LIEB-THIRRING CONSTANT ON THE SPHERE AND ON
THE TORUS

ALEXEI ILYIN, ARI LAPTEV, AND SERGEY ZELIK

ABSTRACT. We prove on the sphere S? and on the torus T? the Lieb—
Thirring inequalities with improved constants for orthonormal families
of scalar and vector functions.

1. INTRODUCTION

The Lieb-Thirring inequalities [12] give estimates for y-moments of the
negative eigenvalues of the Schrodinger operator —A — V in Lo(R?), where
V=V(z)>0:

Z Nl < Ly /Rd V(x) T dx. (1.1)

X <0
In the case v = 1 estimate (1.1) is equivalent to the dual inequality

N
[ oty s <Y Ve P (12)
R4 st

where p(z) is as in (1.4), and {¢;}., € H'(R?) is an arbitrary orthonormal
system. Furthermore the (sharp) constants ky and L; 4 satisfy

kg = (2/d)(1+ d/2)" /LY. (1.3)

Sharp constants in (1.1) were found in [9] for v > 3/2, while for a long
time the best available estimates for 1 < v < 3/2 were those found in [2].
Very recently an important improvement in the area was made in [3], where
the original idea of [14] was developed and extended in a substantial way.

Inequality (1.2) plays an important role in the theory of the Navier—
Stokes equations [10, 1, 16], where the constant ky enters the estimates of
the fractal dimension of the global attractors of the Navier—Stokes system
in various two-dimensional formulations. (In the three-dimensional case the
corresponding results are of a conditional character.)
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Along with the problem in a bounded domain  C R? with Dirichlet
boundary conditions the Navier—Stokes system is also studied with periodic
boundary conditions, that is, on a two-dimensional torus. In this case for
the system to be dissipative one has to impose the zero mean condition on
the components of the velocity vector over the torus.

Another physically relevant model is the Navier—Stokes system on the
sphere. In this case the system is dissipative without extra orthogonality
conditions. However, if we want to study the system in the form of the
scalar vorticity equation, then the scalar stream function of a divergence
free vector field is defined up to an additive constant, and without loss
of generality we can (and always) assume that the integral of the stream
function over the sphere vanishes.

We can formulate our main result as follows.

Theorem 1.1. Let M denote either S? or T2, and let HI(M) be the Sobolev
space of functions with mean value zero. Let {1;}}., € H'(M) be an or-
thonormal family in Lo(M). Then

ple) = Z [;(x)|” (1.4)

satisfies the inequality

N
JNERTESS A (15)
M ]
where

3T
k< —=0.2945....
- 32

Corollary 1.1. Setting N = 1 and ¥ = ¢/||¢| we obtain the interpola-
tion inequality which is often called the Ladyzhenskaya inequality (in the
context of the Navier—Stokes equations) or the Keller—Lieb—Thirring one-
bound-state inequality (in the context of the spectral theory):

lellL, < keaallel*IVell®,  kraa < kor.

Remark 1.1. The previous estimate of the Lieb-Thirring constant on T?
and S? obtained in [19] and [8] by means of the discrete version of the
method of [14] was:

k < 3 =0477.
2



LIEB-THIRRING CONSTANT ON THE SPHERE AND ON THE TORUS 3

Remark 1.2. In all cases M = S%,T?, or R? the Lieb-Thirring constant
satisfies the (semiclassical) lower bound

1
0.1591 -+ = — < kqr.
2T

In R? the sharp value of ky,q was found in [17] by the numerical solution of
the corresponding Euler-Lagrange equation

1
Kiag = ——————— =0.1709 . .. ,
Lad = T gean . 0T

while the best to date closed form estimate for this constant was obtained
n [13]
16

King < —— = 0.188.. .,
Ld_277r

see also [11, Theorem 8.5] where the equivalent result is obtained for the
inequality in the additive form.

2. LIEB-THIRRING INEQUALITIES ON S?

We begin with the case of a sphere and first consider the scalar case. We

recall the basic facts concerning the spectrum of the scalar Laplace operator
A = div V on the sphere S%:

~AYF=nn+1)YF k=1,....2n+1, n=0,1,2,.... (2.1)
Here the Y are the orthonormal real-valued spherical harmonics and each
eigenvalue A,, := n(n + 1) has multiplicity 2n + 1.

The following identity is essential in what follows [15]: for any s € S?

2n+1

2n + 1
Z V(s - (2.2)

Theorem 2.1. Let {wj}jv:l € H(S*) be an orthonormal family of scalar
functions with zero average: [y, 1;(s)dS = 0. Then p(s) := Zjvzl 11;(s)]?
satisfies the inequality

[ otoras < Z 917 (2.3

Proof. We use the discrete version of the recent important far-going im-
provement [3] of the approach of [14].
Let f be a smooth non-negative function on R* with

/OO f)2dt =1, (2.4)
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and therefore for any a > 0
a= / f(E/a)*dE. (2.5)

Expanding a function v with fSQ s)dS = 0 in spherical harmonics

oo 2n+1

=3 i), w—/w = (@, Y})

n=1 k=1
and observing that the summation starts with n = 1 we see using (2.5) that
2n—+1

Vol - /\w s =t 1) 3 I =
oo X 2 2n+1

:/0 [ e deE:/SQ/O 07 (s)2dEdS,

co 2n+1

=2 Y (s )T

n=1 k=1

where

Returning to the family {v); }jvzl we have for any € > 0

pls) = D _ls(s)l* =
=D [P +23 0 (5)(ws(s) — ¥7 () + Z [5(s) <

1+5Z’¢E (s)]* + ZWJ

For each term in the second sum we have

o)~ %19 = 3 > b (11 (B ) ) 1) = 0P ),

n=1 k=1

where
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Since the 1);’s are orthonormal, we have by Bessel’s inequality
N

S 5(s) ~HE = 3 (W0 9)° < I )

j=1

where in view of (2.2) [|[xF(-,s)|%, in fact, is independent of s:

e =3 (1 (e ) ) i =

n=1 k=1
| —a o ) (2.7)
47rn 1(n+ )( _f<n(n+1)>> '
We now specify the choice of f by setting (see [3], [4])
)= n=T 29
1+ pt?’ 16" '

The function f so chosen solves the minimization problem
/ (1— f(1/1€1%) de :w/ (1— f(t))%%dt — min
R2 0
under condition / f(t)*dt =1,
0

and the above integral over R? corresponds to the series on the right-hand
side in (2.7) (see also (3.1)).

We first observe that (2.4) is satisfied and secondly, in view of the estimate
for the series in the Appendix

B » 1 ¢ (2n+1)
P = <
= (1—|— (ﬁn(n—i-l)) ) (2.9)
<%\/pE/0wﬁ \/_———E L AB.
Hence
(1+¢) ZW’ (14+e HAE. (2.10)

Optimizing with respect to € we obtaln

Y
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which gives that

S IF 6 = (Vi - VAE)

Jj=1

Summing equalities (2.6) from j = 1 to N we obtain

N

> 17wl - LI Zm \Pdzds >

/ /OO (\/@— \/E)+dEdS = GLA p(s)?dS = 32 p(s)2dS.
s2.Jo o .

The proof is complete. Il

Remark 2.1. The constant k in the theorem satisfies the (semiclassical)
lower bound

1
k> — 2.11
— 27’ ( )

which can easily be proved in our particular case of S%. In fact, we take for
the orthonormal family the eigenfunctions Y* with n = 1,..., N — 1, and
k=1,...,2n+ 1, so that

N-1 N—-1

2 Lo a2
> (2n+1)=N-1 and Y (2n+Ln(n+1)= SVAN 1),
n=1 n=1

then (1.5) and the Cauchy inequality give (2.11), since

(N?—1)* = (/S p(s>d8)2 < Adn|p|* < 27kN*(N? - 1).

2.1. The vector case. The vector case is similar, and the key identity (2.2)
is replaced by vector analogue (see [5]): for any s € S?

2n+1

SO OYEs)E = n(n + 1)2”41r L (2.12)

In the vector case by the Laplace operator acting on (tangent) vector
fields on S? we mean the Laplace-de Rham operator —dd — dd identifying
1-forms and vectors. Then for a two-dimensional manifold (not necessarily
S?) we have [5]

Au = Vdivu — rotrot u, (2.13)
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where the operators V = grad and div have the conventional meaning. The
operator rot of a vector u is a scalar and for a scalar 1, rot ¢ is a vector:

rot u := div(ub), rot v := Vo, (2.14)

where in the local frame ut = (uy, —uy).
Integrating by parts we obtain

(—Au,u) = ||rotul|® + || div ul|*. (2.15)

The vector Laplacian has a complete in Ly(TS?) orthonormal basis of
vector eigenfunctions: corresponding to the eigenvalue A,, = n(n-+1), where
n = 1,2,..., there are two families of 2n + 1 orthonormal vector-valued

eigenfunctions w*(s) and v (s)

wk(s) = (n(n+ 1))—1/2 VlYf(s), —Awﬁ =n(n+ 1)wﬁ, div wf; =0;

vk(s) = (n(n +1))"V2VYF(s), —Avf =n(n+ 10", rotvf =0,

(2.16)
where k = 1,...,2n+1, and (2.12) gives the following important identities:
for any s € §?

2n+1 2n+1
2n +1 2n+1
k(o2 k()2
= = . 2.1
S k)P =2 Y =2 (217)
k=1 k=1
We finally observe that —A is strictly positive —A > AT = 21.

Theorem 2.2. Let {u;}}., € H'(T'S?) be an orthonormal family of vector
fields in L*(TS?). Then

37TN

[ ptoras < oot + vl a9

j=1
where p(s) = Zjvzl lui(s)|?. If, in addition, divu; = 0 (or rotu; = 0), then

N
rotu;||?,  divu,; =0,
J J
j=1

/S pls)7dS < 2—7; - (2.19)

N
divu;||?, rotu; = 0.
|| divu; j
j=1

Proof. We prove the first inequality in (2.19), the proof of the second is

similar. Expanding a vector function u with divu = 0 in the basis wF

oo 2n+1

u(s) =y Y upuwn(s), oy = (u,wy),

n=1 k=1
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we have instead of (2.6)

2n+1

| rot u|? = Z (n+1) Z|un|2

22n+1
/ < ) Wk PdE = // W (s)[2dEdS,
(n+1

(2.20)
where
oo 2n+1
=SS (i )k
n=1 k=1 n+ 1
As before

s) < (1+¢) Z|u (1+e7! Z|uJ ()%

We now imbed S? into R? in the natural way and use the standard basis
{e1, ez, e3} and the scalar product (-,-) in R3. Then we see that

(u(s) — uP(s), 1) =
S (11 (g ) ) ke = (WO 9).

n=1 k=1
where the vector function
oo 2n+1
F
=53 (11 () ) ).
n=1 k=1 ( TL + 1)

By orthonormality and Bessel’s inequality
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However, in view of (2.17), the right hand side is again independent of s

St =3 (1 1(5h ) X Sl

n=1 k=1 [=1
00 2 2n+1
-2 () Ze

1 & E ?
=— ) (2 - =
INCEC f(n@w+w)>’
and we complete the proof in exactly the same way as we have done in the
proof of Theorem 2.1 after (2.7). Finally, in the proof of inequality (2.18)

both families of vector eigenfunctions (2.16) play equal roles, and the con-
stant is increased by the factor of two. O

This, however, does not happen for a single vector function.

Corollary 2.1. Let u € HY(TS?). Then
lullz, < Keaallull® (Irotul® + || divul®), ki < 3 (2.21)

Proof. The proof is based on the equivalence (1.1),—; <(1.2) with equal-
ity for the constants (1.3) and the fact that the eigenvalues of the vector
Schrodinger operator on S?

Av=—-Av—-Vw (2.22)
have even multiplicities as the following equality implies (see (2.13), (2.14))
A(v?) = (Av)*.

Now let  in (2.21) be normalized, ||u]| = 1, let V(s) = alu(s)*, @ > 0, and
let E be the lowest eigenvalue of (2.22). If £ < 0, then since F is counted
at least twice in the sum ) 2, <0 Aj, it follows that

E>-= AZ:OA > —%Ll /SQV( 5)%dS = —QZ%L1||U||4L4, (2.23)
where the second inequality is (1.1) with

1 3T

=116

in view of (1.3) and (2.18). If E' > 0, then (2.23) also formally holds.

Ly
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Next, by the variational principle

E < (Au,u) = ||rotul|®> + divu2—/Vs u(s)?dS =
< () = rotull + [ divall = [ V(s)lu(s) -

I rotull” + || divull® — aull,

Combining (2.23) and (2.24) and setting optimal o« = 1/1.; we finally obtain
. 3 .
|ull7, < 2L (|| rotul|* + || divul®) < %3 (|| rot u||* + || divul?) .
O

Remark 2.2. It is worth pointing out that and for any domain on the
sphere Q C S* and an orthonormal family {u;}., € Hj(Q,T'S?) extension
by zero shows that the corresponding Lieb— Thlrrmg constants are uniformly
bounded by the constants on the whole sphere whose estimates were found
in Theorem 2.2 and Corollary 2.1.

3. LIEB-THIRRING INEQUALITIES ON T?

We now prove Theorem 1.1 for the 2D torus. We first consider the torus
with equal periods and without loss of generality we set T? = [0, 27]2.

Proof of Theorem 1.1 for T2. We use the Fourier series

¢(x) = i Z wkeik‘x7 wk 217T ¢< ) _Zk'xdx7 Zg = Z2 \ {07 0}7

1P = el IVeIP =) kPl

keZ? keZd

Then as before we have

vorr= [~ }jf( )|wudE [ ez,

kez?
2w§:f(wP) ’

kez?

where

and therefore

o) =00 = 5= 3 (1= 1 () ) e = 0O,
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where

XE(.T/,$> _ % Z (1 . f(%)) eik-:}c’efik-z.

keZ?
With the choice of f given in (2.8) and setting a = \/uE below, we have

o = 3 (1 (1)) =

keZ2
1 1 a (3.1)
= — <—=—FE=AF
F() 1
where the key inequality for series is proved in the Appendix.
At this point we can complete the proof as in Theorem 2.1. U

3.1. Elongated torus. We now briefly discuss the Lieb—Thirring constant
on a 2D torus with aspect ratio a. Since the Lieb—Thirring constant depends
only on «a, we consider the torus T? = [0,27/a] x [0, 27]. Furthermore, it
suffices to consider the case @ < 1, since otherwise we merely interchange
the periods.

Theorem 3.1. The Lieb—Thirring constant on the elongated torus T2 sat-
i1sfies the bound

13m
kip(T2) < —==— . 2
L O‘)_a32 asa— 0 (3.2)

Proof. We shall prove (3.2) under an additional technical assumption that
k =1/a € N. Given the orthonormal family {¢;})_, € H*(T2), we extend
cach v; by periodicity in the x5 direction k times, multiply the result by /a
and denote the resulting function defined on the square torus T? = [0, 27k]?
by QZJ'. Then the family {Jj ., is orthonormal in Ly(T?) and for pg(x) =

2001 [95(x)[2 and py () = 3235, [5()|? it holds

/qr2 plz(x)Qd:p = a/ py(z)dz, N |V1’Ej(m)|2d:p = /11‘3 (Vi () 2dz,

T
which gives (3.2). d

Remark 3.1. The rate of growth 1/« of the Lieb—Thirring constant is sharp

as & — 0. To see this we set N = 1 and consider a function on T? depending

on the long coordinate x; only. For example, let i(z1,x2) = sin(2rax;).
7'('2 7'l'2

Then [[¢)[|7, ~ 1/e (= 57), [¥]Z, ~ 1/a (= 25), [V, ~ o (= 2n°a).

Therefore kyp(T2) = 1/a (> 125).
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Remark 3.2. The orthogonal complement to the subspace of functions
depending only on the long coordinate z; consists of functions ¥ (z1, x9)
with mean value zero with respect to the short coordinate x,:

/o W@b(xl,wg)dxg =0 Vi €]0,27/al. (3.3)

The Lieb—Thirring constant on this subspace is bounded uniformly with
respect to a as &« — 0. The similar result holds for the multidimensional
torus with different periods. See [7] for the details.

Remark 3.3. The lifting argument of [9] was used in [7] to derive the Lieb—
Thirring inequalities on the multidimensional with pointwise orthogonality
condition of the type (3.3). It is not clear how to use the lifting argument
in the case of a global (and weaker) orthogonality contition [, ¥ (z)dz = 0.

Finally, we do not know whether the lifting argument can in some form
be used for the Lieb—Thirring inequalities on the sphere, say, when going
over from S?! to S%.

4. APPENDIX. ESTIMATES OF THE SERIES

Estimate for the sphere. The series estimated in (2.9) is precisely of the
type

G(v):=> (2n+1)g(vn(n+1)), (4.1)
n=1
where ¢ is sufficiently smooth and sufficiently fast decays at infinity. We
need to find the asymptotic behavior of G(v) as v — 0. This has been done
in [18] where the following result was proved.

Lemma 4.1. The following asymptotic expansion holds as v — 0:

G) =3 [ att)dt = 3900) = vg )+ g 00+ O0F). (42)

3 15 315
The series in (2.9) is of the form (4.1) with
1 1
g(t) = atee v= JRE’

so that g(0) = 1, ¢(0) = 0, ¢"(0) = —4 and [, g(t)dt = w/4. Therefore
(4.2) gives

> om+1 2 16
Z (2n+1) ol 02

2\ 2 4 3 315
n=1 (1+ <n(n+1)> )
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which shows that inequality (2.9) clearly holds for large energies F > Ej.
The proof of inequality (2.9) for all £ € [0,00) amounts to showing that
the inequality

2n+1 T

Hg(a ::—a3 <1, a=pE=-FE
; n(n+1) ) +a )2 4

holds on a finite interval a € [0,a0]. The value of ay (say, 20) can be

specified similarly to [6]. Furthermore, the sum of the series can be found

in an explicit form in terms of the (digamma) v-function. The function

Hgz(a) and the third-order remainder term are shown in Fig. 1.

0.4r
0.8

AN

=)

041

0.2

FIGURE 1. The graph of Hg2(a) is on the left; the remain-
der term (Hs2(a) —1 — 3%) - a® is shown on the right, the
horizontal red line is —64/(3157) = —0.064.

Estimate for the torus.

Lemma 4.2. The following asymptotic expansion holds as a — oco:

1 2
=la-1+ O(e=Va), (4.3)

Z 4 2 4
hel (('\%) + 1)

Proof. We use the Poisson summation formula (see, e.g., [15]):

Z f(m/v) = (2m)¥*4 Z f(27rm1/),

meZd mezd

where f(£) = (2m)~4/2 Jga f(x)e o da.
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Taking into account that the term with & = (0,0) is missing in (4.3), the
Poisson summation formula gives

W)
(f i 1) (4.4)
— a/2 ( dudy + 2ma Z h(2mv/alk|) = 7T a+ O(G_Cﬁ)a

2
Ay kez3
where h(z,y) = m is analytic and therefore its Fourier transform
~ 1 . )
h(€) = —/ e W (1 4 dady (4.5)
27 R2
is exponentially decaying. O

The graph of the function

Hp(a) = — a® < 1, (4.6)
2" Y v ay
and the exponentially small remamder term
R(a) = 2ma Y h(2my/alk])
keZ3

are shown in Fig. 2

0.8

081 06
0.4

0.2

0
_02 I \/

FIGURE 2. The function Hrz2(a) is shown on the left; the
exponentially small term R(a) is shown on the right.
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We now give an explicit estimate for the exponentially small remainder
term in (4.4). The function h(z) is analytic in the domain Q C C%: Q =
{z € C?, |Imz | < 3, [Imz| < 3}. In fact, the equation

(z +ia)® + (y +ia)* = +i
has real solutions z and y only for a > %

For F(x,y,a) = ((z +ia)? + (y +ia)?)? + 1 we have
Re F = (22 4+ y*)? — 8’ (2 + 1> + xy) + 4o’ + 1 > t* — 120°t + 4a* + 1,
Im F = 4a(z 4 y) (2> + > — 20%), |[Im F| < 4v2at*?|t — 207,

where t := 2% 4 y2. Next, by a direct inspection we verify that for ¢t > 0
|F?| > (Re F)* — (ImF)* =
1
(t* — 12a%t + 4a* 4 1)* — 32a%t(t — 2a*)* > E<t4 +1),

where @ = 4.67! and b = 4.75. This gives that for |[Imz;| < a, |Imzy| < «

b
h(z +ic,y +ia)] € 0
(332 +y2)4+ 1

By the Cauchy integral theorem we can shift the x and y integration in
(4.5) in the complex plane by +ia (depending on the sign of &; and &) and
find that

(o) <£6—<|51|+|52>a/ _drdy  eprienebTV2 g bTV2
27 r2 (22 +y2)t+1 8 = 8

We write the numbers |k|? over the lattice Z2 in non-decreasing order

and denote them by {);}32,. Using that \; > j/4 (see [8]) and setting

L:= %& and A := ’TQTM’ we estimate the series in (4.4) as follows

[R(a)] <27y [h(2rvalk])| = 27a )" [h(2mv/a?)| <
keZ3 Jj=1
14236727r04\/5/\;/2 < AZG_Qle/z _ AG_L ZG_L(2j1/2_1) <
j=1 j=1 Jj=1

0 ] e 9 23/2b p—
Ae Z e’LJl/2 < AeL/ e IVoidy = Ae’Lﬁ =—5€ 2 .
o
j=1 0
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Inequality (4.6) holds if R(a) < 1. The above estimates show that |R(a)| < 1

for ,
2 23/2p
a > [—log( 5 )] =273.8.
«

aT

A more optimistic estimate follows from the fact that h(x) is radial and
therefore so is its Fourier transform

i) = / " (€l h(ryrr,

where .Jy is the Bessel function. The latter integral is expressed in terms of

the Meijer G-function and satisfies ]/f;(f')\ < 718172 Similar estimates give
that |R(a)| < 1 for

4 417
a > {—log6—] = 14.73.
T e
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