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Abstract  

The title problem arises from the use of stacked fuel elements 

in the first generation Calder Hall type of power station. 

Previous theoretical work on symmetrical bowing, based on the 

tangent rate modulus approach, is extended to cover all phases of 

creep and elastic deformation, for both symmetric and asymmetric 

bowing. It is shown that a generalised solution can be derived, valid 

for an arbitrary range of material properties. For 'Magnox' at 295°C, 

the theoretical significance of elastic deformation in this problem is 

found to be small. 

In an experiment on a rectangular specimen, during which the def—

ormation remained two' dimensional, good agreement with the theory could 

be obtained. An experimental study of the restrained bowing of axi—

symmetric sections, typical of reactor fuel elements, revealed however 

that it is not possible to maintain two dimensional deformation, as 

assumed in the theory. A rigorous treatment of the three dimensional 

problem was not found to be practical, but a resolution of the measured 

deflections into major and minor planes enabled some reasonably good 

correlations to be made with the theory. 
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Notation 

A 	Cross-sectional area 

A' 	
• 	2 

Constant = 4EI/4L 

[Al 	Matrix 

a, al, n
2 	

Distance to points of contact 

B Constant = 	P/11E  
(1 - p/rE) In 2 

LB] 	Column vector 

b, bl, b2 	Amplitude of sine wave 

b 	Deflection vector 

C 	 Constant = 	
4 

P/P ) In 2 

C1,  C2, 	Creep coefficient constants 

c 	Dimensionless deflection variable = y/4 

Constant - 	 

Tr 2(1 - PARE) In 2 

Constant = 	4  
2 

if In 2 

d Diameter 

E Youngs modulus 

E Tangent rate modulus = (*7,0)E) Go 
E(c)ufiv) Finite difference operator - see section 10.6.5 

e
3 

Coefficients of operator E 

el  e 	Total strain, total strain rate 

F(5) 	Finite difference operator - see section 10.6.6 

F
M, 

F
N 	

Major and minor plane wall forces 

f1,  f
2, f3 Coefficients of finite difference operator F 

G (c)uP v) Finite difference operator - see section 10.6.1 

g1, g2, 
 g3 Coefficients of operator G 

H (d nia v) Finite difference operator - see section 10.6.4 

h Flange separation 

712(1  
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h
1' 
 h2, h

3 
Coefficients of operator H 

I 	Moment of inertia 

J Integer locating mesh point 

K, K 	Curvature, rate of change of curvature 

K. 	Constants in Graham—Wailes formulae 
1 

k
1 — 3 	Constants 

L Length 

M, M 	Bending moment, rate of change of moment. 

Also, number of meshes in numerical analysis 

Integer locating position in space mesh 

n,n1,n2,n
3 

stress exponents in creep law 

O Integer locating mesh point 

o 	Subscript referring to neutral axis 

P End load 

PE 	Euler- buckling load 

Q 	 Constant 

q Eccentricity of load 

R, R 	Total wall force, rate of change of force 

R',R",R3,R4  Reactions at supports from lateral loads 

R1, R
2 	

Wall forces 

r„ rl, r
2 	Dimensionless distances to points of contact 

✓ Deflection increment 

s 	Dimensionless independent space variable 

T 	Temperature 

t, tip 	Time (hours), doubling time 

u Dimensionless dependent deflection variable 

✓ 'Solution' time 

vc 	'Solution' time, considering creep only 

v
ce. 	'Solution' time, including creep and elasticity 

W, W 	Half the total force (= R/2) for symmetrical cases, rate 

of change of force 

w 	Dummy integration variable 

X 	Dimensionless force = WL12Iq = RLAPS in symmetrical cases 
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x 	Distance from origin 

Y, Y1, Y2 	Dimensionless force = RL/13  cl  Ril.s/P, ROJAS' for 

asymmetric cases 

Y 	Deflection, rate of change of deflection. 

Also distance from neutral axis. 

Z 	Lateral force from eccentricity 

z 	Distance from neutral axis 

Function in Graham—Walles equation. 

Also, an included angle in deflection measurement 

(r- 	Functions in Graham—Walles equation 

Au) 	Finite difference operator — section 10.6.8 

Also angle associated with current deflection b 

Radial clearance between channel and undeformed specimen 

s, S's 	Increment in space variable 

ct, Sv 	Increments in time, solution time 

E 	Creep strain, creep strain rate 

4.7 	Finite difference operator — section 10.6.9 

4/1, 2, 3 Coefficients of operator 
4 	Angle associated with deflection increment r 

Stress, stress rate 

Coefficient of friction 

Finite difference operator — section 10.6.7 

Also, angle associated with initial deflection vector vo  

91, 2, 3 
	Coefficients of operator 
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1.0 Introduction  

1.1 Origin of the problem  

The phenomenon of creep buckling was first discussed in the 

literature over 20 years ago (84)., and has been the subject of 

continued interest ever since=. The title problem however, is of 

more recent origin as it has arisen from the use of the self—

supporting, stacked fuel element in first generation 'Magnox' 

type nuclear power stations. 

In this design, the fuel elements are stacked inside a graphite 

channel, and ambient conditions in the reactor are such as to cause 

both thermal— and irradiation—creep deformation (76). The clearance 

between the outermost projections on the fuel element (i.e. the 

guide—vanes or braces) and the channel is of the order of 1/10th 

of the diameter of the solid portion of the element (90); thus under 

the weight of the elements above and in the presence"of unavoidable 

manufacturing tolerances, conventional creep bowing takes place until 

contact is established between the guide vanes and the channel. This 

phase of bowing, for the most highly rated element, will occupy only 

10 per cent of the design life (90). During the remaining period 

therefore, bowing is restrained by the channel, and the resulting 

forces and displacements must be assesseds excessive distortion of 

the element•leads to difficulties in discharging, and the guide—vanes 

must be known to be capable of withstanding the lnteral forces gener—

ated. 

The uncertainties associated with this deformation led the 

designers of some of the earlier reactors (Berkeley and Hunterston) 

to adopt independent vertical support for each element (86), but the 

Calder Hall, Bradwell, Hinkley Point and- Trowsfyndd stations all use 

stacked elements. 

Numbers in bracketA designate reference in the bibiliography, 
section 10.1. 

A detailed review of the literature appears in section 2. 
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The present work was initiated therefore by the need of reactor 

designers for more informntion on this problem. 

1.2 Brief review of previous work  

1.2.1 Theoretical Work  

The earliest treatment of the restrained bowing problem to 

appear in the literature was that of Young (90) in 1959. Using 

the "tangent modulus" method of Alexander (1), (described in section 

2.3.7) a 'numerical solution was obtained for secondary creep only, 

assuming the element to be symmetric and cylindrical. A rigorous 

consideration of the moving boundary
+ was not undertaken, and this 

analysis must therefore be considered to be only approximate. A 

more detailed solution was presented by Blackburn and Percy in 1963 

(8), which considered both cylindrical elements and elements having 

point restraints: these simulate contact with the braces. The 

incorporation of these restraints simplifies the theoretical treat—

ment considerably, as it avoids the need to consider the moving 

boundary. Various symmetric initial shapes were considered, and an 

elegant treatment of the moving boundary was given. Equations equiva—

lent to the tangent modulus method were used, but this analysis 

neglected primary creep and.  elastic deformation. 

Three further reports, originating at the English Electric Co., 

appeared during 1963. The first two, by Fudge (22) and Haigh (29), 

were concerned with the secondary creep deformation of an element 

having point restraints and bowing in a single plane; the third, 

by Fudge and Haigh (23), considered the possibility of bowing in 

two planes with point restraints. This had the implicit assumption 

that it was possible to treat the two planes separately, as there 

was no continuous interdependence of the boundary conditions in the 

two planes (see section 10.3). 

In a recent and as yet unpublished extension of his previous work, 

Blackburn (9) analysed the behaviour of some continuously restrained 

♦ The point of contact between the element and the wall moves during 
the deformation. 
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asymmetric shapes, and also considered the effect of small asymmetric 

perturbations on various symmetric initial shapes. This paper also 

discussed the behaviour of the element when the ends are allowed to 

tilt across the channel. 

1.2.2 Experimental Work  

It appeared that no serious attempt had been made to support 

any of the theoretical work quoted above. Some experiments on lead 

bars were initiated at English Electric Co. Ltd. to verify the work 

of Young (90), but only one appears to have been performed. Unfort— 

unately this was not written up, but the results of this experiment 

are discussed in section 7.3.4. 

1.3 Brief purpose of the present study  

1.3.1 Proposed theoretical work  

When this project was initiated, the existing theoretical 

solutions (90) were not considered adequate. However the analysis 

of Blackburn and Perdy (8) appeared during the course of the present 

work, and with suitable modifications it seemed capable of extension 

to take account of other factors more representative of actual con— 

ditions. 

1.3.1.1 Symmetric bowing  

The solution of Blackburn and Percy was for secondary creep only. 

It appeared necessary therefore to assess the possible significance 

of primary creep and elastic deformation. - 

1.3.1.2 Asymmetric bowing  

It was soon apparent that the symmetric column is only an 

idealisation of shapes occurring in practice. As the behaviour 

of asymmetric columns is subbtantially different from the symmetric 

shape-% a theory was required for the solution of the asymmetric 

column. 

1.3.1.3 Extension of the tangent modulus theory  

The equations derived by Alexander (1) did not include elastic 

deformation. In a later paper, by Webster and Alexander (95), elastic 

deflections were incorporated for the special case of free bowing..  
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These equations are not applicable to any other stress systems it 

was therefore necessary to derive equations on assumptions analagous 

to those of Alexander (1), but satisfying the requirement that the 

total strain distribution be linear. This effectively incorporates 

elastic deformation. 

1.3.2 Proposed experimental work  

As discussed previously, there was almost no experimental evidence 

which could enable the analyses of Young (90) or Blackburn (8) to be 

used with any confidence. In addition, it appeared that the basis 

of the above theories, viz. the tangent modulus assumption, was not 

well supported by experiment. These considerations led to the formu—

lation of the programme below. 

1.3.2.1 Assessment of the tangent modulus theory  

An experimental verification of this theory had been attempted 

by Webster and Alexander (95); the effectiveness of this work was 

limited however by considerable scatter in the tensile data, although 

the results were consistent with the theory. 

To obtain a more precise indication of the errors likely to be 

inherent in the use of the above theory,_a series of experiments were 

designed using 'Magnox' AL8O at 295°C. In addition to correlating the 

buckling data with measured tensile data (essentially a repetition 

of the above work but using partially redesigned equipment), it was 

proposed to perform tests en different diameters of specimens, and 

attempt a further assessment of the theory in this way. 

1.3.2.2 Restrained bowing experiments  

The need for a systematic experimental study of the restrained 

bowing problem was indicated above. Although the reactor fuel element 

experiences a combination of point restraint and continuous restraint, 

the former is a special case of the latter; it was therefore decided 

to restrict the study to the more general case of continuous restraint. 

Experiments were planned using two different specimen diameters 

and a fixed channel clearance, over a range of Euler loading ratios,x 
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representative of reactor practice. The resulting deflections and 

wall forces were to be compared with those predicted theoretically 

from a computation based on measured tensile data. 

1.4 Main conclusions arising from the project  

1.4.1 Accuracy of the tangent modulus theory  

The experiments showed that the time to achieve a given deflection 

during free bowing could be predicted to an accuracy of 20 per cent, 

provided that the secondary creep phase of the buckling was well 

established. Errors during the primary creep phase could be very 

much larger, but may be due to differences in compressive and tensile 

creep. 

1.4.2 Symmetric restrained bowing  

The importance of elastic deformation at the test temperature was 

found to be small; the significance of primary creep would depend on 

the design life, and would only be appreciable in the early stages. 

As described below, it was not possible to apply symmetric two 

dimensional theory to the main body of experiments. However, one 

experiment was performed on a rectangular specimen in which the def-

ormation remained symmetrical, and good agreement was obtained with 

the theory. 

1.4.3 Assymetric restrained bowing  

The experiments on axisymmetric specimens showed that it was 

impossible to maintain two dimensional deformation. The resulting 

third dimensional component made the direct application of the theory 

impossible, but by correlations between the tests it was concluded 

that the theory was valid. 

A rigorous solution for the 3-dimensional continuously restrained 

bowing problem was not found to be practical; it was also found that 

-the use of predictions from two dimensional theory gave results-  which 

were too conservative to be of value..  

In a reactor, however, the point!restraints resulting from contact 

with the braces renders the problem more tractable, and it is concluded 

that the theory can be used with some confidence in these cases. 
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2.0 Review of the literature on creep buckling  

The deformation in the problem can be conveniently divided into 

two phases. The first, a conventional creep buckling process, is 

concerned with the bowing of the element from its initial nearly 

straight form until contact is made with the channel. The second 

phase, progressive deformation against the channel, would terminate 

either when contact is made with the opposite surface (due to reverse 

bow), or if geometric instability develops and the element springs 

away from the wall. 

A very considerable volume of work an creep buckling in general 

has appeared in the past 15 years, most of it originating in the 

aerospace industries. Some, of the problems treated, e.g. the classi—

cally straight column and the snap buckling phenomenon, are found to 

be of indirect interest only: these are therefore discussed only 

briefly. However, much of the work on imperfect columns, and on more 

generalised methods of creep strain analysis, is applicable to the 

title problem and will be considered in some detail. The references 

cited in section 1.2, being directly relevant, are also reviewed here. 

Finally conclusions are drawn as to what appeared to be the most 

tractable theoretical approach, and what experimental work would be 

required. 

2.1 Perfect Columns  

In the case of perfect columns, a bifurcation of equilibrium 

occurs at the critical time'due to a reduction in stiffness by creep. 

This is followed by a gradual deviation from the straight shape and 

eventual collapse. 

2.1.1 Shanh5 Gerard 
 

One of the earliest analyses is that of Shanley (82). He identi—

fied a time at which the tangent modulus slope of the isochronous 

stress strain curves at the mean stress xmw,  reduced such that PE = P, 

where PE
* is the Euler buckling load based on the reduced modulus. 

The development of these sections is chronological as far as possible. 
The sub—headings refer to the more important papers only. 
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It was not claimed however, that the column would collapse at this 

time: it merely represented the onset of continuous bending and was 

intended to be indicative of trends likely to be observed. This 

arises from the fact that the isochronous curves are derived for 

constant stress, while in the column the stressc varies with time. 

Carlson (14) and his co—workers however were able to show that 

the tangent modulus load was not necessarily conservative, as inci—

cated by Shanley. It is in fact an approximation to a conservative 

estimates the approximation however, may or may not be conservative. 

This was verified experimentally. 

Another theory of perfect column behaviour was proposed by 

Gerard (24), who postulated that the column would fail when the 

total strain had become equal to the Euler strain. This followed 

from the reduction of the short time critical stress for.plastie 

buckling, as calculated from the total secant modulus. Comparison 

with the experiments of Mathauser and Brooks (63) showed that the 

theory was qualitatively correct only, and very poor agreement was 

obtained. 

2.1.2 Rabotnov—Shesterikov  

The most rigorous theory of perfect columns is undoubtedly the' 

classical stability analysis of Ra.botnov and Shesterikov (75). An 

equation of state was assumed, and small excursions from the undis—

turbed state were analysed. The analysis showed that a small dis—

turbance applied at time t would be attenuated if t 4:tcr  and would be 

amplified if t *,>tcr. This mechanism has been clarified by Hoff (41). 

In a comprehensive survey of the literature +, Hoff (40) showed that the 

theory of Shanley predicted lifetimasconsiderably longer than that of 

Rabotnov—Shesterikov. Hoff also showed that Gerard's conjecture was 

not valid for a general material creep law. An interesting comparison 

of the three theories mentioned above was given by Jahsman and Field 

(46). This was obtained by comparing the theoretical predictions of 

Other surveys may be found in Finnie and Heller (20), Bodner (11). 
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creep buckling times with experiments by Mathauser and Brooks (63), 

Carlson and Manning (14) and Patel et al (69): the results given 

in these references were extrapolated to zero initial deviation. The 

method is of course only approximate, but demonstrated clearly that 

the theories were extremely conservative. 

Better agreement with the Rabotnov—Shesterikov theory might 

have been expected, and this prompted Jahsman and Field in a further 

paper (47) to adjust the theory for the temporary halt in creep during 

unloading on the convex surface. An improvement in the agreement was 

noted, but the theory still remained conservative. This was assumed 

to be due to the fact that Rabotnev—Shesterikov theory predicts the 

onset of instability only: considerable time may elapse between this 

and actual collapse. 

A further comparison of the various perfect—column theories was 

given by Gerard and Papirno (25), based on the experiments of Carlson 

et al (14, 15) and Pnpirne and Gerard (67). The Rabotnov—Shesterikov 

equation was in this case replaced by total strain equations. This 

showed that by normalising the theoretical creep buckling stresses, 

with respect to the short time hackling stresses, the scatter in the 

data was considerably reduced; this was the basis of Gerard's secant 

modulus mentioned earlier. Further, the results confirmed that the 

Rabotnov—Shesterikov theory provided a reliable lower bound to the 

critical time, whilst the secant modulus theory and ibechronous 

reduced modulus theory form upper bounds. 

2.1.3 Conclusions  

It appears then that the rigorous dynamic analysis of Rabotnov—

Shesterikov provides a reliable lower bound for column collapse times. 

There is insufficient evidence however, to believe that the upper 

bounds mentioned above are universally correct. The perfect column 

approach has the advantage of notrequiring specification of the 

initial imperfection or an explicit creep law, but unfortunately 

the lower bounds available are often so conservative as to represent 

inefficient utilisation of the material. It was therefore concluded 
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that a more realistic approach would be desirable for the present 

problem, taking account of the initial imperfection. 

2.2 Geometric Instability  

In this mode of creep deformation, a reduction in stiffness 

occurs from creep induced geometrical changes: this is usually 

followed by a jump in deflection. Well known structures that 

are subject to snap buckling (also known as oil canning) are shallow 

spherical caps and shallow arches. It was believed initially that 

in the present problem snap buckling could occur after the element 

had been in contact with the channel for some time, and that it 

would suddenly leave the channel after sufficient reverse bow had 

developed. Accordingly the possibilities of this approach were inves—

tigated. 

2.2.1 Pian, Hult  

The earliest analysis of this type of problem appears to be 

thnt of Pian (72). A variational theorem (80) was used to calculate 

the deflection—time characteristics of a laterally loaded, sinusoidal 

beam. It was observed that the deflection became multiply valued 

at a certain time. This was- assumed to be the critical time for • 

snap buckling. The analysis was extended in a later paper (73) to 

include an antisymmetrical mode. 

Hult (45) showed that the suddenjump in deflection in this type 

of problem was due to the presence of_ simultaneous elastic and plastic 

deformation. The deflection—time relations for the,problems treated 

were based on peviously derived (44) moment—curvature relationships 

for linear viscoelastic bars; the critical time was defined as the 

instant at which the deflection rates became infinite. 

2.2.2 Gjelsvik and Bodner 

In an investigation of the use of an energy criterion for snap 

creep buckling in clamped arches, Gjelsvik and Bodner (26) have ana—

lysed a simple statically determinate model: they showed that the 

forces in the elastically deforming model at the critical load, were 

the same as those required for creep snap buckling of the model. 
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2.2.3 Conclusions  

It was concluded from the foregoing references that any attempt 

to estimate the instant of geometric instability would have to be 

preceded by a complete deflection—time analysis of the structure. It 

would then be conceivably possibly to use the multiple deflection 

approach of Pian (72), or the energy criterion of Gjelsvik to 

predict the occurence of a jump in deflection. 

2.3 Imperfect Columns  

The literature surveys described in the preceding sections both 

enforced the view that a detailed deflection history of the specimen 

would be required for both phases of the deformation. This is most 

easily obtained by imperfect column analysis, which consists in 

essence of establishing moment—curvature rote relationships, which 

when integrated give deflection—time data. 

2.3.1 Marin, Shanley, Higgins  

For the case of linear viscoelasticity, the analysis is compara—

tively simple, and some of the earliest papers use this idealisation. 

Marin (61) assumed a non linear secondary creep law but considered 

only bending stresses. 

A more realistic treatment was given by Shanley (82), utilising 

the isochronous stress strain curves. An important feature of his 

analysis was the introduction of an idealised two flange model; this 

was used to trace the stress—strain—time paths of the flanges on the 

diagram, according to a strain hardening law. The changes in strain 

were then related to increments in deflection. The method is essen—

tially graphical, and did not therefore seem well suited to extensive 

computation or generalisation to more complex stress systems. 

Higgins (33) presented a more rigorous theory, in which the actual 

stress distribution across the section was calculated. The analysis 

takes account of the fact that the neutral axis does not necessarily 

coincide with the centroidal axis, and traces the strain history of a 

finite number of fibres across the section. The computation is nece—

ssarily lengthy, as repeated integrations over the section are required. 
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Some comparison with experiment is. given, but the results are very 

disappointing. 

2.3.2 Libove, Hilton, Kempner  

The two flange model was further developed by Libove (56), 

using the law 

= E+ I((,:)  
where € is a creep rate function. The column was assumed to remain 

sinusoidal, and a lengthy numerical solution by one—point collocation 

was obtained. No experimental confirmation was offered. In a further 

paper (57) the analysis was extended to rectangular sections, the sol—

ution being reduced to an integral equation which was solved by a com—

puter. For shapes other than sinusoidal, a solution by some averaging 

process would be required, entailing considerably more computation. 

An elastic—viscoelastic analogy was Used by Hilton (35) to develop 

equations for viscoelastic columns in terms of an infinite series. 

The results are not believed to be of more general interest. 

A similar solution for linear viscoelastic columns was given by 

Kempner and Pohle (50). The concepts were later extended (51) to 

more general linear viscoelastic beams and columns; the analysis 

for columns was based on a sinusoidal shape. In other papers (52, 

53) the work was extended to nonlinear viscoelastic deformation of 

idealised H—section columns. 

2.3.3 Hoff, Hult, Carlson  

Using the same idealised column, Hoff (36) developed simple 

approximate equations for a secondary creep law relating column 

displacement to time. This method is based on the equivalence of 

elastic bending stiffness of the model to that of the real section, 

and the resulting equations are of course capable of generalisation 

to other stress systems. The effect of primary creep in these equations 

WOO investigated by Odqvist (61) and the additional effect of elasticity 

was studied by Hult (43). A further development of this analysis by 

Hoff (37) included both elastic and inelastic strains, primary and 

secondary creep for certain values of the exponent. The same equations 

were used by Patel (68) to obtain a solution for general values of the 
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the exponent in the secondary creep law. More generality was 

achieved by Hult (42) in extending existing solutions to H—sections 

with unequal flange areas, the most general statically determinate 

section. Some justification for the assumption of a sine wave shape 

in all the preceding analyses was given by Patel and Kempner (70). 

More recently, the effect of recovery has been included quantitatively 

in the equations by Hedner (32). The effect is to accelerate the 

bowing. 

An analytical investigation of the validity of the equivalent 

H—section method was made by Carlson (16). He showed that for the 

moment curvature relationships to remain equivalent, the effective 

flange separation of the H—section must decrease. The calculation 

of the actual value of the separation can only be performed iteratively 

and this was not incorporated in the deflection—time equation. Carlson 

also attempted to incorporate the effect of recovery in the equations, 

through the assumption that the creep and recovery rate on the convex 

flange were equal and opposite. Good agreement with theoretical 

collapse tines were obtained through the use of the relatively simple 

H—section equations. 

A graphical method for use in connection with the incremental 

form of Hoff's equations was given by Chapman et al (17), and other 

examples of application of the theory are given by Lempriere (55). 

Another application of the H—section equations has been shown 

by Stowell and Wah (87), applying a hyperbolic sink creep law. Non 

dimensional parameters were derived, to compare the theoretical 

collapse time with the experiments of Mathauser and Brooks (63). 

The agreement was however very poor. 

Calladine (12) attempted to analyse the factors causing real 

columns to behave differently from the equivalent H—section, and 

also to derive an empirical relationship for comparing the merits 

of various cross sectional shapes. It was shown that the fourth 

moment of inertia seemed to be a relevant parameter, and equations 

were given relating a lifetime parameter to the shape and creep 

exponent. 
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2.3.4 Johnson, Lin, Mendelson et el  

Johnson et al (48) considered eccentrically loaded rectangular 

columns, making the simplifying assumption that the distributions of 

both creep and elastic strains were linear; this is in contrast with 

most of the preceding work which had been based on a linear total 

strain distribution. They also assumed a "time hardening" creep law 

and were able to obtain excellent agreement with theory. The com—

putations were based on tensile creep data, and seem to show that 

the interchange of data in this way does net have a material effect 

on the results. Some investigators — Carlson et al (14, 15, 77) 

report little difference between tensile and compressive creep behav—

iour in their experiments, whilst others (78, 79) have found that the 

difference may be considerable. It seems therefore that this should 

be investigated for each specific application. 

A very useful method of creep stress analysis was developed in 

a paper by Lin (58). Simple incremental equations relating external 

moment to the elastic and creep relaxation moments were presented, 

which have to be satisfied at each section along the. length of the 

column. Ne iteration is involved and the method is considerably 

shorter than the equally rigorous method of Higgins (33) noted 

previously; it is not necessary to make any assumption regarding 

the deflected shape. The calculation provides a picture of the 

stress distribution at each instant, and couldi easily be extended 

to stress systems other than simple column buckling. In a further 

paper Lin (50 extended the method to beam columns, using a more 

analytic treatment of the equations. 

Another example of incremental methods was given by Mendelson, 

Hirschberg and Manson (64); as before any variable stress creep 

law could be used, but in this case am iterative feature was intro—

duced to take account of the variation of creep strain during thi time 

increment. The method could be generalised to multiaxial problems, 

and another recent example of its application has appeared (62). 
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2.3.5 Sanders et al, Schlechte  

A variational theorem for creep was developed by Sanders, 

McComb and Schlechte (80), which provides a powerful tool for 

plate and column problems. In it's most general form, considerable 

computation would be necessary: accordingly the authors made some 

simplifying assumptions regarding deflection and stress distribution. 

The resulting equations for a rectangular column were rather similar 
C3  

to those of Kempner (54), differencesbeing due to the one point collo— 

cation of Kempner as compared with the averaging process of the 

variational theorem. Further applications of the theorem are described 

by Schlechte (81), who considered rectangular and idealised H—sections. 

In the case of the rectangular section, comparison was made with 

the lifetime calculated on an assumed linear stress distribution, 

as opposed to the more rigorous method of calculating the actual 

distribution. The analysis showed that there were no significant 

differences between the linear and nonlinear ablutions, except for 

very large initial deflections and values of the creep exponent; 

further, the very considerable amount of extra computation was not 

justified by the improvement in accuracy of prediction. It appeared 

that the tangent modulus theory of Shanley was in most cases more 

reliable for lifetime predictions than the variational method. 

2.3.6 Hu, Sidebottom, Bleich. 

Hu and Triner developed dimensionless isochronousnnment—stress 

curves for rectangular sections, and tested the theory by application 

to beam—columns. The results were not self consistent, and the author 

believes that this may be due to the unrealistic creep law used. A 

very similar method was described by Sidebottom and Dewhurst (83), 

who obtained reasonable agreement with experiment. 

A limit analysis for the curvature rate of rectangular columns 

was developed by Bleich and Dillon (10), which eliminates the need 

to follow changes in stress distribution. However, the bounds are 

rather wide and no experimental confirmation is available: they 

are also not particularly easy to derive. 
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2.3.7 Alexander, Blackburn 

Another approximate method was proposed by Alexander (1). This 

was based on the assumption that the creep strain rate in the column 

could be assumed to be proportional to the local stress; further 

it was assumed that the factor of proportionality was the slope 

of the stress—strain rate curve at the mean stress. Considering 

secondary creep strains only, he derived particularly simple equations 

relating the tangent rate modulus (called E) to the applied bending 

moment and the rate of change of curvature: 

. K= 11/EI 

From this, the time to achieve a given bow could be readily 

obtained; comparisons with an actual stress distribution calculated 

iteratively for a cylindrical shell, showed that the approximate 

method was very adequate. The analysis was extended in a further 

paper (2) to take account of primary creep as well. The range of 

validity of the method when the direct load is combined with an 

applied bending moment was investigated by Young (89). In a later 

paper he showed good experimental agreement with predicted bowing 

rates for some simulated fuel elements (90). Another attempt was 

made to provide some- experimental support for the theory by-Webster 

and Alexander (95). Although the experiments were consistent with 

the theory, they were not conclusive on account of the considerable 

scatter in the tensile data. It seemed that more careful tensile 

experiments were indicated. 

An almost identical theory was derived independently by Blackburn 

(7), by neglecting second older terms in the stress distribution. The 

resulting 	equations are then equivalent to Otiose of Alexander, being 

derived under the same assumptions; they were used to predict the 

behaviour of a fuel element tilted across the channel, including the 

effect of thermal cycling and radial temperature gradients. When the 

weight of the element is included in the calculations, the equations 

become complex and a computer solution was used to calculate the time 

at which contact is no longer at the ends of the element. 
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2.3.8 Conclusions  

Most of the interest in imperfect columns has been centered on the 

collapse — or critical — times; the object of this survey however was 

to compare methods for the prediction of deformation histories, but 

because most of the experimental data has been exclusively concerned 

with critical times, one has to assess the theories on this basis. 

This is not particularly rewarding, as even the rigorous Hoff—de Veubeke 

(19) theory for the collapse of imperfect columns, which can be deduced 

from stability considerations, can in some circumstances be unreliable 

(55, 60). 

Apart from the limitations inherent in the theories, it is also 

well known that any of the familiar equations for variable stress are 

likely to be seriously in error in some situations (49, 6, 66). Another 

consideration influencing the assessment of any creep experiment, is 

the undue sensitivity to small excursions in the test variables: this 

results from nonlinearities is the creep laws and gives rise to consid—

erable scatter. . These factors taken together make the relative merits 

of the creep buckling theories difficult to compare. 

The rigorous theory of Higgins (33) was very far from being is 

agreement with the experimentar result quoted in that reference; a 

similar conclusion is inferred from the calculations of Lin (58). 

The formulae derived by Kempner (51), which closely paralleled 

those of Schlechte (81), were wage not in good agreement with experi—

ment: the tangent modulus of 'SKanley (which cannot be readily applied 

to deflection history calculations) was often more reliable. 

The simple H—section equations_of Hoff (36) have not been used 

directly to predict experimental column deflection rates. It is 

shown elsewhere however by the author (section 10.2) that the method 

of equivalent H—sections and thp linearisation of the stress—creep 

strain rate relations (used by Alexander and Blackburn) lead to iden—

tical moment—curvature rate equations for n = 1, 2r the theories are 

approximately equivalent for n>3. 

As noted previously, encouraging agreement had been found for the 
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simple theory of Alexander (95); the Hoff—de Veubeke theory, which 

used the H—section equations to predict the time to attain the critical 

deflection, appeared to be in better overall agreement than the more 

rigorous theories of Higgins and the variational methods. It seemed 

therefore reasonable to attempt to use the linearised equations in this 

problem, and to held the more generalised incremental theories of Lin 

(58) and Mendelson et al (64) in reserve. 

2.4 Restrained bowing  

As indicated in section 1.2, all the work on restrained bowing 

bad originated among the nuclear power consortia, much of it in 

unpublished reports. It will therefore be useful to describe the 

relevant work in some detail. 

2.4.1 Young  

The first report discussing restrained bowing was the work of 

Young (90), at English Electric. Using the tangent modulus method 

of Alexander, he set up a partial differential equation for the 

deflected shape. 

Writing K = MAI, and noting the force and co—ordinate systems 

of Fig. 2, we have • a ()2 
EI 	( 	) 	+ 	( 2 . 1 ) 0 t 	, u x 

This equation was replaced by it's finite difference equivalent 

r  El  2 
	 y  l t — a ti S t4, (Ym + 1 — 2Ym + Ym — 1)t — (Ym + 1

— 2 at + y m — 

= E—P + Rx/tj (2.2) t — S-t 

and solved numerically. It was assumed in this solution that the 

element merely flattened progressively against the channel without 

developing a reverse bow. It can be shown however from the boundary 

conditions at the point of contact (section 4.2.1), that the element 

is unstable when curvature disappears at the point of contact, and 

that therefore this condition is passed through instantaneously. 
. 	- 

Further the analysis was performed assuming that E was independent 
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of stress and time - i.e. it was for linear viscoelastic materials 

only. This solution must therefore be regarded as being approximate. 

2.4.2 Blackburn and Percy  

A much more comprehensive analysis of the problem by Blackburn 

and Percy (8) appeared during the course of the present work. Using 

a linearised theory mentioned earlier, they considered both point- 

and continuous restraint for the symmetric problem. From the condition 

that the element remains taimgential to the wall, a differential 

equation for dr/at (see Fig. 2) was derived (see section 4.2i). This 

was solved numerically, simultaneously with the bending moment- 

curvature equation.(2.1) above. They were also able to show that 

after first contact with the wall, dr/at became indeterminate when 

the curvature became zero. The subsequent behaviour then depended 

on the third derivative of the shape. Some errors were made in the 

analysis and these are discassed in section 4.2.1. They were able 

to show that the effects of elasticity were likely to be small during 

the phase of initial flattening, and neglected it during the analysis 

on subsequent deformation. The solution was presented in terms of 

doubling times (defined in section 4.4.1.1). 

2.4.3 Fudge, Haigh  

A very similar analysis was presented by Fudge (22), using the 

E method of Alexander, to consider the case of point restraints. Like 

that of Blackburn and Percy, the solution was for secondary creep 

only. 

In another -. report issued simultaneously with the above, Fudge 

and.Haigh (23) took cognizance of the fact that the bowing would in 

practice be three dimensionals all the previous treatments_had been 

two dimensional. They assumed that the three braces at the quarter 

points constituted point restraints, and that the initial shapes 

in the two coordinate planes were first and second harmonics of a 

sine wave. Equations essentially similar to eqn. (2;1) were written 

down for the two planes and the reactions calculated from geometric 

considerations. 

A simplified three-dimensional representation was considered for 
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point restraints by Haigh (29). The channel was no assumed to be 

square, which meant that the bows and reactions in the two directions 

could be assumed to be independent of one another
+
. An interesting 

feature of this analysis was that the deformation was resolved into 

two components: the first was that produced by the end lead and the 

second produced by the wall reactions. (This superposition is valid 

as the equations are linear). The method of forward integration in 

time however, as in their previous papers, seemed rather inaccurate 

and potentially unstable. 

2.4.4 Blackburn  

In an extensive and as yet unpublished analysis, which became 

available to the author towards the end of this investigation, Blackburn 

(9) extended his previous work on continuously restrained bowing to 

various asymmetric shapes; he also took account of the reactor con—

dition where the pin jointed end is allowed to tilt freely across the 

channel. In this case the deformation was bounded by both sides of the 

channel-- however his calculations shoirthat the element will not in 

general be in contact with both sides simultaneously during the design 

life. It was also shown that initial shapes which are slightly asymm—

etric approached a symmetric form after some time. A stability analysis 

of the effect of asymmetric perturbations on various initial symmetric 

shapes was presented, And equations derived for the time rate of change 

of the perturbation component. AA in the previous papers, this analysis 

was for secondary creep only and in terms of a parameter which is 

equivalent to the E modulus. 

2.4.5 English Electric experiments  

The only previous experimental work on restrained bowing known 

to the author is a lead bar bowing test at the English Electric Co. 

Ltd.= This work was undertaken to support the theoretical study of 

Young (90), but was never fully written up. However the data available 

is reproduced elsewhere (section 7.3.4) and analysed according to the 

The conditions under which this will be true are derived in section 
10.3. 

G.P. Clark — personal communication. 
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theory of section 4.2. This experiment consisted of an axially loaded 

bar, bowing against a plane restraint. Minor plane bowing was preven— 

ted by pins fixed into the restraint. The deformation was approximately 

symmetrical, and the percentage length in contact with the restraint 

was measured at various times. The theoretical comparison is based 

on only four tensile tests, and so must be considered t• be only 

tentative. 

2.4.6 Conclusions  

All the analytical work on restrained bowing had been performed 

using the linearised methods of Alexander or Blackburn. This 

supported the conclusions of section 2.3.8 that these presented the 

best compromise between analytical convenience and reality. 

Most of the defects in the method used by Young (90) had been 

rectified by Blackburn and Percy; the work of Fudge and Haigh was 

not of direct interest as it was restricted to the special case of 

point restraints. This is a less general problem than that of 

continuous restraint. 

The later paper by Blackburn (9) considered asymmetric rim°  

dimensional shapes but as in the previous papers was restricted 

to secondary creep only. 

The existing experimental work was obviously inadequate to confirm 

the preceding theory. 

It appeared therefore that it was necessary to assess theoretically 

the significance of elastic and primary creep deformation during res— 

trained bowing, and irpossible to develop solutions which (like the 

existing secondary creep solutions) could be translated in terms of 

any material data without additional computation. 

Further, it appeared that there was a very considerable need for 

some experimental work, which would lend some substance to the lengthy 

numerical computations required to solve the equations characterising 

the problem. 
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3.0 Detailed object of investigation  

From the discussion of previous work given in section 2, it is 

now possible to formulate more precisely the object of this investi—

gation. 

3.1 Theoretical work  

3.1.1 Extension of the tangent modulus theory  

In their original forms, the linearised theories of Alexander 

and Blackburn did not include elastic strains. It was considered 

that these may be significant in the small deflection type of problem 

under consideration, and it was therefore attempted to incorporate 

elastic strains into the original equations. 

Some similarity between the above theories and those of Hoff 

had been noted previously by Young (89): it was therefore deemed 

worthwhile to attempt to derive the conditions under which these 

theories became equivalent, as the Hoff theories have been widely 

used. 

3.1.2 Modification of existing symmetrical solutions to include  

elasticity and primary creep  

The most rigorous theory of continuously restrained bowing 

bad been that of Blackburn and Percy, and with some small reservations 

(see section 4.2) the solution derived by these authors for symmetric 

steady state creep appeared to be a valid one. 

It seemed therefore necessary to refine the symmetric theory 

to include all phases of creep and elasticity, in a manner which 

would enable designers to assess the effects of temperature or mat—

erial changes without having to repeat the solution. 

3.1.3 Derivation of the equations for asymmetric bowing.  

Iii soon became apparent that the symmetric column was as much 

a fiction as the classically straight column; it was therefore 

required to derive equations valid for asymmetric restrained bowing, 

including all phases of deformation as above. 
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3.2 Experimental work  

3.2.1 Verification of the E modulus  

The experimental work of Webster and Alexander had not been con—

clusive. It was therefore decided to attempt a more precise series of 

experiments, with a view to obtaining a quantitative assiasment of 

the tangent modulus theory under conventional bowing conditions. This 

would provide a firm basis for the use of the theory under the more 

complex conditions of restrained bowing. 

3.2.2 Restrained bowing  

The sum total of experimental work on restrained bowing known t• 

the author was one experiment on lead at English Electric. This was 

obviously unsatisfactory, considering the volume of theoretical work 

which had gone before. It was therefore decided to undertake a com—

prehensive series of experiments, designed to provide data on force 

and deflection histories over a range of stresses. 

Using derived tensile creep data, it was intended to compare 

experimental deflection and force histories with those predicted 

from theoretical considerations, and also to examine the lead bowing 

data in the light of the present theory. 

It was hoped in this way to provide solutions of value to reactor 

designers. 
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4.0 Derivation of equations  

4.1 Incorporating elastic strains in Alexander's equation+  

The following assumptions are made in the derivation: 

1) Plane sections remain plane. 

2) Deflections are small. 

3) The axis of zero bending stress coincides with the cen— 

troidal axis — this will be termed the "neutral axis". 

4) The creep strain rate is a function of current stress, 

temperature and time only. 

5) The creep properties in compression are identical with 

those in tension, and the strain rates in the fibres of the column 

can be predicted from uniaxial behaviour in constant stress experiments. 

Assumption (1) is well based on experiment; the second assumption 

is a realistic one from engineering considerations, as most structures 

cease to be functional beyond a small amount of deformation. This 

assumption also leads to the linear relation between curvature and the 

second derivative of the deflected shape. The third assumption would 

only be strictly valid for a linear stress distribution, and implies 

that the centre of internal and external moments coincide. It is 

believed however that this will be sufficiently accurate provided the 

stress distribution does not become seriously non—linear. 

The fourth assumption is the subject of perennial discussion 

amongst engineers, and is invoked by the need for considering variable 

stress conditions. Undersimple stress variations, it is said (20) 

that the'strain—hardening' relationx  may be more accurate, but a 

comprehensive examination of these theories and others under a variety 

of multiaxial conditions by Johnson (49) and Berkovits (6) has shown 

that neither strain— nor time—hardening is invariably reliable. This 

+ 
This section is based on Freed and Seyna (21). 

x Assuming strain rate a function of current stress. strain and 
temperature. 
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has been verified by other investigators (66). In the special case of 

creep buckling, Johnson et al (48) have obtained excellent agreement 

with a time—hardening laws other theoretical studies (62) have shown 

that where there is a stress which remains substantially constant in 

magnitude and position, there is little to choose between the two 

theories. 

The fifth assumption is perhaps the most questionable. In the 

study reported above (48), tensile data was used exclusively in experi—

ments where the stress distribution was both tensile and compressive, 

without prejudicing the results. Other more comprehensive studies of 

this question (78, 79) have shown that in some circumstances the data 

may not be interchangeable. 

From assumptions (1) and (2), we have the relation (see Fig. 1) 

e = E + Kz 	 (4.1) 

where the suffix refers to the neutral axis. 

We also assume a creep law of the form 

e = 	+ 	t, 71) 
	(4.2) 

where E is the creep rate function. 

The first approximation made by Alexander.(1) was that the 

stress distribution, which is in practice non—linear, can be rep—

resented by the simple relation C= Mz/I. 

From this it also follows that 

• ' 
d/= 

Substituting from eqn. (4.3) into (4.2), and equating with (4.1), 

we have -e 
K = MAI + z o 	(4.4) 

By virtueAsf assumption (3) 

e
o 

= 0 

and also 

= 6( C, t, T) = 	t, T) 	(4.5) 

(4 . 3) 
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since stress is a dependent variable in this problem. Writing (4.5 

2 " 
t) 	t) + zb(o, t) + 	(o, t) (4.6) 

7v 

where it will be permissible to neglect terms of second order and higher 

by virtue of the second assumption. 

Substituting now in (4.4), we have 
• • 

= MAI +E'(o, t) 

Now 	di./Oz 	ckfldz 

and 	c/a z = M /I 

K = M/EI + (dgWio  . 	 (4.7) 

The quantity k/Mo: by assumption (5), can be evaluated from constant 

stress tests, and is the inverse slope of the isochronous stress—creep 

strain rate curves. Alexander called this quantity (1/E), and writing 

eqn. (4.7) in a more familiar form 

K = MAI + MAI 
	 (4.8) 

This equation can be used for problems in which there is a finite 

stress on the neutral axis: as indicated by Young (89), the E modulus 

becomes infinite as the stress approaches zero. Young also showed that 

the validity of the approximation deteriorated as the bending moment 

of the axial load became small in comparison with other applied bending 

moments. This follows from the anomaly indicated above. 

4.2 Symmetric restrained bowing  

The restrained bowing phenomenon is of most interest to reactor 

designers, and therefore it is necessary to consider the axisymmetric 

shapes which are characteristic of all fuel element designs. It is 

not reasonable then to suppose that the deformation will remain two 

dimensional throughout the life of the element: this follows from the 

presence of three dimensional components in the initial shape or loading 

system. 

A consideration of the three., dimensional problem led to the following 

conclusions+:_ 

A full description of this analysis is given in Appendix 10.3. 

as 
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1) Within the assumption of a linear stress distribution, it 

is permissible to treat the bowing of an axisymmetric shape in two 

different planes independently. 

2) When a cylindrical element is bowing inside a circular channel, 

and the point of contact remains on the same generator of the channel, 

there is no force interaction between the two planes, and the major 

plane deformation can still be analysed. There is a geometric interaction, 

but the problem remains soluble. 

3) However there is every reason to believe that the condition 

required in (2) above is never satisfied in the present case, and that 

the point of contact moves round the channel in a condition of limiting 

friction. This implies an additional relation to be satisfied between 

the forces and the deflected shapes, which would make the solution 

extremely difficult to obtain. 

It was therefore decided to restrict the analysis to two dimensional 

bowing, and the experiments were designed around axisymmetric specimens 

with predominantly two dimensional initial deflections. This would 

restrict the growth of the third dimensional component to a minimum. 

The analysis thus derived would be applicable to three dimensional bowing 

in a rectangular channel (see-Appendix 10.3) or in a circular channel 

with large coefficient of friction. A rigorous solution of the general 
three dimensional problem appears to be a very large undertaking, and 

cannot at this stage be justified: it seems more logical to gauge the 

effectiveness of simpler analyses first. 

The treatment of the problem will therefore be two dimensional. The 

behaviour of the element from first loading until contact with the 

restraining channel can be calculated from simple bowing theory (1, 95, 

21); the main theoretical problem begins once contact has been 

established. 

4.2.1 Creep only  

The analysis that follows is based largely on that of Blackburn and 

Percy (8). It differs however in the introduction of additional dimen—

sionless variables, and in the solution time; later, in the numerical 
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analysis sections (5.1.1, 5.1.2), improved interpolation formulae are 

introduced. The assumptions of section 4.1 are used once more. 

The deformation may be conveniently divided into two phases. In 

the first, the element merely flattens against the wall, and in the 

second phase point contact splits and a shape similar to that of Fig. 

2 is assumed. It is easier to derive the behaviour in the first phase 

from the more general equations of the second phase, and this is the 

procedure followed below. 

Referring to Fig. 2, we have the following boundary conditions: 

(
x = o, a, L-a, L 

= o, t , o 

also 	(2-Z) 
x 	 = o t 	o 

x = a, L-a, 

y (a, L-a) 
	too 

and 	y = f(x), t = o 

We may express the tangency condition quoted above as 

dt '0  x a 

Expanding this 

o 	(6) 2 y Ad
2
o a  + 	Oy/c)x)a  dajdt 

Hence 	da/dt = - (4:)xet)a  

Now 

and we have 

6)2 

(xTa)
a 

a 2 y Px)it = () 234) x2  

da 	ei 
dt = 

) ,)x2 . a  

(4.9) 
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d  3y  

P dx2c)  t  

and 
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Referring now to Fig. 2, 
for o 	a, with clockwise moments poiitive 

M = Wx Py 	 (4.10) 

and for 	M = Wa - Fy+ 	 (4.11) 

Equation (4.8) for creep only becomes 

K = 	=J 33,-/x20)  t from 

assumption (2). Substituting in eqns. (4.10, 4.11) we have for 

• 13 	-\ 2 ) EI 	y/c!x rt + Py = Wx 

and for a 
• 3 ) 	2 El a y/cix t + Py = Wa 

From either of the above at x = a and y = 

TY = 1/a LEI ( d3y/c)x2  cit)a  + PS ..1 

Substituting in (4.12, 4.13) and dividing by P 

P 	x2  t 

	

P- 	dx2d t 

	

" 	+q 
3 

+ y = 1:I 	 

	

P

• 	) 3 
/67  

‘dx2d tia 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

4.2.1.1 Introduction of dimensionless variables  
Defining the issyr-dimensionless quantities 

s = 2x/L, r = 2a/L, u = y/ 

equations (4.14) and (4.15) become for o.,"sr 

4E1 
_d 

311 	 8 	8 
••=0 

) 3

u 	 ) . 	= 	- u 	(4.16) 
PL2 s2 dt 	.2d  t r  r  

and for r,s,c 1 

4E1• —d 	3t.  
PL2 	e5)82  t 	d 82,c) 

'- + We seed only consideiThalf the element. 

= 1 - u 	(4.17) 
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and (4.9) becomes 

)2 

dt 	
amA r (4.18) 

(r);Lid 

4.16 *I- 11-'17) 	,
s  
	r 

In1:6Amrequationythe quantity E is a function of time since 

=(d , t) 
and 
	E (cV/de = 	t) 

for non—steady creep. It is therefore highly desirable to eliminate 

the time dependence of the coefficients and the following method is 

proposed: inspection of equations (4.16 and 4.17) reveal that if we 

define a new variable vc 	
called henceforth solution time, as follows 

PL2  
t EIQ 

vc 

where Q is an arbitrary constant, the solution becomes independent 

of L, P, E and I. This is a great advantage and from the rule 

we have that 

v . 	, 
t = C/ t of vc  

, v c 4t, PL
2 
 /QEI (4.19) 

We now have to specify the time dependence of the quantity 1/E, through 

a definition of e • Using a Graham—Walles (28) • formulation for constant 

stress and temperature 

e 
1/3 	n2 3 3 t 	 c2 ci 	t + ca v 	t 

n 
(cifidt) = 1  3 

el 1C2  + C2 /2  from which 	+ 	3ci- 3t2 

and neglecting tertiary creep 

• Where the subscript indicates that creep only is being oDnsidered. 

• See 7.1.1. 



4 	c 3u 

-Tr 21n 2 ds2dv 

4  r  3u  

ir 
21n 2 lc) s2)vc 

1  
- u 

dr 	
2 

 
= ‘cs&vc /r 

dvc d2u  

( 2)  c)s  r 

(4.22) a = 8  - U 
r r 

(4.23) (c
) 

v s2 c 

= 1 - U 

(4.24) 
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n -1 	n2
-1 

1 	1 -2/3 
w- = 1 C d/ 	t 	+ n C 
E 	o 	2 2 o 

Substituting in (4.19) and integrating 
2 1

-1 / 	n2-1 v c = QPL kn
1  C1 o 	

ti 	+ n2  C2 o  o' 	(4.20) 
I  

We may now arbitrarily choose Q; a convenient relation between v and 

t would be v directly equal to the doubling time
+. This correspondence 

would be continuously true for secondary creep only, but only approxi-

mately true for primary and secondary creep; it is nevertheless a good 

means of estimating resistance to bowing. Discarding therefore the 

primary creep term for the purpose of fixing Q, putting vc = 1 and 

2.  
t = tD 	

EI In 2  

PL
2 

and noting that for secondary creep 

1/E = n2  C2  d
- 

 n2-1 

we find Q =if
2  In 2; substituting in (4.19), 

J 	PL2 	J 
3 t' 17 

/r
2 EI In 2 • 67)vc 

this transformation in (4.16, 4.17) we obtain the Using 

equations 

and 

and 

(4.21) 

The dimensionless wall force X = WII2PS-, is now defined by the 

equation 

The time for a column boring is secondary creep to double it's 
deflection is constant for small deflections - see secLion 4.4.1.1. 
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4 	3 

2 

u 
X = 	2 	

) 
r 	In 2 if)s,!)vC  r 

The vc — t relation then becomes 

(4.25) 

2-1 
v = 2

PL2 
 

(n1 C1(7-e

n1-1 
t /  + n2 C2 c/ 	t) (4.26) 

7r I In 2 

Thus solutions of eqns. (4.22 — 4.24) are now quite general.for a 

particular initial shape and can be obtained without reference to 

problem geometry or creep properties. Once the solution is obtained, 

the relation between solution time and real time, which is the function 

(4.26), can be rapidly calculated by a graphical method; see Appendix 

10.4. 

4.2.1.2 Splitting of point contact  

It is now pertinent to inquire how the shape depicted in Fig. 2, 

is arrived at from an approximately sinusoidal shape at first contacts 

i.e. how does the transition from the first to the second phase take 

place? This question was resolved in an elegant manner by Blackburn 

and Percy (8). The relevant analysis is lengthy but the essential 

details are contained in Appendix 10.5. By integrating equation (4.23) 

and substituting in the numerator of (4.24) the following equation is 

obtained 

3(1 — r)  
4 	dr 	r(2r — 3) 

12 
to u l  
1,1 2/ 
us r 

For shapes that are symmetrical but not in contact initially at the 

point of symmetry (r 1  1), the numerator will be finite in general, 

and unless ( a 
2u  k .2 )

r 
= 0, the motion will be defined by equation 

(4.24). This will be the most usual situation. If the curvature 

at first contact is zero, dr/av will be infinite in general and the 

analysis of section 4.2.1.4 will be applicable. The above shapes 

(r 11) are not likely to be typical: the moat usual symmetric shape 

will be sinusoidal (r = 1 initially) or sinusoidal with some third 

71 2 ln 2 ▪ dvc  

r 7v. 
u dw dw — rf1 
	1 
u dw 	u dw 

o o ✓  	(4.27) 
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harmonic content. We restrict subsequent analysis to shapes having 

r 	1 initially. 
For shapes having& 2uk s 2  = 0 at the instant of first contact 

(such as a sine wave + lib third harmonic) there is no flattening phase: 

point contact splits immediately, and dr/av is infinite (see section 

4.2.1.4). For other shapes, eqn. (4.27)-reveals that when r = 1, dr/avc  

is zero. This implies that when contact is first made with the wall at 

r = 1, the element continues to flatten: dr/av can only become non-

zero when the denominator also becomes zero, i.e. when curvature disa-

ppears at the point of contact. As the equation then takes the inde-

terminate form OA, it is necessary to differentiate numerator and 

denominator to obtain a finite limit for dr/ay. This yields the following 

at s = r = 1: 

1 - 3 ,e s Lim, 	4 	dr 	u d s (4.28) 

1 	
In 2 dvc 	b3u (-573) 

-s 1 

4.2.1.3 Rate of splitting finite  

There are now two possibilities: if the third-derivative is non 

zero, there is a finite limit for dr/av given by the above equation 

(4.28). Blackburn and Percy (8) assumed however that the third deri-

vative would he zero for symmetrical cases, because in general the 

odd derivatives of symmetric analytic functions vanish at the point 

of symmetry. However in the case of functions where the second 

derivative is non-zero at the instant of first contact, like a symm-

etrical sine wave, a finite time, elapses between first contact and the 

disappearance of curvature; there is therefore a finite force between 

the element and the wall. This implies that there is a discontinuity 

in the third derivative, which cannot therefore be zero. In this 

sense therefore, the analysis of Blackburn and Percy is in error at 

this point. 

4.2.1.4 Rate of splittinE infinite  

The second of the possibilities mentioned above, is that the 

third derivative is also zero at the instant of curvature disappearing. 
4 
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This is possible for shapes which have a zero second derivative at the 

point of first contact; the wall force and third derivative are both 

then zero, and point contact splits immediately. For this case, eqn. 

(4.28) shows that dr/av will be infinite. However Blackburn and Percy 

were able to find a finite limit (see Appendix 10.5.1) for the inde- 

terminate quantity (1 - 	dr/avc  by successive differentiation. They 

assumed that all functions could be treated in this way, but in fact 

the analysis is only valid for the type of function mentioned above. 

It is believed however that the error arising from such a procedure 

would be small and important only in the early stages of deformation. 

4.2.1.5 Flattening phase 

The deformation during the period between first contact and sub-

sequent splitting of point contact, i.e. the first phase, is governed 

also by the three equations (4.22 - 25). In this case since dr/ave  = 0 

until curvature disappears, we have that r = 1 throughout the period; 

of the four equations only (4.22 and 4.25) are. needed. The boundary 

conditions associated with this phase are slightly altered to become 

(C)Yfi 	0 and (d y/d x)x.1.... 0 
2 

Equation (4.22) takes the simple form (since r is constant and 

equal to 1) 
4. 	d 3u 	3u.  

s - u 	(4.29) 

	

7T 21n 2 ds2c) vc 	s  ( c) s2  c))1 

and (4.25) becomes X - 	( 	) 	1 	(4.30) 
7r2 

4 	c) 

In 2 	s2  dvc s=1 

It is apparent from (4.30) that as the curvature is increasing 

throughout this phase , —, 0  , , 0 , 

dedv 
C 

a finite forcel is predicted at the instant v = 0. This is 

obviously incorrect and is a defect, in the analysis whiAhis removed 
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by the inclusion of elastic deformation; the equation for the wall 

force then becomes more properly an initial value problem, and the 

force is initially zero. 

If we were considering point restraint, these would be the governing 

equations throughout the deformation until the element came into point 

contact at some other position along it's length; the equation would 

then be slightly modified to take account of other forces. 

The numerical analysis used in the solution of the equations of 

section 4.2.1 is presented in section 5.1.1. The computed solution 

of the flattening phase - eqn. (4.29) for an initially sinusoidal shape 

is given in Fig. 7. For generality both solution time and real time 

(calculated for a A ins. specimen at 295°C, PA' = 0.2) are given. 

The dimensionless force-time relation, eqn. (4.30), was also computed 

and is shown in Fig. 12, 13. As indicated previously, this phase 

terminates when curvature disappears at the point of contact. 

Fig. 8 shows the deformation after point contact has split - eqns. 

(4.22 - 24) for an initially sinusoidal shape - a continuation of Fig. 

7. The force-time relation is on Figs. 12, 13. 

Fig. 9 shows the deformation for a sinusoidal shape with third 

harmonic 1/b the fundamental. In this case since the curvature is 

initially zero there is no flattening phase, and the time origin in 

Fig. 10 is zero. The forces for this initial shape are also given in 

Figs. 12, 13. The r - re  relation for both the shapes is in Figs. 
10, 11, and for the column specified above the vc - t relation is shown 

in Fig. 19. 

4.2.2 Creep and elasticity  

The equations derived in this section were intended to assess the 

significance of elastic"strains in restrained bowing, by comparison 

with the easier solution of the 'creep only' problem given in the 

previous section. 

Using eqn. (4.8), and differentiating (4.10) and (4.11) to obtain 

M, the following are derived from Fig. 2: 

3y/c,) x23 t = Wx/EI - Py 	+ Wx/EI - Py/EI 

o<xca 	(4.31) 
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and )3y/d x2c t = Wa 	- Py/tI + Wa 	+ Wa 	- Py/tI 

a <xl,/2 (4.32) 
The boundary and tangency conditions are unchanged. It should 

be noted that in the preceding section we are able to write the 

curvature rate K as either 

d / 3  

	

y, c)t d x2  or d 3y fi z 	t, 

since the quantity was continuous; however it is now evident that the 

presence of elastic deformation in the above equations causes a dis-

continuity to appear in ( d 3 y/dx20)  t)x.it  . Experience with the 
solution of eqns. (4.20, 4.21) showed that the maximum value of the 

discontinuity in the dimensionless quantity (6773ub s2dv) , (which 
ICI,5r

1"  can be shown from (4.31, 4.32) above to be
2 	ICI,

g PPE • 	dv 	
did 

•-  
not exceed 5 per cent of the quantity. _It was thus not considered 

necessary to adopt a more rigorous treatment, because of the large 

penalty in computational complexity. An example of a numerical scheme 

which does take this into account is shown in section 5.1.3.3. 

4.2.2.1 Dimensionless equations  

Using the same dimensionless variables as before, and the wall 

force 

X = WL/BP , 

we derive from (4.31) and (4.32) the equations 

4E1 G• 	) 3u 	• SE 	• E 
- XX-u+X--uE 	(4.33) 

PL
2 	

82d t 	 o 	r 

. 	•• 	. 	. 
• 

and 	
4E1 A - Xr - u + XrE 

	rE 	E 
+ X 	- u r 	 . 	(4.34) 

PL
2 

	

d s2dt 	 E 	E 

s4_ 1 

Following reasoning identical to that given in section 4.2.1, 

we introduce the relation
+  

PL2  	d 	 (4.35) 
- 2 • 
77 EI (I - PAE

) In 2 C)vce 

the term in PE 
being introduced because of the presence of Youngs 

The subscript indicates that creep and elasticity are considered. 
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modulus in the equation. Using (4.35) in (4.33, 34) for o<<r 

4 	d 3u 	 PAL 	(-1 -X - Xs 	u + 	 . 8 

2(1  
'77  

c)  - P APE) In 2 ds2dv ce 	 (1 - P/PE) In 2 	vice  

P/PE  

(' - PA'E) 
6.  u 

11 2 d vice 
(4.36) 

77- 2(1 - P/P ) In 2 67) s2ivce 

and for r 4s < 1 

4 3u = Xr u 

+ 

E  r 
(1 - PPE) in 2 	vice 

E 	al  I  (4.37) 
P/PE ) In 2 . r 	vice 

The terms in X can be eliminated by invoking the boundary conditions 

at r; and setting P/ 	 4  	  , and C - 
B - (I - 	,) In 2 	 2 (1 - P /PE. ) In 2 

for o <84 r 

C c 	c • () 	) 
3 

• ds2dv r + 
	u- B 

) 

	

1312c)Ir 	 ce ce 	 ce 

and for r( 841 

	

3u 	d 3C 	 u  
2d 2 dv  = C ( 	) + 1 - u-s  

ce 	d 8v ce 
 r dice 

(4.38) 

(4.39) 

It is now evident that for the case of no elasticity (PE 	), 

equations (4.35, 4.38, 4.39) become identical with (4.21, 4.22, 4.23) 

as would be expected. 

The appropriate equation for the wall force is 

X  C  d 3u 	1 x (4.40) vce • Br 	82av )1. 	r13 	B 
ce 

From equation (4.35) we find 
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n
l 1

i
t 

2 
A 	 n2 

v 	 C 	t 	+ -11,C 	t) (4.41) 1 1 o 	2 o ce 
7-1r
2 	

L
2 	

(n
I (1 — PA1) In 2 

This relation is readily evaluated by a graphical method (see 

Appendix 10.4). 

One immediate result of the introduction of elasticity in the 

equations above is some loss of generality: we now obtain a solution 

as a function of v
ce

, which is valid only for the value of P/P 

chosen. This is rather restrictive, and it would be worthwhile to 

know whether the importance of elastic deformation justifies it's 

inclusion: the results of this investigation are discussed in section 

8.2.1.3. 

4.2.2.2 Splitting of point contact  

Identical arguments to those used insection 4.2.1.3, 4.2.1.4 

apply, and the detailed analysis for the limits on drAlv is outlined 

in Appendix 10.5.2. 

4.2.2.3 Flattening phase  

As in the 'creep only' case, the equation for the flattening 

phase is found from (4.38) 

C J 3u/J std vce 
= Cs ( 3ulds2dvce)s=1 + s — u Bo/ u/c4ce 

(4.42) 

and the force equation is 
3 

dx/dvce  =  C 	u  
B ds2c)v  /1 

ce 

1 X 
B B 

(4.43) 

The numerical analysis used in the solution of the equations of 

section 4.2.2 is shown in section 5.1.2; the computed solutions 

showed that when the results were presented in terms of real time 

for P/i)
E = 0.2, the effect of elasticity on the deflections was neg—

ligible. These computations are therefore not illustrated; however 

there was some noticeable effect on the forces and this is shown in 

Fig. 12. 
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4.3 Asymmetric restrained bowing  

During the course of the experimental work, it soon became apparent 

that 	small but unavoidable asymmetric components were present in the 

initial shapes of the specimens. This type of function cannot be 

treated using the equations of section 4.2, and new equations were 

evolved. 

In the symmetric case, the point of contact remains stationary 

until curvature disappears, and the element flattens against the 

channel. However in the asymmetric case, it is found that the point 

of contact begins to move immediately after touching the channel. 

Deformation then continues and the element usually flattens into two 

point contact; this second phase of the deformation will not be 

entered if the asymmetriccomponent is very large. In this case the 

element will probably snap away from the channel without ever being 

in two point contact. This can however be treated by the first phase 

analysis. 

We consider here only the case of creep and elastic deformation. 

The extension of the equations to the case of creep only is readily 

performed. 

4.3.1 .First phase of deformation  

Fig. 3 illustrates the first phase of deformation. 

From moment equilibrium 

R" = a RA, R' = (1 — a/L) R 

The boundary conditions are now 

(dy/at)x=0, a, L = 

(dy/dx)x=a  = 0 	t.>o 

Y(a) = 

Writing the bending moments in terms of RI  and incorporating these 

in eqn. (4.8), for a Or 4a 

C.3  

d .2dt 
(1 - a A.,) Rx/EI - Py/EI + EI (1 — dR Rx da P z.  

dt 	EIL dt 	LI c)t (4.44) 
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and for a 

3 	 02z. • Ro - 11) da a ja (i  _ 11 	P . _ 	. `I  Y 	(1 - x/L) Ra/EI - Py/EI + 	 

	

- 	dt + EI dt ` 	L' 	EI d t ax2 t 	 EI 

The discontinuity in (c)3yPx2dt)a is once more neglected. 

Introducing dimensionless variables, now in terms of the whole 

length, 

s = x/t, r = a/t, u = y/g Vice  as before, 

and eliminating R, dR/at by methods analagous to section 4.2.2, the 

equationsbecome+  for osr 

(4.45) 

-) 3u D 2 
cv 

D 	 d u 
r de2d,  r 

and 
-3 	) 3  1 - A 10 	) 	1-s  

D 	u 	u 	 u- B 
C.? g2dV 	1  - r 1)/52c2)1i r 	1  - r  

1 
2 (i - P'E) In 2 
PAE 

(1 - PAL) In 2 

The equation for the wall force Y - RL/PS-  is given by 

for r<s4.1 

D = 

and 

(4.46) 

(4.47) 

(4.48) 

(4.49) 

:1 3  D  
cv 	Br (1  - r) 	da2d.v 	1  - r  

11: I Al 4_ 	1 
dr - 	71331-77- (4.50) 

The tangency condition (4.24) applies once more; in this case dr/av 

is in general determinate at all times, but the analysis of 4.2.1.2, 

4.2.1.3 could be applied if necessary to treat a case of zero curvature. 

This condition was not encountered in the experiments or in any of the 

analytic shapes, and will not be considered in detail. 

As henceforth we shall be including elastic deformation in all the 
analysis, we shall write v for vice. 
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Equations (4.46, 4.4T, 4.50) are applicable until either snap 

buckling occurs, as evidenced by the wall force decreasing to zero, 

or when the deflection in the element becomes equal to the channel 

clearance elsewhere, i.e. u(s) = 1, s 9/  r. 

The latter condition was the one of most interest and is analysed 

in the next section. 

The theory was applied to two asymmetric analytical shapes, chosen 

to be comparable with those presented by Blackburn (9). As elastic 

effects were again found to be negligible, the results are given in 

terms of v
c
. The first case considered was a sine wave with second 

harmonic in the ratio 34/3, and the second case was a sine wave and 

second harmonic in the ratio 2/1. This solution is depicted in Figs. 

14, 15, and the forces and r — v
c 
data are given in Figs. 16, 17. 

The theory was also applied to the asymmetric experilhental initial 

shapes. In all cases the theory showed that the specimens would flatten 

until two point contact was established; the shape at this instant is 

shown on the Figs. 24 — 55. In all cases the material data derived 

from the buckling experiments was used in computing the vc  — t relations. 

This was done because there seemed to be some doubt as to the inter—

changability of tensile and compressive creep data (see section 8.1.2). 

4.3.2 Second phase of deformation  

With reference to Fig. 4, we have the following relations for 

bending moments: for o <x <al  
M
1 
 = Rx — Py 

3 
 

for al  (x <(a2  

M
2 

Rx — R
1 
 (x — al) — 

3 
•  

and for a2<x (L 

M3 	
Rx — R1 (x — 

a1) — R2  (x— a2) — Py 

Expressing R3  in terms of RI  and R2  from moment equilibrium, 

substituting in eqn. (4.8) and eliminating the wall forces through 

the use of the boundary conditions on y and 4/t at the points 

of contact, we have for o<s<r, 

Py 



ds2dv )ri  
03u  0  

together with the 

p2u  
dr

1 	d sdv 
dv = 	A ,2  

c u 
Vs2 

tangency conditions as before 

(4.56, 

4.57) 

0)2u  

cs-)v 

d 2u 
43 2 /1-2 

dr
2 

dv 
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s. 	(d 3u ) 	u  
c) 2; 	r s 	1 	d s  2c), v  r1 	r1  u 	(4.51) 

and for r
1 	

4,,r
2 

13u 	(r2  - s) 

and for r2 4s 41  

	

(r1  - s) 	c;3u  
+Bau = 1 - u 

r - r ) (c) 2 )r 	dv 2 	1 	s cv r2 
(4.52) 

D 	- 
,)82i)v 72 :71 

d 3u 13  

1 	s)  3 	21! ) 	+ 	 r') u 	1-  - -) D 
s2  v 	1 - 	 ( r2) 	s dv r2 

Bev  - ( 
 -  r2) 

(4.53) 

in terms of the same dimensionless variables and constants as before. 

It will be noted that equations (4.46, 4.51) and (4.47, 4.53) 

are identical as would be expected. 

The equations defining the dimensionless wall forces YI = RI
L/136- , 

Y
2 

= R.2L/P S , can be shown to be 

• 3 
v-2   B(1 - r1) Y1 + B (1 - r2) Y2  = BY1r1 + BY2r2 + 2 

ri  ‘d s2 v Irl 	ri  

- Y 	(1 - r1  ) - Y2 (1 - r2) 1 	 (4.54) 

and 

BY
1
r
1 + BY2

r2 = D (1.  1 	0)  u 
- r2)  (7 ;r2 - BX2r2 - BX1r1 

+ (. 	) 
- r2  

- Xlrl - X2
r2 
	(4.55) 

Equations (4.51 - 4.55) define the deformation during this phase, 

It is not anticipated that the tnngency relations could become 

either indeterminate or infinite. If this were the case, sn 

analysis of the type presented in section 10.5 would be applicable. 
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The numerical method of solution is illustrated in section 5.1.3.2. 

A computaticn—c-ontinuing from the first phase of deformation, section 

4.3.1, on a sine wave with second harmonic in the ratio 34/3, is shown 

in Fig. 14, and the displacement of the points of contact in Fig. 16. 

The computation was also applied to one of the experimental 

shapes — Test 55, Fig. 38. More were not attempted because the cal—

culation was exceedingly lengthy: this resulted from the very short 

step length dictated by stability requirements (see section 5.1.3.2). 

It was also obvious that the asymmetric component was decaying rapidly, 

and that this type of computation was not really warranted for such 

small degrees of asymmetry. 

4.4 Miscellaneous equations  

The use of the general equation (4.8) is illustrated in deriving 

relations for use in the free bowing phase, and also for testing the 

sensitivity of the buckling experiments to eccentricity in the loading 

systems it was hoped in this way to identify some of the scatter in 

the buckling data. 

4.4.1 Free bowing phase  

4.4.1.1 Doubling times  

The method of solution for the sinusoidal column given here is 

essentially the one—point collocation method of Alexander (1), satis—

fying the equations at the mid—height of the column only. It is known 

that more precise variational methods (80), satisfying the equations 

in an average way over the length of the column, do not yield signi—

ficantly different results. 

From Fig. 5, we have the following moment relations 

M = —Py, M = —Py, 

and from equation (4.8), 	• 
)33r/ax2 	—PyAI — PyAI 	(4.58) 

If the deflected shape is assumed to be y = b(t) sin if-x/t, substi—

tution in the above equation at x = LA yields 

db 	— Pb — Pb 

L2  dt 
	

ETEI  
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Separating the variables and integrating 

loge  (r.
2
--) - 	

PL2  

"1 	I (1 - P/PE) E 

dw 
(4.59) 

where b1 
and b

2 
are initial and current deflections. A similar 

equation was derived by Webster and Alexander (95) from incremental 

analysis. For the purpose of defining the doubling time we assume 

E constant (secondary creep only) and setting b1 /62  = 2 
• 

tD = L 
2 
 EI (1 - P/i) ) in 2 

PL
2 

4.4.1.2 Non sinusoidal shape  

For the more general shapes encountered during the experiments, 

the general eqn. (4.58) was used. In terms of the same dimensionless 

variables as for the asymmetric shapes (section 4.3). 
11 

D 	)v + B3u/th q= =u 	(4.60) 

The numerical solution is given in section 5.2. This equation 

was used for the deformation history subsequent to the application of 

load, until contact was made with the channel. The resulting correlation 

with experiment is shown in Fig. 66. 

4.4.2 Effect of eccentricity  

When the self-weight of the column is negligible in comparison 

with, the direct load, as in the buckling experiments performed to 

assess the E theory, it is possible to calculate the effect of small 

eccentricities on the bowing rates quite simply. If the weight of 

the column is appreciable, a more complex equation arises (7). 

From Fig. 6, for moment equilibrium and 1>q, 

Z = Pq/IL 

M = -Py + Zx = -Py + Pq x/L 

=-Pp 

and from substitution in eqn. (4.8) 

EI 
x 	

E 

2e)t. Y  Y 
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Introducing the dimensionless variables a = x/t, c = y/h, and the 

solution timev
ce  defined previously, 

+ c + 10)c/t ylf = s 	(4.61) 

with boundary conditions 

( cAv)13 0,  = 0 

and 	c = c(s), t = o 

This equation is analytically soluble for a certain class of 

initial shapes c(s), but a numerical solution was used, and. is 

described in section 5.3. 

The resulting c — v data for q = .03 ins., b1  = .025 ins., 

PAE  = 0.2 (shown in Fig. 59) on a 	ins. Magnox specimen, was 

converted into c — t data using the creep data of Figs. 62, 63. 

When the deflections are processed in the same way as the experi—

mental data, it is found that the results are a function only of the 

increments in deflection (section 7.2); it was also found that the 

effect of the eccentricity on the increments in deflection was neg—

ligible, whether positive or negattive. The result shown on Figs. 

62, 63 therefore represents other errors in the analysis — e.g. curve 

fitting, truncation errors etc. 

4.4.3 Initial elastic deflections  

It is required to determine the elastic deflection of the column 

under the weight of the loading system and immediately after the 

application of the load. For sinusoidal shapes, well known formulae 

exist for this purpose, but to treat the more general asymmetric exp—

erimental shapes encountered, the following equation was used 

ET 	K2  - K1  , 

where the suffices 1 and 2 refer to initial and final curvatures. 

Since (Fig. 5) M = —Py, we have 

d
2y2/ax2 Py/tI = d2y1/ax2 
	

(4.62) 

A numerical solution was used, and is shown in section 5.4. 



X 4 = 
7/ 2  In 2 

) 3  u 
`_,,) 2 ) 	Is=1 

+ 1  

(../ 8 C,  V 
(5.2) 
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5.0 Numerical analysis
+  

5.1 Restrained bowing equations  

As all the restrained bowing equations appeared intractable to 

analytical methods, numerical solutions were used in all cases. This 

also enabled the specimen to specimen variations in initial shape 

to be accounted for. 

5.1.1 Symmetric equations, creep only  

5.1.1.1 Flattening phase  

The equation governing the deformation of this phase, when r = 1, 

is (4.29) viz. 
4 	rd 2u 	

•••• 8  ( 	
11 

 )

8=1 
= 8 — U 

71 2  In 2 Lds-dirc 	0)sv 	) 

for 	o 4: s (1 	 (5.1) 

with the boundary conditions 

u = f (s), vc  = o 

and 	( u/d vc )8.13,1 	 o, v 	o 

	

= (0) u/ d 08.1 	c / 

The dimensionless wall force from (4.30) is 

The numerical solution for this phase is considerably simpler 

than the following phase, because the point of contact is stationary 

and there is only one variable u(s,v) (this is analagous to the.  case 

of point restraint). The most convenient and accurate method of 

solution is to convert equations of the type above into a series 

of initial value problems, one for each space mesh point; once this 

has been done it is possible to use the Runge-Kutta method of forward 

integration. These have leading error terms of the order (5-0
5
, and 

are therefore much more accurate than the alternative backward or 

As this section is concerned purely with the numerical solution of 
equations derived in Section 4, it may be omitted in a first reading 
if desired. 
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forward difference relation for the time derivative as used by Young 

(90) and Fudge and Haigh (22, 23, 29). 

There are in principle two methods of eliminating the apace deri—

vative. The first and most elegant, is to remove the derivatives by 

analytical integration, as shown by Blackburn (9). A typical equation 

of this type would then be (by integrating eqn. (4.36)) 

	

d u 	Xs 3 

	

C 
a vc 	6 

• 3 
BIs u dw dw + 	— B 
6 	c 

0 C 

. dw dw + 

u dw + vc 

• • 
u dw — X r a (1 — 	— Mrs (1 — 	+ Mrs(1 — /2 ) 

for o<s4(r 	 (5.3) 

In this case if the space region had been divided into M segments, 

there would be M initial value problems of the type shown above, and 

equation (4.40) for the force X. For the creep only solution given 

by Blackburn (9), all the terms with coefficients B in (5.3) would 

disappear, which implies that the equations are explicit in (.oluk v), 

as required for Runge—Kutta integration. However for the more general 

solution of the problem including elasticity, the implicit nature of 

equation (5.3) would make the solution inaccurate, and difficult to 

start; the analytic method is attractive in the case of creep only. 

It is only required to perform repeated numerical quadrature to evaluate 

the integrals, in comparison with the less accurate numerical diff—

erentiation required by the alternative method below. 

Consider the space region divided into M segments, and replace 

the continuous variable s by the finite difference variable mls, 

where S s = lik, and m = 0, 1, ... M. Equation 

4 	r 2 J u — 2 du  + du 	
_M 

2 	/ M 	—  
-77 	in 2 L 	d "01-1 	d v

m 	vm+l)  

(5.1) then becomes 

m G ( 4"-- 1) I=  111. — u M 
(5.4) 

form= 1, 2 ... M
l
— 1. 

The second derivative (()3u/es2  vc
)m has been replaced by its 

equivalent central difference approximation, and the quantity 
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( ,Pu/,'„) s2 v
c
)
M 
by an operator M2G(Gui/cvc

) — see Appendix 10.6.1. 

In this case we would incorporate in G the information that the 

function is symmetric about the point m = M. 

Equations (5.4) form a set of linear simultaneous equations in 

(c u/dv)
m
, which can be solved by matrix inversion and matrix vector 

multiplication. When the (c)tiiv c  )m 
 are known, Runge—Kutta (5) 

integration can be performed. The inversion of the matrix need only 

be done once: stepping ahead of the solution involves merely repeating 

matrix vector multiplication with the new vectors
+
. 

Rewriting eqn. (5.4) as 

 

-r)ti N  
• — + 	

v 	
— M 	

v / M 
• G 	9 , c;  

m-1 
2 

m m+1 	M`'1) 
(5.5) 

 

for m = 1, 2, 	M — 1 

and the boundary conditions are 

and 1) '= 

(du/G/ v)00ii  = (dut)s)m = 0 

4  

yj7'
2 
 In 2 

For G we use the operator (4) 

u 
G (du/dv).. = 	

Aneu + 3 — ) 
m -45 dv14_3 
	

vm..2 	
M-1 

since (duk:/v)m  = 0 

The equation can then be written in the matrix—vector form:—

Another powerful argument in favour of the matrix and Runge—Kutta 
technique, is that they are available in machine language on the 
London University Atlas. 



c)u/dvi  

trit./d v2  

au/ ay. 

cu/ brm_2  

or more shortly as 

— 58 _ 

	

—2 	1 	
—1 
451 

	

1 	—2 	1 	 —2 
45M  

0.3 	—3 
Ai 	 M 

0.6 	—6 
Iii 	 M 

M — 2  + 1 
45M 

0.3 (M — 2) -3 (M — 2)  
2 	+ 1 

M — 1 0.3 (M — 1)  4.  
11 

—3 (M — 1)  — 2 
45M 

 

	

1 	u1 	• 

Man' M2D' 

	

2 	u2 
M3D 1 M2D' 

	

um 	m 

	

M31) 	M2' 

M — 2  uM-2 

	

3 	2 MD MD 

M — 1 uM-1 
M3D' 	

2  

LA) L)ti /d 	= 	[3 	(5.6) 

hence 	Liu/dv1 = CA 13 . E B] 	 (5.7) 

Once the constant matrix EA] —1  has been evaluated, EH] is a 
function of the current shape only. Hence using the initial shape 

to calculate CB/ , and the algorithm (5.7), we can calculate the 
[c.)u/dv -1. Using Runge—Kutts integration, we now step ahead to 

111J 
calculate u(s, v + Sir). This is then used to calculate LB] v +gv 
etc. For the flattening phase, the calculation would be terminated 

when the second derivative (i.e. the curvature) at the point of contact 

is zero. 

A convenient numerical expression for this condition, to an 

error (S s)8  (4) is 



Lim 

1 

(4.28) 
4 	d r _ 

-p-2  In 2 d vc  
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= 4 u 	- 54 u 	+ 540 u 	- 490 
s 	M_2 	M 2 m 	M-3 	-1 

advantage has been taken of the symmetry to obtain a very accurate for- 

mula. The force is readily calculated by writing eqn. (5.2) as 

X - 0
4M 
	G ( u 	ir)m  + 
In 2 

The solution was tested with M ranging from 8 to 40, and it 

was found that the time to the disappearance of curvature remained 

sensibly constant. however, as the next phase of the solution 

required M = 40, the data presented in Fig. 7 for a sine wave is 

calculated with M = 401 8- v = .125. 

5.1.1.2 Splitting of point contact  

In the case of the initially sinusoidal shape, the third 

derivative is finite at the instant of the curvature disappearing, 

and eqn. (4.28) is applicable 

2 

Using numerical quadrature to evaluate the integral from the 

shape at the end of the first phase, and a backward difference+  

(since there is a discontinuity at s = 1 in the third derivative) 

for the third derivative, we can readily evaluate dr/av at the instant 

of point splitting. As the value of dr/av thus obtained is only 

instantaneously correct, we choose a very small initial time step 

( v = .005) and assume that eqn. (4.28) is valid during this small 

interval. The subsequent values of dr/av will be defined by eqn. (4.24). 

For the case of the sine wave plus third harmonic lib th of the 

fundamatal, the third derivative is zero at the instant of contact, 

and drAv is infinite. It is possible however to find a finite limit 

for (1 - r) dr/av, as shown in Appendix 10.5.1. 

	

This is 	1- 
4 - 12j suds d(1 - 02  

	

dvc 	

. 	
4 

2 	(b4u) 7-7. 
77 	In 2 	El 'A A  

See Appendix 10.6.2. 

Lim 

r 

( 5.8 ) 
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By evaluating the integrals it is possible to find an average 

value of dridv
c 

during the first small time step ( S v = .005). 

5.1.1.3 Final phase of deformation  

Once point contact has split, the element deforms according to 

eqns. (4.22 — 4.25). The varying point of contact noa becomes a moving 

boundary within the system, and because of this the matrix of coeff—

icients is no longer constant. It is also necessary to evaluate 

the interpolated derivatives in the equations. 

Using the same numerical method of the previous section, (4.22) 

becomes 

u 	• 	,u 	• H  e uN  
Mr 	V r 	 3 	2 vm_i 	vm 	vm+1  M rD M D 

	

for 1 m J 
	 5. 9 ) 

and (4.23) becomes 

r u 	
— 

n  u + 	— H 
u 	d 

vM-1 	(-) v
m 	

Irm+1 	d V 
.6'   

1 
m2D1 	M2Dt  

(5.10) 

for J + 1<m‘1 

where the boundary conditions are 

u/d v)
o, 	

( u 	s)8.1  = 0 

and J is the greatest integer <r M. The operator H is defined 

(Appendix 10.6.4) as 

M2 
h1 

	

( dui( ) j_i  + h2 	+ h3  ( u/(; v)  J+1 + h4  (c-1  u/c) v) j+2  

This is modified suitably to take account of symmetry when J = M — 1. 

Also when m = M, we can =replace the central difference operator 

by one which takes account of the symmetry at this points 

311/d s2  v) • = 
M2 

_ u 	0.3  1 
5 '67v M-2 

+ 3
.  

	

L 4 	d v'M-3 	 M-1 

49 d 
— 	(-6 v)  M7 

_J 
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A typical matrix of equations would be (for J = M — 3) 

iii\i 	1 	2 	3 	J — 1 	J 	J + 1 	J + 2 	M 

_ 
h1 
	h0 
	h3 	

h4 
1 —2 1 	.— 	—  Mr 	Mr 	Mr 	Mr 

2h1 	2h2 	2h3 	2h4 
2 	1 —2 1 . —  

Mr 	Mr 	Mr 	- Mr 

Jh1 	Jh2 	
Jh3 	Jh4 J 	 • 	1 — 	—2 — 	1 

Mr 	Mr 	Mr 	Mr 

J + 1 	1 — h4 • — h1 	1 —h2 	—2 — h3  

M 
1 	 49 

—0.3 h3 	3 — h4 — 18 • h1 	45 — h2  

  

)u/ovj_ i.  

1 
M3rn' M2D ' 

2 

	

Mn) 	M
2
D
' 

J — 1  

M
3
rD M

2
D
' 

J 	u 

	

3rD 	2 ' 
MD M  

1 

M
2
D 

 

M
2
D
' 

du/ c)vri  1 

M2D' M
2D 

or more compactly as before 

= 
Ld v  m 	

113 (5.11) 

where rAJ —1 is a function of r. In the Runge—Kutta method of solution, 

the r.h.s. of (5.11) is evaluated four times within the step length. 

Rigorously speaking, CA
1 
-1  must also be evaluated four times per step. 

This could be dispensed with if less accuracy was permissible (see 

section 5.1.3.3). 
The initial condition for this calculation is the shape at the 
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end of the flattening phase for a sine wave, or the initial shape for 

a sine wave with 1/b third harmonic. During the first time step 

(dr/dv) is calculated from either (4.28) or 

equation (4.24) is used, viz. 

JsOv'r 

( 
d 2u 
d r  

(5.0; subsequently 

dr 
dv 

—E (
d  
7—v-)r  

F (u)r  

where the Lagrangian operators E and F are defined in Appendices 

10.6.5, 10.6.6. 

The flow of calculation is shown in a simplified manner in Fig. 

22. It is not necessary for calculation purposes to evaluate the 

force at the end of each step, but if it is required the finite 

difference form of (4.25) is 

X = 1 r M211 (d u./(jv)r  + 

The computed results shown in Figs. 8, 9 were obtained with 

M = 40 initially, and after 5 steps with M = 20. It was not found 

possible to reduce the number of meshes further. The time stepg v 

was held constant at 0.125, once the first three steps at S v = .005 

had been traversed. The r — v
c 
data and forces are given in Figs. 

10, 11, 12. 

5.1.2 Symmetric equations, including elasticity  

5.1.2.1 Flattening phase  

The same geometric conditions obtain for this phase as in section 

5.1.1.1. 

The relevant equation is (4.42) 

11 	
Cs ( 	3u/o)s2  (2)11 s — u — Bjuk vice  C 	3u 	82dvce 	 ce

) 
 s=1 

for 	o < s (1 
with the boundary conditions 

u = u(s),  irce = 
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u/a vce)s=0, 1 = (du/d-s)s=1  = 0, vice)-z0 

The same difference approximations are used 

a u/&v 	+ (B At2c - 2)) 	vm +du/0)v m+1  - G (g-1-1,-)m  = m413  C - u/S12C 

(5.12) 
The solution is now identical to the creep only case. It will 

2 be noted that B 132  C = 71-  pr4m2  PE(1, and therefore the effect of elas- 

ticity is likely to be small. This is born out by the solution, which 

was not significantly different from the creep only case. The solution 

of the force equation (4.43) however forms an initial value problem 

which is most conveniently solved simultaneously with the equations 

for d u 	v m. This is shown in Fig. 11. 

5.1.2.2 Splitting of point contact  

The analysis of Appendix 10.5.2 reveals that identical consider- 

ations apply here, as for the creep only case. The evaluation of 

dr/dvce , from the expression' 

- dr 	1  
dvce 

L 

c (',770s=1 3BX 

L • 
suds- 3 13 	suds 

now requiresa knowledge of the forces and (d u/62)v), as well as the 

deflection at the instant of zero curvature. 

5.1.2.3 Final phase of deformation  

Equations (4.36, 4.37) become 

Juldvm-1 + (131tM2 - 2) 0)'u/) vin  +Juldvni_i  - 11(0)  u/ 	r 

= m4l3rC - u/112C 

for 1 (m 	 (5.13) 

and 

ti /0)  vm_i  + (11 /Cm2  - 2) c-)u/d vm  + 3 u/a) vm+1  -11 (c) u/dv)r  

= 1/M2 
 C - um .i

2
C 

for J + 1 ‘m 
	 (5.14) 
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with boundary conditions 

()uldv )..0,r. ou/dos.r,i = 0 

The flow of calculation is again as in Fig. 22. We note also that 
1_ /x 

BMA
2 2, and it was therefore expected that the effects of elasticity 

would be small, as proved to be the case. The variation of wall force 

from eqn. (4.40) is shown in Fig. 12. 

5.1.3 Asymmetric equations, creep and elasticity  

5.1.3.1 First phase of deformation  

Equations (4.46, 4.47) become 

u/ ()vm-1 
+ (BAM2  - 2) duic'vm 

+ 	— H(du/) v)r  . mAlr 

L.3 	2 
= mpA D — um  pi D 

for 1 m <3 	(5.15) 

and 
— 

01  utc)vin_i  + (R/DM
2 - 2) d 	

1 m f
u/o)vm 	u/ v

m+1 	I — r 

1 — mfM 	um 

/C)  11% 
V1 G.  v r 

(1-0Dm2  Dm2 

for J + 14: m/ M 	(5.16) 

with the boundary conditions 

u/c)v)0, r, M = 
	= 0, 

and equation (4.24) applies as before. Note that the dimensionless 

variables now refer to the whole length of the element. 

In replacing (4.24) by it's finite difference equivalent, it was 

found that the previous operators E and F were unsuitable. This was 

attributed to the greater significance of high order derivatives in 

this case, causing some innaccuracy as r 	J/M ---A). The operator E 

was therefore replaced by 0/  (see Appendix 10.6.7), a symmetrical 

Lagrangian operator. 

For the curvature, (C;211/0)s2)r, the problem is more difficult, 

because the presence of the shearforce at r introduces a discontinuity 

in the third derivative; this implies that u(s) is not continuous at 
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r, and strictly speaking only backward - or forward - difference operators 

can be used. For symmetric deformation, it was found that this could be 

ignored; in the asymmetric cases however, the larger forces and higher 

derivatives precluded this approximate method. Various alternative 

Hermitian (34) and Newtonian (31) formulae were tried, but were not 

found to be suitable. Eventually an elegant solution to the problem 

was developed for the author by McConalogue, using a symmetrical 

least squares approximation, which we will denote 6-r(u)r.  For this 

phase then, equation (4.24) becomes 

dr _ 	(111/16')/f)r  
:17 = 	6  111)r  

(5.17) 

The flow chart Fig. 22 is again applicable,+ and a copy of the 

programme is included in the back of the thesis; solutions for a . 

sine wave with second harmonic in ratio 3/34 are given in Figs. 14, 

16, 17. This calculation would proceed until either the wall force 

became zero and the column snap-buckled away from the wall, or until 

the column came into contact with the wall at s yf r. This was detected 

by searching along the deflected shape for a maximum at a point other 

than r, and stopping the calculation when us74.  max 	1. A more detailed 

flow chart is given in Fig. 23. 

As all the experimental shapes were slightly asymmetric, they were 

used with this computation to predict the deformation histories in the 

phase prior to two point contact. A standard value of M = 72 was used 

for all the asymmetric programmes; the detection of the second maximum 

is very sensitive to mesh size, and whilst Blackburn's (9) results could 

be reproduced for M = 64, a 7 per cent increase in the time to attain 

2-point contact was observed with M = 72. This figure also maintained 

cotabularity with the 18 measuring roints used in the experiments. 

The application of the calculation to the experimental shapes is 

shown in Figs. 24 -, 55. 

McConalogue, D.J., Personal communication - see Appendix 10.6.8. 

In principle only. 
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5.1.3.2 Final phase of deformntion  

Once two point contact is established, the equations (4.52 - 4.57) 

must be solved simultaneously; these equations become, for 1.</:m0 

/avm_i  + (B/M2D - 2) C)  u/6 vm + 	/0) vm+1 
- H(11/C)v)r . m/Mrl  1  

/ = mAI3r1 
 D - u/M2  D 	(5.18) 

and for 0 + 1 _<:m.,0 
r - 

u/ dvn3_, + (BAI2D - 2) d u/dvai 	./ 0)vm+1 	r22 - mri 
u l  

( 'v'r 1 

r
1 

 m
/
M 

+ 	H (La) 	= 1412D - uAl2D 	(5.19) 
r2  - ri 	0 v r

2 

and for J + 1 m (M - 1 

a u/c)vrn_i  + (BA121) - od u/dv, 	 H -.)u. 
+ du/0' v.+1 - ( 1 -- 	T AA) (-7)r 

	

2 	2 
1 - m/M u 

- 	 (5.20) 
M
2D(1 - r ) 	M

2
D 

2 

with the boundary conditions 

(du/dv)s = o, r, r2, 1 = (du/ds)s = 	o i  ri, r2  

where 0 is the greatest integer 	r1  M 

and J is the greatest integer( r2  M. 

For the tangency conditions (4.56, 4.57), the symmetrical 

Lagrangian operator 9/  was not found to be suitable, due to interactions 

when r1  N r2. This was replaced by the less accurate but more stable 

Newtonian operntor", (see Appendix 10.6.9). The tangency equations 

then become 

drlii ( (211/(:), v)  
dv 	-(u) 	)ri 

(5.21) 

and 
dr2 du/dv))  
dv 	( 

1fl 
 d--(u) 	Ir2  

(5.22) 

The equations for the wall forces (4.54, 4.55) were too cumbersome 
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to invert manually, and a small routine was written into the programme 

to transform them into Runge—Kutta equations, solved simultaneously with 

(5.18 — 22). 

The application of this programme to the case of the sine wave 

with gnu harmonic in the rttio 3/34 is shown in Figs. 14, 16, 17. The 

integration could continue until either the element comes into contact 

with the opposite side of the channel through reverse bow, or until 

snap buckling occurs. In practice it is believed that neither will 

occur during the design life of the fuel element. 

The programme was also applied to the experimental shape shown 

in Fig. 39, Test 55. Only one experiment was processed in this way, 

using M = 72 and gradually increasing 6 v from .005 to 0.5. 

Whilst the computation for this phase was perfectly stable when 

the moving boundaries at the points of contact remained within the 

tabular points, a considerable perturbation was introduced each time 

a tabular point was crossed. This could only be attenuated by holding 

v („0.1 for the next few integration steps, and then allowing it to 

increase again. The computation could be held stable in this way, 

but became exceeding lengthy. To traverse 4 doubling times can take 

up to 20 minutes on the London Atlas, which is obviously impractical. 

However the computation which was performed indicated that a return 

to the symmetric mode could be observed almost immediately. 

5.1.3.3 Improvements to solution  

The Runge—Kutta method, being explicit, is known (5) to be 

subject to instabilitys the critical step length is inversely prop—

ortional to the square of the number of space meshes i.e. M
2
, but 

difficulty was only experienced in the computation of section 5.1.3.2. 

If more extensive use of this computation was required, it would be 

necessary to change to the creep only solution of Blackburn (9), or 

to redesign the numerical method around an implicit scheme, as suggested 

below. 
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Equation (4.38) in implicit form is 

Ld 2u/d sca2  - (d 2u/d s2 )r  • s /r + Bum  — m s 6v /(1* + g-v • um 	v÷  gv  

Ed 

 2u /0)  812n 	(0\-2u/d s2) r  s /r + Bum  /CI v  

where v represents present known values and v +SAT is the unknown values 

for the next time step. The r.h.s. is completely known, and by the 

usual finite difference methods one could solve the linear equations 

for the u 	5 . The use of an implicit scheme will almost invariably 
n + 

give rise to a stable solution, which can be obtained with a large 

value of gv. 

As mentioned previously, it may not be necessary to invert the 

matrix [A74 times during each time step, when using the Runge—Kutta 

method; in the implicit method above, this is also the case, and 

normally only one inversion per step would suffice. If greater 

accuracy were required, one or two iterations might be performed. 

5.2 Free Bowing  

A numerical solution of eqn. (4.60) was required for the measured 

experimental shapes. The equation becomes 

du/dval_i  + (BA121) — 2)d u/dvm + Jul vm+1 = —012D 

s=o, 1 
The solution was obtained as before by matrix inversion and then 

through Runge—Kutta integration; this was then continued until the 

maximum of the curve (as located by 5—point Lagrangian interpolation 

(31) through the central portion of the curve) exceeded unity: this 

corresponds to contact with the restraint. From the actual value of 

the maximum, the previous integration was repented with a step length 

v calculated to give umar  = 1. This could be achieved in practice 

to an accuracy of 0.1 per cent with g v = 0.125. 
The initial shape for the application of eqn. (5.23) was obtained 

as follows: the 16 points measured in the initial shape were inter— 

polated to 72 points, using 7—point least squares parabolic interpolation 

with the boundary condition (duidv) 

for 1 (m </d — 1 	(5.23) 

= 0. 
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(34). This had the dual purpose of smoothing experimental errors 

and expanding the data to the required mesh length. The effect of the 

initial elastic deflection was then calculated from eqn. (4.62). 

The use of eqn. (5.23) to calculate the times to contact the 

channel, is illustrated in Fig. 66. 

5.3 Effect of eccentricity  

The numerical solution of eqn. (4.61) is very similar to that 

used for the free bowing phase. Writing the eqn. (4.61) in finite 

difference farm, 

1 	1 Dc/dvni_l 	(Bm12 — 2) de/dvni Jc/dvm+1 m/M3 D c/M2 D (5.24) 

for 	1 (m01 1 and (dc/ dv). = 0, 1 . o 
The method of solution is identical and results shown in Fig. 

59 are for q = .03 ins., bl = .025 ins. (where c = y/q). 

5.4 Elastic deflections  

Writing (4.62) in terms of dimensionless variables s = x/L, 
= ~/s,  we have 

1 	2 , 2 	1 2 	2 
d u2/ds + Pu/EX = 	d ul/ds 

which in terms of finite differences is 

, 24i2. u
2 	

+ ‘131, 	EI — 2) u 	+ u
2m+ij 

= 
ul
m-1 

— 2
ul
m 

+ a1
m+1 m-1 	

2
m 

for 1(m (M-1, with boundary conditions 

uo M = o. 
l  

The r.h.s. is known from the initial shape, and it remains only to 

invert the matrix of the l.h.s. to obtain the solution. This calculation 

was used in establishing initial data for the free bowing phase. 
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6.0 Description of apparatus and experiments  

6.1 Conventional creep buckling_ experiments+  

These experiments were undertaken to reinforce the findings of 

Webster and Alexander (95), as regards the accuracy of the tangent 

modulus method. They were performed in the main by F. Seyna under 

the author's direction, and consisted in essence of repeating the 

experiments of Webster (94). Some additional factors were investi— 

gated however: firstly, two different specimen sizes 	ins. and 

4- ins. diameter) were used, to see whether the results could 4be 

correlated in a consistent manner, without reference to tensile 

data. Secondly, measurements of actual eccentricity in the buckling 

furnaces were made, as the method of centring was somewhat subjective. 

Thirdly, the push—rod extensometer legs used in the tensile creep experi—

ments by Wehster (94) were felt to be unsatisfactory, - and were believed 

to have contributed to the considerable scatter in his data. A redesign 

of these was undertaken by the author in conjunction with S.B. Mathur, 

using as a basis the grooved specimen and extensometer legs developed 

at the National Gas Turbine Establishment. 

6.1.1 Apparatus  

For the conventional creep buckling experiments, 2 of the furnaces 

designed by Webster (94, 95) were used. They are described in full 

in the references quoted, and only the briefest details are given 

below. The tensile creep testing machines (Denison T47 x 1 ton) and 
4,416-4 

recording equipment *we also discussed in these references. 

6.1.1.1 Buckling furnaces  

The axiality of loading depends on the accuracy with which the 

upper spider of the loading system remains central in the furnace 

tube, and also on the centring of the specimen support stool with 

respect to the upper spider. An this latter operation has to be done 

with a plumbline, the accuracy is rather limited; the former depends 

+ This section is, based largely on Freed and Seyna (21). 
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on the straightness of the tube and accuracy of the fit of the spider 

in the tube. Accurate measurements of internal diameter of the tube 

were made, and it was found that there was a variation of .005 ins. 

in diameter along the length of each tube. This meant that the spider 

often had .005 ins. lateral motion, and that any subsequent alignment 

would be in error by this amount at least. 

The specimens (95) were 171 ins. long by # ins. and i ins. diam-

eter; the material was 'Magnox' AL80, and the specification is given 

in Table 1. All the specimens came from one billet, and were consec- 

utively taken from the centre of the extrusion. The 	ins. bars were 

extruded originally as 1 ins. bars, and then machined down to size to 

obtain uniform properties across the diameter; the - ins. specimens 

were similarly extruded as 11 ins. bars through a 3-hole die. All the 

extrusion was done at 425°C, and the bar was then reeled to straighten 

it. The specimens were sprayed with a .005 ins. coating of alumina, 

to prevent metallic interaction in the restrained bowing experiments. 

The specimens also had tapped, counter bored holes to receive the end 

fittings, making a total effective length of 18 ins. It was observed 

that the end fittings were often up to .003 ins. off centre due to the 

tapped hole, which thus constituted a further source of error of 

alignment. 

An 'Ether' temperature controller was used together with a chromal 

alumel control thermocouple; by adjustment of the power supply through 
+ 

a 'Variac', the temperature could be maintained at 295 - 1°C. 

6.1.1.2 Tensile Creep  

The extensometer assembly is shown in Fig. 68. It was not possible 

to have the transducers completely independently mounted, but it is 

believed that the effect of bending in this configuration is small. 

The tensile specimen is shown in Fig. 69; these were machined from 

both 	ins. and 	ins. bars. 

Although the laboratory temperature was controlled at 66 -+ 1°F, 

these fluctuations could be observed en the most sensitive scale of 

the amplifiers: at this level the resolving power was nomially - 6 

ins., and to attain stability it was necessary to use the 10:1 lever 
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arm of the machine, although the loads were occasionally very small=. 

To minimise errors, the lever nrms were carefully balanced before 

application of load. 

The furnaces had three independent windings to adjust the temp—

erature distribution in the specimen, and this was observed to be 

uniform to 295 — 
+ -
°C, taking account of both axial and time dependent 

temperature variations. 

6.1.2 Description of experiments  

The experimental technique was identical to that of Webster, with 

some small modifications. 

6.1.2.1 Buckling experiments  

The temperature distribution inside the furnace was checked with 

a dummy specimen having, 18 thermocouples at inch intervals. This 

distribution could be held constant to within ± 1°C. The actual test 

temperature was 295°C, which is that used by Webster (although he 
% 

read it as 302°C). 

The specimens were given an initial bow of approximately .03 

ins. in a three point bending rig; this enabled the initial shape 

to be measured to a reasonable degree of accuracy, and also fixed 

the direction of bowing. The measurements were made by locating the 

lathe centres in the counterbored holes, thereby dispensing with the 

end fittings and the error associated with their use. Deflections were 

read at five equally spaced points, where the alumina had been removed. 

This permitted the use of the electrical contact system. 

The specimen was then gives7a 24 hour soaking at test temperature, 

to allow complete recrystallisation to take place. The material as 

received (Fig. 70) showed signs .Df heavy deformation, and it was inten— 

ded to remove if possible the effect of different cold working histories 

by this treatment. Once the initially deformed grains had been removed, 

no grain growth was observed; the subsequent grain size was in fact 

stable even at 400°C, and uniform along the length and across the diameter. 

Webster (94) had used direct loading for this reason. 

The author is indebted to Mr. F.Seyna for these photographs. 
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The micrometer probes are only accurate when measuring increments 

in deflection (because of reproducibility errors in centring the 

specimen), and the initial readings are then related to the deflections 

measured in a lathe. 

The load was applied gently by a hydraulic jack, and deflection 

readings taken as required. The tests were carried on until a def—

lection of 0.3 ins. had been attained. The range of testing is given 

in Table 2, and the analysis of the experimental results is described 

in section 7.1.2. 

6.1.2.2 Tensile creep experiments  

As all the test specimens were produced on an automatic lathe, 

the gauge length and diameter were found to be adequately determined 

by batch sampling. This was done on,  .a projection microscope and vari—

ations among the specimens were found to be negligible. 

Three copper constantan thermocouples were attached along the 

length of the specimen, and the temperature distribution was adjusted 

with reference to these readings. As in the case of the buckling 

specimen, a 24 hour soaking period was used. The tests sere continued 

until a strain of 1 per cent or 1,000 hours had been reached. Details 

of test stresses are given in Table 2, and the analysis of the data is 

shown in section 7.1.3. 

6.1.2.3 Eccentricity experiments  

As described previously, the method of aligning the loading system 

with respect to the specimen support stool was rather subjective; 

also other errors are present due to slackness in the upper spider 

and inaccuracies in the location of the end fittings. It was there—

fore deemed necessary to measure the effective eccentricity and eval—

uate the possible effect on bowing rates. 

The most convenient method of achieving this appeared to be the 

modified Southwell plot (88); through a knowledge of the initial 

shape and applying successive load increments, a plot of deflection 

versus deflection load enables the eccentricity and critical load to 

be determined+. These tests were performed at room temperature, as 

it was found necessary to control both the position of the specimen 

and the loading spiders during successive load increments, in order 
+ See section 7.2. 
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to obtain consistent results. Both tended to rotate with lead appli—

cation, and as the eccentricity was thereby varied the analysis would 

not be applicable. 

It was found that the eccentricity varied from .002 ins. to .060 

ins., according to the position of the specimen; in the position where 

all the bowing tests were performed, the eccentricity was found to be 

.03 ins. The tests were performed on one furnace only, but it is bel—

ieved that this would be a typical figure for the other furnace. 

Having found the effective eccentricity, the analysis of section 

4.4.2 was applied to estimate it's significance in the free bowing 

experiments. Full details are given in section 7.2. 

6.1.2.4 Hot elastic properties  

Webster (94) used the initial elastic deflection 1.7pie column 

specimens to determine Youls modulus of the material asti-the test 

temperature; this was however considered by the author to be unsat—

isfactory, as the scatter in these experiments was very large and the 

deflections often too small to measure accurately. 

An alternative method was used, which involved incremental 

loading of the tensile creep specimens. The slew chart recorder was 

replaced by a fast potentiom4ric recorderA2 seconds full scale), 

the apparatus being otherwise just that used for tensile creep testing. 

The recrod showed that it was easily possible to differentiate between 

the instantaneous elastic deformation and the subsequent time—dependent 

creep deformation, and the tests were continued up to 2000 p.s.i. 
This was believed to be a representative upper limit of stresses attained 

during the buckling experiments. 

kar Twenty experiments were performed on specimens machined from both 

4e.r sizes, and the mean modulus was found to be 4.1 — 0.2 x 106 p.s.i.; 
this was significantly different from that obtained by Webster (3.2 

x 10
6). 

6.2 Restrained bowing experiments  

It was decided to attempt to use the apparatus as designed by 

Webster with as little modification as possible. 
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The five point measuring system had to be dispensed with, and 

replaced by one capable of continuous deflection measurements this 

resulted from the fact that complex shapes were expected in these 

experiments. It was also necessary to fit a restraining channel inside 

the furnaces, together with devices for measuring the force between 

the specimen and the channel. Thirdly, it was thought that the design 

of the loading system could be improvedj by replacing the "floating" 

specimen support stool by one in which the specimen support point was 

machined centrally with respect to the end plate, which is a close fit 

in the furnace bore. 

Three of Webster's furnaces were modifieds two for 	ins. specimens 

and one for k  ins. specimens. An exact half—scale experiment for a 

typical reactor fuel element (L = 36 ins., O = 0.144 ins.) would have 

meant a clearance of 0.072 ins.: this was however considered to be 

rather small in relation to the accuracy of measurement, and so it was 

decided to use a clearance & = 0.144 ins. for both bar sizes. 

6.2.1 Apparatus  

6.2.1.1 The measis 	system 

Various means of deflection measurement were considered; the most 

obvious is a transducer which could more vertically inside thy furnace, 

giving a continuous record of horizontal displacement versus position 

along the specimen. A number of these were examined, but it was found 

that the requirements of long term stability and limits on size precluded 

those which could withstand the ambient temperature of 300°C. 

The only device which appeared to he suitable was a direct mechan—

ical lever system (see Figs. 71, 72, 73). A 9/16 ins. stainless steel 

bar was drilled and recessed to take a stainless steel lever, which carried 

a probe at one end. A micrometer is attached to the lower end of the 

bar, such that the displacement of the lower end of the lever can be 

measured. Light finger pressure is used to tilt the lever until con—

tact is made with the specimen at the probe end, and an electrical con—

tact system is used on the micrometer end to measure the horizontal move—

ment of the lever. This was essential as the lever could not be made 
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very rigid because of space limitations. As discussed previously, it 

was not possible to havedectrical contact between the specimen and 

the probe because of the alumina coating. 

Two such measuring bars were used, mounted at right angles in 

order to allow for an arbitrary direction of bowing by vector addition. 

The bars are a close running fit in stainless steel rollers which are 

mounted in the top and bottom end plates. These plates are in turn 

a close fit in the furnace bore, in order that the position of the 

measuring bar relative to the specimen may be accurately reproduced. 

The bars are grooved over the top portion, to register with a mating 

groove in one of the top rollers. This prevents rotation of the bars. 

The vertical location of the measuring bar is achieved through 18 

accurately machined conical holes along the length of the bar, spaced 

at inch intervals. A bevelled screw in a clamp outside the furnace 

locates with these holes, which are placed to correspond with the 

measuring intervals along the specimen. An operators view of the 

measuring bars can be seen in Fig. 72, and the assembly of the bars 

relative to the specimen is shown in Fig. 71. 

The accuracy of this arrangement would obviously not be as high 

as a fixed probe, but it was found that readings were repeatable to 

— .0015 ins. when the clamp had not been disturbed; it was however 

necessary to remove the clamp to withdraw the probe at the end of 

each test, and it was found that the reproducibility from one test 

to another with a dummy specimen was f .0025 ins. It was initially 

intended to measure increments in deflection only, in which case the 

first figure for accuracy would be applicable. Subsequent experience 

showed that the plane of bowing rotated considerably and that it was 

necessary to measure angles as well; this requires reference to another 

setting+  and in this case therefore the second figure was applicable. 

In the present experiments, it was found that the alumina coating 

sometimes formed ridges of height .005 — .010 ins. under compressive 

See section 7.3.1. 
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strains, and that the deflection readings were sometimes in error by 

this amount. This implied that the error figure of — .0025 ins. was 

not excessive in the circumstances, but if better accuracy were required 

and justifiable it is believed that a redesign of the clamp would reduce 

this source of error considerably. 

6.2.1.2 The restraining channel and force measuring systems  

It was found that a 90°  segment of a circular channel would be 

the maximum that could be accommodated inside the furnace without 

interfering with the measuring and loading systems. Space consider—

ations also limited the maximum depth of material behind the channel, 

and the highest stiffness which could be achieved was .0003 ins/lb., 

for a centrally applied load. 

The force measuring device was required to have high stiffness 

and stability, and some commercially available load cells were found 

to be suitable. However the cost of these was prohibitive, and it was 

therefore decided to -incorporate a strain—gauged section in -the channel 

at each end. By simply supporting the channel (Fig. 73) the sum of 

the output from the two gauged plates would be proportional to the total 

wall force, and independent of the point of application. 

Through the use of a full Wheatstone bridge (two gauges on each 

surface), complete temperature compensation could be attained. The 

maximum wall force was expected to be 20 lbs., and the plates are 

designed to attain .025 per cent strain under these conditions. It 

was hoped that this would be low enough to inhibit creep in the adhesive. 

Linear foil gauges of i ins. gauge length and 90 ohms were used: a 

small gauge was desirable because of the high strain gradient on the 

plates. It was not expected that the gauge temperature would exceed 

80°C, as both assemblies (Fig. 73) are well removed from the furnace, 

and insulated from conduction along the channel by a Sindanyo spacer; 

accordingly, the adhesive 'Araldite AY105' and hardener 'HY951' were 

chosen — being nominally suitable up to 100°C. 

Gauge stability tests were conducted by varying the temperature of 

the assembly under no load from 50°  — 80°C over one week, and no 
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significant thermal drift could be observed. 

The gauged ends of the channel ere supported top and bottom on 

self aligning ball bearings, which were degreased to reduce friction. 

Provision is made to rotate the channel assembly bodily through an 

angle of + — 14°, about a centre which coincides with that of the loading 

system; this enables the gauged plates to be kept normal to the plane 

of bowing. The plates are attached to the channel by dowels, which 

ensure repeatability in setting up; this is necessary because the 

upper plates must be disconnected from the channel in order to remove 

the 'Sindanyo' lid from the furnace. 

The position of the gauged plates is such that any vertical friction 

forces between the specimen and the channel surface pass directly through 

the centre line of the plates, thus producing no bending moment. The 

resultant tensile or compressive forcscrbending moments in the plane 

of the plate, do not produce any output from the bridge. 

The overall view (Fig. 74) shows how the existing framework was 

extended by means of slotted angle. As the horizontal forces were 

low (<20 lbs.), the structure was sufficiently rigid. 

6.2.1.3 Detection of first contact with the channel  

The instant at which the specimen makes contact with the channel 

is one of the variables to be measured. This was achieved electrically, 

by insulating the_channel from the rest of the furnace. The alumina 

coating was removed over the central inch of the specimen, and a piece 

of nickel foil .005 ins. thick spot welded in place to:'restore the 

original thickness, (see Fig. 67). A circuit incorporating a self— 

closing relay was, designed to stop an electric clock at the instant 

of contact, and also provide visual indication through a green light. 

6.2.2 Calibration of the apparatus 	
c,-446o 

The presence of the measuring bars and channel assembly were-

found to modify the power requirements for an ?even temperature dis—

tribution, and some additional resistance was brought into the circuit 

to allow for this. It was also found that the lower section of the 

furnace had a considerably smaller heat capacity than the remainder, 
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and advantage was taken of this to relocate the control thermocouple 

in this zone. Good temperature control was achieved, and whilst the 

lower zone experienced cycles of - 
+ 1
°C, the temperature in the rest of 

the furnace remained sensibly constant. The limitation on the degree 

of control is undoubtedly dut to mains variations, and as a result 

cycles of -} 2°C were frequently observed. 

The radial distance between the centre of the furnace Loading 

system and the inner surface of the restraining channel was set as 

follows: a cylindrical spacer of suitable dimensions was placed 

in the loading system, and a light pre-load applied. The channel 

(Fig. 73) is then roved radially in the slides top and bottom until 

contact is attained along the length of the spacer; the whole assembly 

is then bolted down, and the only subsequent adjustments are to rotate 

the assembly about the centre if required. It was not found practical 

to adjust the radial distance at test temperature. 

An attempt was made to attach thermocouples to the test specimens 

but it'was found that these interfered with the measuring probes. It 

was not possible to attach the thermocouples to the channel as the life 

of the thermocouple was not sufficiently long; the procedure was 

therefore adopted of checking the temperature distribution after every 

two experiments using a dummy specimen. No systematic changes in 

distribution were observed, provided care was taken to pack the insulation 

over the top end plate in the same way each time. 

The furnaces were levelled, and the reference-zeroes of the 

measuring system found by inserting straight steel bars of i ins. 

and 	ins. respectively into the loading system. This too was re-

checked frequently during the course of the experiments. 

The force measuring system was calibrated at test temperature by 

the device shown in Fig. 75. When this is placed in the loading system, 

the pivot being in contact with the channel, the resultant horizontal 

force is a known linear function of the vertically applied load. Some 

typical calibration curves are shown in Fig. 76. 
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6.2.3 Description of experiments  

6.2.3.1 Round specimens  

After prebending, measurements of initial shape are taken at 

one inch intervals. The specimen is then placed in the leading 

system, with the maximum bow directed towards the centre of the 

channel. The rest of the components are then assembled, and a 24 

hour soaking at test temperature was allowed. 

The initial readings can now be made, and the load then applied. 

From the increments in deflection, the plane of bowing can be deter-

mined and the channel rotated suitably. This was not always satis-

factory, as the plane of bowing sometimes appeared to rotate even 

in the period before contact with the wall. 

Once the channel position is fixed, the initial readings on the 

strain gauges and energising voltage were noted. Further readings of 

deflection and gauge output were made as required; the tests were 

continued in all cases until the deformation of the specimen made 

movement of the measuring bar.s impossible. This usually came about 

through the occurrence of considerable deformation at right angles 

to the initial major plane (see section 7.3.1). 

A considerable proportion of the tests were spoilt by the specimen 

escaping from the channel and collapsing, but details of those tests 

which were successful are given in Table 3. 

Analysing the measurements according to the method of section 

7.3.1, the experimental data is presented in Figs. 24 - 56, together 

with some predictions from symmetric and asymmetric theory. 

Some remarks on the technique for making the deflection measure-

ments are in order, because the measuring bars move in a large temp-

erature gradient, and the errors arising from this must be assessed. 

The greatest difference in length between the upper and lower sections 

of the measuring lever, assuming a hypothetical temperature difference 

of 300°C, is 0.3 per cent; the error in deflection measuring arising 

out of unequal lever ratios is then also 0.3 per cent. This figure 
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is however neither realistic nor appreciable in comparison with the 

other errors mentioned previously. Another error arises from vari—

ations in the vertical position of the probe due to thermal expansion. 

These could be more severe, as although the actual maximum positioning 

error of the probe could only be0404 ins., this could constitute an 

appreciable deflection error in a region of large deflection gradient. 

To obviate this a consistent deflection measuring routine was 

evolved, which ensured that the probes experienced an identical temp—

erature history each time a measurement was made. This meant that 

measurements could not be taken more frequently than at hourly intervals, 

which was the period required for the probes to cool down to the starting 

temperature. 

6.2.3.2 Rectangular specimen  

As noted previously, the two dimensional behaviour analysed by 

the theory was rather obscured in the main body of the experiments by 

considerable minor bowing: further, a rigorous three dimensional 

treatment did not seem practical. An experiment was therefore designed 

in which the minor bowing was inhibited by having a rectangular 

specimen with a favourable aspect ratio. 

The 0.25 x 0.5 ins. specimen was machined out of one of the 

i ins. diameter specimens, and prebent in the weaker plane. A test 

was then performed at PN = 0.46, and the deflected shape at the end 

of the test measured in a lathe. It was not possible to make inter— 

mediate measurements during the experiment as the rectangular shape 

made normal interpretation of the data impossible. The result of this 

experiment together with some theoretical predictions is given in 

Fig. 57. 
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7.0 Analysis of experimental results and processing of data  

7.1 Free bowing and tensile data  

From a knowledge of the initial shape, and by vector addition of 

the increments in shape measure i 	he buckling furnace, it is 

possible to calculate the 	shape at any instant of time. 

To check the hypothesis that the deflections remained sinusoidal, 

the data from a number of experiments was studied. The computed 

solution (Fig. 59), for the effect of eccentricity, showed unambig- 

uously that even in the presence of a considerable (.030 ins.) eccen- 

tricity, increments in deflection remained symmetrical. 

It was therefore surprising to note.that the experiments (Fig. 

77) revealed continuously varying degrees of asymmetry in the increments 

of deflection. This could only be ascribed to variations in eccentricity 

durling the test, and is believed to occur as the specimen rotates during 

the course of the experiment. However the midspan deviation from the 

best (least-squares) sine wave was not in excess of 2 - 3 per cent, so 

that the error in treating the deflections as sinusoidal should not 

be significant. 

7.1.1 Choice of a creep law  

On the basis of the preceding analysis, the sinusoidal assumption 

was used in deriving eqn. (4.59) 

PL
2  

In (b214 1) - 2  
7 I (1 - PAE) 

dw 
-r-- (7.1) 

where 1/t = ( ck/d()
o, and -= 	t, T). 

The choice of the creep law has not yet been discussed in detail. 

The most important criteria for the choice of an empirical law would 

be firstly that it fit the material data well, and secondly that it 

be readily amenable to interpolation and extrapolation. 

The phenomenamological law proposed by Graham (27) and used 

extensively by Graham and Wailes (28, 92, 93) on a variety of materials, 

fits both these requirements admirably. The relation of this method to 
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other well—known techniques — Norton, Larson and Miller, Manson and 

Haferd, has been discussed in detail elsewhere (28), and need not 

be expanded upon here. Briefly, it consists in expressing creep 

strain in the form 

whereC.,11.1 1(.andT.areconstants.1Ci takes only the values 

1, 3 and K. /h. take values from the series 1, 	lb etc. The 

equation for creep strain can then be written 

0(0/3  + 	+
3 

(7.2) 

which. is reminiscent of the equation derived by Andrade (3). At a 

constant temperature, as in this series of tests, the problem is to 

evaluate the stress dependence of the constants 	/5 and cy . 

The usefulness of this law has been demonstrated by it's originators 

for a wide range of alloys (28, 93) and Webster (94) had shown that 

it seemed also to describe the creep of magnox and commercially pure 

aluminium ElC — M. The graphical method of data analysis developed 

by Wailes was particularly convenient, and so it was decided to use 

this technique in the present analysis. 

7.1.2 Reduction of bowing data+  

On the basis of assumption (5) of section 4.1, we generalise 

eqn. (7.2) for varying stress: 

from which 

,k/at = 6 = 1/3 c;_t,-2/3  2 
3d-  t 

°lack.).
3 	o 	- 

t-2/3 	,0  + 3 2...d) o t2 
E 

Substituting in eqn. (7.1) yields on transposing 

2I (1 — r/VE) 	b  77 	In (b2) 17,
L
2 

t1 	+ 	) 	+ ( c'21 	_ t3  o 	11) 

which can also be written 

+ 
This has been described in detail by Webster (94) and Webster and 
Alexander (95). 

n 
E 	 I Ti 	-20K. 

. c. 	
, 	 K. 	

- T1 	1 
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1(r 
2
1 (1 - P/PE) In 	( 1-

b

1 	
(n -) = 	c 	cr-1  + n' CI  (7"

n 
1  + 	 ) 1 	1 	o 	n• 

+ n. 	2  c. v,2• + 	) 2 	o , 	n 24  
+ ni3  c`3 	o  V -+ 	 ) 

AL
2 	7 	1 1 	ei_n2 

n c + ( 2 2 

+ (n3  c3 	o p---
von 3 

0/3  

t 

t3 	(7.3) 

which is similar in form to eqn. (7.2). This equation is valid if the 

whole length is active in the bowing- In the actual experiments, 

however, the specimen is 17i ins. long and has end fittings 	ins. 

and - ins. long respectively. An approximate correction for these 

rigid fittings was therefore made, assuming a sinusoidal shape and 

that each fitting was 3A. ins. 12ng: the Barameter 

(.936 -.111-4- In (r2) 
PE' 	AL'2 	"1 

resulted. The dashed quantities refer to the reduced (actual length). 

This was the actual parameter used in correlating the data, and the 

calculated results are only 1 - 2 per cent different from the uncorrected 

data. 

The similarity between (7.2) and (7.3) lead Alexander and Webster 

(2) to propose that the Graham-Walles method of data analysis be 

applied to the bowing data, plotting 

_Fr 2I (1 - P/PE ) 	(1?1  
	  In 

PL
2 1 

against time. The method of analysis is then identical with that for 

tensile creep. The creep -strainis resolved into three components, by 

determining the times t1 / 	t1, t3 for each to contribute the arbitrary 

standard strain 6 ;▪ eqn. (7.2) can then be written 

1/3 	3 
E t 

= 	) • (t7) (17 E t1 	1 3 

from which by definition 

	

/ 3 3  ni 	-3 
t1 	

= ( /0) = Ze' (c1 	+ .•• 

-1 
tl  = 	/ p) = Ele2 s7-2  

(7.4) 

(7.5) 
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, %1 /3 
= 

1.1 /3 
k = ke 	 c3v-

n3  
--- 	••• )

-1/3 	
(7.6) 

It is found from experience that K./6i  take on the values 1, 

1  etc., and therefore a log—log plot of eqns. (7.4 — 6) will be a 4 

succession of straight lines; as K1  = 1/3, K2  = 1, K3  = 3, we can 

thenfromtheslopesdeterminethen.,andthec.from the intercepts. 

The values of to  etc. corresponding to each stress level are 

most readily determined using the perspex curves supplied by Graham 

and Walles. These are designed for use with the graph scales given 

in Fig. 78, which stirs typical 
77-  I 	

curves
b2 
for some buckling data. The 
% 

standard value of — (1 — 	) In (---) was chosen as .001; in b1 AL
2  

analysing the data from bowing experiments, the tertiary component 

was found to be negligible, or only occurring in the region of large 

deflections. The result of the analysis of eighteen bowing experiments 

is shown in Figs. 62, 63. It was found in each case that only one KAI 

ratio appeared, and the best least squares straight line having the 

appropriate standard slope is drawn. The standard deviations of these 

lines, and also that of the best fitting lines (not having standard 

slopes) are shown in Table 4. 

It was found that for the to  component K 	and for t1 

	

= 	From this it follows that ni  = 4/3 and n2  = 2, and the creep 

buckling equation for Magnox at 295
o
C becomes 

2T 	b 

	

il A i 	 P/n  % 

in / 2% 	„1..4/3 t1/3 
kr3-1 = 0.55 x 10-7 	+ 3.035 x 10

-10
r7-
2 

t 

	

2 t 	 rE/ 	v o 	v 
AL 

	

	1 	 (7.7) 

By adjusting eqn. (7.3) for the constants ni, n2, we derive from 

(7.7) the uniaxial creep equation, as predicted from the buckling data 

E = 0.416 x 10 7V-4/3  tl/3  + 1.51 x 10101!2  t 	(7.8) 

7.1.3 Reduction of tensile data  

The method of attack is just the normal Graham and Walles analysis. 

The results of 11 tensile creep experiments are summarised in Figs. 

64, 65. Once again only one K/6 ratio was found to be present in each 
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of the t
1/3  t

1  cross=plots. As the tensile tests did not go beyond 

1 - 2 per cent strain, no tertiary component was observed. The 

standard value of strain was g 	.001, and the values of n
1 

and n2 
were the same as in the case of the buckling data. 

A least squares analysis of the data using the nearest Graham-

Walles standard slopes was performed, and the following equation for 

the tensile creep of Magnox at 295°C was obtained. 

e= 1.03 x 10-7 4/3 t1/3  + 1.66 x 10-1(V2  t 	(7.9) 

The lines drawn in Figs. 64, 65 are those predicted from eqn. (7.8). 

The lines which would represent eqn. (7.9) have been omitted for the 

sake of clarity. The statistical data relating to these figures is 

given in Table 4. 

A very large quantity of creep data on Magnox has been collated 

by Harris and Jones (30), and it was therefore of interest to compare 

the secondary creep rate from eqn. (7.9) with that given by the Harris 

and Jones equation. The comparison is restricted to the range of 

stresses (100 - 1,000 p.s.i.) covered in the present series of experi-

ments, and is shown in Fig. 79. 

7.2 Analysis of computations on the eccentricity equation  

For a column with initial sinusoidal amplitude b1  subject to the 

load P, the increment in amplitude S b is given by (88) 

Sb - bP  P
E 
- P 

Further, for a straight column with initial eccentricity q, the 

increment in amplitude 	b' is (88) 

b' 	( 	P  ) 
. 11-  Pt  - P 

Superimposing the two effects, for a column having both initial ampli-

tude and eccentricity, the increment in amplitude b" is 

g b" = (b + 4q /Ti') (p. 	p) 

From which 

 

b" 1 
r b" + (b + la)) 

IT 
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This equation forms the basis of the Southwell plot (88). When 

b"/P is plotted as a function of ,b", the inverse slope is PE, 

and the intercept on the g- b" axis is b + 4q/7T. In the present case, 

the column was subject to a small preload due to the weight of the 

loading system PL, and reworking the analysis to take account of this 

yields 
b" 	b" + c  

P' 

where P. = PE — 2PL, 
and P is the total load increment in the normal 

way. 

As mentioned in section 6.1.2.3, the median value of eccentricity 

q found in this way was .03 ins. A computer solution of eqn. (4.59) 

with bl  = .025 ins., and q = .03 ins. was performed, and the resulting 

changes in deflected shape are shown in Fig. 59. 

The first surprising feature of this solution, is that increments 

in deflection remained symmetrical. This was true even at larger 

eccentricities (q = 0.1 ins.), and has been used in section 7.1 in 

interpreting the bowing data. The eccentricity could be either 

additive, as in the solution shown, or of opposite sign to the deflected 

shape. It was therefore expected that this would provide upper and 

lower bounds on the scatter in the buckling data: however, this was 

not the case. When the computer solution was analysed in the way that 

the experimental data had been treated, viz. 
bI (nominal) 

	b 
In (132/t1 ) = In ( 

b1 
(nominal) 

the results for positive and negative eccentricity were identical. 

This implied that the increments in midspan deflection were the same 

for both cases, independent of the sign of the eccentricity. This 

is only true for small eccentricities. 

The resulting In (b2/b1) — time data for this siution was ana—

lysed like the experimental date, and the result is shown in Figs. 

62, 63. Since the result is independent of the sign of the eccen—

tricity, it follows that the effect of this order of eccentricity 

is negligible on the bowing rates: the deviations shown in Figs. 62, 
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63, are therefore not due to eccentricity, but represent errors in the 

numerical solution and in the curve fitting process. These latter errors 

arise in the solution of the v — t relation, and in the analysis of 

the In (b
2
/6

1
) — t curve. 

7.3 Restrained bowing  

7.3.1 Round specimens  

It was assumed in the design of the apparatus that the bowing would 

remain predominantly two dimensional, as in the free bowing experiments; 

in this event, the scalar addition of the initial deflection and sub— 

sequent increments will be permissible. If however the increments 

have a substantially different associated angle from the initial 

bow, the scalar addition is liiely to be considerably in error. This 

was in fact found to be the case and a different procedure had to be 

adopted. 

The first quantity to be evaluated is the radius vector b, to the 
ti 

centre of the specimen from the centre of the furnace. (The lines 

of action of the two measuring probes intersect at this point). 

Referring to Fig. 80, from the cosine rule, 

b 	= .13 0  2 	2  - 2 	r I cos& 

where b is the initial deflection at the point 

r is the current increment 

0 = arc tan RA 

and L are increments on right and left probes 

= angle included between r and b. 

= initial angle after application of load, associated with bo ti e-= angle associated with to,  

and 	cx = 71+ A - 9' 
The angles all vary along the length of the column, although 

fwas almost constant along the length. 
The measurement of angle 0 .doses no problem, as it is defined 

accurately by the increments R and L. The angle 9; can only be 

measured if the 'zeroes' of the measuring system are known, and the 
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coordinates of b
o known relative to them. This can be found, but as 

described in section 6.2.1.1 the insertion of the same specimen twice 

might incur reproducibility errors of — .0025 ins. This is the order 

of error to be associated with the calculation of angle 9 The calcu—
lation of cris subject to the same limitations. 

A number of different interpretations can be put on the observed 

rotation of b: it could be assumed as in Fig. 81a that the original 

plane of maximum bow and specimen rotate bodily. Secondly, Fig. 81b, 

it might be assumed that the specimen rolls around the channel, under 

the influence of the couple indicated. Thirdly, Fig. 81c., the original 

plane would remain fixed in direction, but lateral translation could 

take place under the influence of minor plane (at right angles to the 

major plane) bowing. 

The second,  possibility could be disposed of by an inspection of 

the specimen: if rolling bad taken place at some points, originally 

straight lines would become helical and be displaced from the upper 

surface — no evidence of this could be found. Of the first and third 

hypotheses, the third was more economical in that it did not require 

to explain how the specimen could rotate bodily, and there are in fact 

no forces which could cause this rotation. This hypothesis was therefore 

adopted, and the terms 'major' and 'minor' bow are defined quantitatively 

in Fig. 82. 

Once it has been established that no rotation takes place, the 

axes of the bending moments remain fixed in their original position 

with respect to the fibres of the column. From Fig. 82, the deflection 

with respect to the wajor bending axis is then Irlof cos (0'-41, and 

that with respect to the minor axis is 1431 sin (9-e). 
It will be noted that the clearance for major bowing decreases as 

the minor bow increases and vice versa. When the non dimensional 

parameter u = y/ is introduced, and the maximum clearance is then 

unity, the reduced clearance for minor and major bowing is 
1 

%I 	cos
2 
(91f  — 	and 	2  sing (V-0. These clearances 

were useful to know as they indicate where the minor bow has enforced 
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a reduction in the major bow, thus causing a deviation from one dimen—

sional behaviour
+
. Further, they constituted a useful indication of 

experimental error in cases where the deflection had apparently 

exceeded the permitted maximum at the point. 

A computer programme was written to process the data, as the 

amount of calculation was considerable. The clearance used in com—

puting non—dimensional deflections was adjusted for the fact that it 

had been set at room temperature. 

The results of this data processing are given in Figs. 24 — 55, 

which show the major plane deflections, and in some cases the minor 

plane and polar plots. 

An examination of the experimental results for force measurement, 

revealed that for each furnace the upper set of strain gauges had 

become unreliable due to being overheated by controller failures. 

However as the channel was statically determinate, the wall force 

could be calculated from a knowledge of the point of contact and the 

lower reaction (this assumed that there was one point contact only). 

The increments in output of the bridge, corrected for the changes 

in battery voltage, were converted to forces through the appropriate 

calibration curve — e.g. Fig. 76. The results are shown in Fig. 56. 

7.3.2 Rectangular specimen  

The measurement of deflection during this test was not possible, 

because any slight rotation of the plane of buckling made the deflection 

underdetermined. The initial deflection was therefore measured in a 

lathe, and finally at the end of the test. Some inaccuracy was caused 

by the deflection of the specimen under the dial gauge pressure, but 

this was not appreicable. The results are shown in Fig. 57. 

7.3.3 Consistency correlations  

An examination of the non diensional egos. (4.46, 4.47) and 

(4.51 — 53)reveals that the solution is a function of the initial 

shape, the Euler loading ratio, and the solution time vce
. This 

implies that the results of experiments on two different diameter 

specimens, having equal Euler loading ratios, should be identical 

See Appendix 10.3.3. 
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at equal values of the solution time vce; this would of course corres—

pond to different values of real time. An examination of Table 3 shows 

that correlations of this kind should exist between Tests 52 and 70, 

71: 53 and 72 — 74: 54 and 75, 76: 55 and 77. As the initial shapes 

were nominally identical, it would be expected that all the above—

mentioned correlations should be valid. However it was soon apparent 

that other factors
+ 

such as minor bowing and the small tilting of the 

loading system, were also influencing the behaviour; consequently, 

since a number of different types of deflecte,i shapes were observed, 

the correlations would only he valid where the shapes were similar. 

These are shown in Figs. 43, 48, 50. 

If the effects of elasticity are small, as was indicated by the 

computntions on the theoretical shapes, then the terms including 

1 — 
	
can be dropped from the equations; this implies that all 

the tests should be comparable at equal values of the solution time 

✓ , subject to the same restrictions on the similarity of deflected 

shapes. Numerous such correlations were found and are shown in Figs. 

24 — 55. 

7.3.4 Lead bowing experiments  

A restrained bowing experiment had been performed by Clarks  at 

the English Electric Co. Ltd., using lead bars. Four tensile creep 

experiments had been performed, to derive supporting data at room 

temperature. An analysis ofthe data performed by the author yielded 
E.. 2.52 x 10-11 6,2.13 — 0.86 t: the standard deviation of the 
isochronous stress strain plot was 0.5 cycles of log strain. The 

experimental result together with the predictions from the theory 

of section 4.21, is given in Fig. 58. 

• See 8.3.2.2. 

• Clark, G.P. Personal communication. 
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8.0 Discussion  

8.1 Accuracy 	the tangent modulus method  

The experiments designed to investigate the validity of the 

tangent modulus method rested mainly on the comparison between 

measured tensile data and that predicted from the buckling experi- 

ments. This comparison is based on the applicability of a Graham- 

Walles type of law (27, 28) to both sets of data, and it will there- 

fore be appropriate to examine this first. 

8.1.1 Reliability of the Graham-Walles method  

The usefulness of this method in examining tensile data has 

been demonstrated by it's originators for a wide range of alloys 

(92, 93), but not for magnox. A statistical study of the cross- 

plots Figs. 64, 65, was therefore undertaken to determine the signifi- 

cance of the "standard slopes"s this is shown in Table 4. 

For the primary component, the Graham-Walles line had the same 

standard deviation as the best least squaresline, and a similar conclusion 

is reached for the secondary data. It therefore follows that the 

Graham-Walles lines fit both sets of data as well as those with the 

best least square slopes. The standard deviations in both cases were 

of the same magnitude as those quoted by Wailes and Graham (93) in 

testing Nimonic alloys; the larger value for the primary data is 

probably due to the greater sensitivity of this component to curve 

fitting errors,Alnd also to its smaller relative magnitude. 

A comprehensive survey of the available tensile creep data on 

magnox was produced by Harris and Jones (30), and a comparison of the 

line given by equation (7.8) with their data is Amen in Fig. 79. 

This degree of agreement is well within the scatter of the data (Fig. 

8 of ref. (30)) used to arrive at their correlation, and it was con- 

cluded that satisfactory agreement had been obtained. 

The use of the Graham-Walles curve in fitting the buckling experi- 

ments is shown in Fig. 78. Here the very small random correction for 
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the zero error has resulted in a reasonably good fit to the data, and 

the degree oT deviation from the mean experimental data is small. A 

statistical analysis of the crossplots, Figs. 62, 63, given in Table 4, 

results in the same conclusion as for the tensile data: hence it was 

concluded that the use of the Graham—Walles method was justified in 

both cases. 

8.1.2 Comparison between buckling and tensile data  

The lines drawn in Figs. 64, 65 are those predicted from the 

buckling data, Figs. 62, 63. For the secondary data, reference to 

the appropriate terms in equations (7.7), (7.8) indicates that the 

predicted line is also the best fitting line, for practical purposes. 

In the case of the primary data, there is a displacement of one 

cycle in log time between measured and predicted data. This is a 

significant amount because the standard deviations of Table 4 indicate 

that only a very small percentage of the points would lie within the 

common 34 per cent confidence limits. 

A necessary condition for the coincidence of these lines would 

be the interchangeability of tensile and compressive creep. A survey 

of the literature indicated that no general conclusions could be drawn 

on this subject: it therefore appears that the deviation shown in 

Fig. 64 may be due to differences in tensile and compressive creep. 

Another possible source of error may be variations in eccentricity 

during the experiments. The theoretical work of section 4.4.2 had shown 

that the constant eccentricities which were found to be present could 

have had no discernible effect on the bowing rates. However the rota—

tion of the specimens during loading for the Southwell plot (section 

6.1.2.3), which was also observed in the creep buckling experiments, was 

usually accompanied by increases in eccentricity. It is evident that 

the apparent increase in deflection caused in this way would lead to 

larger values of deflection, and hence smaller values of t1/3  and tl. 

This leads to errors opposite in signx  to those of Fig. 64, which on 

Freed and Seyna (21) are incorrect on this point. 
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this basis must therefore be due to decreases in eccentricity. As the 

six typical experiments (of which Fig. 77 is one) all exhibited increasing 

eccentricities, it appears likely that the rotation of the specimen was 

not an 	important source of error in these experiments. 

8.1.3 Time to contact channel  

A further application of the tangent modulus theory is seen in 

Fig. 66, which depicts theoretical and experimental times for first 

contact with the channel. The data for this calculation was derived 

directly from the buckling material data, as were all the v—t calcu—

lations. The agreement is not good, and some of the data appears to 

be displaced with respect to the theoretical line by an amount which 

is too large to be due to temperature errors. 

However, as this phase of deformation was dominated by primary 

creep, it is to be expected (see Fig. 62) that the scatter would be 

considerable: it is not therefore possible to draw any definitive 

conclusions from Fig. 66. 

8.1.4 Conclusions  

The very good agreement in the secondary data Fig. 65, and the 

consistency of the results of two diameters when correlated according 

to the basis of Figs. 62, 63 indicated that the theory was satisfactory. 

The significance of the disparity in Fig. 64 was assessed by comparing 

a hypothetical mean buckling experiment with one predicted from tensile 

data, as would be done in practice. This showed that the error decreased 

from 0.8 cycles of log time in the initial stage to 0.1 cycles towards 

the end. In a component designed well into the secondary creep range, 

this implies that the time to achieve a given bow can be predicted 

within 20 per cent. There is no reason to suppose that theerror of Fig. 

64 is due to limitations in the theory, which should in fact be more 

accurate in the primary creep region. 

The analysis of section 10.3, comparing the predictions of the Hoff 

H—section theory with the tangent modulus theory, showed them to be 

exactly equivalent for stress exponents of 1 and 2, and approximately 
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equivalent for small deflections for higher exponents. As the exponent 

for magnox was found to be 2, no advantage would have accrued from the 

use of an equivalent H—section. 

8.2 Symmetric restrained bowing  

It is unlikely to meet in practice a column having an exactly 

symmetric shape; however the theory of symmetric columns is of interest 

as it is evident from the stability analysis of Blackburn (9), and 

also from the authors computations on slightly asymmetric shapes (Figs. 

24 — 55), that most small asymmetric perturbations tent to be atten—

uated. The final shapes can then be calculated from symmetric theory. 

This is,; a considerable advantage in cases where the amount of asymmetry 

is very small or unknown, as an asymmetric computation then becomes 

much more difficult or even impossible. We shall consider the theoret—

ical results first. 

8.2.1 Computations on analytical shapes  

8.2.1.1 General results  

The results of computations on a sine wave, and on a shape of 

a sine wave with lAth third harmonic are shown in Figs. 7 — 13. This 

showed that the effect of the third harmonic was to accelerate the def—

ormation; conversely if a third harmonic of opposite sign had been 

chosen, the effect would have been to sharpen the point of contact and 

hence delay the instant at which point contact split. The shape con—

sidered is not necessarily a reliable upper bound on the rate of def—

ormation: it is possible to devise shapes which would be in two point 

contact at the instant of first touching the channel, and hence deform 

at much higher rates. 

The results of the computation are in good agreement with those of 

Blackburn and Percy (8), except where the latter's deflected shape 

exceeded the physical constraint. This is due to inaccurate inter—

polation and was corrected by Blackburn in his later paper (9). 

The calculations reveal that the total wall force reaches a 

maximum of 8P 	whilst the element is in contact with one restraining 

wall. In an actual reactor, where another contact can be established 
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due to reverse bow with the opposite side of the channel at vc  = 43, 

(for a sinusoidal element), the forces may begin to rise again. However 

present practice is to discharge the element after vc > 25, so this con— 

dition is not of practical significance. The maximum non—dimensional 	. 

curvature= would be 20 at the instant of contact with the opposite wall: 

the maximum strain at this time would be 1 per cent. 

8.2.1.2 Significance of primary creep  

The contribution of primary creep is readily assessed through 

the use of the solution time parameter. The vc — t relation is cal— 

culated firstly for secondary creep only, and then for primary plus 

secondary creep. Corresponding solutions are then plotted against 

real time, as in Fig. 11. 

As expected, the error in neglecting primary creep decreases rap— 

idly: an initial error of 10 per cent in r is attenuated to 3 per cent 

after 140 hours, or vc  = 23. 

Nevertheless, this technique would be extremely useful where either 

the primary or tertiary phase of creep is significant in comparison 

with the secondary phase. 

8.2.1.3 Effect of elastic deformation  

The additional deformation due to elasticity was found to be 

negligible, and is therefore not depicted on the figures. 

In the force calculations however, the neglect of elasticity is 

important in assessing initial transients, as the force is zero at 

the instant of first contact. The 'creep only' solution wrongly predicts 

a finite force at the instant of first contact — Fig. 12. 

For an Euler loading ratio 0.2, the subsequent forces are adequately 

predicted from the creep only solution. When the loading is rather 

higher at 0.46, the creep only solution becomes less adequate. 

It appears therefore that the neglect of elasticity will give rise 

to conservative design and is therefore justifiable. The degree of 

error would of course vary with material, temperature and stress rate, 

but some guide to the importance of elastic deformation could be 

L2 x This is 
4S 
 x actual curvatur e. 
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formulated through the use of viscoelastic models. 

8.2.2 Correlations with experiment  

The series of experiments on axisymmetric columns depicted in 

Figs. 24 — 55, did not produce results which could be compared with 

symmetric theory: this was due to the geometrical interaction between 

the minor and major bows in the circular channel. However one experi— 

ment was designed with a rectangular specimen — section 7.3.2 — in 

which the bowing was nearly symmetric; this is considered below together 

with a lead bar experiment performed by English Electric Co. Ltd. 

8.2.2.1 Rectangular specimen  

The experimental result for this test is shown in Fig. 57, together 

with the predicted theoretical deformation under various assumptions. 

The slight amount of asymmetry is due to the small amount of minor 

bowing which took place. 

The nominal disparity in the predicted time to achieve the defor— 

mation shown, is only 14 hours or 20 per cent. This is good agreement 

far problems of this nature. Using the temperature dependence of creep 
geot. rate found by Harris and Jones (30), the effect of a + — 3°C error -ts test 

temperature was assessed. This showed that the error quoted above could 

be accounted for entirely by a 3°C error in temperature. The figure 

also shows that this amount of disparity can be caused through neglect 

of primary creep. 

8.2.2.2 Lead bar experiment  

Experimental and theoretical displacements of point of contact are 

shown in Fig. 58. The agreement is quite reasonable, considering the 

scatter in the tensile data (see section 7.3.4); there is little doubt 

that the use of the upper tolerances on the creep rate data would have 

brought the curves into close coincidence. 

Lead is not particularly well suited to quantitative creep stress 

analysis, as it exhibits succesive strain dependent recrystallisations 

at room temperature. Nevertheless the degree of success in the predic—

tion was encouraging. 
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8.2.3 Conclusions  

The use of the solution time parameter proved most convenient 

in assessing the effect of temperature and material property changes. 

Where they were comparable, the theoretical results were in agreement 

with those derived by Blackburn (9) and Blackburn and Percy (8). 

The effect of elasticity on deformation was found to be negligible 

in these experiments, but the use of the creep only solution was slightly 

conservative for the prediction of forces. 

The limited amount of experimental evidence which could be invoked 

in support of the theory showed satisfactory agreement. 

8.3 Asymmetric restrained bowing  

The study of asymmetric columns was undertaken by the author 

and Blackburn (9) independently; in the present case it was desired 

to use the theory to predict the behaviour of the very slightly asy— 

mmetric shapes encountered in the experiments. As mentioned previously, 

the minor bowing and associated geometric changes obscured the asymmet— 

ric behaviour and the theory was only applicable during the early stages 

of deformation. 

Some applications of the theory to analytical shapes were also 

investigated, to compare the present method of calculation with that 

of Blackburn. These are described below. 

8.3.1 Computations on asymmetric shapes  

The calculation on a sine wave with second harmonic 3/34 of the 

fundamental is shown in Fig. 14. The element flattens progressively 

until vc = 7.2
+, when contact is established at two points; these then 

move apart in a manner analogous to the symmetric shapes. The forces 

and displacements are shown in Figs. 16, 17. There is good agreement 

with Blackburn. 

Because of difficulties arising from numerical instability (see 

section 5.1.3.2) the integration was only carried as far as vc  = 9.2s 

it appears however that the asymmetric component is being attenuated, 

A figure of 6.5 was found by Blackburn — the difference being due to 
his larger mesh size. 
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and this is confirmed by Blackburn's calculation. 

The case of a sine wave with second harmonic 	the fundamental is 

shown in Fig. 15. Here reverse bowing begins immediately until contact 

is established with the opposite wall at vc  = 8.8; . forces and displace—

ments are shown in Figs. 16, 17. The agreement with Blackburn is again 

good. 

The result: of computations on the experimental shapes is discussed 

separately. 

8.3.2 Experimental work  

It was immediately obvious from the experiments that the two dim—

ensional deformation initially imposed could not be maintained on 

axiaymmetric sections. The random third dimensional components in the 

initial shape and loading system, or imperfections in the material, would 

not be important under normal free bowing conditions; under the res—

strained bowing condition however these components soon became appreciable. 

For example in Test 55, Fig. 41, a minor bow of 2nd harmonic shape 

and amplitude one half the major bow has developed by v
c 
= 1.9. The 

resultant effect en the deformation (see Fig. 81b) is to enforce a red—

uction in the magnitude of the major bow. 

Whilst bowing in two planes can be treated independently in general 

(section 10.3), in the present case the geometric interaction renders 

this impractical; it is therefore natural to ask what can be achieved 

by way of the simpler two dimensional theory. 

8.3.2.1 Correlations with' theory  

If the two dimensional behaviour had been significant, it would be 

expected that the deformation would either approximate that for the 

symmetrical shapes shown in Figs. 8, 9, or that of the slightly 

asymmetric shape Fig. 14
x. A first examination of the experimental 

results Figs. 24. — 55, reveals that this expectation is not fulfilled 

to any extent. The only resemblance to two dimensional theory is to 

x  See also Blackburn, Fig. 2 of reference (9). 
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be found in the very early stages of the deformation (vc< 12), where 

the minor bowing is generally not yet appreciable; the predictions of 

asymmetric theory are shoe for the instant at which two point contact 

was first established. Quantitative agreement is reasonably found in 

only a few cases — Tests 70, 74, 75. In Test 70, the reduced clearances 

have depressed the actual curve below the theoretical, while in Tests 

74 and 75 the minor bow was negligible at that stage. 

The theoretical computation was carried past the establishment 

of two point contact in only one of the tests — Test 53, Fig. 39. The 

amount of asymmetry is hardly discernible and it is obvious that this 

computation would tend rapidly to a symmetric shape. 

Some of the experiments did tend to an approximately symmetric 

shape — the appropriate prediction for Test 52 from the calculation of 

Fig. 8 is reproduced in Fig. 29: it is only qualitatively comparable. 

A better example is Test 75, where although the deformation is symm—

etric — Figs. 48, 49, the shape at v
c 

= 23.5 is totally different from 

the comparable time in Fig. 8. An explanation for this is apparent 

in the polar plot Fig. 18: the specimen is in fact outside the channel 

in the region of the midpoint. Other experiments which showed some 

symmetrical tendencies were Tests 51, 53 — 55, and 77. 

8.3.2.2 Effect of minor bowing  

It seemed reasonable to believe that the major plane deformation 

should be some systematic function of the minor bow, and to this end 

the tests were classified into groups having a common deformation mode, 

at some stage of the experiment. 	These were:- 

1)  'Symmetrical' flattening only — Tests 70, 73, 75 — 77. 

2)  Positive second harmonic — Tests 51 — 55, 70, 72, 78. 

3)  Negative second harmonic — Tests 71, 74, 77. 

The deformation of the first group can be thought of as being 

largely symmetrical, as expected, except where as indicated in the 

figures the clearance has been reduced by minor bowing. 

The behaviour of the second group is rather more difficult to 

explain. In Test 51, Figs. 24 — 26, the minor bow was too small to 
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have affected clearance (see Fig. 31), and the initial 2nd harmonic 

component disappears as the symmetric mode predominates. On the other 

hand Test 52, Figs. 27 — 29, exhibited a considerable minor bow, Fig. 

30, while showing similar deformation to 51. The behaviour in Test 

53 is just the reverse of Test 51, and a complete transformation in 

the mode of minor bowing occurs during the test (Fig. 35). Further, 

a comparison of the minor bows of Tests 52, 54, 55, where all the major 

bows were similar, does not reveal any basis for comparison; the only 

common factor was that the peaks in the minor bows (Figs. 30, 38, 41) 

all appeared in the upper half of the specimen. Other tests in this 

group did not have appreciable minor bows, and the tests in the third 

group were equally disimilar. 

It did not therefore appear possible to relate the deformation 

mode in any consistent way to the observed minor bow
x 

taking the 

groups as a whole. 

8.3.2.3 Measured wall forces  

The measured wall forces are shown in Fig. 56, plotted in the 

same form as the symmetric calculations Fig. 13. These had indicated 

that a maximum value for RLA1Pg would be 2, but there is not enough 

consistency in the measurements to draw any conclusions. 

Where rotation during a test had caused the specimen not to be . 

aligned directly with the gauged plates, the measured force would be 

lower than the actual force. The minor bowing forces per se could 

not influence the readings, as the bridge is compensated for in—plane 

bending strains. However the resultant torsional moments could have 

a considerable effect on the readings, and may have caused some of the 

forces to apparently exceed 10 or 12+. 

Stability of the gauges was never a source of trouble, once the 

optimum cement, operating temperatures and battery voltage were 

These were excluded from the figure. 

There is one exception — see section 8.3.3. 
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established; it is believed that this technique is potentially very use-

ful. 

8.3.2.4 Consistency correlations  

As explained in section 7.3.3, the elimination of real time from 

the equations through the use of the parameters vc  and v
ce implies 

that the results of two different experiments with the same initial 

shape should be identical at equal values of the parameters. Such 

a correlation would only exist if the minor bowing had not seriously 

effected the deformation, or alternatively if it had produced similar 

effects in both cases. Despite these limitations, a considerable number 

of excellent correlations were found for both v
c 
and v

ce 
- and are 

indicated on each test in the Figs. 24 - 55, as they occurred. As 

expected, all the correlations Were found between members of the same 

group, but their range and diversity gave excelledt support to the theory. 

It seemed then that some systematic effect was present in a 

particular group, despite the lack of any continued similarity in the 

minor bows. 

8.3.3 Conclusions  

The view that minor bowing is of small significance is substan-

tiated by the similarity of major plane bowing in Tests 51, 52 and 55, 

where the minor bows were quite disimilar. The same argument can be 

applied to the existence of consistency correlations in tests not having 

similar minor bows. This also implies that geometric interaction was 

not important, and that the similarities in the deflected shapes are 

consistent with the independence of two plane bowing. 

The origins of the two asymmetric groups are however difficult 

to explain onthis basis: assuming that the computations were correct 

and that the very slight asymmetries in the initial shape would be 

attenuated}, it must be concluded that the considerable initial dev-

iations from symmetry were due to an extraneous factor such as minor 

bowing. These deviations were however attenuated in all of the tests 

for which vc  >20, and a return to the symmetric mode could be observed. 

+ 
This view is supported by the stability analysis of Blackburn (9). 
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The deformation would obviously be affected by minor bowing where 

there had been reductions in clearance, or an escape from the channel 

restraint: it is also clear that this effect would not be localised. 

However there are cases (Test 52) where an asymmetric perturbation is 

apparent in the first readings after contact, whilst the minor bow is 

still negligible. 

It appears then that once a mode of deformation has been estab—

lished, the minor bow is of little importance: this follows from the 

good consistency correlations. A complimentary argument for the exis—

tence of these correlations is found in the fact that they must also 

be applicable to the minor bows; but this was evident only in the Figs. 

30 and 41. 

Two dimensional theory with constant clearance was shown to be in—

adequate in predicting the deformation: in some cas es the use of a 

reduced clearance would have improved agreement, but the overall rate 

of return to a symmetric mode was very much slower than that given by 

the theory. 



— 104 — 

9.0 Conclusions  

9.1 Results of present study  

It was concluded that the tangent modulus theory is adequate for 

engineering purposes in the prediction of conventional creep buckling 

behaviour: some uncertainties in the primary creep data correlations 

remain,'and cannot be resolved without compressive creep data for this 

material. 

A method was developed for predicting two dimensional column 

behaviour from one computed solution for a particular shape; the 

comparable solutions are valid for both conventional and restrained 

bowing over an arbitrary range of temperature and creep properties. 

Less generality was possible when elastic deformation was significant, 

and in this event the solution is valid only for columns having equal 

Euler loading ratios. 

It was found that the significance of elastic deformation in res—

trained bowing was small for Magnox at 295°C: it's omission in any 

case gives rise to conservative design. The significance of the primary 

or tertiary creep phases, would vary according to the application. 

The one restrained bowing experiment in which the deformation 

remained two dimensional, showed good agreement with the theory. In 

the experiments on axisymmetric shapes (simulating reactor fuel elements), 

considerable third dimensional deformation was noted. This rendered 

direct comparison with the theory impossible, but the application of con—

sistency correlations within the data showed encouraging agreement. 

The experiments also showed that two dimensional symmetric theory was 

very conservative in predicting deformation of axisymmetric columns. 

The problem of the reactor fuel element with five braces, in contact 

with point restraints only, is much simpler in three dimensions than 

the case of continuous restraint. Providing friction is neglected, a 

solution can be obtained (23) using the moment—curvature relations 

presented here. It is believed that the experiments gave justification 

for this approach. 

A 
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9.2 Suggestions for further work  

The linearised tangent modulus theory, and the equivalent H—section 

theory, are substantially identical for column buckling problems in 

materials exhibiting secondary creep only. Further work could assess 

their relative suitability for non steady creep laws. For creep bending 

applications however, and for combinations of bending moment and direct 

loading, only the H—section method remains valid; it appears that its 

simplicity and potential usefulness do not seem to have been fully 

appreciated. It is believed that a programme of experiments on creep 

bending of beams and beam columns would lend authority to the more general 

application of this technique as a design tool. 

Various techniques for accelerating the method of computation used 

here for restrained bowing analysis have been suggested (section 5.1.3.3): 

it may be useful to compare these with the integral method of Blackburn 

(9 )• 

The problem of continuously restrained three dimensional bowing 

could be studied under more tractable conditions in rectangular channels, 

and the independence of the bowing in two planes could then be verified. 
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10.2 Relation between the E method and the equivalent II—section  

Some similarity in the above methods had been noted for the case 

of linear viscoelasticity by Young (90), and in an indirect sense 

by Collndine (12). 

It is intended to show here that the moment—curvature rate rela— 

tions for the two methods are very closely nnalagous: this is to 

be expected as both are based essentially on the elastic behaviour 

of the column. 

Consider the creep law 

e = ce +, 

where n is an integer. For an equivalent II—section (36) of flange 

separation h, area A, and Go  = - 11/1, the stresses in the compressive 

and tensile flanges cfc, d t, under a deflection y are 

cre 	+ 2y/h) 

Grt 
= o (1 — 2y/h) 

The curvature rote is* ec  — 
K 	

e

t ITL u 
1 (":/: 2y/th + Cerc: (1 	2y/h)n  + 

h 
2y/th — c G (1 — 2y/h)nj 

_ 1  
h 	

<c)-y/th + cvl (1 + 2ny/h + 4y2n (n 

2h

2— 1)  

Now for n = 1, 2, eqn. (10.1) becomes 

K= 1/h 4 ("JAM + c C o 
4ny/h 

Now 4/h
2 

= All, M = 	= <AY  

K = Id/EI c n d'n-1  Ay /I 
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= MAI + MAI, since lA = (JE/d0 

For these values of the stress exponent, the methods are therefore 

identical. 

For n = 3, eqn. (10.1) becomes 

K = MAI + MAI + 4 M  (1i)2  —r- 
3E1 

In the range of small deflections, y<':h/42, the effect of the 

third term (and others for higher values of n) will obviously be small. 

The relation between the methods for the case of non—steady creep has 

not been examined: the E method is essentially a "time—hardening" 

theory, and it is not always possible to recast this type of creep 

law into a. "strain—hardening" form. There will then be circumstances 

in which one or other of the methods will be more suitable. 
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10.3 On the independence of 2—plane bowing  

Equations are derived below for the general two dimensional problem; 

after discussing possible methods of solution, it is shown under the 

assumptions inherent in the E method, that deformation in the two 

planes may be treated independently. Under the special conditions 

of restrained bowing in a circular channel however, some inter—Action 

between the planes is found to exist. 

10.3.1 General equations  

Let K
Y  Kz 

 be curvature in y— and z—directions, where 

now originate in the centre of the section. Then. from the 

of plane strain, and assuming the geometrical centroid and 

zero bending moment coincide, 

• 

y and z 

assumption 

axis of 

e (x, y, z) = eo  + Ky  (x) . y + Kz (x) . y 
	(10.2) 

and also e (x, y, 

• 

z) 	Cr (X, y, z)  
E E 

where 	= 	(q-", t) or 	) etc. 

From (10.3) 

i.e. 

y, z) = E e (x, y, z) — E 
• • 	• 

• = EEeo  +Ky  . y + Kz . z — 

Consider a cross—section with 2 axes of symmetry:—
. 
M
z 

= 	CT (a, y, z) y dz dy 

(10.4) 

and 

From (10.4) 

and 

Now 

and  

My  = 

M
y 
= E 

A 

eo:ydA = e 

y2dA = I z  

y, z) z dy dz 

KylfyzdA = 

andiz2dA = I 
y 

M = Eff (e + K 
z 	A  o y 

(e + K 
o 	y 

z dA = 0 

• 
. y + K

z 

. y + K
z 

. z 	) y dz dy 

. z 	) z dy dz 
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So 	 M. = LI Ky  — E 	ydA 
	 (10.5) 

and 	 M = EI K — EIS zdA 	 (10.6) 
y z 

The numerical solution of (10.5, 10.6) presents no difficulty 

in principle. Knowing the initial (elastic) stress distribution and 

deflection, the double integral is evaluated from the creep law at 

each mesh point. The resulting equations in du /) t, d uz"cit. 
(where K = 	2u /dX 2  and K.2t =d 2uz 	x

2
) are then solved in a 

manner analagous to the equations of section 4.2. From the new 

deflections, the curvature and hence the total strain at each point 

across the section is evaluated. By knowing the accrued creep strain, 

the change in stress is found from eqn. (10.4) and we are ready to 

proceed to the next time interval. Alternatively the process may 

be iterated to improve the accuracy. The method is valid for any creep 

law, as a knowledge of current creep strain is required in any case. 

10.3.2 Implications of the E method  

The assumption of a linear stress distribution, requires for con—

sistency the assumptions of a linear distribution of both elastic and 

creep strains. The resulting simplification to the general equations 

(10.5, 10.6) is considerable. 

Since under these conditions 

dqx, y, z) =l'1  + kly + k2
z 

and 	E. yr, 
the general equations become 

M = EI K — Ek z 	z y 

an d 
	

M
Y 
 = EI 

y  Kz 
 — Ek A (Go  + k

1
y + k

2
z) zdA 

•  

The product of inertia terms vanish and we have 
• • 
M
z 

= EI 
z  Ky 

 — EIzkk3 , 

which is in fact another form of the equation (4.8): the deformation 

in each case is thus shown to be independent of the other plane. 
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10.3.3 Bowing in a circular channel  

It was shown for a section with two axes of symmetry, that defor— 

mation in the two planes may be treated independently to a good approxi— 

mation. There are circumstances however in which this will not be 

trues one of these is for restrained bowing in a circular channel. 

The first factor responsible for this is the geometric interaction 

between the planes. The point of contact with the channel is a function 

of the deformation in the major plane only. Since the deflection in 

the minor plane must by definition be zero at this point, it follows; 

that the major plane deformation, by influencing the point of contact, 

will indirectly be influencing the minor plane deformation. Also, as 

in Fig. 81c, a growth in the minor bow can enforce a reduction in the 

major bow. The problem would still be soluble in principle, given the 

initial shape in the minor plane and that the point of contact remained 

on the same generator of the channel. 

The second consideration is that of force interaction due to friction. 

If the point of contact did not move round the channel, and the friction 

force was less than the limiting value, the following equations apply 

for the forces FM  and FN 
in the major and minor planes 

FN  = RI  cos 0 + R2  sin 4 

FM 
= R1 

sin 4 — R2 
cos 0 

The forces are independent of 

each other and the solution can 

therefore be found. If however 

the friction is limiting and the 

point of contact moves circum—

ferentially (this seemed to be 

the more likely), then the force R2  becomes/6R,, and the following 

relations hold 

F
M 	tan 0 '.- 41"  

FN 
1 +Atan 6 
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The angle 6 is now a function of FM, Fs  and/Co, and an iterative 

process would be required to satisfy moment and force equilibrium in 

both directions simultaneously. This would be a very lengthy computation. 

These considerations would not apply to a rectangular channel and 

in that case the bowing would be quite independent in the two planes. 
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10.4 Relation between solution time and real time  

The similarity between eqns. (4.41, 4.26) and (7.3) led the 

author to the conclusion that the techniques used for analysing eqn. 

(7.3) could also be used for synthesising eqns. (4.41, 4.26). Rewriting 

(7.3) as 
n1 1i/3 	

n
2 

0 - pl'E' 
ito  N  

AL
2 

7T
2
I In  

(b2/ial) = nici  6-0  t 	+ n2c2 00-0  t 

and (4.41) as 
2 	n

/ 	
n
2 I 	-1 

v
ce 

. (1 - PA ) — In • 2 = n1  c1  y- t
1 3 + n

2c2co-,-o t E 
AL
2 (10.7) 

the similarity becomes apparent. Now the times for each term of the 

r.h.s. to attain the standard value of 10
3 are plotted against GI- ° 

in Figs. 62 and 63; the appropriate standard value of vi is found 

by writing eqn. 10.7 as 

C i. v.1*  = 10-3  hence ce 

v ce 
. 10-3,Ab' 

By using the values of t
1/3 and t1 

read off from Figs. 62, 63, and 

the value of v 	calculated as above, the Graham-Walles standard 

curve is used to construct the v - t relation, by a process which 

is the inverse of the graphical analysis. 
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10.5 Derivation of equations for dr/ dv  

10.5.1 Symmetrical creep only  

(10.8) 

(10.9) 

By integrating (10.8, 10.9) twice, and through use of the 

appropriate boundary condition, we obtain 
s s 

A' d u/clt =(s2  + 3r2  - 6r) 6 	o f udwdw+s uds 
o 

for 	o (s Lr 
	 (lo.lo) 

and 

Equations (4.22, 4.23) can be written 

A'd 3u/ds2d t + u = sX 

o s( r 

A,  Pu/ds 2dt + u = rX 

✓ 4.  1 

A' du/fit = rX 
6 

1 
(38

2 
- 6s + 6r - 6r

2
) + ff u dw dw 

s 8 

	

for r s‘1 	 (10.11)  

and since d u/d t = o at s = r, eqn. (10.10) becomes 
✓ 8 	 1 	 S 8 

Au/ct= flu dw dw 	dw' (s3 + 3rs2  - firs) -v r r u dw dw 
• o 	o`./o 

L- 

	

	4r
3 
- 6r2  

1 
+ s 1-11 dw 
	

(10.12) 

Differentiating (10.12), and substituting in eqn. (4.24), setting 

s = r 	r S 	1 
31 - r) 	 -7 u dw dw - r u dw - fu d s 
r(2r - 3; 

A' dr /dt = 	o o  

2 	
(10.13) 

11 1  
1  2 is=r 

When r = 1, and the curvature is finite, no displacement of the point 

of contact occurs, since the numerator is zero. When the curvature 

at s = r = 1 becomes zero however, the above,  expression takes the form 

ob and is indeterminate. To remove this, we differentiate top and 
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bottom w.r.t to t, noting that 

df/at = WI-. dr/dt 
we obtain 	Lim 	1— 3 flo suds 

A' dr/dt = 	 

If the third derivative is zero at the instant curvature disappears, 

then the r.h.s. is infinite. In the case of the initially sinusoidal 

shape, the third derivative is non—zero and the motion is defined during 

that instant by the above equations. 

To treat the case where the third derivative is zero, we multiply 

eqn.(10.13) by (1 — r), and differentiate top and bottom, obtaining 
E l-r[13 	 1 

3r
2 
 — 12r +  

(1 — r) u + j0)0  u dw dw — r 	u dw 
A' (1 — 0 dr/at = 	 r

2 
 (2r — 3)2  

)3u1  
1—T 8=r 

r 31 	 3u 
(----) 83 s=r=1 

3 1 	 k — ri2  
+fir  u dw + r 2r — 3) fo  u dw d a  

which is still indeterminate. 

Since 

we find that r = 1 

Lim 

r 

A' 

— 

(1 

3u 1  

again, we find 

suds-2 

'\ 	3's =r 
os 

Differentiating 

6 
A 	(1 — 	dr/dt = 

— r) dr/at = —iA' 
d
ti  

( 1 ,l)s=1 
Q s 

tl — 02  

— 12jro a u d s) t 
4 

A' 	)s  )84 =1 
which is valid during the instant of point contact splitting. 

10.5.2 Symmetrical creep and elasticity  

Eqns. (4.38, 4.39) can also be written 



0 

d 30, C (-7-51r  + 3B X 
0 
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• • 
C Pub) s2  c) v= Xs-u+ BX.s - B u for o 	r 

and Cd3u/js2dv = X r - u + BXJr/dv + BXr - Bu 

for 	r 4s /J. 

Integrating (10.14, 10.15) and using the appropriate boundary con-

ditions we find 

c dna v = Xs3/6  - 
• s 

O 0 
u dw dw + 

• 3 BXs 
0 

s s . 
u dw dw + u dw 

1 
+ sin dw - Xrs (1 - r/2) - BXrs(1 - r) - BX r s(1 - r/2) 

for o 	r 

After using the condition (duv)...r  = o, and differentiating, we 
find 

C (j 2u/dav)r 	uds+B 	u d s + (r2),  ._ - 	u dw ds 
. r s 

--r - r 

1 	l 

1 L r  o 
i  
 o 

✓ S • 	 1 	
3 	

1 

f u dw ds - B 	u d a - u d a + BXrr /3 
o o 

Substitution in eqn. (4.24) yields 

dr 	3 1-r i r  a 	r s. 

dv - r 2r- 3(Jo 
 j u dw ds +B .f.  ju dw ds 
o 
f 

 o o 

1  • 	1 
s- 

O 
f  

o 
u d s 

) 211  
(=) 6.) s  2 s=r 

3BXr(r - 1)  
2r - 3 

(10.16) 

When curvature becomes zero, and r = 1, this is indeterminate 

and differentiating top and bottom ue find 

1 
Lim 	 suds- 3B f suds 

r-1  

B 
+ — r 

dr 
dv 

1 + B (u)r=1  - 
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This equation will apply where X and the third derivative are non zero 

at the instant the curvature disappears, as in the case of the sine 

wave. For the sine wave plus lit third harmonic, where both force 

and third derivative are zero at the instant of first contact, we 

again multiply both sides of eqn. (10.16) by (1 — r), and differentiating 

twice, obtain after some simplification 
1 

Lim suds+ 6 B 
dry k 1 — r) - 	  thr 	4 u 

84'8=1 

suds-2 

  

from which we obtain a relation between r and vce 
as before. 
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10.6 Specification of finite difference operators  

10.6.1 G - 	 uPs2(1); v)s-1  
This was defined by the operators (4) 

( Aias2d v)m  = G ( au/c)v)m  = M2 /45  d aid vM-  - 0.3d u vm_2  

+ 3 du/ dvii_i ) 

which incorporates the condition that (duids)m  = o and (o) u 	m  = o. 

10.6.2 	( (-) 3u/r)/33)s...1  
For this quantity, a backward difference operator (4) was used 

on account of the discontinuity at s = 1: 

/6)3  %- 1)
M 

 = M3  ( 4.25 - 17.75 um-1 + 29.5 um_2 - 24.5 uM3 + 10.25 uM4 ds3   

- 1.75 um_5 ) 

10.6.3 (,-44ut-' s4  )6 _1  

For reasons as above, a backward difference operator (4) was 

also used 

(c 4u/ 	= M4(-1 + 6uM-1  - 1 u 	+ 16um_3 - 9um4 + 2um_5 ) 
2 

10.8.4 H - ( c-) 3u/ 826)  vYs r 

This wss represented by;  a Lagrangian operator (31), in order to 

incorporate accurately the condition (c) u/dv)r = o 

where H () -Or  

1 8:11  Vs=r 	7 = M
2 	u 

H  (-O ( 	 r 

d u 	.
2 
 , ) 

= h l (77-0,/t-1 	t dv iLl  
,-)11 +h 	( —) . +h  . (-2-1-r)  3 	d v J+.1. 	4 C) v J 2 

and 	h1 = 4 AiI2  - 12r/ti + 12J/M2  + 6r2 	12rJ/M + 6J /M  

4. 6,72 412 	8r AA  + 8.7442 	2)412 = 6r2  - 12rJitt  
2(J/M2  - rAt) 

6(1 2  + r - J4f2) 

h 2 



e2 - 1412  (141 + r - JAI) 
r2  - 2J r + J 2  AA2  + 2r - 2J 412  

e3 -  2 412  (JAI - r) 
2/m + 3r41 - 3J/M2  + r2  - 2Jr41 + J2 412  A.2  
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h3 = 
2 (r* - J*2 - 1412) 

6r2  - 12rJAI 1:02/142 _ 24(2 
h4 - 3(4 int2  - 2r Al + 2J Al2 ) 

6r2 - 12rJA1 + 6J2A.2 - 4r Al + - 4/m2 

	

10.6.5 E - ( 2ut:? 	v_)a.r  

A Lagrangian (31) was used here, for the samel reason as above: 
) 	.) (d2 	 E (=-3-1  

	

)s=r 	dv)  r 

,C7) 	 u, 	,c)ux 	.2u1  where E 	= e 	, 	+ e k 	) 2 	---.17c 	(3_, 	2 0 v i  + v r 	1 	v J-z 	 e  ( J 

r2  - 2JrAI + J2 412  + rAi -  and 	el - -2412  (241 + r - JAI) 

10.6.6 F 	C )  2u/ds2
)r  

A Lagrangian (31) was used here, almost identical to that of 
10.6.4: 

cd 2u/C) 62 )r  = M2F (u) s=r 
where F(u)r= h1(u)J-1 + h2(u)j  + h3(u)j+1  + h4 (u)j+2  + h5  

where h1-4 are as before and 
12r2  - 24rJ* + 12J2/U2  - 12r41 + 12J/tie - 2412  h5  - , kr2 	2rJA1 + J2 /142 	r  _ j412 )(r2 2rJ* + J2 2  - 3r* + 3JA12 

+ 2412) 

10.6.7 	- (d 2u/ds() v)i  

A symmetrical Lagrangian (31) was in this case: 
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,) 2u/dsc)v), = 	( dup 

crei  (du/0 v)j.4  tiz(ds/c)v)j  Oduk 0J+1  

+ v4 (u/d0J+2 
10.6.8 A - (,)2u/) 82),  

The method. described below was developed by Mr. D.J. McConalogue 

of the Department of Electrical Engineering, Imperial College, and is 

designed for the symmetrical evaluation of the second derivative, when 

the third derivative is known to be discontinuous. It also incorporates 

the information that u
r 
= 1, and (d u/ds)

r 
= o; the symmetrical 

approach, using values on both sides of the discontinuity, was found 

to be necessary for the attainment of sufficient accuracy. 

Two polynomials of fourth order, fL(s) and fr(s) are defined, such 

that f
L
(s) exists in the range s (r, ant f

r
(s) in the range s>,,r. 

Incorporating the information f(r) = 1 and (c)fipla)r = (dfr/ 

d

O 	= o, and also the continuity of the second derivative — 
2fL/i  OS

2 . 
d
2
f
r
/Cs

2 
the two polynomials become 

fL(s) = fr 
+ (s — r)

2 
 (c,c.s +/4 8

2
) 

and 	fr(s) 	f
r 	

(s — 02(003 +/.; rs + (r/S2  — rs] ) 

The only way of evaluating the coefficients in a symmetrical way 

is to require that the fitted polynomials f L(s) and fr(s) coincide 

with the actual function values as closely as possible. 

Expressing this formally 

d 	drn, d/d'r(sL+ 	o 

2 
where 	sL 	(fm f  L°6)) 

m=J—I 
J+I+1 

and 	
sR = 	 (fm  — fr  (m))2  m=J+1 

This gives three linear equations foroL l Ag, 	The second 

derivative is then found by differentiating eitherfi  or fr and is 

Whereo(, /6 
	

and 	are constants to be determined. 

7- 
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% 2(,Lr +pr2  ). 

The most suitable value of I was found from experience to be 1: 

greater values led to less accuracy. 

10.6.9 	— (?2u/dsv)r  

In this case a Newtonian interpolation was found to be tiwmost 

consistently accurate:- 

2u/a v)r  = M 	u/v)r  11(0)  uk 	 ti/c)v)j  

+7 3(du/d v)j+1. +44( )i/c)v)j+2 

where 

-1/ 1  = — 1/3 + rM — J — r
2M2/2  + rMJ — J2/2  

, ,7 2  . 3r2 M2  /2 — 3rMJ + 3J2  /2 — 2rM + 2J — 

/7 3  . 1 + rM — J 	2 3r2M2/t + 3rMJ — 3J /2 
2 2, 	J2/2 474  = r M /2 — rMJ + 	 2 — 1/6 
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10.7 Temperature dependence of creep rate  

10.7.1 Tensile data  

The data used for this calculation was derived by Harris and 

Jones (30) in the form 

E = f( cr-) exp (-32000 AT) 	(10.17) 
where R = 1.98 calsbole°K 

Now the creep tests showed that for Magnox at 295oC, from eqn. (7.9) 

ef.- 1.66 x 10-10(12, 
from which substitution in (10.17) yields that 

E = 1.1 x 102  1,-2  exp (-3200 AT) at 295°C. 

c)i /0) T = 1.1 x 10 2 2  v-- exp (-32000/1T) . 32000 
RT2  

and 	can be found from 

di/dT• T 

10.7.2 Bowing data  

The dependence of the bowing data on small temperature excursions 

is found in the same way. 

For the secondary data from eqn. (7.7) 

77
2
I (1  — P/PE) 

AL
2 

Separation of the r.h.s. into the product of the stress— and 

temperature—dependent factors as above yields 

IT 
2
1 (1 — P/PE) 

AL
2 In (b2/t1) = 4.47 x 102 cr  

 
exp (-32000/$1T) at 295

o
C 

from which 	in (b2  A1) can be evaluated as above. For the primary 

data, the temperature dependence was assumed to be identical with the 

above. 

From which 

In (b2/b1 ) = 3.03 x 10-102 t 
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Table 1 — 'Magnoxt specification percentages 

Al 	Zn 	Si 	Cu 	Mn 

	

0.75 	0.008 	0.008 	0.005 	0.005 

Fe 
	Sn 	Ni 	Be 	Ca 

	

0.005 
	

0.005 	0.002 	0.007 	0.005 

Balance Magnesium 
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Tnble 2 - :)etnils of free bowing nnd tensile test stresses 

(a) Buckling experiments 

Diameter 
in 

Mean stEess, 
lb/in 

0.5 

52.2 
66.9 
77.2 
129.2 
131.3 
203.8 
324.3 
339.4 
113.2 
461.1 

0.0250 
0.0327 
0.0378 
0.003 
0.064 
0.096 
0.139 
0.176 
0.202 
0.226 

	

97.5 	0.0219 

	

152.9 	0.0344 

	

202.9 	0.0453 

	

256.8 	0.0382  
0.75 	392.9 	0.0725 

	

407.3 	0.0916 
509 	0.114 

	

612.6 	0.136 

(b) Tensile tests 

Original diameter, 
in 

Stresg, 
lb/in 

152.2 
300.7 

0.5 
	

393.6 
601.1 
797.1 

99.5 
202.7 

0.75 
	

401.8 
505 
704 
787 
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Table 3 - Details of restrained bowing experiments 

The tests on 	ins. 

specimens are prefaced 7. 

Test Number 

specimens are prefaced 5, and the 4 

P/PE 	6rI1bsAns) 

51 .194 398 

52 .156 320 

53 .131 269 

54 .1205 247 

55 .1056 217 

70 .156 696 

71 .156 696 

72 .139 618 

73 .139 618 

74 .137 611 

75 .126 565 

76 .121 543 

77 .106 474 

78 .0898 401 

ins. 



— 132 — 

Tnhle 4 — Statistical data relating to Figs. 62 — 65 

"Best" 	least squares Graham—lles 

Slope Standard 
Deviation 

Slope 	Standard 
Deviation 

Tensile Primary (Fig. 64) —.22 0.46 —.25 I 	0.44 

Data Secondary (Fig. 65) —.54 0.26 —.5 0.28 
i 

Buckling Primary 	(Fig. 	62) —.31 0.37 —.23 0.73 

Data Secondary (Fig. 63) —.38 0.29 —.3 0.29 
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FIGURES:- 

Relating to theoretical analysis - Figs. 1-23 

Relating to experiments and apparatus - Figs. 24-82. 
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Fig. 5 Sinusoidal creep buckling. Fig. 6 Eccentrically loaded column. 
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Fig. 7 Calculated deflections during the first phase of buckling of an initial 
sine wave for PIP .•0.2, dm0.5 ins., 10018 ins. 



0 L/4 
	 L/2 

Fig. 8 Calculated deflection time curves for initially sinusoidal column - 

second phase of deformation. 
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calculation, section 5.1.3.1 . 
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Symbols used in presentation of experimental data on 

restrained bowing. 

o Measured experimental point 

V 	v correlations 

voe correlations 

Shape predicted from computations 

Time to achieve two point contact 

for asymmetrical shapest(from theory) 

Calculated clearance (see Fig. 82) 

Polar coordinate at 6 ins. from upper 

loading point. 

Circumferential limits of channel 

restraint. 

Notes 	Details of test stresses appear in 

Table 3 (page 131) Ail data is for 

Major bow, except where otherwise stated. 

t2p 

6 0  
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Fig. 60 :Mowing the buckled rectangular specimen, and the 
Fig.61 minor bow in a cylindrical specimen. 
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Fig. 66 EXperimental and theoretical times to contact the channel 
T 



Fig. 67 Showing the nickel foil welded onto the buckling 
specimen 

Fig. 68 Showing the extensometers and transducer assembly. 
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Fig. 70 Metallograpily 

All specimens electro-polished and -etched in orthophosphoric 
acid(38 ;') and ethyl alchlol (62 
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Fig. 70 Metallography (continued) 
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Fig. 71 Showing the measuring probe assembly. 
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Fig. 72 Operator's view of probe licrometers. 
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Fig. 73 Channel support assembly 



Fig. 74 Overall view of the apparatus. 

Fig. 75 Force calibrating device . 
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Fig. 76 Hot calibration of force measuring system. 



0 Measured points 

'Best'sine wave 
0 Calculated eccentricity 

50 
Deflection(ins) 

50 	100 	150 	200 	250 
Fig. 77 Results of sine-fitting calculation. 

300 

L ° cicalcs"13  a c..0245 Gc= 200 lbs/ins2  

du 0.5 ins 

j/2 

0 

A 

t=1 hour 	 t= 73 hours 



L/2 AO 

0 Measured points 
L 	'Best ' sine Wave 
0 	Calculated eccentricity 

0 

L 	qoale'2.3x10-3 A acalc . 22x10 3  
-  0.125 lbs/ins2  

d 	0.3 ins 

t.1 hour 	 t. 65 hours 

0 	50 	0 
	

50' 	100 	150 	200 	250 	300 
Deflection (ins) 	Fig. 77 (contd) Results of sine-fitting calculation. 



Fig. 78 BuCkling experiments. 1/AL2  x103  
E. 	 1

_P/PE) ln(b/bi) 

5 

spec men Ire 2030 1b/ins2  

spectmen4104 97 lbOns 2 

1 

5 

.01 
.1 	• 12,: 	4 	- 1 Correct Sc.r.

_ 
zero.error 

ExPerimIntspint 

1 
a 
4 	

Fitted curve 2 	4  
b T- meSn-4)f experimental data 

2 



o•(° 
$0,1" 

0 
a) 

me
as

ur
em

en
t.

  

io3  

lo 	lo- 
(hr 1)

•  

Fig. 79 Comparison of measured tensile data with that of 
Harris and Jones(30) - secondary creep only. 

102 
4 5 	 10 b 10 5 10-  

3011ea( 
50) 



-210- 

 

R.
H.
Pr
o b
e.

  

   

   

1 	Position after application of the load. 

2 	Position at some time later. 

Fig. 80 .quantities used in the calculation of b . 



V 

C. 

Fig. 81 Three possible interpretations of the rotation 
of the vector b. 

"No 



3 

oc 

From the figure, maxpum2  
minor bow) isb sin 

kA'1;fitt°  
MO40— 

apsil 

ce for major bow (pith a given 

-212- 

For a minor bow, with a ,,ivp uljor bow, the maximum clearance 
is 	cQs. 1-b 	4.707 

Fig. 82 Defining major and minor bows. 



Cross-sectional area. 
PIPE  

(ln 2)(1—P/PE).  
Creep constants. 

1 
7r2(111 2)(1—  PiPE) 
Young's modulus. 
Creep rate modulus. 
Total strain rate. 
Second moment of area. 
Rate of change of curvature. 
Bending moment. 
Integer locating position in space mesh. 
Number of space mesh intervals. 
Creep constants. 
Load. 
Euler buckling load. 
Dimensionless independent space variable. 
Finite difference space mesh size. 
Time in hours. 
Dimensionless deflection. 
`Solution time', see equation (27). 
Solution time increment. 
Standard value of v. 
Horizontal force. 
Distance from origin or neutral axis. 
Deflection and rate of change of deflection. 
Initial and current deflection. 
Increment in deflection. 
Eccentricity. 
Creep strain, creep strain rate. 
First and second derivative with respect to 

xof e.  
Arbitrary standard value of strain. 
Stress. 

Vol 7 No 3 1965 

Notation 
A 

B 

C1, C2, Ca 

D 

E 
E 
e 
I 
K 
M 
m 
N 
ni , na , na  
P 
PE 

8s 

8v 
v* 
X 
x 
z, 

2.2  
Sz 
8 
6, g 

E*  

a 

SMALL-DEFLECTION CREEP BUCKLING OF MAGNESIUM 
ALLOY (MAGNOX AL80) AT 295°C 

By N. H. Freed* and F. Seynat 

The results of creep buckling experiments at 295°C on magnesium alloy specimens of two 
different diameters were compared with deflection rates predicted from a simple theory 
proposed by Alexander (i). Agreement was found to be adequate for design purposes, and 
within the scatter of the material data. The effect of eccentricity was evaluated and it was 

shown to have a negligible effect on bowing rates. 

328 

INTRODUCTION 
SOME KNOWLEDGE of the expected creep deformation rates 
of columns operating at elevated temperatures is necessary 
in the fields of nuclear and aircraft engineering. 

In practice, and particularly in the design of `Magnox' 
nuclear power stations, designers are concerned with 
establishing deformation rates arising from known manu-
facturing tolerances in situations where the deformation 
will perforce be small and the cross-sections complex. 
Alexander (i)t showed that by making an approximation 
to the stress distribution a simple closed-form solution to 
the steady-state creep problem could be obtained; this 
was extended in a later paper (2) to include all phases of 
creep. 

An experimental verification ofthis theory was attempted 
by Webster and Alexander (3); this showed that although 
the buckling results were consistent with the theory, 
effective comparison with measured tensile data was not 
possible owing to limitations of the latter. 

It was therefore felt that the method warranted further 
study, and the present paper describes some experiments 
designed to provide more conclusive information. 
Buckling tests were performed using the apparatus des-
cribed in reference (3), and these results are compared 
with predictions from tensile tests using redesigned 
extensometers. The theory is further evaluated by correla-
tion of the buckling results for specimens of two different 
diameters, and a theoretical estimate of the effect of 
measured eccentricities on the data is given. 

The MS. of this paper was first received at the Institution on 2nd 
February 1965 and in its revised form, as accepted by the Council 
for publication, on 9th April 1965. 

* Research Officer, Atomic Energy Board, Pelindaba, Transvaal, 
South Africa; presently Department of Mechanical Engineering, 
Imperial College of Science and Technology, London. Student of 
the Institution. 

t Nuclear Research Institute, Warsaw. 
t References are given in Appendix 3. 
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Integration variable. 
Subscript referring to neutral axis. 

THEORY 
In the following section, the original equations of Alex-
ander (z) are rederived to be compatible with the more 
usual assumption of a linear total strain-distribution. 

For the purposes of the analysis we make the simplifying 
assumption that the creep strain rate e is a function of 
current stress, temperature and time only*. The total 
strain rate é is assumed to be given by 

= --Fe 	 ( 1) 

From the condition that plane sections remain plane we 
have the additional relation 

e = 	 . 	. 	. 	. (2) 
The first approximation to be made is that the stress 

distribution, which is in practice non-linear, can be 
represented by the familiar linear relationship 

a = Mx -Fao 	 • (3) 

and it also follows that 

The accuracy of this approximation can be assessed by 
comparison with the analytical solution for a rectangular 
column deforming by secondary creep only. This calcula-
tion is given in Appendix 1, where it is shown that agree-
ment with the analytical solution is within 3 per cent. 
Similarly, good agreement was obtained by Alexander (i) 
from calculations on a cylindrical shell. Equating equations 
(1) and (2) and substituting from equation (4) we have 

/1;fx 
EI +e = eo -FIZx 

from which 

Now = 

= 40, t)-+E'(0, 	 t)x212+ • • • 	(7) 
For consistency with equation (6) we neglect terms of the 
second order and higher: this will be a reasonable approxi-
mation in general. Substituting this result in equation (6) 

K = El+i'(0,t) . • 	(8) 

8E 8a 
Now 	e(x, t) = T.;  = Tr-7 .8x  

Substituting from equation (3) 

E'(0, = (00  7 	(9) 

* This approximation was found by Johnson et al. (4) to give 
reasonably good predictions for eccentrically loaded columns. 
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The second assumption is that (eil8a)0 can be evaluated 
from constant stress isochronous stress-strain rate data, 
evaluated at the mean stress. Alexander (i) called this 
quantity 1/E, where E is the 'creep rate modulus'. Re-
writing equation (8) we find 

M 
= —+— 	  (10) 

El EI 
This equationt can be used for problems in which there 
is a finite stress on the geometrically neutral axis. 

Using equation (10), assuming a sinusoidal shape and 
small deflections, we arrive at the same equation as 
Webster and Alexander (3), namely 

(1 -1-3  --21  In (L2) = f ' . (11)  PEI PL2  \zit 	E(T) 
The assumed creep law, based on the work of Graham and 
•Walles (5) (6) is 

E = Ci ani el3  +Gest+ C3anSt3  . (12) 
Now 

1/E = (Li) 	
3 

= C 0-
° 
 .1 -11- 2/3  + 712C2oon2 1  

0 au   

3/13C3O0n3  - le (13) 
Substituting in equation (11) and integrating, we have 

(1 	—13 7-L-21.  
PEI PP

In  
 \zi 

(1 niCiaonl -1t1/3-Fn2C2aon2  -11 

-1--n3C3cron3 - 313  (14) 

= n,C,(Toni t" n2C2a0n2t 

+n3C3aon30 (15) 
It will be noted that the form of equations (12) and (15) is 
similar, and it is possible to use the Graham-Walles. (5) (6) 
method of graphical analysis to correlate the data and 
determine the material constants. 

DESCRIPTION OF EXPERIMENTS 
Creep buckling 
The techniques and apparatus were identical to those 
described in reference (3), using 18-in long magnox AL80 
specimens, of in and in diameter; all specimens were 
selected from the middle of the extrusion. The tests were 
performed with the material in the 'as-extruded' condition, 
the specimens being machined in each case from bars 
twice the final diameter. A temperature distribution of 
295 ± 1°C was maintained along the length of the specimen 
by means of a three-zone furnace, and increments in 
deflections were measured to ±0•0005 in using micro-
meter probes and an electrical contact system. As des-
cribed in (3), the specimens were given an initial bow of 

t This is to be compared with equation (7) of reference (3) in the 
derivation of which elastic strains were neglected. 
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Table 1. Test stresses and PIPE  ratios 
a Buckling experiments 

Diameter, 
in 

Mean stress, 
lb/in' 

PIPE  

52.2 0.0256 
66.9 0.0327 
77.2 0.0378 

129.2 0.063 
131.3 0.064 0-5 203.8 0.096 
324.3 0.159 
359.4 0.176 
413.2 0.202 
461.1 0.226 

97.5 0.0219 
152.9 0.0344 
202.9 0.0455 
258.8 0.0582 0.75 322.2 0.0725 

' 	407.3 0.0916 
509 0.114 
612.6 0.138 

b Tensile tests 

Original diameter, 
in 
	 Stress, 

lb]in2  

152.2 
300.7 

0.5 
	

393.6 
601.1 
797.1 

99.5 
202.7 

0.75 
	 401.8 

505 
704 
787 

0.020-0-030 in, and a 24-hour soaking at test temperature 
before application of load. 

The tests were continued until a bow of 0.3 in was 
attained. The test stresses and PIP, ratios are given in 
Table 1. 

Tensile creep 
The magnox specimens, 0.187 in diameter x 1 in gauge 
length, were machined with 0.030 in ridges at each end of 
the gauge length to accommodate the extensometers*; this 
provided an easily and accurately reproducible gauge 
length which could be manufactured to a surface finish of 
25 on an automatic lathe. Specimens were machined 
from both the I  in and in bars. The testing was per-
formed in 1-ton Denison machines, fitted with three-zone 
furnaces and saturable reactor controllers; the test tem-
perature of 295±1°C was monitored by three thermo-
couples along the length of the specimen. Extension was 
measured autographically by differential transformers 
with a nominal stability of ±5 
* This design is based on that developed at the National Gas Turbine 

Establishment, Pyestock, Hants. 
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The experiments were continued for a maximum of 
1000 hours or until approximately 1 per cent strain was 
reached. Details of test stresses are given in Table 1. 

MEASUREMENT OF YOUNG'S MODULUS 
The technique described in (3) (which measured initial 
elastic deflections) for the measurement of E at the test 
temperature was not found to be reliable, owing to the 
considerable effect of specimen-and loading system-
rotation; it was also considered that the elastic deflections 
were too small to be measured accurately. 

Accordingly a method was devised using the tensile 
creep extensometers and replacing the standard recording 
equipment with a fast (0.5 second) potentiometric re-
corder. Incremental loading was used, and the record 
showed that it was easily possible to differentiate between 
the instantaneous elastic strain and the subsequent creep 
strain; this was possible even at the highest stress level 
reached-2000 lb/in2. 

Twenty tests were performed at 295°C on specimens 
machined from both bar sizes. There was no difference 
between the bars, and a result of 4.1±0-2 x 106  lb/in2  was 
obtained. This was significantly different from the value 
quoted in (3) for the same nominal temperature, namely 
3.2 x 106  lb/in2. 

ECCENTRICITY 
It was thought necessary to evaluate possible errors 
arising from eccentricity, as the method of alignment of 
the loading system was somewhat subjective. This was 
done at room temperature using a modified Southwell 
plot (7)-t. Reproducible results were only obtainable when 
the loading system and specimen were carefully maintained 
in the same position, but this is not possible during an 
actual buckling experiment. Rotation in the 'cup and 
cone' end fittings occurs owing to out-of-plane bending 
moments arising from eccentricity and small third dimen-
sional effects in the initial shape. It did not therefore seem 
worth while to attempt to adjust the eccentricity on the 
basis of the measurements, as a rotation of the specimen 
of ±60° produced variations in eccentricity of ±0.030 in 
about a mean of 0.030 in. It was difficult to reconcile the 
large values of eccentricity with known manufacturing 
tolerances and expected errors in centring. No satisfactory 
explanation for their magnitude could be found. The tests 
were performed with the specimen initially in the position 
of 0.030 in eccentricity. 

ANALYSIS OF RESULTS 
Tensile and buckling data 
The similarity between equations (12) and (15) enables 
Graham-Walles techniques to be used to determine the 

t As described in reference (7) an expression can be derived relating 
load and elastic increments of deflection, for an eccentrically loaded 
column having an initial curvature. From a plot of deflection versus 
deflection/load the eccentricity and critical load can be ascertained. 
The equations were modified in this case to take account of the 
pre-loading due to the weight of the loading system. 
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constants in these equations. The method provides in 
addition a convenient way of comparing the buckling and 
tensile data. 

The equations are rewritten in the form 

= 
t )113 -F  t) 	t)3  

— 	 — — 
E* 	t113 	t, 	t, 

where 4)3, t1  and t3  are the time in which each term con-
tributes the standard strain e*, chosen arbitrarily as 10-3, 
or in the buckling data a standard value of 

P 7T2I z2  - 
(1— 	in 

PEI AL2  
The values of t113, t1  and t3  corresponding to each stress 
are found by plotting log strain or 

1— -P- .1-21  In .12  log R l

.  

PE  AL 2  z, 
against log time and then fitting a standard curve. Typical 
buckling curves are shown in Fig. 1. As the initial portion 
of the curve is extremely sensitive to error, it is permissible 
to apply a correction to improve the fit in some cases. 
This correction is random and invariably small in com-
parison with experimental accuracy: a correction is 
illustrated in Fig. 1. 

The values of 413  and t1  thus obtained are cross-plotted 
against stress as shown in Figs 2-5. The straight lines 
fitted to Figs 2 and 3 are the best least squares fit with the 
Graham-Walles standard slopes' for —4 for t113  and --+ 
for the t1  lines. No tertiary creep was observed in the 
experiments. The lines fitting the tensile creep data of 
Figs 4 and 5 have been omitted for clarity but the accuracy 
of the fit can be gauged by reference to Table 2. According 
to equations (12) and (15), the data shown in Figs 2 and 4, 
3 and 5 should be directly comparable when the buckling 
data are adjusted for the constants n1  and n2  in equation 

77 21 * The actual parameter used was AL'2
2.3 	

ptE  — [in (•'!•-)] (0•936--P  ) • 
this incorporates a correction for the end fittings. Where L' and 
PE  refer to the actual length excluding the fittings. 

(15). This has been done and the lines drawn in Figs 4 
and 5 represent uniaxial creep data as predicted from the 
buckling experiments. 

From the tensile data given in these figures, it was found 
that the creep. equation for magnox at 295°C is 

E = 1.03x 10 -7a4/3013+1.66 x 10-1°a2t (16) 
The predictions from the buckling experiments (the 

lines shown in Figs 4 and 5) give 
0.416 x 10 -7o.413tim+1•51 x 10' 01 a  
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Fig. 3. Buckling experiments: log stress versus log t113  

2  for (1-1-2-) 
AL2 	Z1 
-771  ln 	= 0'001 

PE  
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Table 2. Standard deviations (in cycles of log time) 
about the best straight line 

Buckling Primary 	(Fig. 3) 0.73 
Secondary (Fig. 2) 0.3 

 

   

Tensile Primary 	(Fig. 5) 0.44 
Secondary (Fig. 4) 0-28 

 

   

   

Effect of eccentricity 
An eccentricity of 0.030 in was assumed and the theoretical 
sensitivity of the buckling data to this type of experimental 
error was investigated. The method is described fully in 
JOURNAL MECHANICAL ENGINEERING SCIENCE 

Appendix 2. The resulting time-deflection curve was 
analysed as before and the result is included in Figs 2 and 
3. An interesting feature of this analysis was that the in-
crements in deflection remained symmetric, although the 
actual shape was of course highly asymmetric. 

For six of the experiments, the increments in deflection 
for each of the five measuring points were fully analysed. 
From the theoretical evidence quoted above, the incre-
ments would have remained symmetric even in the pre-
sence of fairly large eccentricities. It was found in fact 
that the increments were not symmetric, and it is believed 
that this was due to a considerable monotonic variation 
in eccentricity during the experiments due to specimen 
rotation. The measurements were consistent with a total 
change of 0.020-0-030 in in eccentricity in each test. 

A third harmonic was found in only one of the experi-
ments analysed, with amplitude of 6th of the fundamental; 
this was present in the initial shape but disappeared as the 
asymmetric mode became more predominant. 

DISCUSSION 
The comparison between actual material uniaxial creep 
properties and that predicted from the buckling experi-
ments is shown in Figs 4 and 5. For the secondary creep 
region, Fig. 4, the predicted line almost coincides with the 
best fit through the data. In the case of the primary data, 
however, the two lines are displaced by slightly more than 
one cycle of log time. The combined effect of these dis-
parities was assessed by comparing a hypothetical mean 
buckling experiment with one predicted from the tensile 
data, as would be the case in practice. It was found that 
the error decreased from 0.8 cycles of log time in the 
initial stage to 0.1 cycles towards the end. As this latter is 
the most important from design considerations, the agree-
ment was believed to be satisfactory. 

Figs 2 and 3 show that when correlated on the basis of 
equation (15) the behaviour of the I-in and fin columns 
is substantially the same. 

Metallographic examination of the material revealed 
the grain size to be 0.005-0-007 in for the 4-in material 
and 0.005-0-006 in for the fin material. This did not 
cause any difference in the creep properties as shown in 
Figs 4 and 5. The grain size was found to remain constant 
during the tests, and uniform across the cross-section. 

The results compared in Figs 4 and 5 are subject to the 
interchangeability of tensile and compressive creep; there 
is evidence in the literature (8) which shows that this is not 
invariably true and therefore the disparity in the primary 
phase may be attributable to this cause. 

Creep buckling experiments are notoriously prone to 
scatter (9) even under the most carefully controlled condi-
tions, and it is of interest to compare the total scatter in 
the buckling experiments with that which is inherent in 
the material. The scatter in the tensile data (Table 2) is of 
the same order as that quoted by Wailes and Graham (to) 
in analysing data on the Nimonic alloys, and it is believed 
that in this case the figures given in Table 2 are 
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representative of actual material scatter, although no 
replicate data is available. 

The remaining scatter in the buckling experiments, 
after excluding that assumed to be due to the material 
alone, is appreciable in the primary data only. The analysis 
of Appendix 2 showed that a constant eccentricity of 
0.03 in produced an apparent deviation of 0.25 cycles 
of log time in the primary data (Fig. 3): this is relatively 
small in comparison with the total scatter. The deviation 
produced by eccentricity in the secondary phase (Fig. 2) 
is almost negligible. The six experiments which were 
fully analysed all showed increasing eccentricities. Equa-
tion (22) in Appendix 2 shows that this leads to larger 
values of z, which in turn gives smaller values of 6./3 
and t,; this would account for the sign of the disparity 
shown in Fig. 5. As in the case of constant eccentricity, 
the effect on the secondary data would be smaller. 

It is believed that variations in eccentricity during 
testing could only be avoided by constraining the column 
to buckle in one plane only, a technique which is used by 
the majority of workers in this field. It is then reasonable 
to 'adjust the eccentricity before each test. 

CONCLUSIONS 
The creep rate modulus theory, as described in the 
preceding paragraphs, is particularly simple in applica-
tion to conventional buckling problems once the uniaxial 
properties have been established. The accuracy to be 
expected is believed to be adequate for most design 
purposes. 

When applied to more complex loading systems (ri) in 
three dimensions, the theory leads to linear partial dif-
ferential equations which are readily solved in a non-
iterative fashion, and well adapted to automatic computa-
tion. 
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APPENDIX 1 
If elastic deformation is neglected, and the creep rates assumed to 
be constant, an analytical relation between bending moment and 
curvature rate can be derived. This is shown below for the simple 
case of a rectangular cross-section, and comparison is made with 
the results of using the approximate equation (3). 

The stress-strain rate relation under these conditions is 
= C20'2 

   (17) 
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From the requirement that plane sections remain plane 
= io -Fkx 

and substituting from equation (17)* 
Kx 

042 = 0042+— 
G, 2  

= ( aon2+1.1\ii42 
a

C21 
The bending moment M 

	

= 5 ax dA 	  (19) 
A 

For the case of a rectangular section, 2a x b, and n, = 2 for magnox, 
integration of equation (19) gives 
jw. = h

k
c

22 

 r2 ita 
° 
2 +k

c2
a1512  +t  

002-    
k
c2

a
/\ 

5,2
f 

(aP

1  

)312 ( -311°°2{°+— °M  
From equation (16) G = 1.66 x 10-1°, and assuming a = b = 

1 in, k = 10-2  and cro  = 102  lb/in2, we find 
M = 20.62 lb in 

Considering now the approximation 
strains reduces equation (10) to 

M =
EI 

from which 

	

= kkr 	 (20) 
From equation (13), substituting for G and n2 , we find 

= 3-32 x10-120.0 
E 

Substituting this in equation (20) we find under the above condi-
tions 

M = 20.08 lb in 
Thus the approximate theory is in very close agreement with 

the analytical solution. It should be remarked, however, that the 
omission of elastic strains is not in general justified for column 
buckling calculations. 

APPENDIX 2 
EFFECT OF ECCENTRICITY ON CREEP BUCKLING (Fig. 6) 

Assuming L 8, small deflections and neglecting the weight of 
the column, we have 

From equation (10) 
+ 

Ey El ax2  at 
P 	, Xx 13.• 

El' 
Substituting from equation (21) and rearranging 

E/  82z. 	 8x 

	

P axe Otmz'
_L 

 E =1: 	' • 
Defining the dimensionless variable s = x/L, and dividing by 8 

E/ 83z _L a 
8PL2  as2  at -r-P62 = s  

* In the derivation it is assumed that the axis of zero strain rate 
remains outside the crass-section. 
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(3), neglect of elastic 

X=
LS 	 (21)  
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1'  

Fig. 6. Eccentrically loaded column 

With a new dependent variable u = z/8 we have 
E/ a3u 

PL2  aS2  at U  E s  " . (23) 

We now define a new 'solution time' variable v such that 
av 	PLZ  
8t 	(In 2)17.2E/(1 —PIPE ) 

and note that 

at — at av 
av a 	 (25) 

Substituting equations (25) and (24) in equation (23) 

772(ln 2)(1—PIPE) as2  ay u  ay (1 —PIPE )(In 2) — s  (26)  

	

1 	82u 	 au 	PIPE  

The reason for the substitution of equation (24) is that it is now 
possible to obtain a general solution (as shown by equation (26)) 
valid for any column geometry and creep properties for a particular 
Euler loading ratio. In certain circumstances (II) it is possible to 
define the 'solution time' in such a way that it is valid for all Euler 
loading ratios, making the solution completely general. 

1 	 P/PE  
,77:2(ln 2)(1 —P/PE) and B = (in 2)(1 —PIPE) and Putting D — 

substituting in equation (26) 
83u 	au D w•Tv i B = s—u 

Writing the above equation in terms of finite differences, putting 
s = m8s, Is = 1IN, where m = 0, 1, N, and replacing the 
derivative by its finite difference equivalent 

au 	au 	au N2D 	2 .-z7,  + 	±B 677.  = m Ss —u au 	0  

	

au 	au 	B 	au 	in 
0Vm + 1+  OVIn - 1+  D1\12—  2  Ov„, = DN3—DN 2  

and the boundary conditions (-a-14,)0  = (a-E,)N  = 0. vv  
A solution by matrix inversion and matrix-vector multiplication, 

-transforms the equations into a set of initial value problems for 
which the Runge-Kutta technique is well suited. Using N = 10 
and Iv = 0.125 a solution was obtained on the London University 
ATLAS computer. Mesh size investigations showed that more sub-
divisions were not necessary in this case, as high accuracy was not 
'required. 

The solution obtained it in terms of the variable v, and to relate 
'this to real time we substitute equation (13) in equation (24) and 
integrate, obtaining • 

AL2  
V — (In 2)Ir2/(1 —PIPE) 

(niCiOonit113  +n2C2o0n2t) (27)  

The constants have been chosen so that v corresponds directly 
to doubling times* for a column deforming by secondary creep 
only. The similarity between equation (15) and (27) enables the 
v-t curve to be constructed as follows: the values of t1,3  and t1  
corresponding to the chosen stress level are read off from the 
buckling cross plots Figs 2 and 3. 

Writing equation (27) as Cv = niCi ao"it13-Fn2C2oon2t and 
noting that Figs 2 and 3 are constructed for the standard value of 
10-3, it follows that the v-t relationship can be readily con-
structed using a Graham-Walles standard curve drawn for the 
values of t,,, and t, noted and ti'" = 10 -2/C. 

The values of real time corresponding to that for which the 
solution is tabulated are now available, and the resulting deflection 
time curves were analysed like the experimental data. 

In analysing the experimental data the quantity log (z2 Izi ) was 
calculated from 

log —z2 = log [Z1(nominal)+S1  
Zi 	ZI(nalnal) 

The same procedure was used in analysing the eccentricity data, 
to ensure that the errors due to eccentricity were weighted in the 
same way as when they appeared in the experimental data. This 
showed that the errors were minimized in this method of presenta-
tion, and also that an eccentricity opposite in sign to that shown in 
Fig. 6 would give a result identical to that in Figs 2 and 3. This 
implied that eccentricity had no discernible effect on the rate of 
bowing, and it was also evident that no assymmetry was present 
in the bowing rates. This is to be expected for small eccentricities. 
The deviations shown in Figs 2 and 3 are therefore largely due to 
errors in curve-fitting. 

* The doubling time is the time for the current central deflection to 
double. It is independent of the current deflection if the creep rates 
are constant. 
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