

in the H3 wave function indicates that this discrepancy 

may be of the order 18%. If this descrepancy exists~ it 

implies a charge asymmetry of the nuclear forces, in 

particular, that the n-n interaction is stronger than 

the p-p interaction [38J. 

Host of the previous estimates of the Coulomb energy 

~ of He3 were obtained from the difference between c 

the calculated binding energy of H3 and the experimental 

value of the binding energy of He3 • Our estimates of 

the binding energy of H3 and the Coulomb energy of He3 
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... 1.. 

are shown in table 4" together with the results of other 

authors which \vere all obtained from the three-nucleon 

problems. 

The Coulomb energy /:). 
c 

of He
3 determined from 

the difference between our calculated binding energies 

of He 
3 and H3 is 1.96 r'lev. 

-/, 
See page 89. 



Collisions 

n-p 

p-p 

n-n 

TABLE 1 

scattering lengths 

a (F) 
s 

- 23.7 

- 7.61 

- 20.0 

86. 

4.167037 

4.681787 

4.212076 



-!( 

Energy 

(Mev) 

4.20 

5.00 

7.40 

8.00 

lOti 00 

11.50 

15.00 

87. 

TABLE 2 

Phase-shifts (radian) 

Ours BHM[26] CG
ok 

- 1.38 

- 1.15 

- 1.17 

- 1.77 

- 1.52 

- 1.2.4 

- 1.31 

- 1.82 

- 1.35 

R. S. Christian and J. L. Gammel, Phy.Rev.gl~100(1953)~ 



Results 

Ours 

Adya 

Expt 

TABLE 3 

Binding Energy of 

He
3 (Hev) 

8.03 

7.0 

7.718 

88. 

Coulomb Energy ~ c 

f H 3(.," ) OLe t:1.ev 

0.46 

1.3 

0.764 



Authors 

Ours 

SK[40] 

SK[4l] 

AAY[42] 

BN[43] 

Phillips 
[35 ] 

NSB[32] 

PSK[44] 

Expt[36] 

..... 
~, 

C and 
y 

TABLE 4 

Potentials -1: 
Binding energy 

of H3(ltlev) 

T 
y 

c 
y 

c 
y 

c + T 
Y Y 

Z = 0 

Z ~ 0 

c + T 
Y Y 

V4 = 0 

V4 ~ 0 

C + T 
Y Y 

c + T 
Y Y 

are the 

9.99 

12.05 

9.8 

11.01 

8.53 

10.4 

11.1 

9.1 

8.85 

8.59 

8.49 

abbreviations of the 

tensor part of Yamaguchi potential. 

89. 

Coulomb Energy 

~ of He 3(l1ev) 
c 

4.332 

2.092 

3 .• 292 

0.812 

2.682 

3..382 

1.382 

1.132 

0.872 

0.764 

central and 
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CHAPTER 8 

CONCLUSION 

Although a great deal of attention has been paid to 

the triton using exact three-body techniques surprisingly 

little work on He 3 has been done. Starting with the 

Faddeev coupled integral equations for a three-body 

system in momentum space, all the particles have a 

short-range force and two of them have a Coulomb inter-

action. The effect of the Coulomb potential is completely 

accounted for by the use of the Coulomb modified functions 

gc' rather than the original separable potential 

functions g. These functions g are useful in c 

finding the correct separable potential parameters for 

the scattering of two charged particles, especially in 

those cases where there are no neutral counterparts. 

With this information the off-shell two-particle T-matrix 

needed as input in the Faddeev equations of the three-body 

problem has been calculated. 

Our approach is to approximate the two-nucleon inter-

actions and to treat the three-nucleon interactions 
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exactly. The advantages of our technique are that lve 

are approximating the best known part of the problem and 

having chosen the two nucleon scattering amplitudes \ve 

investigated the following three-nucleon problems~ 

(a) the S-phase shifts for p-d scattering; 

(b) the binding energies of He 3 and H3 and 

the structure of the three-nucleon bound state wave 

functions. 

Our results are in agreement with those of others 

and the experimental data. It shows that our basic 

assumptions of the approximation smeme including angular 

momentum, helicities and isospin are justified. Finally, 

we conclude that the similar ideas are applicable to 

solve more than three-nucleon problems. 



92. 

APPENDIX I 

NUNERICAL NETHOD 

This section describes the techniques which allow 

us to approximate an integral equation by a finite linear 

system of algebraic equations which may be easily solved 

by a computer. The integrals are approximated by some 

finite sum rules. The general form of these rules 

follows. Let the set, 

Y(N) = S'y.: y. E (a,b), L ~ ~ 
i < N ? 

be a discrete set of N points on the interval (a,b) of 

integration. l'7e may write down the general form of a 

quadrature rule while considering the integrand as a 

product of t\vO factors w(x), hex) • All the singu-

larities and rapidly varying portions of the integrand 

are contained in w(x) , whereas h(x) is a smooth, 

singularity-free function with a rapidly converging 

Taylor series. Then 

b 5 w(x)h(x)dx 

a 

N 

= L h(x i )Wi + ~~~(h) , 

i=l 

(1.1) 
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where [N is the error associated with this quadrature 

rule and the factors 'v. and w(x) are usually called 
]. 

weights and weight functions respectively. The ~\7eights 

f'Vil are a set of N numbers and can be determined when 

tN is small. So the weights can be calculated when 

£N(x
k

) = 0 for k = 0, 1, . . . , N-I i.e. we calculate , 

b 

~ k 
Ik = x w(x)dx 

a 

either by some numerical scheme for each integer value of 

k or analytically and then solve the linearN x N 

matrix problem given by 

k = 0, 1, ••• , N-l 

(I.2) 

This can be 'vritten in the matrix form 

, 0 0 o \ / ~J .\ ! I \ (X\ x 2 • • • • • ~l \ 
0 1 

1 
II xl x 2 . . . . . xN ~2 

= Q 

• . • 
" • , . • 

I \ N-l N-l N-l 
\ N-l xl x2 . . . . x

N J '\TN 
..... 
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It is, therefore, possible to calculate the weights 

'Alhen 
k x are known. He expand hex) in a 

Taylor series. Thus 

N-l 

hex) = I anx
n 

+ RN(x) , (1.3) 

n=o 

where RN(x) is the remainder term. 

the error~term of the weight is 

By definition, 

b 

~N(h) = ,) RN(x)w(x)dx • (r.4) 

a 

The first N terms in the power series for h(x) 

are integrated exactly by the defined quadrature rule in 

(1.1). The quadrature rule is acceptable when 

£:N(k) < b where b is some small positive number. 

We just increase N for a given ~ until the 

above inequality is satisfied. 

We consider the Fredholm integral equation 

b 

u(x) = v(x) + 5 K(x,y)u(y)dy, a < x < b , 
a 

(1.5) 
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where the kernel K(x,y) and v(x) are known functions. 

We assume that a unique solution, u(x) exists. The 

existence of a solution can usually be examined either 

by Fredholm theory or by showing that the kernel K 

represents a compact operator. The first step in trans-

forming Eq. (1.5) into a finite matrix form is to replace 

the integral by a sum. Thus we have 

N 

u(x) = v(x) + ~ K(x,y. )u(y. )w. + fN(K(x,y. )u(y.» 
~ 1 ~ ~ ~ 

i=l (1.6) 

This equation is valid for all x E (a,b) • If vJe con-

sider the x given by the N point subset yeN) of 

(a,b), then Eq. (1.6) becomes N equations for 1.\1 

unknown u(y. ) • eN (K ( x , y. ) u ( y . ) ) may be dropped from 
~ ~ ~ 

the right hand side of Eq. (1.6), for the accuracy of the 

quadrature rule when £-N(K(X, y. )u(y. » < D where 
~ ~ 

is 

sufficiently small. The resulting N x N 'matrix 

equation then becomes 

N 

U (x.) = v( x.) + L K (x. ,y . )u (y . , )w. • 
~ ~ ~ J ~ J 

(1.7) 

j=l 
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Eq. (1.7) is completely different from Eq. (I.6) 

because of neglecting tN(K(x,y.)u(y.» • 
1. 1. 

The equation 

is also satisfied by 

N 

u(x. ) 
1. 

u ( x.) = v (x.) + ~ K ( x. ,y . ) u (y . ) w. + '(-T\"J (K ( x. ,y 0 ) u (y. » • 
1. 1. 1. J J J l' 1. J 1" 

j=l (1.8) 

Subtracting Eq. (1.7) from Eq. (1.8) and defining the 

error in u as 

E(x.) = u(x.) - ~(x.~ , 
1. 1 1. 

then E(x.) satisfies the integral equation 
1. 

N 

E ( x.) = t N (K ( x. ,y) u ( y) + L: K ( x. ,Y . ) E ( y. ) 'v. • 
1. 1. 1. 1. 1. J 

j=l 

Thus the error is determined by 

-1 where (1 - K .. w.) is the inverse of the matrix 
1J J 

(1.9) 

(1.10) 

Sij - K(Xi,yj)Wj • Hence, if \£N(K(Xi,y)u(y» 1« u(xi ), 

we can expect the error in replacing u(x.) by ~(x.) 
1. 1. 

to be small. If the u(x. ) 
1. 

have been determined once, 
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it is easy to find u for all x by using Eq. (1.6) and 

neglecting the error term. Caution is necessary when 

neglecting f N(K(x, y )u(y» • This technique of inter-

polating u is generally much more accurate then linear 

or Lagrangian methods. So when the integral equation is 

used to interpolate u(x) the error may be considerably 

larger for a general point x than that for the points 

in Y(N) • In spite of this, the integral equation is 

its own best interpolator. 

The quadrature rules like (1.1) are valid for 

infinite interval [0,00). We obtain such rules by con-

formally mapping [0,00) into a finite interval [-1,1) 

and then using Gaussian formulas for the finite interval. 

Let us integrate h(x) on [0,00) according to the 

quadrature rule, 

00 

S h(x)dx = 

o 

The problem is to determine 

N 

"> h(x. )w .• 
1. 1. 

i=l 

w. 
1. 

and x. 
1. 

(1.11) 

so that the 

approximation is the best we can obtain for N points. 

Let us consider the map x -) y f [-1,1) given by 



x-I 
y = x+l ' x = l+y 

l-y • 
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(1.12) 

The Jacobian is 

dx 2 
dy = (1_y)2 

= (1+x)2 > 0 
2 (1.13) 

Thus the integral becomes 

co 

J' h(x)dx = 

o 

1 r 2h(x(y»(l_y)-2dy , 

':'1 

(1.14) 

Now the integral on the right is easily solvable by 

Gauss' method. This method is constructed so that 

+1 N 

~ u(y)dy = ~ u(y. );;. (1.15) 
1. 1. 

i=l 
-1 

is exact for u in the class of polynomials of order 

2N-l or less, Thus if the 2N components {Yl'Y2'" ','YN ' 

- ) _ 1 2 2N-l 
wl,w2, ••• ,wN~ are chosen so that for u = (l,y ,y , •• ,y ) 

.) 

then Eq. (1.14) is exact. The values of abcissa y. 
1. 

and weights W. 
1. 

of N (,S, 100) • 

have been tabulated [33J for many values 

By using the Gaussian abscissa and 

weights appropriate to Eqe (1.11), we obtain an 
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integration rule for hex) 

<X> 
N 

J-
(l+x. )2 

h(x)dx ~ hex. ) ~ 
(1.16) = w. , 

~ 2 ~ 

i=l 
0 

where the x. are determined by Eq. (1.12) from y .• 
1 1 

The weights for the quadrature rule are obviously, 

1 (l+x. ) 2 Wo = "2 "ifl. 
~ ~ 1 

(1.17) 

So Eq. (1.16) becomes 

00 
N 

j h(x)dx = ~. hex. ),~. • 
~ ~ 

(1.18) 

i=l 
0 

We illustrate our technique by the known integral 

CD 

lex) = )' 

-x e dx. 

o 

VJe obtained the values with the percentage errors 0.26% 

and 0.008% for N = 5, 10 respectively. 

For checking our computer programmes, 've took the 

integral equation 
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00 

f(x) = 1 + } e-x- y f(y)dy , (1.19) 

a 

which can be solved analytically. Let 

f(x) = 1 + Ae-x (I.20) 

be the solution of Eq. (I.19). Substituting (I.20) in 

(I. 19), ,,,e ge t 

A = 2 

so the analytic solution of Eq. (I019) is 

f(x) = 1 + 2e-x 

which depends on x. 

The values of f(x) determined analytically and 

by the computer are given in table 5 'd'~. Table 5 veri-

fies the correctness of our computer programmes. 

See page 101. 
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TABLE 5 

Values of f(x) 
Values of x 

Analytic Computer 

0.05 2.90 2.9083836 

0.30 2.48 2.4851000 

1.00 1.74 1.7374740 

3.30 1.07 1.0715090 

20.00 1.00 1.0000000 
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APPENDIX II 

Here we have calculated the value of 

I 

occurring in Eq. (6.11). In our problem, we have 

i = i2 = i3 = ~ while i 12 and i 23 are 1. The 1 

total isospin I 
3 

be "2 • He have used the genera.l 

expression for 6-j symbol described by Edmonds' Eqn. 

(6.3.7) as 

fa b 
~ 
Ide :~ = 

e F 
6(a, b, c)il(a, Q.;v)il(d, b, f) 

\.... 

where 

il(a,b,c) 

and 

) 

(; (a b 

x L\(d,e,£)W t d e 

= l' (a+b-c)!(a-b+c)!(-a+b+c)!Jf- ~ 
(a+b+c+l )' , 
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"L (-1) z (z+ I) ! . . 
~z-a-b-c)!(z-a-e-f)!(z-d-b-~)! x 

z~ L , 

x (z-d-e-c)!(a+b+d+e-z)!(b+c+e+f-z)! 

x (c+a+f+d-z)!J 

and where the sum is over all positive values of z such 

that no factorial in the denominator has negative argument. 

Then the value of 



APPENDIX III 

The calculation of the integral (5.26) 

CD 

(2ik)-lC (x) (exp(-p r»1. 1 (2ikr)dr 
o J 0 1X,~ 

o 

For simplification, we put 

and 

Then 

and 

S :::: r cos e 
o 

k = r sin e . 

Therefore, the integral becomes 

( ) ix-l -ix-l( = c~ x r r cos e - i o 
9)-ix-l sin 

104. 

L.:;\-ix ... l 
'f. (cos e + i sin v) 

= C (x)r- 2 exp(2x9) 
o 
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