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Abstract — MEMS structures involving the damped
oscillation of a proof mass on a spring suspension are widely
used for inertial sensing and are under development for
vibration scavenging power generators. In this paper we
propose and analyse resonant structures with more than one
proof mass, showing that much more flexibility is possible in
designing the frequency response, for example to obtain flat
response over a significant operating range.
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I INTRODUCTION

Although resonant MEMS structures in general are
distributed mechanical systems, with many degrees
of freedom and complex mechanical responses,
many examples can be reasonably approximated as
simple damped oscillators. This is particularly true
of devices having a proof mass attached to a
suspension; if the mass of the suspension and the
flexibility of the proof mass can be neglected, then
the behavior will approximate that of an ideal
mass-spring system. Important examples include
inertial (acceleration) sensors, microphones, and
power generators which extract energy from
ambient vibration. For the latter application, the
aim is to use an electrical damping mechanism to
extract as much power as possible [1,2]. This will
also involve maximizing the proof mass, within the
dimensional constraints.

A serious restriction of the simple damped
oscillator 1is that there 1s little possibility of
tailoring the frequency response to suit the
application. The system will only have a single
resonant frequency, and this is unlikely to be
dynamically variable. If the input signal varies over
a significant range, broadening the frequency
response can only be achieved by increasing the
damping factor, at the expense of response
magnitude. A more flexible design can be realized
if the proof mass is divided into two or more units,
each with separate suspension and damping.

IT STRUCTURE AND ANALYSIS

Even for two masses, a number of possibilities
exist regarding number and connection of springs

and dampers. Our analysis is for the structure of
Fig. 1, where the second mass is sprung only to the
first mass, but each mass has a damper to the
frame. This suits what we believe to be the most
practical construction of a MEMS implementation.
While electrostatic damping is possible, we have
chosen electromagnetic dampers for their linearity,
thus making the system analysis and design more
tractable; such dampers produce a force
proportional to the relative velocity of their end-
points.

k, %

" AA

k= zft)
""""""" N I N R ()

o, IR A
s 4 B i

(1) x,(1)

Figure 1. Schematic model of a damped two-degree-of-
freedom resonant generator.

Electromagnetic damping has been employed in
a number of single-mass resonant sensors and
power extractors [3,4]. Typically the damping is
achieved by relative motion between a permanent
magnet and a coil; controlling the load impedance
can in principle allow the damping magnitude to be
varied dynamically. Our proposed structure is
based on our demonstrated single-mass
electrostatically damped generator [5], with the
proof mass mounted on a diaphragm suspension
and moving in the direction normal to the plane of
the substrate. As shown in Fig. 2, the
electromagnetic design uses fixed magnet masses,
moving in relation to coils fabricated on upper and
lower substrates. The divergence of the magnet and
coil fields provides the flux variation leading to the
damping force, with the signal or power extracted
by a load circuit in series with the coils.
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Figure 2. Possible structure for two-mass
electromagnetically damped oscillator: plan view (top)
and cross-section (bottom).

As illustrated in Fig. 1, y(t) and x(t) give the
absolute motion of the device frame and i" mass
respectively, while zj(t) gives the relative motion of
each mass with respect to the frame. The frame
motion y(t) is effectively the driving function, and
the overall motion of the system can be derived
from the Newtonian coupled equations of motion:

m(y+z2)=—kz —dz —k,(z,—z,)

A : (1
my,(V+2,)=-d,z, +k,(z, - z,)
which in matrix form gives:
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We can label the 2x2 matrices of (2), in order, as
M, D and K. Then, for a harmonic driving function
y = Y,cos(mt), we obtain in the Laplace domain:

(Ms2 + Ds + K)<Zl. (s)> = —<ml. >s2Y(s) 3)

with i =1, 2. An analytical solution is obtained for
the phase and amplitude of the motion of the

masses by finding Zi(s)/Y(s). This requires

computation of the inverse of the system matrix:

ms” +d,s+(k +k,)
_ k2

b

Ms* +Ds+K = ,
m,s” +d,s+k,

from which we obtain the solution:
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This now allows the dependence of the motion on
the physical parameters to be computed.

III PERFORMANCE

The general characteristics of coupled oscillators
are well known in a variety of physical realizations
(circuits, mechanical systems, waveguides). In the
absence of damping there will be a finite number
of natural modes, each having a characteristic
frequency and a fixed pattern of oscillation, this
pattern being the relative amplitude and phase of
the motion of the masses in our case. The two-mass
system has two such modes, and the m and k
values determine the characteristic frequencies. As
damping is added, the response peaks at the modal
frequencies lower, broaden and shift, until for
sufficiently strong damping the modal behaviour is
lost.
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Figure 3. Oscillation amplitudes vs. driving frequency for
weakly damped system.

In Fig. 3 a typical weakly damped response is
shown. The masses m; and m; are 0.6 and 0.675 g,



and the spring constants k; and k; are 500 and 1000
N/m. Here we introduce reference frequencies o;”
= ki/m;, and dimensionless damping coefficients (;
= di/(2mjw;). The modal frequencies can be clearly
seen in the figure at = 0.6 and 1.9w;. Maximum
internal amplitudes are more than 10x the frame
amplitude. These amplitudes are in practice limited
by the device dimensions, so that there will be a
minimum damping required to retain harmonic
behaviour [1]. This is illustrated further in Fig. 4,
where the maximum resonant enhancement z,/Y, is
shown for each mass as a function of the two
damping coefficients.
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Figure 4. Contours of peak relative displacements z,/Y,
for masses 1 (left) and 2 (right) vs. damping coefficients.

Fig. 5 further illustrates the effect of increasing
damping. For weak damping, sharp resonant peaks
are also seen in the displacement ratio on either
side of the higher characteristic frequency, and the
reason can be seen in the phase response, where
reversal of the relative phase is seen.
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Figure 5. Amplitude ratio (top) and relative phase

(bottom) of mass motions, for fixed &; and varying (.

The undamped normal modes have the masses
moving exactly in phase or in anti-phase, but
damping shifts these relationships.

A likely aim of a coupled oscillator design is to
obtain a flat frequency response over a certain
range. For micro-generators, the output of interest
is not the displacement but the power extracted in
the electromagnetic dampers. This power,
neglecting the damper electrical efficiency, is
given by the product of the damper force and the
velocity of its compression or expansion, summed
over the two masses. Since the former factor (the
force) is proportional to the latter, the power for
each damper is given by di(dz;/dt)’.
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Figure 6. Frequency dependence of total extracted power,
for damping coefficients as shown.

In Fig. 6 this power is shown for an example with
masses of 0.844 and 0.469 g, k values as in Fig. 3,
€1 = 0.01, and varying C,. The response ceases to
show two distinct peaks as C, increases, instead
developing a single broad peak reaching nearly
across the spectral range between the modal
frequencies. The possibility of flattening the power
spectrum is indicated, but to do this more
effectively requires variation of multiple
parameters.

Such an optimization was carried out for
masses and spring constants compatible with the
dimensions and structure of Fig. 2. Damping
coefficients were chosen so as to limit the
maximum displacement enhancements (as shown
in Fig. 4) to 2x, the total mass was fixed, and the
spring stiffnesses were also varied. The result is
shown in Fig. 7, with examples of non-ideal values



of k, for comparison. For this optimization the
masses were 0.677 and 0.609 g, and the spring
stiffnesses 500 and 1500 N/m respectively. As can
be seen, the power output is flat (better than 0.2
dB) over a frequency range from ®; to 2.
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Figure 7. Power spectrum of two-mass system, for
optimised parameters and additional k, as shown.

To show the benefits of the two oscillator
approach, the response of Fig. 7 is compared in
Fig. 8 to the best achievable with a single mass
system, having the same total mass and
displacement limits.
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Figure 8. Power spectrum for optimized two-mass system,
and for equivalent one-mass system with various  values.

While a broad response can be achieved with one
mass, flatness cannot be obtained. Note that the
asymmetry in the resonance arises from the
characteristic of the power generation application
that power increases as ®".

IV CONCLUSIONS

The use of coupled oscillators, consisting of
multiple masses and springs, in resonant MEMS
devices has been investigated. An analytic solution
is presented, and it is shown that a wide variety of
spectral behaviour can be achieved with only two
masses. An example is shown giving a flat
response for power generation over a frequency
ratio of 2x. The general problem for larger number
of masses has also been solved, and examples will
be presented.
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