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Abstract 

The design, control, and setup of the two-dimensional (2D) Lissajous fibre scanners 

were investigated, with focus on real-time control and multi-wavelength operation. The 

first contribution is a dynamically programmable real-time controller for 2D Lissajous 

scanning. A dual-core cantilever is fabricated by dip-coating two cylindrical single-

mode fibres to obtain two orthogonal bending modes with a frequency ratio close to 2. 

The cantilever is driven by a single piezoelectric actuator at 45°, and backscattered light 

is captured through cladding mode detection in a dual numerical aperture confocal 

scheme. Optical feedback is provided by an amplitude-coded reflecting aperture, 

allowing low- and high-mode timing pulses to be separated using window detectors. 

The low-frequency mode is locked to resonance using a phase-locked loop (PLL), while 

the high mode is driven off-resonance using a voltage-controlled oscillator. Additional 

PLLs, voltage-controlled phase shifters, and divide-by-N circuits correct amplitude 

imbalance and synchronise the phases, enabling programmable generation of Lissajous 

figures with variable scan density. This represents the first demonstration of real-time, 

dynamically reconfigurable Lissajous scan using intermittent feedback alone. Based on 

this platform, the second contribution introduces a broadband Lissajous scanner based 

on photonic crystal fibres (PCFs) and multi-wavelength mode-stripping detection. 

PCFs are dip-coated in polymer using an additional sealed-tip process to maintain the 

air holes. Mode-stripping detection is characterised using a monochromator and RGB 

photodiodes, enabling efficient multi-wavelength operation. A PCF-based scanner is 

constructed using RGB laser sources, with a colour-coded aperture providing 

distinguishable feedback for real-time control under both blue-only and multiplexed 

white-light illumination. The system demonstrates fluorescence imaging of USAF test 

targets and biological samples, as well as calibrated full-colour imaging. Together, these 

results establish a compact, programmable, and broadband 2D fibre-scanning 

microscope capable of real-time operation. The combination of a real-time controller 

and multi-wavelength detection provides a pathway towards future miniature scanners 

with multispectral functionality.  
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Chapter 1: Introduction 

This thesis is concerned with developments in fibre-based optical scanning. This 

chapter introduces the dynamics of vibrating fibres for optical scanning, the theoretical 

principles underlying general and fibre-based imaging, and the challenges associated 

with tracking the fibre during operation. It also outlines the control theories relevant to 

real-time control for the fibre scanners and highlights the difficulties in achieving multi-

wavelength detection in fibre-scanning systems.  

1.1 Fibre Dynamics  

This section introduces the main types of optical scanners and outlines the advantages 

of fibre-based designs. We then present the mechanical theory underlying Lissajous 

fibre scanners and highlight the benefits of Lissajous scanning patterns.  

Optical Scanner Overview 

Optical scanners are widely employed in microscopy [1-4], endoscopy [5-7], optical 

coherence tomography (OCT) [8-11], optical sensing [12-14], and display technologies 

[15-19], owing to their compact structure and versatile functionality. In these systems, 

an illumination beam is directed towards the target, and the backscattered or reflected 

light is collected and processed to extract imaging information. Scanning is achieved 

by introducing controlled motion into one or more optical components. Figure 1.1 

shows typical optical scanners based on moving lenses [20-22], diffraction gratings [23], 

micro-fabricated scanning mirrors [24-26] or moving waveguides [27-31].  

Optical scanners exploit a range of beam-steering mechanisms, each relying on a 

distinct physical principle. In Figure 1.1(a), a moving-lens scanner translates a lens 

relative to the light source, altering the alignment of the collimated beam and thereby 

changing its output direction. In Figure 1.1(b), a grating-based scanner uses the 

principle of diffraction: a microfabricated grating is oscillated or rotated to deflect the 

incident beam through different angles, producing a sweep across the field of view 

(FOV). In Figure 1.1(c), a scanning-mirror system uses a micro-electromechanical-
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systems (MEMS) mirror that tilts on a micro-hinge, reflecting the beam in two 

dimensions as the mirror oscillates. Finally, in Figure 1.1(d), a moving waveguide 

(either in integrated optic or fibre optic form) uses the waveguide itself as the moving 

element. Here a flexible fibre cantilever is excited into vibration, causing its distal tip 

to swing and steer the emitted beam. In practice, the scanner types shown in Figure 

1.1(a-c) typically require complex fabrication processes, precise assembly, and 

specialised actuation mechanisms, making them more costly and difficult to integrate. 

Fibre-based scanners, by contrast, are compact, lightweight, and inexpensive, as they 

use simple transducers to excite the fibres. These advantages have made fibre scanners 

the most widely adopted configurations for miniaturised imaging systems. 

 

Fig. 1.1 Optical scanners based on (a) moving lens [22], (b) diffraction grating [23], (c) scanning mirror 

[24] and (d) moving waveguide [28]. 

General Mechanical Theory 

We therefore start by reviewing the theory underlying the displacement of a vibrating 

beam. The Euler-Bernoulli equation describes the relationship between the beam's 

deflection and the applied load [32-33]. For a homogeneous beam, the governing 

equation can be derived from the Euler-Lagrange equation and written as: 
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𝐸𝐼
𝜕4𝑊

𝜕𝑥4
= −𝜌𝐴

𝜕2𝑊

𝜕𝑥2
+ 𝑞(𝑥) (1.1) 

where 𝐸, 𝐼, 𝜌 and 𝐴 denote the Young’s modulus, second moment of area, density, 

and cross-sectional area of the beam, respectively. 𝑊(𝑥, 𝑡) is the transverse deflection 

of the beam in the z-direction at axial coordinate 𝑥 and 𝑞(𝑥) is the external load. In 

the absence of external loading, Eqn. (1.1) reduces to the free-vibration equation. Its 

solution can be expressed using a Fourier decomposition of the form: 

𝑊(𝑥, 𝑡) = 𝑅𝑒[𝑊̂(𝑥)𝑒−𝑖𝜔𝑛𝑡] (1.2) 

where 𝜔𝑛 are the natural frequencies of vibration. The general solution is: 

𝑊̂ = 𝐴1 cosh(𝛽𝑛𝑥) + 𝐴2 sinh(𝛽𝑛𝑥) + 𝐴3 cos(𝛽𝑛𝑥) + 𝐴4 sin(𝛽𝑛𝑥) (1.3) 

where 𝐴1,2,3,4 are constants and  

𝛽𝑛 = (
𝜌𝐴𝜔𝑛

2

𝐸𝐼
)

1
4

(1.4) 

Each solution corresponds to a vibration mode, and the associated displacement 

function is referred to as the mode shape. When one end of the beam (𝑥 = 0) is fixed, 

the beam of length 𝐿 forms as a cantilever. Applying the boundary conditions, non-

trivial solutions exist only when the following characteristic equation is satisfied: 

cosh(𝛽𝑛𝐿) cos(𝛽𝑛𝐿) + 1 = 0 (1.5) 

Solving Eqn. (1.5) numerically gives the natural frequencies: 

𝜔𝑛 =
𝑎𝑛
𝐿2
√
𝐸𝐼

𝜌𝐴
(1.6) 

where 𝑎1 = 3.516 is the constant corresponding to the first mode. Solutions to the 

undamped forced-vibration problem show unbounded displacement when the driving 

frequency matches a natural frequency; the beam therefore resonates. Figure 1.2 shows 

the mode shapes of vibrating beams under different boundary conditions. Figure 1.2(a) 

shows the first four mode shapes for a vibrating cantilever beam. If both ends are free, 

a free-free beam is formed. In this case, the boundary conditions yield: 
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cosh(𝛽𝑛𝐿) cos(𝛽𝑛𝐿) − 1 = 0 (1.7) 

and the natural frequencies are given by the same expression as Eqn. (1.6), but with 

different values of 𝑎𝑛. Figure 1.2(b) illustrates the first four free-free mode shapes. 

 

Fig. 1.2 Shapes of the first four modes for (a) cantilever and (b) free-free beams. 

In Eqn. (1.6), the second moment of area of a beam about the x- and y-axes depends on 

the shape of its cross-section and is defined as: 

𝐼𝑥𝑥 =∬𝑦2𝑑𝑥𝑑𝑦
 

𝐴

              𝐼𝑦𝑦 =∬𝑥2𝑑𝑥𝑑𝑦
 

𝐴

(1.8) 

For a circular cross-section of radius 𝑟 centred at the origin (0,0), as shown in Figure 

1.3(a), the second moment of area is: 

𝐼𝑥𝑥 = 𝐼𝑦𝑦 =
𝜋𝑟4

4
(1.9) 

If the circle is shifted upward by a distance 𝑑, as shown in Figure 1.3(b), 𝐼𝑦𝑦 remains 

the same and 𝐼𝑥𝑥 can be calculated using the parallel axis theorem: 

𝐼𝑥𝑥
′ = 𝐼𝑥𝑥 + A𝑑

2 = A(
𝑟2

4
+ 𝑑2) (1.10) 

 

Fig. 1.3 Second moment of area of a circle of radius 𝑟 with centre at (a) (0,0) and (b) (0, 𝑑). 
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Vibrating Fibre Cantilever 

A vibrating fibre with one end fixed is a cantilever beam. Although accurate, Euler 

beam-bending theory can be computationally complicated. Fortunately, simpler models 

exist and are sufficiently accurate. For example, under a time-varying drive 𝐹(𝑡), the 

fibre tip motion can be described by a classical mass-spring-damper model, and 

governed by the second-order differential equation (SDE): 

𝑚
𝑑2𝑦(𝑡)

𝑑𝑡2
+ 𝑟

𝑑𝑦(𝑡)

𝑑𝑡
+ 𝑘𝑦(𝑡) = 𝐹(𝑡) (1.11) 

where 𝑦(𝑡)  denotes the displacement of the fibre tip, and 𝑚 , 𝑟 , and 𝑘  are the 

equivalent mass, damping, and spring constant, respectively. Rearranging and defining 

the angular resonant frequency 𝜔0 = √𝑘 𝑚⁄  and the damping ratio 𝜁 = 𝑟 (2𝑚𝜔0)⁄  

we obtain: 

𝑑2𝑦(𝑡)

𝑑𝑡2
+ 2𝜁𝜔0

𝑑𝑦(𝑡)

𝑑𝑡
+ 𝜔0

2𝑦(𝑡) =
𝐹(𝑡)

𝑚
(1.12) 

When excited by a piezoelectric transducer (PT), the drive becomes 𝐴 sin(𝜔𝑡), where 

𝐴 and 𝜔 denote the amplitude and angular frequency, respectively. Equation 1.12 can 

often be a sufficient model for a particular mode, provided the resonant frequency and 

damping coefficient are matched to those estimated from Euler theory or experiment. 

 

For example, to simulate fibre tip motion under a harmonic drive, we may assume the 

governing equation: 

𝑑2𝑦(𝑡)

𝑑𝑡2
+ 2𝜁𝜔0

𝑑𝑦(𝑡)

𝑑𝑡
+ 𝜔0

2𝑦(𝑡) = 𝐴 sin(𝜔𝑡) (1.13) 

To demonstrate its use, Eqn. (1.13) was implemented in a SIMULINK (MathWorks) 

model as shown in Figure 1.4. Figure 1.4 shows the SIMULINK block diagram used to 

numerically solve the SDE. Here, the driving signal is provided by a sinusoidal function 

generator block with variable amplitude, frequency and phase, and integrator blocks are 

used instead of derivative blocks to avoid abrupt changes that may cause numerical 

instability. The displacement is measured and processed in MATLAB (MathWorks). 



6 
 

 

Fig. 1.4 Block diagram of the SIMULINK model used for the numerical solution of the lumped-

element model of fibre tip motion. 

Figure 1.5 shows simulated steady-state responses of the fibre displacement under 

sinusoidal excitation at different driving frequencies. These clearly result in different 

displacement amplitudes, while the vibration frequency of the fibre tip remains 

identical to the driving frequency. A phase variation is also evident: Figure 1.5(a) shows 

a −90° phase shift at resonance, whereas Figures 1.5(b) and 1.5(c) correspond to larger 

and smaller phase differences relative to the resonant condition. 

 

Fig. 1.5 Simulated steady-state responses of the driving signal (blue line) and fibre displacement (red 

line) for (a) 𝜔 = 𝜔0, (b) 𝜔 < 𝜔0 and (c) 𝜔 > 𝜔0. 

These results may be verified analytically as follows. The frequency response can be 

derived by assuming a harmonic drive 𝑣(𝑡) as 

𝑣(𝑡) = A𝑒𝑗2𝜋𝑓𝑡 (1.14) 

where 𝑓 = 𝜔 (2𝜋)⁄  is the driving frequency. The displacement response is 

𝑦(𝑡) = B(𝑓)𝑒𝑗2𝜋𝑓𝑡 (1.15) 
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where 𝐵(𝑓) denotes the frequency-dependent amplitude of the displacement response. 

Substituting Eqns. (1.14-1.15), along with the first and second derivatives of 𝑦(𝑡), into 

Eqn. (1.13), and using 𝜔0 = 2𝜋𝑓0, the complex frequency response is obtained: 

𝐵(𝑓) =
𝐴

𝑓0
2 − 𝑓2 + 2𝑗𝜁𝑓𝑓0

(1.16) 

from which the amplitude and phase responses follow: 

|𝐵(𝑓)| =
𝐴

√(𝑓0
2 − 𝑓2)2 + 4𝜁2𝑓2𝑓0

2
(1.17) 

𝑎𝑟𝑔[𝐵(𝑓)] = 𝜙(𝑓) = − tan−1 (
2𝜁𝑓𝑓0

𝑓0
2 − 𝑓2

) (1.18) 

Thus, the amplitude and phase variations observed in Figure 1.5 are described by Eqns. 

(1.17-1.18). At resonance (𝑓 = 𝑓0), the steady-state amplitude and phase are: 

|𝐵(𝑓0)| =
𝐴

2𝜁𝑓0
2

(1.19) 

𝜙(𝑓0) = −
𝜋

2
(1.20) 

Hence, the amplitude response reaches its maximum at resonance, where the phase shift 

is −𝜋 2⁄ , independent of the damping ratio. 

Figure 1.6 shows the theoretical and simulated frequency responses of a 

harmonically driven fibre cantilever, including amplitude and phase behaviour. A 

frequency of 100 Hz is selected for simulation because typical fibre cantilevers from 

previous works have a length of 3-5 cm, generating a resonant frequency of 

approximately 60-140 Hz. In Figure 1.6(a), the amplitude response reaches its 

maximum at the resonant frequency, indicated by the black dashed line, and decreases 

rapidly away from resonance. To achieve a large FOV in a fibre scanner, the system 

should therefore be driven near resonance. In Figure 1.6(b), the phase response 

decreases sharply and approximately linearly around resonance, approaching 0 and −𝜋 

at frequencies far below and far above resonance, respectively. Figure 1.6(c) shows that 

the phase remains constant at the resonant frequency regardless of the damping ratio. 
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Fig. 1.6 Theoretical and simulated (a) amplitude response and (b) phase response of a harmonically 

driven fibre cantilever (𝑓0 = 100𝐻𝑧, 𝜁 = 0.01); (c) phase responses for different damping ratios 

ranging from 0.005 to 0.035. 

The transient response is generally more complicated. Figure 1.7 shows simulated 

switch-on transient responses of the fibre displacement for different driving frequencies. 

In Figure 1.7(a), the driving frequency matches the resonant frequency. The fibre 

displacement exhibits sinusoidal vibration following the driving signal, with an 

exponentially increasing amplitude during the switch-on transient. The envelope of the 

displacement can be approximated, by inspection, as 

𝑦𝑒𝑛𝑣(𝑡) = ±(1 − 𝑒
−𝜔0𝜁𝑡) (1.21) 

In Figures 1.7(b-c), the system operates off resonance, resulting in a reduced steady-

state amplitude and an underdamped transient response. Eqn. (1.21) shows that the 

transient duration is governed by the resonant frequency and the damping ratio, 

representing the time required for the fibre to reach steady-state motion. These results 

confirm that the fibre response, although predictable, depends strongly on the drive.  

 

Fig. 1.7 Simulated switch-on transients of the driving signal (blue line) and fibre displacement (red 

line) for (a) 𝜔 = 𝜔0, (b) 𝜔 < 𝜔0, and (c) 𝜔 > 𝜔0. The displacement envelope (black line) is shown 

in (a).  
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Scanning Patterns 

When the tip of a fibre cantilever follows a prescribed trajectory, specific scanning 

patterns can be generated. A one-dimensional (1D) scanning pattern is ideally produced 

by driving the fibre along a single axis, ideally forming a straight line. Owing to its 

simplicity and limited practical applications, the 1D scanning pattern is not 

demonstrated here. However, it is important to note that coupling between orthogonal 

bending mode resonances makes it difficult to achieve straight-line motion in practice. 

Figure 1.8 shows the three common two-dimensional (2D) scanning patterns that are 

widely used in optical imaging systems: raster scanning [34-38], spiral scanning [39-

41], and Lissajous scanning [42-43].  

 

Fig. 1.8 Fibre scanners with (a) raster [34], (b) spiral [39] and (c) Lissajous [42] scanning patterns. 

Figure 1.8(a) shows a raster scanner, in which a fast axis and a slow axis are driven 

by triangular waveforms at different frequencies, as depicted in Figure 1.9(a). Figure 

1.9 shows the displacement waveforms, scanning trajectory with sampling points, and 

corresponding sampling-point distribution for raster scanning. The amplitude of the fast 

axis is typically modulated by the slow axis, producing the characteristic line-by-line 

coverage. Because this motion is non-harmonic, its off-resonance amplitude response 

is negligibly small, as described by Eqn. (1.17). In addition, a triangular waveform 

contains an infinite number of harmonic components in its Fourier decomposition, 

which cannot be reproduced by a resonant beam system. As a result, raster scanning is 

unsuitable for resonant fibre cantilevers and is instead implemented using mechanical 

systems such as MEMS scanning mirrors. The resulting trajectory with sampled points, 

shown in Figure 1.9(b), exhibits a distinct zigzag pattern that is effective for capturing 
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horizontal features but less suited to representing vertical structures. The point 

distribution of a raster scan, illustrated in Figure 1.9(c), is broadly uniform across the 

field, with reduced sampling density near the edges because the spacing between 

successive horizontal extrema increases toward the outer region. 

 

Fig. 1.9 (a) x- and y- displacement, (b) trajectory and sampling points, and (c) distribution of sampling 

points for raster scan. 

To exploit the resonant behaviour of the fibre and achieve a maximal FOV, two 

additional scanning patterns are more commonly used. Figure 1.8(b) shows a spiral 

scanner. Figure 1.10 shows the displacement waveforms, scanning trajectory with 

sampling points, and corresponding sampling-point distribution for spiral scanning. 

The scanning trajectory of the x- and y-displacements of the fibre satisfy: 

[
𝑥
𝑦] = A(𝑡) [

sin(2𝜋𝑓𝑡)

cos(2𝜋𝑓𝑡)
] , (1.22) 

Here the two orthogonal motions have identical frequencies and a 90° phase difference. 

The amplitude is modulated by another sinusoidal function 𝐴(𝑡) = sin(2𝜋𝑓𝑙𝑡) with a 

lower frequency 𝑓𝑙 = 0.5, as shown in Figure 1.10(a), and the resulting trajectory with 

sampling points, presented in Figure 1.10(b), forms a spiral pattern with decreasing 

separation between consecutive lines as the trajectory progresses from the central 

region toward the outer region. One approach to correcting the uneven spacing is to use 

a triangular function for amplitude modulation. However, as mentioned above, a 

triangular waveform cannot easily be reproduced by a resonant beam system. In 

addition, the triangular amplitude modulation contains non-differentiable corners that 

cannot be physically realised in a practical driving signal, necessitating smoothing of 

these transitions. 



11 
 

The spiral pattern is naturally compatible with resonant fibres and is one of the 

simplest 2D scanning schemes. However, because it relies on a single drive frequency, 

the two orthogonal axes are susceptible to mechanical coupling, leading to scan-line 

distortion and increased sensitivity to environmental disturbances and mechanical 

imperfections. In addition, the distribution of sampling points, shown in Figure 1.10(c), 

exhibits significantly higher density near the centre, decreasing with radial distance. 

This non-uniform distribution results in spatial variations in both resolution and 

illumination intensity across the FOV. 

 

Fig. 1.10 (a) x- and y- displacement, (b) trajectory and sampling points, and (c) distribution of 

sampling points for spiral scan. 

Figure 1.8(c) shows a Lissajous scanner. The curves were first recognised in the 

19th century through observations of the motion of the Earth as viewed from the Moon 

[44], and similar trajectories were described mathematically by analysing the motion of 

a pendulum suspended from two orthogonal pivot points [45]. The concept later gained 

prominence through optical displays by Lissajous in which light was reflected from 

mirrors attached to two tuning forks vibrating at different frequencies, producing 

figures that are now known as Lissajous patterns [44]. These curves are determined by 

the frequency ratio and relative phase of the two orthogonal harmonic motions, and 

numerous apparatuses have since been developed to illustrate their properties [47]. 

Currently, the Lissajous curve has been used in atomic force microscopy (AFM) [48-

49] and magnetic particle imaging (MPI) [50-51], where dual-frequency excitation 

enables dense spatial coverage and high scanning speeds. Its ability to generate quasi-

uniform sampling using two harmonics makes it suitable for fibre scanners. 
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Figure 1.11 shows the displacement waveforms, scanning trajectory with sampling 

points, and corresponding sampling-point distribution for Lissajous scanning. 

Compared with spiral and raster scans, the Lissajous pattern requires no amplitude 

modulation of the driving signals of the PTs and can be achieved using resonant fibres. 

The trajectory is defined by: 

[
𝑥
𝑦] = [

sin(2𝜋𝑓𝑥𝑡)

cos(2𝜋𝑓𝑦𝑡)
] (1.23) 

where 𝑓𝑥 and 𝑓𝑦 are the vibration frequencies along the x- and y-axes, respectively. 

The individual motions are shown in Figure 1.11(a), and the resulting trajectory with 

sampling points, shown in Figure 1.11(b), forms a symmetric Lissajous figure. The 

sampling-point distribution in Figure 1.11(c) exhibits a nearly square and largely 

uniform illumination profile, with slightly higher density near the four corners. 

 

Fig. 1.11 (a) x- and y- displacement, (b) trajectory and sampling points, and (c) distribution of sampling 

points for Lissajous scan. (𝑓𝑥 = 20.67𝐻𝑧, 𝑓𝑦 = 10𝐻𝑧) 

Because the fibre is driven at two distinct resonant frequencies, the Lissajous pattern is 

naturally suited to fibres with asymmetric structures, which inherently support non-

degenerate orthogonal bending modes. The use of two independent resonances reduces 

mechanical coupling, enabling high-speed, high-density scanning with high spatial 

uniformity. Since the vibration frequencies in the two orthogonal directions are distinct, 

and assuming 𝑓𝑥 > 𝑓𝑦, their rational ratio 𝑟 can be expressed as: 

𝑟 =
𝑓𝑥
𝑓𝑦
= 𝑚 +

1

𝑛
(1.24) 
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where 𝑚  and 𝑛  are positive integers. When 𝑚 = 1 , the two orthogonal vibration 

modes may become cross-coupled, causing the Lissajous trajectory (red line) to deviate 

from the ideal trajectory (blue line), as shown in Figure 1.12(a). In Figure 1.12(b), when 

𝑛  is an even integer, the resulting trajectory (red line) exhibits non-symmetric 

behaviour at the left and right edges, as indicated by the black dashed box. Conversely, 

when 𝑛 is odd, a symmetric trajectory (blue line) is obtained. Figure 1.12(c) shows 

that increasing the value of 𝑛 leads to a higher scan density, as illustrated by the blue 

trajectory compared with the black trajectory. Therefore, to achieve a symmetric and 

densely sampled Lissajous scanning pattern, the following conditions should be 

satisfied: 𝑚 ≥ 2, 𝑛 is odd, and 𝑛 is as large as practicable. 

 

Fig. 1.12 Lissajous scanning pattern for (a) ideal and cross-coupled cases, (b) odd and even values of 𝑛 

and (c) large and small values of 𝑛. 

1.2 Imaging Optics 

This section introduces the imaging optics required in a fibre scanner, including lens-

based imaging, confocal detection, dual numerical aperture (NA) operation, and the 

fibre fabrication methods. 

Imaging Principles 

Figure 1.13(a) shows the general arrangement for imaging. The key optical element in 

the system is an imaging lens. Its primary parameters are the focal point 𝐹 and the focal 

length 𝑓. The focal point is defined as the position at which parallel incoming rays 

converge after passing through the lens, while the focal length is the distance between 

this point and the centre of the lens. The fibre motion, indicated by the downward-

pointing arrow on the right, generates a diverging beam that is transformed by the lens. 
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One ray passes through the centre of the lens without deviation, while another enters 

parallel to the optical axis and is refracted to pass through the focal point. These two 

rays intersect at the position indicated by the upward-pointing arrow on the left, forming 

a magnified and inverted version of the scanning pattern by simple geometric optics. 

The relationship between object distance 𝑢, image distance 𝑣, and focal length 𝑓 is 

described by the thin-lens equation: 

1

𝑣
+
1

𝑢
=
1

𝑓
(1.25) 

The magnification 𝑀 of the imaging systems is then given by: 

𝑀 =
𝑣

𝑢
(1.26) 

In a fibre scanning system, the fibre tip motion is therefore projected onto the imaging 

plane as a magnified version of its trajectory. 

 

Fig. 1.13 Schematic diagrams for the principles of (a) imaging and (b) dual NA confocal detection. 

 Figure 1.13(b) shows the principle of fibre-based confocal detection. The 

illumination beam is guided through the fibre core, shown as the red region at the centre 

of the fibre. Because the refractive index of the core is higher than that of the 

surrounding cladding, light is confined by total internal reflection (TIR). The NA 

describes the maximum acceptance angle for light coupling into the core under TIR: 

𝑁𝐴 = √𝑛𝑐𝑜𝑟𝑒2 − 𝑛𝑐𝑙𝑎𝑑
2 (1.27) 

where 𝑛𝑐𝑜𝑟𝑒  and 𝑛𝑐𝑙𝑎𝑑  are the refractive indices of the core and cladding, 

respectively. Light emerging from the core is focused by the lens onto the target, and 

the backscattered light from the sample is refocused by the same lens onto the fibre’s 
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end face. Because the core has much higher numerical aperture, most of the returning 

light is captured as cladding modes. Importantly, the distances from the lens to both the 

core and the cladding are identical at the fibre facet; both lie on the same focal plane. 

As a result, the backscattered light is efficiently coupled into the cladding, enhancing 

detection efficiency and image contrast. This configuration constitutes a dual NA 

confocal detection scheme, which achieves higher efficiency by removing the 

constraints from the core’s NA. The received power in the core and cladding depends 

on the square of their numerical apertures [52], and the maximal signal gain obtained 

by this approach is:  

𝐺 =
𝑁𝐴𝐿

2 − 𝑁𝐴𝐹
2

𝑁𝐴𝐿
2

(1.28) 

where the subscripts 𝐿 and 𝐹 refer to lens and fibre. By utilising the fibre’s cladding 

rather than its narrow core for signal collection, the system accesses a much larger NA 

(increasing from the core’s 𝑁𝐴 ≈ 0.12  to the lens-limited 𝑁𝐴 ≈ 0.37 ), thereby 

improving imaging efficiency.  

Other aspects are also important. For example, the absolute spatial resolution of a 

fibre-based scanning system, whether used for imaging or precise beam delivery, is 

fundamentally limited by the spot size at the sample plane, which is constrained by 

diffraction in accordance with Abbe’s diffraction limit [53]. Specifically, the smallest 

resolvable feature size 𝑑 depends on the wavelength 𝜆 and the NA of the system: 

𝑑 =
𝜆

2𝑁𝐴
(1.29) 

This relationship indicates that shorter wavelengths or higher numerical apertures yield 

finer resolution. Consequently, even an ideal fibre scanner is inherently diffraction-

limited: its maximum resolving power is restricted by the wave nature of light and the 

NA of the fibre-lens system, consistent with the classical Abbe criterion [54]. However, 

the distribution of sampling points along the trajectory normally forms a coarser and 

more important scan-limited resolution limit. 
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Optical Fibre Fabrication 

Optical fibres can be broadly categorised into two types: single-mode fibres (SMFs) 

and multimode fibres (MMFs). Although their cross-sections will be illustrated later, it 

is sufficient here to note that MMFs possess a significantly larger core diameter than 

SMFs. Combined with the refractive-index contrast between the core and cladding, this 

allows MMFs to support multiple modes, whereas SMFs guide only a single 

fundamental mode. MMFs are generally unsuitable for high-resolution fibre scanners 

because interference between the modes produces complex speckle patterns. In practice, 

a well-defined Gaussian beam launched into an MMF emerges with a chaotic intensity 

distribution, leading to a broad, poorly defined focal spot and severely limiting spatial 

resolution. In contrast, an SMF supports only the fundamental mode, whose transverse 

intensity profile is close to Gaussian and can be focused down to the diffraction-limited 

spot size defined by Eqn. (1.29). For this reason, various types of SMFs have been 

widely employed in fibre-scanning systems and are discussed in the following sections, 

while the use of MMFs in specialised applications will be considered later.  

As mentioned earlier, the Lissajous pattern is naturally suited to fibres with 

asymmetric structures. Based on Eqn. (1.6), the natural frequencies depend on the 

second moment of area, which is determined by the cross-sectional shape and the 

position of the bending axes. Therefore, when the cross-section is asymmetric, the 

resonant frequencies in the two orthogonal directions can be different. For Lissajous 

fibre scanners, the scanning pattern is produced by driving the fibre at two distinct 

frequencies corresponding to its orthogonal bending axes. A variety of commercial off-

the-shelf (COTS) fibres have been used, including regular SMFs [55-56] and various 

polarisation-maintaining fibres (PMFs) [57-63], as shown in Figure 1.14. Figure 1.14(a) 

shows the cross-section of a conventional SMF. Light is guided by the small circular 

core at the centre, which is surrounded by a cladding of slightly lower refractive index, 

enabling single mode guidance through total internal reflection. However, the circular 

symmetry of SMFs leads to identical orthogonal bending modes, meaning that the two 

resonant frequencies coincide. This degeneracy makes SMFs unsuitable for Lissajous 
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scanning, which requires two distinct resonant frequencies. Figures 1.14(b-c) show two 

representative PMF designs: elliptical-core fibres and polarisation-maintaining and 

absorption-reducing (PANDA) type fibres. In these fibres, light is guided by an 

asymmetric or stress-induced birefringent core, producing linearly polarised modes that 

are useful for specific applications. Their asymmetry also introduces distinct orthogonal 

bending resonances, which in principle makes them compatible with Lissajous 

scanning. However, in practice, the frequency separation is typically small, so the two 

modes remain strongly mechanically coupled, leading to significant distortion in the 

Lissajous pattern. 

 

Fig. 1.14 Cross-sections of (a) a regular single mode fibre (Thorlabs), (b) an elliptical-core fibre [58] 

and (c) a polarisation-maintaining and absorption-reducing type fibre [62]. 

 As noted earlier, the Lissajous pattern is governed by the ratio of the two resonant 

frequencies. Therefore, in addition to achieving distinct orthogonal resonances, it is 

essential that this ratio can be precisely controlled. To further increase the frequency 

separation and enable accurate tuning of the ratio, two approaches have been proposed 

in the literature. The first involves polishing a standard SMF to form a D-shaped cross-

section, producing what is known as a D-type fibre [64-65]. As shown in Figure 1.15(a), 

removing material from one side of the cladding introduces strong geometric 

asymmetry, and the resulting frequency ratio can be adjusted by controlling the polish. 

However, the achievable frequency separation remains modest, and the polishing 

process is labour-intensive, making it inefficient and difficult to reproduce. A second 

method, shown in Figure 1.15(b), involves attaching additional components to the fibre 

to create an uneven stiffness distribution along the two orthogonal axes [66-68]. This 



18 
 

approach can yield resonant frequency ratios approaching 1.5, significantly reducing 

mechanical coupling and enabling more robust control of the Lissajous trajectory. 

However, these composite structures require manual assembly and are difficult to scale 

for mass production. Moreover, the tailored stiffness distribution is typically optimised 

only for a specific cantilever length, limiting the ability to vary the absolute resonant 

frequencies without simultaneously altering the frequency ratio.  

 

Fig. 1.15 (a) Cross-section of a D-type fibre [65] and (b) schematic of a single-mode fibre under 

asymmetric stiffness modulation [68].  

To the best of our knowledge, the most effective approach to date is the dip-coating 

method [69]. In this technique, two SMFs are bonded together using a polymer fillet 

formed during the dip-coating process, creating a dual-core composite structure. Figure 

1.16(a) shows the resulting cross-section. The resonant-frequency ratio is governed by 

the geometry of the bonded region and the amount of polymer deposited between the 

fibres, and is typically close to 2, effectively eliminating mechanical coupling between 

the orthogonal bending modes. Because dip-coating is a mature and controllable 

fabrication technique, the process parameters, and hence the frequency ratio, can be 

tuned precisely. In addition, the method is efficient, reproducible, and well suited to 

mass production. Furthermore, unlike stiffness-modulated fibre designs, the dip-coated 

structure maintains a nearly constant frequency ratio regardless of the cantilever length. 

We also investigated the possible dip-coating of more than two fibres; however, we 

found that using more fibres distorts the Lissajous curve, which cannot be fixed in 
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further processing. In addition, the decoupling effect became marginal. Therefore, two 

fibres were chosen for optimal scan line generation. 

As demonstrated to date, the method has some limitations. In particular, it deposits 

the polymer fillet layer by layer. This results in discrete resonant frequency ratios, 

which limits the tuning range. Furthermore, this process involves immersing the fibre 

in liquid polymer, making it unsuitable for photonic crystal fibres (PCFs) and photonic 

bandgap (PBG) fibres and thereby limiting its compatibility with future fibre design. 

 

Fig. 1.16 (a) Cross-section of a dip-coated fibre [69] and (b) the difference of Lissajous trajectories 

with frequency and phase errors and the resulting reconstructed images [70]. 

1.3 Tracking of Fibre Motion 

During image reconstruction, the backscattered light collected in the cladding, together 

with the estimated position of the fibre tip, forms a 2D map of the intensity distribution. 

The sampling strategy for reconstructing this distribution will be discussed in detail 

later; here, we focus on how the fibre tip position is tracked and why this information 

is essential for 2D Lissajous scanning. Accurate knowledge of the tip position is crucial 

for image reconstruction: without it, the positional data may deviate from the ideal 

trajectory, and the scan pattern may drift due to external disturbances. Figure 1.16(b) 

shows how the Lissajous trajectory changes when the frequency in the x-direction is 

altered by only 0.1 Hz [70]. The enlarged region inside the black dashed box highlights 

a clear deviation from the ideal trajectory. The resulting distortions in the reconstructed 

image are marked by the yellow dashed box. This example shows that even small errors 
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in frequency or phase can significantly affect the scanning pattern. Therefore, 

continuous monitoring of the fibre tip position and real-time control of frequency and 

phase are essential for stable and accurate Lissajous scanning. In fact, errors may be 

clearly seen in the Lissajous pattern shown earlier in Figure 1.8(c). 

A range of fibre-control and trajectory-tracking algorithms have been proposed to 

stabilise or correct the scanning pattern [71-74]. One approach is to use feedback 

control with a position-sensitive detector (PSD) placed at the fibre tip. In such schemes, 

a state-space controller typically combines a feedforward element, which generates the 

nominal dual-frequency drive signals, with a feedback loop that compensates for 

deviations from the intended motion in real time. However, the function of the PSD is 

restricted to trajectory measurement to pre-calibrate the fibre scanners. Consequently, 

the system becomes unobservable and uncontrollable during normal imaging operation 

[75-76]. As a result, these approaches do not provide true real-time control. To enable 

real-time tip-position tracking, another approach is to attach micro-metallic 

components to the fibre tip and surround it with a conductive cylindrical housing, 

thereby generating capacitive feedback signals as the fibre moves [77-78]. However, 

this method suffers from two major limitations. First, the capacitive response is strongly 

nonlinear, making the system difficult to model and complicating controller design. 

Second, the capacitance must be pre-calibrated, which renders the technique highly 

sensitive to environmental disturbances such as temperature drift, humidity changes, 

and small mechanical misalignments. A fully observable configuration has also been 

demonstrated in which PSDs are used during active scanning. Rather than relying on 

pre-calibration, the emitted optical power is diverted using a beamsplitter for tip 

tracking [79]. Alternatively, specially designed PSDs, such as the transmissive device 

shown in Figure 1.17(a), allow the excitation beam to pass through while 

simultaneously measuring the tip position [80]. Although these approaches maintain 

observability, they require a significant fraction of the optical power for the PSD to 

operate reliably. This reduces the signal-to-noise ratio (SNR) of the imaging channel 

and increases susceptibility to environmental noise. 
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Figure 1.17(b) shows another method using aperture-based optical feedback. A 

metal aperture is positioned in front of the fibre tip such that, when the fibre reaches its 

displacement extremities, a portion of the emitted beam is reflected backwards [81-82]. 

This produces a pulse train whose peaks correspond to the turning points of the fibre 

motion. Under this scheme, the system becomes only partially observable [83-84], but 

appropriate signal-processing filters can be designed to extract the harmonic 

components and reconstruct the periodic underlying motion, thereby providing full 

observability in principle. However, the development of this method remains 

incomplete. Existing demonstrations have implemented feedback control only for 1D 

scanning [81], and no effective design has yet been realised for 2D operation. 

Additionally, programmable 2D Lissajous fibre scanners capable of trajectory 

definition have not yet been developed [85-86]. 

 

Fig. 1.17 Fibre tracking using (a) a position-sensitive detector [80] and (b) an aperture [81].  

1.4 Control Systems 

This section introduces the principles of general closed-loop feedback control and the 

use of Costas loops or phase-locked loops (PLLs) for controlling harmonic systems. 

Methods for generating ratioed frequencies are also discussed. 

Closed-loop Feedback 

Closed-loop feedback control uses negative feedback to force a system’s output to 

follow a desired input [87]. In Figure 1.18(a), the reference input 𝑟(𝑡)  and the 

measured output 𝑦(𝑡) are compared at a summing junction to produce an error signal 

𝑒(𝑡) = 𝑟(𝑡) − 𝑦(𝑡). The controller acts on this error and drives the system such that 

the new output increasingly matches the reference. A portion of the output is fed back 

through a sensor to the summing junction with negative sign, causing the loop to 
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continuously push the output toward the reference value. In steady state, the feedback 

signal equals the target, and the error ideally approaches zero. In the time domain, the 

loop dynamics govern how the output evolves in response to a change in input. For 

example, a sudden change in the reference (such as a step) produces a non-zero error, 

and the controller responds by adjusting the system until the output converges to the 

new value. In many simple cases, the output rises exponentially toward the reference. 

For a unit-step input 𝑢(𝑡), a first-order closed-loop system produces: 

𝑦(𝑡) = (1 − 𝑒−
𝑡
𝜏)𝑢(𝑡) (1.30) 

so that 𝑦(∞) = 1. During this transient response, the output may overshoot or oscillate 

depending on the loop design: a critical-damped loop converges smoothly (black solid 

line), whereas under-damped (blue solid line) or over-damped (red solid line) loops 

exhibit overshoot or sluggish settling as displayed in Figure 1.18(a). As shown in Figure 

1.7, even when the input signals are sinusoidal, the envelope of the switch-on transient 

follows the exponential convergence described by Eqn. (1.30).  

 

Fig. 1.18 (a) Block diagram of a closed-loop feedback system and (b) example transient responses. 

Three key parameters characterise the performance of a closed-loop system: 

steady-state error, stability, and convergence rate. The steady-state error, defined as: 

𝑒(∞) = lim
t→∞

(r(𝑡) − 𝑦(𝑡)) (1.31) 

quantifies the long-term offset between the desired and actual outputs. In an ideal 

controller, the steady-state error is zero, although in practice a small nonzero value is 

typically tolerated to ensure robust and stable operation. Stability refers to whether the 
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output eventually settles to a steady value following a change or disturbance. A stable 

system gradually approaches the desired output, potentially with decaying oscillations. 

By contrast, an unstable system exhibits responses that diverge or oscillate indefinitely. 

Achieving stability requires careful tuning of the feedback gain: too little gain yields 

slow or inaccurate tracking, while excessive gain causes overshoot, persistent 

oscillation, or instability. Proper gain selection balances accuracy, speed, and 

robustness, ensuring that the system converges smoothly with minimal error. 

For a 2D Lissajous scanner, both the frequency and the phase of the orthogonal 

bending modes must be precisely controlled, which requires a different control system. 

In communication systems, Costas loops or PLL are widely used to recover time-

varying signals, such as those in binary phase-shift keying (BPSK) modulation, by 

locking both the frequency and phase of a local oscillator to those of an incoming signal 

[88-90]. Figure 1.19 shows a typical Costas loop architecture. The input signal is 

multiplied by two locally generated sinusoids: one from a voltage-controlled oscillator 

(VCO), and the other produced by passing the same VCO output through a Hilbert 

transform to introduce a 90-degree phase shift. After multiplication, the lower branch 

generates an error term that encodes the frequency and phase mismatch between the 

VCO and the input signal [91-92]. This error is passed through a loop filter, which 

adjusts the VCO parameters until the mismatch is eliminated. Once locked, the 

recovered demodulated signal is obtained from the upper branch. 

 

Fig. 1.19 Block diagram of a Costas loop. 

Key performance parameters include the pull-in range and lock-in range, which 

define the frequency intervals over which acquisition and phase locking can occur. The 

pull-in range, also known as the capture range, refers to the maximum frequency error 
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for which the loop can eventually achieve lock, starting from an initially unlocked state. 

By contrast, the lock-in range is the narrower frequency band over which the loop, once 

locked, can continue to track changes without losing phase lock. Ensuring that the 

system’s starting frequencies fall within the capture range is critical for acquisition, 

especially in 2D Lissajous scanning where precise synchronisation of orthogonal modes 

is essential. 

Ratioed Frequency Generation 

Here, we introduce several circuits capable of generating frequency ratios, including 

digital frequency dividers (divide-by-N circuits) [93-97] and frequency synthesisers 

[98-100]. Figure 1.20(a) shows a typical fractional divide-by-N circuit. The clock signal 

is processed by digital logic to produce a fractional frequency-divided output. Although 

such circuits can generate precise ratios, the ratio is fixed by the preset digital 

configuration, making adjustment difficult. Frequency synthesisers, shown in Figure 

1.20(b), combine two integer counters with a Costas loop. The input and output 

frequencies are divided by integers 𝐴  and 𝐵  to produce the same intermediate 

frequency, which is then synchronised by the loop. In steady state, the output frequency 

becomes 𝐵 𝐴⁄   times the input. However, these synthesisers require additional 

programming effort to configure the counters, and their convergence rate is slow.  
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Fig. 1.20 (a) Digital frequency divider [95], (b) frequency synthesiser and (c) VCOs. 

In dual-frequency generation, distinct excitation frequencies must be applied 

simultaneously to excite the two bending modes of the fibre. Therefore, the ability to 

manipulate and adjust the generated frequencies dynamically is essential for achieving 

real-time control. To accomplish this, two VCOs are used with ratioed voltage inputs. 

A mathematical function block, constructed from arithmetic units such as adders and 

multipliers, determines the output frequency ratio, as illustrated in Figure 1.20(c). This 

circuit allows the frequency ratio to be controlled simply by changing the input voltage 

and enables dynamic adjustment of the generated signals. 

1.5 Multi-wavelength Detection 

In addition to the challenges associated with real-time control, achieving stable multi-

wavelength operation for full-colour imaging introduces further complexities. This 

section introduces the mechanisms currently used for multi-wavelength light detection 

and the different types of fibres employed in multi-wavelength systems. In addition, 

chromatic aberration in multi-wavelength optical systems is discussed.  

Light Detection 
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In fibre-based confocal detection, illumination is delivered through the fibre core as 

described earlier, while the backscattered light at various wavelengths is collected 

through the cladding [52], via external optics [101], or using auxiliary fibres [102] for 

image reconstruction. Recent advances have enabled spectral separation using dichroic 

mirrors and optical filters [103-104]. Dichroic mirrors operate through thin-film 

interference: multiple dielectric layers are engineered such that specific wavelength 

bands are reflected while others are transmitted, allowing efficient separation of 

excitation and emission paths in multi-wavelength systems. Optical filters, such as 

bandpass, long-pass, or short-pass filters, use similar multilayer structures designed to 

transmit only a defined spectral range while rejecting the remainder. Together, these 

components provide precise wavelength selection and routing of backscattered signals, 

which is essential for high-resolution, multi-channel fibre-based imaging. This 

capability has expanded the range of applications, enabling Raman endoscopy [105], 

fluorescence imaging [106], OCT [107], and full-colour endoscopy [108-110]. 

Nevertheless, existing colour fibre-scanner designs still require complex optical 

assemblies, often bulky, lossy, and difficult to align, which limits their efficiency and 

the practicality of compact systems. 

Optical Fibres for the Multi-Wavelength Scanner 

Several types of fibres have been employed in multi-wavelength scanning systems. 

Although SMFs support only the fundamental mode and can produce small focal spots, 

they operate over a narrow wavelength range [111-112], making them unsuitable for 

broadband or multi-wavelength operation. MMFs, shown in Figure 1.21(a), have a 

much larger core and therefore support many spatial modes. Interference between these 

modes leads to a broadened and unstable output field, resulting in a larger and poorly 

defined spot size [113-114]. For this reason, MMFs are unsuitable for beam delivery, 

although they can be used to collect backscattered light. In some designs, auxiliary 

MMFs have been arranged around the illumination fibre to improve backscatter 

reception [115]; however, this increases the diameter of the probe and compromises 

miniaturisation. Backscattered light is also commonly collected from the core of MMFs 
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and routed using beamsplitters or fibre couplers together with wavelength-selective 

filters [116-118]. This approach suffers from low optical efficiency and requires 

complex fibre-based components. 

A potential solution lies in hollow-core photonic bandgap (HC-PBG) fibres [119-

120] and PCFs [121-122]. PCFs, shown in Figure 1.21(b), guide light using a solid 

silica core surrounded by a microstructured cladding of periodically arranged air holes 

[123-126]. This architecture fixes the effective refractive-index contrast over a broad 

spectral range, allowing the fibre to remain endlessly single-mode and therefore 

suitable for broadband beam delivery. HC-PBG fibres, illustrated in Figure 1.21(c), 

guide light within an air-filled core surrounded by a photonic bandgap cladding [127-

128]. The periodic air-hole pattern creates a spectral bandgap in which no cladding 

modes can propagate, so only a single defect mode in the core is supported. When 

operated within this bandgap, the fibre naturally maintains single-mode guidance over 

a wide wavelength range. In addition, because the core is air-filled rather than silica, 

HC-PBG fibres can handle significantly higher optical powers, enabling applications 

such as direct laser writing and high-power endoscopic imaging. However, the 

approximately circular cross-sections of both PCFs and HC-PBG fibres limit the 

available scanning patterns to single-frequency spiral trajectories. Existing fibre-

tailoring approaches, such as asymmetric stiffness modulation and conventional dip-

coating are either difficult to assemble or incompatible with holey fibres. 

 

Fig. 1.21 Cross-sections of (a) multi-mode fibre, (b) photonic crystal fibre [126] and (c) photonic 

bandgap fibre [128]. 
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Chromatic Aberration 

Lens selection is another important consideration in colour scanning systems. Figure 

1.22(a) shows a singlet lens refracts different wavelengths at slightly different angles 

due to material dispersion, resulting in longitudinal chromatic aberration [129]. Each 

wavelength therefore focuses on a different axial position, producing an extended and 

blurred focal region when broadband or multi-wavelength illumination is used. In 

contrast, Figure 1.22(b) shows an achromatic doublet lens, which consists of two 

elements made from glasses with different dispersions, typically a crown-flint 

combination. By carefully designing the curvatures and refractive properties of the two 

elements, the focal positions of multiple wavelengths, for example, red, green, and blue, 

are brought to the same axial plane, substantially reducing chromatic aberration. This 

yields a sharper and more uniform focus across the spectral range, which is essential in 

multi-wavelength scanning systems where precise spatial alignment of each channel is 

required for accurate imaging and spectral discrimination. Further reduction of focal-

point shift can be achieved using achromatic triplets. These operate on the same 

principle but employ an additional lens element, allowing correction of higher-order 

dispersion effects and resulting in even lower chromatic aberration. However, such 

lenses are expensive and difficult to fabricate.  

 

Fig. 1.22 Ray diagrams of (a) singlet lens and (b) achromatic doublet [129]. 

1.6 Thesis Outline 

The discussion above highlights the current difficulties and challenges associated with 

Lissajous fibre scanners. In summary, the fibre motion cannot be tracked directly 

because the fibre is made of silica; the fibre motion cannot be actively modified to 
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follow an ideal Lissajous trajectory, and the scan-line density and frame rate are not 

programmable. In addition, the existing dip-coating method currently provides 

insufficient control of the frequency ratio of the two orthogonal bending modes. Finally, 

there are currently no efficient multi-wavelength scanning systems based on a dual-NA 

confocal detection mechanism; all existing systems suffer from low optical efficiency. 

This thesis addresses these challenges. We present a control solution applicable to 

many commercially available fibres, which requires only a coated aperture for feedback 

and electronic circuitry for control. Dip-coating is used to form a composite fibre with 

a suitable resonant-frequency ratio from a pair of cylindrical fibres [69]. The composite 

is arranged as a cantilever and excited at 45° to its principal axes. Illumination and 

detection of backscattered signals are carried out using a dual numerical-aperture 

confocal scheme [52], with the guided core mode used for illumination and cladding 

modes used for detection. Feedback signals are generated by a reflecting aperture 

placed between the cantilever and the lens, which creates timing pulses at the scan 

extremities [81]. These pulses are amplitude-coded, allowing the feedback signals to be 

separated by thresholding. The electronics then lock the low- and high-mode drives to 

the desired frequencies, phases, and amplitudes. Because of the intermittent nature of 

the feedback and the requirement to generate synchronised drive signals, the controller 

design is more complex than that of a continuous single-frequency system. However, 

the relatively low operating frequencies allow standard building blocks, such as digital-

to-analogue converters (DACs), VCOs, PLLs, voltage-controlled phase shifters 

(VCPSs), and frequency dividers, to be used without significant parasitic effects. Care 

is still required to minimise phase errors, but the result is a programmable locking 

system that enables a dynamic trade-off between scan-limited resolution and frame rate.  

To enable broadband illumination and multi-wavelength mode-stripping detection, 

a fibre scanner based on endlessly single-mode PCFs is developed. A cantilever is 

fabricated by a modified dip-coating method to achieve a resonant frequency ratio 

suitable for Lissajous scanning [69]. Optical feedback is provided by a colour-coded 

aperture [81], enabling real-time control, and the colour coatings are modified to 
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support switching between imaging modes. Laser inputs are combined using a 

wavelength-division multiplexer (WDM), with their current sources controlled by a PC. 

The output from the WDM is butt-coupled to the PCF, and residual cladding modes are 

eliminated using a mode stripper. An achromatic doublet is positioned in front of the 

fibre tip for imaging. The backscattered signal carried by the cladding modes is 

collected by an RGB photodiode (PD) via an index-matched optical adhesive. Signals 

from all three channels are transmitted to the controller, with the blue-channel reflection 

used for real-time control. The colour coatings are designed such that control can 

operate under either monochromatic blue illumination or broadband illumination. 

The remainder of this thesis is organised as follows. Chapter 2 develops the theory 

for real-time control of 1D and 2D fibre scanners. A tailored apertured mirror is 

introduced to provide intermittent optical feedback, forming the basis for frequency, 

phase, and amplitude control. Chapter 3 presents the design and realisation of the real-

time controller for 2D Lissajous scanning, including fabrication of the dual-core 

cantilever, SIMULINK block diagrams, circuit implementation, and the controller 

initialisation procedure. Controller performance is evaluated with emphasis on 

nonlinearity, time delay, and stability. Chapter 4 describes the complete optical scanning 

system. Symmetric Lissajous trajectories and amplitude coding are demonstrated, 

system misalignments are calibrated and corrected, and image reconstruction is 

performed under both transient and steady-state conditions. Chapter 5 introduces a 

PCF-based Lissajous scanner with integrated mode stripping and multi-wavelength 

detection. The dip-coated dual-cylinder structure is fabricated and characterised, and a 

2D scanner is demonstrated using RGB laser sources and a colour-coded aperture. Real-

time switching between fluorescence and full-colour imaging is demonstrated and 

validated using multiple targets and biological specimens. Finally, Chapter 6 concludes 

the thesis by summarising the contributions and outlining future developments in 

resolution enhancement, broadband optical feedback, reflective dispersion-free 

scanning systems, and HC-PBG fibres. 
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Chapter 2: Fibre Dynamics and Open-Loop Analysis 

To control any fibre scanner, feedback signals are required as a reference for the fibre 

position. Since the fibre itself is typically made of an amorphous material (silica), it is 

difficult to fabricate any form of integrated sensor. Figure 1.17(b) shows an alternative 

feedback method based on intermittent optical scattering from an aperture that has been 

proposed to overcome this difficulty [81]. This aperture is designed for 1D scanning, 

and the associated software-based controller has very slow convergence. In addition, 

the aperture doubles the feedback frequency, complicating the controller design. In this 

Chapter, we first explain how the optical feedback system operates and review the basic 

control principle for 1D scanning. Optical feedback is then extended to support 2D 

displacement, and a theoretical framework for the operation and control of a real-time 

2D Lissajous fibre scanner is presented. Using the intermittent feedback signals, open-

loop analysis for frequency, phase, and amplitude locking is developed for 2D scanning. 

This analysis provides the foundation for the experimental implementation and system 

integration for the negative feedback closed-loop controller described in Chapter 3. 

2.1 Intermittent Feedback 

Figure 2.1 shows the method of generating optical feedback for 1D and 2D scanning. 

In each case, a metal reflector is used to generate intermittent feedback signals. In 

Figure 2.1(a), a fibre cantilever is excited by a PT, producing a straight scanning line 

(red) whose positive extremities reach a metal reflector. Because the reflector has much 

higher reflectivity than the target, the reflected light (green) is significantly stronger 

than the backscattered light. This reflected signal is detected by the mode-stripping PD. 

 

Fig. 2.1 Optical feedback principle for a) 1D and 2D scan control 

 a  b 
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Figure 2.1(b) shows how this may be extended to 2D scanning using a square 

aperture. Unlike 1D scanning, two orthogonal motions in the x- and y-directions are 

excited using a single PT. The reflected feedback signal from both directions is detected 

by a single PD, which makes it necessary to distinguish between the two contributions 

to track the 2D fibre position. These challenges are addressed later, after introducing 

the 1D control theory. 

Figure 2.2(a) shows the pulse signal generated from the SIMULINK simulation in 

Figure 1.4. The driving signal (blue line) excites the fibre cantilever, and the steady-

state fibre motion follows the drive with a phase shift. We assume that the half-width 

of the apertured mirror has a relative value 𝑇 when compared with the scan amplitude, 

as indicated by the black dashed line. The illumination beam will clearly be scattered 

by the aperture back into the fibre whenever the normalised displacement exceeds 𝑇, 

generating feedback pulses (black line). The midpoints of these pulses coincide with 

the peaks of the fibre displacement, preserving the phase information of the motion. 

This feedback signal is then passed through low-pass filters to extract the fundamental 

harmonic component, which is used as a reference for the fibre position. 

 

Fig. 2.2 (a) Timing signals in 1D feedback control; (b) amplitude response and capture range (𝑓0 =

100𝐻𝑧, 𝜁 = 0.01, 𝑇 = 0.5), and (c) capture range versus the inverse of threshold. 

 Figure 2.2(b) shows the capture range, within which the vibration amplitude of the 

fibre, calculated from Eqn. (1.17) (blue line), is larger than the threshold 𝑇  (black 

dashed line). The frequency range ∆𝑓𝑐 = (𝑓𝑐 − 𝑓0) 𝑓0⁄   over which intermittent 

feedback can be generated is referred to as the capture range, as indicated by the red 

dashed lines. Since the fibre cantilever has a low damping ratio, the cut-off frequency 
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can be approximated as 𝑓𝑐 ≈ 𝑓0 . From Eqns. (1.17) and (1.19), the capture range 

depends only on the damping ratio 𝜁 and the threshold 𝑇, and can be written as: 

∆𝑓𝑐 = 𝜁√
1

𝑇2
− 1 (2.1) 

Figure 2.2(c) shows this relationship using the blue curve. The capture range increases 

as the threshold 𝑇  decreases. When 𝑇  is larger than the normalised resonant 

amplitude, intermittent feedback no longer occurs, as indicated by the blue line when 

𝑇−1 < 1 . For the case 1 𝑇⁄ ≫ 1  (i.e., small threshold), the capture range can be 

approximated by a linear relationship, Δ𝑓𝑐 ≈ 𝜁 𝑇⁄  as shown by the red dashed line.  

2.2 Real-Time Control 

In this section, we first introduce the control theory used in the software-based 

controller for a 1D fibre scanner [81]. The theory is then extended to 2D scanning, 

where the aperture is modified to support 2D Lissajous fibre scanning. We provide a 

theoretical explanation to show that the fibre can be driven at a specific frequency ratio, 

its position can be tracked in real time, and the scanning pattern can be controlled using 

only the driving signals and intermittent feedback.  

2.2.1 1D Control 

The control of 1D scanning has two parts: frequency control and amplitude control. For 

a vibrating cantilever that produces intermittent feedback, the system is first locked to 

its resonant frequency, and then the amplitude is stabilised to the desired duty cycle.  

Frequency Lock 

The resonant fibre has a constant 90° phase shift relative to the driving signal. Therefore, 

when the fibre operates at its resonant frequency, the fibre trajectory can be predicted 

by applying a 90° phase shift to the drive. In this section, we provide a theoretical 

explanation to lock the frequency from phase response based on the principles of Costas 

loops and phase locked loops [88-90].  
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Figure 2.3 shows the block diagram for open-loop analysis of the frequency lock. 

The driving signals 𝑣  are generated from MATLAB across a range of frequencies, 

which are then passed to the SDE in SIMULINK. The fibre response 𝑦  is passed 

through a threshold function in MATLAB to produce the intermittent feedback 𝐼. The 

multiplier will mix the intermittent feedback with the driving signal to generate the 

multiplier output 𝑀, whose DC component is then extracted by an LPF.  

 

Fig. 2.3 Block diagram for open-loop analysis of frequency lock. 

Figure 2.4(a) shows that the fibre displacement (red line) can be treated as a 

sinusoidal signal whose amplitude and phase depend on the driving frequency, relative 

to the driving signal (blue line). The driving signal and the fibre displacement can 

therefore be written as: 

𝑣(𝑡) = 𝐴 sin(2𝜋𝑓𝑡) (2.2) 

𝑦(𝑡) = |𝐵(𝑓)| sin(2𝜋𝑓𝑡 − 𝜙(𝑓)) (2.3) 

where 𝐴 is the driving amplitude, |𝐵(𝑓)| is the frequency-dependent displacement 

amplitude, and 𝜙(𝑓)  is the phase shift between the two signals. The intermittent 

feedback signal (black line) is generated when the fibre displacement exceeds a 

threshold. This signal can be approximated using a Fourier series as: 

𝐼(𝑡) ≈ 𝐷(𝑓)𝑅 +
2𝑅

𝜋
∑

sin[𝐷(𝑓)𝑁𝜋]

𝑁
cos [𝑁 (2𝜋𝑓𝑡 −

𝜋

2
+ 𝜙(𝑓))]

∞

𝑁=1

(2.4) 

where 𝑅 is the reflectivity of the aperture, and 𝐷(𝑓) denotes the duty cycle. Since 

the duty cycle depends on the normalised displacement amplitude and the feedback 

threshold, and if feedback exists (𝑇 < |𝐵(𝑓)|), it can be written as: 

𝐷(𝑓) =
1

𝜋
cos−1 (

𝑇

|𝐵(𝑓)|
) (2.5) 
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In Figure 2.4(a), the Fourier approximation (green dashed line) shows excellent 

agreement with the simulated feedback signal, confirming the validity of the model. 

Figure 2.4(b) shows the multiplier output 𝑀(𝑡) (black line), obtained by mixing the 

driving signal and the feedback signal. Its Fourier approximation is shown by the green 

dashed line. When 𝑀(𝑡) is passed through a DC-extracting LPF, the signal is: 

𝐿(𝑓) =
𝑅𝐴

𝜋
sin[𝐷(𝑓)𝜋] cos[𝜙(𝑓)] (2.6) 

Figure 2.4(c) shows the LPF output as a stable DC value (here, zero). Eqn. (2.6) shows 

that LPF output is independent of time and depends only on the driving frequency. 

 

Fig. 2.4 Simulated (a) timing signals, output of (b) the multiplier and (c) the low-pass filter with 

Fourier approximation. 

Figure 2.5(a) shows the variation of the duty cycle defined in Eqn. (2.5). The 

theoretical result is plotted as a blue line and shows good agreement with the simulation 

result from SIMULINK (cyan dashed line). In Figure 2.5(a), the term sin[𝐷(𝑓)𝜋] also 

shows close agreement between the theoretical prediction (red solid line) and the 

simulation result (green dashed line). Figure 2.5(b) shows the excellent agreement 

between the theoretical curve (blue solid line) and the simulation (cyan dashed line) of 

the phase term cos[𝜙(𝑓)], confirming the offset-removal effect of the cosine function. 

Figure 2.5(c) presents the LPF output after multiplication. The theoretical (blue solid 

line) and simulated (cyan dashed line) curves overlap almost completely. The multiplier 

and LPF therefore serve as a phase detector [91-92]. Within the capture range, the LPF 

response is zero at the resonant frequency. In addition, the output is positive when the 

driving frequency is below resonance and negative when it is above resonance. This 
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change in sign with frequency enables the design of a negative feedback controller that 

can lock the fibre cantilever to its resonant frequency. 

 

Fig. 2.5 Theoretical and simulated frequency response of (a) duty cycle, (b) phase and (c) low-pass 

filter output. (𝑓0 = 100𝐻𝑧, 𝜁 = 0.01, 𝑇 = 0.5, 𝑅 = 1) 

Amplitude Lock 

After frequency locking, the amplitude of the fibre vibration is controlled to maximise 

the proportion of light available for backscattering. The intermittent feedback signal 

consists of pulses that correspond to the extremities of the fibre tip motion. From Eqn. 

(2.5), the duty cycle of this feedback signal is related to the displacement amplitude. 

Therefore, by adjusting the duty cycle, the vibration amplitude can be controlled as well. 

Figure 2.6 shows the block diagram for open-loop analysis of the amplitude lock. 

Unlike the frequency locker, the intermittent feedback is passed through a LPF directly 

to extract the DC term 𝐷𝑅, which is then divided by 𝑅 to generate the duty cycles.  

 

Fig. 2.6 Block diagram for open-loop analysis of amplitude lock. 

Figure 2.7(a) shows the extracted term 𝐷𝑅 when the feedback signal is passed 

through an LPF. The theoretical result (blue solid line) shows excellent agreement with 

the Fourier approximation (cyan dashed line). Since the reflectivity of the apertured 

mirror is known, the duty cycle can be calculated. In Eqns. (2.5), the displacement 

amplitude is normalised. Assuming that the fibre is locked at its resonant frequency, the 

relationship between the duty cycle and the driving amplitude is: 
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𝐷(𝐴) =
1

𝜋
cos−1 (

2𝜁𝑇𝑓0
2

𝐴
) (2.7) 

Figure 2.7(b) shows the relationship between 𝐿(𝐴) = 𝐷(𝐴)𝑅  and the simulation 

results, with good agreement between theory and simulation. The function is 

monotonically increasing, which allows a negative-feedback control system to be 

implemented. Figure 2.7(c) shows the results by passing the LPF output through a 

differential amplifier with a constant offset 𝐿0 = 𝐷0𝑅 . The zero-crossing point, 

indicated by the black dashed line, corresponds to the driving amplitude at which the 

fibre cantilever produces intermittent feedback with a duty cycle of 𝐷0. 

 

Fig. 2.7 (a) Simulated output of the low-pass filter with Fourier approximation; Theoretical and 

simulated response of (a) low-pass filter output and (b) differential amplifier output. (𝑓0 = 100𝐻𝑧, 

𝜁 = 0.01, 𝑇 = 0.5, 𝑅 = 1, 𝐿0 = 0.3) 

2.2.2 2D Control 

Unlike 1D scanners, a 2D Lissajous scanner involves vibration in two orthogonal 

directions at different frequencies. The previous slit aperture is therefore unsuitable, as 

it cannot generate feedback for both directions. In this section, a new aperture design is 

introduced, and the control theory developed for 1D scanning is extended to 2D 

Lissajous scanning. In addition to resonant frequency locking, further theory is 

presented to generate a symmetric Lissajous pattern with a square FOV. 

Fibre Dynamics and Aperture Design 

The fibre cantilever must have two separate resonant frequencies that correspond to 

bending in two perpendicular directions. The structural design and fabrication process 

used to achieve this is discussed in Chapter 3. In this chapter, we assume that the fibre 
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has two distinct resonant frequencies with a ratio close to 2. To simplify the analysis, 

the following assumptions about the fibre dynamics are made: 

1. The vertical bending mode has a lower resonant frequency (low mode), while 

the horizontal bending mode has a higher resonant frequency (high mode). 

2. The controller always operates near the resonant frequencies. 

3. Both bending modes have low damping ratios. 

4. The motions in the two perpendicular directions are completely decoupled. 

The low damping ratios are assumed here because we assumed the fibre scanner to 

operate in air. If the fibre scanners operate in liquid, the damping ratio will increase. 

For low damping ratios, the resonant peaks of orthogonal bending modes are very 

narrow so that they can be completely decoupled. However, the narrow high mode 

resonant peak reduces the selection range of scan line density because the amplitude 

will decrease significantly off-resonance and will not be able to generate feedback. 

The driving signals can be written as cosine functions: 

𝑣ℎ,𝑙(𝑡) = 𝐴ℎ,𝑙 cos(2𝜋𝑓ℎ,𝑙𝑡) (2.8) 

where 𝐴ℎ,𝑙 and 𝑓ℎ,𝑙 are the driving amplitudes and frequencies of the high and low 

modes, respectively. The two signals are combined using a summing amplifier to 

generate a dual-frequency excitation for the fibre cantilever. The cantilever is mounted 

at 45° relative to its principal axes. Because the two modes are decoupled, each mode 

mainly responds to the driving frequency that is closest to its own resonant frequency. 

Under harmonic excitation, the fibre cantilever shows the standard second-order 

complex frequency response for each mode: 

𝐵ℎ,𝑙(𝑓ℎ,𝑙) =
𝐴

𝑓ℎ0,𝑙0
2 − 𝑓ℎ,𝑙

2 + 2𝑗𝜁ℎ,𝑙𝑓ℎ,𝑙𝑓ℎ0,𝑙0
(2.9) 

where 𝑓ℎ0,𝑙0 are the two resonant frequencies and 𝜁ℎ,𝑙 are the corresponding damping 

ratios. The normalised amplitude response and phase response are then given by: 
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𝑌ℎ,𝑙(𝑓ℎ,𝑙) =
2𝐴𝜁ℎ,𝑙𝑓ℎ0,𝑙0

2

√(𝑓ℎ0,𝑙0
2 − 𝑓ℎ,𝑙

2 )
2
+ 4𝜁ℎ,𝑙

2𝑓ℎ,𝑙
2 𝑓ℎ0,𝑙0

2

(2.10)
 

𝜙ℎ,𝑙(𝑓ℎ,𝑙) = − tan
−1 (

2𝜁ℎ,𝑙𝑓ℎ,𝑙𝑓ℎ0,𝑙0

𝑓ℎ0,𝑙0
2 − 𝑓ℎ,𝑙

2 ) (2.11) 

Figure 2.8(a) shows the phase response by the blue line and its linear approximation in 

red dashed line. Within the capture range, the phase response is approximately linear. 

This allows Eqn. (2.11) to be simplified as: 

𝜙ℎ,𝑙(𝑓ℎ,𝑙) = −
𝜋

2
−
𝑓ℎ,𝑙 − 𝑓ℎ0,𝑙0
𝜁ℎ,𝑙𝑓ℎ0,𝑙0

(2.12) 

This linear approximation agrees well with Eqn. (2.11) near resonance. 

 

Fig. 2.8 (a) Exact and linearly approximated phase response (𝑓0 = 100𝐻𝑧, 𝜁 = 0.01, 𝑇 = 0.75); 

configuration of a (b) conventional and (c) amplitude-coded apertured mirror. 

 To enable 2D optical feedback, a suitable aperture is required. Figure 2.8(b) shows 

a previous design in which all four sides have equal reflectivity [69]. This design has 

two main limitations. First, equal reflectivity produces feedback pulses with the same 

amplitude, making the signals from different directions impossible to separate. Second, 

as highlighted by the black dashed box, the fibre displacement reaches its extremities 

simultaneously at the corners, causing feedback signals to overlap in time. To overcome 

these problems, Figure 2.8(c) shows a new aperture design. In this design, four 

reflective regions with different coatings 𝑅0,1,2,3 are used to create feedback pulses 

with different amplitudes. This amplitude-coded feedback allows individual signals to 

be separated using simple level-triggering. As a result, different extremities of the fibre 
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motion can be selected for different control functions. In addition, the top and bottom 

reflectors are designed with a width of 2𝑊 < 1 , which prevents overlap of the 

feedback signals in the time domain. The fabrication and experimental implementation 

of this modified aperture are discussed in the next chapter. The following section 

explains how this apertured mirror is used for real-time control of the 2D Lissajous 

fibre scanner and its effect on the overall control theory. 

Low-Mode Frequency Lock 

Operation of the low-mode frequency lock follows the block diagram shown in Figure 

2.3. The low-mode frequency is first locked at its resonant frequency. The normalised 

fibre displacements of the two modes can be regarded as cosine signals with frequency-

dependent phase shifts relative to the driving signals in Eqn. (2.8) as: 

𝑦ℎ,𝑙(𝑡) = 𝐵ℎ,𝑙 cos(2𝜋𝑓ℎ,𝑙𝑡 + 𝜙ℎ,𝑙) (2.13) 

For frequency locking of the low mode, only the reflector located at the top of the 

aperture is used (y-reflector). Because the low-mode feedback is limited by the finite 

width of this reflector, intermittent feedback is only generated under two conditions: 

a. The vertical displacement exceeds the positive threshold: 𝑦𝑙 > 𝑇. 

b. The horizontal displacement remains within the reflector width: 𝑦ℎ < |𝑊|. 

The threshold function in MATLAB generates intermittent feedback when both 

conditions are met. If a unit-amplitude pulse is generated when condition a. is satisfied 

and remains zero otherwise, a pulse train with the same frequency as the low-mode 

driving signal is produced. The corresponding duty cycle and its Fourier approximation 

are given by: 

𝐷𝑎(𝑓𝑙) =
1

𝜋
cos−1 (

𝑇

𝐵𝑙(𝑓𝑙)
) (2.14) 

𝐹𝑎(𝑡) ≈ 𝐷𝑎 +
2

𝜋
∑

sin[𝐷𝑎𝑁𝜋]

𝑁
cos[𝑁(2𝜋𝑓𝑙𝑡 + 𝜙𝑙)]

∞

𝑁=1

(2.15) 

Similarly, if a unit-amplitude pulse is generated when condition b. is satisfied and 

remains zero otherwise, a pulse train is produced. Since these pulses occur near the 
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zero-crossings of the horizontal displacement, two pulses are generated per cycle, 

resulting in a frequency-doubled signal. The duty cycle and Fourier approximation are: 

𝐷𝑏(𝑓ℎ) =
2

𝜋
sin−1 (

𝑊

𝐵ℎ(𝑓ℎ)
) (2.16) 

𝐹𝑏(𝑡) ≈ 𝐷𝑏 +
2

𝜋
∑

sin[𝐷𝑏𝑀𝜋]

𝑀
cos [2𝑁 (2𝜋𝑓ℎ𝑡 + 𝜙𝐻 +

𝜋

2
)]

∞

𝑀=1

(2.17) 

Since the low-mode intermittent feedback is generated only when both conditions are 

satisfied at the same time, the overall feedback signal can be written as the product of 

Eqns. (2.15) and (2.17), multiplied by the reflector reflectivity: 

𝐼𝑙(𝑡) = 𝑅2𝐹𝑎(𝑡)𝐹𝑏(𝑡) (2.18) 

Following the same procedure as in the 1D case, Eqn. (2.18) is multiplied by the low-

mode drive in Eqn. (2.8) and passed through a DC-extracting LPF. The output is then: 

𝐿𝑙(𝑓𝑙) =
𝑅2𝐴𝑙𝐷𝑏
𝜋

sin[𝐷𝑎(𝑓𝑙)𝜋] cos[𝜙𝑙(𝑓𝑙)] (2.19) 

Eqn. (2.19) is analogous to Eqn. (2.6), except for the additional factor 𝐷𝑏 , which 

depends on the reflector width and the high-mode parameters. The key behaviour 

remains the same: the LPF output 𝐿𝑙 becomes zero at the resonant frequency, where 

𝜙𝑙 = −𝜋 2⁄ . Therefore, a closed-loop control system can be constructed to lock the 

low-mode driving frequency to resonance by forcing 𝐿𝑙 to zero. 

 

Fig. 2.9 Pulses of (a) condition a., (b) condition b. and (c) low mode intermittent feedback with Fourier 

approximation. (𝑊 = 0.5, 𝑇 = 0.75) 

 Figure 2.9 shows the pulse signals corresponding to condition a., condition b., and 

the resulting intermittent feedback, together with their Fourier approximations. In 
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Figure 2.9(a), pulses are generated at the extremities of the low-mode displacement 

(blue solid line), and the theoretical waveform (red solid line) agrees well with the 

approximation (green dashed line). In Figure 2.9(b), pulses are generated when the 

high-mode displacement (blue solid line) remains within the reflector width, again 

showing good agreement between theory (red solid line) and approximation (black 

dashed line). After multiplication, Figure 2.9(c) shows the intermittent feedback signal, 

which appears irregular in the time domain (red solid line). However, it matches the 

Fourier approximation closely (green dashed line), confirming the validity of the 

analytical model and demonstrating that the feedback signals can be effectively 

separated into two independent pulse trains. 

High-Mode Frequency Generation 

To generate a Lissajous scan pattern, the vibration frequencies must follow the ratio 

defined in Eqn. (1.24). After the low-mode frequency-locking process above, the low 

mode operates at its resonant frequency. The high mode must then oscillate at a specific 

frequency to satisfy this ratio. In practice, it is impossible to construct fibre cantilevers 

with two resonant frequencies that satisfy this ratio exactly, due to unavoidable 

fabrication uncertainties. The relationship between the resonant frequencies of the two 

modes with these uncertainties can therefore be written as: 

(2 +
1

𝑛
) 𝑓𝑙0 = 𝑓ℎ0 ± ∆𝑓ℎ (2.20) 

where ∆𝑓ℎ represents the frequency error, and 𝑚 = 2 is assumed. As a result, when 

the low mode is locked at resonance, the high mode must be driven slightly off 

resonance. In addition, to allow different values of 𝑛 to be selected, the high-mode 

frequency must be adjustable to specific non-resonant values. The high-mode frequency 

is generated using two identical VCOs, each controlled by a DC voltage. For a VCO, 

the output frequency is related to the input DC voltage by: 

𝑓𝑉 = 𝑘𝑣𝐷𝐶 + 𝑓0 (2.21) 

where 𝑘 is the sensitivity of the VCO (determined by the capacitance), and 𝑓0 is the 

free-running frequency offset. After the low mode is locked, the two VCOs operate as: 
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𝑓𝑙0 = 𝑘𝑣𝑙𝐷𝐶 + 𝑓0 (2.22) 

𝑓ℎ = 𝑓ℎ0 ± ∆𝑓ℎ = 𝑘𝑣ℎ𝐷𝐶 + 𝑓0 (2.23) 

Combining these expressions gives: 

𝑣ℎ𝐷𝐶 = (2 +
1

𝑛
) 𝑣𝑙𝐷𝐶 + (1 +

1

𝑛
)
𝑓0
𝑘

(2.24) 

Therefore, by applying simple scaling and offset operations to the DC control voltages, 

the high-mode driving frequency can be generated from the low-mode frequency for 

different values of 𝑛. This approach allows flexible control of the scanning line density 

and frame rate in the Lissajous scanning system. 

High-Mode Displacement Estimation 

To generate a symmetric Lissajous scan pattern, the fibre trajectory should ideally 

follow Eqn. (1.23). In practice, phase errors are often introduced due to imperfections 

in signal generation or system response. When a phase error exists, Eqn. (1.23) becomes: 

[
𝑥
𝑦] = [

sin(2𝜋𝑓𝑥𝑡 + 𝜙𝑥)

cos(2𝜋𝑓𝑦𝑡)
] (2.25) 

where 𝜙𝑥 is the phase error in the x-direction. Figure 2.11(a) shows the effect of this 

error. When 𝜙𝑥 = 0, the trajectory (black line) is perfectly symmetric. When a phase 

error of ±6° is introduced, the trajectories (red and blue dashed lines) become 

asymmetric, leading to mismatched scan points and non-uniform resolution across the 

FOV. This demonstrates that the Lissajous scanning pattern is highly sensitive to phase 

errors between the two vibration modes. 

Because scan density and symmetry depend strongly on phase, accurate phase 

control is required. At this stage, the low mode is locked at its resonant frequency and 

therefore has a fixed phase response. The high mode, however, operates at a non-

resonant frequency and has an unknown phase response 𝜙ℎ . There are two main 

sources of phase error: 

1. A phase offset 𝜙𝑉 between two VCO-generated driving signals. 

2. A phase shift 𝜙ℎ introduced by the non-resonant response of the high mode. 



44 
 

Since the low-mode frequency is already locked, these two effects modify the high-

mode driving signal and fibre displacement, which can be written as: 

𝑣ℎ(𝑡) = 𝐴ℎ cos(2𝜋𝑓ℎ𝑡 + 𝜙𝑉) (2.26) 

𝑦ℎ(𝑡) = 𝐵ℎ cos(2𝜋𝑓ℎ𝑡 + 𝜙𝑉 + 𝜙ℎ) (2.27)

where the aggregate phase error is given by 𝜙𝑥 = 𝜙𝑉 + 𝜙ℎ. To correct this error, the 

high-mode driving signal should be shifted by −𝜙𝑉 − 𝜙ℎ. In this section, the phase 

𝜙ℎ is addressed, while the aggregate phase error 𝜙𝑥 is solved later. Because 𝜙ℎ is 

unknown, the actual fibre displacement cannot be obtained directly from the high-mode 

driving signal. Instead of calculating 𝜙ℎ explicitly, the high-mode driving signal is 

phase-shifted by −𝜙ℎ so that it represents the actual fibre motion. 

 Figure 2.10 shows the block diagram for open-loop analysis of high-mode 

displacement estimation. The high-mode intermittent feedback 𝐼ℎ is multiplied with 

the phase-shifted high-mode driving signal 𝑣ℎ𝑃𝑆, and the result is passed through a LPF 

to generate open-loop response 𝐿ℎ𝑃𝑆. 

 

Fig. 2.10 Block diagram for open-loop analysis of high-mode displacement estimation. 

Intermittent feedback is generated when the horizontal displacement exceeds the 

threshold 𝑇 at the positive extremity, with reflectivity 𝑅0. This produces a pulse train 

at the same frequency as the high-mode vibration. The duty cycle and Fourier 

approximation of this feedback signal are given by: 

𝐷ℎ(𝑓ℎ) =
1

𝜋
cos−1 (

𝑇

𝐵ℎ(𝑓ℎ)
) (2.28) 

𝐼ℎ(𝑡) ≈ 𝑅0𝐷ℎ +
2𝑅0
𝜋
∑

sin[𝐷ℎ𝑁𝜋]

𝑁
cos[𝑁(2𝜋𝑓ℎ𝑡 + 𝜙𝑉 + 𝜙ℎ)]

∞

𝑁=1

(2.29) 

Figure 2.11(b) shows the high-mode fibre displacement (blue solid line), the 

intermittent feedback (red solid line), and its Fourier approximation (green dashed line). 



45 
 

Good agreement is observed between theory and simulation. The high-mode driving 

signal is then passed through a VCPS implemented using all-pass filters. The phase 

shift is controlled by a voltage-controlled resistor (VCR), enabling closed-loop phase 

adjustment. The phase-shifter range is set from −2𝜋 to 2𝜋, which covers the expected 

range of 𝜙ℎ from 0 to −𝜋. The phase-shifted driving signal is: 

𝑣ℎ𝑃𝑆(𝑡) = 𝐴ℎ cos(2𝜋𝑓ℎ𝑡 + 𝜙𝑉 + 𝜙ℎ𝑃𝑆) (2.30) 

where 𝜙ℎ𝑃𝑆 is the applied phase shift. By multiplying Eqn. (2.30) with the intermittent 

feedback signal in Eqn. (2.29) and passing through a DC-extracting LPF, we get: 

𝐿ℎ𝑃𝑆(𝜙ℎ𝑃𝑆) =
𝑅0𝐴ℎ
𝜋

sin[𝐷ℎ𝜋] cos[𝜙ℎ𝑃𝑆 −𝜙ℎ] (2.31) 

The LPF output converges to zero when 𝜙ℎ𝑃𝑆 − 𝜙ℎ = 𝜋 2⁄ . This allows a closed-loop 

control system to be implemented that maintains a constant 𝜋 2⁄   phase difference 

between the phase-shifted driving signal and the actual fibre motion. After integration, 

DC removal, and inversion, the estimated high-mode fibre displacement is obtained as: 

𝑣ℎ𝐸(𝑡) =
𝐴ℎ
2𝜋𝑓ℎ

cos(2𝜋𝑓ℎ𝑡 + 𝜙𝑉 + 𝜙ℎ) (2.32) 

 

Fig. 2.11 (a) Lissajous scanning pattern with and without phase error; (b) high mode intermittent 

feedback with Fourier approximation; and (c) timing signals for high mode fibre displacement 

estimation. (𝑇 = 0.75) 

Figure 2.11(c) shows that the estimated displacement (black dashed line) aligns closely 

with both the intermittent feedback (red solid line) and the actual fibre motion (blue 

solid line). The detailed SIMULINK block diagram for this control loop will be shown 

in the next Chapter. Although Eqns. (2.32) and (2.27) differ in amplitude, their 

frequency and phase components are identical. Therefore, the estimated signal can be 
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used as a reliable reference for the high-mode displacement. In the following analysis, 

the amplitude term is omitted for clarity, although it is retained in the equations to 

remain consistent with the actual controller design. 

Phase Synchronisation 

With the 2D fibre motion now tracked in real time, the remaining task is to correct the 

phase difference between the driving signals generated by the two VCOs. Because the 

two vibration modes operate at different frequencies, it is not possible to maintain a 

fixed phase relationship directly. To address this, we exploit the repetitive nature of the 

Lissajous scanning pattern. Due to its periodicity, the scan trajectory repeats itself with 

a period of 𝑛 𝑓𝑙0⁄  and passes through the same points in each cycle. If the time at which 

the trajectory passes through a specific point is known, the entire trajectory can be 

determined. If the scan passes through the point (0,1) at a certain time 𝑡0, the resulting 

trajectory is symmetric for all subsequent times. By defining 𝜏 = 𝑡 − 𝑡0, the motion of 

the fibre tip can then be expressed as: 

[
𝑥
𝑦] = [

sin(2𝜋𝑓ℎ𝜏)

cos(2𝜋𝑓𝑙𝑜𝜏)
] (2.33) 

The goal is therefore to adjust the driving signals so that the fibre passes through the 

point (0,1) at the same time, which corrects the phase error between the two VCOs. For 

the motion described by Eqn. (1.23), the trajectory passes through (0,1) at 𝑡 = 0. Since 

the low mode is locked at its resonant frequency with a fixed phase, the zero-crossings 

of the low-mode drive coincide with the extrema of the fibre displacement. As a result, 

within each cycle, a pair of zero-crossings from the low-mode drive and the high-mode 

displacement should occur at the same time. Conversely, if these zero-crossings are 

aligned, the resulting Lissajous trajectory is symmetric. To achieve this, both signals 

are converted into square waves whose edges correspond to their zero-crossings. These 

square waves are then synchronised to correct the phase between the two driving signals.  

 Figure 2.12 shows the block diagram for open-loop analysis of phase 

synchronisation. The estimated high-mode displacement 𝑣ℎ𝐸   and the phase-shifted 

low-mode driving signal 𝑣𝑙𝑃𝑆 are passed through triggers with active high and low to 
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generate square waves 𝑆ℎ and 𝑆𝑙. These waves are divided to 𝑆ℎ𝐹𝐷 and 𝑆𝑙𝐹𝐷 with a 

common frequency (CF). The low-mode frequency-divided square wave is DC-

removed, integrated, and multiplied with the high-mode frequency-divided square. The 

output is passed through a LPF to produce the open-loop response 𝐿𝑙𝑃𝑆. 

 

Fig. 2.12 Block diagram for open-loop analysis of phase synchronisation.  

The low-mode drive from Eqn. (1.23) can be written as: 

𝑣𝑙(𝑡) = 𝐴𝑙 cos (2𝜋𝑓𝑙0𝑡 +
𝜋

2
) (2.34) 

Figure 2.13(a-b) show the resulting signals if the x-displacement is converted into an 

active-low square wave with a trigger level at zero, and the y-displacement in Eqn. 

(1.23) is converted into an active-high square wave. The rising edges of the two square 

waves (black solid lines) occur at the same time 𝑡 = 0. Based on this observation, an 

ideal and symmetric Lissajous curve can be generated by ensuring that one pair of rising 

edges from these two square-wave signals is aligned in time.  

 

Fig. 2.13 Square wave generation for (a) high mode and (b) low mode with Fourier approximation; (c) 

frequency divided square waves for two modes.  

 We now define the expressions of the square waves shown in Figure 2.13(a-b) and 

describe how their rising edges can be aligned. These signals are expressed as: 
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𝑆𝑙(𝑡) ≈
1

2
+
2

𝜋
∑

sin [
𝑁𝜋
2
]

𝑁
cos [𝑁 (2𝜋𝑓𝑙0𝑡 −

𝜋

2
)]

∞

𝑁=1

(2.35) 

𝑆ℎ(𝑡) ≈
1

2
+
2

𝜋
∑

sin [
𝑀𝜋
2 ]

𝑀
cos[𝑀(2𝜋𝑓ℎ𝑡 + 𝜙𝑉 + 𝜙ℎ)]

∞

𝑀=1

(2.36) 

where 𝑆𝑙(𝑡)  and 𝑆ℎ(𝑡)  represent the square waves of the low and high mode, 

respectively. Because the two modes operate at different frequencies, the time intervals 

between their rising edges are not constant. This problem can be solved using a positive-

edge-triggered frequency divider. The divider is triggered simultaneously by the first 

pair of rising edges from both signals and then divides the frequencies by 𝑛 and 2𝑛 +

1 , respectively. As a result, two new square waves are produced that preserve their 

original phase relationship while sharing the same frequency 𝑓𝑙0 𝑛⁄  . The 

implementation of this frequency-division scheme and the programmable selection of 

different values of 𝑛 are discussed in Chapter 3. Here, we introduce the basic principle. 

 Figure 2.14 shows the configuration of the divide-by-N frequency divider [96-97], 

and Figure 2.15 shows the simulated signals from a divide-by-3 divider. This design 

achieves odd frequency division with a 50% duty cycle by the following steps: 

1. Input: The input square wave is shown in the first row of Figure 2.15. 

2. Counters: Counter (0) generates pulses at 0, as shown in the second row, and 

Counter (N−1) generates pulses when the count reaches N−1. For the divide-

by-3 example, the counter sets after reaching 2, as shown in the third row. 

3. Flip-Flops: The input (rising edge triggered) and Counter (0) (active-low) are 

connected to Flip-Flop 1 (FF1) to produce the waveform in the fourth row. 

Similarly, the input (falling edge triggered) and Counter (N−1) (active-high) are 

connected to Flip-Flop 2 (FF2), generating the waveform in the fifth row. 

4. Output: The signals from FF1 and FF2 are combined using an XOR gate to 

generate the frequency-divided output, as illustrated in the sixth row. 
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Fig. 2.14 Configuration of divide-by-N frequency divider. 

 

Fig. 2.15 Simulated signals of a divide-by-3 frequency divider. 

 This circuit produces a stable 50% duty cycle for odd-integer frequency division, 

making the output signals suitable for phase synchronisation in the real-time control 

system. Figure 2.13(c) shows that after applying frequency division to Eqns. (2.35-

2.36), two square waves from the two modes, 𝑆𝑙𝐹𝐷 and 𝑆ℎ𝐹𝐷, are generated with the 

same frequency. The original square waves, shown in the first and third rows, are 

divided to obtain the signals displayed in the second and fourth rows, respectively. 

We now align the rising edges of the frequency-divided square waves. From Figure 

2.13(c), although the phase in Eqns. (2.35-2.36) is preserved after frequency division, 

they are affected by the trigger of the FFs. Since each FF produces an output only after 

completing one full input cycle, the output signal is delayed by one period. As a result, 

even when both dividers are triggered at the same time, the first rising edge of the low-

mode signal may appear later than that of the high-mode signal. This causes the relative 

phase between the two signals to vary over a wide range, from −2(2 + 1 𝑛⁄ )𝜋 to 2𝜋. 

Because phase is a relative quantity, the low-mode signal can be phase-shifted to reduce 
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the range of phase error that needs to be corrected. This simplifies the circuit design. 

The corresponding phase conversion relationship is given by: 

𝜙𝑙 = −
𝑛

2𝑛 + 1
(𝜙𝑉 + 𝜙ℎ) (2.37) 

which reduces the phase error range to −𝑛𝜋 (2𝑛 + 1)⁄  to 2𝜋. The frequency divided 

square waves corresponding to Eqns. (2.35-2.36) can thus be written as: 

𝑆𝑙𝐹𝐷(𝑡) ≈
1

2
+
2

𝜋
∑

sin [
𝑁𝜋
2 ]

𝑁
cos [𝑁 (2𝜋

𝑓𝑙0
𝑛
𝑡 −

2𝜋

𝑛
−
𝜋

2
)]

∞

𝑁=1

(2.38) 

𝑆ℎ𝐹𝐷(𝑡) ≈
1

2
+
2

𝜋
∑

sin [
𝑀𝜋
2 ]

𝑀
cos [𝑀 (2𝜋

𝑓𝑙0
𝑛
𝑡 −

𝜙𝑙
𝑛
−

3𝜋

4𝑛 + 2
−
𝜋

2
)]

∞

𝑀=1

(2.39) 

 

Fig. 2.16 Square wave and frequency divided square wave of (a, d) low mode and (b, e) high mode at 

the start and (c, f) frequency divided square waves for 3 complete cycles with (a-c) 𝜙𝑉 + 𝜙ℎ = −0.4𝜋 

and (d-f) 𝜙𝑉 + 𝜙ℎ = −0.6𝜋. 

Figure 2.16 shows the original square waves and their frequency-divided 

counterparts for different phase errors. From Figures 2.16(a-b) and (d-e), after phase 

calibration during the frequency-division process, the rising edges of the low- and high-
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mode square waves are aligned. Figures 2.16(c) and (f) show that the frequency-divided 

square waves have the same frequency even when different phase errors are present. 

We now apply a phase shift to the low-mode drive so that the frequency-divided 

square waves in Eqns. (2.38-2.39) are aligned. The output of the VCPS is: 

𝑣𝑙𝑃𝑆(𝑡) = 𝐴𝑙 cos (2𝜋𝑓𝑙0𝑡 + 𝜙𝑙𝑃𝑆 +
𝜋

2
) (2.40) 

where 𝜙𝑙𝑃𝑆 is the applied phase shift. With this phase shift, Eqn. (2.38) becomes: 

𝑆𝑙𝐹𝐷(𝑡) ≈
1

2
+
2

𝜋
∑

sin [
𝑁𝜋
2 ]

𝑁
cos [𝑁 (2𝜋

𝑓𝑙0
𝑛
𝑡 +

𝜙𝑙𝑃𝑆
𝑛

−
2𝜋

𝑛
−
𝜋

2
)]

∞

𝑁=1

(2.41) 

To generate the required 90° phase shift for locking, the DC component of Eqn. (2.41) 

is removed, and the signal is integrated to produce a triangular wave. By mixing this 

triangular wave with Eqn. (2.39) and passing the result through an LPF, the output is: 

𝐿𝑙𝑃𝑆(𝜙𝑙𝑃𝑆) = −
𝑛

𝜋3𝑓𝑙0
∑

sin2 [
𝑁𝜋
2 ]

𝑁3
sin [𝑁 (−

𝜙𝑙
𝑛
−

3𝜋

4𝑛 + 2
−
𝜙𝑙𝑃𝑆
𝑛

+
2𝜋

𝑛
)]

∞

𝑁=1

(2.42) 

When the sine functions become zero, the LPF output converges to zero. This allows a 

closed-loop system to lock 𝜙𝑙𝑃𝑆. The corresponding phase shift is given by: 

𝜙𝑙𝑃𝑆 = 2𝜋 − 𝜙𝑙 −
3𝜋

2

𝑛

2𝑛 + 1
(2.43) 

The fibre displacements of the two modes can then be written as: 

𝑦𝑙(𝑡) = 𝐵𝑙 cos (2𝜋𝑓𝑙0𝑡 − 𝜙𝑙 −
3𝜋

2

𝑛

2𝑛 + 1
) (2.44) 

𝑦ℎ(𝑡) = 𝐵ℎ cos (2𝜋𝑓ℎ𝑡 −
2𝑛 + 1

𝑛
𝜙𝑙) (2.45) 

In Eqns. (2.44-2.45), the conditions 𝑦𝑙 = 1 and 𝑦ℎ = 0 are met simultaneously at, 

𝑡 =
𝜙𝑙 +

3𝜋
2

𝑛
2𝑛 + 1

2𝜋𝑓𝑙0
(2.46) 

This shows that the fibre displacements of the two modes pass through the point (0,1) 

simultaneously. We can therefore conclude that the resulting motion forms a symmetric 

Lissajous scanning pattern. 
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Amplitude Control 

At this stage, the low mode is locked at its resonant frequency, and the high mode 

frequency is locked to maintain the fixed ratio required for Lissajous scanning. Phase 

errors have also been corrected. We now focus on amplitude control of the fibre 

displacements. In practice, setup errors can affect the performance of amplitude control. 

Here, ideal alignment is assumed. Amplitude control serves two main purposes: 

1. To ensure a square FOV. 

2. To maximise the proportion of backscattered light relative to reflected light. 

The duty cycle can be obtained from Eqns. (2.19) and (2.29) by passing the feedback 

signals through a DC-extracting LPF and dividing the output by the reflectivity. While 

the high-mode duty cycle is given in Eqn. (2.28), the low-mode duty cycle is: 

𝐷𝑙(𝑓𝑙) =
2

𝜋2
cos−1 (

𝑇

𝐵𝑙(𝑓𝑙)
) sin−1 (

𝑊

𝐵ℎ(𝑓ℎ)
) (2.47) 

Since the high mode operates close to resonance, we can approximate 𝐵𝑙 ≈ 1. When 

the amplitudes in the two orthogonal directions are equal, the ratio of the duty cycles 

is: 

𝐷𝑙
𝐷ℎ

=
2

𝜋
sin−1(𝑊) (2.48) 

which is a constant value. In practice, the duty cycle in one direction is actively 

controlled according to Eqn. (2.7), while the duty cycle in the orthogonal direction is 

locked to the value defined by Eqn. (2.48). This approach ensures a square FOV and 

allows the target duty cycle to be set to a relatively low value, thereby maximising the 

proportion of backscattered signals and improving overall optical efficiency. 

2.3 Conclusion 

An intermittent feedback mechanism was used to provide a reference for the fibre 

displacement, and an amplitude-coded aperture was introduced for the real-time control 

of 2D Lissajous fibre scanners. The frequency- and amplitude-locking schemes 

previously developed for a 1D fibre scanner were reviewed and extended to the 2D 

Lissajous scanner using this modified aperture. The low-mode frequency was locked 
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using its constant phase response at resonance, while the non-resonant high-mode 

frequency was generated using two VCOs driven by DC control voltages. The high-

mode displacement was estimated using a phase-shifted driving signal, and the two 

vibration modes were synchronised using frequency dividers to produce a symmetric 

Lissajous scanning pattern. Finally, a square FOV was achieved by maintaining a fixed 

ratio between the duty cycles of the two modes. Overall, this chapter establishes an 

open-loop theoretical foundation for the design of a real-time negative feedback closed-

loop controller for 2D Lissajous fibre scanners and provides the basis for the 

experimental implementation described in the following chapters. 
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Chapter 3: Real-Time Controller 

This chapter presents the design of a real-time controller for a 2D Lissajous fibre 

scanner. The chapter introduces the closed-loop controller design, which is based on 

Costas loops and PLLs [88-92]. SIMULINK models are developed, and each functional 

block is explained with reference to the theoretical controller design. The dip-coating 

[69] process is used to produce a cantilever suitable for generating a symmetric 

Lissajous scanning pattern. The experimental real-time controller and its initialisation 

procedure are then described, including the circuit implementation and the role of each 

hardware component. Finally, the theoretical, simulated, and experimental 

performances of both open- and closed-loop systems are analysed using nonlinear 

delayed differential equations (NDDEs) [130-131]. The controller performance is 

evaluated in terms of non-linearity, time delay, and critical gain. 

3.1 Controller Design 

In Chapter 2, the theoretical analysis showed that a real-time controller can be designed 

for a 2D Lissajous fibre scanner to generate a symmetric and square FOV. In this section, 

the controller design for five subsystems is introduced, including low-mode frequency 

locking, high-mode frequency generation, high-mode displacement estimation, phase 

synchronisation, and amplitude control. Figures 3.1-3.5 show the block diagrams of 

these five subsystems, illustrating the basic structure of the overall controller. The aim 

of this section is to demonstrate that each subsystem can operate as required, rather than 

to describe detailed hardware implementation. Based on these theoretical block 

diagrams, corresponding simulation models and experimental setups are developed, 

with additional consideration of practical, real-world effects. 

 Figure 3.1 shows the block diagram of the low-mode frequency lock subsystem, 

which uses a Costas loop [88-92] to lock the frequency based on the phase difference. 

A DC control voltage is applied to a VCO to generate the driving signal 𝑣𝑙, which 

excites the scanner and produces the corresponding displacement 𝑦𝑙. The reflecting 

aperture provides intermittent optical feedback, from which the level trigger extracts 
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the low mode feedback signal 𝐼𝑙  based on reflectivity variations. A multiplier 

combines the driving and feedback signals, and its output is processed by a LPF that 

extracts the DC component containing the phase information 𝐿𝑙. The LPF output is 

then integrated and fed back to a subtractor to form a negative-feedback integral control 

loop. As the LPF output converges to zero when the low mode reaches its resonant 

frequency, this subsystem effectively locks the low mode oscillation to resonance. 

 

Fig. 3.1 Block diagram for low-mode frequency lock. 

 Figure 3.2 shows the block diagram of the high mode frequency generation 

subsystem. Once the low-mode frequency lock is established, the control voltage 𝑣𝑙𝐷𝐶 

drives the upper VCO to generate a sinusoidal excitation signal at the low mode 

resonant frequency 𝑓𝑙0. This voltage is then multiplied by a factor of 2 + 1 𝑛⁄  and 

summed with a voltage corresponding to (1 + 1 𝑛⁄ ) 𝑓0 𝑘⁄  , in accordance with the 

relationship defined in Eqn. (2.24), to produce the high mode frequency 𝑓ℎ from the 

lower VCO. The VCO sensitivity and free-running frequency should be measured in 

advance to set the voltage. By adjusting these control voltages, the value of 𝑛 can be 

varied, thereby enabling programmable control of the scan-line density and frame rate. 

 

Fig. 3.2 Block diagram for high-mode frequency generation. 

 Figure 3.3 shows the block diagram of the high mode displacement estimation 

subsystem. The high mode drive 𝑣ℎ  generated by a VCO excites the scanner, 
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producing a high mode displacement 𝑦ℎ. The intermittent feedback from the reflector 

is processed by a level trigger to extract the high mode feedback 𝐼ℎ. The high mode 

drive is then passed through a phase shifter (PS) to generate 𝑣ℎ𝑃𝑆, which is multiplied 

by the feedback signal and filtered through a LPF to extract the DC phase term 𝐿ℎ𝑃𝑆. 

Together with an initial bias voltage for the PS, the LPF output passes through an 

integrator and subtractor to form a negative-feedback integral control loop. The loop 

converges when the phase difference between the high mode displacement and the 

phase-shifted driving signal approaches 90°. Subsequently, the integrator and a DC 

blocker compensate for this 90° phase shift, producing the estimated high-mode 

displacement 𝑣ℎ𝐸 , which shares the same phase component as the actual displacement. 

 

Fig. 3.3 Block diagram for high-mode displacement estimation. 

 Figure 3.4 shows the block diagram of the phase synchronisation subsystem. The 

estimated high mode displacement 𝑣ℎ𝐸  is first processed by an active-high trigger to 

generate the high mode square wave 𝑆ℎ, which is then passed through a divide-by-

(2𝑛 + 1)  frequency divider to produce the signal 𝑆ℎ𝐹𝐷 . Meanwhile, the low mode 

driving signal 𝑣𝑙 from the VCO is passed through a PS to obtain the phase-shifted 

signal 𝑣𝑙𝑃𝑆. An active-low trigger converts this signal into the low mode square wave 

𝑆𝑙, which is subsequently divided by 𝑛 using a frequency divider to produce 𝑆𝑙𝐹𝐷. The 

divided signal is passed through a DC blocker and an integrator to generate the 

triangular waveform 𝑇𝑙𝐹𝐷. This triangular wave is then multiplied by the high mode 

divided square wave, and the resulting signal is low pass filtered to extract the phase 

information 𝐿𝑙𝑃𝑆. An integrator and a subtractor, together with a DC control voltage 
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applied to the PS, form a closed-loop control system that drives the LPF output towards 

zero, thereby synchronising the two frequency-divided square waves. 

 

Fig. 3.4 Block diagram for phase synchronisation. 

 

Fig. 3.5 Block diagram for amplitude control. 

Figure 3.5 shows the block diagram of the amplitude control subsystem. The 

driving signals for the two vibration modes, generated by two VCOs, are combined to 

form a dual-frequency excitation signal 𝑣𝑙,ℎ, which drives the PT to excite the scanner 

and produce the corresponding displacements 𝑦𝑙,ℎ . The reflector, together with the 

level trigger, provides intermittent feedback signals for the low and high modes, 

denoted as 𝐼𝑙 and 𝐼ℎ, respectively. LPFs and multipliers, with the other inputs being 

the inverse of the reflectivity, are used to derive the duty cycle values 𝐷𝑙 and 𝐷ℎ. For 

the high mode, a subtractor referenced to a constant voltage 𝐷ℎ0 , followed by an 

integrator, forms a closed-loop control system that adjusts the amplitude of the high 

mode driving signal to maintain a constant duty cycle. To achieve a square FOV, the 
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low mode duty cycle is compared with a constant input corresponding to the ratio 

𝜋 [2 sin−1(𝑊)]⁄ . The subsequent subtractor and integrator constitute another closed-

loop controller that regulates the amplitude of the low mode driving signal, ensuring 

that the duty cycle is locked at the desired value and the resulting FOV remains square.  

3.2 Simulation Setup 

Based on the subsystem block diagrams, corresponding simulation models are 

developed in SIMULINK, a block-based environment for simulating and analysing 

multi-domain systems. In this section, the simulation models of the key subsystems are 

presented to support the design of the experimental controller circuits. The high-mode 

frequency generation subsystem is not included in the simulation, because its behaviour 

is defined by analytical relationships and does not require dynamic modelling. 

Figure 3.6 shows the SIMULINK model of the low-mode frequency lock 

subsystem, which consists of 13 components. Moving anticlockwise around the loop, 

these include three constant blocks, a summing block, a gain block, a low-mode VCO, 

a high-mode VCO, a scanner, a reflector, a phase detector, a clock, a switch, and an 

integrator. The internal structures of the main sub-blocks, including the VCOs, the 

reflector, and the phase detector, are shown in Figure 3.7. The simulation is carried out 

with the low mode initially operating off resonance, while the amplitudes of both 

vibration modes are set high enough to produce detectable feedback signals. 

 

Fig. 3.6 SIMULINK model for low-mode frequency lock. 
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 The first constant sets the initial low-mode frequency, which is chosen to be off 

resonance. The second and third constants define the amplitudes of the driving signals. 

The summing block provides negative feedback for the control loop. The gain block, 

with a value of 2 + 1 𝑛⁄ , sets the required relationship between the low- and high-

mode frequencies for Lissajous scanning. Figure 3.7(a) shows the low-mode VCO, 

which takes the frequency and amplitude as inputs and generates a sinusoidal driving 

signal. The high-mode VCO has the same structure. The scanner models the fibre 

motion using a SDE with fixed damping ratios and resonant frequencies, as shown in 

Figure 1.4. Since the two vibration modes are assumed to be decoupled, the high-mode 

displacement is treated independently. Figure 3.7(b) shows the reflector, which is 

implemented as a MATLAB function. Its inputs are the low-mode displacement, high-

mode displacement, width, threshold, and reflectivity. The width and threshold are 

chosen to ensure that feedback is generated, while the reflectivity sets the amplitude of 

the low-mode feedback signal. Figure 3.7(c) shows the phase detector, which consists 

of a multiplier followed by a second-order Butterworth LPF with a cutoff frequency of 

2 Hz. The clock records the simulation time, and the switch, implemented as a 

MATLAB function, defines when the control loop is activated. Finally, the integral 

controller is implemented using an integrator to provide the feedback action.  

 

Fig. 3.7 SIMULINK sub-blocks for model in Figure 3.6. 

Figure 3.8 shows the SIMULINK model of the high-mode displacement estimation 

subsystem, which consists of 16 components. Moving clockwise, these include three 

constants, a gain, a low mode VCO, a high mode VCO, a scanner, a reflector, a phase 

detector, a clock, a switch, an integral controller, a 90° PS, a variable time delay, a 

summing block, and an initial delay. Most of the components have been described 

previously. Figure 3.8 shows the configuration of the 90° PS. The simulation is carried 

out under the following conditions: the low mode operates at resonance, the high mode 

 a  b 
 c 

 c 
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is non-resonant, and the driving signal amplitudes are large enough to generate 

feedback. The key element in this model is the variable time-delay block, which 

introduces a controllable delay to the high-mode driving signal. The initial delay is used 

to represent the phase-lead and phase-lag behaviour of the phase shifter. Figure 3.8 

shows that the 90° PS integrates the input signal and removes the DC offset using a 

summing block and a Butterworth LPF, thereby producing a zero-phase output. 

 

Fig. 3.8 SIMULINK model of high-mode displacement estimation. 

 

Fig. 3.9 SIMULINK sub-block for model in Figure 3.8. 

 Figure 3.10 shows the SIMULINK model of the phase synchronisation subsystem, 

which contains 21 components. Moving clockwise around the loop, these include three 

constant blocks, a gain block, a low-mode VCO, a high-mode VCO, a scanner, two 

relays, a clock, a switch, two integral divide-by-N circuits, a 90° PS, a phase detector, 

an additional clock, a second switch, an integral controller, a summing block, an initial 

delay, and a variable time-delay block. Figure 3.11 shows the configuration of the 

integral divide-by-N circuit, based on a previous design [96-97]. The circuit takes a 

square wave as input and generates a square wave that preserves the positive edges. 

This is achieved using digital components such as counters, flip-flops (FFs), and logic 

gates. The DC offset of the low-mode frequency-divided square wave is then removed 

Delay
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using the same method described earlier. Compared with earlier simulations, this model 

includes two switches. Switch 1 ensures that the frequency-divided square waves start 

with a controlled phase error by activating the integral divide-by-N circuits at the same 

time. Switch 2 performs the same function as in the previous subsystem. 

 

Fig. 3.10 SIMULINK model of phase synchronisation. 

 

Fig. 3.11 SIMULINK sub-block for model in Figure 3.10. 

 Figure 3.12 shows the SIMULINK model of the amplitude control subsystem, 

which consists of 21 components. From left to right, these include three constants, a 

gain, two summing junctions, a low mode VCO, a high mode VCO, two integral 

controllers, two switches, a scanner, two clocks, a constant, two additional summing 

blocks, a gain, a reflector, and two duty cycle detectors for the two modes. Figure 3.13 

shows the configuration of the duty cycle detector sub-block. The key elements in this 

subsystem are the constant block 𝐷ℎ0 and the gain factor 2 sin−1(𝑊) 𝜋⁄ , which are 

used to equalise the displacement amplitudes and adjust the duty cycle to the reference 

value 𝐷ℎ0. The duty cycle detector shown in Figure 3.13 employs a Butterworth LPF 

to extract the DC offset and subsequently divides it by the reflectivity. 

Delay
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Fig. 3.12 SIMULINK model of amplitude control. 

 

Fig. 3.13 SIMULINK sub-block for model in Figure 3.12. 

3.3 Experimental Fibre Fabrication 

Fibre cantilevers are needed to demonstrate Lissajous scanning experimentally. 

However, as previously discussed, conventional fibres are unsuitable. In this section, a 

dip-coating method [69] is used to convert standard SMFs into a dual-core structure, 

producing a resonant frequency ratio of approximately 2. The resulting fibres are robust, 

stable and can be fabricated with high reproducibility. Their performance can be 

evaluated based on measured resonant frequency ratios.  

Theoretical Resonant Frequency Ratio 

Figure 3.14 shows the theoretical cross-sections of dual-core fibres, with the core and 

cladding regions indicated by red arrows. The cross-sections are based on a COTS SMF 

(SM600, Thorlabs). Since the fibre cantilevers have the same length and are made of 

the same material, the resonant frequency ratio between the two orthogonal vibration 

modes can be derived from Eqn. (1.6) as: 
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𝑓𝑥
𝑓𝑦
= √

𝐼𝑦𝑦

𝐼𝑥𝑥
(3.1) 

We assume that small variations in the mechanical properties of the glass defining the 

core can be neglected. For a cylindrical fibre with radius 𝑟, the second moments of area 

in the two orthogonal directions are identical, as given by Eqn. (1.9), resulting in a unity 

resonant frequency ratio. Figure 3.14(a) shows the dual-core configuration formed by 

attaching two fibres together. In this case, the second moments of area can be calculated 

using the parallel axis theorem and Eqn. (1.10) as [69]: 

𝐼𝑥𝑥 = 2(
𝜋𝑟4

4
) (3.2) 

𝐼𝑦𝑦 = 2(𝜋𝑟
4 +

𝜋𝑟4

4
) (3.3) 

which yields a ratio of √5 (𝑛 = 3), generating sparse scan lines. Figure 3.14(b) shows 

a polymer fillet added between the two fibres, filling the groove region to overcome 

this limitation. Let the Young’s moduli of the fibre and polymer be 𝐸𝑓  and 𝐸𝑝 , 

respectively, and define 𝑅 = 𝐸𝑝 𝐸𝑓⁄ . The modified frequency ratio becomes [69]: 

𝑓𝑥
𝑓𝑦
= √

5 + 𝑅
16 − 5𝜋
2𝜋

1 + 𝑅
16 − 3𝜋
6𝜋

(3.4) 

For 𝑅 = 1, the ratio decreases to below 2, implying that fibres with higher integer 𝑛 

values (greater than 3) can be achieved by adjusting the amount of polymer fillet.  

Figure 3.14(c) shows the principle of dual-frequency excitation achieved using a 

single PT. The drive is applied at 45° with respect to the principal axes (green arrow) 

and can therefore be decomposed into two orthogonal components (red arrows). Owing 

to the low damping ratio and mechanical decoupling of the cantilever, it predominantly 

responds to excitation components close to its respective resonance frequencies. As a 

result, the fibre can simultaneously vibrate along two perpendicular directions. The 

details of the setup and the effect will be discussed in Chapter 4. 
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Fig. 3.14 Theoretical cross-sections of dual-core fibres (a) before and (b) after dip-coating with a 

polymer fillet; (c) excitation (green) for orthogonal fibre tip motion (red).  

Dip-coating 

A dip-coating technique was used to bond two cylindrical fibres together to form a dual-

core structure. The SMFs (8/125 µm; BICC) naturally have a ribbon-like geometry, 

which makes them easy to pair into a double-fibre configuration suitable for dip-coating. 

Figure 3.15(a) shows the experimental setup for dip-coating, while Figure 3.15(b) 

shows its schematic design. The coater is driven by a DC power supply connected to a 

motor, with the rotation speed controlled by the applied voltage. The motor drives a 

gear assembly that adjusts the rotational speed. This gear set is mechanically connected 

to two rubber wheels that form a clamping mechanism, between which the fibre ribbon 

(red dashed line and thick black solid line) is held. As the wheels rotate, the fibre is 

pulled upward or downward through a tube containing the polymer solution. In this 

experiment, polymethyl methacrylate (PMMA; 950 PMMA A6, MicroChem) was used 

as the coating material, with a Young’s modulus of 𝐸 = 3.1 × 109𝑁𝑚−2 . Other 

polymers, such as poly butyl methacrylate (PBMA) or sol-gel glass, may also be used. 

Figure 3.15(c) shows the complete dip-coating procedure. In step (i), a pair of 

SMFs is separated from the fibre ribbon and stripped to obtain approximately 10 cm of 

bare fibre. Both ends are then cleaved to allow accurate alignment. In step (ii), the fibres 

are dip-coated using the apparatus shown in Figure 3.15(a). During this process, the 

two fibres are bonded together and a PMMA layer is deposited around the bare fibre 

sections. Different DC drive voltages are applied to set different pulling speeds, which 

control the polymer fillet formed between and around the fibres. The coated cantilever 

is then heated at 100 °C for 20 minutes to solidify the PMMA. In step (iii), the cantilever 
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is cleaved to obtain a clean cross-section without residual polymer. Figure 3.15(d) 

shows the cross-section of a typical dip-coated dual-core fibre cantilever with polymer 

fillet in the middle groove. 

 

Fig. 3.15 (a) Device for dip-coating; (b) design of the device; (c) procedures of dip-coating; and (d) 

cross-section of a typical dip-coated fibre cantilever. 

Cantilever Measurement 

Measurements of resonant frequency were made as follows. The dip-coated cantilever 

was mounted on a PT, with the excitation direction indicated in Figure 3.14(c). The 

excitation frequency is swept while the fibre cross-section is observed under a 

microscope. When the cantilever is driven at its resonant frequencies, the fibre reaches 

its maximum displacement, which is identified by the length of the motion-induced blur. 

While this method produces an inaccuracy of less than 0.5% due to inevitable boundary 

definition uncertainty of the blur, it is sufficient to find an approximate resonant 

frequency to excite the fibre cantilever within the capture range. 

 Figure 3.16 shows the performance of the dip-coating method and the frequency 

response of the fibre cantilever. Figure 3.16(a) shows the variation of the resonant 

frequency ratio with the coater voltage, confirming that values close to 𝑟 = 2 can be 

achieved. Figure 3.16(b) shows the corresponding variation of the integer parameter 𝑛 

estimated from these measurements. From this data, samples with 𝑛 = 31  were 

identified as the most suitable for further experiments. The solid curves in Figure 3.16(c) 

show the amplitude responses of the two vibration modes for a selected cantilever, used 

in later experiments. By comparing these results with the theoretical response (dashed 

lines) based on Eqn. (2.10), the experimental resonant frequencies and damping ratios 

were obtained as 𝑓𝑙0 = 131.5𝐻𝑧 , 𝑓ℎ0 = 267.25𝐻𝑧  (yielding 𝑟 = 2.0323 ), 𝜁𝑙 =

0.01 and 𝜁ℎ = 0.004. The experimental damping ratios were produced by changing 
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the damping ratios of the theoretical response until it overlapped with the experimental 

line. The shaded region indicates the range of high-mode frequencies within the capture 

range. Based on these measurements, the achievable range of 𝑛 is approximately 19 

to 61. In later experiments, values of 21, 41 and 61 were used to demonstrate 

programmable control of the scan-line density. 

 

Fig. 3.16 Variation of the (a) resonant frequency ratio and (b) 𝑛 as functions of motor voltage; and (c) 

comparison of theoretical and experimental response for orthogonal modes of the dual-core cantilever.  

Figure 3.17(a) shows the normalised amplitude responses of the two vibration 

modes. The damping ratios are intentionally set to 𝜁𝑙 = 0.05 and 𝜁ℎ = 0.03 to make 

the behaviour easier to see. When the low mode operates at its resonant frequency, the 

bandwidth of the high mode (blue dashed lines), defined by the threshold level (black 

dashed line), can be identified. The vertical dashed lines (cyan, magenta, and green) 

correspond to high-mode frequencies for 𝑛 = 21 , 41 and 61, respectively. The 

intersection points indicate the corresponding amplitude and phase responses at these 

values of 𝑛. Figure 3.17(b) shows the frequency response. The results confirm that the 

high mode is non-resonant, as predicted earlier, and that changing 𝑛 allows the scan-

line density and the frame rate to be programmed. Compared with Figure 3.16(c), larger 

damping ratios are used here, which indicates that the practical scanner will have a 

reduced range of programmability. 



67 
 

 

Fig. 3.17 Simulated (a) amplitude and (b) phase response of a dual-core fibre cantilever. (𝑓𝑥 = 203𝐻𝑧, 

𝑓𝑦 = 100𝐻𝑧, 𝜁𝑥 = 0.03, 𝜁𝑦 = 0.05) 

3.4 Experiment Setup 

In this section, the experimental setup for the scanner and its real-time controller is 

described. The circuit designs for the five subsystems are illustrated, and the individual 

electronic components are listed, with selected elements discussed in further detail. 

Figure 3.18 explains the overall operation of the scanner and its controller. 

 

Fig. 3.18 Scanner controller: (a) schematic and (b) initialisation flowchart. 

 Figure 3.18(a) shows the complete experimental system. The scanner operates as a 

dual NA confocal microscope and uses a dip-coated fibre cantilever driven by a single 

PT. The transducer excites the fibre into 2D motion in front of a lens, which projects a 

moving image of the guided optical mode onto the target. Backscattered light is 

collected from the fibre cladding using mode-stripping PD. Intermittent optical 

feedback is generated by an aperture placed between the fibre tip and the lens. The 

controller consists of a PC connected to an electronic control module through digital-

to-analogue (DAC) and analogue-to-digital (ADC) converters, allowing signals to be 

exchanged between the control electronics and the scanner drive and detection units. 

Figure 3.18(b) shows the operational flowchart, which includes two stages: software 
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initialisation and hardware locking. During the software initialisation stage, both 

vibration modes are driven close to their estimated resonant frequencies under PC 

control. The driving amplitudes are gradually increased until feedback is detected, after 

which the aperture and lens are adjusted to centre the optical system. In the hardware-

locking stage, the controller operates autonomously to lock the frequencies and 

amplitudes, enabling stable 2D scanning. 

 Figure 3.19 shows the high-level structure of the controller, which has un-clocked 

(NI USB-6009, National Instruments) and clocked (NI my DAQ, National Instruments) 

DACs, a USB scope (2206B, Picoscope) acting as an ADC, and a level trigger 

separating the low and high mode feedback. The controller performs 6 main operations: 

1. Locking the low-mode frequency to its resonant frequency. 

2. Setting the low-mode scan amplitude to a suitable value. 

3. Generating the high-mode drive in a fixed frequency ratio to the low-mode drive. 

4. Equalising the high-mode scan amplitude. 

5. Estimating the high-mode phase. 

6. Correcting the relative phase of the two modes. 

The first two processes will be performed once; the last four are repeated whenever 

different Lissajous figures are selected. All operations involve control loops except #3. 

 

Fig. 3.19 High-level block diagram for circuit design. 
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 Figure 3.20 shows the circuit block diagram of the low-mode frequency lock 

subsystem, which contains 12 sub-circuits. Moving clockwise around the loop, these 

include a differential amplifier, a VCO, an RC filter, an analogue multiplier, a non-

inverting amplifier, a window comparator, a second analogue multiplier, a Butterworth 

LPF, an operational amplifier (op-amp) integrator, and an analogue switch. Two 

additional sub-circuits are also included: a differential amplifier for amplitude control 

and a summing amplifier used to add the high-mode drive. These will be discussed later. 

All sub-circuits, except for the analogue multipliers and the analogue switch, are built 

using operational amplifiers (LM324-N, Texas Instruments), resistors, capacitors, and 

an NPN transistor (2N3903, Onsemi). The analogue multiplier (AD633, Analog 

Devices) and the analogue switch (DG201A, Analog Devices) are COTS components. 

Simplified circuit diagrams explaining their operation are shown in Figure 3.21. 

 

Fig. 3.20 Circuit design for low-mode frequency lock. 

 Figure 3.21(a) shows a differential amplifier configured as a unity-gain op-amp for 

signal subtraction. It is connected to the un-clocked DAC to provide an initial voltage 

to start the control loop. When the analogue switch is off, the other input is grounded. 

Figure 3.21(b) shows the VCO, which works by changing the control voltage applied 

to an NPN transistor. This changes the charging and discharging speed of a capacitor 

and therefore adjusts the oscillation frequency. The VCO produces frequencies from 75 

Hz to 300 Hz for control voltages between 0.05 V and 0.65 V. Figure 3.21(c) shows the 

RC filter, which consists of a five-stage RC ladder and an additional capacitor to remove 

DC offset. It has a cutoff frequency of 159 Hz and a 5th roll-off. The analogue multiplier 
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uses a Gilbert-cell structure to generate an output equal to the product of its two 

differential inputs. This multiplier is connected to the un-clocked DAC to allow 

amplitude adjustment during system start-up. Figure 3.21(d) shows a non-inverting 

amplifier, where the gain is chosen to set the overall loop gain. Figure 3.21(e) shows a 

window comparator, which compares the input signal with two preset thresholds and 

indicates whether the signal lies within this range. These thresholds are calibrated using 

the reflectivity of the feedback signal to ensure reliable operation. The feedback signal 

is then multiplied by the driving signal using another analogue multiplier. Figure 3.21(f) 

shows a Butterworth LPF. It is a second-order filter with a cutoff frequency of 2 Hz. 

Figure 3.21(h) shows an op-amp integrator, with a DC cutoff and a first-order roll-off. 

Finally, the analogue switch uses two MOSFETs controlled by a digital input to switch 

the signal on or off. This switch is connected to the clocked DAC to allow synchronised 

control. 

 

Fig. 3.21 Circuit components of the block diagram of Figure 3.20: (a) differential amplifier, (b) 

voltage-controlled oscillator, (c) RC filter, (d) non-inverting amplifier, (e) window comparator, (f) 

Butterworth low-pass filter, and (g) op-amp integrator. 
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 Figure 3.22 shows the circuit block diagram of the high-mode frequency generation 

subsystem, which consists of 6 sub-circuits: two analogue multipliers, a summing 

amplifier, a VCO, an RC filter, and a non-inverting amplifier. Two additional 

differential amplifiers are included for activation and amplitude control in later stages. 

The analogue multipliers are identical to those described in the previous section. Figure 

3.23 shows the summing amplifier, which is a unity-gain op-amp circuit used to add 

signals. Both the analogue multiplier and the summing amplifier are connected to the 

un-clocked DAC. The DAC provides control voltages that set the high-mode frequency 

based on a fixed relationship with the low-mode frequency. These voltages can be 

changed by programming the DAC, allowing the Lissajous pattern to be adjusted. The 

VCO uses the same circuit design as described earlier. The RC filter also has the same 

structure, but with a higher cutoff frequency of 318 Hz to suit the high-mode frequency 

range. Finally, a non-inverting amplifier increases the amplitude of the driving signal 

to provide sufficient excitation for the scanner. 

 

Fig. 3.22 Circuit design for high-mode frequency generation. 

 

Fig. 3.23 Circuit diagram of the summing amplifier block diagram of Figure 3.22. 
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 Figure 3.24 shows the circuit block diagram of the high-mode displacement 

estimation subsystem, consisting of 10 sub-circuits arranged clockwise: a non-inverting 

amplifier, a multiplier, a Butterworth LPF, an integrator, a switch, a differential 

amplifier, a VCPS, a second integrator, a DC blocker, and an inverting amplifier. A 

small initial voltage, denoted as 𝑣𝑖𝑛𝑡1, is applied in the circuit to start the control loop. 

The summing amplifier located at the top-left corner provides the feed-in for the high-

mode driving signal. Figure 3.25(a) shows the non-inverting comparator, which 

compares an input voltage with a reference voltage and outputs a high or low level 

depending on the comparison result. The reference voltage is set using the reflectivity 

calibrator to ensure reliable feedback detection. Except for the VCPS, the DC blocker, 

and the inverting amplifier, all other sub-circuits are the same as those described earlier. 

Figure 3.25(b) shows the VCPS, which is implemented using all-pass filters. The phase 

shift is controlled by changing the resistance, which is realised using a bypassed 

junction field-effect transistor (JFET; LSK389, Linear Systems). This allows the phase 

to be adjusted using a control voltage. Figure 3.25(c) shows the DC blocker, which 

combines a Butterworth LPF with a differential amplifier to remove DC offset without 

introducing additional phase shift. Finally, Figure 3.25(d) shows the inverting amplifier, 

which is a unity-gain op-amp circuit used to invert the input signal. 

 

Fig. 3.24 Circuit design for high-mode displacement estimation. 
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Fig. 3.25 Circuit components of the block diagram of Figure 3.24: (a) non-inverting comparator, (b) 

voltage-controlled phase shifter, (c) DC-blocker and (d) inverting amplifier. 

 Figure 3.26 shows the circuit block diagram of the phase synchronisation 

subsystem. The circuit contains 14 sub-circuits, including a non-inverting comparator, 

three analogue switches, a VCPS, an inverting amplifier, divide-by-N circuits, two op-

amp integrators, a DC blocker, an analogue multiplier, a differential amplifier, and a 

Butterworth LPF. Figure 3.27 shows the additional supporting sub-circuits used in this 

subsystem. A Picoscope is connected to the circuit to record and monitor the 

synchronised scanning trajectories. 

 

Fig. 3.26 Circuit design for phase synchronisation. 
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 The non-inverting comparator uses the same circuit as described earlier, except that 

the reference voltage is set to zero. Figure 3.27(a) shows the inverting comparator, 

which compares the input voltage with a reference voltage and outputs a low level when 

the input is higher than the reference. In this case, the reference voltage is also set to 

zero. Figure 3.27(b) shows the integral divide-by-N circuit, which uses binary counters 

(TC74HC4040AP, Toshiba) to generate periodic signals that reset automatically. The 

counters are connected to the digital outputs of the DACs to set the reset values. In a 

binary system, the values of 𝑛 and 2𝑛 + 1 differ only in the last two bits, so both 

values can be set using a single DAC channel. JK FFs (CD74HC73E, Texas Instruments) 

are used to halve the frequency, and an XOR gate (CD4070BE, Texas Instruments) 

produces a divide-by-N output with a 50% duty cycle. 

 

Fig. 3.27 Circuit components of the block diagram of Figure 3.26: (a) inverting comparator and (b) 

divide-by-N circuit. 

 a 
 b 
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Fig. 3.28 Block diagram of the amplitude control sub-system.  

Figure 3.28 shows a block diagram of the amplitude control subsystem. The circuit 

consists of several analogue and op-amp sub-circuits arranged in rows, including 

analogue multipliers, differential amplifiers, analogue switches, op-amp integrators, 

window comparators, Butterworth LPFs, summing amplifiers, and non-inverting 

comparators. All these sub-circuits have been described in earlier sections. In this 

subsystem, the duty cycles of the feedback signals are controlled to reach a target value 

𝑣𝑎4, with a fixed ratio set by 𝑣𝑎1. This ensures equal vibration amplitudes and produces 

a square FOV. The feedback signals are extracted using the same method as in the 

previous subsystems. The duty cycles are obtained using LPFs, and the effect of 

reflectivity is removed using analogue multipliers with inputs 𝑣𝑎2  and 𝑣𝑎3 . The 

difference between the measured and target duty cycles is integrated, and the resulting 

control voltage is compared with the activation amplitude from the un-clocked DAC to 

form a negative feedback amplitude control loop. The analogue switches are controlled 

by the clocked DAC to ensure synchronised operation. Finally, the two driving signals 

are combined using a summing amplifier to excite the scanner. All reference voltages 

are generated within the circuit. 
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 Figure 3.29 shows the experimental setup of the controller circuit and its 

connections to the associated hardware. The central part of the setup includes the 

breadboard circuit, the control PC (ThinkPad, Lenovo), and two DACs used to set the 

scan parameters and initialise the different control loops. The Picoscope, located on the 

right, is used to record the backscattered signals. The un-clocked DAC provides 

analogue outputs from 0 V to +5 V with 12-bit resolution. The clocked DAC includes 

clocked input and output channels, and provides digital outputs up to +5 V and analogue 

outputs in the range of ±10 V, with a maximum update rate of 200 kS/s. The Picoscope 

used in this system is a 20 MHz digital storage oscilloscope. Communication and data 

acquisition are carried out through USB connections, and the system is controlled using 

MATLAB. The breadboard circuit contains all sub-circuits shown in Figure 3.19, and 

the power supply lines are decoupled using capacitors to reduce noise and interference. 

 

Fig. 3.29 Experimental controller circuit and its connection to additional units 

3.5 Performance 

In this section, the performance of the subsystems is analysed using the simulation 

models and the experimental circuit designs. The theoretical open-loop responses 

introduced in Chapter 2 are compared with both simulation and experimental results. 

The closed-loop system is modelled using NDDEs [130-131] to account for the 

nonlinear open-loop behaviour and the delays introduced by the LPFs. Key parameters, 

such as the critical gain and transient response time, are extracted and compared with 

the corresponding simulation and experimental results.  
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Low-Mode Frequency Lock 

The open-loop response of the low-mode frequency lock subsystem, derived from the 

LPF output, is described by Eqn. (2.19). This term is used in the feedback loop that 

locks the driving signal to the resonant frequency. However, 𝐿𝑙  varies periodically 

with 𝜙𝑙, so there is a limited range near 𝜙𝑙 = −𝜋 2⁄  (pull-in range) for a successful 

lock. Here, we may assume that 𝜙𝑙 varies linearly with the frequency deviation ∆𝑓𝑙 =

𝑓𝑙 − 𝑓𝑙0, following Eqn. (2.12). If ∆𝑓𝑙 is also small, 𝐿𝑙 ≈ 𝑄𝑙∆𝑓𝑙, in which: 

𝑄𝑙 =
𝑅2𝐴𝑙𝐷𝑏
𝜋𝜁𝑙𝑓𝑙0

sin(𝐷𝑎𝜋) (3.5) 

Assuming additional feedback gain 𝑘𝑙 and aggregate time delay 𝜏𝑙 introduced by the 

filters in the loop, the NDDE governing the loop can be written as: 

𝑓𝑙̇ = −𝑘𝑙𝑄𝑙∆𝑓𝑙(𝑡 − 𝜏𝑙) (3.6) 

Considering the equilibrium point 𝑓𝑙 = 𝑓𝑙0, small perturbation near resonance is: 

𝜆𝑓𝑙 = 𝑓𝑙0 + 𝜌𝑒
𝜆𝑡 , (𝜌 ≪ 1) (3.7) 

Substituting this into Eqn. (3.6) yields the characteristic equation: 

𝜆 = 𝑘𝑙𝐿𝑙
′ (𝑓𝑙0)𝑒

−𝜆𝜏𝑙 (3.8) 

Stability condition changes when the real part crosses the imaginary axis. Substituting 

𝜆 = −𝑖𝛽 into Eqn. (3.8) and separating real and imaginary parts gives the critical gain: 

𝑘𝑙 =
𝜋2𝜁𝑙𝑓𝑙0

2𝜏𝑙𝑅2𝐴𝑙𝐷𝑏 sin(𝐷𝑎𝜋)
(3.9) 

For small and constant 𝑘𝑙𝑄𝑙  within the stability limit (below the critical gain), the 

solution is a decaying exponential: 

∆𝑓𝑙(𝑡) = ∆𝑓𝑙(0)𝑒
−𝑘𝑙𝑄𝑙 (3.10) 

Convergence is accelerated by increasing 𝑘𝑙 ; however, when the gain exceeds the 

critical value, the system exhibits oscillatory behaviour due to the inherent delay 𝜏𝑙. 
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Fig. 3.30 Low mode: variation of open-loop LPF output 𝐿𝑙 with 𝑓𝑙 for (a) different 𝑊 and (b) 

different 𝑅; variation of closed-loop frequency error ∆𝑓𝑙 with 𝑘𝑙 for (c) 𝑅 = 0.49 and (d) 𝑅 =

0.21 for different 𝑊; closed-loop trajectories for 𝑅 = 0.49, 𝑊 = 0.5 and different 𝑘𝑙, showing (e) 

convergence and (f) oscillation.  

 Figure 3.30(a-b) shows the open-loop response 𝐿𝑙 of the low-mode LPF output as 

a function of frequency 𝑓𝑙 for different values of width 𝑊 and reflectivity 𝑅. The 

black and red dashed lines correspond to the theoretical prediction from Eqn. (2.19), 

and the SIMULINK simulation results, respectively. In all cases, 𝐿𝑙  varies quasi-

sinusoidally with frequency, while its amplitude depends strongly on both 𝑊 and 𝑅. 

For a given set of 𝑊 and 𝑅, the convergence behaviour is governed by the feedback 

gain 𝑘𝑙: as 𝑘𝑙 increases, convergence accelerates until oscillations emerge at the 

critical gain 𝑘𝑙𝐶. Figure 3.30(c-d) shows the variation of the steady-state frequency 

error ∆𝑓𝑙 as a function of 𝑘𝑙 for 𝑅 = 0.49 and 𝑅 = 0.21 with different 𝑊 values. 

The errors remain zero below the critical gain 𝑘𝑙𝐶 predicted by Eqn. (3.9) (green 

points), while the SIMULINK results (red dashed lines) exhibit a sharp rise beyond 

these thresholds. Figure 3.30(e-f) shows simulated trajectories for 𝑅 = 0.49, 𝑊 = 0.5, 

and various 𝑘𝑙  values, showing (e) progressively faster convergence and eventual 
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overshoot as 𝑘𝑙 approaches 𝑘𝑙𝐶, and (f) sustained oscillations as 𝑘𝑙 exceeds 𝑘𝑙𝐶. 

Under critical damping conditions, the settling time is approximately 300 ms. 

High-Mode Displacement Estimation 

Figure 3.31(a) shows the measured relationship between the VCO output frequency and 

the control voltage. The frequency varies linearly with the applied voltage and follows: 

𝑓𝑉 = 0.3529𝑣𝐷𝐶 + 68.94 (3.11) 

Based on this relationship, the voltages applied to the two VCOs for 𝑛 = 31 satisfy: 

𝑣ℎ𝑉 = 2.03𝑣𝑙𝑉 + 400 (3.12) 

Figure 3.31(b) shows the open-loop output 𝐿ℎ  of the high-mode LPF output as a 

function of the phase error 𝜙ℎ𝑃𝑆 − 𝜙ℎ − 𝜋 2⁄ , where 𝜙ℎ𝑃𝑆 and 𝜙ℎ are the phases of 

the VCPS output and the high-mode feedback. The variation is sinusoidal, and 𝐿ℎ is 

zero when 𝜙ℎ𝑃𝑆 − 𝜙ℎ − 𝜋 2⁄ = 0. Figure 3.31(c) shows the high-mode displacement 

estimation signals: the driving signal (red solid line) is phase-shifted (red dashed line) 

to align with the feedback signal (black solid line), providing an accurate estimation of 

the high-mode displacement.  

 

Fig. 3.31 (a) VCO output frequency versus input voltage; (b) variation of open-loop LPF output 𝐿ℎ 

with 𝜙ℎ𝑃𝑆 − 𝜙ℎ −
𝜋

2
; and (c) signals of high mode displacement estimation. 

The control loop also includes delays introduced by the LPFs, resulting in similar 

dynamic behaviour to that observed in Figure 3.30. Figure 3.32(a) shows the peak 

variation of error ∆𝐿ℎ with loop gain 𝑘ℎ; errors are again low below the critical gain 

𝑘ℎ𝐶  (green point) and rise rapidly thereafter. Figure 3.32(b-c) show predicted 

trajectories for values of 𝑘ℎ as indicated, showing (b) convergence and then overshoot 



80 
 

as 𝑘ℎ approaches 𝑘ℎ𝐶 and (c) steady and then growing oscillation as 𝑘ℎ rises above 

𝑘ℎ𝐶. For critical damping, the settling time is approximately 100 ms. 

 

Fig. 3.32 (a) Variation of closed-loop LPF output error 𝐿ℎ with 𝑘ℎ; and closed-loop trajectories for 

different 𝑘ℎ, showing (b) convergence and (c) oscillation. 

Phase Synchronisation 

Figure 3.33(a) shows input and output signals for the low and high modes for 𝑛 = 31. 

The input signals are square waves with different frequencies. After division, the 

outputs have CFs and have been phase-locked by the phase synchronisation loop. 

Figure 3.33(b) shows the variation of the open-loop output 𝐿𝑙𝑃𝑆 of the LPF output with 

the phase error ∆𝜙𝐶 between the two CF signals. Because of frequency division, the 

possible phase error is much smaller here, and the variation over the range shown is 

very linear. Figure 3.33(c) shows examples of the high mode square wave and the low 

mode triangular wave before and after closed-loop operation; the latter has clearly been 

driven into phase-lock with the square wave. The control loop also introduces delays 

from LPFs, leading to behaviour like that observed in Figure 3.30. Figure 3.34(a) shows 

the peak variation of the phase error ∆𝐿𝑙𝑃𝑆 as a function of the loop gain 𝑘𝑙𝑃𝑆. The 

errors remain minimal below the critical gain 𝑘𝑙𝑃𝑆𝐶 (green point) but increase sharply 

once this threshold is exceeded. Figure 3.34(b-c) shows the predicted trajectories for 

the indicated values of 𝑘𝑙𝑃𝑆: (b) shows convergence followed by overshoot as 𝑘𝑙𝑃𝑆 

approaches 𝑘𝑙𝑃𝑆𝐶, while (c) shows stable oscillations that grow as 𝑘𝑙𝑃𝑆 rises above 

𝑘𝑙𝑃𝑆𝐶. Under critical damping conditions, the settling time is around 500 ms. 
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Fig. 3.33 (a) Experimental demonstration of frequency division with 𝑛 = 31; (b) variation of open-

loop LPF output 𝐿𝑙𝑃𝑆 with 𝜙𝑐; and (c) alignment of signals.

 

Fig. 3.34 (a) Variation of closed-loop LPF output error 𝐿ℎ𝑃𝑆 with 𝑘ℎ𝑃𝑆; and closed-loop trajectories 

for different 𝑘ℎ𝑃𝑆, showing (b) convergence and (c) oscillation. 

Amplitude Control 

Figure 3.35(a) shows how the duty cycle varies with vibration amplitude for both modes. 

For the low mode, results are shown for different reflector widths 𝑊. A width of 𝑊 =

0.5 is used in the experiments, and for this value the ratio between the high- and low-

mode duty cycles is 3. Figure 3.35(b-c) shows the steady-state traces of the simulated 

and experimental feedback signals. The matching widths of all four feedback pulses 

confirm correct amplitude equalisation. The black dashed lines indicate the thresholds 

used to distinguish feedback signals. The amplitude control loop also includes delays. 

Figure 3.36(a) shows the peak variation of the error Δ𝐷ℎ as a function of the loop gain 

𝑘𝑎. The error remains small below the critical gain 𝑘𝑎𝐶  (green point) and increases 

rapidly when this value is exceeded. Figure 3.36(b-c) shows the predicted trajectories 

for different values of 𝑘𝑎 : (b) shows convergence followed by overshoot as 𝑘𝑎 

approaches 𝑘𝑎𝐶 , while (c) shows oscillations that grow as 𝑘𝑎 increases beyond 𝑘𝑎𝐶 . 

Under critically damped conditions, the settling time is approximately 300 ms. 
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Fig. 3.35 (a) Open-loop response of duty cycle 𝐷 with 𝐴 and closed-loop variation of feedback 

signals from (b) simulation and (c) experiment. 

 

Fig. 3.36 (a) Variation of closed-loop duty cycle error 𝐷ℎ with 𝑘𝑎; and closed-loop trajectories for 

different 𝑘𝑎, showing (b) convergence and (c) oscillation. 

Overall, the control electronics performed as expected. The discrete data points in 

Figures 3.30-3.36 show experimental results with good agreement to the simulations. 

This close match is mainly due to the low operating frequencies of the system, which 

reduce the effects of parasitic circuit elements and other non-ideal behaviour. 

3.6 Conclusion 

The design, simulation, and experimental implementation of a real-time controller for 

a 2D Lissajous fibre scanner have been presented. A dip-coating method was modified 

to fabricate a dual-core fibre cantilever with a continuously adjustable resonant 

frequency ratio. This process produces a frequency ratio close to 2, which enables the 

generation of a symmetric Lissajous scanning pattern. The dip-coating method was 

optimised to achieve stable and reproducible dual-core fibre structures. Based on the 

theoretical analysis in Chapter 2, five control subsystems were designed. Each was first 

described using a theoretical block diagram and then implemented in SIMULINK to 
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verify its operation. The simulation results showed stable behaviour, confirming that 

frequency and amplitude locking can be achieved with predictable dynamics governed 

by NDDEs. The controller was then implemented experimentally, and its performance 

was found to agree well with both theory and simulation. The open- and closed-loop 

behaviours were analysed to study the effects of gain and delay, revealing clear critical 

gains and settling times that match the NDDE predictions. Overall, the system achieves 

stable dual-frequency operation, accurate phase synchronisation, and automatic 

amplitude equalisation, enabling reliable real-time control of the scanner. The complete 

scanning system operating under this controller will be presented in a later chapter, 

where its imaging performance will be evaluated. Future work could examine the 

robustness of the controller and study its response to external disturbances.  
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Chapter 4: 2D Lissajous Fibre Scanning System 

In this chapter, the complete 2D Lissajous fibre scanning system is presented, based on 

a dual NA confocal detection scheme [52]. An amplitude-coded reflecting aperture is 

introduced to generate distinguishable optical feedback signals, followed by a 

description of the scanner setup, which shows how the optical and electronic systems 

are integrated. The real-time controller is used to drive the 2D Lissajous fibre scanner, 

producing symmetric scan trajectories with a square FOV. Photographs of the scan lines 

obtained for different aperture widths and values of 𝑛 are presented. The system is 

then calibrated to correct for reflector tilt, alignment errors, and phase offsets. These 

effects are derived theoretically and evaluated using reconstructed images. The use of 

Delaunay triangulation [132-133] for 2D interpolation during image reconstruction is 

discussed. The sampling conditions required to sample at Padua points [134] are also 

analysed to optimise image resolution. Finally, image reconstruction is demonstrated 

under both transient and steady-state conditions. The transient results show system 

behaviour during parameter changes, while the steady-state results show reconstructed 

images obtained from the stabilised Lissajous fibre scanner. 

4.1 Scanning System Setup 

The scanning system is based on a dual NA confocal detection mechanism [52]. It 

consists of two main parts: the controller and the scanner. The controller was described 

in Chapter 3. In this chapter, the configuration of the scanner is presented.   

Scanner 

Figure 4.1 shows the schematic of the scanner setup, and Figure 4.2 shows the 

corresponding experimental arrangement. The scanner was assembled on an optical 

bench (Photon Control), and all components were aligned using XYZ micro-positioners 

(Photon Control). The optical source was a pigtailed 5 mW semiconductor laser 

operating at a wavelength of 635 nm (Seven Stage Optics), which was butt-coupled to 

one of the two fibre cores. A mode stripper, consisting of a neutral-density filter and 

index-matching liquid, was used to suppress cladding modes. Imaging was performed 
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using a 0.23-pitch gradient-index rod lens (GRIN2306A, Thorlabs) with an anti-

reflection coating optimised for 635 nm. The apertures used for the real-time controller 

are described later. An aperture was mounted on a micro-positioner (Photon Control) 

with rotational adjustment. A 30 mm long fibre cantilever was attached using index-

matching epoxy to a surface-mount silicon photodiode (SFH2430, ams-OSRAM AG), 

which was mounted at 45° on a disc PT (RS Pro 1587433, RS Components). The PT 

was selected so that its self-resonance is far away from the resonance of the fibre 

cantilever. The controller circuit generated the dual-frequency driving signal, while the 

backscattered optical signal, combined with the intermittent feedback, was collected by 

the real-time controller through the photodiode. The controller was interfaced with two 

DACs for communication and programming via a PC.  

 

Fig. 4.1 Schematic setup of the 2D Lissajous fibre scanner. 

 

Fig. 4.2 Experimental setup of the 2D Lissajous fibre scanner. 

 Figure 4.3 shows the experimental fibre cantilever mounted on an inclined stage 

and the schematic front view. To align the Lissajous scanning trajectory with the 
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horizontal and vertical axes, the PT was mounted on an inclined platform with a 45° 

slope. A V-block, highlighted in blue in the figure, was fabricated using 3D printing. 

The fibre was placed at the centre of the V-groove and fixed using optical adhesive. An 

additional 3D-printed lid was used to provide temporary mechanical fixing. When 

assembled, the lid and the V-block formed a clamp, ensuring stable and repeatable 

mounting of the fibre during measurements. For permanent use, the optical adhesive 

with a refractive index higher than the cladding is used to mount the fibre and to couple 

the light from the cladding to the photodiode. 

 

Fig. 4.3 Photo and schematic front view of fibre mounting. 

Aperture 

Apertures were formed from 50 µm thick photoetched stainless steel (Qualitech). 

Amplitude coding of feedback signals was achieved by adjusting their reflectivity at 

635 nm using ink from commercial highlighter pens (Stabilo Boss, Schwan-Stabilo). 

Figure 4.4(a) shows the measured reflectivity for different ink colours, normalised to 

uncoated stainless steel. The results cover a useful range and allow reflectivity to be 

precisely controlled. The colours selected for this experiment were 501 neon green, 201 

neon red, 23 neon pink, and bare stainless steel. Figure 4.4(b) shows a close-up of the 

optical arrangement, including the cantilever tip, the coded aperture, and the GRIN lens. 

Figure 4.5(a-c) show the different aperture layouts investigated. Each aperture has 

a length of 2.25 mm and a width of 1.75 mm. To study the effect of aperture geometry, 

apertures with widths of 0.5 mm, 1.0 mm, and 1.5 mm were used, corresponding to 

normalised width values of 0.25, 0.5, and 0.75, respectively. Figure 4.5(d-f) show the 
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coated apertures after coating with the selected colours. In these apertures, the high-

mode feedback is generated by reflectors with 𝑅0 = 1 and 𝑅1 = 0.71, while the low-

mode feedback is generated using reflectors with 𝑅2 = 0.49 and 𝑅3 = 0.21. 

 

Fig. 4.4 (a) Normalised reflectivities using example pens and (b) photo of fibre tip. 

 

Fig. 4.5 Etched aperture for (a, d) 𝑊 = 0.25, (b, e) 𝑊 = 0.5 and (c, f) 𝑊 = 0.75 (a-c) before and 

(d-f) after coating. 

4.2 Experimental Scan Lines 

Optical components were mounted on micro-positioners, and scan patterns were 

recorded using a camera. The parameter 𝑛 was found to be tuneable over the range 

from 19 to 63. Outside this range, no feedback was obtained due to the low damping of 
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the cantilever and the limited drive voltage of the PT (±15 V). Wider tuning could be 

achieved by increasing the maximum drive voltage or by reducing the aperture size.  

Figure 4.6 shows Lissajous figures obtained using an aperture with 𝑊 =  0.25, 

assuming (a) 𝑛 = 21, (b) 𝑛 = 41 and (c) 𝑛 = 61. In each case, the pattern is created 

automatically, and the scan line density increases monotonically from (a) to (c). The 

figures are all closed, and the scan amplitudes have been adjusted so that only small 

regions (black) are cropped by the reflecting aperture. Figures 4.7 and 4.8 show similar 

results obtained using apertures with 𝑊 = 0.5 and 𝑊 = 0.75, respectively. 

 

Fig. 4.6 Lissajous scans for 𝑊 = 0.25 and 𝑛 values of (a) 21, (b) 41 and (c) 61. 

 

Fig. 4.7 Lissajous scans for 𝑊 = 0.5 and 𝑛 values of (a) 21, (b) 41 and (c) 61. 

 

Fig. 4.8 Lissajous scans for 𝑊 = 0.75 and 𝑛 values of (a) 21, (b) 41 and (c) 61. 
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4.3 System Calibration 

When the scanner is operating, two types of error may occur: setup errors and controller 

errors. Setup errors are caused by imperfections in the physical alignment of the system, 

such as reflector tilt or optical misalignment. Controller errors arise from unequal 

displacement amplitudes, which produce a non-square FOV, and from phase offsets, 

which cause mismatches between the backscattered signal and the position data.  

4.3.1 Setup Error 

During the scanner setup, two main types of error may occur: reflector tilt and fibre 

misalignment. In this section, these errors are identified and corrected by manually 

adjusting the micro-positioners. If the real-time controller operates ideally, both errors 

can be detected using the measured reflectivities 𝑅0,1,2,3 and the corresponding duty 

cycles 𝐷0,1,2,3 of the intermittent feedback signals. 

Tilt Reflector 

A tilted reflector changes the optical path lengths of the feedback beams reflected from 

the four sides of the aperture, which affects the measured reflectivities. As a result, the 

amplitudes of the pulse trains differ from the calibrated reflectivity values. Figure 4.4(a) 

shows the reference reflectivity values used for calibration. In this experiment, the 

expected reflectivity ratio from the four reflectors was 𝑅0: 𝑅1: 𝑅2: 𝑅3 =

1: 0.71: 0.49: 0.21, based on the selected colour coatings. Figure 4.9(a) shows that the 

measured reflectivity 𝑅0  from the right side is lower, while the corresponding 

reflectivity 𝑅1 from the left side is higher than the reference ratio. This indicates a 

rotation of the aperture about its vertical axis. In contrast, the top and bottom 

reflectivities 𝑅2  and 𝑅3  follow the expected reference ratio, indicating correct 

alignment in the vertical direction. 

Misalignment 

Misalignment between the fibre tip and the reflector leads to unequal duty cycles in the 

feedback signals. Assuming a positional offset of [Δ𝑥, Δ𝑦] , the thresholds for 
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generating intermittent feedback from the four reflectors become 𝑇 − ∆𝑥 , 𝑇 + ∆𝑥 , 

𝑇 − ∆𝑦 and 𝑇 + ∆𝑦, respectively. As a result, the high-mode duty cycles are : 

𝐷0,1 =
1

𝜋
cos−1 (

𝑇 ∓ ∆𝑥

𝐵ℎ
) (4.1) 

From Eqn. (4.1), equal duty cycles occur only when Δ𝑥 = 0 . Since the feedback 

signals are pulse trains, their duty cycles can be measured directly using an oscilloscope 

or obtained from the amplitude control subsystem. For the top and bottom reflectors, 

the duty cycles are more complex due to the finite aperture width, and are given by: 

𝐷2,3 =
1

𝜋2
cos−1 (

𝑇 ∓ ∆𝑦

𝐵𝑙
) [sin−1 (

𝑊 + Δ𝑥

𝐵ℎ
) − sin−1 (

−𝑊 + Δ𝑥

𝐵ℎ
)] (4.2) 

Equal duty cycles in this case occur only when both ∆𝑦 = 0 and ∆𝑥 = 0. Figure 4.9(b) 

shows the measured feedback signals, where the black and red traces correspond to the 

high-mode feedback and exhibit equal duty cycles of approximately 0.16. In contrast, 

the low-mode feedback signals show unequal duty cycles, indicating a vertical 

misalignment between the fibre tip and the reflector. 

 

Fig. 4.9 Feedback signals for (a) tilt reflector, (b) misalignment and (c) unequal amplitude. 

4.3.2 Controller Error 

Controller errors occur when the controller does not operate correctly. Two types of 

error can arise: amplitude error and phase error. Amplitude error leads to unequal 

displacement, which produces a non-square FOV and distorts the reconstructed image. 

Phase error causes a mismatch between the image data and their corresponding position. 
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The unequal displacement of the two modes was analysed theoretically and 

investigated experimentally. Figure 4.9(c) shows the effect of this amplitude imbalance 

on the measured duty cycles. Although the duty cycles from the two modes appear 

aligned, their ratio differs from the value predicted by Eqn. (2.48). This confirms the 

presence of unequal displacement amplitudes between the two scanning modes. 

The phase error cannot be obtained directly from the feedback signals and must be 

evaluated using the reconstructed image of a known target. To study this effect, a test 

target is designed. Assuming a perfect two-dimensional Lissajous trajectory with unit 

side length, the time-dependent coordinates (𝑥, 𝑦) are given by: 

[
𝑥
𝑦] = [

sin(𝑟𝜔𝑡)

cos(𝜔𝑡)
] (4.3) 

where 𝑟  is the frequency ratio between two vibration modes. Phase errors in the 

horizontal and vertical directions arise from imperfect control of the fibre scanner. In 

this case, the actual trajectory becomes: 

[
𝑥′

𝑦′
] = [

sin(𝑟𝜔𝑡 + 𝜙𝑥)

cos(𝜔𝑡 + 𝜙𝑦)
] (4.4) 

where 𝜙𝑥 and 𝜙𝑦 represents the phase errors in the horizontal and vertical directions, 

respectively. Expanding and rearranging using trigonometric identities gives: 

[
𝑥′

𝑦′
] = [

𝑥 cos(𝜙𝑥) ± √1 − 𝑥2 sin(𝜙𝑥)

𝑦 cos(𝜙𝑦) ± √1 − 𝑦2 sin(𝜙𝑦)
] (4.5) 

Eqn. (4.5) shows that the reconstructed image of the target is split, with the separation 

and offset determined by the phase errors and the original target position. Figure 4.10(a) 

shows the calibration target designed to measure and analyse the phase error. 

 The effect of phase errors is analysed under the assumption that the entire target 

lies within the FOV. The nominal target position is defined by the centre coordinate 

(𝑥0, 𝑦0) of the cross. After reconstruction, Figure 4.10(b) shows that the target appears 

divided into four parts. The central coordinates of the four reconstructed crosses are 

denoted as (𝑥𝐿𝑈, 𝑦𝐿𝑈), (𝑥𝑅𝑈, 𝑦𝑅𝑈), (𝑥𝐿𝐿 , 𝑦𝐿𝐿) and (𝑥𝑅𝐿 , 𝑦𝑅𝐿). Since these centres are 
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difficult to locate, they are calculated from the measured positions of the horizontal and 

vertical strips.  

 

Fig. 4.10 (a) Calibration target and (b) simulated reconstructed target with phase errors. 

The central positions and strip separations can be derived from Eqn. (4.5). Assuming a 

small phase error, the small-angle approximation can be applied, giving: 

[

𝑥𝐿𝑈 + 𝑥𝑅𝑈
2

𝑦𝐿𝑈 + 𝑦𝐿𝐿
2

] = [
𝑥0 cos(𝜙𝑥)

𝑦0 cos(𝜙𝑦)
] ≈ [

𝑥0
𝑦0
] (4.6) 

[
𝑥𝐿𝑈 − 𝑥𝑅𝑈
𝑦𝐿𝑈 − 𝑦𝐿𝐿

] =

[
 
 
 2√1 − 𝑥0

2 sin(𝜙𝑥)

2√1 − 𝑦0
2 sin(𝜙𝑦)]

 
 
 

≈

[
 
 
 2√1 − 𝑥0

2𝜙𝑥

2√1 − 𝑦0
2𝜙𝑦]

 
 
 

(4.7) 

The left-hand sides of Eqns. (4.6) and (4.7) can be measured from the reconstructed 

images, allowing the phase errors 𝜙𝑥  and 𝜙𝑦  to be determined. Since the sine 

function is monotonic within the range −𝜋 2⁄ < 𝜙 < 𝜋 2⁄ , a unique solution exists. 

 

Fig. 4.11 Microscopic image and image reconstruction (a) with and (b) without phase error. 

The theoretical analysis of the phase error effect on image reconstruction was 

verified experimentally. Figure 4.11 shows the results. Figure 4.11(a) shows the original 
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reference image acquired using a microscope. When the target is imaged using the fibre 

scanner with a correctly operating controller, phase errors are removed, and an accurate 

reconstruction is obtained, as Figure 4.11(b) shows. A phase offset of 6° was then 

introduced in both scanning directions. The resulting reconstructed image is shown in 

Figure 4.11(c). The measured strip separations in this image are approximately 0.21, 

which corresponds to a 6° phase error, as predicted by Eqn. (4.7). 

4.4 Image Reconstruction 

In this section, the image reconstruction process is described after both the imaging data 

and positional data have been collected. The reconstruction links the image intensity 

values, obtained from the backscattered signal to their corresponding spatial positions. 

This allows the intensity of the full target to be reconstructed beyond the sampled points. 

Theoretical aspects of Lissajous scanning and sampling are then introduced to support 

the reconstruction method. Computational techniques used in the reconstruction, 

including Delaunay triangulation [132-133] and Padua points [134], are also discussed. 

Finally, reconstructed images obtained when the real-time controller operates in both 

transient and steady-state conditions are presented and analysed.  

4.4.1 Sampling 

We first derive some properties of the Lissajous curve, extending the introduction in 

Chapter 1. A Lissajous curve is formed when two non-degenerate vibration modes 

oscillate sinusoidally at different frequencies. The displacements are defined in Eqn. 

(4.3). If the motion along the x-axis oscillates at a higher frequency, the frequency ratio 

is given in Eqn. (1.24). The periods 𝑇𝑥 and 𝑇𝑦 of the x- and y-motions are: 

[
𝑇𝑥
𝑇𝑦
] = [

𝑛 𝑓⁄

1 𝑓⁄
] (4.8) 

The common period of the two motions is the least common multiple, which is 𝑛 𝑓⁄ . 

This shows that the Lissajous trajectory is continuous and periodic. To examine whether 

the trajectory is smooth, the first derivatives of the displacements are calculated as: 
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[

𝑑𝑥

𝑑𝑡
𝑑𝑦

𝑑𝑡

] = [
2𝜋𝑟𝑓 × cos(2𝜋𝑟𝑓𝑡)

−2𝜋𝑓 × sin(2𝜋𝑓𝑡)
] (4.9) 

The zero-crossings of these derivatives are [(2𝑘 + 1) 4𝑟𝑓⁄ , 𝑘 2𝑓⁄ ], where 𝑘 is a non-

negative integer. For even values of 𝑛 , some values of 𝑡𝑥,𝑦  coincide, which 

momentarily stops the motion and creates a discontinuity in the trajectory. Therefore, 

𝑛 must be an odd integer to ensure a smooth and continuous Lissajous scanning pattern. 

Figure 4.12 shows the distribution of Padua points and the corresponding Delaunay 

triangulation for different values of 𝑚 . Figure 4.12(a) shows the Padua points, 

indicated by red dots, located at the self-intersection points of the Lissajous trajectory 

[134]. During triangulation, Figure 4.12(b) shows how these points are connected to 

form non-overlapping triangles. Within each triangle, the intensity values are 

interpolated from the values at the three vertices [132-133]. This allows a non-Cartesian 

2D map to be reconstructed onto a regular Cartesian grid. When 𝑚 increases from 2 

to 3, Figure 4.12(c) shows that the triangles change from equilateral to more isosceles 

shapes. This reduces the uniformity of the interpolation and lowers the overall accuracy. 

In summary, the best reconstruction performance is achieved when 𝑚 = 2 and 𝑛 is a 

positive odd integer. In this section, the theory for sampling at Padua points is extended 

to the general case where 𝑚 is any positive integer. 

 

Fig. 4.12 (a) Lissajous curve and Padua points and (b) Delaunay triangulation with 𝑚 = 2; and (c) 

Delaunay triangulation with 𝑚 = 3. 

We now discuss how to sample at the Padua points. From Eqn. (4.3), let the 

Lissajous trajectory reach a Padua point at time 𝑡𝑖, where 𝑖 is an integer index. Since 
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Padua points are located at the self-intersections of the trajectory, the curve passes 

through each point at least twice, separated by a time interval ∆𝑡𝑖. Rearranging Eqn. 

(4.3) gives the coordinates of the Padua points as: 

[
𝑥𝑖
𝑦𝑖
] = [

sin(2𝜋𝑟𝑓𝑡𝑖)

cos(2𝜋𝑓𝑡𝑖)
] = [

sin(2𝜋𝑟𝑓𝑡𝑖 + 2𝜋𝑟𝑓∆𝑡𝑖)

cos(2𝜋𝑓𝑡𝑖 + 2𝜋𝑓∆𝑡𝑖)
] (4.10) 

Expanding and rearranging Eqn. (4.10) gives two sets of solutions in the x-direction: 

∆𝑡𝑖 =
𝑛𝑗

𝑓(𝑚𝑛 + 1)
(4.11) 

∆𝑡𝑖 =
𝑛(2𝑙 + 1)

2𝑓(𝑚𝑛 + 1)
− 2𝑡𝑖 (4.12) 

where 𝑗 and 𝑙 are integers. Similarly, two sets of solutions are obtained in y-direction: 

∆𝑡𝑖 = 𝑝 𝑓⁄ (4.13) 

∆𝑡𝑖 = 𝑞 𝑓⁄ − 2𝑡𝑖 (4.14) 

where 𝑝  and 𝑞  are integers. To find values of 𝑡𝑖 , for which both the x- and y-

coordinates coincide, four possible cases are considered.  

Case 1 

Equating Eqn. (4.11) and Eqn. (4.13) gives: 

𝑛𝑗 = 𝑝(𝑚𝑛 + 1) (4.15) 

Since 𝑛 and (𝑚𝑛 + 1) are coprime, the solutions are 𝑗 = 𝑘(𝑚𝑛 + 1) and 𝑝 = 𝑘𝑛, 

where 𝑘 is an integer. Substituting gives 

∆𝑡𝑖 =
𝑘𝑛

𝑓
(4.16) 

When 𝑘 = 0 , ∆𝑡𝑖 = 0  (stationary). For 𝑘 ≥ 1 , ∆𝑡𝑖 = 𝑘𝑛 𝑓⁄  , corresponding to 

integer multiples of the cycle period. Hence, these do not represent Padua points.  

Case 2 

Equating Eqn. (4.11) and Eqn. (4.14) gives: 

𝑡𝑖 =
𝑞

2𝑓
−

𝑛𝑗

2𝑓(𝑚𝑛 + 1)
=

1

2𝑓(𝑚𝑛 + 1)
[𝑞(𝑚𝑛 + 1) − 𝑛𝑗] (4.17) 
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Let 𝑠 = 𝑞(𝑚𝑛 + 1) − 𝑛𝑗 . Since 𝑞 , 𝑚 , 𝑛 , 𝑗  are integers, 𝑠  is also an integer. If 

𝑞 = 𝑛 + 𝑠  and 𝑗 = 𝑞𝑚 + 1 = 𝑚𝑛 + 𝑠𝑚 + 1 , Eqn. (4.17) is satisfied. The 

corresponding solutions are: 

∆𝑡𝑖 = [
𝑚𝑛2 + 𝑠𝑚𝑛 + 𝑛

𝑓(𝑚𝑛 + 1)
]
𝑛
𝑓

=
𝑛

𝑓
(

𝑠𝑚

𝑚𝑛 + 1
) (4.18) 

𝑡𝑖 =
𝑠

2𝑓(𝑚𝑛 + 1)
(4.19) 

Here 𝑠 must not be zero or a multiple of 𝑚𝑛 + 1 to describe Padua points. In this 

case, the minimal time interval between passing through a Padua point is 

𝑛𝑚 [𝑓(𝑚𝑛 + 1)]⁄  , and the regular spacing between consecutive Padua points is 

1 [2𝑓(𝑚𝑛 + 1)]⁄ . These values determine the minimum sampling rate and the required 

starting point for the fibre trajectory to pass through all Padua points in this case. 

Case 3 

Equating Eqn. (4.12) and Eqn. (4.13) gives: 

𝑡𝑖 =
𝑛(2𝑙 + 1)

4𝑓(𝑚𝑛 + 1)
−
𝑝

2𝑓
=

1

4𝑓(𝑚𝑛 + 1)
[𝑛(2𝑙 + 1) − 2𝑝(𝑚𝑛 + 1)] (4.20) 

Since 𝑛, 𝑙, 𝑝, 𝑚 are integers, the term 𝑛(2𝑙 + 1) − 2𝑝(𝑚𝑛 + 1) is also an integer. 

The term 𝑛(2𝑙 + 1) is odd, while 2𝑝(𝑚𝑛 + 1) is even, so their difference must be 

odd. We therefore define 2𝑢 + 1 = 𝑛(2𝑙 + 1) − 2𝑝(𝑚𝑛 + 1) where 𝑢 is an integer. 

If 𝑝 = (𝑛 − 1 − 2𝑢) 2⁄  and 𝑙 = 𝑝𝑚, then Eqn. (4.20) is satisfied. The solutions are: 

∆𝑡𝑖 =
𝑛 − 1 − 2𝑢

2𝑓
(4.21) 

𝑡𝑖 =
2𝑢 + 1

4𝑓(𝑚𝑛 + 1)
(4.22) 

In this case, 𝑢 ≠ [(2𝑣 + 1)𝑛 − 1] 2⁄ . The minimum time interval is ∆𝑡𝑖,𝑚𝑖𝑛 = 1 𝑓⁄ , 

and the regular spacing between consecutive Padua points is 1 [4𝑓(𝑚𝑛 + 1)]⁄ .  

Case 4 

Equating Eqn. (4.12) and Eqn. (4.14) gives: 

𝑛(2𝑙 + 1)

2𝑓(𝑚𝑛 + 1)
=
𝑞

𝑓
(4.23) 
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Simplifying this expression gives: 

𝑛(2𝑙 + 1) = 2𝑞(𝑚𝑛 + 1) (4.24) 

The left-hand side of Eqn. (4.24) is always odd, while the right-hand side is always 

even. Therefore, this equation has no valid solution. 

Summary 

Combining all cases, the trajectory passes through the Padua points at times: 

𝑡𝑖 =
𝑖

4𝑓(𝑚𝑛 + 1)
(4.25) 

subject to the following restrictions: 

{
𝑖 ≠ 0

𝑖 ≠ [(2𝑤 + 1)𝑛 − 1] 2⁄

𝑖 ≠ 𝑤(𝑚𝑛 + 1)
(4.26) 

where 𝑤 is an integer. In practice, since the sampling rate of the acquisition system is 

uniform, it is not possible to skip the time points specified in Eqn. (4.26). To ensure that 

all Padua points are captured, the sampling interval must be smaller than both the 

minimum time interval between consecutive Padua points and ∆𝑡𝑖,𝑚𝑖𝑛. For simplicity, 

the sampling sequence used for the Lissajous fibre scanner is selected as 

𝑡𝑠 = 0:
1

4𝑓(𝑚𝑛 + 1)
:
𝑛

𝑓
(4.27) 

This guarantees complete coverage of all Padua points within a single cycle. 

4.4.2 Transient and Steady-State Imaging 

Optical imaging was performed using a nickel electroplated micro-actuator with 

anchors, suspended beams, and comb electrodes as the target, kindly loaned by Prof. 

A.S. Holmes of the Optical and Semiconductor Devices Group. The nominal minimum 

feature size of the structure is approximately 10 µm, although additional surface 

granularity caused by the electroplating process is visible. Figure 4.13(a) shows the 

reconstructed image obtained using a Lissajous scan pattern with a sampling rate 

defined in Eqn. (4.27), corresponding to the scan in Figure 4.7(a). Figure 4.13(b-d) 

shows intermediate images acquired during the transition from 𝑛 = 21  to 𝑛 = 41 . 
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The initial state corresponds to the stable image in Figure 4.13(a), while Figure 4.13(b-

c) shows transient images captured before the high-mode amplitude correction, high-

mode displacement estimation, and phase-synchronisation loops have fully converged. 

As the control loops stabilise, the reconstructed image gradually becomes clearer, and 

the final steady-state image is shown in Figure 4.14(a). Figures 4.14(b-d) show 

intermediate images during the transition from 𝑛 = 41  to 𝑛 = 61 , with the final 

steady-state image shown in Figure 4.15(a). To the best of our knowledge, these results 

show the first demonstration of dynamically programmable fibre scanning. During this 

process, the frame rate is reduced by a factor of three, from 6.26 FPS to 2.16 FPS, 

showing the trade-off between resolution and frame rate when varying the scan pattern. 

 

Fig. 4.13 Reconstructed images for 𝑊 = 0.5 during switching from stable imaging with (a) 𝑛 = 21 

to 𝑛 = 41 via (b) high mode amplitude correction, (c) high mode displacement estimation, and (d) 

phase synchronisation. Nickel plated MEMS object courtesy Prof. A.S. Holmes, Imperial College 

London. 

 

Fig. 4.14 Reconstructed images for 𝑊 = 0.5 during switching from stable imaging with (a) 𝑛 = 41 

to 𝑛 = 61 via (b) high mode amplitude correction, (c) high mode displacement estimation, and (d) 

phase synchronisation 

Figure 4.15(b) shows an enhanced-resolution image obtained by combining signals 

acquired from 𝑛 = 21 to 𝑛 = 61 in steps of 20. By merging images from multiple 

Lissajous scan patterns, the characteristic Lissajous zigzag artefact is effectively 

reduced. Figure 4.15(c) shows an over-sampled reconstruction in which the sampling 
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rate is doubled. However, the Lissajous artefact is still visible, showing that over-

sampling alone does not provide additional benefit for suppressing this artefact. Figure 

4.15(d) shows the original microscopic image of the target for reference. 

 

Fig. 4.15 Reconstructed images for 𝑊 =  0.5 with (a) 𝑛 = 61, (b) enhanced resolution, (c) over-

sampling and (d) microscopic image. 

4.4.3 Other Samples 

Figure 4.16(a) shows the microscopic image of a micro-turbine structure composed of 

multiple straight edges, again kindly loaned by Prof. Holmes. Figure 4.16(b-c) show 

the reconstructed images obtained using different Lissajous scan settings. In these 

images, a similar Lissajous zigzag artefact is observed for values of 𝑛 from 21 to 61, 

which agrees with the observations in the previous section. Figure 4.16(d) shows that 

the Lissajous artefact is significantly reduced in the enhanced-resolution reconstruction. 

 

Fig. 4.16 (a) Original microscopic image; reconstructed images with 𝑊 = 0.5 and (b) 𝑛 = 21, (c) 

𝑛 = 61, and (d) enhanced resolution of a micro-turbine. Micro-turbine courtesy Prof. A.S. Holmes, 

Imperial College London. 

Figure 4.17(a) shows the microscopic image of a prepared slide of a honeybee 

worker leg composite (Set B, United Scope LLC). Figure 4.17(b-d) show the 

reconstructed images for 𝑛 = 21, 𝑛 = 61, and the enhanced-resolution case. These 

reconstructions achieve good spatial resolution, as the biological structures do not have 

sharp edges like MEMS devices, making resolution improvement more apparent. 
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However, for biological specimens, colour is important for distinguishing structural 

features. When fluorescent or histological dyes are used, coloured image reconstruction 

becomes necessary for visual clarity and for rapidly identifying regions of interest.  

 

Fig. 4.17 (a) Original microscopic image; reconstructed images with 𝑊 = 0.5 and (b) 𝑛 = 21, (c) 

𝑛 = 61, and (d) enhanced resolution of a prepared slide of honeybee worker leg-composite. 

4.5 Conclusion 

In this chapter, the complete 2D Lissajous fibre scanning system was demonstrated. 

The full system configuration, including the amplitude-coded reflecting aperture, 

imaging optics, and fibre mounting, was presented together with the real-time controller 

described in Chapter 3. Photographs of the scan trajectories confirmed that symmetric, 

square fields of view can be achieved. Setup-related errors, such as reflector tilt and 

fibre misalignment, were identified using measured reflectivities and duty cycles, and 

corrected using micro-positioners. Controller-related errors, including amplitude 

imbalance and phase offsets, were analysed both theoretically and experimentally. This 

chapter also introduced the theory of Lissajous sampling, including the derivation of 

Padua point locations and the use of Delaunay triangulation to reconstruct images from 

non-uniform samples. During dynamic reprogramming of the scan parameters, 

intermediate images showed how the control loops converge. Under steady-state 

operation, the scanner produced high-quality images, and enhanced-resolution 

reconstructions were obtained by combining data from multiple scan patterns. 
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Chapter 5: Multi-Wavelength Lissajous Fibre 

Scanner using Photonic Crystal Fibres 

In this chapter, a Lissajous fibre scanner based on PCFs [121-122] with mode-stripping 

and multi-wavelength, dual NA confocal detection [52] is presented. The PCFs are dip-

coated in polymer to form a dual-cylindrical structure that supports two non-degenerate, 

orthogonal bending modes. During fabrication, the fibres are held parallel using silicon 

V-grooves, and the open ends are sealed with UV-curing epoxy. This coating process is 

repeatable and controllable, allowing dense and stable Lissajous scan patterns to be 

generated under piezoelectric excitation. Compared with the earlier dip-coating method 

[69], the modified procedure allows dual-core structures to be fabricated using holey 

fibres. The performance of mode-stripping detection of the PCFs is characterised using 

a monochromator and a multi-channel PD, with SMFs used as a reference. A 2D 

Lissajous fibre scanner is then built using the coated PCF and RGB laser sources. 

Coloured coatings on a metal aperture provide wavelength-selective, amplitude-coded 

optical feedback, allowing the x- and y-motions to be distinguished under either 

monochromatic blue illumination or multiplexed RGB operation. This enables real-

time switching between fluorescence imaging and full-colour imaging. Fluorescence 

imaging is demonstrated using test objects and biological specimens (a USAF 1951 

resolution target, and spinach tissue soaked in ethanol). Full-colour imaging is achieved 

by calibrating the multi-channel PD responses using a ColorChecker, producing 

reconstructed images that closely match those obtained with a microscope. The overall 

system performance is further validated by imaging a similar range of target objects 

(stamps, banknotes and a mounted biological microscope specimens).  

5.1 Fibre Fabrication 

The density of the Lissajous pattern is determined by the ratio between the resonant 

frequencies of two orthogonal fibre bending modes. Let the non-degenerate resonant 

frequencies along the x- and y-axes be denoted as 𝜔𝑥 and 𝜔𝑦, respectively. If 𝜔𝑥 >

𝜔𝑦, the frequency ratio can be expressed as 𝜔𝑥 𝜔𝑦⁄ = 𝑚 + 1 𝑛⁄ , where 𝑚 and 𝑛 are 
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two positive integers. While 𝑚 = 2 is sufficient to decouple the modes, a large and 

odd value of 𝑛 improves the scanning density.  

5.1.1 Theoretical Resonant Frequency Ratio 

Figure 5.1 shows the cross-sections and resonant frequency ratios of dual-core PCFs 

with different fibre orientations before dip-coating. The cross-sections are based on a 

COTS PCF (LMA-8, NKT Photonics). The resonant frequency ratio of two identical 

cylindrical fibres is calculated in Eqns. (3.2-3.3). The contribution from the air holes is 

calculated by applying the parallel axis theorem to the coordinates of each hole centre. 

Figure 5.1(a) shows the cross-section of two fibres oriented at 0° without dip-coating. 

For the PCF cantilever, the resulting value is 𝑛 = 5, which is higher than that obtained 

for bare SMFs (𝑛 = 3). This difference arises because, unlike the circular cladding of 

an SMF, the PCF contains a hexagonal array of airholes forming the inner cladding. 

 

Fig. 5.1 Theoretical cross-sections and resonant frequency ratios of dual-core PCFs with (a) no core, 

(b) a single core, and (c) both cores oriented prior to dip-coating with a polymer fillet. 

Figure 5.1(b) and Figure 5.1(c) show the effect of fibre orientation on the resonant 

frequency ratio. The ratio remains unchanged with rotation, owing to the rotational 

symmetry of the structure about its centroid. This result can be shown analytically and 

numerically for the hexagonal lattice used here, and it also applies to any regular 

polygonal hole arrangement. Because the fibres themselves have circular outer 

claddings, the PMMA fillet formed during dip-coating is symmetric about the principal 

axes and therefore does not affect the frequency ratio. As a result, rotation of the fibres 

about their axes has no influence on the resonant behaviour, which greatly simplifies 

the fabrication process. After dip-coating with polymethyl methacrylate (PMMA; 950 
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PMMA A6, MicroChem), Figure 5.2 shows the polymer forms a fillet. This reduces the 

resonant frequency ratio to below 2, indicating that large values of 𝑛 can be achieved. 

 

Fig. 5.2 Theoretical cross-sections and resonant frequency ratios of dual-core PCFs with (a) no core, 

(b) a single core, and (c) both cores oriented after dip-coating with a polymer fillet. 

Orientation independence of second moments for PCF 

Here we provide a mathematical proof that the angular orientation of the regular air-

hole lattice in a PCF has no effect on its second moment of area. The contribution from 

the air holes can be evaluated using the parallel axis theorem. Since all holes have 

identical cross-sectional areas, their total contribution depends only on the sum of their 

squared distances from the centre coordinates to the principal axes under different 

orientations. Because the air hole positions can be separated into multiple regular 

hexagons, we provide the following general proof for a regular polygon. 

Let 𝛼 denote the distance from the centre of a regular polygon to its vertices. A 

regular 𝑁-sided polygon can be split into 𝑁 isosceles triangles with vertex angle: 

𝜃 =
2𝜋

𝑁
(5.1) 

For a polygon rotated by an angle 𝛽, the coordinates of 𝑛-th vertex are: 

[
𝑥𝑛
𝑦𝑛
] = 𝛼 [

cos (𝛽 +
2𝑛𝜋

𝑁
)

sin (𝛽 +
2𝑛𝜋

𝑁
)

]

𝑛=0.1….,𝑁−1

(5.2) 

Using trig. identities, the total squared distance of all vertices to the principal axes are: 

∑𝑥𝑛
2

𝑁−1

𝑛=0

= 𝛼2∑cos2 (𝛽 +
2𝑛𝜋

𝑁
) =

𝑛𝛼2

2
+
𝛼2

2
∑ cos (2𝛽 +

4𝑛𝜋

𝑁
)

𝑁−1

𝑛=0

𝑁−1

𝑛=0

(5.3) 
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∑𝑦𝑛
2

𝑁−1

𝑛=0

= 𝛼2∑sin2 (𝛽 +
2𝑛𝜋

𝑁
) =

𝑛𝛼2

2
−
𝛼2

2
∑ cos (2𝛽 +

4𝑛𝜋

𝑁
)

𝑁−1

𝑛=0

𝑁−1

𝑛=0

(5.4) 

Applying the trigonometric angle-sum identity yields: 

∑cos (2𝛽 +
4𝑛𝜋

𝑁
)

𝑁−1

𝑛=0

= cos(2𝛽)∑ cos (
4𝑛𝜋

𝑁
)

𝑁−1

𝑛=0

− sin(2𝛽)∑ sin (
4𝑛𝜋

𝑁
)

𝑁−1

𝑛=0

(5.5) 

Using Lagrange’s trigonometric identity for equally spaced angles [135] gives: 

∑cos (
4𝑛𝜋

𝑁
)

𝑁−1

𝑛=0

=
−sin (

2𝜋
𝑁 ) + sin (4𝜋 −

2𝜋
𝑁 )

2 sin (
2𝜋
𝑁 )

+ cos(0) = 0 (5.6) 

∑sin (
4𝑛𝜋

𝑁
)

𝑁−1

𝑛=0

=
cos (

2𝜋
𝑁 ) − cos (4𝜋 −

2𝜋
𝑁 )

2 sin (
2𝜋
𝑁 )

= 0 (5.7) 

Substituting Eqns. (5.6-5.7) into Eqns. (5.3-5.4) gives: 

∑𝑥𝑛
2

𝑁−1

𝑛=0

=
𝑛𝛼2

2
(5.8) 

∑𝑦𝑛
2

𝑁−1

𝑛=0

=
𝑛𝛼2

2
(5.9) 

Thus, the total squared distance from the vertices of a regular polygon to the principal 

axes is independent of rotation. This result therefore applies directly to the hexagonal 

air-hole structure of the PCF. The upper text captions in Figures 5.1 and 5.2 show 

numerical simulation results that confirm this invariance: changing the orientation of 

the PCF cross-section does not affect the second moment of area. 

5.1.2 Dip-Coating 

Because the air holes in PCFs can be filled by capillary action, the previous dip-coating 

procedure [69] was modified. Figure 5.3(a) shows a step-by-step schematic of the 

revised method, and Figure 5.3(b-f) show photographs of the key stages. In step (i), the 

two fibres are stripped, cleaved, and mounted in an etched silicon V-groove array. 
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Figure 5.3(b) shows a top view of the mounted fibres and a side view of the grooved 

substrate. The substrate size is kept small (3 mm × 6 mm) to reduce its effect on later 

coating steps. The fibres are placed in triangular grooves (width: 0.4 mm, gap: 0.2 mm, 

depth: 0.3 mm) to ensure horizontal alignment and are fixed in place using epoxy. 

Figure 5.3(c) shows the aligned fibre tips. In step (ii), the fibre tips are sealed using a 

UV-curing epoxy (NOA 71, Edmund Optics). The epoxy volume is kept to a minimum 

while still fully covering the tip without forming beads. Figure 5.3(d) shows the sealed 

tips before curing. The epoxy is cured only after the fibre tips are aligned under a 

microscope. In step (iii), the fibres are coated while being withdrawn from the polymer 

solution, and capillary forces maintain their alignment. Figure 5.3(e) shows the coated 

fibre tip, which exhibits minimal disturbance from the blocking epoxy. In step (iv), the 

coated fibre is cleaved to produce a smooth, flat end face. Figure 5.3(f) shows the final 

fibre tip after cleaving. Figure 5.4(a) shows the cross-section of a PCF before dip-

coating. Figure 5.4(b) shows the cross-section of a dip-coated dual-core PCF with a 

PMMA fillet and unblocked air holes produced using this procedure. 

 

Fig. 5.3 (a) Dip-coating procedure for fabricating a dual-core PCF; (b) top view of dual fibres on the V-

groove at step i and side view of the V-groove; (c-f) top views of the fibre tip at steps i-iv. 

 

Fig. 5.4 Cross-section of a (a) single-core PCF and (b) a dual-core PCF after dip-coating 

Figure 5.5(a-b) show experimental results from the dip-coating process. Coating speed 

is determined by the motor voltage. Figure 5.5(a) shows a linear relationship between 
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the resonant frequency ratio and this voltage, while Figure 5.5(b) shows the 

corresponding values of 𝑛. The black solid line represents the best-fit curve based on 

experimental samples at different voltage levels. Twenty sets of dip-coating process are 

conducted at each voltage, and the error bars represent the standard deviation of the 

resulting resonant frequency ratios and the values of 𝑛. Values of 𝑛 from 21 to 51 are 

indicated by coloured data points. Higher voltages result in thinner PMMA layers and 

lower values of 𝑛. However, this relationship is valid only for voltages above 4.5 V. 

Although the theoretical model suggests an unbounded upper limit for 𝑛, the coating 

process becomes unreliable at lower voltages and the error increases. With current 

equipment, cantilevers with 𝑛 = 51 can be reliably fabricated. 

 

Fig. 5.5 (a) Dip-coating procedures for fabricating a dual-core PCF; (b) top view of dual fibres on the 

V-groove at step i and side view of the V-groove; (c-f) top views of the fibre tip at steps i-iv. 

As previously discussed, the twin fibre fabrication process yields a uniform cross-

section, allowing cantilevers of any length. A length of 3 cm was selected to generate 

resonant frequencies and scan amplitudes matching the performance of our real-time 

controller. Figure 5.5(c) shows the normalised frequency response of this cantilever 

(solid lines), together with theoretical fits (dotted). The low-mode and high mode 

resonances are 𝑓𝑙0 = 159.2𝐻𝑧 and 𝑓ℎ0 = 321.5𝐻𝑧, and the corresponding damping 

ratios are 𝜁𝑙 = 0.0054  and 𝜁ℎ = 0.0025 , equating to Q-factors of 𝑄𝑙 = 92.6  and 

𝑄ℎ = 200 . The latter values determine the range of Lissajous figures that can be 

generated before scan amplitudes reduce so far that optical feedback is lost. The aim 

here was to optimise this range and hence maximise the frame rate for rapid image 

acquisition and the line density for high-resolution scanning. The values chosen allow 
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operation over 𝑛 values from 35 to 93, corresponding to an approximate 3-fold range 

in scan density. The frame rate 𝑓𝑙0/𝑛 then also has an approximate 3-fold range. 

Clearly, any fibre cantilever fabrication process that yields the same resonant 

frequency ratio and damping factors must allow the same performance. The advantage 

of the twin-fibre process over methods involving D-shaped cross-sections [64-65] or 

mechanical assembly [66-68] is that minimisation of surface energy of the liquid 

coating generates the correct ratio automatically from many available fibre types. The 

process is easily scalable to batch fabrication, and a continuous coating process 

analogous to that used for forming ribbon fibre is entirely conceivable. 

5.2 Multi-wavelength Mode-Stripping Detection Measurement 

We characterise the multi-channel PDs for mode-stripping detection with 3 objectives: 

1. To compare the responses from direct detection and mode-stripping detection. 

2. To verify that the cladding mode can traverse the absorption layers of the PDs. 

3. To analyse the effect of PD configurations on the mode-stripping response. 

Figures 5.7-5.9 show the performance of multi-wavelength mode-stripping detection 

using SMFs (SM600, Thorlabs) and PCFs. 

Light Source Calibration 

To measure the spectral response of the PDs, an illuminator (MI-150, Dolan-Jenner 

Industries) is used as a broadband light source, and a monochromator (M300, Bentham) 

is used to select individual wavelengths. A spectrometer (USB2000+, Ocean Optics) 

measures the spectra at both the input and output of the monochromator to account for 

its non-linear spectral response. The input spectrum is measured by aligning the 

spectrometer directly with the illuminator. Figure 5.6(a) shows the experimental setup 

used to measure the monochromator output spectra for different light sources. The 

selected source is coupled into the monochromator, which is controlled by a PC through 

an IEEE-488 interface. The output slit is set to a narrow width so that the 

monochromator is set to a high spectral resolution. The monochromator is programmed 
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to sweep across the visible wavelength range from 400 nm to 700 nm, and the 

spectrometer records the spectra and sends the data to the PC for analysis. Figure 5.6(b) 

shows the relationship between the output wavelength and the dial number of the 

monochromator. The measured data (red line) closely follows the best-fit line (black 

dashed line), confirming accurate and repeatable wavelength control. Figure 5.6(c) 

shows the normalised spectra of the illuminator (solid line) and the monochromator 

output (dashed line). A small shift in the peak wavelength is observed due to the 

spectrally varying reflectivity of the diffraction grating. The monochromator spectrum 

is used later for spectral calibration. 

 

Fig. 5.6 (a) Experimental setup for measuring the monochromator output. (b) Measured wavelength as 

a function of the monochromator dial number. (c) Measured spectra of the illuminator and the 

monochromator output. 

Direct Detection 

Figure 5.7(a) shows the setup used to measure the response of the multi-channel PD 

(S9702, Hamamatsu) for mode-stripping detection. The PD has dimensions of 3 mm × 

4 mm with a thickness of 1.3 mm. The PD has three effective segments of 0.3 mm2, 

each with a different absorption layer, which allows simultaneous detection of red, 

green, and blue light. An objective lens (45×/0.65, Beck) is placed at the output of the 

monochromator to focus the light onto a selected PD segment. The PD output is 

connected to a transimpedance amplifier that converts the photocurrent into a voltage. 

The monochromator is controlled by a PC, and the amplifier output is sampled using a 

clocked DAC. Figure 5.7(b) shows the photo response of the three PD channels as a 

function of wavelength. Distinct peaks at 467 nm, 539 nm, and 616 nm show that the 

absorptive coatings on the PD can separate the incoming light into its RGB components. 
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Fig. 5.7 (a) Setup for measuring RGB photodiode responses; (b) RGB photodiode responses after 

spectral calibration; and (c) Setup for measuring cladding mode response using RGB photodiodes. 

Modulated Mode-Stripping Detection 

Because the cladding-mode signal is sensitive to background light, scanned-fibre 

collection is used to modulate the PD response and hence allow phase-sensitive 

detection. Figure 5.7(c) shows this approach. A 5 cm fibre cantilever with a resonant 

frequency of 44 Hz is used. The fibre is mounted directly above the PD, and the PD is 

fixed to PT. Light from the monochromator is coupled into the fibre, which is driven at 

its resonant frequency to generate a modulated signal. The output is recorded using the 

clocked DAC and processed in MATLAB using a fast Fourier transform (FFT) to 

extract the signal at the resonance frequency. Figure 5.8 shows the spectral variation in 

the PD response across the visible wavelength range for different fibre configurations, 

as indicated by the insets. Brighter traces are obtained using PCFs, while dimmer traces 

correspond to SMFs. The SMF produces a higher response because its cladding area is 

larger than the PCF by 34%, improving the light-collection intensity. 

Among the configurations tested, Figure 5.8(a) shows the most uniform spectral 

response, while Figure 5.8(b) and Figure 5.8(c) show enhanced green and blue 

responses, respectively. These configurations can be chosen based on the imaging 

application. If the spectral response is known, signal calibration can also be used to 

correct any imbalance. Figure 5.8(a) is suitable for full-colour imaging because the 

balanced responses of the three colour channels lead to improved colour reconstruction. 

In contrast, Figure 5.8(b) is more suitable for fluorescence imaging, where blue and 

green wavelengths are typically used for excitation and emission. In this case, blue light 

is used by the real-time controller and is mainly reflected rather than backscattered, so 
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only a low sensitivity is required. Green light, by contrast, is backscattered with lower 

intensity, and a stronger PD response improves fluorescence detection. 

In conclusion, the cladding mode light is sufficiently strong and well spread to 

traverse the colour-selective absorption layers, allowing multi-channel PDs to act as a 

three-channel parallel spectrometer for cladding modes. 

 

Fig. 5.8 Photodiode responses obtained in three configurations indicated by the insets after spectral 

calibration. 

5.3 Scanning System 

The scanning system follows the dual-NA confocal detection scheme [52] and is based 

on the setup shown in Figures 4.1-4.2, with modifications to enable multi-wavelength 

operation. These changes include adding optical components to support multi-

wavelength illumination and applying coatings to the aperture to extract the required 

feedback signals. In addition, PCFs are used to guide the broadband light needed for 

multi-wavelength operation [121-122]. 

5.3.1 Scanner Setup 

Figure 5.9 shows the multi-wavelength fibre scanner built using a dual-core PCF and 

mode-stripping detection. Light from red, green, and blue lasers is combined to generate 

broadband illumination for full-colour imaging, while the blue laser alone is used as a 

monochromatic source for fluorescence imaging. Figure 5.11(a) shows the spectra of 

the three individual laser sources together with the combined spectrum measured using 

a spectrometer. The red source is an SMF-pigtailed laser diode (Seven Stage Optics) 

emitting at 637 nm (red line). The green source is a diode-pumped solid-state (DPSS) 
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laser (DJ532-10, Thorlabs) pumped at 808 nm, with a front-window filter that transmits 

only the 531 nm output (green line). The blue source is an SMF-pigtailed laser diode 

(LP488-SF20G, Thorlabs) operating at 488 nm (blue line). The red and blue lasers are 

connected to a WDM (RGB46HF, Thorlabs) using mating sleeves (ADAFC2, Thorlabs). 

The free-space output of the DPSS laser is coupled into the green port of the WDM, 

which is mounted on a fibre adaptor plate (SM1FC, Thorlabs), using an objective lens 

(95×/1.3, Cooke). Each laser is driven by an independent driver (LD-S1, Seven Stage 

Optics; LDC2000, Thorlabs; LDC200C, Thorlabs) and modulated using a single 

arbitrary waveform generator (AWG; TG5011, Thurlby Thandar Instruments Ltd.) 

under PC control. The driver currents are adjusted to equalise the optical powers of the 

three sources. Figure 5.11(a) shows the resulting WDM output spectrum as a black 

dashed line, with peaks aligned to those of the individual lasers. 

Light from the WDM is butt-coupled into one core of the dual-core PCF. Cladding 

modes are suppressed using a mode stripper made from a neutral density filter and 

index-matching oil (Series A, Cargille). The fibre cantilever is mounted on the PD using 

UV-curing epoxy. Figure 5.8(a) shows this PD configuration. A cantilever length of 3 

cm is used, and Figure 5.5(c) shows its frequency response. The PD is fixed to a PT at 

45°, which allows excitation in both directions and generates the Lissajous scan pattern. 

Optical feedback for the real-time controller is collected at the extremes of the fibre 

motion using an aperture coated with four inks (Textsurfer classic 364, Staedtler). To 

support both fluorescence and full-colour imaging, the system uses feedback from the 

blue channel. An achromatic doublet (AC050-008-A, Thorlabs) with a 400-700 nm 

anti-reflection coating is placed in front of the fibre to image the target and reduce focal-

length variation across the visible range. Backscattered cladding-mode signals are 

detected by the corresponding PD segments and sent to the controller for processing. 

The controller follows the design described in Chapter 3. As before, it consists of 

three parts: an analogue circuit (CKT), a 16-bit clocked DAC, and an un-clocked 12-

bit DAC. The DACs provide low-frequency control voltages to the circuit, which drives 

the scanner using a dual-frequency signal generated by two phase-locked voltage-
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controlled oscillators. The controller adjusts the drive in real time using optical 

feedback to produce a square FOV. The convergence speed of the control loops is 

mainly set by the cut-off frequencies of the low-pass filters in the loops, while stability 

is determined by the steady-state error, which depends on the loop gain. A PC 

connection allows the scan density to be adjusted programmatically. The scan trajectory 

is generated by the controller and recorded using a PicoScope. Backscattered signals 

from the three channels are extracted using the oscilloscope’s internal level trigger and 

recorded using a second oscilloscope (DSO1024A, Keysight Technologies). The data 

are then transferred to the PC for image reconstruction. 

 

Fig. 5.9 Experimental setup for the multi-wavelength scanner with inset showing the fibre mounting. 

Figure 5.10(a-c) shows the normalised reflectivity of the coatings measured by the 

red, green, and blue channels under illumination from the individual lasers. Figure 

5.10(d-f) shows the corresponding results under broadband illumination. The coatings 

are chosen so that the reflectivities at the four edges fall within the required thresholds 

(dashed lines) for both monochromatic blue light and white-light operation. Under red 

and green illumination, the reflectivities are negligible, allowing the scanner to switch 

between fluorescence and full-colour imaging using only laser-diode programming. 

Among the three channels, only the blue channel meets the threshold requirements for 

all coatings, while the red and green channels do not. However, alternative approaches 

to signal coding such as surface-etched stainless steel might allow broadband operation. 
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Fig. 5.10 Reflectivity of the colour-coded aperture under (a-c) RGB laser illumination and (d-f) 

multiplexed white light illumination, measured by the red, green, blue photodiodes. 

 To judge potential imaging performance, we now briefly revisit the question of 

scan-limited resolution. We define the central resolution using ∆𝑥  and ∆𝑦  of the 

central rhombus in the Lissajous pattern. Figure 5.11(b) shows this definition. If the 

FOV has a width ℎ, the central resolution for 𝑚 = 2 can be written as: 

[∆𝑥, ∆𝑦] = ℎ [𝑠𝑖𝑛 (
1

2𝑛
) , 𝑐𝑜𝑠 (

𝑛𝜋

2𝑛 + 1
)] (5.10) 

Figure 5.11(b) shows the theoretical central resolution of the scanner for values of 𝑛 

from 31 to 101, calculated using Eqn. (5.10). The imaging lens is adjusted to give a 

large FOV (3 mm × 3 mm) and a small FOV (0.8 mm × 0.8 mm). These two FOVs are 

used later for different targets. For the large FOV, the central resolution decreases from 

152 µm to 47 µm (red solid line) and from 75 µm to 23 µm (blue solid line) as 𝑛 

increases. For the small FOV, the central resolution decreases from 41 µm to 12 µm 

(red dashed line) and from 20 µm to 6 µm (blue dashed line). The Abbe resolution limit 

is given by Eqn. (1.29). Figure 5.11(b) shows this limit as a grey band for wavelengths 

between 400 nm and 700 nm for the PCF, ranging from 3.83 µm to 2.21 µm. This limit 
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lies below the theoretical central resolution for all values of 𝑛. Therefore, the current 

scanner does not operate at the diffraction limit. 

Figure 5.11(c) shows the Lissajous scan pattern at 𝑛 = 91, generated using white light 

obtained by setting the three lasers to equal power. A magnified view of the central 

region of the scan line confirms its symmetry, which demonstrates that the real-time 

controller effectively corrects phase errors. Figure 5.12 shows the corresponding 

Lissajous scan lines obtained using the individual monochromatic light sources. The 

Lissajous scans have the FOV of 5 mm × 5 mm and the fibre tip displacement is 1.4 

mm, giving the magnification of 3.57. 

 

Fig. 5.11 (a) Spectra of the red, green, and blue laser sources, along with the multiplexed white-light 

spectrum (black dashed line); (b) central resolution of the scanner under large (3 mm × 3 mm) and 

small (0.8 mm×0.8 mm) fields-of-view (FOVs), compared with the Abbe resolution limit; and (c) 

experimental Lissajous scanning pattern from multiplexed white source with 𝑛 = 91. 

 

Fig. 5.12 Experimental Lissajous scan line from (a) red, (b) green and (c) blue sources with 𝑛 = 91. 

5.4 Multi-Wavelength Image Reconstruction 

To demonstrate imaging performance, we now compare two applications, fluorescence 

imaging and full-colour imaging. Both are performed using exactly the same hardware 
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and control settings, confirming the flexibility and strong development potential of the 

colour scanning system.  

5.4.1 Fluorescence Imaging 

Fluorescence imaging was initially demonstrated using commercially available 

fluorescence test objects. For example, Figure 5.13(a-b) show photographs of a 

fluorescing disk (VRC3D05, Thorlabs) placed on white paper under daylight and under 

blue-light illumination. Under blue excitation, the disk appears red. Figure 5.13(c) 

shows the time variation of scattered signals obtained from the disk and the surrounding 

paper using a modulated blue laser. The blue PD signal decreases over the fluorescing 

disk (blue traces), while an additional modulated signal at the same frequency appears 

in the red channel (red traces), confirming the fluorescence response in the photographs. 

 

Fig. 5.13 (a) Conventional and (b) fluorescence images of a paper sheet under a fluorescent disk; and 

(c) photo responses at excitation (blue) and emission (red) wavelengths from the same sample. 

Similarly, Figure 5.14(a) shows a reference image of a negative fluorescent USAF 

1951 resolution target (57-792, Edmund Optics) taken using a conventional microscope. 

The white regions correspond to reflective chrome, while the grey regions correspond 

to fluorescent fused silica with a peak emission wavelength of 550 nm. The numbers at 

the top of each column indicate the group number, and the numbers along the sides 

indicate the element number. The resolution of the scanner is evaluated in terms of line 

pairs per millimetre. Figure 5.14(b-c) show reconstructed images obtained under blue 

excitation with detection from the green PD channel for 𝑛 = 41  and 𝑛 = 91 , 

respectively. The corresponding frame rates, given by 𝑓𝑙0 𝑛⁄ , are 3.9 FPS and 1.8 FPS. 

Figure 5.14(d) shows an enhanced-resolution image obtained by combining 
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backscattered signals from scans with 𝑛 ranging from 41 to 91 in steps of 10. The 

optical aperture appears as black regions along all four edges in each reconstructed 

image. The reconstructed images show a zigzag artefact in the line pairs, which is 

characteristic of Lissajous scanning. Figure 5.11(b-c) show that the resolving power is 

higher for horizontal lines than for vertical lines, and this difference arises from the 

unequal scan frequencies along the two axes. In Figure 5.14(b), Group 5 Element 6 is 

resolved at 𝑛 = 41, corresponding to a resolution of 8.8 µm. In Figure 5.14(c), Group 

6 Element 6 is resolved at 𝑛 = 91 , corresponding to a resolution of 4.4 µm. Both 

resolutions are above the Abbe limit. Figure 5.14(d) shows that combining different 

scan patterns removes the Lissajous artefact. Lines at Group 7 Element 6 are now 

resolved, corresponding to a resolution of 2.2 µm, which lies below the Abbe limit. 

 

Fig. 5.14 (a) Original microscopic image; reconstructed images with (b) 𝑛 = 41, (c) 𝑛 = 91, and (d) 

enhanced resolution of a fluorescent USAF 1951 target. 
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Fluorescence imaging is a key tool in biomedical imaging and was also 

demonstrated using biological specimens. For example, Figure 5.15(a) shows a 

microscope image of a spinach leaf soaked in ethanol [136-138]. The ethanol extracts 

chlorophyll from the leaf, making it fluorescent under blue excitation. The leaf texture 

is visible, and air bubbles appear as bright circular features. Figure 5.15(b-d) shows 

reconstructed fluorescence images obtained under blue laser illumination for 𝑛 = 41, 

𝑛 = 91, and the enhanced-resolution case, respectively. Under blue excitation, the leaf 

emits red fluorescence. Chlorophyll dissolved in ethanol accumulates along the grooves 

of the leaf texture, causing these regions to fluoresce, while the surrounding areas 

remain dark. The air bubbles remain clearly visible due to their reflective surfaces. 

Figure 5.15(b-c) show that the fluorescent grooves within the dashed white box become 

progressively sharper as 𝑛  increases. Fine dust features become visible at 𝑛 = 91 

and are clearly resolved in the enhanced-resolution image. 

 

Fig. 5.15 (a) Original microscopic image; reconstructed images with (b) 𝑛 = 41, (c) 𝑛 = 91, and (d) 

enhanced resolution of a fluorescent spinach leaf soaked in ethanol. 

5.4.2 Full-Colour Imaging 

Full-colour imaging requires careful colour calibration. Figures 5.16-5.19 show the 

results of full-colour imaging using broadband illumination. Figure 5.16(a) shows the 

colour calibration process, which adjusts the reconstructed colours so that they match 

the true colours of a reference ColorChecker (MSCCMN-RET, X-Rite Inc.). Each 

colour patch of the ColorChecker is scanned, and the RGB outputs from the PD are 

used as the reconstructed RGB values (left column). The corresponding true RGB 

values from the ColorChecker specification are used as the reference colours (right 
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column). Calibration is performed by finding a transformation matrix 𝐶 that maps the 

reconstructed RGB values to the true RGB values: 

𝐶 = 𝑝𝑖𝑛𝑣(𝑀) × [𝑅𝑡 𝐺𝑡 𝐵𝑡]
𝑇 (5.11) 

Here, 𝑀 is a 10×1 matrix with linear terms (𝑅, 𝐺, 𝐵), quadratic terms (𝑅2, 𝐺2, 𝐵2), 

cross terms (𝑅𝐺, 𝑅𝐵, 𝐺𝐵) and offset term of the reconstructed RGB values before 

calibration. 𝑅𝑡 , 𝐺𝑡 , 𝐵𝑡  are the true RGB values, and 𝑝𝑖𝑛𝑣  is the Moore-Penrose 

pseudo-inverse [139-140], which provides the minimum-norm least squares solution. 

Eqn. (5.11) incorporates only four terms to prevent overfitting. Figure 5.16(a) shows 

that, after calibration, the reconstructed colours (middle column) closely match the true 

colours [141].  

Colour imaging was initially carried out using a UK postage stamp, because of its 

high level of detail and colour contrast. Figure 5.16(b-c) show reconstructed images of 

the stamp under a large field of view, before and after calibration. Figure 5.16(c) shows 

a more vivid image, with the green colour cast removed and a colour balance that 

closely matches visual observation. 

 

Fig. 5.16 (a) Scanned colour-patch images before and after colour calibration, shown alongside 

reference values from the ColorChecker; reconstructed full-colour image (b) before and (c) after colour 

calibration of a UK postage stamp. 

Coloured biological specimens were also imaged. For example, Figure 5.17(a) 

shows the true-colour microscope image of a prepared slide (Set B, United Scope LLC) 

of a Zea grass stem cross-section. Figure 5.17(b) shows the reconstructed image after 

colour calibration at 𝑛 = 41. At this scan density, many speckle artefacts are present 

due to the Delaunay triangulation applied to the sparse sampling pattern. The guard 
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cells can be identified, but the edges appear blurred. Figure 5.17(c) shows the 

reconstructed image at 𝑛 = 91 . The speckle density is reduced, and finer cellular 

features become visible. Figure 5.17(d) shows the enhanced-resolution image. Speckle 

artefacts are largely removed, and the edges and internal structures are consistent with 

the original microscope image. A slight yellow colour cast remains, which arises from 

residual calibration error in Eqn. (5.11). 

 

Fig. 5.17 (a) Original true colour image; reconstructed images with (b) 𝑛 = 41, (c) 𝑛 = 91, and (d) 

enhanced resolution after colour calibration, of a prepared slide of Zea grass stem section. 

 

Fig. 5.18 (a) Original true colour image; reconstructed images with (b) 𝑛 = 41, (c) 𝑛 = 91, and (d) 

enhanced resolution after colour calibration, of a UK postage stamp. 

 

Fig. 5.19 (a) Original true colour image; reconstructed images with (b) 𝑛 = 41, (c) 𝑛 = 91, and (d) 

enhanced resolution after colour calibration, of a USD banknote. 

Finally, Figures 5.18 and 5.19 show two additional reconstructed images, one of a 

different UK postage stamp and one of a USD banknote. Similar trends are observed: 

the resolution increases and the images become sharper as 𝑛 increases, and the colour 
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fidelity improves after colour calibration. In each case, the enhanced-resolution 

reconstructions provide the highest level of detail. 

5.5 Conclusion 

We have presented a multi-wavelength confocal fibre scanner based on PCFs and RGB 

mode-stripping detectors. Source scanning is achieved using a dual-fibre cantilever 

mounted on a piezo transducer at 45°, enabling 2D motion under dual-frequency 

excitation. The cantilever is fabricated using a modified dip-coating technique suitable 

for holey fibres. The spectral response of mode-stripping detection using PCF and SMF 

claddings has been characterised in different configurations. Multiplexing of RGB laser 

sources was achieved using a WDM. While the current PD is limited to RGB channels, 

off-the-shelf detectors with increased channel numbers could provide improved spectral 

resolution. Optical feedback was realised via selective coating of a metal aperture, 

enabling real-time switching between imaging modes. Although demonstrated here 

with RGB lasers, this method is in principle extendable to other spectral bands. 

Compared with previously demonstrated colour scanners, high detection sensitivity, 

high resolution and high colour fidelity have all been achieved using an extremely 

simple optical architecture. 
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Chapter 6: Summary and Future Work 

6.1 Summary 

In this thesis, a programmable controller for a 2D Lissajous fibre scanner has been 

demonstrated. The source motion is generated using a fibre cantilever fabricated by dip-

coating two fibres to form a composite section with non-degenerate mechanical 

properties. The low damping ratio allows the two orthogonal bending modes to be 

excited independently using a single PT. The optical system is an efficient dual NA 

confocal microscope, in which the fibre core is used for illumination and the cladding 

is used for detection. Because there is no direct electrical sensing of the fibre motion, 

optical feedback is provided by reflection from a shaped aperture. Amplitude-coded 

reflectivity and window detection allow timing signals to be separated from 

backscattered data while using a single PD. Although the feedback is intermittent, it 

enables continuous estimation and control of both frequency and phase.  

The controller design combines analytical theory with numerical simulation in 

SIMULINK, and key parameters, including the stability limit and convergence rate, 

have been analysed. Excellent agreement is obtained between theory, simulation, and 

experiment. The controller is programmable and allows the selection of Lissajous 

trajectories with different scan densities. This flexibility is useful for applications that 

require rapid target acquisition followed by detailed inspection, and it could be further 

improved if a wider range of scan line densities is achieved. The same control principles 

are also applicable at slow video rates. While the current implementation uses discrete 

electronics, the control algorithms could be implemented on a DSP. The control 

approach may also be transferable to other Lissajous-based scanning systems. 

A multi-wavelength fibre scanner based on PCFs and mode-stripping dual NA 

confocal detection has also been demonstrated. The fibre cantilever is fabricated using 

a modified dip-coating process suitable for holey fibres. The spectral response of mode-

stripping detection for the cladding of both PCFs and SMFs has been characterised 

under different configurations. Multiplexing of RGB laser sources is achieved using a 
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WDM. Although the current PD is limited to three channels, COTS PDs with more 

channels could provide improved spectral resolution. In addition, optical coatings on 

standard photodiodes could be used to extract specific wavelength bands. The approach 

can be extended to HC-PBG fibres to allow higher optical powers, enabling applications 

such as image writing or phototherapy. Optical feedback is implemented using a 

selectively coated metal aperture, which allows real-time switching between 

fluorescence imaging and full-colour reflectance imaging. Although demonstrated 

using RGB excitation, the method can in principle be extended to other wavelength 

bands, including the mid-infrared band used for medical imaging. 

6.2 Further Work 

In addition to the work presented here, several directions for further development 

remain, including phase-shifted Lissajous scanning, broadband optical feedback, 

dispersion-free reflective scanning systems, and the use of HC-PBG fibres. 

Phase-shifted Lissajous Scanning 

The Lissajous curve is sensitive to the phase terms, which shift the trajectory 

horizontally and vertically away from the ideal scan pattern. However, if the phase is 

precisely controlled, which can be achieved using the real-time controller, the phase 

shift can be used to generate denser scan lines and therefore improve spatial resolution. 

When phase shifts are applied, the Lissajous motion can be written as: 

[
𝑥
𝑦] = [

𝑠𝑖𝑛(2𝜋𝑟𝑓𝑡 + 𝜙𝑥)

𝑐𝑜𝑠(2𝜋𝑓𝑡 + 𝜙𝑦)
] (6.1) 

For the phase-shifted motion to produce the same trajectory as the ideal case, the curve 

must pass through at least one point on the original path. In addition, the direction of 

the two-dimensional motion must remain the same so that the curves overlap rather than 

intersect. For simplicity, the point [0,1] at time 𝑡0 = 0 is chosen, and Eqn. (6.1) is 

required to pass through this point at 𝑡1 = 𝑡0 + Δ𝑡 . Because the Lissajous curve is 

symmetric, the scan line remains unchanged if the trajectory passes through the points 

[0, ±1]. This gives: 
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[
0
±1
] = [

sin(2𝜋𝑟𝑓𝑡1 + 𝜙𝑥)

cos(2𝜋𝑓𝑡1 + 𝜙𝑦)
] = [

sin(2𝜋𝑟𝑓𝑡0 + 2𝜋𝑟𝑓∆𝑡 + 𝜙𝑥)

cos(2𝜋𝑓𝑡0 + 2𝜋𝑓∆𝑡 + 𝜙𝑦)
] (6.2) 

For Eqn. (6.2) to hold, the arguments of the sine and cosine functions must satisfy: 

2𝜋𝑟𝑓∆𝑡 + 𝜙𝑥 = 𝑎𝜋 (6.3) 

2𝜋𝑓∆𝑡 + 𝜙𝑦 = 𝑏𝜋 (6.4) 

where 𝑎 and 𝑏 are integers. Solving Eqns. (6.3-6.4), and expanding, gives: 

(𝑚𝑛 + 1)𝜙𝑦 − 𝑛𝜙𝑥 = 𝜋[𝑏(𝑚𝑛 + 1) − 𝑎𝑛] (6.5) 

Let 𝑐 = 𝑏(𝑚𝑛 + 1) − 𝑎𝑛 . Since 𝑚 , 𝑛 , 𝑎 , 𝑏  are integers, 𝑐  is also an integer. If 

𝑏 = 𝑛 + 𝑐 and 𝑎 = 𝑏𝑚 + 1, Eqn. (6.5) becomes: 

(𝑚𝑛 + 1)𝜙𝑦 − 𝑛𝜙𝑥 = 𝑐𝜋 (6.6) 

In summary, if the phase components satisfy Eqn. (6.6), the Lissajous trajectory 

recovers the same shape after one complete cycle. In the current fibre-scanner 

implementation, the horizontal phase component is assumed to be zero, so only the 

vertical phase is considered. Under this assumption, Eqn. (6.6) reduces to: 

𝜙𝑦 =
𝑐𝜋

𝑚𝑛 + 1
(6.7) 

The derivatives of the ideal trajectory and the phase-shifted trajectory are identical 

when the condition in Eqn. (6.7) is satisfied, confirming that the motion direction is the 

same. The sampling at the Padua points of the ideal Lissajous curve can be written as: 

[
𝑥𝑠
𝑦𝑠
] =

{
 

 𝑠𝑖𝑛 [2𝜋𝑟𝑓 (0:
1

4𝑓(𝑚𝑛 + 1)
:
𝑛

𝑓
)]

𝑐𝑜𝑠 [2𝜋𝑓 (0:
1

4𝑓(𝑚𝑛 + 1)
:
𝑛

𝑓
)]
}
 

 

= [
𝑠𝑖𝑛 (0:

𝜋

2𝑛
: 2(𝑚𝑛 + 1)𝜋)

𝑐𝑜𝑠 (0:
𝜋

2(𝑚𝑛 + 1)
: 2𝑛𝜋)

] (6.8) 

Since Eqn. (6.8) is periodic, the non-repeating sampling coordinates are: 

[
𝑥𝑠
𝑦𝑠
] = {

sin [−
𝜋

2
:
𝜋

2𝑛
:
𝜋

2
]

cos [0:
𝜋

2(𝑚𝑛 + 1)
: 𝜋]

} (6.9) 

The number of sampling groups in the x- and y-directions is therefore: 



124 
 

[
𝐺𝑥
𝐺𝑦
] = {

2𝑛 + 1
2(𝑚𝑛 + 1) + 1

} (6.10) 

This means that the sampling points form 2𝑛 + 1  vertical lines and 2𝑚𝑛 + 3 

horizontal lines in the original Lissajous pattern. Figure 6.1(a-d) show this sampling 

structure. From Eqn. (6.7), a phase shift larger than 𝜋 (𝑚𝑛 + 1)⁄  is redundant. The 

phase range is therefore limited to [− 𝜋 [2(𝑚𝑛 + 1)]⁄ , 𝜋 [2(𝑚𝑛 + 1)]⁄ ]. Let 𝑁 (an 

odd integer) denote the number of phase-shift steps. Figure 6.1(a) and (d) show that no 

phase shift is applied, and the sampling pattern is identical to the original case when 

𝑁 = 1. When 𝑁 > 1, the phase-shift values are given by: 

𝜙𝑦𝑠 = [−
𝜋

2(𝑚𝑛 + 1)
:

𝜋

(𝑁 − 1)(𝑚𝑛 + 1)
:

𝜋

2(𝑚𝑛 + 1)
] (6.11) 

The resulting family of phase-shifted Lissajous curves can be written as: 

[
𝑥
𝑦] = {

sin[2𝜋𝑟𝑓𝑡]

cos [2𝜋𝑓𝑡 + (−
𝜋

2(𝑚𝑛 + 1)
:

𝜋

(𝑁 − 1)(𝑚𝑛 + 1)
:

𝜋

2(𝑚𝑛 + 1)
)]
} (6.12) 

The phase shifts insert 𝑁 − 2 additional scan lines into each gap, dividing the original 

gaps evenly into 𝑁 − 1  segments. This generates additional Padua points, and the 

sampling rate must be increased by a factor of 𝑁 − 1. The new sampling times are: 

𝑡𝑠 = 0:
1

4𝑓(𝑁 − 1)(𝑚𝑛 + 1)
:
𝑛

𝑓
(6.13) 

After removing overlapping points, the updated sampling coordinates are: 

[
𝑥𝑠
𝑦𝑠
] = {

sin [−
𝜋

2
:

𝜋

2𝑛(𝑁 − 1)
:
𝜋

2
]

cos [0:
𝜋

2(𝑚𝑛 + 1)(𝑁 − 1)
: 𝜋]

} (6.14) 

The corresponding number of sampling groups is: 

[
𝐺𝑥
𝐺𝑦
] = {

2𝑛(𝑁 − 1) + 1
2(𝑁 − 1)(𝑚𝑛 + 1) + 1

} (6.15) 

Therefore, for an 𝑁 -step phase-shifted Lissajous scan, the sampling points form 

2𝑛(𝑁 − 1) + 1  vertical lines and 2(𝑁 − 1)(𝑚𝑛 + 1) + 1  horizontal lines. Figure 

6.1(b-c) and (e-f) show the resulting sampling patterns. 
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Fig. 6.1 (a-c) Lissajous curve with sampling at Padua points and (d-f) Delaunay triangulation with the 

phase-shift steps 𝑁 from 1 to 5 with 𝑛 = 5 

In conclusion, phase-shifted Lissajous curves can be generated by introducing 

appropriate phase components. The additional Padua points lie on straight lines and 

therefore do not affect the Delaunay triangulation. This method allows the effective 

resolution to exceed the limit set by 𝑛, and it may approach the Abbe resolution limit. 

However, adding phase shifts requires the controller to settle to a new steady state, 

which slows the system response and reduces the achievable frame rate. A possible 

solution is to implement the controller on a DSP and use digital filtering techniques to 

speed up the transient response. 

 roadband Optical Feedback 

The aperture has been tailored and coated with different materials to distinguish the 

optical feedback associated with each mode. However, because the feedback is 

amplitude-modulated, the intensity of the returned signals must be calibrated using 

coatings that are appropriate for each illumination wavelength. In this thesis, when the 

illumination was changed from a monochromatic red laser to broadband white light, 

different sets of coatings were used to compensate for wavelength-dependent 

reflectivity. A useful improvement to the aperture design would be to modulate the 
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optical feedback to allow broadband operation. The possible approach is to etch 

periodic slots with different separation gaps and widths into the reflector surface. Figure 

6.2(a) shows an example of such a grooved reflector. These structures would modify 

the pulse width, frequency, and interval of the feedback pulses, modulating the signal 

in the frequency domain. This would allow optical feedback from different reflectors 

to be distinguished using these properties rather than relying on pulse amplitude. 

 

Fig. 6.2 (a) A proposed design for the broadband aperture and (b) the configuration of a reflective 

microscopic objective (Thorlabs). 

Reflective Dispersion-Free Scanning Systems 

In Chapter 5, the multi-wavelength scanning system uses an achromatic doublet to 

reduce focal shifts caused by chromatic dispersion. In refractive lenses, the effective 

refractive index depends on wavelength, so light at different wavelengths is focused at 

different axial positions. Although achromatic doublets and triplets reduce this effect, 

refractive systems always retain some residual dispersion. A possible solution is to 

replace refractive optics with reflective elements, which are inherently free from 

dispersion. Figure 6.2(b) shows the design of a reflective microscopic objective 

(Thorlabs). In this system, light from the sample is reflected by a primary mirror and 

then by a secondary mirror before being relayed to the detector. Such a configuration 

could be used in the multi-wavelength scanning system to eliminate chromatic 

dispersion. The main limitation of current COTS reflective objectives is their physical 

size, as they are typically designed for telescopes [142] or multi-pass spectroscopic 

absorption cells [143]. A possible improvement is to coat small lenses with reflective 

layers to create a compact, dispersion-free imaging system. 
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HC-P G Fibres 

The dip-coating method developed in this thesis has been adapted for fibres with air 

holes, which also makes it suitable for use with HC-PBG fibres. Figure 6.3 shows that 

the resonant frequency ratio decreases below 2 when a polymer fillet is added. This 

result indicates that HC-PBG fibres can be integrated into the current scanning system 

with only minor adjustments. Using HC-PBG fibres would further extend the 

capabilities of the system, enabling applications such as image writing or other 

biomedical functions that require high-power light beams. 

 

Fig. 6.3 Cross-sections of dual-core hollow core photonic bandgap fibres (a) without and (b) with 

polymer fillet. 
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