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There is nothing more important than love and being loved. For love pushes us to un-
derstand and to not be afraid.






Abstract

In this thesis we investigate three main interconnected topics that lie in the interface between
probability theory and mathematical statistics. They are quasi-infinite divisibility, limit theorems
and signatures.

Concerning quasi-infinite divisibility, we present numerous results on quasi-infinitely divisible
(QID) distributions, processes and random measures. Lindner, Pan and Sato in [LPS18] show
that QID distributions are dense in the space of all probability distributions with respect to
weak convergence. We start our presentation with the results on QID random measures. In
particular, we prove spectral representations, we build stochastic integral using them, and show
necessary and sufficient conditions for their integrability. Then, we present several results on
QID stochastic processes, including various spectral representations. The results presented in
this chapter, namely Chapter have been subsequently published in the article [4] and constitute
the fundamental basis for the ongoing work [5], where it is proved that QID random measures
are dense in the space of completely random measures under convergence in distribution.

Concerning limit theorems, we present two main collection of results. In the first one, we
derive some necessary and sufficient conditions for stationary ID multivariate random fields to be
mixing. As an example we show that mixed moving average fields are mixing. In the second one,
the main result is a central limit theorem for the multivariate Brownian semistationary (BSS)
process. In particular, we study the joint asymptotic behaviour of its realised covariation using
in-fill (i.e. high-frequency) asymptotics. For this central limit theorem we provide examples and
feasible results, namely results that can be computed directly from data. These two collections
of results will constitute the content of the works [6] and [7].

Finally, we focus on the signature of the fractional Brownian motion (fBm) with Hurst pa-
rameter H > % The signature of a d-dimensional fBm is a sequence of iterated Stratonovich
integrals along the paths of the fBm. We provide a bound for the expected signature of the fBm
and show the rate of convergence of the expected signature of the linear piecewise approximation
of the fBm to its exact value. Further, we present the general cubature method for the fBm
with H > % for small times. The cubature method is a numerical deterministic method based
on signatures for the approximation of the expected solution of certain SDEs. These results will
be published in the work [3].
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Introduction

This thesis explores three topics in probability theory and mathematical statistics, which are
motivated by real world problems. As indicated in the title they are: quasi-infinite divisibility,
limit theorems and signatures. In this introduction we give a general overview of these topics
and describe the main results of the thesis.

We remark here that, in order to simplify the exposition of this thesis, we decided to put
long proofs in the appendices at the end of each chapter. Further, we tried to be as consistent
as possible with the notation throughout the thesis. However, in order to avoid any confusion
we expose at the beginning of each chapter the notation used in that particular chapter.

The content of this thesis has been subsequently published in the articles [3, 4l [6] [7].

On quasi-infinite divisibility

Infinitely divisible (ID) distributions represent one of the main families of probability distribu-
tions. Their development goes back to the work of Lévy and De Finetti. Among the many
properties they satisfy, one is particularly useful in practice: the characteristic function (c.f.),
which is the Fourier transform of a probability distribution, of an ID distribution has a Lévy-
Khintchine formulation. This formulation allows to write explicitly the c.f. in terms of three
elements: the drift (which is a real constant), the Gaussian variance (which is a positive con-
stant), and the Lévy measure (which is a measure on R that satisfies an integrability condition
and has no mass at zero). Further, there is a one to one correspondence between an ID dis-
tribution and the triplet composed by these elements, which is called the characteristic triplet.
Examples of ID distributions are the Normal and the Poisson distributions.

Recently, a series of works shed new light on a broader class of probability distributions called
quasi-ID (QID) distributions, where informally the Lévy measure is now a signed measure (thus
taking also negative values). Hence, every ID distribution is QID, but not every QID distribution

is ID. A simple formal definition of QID random variable is the following: a random variable X
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14 Chapter 1. Introduction

is QID if and only if there exists two ID random variables Y and Z s.t. X +Y 2 Zand Y is
independent of Z.

The recent work of Lindner, Pan and Sato [LPSI8| represents one of the most important
papers of this series. It shows that the set of QID distributions is dense in the set of all prob-
ability distributions w.r.t. weak convergence. In [Kh19|, the authors complement this result by
similar criteria of relative and stochastic compactness for quasi-infinitely divisible distributions
with partial weak limits from this class. Moreover, in [LPS18§] it is proved that a distribution
concentrated on the integers is QID if and only if its characteristic function does not have zeroes.
This last result is extended in [Berl9] to distributions which can be written as the sum of a
measure concentrated on the integers and a measure which is absolutely continuous w.r.t. the
Lebesgue measure. An interesting result shown in [Berl9| states that a distribution which has a

Lévy measure with complex values cannot exist.

QID distributions have been shown to have links to the field of prime numbers as well. Indeed,

in [Nalj] it is shown that ﬂ&;@, where £ is the complete Riemann zeta function and ¢,0 € R,
has a characteristic function which is QID, but not ID, for ¢ > 1. In addition, in [Na] it is shown
that any zeta distribution defined by Dirichlet series > 2 a(n)n~* with a(1) > 0, a(n) > 0
when n > 2 and a(n) = O(n®) for any € > 0 is QID if R(s) > 1 is sufficiently large. Further,
QID distributions turn out to be of importance in mathematical physics too, as seen in [CDM16]
and [DM15].

The majority of our focus in Chapter [2]is devoted to the study of random measures. Random
measures have a long history (think of the Poisson process, which is a point process) and many
famous mathematicians have worked on them: Itd, Bochner, Renye, Jacod, Kallenberg, etc...
The topic remains nowadays a very active areas of research as shown by the publications of
several books on the subject (see [Kal7| and references therein). In Chapter [2| we provide
spectral representations, mainly Lévy-Khintchine formulations, for QID random measures and
using them we define QID stochastic integrals. Further, we provide sufficient and necessary

conditions for the integrability of a measurable function with respect to QID random measures.

We point out that in ongoing work [5], which is a work that we do not present here, we
prove that a certain class of QID random measures is dense under convergence in distribution
in the space of all independently scattered random measures, also known as random measures
with independent increments or as completely random measures. This result extends the result

in |[LPS18| for real valued random variables.

It is also possible to define ID processes, namely stochastic processes whose finite dimensional
distributions are ID. One of the most pivotal works in the field of ID processes is given by Rajput
and Rosinski’s paper in 1989 [RR89]. In this chapter we provide new results on the spectral
representation of discrete and centred continuous ID processes. Therefore, it appears natural to
see to what extent the results in [RR89)] extend to the QID case. This is part of the content of
Chapter 2] Indeed, we extend the results of the celebrated 1989 paper by Rajput and Rosinski
to the QID framework. However, we also investigate general questions like: What is the Lévy-
Khintchine representation of QID processes? What is the Lévy-Khintchine representation when
the QID process belongs to Iy (the Hilbert space of square summable sequences)? What is the

connection between QID processes and Lévy processes?
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As expected, in this chapter we use many results from measure theory, but we also present
new contributions. For example, in Theorem 4 in [Ho77|, the author proves a sufficient and
necessary condition for the extension of a signed bimeasure to a signed measure on the product
o-algebra. In Section [2.4] we extend this result and provide a unique integral representation for
the Jordan decomposition of this signed measure. In addition, in Subsection [2.1.1] we provide a
complete account on extension and on decomposition theorems for measures and signed measures
on rings. We show that there exists a unique Jordan decomposition on J-rings and that we can

talk about extension theorems even for signed measures, among others.

On Limit Theorems

Mixing properties for ID random fields

In 1970 in his fundamental work [Mar70|, Maruyama provided pivotal results for infinitely di-
visible (ID) processes. Among them, he proved that under certain conditions, known afterwards
as Maruyama conditions, these processes are mixing (see Theorem 6 of [Mar70]). After him
various authors contributed to this line of research, see for example Gross [Gr94] and Kokoszka
and Taqqu [KT96]. In 1996 Rosinski and Zak [RZ96| extended Maruyama’s results proving that
a stationary ID process (X¢)ier is mixing if and only if tlgcr)loE [ei(Xt_XO)] =E [eiXo] E [e_iXO],
provided the Lévy measure of X has no atoms in 277Z. More recently, Fuchs and Stelzer [FS13]
extended some of the main results of Rosinski and Zak to the multivariate case. Parallel to this
line of research, new developments have been obtained for ergodic and weak mixing properties
of infinitely divisible random fields. In particular, see Roy [RoE07| and [RoE09] for Poissonian
ID random fields and Roy [RoP10|, Roy and Samorodnitsky [RS08] and [WRS13| for a-stable

univariate random fields.

In Chapter , we fill an important gap by extending the results of Maruyama [Mar70], Rosinski
and Zak [RZ96], [RZ97], and Fuchs & Stelzer [E'S13] to the multivariate random field case. First,
this is crucial for applications since many of them consider a multidimensional domain composed
by both spatial and temporal components (and not just temporal ones). This is typically the
case for many physical systems, like turbulences (e.g. [BS04] [BBV14]), and in econometrics
(e.g. models based on panel data). Second, with the present work we also close the gap between
the two lines of research presented above by focusing on the more general case of multivariate

stationary ID random fields.

On the modelling/application level, we prove that multivariate mixed moving average fields
are mixing. This is a relevant result since Lévy driven moving average fields are extensively
used in many applications throughout various disciplines, such as brain imaging [JR13], tumour
growth [BS07] and turbulence [BS04, [BS07|, among others.

Moreover, we discuss conditions which ensure that a multivariate random fields is weakly
mixing. In particular, we show that the proofs of the results obtained for the mixing case can
be slightly modified to obtain similar results for the weak mixing case. Finally, we prove that a

multivariate stationary ID random field is weak mixing if and only if it is ergodic.
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Multivariate BSS process

The second main topic on limit theorems concerns the Brownian semistationary (BSS) process.

The univariate BSS process is a stochastic process of the following form:

t t
Vimut [ gtt—sjoawes [ qt-sads
—0 —00
where p is a constant, W is a Brownian measure on R, g and ¢ are non-negative deterministic
functions on R, with ¢(t) = ¢(t) = 0 for t < 0, and ¢ and a are cadlag processes. The name
Brownian semistationary process comes from the fact that when o and a are stationary and
independent of W then Y is stationary. These processes were firstly introduced in [BS09| and,
since then, they have been extensively used in applications due to their flexibility and, thus,
their capacity of modelling a variety of empirical phenomena. Two of the most notable fields of

applications are turbulence and finance.

In the context of turbulence, where the process o represents the intermittency of the dy-
namics, these processes are able to reproduce the key stylized features of turbulence data, such
as homogeneity, stationarity, skewness, isotropy and certain scaling laws (see [BPS14l, (CHPP13]
and discussion therein). In finance, the BSS process has been applied to the modelling of en-
ergy spot prices ([BBV13], Bel7]) and of logarithmic volatility of futures ([BLP17b]), among
others. Furthermore, fast and efficient simulation schemes for the univariate BSS are available
(|BLP17al).

One of the key aspects of the BSS process that has been analysed in great detail in the last
decade is the asymptotic behaviour of its realised power variation. The realised power variation

of a process Y; is the sum of absolute powers of increments of a process, i.e.

[nt)
|A?Y]", where AY :=Y: —Yi.

n

=1

For general semimartingales, the study of realised variation has a pivotal role in estimating the
key aspects of the process under consideration, e.g. the integrated squared volatility given by
fg o2ds (see [BCDII] for further discussions). This has led to the development of numerous
works on this topic (see [Ja08] and the references therein). On the other hand, the BSS process
is not in general a semimartingale and the theory of realised power variation for semimartingales
does not apply in this case. New results based on different mathematical tools, mainly the ones
presented in the works of Peccati, Nourdin and coauthors (see [NP12]| and the references therein),
have been obtained. In [BCD11] the multipower variation for BSS processes is presented, while in
[GR19] Granelli and Veraart obtain the realised covariation for the bivariate BSS without drift.
It is important to mention that, in the general multivariate setting, we have the work [BSh04] for
the semimartingale case, but no works for the case of BSS processes outside the semimartingale

framework.

In Chapter [d] we introduce the multivariate BSS process, study the joint asymptotic be-

haviour of its realised covariation, present feasible results and relevant examples. In particular,
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we will study the asymptotic behaviour of

o [ Ary ) Ay ®
2w ’
kJ=1,....p

i=1 Tn Tn

where p € N, T,(Lj) > (0 and Yt(j) is the j-th component of the multivariate BSS process, for
j = 1,...,p. The work of this chapter is motivated by the manifold applications of the BSS
process and it is not just an extension to the multivariate case of the results presented in [BCD11]
and [GR19]. Indeed, in these previous works, the realised power variations and covariations
were always scaled by a scaling factor (7,,) restricted to a specific structure. We eliminate this
restriction and this enables us to obtain all the feasible results presented in this chapter, which
were not obtainable otherwise.
We remark that despite the more general theory developed here, no additional assumptions
will be added other than the ones already introduced in [BCDII] and [GR19] (but used in a
multivariate setting).

Due to the various potential applications of the multivariate BSS process, it appears natural
to derive feasible results, namely results that can be computed directly from real data. We focus

on two objects:

z\.”tJ A”Y(k)A”Y(l) 1 < ZLmJ ATY k)A”Y(l) )

an .
2 : nT n n

\/Z ey (A7Y e \/Z:LftlJ Any(l)) kl=1 ZLZIJ AY®ATY D kl=1,..p

oD
Both objects belong to the class of realised covariation ratios. Similar ratios tailored to the
univariate case have been used in the literature to construct a consistent estimator of key pa-
rameters, e.g. the smoothness parameter a of the BSS process in [CHPP13|. The second object
can be defined as the relative covolatility of the BSS process, since it represents the multivariate
representation of the relative volatility concept introduced in [BPS14].

We refer to Section for a presentation of the main results of this chapter (in a simplified

framework).

On the signature of the fBm with H > %

The signature of a d-dimensional fractional Brownian motion (fBm) is a sequence of iterated
Stratonovich integrals along the paths of the fBm. It is an object taking values in the tensor
algebra over RY.

Signatures were firstly studied by K.T.-Chen in 1950’s in a series of papers [Ch57], [Ch58]
and [Ch77|. In the last twenty years the attention devoted to signatures has increased rapidly.
This has been caused by the pivotal role they have in rough path theory, a field developed in
the late nineties by Terry Lyons culminating in the paper [Te98|, which is also at the base of the
newly developed theory of regularity structures [Hal4]. The signature of a path summarises the
essential properties of that path allowing the possibility to study SPDEs driven by that path.

We remark also the increasing importance of the signatures in the field of machine learning,

see for example [NXL17| among many. In light of this increasing importance and of the fact that
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rate of convergences are crucial to evaluate algorithmic efficiency, our results may have a direct
impact to real world applications.
In 2015 Hao Ni and Weijun Xu [NXI5] computed the sharp rate of convergence for expected

Brownian signatures. They obtained a rate of convergence of 1; in formulas,

E(/ dBf> —E(/ dBmJ>
AZK[0,1] A2k[0,1]

where C > 0, E (fA%[o 1 dBI) is the 2k-th level of the expected signature of the Brownian

<COm™,

motion and E (fA%[o,l] dBm’I> is the 2k-th level of the expected signature of the linear piecewise
approximation of the Brownian motion with mesh size % A more formal introduction is given
in the next sections (see Chapter [5)).

On the other hand, for the fBm no progress has been made in this direction. In particular,
the rate of convergence for the expected signature of the fBm is not known for any value of the
Hurst parameter H € (0,1). The first result of this chapter address this problem, obtaining the

“sharp” rate of convergence for H € ( %, 1). In formulas,

E ( / dBHJ> —-E ( / dBH’m’I>
A2k[0,1] A2k[0,1]

where C’ > 0, E (fAZk[o 1 dBH’I> and E (IA%[O 1 dBH’m’I> are respectively the 2k-th level of

the expected signature of the fBm and of its linear piecewise approximation with mesh size %

< C'm~H, (1.1)

To achieve this result, we used the results of Baudoin and Coutin in [BC07|, who computed
the expected signature for the fractional Brownian motion for H > % and also for small times
for H € (3,4). We mention also the works [CQ02] and [LV07], where further properties of the
signature of the fBm are studied.

In this chapter we focus on the weak rate of convergence and we refer to the work of Friz and
Riedel [FR14] for the strong rate of convergence. It is possible to derive from their work a rate
of H for H > 1 (see also Deya, Neuenkirch and Tindel [DNT12] for similar results), while here
we obtain a weak convergence rate of 2H.

In the first result we also provide an explicit expression for the coefficient of the rate of
convergence, namely C’ in . We obtain an uniform bound for the coefficient for the 2k-th

term of the signature of 3
,  Ak(2k —1)

S 51

where A is an explicit finite constant independent of k. This shows that for any fixed mesh
size (i.e. m is fixed) the difference between the expected signature of the fBm and the expected
signature of its linear piecewise approximation goes to zero (and it goes fast) as the number of
iterated integrals increases (namely k — oo). We stress that for the Brownian motion case the
uniform bound of the coefficient is not known (see [NX15]).

The first result holds for general mesh size, like the uniform mesh of size % or the dyadic
mesh (27™). In particular, the first result holds for any uniform mesh. For uniform mesh we

mean the mesh in which the distances between any two consecutive grid points are all equal.
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For the second result we move away from the linear piecewise approximation and focus just
on the expected signature. In [CL16], Chevyrev and Lyons showed that the expected signature
has infinite radius of convergence, but not a factorial decay. In this chapter we show that the
expected signature has a factorial decay, indeed the sharp bound for the 2k-th term of the
signature is simply given by ﬁ for all H € (%, 1).

In the H > % case, our result gives an alternative proof, with sharper estimates, of the fact
that the expected signature of the fractional Brownian motion has infinite radius of convergence,
which by [CLI6] implies that the expected signature determines the signature in distribution.
Our estimate is also sharper than the ones obtained by Friz and Riedel [FR13|, from which is
possible to obtain a bound of %

Neuenkirch, Nourdin, Réssler and Tindel [NNRT09|, who showed a bound of \/% (with C' > 2

for some positive constant C' independent of k, and by

and dependent on H). In formulas, our result is:

E / apiit) < =97
A2k[s ] o kl12k -

In 2003 Lyons and Victoir [LV04] developed a numerical methods for approximating the so-
lution of parabolic PDEs and general SDEs driven by Brownian motions called cubature method
on Weiner space. In the cubature method the main first step is to obtain the cubature formula
in which the signature of a path (in the case of [LV04] is the Brownian motion) is matched to a
finite weighted sum of Dirac delta measures applied to the iterated integrals of the deterministic
paths. In this chapter, we develop the framework of the cubature method for fBm, obtain the
cubature formula for the fBm in a particular setting, and provide a bound for the approximation
error for the general case. Further, we show a simple numerical example where these results
apply.

We remark that a first version of this chapter was the content of the author’s MRes project.
However, the chapter was majorly during the PhD and the main results presented in this PhD
thesis were not part of the MRes thesis.

On the connections between these topics

The main idea behind the structure of this thesis is the following. We start with the the QID
framework, which is a very general and abstract setting, and present the relevant results. Then,
in Chapter [3| we restrict our attention to the ID framework, in particular to the ID multivariate
random fields, and investigate their long term behaviour. As it is possible to see, there are many
connections between these two topics. A very clear link is provided by Section where mixed
moving average fields are analysed. The same definition of mixed moving averages requires the
use of ID random measures, which is a subclass of QID random measures defined in Chapter
Moreover, the integrability conditions for mixed moving averages discussed in Section are a
specific example of the integrability conditions discussed in Section of Chapter 2| Further,
there are additional numerous connections due to the fact that both chapters have the work
of Rajput and Rosinski [RR89| as starting point. Indeed, in Chapter [2] we extend it to the

QID framework, while in Chapter [3| we analysed it from a multivariate random fields point of
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view. Moreover, the extensive discussions on the Lévy measure in Chapter [2| facilitates the
understanding of the proofs of Chapter [ in which a considerable use of its properties is made.

Keeping the focus on limit theorems, we move in Chapter [4]to the analysis of BSS processes.
Here we focus first on the multivariate Gaussian processes with stationary increments and then
on the multivariate BSS processes. A first connection between this and the previous chapter
is that the class of stationary multivariate Gaussian processes constitutes a major example for
both the multivariate Gaussian processes with stationary increments and the multivariate 1D
random fields. Moreover, BSS processes are also called volatility modulated moving averages in
the literature. This is because they are actually moving averages with an additional stochastic
integrand, namely the volatility os. Unfortunately, the introduction of o generally destroys the
infinitely divisibility of the moving average. Thus, we cannot in general hope to use the result
in Chapter 3| for the BSS process. However, this is possible when o,dW, behaves as dLs where
L is a ID random measure (as defined in Chapter [2)).

The Gaussian framework and the focus on the asymptotic behaviour, which are two funda-
mental elements of Chapter [, constitutes the leitmotiv of Chapter [5] Here we restrict our atten-
tion on a specific Gaussian process, the fractional Brownian motion, and study the asymptotic
behaviour of its signature. The asymptotic analysis takes here the form of a specific question:
the rate of convergence of the expected signature of the linear piecewise approximation of the
fBm to the expected signature of its exact value, as the mesh size goes to zero. The second main
result in Chapter [5]is a bound for the truncated expected signature of the fBm, which shows its
asymptotic behaviour with respect to the number of iterated integrals considered.

A more complete and connected collection of mathematical topics could have been achieved
with the introduction of the ongoing works [I, 2, [5]. These are ongoing works that explore
further aspects of the topics investigated in this thesis. Indeed, in [2] we analyse limit theorems
for trawl processes, where a trawl process is ID random measure parametrised by time. In [I] we
study feasible inference results for BSS processes, providing complementary results to the ones
presented in Section In [5], we continue the investigation of QID random measures, proving
new results and extending some of the statements presented in Section

We conclude this section by remarking that there are various and sometimes strong connec-
tions between the main topics of this thesis. However, this thesis also represents the author’s
mathematical journey of the last three years and his willingness to explore various and, some-

times, different areas of probability theory and mathematical statistics.

Outline of the thesis

Chapter ] is structured as follows. In Section we introduce the notation and preliminaries,
including the introduction of QID random measures, and we provide some general topological
and measure theoretical results.

In Section we explore the connections between QID and ID random measures. We show
that under certain conditions two ID random measure generates a unique QID random measure
and vice versa. We present examples of QID random measures which are not necessarily ID. Then,
QID stochastic integrals are defined. We extend the measure theoretical results at the core of

Rajput and Rosinski’s 1989 paper (JRR89]) to the signed measure framework, and prove that the



21

QID stochastic integrals are well defined. Further, we provide a Lévy-Khintchine representation
and integrability conditions for QID stochastic integrals. Moreover, we explore the set of A-
integrable functions and show that the linear stochastic integral mapping f — [, g fdA from the
space of A-integrable functions to the L, space is continuous.

In Section quasi-Lévy measures on Iy and QID processes are defined. We prove that X is
QID if there exist two ID processes Y and Z such that X +Y 2 7 with Y independent of X. As
mentioned above, the class of such QID processes is called generated QID processes. Further, we
provide a Lévy-Khintchine representation for generated QID processes on [ and for generated
QID processes of any arbitrary index set, and present a representation for discrete parameters
generated QID processes ¢ la Rajput and Rosinski. In the last subsection of Section we
show further results on general QID processes, provide some examples, and discuss the atomless
condition of random measures in the QID framework.

Chapter [3]is structured as follows. In Section[3.I] we discuss some preliminaries on mixing and
derive the mixing conditions for multivariate ID stationary random fields. In addition, we study
some extensions and other related results. In Section , we prove that (sums of independent)
mixed moving averages (MMA) are mixing, including MMA with an extended subordinated
basis. In Section we obtain weak mixing versions of the results obtained in Section and
we prove the equivalence between ergodicity and weak mixing for stationary ID random fields.

Chapter ] is structured as follows. In Section we introduce the multivariate BSS process,
the general setting and the basic mathematical concepts of this chapter. It is usually the case
that, when a univariate process is extended to the multivariate case, there is more than one way
to do it. Hence, we present two possible multivariate extensions of the one-dimensional BSS
process. Further, in the same chapter we introduce the Gaussian core, which is a key object for
the mathematical understanding and estimation of the BSS process. In Sections and
we present the joint central limit theorem (CLT) for general multivariate Gaussian processes
with stationary increments and for the BSS processes, respectively. In particular, in these two
chapters we are going to present different cases depending on which multivariate extension of
the BSS process and values of the scaling factor 7, are considered. In addition, in Section
we prove the weak law of large numbers (WLLN) for BSS processes. In Sections we derive
the feasible results and in Section we present some examples.

We refer to Section [4.5.1]for a presentation of the main results of this chapter (in a simplified
framework).

Finally, Chapter [ is structured in the following way. In Section we introduce some
notations and preliminaries. In particular, we discuss the signature of the fractional Brownian
motion in details and present relevant results by other authors. In Section we state the main
results of the chapter. In Section we discuss the cubature method for the fBm and present a

numerical example.






Quasi-infinite divisibility

2.1 Notations and preliminaries

In this section we introduce the notation and the preliminaries needed in this chapter. By a
measure on a measurable space (X, G) we always mean a positive measure on (X, G), namely an
[0, co]-valued o-additive set function on G that assigns the value 0 to the empty set. Given a
non-empty set X, the symbol B(X) stands for the Borel o-algebra of X, unless stated differently.
The law and the characteristic function of a random variable X will be denoted by £(X) and
by L£(X), respectively. Given two measurable spaces (X,G) and (Y,F), we denote by G x F
the Cartesian product and by G ® F the product o-algebra of G and F. Finally, due to their
frequent use we abbreviate the following words: random variable by r.v., random measure by
r.m., characteristic function by c.f. and characteristic triplet by c.t..

Given the importance of signed measures in this chapter we recall now the definition and some

properties.

Definition 2.1.1 (extended signed measure). Given a measurable space (X,Y), that is, a set
X with a o-algebra X on it, an extended signed measure is a function p: ¥ — R U {oo, —oo}
s.t. u(0) = 0 and p is o-additive, that is, it satisfies the equality p(U,~; An) = > ooy n(Ay)
where the series on the right must converge in R U {oo, —oo} absolutely (namely the value of the

series is independent of the order of its elements), for any sequence Ay, As, ... of disjoint sets in

3.

As a consequence any extended signed measure can take plus or minus infinity as value, but not
both. Throughout this chapter, the term ‘signed measure’ refers to ‘extended signed measure’.
Recall also that the total variation of a signed measure y is defined as the measure |p] : ¥ — [0, 00]
defined by

|ul(A) == sup Y |u(4;)], (2.1)
j=1

23
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where the supremum is taken over all the partitions {A4;} of A € 3. The total variation || is
finite if and only if u is finite. By the Hahn decomposition theorem, for any signed measure p,
there exist disjoint Borel sets C* and C~ with CTUC™ = X and CTNC™ = s.t. u(ANCT) >0
and p(ANC~) <0 for every A € X. In the following, we present the definition of mutually

singular measures and the Jordan decomposition theorem.

Definition 2.1.2. Two measures p and v on (X,X) are said to be mutually singular if there
are disjoint sets A, B € ¥ with X = AU B and u(A) = 0 while v(B) = 0. In this case, we write
wl v,

Theorem 2.1.3 (Jordan Decomposition Theorem, see [KaOll). Let p be a signed measure on
(X,X). Then there exist two mutually singular positive measures u* and p~ such that yu =
ut — p~. Furthermore, if X and v are any two positive measures with . = X\ — v, then for each
E € X we have \(E) > pt(E) and v(E) > p= (E). Finally, if \ L v, then A\ =p" and v = p~.

Recall that while the Jordan decomposition is unique the Hahn decomposition is only essential

unique, indeed p-null sets can be transferred from CT to C~ and vice versa.

Definition 2.1.4 (Signed bimeasure). Let (X,X) and (Y,TI') be two measurable spaces. A signed
bimeasure is a function M : ¥ x I' — [—00, 00| such that:

(i) the function A — M (A, B) is a signed measure on ¥ for every B € T,

(i) the function B — M (A, B) is a signed measure on I for every A € 3.

For a signed bimeasure M, we denote by M and M~ the Jordan decomposition of B — M (A, B)
for fixed A € ¥, and My and M_ the Jordan decomposition of A — M (A, B) for fixed B € I'.
Now, we introduce the concept of a quasi-Lévy type measure. Although it is called measure,

it is not always a measure. This explains the need of the following definitions, which we recall
from [LPS18]:

Definition 2.1.5. Let B.(R) := {B € B(R)| BN (r,r) =0} for r > 0 and By(R) := {J,~, Br(R)
be the class of all Borel sets that are bounded away from zero. Let v : Byo(R) — R be a function
such that vig (r) is a finite signed measure for each r > 0 and denote the total variation, positive
and negative part of vip vy by V8. )|, V‘ET(R) and V‘%T(R) respectively. Then the total variation
|v|, the positive part v and the negative part v~ of v are defined to be the unique measures on
(R, B(R)) satisfying
vI({0}) = v ({0}) = v~ ({0}) = 0
and  |VI(4) = [vg, )y vH(A) = vl ) (A) v (A) = Vg ) (A),

for A € B.(R), for some r > 0.

As mentioned in [LPS18|, v is not a signed measure because it is defined on By(R), which is
not a o-algebra. In the case when it is possible to extend the definition of v to B(R) such that
v is a signed measure, then we will identify v with its extension to B(R) and speak of v as a

signed measure. Moreover, the uniqueness of |v|, v and v~ is ensured by the Carathéodory’s

extension theorem (see Lemma [2.1.14)).
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Remark 2.1.6. For the sake of clarity, notice that By(R) = {B € B(R) : 0 ¢ B} # {B € B(R) :
0 ¢ B}. Indeed, consider the set A = {1 : n € N} then A is a Borel set since it is a countable
intersection of closed Borel sets. Notice that A € {B € B(R) : 0 ¢ B}. Moreover, observe that
for every € > 0 we can find an element of A that does not belong to Be. Hence, A ¢ By(R).

Thus, note that saying that a property holds “for every A € B,(R) with r» > 0” is equivalent to
saying that it holds “for every B € B(R) s.t. 0 ¢ B”.

Throughout this chapter we define the centering function 7 (on a general Hilbert space) as

x if |z| <1,
T(z) =
if ||| > 1.

x
]
where || - || is the norm of the Hilbert space considered. Notice that this centering function
satisfies equation (1) in [LPSI8|. The following definition has been introduced for the first time

in [LPSIS].

Definition 2.1.7 (quasi-Lévy type measure, quasi-Lévy measure, QID distribution). A quasi-
Lévy type measure is a function v : Bo(R) — R satisfying the condition in Definition and
such that its total variation |v| satisfies [(1 A 2?)|v|(dz) < oo.

Let p be a probability distribution on R. We say that p is quasi-infinitely divisible if its charac-

teristic function has a representation

2

A(9) = exp (wv - %a + /R (% 1~ ior(x)) y(da:))

where a,y € R and v is a quasi-Lévy type measure. The characteristic triplet (v,a,v) of p is
unique (see [[Sa99], Exercise 12.2]), and a and ~y are called the Gaussian variance and the drift
of i, respectively.

A quasi-Lévy type measure v is called quasi-Lévy measure, if additionally there exist a quasi-
infinitely divisible distribution p and some a,y € R such that (7, a,v) is the characteristic triplet

of . We call v the quasi-Lévy measure of p.

The above definition extends to the R? case (for d > 1) as shown in Remark 2.4 in [LPSIS].
Further, in this chapter we always keep the same order for the elements in the c.t.: the first
element is the drift, the second one is the Gaussian variance, and the third one is the (quasi)
Lévy measure.

A quasi-Lévy measure is always a quasi-Lévy type measure, while the converse is not true
as pointed out in Example 2.9 of [LPS18|. Moreover, we say that a function f is integrable with

respect to quasi-Lévy type measure v if it is integrable with respect to |v|. Then, we define:

/dey ;:/deﬁ—/dey—, B € B(R).

Given the above discussions, it appears clear why it is sometimes useful to work with the char-

acteristic pair ((,~) instead of (v, a,v) where ( is a signed measure defined as:

C(B) = ado(B) + /B(l na?)u(dz), B € B(R).
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Then, the representation of c.f. of 4 becomes:

(6) = exp (ié’v + [ ot e><<dx>) ,
where g, : R Xx R — C defined by

(€9 —1 —ifr(x))/(A A x?), x#0,

gr(z,0) =
—%, x = 0.

The function g-(-,0) is bounded for each fixed # € R and is continuous at zero (see [LPS1§| for
further details).

Let us now mention one of the few known explicit results on QID distributions.

Theorem 2.1.8 (Theorem 4.3.4 in [CuT75]). Let d € N. The c.t. (v,0,v), where v is a finite
quasi-Lévy type measure, is the c.t. of a QID distribution on R? if and only if exp(v) :=

oo pFn
n=1 n!

is a measure. In that case, p ~ (v,0,v) is given by

_ 0 * exp(v)
exp(v(R4))’

We introduce now the framework adopted in this chapter when dealing with QID random
measures. Throughout this chapter we denote by S an arbitrary non-empty set and by S a 6-
ring with the additional condition that there exists an increasing sequence of sets Sq,S52,--- € S
s.t. Upen Sn = 5. In this framework S does not need to belong to S (thus S is not necessarily
an algebra) and arbitrary subsets of S do not need to satisfy the condition J,cy An € S (thus

S is not necessarily a o-ring).

Definition 2.1.9 (Signed measure on a ring). A set function p(A) defined on the elements of
a ring R with values in [—oo, 00| will be called a signed measure, if w(0) = 0 and if for every
sequence Ay, Ag, ... of disjoint sets of R for which A =\J;—, A € R we have

n(A) =" u(Ay) (2.2)
k

=1
and the relation holds absolutely (namely independent of the order of its elements).

Similarly, it is possible to extend the definition of bimeasures on rings. Let us now introduce one

of the central objects of this chapter.

Definition 2.1.10 (QID random measure). Let A = {A(A) : A € S} be a real valued stochastic
process defined on some probability space (Q, F,P). We call A to be an independently scattered
r.m., if, for every sequence {A,} of disjoint sets in S, the r.v. A(4,), n=1,2,..., are indepen-
dent, and, if ;-1 Ap € S, then we have AUy~ Ayn) = > 02 A(Ay) a.s. (where the series is
assumed to converge almost surely). In addition, if A(A) is a QID (ID) r.v., for every A € S,
then we call A a QID (ID) r.m..

In this chapter A = {A(A) : A € S} will denote a QID r.m.. Since, for every A € S, A(A) is a
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QID r.v., its c.f. can be written in the Lévy-Khintchine form:

L(A(A))(0) := E(e? D) = exp (iqu(A) - %ul(A) + / el 1 — iGT(az)FA(dm)> . (2.3)
R
where —oo < 1p(A) < 00, 0 < v1(A) < 0o and Fj4 is a quasi-Lévy measure on R, for A € S.
For the sake of completeness we report here Proposition 2.1 of [RR89].

Proposition 2.1.11 (Proposition 2.1 in [RR89]). (a) Let A be an ID r.m. with the c.f. given by

E(eM4) = exp (i@ug(A) - 922u1(A) + / el —1— iGT(x)FA(dJ:)> . (2.4)
R
Then vy : S — R is a signed-measure, vy : S — [0,00) is a measure, Fy is a Lévy measure on R,
for every A€ S, and S > A Fu(B) € [0,00) is a measure, for every B € B(R) s.t. 0 ¢ B.
(b) Let vy, v1 and F. satisfy the conditions given in (a). Then there exists a unique (in the sense
of finite-dimensional distributions) ID r.m. A such that holds.
(c) Let vy, v1 and F. as in (a) and define

AA) = |wl(A) + i (A) + /(1 Az?)Fa(dz), A€S.
R
Then X : S — [0,00) is a measure such that A\(A,) — 0 implies A(An) = 0 for every {A,} C S;
further if A(AL) 20 for every {A!} C S s.t. AL, C A, € S, then M\(A,) — 0.

Moreover, we recall the following result from the work of Prékopa (Theorem 2.1 in [Pr56]).

In doing this we also correct a typo in that statement.

Theorem 2.1.12 (Theorem 2.1 in [Pr56]). In order that a finitely additive set function £(A)
defined on the elements of the ring R should be countably additive it is necessary and sufficient
that, for every non-increasing sequence of sets By, Ba, ... with By € R (k=1,2,...) and B, \, 0,
£(By) B0 as n — oco.

We conclude with the following remark on the conditions under which a quasi-Lévy type
measure is a signed measure. From the discussion done in this section we have not mentioned
when a quasi-Lévy measure is a signed measure. The idea behind this is that v is the difference
of two Lévy measures 1 and po and when these measures are both infinite then we cannot find
a signed meagure such that v = p; — pe. This is because we get the form oo — oo, which is not
defined. However, a sufficient condition is that one of the two Lévy measures is finite because
then v = p; — po defines a signed measure. Further, we do not make any general assumption
about it but we remark that in many interesting cases considered in the existing literature,

mainly in [LPS18]|, quasi-Lévy measures are signed measures.

2.1.1 On extension and decomposition results

In this subsection we provide various known and new results regarding extension and decompo-
sition theorems and make some topological remarks.

The first result is a well-known result: the Carathéodory’s extension theorem.
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Theorem 2.1.13 (Carathéodory’s extension theorem, see Theorem 1.41 in [K114]). Let p be a
pre-measure on a ring R of subsets of a space X (i.e. a countably additive set function, namely
a set function such that p(US2,Ay) = Y 00 Ay for every disjoint Ay, As,... € R such that
UX A, € R). Assume that p is o-finite (i.e. that there exists Si,S2,... € R such that X =
U 1S, and that u(Sy,) < oo for every n € N) then there exists a unique o-finite measure fi on

o(R) such that u(A) = i(A) for all A € R.

The next lemma justifies the well-posedness of the measures introduced in Definition
The following result and its proof are essential for the results of Section [2.6] where the Iy and

the uncountable settings are explored. It obviously extends to the R? case.

Lemma 2.1.14. A set function v : By(R) — R is a quasi-Lévy type measure if and only if
there exist two Lévy measures vV and v?) s.t. Vg, r)(A) = V|([1’3(R) (A) — V|(;3(R) (A) for every
A € B, (R) with r > 0. Moreover, this decomposition is unique.

Proof. =: Let v be a set function on By as in the Definition [2.1.5] We show that the positive
and the negative parts and the total variation of v are unique. We prove it for the positive part
since the arguments for the others are the same. Let v be a set function on By U {0} such
that vT(A) = I/%T(R) (A) for every A € B.(R), where I/‘ET(R)
decomposition of vz (r), that v*({0}) = 0 and that v ({0} U A) = v*({0}) + v (A) for every
A € B,(R), where 7 > 0. Observe that ByU{0} is a ring on R. Then, it is possible to see that v+
is countably additive and since v+ ((—oo, —1)U(2, 00)U{0}) = VE,A (R)((—oo, ~HU(t,x)) < o0

n n’

is the positive part of the Jordan

and |J32 | (—o0, —1)U(%,00)U{0} = R, the set function is o-finite. Then, by the Carathéodory’s
extension theorem we obtain that there exists a unique measure on (R,o(By U {0})). Now,
notice that any open interval on R is the countable union of elements of By U {0}, for example
(0,1) = U1 (£, 1). Therefore, o(By U {0}) = B and v* is unique.

Now, if v is a quasi-Lévy type measure then by definition [5(1A2?)|v|(dz), [z(1Az*)v (dz)
and [ (1 A2?)v~ (dz) are all finite, hence v+, v~ and |v| are all Lévy measures.

<: Let v and v® be two Lévy measures s.t. VB, (R) = l/%z(R) — V\%).(R) for every A € B,(R)
with » > 0. Since V‘(éZ(R) and I/féi(R) are two finite measures then vz (g) is a finite signed
measure. Thus, we denote by VIB.(R) and V‘_BT (®) its (unique) Jordan decomposition. Notice that
V‘—ET(R)(A) = V%S(R)(A) for every A € B,.(R) with 0 < s <r. Moreover, let v ({0}) = v~ ({0}) =
0. Then, as in the previous part of the proof by Carathéodory’s extension theorem we obtain
the existence of two unique o-finite measures v+ and v~ on (R, B(R)). It is possible to see that

they satisfy the conditions of Definition and that

$2 1% X .’EQ I/(l) X)) — .ZU2 V(2) XT).
/Rm >|r<d>s/R<1A Wds) ~ [ (17 a2 ds)

R

Therefore, v is a (unique) quasi-Lévy type measure. O]

Consider now the following general lemma.

Lemma 2.1.15. Let X an arbitrary non-empty set and let R be a d-ring. Then, for every E € R
we have that {EN B : B € S} is a o-algebra.
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Proof. Fix E € R. First, notice that any A € {ENB: B € R} is also an element of R since 4-
rings are closed under (countable) intersections. Further, for every A € {ENB: B € R} we have
that E\ A€ {ENB: B € R}, again by definition. Consider any Ay, As,... € {ENB: B € R}
then by De Morgan’s law we have
c
o[

-
=1

and since R (and so {EN B : B € R}) is closed under countable intersections, we have that
Nic; AS € {ENB: B e R} and consequently that | J;=; A, € {ENB: B e R}. O

o0

c
Ai
1

.ﬂ [E\ Aj]

1=

In the following lemma we extend the concept of Jordan decomposition to signed measures
on 0-rings (see Definition [2.1.9)).

Lemma 2.1.16. Let X an arbitrary non-empty set and let R a 6-ring. Let p be a (possibly
infinite) signed measure on R. Then, there exist two unique measures u+ and u~ on R such

that = p* — p~ and that on any A € R they are mutually singular.

Proof. For every A € R, let u*(A) := sup u(A). Since by Lemma [2.1.15] we know that
BER,BCA

{BeR,BC A} (namely {ANB: B € R}) is a o-algebra, then u*(A) is the positive part of

the Jordan decomposition of isper, Bca}(A4). The same applies to p~(A) := — 5 7'1{112 A,u(A).
€R,BC

Then, for A € R we have u(A) = p+(A) — u~(A) and both pu* and p~ enjoy the properties of

the Jordan decomposition. O

Remark 2.1.17. The above lemma also shows that there exists a Hahn decomposition for every
AeR.

For the sake of completeness, we point out that a similar (but weaker) statement can be
obtained for a real valued additive set functions on rings, see Section 3.10 (iv) in [Bog07].
In the following lemma we provide a version of the Carathéodory’s extension theorem for

signed measures.

Lemma 2.1.18. Let X an arbitrary non-empty set and let R a d-ring. Let p be a o-finite
signed measure on R (namely there erists a sequence Si,S2,... € R s.t. X = U2 ,S,, and that
—o00 < u(Sy) < oo for every n € N). Then ut and u~ can be uniquely extended to two o-finite

measures on (X,0(R)).

Proof. Since p is o-finite, then u™ and p~ are also o-finite. This is because if for any S,, we have
that pu*(S,) is not finite then u(S,) cannot be finite, hence we have a contradiction. Then, by

the Carathéodory’s extension theorem we obtain the stated result. O

2.2 The connection between ID and QID random measures

In this section, we investigate the connection between ID and QID random measures. The first
result is a lemma. It states that given a characteristic triplet (c.t.) satisfying certain conditions

there exists a unique QID random measure with that c.t.. The techniques used to prove this
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lemma are similar to the ones used in Proposition 2.1 of Rajput and Rosinski’s work [RR89| and
they are based on basic probabilistic results like the Chebychev’s inequality. Building on these
two results, we prove in Proposition that given two ID random measures Ay and As there
exists a unique QID random measure A such that, for every A € S, A(A) + A2 (A) <N (A) with
A3(A) is independent of A(A).

In the second part of this section we go in the other direction. We start from a QID random
measure and impose a minimal condition on its quasi-Lévy measure F4(B), where A € S and
B € B(R) s.t. 0 ¢ B, to ensure that it behaves roughly as a bimeasure (which is similar to
what happens in the ID setting). Then, given any such QID r.m. Lemma states that
we can find a unique corresponding c.t., while Proposition shows that there exist two (not
necessarily unique) ID random measures that satisfy the relation in the above paragraph (namely
A(A) + Ay(A) L Ay (A), for every A € S).

Let us now make a general remark. While we know that for any c.t. with a Lévy measure it
corresponds an ID r.v., this is not necessarily true in the QID case. In other words, given any
c.t. with a quasi-Lévy measure there is not always a corresponding distribution (however, if it
does then the distribution is QID). Thus, the lack of one-to-one correspondence between c.t. and
QID distributions force us to be careful when making the connection between QID r.m. and
their c.t.. However, this affects more the statement of the results than the arguments to prove
them.

In particular, we conclude this section with an example that shows why this minimal condition
on F4(B) is needed. Indeed, we show an example in which under certain assumptions this
condition fails, while under others it holds. In the latter, this example represents a general case
for which all the results presented in this section hold.

We are now ready to state and prove our results. The following result represents a partial
QID analogue of Proposition [2.1.11}

Lemma 2.2.1. Let vy : S — R be a signed measure, vy : S — [0,00) be a measure, G4 be a Lévy
measure on R for every A€ S and S 5 A — GA(B) € [0,00) be a measure for every B € B(R)
5.t.0 ¢ B. Let M be defined as G. Let Fy(B) := Ga(B)— Ma(B) for every B € B(R) s.t.0 ¢ B
and A € §. Then, there is a unique quasi-Lévy type measure Fy for every A € S. Moreover,
S 3 A Fa(B) € (—00,00) is a signed measure for every B € B(R) s.t. 0 ¢ B.

Further, if (vo(A),v1(A), Fa) is the characteristic triplet of a QID random variable VA € S. Then
there exists a unique (in the sense of finite-dimensional distributions) QID random measure A
such that holds, and F4 s a quasi-Lévy measure for every A € S.

Now, we present the first link between ID and QID random measures.

Proposition 2.2.2. For every A € S, let A(A) be a random variable and let two ID random
measures A1 and Ao with A(A) + A2(A) 4 A1(A) s.t. Ao(A) is independent of A(A). Then,
A ={A(A) : A € S} is a QID random measure and it is unique. In this case, we say that the

r.m. A is generated by two ID random measures.

Remark 2.2.3. The above result can be restated using instead of the condition that A(A) is
a random variable and there exist two ID random measures A(A) + Ag(A) < A1 (A), such that
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A2(A) is independent of A(A), VA € S, the equivalent alternative conditions:
(i) VA e S and 0 € R, L(A(A)) is a distribution and

L
LAANO) = Z (2.5)

(ii) VA € § L(A(A)) is a distribution and the c.t. of A(A) can be rewritten as the difference of
the c.t. of Aj(A) and A2(A).

Proof. Let I/(()j ), 1/9 ) and FY the measures corresponding to Aj, for j = 1,2 (see Proposition
2.1.11)). Let vo(A) := I/(()l)(A) — Véz) (A), r1(A) = 1/%1)(/1) — I/§2) (A) for all A € S. Moreover, let
F4 be the unique quasi-Lévy measure defined by the difference between the Lévy measures Fzgl)
and F(?, namely Fu(B) := F{"(B) — F¥(B) for all B € B(R) s.t. 0 ¢ B and |F4|({0}) = 0,
for all A € S. Then vy, 11 and F. satisfies the conditions of Lemma [2.2.]

Further, the condition that A(A) is a random variable together with A(A) + A2(A) 4 A1 (A)
implies that £(A(A)) is QID with c.t. (v9(A),v1(A), Fa), hence, by Lemma 2.7 in [LPS18] we
have v1(4) >0, VA € S.

Then, by Lemma we obtain the stated result (including the statement that A is uniquely
determined). O

In the following we present two results, where the second is a partial “only if” result of
Proposition 2.2.2

Lemma 2.2.4. Let A be a QID random measure and let K.(B) : A — K4(B) be a measure
s.t. Kao(B) > Fa(B), for every A € S and B € B(R) s.t. 0 ¢ B. Assume that Kx(+) : B —
K 4(B) is Lévy measure for every A € S. Thenvy : S — R is a signed measure, v1 : S +— [0,00) is
a measure, Fy is a quasi-Lévy measure on R, for every A € S, and S 3 A Fy(B) € (—o0, 0)
is a signed measure, for every B € B(R) s.t. 0 ¢ B.

Corollary 2.2.5. Let A be a QID random measure with F*(B) : A — F{(B) a measure for
every B € B(R) s.t. 0 ¢ B. Then 1y : S +— R is a signed measure, vy : S — [0,00) is a measure,
F4 is a quasi-Lévy measure on R, for every A€ S, and S 5 A Fa(B) € (—o0,00) is a signed
measure, for every B € B(R) s.t. 0 ¢ B. Moreover, we have that S > A+ F;(B) € [0,00) is a
measure, for every B € B(R) s.t. 0 ¢ B.

Proof. 1t follows from the same arguments of Lemma [2.2.4] O

Remark 2.2.6. Notice that we could use the assumption that F~(R) : A — F, (R) is a measure,

instead. Then, the arguments would be the same.

Proposition 2.2.7. Let A be QID random measure and let K(B) as in Lemma |(2.2.4 Then,
there exist two ID random measures A1 and Ao with A(A) + A2(A) <A (A) such that A2(A) is
independent of A(A) and has zero Gaussian part, VA € S.

Proof. Let F\) := K4, F(B) := Ka(B) — Fa(B) for every B € B(R) s.t. 0 ¢ B and
Ff)({()}) = 0. In addition, let yél) = 21, 1/(()2) = 1y, I/F) := 14, and I/§2) := 0. By Lemma
we obtain that F{'(-) : B(R) — [0,00), F¥(B) : § = [0, 00) for any B € B(R) st. 0 ¢ B,
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) (

I/éj : S — [0,00) and I/Oj) : S — [0,00) are all measures, for j = 1,2. In addition, since Fy is a
quasi-Lévy measure and K 4 is a Lévy measure then Ff) is Lévy measure.

Then, by Proposition 2.1 point (ii) of [RR89] we know that there exist two unique ID random
measures Ay and Ag such that, for every A € S, they have c.t. given by (V(()l)(A), I/%l)(A), f(ll))
and (y(()2)(A), y§2) (A), Fﬁf)), respectively. Finally, it is possible to see that the following relation

holds: for every A € S and 6 € R, £(A(A))(0) = % -

Remark 2.2.8. The reason why A; and Ay are not determined uniquely by A is because given
(1)

vp we cannot exclude the possibility of finding two measures 75’ and 1?(()2) such that vg(A) =
ﬁél)(A) - 582)(14), where ﬁél)(A) # 2vp(A) and D(()Q) (A) # vo(A). This leads to two measures A
and 1~\2 such that they satisfies the same conditions as A; and As. Moreover, the same reasoning

applied to vy may also applies to Fl4.

In the following example we observe that the condition on F (B) being a measure is not
always satisfied even if we restrict to random measures A with £(A(A)) concentrated on Z,
VAeS.

Example 2.2.9. Consider a quasi-Lévy measure F4 to be given by Fy = ZleZ,l;ﬁO bf‘él, where
b' are real numbers, then |F4| = D110 |b7110;. Such a quasi-Lévy measure arises when we
consider a distribution supported on the integers whose c.f. has no zeroes (see Theorem 8.1 in
[LPS18]). While FX and F', are Lévy measure for every fixed A € S they are not always measures
for fixed B € B(R). Indeed, consider A = AjUAg with AjNAg = (). Since F4 is a signed measure,
then b?lUAQ = b‘,jl + bfz. However, it might happen that b;?l and b;:b have different signs. This
implies that F, ,,, ({k}) # F1, ({k}) + L, ({k}) and Fj, ., (k) # Fi, ({k}) + Fx, ({}).
On the other hand, this example shows that if we consider Fy = Zlez,l;ﬁo blAél such that bf‘,
with [ € Z, do not change sign for all A € S, then this represents an example where the theory

presented so far applies.

2.3 Examples of QID random measures

In the previous section we have seen that under certain conditions two ID random measures
generate a QID random measure and vice versa. In this section we explore other cases and show
necessary and sufficient conditions for the existence and uniqueness of QID r.m.. In particular, we
show the existence of QID r.m. which are not ID r.m. and prove that there exists a corresponding
c.t. to these QID r.m.. The techniques used to prove these results rely on the particular structure
of these random measures, on some results of [LPS18|, and on classical probabilistic results such

as the Lévy continuity theorem and the Kolmogorov extension theorem.

2.3.1 The distribution concentrated on the integers

In this subsection we investigate the case where supp(L(A(A)))C Z. In other words, we consider
L(A(A)) = > ez @mbm, for a, € R. We start by showing the equivalent of Proposition 2.1 of
[RR89].
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Proposition 2.3.1. (i) Let A be a QID random measure with supp(L(A(A)))C Z, VA € S. Then
Jor each A € S, v1(A) =0, the drift of L(A(A)) € Z and Fy is a quasi-Lévy measure concentrated
on Z\ {0} and finite. Moreover, vy : S — R is a signed measure, vy : S — R is the zero measure,
F4 is a quasi-Lévy measure on R, for every A€ S, and S 5 A Fa(B) € (—o00,00) is a signed
measure, for every B € B(R).

(ii) Let vg, v1 and F. be as in (i) and such that is the c.f. of a distribution and has no zeros,
for each A € §. Then there exists a unique (in the sense of finite-dimensional distributions)

quasi-ID random measure A s.t. (2.3) holds.

Proof. (i) The first assertion is the content of Theorem 8.1 of [LPS18|. For the finite additivity
of vy, v1 and F.(B) we follow the first part of the proof of Proposition 2.1 of [RR89]. Indeed,
let {A;}}_, be pairwise disjoint sets in S. By the uniqueness of Lévy-Khintchine representation
of the c.f. of a QID distribution and by £ (A (Up_, 4)) = [1i_; £(A(AR)), we obtain the finite
additivity property. Now, let {4,} C S, A, \, 0. Since A(A,) — 0 then £(A(A4,)) — & and
by Theorem 8.5 of [LPS18| we obtain that v9(A,) — 0, v1(A,) — 0 and >, [Fa, ({I})] — 0.
Now, observe that since Fa, = /740 bni0; for some b,y € R, then [Fa, | = 327,40 [bnild,
and since Fy,, ({l{}) = by, we obtain that |Fy,|(R) — 0, because we have that Fya,({k}) — 0
Vk € Z. Therefore, we deduce that Fa,(B) — 0 for every B € B(R).

(ii) From Theorem 8.5 of [LPSI18| we obtain that (v9(A),v1(A), Fa) is the c.t. of a QID
random variable VA € S. Further, the existence of a finitely additive independently scattered
random measure A = {\(A) : A € S} follows by the Kolmogorov extension theorem. To prove
that A is countable additive let A, \, 0 with {A,} C S. Then, by definition of (signed) measures,
vo(Ay) = 0, v1(An) — 0 and Fa,(B) — 0 for every B € B(R) s.t. 0 ¢ B. From the last limit
and since F4, is concentrated on the integers, we obtain that |Fy, [(R) — 0. Therefore, we have
that A(A,) 2 0, hence A is countably additive. O

Open Question 2.3.2. Following Corollary 8.2 in [LPS1§]|, it might be possible to extend the
above result to the case of distributions concentrated on a lattice of the form r + hZ where r € R
and h > 0. Is it really possible?

2.3.2 The distribution with an atom of mass greater than 1/2

In this subsection we explore the case where a random measure is such that L(A(A))({ka}) > 1/2
for some k4 € R. We have the following result for k4 = 0.

Proposition 2.3.3. (i) Let A be an independent scattered r.m. with pa := L(A(A))({0}) > 1/2,
VA €S. Then A is a QID random measure and v1(A) = 0, the drift of L(A(A)) equal zero, and

Fy is a finite quasi-Lévy measure given by

Fa= (i %(—1)7”“ (1_])14)’” (do * UA)*m> ; (2.6)

m=1 pa 2\(0}

where o4 = (1 —pa) "H(L(A(A)) — pado), for every A€ S.
Moreover, vy : S — R and v1 : S — R are the zero measure, Fa is a quasi-Lévy measure on R,
for every A€ S, and S 3 A Fu(B) € (—00,00) is a signed measure, for every B € B(R).
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(ii) Let vo and vy be the zero measures, let pa be a distribution with c.t. (0,0, F4) where Fy
is a quasi-Lévy measure on R, for every A € S, and S 3 A — F4(B) € (—00,00) is a signed
measure, for every B € B(R). In particular, let

- 1 1— " *m
FA:<Zm(—1)m+1 (pApA) (80 % 04) ) :

m=1 R\{0}

where pa = pa({0}) > 1/2 and o4 = (1—pa) " (ua—pado), VA € S. Then there exists a unique
(in the sense of finite-dimensional distributions) quasi-ID random measure A s.t. L(A(A)) = pa,
for every A€ S.

Proof. (i) The first statement is the content of Theorem 4.3.7 in [Cu75| (see also Theorem 3.1 of
[ILPS18]). Now, the finite additivity follows from the same arguments used before (see the proof
of Proposition . For countable additivity, let {A,} C S, A, \ 0. Since A(A,) 2 0, then
L(A(A,)) — 6o, which implies that pa, — 1. Then, from and using the fact that Fy, is
finite we get Fa, (B) — 0 for every B € B(R).

(ii) The existence and the finite additivity of A are straightforward. Concerning the countable
additivity, notice that if Fu,(B) — 0 for every B € B(R), then pa, — 1, which implies that
L(A(A)) S 6. O

Under certain conditions, it is possible to have QID distributions with non-positive quasi-
Lévy measure. An example of such conditions are presented in Lemma 2.8 in [LPS18|. Thus, we

have the following remark.

Remark 2.3.4. All the results presented in Section II of [RR89] apply mutatis mutandis to
the case of QID random measures with quasi-Lévy measure which take only non-positive values.
Indeed, consider F4(+) to be our non-positive quasi-Lévy measure, where A € S. Then all the
results in Section IT of [RR89| hold for the total variation |F4|(-). But since Fy = —|F4| we

obtain the statement.

2.4 QID Stochastic integrals

This is one of the main sections of this chapter. Here, we investigate various results concerning
QID stochastic integrals. This section has three subsections. The presentation of the results in
each of them is similar. However, each subsection has its own assumptions and results.

In the first subsection, similarly to the setting of Lemma [2.2.1] we assume that F' is given
by the difference between G and M. This gives us enough structure that allows us to use the
contributions of Rajput and Rosinski in [RR89] as a starting point for the proof of our results,
which are the following. First, to each QID random measure A we associate a measure A on
S, which dominates A, namely if A(4,) — 0 then A(A,) = 0. This A can be extended to a
measure on o(S), which we call the control measure of A and with an abuse of notation we
denote it by A. Second, we show that the (almost) bimeasure G can be extended to a measure
on 0(S) ® B(R) and that it can be decomposed into pg and A, formally [q.,  h(s,z)G(ds,dz) =
Js Jg B(s,)pa (s, dx)A(ds), for every measurable function h : S X R+ [0, 00], and where pg(s, -)

is a Lévy measure and pg(-, B) is a Borel measurable function. The same holds for M. We use
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these results to demonstrate that something similar holds for F'. These results allow us to obtain
a spectral representation for A in terms of \.

At this point we introduce the stochastic integral |, g fdA and define what it means for a
measurable function f to be A-integrable. Then, we show that this stochastic integral is well-
defined. The just mentioned definition and result appear only in the first subsection because they
do not depend on the particular QID random measure considered and, so, they hold for all the
subsections without any modifications. Finally, we show under which conditions a measurable
function f is A-integrable and demonstrate how this is related to being Ag and Ajs integrable.
In these last results we provide also a spectral representation for |, g fdA.

In the other two subsections we investigate the same questions under different assumptions. In
particular, in the second subsections we assume that § is a g-algebra and that F' is a bimeasure
and satisfies a boundedness condition. In the last, subsection we assume again that S is a
o-algebra and in addition that F' satisfies a weaker boundedness condition than the one of the
second subsection. At the beginning of the third subsection, we show that when S is a o-algebra,
then the assumptions of the third subsections are the weakest ones in comparison with the ones
of the second and of the third subsection. On the other hand, the results obtained in the second
subsection are the most complete ones. For example, we are able to obtain an if and only if
result for the integrability conditions of f w.r.t. A, while in the other two subsections we can
only obtain an if result. [Note: in the first subsection we can also obtain an only if result but
we need to assume that f is integrable w.r.t. both Ag and Az

As mentioned in the introduction in [5], the authors show that a certain class of QID r.m. is
dense in the class of all independently scattered r.m. with respect to convergence in distribution.
We remark here that this class of QID r.m. satisfies the conditions of the first subsection. Further,
in the case S is a og-algebra, these QID r.m. satisfy the conditions of every subsection of this
section (see [5] for details). This is a further motivation for investigating these three different
settings in details. We conclude by remarking that this section represents the QID extension of
Chapter II in [RR&9|, which is at the core of the theory of ID r.m. and processes. Indeed, we

also extends the measure theoretical results on which the results in [RR89] are based.

2.4.1 The generating two ID random measure case

In this subsection we focus on the cases seen in Section 2.2] In particular, the setting is the
one of Lemma m (or equivalently of Proposition , which is more general than the one
of Lemma Indeed, all the results presented in this section apply to the setting of Lemma
and they are obtained by simply substituting G by K and M by K — F.

The first result regards the construction of the control measure of A.

Proposition 2.4.1. Let vy, v1 and F. be as in Lemma [2.2.1. Define

A(A) = [](A) + w1(A) + /

(1/\3:2)GA(da:)+/(lez)MA(dm), AeS. (2.7)
R

R
Then X : S — [0,00) is a measure such that A(A,) — 0 implies A(An) 2 0 for every {A,} C S.

Proof. First, notice that all the addends on the right hand side of (2.7) are measures. Hence, A
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is a measure. Further, let A, \ 0 with {A,,} C S. Since G4, (B) > G4, (B) for every n > 1 and
B € B(R) s.t. 0 ¢ B, we have that

lim [ (1A2%)Gy, (dz) = lim (1A 2?)G 4, (dz) + lim (1A 22)G 4, (dx)

n—oo R n—oo ‘$|<6 n—oo |$‘25

</ ARG, () + Jim G (1] 2 )

The second addend goes directly to zero for every € > 0, and for the first we obtain the conver-
gence to zero by letting e — 0. The same holds for M. Hence, A is countably additive. Moreover,
using Theorem 4.3 point (a) in [LPS18| or the Lévy continuity theorem it is straightforward to
see that if A(A,) — 0 then A(A4,) 3 0. O

Definition 2.4.2. Since A\(S),) < 0o, n = 1,2, ... we extend X to a o-finite measure on (S, 0(S));

we call A the control measure of A.

It is possible to use different control measures than the one mentioned. For example, we can
consider A := A\g + A M, Where Ag and Aj; are the control measure of Ag and Ay;. Observe
that A > A because the total variation of the drift of A is smaller than the sum of the total
variations of the drift of Ag and Ajp;. This A has the additional property that if Ag(A,) — 0
and Apr(AL) 2 0 for every {4} € Ss.t. A, C A, €S, then (by Proposition AMAp) =0
and, so, \(A4,) — 0.

The reason why we prefer A is because it is potentially the smallest (up to a constant) measure
such that A > log ZZ(A)(H) for every 6 € R. The reason why A is only “potentially” the smallest
has to do with an old and classical problem, the Maharam’s Problem posed in 1947 by Maharam
[Mah47|, which has been solved in 2008 by Talagrand [Ta08]. In few words and applied to our
case, the solution of this problem states that an exhaustive submeasure (think of A — F{(B)
which we know it is not always a measure) is not always absolutely continuous w.r.t. a measure.
In other words, given A + F{(B) is not always possible to find a measure A AMA) such
that A(A,) — 0 implies F{(B) — 0. By considering that there exist two generating ID r.m. we
impose that G4(B) > Ff(B) and M4(B) > F,(B) (for every B € B(R) s.t. 0 ¢ B), and
thus solving the issue. We will see in the next two subsections how to obtain a control measure
without this assumption (but with other assumptions).

Since in this subsection we are concerned with QID random measures then it is of secondary
importance which specific couple of ID r.m. generate A. Indeed, given two ID r.m. Ag and Ay,
with c.f. (v§,vF,G.) and (31, vM, M) that generate the QID r.m. A, we can always find two
different ID r.m. with (for example) c.t. (0,v1,G.) and (—vp, 0, M.) which also generate A.

Therefore, w.l.o.g. throughout this section we let Ag ~ (0,v1,G.) and Ap; ~ (—v0,0, M.).
We denote by Ag and A\j; the control measure of Ag and Ay, namely Ag(A) =11 (A) + fR(l A
2%)G a(dz) and Ap(A) = |lwo]|(A) + [z(1 A 2*)Ma(dz). Observe that in this setting we have
that A\ = \.

The following result is a corollary of Lemma 2.3 in [RR89].

Corollary 2.4.3. Let F. be as in Lemma [2.2.4 Then there exist two unique o-finite signed
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measures G and M on o(S) @ B(R) such that
G(AXx B)=Ga(B) and M(AX B)= Mu(B), foral A€ S, Be B(R).

Moreover, there exist two functions pa, py =S x B(R) — [0, 00] such that

(i) pa(s,+), pa(s,-) are Lévy measures on B(R), for every s € S,

(i) pa(-, B), pm(-, B) are Borel measurable function, for every B € B(R),

(ili) [qo g h(s,2)G(ds,dx) = [g [z h(s,z)pa(s,dx)N(ds), for every o(S)® B(R)-measurable func-
tion h : S x R — [0,00|, and the same holds for M. This equality can be extended to real and

complez-valued functions h.

Proof. The above statement is almost identical to Lemma 2.3 in [RR89]. The only differences
are two: a different function, call it pg, instead of pg, and Ag instead of A. In the proof of
Lemma 2.3 in [RR89| ¢ := %(s)(l A 2%2)71q(s,dx) where q(s, B) is such that s ~ q(s, B)
is Borel measurable and B ~ ¢(s, B) is a probability measure. Moreover, it is shown that
G(A,B) = [, q(s, B)\ods. Now, let

pals dr) = 2 (5)(1 A a?) q(s, da).

Since s — pa(s, B) is still measurable and since A\g(A4) < Ag(A4) < A(A) then B — pa(s, B)
is still a Levy measure too. Finally, by the properties of the Radon-Nikodym derivative we get

Jour M(s,2)G(ds,dx) = [ [z (s, 2)pa(s, dx)Aa(ds) = [4 [z (s, z)pa(s, dx)A(ds). O

In the following proposition the goal is to extend Corollary to the QID setting. To
achieve this, the proof of the next result follows the leitmotif of this chapter, namely it tries to
obtain the equivalent QID result by considering the difference of two ID objects. The QID object
in this case is p(s, B) and is defined as the difference of pg(s, B) and pps(s, B). Then, we look
at the Jordan decomposition of p(s,-), which we call py(s,-) and p_(s,-), and check that they
satisfy the same conditions of pg and pyy.

Once we have done this, we can define a measure on ¢(S) ® B(R), which we call F* and
which satisfies , see below. The reason why we adopt the notation F*(C) and not F*(C),
where C' € 0(S) ® B(R) is because we cannot obtain a signed measure on this product o-algebra.
Briefly, this is because we are considering an extension of our space from S x B(R) to o(S) ® B(R)
and we know that extensions do not applies smoothly to signed measures (or to real valued bi-set
functions).

In particular, if we were in the ID case, this £+ should have been F, seen as the extension of
the bi-set function F(A, B) = F4(B) from S xB(R) to a measure F'(C) on o(S)®B(R). However,
in the QID case we cannot make this extension for F'* and F~ (see next paragraph). To solve
this problem, we could directly impose that F© and F~ extend to measures on o(S) ® B(R).
However (and this is a crucial point), we would have obtained the same results as the ones
presented in this subsection. But, in this subsection we assume something weaker, namely that
F* and F~ are dominated by G and M, which can be extended to measures on o(S) ® B(R)
(as shown in Corollary [2.4.3).

The reasons why we cannot extend Fii (B) and F; (B) from S x B(R) to measures F™(C) and
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F~(C) on 0(S)®B(R) is the following: the bi-set functions Ff (B) and F; (B) do not necessarily
behave like bimeasures. Indeed, consider the simplified case in which § is a o-algebra and that
F4(B) is a bimeasure on S x B(R). We do not know whether A — FI(B) and A+~ F}(B) are

measures or not. In particular, recall that F; (B) = sup > o2 Fa(Bn); hence we know
B,eB(R),B,CB

that B — F{(B) is a measure (by the Jordan decomposition), but we do not necessarily know
that A — FI(B) is a measure. See Example , where an explicit case is provided.

Of course we could try to avoid extending F{ (B) and F; (B) and just try to extend Fu(B)
— after all, the final objective is to get a representation like (2.9)). However, this requires certain

assumptions on F' or on S, which are explored in the next two subsections.

Proposition 2.4.4. Let F. be as in Lemma [2.2.4) Then there exists a unique function p :
S x By(R) — [—00, 0] s.1.

o(s,B) = pc(s,B) —pum(s,B), s€S, BeEBR)st0¢B

The function p(s,-) is a quasi-Lévy type measure on B(R) for every s € S. Moreover, its positive
and negative part are two unique functions p™,p~ : S x B(R) ~ [0, 00] such that

i) pt(s,-),p (s,-) are Lévy measures on B(R), for every s € S,

(ii) p* (-, B),p~ (-, B) are Borel measurable function, for every B € B(R),

Moreover, there exist two unique o-finite measures E+ and F~ on 0(S) ® B(R) such that

/SXRh(s,:c)FJr(ds,d:c):/S/Rh(s,x)er(s,dx)/\(ds), (2.8)

Jor every o(S) ® B(R)-measurable function h : S x R+ [0, 00], and the same holds for F~. This
equality can be extended to real and complex-valued functions h. Finally, for every A € S and

Jor every real B(R)-measurable function g s.t. [, [x 9(x)|p|(s,dx)A(ds) < oo, we have that

[ a@Fan) = [ [ a@pts. o (29)
and for every B € B(R) s.t. 0 ¢ B,
FT(A,B) > F{(B) and F~(A,B)>F;(B).

Remark 2.4.5. The reason why there is no a signed measure F on o(S) ® B(R) s.t. F(C) =
FH(C) — F~(C) is that both F* and F~ might have infinite values.

We present now one of the key results of this section. It represents the first step for the
construction of the c.f. of [ g JA. We remark that the ID version of following results is frequently
used in the field of (applied) probability, especially when the control measure is the Lebesgue

measure.

Proposition 2.4.6. The characteristic function of A(A) can be written as:

B e ([ KO.9Ma9). veRAES,
A
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where
2

K(0,s) =iba(s) — %0'2(8) + /Reie‘r —1—1i07(x)p(s,dz),

a(s) = %(s), o(s) = %(s) and p has been introduced in Proposition and exp(K (6, s))
1s the characteristic function of a QID random variable if it exists. Moreover, we have

la(s)| + o2(s) + /R(l Az pals, dx) + /R(l Az par(s,de) =1, A-a.e..

Proof. The first statement follows from the Lévy-Khintchine formulation, Corollary and
Proposition In particular, since [, [o(1 A 2?)|p|(s, dz)A(ds) < oo then

/R €07 1 _ ifr(2) Fa(da) = /A /R ¢ 1 _ ifr(2)p(s, dz) A(ds),

and so
2

E(eieA(A)) = exp <i01/0(A) — %IA(A) + /Rewm —-1- i97($)FA(dx)>

— exp ( /A ifa(s) — 92202(5) + /R (d‘% 1 i@T(m)) p(s,dz)A(ds)) .

The second statement follows from the fact that for every A € S, we have
/ (a(s)] + 0%(s) + /(1 Az pa(s, dx) + /(1 A %) pa (s, dx)) A(ds)
A R R

_ |y0|(A)+y1(A)+/R(1/\xZ)GA(d:L‘)—i—/R(l/\xQ)MA(dx):A(A):/A)\(ds).

O

The following definition of the stochastic integral is the same as the one presented in [RR89]
but extended to the framework of QID random measure. As mentioned in the introduction of
this section, this definition and the next lemma are common to the three subsections since they

consider general QID random measures with no assumptions. Hence, they only appear here.

Definition 2.4.7. Let f(s) = >"_; v;14,(s) be a real simple function on S, where Aj € S are

disjoint. Then, for every A € o(S), we define

/AfdA = zA(AN4A)).

J=1

Further, a measurable function f : (S,0(S)) — (R, B(R)) is said to be A-integrable if there exists
a sequence { fn} of simple functions such that
(i) fn — f, A-a.e.,
(ii) for every A € o(S), the sequence { [, fndA} converges in probability as n — oo.
If f is A-integrable, then we write

/fdA:]P’— lim /fndA,
A n—o0 A
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where {fn} satisfies (1) and (ii).

Notice that for a simple function f(s) = > 7_; ;14,(s) we have the following representation
of the c.f.:

E (ew Sa fdA> _ ﬁ E <ei9xjA(AﬂAj))
j=1

622

:jf[leXP (/AmAj ifxja(s) — %02(8) +/JR (ewx]m -1- iHJ:jT(x)> o(s, d:c)A(ds))

_ " _0Pf(s) 0f(s)e

= exp </Az f(s)a(s) 50 (s) +/R (e 1 z@f(s)T(:L‘)) p(s,dm)A(ds)) .
In the following result, we prove that [ 4 fdA does not depend on the approximating sequence,
hence it is well defined. This does not follow neither from [UW67] nor from [Ro87| since they
focus on ID random variables, but nonetheless we use some of their arguments. In particular, in
[UWG67T| (which is the work cited in [RR89]) the random measures considered are atomless (see
Section for the definition and for further details) while we (and [Ro87|) do not have such a

restriction.

Lemma 2.4.8. Let A be a QID random measure and let f be A-integrable then fA fdA is well
defined, for every A € o(S).

Proof. Let {f,} and {g,} be two real simple functions on S as in the Definition and
satisfying (i) and (ii) with the same limit. Let h, = f, — gn (n = 1,2,...). Then, the sequence
{hn} — 0 Ma.e. and [, h,dA converges in probability for every A € o(S). It remains to show
that [, hndA 20 for every A € o(S).

Let N,(A) = [, hndA then N, is a measure on Lo(Q, F,P; R), which is the set of all measurable
random elements defined on (£2, F,P) with values in R. In particular, N, is absolutely continuous
w.r.t. A and for every A € o(S) we have that N(A) := nhﬁrglo N, (A) exists. In particular the
existence is guaranteed by the convergence of [ 4 bndA. Applying the Hahn-Saks-Vitali theorem
we obtain that N is a measure on Lo(€Q2, F,P;R) and N < .

Since {h,} converges A-a.e., we can apply the Egorov (or more correctly Lusin) theorem and
obtain that for every set A in o(S) we have A = [J;2, A where A}’s are pairwise disjoint sets
of finite A-measure belonging to o(S) s.t. A(4p) = 0 and h,, — 0 uniformly on every set Ay’s for
k > 0. Then, for every A we have

L(N(Ag)) = lim £ (N,(A;)) = lim exp( . K(th(s),s))\(ds)>

n—o0 n—oo

= T}l_?go exp (/Ak i0hy,(s)a(s) — Q;hi(s)oz(s) + /R <ewh"(s)z -1- iehn(s)T(x)) p(s, dm)A(ds))

=1,

using the dominated convergence theorem and that sup hy(s) — 0 as n — oco. Hence, N(Ay) =
SEA

0 in probability for every k > 0. Then, since N(A) is a measure we have that N(A) =
Yore o N(Ag) =0, for every A € o(S). O
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It is now possible to give a representation of the c.f. of fS fdA.

Proposition 2.4.9. If f is A-integrable, then [¢|K(0f(s),s)|\(ds) < oo, where K is given in
Proposition [2.4.6, and

L (/S fdA> () = exp </S K(@0f(s), s)A(ds)) , HeR.

Proof. The statement follows from the same arguments used in the proof of Proposition 2.6 of
[RR89]. Let us sketch them. First, notice that the statement holds for simple function as in
Definition[2.4.7 Let {f,} be a sequence of simple functions. Let g, (A) := [, K(0fn(s), s)A\(ds)

where A € 0(S) and observe that it is a complex measure for every 6 € R and n € N. Slnce

Jim i95(A) = lim log £ < /A fndA> (6) =log £ < /S fdA> (0) = po(A),

for every A € o(S) and 6 € R, we conclude that by the Hahn-Saks-Vitali theorem py is a
countably additive complex measure. Further, since py << X then py(A) = [, ho(s)\(ds). B
the continuity of K (-,s) for each s € S we deduce that K(0f,(s),s) — K(0f(s),s) a.e.-\, and
using Egorov (Lusin) theorem we have that S = (J;Z, 4;, where A(Ag) = 0 and A(4;) < oo and
with K (0f,(s),s) = K(0f(s),s) a.e.-A uniformly in s € A; for j € N. Thus, hg(s) = K(0f(s), s)
a.e-\ on A; with j > 1 because for every A € o(S)

[ @) = poan Ay = fim [ KO£ 9MEs) = [ K(0£(s), M),
ANA N0 JANA, ANA;
But since Ag is a A-null set then hy(s) = K(0f(s),s) a.e.-Aon S. O

We are now ready to present the main result of this subsection, which concerns the integra-
bility conditions for [q fdA.

Theorem 2.4.10. Let f: S — R be a 0(S)-measurable function. Then f is A-integrable if the
following three conditions hold:

)[4 [U(f(s), 5)A(ds) < o0,

(ii) [g|f(s)[Po(s)A(ds) < oo

(i) [ Vo(f(s), 5)A(ds) < oo

where Ul(u, s) =ua(8)+/

T(zu) — ur(z)p(s,dx), Vo(u,s) = /(1 A ]:ru|2)|,0\(s,d:c).
R R

Further, the c.f. of fs fdA can be written as
) L (f5 fdA) (0) = exp (i&af - %920? + Jpe?® —1— iGT(m)Ff(dx)), where

_ 2 _ 2 2
o= [ UM, o= [ IF0PENE).  and

Fy is the unique quasi-Lévy measure determined by the difference of the Lévy measures FJZ" and
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FJT, which are defined as: for every B € B(R)
FHB) = F*({(s,2) € S xR : f(s) € B\ {0}})

and F;(B)=F ({(s,2) € S xR: f(s)z € B\ {0}}).

Lemma 2.4.11. For everyu € R, s € .S and d > 0,
sup{|U(cu, s)| : |¢| < d} < d|U(u,s)| + (1 +d)3*Vp(u, s).

Proof. Let |¢| < d. Define R(c,u,s) = [p 7(zcu) — cr(uz)p(s,dx). We can rewrite U(cu, s) as

follows

Ul(cu, s) = cua(s) + /RT(.TCU) — cut(x)p(s,dz)

= cua(s) + C/RT(ZC"U,) —ut(z)p(s,dx) + /Rr(a;cu) —cr(ux)p(s,dz) = cU(u, s) + R(c,u, s).

Observe that 7(zcu) — er(uz) = 0 if |uz| < (1A |¢|™1) and |7 (zcu) — er(ux)| < 1+ d otherwise.
Thus, we obtain, using Chebychev’s inequality, that

R(c,u,s)| < (1+d) / pl(s,dx) < (1+ d)lpl(s, {x: (1A Juz]) > (1A [e]"1)})

|ua|>(1Ale|~1)

< s LA el de) < (14 4)Valuw,s)

The reason why it is not possible to get an “only if” result is because we have

/R (1A 2?)|Fy|(dz) < /S /R (LA 1 ()2[) (s, d) A(ds),

where | F| is the total variation of the quasi-Lévy measure Fy. Hence, we do not have an equality
but only an inequality, which implies that, if [ (1 A 2?)|Fy|(dz) < oo, then it is not necessarily
true that [ [p(1 A [f(s)x]?)]p|(s,dx)A(ds) < oo (i.e. point (iii) in Theorem [2.4.10). This is
because we have that

/R(l/\xZ)Fﬂ(das) < /R(l/\J:Q)FJj'(dx) /(1 Az F; (dx) // LALf(8)x))|pl(s, dz)M(ds),
where the inequality comes from the following argument. Recall that F’}“(B) = Ft({(s,z) €
SxR: f(s)r € B\{0}}), for every B € B(R). Now, let C* € o(S) ® B(R) s.t. FT(A4) >0
for every A ¢ O with A € ¢(S) ® B(R) and similarly define C~ for F~. In words, C* and
C~ are the disjoint sets of 0(S) ® B(R) for which Ft and F~ take positive values, respectively.
[Note that these sets are disjoints because for every s € S p*(s,-) and p~(s,-) are orthogonal
measures. |

Then, there might exists a non-empty set B € B(R) (with 0 ¢ B for simplicity) such that for
every y € B we have that y = f(s)xz = f(s')2’ for some (s,z) € C* and (s',2') € C~. Notice
that since f(s)z is a 0(S) ® B(R)-measurable function from S x R — R and that B € B(R)
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then the sets of such (s,z) and (¢',2') are measurables. In other words, there might exists
a non-empty set B € B(R) such that the sets {y € B : y = f(s)x with (s,z) € C*} and
{y € B : y= f(s)z with (s,z) € C~} are equal. When this happens both F;F(B) and ﬁ]?(B)
are strictly positive, thus explaining the inequality.

However, by adding a further assumption we have the following result, which can be seen as
the “only if” part of Theorem [2.4.10]

Theorem 2.4.12. Let f : S — R be a o(S)-measurable function. Then, if f is integrable with
respect to A and Ay, the three conditions (i), (ii) and (iii) of Theorem hold, namely f
is A-integrable. Further, the c.f. of fs fdA can be written as in point (iv) of Theorem .

Proof. From the fact that |£ ([ fdAg) [> and |£ ([ fdAn) |? are the c.f. of ID-random variables

it follows that
R 2
‘ < / fdAG> ()
S

where G¢(B) = G({(s,2) € S xR f(s)z € B\ {0}}) and where o7, ; = [4]f(s)|og(s)Aa(ds).
By the properties of the Radon-Nikodym derivative we have that

= exp (9205]0 + z/Rcos(ex) - 1Gf(dx)> ,

,,(1)
7ty = [1#6NoEa(ds) = [ 1115 @Aalds) = [ 17)1% = 6)As) = o
Therefore we get that 0]20 < oo and that
/R (1A y?)FF (dy) + /R (1A y?)F; (dy) < /R (1A y3)G(dy) + /R (1A y?)M(dy) < oo,

where My is defined similarly to G, and thus we obtain (ii) and (iii). Further, since |7(z) —
sin(x)| < 2(1 A 2?), (i) follows from noticing that

U (u,5)| <

ua(s) —}—/Rsin(xu) —ut(x)p(s,dz)| +

/ 7(zu) — sin(zu)|p|(s, dx)
R

< |l K (u, )| + 2Vo (u, 5),
which is finite because of (iii) and of Proposition [2.4.9] O

We end this section with the following result, which links [, fodA with [, fndAg and
Ja fudApr.

Proposition 2.4.13. Let f be integrable w.r.t. Ag and Apr. Then, for every 0 € R, we have

A  L(JgtdA) ()
; < /S fdA> 0= G o (2.10)

Proof. There are at least two ways to prove this result. The first is to use the properties of the
Radon-Nikodym derivative and use point (iv) in Theorem [2.4.10] The second is consider the
sequence of simple functions (f,,) of the proof of Theorem together with Proposition m
and Theorem 2.4.120 Let us show the latter in detail.
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Consider f to be AW and A® integrable. Then we know that f is also A-integrable by
Theorem Now consider the sequence (fy,) as in the proof of Theorem then we
know that { [, fadA}o,, { [, fadAg}oe, and { [, fadArr}o2, converges in probability for every
A € o(S). Since for every n € N

s _ L[5 fadAc) (9)
3 (/s MA) =7 (fg fudArr) (6)

then we have that

: = lim £ — lm L (fs Jadhc) (8) _ L (fsfdAc) (9)
o) 0=t £ ([ 0= hn G TG ~ E T v o7

O

As we mentioned at the beginning of this section, we have that Ag ~ (0,v1,G.) and Ay ~
(—10,0,M.), however all the results hold for more general ID r.m.. A sufficient condition for
two generic ID r.m. (call them A; and Ap) is that Ay and Ay generate A and that their
control measure, call them Ax and Ay, are s.t. Ax(A) < CA(A) and Ax(A) < C'A(A) where
C,C" € (0,00) for every A € o(S). For the sake of brevity we left to the curious reader to check
this statement. However, it would interesting to have the weakest possible conditions that two
generating ID r.m. must satisfy in order to guarantee the validity of all the results presented in
this section, which in particular satisfy (2.10).

Open Question 2.4.14. Given a QID r.m., what is the largest class of generating ID r.m. that
satisty (2.10)7
The answer to this question is also linked with Theorem [2.6.22] and Open Question [2.6.23]

2.4.2 The bounded case

In this subsection we work with the following assumptions. We let S be a o-algebra, F/(A4, B) be
a bimeasure on S x B(R) and

supZ\FAi(Bm < 00, (2.11)

I er
where the supremum is taken over all the finite families of disjoints elements of S x B(R). In
other words, the supremum is taken over all the finite families of the form (A;, B;)ier, where I
is finite, such that A; € S and B; € B(R) and that the rectangles (A4; x B;) N (A; x B;) =0 for
every i,j € I with i # j.
Let us introduce the set function v(A4) : S — [0, 00) such that

v(A) :=sup Y |Fa,(By)],
Ia i€ly
where [ 4 is defined as I but with the constraint that A; C A. To have a better idea of what kind
of object v is, compare it with the definition of total variation of a signed measure (see (2.1))).

The results in this section are similar to the ones of the previous section. The main difference
is given by Theorem [2.4.18| and Lemma [2.4.19] Indeed, these two results (and consequently all
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the others in this subsection) do not rely on ID results. In particular, Theorem [2.4.18|is a general
measure theoretical result which extends a classical result by Horowitz on signed bimeasures (see
Theorem 4 in [Ho77|, which we report here as Theorem [2.4.17). We start with the following

proposition on the control measure.

Proposition 2.4.15. Let A be a QID random measure. Let vg : S — R be a signed measure,
v1: S +— R be a measure, Fa be a quasi-Lévy measure on R for every A€ S, S > A Fyu(B) €
(—00,00) be a signed measure for every B € B(R) s.t. (vp(A),v1(A), Fa) is the characteristic
triplet of A(A), VA € S. Assume that F satisfies ([2.11)). Define

AMA) = |w|(A) + v1(A) +v(A). (2.12)
Then X : S +— [0,00) is a measure such that \(A,) — 0 implies A(A,) 2 0 for every {A,} C S.

Proof. From Theorem 4 in [Ho77| we have that v(A) defines a measure. Then it is straightforward
to see that A(A) is a measure. Now if v(4,,) — 0 then FXR(B) — 0 and F; (B) — 0 for every
B € B(R), hence by the Lévy continuity theorem we obtain the stated result. O]

Before presenting one of the main results of this section, which consists of an extension of

Proposition 2.4 in [RR89|, we give a remark on its topology.

Remark 2.4.16. Proposition 2.4 in [RR89] is stated for a standard Borel space, where a measur-
able space (X, T") is said to be standard Borel space if there exists a metric on X which makes it
a complete separable metric space in such a way that I" is then the Borel o-algebra B(X). How-
ever, the following result holds for more general topological spaces: the Lusin measurable spaces.
Lusin measurable spaces are measurable spaces isomorphic to a measurable space (H,B(H)),
where H is homeomorphic to a Borel subset of a compact metrizable space. Notice that H is
usually called Lusin space or more correctly Lusin metrizable space. In this remark, we do not
provide an extensive discussion (indeed, see [DM82|, [Ho77] and [Ho86| for further details), we

just mention that H can be any Polish space (thus, including the real line).

The next result also extends a classical result in measure theory: Theorem 4 in [Ho77|. Let

us recall it here.

Theorem 2.4.17 (Theorem 4 in [Ho77|). Let (X, B) be a Lusin measurable space and let (T, A)

be an arbitrary measurable space. Let  is a signed bimeasure on AxB. Then, there exists a finite

signed measure M on A® B such that (A, B) = M(Ax B) if and only if sup ), |u(As, Bi)| <
I

oo. In particular, M = M — M~ where
M+(C'):// 1c(z,y)H  (t,dx)v(dt) and M(C):// 1c(z,y)H™ (t,dx)v(dt),
TJX TJX

where C € A®B, H and H™ are two sub-Markovian kernels, and v(A) :=sup Y, |n(Ai, By)| <
Ia

o0 s a finite measure on (T, .A).

Proof. See Theorem 4 in [HoT7]. O
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Theorem 2.4.18. Let (X,B) be a Lusin measurable space and let (T, A) be an arbitrary mea-
surable space. Let Qo(A, B) be a (possibly negative) function of A € A, B € B, satisfying:

(a) for every A € A, Qu(A,-) is a signed measure on (X, B),

(b) for every B € B, Qo(+, B) is a signed measure on (T,.A),

(c) sUp i [Qo(As, Bi)| < o0.

Let v(A) := sup Y icr |Qo(As, B;)|. Then there exists a unique finite signed measure () on the
product o- algebm A® B s.t.

QA B) = Qu(A. B) = [ att. Byv(a), (2.13)

with Jordan decomposition

//IC:Ut (t,dz)v(dt) and Q //10:” (t, dz)(dt),

Jor every Ac A, BeB, C € AR B where q: T x B— [-1,1] and ¢",q~ : T x B — [0,1] fulfil
the following conditions:

(d) for every t, q(t,-) is a signed measure on B,

(e) for every B € B, q(-, B) is A-measurable,

(d) ¢ (t,-) and q—(t,-) are the Jordan decomposition of q(t,-),

(e) ¢* (-, B) and ¢~ (-, B) are A-measurable functions.

Further, if qi(-,-) is some other function satisfying (2.13), (d) and (e), then off a set of v-measure
sero, ailt,) = alt, ).

Lemma 2.4.19. Let F. be as in Proposition [2.4.15 Then there exists a unique finite measure
F on S ® B(R) such that

F(A X B)=F4(B), forall AcS, Be B(R).

Moreover, there exists a function p: S x B(R) — [—o0, 00| such that

(i) p(s,-) is a quasi-Lévy type measure on B(R), for every s € S,

(i) p(-, B) is a Borel measurable function for every B € B(R),

(iii) [qyg P(s,2)F(ds,dx) = [q [p h(s,2)p(s,dz)X(ds), for every S @ B(R)-measurable function
h:S xR~ [0,00]. This equality can be extended to real and complex-valued functions h.

Proof. Using Theorem[2.4.18) we have that F(B) = F(AxB) = [, q(t, B)v(dt) where ¢ satisfies
point (d) and (e) in that theorem. Since A < v, then defining

dv

dv _
™ s,dx),

p* (s, dr) i= )

—(8)q" (s, dz),  p~(s,dw) ==

and p(s,dx) = pT(s,dz) — p~ (s, dx)
we have that (ii) is satisfied and that

Janasdn) = ) [ 1na)at(s.do) + G0s) [ (1A (s.d0)
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< g:(S)/Rqu(s,da:) + ZI;(S)/Rq(s,da:) < %(S) + %(5) <2,

where the last inequality comes from the fact that we can always assume that Z—K(s) < 1 for all
s (and the same for v) and from the properties of ¢ and ¢~. This proves (i).

Therefore, we have immediately (iii) since

/S/Rlc(s,m)P(S,dx))\(ds):/S/Rlc(s,:c)q(s,dx)y(ds):F(C)_

The extension to real and complex integrand follows by standard arguments (e.g. see [Ho77]). O

Corollary 2.4.20. Under the setting of Proposition|2.4.15, F*(C) = [¢ [z 1c(s,z)p™ (s, dz)A(ds)
and F~(C) = [4 g 1c(s,2)p~ (s,dz)A(ds).

Proof. First, notice that [¢ [p 1c(s,z)p" (s, dz)A(ds) and [g [p 1c(s,x)p™ (s,dz)N(ds) are mea-
sures on S ® B(R) and that F(C) = [g [z 1o(s,)pT (s,dx)A(ds) — [g [z Lo(s, z)p~ (s,dx)A(ds).
Finally, let F} and E the Hahn decomposition of p(s,-) (which is the same as the one of
q(s,)). Define CT := {(s,z) e SxR: x € Ef} and C~ :={(s,2) € SxR: z € E]}. Itis
possible to see that CT and C'~ form an essential decomposition of S x R and so the measures
Js JgLe(s,x)pt (s, dx)A(ds) and [ [ 1c(s,z)p~ (s, dx)A(ds) are singular, thus concluding the
proof.

Notice that an alternative proof follows directly from Theorem and Lemma [2.4.19 O

Under the same setting as in Proposition [2.4.15] we obtain the following proposition.

Proposition 2.4.21. Under the setting of Proposition the c.f. of A(A) can be written in
the form:

BeD) < e ([ K@), ek Aes,
A

where )
K(0,s) =iba(s) — %02(3) + / 0T 1 —ifr(z)p(s, dx),
R

a(s) = %0 (s), 02(s) = %i(s) and p is given by Lemma and exp(K (0, s)) is the charac-

teristic function of a QID random wvariable if it exists. Moreover, we have

dv
la(s)| + o2(s) + 5(8) =1 AX-a.e.

Proof. The first statement follows from the Lévy-Khintchine formulation (2.3 and Lemmal2.4.19

The second statement follows from the fact that for every A € S, we have

9 dv — y y _ _ S
[ (et 026) + 559)) Alds) = i) + () 4 () =) = [ ar(as),

O

Proposition 2.4.22. Under the setting of Proposition|2.4.13], if f is A-integrable, then we have
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that [¢|K(tf(s),s)|A(ds) < co, where K is given in Proposition |2.4.21, and

L (/S fdA) (0) = exp (/SK(Hf(s),s))\(ds)) , HeR

Proof. The statement follows from the same arguments used in the proof Proposition O

Differently to Theorem in the following result we have directly an if and only if result
for the integrability conditions of [ fdA.

Theorem 2.4.23. Let f: S — R be a S-measurable function and consider the same setting as
in Proposition [2.4.15. Then f is A-integrable if and only if the following three conditions hold:
)[4 1U(f(s), 5)A(ds) < o0,

(i) fs | F()2r2(s)A(ds) < o0

(i) [, Vol(f(s), $)Mds) < oo

where Ul(u, s) =ua(8)+/

r(wu) — ur(@)p(s, dx),  Vo(u,s) = / (LA Jeul?)lpl (5. de),
R R

Further, if f is A-integrable, then the c.f. of fS fdA can be written as
iv) £ (f5 fdA) (0) = exp (i@af - %920? + e —1— iHT(x)Ff(dx)), where

_ 2 2 2
af—/SU(f(s),s))\(ds), Gf—/sf(s)| s2()A(ds), and

Fy(B)=F({(s,z) € SxR: f(s)z € B\{0}}), B e BR).

Proof. <: Under the framework of this section we have that F' is a finite signed measure (see
Lemma 2.4.19) and so [, (1 Ay?)|Fy|(dy) < co. Moreover, since F is a finite signed measure then
by Corollary [2.4.20] we have

| Lants@aPlolts.dnnias) < [ [ il(s.deaas) <

We conclude this part of the proof with the same arguments used in the proof of Theorem [2.4.12
= It follows from similar arguments as the ones used in the proof of Theorem [2.4.10] O

We conclude this subsection with a discussion on the symmetric case, namely the case where
A(A) = A(A) — N'(A) and A’(A) is an independent copy of A(A). We start with the following

general lemma.

Lemma 2.4.24. Let p be a QID distribution. Then, the symmetrisation and the dual of p are
QID distributions.

Proof. The dual is straightforward. Regarding the symmetrisation, we have |u|? = p * ji, where
@ denotes the dual of p. Since the class of QID distributions is closed under convolution (see
Remark 2.6 of [LPS1g]), then |u|? is QID. O

Then, we have the following result under the framework of this subsection.
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Proposition 2.4.25. Let A(A) = A(A) — N'(A) where N'(A) is an independent copy of A(A)
for every A € S. Then, A is a QID random measure. Further, under the setting of Proposition
for an arbitrary function f : S +— R, f is A-integrable if and only if it is A-integrable.

Proof. By Lemma [2.4.24| we have that A(A) is a QID r.v. for every A € A. Moreover, using the

notations used before and Proposition 2.5 in [Sa99], we have that

£ (A(A)) (0) = |£ (A(A)) ()2 = exp (-9%1 (A) +2 /R cos(0z) — 1FA(dx)> .

~ exp ( /A (-9202(3) +2 /R cos(0) — 1p(s,dx)> A(ds)) |

Then, by applying Theorem [2.4.23] we obtain the stated result. Ul

Remark 2.4.26. An “if” result for the framework of Section is also possible if f is Ag and
Ays integrable, where Ag and Ay are the ID r.m. that generate A.

2.4.3 The general case

In this subsection we weaken the assumptions made in the previous subsection. We work with
the assumption that S is a o-algebra and that, as usual (see Section [2.2), F(A4,) is a signed
measure for every A € S and F(-, B) is a signed measure for every B € B(R) s.t. 0 ¢ B. We
define for every A € S and B € B(R)

J(A,B) = / (1 A 2?)Fa(dx).
B
We assume that

J is a signed bimeasure on § x B(R) and supz |J(As, Bi)| < 0. (2.14)
i€l
Informally, the above assumption is weaker than assuming the “total variation” of the signed

bimeasure J to be finite.
Let us introduce the set function £(A) : S — [0, 00) such that

§(A) i=sup Y [J(A;, Bi)|.

Ia i€l y

Notice that £ is indeed a measure (see Theorem [2.4.17)). Further, let EX and E, be the Hahn

decomposition of R under the signed measure F4. Observe that

) =sup Y 1AL B)| = [ (1nat)Fatdn) -

(1A 22)Fa(dz) = /(1 A 22)[Fal (da).
Ia icra A E

" R
(2.15)
Therefore, since £(S) is finite by assumption we have that [ (1 A 2?)|Fa|(dz) < oo.
The name of this section comes from the fact that if S is a o-algebra then the assumptions on
F presented in the previous sections (Sections and are stricter than the ones of this

section. Indeed, for the bounded case, notice that if F'(A, B) is a signed bimeasure on S x B(R)
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and sup ) ;| Fa,(B;)| < oo, then F immediately satisfies the assumptions of this section. For
I

the case of the two generating ID r.m., we have the following.

Lemma 2.4.27. Given the notation above, we have that

/(1 A 22)Gis(d) +/(1 N a?)Ms(dr) < 0o = €(S) < oo,
R R
Proof. Observe that
/ (1A 22)Fa(da) = / (1A 22)Ga(dz) — / (1 A 22) M (dz)
B B B
and so using that S € S (since S is a o-algebra) we have that
£(S) = supz |J(A;, By)| < supZ/ (1 A 2?)G a, (dz) +/ (1 A x?)Ma,(dz).
I er I er 7B B
Now, we show that for every family (A;, B;)ic; we have
Z/ (1A 23)Gy,(dx) < /(lez)Gs(dm).
iel 7 Bi R

Consider the case where all the A; are all disjoints. Then, the B;’s could take any values. In

particular, by the (finite) additivity of G we would have that

Z/ (1A 22)Gy,(dx) < Z/a A x?)Gy, (dz) = /(1/\:52)GUZ.EIAi(d:1:) < /(leQ)Gs(dx).
: B; : R R R

el el

Hence, it remains to investigate the case where the A;’s have at least one intersection. Let (A;);er
be any finite family of sets of §. Then, it is possible to find a finite set of disjoints elements in
S, call it (A})iek, such that ;c; Ai = Uy

the A;’s. This implies that the corresponding B; of the A;’s, whose intersection is A}, cannot

Al. Then, each A} is a subset of one or more of

have intersections, because the rectangles (A4;, B;)’s must be disjoint. Therefore, for each A’ the

union of the corresponding B;’s is a subset of R. Thus, in formulae we have

2 2 o 2
Z/Bium \Ga(dz) < Z/R(l/\x )G (dr) —/R(l/\x \Gue, ar (d2)

el e

= /(1Ax2)GUiEIAi(dx) < /(1A$2)G5(d$).
R

R

Since the same holds for M, we obtain the result O

Given these preliminaries, we are now ready to present the results of this subsection, whose

presentation follows the same structure as the one of the previous subsections.

Proposition 2.4.28. Let A be o QID random measure. Let vy : S — R be a signed measure,
v1: S — R be a measure, Fa be a quasi-Lévy measure on R for every A€ S, S5 A Fyu(B) €
(—00,0) be a signed measure for every B € B(R) s.t. 0 ¢ B and s.t. (v9(A),v1(A), Fa) is the
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characteristic triplet of A(A), VA € S. Assume that F satisfies (2.14). Define
A(A) = [nol(A) + vi(A) + £(A). (2.16)

Then X : S +— [0,00) is a measure s.t. \(A,) — 0 implies A(A,) B 0 for every {A,} C S.

Proof. Since by Theorem 4 in [Ho77| we know that & is a measure, it is straightforward to see
that A(A) is a measure. Now, let A\(A,) — 0 then we have that ||, v1 and £ go to zero. Then
since £(Ap) — 0 implies that [, (1 A 2?)|Fa,|(dz) — 0, then we have that A(Ay) 20 for every
{A,} CS. O

Lemma 2.4.29. Let F. be as in Proposition . There ezists a function p: S X Bp(R) — R
such that

(i) p(s,-) is a quasi-Lévy type measure on B(R), for every s € S, with positive and negative part
denoted by p*(s,-) and p~(s,-),

(ii) p* (-, B) and p~ (-, B), are Borel measurable functions, for every B € B(R),

Furthermore, there exist two um'que o—ﬁm'te measures FT and F~ on S ® B(R) such that
Jor h(s, ) F(ds,dx) = [g [g h( (s,dxz)\(ds), for every S @ B(R)-measurable function
h :S xR~ [0,00], and the same holds for F~. This equality can be extended to real and
complez-valued functions h. Finally, for every A € S and for every B(R)-measurable real func-
tion g s.t. [, Jal9(@)||pl(s,dx)A(ds) < oo, we have that

/ 2)Fy(dz) // p(s, dz)\(ds),

and for every B € B(R) s.t. 0 ¢ B,
FT(A,B) > F{(B) and F~(A,B)> F;(B).

Using the above results, we obtain the following proposition.
Proposition 2.4.30. Under the setting of Proposition the c.f. of A(A) can be written in
the form:
E(e)) = exp (/ K(6, s)/\(ds)> , HeRA€eS,
A
where

2
K(0, s) = ifa(s) — %02(3) + /R e 1 —ifr(x)p(s, dx),

a(s) = ng\o( ), 02(s) = %(s) and p is given by Lemma and exp(K (0, s)) is the charac-

teristic function of a QID random variable if it exists. Moreover, we have

dg
la(s)| + o (s) + a(s) =1, A-a.e..

Proof. The first statement follows from the Lévy-Khintchine formulation (2.3 and Lemma|2.4.29

The second statement follows from the fact that for every A € S, we have

2 ﬁ S S) = |V 1% = = S
[ (166114 025+ 559) Alas) = snl(4) + 12 (4) 4 604) = 2(4) = [ aas)
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O

Proposition 2.4.31. Under the setting of Proposition|2.4.28, if f is A-integrable, then we have
that [¢|K(tf(s),s)|A(ds) < co, where K is given in Proposition |2.4.30, and

i (/S fdA) (0) = exp </SK(6f(s),s))\(ds)) . 9eR.

Proof. The statement follows from the same arguments used in the proof of Proposition O

We state now the main theorem of this subsection on the integrability conditions of | g JdA.

Theorem 2.4.32. Let f: S — R be a S-measurable function and consider the setting of Propo-
sition [2.4.28 Then [ is A-integrable if the following three conditions hold:

(1) JsU(f(s),s)|A(ds) < o0,

(ii) [gf(s)[Po?(s)A(ds) < oo,

(i) [y Volf(s), $)A(ds) < oc,

where U(u, s) = ua(s) +/

T(zu) —ut(z)p(s,dx), Vo(u,s) = /(1 A lzul®)|pl(s, dz).
R R

Further, the c.f. of fs fdA can be written as
(iv) £ ([s fdA) (0) = exp (i@af - %920]% + Jpe®® —1— i@T(m)F}(dﬂ:)), where

_ 2 _ 2 2
af—/SU(f(s),s))\(ds), Uf—/s|f(s)] o“(s)\(ds), and

F¢(B) is the unique quasi-Lévy measure determined by the difference of the Lévy measures FJT
and F7, which are defined as: for every B € B(R)

f’
FHB) = F*({(s,z) € S xR: f(s)z € B\ {0}})
and Ff (B)=EF~({(s,z) € S xR: f(s)z € B\ {0}}).

Proof. 1t follows from similar arguments as the ones used in the proof of Theorem [2.4.10} Ul

2.5 Continuity of the stochastic integral mapping

In this section we explore the set of A-integrable functions and show a continuity property of the
linear stochastic integral mapping f — [, g JdA from the space of A-integrable functions to the
L, space (more precisely to L,(£2,P)). In particular, the space of integrable functions is a subset
of the corresponding Musielak-Orlicz modular space defined in Chapter IIT of [RR89]. We begin

with some preliminaries. Let ¢ € [0,00). Consider the following condition:

E[|A(A)|?] < oo, forall A e S.
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Observe that for ¢ = 0 every A satisfies this condition. Throughout this section, we shall assume

that the above condition is satisfied. Further, we assume that for all s € S
/ |z|9pT (s, dx) < o00. (2.17)
lz|>1

From the arguments in the previous section we have that

// |x]qp+(s,d3:))\(ds)2/ 2|7F T (da).
AJ|z|>1 |z[>1

Thus, by Theorem 6.2 point (a) in [LPSI8| the assumption (2.17)) implies that
/ |z|7F (dx) < oo and / |z|9L(A(A))(dx) < 0.
|x|>1 R

Observe that, while Theorem 6.2 point (a) in [LPS18] is stated for the centering function 7(x) =
x1|, <1, the result holds for any centering function. This is because the proof is based on results
on ID distributions with no restrictions on the choice of the centering function (see Theorem
25.3 of [Sa99]).

Now, define, for 0 <p<qg,u€Rand s € 5,

Dp(u,5) = U (u, 5) + u20>(s) + Vy(u, ), (2.18)
where

U*(5) = st e ) and Vo) = [ L o1 0) + ol (@) 5 ).
cl<1
In the following lemma, which is an equivalent of Lemma 3.1 in [RR89] in our framework, we

abuse the notation and consider A\ to take all the different formulations it has taken in this
chapter, namely (2.7), (2.12) and (2.16)).

Lemma 2.5.1. The following are satisfied:

(i) for every s € S, ®p(-,s) is a continuous non-decreasing function on [0, 00) with ®,(0,s) =0,
(i) A({s: ®p(u,s) =0 for some u = u(s) # 0}) =0,

(iii) there ezists a constant C' > 0 such that ®,(2u,s) < C®,(u,s), for allu >0 and s € S.

Proof. Points (i) and (iii) are proved adapting the same arguments of the proof of the points (i)
and (iii) of Lemma 3.1 in [RR89] to our framework. We sketch them for the sake of completeness.
First, it is easy to prove that, for any fixed s, U(-,s) is continuous and so that U*(-,s) is
continuous. Then by dominated convergence theorem, we obtain the continuity of ®,(-,s).

Further, notice that U*(-, s) is non-decreasing and that

» 9 (|JzulP A |zul?) if0<p<2,
(|lzulP V |zul?) if p > 2.
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is increasing in 2 > 0. To prove (iii) observe that from (2.19) and Lemma [2.4.11 we have
®,(2u, s) < 2|U(u, s)| + 27Vo(u, s) + 4u*c?(s) + (2P + 4)Vp(u, s) < (2P + 31)®,(u, 5).

To prove point (ii) we proceed as follow. Recall that we have different formulations of A. If
®,(u,s) = 0 for some u = u(s) # 0 then o2(s) = 0, |p|(s,R) = 0 and U(u,s) = 0. The last two
equalities imply that a(s) = 0. Thus,

So :={s: ®,(u,s) =0 for some u = u(s) # 0} = {s: a(s) = o*(s) = |p|(s,R) = 0},

which also shows that Sy is a measurable set. Let A be any measurable set in Sy. Notice that
= [, a(s)A(ds) = 0, whence we obtain that |1y|(So) = 0.

So7 given the above arguments we have that

2 —
/SO/R(M %) |p](s, dx)A(ds) = 0,

v(So) =sup Y |Fa,(B |—supZ‘// (s, dz)\(ds)

7

Isq iels, Isg i€lg
and
£(So) —supZ]/ (1A x?)Fa,( dx)|—bupz / / (1A 2?)p(s,dx)\(ds)| =
Isg iels, Isg iels,
Therefore, we get (in its different formulations) that A(Sp) = 0. O

Lemma 2.5.2. Let {u,} be a sequence of QID probability distributions on R with c.t. (an, 02, Gy).
Let ap — 0, 02 = 0 ad [R(1 A |z]*)|Gpl(dz) — 0. Assume that Jios1 |2|°| G| (dz) < oo for all
n € N. Then, for every b > 0,

/ 2G| (d) = 0 :/ 2l (dz) — 0
|z|>1 R

Proof. For every n € N, let u;} and ., the ID distributions with c.t. (an, 02, G;F) and (0,0, G;;)
respectively. Then, from Lemma 3.2 in [RR89] we obtain that

/ 2t G (dz) — 0 = / bt (dz) — 0,
|z|>1 R

and

/ 2t G (dz) — 0 = / 2l (dz) = 0
|z|>1 R

Now, for every n € N, let X,,, X, and X, be the real valued r.v. with distributions g,
and p., respectively; thus, X, + X~ 4 X,F with X,, and X,; independent. Notice that for b < 1
we have

E[|X4/"] < E[|Xn + X, '] + E[ X, I°] = E[ X} ] + E[1 X, ],
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while for b > 1 we have
E[| X,/ < 0] (B{X + X 1]+ B[X; 1)) = 161 (B0 + B[ ()

where [b]|stands for the lowest natural number greater than b. Finally, by sending n — oo we
obtain the stated result. O

Before presenting the main result of this section, we need some preliminaries. Define the
Musielak-Orlicz space as in [RR89):

Lo, (S:\) = {f € Lo(S: \) : /S@p(|f(s)|,s))\(ds) < oo}.

By Lemma this space has the following properties (see Chapter III of [RR89]). The space
Lg,(S; A) is a complete linear metric space with the F-norm defined by

11, =t { [ @150 <}

Simple functions are dense in Lg,(S;A) and Le,(S;A) < Lo(S;A) is continuous, where in the
present case Lo(S; \) is equipped with the topology of convergence in A measure on every set of
finite \-measure. Moreover, || fulle, = 0 < [ ®u(|f(s)],5)A(ds) = 0.

We remark that the above definitions and results hold both in the case A is atomless and
when it is not (see Chapter III of [RR89] and Musielak’s book [Mu83]).

Theorem 2.5.3. Let 0 < p < ¢ and @, defined as in (2.18)). Then

P
{f : f is A-integrable and E [ fdA ] < oo} D Lo, (S5 \)
S

and the linear mapping
Ly, (S;)) 3 fr / fdA € L,(;P)
S

15 coOntINUous.
Remark 2.5.4. When p = 0 the statement becomes {f : f is A-integrable} D Lg,(S; ).

Proof. We partially follow the proof of Theorem 3.3 in [RR89]. Let f € Lg,(S;)), which
is equivalent to consider [¢ ®,(|f(s)],s)A(ds) < oo. Then, the conditions (i), (ii) and (iii)
of Theorem [2.4.32] (and also Theorems [2.4.10] 2.4.12] and [2.4.23) are satisfied. Thus, f is A-

integrable. Moreover, we have that

/ P |y |(du) < / / F(s)2[P|ol(s, dz)A(ds)
{|u|>1} S M| f(s)x|>1}

/ (1£(3)], $)A(ds) < / S(£(5)], $)A(ds) <

Hence, thanks to Theorem 6.2 point (a) in [LPSI8] we have that E[| [q fdA[P] < oo. Thus,
every element of Lg,(S;)) is also an element of {f : f is A-integrable and E Hfs fdAm < oo}.
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Now, let f, — 0 in Lg,(S;\), which implies that [¢ ®,(|fn(s)],5s)A(ds) — 0 as n — oo.
Further, let ay,, O']%" and F, , be, respectively, the drift, the variance and the quasi-Lévy measure
of £( [ fadA); see point (iv) Theorem 2.4.32| (and also Theorems|2.4.10} [2.4.12(and [2.4.23). Then,

we have that ay, — 0, UJ%n — 0, and

0< /R P Lo (1) + [0 <1 ()| Fp, ()

< / 2 Fa ()P Lo o151 (%) 5 (3) P o o2 (2) 5, d) A (ds) = / Vol £a(3)], 8)A(ds) — 0,
R S

(2.20)
as n — oo. Hence, using Lemma we conclude that E [US fndA{p} — 0asn — oo, for p > 0,
andfsfndA&()ifpzo. O

2.6  QID stochastic processes

One of the underlying fundamental problems of the work of this chapter is the mismatch between
the ID and the QID case. This mismatch is caused by the greater generality of the QID framework
in comparison with the ID one. Hence, one of the main objective of the work of this chapter
is to overcome this mismatch in order to obtain the QID equivalent version of the ID result.
Every section has its own difficulties, which sometimes force us to make additional assumptions
in order to achieve the equivalent QID result.

For example, in Section the main difficulty is that the Jordan decomposition of F4(-)
(namely Ff(B) and F(B)) are not measures on S for fixed B. In Section in addition

to this problem we have that, informally, |Fy| is smaller than |p|A, which in some cases (Sec-

tions [2.4.1] and [2.4.3) prevent us to obtain an if and only if result on the integrability condi-
tions of f w.r.t. A. In Section this same last problem does not allow us to conclude that
{f: fis A-integrable and E [| [ fdA|"] < oo} = L, (S; A).

In this section there are two novel difficulties: dimensionality and consistency. Let us explain

in details. In this section we investigate QID processes both in the countable and in the un-
countable index set case. While in the former case we follow classical arguments, for the latter
we need to be extremely careful. Indeed, the uncountable case has a trouble history even in the
ID framework. This is due to the fact that the product o-algebra and the cylindrical o-algebra
do not coincide anymore (the former is larger than the latter). Thus, it makes a difference if we
consider the Lévy measure on the o-ring generated by cylindrical subsets of R \ {0} or on the
measurable space (R, BT), where BT is the cylindrical o-algebra. Thus, which is the “right", or
at least more natural, definition of Lévy measure?

After almost 50 years, started with Maruyama’s 1970 pivotal work [Mar70| in which the first
framework has been investigated, a complete satisfactory answer has been given only recently
by Rosinski in [Ro18]|, in which the author investigates the second framework. In this section we
follow the framework and results of [Rol8] and extend them to the QID case.

Concerning counsistency, we make the following remark. One of the first properties we intro-
duce in this section is the consistency of a family of finite dimensional Lévy measures. In words,

it says that a family of finite dimensional Lévy measures is consistent if, given any two elements
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in this family, the projection of the first measure to the dimension of the second one coincides
with the second measure and this holds for any set which does not contain the origin (see below
for a formal definition). This definition is essential in [Rol8] because it gives enough structure
to properly define a Lévy measure in the (uncountable) infinite dimensional space R”. Even
though this concept is not modified in our QID framework, it brings a new level of technicality

which we need to take care of in our proofs.

In addition to this, there is another aspect of consistency which is more problematic for us.
We know that for every QID random variable X there exist two ID random variables Y and Z
such that X +Y 2 7 with Y independent of X. However, does this holds for QID processes?

We do not give an answer to this question, which represents one of the major open questions
of this work. The underlying problem is the following. Consider any finite dimensional index
set I C T and let X7 := (X¢)ier. We know that there exist two random variables Y; and
Z5 such that X; + Y7 4 Zr with Y7 independent of X;. Actually, we know that there exist
an infinite number of couples of R/-valued random variables that satisfy the above condition,
namely that for every couple (Y7, Z;) we have X; + Y7 <7z 7. Then, we would like to prove that
there exist two processes Y and Z on R” such that Y7 = (Y})ier and Z; = (Z;)te;. Thanks
to the Kolmogorov extension theorem this reduces to obtain a “consistent” collection of finite-
dimensional distributions (Y7)rcr. As it is possible to see the problem is not the existence of the
Y7, indeed for every I there is an infinite number of them, but their consistency. This problem
can be seen from the point of view of Lévy measures (thanks to Theorem 2.8 in [Rolg|) and

translates into the problem of finding a consistent family of finite dimensional Lévy measures.

While we are able to show such consistency in the finite case, namely when T is finite,
(see Proposition and in particular equation (2.21))), we are not able to show it for the
infinite (either countable or uncountable) case, namely for processes. We show a simple and
general example where the positive and negative parts of a quasi-Lévy measure, which is the
natural way of selecting a couple of Lévy measures from a quasi-Lévy measure, do not produce

a consistent family.

Let us now briefly mention the content of this section. In this section we introduce QID

stochastic processes and present various spectral representation for them.

In the first subsection we start by defining QID processes and by introducing a subclass called
generated QID processes. Informally, a generated QID processes is a stochastic process to which
it is possible to associate two ID processes. We conjecture that any QID process is a generated
QID process. In this subsection we prove some simple but interesting results on general QID
random variables and processes.

In the second subsection, we investigate the case of generated QID processes with values in
lo. The main result is Theorem [2.6.9] where we provide the Lévy-Khintchine formulation. The
arguments used to prove the results exploit the structure of the generated QID process, namely

the structure of the underlying generating ID processes, and the structure of the ls space.

In the third subsection, we investigate QID stochastic processes with uncountable index set,
namely (Xt);c(o,7), and we prove the Lévy-Khintchine formulation. The arguments rely on novel
techniques which build on the results of [Rol8]. As mentioned before, in this subsection we need

to pay attention to the fact that we are in the uncountable setting. For example, this force us
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to introduce a new definition of quasi-Lévy measure.

In the fourth subsection, we provide a spectral representation of discrete parameters QID
processes. The main idea of the proof is to connect discrete processes with processes with values
in lo, for which we have a representation.

In the last subsection, we start by showing further results and examples of QID processes. In
particular, we provide a very general parametrisation of QID random variables, which is useful
for the construction of QID processes. We conclude by discussing the atomless condition for QID

and ID random measures.

2.6.1 QID processes: definitions and general results
We start with the definition of QID processes.

Definition 2.6.1 (QID processes). Let T be an arbitrary index set. A stochastic process X =
{Xy; t € T} is said to be a QID process if and only if for every finite set of indices t1,. ..ty in
the index set T

Xirooty = (Xey, o Xiy)

s a multivariate QID random variable.

The existence of QID processes is ensured by the Kolmogorov extension theorem. From

Definition [2.6.1] it is clear that the class of QID processes is strictly larger than the class of ID
processes.
Before presenting other results we introduce some preliminaries. We use the general framework
introduced in [RoI8]. Let T be an arbitrary (possibly uncountable) index set, R denote the
space of all functions  : ' — R and BT be its cylindrical product o-algebra. Given an underlying
probability space (€2, F,PP), for a stochastic process X = (X;)ier we define its law £(X) as a
probability measure on (R”, BT) such that

LX)(A) =P({{w e Q: (Xy(w))er € A}), AeBT.

We denote by zg the restriction of z to S C T and by 0g the origin of R®, which depending on
the setting is a point or a one-point set. Further, we let T to be defined as 1" := {ICT:0<
Card(I) < oo}, let mg : RT — R be the projection from R” onto R® (namely mg(x) = rg) and let
B, := {B € B% : 05 ¢ B}. Finally, we use as a cutoff function the bounded measurable function
x defined as x : R — R such that x(v) = 1+ o(|v|) as v — 0 and x(v) = O(Jv|™}) as |v] — oo.
Then, the truncation of v = (v1,...,v,) € R" is defined by [[v]] = (vix(|vy)), .-, vaX(|vy))) and of
2 € RS by [[2])(s) = a(s)x([o(s)]), s € 5.

Let {v; : I € T} be a family of finite dimensional Lévy measures on (R”,B7) s.t. for every
I,JeT withIcJ

vjo 71;} = vy on Bly,

where 777 : R/ — R’ is the natural projection. Then we say that {v; : I € T} is consistent (see
Definition 2.6 in [Ro18]). Moreover, we say that a family of probability measures is projective if
the above condition is satisfied on the whole B° (and not just on Bf).

The first result of this section concerns a general property of QID distributions.
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Proposition 2.6.2. All the marginal distributions of a multivariate QID distribution are QID.

Proof. Let d € N and X = (X1,..., X4) be QID. Then there exists at least two ID r.v. Y and Z
st. X +V £ Z. Consider any I C {1,...,d}. Let 0 = (61,...,04) € R? bes.t. §; = 0 for i ¢ I and

let ; € R! containing all the non-zero element of §. Then

L(X7)(0r) = L(X)(0) = 5 == : (2.21)

Thus, we obtain the stated results by Theorem 3.1 in [HS78|, namely by the fact that all the

marginal distributions of a multivariate ID distribution are ID. O

The above result shows that in the finite dimensional case we can always find two consistent
families of finite dimensional Lévy measures and that for each sub-dimension I the difference of
the respective Lévy measure generates the quasi-Lévy measure of Xj.

Recall from Proposition 3.2 in [Ka01] that for two stochastic processes X (1) and X ?) we have
that X £ X@ if and only if (X7, ..., X)) £ (X7, .., X*)) where t1, ...ty € T and k € N,

PR
We have the following simple result.

Theorem 2.6.3. Let T' be an arbitrary index set. A stochastic process X = {Xy; t € T'} is QID
if there exist two ID processes Y and Z such that X +Y L7 with Y independent of X. In this
case, we say that X is generated by Y and Z and that X is a generated QID process.

Proof. Let X be a stochastic process and let Y and Z two ID processes s.t. X +Y 2 7 with Y
independent of X. Consider any finite set of indices ¢y, ..., t in the index set 7. Since (Y;,, ..., Y%, )
and (Zy,, ..., Zy,) are ID distributed, (X, ..., Xy, ) is QID distributed. Then by definition the
process X = {Xy; t € T} is QID. O

We sometimes say that Y and Z are the generating ID process of X. Moreover, we remark that
while for any given two ID processes there exists a unique QID process (when it exists), it might
happen that for a given QID processes there exist more than just two generating ID processes.

We present now the main question left open from this chapter.

Open Question 2.6.4. Is it true that any QID process is generated by two ID processes? In

other words, is it true that any QID process is a generated QID process?

The answer of this question is not trivial. It lies on the capacity of building canonical 1D
distributions from QID distributions and it involves the use of the axiom of choice. In particular,
the axiom of choice is used to show the existence of a family of ID probability measures (actually
there exist uncountably many such families). Then, in order to use the Kolmogorov extension
theorem we need to show that this family of probability measures is consistent. However, despite
Proposition and equation , which provide consistency for each finite set of indices, it

is not clear how to obtain the result as shown in the following example.

Example 2.6.5. Let (a,02,v) be the c.t. of a QID r.v. X = (X1, X3) on R2. Let (a1,0%,11)
and (a2, 03, v9) the c.t. of X7 and Xo, respectively. From Proposition we have that 14 (A) =
v((A,R)) and v2(B) = v((R, B)) for every A, B € Bypo(R). Assume that the quasi-Lévy measures
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are signed measures and consider their Jordan decomposition. For example let El+ and E;r be
the Hahn decomposition of R under the signed measure v, and assume w.l.o.g. that {0} ¢ E".
Then, 0 < v (R) = vi(E) = v((E{,R)). Applying the same argument to vo we have that
0 < v (R) = na(Ey) = v((R,Ef)). Then we have that (E;,R) U (R, E;) is a subset of
R? where v is positive. On the other hand by applying the same arguments we have that
(E7 \ {0},R) U (R, E5 \ {0}) is a subset of R? where v is negative. But these two sets have
intersections, which means that the marginals of the Jordan decomposition of v (call them v+ and
v~ with marginals 7], 7 , 7; and 7 ) are s.t. v (R) = v (E]") = v((E{,R)) < vF((Ef,R)) <
vH((R,R)) = 7 (R), where the last equality comes from the fact that vT is a Lévy measure of
a ID r.v. whose marginals exist and are ID thanks to Theorem 3.1 in [HS78]. A similar result
hold for the other cases.

This implies that the projection of T is not always V1+ , and similarly for v~. In other words,
the positive and negative part of a quasi-Lévy measure are always not consistent (and, hence,
projective). Hence, given X +Y 2 7 where Z = (Z1,%Z3) and Y = (Y1,Y3) are two ID r.v. on
R? with quasi-Lévy measures v+ and v~ respectively, it is not always true that Z; and Y; have
quasi-Lévy measure given by the positive and negative part of v, and similarly for Z; and Y5.
Therefore, a family of ID probability measures where each probability measure has the Lévy
measure given by the positive (or negative) part of the quasi-Lévy measure of the respective QID

probability measure is not always projective.

The above example takes place in R?, thus T contains only two elements and so it is finite.
This shows that taking the positive and negative parts of a quasi-Lévy measure does not neces-
sarily produce a consistent family of finite dimensional Lévy measures, even in the finite case.
Of course, this does not implies that there are no consistent family of finite dimensional Lévy

measures in this case. Indeed, Proposition show their existence whenever T is finite.

2.6.2 Spectral representation of generated QID processes: the [, case

In this subsection we present a spectral representation of generated QID processes with values in
lo. This setting represents the most general setting under which the definitions and the arguments
to prove the results are similar to ones of the finite dimensional case.

Let index set T be countable. Let B2 be the Borel o-algebra on ly. We note that since [y is
separable the Borel and cylindrical o-algebras coincide (see page 38 in [LT91]). Then, we have
the following definition.

Definition 2.6.6 (quasi-Lévy type measure on (I, B2)). Let B2 := {B € B2|Bn{z € Iy :
|z < 7} = 0} and BE = UyaoB2. Let v : B2 — R be a set function s.t. Vigiz is a finite
signed measure for each r > 0 and denote the total variation, positive and negative part of v
by ‘V|Bf.2 B V‘;lrz
negative part v~ of v are defined to be the unique measures on (lo, B'2) satisfying

B2
and 1/|;312 respectively. Then the total variation |v|, the positive part vt and the

v({or})l = v ({0r}) = v~ ({07}) =0

and ’V’(A) - ‘V|B£2’7 V+(A) =v (A)7 V_(A):V_ (A)v

1%
18,2 |B,2
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for A € B2, for some r > 0.
A quasi-Lévy type measure on (ly, B'2) is a function v : B(lf — R with the above properties
and s.t. fb(l Allz]|?)|v](dz) < oc.

Lemma 2.6.7. B2 is a o-algebra.

Proof. Since the space Y, := {z € lo : ||| > r} is a non-empty subspace of ly then we have
Z,:={B CY,;|B € B2} = Bl2. Observe now that Y, is measurable (namely Y, € B'2) because

1 is a complete separable metric space and the norm is continuous, then Z, is the restriction of

B2 on Y,. Hence, BY is a o-algebra and the argument applies to any r > 0. O
Ifv: 15’62 — R is s.t. Vgl is a finite signed measure for each r > 0, then we have that

g l . .
]VlB?](A) = ]1/|822|(A) for every A € B2 with 0 < s < r and the same applies to VIJI;? and

V‘ng. Moreover, since we are in the countable framework (the index set considered T is count-
able since Iy C RN hence 07 € B'2) then |v|, vt and v~ are well defined and the condition
lv({0})| = v ({0}) = v~ ({0}) = 0 together with the Carathéodory’s extension theorem ensure

their uniqueness. Notice that we have the equivalent of Lemma [2.1.14]in this framework.

Lemma 2.6.8. A set function v : B(lf — R is a quasi-Lévy type measure if and only if there
exist two Lévy measures v and v?) s.t. VB, (r)(A4) = V‘(;Z)Q (A) — V‘(;l)Q (A) for A € Bl2, for some
r > 0. Moreover, v is unique. ' '

Proof. Tt follows from the same arguments used in the proof of Lemma [2.1.14 O
We have the following representation of a certain QID processes.

Theorem 2.6.9. Let X be a discrete parameter QID process with values in ly s.1. there exist two
generating 1D processes with values in la. Then there exists an unique triplet (20, IC,v) consisting
of zo € la, a non-negative definite function operator K : lo — R and a quasi-Lévy type measure v
on (I, B2) s.t.

£ = exp (iGa0.0) = ko) + [ (99 <1 =it vtan) ) (22)

l2
where y € lo.

Proof. Since X, Y and Z are ls-valued stochastic processes, then they can be seen as three r.v.
on (I, B'?), with the property that X +Y 2 7 with Y independent of X. Now, let v() and v

be the Lévy measures of the Iy valued ID processes Z and Y, respectively. Then, we have

£(X)(y) = £(2)(4)) £V )(g) = exp <¢<ZO,y>

—1<y,/Cy) + / (e“y’m> —1- Z<T(:U),y>> V(l)(dx) — / (ei<y’m> —1- Z<T(x),y>) l/(z)(dl‘)>.

2 l2 l2

512 (A) = 1/%?2 (A)— V@L (A) for every A € Bl2 with r > 0.

Then by Lemma v is uniquely determined by the difference (1) — (2 Indeed the absence

of uniqueness of ¥ — (2 will violate the condition X + Y 2 7 due to the uniqueness of the

Let v : B[lf — R be a set function s.t. v
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Lévy-Khintchine representation on /s (see Theorem 4.10 Chapter 4 in [Pa67]|). Hence, we obtain
the expression (2.22)). Finally, it directly follows that zy and K are uniquely determined. O

Theorem 2.6.10. Consider any (20, /C,v) as in Theorem such that the map

4 1
la >y — exp <2<zo,y) - §<y,le> +/

l2

(e“y»@ 1 i{r(a), y>) V(d:ﬁ)) (2.23)

1s the c.f. of a probability distribution. Then, there exists a QID process X with values in o
which is unique in distribution and such that 1s the c.f. of X.

Proof. Tt is enough to see that the positive and negative part of v, namely v+ and v—, are Lévy
measures on B2, Hence, we can extract two ID processes with values in ly. Then, these two

processes generate a QID process with values in ls. O

Open Question 2.6.11. In Theorem we have the condition that discrete parameter QID
process with values in [y must be generated by two generating ID processes with values in ly. In
order to get rid of this condition we need to prove that for every discrete parameter QID process

with values in [y there exist two generating ID processes with values in ly. Is this possible?

2.6.3 Spectral representation of generated QID processes: the uncountable case

In this subsection we investigate the representation of generated QID processes. For the first
results we assume that the quasi-Lévy measure of QID processes, whose definition is provided
below, is a signed measure. This situation happens when one of the two generating ID processes
has a finite Lévy measure (see below). This is because in that case v = 11 —1» is a signed measure.
In the second part of this subsection, we do not consider such condition and we investigate general
generated QID processes.

We rewrite here the definition of Lévy measure on (RT, BT), firstly introduced in [Ro18], and

introduce the definition of quasi-Lévy type measure in this framework.

Definition 2.6.12 (Definition 2.1 in [RoI8]). A measure v on (RT,BT) is said to be a Lévy
measure if the following two conditions hold

(L1) for every t € T we have [pr |x(t)]* A 1v(dz) < oo,

(1.2) for every A € BT we have v(A) = v.(A\ Or), where vy is the inner measure of v.

Definition 2.6.13. A signed measure v on (R, BT) is said to be a quasi-Lévy type measure if
the following two conditions hold

(QL1) for every t € T we have [pr |z(t)[* A 1lv|(dz) < oo,

(QL2) for every A € BT we have |v(A)| = v;F(A\ Or) + v7 (A\ Or), where v} and vy are the

inner measures of the Jordan decomposition of v.

We present now the first result of this subsection, namely that for any two Lévy measures

(one of which is finite) there exists a quasi-Lévy type measure.

Lemma 2.6.14. Let v and v? be two Lévy measures on (RT, BT, with one of the two being
finite. Let v, := Uil) — V,,EQ) and let v(A) := v, (A) for every A € BT. Then, v is quasi-Lévy type

measure on (RT,BT).
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Proof. First, notice that v = (1) — »(2), Hence, v is a signed measure on (R”, BT). Let v* and
v~ be the Jordan decomposition of v and let v;” and v, be their inner measures. Further, let
E* and E~ be the Hahn decomposition of R” under v. Then, for every A € BT we have

vi(A\O7)= sup v (B)= sup v(BNET)= sup  v(B)
BCA\Or BCA\Or BCANE+\0r
BeBT BeBT BeBT
= sup  vD(B) - (B) > sup DB —  sup I (B)
BCANE\Or BCANET\Or BCANE+\0Or
BeB” BeB” BeB”

= v VUANE\07) — P (AN B\ 07) = v D(ANEY) = v@(ANEY) = y(ANET) = vH(A).

Since the other direction follows from definition, we have that v (A\07) = v (A). Applying the
same argument to v~ we conclude that [v(A)| = v (A\ 0r) + v, (A\ Or). Finally, observe that
V¢ € T we have that [pr [2(6)2 A 1v|(dz) < [pr [2(6)? A W (dz) + [or [2()2 A 1@ (dz) <
00. O

We can present now the Lévy-Khintchine formulation of generated QID processes with quasi-

Lévy measure.

Theorem 2.6.15. Let T be an arbitrary index set and let X = (Xy¢)ier be a QID process
s.t. there exist two of generating ID process with one having finite Lévy measure. Then there
exists a unique triplet (b,X,v) where ¥ is a non-negalive definite function on T x T, v is a
quasi-Lévy type measure on (RT,BT) and a function b € RT s.t. for every I € T and 6 € R!

L(X1)(0) = exp <¢<9, br) — %«), 210) + /R (efe —1— i, [[:cj]]>)1/(dx)> : (2.24)

where Xy is the restriction of ¥ to I x I. The triplet (b,3,v) is called the generating triplet of

X and v the quasi-Lévy measure of X.

Theorem 2.6.16. Consider any (b, X, v) as in Theorem such that, for every I € T, the

map

1
RI 5 0 — exp <i<0,b[> — 5(9,2]9> —|—/

RT(eiw,m —1—i(6, [[a:ﬂ}))u(d:r)) (2.25)

is the c.f. of a probability distribution. Then, there exists a QID process X = (Xy)ier which is
unique in distribution and such that is the c.f. of X7.

Proof. 1t is enough to see that the positive and negative part of v, namely v and v, are Lévy
measures on (RT, BT). Hence, we can extract two ID processes which in turn generate a QID

process which is unique in distribution. O

From the arguments used in the previous result we have the following Lévy-Khintchine rep-

resentation of general QID processes, namely the QID equivalent of Theorem 2.8 in [Rol§].

Theorem 2.6.17. Let T be an arbitrary index set and let X = (Xi)ier be a generated QID
process. Then there exists a triplet (b,2, (v, v™)) where ¥ and b are as in the Theorem
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and (vt,v7) is a couple of Lévy measure on (RT,BT) s.t. for every I € T and 6 € R!

£(X1) = exp (i(&, br) — %w, 5,6)

e0mr) — 1 — 0, [[x7]]))v (dz) — e 0z — 1 — (0, [[x7]]))r (dz) ).
b [0 it el () [ (i, e (a))

(b,%, (vT,v7)) is called the generating triplet of X, and it is unique up to other couples of Lévy

T

measures (v¥,v%) of ID processes that generate X .

Conwversely, consider any (b, %, (v, v7)) as above s.t., for every I € T, the map

RY 56+ exp <i<0, br) — %w, ¥70)

s [ @ i ) - [ (@O 1o el @) (220

is the c.f. of a probability distribution. Then, there exists a QID process X = (Xy)ter which is
unique in distribution and such that is the c.f. of X7.

T

Proof. Tt follows from the same arguments used in the proof of Theorem [2.6.15] O

The above results have two important implications. First, if there are QID processes which
are not generated QID processes then they have no c.t. associated to them. Second, generated

QID processes can be defined as the class of processes for which it is possible to associate a c.t..

Remark 2.6.18. The reason why we have the uniqueness “up to other couples of Lévy measures
(vY,v%) of ID processes that generate X” is because given two ID processes, say Y and Z,
that generate X we cannot exclude that there exist two other ID processes, say Y and Z that
generate. In other words, there might exist four (or more) Lévy measures call them Y, v, VY

and v7Z corresponding to Y, Z,Y and Z, respectively, s.t. for every I € T and 0 € RY

[0 1 —ito, o) - [ (@0 = 1= i, () (dr)

RT
- / (O0o1) 1~ i(9, [[e)))p? (da) — / (€O0o1) 1~ i(9, [[zn))))7 (de).
RT RT

Notice that v := v+ — v~ might not be defined for two reasons. First, because we might have
0o —00. Second because we cannot apply the extension arguments used for the definitions of the
quasi-Lévy measures on (R, B(R%)) or on (I3, B) (see Definitions and [2.6.6)), because the

restrictions do not form o-algebras and O ¢ Br.

Open Question 2.6.19. It is not possible to extend the arguments applied to the definition of
quasi-Lévy type measure in R? or in ly. However, is it still possible to obtain a sensible definition
of quasi-Lévy type measure on (R”, B(RT)) in the general case (namely without assuming it to

be a signed measure)?
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2.6.4 Spectral representation of generated QID processes: the discrete case

In this subsection we investigate the spectral representation of discrete generated QID processes,
thus not necessarily ls-valued. However, we use the results obtained for ly-valued generated
QID processes. In particular, we multiply our discrete generated QID processes by a sequence
of constants in order to satisfy the conditions of Theorem on lo-valued processes. Then,
thanks to Proposition (see below) we uniquely link the c.t. of the lo-valued generated QID
processes to the c.t. of a QID random measure on AU, which is the boundary of the unit ball
in ly. Finally, in the main theorem of this subsection we give a representation of the original
discrete generated QID processes in terms of an integral on OU whose measure the obtained QID
random measure. Further, the integrand is just the projection from QU to [y times the inverse
of the above mentioned constants.

Informally, we uniquely connect the general discrete framework to the l2 one and subsequently
to the AU one, so that finally we have a connection between the general discrete framework and
the OU one. In this subsection we heavily rely on the notations and arguments of Section VI in
[RRS9].

Before presenting the result we need some preliminaries. Let X = {X,; n = 1,2,...} be
a discrete parameters QID process with generating ID processes Y and Z; let b, > 0 be
s.t. {bp X0}, {bnYn}, {bnZn} € lo almost surely. Let L({b,Xyn}) ~ (20,K, M), where zg € I3, K
is the covariance operator and M is the quasi Lévy measure of u. Notice that since X +Y 4z
then {bpXn} + {bnYn} £ {bnZs}, which implies that {b,Y,} with c.t. (28, K®), M) and
{bnZ,} with c.t. (z(()Z),IC(Z),M(Z)) are such that zg = z(()Z) — z(()y), K =K% -k and M is
uniquely generated by M@ and M),

However, notice that we can consider w.l.o.g. that {b,Z,} ~ (0,K, M) and {b,Y;} ~
(—20,0, M), This is because of the following argument, which we adopted multiple times in
this chapter. Let Q and R be two Iy ID process with c.t. (0, /K, M(?)) and (—zg,0, M), thus,
{bnXyn}—R 2 Q. Then, we have that X — {7 R,} < {b-'Q,}, and that {b7'R,} and {b;'Qn}
are ID (where the latter can be seen from their finite dimensional distributions). Therefore,
throughout this section for any discrete parameters QID process we consider such generating ID
processes.

Let us continue with the preliminaries. For every y € I3, we have that
e.9]
K(y) = Bilej, v)es,
j=1
where 8; >0, 3772, Bj < oo and {e;} is an orthonormal set in lo. Moreover, let

20118 1oy if 20 # 0, —
Vo = |20l (20/llo0ll) 07 and V] = Zﬂjé(ej)
0 if zZ0 — 07 j=1

be two finite measures on B(OU). Let us recall and reformulate Lemma 4.1 and Proposition 4.2

in [RR89|, which concerns a “polar factorisation” of a Lévy measure on .

Proposition 2.6.20 (Part of Lemma 4.1 and of Proposition 4.2 in [RR89|). Let M be a Lévy
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measure on ly, let OU be the boundary of the unit ball in Iy and let ¥ be the map ¥ : OU x RT —
Io\ {0} s.t. U(u,x) = zu. Then F is a unique measure on B(OU x RT) satisfying

M=Foy L

Moreover, let Fa(-) = F(AXx:). Then F(-) can be naturally extended to R and is a Lévy measure
on R.

Proof. See Lemma 4.1, Proposition 4.2 and the preliminaries of Section VI in [RR89]. O

From the above we let Fflz) and FIE‘Y) be the unique Lévy measures associated with M (%)
and M), for every A € B(OU). Let Fj be the unique quasi-Lévy type measure generated
by Ff(lz) and FIEXY). Let Az and Ay be the associate ID random measure of Z and Y, namely

Ay ~ (0,11, F.(Z)) and Ay ~ (—1p,0, F.(Y)). Similarly we have the following definition.

Definition 2.6.21. Let X, vy, v1 and F. be as above, then the QID random measure on B(OU)
with parameters (vp,v1, F.) is called the associated QID random measure of X, if it exists. Let
us denote it by A.

Observe that the control measure X of A is given by A\(A) = vp(A4) +v1(A) + [x(1 /\x2)F151Z) +
Jr(@A xQ)FiY) for every A € B(OU). Moreover, denote by m; the j-th coordinate projection in

lo. We can now finally present the main result of this section.

Theorem 2.6.22. Let X = {X,,} be a discrete parameters QID process and consider its two
generating discrete parameters ID processes Y and Z as above. Let f, = b 'm,. Then, f,
15 integrable w.r.t. Ay and Az, for every n € N. Further, assuming that {faU f"dAY}neN 18

independent of X, we have

d

{Xn}nEN - {/ fndAY} = { fndAZ} .
ou neN ou neN

Finally, if the associated QID random measure of X exists then f,’s are A-integrable and

{Xn}new £ { /d ) fndA}HEN. (2.27)

Proof. The first statement is proved in Theorem 4.9 in [RR89]. Now, observe that thanks to
Theorem 4.9 in [RR89] for any fixed k € N and ay, ..., ar € R we have that

£ zk:%ann = E (zzzl ajan"> _ E: <Z§=1 aj Jor fjdAZ) |
"~ L(Siaa¥n)  £(Simas fo fidhy)

Thus, we obtain second statement. For the last statement, we have that f,’s are integrable thanks
to 2.4.12] where the ID r.m. Ag and Aj; there are the ID r.m. Az and Ay here. Moreover,
thanks to Proposition [2.4.13| we have that for any fixed £k € N and ay, ..., ax € R we have that

L (Zle aj o fjdAZ>
c (Z?:l aj faU fjdAY)

k
:ﬁ (],‘/ fdA 5
jz_; J U J
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hence, obtaining the result. O

Open Question 2.6.23. Is it possible to show that for every discrete parameters QID process
there exists a QID r.m. s.t. we have the representation (2.27)? In other words, is it true that for
every X there exists a A s.t. (2.27) holds?

2.6.5 Further results and examples on QID processes and the atomless condition

In this subsection, we start by presenting additional results and examples on QID processes, and
conclude with a discussion of the atomless condition of QID random measures. Recall that a
process X is QID if X + X2 2 X1 where X® and XM are ID processes with X independent
of X. One of the first questions that might come to mind is: if X and X are Lévy processes,
would X be a QID process without being an ID process? The answer is negative, as shown in

the following result.

Proposition 2.6.24. Let XM and X@ be two Lévy processes with triplets (a(l),a(l), 1/(1)) and
(a(Q), o, 1/(2)). Let X be a stochastic process independent of X 2. The equality XtJrXt(z) 4 Xt(l)
for every t > 0 holds only if o > @ and vV > @ In this case X, is an ID r.v. for every
t > 0.

Proof. If () < ¢ then X will not be a random variable. If v < 13 then X, is a QID
r.v. for every t > 0 without being ID. But then, for every n we would have that X1 is a QID
r.v. hence for every n € N we would have that £(X;) = (£(X1))", which implies thaz X is ID.
Thus, we have a contradiction. However, if () > ¢(2) and y?l) > v then X, is a ID r.v. for

every t > 0, hence, X might potentially be a Lévy process. O

However, we have the following positive general result, which provides a general toolbox for
the construction of QID processes. We use the representation function c¢(-) (see [LPSI8]) which

is a function ¢ : R — R which is bounded, Borel measurable and satisfies lin%](c(a:) —z)/x? =0.
i d

Proposition 2.6.25. Let Xy be any QID random variable and let (a,o0,v) be its characteristic
triplet. Then

L(X¢) := exp <i(9h(t) + ifa f(t) — %Utf(t)QQQ + /Rew‘r -1- iQC(a:)l/t(f(t)ldx)>

is the characteristic function of a QID random variable for every t > 0, where h(-), a., f(-) and
o. are real valued functions with f(t) # 0 and oy > 0 > 0 for all t > 0, v4(-) is a set function
such that vi(A) > v(A) for every t > 0 and A € By(R), and c(-) is any representation function.
Moreover, let k € N and let X(l), ...,Xék) be QID random variables. Let hU)(.), a.(j), O, o

and Vt(j)(-> satisfy the above respective properties and similarly define [Z(Xt(j)). Then

5 Aoy (1 5y (k
L(Y) = LX) - LX)
18 the characteristic function of a QID random variable for every ty,...,t; > 0.

Proof. Let for the moment f(t) =1 and h(t) = 0 for every t > 0. Since for any QID distribution
p with c.t. (b,7,n) if there exists v/ > ~ and n/(A) > n(A) for every A € By(B) then the
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ct. (' —=b,v —~,7 —n), where b/ € R, is the c.t. of a ID distribution, call it fi, (see Remark 2.6
point (a) in [LPS18]) hence since the class of QID distributions is closed under convolution then
we have that p/ = p = i is QID with c.t. (V/,7,7') (see Remark 2.6 point (c) in [LPSI8]). Thus,

we have that

1 .

exp <at9 - 50,592 + / e 1~ i@c(x)ut(dx)>
R

is the c.f. of a QID distribution. Now, since the class of QID distributions is closed under shifts

and dilation (see Remark 2.6 point (b) in [LPS1§|) then

exp (w <71(t) + /R c(ma) — me(z)(dz) + ay f(t))

1 ,
—iatf(t)292 + / e 1 — iﬁc(a:)yt(f(t)_ld:n)>
R
is the c.f. of QID distribution, where his any real valued function. Hence, by setting h such that
h(t) = h(t) + Jg c(ma) — me(x)vy(da) we have the first statement.
The second statement follows by the fact that the class of QID distributions is closed under

convolution. O
Corollary 2.6.26. Under the same conditions of Proposition we have that for every t > 0

there exist two QID random variables Yy and Z; such that

R 1 ,
L(Y) = exp (i@at - 501‘,92 —I—/ efr 1 — iﬂc(m)ut(d$)>

R
and
~ 1 .
L(Z;) = exp <i9h(t) +ibaf(t) — 5(;:)“(15)292 + / e 1~ i@c(:p)u(f(t)_ldx)> .
R
Proof. Tt follows directly from Proposition O

2 XM and from the previous results many examples can be

From the formulation X + X2
constructed. We do not deal with the existence of particular QID stochastic processes since it is
a major topic and we leave it for further research. We only point out that most of the potential
results seem to rely on the multidimensional extension of the results presented in [LPS18|. Hence,

the following question.

Open Question 2.6.27. Is it possible to extend the results in [LPS1§| and [Berl9] to the

multidimensional case, namely to distributions on R%?

Further, we remark that a first example of QID process has been investigated in [ZLK17],
although they mostly focus on the level of distributions and in particular on a subclass of QID
distributions call discrete pseudo-compound Poisson distributions, which have applications in
insurance mathematics.

We conclude this subsection with some remarks on the atomless condition for random mea-
sures which is in few occasions mentioned in the references used in this chapter and that char-

acterise certain ID random measures.
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One of the main properties that independently scattered random measure might satisfy is
the atomless condition. Indeed, the work of Prékopa [Pr57] is centred on this condition and in
Theorem 2.2 of [Pr57| he proves that if an independently scattered random measure satisfies the

atomless condition then it is an ID random measure.

Definition 2.6.28 (atom, atomless). Let A be a completely additive set function defined on a
0-ring S. A set A € S is called an atom relative to the set function A if for every C C A
with C' € S we have either A(C) = 0 or A(C) 2 A(A). Moreover, the completely additive set

function A is called atomless if for every atom A we have A(A) “ 0.

The set function A is atomless if and only if for every A € S satisfying P(|A(A)| > 0) > 0
there exist sets Ay, A9 € S with Ay, Ay C A with A; N Ay = () such that P(|A(A;)| > 0) > 0 and
P(|A(A2)| > 0) > 0. This implies that, for a random measure £ on a Polish space X, z € X is
an atom of ¢ if and only if P(|{({z})| > 0) > 0.

The atomless condition is for random measures what the continuity in probability is for
continuous time stochastic processes. Notice that we have mentioned explicitly continuous time
processes because for discrete time ones the condition is meaningless. Recall that every o-ring
is a d-ring, but not every d-ring is a o-ring, and that every o-algebra is a o-ring, but not every

o-ring is a o-algebra. Then, we have the following result.

Corollary 2.6.29. It does not exist a QID r.m. on a o-ring which is atomless and which is not
ID.

Proof. The result is straightforward since any atomless independently scattered r.m. is 1D, see
Theorem 2.2 in [Pr57].
O

In Section we have shown the connections between QID and ID random measure. From
this discussion it appears clear that, in case the ID random measures considered are atomless,
the generated QID r.m. is indeed an ID r.m.. This leads us to the following question: is it true
that ID r.m. are always atomless? The answer is negative. This is because if either the drift
vp or the Gaussian part vy or the measure F.(B) for some B € B(R) s.t. 0 ¢ B have at least
one atom then the corresponding ID measure is not atomless. Therefore, the results shown in
Section applies to any possible ID and QID r.m.. We refer to Chapter 3.3 in [Kal7] for a
lucid exposition of ID random measures.

Furthermore, we point out that the atomless condition is also not relevant for the spectral
representation of the discrete parameter QID process presented in Section The associated

r.m. might potentially have atoms and this is also true in the ID framework.

2.7 Conclusion

In this chapter, we have investigated QID distributions, r.m. and processes, and explored their
connections with the ID framework. First, we have shown the connections between QID and

ID r.m. and proved an almost “if and only if” correspondence. In particular, we have shown
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that given any two ID r.m. we can always find a QID r.m. that is generated by them, and that
given a QID r.m. (and assuming a certain condition) we can always find two ID r.m.. Then,
after presenting some examples of QID r.m. which are not ID, we developed the integration
theory with respect to QID r.m. under different settings. We have defined QID integrals, proved
spectral representations, and shown necessary and sufficient conditions for the integrability of
deterministic measurable functions w.r.t. a QID r.m.. Further, we have shown that the integral
mapping is continuous. In the last part of the chapter, we have investigated the results on QID
processes. The main results concern Lévy-Khintchine representations, which are demonstrated
for QID processes with both countable and uncountable index set. We concluded with some
results on the construction of QID processes.

One of the main underlying issues of the present chapter has been the following. Given any
two ID distributions it is always possible find a QID distribution that is generated by them.
We have shown that this is also true for QID r.m. and processes. However, while for QID dis-
tributions the opposite is also true, namely that for any QID distribution there exist two ID
measures, this is still an open question for QID r.m. and processes. In case this holds true also
for QID r.m. and processes, our work provides several complete results in a very general setting
for both QID r.m. and QID processes. In case this is false, which means that there exist some
QID r.m. or processes which are not generated QID r.m. and processes, our work does not lose
generality because our results hold in various general settings and not only for generated QID

r.m. and processes.

2.8 Appendices

Appendix A: Proofs of Section 2.2

Proof of Lemma |2.2.1

Since G4 and M4 are Lévy measures and since Fa(B) = Ga(B) — Ma(B) for every B € B(R)
st. 0 ¢ B and A € S, then there is a unique quasi-Lévy type measure F4 for every A € S.
Moreover, since Fa(B) = Ga(B) — Ma(B), it follows immediately that A — F4(B) is a signed
measure for every B € B(R) s.t. 0 ¢ B.

If (19(A),11(A), Fya) is the c.t. of a QID random variable then B — F4(B) is by definition
a quasi-Lévy measure. Moreover, the existence of a finitely additive independently scattered
random measure A = {\(4) : A € S} follows by a standard application of Kolmogorov extension
theorem.

To prove that A is countable additive let A, N\, @ with {A,} C S. Then, by definition of
(signed) measures, vo(A,) = 0, v1(A,) = 0, G4, (B) = 0 and M4, (B) — 0 for every B € B(R)
s.t. 0 ¢ B. In particular, since A, \ @ (thus A; D Az D ...) then by assumption we have that
Ga,(B) > Ga,(B) > ... and Ma,(B) > Ma,(B) > ... for every B € B(R) s.t. 0 ¢ B. Notice
that Ga(B) > F{(B) and M4(B) > F;(B) for all A € S and B € B(R) s.t. 0 ¢ B. Then, we
obtain that for every n € N
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/R(1 A x?)|Fy, |(d) < /R(l/\a:Q)GAn(dx) +/(1/\:c2)MAn(dx)

R
<[ QARG [ (UAS)Ma () + G, (el 2 €)M, ({le] = )
|z|<e |z|<e

where € > 0. The last two terms go directly to zero as n — oo for every € > 0 because G.(B)
and M.(B) are measures. For the firsts two terms we obtain the convergence to zero as n — oo
by letting € — 0. Hence, [p(1 A z?)|Fa,|(dz) — 0 as n — oco.

Now, by the Lévy continuity theorem we obtain that A(Ay,) LA 0, which implies that A(A4,) %
0 and, thus, by Theorem [2.1.12|the countable additivity of A. The uniqueness follows by the one
to one relation between (vp(A),v1(A), Fa) and A(A), for every A € S.

Proof of Lemma |2.2.4

First, since A is a QID r.m. it follows that F4 is a quasi-Lévy measure on R, for every A € S.

Now, let {Ag}}_, be pairwise disjoint sets in S. By the uniqueness of the Lévy-Khintchine
representation of a quasi-ID distribution, it follows, using L(A(U}_; Ax)) = [Tr—, L(A(AR)),
that all three set functions vy, v1 and F.(B) (for every fixed B € B(R) s.t. 0 ¢ B) are finitely
additive.

Let now {A,} C S, A, \, 0. Then since A(A,) 2 0 we have that v(A,) — 0, v1(A4,) — 0
and [ (1A2?)Fq, (dz) — 0. Concerning Fa, (B), observe that K4, (B) > Ka,(B) > ... and that
Ka,;(B) > FX],(B), where j € N, for every B € B(R) s.t. 0 ¢ B by assumption. Then,

lim (1A:1:2)an(d:c) < lim [ (1A2*)K 4, (dx) < / (1Am2)KA1(dx)+T}LH;O Ka, ({|z] > €}).

n—oo R n—oo R |x‘<6

The second addend goes directly to zero for every € > 0 because K.(B) is a measure, while

for the first we obtain the convergence to zero by letting ¢ — 0. Moreover, since

/R(l Az?)Fy, (dz) — 0 as n — oo, then /}R(l A xQ)FXn(dx) — 0 asn — o0.

By the Chebychev’s inequality, for every € > 0 we have

FL el = ) < [ (nat) P, (o),

hence, we obtain that FXn(B) — 0 for every B € B(R) s.t. 0 ¢ B; and the same holds for
Fy (B). Therefore, we have [Fy,(B)| — 0, and thus Fy4,(B) is a signed measure, for every
B e B(R)st. 0¢ B.

Appendix B: Proofs of Section [2.4

Proof of Proposition 2.4.4

Since, for every s € S, pa(s,B) and pp(s, B) are two Lévy measures, we obtain the first

statement by the definition of quasi-Lévy type measure.
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This implies that, for each s € S, p(s, B) has a positive and negative part defined as measures
on (R, B(R)). Then, it is easy to obtain (i). Concerning (ii), we have the following. Let f : R — R
be s.t. [p f(2)]p|(s,dx) < oo for every s € S and let f(z) := f(z) VO and f~(z) :=—f(z) VO

Observe that the following are all measures

ng%,/)f+ (s,dz), l?k»t/‘f+ (s,dx),

Bb—>/Bf+(:r)pg(s,dx), and B»—)/Ber(x)pM(s,dx).

Moreover, we have that

/Bf+(:13)p+(s,d:c)—/Bf+(x (s, dz) /f+ p(s, dz)

— [ £t @pcts.do) - [ @pu(s.de).
B B

Since B — [5 fT(x)pt(s,dx) — [5 fH(x)p~ (s,dx) is a finite signed measure, it has a Hahn
decomposition. Denote it by E} and E; . Further, since pT (s, B) and p~ (s, B) are mutually

singular we have that
Fr@)pt(s,de) — [ fr@)p(s,de) = [ fH@)et (s, de)
Ef Ef ES

and similarly for E; . Therefore, for every B € B(R) we deduce that

/f+ (s,dx) = /BHE;" [T (x)p™(s,dx) —jlcl%/ [T (x)pT (s, dx)

= sup/f+(33)pg(s,dx)—Af+(x)pM(s,dx).

ACBJA
Observe that the last two terms are Borel measurable functions because pg (s, B) and pas(s, B)
are Borel measurable functions thanks to Corollary 2.4.3] the difference between two measurable
functions is measurable, and the supremum over a countable set of a measurable function is
measurable (the set is countable because B(R) is generated by a countable collection of sets, see
the proof of Theorem [2.4.18). Since the difference of two measurable function is measurable we
conclude that [, f*(x)pT(s,dz) is measurable and this holds for every B € B(R). The same
holds for [ f*(x)p~ (s,dx) and for [5 f~(x)p™(s,dx) and [5 f~(x)p~(s,dx). Therefore, since

/f (s, dz) /f+ (s, dz) /f (s, dz)

(and similarly for p~) for every B € B(R), we obtain that [, f(x)p™ (s,dx) and so f(z)p™ (s, dx)

are Borel a measurable functions.

Let us now take f(z) = 1 A &% It is possible to see that it is a valid choice since [p(1 A
22)|p|(s,dz) < 0o. Then s+ (1 A z?)p*(s,dx) is a measurable function and so (as done in the
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proof of Lemma 2.3 in [RR89]) we have that
pt(s,dx) = (1A 932)71 (1A 2?)pT(s,dx)

is a Borel measurable function. The same applies to p~ (s, dz) and, therefore, we obtain (ii).

Now, notice that the set function

FT(C):= /Sélc(s,x)p+(s,dx)A(ds), Ceo(S)®B[R)

is a well defined measure on o(S) ® B(R). Then, using standard measure theoretical arguments
we get (2.8).

The last statement follows by simple computations. Indeed, let g(z) be a non-negative
function s.t. [, [z 9(x)|p|(s,dz)A(ds) < oo (notice that this includes also g(x) = 1p(z) for every
B € B(R) s.t. 0 ¢ B). Then, for every A € S, s — 14(s)g(x)p(s,dx) is a Borel measurable

function and

// p(s, dz)A(ds) //1A (s, dz)A(ds) //1A (s, dz)A(ds)
//1A 2)pc (s, dz)\(ds) //1A 2)par(s, dz)\(ds)

:/Rg(x)GA(d:U)—/Rg(:r)MA(dx):/Rg(x)FA(dx).

Further, let g(z) > 0 (e.g. 15(z)) and let E; and E be the Hahn decomposition of R under
F4(+), then

[s@Fin = [ a@ra@n = [ /E L))ol A (@)

A

S/S/Ej 14(s)g(z)p™ (s, dx)\(ds) // (s,dx) )\(ds):/Rg(x)F*(A,d:c).

Proof of Theorem [2.4.10

In this proof we follow some of the arguments used in the proof of Theorem 2.7 in [RR&9].
Assume that (i), (ii), (iii) hold. Consider the sets Si,S2,... € S s.t. U enSn = S. Let A, =
{s : |f(s)] < n} NS, We have that {A,} C S and A, / S. Consider a sequence (f,) of
simple S-measurable functions, s.t. fu(s) = 0if s & Ay, |fu(s) — f(s)] < L if s € A, , and
|fu(s)] < |f(s)| for all s € S. Then, f, — f everywhere on S as n — oo. Further, notice that
for every A € o(S) and n,m > 1, | (fu(s) — fm(s)) La(s)| < 2|f(s)]. Then by Lemma [2.4.11] (see

the next result) we derive

U ((fnls) = fin(s)) La(s),s) | < 2[U(f(s), )] +27Vo(f(s),5).
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Thus, by the dominated convergence theorem, we obtain that for every A € o(S),

lim U((fru(s) = fm(s)),14(s),s)A(ds) = 0, (2.28)

n,m—oo Jg

lim (fn(s) = fin(5))?1a(s)0?(s)A(ds) = 0, (2.29)

n,m—oo |g

and lim Vo((fn(s) = fin(s))1a(s),s)A(ds) = 0. (2.30)

n,m—oo Jg

In addition, from (i), (ii), (iii) and Proposition it is possible to obtain (iv) for the simple
measurable functions (f,(s) — fim(s))1a. Indeed, let gn7m7A( s) := (fn(s) — fm(s))1a, we have

L ( /S gn,m,AdA> ()

= oxp (00, = 3003+ [ [ (a0 g (5)7(0)) s ) 05) )
= exp (z’@agn,m’A 792 gn ma T /S/R (eiegnvmvf‘(s)x -1- iegmm,A(s)T(x)) pt (s, dz)\(ds)
= [ [ (a1 g ar(a)) o d:c)A(ds>)
S JR

= eXp <i0agn,m,A - 02 .gn m, + /Relex B 1 B iQT(x)F;;L,m,A (d.fU)

—/ e 1~ iGT(m)Fg;mA(d:EO
& m,
= exp (z’@agn’m’A — 02 SnmA —I—/R —1—1i07(x) gnmA(dx)>

Now, using (iv) for simple functions, and the equations (2.28), (2.29), and (2.30], we obtain
that n}%rgooﬁ ([5(fn(s) = fin(s))1adA) (§) = 1 for every 0 € R and A € o(S). Therefore, the
sequerice {J4 fndA}2, converges in probability for every A € ¢(S), namely f is A-integrable
and, then, the c.f. of [ fdA can be written as in (iv).

Proof of Theorem [2.4.18

From Theorem [2.4.17| we know that v is a measure on (7, A), that there exist two sub-Markovian
kernels ¢4 and ¢g_ such that

// Lo(a,t)dy (t, de)v(dt) and Q= ( // 1o (@, t)d_ (¢, de)v(dt),

and that there exists a unique finite signed measure @ on the product o-algebra A ® B s.t.

QA x B) = Qo(A, B) = /A o(t, Byw(dt),
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where ¢(t, B) = ¢+ (t, B)—q—(t, B). In particular, since ¢; and ¢_ are two sub-Markovian kernels
then ¢ satisfies point (d) and (e) of the statement.

Hence, it remains to show the Jordan decomposition of ¢(t, -), for every ¢t € T', and Q(+). This
simply reduces to find the Jordan decomposition of ¢(t,-), for every ¢ € T'. One could think that
they are given by ¢4 (t,-) and G_(t,-), but we only know that they exist without knowing they
are the Jordan decomposition of ¢(¢,-) , for every t € T.

We know that ¢(t,-) is a finite (actually absolutely bounded by 1) signed measure on B
for every t € T. Hence, it has a Jordan decomposition: ¢*(¢,-) and ¢~ (¢,-). So, it remains
to show that ¢t (-, B) and ¢~ (-, B) are A-measurable functions, for every B € B. First, recall
that any Lusin space, as any standard Borel space, is countably generated (indeed, they are
both isomorphic to separable metric spaces). Now, the algebra generated by a countable set is
countable, so we can assume w.l.o.g. that there is a countable algebra & s.t. o(€) = B. Then, we
have

g (t,B)= sup q(t,A).
AcB,ACB

Since for every € > 0, t € T and B € B, there exists A € & s.t. q(t, AAB) < ¢, (where

AAB :=(A\ B)U(B\ A)). Then, we have

gt (t,B)= sup q(t,A)
A€eE,ACB

which is a supremum over a countable set. Further, since the supremum over a countable set of

measurable functions is measurable we obtain the stated result.

Proof of Lemma |2.4.29

First, notice that J(A, B) satisfies the assumptions of Theorem [2.4.18| with (T,.4) = (S, S) and
(X,B) = (R,B(R)). Therefore, there exists a finite signed measure ) on the product o-algebra
S ® B(R) such that

Q(Ax B) = J(A,B) = /

A

als. B)g(ds) = [

A

0t (s B)S(ds) — [ (s, B)E(as),
where ¢* and ¢~ satisfy (d)’ and (e)’, and q satisfies (d) and (e) of Theorem [2.4.18| Since A > ¢,
define

de de

pt(s,dz) = 5(8)(1 A2®) gt (s,dz), and p(s,dx) := ﬁ(s)(l A2®) g (s, dx).

Notice that J
/(1 Aa?)pt (s, dx) = éh(S)/ g (s,dz) <1,
R dA R

where the last inequality comes from the fact that we can always assume that %(s) <

1 for
all s € S. Hence, p*(s,-) is a Lévy measure on R for all s € S. The same is true for p= (s, ).

Further, let

p(s,B) :==pt(s,B) —p (s,B) forallse S, BeB(R)st. 0¢B.
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Then p(s,-) is a quasi-Lévy type measure, thus obtaining (i). Using the fact that p™ (s, B)
and p~ (s, B) are mutually singular for every B € B(R) s.t. B, we obtain (ii). Now, let

://1C(s,x)p+(s,d:v))\(ds), (2.31)
S JR

where C' € S ® B(R), then FT is a well defined measure that satisfies, for every A € S and

B € B(R),
+(A><B):/A/Bp+(s,d:z:))\(ds):/A/B(l/\xQ)_qur(s,d:r)g(ds)

:/ (1 Az 7rQ T (ds, dx) > / (1Ax?) 7 TT (A, dx) :/ F{(dz) = FI(B),
AxB B B

where Q7 is the positive Jordan decomposition of the measure Q on S ® B(R). Concerning
JT(A,dz), recall that the notation M+ and M~ for a bimeasure M stands for the Jordan
decomposition of B — M(A, B) for fixed A. Finally, notice that for any B(R)-measurable real
function g s.t. [, [ [9(x)||p|(s,dx)A(ds) < co we have

// p(s,dx)A(ds)
// t(s,dz)\(ds) // “(s,dx)A(ds)

:/ g(ac)(l/\xQ)_lQ(ds,d:r):/g(x)(l/\wz)_lJ(A,dx):/g(:v)FA(dx).
AxR R R

Appendix C: Proofs of Section [2.6

Proof of Theorem [2.6.15

Let X! and X? the ID processes generating X, with one having finite Lévy measure, and denote
by v and v the respective Lévy measures on (RT,BT) Let v, := V(l) yiz) and let v(A) :=
v«(A) for every A € BY. Then, by Lemma v is quasi-Lévy type measure on (R”, BT).
Further, we have that, for every I € T and 6 € R?,

(X))

L0 = 2 P (i<e,b1> ~Liosim)

el 1 — (0, [[a7)])) v (da) — e0rr 1 — (0, [[x]])v? (dx
b [ = i, ) an) = [ (@0 1 i [ )

= exp <z<9, br) — 5<9,210> + /RT(e Oen 1 — (8, [[xﬂ]>)y(dm)>7

which gives l) From the above formula we also deduce that the v o 7T;1 =vyron B{JO, I e T,

where vy is the quasi-Lévy measure of X7j.

Notice v+ and v~ are Lévy measures on (R”, BT). In particular, notice that I/?_ =vto ﬂ'I_l
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and v; = v~ on; ! are Lévy measures such that v;(A) = v (A) —v; (A) for every A € B(R), for

I € T (although it is not necessarily true that v} and v; are mutually singular on (R, B(R!))).
Let us prove uniqueness. Notice that the arguments used in the proof of Lemma [2.1.14] which

were applicable for the (R?, B(RY)) and the (I2, B'?) cases, do not apply here due to the different

topological framework.

Assume that there exists another quasi-Lévy type measure 7 on (R”, BT) (hence o+ and 7~ are

two Lévy measures on (R”, BT)) s.t., for every I € T and 0 € R,

L0 = e (i60.01) = 500,210 + [ (@00 1= i00, [eotan) ). (232)

but with 7 # v. Notice that together with the uniqueness of quasi-Lévy measures imply
that vy =vo 7r;1 =y on Bly, I € T, and that there exists a QID process X with c.t. (b,%,D)
st. X £ X,

However, observe that since 7 # v then 7" — 7~ # vt — v~. Recall that by Corollary
2.9 in [RR89| that for every c.t. (b, X, u) where p is a Lévy measures there exist a unique (in
distribution) ID process. Let b and b®) two functions in R” s.t. b = b)) — b and let
OM, 2, v, (3,0,07), (6W, 8, 5F) and (b?),0,57) the c.t. of the ID processes Z, Y, Z and
Y, respectively. Then observe that X — Y 2 Zaamd X -V L2 Moreover, we have that, for
every [ € T and § € RY,

é((ffj))((z)) ﬁig))ézi = L(Z1)(0)L(Y1)(0) = L(Z1)(0)L(Y1)(0).- (2.33)

Now, let VIZ? :=v] + 7y and VIZY := U] + vy . It is possible to see that {VIZY :TeT} and
{I/IZY : I € T'} are two consistent families of Lévy measures. Hence, they generate two unique
Lévy measures v2Y and v#Y on (R”,BT). Observe that v* 4+ o~ and o+ + v~ are two Lévy

measure on (R”, BT) because the sum of two Lévy measures on (R”, BT) is still a Lévy measure.

Yonl= VIZY =0 +vy =Wt +i")on;! for every I € T and by the uniqueness of

Since v
Lévy measures on (R”, BT), we conclude that v?Y = v+ + 5~ and similarly that %Y = ot 4+,
However, from 1' we have that vZY = vZY which implies that v + 7~ = 7" + v~ hence a

contradiction to 7t — o~ # vT — v~ and, so, to ¥ # v.






Limit Theorems: Mixing properties of
ID random fields

3.1 Preliminaries and Results on Mixing Conditions

In this section we analyse mixing conditions for stationary infinite divisible random fields. We
work with the probability space (Q, F,P) and the measurable space (R?, B(R?)), where B(R?) is
the Borel o-algebra on the vector field RY. We write £(X;) for the distribution, or law, of the
random variable X;. Now, let (6;),cr: be a measure preserving R! action on (Q, F,P). Consider
the random field X;(w) = X o f;(w), t € Rl. The random field (X;),cp: defined in this way
is stationary and, conversely, any stationary measurable random field can be expressed in this
form. Further, we have, with a little bit of abuse of notation, 6,(B) := {0,(w) € Q: w € B} =
{w" € Q: Xp(w') = Xy(w) for w e B}. We denote by || - [|o the supremum norm.

Then (X);cpe is mixing if and only if (see Wang, Roy and Stoev [WRS13| equation (4.4)):

lim P(AN 6, (B)) =PAP(B), (3.1)

n—oo

for all A, B € ox and all (t,)neny € T, where oy := o({X; : t € R'}) is the o-algebra generated
by (X1),ept and T = {(tn)neN CR': lim |ty = oo}.

The following definition is based on the characteristic function of (X¢),cp (see [WRS13] equation
(A.6)):

r q
nhﬁrgoE exp iZBjXSJ. exp <iZ'Ykka+tn>
j=1 k=1

exp <Z.Z%ka>] , (3.2)

=E |exp iZBjXSj E
j=1 k=1

79



80 Chapter 3. Limit Theorems: Mixing properties of ID random fields

for all 7,q € N, 8, € R,pj,s € R! and (tp)nen € 7. Further, for the multivariate (or R%-

valued) random field we have the following definition based on the characteristic function of
(Xt)teRl~

Definition 3.1.1. Let (X;),cp be an Re%-valued stationary random field. Then (Xi)eg: 4s said
to be mizing if for all X = (51, ...,5m) , t = (P1, ..., pm)’ € R™ and 61,60, € R™?
Jim B [exp (61, Xx) + (02, Xz,,))] = E [exp (61, X)) E [exp ({62, X,.))] (3.3)

where X == (X} ,..., X, ) € R™ and fi,, = (p1+tn, ..., pm+1tn), where (tn)nen is any sequence
in T.

Further, we recall the definition of an infinitely divisible random field.

Definition 3.1.2. An R? valued random field (X;),cpt (or its distribution) is said to be in-
finitely divisible if for every (Xi,,...,Xt,), where k € N, and for every n € N there exist i.i.d

random vectors Yi(n’k),i =1,...,n, in R™F (possibly on a different probability space) such that

(Xiysoony Xo) LY Ly )

It is straightforward to see that the above definition is equivalent to the following defi-
nition. An R? valued random field (X;),cg: (or its distribution) is said to be infinitely di-
visible if for every finite dimensional distribution of (X);cpe, namely Fy, 4 (z1,...,25) =

P (X, <x1,..., Xy, <) where k € N, and for every n € N there exists a probability mea-

dxk (n times) o
sure fi,  on R such that Fy, 4, (1, ..., k) =pink * - - % fin = Hon -

We are now ready to state our first result.

Theorem 3.1.3. Let (X;)cpi, with | € N, be an Re-valued strictly stationary infinite divisible
random field such that Qq, the Lévy measure of L(Xo), satisfies Qo({x = (21, ...,14)' € R?: 3j €
{1,...,d},xz; € 20Z}) = 0. Then (Xi),epe is mizing if and only if

lim E [l X)) =g [6X07] B [e%07] (3.4)

n—oo
for any j,k =1,...,d and for any sequence (t,)neny € T.

The above theorem relies on the following result, which is the multivariate random field

extension of the Maruyama conditions (see Theorem 6 of [Mar70]).

Theorem 3.1.4. Let (X;);crt be an Re-valued strictly stationary infinite divisible random. field.
Then (X¢)ere is mizing if and only if

(MMT1) the covariance matriz function X(t,) of the Gaussian part of (Xy,), crt tends to 0,

as n — oo,

(MM?2") li_>m Qot, (lz]| - lyll > 6) = 0 for any 6 > 0, where Qot, is the Lévy measure of
L(Xo, Xy,) on (R, B(R?)),

where (tn)nen 1 any sequence in T .
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Notice that the above conditions are fewer than the Maruyama conditions. This is because
we used the following lemma, which is a multivariate random field extension of Lemma 1 of
[Magl0] and Lemma 2.2 of [FS13].

Lemma 3.1.5. Assume that li_>m Qo, (|z]] - [|ly]| > 0) = 0 holds for any 6 > 0, where Qo,, s
n—oo
the Lévy measure of L(Xo, X,) on (RY, B(RY)), and (t,)nen € Rl Then one has

lim ]| - lyl|Qot, (dx, dy) = 0.

e Jo< a2+ lyl2<1

3.1.1 Related results and extensions

In this section, we present various results which follow from, are related to or extend the theorems
presented in the previous section.
The first result is a corollary which follows immediately from Theorem [3.1.3] and states that a

multivariate random field is mixing if and only if its components are pairwise mixing.

Corollary 3.1.6. An Re-valued strictly stationary i.d. random field X = (X;),ep with Qo({z =
(z1,..,xq) € R : 35 € {1,...,d},x; € 2nZ}) = 0 is mizing if and only if the bivariate random
fields (X0, X®)), j ke {1,..,d}, j <k, are all mizing.

Proof. It follows immediately from Theorem O
The following corollary is a generalization of Corollary 2.5 of [FS13].

Corollary 3.1.7. Let (X;);cre be an Re-valued strictly stationary ID random field. Then with

the previous notation, (Xi);ept @5 mizing if and only if

nli_{glo{llz(tn)ll + /R?d min(1, ||z - ||y\|)Q0tn(d337dy)} =0, (3.5)

for any (tp)nen € T

Proof. We can follow the argument by [FS13|. To this end, note that if we assume that
holds, then conditions (MM1) and (MM?2') hold and, thus, Theorem [3.1.4]implies that (X;),cp:
is mixing.

For the other direction assume that (X;),cr: is mixing then by Theorem condition (M M1)
holds. Furthermore, for every 6 > 0 with Q;x(0Kj;) = 0, where Kj := {(z,y) € R? : 22 +y* < §?}

and any j,k=1,....d, (c¢f. (3.21))),

ik
QWP

— Qjk

as n — oo. (3.6)

KC

5 K§

)

for any (¢, )nen € T, where the symbol “—” means convergence in the weak topology. In addition,

we know that the Lévy measures ()5 are concentrated on the axes of R2. Now consider a § > 0
such that conditions (3.22) and (3.6) hold. Then we have

lim sup min(1, |zy|) éiﬁ) (dz,dy) < e+ lim sup min(1, \xy])Qéiﬁ)(dm, dy) = e,

n—oo JR2 n—oo J B¢
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where Bj indicates the ball of radius 6 centred at zero. By letting € \, 0 we obtain that
lim sup Je min(1, ]my\)QOtn (dz,dy) = 0 for any j,k =1,...,d. Finally,

/ rnin Zw Zry] Qui, (dz, dy) < / min(1, |7y;1) Qo (dz, dy)
7,k=1

Z / min(1, |zy|) QOt (d:n dy) — as n — 0.

7,k=1
Therefore, this implies that

lim min(L, [l - [[y[)Qot, (dz, dy),

n—oo R2d

for any (tn)nen € T, hence we obtain that condition (3.5]) is satisfied. O

The next two results are a reformulation of Theorem However, the first requires a short
preliminary introduction, which will be useful for Section 4 as well. Recall that a codifference

7(X1, X9) of an ID real bivariate random vector (X1, X3) is defined as follows
T(Xl, Xg) = logE[ei(Xl—XQ)] _ 10gE[€iX1:| _ IOgE |:6—in:| ,

where log is the distinguished logarithm as defined in [Sa99)] p. 33. Following [F'S13] we recall that
the autocodifference function for an Re-valued strictly stationary ID process (X;)icr is defined
as 7(t) = (T(jk) (t))j,kzl,...,d with 70F)(¢) .= 7 (Xék), Xtm). For an R?-valued strictly stationary
ID random field (X¢),cre the autocodifference field 7(t) is defined as 7(t) = (T(jk) ()
with 7R (¢) .= 7 (Xék),Xt(j)), where ¢ € R

jk=1,...d

Corollary 3.1.8. Let (X;)icpi, with | € N, be an Ré-valued strictly stationary infinite divisible
random field such that Qq, the Lévy measure of L(Xo), satisfies Qo({x = (x1,...,2q) € R?: 3Jj €
{1,....d},x; € 2nZ}) = 0. Then (Xi)iepe is mizing if and only if 7(t,) — 0 as n — oo for any
sequence (tp)neny € T .

Proof. 1t follows immediately from Theorem O

Corollary 3.1.9. Let (X;);cpi, with 1 € N, be an RY-valued strictly stationary infinite divisible
random field such that Qq, the Lévy measure of £(X), satisfies Qo({x = (x1,...,2q) € R?: 3j €
{1,....d},x; € 20Z}) = 0. Then (Xt),epe s mizing if and only if

lim B [ X0] — g [o8] B [ (3.7)
ltll—oc ’
for any j,k = 1,..,d, where || - || is any norm on R' (e.g. the sup or the Euclidean norm) and

t e R

Proof. “=": Assume that (X;);cp: is mixing. Then by Theorem we know that

lim E [ -X7) = [6] B [em 0" (3.8)

n—o0
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holds for any j, k = 1, ..,d and for any sequence (t,)neny € T. Now consider the following simple
result.

Let My = (Ai,dy) and My = (Az,d3) be two metric spaces. Let S C A; be an open set of
M;. Let f be a mapping defined on S. Then lim f(x) = [ iff for any sequence (xy,)nen of points
in S such that Vn € N : z,,. and nh_>1r010 Ty = cxvjé have nh_}n;O flxn) =1

From this result and from the fact that we are considering any sequence such that lim ||t,|/c =
00, we obtain equation . e

“«<=": Assume that holds. Then we have that holds by the result stated above.
Then by Theorem we obtain that (X);cp: is mixing.

Now consider the set £ := {(tn)neN CR': |ltn|| = oo, where || - || is any norm on Rl}.

lim
n—oo
Notice that any sequence (t,)nen € T belongs to £ and vice versa, because on the finite dimen-
sional vector space R! any norm || - ||, is equivalent to any other norm || - ||. Hence, we obtain
that equation (3.8) holds for any (¢,)nen € &€, and by applying the argument above we obtain

our result. O

Remark 3.1.10. It is possible to see that the extension that we have done in the above corollary,

can be applied to all our results that holds for “any sequence (t,)neny € T

Recall that from Proposition 11.10 of [Sa99] projections of Lévy processes (measures) are
again Lévy processes (measures).The next result is a multivariate and random field extension of
Theorem 2 of Rosinski and Zak [RZ96] and it will help us to generalise Theorem [3.1.3]

Theorem 3.1.11. Let (X;),cp be an Re-valued stationary ID random field such that Qo, the
Lévy measure of X, satisfies Qo({z = (z1,...,74) € R : 3j € {1,...,d},z; € 2nZ}) # 0. Let
Q[()j) be the one dimensional Lévy measure on the j-th coordinate of Qo, let Q; be the set of atoms
of Q[(Jj) and let

Zij={z€eR:z=2nkly, ye Q;, keZ}

for j=1,...d. Then (X;),cp: is mizing if and only if for some a € R, with a; ¢ Z; U {0} for
j=1,..,d, we have

lim E [eileXe) -] = g [e0r "] g [emiorsd”]
n—oo

for any j,k =1,..,d and for any sequence (t,)neny € T .

Proof. Consider an element a € RY, with a; ¢ Z; U {0} for j = 1,..,d. We know that the set of
atoms of any o-finite measure is a countable set (the proof is straightforward) and that any Lévy
measure is o-finite. Hence, our a; exists, (as in one dimensional case, see Theorem 2 in [RZ96]),

for every j = 1,..,d, and thus our a exists. Now, let

al 0 0

0 as 0
M, = )

0 0 ... Qq

Notice that M, is an invertible d x d matrix and X; is a d-dimensional column vector. We have

that (X¢),cp is mixing if and only if (M, X;),ecre is mixing. This is because by looking at the
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Definition it is enough to show that for every m € N, A = (s1,...,5,) € R™ and § =
(01, ...,0m) € R™ we have (6, M, x X)) = (0, Xy), where M, « X := (MX,,, ..., My X,, ) and
6 € R™e. Notice that for m = 1 we have MyxX; := M, Xy, t € R'. Indeed, we have (0, Mogx X)) =
S 4 X0 = (Mo 0, X5) = (0, X)), where My %0 := (M0, ..., Mof)' € R™.
Now, the Lévy measure Q¢ of M,Xy is given by Q2(-) = Qo(M, '(-)) (see Proposition 11.10
of [Sa99]). Since a is such that a; ¢ Z; U {0} for j = 1,..,d, Qf has no atoms in the set
{z = (21,...,2q) € R?:3j € {1,...,d},z; € 2nZ}. This is because

Qa({x = (x1,...,xq) €R?:3j € {1,...,d},x; € 27Z})

= Qo({r = (z1,...,2q) €RY:3j € {1,...,d},x; € 21Z/a;}),

< Qo(2rZ/ar X R x --- x R) + Qo(R x 2nZ/az x R x --- X R)
d
+ 4+ QR X xR x21Z/ag) = ZQ(()])@WZ/%) =0,
j=1

where we used the fact that since a; ¢ Z; U {0} then 27k/a; # y, for any k € Z and y € Q;, for
every j = 1,...,d. Finally, by using Theorem the proof is complete. O

From this result we have the following generalisation of Theorem [3.1.3]

Corollary 3.1.12. Let (X;),cp be an R7-valued stationary ID random field. Then (Xi)cpt is
mizing if and only if L(Xy, — Xo) nzpe L(Xo — X{) for any j,k =1,..,d and for any sequence
(tn)nen € T, where X, is an independent copy of Xo.

Proof. This result is an immediate consequence of Theorem [3.1.3] Corollary and Theorem
3. 1111 O

We end this section with a simple general result which will also be useful for the next section.

Proposition 3.1.13. Let (X¢),cpt be a linear combination of independent, stationary, ID and
mizing random fields. In other words, let r € N and let (Xi)epe 4 ey YiF)er, where
(Ytk)teRz, k=1,...,r, are independent Ri-valued stationary, ID and mizing random fields. Then

(Xt)iere s stationary, ID and mizing.

3.2 Mixed moving average field

In this section we will focus on a specific random field: the mixed moving average (MMA) random
field. Before introducing this random field we need to recall the definition of an R%valued Lévy
basis and the related integration theory. They represents specific examples of the definitions
and the settings presented in Chapter Indeed, Lévy basis are also called infinitely divisible
independently scattered random measures in the literature.

In the following let S be a non-empty topological space, B(S) be the Borel-o-field on S and
7 be some probability measure on (.S, B(S)). We denote by By(S x R!) the collection of all Borel

sets in S x R! with finite 7 ® Al-measure, where A denotes the I-dimensional Lebesgue measure.
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Definition 3.2.1. A d-dimensional Lévy basis on S x R is an R%-valued random measure A =
{A(B) : B € By(S x R} satisfying:

(i) the distribution of A(B) is infinitely divisible for all B € By(S x RY),

(i) for an arbitrary n € N and pairwise disjoint sets By, ..., B,, € Bo(SxR!) the random variables
A(By),..,A(By,) are independent,

(iii) for any pairwise disjoint sets By, Ba, ... € Bo(S x RY) with |, e Bn € Bo(S x R') we have,
almost surely, A({J,,cxy Bn) = D pen AMBn).

Throughout this section we shall restrict ourselves to time-homogeneous and factorisable

Lévy bases, i.e. Lévy bases with characteristic function given by
E{eiw,w»} _ uOn(B), (3.9)

for all € R? and B € By(S x RY), where IT = 7 ® A is the product measure of the probability

measure 7 on S and the Lebesgue measure A\ on R! and

v(0) = it.0) - 50,50+ [

R4

(e =1~ i(0,2)1p y(ll2l) ) Q(dx)

is the cumulant transform of an ID distribution with characteristic triplet (v, %, Q). We note
that the quadruple (7,3, Q,7) determines the distribution of the Lévy basis completely and
therefore it is called the generating quadruple. Now, we provide an extension of Theorem 3.2
of [F'S13|, which does not need a proof since it is a combination of Theorem 3.2 of [FS13| and

Theorem 2.7 of [RR89]. It concerns the existence of integrals with respect to a Lévy basis.

Remark 3.2.2. In this section we are considering a g-valued random field, since the d is used
for the R%-valued Lévy basis, and we denote by Myxq(R) the collection of ¢ x d matrices over
the field R.

Theorem 3.2.3. Let A be an R%-valued Lévy basis with characteristic function of the form (3.9)
and let f: S xR — Mgxa(R) be a measurable function. Then f is A-integrable as a limit in
probability in the sense of Rajput and Rosinski [RR89] (see also Section[2.4]), if and only if

Lo

fA s+ [ FA (101 s)el) = Loay(lal)) Qo) [asm(da) < .

// | f(A, 8)Ef(A,s)||dsm(dA) < oo, and
S JR!

/ / min(1, || (4, s)z||*)Q(dz)dst(dA) < co.
S JR! JRE

If f is A-integrable, the distribution of [ [ f(A, s)A(dA, ds) is infinitely divisible with charac-
teristic triplet (Yint, Lint, Vint) given by

e = [ [ s+ [ 4921 @ s)]) ~ Loy (lal))(da)dsn(da),

Sint = / (A, $)SF(A, s)dsn(dA),  and
S JR!
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vint (B) = /S /R | /R UB(F(A,5)2)Qdw)dsm(dA),
for all Borel sets B C R?\ {0}.

Proof. This theorem is a specific representation of Theorem 3.2 of [FS13] and Theorem 2.7 of
[RR&9]. O

Let us now introduce the main object of interest of this section: the mixed moving average

random field.

Definition 3.2.4. (Mized Moving Average Random Field). Let A be an R%-valued Lévy basis on
S xRl and let f: S x RN — Myxa(R) be a measurable function. If the random field

X, :—/ F(A,t — $)A(dA, ds)
S JR!

exists in the sense of Theorem for all t € R, it is called an q-dimensional mized moving
average random field (MMA random field for short). The function f is said to be its kernel

function.

MMA random field have been discussed in Surgailis et al. [SRMC93| and Veraart [Vel5.
Note that an MMA random field is an ID and strictly stationary random field. The following
lemma is a direct application of Corollary [3.1.7] to our MMA random field case.

Lemma 3.2.5. Let (X);cpe 4 (fg Jai f( s)A(dA,ds))crt be an MMA random field where
A is an R%-valued Lévy basis on S x ]R{l wzth generating quadruple (v,%,Q,7) and f: S x Rl —
Mgyxa(R) is a measurable function. Then (Xy);cp is mizing if and only if

Tim { N f(A,—s)Ef(A,tn—s)’dsw(dA)H

+/S/Rl | min(L17(A, =s)all - I (4, ta - s):z:||)Q(dx)ds7r(dA)} —0,

fOT any (tn)neN eT.

The following theorem is the main result of this section, while the next corollary is an exten-

sion of it.

Theorem 3.2.6. Let (Xt),cp g (fg [t f(A, t—s)A(dA,ds)) gt be an MMA random field where
A is an R? valued Lévy basis on S x RY with generating quadruple (7,%,Q, ) and f : S x Rl —

Mgyxa(R) is a measurable function. Then (Xi),cpt is mizing.
From the above result and Proposition [3.1.13 we have this corollary.

Corollary 3.2.7. Sums of independent MMA random fields are stationary, ID and mizing ran-
dom fields.

Proof. This corollary is an immediate consequence of Theorem and Proposition 3.1.13] [

Remark 3.2.8. The above corollary holds for any linear combination of independent MMA,
including MMA with different Lévy basis and different parameter space S.
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3.2.1 Meta-times and subordination

In this section we give a brief introduction of the concepts of meta-times and subordination, and
present a result which is a corollary of Theorem

First, we recall the definition of an homogeneous Lévy sheet (see [BP12] definition 2.1). Let
AP F indicate the increments of a function F over an interval (a,b] C R% and let a < b indicate
at < b fori=1,...,k (see [BP12]), where R = {x e R™ : 2' > 0,i = 1,...,m} and m € N. Let
k,l € N.

Definition 3.2.9. Let X = {X, : t € Rﬁ} be a family of random vectors in R®. We say that X is
an homogeneous Lévy sheet on R’j_ if Xe =0 forallt € {t € le_ 9 =0 for somej € {l,..,k}}
a.s., AgllX, ey AZZX are independent whenever n > 2 and (a1, b1], ..., (an, by] C Rﬁ are disjoint,
X is continuous in probability, AZﬁX 4 AV X for all a,b,t € R* with a < b, and all sample
paths of X are lamp.

The concept of lamp (i.e. limits along monotone paths) is the analogue of cadlag, but in the
multiparameter setting. If X = {X; : t € RE} is a homogeneous Lévy sheet then L(ALX) €
ID(RY).

Now let X = {X; : t € Rﬁ} be an R%valued homogeneous Lévy sheet on Ri and Ax =
{Ax(A) : A € B(R%)} be the homogeneous Lévy basis induced by X, namely Ax([0,t]) =
X: as. for all t € R’i. Let T ={T; : t € Rﬁ} be an R, -valued homogeneous Lévy sheet
and Ay = {Ar(A) : A € B(R%)} be the nonnegative homogeneous Lévy basis induced by 7.
Define 7' = o(Ar(A) : A € By(RE)) to be the o-field generated by Ap. Then there exists
a (FT,B(RY), B(R¥))-measurable mapping ¢r : Q x RE — RF such that for all w € Q and
A € By(RY), the set T(A)(w), given by T(A4)(w) = {z € RY : ¢p(w,z) € A} is bounded and

Ar(A)(w) = Leb(T(A)(w))-

For each w, T(-)(w) is called a meta-time associated with Ar(-)(w). Let M = {M(A) : A €
By(R%)} be defined as
M(A)(w) = Ax(T(A))(w)

for all A € B(RY). We say that M appears by extended subordination of Ax by Ar (or of X by
T). Then by Theorem 5.1 of [BP12] we have that M ia a homogeneous Lévy basis.
Therefore, we have the following corollary of Theorem

Corollary 3.2.10. Let X = {X; : t € R*} be an R%-walued homogeneous Lévy sheet on R*
and Ax = {Ax(A) : A € B(R¥)} be the homogeneous Lévy basis induced by X. Let T = {T} :
t € R*} be an R, -valued homogeneous Lévy sheet and Ar = {Ar(A) : A € B(RF)} be the
nonnegative homogeneous Lévy basis induced by T. Let M = {M(A) : A € By(R)} be an
extended subordination of Ax by Ap. Let (Yi);em L (Jgrot Jgi f(B,t —s)M(dB,ds))cpi, where
fiRFUX RN — My q(R) ds a measurable function. Then (Yy),cme s mizing.

Proof. It is sufficient to notice that the framework introduced above holds for the case R¥ and
not just for R% (see [BP12]) and that M is an R%valued homogeneous Lévy basis on R¥. Then
by using Theorem we obtain the result. O
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3.3 Weak mixing and ergodicity

In this section we will first show how to modify our results to obtain weak mixing version of the
results presented before and then prove that for stationary ID random fields ergodicity and weak
mixing are equivalent. We start with a definition of a density one set and of weak mixing for

stationary random fields.

Definition 3.3.1. A set E C R! is said to have density zero in R! with respect to the Lebesque
measure \ if
1
lim —— 1 Aldx) = 0.
T1—I>réo (QT)Z /(—T,T]l E(:L') ( J;)
A set D C R! is said to have density one in R! if R'\ D has density zero in RL.

The class of all sequences on D that converge to infinity will be denoted by
To = {(ta)nen CRIOD: lim [talloo = 00 }
n—o0

Definition 3.3.2. Consider the random field X;(w) = Xo o 04(w), t € R, where {0 }ept is a
measure preserving Rl-action. Let ox be the o-algebra generated by the field (Xt)iert- We say

that (Xi)iept is weakly mizing if there ezists a density one set D such that

lim P(A N6, (B)) = P(A)P(B),

n—0o0

for all A, B € ox and all (t,)nen € Tp.
We are now ready to state the weak mixing version of Theorem

Theorem 3.3.3. Let (Xi);cpi, with | € N, be an Re-valued strictly stationary infinite divisible
random field such that Qo, the Lévy measure of L(Xo), satisfies Qo({x = (x1,...,2q) € R?: 3Jj €
{1,....d},xz; € 27Z}) = 0. Then (Xy),cpe is weakly mizing if and only if there exists a density
one set D C R! such that

iy ] <] ]

n—o0
for any j,k =1,..,d and for any sequence (t,)nen € Tp.

Proof. 1t is possible to see that the argument used in the first part of the proof of Theorem
applies and holds also for the case (t,)nen € Tp. Moreover, using Theorem the proof is
complete. O

Theorem 3.3.4. Let (X;),cp be an Ri-valued strictly stationary infinite divisible random field.
Then (X¢)ere s weakly mizing if and only if there exists a density one set D C R such that

(MM1) the covariance malriz function X(t,) of the Gaussian part of (Xy,);, crt tends to 0,

as n — oo,

(MM2) nILIEoQOt"(MH Nyl > 9) = 0 for any & > 0, where Qot, is the Lévy measure of
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L(Xo, Xy,) on (RY, B(RY)),

where (tn)nen 18 any sequence in Tp.

Proof. 1t is possible to see that the arguments used in the proof of Theorem go through for
the case (tp)nen € Tp- O

Remark 3.3.5. It is possible to obtain weak mixing version also for the following results previ-

ously stated: Corollary Corollary [3.1.7], Corollary [3.1.8 Corollary Theorem (3.1.11],
Corollary [3.1.12] and Proposition [3.1.13] The proofs of these results are omitted because they

follow exactly the same arguments used in the proofs of their respective results. The only differ-
ence is that we have (t,)neny € Tp and not (¢,)nen € T but this does not trigger any change in

the arguments used in the proofs of these results.

Among these results, we have the following corollary, which is the weak mixing version of
Corollary and it will be useful for our next result: the equivalence between weak mixing

and ergodicity for stationary ID random fields.

Corollary 3.3.6. Let (Xt),c be an R¥-valued strictly stationary ID random field. Then with
the previous notation, (Xi)cpt s weakly mizing if and only if there exists a density one set
D c R such that

Jmn (U=l + [ min(L el 151w, (do,dy)} =0

for any (tn)nen € Tp.

Proof. See discussion in Remark [3.3.5] O

In order to prove the equivalence between ergodicity and weak mixing for ID stationary
random fields we will need various preliminary results, some of which have already been proven

in the literature. We start with two known results.

Lemma 3.3.7. [Lemma 4.3 of the ArXiv last version (i.e. v3) of [WRS13]]. Let f : R! — R be

nonnegative and bounded. A necessary and sufficient condition for

Tlggo W /(—T,T]l f(t)dt - O

is that there exists a subset D of density one in R! such that
lim f(t,) =0, for any (tn)nen € Tp.

n—oo

Lemma 3.3.8. [Theorem 2.3.2 of [Cu75|]. Let u be a finite measure on R'. Then

R S
%&@wﬂ;mw@ﬁ—wmﬂ

where i denotes the Fourier transform of .
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The following lemma is an adaptation to our framework of Lemma 3 of [RZ97].

Lemma 3.3.9. Let (Xt)ep: be an Ri-valued stationary ID random field and le; be the Lévy
measure of ,C(X(()]),Xt(k)), Then for every § > 0 and j,k = 1,...,d, the family of finite measures

of (Q%I:|K§)teRl is weakly relatively compact and

lim sup/ \xy]Qéf(dx, dy) =0, (3.10)
620 4erl J K

where K5 = {(z,y) : 2% +y? < §2}.

Proof. This result comes directly from the proof of Lemma 3 of [RZ97]. O

Now we will investigate the auto-codifference matrix of the R%valued stationary ID random

field (X¢);ert, which was already introduced in Section 2.1. Consider
rta) = (FP ()
with

(k) (tn) =T (X(gk)th(i)> - logE[ei(X(gk)_Xé’{L))} — logE[eiX(()k)} — logE[e_inijq (3.11)

—alt+ [ (== Q, Ay,

(

where Fgf is the covariance function of the Gaussian part of (Xok), Xt(i )) and it is given by

Jjk jk

ij _ JO Utn
tn = | gk _jk |-

O, 90

Proposition 3.3.10. Let (X¢),cpe be an R%-valued ID random field (not necessarily stationary).
Then for any j,k = 1,....d the function

Rl x R' 5 (s,t) —» 700X xPy e C
is mon-negative definite.

Proof. We argue as in Proposition 2 of [RZ97]. Without loss of generality let ¢ > s with ¢, s € R

As seen above, we have
r(x®,x) = otk + / (™ — 1)(eW — 1)QF (da, dy). (3.12)
R2

Since (s,t) — agf < 1s nonnegative definite because it is a covariance function, it just remains to
show that the second element on the RHS of (3.12)) is non-negative definite. However, this is a

consequence of Lemma 4 in [RZ97]. O

We can now state and later prove (see Appendix 3) the second main theorem of this section,

which states the equivalence between ergodicity and weak mixing for ID stationary random fields.
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Theorem 3.3.11. Let [,d € N. Let (X;);cpt be an R¥-valued stationary ID random field. Then

(Xt)iere is ergodic if and only if it is weakly mizing.

3.4 Conclusion

In this chapter, we have focused on stationary ID random fields and their long time behaviour.
First, we have shown that under certain conditions, which constitute an extension of the cele-
brated Maruyama’s conditions, these random fields are mixing. Then, by a simple modification
of the arguments, we have extended these results to the weak mixing case. Further, we have
demonstrated that for these random fields weak mixing and ergodicity are equivalent. These
results both unify and generalise the results of the existing literature. As a prime example of the
relevance of the theoretical results presented, we have shown that mixed moving averages (MMA)
are mixing. For the definition of the MMA we used the concept of ID random measures, which
have been extensively investigated in Chapter [2l The connections between the present chapter
and the previous one are so relevant that one might wonder whether the results presented in this
chapter hold also for QID random measures and processes. We do not provide an answer to this
question and leave this question open for future investigations. After all, the QID world has only

marginally been explored and several questions remain unanswered.

3.5 Appendices

Appendix A: Proofs of Section |3.1

Proof of Theorem [3.1.3

This proof is an extension to the random field case of the proof of Theorem 2.1 of [FS13].
“=": Assume (X;),cpt to be mixing. This implies

lim E [exp (i(61, Xo) + (02, Xy,,))] = E [exp (i(01, Xo))] E [exp (i(02, X0))] ,

n—oo
for any ;1,02 € RY. Now, setting (61, 02) = (—ex, e;), j,k = 1,...,d with e; the unit j-th vector

in R, equation (3.4) is satisfied.
“=": Assume that equation (3.4) holds for every j, k = 1,..,d, then we have

lim E [ei@?”sm)} —E [eiXéj )} E [eixék)} , (3.13)
n—oo

for every j,k = 1,..,d. This is true because of the following reasoning. In particular, we extend
the proof of Rosinski and Zak [RZ96], Theorem 1, to the multivariate random field case. Assume
that equation holds. We will initially prove the following. For every Y € L2?(Q,F,P)
(complex valued)

lim B [0 7] = E [ B [¥], (3.14)

n—0o0

for j = 1,..,d. It is possible to see that equation 1} holds for Y € Hy := lin{l,eiXt(j),t €
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RY :={Z € L*(Q,F,P): Z=aol +> 1, aieixéij),ti € R, n € N}. Consider now the L2-closure
of Hyp and call it H. Then, by standard density argument equation is true for any Y € H.

Now, consider any Y € L?(Q2, F,P) (complex valued). We can write Y = Yj + Ya, where
Yy € H and Yo € H .= {W € L*(Q,F,P) : E[ZW] = 0 VZ € H}, where E[- 7] denotes the
inner product (usually written as < -,- >) from L?(Q, F,P) x L?(Q2, F,P) to R. Notice that we
are using the conjugate (i.e. in symbol “ ~ ") because this is how the inner product space over
a complex space is defined. Further, notice that we can write Y = Y; 4+ Y5 since the L%-space

endowed with that inner product is a Hilbert space.

Since E[e*XtnY3] = 0 for every t,, € R and E[Y5] = 0 by definition of H*, we get that

lim E [e"*Y] = lim E [¢¥"Y;] =E [¢“°]E [Y1] =E [¢"]E [Y].

n—oo n—oo
. . iy (B) L .
Hence we have equation (3.14)). Putting now ¥ = e~*0  in lb for k =1,..,d, we obtain

lim E [e“Xfi)*XSk’)] _E [eiXéj)} E [eixékﬂ : (3.15)

n—oo

which is eq. (3.13]).
We now prove that equations (3.4) and (3.13]) imply the multidimensional Maruyama condi-

tions:

(MMT1) the covariance matrix function X(t,) of the Gaussian part of (X;,); cpi tends to 0,

as n — oo, where (t,)nen is any sequence in 7.

(MM?2) nh_{gOQOtnwa |yl > 6) = 0 and nli)r&f0<||$\\2+llyll2§1 Izl - lyllQot, (dz,dy) = 0 for
any 6 > 0, where Qq, is the Lévy measure of £(Xo, X;,) on (R, B(R?)).

Actually, we will not prove (M M2) but we will prove instead the following condition:

(MM2) li_>m Qot, (|z]| - |lyll > 0) = 0 for any § > 0, where Qo, is the Lévy measure of
£(X0, X,) on (RY, BRY)).

This is because in Lemma we will prove that (M M2') implies (M M?2).
Regarding (M M1), we have the following. Since (Xg, X;, ) has a 2d-dimensional ID distribu-

tion, its characteristic function can be written, using the Lévy-Khintchine formulation for every
0 = (61,60:)" € R x R?, as (see Theorem 8.1 of [Sa99] and the proof of Theorem 2.1 of [FS13])

E |:ei(91,X0>+i<92,th>} = exp {z < (g;), <Z;>> - % <<Z;> » X(tn) <Z;>>

+ /2d <6i<91,x>+i<92,y> —1—-i<b,z> 1[071](”56”) —1 <0,y > 1[071}(”1/”)) Q()tn(d:t,dy)}.
R
(3.16)
By substituting (—e, e;), (0,e;) and (—eg,0), 5,k = 1,...,d for (61,62) in (3.16) we get the

description of equation (3.4]) in terms of the covariance matrix function of the Gaussian part of
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(Xt(i),Xék)) and the Lévy measure Qq,,, namely

e - -1
lim E [e’(Xt(szXék))] (IE [eixé”] E [e—iXé’“’D

n—oo
= lim exp {O’jk(tn) +/ (62'(3/(.7)_90(10) _ eiy(a’) _ e—ix(k) n 1) QOtn(dmvdy)} =1,
n—oo RQd

for arbitrary j,k = 1,...,d, where o;i(t,) is the (K, j)-th element of ¥(¢,). By using the identity
Real(e!(=2+Y) — ¢~ _ ¢ 4 1) = (cosz — 1)(cosy — 1) + sinzsiny and taking the logarithm on
both sides, we get

lim {ajk(tn) +/ ((cos 2" —1)(cosy) — 1) 4 sin z® sin y(j)) Qot,, (d:z:,dy)} =0, (3.17)
R2d

n—o0

(5 (9) (k) (G . -1
for any j,k =1, ..,d. Applying the same argument to E [61<Xt" o )} (E [eZXt(JJ)} E [elxék)D

we obtain

n—oo

lim [— ok (tn) +/ ((cos 2™ — 1)(cosy) — 1) — sinz® siny(j)) QOtn(dx,dy)} =0, (3.18)
R2d

for any j, k = 1, ..,d. Putting together equations (3.17) and (3.18]), due to the consistency of the
Lévy measures (see Proposition 11.10 of [Sa99] and the proof of Theorem 2.1 of [FS13]),

lim (Cos 2™ — 1) (cosyV) — 1> Qot,, (dz,dy) = lim (cosz—1)(cosy—1) (()J;k)(dx, dy) =0,
n—00 Jp2d n—00 Jp2 "
(3.19)

for any j,k = 1,..,d, where Q(()th) denotes the Lévy measure of E(X(()k),Xt(i)) on (R?, B(R?)).

Now, for fixed j, k € {1, ...,d} the family of measures {E(X(()k), Xt(z))}neN is tight. To see this,
note that by letting K, = {(z,y) € R?: 22 4+ y? < r?} and using the stationarity of (X;);cp we

have
D X )Lf F:v 1 1 1
(( 05 tn) ¢ 7’) <— P(HXOH > 2 2,‘)+]I(”‘(th > 2 2T) 2P(H‘<OH >272 )7

hence lim sup P((Xo, Xt,) ¢ K,) = 0. Since {L£(Xo, Xt,) Inen is tight, then {L’(X(gk),Xt(j))}neN
r—00 tnER n
is tight. Notice that we are proving more than necessary because it is sufficient to prove the

above limit for sup. Thus, by Prokhorov’s theorem we have that the family {E(Xék), Xt(i))}neN is
neN '
sequentially compact (in the topology of weak convergence). Choose any sequence (7, )nen € T
and let Fj be a cluster (or accumulation) point of the family {E(Xék)7X§fl))}neN. Then, using
Lemma 7.8 of page 34 of Sato’s book [Sa99], we have that Fj is an ID distribution on R? with

some Lévy measure Q).

Moreover, let (t,)men be a subsequence of (7,)nen such that
&) G\
L(Xy', X)) = Fjx, as m — oo. (3.20)

Notice that (tm)men € T as well. We know that Fj;, exists by Prokhorov theorem on Euclidean
spaces. Then, for every § > 0 with Q;,(0Ks) =0,
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(jk’)’ .
Q[)tm K§ Q]k

, as m — oo. (3.21)
K§

Since (cosx — 1)(cosy — 1) > 0 and using equations (3.19) and (3.21]), we deduce that

0< / (cosz —1)(cosy — 1)Qjx(dx,dy) = lim (cosz —1)(cosy — 1) é{;];)(dx,dy)
K

c n—oo c
8 Ké

< lim (cosz — 1)(cosy — 1) (()ii)(dfﬁa dy) = 0.

n—oo R2

Every Lévy measure Q) is concentrated on the set of straight lines {(z,y) € R? : z €
277 or y € 2rwZ}. This is because only on these lines the integrand (cosx —1)(cosy — 1) is zero,
otherwise it is positive, and because § can be taken arbitrarily small.

By the stationarity of the process and , the projection of Q; onto the first and second
axis coincides with Qék) and Qéj ), respectively, on the complement of every neighbourhood of zero
(because holds on any complement of every neighbourhood of zero). Recall the assumption
on Qo, i.e. Qo({z = (21, ...,zq) € RY: 35 € {1,...,d},z; € 2rZ}) = 0. Hence, we have for every
a€Z,a#0,

Qe({2ma} x R) = QPP ({2ra}) = Qo(R x ... x R x {2ma} x R x ... x R)

<Qo({zxeR¥: 3N e{1,..,d},z; € 27Z}) =0,
and similarly Q;x(R x {2ma}) = 0. Therefore, Q;x, j,k = 1,...,d is concentrated on the axes of
R? and on each of them coincides with Q(()k) and Q(()j ).

It is important to stress the main ideas of the above argument. First, we showed that Q;x
is concentrated only on {(x,y) : x € 2nZ or y € 2rZ} and then using the assumption of our
theorem we showed that only when 2 = 0 or y = 0 the measure ()j; is non-zero. Further, the
stationarity of the process allows the fact that when we project @;; on the axes the projections

coincide with Qék) and Qéj ), avoiding the case of having Q((]k) on one axis and an) on the other.

Now observe that, for every t € R!, using the consistency of the Lévy measure

[ 1evlQi andy) < 5 [ (a® 42108 o, dy)
Ks Ks

1 - 1 -
<3 / 22QUP (dx, dy) + 5 / QM (dx, dy)
|z <68 lyl<o

_1 20k) 1 2. (j)
N /|m|§5x Qo (de) + 2/ y'Qp (dy) <e, (3.22)

2 ly|<d

for any positive € and any j,k = 1,...,d, if only ¢ is small enough. This implies that, by (3.22))
for every j,k =1,...,d we have for all m € N

[ 1sinasinglQf o, dy) < [ JeylQfl(dn.dy) < e
Ks Ks

for sufficiently small 6 > 0. Since Qji is concentrated on the axes of R? then we have that
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o B . . (k) B
fl;g sinzsinyQjr(dz,dy) = 0 and using (3.21) we get Tr}gnoo ng sinz sinyQg,, (dr,dy) = 0.
Thus,

lim sin x sin yQ(()ilfn) (dz,dy) =0, (3.23)

m—oQ R2
for every j,k =1, ...,d. Combining equations (3.17)), (3.19) and (3.23)) we obtain that o (t,,) — 0
as m — oo for all j,k =1,...,d. Since (t;,)men is a subsequence of an arbitrary sequence 7,, € T,
it follows that ojx(t,) — 0 as n — oo and thus ¥(t,) — 0 as n — oo, for any (t,)nen € 7. This
is because we have used the fact that if a sequence has the property that any subsequence has a

further subsequence that converges to the same limit, then the sequence converges to that limit.
Hence, condition (M M1) follows.

To prove (M M?2'), observe that, for any m € N,

d

Qo (1P Il > ) = Qui, | D (+999)" > 02 ) < Z@ﬂ’”(] ® m\fl).

In view of (3.21)) we also get

il (F0] 2 £) < (H0] 2 £) -0

for any 0 > 0 and j,k = 1,...,d. Hence, lim Qo (||z] - ||y| > ) = 0 for any 6 > 0 and together
with the fact that (¢g)ren is a Subsequeglc_e)ogf an arbitrary sequence 7, € T we obtain condition
(MM?2").

Now, by Theorem the proof is complete.

Proof of Theorem [3.1.4

This proof is an extension to the random field case of the proof of Theorem 2.3 of [FS13].
“=": We have shown in the proof of Theorem that mixing implies conditions (M M1)
and (MM?2'). In particular, mixing implies formula (3.4)), which implies (M M1) and (M M?2').
“<": For the other direction we have the following. Assume that (M M1) and (M M2') hold.
Then by Lemma condition (M M2) holds. We need to prove that the process is mixing,
i.e. for all m € NyX = (81,00 8m) st = (P1, -, D)’ € R™ and 61,0 € R™?
lim E [exp ({81, Xa) + i{62, X5,))] = E [exp (10, XD Eexp (i(6, X)), (3.24)

n—o0

where X := (X[ ,.., X[ ) € R™ and fi, = (p14tn, oo Pm+tn), where (£,)nen is any sequence
inT.

The family of R?™?valued distributions of the ID random fields (Xy,Xj,), denoted by
{L(Xx, Xji,) nen is tight. Indeed, let K be the 2md-dimensional ball around the origin with
radius of length v/2ma, then by stationarity of the process (X;),cg: We have

m

m m
P((Xx, Xi,) ¢ K) Z (1Xs, 1l = @) + > P Xp e, | > @) = 2m ) _B(|[ Xo]| > a),



96 Chapter 3. Limit Theorems: Mixing properties of ID random fields

hence lim sup P((Xy, Xj,) ¢ K) = 0. Again notice that we are proving more than necessary
a—r o0 /\7M7tn

because it is sufficient to prove the above limit for sup. Let (o, $!, Q') and (a?, ¥2,Q?) be the
A
characteristic triplets of £(X)) and £(X,,) respectively.

Suppose F' with characteristic triplet (o, R,Q) is a cluster point of the distributions of
(X, Xj,)- As in the proof of the previous theorem, we have that F is the limit as r — oo
of the distributions of (Xy, Xj, ), where fi, = (p1 +tr, ..., pm +1t,)" with ¢, is a subsequence of t,.
Let (o, Xy, Q) be the characteristic triplets of (X, Xj,). By Lemma 7.8 of [Sa99] F is an ID
distribution on R?™4. We denote by ®, (61, 0s) the characteristic function of £(Xy, Xz,) at the
point (61, 60) € R™ x R™. The logarithm of ®,.(f1,6>) can be written (see proof of Theorem
and Theorem 2.3.of [ES13]) as

. (91 Oé,l‘ 1 91 91
o009 = ((3,)-(2)) -2 (0) = o
- / (eHOra i 1 — oy, @)1y (e ]) = (02, 9) Lo () ) Qe (da,dy)
{lle]|<d,llyll <o}

+/ <€i<91’x>+i<92’y> —1 =01, 2)1p 1 ([|2]]) — i(62, y>1[o,1](HyH)) Qr(dz, dy)
{llzl|>6 or |lyl[|>&}
=L+ I+ I3+ 1.

We need to prove that log ®,(61,02) — log ®1(01) + log 2(62) as r — oo for all b, 0, € R™?
where ®1 and ®5 are the characteristic functions of X, and X,,, respectively.

It is possible to see immediately that I; = i{at, 61)+i(a?, 63), just by setting a,. = (o}, a2)" =

(at,a?). Further, by condition (MM1) I, converges to —3(5161,601) — 1(3262,62) as r — o0,

where X! and ¥? are the md-dimensional covariance matrix of (X)) and (X,) respectively.

For 14, we have

T—00

lim Iy = / (6“01’@“@2’” =1 =01, 2) 1y ([lz]) — i<92»y>1[0,1}(||yH)> Q(dz, dy)
{ll=l>6 or |lyll=s}

— / (ei<91,x> —1 - Z<017x>1[071](HxH>) Ql(dx)
{llzl =6}

(e i< Oy > 1 (lo])) @)
{llyll=¢}

This is because of the identity

exp (iai +§:bi> —1=-exp (im) —1+exp (ibl) —1,
i=1 i=1

=1 i=1

which is valid when a;b; = 0 for any 1 < 4,5 < m, and because, letting x = (x(l)/7 ...7:1:(7”)/) €

(RH™ and y = (y(l)/, ...,y(m),> € (RH)™, we have

Q] - llyll > 6) < liminf Q. ([l - [yl > 9)



3.5. Appendices 97

(5> (MM2') 0

<t 3 Qoo s, (11201 1901 > 2

r—00
7,4=1

for any 6 > 0, which shows in particular that Q(||z|| - ||y|| > 0) = 0.
Analogously to x and y we denote by 9?) and ng) the j-th R%component of 6; and 6o,

respectively. Concerning I3, consider the multivariate Taylor expansion of

HOrxt02) —1 — 0y, @)1y ([l2[l) — i(02,9) Lo (lyl) =: 9, 9)

with respect to the variable (z,y)" at the point (x,40) = 0. For any J > 0 small enough, we

obtain
2
1 m . ) m . .
I3 = _5 [/ <0§J)7w0)> + <0§])7 y(])> QT(dx7 dy)
tllzl[<d.llyl<d} \ 5= j=1
o (09,29 (69,40 | Q)| + &,
tzll<éllyll<a} \ j x=1

where R is the reminder and in the integral form it is given by

1
R= 1—1)°D3 (g(te, ty))dtQy(duw),
/{m||<6 lyll<6} 6/ (1=1)"Dy (9(t, ty))dtQy(du)

and so

1
6lF| < | [ 161, ta) + (oo, ) P00 4, (i, )
{llzll<,[[yll<d} JO

1 1
-/ (61,2) (02 Q (o) [ et = {01 2) +(02, )@, . )
(<8, lyl<6} 0 {ll2ll<8,llyll<6}
<3Gl / Wl
4 {llzll<s, |yl <}

1 91> ’ - -
< — K} d J
- 4H<02 </{0<Ill<5} =" w)+/{0<y|<5} et $)>

and thus 6|R| < e for any positive e if only § is sufficiently small. Notice that our estimates are

Qr(dz,dy)

sharper than the ones of [F'S13] because we work with the explicit integral form of the remainder.

Moreover, we obtain for every j,k = 1,...,m and any § small enough that

/{a:||<6,y||<6})<0§j)’m(j)><9é v >’Q b dy)
P,y B0
(o)<, llyll<5}
< HH@H _ HegmH /{ o ‘QE(J')H . ‘ y(’“)HQo,tT iy (deD),ay®)

< [le] - /{ e [« - 5  Qot-m—s; (4, ) 7250,
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by using condition (M M?2). Finally, we have

1 ; .
5 | 1,27 Quldody)+ [ 01 il a1 ()@ (da)
{llzll<d,llyll <o} {o<|l=||<d}

For J;, we have

< Ji+Jo.

1

2 /{o<||x||<5,y||<6}

< / (01,2)°Q, (de, dy) < |01 / 12]2Q  (dx).
{0<]|z|| <4} {0<||z||<6}

For Js, we have

Ji =

01,27 Quldody) =5 [ (01,0)°Q, (da.dy)
{0<]al|<d}

Jo = ‘/ 5 91, ) -(91,x> -1 _i<91,$>1[0,1](H$H)Ql(dl’) 7
{0<]|z[|<3}

and, by using the multivariate Taylor expansion and noticing that in this case the expansion is

only for the variable x, we obtain

Ty < 105 / 2]2Q (da).
{0<|z||<d}

Similar arguments apply to the second addend of the first term of Is.

Combining all the different results, we get
lim log ®,(61,0) = log ®1(61) +log (), ¥01,02 € R™,
T—00

and consequently we obtain the desired result in (3.24]), which concludes the proof.

Proof of Lemma|3.1.5

llz||? + lyl|? < 1}. Then, we get

/ 2l - 1l Qos, (de, dy)
{0<lz]]2+|ly]|2<1}

= /B ]| - [yl Qot,, (dz, dy) +/R ]| - [[yl| Qot, (d, dy) := P1 + Pa.
6 9

We will estimate the terms P, and P, separately. Using the stationarity of Qo,, (due to the

stationarity of (Xi,); cgi) and the consistency of the Lévy measure, we get

1 1
Pl<t / 22 Qo (A, dy) + / 1912 Qor,, (e, dy)
2 Bs 2 Bs

1 1
<1 / 22 Qor, (day dy) + / 1912 Qor, (de, dy) = / l2]2Qo(da).
2 J{z|2<62,yera} 2 J{|ly|2<62,vera} 2| <5
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Here Qg is the Lévy measure of Xy. Thus, for some appropriately small §g we have

Pl = [l IyQus, (d,dy) < 5 (3.25)

0

2
For the second term, set ¢y = min {5078%} with ¢ = Qq (quz > 570) < co. Then, for C —
R, N {l[z]| - lyll > co} we obtain

1
P2 = [ el Qow, (o | el Qo () < 5Qu, () [ Qu (dndy)

Rs, Rs,\C
1
< 5Qot, ([l2]l - IIyH>Co)+ QOtn(Rao\C)
1 2 %% > %
< 5o (el - Il > ) + - Qur, (§ @) el > 2 fud @) ol > 2
1 52 1 €
< 30 (Il - Iyl > )+ £-Qon, (JlelP > %) = S, (el Lol > o) + §

For n large enough we have Qoq, (||| - [|y|| > co) < § and therefore

€

5 (3.26)

Py = /R ] - 9]l Qor, (da, dy) <
)

Finally, combining (3.25)) and (3.26)), and letting € — 0, we obtain the result of the lemma.

Proof of Proposition [3.1.13

By independence of the random fields (Y*),cgi, k = 1,...,7, we have that the Lévy-Khintchine
representation of (Xy),cp: can be written as the product of the Lévy-Khintchine representation

of the (Y/*),crt, k = 1,...,7. In other words, for any n € N and 0; € R? j =1,...,n, we have

n

exp ziﬁj,Xt =E |exp iZOJ,ZYk :ﬁE exp ZZ QJ,YtI;
7j=1 7=1 k=1 7=1

Now (Xt),cp! is stationary since for any h € R!

n n

Efexp [ i) (0;,Y5) || =E |exp | i > (6;,YF,,)
Jj=1 J=1

because (Y;¥),cp: is stationary, for any k = 1,..,7. Moreover, (X;),cg is ID since it is a sum of
independent ID random fields.

To show that (X¢),cp: is mixing we proceed as follows. Consider any sequence (t,)nen € T
and consider the joint random field (Xg, Xy, ). First, notice that the covariance function of the
Gaussian part of (Xt,); cgi, call it ¥x(t,), is given by the sum of the covariance functions of
the (Y}F),cpi, call them Sy« (t,), k = 1,...,r. Moreover, notice also that the Lévy measure of the
Lévy-Khintchine formula of the law £(Xy,, Xo), call it Qx oz, is given by the sum of the Lévy
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measures of the Lévy-Khintchine formula of the laws E(Y;’Z, YF), call them Qyrot,, k=1,...,r

It is possible to see this in formulae.

E [exp (i(01, X3,,) + (02, Xo))] =

exp( Ql,ZY + 92,2)/0 )

! Oék 1 91 91
T e 10,2+ 0239)] - 1T ) () e G
_|_/RM (6i<01,x>+i<92,y> —1—-i<b,xz> 1[0’1}(”.13”) — i< g,y > 1[0,1](Hy||)> QY"’,Otn (dz,dy)}
= | r*(t,
exp { < (92 T ) ; (t) .
+/ (ei<el,z>+z-<92,y> —1—i< 2> 1 y(z]) —i <y > 1[071](||y||)) ZQymtn(d:ﬂ,dy)}
R2d

QD) HO )

+/RM (ei<91,x>+i<02,y> —1-1< 91,3? > 1[071}(H1‘H) —1 < 92,y > 1[0,1](HyH)) Q)(,()tn(dx, dy)}

Fk(tn):< £(0) zmtn))
Zyilta) - 2(0)

where

In order to prove that (X;),cp: is mixing we need to show that conditions (MM1) and
(M M?2') hold. However, these conditions hold for each Xy« (t,) and Qy« o, , where k =1, ...,7
Moreover, since both the covariance matrix function Xx(¢5) of the Gaussian part of (X;),cp
and its Lévy measure Qx or, are sums of ¥y« (t,) and Qyr ¢ respectively, for k = 1,...,r, then

we have that these conditions hold also for them. Hence, (X¢),cp: is mixing.

Appendix B: Proofs of Section |3.2

Proof of Lemma|3.2.5

The argument of the proof of Lemma 3.4 of [F'S13| can be extended to our setting. To this end,

notice that we can write

(th> //Rl < A, tn _ )) A(dA,ds),  t, eR.

From this and from Theorem it is possible to compute the covariance matrix function of
the Gaussian part of (X¢),cpt by
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Fey - (O S
Y \B) 0))

where

= / f(A, —s)Xf(A, t, — s) dsm(dA), t, € RL
S JR!

The Lévy measure Qo of £(Xo, Xy, ) is given by

Qu(B) = [ [ [ 1604 =5}z, f(A.t, — 90)Qd)dse(dA),

for all Borel sets B C R\ {0}, using again Theorem Therefore, given this explicit

representation of Qo we have that

/ min(L, ||z 1y1)) Qo (de, dy) = / / min(L, |7 (A, —s)a|I1f (A, ta—s)z])Q(dz)dsm(dA).
R2q S JR! JRA

Now, by using Corollary [3.1.7] we complete the proof.

Proof of Theorem [3.2.6

We generalise the arguments given in the proof of Theorem 3.5 of |[FS13|. Following Lemma
in order to prove this theorem it is sufficient to show that

n—oo
=

)l = | [ [ fa -8 a0, - s aselaa)

and

/ min(L, ||z - 1) Qor, (dz, dy)

/ / min(L, | F(A, —8)z] - [ (A, tn — 8)2])Q(de)dsm(dA) "5 0,
Rl Rd

for any (t,)nen € T.
First, we concentrate on proving that || X(¢,)
MMA field we have (see Theorem [3.2.3)

o Jo

for any t € R!, where Y2 denotes the unique square root of . Therefore for any t € R, the
function g; : SxR! — R, (A, 5) = Hf(A,t—s)E% | is an element of L2(S xR!, B(S xRY), 7@\, R).

The fact that the measure 7 ® A is o-finite implies that every L?-function can be approximated

0. Consider that by the existence of the

H TL‘)OO

2
flAt— S)Z% dsm(dA) < oo,

(in the L?-norm) by an elementary function in
k

= {f e LS xRLB(S xRY, @ A5R) : f = ZcilpixRi,k eN,
i=1

c €ER,D; € B(S),R, S B(Rl),i =1, ,k}
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Let us now fix an arbitrary ¢ > 0 and choose an elementary function g € £ such that

1
2
oo = lie = ([ [ ln(a.0) a4 9)Pasn(an)) < e
We have that for any t,, € R!

el = | [ [ =55 (a0, - 52) dsm(an) |

< [ [ o0(ds)- a4, )dsw(aa)

= [ (0005 =304 )14, 8) - 5A. )0 A, 9) = (A, 5=10)) +5(A, )i (A, 5= )ds(d4).
By the Cauchy-Schwarz inequality we obtain

Il < Bz + e ([ [ 1o (4,9 =045 - ) Pasman))
+ [ [ 15 )34, — ) Pdsm(aa).
S JR!

(/s /Rl |91, (A, 8) — G(A, s — tn)!stw(dA)) !

2

_ (/S [ lao(a,s =) g(A,stn)|2ds7r(dA)> <e

Now notice that

=

and that ||g¢, |72 = |lgol|z2, by a simple change of variables. In addition, ||g||z2 < |lgollz2 + ||g —
gollrz < llgollr2 + €.

Finally, it is possible to see that
[ [ 1490545 — 1) Paswaa) = o
S JR!

for sufficiently large t,, (or equivalently for sufficiently large n, where ¢, is an element of (¢,,)nen €
7). This is because g € €. In particular, given g € € then g(A,s) = Zle ¢ilp,xr,(A,s), k€N,
hence g(A, s — t,) = 0 for t,, sufficiently large using the fact that the rectangles R; cannot cover
the whole R since [g [p: [|§]|?dsm(dA) < oo, for any i =1, ..., k. Therefore, we have

IEE) <€ llgollzz + (e + llgoll ) - €,

for sufficiently large n. This yields ||X(t,)]| — 0 as n — oo, for any (¢, )nen € T

We now move to the second objective of the proof. Indeed, we now prove that

L, min el - ) Qur, (d ) "5 0,

for any (tn)nen € T.
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Consider an arbitrary € > 0 and set B, := {(z,y) € RI x R? : ||z||?> + ||ly||* < r?}. Recall now
the argument used to prove . In that argument we did not assume that the random field
was mixing, but only that was stationary and ID. Thus, we have that for any (¢,)neny € T the
following holds

sup Qor, (R* \ Br) < ¢,

nz=ng

for some R > 1 and some ng > 0. Therefore, for all n > ng, we obtain that
[, min(L Ll o) Qur, (A, dy) < [ sain(L, o] ) Qur, (d, ) +
R2q Br
Now notice that when max{||u, |[|v||} < R we have
min{[|ul - [[v]|, 1} < R - min{[jul/,1} - min{]|v[|, 1}.

Hence, we have

/ min(1, ||z - ly[])Qot, (dz, dy) < R-/ min(1, [|z|]) - min(1, [[y[|) Qot,, (dz, dy)
Bpgr Br

SR-/S/RZ Rdmin(LHf(A,—s)xH)-min(l,||f(A,tn—s)x\l)@(dx)dsw(dA)-

By the existence of the MMA random field, we have that for any ¢, € R! the function
hy, : S x REx RT = R, hy (A, s,2) := min(1, || f(A,t, — s)z||) is an element of L?(S x R! x
R B(S xR xRY), n@ X' @ Q; R). Also, the fact that every Lévy measure is o-finite implies that
the product measure 7 ® X @ Q is o-finite as well and therefore it is possible to use the same

approximation argument used above in the first part of this proof to show that
/ / min(1, || f(A, —s)z||) - min(1, | f(A, t, — s)z|)Q(dx)dsm(dA) 2900,
S JR JRE

for any (ty)nen € T, which completes the proof.

Appendix C: Proofs of Section (3.3

Proof of Theorem [3.3.11

This proof is a multivariate and a random field extension of the proof of Theorem 1 of [RZ97].
“=": It is well known that any weakly mixing random field is ergodic.
“<": For the other direction we argue as follows. Let (X;),cp be an ergodic Re-valued
stationary ID random field. In this proof we will work with j, &k = 1,...,d and we will not repeat
it every time. We showed before that

(1) = (F )

j7k:17"'7d

with
090) = 7 (340, 5) = o+ [ (e~ T4 ) (3.27)
R2
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is the autocodifference field of (X;),cpi- Since (X;);ep: is an R%-valued ID and stationary random
field, we have that
(x®,x7) =7 (x, x2),) .

Hence, as shown before in Proposition [3.3.10] the function

PR @) = (x§7, x7)

. . . : -y () -y (k) . .

is nonnegative definite and 70%)(0) = — log (E[e"XOJ ] - E[e*¥o ]) which is a constant. Hence, we
can use Bochner’s theorem, which implies that there exists a finite Borel measure v on R such
that

8 () = / N (dN).
R!

Thus,
E[e/Xs X)) (E[eiXé”] .E[eiXé“])’l _ V0 Z 20 — gp(0)(1),
where exp(v) = >°°° (v*"/nl),v*Y = § and the symbol “ 7 denotes the Fourier transform.

Notice that the last equality comes from the convolution theorem. Hence, 7U%) = 4. Moreover,
since both terms on the RHS of (3.27) are non-negative definite thanks to Proposition [3.3.10

again by Bochner’s theorem there exists finite Borel measures vg and vp on R! such that
TR (1) = b (t) + op(t). (3.28)
Thus v = vg + vp. The ergodicity of the process implies that

(;T)l /( E [ei(Xéj) *Xt““ﬂ it T F [eixéj)} E [e*ixék’]
_ray

Hence, combining this result with Lemma [3.3.8] we obtain

— T—00

1
@2r)! /( 1] exp(v)(t)dt — exp(vg +vp)({0}) = 1,
which implies that

va({0}) +vp({0}) =0 and (vg+vp)x*(vg+vp)({0}) =0, (3.29)

and so vg * vg({0}) = 0. Therefore, we have that

L O'jk 24t = L B 2 4, T—o T _
(27)! /(—T,T]l( 7 )dt @) /(—T,T}l( a(t))?dt — vg *va({0}) = 0.

Since af ¥ is real, we deduce from Lemma m that there exists a set D of density one in R/,
such that
lim Jgf =0, for any (tn)nen € Tp- (3.30)

n—o0

Now we would like to prove a similar result for the Lévy measure of L'(Xéj ),Xt(k)), so that

n

we can then apply Corollary [3.3.6) which will give us weak mixing of our random field (X;);cpt-
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By equations (3.27), (3.28), (3.29) and Lemma we have that

4 — ; ~ T—o0 B
1)t / . /]RZ ) (e — 1)Qdy (da, dy)dt = o1 /(T,T]l op(t)dt =3 vp({0}) = 0.

When taking the real part of ﬁ f(fT,T]l Jgz (™ — 1) (e — Q¥ (dx, dy)dt we get that

T—)oo

/ / cosz — 1)(cosy — 1) + sinz sin y] Q) (da: dy)dt — 0. (3.31)

Now consider the two integrands of eq. (3.31). By stationarity and Proposition [3.3.10} the

functions

t— [ (cosxz—1)(cosy — 1)Q%’:(d:c, dy), and t— sin x sin yQé’f(dz, dy)
R2 R2
are non-negative definite. By Bochner’s theorem, this implies that there exist finite Borel mea-
sures A1 and Ay such that equation (3.31) can be written as

1 / 1 N T—o0
L St 4 —— / St T2 0,
@T)" J 1.y ! @T)" J 1.y ?

and using Lemma we obtain A1 ({0}) = A2({0}) = 0. Focusing on the first one, we conclude
that

<21T>l /<_m /R (cos — 1)(cosy — D@ (dr dy)dt =5 M ({0}) =0.  (3.32)

Define Ry (dx,dy) =

2;)1 f(*T,TV Q%lf(dx, dy)dt. Then we have

/ (cosz — 1)(cosy — 1)Rr(dz, dy) =320, (3.33)
R2

It is possible to notice that the family of finite measures (Rr|x¢)r>0 is weakly relatively
compact for every 6 > 0. This is because by Lemma (QOt |K¢)ier is weakly relatively

compact for every § > 0. The goal is now to show that
/ min(|zy|, 1) Ry (da, dy) "= 0. (3.34)
R2

So, let T,, = oo, T;, € R. Using the diagonalization procedure we can find a subsequence (7)) of
(T,,) and a measure R on R?\ {0} such that Rry|kxe = R|ke as n — oo for every § > 0. Now,
notice that (cosx — 1)(cosy — 1) > 0 and (cosz — 1)(cosy — 1) = 0 if x = 2wk or y = 27k, for
k € N. Moreover, by eq. we have that

/ (cosz — 1)(cosy — 1)R(dx, dy) =0,
for every 6 > 0. Therefore, the measure R is concentrated on the set of lines {(x,y) : = €

277 or y € 2nZ}. Since the random field is stationary, the projections of Qo (and of Q{)’;) onto
the first and second axis (excluding zero) are equal to Qo (and to Qg for the first axis and to QF
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for the second). The same holds for Ry and for R.

Suppose for now that Qo({z = (z1,...,24) € R? : 35 € {1,...,d},z; € 2rZ}) = 0, which
implies that for o € Z \ {0} we have Q%k(Qwa x R) = Q%k(R x 2ma) = 0. Then R must be
concentrated on the axes of R2. Hence, for every § > 0 such that R({(x,y) : 2% +y?> = §?}) =0

limsup [ min(|zy|,1) Ry (dz, dy)

n—oo R2

< lim sup min(|zy|, 1) Ry (dz, dy) + sup ——— / / |xy|Q (dz, dy)dt
oo Jice r>0 (2T)" J_r 1

Eq. implies that the last quantity can be made arbitrarily small. Hence, follows.
From eq. and Lemma we obtain that there exists a set D’ of density one in R such
that

lim min(|zy|, 1)@ (dz,dy) =0, for any  (tn)nen € Tpr. (3.35)

n—oo ]R

In case D of eq. and D’ of eq. are different this is not a problem because the
intersection of two (or a finite number) of density one sets is again a density one set.

Hence, following the proof of Corollary (and using its weak mixing version, namely
Corollary we obtain that (X;),cp: is weakly mixing with the additional assumption that
Qo({z = (x1,...,2zq) € R?: Jj € {1,...,d},x; € 2nZ}) = 0. However, this assumption can
be eliminated by first using the fact that if (X;),cp: is ergodic then (M,X¢),cpi is ergodic too,
and then by following the arguments of Theorem . In particular, let Q(()j ) be the one
dimensional Lévy measure on the j-th coordinate of (o, let Q; be the set of atoms of Qéj) and
let Zj ={z e R:z=2nk/y, y € Qj, ke Z}for j=1,..,d Since each Z;, j = 1,...,d, is
countable, there exists a € RY, with a; ¢ Z; U {0}. Consider the random field (M, X¢),cp: and
let Qf be the Lévy measure of M,Xy. Then Qf has no atoms in the set ({z = (x1,...,24)" €
RY : 35 € {1,...,d},x; € 2nZ}); since (M, X¢),cp is also ergodic, it is weakly mixing by the
arguments of this proof. This implies that (X;),cp: is weakly mixing as well and the proof is

complete.



Limit Theorems: The multivariate BSS

process

4.1 Notations and Preliminaries

In this section we are going to explore the setting and some of the basic mathematical tools used
throughout this chapter.

Let T > 0 denote a finite time horizon and let (2, F, (F;),P) be a filtered complete probability
space. In the following we always assume that p,n € N and that B(R) denotes the class of Borel

sets of R. We recall the definition of a Brownian measure.

Definition 4.1.1. An F;-adapted Brownian measure W : Qx B(R) — R is a Gaussian stochastic
measure such that, if A € B(R) with E[(W(A))?] < oo, then W(A) ~ N(0, Leb(A)), where Leb
is the Lebesque measure. Moreover, if A C [t,00), then W (A) is independent of F.

We will assume that (2, F, (F;),P) supports p independent F;-Brownian measures on R. Con-
sider the stochastic process {G¢}ec(o,7) defined as

GV gt —s) .. gDt —s)\ [awiV

t

)
—0o0

PVt —s) ... g®Pt—s)) \aw®

where the integral has to be considered componentwise, for 4,7 = 1,...,p, ¢/ € L?((0,))
are deterministic functions and continuous on R\ {0}, and (W) ..., W®)) are jointly Gaussian
Fi-Brownian measures on R. Thus, we have ng’) = ;’:1 ffoo g7 (t — s)dWs(j). We call the
process { G }ye(o,7) the multivariate Gaussian core, and it is possible to see that it is a stationary
Gaussian process and it has stationary increments. The Gaussian core will play a crucial role in

the limit theorems for the BSS process.

107
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Remark 4.1.2. Notice that we do not assume independence of the Brownian measures. The
only requirement is that they are jointly Gaussian so that the process {Gt}te[o,T} is Gaussian.
This level of generality is needed to prove the central limit theorem (CLT) for the BSS process.
In fact, as we will later see, proving a CLT for the Gaussian core driven by independent Brownian

measures is not sufficient for proving the CLT for the BSS process.

For j € {1,...,p} and l € {1,...,n}, let TT(Lj) be a (scaling) constant depending on G) and n
whose explicit form will be introduced later on, and let APGU) := G(lj) — G(l],)1 . Since { G }iefo,1]

n

is a Gaussian process, we can use the machinery of Malliavin calculus. In particular, let H be

the Hilbert space generated by the random variables given by:

(A?Gw

0 ) (4.1)
Tn n>1,1<I<|nt],j€{1,....p}
equipped with the scalar product (-,-)3 induced by L?(Q,F,P), i.e. for X,Y € H we have
(X,Y)y = E[XY]. Notice that H is a closed subset of L?*(Q, F,P) composed by L2-Gaussian
random variables generated by . In particular, we have an isonormal Gaussian process
because are jointly Gaussian random variables since they are (rescaled) increments of the
Gaussian process {G¢}sc(o,7- Following the setting of [NP12], we assume that F is generated by
#H. Finally, recall that any element of L?(€2, F,P) has a unique decomposition in terms of the
Wiener chaos expansion of H (see [NP12]).

Next, we present and define the multivariate BSS process. Since there are several ways to
generalise a univariate BSS process to a multivariate one, we will present two particularly relevant

multivariate extensions.

Definition 4.1.3. Consider p jointly Brownian measures W . W) Further consider p?
non-negative determanistic functions gV ..., g®P) € L2((0,00)) which are continuous on R\ {0}
and such that g% (t) = 0 for t < 0 and for i,j = 1,....p. Let cbY .. o®P) be cadlag, Fi-
adapted stochastic processes and assume for all t € [0,T] and i,j,k = 1,...,p that ffoo(g(i7j)(t —
s)agj’k))st < oo for everyt > 0. Let { Ui }iejor) = {(Ut(l), s Ut(p))}te[o,T] be a stochastic process
in the nature of a drift term. Let Yy = (Y;(l), ...7Yt(p)) be given by

. g(171) (t — 8) . g(l’p) (t — S) Ugl’l) N U£17p) dWS(l) Ut(l)
Y, = / : K : : . : : + :
> g(p71) (t — S) . g(pvp) (t — S) O-‘gp’l) . Jgp’p) dWS(p) Ut(p)
and
Xt(l) . g(l’l)(t - s)ogl’l) coo gLp) (t— s)agl’p) dWégl) Ut(l)
Xe=1 0 = / : . : A R
Xt(p) > g(p,l) (t _ S)U(gp’l) . g(p,p) (t _ S)O’énp) dWS(p) Ut(p)

Then the vector valued processes { Yy }iejo,m) and { Xy }eepo,r) are both called multivariate Brownian

semistationary processes.

Remark 4.1.4. Note that in the above definition we consider the case where the matrices are
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of dimension p x p. However, the above definition can be extended straightforwardly to include

general rectangular matrices.

Now, we will discuss properties of the tensor product in Hilbert spaces. Consider two real
Hilbert spaces H; and H2 endowed with the inner products (-,-)%, and (-, )3, respectively.
Given f,x € Hy and g,y € Ha, we denote by [f ® g](x,y) := (z, f)2, (¥, g)2, the bilinear form
f®g:Hi xHo — R. Let K be the set of all finite linear combinations of such bilinear forms,
namely K := span(f®g: f € Hi,g € Ha). We are going to present a result on the inner product

for this space.

Lemma 4.1.5. The bilinear form ((-,-)) on K defined by ({fiRg1, fo®g2)) = (f1, f2)2, (91, 92) 1
18 symmelric, well defined and positive definite, and thus defines a scalar product on K.

Proof. This is a well known result, for details see Reed and Simon’s book [RST75]. O

Observe that K endowed with ((-,-)) is not complete. In the next three definitions we introduce
the notion of a tensor product between Hilbert spaces, and the symmetrisation and contraction

of a tensor product.

Definition 4.1.6. The tensor product of the Hilbert spaces Hi and Ho is the Hilbert space
Hi ® Ha defined to be the completion of K under the scalar product ((-,-)). Further, we denote
by ’H?n the n-fold tensor product between Hy and itself.

Definition 4.1.7. If f € H®" is of the form f = h1 ® ---hy for hi,....,h, € H, then the
symmetrisation of f, denoted by f, 1s defined by f = % Yoo ho(1) @ -+ hg(n), where the sum s
taken over all permutations of {1,...,n}. The closed subspace of H®" generated by the elements
of the form f is called the n-fold symmetric tensor product of H, and is denoted by HO™.

Definition 4.1.8. Let g = 1 @ - @ g, € H" and h = h1 @ --- ® h, € HE™. For any
0 <p < nAm, we define the p-th contraction of g ® h as the following element of HE™ TP
g ®ph = (g1, h1)r - (Gp, hp)HGp+1 @ - @ gn @ hpy1 @ - - - @ hy,. Note that, even if g and h are
symmetric, their p-th contraction is not, in general, a symmetric tensor. We therefore denote by

g@ph its symmetrisation.

Let us now move to the discussion of multiple integrals in the Malliavin calculus setting (see
section 2.7 of [NP12]). We denote by I, : HP — W, the isometry from the symmetric tensor
product H®P, equipped with the norm /pl|| - [|ye», onto the p-th Wiener chaos W,. In other
words, the image of a p-th multiple integral lies in the p-th Wiener chaos. The first property

that we are going to present is the isometry property of integrals.

Proposition 4.1.9. Fiz integers 1 < q¢ < p, as well as f € HP and g € H®1. We have

! ®p, 1 = dq,
Bl () = 7O e

0, otherwise.

Proof. See Proposition 2.7.5 in [NP12]. O

Moreover, we have the following product formula for multiple integrals.
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Theorem 4.1.10. Let p,q > 1. If f € HOP and g € H®, then

B0 =3 1(7) (e atse)

r=0

Proof. See Theorem 2.7.10 in [NP12]. O

Similarly to [GR19] we apply the product formula for multiple integrals to conclude that for
1,j=1,..,p

ArGE ArGU) ArG®) ArGU) L /1\ /1 ArGH _ APGW
S A (i Bl !
OREO R WO R W) Z’”(r) <r>l“’“ ROR )

Tn Tn 7_1g r=0 ’qu
APGE _ ArGU) ArGE) AnGU)

=1 [CHGAICT ) | g |ATCTATG

(1) 7_7(1])

Tn

i) (4)

Tr,(l Tn

A;L(;(i) A?Gm
(1) ()

Tn Tn

I A;%g(iLA;lg(j) _A?(;'(i) A?Gm
B WG no) T @ o

7'7(1 Tys Tn 7'7(1

Now, we introduce the space D([0,T],R™). This space is the set of all cadlag functions
from [0,7] to R™ and it is called the Skorokhod space. The norm in this space is defined as

I fllpo,rrny = sup ||fllge where f € D([0,7],R") and || - ||g= is any norm on R™ (it is a
te[0,7]

finite dimensional vector space, thus all the norms are equivalent). This metric works fine for
C(]0,T],R™) (the space of continuous functions from [0,7] to R™), but it is stronger than the
usual Skorokhod metric J; (or M;). However, in this chapter the functions to which our random
elements (i.e. random variables and stochastic processes) convergence are continuous, and in this
case these metrics are all equivalent.

P st d
—, =, — for

Let us recall some results on stable convergence. We use the notations =
convergence uniformly on compacts in probability, convergence in probability, stable convergence,
and convergence in distribution, respectively. Recall that a sequence of stochastic processes (X,,)

converges to the limit X uniformly on compacts in probability if IP’(sup | X" — X > e) — 0 as
s<t
n — oo for each t, e > 0. In the case of the Skorokhod space with uniform metric, suppose X,,, X

are D([0, T], R%)-valued stochastic processes defined on the same filtered probability space, then
we have that X, = X if and only if X,, """ X since they are both equal to lim P( sup || X, :—
n—oo

te[0,7)
Xitlga)-

Remark 4.1.11. To make the notation less cumbersome and when it does not create confusion,

we avoid to write “as n — oo". For example, we write X, B X for X, B X as n — .

Theorem 4.1.12 (Continuous mapping theorem). Let (S, m) be a metric space and let (S, m) C
(S,m) be arbitrary subsets and gn : (Sp,m) — (E,u) be arbitrary maps (n € NU {0}) such
that, for every sequence x, € (Sp,m), if x, — x along a subsequence and x € (So,m) then
g (x) — go(x). Then, for arbitrary maps X, : O, — (Sp,m) and every random element
X with values in (So,m) such that go(X) is a random element in (E,p): if X, LN X, then
gn(Xn) LN 90(X); if X, A X, then gn(Xy) 5 90(X); and if X, “% X, then g,(X,) “5 go(X).
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Proof. See Theorem 18.11 of [Va98]. O

Notice that (S,m) might be a function space like the Skorokhod space endowed with the

uniform metric. For stable convergence we have the following theorem, see Theorem 1 in [AETS].

Theorem 4.1.13. Let X, be random elements defined on the same probability space (Q, F,P).
Suppose that X, Lt X, that o is any fized F-measurable random variable and that g(x,y) is a

continuous function of two variables. Then, g(Xy,0) it g(X,0).

Proof. 1t follows from Theorem [4.1.12| and the definition of stable convergence. O

Proposition 4.1.14. Let X,,,Y, and Y be random elements defined on the same probability
space and assume that Yy, 2y and X X Then, (Xn, Yn) il (X,Y).

Proof. See Section 2 of [Ja97]. O

We end this section with some asymptotic results. We start by reporting a simplified version
of Theorem 6.2.3 in [NP12].

Theorem 4.1.15. Let b > 2 and consider

F, = (L(fin), - L2(fon))-

Let C € MP®(R) be a symmetric, nonnegative definite matriz and let N ~ Ny (0, C). Assume
that for any r,s =1,...,b

Tim ElL(fon)Ta(frn)] = (C)sy and  o(fon) 5 N (0, (C)sye).

Then, F, % N asn — oo.

Proof. See Theorem 6.2.3 in [NP12]. O
We have the following simple corollary of Theorem 5.2.7 and Theorem 6.2.3 in [NP12].

Corollary 4.1.16. Let F,, and C as in Theorem[{.1.15 Assume that for any r,s =1,...,b

lim E[IQ(fS,n)IQ(fT,n)} = (C)S,T and nh_)nolo ||f8,n @1 fsm”H@? =0.

n—oo

Then, Fni N as n — oo.

Moreover, we report here the part of Proposition 2 in [AET8| needed in this chapter. This result
concerns mizing limits, which are defined as follows. Let Y,, be a sequence of r.v.s in (2, F,P)
converging stably to a r.v. Y. If Y can be taken to be independent of F then the limit is said
to be mixing. We denote it by Y, "My
Proposition 4.1.17. Suppose that Y, LY. Then the following are equivalent:
(i) v, "Hy

n 2
(ii) for all fired k € N and B € o(Y1,...,Y%), P(B) > 0,

lim P(Y, < z|B) = Fy(x),

n—o0
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where Fy (x) is the distribution function of Y.

Proof. See Proposition 2 in [AETS]. O

4.2 Joint CLT for multivariate Gaussian processes with stationary

increments

As mentioned in the introduction, one of the differences from previous works on limit theorems
for BSS processes is that we use a different scaling factor 7. In this section we are going to present
two cases. For the first case we use the same 7 used in the literature, while in the second we use a

new formulation. The differences between the two approaches will be pointed out subsequently.

Remark 4.2.1. Throughout this section {G¢};c(o,) is a general multivariate Gaussian process

with stationary increments. Thus, it is not necessarily the Gaussian core.

421 Casel

Fori,j =1,...,p and k € N, let us define the scaling factor by

= [E[(a160)7], (4.2)
and the multivariate process {Z{ }icjo,m) = {(Z(”Ll)’t (pp ) }eefo,r) s
[nt] j
AFG® MGO) ) ARG AT, GU)
Zga = \f Z ( &= ) ad k) =B =G

Thanks to Theorem 2.7.7 of [NP12] (reported in this work as Theorem , ZGi v

to Ws, namely the second Wiener chaos. In addition, we will consider the followmg assumption

belongs

on the correlation. It states that, uniformly in n, the squared autocorrelations (rf?(kz))Q are

summable, which means rf?(k) goes to zero sufficiently fast as k — oo.

Assumption 4.2.2. Let the limit hm TZ)(k exists for any k € N and let (£(k))ken be a

2
sequence such that, for any k,n € N, (ri )(k)> < (k) and Y 2, &(k) < oo, fori,j=1,...p

2
Remark 4.2.3. Let hrn Zk 1 ( (n)(k)) < oo, for i, =1,...,p. For z,y,z,w = 1,...,p, the
following limit holds

n 2n—1
Jm 23k (P2 oy () + 2 ) (k) )+ X noh (i) Ryl () + 2 ey (k) )
=1 :TL+1

This is because given two sequences of real numbers {ay, }ren and {by }ren then if Y 7 | (ak)z < 00

and 3°3° | (bg)? < oo then Jim s k(ax)? =0and Jim IS K (bg)? = 0 which imply that
—00 —00

llggo 1 22:1 kabr = 0 (see the use of condition (3.9) in [BCD11]).
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We now present two propositions regarding the process {Z?}te[o,T] and they will lead us to
the main theorem of this section. The first one is on the convergence of the finite dimensional

distributions, while the second one is on the tightness of the law of the process.
Proposition 4.2.4. Let d € N and let (a;,b;] be pairwise disjoint intervals in [0,T] where
l=1,..,d. Consider

Zgl B Z(rlll = (Zarl)vbl - 2871)7‘1“ Y ZZ-?L»p):bl - Zarp)val’ Z&’l)»bl - Zzlz?l)val? Y Z&vp)»bl o Z&npvp)zal).

Then, under the Assumption |4.2.2, (Zy — Zy))1<i<d KN (D% (By, — Ba,))1<i<d as n — oo, where

D e Mr*x»’ (R) and By is a p*-dimensional Brownian motion. In particular, associating for

each combination (i,7) a combination ((x,y), (z,w)), where x,y,z,w = 1, ..., p, using the formula
(i,4) & (5 + Li = plSE), (155 + 1,5 — pl5])), we have

(D)ij = (D)(zy).(zw)

n—1
1 n n n n n n n n
= = > 0= k) (P2 ) (k) + {2 (r) (k) + e ke (k) + 1) () (k)
k=1

+ (rE2(0)r 2 (0) + i (0)r 1 (0))

Proposition 4.2.5. Under the Assumption let P™ be the law of the process { Z}'},c(0,1) on
the Skorokhod space D([O,T],RPQ). Then, the sequence {P"},en is light.

Theorem 4.2.6. Let the Assumption hold. Then we have

Lntj n i n 1 n 7 n j
LZ Al G( ) Al G(J) B Al G Al G
AE\H D

ONEE)

) S{pip}
. t€[0,T
l’]zl"'wp te[()’T}

where D and By are given in Proposition , In particular, By is independent of GV, ..., GP)
and the convergence is in D([O,T],RPQ), namely the Skorokhod space equipped with the uniform

metric.

4.2.2 Casell

In this subsection we will show that the results presented in the previous section hold for different
choices of 7,, i.e. the scaling factor. In particular, the scaling factor which we will use in this

section will have an order equal to or greater than the order of the previous scaling factor as n

goes to infinity. We will denote this new scaling factor by 7’7(16 ) for j = 1,...,p and maintain

the notation of T,(lj ) for the scaling factor introduced in the previous section.

Indeed, let nsj) =0 (T,(lﬁ(j))) for j = 1,...,p (e.g. consider Tr,(lﬁ(j)) = max (T(j)> for some js
J: 7"'7p

and T,(Lﬁ(j)) = TT(Lj) for others, or see also Example 4.2.10). Let 4,5 = 1,...,p. In this section we

will work with the Hilbert space generated by the Gaussian random variables

AW“) (8),(n) ArGD At GY
: and let 77V (k) :=F | = t
ﬁ ] B 1 B
( W ) sttt et AR
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Moreover, the following assumption is the analogue of Assumption [{.2.2]

Assumption 4.2.7. Let the limit hm r(ﬁ)( )(k‘) exists for any k € N and let (£(k))ken be a

sequence such that, for any k,n € N, (Tij),(n)(k))Q < (k) and > 72 &(k) < oo, fori,j=1,..,p
We can now present and prove a modification of the main result of the previous section.

Theorem 4.2.8. Let the Assumption hold. Let o, 8 = 1,2. Then we have

1 % APGO APGY)  [ApG® ApGU) s {D@%B}
Vi« LB GG T | TG BH) - et
LI=5P ) te]0,T]

In particular, associating for each combination (i,7) a combination ((x,y), (z,w)) where x,y, z, w =
1,...,p using the formula (i,j) <> ((L%J +1,i—p|EL)), (L L 41,5 -plZ 1J ), we have

p
n—1
: 1 n n n n
(D)) = (D)) (o) = Jim — ;(n = k) (r2 0 ()£ (k) + {220 (k)20 ()

B0 (1) B () 4 (B () (B 7(n)(k)> 4 (ré’z)’(")(o)r(ﬂ (0 4 () (O)ré,w’(")(O)) '

T

Further, By is a p*-dimensional Brownian motion independent of G, ..., GP) and the conver-

gence 1s in D([O,T],RPZ), namely the Skorokhod space equipped with the uniform metric.

Proof. Tt follows from the same arguments as in the proofs of Proposition [4.2.4] Proposition
4.2.5] and Theorem [4.2.6] This is because the only difference is that now we have a greater

denominator than before (i.e. Tflﬁ(j)) > 7'7(Zj))

which changes neither the logic of the arguments
nG(k)

nor the computations. This is because in our framework we do not need that E [(%) ] =1
n

This was different for the previous literature where the equality was needed in order to use
Theorem 2.7.7 in combination with Theorem 2.7.8 of [NP12]. O

Remark 4.2.9. Notice that while the larger value of the 77(1 ) does not trigger any modification

in the proof of the results, it may reduce some of the components of D® to zero. For example if
nG() 2 e

we assume that E {(%) } < C, where C' > 0, and that hm (ﬂ( 57 = 0, for every j =1,...,p,
™

then all the components of D®) reduce to zero. This is because by stationarity

. 2 . 2 . .
APGW A7, GU) D
sE ( ) ) - ( eon ) | = e e Y

Tn Tn

APGO AT GY)
RED) )

r M (k) = E

Example 4.2.10. In this example, let {G;}ico,7] be a Gaussian core. Consider a partition of
the set {1,...,p} and call its elements I, ..., Io, for some v € N. Hence, I,, C {1,...,p} for
h=1,..,v,and I, NIy, =0 for h,l =1,...,0 with h # 1. For h =1, .., v, define

2
o= B Y ApGO | |, (4.3)

i€la,
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n ()
and consider % where (j) := ap, when j € I,,. In addition, assume that, for h =1, ..., v,
Tn

the F;-Brownian measures W) are independent for i € I, . This means that EW®OWO] =0

if 4,5 € I, for some h =1,...,v. Then Téﬁ(j)) > T,(Lj) for j = 1,..,p, where 7'7(Zj) has been defined

in (4.2) and, thus, we can apply Theorem

4.3 Joint CLT for the multivariate BSS process

In this section we will present and prove our main results consisting of the joint central limit
theorem for the two types of multivariate BSS processes. First, we will present the CLT for the
scaling factor 7 used in the literature (i.e Case I) and then the CLT for the new formulation
(i.e. Case II). For Case 11 we have two scenarios depending on which multivariate extension of the
univariate BSS process we consider (see Definition [f.1.3). In this and in the next two sections we
will use a multivariate version of the continuous mapping theorem applied to stable convergence
(for reference see [AETS|). Moreover, we will adopt the following three assumptions. These are
the analogues of Assumption (CLT) and conditions in Section 4.1 in [BCD11], and Assumptions
2.1,2.2,4.1 and 4.2 in [GR19]. The only difference is that they also focus on the convergence of
the autocorrelations (™ which for the sake of brevity and clarity of exposition we decided not

to focus on in this work. Let A, :=1/n.

Assumption 4.3.1. For k,l = 1,....p, let ¢V be differentiable on (0,00) with derivative
(g*DY € L%((e,00)) for all € > 0 and ((g*D))? be non-increasing in [b* o0) for some
bED > 0. Let o®D have oD -Hélder continuous sample paths, for a®b e (%, 1). Define

Ly (g% (s 4+ Ag) — g®D(s)) ds

= s—, where Ac B(R).
o (9005 + D) — go0(s))” ds

We impose that there exists a constant \¥Y) < —1 such that for any €, = O (n™%), k € (0,1),
we have

7D (60, 00)) = OV 01=R)y,

n

In the next sections we are going to present different cases. Each case will have particular
7, and (™ but the underlying assumptions will have the same structure. Hence, for the last
two assumptions we are going to use the variables 7, and (™, whose specific form will not be
introduced here, but instead it will be specified in the context where the assumptions are used.
In other words, we prefer to have a general form for these two assumptions (with an unspecified
T, and 7“(")) in order to avoid repeating the same assumptions with different 7,, and () for each

case.

Assumption 4.3.2. Let the limit le (") (k) exist for any k € N and let (€(k))ren be a sequence
such that, for any k,n € N, (r(”)(k))2 < (k) and Y 2, &(k) < oo.

Assumption 4.3.3. Let k,l,m =1,...,p. Let

o B (o) ] <o
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Moreover, for any t > 0 let

[ (@) (o) as < .

Let us discuss the intuition behind these assumptions. First of all Assumption is the

analogue of Assumption and Assumption of the previous section and it concerns the
summability of the autocorrelations of the Gaussian core under consideration.
Assumption regards the behaviour of the deterministic kernel g. In the first sentence
we are not imposing that (¢("") € L?((0,00)) in order to allow the theory to be applicable
also outside the semimartingale case. Moreover, the intuition behind the conditions on wgk’l)
is that without them the increments A?Y(k) might contain substantial information about the
volatility far outside of the interval [=2, L] (i.e. [(i — 1)A,,iA,]) potentially leading to different
stochastic limit. In other words, the mass of m(lk’l) is more and more concentrated toward 0 as n
increases.

Further, it is shown in Section 4.3 in [BCD11] in the univariate case that Assumptions

and are for example satisfied in two cases. These cases can be easily extended to our

multivariate framework since the Assumptions [4.3.1) and [4.3.2] apply to each gD where k and
| are fixed. The first case consist of the function g(¥)(z) = m(sl(o’l] (z), z > 0, for 6 € (—3,0).
The second one consist of the function g (z) = 2 Ly(x) with (¢*)) () = 2971 L (z), where
Ly and Ly are two continuous functions on (0, co) and slowly varying at 0, under the assumption
that g®b € L2((0,00)), (g%D) € L?((e,00)) for any € > 0, (¢¥) is non-increasing on (b, 00)
for some b > 0, and § € (—%,0).

In many situations the condition of Assumption is satisfied, for example when the

2
stochastic volatilities are second order stationary or more generally when sup E [(aél’m)) ] <
s€(—00,T]
00. Concerning the second condition, it is satisfied when we assume a fast decay to zero of the

derivative of the deterministic kernel (¢%*")'(s) when s goes to infinity.

In Section we will show that these assumptions are going to be satisfied for an important
and practical case which is found in many real world applications: the gamma kernel. Finally,
since the assumptions of this section and of [BCD11]| and [GR19| are similar, it is suggested to
see Section 4.3 of [BCD11] and Section 2.1 in [GR19| for further discussions on the assumptions.

4.3.1 Casel

We will start with some preliminaries, where we focus on the bivariate case in order to simplify
the exposition. The notations for higher dimensions are analogously the same. Consider the

stochastic process {Y4}ec(o,r) defined as

v o (YUY / gDt —s) gt - 9)) (o o\ fawV\ (U
t-— Y;(Q) - - g(2’1)(t —s) g(2’2) (t—s) 0£2’1) ag2’2) dstQ) Ut(2) )
where ¢(")(.),i,j = 1,2 are deterministic functions and W, W®) are two (possibly dependent)

Fi-adapted jointly Brownian measures on R. From a modelling point of view the dependence

of the Brownian measures is not very important since it is always possible to shift it from the
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Brownian measure to the stochastic volatilities by just rewriting the latter. We have
¢
v, _/ gD (1 — )0l 4 g1D (¢ — 5)o@D gD

—00

t
+/ g IVt = 8)olt? 4 g2 (¢ — 5)oPPaw® + U, and
t
VO = [ g0 = 90l 4 g0 5o
4
n / 92Dt — 5)olD 4 g2 (¢ — §)o@Daw® 4 u?.

—0o0

Let us define, for k,r,m = 1,2,

iAn (i—1)An
Anghrm) / gED (A, — s)oTm g im) 4 / AR g5 ()5 rm) gy (m)
( _

i—1)A, B B 0o
where we have that APgF(s) := gV (iA, —s) — g®D((i — 1)A,, — s). Then, we have
ArY®) = AnzkLL AR Z(B2D 4 ANz (k12 An7(R22) L ARET(R),

For m,r, k = 1,2, let G,ﬁ’”?m) = ffoo g (t — s)dWS(m). Hence,

(i_l)An
GBI (iA, — $)dW ™ 4 / AP g (5)d W ().

—00

iAn
ArGRrm) — /
(i—-1)An

A?G(k,r;m) A?+hG(17q;w)

TT(Lk,r) 7_T(Ll,q)

k,r,m;l,q,w

Further, let 7R = \/E [(A?G(kﬂ“;m))Q] and 7" (h) :=E

The Gaussian core {Gy}e(o,r) is here given by Gy = (Gik’r;m)) R and it is a Gaussian
m7 77.: b

process since W) and W@ are jointly Gaussian. We work with the separable Hilbert space H

AnG(k,r;m)
e . Further,

generated by the jointly Gaussian random variables ( &
T

)n>l,1<l<|_ntj,k,r,m€{1,2}
ney(krim) AT G(l,q;w)
observe that E AlG ith

for any i = 1, ..., |nt].

A?G(k‘,r;m) Aqf+h(;(l7q;w) B
7o) 7 {ba) 7o) )
Before presenting the CLT, we introduce an assumption, similar to assumption (4.10) in [BCD11],

that controls the asymptotic behaviour of the drift process. In particular, it states that the drift
process has to be sufficiently smooth so that the sum of its increments does not grow too fast as

n — oQ.

u.c.p.

nt| MA?U(Z) “P 0 and ﬁ ZZLZ;J A?U(k)A?U(l) wep-

Assumption 4.3.4. Let ﬁ ZZL:1 RO
forany k,l,r,m=1,....p.

Theorem 4.3.5. Under Assumptions|].3.1,|4.5.9 and|{.3.9 applied to TT(Ll’q), r,(:g;l,q forl,q, k,r =
1,...,p, and Assumption[{.3.4, we have the following stable convergence.

[nt)

1 - Azzz(k,r,m) n k - Azzz(l,q,w) n l

(
i=1 \rm=1 qw=1 Tn
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t
Ll {/ VSDWdBS}
0

in D([O,T],Rp2), where D and Vy are introduced in Appendiz A, and B is a p®-dimensional

p n(k,r,m) Ane(lgw t
B Z E ArGHErm) AnGaw) / o) g 0:0) 1
i TT(lkﬂ”) 7_él,q) 0

k,l:l,...,p}te[O,T] te[0,7

Brownian motion.

Remark 4.3.6. As all the other CLTs and WLLN in this section, this result is not feasible
because the scaling factor TT(Lk’T), for k,r =1, ..., p, depends on the Gaussian core Gy which is not
observable, and, so, this result cannot be computed directly from the data. Note also that in
Theorem and Corollary the increments A} Z (k:rm) appear, which are not observable

either.

It is possible to obtain a wech formulation of our results, thus reducing their dimensions

without losing any information. This is possible because of the symmetry of our object of study,
A?G(kmm) A?G(l,qﬂv) A;Lg(l,q,w) Aztg(k.,nm)

that is there is no difference between an and between
77(Lk,r) 7_7(Ll,q) Trr(Ll'q) 7_T(Lk,r)
Anz(krm) An z(1,q,w) Anz(lgw) An z(k,rm) . .
SN CED gy — and = (R Hence, we have the following formulation of our
Tn T’ Tn Tn
results.

Corollary 4.3.7. Under Assumptions|}.3. 1) [4.3.94 and|4.5.3 applied to Tél’q), r,(fng,l , forl,q, k,r =

1,...,p, and Assumption[].3.4, we have the following stable convergence.

[nt] p p
1 A;Lz(k,r,m) i A;Lz(l,q,w) -
(184 5 8 g (£ 8150 g

(
i=1 \rm=1 qw=1 Tn

nv(k,rm) An(lgw) t t
Al(fl”) Al(?l 3 ]/ ogr’m)agq’w)ds] } = {/ V;Dl/Qst}
T T’ 0 k=1,...pl<k ) t[0,T] 0

p

_ZE

r,m,q,w=1
in D([0,T],REP*TD) where D and V, are introduced in Appendiz A, and B, is a %(p + 1)-
dimensional Brownian motion.
Proof. 1t follows from the same arguments as the ones used in the proof of Theorem Indeed,
in Theorem we had k,l = 1,...,p, but now we have that k = 1,..,p and | < k. As before,
this does change the dimension of the objects considered (in particular see the matrix D and Vj
in Appendix A), but not the logic of the arguments. O

Remark 4.3.8. Notice that %(p + 1) comes from p*(p* — ?;i J) where Z?;ij indicates that
we are not considering the strictly upper (or lower) triangular elements of the p x p matrix.
Moreover, for the remaining sections and subsections we will always adopt the vech version of

our results.

4.3.2 Case ll: first scenario

Despite the process Y; being the same as in the previous section, we introduce a new formulation
for the 7. This formulation is in line with the one presented in Section Furthermore, in
this section we present and prove the results for one of the two versions of the multivariate BSS
process introduced in Definition In the next section we will do the same for the other

version.

t€[0,T]
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Consider the stochastic process {Y¢}epo, 7] = {(Y;(I), oy Y;(p))}te[oj] given by

. g(]'?l)(t — 8) e g(lvp) (t — s) O"gl’l) e O'gl’p) dWs(l) Ut(l)
Ytz/ : : L S B I Ry

> g(pvl)(t — S) o g(pvp) (t — S) ng’l) e O'gp’p) dWS(p) Ut(p)

Assume that the F;-Brownian measures are all independent of each other. The Gaussian core is

given by {Gy}iejo, 1) With

t
G, — G(k,r,m) — (/ (k,r) t—s dWs(m)>
t ( ¢ )k,r,mzl,---m 0 g™ )
(kr)

Let us define, for k = 1, ..., p, the sequence (%,(Lk))neN such that, for each n € N, max Ty =
r=1,..,p

k,rm=1,..p

2
0] (%,Sk)) For example, we may assume that %,(Lk) = \/IE [( le A?ng’r’r)> } or that TT(Lk) =

2
max E [(A?ng’r’T)) ] Notice that in the previous expressions we focused on (k,r,7)
r=1...,p

instead of (k,r,m) this is because by the independence of the Brownian measures we ob-
A?G(k,r,m) A71’b+hG(laQ7w)
ﬂ(zk) =(1)

Tn

tain that E

] = 0 whenever m # w, hence it is sufficient to de-

fine the scaling factors just in terms of (k,r,r). Moreover, let for h € N, f,gngm,lvqw(h) =
A?G(k,r,m) AﬁrhG(lquw)
=(k) 70

n

k,r;m;l,q,w

] , and observe that if m # w then . (h) =0.

. t] APy ®_y®) Ang® t] ArU® Arg®
Assumption 4.3.9. Let —= ZnJ = ) =y S0 and = ZLM 7(,6) 7(” o

forany k,1=1,....p.

Observe that the above assumption is similar to Assumption The only difference is that
now the increments of the drift are divided by the scaling factor due to the different formulation

of the theorems. Indeed, now the process Y; contains the drift Us.

Theorem 4.3.10. Under Assumptions|4.5.1,14.3.2 and|4.3.3 applied to ﬂ(Ll),F,(:T),m;l’qvm forl,q, k,r,m =

1,...,p, and Assumption[{.3.9, we have the following stable convergence.

[nt] P r
Any( )Alny(l) ArGErm) ARGLam) b ) (am
{\/ﬁ[nz(k) o 2 BT 0 /"g’ o™ ds
T T Tn 0 k=1,...pil<k ) t[0,T]

=1 n n r}m}q:l L Tn

t
il {/ wpl/Qst}
0 te[0,7

in D([0,T],R2P*D), where D and Vi are introduced in Appendiz A, and By is a %(p + 1)-

dimensional Brownian motion.

Proof. 1t follows from the same arguments as the ones used in the proof of Theorem [4.3.5] the
only difference is the use of Theorem instead of Theorem In particular, the elements
that converge to zero (which we called A4, in the proof of Theorem 4.3.5) still converge to zero
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since we are using a larger denominator. For the other elements (which we called C),) we do have
the stated convergence due to Theorem O

4.3.3 Case ll: second scenario

In this section we present and prove the results for the other version of the multivariate BSS
process introduced in Definition In addition, at the price of a simple assumption on the
stochastic volatilities os, this new form allows for a definition of 7, in terms of the BSS process
{Xi}iepo,r] (see below) and not in terms of Gaussian process { Gy }eo,77-

Consider the stochastic process {Xy}epo, 7] = {(Xt(l), oy Xt(p))}te[o,ﬂ given by

g(l,l) (t _ S)O’gl’l) . g(l,p) (t _ S)O’ng) th(l) Ut(l)

t
x.- [ z s I N e
> g(p,l) (t _ S)O'gp’l) . g(p,p) (t _ S)O‘gp’p) th(P) Ut(p)

Assume that the F;-Brownian measures are all independent of each other and of the drift process,

and that the volatilities, agk’m) for any k,m =1, ..., p, are second order stationary. Let us define,

fork=1,....p, r}ﬁ = /E [(A?X(k))ﬂ . Following Example[4.2.10} it is possible to observe that

%T(Lk) is similar to Ty(Lah) introduced in 1D (except for the drift component). The Gaussian core is
given by {Gi}iecpor) With Gy = (ng’m)>k = (fg gtk (t — s)dWS(m)> and the

partition is in the k variables, namely we split {1,...,p}? into {1} x {1,...,p}, .fﬁp?;p{l, ey D}
Notice that for each element of the partition the associated Brownian measures are independent
ApGhm Ay, G
z(k) %7(Ll)

n

of each other. Further, we define 7’( n) midw(l) =E

] ; observe that if m # w
=(n)

k,m;lw

(k,r)

then r (h) = 0 and that the rate of %,Sk) is greater than or equal to the order of 7,7/ n — oo

forany r=1,..,p

Theorem 4.3.11. Under Assumptions 4.3.1), 14.3.2 and |4.3.3) applied to Tr(Ll)’fIE:T)nlm and As-
sumption applied to X* forl k,m=1,....p, we have the following stable convergence.

t
/ agk,mwg,mmsl }
0 k=1,...pil<k J t€[0,T]

ArGEm) AnGHm)
%7(Lk) %T(Ll)

[nt] P
Anx(k) Anx(l)
{\/’7 [n 2w s 2

t
e {/ Vle/deS}
0

in D([0,T],R2PHD)  where D and Vi are introduced in Appendiz A and By is a %(p + 1)-

dimensional Brownian motion.

t€[0,T]

Proof. Tt follows from the arguments of Theorem 5] and the results of Theorem [£.2.8 In

particular, in the present case we have that the converging element is given by

Lt ny(k,m) Aney(l,m)
Al G ) ATG
(T oy oy (el

J lzelhn(])m 1 n
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APGE™ APGE N\ m) (qm)
TG-1aL%(i-1)A,, ~
k=1,...pil<k

ORI

n n

O

Remark 4.3.12. It is possible to obtain a similar result to Theorem [4.3.1T]using a formulation for
the 7s which is not written in terms of the os, (hence without the assumption of the independence
of the Brownian measures and on the expected squared value of the os required for Theorem
. This could be obtained by proceeding as we have done in the previous section (i.e. Case
I first scenario). So why did we introduce this formulation of the 7s? The reason comes from
the novel possibility, provided by the multidimensional structure of the BSS process presented
in this section (see (4.5))), to write 7 directly in terms of X. The benefit of doing this is that
if we have an estimate of E [(A?X(k))ﬂ then Theorem W.3.11| becomes a feasible central limit

theorem.

4.3.4 Weak laws of large numbers

From the central limit theorems proved in the previous sections it is possible to derive the weak
law of large numbers (WLLN). First, we present the following lemma which follows from the

definition of uniform convergence in probability.

Lemma 4.3.13. Consider p real valued stochastic processes {Ht(l)}te[oﬂ, vy {Ht(p)}t€[07T1, Fur-
ther, consider sequences of random variables {Ht(Z)m}te[O,T} such that Ht(z)’n e Ht(z), fori =
1,...,p and for any t € [0,T), then (Ht(l)’n, ...,Ht(p)’n) vep (Ht(l), ...,Ht(p)),

Proof. Consider the case p = 2, since for p > 2 the proof uses exactly the same arguments. Let

t € [0,7] and let | - | denotes the Euclidean norm, we have

P ( sup |(HS(1)’”,HS(2)’”) — (Hgl),Hg))\ > e) <P ( sup |H$(1)’” - H§1)| + |H§2)’" — H§2)| > e)
s€[0,t] s€[0,t]

<P| sup [HV" — HD| > l+p sup |[H®" — HP)| > A2 I 0, asn— oo.
s€[0,t] 2 s€[0,t] 2

O

We will derive the WLLN for the first scenario of Case II and point out that using the same
arguments it is possible to obtain similar results for all the CLTs presented in this chapter.

Let pmiqew(h) == lim 7" (h) and T myw(h) = )

= nh_)(>O O m 7 (h), for k,r,m,l,q,w =
1,...p.

li
nooo  kmilw

Theorem 4.3.14. Let the assumptions of Theorem hold. Then we have

[nt] p
1 3 Ary ®) Any () v [y t
" i=1 7_—7(lk) 7__7(10 r,m,q=1 ! 0

k=1,....p;I<k k=1,...p;I<k
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Proof. Fix I,k € {1,...,p}. From Theorem |4.3.10| we have that

WJ p
A”Y( )A”Y(l) AnG(k,r,m) A”G(l’q’m) t
\/ﬁ - I 1 1 / U§r7m)0_£q,m)d8
2w e RE T )

converges in distribution. Now, by Slutsky’s theorem we have that

AnG(k,r,m) AnG(l,q,m) t
—m / oMot ds| 50,
n Tn 0

1 Ary (®) Any () P
EZ EORESOR 2.

i=1 Tn n rm,g=1

[nt) P
ArY R Ary (O
- [nz w0 2

i=1 Tn n rm,g=1

AnG(k,r,m) AnG(l,q,m) t
L (k) ! (l) / Ugr’m)0§q7m)d8 £> 0.
Tn Tn 0

Then, by the triangular inequality it follows that

1 1t Any ) An t
Z A Y Z Tk Tm,l,qm )/ Ugr’m)dgq’m)dg_
= 0

r,m,q=1

The uniform convergence in probability comes from Remark 4.25 of [Grl7|, while the joint

uniform convergence follows from Lemma [4.3.13] O

Remark 4.3.15. Similar weak laws of large numbers corresponding to all the others central limit
theorems presented in this chapter, including the ones for the multivariate Gaussian processes

with stationary increments, can be derived using the same arguments as above.

4.4 Feasible results

In all the limit theorems presented above, we considered scaling of the increments of the corre-
sponding processes X, Y or G by 7,. However, in empirical applications 7, would not be known,
which makes the limit theorems infeasible in the sense that they are not computable from empir-
ical data. We now want to move on to derive related feasible results which can be implemented
in empirical applications. To this end we somehow need to get rid off the 7,,s. A natural way
of doing this is to consider suitable ratios of the statistics considered above so that the scaling
parameters cancel out.

In this section we will focus on two kinds of feasible results, which differ from each other for
the type of ratio considered. They are the correlation ratio and the relative covolatility. For the
latter see [BPS14]. We will show feasible results for both scenarios of Case II. Moreover, we will
present the results using the vech formulation, however similar results hold true for the general
formulation. The reason why we focus only on Case II is because for Case 1 it is not possible to
get rid off the scaling factor 7 (unless in trivial cases) and, hence, to get feasible limit theorems.

This is one of the main benefit of the introduction of Case II.

Remark 4.4.1. From the feasible results developed in this section it is possible to obtain es-
timates for the mean of our process. Thus, we have “first order” feasible results. It is an open

question whether it is possible to obtain “second order” feasible results, namely estimates for the
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asymptotic covariance. For the univariate BSS process, this question has been solved for the

power variation case in [BPS14], but it still remains open for the multipower variation case.

In this section we will make considerable use of certain random variables, which can be
considered as certain types of covariation measures, and in order to simplify the exposition we

decided to use the following formulation. For any [,k =1, ..., p, we define

(kl 2
: Z}E

r,m,q=1

(rm) g (0.m) g

S

7

AnG (k,rym) A"G( \qs m)] /t
g
0

t
Z Tk,rmsl,q,m )/ UgT’m)qu’m)dS,
AnG(k m) A?G(l’m)

B R ()

r,m,q=1
t
/g(km (Lm) g,
Tn . 0

p t
and B = 3 i (0) / o bm) gL g,
0

4.4.1 Correlation ratio

In this section, by a slight abuse of notation, we will consider %T(Lk) =4/E [(A’fY“‘“)Q] , f,(fngl.l w(h) =

A?G(k’m) 1+hG(l )
ﬁgk) 7_Y(Ll)

observe that, for k,m=1,...,p,

S E

r,g=1

E

and gm0 (h) = lim 7 (h), for k,m,l,w = 1,...,p. Moreover,

(r’m)agq’m) ds >0,

S

A?G(k:,nm) A?G(hq,m) /t
g
K 7 0

since it is a quadratic form. Therefore, for £ = 1,...,p we have that R(k k) > 0 and R( B> >0

(and = 0 only in the trivial case). The same applies to R%R) and ng k)

t,n
Before presenting the main results of this section, we introduce the following lemma, which is a
generalisation of the functional delta method, see Chapter 3.9 of [VW96], and of Proposition 2

of [PV10].

Lemma 4.4.2. Let D and E be metrizable topological vector spaces and 1, constants such that

Ty — 00, as n — 00. Let ¢ : Dy CID — E be continuous and satisfy

n(@(On + 1, hn) — B(0n)) — (0, 1), (4.6)

for all converging sequences 0, hy, with h,, — h € Dy C D, 0,, — 6 € Dy and with Op+rthy, € Dy
for all n, and some arbitrary map ¢'(6,h) from Dy x Dy to E. If Yy, Yyt Q0 — Dy are maps
with Yy, g Y and (Y, — Yn) s X, where X s separable and takes its values in Dy, then

rn (6(Yn) — 6(Vn)) 25 ¢/(Y, X),

Proof. Since /n(Y, —Yy) *£ X then 1Y, — Y, 2o and, given that Y, LA Y, applying triangular
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inequality we can deduce that Y, Zy. Hence, we have (Y,,Y,) A (Y,Y), and using the
properties of the stable convergence we have (Y, 7,(Y;, — Y3,)) A (Y, X).

Now, define for each n a map gn(0n, hn) = r0(P(O0n +7, hy) — d(0,)) on {(hn, 0n) : 0 +7thy, €
Dy }. These maps are continuous in E since ¢ is continuous and by they converge to ¢'(6, h).
Applying the continuous mapping theorem, we obtain g, (Yp, 7 (Y — Yy)) GiY ¢'(Y, X), which is

our result. O

For the next results, we will use the following lemma.

Lemma 4.4.3. Let I C R be a compact interval and consider D(I,(0,00)), namely the space of

cadlag functions from I to (0,00). Then, for any f € D(I,(0,00)) we have that %nﬁf(t) >0
€

Moreover, let f, € D(I,(0,00)), n € N, such that f, — f in D(I,(0,00)), namely sup | fn(t) —
tel

f()] =0 as n — oco. Then, 1nf%nffn()>0'
neNtel

Proof. First, recall that for a cadlag function the left limits must exist, that is for every t € I we
have that ligl f(s) exists, which means that 11%1 f(s) € (0,00). Assume that %nﬁf(t) = 0, then
s s S
there exists a sequence (t,)nen C I such that lim f(tn) = 0 and by compactness there exists
a subsequence (ty, )n,en such that t,, — ¢ € I as ng — oo and so hm f( n,) = 0. Hence,
"k
there exists either a subsequence (tn,, Jn,, en Of (tn;)n,en Which converges to the left to ¢ and so

lim f(tnkl) = 0, or a subsequence (tnkj Jng.eN Of (tn, )n,en which converges to the right to ¢ and
t"kl t ) J

S0 hni f(t ni, ) =0, or both. In all the three cases we have a contradiction. This proves the first
by, 11
statement.

Now, consider the second statement. Let %nﬁf(t) = 2¢, for some € > 0. Since f, — f in the
€
uniform metric then there exists a 7 € N s.t. Vn > 7 we have that sup|f,(t) — f(¢)| < e. This
tel
implies that, Vn > n, f,(t) > f(t) — ¢ for every t € I and so that inf fu(t) > inff(t) —€=c¢.

Furthermore, Vn < 7 we have that inﬁ fn(t) > 0 and since 7 is ﬁnlte we get that mIf\T in? fn(t) >
€ neN te

min <m1n1nf fn(t), > > 0. O

n<n tel

We can now present the main results of this section: the feasible WLLN and CLT.

Proposition 4.4.4. Let € > 0. Under the assumptions of Theorem and for any interval
[e, T,

nt n n = (k,l
s Ary () Ary () wep. RED

[nt] ( Any- (k) nt] [ An = (ko) B(LD) '
\/Zi=1 A y®) \/Z A v ) k=1,....pl<k RyRy k=1,...,p;I<k

(4.7)

Proof. Fix I,k € {1,...,p} such that | < k, we have for n > 1/e (the case n < 1/e is a trivial one

and moreover we are concerned with the behaviour as n — o0)

[t [t , Lnt) —1/2

2 RED
S ArYWArY O] (Y (A?Y(’f)> 3 (A?Y(”) S

i=1 i—1 i1 ng,k)Rgl,l)
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Lnt] | ot 2 |nt] 2
1 = APY®) Ary () _(kd ArY(R) T 1 APy ®)
I D= Ry Rk = E N = S

ni3 7_'7(Lk) 7_'r(Ll) i=1 %vsk) ni3 fr(tl)

ng,l) ( ZLntJ (A"Y k)) ZWJ (Azgl/)(l)y) —1/2

’ RO R0
t t
1 Ay 1 2 any) 2\
p(k.k) 51,0 N 7 - i u.c.p.

where for the term in the first square bracket the u.c.p. convergence to zero comes from the
fact that we have LLN results (see Theorem [1.3.14)). For the second square bracket we have
the following. First, we use the continuous mapping theorem knowing the joint convergence
in probability and using the continuous function g(z,y) = ,/Zy (notice that in our case z,y
are positive). Then, we pass from the convergence in probability to the uniform convergence
using the fact that the paths are non-decreasing in time and the paths of the limiting process
are continuous almost surely. Concerning the elements outside the square brackets, they do not
interfere with the uniform convergence since their suprema are bounded for any ¢ € [¢,T] (and
that is why we have considered e > 0).

Finally, the joint convergence follows from Lemma [4.3.13 O

Proposition 4.4.5. Under the assumptions of Theorem [4.5.10), we have for any e > 0

[nt] n [nt] n (”
Sk (arr )\/z (ary® \/Rt N P

st 1 ! 1/2 ey 1 ng’l) ! 1/2 kK
— —— / (V,D" )(k,l)ng b~ 3 SR / (VD" )(k,k)ng k)
(krk)R(lvl) 0 Rt ’ 0

Rt
pkl) et
1R
~5 A0 / (v.p" 2)(z,z>d5’§l’”>
Ry Jo

in D([e, T],R2PHD)  where (Vle/z)(kJ) indicates that we are considering only the (k,l) row

of the matrix (VSDI/Q) (see Appendiz A) and B(gk’l) are one-dimensional independent Brownian

k=1,...,p;l<k 7 t€[e,T)

motions.
Similar results can be obtained for the second scenario of Case II.

Proposition 4.4.6. Let € > 0. Under the assumptions of Theorem and for any interval
[e, T,

nt n n ~(k,l
bt An x () AR x O uep R*D

[nt] [ an [nt] [ An 5(kk) (L) '
\/Zi=1 A Xk)) \/Z (A X(Z)) k=1,...p;I<k Ry Ry k=1,....pl<k
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Proof. 1t follows from the same arguments as the ones used in the proof of Proposition O

Proposition 4.4.7. Under the assumptions of Theorem we have for any e > 0

S An x (9 An x () R%D
|nt] n [nt] n
\/Zi:l (A Xk ) \/E A X(l \/Rt Rtn =1,..,.pl<k 7 t€le,T]

st 1 ! 1/2 ey 1RV 1/2 Kk
— —— / (VaD'?) 4 d B — > =0k )/ (VaD'?) 4 jyd B
AR 0D\ Jo R

1Rt 1/2 1
Y /0 (VaD'2)d B
t

in D([e, T],RZPTD) where (VSDl/2)(k’l) indicates that we are considering only the (k,l) row
of the matriz (V,DY?) (see Appendiz A) and B*Y are one-dimensional independent Brownian

k=1,...p;l<k 7 t€[e,T)

motions.

Proof. 1t follows from the same arguments of Proposition [£.4.5] O

4.4.2 Relative covolatility

In this section we are looking at the relative volatility case (see [BPS14]). Similarly to the
previous section, we present first the results for the first scenario and then for the second one of
Case II.

Proposition 4.4.8. Assume that Vn € N,Z}Z? A?Y( )A"Y %0 a.s for k =1....p and
[ <k, then under the assumptions of Theorem we have

Z Lntj AnY AnY(l) u.c.p. Rt(k’l)
LnTJ Ary (R ATy (1) - R |
st i ki=1,...pil<k T k=Ll

Proof. Fix k,l. We have

[nt] [nT| ! RO
Z Ay (B) Any () Z APy (B) Any ()

‘ i i . i 7 R(k )
=1 =1 T

-1

(1 Earv®ay® ) (155 Ay ® apyw
nm 7Y 7Y t ne= 2B 0
Rg{ﬁl) n — 77_7(111‘) 7i7gl) T n — %T(Lk) 77_T(Ll) )

by Theorem (4.3.14] Notice that the supremum of Rﬁk’l) over t € [0, 7] is bounded since the os are

compact on bounded intervals. Finally, the joint convergence follows from Lemma [{4.3.13] Ul
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Proposition 4.4.9. Assume that Vn € N, ZLHTJ A"Y( )A"Y # 0 as. fork = 1...,p and
| <k, then under the assumptions of Theorem [{.5.10) we have

nT n n ~(k,l

)

vn

k=1,...p;l<k 7 te[0,T]

t 1 /t 1/2 (k.) RM T 1/2 (kD)
= —— [ (ViD'?)(.dB{Y — — / (VsD'?) . yd B
Rgf,n 0 (k1) (Rgf“’l))Q 0 (k1)

in D0, T),R2PTD) where (Vle/Q)(k,l) indicates that we are considering only the (k,l) row
of the matriz (V,DY?) (see Appendiz A) and B*Y are one-dimensional independent Brownian

motions.
Similar results can be obtained for the second scenario of Case II.

Proposition 4.4.10. Assume that Vn € N, ZLnT A”X( )A"X #0 a.s. forany k =1,.
and | < k, then under the assumptions of Theorem [{.3.11] we have

<ZWJ Anx MXU)) wep (Rﬁ’”’)

1 _> .
InT] An n ()
Z A X )Az X(l) k=1,...,p;I<k RT k=1,...,p;I<k

Proof. Tt follows from the same arguments as the ones used in the proof of Proposition O

Proposition 4.4.11. Assume that ¥n € N, ZZLZ:{J A?X(k)A?X(Z) # 0 a.s. fork=1...,p and
I <k, then under the assumptions of Theorem we have

kD)

vn

st anxtanx® R,
LnTJ APX®)APX (D - gD
P Tin / k=1, pia<k ) tefor)

st 1 ! 1/2 (k) R T 1/2 (k1)
- =) (VsD'/%) (gydB™ — IV (VsD/ %) (k,1ydBg"™ :
RT 0 (RT ) 0 k=1,...p;l<k te[0,T]

in D([0,T],R2PTD) where (Vle/z)(M) indicates that we are considering only the (k,l) row
of the matriz (V,DY?) (see Appendiz A) and B™ are one-dimensional independent Brownian

motions.

Proof. 1t follows from the same arguments of Proposition [£.4.9 O

Remark 4.4.12. Similar feasible results for general multivariate Gaussian processes with sta-

tionary increments can be derived by just setting all the os to be equal to 1.
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4.5 Examples

4.5.1 The diagonal case

Due to the complexity of the presentation of the results, mainly due to their generality and
their multidimensional nature, we now present a setting under which the results of this chapter
simplify considerably. Nonetheless the results of this section are already a theoretical and feasible
extension of the existing literature due to their multidimensional, joint and feasible nature (indeed
the work |[GRI19| provides neither joint nor feasible results while the work [BCD11] only covers
the one-dimensional case).

Let p € N. Consider the stochastic process {Y¢}cjo,m) = {(Yt(l)7 ...,Yt(p))}te[oﬂ given by

W — s o ... 0
g $)0s
=) aw M v

Yt:/t 0 E J S I (4.8)

—o0 : .. 0 o) dWs(p) Ut(p)
0 e 0 gt —s)od

Assume that the Fy-Brownian measures are jointly Gaussian (hence we allow for dependency).
For k =1,...,p, let ng) = fg g® (t — s)dWs(k). Further, let us define the scaling factor as in
n ArGg® A, GO

Section4.2.1] For k =1, ...,p, let 7= JE [(A?G(k’))ﬂ and r,g l)(h) =E I(C]j) HZ)
Tn Tn

It is possible to see that in this setting Case I and the first scenario of Case II coincide. More-

over, if we additionally assume that the volatilities are second order stationary with variance
normalised to 1 (i.e E {(agk))z} =1,forany k =1,...,pand s € (—o0,T]), then E [(A?G(’f))ﬂ =
E [(A?Y(k))ﬂ. Hence, by this additional assumption all the cases presented in this work coin-

cide.
Then, we have the following central limit theorem, which follows directly from Theorem [4.3.5]

Corollary 4.5.1. Under Assumptions|].3.1},(4.3.9, 14.3.8 and|4.3.9 applied to TT(LZ),T](:Z) forl k=
ArGHE) ATGWY
(k) 0]

1,...,p, we have the following stable convergence:
t
/ ng)agl)ds
Tn Tn 0 kl=1,..p

[nt]
1 APy Any®
Vol
t
ﬂplﬂ{( / agwagwdggk»w) }
0 ki=1,..pJ t€[0,T]

I
i=1 7'72)
in D([O,T],Rp2), where Bék’l), for Ik = 1,....,p, are independent one-dimensional Brownian
motions and D is a p*> x p* matriz defined in Proposition [£.2.4)

te[0,7]

Remark 4.5.2. It is possible to see that in this framework we have a clear separation between the
deterministic and the stochastic part of the limiting process. Indeed, the deterministic kernel
functions ¢, ..., g?) constitute just a matrix of constants multiplying the limiting stochastic

process.
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Let 74,(0) := lim 7",({ l) (0). The previous result leads to the following weak law of large

n—oo
numbers.

Corollary 4.5.3. Let the assumptions of Corollary[{.5.1 hold. Then we have

LmJ
Any(k) A"Y(l) W t
-y w0 - (”‘”Z(O)/ Gg%g”ds)
ne . o 0 k=1

kvl:17~"7p

ArGHR) AnGD) } f
09

Now, recall that R(k’l) =K [% 1(1) 'o{! ds and that R(k Vi=m fo ool

Further let, R (bl . — \/ R, \/ f (o st (o)2ds. Therefore, we have that
ng’l) fg agk)ag)ds
k,l ’
R:E b \/fo (ol stf( 245

We have the following feasible results on the asymptotic behaviour of the correlation ratio and
of the relative covolatility. They follow directly from the results presented in Chapter

Corollary 4.5.4. Under the assumptions of Corollary we have that for any ¢ > 0

St Any () Any © wep. <R§k’l)>
\/ztntJ A”Y(k \/ZEZ? A?Y(l))Z kil=1,..p ng,l) k=1, ,p’
and
Ut Ay () Apy 0 R s pife
\/Eﬁtﬂ (A7Y®) \/ZWJ (Apy0)° R d=1,ep 7 tEleT]

t )2 k) M2 70D
b / o) kb _ } ([ Jolo dB +f (05°)%dBs"
ngJ) 0 2 fo 2ds Il (agl )2ds

in D([e, T},RPQ), where ng’l) are one-dimensional independent Brownian motions and D is a
p? x p? matriz defined in Proposition .

kJl=1,...p7 tele,T)

Corollary 4.5.5. Assume that Yn € N, ZZLZ{J A?Y(k)A?Y(l) % 0 a.s. for k,l = 1...,p, then
under the assumptions of Corollary we have

< st Any () Any 0 ) wep. (RE'“’”)
[nT] An n p (kD) ’
Zi:1 Ai Y(k)Az‘ v kil=1,...p Ry kl=1,...p

)

and

S vy R
nT n n =(k,l

S Ary®apy @ RE

vn

kl=1,...p 7 t€[0,T)
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1 t RED T
st p2) [ = | ;o 0ggkn _ Tt [ (k) (1) gk
=(k,D) s Us s = (kD) 2 s Us s
Ry Jo (Ry’)" Jo

in D([O T),RP*), where B¥Y are one-dimensional independent Brownian motions and D is a

p? x p? matriz defined in Proposition |4.2.4}

kl=1,sp ) yeio,1)

4.5.2 The gamma kernel

Here we explore an example of the multivariate process { Gy }4¢(o,r) Which satisfies the assumptions
presented in Chapter We will focus on the gamma kernel (see [BCDI1I]) because it plays a
central role in the modelling of (atmospheric) turbulences, which is one of the main objectives
of the development of BSS processes. We will show that the process obtained from using the
gamma kernel in the kernel matrix satisfies our assumptions. Consider the stochastic process
{Gt}iejo, defined as

aM

. gID(t—s) ... gUP(t—s) awV

—00

PVt —s) ... g®Pt—s)) \aw®

where g(+7) (t) = t‘s(i’j)e_’\(i’j)tl[o,w) (t) and W are independent Gaussian F;-Brownian measures
on R, for 4,5 = 1,...,p. We consider the case of independent Brownian measures for the sake of
clarity and remark that the extension to the dependent case is immediate from our computations.
Thus, we have Gl(ti) =3P, f g (¢ )dWS(j) and

p t
[ tihG Z/ gDt 4+ h— s)gUb(t — s)ds

o

p P
= Z /00 g(i’l)(a: + h)g(j’l) (z)dx = Z e AR /Oo(a: + h)‘s(i’l)x‘s(j’l)e*(’\(i"l)%\(j’l))mdx.

=170 I=1 0
It is important to notice that if 679 € (—=3,0) U (0,3), then ffoo g (t — s)dWS(j) is not a
semimartingale (see [BCD11| and [GR19]). We will first investigate Assumption and then
Assumption [£.3.1] Observe that by stationarity

AGD AT, GY
(4) (4)

Tn Tn

O
rij (k) =E

2F [G(lj)G(ﬁk} ~E [G?)G(ﬁ')} ~E {ng)a(ﬁk]

n

(25 [167] -2 606 ) (2m 6] -2z [cet?] )

n

Ly Jo 200 (@ + £)g90 () — g0 (@ + 22100 (2) — g0 (@ + B g () der

1

2 (S0, J5 (90 (2))* = g + L)glid) (w)dr )
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1

(St (090(@)* ~ 900 (x + 1)gla0) (@)

(4.9)

D=

Remark 4.5.6. Since [;° [(g(i’l)(ac))2 — gUh (z + %)g(“)(x)} dr > 0, for any i,l = 1,...,p, we
have that (4.9) is bounded by

o~ 290 (x + £)gU (z) — gD (2 + E2L) gD () — g0 (& 4 1) g0 () de

N =

p
<.
=1

1
2 (57 (00 @)* = g0 + Do) (5 (600(@)” - 900 a + g0 @)
(4.10)
From here it is possible to see that the results and examples of [GR19| directly apply to our

framework because each summand in (4.10)) is the correlation coefficient “7‘57;)(19)” in their work.

Using the results in the supplementary material of [GR19] (see also eq. (12) on page 234 in
[Bab4]) we have that the numerator in (4.9)) is given by

S ' ra4-600 150D
zp: {0 Z (1+3U0), 1 <)\(i,l) + )\(j,l)y 2 k +0V+60 41
l:1 1 (66D + 56D +2),. 7! -

r=0

(0.0) 4 56D (D) 456D
B <k: — 1>T+5 ALh AEDL <l<: + 1>r+5 FOTHL ew,m)

n n

+Zp: K(m,a)e—xwgi __@), 1 (A0 4+ 260)" (2 kY
2 (60§ 66D, 71 n

=1 r=0

k-1 " i, k 1 " i,
() e (s ),
n n

[ (00D +1)T (=1 —¢0b — §6D)

I (600 + 66D 4-1)

(6:5),(1) ._ (4,5),(1) ._
vhere A - T (=6¢0) A (AGD 4 \G) T+
and where (a)p, :=a(a+1)---(a+n—-1) = HZ;&(LL +q) = F(lf(z)n), with (a)p := 1. Further, leit
§:= min 6D 4 56D Tt is possible to see that, as n — oo, the numerator is of order (%)Hé,

I=1,....p
because 60 < 1/2, for every 4,1l = 1,...,p, in order to be in the non-semimartingale case.

Moreover, regarding the denominator we observe that, for every | =1, ..., p,

o0 . 2 . 1 . (2000 4+ 1)
(i) () 2 ) oD —
/0 [<g ($)> I (x i n) g (w)} o (22G:0) 20+

_ (i,i),(l) _A(i’l)% - Ml (lvl) " l
Ky ¢ ' ; (2660 4 2),. 7! (2)\ ) n

ORI P AN A
K c Z (26D, 7! ( A ) n)’

r=0

)7’—}—26“*”—1—1

. 1, . ) (17 )
and using that e 2’7 = 1 — A0z + O(22) and that K" = _LEODED o Yave that
2 (2)\(i,z)>25(1,1)+1
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oo ; r (3,1)
! £ (26000 +2),. 7! n
a1 1 () = (601), 1 N2
(1 G2 - (4,8),(1) N 1 (4,0) L
(100 () 10 3 e () ()
i1 1 ii
_ <_A<z,1>n Lo <n2>> KGO
. 0 @Dy, 1 e 1\ 7200041
0 (4 yant 1 (L6 1/ i) (L1
i <1 Lo < )) ;) (260D 4 2), 7! (% ) (5
_ <1 kg <12)> KO0 (QW z>> (1>
n n n
(1= ,\(z}l)l +0 1 KD, @) l _ _)\(i,z)l ) 1 K(z i),(1)
n n? 2 n n n2
y 0 (GO S 1)\ 2000+
_ g (1 yanl L+ 1o i\ (L
K, ( A + © <n2)> g (266D 4+ 2),. 7! <2)\ ) n

(oo () S () vo(3)

r=

Now, let 5= l rrllin 5@ —i—l nilin 8D . From the above computations it is possible to see that,
= ?"‘7p = 7“'7p
as n — 0o, the denominator in 1} is of order (%)Hé.

Therefore, looking at the order as n — oo we have that 1} reduces to ( )6_5. Observe

n

that § — & > 0 by definition. Hence, if § > § then lim (ﬁ?(k)) — 0. While if § = 6, we have
that, for any k € N,

2 . < N2
Tim. (rl{}(k)) —C <2k5+1 — (k-1 — (ke + 1)5“) < o0, (4.11)

where C € R is a finite constant independent of k. Hence, the first part of Assumption is
satisfied.

Let R () .= = [ [( )2 + (g(j’l) (x))2 — 2900 (2 4-t) gD (x)} dz, thus we have
that E [(Gglt G } S R(W )(t). Recall that a function L : (0,00) — R is called

slowly varying at 0 when the identity lim % =1 holds, for any fixed A > 0. If L is continu-
t—0t+

ous on (0,00), we have that
|L(t)| < Ct™*, te(0,A], (4.12)

for any > 0 and any A > 0 (where the constant C' > 0 depends on « and A, see [BCD09al).

Now, consider the following conditions.

(A1) RGAD-W (1) = t1+25<i’l)L((f’i’l)(t) for some 601 € (—3.3) and some positive slowly varying
at 0 function L((]Z’Z’l), which is continuous on (0, ), for every l =1, ...,p.
(A2) (RUG1)) () = t‘s(i’l)Jr‘s(j’l)_ng’]’l) (t) for some slowly varying at 0 function Lgm’l), which

is continuous on (0, 0o), for every l =1, ...,p.
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(A3) Denote I:((]i’j’l)(t) = \/L((]i’i’l)(t)ng’j’l)(t), There exists d € (0,1) s.t., for every | =

1,...,p,

L(lvjvl)
limsup sup —2 ()

Sl o
t=0t ye(ttd) Ly (1)

The following result is the multivariate version of Lemma 1 in [BCD09a].

Lemma 4.5.7. Suppose that conditions (A1)-(A3) hold. Let B :=  max 60D 166D 11 and let
=1,...,p
€ > 0 with € < 2— 3. Define the sequence r(k) by r(k) = (k—1)"2, k > 2, and r(0),r(1) > C,

with C' > 7’2(3-) (0),7’2(3-)(1). Then, there exists a natural number ng(e) such that ]rl(z)(k)\ < Cr(k),

k>0, for all n > ng(e). Further, let B+¢—2 < —1/2 then Y o, r*(k) < oo.
Proof. Observe that

R5.0) (knl) 2 R(i:5,0) ( ) + RGGD (i)

(n) - n
T (k) = g
2,/ (S0 RO (L)) (Sh, RGO (1))

Under conditions (A1)-(A2), for 2 < k < n by (4.10) and by the mean value theorem (applied

twice) we have that

1 (1 1-56:0 56D (RE:1),)yr <k+9g)
9

p
< = ——
ok )

|4 (1 > 16D _gG.D (k n 02>5(1¢,1)+5(J;z)1 Léi,j,l) <k4;9;%) )
—~ 12 \n n LD 1y | '

n

l

where 07| < 1. In particular, for 2 < k < [n!~?|, by the condition (A3), we obtain
/ 8D 45GD 1 11, 1\8—2
)] < O — 1) < k- 1)

where C’ is a positive constant. Moreover, for [n'=¢| < k < n, using 1) we have that

L(z,] 1) (k—i—@k) »
e <o 2L

. gz 5,0) <k+0 )
(0 4 50D — _ n
11600486 ~1e, (d-1)e ‘

b (43,0 (1 740 (1
=1 Ly () = | L™ (7)
< C//k6(i*l)+5(j’l>—l+e < C//kﬂ+e—2’
where C” is a positive constant. The last statement is an immediate consequence. O

Remark 4.5.8. Our proof uses the same arguments as the ones in the proof of Lemma 1 in
I (¢ A))
[BCD0O9al]. We have an additional factor (1)1 O

in (4.13), which appears to have been
forgotten on one occasion in the proof of Lemma 1 in [BCD09a.

Now, we need to check that in our example conditions (A1)-(A3) are satisfied and that
(n)
"ij

the correlation function of ATG® and AFGU). Further, from (4.11), we have that rz(r;)(k) is

(0) and 7’53-)(1) are uniformly bounded. First, it is easy to see that ]rz(z) (0)] <1 since it is
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a converging sequence, hence bounded, for any k£ € N. Thus, |r(n)( 1), |7“Z(7;)(1)| < C, where C
is a positive constant independent of n. Condition (Al) is the same as condition (Al) for the
univariate case in [BCD11] (see [BCDO9b| for more details), thus it is satisfied for the Gamma
kernel example. For (A2) we have that

=G (G:0) _ R0 gm0 14 6U0), G) o G\ 8D 466D 41
/0 g\ (x+t) gV (x)dx Z Zl T 60D +2), 7 ()\ + A ) t

(1.5),(1) ,=AGD (i,0) GDY 4
K Z ) . ()\ A ) £
for any [ =1, ..., p, and taking the second derivative we get
(R(i’j)’(l))”(t) T _2(5(i,l)+5(j,l)_|_1)(5(i,l)+5(j,l))K£iJ):(l)+O (min(tl_é(i’l)_éu’l),t)) ] .

Hence, (A2) is satisfied.

Finally, from [BCD11] (see also the supplementary material of [GR19]) we have lim f;(oi’i’l) =
t—0

i) T(L—5GD i 1-5G0)P(L—5G:D n
9—1-25(00 r(-50D) and. so hm L(z,]l) 9—1-6000 5<Jz)\/ Eé SEINI(5—6WH) Ké”)’(l). Thus,
2

m Pares FoGD)I( +5<j,z>) -
we have iD
limsup sup — i) (y)
t—=0t  ye(t,td) L " (t)
_2(5(1‘,1) + 56D + 1)(5(1 1) 4 50U l)) ( 7)) +C (min(td(lﬂs(i,l),g(j,l)), td)>
< limsup

-0+ LD (#)

—2(5@D 4 56 4 1)(5600 4 §60) (D g
= P CX)?

K0

for some C' > 0 and for every [ = 1,..., p. Therefore, (A3) and, so, Assumption [£.3.2] are satisfied.

Given the fact that our 74™" has the same structure as 7, in [BCD11], then the same
arguments used in [BCDII] hold here and we can conclude that if 600 € (—%, 5) for every
m,l =1,..,p, then Assumption is satisfied.

Combining the ranges obtained, we conclude that when §(49) e ( %, 2) with  Tnax s 4
" 7p

80l < 1/2 for every i,7 = 1,...,p, then all the results presented in this chapter apply to our

example.

4.6 Conclusion

In this chapter, we have investigated the joint asymptotic behaviour of the realised covariation of
multivariate Gaussian processes with stationary increments and of the multivariate BSS process.
We have shown central limit theorems for the realised covariation of these processes. For the
BSS process, we have provided several results according to the setting adopted; the objective
was to cover all the possible interesting cases. Then, we have shown how to make these results

feasible, namely directly computable from data. These feasible results are based on ratios that
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eliminate the infeasible scaling factor 7,,. Again for the sake of completeness we have presented
different approaches. All the results presented in this chapter extend the current literature on
the volatility estimation for stochastic processes outside the semimartingale framework, which is
a relevant topic for empirical applications, but of which little is known. A main example has also
been provided: the Gamma kernel. This represents a pivotal example for the study and modelling
of turbulences and it constitutes one of the main motivation for the study of BSS process. This
work triggers various interesting questions. For example, the feasible results presented use ratios
to avoid the computation of the infeasible scaling factor 7,. But is it possible to estimate 7,

directly from data? The ongoing work [I] goes in this direction.

4.7 Appendices

Appendix A: the matrices D and V for the BSS process

In this appendix we are going to specify the explicit structure and value of the matrices D and
V. We present them in the appendix because to present them we need combinatorial arguments

which are easy but tedious, and they are similar for the different cases presented in Chapter

Case |

Let DY/2 € MP**P"(R) be defined as

n—1

. 1
(D)zy = lim — hzl(n —h)

(n) (n) (n) (n)
(Tkz,rz,mz;ky,ry,my (h)le,qz,wz;ly,qy,wy (h) + le,qz,wz;ky,ry,my (h)rkz T2y Mezsly Gy Wy (h’)
(n) (n) (n) (n)
+rky:7’y’my§km7"27mz (h)rly7Qy’wy§lz>(IZ7wz (h) rkyyryvmyﬂzv(Iz,wz (h)rlyqug’wy?kzﬂdmmz (h))

(n) (n) (n) (n)
+ (rk’zﬂ’z;mz;kyyryvmy (O)levlhywzﬂyﬂyawy (0) + rlQOZ7wz§kyyry7my( )Tkzﬂ"z»mzﬂy»%awy (O)> ’

where for each of the p% x p® combinations of (z,y) there exists a unique combination of
((rzymz, @z Wz, k2, 12), (1y, My, @y, Wy, ky, 1)) where each of these elements takes valuein {1, ..., p}.
Let v(r,m,q,w) be any permutation of the set of the different combinations of r,m,q,w €
{1,...,p} and let v4(r,m, ¢, w) determine the s-th element of v(r, m, ¢, w). Notice that v(r,m, ¢, w)
has certain order for its element, which is not relevant for us since we only care about the con-
sistent use of the order adopted. Recall that by the notation (:),(ym,qw) We mean that the s-th

component of the vector is vs(r, m,q, w). Then, the association is given by

=

p

z—1
(z,y) < ((Vztzphpzx(r,m,q,w)i | +1, sz_41j 1 _pLL o JJ),

[y

=y 1 1)
<Vy_L%Jp4(r,m,q,w),L ) J+1,Lyp4 |+1—p[ ) J>>
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For a proof of this statement for the case p = 2 see the proof of Theorem the extension to
the case p > 2 is trivial. Moreover, define for s € [0, T] the p? x p% matrix

os 0 - 0
0o . :
Vsi=| , (4.14)
: .0
0 -~ 0 o,
T
where o5 := (agr’m)agq’w)> ( X so it is a row vector of p* elements (here the consistency of
v{r,m,q,w

the order of the elements of v(r,m,q,w) is fundamental), and 0 is a row vector of p* elements
containing only zeros. Hence, o5 and 0 contain the same number of elements.

In case of the wech notation, the association for D is the following. First, let us define for

T ol om IS ()

2 2 2

(2,y) ¢ <(Vz_LZ;;Jp4(T,m,q,w)7X <r};1_) & <VP_41J> ),
(”y—LL,;&Jp4(r,m,q,w),x Qyp;lJ) € Qyj;lb )> (4.15)

The association (4.15]) comes from the fact that we have k = 1, ..., p with & <. The couple (k,1)
has the following sequence (1, 1), (2,1), (2,2), (3, 1), (3,2), (3,3), (4,1), (4,2), (4,3), (4, 4), (5,1), ..

which is a fractal sequence of form given by (£(7), x (7)) where i is the i-th term of the sequence.

then we have

Concerning the matrix Vg, we have the same structure as (4.14)). However, the dimension is now
Elp+1)x %(p +1). The dimension and the value of the o, and of the 0 is the same as before
and, hence, we are considering fewer of them (e.g. there are £(p+ 1) number of oy while in (4.14)

we had p? number of them).

Case Il first and second scenario

For Case II first scenario, we have the same as in Case I. The only difference is the use of 7#(")
instead of (™).

For Case Il first scenario, we have the following. For this case we have something similar
to the previous sections but simpler since there are not any more the variables r and ¢q. Let
D'/? ¢ MP"*P"(R) be defined as

. 1 ~(N ~\Nn ~\N ~(Nn
(D) i= Tim— 320 = 1) (7 ity g OOty () Tty oy ()P ()

~(n) ~(n) ~(n) ~(n)
Tky,my;kz,mz (h)rly,wy;lz,wz (h) + Tky,my;lz,'wz (h)rly,wy;kz,mz (h‘)>

~(n) ~(n) ~(n) ~(n)
+ (Tkzmz;ky,my (O)lewz§lyawy (0) + lewz;kymy (O)Tk27mz;ly7wy (O)) ’
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where for each of the p* x p* combinations of (z,%) there is a unique combination of

((mz,wz, ks, 12), (my, wy, ky,ly)). The association is given by

z—1 z—1
(2.1) ¢ ((uz_tzp;mz(m,w» E . L, sz_glJ +1—m“; JJ),
et - w5
(uyLypgljpxm,w),t“ﬂ+1,Lyp21J+1—pLL; JJ)>,

where p(m,w) is any permutation of the set of all the possible combinations of m,w € {1, ..., p}
(i.e. any permutation of the set ((1,1), (1,2)..., (1,p), (2,1),(2,2), ..., (2,p), ..., (p,p))) and ps(m, w)
is the s-th element of u(m,w). Moreover, define for s € [0, 7] the p? x p* matrix

oanys 0 o0
0 :
Vs = . ) (4.16)
: - 0
0 0 o)
, T
where o 1y 5 = (agk’m)agl’w)) () and 0 is a row vector of p? elements containing only zeros.
p(m,w

For the vech notation we have that the structure of the matrices D and V remain the same

but their dimension reduce. Similarly to the previous cases, the association is given by

(s1y) ((uz_w,ﬁ(m,wxx (1554) e (154)),

(- etmonx (111) 6 (1501) )).

Concerning the matrix Vs, we have the same structure as (4.16)). However, the dimension is now

Elp+1)x %(p + 1). The value of the o5 and of the 0 is the same as before and, hence, we are
considering fewer of them (e.g. there are £(p+ 1) number of o, while in 1D we had p? number
of them).

Appendix B: Proofs of Section |4.2

Proof of Proposition 4.2.4

In order to prove this result we need to use Corollary {4.1.16] Notice that now Iz(fs,) takes the

n n _ .2
form of Z(%y)’bl — Z(z,w),a, and b = p“d.

First, we compute the covariances. Notice that it is sufficient to focus on the case [ = 2 and
a; = 0,by = ag = 1,by = 2. Recall the isometry property of integrals (i.e. Proposition [4.1.9))
and that for fi,g1, f2,92 € H we have (fi ® g1, f2 ® g2)ye2 = (f1, f2)n(91,92)n. Then, for
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z,y,z,w=1,...,p, we have

5 n n n 2 /< A?G(f’f) . A?G(y) 2n A;‘G(Z) B A?G(w)
]E[(Z(z’y)’l_Z(x7y)vO)(Z(va)yz_Z(z,w),l)]:n<z @ ® O ) () ® ~(w)
n n 22

i=1 Tn n j=n+1

n 2n <A"G x) A?G(y) A?G(z) A?G(w) >
HE?

Z Z 7_T(Ly) ’ TT(lZ) ® TT(LW)

i=1 j=n+1

APGW)  AnGE) Agtg(z) A?G(“’) APGE)  APGW) A;}G(w) A?G(Z)
N ® o o0 ° W @ Y o W 2o
Tn Tn H®2 Tn Tn H®2

Tn Tn Tn Tn

® ) ®
) @ T ) )

< APGW  APGE) ATG™) AgG<Z>>
HO?

z”: Z An(; ) ATG) ARG ATG®)
par et = w0
Tk APG®) Aga@ AnG@ APG™)
NORENE) L@ W)
ArGE) APGW) APGW APGE) APGW) APGW) APGE) APGR)
+E % J 7 J 7 J i J
L@ W) ) 77@ S W) NEORNE)
n 2n n n(2) n n(w)
=1 j=n+1 Tn Tn T
APGW) A;LG@ APGE) ATG®)
EORNE S@ T w)
1 n 1 2n—1
= =k (R0 )+ (e ) ) 4= Y @n—k) (KR R) + e () (8) )
k=1 k=n+1
Hence, we have that, for x,y,z,w =1, ..., p,
ElZ0 )10 = Z(ay) o) Z o) 2 — (o w))]
1 n 1 2n—1
=3k (r R ) + 20+ D @n—k) (FE2Rr () + ) (R (R )
k=1 k=n+1

Under Assumption we have that nh—{go IE[(Z(Lm i Z& 0.0 )(Z("Z w)2 Z&w),l)] =0.

For the variances, following similar computations as above and using that rg(gnz)(—k:) = ri”zg(k),

we have

n n n n 2 [~ APG® _ APGH) & A?(;(z) R A?G(W)
]E[(Z(x,y),l _Z(m,y),O)(Z(z,w),l_Z(z,w),O)] = n <Z T(x) ® T(y) 72 T(Z) ® (w)
HE?

i=1 n n j=1 n Tn
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1 n n . . N
=D D G =G =)+ G - G i)
i=1 j=i+1
n—1
= =" (n = k) (200 (k) + 2R (k) + ) (), (k) + ) () (k)
k=1

+ () (0) + r{R O (0)) (4.17)

Under Assumption we have that hm E[(Z(
using that for a,b € R we have |ab| < 2(a + b?).

Further, since we need to use a matrix formulation for our result, we need to associate an element

Y)L Z&,y),o)(z(nz,w),l - Z(Tl,w),o)} < 00, by

((z,y), (z,w))) with 2,9, z,w =1, ...,pto (i, 5) with 4,5 = 1,..., p?>. Recall that we have the vector
(2671)7bl - Zavl)va“ Y Z?Lp):bl - Zazp)vaﬂ Z(2 1) Z(2 1) ap’ Z(p p) Z(p ) )
and we can rename it as

(Z8y0 = 20y Zioyn = Ziyarr Zipityn = Loty 22y by = Zl2yar)-

(1),b; (1),ar° ®),be (p),ar’ p+1),b;
In this way we are making the following association between (z,y) and i: i = 1 < (1,1);

i=2<(1,2);.,i=p< (Lphi=p+1c (2,1).5i=2p+< (2,p);i=2p+ 1« (3,1);..;
i = p? < (p,p). By symmetry, the same association applies to (z,w) and j. Thus, this can be
written compactly as (4,7) + ((L%J +1,i— p[%j), (L%J +1,5— pL%J)) Therefore, we
have

(D)ij = (D) (=L 1i—p| L ) (|22 1,5l 222 )

where (D)((m,y),(z,w)) = nh—>ngo E[(Z(n%y)’l — Z&7y)70)(2&,w)71 — Z&7w)70)] equals to "

Now we have shown the convergence of the variances and covariances for intervals [a;, b;] of length

[nbi] and

1, however it is straightforward to change the summation indices from 7" | to >~ (417 2

in addition observe that

n—00 n n—00 n

- — 1
i 0 = ] M+O<>:bl_al_
n

The last step is to show that for I =1,..,dand z,y =1, ..., p,

[nbi]

Lnbz
APGE® _ APGW) 1 APGE) _ APGW)
|| O | & T T — 0. (4.18)
l Lnal J+1 Tn Tn i=|na+1  Tn Tn H®2

However, this is true under the Assumption by using the same computations done in the

proof of Theorem 3.2 of [GR19]. Let us sketch them. Without loss of generality we can focus on
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d=1and a; =0 and b; = 1. By a simple computations it is possible to show that

APG@) _ ARGW) A"GE) _APGW) 1 . ArG)  ARGE)
(l &—1 ® | L5—&—2 =1 > nhb)(jfi)l ® —

7 7 7\ e {00 )=z} T T
{o.b}={zy}

and from this we obtain that

i ArPG®) _ArGW) APG®) _ArGW)
2 ® 7 ®1 7 ® 7
Tr(fc) TT(Ly) 77(196) TT(Ly)

ij=1

1

n2

HE?

1 . .
~ 1602 > Z )G = DG = S @ = i (= ). (4.19)
{a,a’}={z,y} i,5,4,3'=1
{6 }={z,y}
{a, ' }={z,y}
{8.8't={=y}

The last step is to show that (4.19) goes to zero as n — oo. By Holder inequality and some

computations, we get that

1 ™ 1) o () 1

4.19) < — r k ey, a (k I
d<g X S[(0m) + (m)] (X
{a,a'}={zy} keZ

{o.b"} ={z,y}

{ona’}={=z,y}

8.8 ={zy}

Then, by Assumption we have that

5 [0+ ()] <o

kEZ

and that

()] =0,

as n — 0o, and therefore we obtain the desired convergence (4.18]).
Finally, observe that the matrix denoted by C in Corollary 4.1.16|is here a dp? x dp? matrix
given by

| |<n \J\<n

(b1 — al)D 0 e 0
0 .
C= ;
: . 0
0 s 0 (bd — ad)D

where the (b; — a;) D are p? x p? matrices and the 0 are also p? x p? matrices but only composed

by zeros. Thus, we obtain the representation of the statement.

Proof of Proposition [4.2.5

It follows from the tightness of the components of the vector Zi which is proved following the

same arguments as in the proof of Theorem 4.3 of [GR19] or of Theorem 7 of [Col2].



4.7. Appendices 141

In particular, using the computations done in the proof of Proposition for the variances,

we have
n noy2] L X ATG® _APGW) 2
S (I Rkl D DI G
i=|ns|+1 n Tn
Lntj Ln n (I) n ( ) 2
_|nt] — [ns] 1 E I A G ®A GY
B n |nt] — |ns] pt 2 e (y)
[nt]—|ns]—1
_ Lnt] — [ns] 1 1 IR )
B n |nt] — [ns| | n kzzl (n = k) {1z (R)ryw (k) 4y (F)rg (k)

() () (0)> < CM’

R (k) + 8 R ()) + (r )i 0) + 7 _

for a constant C' > 0, where we used the fact that the object inside the square brackets converges
and hence it is bounded. Then, by the equivalence of the LP norms for 1 < p < oo on a fixed
(sum of) Wiener chaos (see Theorem 2.7.2 in [NP12]), we obtain that

1/2 _
—_gn )4} / < Cl_ntJ U”LSJ

E|(z; (2.0),s -

x,y),t

Then, by the Cauchy-Schwarz inequality we have for any t > r > s and A > 0

P (‘Z(nw’y),t o Z(nf,y),r‘ > )‘7 ‘Z(nw,y),r - Z(nx,y),s| > A)

< % |nt| ; |nr| [nr] ; |ns| < C(t ;45)2.

Finally, we obtain tightness by using Theorem 13.5 in [Bi99).

Proof of Theorem [4.2.6

First, notice that

1 Lt AnGuA v [apg® apgl)
V! Z 2

O 0

Tn

d 1

) A {Dth} ,

. te[0,T]
4,J=1,...,p te[0,7]

follows from Theorem 13.1 in [Bi99] by using the finite dimensional distribution convergence
proved in Proposition and by the tightness proved in Proposition

The independence of By from Ggl), ...,G(p) is given by the fact that G(l) Gﬁ”) belong to

the first Wiener chaos, while B, is the limiting process of objects belonging to the second Wiener

) 27.7:177p

chaos. Moreover, we have

APG® APGU)
(4) ()

Tn Tn

Lnt) n (2 n ]
P iztp’ — (@) ()

Tn Tn

te[0,T
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d () 1
= {(Gt )i:Lm’p7D2Bt} ; (4.20)

t€[0,T]

in the space D(]0, T], RP x sz), namely the Skorokhod space equipped with the uniform metric.
Notice that this result comes from the convergence of the finite dimensional distributions of (4.20)),
which follows from the arguments at the beginning of this proof together with the orthogonality
of different Wiener chaos, and from the tightness of the law of (4.20)), which follows from the
tightness of each component of the vector proved in Proposition {.2.5]

Concerning the convergence of the finite dimensional distributions, notice that for any t €

[0, 7] each element of G and of Ln” APGY AIGO) | [AFGY APGY)
, t )it vn ORI RONC) =l p
belong to the first and second Wiener chaos, respectively; hence, for any 4,5,k = 1,...,p and

s,t €10,T], we have
) —o

IR

A;zg(i) A;%g(j)
Tr(Li) (7)

Tn

—E

[nt] ;

MG<>A"G<J>

E |GP L
\/>2< 7_é])

Then, from this argument we have that

APG® ArGU)

[nt]
) Ang( 1) Ang( )
Jm E\G \F Z <

Tnj) 7.7(11) Téﬂ)
t] { APGH ArGH) APGH) AnG)
and notice that each component of LnJ o — L L and of
f O ) O] ) i
n n n n ,)=1,...,p

(Ggi))' . converges to a normal distribution. Then, by Theorem [4.1.15 we obtain the con-

.....

i)

vergence of the finite dimensional distributions, that is for any M € N and disjoint intervals
[@m, b)) With m =1,.... M

[nbm ] ny(@) A1)
) _ o) 1 ATGHAIGT
(Gbm Gam)izl p’\/ﬁlz< 0

""" Tn n

APG® APGU)
o) ()

n Tn

7777

i=L...p m=1,...M

yeoey,

In order to obtain the stable convergence it is sufficient to use Proposition Observe
that condition (ii) in that proposition is implied by the convergence in using Bayes’ theorem
and independence of the limiting process {Bi};c(o,7) from <{G§i)}te[0,T]> R In particular,
notice that by Bayes’ theorem: = for all fixed ny,...,nE € N and folr_ai'l”’p

Lﬂltj . .

1 AP GO AT GU)

AEJ( an( ) G » s
17]: ""7p

=1 7n1 7n1
> >,
t,j=1,....,p

.....

A G A G
(1) ()

Tni Tni

AT* G AT* G
(i) ()

Tny, Tny,

N Z ()

Lt A”k@( i) ATEGU)
Tnk Tnk
with P(A) > 0, we have that
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(%) ()

Tn Tn

|_ .
AP i) A7 ()
lim P Z ( G G —

n—oo )
—P <<D1/2Bt>A < a:W)) Al.
b i,j=1,...,p

Tn
In addition, by the independence of the limiting process {B}co,7] from ({Ggi)}te[oj]) .

APGE APGH) ) < 40

Ty

A) - <<(D1/2Bt)i,j = x(ivj)>z‘,j17---vp> |

Following the same computations, it is possible to show the result for any set of points {¢1, ....,t,} €

we get

P (((Dl/th)ij < a:(i’j)>‘

Z?j:17“'7p

[0, T]* for a € N and not just one ¢t € [0, T]. Therefore, we obtain mixing convergence and hence
stable convergence in D([0, T], R¥").

Appendix C: Proofs of Section 4.3

Proof of Theorem [4.3.5

Let us assume for now that p = 2 and that the drift process Uy = 0 for any ¢t € [0,7]. We can
split our formulation into two components A, + C,,, where A, contains the elements that go
to zero, while C,, contains the ones that do not converge to zero. In this proof we will use the
so-called blocking technique, see [BCDI11], [CHPP13] and [GR19| for details. Let 1 < h < n and

let us first focus on C),, which is defined as

( |t ) (A?G(k,r;m) A?G(l,q;w)

Z Z Z 77(116,?") L (6a)

j= 1Zelhn()rm,q,w 1 n

ny(k,rm) An(lgw)
ArG ATG ] )a(’f’m) (g,w) > , (4.21)
k,l=1,2

—E Ty(Lk,r) Tg,q) G—D)ART(—1)Ap

where I, ,(j) = {z‘% € (%, ﬂ }, which can be rewritten as

Lht] ArGkrm) AnGLaw) ArGkrm) AnGLaw)
~Un Z 2. Vi-ua, ) (La) (k.r) (La)
Jj=1iely 1, (4) n n Tn rm,q,w,k,l=1,2
where
O(j—1)A 0 0 0
‘/(j_l)A _ 0 O-(j—l)Ah 0 0
" 0 0 T(j-1)A, 0

0 0 0 oG-a,
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_ (,(rm) (g:w)
Here’ O-(jil)Ah o (U(j_l)AhU(?_l)Ah>rmqw:1 2

is a row vector of 16 elements containing only zeros. Hence, V(;_1)a
by Theorem [£.2.6] we have that

1 % A?G(k,r;m) A?G(l»(ﬂ’w)

LY {Dl/QBt}

(hence it is a row vector of 16 elements), and 0

, 1s a 4 X 64 matrix. Now,

AnGkrim) A;@g(l,q;w)] )
rom,q,w,k,l=1,2

7_7Sk,7") 7_1(Ll,q)
te[0,7)

, as n — oo,
te[0,T)

in D([0, T],R%), where the symmetric matrix D/? is a 64 x 64 matrix and By is a 64-dimensional
Brownian motion. In particular, in order to define the elements of the matrix D we proceed
with the following association of (z,y) to ((7,m:,q:, ws, k2, 12), (1y, My, qy, wy, ky,ly)). This
part of the proof is similar to the analogue one in the proof of Proposition but there
are some differences. First, in the latter we had the association of fewer elements (namely
(1,7) < ((x,y), (z,w))). Second, as it is possible to see from in the present case there is a
summation over r, m, g, w and hence there is no a specific ordering of r, m, ¢, w when we consider
it as a vector (given that we modify the ordering of o(;_1)a, accordingly). Indeed, let v(r, m, g, w)
be any permutation of the set {(1,1,1,1),(1,1,1,2),(1,1,2,1),(1,1,2,2),...,(2,2,2,2)}, namely
the set of all the possible combinations of r,m, q,w € {1,2}, and let v4(r,m, q, w) determine the
s-th element of v(r,m, q,w). Tt is possible to see that v(r,m,q,w) contains 2* elements, hence
s € {1,...,2%}. Then, we have

Cn
[ht] ney(k,r;m ny(l,q;w ney(k,r;m n(l,qw
1 Aig(m )Aig(,%) AiG(” )AiG(’q’)
- ﬁz >, Vi-na, (k.r) Ga) (k.r) )
j=1i€l ,(j) n Tn Tn n rom,q,w,k,1=1,2
ht| ) . . .
1 ArGhrim) AnGhaw) AnGkrim) AnGLaw) )
_ VI{ 1 7 o 1 7
Z Z (G-1)A ( k,r 1, k,r 1,
Vi ' T’(‘ ) T’(‘ 7 T’g ) T’s 7 v(rm,qw);k,1=1,2

]:1 ielh,n(j)

v b o _ () _@w) )T
where V(j—l)Ah has the same form of V(;_1)a,, but with Ti—1)a, = (a(j_l)Aha(j_l)Ah)

V(T7m7q7w)
instead of 0(;_1)a,. In particular, given a vector X = (X1, ..., Xp4), by the notation (X),(r.m,q,uw)

we mean that the sth component of the vector is vg(r, m, ¢, w), that is

(X)V(T‘,m,QﬂU) = (XVI (T7m7Q7w) ’ XVQ (T7m7Q=w) [ XV24 (7‘7m7Q7w) ) '

We can now write the relation between z and (r,, m,, q., w,, k;,1,): for z = s > (vs(r,m,q,w),1,1);
2 =241 & (nlr,mqw),1,2).; 2 = 28 + 5 & (vs(r,m,q,w),1,2);.5 2 = 25+ 1 <
(v1(r,m, q,w),2,1);..; 2 = 2545 < (vs(r,m, q,w),2,1);...; 2 = 2542441 & (v1(r,m, q, w),2,2);...;
2 =224+2 45 & (vs(r,m, q,w),2,2);5...; 2 = 26 & (va(r,m, ¢, w),2,2). By symmetry the same

relation applies to y and (ry, my, gy, Wy, ky,ly). This can be written compactly as

z—1 _ z—1
(2,9) & ((VZLZQJJZ“(T’qu’w)’ LLQSJJ +1, Lz241J +1 _2LL 224 JJ)
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y-1 B y-1
(o petrmeg), 22 o o JJ))-

Moreover, here it becomes evident why we need Theorem to hold for jointly Gaussian
Brownian measures and not just for independent ones: this is because the vector of Brownian
measures is not composed of independent Brownian measures but rather of the same Brownian

measures recurring repeatedly.

Continuing with the proof, we observe that by using the properties of the stable convergence
and the assumption on the F-measurability of the os, we obtain the following stale convergence
for C},, when h is fixed:

ht)
Co % 4D Vi-na, D2 (Bja, = Bi-a,) , 88 M =00
j=1 t€[0,T]
in D([0, T], R*) where the dimensions are 4 x 64, 64 x 64 and 64 x 1, respectively. The convergence
in this space is implied by the convergence in D([0,T],R%). In addition, since the stochastic

volatilities are cadlag we have

Lht)

t
P
> Vii—ya, D' (Bja, — By-1)a,) —>/0 V,.D'?dB,,
=1

as h — oo. From this we obtain the stable convergence of C,,.
Concerning the elements in A,,, we can use the same arguments adopted in Propositions 7.1,

7.2 and 7.5 in [GR19] and Theorem 4 of [BCD11|. This is because we can focus on the single

elements
1 [nt] Anz(k,?‘,m) AﬂZ(17Q:w)
il 2 S -

k,r l,q
i=1 TT(L ) Tr(L )

ArGkrm) AnGhaw) b (o
| | otmetias| a2
Tn Tn’ 0

and directly apply their arguments using the assumptions of this theorem. This is because for

each (k,r,m,l,q, w) we have that A ;. converges to zero in distribution in D([0, 7], R%),

sqw),n
which implies that they converge jointly to zero stably in distribution.

For the sake of completeness, let us sketch their arguments and show how they apply to our
case. First notice that can be split into elements that converge to zero and elements that
do not. The second ones belong to C,, and so they have already been treated in the previous

part of this proof. The first ones are given by:

e <A;¢z<kmm> ALZOS) ) gy APGET A?G“vw))

Asrmigmwin IR N R (R G O G (X0

A

[nt] ney(kyrm) An(lgw)
1 rom) _(quw)  APGET™ ARGLE
+ NG ZZ; 96i-1)A % (i—1) A, (kr) ~(q)

Tn n

m,h (1
Atn()
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Lht] n rm) AN w
R SN I DI e e
J— J— ] k,r l
\/ﬁjzl ' hz‘elh,n(j) ) 7
A;n,h(2)
A?G(kﬂ"m) A?G(lv%w) (rym) (r:m) )
+E quknr) m(f"I) Z G-1AL7 (- Z G-1)A (-1 An
A;/n,h
AnG(k:,r,m) AnG(l,q,w) [nt]
+E | = L —vn / ds
Ték,r) 7_T(Ll,q) IZ (F—-1)A, ] I)An
Dy

Further, let A" := A;n’h(l) - A;"’h ) Notice that #Ihn(j) € {L7], 5] + 1}, which implies
that #1,,(j) = 5 + enn(J) with e n(j) € (=1,1], for every 1 < h < n and j > 1. Then, we

have

Lt :
N ArGkrm) AnGlaw)
C(kvrvm7l7q7w)7 Z (q7w1))A Z : k,r : l
f AR (4 h e 7_T(L ) 7_75 19)
n T,m n w I‘
ARGETm) AT G(lq ) Z (@)
(k) — T(i-1)A
1 | ht] (rm) (aw) A;@G(k,r,m) A?G(l’q’w) A?G(k’T’m) A?G(l,q,w)
- Un Zl"umh"(amh GIZ( S\ EC R (k) )
Jj= €10, (] " " " "
C(k,r,m,l,q,w%n
L7t ny(kyrm) Aney(l,gw)
(r,m) L N @ AlG o AlG o
+Z°'] Dan 6 D (\/ﬁ#lh»"(f) h )E IR (%)
Since L#Ihn 7 _Vn eh”(j), the second addendum in the above equation (i.e. C kyrmidg,w),n
\/771 ) h f ( q5 )7

Cle,r;m,l,q,w),n) 80€8 to zero almost surely as n — oo. We remark that in this proof the order is
always n — oo first and h — oo afterwards. Notice that A ;m.1.qw)mn T Clhrm,l,gaw),n 81VE US
, and that C(j, .m,1.q,w)n 18 the (k,7,m, [, ¢, w)-th element of the vector C,.

Let A7"™" .= A" 4 A7™" Observe that our assumptions are sufficient to use Propositions
7.1, 7.2 and 7.5 in [GR19|, which would allow us to prove the convergence to zero of A}, of
A;/m’h and of D}', respectively. In particular, Assumptions 2.1, 2.2, 4.1 and 4.2 in [GR19] and
Assumption (CLT) in [BCD11] are the analogue of Assumptions (4.3.1 [4.3.2] and [4.3.3| together
with Definition m (see also the discussion after Assumption . The only main difference

between our and their assumptions is that they additionally focus on the limiting object of

the convergence of the correlations (™ which is denoted by pf;j(k:) in [GR19| and by p(k) in
[BCD11]|. However, for the sake of brevity and clarity of exposition we decided not to focus on
this issue in our work. This allows us to get rid of some assumptions, in particular some part of
Assumption 2.2 in [GRI19| and some part of Assumption (CLT) in [BCD11]. Therefore, by our

assumptions and by Propositions 7.1, 7.2 and 7.5 in [GR19|, we obtain the convergence to zero



4.7. Appendices 147

of A7, of A" and of D?, respectively.

Since Cy, converges stably and A,, converges stably to zero, we have that they jointly converge
stably. Notice also that C,, — C, converges to zero almost surely and so it does not affect the
limit. This concludes the proof for the case U, = 0, where 0 is a vector of zeros.

Now consider Uy # 0. In order to get the stated result we need to prove that the following
elements converge uniformly on compacts in probability (u.c.p.) to zero, so that the stable

convergence obtained so far in this proof remains the same. These elements are

[t]
Anz(k,l,l) Arz(k21)  Anz(k12)  Anz(k22)
NG [n > ( + = +— + = Arg®

pot 7(Llc ,1) 7_7216,2) 7_T(lk,l) Tr(Lk,Q)

(Anza,l,l) Anz(21)  Anz(L2)  Anz(1,2,2)
+ 7 7 7 7

nyr(k nyr(k nyr(l
) R ™) ) APU® 4+ AT AU D
Tn Tn Tn Tn

k,=1,2
Thanks to Assumption [4.3.4] (with p = 2) they go to zero u.c.p. componentwise (i.e. for fixed
k,l) and, hence, jointly. Thus, using the properties of the stable convergence, the proof for the
case p = 2 is complete.

Now, let p > 2. The proof for this case follows from the same arguments as the ones just
presented for the case p = 2. Indeed, having p > 2 does change the dimension of the objects
considered (in particular see the matrix D and Vj in the Appendix), but it does not affect in any

way the logic of the arguments.

Appendix D: Proofs of Section 4.4

Proof of Proposition [4.4.5

First we prove the statement for fixed k£ and [. As in the previous proof we concentrate on the
case n > 1/e. We have

S Ay a0 | S ) - w)? o Ry
ny (k) Any (I ny (k ny (l _ )T
N ;AZY ATY Zl (AZY ) Zl (AZY ) i
- - - t,n t,n
Lnt ] ARY® A2y D) S(k D) LntJ APy (R) Any (D)
B \/>< Z ,(k) ,(z) Rt,n ) \/ﬁ< Z ,(k) ,(z) )
5 (k) () 2
R R k,k) nt] APy (®) nt| (ArY(®)
t,n t,n \/ ( Rt” <711 ZL]_J ,(k) ) ZL J( 7(1) ) >
nt|
1 ArY k) Ary () (k.F) Bl
(o ) ( R R
=1 Tn
n n 2 n 2
REPRD A\ S %ﬁ“ ﬁs“ nZ\ ) w0
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( [ nt] Any(k) Any(l)) B — (k1)
n

2T | e
T
n n o\ 1/2
nt] APy (#) 2 L APy ® ) LD
EZ _(k) n () TV iitn Thn
i=1 Tn i=1 Tn
Notice that .
z;,"
’ Rik,k)Rgl,l)

= (k,l
wep. 1 - RrFD )
ng,k)Rgl,l) ng,k)Rgl,l)

by Proposition @.4.4] and by noticing that for any § > 0

-1 -1
P < sup < Rt(k”‘f)Rﬁl’”> > 5) _p (( RE’“’“)RS’”) > 5) |
tele, T

For the other term, by Theorem 4.3.11 and Lemma applied to g : D([e, T],R x (0,00)?) —
D([e, T],R x (0,00)) (where both Skorokhod spaces as well as the Euclidean spaces are equipped

with the uniform metric), where g is defined as g({x¢}scie7]) = {9(714, 724, 734) beeler) =

{(x14, /$27t$37t)}t6[57T} we have that
&) LntJ A”Y(k) A”Y() )
ZQ,n =< Vn ;Zw ?(1) _Rtﬁn ’

i=1 n n

. y 1/2 T
1 S A;@y( ) 1 S A”Y(l) _ /RER) D
n= fék) L 7_—T(Ll) A
= = te(e, T
t 1 0 .
= 01 \/W 1 \/W
2\ 7 2 R

t t t T
</O (VSD1/2)(k,l)dB§k7l)?/0 (Vst)(k,k)ngk’k),/o(Y/;DI/Q)W)nglvl)) }

te(e, T

f(f(%Dl/Q)(k,l)ngk’l) -,
— ll) kk R(k,k) 1 —. Z2 s :
3\ 3w Jo (VDY) dB + 5, [y [5(VaDY2) B 1)
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where ng’l), ng’k) and Bgl’l) are three independent Brownian motions. Notice that we have not
yet investigated whether such functional g satisfies the conditions of Lemma but we will do
it now. First, we check that g is continuous and then, using the notations of Lemma [£.4.2] that
g' ({0} icie,m {Peeer) = {V9(00)hibiele ), where Vg is the Jacobian matrix of g. Comparing the
notations of Lemma to the present framework we notice that D([e, T],R x (0,00)%) = Dy,
D([e,T],R3) = Dy = D, D([¢, T|,R?) = E, g = ¢, and g = ¢'. Hence, 0,0, € D([¢e,T],R x
(0,00)2) and hy, h € D([e, T],R3) with 6,, + ;' h, € D([e, T], R x (0,00)?), for every n € N.

OC))

To prove the continuity of g, we need to show that for every ({(z,,;, 2, ;, 7, t)}te[e T])neN —

{($1(t )aZEEQ ,l‘t )}tE[ET in D([e, T],R x (0,00)?) we have

(- V)

For the first component it is straightforward, while for the second we have

ST - | < e |V (- )|+ |V (V- V)

lim sup
n—oo te [e,T]

sup
tele, T

< sup
tele, T

< sup x22 sup \/:BS’ \/xt ’+ sup mt?’ sup \/:vfz \/mEQ
tele,T] " tele,T) ! tele,T] tele,T) '

=

Notice that xn?’% — x,g?’) = < ggg’z - \/1:9) <\/IE§)2 + \/x§3)). Further, by Lemma (4.4.3 we
have that sup
tele, T

(2)

applies to z;”’. Hence, we have that

Vel = Val?

\/% < 00 because xf’) : [6,T] — (0,00) and it is a cadlag function. The same

sup
tele, T

< sup sup

tele,T] (\/> \/?) tele,T]

o )

Tpt — Lt

(3) (3) ‘

,(132 — xf’) — 0= sup

tele, T

— 0, asn — oo.

te[e T] [ x tE[e T]

Regarding the map g’, we need to show that

lim sup
=00 tele, T

)

(m (002 + v mll) = 00)) = i,

oy O2) + i D) + 17 BE)) — [0 o0 _n? 1o

R\ e =0. (4.23)

o0

2 3 3 2
sz@>¢>¢v

For the first component it is straightforward since h(™ — h, while for the second using the Taylor

series for the bivariate function f(x,y) =, \/(az + r,jlh,(f’z)(y + rﬁlhg) we have

(2)
(2) —17(2)yp(3) (3) (2 0,
’I"n\/(emt + n hm)(@nt +7r T'n h ) (9 - __t 9(5

sup
tele, T
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2 9152) 2 @

+o(ryt).  (4.24)

Since 9222 and 6?7(152 take values in (0, 00) and are cadlag functions, then by Lemma 4.4.3| we have

| 2) 9 52)
Vo

n,tr Yn,tor ""n,t
in the uniform metric to 99, 9,5(3), h§2) and h§3)7 respectively, while r,;! — 0. Therefore,

that, for each n € N, sup < oo for j = 1,2. Moreover, 0 and h( 1)5 converge

tele, T

-1 h(2)h(3) 2
Hm e sup |ttt 1 (hﬁf’%) =
= 2 el | o) 4 \''n,

Finally, the o(r,,;!) term in (4.24) comes from the fact that the remaining terms of the Taylor

expansion have a further multiplying factor of r,!. Now, observe that

2 2
U A N A NN R s v
2 \[p@ |~ | 2 e @\ 2 2 )

(2)

and that sup |—==| < oo by Lemma [4.4.3| because 6, is a cadlag function with values in

tele, T) | v/ 9,52)

(0,00) (and the same holds for the other fs). Then, taking the limit as n — oo in (4.24)), we
obtain the desired result (4.23)).

Further, since Zf{j’ll) LY ZYC’Z) and Zg‘;;l) s Zék’l) we get that (Z(k ) Z(k l)) st (ZY@Z)’ Zék’l)),

1n >

Finally, by applying the continuous mapping theorem for the stable convergence using the con-
tinuous function f(Z{i’Ll), Z(kl ) = {Z ( )Zéﬁl)(t)}te[@;p], we obtain our result for fixed k and

l.

For the joint stable convergence we proceed similarly thanks to the uniform metric. Let

zZ80 0 - 0
0, = ! '
: 0
0 . 0 Z{f;:lp) (t) tele, T
Then,
i Any () Ary © RED

t,n
[ nt] nv (k [nt] n ¢, l)
\/Z (AnrYy (%)) \/Z (Ary ®) \/R R —1,..pl<k 7 t€le,T)
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_ {@n(t) (Zé};:) (t), ..., Zg;p) (t)) ! }

Using Lemmad.3.13|and the arguments used before for fixed k£ and [ we obtain the u.c.p. con-
e
vergence of ©,,. Now, we would like to prove the stable convergence for { (Z&’Ll) (t), ... Z( ’p)( )) } e
tele

tele,T] '

2,n
Define the function g : D([e, T], (0, 00)? x R2®=1) — D([e, T1, (0, 00) 2 P+1) x RZP+D)Y a5 (using
our variables)

_ 1 &2 Ary 8 Ay ©
Sy

k _(1
i=1 7'7(1 ) T’r(L)
k=1,...,p;I<k tele,T]

Lt} (A”Y

1
- n Z _(1)

2
WJ APy 1 &2 Ary @ Ary®
fu) ’EZ @

) n i=1 Tn n
2
% v ot 2 WJ APy 1% Ary @)’
s s i= 1 7 ’ " ) |
1 ]

APy ® ary® |1 A"Y 9\ 1 (apye
n n i=1 =1 n

=1
1% A"Y 3)
n

=1

LiJ ArY® Apy @
i=1

7__7(13) 7__7(12) ’

1% Ay (2
" i=1 77_7512)

. Z n ; ﬂ(lp)

Notice that the above formulation is just a multidimensional extension of the formulation of

) 2
n

))2
2¢ T

tele,T]

g given in the first part of this proof. In particular, the function g can be seen as associating to

any three dimensional vector of the form

1 Ay ® Ary® 1 ELAny @) 1 Z Ay 0
Ez EONNSOE w2 0 n

=1 n n =1

a two dimensional vector of the form

LY Any® Any 0| A Any® N Any 0 ?
EZ =) () HZ 78 EZ ()

i=1 n n =1

forany k=1,..,pand [ <k.
Then, as in the first part of the proof thanks to Theorem [4.3.11] and Lemma applied to
g, we obtain the stable convergence as in the statement. Moreover, we use the same arguments

as the ones used for fixed k and [ to prove that g satisfies the required conditions of Lemma [4.4.2

thanks to the properties of the uniform metric.
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Proof of Proposition |4.4.9

Fix k,1. We have

ZLntJ A”Y(k Any() Rizl) vn Lntj Any(k) Any() ~(k,0)

N B VAT I o i e _ Rt
Z}Z?J Ay () Any ) R%Z) Ré{f;ﬁ) n < 77_7SI<:) 77_7gbl) t,

i (ISR AV Ay (158 Ay ApyO) (1 RR AV A0 o

RED A\ 2 A\ AP Y = SO

which can be rewritten in vector notation as

Vi [ [rRapy WAy o) (1 LZTJ APy ) Any O
i U e o B TP = Ca=
-
1 1 Any ) Any® o 1 L”ZT:J ArY® Any®
n P 77_7(11,3) ﬂ(f) tn po ﬂ(Lk) 77_7(3) Tn
Notice that
-1
Lo, (1Ray®any©) 1 apy® apy® wep 1 (| R
— ,— - 2 ? - v = — ——
R’flif;lb) nig w0 Y " Tr(bk) 7 Rg[{c’l) 7
using Proposition | and that
-
LntJ [nT|
APy (k) Any() _en 1 ArY R Any )
n ; 7__7S,k) 7—_7(11) t, n ; 7—_7(Lk) 7_—T(Ll) T,
te[0,7
st ' 1/2 ey [T 1/2 ) 2
43 ([ D 2yan, [ @D pastD) b D(071E,
0 0 te[0,T

by Theorem where (VSDI/ 2)(;671) indicates that we are considering only the (k,l) row of
the matrix (Vle/ 2). Then using the properties of the stable convergence and the continuous
mapping theorem we conclude the proof for fixed k, .

For the joint case we proceed as we have done in the proof of Proposition In particular,
we have an analogue of O, which converges u.c.p. since its elements do. Moreover, we have
an analogue of { (Z;lﬁl)(t), ...,Zg:bp) (t))T} . whose stable convergence in the Skorokhod
space is guaranteed by Theorem and lﬁ}ef[efh]e continuous mapping theorem using the func-

tion given by g({z1(t), "'7wg(p+1)(t)}t€[0,T]) = {(z1(t), 21 (D), ---axg(p+1)(t)7$g(p+1)(T))}te[o,T}-
Finally, using the properties of the stable convergence we obtain the stated result.



On the signature of the fBm

In this chapter we turn our attention to the expected signature of the fractional Brownian motion
with Hurst parameter H > 1/2. The expected signature is of interest since it is one of the main
protagonists of rough path theory and of its applications to real worlds problems, especially on
machine learning. We will now introduce the notation and some preliminaries for this chapter

and then present our main results.

5.1 Notation and Preliminaries

The notation used in this chapter is in line with the one used in the papers of Baudoin and
Coutin [BCOT7], Lyons [Te98|, and Lyons and Victoir [LV04] and in the book by Lyons, Caruana,
and Lévy [LCLOT].

The fractional Brownian motion is defined as follows.

Definition 5.1.1. Let H be a constant belonging to (0,1). A fractional Brownian motion (fBm)

(BH(t))10 of Hurst index H is a continuous and centered Gaussian process with covariance func-

tion .
E [BH(t)B" (s)] = §(t2H + s2H |t — s2H).
For H = % then the fBm is a Bm. Further, the multi-dimensional fBm has coordinate

components that are independent and identically distributed copies of one dimensional fBm.
Moreover, recall that the fBm has the following two properties:

(1) (scaling) for any ¢ > 0, cHBffc is a fBm,

(ii) (stationary increments) for any h >0, BH, — Bf' is a fBm.

Now, we define the simplex A*[s, ], where T € [0,00) and s,t € [0,T],
AF[s,t] == {(t1, ... tr) € [s,8]F 1 11 < ... < th}
Further, we define the following iterated integrals. Let I = (iy,...,ix) € {1,..,d}* be a word with

153
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length k£ then

HI . _ H,iy H iy,
/ dBt! .= / dB," - - - dBy,
AF[st] s<t1<...<tp<t

/ JpHmI . / aBlmin gl
AF[s,t] s<t1<...<tp<t

where B is the fractional Brownian motion with Hurst parameter H and B"™ is its linear

and

piecewise approximation. In addition, B is the i-th coordinate component of the fBm B and
the iterated integrals can be defined in the sense of Young [Yo36].

In the following, we provide the definition of the linear piecewise approximation BH™. The
only requirement we need is that the linear approximation comes from a uniform grid. For the

-1

sake of clarity, we choose to present the setting using the uniform mesh of size m™", namely where

the distances between any two consecutive grid points are all equal to m™! (i.e. ¢, = m™1).
Let s,u € [0,00) and consider an interval of time [s,u]. Let tLS’u] = L(u—s)+s for
i=0,..,m. It € [t 115%]] then
BH,m L BHm + (t . t[s,u])(BH,m . BH,m).
— 5 1

fusl,t ol feu gloved

Observe that the definition of the linear piecewise approximation depends on the extremes of
the interval considered, in this case u and s. Notice also that B]" satisfies the scaling and
stationary increments property, once the interval is properly modified. Indeed, we have that for

the stationary increments property the interval to be taken is, for any h > 0, [s + h,u + h] and

we have
Hm [s+h,u+h} Hm Hm
B[s+h u+h] t+h B [s+h u+h] + (t + h )(B Lith,u+h] - Bt[s+h,u+h])
Law »Hm [u,s] Hm Hmy  pHm
= Byt ot =t)(Big — Bia) = By
(3 i+1 i

and for the scaling property the interval to be taken, for any ¢ > 0, is [s/c, u/c|] and we have

M BH: HpH: H_cm [s/C u/c] ,
B[U/ZLS/C] t/c B /T:Lﬂ/ ] + c (t/C )(B [q/(‘ u/c] Bt[s;nc,u/c])

u—= 7,+1

_ HpHm H cm [s,u] pHm Hm
=c'B — — ¢ - B
‘ tgw/ﬁc w0 BN By = B )

Law u,s Hm Hm H,m
B (t t[ ])(B fluss] - B [u s]) = B[u,s],t'
7,+1

us]+

UuU—§
Further, from now on we will not write explicitly the interval of the linear approximation, unless
it is necessary in order to avoid confusion. Hence, we denote t; := t[s Y and Bitm™ .— B[IZ;?
One of the main concepts of this chapter is the signature of the fractional Brownian motion.
In order to give a definition of signature we need to introduce first the following concept: the

p-variation of a path.

Definition 5.1.2. Let p > 1 be a real number. Let X : J — E be continuous path, where J

1s a compact interval and E is a finite dimensional Banach space. The p-variation of X on the
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interval J is defined by

r—1 P
||X||pJ = [ sup Z |Xt Xti+1|p 5
D 2 0

where the supremum is taken over all the partitions of J.

A path X is said to be of finite p-variation over the interval J if || X||, ; < co. Further, for

the signature of a continuous path we mean the following.

Definition 5.1.3. Let E be a finite dimensional Banach space. Let X : [0,T] — E be a con-
tinuous path with finite p-variation for some p < 2. The signature of X is the element S(X) of
T(E) :={a= (ap,a1,...)|Vn > 0,a, € E®"} defined as follows

S(X[O,T}) = (1’ X[l(),T}7X[%7T]7 )7

where, for each n > 1,

X[’(‘m = / dXy, ®...0dX,, .
O<ur <...<un<T

The integration in the previous definition is defined in the sense of Young [Yo36].

The fractional Brownian motion is a p-variation path for all p > % Hence, for H € (%, 1) we
have p < 2. Notice that for I, a word composed by the letters (i1, ..., 72x) where each i; € 1, ..., d,
we have that dB"! := dB™# ... B2k Therefore, we have that the 2k-th element of the

expected signature of the fBm and its piecewise approximation are respectively given by

E / dB2 @ ®dBH> / dBHJ e, @ ®e;, , and

11=1 iop=1

) ) (5.1)

]E(/ dBI™ & ®d352km>=zm Y E / dBT™! ) e @ ®eiy,,
O<ur<...<uorp<T i1=1 ior=1 A2k[0,T}

(5.2)

where (e, ..., eq) is the basis of R?. Notice that we will consider only the 2k case since for odd
values the expected value of the iterated integrals is zero due to the symmetry of the fBm.
We recall two results which can be found for example in Baudoin and Coutin’s paper [BC07].

First, we present a reformulation of the Isserlis’ (or Wick’s) theorem.
Lemma 5.1.4. Let G = (G, ...,Gai) be a centered Gaussian vector. We have
E(G G2k I{Z'Qk Z HE o(20— 1 o(2l ))7 (53>
0€Goy =1
where Goyi, is the group of the permutations of the set {1,...,2k}.

Therefore, from the previous lemma we have

Bvavio'(2l71) Bvavio'(2l)
E / apftml) = 'k Z/ ( d >dt1---dt2k. (5.4)
A2k [s,¢] k12 A2k[s,t] 125 dto(?l—l) dto(Ql)
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Notice that if ¢,(9—1) € [tj,tj41] and t5(9) € [ti, ;1] then, in the case of the uniform mesh of

size m~! (i.e. g =m™1)

<dBH,m,ia(2z—1) dBHmyis(an)
E
dts(21-1) dts(21)

fen (i 2H—2
) = 5id(21>,ia(21_1)H(2H—1)m /t |z —y| dzdy. (5.5)
Further, recall Theorem 31 of [BCOT].
Theorem 5.1.5. Assume H > 5. Letting I = (iy, ..., i21) be a word, then

2H — 1
HI) _ 2H—2
: </A2k[0 1] 5 ) k2R Z / H(S iotaydaar-n) o) ~lo(ai-1)| b1 db.

o€y *10,1] =1
(5.6)

We conclude this section with the following remark.

Remark 5.1.6. By using the scaling and the stationary increments property of the fBm, we
have that

E ( / dBHJ> =E < / dBHJ> = (t — s)**E ( / dBHJ> , and
AZF[s 1] AZE[0 t—s] AZF[0,1]

E </ dBH””J) =E (/ dBH’mJ> = (t—s)**"E (/ dBH”"J) :
AZF[s 1] AZR[0,t—s] AZF[0,1]

Hence, it is sufficient to focus on the case A?¥[0, 1] in the proofs of our results.

5.2 Main Results

The first result shows the rate of convergence of the expected signature of the linear piecewise
approximation of the fBm to its exact value. In this result, we also give an explicit expression
for the coefficient. Moreover, we state the results in its generality, meaning that we use the
expression g, to stands for the size of the uniform mesh considered. In formulas, g, = t;41 — ;.

Examples are ¢, = m ™' and ¢, = 27™.

Theorem 5.2.1. Let H > 1, T € [0,00) and 0 < s <t < T. Let I = (iy,...,i0;) be a word
where iy € {1,...,d} forl=1,...,2k, then for all m

E (/ dBHJ> -E (/ dBH’m’I>
A2k[s.¢] AZR[s 1]

where qm 1s the size of the uniform mesh considered, C' =

< Capt(t— )M,

Ak(2k—1)

(k—1)12F and A is a finite constant

depending only on H.

It is important to stress that for the Brownian motion case, namely H = l Ni and Xu in
INX15] proved that the sharp rate of convergence is given by 1, which is in hne with the result

presented here (i.e. ¢}, = qm )
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The following theorem provides a sharp bound for the value for the expected signature of
the fBm. In the H > % case, this result in particular implies Chevyrev-Lyons’ result that the
expected signature of fBm has infinite radius of convergence. This in turns implies that the

expected signature determines the signature in distribution.

Theorem 5.2.2. Let H > 1, T € [0,00) and 0 < s <t < T. Let I = (iy,...,40) be a word

where iy € {1,...,d} forl=1,...,2k, then

E / apir| < L=
A2k[s 1] - kl2k -

In order to present the results on the cubature method we require an extended formal in-
troduction. For this reason we present the results in all their completeness and formality in
Section 6. Here we provide a high-level description of the main results. The first theorem can

be described as follow:

Theorem m (High-level description). We provide an explicit bound for the approximation
error of the cubature method for the fBm with H > 1/2.

In other words, we provide the bound of the difference between the expected solution of an
SDE driven by a fBm with H > 1/2 and the deterministic solution obtained by the cubature
method. In particular, with this result we extend Proposition 2.1, Lemma 3.1 and Proposition
3.2 of [LV04] to the fBm case for H > 1/2.

The second main result can be summarised as follow:

Theorem (High-level description). We provide the cubature formula for the one dimen-
sional fBm with H > 1/2 up to degree 5.

1
2

results obtained in this theorem perfectly coincide with the results of Lyons and Victoir obtained
in [LV04].

It is important to remark that for H = 5, i.e. when the fBm is just a Brownian motion, the

5.3 The cubature method for the fBm

In this section we present the results on cubature method for the fBm in details. We start this
section with a brief introduction to the cubature method for the fractional Brownian motion.
The cubature method is a numerical method used to obtain approximate solutions to SDEs
and parabolic PDEs. The first main step is to obtain the cubature formula, which we define
below for the d-dimensional fBm (for d € N). The setting is the same as the one presented
for the Bm case in [LV04]. So, the probability space we are working on is (CJ([0, 7], R%), F,P)
where CJ([0,T],R?) is the space of R¥-valued continuous functions defined in [0, 7] which starts
at zero (i.e. the Wiener space), F is its Borel o-field and P is the Wiener measure. As in
[LV04], let B; : C([0,T],RY) — R such that Bj(w) = wi(t) for t € [0,7] and i = 1,..,d,



158 Chapter 5. On the signature of the fBm

then {Bi}epo,r) = {B}, .., Bz‘tj}te[O,T] is a R%valued Brownian motion on the probability space
(CY([0,T],RY), F,P).

Now, recall that it is possible to write the fBm in terms of a Bm, as done in [BPQ]. In
particular we follow the formulation in [BPQ)| and consider the stochastic process BtH w) =
JER (¢, 5)dBl (w ( JER(t, 5)dwi( )) for t € [0,7] and i = 1,..,d, where H > 1/2. Then, the

B }te[O,T] is a R%valued fractional Brownian motion on the

process {B/! hepr) = {Bt
probability space (CJ([0,T],R%), F,P).
As in [LVO04], the process {&:z}iejo,r) is @ stochastic process like our {Bi}ejo,r), that is & . :
cy([o, T],R?) — RN (for N € N), hence §tp tw > & p(w). Further, we will consider the process
A H,1 Hd

{Bg{}te[o,T] = {t>Bt 7'-'7Bt }te[O,T]-

Moreover, let Cg’bv([o, T], R?) be the space of R%-valued continuous paths of bounded variation
defined in [0, 7] and which starts at zero.

We present the definition of the cubature formula for the fBm for H > 1/2 on the Wiener

space.

Definition 5.3.1. Let m € N and H > 3. Let define Ap, == {(i1,....1x) € {0,...,d}*, 2Hk +
(2—-2H) x card{l,i; =0} <m and k € N}. We say that the paths

@1, .., @ € Cpy ([0, T], RY)

and the positive weights A1, ..., \n, define a cubature formula of degree m at time T, if and only
if, for all (i1, ...,1k) € Am,

E [/ ng’iP--dBi’i’“} :ZAJ»/ Al (ty) - - - dl* (t,).
0<t1<,...,.<tp<T j=1 0<t1<,...,<tp<T

where, forl=1,....k,
Ty tr, ) 11 =0, R ti, 7 11 =0,
BtIl{’” = - / and wzl = , /

BZZZ if i #0, a)g if i #0.

Notice that the formulation of A,, comes from the fact that for a word I, which is a set
(i1, ...,1x) € {0,...,d}* for some k € N, we have that

E/ JBH _E/ JBH _(t_S)kH+(1—H)xaard{j,¢j_0}E/ JBH
AK[s,1] AK[0,t—s] AK[0,1]

(see [NNRT09] Proposition 4.8 for similar discussions) and the reason why we multiply by 2 in
A, is to be consistent with the formulation provided by [LV04] for the Bm case.

Once the cubature formula is obtained, it is possible to derive approximate solutions of SDEs
driven by fBm. Indeed, let C};° (RN, RY) be the space of RV-valued smooth functions defined
on RM whose derivatives of any order are bounded. We regard elements of Cye (RN, RN) as
vector fields on RV, In other words, for V € C°(RY,RY) with V = (VM ..., VIN)) and for
feCPMRY), welet Vf= Z;V:1 V(j)(x)%f(x). Consider Vj, ..., Vg to be such vector fields.
Let &4, t € [0,T],7 € RV, be the solution of the SDE:
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d
A€o =Y Vi(&a)dBy™, with & = . (5.7)
=0

Moreover, let @7, (w}), where w} € CO([0,T],R%), be the solution at time T of the ODE:

Ayraj = Vi(yra)d@i(t), with go. = . (5.8)

The core message of the cubature method is that the weighted sum of the solutions of the
ODEs for j = 1,...,n, where the weights are given by A1,..., A\, of the cubature formula,
approximates the expected solution of the SDE .

In the following theorem, we provide an explicit bound for the approximation error of the
cubature method for the fBm with H > 1/2. Hence, we provide the theoretical foundations of
the cubature method for the fBm, extending Proposition 2.1, Lemma 3.1 and Proposition 3.2 of
[LV04]. Before proving the theorem let us introduce some notation. Let || - ||gy denote the Eu-
clidean norm in R and let || indicate the length of the word I, where I € {0, ..., d}* for some k €

N. We will also use the supremum norm ||-||oc, €.9- [|Vi, -+ Vi, flloo = Supgern |(Viy -+ Vi, f) ()]

Theorem 5.3.2. Consider any function f : RN — R, whose deriwatives of any order exist and
are bounded, and vector fields Vy,...,Vy € C°(RY,RN). Let T € [0,00) and assume that there
exists M > 0 and 0 < v < 1/2 such that, for every word I, ||(Vi, - Vi, f)lleo < MUI(I|!)7.

Then, we have

n Li(T) #T>1,
sup fT:v Z (I)Tm U-)] ‘ <
:EERN j=1 LQ(T) ’LfT <1,
where
(M KT)
m+2)/2 (m+2)/2
Ly(T) := CT' /<1+M /Z k11/27>’
(dMKTH)*
2H 1 H(m+2)/2 3 r(m+2)/2
Lo(T) :=C'T*" + C¢'T M Z s

and where C,C',C" > 0 are constants independent of T and K = | /m.

Remark 5.3.3. Notice that our result differs from Proposition 3.2 of [LV04] for two reasons.
First, in that proposition lack the consideration of the case T' < 1. Second, we do not have the
possibility to use the It6 isometry of Proposition 2.1 in [LV04], but we have to rely on Theorem
3.4 in [BZ12|. We also point out that in case sharper estimates for the remainder of the stochastic

Taylor expansion for the fBm are found, these will directly improve our result.

From the scaling properties of the fBm, we obtain the following simple proposition, which is

an equivalent of Proposition 2.5 in [LV04] for the fBm.

Proposition 5.3.4. Assume that @1, ...,0, € Cgvbv([o, 1],R%) and the weights Ay, ..., A, define a
cubature formula for the fBm on the Wiener space of degree m for time 1. Define, for j = 1,...,n,
the paths (DJ(T) € Cg’bv([O,T],Rd) by @j(-T)’Z(t) = TH@;'.(t/T) fori=1,...d. The paths @](-T) and
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the weights \; , j = 1,...,n, then define a cubature formula for the fBm on the Wiener space of

degree m at time T.

Proof. 1t follows from the scaling property of the fractional Brownian motiomn. O

The last step of the cubature method is to extend it from small times to any times. This step
is usually called concatenation step. Indeed, for the Bm case it is sufficient to divide the time
interval in smaller subintervals and then concatenate the solutions obtained in each subinterval
(see [LV04] for details).

In this chapter, we do not deal with the concatenation step. This is because for the fBm we
do not have the independence of the increment property (i.e. the Markov semigroup property)
that we have for the Brownian motion case. Hence, the problem of the concatenation is open
and non-trivial. On the other hand, as pointed out in the Introduction in [BFL13| “in many
practical applications K (the number of concatenation steps) remains small”. Therefore, despite
we do not provide the concatenation step our method can be nonetheless potentially applied to
many empirical applications which consider any interval of time.

The following result is the second main result of this section. In this result we present the
cubature formula for the one dimensional fBm up to degree 5. As mentioned above, the cubature
formula allows to put into practice the cubature method.

It is important to remark that for H = % the results obtained in this theorem perfectly
coincide with the results of Lyons and Victoir obtained in [LV04]. Further, due to the fact that
the proof is tedious and mainly based on linear algebra computations we decided to only sketch

it here (see the supplementary material of [3] for further details).

Theorem 5.3.5. Let H > % Define B and & to be

~H. i tla Zf il = 0) ~i] tl) Zf il = 07
B, = and wy =

H . . . .
Btl 7’f =1, Wiy, 7’f =1

forl=1,...k and j =1,...,n and where w; € Cg,bv([O,T],]Rd), The weights {\1, A2, A3} and the

paths {wt 1, wr 2, w3}t will satisfy the cubature formula

3
AH . /\H 5 A7 ~ 3
E dB; " - dB; " =) A dawyt - - diyk
t1 tr J t1,] t1,5°
0<t1 <, <t <T j=1 0<t1 <., <t <T

for the following degree

1 2
or 5 < %,
Degree = f i a 3
for 5 < H <1,
if A1 :)\2:% andAgZ%, and
(2\/§ - 5)757 te [07 %]7
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—96H? + 66H + 57
where B := v 2H++ 7 + , and wpo = —wy 1 and wez =0 fort € [0, 1].

Sketch of the proof. The first step is to compute the expected iterated integrals for different
combinations of words, that is for different combinations of time path ¢ and fBm B/. For

example, for the degree 2H + 2 we need to compute:

1 ug 1
E </ / ngduz> :/ E(BL)du; =0
0 JO 0
1 ug 1
E (/ / duldBuh;> =E (/ u2d3g> =0.
0 JO 0

The second step is to obtain the respective iterated integrals of the w; weighted by the ;.

and

Hence, for degree 2H + 2 we have:

n 1 ug n 1
0= Z Az/(; /0 dwi7uldUQ = Z )\Z/O wz"quUQ =0
=1 =1

and
n 1 pug n 1
0= E )\2/ / duldwmz = E )\z/ Udei,ug =0.
=1 70 /0 =1 70

Then we have a system of equations where the unknowns are the w;, the A; and n. Solving this

system give us our result. O

We conclude with a final remark on the solution(s) obtained for the cubature formula.

Remark 5.3.6. From the proof of this theorem we obtain two solutions of our system of equa-
tions, which determine the slope of our paths ws. The reason why we focused only on one solution
is because Lyons and Victoir focused on that particular solution in their paper. However, both
solutions are feasible. Hence, we have two valid solutions for the cubature formula of the frac-
tional Brownian motion for this kind of structure (i.e. piecewise linear paths with change of
slopes at ¢t = % and t = 2).

Indeed, the structure adopted is already arbitrary and hence it is important to have a solution

and not to have a particular or unique solution.

In the next section we are going to explore a concrete application of the theoretical results

presented in this section.

5.3.1 Example

In this section we present a practical example of the cubature method for the fBm with H > 1/2.

We consider the geometric fractional Brownian motion (gfBm):

t t
fiw =1+ / b 2ds + / a&s B (5.9)
0 0
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Figure 5.1: Error function for the cubature method of the gfBm with a =2, b = -3/2, 2 = 1, H €
(1/2,1) and T € [0,1/4)].

where x,a,b € R. Using Theorem 4.3.1 in [Zha98], it is possible to prove that (5.9) has a unique

solution, which is given by

242H
&t = TEXp (bt + anI) = E[{.] =zexp (bt + a 5 > .

The ODEs that we need to solve to implement the cubature method are

t t
Ytwj =T+ / bys,z,ds + / aYswjdws; = Yraj = vexp (bt +awr ),
0 0

where (t,w; ;) are the cubature paths, for j = 1,2,3. The reason why we decided to focus on
the SDE (55.9) is because it has an explicit solution allowing the approximation error to measure
uniquely the error coming from the cubature method. The objective is to compute the following

error function:

3
err(T,H) = ‘E(fT,x) - Z)‘ij,x,j - (5.10)

Jj=1

In terms of the notations of the previous section, we have that: d = 2, N = 1, Vj(z) = bz,
Vi(z) = az, and f(x) = x. Observe that this setting does not fit into the framework of the
previous section since Vp, V; and f are not bounded. However, this is typical of the literature
on the cubature method (see the Introduction in [BFLI3]| for a discussion).

In Fig. |5.1| we plot the error function for ¢ = 2, b = —3/2 and z = 1 in the intervals
H € (1/2,1) and T € [0,1/4]. It is possible to see that the error function becomes smaller as
T decreases and as H increases. This is in accordance with the theory. In particular, when
T decreases the cubature method becomes more accurate since it is based on the (stochastic)
Taylor expansion around zero. Moreover, as H increases the fBm has smoother paths which are

easier to be matched by the cubature paths and, so, by the cubature formula.
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Figure 5.2: Error function for the cubature method of the gfBm with a =2, b = -3/2, 2 = 1, H €
(1/2,1) and T € [0,1/20).

In Fig. we plot the error function for @ = 2, b = —3/2 and x = 1 in the intervals
H € (1/2,1) and T € [0,1/20]. It is possible to see that the error becomes very small. This is
primarily caused by the higher precision of the cubature method around 7" = 0. This is supported
theoretically by the fact that the cubature method is based on the (stochastic) Taylor expansion
around zero. Moreover, one might think that when 7' is small the absolute value of the solution
of is small hence the error is small. However, this phenomenon does not depend on the
absolute value of the solution as supported by the following additional empirical results.

An alternative error function is given by

3
Zj:l YT, 5

err™(T,H) = |1 — E (é7.0)

The advantage of this new error function is that it is not influenced by the absolute value of the
solution of the SDE considered. When we focus on our example, we found that this new error
function shows the same behaviour as the previous error function . The only difference is
the scale of the error which is now consistently (i.e. for any value of H and T') smaller than the
previous one.

Although the new numerical results have a smaller error then the one computed with the
previous error function, we decided to not present them since they show the same behaviour as
the ones already shown (see Fig. and Fig. [5.2).

5.4 Conclusion

In this chapter, we have investigated various properties of the expected signature of the fBm for
H > 1/2. We have shown the sharp rate of convergence of the truncated expected signature of

the linear piecewise approximation of the fBm to its exact value, namely the truncated expected
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signature of the fBm. Further, we have provided a bound for the truncated expected signature of
the fBm, demonstrating that the expected signature of the fBm goes to zero fast as the number of
iterated integrals increases. Apart from the theoretical interest of our results, in applied machine
learning the (truncated) expected signature of a path is used as a summary of the behaviour
of the path. Our results, which describes various properties of the expected signature, might
be used to have bounds for convergence for the models developed. In addition, to this we have
developed the cubature method for the fBm for H > 1/2. By doing this, we have developed a
complete numerical deterministic method that provides approximations of the expected solution
of certain SDEs driven by the fBm. We have shown a practical example of this method using
the geometric fractional Brownian motion. The main limitation is the lack of the concatenation

step which forces our method to be applicable only for small-time solutions.

5.5 Appendices

Appendix A: Proof of Theorem [5.2.1

In this section we prove Theorem Hence, we show the rate of convergence of the expected
signature of the piecewise approximation of the fBm to its exact value and its coefficient. The
sharpness of the rate of convergence is a delicate matter and it will be discussed at the end of
this section.

As mentioned before, this theorem covers the weak convergence rate of the signature of the

fBm. A previous result on the strong convergence rate was obtained by Friz and Riedel in [FR14].

Remark 5.5.1. For the sake of clarity, we prove Theorem and all the results in this section

-1

for the case of the uniform mesh of size m™!, namely ¢,, = m~!. However, all the results holds

for any uniform mesh.

Recall from Theorem [B.1.5] that we have

E < / dBHJ> —E ( / dBH’m’I> |
A2k[0,1] A2k[0,1]

(2H — 1)* —_—
:' k12k Z / H50(2l)7a(2l 1)|t 21) o(20-1) |

c€Gark *10.1] =1

: 2 bt flits 2H -2
H i (21) o (20-1) Z ftistisax [t ty) (o20) Lo (2t—1) )M / / |z —y|*" " dadydty - - digg|.
t; tj

=1 1,5=1

In order to understand this as a whole we need to first understand the single parts of it. In

other words let us focus on

2 vt 2H—2 S 2 bt fit1 2H—-2
/ / (’t - S‘ - Z 1[ti,t¢+1]><[tj,tj+ﬂ(t7S>m / / ‘JZ‘ - y’ dﬂi’dy)det7
U w1 i,j=1 t; t;

where uy,ug,v1,v2,t,8 € {t1,...,tar}. There are two possible cases. The first one is when ¢ and
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Figure 5.3: Representation of the area of the double integral 1'

s are next to each other. In this case, we have

vt 2 O g [l [l 2H—2
/ / (\t e g 1[t¢,ti+1}x[tj,tj+1](ta s)m / / |z —y|*7 ™ dacdy) dsdt (5.11)
u Ju ij=1 t; t;

with u,v,t,s € {t1,...,tor} with u # v # t # s. The second one is that s and ¢ are not next to

each other. Hence, we have

e 2H-2 - o [T [t 2H—2
/ / (|t — s - Z Lit: tipa]x[tg.t540) (B S)M / / | — y| dxdy) dsdt (5.12)
ug ul ij=1 t; t;

with uy # us # v1 # v9 #t # s.

We will focus first on the first case (5.11]), which is more delicate. We are going to split this
double integral into different parts according to our piecewise approximation. In particular, let
t4 be the lowest grid time above u and ¢, the highest grid time below v, as shown in Figure

Then we have that our double integral can be rewritten in the following way:

vt tq rt tp rtq vt v prtp vt tp ot
S WL L b L L L L L L I e
u<s<t<wv u Ju U U tq Ju tp Ju tp Jiq tp Jip tg Jig

In order to better understand this decomposition it is helpful to look at the upper triangle
in Figure (i.e. the triangle from the red diagonal to the upper and left blue edges). The
first integral is the small triangle in the lower left. From here you first move up and then move
right. The last integral is the central yellow triangle in Figure[5.3] For this integral the piecewise

approximation and the exact value are equal, hence their difference is zero. This is because the
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piecewise approximation is equal to the exact value if the points in time considered coincide with
the grid points.

What we want to show now is the speed at which the difference between the piecewise
approximation and the exact value for these integrals is going to zero as the grid size goes to
zero (i.e. m — o0). In order to facilitate the reading and understanding of the content of this
section, we decided to split the proof of Theorem in different small propositions.

The following propositions regards the rate of convergence of each double integral of the right
hand side of equation (5.13). First, let us focus on the integrals: f;q fi and ftZ fttp We have the

following proposition.

Proposition 5.5.2. The differences

ta 22 g [l [l 2H 2
=2 = 37 M et [ [ o= g P dady)dsae
ij=1 i j

and

vt 22 i tj“ 2H—2
/ / (|t — 8|7 T — Z Lt tipa)x[tyt540) (5 S) m? / —yl*7 dxdy)dsdt
ty Jtp t;

,j=1

are bounded by

m—ZH
H(2H —1)
Proof.
tq ot m tiv1  pti41
/ / (|t — 3]2H*2 — Z 1[ti,t¢+1}><[t]~,tj+1](t7 3)m2/ / |z — y[zH*dedy> dsdt
u u ij=1 t; t;
ty ot ty g
= t— ]2 2 x —y|P 2 dady ) dsdt
|t — s Y Y
u u tg—1 Jtg—1
sy [, |
= d dt
2H(2H -1) 2H - 1
(tg —u)*" . 2-2H (tg — u)?

ToHQH-1) " 2H(2H 1)
Notice that

(tq - U)QH 2—2H (tq - u)2

S e . (tg —u)*" o om (tg —u)?
2H(2H — 1) 2H(2H — 1)

S3meHE-1 " 2HEH-1)

m—2H o oK m—Q m—2H
<o 4m = :
2H(2H — 1) 2H(2H —1) H(2H — 1)

The same reasoning done for this integral applies mutatis mutandis to the integral f;; fttp O

Let us focus on the integrals: fttq” quq and ftz fttq” We have the following proposition.



5.5. Appendices 167

Proposition 5.5.3. The differences

e [ta 2 o g [Tt [l 2H—2
/ / (]t — s — E Lt o] X[t ,541] (t,s)m / / |z — y| d:ndy) dsdt
tq u 7’7]:1 ti tj

and

Vo[t 2 e o [ltr [ln 2H—2
[ (=212 = Y Gt [ [ o= g Ry asat
tp Jiq t; t;

ij=1

are bounded by

22H 42 — 213 2H
_ 4 —4H e e
HeA—1) 7 );Z "

Proof. We have

2 oF 9 m tit1 it o
L7 (P2 = 3 vttt [ [ e P2y ds
tq u ij=1 t; t;
e [t 2H -2 = o [l [ 2H 2
= / / <\t — s - Z L0, ()M / / | — y| dacdy) dsdt
ty Ju i t tg_1
b1 i lq liv1 [lq
= Z / / (]t e m2/ / |z — y|2H*2dacdy) dsdt.
ti=ty v ti u ti tg—1

Here we need to split the sum in two parts. The first part is composed by the first element of
the sum, while the second is composed by the whole sum without the first element. Let us first

consider the first part.

lg+1 tq log+1 lq
/ / <\t— s|2H=2 — 2 / |z —y|2H72dxdy)dsdt
tq u tq tg—1

i (tq+1 - U)QH - (tq - U)QH - (tqﬂ - tq)QH

2H(2H —1)
tgrr —tg—1)?H — (tg — tg1)? — (tgr1 — )"
_m(tq+1—tq)(tq—u)(q+l q 1) (q q 1) (q—i—l q)
2H(2H —1)
2H

Notice that every element in the numerators is smaller or equal than m™ )2H

except for (tg41—u
and (tg41 — tg—1)*, for which the following relation holds (t,41 — u)?? < (tg41 — tg—1)?"
= 22Hy=2H  Therefore, taking absolute value of each element we have

< 22H 4 2 m—2H

~ H(2H —1)

Now let’s focus on the second part, that is
tp—1

tit1  [flq ti+1  filq
Z / / (\t — P72 m2/ / |z — y\QH*Qdydx>dsdt
t; U t; tg—1

ti=tg+1
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i+1 tq i+1 lq
/ / 2H 2 m / / 2H Qdyd:c) dsdt
tp 1 i+1 1+1 tq
Z / / / / §)2H=2 _ (g — y)QH*Qdydx)dsdt.

ti=tg+1

ti=tq+1

By applying the Mean Value Theorem we have

;D ! i+1 t i+1 .
/ / q / / 2-2M)&T 3t —s— (x - y)\dydx) dsdt
tg—1 E€[( t s),(z—vy)]

ti=tq+1 t;

tiD 1 titr1 tq tit1 tq B B oH—3 B
(2—2H)(t; — tq) |t —x +y — s|dydx ) dsdt.
ti t; tq 1

t_t q+1

Observe that [t — x| <m~! and |y — s| < m™!, hence |t —x +y — s| < 2m~!. Thus, we have

tp ! t1+1 tq t1+1 tq
/ / / / (4 — 4H)(t; — t)*" 3m 1dydm>dsdt
ti ti

ti=tg+1

tp—1

<@A—4H)m™ > (ti —t)* R

ti=tg+1

Moreover, it is possible to notice that

2H-3 m 0o
(4 — AH)Ym™> Z < ) = (4—AH)ym ") "8 < (4 — AH)m 27y 213
=1 =1

< Km™?1,

where K is a finite constant independent of m, and that 2, i?H=3 < oo for H < 1.
S . . . v rtp
A similar reasoning applies to the integral ftp ftq i O

The last integral to be analysed is f;; fiq

Proposition 5.5.4. The difference

vt G2 N fitt t”“ 2H—2
/t / (\t — s - E Lt tipa]x[tt511] (t, s)m> /t — 9| dxdy) dsdt
p Ju

1,j=1

1s bounded by
320 4+ 10(22H) + 2 o
2H(2H — 1) '

Proof. Here we need to distinguish two cases. One in which |u —v| < % and the other in which

lu—v| > 2. Let’s focus first on the case [u —v| > 2

v [t 22 o [frr [lin 2H—2
/ / (]t — s — Z 1[ti,ti+1]x[tj,t]-+1](ta s)m / / |z — y| dmdy) dsdt
tp u ti tj

ij=1
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v i tp+1
_ / / (|t _ S’2H72 2
tp Ju t

tq
/ |z — y\QH*dedy> dsdt
P lg—1

v [rtq tp+1 flq
_ / / m2</ / It — s|2H2 — |z — y2H2dzdy
tp Ju tp tq—1

)dsdt.
q
By Mean Value Theorem we have

v g tp+1 [iq
/ / m? </ / it —s|?H2 — |z — y|2H_2dxdy) dsdt
tp Ju tp tg—1
v riq tp+1 [tq
S VA e
tp Ju tp t

(2—2H)EH 3|t — 5 — (x — y)]da:dy) dsdt
g-1 E€[(t=s),(z—y)]

J L

tq

(2—2H)(t, — t) 3t —2+y — S|dxdy) dsdt.
tg—1

Since |u —v| > 2 then t, —t, > m™!

v ptg tpr1 [lq
< / / mz(/ ’ / (4—- 4H)m_2H+3m_1d1:dy) dsdt
tp Ju tp tg—1

< (4—4H)m 2,
Finally, consider the second case, i.e. |u —v| <

vt
/ / (\t _ S’2H—2 —m2
tp Ju t

tp+1 tq
/ |z — y\QH_dedy> dsdt
P

2
prol

tg—1

_ (v — U)QH - (tp - U)QH — (v — tq)2H + (tp - tq)QH
N 2H(2H — 1)

2 (tp-i-l - tq—l)QH — (tp — tq—l)zH - (tp-H - tq)QH + (tp — tq>2H
m=(v p)(q u) 2H(2H — 1)

Now, since |u — v| < % then ¢, —t, < % S0 tpr1 — tg—1 < % Therefore, we have

< (32H +10(2%) + 2) —

2H(2H — 1)
Moreover, since

32H 1+ 10(221) 42
4—4H
( )< SHEH-D

then we can use the right hand side of the above inequality as the coefficient for the rate of
convergence for the integral ftz fiq independently of the value of u and v.

O
Therefore, we have the following proposition.

Proposition 5.5.5. The difference

22 g [Tt [t 2H—2
/ <|t — 5 - Z 1[ti,ti+1]x[tj,tj+1](ta s)m / / lz =yl d:cdy) dsdt
u<s<t<v 7;7]-:1 t; tj

169
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1s bounded by

where A is given by

e ) P o2

A=2 <H(2H —) T aer - r 2H(2H — 1)

Proof. 1t is immediate from the previous propositions, from the fact that for the double integral

j:;” fti the difference is zero as discussed before and by considering equation (5.13)). Indeed, the

difference for the double integral j;zp j;; is given by

ot 22\ o [l [t 2H -2
/ / (|t — 5] - Z Lty tipa)x[tg,t,40) (B S)M / / |z — y| da:dy) dsdt.
tq tq ij=1 t; t;

Notice that this difference can be expressed as the sum of two classes of integrals. The first class

contains the off-diagonal terms, which can be expressed as

tit1  fti41 tiv1 ftj+1
/ / (|t — 5272 2 / / |z — y[2H_2da:dy) dsdt,
t; tj t; tj

where t;,t; € {tg,tq41,...,tp—1,tp}. It is possible to see that this difference is immediately zero.

The second case is

tit1 t tiv1 tz+1
/ / <|t — s]PH=2 _p? / —y|- 2d;vdy> dsdt,
t; t; t;

where t; € {tq,tq+1,...,tp—1}. This difference is equal to

(tiyr — )= /Z“/ tz+1 ti)*"
- il ) st
T 2H(2H - 1) HH-1) "

m—2H 2 2H i+1
= / / dsdt
2H(2H —1) H(2H —1)

m—2H m?

T 2H(2H — 1) H(2H - 1) 2

:O.

This result could also be directly seen from the symmetric (with respect to the diagonal) property

of the function |t — s[2H 2, O

Now, recall the second case (i.e. equation (5.12])), which we rewrite here:

o G2 g [Ut [l 2H—2
/ / (|t — s — E 1[t¢,ti+1]x[tj,tj+1](ta s)m / / |z — y| dxdy) dsdt
u2 (75} ij=1 t; t;
with uy # ug # vy # v9 #t # s.

Concerning this case we have not any more a triangle but a rectangle. First, observe that

these rectangles never lie on the diagonal. This is because we have va > ug > v; > wy. The value
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of the double integral for this rectangle can be obtained by the difference of double integrals of
properly chosen triangles. That is

V2 V1 V2 t ug t v2 t u2 t
LLL L L L L
u2 ul ul ul Ul ul V1 V1 V1 V1

Therefore, we have the following proposition.

Proposition 5.5.6. The difference

B 22\ o [fHr [l 2H—2
/ / (‘t — 5| - Z I[ti,ti+ﬂ><[tj:tj+1](t’ s)m / / |z =yl dmdy) dsdt

uo ul i,j=1 t; tj

1s bounded by
4AM™2H
where A is given in Proposition [5.5.5]
Proof. Let
m tit1  ptj+a
tos) = 6= 5P = 3 b e omt [ [ e P dady,
i.j=1 bt

Then from the discussion in the above paragraph we have that

/uvz /uvl f(t,s)dsdt
:/:2 /: f(t,s)dsdt—/uu2 /: f(t,s)dsdt—/yw /:f(t,s)dsdtqt/vw /:f(t,s)dsdt

< 4Am~21
where the last inequality follows from Proposition [5.5.5] O
We present now a general result on combinatorial properties of the iterated integrals.

Proposition 5.5.7. Let k € N and let h : R?*=2 = R be a 2k—2-dimensional integrable function.
Then,

c€Gos /0\<t1<~“<ta(2j—l)—1<ta(2j—l)+1 <"‘<to(2j)—l<t0(2j)+1 <. <tgp<l1

h(ta(1), to(2)s - to(2))—15 to(2j) 415 -+ ta(2j—1) =15 La(2j—1)+15 =+ Lo(2k))

dty -+ dty(2j) -1t g(2j) 41 dbo(2j-1)—1dts(2j—1) 11 " - - dbog

=2k(2k—1) ) /A%Z[O ; h(S7(1)s Sr(2)s s Sr(2k—2)) dS1 " -+ dS2p—2, (5.14)

TEGoK_2

where Gap_o 1s the set of all permutations of the set {1,...,2k — 2} and j =1, ..., k.

Proof. For the moment, fix ¢ € Go, and consider the case j = 1. By a simple change of notation

we have
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/ h(ta(3) to(a)s - to(2k))
0<t1 <"'<to-(1)71 <t0(1>+1<..‘<t0(2),1 <t0(2>+1<..‘<t2k<1

dti - dty2)-1dte2)41 - dbo)-1dls(1)11 - - - dlok

= h Sr(1)s S7(2)s -9 ST(2%k— ds:---ds 2,
/A2k2[0’1] ( (1) (2) (Qk 2)) 1 2 2

where 7 € Gor_o. Now, given a permutation 7 € Go_o there are different os, say o1, 09, ... € Goi,
such that they satisfy the same equality as above. In particular, for a given 7 there are precisely
2k(2k — 1) of these os that satisfy the equality. That is

2U(2k—1)
Z h(taj(3)a taj(4)a ) taj(Qk))

j=1 0<t1<...<ta].(1)_1<toj(1)+1<...<toj(2)_1<t(7j(2)+1<...<1
dty - dly(2)-1dts(2)11 - dbg1)—1dts(1)41 - dlok
=2k(2k — 1) / h(87(1)s 87(2)5 > Sr(2k—2))ds1 - - - dSop 2.
A2k—2[071}

The 2k(2k — 1) factor comes from the possible values that {o(1),0(2)} may assume in the
set {1,...,2k} leaving the order of the remaining 2k — 2 elements, which are the elements
0(3),...,0(2k), unchanged. That is the 2k(2k — 1) comes from the 2-permutation of 2k.

The next step is to see that it is possible to reformulate all the permutations o € Gy, in terms

of the permutations 7 € Goi_o times 2k(2k — 1). In particular, we have the following equality

/ h(t0(3) ) to(4)7 ey to(Qk))
0EGar 0<t1<..<to(1)—1<to(1)+1<---<lg(2)—1<lr(2)41<...<1

dty - dly(2)-1dts(2) 11 dbg1)—1dts(1)41 - dlok

=2k(2k — 1) Z / h(S7(1ys S7(2)s +s Sr(2k—2))dS1 - - - dSap_2,
TE€Gon_o A2k=2[0,1]

which is our desired equality . The reason why this holds is that it is possible to decompose
the permutations Gy, (the os) into the 2-permutations of 2k (which are 2k(2k — 1) permutations
o for each permutation 7) times the permutations Gor_o (the number of different 7s). Indeed,
for Gor, we have (2k)! permutations (and of course they are all different from each other) and for
the other we have (2k —2)!-2k(2k — 1) = (2k)! permutations (and they are also all different from
each other).

It is possible to see that the same arguments apply to the case j =1, ..., k. For example, take

j =k then it is easy to see that we have

/ h(ta(l)v ta(2)7 SR ta(2kz—2))
0€Gay ¥ 0t <o <ty (2k) 1 <l (2h) 11 <o Ll (2 1) -1 <l (2 1) 41 <o <t2p <1

dty -+ dtgor) -1l (2k)41 *  Abo(2k—1)—1dto(2k—1)41 - dlog

= 2k(2]€ - 1) Z /A h(ST(l), 87(2), cesy ST(Qk_g))dsl ce dSQk,Q.

2%—2
TEGak—2 [0.1]
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Now we are ready to prove Theorem

Proof (Theorem .

E (/ dBH»I> ) (/ dBH’m’I> | =
AZR[0,1] A2k[0,1]

2H — 1 —_—
:' k12k Z / H(SO'(QZ)vo'(Ql 1)|tcr(2l o(20-1) |

0€Ga *10.1] =1

k

m tiv1  fti41
2 2H—2
- H 51'0.(21)72'0.(2[,1) Z 1[ti,ti+1]>< [tj,t]'+1] (ta(2l)a ta’(2l—1))m [ /t "CL‘ - y’ dl‘dydtl e dtQk‘ .
=1 i,5=1 i j

Now, by using the relation

k k k
Hal—Hbl (al—bl Hb +CL1 a2—b2)H +Hal ak—bk
=1 =1 =3

=2

where a;,b; € R for ¢ = 1, ..., k, we have

HF(2H — 1)k oF 9
- | k19k Z /A% a(zwo 1) (‘t 750(1)‘

0€Gar
1+1 j+1
- Z Lottty 1] (Fo(2)s o)) m / / — P2 dedy)
i,j=1
u T JH 2H 2
H io(21)to(20-1) Z [twterl]X[tJthJrl}( o(21)s o (21-1))m / / z —y| dxdy
=2 7.] 1
k—1
+o.F H 5id(2l)7ia(21—1) |t0(2l) - ta(2l—1)|2H_25ia(2k),id(2k_1) (‘tJ(Qk) - ta(2k—1)|2H_2
=1
- o [l [l 2H—2
- Z 1[ti,ti+1}X[tj,tj+1](t0'(2k)7tO’(Qk—l))m / / “’B - y‘ d:l:dy) dtl e dtQk * (515)
= t; t;

By Fubini’s theorem, given an integrable function ¢ : R** — R and denoting Lscrary i= 15 ,(2)

we have that

o o0
/ gdtldt2k = / / g]‘{o<t1<t2}”.1{t2k_1<t2k<1}dt1”.dt2k5
AZk[0,1] —o0 —o0

.. oo o
Fubini 1 1
= gL{o<ti<ta} " L{top_1<tor<1}
—0oQ —00

dtg(2n)dto—1)dt1 - - - dty(ar)—1dts 1)1 -+ - Alo(ar-1)—1dbo2—1)+1 - - - dlogk

[e.e]
= / / gl{t,,(m)_l<t(,(2l)<td(2z)+1}1{@,(21_1)_1<ta(21—1)<ta(2z—1)+1}dtU(Ql)dtU(Ql—l)
—0oQ —0o0
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Lio<ti<ta) 1{to(2l)—2<to(2l)—1<ta(21)+1}1{to(2l)—1<ta(2l)+l<to(2l)+2}

1{ta(2l71)72<t0(2171)71<ta(2l71)+1}1{to(2l71)71<ta(2l71)+l<td(2171)+2} T 1{t2k—1<t2k<1}

dty - dty(o)—1dt(20) 41+ Ao2—1)—1dbs(21-1)41 * * - dlok

to2i-1)+1  [fto(20)+1
_ / g
0<t1<..<toa1)—1<to(20)+1<--<lo(21—1)—1<bo(21-1)+1<--<t2k <1 Jis(21-1)-1 Jilsr(21)-1

dtgndty21-1)dt1 - - dtga—1dto(an) 41 Alo(21-1) -1 g(21-1)41 " * - b2k,

where we assumed without loss of generality that ¢, < ts2-1)- Notice that, for exam-
ple, 1<t <1,y 18 a function of ¢ and that Locs <yt <toctsy = Lo<ti<tz}L{ti<to<ts) =
Lio<t,<ts}L{o<to<ts}- In our case the function g is given by the integrand of (5.15), which is
integrable since H > l

Now, by using this fact together with Proposition [5.5.5] and Proposition [5.5.6] we have that
is bounded by

m2H4AH*(2H — 1)F

K12k Z

0€Gap |: /O'<t1 <---<to(2)71 <ta(2)+1 <---<to(1)71 <ta(1)+1 <..top<l

: o ”1 2H—2

H o2 o (2l—1) Z Lt toia]x(t,t44] (bo@0) to(2i—1) )M / / z —y| dzdy

I= 7] 1

dty -+ dly(2)-1dto(2) 11 dbg1)—1dts(1)41 - dlok
- /
0<t1 <. <t (2k)—1 <lo (2k) 1< <lo(2k—1) 1 <bo(2k—1)+1 <. b2k <1
k-1
H-2

H O oty sio(ary to(21) — toin) 2T 2dty - Aty ory—1dto(ar) 41 (k1)1 e(2k—1)41 "+ Aok |-
=1

(5.16)
From Proposition we have

m~2HAAH*(2H A

_ 1)k
- =5 2k(2k—1) > [/A%_Q[Ojl]

TEG2k 2

tivi ftj+1
m? / / |z — y\QH*dedydsl - -dsop_9

k—1

+"'+/ 51'7 Jir (20— |ST 1) — Sr(21— |2H_2d81"'d82k_2. (5.17)
Azm[wll;[l (21)ir(21-1) 127(20) (21-1)

Z 1[t2,t1+1]>< i) (ST(Ql)u ST(QZ*l))
1=11,5=1

In particular, in terms of the notation of Proposition we have used the functions

k

hl(tO'(3)7 ta’(4)’ (L) to’(2k2)) = H 5’50(21),7:0(21_1) Z 1[ti,ti+1]><[tj,tj+1} (tU(Ql) ) to'(Ql—l))
=2 2,7=1

tit1 ftj+1
m? / / |z — y2 T 2dady
t; t;



5.5. Appendices 175

k—1

hk(ta(l)a ta(?)a ey t0(2k—2)) = H 51};(21),%(21—1) ’ta(Zl) ly (21-1)
=1

’2H 2

Once we do not consider the delta functions (namely we assume they are all equal to 1), it is

possible to observe that the functions

k—1 m

1+1 Jj+1
filst,nson—o) = D T D Ytsstsraixitytson) (Sr2n)» Srai—n) m/ / |z—y|* " *dady

T€EGok_o I=14,5=1

fr(s15 s S25-2) Z H\S 2l) — Sr(20— 1)\

T€G2k—2 =1

are symmetric with respect to the diagonal of the (2k — 2)-dimensional hypercube. This holds
because we are considering all possible permutations of the set (1, ..., 2k—2) (notice that > o~
is part of the functions and that, thanks to the assumption on the delta functions, all the possible
permutations are considered), which means that we are considering all the possible orders of the
elements s1,...,895_2. This implies that if we change the order of the integrals the value of
the iterated integral will not change. Therefore, we have symmetry and we obtain that, for

j=1, ..k,

1
(81,00, Sok—2)ds1 - dsgp g = o —— (81, ..., Sop_o)dsy - - - dsgp_o.
/Azk_z[m] fi(s1,-.. s20-2)ds1 S2k—2 (%_2)!/[0’1]%_2 fi(s1, s s252)ds1 S2k—2

We remark that without the assumption that all the delta functions were equal to one we could
not have symmetry since we could not have all the possible permutations (hence orders) of the
set (1,...,2k — 2). Therefore, in conclusion we have that the formula (5.17)) is bounded by

—2H 2H—
E | | S — S, 2ds -ds
m /1k2 |T(2l 2l1| 1- 2k—2

19k —
k12 Qk 2 TEGo,—
o AAHF(2H — DR 2k(2k — 1)k (2k—2)! 2 SAHCH 1) 0
K12k (@k—2)! HFEIRH -1 " T -1k |

(5.18)
where we have used the fact that when the extremes of the integrals are grid points (in this case
they are 0 and 1) the piecewise approximation and the exact value coincide. Recall that A is

given by

1 220 4 2 = : 32H 1 10(22H) 42
A=2 4—4H)Y #0173
(H(2H —1) T HeE-1) )2 ) SH(2H — 1)

and let A to be defined as
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A:=8AH(2H —1) =16 <3 + 225 4 H(2H —1)(4 — 4H) Ziw‘?’) +4(3* 1 10(2*7) + 2)
=1

= 56(1+ 2°7) + 4(3°7) + 16H(2H — 1)(4 — 4H) Y _i*H 3,

i=1
Thus, equation ([5.18]) is equal to m*QH%, which concludes the proof. O
Notice that ~
oy Ak(2k — 1)

k .
(k—l)!Z’f —0 as — 00

Thus, for any fixed m, the coefficient of the rate of convergence goes to zero as the number of
iterated integrals increases and it goes very fast.

The sharpness of the bound is a delicate matter. It has been proved by [NX15] that for
the Brownian motion the sharp rate of convergence is 1, which motivates us to believe in the

sharpness of our result. In order to be completely sure about it we need to prove that

E(/ dBH,I) —E(/ dBH’m’I> |:0
A2k[0,1] AZR[0,1]

However, the piecewise approximation makes this idea extremely difficult to put in practice. This

lim sup m?
m—0o0

is because, when we focus on the double integral fu the piecewise approximation and the

s<t<v’
exact value are equal when the times v and v corr;s;o;d to grid points t, and ¢, respectively,
but they are not equal otherwise. Hence, as m — oo the difference between the exact value and
the piecewise approximation goes to zero not linearly. This makes the problem of the sharpness
of the rate of convergence to appear impossible.

A possible solution is to consider the iterated integral as a whole without focusing on the
general double integral. But this seems a difficult way of dealing with the problem. Indeed, we
proceeded on with this way at the beginning of this chapter obtaining a bound with a rate of
convergence of 2H but with a non integrable coefficient. For these reasons we are confident that
the rate of convergence of 2H is sharp.

As a final remark, notice that m ™27 < m™!, which means that the difference goes to zero
faster for the fBm than the Bm. This is an expected result since the fBm with H > % is a
smoother path than the Bm. This higher smoothness is related to the positive correlation of the
increments of the fBm with H > % Indeed, we can see that the rate of convergence becomes

smaller (hence the convergence faster) as the positive correlation (represented by H) increases.

Appendix B: Proof of Theorem (5.2.2

In this section we focus solely on the expected signature of the fractional Brownian motion, for
which we prove a simple but sharp estimate for it: Theorem The proof of this theorem is
very short and the arguments are similar to the ones used at the end of the proof of Theorem

B2Tl
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Proof of Theorem[5.2.3, Consider the 2k-term of the expected signature of the fractional Brow-

nian motion for H > %, we have

2H — 1 -
£ </A2k[0 1) dBH?I) - k;le Z / H 5 ig(20)slo(20—1) ’to(Ql 0(21—1) |2H thl"'dt%

0€Gay *10,1] =1

HF (2H — 1 B
= k'Qk Z / H |ta(2l) — 1y (20— 1)| 2dt1 e dtog

o€Goy

k
H*(2H — 1)k / -
= E | | lto2r) = toi-1)l dty - - dtog
k/"2k Qk ' O€g2 [071 2k I—1

k 1,1
_ HF(2H - 1)F |
T klok k)] 2. H/O /0 b= s[™ dsdt = g

geGoy =1

by using only the fact that the function
k
2H—2
Z H lto@n) = to(a-1)l
€@ I=1

is symmetric with respect to the diagonal of the 2k-dimensional hypercube. O

A similar but less sharp estimate was obtained in Proposition 4.8 of [NNRT09]. Indeed, using
the explicit formulation of this proposition reported in Proposition 3.3 of [BZ12], it is possible
to see that they obtained a uniform bound for the 2k-th term of the expected signature of

2k
H*(2H — 1)k\/(2k)!

Observe that
2k 2k 1

HEQH —1)b/R)  JR) k2E

The advantage of our result is that the estimate is sharp, it is independent of H and the proof

is very short.

f % in [FR13|, where C' is some

positive constant independent of k. Their bound is obtained from Remark 1 point (2) in the

Moreover, our bound is sharper than the bound o

second ArXiv version of their work, for the case p = ¢ = 1 and p = 2+ (see also Remark 1 point
(3)). In particular, we have that p = 1 because the covariance of the fBm with H > 1/2 has
finite (p =)1-variation. Looking at the leading order terms, it is easy to see that our bound is

sharper than their bound.

Appendix C: Proof of Theorem |5.3.2

First of all, notice that we have the following stochastic Taylor expansion (see Proposition 2.1
of [LV04] together with [BZ12|). For any f which is smooth (i.e. infinitely differentiable) and

whose derivatives of any order are bounded, we have
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f(gT,I) = Z V;l cet ‘/;kf(IE)/ dBtIl{’il C.. dBtIZﬂk + Rm(T, , f), where
(11,eyig ) EAm 0<t1<,..., <t <T

Ry (T,x, f) = Z / Vig + - Vz‘kf(&o,z)défj’m . dBtiuk
(i1y0eerin ) EAm (60, -ensits ) E Ay ¥ OSTO Sy <t <T

Assume that the paths @1,...,0, € C’8 bv([O,T],Rd) and the weights A1, ..., A, define a cuba-
ture formula for the fBm of degree m for time T. Now notice that by the cubature formula, we

have

n
E [/ aB/hn. --df}i’ik} = ZA]-/ Al (ty) -+ - dl¥ (t),  (5.19)
0<t1<,...,<tp<T =1 0<t1<,...,.<tp<T

where w(t) = (t,w(t)). Observe that from our setting, we have

E { / dég’i1-~-déi’ik] = / / dB["" (W) d B (w)P(dw),
0<t1<,...,<tp<T CY([0,T),R%) JO<t1<,...,<tx<T

so eq. (5.19) can be rewritten as

/ / B () - dBI () P(dw)
C([0,T],Re) JO<t1 <,..., <t <T

n
:ZAJ/ il () - - - diolk (1)
j=1 0<t1<,...,<tp<T
From this formula we can obtain the probability measure Qp = Z;"b: A 5w; on (C9([0, T], RY), F),
namely on the Wiener space with its Borel o-field. In particular, let

Z(w) = / B () - - aBI (),
0<t1<,...,<tp<T

and so

/ / dB/"" (W) - - - B (w)P(dw) = / Z(w)P(dw),
CY([0,T),R?) JO<t1<,...,<tp <T C8([0,T],R%)

and by applying the measure Qp we have

Eq, [Z Z Aj / Z(w)drdw =D N Z(w})

0
= CO(0,T),R%) =

n
-/ ABL @) - dB{ (),

j=1 0<t1<,..,<tx<T
where from the definition of the fBm we have, for i; # 0, BH "H(w %) = f K(t;,8)dw j*lz( 5), while,
for i; = 0, BH”( )—tl

It is possible to observe that we have not mentioned how we select these w7 € CY([0,T],R9).
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We do it now. Choose w} € C§([0,T],R%) such that GJ” (t) = fo (t1, 8)dw}’ "(s) for iy # 0. We
know that such w} exists since w € Cgv,o([o, T],R%), Where we had w(t) = (t w(t)). Thus, QT =
> i1 Ajdur is a probability measure on (CO([0,T],RY), F). Hence, we have BH (wh) = @i (t)

and, consequently,

ZAj/ dB/" (w)) - - dBI* (w)) :ij/ i (ty) - - - diol¥ (1),
j=1

0<t1<, .., <t <T = 0<ty <,..., <t <T

that is

o | [ Bl aplt =30 | A (1) -+ daf (1),
0<ty <,porry <tp <T = o

<t1<,..., <tp<T

Therefore, from eq. (5.19) we obtain the following formulation:

E [/ dB/™" .--dégvik] =Eq, [/ dB/l" - dBv| . (5.20)
o<t1< <tp<T o<t1< <tp<T

777777777

It is very important to notice that while Bg’il (w) is a fBm under the Wiener measure, it is not
any more under Qr, and that the equality (5.20) holds only for all (i1, ..., i) € A, by definition

of the cubature formula. Moreover, observe that
B, [f(€ra)l =% [ F(Eralon)iupd = 3 A F(€raler)
ol jzl C0([0,7],R) S ; ’ ’
and that {7, (wy) is the solution of
d
* * HH,i/ . *
dgt,m(wj) = Zvi(gt,:c(wj))dBt (wj), with go,z(wj) =7,

i=0

or, equivalently, the solution of
Ay = Y Vilyea)d@i(t),  with o = 2,

which we defined before to be @, (w). Therefore,

ZA F(@r0(w))) = Egulf (€r.a))-

Let us now adapt the stochastic Taylor formula to the probability measure Q7. In particular,
using the scaling property of the fBm, which is inherited by the respective cubature paths we
have that

‘EQT [Rm(Ta €, f)”

A H.,i ik
= [Eg, Z / Vig -+ Vip f (to.)d By " - - dBYs
(21777/]@)6"4777«7(1077216)%"47” 0<t0< ..... <tk<T
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/ Vig ++ Vi f (g0 (W) (11) - - - di (t)
0<to<,...,<tp<T

(5.21)

<D N >
j=1

(11,1 ) EAm, (10,0508 ) EAm

i=j (2150yik) EAm, (10, ik ) EAM

T1+kH+(1—H)><card{l,il:0} }dwéo (tO)‘ . ‘dd};k (tk)‘
0<to<,...,<tp<1
< ¢'m+2)/2 sup \Vig -+ Vi, flloo, T >1, and
(il7-'-7ik)e-’47n7(i07---7ik)¢A77L
n
=7 (15eees ik)EAm, (10, yik ) EAmM

PHA+RH (1~ H) xcard{Li;=0} /
0

452 (10)] -+ | (1)
<tp<,...,<tp<1

< o' sup Vi -+ Vip flloos if T <1,
(il,...,ik)GAm,(io,...,ik)éAm

where C’, C"” > 0 and does not depend on T'. Notice that the 1in 1+kH+(1—H) xcard{l,i; = 0}
and the H in H+kH + (1 — H) x card{l,i; = 0} comes from the fact that we might have ip =0
(hence we will have the scaling T') or 49 = 1 (hence we will have the scaling TH), since T > T
for T > 1 we take T to get the upper bound for 7> 1 and TH otherwise for T' < 1. Moreover,
for the last inequality in both cases we used the fact that for any word in A,, we have by its
definition that H < kH + (1 — H) x card{l,i; = 0} < m/2.

We are not able to get a similar bound for |E[R,,, (T, z, f)]|. Indeed, [BZ12] is partially devoted
to the study of this quantity. In [BZ12] a different form of the remainder is considered, but the

two can be linked together. In particular, from Theorem 3.4 in [BZ12| we have

(dMKT)m+2/2 L (dMKT)*

e N (X N

itT">1 and

o)

(dMKTH)(m+2)/2 (dMKTH)*

‘E[Rm(T’xvf)” < C"/(((m+ 2)/2)!)1/2*7 rd (/{7!)1/2*7 ’

if T < 1,

where M and K are defined in the statement of the theorem. We used (m +2)/2 for the “N +1"
in the statement of Theorem 3.4 in [BZ12] because it is the minimum number of iterated integrals

of Apt2. Further, we used T instead of TH because we want a bound which is independent of

Kk
Th— if T >1,

the exact composition of the word I:
o\ 1/2
) < TkH+(1—H)XCard{j,ij:o}£k < N
> ;= Kk:
Vil THE —— i T < 1.

E ‘ / dBH!
AK[0,T]
V!

By doing this we are able to consider the drift (namely V{ # 0), which is not considered explicitly

in Theorem 3.4 in [BZ12]. Further, we have not mentioned that the vector fields V;s are analytic

since being infinitely differentiable and having bounded derivatives imply that they are global



5.5. Appendices 181

analytic.

Finally, observe that

E[f(€r2)] = B [f (€r.2)]| < [EB[Rn(T' 2, f]| + [Eqr [Rm(T, 2, f)]]

+|(E - Eg,) Z Vi, - ..Vikf(x)/o ng,m . dBt]z,ik

(i1,.ri) EAm <t1<,...,<tp<T

For the first two terms we have proved their upper bounds, while the last term is zero by definition

of Qr, namely by the cubature formula. Then, we have

sup |E(f(¢r,e) Zx\f@T (W) < 21T+ Z3(T) ifT >1,
X T ' <

z€RN Zo(T)+ Zy(T) T <1
where
Z(T) := C'T(m+2)/2 sup [Viy -+ Vi flloo
(’Ll7 ") )E.Am,(lo, ) k)%Am
ZQ(T) = C”TQH sup H‘/H e VlkaOCH

('le B )EAm7(7/07 7k)¢"4m

K)(m+2)/2 > (dM,KT)*
L (m+2)/2 (d ) (m+2)/2
Z3(T) = C,T (1 2) /202 bgl]g?\fM gok' 2=y

Z4 (T) = nyTH(m+2)/2

(dE)(m+2)/2 mi2)/2 x= (dMy KTH)*
M - 7
((m+2)/2))27 an Z (k)72

where C’,C",C,, > 0 are constants independent of T.

Finally, notice that sup M, = M because from the statement of the theorem M is such that
z€RN

sup |(Vi, -+ Vi /) (@)] = |(Vi, - Vi Hlloe < M1

zeRN

and thus M does not depend on x. Therefore, we have

Zg(T) — nyT(m+2)/2

WR)DR iy §5 @MET)"
(((m+2)/2))172= =R

Z4(T) — C’YTH(m+2)/2

(dIg)(m+2)/2 Ap(mr2)2 N ([@METH)E
((m+2)/2)Hh1/2= Z (k)2






Conclusion and future directions

In this section we recall the main highlights of this thesis and indicate future potential research

directions.

In Chapter 2| we have extended the theory of QID distributions to random measures and
stochastic processes. In particular, we studied the existence and uniqueness of QID random
measures and how they are related to ID random measures. We have seen how to define stochastic
integrals w.r.t. QID random measures and show for which conditions on a functions f we have
that [ fdA is defined. Moreover, we have investigated various representations of a QID random

measure and of a QID stochastic process.

There are several and pivotal questions that are left open. First, we know that QID distri-
butions are dense in the space of all probability distributions under the weak convergence. In
[5], it is shown that a similar result holds for completely random measures. Can we extend this
to processes? In other words, can we prove that for any stochastic process there is a sequence of
QID processes that converge to it in distribution? Or at least in finite dimensional distribution,
namely without tightness?

Second, what properties does a QID process satisfy? Is there a similar Lévy-1t6 decomposition?
Third, it has been seen that QID distributions are related to the Riemann zeta function. Which
insights on this function can we extract from QID random measures and stochastic processes?

In Chapter [3| we derived various results concerning ergodicity and mixing properties of mul-
tivariate stationary infinitely divisible random fields. A possible future direction consists of
the investigation of statistical properties of the results presented in this chapter. For example
for multivariate stochastic processes, showing that mixed moving average (MMA) processes are
mixing implies that the corresponding moment based estimator (like the generalised method of
moments (GMM)) are consistent (see [FS13|). However, it is not clear that a similar result holds
for the random fields case. Other possible directions might be the extension of the present results
to the case of random fields on manifolds or on infinite dimensional vector spaces. However, the

literature is not as developed as for the Rl-case and for these settings further work is required.
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In Chapter 4] we introduced the multivariate BSS process and studied the joint asymptotic
behaviour of its realised covariation, presenting limit theorems, feasible results and an explicit
example. We also provided central limit theorems and weak laws of large numbers for general
multivariate Gaussian processes with stationary increments. There are at least two directions
which will be worth exploring in more detail in the future:

First, is it possible to find feasible estimates for the asymptotic variance of the multivariate
BSS processes? [.e. can “second order” feasible results be obtained in addition to the “first order”
feasible results we already presented?

Second, we considered the asymptotic theory for BSS processes also outside the semimartin-
gale setting. In doing so, we concentrate on a particular scenario (as described by the assumptions
on the deterministic function g in Assumption . However, one can imagine other scenar-
ios which lead to BSS processes (or other volatility modulated Gaussian processes) beyond the
semimartingale framework. Can similar asymptotic results for the (scaled) realised covariation
be obtained in such settings?

Finally, in Chapter [5| we present a bound for the expected signature of the fBm, provide the
rate of convergence of the expected signature of the linear piecewise approximation of the fBm
to its exact value, and develop the general cubature method for the fBm with H > % for small
times. Possible future directions are inextricably linked with the development of explicit formulas
for the expected signature of the process at hand. A major open problem is to find an explicit
formulation for the expected signature of all Gaussian processes with covariance with bounded
p-variation, with p € [1,2). A possible direction would be to explore the cubature method for
Lévy rough paths, for which the explicit formula for their expected signature is provided (see
[ErS1T7]).

Further future directions of the topics discussed in this thesis are also explored in the ongoing
works [I, 2, B]. In [I], feasible inference results for BSS processes are explored. It is shown that
using both in-fill and long-term asymptotics a feasible CLT for BSS processes can be obtained.
In [2], limit theorems for trawl processes are achieved. For example, it is shown that under
certain assumption trawl processes, which are time parametrisations of ID random measures,
converge in distribution to Gaussian moving averages. Finally, in [5], QID random measures are
further explored. It is shown that a family of quasi-infinitely divisible (QID) random measures
is dense in the class of all independently scattered random measures with respect to convergence
in distribution. Moreover, an extension of Theorem is provided, allowing a generalisation

and unification of some of the results on QID random measures of Chapter [2]
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