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SUMMARY

A new computer orientated technique is presented that allows the

spatial distribution and cross correlations of the fluctuating aerodynamic
lift and drag forces on a flexible building model to be evaluated by
experimentally measuring the random response of the model. This
inverse approach places no restrictions on the nature or coherence
between these forces, thereby allowing the technique to be applied to

models of real buildings in complex environments.

-

The dynamic linearity of the structural model used in wind tunnel tests
is experimentally verified by vibrating the model with known random and
harmonic forcing functions, and the prediction of these forces with

unity coherence and correct phase verifies the structural and computing

techniques used in the analysis.

Two approaches to the problem of predicting the input force spectra
from the models random response are presented and one of these
is shown to bé susceptible to small bias errors in the measured

response spectra,

Statistically integrating the distribution of fluctuating lift and drag
coefficients obtained using the technique gave good agreement with

Vickery2 for these integrated forces.
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INTRODUCTION
DESIGN OF TALL BUILDINGS

When the natural wind flows past a bluff structure it interacts_

in a manner that leads to the structure experiencing both

static and dynamic motion in the in line (drag) and transverse

(lift) directions. The effect of this interaction is more pronounced
with modern tall structures, which tend to be of lightweight
construction and have low structural damping characteristics,
both of which can give rise to the structure experiencing large
dynamic oscillations, with the accompanying problems of high
dynamic stresses, fatigue failure, and serviceability problems.

It therefore follows that the stability of such structures in the
natural wind is to a greater dégree dependent on the structural
engineer's knowledge of the unsteady aérodynamic forces acting
on the structure in its environment. For example, in tall
buildings such as the twin towers of the World Trade Centre,

New York, (1400ft. high) the correct dynamic response calculations

are essential not only from the stability point of view but also

. because of the sensitivity of o'ccupants to the motion of the structure,

which if serious, could render the structure uninhabitable.

There is no method in the British Code of Practice‘}:1 for wind
loading design for calculating the unsteady forces on buildings and
it deals mainly with static forces. The Australian Code of
Practice42 however does present a simple method for calculating
the fluctuating drag response due to gust loading and is based

on Davenport8 and Vickerys1 work on the admittance theory. A
further inadequacy of the Codes of Practice in general is that
there is no information that deals with design for transverse
vibrations due to an oscillatory lift force. Thus the present
Codes of Practice for wind loading are inadequate in presenting
design criteria regarding oscillating lift forces, and are only of
limited use in designing for in-line oscillations in modern tall

structures.
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Hence the object of the research programme outlined within is
to try to bridge this gap in knowledge and to devise a new technique that
could be used by structural engineers for evaluating the fluctuating

aerodynamic forces on tall structures.

BLUFF BODY AERODYNAMICS

Vortex shedding was studied by Strouhal28 who noticed that there
was a direct linear relationship between flow velocity (U) and the
frequency at which vortices are shed from a bluff body, () and this
frequency non-dimensionalised is called the Strouhal frequency
(nD/ U). The arrangement of these vortices in the wake was further

studied by Von Ks.rman29

who found that they formed a regular vortex
street with constant spacing in the wake of the body. Morkovin 31 in
an apercu of research on the circular cylinder at sub critical Reynold's

number, shows the instantaneous pressure distribution on the surface

of the cylinder for short step increments in time during the vortex formation

and shedding cycle. Alternate shedding occurs in that 2s one vortex

is shed from one side of the cylinder another is forming on the

opposite side and this leads to an oscillating pressure distribution

in the lift direction at the Strouhal frequency. These oscillatory

lift forces are typical of most bluff body shapes and it is when the
frequency of these forces coincide with the transverse natural frequency

of the structure that large dynamic amplitudes can arise. The effect

of having a sharp edged bluff body such as the square or rectangle is to
tend to induce stronger vortex shedding and results in a larger

oscillating lift force, because of the fixed flow separation points increasing

the correlation length of the vortices.

The Strouhal frequency tends to vary for different sectional
shapes, for example S = 0. 2 for a circular cylinder at sub critical
Reynold's number, whereas for some rectangular sections the
Strouhal number varies from 0. 06 to 0.16 depending on the section
aspect ratio B/D. (See Parkinson24). Furthermore, sharp edged
bluff bodies tend to have Strouhal numbers that are independent
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of Reynolds number because of the fixed flow separation points.
However, small front edge curvatures or protrusions were shown

to induce Reynold's number dependence (see Davenport30).

Vickery3 studied the fluctuating lift and drag forces on the two
dimensional square in smooth and turbulent flow. The results

show that the magnitude of the static drag, dynamic drag and
fluctuating lift remained mainly independent of Reynold's number.
However, the effect of free stream turbulence was shown to have

a pronounced effect on these quantities, indicating that the turbulent
structure of the onc;)ming flow had the effect of modifying the
aerodynamics of the wake formation and also gives rise to buffetting
in the lift and drag directions._For example, in smooth flow the
fluctuating lift coefficient JCZLF was 1. 32, compared with 0. 68
with large scale turbulence. The importance of sectional shape,
especially of the afterbody, on the aerodynamic drag was outlined
by Nakaguchi et alz6 when investigating the 2 : 1. 25 section ratio
rectangular prism. Nakaguchi found that this section had an
exceptionally high drag coefficient of nearly 3. 0 which is even
greater than that obtained from the two dimensional flat plate
where CD =2, 0. This phenomenon was further investigated by
Bearmén and Trueman6 who found that this high drag was due

to the vortices being formed close to the rear face of the model which
resulted in a higher rate of air entrainment from this "base"
region thereby increasing the static drag force. The high drag
associated with this section led to if being called the "critical"

section.

OSCILLATING BLUFF BODIES

As tall bluff structures tend to vibrate in the wind it is questionable
whether the fluctuating forces measured on stationary models are
applicable to vibrating ones. Feng37 investigated the effect of
oscillating a circular cylinder in smooth flow at sub critical
Reynold's numbers. The cylinder moving transverse to the

flow resulted in the shedding frequency no longer remaining linear

with increase in velocity, and as the shedding frequency increased to

6



a value close to the natural lift frequency of the cylinder it ''locked
on" to the structural natural frequency and remained constant for
a range of wind speeds around resonance. Furthermore, the
fluctuating lift force was found to increase with increasing lift
displacement reaching a maximum value of about 1. 8, and this
was attributed to the oscillating amplitude increasing the strength
of vortex shedding thereby increasing the oscillating lift force.

For very small diéplacements there was little change in the

oscillating lift force.

The lift oscillations of square prisms were investigated by Parkinson
and Smi.th33. A two dimensional square prism was mounted on
springs in a wind tunnel and lightly damped, very large lift
oscillations were found to occur at wind speeds much higher than
those required for vortex shedding to be resonant with the lift

- natural frequency. This phenomenon was first outlined by Den
Hertog32 when dealing with large dynamic oscillations of overhead
electrical conductors and is termed "galloping'. These galloping
oscillations are due to certain rectangular 'séctio.rls becoming aero-
dynamically unstable, in that small amplitude vibrations generate
aeroelastic forces which further increase the amplitude of

' oséillation, that is, self excited oscillations. Parkinson developed
a "quasi" steady theory that predicted the galloping amplitude,

and the magnitude of the lift force was found by rotating the angle
of incidence of a stationary square cylinder to the flow, and
measuring the static lift force. A maximum value of CFY =0.6
was found at an angle of rotation of 13°. The physical explanation
af the galloping phenomenon is that it isv due to the separated shear
layers moving close to reattaching to the afterbody sides of the
prism thereby inducing an oscillating lift force which is in the |
opposite direction to the motion of the structure and effectively acts
as a negative damping force, and the maximum galloping lift force
for the square prism corresponds to the shear layer reattaching to
the afterbody as discuésed by Parkinson24. Using the quasi steady

theory it can be shown that for the section mounted on springs without



damping it becomes aerodynamically unstable from rest at any wind
speed, and so for any particular level of damping there is a certain
"critical" wind speed at which the instability is onset (i.e. U>Up = ﬁ%‘?]\"}
and this is discussed in chapter 3.0, '

The theoretical and experimental results of Parkinson apply only
when the reduced velocity of the test is much higher than the reduced |
. velocity required for structural resonance with vortex shedding,
and in fact tests by Parkinson and Santosham34 show that the quasi
steady theory does not give an acceptable prediction of the galloping
amplitude when the system is resonant with vortex shedding. It
was further shown that if the onset velocity is close to the value
required for vortex resonance then the wake structure tends

to lead to asymmetric quenching of the galloping oscillations,

and only when the reduced velocity was three times higher than the
resonant vélue ( U > 3Urgs ) did the quasi steady theory

predict galloping amplitudes that related to those observed by
experiment. When U < 3Ugpg the experimental amplitudes of
vibration were much lower than the values indicated by the quasi

steady theory.

In some modern tall structures vortex resonance may occur with one
or more of the structures natural frequencies, depending on wind
speed, and this may lead to making the structure more
aerodynamically stable and hence less prone to galloping oscillations.
Thus it would appear from Parkinson and Santosham's results that the
combination of high damping and of having a multi degree of

freedom structure will lead to better aerodynamic stability as

both factors tend to reduce the probability of galloping oscillations.
occurring, and the structures design will therefore be dominated by

the vortex shedding phenomenon.

The effect of turbulence on galloping oscillations was investigated

10, 11 who found that some rectangular prisms that

by Novakg’
were stable in smooth flow could become unstable in turbulent flow,
and with other prisms the converse was true. This phenomenon was |

emphasised by aerodynamic tests on the 2 : 1 section with the large



face windward, and the section remained stable for all reduced

velocities in smooth flow unless given an initial amplitude displacement.

The effect of turbulence gave a quite drastic change in the galloping
behaviour in that there was now a strong tendency to gallop, i.e.

the section tended to become a soft oscillator, furthermore, tests on
the 1 : 2 section, with the small face windward, indicated that this
section became a ""hard oscillator” in turbulent flow, whereas

it is a soft oscillator in smooth flow. Thus Novak showed that

the effect of turbulence can either increase or decrease the

aerodynamic stability of rectangular prisms to the natural wind.

-

The non dimensional galloping parameters relating to the present
mddel design (of 2 : 1. 25 section) have been evaluated and the
experimentally measured oscillating lift amplitudes plotted on -

Novak! s11 stability diagram as shown on Figures 66 and 67. These
oscillating 1lift amplitudes were always found to be in the stable region
of the diagram this indicafing that the present model will not exhibit

" any galloping oscillations. The calculations involved with galloping are

outlined in chapter 3,

The effect of having both turbulence and a sheared flow on the
galloping behaviour was experimentally investigated by Novak

and Davenport35 for a free ended building model. They found that
generally both factors tend to increase the onset velocity and reduce
the magnitude of galloping oscillations relative to the two dimensional

square results.

Thus it can be concluded tpat galloping in general is a complicated
aerodynamic phenomenon that ariseswhen tall prismatic structures -
with low damping are exposed to the natural wind, and the aerodynamic
forces induced by the motion of the structure create a non linear
dynamic problem that is complicated by three dimensionality, shear

flow, sectional shape, free stream turbulence and structural

damping.

vvvvvv



1.3

EFFECTS OF ATMOSPHERIC TURBULENCE

Another main source of vibrations in tall structures arises
because of the interaction between turbulence in the earths
boundary layer and the structure, which in many instances,
produce large in-line or drag oscillations. This effect is

further magnified by the tendency to have low natural frequencies
which moves the peak dynamic response, especially in the
fundamental mode of vibration, into the most energetic part of
the turbulent energy spectrum corresponding to eddy length
scales of the order 300 to 600 metres. The effect of this
lowering of the natural frequency is most pronounced at higher
wind speeds since the root mean square drag force increases

to a significant power of wind speed. The power in the horizontal
u ) component of velocity fluctuation increases with U&3 (as
shown in Owen38), however as outlined by Bearman5 in studying
the fluctuating drag on square plates in turbulent flow the
fluctuating drag force increases at a faster rate than U8/3 as

the turbulent eddy scale increases, this being due to the increased
cross correlation between points on the plate. "Thus lowering the
natural frequency of a tall structure gives rise to two main effects (i)
one is to increase the power centred at the natural frequency
cbrresppnding to the large scale eddies, and (ii) these larger eddies
cause fluctuating drag forces that are better correlated along the
length of the structure. These two combined effects give rise to

the structure experiencing high dynamic stresses due to the turbulent

interaction of the wind,

The dynamic response of bluff structures is dependent to a large

“extent on the local prevailing wind conditions. At above 300 to 600

metres the mean velocity of the wind remains unaffected by the
general terrain roughness, whereas at heights closer to the ground,
especially below 100 metres the ground friction effects tend to reduce

the mean wind velocity and increase the fluctuating velocity due to an

10



energy transfer into the furbulent part of the flow, The earths
boundary layer variation in mean velocity with height was

defined by Da.venpor’c8 and is expressed as an exponent law

= T a
v, = U (Z/ZO)

where U is the mean velocity at 10 metres above ground

level (Zo), Z is the height, and « is the power exponent
which varies from 0.16 for an open terrain to 0.4 for the centre
of a large city. In the case of a city centre the mean velocity
close to the ground level is mu.ch reduced because of built up
obstructions, howgver, as the mean velocity reduces the turbulent
intensity of the wind fends fo rapidly increase, especially below
100 metres, Examples where this turbulent intensity is very
important are outlined in Davenport and Isymov's39 work on the
stability of the Seattle First National Bank and Whitbread and
Scrutons40work on the _W_grld Trade Centre, New York where
turbulent intensities \/ u 2/U of up to and greater than 30% were
used. Obviously this parameter is very important wwhen designing

thin shell structures such as cooling towers which tend to have

large circumferential bending stresses, as is outlined by Da.venports36

tests on a model of the Fort Martin cooling tower. Da.venpor’c8

further defines that the turbulent intensity varies according to

1
I, @) =2.45K° (Z/z0)
i.e., is dependent on the roughness factor of the local terrain K,

velocity exponent @ , and height ( Z/Zo ).

Davenport extended this approach to obtain a technique that allowed
an' estimate of the fluctuating drag response in a turbulent wind to
‘be obtained usiﬁg a statistical approach based on meteorological '
data for the local prevailing wind conditions, and is generally -

termed the admittance theory.

11



It is important to note that Davenports admittance function relates
the fluctuating drag spectrum to a known static drag coefficient
the additional mass parameter Cy,, and the power spectrum of

the upstream velocity fluctuations due to turbulence in the form:

2

—

FCp () =4C" F@® [ 1+ cp? (WD)z

UZ Cp U

By examining what is actually meant by this equation it becomes
obvious that this approach has several limitations, for example,

the fluctuating force spectrum does not include the 16w frequency
drag fluctuations on the rear face of the structure caused by the
wake and the fluctuating drag is considered to be totally dependent
on the fluctuating upstream velocity. Work by Bearman5 on the
fluctuating drag forces on square.plates suggests that the admittance
theory underestimates the fluctuating drag force for small turbulent
scale parameters LX/D < 1.5, since there is an interaction
between the turbulence and the wake that affects the fluctuating drag.
Further work outlinzd in Bearman4 suggested that with a free ended

triangular prism, with the bluff face windward, the admittance theory

underestimated the dynamic response at low frequencies nD/U < 0,03

and this was thought to be due to either low frequency wake effects
or caused perhaps by the; free end. Thus it is important to take

into account or at least be aware of the three dimensional effects
that can considerably modify the aerodynamic forcing function which
to some degree may invalidate results obtained from a basically

two dimensional approach.

In extending the admittance theory to apply it to a multi-degree of
.freedom structure using a vertical variation in ﬂuctﬁating upstream
velocity the cross correlation terms required in the dynamic analysis
are generally found from the experimental evaluation of the cross
correlations between a family of hotwire anemometers, Obviously

the truecross correlation shouid be between the integrated drag

12



1.4

pressure distribution on the front and rear faces of the structure,
with this integrated quantity at another stat ioﬁ. The analysis
should also include the effect of the reverse flow into the near
wake associated with the free end which further complicates

the nature of the wake pressure fluctuations and overall dynamic

response,

EXISTING METHODS FOR MEASURING THE FLUCTUATING
LOADS ON BLUFF BODIES.

Many researchers have used pressure transducers to measure

the fluctuating pressure distribution around bluff models, The
limitation in their-use is thata very large number are required to
get an estimate of the integrated fluctuating force around the model,
and since these have to be experimentally recorded very large data
handling systems are required making calibration and data analysis
cumbersome, expens ive and impractical. Another approach is to '
subdivide the rectangular structure into panel elements and
elastically mount each element on a strain gauged connector, and
relate the fluctuating force on each element to the fluctuating output
voltage from the strain gauge. However, it is ;rery difficult to
isolate these elements from the supporting structure and give a
measurable response while trying to prevent air leakage into the
supporting structure. A seal would therefore be required and this
would seriously affect the results, as it would affect the damping

and stiffness characteristics of each element,

Vickery2 used a rigid cantilevered two degree of freedom model
(one lift, one drag) built on gimbals and used the output from a

dynamometer fixed at the bottom of the model to measure the

‘ﬂuctuating aerodynamic shear force on the model, The aerodynémic

shear force value represents the integrated shear force due to the
effect of all the local fluctuating forces. The work presented by
Vickery2 is the only work known by the author that evaluates the

integrated fluctuating lift and drag forces on building models,

13



although these results are restrictive in that only one fluctuating
lift and drag value is found for any particular building shape,

It must be emphasised that it is the distribution of the fluctuating
forces that is impo_rtant because of the three dimensional nature

of the flow, for example, there is a tip flow region caused by the
free end, a middle region and a region near ground level, within
which complicated interactions between the wake and the external
turbulent flow takes place, The integrated value obtained using

" Vickerys method represents a 'macro' or overall value of all these
effects along the structure, and theoretically this force could act
anywhere up the height of the building and consequently it is only
of limited use to the designer as its point of application is required, .
for example, it could be a force at the top, middle or bottom of the

building.

The object of the research ouatlined within is to develop a new
fechnique for evaluating the distribution of fluctuating lift and drag
forces, and their cross correlations up the height of a building,

A literature survey by thé author indicated that there is no technique
Vavailable that predicts the distribution and cross correlations between

forces acting on a building structure,

STRUCTURAL CONCEPT

The structural concept of the present technique is to invert the
standard procedure for predicting the dynamic response of a structure
for "given' loads and instead use the dynamic response at various
stations on a flexible model with a fixed base, measured from wind
tunnel tests, to predict the distribution and cross correlations of

‘the fluctuating aerodynamic forces, as shown on Figure 1,

The validity of the technique used ié verified by the prediction of
known random and harmonic fluctuating forces applied to the model
using mechanical vibrators, and also by extensive dynamic testing
and calibration, The model used has therefore to be designed to
have measurable acceleration and dynamic strain response for wind

tunnel tests in smooth and turbulent flow,

14



The dynamic linearity of the model was checked by plotting the
structural reéponse loci for the first four modés of vibration
using the technique of Kennedy and Pancu1§ The spai:ial variation
in damping for each mode of vibration was also evaluated as it
was required in the dynamic analysis. Further dynamic tests
were made and these included the comparison between the
theoretical and experimental eigenvectors, eigenvalues, and the

experimental determination of the frequency response function,

A computing system was desigﬁed to handle the large amount of
data generated by the technique, and a family of programs written
that evaluated the fluctuating aerodynamic forces from the random

response and this is discussed in Appendix 1.

It is hoped that now the technique is fully developed it will be used
in predicting the fluctuating loads on tall buildings situated in highly
complicated aerodynamic environments, for example, where a

building is surrounded by other buildings in an urban area,

15



2.0

NEW TECHNIQUE - MATHEMATICAL MODEL

The object of the technique is to evaluate the distribution of the
fluctuating aerodynamic lift and drag fgrces by experimentally
measuring the dynamic accelerations X (t)  and strains &€ (1)

on a flexible model, The mathematical model used was developed
from the field and point transfer matrix approach to structural
analysis as applied to random vibrations outlined in LIN18.
Consider the beam elements and lumped masses defined at their
nodal points, and the model vibrating due to the random fluctuating
pressure field, P EZ, t), representing the spatial and time

variation in the fluctuating aerodynamic pressure across the section
of the model, The random pressure field is assumed to vary linearly
between the points where the strain gauges are attached to the model
i.e. at a position slightly above the nodal points‘as shown on Diagram
A, Appendix II, to ensure that the local bending stresses associated
with the models transverse panels do not affect the linearity of the
strain gauge output signals, Hence knowing the dynamic bending
moment distribution (found by calibrating the strain gauges) and
accelerations (found by using accelerometers) two equations of
equilibrium can be formed at time instant tj ; and can be interpreted

in the following matrix form:
for moments, M = aP +-‘BS—[Ym+v‘])\+ pIX (i)

for shear forces 8P+ QS=[m+ Tl's)\ +m, 1x (ii)

and the above matrices can be interpreted as follows:
PM - column of differences in dynamic moment across
each element,
aP - column of dynamic moments due to the fluctuating
aerodynamic pressufe field,
BS - column of dynamic moments due to the shear

forces at the ends of each element.

16
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Ym).i ~  column of dynamic moments due to nodal mass acceleration,
nAX . " " : " due to shell " "
p).( - " " " due to transverse panel "

SHEAR EQUATION (ii)

-  column of dynamic shear forces due to random force,
Qs - " " " across elements
mX - n " " due to nodal mass acceleration,
T_[;)\x - " " " due to shell mass acceleration,
TTpx - " | o " due to transverse panel accel.

The evaluation of these matrices is shown in AppendixII and the
construction of the experimental model is discussed in Chapter 3,

The substitution for S from (ii) into (i) gives equation (iii) which
defines the distribution of the random load in terms of the instantaneous
dynamic moment M (tj) and nodal acceleration  X(t) in the time

domain,
1 -1 .
p(t)=[a—pQ's] {pM(t) + [T—ATX(t;) }

where T=Ym+ A+ P

—1
and /\:I}Q [m +ﬂs}\+ﬂp]
equation (iii) can be reinterpreted as

P(t, )= A M(t, i)+ B X(t ) (iv)

where A*=[a — BQ 6] K
5 =[a — pAe]r—A]

The bending strain € (t) is measured using strain gauges and

the dynamic moment M (t) is related to it in the frequency domain by
M(w)=G (w) - € (w)

where G(w) is a diagonal complex structural damping matrix

with typical terms e.g.

G11(w) =EI .(1+ig (w))

y/

17



FIG. 17 shows how the non-dimensional damping factor
varies for the different modes of vibration of the experimental
model, and to take this into account equation (iv) is Fourier
Transformed into the frequency domain to give:

P(w) = A"G(w) € (w) +B X(w) (v)
i.e., to describe the variation in the random pressure field P(w)
in terms of the complex Fourier coefficients of strain €(w) and

acceleration X(w)

The Fourier coefficients of the aerodynamic shear force on each
element Ps(w) can be found by integrating the fluctuating pressure

over the element lengths

P =68 P(w)

s
thus for any circular frequency W the j'th  element represents
the Fourier coefficients of the aerodynamic shear force acting on

that element,

The stahilised force spectra matrix associated with P (w) 1is
found. from: -

Splw)= P(w) Blw)'
where the j'th diagonal element represents the power spectrum of
the fluctuating aerodynamic force on the j'th element of the model,
and hence all the diagonal elements represent the vertical distribution
of these forces, Similarly the relationship between each of the
elemental forces can be found by consulting the power in the off

diagonal elements,

For aerodynamic tests the non-dimensional fluctuating lift and drag .

.Spectra are obtained from:

U .8 (CLrp)m@ = U | S(PLi) M

Dw Dw (4pu2.ay;) 2
and

2 .5 Cpri - U s )‘(n

Dw Fi) (n) = 5w > Pp) @

(2pU2 -Ap;i)

18



2.1

Thus the distribution of fluctuating root mean square (rms)

lift and drag forces can be found from:

J Crp; = ﬁ/‘“’ i‘l S (CLpi) @
51
and J CpFi = \/ Z S (Cpri) (n)

i.e., by integrating the individual elements power spectrum,

Having mathematically described the distribution of the fluctuating
forces on the structure it is also important to describe the
statistical relationship between the forcesin terms of how well
correlated or coherent they are spatially. The cross correlation
between the elemental forces become very important when trying

to obtain a correct estimate for the dynamic response and hence
stress level within a structure, i.e. the higher the cross cox;relation
between the aerodynamic forces the higher will be the dynamic
stress level. Thus an underestimation of the magnitude of the

cross correlation coefficient can lead to severe overstressing,

while an overestimation will lead to overdesigning of the structure,

CROSS CORRELATIONS, COHERENCE AND PHASE

The matrix of cross correlations between the fluctuating aerodynamic

forces at time lag T is given by;
Rp(T1) = E[ P(t) Pt(t+T)]
which applies to the time domain prediction of P(t) ., In the

frequency domain solution the coherence and phase are defined by

Bendat and Piersollg_giving

: o _. 9 .2
coherence  Cp;jpi (W) Spipj w)* *  Qpipj (W)

| SPI(W) SP] W)

and phase Opipj (w) = tan1( Qpipj (W) )

S pipj (W)
where Spi (W) and Spj (w) are the diagonal power spectra terms
and Spipj (w) and Q pipj (W) are the cross and quadrature

spectra respectively.

19



The cross correlation at time lag T = O is related to the

cross spectrum by
[e 2]

-e0
or in terms of the cross correlation coefficient
N
C .. = S
O - -
pipj (O) r=;  Pipi(vp)
' N N
VD sy o0 25 O

r=1 - r=1

HIGHER ORDER I_I:ITERPRETATION OF THE FLUCTUATING FORCES

Returning to equation (iv) which describes the fluctuating force

in terms of X t) and € (t) it is obvious that the fluctuating

aerodynamic forces need not necessarily vary linearly between
elements and in fact a matrix of 5th order polynomial interpolation

functions W  can be used to relate the global distribution P(Z)

to the element nodal forces P by
P(2=WP

_ 5 4 a 3 2
where P1 (Z) = a, Z +a22 o 3Z +a4Z +a52+a6

and by applying the boundary conditions for each element.

P (0 = Pg Z=0
P (f5) = Ps z =I5
etc.
gives
[ g | (1 o 0 0 0 o | [ ag]
Ps 1 fe B £ 2| s
L7 I R 7R ) S S I 9
N L S B S I
Py 1 [2 lg ﬂg’ £‘21 ,ZS ag
P | 14y 8B 8 15 |
! L]
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or P=LA
-1
giving coefficients A= L P

Calculation of 51 and Q4 for 5th order polyhomial.

This gives
pzy =AtzP Q)
where Z=F1z 22 23 24 25,

SHEAR FORCE &4

/5
f Ps (Z)-dZ
o

]

Pe5

fP4 (Z)-dZ

s

where Pgi represents the aerodynamic shear force on element i

Peq

Fei T at.fzaz-p

i i.e. fori'th row of (1)

i.e, integrate each row of Z with different boundary conditions
this gives
| P, = &
MOMENT
A similar analysis can be performed for the dynamic moments.
Moi = [ B @@ -fi) az

L.

and integrating as above gives

Mot = Al [Z @ -L) az
'gi
giving
Me =a4P
.The values of a |, a1' , and & , &, , are shown for

comparison in Appendix II. The solution for the fluctuating elemental
forces was carried out using equation (v) to compare the results
for both the linear and 5th order cases, FIG. 54 (top graph), for
reduced velocity U/n1 D =48.,4 , smooth flow, shows this

comparison for the lift force spectrum and the difference between
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the predicted fluctuating force using a linear and 5th order
approximation appears to be minimal, Thus the linear
interpretation of the aerodynamic force has been used for the

wind tunnel analysis.

CONDITIONING OF MATRICES A * B *

The errors associated with the experimental measurement
of € and X (t) affect the accuracy of the predicted
force to a degree depending on the distribution of elements in

* *
matrices A and B .

The best conditioned problem is when the applied loads are point
loads, and act at the nodal masses, and the dynamic strains are
measured at these nodal points. This condition is not possible in

the practical model because of the following reasons:

(i) in vibration random load tests in the laboratory the loads
would be applied on top, or very close to, the semi-
conductor strain gauges, and this would affect their

performance,

(ii) the strain gauges would have to be placed with their ﬁ ‘S
on the g of the transverse stiffeners, and local
stress concentrations might affect the performance

of the gauges in measuring pure beam bending strains.

(iii) the fluctuating aerodynamic load is in fact distributed

over each element,

Considering equation (v)
P = A*GM + B* X : P1
then for the ideal case where the loads are point loads 152 N ) M

applied at the nodal masses, ' P3 —e ) My
1 i Py— ) M,
-1 1 m11 '
P=1 -1 1 My P2 X
y) mgg
-1 1 m
-1 1 44m
55]



As is seen from this eqﬁation localised errors associated
with the top elements do not seriously affect the prediction
of the force at the lower stations,

For example, in predicting force P4,

= 1
P, = — (- A8Mg + AMy) + myqXy

i.e. is dependent on the accuracy of measuring dynamic

strains and accelerations close to point 4 only.

where pypg; is the difference in moment acrossthe i"th  element,.

POINT RANDOM LOADS - ACTUAL MODEL

Due to the construction of the model the following practical

considerations change the conditioning of the problem, these are:

()  strain gauges are applied approximately 3/5;' above the
mass node points, _'

(ii) the mass of the shell is kinematically lumped giving small
off diagonal terms to the mass matrix, resulting in the

following equation:

.35 0. 0. 0. o0 . P _y

= |-40 -3 o o o pme B X @ Py g M
405 -.41 .35 0. o, P3_gj- My
-.01 .05 -.39 .36 0, P4_)7_~.1M3
| 0. -0l .0 .42 -36_ |

Thus it is seen how the actual conditioning varies from the ideal
.condition where the point loads are applied at the nodes, giving

some small off diagonal elements,

To investigate this further, consider the random point load applied

at the midpoint of the elements, i.e. at the intermediate transverse

panels,
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>

This gives:

where B* has similar conditioning as A ™

Therefore tests where the random load is applied at close to
-the midpoint and lower points on each element are highly ill
conditioned and will give a large build up in error, the
maximum errors being associated with the prediction in the

fluctuating force at lower stations i.e., P4, P5.

For example P4 =-4.06A M+ 2.79AM,y- 1.92A M+0.78A M,
indicating that errors in AM1, AM2, AMswill lead to much

larger errors in the evaluation of P4.

Since in fact for wind tunnel tests the aerodynamic forces will be
distributed along the structure another conditioning problem applies

to the representation of the aerodynamic forces.

LINEAR DISTRIBUTION OF THE FLUCTUATING FORCES

This assumes that the ﬂuctuaﬁng aerodynamic lift and drag force
distribution varies linearly along each element between strain
gauges, This approach gives the following equation evaluated using

the matrices evaluated in Appendix II.

" 0.35 -0.11 0,03  -0.01 0 | |
- |-0.23  0.22 -0.06 0.02 0 | M + B X
0.06 -0,22 0,22 -0,01 .01 |
-0.02 0,06 -0,22  0.21 - .03
0 -0,01 0,04 -0.16  0.13

24

[ 78 0 0 0 0o | P,

-1,92 .78 0 0 0 P, . My
P=+2.79 -1.92 0.78 0 o |-pM+ BEX @) Py_y L My

4,06 2,79 -1.92 .78 0 Py_y ) x‘;

5.90 -4.06 2,79 -1.92 .78 4
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Thus the linear distribution approximation to the fluctuating
aerodynamic force does not give rise to any large off

_ diagonal elements and hence there does not appear to be any
serious ill conditioning associated with representing the
distribution of aerodynamic forces in this way. Hence the
accuracy obtained in the evaluation of the fluctuating lift and
drag forces depends mainly on the errors associated with
measuring the dynamic strains £ (t) and accelerations X (t)
with the correct calibration factors and preservation of their

phase characteristics.

-

Another important factor involved with the accuracy of prediction
is that the terms in the matrix {M represent the change in
moment across each element, Thefefore, when predicting the
forces on the elements close to the bottom of the model these
changes in moment are largely due to the inertia and applied forces
higher up, and so the contribution to the change in moment from
the aerodynamic force on the element may be small thereby
limiting the accuracy of its prediction. The results of the dynamics
laboratory tests, relating to the prediction of known random and
harmonic forces, as outlined in Chapter 3., indicated that the top
five strain gauge signals and five accelerometer signals should

. be recorded and that these gave a high accuracy when predicting

the fluctuating forces on the top four elements.

Inherent in the concept of the technique is that to evaluate the
fluctuating force on one element two quantities have to be
experimentally measured, one dynamic strain and one dynamic
.acceleration, thus for the prediction of ' n ' fluctuating forces '2n’
quantities have to be recorded. An alternative approach was
investigated and rejected by the author (Ellis7) as it was shown to

be sensitive to perturbations which arise from small experimental
errors., This alternative approach requiréd only one dynamic
acceleration signal per element to predict the fluctuating aerodynamic

force and is based on the solution of the equation:
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"8xW) = HW - Syw - Hiw)

giving Spw) = Hw) - 8 W He@w 1)

| *complex conjugate
which describes the solution for the nodal force spectra Sp (w)
in terms of the nodal displacement spectra S§x (w) and the

multi degree of freedom frequency response function H (w).

It is interesting to investigate the prediction Sp (W) from
equation (1) which requires the full experimental frequency response

function to be inverted for every frequency considered,

The cross correlation function of the generalised displacement can

be defined in matrix terms as:

t

Rq(T) = E[ q®) q (t+7)]

and using the eigenvector transformation:
—1

a=¢ X

this can be rewritten as:
-1 t -t
Rq(1) = E[& XX & ]

R -t
= ¢ RX(T) ® -

Since the response spectra is the Fourier Transformation of the

cross correlations:

~1 -t )
Sq () = & 8w o (1)
where 8y (W) is found from the acceleration spectra:
1
Sx w) = wE S, (W)
In terms of the generalised force spectrum:
Qa=32" p
and RQ(T) = E[ Q@ - Q@ (¢+71)].
t

=& -RBR p(1) &
hence §q (W) = q)t - S (W) (ii)

in terms of generalised co-ordinates: .

-1 - ,
SQ ) = hy W Sgq ™ hg, ™ i
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where h q W) is the generalised frequency response function,

which is complex and diagonal.

Substituting (i) and (ii) into (iii) gives

-t -1 - -t . -t -
s, = T HweTlsm ¢ prma @

-1 -t =1 -
hence H (w)= © hq w o 1
and since hq (W) is diagonal no complex inversion of H (W)
is necessary, and hence this relationship will obviously save

computing time when evaluating Sp (W)

The experimental formation of hg (W) is discussed in section 3.4,
and the evaluation of the experimental eigenvectors and damping

coefficients in 3.3,

HaVing completed the experimental determination of the frequency
response function, computer programs were written to solve

equation (iv) for the fluctuating forces for wind tunnel and random
vibration tests, using the experimentally measured accelerations,

Fourier Transformed to form the displacement spectra Sy (W)

A typical feature of the predicted force spectra obtained using this
apparent alternative approach was the high amount of low frequency
power obtained in the predicted spectrum, this being orders higher
than expected. For example, see the comparison between the
approximately expected and predicted spectrum plotted on Figure 18,
*This phenomenon was further clouded by the apparent convergence
between the predicted and expected spectrum at higher frequencies.
To try to explain this phenomenon of large errors being incurred

at low frequencies a perturbation analysis was conducted.
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2.4

PERTURBATION ANALYSIS

To try to discover the mechanism of the perturbation two

sources of error were investigated:

(i) errors associated with the experimental

frequency response function H (w).

and

(ii) the effect of random or bias errors associated with
the formation of the displacement response spectra

matrix Sp (\;1) .

The approach used was to form the mathematical response
spectra Sx (W) from an assumed force spectra Sp (W)

and then by introducing separate errors in H (w) and Sy (w)
observe their effect on the prediction of the known force

spectra matrix Sp (w).

A flow chart for the computer program used to do this is shown
on FIG. 19., and the program tested by checking the prediction
of Sp (w) for an unperturbed case, that is, that the input
force and output force were the same for all frequencies. The
effect introducing small errors in H (w) gave minimal
errors in the prediction of the known force spectra Sp w) ,
however, a 1% error introduced into the displacement spectrum
at one station Sx1 1 (w) (this being synonomous with a small
experimental error) gave a predicted force spectrum Sp3s W)
that was orders higher than the actual Spgz (w),  for low

frequencies as shown on FIG, 20.
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Thi‘s result shows a similar trend to that previously described

for wind tunnel tests as shown on FIG. 18., giving the maximum
error associated with the low frequency part of the power spectrum,
with convergence at higher frequencies, generally greater than

100 HZ,

MATHEMATICAL EXPLANATION OF PERTURBATION

Mathematically the random displacement pattern can be defined
as a combination of the eigenvectors, and for a 6 degree of freedom
system

6
i=
where aj are constants of proportionality and fbi thei'th eigenvector,

Consider the solution of the undamped equation of motion
[K -«’m]x' = p
Considering x' the displac'ement to contain some error vector A

with associated force error & P then at low frequencies when

K {x+A} = P + 5 P
therefore the error eigenvalue problem becomes
KA = P

and for the error A = & a,
: t
and from the definition of the eigenvalue problem where ® m & =1

K= & A

then
P =¢ )\ae
d P. = i + ¢ a + .
an o P; 11 Ay 2eq ‘fél)\z eo ¢6i')‘6a86

now g ij is of 0(1.0)

8P, =  Ajag + Ayagto A e
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The ratio of agj's depend on the frequency content of the

error but the ratio of the highest to lowest eigenvalue )\6 / )\12 1000

and so since the noise level for the experimental results

is at best 2% the equation for the error is dominated by the term )\6

Consider the following simple example, for the exact unperturbed
solution : '
P; =-Aj3; + Agag +Ngag

now for vibration in,for example, the 1st mode or at a low frequency
P; isofO()\1 a1) as )‘i a;—~0as ; _ g
for the error analysis 6 P; is O(Ag aeg ) therefore the rétio

of the error associated with the predicted force to the actual force is:

8.?_L=0(>\63e6) = Ng of 2e6
PLooTo(Xyan) AL (al)

now if it assumed that the 6th mode contribution is

0(0.013; ) i.e. 1% then
P . 0.01. A6~ oqo
Pj Ay
or Py = 0(10Pj)

hence this very rough estimate indicates that the predicted force
from an experimental model evaluated using equation (iv) is
dependent on the ratio of the sixth to first eigenvalue, and gives
serious errors for the prediction of this force. Obviously as the
frequency of the forcing function w tends to wg i.e., w — wg
then equation (iv) will hold for force predictions, thus the reason

for convergence at higher frequencies.

The main conclusion reached from this perturbation approach is
_that for the prediction of Sp(w) from Sx (W) using the ‘
frequency response function H(w) to be valid the structure must

have a small spread of eigenvalues A . It is also important
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to note that the experimental model will vibrate with more than
six degrees of freedom and so by.describing itbya 6 x 6
frequency response function has obvious limitations, and this
further justifying the conclusion that using:

-1 -
Sp ) = H{® SxMHs" ()

to predict the nodal force spectra is impractical and gives results
that are sensitive to perturbation errors which invalidate it as an
alternative approach to predicting the fluctuating aerodynamic

forces.
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EXPERIMENTAL MODEL AND APPARATUS DESIGN

As already outlined in Chapter 2, the prediction of the
fluctuating aerodynamic forces on a flexible model is
found from the solution of the equation:

Pwz= A"GwWE W +BY X w )
therefore, to find the fluctuating forces P (w) experimentally
the model must be designed to have measurable dynamic response
when tested in the wind tunnel, A mathematical dynamic analysis
was performed to estimate the response of the model using
assumed aerodynamic forcing functions, This required the
knowledge of the models natural frequencies (eigenvalues) and
mode shapes (eigenvectors) which were compared with results
from dynamics testing in the laboratory. To check the validity
and accuracy of equation (1) above, pseudo random forces were
applied to the model using vibrators, and the predicted power
spectrum of these forces compared with the actual spectrum

measured by a force transducer.

Extensive computer programnming was necessary when designing

the technique, and consisted of mainly data gathering and data
reduction programs, Four computer programs were written and
combined in the form of an OVERLAY structure, these analysing

the large amount of data generated by the dynamic model to form

the force spectra matrix together with the r.m.s values of the
fluctuating forces, with their corresponding cross correlations,
coherence and phase plots. This combuting system is described

in detail in Appendix I, and is illustrated pictorially on the computer,

flow charts on Figures 22, 23 and 24,

Thus the final system consists of an experimental model togethgr
with a computing system and when these are combined together the
total system can be thought of as a multi~degree of freedom system
that allows the fluctuating force distribution to be evaluated from

the random response.
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3.1 FLEXTIBLE MODEL DESIGN

A matrix finite element analysis of the model was applied
using simple beam elements, and the resulting eigenvalue
problem for the assembled structure solved to obtain the
models natural frequencies and mode shapes for bending
oscillations in two directions, lift and drag, and also for
torsion, By varying the mass and stiffness distribution as
shown on the flow chart Figure 11, the corresponding wind
speeds required to excite the lift modes by vortex shedding
can be found by assuming a Strouhal number of 0,1 obtained
from Parkinson 24: This information was used in conjunction
with assumed harmonic aerodynamic forces from Vickery2 to
estimate the nodal accelerations for wind tunnel tests as shown

in Section 3,2,

The chosen mass and stiffness distribution allowed the first

and second lift modes to be in resonance with vortex shedding
for wind speeds of zhout 15 and 90 ft/sec., thereby allowing

a large range of comparisons between the fluctuating force
distributions for "resonant' and "off resonant' vibrations with
vortéx shedding, Figures 34, 39 and 36, 40 show the actual
r.m.s, lift acceleration response of the model for the 31mm

and 50mm sides windwar.d in smooth and turbulent flow, while
Figures 38 and 41 show the correponding drag responses. These
graphs shall be discussed in more detail in the aerodynamic

results of Chapter 4,

The main probl em assoeiated with designing such a2 model was
“to obtain low structural resonant frequencies, with a fixed base
model that would be excited by vortex shedding and turbulent
flow forces, and still have a model that is representative of a
building structure. A main requirement of the design was that
dynamic displacements should be kept to 2 minimum in order to
reduce the interaction between the model and the aerodynamic

flow.
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3.2

A rectangular section of 50mm xk31m'm was chosen rather than
a square as it appeared to have certain advantages in that it
allowed the effect of both section and aspect ratios on the
aerodynamic forces to be investigated, This shape also has
the advantage of keeping the lift and drag resonant frequencies

separate thereby minimising lift/drag coupled oscillations,

MATHEMATICAL DESIGN OF THE EXPERIMENTAL MODEL

The object of creating a mathematical model was to design the
expe rimental model to have the required natural frequencies

and to check that rotary inertias and torsional oscillations do not
affect the response of the model when dyna‘mically tested in the
wind tunnel, Furthermore, it was important to obtain a measure
of the dynamic accelerations involved for various mass, stiffness

and damping parameters, and to use this to check that suitable

accelerometers could be found to measure the acceleration response,

The stiffness distribution was varied by increasing the height of
the model and by varying the properties of the structiral section
(Youngs modulus and shell thickness), An initial conclusion from

the mathematical model was that aluminium was an unsuitable

‘material for the shell as even in its thinnest obtainable form

combined with a lead mass distribution it did not give low enough
eigenvalues, This lead to the model design orientating toward the

combination of thin perspex and lead as the structural form.

The mathematical model used is a simple idealisation in that the
model is subdivided into six beam elements each element having

four degrees of freedom,

‘The equation of motion for an '"n' degree of freedom system

subject to harmonic input forces is
mX + (1 +ig)Kmx=Pei“’t '
where m is the assembled mass matrix
K, is the assembled stiffness matrix

ig Ka is the complex stiffness matrix representing
structural damping

34



Consider the model to consist of six simple beam elements’

each having a stiffness matrix;

12 -12 -6 -6{
- - 12 12 6 6¢
K =78 |-6d 64 49> 242
- 64 64 202 44”|

Argyrisl4 shows how these elements can be assembled giving: .
6

t

K = }: A K A
1 =1 .

where Ai is a Boolean selection matrix,

Also partitioning:

ot =L e i3]

" Consider the rotary inertiasto have negligible effect on the
resbnant frequencies, the stiffness matrix Ka can be

reduced to
-1
Kg = Kyp = Kyp KoKy

In designing the model the mass is physically lumped at the
nodal points, the idea being to try to create a discrete mass
distribution. This has been achieved except for the distributed
mass of the perspex shell, which has to be kinematically lumped
at the nodal points, Hence the total mass matrix consists of two

parts:

—_ ™ o4+
m._m+s o

NODAL SHELL _ FLOORS
The matrices Tg and 1p are shown in Appendix II, and have
been evaluated using a linear variation in acceleration between the
nodal points. This approximation is sufficient as the mass of the
shell is only about 10% of the total mass. A higher order

13
approximation is given in detail in Argyris™ .
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For the design calculations relating to the model this shell
mass was lumped at the nodes sgoas tokeep m diagonal,

The solution of the homogeneous equation of motion:

mx + K6X=O
defines the 6 x 6 eigenvalue problem
(Al - D)X=0
where D= m"1 K and the solution of which

yields A , the eigenvalues, and & the eigenvectors
respectively, typical elements of which are:
A;  the i'th  eigenvalue (wiz)

'th .
and <_1>i the i eigenvector.

£

The eigenvalue problem was solved to obtain the models natural
frequencies and mode shapes, using a computer iterative technique,

as shown on the computer flow chart FIG. 11.

Knowing the theoretical eigeavalues and eigenvectors it is possible
to decouple the 'n' degree of freedom equation of motion to 'n'
single degree of freedom systems using the transform ation X=¢q

that is

mX +(1+ig KX = pelt

- jwt
becomes mqq +{1+ig) kq = Qe'

" where mq is the diagonal generalised mass matrix ¢t m ¢
k is the diagonal generalised stiffness matrix ¢t Ké

Q is the generalised force . ¢.t P

this giving the generalised solution

a=hwaQ
"Thus to check that the model does in fact give measurable response
at the top and close to the bottom of the building for wind tunnel
tests fluctuating lift and drag coefficients obtained from Vickery2
were used in this equation. It should be noted that this approach

gives only a rough estimate of the response of the model because of
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3.3

the lack of knowledge about the input forcing .functidns. Pursuing
this analysis for varying structural stiffness, mass and damping
gave bounds for the probable acceleration response of the model

thereby allowing the type of accelerometer required for the

model to be chosen,

The following sections will attempt to outline some of the problems
the author investigated, both theoretically and experimenfally, when |

designing the test model,

THE EFFECT OF ROTARY INERTIAS

Having neglected the effect of rotary inertias in the solution for the
fluctuating forces, there effect on the dynamical model has to be .
shown to be negligible, that is, to show that they do not affect the
models design or performance. This is done by solving the 12 x 12
eigenvalue problem where m, includes the rotary inertias, that

is solve (Al - m_;K X =0 for a 12 x 12 system.

The following table compares the first six resonant frequencies
for (I) the rotary inertia neglected .

(I1) the rotary inertia included

(II1) the resonant frequencies obtained experimentally by

dynamic testing.

HZ I II 1
nl 13.99 13.99 15.6
n2 88.92 88,51 85.0
n3 251,50 248,80 229, 0
nd | 493.40 484,70 346,0
n5 790.60 775.8 437.0
ng 1055.5 1047.4 505.,0
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This table shows that the effect of the roiary inertias on the
lower eigenvalues is not significant and validates neglecting
these freedoms in the mathematical model used for finding the
fluctuating forces, Note that, as expected, the additional .
rotary freedoms reduce the eigenvalues. The experimental
results shown on column III show reasonable agreement with
the theoretical results for the first three eigenvalues, but
deviate for the higher eigenvalues, This is because the actual
model is a thin shell structure (Imm thick) and cannot be
approximated to a beam when evaluating the higher eigenvalues,
and so only the lower eigenvalues are relevant because 6f this
mathematical idealisation, Since the frequency band of interest

is less than 200 HZ the neglecting of rotary freedoms is validated,

TORSIONAL EFFECTS/COUPLED OSCILLATIONS/PANEL
VIBRATIONS

The first torsional natural frequency was found to be at 275 HZ
and therefore does not affect the bending dynamic model in the
frequency band of interest, The section ratio of the model i3
2:1-25 giving a ratio between the lift and drag resonant
frequencies of 1.37: 1 this having the effect of eliminating the

possibility of lift/drag coupled oscillations occurring.

Since the end conditions of the individual panels are not exactly
known a first resonant panel mode of 386 HZ was found for a
simply supported boundary condition, this gives a lower bound

for the natural frequency which is higher than the vibration frequency
of useful data, hence panel vibrations will not affect the dynamical

.Jmodel,
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VERIFICATION OF LINEARITY

As the dynamic response of the model is used to predict the
fluctuating random forces, it is important that extensive
dynamic teétlng is carried out to establish that the model has
linear dynamic characteristics and also has a sufficient degree
of structural damping so as to limit excessive deflections at

resonance,

The verification of linearity for the models dynamic response

is verified by the application of Kennedy and Pancu's 15 techniqﬁe
for experimentally measuring eigenvectors, as applied to 'n' degree
of freedom systems and by plotting the real and imaginary parts

of the response to a constant amplitude sinusoidal input force

applied using mechanical vibrators,

The dynamic test set up for ihis, and also for the determination
of the experimental frequency response function is shown on
Figure 12, A Solartron Transfer Function Analyser ( T,.F,A, )
is used to supply a constant current to the mechanical vibrator,
this being amplified through a power amplifier. The frequency
and magnitude of the output signal of the T.F.A. can be varied
and therefore by scanning through the frequency bands of interest,
that is, around resonant frequencies, the experimental eigenvectors
can be found by plotting the complex transfer function between the
input vibrator force and the acceleration response. This process
is repeated for all the six node points for all the various resonant

frequencies using a node position selector,

JThe 'n' degree of freedom damped equation of motion can be
orthogonalised using the undamped eigenvectors ® , when damping

is assumed proportional to stiffness,
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i.e. using the transformation to a generalised system X =¢q
- . iwt
MX +@+igKX =Pe "

becomes 'n' single degree of freedom systems

. : iwt
myy gy + (1 +igg) kypa3 = Qe

- ] iwt
Mpp gn + (1 +igp) kppqy = Qne

or in matrix terms

nhq + chq= Qe1

where mq k qc Q are the generalised mass, complex stiffness,

wt

and generalised force matrices respectively,

At close to the i 'th resonance the transformation

X=0gq
~%9t B
i
where Bi is a column of constants due to the effect of the higher
modes

choosing the k'th nodal response
Xik = #ik i), + Bk

Xik - Bj = Xl'{ = ¢ik Qix and ¢ik is constant around resona.'nce
giving x1 ik the response of the model proportional to gk at the i'th

resonance,

For a single degree of freedom system

.- . 1wt
m, . q1 + (1+igy) ki1q; = Q3 €

the solutionfor the displacements is

g =Q (1-8% i -gy
K \(1-g92+g” 7 AR
- Knin B (1 -g9% + g4
=R +il where g = w_
Wi

and since Xy « qj, plotting thereal and imaginary parts of the response
around resonance forms a response locus for the individual node point
concerned, The point of resonance on the nodal loci is defined where a

line joins the centre of the circle to the point where

d ( ql) is a minimum, or where d (§) is a maximum
—\Q/ d (89
d(g%

S being the arc length between increments in frequency.
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The ratios of the diameters of the circles are the experimental
eigenvectors (Dei for resonance in the i'ﬂl mode, This
process can be repeated by plotting the response loci for the

modes of interest thereby obtaining the complete experimental

" eigenvector matrix cbe .

Using the T,F,A. as outlined earlier in this section, these
experimental eigenvectors were plotted for the 1st six modes

and the 1st fournilodes are shown on FIGS, 13 to 16, Each

family of plots have a tabulated comparison between the experimental
and theoretical eigenvectors (derived in section 3,2), furthermore,
the damping varia’;ion between node péints indicates how the damping
changes heightwise. With reference to LAZAN17 the non-
dimensional damping coefficient or loss factor g for perspex

is quoted as being 0(0.08) this being related to critical damping

by g=2C = (AW 3 d that is the change in frequency ketween

1 Wi :tth
the 3dB or 3 power points in the |

mode of vibration, From
the results plotted on Figures 13 to 16 the damping crefficient in
the bending modes is found to .be much lower than this value,
Figure 17 shows how the non-dimensionalised damping coefficient
varies from mode to mode and it appears that the damping is
greatest in the second mode of vibration when g =0,045

compared with approximately 0,025 for higher modes,

Small non-linearities in a structure can cause distortion of the
response loci plots, while large non-linearities cause jumps, and

the frequency at which these jumps occur varies depending on

whether the frequency is increasing or decreas‘ing. Since the response
Joci for all stations, and for all these modes of vibration as shown

on Figures 13 to 16 show no traces of these effécts the model is
considered to have linear dynamic characteristics within the

frequency band width of interest,
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It should be noted that generally structural or hysteretic
damping is not necessarily totally proportional to stiffness
and can in fact be proportional to a combination of both the
mass and stiffness matrices., However, the representation
of the structural damping in simple beam like structures cah

be expressed in the form:

M ) = 2L gw) € w)

y

that is, in the simple form used in the equation for evaluating
the fluctuating forcés. The effect of the presence of higher
modes is to some degree of greater importance than obtaining

a more exact definﬂition of the mechanism of damping, although
the definition as expressed in the equation above is in a generally

accepted form,

HIGHER MODES AND DAMPING

When considering the problem of the models structural damping
characteristics the presence of the higher modes of vibration
can be shown to be important. This effect is discussed by
Hitchings 21, and as already outlined the response around the k'th

resonant frequency at the i'th nodal point is given by:

. xik =4k qk + Bik
The effect of the higher modes is represented by the presence
of the Bjk term, and this term effectively shifts the focal point
of the response circle from the origin to some other position
depending on the degree of their effect. Figure 14 shows the six
response circles for the second mode of vibration, the dotted
circle represents the position of the circle as measured for station 1.
*This shift can vary from station to station for any natural mode.
The effect of higher modes is generally less pronounced at lower
frequencies, for example, the first mode of vibration remains to

a greater degree unaffected by the presence of the higher modes.
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3.4

This phenomenon has important implications when trying to
predict a force whose frequency is coincident with a resonant
frequency, in that the fluctuating force is not only doing work
against the damping term but also against the real part of the
response due to the higher modes, and this in general tends to

help the accuracy of predicting a resonant fluctuating force.

ORTHOGONALITY OF THE EXPERIMENTAL EIGENVECTORS

Having determined the experimental eignevectors dJe it is
interesting to check if they possess the orthogonality property

of q;éq;e al | The (Dte ¢ o matrix is shown in
Appendix II, and indicates that the experimental eigenvectors

are close to being an orthogonal set as the first five columns have
off diagonal terms of magnitude 0 (10% of diagonal value), where

most elements are generally less,

FORMATION OF THE EXPERIMENTAL FREQUENCY RESPONSE

_ FUNCTION H(w)
The experimental tecbnique previously discussed in Section 3.3
can be extended to find the experimental frequency response

function hq (w).

Considering the generalised system defined by the transformation
X=¢q

the generalised frequency response function is defined in terms of

the generalised mass mg stiffness kq , and damping matrix

g.Kgq . Section 3.3 outlined how to find the experimental -

eigenvectors @,

If the generalised mass inatrix can be found, Kq . follows from:-
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and since damping is assumed proportion to stiffness the
experimental frequency response function h q (W) can

be found.

To find the experim ental generalised mass matrix nodal masses

are added and the variation in resonant frequency observed,

wi = kg = A
mgi
|2 : 1
wi = kaii = A
m! ;5
m' =<§ ﬁH
q

¢
Ai_}\" =kqii( 1 -1 )

Mgii  mlgii

and using kg = ) m1qii substituted into (1)
gives ' |
M -1) = Amg; t
(")T' AL = 0, 0m b,
i Mgii T
ér m P

where A m is the added mass matrix, hence knowing X, , )\'
added i ;

for this added mass mqii can be found from

t
» bo; M Py
mqﬁ = —— for each mode
)
Ni

" The following table shows a comparison between the theoretical

and experimentally determined generalised mass matrices.

MODE No. ¢: m cbt ¢;m q)e ghexperimental
1 00159 00161 - 00164
2 .00253 -00277 ©.00273
3 00233 . 00282 - 00252
4 + 00285 j -00240 -
5 - 00229 00276 -
6 - 00298 | .00208 -
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3.9

The third column gives the values obtained using the theory

above, for the higher modes 4, 5, 6 it was experimentally

impossible to obtain a large enough change of frequency to

estimate the higher mode terms, but for the 1st three modes

the mathematical and experimental modes are in good agreement,

Thus knowing the experimental eigenvalues A\ e , eigenvectors
e and generalised mass Meq » the complete frequency

response function H o (W) can be found.

GALLOPING OSCILLATIONS

To ensure that the-model does not experience galloping oscillations
during wind tunnel tests the models lift displacement response
is checked against Novaks stability criteria, These calculations

are made to verify that the lift displacement response remains in the

- stable regime for all windspeeds, that is, to preclude galloping

1
response from the analysis. Novaks stability diagrams for the
2:1 and 1:2 section aspect ratios for smooth and turbulent flow. are

shown plotted in terms of the universal galloping amplitude 2 =mn 2

and universal galloping velocity U =mp, U' A
in Figures 66 and 67. 2
Where Mn , B, 2 ul represent the non-dimensional mass,

damping, displacement and reducedvelocity, respectively.

These plots were plotted from the results of the application of
Parkinson's quasi steady theory by Novak to these rectangular

sections and their validity verified by experiment.

The non-dimensional parameter involved are :

mp = PDZ’Z
4m
=0.67x107
B (damping ratio) =0,033 = 0,0165 (1st mode)
.2
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this gives the universal parameters for the present model as

U = 0,0039 U ( U in ft/sec)
and a = 0,041Y " where Y is the peak lift
D

displacement response,

These being for the 1:2 model i.e,, the small face windword,
The bands of values for a v U for the present wind tunnel
tests are shown superimposed on Novaks stability diagfams for
comparable aspect ratios, for both sections in smooth and
turbulent flow, For the 1:2 sections as shown on Figure 66,

the section is always stable in turbulent flow, and in smooth
flow it would require to oscillate with an amplitude greater than
40 times the actual amplitude it experiences in the present wind
tunnel tests, for there to be any tendency towards galloping.
Similar results are shown on Figure 67 for the 2:1 section and

it remains aerodynamicaily stable for all reduced velocities, Thus
the model is stable and does not exhibit any tendency to gallop in

wind tunnel tests.

AERODYNAMIC DAMPING

Ciosely related to the phenomenon of aeroelastic instability is

the degree of aerodynamic damping created by the bodies motion
in the wind. Since the section does not gallop in the lift direction
the effect of aerodynamic damping for this direction is presumed

to be small compared with the structural damping.

The aerodynamic damping force for the model vibrating in the

.drag direction can be found from the total aerodynamic force

. 2 ’ 2 o;
Ap(t) =3pCp (U-X;)" + Cm p D” (-X) -
Virtual Mass Term
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3.6

giving the velocity dependent aerodynamic damping term

Apg,® = PCD D U X;

which gives the logarithmic decrement of aerodynamic damping

of 5 _pCp DU
a M 2 wj
where M is the mass /unit length 0.26 L 12

3.142 = 32,2  lpm/ft

P  air density (0.00238 slugs/ft3)

Cd drag coefficient (£ 1.0)

w, circular natural frequency (2 M x 15.6)
D wind ward dimension (ft) 2'0/12.0

U  wind speed (ft/sec) (100 ft/sec)

Sa

5 g, = 0.0021 << g structural

= 0,00656

Thus the aerodynamic damping term is negligible compared with

the minimum structural non-dimensional damping factor of 0. 025,

CONSTRUCTION DETAILS

The following description together with the engineering drawings
and photographs in Appendix III give the complete details relating

to the actual construction of the wind tunnel model,

The construction of the shell is shown on Figure 2. The shell is
continuous with transverse stiffeners to maintain its rectangular
section of 50mm x 3imm. Built into the shell are six lead masses
80mm apart weighing-approximately 135 'gra'ms each as shown on
Detail 2, Figure 3. The shell is made of Imm thick perspex while
.the transverse panels are 2mm thick. Each floor containing a mass
has two in-built accelerometers and these have been positioned so

as to decouple the X (translational) and € (rotational) motions:

- one of these accelerometers measures lift accelerations and the

other drag accelerations, as shown on the plan Detail 1 on Figure 3.

47



Intermediate transverse panels are used to reduce the effect

of panel oscillations. The base of the 1mm thin shell is
reinforced with 2mm thick perspex to étop cracking around

the holes at the bottom of the model when the clamp plates
(Detail 5, FIG. 4) are tightened. The core block, shown on
Detail 4, FIG. 5, is accurately fitted to inside of the bottom of
the shell, so that when the clamp plates are tightened no severe

bending occurs.

 With such a thin shell a "jig" was required to ensure panel
alignment and fixing during the model assembly and glueing

stages, The model is shown fixed in the jig on photograph FIG.9.

Semi conductor strain gauges were glued to both the inside and
outside of the model. The internal wiring required was fixed at
each floor level, the wires running to the bottom of the model

where they leave through a central hole,

The model sits on a rigid mounting consisting of a circular pipe
with end plates as shown on Figure 5 and the general arrangement
of the complete assembly used for all wind tunnel tests is shown
on Figure 6. The model and mounting are attached to a rotary
table on a 1-Ton seismic mass isolated from floor vibrations by
springs, this giving a natural frequency of the complete assembly

of less than 2 HZ.

A photograph of the 30mm side of the model during its construction
stage showing the 1mm thick shell together with the 2mm transverse
panels supporting the lead spheres and some internal wiring is

shown on Figure 7, The details of the lead sphere and accelerometer

connections for a typical floor are shown on the photograph Figure 8,

To obtain the accurate dimensions of the model it was set in a jig

as shown on Figure 9 during assembly,
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The model was tested in the Department of Aeronautics

5 ft. x 4ft. working section wind tunnel and a photograph

of the model protruding through the floor of the tunnel is

shown on Figure 10. The dimensions of the model were

chosen to keep the length scale of the grid induced turbulence

greater than D, a typical width of the model. The longitudinal

length scale of turbulence was Lix = 78mm, and the transverse

scale

Ly =38mm these being obtained from the cross

correlation coefficients obtained from two hot wire probes in

the far wake, generated by a 6 inch square grid at the beginning

of the

working section.

Therefore the following turbulent scale parameters apply to all

tests:
(i)

(if)

From

for the 31mm side windward, Lx/D =2.4 and Ly/D; =0,75
this having an aspect ratio of 15,6 and section ratio 1 : 2,
for the 50mm side windward, Lx/Dp=1.5 and Ly/Dl =1.24
this having ar aspect ratio of 9.8 and section ratioof 2 : 1

the power spectrum of the 'u' component of velocity

T2
fluctuations the turbulent intensity Ju - was found to be 0,065,

U

Using perspex as the shell material has three other important

advantages, these are:-

(©)

(if)

its bending damping ratio is relatively high at approximately
2% critical, this reducing any effect aerodynamic or acoustic
damping may have, .

The high damping also reduces the tendency for the section to

| gallop, as already.discussed, making it aerodynamically more

(iii)

9 0
stable. The research outlined in Scruton12 and Novak ’ 10, 11

emphasise the importance of structural damping in stability
calculations,

Th e high damping spreads the power in the response spectrum
about the resonant peaks thereby improving the prediction of

the force spectrum at frequencies between resonant frequencies,
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3.7

STRAIN GAUGE ARRANGEMENT

A full 4-strain gauge bridge was used in the configuration
as shown in Dia%ram A below. The semi conductor stréin
gauges have /8 long silicon filaments with a strain gauge
factor of 110 and resistance 350 QQ , When adhesing these
gauges to both the inside and outside of the shell to measure
bending strains, the final length and therefore resistance
varies randomly with a possible out of balance resistance
across the bridge of + 10%. The bridges were balanced

using 5 - external potentiometers, 5- SE Laboratories strain

gauge amplifiers type SE 905,

The absolute sensitivity factor is relatively unimportant as

the bridge is calibrated by applying known bending moments.,

_ M
AV

and for each gain setting'on the amplifiers.

i.e., K for all 10 sets of gauges,

The full bridge with gauges and wiring on both inside and
outside of the shell (as shown below) minimises the effect of

small panel bending strains,

POTENTIOMETER
G1
G2 U
G2 | ;
sxcq JOUTEU
G1 || G2 G3 || G4 . ANA-SZKR
G3
G4 a3 G1
Y
~
INPUT .
DIAGRAM A. v 3KHZ
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STRAIN GAUGE CALIBRATION

The strain gauge calibration required is in the form M; =k; AV;,

where kj relates the change in output voltage in terms

of the applied moment, A fine steel wire was attached to

the weight W, and using a high quality low coefficient of \Y;
friction pulley, applied to the model using a knife edge =
connection, The change in voltage AV was recorded on a 1o
D.V.M., and this was repeated 10 times and the values

of AV; averaged. In most cases the drift was 0(1%),

and consistent results were obtained for each sample, |

This calibration was repeated for each strain gauge bridge.

VERIFICATION OF E.T.B.

To check that as the load W is applied closer to the strain gauges
the output remains linear, a plot of Tl\é—i—- Vv Z was made; Z
being the height in inches above the gauge to the load applied,
FIG. 33 indicates that the output voltage is linear with Z .

THE IMPORTANCE OF RELATING PHASE

There are two basic electronic instruments used:
1. S.E. Laboratories strain gauge amplifiers type SE 905.

2.  Birchals charge amplifiers,

The dynamic strain signals are time shifted approximately 500,

" secs, relative to the acceleration, by the constant time delay

filter in built onto the output of the strain gauge amplifier. This
phase error has to be compensated for as the relative phase between
the dynafnic strain and acceleration signals is important, There are
.Iwo possible ways of ac};ieving this depending on whether the solution
for the dynamic force P is in the time or frequency domain.

If the 5-acceleration signals are digitised simultaneously at 2 Ks/sec,
then by shifting the strains by 1-digit, relative to the acceleration,
this will be equivalent to a constant time shift of 50045 ., Since

an effective Nyquist frequency of 0(300 HZ) is required, this entailed
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3.8

using only about ird of the useful data, This is inefficient and
increases computing time considerably since each 12 BIT word
has to be unpacked into CDC 6400 60 BIT words, An alternative
approach is to sample at 600 s/sec (giving Nq = 300 HZ), and

applying a vector rotation on the strain complex Fourier

coefficients,
Ew = T EwW)
where , cos ¢ sin @
T = - sin ] cos g

where ¢4 is the phaée shift due to the strain gauge amplifiers filters,

Obviously this approach is only valid for a frequency domain solution,

ACCELERATION CALIBRATION

This calibration checks the accuracy of the Birchal charge amplifiers
in measuring absolute g's for various gain settings. The test rig |
is used by the Department of Mechanical Engineering to calibrate
accelerometer/charge amplifier systems, The test rig used is

outlined in diagram B. It uses a heavy duty vibrator which moves

| vertically upon which the accelerometer is rigidly bolted down. The

accelerometer mounting has lines etched at 2, 5, 10, x 10_3 inches,
The vibrator is driven by an oscillator and power amplifier, the
frequency being checked by a counter. A telescope is used to
observe the stroboscopic super-position of the etched lines, at the

chosen amplitude,

The acceleration is then Xo = w2xo . A calibrated accelerometer

of known sensitivity was used.

The r.m.s. output of each channel was then compared with the _
absolute acceleration for all 5 channels used, A typical result is‘
shown on Table C for 1g, 3g, 10g, 30g, and 100g gain settings.

The 1g, 10g, 100g settings are correct but the 3g, 30g, settings are
about 7% in error, indicating that these outputs are closer toJ 10

and j 1000. This compensation was allowed for in all fest results,
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- 3.9

MOUNTING

TELESCOPE
ETCHED™ ¢— VIBRATOR COIL
LINES s
DIAGRAM B
CH. NO. ERROR  Xo/Xm
1 1g 3g 10g 30g 100g
1,004 1.074 1,007 1.074  1.00

TABLE C

STATIC TESTS

To check the accuracy of the strain gauge calibration, and model

geometry static tests were carried out i.e. X(tl) =0

Consider equation (iv) section 2,0,

Pty = A Mty + B

*

giving P = A M

X (ti)

)

then by applying a known static load at a known point, and by

measuring the change in voltage outputs at al] 5-stations

with the corresponding calibration factors, an estimate of

the applied load distribution can be found (See Table D),

ACTUAL LOAD DISBN | PREDICTED FROMI|ERROR% | AV
P1 .8987 0.9014 . 0.3 0.383
P2 0.0 - 0.0114 1.27 0.500
P3 0.0 0.0137 1.52 0.666
P4 0.0 0.0170 1.89 1.021
P5 0.0 0.0068 0.76 1.126

TABLE D
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The above values were computed by putting X =0 into the
program outlined in flow chart FIG. 21 used for the dynamic testing
of equation above. This shows how the known bending moment
distribution can be used to find the load distribution accurately.

The static load was applied at the top nodal mass giving A*
conditioning similar to equation (ii) section 2.3, This approach

can be extended further to include the inertia terms gX and
this is done by using the T.F.A, to measure the Fourier Coefficients
for individual frequencies for X w), & (w) and solving for the

input force P (w). The next section deals with this analysis.

TRANSTFER FUNCTION ANALYSER/DISCRETE FREQUENCY TESTS

The solution of equation (v) section 2,0 has four main sources of
error,
*

' ’ * .e
Pw= A Gw) Ew + BXwW) (v)

(i) errors associated with the calibration of M (w) X (w)

(ii) the effect of these errors (i) on P (w) due to the conditioning
of A, B |

(i) phase errors between &(t) and X(f)

(iv) errors due to the magnitude of the difference between the
inertia and stiffness contributions. e.g., at resonance the

difference is much smaller than off resonance.

To investigate how well the technique predicts the distribution of
fluctuating forces a point sinusoidal force was applied at the top

mass using a vibrator. The Transfer Function Analyser excites

the vibrator and the complex Fourier coefficients of & *), X(t)

| found relative to the phase of the input force. The output from the
force transducer is calibrated with respect to the output from the
T.F.A, to get the actual input force Pinput with the correcf phase,
The Fourier coefficients of & (t) and .)i(t) were calibrated and
used to predict the magnitude and distribution of P for various
discrete frequencies including resonance, using 'the computer

program as outlined in the flow chart FIG. 21,
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To investigate the relative contributions from strain and

acceleration in the predicted force equation ( v ) is re-written

as

PPRED = P+ Py
Table 1 in Appendix II shows the P input measured together
with Pprep = F‘é + P>-'( for various frequencies,

OFF RESONANT RESULTS

The average percentage error between the actual and predicted
forces for the top 4 stations is 0 (6%) and if the top 5 statidns are
considered o(lO%),‘ although generally the error in force 5 is higher

than the other errors. (see Table 1 Appendix II).

RESONANT RESULTS

Here there is reasonable agreement for the top 3 stations but lower

down the model larger errors occur than in the off resonant case,

The main reason for this is that at resonance both inertia and stiffness -
contributions are mich larger for an equivalent force off resonant,

and consequently the effect of errors is larger, Furthermore, the

inertia and stiffness terms tend to cancel out each other, this being typical

of resonant systems.

The technique is tested further by making the input forcing function
a random force and using the computer programs discussed in

Appénd ix I, to predict the input force spectra.

PREDICTION OF KNOWN RANDOM AND HARMONIC INPUTS

To prove that the technique works for random loads, the model was
dynamically vibrated with known random loads applied using vibrators
as shown in Diagram D. The superposition of the predicted and actual

force spectrum allows a direct comparison between them.
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MODEL.

PSEUDO VIBRATOR FORCE v RECORD
RANDOM ' RANDOM
COIL TRANSDUCER
SIGNAL ) ) > ACCEL.

GENERATOR ' AND
STRAINS
POWER MODIFIED
SPECTRUM A SPECTRUM

" DIAGRAM D - DYNAMIC TEST SET UP

The photograph FIG. 25 shows how the vibrator with attached
force transducer is mounted rigidly to the model via small
perspex pads located at the transverse panels. The Solartron

- Pseudo Random Signal Generator signal output has a flat power
spectrum. This output is amplified and drives the vibrator which
is attached to the model via a KISLER force transducer. The
output from the force transducer together with the 5 acceleration
and 5 strain signals were recorded on an Ampex FR 1300 analogue
tape recorder (see FIG. 22;. This data is then analysed using the
same computer program that predicts wind tunnel test fluctuating
loads, to give a comparison between the actual and predicted force
power spectrum. The computer analyses is outlined in Appendix I
and the corresponding flow charts on FIG. 23 and FIG. 24 which

deal with the data gathering and computing techniques,

The mass of the vibrator coil and attachments introduces a random
inertia force that can considerably modify the flat power spectrum,
depending on the displacement of the miodel at the point where the
‘force transducer is connected. The effect of this added inertia -
force is shown in the difference between FIG. 26 and FIG. 27.

FIG. 26 shows close agreement between the actual and predicted force
power spectrum at Station 1. FIG. 27 and FIG. 28 show a different
modified input force spectrum at Station 1, together with the coherence

and phase between the actual and predicted spectra,

56



Ideally the coherence should be unity and phase zero in the band
width of interest. There is a degree of incoherence near the
resonant frequency and slight change in phase (see FIG. 28),
For a sinusoidal force at Station 1, resonant with the 1st lift
structural frequency giving results on FIG. 29 and FIG. 30,
there is good agreement between the actual and predicted force

spectra.

The random force test was repeated at a position between
Stations 2 and 3, that is on the second top element, and again
good agreement was obtained between the results as shown on

FIG. 31 and FIG. 32.

SUMMARY OF DYNAMIC FORCE PREDICTION RESULTS

' The results for the prediction of the distribution of forces as
shown on Table 1 Appendix It indicate that the technique allows
the accurate prediction of the fluctuating forces on the top four

elements of the structure.

The prediction of the distribution of the fluctuating forces is
better at frequencies away from resonant frequencies as shown

in Section 3.9,

The technique can predict the power spectra of fluctuatirig random

forces giving good agreement with the measured power spectrum.

The magnitude of the errors in the predicted force is associated
"with errors in the experimental measurement of response and

also on the conditioning of the A* , B* matrices,

The prediction of the random load spectra using the wind tunnel

computer programs validates their use for wind tunnel data,
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4.0

AERODYNAMIC RESULTS

A total of eleven sets of wind tunnel recordings were analysed to
obtain the distribution of fluctuating lift and drag forces and their
cross correlation coefficients together with the corresponding

nodal displacements.

The data gathering and computing techniques used to evaluated these

quantities are discussed in detail in Appendix I.

The results have been subdivided into two sections, one section

in table 1 AppendixIJJ dealing with seven sets of results, where five

of these relate to the fluctuating lift forces when the vortex shedding
frequency is away from structural resonance, the remaining two

sets dealing with fluctuating drag forces in turbulent flow. The second

section in Table 2, Appendix III deals with the special cases where

.the fluctuating lift force frequency is resonant with the 1st and 2nd

natural frequencies, and contains four sets of results.

Tables I and IO also show the r. m. s. nodal displacements ( \/ X_iz)

and the values of \/ CI?F and J C])2F which represent the
integrated lift and drag shear force coefficients obtained from the
distribution of forces, together with the corresponding integrated
value obtained from Vickery2. The tables further cross reference
the figure numbers for the plots of the force spectra and

corresponding cross correlation coefficients.

The following table shows the six flow conditions for which the

ﬂuctuating forces can be found

LIFT DRAG
ASPECT RATIO9.8 SMOOTH TURBULENT TURBULENT
ASPECT RATIO 15.6 | SMOOTH TURBULENT TURBULENT

Thus Table I Appendix III shows the results for these permutations
for 'non resonant conditions', and table 2 for 'resonant' conditions,
and for both cases the fluctuating drag coefficient in smooth flow

was found to be negligible.
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COMPARISON OF RESULTS WITH VICKERY

There is no published work known by the author that presents the
distribution and cross correlation coefficients of the fluctuating
aerodynamic forces up a flexible structure. The only quantitative
values for the fluctuating lift and drag force coefficients found by
a literature survey are in Vickery2 which deals with turbulent flow

only. There is no published work on the fluctuating forces for three

-dimensional building structures in smooth flow. Vickery2 suspended

building models of various sizes with different section and aspect
ratios in a water tunnel and used a dynamometer at the bottom of the
building to measure the integrated aerodynamic lift and drag shear

forces.

To compare the results obtained for the distribution of forces from the
present test with the integrated force representing them for

comparison with Vickery, a statistical addition has to be made.

Consider the distribution of forces to be on 'n' elements then the
total force is given by :
PFT (ti) = PFl (ti) + PF2 (tl) ....... N PFN (tl)

then the mean square value is given by the time averaged square

that is

95 2
Ppr = (PF1 +Pypg + °° Pry)
As already outlined in a previous section the matrix of cross

correlation coefficients is given by :

t

Rwo) = P P
where P = { PFl Ppg eoeeevs. PFN}
then the mean square is given by
- N N
Pir = A: Z Rjj(0)
i= ]:1 J

hence the magnitude of the integrated fluctuating shear force

is dependent on the cross correlation coefficients and distribution
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of the elemental fluctuating forces.

In terms of the non dimensional aerodynamic force coefficients,

5 N
Pyt 2 XL:I R.J )

Cyr =
. 2 2
G pPU°AT)

Gpu’ NAe ) 2

where Ae is the area of an element and AT;is the total area equal

fo N. Ae,

This equation can be reinterpreted as

N XN
1 | (o)
Crr = —F 121 J'Z—‘:l Cij (&) 2

where Qi j (o) represents the non dimensional elemental

shear force coefficient.

Now consider, for example, the two extremes of zero cross
correlation and unity cross correlations with all the elemental

forces equal, then

~2 _ 1 C 2 for zero correlation between
’ CFT - . Fe
VN the aerodynamic forces
g 5 for unity correlation between the
and \/ Cer Cre aerodynamic forces

Thus for zero correlation between four elements

Jore =3 /o2
CrT = 3 Cre

i. e the integrated force coefficient is half the elemental one.

This explains why the fluctuating force coefficient obtained from
Vickery's tests for the integrated shear force coefficient is generally
lower the individual elemental force coefficients obtained from present
tests, thé difference being dependent on the cross correlation

between the elemental forces.
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To obtain a comparison between the distribution of forces obtained
from present tests and Vickery's integrated results, the distribution
and cross correlation coefficients were used in equation (1) above

to obtain the integrated aerodynamic force coefficients. These are
tabulated together with Vickery's values on Table I Appendix III.

In this table Vickery's values have been redimensionalised with

respect to the lift area.

1t should be noted that the integrated forces presented for the present
tests relate to the top four elements of the model, and ideally the
correct comparisonavith Vickery should be for the top six elements,
that is, over the total length of the structure, however, it was found
by the author that introducing these forces had little effect on the
integrated value for the force coefficient, for example, for turbulent
flow forces at reduced velocity U/n1D=14,0 gave \/ (;FF = (. 42

-for the top five elements compared with J (EZ; | = 0.41 for the
top four elements. This calculation is shown in Appendix II, where

the cross correlation matrix is shown.

Vickery presented the variation of tlﬁintegrated fluctuating lift
and drag coefficients \/ ('3;2_1; and J CDZF with aspect ratio, for
fixed section ratios. These have been reinterpreted and replotted
as a variation with section ratio for the two fixed aspect ratios of
9.8 and 15. 6 and are shown on Figures 42 and 43. The values
obtained from equation (1) above for the present tests have also

been plotted for comparison.

For bothr aspect ratios there is very good agreement for_t_he
corresponding integrated lift and drag coefficients \/ ch and
\/ (gz; with Vickery. These regults are discussed in greater
detail in the following results. '
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4.2

AERODYNAMIC RESPONSE : ASPECT RATIO15. 6

Figure 34 shows the variation in the lift acceleration response and
Strouhal number with wind speed (U) for smooth and turbulent
flow. It shows how the models 1st and 2nd resonant modes, can

be excited by the vortex shedding lift force as indicated by the two

- marked peaks at 18ft. /s and 98ft/s. The acceleration response

varies with wind speed depending on the node point chosen, for
example node point 4, marked 0, has a small acceleration response
at the firstmode wind speed, while conversely, it becomes the largest
acceleration response at the second mode wind speed. Node point 2
however, has a large acceleration at the 1st mode but has a small
response relative to the other nodes at the second mode. Thus

it is seen how for various wind speeds the acceleration response
consists of a combination of the models eigenvectors. Figure 35
shows a typical lift displacement spectrum for station 1 (top of
model) for the reduced velocity U/nlD = 35 where nl is the first
lift natural frequency, and as expected most of the displacement
comes from the fundamental mode of vibration, this being typical
of most wind tunnel tests, At around the Strouhal frequency

P /u=0.1 the lift displacement spectrum shows the interesting

. nD
feature of two vortex shedding frequencies one at —5— =0.1 and
nD
the other at {3~ = 0. 08. This phenomenon reflects itself
in'the corresponding predicted force spectra and shall be discussed

in section 4. 3

Four sets of data were recorded at wind speeds corresponding to the
arrowed positions ( T ) on the U axis as shown on Figure 34. i.e
for O/n1D =11.25, 35.0, 48.4, 60. 6, and these analysed to predict
the fluctuating aerodynamic forces and their cross correlations.
Two of these sets of recordings correspond to the vortex shedding

frequency coincident with the first and second natural frequencies.

The effect of free stream turbulence in this case is to induce shedding
over a broad band of frequencies, and consequently the sharp peak
at resonance as exhibited in Figure 34 for smooth flow is evened out

as is shown on Figure 36 for turbulent flow.
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Base pressure measurements taken on the rear face of the model
gave an increase from Cppg =-0.73 to Cpp =- 0.64 at the top
of the model and from Cpg =-0.85to0 Cpg =- 0.53 at close to
the bottom station in turbulent flow. This increase in base pressure
is similar to the effect first observed by Vickery3 for tests on a

two dimensional square section in that less static drag was found
when there was turbulence present in the free stream. The effect
of turbulence on thé fluctuating lift displacement spectrum is shown
on Figure 37, and most of the displacement still comes from the
fundamental mode of vibration with small contributions from the
higher modes as shown by the peaks at higher frequencies. The
spectrum of the response is, however, wider as the first four
modes of vibration have been excited, as well as the first natural

- torsional mode. Hence for this turbulent case the vortex shedding is

not as strong at the Strouhal frequency as in the smooth flow.

Two sets of data were recorded and analysed for the reduced
velocities U/nlD = 8.8 and UnlD = 15. 0 for turbulent flow. The
corresponding drag response for the turbulent flox;v condition is shown
on Figure 38. Since there are no peaks in the drag accéleration
response for the wind speed range obtained in wind tunnel tests, the
‘ﬂuct':uating drag force appears to be random in nature with little

or no harmonic components from vortex shedding. The dotted line

on Figure 38 corresponds to a slope of 2 and shows how the

forcing function increases approximately with U2 as the response

line has a slope of 2.

One set of data was recorded for the turbulent drag fluctuations at the
re.duced velocity ViD= 38, and these were analysed to find the ﬂuctﬁating

drag forces.

AERODYNAMIC RESPONSE : ASPECT RATIO 9. 8

Considering the model with its bluff face windward, in smooth flow
there does not appear to be continuous periodic vortex shedding and the
models response occurs in bursts as is shown from the acceleration

trace on Figure 39. This is accompanied with very small r. m. s.
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values of lift acceleration, although during a burst they become
instantaneously large. The base préssure at the top station of the
model Cpp == 0.62 and at the bottom station Cpg =~ 0. 9 indicating
that there is less drag at the top than at the bottom of the model. One
set of data was recorded for the reduced velocity U/p1p =22.4

and analysed to find the fluctuating lift force distribution for smooth flow.

In turbulent flow the family of acceleration response plots,‘ Figure 40 is very '
interesting in that the lift acceleration has a marked peak where the shedding
frequency coincided with the lift structural frequency, and this response

is much larger than.the corresponding smooth flow response as

described in Figure 39. Thus it appears that turbulence has the

effect of enhancing periodic vortex shedding for this section and aspect

ratio, and makes the fluctuating lift forces more coherent up the

building, This effect is accompanied by a decrease in base pressure

~to a uniform value of Cppg =-1.0, indicating a large increase in |

static drag for turbulent flow. Hence, it can be said that turbulence

in this case has the complete opposite effect that it had for an

aspect ratio of 15. 6 where turbulence increased the base pressure. The
corresponding effect of this on the fluctuating lift forces is significant

and is discussed in more detail in section 4. 3. Two sets of recordings

were taken for reduced velocities of U/nID = 8.8 and 15. 0 and

analysed to find the fluctuating lift forces in turbulent flow.

The corresponding drag response is shown on Figure 41 for

turbulent flow. As in Figure 38 the drag acceleration response varies
with U2 and no peaks were found in the drag response. One set of
data was recorded for this case at the reduced velocity U/nip=13.9

and analysed to find the fluctuating drag forces in turbulent flow.

LIFT
AERODYNAMIC FORCE RESULTS : ASPECT RATIO 9. 8 N

Lo

For this section as a three dimensional building shape in

smooth flow the influence of the tip flow seems to control the vortex
formation in that vortices are generated in "bursts' and not in 2
continuous manner as shown by the acceleration trace on Figure 39
and comparing this with Figure 40 for turbulent flow the effect of
oncoming turbulence is to "wash out' the tip effect and allow
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coherent vortex formation as is indicated by the increase in lift
response. Since the strength of vortex formation is closely related
to the magnitude of the base pressure, two pressure tappings were
placed on the rear face to measure the base pressure Cpp at close
to the top and bottom of the building. The values obtained for smooth
flow gave the base pressure as Cpp =~ 0.62 at the top and

Cpp = -Q. 9 at the bottom, compared with Cpp =-1. 0 found

for both positions in turbulent flow. Thus a more two dimensional
“wake is formed together with presumably a greater rate of entrainment

of air from the base region, this indicating that there is stronger more

coherent vortex shedding in a turbulent flow for this aspect and

section ratio.

This phenomenon further reflects itself clearly when examining the
family of fluctuating lift force spectra and cross correlations found
for a Smooj;h flow analysis as shown on Figures 44 and 45 and
comparing them with the corresponding turbulent flow values on
Figures 46 and 47. In smooth flow the r. m. s. fluctuating lift
coefficients varies from the very small values of \/ C—i%?i = 0. 028
to 0.068, while the turbulent flow values are at least an order higher
’ varying from 0. 372 to 0. 725. The smooth flow lift force spectra

as shown on Figure 44 have much less power than the turbulent flow
values 6n Figure 46 at the Strouhal frequency of around 0.12. This
justifies the postulate that for this 2 ; 1 section and aspect rafio the
effect of turbulence is to increase the strength of the vortices shed
from the body thereby greatly increasing the magnitude of the
fluctuating lift force, and correspondingly tending to two dimensionalise
the wake. This phenomenon is further verified by the comparison
between the family of lift force cross correlation coefficients for
smooth and turbulent flow as shown on Figures 45 and 47. In smooth
flow the cross correlation coefficients drop off very rapidly along the
structure, as shown on Figure 45, and show little indication of the
exi stence of a symmetrical pattern of oscillating lift forces, however,
the turbulent flow lift forces are very well correlated up the building and

the family of cross correlation coefficients have a nearly symmetrical

65



distribution as shown on Figure 47,

As already discussed Vickery2 designed a test rig to measure the
integrated aerodynamic shear force acting on various building models

in a water tunnel in turbulent flow. Vickery did not present details
relating to the calibration of the dynamic system used, however, assuming
it to be properly calibrated with linear dynamic characteristics an
approximate comparison can be made for the integrated aerodynamic

force coefficients, For aspect ratio 9. 8 and section ration 2 : 1. 25

which is similar to preseﬁiests Vickery's value for the integrated
fluctuating lift force is J C I?F = 0.41 which compares favourably with

\/ CLZF = 0. 39 for present tests, this being obtained using the predicted

lift force distribution from table 1, and the cross correlation

coefficients on Figure 47. It should be borne in mind that the two approaches

used to find the integrated force coefficients are fundamentally different
and it is surprising that there is such a good comparison between
Vickery's results and the present test results. Other differences
exist, in that the turbulent scale parameters Lx/D, Ly/D,

and the turbulent intensity \/ ;2/ U are not exactly similar,
Vickery's spectrum for the fluctuating lift for aspect ratio 4.4 and
section ratio B/D =2 . 3 is shown superimposed on Figure 46,

as there is no spectrum presented in Vickery for the present model
shape. This is plotted to give a qualitative comparison only, ‘since
for a true quantitative comparison the distributed force spectra would
have to be statistically added to obtain the total _shear force spectrum,

however,there is a reasonable qualitative agreement between the spectra.

AERODYNAMIC DRAG FORCE RESULTS : ASPECT RATIO 9. 8

Tl:.le corresponding distribution of fluctuating drag coefficients for this

aspect ratio and section ration 2 : 1. 25 varies from \/ CLzFl =0.15
to \/ C_L_Zl;l =0.,225, which are smaller than the fluctuating
lift force values. As shown on Figure 48 the force spectrum for each
of the toﬁ four elements approximate closely to being flat, as would be
expected for drag fluctuations in turbulent flow. The corresponding

cross correlation coefficient distribution as shown on Figure 49 indicate
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-that the fluctuating drag forces are less well correlated than the
fluctuating lift forces as they drop off very rapidly along the model.

This result is physically correct, as the fluctuating lift spectrum is
dominated by vortex shedding over a small frequency band which tends

to give better cross correlation than the random drag force. This

family of cross correlation coefficients is also close to having a
symmetrical distribution and this is in agreement with the phenomenon
that the wake flow is more two dimensional in turbulent flow. Vickery' sz
fluctuating drag spectrum is plotted on Figure 48 for comparison and
relates to a model of dimensions 29mm. x 12.2mm. x 125mm. high,
which gives both a different aspect and section ratio compared with

the present test modeil, nevertheless, there is a reasonable comparison
except at the low frequency end of the spectrum. Vickery's spectrum
does not extend below nD/U = 0. 06 and this low frequency cut off

is difficult to understand as the corresponding turbulent scale parameter
Lx/D = 3. 0 is much higher than for present tests, indicating that
Vickery's spectrum should contain more power at low frequencies. On
the same plot on Figure 48 the resulting fluctuating drag spectrum
obtained from Bearman's5 more fundamental research into the fluctuating
drag forces on square plates is plotted and the comparison shows that the '
present tests give slightly more low frequency power for the
corresponding square plate, and it is thought that this extra power is

due to low frequency fluctuations on the rear face caused by the afterbody

shape altering the wake structure, and also possibly by the free end.

2
The integrated fluctuating drag coefficient was found to be \/ Cpg =0.102
compared with Vickery's value of CDZF = 0.105 as is shown on the

plot on Figure 42, for the same section and aspect ratio as in present tests.

"~ In concluding this section on aspect ratio 9. 8 tests there appear to be certain
dis.advantages relating to this bluff 2 : 1. 25 section in a turbulent flow.

These are, high static drag Cpy, high fluctuating drag J C_DZF , and

‘a high fluctuating lift force \/ (—3;21? whose distribution is well correlated

up the building. -
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AERODYNAMIC DRAG FORCE RESULTS : ASPECT RATIO 15.6

The fluctuating drag spectra for the less bluff 1. 25 : 2 section are

shown on Figure 50. The distribution of r. m. s. fluctuating drag

\/ CDzFi , varies from 0.116 to 0,140 for the top three stations
in turbulent flow, and these are smaller than the values obtained for
the 2 : 1. 25 bluffer section of the model. This would be as expected
since the more streamlined the section becomes the smaller will be
the drag force. Again, the fluctuating drag cross correlation
coefficients fall off much faster than the corresponding fluctuating

lift force as shown on Figure 51.

-

The drag spectrum for position 4 appears to be in error as it contains
two extraneous peaks corresponding to the first lift and first drag
natural frequencies, and this is reflected in the very low cross correlation

between the neighbouring stations 3 and 4, i.e. C45(0) is very small indeed.

Vickery's spectrum for B/D = 0. 42 and turbulent scale parameter

of Lx/ D =6.25, which is much higher than for presént tests, has

been superimposed on Figure 50, and as expected, because of the large
difference between the corresponding Lx/D parameters, Vickery's spectrum
+ has a greater amount of power at low frequencies, and a higher

fluctuating drag coefficient \/ CDZF= 0.15, Vickery's integrated

fluctuating drag coefficient for aspect ratio 15. 6 and section ratio

1.25 : 2 was found to beJCD2F0. 09 from Figure 43, and this compares

favourably with the present test values of CljZF =0. 093 obtained from
the distribution of fluctuating drag coefficients and corresponding cross

‘correlation coefficients on Figure 51.

AERODYNAMIC LIFT FORCES : ASPECT RATIO 15. 6

For the short face windward two sets of data wére analysed for the
reduced velocities U/nlD = 35 0 and U/nlD =48.4 these giving vortex
shedding frequerncies that lie between the first and second natural
frequencies in smooth flow. Both sets of data gave very similar results
for the fluctuating lift force distribution and their corresponding cross

correlation coefficients, for example, Figure 52 shows the force

spectra for U /QID =385.0 and gives a variation  in the
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fluctuating lift \/ CLzFi between 0. 22 and 0. 29, with an equivalent
integrated r, m. s. value of\/ CTITZF =0.198, which compare favourably
with the values obtained for the set of data at U/p1D = 48.4 as shown

on Figure 54, which gave the distribution of the fluctuating lift
coefficient CLzFi varying from 0. 24 to 0. 27 with an integrated value

of \/ E—LzF =0.194. In both cases the distribution of the fluctuating
forces was found to be nearly unform indicating a regular vortex |
formation with little change in vortex strength up the building. However,
a very interesting feature about the force spectra obtained from both sets
of results is the existence of two regular shedding frequencies in the

lift force,one at the strouhal frequency nD/U =0, 087 related to the

| top of the building and the other at nD/y = 0. 097 at the lower stations.
Thus it appears that the low shedding frequency is associated with the free
end of the structure, while a higher frequency is associated with the
lower region of the structure. However, the magnitude of the fluctuating
forces remé.in nearly uniform in both regions. The corresponding cross
correlation coefficient distribution shown on Figures 53 and 55 indicate
the the cross correlation in any zone of constant shedding frequency

is very high while the cross correlation between zones is very small,

~ for example Ryg9(0) = 0. 75 while Ry4(0) = 0.13 for cross correlations
relative to the top of the building where nby U =0.087, while

Rys = 0.89 and Ryq = 0.13, for 2D/U = 0.097 for the lower region.
Thus both zones have vorfex formation which is uncorrelated between

zones.

This phenomenon of varying shedding frequency is generally more typical
of a body in a sheared flow where there is a variation in the mean wind
ve'locity with height. Research by Maull and Youngson the vortex
shedding characteristics of a statiOna:ry bluff body with a free end

gave zones of varying shedding frequencies found from the spectral
analysis of - velocity fluctuations measured on a hot wire anemometer
probe in a smooth flow, and these were thouglt to be affected by the a
free end condition, and also by horizontal streamwise vortices which

were thought to exist at the boundary between zones.
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The effect of turbulence on the fluctuating lift force distribution

for the turbulent scale parameter Lx/D =2.4 is shown on
Figure 56. The lift force spectra now indicate a broad band range

of shedding frequencies centred on a Stroubal frequency of

nD/y =0,115. The fluctuating lift coeff101ent drops

slightly at the top of the building to a value ofJ CLF1 = (.28 compared
with 0. 375 for lower down the building, thefe_ having an integrated
value of \/61_?;‘ = (), 277 compared with \/CI?F = 0,194 obtained
for smooth flow conditions, this indicating that the fluctuating

lift forces in turbulent flow for this ;lsg)ect and section ratio, are
much higher than in smooth flow. The broad band vortex shedding is
caused by the turbulence in the external flow region interacting with
the vortex formation. It is important to note that in this case the
fluctuating lift force is highly correlated up the building, and in fact
the cross correlation is higher in turbulent flow than it is in smooth
flow as is shown on Figure 57, for example examining this plot
shows that the cross véorfelation within the two zones are very
similar to the smooth flow values, however, the cross correlation
between zones is much higher in turbulent flow, this difference being

due to the varying shedding frequencies that exist in smooth flow.

Superimposed on station 1 force spectrum on Figure 56 is Vickery's
spectrum for a model of section ratio B/D = 0. 42 which is bluffer

than the present model. One major difference is that Vickery's peak

is centred at a very low Strouhal frequency Sn = 0. 04 compared with
Sn = 0; 115 obtained for present tests. This difference is though to be
due to the different section ratios, since Vickery's value for the
presént section ratio B/D = 0, 67 is Sn = 0. 08. Vickery's corresponding
1nteg‘rated ﬂuctuatmg lift coefficient for section ratio B/D 0.67

is \/ CLF = 0, 26 which is in close agreement with the present value

of \/ CLF = (. 277, as shown on.Table I, Appendix III
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4.4

AERODYNAMIC FORCE RESULTS FOR STRUCTURAL RESONANCE

WITH VORTEX SHEDDING

Seven sets of wind tunnel results for the distribution and cross correlation
of the fluctuating lift and drag forces have been analysed and discussed for
the case where the vortex shedding frequency is not coincident with

any of the structures natural frequencies, in smooth flow, and also

for the more random forces associated with turbulent flow, and these
results have been compared with those obtained from Vickery2 for the
integrated forces. These results also deal with all the combinations

of varying aspect and section ratios for smooth and turbulent flow.

"~ As already outlined in sections 3. 9 and 3. 10 which dealt with the

prediction of single frequency and random forces, the technique is

least accurate when t;-ying to predict a distribution of sinusoidal forces
whose frequency is coincident with any of the structures natural
frequencies, this being due to the émall difference between the stiffness
and inertia force distribution at resonance. It is obvious by comparing

the various r. m. s. displacements forthe different flow conditions

as shown on Table I and Table II that the models displacements for

the special case when the vortex shedding frequency is coincident

with the lift natural frequency are approximately twice the '""non resonant" '

values., The maximum and minimum displacements were 0. 0085 inches

-and 0. 00083 inches respectively or about 0. 004D to 0. 0004D, these

depending on the magnitude of the aerodynamic foreing function. To
keep thase displacements very small compared with the size of the
model was a pﬁmary design feature which has been successful, the
object of this being to minimise aeroelastic interactions that might
occur in wind tunnel tests. Research by Protos Goldschmit and
Toebes 27 on the hydro elastic forces on cantilevered bluff
tr1angular cylinders in a two dimensional flow gave an increase in

2 .
theé integrated fluctuating lift coefficient/ C1,x of 20% for lift amphtudes

of about 0. 04D which is an order higher than the maximum amplitude



obtained in present tests, Thus for the present building model it

should be expected that the dynamic displacements do not have any

serious effect on the magnitude of the fluctuating lift. However, it is
ciear from the results obtained in the special casé of vortex resonance

in smooth flow as shown on Table 2 and Figure 60, ‘that the fluctuating

lift appears to increase considerably, especially at the lower stations

of the model. Little is known about the change in magnitude and
distribution of the fluctuating forces when the forcing frequency is
coincident with a natural frequency of the structure, but clearly if

this increase in the fluctuating force is actually present it can only be due
to some complicated aeroelastic interaction that is not necessarily -
displacement dependent. The corresponding cross correlation coefficients
for both the first and second modes in resonance with the vortex shedding
frequency as shown on Figures 59 and 61, become negative along the
structure indicating that large phase changes take place between the forces

on each element.

These resonant results cannot be explained by the author but it is
thought that they may be due to a combination of a complex change in
the vortex formation combined with the resonant properties of the
dynamic model, Furthermore, this phenomenon appears to be typical
of smooth flow only, since when the flow is turbulent, and there is a
broad band of shedding frequencies at a natural frequency, the
“magnitude of the fluctuating lift coefficients are much closer to their
corresponding '"non-resonant' values, for example, the distribution
of fluctuating lift coefficients vary from EJ—LE;:i. = _0._261 to 0. 447 for
the "resonant" case with an integrated value o CLzF =0.288, all of
which compare favourably with the "non resonant" values of CLzFi
varying from 0. 283 to 0. 375 with an integrated value of 0.277 as shown
on Tables I and 2. and on the lift force spectra plots of Figures 56

and 62.
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4.5

CONCLUSIONS

The new technique described within gllows both the distribution and
cross correlation coeffici(;nts of the fluctuating aerodynamic lift and
drag forces on a flexible building to be evaluated by measuring
respoﬁse, and is the only technique known by the author that allows

the prediction of these quantities for building shapes.

The dynamic analysis and computing systems used to find these
fluctuating forces have been extensively tested in the dynamics
laboratory by predicting the magnitude of distribution of known

harmonic and random forcing functions.

The technique requires only two dynamic quantities fo be experimentally
measured per element to allow the TOTAL aerodynamic force on that

element to be foumd.

Good quantitative comparisons have been found with Vickery'32 results
for the integrated fluctuating lift and drag coefficients for both aspect

and section ratios of the building model.

FUTURE RESEARCH

Interesting future research using this technique would include
comparisons with the aerodynamic forces found from full scale buildings
and also the application of the technique to measure the full scale

fluctuating forces on an actual structure,

Further experiments are also required for the special case where the
vortex shedding frequency is coincident with a natural frequency of

the structure, including the'effects of aerodynamic damping.

Other interesting applications could be made by placing the model
between or surrounded by other buildings and observing the change in the
distribution of the fluctuating aerodynamic forces for this complicated

aerodynamic environment.

In concluding it is hoped that the technique would be applied to find the
fluctuating aerodynamic forces on other building shapes such as the
circular cylinder, and extended into other fields of research such as

for the fluctuating forces on bridgg decks.
7



MATHEMATICAL SYMBOLS

A Aspect ratio (height / windward breadth)
Ai Boolean selection matrix
Aoi element drag area
ALi element 1ift area
AT total side area
Ae element area
Aw windward area
Ap(t) aerodynax_nic drag force (total)
p= _(‘3_1.. frequency ratio '
B= DW ‘windward dimension
B/D section aspe;ct ratiowith B windward/frequency
Cpi Pj(w) coherence between forces at
C pi Pj(o) cross correlation coefficient
/ CLzFi r.m.s. element lift force
\/ CDzFi r.m.s. element drag force
J CLZF ' r.m. s. integrated lift force
J Cp r.m.s. integrated drag force
Dw=B windward width
Dy 1ift width
G () damping matrix
g (w) _ non dimensional damping
H(w) oo degree of freedom frequency response function
h (w) ' n' degree of freedom frequency response function (generalised)
Kq assembled stiffness matrix
Kﬂ reduced stiffness matrix .
K, . element stiffness matrix
kq generalised stiffness matrix
igkK ' complex stiffness matrix .
L longitudinal length scale of turbulence '
L y transverse length scale of turbulence
M (t) dynamic moment matrix
M (w) dynamic moment matrix (Fourier Coefficients)
m mass matrix
mq generalised mass matrix
nj i'th natural frequency in HZ
n frequency in HZ
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P(t) column of dynamic forces (distribution)

| Pw) column of dynamic forces (Distribution) Fourier Coefficients
Ps(w) total element dynamic forces (Fourier Coefficients)
P(Z) special distribution of forces
6P error associated with P
Q generalised force
q generalised displacement
R¢t) matrix of cross correlations at time
S non dimensional lift force spectra
S non dimensional drag force spectra
S force spectra
T vector rotation
o= reduced velocity
U= __Ll_n.%‘ universal reduced velocity
U g windward velocity (ft/sec)
w circular frequency
Wi natural circular frequency
W (T) Hanning Function |
X ) dynamic displacements
.)'((t) dynamic accelerations
X(w ) dynamic displacements (Fourier Coefficients)
X (w) ~dynamic acceleration (Fourier Coefficients)
Z distance vertically
Aj i'th eigenvalue (Loiz)
A eigenvalue -
o) eigenvectors
€ (t) dynamic strain
& (w) dynamic strain (Fourier Coefficients)
ePi Pj( a‘)) phase between cross spectra components
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APPENDIX I

DATA GATHERING, STATISTICAL CONCEPTS AND COMPUTER

PROGRAM STRUCTURE

DATA GATHERING AND REDUCTION

There are two basic stages involved in statistically analysing the data

generated by the technique

)

@) DATA GATHERING
(ii) DATA REDUCTION

-

DATA GATHERING

A simple flow chart for the gathering of information is shown on
Diagram A of Figure 23, During wind funnel tests the outputs of

5 accelerations and 5 strain signals are calibrated to give a r. m. s.
voltage of 350mV, this value giving the optimum signal/noise ratio

for the analogue recorder. These signals are recorded simultaneously
on an Ampex FR1300 14 track analogue recorder to ensure the

preservation of phase between accelerations and strains. Eleven

. sets of wind tunnel data were recorded for various flow conditions,

aspect ratio, and wind tunnel speeds. The analogue data obtained from
wind tunnel tests was digitised using the Department of Aeronautics
multi~channel data logging system fo generate a digital magnetic tape
compatible with the CDC 6400 ‘computer. The data logging system
uses a PDP/8L computer together with an interfaced analogue

to digital convertor (ADC) capable of digitising at 25K samples/sec,

the discrete values being written to a digital magnetic tape. The A, D. C.
has a sample and hold which allows all ten channels to be sampled at
th;e same instant in time again preserving the strain/acceleration phase
relationship, this being of prime importance., The generated

digital tape has the strain and acceleration values stored consecutively
in variable records, which always contain a multiple of ten useful '

data points.
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The digital tape may contain several files for different flow
conditions,each file separated by an end of file marker which
ensures the correct positioning of the tape drive for each set

of data.

(ii) DATA REDUCTION

The data reduction is done using the Imperial -College Computer
Centre's CDC 6400 computer. As outlined on Diagrm B, Fig. 23,
the digital magnetic tape input is read fo obtain corresponding
arrays £ (ti) and X(ti), arré.nged in 1024 data blocks

suitable for Fast Fourier Transforming.

FAST FOURIER TRANSFORM AND HANNING FUNCTION

1
The Finite Fourier Transform is outlined in Bendat and Piersol 9.

. Considering a finite time interval (0, T) the Fourier Transform of

acceleration and strain become

T .
. .. ~-i2mrnt
X (m T) =/; X (t)e dt
T 3
and € @ T) = f geje 2™ g
o

for a discretised signal of equal time intervals ( At)thp =h At

considering X (t)

.

K@) = Xy = X hAt)
giving N-1 ’
.. . ~i27n hAt
X (n, T)=At§: X, ©
h=0 '
at frequency n =kn = k =k
T N At
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-then the Fourler Coefficients are defined by

. N-1 .
> _ X0, T)  _ . . -i2wkh
Xk At Z Xp T n

h=0
and similarly for € k.

This is the Finite Fourier Transform.

The Fast (finite) Fourier Transform algorithm used is based on
Cooley Lewis and Welch's23 program, the basic concept being that if N
is a power of 2 the series can be split into logzN subseries, and the
doubling algorithm can be apglied to compute the Finite Fourier Transform
in LOG, N dowblings i. e. the number of operations become N LOG, N
instead of the ‘conventional N2 thereby giving a very large saving in

computer time.

HANNING WINDOW A
W ('tf)

| To smooth the "apparent' power

|

7=Tm

spectrum to obtain a better
estimate of the "true'" power

spectrum the conventional one

sided 'Hanning function is used

For a one sided spectrum

w - 1(1-cos2rt
(’5 ) - 2 ( Tm )

' ) . oo 19, 22
now by Hanning the Fourier Coefficients (ref )
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The final power is consequently lower by the ratio of areas of the
Hanning to Rectangular window and this can be shown to be 3/8. The
one sided spectrum has twice the power of the two sided spectrum therefore

a further factor of 2 has to be included giving
*
S (w) = P(w) P(w)18
() e

where p(w) are the hanned Fourier Coefficients,

STATISTICAL PROPERTIES OF RANDOM DATA

Number of channels digitiseé P=10

| Sampling Rate/Channel SR = 666, 6 s/sec
Nyquist Frequency Nq = 333.3 HZ
Band width B =0.65HZ

Degress of Freedom N' = 2N =176
. Number of 1024 data blocks = 38/channel
Total number of data points =390 K

Sample time T =1, 54 secs,

ERRORS ASSOCIATED WITH POWER SPECTRA

From Bendat and Piersol the normalised standard error for a two sided

spectrum
‘ 2 1
BT
and for 1 block of data BT =1, therefore for N blocks data

€ =
. JN'

and for a one sided spectrum N]“ =76

Therefore N = 76 gives € =0.114
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Thus the error in the individual componenté are of 0 10%) for a

Gaussian Distribution, applicable to Bandwidth Limited white noise. For
smooth flow vortex shedding, where there is a modulated sinusoidal response,
the standard error is probably less. Improvement of the standard error

could be achieved by either of :

9] increasing the number of data blocks

(ii) frequency averaging.

Neither of these were thought to be necessary as in (i) it would make the data

handling and computing time jnvolved unrealistic with consequent delay

in analysis time, and (ii) would tend to smooth out the peaks in the force spectra

with consequent clouding of the physical interpretation of the results, e.g. Fig. 52

and 54 where there are two vortex shedding frequencies close to each other.

GENERAL STRUCTURE OF COMPUTER PROGRAM

The execution of the overlay structure for the program is shown in Diagram A
below. The use of Overlay structures optimises the use of Ceriral Processor
Time and core capacity requirements for large amounts of data wndergoing

different operations.

DIAGRAM A - OVERLAY STRUCTURE
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The data generated after each overlay program execution is written to

. disk storage making it easily and quickly accessible to the next overlay
program. The program is designed so that it operates for both dynamic
random force tests, and wind tunnel response data, and predicts the force

spectra in both cases.

The following secfions present a short synopsis of the general computer
operations involved in each overlay, and should be read in conjunction with

the flow chart, Fig. 24.

OVERLAY 1.0 - PROGRAM DEMULT

The input digital tape has 1535 12 BIT word records, and the total number of
useful words is variable depending on the sampling rate. Overlay 1.0

searches for the end of useful information in each record and counts the number
of useful data. These 12 BIT words are then unpacked into corresponding

CDC 6400 - 60 BIT words, Reading from the digital tape continues until a

two dimensional array of size A (10,1024) is filled, the 1024 size array

being in the correct form for Fast Fourier Transforming. A(10,1024) is written
to disk storage and A overwritten with the nekt set of incoming data. This

is repeated 38 times, with the sampled data running consecutively in time :

all the discrete data points are now stored on disk allowing fast access. There

are filemarks interspersed with the data to check the flow of data when reading.

OVERLAY 2. 0 - PROGRAM TRANSFORM

The data is read in consecutive 1024 word records, Fast Fourier Transformed
and the Fourier Coefficients Hanned. The r.m.s. displacements are found by
integrating the displacement spectra formed from x (w) = X (w)/ w 2
allowing for a low frequency cut off below 3Hy. The data is stored in

10 x 1024 _blocks\of Fourier Coefficients, the first five being strain, and the
second five runs being acceleration. Each column then corresponds to a
particular frequency component. These columns are then used to obtain the
individual Fourier Coefficients of the random force P ( w ), including
variable damping. P (w ) overwrites the column of data used in its
calculation, thereby optimising core space. When one block is completed

the Fourier Coefficients of P ( w) are stored on disk, and the procéss

repeated for the next block of data (repeated 38 times)
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OVERLAY 3.0 PROGRAM SPECTRA 1

This overlay is used to access the Calcomp graph plotting routines used in
OVERLAYS 3.1 and 3. 2. Accessing the graph plotting routines here saves
core space in the lower overlays 0.0, 1.0, 2.0, where graph plotting is

not required.

OVERLAY 3.1 PROGRAM SPECTRA 2

This program forms the individual estimates of the force power spectra
matrix Sp(w) from the'38 blocks of Fourier Coefficients, and stabilises
each term in the spectra matrix, i.e., the diagonal power spectra terms,
and off diagonal cross and quadrature terms. If the incoming data is

from wind funnel tests it then uses the graph plotting routines to plot
non-dimensional force power Spectra-VPD'{I non-dimensional frequency. This

is described in section 3. 0.

For wind tunnel data it forms the cross coefficient matrix, i.e. cross
correlates all forces with each other, .by integrating the cross power
spectra terms, for time lag T =0. For random force tests it writes
the predicted force spectra matrix to disk store together with the actual

input force spectrum and calls OVERLAY 3. 2.

OVERLAY 3.2 PROGRAM COHR

This reads the data of the force spectra matrix and forms the coherence
and phase between the forces for all frequencies and graph plots these.
For random force tests it forms the coherence and phase between the

actual and predicted force spectrum.

TESTING OF THE PROGRAM

The program is tested by using the response to a rand.om force on the
model as outlined in section 3.10. This testing has two important results -
(i) It checks that the technique works practically by the comparison
between the actual and predicted force spectra.
(ii) As this program is used for wind tunnel tests also, it checks that there are

no arithmetic or logical errors associated with the wind tunnel results.
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APPENDIX II

1.

TABLE I SHOWING COMPARISON OF
ACTUAL AND PREDICTED FORCE
DISTRIBUTION,

EVALUATION OF MATRICES USED IN
THE TECHNIQUE.

CALCULATION FOR THE COMPARISON
OF THE STATISTICALLY INTEGRATED
FLUCTUATING FORCE OVER FOUR AND
FIVE ELEMENTS.
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1,

OFF RESONANT RESULTS :

staTion | PINPUT PpRED Pe P, % error FREQUENCY
R R R R
Pl 38.1 37.40 9.0 28.4 | -1.84%
P2 0. -0.18 -22, 82 +22.64 | +.47%
P3 0. -0.40 -17.50  +17.10 | 1.05% 25 HZ
P4 0. 42, 8 -8.1 +10.90 | 7.4%
P5 0. +14. 8 +9.1 +5.70 | 38.6%
p1 56. 4 52,7 18.3 34.4 | -7%
P2 0. +4, 7 -25. 0 29.7 | 8.3%
P3 0. 1.4 -23.9  22.5 | 2.48% 30 HZ
P4 0. 3.3 -11.6 14.9 | 5.87%
P5 0 -14. 0 -6. 2 -7.8 |24.8%
Pl 70.0 64. 72 30. 09 34.63 | -7.5%
P2 0. 4. 39 -27. 77 32.16 6.27%
P3 0. -2.18 -28. 41 26.22 | 3.11% 40 HZ
P4 0. 9.79 - 9.43 19.23 | 14.00%
P5 0. 1,44 - 8.79 10.23 | 2.06%
Pl 77.0 +67.5 62. 73 4.2 | -15%
P2 0. 3.9 -28. 95 32.87 | 5%
P3 0. 3.9 -44, 74 48,7 © 5% 70 HZ
P4 0. 5. 2 - -44.60 49.8 | 6.75%
P5 0. 4.6 -28. 60 33.2 6%

TABLE 1 : Comparison between predicted and actual

distribution of forces.
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RESONANT RESULTS

P

staTion| "mpur | PPRED = Pe + Py % error | FREQUENCY
R R R R

Pl 15.9 17.6 -10.5 +28. 1 +11. 7%

P2 0. -1.7 -24.4 +22. 62 11, 7%

P3 0. 2.9 -19.3 -16.29 | 18.2% 1st Mode

P4 0. +7. 6 -2.1 + 9.7 48.09%

P5 0. -26.5 -21. 9 - 4.6 167.0%

Pl 24,2 26. 9 -15, 40 +42,3 | +11.2%

P2 0. -0.18 -10. 60 +10, 42 0. 75%

P3 0. -3.61 +13. 76 -17.37 | 14.85% 2nd Mode

P4 0. -8.16 +24, 57 -32.73 | 33.6%

P5 0. 4,29 434,12 -29.81 | 17.8%

TABLE 1 - contd.
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EVALUATION OF MATRICES FOR FORCE PREDICTION

DIMENSIONS AND MASS DISTRIBUTION,

LEAD POINT
MASSES

. 2877

. 2861

.2874

. 2866

.2863
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LINEAR DISTRIBUTED LOAD:

n
=

1

-1 1
0 -1 1
0 0 -1

a EVALUATION:

Consider a typical element then

Mi+1 =

equivalent to the change in moment

due to aerodynamic force, hence:

2
24,
1 0
6 0
0
0
L4.2245
0,
0.
0.
LO'

2

6

2
35 0 0
22 12 o
5 25 5
o 2f 43
2
0 0
24,
0 0 0
2.1123 0.
3.3117 1.6559
0. 3.4776
0. 0.
0. 0.
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2 2 ’
(207P; + ﬂiP1+1)
i

in the i

dm O O ©

Forms difference in moment

across each element,

Py

P +1

'th element

S
N

S

-

0. 0.

0. 0.
1.7388 0.
3.1416 1.5708

0, 5.2165_




0 0 0 0 0 0 0 0 0
,52 0 0 0 0 3.152 0 0 0
Bp= | 0 ,53 0 0 0| = 0 3.2 0 0
0 0 yA 4 0 0 0 0 3,070 0
0 0 0 L5 0 0 0 0 3.23
al 0 0 a 2.8 0 0 0
0 a2 0 0 0 0 2,78 0 0
Y=o 0 a3 0 0| = 0 0 2.8 0
0 0 0 ad 0 0 0 0 2,77
0 0 0 0 a5 |0 0 0 0
nA kinematically equivalent moment due to shell
1 EVALUATION
for a typical element of shell mass Mg;
Mgiaa = Msi 'ei(‘?‘:._'" §_)
6 ‘ i i+1
S Msid (2 1)(e
i+l
A EVALUATION
1.239 -~ .239 0 0 0 0
1.089  -,089 0 0 0
A=1 0 0 1,089  -,089 0 0
0 0 0 1,089  -,089 0
0 0 0 1,089 -,089

relates nodal accelerations to accelerations at strain gauge

positions i.e,
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. 0456 .0228
.0356 L0178
n = .0356 L0178
.0356
|
p Inertia effects of transverse stiffeners
Mst- = Mst 1.2 ( X + Xj +q )
! 2
= .0036 ( Xi. + Xi. +1 )
p = |.0036 .0036
.0036 0036 _
0036 0036
.0036
0
m Nodal mass matrix
=T 2877 2861  .2874 2866
™, A Kinematically equivalent shell-shear
Vi = Mg (§1 +gi+1)
-2
. 0157 .0157
.0139 0139
o M= .0139  ,0139
. 0139
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.0036
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np Shear force associated with stiffeners

%ti = Mgt (X o+ X4 )

2

top element has two stiffeners,

0074

-.0014
. 003

0003
.003

& Shear force associated with P

Vp; =éi__(Pi + Py +1)

s -

2

1.78

1.78
1,576

0
1.576
1,615

-
,003
.003 .003
.003 .003_J
5x6
0 o |
0 -0
1,615 0
1,535 1,535
3,23 |

) Forms difference in shear force across each element
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ORTHOGONALITY OF EXPERIMENTAL EIGENVECTORS

0.153
0.010
0.000
0.004
0.012

0.000

=4

0.252
-0,021

-0,002
0.000
0,017

0,257
0.024
- 0,018
- 0,002

SYMMETRICAL

0.2180

0.013 0.251
-0,011 0.078

5th Order Polynomial gives 61 and a, below

and

1,139
- .04
.019

- .0169

.05

3.03

+ ,03
- 025
. 066

3. 831
1.364
.200
.143
.363
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- 2,47
2,257
1,785

- .500

-1.059

-4,83

2,71
3.81

L7
1,51

1,56
-0.58
1.828
2,136
-1.840

3.12
- .923
2,02
4,09

-2.7

-0.49

~1.01 |

+

4:.327_d

0.15
.20
1,307

.26

.3
1.2
6.85 i

0,189



COMPARISON OF THE STATISTICALLY INTEGRATED
AERODYNAMIC ELEMENTS OVER FOUR AND FIVE ELEMENTS

JT J %i“ij(o)

Corp = i=1 j=1

1 o P U% NAe
for the case U/n D = 14.0, turbulent flow lift forces

with the large face windward, The cross correlation matrix

is:

[0.120  -0.100  0.069  0.016 0.038 |
0.148 0,148 0,102 0.160
ij(o) = 0.221 0,196 0.256
SYMMETRICAL 0.330 0,500
I | 0.896 |
N =4 VoLF? = 0.410
N = 5,\CLF2 =  0.420
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APPENDIX III

INDEX TO FIGURES
TABLES I and TABLE 2

FIGURES 1 to 67
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SMOOTH SMOOTH  TURBULENT TURBULENT -
FLOW LIFT FLOW LIFT FLOW LIFT FLOW
# 3 +
FLOW U Uy U U 157
FIG. NOS, 52 and 53 54 and 55 56 and b7 50 and 51
U 57.0 ft/s 78.6 ft/s 50.0 ft/s 58.0 ft/s
U/n, D 35.0 48.4 31.1 36.0
STROUHAL .
NO 0.087 and 0,097 | 0,086 and 0,097 | 0.081 -
| 2 |z "z |7 42 |3 Wz
\/CLFi #xi \/CLFi \/ x{ \/CLFi Jxlz \/CDFi Xt
1 0.224 | .0028 | 0.273 | .0043 | o0.283 0068 | 0.129 .0022
2 0.247 | .o022 | 0.241 | .0032 | 0.343 0054 | 0.116 | .0021
3 0.289 | .0015 | 0.245 | .co23 | 0.375 0037 | 0.140 | .0013
4 0.265 | .0010 | 0.241 | .0018 | 0.342 0023 | 0.289 .0011
2 5 2 2
JCLF JC%F JCLF JCDF
PRESENT
TESTS 0.198 0.194 0.277 0.093
VICKERY? | = - - 0.260 0.090

ASPECT RATIO 15.6 B/D = 0,625

TABLE 1 DISTRIBUTION OF FLUCTUATING FORCE COEFTFICIENTS
DISPLACEMENTS AND COMPARISON WITH VICKERYS RESULTS,
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SMOOTH TURBULENT TURBULENT
FLOW LIFT FLOW LIFT FLOW DRAG
T T
U U U
FLOW —> ———> >
FIG. NOS. | 44 and 45 46 and 47 48 and 49
U 80.5 A 50,0 50,0
U/n1D 22.4 14.0 14,0
STROUHAL
NO. 0.115 0.121 -
2 | | 2 — 2 |7
2 3 2
\/CLFi in \ICLFi in \/CDFi in
1 0.028 | .00083 0.372 | .0034 " 0.165 .0043
2 ' 0.041 .00076 0.465 . 0027 0.150 .0034
3 0.049 | .00055 0.554 .0018 0.225 .0024
4 0.068 | .00056 0.725 ,0013 0.176 .0015
5 5 5 |
Verr \/CLF \/CDF
PRESENT |
TESTS 0,026 | 0.392 0.102
VICKERY? - 10,410 0.105
ASPECT RATIO 9.8 B/, = 1.6

TABLE 1 DISTRIBUTION OF FLUCTUATING FORCE COEFFICIENTS,
DISPLACEMENTS AND COMPARISON WITH VICKERYS RESULTS.
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SMOOTH

SMOOTH TURBULENT TURBULENT
FLOW LIFT | FLOW LIFT | FLOW LIFT FLOW LIFT
e e
FLOW _U% _U> _H> _U%
1st MODE 2nd MODE 1st MODE 1st MODE
RESONANCE | RESONANCE | RESONANCE RESONANCE
FIG. NOS. 60 and 61 58 and 59 62 and 63 64 and 65
U 18.3 98.5 22.7 32,2
U/n1D 11.25 _60.6 14,0 8.80
STROUHAL
NO. 0.089 0.086 and 0.081 WIDE 0.115
0.097 BAND
Crri \/Xi CLFi JXi CLFi in CLFi \/Xi
1 0.208 | .0046 | 0.686 | .0085| 0.261 | .0048 0.407 0,007
2 0.335 | .0037 | 0.885 |.0052 | 0,447 |. 0037 0.594 - 0,0050
3 0.613 | .0026 | 0.453 | .0058 | 0.413 | .0026 0.976  0,0035
4 0.558 | .0015 | 0.631 | .0007 | 0.424 | .0016 1.160  0.0023
2 J_z J 2 2
‘JCLF CLF CLF CLr
PRESENT
TESTS 0.226 0.222 0.288 0.569
VICKERY?Z' - - 0.260 0.410

TABLE 2 DISTRIBUTION OF FLUCTUATING LIFT COEFFICIENTS,
DISPLACEMENTS AND COMPARISON WITH VICKERYS

'RESULTS, WHEN THE SHEDDING FREQUENCY IS COINCIDENT

WITH LIFT RESONANCES,
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DESIGN OF A FLEXIBLE MODEL WITH A FIXED BASE
THAT WILL RESPOND IN THE WIND TUNNEL

-

PREDICTION OF KNOWN RANDOM INPUTS
FROM THE RESPONSE OF THE MODEL

PREDICTION OF AERODYNAMIC FORCE SPECTRA
 FROM RESPONSE IN WIND TUNNEL TO
TURBULENT BUFFETING AND VORTEX SHEDDING

FIG.] . CONCEPT OF THE TECHNIQUE.

RESPONSE

MEASURE ACCEL.

or

MEASURE STRAINS
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FIG7 SECTION OF MODEL




FIG.8 PLAN SECTION
SHOWING INBUILT
ACCELEROMETERS.

F169 MODEL DURING CONSTRUCTION IN PANEL
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FORM BEAM ELEMENT
STIFFNESS MATRIX K,

USE SELECTION MATRIX A,
ASSEMBLE K,

READ CHOSEN
M ’ l’sf)u o y >

1

UNCOUPLE EQUATION
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X=dq
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- CONSTANT AMPLITUDE
VARIABLE FREQUENCY (n) FORCE INPUT

%, (1)
e X

SOLARTRON R | -
ny POWER - - 0 E
FUNCTION |AMPLIFIER | . - } g
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o - 0 O
kg (1) - N R
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DISPLAY
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2 8 8 5 95 838 8 3

BTHZ §

EXPERIMENTAL THEORETICAL DAMPING Aw RESONANT

EIGENVECTOR EIGENVECTOR ' e FREQUENCY
1,000 1.000 0.033 . 15.6 HZ
0.790 0.765 0.033 15.6
0.567 0.538 0.033 15.6
0.302 0.332 0.033 15.6
0.159 0.160 0.033 15.6
0.070 ' 0.044 0.033 15.6

FIG B
STRUCTURAL RESPONSE  LOCI (FIRST MODE )
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ASSUME S (w) INPUT

|

FORH HE= ®hu)®

FORM _DISPLACEMENT RESPONSE
t
SPECTRA S, (w)=H()S () H, ()

UNPERTUREE ~ —=——PERTURB H (w)

i

PERTURB SX”(&))
‘U‘ BY INTRODUCING 1% ERROR )

. 1 - .
i.e.Seq (w) = an(u)) ++01 SXH (w)

T —

INVERSE PROCEDURE TO FIND Sp (w)

-1, —
fe. S,@= H( S HE

FIG.19  PERTURBATION PHENOMENON.
' INVESTIGATION.
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CALL FORMS AB
FORMS A* B*

DO1 I=1N

READ FOURER (QOEFFIDENTS | STATC _fo
X , €  Papplid TEST

CORRECT STRAINS
VECTOR ROTATION
£-TE

INTRODUCE DAMPNG
Mi) = (1 +ig (w)) €;(w)

:

FIND, FREDICTED FORCE
P= A M. B*X

l

PRINT P = R+ Py
1

FI6.2] STATIC & DYNAMIC TESTS
TEA TEST PROGRAM.
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%, (t)
—’_
6 SIGNALS ]
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e
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——
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TIMER
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DATA SOURCE @

RESPONSE TO RESPONSE TO
FLUCTUATING KNOWN INPUT READ DIGITAL TAPE
AERODYNAMIC RANDOM
FORCES 'FORCES
USE INSTANTANEOUS VALUES

N A4 '- oF &y Xty

TO FIND UNKNOWN INPUT
FORCES, FROM TIP BOUNDARY

DYNAMIC ACCELERATIONS X(t)
AND STRAINS &ft)  RECORDED

-

ON ANALOGUE TAPE

FAST FOURIER TRANSFORM

LOW PASS FILTERS " FORCE DATA AND APPLY
12 - CHANNELS HANNING FUNCTION
SAMPLE AND HOLD DATA FORM NODAL FORCE
ANALOGUE TO DIGITAL SPECTRA MATRIX Sp(w)
CONVERSION INTEGRATE DIAGONAL

ELEMENTS TO FIND
R.M.S. FORCES P,ems

PDP/8L COMPUTER CORE

STORE ' A NV
APPLY TO FORM COHERENCE
DIGITAL TAPE COMPATIBLE ACTUAL BUILDING |. 1
WITH CDC 6400 COMPUTER pynamIcs To Fnp| |AND PHASE O,
' ' RESPONSE BETWEEN FORCES
ANALOGUE/DIGITAL
DATA LOGGING TECHNIQUE GRAPH PLOT DIAGONAL
DIAGRAM A POWER SPECTRUM ELEMENTS
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FORCE SPECTRA EVALUATION
DIAGRAM B

FIG.23 COMPUTER FLOW CHART- FORCE PREDICTION



°°§J§gtk{,N-L—G PRIMARY OVERLAYS SECONDARY OVERLAYS ——-I
OVERLAY 0-0|»—]0VERLAY 1-0 [ OVERLAY 2-0|—] OVERLAY 3-0 [-=—] OVERLAY 3-1 |-=—{OVERLAY 3-2
CALLS 1-0
CALLS 2-0 f
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{
- -— FORM COHR
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READ INPUT READ 1, N GRAF PLOT 5 x 1024 1
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| CALLOVERLAY| | ves ((RETURN
FORM 2D ARRAY EFET
FROM VARIABLE| | [A(1) — Atw) RETURN
-RECOR[?_S OF HANNING EiABIUSE FORM CROSS
\ EM(1) % (1) SPECTRUM
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FORCE SPECTRA FORCE
BUFFER IN DATA| | [wriTE DSk MATR IX
UNPACK 12 BIT '
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OF USEFUL

FIG.2k FLOW CHART FOR RANDOM FORCE / CROSS CORRELATION/
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RETURN INTEGRATE
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VG Ve
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¢

WRITE Sp(w)
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A TECHNIQUE FOR EVALUATING THE FLUCTUATING

AERODYNAMIC FORCES ON A FLEXIBLE BUILDING

by

N. ELLIS*

A new compﬁter orientated technique is presented that allows a spatial
dlstrlbutlon and coherence of the fluctuating aerodynamic forces on a
flexible building model to be determined by measuring the fluctuating
random response. This inverse approach places no restrictions on the
nature or coherence of these forces, thereby allowing the technique to

be applied to models of real buildings in complex'environments.

The linearity of the structural model used in wind tunnel tests is verified
experimentally by dynamically vibrating the model with known random and
harmonic forces, The prediction of these input forces with unity coherence

and correct phase verifies the structural and computing techniques used.

Two techniques for predicting the input force spectra are outlined and ome

of ‘these is shown to be susceptible to small bias errors.

The acceleration response for smooth and turbulent unsheared flow together
with lift displacement and force ﬁower spectra at the top of the model are

discussed.

A paper to be presented at the International Symposium on Vlbratlon Problems
in Industry. Keswick, England, April 1973,

Research Asslstant, Aeronautics Department, Imperial College, London SW7 2BY,



1.

INTRODUCTION

A major problem associlated with tall slender structures with a free
end is to try and evaluate how the fluctuating lift and drag forces vary
along the length of the structure, and further, the problems associated
vith the effect of dynamic displacement patterns on these fluctuating

forces,

’ To investigate this problem a flexible model was desigﬁed, the basic
idea being to invert the standard procedure of predicting dynamic
response from "given" dynamic loads and instead use the response at
twelve stations (6 1ift, 6 drag) to predict the corresponding "actual"
input forces, and their coherence. This is dynamically equivalent to
solving the coupléd equation of motion for a multi degree of freedom
system to find the random input forces. A model was designed with
assumed structural and aerodynamic parameters so that it would give
measurable accelervations at both the tip and near the base of the model,

in smooth and turbulent flow,

. . . 1
Fluctuating drag forces have been predicted by various authors +2; 3

using an aerodynamic admittance function between the fluctuating velocity
spectrum and the resulting fluctuating pressure., This assumed admittance
function has been shown? to give good agreement with experimental results

at high frequencies, nb > 0.03, but is in error at low frequencies.

U

As will be outlined later an initial technique using the multi
degree of freedom frequency response function failed to predict known
random input forces because of 111 conditioning. From this a new
technique evolved that predicted known random input forces with correct
coherence and phase, without the knowledge of the frequency response or
damping parameters. This new téchnique was used to analyse the
fluctuating lift force power spectra and coherence at the tip of the
model in smooth unsheared flow. The dynamic linearity of the model is
verified by plotting the structural response loci for the frequency band
of interest, It is hoped that the technique when fully developed will
be used in predicting the fluctuating loads on buildings situated in
highly complicated aerodynamic env1ronments, for example, the case of a

building between other buildings.



2.

EXPERIMENTAL, MODEL

The main object was to design a flexible model that would act as an
"n' degree of freedom transducer allowing the unsteady aerodynamic

forces and their coherence to be predicted.

FLEXIBLE MODEL DESIGN

A matrix finite element analysis of the model was applied using
simple beam elements, and the resulting dynamic eigenvalue problem for
the assembled structure solved to obtain the model's resonant frequencies
and mode shapes., These were used in conjunction with assumed harmonic
aerodynamic forces from Vi(:kery‘+ to estimate the nodal accelerations for
wind tunnel tests. (see Section 4). TFigs. 18 to 21 show the actual

acceleration response of the model for varying flow conditions.

The main problem associated with designing such a model was to
obtain low structural resonant frequencies with a fixed base model that
would be excited by vortex shedding and turbulent flow forces, and still
have a model representative of a building structure. A rectangular
section of 50 mm x 31 mm was chosen rather than a square, this allowing
the effect of both section and aspect ratio to be considered. The height
of the model is 500 mm giving two aspect ratios for the model of 10.0
and 15.8. This sectional shape also keeps the 1ift and drag‘resonant
frequencies distinct, minimising coupled oscillations.

Fig. 1 shows the model isolated from floor vibrations by a seismic mass.
Fig. 2 shows the model in the wind tunnel.
Fig. 3 shows a section of the model during construction.

Fig. 4 shows the accelerometers set into the model.

The dimensions of the model were chosen to keep the length scale of
the grid induced turbulence greater than D , the width of the model,
and to minimise blockage effects. Perspex was chosen as the shell
material, combined with six lead nodal masses, this being the best
combination to give low structural resonant frequencies (see Figs. 7 to
9). Perspex has two other advantages:

(i) its_bending damping ratio is approximately 29% eritical thereby
reducing any effect aerodynamic or acoustic damping may have.

(ii) as in (i) the high damping reduces the effect of the galloping
instability.



4, MATHEMATICAL MODEL

The equation of motion for an 'n' degree of freedom system subject

to harmonic input forces is
M Kt (1+ig) K X = Pel@l - ' | c (D)
where 5! is the assembled mass matrix

34 is the ascembled stiffness matrix
a . :

ig K, 1is the complex stiffness matrix representing
structural damping
Consider the model to consist of six simple beam elements each having a

stiffness matrix -

(12 -12 -6/ -6/
. El l2 2 6 6/
< P ler ef 4 2P
57 6 2f° 4f?

Argyri55 shows how these elements can be assembled giving

b
Kg = }:Ai k A
i1

where Aﬁ 1s a Boolean selection matrix.

Also
Pl | KKy 11X
My LKk jte
Considering the rotary inertias to have negligible effect on the

resonant frequencies, the stiffness matrix K, can be reduced to

-1
Kp = Ky~ KpKpKy

The solution of the homogeneous equation of motion

MX+ K X=0
B

defines the eigenvalue problem

(AI—-D)X=0 where D=r§11s«<5

the solution of which yields a1 , & , the eigenvalues and eigen-—



vectors respectively, typical elements of which are

ki the i'th resonant frequency2

and B the i'th eigenvector

The eigenvalue problem was solved using a computer iterative technique,
and the theoretical and experimental eigenvectors are shown on Figs, 7
to 9 for comparison., The torsional eigenvalues were also evaluated to
check that torsiomal oscillations would not occur in wind tunnel tests.

Fig. 5 shows the computer flow chart used in the above analysis.

. ESTIMATED RESPONSE OF THE MATHEMATICAL MODEL

A major design problem was to try to ensure that the model would
respond.in the wind tunnel, and that this response is measurable at both
the tip.and near the base of the model. TFrom Vickeryu a Strouhal number
of 0.1 was chosen and approximate fluctuating 1lift and drag coefficients
used in the equation of motion (1) to estimate the acceleration response.

Fig. 5 shows the computer flow chart for this estimation of response.

. VERIFICATION OF LINEARITY

The definition of linearity is outlined by the application of
Kennedy and Pancu's® technique for measuring eigenvectors, as applied to
'n' degree of freédom systems, and plotting the real and imaginary parts
of the response to a constant amplitude sinusoidal input force applied

using vibrators.

The 'n' degree of freedom damped equation of motion can be
orthogonalised using the undamped eigenvectors ¢ , when damping is

assumed proportional to stiffness,

i.e. using the transformation to a generalised system

X=dq

‘M)'i+(1+ig)i%x = pelot

becomes 'n

L C N e = et
mydy+ (+ig) .= Ge

single degree of freedom systems

v . - eiwt
i (1419 ,57



At close to the | 'th resonance

hence X = ®Q
becomes = d}q{k B

where B is a colum of constants,

and chosing the K'th ncdal response
x.=¢ a4+ B
kq)lkl !
thus the excitation of the model'results in a displacement X\ ~ Dropor-

tional to g, at the I|'th resonance.
|

For a single degree of freedom system
.. . teod
m, . T+1 =Qe
o (14 Ka,= &

the solution of which is

91( 1-8 . -g )

= — + i —

4 ky\(1-82Y+ 2 (1-62)24g?
=R+il

where = Y
“j

The point of resonance in the response loci is defined where a line
joins the centre of the circle to the point where \
q
d(=1)
%
d(52)

The ratios of the diameters of the circles are the experimental eigen-

is a minimum

vectors. Figs. 7 to 9 show that the assumption of damping proportional
to stiffness is correct for the lst, 2nd, and 3rd modes respectively,

as this implies that the resonant point is always parallel to the I axis,
furthermore, this damping varies for each individual mode. Small non
linearities in a structure can cause distortion in the response loci,
while large non linearities cause "jumps", and the frequency at which
these "jumps" occur varies depending on whether the frequency is
increasing or decreasing. Since Figs. 7 to 9 show no traces of these

effects, hence the model has linear dynamic characteristics.

INITTAL TECHNIQUE

This technique was first conceived when trying to determine the

nodal force spectra from the nodal displacement spectra. The displace-

6



ment spectra being ezperimentally found from accelerometers. It will
be shown that this approach genevates a perturbation which may arise

from small evperimental errors, and to avoid this a new approach was

developed. As outlined in Lin’
sx(w) = H{w) Sp(w) Ht(w) and consequently
¥
"’1 _“ ) T o e .
S.=H S H. 7 complex conjugate
P X ®

thus knowing the multi degree of freedom displacement spectra S,
the corresponding nodal force spectra Sp can be found. This
technique therefore requires the full experimental fregency response
function to be inverted for every frequency considered. The cross
correlation function of the generalised displacements can be defined

as

Ry(7) = ELa(t a'(t+n)]

and using the model's eigenvectors ¢ , with the transformation

X=0dq
hence R = (51 R C_I_D-t
g X
where R, is the cross correlation function of nodal displacements,
and S = q§1 S -t (i)
- D ..

in terms of the nodal displacement spectra.

For the generalised force spectra

Q= @t P and as above
5, @ S, SCES
Q TP
-1 -t .
= h S h . (111)
q 9 %xq
where h is the generalised frequency response function and is a

q

diagonal complex matrix.

Substituting (i) and (ii) into (iii)

I I g
= I
Sp ‘ ey thID SXQD ;:Clq}



hence E?: dﬁ 5; &ﬁ

and since i%q is diagonal no complex inversion of K is necessary.
h =k -cgsn +ighk
q 9 q g
where i
kq: KD
A
nb=<bfﬁ<®
and hq can be determined experimentally as outlined in Section 6 on
linearity, where k. is found from k., = o m_
qu gii 1 i

Having completed the experimental determination of the freqﬁency
response function, wind tunnel tests were carried out to obtain the
displacement spectra Sx for various flow conditions. A typical
feature of the force spectra obtained using this technique was the
high amount of low frequency energy, orders higher than expected. This
phenomenon was further clouded by the apparent convergence at higher

frequencies. To explain this a perturbation anmalysis was conducted.

PERTURBATION ANALYSIS OF THE INITIAL TECHNIQUE

Using the experimental frequency response function, mathematical
white noise force spectra were input at statioms 3 and 6, and Sx the

nodal response found. A 1% bias error was introduced in S this

X1
being synonymous with a small experimental error. The inverse procedure
using Sy to find Sp gave results outlined in Fig. 10, these being

similar to wind tunnel results in that very small errors in S cause

X
orders of change in the predicted input forces at lower frequencies, and

convergence at higher frequencies.

MATHEMATICAL EXPLANATION OF PERTURBATION

The effect of forming Sp from Sx via H , the
frequency fESponse function, i§ that a random force pattern associated
with a given random displacement pattern is formed. Consider the
displacement at any one station to have a small bias error due to
recording, then the nodal force pattern associated with this small
"kink" can be very large indeed, since this kink will appear as a com-

bination of the higher modes.



Mathematically the razndom displacement pattern can be defined as

6
X=y.a &
. | 1
=1
where o . is the | "th eigenvector
|
and &, is a column of constants

Consider the solution of the undamped equation of motion

[K-cuzrﬂ:l)(: P

where X has a small error A with associated 6P
ie. X=X+A P'=P+6P
at low frequencies ®w —0 gives the "error" eigenvalue problem

K{X+a} = P+sP
giving KA= P . for the error

and using A=da and K=

substitution gives P=Pra

and a typical element

sP= ?}\&4— A A e %)\a
PoEl Y 222 i6 6
Both 431] and a, are of order unity ,
} .
but. A >> A or w2 > > w2
6 1 : 6 1
where w, 1is the j'th resonant frequency.
l
Hence any small error associated with X introduces the higher order
terms - at low frequencies,
61 6 6
with convergence as w — wG (see Fig. 10).



10.

field P(t) , this being

THE NEW TECHNIQUE

The new technique was developed from the field and point transfer ~
matrix approach as outlined in Lin’. Consider the beam elemeénts and
lumped masses m. defined at their nodal points (as in Diagram A

. l Lo

below)

The model is subjected to the

random fluctuating pressure

represented by the discrete
nodal forces F’i(t) , the
nodal masses having random
accelerations Xl(i)

Fig. 6 shows the data
gathering and computing

techniques used in forming

the input force spectra

Sp(w) . It basically

consists of recording the

random accelerations and DIAGRAM A

strains simul taneously, digitising, then taking moments instantaneously,

working from the tip downwards. For example, to find p1(ti)

M (t EI 6 (‘l ) oo ~, vhere é:l(ti) is complex
Pl (ti) = m1X1(ti) Z’l + M1|(ti) for =1, n
and Fé (ti) = r‘n1 X1(’(i) 22,+ mzxz('(i) Z1| - P'l (ti ) Zzl-l-Mz,(ii ) ' for i=1,n

etc

hence by measuring the instantaneous bending strains and accelerations
the nodal forces P(’( ) and S ("-’) can be found., The dynamic strains
@('ﬁ ) w111 have a small complex part that keeps the equation of motion
balanced at resonance. This techplque does not suffer from the
perturbations encountered in the "initial technique', as is verified in
Sectionll on the prediction of random forces. It also has the added

advantage that the input forces are found without the knowledge of the

10



i1,

frequency response function or damping, as this is inlierent in measuring

€ (1) .
I

PREDICTION OF KNOWN RANDXOM AND HARMONIC INPUTS

To prove that the technique works practically, the model was
dynamically vibrated with known random and barmonic forces applied -

using vibrators as shown below.

PSEUDO RECORD
. ' TORCE RANDOM
RANDOM \ | VIBRATOR G FORCE > >—  ACCEL
| STGNAL / COIL 7| TRANSDUCER - AND
GENERATOR STRATNS
.\\
POWER MODIF IEB
SPECTRUM SPECTRUM

DYNAMIC TEST SET UP

The pseudo random signal generator has a flat power spectrum output.
The vibrator coil mass introduces a random inertia force that can consid-
erably modify the flat power spectrum, depending on the displacement of

the model at the point where the force transducer is connected. The

. effect of this added inertia force is shown in the difference between

12,

Figs. 11 and 14, Fig. 1] shows close agreement between the actual and
pre&icted force spectra at station 1 (tip). Tigs. 14 and 15 show a
différent modified input force spectrum at station 1, together with the
coherence and phase between the actual and predicted. Ideally the .
coherence should be unity and phase zero in the band width of interest,
To verify that the technique predicts input resonant forces, a
sinusoidal force was predicted with unity coherence and zero phase as in
Figs. 12 and 13. TFigs. 16 and 17 show the prediction of a random force

at the position between stations 2 and 3.

RESULTS - WIND TUNNEL TESTS

Fig. 20 shows the 1lift acceleration response for the critical
section with the 50 mm side normal to the flow. As outlined by

Nakaguchi et al®, the critical section is that section which has a two

T



. allow coherent vortex formation. In smooth flow the base pressure C

.- 1i8-0,62 at the top and 0.9 at close to the ‘base, compared with -1.0

dimensional drag coefficient of 2.8 compared with 2.0 for a flat plate.

In this case.the influence of the tip flow seems to control the vortex

formation in:that vortices are generated in "bursts" and not in a

continuous manner. This.gives small r.m.s 1ift accelerations although
during a burst they are instantaneously large. As shown in Fig. 21,

the effect of oncoming turbulence is to wash out the tip effect and

pb

for both positions in turbulent flow. Thus a more two dimensional wake

is formed together with a greater Yate of entrainment of air from the

' base, and stronger vortex shedding, in turbulent flow.

Fig. 18 shows how the lst and 2nd 1ift modes can be excited in smooth

flow, the 31 mm face being windward. With the Ist mode in resonance with

vortex-shedding at R = 1,26 x 10%, the 1ift displacement power spectrun

for the top position (Flg. 22) indicates that most of the power is
centred at Eﬂg = 0,085, - The correspondlng force spectra on Fig.- 23

‘agrees w1th thls in that most of the lift force power is centred at

nb 0 085 with a smaller peak at nD 0.1 for both top and 2nd

‘U U

- from top p051tlons. This result contrasts w1th the 1ift .force power

. spectra for R = 5.4 x 10% (Fig. 2E). where the displacement power is D

c approxlmately two orders lower (see Fig. 24" for R = 3.7 x 10“), in

that the frequency at which the peak power is centred reduces from

' %) = 0, lO!at the top to nUQ = 0.085 at the 2nd position. Further

- evidence suggests that the shedding frequency returns to the tip value = °, -

lower down the model, this being in ‘agreement with Maull and Young's9

- results from'hot wire measurements of velocity fluctuatioms in the wake

of a bﬁuff body with a free end. The fluctuating lift coefficients are

l | - . . .
- found to be 0.48 and 1,23 for top and 2nd ‘top positions respectively,

the difference being.-due to tip flow effects. The fluctuating lift

”coeffieient~for the Ist mode resomant condition appears to be much

larger than &he above values and this is thought to be due to aeroelastiC’w

' f1na1 results for this resonant condltlon are presented.

13.

CONCLUSIONS

.
1

The new technique presented in this paper predicts the fluctnating"‘

aerodynamic torees and their coherence down a flexible building m?del.

[N

The test model used has linear dynamic characteristics.. .

12

te

'forces. Further investigations of this phenomenon are be1ng made‘before }ﬁ o



The validity of the results obtained using the technique is verified

by the prediction of krnown random and harmonic forces.

The fluctuating lift coefficient for the tip of the model in smooth
flow:. for RG = 5.4 % 10" was found to be 0.48 and 1.23 for top and 2nd
top positions respectively.

At st mode resonance with the vortex shedding frequency in smooth flow
an aeroelastic interaction takes place that considerably increases the
fluctuating 1ift coefficients. .

In conclusion, emphasis has been placed on the description of the
technique rather than detailed interpretation of the fluctuating aero-—
dynamic forces obtained, this being a separate problem which is at

present under investigation.
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MATHEMATICAL SYMBOLS

AW - windward area
Ai - Boolean selection matrix

B - column of constants

c,lj - coherence between forces referred to top pos%fibn
CLFi - fluct. 1ift coefft. (lift force r.m.s/(12-2U 'Av,))
D - dynamical matrix

G - r.m.s. lift acceleration response

I - unit matrix

K - element stiffness matrix

Ke ~ assembled stiffness matrix

KB - reduced stiffness matrix

M - mass matrix

Iwﬂ - instantaneous dynamic moment (complex)

%%Q - non dimensional frequency

P - column of random input forces (complex)

Q - generalised random input.forces (complex)

q - generalised displacements (complex)

) Re -~ Reynolds number
%écg)—_ input nodal force spectra (complex)

S(w) = generalised input nodal force spectra (complex)
Q
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THE NEW TECHNIQUE - Page 10

This section has been modified since submission to im

prediction of the unknown input forces by:

1. treating the aerodynamic force as a distributed force

length, and allowing the distributed force to vary linearly over each

element,

2. including the mass of the shell (using kinematically

prove the

, P per unit

consistent
lumped masses), and a
3. incorporating varying damping in the frequency domain ~ ..
. . e N
From Diagram B two equations of equilibrium can be
formed at time instant ti . In matrix form s M
Moments: ‘ P, A T
M= aP+BS—-[‘Ym+n)\+p]X: . .
(1) ) X,
‘ -/
Shear Forces:
sP+as=[m+rd+m, ]X (ii) —s,,M,
P3 ———
Subsﬁituting for S 1in (i) from (ii) gives ~
- o5
p=[a-pge ] {m+[r-alx} did
where T = Tm + 7 A + p Py e
| | } e O ~%,
moments due to: masses shell cross panels
—I
and A =8Q {m + Ts A + T } : P ——SI.JMI.
t t 0 5 ==
shear forces masses shell panels ~ .
‘ an LX) U ) .—Xs
and using the transformation E =X
where X relates the accelerations of the stations P SSJWS
to the measured nodal accelerations, assumed to vary ~ .
linearly between nodal points. X
Eqn. (iii) is the matrix equivalent of the
equations on p. 10 if point loads are assumed and /9999997§GJ46
damping neglected, this allowing the solutions for
P in the time domain.
DIAGRAM B



Now M(w) = EZI (l + Ai g(w)) Ew) , Where the strain & is complex

due to the effects of the higher modes, not damping as indicated on p. 10,
that is, at resonance the input forces are subdivided into the forces
exciting the higher modes, and damping forces. The damping plays a less
important role where the strains are small, and the effect of the higher
modes predominate - see for example the prediction of a sinusoidal force
at the top of the model for first mode resonance (Fig. 12). The damping
will obviously play a more important role where the strains are larger.
When damping g(w) 1s included, Eqn. (iii) must be solved in the
(frequency domain.

Thus the Fourier transform of Eqn. (iii)

P(w)=[a—59—'5]_l{ M(w) +{ T =A}X(w) }

where M (w) are the Fourier components of the moments shown on
Diagram B.

and P(w) , E(v) X (@) , are the complex Fourier

coefficients.

The variation of the damping g(w) with @ is formed as outlined
in Section 6, also see graphs Figs. 7, 8, and 9.

And the force spectra matrix

Sp("’)=P(“’) P:("’) | for varying « .

' The effect of these modifications on the aerodynamic forces 1is
being investigated, and it is hoped that the results will be available
at the Conference.

Mathematical Notation - Supplement .

o 6 x 6 matrix relates moments at cuts due to distributed P
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