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ABSTRACT

The coupled-integral equations formalism of
L. D, Faddeev is used in the low-energy three nucleon
system for p-d scattering and the ppn bound state,
The approximations involve the use of non-local
separable potentials to describe the low energy
nucleon-nucleon interactions. The effects of the
nucleon-nucleon short~range interactions including
angular-momentum, helicities and isospin are considered,
The effect of the Coulomb potential is also completely
accounted for by the use of the Coulomb modified
functions 8. rather than the original separable
potential functions g .

The results are in good agreement with the experi-

mental data and are compared with calculatioms of others.
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CHAPTER 1

INTRODUCTION

Faddeev [1-4] who gave for the first time the
carrect formulation of non-relativistic three-particle
scattering, has opened a way for calculations on three-
body probiems in their full complexity. The difficulty
with using the usual Lippmann-Schwinger equations [5] to
study the interaction of three or more particles is that
the kernels are not compact because of the presence of
disconnected processes in which only two of the particles
interact. In contrast to equations of the Lippmann-
Schwinger type the Faddeev equations have kernels that
depend upon the solution of the three two-particle sub-
systems. Thus all the properties of the three-particle
problem may be derived as long as one knows the exact
(off the energy shell) two-body scattering amplitudes.

Nevertheless the three-body equations in their full
generality are still very complicated and cannot easily

be solved without any approximations. Such approximations



were made by Amado [6], Rosenberg [7], Lovelace [8,9]
and others.

In the following, we further develop the work of
Omnes [10] who extended Faddeev's theory to non-zero
angular momentum. We also formulate the Coulomb Green's
functions which are essential in discussing the He3
bound state. Further the concepts of helicities and
isospin are used in our formulation.

Chapter 2 is devoted to a discussion of some general
aspects of two-particle scattering. The notations and
the brief review of the results by Jacob and Wick [11]
which are relevant for our purposes are also discussed.
Following the work of Ommnes [10], the Faddeev equations
with angular momentum, helicities and isospins are
described and the system of coupled integral equations
in one variable is derived in Chapter 3. Chapter &
contains the approximation of the separable interactions.

In Chapter 5, we briefly review the results by
Harrington [16] and the Coulomb wave function is modified
in obtaining & from g for the S-state. Chapter 6

contains the discussion of the bound state properties of
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the three-nucleon system to obtain the He3 wave function
and p-d scattering amplitude. In Chapter 7 we discuss
our numerical results. The conclusion and final remarks
are in Chapter 8.

We slightly modify the special quadrature rules [39]
which allow us to get accurate results with a small number

of mesh points. This method is discussed in the appendix.
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CHAPTER 2

PRELIMINARIES

In this Chapter, we shall first discuss the kine-
matics of a non~relativistic three-particle system and
introduce our notations. In the second part of this
Chapter, we shall briefly review the two-particle system

using the operator techniques.

I. KINEMATICS AND NOTATIONS

Let us consider three particles of masses My, Moy

My with momenta Ry» Bys B3 respectively. The usual

relation between the kinetic energies (El, Ez, E3), momenta
and masses are
2 .
Py
Ea=—2r'-n—, a=1, 2, 3. (2.1)
o

The total momentum P is given by
P=p; +py tp3 - (2.2)

Ve introduce the momentum of particle 1 relative to par-

ticle 2 in their own centre-of-mass system as
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m - m,p ‘
221 122
ky = ) (2.3)
3 m, + m,

and their kinetic energy in this system is given by

Bl

E = R (2.4)

12
where p 1is the reduced mass of particles 1 and 2, namely
SERER
A B

The angle between two momenta B and p, in the

centre-of-mass system is given by 612 , Wwhere

2 2 2 |
Py + Py - P3 )
G ==

and py = ‘El} y Py = ‘EZl .
This can also be expressed in terms of masses and kinetic
energies, thus

mlEl + szZ - m3E3
1/2 *

Cos 812 = (2.6)
2(m1 m E1 E2)

In the centre-of-mass system p,;, p,, p3 add up to

2

zero, i.e. p; +p, + p3 = 0 and symbolically form a
triangle with sides equal to B1» Bps B3 respectively
in magnitudes and directions. This triangle is com-

pletely defined up to a translational displacement.
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Similarly, a triangle can be formed by taking the sides
equal in magnitude to the kinetic energies El, Ez, E3
respectively.

Again we can easily obtain the cosine of the angle
Y3 between Ry in the total centre-of-mass system and
53 in the relative centre-of-mass system of particles 1

and 2; thus

E3'E3
P3 K3

Cos y5 = , (2.7)

where

-1
R3-k3 = p3-(myp; ~ mypy)(my + my)

-1
= (myp3.p; - mp3.py)(my + my)

-1
= ( — M -+
(m,p4p; coOs 631 mlp3p2 cos 823;\m1 mz)

1/ (m3fg + mE, - myk,)

= [% (4m,m,E.E,)
j 2 137173 = @ \L1/2
2(m1 my Iy E3)

1/2 (sz1 + mgE, my By "
1/2

- m, (4m,m,E, E,)
1 237273
2(m2 m, E2 E3)

-1
(m1 + m2)

- : , - e Y=L
= [(ml+m2)(m1El—m2E2) + (mz-ml)m353](m1.m2) .

(2.8)
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The momentum of the particle 3 relative to the centre-
of-mass of the subsystem of particles 1 and 2 can be

written as
43 = é [m3(21+22) - (m1+m2)23] y (2.9)

where M stands for the total mass of the particles 1, 2, 3.

This relation can be written in general form
mag '
99 = 57 — By » o =1, 2, 3, (2.10)

From these, we can write

;E: 9, = 0. (2;11)

Again the p, are expressed in terms of P, Ea’ g thus

! !
B] W P+ m1+m2 3 - EB
_ ng + ml -k (2A12)
12%] I3 m1+m2 43 =3 "

B3 = =i - 93

We can also write the Ea in terms of the Qe thus
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‘-‘-1"'m+i 9 - 9
g3 -
(2.13)
m
k) =g m+r}1 4
17m3

etc.
It is convenient to use the momentum 53 (total
subsystem momentum), when considering the subsystem of

particles 1 and 2. Thus we take

(2.14)

B3=ktlk
giving
L ogsk
By 7 m+m, =3 ° =3
(2.15)
D, = il K k
=2 m1+m2 =3 =3

Similar expressions can be written down for other pairs

of particles.

IT1. TWO — PARTICLE SYSTEWM

We are now going to review some results [1,8,11] in

two-particle potential scattering. In order to distinguish
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between similar operators in the two- and three-particle
Hilbert space we will adopt the following notation.
Capital letters will refer to operators in the three-
particle space while small letters will be reserved for
operators in the two-particle Hilbert space.

Let the free Hamiltonian operator, h0 , be defined
in the centre-of-mass system. let py7p, be the
momenta of particles 1 and 2 respectively on the space

ILrec Bl

of square integrable function of two real variables 2 v
andlﬁgé ; i.e. on Hilbert space Lz(El,gz) . We also
define p = p; +p, and p' = El' + 92' for initial and

final momenta respectively. Then we have
< lhy |p'> =p° Bxp-p") . (2.16)
The resolvent operator of ho is
g (2) = [h_~z1]™" (2.17)
0 0 ? '

where I 1is the unit operator and Z 1is a complex
parameter, It can also be defined in the momentum

space representation by
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<P |g,(z) | p'> = [pz—ZJ“éf“;(B—g') . (2.18)

In this representation, if v 1is a local potential, then
its locality requires that it depend only on (p-p'). We

have
<p\v{p'"> = vip-p") . (2.19)

We assume v(k) is square integrable. Secondly v(k)
is analytic in k  for a domain containing the real

axis. For—assuming—tirts—amatyticity, ké assume v to

be a generalized Yakawa potential of range u .
. (2.20)

The weight function g(w) can contain delta function,

but its integral
w

I(w) = 'Lg‘g(v)dv ,

o

must be of bounded variation on (u, +o0) . Therefore,

we can see that v(k) will be analytic in #kf in a
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-2
domain including the real ax®s and wv(k) = O(k™ ") , as
?r,:l_c_g—> w . Finally, time reversal invariance requires

that v(k) have the real valued property

v(-k) = v(k) . (2;21)
The total two-particle Hamiltonian is given by
h = ho + v . (2;22)
Its Green's function operator is
g(z) = [h - 21171 | (2.23)

We note that g(z) of course will not exist for ail
values of =z . If =z 1is equal to the energy of a bound
state or lies on the real positive axis, then g(z)
ceases to exist.

The property of the resolvents g and g, are
governed by two identities known as the first and second
resolvent equations. The first resolvent equation for

g may be obtained directly from (2.23)

g(zl) - g(zz) = g(zl)(h-zl)[g(zl)“g(zz)](h‘zz>g(zz)
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it

g(z))[(h-z,) - (h-z,)]g(z,)
= (z;-2,)g(z;)8(z,) . (2;24)
Similarlyﬂthe first resolvent equation for & is
g,(21) - 8,(29) = (2,-2,)8 (2{)g (2,) . (2;25)

The resolvent operators g(z) and go(z) will satisfy
an identity called the second resolvent equation. This

result follows by using both (2.23) and (2.17).

g(z) gO(Z)(hO—Z)g(Z)

li

g,(z)(h +v-z)g(z) - g (2)vg(z)

fl

g,(z) - g (2)vg(z) . (2.26)
This second resolvent equation can be deduced in another

form namely

g(z) = g (2) - g(z)vg (2) . (2.27)

If this is written out in terms of matrix elements, it
gives an integral equation for <p tg(z) ‘E'> . The
formal solution for g(z) may be obtained from (2.26;

in the following way.
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g, (z)[1 - go(z)v]'1 (2.28)

il

g(z)

i

g, (z)[1 - vgo(z)J'1 . (2.29)
The kernel representation of go(z)v is
<p tgo(z)v t2'> = V(ErE')[pz—Z]-l . (2.30)

Now we introduce the t-matrix or transition amplitude
operator. The transition operator is defined to be the

operator t such that
t(s+if ) = v - vg(s+i¢ v . (2.31)

The most general version of t 1is obtained by replacing
s + it with 2z , where 2z 1is any point in the complex

plane. That is,
t(z) = v = vg(z)v , (2.32)

Its matrix elements <E_it(z) j2'> on the energy shell

defined by
p* =p'® =5 (2.33)

give the physical transition amplitude from the initial
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state with momentum p to the final state with momentum

'

ol
By multiplying Eq. (2.32) from the left and from the
right by go(z) s we get with the help of the second

resolvent Eq. (2.27)

t(z)g (z) = [v - vg(z)v]g (2)
= V[gO(Z) - glz)vg (2)] |
= vg(z) (2.34)
and
g,(z)t(z) = g (2)[v - vg(z)v]

= [g,(z) - g va(z)lv |
g(z)v | (2.35)

Ii

where (2.26) has been used.

Then we can write Eq. (2.32) by using (2.34)

t(z)

V - t(z)go(z)v (2.36)

and using (2.35)

t(z) = v - vg (2)t(z) . (2.37)
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Both (2.36) and (2.37) are operator version of the
Lippmann-Schwinger equation for the t-matrix. We can
express these operator equations as integral egquations

thus
<p it(z) !E'> = <p |v lE'>

«dR,g<R,V’Bu><Ew&t(z) |P.'> .
- . (2.38)

1"ne

P - Z

Since g v is analytic and compact the solution of (2.36)

may be written

it

™

t(z) = [1 + vg (2)]7v

li

vil + go(z)v]'l . (2.39)

Then the solution of the integral equation (2.38) is
unique except at poles of [1 + go(z)v]-1 .

We now discuss the scattering amplitude for non-zero
angular momentum and helicities, Following Jacob and
Wick [11], we use the component of spin along a fixed
direction, say the z-axis, to classify the possible

polarized state of a particle. The states are labelled
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by the component of the spin along the direction of motion
of the particle which we may call the helicity cuantum
number or - briefly helicity.

Let Ay, Ay, E(Xi, Aoy Z') be the helicities and the
total kinetic energy of particles 1 and 2 in the initial
(final) state respectively. Let J, ii(= JZ) (J%', ' Dbe
the angular momentum and its z-component for the initial

(final) state. “Te define |E, J, 1i, A Ay> and

l’

[E', J', ', Ag, Ay> to be the initial and final states

respectively in the centre-of-mass system. The S-matrix

can be written in the form [11]

<E', J', 1", Af, A} [S e, J, i, Ay Ag>

1,
=9 (2'-E)6,, ;6

M

2 , _
J D

The reduction of the S-matrix to submatrices SJ(?) )
belonging to definite values of © and J , 1is, of course,
an essential step in any general collision analysis. The
diagonaliéation of SJ and SJz is usually achieved by
algebraic addition of the spin vectors and relative orbital

momentum vector. As a result an element of the submatrix

sY(E) is labelled by
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w's' |s7E®) |Ls>

where Ls(L's’) are orbital and total spin quantum numbers
for the initial (final) state.

If J , Jz are the components of angular momentum

Jo
Xy
for the particle, a finite rotation with Eulerian angles

©, By, v 1is performed by the operator ROCBY where

Ropy = exp(-iaJ ) GXP(~iBJy) exp(-iyJ,) . (2.41)

It is easy to construct the states with zero linear
momentum and definite total angular momentum J and its
component M(= Jz) . Since the magnitude p of the
relative momentum and the helicities A and wh, are
invariant against rotations in (2.41), we can assign
definite values to them, together with J and U .

Let fE’ Jy M, Ay, Ay> De the symbol for such a state.

1’

We can define this state with a suitable normalization

factor N as

B, Jy M, Ay Ay> = N gdu 0™ (apy)R (2.42)

By nglkz ?
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where A = A; - A, and \EEK

L=

A is the phase of the state

172

and
du = da d cos B dy . (2.43)
The integral extends over the domain O < a < 271 ,

0<Bp<m, O0<y<2n and the star means complex

conjugation. Furthermore,
J ey gd . y
DMM,(aBy) = exp(~1Ma)dMM,(B) exp(~-iM'y) , (2.44)
is the matrix corresponding toc R in the irreducible

By

representation DJ .

If we choose the normalization factor

1/2

N = [(2J+1)/4n] (2.45)

and use the orthogonality relation [12] for the d-function

namely
o
j i’ < R | '
g dmx(ﬁ)dmx(ﬁ)d(cos B) = éjj' 2[2j+1] R (2.46)
o
and

3 Ej?<2j+1)d£m(s>dgm(s'> - B(cos B = cos B') . (2.47)
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where A = A=A and \gEK is the phase of the state

A

172

and

du = da d cos B dy . (2.43)
The integral extends over the domain 0 < o < 2m |
0<B<nt, O0<y<<2n and the star means complex

conjugation. Furthermore,

J T |
DMM,(aBy) = exp(—lMa)dMM,(B) exp(-iM'y) , (2.44)
is the matrix corresponding to RGBY in the irreducible

representation DJ .

If we choose the normalization factor

1/2

N® = [(2J+1)/4n] (2.45)

and use the orthogonality relation [12] for the d-function

namely

T
g a, ()ad (raceos B) = &,.v 202477, (2.40)
(0]

and

: %:(Zj-i—l)dgm(ﬁ)dgm(ﬁ’) = (cos B = cos B') . (2.47)
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We easily find that the angular momentum-helicity states

are normalized in a standard fashion, thus

Tty Vot % N = -
<J'M'AJA, iJux1x2> £ g gﬁﬁl bxéxz‘%mm' (2.48)

Also the transformation matrix

. e ATty o . . *J
OB5 My |IM; AA> = NG, %m Dy (6,8,-4)  (2.49)

]
1M A

2

satisfies the unitary conditions

pal

An>

A | EY3 ]
5d-ﬁ O A, [TMAQAO<OFN N, [TTMIAN,
= &g G
and
v/ 3 *
?é <®fN N, [TMAA,>CO' AN, |melx2>

=&, (8d; ©'4") (2.50)

and E& , the two-dimensional A-function on the unit

sphere, viz:
Q&(eé; 8'4') =5 (cos @ ~ cos 8' (8 - 4') .

These relations are useful in the following discussion of

the S—matrix.



26,
The differential cross-section can be written down

2 .
do= (2mp7h) | <o MAy | T(E) 10 0 AA> 2d_n.9 (2.51)

1

where d-2 ( = sin 6d8d#) is the final solid angle in

m

the centre-of-mass system and the operator T 1is related

to S by the usual equation
S -7 =iT (2.52)

where 1 is the unit matrix. The cross~section refers
to given values of the initial and final helicities.

By using equations (2.45) and (2.49), we can obtain
the matrix elements S 1in the helicities representation

and in the JM representation, Eq. (2.40), viz:
<45 MAy [S(E) |0 05 Apr,>

= NN e A gl e 3 1y 0
?%é <8f; Ay |5 AIAI>IM; AIR

> A Ao

|S(E) {J''s an 1M

1M A, |0 05 A

1

(am)~Ly, (23+1)<Aqng | S(E) jxlxz> D;i(é,e,-é) )
J

(2.53)
where A = )\
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Again with the help of equations (2.51), (2.52) and

(2.53), the differential cross-section becomes

de= |f (e, é)t d_a, (2.54)

where

-1 1 J
£ (8,4) = p L (I + ) Al [T(E)

[A 2 exp[i(x—u)élaiu<e> . (2.55)

TJ(E) is identical with - iSJ(E) except in the case of

elastic scattering. Then we can write Eq. (2.532) as

<7\ 'Ay ‘ J(®) 3"17‘ > =§ A, “07\ y

= 1 A IT (E) [ah> o (2.56)

We summarize our two-body results; all the important
equations governing two-body scattering have been expressed
in operator form. We have deduced the first and second’
resolvent equations. Simple algebraic manipulations then
lead to the Lippmann~Schwinger equations for the t-matrix.
We have also been able, by using the spin components
(helicity states) not only in the initial and final states,

but also in the angular momentum states, to reduce the
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S-matrix to a simpler form. The above approach to two-
body scattering is applicable to the solution of the
three-body scattering problem. By using the first and
second resolvent identities together with our two-body

results we will obtain Faddeev's equations.
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CHAPTER 3

THE THREE ~ PARTICLE- SYSTENM

Here we shall summarise the derivation of the Faddeev
equations which help one overcome certain defects of the
Lippmann-Schwinger equations for the three-body problem.
We also discuss the angular momentum analysis for the
three-body problem based on Omnes [10]. Further, the
concepts of spin and iso-spin are introduced.

Let us consider first three non-relativistic spinless
particles of masses my, My, M, and theif momenta By>
Bys B3 respectively. We shall always assume that the
total centre-of-mass momentum P(= P; + py + 23) is zero.
This condition implies that only two of the three momentum
vectors are independent, The momentum configuration of
a system can be described by the pair of vectors (53, 23)
where 53 is defined in (2.3). The unperturbed three-

particle Hamiltonian Ho is given by

. (3.1)



30.

The appropriate three-particle Hilbert space for
these variables is that of square integrable functions
of six real variables on LQ(E’E) . Now we define the
form of a two-body interaction in the three-particle
Hilbert space. A two-body interaction will not involve
the third particle and thus the potential Vi, may be

written in the three-particle momentum space as
1> Bp» B3 |V12 [B12RpR3> =E(R3RY)<RiRy | V1o [R1RY

=5 (p3-R3) k3 | vyp | k3>

(3.2).

The Hamiltonian of the three-body system has the form
=1
H= HO + v (3.3)

3
where v = >L v, and v, o= o .

o=0
The three~body forces could be included, but we shall
leave them out for the sake of simplicity. Then one

defines the Green's function operators
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G(z) = [H - 2117} (3.4)

and

. -1
Go(z) [HO - 21] | (3.5)

where Z 1s a complex parameter and I 1is the unit
operator.

As before we start with the second resolvent equation
relating Go(z) and G(z) . Algebraic manipulations 1
identical to those that give wus (2.26) and (2.27) show

that

G(z) = Go(z) - Go(z)VG(z) (3.6)

G(z)

Go(z) - G(z)vGo(z) ' (3.7)

We can express the scattering amplitude operator T(z) of
the two-body system in the Hilbert space variable of the
three-body system. Then T(z) denotes a state in which
one of the three-particles does not interact with the

other two. Thus
T(z) = v - vG(2)v . (3.8)

Combining (3.8) with (3.6) and (3.7) gives us
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T(z)

V -V Go(z)T(z) (3.9)

V - T(z)Go(z)vJ (3.10)

where we have also used

Il

G(z)v GO(Z)T(Z)

and

Il

v6(z) = T(z)G_(z) .
The formal solution of equation (3.9) is
-1
T(z) = [1 + VGO(z)] vV .

By expansion of [1 + vGo(z)]"l , we get

T(z)

[1 - vGo(z) + vGo(z)vGo(z) — vee v

il

vV - VGO(Z)V + vGo(z)vGO(z)v — eee a (3.11)
We can rearrange this series in the following way by
using v = v1 + Vo + V3 s

T(z) = vy - leo(z)v1 + leo(z)leo(z)vl -
+ vy - szo(z)v2 + szo(z)szo(z)v2 ces

+ vy - V3GO<Z)V3 + V3Go(z)v3Go(z)v3 oo



33,
+ (v1 - leo(z)v1 + ...)Go(z)(vz-VZGo(z)v2 + o)
R (3'12)
Now Tl(z) is denoted the sum of the chain
Tl(z) = vy - leo(z)v1 + eee o (3.13)
Obviously, Tl(z) is the solution of the equation
Tl(z) = v, - leo(z)Tl(z) , (3.14)

which is obtained from (3.9) if the other two potentials
\ and vy are equal to zero.

Here Tl(z) is the amplitude for the process in
which particles 2 and 3 scatter, while particle 1 goes
straight through. It is not quite the same as the two-
particle amplitude tl(z) for particles?2 and 3. The

relation between them is given in the momentum space by

[} 1 —C . 2 t
Rk [T1(2) |pHki> =6 (Ry-p)dsy |£y(zpp) [ig>
(3.15)
Lovelace [§ hss shown that an important consequence of (3.15)

is that, if the ta(z) have bound state poles at 2z = - Ea R
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then Ta(z) will have branch points there, with cuts
going from - Ea to +o00 . These are the right hand cuts
for the scattering of the bound state. We define the |
energy scale so that 2z = 0 corresponds to the three-
particle threshold for a three-particle system and to the
two-particle threshold for a two-particle system.

The amplitude T(z) for a transition between an
initial configuration of the three particles with momenﬁa
Py» Pys» Py and a final configuration with momenta Py»
Eé’ Eé is given by the matrix element of the scattering
matrix

ii§E+io <p; Py B3 IT(Z) |Bj By B3 ” - (3.16)
Faddeev has shown that T(z) can be written as a sum of

the three contributions,
(z) = TV ) + 12 (2) + 13 (2) (3.17)
where T(™(2) are defined by
() = v, - v 6 (2)T(z) , a=1, 2, 3 . (3.18)

With the help of Egs. (3.14), (3.17) and (3,18), the
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components of (3.17) form a set of equations which are

conveniently written in matrix form

(D) 'Tl(z) \ o T,(2) Tl(Z):
G | = 1,6 | - |[,e) o 1,6 |
3 (2) T,(2) T,(z) Tg(z)  ©
T(l)(z)
6 (z) | 1% (2) (3.19)
T(3)(z)

We can write Eq. (3.19) in the following form
1 (2) = 1,(2) - 1 ()6 (TP (2) + 1 (2)] . (3.20)

The integral equation for <p,k ’T(Z) ]E°,k'> is
simply derived from the operator Eq. (3.20) by taking the
plane wave expectation values and using the completeness

relation for the plane wave states. Thus we have

@ k| |p' k'> = <k \Ta(2> |p" k'> -

dI_S."dE."<E }5 T (Z) B" .1_<.">
S - ik?i”z ‘ <E" E" \ [T(B)(Z) + T(Y)(Z):HE'E'>
+ .

7n 2u 7

(3.21)
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where

. (3.22)

™

3

m2 + m3
We can write this more explicitly by using the relation-

ship, (3.15), between two-body and three-body amplitudes.

Our plane wave equation becomes

Ry ky [T [k, =6 (22, )y | Ele - 70

2

P
" ", " x '
' dpy’ dky'o (Ry-ky ) <Ky éta(z = ) lka >
ka > - o X

2
02 k"
poc 0]

+ -
2 n, 2 Ry

2

<Ea" Ea" l[T(B)(Z) + T(Y)(Z)] ]Ea' Eae> . (3‘232

This makes explicitly the fact that the principal in-
gredient contained in the kernel for the Faddeev's integral
equation is thg off-shell two-body transition amplitude.
<§d 'ta(z - 5%;) ‘ka"> . When we have obtained this
kernel and have solved Eq. (3.23), then we have solved

all three-body problems for the three particles interacting

through potentials v, e The operator kernel K(z) is

also defined from Eq. (3.19) by
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0 Tl(z) Tl(z) |
K(z) = Tz(z) 0 Tz(z) Go(z) . (3,24)
\T3(z) T3(z) 0

This is called Faddeev's kernel whose matrix elements
contain A-functions of the momenta. The important
property of equations (3.19) is that the square of thej
kernel does not contain any A-function, owing to zeros
on the main diagonal. Furthermore, Faddeev [4] has

proved that K?(z) is completely continuous, i.e.
Trace K”(Z)Kg(z)1~ < o (3.25)

apart from the values of 2z which are not equal to the
energy of a physical state, Lovelace [8] has shown that
the scattering matrix T(z) 1is an analytic function of
z except for these values of 2z which are equal to the
energy of a physical state, e.g. when K®(z) denotes a
bound state.

We denote the momentum state lﬂl Ry E3> by a single
parameter |E> . The normalization of these states is

given by



38.

<R'| p> =%;3(E'—R) . (3.26)

We are considering that the states with momentum p' in
an arbitrary direction specified by polar angles 8,4

may be defined by means of a suitable rotation applied
to the states having momentum p in the positive
z-direction. The rotation is conveniently defined to
be a rotation through an angle © in the positive
direction about the axis p x p' .

It is easy to construct the states with zero linear
momentum and definite total angular momentum J and its
third component JZ (=M . Since the magnitude p of
the relative momentum and the helicities A are invariant
under rotations, we can assign definite values to them,
together with J and M . An eigenstate of this set
of observables is denoted by ‘Ea E, J, M, A> where L
and A stand for El’ EZ’ E3 and hl, Ayy Ay TeSpect-
ively. In the centre-~of-mass system (P = 0), we can
denote the initial and final states by |E, J, M, A> and
|g', J', M', A'> respectively. In order to evaluate the

operator products we need to know how to transform in the
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three-body Hilbert space from the basis |El’ Boys E3> to
the basis ]El, E,, E3, J, M, A> . Since the rotation
matrix element D&A(\y, 8, #) 1is just the eigenfunction

of J?, M, A on the angular space (\}, 6, 4) we have

2
<P.1’ Bys Pj |E1, EZ’ E3’ Jy My, A> = N%:;(%a - E)

Déi(\y, &, 4) ,
(3.27)
where N 1is some scalar to be determined. We can
determine N by fixing our normalizations for the states
R1s By E3> and El’ EZ’ E3, J, M, A> . The conven-

tional normalization condition for El’ EZ’ E3, J, M, A>

is taken to be
<Ey, E,, Eqy J, 1, AL-E'I, E',, Eé, J', M', A

= ¢ ~
Thus Eq. (3.28) may be written by using the completeness

of the momentum states and after integrating over pg

Sd21d22<E1,E2,E3,J,M,% 21,22,E3><Rl,22,23,

Ei,Eé,Eé,J‘,’ui',AW =
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By (2 - By [N D) (,8,60D05(v,0,4)

= SdEldﬁzk@s(E = (-

MA KPS

(3.29)

By changing the variables of integration to p12/2m1 R
p22/2m2 , [332/2m2 y \Jy 8, 4, we can integrate easily.
For B3 and By restricted to lie in the plane defined

by WV, €, 4 we can write
— 2 2
dp,dp, = mm, 3d(p1 /2m )d(p2 /2m2)d(p3 /2m3)dR , (3.30)

where dR 1is the measure of the rotation group

dR = sin € d& d\Wv dé , (3.31)
and
i 27 27
5dR= jsinede S\d\l/ gdé
o) o o
= 8%2 . (3.32)

Thus Eq. (3.29) may be simplified to

8 m°

2 - "\ - '
[N *mymom oy (B=E" ey 1o an' 2331 (3.33)
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by using the orthogonality relation for the D-functions.

Comparing (3.33) with (3.28) gives us \Nta

e 2041
‘N\ T 8nm.m,m

17273

. (3.34)

We have to find the Faddeev equations (3.20) when

taking the matrix elements between the states lE,J,M,A)

and |E',J,M,A'> .  Thus

&', 3,80 [ 1(%(2) \E,J,M,x>

= <", 3,4, | T (2) lE,J,M,A>

~ <E',J,M,\’ } Ta(z)GO(z)[T(B)(Z) + T(Y)(z)]’

| E,J,0,A> . (3.35)

In the initial and final states, we have used the same

J and M indices because J® and M both commute with
the total Hamiltonian, H and from the definition of the
three-body transition operator (3.8), it follows
immediately that T(z) is diagonal in J and 1 .

The expectation value of Go(z) is very simple in the
state [E,J,M,A> because all J®, M, A commute with

each other and HO so that
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<E',J',M',A’ ‘Go(z) |E,J,01,0> =
-1 ’
= 7Y A i v 3
=03E-E' )G WGyt [EgtEytEg-2]7 . (3.36)
Then Eq. (3.35) becomes

<E',J,M, A {T(“)(z) IE,J,M,m = <E',J,M,\’ ‘Ta(z)

| — ((dB"™E',3,M,A" | T (2)|E", 3,00
lE,J,0,A> - ) | x

A" E]_" + E2" + E3" - Z

<E",J,1,\" '[T(B)(Z) + T(Y)(Z)] ‘E,J,M,?\> . (3,37)

This is an integral equation which contains the kernel in
terms of known two-body functions.

We can now evaluate the inhomogeneous terms in the
Faddeev equations, namely, <E',J,M,A’' [Ta(z) ‘E,J,M,h>
by extending the procedure of Ommes [10] to the angular
momentum and to the helicities. For simplicity, let us
consider o =1 ., The expectation value of Tl(z)

between the states <E',J,M,Ar' | and 'E,J,M,A> is

<E', M0 | Ty (2) |E,T,M,0> S <T)> = ggdgzdp_z'd}z:adg:j'x

<E',3,M,0' | pyp3><p,py |T;(2) | By 'Ry <Ry 'Ry }E,J‘,M,M .
(3.38)
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This can be rewritten, using the relation between T1 and

<Tl> = (mlm2m3)2[N‘2 L(;le(plz/Zml)d(pzz/Zmz)

d(P32/2m3)\JAdR'd(g'q/Zml)d(péa/Zmz)d(p§2/?m3)

. F Ef- - v ! E_'-i J J*' '
&5 - /03 (B = o) Dy (R) Dy (R

a6 (B17Rp )y ey (2B [ k5>, (3.39)

where \le is the normalization factor and \= AZ-AS
and A' = Ay - Ag .

Since B3 and 235 depend on the Euler angles in R
and R' , the only complicated factor in this integralv
is Qg(gl—gi) . Thus we may use the representation of

the delta function in spherical coordinates [27] to get

6\(21-Ri) iz 6”.(1}3}—ki(fg(cos & - cos 9')%(\{/..\{/')

P

- ﬁzg,(nrai)@(cos & - cos BH)BW-\Y") .
1 .

(3.40)

Substituting Eq. (3.40) in Eq. (3.39), we get
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2i+1
E',J,M,A" [T (2) | E,3,m,0 = (mymms) . —(—8-1%-é~l X
—~i-51~6 (E-—~E )07\1}\5_ J(\dR de (R) DI‘//\'(R')%

<y | ty(z-E;) |Kkj>h(cos & - cos 8")glw-v") . (3.41)

Integrating over the delta-functions § (cos 8 - cos 8') .,
Q{\y—\y‘) gives us

- t

o (Ey~Ep) 2D (0 mmyx
S mE 2 B (M

p ¢ 2m By

<Tl(z)> B

gd% d$' d cos @ d\yv D

DA (B8

' | _ .
M/\'(V‘ 6, W)k |t (z-E)) |k >t"‘>\1xi
(3.42)
We choose the direction of the helicities to lie along the
1=} direction. This direction is uniquely determined by

8, \}. In fact, we can deduce a relation between

Déj\(é',ﬁ,w/) and DM/\(é 8,\) as

i}

M/\(”" 9,\) eXP(—i/\%')dgi,\(e) exp(~-iMV¥)

exp(i A (-8"))exp(-i AH) (&) exp (il )
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= exp(i A(8-8"))D3) (8,8, ) (3.43)

We have M\, = Ai . Then Eq. (3.42) becomes, using

u=4g -4

i !
- (25+1) J .
—— ; " —_ v ") r“{
(Tl(z)> = 1(2 1E1)2 G (E1 El) [""J‘Tgn di:\DM/\(-_ )y »

27

J% 0 . ’
DM pJ(R )] J,du exp(1/\u)<_1§1 \tl(z—El) |§l> .
o (3.44)

For the choice of the direction of the helicities, we have

27
mm,ymy (
<T,(z)> = 76 (E,~E}) Op ae du exp(iAu)X
1 T AT
14 M 5y
(o]
]
<Ky |ty (z-Ep) | k> - (3.45)

We may expand the two-body amplitude by using the

partial wave projection [12] as

Uy | ey (B Ky = 4n%u1 Y (e G,k e-Ey)
{

9 . . ]
Pl(cos Yy c?s v, * sin y; sin y; cos u) . (3.46)
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The Legendre polynomial may be now expressed in terms of
Ylm S
Pz(cos Y, cos Yi + sin y; sin Yi cos u)
- N * ']
=T 4 Ym 1o8)Yn(vp4p)
47 E: ) . |
= Y, (v:,0)Y, (y1,0)exp(-imu) . (3.47)
20+1 - fm 11 Am* 71

Then Eq. (3.45) can be written with the help of Egs.

(3.46) and (3.47) as

2"y
<T.(z)> = —=—=+{ (E,-E!) Y (v7500Y, A v (¥],0)y
1 7(2m, E;)? 11 ? AT Shaay 4% "
27
2@\1/\itll(kl’ki;z-El) [ g du exp(iu(/\l-m))] .

0

(3.48)
The integral term in square bracket in zero unless m ='f\1.

We can now write down the most general form of the matrix

element <Ta> thus

<E',J,MA" | T (2) ;EJMD-—--@-——Y—{(E ~E})
n(2m E )2
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Ay %ﬁ Yl/\a(Ya,O)Y(/\&(Y&,O)ta[(ka,k&;z-Ea) . (3.49)

Up to now we have assumed that the particles have no
initial degrees of freedom. We nmow introduce isotopic
spin. The three~particle states are representéd by
|By» Bps R3» Iy Ip,s Ty Iy, I3l > where I, T,
designate the total isotopic spin and z-component
respectively of the ath particle. These states can be
written in the form IEl’ Pys B3 11(1213)123IIZ> . In
this wave function 12 and 13 are coupled to form 123
which is coupled in turn to I1 to form the total isotopic
spin I . We can write the inhomogeneous term includiﬁg

angular momentum, helicities and isotopic spin as

<E',J,M,A", I} ﬂTl(z) |E,J,M,A, T

23 > = Iy (Ip13)TH3T1

23

l(1311)13112112><E',J,M,A' | T,(2) | E,J,H,A> . (3.50)

We use an additional subscript 23 to emphasize that the
two-body scattering matrix also depends on 123 . The
matrix elements <Il(1213)123112 [(1311)131IZIIZ> are

directly related to the 6-j symbols according to the

formula
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<11(1213)12311z [(1311)13112112>

Il+Iz+I3+I

= (-1) [(21,+1) (21, 4+1) %%

I I I ‘
5’2 3 23 (3.51)

\Il I 131

We have considered Iy = 153 . The recoupling of three
angular momenta and the 6-j symbols are discussed in
appendix.

Finally one gets the inhomogeneous term Tl(z) in
the representation of angular momentum, helicities and

isospin with the combination of Egs. (3.48), (3.50) and

(3.51)
Il+12+13+1
<E',I,M,N T [ Ty(2) [ E, 3,0, Ty = (1) )
1 I I 1 m,+m
[y )L, pn)? 20 3 B 23y
1 31 171

5 A16 BiEp) Z_; Yy

(v7,0)Y, A + (y},0)
1 Y1 'Y Y1

1

LIS N
ey Cepakyiz-Ey) (3.52)
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We can write the kernel Ka(E',E") in general form

Il+12+I3+I 1
] 1" —_ 2
K (E',E") = (-1) [(214,+1)(21,5+1)]%%
IZ I3 1233 mE+m ¢ :
T N3 74 /\'6 (Ea-Ea)X
Il I L31§ n(ZmaEa) o o

1} ] L 1] -1 > '
(ECZ + EB + E'Y - 2) Ek‘_ YI/\(X(Y&,U)Y[/\&(‘;Y&,O)

tai(ka, k&; Z*Ea) . (3053)

Basdevant [28] and Ahmadzadeh and Tjon [29] have
shown that if the kernel K(z) 1is separable the system
of integral equations in three variables are reduced to a
system of coupled integral equations in one variable only.
We follow Basdevant's reduction method to obtain from three
variables to omne variable coupled integral equations,

The kernel defined in Eq. (3.53) can be written in the form
' sy _ o 1 " 2 1 w1 :
Ka(E s E™) =4 (EanEa)Aa(E )Ba(h ) (3.54)

where

N

/
Il+IZ+IB+I { 12 13 123 )
ill 1 13

N\

Aa(E') = (=1) [(2131+1)(2123+1)]

1
J
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m_.+m
: l ] | ] -
’ é“a/\& n(2m E )16 YK/\a(Ya,O)tal(ka’ka,z Ea)
oo

and

B(x(E") - (S: EY w- Z)—l

Y (v ",0) .
5 B 1/\Oc a

Then the Faddeev equations (3.37) become

s
{

() (g gy = T (E',E) - A (E") J B (E")~(E!-E) %

[T(B)(E",E) + T(Y)(E",E)]dE" . (3.55)
Its solution can be defined as
T(“)(E;,E) = T,(E},E) = A (EDX (E!,E) . (3.56)

Substituting (3.56) in  (3.55), we obtain a new set of

integral equations, involving the function Xa(E',E)

X (E;,E) = SBa(E")EKE&—E;)[TB(E:,E) + Ty(E’zE)]dE"
- % { 2,6 (B! ENX (EY,E)AEY (3.57)

Introducing the functions (b&( ,E) and zaB(E',E;5 thus

'
%K
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“JOC(E(;,E) = 5Ba(E")g(E&—E;)[TB(E",E) + Ty(E",E)]dE"

and

ZaB(E;,EOZ' = (1"%8) I(Ba(E)AB(E)@(E&_Ea)@Eg_EB)dE ,

s

Eq. (3.57) becomes

XOC(E:L’E) = ﬁa(Eé,E) - i? 5ZaB(Eé,E;‘)XB(Eo;',E)dE" (3.58)

or written in matrix form

(%, (E},E) [ EY 0z, Zy,
Xy (Eg,E) = sz(EJ,E) \ - Zyy 9 Z93
e | \vsmn | s w0
X (EE)| |
%,(E5E) | (3.59)
X4 (EM,E)

At this point let us assess what we have accomplished.
The form of the equations we have obtained is quite analo-
gous to that of the original Faddeev equations; what must

be pointed out as extremely important from a practical
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point of view is that we have now a problem involving a
system of coupled integral equations in one variable

only.



CHAPTER &

THE SEPARABLE APPROXIMATIONS

In the last section, we have discussed the formal
aspects of three-particle scattering. All the properties
of the three-particle system may be derived as long as one
knows the exact scattering amplitudes (off-energy shell)
for the two-particle system and information about the
form of the three-body force.

Attempts to solve the three-body problems were made
by several authors [6, 7, 9, 10]. Though starting with
different formalisms Lovelace and Rosenberg in potential
theory and Amado in field theory, the three-body equations
of these theories are very similar. However, the most
comprehensive calculations are due to Lovelace.

With regard to two-body interaction, it should be
noted that the two-particle scattering data only deter-
mine the scattering amplitude on the energy shell.
Information regarding the off-shell scattering amplitude
can be obtained by the study of multiparticle systems.

In particular, the Faddeev equations provide a basis for
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the study of this off-shell behaviour and its effects on
the three-particle system. However, this is not a very
practical proposition since the number of degrees of
freedom involved in the three-particle problem renders
difficult attempts for mumerical solution without
approximation (S. Lee's Ph.D. thesis, University of
London, 1969). One possible approximation is a
separable two-body potential.

The lovelace theory is applicable to a three-particle
system in which each two-particle subsystem can form
bound states or resonances. It exploits the fact that
the energy and form factor of the bound and resonance
states determine the behaviour of the two-particle ampli-
tude (off-and on-the energy shell) in the vicinity of
the poles associated with these states. The assumption
of the separable potential leads to an approximation of
the two-particle amplitude which is separable in the
initial and final variable.

The separable approximation of the two nucleon system
has been proposed by Yamaguchi [13] and has since been

used extensively [14, 15]. We here discuss its
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theoretical justification. This approximation gives rise
to an adequate representation of the low energy two
nucleon data. It would be desirable to include the
effects of the nucleon~nucleon short-range and tensor
forces., The inclusion of these phenomena would greatly
increase the numerical difficulties involved in the
solution of the three~nucleon problem. As we believe
their effects will be small, we have chosen to represent
them by a single adjustable parameter hoping that with a
single choice of this constant a good representation of
several three-nucleon observables can be obtained.

Let us consider a two-body system with Hamiltonian
h (= ho + v) . The relation between the resolvent of

the Hamiltonian h and the t-matrix is given by
t(z) = v - vg(z)v . (4.1)

If h gives rise to a bound state function Q/n(R) with
binding energy E , then as is well known g(z) and
hence t(z) will have a pole at z = - En . It has
been shown [8] that g(z) has the following spectral

representation
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(0 0]

' ¢, (R) \p (") " daq® 4y (p,9q)

O

\‘\/K(P_',q) (442)

where \PI(E,Q) are the continuum wave functions.
The assumption that the bound states dominate the
two-particle interaction leads to the approximation.

Thus

R\, (")

z + E (4.3)
n

o \]/n(
<p |g(z) |p'> = - Z.
n
If we have just one separable potential with partial wave
') = > ' 4.4
vl(p_,g ) My gl(g)gl(p_ ) (4.4)

then we can easily get a closed form for the off-shell
t-matrix which has been given by many authors [14].
Thus

@[ [ = 2 ey (4.5)

\

where
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co 2
q*dq|g,(q) ' '
tl(z) = [Azl - (2%*)-1 ‘S ! £ ]-1 . (4.6)
q® - z + it
(o]

The separable potential will have a bound state, 1f there

is a point 2z = - EK for which
oo !2
2 .
q*dq|g,(q)
}\zl = (27[2 )~1 I . (4‘.7)
q® + EK

[o}

Then, Eq. (4.6) becomes

o \g -1
1 _1 q®dq[gy(q) — :
tK(Z) = 4 Z+E (27‘:2) ’ a so'e
{ (q2+El)(q”—Z‘+i£)
(o] —
(4.8)

If we take the second factor constant, then the t-matrix
will reduce to the bound state contribution. Thus the

t-matrix becomes

L, (4.9)

<p ]tI(Z)l p'> = '%i gi(g)gl(g')(z + Eg

where gl(p) is the form factor of the bound state.
We see that the factors of the separable potential

are just the bound state form factors provided the
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coupling constants AK of Eq. (4.4) are chosen to give
these form factors the right normalization

@ 2
- q®dqig,(q) :
(?ﬁ)"1 | L ( =1, (4.10)
(qQ _1:_ E()2

o)
It is instructive to cousider the separable amplitude as
an off-shell form of N/D equations. The amplitude
(4.5) may be written in this way
NK(Z) ‘
< !tl(z)l p'> = 5,2 (4.11)
where DI(Z) has only the right hand cut and NK(Z)

only the left hand cut. Therefore, we have

1 .
tl(z) = B;TZT R (4.124

Vand
g(®) = [N, (0")]% . (6.13)

The bound state form factors gl(g) satisfy [21]

dispersion relations in p® with only a left hand cut

and the off-shell t-matrix is given by
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%

[Nl(p* )Nl(p'z)]
DK(Z)

(4,14)

<p | tl(z) lR'> =

provided that the potential wave is determined by a
bound state. The numerator NK(Z) is determined by
the form factor of the bound state and hence ¢ontains
the left hand cut [22]. The form factors that will be
considered correspond to pole or double pole approxi-

mations to the left hand cut.
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CHAPTER 5

£iE COULOMB  INTERACTIONS

In this section we study the Coulomb interaction.
Charged particles are much easier to study experimentally
than neutral particles, but their Coulomb interactions
complicate the theory considerably. The Coulomb poten-
tial is, of course, not separable and at low energies,
with the particles held together in the bound or resonant
states, can not be treated as a small perturbation.
Another exact method for dealing with the Coulomb
interactions is therefore required.

The three-particle equations require the exact two-
particle t-matrix elements (off-energy shell) and thesé
ére at present not known precisely. A method for
dealing with this difficulty will be described below.

The behaviour of the two-particle interaction via a
short-~range separable potential together with a Coulomb

potential was studied by Harrington [16]. He illustrated

the nature of the Coulomb modification to the g-functions

in a simple s-wave problem with a single term (central
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force part) of separable potential of Yamaguchi type [13].
We shall apply the technique to calculating s-wava
g-functions with the separable potentials of Yamaguchi
[13].

We consider a Coulomb potential with cut-off, The
potential v 1is expressed as v = Vg + v, which is the
sum of a separable potential v and Coulomb potential:
A The cut-off radius R of v, is much larger than
the range of Vo

The three-particle system is described by the

Hamiltonian ©{ where
H = HO + v 4w (5.1)

and Ho is the kinetic energy operator. The Coulomb

Green's functions are given by [18]

6S(z) = [H » 2]°F (5.2}
and
c -1
6 (z) = [H +v_ -2]". (5.3)

. c .
Then we can write GO (z) 1in momentum space as
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2

5 |
9 c - ] C 1
pok'y | Co(2) | Rpokp =P (R1-py)<ky | gz -7 | ky> .+ (5.4)

Since 51 is the relative momentum of particles 2 and 3

then Eq. (5.4) can be written with the Coulomb function

)
<§1[ ¢;> in momentum space, as
@Ikl [6,5(2) |pyky> =6 (pl-py)(2n®) 7L
P1231 1% EYRES RO |
@ Cc Cc \
2 ' <
q dq(k-ﬂ”s_qxéql k>
=~ - . (5.5)
2 - — _ L |
o 2 u

We assume the Coulomb function <k |¢;) to be strongly
peaked at k = g , both in magnitude and directiomn.

Then Eq. (5.5) becomes to a first approximation

1 ] { AR -1 .
<P.1’¥‘.]_ l GS(Z) l E]_?.l_(.]_> =8 (P_l"El)b(El"El)(Zﬂa) x

O c ‘2
a®dq Kk.| 85> '
| La (5.6)
Pl 2
‘ 2 - == - S
o 2M 24

The short-range interacting separable potential

v { in its partial wave form is
?
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vs,l(qiq) = Ay gl(q°)g£(q) . (5.7)

Harrington [16] has shown that when Ve is separable
b
the scattering potential Ve { which includes the
9

Coulomb potential Ve { is also separable. Thus
’

VSC,[(q"q? = exp(iAc,K(q'))}\lgc’l(qv)gc’l(q)exp(iAC,l(q).>)
| (5.8)

where

(¢}
-1 RS
iA )y = (2n® dqq® | <ki|# >
gc,IMQ)eXP(l c,;((q’) (2n?) S qq® | _<_\¢59 ({ 3’4:(9')/
o (5.9)
3 QO i = -+ .
Ac,l is the Coulomb phase-shift, and Vsc,l VS;K VC,K
Since Vee, { is separable, the matrix amplitude
=
(4.,5) becomes

@’ |tyz) |g> = ;Z exp(is, ((a"De, g(a")e, ((a)

\

tc’l(2> eXp(iAc’((q)) , (5.10)
where
o0} 2 _1
. 1 {adafe @] ] -
tc,[<z) = [xc,l - (272) ) P B (5.11)

o
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The asymptotic form of the radial wave function
Wl(q,r) in configuration-space for the cut-off Coulomb

potential is given by
) 3 l | \
wl(q,r) ~o sin(qr - 5 [n + Ac,l(q>) . (5.12)

Yost, Wheeler and Breit [17] have originally shown that
the radial Coulomb wave function F/(q,r) has the

asymptotic form

F,(q,r)nssin(qr - x log 2qr - 1 It + A (q)) , (5.13)
{ 2 c,f

where AC & the Coulomb phase-shift is given by
) 2N

Ac,l(q) arg [ + ix) , (5.14)

and

X =y ezq—l. (5.15)

The wave function wl(q,r) satisfies the Schrddinger
equation with a cut-off [23], rather than exact Coulomb
potential (for qR >> {(f+1) + %®*(q) and r <2 ).
This is required in order that wl(q,r) has its asymp-

totic form when r = R . Then we have for r > R



WK(Q9T-') = Fl(cbr)
= )% ¢ (x)m (2iqr) (5.16)
{ ix, f+%" ’ )
where MH y is the Whittaker function and CK(X) , the
9

barrier penetration factor [17]

~

C(x) = 2 (1) 1y (P42 [(U-1)% + x*] ...

(1+x® ) 2nx(exp(21x) - 1)"l . (5.2.7)

The function g_ K(q) is defined [16] in terms of
b

Wl(q,r) by
o
gc,l(q) = 4nq"1 Lgr dr Gl(r)wz(q,r) ) (5.18)
o

where Gl(r) is defined by
o
Gl(r) = (ZWQ)—I _Squdq 8K(Q)jx(qr) (5.19)
o}
and jl is a spherical Bessel function.

With the help of (5.16), Eq. (5.18) becomes
©

gc,l(q) = Mq"l Srer[(r)(Zi)"K'l

CK(X)M]’_X,K-%J/Z(Z:LQI) .

o) (5.20)
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We can now compute the functions B l(q> for the
?
different angular momentum states.
We consider the non-local separable potential of

Yamaguchi type [13] for the S-state in the form

it

Vs,0ldH»9) Mg (a")e, (q) (5.21)

where

g,(q) = (B* + q‘°‘>"1 (5.22)

and BO is a constant parameter.

So Eqn. (5.19) becomes
©
2 "'1 2 2 ""1- e
Go(r) = (27%r) q(BO + q®) " sin(qr)dq .
o

Mow we have the result [24]

m —
- ; [z ezp(-avz)] .
(z+x2)nkl n. 2 n .

(5.23)

(0 0)
™ in(ax)dx (D™ p @°
dz
(o]

Then Go(r} becomes

Go(r) = (Aﬂr)"l exp(—Bor) . (5.24)



67.

We get 8¢ O(q) with the help of Egns. (5.18) and (5.24)
9

oo

gc,o(Q) = tmg~t ,S rdr(4nr) ™ eXp(-Bor)(Zi)_lco(X) X

0

M, 2igr)
Wlx9%( iqr)

We also have the result [25]

co
( 3 “""'15 (
exp(-st)t™ “ 1 at)dt
= ) )\, p' )
o}
Lo- —-p-% —Aep—% |
= a"" [(2pr1) (s-5a) T (stha) TAEE (5.25)

i

Then the final forin of & O(q) becomes
, !

gc,o(q) = (Bz+q2)~100(x)exp[2x tan-l(qﬁgl)] . (5.26)
where
coz(x) = 2mx[exp(27x) - l]-l . (5.27)

All calculations of (5.26) are in appendix III.
This function & is useful in finding the correct

separable-potential parameters for the scattering of
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two charged particles, especially in those cases where
there are no neutral counterparts. With this information
the off-shell two particle T-matrix needed as input in the
Faddeev equations of the three-~body problem can be calcu-
lated. In the next section, we shall use the function

g. to modify the Faddeev equations of our p-p-n problem.
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CHAPTER 6

THE PMODIFIED FADDEEV EQUATIONS

The aim of this chapter is to study the three;body
bound state problem with two of the particles charged,
We shall use the approximate form of the Coulomb Green's
functions in momentum space, suggested by Schulmen [19]
and Adya [20]. Both of them left out spin, isospin,
angular momentum, tensor force and hard core saturation
effects. They only considered the two-body short;range
interaction with the central force term of the Yamaguchi
potential [13]. Alessandrisi et al [3C] discussed the
Coulomb energy Ac of He3 and the probability P3/9
of finding the He3 in an I = 3/2-state. They extended
the formalism of Alt et al [31] to spin and isospin and
also showed that the Coulomb interaction violates the
Iisospin symmetry. We shall try to modify the Faddeev I
equations with the Coulomb potential including angular
momentum, helicities and isospin.
We have already discussed the three-particle system

of the uncharged particles and their Green's functions in
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Chapter 3. The transition to the charged particle system
is now straightforward. The total Hamiltonian for this
system is defined in (5.1) and the Green's functions

Gc(z) and Goc(z) are also defined in (5.2) and (5.3)
respectively.

Then we can write

¢%(z) = co°(2> - GOC(Z)T(Z)GOC(Z) , (6.1)
where
3 |
z) = S 1) . (6.2)
o=1

The T(a)(z) satisfy the coupled integral equations

1{(2) = 1.%2) - 1,526, %(2) ZZ TPy, (6.3)
BFa

The Tac(z) is operator in the three-body space for the

charged particles. e can write Tac(z) in analogous
3.52

to (3.+28)

|

<E',J,M,A", Ty, !Tac(z) | E,3,4,2,1,5> =
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Il+12+13+I

1
n w ¢ \ - . /2
6.(na'_ha>(-1> [(21,4'+1)(21,5+1)]%%

, |
t;(ka,k&; z-E,) (6;4)

where

te(kyskys 2) = g, (kg (e, (2-E) (6.5)

and gc’l(k) and tc,[(z) are given in (5.14) and
(5.11) respectively.
Let us denote the factor KB\A.K(y,y') by

Il+12+I3+I

K g (1" = 1) [(21)4+1) (21,5+1) )%

I I I,50) '

2 3 23 ) — R '
5 { é'\ 1 Z Yl/\(‘Y’O)YK ,('Y ,O) . (606)

AN
(I3 I 1315 N
The operators Tl(z) and Tz(z) which we have

already discussed in Chapter 3, are equal in our case
(p-n subsystems). They are not affected by the Coulomb

potentisl, Only the operator T3C(z) will be affected
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for the Coulomb potential. The integral equation, in its
angular momentum, helicities and isospin decomposed form
for the Coulomb effect, is obtained from (6.4) and (6.3).
Thus

m,+m
= B Y X

mlQOB\/zmaEm

CE*,J,M,A\", 1! \T(“)(z)( E,J,M,A, I

23 237

' I 14,.C 1.
g& (ECX_L(X)K /\/\'{('Y,'Y )t /;(kQ',’k(Z’ Z-—Ea)
- ngWKIfJ’an(y',YW)(Ea" TESM +EY -z v )X
- " o oy, C ' " " " £ AW oTm
0'(Ea -1 )tl(ka,ka; Z-—Ea J<E g J, My, T

l
o 231

(T(B)(Z) + T(Y)(Z)) ‘EQ,J,iylyxv9xé3>)? . (6.7)

We can write the kernel in (3.29) including Coulomb

potential

| I | -1
Ky(B',E™) = Kooy anmg(y 5y (E " + B)" + B — 2 = v )7

G (Eg" - E3°)t;(k3‘,k3"; z-E5) . (6.8)

Again this kernel can be written in analogous to (3.51p

K3(E',E") =6.(E3'—E3")F3(E")A3(E°) , (6.9
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where

" nii]
P (E")

it

(ZZE"—z—v ) Yf/\“ (73 ,O)gc [(k "5, (5.10)

and

I 1+I 2+'.[3+I

X
Ag(E") = (-1) [(Zliz + 1}(2112 + 1)]1° %

I1 I2 1125 g ml+m2
AWWAS. —— *

I I,, 3 3m123\/?

Yl/\g(y ’O)gc,l(k3 )tc,K(Z-EB ) . (6.11)
Then Eq. (6.7) becomes

3@y - 3(:,°,E) - Ag(E" )Sr (L")CO(E3..E"‘ X

[T(l)(E",E) + 18 (mmE)]aE" . (6.12)

3.57
According to (3+3%), Eq. (6.12) can be written as

X3(E,,B) = §F3(E")@(E ~ED[1,(E%E) + T,(E*,E)] %

E")XB(E;,E)dEg , (6.13)

-
A
dE SZ KBB(Es, 3

B
(B =1, 2)
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where

D RN : - "_ : )
K3g(E1,ED = (1-30) S' F3(E)AL(E)N(E] 33)&(r Eg)dE . (6.14)
Let us denote BS(E',E) by
By (Ey,E) = 5? (E'Qgng_Eg([T (E",E) + T,(2",E)]Jai" . (6.15)
Then Eq. (6.13) becomes
57 o 9 T - y nl} n - et %\~ nl A B v ni 1) \
%4(L],E) = By(E,B) E‘ Kyg(E3,EDK (BLE)AEY o (6.16)
Similarly, XG(E&,E) (¢ = 1, 2) can be written as
Xa(Eoz,E) = B E) - (Z K %3 (8! '"")X (E" E)dE" . (6.17)

)7 fualfet

Combining (6.16) and (6.17), we get the equation in

matrix form

X, (B3, E) (B, (E},E) 0 Ky, (E],E1) K, 5(B], :\\
X, (EL,E) By(E,E) | = [ Ry (EF,E) O Rya(E),EY)
X3(ER,E) B3(E4,E)) K31(EL,E;) X 2( 9r") 0
LY R
X (BgsE) .
X %, (B",E) (6.18)
‘ P4 2 _ad 9 °

X (E" E)
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When particles 1 and 2 are the same, then equation (6.18)

becomes
(%, (Ey,E) /B, (E!,E) [ o 0 Ry 55 B
X (ELE)L = | 3 (BL,E)| - | O 0 Ky4(E),E")
LI v rt o i} E"‘) 7 _':’ ,.LW
X3(EO(’E)/ B3 (E,E Ry (BLED Ky (BB O
Xy (E)E |
A Z, (EY,E) (6.19)
Xy (E)%E)

Egs. (6.19) are after one iteration, integral equations
for XI(E:,E) and X3(E$,E) , thus
co
ol } N LI 7 vl B » LI v . ISR ARl LAY
Xl(E,,E; = Bl(En’E) - le(E',E)B3(E3,L) 4 2K13(L,,E,)x
Ko}
Kgl(E:,Er)Xl(E:ﬂE)dEf 5 (6.20)

and
(00}
;
1 1 = ' me il B f oo
X3(Ey,E) = By(E),E) - 2Ky, (B],E)B, (E,,E) + ¢32K31(E3,n3>x
e}

K, (B, ,E;)XB(E;,E)dE\'; . (6.21)
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Combining Egs. (6.20) and (6.21), we can write the p-d

scattering amplitude matrix equation as

X (E5E) = 2 By(E)LE} - X Ry (Bgs )8, (BL,E) +

o a#B B
o
2 2 g K (E',EMK, (E',E™X (E",E)dEY ,
0B a3 T o TR T T o T

o

(e, =1, 1, 3) , (6.,22)

when KaB=O’ if a=28.

Eq. (6.22) forms the basis of many of our predictions for
proton-deuteron scattering. At this stage, it is con-
venient to make a number of results.

The bound state wave function equation can be written
from equation (3.10) as

1) = o (212) T %), (e=1,2 3.
B#a

. >
Then the He3 wave function becomes (6.23)

(00)

1 By o X1 T - 00 -1
Y, (E},E) = 2 Eié S’K“B Bl EK (B),EWY (EF,E)AEY
O (6.24)
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Thus we have a set of homogeneous integral equations that
has a solution only at an energy equal to the binding
energy of the three-nucleon system,

For the treatment of isospin, we choose to work in
a basis in which the total isospin I 1is diagonal.
Since the Coulomb interaction violates I-conservation
not IZ , the bound state scattering operators will be
diagonal in Iz , but will have nonvanishing matrix
elements between the states of different I . e cen
write the equations in a basis in the Eilbert space in
vhich the SU(2) symmetry breaking in the three-nucleon
system is more transparent. When IZ = - % , they

reduce to the well-known equation for n-d scattering [9],

N =

but for Iz = , they show implicitly the Coulomb
effects,

The eigenstatesof I available for the three-nucleon
system are I = % and I = 7 . If the pairs of nucleons
are in a deuteron-state, the total isospin can only be

1 . . . .
I=35. tiowever, i1f the pairs of nucleons are in a

o} =

nucleon-state, the total isospin can take both values
3 .
or 7 . We shall discuss the results for the S-state in

the next section.
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CHAPTER 7

THE OBSERVABLES

Here we report on the results of our numerical
calculations of the three-body bound state described
in the last chapter. In the following we describe
Faddeev's T-matrix for p-d (ppn) elastic collisions
and the binding energy of He3 as well as the Coulomb
energy Ac of He3 . We also compute the phase-shifts
from the calculated T-matrix elements for the f = 0
partial wave.

Firstly we calculated the strength of the coupling
constant A . The value of the coupling constant is

conveniently determined from the equation [32]

K—I = n2 8—3 - anagl B"4 (7.1

which relates it to the singlet scattering length a_ .
Table 1~ contains the strengths of the inverse of the
coupling constants for n-p, p-p and n-n collisions with

corresponding input parameters.

* See on page 86.
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We also determined the strength of the Coulomb
potential v (r) = e2l | Taking the Fourier sine
transform into momentum space viz. vc(p) = e*n/2 we
obtained for Vc(p) a value of 0.011466 (using e® = I%7 ).
Throughout our calculation we assumed the equal masses

for n and p, thus m = m, = m, = 4,76 T~ and

reduced mass yu = % x 4.76 L,
We replaced the momentum variables k by the energy

variables w using the relations
1 de I ) -
3V e i) - Vmey

respectively. Then t (k 1, z) in (4.5) and

tOC(EB,EE; z) in (6.5) became

mw ~1 mwl' -1
£ (e kliz) =t (w,0]52) = (B° + —5)  (B® + —= ) X
* 3
1 1 [ m wy s mw -2 31 -1
- - . . ™1 i S
[y - (257 S<32><s+ LG - Shdy
o (7.2)
and
-1

to (k kijz) =t (wl,wl,z) = (B® + 2mwy) "(B* + zmwi)‘l

1)

X Lo L
(4n2u°e4/(hmawlwi))2(exp(2npe2/(2mwl)2)—l) 20X
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1

(exp(Znuez/(mei)% - 1)7* exp[(Zpez/(mel)

s

X

%

tan—l((mel)% B-l)] exp[(Zuezl(mei) X
©

tan—l((2mwi)% B'l)) [x;; - (?.n?)~l —5(2m3wi)

o

X
o}

[aneQ/(mei)%] exp[(huea/(mei)%)tan—l((mei)%ﬁ—l)]x
2 !"'2 v"]- 2 11/2V"l
(B® + mel) (z - 2mw1) [exp(2mpe /(mel) )-1177X
dwi]—l . (7.3)

For solving integral equations (6.20) and (6.21) we
used the quadrature rules described by Osborn [39] slightly
modified. Wle transformed the integral equation to matrix
form by approximating the integrations by finite sums.

The infinite limits of the integrals were easily changed
into finite ones by a conformal mapping. Gaussian
quadrature was used to convert the integral into a sum.
Our quadrature rules evaluated exactly all the rapidly
varying terms in the integrals and allowed us to get

accurate results with a small number of mesh points.
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All calculations were carried out on an IBM 7094 I1
computer at the Computer Centre of Imperial College. We
used five point Gaussian quadrature [33]. e alsc used
the energy units of inverse Fermis instead of Mev, The
relation between them was 139.4 Mev = 1.415 F~L., Faddeev's
T-matrices were estimated at different (total kinetic)
energy levels viz. 5 lev, 8 liev, 10 ilev and 15 Mev for
p-d elastic scattering. The phase-shifts were determined
from these matrices.

Lovelace [9] has shown that the T-matrix satisfies
the principal value form of the Lippmann-Schwinger
equation when i{ 1is dropped i.e. Im(z) = O and the
integral becomes a principal valued integral. Let
Al(p,q;kz) be the amplitude which is the solution of

the T-matrix equation. Lovelace derived the relation

b A :
etween { and tl thus
t((P;Q? k+if ) = A((P,Q? k®) -

2m* ikA (p,kik*)A (K, qik®)

. (7.4)
L + 27 ikA (K, kjk")
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Since AK is real and symmetric in p and q , Eq. (7.4)
satisfies the off-shell unitarity relation. The on-~shell

T-matrix is related to the phase-~shifts by

tan 51

Al(k,k; k?) = - S . (7.5)

Using this relation we estimated the phase-shifts
7f°r the S-state. gup results and those of other authors are
shown in table 2% BHM's theory [26] included f = 0, 1, 2
whereas ours only [ = 0 . This probably explains the
small energy dependence of our f{ = 0 phase-shifts and
the discrepancy at higher energies. CG determined their
phase-shifts f( = 0 from the experimental differential
cross-sections and the phase-shifts for ( > 1 calculated
in Born approximation.

For the binding energy of He3 , we deteéﬁned the
largest eigenvalue of the kernel of the homogeneous
equations (6.24) for a definite energy. When the
largest eigenvalue was equal to 1, then this energy was

called the binding energy of ge3 | Weinberg [34]

o,

“ See page 87.
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discussed the properties of the eigenvalues and eigen-
vectors of the kernel of the Lippmann-Schwinger equations
for real potentials. Phillips [35] used the matrix

equation of the form
Ky 5 (By) :‘fj(Eb> =k (B . (7.6)

He employed an iterative method for finding the largest
. 3
)
eigenvalue k ax of Ki.(Eb) . If Eb was the He

i
binding energy, kmax = 1. We observed the energy Eb
by searching for the zeros of the Fredholm determined of
Eq. (6.24). The difference between the binding energies
of H3 and He3 yielded the Coulomb energy AC of He3 .
Our model estimated the He3 binding energy which
was in good agreement with the experimental value. In
table 3*, the binding energy and the Coulomb energy AC
of He3 are shown together with those of Adya [20] and
the experimental values. Adya took an épproximation of

the form factor gc(k) = ¢(x) exp[x tan—l(k/B)] and

calculated the Coulomb energy AC of He3 from his

* See page 88.
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estimated triton binding energy of 8.3 lev. In our case,
no approximation to the form factor gc(k) = EE%E? c(x) x
exp[x tan~l(k/6)] was made and the Coulomb emergy A
of He3 was determined from the experimental value of
the triton binding energy of 8.49 lev,

Many authors [37] have suggested that the Coulomb
energy AC of He3 may be considerably smaller than
the binding energy difference between He3 and H3 .
Most recently Okamato and Lucas [38] have shown that
the effect of a soft repulsive core of the nuclear forces
in the H3 wave function indicates that this discrepancy
may be of the order 18%. If this descrepancy exists, it
implies a charge asymmetry of the nuclear forces, in |
particular, that the n-n interaction is stronger than
the p-p interaction [38].

Most of the previous estimates of the Coulomb energy
AC of He3 were obtained from the difference between
the calculated binding energy of H3 and the experimental

value of the binding energy of He3 . Our estimates of

the binding energy of H3 and the Coulomb energy of He3
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are shown in table 4 together with the results of other
authors which were all obtained from the three-nucleon
problems.

The Coulomb energy Ac of He3 determined from
the difference between our calculated binding energies

of He3 and H3 is 1;96 MeQ.

* See page 89,



TABLE 1

B = 1.36 F”l

86.

Collisions ' scattering lengths values of
a_(F) e
n-p - 23.7 4,167037
P~-P - 7.61 4,681787
n-n -~ 20.0 4,212076
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TABLE 2
Energy Phase-shifts (radian)
(Hev) Ours  BHM[26] cc”*
5.4% _ 1.38
4,20 - 1.15
5;00 - 1.17
2,66 - 1'.77
7.40 - 1.52
8.00 - 1.24
10.00 - 1.31
11.50 - 1.82
15.00 - 1.35

* R. S. Christian and J. L. Gammel, Phy.Rev,91,100(1953).
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Results

Binding Energy of Coulomb Energy Ac
He3(Mev) of HeB(Hev)
Ours 8.03 0.46
Adya 7.0 1.3
Expt 7.718 0.764




TABLE 4

89,

Yo

Binding energy

Coulomb Energy

. w
Authors Potentials of Hz(Mev) Ac of HeB(Mev)
Ours C 9,99 1.5
y
SK[40] CY 12.05 4,332
SK[41] C_ + Ty 9.8 2,092
AAY[42] = 11.01 3.292
Z#0 8.53 C.812
BM[43] c_+ TY 10.4 2,682
Phillips vV, = 11.1 3.382
[35] 4
V4 # 9.1 1,382
y y
PSK[ 44 ] cC + 7T 8.59 0.872
y y
Expt[36] 8.49 0,764

Q'A

- CY and TY are the abbreviations of the central and

tensor part of Yamaguchi potential.
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CHAPTER 8

CONCLUSION

Although a great deal of attention has been paid to
the triton using exact three-body techniques surprisingly
little work on He3 has been done. Starting with the
Faddeev coupled integral equations for a three-body
system in momentum space, all the particles have a
short-range force and two of them have a Coulomb inter-
action, The effect of the Coulomb potential is completely
accounted for by the use of the Coulomb modified functions
& » rather than the original separable potential
functions g . These functions g, are useful in
finding the correct separable potential parameters for
the scattering of two charged particles, especially in
those cases where there are no neutral counterparts.

With this information the off-shell two-particle T-matrix
needed as input in the Faddeev equations of the three-body
problem has been calculated.

Our approach is to approximate the two-nucleon inter-

actions and to treat the three-nucleon interactions
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exactly. The advantages of our technique are that we
are approximating the best known part of the problem and
having chosen the two nucleon scattering amplitudes we
investigated the following three-nucleon problems:

(a) the S-phase shifts for p-d scattering;

(b) the binding energies of He3 and H3 and
the structure of the three-nucleon bound state wave
functions.

Our results are in agreement with those of others
and the experimental data. It shows that our basic
assumptions of the approximation s eme including angular
momentum, helicities and isospin are justified. Finally,

we conclude that the similar ideas are applicable to

solve more than three-nucleon problems.
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APPENDIX I

NUMERICAL METHOD

This section describes the techniques which allow
us to approximate an integral equation by a finite linear
system of algebraic equations which may be easily solved
by a computer. The integrals are approximated by some
finite sum rules. The general form of these rules

follows. Let the set,
) = Sypr oy € (ap), 1 <N

be a discrete set of N points on the interval (a,b) of
integration. We may write down the general form of a
quadrature rule while considering the integrand as a
product of two factors w(x), h(x) . All the singu-
larities and rapidly varying portions of the integrand

are contained in w(x) , whereas h(x) is a smooth,
singularity-free function with a rapidly converging

Taylor series. Then
b N
‘g w(x)h(x)dx = F h(xi)wi + {ﬁ(h) , (1.1)
A _

i=1
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where {N. is the error associated with this quadrature

rule and the factors W and w(x) are usually called

weights and weight functions respectively. The weights
gwig are a set of N numbers and can be determined when
gN is small. So the weights can be calculated when

€N(Xk) =0 for k=0,1, ..., N-1 , 1i.e. we calculate

b
_ k
Ik = g x w(x)dx
a

either by some numerical scheme for each integer value of

k or analytically and then solve the linear N x N

matrix problem given by

L= .k k K

K ST + Xy W, + o.. + XN Wy k=0, 1l,60s, N=1 ,

(1.2)

This can be written in the matrix form

0 o 0\ JRY
/Io\ B SR VAR PPRRE \ /Y

I k X 1 X 1 1 w
l \ l 2 s e 00 }(N . 2
. | N1 N1 N1 o
\ "N-1 1 2 ¥y N
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It is, therefore, possible to calculate the weights Wy
when Ik and xk are known. We expand h(x) in a
Taylor series. Thus
N-1
h(x) = J_ anxn + R(x) (1.3)
n=o
where RN(x) is the remainder term. By definition,
the error term of the weight is
b
C () = S Ry, (x)w(x)dx (1.4)
a
The first N terms in the power series for h(x)
are integrated exactly by the defined quadrature rule in
(1.1). The quadrature rule is acceptable when
EN(k) < <§ where 8" is some small positive number.
We just increase N , for a given 9 , until the
above inequality is satisfied.
We consider the Fredholm integral equation

b |
u(x) = v(x) + B K(x,y)u(y)dy , a <x<b, (1.5)

a
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where the kernel K(x,y) and v(x) are known functions.
We assume that a unique solution, u(x) exists. The
existence of a solution can usually be examined egither
by Fredholm theory or by showing that the kernel K
represents a compact operator. The first step in trans-
forming Eq. (I.5) into a finite matrix form is to replace

the integral by a sum. Thus we have

N

u(x) = v(x) + 2 K(x,y;)uly;)w; + €N(K(X,yi)u(yi)) .

i=1 (1.6)
This equation is valid for all x ¢ (a,b) . If we con-
sider the x given by the N point subset Y(N) of
(a,b), then Eq. (I.6) becomes N equations for N
unknown u(yi) . QN(K(x,yi)u(yi)) may be dropped from
the right hand side of Eq. (I.6), for the accuracy of the
quadrature rule when gN(K(x,yi)u(yi)) < & where 6 is

sufficiently small. The resulting N x N matrix

equation then becomes

N .
G(xi) = V(xi)-f > K(xi,yj)a(yi,)wj . (1.7)
j=1
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Eq. (I.7) is completely different from Eq. (I1.6)
because of neglecting EN(K(x,yi)u(yi)) . The equation
is also satisfied by u(xi)

N

u(x;) = v(xi) + 5 K(xi,yj)u(yj)wj + QN(K(xi,yj)u(yi)) .
i=1 (1.8)
Subtracting Eq. (I.7) from Eq. (I.8) and defining the

error in E as
E(Xi) = u(xi) - u(xi& ,

then E(xi) satisfies the integral equation

N :
E(xg) = E\(R(xg,y)uly) + Z KRG,y E(ydw, « (1.9)
j=1

Thus the error is determined by

-1 \ |
E(Xi) = % (1 - Kl_'lw]) E,N(K(Xj,Y}u(Y) ’ (1.10)

where (1 - Kijwi)-l is the inverse of the matrix
513 = K(xgygdw, . Hence, if L€ R(xgyy)uly) | << ulxy),

we can expect the error in replacing u(xi) by E(xi)

to be small. If the u(xi) have been determined once,
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it is easy to find u for all x by using Eq. (I.6) and
neglecting the error term. Caution is necessary when
neglecting gN(K(x,y)u(y)) . This technique of inter-
polating u 1is generally much more accurate then linear
or Lagrangian methods. So when the integral equation is
used to interpolate u(x) the error may be considerably
larger for a general point x than that for the points
in Y(N) . In spite of this, the integral equation is
its own best interpolator.

The quadrature rules like (I.l) are valid for
infinite interval [o,m). We obtain such rules by con-
formally mapping [0,00 ) into a finite interval [-1,1)
and then using Gaussian formulas for the finite interval.

Let us integrate h(x) on [0, ) according to the
quadrature rule,

N

h(x)dx = 5 h(x,)w, . (1.11)

i=1

o _—8

The problem is to determine W and X, 8o that the
approximation is the best we can obtain for N points.

Let us consider the map x => y ¢ [-1,1) given by
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_ x-1 _ Lty |
y =31 x =i - (1.12)
The Jacobian is
dx _ 2 (14x)°® ’

Thus the integral becomes
oo 1
S h(x)dx = g 2h(x(y))(l—y)—2dy . (I.14)
o -1

Now the integral on the right is easily solvable by

Gauss' method. This method is constructed so that

+1 N ,
x uy)dy = T ulywv, (1.15)
-:1 i=1

is exact for u in the class of polynomials of order

2N-1 or less. Thus if the 2N components{ YisYoseeesYy o

~,

Ql,GZ,...,Gﬁf are chosen so that for u E‘(l,yl,yz,..,YZN-l)
then Eq. (I.14) is exact. The values of abcissa vy
and weights Qi have been tabulated [33] for many values

of N (£ 100) . By using the Gaussian abscissa and

weights appropriate to Eq. (I.1ll), we obtain an
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integration rule for h(x)

(e0)
” (1+x )2 ‘
h(x)dx = Z h(x,) ———w, , (1.16)

i=1

O «

where the x, are determined by Eq. (I1.12) from vy ¢

The weights for the quadrature rule are obviously,
w, = & (1+x,)® W (1..17)
i 2 i i’

So Eq. (I.16) becomes

@ N

S h(x)dx = E: h(xi)wi . (1.18)
i=1
We illustrate our technique by the known integral
oo}
I(x) = e™™ dx .
o
We obtained the values with the percentage errors 0.26%
and 0,008% for N = 5, 10 respectively.
For checking our computer programmes, we took the

integral equation
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(o6
£(x) = 1 + g ™Y £(y)dy (1.19)
(o}

which can be solved analytically. Let
£(x) = 1 + Ae™" (1.20)

be the solution of Eq. (I.19). Substituting (I.20) in

(I.19), we get

so the analytic solution of Eq. (I.19) is
f(x) =1+ 2¢™ %

which depends on x .
The values of f(x) determined analytically and
by the computer are given in table 5*. Table 5 veri-

fies the correctness of our computer programmes.

o3

* See page 101.
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TABLE 5

Values of f(%)

Values of x
Analytic  Computer

0.05 2.90 2.9083836
0.30 2.48 2.485100C
1.00 1.74 1.7374740
3.30 1.07 1.0715090

20.00 1.00 1,0000000




102.

APPENDIX II

Here we have calculated the value of

L)+ H g+ Y
(-1)

i

1

. 0 /2
[(2112+1)(2123+1)] ' '
i I i

12 )
{
3 w'/

23

occurring in Eq. (6.11). In our problem, we have

il = 12 = i3 = % while i and 123 are 1. The

12

total isospin I be % . We have used the general

expression for 6-j symbol described by Edmonds' Eqn.

(6.3.7) as
/fa b ¢ e
Q = A(a,b,c)A(a,dgﬁ')A(d,b,f)
[d e £
. / -~
b
X A(d,e,;)w </a ) 2
i\d e £\
J

where

s

- / ] =
_ (a+b-c W(a~bt+c ) ~a+b+c)-
A(a,b,c) = i— (atbtct+1)f

and
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a b ¢
(=1)"(z+1)!
W Z[(z-—a—b—c) !(z—a—e~-f)! (Z—d-b—g)'

x (z~d—e-c)! (at+b+d+e~z)! (btctet+f-z) !
X (c+a+f+d~z)£]

and where the sum is over all positive values of 2z such
that no factorial in the denominator has negative argument,

Then the wvalue of

.

SRR R y (4 1 112>
(-1) [(21,,+1)(2i,,+1)] i Lo
3 23)
. ’ ' [ S ;‘ L,
is 1. Thes 15 M&C[-,'S'aﬁaw-w\cl Co  Simer "lhe R LY 55‘*“’*‘“‘“ s



104,

APPENDIX TIII

The calculation of the integral (5.26)

oo}
NS | N .
(2ik) Co(x) ng exp(-Bor)Mixy%(Zlkr)dr
0

= Co(x)(Zik)-l(zik) l"(2)(Bo-ik)ix'l(Bo~:-ik)“ix"1

For simplification, we put

BO = ¥ cos ©
and
k =1r sin 6 ,
Then
2 - 2 + 2
r Bo k
and

8 tan“l(k/@) .

Therefore, the integral becomes

~ix-1

lx"lr"lxﬂl(cos 8 - i sin 8) .

Cé(x)r

.. ~ixel
x (cos € + i sin 8) -

fi

Co(x)r"2 exp(2x8)

1

Co(x)(602+k2)_l exp[2x tan_l(kgg )] .
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