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ABSTRACT

In this thesis, the application of state space theory to the
analysis and synthesis of electrical networks is considered.
The state equations consist of a set of first order linear

differential equations of the form

a  _
& - & vB

where u is the input vector and x thes state vector.

The problem of setting up these equations for the case of RLC
active networks, containing controlled generators, is examined, A
topological approach is taken which gives a method for finding, by
inspection, the maximum number of state equations, the maximum order
of complexity, for a class of networks.

in algebraic approach is also taken. A method is suggested for
forming the equations and a way of determining the order of complexity
glven, It is shown that, with very small restrictions the problem '
of finding the maximum order of complexity can bevgreatlj simplified,
Necessary and sufficient conditions are given for the network to
possess a unique solution.

The relationship between the concepts of system theory and
network synthesis are considered. In particular, the relationship between
the order of complexity and the degree is considered. The problems
assoclated with poles at infinity are considered and a more general

transformation suggested for generating all equivalent irreducible



realizations for systems with poles at infinity.
The use of state space theory for network synthesis is reviewed

and the problems of active network synthesis are considered.
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Chapter 1

INTRODUCTION

l.1 BASIC PHILOSOPHY

The classical approaches to network theory using impedance and

61,67

admittance analysis are by now well established. Although they

have proved adequate for most problems, there are still a number of
unsolved problems outstanding for which a new approach may be useful.

The approach which is considered here is based upon the methods developed
in modern system theory.

The subject of system theory has emerged as a unifying approach
to the analysis of various complex systems, including control and
sequential switching systems. As the complexity of such systems in-
creased so the need for a deeper mathematical understanding became
more apparent. In the search for such mathematical machinery the
similarities between these various fields appeared and so the unified
approach of system theory was developed. Such a unification has
resulted in a sharing of results and a clarification of the basic
problems of all systems. It has not replaced research in more specific
fields, since each subject has its own individual characteristics which
the general theory cannot consider., In this work the application of
such ideas to electric network theory and the resulting problems are
considered,

An immediate problem in such a general subject is to find a

characterization of the system which is sufficiently general to apply
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to a large class of systems and yet particular enough to give useful
results. The state space description has been found to be such a
characterization. This uses the concept of the state of a system and
describes the system by a set of first order differential equations

in the continuous case or differénce equations in the discrete case.
Such a set of first order diffcrential equations is the normal form

in which most of the theory of differential equations has been written
and so it is possible to meke use of many well established mathematical

43

theories, such as Liapunov's stability theory. Since the approach
is in the time domain it is possible to consider both non-linear and
time varying systems as well as the more usual linear time invariant
systems.

Here the state-space approach is taken and the basic network
problens involved in its application to the case of general linear,
lumped, finite, time~invariant networks are considered. Thus the

problem is a continuous one and the basic approach will involve

differential equations.

l.2 THE STATE OF A SYSTEM AND THE 3TATE EQUATIONS

A rigorous definition of the state of a system has been given in

72

the literature,’ but for the purposes of the present work a much simpler,
intuitive approach will be sufficient.

Consider a system, Fig. 1.1, with a set of inputs, denoted by the
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vector u, and a set of outputs denoted by the vector y. The state
variables of the system, denoted by the vector x, are a numerical set
of independent variables having the two important properties:-

(a) If they arc specified at one instant of time, then, for

a given set of inputs u, they are determined for all time

l.e. dx
i Fl(x,u) (1.1)

(b) If they are specified, then for a given set of inputs,
the outputs y are also specified uniquely

i.e. y = F,(x,u) (1.2)

The state of the whole system is characterized at any time by
the state vector, x and the behaviour of the system is described by
the trajectory of the state vector in the state space. Cnce the
input vector is fixed, a single point on the trajectory serves to
determine uniquely the whole of the trajectory in later time. This
point may thus be regarded as representing a minimal set of initial
conditions.

In many cases, including the case considered here, equations
(L.1) and (1.2) may be simplified to the simple linear time-invariant
equations

o
X =

%

+ Bu (1.3)

Iy

y = + Qu (1.4)

where X represents %% and 4, B, P and Q are matrices compatible with
their corresponding vectors. There is not necessarily any relationship

between the dimensions of the vectors x, u and y. Equations (1.3) and
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(1.4) are often known as the state equations.

It is a well known fact from the theory of differential
equation522 that a set of linear inhomogcneous equations of the form
shown in equation (1.3) always has a solution for a given initial x,
provided the input vector u is continuous. Thus the existence of
state equations represents a sufficient condition for the existence
of a unique output solution, y, for a given continuous input u, and
x represents the minimal set of initial conditions which can be

arbitrarily specified.

1.3 HISTORICAL BACKGROUND IN NETWORK THEORY

Although many of the ideas used in state space theory have been
known for some time to network theoristssa, it was not until 1957
that Bashkow4 first pointed out the advantages to be obtained by
expressing the network equations in the matrix form

x = Mx + Bu

where x was some set of network variables and u a set of network
inputs. He gave a method for obtaining a minimal set of such equa-
tions for the RLC case, by introducing extra reactive elements to
simplify the elimination procedure. T

In 1959 Bryantl6 presented the first really systematic study of

the problem, giving an expression for the number of "natural frequencics"
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of an RLC network. By giving a systematic procedure for forming

the equations using the properties of the network topology he showed
that, with his definition of natural frequency, the number of natural
frequencies was the same as the number of equations in Bashkow's
procedure, In a later 1etter18 he gave an explicit normal form for
these equations. Since Bashkow; equations are, in fact, the state
equations of the network, the number of natural frequencies is the same
as the dimension of the state space which Bryant termed the order of
complexity, O~ , of the network.

Although Bryant's results were originally obtained for the case
of RLC networks, he was later able to extend them to the case of
loosely coupled c:o:i_]_s.l'7 Since then a number of alternative solutions
have been given to the problem of determining the state equations
for the RLC case.8’11’13’53

More general networks containing transformers, gyrators,
transistors etc have been considered, using cont;olled generators as
the basic element. Since such an element is active, such general
networks have often been termed "active networks'". In these cases
the term "active' means "containing an active element'" and refers to
the structure of the network. This differs from the definition used
in n-port theory48 which relates to the power entering the network.
In fact such active networks are not active in the n-port sense since
they can be used to model transformers and gyrators. '"Active' in
this topological sense is used as a general term meaning "not

specifically RLC" rather than meaning "non passive".  Although this



21

is rather inconsistent, it is by now in common usage in the literature

and will be used here,

24

The work on active networks is less complete. Dervisoglu
gave some necessary and sufficient conditions for the formation of the

state equations for a very restricted class of networks. He later

25

for forming a set of state equations from a

general set of equations and this was programmed by Pottle?2 Tow65

gave an algorithn

considered the problems in the case when transformers are included.

58 56

Roe””, Declaris and Saek523 and Rane and Lang”  all gave methods for

forming the equations for active networks but all make assumptions on

the topology of the network or its clement values. Koenig and Tokad4o’41

have given some results on the interconnection of state models using
a graph theory approach,

Thus it seems that the problem of the formulation of the state
equations for a general active network has not been fully understood
and no simple, general approach is available.

Recently the possibility of using state space theory for the
ans’

synthesis as well as analysis of networks was suggested by Kalm

Since then a number of papers have been published concerned with this

1,44,65,71

problem in the case of networks with transformers and those

26,68-70

without. In this ficld many problems are still unsolved.
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1.4 ATMS AND LAYOUT OF THE THESIS

The main aim of this thesis is to consider state space theory
as a means of studying electric networks. The problems of setting
up the state space equations will be considered and a formulation
presented which gives some insight into the frocesses involveds The
analytic methods developed will be then used to look at the problem of
synthesis and an approach to active network synthesis will be presented.
The thesis will therefore be set out in the following manner.

Chapters 2 and 3 will contain mostly introductory work. Chapter
2 is an introduction to the important classical results of network
theory used in the later chapters. Chapter 3 gives an introduction
to the formation of the state equations for RLC networks, explaining
the basic concepts and proving results which will form the basis for
the later work. The extension to the case of negative resistors will
also be considered here.

Chapters 4 and 5 are concerned with the problems of general
active networks. In Chapter 4 the problem is introduced and a topo-
logical treafment given of the problem of determining the order of
complexity. Chapter 5 is an algebraic treatment of the problem and
contains solutions to the problems of forming the state equations, the
existence of solutions of active networks and the dctermination of
the order of complexity.

Chapters 6 and 7 are concerned with the use of state space theory
for synthesis. Chapter 6 introduces the relevant system theory

concepts and considers their application to the casc of networks. The
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relationship between these and classical network synthesis concepts
are also considered. Chapter 7 gives a critical review of the
present state space synthesis methods and uses the concepts developed
so far for the synthesis of active networks.

Throughout the thesis an understanding of elementary matrix
algebra._j5 is assumed, but as the properties of polynomial matrices
are important to the results of this thesis, a short appendix is

included giving the most important results,.

1.5 STATEMENT OF ORIGINALITY

Since the commencement of this work a number of papers have
appeared considering similar problems to those of this thesis and a
number of similar results have been given. Unless otherwise stated,
the results and conclusions presented here were obtained independently
by the author. In particular, all results stated in the form of
theorems are to the author's knowledge original.

The original contributions in this thesis are
(a) The treatment of ncgative resistors;

(b) The approach to the formation of the state ecquations for an
active network;
(c) The determination of and bounds on the order of complexity of an

active network;



(a)

(e)

(£)

(g)

24

The conditions for the existence of a unique solution for
an active network;

The treatment of poles at infinity and the generation of

equivalent realizations;

The relationship between the order of complexity and the

degree;

The approach to the synthesis of active networkse
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Chapter 2

BASTC NETWORK ANALYSIS

2.1 INTRODUCTICN

Throughout this thesis, use will be made of the basic properties
of electric networks, their graphs and the conventional methods of
analysise. This chapter is intended to introduce the basic definitions

and results on which all the later work is based.

242 NETWORK DESCRIPTION

2+.2.1 Kirchhoff's laws and graph theoryG2

An electric network may be described by three sets of inde-
pendent cquations. These correspond to Kirchhoff's voltage and
current laws and to the element relationships, which relate the branch
voltages and currents. In order to express Kirchhoff's laws in a
useful algebraic form it is necessary to usc some matrices commonly
used in graph theory. These are the loop and cut-set matrices,

B and Q, of a graph.

Each column of a loop matrix corresponds to a branch of the
graph and each row corresponds to a loop. A loop is simply a closed
path in the graph, along which no node is touched by more than two

branches in the loop. The value of each matrix element bij is
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given by:-

= +1 if clement j is in loop i and the orientations

i3
of the element and the loop agree.
bij = -1 if element j is in loop 1 and the orientations
of the element and the loop do not agree.
bij = 0 if element j is not in loop i.

Thus the matrix contains only +1, -1 and O as its elements and
its dimension depends on the number of loops in the network. In
general the rows will not be independent and it can be shown that only

(g =¥ + =) rows are linearly independent where

f = number of branches in the network
YV = number of nodes in the network
® = number of separate parts in the network.

A tree of a connccted graph is a subgraph which contains a
minimum set of branches and connects all the nodes in the graph, It
can be shown that such a subgraph contains no loops and V - 1 branches.
The branches not contained in this tree subgraph are called chords or
links.

If the graph is not connected, this concept can be generalised
and is termed a forest, This is a disjoint set of trees, one for each
separate connected subgraph. In this case a forest contains (M- &)
branches, It is usual to think of a network as being connected and
to work in terms of trees rather than forests. The extension of any
results to a forest is usually obvious, since each separate part can be

treated as a graph in its own right.
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In this thesis it will usually be assumed that the network
considered is connected,

If a link is added to a given tree then a single loop is formed,
consisting of the link and a unique path in the tree. Such a loop is
called a fundamental loop of the tree., Since ecach tree has g =¥V + 1
links then there are § - ¥ + 1 fundamental loops corresponding to each
tree and it can be shown that these define a set of linearly in-
depcndent rows in the loop matrix. Usually only a set of B - &+ 1
independent rows are considered as the loop matrix, and if these are
written on the basis of some fundamental loops the matrix takes the
form

B = [vs, ]
where U is a unit matrix of order P ~ ¥ + 1, whose columns correspond
to the links of the tree.

Kirchhoff!'s law fof a network can be expressed in terms of any

set of B - Y+ 1 linearly independent rows of the loop matrix simply as

Br = 0 (2.1)
where v is the vector composed of the branch voltages in the network
i.@. there are B - ¥+ 1 cquations in f unknowns.

A cut-set is a minimal set of branches of a graph such that
their removal increases the number of separate parts by one. The cut
set matrix is a matrix whose columns correspond to the graph branches,

whose rows correspond to the cut-sets and whose elements qij have the
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following properties:~

1

q +1 if branch j is in cut-set 1 and the orientations

ij
of the branch and cut-set agree,

1

-1 if branch j is in cut-set i and the orientations

%4

of the branch and the cut-set do not agrce.

a. 0 if branch j does not lie in cut-set i,

1]

Again the dimension of the cut-set matrix is quite large, but
normally only a matrix whose rows are linearly indcependent is con=
sidered; In this case such a matrix has ¥ - ® rows. Again if the
graph is assumed to be connected then © becomes l.

If a tree is chosen then ecach branch of the tree defines a
unique cut-set with some of the links. Such a cut-set is called a
fundamental cut-set and for each trec there are & - 1 such cut-sets.
These can be shown to correspond to a set of /- 1 linearly independent

rows of the cut-set matrix, which can be written in the partitionecd

form

@ = [e71]
where U is the unit matrix of order VW - 1 and its columns correspond to
the tree branches of the graph. .
Kirchhoff's current law for the network may be expressed by
the equation
Qi = 0 (2.2)

where i 1s a vector composed of the branch currents and Q is the cut-

sct matrix of M - 1 linearly independent rows. Hence there arec ) - 1



30

equations in B unknowns.

Thus Kirchhoffs laws give a total of P independent cquations

in 2B variables.

element equations,

The remaining B equations are supplied by the

Before these are considered it may be noted that the loap and

cut-set matrices can be related by the cquation

BQ®

= QBt = 0 (203)

where Qt is the transpose of Q.

In the case of fundamental loops and cut-scts,

- £
[ voB, || e = 0
U
i.e. B, = = Q. (2.4)
£ £

24242 Passive network elements

In the RLC case the element equations consist of the matrix

equations

If Laplace

dv

_ C
- C dt
= R i
r
= L EL
dt

transforms are taken of these equations they become
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is = Cs VC
v = R i
r T
VL = Ls 1L

wherc s is the Laplace operator.
The equations for uncontrolled driving sources are simply

v = e
e

1l

and i.
J

Here the sources arc regarded as separate branches.

3

2elsd Active network clements

A very useful method of representing an active element in a
network is the controlled generator, Such an element occurs in many
equivalent circuits for transistors and valves. The element is useful
because it gives not only activity, but also non-reciprocity, since
it is unilateral,

The constraint introduced into the network by a controlled
generator may be any of four different types. These are the four
different types of generator shown in Fig. 2.1.

(a) current controlled current generators

(b) voltage controlled current generators

(c) voltage controlled voltage generators

(a) current controlled voltage generators,

Such elcments are often referrcd to as controlled sources but

for convenience of notation a distinction will be made herc. The
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term 'source' will always be taken as implying an uncontrolled source,
whilst the term 'generator' will always imply o controlled generator.

It is important to distinguish between the four types of
generator, mainly because of the dimension of their element values.
Type (b) has a conductance form, type (d) a resistance form and (a)
and (c) are dimensionless. Such distinctions are important when doing
admittance analysis for example, when it is difficult to include
voltage generators.

Here it is assumed that the generators are controlled by either
a branch current or voltage. The branch may in general be a passive
element, a source, or another generator, This is not an important
restriction since in general any variable in the network can be
represented as a linear combination of branch variables. In such a
case the generator would become a combination of gencrators, onc for
each controlling branch variable., A simple illustration of this is
shown in Fig. 2.2, where a current generator is controlled by the
voltage across two resistors. This can be converted to 2 generators
in parallel, each controlled by the voltage across a single resistora

By using such a device, both currents through short circuits and
voltages across open circuits can be considered.

It is also assumed that, as in the case of sources, the generators
are regarded as separate network branches and are not neccssarily
associated with any other branches of the network. This gives more
generality, but it means that it is not possible to use the well kunown

"source conversion", illustrated in Fig. 2.3.
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Guillemin™ has shown that any source can always be assoclatced
with some appropriate adjacent passive dlement. For example, a voltage
source can always be associated with some series impedance. This
converts the two clements, the source and impedance into a single
network branch. Since the two clements have been merged into one
element, some variable, either the voltage or current in the passive
clement, has been lost as a branch variable, Vhen only uncontrolled
sources arc considered this is not impartant, but with controlled
generators in the network it is, since such a branch variable may well
be used as a controlling variable of some other generator, Thus a
certain amount of care must always be exercised when using this result

in a network and it is not possible to assume it can always be used

in the active case,

2.2.4 Removal of elements

Removing a branch from a network normally implies the open
circuiting of the branch, i.e. removing the branch and leaving the
nodes unaffected. A branch can, however, be removed by short circuit-
ing it. i.e. removing the branch and coalescing the terminal nodes.
Here in the case of passive elements removal will always mean open
circuiting unless otherwise stated.

In the case of sources and generators a different convention
will be used. Voltage gencrators and sources will always be removed

by short circuiting and current generators and sources will always be
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removed by open circuiting.

Similorly voltage generators and sources will be added to the
network by splitting a node into two and inscrting the generator or
sourcc. Current generators and sources will be added by connecting

them between pairs of cxisting nodes of the network.

243 CONVENTIONAL ANALYSIS METHODS FOR PASSIVL NETWORKSlO’62

2e3.1 Preliminaries

The choice of analysis methods for a network depends to a large
extent upon the way in which the elements are characterized, If they
arc given as admittances then node analysis is used, if as impedances,
then loop analysis is used. For most networks, if a Laplace trans=-
formation is taken, it is posgible to convert from an admittance to an
impedance characterization although in the case of active networks this
may not always be possible, In fact if the network contains active
terms having only impedance characterizations and others having only
admittances characterizations it may not be possible to use either,

10,34 1 though

Because of this a third, mixed method is also available
it is little uscd because it is only needed in these special cases.
For the purposes of thils thesis only the case of passive networks

will be considered herec, although all three approaches will be developed.

Sashu and Reed62 have proved the following important result:
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Lemnma 2.1 If an RIC network has a unique solution, there
exists a trece such that all voltage sources arc trecc branches and all
current sources are links,.

The proof of this result will not be given at this point since
it can be found in the literature and also will be considered in
greater detail when the case of active networks is considered in
Chapters 4 and 5 where it will appear as a special case. It is
important because it represents a necessary condition which must be
used to set up the equations.

A second basic result62 comes from cquation (2.,3). ALl possible

voltage solutions of the network are described by the cquations

Bv. = O (2.5)
where Bis a (B - ¥ + 1) x B matrix and v is a P vector. Since B is
of rank § -¥ + 1 this implies that therc are p - (p -V + 1)
independent solutions i.c. ¥V - 1 solutions.

But the fact that

Bt = o

implies that each column of Qt or row of § is such a solution. Since
there are 4 - 1 independent rows in Q, these form such a set of solu-
tions to equation (2.5) and all other solutions arc linear combinations
of thesc.

. t

ie€s Vv = Qv (2.6)

n

where vy is an arbitrary (¥ - 1) vector. Such a vector can be regarded

as a sct of variables representing the voltages between various nodes
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in the nctwork and the equation is called the node pair transformation.
If the independent rows of Q are writtcen on the basis of a tree,

then Q can be written as

LR RS

by suitable ordering of the branches.
Thus v = [V v, (2.7)
. ,
Qf
end so v, can be regarded as the voltages across a set of tree branches

of the network.

In a dual way

L = O

implies that i = B' i (2.8)
where im is a (B = U+ 1) vector and the transformation is called a

loop transformation. In terms of trees and cotrees

. _ t .
* - Bf 1m (2-9)

U
so that im can be regarded as the set of currents flowing through any
set of links in the nctwork.

The starting point of all threc methods of analysis is the
selection of a tree, based upon Lemma 2.1. In general the network has
four classes, voltage sources, elements with admittance represcntations,
elements with impedance representations and current sources and these
will be indicated by the subseripts 1,2,3 and 4, The trec is formed by

first including all voltage sources, then as mony admittances as
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possible, then as many impedances as possiblc. The tree is then

complete because all current sources can be token as link by Lerma 2.1.

CeBel Node admittance analysis

If therec are no impedance branches then node admittance analysis

'is appropriate and Kirchhoff's current law can be written as
<147
Ul Q12 Ql4 i2

(2.10)

i
(@]

-

whexre j4 is the vector giving the values of the currcnt sources. Note
that because of the choice of the tree the Tirst cquations simply give
the currents in all the voltage sourccs in terms of i2 and j4.
Now iZ = Y2v2 |
where YZ is the diagonal admittance matrix of all the passive branches.
Thus the second set of equations in equation (2.10) becomes

Yo L, v, = = Quly

Using the node pair transformation, equation (2.6), in this case gives

y e, E Ul l Vo
_ £ £
i Vo1 < ; ®2 o Vno
£ t
L Vs | !_Qm Ly
and it can be seen that e, = v _.
1 nl
Then Q.. Y Qt Vv, + Q,, Y Qt e, = - J
22 T2 Y22 'n2 22 T2 “12 71 Q24 4

t ~ . t
or o To Lo Vo = 7 Qpds ~ o Y, Qp 0 (2.11)
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This is the conventional form for the cquations for node ad-
mittance analysis. Vo determines all other network variables by the
node pair transformation, element cquations and Kirchhoff's current law,
Thus the solution of equation (2.11) gives a complete solution to the
network, Voo is the node pailr voltage vector and Q22 Y2 Q;a is
the node admittance matrix. If QZZ is partitioned into its tree

branch and linkvparts, indicated by subscripts b and 42, then

%o = J"Ub Qaagj
and Q. Y. QS = Y +aq. Y. QF
¢ 22 Yo %2 b+ Y2 Y2p Yz

and Voo becomes the tree branch voltages, Vope

Thus equation (2.11) becomes

t _ £ _ .
LYab * oy To ang] Vop = " %og Yop Uog ©q = Uyds (2.12)

2.3.% Loop impedance analysis

Similarly if the elements all have an impedance form loop

analysis can be used. Kirchhoff's voltage law may be written as

e
(' Byp  Bgz . i 1

v = 0
[ P Pz U4J :
) L7 ]

where Z5 is the diagonal impedance matrix of the passive branches.

Following a dual proccdure to that of the last section the
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equations can be reduced to

t . t .
= - - 2, B 2.13)
Bz %5 Bz ipz = 7 Bxy o 7 Bz U5 Bz iy (2.5
. . t X
wherc 1,3 1s the loop current vector and B33 Z3 B33 is the loop

impedance matrix, Again i _ determines all other network variables.

m>
It B33 is again partitioned into its trece and cotree parts,
b and £ s then
B, %, B = 2, +B,, 27, BL
33737 33 58 53b "3b "33b

and 1m3 is a set of link currents lBQ'

Then cquation (2.13) becomes

R T t o,
R Baab] 39 = 7 B33 ly B3 3y 7 By o
(2.14)

2¢3¢4  Mixed andlysis

The mixed method of analysis is a combination of the last two

methods and is more complex. Kirchhoff's current law gives

-

!
I"'U - i
1 12 %ze 4| |2
3
Y2p So2g %3y 4| |10 = © (2.15)
i U O 3 B i
I

where subscripts ,€ and b indicate links and tree branches respectively.
Note that the extra zero in the third row of the matrix corresponding

to Q52€' = 0, ariscs becausc of the order of selectlon of the tree

branches.
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Similarly Kirchhoff's voltage law gives

-
™~ . e l
B B U Vou
21 “22b 2 .
3b
= 2,16
331 BBZb BBBb U3£ v, 0 ( )
Bir o Brap Bz Ua V3,
V4
The element equations are
1op Lo Vop
20 _ Y Vae
Vzp 235 *3b
v i i
| "3 | ] 5| | “3e

where now some elements of the diagonal matrix have admittance form
and others impedance form.
The first sct of equations (2.15) gives the currents through

the voltage generators. The sccond set of equations gives

[ Yo, Qzaé] iop | T Qszp iz, =7 Uyl

1o

or [;UZb %ze | | Yo Voo | T R3g iz = T iy

Yap1 | V20

s

Now use of the node pair transformation gives

- - AT Ty

[UZb Yot | {Yeo  ||Vb | Vau' Luéanzé] Top 1O o™ Rud % 13
£ ¢

Y20 |20, 1 Yoe %2
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ece [Y2b+ Y2s T2g QZzQ] Vob" ozp iz T T %alas, %20 ©1 gy
| (2.17)

Note the similarity betwecen cquations (2.17) and (2.12).
| Using a similar approach, but starting from cquations (2.16)

it can be shown that

£ 7, I
[23:3 * BBBbZBbBBBb} T ¥ BaopVop™ Bazfaasnds B (2.28)
This cquation is similar to equation (2.14),

The mixed equations can now be written together as

t - - [ t = AT
(Top* Uoglop%ar ! Y230 0| I%ithee™s % 14
t . =- t .
Bson Fogt BynZaPaml | | | B BaslaPiz s
(2.19)

Note that if all the impedance elements are open circuited equa-
tion (2.19) reduces to the simple node admittance analysis cquation (2.12).
Similarly if all admittance elements arc short circuited the equations
reduce to the loop impedance analysis equations (2.14). The left hand
side of cquation (2.19) contains the node admittance matrix gy of
the admittance subnetwork and the loop impedance matrix 2; of the
impedance subnetwork ond a coupling term QEBQ .

Note that from cquation (2.4)

. _ At
Bp = - Q
then B = - Qt
32b 230
Vou .
The sct of variables given by vector is a mixed set containing
’ i

3¢



the node pair voltages of the admittance subnetwork and the loop
currents of the impedance subnetwork.

The equations can thus be written in the form

t = _ TG
.y - B35, Tn = |4 1

h-../ (2’20)
B3b AL Apld D, ]

where &91 and éDZ represent driving ternms.

2+345 The inclusion of coupling

In the last sections it was assumed that there is no coupling
between elementse This assumption is implicit in the assumption that
all admittance and impedance matrices are diagonal. In fact, if
coubling only tskes place between the elements of one class all the
results still follow immediately.

In the admittance case, if
2b Tovo  Yone v

fag Yaup Yope | | Vou

i

then the admittance matrix becomes

[Uab szo_] Love Yove | | Yob
t
| Tor Yare | | %ot
aﬂsromd'\
The samejcan be applied to impedancc analysis and to the mixed
form of analysis, but this is only if no coupling occurs between

impcdance and admittance elements.  Such cases cannot be treated at

42



all with admittance or impedance analysis, but can still be analysed
using the mixed method. Unfortunately such coupling will affect
the symmetry of equation (2.20) since terms will be added to the

and B terns.

Usp 52b
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Fig,.2,.1

The four types of generator,
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Chapter 3

THE PORMATION OF THE STATE EQUATIONS FOR RLC NETWORKS

3.1 INTRODUCTION

As an introduction to the concepts involved and a foundation
for later work, this éhapter consists of a thorough presentation of
the formation of the state equations for RLC networks. This problem
was orlginally solved by Bryant.

In this chapter the number of state variables in the network
and the way in which they can be chosen will be considered. Methods
for forming the state equations will be compared and an explicit form
for the equations given. The conditions for the existence of a unique
solution to the network will be considered, The formation of the
equations will also be extended to thecase of negative resistors.

8,11,13,53 to the problem

A number of alternative approaches
of obtaining the state equations for RLC networks have been presented
since Bryant originally solved the problem. The approach token here
is chosen because it yiclds insight into the processes taking place and
gives some interesting interpretations of the results which more direct
approaches do not have,

The approach is based upon the mixed method of analysis described

in the last Chapter.
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3.2 THE FORMATION OF THE EQUATIONS

3.,2,1.  The setting up of the equations

The basic difference between the formation of the equations in
¢lassical terms and state variable terms is that the latter is con-
cerned with first order differential cquations in a time domain, while
the former is algebraic and works with the Laplace transform or complex
frequency variable, s. The problem of working in a time domain is
that it is not possible to find inverses for any differential terms,
since these would be integrations. This means, for example, that
although the element equation for capacitors can be given in an ad-
mittance form as

i = C av
at

it cannot be given in an impedance form in the time domain, It is
for this recason that the mixed form of analysis is important, since it
allows the use of both admittance and impedance equations. Thus
capacitors and conductances can be taken in admittance form and
resistances and inductors in impedance form, TFor a linear passive
network the distinction betwéen conductances and registances is purcly
arbitrary, but as it will be useful later it will be assumed at this
point that some partitioning of the resistors has been made,

With such a partitioning, g{ of equation (2.20) becomes the node
admittance natrix of a capacitor and conductance subnetwork and 23
becomes the loop impedance matrix of a resistance and inductor

subnetwork.



c9/ may be written as

1y i t
J oLl ok || %
t

t d t
QC c QC a; + Qg G Qg

where {;QC Qé] is the partitioned cut-sct matrix of this subnetwork
and C and G are diagonal capacitance and conductance matrices.

This can be written as

Y- ek - g
L- R+ 1%

Equation (2.20) can now be written as

and similarly

- - . -
G FE | "n 4 U2 || "a &1
- (3-1)

L In Bozy, 2 In o

The equations are now in first order differential equation

o

form, but as yet the vector Vn is not the state vector becausc
i
m

its components may not be dynamically independent. Since the number
of dynamically independent variables cannot excecd the rank of the
left hand matrix of equation (3.1),

then the number of dynamically independent variables

~\<p(G) o o L)

where p( (: ) is the rank of matrix (g .
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But (5 = Q C Qf
md so p( G ) = pg C QY.
But it is a well known result in matrix algebra®” that
p(aB) £ pla)
f; p(B)
and if A is nonsingular, then
p(AB) = p(B)

Since C is nonsingular

o G)

1]

Q)
= the number of independent columns in QC'
It is a well known result of graph theory that if a set of
colums of a cut-set matrix are independent they must correspond to
a set of elements forming a tree of the graph.62
Hence p(ch éigég?al to the maximum number of capacitors which
can be included inlthe capacitor and conductance subgraphe.
Thus p( (i ) equals the maximum number of capacitors which can
3 free of
be included in}the capacitor and conductance subgraph.
Similarly, p( J? ) equals the maximum number of inductors which
can be included in a cotree of the impedance subgraph.
Thus the number of dynamically independent variables §£
the maximum number of capacitors which can be included in a tree
plus the maximum number of inductors which can be included in the
cotreec. This follows from the fact that the admittance and impedance

subgraphs arc disjoint.

In order to show that this is the actual number of variables
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it is necessary to show that the remaining variables can be eliminated.
This can be shown by cctually doing the elimination and forming the

explicit form.

2,242 The elimination process

In order to eliminatc the non-dynamically independent variables
from equation (3.1) it is necessary to look into the form of the
equations in more detail. The elimination can proceed if the
rank of the left hand side matrix is exhibitcd by explicitly obtaining
rows of zZeros in the matrix. The results in the last scection on the
rank of this matrix indicate how this form can be obtained, If the
tree used to write the equations is chosen to maximise the number of
inductors in thei;fee, then the reéuired all zero rows arc produced.

Thus the tree used to set up the mixed equations should be chosen
so that it contains the maximum number of voltage sources, capacitors,

conductances, resistances and inductors in that order. For such a

tree, Kirchhoff's current law can be written as

_ _ —.ibe

Ube U Qeg Ur %L er sz

Ype e 9%z %r % % izi
Yog e Tgr %r Y Yo =0 G2l

Uy Ur Gy %y ||

Upt, % Srj iig

r

- ~ ] e,

_.iej >




where the subscripts ¢, C, g, r, L, j, b and ¢

corrcspond to voltage

sources, capacitors, conductances, resistances, inductors, currcnt

sources, trec branches and links.

Thus

Jjs the current source vector,

Similarly, the cquations for Kirchhoff's voltage law may be

expressed as

E

B
ge

B
re

BLe

B

K

Ce

BCC

BgC

éc
B U
ge s
B

rg rr
BLg BLr BLL
B. B, B,

jg jr jL

ér

tL

Uej

- —

and again Vie T Cs the voltage source vector,

The
"bg
Vbr
VoL
tec
g
v&r
| e

The clement equations may be written as

-y

d

Cy 3

(3.3)

(3.4)



52

With this partitioning the mixed equations become

By t ] i L] .T
(Cy * Q¢ Gy Q! . . . Vhe
. L] . - “’l’bg
. . - iQI‘
(5, + BT B° ) 3
B . LLb LL° }{ L]
o, 6 ot q, q,q Q Gr Vo |
Cg £ “Cg Cg 4 “gg Cr CL bC
t t
Q G G, + G ; Vv
leg O g G gl Y Yr ° L bg
+ g Brg (Rg + B RB.) B RpP Lr Hr | =
] Bre Bre BB B BLR BLr L
B t T v t W
QCg Gy Qg ; Bl 1 %c % % : E
t .
G _ J . . J
e € %g U3 L
t
Bre Brer Bjr ° *
t t
L P Brefo Bir | : BrilePin
(3.5)

The sccond and third scts of rows of the cquations contain no
differentinl terms and so are only algebraic relationships among the
variables. As no differcntial terms of vbg and iQr occur at all the
problem is to eliminate these variables using the algebraic equations.

This 1s possible if the submatrix

t
(Gb ¥ Qgg Gé Qgg) Qgr

5 (3.6)
re (g * B, R fpy)

possesses an inverse i.e. if it is non-singular. To show this it will



be first shown that the matrix is positive definites This requires a
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number of well known results in matrix theory.
The quadratic form of a real (n x n) matrix, A, is defined as
the product
}9(X) = xt Ax
where x is an arbitrary real n-vector.
The matrix is said to be positive definite if )Z (x) > 0
for all .ﬁon~zero vectors x.
and positive semidefinite if
)é (x) 2 0 for all non-zero vectors x.

A positive definite matrix is always nonsingular.

Lemma 3;162 If Ais a real, (n x n) positive definite matrix

and T is a real (r x n) matrix of rank r, (r < n), then T A ¢ is

also positive definite.

Proof Let y = Ttx where y is an n~vector and

x is an r-vector.

55

If 7t is of rank r, then if x is a non zero vector

¥y is also non zero. .

But xTPT x=3 Py > 0
since P is a positive definite matrix.

Hence T P ’l‘t is also positive definite,

With the aid of these facts it is now possible to prove the



following lemma,

Lemma 3,2
€
(Gb T QggGQQgg) _ Qgr .
Brg (R£_+ BrerBrr)

is a positive definite matrix and therefore possesses an inverse.

Proof Consider the quadratic form

_ t _t t
) = [_xl %2 1| o7 %ty %’ “er *1
+
Bog R B, Rb xz_'
" t
= +
146 Qgg ng by Ry B RE
t t
* Xl Qgr x2 * *2 Brgxl
Now (G, + 9 Qb ) = ”U Q G . U
ez “1 %g L ss]| b
t
4 . G .
L ed | Qg
and the matrix -Gb is positive definite since it contains only
GQ * '
positive diagonal clements, Therefore by Lemma 3.1, (Gb+ gg Q )

. ‘o - R t
is also positive definite. Similarly (RL + BrerBrr) can also be
shown to be positive definite,

Since 99 (x) is a-scalar,

t ot t _ .t %
X) Qpp %o = (xy Q)" = x5 Q%
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t
But Qgr = Brg R
t w - _ E
and so Xl Qgr X, = =X, Brg Xl

Thus y? (x) is the sum of two positive definite quadratic forms
and so is itself positive definite.

Thus the given matrix is positive definite and hence non-singular,
possessing an inverse.

Thus it is possible to use the second and third scts of equations
in cquation (3.5) to solve for Vhg and i in terms of v, iQL’ e, I,

& and 3, and eliminate them from the remaining differential equations.

By the usc of Lemma 3.1 in the manner of the proof of Lemma 3.2
it can be shown that matrices (Cb + QCCCQQEC) and (LQ + BLLLbBEL) are
both positive definite and therefore possess inverses. Thus it is
possible to bring the equations into the standard state equation form
of equation (1l.3), with Vyc and 1, as the state variables.

Hence the number of dynamically independent variables is equal
to the maximum number of capacitors which can be included in the tree
plus the maximum number of inductors which can be included in the cotree.

This can be rcstated as saying that the number of dynamically
independent variables in the network is the number of capacitors plus
the number of inductors less the number of all capacitor loops and all
inductor cut-sets, after all sources have been removeds

These rcesults can be extended to the case of mutual coupling
between reactive clements of the same class. This is because the
results concerning positive definiteness still apply, if tight coupling

is excluded. eegs In the case of mutual inductance the inductor
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equations become

VoL Yoo L a0
VbL Le  Twp L
and the matrix to be inverted has the form
[ U BLL J L,e Léb ] U

o1]

Lbé Ibb J LL

Again using Lemma 3,1, this is positive definite and possesses an
inverse if

Lee Leo

Lre Loy
is positive definite. Such a condition is in fact true, provided the
loosely coupled case only is considered. In the tightly coupled case
the determinant of this coefficient matrix is zero.

Similar results will apply to the case of coupled capacitors.

‘3.2.3 The choice of state variables

In the last section the state variables were taken as the
independent capacitor voltages and independent inductor currents in
order to simplify the elimination procedure. This is not a necessary
choice and is purely a matter of convenience, Other scts of variables

are possible, but they have the common properties that they are components
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of the wvectors v and im for the admittance and impedance subnetworks.
As a simple example consider the network shown in Fig. 3.1, In
this case there arce 2 state variables. These are vy and S using
the approach of the last section. But vy and v3 also form a suitable
set, This fact is not surprising since
vy o= v, - v3 = 0

Hence either v. and v2 fix v, or vl and v3 fix v2.

1 3

Another suitable set of variables would be vy and i3, when the
resistor is regarded as a resistance in the impedance subnetwork.

The only bound that can be put on the number of voltages and
current variables is that there cannot be more voltage variables than in
v, . In fact this result means that the number of capacitors and
inductors have no direct control over the number of voltage or current
variables which can be token. Only the total number of reactive
elements, less redundancies, fixes the total number of state variables.
This means that it is possible to take current variables in an RC
network, as was illustrated in the discussion of Fig. 3.l. The number
of current variables possible is limited by the number of current
variables in im’ which is governed by the number of resistors in the
network. The total number of variables is still limited by the
capacitor subgraph,

The dimensions of V. and im are dependent on the choice of
admittance and impedance elements, which in the case of linear resistors
is quite arbitrary.

Consider as a sccond example the network shown in Fig. 3.2,
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This example has 2 state variables and vy and i3 form such a pair.
If R2 is taken as a conductance then the dimension of L is 2 and the
dimension of im is 1« Thus it may be possible to take 2 voltages
as variables, such as vy and Ve Since the dimension of im cannot
be greater than one, even with R2 regarded as a resistance, it is
never possible to have more than one current state variable.

Normally such unusual state variables are not used, and the
state variables are generally associated with the appropriate capacitor

voltages and inductor currents. This choice is simple, and as can

be secn from the last section, always forms a suitable set of variables,

326l The classification of the resistor network

In section 3.2.2 the elimination procedure was given without
any consideration of the way the resistor network was partitioned into
resistances and conductances and the key result of Lemma 3.2 was
proved for any partitioning. It is this flexibility in the
partitioning which allows for the number of alternative approaches
to the problem of finding the state equations which have been suggested
in the literature, Branin12 claimed that his method was the best
because the order of the required inverse matrix was less than that
of Bryant or Brown. Since most of the time needed for setting up the
equations on a computer is used in finding this inverse it is of some
practical importance. The time taken to invert a matrix, using

conventional programmes, seems to depend upon the order of the matrix



and so the minimization of the order would be worthwhile,

| Although not explicitly stated in his paper, Bryant's original
approachl6 was to divide the resistors so that all conductances could
be placed in the tree and all resistances could be placed in the
cotree. This approach was taken because of symmetry. It implies

that(}aandE% = 0, and so the matrix (3.6) bccomes

Gb Qgr
t
_Qgr R(

Certain other terms of equation (3.5) also become zero, but these
seem to give no advantage. Bryant must therefore invert a matrix
whose order is equal to the total number of resistors in the nctwork.
In fact Bryant gave an inverse for the matrix explicitly,
which in fact does not require the inverse of such a large matrix,
but rather inverts two smaller matrices, whose orders are the number
of resistive links and the number of resistive trec branches.
Basically the aim of this approach is to maintain a symmetry in the
cquations when obtaining an explicit form for the statc equations.
An alternative choice is to take all the tree branches as
resistances i.e. Gb = 0, In this case the second sct of equations
in equation (3.5) vanish completely, as do the colums corresponding
. Thus the matrix (3.6) becomes
[R + B_ R B
¢ rr rr

The order of this matrix is the number of resistive links,

to vbg

The procedure for selecting the tree restricts the way in which the

59
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links may be split up into resistances and conductances. From the
last result it is best to minimise the number of resistance links.
But since the tree is formed by selecting the conductances and then
the resistances, any conductance chords must have a capacitor and
voltage source path between their nodes, so that they arce contained
in an otherwise all capacitor and voltage source loops Hence in this
case the minimum order for matrix (3.6) is given by the number of
resistors in the cotree minus the number of resistors which close all
capacitor and voltage source paths. Such an approach was taken by
Price and Bers.53
A possible simplification is to assume that therc are no con=-
ductance chords. This means that the order of the matrix is slightly
increased.

Dually, it can be assumed that there are no resistive links

i.e. R~€ = 0, This means that the matrix (3.6) becomes

t
G
[ b ¢ Qgg Gé Qgg}

and the third set of equations in cquation (3.5) along with the columns
corresponding to i@r vanish. The cholce of resistance tree branches
is restricted in this case, to only those resistors which lie in an
otherwise all inductor and current sourcc cut-set. The minimum order
of the matrix is then given by the number of resistors in the tree
less the number of resistors in the trec which lic in such cut-sets.
Again, for simplicity, it is possible to assume that there are
no resistive tree branches. This approach which produces a slightly

larger matrix, was taken by Brown.13
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An alternative approach is to work, not with separate capacitors
and inductors, but to assumc that each capacitor has a shunt con-
ductance across it and each inductance has a series rcsistance. The
conductances énd resistances may have zero values, so this is just a
device for fixing the partitioning of some of the resistors.. After
this has been done the remaining resistors must be treated in one
of the above ways. This type of approach was given by Branin;

In fact the assumption, that any resistor in shunt with a
capacitor is a conductance, is a special case of the restriction that
any resistor, having an all capacitor and voltage source path between
its terminal nodes, is a conductance. So this assumption is a speciazl
case of Price and Bers' partitioning. Similarly the casc of resistors
in series with inductors is a special case of the dual approach to
Price and Bers. Thus Branins approach seems to offer no new
advantages.

The best approach seems to be that of Price and Bers, or the
dual of their approach, when either Gb or Ra = 0. In general it is
not possible to fulfil both thesc conditions at the same time unless
the network takes a very special form. The differcnce between the
two methods is not definite, but depends on the particular example
considered, in much the same way as the difference between loop and
node analysis,

The algorithm for finding a tree with this partitioning is

quite simple. In the resistance case i.e. when Gb = 0, the procedure
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is:
(a) Include all voltage sources in the trec;
(b) Short circuit all voltage sources and open circuit all resistors,

inductors and current sources. Find a tree in this capacitor
subgraph;
(c) Short circuit all capacitors and add the resistors. All
resistor self loops are regarded as conductances, the remaining are
resistances. Find a tree in the resistance subg:aph;
(a) Short circuit all the resistors and add the inductors. Find
a tree in the inductor subgraph;
(e) A1l current sources will be in the cotrce.

Because of solvability, all the voltage sources will be in
the tree and all the current sources in the cotrce,  All conductance
branches defined by step (¢) will also lie in the cotree.

A dual algorithm is possible for the conductance case, when

R£.= 0
(a) All current sources arc in the cotrce;
(b) Remove all current sources and short circuit all resistors,

capacitors and voltage sources. Find a cotree in the inductance
subgraph.

(c) Remove all inductors and replace all resistors. Any resistors
which do not lie in a resistor loop arc regarded as registances, the
remaining are conductances. Torm a cotrec in the conductance subgraph.
(a) Remove all resistors and add all capacitors. Form a cotree

in the capacitor subgraph.



(e) A11 voltage sources are included in the tree.

Again the tree contains all voltage sources and no current
sources on the grounds of solvability, but now all resistances are
included in the trce.

Although this is the dual of the first algorithm it seems much
more complicated to programme since most computer mcthods work with
trces and not cotrees, and prefer to add branches by "solder"
connection and not by "pliers' connection. The basic rcason for
this is purely a conceptual one in that node splitting scems a rather

unnatural process in the normal network background.

3,2,5 The explicit form of the state equations

To obtain a general form for the state equations the explicit
inverse of the matrix (3.6) is necded, The general form of this
matrix does not give a simple result and so some simplification in
the partitioning of the resistor subgraph must be made. If it is
assumed that all resistor clements are resistances then the problems

of notation are all set aside and the inverse is simply

t -1
+
(Rd, Brr Rb Brr)
and there are no conductance terms,

With such an elimination the equations are reduced to
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Because all the resistors have been token as resistances some

of the symmetry has been destroyed. But since

t t =1 t -1p t
(BLC LerB (R BrerBrr) = - (QCL—QCI'(FE_-'-B erB ) rerBLr)

the equations do show that the symmetry and skew symmetry of cquation
(3.1) has been prescrved.

The coefficient matrix of the differential terms has not been
reduced to a unit matrix in order to simplify thc expressions. In
section 3.2.2 it was shown that this coefficient matrix has an inverse.

The symmetry of the equations can be restored either by forming
the lower cquations by taking all resistors as conductances, or by using

the matrix identities proved in the following lemmas.,
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With these lemmas, equation (3.7) can be written as
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(L, + BrLiBrp) i1,
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This is the form which was originally given by Bryant.18
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3.3 STATE VARTABLE DESCRIPTION OF A MULTIPORT NZTWORK

In later work the network will be regarded as a ''black box'"
driven by some voltage and current sources. This system will be
characterized by the state equations and so it is important to know
what outputs can be obtained from the system, i.e. what current passes
through the voltage sources and what voltage is across the current
sources. Because of the nature of the state equations these can be
obtained as exprzssions involving only the state variables and the
inputs., i.e. ibe and vej can be obtained in terms of vbc’ iQL’

e and j.
In the case of the current ibe’ this is given from cquation

(3.2) by the relationship.

ibe - - QeC iﬂC - Qer iﬁr - QeL iEL - er J

where all resistors are taken as resistances.

Then
e =7 Qg ¥ Qg % Bee & * % % Boc Tic
" Qr Tpr 7 Qg g1
Simllarly Yéj = - Bje e + BjL Lb QLj 3 + BjL Lb QLL £€L
~ Bip Vor " Byo Yic

Eliminating ilr and Vyp in the same way as for the state equations

themselves, produces the regquired equations. These can be written



along with equation (3.7)

zgc(RB B)B

rrobirr
B (R Pz Y, er ¢ e Bre
er(ﬁé rerBrr ) re
B e (R Ry Q) T, R OBy
Qcc e,l Bee
. . Bp, Ty O
Sc % Beo .
. ) B Iy L3

in the form

r(cb”QccCa ot : A
. , +8, L85 ) .

% CeBoc G Rac% c) . v

n . Byl (T +BLLLbB oL |

—QCr(R +8 RE") -lBrc Ur Ry By B ) B R 0
5, e er) " Rg 2B BLr<P~?+QrR er) "

Qer(Rg Brr Bre) Brg or Be* BrerB )™'B rerB

RO A WA Bjrmb "Ry O g

Ur (RfBrerBir ) —lBrerB ir%
B (Rp,, R'élBrr)"ler
Qer(Rg BrerB e rerBjr"er
jr(Rb Ry Yo" er

sy -y

Caa v (e

d

67

(3.9) .

Again the coefficient matrix of the differential terms and the

outputs has been kept on the left hand side of the equation for clarity,

although its inverse has been found,
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Equation (3.9) is not quite in the standard multiport form.
This is because of the signs of ibe and vej. Here they have been taken
with the same convention as all other branches in the network.
Usually in n-port theory these signs would be reversed, so that the

current in a voltage source '"flows out' of the source.

344 THE EXISTENCE OF A UNIQUE SOLUTION TO A NETWORK

In section 3.2 it has been shown that, if the necessary con-
dition of ILemma 2,1 is fulfilled, then the equations can always be

brought to the form

X = A& + Bu
where in this case X = vbC and u = e
J
J

It was pointed out in section l.2 that the existence of such a
set of state equations implies a unique solution to the system provided:
the inputs are continuous. Tnus section 3.2 is a proof that Lemma 2.1
and the continuity of the inputs and their first derivations are
necessary and sufficient conditions for the network to have a unique
solution.

In special cascs the differentials of the input vector do not
occur in the -equations and the conditions can be relaxed, Inspection

of the explicit form, equation (3.8), shows that the first derivative
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terms for a given voltage source only appear if it lies in a loop
containing only voltage sources and capacitors and for a given
currcnt source if it lies in a cut-set of inductors and current
sources. If this is not the case then the first derivative does
not appear in the equations and the only requirement is that the
driving function is continuous. |

The initial conditions of the network can be any set of state
variables.,

These results are of some interest since as yet it has not been
possible to show the existence of a unique solution using the con-
ventional methods of Laplace transformation and loop or node analysis.
Such methods require the proof that the resulting functions of the
Laplace variable, s, have an inverse Laplace transformation as a
time function, and then that these time functions satisfy the initial

conditions. This is, as yet, an unsolved problem.

3.5 NETWORKS CONTAINING NEGATIVE RESISTORS

3.5.1 The order of complexity

The most simple approach to active networks is to represent the
activity by negative resistors. Such an element is a source of power
in the network but does not affect its reciprocity.  Since the elements
are only 2~terminal the approach given in section 3.2 still applies,

except that since the matrices arc no longer automatically positive
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definite it is not possible to say, in general, if the necessary
inverses cxist,

It is still possible to say that the order of complexity is
less than p(§ ) + p(L ), but the actual value is not clear. If
the inverse of the matrix (3.6) exists then the elimination is the
same as in the positive resistor case. If nct, then the number of
variables will be less than the passive counterpart. The problem
of finding the actual order of complexity is algebraic in nature and
is closely connected with the general problem of the existence of a
state model for the network and the solvability of the network.

A necessary and sufficient condition for the order of complexity
to be the same as for its passive counterpart is that the elimination
proceeds as in the passive casc, i.e. that the matrix (3.6) is non-
singular.

If the resistor network is partitioned so that all tree branches

arc regarded as conductances, unless they lic across otherwise all

3

inductor and current source cut-sets, and all links arc regarded as
. 1 voltage source
resistors, unless they lie in otherwise all capacitor(loops, then,

g = O )

and er 0

and the matrix (3.6) becomes

1}

- | Gb Qgr
Brg R£

where the same notation as section 3.22 applies. This can be expressed
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in the following theorem,

Theorem 3.1

The order of complexity of a network containing capacitors,
inductors, uncontrolled sources and positive and negative resistors
is the same as that for the network with all resistors positive if

. the matrix

G, Qgr
B R (3.10)
rg 14

is non-singular, with the above notation.
Since Gb and RQ are both diagonal, their inverses exist

i.0. G;l = R_and RZL =Gy

AlSO Q = - Bt »
gr rg
_ t
Thus det Gy Qgr = det G. det(Rﬂg BrgRbBrg)
Brg R,
t‘
= ¢ +
and det Re. dct(Gb Qng 2 Qgr

Thus the condition that matrix (3.,10) is non singular is

equivalent to the conditions that either

t)

(R.Q + BrgRb Bf.g) or (G + Qngﬂ Q.
15 non-singular.
A physical interpretation can be given to this result. Consider
the network obtained by short circuiting all voltage sources and

capacitors, open circuiting all current sources and inductances, open

circuiting all resistor self loops and short circuiting all resistors
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that are in no loopse. Then the cut-set matrix of the remaining
network is

R o= [Uqgr] .

and the nodec admittance matrix is

[U Qgr] Te, T U
J ‘, .

.

i

B t
LGb * Q’gr G!l Qgr..

Similarly the loop impedance matrix of this network is
= [.R + B Bt
L7 L rg Rb rg

Thus theorem 3.1 is cquivalent to the condition that this

resistive subnetwork has a unique solution.

3,5.2 An extension to non-linear resistors

Because of the way in which the resistor network was partitioned

there are a certain number of resistors which are classed as resistance
acertain number which are cassed 3s

tree branches and |conductance links. These branches do not effect
the formation of the state equations since they are not included in
the matrix (3.10). This is becausc the independent variables of their
equations can be written directly in terms of the state variables
using Kirchhoff's laws. For example, the voltage across a resistance

trce branch is given directly as the sum of capacitor and source voltages

along a path between its terminals,.
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This means that as long as these elements possess the correct
characterization i.e. conductance or resistance, their exact nature
is not important. They may be linear, non-linear, positive or
negative, These results provide a simple demonstration of some well
known results in the theory of non-linear networks.zo

Quite often, in physical devices, negative rcsistance is
asgociated with non-linearity, since the negative region extends only
over a short region of its characteristic. Such characteristic curves
are often single valued functions in only one variable and so possess
only one characterization. Fig. 3.3 shows typical examples. In
Fig. 3.3(a) the characteristic is "current controlled" and has only
a resistance characterization. Similarly in Fig. 3.3(b) the
characteristic is "voltage controlled" and so possesses only a con-
ductance characterization,

The state equations can only be formed for a nctwork containing
- such elements if their positions are chosen so that their inverses are
not required. From the above reasoning this means that such nétworks
have a-solution only if ecach voltage controlled element has an all
capacitor and voltage source path between its terminals and each
current controlled element lies in an all inductor and current source

cut-get,

34543 Example

Consider the example shown in Fig. 3.4. Kirchhoff's laws
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give

. =4 =i = i
and i i L

The equations can be reduced to

L Ei& = - 1LR - vc - v8
dt

C dvc = lL
dt
i = g(vg)

Since the non linear resistor is voltage controlled no inverse
exists for the last equation and it is impossible to eliminate vg.
The nctwork possesses no state model and no solution. In practice
such problems arc avoided by postulating a small 'stray! capacitance,
Cs’ across th; negative resistor. This means that the voltage
controlled element always has a capacitor path between its terminals
and always has a solution.

In this case the last equation becomes
dv
Cs T = i -elvy)
and the order of complexity becomes 3. Since the equations are for a
non-linear system, they no longer have the simple constant coefficient

form, and now functions are involved.
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Fig,3.,1, Example of section 3.2.3.

Fig,3.,2, Example of section 3.2,3.
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Fig,3.4, Example of section 3.5.2.
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Chapter 4

THE ORDER OF COMPLEXITY OF AN ACTIVE NETWORK

4.1 INTRODUCTION

In this Chapter, and the ncxt, the problems of active networks
are considered. The term "active network" is used for a network
which contains controlled generators of the type considered in
section 2.2.,3. Such clements can be used to model most linear
devices,

The main difficulties with such devices arc that they are
basically 4~terminal and also active. Thus the problems are far

greater than in RLC networks.

4.2 THE PROBLEMS WITH NETWORKS CONTAINING CONTROLLED GENERATORS

When controlled generators arce included in the network the
problems are both topological and algcbraice. The primary problem is
that of solvability. In the case of passive networks it was possible
with the normal element relationships and Kirchhoff's laws to show that
the network had a solution provided small assumptions were made about
the positioning and nature of the driving sources. In the case .of
controlled generator networks this is not so, because of algebraic

difficulties. It is possible to propose networks which do not have
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solutions for certain element values, An example is given in Fig,
4.1, where the network does not have a solution if g = (G3 + Gz).

If the network possesses a solution then the network possesses
a state model. But the order of complexity and the way to choose
the actual state variables is not a simple matter. There seem two
basic reasons for thisg
(a) There is an algebraic one which is basically similar to the
negative pesistor case. The order of complexity depends upon the
element values. An example of such a network is shown in Fig. 4.2.
Here the order of complexity is 4 unlcss g = G3 when it reduces to 3.
Such a problem is due to a none-singularity arising during the reduction
processe.
(b) The second reason is topological. Since a controlled genecrator
is not just a two terminal device, it provides a means for constraining
voriables from different branches apart from Kirchhoff's laws. Thus
the arguments given for 2~terminal elements do not applye. It may
not be possible to scparate out the admittance and impedance branches
in the manner used in the last chapter. ec.g. 4 current generator
which is normally associated with admittance analysis may be controlled
by the voltage across an inductor, normally an impedance element.
Because of such couplings it is possible to raise the order of com-
plexity above p((g ) + p(lf ), the order of complexity of the corres-
ponding passive network formed by removing the generators. An
example of this is given in Fig. 4.3, where the order of complexity

is 4 compared with 3 for the passive network. ( See 4-'4-‘f)
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These two cffects cannot be completely isolated from one
another, since the formation of the state equations will always involve
some algebraic considerations. But it may be possible to limit the
topology of the network in such a way that the possibility of the
second effect can be eliminated, It is this problem which is con-
sidered for the remainder of this Chapter. The algebraic problem is
eliminated by assuming that all clements have arbitrarily specifiable,
non-zero, finite values. This assumption will mean it is possible to
consider the solution of the topological problem for a class of networks.

The approach used for the study is an indirect onc by way of
the natural frequencies of the network, an approach used by Bryant

in his early work for the RLC case.

4.3 THE EXISTENCE OF A UNIQUE SOLUTTION

For any network there are three sets of equations. These are
statements of Kirchhoff's current law,
@G = 0 (4.1)
Kirchhoff's voltage law,
Bv. = 0 (4.2)
and the element relationships.
In order to write thc eclement equations for a network containing
controlled elements the network must first be partitioned. The sets are

1) voltage sources whose currents do not control a generator;
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2) voltage sources whose currents control a gencrator;

3) voltage generators whose currents do not control a generator;
4) voltage generators whose current control a generator;

5) passive elements;

6) current gencrators whose voltages control a generator;

7) current generators whose voltages do not control a generator;
8) current sources whose voltages control a generatoxr;

9) current sources whose voltages do not control a generator.

The equation for the passive network can be written in the
mixed form

YC(D) Ve = ZLR(D) ig

where Y(D) and ZﬁP) are diagonal, Y(D) containing all admittance and
unit terms, and Z(D) contains all impedance and unit terms. D is
the differcntial operator.

The sources are described by

AT g = Js
v, = e, i, = 3 (4.3)
The equations for the controlled generalors have the form
vy Hep Hyy Hy Hyo Hyo Hyg ] ?2
4 Uo By Hpy Hyy e Hyg K
6] |He By Hg Hg Heo Heg *5 (4.4)
i ] LB Hpy By Hp B Hig ||
M3
'8

where the subsoripts i and v have been introduced to distinguish



between columns corresgponding to i5 and vs.

All the network equations can be written in the matrix form
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K . H7v H76 . H78 o H72 . H?4 H?i . -UZ i3
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16
i
—— - - — L. -
Bl By - - ‘1
. . QS Q9 92
= . ’ « . . 38 (4-5)
® . - » j9
b Ld L ] L - J

This is a set of non-~homogeneovs cquations in all the unknown
voltage and current variacbles. The network is said to possess a
unique solution if it is possible to calculate all these vgriables in
terms of the driving functions and the initial conditions. This

23

definition differs from that of Doclaris and Sacks who did not

81



consider it necessary to find the currents through voltage generators
or voltagesacross current generators. This can best be seen in
their example shown in Fig. 4.4, where the currents in the voltage
gencrators are arbitrary. Here the controlled generators are
regarded as actual network branches, and not simply constraints,
and so a network is of no interest if it is possible to have an
arbitrary amount of current flowing in any branch, as occurs in
Declaris and Saeks' example,

Equation (4,5) is a set of first order differcntial equations.
If the coefficient matrix of the left hand side is Hy(D), then from
the appendix it can be scen that the condition for these equations to
have a unique solution is that det HO(X) is non zero where A is an

arbitrary variable, This condition gives the following theorem,

Theorem 4,1. If the equations of an active network con=-

taining resistors, capacitors, inductors, generators and sources
possess  a unique solution, then

(2) therc exists a tree such that all voltage sources are
tree branches and all current sources are links;
and (b) there exists a tree such that all the voltage sources
and generators, whose currents do not control any generators are
trce branches and all the current sources and generators, whose

voltages do not control generators are links.

Proof If a solution to equation (4.5) exists then the poly-

nomial matrix HO(K) must be non=-singular, Hence all the rows are
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linearly independent. In particular the first g - ¥ + 1 rows, corres-—
ponding to the Kirchhoff's voltage law equations, are lincarly
independent. This means that the submatrix BBB4BBBGB7B8B9] must
contain o non~singular wajor. A well known property of a loop
matrices62 is that the columns of a non-singular major correspond to
the elements of a cotrec, Thus there is a cotree amongst the
elements corresponding to the columns of this submatrix. Hence the
:elements corresponding to columns of [:3182] must lie in a tree,
By applying similar arguments to the next ¥ =~ 1 rows corresponding
to the Kirchhoff's current law equations it can be proved that the
elements corresponding to the columns of I:Q8Q9] lie in a cotrce.
Thus the voltage sources lie in the tree and the current sources

lie in a cotree. Seshu and Reed have proved the following 1emma62

Lemma 4.1 Let G be a connected graph. Let Sl and B, be the
edge disjoint subscts of G, such that (a) there exists a trce T, such
that the edges of S, are links of T, (not necessarily the whole link
set of Tl) and (b) there exists a tree T, such that the edges of S, are
branches of T2 (again 'I'2 may have other branches besides the edges of
52); then there exists a tree T for which the eclements of 52 are
branches and the elements of Sl arc chords,

From this lemma, since the voltage and currcnt sources are
clearly disjoint subsets, then it is possible to find a tree such that
all voltage sources are trce branches and all current sources are

links. This proves the first statement of the theorcm.



If HO(K) is non singular all the columns must be linearly
independent. In particular the columns corresponding to v7 and v9
must be linecarly independent, Because of the zeros in these columns
this implies that the columns of the submatrix [:B,7B9 are linearly
independent, and so that the clements corresponding to the columns of
[B7B§] form part of a cotres,

Similarly by examination of the columns corresponding to il
and i3 it can be shown that the clements corresponding to the columns
of [QIQEJ form part of a tree, This trec may be taken as being the
one forming the cotree and so the sccond half of the theorem ls proved.

In the passive casce there are no generators and so only the
first half of the theorem applies. This was lemma 2.1, given by
Seshu and Reed62. In the case when the gencrators are controlled by
the passive eclements only, the second result rcduces to a generalization
of the first. This is that there exists a tree such that all voltage
sources and voltage generators are in the tree and all current sources
and current generators arce in the cotreec. This result was given by

2> and Purslow and Sponce54.

Dervisoglu
Theorem 4.1 represents the necessary topological restriction
on the network, It is not a sufficient condition for the existence

of a solution since such a result would involve algebraic considerations

involving the element values,
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4.4 THE ORDER OF COMPLEXITY OF AN ACTIVE NETWCRK

Because of the algebraic restrictions in the network, which
have been neglected at present, it is not possible to give a simple
procedure for eliminating the unwanted variables. An alternative
approach is to view the natural frequencies of the network. This
does not involve the actual element values and is thus more suited

to the present problem.

4,4,1  Natural frequencies and the order of complexity

The problem of determining the number of natural frequencies
of a network has becn a classical problem in network theory. The
carly approach was to considcer non=zero natural frequencies, since
these can usually be observed by driving point measurements at any
point in the network, This assumcs that no cancellations occur
between the numerator and denominator of the driving point function,
which implics complcete controlability and observability in the sense
of Gilbertzl and Kalman.38

The first significant results were obtained by Rezéaaho used
the order of complexity for the number cf non zero natural frequencies.
These were the zeros of the determinants of the node admittance and
loop impedance matrices, ZSn.and Zlm. Tsang66 and Cederbauml9
showed that these determinants were related, so that the number of

zeros was the same, Bryantl5 and Bers7 both eventually gave formulas

in terms of the topology of the network for the RLC network case.
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Bryant's later workl6 wag slightly different since he defined
natural frequencies as being '"the roots of the determinant polynomial
of the operator matrix of the nctwork equations when these are formed
as a sct of first order differential cquations for the branch voltages
and currents', This means that the natural frequencies are the
zeros of det HO(D). Such a definition differs only from previous
definitions by considering zero frequencies. Under such o definition
this number, the order of complexity, is the dimension of the state
space .

27

This con easily be seen ' by toking the Laplace transform of

the state cquations

B}

sX Ax + Bu

(sU - A)™L Bu

or X

Since all other variables are algebraically related to x and
u, then the zeros of det (sU - é) will give all the natural frequencies
of the network. The number of zeros is equal to the order of A,
i.c. the dimension of the state space, which is called the order of
complexity.

Bryont related the determinont dotfio(D) to the determinants
of the node admittance and loop impedance matrices in the case of
RLC networks and applied the topological formulas for such deter-
minants to give the order of complexity. It is this approach which

is taken herc,



87

4.4.2 The node admittance matrix

Although the basic problem is to cxpand det HO(D) this will
be approached indircetly using the determinant of the node admittance
matrix. In order to usc this approach, a restriction must be made
on the type of network considered, The networks considerced will
contain resistors, capacitors, inductors, sourccs and current
gencrators controlled by variables associated with passive clements
only. The restriction on the class of generators considered is not
very severc since in many cases voltage gencrators can be exchanged
for current generators, as was mentioned in section 2,2.3., Thus the
results can be applied, in fact, to a much larger class of networks
than the initial restriction would imply.

From theorem 4.1, cquation (4,1) con be rewritten, with the
notation of equation (4.5) on the basis of a trec whiéh contains all

the controlled current generators

1 %5 %y ] oL "o | . )
. i} ‘ 4.6
l- U515 Q5'7J 15 U1g
A

where Ul is a unit matrix and the subscript 5' indicates that the
matrix is partitioned according to the fundamental cut-sets defined
by the voltage sources. The remainder of the tree comes from the
passive elements, The matrix Q5,5 is not thercfore 2 square matrix
but I:QS,S Qs,é] corresponds to the cut-set matrix of the network

with 2ll uncontrolled sources removed,



88

Hence ¥ il = - [915 Ql? Q19;]

5
*
J9
a5 Wio | 35| = =%y g “.7)
--17 t
The node pair transformation may be written as v = Q v,
or "1 o Yn1 5.8)
t t 4.
Vs Y5 s "n2
v = t Qt -
7 Y7 i
t t
Y9 Y9 519
The element cquations now arce simply
15 = Y5 v5
. _ T - T
SRR o
s
= [H’7v+H7i Y5 J Vs
where Y5 is a diagonal matrix.
Substituting into cquation (4.7) gives
Q = - j s
[ 515 st] ’s Vs 2T %igdy (49
H7V+H7i Y5
Row Y1 T vl =%

Substituting for v. from equation (4.8) into equation (4.9) gives the

5
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node admittance equations

- 5 . . b

C = - - Y -

| %515 %19 ts %5 o U515 d9 T 5159510 5 %%
H

vt o1 s oy Hols

and the node admittance matrix is

[%5 % [ % 515
' H?v + H?i Y5

From the discussions of ecquation (4.6), r—Q5'5 Q5,7-1 is the
cut-sct matrix of the graph containing the passi;e eloment;‘and the
current generators, and Q5,5 is the cut-set matrix of the graph
containing only the passive elements. Also Y5 is a diagonal sub=-
matrix corresponding to the passive branches and ‘H7v + H?i Y5] is
a rectangular submatrix which has only one non-zefé clement in any row.

Since the properties of det HO(D) and the node admittance
matrix are being investigated, the driving terms play no part, Thus
they can be removed in the conventional way, and no consideration will
be given to them, For the remainder of this chapter sources will be
inecluded in the general term RLC networks.,

The properties of the determinant of this node ndmittance
matrix may now be investigated using topological formulas in terms
of some trees of thc network, The work assumes for simplicity that
the passive subnetwork formodlby removing 211 gencrators is comncctede
All results con be still applied if the passive submatrix is dis-
connected by regarding the treces as a set of disconnceted trces, or a

forest.



In order to expand the determinant of the node admittance
matrix it is necessary to introduce the concépt of an active tree
and a passive tree.

A passive tree is a complcte tree of the .

vassive subnetwork.

An active tree is a complete tree of the nctwork containing
soHe controiled generators, chosen so that the passive clements of

: also

the tree and the controlling elements of the generatorstform a passgive

tree.

Lemma 4.2
The terms of the expansion of the determinant of the node
admittonce moatrix are the passive and active trce admittance products

of the networik.

Proof

35

Using the Binet-Cauchy thcorem”™, the determinant of the

admittance matrix, Zln, can be written as

JAY > Q Q Y (4,10)

n
0,9 P q pa

1l

where Qp and Qq arc the majors of I_Q5,5 Q5,7J and Q5,5 respectively,

corresponding to colum sets p and q. qu is o minor of the matrix

contained in rows p and columns q.

90
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Since Y5 is diagonal, eoach row of Y has one non~-zero entry.
Hence any non-zero minor will have a value equal to the product of
the admittance terms contained in o set of rows pa Since cach column
contains a single passive branch element and perhaps some active
elements controlled by this branch, then for qu to be a non-zero
minor, set g must corrcspond identically to a sct p if set p is
completely passive, or must correspond to the sct p when each active
term;;eplaced by its controlling clement,

But any major of a fundamental cut-set matrix is non-singular
if, and only if its columns correspond to a trec, when its value is
+ 1. Hence sets p and g must both correspond to trees, q being a
passive tree and p belng eilther the same passive tree or a correé—
ponding active trec. Henee the expansion consists of all the passive
and active tree admittance products.

This result is similar to those of Percival,51 Mayeda46 and

21 .
Coates ™™, but a non-symmetrical approach has been used to preserve

a simple topology which is useful in the later work,

4.,4.3  The order of complexity

To determine the order of complexity det HO(D) must be in-
vestigated,  After Laplace transformation this becomes det HO(S).
The relationship between det HO(S) and the determinant of the node

admittance matrix, 4, is given by the following lemma.
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Lemma 4.3

For an RLC network containing current generators controlled
by the variables associcted with the passive elements;
<product of ) <product of | ) SﬁL A

det Ho(s) = =+ 0

all inductors (all resistors
where BL is the number of inductors in the network,

Proof
et p be the rank and p the nullity of the network. i.c.
p=f ~V+ lond p=p -1, Hence p+ p is the number of clements, P.
Let QP be a major of Q consisting of a set of p columns, p. Hence
QD # 0, if p corresponds to a tree.
Let BP be the major of B consisting of o set of p columns
formed by the exclusion of the set of columns p. Henee Bp #£0if p

is a trce ond the p columns are a cotrece. It can be shown16 that

det Q =+ T
B

where T = number of trces of the nctwork groph. Ixpanding the
determinant by a Laplace expansion yiclds

3 % p(2prtl )+ 2, Y,

Q (-1)
a1l trees PP
where Y _is the sum of all the indices of the colurms of the cotree
kel

corresponding to trece sct p. Since Q

.

?-Bp have values of + 1, each
set p must contribute a + 1 term to the cxpansion, and, since only T

are available and the sum is + T, there can be no cancellation.



1
-2-u(29+p+1)+ Z Y,

‘.:' B -1 = E'
i.e PQP( )

1 .
when € is a constemt =+ 1 for all p. But 5 pep + p+ 1) is

also a constant for all p, hence

v,

B = S ("l) (4011)
p - €%
for all p in the nctwork,
Now cquation (4.10) shows that
Y = A (4.12)
2 % % pq n

Psq

where q is a set of columns of § choscn only from the columns corres-—
ponding to the passive clements.

Now

Using theorem 4.1 the rows duc to the fundament loops defined by

current sources and the rows due to the fundamental cut sets defined

by voltage sources can be written explicitly.

i.ce  H(8) = rB95 By, Uy - . . |
st Boig oo

i i o %5 Yy

- 0 Ssis G
5 T

,H7V . e e H’7i -—U7 |

93



thus  det H(s) = Bsris By e .
. y Uis  R5ip
4 Yc5 . "ZLR5 .
..H7v . :H7i U, |

Since ZLRS is a diagonal submatrix, the terms of ZLR may be taken out

of thc matrix as factors giving after slight manipulation,

dot By(s) = (product ) roduct f Bgs Boyy o .
(of all LiS) (of all Rj) . . Q5,5 Q5.7
18 . Uy .
(H?V+H?iY5) . . -U,

The determinant may now be expanded by a Laplace expansion, taking
care over the signs. The expansion consists of the product of the
cofactors of the first two sets of rows and the corresponding minors
of the second two sets of rows, Beccause all entries under B8

5

zero, all non vanishing tcrms must be such that‘b5}? is included in

i are

the cofactor of the top rows.

Hence this cofactor is

1
op ()2 PR Zpr Ut 3
“pg

where Bl is the number of rows in the first two sets of rows. di.c.
the number of clements in the network less the number of sources,
> p is the sum of the indices of the set of columns P

and ;E‘Yq is the sum of the indices of the set of columns left



when g is removed, Since there is o diagonal matrix in the sccond

Bl rows, the minor corresponding to the above cofactor is
1
pt+ 5 plpr1) + ZYP

K qu (-1)

where K = r 1, i.¢. a constant for all p and g. Thus the term

may be written from cquation (4.,11); as

2 v, r Tty
- q p
€KQPQqYPq(1)

But Zp + ZYP = _12L_ ¢ (1te) which is a constant, and

2 2: Yq is cven, Hence the term is

' Y
& Qp Qq rq

and the determinant is é' :S Q@ QX
D,q P a Pq

Comparing this with equation (4.12), shows that

det HO(B) = + (product of product of AN
all L.S all R,
i 3
P
or det Ho(s) = + (product of ) (product of ) ET A

gﬂl.inductances (all resistonces

With these results it is now possible to expand det HO(S) and
obtain the order of complexity. To do this it is nececssary to use
the concept of a normal tree, This will be defined here as a tree,
cither passive or active, chosen so that the differcnce between the
number of capacitors and the number of inductors contained in it is

maximized,

95
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16 .
This definition differs from that used by Bryant™ since he
was able to show that it was possible in the RLC case to maximise the
number of capacitors and minimize the number of inductors independently.

This is not possible in the case of active clements.,

Theorem 4.2

The order of complexity of an RLC network containing current
generators, controlled by variables associated with passive elements,
is given by the number of capacitors contained in the normal trec plus

the number of inductors contained in its cotree.

Proof
The order of complexity is the highest index of & in the poly-

nomial det Ho(s). From lemma 4.3,

det HO(S) = [Srl « S L . constant.
Thercforce highest index = BL + highest index of zlnf
Since each term of lkn corresponds to either n passive or an active
tree, the normal tree will give the moximum index, assuming no
cancellations. This will be the number of copacitors minus the
number of inductors in the trec. Hence the order of complexity

4 = number of capacitors in normal trce - number of inductors in
normal tree + number of inductors in network,
= number of capacitors in normal tree + number of inductors in the

cotree of the normal tree.

The advantage of using topological formulas can now be seen.

No account has becen token of the possibility of cancellation of terms
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in the expansion, although come tree admittance products may have
negative signs. Concellations can only affect the degrec of the
polynomial f special values are taken and so are a represcntation of
the algebraic problem in the elimination procedure., By ignoring these
cancellations we consider only the offects which arc truly topological.
Althoﬁgh theorem 4.2 is a solution to the problem it is rather
unsatisfactory, because it leaves the problem of finding the normal
tree unsolved. In general it has not been possible to find an
algorithm for determining such a tree because of the difficulty of
including the restrictions on the nature of 'active trecs.
An alternative approach to the problem is to consider the
case when the order of complexity differs from that of the passive
Case. If the current generators are open circuited the order of
complexity of the passive nctwork can be determined from the passive
normal tree as indicated in Chapter 3. This tree is alsc a tree
of the active network and so contributes to the expansion. If the
active network is to have a different order of complexity there arc
two possibilities,.
(a) The contribution of this passive trece admittance product may
be cancelled out by the contribution of scme active tree admittance
products. Since this depends on algebraic valucs, it is not
considered,
(b) The normal trec of the whole network may be an active trec.
This represcnts the topological problema

It is possible to set restrictions on the network so that it is
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always possible to select a passive normal tree.

Theorem 4.3

The order of complexity of an RLC network containing current
generators, controlled by variables asscciated with passive clements,
can be found from the passive RLC nctwork, obtained by removing the
sources and generators, ij the network contains no current
generator controlled by the voltage across an inductor, which lies
in a cut-sct containing only inductors, at least one generator and

possibly some current sources.

Proof

The proof depends on showing that with the above restrictions
it is always possible to find a passive tree whose trec admittance
product has an index at least as great as that of any active tree,

Consider an active trece, containing in general both types
of current pgencrator. Then from the definition of an active tree
there must be some passive trec corresponding to this active trde,
sharing the same passive elements but containing, instead of the
generators, their controlling clements. Hence the passive clements
common to both treces will have the samc contribution to the indices
in s, ond so will =R be disregarded by short circuiting them. This
simplifieé the network to one which contains an all gencrator tree,
the corresponding all controlling clement trce and some other passive
elements corresponding to the links common to both treces in the

original network, Mny other generators have becn removed, along
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with any sources, which play no part in these results.

To give a currcent controlled current generator the dimension
of admittance it is necessary to convert the controlling current to
a voltage using the element equation for the controlling element.
Since the parameter of the generator is a constant, the contribution
of such a generator to the active tree admittance product differs
only by a constant from the controlling clements contribution to
the passive tree,

A current generator controlled by the voltage across a
resistor will bhave the dimension of a conductance and so will have
the same contribution to the active tree as its controlling clement
has to the passive trec.

In the casc of a current generator controlled by the voltage
across o capacitor, the generator does not contribute snything to
the index of the active tree admittance product, but the copacitor
contributes an increase in the passive index of onc. Hence the
inclusion of such a gencrator reduces the index by one, relative to
the passive tree.

In fact the only possibility of getting a higher index arises
when current generators controlled by voltages across inductors are
included.  Each generator will increase the index by once.  Thus it
is possible that the active tree has a higher index than the corres-
ponding passive tree, But if such a generator is controlled by an
inductor which is not in an all inductor cut=-sct, then it is possible

to modify the passive tree by exchanging some non—inductor link for



the inductor, forming another tree, If a resistor is now included

the index is equal to that of the active tree and if a capacitor is

included it is one greater. Thus in genernl o passive tree admitt-
ance product of at least equal index can alwoys be obtained if there
are no generators controlled by voltages across inductors in an all

indicator cut-set in the passive subnetwork.

The condition that each active tree must have a corresponding
passive tree means that cach controlling clement must lic in a
fundamental cut-set of the active trec defined by a generator of
some kind. Henecc it follows that the restrictions can be extended
to say that the cut-set must contain only inductors and at least cne
currcnt generator znd possibly some current sources,

The restrictions of this theorem can be stated simply by means
of an algorithm, based on the proof of the theorem.

(a) Short circuit all capacitors and resistors and voltage
sources;

() Open circuit all current sources and inductors whose

voltages dc not control a gencrator.

100

Ther the restriction is that the remaining network must contain

no cut-set containing both generators and inductors.
The ducl result can also bc obtained for the case of voltage

gencrators.

Theorem 4.4

The order of complexity of an RLC network containing voltage

generators, controlled by the variables associated with passive elements,
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can be found from the passive RLC network obtained by removing all
the generators and sources, if the network contains no voltage
generator controlled by the currents through a capacitor which lies
in a loop containing only capacitors, at least onc generator and
possibly some voltage sources.

Agnin o simple slgorithm exists for checking the restriction.

(a) Open circuit all inductors, resistors and current sources;

(b) Short circuit all voltage sources and capacitors whose
voltages do not control a generator,

Then the restriction is that the remaining network must

contain no loops containing both generators and capacitors.

4,4.4 Examplcs

(a) It can be seen that the example of Fig. 43 is a network
which vioclates theorcm 4.3 since there is a cuteset containing 2
inductors and a currcnt gencrator {_L4, L5 g } and vy controls
the current generator. This example is not as general as possible,
since both the generator and L4 lie in the same cut set. In fact
the criticnl fact is that 7 lies in an inductor and generator

cut set.

(b) A second example is given in Fig. 4.5. Here the conditions

of theorem 4.3 are violated by two generators, J. and J3, since

1
Ly lies in cut set { Ly Ly J5} ond L, Lics in {J, L, L3 &
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The type of gencrator which lics in the cut-scet is not important,
in this case one is current controllced and the other is voltage
controlled. The order of complexity can be found using theorem 4.2
and is 4. The order of complexity of the RLC subnctwork is 3.
Although in this case the order of complexity is higher in the active
network this is not necessarily S0. Theoren 473 only states a
sufficient condition for the orders of complexity to be equal, not a
NECesSsary -ONne In fact if gencrator J5 is romoved the cut set
{9, L, L3} still remains and the conditions of theorem 4.3 are still

violated, but the order of complexity of the active network falls

to 3.
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Fig.%4.3. Example of section 4,2,

Fig.4.4, Declaris and Saeks’ example.
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Chapter 5

THE FORMATION OF THE STATE EQUATIONS FOR AN ACTIVE NETWORK

5.1 INTRODUCTION

As was pointed out in the last thapter the problem of forming
the state equations for an active network is a complex one, It
involves both topological and algebraic questionse. The topological
problems were considered in chapter 4, for a restricted class of
networkse. The algebraic problems involve not only the order of
complexity of the network, but also the actual existence of the state
equations, which is eguivalent to the existence of a unique solution
to the network.

A number of workers have considered these problems but their
solutions have not been very general. Roe58 gave an early formulation
but did not consider the possibility that the order of complexity
could be above that of the passive network, or that the various
inverse matrices required might not exist. More recent contributions

56 3

by Rane and Lang and Declaris and Saeks2 both make restrictions
on the positioning of the controlled generators which are similar to
those mentioned in Theorems 4.3 and 4.4 of the last Chapter. By
making these restrictions the problem of the order of complexity
rising above its passive counterpart appears to have been eliminated,

but in the actual elimination procedure again the non-singularity

. . . . 2 .
of various matrices is assumed. Dervisoglu 2 has given the only
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treatment which considers the problem with no algebraic assumptions

and has given an alpgorithm for forming the equations for a quite
general class of networks directly from the branch equations describing
the network.

Here, an approach to the problem is proposed based upon the
results given previously for passive networks, viewing the active
network as an RLC multiport network terminated by active elements.
The active elements are regarded as controlled generators. The most
general defiﬁition of a controlled generator, given in section (2.23)
is taken here.

Since the algebraic aspects of the problem are now considered
Theorem 4.1 must be extended to cover the algebraic properties of the
network, Some conditions must be placed upon the element values

to ensure that a unique solution exists to the network.

52 THE EXISTENCE OF A UNIQUE SOLUTION TO THI NETWORK

5.2.1  Replacement sources

The approach taken here is to convert the active network to a
passive one, by converting all the generators to uncontrolled sources.
Following the example of Malik and Hale45, these uncontrolled sources
will be termed "replacement sources''.

Theorem 4.1 has given a necessary condition for the network to

have a solution. These conditions mean that there are no all voltage
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source loops and no all current source cut—éets. It does not say
that there are no all voltage source and generator loops or all
current source and generator cut~-sets, but if such do exist, then the
current in an element of such a loop,or the voltage across an ele-
ment of such a cut-set, controls some generator of the network. From
these results it is clear that if, in an active network, all voltage
generators are replaced by voltage sources and all current generators
are replaced by current sources, then some all voltage source loops
or all current cut sets may result. In the case of a voltage
source loop, this may be avoided by changing one of the voltage
replacement sources to a current replacement source. Similarly
in the case of a current source cut~-set, this may be avoided by
changing one of the current replacement sources to a voltage re~
placement source, These sources will be called exchanged replacement
sources when 1t 1s needed to distinguish them from the ordinary
replacement sources.

By this process, the resulting network is an RLC network with
current and voltage sources positioned in such a way that lemma 2.1
is satisfied. In Chapter 3, it was shown that such a network always

has a state model, which may be written as
% = fx + Bu + C& (5.1)

where x is the state vector and u is the input vector, corresponding
to uy the replacement source vector and U, the input source vector.
uq is obtained from ) the generator vector, by regarding the elements

as sources and making the appropriate changes for the exchanged
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replacement sources. It is a property of the state equations that
all the other variables in the network are fixed by x, u and 4.
This includes the variables,w, which control the generators by the

generator equation
u = Hw (502)

where H is the hybrid matrix representing the generator terms. Thus

wcan be written in the form

w = Px + Qu + R (5,3)

Now since the only difference between uy and Yy is in the
cases of loops of voltages sources and generators, and in the cases
of cut-sets of current sources and generators, they can be related
by Kirchhoff's laws. For example, in the case of a loop of voltage
sources and generators, one voltage generator is replaced by a current
source, and its voltage is given by application of Kirchhoff's volt-
age law around the loop. Thus the voltage is a lincar function of
the remaining source voltages.,

Similarly, if a replacement current source is changed to a
voltage source because it is in a current source cut-set, then the
current in it is given as a linear function of the other currents.

Thus if Uy 1s ordered with all exchange replacement sources

at the end of the vector, the generator vecter can be related t5 the
Seurce and re,tsLacﬁw\%v\f gource vector by'

y = Mu = Mlul + M2u2 (5.4)
where Ml has the form U 0] and where U is a

le 0



110

unit matrix and M, , is the matrix corresponding to the constraints

21
due to Kirchhoff's laws amongst the sources, replacement sources and

exchanged replacement sources and

MQ_" 0 ]
M2

5e2e2 The conditions for the existence of a unique solution

The generator equation, (5.2) can now be written in the form,

My = H{gx+gu+gﬁ}
or HR &y = - HBx + (M - HY )ul + (M- HQ, Ju, - HR,f,

For the network to possess a unique solution the system of equations

x = Lot Byuy F Byuy 7 Gy Gl

and HR 6, = - HPx + (M - HQ Ju, + (M- HQ,)u, - HR 1,

must have a unique solution.

These can be written as

v - .C.l X _ 4 .121 %1 . B, u, G,
0 HR |y &y -HR (M -HQ ) | uy (M,-HQ, ) R
(5.5)

In the appendix it is shown that such a set of first order
. -es
equations posseséia unique solution if and only if the polynomial

matrix

- -t (5.6)
0 HR - (M -HQ )
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is non=singular and u., and all higher order differentials are con-

2
tinuous,.

This can be expressed in the following thecorem.

Theorem 5.1

A RLC network containing voltage and current sources and
voltage and current generators of all types posse;gia unique
solution if and only if
(a) there exists a trece such that all voltage sources may bhe
regarded as tree branches and all current sources may be regarded

as links;

(b) the matrix

med -(gh ) (5.7

*HP (HR, A + HQ - M )

is non~gingular.

So far in this section, oﬁly the first half of theorem 4.1 has
been used. The quéstion of which variables control which generators
has not been considered, Becausc of this, theorem 5,1 does not
include the second, necessary condition of theorem 4.1, It will
now be ghown that such a condition is implicit in the second condition
of theorem 5,1.

In order to show this, consider an exchanged replacement current
source in an otherwise all voltage source énd replacement voltage
source loob. An inspection of the explicit form for the state equa-

tions, equation (3.8) shows that such a source makes no contribution
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to the differential equations and consequently there is a corres=-
ponding column of zeros in matrices El and 91 above, Inspection
of equation (3,5) in the derivation of the state equations shows
that such a source makes no contribution to either the resistor
voltages and currents, the currents in the capacitors or voltages
in inductors, The currents in inductors and voltages in capacitors
are of course state variables or linear combinations of state
variables, and sources, so again the exchanged replacement source
makes no contribution. The cequation for the multiport network,
equation (3.9), shows that the only variables to which this source
mekes a contribution are the currents in the voltage sources lying
in the voltage source loops with the source. This arises from
the er term in equation (3.9).

Now c.nsider the cquation for the controlling variables, y.
There is a zero colurm in Bl corresponding to this exchanged re-
placement source, and there will only be a contribution in g1 if
vector y contains a current in the exchanged replacement source, or
another of the currents in the voltage sources and replacement sources
contained in the loop with the source.

Since the source is an exchanged replacement source, Ml has
a column of =zeros corresponding to it. Therefore there is a column
of zeros in the matrix (5.,7) corresponding to this exchanged replace-
ment source unless the current in one of the branches of the loop
containing the voltage sources and voltage generators is an element

of y, and therefore controls some gencrator,
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Similar reasoning shows that any cut set of all current
sources and current generators also implies a column of zeros in
matrix (5.,7) unless the voltage across one of these elements controls
a generator of the network. These results imply the existence of
a tree as given in the second condition of theorem 4.l.

An example where the second half of theorem 4.1 is violated
is Declaris and Saeks! example, shown in Fige. 4¢4. In this case
one of the gencrators must be regarded as a replacement current
source, and since no currents in the loop of gencrators control any
of the generators in the network, this results in a column of zeros
in matrix (5.7).

In fact in this example there are 3 equations in the second
set of equations of equation (5.5), with zeros in the columns corres-
ponding to the exchanged replacement source. By corrcct choice of
the element values it is possible to make these 3 equations linearly
dependent and so they can be reduced to 2, ignoring the question of
solving for the exchanged replaccment source current. It turns
out that the remaining equations can then be solved uniquely and
Declaris and Sacks claim that the network is then solvable. As was
explained in section 4.3 this differs from the definition of solva-
bility used here, since the exchanged replaccment source current
cannot be calculated. This current is of course equivalent to the

current flowing through one of the generators.
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5e243 Physical interprctation

Some physical understanding can be given to the second
condition of theorem 5.1. Consider the network formed by removing
all the sources and replacing all the generators by the appropriate

replacement sources. The equations (5.1) and (5,3) now become

o = + -
* = & By v O

= + G + y
g o &% S
If a Laplace transformation is taken the equations become

(sU=-4)x

i

(§1 + gls) uy
and y = Px + (91 + Bls)ul

The vector x can now be eliminated to give a relationship

between the controlling vector y and the replacement source vector Uy
y = [ B(SU~§)—1 (B,* Qis) (g + Rys) ] uy

where the transfer function matrix can be given as
F(s) = B(sU-4)7 (B) + Gs) + (@ + R s)

The determinant of matrix (5.7) is'

Get | (Un-4) (g A+ B)
HP (HR, M + HQ - 1)

Since (UA-A) is non-singular then the determinant may be written as
=1
—‘ﬁ - /) Lol
det (UA~4) det (HP(UN-4) (C) B, ) + HR A + HQ -M, )

= det (Un4) det (HF(A) - Ml)
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The condition for there to exist a unique solution is that this
determinant is non-zero.
i.co Qet(HF(N) -1 ) # 0

Since H and Ml do not depend on A, this can be rewritten as
det (HF(s) - M,) # 0 (5.8)

Thus the solvability condition can be written in the form of

the following theorem.

Theorem 5,2

An RLC network containing voltage and current sources and
voltage and current generators of all types possesses a unique solu-
tion if, and only if
(a) there exists a trec such that the voltage sources may be
regarded as the tree branches and the current sources as the links;
(b)  det (HF(s) - 1) # 0
wherce F(s) is the transfer function relating the controlling variables
to the replacement source variables, H is the gonerator matrix and Ml
is defined by cquation (5.4).

This result can be simplified in the case when there arec no
voltage gencrator and source loops or current generator and source
cut sets. In this case there are no exchanged replacement sources
and Ml becomes a unit matrix. This special casc was recently given
by Malik and Hale,45 except that, as they themsclves pointed out, their
proof relics on Laplace transforms and it is not possible to prove

the sufficiency of the conditions., In the case of theorems 5.1 and
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5,2 if hes been assumed here only that the input source functions

and all their higher order differentials are continuous.

52l An example

Congider the example shown in Fig: 5.1. In this case there
is a loop of voltage sources and generators. Thus generator 2 can
be taken as a voltage source and generator 3 as a current source.
Then the statg equation is -

.

N § -1
vy C4 g5v4 + C4 g5v2

and the controlling variables are given by

i ) 0o o0 1 1
3 vy v
. = + 2
L%6 | © 8¢ "B ©
- i
3
But v2~ [ 0] v 1 0 v2'
= l + .
~v3J 1 -1 0 13—
r, }[o o 1 [ V1]
- '_ r3 8¢ ~Bg 0 \F
L 3|
o =1o0 -1 rz- vyl
(r3g6—l) (l-r3g6) 0 Vo
i
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The equétions of the network are

e i "l "l - - = —!'
1 ] ¥ ~Cy B Cp B 0 . 0 v
0 ;,2 = 0 -} r, v, |+ |0
0 ] 13J 0 (l—r3g6) 0 ] Li3 J (r3g6-l{‘

Thus the network has a solution if

det | 5 + Q;lg5 -C;lg5 0 # 0
0 ‘ +| T,
0 —(1-r3g6) 0
i.c. if r,(1-rsgg) (s + c;l g5) # O

i.c. AT T, # =
If 8¢ # %— then the state cquations become simply
3
) -] -]
= - +
V4 C4 g5V4 C4 g5v1

N.B. The condition rz#—é—e implies that v;=0

5.3 THE FORMATION OF THE STATE EQUATIONS

De3el Classical method

It is shown in the appendix, that a set of equations of the form

fx + Bx f£(t)

can be transformed into the canonic form

g T Ty v 5 e (8) ]
. I e R X))
U2 2 | Bl 1,(¢)

J —
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by a non singular constant transformation, where J is the direct

sum of Jordan blocks of the form

Ji = 11 1 ..0

o . . o A
i

L]
-*
.

.

corresponding to the finite elementary divisors of (A + B?\.),

(K—%l)p and E is the direct sum of matrices of the form

E. = 0 7
1

|_l
L ]
@]

. . +* l

O - L] L4 O

ko —d

corresponding to the infinite clementary divisors of (A + BA) and
Ul and Ué arc unit matrices.

The second set of cquations can be uscd to solve algebraically
for Toe

i.e. the cquations from
Uy 9(q) * BiF(q) = Tq)(t)

are N + 4 N = f,.
(1)' dt (1)2 (i)

1

d
Ta), T @ Va)y T Ta),

Vs -
(l)n + 0 = f(i)
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tece V(i) T f(i)n

V) o T Ta) T @ @)
n-j Kk dk
and  ygy = fqy * (-1) :1-1;_1‘ f(i)k+j
k=1

The solutions for such a block involve in general n-l
differentials of the driving functions f(t), where n is the order
of the block., The orders of these blocks are the indices of the
infinite elementary divisors. Thué the number of differentials
needed depends upon the highest index of the infinite elementary
divisors.

In the case of equation (5.5), the driving terms are functions
of u, and ﬁa, thus in general the number of differentials of u,
that zre needed correspond to the highest index of the infinite cle-
mentary divisions of the pencil of matrices (5.6).

Thus in principle, the state equations can always be found by

taking equation (5.5) to the canonic form shown in cquation (5.9).

5e3%42 Dervisoglu's algorithm

25

Dervisoglu suggested an alternative approach to the problem 7,
by using a straightforward elimination proccdure in an iterative manner

to give the equations without transforming the variables.
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The procedure starts by finding the number of independent rowvs,

r,, of B, It is then possible to reduce the remaining n-r, rows of

1
B to zero rows, giving n-ry algebraic equations from A, relating the
variables of x. Since det(BMA)#A0, then there must be a minor of

full rank in these n-r, rows of 4, and so n-ry variables can be

solved for to give

Xl = C x2 + fl(t)

These variables can be eliminated from the remaining differen-
tial equations using this equation and its differential,

o= Cx, ¢+ fl(t)

to give A2x2 + B2x2 =F £f(t) + Flf(t)

This process c¢an be repeated cach time reducing the size of

the x vector until eventually det B(i) # O and so the equations

; . . : i . (i-1)
Ba) ¥(a) T B@)R(q) ST T IRT Y e By )t

: = (i-1)
B B(i}}(i)x(i)+ FLH BT T+ e Byt ]

. i
AL Wy

axt

i

and so i(i)

where

Since det (A+BK)%O the process will always terminate, cither
with det B # O or B ¥ O, in which case the cquations are all algebraic.
Thus the equations can always be reduced by this method.

In Chaptér 3, it can be seen that the process used for reducing

the equations (3.5) to the explicit form can be regarded as a simple
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application of this algorithm, which terminates after one cycle.
Similarly the condition of theorem 3.1 in the case of negative resistors
is a condition that the elimination terminates after onc cycle.
Dervisoglu suggested this method for forming the state equations
starting with the set of all equations for the network, shown in
equation (4.5), By doing this very little can be discovered about

[~
the nature of the solvability conditions and the order of complexity.a)

54 THE ORDER OF COMPLEXITY OF AN ACTIVE NETWORK

5.4.1 General results

The number of independent first order differential equations
in equation (5.5) is given by the number of finite elementary
divisprs of the pencil of matriccs (5.6). From the appendix it is
clear that the number of finite elementary divisors is equal to the
degree of the determinant polynomial of the pencil of matrices., This

can be cxpressed in the theorem.

Theorem 53

The order of complexity of an RLC activc network containing
all types of generators is given by the degrec of the determinant
polynomial of the matrix

Ux - A -(¢;» + B))
)

HP (HR A + HQ, - M)
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It does not secem possible to make a more positive statement
about the order of complexity than this, but it is possible to give
some bounds on it.

The order of complexity cannot be greater than the number of
equations in equation (5.5), i.c the sum of the orders of the vectors
x and u;. In fact, by taking the determinant of the matrix (5.6),
it can be seen that the order of complexity cannot be greater than
the rank of the left hand matrix, This is given by the dimension
of x plus p(Hgi).

The dimension of x is the order of complexity of the passive
network obtained by replacing the generators by the appropriate re-
placement sources. Since the first step in obtaining the order of
complexity is to remove all sources, and replacement sources, then
the dimension of x is the same as the dimension of the network
formed by removing all the sources and generators directly.

From the discussion following Theorem 5,1, the columns of Bl
corresponding to exchanged rcplacement sources contain no non-zero
elements., Thus the rank of HBl is no greater than the number of
non-exchanged replacement sources., Thus an upper bound on the
order of complexity is the order of complexity of the network
obtained by removing all sources and generators, plus the number of
generators, less the number of all voltage generator and source
loops less the number of all current genecrator and source cut-setse

This bound is rather high in practice because it is unlikely

that p(Hgl) will ever reach this number, since only in a few special
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cases will therc be any non-zero elements in 81. It can be seen
directly from equation (4.5) that the highest possible order of
complexity is cqual to the number of rcactive elements, Normally
the number of degeneracics in the passive network will be small,

so that the p(Hgl) must be very small.

5.4.2 The properties of matrix Bl

The equations for the network can be written from equations

(5.1) and (5.3) in the form

£ o= e (BB ] (& %] %
. (5.10)

2 | Y2 |

yos ot [ 0] W] [ R] [y
u a (5.11)

L1 | | Y ]

Now if an element of y is as an element of x, Uy Or un, then
it will be directly related algebraically to x, u) u, and so gives

no non~zero contribution to R If y is a capacitor voltage or an

-1"*
inductor current not in x, then it is rclated to them by Kirchhoff's
laws and is an algebraic function of x, uy and u,, again giving no

non-zero contributions to Bq_.

Also uy = Mpuy ¥ M,

so that u; also gives no contributions to‘gl.

From equation (3.5) it can be scen that Vg 204 14y con be
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2

through Ohm's law. ieg and Vip C2R be obtained from equations (3.2)

and (3.3) and v, and i, from Ohms law. Thus all resistor currents

le br

and voltages can be obtained in terms of x, vy and u, and make no

directly rclated to x, uy and u, and ibg and Vg can be related

contributions to Bl’
There are now only two cases, and their duals left to consider.
These are the currents in capacitors (and the voltages in inductors)
and the currents in voltage sources and replacement sources {and
voltages in current sources and replacement sources),
In the case of currents in a capacitor defining a state

variable, then the current can be obtained directly by

i, = capacitance x ﬁc

where ﬁc is the differential of a state variable, given by equation
(3.8) in terms of x, ujs Uy, ﬁl, and ﬁz. Thus ﬁl terms may now
be involved, giving a contribution to R;.  From cquation (3.8)

it can be seen that

- _ £ -1
S 92] = (¢, + 954G Qg

and so C; will consist of a submatrix of fhis matrix corresponding

QecCe Boe

to the division of the matrix BCeinto Uy and use For convenience,
the distinction between sources and replacement sources will be dropped.
Ir { A}ij is the ij th .element of A, then,
t -1 R
Lemma 5.1 { (Cb + QCCCQQCC) }-ij is non-zero only

if the ftree branch capacitors i and j 1lie in an all capacitor and

voltage source 1loopa.
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. t
Proof This can be proved from the fact that (Cb+ QCCQEQCC)
is the node admittance matrix of the capacitor formed by short
circuiting all voltage sources and open circuiting all other non-
capacitor branches. Then
t -1
'{(Cb + QCC%ZQCC) ;}ij may be taken as Zij,the transfer
impedance relating the voltage across tree branch capacitor Ci with
the current from a current source across tree branch capacitor Cj'

Seshu and Reed®® have shown that

Zij = > (T, products) = . (T, products)

12,112 121,112

}: Tl products

where T is a tree, T, a two tree and 1, 2, 1' and 2! the nodes

2

shown in Fig. 5.2.

The existence of a 2-tree, either T or T2 means

12,112¢ 12,1%2

that Ci and Cj lie in a loop since the 2-tree can be combined with

2

t ~l},
Ci and Cj to form such a loop. Hence ‘{(Cb + QCCqﬁQCC) U #0
means that tree branches Ci and Cj lie in an all capacitor loop of
the capacitor subgraph. Hence the lemma follows.
- . Val . »
By inspection, {.QCCVQBCe }'jk # 0 if a capacitor tree branch
J is in an all capacitor and voltage source loop with the source k.

. t =1
Hence if { (Cb * Quc% /)

“CCC BCe‘}jk # O then a tree

capacitor i lies in an all capacitor and source loop with tree
capacitor j, which also lies in an all capacitor and source loop

with source k. If capacitor j is common to two such loops, then
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there is a similar loop containing both tree capacitor i and source k.

Thus ii‘{[gi QE],}ik # 0, then there is a loop containing only
capacitors and sources but containing capacitor i and source k. If
source k 1s a replacement source, then there is a contribution to gi.
Thus it has been shown that the choice of tree capacitor current as
a controlling variable cannot give a contribution to Bi’ unless there
exists an all capacitor and voltage source loop, containing the
capacitor and some replacement voltage source, (and therefore a
voltage generator of the original network)f

If the capacitor does not define a state variable voltage,
then it must lie in a loop containing only capacitors and voltage
sources. Thus differentiating the Kirchhoff'!s voltage law equation
for the loop shows again that the current will only give a contribution
to Bl if the capacitor lies in a loop containing only capacitors,
perhaps voltage sources and at least one replacement source.

Similar reasoning shows that the voltage across an inductor
only gives a contribution to Bi if the inductor lies in a cut-set
containing only inductors, possibly current sources, and at least
one replacement source,

In the case when a current through a voltage source, replace-

ment or otherwise, is considered, the contribution can be seen

from equation (3.9) to be
Q CB. +0 CB.(C +a.cat.)Fa. B
el % “Ce CeCETCCH b CC¥ *6C YCCE T Ce
If {QeCC,gBCC}ji # O then there exist an all capacitor and

source loop containing tree capacitor i and source j.
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Ir {Q ¢S Boc (Gt Qg (ZQGG) lQCGC(/BCe}ik # O then there exist
an all capacitor and voltage source loop containing tree capacitor
i and voltage source j and also a similar loop containing tree
capacitor i and voltage source k. Thus there exists a capacitor
and source loop containing both sources j and k a tree capacitor,

But if {(QCZQ e i 3k # O then there exist a capacitor and
voltage source loop containing sources j and k and a link capacitor.
Hence no tree capacitors are required.

Thus, in general, a non-zero jk term arises if there is a loop
containing only capacitors, perhaps some sources and the jth and kth
voltage sources. A contribution to matrix Ei may thus occur if
the current in a particular voltage source or replacement voltage
source, if there exist a capacitor path and voltage source loop
containing this source and a voltage replacement source. This
source could, of course, be the voltage replacement source,

The dual applies to the case of current sources. These

results can be expressed in the form of a lemma.

Lemma 5.2

If {I%_} . # 0 in equation (5.3) then either
(a) if y; is a current variable, it is associated with an clement in
a loop of the network containing only capacitors, perhaps some voltage
sources and at least one replacement voltage source; or
(b) if ¥ is a voltage variable, it is associated with an element
in a cut-set of the network containing only inductors, perhaps some

current sources, and at least one replacement current source.
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It should be noted that the converse is not necessarily true,
since the converse of lemma 5.1 is not true. This is because Zij
can be zero by the cancellation of terms,

Lemma 5.2 gives necessary conditions which must occur before
{ 51}' 13 # 0 and so before the p(HBl) :> 0. Thus it gives necessary
conditions for the order of complexity to rise above the passive
order of complexity, the dimension of vector x.

It can be seen that the conditions of Theorems 4.3 and 4.4
are sufficient conditions to ensure that Bl = O. The topological
conditions of the last chapter amount to the condition that the
elimination procedure starts with the rank of the left hand matrix
of equation (5.5) equal to the passive order of complexity. Thus any
algebraic considerations can only reduce the order of complexity below
the passive one.

Lemma 5.2 applies to a completely general class of networks
and so the results of Theorems 4.3 and 4.4 can now be generalized.

Theorem 5.4

The order of compléihof a RLC network containing sources and
generators of all types is not greater than the order of complexity
of the RLC nctwork obtained by removing all sources and generators,
provided the generators are not controlled by
(a) a current associated with an element contained in a loop of the
network containing only capacitors, possibly some voltage sources
and at least one voltage generator;

(v) a voltage associated with an element contained in a cut-set of
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the network containing only inductors, possibly some current sources

and at least one current generator.

545 AN EXAMPLE
Consider the circuit shown in Fig. 5.3. It is assumed for
simplicity that all elements have unity value and the generators

are replaced by the equations

v, = 13
v2 = 15
i9 = v6

It can be scen that this network violates condition (a) of
theorem 5.4 since loop {234} contains only capacitors and voltage
generators and current i3 controls as generators. Thus the order of
complexity may be greater than the order of complexity of the network,
with all sources and generators removed, which is 2. Note also that
the cut~-set { 7,8 ,9} contains inductors and a current generator,
but this does not violate the conditions of Theorem 5.4 since none of
the voltages control a generator,

If the generators are now regarded as sources, there arc no

loops or cut-sets of sources so the state equations can be simply
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written as

A r'ﬁ 7
1
o [& Jlv] [% 1.1 * 1 ,
V3 2 3 2 272 "2 ||, * 2 0t 7,
N = . + l . + _l Z.L
18 . L] .-18 * 2 L] ! 19 3 . 2 L] 9
110 | "10]

Now the controlling variables are given by

1R T ezl n 1 1
3 2 ° 3 2 2 2 2 2 0t .
V2 V2
5.5 = 1 . i8 + -1 =1 . [ + . . . . .
) 9 i
v ) . . . . . . . . _l .
6] - — L. J i i
| 10 | 10,
= vl
Y2
i
9

Combining these equations gives the equations of the network

10

. - — —_ - - _ - . - .
1 . "1 1 1.1 1 ;
Toe 275 Vs 2 * 2 272113 2 %0 | | *
1 1ll, 1 i
L - [ 2 VB . . [ ] 2 . 18 . .
1 . l_l1 111 1
L] [ ) L 2 . Vl - 2 L] 2 2 2 Vl + 2 + Ld
. L] . - . v2 —l . l 2 . V2 » .
- L] a ] » i L] L d L] L] l i a l
b - 19 - bt - L.lg-— e - e 4

The rank of the left hand side matrix is 3 and so the last 2
equations can be used to eliminate 2 variables. Since the column

corresponding to ﬁl has no non-zero entries, eliminating v, is simpler

1



than ﬁa, although the choice is

gives

1

Using the last 2 equations, v

-

1
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unimportant rearranging the eguations

L]
N N O

o

e
oo W

P
Mo

i

1

%) o
1

)

P

o

1
[AV] [l o

10

and 19 can be eliminated to give

o=

PO

-

10

1] ¢
'2' 2
1
2“
0

+

Thus the order of complexity is 3, the predicted maximum,

that second order derivatives occur.

5.6

OTHER ACTIVE ELEMENTS

10

. 110
1
13
T4
. llo
L
2
Note also

As was mentioned in section 1.3 most network elements can be

represented by controlled sources.

For example the gyrator is given
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by the equations
il = 8V,
i2 = "BV,

This is simply two current generators whose voltages control
one another, as shown in Fig. 5.4. From theorem 5,4 a sufficient
condition for the order of complexity of a network containing such
a gyrator to be the same as for the passive network obtained by open
circuiting the ports is that no port of the gyrator lies across a cut
set containing only inductors and possibly current sources and
generators.

Alternatively, the gyrator can be modelled as two voltage
sources in which case the conditions are the dual of the above.

Ideal transformers can be treated in a similar manner,

Negative registors can be simply modelled by a voltage
generator controlled by the current flowing through it, as shown
in Fig. 5.5.

Thus the order of compléxity will be no greater than that
of the passive network formed by short circuiting the negative
resistor, if they lie in no loops containing only capacitors and
voltage sources. It should be noted that this approach differs
from that given in Chapter 3 for negative resgistor networks. There
the negative resistor was changed to a positive one and heré, it is
removed. This means that in Chapter 3 it was shown that if a
negative resistor had a capacitor path between its terminals then the

order of complexity was unchanged, but here the order of complexity



may increase. The apparent contradiction results from the fact

that in the controlled generator point of view, the passive network

may have a lower order of complexity than in the approach of Chapter 3.
Thus the controlled generator approach may not be the best for

every situation, but it possesses the advantage that it is general.
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Fig.5,1. Example of section 5,24
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Fig.,5,2., Illustration for lemma 5,1
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\/1 = l3, »V2= ‘5, Ig: V6 , ho: CONSTANT

celL

Fig.5.3. Example of section 5,6,

All element values are unity,
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o
o]

Fig.5.4. Equivalent circuit for gyrator,

~ri

o

Fig.5.5, Equivalent circuit for negative resistor,
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Chapter 6

THE APPLICATION OF SYSTEM THEORY TO NETWORK SYNTHESIS

6.1 INTRODUCTION

System theorists have been concerned with the basic engineering
problem of finding a system which has a given behaviour. This, in
network terms, is the basic problem of network synthesis, In this
chapter the methods used in system theory are introduced and their
relevance to electrical network synthesis is discussed. In
particular the problems which arise from poles at infinity are consid-
ered and the relationship between the concepts of degree and order

of complexity is examined.

6.2  THE THEORY OF IRREDUCIBLE REALIZATIONS. ts30

If a system is described by its state equations in the form

X Ax + Bu

(6.1)

y Bx
then its input output relationship is given by the equation
y = Flshu = B(sU - 4)™F Bu

where s is the Laplace variable

and Fls) = BeU-2)"t B
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The triple of matrices {‘Q,E,E } is said to be a realization
of the transfer matrix F(s). It represents the state model of a
- system with this required input-output description, F(s). The
dimension of the state vector is said to be the dimension of the
realization.

It is always possible to transform the variable x in the form
X = Txl, where T is a non-singular transformation and this gives

1 1

X, = T AT Xy + T 7 Bu
y = ETx;

This has the same input output relationship F(s). Thus all
the triples of the form {‘T_lg T, T_lg, PT t} are realizations
of the given F(s). |

In general it is always possible to transform any matrix to
its canonic Jordan form, as 1s pointed out in the appendix. In the
case of a matrix with distinct eigen values it cam be reduced to a
diagonal matrix, with the diagonal eclements being the eigen values
of the matrix. For the sake of simplicity, if it is assumed that
A has distinct eigen values, then a transformation T can be found

which reduces equation (6.1) to the form

X = + B
SR (6.2)

it

y Bix

where 51 is a diagonal matrix with the eigen values of é’ki’ the

natural frequencies of the system, along the diagonal.

F(s) = By(sU-4)7 B
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Thus the eigen values of A arc the poles of F(s)

ALY
(s = n)

and EF(S) }ij = S

k=1

where 8 is the order of A, the dimension of the realization.

Now if {>§a }
kj

not appear in F(s). In such a case the natural frequency %k is said

= 0 for all j then the term -15%7;7— would

to be uncontrollable. Similarly if { Eﬂ_} = O for all i, then
ik

again kk makes no contribution, and is said to be uncobservable,
For a natural frequency of the system to appear in the transfer
matrix F(s), the natural frequency must be both controllable and
observable. If it is not, it will still exist?ignly internally
in the system. In fact it corresponds to cancelling terms in the
transfer matrix,

This concept can be easily generalized to the case whcre
the eigen values of i are no longer necessarily distinct.38

As far as F(s) is concerned, any uncontrollable or unobservable
natural frequency is just redundant and can be removed. Thus in
equation (6.2), if A, is either unobservable or uncontrollable, then

the ith row of the first set of the equations and the ith colum of

él and El can be dropped to give a new system described by the

equations
X, = gex + §2u
y = EQX
. _ "
and again  F(s) = P,(sU - 4,7)B,



This new realization has dimension of & - 1. Thus the
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dimension of a realization can be reduced by the number of uncontroll-

able and uncbservable natural frequencies. A realization possessing

no such natural frequencies is said to be an irreducible realization,

or a minimal realigzation. Kalman has shown that such an irreducible

realization of a given F(s) is unique, except for a non singular
‘transformation, T. It is this uniqueness which makes the concept
of such importance, since the transfer matrix F(s) serves only to
define the set of irreducible realizations. In fact methods are
available for constructing an irreducible realization from F(s).7l
Any reducible realization contains some natural frequencies which
are arbitrary and in no way connected with F(s).

The state description of the system given in equation (6.1),

is rather restrictive since it implies that F(o@) = 0, If F(*2)

is a matrix of non-zero but finite elements, then the equations take

the form
¥ = Ax + Bu
y = B + Qu

where Q = F( ®@) and is fixed by F(s). The realization is then

taken as { 4, B, B, § } .

6.3 NETWORK INTERPRETATION

The concepts of system theory can all be interpreted in terms

of nctworks and can be used to clarify various problems in the subject
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of network synthesis. In network theory the basic problem is to
find a multiport network with a prescribed port behaviour, specified
by a real rational matrix Y(s). This electric network will be
termed a synthesis of ¥(s) to avoid confusion with the term realiza-
tion, used previously here in the system theory sense.

The concepts of uncontrollable and uncbservable natural
frequencies are very familiar in network theory since cancellations
frequently occur between numerators and denominators in driving point
functions of networks. An example of such a network is the constant
resistance network pictured in Pig. 6.1, which has two natural fre-
quencies, neither of which appear at the output.

Any network having uncontrollable or unobservable natural
frequencies will be termed a 'reducible network'. This does not
necessarily mean that an alternative contrcllable and observable
network exists, with the same input-output behavicur, but rather, it
means that the realization of the network is non-minimal. It may
not be possible to synthesize such a minimal realization.

The number of reactive elements will not correspond directly
to the number of state variables partly becausc some reactive elements
are redundant and partly because some extra may be needed to include
poles at infinity. In order to understand the relationship between
the number of reactive elements and a realization, it is necessary
to consider the inclusion of poles at infinity and also the concept

of the degree of a rational matrix.



142

6.4  POLES AT INFINITY IN STATE SPACE THEORY””

The state space approach finds particular difficulty in the
treatment of the behaviour of F(s) at s = & ., Intrinsic in the

standard definitions of the state equations

¥ = fx + Bu
y = B + @qu

is the fact that the matrix F(g) has no poles at infinity. Finding
a realization in this form for F(s) amounts to factorizing F(s)

in the form

F(s) = P(sU - AJB +

which only applies if F(s) has no poles at infinity.

In general the factorization will take the form
F(s) = B(sU-A)71B + @+t Rs+R & + ‘R (6.3)
—_— — —_ . %- .'_2&) eee e -‘i
and the statc equations will take the form

Ax + Bu

£ = L
vy = Px + Qu + RG+ RA" + eeens R.u(i) (6.4)
~ = -1 =2 —i
. i
where u(l) = 9—3
at*
Kalman‘539 apprcach to this problem was to follow McMillan47

in his work on the degree of a rational matrix and to use a M8bius
transformation

s = aw+ b ad # be
cw+ 4

This can be arranged to map all the poles in the s-plane,

including those at infinity into finite points in the w=-plane.  Thus
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the matrix is changed to F(w), which has no poles at infinity and
can be given as a simple reaiization.

In electric networks, poles at infinity frequently occur and
having to do frequency transformations in order to characterize the
matrix secms to be rather unfortunate., In Chapter 3 it was shown

that the state equations of an RLC network take the form

X = A + Bu + CU
(6.5)
y = B + Qu + Ri

and in Chapter 5 it was shown that higher order derivatives of the
input vector u can also occur when the network is active.

Tt can be seen that the factorization shown in equation (6.3)
can always be performed, since it is possible to identify § and

all the Bk terms directly from the matrix.

e.ge R, = 1 F(s)
sl
L 5= 00
If these terms are subtracted from F(s) the remainder Fl(S)
can be factorized as
F(s) = PWs-4)7B ,

an irreducible realization, in the usual manner. Thus an irreducible
realization of the form shown in equation (6.4) can always be found.-

For the matrix of an RLC network such a realization will always

take the form

(6.6)
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where the matrix C = O,
Kalman38 has shown that all irreducible realizations

{'é, B, P } are linked by the non-singular transformation T, so that

x = Thrx o+ TRy
(6.7)
y = PPx + Qu + R

characterizes all alternative irreducible realizations of F(s), of
this form. The fact that many electrical networks have a state
representation in the form of equation (6.5) with a non-zero matrix
C means that T no longer characterizes all the possible realizations
of F(s) if F(s) has a pole at infinity.

A more general transformation which does generate all the
equivalent irreducible realizations of a matrix F(s) with a pole at

infinity is cae of the form

x = Tw + 8u
wherce T is the usual non-singular square matrix and S is an arbitrary,
compatible, constant matrix.

If this transformation is applied to equation (6.5), then

b = THre + THB + as)u + TL(c-s)a
y = Bl + (g+PSlu + R

Eliminating w gives

y = BP(Us - T70a7) 07 (Bras)u + PT(Us-TaT) (-8 Jus

+ (Q+ PS)Ju + Rus
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P_(Us—l_l_)~l(§+§s)u + @u + Rsu + P(Us-A)"1(4S-Ss)u + PSu

E(Us-é)-l(§+gs)u + Qu + Rsu

11

F(s)u

So equation (6.8) defines an equivalent irreducible realization
of F(s).

If 8§ = C, then equation (6.8) is reduced to the form of
equation (6,6), Thus any two equivalent irreducible realizations
can be brought by suitable choices of S to the form of cquation (6.6).
By Kalman's results, any two such equivalent realizations are linked
by some non-singular transformation matrix and so the 2 original
realizations can be linked by a transformation of the above form.

These results can be stated in the following theorem.

Theorem 6.1

If a realization of a given real rational matrix takes the

form
X = Ax + Bu + Qﬁ
y = -P_X:-i-gu + -R_ﬁ

then all other equivalent realizations, of the same dimension, are

realized by the transformation

x = T Xy + Su

wvhere T is a non-singular matrix and S is arbitrary, but compatible.

The inclusion of the fact that the equivalent realizations
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have the samc dimension mcans that, although the recalizations nced
not be irreducible, all equivalents of all dimensions cannot be
generated,

This result is useful only for cases such as RLC networks when
the equations take the form indicated in the theorem. For systems
with higher order derivatives, such as active networks the equations

have the form

J'{ = Ax + Bu + C ﬁ + C ﬁ. L C.u(l)
— = _l - i
_ . hp i)
y=Fk + Qu + glu + Beus t seee Rou

In this case all equivalents can be generated by a generaliza-
tion of the transformation of theorem 4.1, that is by

© = Tx + Su + BB F eeees 8 uiL/
1 i=-1

6.5 THE CONCEPT OF DEGREE AND ITS RELATIONSHIP TO THE ORDER OF

COMPLEXITY

47

6.5.1 _ McMillans degree
The concept of degree was rigorously defined by McMillan, as
a generalization of the degree of a rational function to matrices of
rational functions. In order to do this he introduced & canonic
form for a rational matrix F(s), which is known as the Smith-McMillan
canonic form,

If ¢(s) is the lowest common denominator of all the elements
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of F(s), then the product ¢(s) F(s) is a polynomial matrix in s and
has a Smith Cononic form

i.e. ¢(s) F(s) = P(s) N(s) Q(s)

vhere N(s) is a diagonal matrix with the invariant factors of ¢(s) F(s)

along the diagonal. Dividing through by polynomial ¢(s) gives
F(s) = P(s) ¢1(s) N(s) Qls)

and ¢-1(s) N(s) becomes a disgonal matrix of rational functions,
when ¢-l(s) has been taken into N(s) and any cancellations

performed,

— -

ygl(s)
¢€¥S)N(S) = ¢1Zs)

McMillan defined the degree of the real rational matrix, F(s), as

being the sum of the degrees of these rational functions
T
i.e.  O8(F(s)) = 2: 5(¢i(s))
1=1

where 8(4) is the degree of A,
The casc of F(s) having a pole at infinity was treated by first

using a M8buis transformation to bring all points into the finite planc.
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An alternative approach to the problem, still using Smith~
McMillan canonic forms, is to first split F(s) up into partial

fractions, in the form
F. (s) F,(s) F (s)
F(S) = 1 P + 2 P + N ! p
- 1 - 2 -
(s a ) (s az) (s mq) a

The degree is given by the sum of the degrees of cach term

of the expansion

q F.(s)
i.e. 6{ F(s)} = z 6{ = }
i=1 (

- by
s ai)

The Smith~McMillan forms of each term arc simpler than in the
general case because the lowest common denominator is simply (s—ai)pi
for cach term.

This approach has the advantage that poles at infinity can be
easlly treated. A pole at infinity produces a term spwfﬂﬂ(s) in
the expansion. The degrece of such a matrix can be found by replacing

s by % and finding the degrec of this simple matrix.

64542 The Duffin-Hazony degree28

Duffin and Hazony have suggested a definition of degree which
is based upon the concept of the order of an n-port, introduced by
Tellegen64., This is defined as '"the order of the differential
equation of the freec oscillations of the system formed by connecting

the ports of the n-port to the ports of an n-port containing no

reactances.,"
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The Duffin-Hazony definition of degree is in terms of the
determinant
PN
det (F(s) + K) = —

#

where oy and ¢D are relatively prime polynomials and K a real square
matrix. The degrec is defined as the maximum degree of ¢N over all

possible K.

39

6.5¢3 Kalman's contribution

Kalman made an important contribution to this theory by showing
that McMillan‘s degree and the Duffin-Hazony degree are both equal
to the dimension of the irreducible realization of the matrix.

Consider a realization of F(s) of the form

il

x Ax + Bu

y Px + Qu

i

If y = -Ku, then
X=A + Bu
and 0 = Px + (Q + K)u

Now taking the determinant

g(s) = det (sU - 4) - B
-P -(@+ k)
gives p(s) = det (sU-A)edet (P(sU-2)"1B +Q + K)

det (sU-4).det (F(s) + K).

It
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i.ce det (F(s) + K) = deigzé - L)

Some cancellations may occur in this expression. If the
realization is reducible, then some of the zeros of det (sU - A)
are arbitrary and cannot appear in det (F(s) + K).  Thus these will
always cancel out with ¢(s).  Some other zeros may cancel, but
Kalman has shown that a K can be found so that ¢(s) contains no
common zeros with the det (sU - é) of an irreducible realization.
Thus the Duffin-Hazony degree is equal to the dimension of the
irrcducible realization, since ¢(s) and det (sU - A) have the same
degree,

This treatment assumes that F(s) has no poles at infinity;
In such cases a MBbuis transformation is used as in McMillans method.
It is more difficult to show the connection between McMillans degree
and the dimension of the irreducible realization and as the proof is

of no interest in this present work it will not be given here,

6,54 The order of complexity

The definitions of degree are purely properties of rational
matrices and are not directly related to any physical problem.
Kalmans work is slightly more physical because he introduccs the
concept of a realization which, although it considered abstractly, is
connected with the physical interpretation of the matrix. Kalman

has shown that the dimension of an irreducible realization of a real
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rational matrix is equal to the degrece of the matrix,
The use of the equation
y = =Ku
can be interpreted as the termination of the n=port network
y = F(s)hu
by a non reactive, (or resistive), n-port.
This new network has some properties and it is these which
will be considered here,

If & = Ax + Bu
(1)

1

y Px + Qu + Ra + Ru" + ... Ru

is a general realization of F(s), then terminating the n port in

the resistive network given by

¥y = -Ku
gives X = Ax + Bu
. (1)
= + +K Ju + + uwes R. .
0 Px (RHK )u Rt R.u

as the new system. Because the system is more general than in
Chapter 5, the result is not a set of first order differéntial
equations‘in x and u and the problem of finding the new order of
complexity is more difficult. In this case, extra state variables

are necded besides vectors X and u. These will be Upsly eee U g

where u = 1
W = U =
. _ ()
ug G, 4 =u
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Thus the cquations can be written in first order form as

U

1 r

R,
2

- .

1 r
% A B
u U
ﬁl U
Yi-2
} -+
Uy RQHIR By

~ r. hied
X
u
"1
v Hi-2
o1 || %1

The order of complexity of the system is thus the degrece of the poly-

nomial

det

1l

il

Thus

det (AU-A)

-

»-4

io

-

3

det (F(\) + K)

-B
AU -U
AU
(G+K) R,

(AU-4) - -B

r{)bd

2 i
(@) + RN+ BN waees BN

#(A)

4
-

det (AU-A) det (_E(MI-—;@)_'E + (@) + RA L. l_aiki)‘

the degree of g(A) is the order of complexity of the network.
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()
det (AU = 4)

Now det (F(A) + K)

Kalman has shown that provided the realization is irreducible,
K can be chosen so no cancellations occur, and so the degree will be
the order of complexdty with the terminating resistive n-port
characterized by matrix K.

This illustrates the meaning of degree and its importance in
nctwork synthesis. If a matrix F(s) is synthesized as a network,
then no matter how the network is synthesized it must be possible to
terminate it with a resistive n-port and achieve an order of
complexity equal to the degree. If the synthesis is reducible
then it will be possible to go above this bound, but it can always
be reached. This idea is similar to Tellegeﬁg approach in defining
the term order. It can be seen from his definition, given in
section 6.5.,2, that it represents the highest degree of g(A) after
cancellation and so represents the highest order of complexity in
the irreducible case.

The order of complexity cannot excced the number of rcactive
elements in the network and so the order of complexity represents the
minimum number of recactive elements nceded, for a synthesis of that
dimension. The degree represents the minimum possible dimension of
the realization, or the number of dynamically indepcndent variables

2 numbers indicate
needed to synthesizc a given matrix. These | the two forms of
redundancy which can occur in network synthesis.

Consider any n~port network which is a synthesis of a given

real rational matrix F(s). If the n-port is terminated by a a-port
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resistive network and the order of complexity maximized, then the
difference between this order of complexity and the degree of F(s)
represents the number of uncontrollable or unobservable natural
frequencies present in the network. The difference between the
number of reactive clements and the order of complexity represents
the number of excess reactive elements. A network having more
reactive elcments than the order of complexity is termed a degencrate
network.

The order of complexity is greater than or equal té the degree
of the n-port and is lcss than or equal to the number of reactive
elementse. Thus the degree represents the Mminimym number of reactive
elements needed to synthesize a given rational matrix. Such a
synthesis would be irreducible and non-degenerate.

Since these definitions require that the maximum order of
complexity be found, it would be useful to know the néture of the
resistive network which would achicve this. In the RLC case such

a network is particularly simple.

66545 The relationship between the degree and the order of

complexity in the RLC case

Lemma 6.1 ]
If an RLC n-port nctwork, given by thc admittance matrix ¥(s),

has a realization

X = M + Bu + G
y = Bx + Qu + Ri
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then the increase in the order of complexity of the nctwork due to
the replacement of the sources by resistors is given by the rank

of matrix R.

Proof The equations for the network, when it is terminated

in a set of resistors given by the equation

y = - Gu,

is given by
U -C % ‘A B ] |'x
®|ls] |2 g6 |u

The order of complexity is given by the degree of the
determinant
#(A) = det [ UA-A  -(CA+ B)

P ~(BA + Q + G)

The degree of g(A) cannot bc greater than the rank of the matrix
AU AC

AR

which is equal to p(R) + &
where p(R) is the rank of R and ¢ is the order of complexity of the
network driven by sources, i.e. the order of A,

Hence if Crl is the new order of complexity
then o, { o + p(R) (6.9)

Consider the matrix R. © It is given in equation (3.9) as
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I
}

= Q¢ %Bee * e %PeclC * Ul °cc) QCCR1 Ce

i

£ -l -1
Qe Q{U + Beg(C* Q0% %) %c® I Bee

It is a well known rcsult of matrix algebra which says that

if A = B.C
pCa) £ p@B)
and g p(C)
Hence P(R) < p(Q g (6.10)

Now consider the effects upon the network equations of
exchanging the sources for resistors. When the normal tree was
chosen to define the equations the voltage sources were taken first,
then the capacitors and then the remaining clements. Thus the

cut-set matrix has the form

Ube QGC Qei
Uho Rec s
Uy Qe 3

-

where the notation is the same as in Chapter 3 oxcept that the sub-
script i represents the remaining elements, other than capacitors and
voltage sources.

Now since ¥(s) is an admittance matrix, vector u recpresents
all voltage sources. If these are changed to resistors the choice
of tree must be changed, and the capacitor trece choscn before them.
This means that somc of the capacitors corresponding to link capacitors

in the fourth colum of the cut set matrix now become tree capacitors.
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The number of capacitors will depend upon the number of independent
rows in QeG’ and so will be p(QeC). Since each tree capacitor
represents a state variable; the only eoffect of changing the voltage

sources to resistors is to increase the order of complexity by p(Qec)
ieee T, = O+ p(QeC) (6411)

Comparing the inequalities (6.9) and (6.10) with equation (6.11) gives
o, £ o + p®
£ o+ p(Q)
i.c. p(R) = p(QeC) = 07

le
-G
which proves the lcmma.

Theorem 6.2
The order of complexity of the network, formed by terminating
an irrcducible RLC n-port network synthesis of ¥(s) with resistors,

is cqual to the degreec of Y(s).

Proof If ¥(s) describes an RLC n-port nctwork, by the results
of section 6.4 its irrcducible realization can be expressed in the form

X = ix + Bu

]

y

P(sU - &)L B+ Rs + @

or Y¥Y(s)

= Yl(S) + Rs

where Yl(s) is finite at s = °9 .

Thus the degree of ¥Y(s) is given by
8 {¥) ] = & Jyrs)f + 8 {Bs§
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using McMillans definition of degree and considering the pole at
infinity separately.

Since Yl(s) has no poles at infinity,

) {Yl(s)} = & , the order of A,
Since R is a constant matrix, %ﬁ has invariant factors of
unity. The number is p(R).

Thus the Smith McMillan canonic form is

-

1
= 1
IS

el

where there are p(R) non-zero terms.

i

i.e & { BRs} p(R)

il

ceoos Ll o+ p@)

If now an RLC network is found to synthesis the n-port
irreducibly, its order of complexity will be ¢ » If now resistors
are added to the ports, by lemma 6.1 the order of complexity will risc
to & + p(R), and is equal to & § Y(s)} .

These results mecan that adding the resistors displays the
effects of the poles at infinity, even if the synthesis is reducible.

Thus for the RLC case it is possible to check on the degeneracy

of the network by simply adding resistors across the various portse
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These results can be similarly proved for the dual case of an
impedance matrix Z(s), and since R is the direct sum of two matrices,
onc corresponding to the capacitors and voltage sources and the
other the inductors and current sourccs, it could be extended to the

casc of a hybrid matrix H(s).

6.5.6  The rclationship between the degree and thc order

of complexity in the general casc

It has becen shown that the degrcc of an n-port corresponds to
the maximum order of complexity of an irreducible synthesis of the
n-port embedded in a resistive n-port, In the last section it was
shown that if the synthesis can be taken as an RLC network the
embedding network could be taken simply as a sct of terminating
resistors for the ports. In the general case this is not true and
the more general resistive network is needed.

This can be simply demonstrated by an example

2
Y(S) = s—;é—i—t—% 53_1
szl
s=2
. _2 "1 0T, _1 [0 oF, [(s-1) (1]
s=1 s=2 !
0 © ]_o 1] 0

The degree of ¥Y(s) is thercforc 5,
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A minimal realization gives

] T
dx 1 O 1 0
5; = x + u
__O 2 | 0 1
y = 1 0 -1 0 u + 0 1 d3u
x + —73 o
0 1 9] 1 0 0 dt
| -

Terminating this by resistors given by

—

y = ~8q u
L &
gives _Es-l) . 1 . i [_x— = 0
. (s=2) - 1 [_u
1 . (s-1)+g; (s5-1)
. 1 . 1+g
b s

The order of complexity of the network is 3. If a general

resistive embedding is taken

)i
1

y

-t

the order of complexity can be raised to 5..

5
In this example there is a Q_% term, but this is not
at
significant.
Consider Y(s) = 1 (s-1)

0 1
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which has a degrece of 1, but the order of complexity is always zero
unless the network is embedded in a general resistive 2-port. Y(s)
may be synthesized as a 2-port shown in Fig. 6.2

The reason for the simplicity of the RLC case is that it is
purely topclogical in nature. The resistors simply move all poles
at Infinity to finite points which can be counted in the order of
complexity. The occurrence of poles at infinity is again purely
topclogical, being decided on the fact that in the admittance case,
a capacitor path exists between a pair of port terminals. Thus the
pole can bemoved simply by inserting the appropriate resistor.

In the general case the problem is confused by the fact that
pcles at infinity can arise by algebraic constraints. Fig. 6.2
illustrates an example wherc the algebraic constraints effect the
poles at infinity. Here some terms of the residue matrix of this
pcle arce supressed.

Fige 6.3 shows an example of a network which has a pole at
infinity but no capacitor across the port terminals.

The driving point admittance of this one port is given by

2

v(s) = 242

In fact in this case the algebraic constraints just maintains
points A ond B at the same potential and so effceetively brings the
capacitor directly across the port.

It is these algebraic effects which cause the trouble, although
they may be necessary to the synthesis as in the network shown in

Fig. 6.2, The basic problem is that, unlike the RLC case, it is not



possible by inspection to say if there is any degencracy in the
network. As an example consider the network of Fig. 6.4. This
network is an equivalent of thc network of Fig. 6.3, yet it uses an
extra capacitor to give the behaviour at infinity. This only
apparent when the moximum order of complexity is evaluated and found
to be less than the number of reactive elements,

Thus in thg general case it is not possible to simplify the
condition, and the maximum order of complexity is obtained by adding
a resistive n-port. In such a case, carec must‘be token in choosing
the n=-port, because it is possible to connect n-ports illegally and

67

violate the n-port constraints.

6.6 REDUCIBILITY AND DEGENERACY IN CLASSICAL NETWORK SYNTHESIS

The concept of degree plays an important part in network synthesis
since if the network is synthesized with this many elements, it is
both irreducible and non-degenerate. It is known that if trans-
formers and gyrators are allowed, then any positive real matrix can
be synthesized in this form. For the one port case this was

47

established by Brunel4 and in the n-port by MclMillan 20

and Oono” e
If transformers are not allowed, then the problems become more
difficult, and many arc as yet unsolved, The problem for one ports
has been solved. For the 2 clement kind network, thce Foster and

Caucr methods3 both yield networks which are irreducible and non-
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9

degenerate, In the RLC one port case Bott and Duffin” have shown

a method of synthesis. Sesh&ﬂias shown that the Bott-Duffin network
represents the smallest general network which will realize a bi-
gquadratic function. The Bott-Duffin cycle produces a network which
is a reducible network, although it is not degencrate. The multi-
port network problecm is, as yet, unsolved., The example of the
biquadratic function indicates that, in fact, transformerlecss

synthesis techniques will not result in irreducible networks. As

yet there seems no advantage in allowing degeneracy.
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Fig.6.,1, Constant resistance network,

Veln V=l

-l

Fig.6.2., Example of section 6.5,6.
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Fig.6.,3. Example of section 6.3.6,

Fig.6.4, Equivalent network of Fig,6,3.
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Chapter 7

THE SYNTHESIS OF ELECTRICAL NETWORKS USING

STATE SPACE TECHNIQUES

7ol INTRODUCTION

The relevance of the concepts of a realization, controllability,
observabilit;T;ider of complexity was shown in the last chapter.

In this chapter the application of thesc ideas in the field of network
synthesis is considered. This consists of a critiecal review of the
methods now available and, based on the work of the last chapters,
a new approach to active network synthesis is presented.

In this section the term active synthesis is used in the n-port
sense48 as the opposite of passive synthesis and not in the general
sense used in the rest of the thesis. Here passive synthesis

includes transformers and.active synthesis involves some active

elements such as amplifiers.

7.2 GENERAL REMARKS

The uniqueness of the irreducible networks realization make
netwarks :
it much easier to synthesize| that are irreducible rather than reducible.
A synthesis procedure allowing reducible nctworks allows the inclusion

of arbitrary uncontrollable and unobservable poles. This gives a large

degree of frecedom in synthesis, but unless there is some guidance as
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to how it can be used, it is useless. The Bott—Duffin9 synthesis
b
is the outstanding example where this has been done. Richards

3

theorem” indicates the way in which an extra cancelling factor can
be introduced to aid physical realizability;

In the state space approach the way in which reducible
realizations are formed is very clear,2 but the problem of knowing
which one to choose is little understood and normally the emphasis is
towards irreducible synthesis. |

The problems of synthesis fall roughly into two categories;
(1) Given a set of state cquations, what are the conditions on the
equations that a network can be found having these equations, and how
can the network be found?

(ii) Given a real rational matrix ¥(s), ways exist of constructing

an irreducible realization. Normally such a realization cannot be
synthesized dircctly, but use can be made of transformations to convert
the equations into o synthesizable form. The problem is to find

such a transformation. This approach is powerful becaouse such
transformations generate all equivalent irrceducible réalizations,

and so covers all the realizations representing equivalent networks

of Y(s). Thus the problem of network equivalence can be solved.
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763 THE SYNTHESIS OF PASSIVE NETWORKS

7e3.)1  Networks with transformers

The case of RLC networks with transformers has been considered
1,44,71 . . .
by a number of authors. Their approach has been to consider
the network as a resistive multiport network, terminated in reactive
elements, as shown in Fig. 7.1,

If Z(s) is an (n x n) matrix of degree &, then the multiport
is an (n + ) port network containing, resistors transformers, and
verhaps gyrators. Since transformers are included, all reactive

elements can have normalised values of 1 farad and 1 henry. If H is

a hybrid matrix describing thc network, then

- - o 7
b'e ) Hll H12 X
+ Hyy Hypl | VI

-

where x is the voltages in the capacitors and current on the inductors,
x is the compliment of x, and v and i are the port variables. Since
all reactive eclements have normalized values X = ~% .
So the system can be reduced to
. - -1 }
= - +
* [Haa Hyy (SU+EJ)TH, v

Z(S) Ve

This can be compared with the irreducible realization of Z(s)
~ -1
Z2(s) = P(sU - 4)" "B+ g

It can be seen that the realization corresponds to possible
 submatrices of the hybrid matrix H.  Thus part (i) of the synthesis

problem 1is solved. The conditions on the coefficicnt matrices of the
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state equations is that they correspond to a hybrid resistive matrix,
The problem is thus reduced to the prcblem of finding a transe-

f .
formation T, which for a given realization 1 L, By, Py, Q } gives

—t

the matrix

as a realizable hybrid matrix; This approach was taken by Layton4%
Because of the nature of the realization, Y(s) cannot have poles
at infinity.

MAnderson and Newcombl have suggested an alternative approach.-
Since gyrators are allowed, all capacitops can be considered as
gyrators terminated in inductors. Thus for the case of impedance
matrix synthesis, the hybrid matrix M can be simplified to an impedance
matrix. This approach is also suitable for RL networks.

Youla and Tissi7l have another approach based on scattering
matrices instead of impedance and admittance matrices. Because the
multiport network is taken in its scattering description, networks
with poles at infinity in their impedance and admittancce matrices can
be considered. With this gencral description it is possible to
characterisce all possible multiports containing resistors, transformers
and gyrators. Since all such characterizations are obtained for
one irreducible realization, it is possible to characterize all
irreduciblec equivalent networks of the matrix.

Anderson and Newcomb did propose a way of overcoming the

problem of poles at infinity.- The solution presented was simply to
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remove the polce at infinity and synthesize this as a scparate network.

i.e. Z(s) = Zl(s) + Ls
where L is the residuc of the pole at infinity and Zl(s) is finite
at infinity. L can bc synthesized as a scparate all rcactive
network, containing inductors, transformers and gyrators. The
remaining matrix Zl(s) can be treated in the usual manner.,

The limitation of this approach can best be secn by a simple
example.55 Anderson and Newcomb used impedance matrices, but the
approach can be used for admittance matrices also.

Consider the driving point impedance

¥(s) = s(s+1)
i25+l)

The pole at infinity can be extracted as a capacitor across

the input terninals as

¥(s) = +

s
2(1+2s)

The realization of the remainder is

=l
2

oL 1 1 1
2 > 4 b4 2 L4 4

The sotate <goations
hL may é% written in the form

.
X = - X = e

e -+ % e

(V] [Ny
ST

x +

wherce ¢ and j are the input voltages and currents at the port terminals.
The state variable x may be interpreted as the voltage across a
capacitor, C as in Fig, 7.2,
The synthesis problem is thus reduced to the problem of syn-

thesizing a resistive 2-port connecting the capacitor with the input.
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Its conductance matrix is

_ T o
N
L L

]21: 4

where t is the nonsingular transformation, in this case a number, and
C is the valuc of the capacitor. Since the example is a simple one,
C necd not be taken as unity, but can be used to obtain a trans-

formerless network. The condition that a 2-port can be synthesized

67

as a resistor network is the dominance condition. In this case

it implies that

t S 2 and C =%
7 2
t
If t =2, then C = % and the matrix becomes

i

I N T
I TN T

]

which is simply 2 single conductance of 4 ohms, The whole synthesis
is given in Fig. 7.3.

This is the second Foster form of classical synthesis.67 Other
equivalents are obtained by varying C. But all these have the
capacitor across the port terminals because of the way the pole at
infinity was extracted.

A well known equivalent of this nctwork which does not have such
a capacitor is the first Foster canonic form,67 shown in Fig. 7.4. The

state equations of this network have the form

X = -Zx + ¢ + 3¢

x + e + e]

= o=
P o
P o=

y = -
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The rcason this cannot be reached is that the realizations
are of the form given in equation (6.6) of the last chapter, when
C =0. If a more gencral transformation of the type indicated in
scction 6.4 is uscd then this realization can be found by the

transformation

From the results of this scction it can be seen that in order
to obtain all realizations this type of transformation must be used.
The problem is that the synthesis of the resulting rcalizations is
not known. The advantage of the scattering matrix approach is that
such networks have no poles at infinity in the scatfering matrix
and can be treated in the usual manner. By using this approach

71,48

it is possible to prove many of the facts about n-port synthesis.

7ede2 Networks without transformers

A more challenging field has been that of synthesis without
transformers. In this ficld conventional methods have failed to
produce any really complete synthesis theory., Youla and Tissi's
approach is general and will, of course, apply to transformeriess
networks, but the problem of synthesizing a scattering matrix as a
resistive network is an unsolved onc. ILayton's and Anderson and
Newcomb 's . approaches ore more hopcful since they dnvolve
impedance and admittance matrices which are at least partially under-—

stood.67 Anderson and Newcomb's use of gyrators is of course not
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possible and so the RLC problem is essentially the problem of
synthesizing a hybrid matrix. In the RL or RC casc of course the
problem is simplified, as was illustrated in the example in the

last section, but it also illustrated that in general all realizations
cannot be confined to realizations of the form shown in equation
(6.6). In the general case of transformerless synthesis this will

be of even greater importancce since the number of transformerless
realizations will be quite small and so it is important to find

all of them. The realizations produced will be of the form

i

e Ax + Bu + Ca

y Px + Qu + Rd

and the first problem is to develop a synthesis theory for such
equations,

This was first considered by Dervisoglu26 when he congidered
the synthesis of the state equations for portless RLC networks.
This means that the state equations were simply

£ o= A

To perform the synthesis he made two assumptions;

a) the network was ""half degenerate!". By this he meant that
although poles at the origin where allowed no degeneracy occurred due
to all capacitor loops and all inductor cut sets. This was termed
non-degenerate in the last chapter.

b) The resistive network was connected.

The principle of his approach was to factorize A into the form
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A "c'l _} )
- i Hpp
' -1 N
L b _l Lo B

where C and L were diagonal with positive elements along the diagonal
Hll and H22 were real and symmetric

and H12 was real.

C and L correspond to the capacitor and inductor values and
H is a hybrid matrix describing the resistive subnetwork and the
interconncctions between the reactive and resistive subnetworks.
Dervisoglu described a scheme for extracting these descriptions from
H and rcduced the problem to the synthesis of a hybrid resistor
network and the connection matrices., The comnectcdness of the
resistive network was essential to guarantce the hybrid matrix could
be transformed into either an impedance or admittance matrix.

The assumption of no degeneracy was made to simplify the
factorization of A. Since C—l and L-l are diagonal the sign
pattern of 4 is the same as H, ond so can be used to determine the
partitioning of the capacitor rows from the inductor rows. The
extraction of C~l and L_l can then be performed, to give H its symmetric
and skew symmetric form. This foactorization is not unique since any
constant multiplier can be extracted from H without ffecting the
symmetry. Thus the synthesis procedure consists of taking a
factorization and attempting to synthesize it. If it fails, due
to some point in the procedure failing, then another factorization
must be tried. The only way to show that such equations have no

network is by trying all possibilities.
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Although no synthesis procedure has ever necded to employ
degeneracy, it appears that Dervisoglu's method can be extended to
a larger class of networks if degeneracy is included, An example

of a set of equations which cannot be synthesized with Dervisoglu's

method is
L T 1o L1 L
Xy j'E > 1 %
b, o _ ‘ 1 '
2 | I S ’
%5 "3 "8 ©° | L%

Because of the zero, placed non symmetrically off the main
diagonal it is not possible to factorize the matrix. In fact it

can be factorised on the degenerate form

T e - T r 11 " i
L A
P 2 1111 t |
g"a; ) ft T2 spiTe oz o i"a!
%, i [ . - éi (-1 0 O —{ I x ;
L35 L 73 31 | *3]

and so it can be synthesized in the form given in Fige. 7.5. The
network is degenerate since it contains a capacitor loope.

The faect that degeneracy is needed here does not, of course,
mean that the general problem of admittance and impedance synthesis
will need degeneracy, since Dervisoglu's method is for portless net-
works and so docs not allow for the use of any transformations to
improve the form of the equations. It also assumes that the state
variables are the voltages across capacitors and the current through
inductors which is also not necessarily so.

A general approach has been taken by Yaralagadda and Tokad,
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firstly for LC networks, and more recently for RLC networks.
They considered the gencral case when the network has ports and
degeneracy. The procedure is based on a comparison between the
given equations énd the general explicit form. By equating the
appropriate terms it is possible to obtain linear equations in
submatrices of the capacitor node admittance matrix, the inductor
loop impedance matrix, and the resgistor hybrid matrix, If the

linear cquations are not consistant no solution cxists. The main

problem appears to be the synthesis of the hybrid resistor network,

70
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which in general cases may neither possess an impedance or admittance

equivalent.

The approach depends upon the fact that the division of the
state variables between capacitor voltages and inductor currents
is previously knowm. If not, then like Dervisoglu's method, many
partitionings may be possible, which must be tried until the

procedure works.

Thus, as yet, no satisfactory procedure exists to the problem

of the synthesis of the state equations as RLC networks without

transformers.
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74 THE SYNTHESIS OF RC ACTIVE NETWORKS

7.4.,1  Basic approach

With the advent of integrated circuits the synthesis of networks
without inductors has become very important, because inductors cannot
be made satisfactorily with these techniques. Most of the work
done has been based upon special configurations63, using a number of
differcent active clements. At present the most common active

36

element scems to be the high gain amplifier,”” which of course can

be modelled simply by a controlled gencrator.
22 ha

Sandberg s given a general treatment of networks with
controlled gencrator: and has shown that an ne~port nctwork can be
synthesized using a minimum of n generators., This secems to be the
only bound that has been placed upon controlied generator RC aective
networks.

The state space approach is particularly suited to the case
of RC active networks because the state varicbles can be associated
with capacitor voltages only. This removes the problem of distinguish-

ing betwecen the currcent and voltage variables, which occur in the

RIC casc.

7.4.2 The importance of irreducibility in active network

synthesis

In the last chapter it was shown that there is a minimum

dimension for the state vector of an n port network and this corresponds
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to the maximum number of natural frequencies which can appear at the
. ports. The importdnce of this concept of irreducibility in passive
network synthesis lies in the fact that an irreducible synthesis may
contain a maximum number of reactive elements. It is therefore
mainlty of intercest from the point of view of efficiency. In fact,
as was pointed out in section 6.6 allowing reduceability broadens
the class of matrices which can be synthesized.

In the case of active networks a second fact becomes important,
that of stability. In passive networks all poles lic in the left
half plane and so any uncontrollable or unobservable natural frequency
will not affect the stability, But in an active network, the poles
can appcar anywhere and so it is possible to find exomples of networks
which have poles in the right half plane which are either uncontrollable
or uncbscrvable, This will mean that although the network has the
required terminal behaviocur, variables within the network will go
off to infinity. Since in practice no system is completely linear
these large voltages and currents will eventually affect the behaviour
at the ports. A simple example is in an analogue computer circuif,
where one of the operational amplifiers would overload. Thus, to
study the stability of an active network, it is not sufficient to
consider port behaviour only, and in synthesis it is important to
know where all the natural frequencies are,

This fact has been noted in active network synthesis c.g.
page 94 of reference 63, but it scems to have been 1little used. For

59

example, Sandberg's resul on the minimum number of controlled
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generators is achieved without any consideration of the stability of
the whole network, although the number of rcactive elements used
will be much greater, in general, than the degree of the matrix
being synthesized.

The simﬁlest way to overcome this problem is to aim at
irreducible synthesis. This has the advantages that it has no
hidden instébility and also uses the minimum number of reactive

components,

7e4e3  Synthesgis of active n-port networks

The starting point for a synthesis method giving irreducible
networks will be an irreducible realization of the given real rational
matrix, | This can be obtained in any of the well known method539’7l
and the problem is reduced to the synthesis of such a realization.
A basic problem is that no explicit form for the equations exists
because the form of the equations depends upon so many different
variables.

An active network can be described by the equations

* = fx + Bu + Ch
w = E&x + glu *ORu
y = EEX + @Eu + geu (7.1)
and u, = Mu = Hw ¥ u:[uq
=1
s

where the notation is the same as in Chapter 5 except that now the
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equation of the outputs y has been added.
The system is described by the equation

N = Y(s)u2

Equations (7.1) can be reduced to form a standard realization of ¥(s),
but the dimension of this realization depends upon many considerations
and can vary from the order of A + P(Bi) to zero. Lven if ¥(s) has
no pole at infinity, matrix 31 may exist and so it is still not
possible in general to identify the various matrices.

An alternative approach will be taken here., This is to
consider the network as a resistive multiport with some ports termina-
ted in capacitors, as in Fig. 7.6. This is similar to the approaches
of Layton, and Anderson and Newcomb in the case of passive networks.

It is assumed that Y(s) is a real rational matrix, possessing
no poles at infinity, It therefore has a realization

¥ = Ax + Bu
y = Px + Qu

The cquations for the multiport network shown in Fig. 7.6 are

given by
= v
S T RS TR AP
T = I;m T Y
i, = ~C vy
- L _ a1
i.e. %1 = =C Yll vy C Y'lav2
i,= Y .v, + ¥Y__v
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By comparison A4 = -~ ¢y B =-C7X

1
=

P = Y2l and §

If all capacitors arc assumed to have unit value, then C =T
and the problem is reduced to the synthesis of a resistive (n + 6)

port network given by the admittance matrix

Y -4 -B

o

]

P Q

This is a special case of Sandbergé general RC result and so
by Sandbergs result, n + & generators will in general be needed.

3
A simpler method thon Sandbergs can be given.

Lemma 7,1 M (m x m) resistive matrix can be synthesized

with m generators.

Proof
Consider a 2 m-port network of resistors terminated in m
voltage controlled voltage sources.

The equation of the 2m-port can be written as

i i o

1 i Y M %
bigp Tivt vy
L 2_~ [ 12 22 a e 2_‘

It v, = G Vs where G is a diagonal matrix represcnting the generator

constraints, then

(I

11 = Yy G

il

i = Y v

1 1V1 A

il

i.c. Yl - ¥

When all the generator terms are assumed cqual to g , this becomes
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A sufficient condition for a real symmetric matrix to represent
a resistor network is that the matrix be dominant.67 This means that

i3 >/ 2 7551
#

Yll may be chosen as a symmetric dominant matrix. g can then

be chosen sufficiently large to satisfy the dominance condition in the

submatrix [_Yllle—] . X

oo can also be chosen arbitrarily to be

symmetrical and again ensurce dominance. Thus it is possible to find
a dominant (2m x 2m) matrix which can be synthesized os a balanced
resistor network.

The matrix YO can therefore be synthesized very simply as a
resistor network with n + 8 generators, controlled by the input ports.
Thus the whole synthesis becomes a 2(n + §)-port resistor network,
with 8§ ports terminated in unit capacitors, n + & ports terminated
in voltage generators controlled by the voltages across the other
(n+8) ports, ie.e. the inputs and state variable voltages.

This result can be summarized in the following theorem.

Theorem el

Any real rational (n x n) admittance matrix ¥(s) of degree §,
having no poles at infinity can be synthesized as an RC active
network containing & capacitors and (n + 8) generators.

This method does not use the minimum number of generators,

which Sandberg has shown to be n. This is because the method
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intrinsically involves the synthesis of an (n + §) port resistive
network which in gencral nceds (n + §) generators. Sandberg's method
does not, in general, use the minimum number of capacitors, 9.

The method proposed herc has the disadvantage of requiring a
balanced registor network which is not very practical. This moy be
overcome in some cases by a good choice of the realization

{‘Q, B, ¢, D } and also ¥ The proof herc has been given here

11*
for an arbitrery realization. The method of synthesizing YO given
here is simple but also has a rather restricted topology, and other
methods, such as Sandberg's, could be used for this simple special
casc.

If poles at infinity exist, these will have to be synthesized
separately as a second multiport network in a manner similar to

Anderson and Newcomb's for the passive case, This will requirc a

large number of extra generators.

Example  Consider the one port network

s 1
i = =v
s

This is the equation of a unit inductor

1
¥(s) = <

and the realization is

O0x + 1u

%
y = 1x + Ou

Thus the resistive network is a two port

0
1
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This is of course the well known equations for a gyrator. 1t can be
simply synthesized with two current generators as shown in Fig, 5.4«

An altcrnative realization can be obtained using the method given in

Temma 7.1,
-0 _ I
Y, !o 11[ ,  Let Y = {1 o]
l_l o | Lo 1]
- = r —-r r— - =
then Tom ¥ %o Rk 01: e 1} & Y,
1 o! 0 1! 1 -1
. roa 1]
s » Y = - = -
12 !g Sl
|1 1
..g g_l
Ifg=23
— -
_ 1 _1
then Yl = 1 . 3 3
101
. 1 33
101
5 3 1.
-i_1
-5-3 . 1~
where Y22 is taken as Y22 = 1 0
0 1

This can be synthesized as a 4-port resistor network. Thus the

complete network is shown in Fig. 7.7.

7.4.4 Transfer function synthesis

The concepts of a realization and degree of a real rational

matrix are not confined to n-ports or even to square matrices. Kalman's
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treatment38’39 is completely general. Thus the process of obtaining
a realization can be used to find a realization of a transfer function.
This is in practice often all that is needed in filter synthesis. Thus
the state approach is particularly useful in the case of active
filters., It is possible to synthesize transfer functions having
the minimum number of reactive elements.

In the case of a single transfer function Kalman38 has given

a very simple way of form the realization. If the transfer

function is given by

n-1 ;i
E: b.s
» i
¥(s) = =0 where a_ = 1
n . n
i
S ags
o i
i=0
then the realization is given by
- - - =
A = o 1 B =10
o 1 0
o 1 0
=0g "2y "2, a4 ! 1
al'ld E_ = L_-bo bl b2 s bn_l]

Since there is a zero at infinity, Q = O,
If there is no zero at infinity, Q must be removed before A, B and P
are found.

Thus the realization of a single transfer function can be found

by inspection and all others can be found by taking the approprizte
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transformation.

The problem of synthesizing such a realization using opcrational
amplifiers is quite simple, The first order linear differential
equation has been synthesized on an analogue computer for many years

29

and the methods are by now well known. These can be used in a
similar way to synthesis transfer functions.
As an example consider the bigquadratic function,

bls + bo

y(s) =

s +a,st+ a
1 0

This has a realization

x = 0 1 ix o+

I
™
o

e

y b1] b'q

This can be synthesized using two integrators as shown in
Fige 78.

Such a 2 integrator loop was suggcested by Girling36 as a means
of active network synthesis, purcly on the basis of the similarity
between operationnl amplifiers circuits and analogue computers. The
flexibility introduced by being able to transform the realization may
well be useful in obtaining some optimization, either of sensitivity
or numbers of elements, The nature of the synthesis, which uses ecach

capacitor with an amplifier as an integrator, means that at least )

amplifiers will be essential. But it may be possible in some cases
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to avoid the use of others for summing and sign reversal.
Recently Newcomb and Anderson49 suggested that state space
techniques of this nature may well be useful in the synthesis of

integrated circuits.
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Fig.7.1., General form of network
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Pige 7.2, Form of networks synthesized in example,
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Fig.7.3. Second Foster form,
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Fig.,7.4, First Foster form,

Fig,7.5. A degenerate network,
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resistive
network
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[

Fig,7.6. Form of active networks,

Fig.7.7. Example of section 7,4,3,
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¥ig.7.8. Synthesis of example in section 7,4.4,
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Chapter 8

CONCLUSIONS

8.1 GENERAL CONCLUSICNS

An investigation of the formulation of the state cquations
for linear elcctric networks has been performed from the point of
view of analysis and synthesis. The problem of forming the equa-
tions has been considered for the general case of RLC networks with
all types of controlled generators. It was shown that, for this
case, the problem was both topological and algebraic.

The topological problem can only give a maximum value for the
order of complexity. A method has been given for finding this
maximum order of complexity, by inspection of the network, for a
restricted class of networks. It is possible, even in the general
case, to give some small restrictions on the positioning of the
controlling variables, so that the procedure is simplified and only
the network with all generators removed need be considered.

An algebraic approach to the problem of setting up the equations
has been suggested, based on extracting all the generators from the
nctwork. It was not possible to give an cxplicit form for the
equations, but an algebraic method was given for finding the order
of complexity, With these techniques, it was possible to give the
necessary and sufficient conditions for the existence of a solution
to an active network. These conditions are both topological and

algebraic.
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In the work on synthesis, a generalization of the present
transformations was suggested which generates all equivalent
irreducible realizations for systems with poles at infinity. This
is important because electric networks represent on example of such
systems. The problem of relating the order of complexity of a net-

fo the degree
work[was also considered, and it was shown that the problem is
particularly simple in the case of n-ports which can be synthesized
as RLC networks.

The methods of synthesis using state space techniques were
considered. ItI;j;nted out that although the problems of the synthesis
of passive nctworks with tronsformers and gyratorsare rcasonably well
understood, the case of RLC networks is not. The use of these methods
for the synthesis of RC active networks was also considered, and it
was shown that it is possible to synthesize a n-port with the minimum

number of reactive elements, but only at the cxpense of extra active

terms,

8.2 TUTURE RESEARCH

A number of points in this work could be extended for future
research,
(a) The fact that the results cn the order of complexity in Chapter
5 can be used to extend the results of Chapter 4 seems to imply that
the class of networks considered in Chapter 4 was, perhaps,

unnecessgarily restrictive. The approach of Chapter 4 was
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unsymmetrical, since the node admittance matrix was used.. It could,
perhaps, be possible to gencralize Chapter 4 and simplify some of

the proofs by cxpanding det HO(D) dircetly. This was, in fact,
attempted but no method was found.

(b) The cascs of networks containing tronsformers and gyrators are
important ones. Although the synthesis of such networks can be
achieved, this is done by an algebraic procedure which produces rather
unsatisfactory resultss. It was pointed out in Chapter 5 that such
networks can be included in the general procedurc. They are, in
fact, very interesting special cases, since it is a well known fact
that such networks contain only simple poles at infinity. Thus the
elimination procedure must have a gpecial form which could be
investigated. This could lead to some interesting results on the
order of complexity of such networks.

(c) In Chapter 6, it w;s shown that the relationships between the
degree and order of complexity was very simple for the case of RLC
n-ports. Since the concept of degree is a property of the matrix
only, this raises the question of what properties of the matrix give
this simple result. Since the conditions for a matrix to be
synthesizable as an RLC nectwork arc rather complex,iit seems likely
that these results could be extended to a larger class of networks,
such as RLC networks with transformers and perhaps gyrators.

(a) The problem of transformerless RLC network synthesis is still
of interest. Since it has been shown that the networks in the general

case will be reducible, the problem of making use of the frecdom of
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reducible realizations is an important onc. Also it has yet to be
shown that aﬁy degenerate RLC n-port has an equivalent with no
degeneracye. All proccdures, except for Dervisoglu's, requirc no
degeneracy, and this special case requires that the state variables
are fixed.
(e) The procedure for RC active n-port synthesis has a number of
disadvantages. The moin one is that the method requires a balanced
resistor network. From the practical point of view a more attractive
network would be a grounded one. Attempts were made to find a method
giving this type of network, but were unsuccessful and it still remains
a problem. A second problem is the question of the number of active
elements. It is not known if an n-port can be synthesized with the
minimum number of reactive and active clements.

Finally, in Chapter 7 it was shown that any irreducible
realization could be used in the synthesis procedurc. It should
be possible to mzke use of this to improve the sensitivity of the

rcesulting networks.
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APPENDIX. POLYNOMIAL MATRICES3O

The Smith Canonic form

Let A(MA) and B(A) be two rectangular matrices, whose elements
are each polynomials in A, then A(A) and B(A) arc said to be
equivalent if

B(A) = P(A)A(MQ(X)

where P(A) and Q(X) are square polynomial matrices, with constant
non-zero determinants., If P(A) and Q(A) arc constant matrices
independent of A, then A(A) and B(A) are said to be strictly equivalent,

Any polynomial matrix A(XN) is equivalent to a canonic form,

known as the Smith normal form of A(N),

v(A) = ¢1(k)
¢2(x)

where ¢i(l) are nonic polynomials and are called the invariant
factors of N(\)., They have the following properties;

(a) g; (\) divides ¢i+1(x);

(b)  the product ¢l esne ¢i(l) equals the greatest common
division of all minors of A(\) of order i, 7%(%)

i.e. %i(x) = By eeen #, (M)
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%y OV

and so ¢i(l) = 76 .
i-1

?§i(l) is also taken as monic,

(c) a1 ¢i(l) are unique for a given A(A). Since

Brpq (M) = O then 231(7‘) = 0 and so r is the rank of A(A).
In a given number field each invariant factor can be factorized
as

. by . P . P.
g, (M) = i}”l(x)} 1 i}é(x)}“la é%é(x)} s

These factors are called clementary divisors.
In general, 2 matrices are only equivalent if they have the

same invoriant factors and therefore the same elementary divisors.

The Jordan normal form

An important specizl case of a A matrix is the linear binomial
matrix

A(N) = Ay + A:L?\

where AO and Al are constant, square matrices.

For 2 such cquivalent binomials,

ACN) Ay + A

0

+
B Bll

and B(A) o

if det Al # 0 and det B, # O, then they arc strictly equivalent

X

1

iee.  (Ay + AN P(B, + BMQ
where P and Q are constant non singularvmatrices.

A special case of this is the characteristic matrix of a given
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constant matrix A, which is defined as
AU - A
det (WJ - A) = O is called the characteristic polynomial and the
zeros of this equation are known as the eigen values of A,
This characteristic matrix can be treated as a polynomial
matrix and A is said to have elementary divisors and invariant factors.
A matrix A is said to be similar to a matrix B if
A = Plomp
for some non-singular matrix P,
It can be scen that 2 similar matrices have the same elementary
divisors, since
W-4a = Pt (w-3B)P
and so their characteristic matrices are similar.
If the field of complex numbers is used to fix the elementary

divisors, they are simply terms of the form
P . Py
VGV S IR
1 d
and in the case of A, lj will be an eigen value of A.

The (pij x pij) matrix
J,., = AL 1 . 0
1J J

L] [ 3 L l

0 « 0O A
— J.L

P -
has only one elementary divisor (l—li) *J and is known as a Jordan

blocks It can be seen that a quasi-diagonal matrix, with Jordan



199

blocks on the diagonal corresponding to the elementary divisors of A,
will have the same elementary divisors as A and will therefore be
similar to A.

This matrix, called a Jordan form, constitutes o general
normal form for a constant matrix. In the casc of distinct eigen
value's, all elementary divisors will have order 1 and so the Jordan

normal form is simply a diagonal matrix of eigen values.

The canonic form of AO+ lAl in the general case

Now consider the matrix
Ao+ My
This is called a rcgular pencil of matrices if
1) A, and A are square matrices;
2) det (AO + RAl) is not identiecally zero.
A1l other pencils of matrices are called singular.

If det A1 and det Bl # 0, then the pencils of matrices

(A:L?» + AO) and (le + BO)

are strictly equivalent if they have the same elementary divisors.
If a new parameter ? is introduced the pencil becomes
C§ o+ i)
Thus det ( B 4y + M) = £(0, §), a function of A and ¥
and the elementary divisors arc also functions of A\ and ?
i.e. e(n, ? ), where e(X,1) would be the conventional elementary
divisors. But now, if det A, = O, clementary-divisors of the -

form §r)can occur, These will be termed infinite elementary divisors.
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Two regular pencils of matrices are strictly equivalent if
and only if they have the same clementary divisors, including the
infinite ones.

The canonic form of such a pencil of matrices uses Jordan
blocks.,. The finite elementary divisors are rcpresented by blocks
of the form (UM + Ji) and infinite elementary divisors of order p,
by (p x p) blocks of the form (U + EPK).

Where Ep is (p x p) matrix block of the form
o 1 . o

L] O l L]

. 1

o . . O

Thus the canonic form for a regular pencil of matrices is

(Ul A 3

L EZ_} UZ!

where Jl_is a quasi-diagonal matrix consisting of Jordan blocks,
correspohding to finite elementory divisors and E2 is a quasi-diagonal
matrix containing matrices Ep, corresponding to the infinite elementary
divisorse |
In the singular case
(A+2B)x=0
has solutions x{(\) in polynomial form. Let Ei be the order of xi(h).

The number of linearly independent solutions is finite, dqs and so



201

these can be chosen to minimize their order. Thus the orders will be

- N _ o o= L - E;
6‘1 N 52 - anl < £n|+1“ s 7 C’na\gn;l"‘ Eil

since they may not all be different. These are called the minimal
indices.

Similarly, a set of minimal indices can be defined for
(A+28)% x = 0. Those are 1 12 312 ceeen Qe

Some of these indices will be Zero. Because of the ordering,
these will be the first indices,
i.es the first g of Eii

and the first h of ?}i

The canonic form for such a peneil of matrices can be written
as a quasi-diagonal matrix, The first block is a (h x g) block of
zeros corresponding to the zero minimal indices. Each non~zero E;i

gives rise to a ( E’i x &;i+l) matrix of the form

LEi: A 1 . 0
. A1
0 A1

and each non-zero |, gives rise to a (1 ;v 1x 1 i) matrix of the

form
.t N —
Ly * Y 0
1 A

1 .




Thus the general canonic form of a pencil of matrices is a

quasi diasgonal matrix of the form

a strictly equivalent transformation, a number of different types of

nl- o

Application to differential equations

gtl

qu

M4

U+)\E |

UMT |

Consider the diffecrential equation

Ax + B dx

By reducing the pencil of matrices (A + AB) to canonic form by

equation result;

(a)

dt

= f(t)-

The first block gives equations of the form

which is only consistent if fi = 0 and x can be arbitrary;

(b)

The second block gives equations of the form

L

£

i

£(t)
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dx
Tecs EE; R
dx
2
T T
dXn-l + x
dt n

These cquations are
arbitrary.

(c) The next set

L x
rll
dX1
which means T =
dx
2 -
T X
dx
+ x =
®

which are only consistent if

d

fl(t) - X

(a) The next has the form

a_
dt

B e

It
Hy
[
~
c1-
pS—

i
h
Mo
—~
c1-
~

consistent and have a solution, but x, is

203

1
of equations has the form
= £(t)
fl(t)
fa(t)
fn(t)
2 n-=1
- d n d _
Iz(t) + "-"'é' fB(t) T eee ( l) dt fn(t) =0
dt
x = fl(t)
X, = fl(t)
Xy = f2(t)

£ (t)
n
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iege x, = fn(t)
_ -4
X1 T T (8) - 3p £ 08)
n-i 4 dj
at
=1

Thus there is an algebraic solution to these equations.

(e) The last set of equations is of the form
dx -
UsE t JIx = £(t)

which is the usual set of first order differential equations and
always possesses a solution is f(t) is continuous,

Thus the only sets of equations which generally possess a
unique solution are those in (d) and (e), the last two sets. Thus
the condition for the differential equation to have a unique solution
is that the pencil of matrices

A + AB
be regular. The equations due to the infinite elementary diviscrs
will be purely algebraic and will require higher order differentials
of £(t) to solve them. The number of differentiations needed depends

on the order of the infinite eclementary divisors.
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