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Abstract

Dispersion curves of guided waves provide valuable information about the
physical and elastic properties of waves propagating within a given waveguide
structure. Algorithms to accurately compute these curves are an essential
tool for engineers working in non-destructive evaluation and for scientists
studying wave phenomena. Dispersion curves are typically computed for low
or zero attenuation and presented in two or three dimensional plots. The
former do not always provide a clear and complete picture of the dispersion
loci and the latter are very difficult to obtain when high values of attenuation
are involved and arbitrary anisotropy is considered in single or multi-layered
systems. As a consequence, drawing correct and reliable conclusions is a
challenging task in the modern applications that often utilise multi-layered
anisotropic viscoelastic materials. These challenges are overcome here by us-
ing a spectral collocation method (SCM) to robustly find dispersion curves
in the most complicated cases of high attenuation and arbitrary anisotropy.
Solutions are then plotted in three-dimensional frequency-complex wavenum-
ber space, thus gaining much deeper insight into the nature of these prob-
lems. The cases studied range from classical examples, which validate this
approach, to new ones involving materials up to the most general triclinic
class for both flat and cylindrical geometry in multi-layered systems. The
apparent crossing of modes within the same symmetry family in viscoelastic
media is also explained and clarified by the results. Finally, the consequences
of the centre of symmetry, present in every crystal class, on the solutions are
discussed.
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1. Introduction

In the study, and engineering application, of elastic guided waves the dis-
persion curves of waves propagating within a given structure are a vital tool
for inspection purposes and for obtaining information about the properties of
the material itself. Dispersion curves for propagating and non-propagating
modes are often computed for zero, or low, attenuation values and presented
as two or three dimensional plots. See for instance [1], [2], [3] or more re-
cently [4], [5] and [6]. However, cases where high values of attenuation are
present and arbitrary anisotropy in single or multi-layered structures is con-
sidered have been hardly studied due to the great difficulties encountered
when computing their dispersion curves. For instance, dispersion curves for
viscoelastic monoclinic plates have been found and, for low values of the at-
tenuation, presented in two dimensional plots [7], but in general, a better
understanding of the nature of the modes, and a clearer visualization of the
solutions, is achieved when dispersion loci are reliably found for low as well
as high values of attenuation and therefore dispersion curves are required in
three dimensions.

In the literature, modes have been categorised in a number of ways and here
the classification of Auld [8] is used: propagating modes have real wavenum-
ber, for this reason they are often the most useful for engineering application
in NDT since they propagate and transport energy within the structure with-
out attenuation. The second type of solution is non-propagating modes with
complex or purely imaginary wavenumber. Note that these modes with com-
plex or purely imaginary wavenumbers are also present in perfectly elastic
materials without any energy leakage, those solutions represent local modes
that would exist at discontinuities. In addition, non-propagating modes are
of interest in certain applications such as the solution of scattering problems
using modal summations where a knowledge of the full set of possible modes
is essential, [9]. A detailed discussion about the physical properties and en-
ergy transportation of non-propagating modes in elastic (lossless) media is in
the second volume of Auld [8]. For viscoelastic materials, only propagating
modes with complex wavenumber exist lest unphysical results are obtained
as pointed out in [6]. Propagating modes in viscoelastic media can in turn
be split into: lowly attenuated modes, with almost real wavenumbers and
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therefore very useful for inspection purposes in NDT; and highly attenuated
modes, with dominant imaginary part for the wavenumbers. The reader must
be aware that there does not seem to be a consensus about this nomenclature,
see for example [8], [10] and [11]. In this paper we adopt the convention by
Auld [8] and we will try to make it clear what kind of modes we are talking
about in each case by specifying the nature of the wavenumber. Collectively,
these types of modes constitute the complete spectrum for a given problem
and their study and visualization is the object of our current investigation.

Several methods have been developed, and successfully deployed, to com-
pute two-dimensional, and less often three-dimensional, dispersion curves for
guided waves in flat and cylindrical geometry: finite element (FE), semi-
analytical finite element (SAFE) simulations, root-finding routines based on
the partial wave approach (Partial Wave Root Finding, PWRF) and lately,
spectral methods have become more popular as a powerful alternative, see
[4], [12] or [13]. More recently, one of these variants known as Spectral Col-
location Method (SCM) has been successfully used to model guided waves in
elastic and viscoelastic generally anisotropic media, [14] and [15] respectively.

The main contribution and novelty of the present paper is the deployment
of a SCM to compute the full three-dimensional spectrum, including highly
attenuated and non-propagating purely imaginary modes, for guided wave
problems in three cases (Figures 4.a, 5.a, 7 and 9.) which, to the best of the
authors’ knowledge, have not been studied before and comprise up to the
most general type of anisotropy, namely triclinic crystals. Several other well-
known cases have also been presented for validation purposes. Regardless of
the case under study, this investigation also emphasizes that with the SCM no
additional coding effort is needed to obtain the complete three-dimensional
spectrum which contrasts with conventional approaches for which the al-
gorithms become significantly more inefficient when searching in a three-
dimensional space and which may require substantial modification to obtain
robust solutions. The SCM used here was first presented in a previous work
by Hernando et. al [15], though there, attention was restricted solely to lowly
attenuated modes. The present work goes one step further and, by carefully
sorting the eigenvalues provided by the SCM, completes the picture giving
the remaining branches of the dispersion loci for the most general anisotropic
triclinic class. It is notable that with technological advances there is a need
for this full anisotropic generality and for the robust generation of the corre-



sponding three-dimensional dispersion curves presented in this paper for the
first time.

Additional contributions of this paper, arising from the undertaken inves-
tigations, are the clarifications concerning the apparent crossing of modes
within the same symmetry family for viscoelastic media (Section III) and
the discussion of the implications of the centre of symmetry of all crystal
classes for the solution (Section V).

The paper is organized as follows. In section 2 a very brief description of
the SCM, and its implementation is given, this is kept to a minimum to
avoid repetition and the reader is referred to [12], [14], [15] and references
therein for all the details about the SCM scheme and an extensive discussion
of its principal features when used to solve acoustic guided wave problems.
Some modifications are required here and these are outlined. In section 3,
classical examples in flat geometry both for elastic and viscoelastic media
are presented as a further validation of the SCM approach. The crossing of
modes, which is an important detail in practice, is discussed and elucidated
with the aid of a new three-dimensional plot for the dispersion curves of a
monoclinic material. The full solution for a new multilayer flat case is pre-
sented at the end of section 3. Section 4 treats cylindrical geometry, firstly
a classical example is briefly presented for validation and the section closes
with a new illustrative multilayer cylindrical system. Section 5 is devoted to
the discussion of the results and conclusions.

2. SCM methodology outline

A comprehensive description of the SCM is in [12], [14] and, with partic-
ular relevance to the present case, in [15]. The main idea behind the SCM
is to convert the partial differential equations of the acoustic field into a
generalized matrix eigenvalue problem whose eigenvalues are computed thus
yielding the full spectrum. We highlight some minor modifications regarding
the post processing of results which must be done in order to visualize the
full three-dimensional solution.

The governing equations of motion for a linear elastic anisotropic homo-
geneous medium are:

ViKcKLVSL%muj = —puwluy (1)
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with the summation convention over the indices and cky is the medium’s
stiffness matrix in reduced index notation, [8] , u; are the components of the
displacement vector field that for the application here are

Uj = Uj(y) ei(szwt) ; J =T,Y,z. <2>

The differential operators in (1) are of first order in the coordinate derivatives
and their explicit expressions are in [8]. The expression of the stress tensor
field in terms of the strain tensor field, Sk, for a perfectly elastic material
reads:

Ti; = Ciji Sk (3)

here ¢;j5; is the fourth-rank stiffness tensor related to ck as described in
[8]. When material damping is included, that is, when modelling viscoelastic
media, the viscoelastic stress tensor field takes the following more complex
form assuming the Kelvin-Voigt frequency dependent model (see [15] for
details) to account for material damping:

w
~KV __ .
Cpjkl = Cpjkt = ¥~ Tlpjhl (4)

Where ¢, and 7, have the same units and the prefactor w/w is non-
dimensional. The 7, tensor accounts for losses within the material. A
more detailed description of the derivation of this expression is in Auld [§].
For structures in a vacuum, traction-free boundary conditions hold. These
require the vanishing of the following three components of the stress tensor
field. Taking the faces of the plate to be located at y = +h/2 the boundary
conditions (BCs) are given by:

Tyy‘y=ih/2 = Tyz|y=ih/2 = Ty2’y=ih/2 =0. (5>

Turning now to the implementation of the SCM, the standard procedure
consists of discretizing the physical domain and replacing the derivatives in
Eq. (1) by the discrete Differentiation Matrices (DMs). For a single layer in
vacuum, since we have a bounded interval, an appropriate, spectrally accu-
rate, choice is to use Chebyshev DMs, based on a non-uniform Chebyshev
grid of N points, these are N x N matrices; the generation of DMs is covered



in [16], [17]. The m-th derivative with respect to y is approximated by the
corresponding m-th order Chebyshev N x N DM:

H(m) . "

By D) = [DMepar] iy (6)
The substitution is made in both the equations of motion Eq. (1) and bound-
ary conditions Eq. (5) yielding the matrix analogue that is concisely written

. LE)U=w*MU (7)

where U is the vector of vectors: U = [U,, Uy, UZ]T, these vectors U; are
the components of the displacement vector field. The matrix £(k) contains
the differential operators of the PDEs and the matrix 9 is the identity mul-
tiplied by —p. The boundary conditions (BC) in Eq. (5) are taken into
account by appropriately substituting them in the corresponding rows of Eq.
(7) after having recast them in matrix form, in the same fashion as was done
for the equations of motion, this procedure is described in detail in [14].

The £(k) matrix contains terms proportional to k°, k' and k?. Rearranging
the terms in the matrix equation Eq. (7) and decomposing the £(k) matrix
so that the £ dependence of the different terms becomes more apparent leads
to the following expression of Eq. (7):

(Q2 K+ Quk+ QO(WZ)) U=0 (8)

Now it should be clear that, once we fix the value of w, this does not have
the structure of a general eigenvalue problem in k. In order to achieve this
structure (see Eq. (7)), a mathematical technique known as the Linear Com-
panion Matriz Method is used, see [18], [19] or [15]. Once we recast this again
in the form of Eq. (7) which is a typical generalized eigenvalue problem, it is
easily solved using an eigensolver routine that yields the complex eigenvalues
k; the cases presented here were solved with the routine eig of MATLAB
(version R2012b).

The SCM is known to produce some spurious eigenvalues as pointed out
in [20] and [12] for instance. The methodologies to deal with them have
been extensively discussed there and a similar discussion will not be pursued
here. These general procedures apply equally in the present case but in vis-
coelastic materials the full solution comprises all possible modes described
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in the introduction: purely real, purely imaginary (only present in the per-
fectly elastic case) and complex. Therefore no physical eigenvalues will be
discarded as would be done if one was only interested in propagating modes
with low attenuation. The same filter as used in [15] to retain only propa-
gating modes is deployed to classify the different solutions. The filter uses
the ratio between the real and imaginary parts of k£ = o + i 8 defined as:

5

R=_ (9)
Once this filter is introduced the classification of the modes is rather straight-
forward. For the elastic case, they are split into the aforementioned cate-
gories according to the nature of the wavenumber: propagating modes with
real wavenumber and non-propagating modes with complex wavenumber and
non-propagating modes with imaginary wavenumber. For the viscoelastic
case, only propagating modes exist and these are split into two categories
as indicated earlier, lowly and highly attenuated modes. Since now all the
modes have complex wavenumber, once a value of R is fixed and for a given
range of wavenumbers, the modes are split into those with a higher value of
the wavenumber’s imaginary part, propagating strongly attenuated modes,
and those with a lower value that are propagating but less attenuated modes.
In some regions of the spectrum of viscoelastic materials the wavenumber is
almost purely imaginary and in figures this will be indicated, when necessary,
with a different colour for clarity.

3. Solutions for Systems in Flat Geometry

The first case to consider is for the symmetric Lamb modes of a flat
isotropic perfectly elastic free plate, [1], later reproduced in numerous text-
books on the subject such as [8] and [10]. Fig.1 shows the dispersion curves
obtained by the SCM. Its excellent agreement with those shown in the orig-
inal paper by Mindlin was checked by the authors and no difference was
found between the two sets. Therefore, Mindlin’s results are not reproduced
here but can be found in his paper [1] or in any of the aforementioned more
recent references. This serves as a further validation of the SCM approach.
A complete description of the validation of the SCM for the study of guided
waves in anisotropic media, elastic and viscoelastic, is in [14] and, of partic-
ular importance to the present case, in [15].
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Figure 1: First three symmetric Lamb modes in a free elastic steel plate computed with
the SCM. Propagating modes (lowly attenuated modes) in blue. Non-propagating highly
attenuated modes in red and black (purely imaginary). The non-dimensional axes are
=hw / Vs and ¥ = hk / 7.



Throughout this section the conventional non-dimensional axis convention
is adopted for the three-dimensional plots. The non-dimensional frequency
is defined as follows:

hw

0=

Vo6

where w is the angular frequency, h is the half thickness of the single plate

or the thickness of the multilayer system and Vg = /Cgs/p. Cegs is the

corresponding entry in the stiffness matrix and p is the density of the medium.

Ve reduces to the customary cy for isotropic media. The non-dimensional
wavenumber is similarly defined as:

(10)

V== (1)

where k is the wavenumber of the wave.

Next we turn our attention to a viscoelastic isotropic free steel plate, the
symmetric and antisymmetric Lamb modes are shown separately in different
projections. The wave propagates within the plane of the plate. In Fig.2.a
and Fig. 2.b the full solutions for symmetric and antisymmetric modes are
shown respectively with the same colour scheme as in Fig.1 but no regions of
the spectrum have been coloured in black (strictly speaking, only the points
at which the loci intersect the plane Re(¥) = 0 would be in black) to highlight
that now all modes are propagating with higher or lower values of attenua-
tion, and none with zero attenuation; in absorbing media all modes are of the
propagating kind lest we obtain unphysical results, this has been discussed in
detail in section 3 of [6]. In Fig.3.a and Fig.3.b projections of the symmetric
and antisymmetric Lamb modes onto the non-dimensional Frequency-Real
Wavenumber plane are presented for detail, and for comparison with those
given in [6]. The set of dispersion curves shown in Fig.3. computed with
the SCM have been found to present very good agreement with those in [6]
which are not reproduced here for being identical to those in Fig.3, the orig-
inal figures can be found in the aforementioned reference. Note that all axes
in the present figures are rescaled by a factor 1/2 due to the definition of
the non-dimensional constants Eq.(10) and Eq.(11) where the half thickness
h has been used instead of the total thickness of the plate 2h as it was done
in [6]. The choice of colouring makes it clear when a branch of a mode runs
in front of the branch of a different mode in three-dimensional space. The
physical properties of this, and the previous example, are in the appendix.
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(b)

Figure 2: Symmetric (a) and Antisymmetric (b) Lamb modes in a free hysteretic-type

viscoelastic steel plate computed with the SCM. Propagating modes in blue (lowly atten-

uated) and red (highly attenuated). Non-dimensional axes: = hw / Vs and ¥ = hk
.

It is important to note already that the apparent crossing of modes within
the same family, something forbidden in the elastic case, does not actually
take place in the viscoelastic case either. This is explained by noticing that
for the viscoelastic case one still has two independent dispersion relations for
Lamb modes whose entries are now complex, thus yielding generally complex
roots: See also Rose [11] or Graff [10] for a more detailed discussion about
this. The splitting of modes into families of symmetric and antisymmetric
Lamb modes is related to the geometrical symmetries of the crystal and axes
configuration for the crystal chosen in each case, not to the dynamical prop-
erties of the material itself such as damping. Therefore, regardless of the
material being elastic or viscoelastic, if the crystal configuration is such that
modes can be classified according to their symmetry with respect to the mid-
dle plane of the plate, those two families will remain independent from each
other for any kind of media and no crossing between them will occur. This
is seen by looking at the full 3D picture of the dispersion curves and noting
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Figure 3: 2D projection of the symmetric (a) and antisymmetric (b) Lamb modes in a
free hysteretic-type viscoelastic steel plate computed with the SCM shown in figure 2.
Propagating modes in blue (lowly attenuated) and red (highly attenuated).

that what seems to be a crossing in the 2D projection is nothing more than
one line passing in front of the other in the complete and clearer 3D picture.
This is a recurrent point of discussion in the literature, to cite only a few,
see for instance [21], [22] and [23], it has also been addressed in [6] and in [5]
for elastic plates with fluid loading, further references to other related papers
can be found therein. The next example will further verify this assertion in
the case of a more complex material.

Now a free viscoelastic plate of monoclinic material is investigated. The
crystal configuration is as follows: the {Y'} axis of the crystal is normal
to the plane of the plate and propagation takes place along the {Z} axis,
further details about the physical properties of the material are in the ap-
pendix. Fig. 4.a and Fig. 5.a present the full three-dimensional solution for
symmetric and antisymmetric coupled modes respectively in a monoclinic
plate which, to the best of the author’s knowledge, has not been presented
before. Its corresponding two-dimensional plots for propagating modes and
attenuation are shown in Fig.4.b and Fig.4.c for symmetric modes and in
Fig.5.b and Fig.5.c for antisymmetric modes respectively. It is shown in Fig.
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4.b that two of the symmetric modes, labelled as B and C, cross at roughly
0.50 MHz, a similar result was obtained and discussed in figure 5 of [7] for
a different monoclinic plate. Note that the modes labelled A and B do not
cross. Once more, it is worth emphasizing that no real crossing occurs in this
case for the same reasons mentioned in the previous paragraph. For instance,
Li and Thompson [24] derived the two generalized Lamb dispersion relations
for symmetric and antisymmetric modes in a monoclinic plate with propa-
gation within the plane of symmetry of the crystal, these were also derived
in [25].

These two independent dispersion relations derived in [24] hold also for the
case of viscoelastic materials and therefore, having only one dispersion re-
lation which cannot be further factorized into a simpler product of factors
for each independent family, no crossings can occur amongst modes given by
the corresponding non-reducible dispersion relation for the independent fam-
ily under study. The fact that these dispersion relations cannot be further
factorized has a physical interpretation as explained by Solie and Auld [26]:
each dispersion relation is the determinant of the coefficient matrix of a set of
equations whose unknowns are the amplitudes of the partial waves which give
rise to the family of modes considered and the order of this non-reducible
determinant is equal to the minimum number of partial waves needed for
satisfying the boundary conditions. The six partial waves will be coupled
by the boundary conditions and anisotropy of the crystal in various ways
which depend on the problem under study. Note that the partial waves are
mentioned here because they are a known valid means of representing the
guided wave fields, and are thus a useful tool to aid the explanation, but it
must be emphasised that partial waves are not part of the alternative SCM
approach presented in this work. In the present case, three partial waves are
coupled (coupling symmetric SH and Lamb modes) to give rise to the coupled
symmetric modes, analogously for antisymmetric modes. Similar consider-
ations and explicit formulae for the monoclinic case can be found also in [27].

The assertion that no crossings occur and the solution given by each of
these non-reducible dispersion relations is unique can be explained as follows:
Firstly, the non-reducibility of an N x N dispersion determinant implies that
one needs at least as many partial waves as the order of the determinant to
satisfy the boundary conditions, that is, N. Secondly, in order to have non-
trivial solutions one requires the N x N determinant to vanish, this means
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Figure 4: Top: Symmetric generalized Lamb modes in a free hysteretic-type viscoelastic
monoclinic plate computed with the SCM (a). Propagation is along the {Z} axis, and the
{Y} axis is perpendicular to the plane of the plate. Propagating Modes: low attenuated
modes in blue, highly attenuated modes in red and almost imaginary wavenumber modes
in black. Plot non-dimensional axes: @ = hw / Vg and ¥ = hk / w. Bottom: 2D
dispersion curves (b) and attenuation (c) of the symmetric generalized Lamb modes in

the viscoelastic monoclinic plate. Note the apparent crossing of modes B and C in (b) at
roughly 0.5 MHz.
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Figure 5: Top: Antiymmetric generalized Lamb modes in a free hysteretic-type viscoelastic
monoclinic plate computed with the SCM (a). Propagation is along the {Z} axis, and the
{Y} axis is perpendicular to the plane of the plate. Propagating Modes: low attenuated
modes in blue, highly attenuated modes in red and almost imaginary wavenumber modes
in black. Plot non-dimensional axes: Q = hw / 7V and ¥ = hk / 7.
dispersion curves (b) and attenuation (c) of the antisymmetric generalized Lamb modes

in the viscoelastic monoclinic plate.
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the rank of the determinant is no bigger than (N — 1).

It can be seen that the rank is in fact (N — 1) thus yielding a unique non-
trivial solution by the following consideration: if this was not so, and let
us assume for definiteness that it was (N — 2), one could find non-trivial
solutions expressing (N — 2) partial wave amplitudes in terms of the two
remaining ones. In particular; one could set one of these latter amplitudes to
zero while still having a non-trivial solution constructed from (/N —1) partial
waves. This is in stark contradiction with the need for at least N partial
waves implied by the non-reducibility of the N x N dispersion determinant.

Interestingly, this can be confirmed by the SCM which uses an algebraic
approach. It has been observed that for each independent family of modes
the multiplicity of the eigenvalues, roots of the dispersion relation, is one.
This means that the eigenspace spanned by the corresponding eigenvector
(mode) is one-dimensional, which is tantamount to saying that only one dis-
persion curve runs through that point. Moreover, when a code for the most
general case of triclinic is used to study the dispersion curves in an isotropic
plate, the four independent families of modes (Symmetric/Antisymmetric
Lamb and SH) are obtained and, up to the accuracy allowed by computer
precision, it can be seen that eigenvalues with multiplicity two are obtained
for the crossing points. Their two eigenvectors are orthogonal which means
there are two different modes for that given eigenvalue: for instance an SH
and a Lamb mode. In Fig.6, a detail of the problematic region in Fig.4.b
around 0.50 MHz is presented in three-dimensional space and it is seen very
clearly that these two modes do not cross.

Finally for flat geometry we consider a bilayered system composed of a vis-
coelastic triclinic plate and an elastic orthorhombic plate. Figure 7 shows
its three-dimensional complete spectrum which, to the best of the author’s
knowledge, has not yet been published for this or similar systems involv-
ing crystals of triclinic symmetry. The axis configuration is the same as in
the previous example: the {Y'} axis of the crystal is normal to the plane of
the plates and the propagation takes place along the {Z} axis. More de-
tails about the physical properties of the plates are given in the appendix.
This highlights the usefulness of the SCM approach for calculating the full
spectrum of complicated cases of single or even multi-layered systems with
different viscoelastic materials or combinations of elastic/viscoelastic mate-
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Figure 6: 3D detail of the region where the apparent crossing of symmetric generalized
Lamb modes B and C in figure 4 (b) appears. When shown in three-dimensional space
under the appropriate angle it is seen that actually no crossing between modes B and C
occurs.
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rials. Similar solutions for much simpler systems are sometimes incomplete
when they are computed by conventional root-finding routines for instance,
which highlights the importance of the methodology and results shown in
the present work. As a consequence of this, some of the modes might also
appear to merge with each other. These difficulties are easily overcome by
using a SCM that provides, without any extra coding effort, the full three-
dimensional solution; a detailed discussion of further advantages of the SCM
for guided wave problems is given in [12], [14] or [15]. The choice of mate-
rials, in particular the triclinic layer, has been done in order to provide the
solution for as general a case as possible, thus a triclinic layer has been in-
cluded. Note that in the work by Hernando et. al [15] only the conventional
two dimensional dispersion curves for lowly attenuated modes was presented
though not a complete solution as the one given here.

4. Solutions for Systems in Cylindrical Geometry

Only two examples are shown in this section since the procedure to ob-
tain the full solution in cylindrical geometry follows exactly the same lines
as that for flat plates. In addition, a detailed study of these systems for non-
attenuating and low-attenuating modes has been already carried out in [15].
Therefore, a classical example from the literature and a sufficiently general
new case suffices to illustrate the capabilities of the SCM when obtaining full
solutions in cylindrical geometry.

Throughout this section for cylindrical geometry, the conventional non-dimensional
axes convention is adopted for the three-dimensional plots. The non-dimensional
frequency is defined as follows:

Q_CLW

= Ve (12)

where w is the angular frequency, a is the thickness of the cylindrical shell
system or the radius of the rod and Vg = 1/Ces/p. Cége is the corresponding
entry in the stiffness matrix and p is the density of the medium. Vg reduces
to the customary ¢y for isotropic media. The non-dimensional wavenumber
is similarly defined as:

U = ak (13)

where k is the wavenumber of the wave.
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Figure 7: Modes in a free bilayer plate system: 5 mm thick elastic orthorhombic plate and 3
mm hysteretic-type viscoelastic triclinic plate computed with the SCM. Propagation along
the {Z} axis and the {Y} axis perpendicular to the plane of the plate. Propagating Modes:
low attenuated modes in blue, highly attenuated modes in red and almost imaginary
wavenumber modes in black. Plot non-dimensional axes: = hw / nVg and ¥ = hk / 7.
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Figure 8: Flexural n=1 modes in free elastic steel rod with radius » = 20 mm. This
agrees well with the corresponding 2D plot first published by Pao [28]. Wave propagation
along the {z} axis of the cylinder. Propagating modes (lowly attenuated modes) in blue.
Non-propagating highly attenuated modes in red and black (purely imaginary). Plot non-
dimensional axes: Q = aw / Vg and ¥ = ak.

The first example shows the dispersion curves for flexural modes with har-
monic order n = 1 in an elastic cylindrical steel rod where the propagation
takes place along the axis of the cylinder. Fig.8 shows the spectrum computed
by the SCM which were compared by the authors to the two-dimensional plot
in Pao [28] showing excellent agreement. The original figure by Pao has not
been included in this paper in order to avoid repetititon of identical figures
but the reader can easily find it in the reference provided. As pointed out
in the literature [10], it can be seen in Fig.8 that the incomplete imagi-
nary black branches (non-propagating purely imaginary modes) are linked in
three-dimensional space by complex red branches (non-propagating modes
with complex wavenumber). Further details about the physical and geomet-
rical properties are in the appendix.

To close this section a final new case is presented. Flexural n = 0 modes
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(Longitudinal coupled with Torsional) in a hollow cylinder composed of two
different layers are studied with propagation along the axis of the cylinder.
The innermost layer is a triclinic viscoelastic plate of thickness h, = 3 mm
and the outer layer is an elastic orthorhombic plate of thickness h; = 5 mm
whose fibres along the {z} axis have been rotated 45 degrees to form an
helicoidal path around the cylinder’s axis, the internal radius of the cylinder
is r; = 17 mm. The three-dimensional spectrum computed by the SCM is
shown in Fig.9 for the first five modes; two-dimensional dispersion curves for
the propagating modes have already been shown in the literature for similar
systems, see [15], but the full spectrum for anisotropic materials presented
here has not been published elsewhere to the best of the authors’ knowledge.
Due to the presence of an absorbing layer, all modes are propagating: with
very low attenuation showing in blue, with highly attenuated modes show-
ing in red and modes with almost imaginary wavenumber showing in black.
Note that, strictly speaking, these latter modes should have been coloured
in red too. However, since the system contains a perfectly elastic layer some
branches show a behaviour closer to that featured in the perfectly elastic case
and thus have a very small real part, though not strictly zero. In order to
make this more apparent and clear, the authors have chosen to colour them
in black for this figure. Again, the triclinic layer has been chosen because of
its generality, thus showing that the SCM can provide the complete three-
dimensional spectrum for the most general cases in cylindrical geometry. It
is notable that with advances in technology it is these complicated multilayer
and generally anisotropic cases that now require modelling.

5. Discussion of Results and Conclusions

The capability of the SCM approach to find full three-dimensional so-
lutions for dispersion curves has been demonstrated here. The SCM has
computed the complete spectrum of various known cases, as well as some
new settings, efficiently and accurately, without modifying the algorithm, to
find all the eigenvalues. This advantage of not missing any modes has been
repeatedly emphasized in the literature in other contexts ([16] or [20]) and
in previous papers on guided waves ([12], [14] or [15]), the interested reader
can find a detailed discussion about this and other advantages of the SCM
in those references.

The SCM throws new light onto problems involving elastic or viscoelastic
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Figure 9: Flexural n=0 modes in free two-layered cylinder. The inner layer is a kelvin-
voigt-type viscoelastic triclinic crystal of thickness h; = 5 mm and the outer layer is
an elastic orthorhombic crystal of thickness h, = 3 mm whose fibres along the {z} axis
have been rotated 45 degrees to form an helicoidal path around the cylinder’s axis. The
cylinder’s inner radius is 7; = 17 mm. Propagation along the {z} axis of the cylinder.
Propagating Modes: low attenuated modes in blue, highly attenuated modes in red and
almost imaginary wavenumber modes in black. Plot non-dimensional axes: 2 = aw / Vi
and ¥ = ak.

media which are often very demanding for conventional approaches (root-
finding routines or FE simulations), for instance, for a two-layer system of
isotropic and orthorhombic viscoelastic materials. For those cases where the
root-finding routines work, one often finds that the solutions are incomplete
and the path of the dispersion curves is unclear thus giving the impression of
mode merging and similar unusual phenomena. This troublesome situation
can sometimes be elucidated by tedious work refining the search algorithm
to complete the missing parts in a three-dimensional space and get the full
picture of the spectrum. FE simulations are a good and useful alternative
to root-finding routines and can also model any material and configuration.
However, FE simulations require a far greater coding effort, understanding
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of the methodology and a careful examination of the solutions to discard
the spurious unphysical modes; a more detailed discussion about this is in
[15]. It is seen that the SCM yields the complete solution straightforwardly;
only an adequate post processing of the results is needed to clearly plot the
different parts of the spectrum according to the nature of the wavenumber.

In addition to the classical examples from the literature, the SCM has suc-
cessfully computed the complete three-dimensional spectrum of the most
general and complicated cases which, to the best of the authors’ knowledge,
had not been presented before. Even though similar general cases have been
solved recently by Hernando et. al [14] for perfectly elastic media and by
Hernando, Fan et. al for viscoelastic materials [15], they focus solely on
lowly attenuated modes and their corresponding two-dimensional dispersion
curves. Therefore, it is hoped that the investigations presented here con-
tribute to complete the picture in the most general and until now unknown
cases.

The general examples involving triclinic materials presented earlier have high-
lighted the need of a clarification regarding the symmetries of crystals and
the consequences on the waves propagating within them. In the literature,
the symmetry properties of the Lamb dispersion equations are often used for
simplification or to draw certain conclusions about the nature of the solution.
For instance in [4] they take advantage of the symmetry k <+ —k to reduce
the dimension of the matrix. Another example of this assertion can be found
in Graff [10] (chapter 8, page 455). From this, one might draw the erroneous
conclusion that when the dispersion relation lacks that symmetry, so will
its solutions. Triclinic materials’ dispersion relation, for instance, lack this
symmetry as shown in [25]. In the course of the present investigation one
can see that in spite of the absence of this symmetry in triclinic materials, its
solution shows this k <+ —k symmetry. This apparent paradox is solved by
noticing that the mentioned symmetry has a deeper source than the formal
structure of the dispersion relation: all crystal classes possess one centre of
symmetry, see for example [29], which means that they are invariant under
the change 7" <» —r, which in general is not the same as a mirror symmetry
through the plane normal to the direction of the wave vector. Therefore, re-
gardless of the formal structure of the dispersion relation, every crystal will
display that intrinsic symmetry as the examples in the present work reveal.
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Apart from the observation made in the previous paragraph, it has also
been pointed out and explained at the end of section III why the modes of
the same symmetry family in a free viscoelastic plate do not cross. This
apparent crossing is merely a visual effect of the projection of the dispersion
loci onto a two-dimensional plane which is readily clarified when one looks
at the full three-dimensional solution and realizes that for each independent
family there is only one dispersion relation, the very same as in the elastic
case, which cannot be further factorized. It is also important to notice the
following: one might argue that the example presented in Fig.1 is actually a
perfect counterexample for the statement given in section III, namely, that
having only one dispersion relation which cannot be further factorized for
each family, no crossings can occur amongst modes within the same fam-
ily. Careful consideration shows that this is not the case. As explained by
Auld [8] (Chapter 10, Volume II), at these ”crossing points” (also termed
cutoff points in the literature), rightgoing and leftgoing modes meet. These
modes correspond to different branches of the square root of the imaginary
wavenumber entering the dispersion relations and are physically distinguish-
able by energy arguments ([8, 6]) Therefore they must be considered as dif-
ferent families: symmetric rightgoing Lamb modes and symmetric leftgoing
Lamb modes for instance. Unfortunately, bringing this to the fore by de-
riving explicit expressions for both branches of the complex wavenumber in
terms of the angular frequency within a given family of modes is, to the best
of the authors’ knowledge, only possible for SH modes but not for the rest
due to the complexity of the dispersion relations. This distinction has been
achieved numerically, though no details are given, in [4] for symmetric Lamb
modes and their results confirm that for a given branch, within a given family
of independent modes, strictly no crossings are seen in the dispersion loci.
For the viscoelastic case, as pointed out by Auld [8] not cutoff points exist
and the problem of the crossings disappears.

The progress made here is vital as it tackles a fundamental issue, the ac-
curate 3D representation of complex modes that also arises in other areas,
most notable for the equally important leaky mode cases where energy leak-
age into the surrounding medium contributes to the attenuation of the waves.
In those cases this also modifies the dispersion loci demanding that the com-
plete solution must be visualised in three-dimensional space for better under-
standing, [5]. This, unfortunately, is not a simple modification as it requires
substantial modifications to account for the infinite nature of the surround-
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ing embedding layers, but our work here does tackle a key point required for
this allied leaky mode problem.
Appendix A. Physical properties and numerical data

The physical properties of the materials used for the figures are given
here. The number of grid points N varies from one example to another, but
it is always at least double the number of modes plotted in the figure to
ensure spectral accuracy.

The physical properties for the steel plate whose dispersion curves are shown
in Fig.1 are:

p=T7932kg/m®; ¢, =5960m/s;  cg=3260m/s (A1)

For Fig.2.a and Fig.3 the viscoelastic steel plate has the following proper-
ties:

p="7932kg/m’ ¢, =5960m/s;  cg=3260m/s (A.2)

with the viscoelastic matrix given in terms of the isotropic stiffness matrix
by:

The monoclinic plate of Fig.4, Fig.5 and Fig.6 has the following properties:
p=1500kg/m’;  h=3mm (A.4)

The elastic stiffness matrix is given in GPa:

21.93 5.85 26.05 14.33
12.30  6.55 0.61
81.88 37.59

€= 5.44 1.22 (A.5)
26.36

4.03
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The viscosity matrix in MPa is:

66.44 16 81.81 39.30
376 —8.66
244.94 115.29

= 17.25 4.76 (A.6)
80.81

11.75

The multilayer system of Fig.7 is composed of two layers. The top layer
has the following properties:

p = 1500 kg/m” ; h =5 mm (A7)
The elastic stiffness matrix is given in GPa:

132 6.90 5.90

12.30  5.50
12.10
€= 3.32 (A8)
6.21
6.15
The bottom layer has the following properties:
p=289384kg/m’;  h=3mm (A.9)

The elastic stiffness matrix is given in GPa:

208 1.09 093 0.16 -0.16 —-0.23
1.68 1.36 —-0.25 0.11  0.09
1.86 0.08 0.08 0.14

= 1.00  0.14  0.06 (A.10)
0.35  0.16
0.59

The viscosity matrix in GPa is given by:
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The parameters for the steel cylindrical rod of Fig.8 are as follows:

p = 7932 kg/m”; r = 20 mm; ¢, = 5960 m/s; cs = 3260 m/s
(A.12)
r stands for the radius of the rod.

In Fig.9 dispersion curves for a cylinder composed of two different layers
is presented. The outer layer is an hexagonal (transversely isotropic) elas-
tic material which has been rotated so that the fibres follow an helical path
around the cylinder, it has the following properties:

™

p=1605kg/m’; h=3mm; ¢ = 1 (A.13)

where ¢, is the angle of rotation with respect to the { r} axis. The elastic
stiffness matrix is given in GPa:

11.69 585 5.62
11.69  5.67

130.19

c= 370 (A.14)
3.70

C11—C12
2

The inner layer is a viscoelastic triclinic material whose properties are:
p = 1500 kg/m” ; h =5 mm; r; = 17 mm (A.15)

h stands for the thickness of the plate and r; is the inner radius of the cylinder.
The elastic stiffness matrix is given in GPa:

74.29 2894 5.86 0.20 —-0.11 37.19
25.69 5.65 0.09 —0.08 17.52
12.11 0.01 —-0.01 0.22

€= 418 131  0.09 (A.16)
535 —0.07
98.29
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The viscosity matrix in MPa is:

218 76.50 16.40 —-3.60 0.69 116
71.10 19.20 -0.77 2.15 50
4220 —-0.96 0.63 —3.07

= 11.10 289 —1.15 (A.17)
13.60 1.48
93.50

The above material’s stiffness matrix has been generated by two successive
rotations of an orthorhombic material about different axes. An analogous
procedure was used by Nayfeh and Chimenti [30] and Li and Thompson [24].
Due to its higher degree of anisotropy and complexity triclinic materials
often feature negative entries, see [31] for another example of triclinic elastic
constants for albite.
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