LINEARIZATION-BASED FEEDBACK STABILIZATION OF
MCKEAN-VLASOV PDES*
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Abstract. We develop a feedback control framework for stabilizing the McKean-Vlasov PDE on
the torus. Our goal is to steer the dynamics toward a prescribed stationary distribution or accelerate
convergence to it using a time-dependent control potential. We reformulate the controlled PDE in
a weighted, zero-mean space and apply the ground-state transform to obtain a Schrédinger-type
operator. The resulting operator framework enables spectral analysis, verification of the infinite-
dimensional Hautus test, and construction of a Riccati-based feedback law derived from the linearized
dynamics, yielding local exponential stabilization with a chosen convergence rate. We rigorously
prove local exponential stabilization via maximal regularity arguments and nonlinear estimates.
Numerical experiments on well-studied models in one and two dimensions (the noisy Kuramoto
model for synchronization, the O(2) spin model in a magnetic field, and the von Mises attractive
interaction potential) showcase the effectiveness of our control strategy, demonstrating convergence
acceleration and stabilization of unstable equilibria.
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1. Introduction. The McKean-Viasov equation is a nonlinear and nonlocal Fok-
ker-Planck-type partial differential equation (PDE) describing the evolution of a prob-
ability distribution with density u(¢, z) that arises as the mean-field limit of a system
of interacting particles subject to noise [42, 43, 58]. In this paper, we consider the
overdamped McKean-Vlasov PDE on the torus Q = T¢ := (R/277Z)%:

(11) Ot ) =V - [oVu(t,z) + p(t,z) (VV (@) + (VW u)(x))}, 2eQ, t>0

with periodic boundary conditions, i.e., u(t,-) is 2m-periodic in each coordinate for
every t > 0, where x denotes the convolution (f * g)(z) = [, f(z — ) g(z') da’, V :
Q) — R is a periodic external potential, W : Q — R is a periodic interaction potential,
and o > 0 is the diffusion coefficient. Equation (1.1) appears in many applications
to physics [7, 33], models for collective behavior [45], and machine learning [53].
It governs the evolution of the probability distribution of X;, where X; solves the
McKean-Vlasov stochastic differential equation (SDE)

(1.2) dX; = —VV(X,)dt — (VW  pu(t, ) (X,) dt + V20 dB;,

where p(t, -) denotes the probability density of the law of X;, with initial law admitting
density po, and {B;}i>0 is a standard d-dimensional Brownian motion [43, 48].
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We are interested in the stationary solutions i of the McKean-Vlasov PDE:
V- [oVi+a(VV 4+ (VW xi))] = 0.

As is well known, the stationary equation above is equivalent to the Kirkwood-Monroe
integral equation [37, 59]

(o) = g exp(~ (V) +(Wap)(a))), 2= [ exp(~2(V)+ W 4 i) dy.
g Td g

Under uniform convexity of V and convexity of W (or H-stability on T?, see Sub-
section 2.3 for the definition), one obtains a unique i and exponential convergence
to the steady state [23, 41]. In the absence of such convexity, or when W is not
H-stable, multiple equilibria and bifurcations may occur at sufficiently high interac-
tion strengths [11, 12, 22, 24, 29, 59]. The goal of this paper is to study feedback
stabilization for stationary states of the McKean-Vlasov dynamics.

Research on controlling McKean-Vlasov dynamics has predominantly followed
stochastic variational routes, where the control problem is formulated at the level of
the McKean-Vlasov SDE. This literature can be divided into mean-field games and
mean-field type control, corresponding respectively to non-cooperative Nash equilib-
ria in large populations and to centralized formulations of controlled McKean-Vlasov
dynamics; see, e.g., [9, 21]. In mean-field games, the backward equation describes
the value of a representative agent, while the forward equation describes the induced
population distribution, together with the fixed-point condition that the two coin-
cide [20, 21, 34, 39]. In particular, the monograph [19] establishes well-posedness
of the master equation and studies the convergence of the N-player Nash system,
as N — o0, to the mean-field game limit on T¢. In mean-field type control, by
contrast, the population is controlled by a central planner, and the corresponding
forward-backward systems and master equations encode optimality conditions for a
centralized problem, with additional terms reflecting the dependence on the distri-
bution [3, 9, 51]. We also refer to [30] for a discussion of strong, weak, and related
formulations, and to [18] and the references therein for analyses of mean-field optimal
control and N-particle approximations. A recent controllability result for McKean-
Vlasov SDEs appears in [6].

Closer to our framework, direct control of the nonlocal Fokker-Planck equation at
the PDE level has received comparatively less attention. For comparison, the linear
Fokker-Planck equation (i.e., W = 0) has been extensively studied from a PDE-control
point of view, including controllability and Schrédinger bridge connections [14], open-
loop optimal control [5, 32], and Riccati-based feedback stabilization [16, 17]. In the
McKean-Vlasov setting, first-order optimality conditions for the PDE were derived
in [2, 15], and an optimal control problem for the noisy Kuramoto model is studied
in [26]. The noisy Kuramoto model is a canonical McKean-Vlasov PDE for mean-field
coupled phase oscillators on the circle [38]. Related feedback and backstepping-type
designs for parabolic drift-diffusion PDEs can be found in [27]. Two recent contribu-
tions closer to the present PDE-control setting are [13], which studies the computa-
tion and control of unstable steady states through nonlinear model predictive control,
and [1], which studies the design of control strategies based on mesoscopic feedback
laws. A complementary information-theoretic perspective on feedback control for the
noisy Kuramoto model is developed in [54].

However, a theoretical stabilization framework for deterministic feedback laws in
T that handles nonlocal mean-field coupling and multiple equilibria remains lack-
ing. Our results provide such a framework for stationary solutions of the nonlinear
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McKean-Vlasov PDE on T¢, based on a finite-dimensional feedback design, spec-
tral analysis, and an operator Riccati equation. We achieve this by extending the
linearization-based method of [16] from linear to nonlinear Fokker-Planck equations
by linearizing the McKean-Vlasov PDE around a steady state and analyzing the re-
sulting generator in the weighted space L%(Q, p=1) (see [49]). This places our problem
closer to mean-field type control, since the control acts on the population law via a
single decision maker. The main challenge is that the mean-field term V - (uVW * p)
leads to a non-self-adjoint linearized operator in the natural function space of the
problem, so the spectrum does not need to be real (in contrast to the linear Fokker-
Planck case). We address this by proving that only finitely many unstable modes
need to be controlled, and show that feedback designed from the linearization locally
stabilizes the full nonlinear McKean-Vlasov PDE.

1.1. Contributions and main results. We develop a framework for feedback
stabilization of the McKean-Vlasov PDE on the torus through linearization-based
control design.

We begin by introducing a control term into the McKean-Vlasov equation (1.1)
through a finite-dimensional family of time-dependent potentials of the form

V(z) = V(z) + Z uj(t)ey (@),

where u;(t) € R are scalar controls to be determined and «; are prescribed shape
functions on 2. The controlled PDE becomes

Op=V"- oVu+p|VV+VWxpu+ Y uj(t)Vay

j=1

For a target steady state i, we analyze the perturbation y = p — i and derive the
linearized dynamics

m
Oy =Ly + Z Bju;(t),
j=1
where L is the linearized McKean-Vlasov operator incorporating both local drift-
diffusion and the linearized nonlocal mean-field coupling, and B; = V - (iVa;) repre-
sents the influence of the j-th control on the linearized system. The definition of the
operator L is given later in (2.8).

The central theoretical contribution is establishing that feedback control based
on this linearization achieves local exponential stabilization. For a prescribed target
decay rate 6 > 0, we focus on the finitely many eigenvalues of £ with real part at least
—0, i.e., the modes that prevent or slow exponential decay at rate 6. In Theorem 3.1,
we prove that by choosing the shape functions {a;}}2,; to solve the elliptic equations

V- (aVay) =y, j=1,...,m,

where {¢; };":1 are the eigenfunctions of £ corresponding to those eigenvalues, the
pair (£, B) satisfies the infinite-dimensional Hautus test, the spectral criterion used
to establish J-stabilizability. This choice of shape functions ensures stabilization of
precisely those modes that would otherwise prevent or slow exponential decay.

This finite-dimensional control strategy can be compared with mean field type
control formulations such as [9]. In those formulations, the drift in the forward equa-
tion is determined through a coupled forward-backward system. If the value function
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is restricted to an ansatz of the form ¢(¢t,z) = Z;n:lpj(t)aj(:c), then the result-
ing controlled drifts lie in the same finite-dimensional space spanned by {Va; };”:1
as in our setting. The difference is that here the coefficients are obtained from a
linear-quadratic regulator problem for the linearized dynamics, which leads to a more
tractable operator Riccati equation instead of a full forward-backward system.

The spectral analysis underlying this result relies on a ground-state transforma-
tion that maps the linearized operator £ to a Schrodinger-type operator H = Hjoe + K
acting on L?(T?). As established in Proposition 2.10, this operator has compact re-
solvent and discrete spectrum consisting of isolated eigenvalues of finite multiplicity.
Crucially, Lemma 2.12 proves that for any § > 0, only finitely many eigenvalues sat-
isfy ®(A\) > —4, reducing the stabilization problem to controlling a finite number of
modes despite the infinite-dimensional nature of the PDE.

Given the Hautus test verification, we solve the algebraic Riccati equation

(L% + 61T + TI(L + 61) — IBB*II + M = 0,

where M is a positive weight operator and B = [By,...,B,,]. Proposition 3.2 es-
tablishes the existence of a unique self-adjoint, nonnegative, bounded solution II and
shows that the feedback law

u(t) = =B*Ily(t)

renders the linearized operator L1 = £ 4+ 01 — BB*II exponentially stable.

Our main stabilization result, Theorem 3.6, proves that this linear feedback law
achieves local exponential stabilization of the full nonlinear McKean-Vlasov equation.
Specifically, if the initial distribution g satisfies ||po — fi|z-1 < € for sufficiently small
€ > 0, then the closed-loop solution under the feedback u(t) = —B*IIy(t) satisfies

ly(@)llas < Ce®, Vi >0,

where the constant C' depends on the initial condition. The proof employs maximal
regularity theory (Theorem 3.3) to handle the linear evolution and establishes Lips-
chitz estimates for the nonlinear terms (Lemma 3.4 and Lemma 3.5) to complete a
contraction mapping argument in the evolution space W (0, 0o; T4) defined in (3.11).

Figure 1 provides a qualitative illustration of the proposed methodology. In the
noisy Kuramoto model (V = 0, W = —K cos(x)) with supercritical coupling (K >
1), the uniform distribution i = (2m)~! is unstable. Our feedback law successfully
stabilizes this equilibrium that would otherwise be inaccessible. Similarly, the control
can accelerate convergence to stable equilibria or steer the system between different
steady states in models with multiple equilibria.

1.2. Outline of the paper. Section 2 reviews the variational formulation and
well-posedness of the McKean-Vlasov equation on the torus, including convergence to
equilibrium under convexity assumptions. Subsection 2.4 introduces the linearization
around a steady state, the Schrodinger-type reformulation via ground-state transfor-
mation, and the spectral properties of the linearized operator. Section 3 formulates
the optimal control problem, derives a Riccati-based feedback law via the Hautus test,
and proves local exponential stability of the nonlinear system. Section 4 presents nu-
merical experiments on several models illustrating the efficacy of our feedback design.

2. Preliminaries and well-posedness. We begin by introducing the notation
and function spaces used throughout the paper. We then recall the well-posedness
theory for the McKean-Vlasov equation under periodic boundary conditions and dis-
cuss the structure and convergence properties of its stationary states. Finally, we
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Fig. 1: Time-evolution to the unstable steady state. Uncontrolled (left) vs.
controlled (right) evolution of u(t, z) for the noisy Kuramoto model with o = 0.5, V' =
0, W = —K cos(z). Black: initial density; gray: intermediate snapshots; red/blue:
final density (uncontrolled/controlled).

linearize the dynamics around the equilibrium and reformulate the resulting operator
using a ground-state transformation, which will serve as the basis for the feedback
control design in subsequent sections.

2.1. Notation. Given a real interval [0, 7], a normed space X and 1 < p < oo,
we let LP(0,7T; X) denote the set of LP functions f : [0,7] — X. We denote by
LP(Q) the set of LP periodic functions defined on Q. In addition, we denote by
WHk?(Q) the periodic Sobolev spaces with H*(Q2) = W*2(Q), L1 () == {f € L}(Q) :
f =0}, L§(Q) = {f € L*(Q) : [, f = 0}, and for a positive weight w(z) > 0,
LP(Q,w) == {f : fw'/? € LP(Q)}. For the set of probability densities on ©, we denote
Pac() :={f € LL(Q) : ||f|ly = 1}. We write | - ||,, for the norm in LP(Q) and || - [l
for the norm in L?(Q,w). The inner product in L?(f2) is denoted by (,-) and the
inner product in L?(€, w) by (-,-). The space [H'(Q)]" denotes the topological dual
of H(2), with respect to L?({2) as the pivot space. We use the differential operators
V= (0z5--,0z,),V-F = Zle 0z, F;;, A = V-V, and the time derivative Oy = %’Z.
Over a Hilbert space H, the set of bounded linear operators is denoted by L(H). For
a closed linear operator 7 defined on H, o(T) and p(7) denote its spectrum and
resolvent set, respectively. For A € C, R(\) and I()) denote the real and imaginary
parts of A, respectively.

2.2. Model setup and variational formulation. We now introduce the weak
formulation of the McKean—Vlasov equation considered in this work, along with the
standing assumptions on the model parameters. Then, we state the well-posedness
result, and a complete proof is available in the extended preprint version [35].

Assumption 2.1 (Model assumptions).  Assume the confining potential V' €
Whee(Q) N W2P(Q) (for p = max{d,2 + €} and some ¢ > 0) and the interaction
potential W € W?2°°(Q) are 2m-periodic in each coordinate; W is coordinate-wise
even; the diffusion coefficient o > 0 is fixed; the initial condition pg € Pac(f2) is
2m-periodic in each coordinate.

Under Assumption 2.1, we consider the McKean-Vlasov equation on the torus
(2.1) O =oAp+ V- (uVo[y]), with vfu](z) = V(z) + (W * p)(z),
subject to periodic boundary conditions

w(t,z 4 2mey) = p(t,x), Ve eRYL >0, k=1,...,d,
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and initial data p(0,-) = po, where ey, is k-th canonical basis vector.

DEFINITION 2.2 (Weak solution). For T > 0, a function u € L?(0,T; H*(Q)) N
L®(0,T; L2(2)) with O, € L2(0,T; [H(Q)]") is a weak solution of (2.1) if for every
¢ € L*(0,T; H'(2)),

/0 (Bups(t, ), (2, ) dt + / (OValt, ) + plt, )Volu(t, ), V(t, ) dt = 0

Although probability densities are naturally L' objects, we formulate weak so-
lutions as in Definition 2.2 because the existence theory developed here relies on
standard L? and H' estimates. Additionally, Theorem 2.3 shows that, for ug €
L2(Q2) N Pac(), the solution remains in Pae(Q) for all ¢ > 0. This notion of so-
lution ensures sufficient time regularity to make the initial condition meaningful.
In particular, using arguments similar to [31, Thm. 3, Sec. 5.9], the mapping
t — u(t,-) admits a continuous representative in L*(Q) when p € L?(0,T; H'(2))
and Oy € L2(0,T; [H*(Q)]"). This guarantees the well-definedness of the initial con-
dition p(0) = po in the weak topology.

THEOREM 2.3 (Global well-posedness). Let g € L*(2) N Pac(Q). Under As-
sumption 2.1, there exists a unique weak solution

p€ L>(0,T;L*(Q) N L*(0,T; H'(),  dyp € L*(0,T; [H'(Q)]),

to (2.1) with the estimate

|12l oo (0,722 () + 11l 20,7511 (90)) + [10epel | L2 0,751 (22))%) < C(T) | o |-

for a time-dependent constant C'(T') > 0. Additionally, u(t) € Pac(Q) for allt > 0.

Proof. The proof proceeds via a Picard iteration adapted from [25]. Specifically,
from a smooth initial condition, we construct a sequence {i, }nen C L?(0,T; H(2))
of solutions to

(2.2) { Opin, = oAty + V- (un VU[pn—1])  in (0,77 x Q,
’ ILLn(O, ) = Mo on Qv

which are linear Fokker-Planck equations with the drift vector field frozen from
the previous iterate. Existence and uniqueness of solution to (2.2) at each step in
C>(0,T;C>(Q)) follow from standard results for linear parabolic equations on the
torus; see, e.g., [48, Ch. 6], [50, Thm. 2.6.13 and Thm. 3.2.1].

To pass to the limit, we establish uniform (on n) a priori estimates for p, in
L2(0,T; H'(Q)) N L>=(0,T; L*()) and for dp, in L*(0,T;[H(2)]") by exploiting
the regularity of V' and W. These ensure that the sequence {uy}nen is bounded in
the appropriate Sobolev-Bochner space and admits a subsequence converging weakly
to a limit p. Furthermore, we establish that the sequence converges strongly in
LY(0,T; L*(Q)), which suffices to produce a weak solution of (2.1). The limiting
function p satisfies the same a priori estimate as the approximating sequence, by weak
lower semicontinuity of the corresponding norms, and it satisfies the weak formulation
of Definition 2.2. Existence, therefore, follows. The uniqueness of weak solutions is
obtained via a Gronwall argument applied to the difference of two solutions in L2.
The result is then extended to L? initial data using mollification. A complete proof is
given in the extended preprint [35]. We also refer to [46, 49] for additional arguments.O
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Remark 2.4 (Classical regularity under smooth data). If V, W € W?2k+12°(Q)) and
po € H?(Q) N Pac(Q) for k = [2+ d/4], then the unique weak solution p to (2.1)
admits a representative in

e CH(0,7); C*(Q)),

after modification on a set of measure zero. This follows from standard parabolic
regularity theory and the Sobolev embedding on the torus. A complete argument is
provided in the extended preprint [35].

2.3. Stationary states and exponential convergence. We recall that a sta-
tionary solution i of (2.1) satisfies

(23) V- (aVell) +oAi=0 <> f(x) = = exp(~Lofl(x)),

with Z — / exp(—Lola](")) dz’ [59.

The foll%wing Proposition 2.5 follows from the logarithmic Sobolev inequality and
strict convexity of the free energy, which is rigorously proved in [41] for the Euclidean
space R? and is carried over to the torus with periodic boundary conditions. We
refer to [23, Thm. 2.1] and [49, Sec. 2.3] for extensions and recall the definition of
H-stability in the convention of [22, Def. 2.1]: a function W € L?(Q) is said to be
H-stable if it has non-negative Fourier coefficients. Equivalently, for all v € L?(),

W(z — y)v(x)v(y)dedy > 0.
QxQ

PROPOSITION 2.5 (Existence and uniqueness of stationary states). Under As-
sumption 2.1 and V,W € C%(Q) being either H-stable or such that |W ||« < o. Then,
(i) there exists a unique solution i € Pae(2) to (2.3);
(i) if the initial condition has finite relative entropy with respect to fi, namely
Jo 1olog(po/ i) dx < oo, the solution of (2.1) satisfies

lp(t, ) = il < Cem

for appropriate constants C, a0 > 0.

Remark 2.6 (Non-convex case and bifurcations). If the interaction potential W
is not H-stable, equation (2.3) may have multiple solutions at sufficiently low tem-
peratures (equivalently, for sufficiently small diffusion o), leading to phase transitions
(qualitative changes in the set or stability of stationary states) and metastability (tran-
sient states that persist for a long time before converging to a stable state) [22]. A
classic illustration is the noisy Kuramoto model on T, with V' = 0, W(x) = —K cos(x),
and o = 1/2. For K < 1, the uniform density x4 = (27)~! is the unique (and stable)
equilibrium. At the critical coupling K = 1, it loses stability, and for K > 1, multiple
nonuniform steady states bifurcate, all spatial translations on the torus of

exp (2Kr cos 0)
Jrexp(2Kr cos ¢) do’

9cosmd
WK, W(e) = 5T °

(24) [L(G) = f ebcosz o
T

while the uniform state remains a steady state but is now unstable [55, 10].
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2.4. Spectral analysis of the linearized dynamics. We now analyze the
spectral structure of the linearized McKean-Vlasov dynamics around a stationary
distribution f. By understanding the spectral properties, we formulate a feedback
design that uses information about the modes requiring stabilization.

Fix a stationary state [ satisfying (2.3), which will serve as the desired target
distribution for the feedback control law developed in Section 3. Set X := L?(Q,n™!)
and define the operators, for all y € X,

(2.5) Ap =V - (uVV +0oVu) and W(u) =V - (uVW % pu),

so that equation (2.1) can be written as O, u = Ap+W(u), where W is a nonlinear and
nonlocal operator. The domain of A is given by D(A), while the domain of W is given
by HY(Q)NX = HY(Q). Because V€ W1>(Q) and W € W2>°(Q), both V and W
are continuous. Since fi € P,.(2) C L' (Q2), the convolution W x i is continuous on .
Hence i o< exp(—(V + W x i) /o) is continuous and strictly positive on the compact
domain 2. Therefore it is bounded above and below. Consequently, the weighted
and unweighted Sobolev spaces coincide as sets with equivalent norms. In particular,
HE(Q)NX = H*(Q) for every nonnegative integer k. Hence, well-posedness on X
immediately follows.
Denote by Dy the Fréchet derivative of W at fi, which can be computed as

Dwy =V - (yVWxp+pVW=xy), yeX
by noticing that W(y + i) = Dwy + W(y) + W(ii). Then, the perturbation variable

(2.6) Y= p— i
satisfies

(2.7) Oy = Ly +W(y),
where

(2.8) L:=A+Dy

is the linearized operator around ji.

Ground-state transformation. We perform the (ground-state) unitary trans-
formation (see, e.g., [48, Sec. 4.9] and [16, 52, 56, 60]), to map the Fokker-Planck
operator £ to a Schrédinger operator H defined in L?(€)). Specifically, define the
unitary operator

U X — Q). (Uy)(e) =
fi(x)

Verifying that ¢ is an isometric isomorphism with a well-defined inverse is straight-
forward. Then, set

Hi=—-ULU ' = Hipe + K,

where
Hloc =—0gA + ( )
is a Schrédinger operator with potentlal U( ) |Vv|2 $Av and v[fi] = V+W =i,
and K is the integral operator K[¢ fQ cly7 where
() SVA
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The operator
Liocy = —U " HiocUy = oAy + V - (va[ﬂ])

is a standard linear Fokker-Planck operator with diffusion ¢ > 0 and frozen drift field
v[i]. Once the stationary state [ is fixed, the same integration by parts argument as
in the no-flux case (see [16, Lem. 3.1]) shows that, on the compact manifold 2, the
operator L) is self-adjoint on X with compact resolvent. In particular, its spectrum
is purely discrete and nonpositive, and zero is a simple eigenvalue.

LEMMA 2.7 (Spectral properties of Li.). The operator Lioe is self-adjoint with
compact resolvent, o(Lioc) C (—00,0], and ker(Lioc) = span{fi}; 0 is a simple eigen-
value and i is the unique (normalized) steady state.

In the following, the nonlocal part K is shown to be Hilbert-Schmidt and hence
compact (see the proof in the Appendix). By Lemma A.1, this implies that the full
operator H = Hjoc + K also has compact resolvent and a purely discrete spectrum
consisting only of eigenvalues of finite algebraic multiplicity accumulating only at oo
in modulus.

LEMMA 2.8. The operator K is Hilbert-Schmidt, hence compact, on L?(£2).
Remark 2.9. The kernel k of IC decomposes as

(i) ii(y)] M/

k= ksym + kasym7 kasym (r,y) = =

(Volfl(z) - VW (x — 1)),
As shown in Lemma 2.12, the operator norm of K.sym bounds the imaginary parts of
the spectrum of H. In particular, if V' = 0 and p is uniform, K is self-adjoint.

PROPOSITION 2.10 (Discrete spectrum of H). The operator H has compact re-
solvent. Its spectrum consists of isolated (possibly complex) eigenvalues of finite mul-
tiplicity accumulating only at co in modulus, i.e., o(H) = {A}n>1, An isolated,
finite algebraic multiplicity, and |\,| — oo. Furthermore, there exist (generalized)
eigenfunctions {pn} of H and corresponding eigenfunctions {p%} of H* such that
(Ons 05 = Onm, and the linear spans of {¢n} and {@%} are both dense in L?(£2).

Proof. On the compact torus T¢, the Laplacian —A with domain H?(Q) is self-
adjoint in L?(£2) and has compact resolvent, since o(—A) = {|k|? : k € Z%} is discrete
and unbounded above. Adding the operator ¥ — Wy to —cA, with the bounded
function ¥, yields Hjo., which remains self-adjoint on H?(Q2) and still has compact
resolvent by Lemma A.1. Finally, since K is compact by Lemma 2.8, the full operator
H still has compact resolvent. [36, Ch. III, Sec. 8, Thm. 6.29] concludes the theorem.O

Because H is unitarily equivalent up to a minus sign to £, its spectrum is clearly
the negative of that of £, i.e., 0(H) = —o(L). Indeed, for any A € C,

(H—=M)p=0 <= (L+X)(U " p)=0.

Moreover, mass conservation

OZ/CWMZQA+QWMMVM Ve X
Q

implies £*i1 = 0. Hence [ is a nontrivial element of the kernel of the adjoint, and
0 € o(L£). Thus, we have proved:
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PROPOSITION 2.11. The spectrum of the operator H is the negative of the spec-
trum of the operator L, i.e., o(H) = —o(L). Further, ¢ is an eigenfunction of H
with eigenvalue X if and only if U= ¢ is an eigenfunction of L with eigenvalue —\.
Finally, 0 € o(L).

Before turning to the control design, we state a spectral property that will be
necessary in the proof of Theorem 3.1. Namely, although the full operator H acts
on an infinite-dimensional space, only finitely many of its eigenvalues can lie above
any prescribed real level. This ensures that only a finite number of modes need to be
stabilized by a feedback control.

LEMMA 2.12 (Finiteness of spectrum above —¢). For any § > 0, the set
{xea(L):R(N\) > -6}

is finite.
Proof. Since Hjoc is self-adjoint, bounded below, and has compact resolvent, its

eigenvalues {pu,}nen are real, of finite multiplicity, and satisfy wp, — +oco. By a
standard perturbation argument,

oo

< U DG I,

where D(a,r) = {z € C: |z —a| < r}. Thus each \ € o(H) satisfies |\ — u,| < ||K||
for some n € N, which implies |¥(A)| < |IK] and R(A) > min, p, — ||K]| > C >
—oo for a constant C. By Proposition 2.10, the eigenvalues of H satisfy |A\g| =
VSI(AE)2 + R(A\g)2 — oo as k — oo, hence R(\) — oo. Consequently, only finitely
many 1 € o(H) can satisfy R(n) < J, and, therefore, only finitely many A € o(L£) can
satisfy R(\) > —0. 0

Remark 2.13. Since L is the sum of —cA and a bounded operator,

D(L) = D(—0A) = H*(Q)NX = H*(Q).

From the spectral analysis presented in this section, it follows that the linearized
McKean-Vlasov operator £ has a discrete spectrum with finitely many eigenvalues
with real part larger than —¢§, which are the only modes that need to be controlled.
In the next section, we exploit this modal decomposition to formulate and solve a
finite-dimensional Riccati equation for feedback stabilization.

2.5. Decoupling via the zero-mean projection. The linear operator £ de-
fined in (2.8) has an eigenvalue at 0 arising from mass conservation (see Proposi-
tion 2.11). In particular, if y(t, 2) = u(t,z) — i(x), then [, y(t,z)dx = 0 for all t > 0.
Consequently, instead of the full space X, our dynamlcs and control are restricted to

the zero-mean subspace
Xo = {yeX:/y(m)da?:()}.
Q

In the sequel we introduce the projection P onto Xy so that Xy = im(P), and derive
the reduced dynamics on this subspace.
Define the projection on X

Py:=y— (/Q y(x) dx) i,
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so that Xy := im(P), and decompose y via the projections P and Q :=1 — P, i.e.,
yp =Py, yq:=Qy, X =im(P)®im(Q).
Applying P and Q to the evolution PDE for y given in (2.7)

8typ + 8tyq = £(yp + yq) + W(yp + yq)

yields

Ay =0 = y4(t) = y4(0) = Quo — it
since QL = 0 and QW = 0, and

Owyp = PLyp + PW(yp), yp(0) = Ppyo.
Given that PL = £ on H?(2) and PW =W on H'(Q),

Oyp = Loyp + Wo(yp), Yp(0) = Ppo,

where
Lo = LIp, Wo(yp) = W(pyy),
and Ip : Xy — X is the canonical inclusion.

Remark 2.14. By working on the space Xy = im(P), we have that, for all f € X,

s = [ f@)de =0

so ji € Xg-. The eigenfunctions of £y cannot belong to span(ji).
Under the ground-state transform U, the zero-mean projection P on X induces
the orthogonal projector

Pu=UPU: L*(Q) — {Vi}.

Since P commutes with £ (mass conservation), it follows that Py commutes with H.
Hence the reduced Schrédinger operator

Ho=PuH
is well-defined on the codomain im(Pg) = {/f}+ C L?(f2), and corresponds to the
projection PL on the weighted side.

3. Control Problem Formulation and Riccati Feedback. In this section,
we pose the feedback-stabilization problem for the McKean-Vlasov dynamics on the
torus and state the Riccati-based control design using the linearization step discussed
in the previous section.

3.1. Formulation. We steer equation (2.1) by adding a time-dependent poten-
tial of the form

V(x) = V(@) + D uy(t)ay (),
j=1

where each a; € WH°(Q) N W2P(Q) is a prescribed shape function, which will be
chosen ad hoc to meet the stability condition, and u;(t) € R are scalar controls.
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The admissible class for u = (u1,...,uy) is introduced below in the linear-quadratic
formulation. Using the operators A and W defined in (2.5), the controlled PDE
becomes

m

(3.1) Oep = Ap+W(p) + Z u;(t) Njp,

where N : D(N;) C X — X is defined as Njpu == V- (uVay) with D(N;) = H' ().
The equation for the perturbation y (2.6) around a steady state [ is

m

(3.2) Oy = Ly + Y u;(tNjy + Z Bju;(t) + W(y),

j=1

where £ is defined in (2.8) and B; := N;f. The first order approximation of this
equation is given by

(3.3) dy = Ly+ Y Bju,(t).
j=1
We apply the zero-mean projection P onto Xy and define
NOJ ::/\[jI% Boj=B; j=1,...,m

to obtain operators defined on Xy. Since PN; = N, PB; = Bj, QN; = 0, and
OB; = 0, on the respective domains, the projected dynamics read as

Oryp = Loyp + Z Uy (t)No)jyp + Z Bo juji(t) + Wolyp)-

j=1 j=1
Notational convention. From now on we write
Y = Yp, ﬁEﬁo, WEWQ, Ho EH, ./\[j ENQJ, BO,j EBj

with the understanding that all of these objects act on the zero-mean space A}, or,
after the ground-state transform, on L3(€2).

3.2. Linear-quadratic control problem. For a prescribed target exponential
decay rate § > 0 and a self-adjoint, positive operator M : Xy — Xj, define the cost

(3.4 ) =5 [ (0 MyO)os + ul0)E)

2 Jo

The exponential weight reflects the goal of achieving stabilization with decay rate at
least §. Accordingly, the admissible control space is

L%(0,00; R™) = {u :(0,00) = R™: / Xt u(t) |2 dt < oo} .
0

Under the (zero-mean) linearized dynamics (3.3), we set z(t) = e’ty(t), v;(t) =

e‘;tuj (t), obtaining the standard linear-quadratic problem

. 1 [~ 9
(3.5) i [ e Me) + 000
(3.6) Opz = (L +01)z + Bu,

where Bu = Z;nzl Bju; (t).
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THEOREM 3.1 (Hautus d-stabilization). Fiz 6 > 0. Assume the first m eigen-

pairs {(Aj, ¥;)}7y of L satisfy RA; > —6. If the shape functions c; solve

(37) V- (/ZVaJ) :’lbj, _] = 1,...,m7
with periodic boundary conditions, then (L,B) satisfies the infinite-dimensional Hau-

tus test and is 0-stabilizable.

Proof. By Lemma 2.12, there are finitely many eigenvalues of £ in the half-plane
RA > —6, namely {\1,..., A\ }. Set B; = U a;. Applying the ground-state trans-
form and rewriting in Schréodinger form, equation (3.7) becomes

(3.8) HiocBj = —oUYp; = —op;,

where ¢; denotes the corresponding eigenfunction of the operator H = Hioe + K.
On the torus, Hiec is self-adjoint on D(Hioe) = H?(Q) and has closed range. By
the Fredholm alternative, (3.8) is solvable iff the right-hand side is orthogonal to the
kernel of ”H,LC = Hioc. Under this condition, there exists 8; € w2 (Q) for any p’ > 0.
In particular, 3; € WH>°(Q) N W?2P(Q) [31, Sec. 6.2]. By Lemma 2.7, we know that

ker(?—[foc) = ker(Hioc) = span{v/ii}.

Therefore, the equation (3.8) is solvable if and only if ¢; L span{\/i}, or equivalently,

1; L span{i}, which is true by Remark 2.14. Additionally, the solution «; is unique

up to a constant, which we do not define since we are only interested in its derivative.
Let {(A;, ¢:)}™, be the corresponding eigenpairs of £*, chosen so that

<wj7¢i>ﬁ*1 = dy;.

Then, we compute

B¢ = (Y1, @)1, (s )i ) = €0 70,

where {e;}; C R™ is the canonical basis. So, no nonzero vector in

P ker(\ - L7)

RN)>—5

lies in ker(B*). This is exactly the infinite-dimensional Hautus condition. Since we
assumed M to be positive definite, the pair (£, M) is trivially detectable, and the
proof follows from [28, Thm. 5.2.11]. d

3.3. Algebraic Riccati equation and feedback law. We now derive the
Riccati equation whose solution yields the optimal control for problem (3.5)-(3.6).
Recall that £y = Ag + Do, w acts on the zero-mean space X, and By is the control
operator on Xy. We consider two equivalent algebraic Riccati equations:

(RO) (ES + 5])1—10 + H0(£0 + 5]) — H()BQBSHO +M=0, Ily= HS € ]L(Xo),
(R) (P*L+ 6P YI+TI(LP+6P) —IBB* I+ P*MP =0, II=II"€L(X),

where equation (Ry) is posed directly on the zero-mean subspace, while (R) is its
extension to the full space.
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A standard decomposition argument shows that any solution IT of (R) restricts
to a solution of (Ry) via Il = I5I1Ip and conversely any solution Il of (Rp) lifts to
a family of solutions of (R) by II = P*IIyP + ~Q, for all v € R. In either case, the
optimal feedback

o(t) = =B Tz(t) = u(t) = e %v(t) = —B*Ty(t)

is the same since B*Q = 0. For more details, we refer to [16, Sec. 4.3].

We conclude by stating the connection between the Riccati equation and the
optimal control problem (3.5)-(3.6), which is guaranteed by Theorem 3.1 coupled
with [28, Thm. 5.2.11].

PROPOSITION 3.2 (Algebraic Riccati Equation). Under Theorem 3.1°s hypothe-
ses, there exists a unique self-adjoint, nonnegative II € L(Xp) solving (Ro). The
resulting feedback law

v(t) = =B TIz(t), u(t) = e *u(t) = —B Ty(t).
is optimal, and the operator L .= L + 61 — BB*II generates an exponentially stable
semigroup on Xy.

3.4. Local exponential stabilization. After computing the optimal control
in feedback form v(t) = —B*I1z(¢) for the linearized model, we insert it into the full
nonlinear dynamics to obtain the closed-loop equation

i = Lyz — (BTN ()2 + W (1) (2),

where N?(t)z = (N{(t)z,--- , N3, (t)z), NP(t) = e "N and WO(t) = e **W. By
doing the change of variables 1) = Uz, we obtain the equation in L?(Q):
(3.9) = —Huw — (BTN (1)) + W (v),

where o R R
Hu=H—-0I+BBI, B=uUB, I=UIIU",

Nt =UNP U™, W =uwiut.

By Proposition 3.2 and Lemma 2.8, both BB*II and the integral perturbation KC are
bounded on L?(§)). Hence

(3.10) D(Hn) = D(Hioc) N L3(), DHiy) = D(Hiye) N LG(RQ).
Denote H}(Q) == H'(Q) N L§(Q) and notice that [H} (Q)]* = {F ¢ [H'(Q)]* :
(F, 1)1 ())-,m1 () = 0}. By standard real-interpolation theory for sectorial opera-
tors, taking A € p(Hioc) and setting Hioe,x == A — Hioc,
[D(Hioen) N L5(Q), Li( D12 = Hy (Q) = [D(Hioe x) N L(Q), L5 (D)2

since the fractional powers of Hjoc x are well-defined. Moreover, by [40, Vol. 1, Sec.
12], we have

[D(HA), LE (D)2, [DHR), LE ()3 jali/2 = L5(9)-

Defining the evolution space

(3.11) W (0,005 Q) = L?(0,00; H{ (22)) N H"(0, 003 [H} (2)]*),
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equipped with the norm

o0
Hy”W(O,oo;Q) = \//0 ||y(t)||§{1(g) + ||aty(t)H[2H1(Q)]* dt,

one obtains the following maximal-regularity result.

THEOREM 3.3 (Maximal regularity).  Let f € L*(0,00; [H} ()]*) and 4o €
L3(Q). Then the Cauchy problem

admits a unique mild solution 1» € W (0, 00; Q) satisfying
lllw o000 < C(IF 2000 1) + I¥0ll2)

for some constant C > 0. In particular, ¢ € Cy([0,00); L3(Q2)).
Proof. Write

Hi=A+B, Aw=Hioeyr B:=—(0I-BBT+K),

acting on LZ(Q). By Proposition 2.10, A is sectorial with angle 0, has compact
resolvent and D(A) = D(Hioc) N L3(Q). Since B € L(L3(£2)), and by (3.10) we have
the interpolation identity

[D(A), L§(D)1/2 = H{(Q) = [D(A™), L(Q)]1/2,

so that the operator A+ B meets the hypotheses of the maximal-L2-regularity theorem
([8, Ch. 3, Thm. 2.2]; see also [40, 1.4.2]). The conclusion follows immediately. O

The closed-loop evolution in equation (3.9) contains two nonlinear (quadratic-
type) perturbations:

Fi(9)(t) = (BT O)N°(0)(t),  Fa()(t) = W (¥(t))-

In order to run the contraction argument in W (0, co; ), we estimate each one sepa-
rately. The next lemma bounds the feedback term F1; its proof is essentially identical
to [16, Lem. 4.7], so we only state it here.

LEMMA 3.4 (Feedback-term estimate). There exists C; > 0 such that for all
y’ z E W(O’ OO; Q)’

1F1(y) — F1(2) [l 20,00 5 ()]%) < C1lYllw (0,00:0) + 12llw (0,00:20) 1Y — 2l (0,00:0)-

We now propose an estimate for W9 of the same type.

LEMMA 3.5 (Nonlinear remainder estimate). There exists 5’2 > 0 such that for
all y,z € W(0, 00; ),

1F2(y) — F2(2)l 22 (0,005 (2))7) < Co2([[Yllw(0,0050) + 21w 0,005 1Y = 2llw(0,00:0) -
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Proof. Set u=U"ty, v =U"'2. Then
Wo(y) = Wo(z) = e~%U [V (uVW * (u—)) + V- ((u—v)VIW % v)]
Since e~ % < 1,
A2 (y) = W (2)l| 20,00tz @)) < UV - (W 5 (1= 0)) [ £2(0, 000 (2)%)
UV - ((u =) VIV 5 0) || 120 005111 ()]
Consider the first term. For a fixed ¢ and any ¢ € H*(2) such that |¢|| g =1,

UV - (uVW * (u—v)), ) = (V- (uVW * (u—v) <p> .
:/V-(UVW*(u—v))\/ﬁjdx
Q K

—/QUVW* (u—v)-V(%)da:

—/QuVW*(u—v)~ [V¢+V(V+2‘Z”L)<P}\/lﬁd$

R Y e s

=l

Hence, by Cauchy-Schwarz,

VW*u v)

UV - (uVW * (u

Vase s iwegn o,

]

Since [ is continuous and strictly positive on the compact domain 2, it is bounded
above and below. Therefore,

ae B ], < et =

for some constant C7 > 0, and, by Young’s inequality,

v Tete=sd|| < fyls || e
<yl || 2| 9wl = el
< Cwllylle |z _lly = =1l
where Cy := |[W ||y, (q), and we use Cauchy-Schwarz to obtain

Hu—vul=/9|\/ﬁ<y—z>\dxs ly — .

Since fi is bounded below, ||1/y/fillcc < 00, and there exists a constant C, > 0 such
that
UV - (VW s (= 0)) || @) < Cellyll2lly = 22

Integrating in time gives

[UV - (VW  (u = )| L2(0,00:m ())) < CullYll Lo (0,00:22) 1Y — 2[22(0,00:2(22)) -



FEEDBACK STABILIZATION OF MCKEAN-VLASOV PDES 17

For the second term, we repeat the previous estimate with the substitutions v’ = u—w,

v’ :=u — 2v. Because u' — v’ = v, the expression V - ((u — v)VW % v) is the same as

V- ('VW * (u' —v')), so applying the bound proved for the first term with (u/,v")
in place of (u,v) therefore yields

UV - ((w = ) VW 5 0)[| 20,0051 (2))) < Cxllzll 20 (0,005220) 1Y — 2l £2(0,00512(2))-
The continuous embeddings
W (0, 00; Q) — Cy([0,00); L*(R2)) and W (0, 00; ) — L?(0, 00; L*(Q))
from [40, Vol. I, Thm. 4.2] imply the existence of a constant C’ > 0 such that
1Yl Lo (0,00:22(2)) < CYllw0,000)5 1Y = 2llz2(0,00:22(0)) < C'lly = 2llw0,000)

so that the lemma follows after setting Cy := C,(C")2. ad
Combining the three preceding estimates contributes to the concluding theorem.

THEOREM 3.6 (Existence via contraction). Let C' > 0, Cy > 0, and Cy >0
be the constants from Theorem 3.3, Lemma 3.4, and Lemma 3.5, respectively. If the
initial data 1o € L?(SY) satisfies

3

Yoll2 £ ———=—=—,
Wl = S5 e 6+ &)

then the closed-loop equation (3.9) with initial condition 1 (0) = Py admits a unique
solution ¥ € W (0, 00; Q) satisfying

1

[llw(0,000) € —=——=—
WO = 0 (G + Ca)

Proof. We follow the proof from [16, Thm. 4.8] closely. Define the map

. — . . 1
.F . B — .B7 B = {U) € W(0,00,Q) . ||'LU||W(0700,Q) S m},

by letting 1) = F(w) be the unique mild solution of
Ot + Htp = —(BIw)N° (H)w + W (w),  $(0) = P.
Denote F' := —F; 4+ F; so that 0;¢ + Hyp = F. By Lemma 3.4 and Lemma 3.5,

1E' (W)l 20,0051 ()]) < élanIQ/V(O,oo;Q) + 62Hw||%/[/(0700;9)

= (C + 52)”“’“%1/(0,90;9)
1
S L .
16C2(Cy + Cy)

Hence Theorem 3.3 yields for the mild solution ¥ = F(w), the inequality

=+ Cllvoll2-

191w (0,00:0) < ClIE (W) 220,001 (2))%) + Clltoll2 < m

By the assumption of the initial data, || (w)||w0,00;0) < 4/(16 C(Cy +Cs)). Thus F
maps B into itself.
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We next verify that F is a contraction. To check the contraction, let w; € B and
¥; = F(w;) for i = 1,2. Then,

o1 — Oppa + Hu (Y1 — o) = Fwr) — F(wz2), (1 —12)(0) =0,

so again by Theorem 3.3, Lemma 3.4, and Lemma 3.5

61 = w2000 < O (B Tu) AP (0w — (BTl )N (0w

L2(0,00;[H! (2)]*)

+ ]\W5(w1) —W(S(wg)‘

LZ(O’OO;[Hl(Q)]*))
< C(Cr1 + o) (lwillwo,00:0) + l[w2llw 0,005)) lwr — wallw (0,0050)

. 2
<C0Cy+Cy) ————||lw] —w oo
(Ch 2>4C(Cl+02)” 1= w2lw0,00:0)

= *le - w2HW(O,oo;Q)'
2

Hence F is a strict contraction on B, and Banach’s fixed-point theorem implies the
existence of a unique solution ¢ € B with 1) = F(¢), completing the proof of local
existence and decay. O

A direct follow-up from this theorem is the following corollary.

COROLLARY 3.7 (Local decay). Let u(t) = —B*Iy(t), y(0) = Pug. There exist
e >0, C >0 such that

ly@))|zr < Ce™,  Vt>0,

provided ||y(0)][z-: < e.
Along the closed loop u(t) = —B*IIy(¢), one has the identity

% (€2 (My (1), y (1)) 1) = —e®* ((My(t), y(t)) a1 + [u(®)]3) .

hence

/ooo X fu(t)[3 dt < (Ty(0), y(0)) -1

In particular, since the operator B*II is bounded, Corollary 3.7 yields
[u(®)l2 < 1B [ly(®)]|z-+ < CIB lle™*

for all £ > 0, as long as [|y(0)[|;z-1 is sufficiently small.

4. Numerical Experiments. To illustrate the performance of the Riccati-
based feedback control law, we discretize the controlled perturbation equation (3.2)
on the torus associated with the controlled McKean-Vlasov equation (3.1), using a
spectral method (see, e.g., [44]). In our experiments, we employ a truncated Fourier-
spectral scheme, chosen for its natural handling of periodic boundary conditions, its
high accuracy for smooth solutions and coefficients, the fact that the Fourier basis
diagonalizes the Laplacian, and the use of Fast Fourier Transform to evaluate convo-
lution terms and inner products. However, the nonlinear remainder W in (2.5) still
couples modes, so interactions among retained modes generate frequencies outside the
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truncated space. At the discrete level, the feedback design also requires solving a cou-
pled finite-dimensional Riccati equation rather than independent mode-by-mode prob-
lems. Consequently, the truncated dynamics are not closed, and a rigorous conver-
gence analysis of the closed-loop Fourier approximation is nontrivial. Other numerical
approaches for nonlinear Fokker-Planck equations include structure-preserving finite-
difference schemes designed to preserve positivity, entropy dissipation, and large-time
behavior [47].
We truncate to 2L + 1 Fourier modes

L L

y(at) ~ gu(e,t) = Y ap()r(@), px)~ (@) = D wér(),

k=—L k=—L

impose ag(t) =0 and fg = 1/ V27 to meet the mass conservation property, and thus
end up with a system with 2L ordinary differential equations (ODEs) by projecting
equation (3.2) onto the finite-dimensional space spanned by these modes. On the
torus T, we consider ¢y (z) = €**//2m so that (¢;,¢x) = di. For each i € I =
{-L,...,—1,1,... L}, we have

8tai:Z<£¢k7¢l>ak+ZZUJ<N¢;€,¢1>G;€+ZUJ B;, ¢:) + Fi(a),

kel kel j=1

where F;(a) = —(g. VW % g5, V;). We then define the inner product matrices

[LV ik — <¢k¢vv v¢z>

]
[D]ix = (Vér, Vi),
[Lwlik = (o VW * fir, + AL VW x ¢y, Vb ),
[Njlik = (¢prVa;, Vi),
[Bj]z = <ij¢ ) = < “(fir vaj)a¢i>7

for ¢,k € I so that, in vector form,

(4.1) Ora = — LV+JD+LW+Zuij a+ Bu+ F(a).
j=1

We also approximate the initial condition by fip with Fourier coefficients fig ; for i € I
and fig,0 = 1/v27. Finally, we approximate M by the matrix M defined as

M'L'k - <M¢ka¢i>a ka el

With these definitions, set A = —(Ly + oD + Ly — §I). We then solve the
finite-dimensional algebraic Riccati equation

(4.2) ATl +TIA —TIBB*TI + M =0,

for the (unique) self-adjoint positive-definite matrix IT. The resulting optimal feedback
is u = —B*Ila. For each fixed truncation level L, the closed-loop system (4.1) after
substituting u with the feedback law is a finite-dimensional autonomous ODE with a
polynomial right-hand side of the form

a= ALa + QL(aaa)7
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for a matrix Ay and a bilinear map Q. Consequently, the Galerkin coefficients a
are smooth in time on their interval of existence, and each feedback component u;(t)
inherits the same time regularity.

The quality of the numerical control depends in part on the conditioning of (4.2),
that is, on the sensitivity of the solution IT to perturbations in A, B, and M. This
local sensitivity is characterized by the Lyapunov operator H — A} H + H Aq, where
Aq = A — BB*II, so poor conditioning corresponds to this operator being close to
singular [57]. By setting B; = w; for the directions satisfying RA; > —¢ in The-
orem 3.1, the columns of B are the projections of the eigenfunctions v; of £ onto
the Fourier basis, so weak actuation of the modes that need to be stabilized is not
expected to be the source of ill-conditioning. For the practical Fourier ansatz used
below, however, this conclusion is no longer automatic. Since the numerical section
is only illustrative, we only check the Hautus stabilizability condition numerically for
the finite-dimensional pair (A4, B), namely

rank[A\] — A, B] = 2L

for all eigenvalues A of A with A > 0, instead of pursuing a conditioning analysis.

In practice, for the next examples, we bypass computing the first few eigenfunc-
tions of £ and instead take a simple Fourier-basis ansatz for the control shapes.
Concretely, we set m = 4 and

a1(x) =sin(z), ao(x) =cos(z), az(z) =sin(2z), ay(x)= cos(2z).

We verify numerically that the truncated pair satisfies the Hautus condition. This
choice yields stabilizing feedback in all our examples and provides a practical frame-
work for computing eigenfunctions when the process is numerically complicated. The
controlled ODEs are then integrated in time using a Runge-Kutta method of order
5(4). For simplicity, we take M = vI, with v = 103 or v = 105.

4.1. Noisy Kuramoto model. This model is a canonical McKean-Vlasov PDE
describing the collective dynamics of mean-field coupled phase oscillators on the circle,
where attractive coupling competes with diffusion [38]. It exhibits a well-studied syn-
chronization transition (see, e.g., [10]), where the uniform steady state loses stability
at a critical coupling strength, and a continuum of nonuniform equilibria bifurcates
thereafter. This rich phase-transition structure in a tractable model makes it a good
proving ground to demonstrate both stabilization of unstable equilibria and redirec-
tion onto chosen synchronized distributions. In our notation, the noisy Kuramoto
model is written as W (6) = —K cos(), o = 0.5, and V(0) = 0. The critical coupling
strength is K = 1. For K < 1, the only steady state is the uniform density g = 5,
also called the fully incoherent state since it corresponds to the absence of synchro-
nization; in this regime, the dynamics converge to ji. This state becomes critical when
K =1, and for K > 1, there are infinitely many nonuniform synchronized densities,
all translations of (2.4), and the uniform state becomes unstable.

Figure 2 summarizes the synchronized steady states and their slow convergence
near the bifurcation point. The left panel plots the stable density i given by (2.4),
illustrating how increasing the coupling sharpens the peak. The right panel shows
the spectral gap Agap of the linearized operator £ as a function of K when K > 1,
comparing the theoretical lower bound from [10] with our numerical computations over
K € (1,1.25]. The small values of this gap close to K = 1 indicate slow convergence
toward the synchronized steady state in the uncontrolled dynamics.
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Fig. 2: Different steady states and spectral gap. Left: shape of the synchronized
equilibrium densities fi(f) as coupling K increases. Right: numerical estimates and
theoretical lower bounds of the spectral gap Agap as a function of K.

We solve the controlled finite-dimensional system (4.1) from a fixed initial distri-
bution g, and compare the resulting trajectories of y, defined in (2.6), in terms of the
weighted norm |[|y(t)||z-+ with and without the feedback control. Figure 3 presents
three distinct scenarios for the noisy Kuramoto model:

(a) for K < 1, feedback accelerates convergence to the globally stable incoherent

state i = (27)7%;

(b) for K > 1, where ji = (2m)~! becomes unstable, the control successfully

stabilizes it;

(c) for K > 1, we steer the system toward a prescribed spatial translation of

the steady state distribution given in (2.4), namely fi(- + 6p) for some fixed
fp € T, in contrast with the uncontrolled dynamics, which converge to a
different equilibrium.

Fitting a linear trend to logyq [|y(t)|z-1 over t € [0.2,2] yields slopes of approx-
imately —3.5,—3.4, —3.2, respectively, for each example, corresponding to an expo-
nential decay rate § > 3 for all three examples. As a comparison, the uncontrolled
dynamics in the first example decay exponentially at a rate 0.01.

(b) K = 5: Stabilization of unstable (c) K = 5: Steering toward a specified
uniform state synchronized branch

(a) K = 0.95: Acceleration toward
uniform equilibrium

= Uncontrolled

= Controlled = Controlled

= Controlled

o

Time ¢ Time ¢ Time ¢

Fig. 3: Results for the control for the noisy Kuramoto model. (a) Acceler-
ation to the incoherent state (K = 0.95): Riccati feedback (blue) vs. uncontrolled
(red dashed). (b) Stabilization of the unstable uniform state (K = 5): feedback re-
covers exponential decay. (c) Steering under a different stable steady state (different
translation) (K = 5): feedback still maintains decay. All panels plot ||y(¢)]|z-1 on a
log-scale. In all three panels, v = 103.

7
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Quantitative evidence is provided by Figure 4. This figure illustrates how the
feedback law enforces exponential decay for different values of K, both toward the
unstable uniform state (scenario (a)) and the stable steady state (scenario (b)). In
contrast, uncontrolled dynamics (scenario (c)) converge more slowly to the stable
steady state and do not converge in the unstable case. This result uses § = 3 for
all examples. Figure 6 shows the spectrum of the linearized operator £ at i = 1/2x
and the closed-loop operator £ — BB*II for the noisy Kuramoto model with K = 0.5,
K =0.95, and K = 5. For the cases where K < 1, all eigenvalues have negative real
parts, but as close to the threshold K, = 1, the smaller the spectral gap is. For K > 1,
there is an eigenvalue with positive real part, which gives the instability of the uniform
distribution. In all cases, the feedback moves unstable or weakly stable modes into
the half-plane R(\) < —§, achieving the prescribed exponential stabilization rate.

Controlled Dynamics to the Controlled Dynamics to the Uncontrolled Dynamics to
Uniform Steady-State Stable Steady-State Stable Steady-State

107! .
10~ ‘ \
-9 » \-wwwm

ly @)l /1y (O) 1

“1' ‘(\l‘vw« r:w “» e
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Time ¢ Time ¢ Time ¢

— K=11 — K=13 — K=15 K=2.0 K=3.0

Fig. 4: Results for the controlled noisy Kuramoto model with different
couplings. Log-scale evolution of the scaled norm ||y(t)||z-1/[|y(0)|| ;-1 for three sce-
narios: (a) feedback-controlled convergence to the uniform steady state, (b) feedback-
controlled acceleration to the stable steady state, and (c) open-loop (uncontrolled)
convergence to the same target. In all controlled computations shown here, v = 103.

Figure 5 complements the plots from Figure 4 by showing the control components
in one representative run and the associated cumulative cost

70 = 5 [ (e My + () ds.

In the K = 3 example on the left, one component dominates while the others remain
close to zero for this representative initial condition and target. The right panel shows
that, for all displayed values of K, the cumulative cost quickly reaches a plateau in
the controlled dynamics targeting the unstable uniform density, indicating that most
of the control effort is concentrated near the initial transient.

4.2. Symmetry breaking example. To demonstrate the applicability of our
Riccati-based feedback control scheme, we evaluate it in three additional scenarios
where either an external potential or a nonconvex interaction breaks the translation
symmetry of the classical noisy Kuramoto model. Although each example features a
different bifurcation mechanism, the same feedback design consistently restores, or,
in the case of unstable targets, enables, uniform exponential decay.

(a) Cosine-potential perturbation. We add the periodic potential V(z) =
cos(2zx) to the noisy Kuramoto model introduced in Subsection 4.1 with K = 1. In
particular, V' attains its global minima twice at = /2 and = = 37/2 and its maxima
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Fig. 5: Representative controls and cumulative cost in the noisy Kuramoto
model. Left: control components uq(t),...,us(t) for a representative controlled run
with K = 3 and target i = (2r)~!. Right: cumulative cost J(¢) for controlled
convergence to the uniform steady state and varying K. Here v = 103.
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Fig. 6: Spectral shift by the feedback control in the noisy Kuramoto model.
Spectra with real part at least —30 of the uncontrolled generator £ (red crosses) and
the closed-loop operator £ — BB*II (blue circles) for the noisy Kuramoto model with
three coupling strengths K. The red dashed line marks z = 0 (stability boundary)
and the blue solid line marks z = —§ with § = 1 (target decay rate). Here v = 103.

at x = 0 and 7. Thus, it creates two symmetric wells separated by a barrier. At a
high temperature o 2 0.78, there exists a unique steady state fi(z) x exp(—V(x)/0o).
As the temperature o decreases past a critical value (& 0.77), two other steady states
emerge, each with a peak at either x = 7/2 or x = 37/2 (see [4]). In Figure 7, we
sweep o € [0.6,1.0] and plot the time evolution of ||y||;-1, where fi oc e~ <*5(22)/7 The
top panel shows that, under the feedback control, the perturbation decays rapidly to
values below 10~% across the entire range of temperatures considered even when the
number of controls is fixed. In contrast, the bottom panel shows that without control
the decay depends strongly on o, in the sense that for smaller ¢ the norm remains
large over the whole time window, while for larger o it decreases only gradually.

(b) O(2) model in a small magnetic field. Next, we bias the noisy Kuramoto
with K = 1 by adding an external field V(z) = —ncos(z) with the field-strength pa-
rameter 7 = 0.05 so that = 0 becomes the preferred alignment direction. As shown
in [11], the uncontrolled dynamics undergo a bifurcation at a critical temperature. Fig-
ure 8a compares the decay of the norm ||y(t)|| ;-1 for the controlled dynamics (left) and
for the uncontrolled dynamics (right), across several temperatures o. The left panel
demonstrates how the feedback control accelerates convergence to the steady state
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Controlled ||y (¢)||;-1 (logio)

Uncontrolled [|y(¢)]lz-1 (logio)

0.6

0 10 20 30 10 50

Time t

Fig. 7. Heatmap of Convergence for cosine-potential perturbation. Base-10
logarithm of the norm ||y(t)||;-1 versus time ¢ (horizontal axis) and temperature o
(vertical axis) for the confining potential V(z) = cos(2z) and interaction W(x) =
—cosz. Top: controlled dynamics under the Riccati feedback law. Bottom: uncon-
trolled dynamics. White contour lines indicate levels logy [|y||z-1 € {—8, —6, —4, —2}.
Here v = 10°.

with a uniform exponential rate even close to the bifurcation threshold (o = 0.47). In
contrast, the right panel shows the much slower (or stalled) decay of the uncontrolled
dynamics. In these experiments, we considered § = 1.

(c) Attractive von Mises interaction. We now turn to a pure mean-field
coupling without a confining potential, choosing the interaction kernel

W(z)=—1Iy(0)"" exp(fcosz), = €0,2n],

where I(6) denotes the modified Bessel function of order zero. This model is a peri-
odized analogue of a Gaussian attractive interaction and is called the attractive von
Mises interaction model. It is known (see [22, Cor. 5.14]) that for high temperature
o, the uniform density is the unique steady state and, as the temperature decreases
below a critical value, it loses stability, and a stable nonuniform steady state emerges.
Figure 8b depicts the acceleration of convergence through control. In our four-function
ansatz {o; };*:1, the maximum design rate we could numerically realize was J ~ 0.06
(considering all examples), so the improvement in decay is modest for small o. How-
ever, if we enrich the shape-function space, e.g., taking 8 Fourier modes a; instead of
4, the solvable ¢ rises (in our tests up to § = 0.2), yielding faster convergence, which
we do not depict here.

4.3. Feedback stabilization on the two-dimensional torus. To illustrate
that the Riccati-based feedback design extends beyond one dimension numerically, we
consider a two-dimensional attractive von Mises-type interaction on the torus T2. We
take V(z,y) = 0, o = 0.5, the interaction kernel

K
W(z1,292) = 7 exp (6(cos z1 + cos z2) + pcos z1 cos z2) ,
Ny
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Fig. 8: Feedback control in two non-convex 1D examples. In both cases,
the feedback control (left panels) enforces rapid exponential decay across all tested
temperatures, whereas the uncontrolled dynamics (right panels) either stall or decay
only for large o. In both examples, v = 10°.

where

Zy,p = / exp (0(cos z1 4 cos z2) + pcos 21 cos z9) dz1dzs,
T?

and take the target equilibrium to be the uniform density i = (2)~2. This kernel is
a two-dimensional analogue of the attractive von Mises interaction, with p controlling
the coupling between the two angular variables.

On T2, we consider the orthonormal Fourier modes

1 .
¢kx,ky (1‘7 y) = %el(kzm+kyy)’ ks, ky =-L,...,L,

and one single state vector indexed by all nonzero modes (kg, ky) # (0,0), where the
zero mode is omitted because of mass conservation. For the shape control functions,
we pick the four coordinate modes and the four diagonal modes

a1(z,y) =cosz, az(x,y) =sinz, as(z,y) =cosy, ay(z,y)=-siny,
as(x,y) = cos(r +vy), ag(x,y) = sin(z + y),
ar(z,y) = cos(z —y), as(z,y) = sin(z —y).
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In the reported computation we use § = 1.5, p = 0.75, § = 1, v = 10°, and L = 8. We
choose K = 30 so that the uniform density is unstable for this truncation. Figure 9
shows the resulting norm decay, the feedback controls, the initial density, the final
uncontrolled density, and the final controlled density. This figure confirms that the
same Riccati feedback control strategy achieves exponential stabilization with a rate
parameter at least § = 1.

Norm |[|y(t)||;-1 over time Feedback controls u;(t)

1
1
1
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1
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iny — u,

sin(z—y)

0 1 2 3 1 5 0.0 0.1 0.2 0.3 0.4 0.5
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Uncontrolled density at t =5 Controlled density at ¢ =5
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Fig. 9: 2D torus example. 2D attractive von Mises-type example with K = 30,
6 = 1.5, p = 0.75, and feedback weight ¥ = 10°. The top row reports the time
evolution of [|y(t)||z-1 and the feedback controls u;(t). The bottom row compares the
initial distribution o with the uncontrolled and controlled densities at ¢ = 5.

Data availability. No external datasets were used in this study. The numerical
results were generated from the models and parameters described in the article.

5. Conclusions. We have proposed and rigorously analyzed a Riccati-based
feedback design for a nonlocal and nonlinear Fokker-Planck (McKean-Vlasov) equa-
tion on the torus. By mapping the linearized dynamics via a ground-state trans-
form to a Schrodinger-type operator with compact resolvent, we verified an infinite-
dimensional Hautus criterion, established the corresponding operator-Riccati equa-
tion, and proved local exponential stabilization of the PDE under the resulting feed-
back law by providing energy estimates for the nonlinear terms.

The numerical experiments illustrate that the same four-mode Fourier ansatz
yields exponential decay across qualitatively different regimes in one dimension (noisy
Kuramoto, cosine-potential perturbation, O(2) model, von Mises interaction), includ-
ing both acceleration of convergence and redirection between steady states. Moreover,
in our experiments, enlarging the shape-function space increases the achievable de-
cay rate 0. We further demonstrated that this approach extends to two dimensions
via a tensor-product Fourier discretization. However, because the nonlinear term W
couples modes, the truncated dynamics are not closed under the nonlinear Fourier dy-
namics, and a rigorous convergence analysis of the closed-loop Fourier approximation
remains nontrivial. In addition, for the practical truncated systems considered here,
the Hautus stabilizability condition is checked numerically for each finite-dimensional
pair (A, B).
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These results establish a practical and theoretically grounded framework for di-
rect PDE-feedback control of nonlocal mean-field dynamics. Future work will address
(i) scalable solvers for high-dimensional problems; (ii) robustness of the control with
respect to perturbations in the model parameters; (iii) analysis of the closed-loop
Fourier approximation, including conditioning of the truncated Riccati equation and
convergence of the controlled solution as the truncation level increases; and (iv) ex-
tension of the feedback design to the underlying particle system.

Appendix A. Technical operator-theoretic results.

LEMMA A.1. Let T be a self-adjoint closed operator on a Hilbert space H with
compact resolvent, and let A : D(A) C H — H be a bounded operator in H, so that
D(A) D D(T). Then S :==T + A is closed and also has compact resolvent.

Proof. By Kato’s perturbation theorem [36, Thm. IV-3.17], we need to verify
that there exists some ¢ € p(T') such that

(A1) [AIIRC T < 1,

where R(z,T) := (zI —T)~! is the resolvent of T at z. By [36, Thm. V-3.16], the self—
adjointness of T implies that R(z,T') is defined for all z € C\R and ||R(a+bi, T)| < |b‘

for all b > 0 and a € R, where i is the imaginary unit. Taking ¢ = a + i(||A]] + 1)
leads to the inequality (A.1). |

Proof of Lemma 2.8. The operator K is defined as K[y fQ y) dy.
An integral operator is Hilbert-Schmidt iff its kernel hes in L2(Q X Q) Because
W € W2°°(Q), there exists Cy > 0 such that

[VWloo < Cw,  [[AW]loe < Cw.
Additionally, notice that Vi = —gV(V + W x i) /o and define

a(z) = Vii(z) (THV(V (@) + (W )()) +1),  b(y) = CwV/Ay)

so that |k(z,y)| < a(z)b(y). It is clear that b € L*(Q) with ||b]| = Cy because i is a
probability density. Furthermore,

1, ~ 1, — _ _
[lall SfllfVVH+*||fVW*uH+II\/ﬁ||
< ——|e”V/CIvy +—+1
< Ufll [

Cw
= ||V(e V@Y 4+ =X 4,
lel ( M+ =

which implies that a € L?(£2) since V¢ € L?(Q) for ¢ := e~V/(27) hecause VV € L?(Q)
and e~V/(29) is bounded. Therefore,

/ / Ik, )P de dy < llal2[b]]? < oo.
Qx0

Hence K is Hilbert-Schmidt and therefore compact on L?(). 0
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