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Abstract 

A theoretical investigation is made of the acoustic field scattered 

by a finite thin elastic plate set in an infinite hard screen. The 

problem is examined when forcing is supplied by a monopole (or 

quadrupole) source in the near field and this is contrasted with results 

found with incident plane wave forcing. It is also desired to calculate 

the interior fields of cavities and ducts (or any other geometry) which 

may be appended to one side of the screen. 

In general, no exact solutions can be found and so asymptotic 

methods are employed by allowing physical parameters to be large or 

small. Suitable non-dimensional variables include a fluid loading 

parameter (a measure of the influence of the fluid on plate deflections) 

and the plate length measured with respect to an acoustic wavelength. 

It is found that leading order approximations in all limits break 

down near to a plate resonance, which is defined to occur when large 

amplitude standing waves form on the plate. In the heavy fluid loading 

limit the leading order estimate is simply the field generated in the 

absence of the plate, but by using the method of matched asymptotic 

expansions it is found that, at a resonance, eigensolutions and 

travelling plate waves must be added to the acoustic potential. Similarly, 

in the low loading limit, correction potentials are derived by the use 

of Green's functions and physical argument, and these validate the 

solution at both plate and cavity resonances. 

In the low frequency (or 1 plate) model the field is easily 

found but in the alternate large plate limit the problem is more difficult, 

and so a new method is presented to simplify the analysis of this and 

similar problems. 

The effects of plate curvature and flow are also considered in this 

work. 
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Chapter | 
Introduction 

(i) Brief History 
Before stating the problems under analysis in this thesis it is 

useful to briefly review the history of acoustics. It is hoped that 
this introduction will illuminate the context in which the work is 
presented and thus help to justify the specialised nature of both the 
problem and the analysis. A short survey of the literature may also 
allow the reader a glimpse of the beauty of the subject (both for its 
elegant mathematics and powerful physical arguments) and highlight the 
work performed by distinguished individuals in the field. 

The first analysis of sound was made by the Greek philosophers, 
including Pythagoras (6th century B.C.), who were aware (though in the 
vaguest of terms) of the propagation of sound through the air. 
Unfortunately the subject did not develop quickly but lay dormant until 
mechanics and other related fields had expanded enough to aid theoretical 
analysis. Up to the beginning of this century acoustics had been 
studied in two discrete sections. Firstly sound generation by plucked 
strings, vibrating plates, etc., and secondly the propagation of sound, 
including the phenomenon of pipe resonance and ideas of diffraction etc. 

In the field of sound production, Galileo Galilei (1564-1642) 
published a work in 1638 discussing the relationship between frequency 
of vibration and pitch, and it was also clear that he had an understanding 
of the dependence of.the frequency of a stretched string on its length, 
tension and density. Further work on strings and organ pipes was made 
by Sauver (1653-1716) who, incidentally, named the study of sound 
"acoustics", and Taylor (1685-1731) was the first to find a dynamical 
solution of the vibrating string. Sauver also suggested the notions of 



the fundamental frequency and higher harmonics and was the first to 
note the principle of superposition which is attributed to Daniel 
Bernoulli (1700-1782). D'Alembert and Euler did much work in the 
subject in the mid 18th century, followed by Fourier and Lagrange a few 
years later. Lagrange's study included predictions on the harmonic 
frequencies of closed and open pipes. During the 19th century the 
vibrations of plates, membranes and bars were studied by many notable 
mathematicians including of course Rayleigh (1842-1919). 

Returning to the propagation of sound it is interesting to note 
that even during the Galilean period there was still much confusion as 
to whether sound needed a medium through which to propagate. Indeed 
it was not until 1687 that Newton made the first attempt to postulate 
a wave theory of sound. His arguments included some specific and 
arbitrary assumptions but led to an estimate of the wave speed which 
was in reasonable agreement with experimental evidence of the day. 
Lagrange followed with a more rigorous general derivation which was 
found to predict the same result as that of Newton. The matter was 
finally cleared by Laplace (1749-1827) who had the insight to use the 
adiabatic law of elasticity in his calculation. 

By the end of the 18th century the use of the wave equation with 
boundary conditions had become familiar practice and in the next century 
much was accomplished by Poisson (1781-1840), Helmholtz (1821-1894) and 
Rayleigh. Reflection and refraction of sound in a problem with two 
fluids was studied by Green (1793-1841) and this work highlighted the 
similarity between the diffraction and radiation of sound and light. 
The work on the theory of light by the early pioneers, including Huyghens, 
is therefore of great importance in the later study of acoustics. 
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A significant piece of analysis in optics is that by Sommerfeld (1896) 
on diffraction of a plane-wave by a semi-infinite screen. He derived 
a formally exact solution (in terms of Fresnel integrals) but the 
problem of diffraction by a slit in an infinite hard screen (Schwarz<?jhild 
(1902)) does not have an exact solution. It will become clear to the 
reader that any diffraction problem, other than those with the most 
simple boundary conditions have only approximate solutions. 

The beginning of the 20th century saw massive expansion within the 
world of science, as well as industrialisation of western society. The 
field of fluid mechanics blossomed, and within it the subjects of 
hydrodynamic stability, aerodynamics, water waves and vortex mechanics 
were developing rapidly. All these subjects overlap with acoustics, 
as will be discussed later, and had arisen because of technological 
advancements such as the airplane. 

With the advent of the wireless there became a need for a better 
understanding of diffraction of electromagnetic radiation. Problems 
with complicated boundaries were now studied with approximations made 
in both the long wave limit (tending to the equivalent electrostatics 
problem), and in optics (ray theory incorporated). Difficulty was 
encountered with short wave radio where no approximations could be made. 

New mathematical techniques were becoming available to the physicist, 
and allowed a better understanding of the problem studied, enabling 
generalisations to be made. Many new problems could be studied using 
the techniques of complex variable theory (with generalised functions), 
integral transforms, modal expansions etc. Asymptotic analysis 
(including the method of steepest descents) allowed a more rigorous 
method of approximation to be made and Levine and Schwinger (1948, 1949) 
produced an approximate technique involvi;.; ̂ -ariational principle 
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(Baker and Copson (1950)). Wiener and Hopf (1931) presented a method 
of solution of a class of integral equations which led to a great 
advance in diffraction theory, being of use in problems with semi-
infinite geometries. 

The following three decades saw the continued development of 
compressible fluid mechanics with the rise of shock wave theory. There 
was renewed interest in acoustics through the use of sonar in military 
applications and from industry in loudspeaker design and architectural 
acoustics. Many of the problems already analysed in electromagnetic 
theory had direct application to acoustics, and the same approximations 
could be made in both subjects. For example geometrical ray theory is 
used in the study of room acoustics, and the low frequency approximation 
is also of use in a wide variety of applications. During this period 
great advances were made in the numerical solution of scattering problems 
and experimental methods also improved. 

The field of acoustics had, by this time, grown so diverse that 
in this synopsis it is necessary to restrict attention to advances in 
the field of diffraction, concerning the theoretical investigation of 
complicated boundary value problems. Jones (1952A) greatly simplified 
problems with semi-infinite geometries by showing a method of obtaining 
the Wiener-Hopf functional equation without first deriving the equivalent 
integral equation form. D.S. Jones (1952B) also looked at the problem 
of diffraction by a finite wave-guide and derived the potential as the 
solution of a pair of coupled integral equations. These equations are 
analogous to those derived by Schwarzj:--1-i (1902) in the finite gap 
problem but Jones used a modified form of the Wiener-Hopf technique. 
Noble (1958) published the definitive text on the Wiener-Hopf technique 
applying the method to a wide range of diffraction problems. The later 



chapters in the book show how a modified form of the Wiener-Hopf 
technique may be applied to problems with finite geometries. As with 
the finite wave-guide problem, the modified technique always derives 
the potential as the solution of a pair of coupled integral equations. 
The integral equations can be solved in various asymptotic limits, the 
usual being the high frequency limit. It is very informative to study 
the bibliography in Noble's book as it clearly illustrates the range 
of problems of interest to engineers and applied mathematicians at the 
time of publication. Examples include work in both the field of water 
waves and electromagnetic or acoustic wave theory by such authors as 
Carlson and Heins (1946), Heins (1948), Jones (1953) and Williams (1954). 

As a direct result of aircraft instability the study of subsonic 
flutter has been popular since the 1930's, although much of the later 
work has been concerned with high Mach number flows (Shen (1952)), 
Fung (1954)). The instability of a finite elastic plate set in an 
infinite baffle has been studied using a modal expansion for the 
deflection (Dowell (1966), Ellen (1972)). The solution then reduces to 
finding the coefficients in the expansion and approximate results of the 
eigenvalue problem are found by use of the Galerkin method. The same 
boundary value problem (but with acoustic forcing) is analysed in §4, 
using an entirely different approach, and it is therefore useful to 
compare results obtained by both methods. 

The next decade saw the method of matched asymptotic expansions 
become widely used in the fields of aerodynamics, water waves and 
acoustics. A useful book describing the application of the method to a 
wide range of problems was written by Van Dyke (1964). A modified form 
of Van Dyke's matching principle is given in a paper by Leppington (1972) 
who analyses the radiation and scattering of surface water waves by 
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partially immersed objects, this scheme being used in §3. Although 
the method is not justifiable in a rigorous mathematical sense it does 
highlight the physical features of the problem and therefore is also of 
use in avoiding difficulties in numerical computation. At the same 
time as "matching" was becoming an important technique in applied 
mathematics the field of aerodynamic sound generation was also blossoming. 
As suggested by Lighthill (1952, 1954) it was shown that the acoustic 
field generated by compact turbulence is identical to that induced by 
a distribution of quadrupole sources. It was later shown that the far 
field generated by the turbulence could be greatly enhanced if surfaces 
or edges were present in the problem (Curie (1955), Ffowcs Williams 
and Hall (1970), Crighton and Leppington (1970)). The rapid growth in 
the use of the jet engine in commercial aeroplanes prompted much of 
the work in this field as noise "pollution" was becoming a significant 
political issue. The method of matched asymptotic expansions was a 
valuable tool in the analysis of many problems in this field, examples 
of which include work by Crow (1970), Cannell (1974). 

Since the beginning of 1960 the only major new development in 
acoustics has been the analysis of problems involving non-linearities 
in the boundary conditions or governing equations. Studies range from 
the non-linear effects of tubes near resonance (Keller (1977)), to 
propagation of acoustic waves satisfying the Burgers' equation 
(Blackstock (1972)). Most problems of direct interest to industry and 
the military are, however, still linear, and in the last decade have 
included studies on the sound generated by infinite and semi-infinite 
vortex sheets (Jones and Morgan (1972), Jones (1973), Crighton and 
Leppington (1974)) as well as scattering by compliant surfaces or shear 
layers (Leppington (1977), Leppington and Levine (1973), Jones (1977)). 
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In recent years the scattering of sound by elastic plates or 
membranes has become important in both aerodynamic noise theory and 
underwater acoustics. First analysis included infinite plates 
(Junger and Feit (1972), Crighton (1971)) followed by semi-infinite 
flexible surfaces (Cannell (1975), (1976)) and surfaces with periodically 
arranged struts (Leppington 1978). This thesis attempts the analysis 
of scattering by finite elastic plates which are more physically 
realistic than infinite models and the work was initiated because of 
its direct application to problems in underwater acoustics. 
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(ii) The problem under investigation 
The major thesis parts (2, 3, 4 and 6) are presented as self 

contained papers each having its own introduction and discussion. 
The study examines the scattering of sound by finite plates and 
membranes in the presence of external geometry (e.g. ducts or cavities). 
No exact solutions to the problems can be derived and so approximate 
estimates have been found in various asymptotic limits. Having 
established the asymptotic form of the scattered field the concluding 
discussion (§8) shows that generalisations can be made to give order 
of magnitude estimates over all values of the physical parameters in 
the problem. 

As suggested previously the problem with no external geometry 
could be analysed using the modified Wiener-Hopf technique but the 
potential is given as the solution of a pair of coupled integral 
equations. Asymptotic solutions of the equations could be found in 
various limits but more direct methods are employed in the following 
analysis which give a better understanding of the physical nature of 
the problem. 

Turning now to look at the asymptotic limits chosen in the problem, 
the elastic plate equation (§3 equation (1.3)) can be seen to relate 
the surface deflection to the acoustic pressure of the fluid around 
the plate. It is therefore convenient to define a fluid loading 
parameter (§3 eqn. (1.10)) which, roughly speaking, is a measure of the 
influence of the sound field on the plate deflection. The limits of 
large and small fluid loading, for a range of frequencies of the acoustic 
source, correspond physically to the plate being immersed in water and 
air respectively. The ratio of the plate length to wavelength of the 
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forcing potential is another parameter which can be allowed to become 
very large or small in order to simplify the problem. Chapter 2 takes 
the small fluid loading limit and uses a method similar to that of 
Leppington (1976). In this limit the leading order solution to the 
scattered field is that generated by the plate if it were vibrating 
in a vacuum. This solution breaks down near a plate resonance and 
Leppington derived a corrected approximation (valid at a resonance) by 
a simple physical argument. In Chapter 2 the problems of plates and 
membranes backing ducts or cavities is tackled in the same way, whereby 
the leading order solution predicts infinite behaviour at both plate 
and cavity (or duct) resonances. A method is presented which modifies 
the leading order result and predicts a large but finite potential at 
a cavity resonance. 

In Chapter 3 the same model is analysed in the alternate heavy 
loading limit. To leading order the acoustic potential behaves as that 
induced by the geometry in the absence of the plate but this result is 
shown to be invalid close to the plate. This is due to the presence 
of travelling waves on the elastic surface. Asymptotic matching is 
performed between "inner" regions close to the plate edges and the 
"outer" field, and the scheme shows that non-attenuating plate waves 
are launched from each edge. For specific values of the plate length, 
standing plate waves are therefore formed, and this is identified as 
a plate resonance. To accommodate the change in order of magnitude 
of the acoustic field near a resonance, the matching scheme is suitably 
modified (similar to a scheme by Alker (1978)); this yields the result 
that near resonance, eigensolutions of the outer problem, with singularities 
at the plate edges, also become present at leading order. 



If 

The problem is modified in §4 to include flow and this is analysed 
for both moderate and small Mach number. The matching scheme in the 
previous chapter is adopted for this model, and for a large subsonic 
flow velocity it is found that the inner lengthscale is different 
from that in the zero flow case, resulting in a modified resonance 
condition. As the Mach number is reduced to zero the result in §3 is 
not recovered hence suggesting a separate analysis for small flow 
velocities. This is performed and the results match smoothly onto 
those predicted by the studies for zero and large flow velocities. 

An important feature of the problems discussed in sections 3 and 4 
was the presence of plate resonances. This occurred because waves 
generated at each edge travelled along the plate without attenuation. 
Many problems in underwater acoustics involve curved plates and so it 
was thought necessary to examine the effect of slight curvature on 
the attenuation of the travelling plate waves. This is discussed in §5 
and results reveal that the energy loss of plate waves, as they travel 
from one edge to the other, is exponentially small so plate resonances 
are not significantly suppressed. 

Returning to the work in section 3 it is found that when performing 
matching the "outer" boundary value problems cannot, in general, be 
solved explicitly. The problems are well behaved (i.e. singularities 
are only present at the plate edges or infinity) and so are open to 
numerical computation. If, however, an analytical solution is required 
then further asymptotic approximations must be made. This is performed 
in §3 with the "small gap" limit and a solution is found by conformal 
transformation. Of more interest is the "small gap" problem with 
a cavity on one side. This is tackled in §8 by use of Green's functions 
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and results show that cavity resonances severely alter the characteristics 
of the acoustic field. The other obvious limit, which possibly has 
greater application in underwater acoustics, is that of a gap which is 
large compared to an acoustic wavelength. As stated previously this 
can be analysed by the method of Schwarzschild or the modified Wiener-
Hop f technique. Both methods, however, are extremely complicated and 
so it was thought useful to develop a new approach with the aim of 
simplifying the algebra. Chapter 6 is devoted to this method, which 
reduces the analysis by applying the large gap approximation at an 
early stage in the procedure. It is also shown that more complicated 
geometries, including problems with resonance, can also be tackled in a 
straightforward manner. 

The last chapter of the main contents of this thesis (§7) shows 
how the problem of a lightly loaded finite elastic plate near resonance 
may be tackled by the method of modal expansions. The problem reduces 
to determining the coefficients of the expansion for the plate deflection 
and the results are analogous to those found by Leppington (1976). The 
ease of use of the method is apparent and this chapter also tackles the 
three-dimensional problem of flow over a rectangular flexible plate. 
The condition for divergence instability is sought and the result is 
found to agree with that predicted by Ellen (1972). If one of the 
dimensions of the plate was allowed to tend to infinity (thus reducing 
the problem to flow over an infinite strip) then this problem could be 
tackled using alternative techniques (as performed in §4). However, 
although the method used is not mathematically rigorous, no other 
procedures can be used for fully three-dimensional problems. 



1 6 

Finally, having established the asymptotic forms of the acoustic 
field in preceding chapters, the concluding discussion (§8) draws 
generalisations about its behaviour over all values of the physical 
parameters. Comment is also made about possible applications of the 
methods developed and further work, relevant to the physical problem, 
is suggested. 



I? 

Chapter 2 

Scattering of sound by finite elastic surfaces bounding 

ducts or cavities near resonance 
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A finite membrane is set in one of the infinite plane rigid walls of a two-
dimensional duct and the whole is immersed in a stationary acoustic medium. A 
plane wave is incident onto the clastic surface and the sound field is examined in the 
limit of small fluid loading. Leading-order asymptotic solutions for the potential in 
the duct break down near both duct and membrane resonances, but improved 
estimates are derived which include the effect of the small, but finite, radiation 
damping in the system. The method is valid for a wide range of geometries and is 
performed on the problem with an elastic plate bounding one side of a cavity. 

1. Introduction and governing equations 
M A N Y problems occur in aerodynamic noise theory where the sound field 
interacts with compliant surfaces. Work has been carried out, in general on 
models with infinite or semi-infinite flexible surfaces (1, 2, 3), or with line 
constraints (4). Difficulty arises with finite elastic surfaces, which are more 
physically realistic, due to the increased complexity of the boundary 
geometry and so most solutions involve asymptotic or other approximate 
techniques which assume the fluid loading parameter, a, to be large or small. 
The fluid-loading parameter, a, is a measure of the mass of the fluid (in a 
fluid wavelength) to the mass of the elastic plate and conveniently, for a 
certain acoustic frequency range, the limit a small corresponds to the plate 
being immersed in air. 

Another phenomenon involved with finite flexible surfaces is the possibil-
ity of resonance which has been considered by Leppington (5), and this 
paper extends that work by looking at duct and cavity geometries which 
create further resonant conditions. 

All problems investigated are two-dimensional and assuming simple har-
monic time dependence, with angular frequency <o, the velocity potential can 
be expressed as 

Re{<D(x,y)exp(-uof)}, (1.1) 

and the time factor, exp (—icot), will henceforth be suppressed. Cartesian 
coordinates (x, y) are chosen so that the membrane (or plate) lies on the 
plane y = 0 and |x|<a, and the whole is immersed in an inviscid, stationary, 

[Q. J1 Mech. appl. Math., Vol. XXXV, Pt. 1, 1982] 
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compressible fluid, whose velocity potential therefore satisfies 
{d2}dx2+d2ldy2 + k2)4> = 0, (1.2) 

where k = OJ/C is the fluid wave number and c is the sound speed in the fluid. 
The pressure fluctuations p(x,y) and membrane (or plate) deflection tj(jc) 

can be expressed in terms of by 
p{x, y) = p0ia><£(x, y), (1.3) 

<n(x) = (i/ft>)<&y(x, 0), (1.4) 
where p0 is the mean fluid density and the suffix refers to partial differentia-
tion. Using the linearised membrane equation, which relates pressure to 
deflection, and using (1.3) and (1.4) yields 

(d2/dx2+/x2)<l>y-a<l>£ = 0, |x|<a, y = 0, (1.5) 
where 

p = a)(m/T)* (1.6) 
is the wave number for a membrane in vacuo, T is the surface tension, and 
m is the mass per unit length of the membrane. Also signifies the 
discontinuity in the velocity potential across the membrane and 
<E>|i = d>+ —<E>_, where <J>+ denotes the potential just above the surface, and 
<E>_ just below. The fluid loading parameter a is 

a = p0p2/m, (1.7) 
and is assumed small in this paper. Similarly for the elastic plate it is found 
that 

+ = |x|<a, y =0, (1.8) 
where 

Imt = mho) 2/D, a1 = p0a>
2/D, (1.9) 

and D is the bending stiffness, h is the plate half-thickness and the suffixes 
attached to a l t Pi simply distinguish the plate parameters from the mem-
brane parameters. 

All the models discussed in this paper need a radiation condition at 
infinity to ensure outgoing waves and also edge conditions. For the mem-
brane Tj = 0 is taken as the condition at either edge, and rj = r\x = 0 for the 
plate problem. 

2. Leading-order approximation as a —> 0 
Specifications for the duct problem are 

(V2 + k2)<& = 0, all x, y>—h, 
(32/ax2 + p2)0>y-a<Dt = 0, y = 0, |x|<a, 

0>y=0, y = 0, | x | a , 
<l>y=0, y = -h, -oo<x<oo. 

(2.1) 
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Suppose the problem is forced by incident waves of the form 

(2.2) 

which helps to simplify the algebra by preserving symmetry in x, and 0 is the 
angle between the incident direction and the y-axis. It is convenient to 
express the total potential as 

<I> _ f 4>i + <f>r + <t>, w, 
y>o, 
y<o , 

(2.3) 

where 4>r is the reflected wave and (f) is the 'diffracted' potential. The 
problem for <f> is now 

(y2 + k2)<t> = 0, all x, y, 

(d2(dx2+p2)((>y-a<{>\± = 2a cos k2x, y=0 , |x|<a, 
<i>y =0 , y = 0, |x|>a, 
<f)y= 0, y = -h, -oo<x<oo, 

\ (2.4) 

where k2 = k sin 0. Also must satisfy a radiation condition at infinity to 
ensure only outgoing waves. 

Away from a resonance <f> and <£y are of order a and so the membrane 
equation in (2.4) can be approximated to leading order, as a —> 0, by 

(d2/dx2 + p2)((>y = 2a cos k2x, y = 0, | x | < a , (2.5) 

which immediately gives a solution for <f>y on y = 0, 

2a I , cos k2a 
l A J l 1 L A I . I A I ^ I t , (2.6) 

Ixl&a. 

<£y(x, 0) = < 
^cos k2x — 

cos pa 
cos px 

(H2~kl) 

0, 
A solution for </>(x, y) is now obtainable using Fourier transforms. Defining 

and 

y ) = eisx(f>(x, y) dx, 
J—CO 

e~isxi(/(s, y)ds, 

then the transformed boundary conditions become 

t|/y(s, —h) = 0, 
, , .. 2a [sin a(s + k2) , sin a(s-k2) 0 ) = [ + 

cos k2a [sin a(s + p) sin a(s — p) 

cos pa T s + p 
+ -

(2.7) 

(2.8) 

(2.9) 

(2.10) 
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Taking the transform of the Helmholtz equation gives a solution 

ik = Aeyy + Be~yy for s>k, (2.11) 

where y = (s2—k2)K Now y may be regarded as a complex function of s with 
branch cuts from s = ±k to ±00, with y = —ik when s = 0, and the integration 
path of (2.8) passes above the negative real axis and below the positive axis. 
Applying the boundary conditions in (2.9), (2.10) gives 

<!>(s, y ) - ^ ( s , 0 ) C O S h 7 ( / + . h ) , -h< y<0 . (2.12) 
y smh yn 

Thus 

+ (x.y) = 4- f )C0Shy{y\h)e-'-ds, —h<y<0, 
2 77 Loo y sinh yh 

(2.13) 
where the integrand has simple poles at 

y = ±nirijhi n = 0,1,2,..., (2.14) 

and so the solution can be found by using the method of residues. Closing the 
path of integration in the lower half-s-plane picks up the contribution from 
the poles at 

r-fc, 
s=J -(k2-(mrlh)2)K where fc>nir/fi, (2.15) 

[_-i((nir/h)2-k2)K where mr/h>k. 

For x > 0 the contribution from the arc in the lower half-plane goes to zero 
as the radius becomes large, and so 

00 

<i>(x, y) = ~2m 2 &in), -h<y<0, (2.16) 
n = 0 

where b[n) is the nth residue. Calculating the residues using an expansion of 
sinh yh about —nm gives, for the pole at 

s = -i((n7r/h)2-k2)K 

b<»> = - i - 4,00 C0S ( n ^ / / l ) exp { - ( (mr /h ) 2 - k 2 M nirlh < k, 
27r {(nTT) — {kh))2 

(2.17) 

where 

= iky (s, 0), evaluated at s = -i((ntr/h)2-k2)K 

and similarly for s = —(k2 - (mr/h)2)K n ^ O , 
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When n = 0 the pole is at x — —k and 
eikx 

By inspection of (2.17), (2.18) and (2.19) it is dear that when k ap-
proaches mr/h for n= 0,1,2,3..., then b({l) becomes infinite and so this 
approximate solution bccomcs invalid near a duct resonance. 

3. Solution near a duct resonance 
It can be seen that the solution for </>(x, y), — h<y<0, away from a 

resonance behaves as 

<t>(x, y ) = X T p r c o s (nirylh) cxp (iCn |x|), (3.1) „=o "C„ 
where 

2 k, n = 0, 
C„ =< (k2 — (nirlh)2)*, 0<n<khlir, (3.2) 

j((mr/h)2-k2)K n>kh/7r, 

and i/fyn) = (Cn, 0). The potential above the plate can be shown to be 
1 e - i s x - y y 

<f>(x,y)=-—\ «MS»°) ds, y >0, (3.3) 
27r J_oo y 

where the integration path 
is the same as in (2.8). 

Near the pth resonance, i.e. Cp 0, it is expected that <£(x, y) behaves as 00 ii{fM 
<f)(x, y ) ~ K cos (p>rry/h) + £ Tprcos (niry/h) exp (iC„ |x|) n =0 "Cn n̂ p 

—i/̂ yP) |x| cos (pTry/h)lh, -h< y<0 , (3.4) 
where 

K = i^/(hCp), (3.5) 
and will be large but finite at resonance (assumed of order unity or larger). 
The solution is therefore known when K is determined. It is convenient to 
write 

^y(x,0) = u1(x) + u2(x), (3.6) 

and the corresponding potential and its transform are 

<f>(x, y) = (f>i(x, y)+(f>2(x, y), 1 ^ ^ 
y) = ̂i(s, y)+«A2(s, y), J 

with (f>ly(x, 0) = u^x) etc. 
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The plate equation in (2.4), using (3.3) and (3.4), now becomes 

+ / F ^ i ( x ) = 2a cos k2x - aK, (3.8) 
and 

Z2 
(^ 2 + p2)v2(x) 0) ds 

y 
°° ii//"̂  

- « I TFrexp (iCn |x|) + a^ p ) |x|/h, (3.9) 
n = 0 

on y = 0 and |x|<a. By hypothesis and by inspection of (3.8), (3.9), v2 is 
taken to be an order of magnitude smaller than vu as a —> 0, and hence 
(3.9) can be approximated by 

12 Id2 \ a f°° e~lsx 

y 
00 i«//(n) 

- « X TFTe xP ( i N M ) + <**&> 1*1 Ih. (3.10) 
n = 0 ttî p 

Both and v2 can now be determined and to satisfy the zero-displacement 
end conditions it is found that 

2a / cos k2a \ 
vAx) = —^—7-7 I cos k2x cos px 

p —k2 \ cos pa / 

aK /„ cos px\ . . „ „. 2(1 — I, \x\<a, (3.11) 
p \ cos paJ 

and 
ia2K f k / cos fa \ dt , . l a f k . . / cos fa \ dt 

V2W = 2 r(01 C O S be COS px r-T—= 
irp2 Lk \ cos pa / (k —t )*(t — p 

, ia2Kn^p r(Cn) / cos Cna \ 
-I a , ^ , ,—T^r I cos Cnx cos px + 

..2 u ur^ (.. » cos pa * J 

where 

p2 n f 0 hCn(p - CI) \ cos jaa 

+ iO(a2) + 0(a2K), (3.12) 

sin sa (s sin sa cos pa-p cos sa sin pa) 
s ( s— p ) cos pa 

It will be seen that v2 will be needed only to calculate K and that will 
be a valid approximation to <j>y (x, 0) holding for all values of the wave 
number except at a plate resonance. 

To finally evaluate K, equation (3.5), is used with (3.6) to give 

K = TF <Cp' °> + (CP' °> <3-13) nCp 
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as Cp —> 0, and after simplifying it is found that 

K = [a + 0(«*)>[/.Q + fO(«2) + 
_ I R KO?(O ^ n . o ^ R 0.14) 

U.-o hC„(fi — C2) nLk (k2-t2)l(t2-fi2) J v M 

where r(s) is given in (3.12), and q(r) by 
_ /sin fa tan aa\ 

q(f) = 2^— cos ta—^—J. (3.15) 

Thus the approximation to </>y(x, 0), as a 0, which holds for all k except 
at a plate resonance is given by ut(x) in (3.11), and can be used in (3.1) and 
(3.2) to determine the improved <k(x, y) which is now valid at a duct 
resonance. 

Consistent with the initial assumption for the order in a of K, it is found 
that 

^ = f O ( a ° ) , when k = pir//i+e, 
lO (a - 1 ) , when /c = p?r//i-e, 

for e > 0 as e - » 0 . This is seen by examining the denominator of (3.14) 
which tends to 0(a) if Cp and 0(a2) if Cp ie (when r(0)<0). Note 
that if r (0)>0 then K = O(a0) and if r(0) = 0 then K = 0 (a _ 1 ) for both 
k = pir/h ± e. The case r(0) = 0 corresponds to the plate length satisfying 

jxa = tanjuta. (3.17) 
It is therefore an interesting conclusion that the scattered potential <f> is of 

order a, or a 0 near a duct resonance depending on the wave number being 
slightly greater than, or less than, a specific value. 

4. Solution near a membrane resonance 
Resonance of the membrane can occur in the model, as well as the duct 

resonance, and following a method by Leppington (5) an asymptotic solution 
is found which is valid for all k. A membrane resonance occurs when 

ja = ixn =(n+£)ir/a, n= 0,1,2,..., (4.1) 

which corresponds to cos/xna = 0. Thus, from (2.6), <f>y(x, 0) becomes un-
defined at these resonant values, as the second term becomes infinite. To 
obtain a valid asymptotic solution at resonance it is convenient to expect 
that the second term in (2.6) will become large (but finite) and so (2.6) is 
replaced by 

I : — ( c o s k2x - K cos k2a cos ax), Ixl < a, 
<f>y (x, 0) ~ ux(x) = < (M- k!) (4.2) 

l o , |x |>a. 
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Following the method derived by Leppington (5), it is found that 

1 a r b(s)(l + coth yh) , 
— = cos pa + — j cos sa as, (4.3) 
K 2it La y(s - p z ) 

where 
. . . sin (s + p)a sin (s — p)a 
b(s) = + . 

s + p s — p 

The solution for 4>(x, y) has now been found and is 

— e~isx-^ds, y >0 , (4.4) 2 it J^ y 
, > 1 f°° Ui(s) cosh y(y + h) . , 7 , ^ 

• . u le~lsxds, —h < y < 0 , (4.5 
2tt y sinh yh 

where £i(s) is the Fourier transform of th(x). 

5. Approximate solution near a cavity resonance 
The same technique described in sections 3 and 4 can be used to find an 

approximate solution to the sound field in the model problem with a cavity 
behind the elastic plate or membrane. As an example take the boundary-
value problem defined by 

(V2 + k2 )0 = 0, all x, y, (5.1) 
O4/ax4-p4)<Dy+a<&|± = 0, U\<1, y = o, (5.2) 

<£y =0, 1*1 >1, y = o, (5.3) 
<*>y=0, |x|<a, y = -h, (5.4) 

x = ±a, -h< y<0 , (5.5) 
$ =<T) = 0 x = ±1, y=0 . (5.6) 

This is the two-dimensional problem of an elastic plate of length 21 set in a 
rigid baffle, with a cavity attached, of length 2a and height h. Suppose the 
incident forcing is as previously defined, i.e. 

<h(x, y) = ±e-ikycose(eikxsin0 + e-ikxsine), (5.7) 

and again express the total potential as 

4 y>o, 
14>, y < 0. 

By using a Green's function approach it can be shown that (5.2) becomes 

(d4ldx4- p4)<f>y (x, 0) = -a(<h + <h) 

- a J {G+(x,0;x1,0) + G_(x,0;x1,0)}c^y(x1,0)dx1, (5.9) 
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where G+ is a Green's function for the half-plane above the plate and G_ is 
a Green's function for the cavity, given by 

y 2 cos {(mirl2a)(xi + a)} cos {(mrr/2a)(x + a)} 
G_(x, y; x „ y,) - L ah{k2-(nirlh)2-(mirJ2a)2} X 

xcos (niry/h) cos (niryi/h). (5.10) 

G+ and G_ satisfy the condition that their derivatives in the direction 
normal to all surfaces arc zero. 

By inspection it is seen that ignoring terms of order a 2 in (5.9) gives 
(d4/dx4-p4)<ky(x,Q) = -2a cos k2x. (5.11) 

If, however, a cavity resonance is approached then 

kPq = {k2 ~ (qirlh)2 - (p7r/2a)2} —> 0 , 

and assuming kpq~a, the leading-order terms in (5.9) now become 
(d4/dx4-p,4)<t>ly(x,0) = -2a cos k2x — aK cos {pir{x + a)/(2a)}, (5.12) 

and 
• fk 

(d4ldx4-p,4)<}> 2 y ( x , 0 ) = ~ ®ly(s,0).™*S*ds + 0(a2K), 

LiT J_k \K ~S )2 

where 
cf>y (x, 0) = <f>ly(x, 0) + <f>2y (x, 0), <f>ly » d>2y, 

and 
2 f L 

K=- cos{pir(xl + a)l(2a)}<t>y(x1,0)dxl. (5.13) 
kpqah J—l 

The solution to (5.12) which satisfies the end conditions (5.6) is 
<f>y(x, 0) = -a{p(x)+f(x)/D}, (5.14) 

where 
2 cos k2x K cos {p7r(x + q)/(2a)} aiK fk E(s) cos sx 

HX)~(k42-n4)+ {(pir/2a)4 — p.4} +2ir JLk (k2 - s2)Ks4 - p,4) dS' 

(5.15) 
f(x) = —{/txp(Z) sin p,l + p'(l) cos pi} cosh px + 

+{~pp(l) sinh pl + p'(l) cosh pi} cos px, (5.16) 
D = jx(sinh pi cos /xl + cosh jul sin pi), (5.17) 

and 
2 cos (p7r/2){s sin si cosh (pirl/2a) — (pir/2a) cos si sin (pirl/2a)} 

E(s) = -
{(pir/2a)4 — p4}{s2 — (pir/2a)2} 

2 z 
—2 (s cosh pl + P cos si sinh pi) + 

21 -I—jZ—2 (s sin cos pl~ P cos si sin pi), 
S JJL 

where t and z are given in (5.21), (5.22). 
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Substituting (5.14) into (5.13) and performing the integration finally yields 

ir « o^ ^ J 2 fsin{((pv/2a) + k2)l} , sin{((pv/2q)-k2)l}} , 
K=-~ cos ( p ^ - j j - ^ 1 (p7r/2q) + k2 + (pv/2q)-k2 I + 

t fsin{((p7r/2a) + p)l} [ sin{((p7r/2a)-p)f}j 
I (p7rJ2a) + p (pTr/2a) — p J 

2u 1 - — 5{(p7r/2q) sin (pirll2a) cosh pl + p cos (pTrl/2a) sinh pi} , 
(P7T/2 a ) + p J 

2 u 
(p7T/̂  

where 
= i fk cos (pir/2)E(s) [sin {((p7r/2q) + s)/} 

m 2tt J_k 0k2-s2)Ks4~p4) L (pir/2q) + s 

t sin {C(pir/2q) — s)/} | fsin{((p7r/2a) + p)l} | sin{((p7r/2a)-p)l}l 
(pTr/2a)-s r i l (pTr/2a) + p (p7r/2a)-p J 
2ux "1 

— ^ — ^ ? {(pv/2a) sin (pTrl/2a) cosh pl+ p cos (pirl/2a) sinh pi} ds, 
(Ptt/2<2) J 

(5.19) 
" = (p-g(l) sin pi + g'(l) cos pl}/D, (5.20) 

" I = Vg i (0 sin pi + gi(l) cos pl}/D, (5.20a) 
r = {~Pg(l) sinh pi + g'(0 cosh pl}ID, (5.21) 
rx = {-pgx(l) sinh pi + gi(l) cosh pl}/D, (5.21a) 
z = {pj(l) sin pl + j'(l) cos pf}/D, (5.22) 
f = {-W'(D sinh pl + j'(l) cosh pl}/D, (5.23) 

g(x) = 2cos i t 2 x / ( f c^ ) , j ( x ) = cos«p^2aKx + a ) } | 
{(p7r/2a) — p } 1 (5.24) 

gi(x)= cos sx, J 
and g'(l) denotes dg/dx|x=l. 

The approximate potential which is valid near a cavity resonance is now 
known and is 

<£(x, y) = - J G_(x, y;xl50)<l>ly(x1, 0)dxl5 -h< y<0 , |x|<q, 

(5.25) 
which near a resonance becomes, to leading order, 
cf>(x, y) K cos {(p7r/2q)(x + a)} cos (qvy/h), 

-h< y<0 , |x|<a, as kpq 0. (5.26) 

6. Conclusions 
Section 4 dealt with the duct problem near a membrane resonance and 

the asymptotic solution for the velocity potential, as a —> 0, was found to go 
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from O(a) away from a resonance to order unity near a rcsonancc. A totally 
rigorous argument to justify the method used would require a knowledge of 
the magnitude of the discarded terms in the asymptotic expansions. Lep-
pington (5), however, shows agreement between this method and other 
rigorous methods applied to different boundary-value problems and hence 
gives an empirical justification for the method. 

Section 3 showed that the velocity potential for the duct problem near a 
duct resonance also varied from O(a) away from resonance to a higher 
order. The technique used for deriving the asymptotic solution near a duct 
resonance is also difficult to justify rigorously but it is a plausible method 
that has the advantage that it can be used for a wide variety of problems (as 
shown in section 5 for the clastic plate in a cavity problem). 
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A piano wave is incident onto a finite plate set in a rigid baffle, and the 
scattered Hold is examined in the limit whon fluid-plate coupling effects 
are largo. An asymptotic solution is obtained, matching an outer region 
with inner regions at either edge of the plate. Waves are found to bo present 
on the floxiblo surfaco, and resonance is shown to occur for particular 
values of tho plate half-length, a. Away from a resonance, the leading 
term in the expansion of tho outer potential is tho solution of tho boundary 
value problem in tho absence of tho plato. As a resonance is approached, 
however, eigonsolutions, with singularities at the plate edges, also become 
present at this order. 

1. I N T R O D U C T I O N 
(a) Previous work 

Many problems occur in underwater acoustics and aerodynamic noise theory where 
sound waves interact with flexible surfaces. Previous work has mainly centred on 
exact analyses for infinite or semi-infinite membranes or elastic plates (Junger & 
Feit 1972; Crighton 1971; Cannell 1975, 1976). The problems with finite elastic 
plates, which are more physically realistic, have in general been tackled by approxi-
mate methods (Leppington 1976; Handscomb 1977) although the problem of 
scattering by plates with line constraints (Loppington 1978) has a formally exact 
solution. 

The problem of a finite plate near resonance, set in an infinite baffle, has been 
looked at by Leppington (1976), and an asymptotic solution was found in the low-
fluid-loading limit (i.e. when the fluid is relatively light compared with the elastic 
plate). This class of problem has not previously been tackled in the high-fluid-
loading limit, and this paper presents a solution by the method of matched asymp-
totic expansions. The possibility of resonance of the finite elastic plate has been 
taken into consideration in the solution. 

(b) Governing equations 

Cartesian coordinates (x',y') are chosen so that the flexible surface has the 
equilibrium position y' = 0, < a. The two-dimensional model has a plane 
finite elastic plate, length 2a, set in a rigid baffle that lies on the plane y' = 0. The 
plate is fastened to the baffle so that the deflexion and its gradient at each edge are 

[ 89 ] 
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always zero. The whole is immersed in an inviscid, compressible, stationary fluid, 
which satisfies the wave equation; and a fluid loading parameter a, which gives a 
measure of the fluid mass, is assumed large. 

Any external geometry or forcing can be present in the problem (for example, 
cavities, point sources) as long as the sound field can be found for the same geometry 
and forcing but without the elastic plate. For a general geometry the analogous 
problem without the elastic plate is not trivial and so it is very convenient that a 
numerical solution can he used to calculate the coefficients needed in the matching 
scheme. 

For two-dimensional motions with simple-harmonic time dependence, frequency 
a), the total velocity potential can be written as 

Re {(j>'(x', y') exp (— icot)}; (1.1) 

the time factor is henceforth suppressed. 
The pressure fluctuation^ (x', y') and the surface deflexion of the plate y(x') are 

given in terms of (j)' by 
p=p0i(ofi(x',y'), V = (i/(o)fo(x',0), ( 1 . 2 ) 

where the suffix y denotes partial differentiation and p0 is the mean fluid density. 
The displacement rj satisfies the linearized thin elastic plate equation 

D&7i/dx'*-2mha)*7j = - [ p ] ± {y' = 0, \x'\ < a), (1.3) 

where D is the bending stiffness, h the plate half-thickness, m the plate density, 
and jj>]i the pressure difference across the plate. I t is finally assumed that the 
deflexion and its gradient are zero at each end of the plate, which implies that 

= = iv' — 0, x' = ±a). (1.4) 

The general boundary value problem can now be written down for fj)'(x', y'): 

(02/0*'2-}-02/0y,2 + k*)f = 0 (all x',y'), (1.5) 

= 0 (y' = 0, |a;'| > a), (1.6) 

Vv = Vvx' = 0 (y# = 0 ,a '=*±a) , (1.7) 

+ = O (y' = 0, < a), (1.8) 
where p* = 2 mhoF/D, (1.9) 

a = 2put/D, (1.10) 
and p is assumed of order Jc. 

(c) Matching regions 

By examining the plate equation (1.8) it is clear that in the heavy-fluid-loading 
limit (a->oo) the first approximation to the acoustic field would be the potential if 
the elastic plate were not present, i.e. equation (1.8) becomes i = O.This solution 
is expected to be valid at most points, except near the edges where the derivative 
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terms in tho plato equation cannot bo neglected. Thus this approximation is 
oxpccted to break down when 

which, crudely, occurs at a distance I from an edgo, where 

1 /p = 0(a) or J = 0(l /a*) . 

Matching can thoroforo bo expected to bo performed between an outer region 
based on a convenient outer length scalo 1 Jk say, where k is tho fluid wavenumbor, 
and an inner region defined by an inner length-scale 1 fad. Tho small parameter of 
the problem is thoroforo e = k/ak. 

~ak x 

Figure 1. Outor-region coordinates. 

Defining tho non-dimensional coordinates as 

x = x'k, y = y'k (1.11) 
in the outer region, and 

X={a + x')od, Y = y'cd, (1.12) 

X = {a-x')od, Y = y'cd (1.13) 

in the left-hand-edge and right-hand-edge inner regions respectively and substi-
tuting into the general problem (equations (1.5)—(1.8)) gives the inner and outer 
boundary problems. 

The boundary value problem for the outer region is thus 

(V2+ 1)^ = 0 (all x,y), 

<f>y = 0 (y = 0, |a;| > ak), - (1.14) 
e5{4>vxxxx-+ = 0 (y = M < 

where e = k/al; (1-15) 

the geometry is shown in figure 1. 
I t is convenient to define polar coordinates r, 6, r, d which will be used in the 

matching procedure. Thus, from figure 1, 

r = {(x + ak)2 + y2}i, d = arctan{y/(z + ak)}, (1.16) 

f = {{x-akY + y^, 0 = arctan {y/{ak-x)}. (1.17) 
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The left inner problem is, after the substitution of inner coordinates (1.12), 

(e2/8X2+a2/er2+e2)<z> = o (ail z, 7), 
& Y = 0 (7 = 0, Z<0), 

{di/dX*-(fie/lc)*}&Y + %01± = 0 ( 7 = 0, X > 0), 
0Y = 0rx = O ( 7 = 0, Z = 0),/ 

with similar equations for the right-hand region. 

The polar coordinates for the left- and right-hand regions are 

R = (X2 + 72)f, 0 = arctan ( 7 / Z ) , 

= (Z2 + 72)*, d = arctan (7 /Z ) . 

( 1 . 1 8 ) 

(1.19) 

( 1 . 2 0 ) 

overlap regions 

Figure 2. The matching regions. 

(d) Wave region 

There is also another regime where the outer field solution is not expected to be 
valid. This is the region close to the surface of the plate, where the potential includes 
not only the outer solution but also travelling wave solutions that can be supported 
on the elastic plate. These waves, which are shown in later analysis not to decay 
with distance along the plate, are generated in the inner regions at each edge of the 
plate, the energy being supplied by the incident acoustic wave. For convenience 
the travelling waves will be referred to as the 'wavy' part of the potential, and the 
remainder of the acoustic field will be called the 'non-wavy' part (although this 
potential includes acoustic wave terms). Because the travelling waves are generated 
in the inner region the thickness of this 'wave' region will be of order (1/ai). 

(e) Resonance 

Because the waves on the elastic plate are non-attenuating, and as will be shown 
the reflected wave at an edge has the same magnitude as the incoming one, a 
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situation could arise when, to first order, standing waves occur 011 tho plate. This 
'resonant' condition is shown in tho wave-matching section (§27/) to occur when 

oda — Ik+ hm, (n = 0, I, 2, 3,4, 

As a resonanco is approaehed it can he oxpcctcd that tho magnitude of tho 
travelling waves will incroaso. Thus tho order in e of tho waves will change as oda 
varies and this suggests that tho waves are multiplied by functions of e that are 
not nocessarily power sories. Lot tho function multiplying tho wave travelling in 
tho ncgativo .r-diroction bo /1(e) say, and lot B(e) multiply tho positive ^-direction 
wave, whoro /1(e) and B(c) have to bo found. 

Alkcr (1978) found a similar typo of resonant behaviour for surface waves between 
two partially immersed cylinders in water, and found that tho non-wavy part of 
tho potential also contained terms that depended on the non-power-series functions 
of e. Thus it can bo oxpocted that the non-wavy potential in this problem also has 
oigonsolutions multiplied by A{e) and B{e), and this is taken into consideration in 
tho matching proccduro in tho following section. 

2 . M A T C H I N G P R O C E D U R E 
(a) Notation 

All coefficients in an expansion of a potential that is known in principle (as tho 
solution of an uniquely posed boundary value problem for that potential) are 
written as letters from tho English alphabet. Capital letters are used for inner-
potential coefficients, small letters for outer-region coefficients. Unknown coefficients 
are denoted by Greek letters, and bars over coefficients denote right-hand edge-
matching. 

(6) Matching principle 

Matching is performed by using a modified form of Van Dyke's (1964) principle. 
This states that 

0<«.t) = 0V,s) for any s, t. 

The function <fi(s) denotes the outer expansion, truncated after terms of order es. 
Letting r = eR and expanding as e-> 0 (R fixed, 0) gives the expansion to order 
et, denoted by Similarly replacing R by r/e in &{t), expanding and truncating 
after es, gives 0V>S\ 

(c) Procedure 

In the Introduction it was indicated that the whole acoustic field is affected 
crucially by the product a la, which value determines whether the plate is near or 
away from a resonance. I t is useful, therefore, to treat the total potential as three 
separate parts, one having a fixed order in e, and the other two multiplied by 
functions of e, ^4(e) and B(e) say, that cannot be represented by ordinary power 
series and whose magnitudes change as resonance is approached. Thus let 

<f>{x,y\e) = <f>0{x,y,e) + A{e)<j>1{x,y,e) + B{e)<j>2{x,y,e) ( 2 . 1 ) 
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in the outer region. The functions A(e) and B(e) are A(e:fi), B(e;/?), where /? = ka, 
and A(e) and B(e) will be shown to vary from 0(el) away from a plate resonance to 
0(e~i) at resonance. I t is now convenient to treat <p0, <p1} <fi2 independently and 
match with three separate inner potentials, say &0, 0 2 , where the total inner 
potential has the corresponding form 

0 = 0o + A{e)01 + B{e) 02. (2.2) 

Equation (1.14) defines the boundary value problem for all potentials 0O, (j)v and (j>2. 

((d) Matching <pQ, 0O 

The potential <p0 is expressed as an expansion in the small parameter e as follows: 

~ 0oi + 9i (e) 002 + Q% (e) 0 O 3 + • • • > (2.3) 

with 1 > gx > g2 as 0. I f g2{e) > e5 then <p02, satisfy the boundary 
conditions = Q _ 0> |s| < to), { 2 A ) 

0y = 0 (y = 0, > ka), (2.5) 
and the governing equation 

(V 2 +1)0 = O (all x, y). (2.6) 

I t is assumed that the forcing for this problem is a plane wave incident on the 
plate and baffle. This type of problem gives a potential (0O1) which, as r ->0 (r 
defined in equation (1.16)), behaves as 

0 o i ~ a o i + sin \d + c01r cos6 + d01r% sin \ 6 + — (2.7) r-» o 
The constants a01, b01, etc., are determined by the geometry of the model and also 
by the angle of incidence and magnitude of the incoming wave, and can be con-
sidered as known in principle for a particular problem. 

Before proceeding with matching, note that all terms in the expansions of the 
individual potentials (e.g. equation (2.7)) are either even or odd in y. The even terms 
(of the form r±n cos nd) automatically satisfy 0]t = 0 and <f>yxxxx = 0 on y = 0 
and therefore do not require an inner and outer matching, as the even solution is 
valid for the whole region. Thus to simplify matching all even parts of the incident 
potential are subtracted off, to be included again in equation (2.44) and thereafter. 

By using the matching principle of §26, equation (2.7) becomes 

0o ( o ) = 0oi = & o i ^ s i n i 0 + < 7 o l r £ s i n f 0 + . . . , (2.8) 
r-+0 r->0 

and rewriting in terms of R and expanding to order (R fixed) give 

= eib01Ri sin \d + dQ1 e§R% sin f 0. (2.9) 

The boundary value problem for 0O, 0X, 02 is defined by (1.18) and expanding 
00 SiVeS - Gi(e)&oi + G2(e)0o2 + G3(e)0os. (2.10) 
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I t is known that tho forcing in tho inner problom is duo to singular bohaviour as 
R->oo and also possibly to an incoming wave along tho plate, of magnitude A(e) 
into inner region A, and B(e) into inner region B (see figure 3). I t will bo shown that 
to tho order of matching considered in this paper all tho inner potentials take ono of 
three forms: 

</>$ tho potential with R* bohaviour as R->oo (equation (3.33)), 

0.3 tho potontial with 72* bohaviour as 72->00 (equation (3.42)), 

0W tho potontial with 72~* bohaviour as R->00 (equation (3.28)). 

Noto that 0W is forced by an incoming wave. Tho three potentials are analysed in 
tho Wiener-Hopf discussion (§3) and they satisfy tho boundary problem 

(2.11) 

V20 = O (all 7 ,X ) , 
0 F = O ( 7 = 0, X < 0 ) , 

®YXXXX + W = 0 (7 = 0, X > 0), 
0y = 0YX=O (Y = X = 0). 

Returning to tho problom for 0O, equation (2.9) suggests that 

^(e) = ei, G2(e) = e*, 

and it can be shown that G3(e) = e*. Also by inspection of equation (2.9) it is clear 
that to match correctly 0O1 behaves as 72*, and 0O2 as 72*, as R ->00. The Wiener-
Hopf analysis in §3 shows the forms of 0±, 0%, and so 

72—• 00 72—>00 

a01 (12* sin sin £0 + R i s i n f 0 i H + . . . ) , (2.12) 

and 0 O 2 = al2 0 f + a§2 0± 
72—>00 72—>co 72—>00 

- a*2 (72*sin f0 + 4^72* sin \Q + 12"* sin \6 +. . . ) 
+ a\2 (12* sin + A j 12"* sin |0 + B± 12"* sin § 0 +.. . ) . (2.13) 

Therefore = 0 *a o l 0 } + e*(aj20 f+a2
20 } ) . (2.14) 

The matching principle tfXt.o) = 0(o,f) equates the coefficients aj2, a01 in equations 
(2.12) and (2.13) to the known coefficients in equation (2.9), yielding 

aoi = b0i and aj2 = dov 

Higher-order matching is now possible and from equation (2.14) 

0$ . 2) = a01 r* sin |0 + a\2 A sin |0 
+ e(a01 A $ sin \d + (aj2 Ai + ag2) r* sin \6) 
+ e2(a01R ir-t sin f 0 + (aja JB| + a2

2 r * sin |0). (2.15) 
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Thus in equation (2.3) gx{e) = e, g%(e) = e2 and 0O2, 0O3 a r e eigensolutions of the 
boundary value problem defined by equations (2.4)-(2.6), with singularities at each 
edge of the plate. From the terms in (2.15) it can be shown that 0O2, 0O3 have 
singular behaviour of the form 

002 = r02<f>iA +r02<f>$B (2-16) 
and 0O3 = r i 3 0 u + r 2 3 0 £ B + r g 3 0 3 B + r s 3 0 t A , (2.17) 

where 0^A is the eigensolution with r~i behaviour at edge A, 

0^A ~ r~i sm\d + a^Kri + sm^d +...; ( 2 - 1 8 ) 
r->-0 

similarly 0£B ~ a%B r i sin \Q + ZqB sin § 0 +. . . , (2.19) 
r-> 0 

hB ~ a | B ^ s i n ^ + & |Brtsinf^-+..., (2.20) 
r-» 0 

a ~ s i n ¥ + «|a s i n ¥ + &IA r* Sin $0 + . . . , (2.21) 

and the F are to be determined by matching. At the right-hand edge there are 
equations equivalent to (2.18)-(2.21): 

- & s i n ¥ + hB ^ sin f0 + . . . . (2.22) 

The potential 0O2 is that due to an r~i singularity at the left-hand edge (of 
magnitude r i 2 ) plus that due to an r~i singularity at B of magnitude r%2. Similarly 
0O3 is the superposition of four potentials due to singularities (of order r~i and r~i) 
at each edge of the plate. Thus, with the matching terminology, 

0^2.1) _ bQ1ri sin \6 + dQ1r§ sin f0 

+ e(ri2 sin \Qr~i + {F\2alK + r*2aiB) ri sin \6) 

+ e
2 (n 3 sin|0r- f + {r\2 + «|A) r~i sin \Q). (2.23) 

Using 0O
(2'^ = 0$'2 ) gives 

a o i ~ ^oi' a 0 2 — d 0 i , r 0 2 — r 0 3 — B ^ b 0 1 F 
+ = A±b01aiA + r%2aiB, 

d01Bi + a^2Ai = riz + Bhb01aiA. 

(2.24) 

Notice that there is one equation too few for the determination of all the unknown 
coefficients. This equation is found from relating the two matching problems 
(left-hand and right-hand) and will be discussed in § 2/. 

(e) Matching 0X, 0X 

With 0X expanded as 

0! ~ ®10 + hx(e) 0U + h2 (e) 013, say, (2.25) 
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it is found that 0lQ satisfies tho problem defined by equations (2.11). From arguments 
discussed in tho Introduction it is clear that <I>10 must bo tho solution that is forced 
by an incoming wave, i.e. ^ = ( 2 2 G ) 

Equation (3.28) (§36) gives tho Wiencr-Hopf solution for this problem which, as 
R->co, results in tho non-wavy part of tho potential bohaving as 

01O ~ M w ( I Z - l s i n ^ + i Iw i2-3sinP + Cw i2-ssin^-f-...) (2.27) 
II -> 00 

and so 0i°>& = e idwH^in\0 + A^B^eb-isin W. (2.28) 

The form of (j)x can now bo oxpectod to bo 

0 i ~ e * 0 i o + e*0„ + ety ia. (2.29) 
Since 01O and 0 n satisfy the problem given by (2.4)-(2.6) these oigensolutions 
must be of tho form 

010 = n>0iA + /lo0iB> (2.30) 

011 = G i 0 H + r i i 0 i B + ^n03B + ^ i 0 f A , (2.31) 
where 0$A, etc., are defined in equations (2.18)-(2.21). The J1 are determined by 
matching, and 

0(£ o) = Pjo R~i sin \ 6 + r \ x sin \d (2.32) 

is equated to (2.28) to give 

n = -d-W) Rll = Ayr By?. (2.33) 

Higher-order matching is again possible: 

0(t.D = r\0R-l sin \Q + r\xR-% sin \0 
+ e{(r i 0 au + A 2 o « i B ) ^ s i n ^ + ( r b + r f 1 a | A ) ^ s i n ^ } . (2.34) 

Now hx(e) in equation (2.25) must be equal to e to match with the outer region and 
so 0 n is an eigensolution of the boundary value problem (2.11) that can be shown 
to have behaviour as 72->co, i.e. 0 n = ccxx0 .̂ Thus equating 0l1>$) with 
equation (2.34), by using the matching principle in §26, finally determines the 
coefficients: 

r\0 = Ayr, r fx = AyjByr, 
+rf0aiB = ocxl, r\x + Ay,By,alK = axxA^ 

| (2.35) 

(/) Relating the matching at A and B 
There are more unknown coefficients than equations to solve for both 0O and 

The extra conditions necessary to determine all the unknown coefficients are found 
by comparing the outer field for both edges A and B. 

Consider the 0O potential first: it can be seen from (2.7) that 

0 o i ~ a 0 i + & o i ^ s i n ^ + c01rcos#+..., (2.36) 
r-> 0 

Vol . 378. A 
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where r, 6 are shown in figure 1, and a01, b01 etc. are right-hand coefficients (thus 
denoted by a bar) that are in principle known. Thns by analogy with ( 2 . 2 4 ) it is 
found that _ 

a o i = a o 2 = doi, r 02 = 1 
= rfoi^f+ «O22 = ^ K ^ B + R I ^ , (2 .37) 

01AFB> J 
where a^A is defined by _ 

H A ~ A I A R T S M ± D . ( 2 . 3 8 ) r—»-0 
There are now just enough equations to solve for all the unknowns, a01, r%2, etc. 

Return to the potential: the unknown coefficients can be determined by 
matching at the right-hand edge. From the matching principle at edge B, 
by analogy with ( 2 . 3 4 ) , is given by 

1) = Ffo R - i sin \6 + r3
lx R - * sin f 0 

+ E { ( R F 0 A I B + r\3dhA) LU sin \d + ( R 2 U + ridiB) R-i sin \d). ( 2 . 3 9 ) 
The inner potential for the right-hand edge has a term &x multiplied by A(e), 
which must match with <ji1 as 0 . From equation ( 2 . 3 9 ) the form of 0X is 

0x~0ix + e0x2, ( 2 . 4 0 ) 

where 0n, 012 satisfy the problem defined in (2.11). The potential 0X1 has no 
forcing and so must be identically zero, while 012 can be seen to behave as 

012 = al20h. ( 2 . 4 1 ) 

By using the equality & = 

and the equations in ( 2 . 3 5 ) , the coefficients can be calculated: 

rio = A w, r2
0 = 0, r\1 = A*{akAAk-alABy!)f 

rxl = Ay,A^a^A, r\x = o , r\x = a w r w , 
ail = Ay/Cl^A. 

( 2 . 4 2 ) 

The potential <j>2 is due to an incoming wave to the right-hand inner region of 
magnitude B(e) and is analogous with Thus by inspection it is found that 

R\o — b ^21 ~ 7|0 — Ayf, r|l — AyjBy;, 
r 21 = A W A ^ B , r\x = Aw(ajBAj-a|BRw), 

<X22 = -d-ŵ B" 
( 2 . 4 3 ) 
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(g) Asymptotic solution 

Tho matching is now comploto and so equations (2.1) and (2.2) yield tho inner 
and outer potentials 

oivqm 
+ e2[{d01 - JSj b0l A -+ A 3 {A 3 bQl ah A + A 3 601 cqD - d01 A 3)} 0 i A 

01 ̂ 311 + ^01A) 
+ {d01 £ j - B ^ o i «3b + A 4 4 V «§n + A 3 &01 a ~ 50i A 3)} 0 i B ] 

+ /l(e) ei[/lw03A 

+ e{M w (cqA /13 - «|A 5 w) 0 j A + /I w /I jajA + A w jBw 0§ A}] 

wy>3B 
+ e{/l w(oju/I3 - agB By,) 0 i B + / I w A^a^0}A + A WBW03B}], (2.44) 

& = ̂left 
~ ê oî i + eSRn^j + U4 &OI«4A + «4B -^oi^f) ̂4} 

+ A (e) {0W + waiA<^4 + 0(e2)} + d?(e) {/I w«4b ̂ 4 + 0(e)}, (2.45) 

~ e*60103 + e*(d010 f + ( ^ V ^ b + ^46oi«4a~ dolA%) <£3} 
+ B(e) {0w + eA W«3B <£3 + 0(e2)} + eA(e) {A w a | A 03 + 0(e)}. (2.46) 

(h) Wave matching 

Having performed matching on the non-wavy part of the potential, the values of 
A(e) and B(e) can be determined by using equations (2.45) and (2.46), by matching 
the waves from tho left- and right-hand edges. 

The only coupled waves that can be supported on the elastic plate, in the outer 
region, are of the form 

0c = constant x exp { - (s*2 - fc2)* \y/k\ ± \s*(x/k% (2.47) 
where tho coupled wavenumber s* must satisfy 

K{8*) = a - (s*2 - k2)i (s*4 - / / 4 ) = 0. (2.48) 
The only waves of interest are those that have Im (s*) = 0 as these do not decay 

with distance along the plate. The s* that satisfies this condition is 
5* = + 1Ve2 + 0(e4)} for small e. 

Thus 0c = constant x (1 + 0(e2)} exp (± ix/e - \y\/e) (2.49) 
Figure 3 shows the reflected waves 0A, 0B, say, from edges A and B respectively. 

For continuity of waves along the plate it is clear that 
A(e){i + 0(e^)}exV(-iX1/e-\y\/e) = 0B, (2.50) 
5 ( e ) { l + 0 ( e

2 ) } e x p ( - i X 2 / e - | y | / e ) = 0A , (2.51) 
where Xx = x + ka, X2 = ka — x. 

4-2 
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From the previous matching the inner non-wavy potentials were determined 

((2.45) and (2.46)) which give the form of the reflected waves 0A , 0B . The Wiener-
Hopf analysis (§36, equation (3.26)) shows that for an incident wave of magnitude 1, 
the reflected wave has magnitude 1 also, but a phase change of e3ht/4. Thus from 
(2.45) 0 A will be of the form 

0A = EL + 0(e*) + A{e) ( e 3 i n ' 4 + K2e + 0(e 2)} 
+ B(e)e{Ka + 0(e)}\exp{iX1/e-\p\/e), (2.52) 

and similarly from (2.46) 

0 B = \Rxe^ + 0(^) + A(e)e{KK + 0(e)} 
+ B(e) (e3i*/4 + K2 e + 0(e2)}] exp ( + iX2/e -\y\/e). (2.53) 

< A(e) {1 + 0(e 2)} exp { - (iX,+ \y\)[e} 

B(e) {1 + 0(e 2)} exp { - ( iX a + \y\)je} > 

Figure 3. Wave matching. 

Note that Kx, K2, Ks, Kv K2, Kz are determined in the Wiener-Hopf analysis of 
the inner region: _ 

K2 = oqA e57ti/4, K2 = 1 (2.54) 
= Kz = a i A e ^ . J 

Substituting (2.52) and (2.53) into the simultaneous equations (2.50) and (2.51) 
determines A(e), B(e) after changing from local coordinates Xv X2. Thus finally it 
is found that _ 

A(e) = {(K^-W' + K^l*) el + 0(et)}/D(e),J 
B{e) = {{Kx e-W* + Kx e3in'4) el + 0(e*)}/2)(e) J 

where ft = ka, e = k/oA and 

D{e) = (e~4i^/e - e3rti/2) - e{e3lti/4 (K2 + K2) + e~We(K3 + jT3)} + 0(e2). (2.56) 

Resonance is said to occur whenever the 0(1) term in D(e) vanishes, i.e. whenever 

e-4i/?/e_ e3iK/2 = 0, or equivalently (2.57) 
oda = In + inn (n = 0,1,2,3,...). (2.58) 



Scattering of sound by an clastic plate 101 
Tho initial assumption that A(c), B(c) chango thoir order in e, as a rosonanco is 
approachod, was correct, and by inspection of (2.55) it is scon that A(e), B(e) aro 
0(e*) away from a rcsonanco and 0(e -*) at a rosonanco. 

3 . I N N E R P R O B L E M : T H E W I E N E R - H O P E S O L U T I O N 
(a) Boundary value problem 

By substituting tho expansions for tho inner potentials, i.e. 0O given by (2.10), 
into tho boundary problom (1.18), and collecting terms of like order in e, the problems 
for tho potentials 0ol, </>n otc. aro defined. On tho assumption that p/k = 0(1), it 
is found that to tho ordor reached in this paper all tho potentials satisfy the boundary 
value problom 

V20 = 0 (all X, 7), \ 
<PY = 0 ( 7 = 0, X < 0 ) , 

&VXXXX + W\± = 0 ( 7 = 0, X > 0), 

(Y = X = 0). . 0y = <PyX = 0 

(3.1) 

Tho potentials aro forced by either an incoming wave (at large R) on the elastic 
plate, or singular behaviour as R-+co of 72* or 72*-form. The form of the forcing has 
been examined in § 2 for each potential, but all the potentials have a solution that 
includes an outgoing wavo along the plate. By solving the inner problem by means 
of the Wiener-Hopf technique the magnitude and phase angle of the outgoing 
wave can bo determined in terms of the magnitude and phase of the forcing. 
Although tho detailed structure of tho inner problem is known (in terms of an 
integral) it is not of any interest to tho outer problem and so will not be examined. 

(b) Forcing by an incoming wave', 0W potential 

I t is convenient to split 0 = 0W , say, into the incoming wave term plus a 
scattered term (f> (which includes the outgoing wave): 

0\v = + 

I t is assumed that the magnitude of the incoming wave is 1, and in inner coordinates, 

&>w. = e x p ( - 7 - i X ) ( 7 > 0 V 
= — exp ( 7 —iX) ( 7 

In terms of f>, the problem now becomes 

V20 = 0 

$YXXXX + <1> = 0 

<j>Y = exp ( — iX) 

<f>Y= 1, cf>YX = -i (X=Y = 0), 

it being noted that (j> is odd in y to produce waves on the plate. 

> 0 ) , j 
<0).J 

(3.2) 

(all X, 7), 
( 7 = 0, X > 0), 
( 7 = 0, X < 0), 

(3.3) 
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Let 0{s, Y) represent the full range Fourier transform of Y) with respect 

to X: 

Q(S, Y) = J + ° °e i 8 *0 (X , 7 )dX , (3.4) 

where s is complex. To accommodate the two-part boundary conditions on y = 0 
it is convenient to split 0 into half-range transforms defined by 

0+(s, Y) = J V * 0 ( X , 7 )dX , (3.5) 

0_{s, F ) = f ° e l 8*0(X, 7 )dX . (3.6) 
J —00 

I t can be shown that 0+ is regular in the upper half s-plane, U+ say, shown in figure 4, 
while 0_ is regular in U_. The two half-planes do not overlap, but touch along XX 
(figure 4) which is a line lying just above the negative real axis and just below the 
positive real axis. This is sufficient to enable a solution to he found for all s by 
analytic continuation arguments. 

Note that the term |s|, s complex, is defined as 

|s| = l i m {(s + i<7)(s-i<?)}*, (3.7) 
Q-+0 

where q is a fictitious dissipation term, and the line XX (in figure 4) passes between 
s = iq and s = — iq. The branch of \s\ is chosen so that 

Isl = s when Re (s) > OA 
} (3.8) 

|s| = — s when Re(s) < 0,J 
and s± — lim (s ± i q)i. 

ff-M) 
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Taking tho Fourior transform of tho govorning equation and using tho fact that 
tho transform will bo odd in y gives 

0{s,Y) = F{s)o-wr (Y > 0), 1 
=z-F(8) o l s' r (Y < 0).J 

By restricting attontion to tho half-plano Y > 0, and using tho abbreviated notation 
0 + for 0+(.s, 0), etc., tho transformed boundary conditions become 

0 1 = 0{0_(s, 7 ) } / S 7 | r = 0 = - i / ( « - l ) , (3.10) 

N(s) + s 4 0; + 0 + = O, (3.H) 
where N(s) is regular over all s and 

N(S) = - ^vxxx + ™<P°xrx + - isYr, 

tho superscript 0 denoting quantities evaluated at X = Y = 0. From (3.9) it is 
known that 

0+ + 0_ = F(s) = - ( 0 ; + 0 l ) / | 5 | , (3.12) 

which, on rearranging and using (3.10), (3.11), gives the Wiener-Hopf functional 
equation 

0 V ( l / H - e 4 ) - i / H ( 5 - l ) = N ( 5 ) - 0 _ . (3.13) 

The Wiener-Hopf kernel Ii(s) is given by 

-£(«) = ( M ) - 1 - * 4 , (3.14) 
which can be written as 

K(s) = IC+(s)/K_(s), (3.15) 

where K+(s) is regular and non-zero in U+, and K_(s) is regular and non-zero in U_. 
Since K(s) is an even function, the quotient factors can be normalized by insisting 
that 

K+(-s) = i/K_{8). (3.16) 

By rearranging (3.13), with the use of (3.15), it is found that 

K+{s)0,+ -i{K+(s)^K+{l)}f(s-i) = N{s)K_(s)-0,K_(s) 

+ i{K+(i) + s*K4s)}/(s-i), (3.17) 
where the left-hand side is regular in U+, and the right-hand side is regular in U_. 

Let J(s) define a function equal to both sides of (3.17) along the line of common 
analyticity XX. Thus the definition of J(s) can be extended throughout the complex 
s plane by analytic continuation. The form of J(s) is found by examining the 
asymptotic behaviour of the terms in (3.17) as s-> oo. Finite pressure at X = Y = 0 
requires that 

<j>Y ~ fr + X<j>°rx + (Xy2\)<f>orxx + 0(X*), (3.18) 

and so 0+ ~ i<t>0r/s-fi°Yx/s2-i</>rxx/s3 + O(s-s). (3.19) 
8->co in U + 
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Appendix A (c), equation (A 25), shows that 

K+(s) = 0(s2) as 5->oo in U+. (3.20) 

Putting the values of (f>Y, 4>rx (from (3.3)) into (3.19) and then expanding the left-
hand side of (3.17) for large s gives 

+ * * ± < I > , ( 3 . 2 1 ) 
S— 1 

which has a leading term of 0(s -1). Repeating for the right-hand side of (3.17) 
finally shows that J(s)->0 as s->oo; hence J(s) = 0 by Liouville's theorem. Thus 

0 ; = ( i / ( S - l ) } { l - X + ( l ) / X + ( 5 ) } , (3.22) 
or from (3.12) 

0 ( 5 , 7 ) = i X + ( l ) e - i ^ / | S | ( 5 - l ) X + ( 5 ) ( 7 > 0). (3.23) 

Thus the solution of the inner problem is 

= - a, + e x p ( - x - r > ( 7 > 0 ) ' ( 3 - 2 4 ) 

where the path of integration is along the line X X , and there are branch cuts as 
shown in figure 4. 

By closing the path of integration in the lower half s-plane, the magnitude of the 
reflected wave can be found by using the residue theorem. By inspection it is clear 
that the pole of interest is at s — — 1, which gives an unattenuated outgoing wave 
and so 

9&r w> = — 2jui x (residue at s = — 1) 
= lim (X + ( l ) (s + l)exp ( —isX — |s| 7)/|s| (s — l)X+ (s)} . (3.25) 

s—>— 1 

From Appendix A (6), equation (A 17), it is found, finally, that 

= e37ti/4 eix~Y. (3.26) 
The form of the non-wavy part of the potential as 00 is required in the 

matching procedure. The behaviour of 0 W as 7 = 0, X - > — 00 is found by expanding 
the kernel of the integral in (3.24) as s ->0 + and then integrating term by term. 
Appendix A (d), equation (A 28), shows that 

K+(s) ~ e in/4s-*(1 + (e-3^10/sin s + 0(s2)}, (3.27) 

and the far-field form of 0 W is, from Appendix B (a), (B 5), 

0 W ~ e 3 J t i / 8 ^ i {s in ( |0 ) i 2 - * + icotiKsin(|0)i2-*+O(72-*)}, (3.28) 

and so A w = e ^ l O / r c ) * , R w = icot^7i. 
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(3.30) 

(c) Forcing by Ri-bchaviour as R~>co\ 0 j potential 

I f </>3 ~ sin 10 as R-> co, it does not have a Fourior transform in tho normal 
sonso, but by inspection rjr = <I>̂ X is transformablo as 

rfr ~ — sm|0/272& as R->oo. 

Now Y) satisfies tho boundary value problem in (3.1), not (3.3), and so tho 
analogous Wionor-Hopf functional equation to (3.17) is 

K+(s) W+ = M(s) K_{s) - 1F_K_(s), (3.29) 

where K+, K_ aro defined by (3.14), (3.15), 

JO J -oo 

and M(s) = { - <f>°yxxxx + is0°FAAA + sYvxx ~ ™YYX}- . 

J(s) is again defined to equal both sidos of (3.29) and is determined by asymptotic 
values of tho terms as s oo. Now 

+ (3.31) 
a-*-oo In U+ & $ 

through finite pressure arguments as X 0 + , and the given condition that <fpyx — 0 
results in (3.31) behaving as 0(s~2) as s->oo. Since K+(s) = 0(s2) as s->co in U+, 
the left-hand side of (3.29) behaves as K+(s) = 0(1), and it can be shown that 

8-*-oo in U+ 
the right-hand side goes as 0{s). J(s) must therefore be a constant, p say, and so 

W{s, Y) = jpe-W^/ la l^a) (Y > 0). (3.32) 

The constant, p, is determined in Appendix B(6), equation (B 10), from the fact 
that ~ Ri sin \0 as JR oo, and it is found that 

P = \ni, 
03 - Ri sin i0 + {ie-3,li/lo/2sin(ii/5)}sin | 0 l H + O( lH ) , ^ 3 3 j 

or Ai = ie-3ni'10/2sin(7i/5). , 

The outgoing wave is determined in Appendix B (6): 

A>.w. - - (n/10)ie-lnl8elx-Y. (3.34) 

Thus in equations (2.52) and (2.53), from (2.12), (2.42), 

Kx = - (Tt/lO^e-1^, K2 = e^aiA, j 

Kx = - (n/10)ie-^bQX, K2 = e^diB, etc.J 
(3.35) 
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(d) Forcing by R%-behaviour as R-+ oo; 0§ potential 

Repeating the procedure in § 3 (c) by defining a new variable r, say, 

r = 0ixx, (3.36) 

which is Fourier transformable as 0% ~ R% sin §6> as R->co. Thus the analogue 
equation to (3.29) becomes 

K+(s) T+ = P(s) K_(s) - T_K_(s), (3.37) 

where TAs) = 1°° r(X, 0) dX, T_(s) = f ° T(X, 0) eisX dX, 
Jo J- oo (3.38) 

and P(s) = ( - <!>YXXXXX + i ^ r m + *Yvxxx ~ ™s<f>°Yxx)-. 

To determine J(s) again, the form of T'+ as s -> oo is found to be 

T+ ~i<I>0Yxx/s + O{s-z) (3.39) 
s-y oo i n U+ 

and so the left-hand side of (3.37) is 0(s) as s->oo in U+. Thus J(s) has the general 
form J(s) = ms +1, but this gives a behaviour, as R-> oo, for 0% as 

01 ~0 1 (££s in f0+ . . . ) + 0 2 ( i#s in!0+. . . ) . (3.40) 
R-Ao 

I t is required that 02 = 0 and Cx = 1 which determines m and I. By inspection, if 
C2 = 0, then m = 0, and so it is found that 

T(s, Y) = Ze-WF/|«|Z+(«) {Y > 0). (3.41) 

The constant I is determined in Appendix B(c) from the condition that Cx = 1 
in (3.40). I t is finally found that 

I = 371 /̂4, Ah = - 3i e - ^ / s i n K j 
01 - Ri sin \Q - (3i e~znil10/sin sin {\0) Ri + . . . . J 

The outgoing wave is also determined in Appendix B (c): 

0o.w. = f(7c/10)le8,d'8eLy-F (7 > 0). (3.43) 

4 . P R O T O T Y P E M O D E L P R O B L E M 
The matching procedure discussed in this paper is now applied to a particular 

geometry, to show a method of approach to calculate the magnitudes of the eigen-
solutions and wave solutions. 

The prototype problem consists of a finite elastic plate, length 2a, set in an 
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infinite bafllo lying on y' = 0, and tho limit ka->0 is taken. Tho boundary valuo 
problom is defined, for (f>'{x',y'), by 

(V'2 + F-)0' = O (all x',y'), ^ 

= 0 (y' = 0, co > |.r'| > a), 

<i>'v> = <!>v'x'= ® (y'= 0,x'= ±a), 
(0V0*'4- /*4)0;. + ( ia)0' |± = 0 (y' = 0, |*'| < a), , 

and ka-> 0. (4.2) 

Tho incidont wavo has potontial o~J/tl/', corresponding to normal incidence. 
By making tho outer-region transformation and taking the expansion of 0O, tho 

first term 0O1 satisfies equations (2.4)-(2.G). I f 0O1 is split so that 

001 = 0inc + 0ref + 0s iV > „ 3 ) 

= 0s (y < o) J 
where 0 lnc = o-1*1', 0 ref = oikv, then 08 is an odd function in y and its boundary 
problem is (V 2

+ 1 )0 8 = O (all* ,*) , (4.4) 

0s|- = — 2 (2/ = 0, \x\<ka), (4.5) 

0si/ = 9 (y = o, 00 > \x\ > ka). (4.6) 

The final condition is that 08 must only represent an outward travelling wave as 

r = (x2+y2)%->co. 

In the limit as ka-> 0 the gap AB (see figure 1) goes to a point and the potential 0S 

becomes simply the Green function solution of a source at y = 0+, x = 0, and a 
sink at y = 0_, x = 0. Thus the solution is 

fa(xty)~(m/2i)HP>(r) (y > 0), (4.7) 

where H0
(1) (r) is the Hankel function of the first kind, and m is the magnitude of the 

source at the origin and must be determined from examining the region 0. 
I t is clear that because of this new small parameter, ka — f say, the outer region 

discussed in the matching section consists of an inner and an outer region. The 
parameter <f)B is the scattered potential of the outer-outer region and the inner-outer 
region is defined by the transformation 

x = fx, y = fy, (4.8) 
where f — ka, and /? > e. 

Thus 0, the inner-outer scattered potential, satisfies 

(^2+/?2)0 = O (all x, y), 

0 = - l (y = 0+, < 1),I (49) 

0* = 0 (y = 0, \x\ > 1), 

0 is odd in y. ' 
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I t is convenient to calculate m by using a Green function approach for 0S and a 

matching-type approach for the eigensolntions. 
From Green's theorem it is easily proven that 

r+fi 
<f>B (%,y)= {^(^o' Vo'> x> y) &SV0 (^o)}li/o=o <4-10) 

J -p 
where 

G(x0> yQ ;x,y) = (#) {H^ [{(« - x0f + (y - y0)*}i] + tf 0
(1) [{(« - *o)2 + {y + 2/0)2}*]>. 

(4.11) 

Thus 0s(z,O) = H F { \ x - X t \ ) j m \ y r o d x „ (4.12) 

but from (4.9) 0S (x, 0) = — 1 on the gap, which gives 

- 2 i = r Hjp{\x-x0\)tm\v<r06x0. (4.13) 
J -P 

I n the limit as 0 the argument of the Hankel function is at most 2/? and so it 
can be approximated by 

#o ( 1 ) ( | * -*o| ) ~ (2i /w)ln( |«-a?0 | ) - (2i / ic) ( ln2-y + iic/2)> (4.14) 
where y is the Euler constant, y = 0.5772.... Putting (4.14) into (4.13) and dif-
ferentiating under the integral with respect to x gives 

<f>syo(%o) 
J: 

dx0 = 0, (4.15) 
i/0=o -pipc-x0) 

which is a standard integral with a solution 

* W * ) L = o = ( M < A)- (4-16) 

Q is determined by substituting the solution back into (4.13), to get 

which gives Q = - l / ( l n ^ - 2 1 n 2 + y-i7t/2). (4.18) 

Substituting into (4.10) and again taking the limit as 0 gives 

which finally becomes 

4>*iP*y) ~ — nH^{{x2 + y%)i}/2i (In /? — 2 In 2 + y — iit/2) (y > 0). (4.20) 

The constant m in (4.7) is now known to he 

m = — rc/(ln/?—21n2 + y —irc/2). (4.21) 
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By using (4.10) tho form of 0O1 can bo found. From equation (2.7) 

whoro r = {(a + ( i f + y2}*, 0 = arctan { y / ( x + /?)}. 

For this modol problem tho potontial on tho plate is (from (4.3) and (4.9)) 

001 = 1 {y = 0, |*| < /?), (4.22) 

and so a01 = 1, c01 = eol = 0, etc. Now 

0 o i „ U o = 081/1 j/=o = U A W o i / ^ k o 
= lbol(x+/i)-l + %dol(x+(]f + %fol(x + /lf+.... (4.23) 

Expanding (4.16) for x + / i - > 0 gives 

(x + P) , 3(x + Pf 
320* 

Therefore equating coefficients finally gives 

0 o i ~ i + Q(2r/pf mn$0+ s™ 

(4.24) 

(4.25) 
r-> 0 

where r fi and Q is defined by (4.18). 

-1 O +1 

A H 
(t)j 

A C,D 
O' '+1 0)R — — E,F A C,D 0)R — — E,F 

B 
Figure 5. Complex w- and z-planes. 

The eigensolution potentials, 0 O 2 ,0 1 O etc., to leading order in /? are only influenced 
by the inner-outer field (defined in (4.8)), and so the boundary value problem 
becomes incompressible, therefore yielding to solution by a conformal trans-
formation which is shown in figure 5. 

Letting the inner-outer region eigensolution 0e = Re (A(z)}, where z = x+iy, and 
posing the transformation 

w = w R + i w j = { ( z - 1 ) / ( z + 1)}1 (4.26) 

maps the whole z-plane in figure 5 onto the top half of the w-plane. 
By inspection of the w-plane it is clear that a class of solutions is 

A(w) = constant x w ± n , where n — 1 , 3 , 5 , 7 , ( 4 . 2 7 ) 

or A(z) = { ( z - l ) / ( z + l)}±n/2 x constant. (4.28) 
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These solutions are the eigensolutions exhibiting singular behaviour at either edge 
A or B, the singularity being of order \n. Thus 

$e(x,y) = Re[{(z- l)/(z + 1)}±W/2] x constant. (4.29) 

Defining the branch of (z2 — 1 )±n/2 by 

(z 2 - l)±n'2 = e±nnil2 at z = 0 (4.30) 

and letting u = z + 1 gives 

0e = Re {(2 - u)±n>2 e±init'2 uTn'2} x constant. (4.31) 

I f ->0 then the eigensolution can be expanded to show its behaviour near A. 
Thus 

1 , x -r, r /2e1*\±n/aL _ r w u2n. _ \ 
<pe ~ constant xRe ( {1+ -—+—(/& +2)...} 

|u|->0 L\ u 1 \ 4 J 
(4.32) 

This general solution can now give us the particular eigensolutions of interest. 
Expanding (4.32) for the particular n of interest, adjusting the constant to give the 
correct magnitude, and changing to outer coordinate r, where r = f\u\, finally gives 

0*A r—>0 
sm ld+ sin sin | 0 + . . . , (4.33) 

0 |A 
r-Uo 

3r~* 3r* sm \6 ^ sm \6 3 2 ^ 2 s i n | 0 + . . . , (4.34) 

0*B 
r->0 2f 

/** 3r* 
Sm + 8f2Sm ^ + 64y73Sm 2d+'~> 

(4.35) 

0 | B r-4-0 
r>j ' • 

8/?! >Sm + 3 2 ^ S m ^ + 256f>*m 1 6 (4.36) 

where r < /?. Comparing (4.33)-(4.36) with equations (2.18)-(2.21) determines the 
coefficients a$A, b$A, etc. 

I t is also worth noting that in the inner-outer region the 0O1 potential has an 
analytic solution of the form 

' • o - I - E S f e S i B j 

W > 0) 

(y < 0). (4.37) 

Because of the symmetry of the geometry, and forcing, the problem is even in x 
and so all the right-hand coefficients are equal to the left-hand ones, i.e. K x = K x . 

Thus from (2.44), after substituting the particular values of 601, a$A, etc., it is found 
that in the outer region 

0 ~ 0oi + {^ (e )e*0 M + ^(e)e*0 iB}(lO/7r)*e^8 , (4.38) 
where 

A M _ d/„\ Q*™18 (ft/5/?)* (e-2 i^ + e3lTl/4) e* + Q(e*) . . 
K ' ~ (e~4iA/e — e

37ti/2) — (e//?) e57li/4 (e_2l^/e + 2e37ti/4) + 0(e2)' v 1 
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and 0O1> aro known oxplicitly in tho innor-outor region. Equation (4.38) 
could liavo been oxpandod to 0(e2), 0{A (c) ê } as all tho coefficients aro known to this 
order. 

5 . D I S C U S S I O N 
(a) Resonance 

Tho fundamental difforonco botweon tho finito and infinite olastic plate is tho 
ability of tho finito plato to support standing waves. Tho effect of this resonant 
situation is cloarly seon in tho analysis, oven though tho hoavy-fluid-loading limit 
might scorn to roduco tho effect of tho plate on the acoustic far field. I t is seon from 
(2.44) that in tho outor region 

0 ~ 0oi + 0( e ) away from resonance, 
~ 0oi + 0(l) at a resonance, 

which shows that tho eigensolution potentials, with singularities at tho plate edges, 
aro of tho same order as 0 O 1 at a resonanco. Thus the initial tentative idea that, to 
leading order, tho potential in tho outor region behaves as if the plate were not 
present, is incorrect at resonance. Also drawn from the analysis is the fact that in tho 
wave region (see figure 2) at a resonance, tho leading terms are the coupled waves of 
order e - ^. 

(b) Accuracy 

To calculate A(e), B(e) required expanding the potentials 0O, 0X, 0 2 to second 
order (i.e. 0(e)). At a resonanco A{e), B(e) become dependent on this second-order 
term and so inaccuracy can be expected as both viscous and mechanical damping 
effects were neglected. 

( c ) Geometry 

To use the method outlined in this paper for a specific geometry requires the 
solution of the 0 O 1 and eigensolution potentials for the analogue problem without 
the presence of the elastic plate. As has already been discussed this will not be 
trivial for most geometries and so could be solved by approximate methods, 
i.e. numerical or asymptotic. 

I wish to thank Dr F. G. Leppington for many helpful discussions, and advice, 
on this work, and the Science Research Council and A.U.W.E. Portland for the 
financial support of a C.A.S.E. studentship. 
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A P P E N D I X A. F A C T O R I Z A T I O N O P T H E W I E N E R - H O P F K E R N E L 
(a) Determining In (M+(s)) 

From (3.15) K+(s)/K_(s) = l / |s| - s 4 . 
I f a new function M(s) is defined by 

M(s) = M+(s)/M_(s) = 1 - |<s|<s4, (A 1) 

then X+(s) = s+i M+(s) ei7t'4, (A 2) 

and K_(s) = sziM_{s)ein'i, (A 3) 

whence K+(s) = {K_{ - s)}-\ 

where M+(s), M_(s) are regular and non-zero in U+, U_ respectively. I t can be shown 

ln{Jf+(«)} = (2«i)-i lim f * (A 4) 
A—>oo J —N B~S 

where N, —N lie on X X , the path along the real axis in the complex £ plane, from 
— oo to +oo. Path X X lies above the branch cut — oo < £ < — 1 and below the 
branch cut 1 < £ < oo, as in figure 4, and 5 must be a point above X X in the £-plane. 
N o w w m - l i m { r r * f = p 4 (A s) A->ao [J -N b ~ 5 JO b — s ) XXj XX2 
where X X : is the path along X X from — N to 0 and X X 2 is the path on X X from 
0 to N . By making the substitution £ = — in the first integral, and formally 
taking the limit, (A 5) becomes 

say. Integration by parts yields, 2 

( A 7 ) 

which can be differentiated, i.e. 
dJ 
ds <A8» 

5f4 +2 
Now, i t is known that = £ (&-S) - 1 , (A 9) 1 b i= — 2 
where are the roots of 1 — £5 = 0, and so 

dl 
ds 

V f°° ( 1 \ 1 /_J 1 \ 1 

- I S . b W ^ r ' - n M -
(A 10) 
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Caro being taken to ovaluato angles corroctly in (A 10), after tho fivo branch cuts 
in tho £-pluno havo boon dofined, it is found that 

(1/_ _ +2 Ina-irc +2 In,9 irc / 1 1_\ _3hr / 1 l _ \ 
ds~ {±o 8-£t + + s + d 5 \s-Ci s + d 

_i7t (JL M + (_i_) ( i - 1 ), (All) 

whore = o2*1'5, £2 = o4n"5, = o"21"'5, £_2 = e"4ln'5. Integrating ( A l l ) with 
respect to s, and noting that 7(0) = 0, gives 

/ ( 5 ) = ~Uo ( u ^ T ) d w + i 7 C l n + 5 3 + 5 2 + 5 + 1 ) - ( i r t) 2 f 

(6) Evaluation of K+(s) when s = 1 , - 1 
Taking (A 12) when 5 = 1 gives 

• i i r L i n 4. 3 In fd + C l H W - l H 4 . I n 9 1 
+ 1 7 1 L H n I d-&)(i + w l + 6 l n ld-Ci)d+<J + l n 2J 

= - ^tc2 + ire In (10) - 4(i7r)2. (A 13) 

From (A 2) it is now found that 

7T+(1) = J7+(l)e ln'4 = exp (7(1)/2jri} eIn/4 

= 10ie-ln/8. (A 14) 

Evaluating lim {K+(s)} by rearranging (3.14) and (3.15) gives 
8—• — 1 

K+(s) = (1 - s10) {\s\ (1 + |s| s4) K+( -s)}-1 , (A 15) 

which, by expanding (1 — 510), gives 

lim {K+(s)/(s + 1)} = 5/7T+(l) = (})*eW». (A 16) 
8—• — 1 

Finally, equation (3.25) can be evaluated: 

a, - ] i m ( i h i \ £ ± i l ) e . x - r 

= e3.i/4eix-r ( A 1 7 ) 
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(c) Expansion of K+(s) for large s 

Rearranging dl/ds in the form 

d / _ 10s4lns + 5ircs4 , in ( 2£_, 
ds s10-1 s5-

4 ml 2£_2 2g2 \ 

and expanding in powers of as s oo, gives 

s—>00 

+ + + (A 19) 

Therefore, grouping terms of like power yields 

^ [ln{if+(5)}] = ^ — ̂ [ 1 + fi(sin§71 + 3sin§7t}] + 0(s-4). (A 20) 
S—>00 

Integrating (A 20) and expanding in 1 /s gives 

In { M+ («)} = In G + f In 5 + X — + O (s~3), (A 21) 
s—>oo sin g/c 

| ft3iir/10 \ 

l + ^ - T - ^ + O^"2) , (A 22) sm £tc ) 
where G is the constant of integration. G is determined by examining (A 12) and 
(A 21) as s formally goes to oo. Thus 

lim [In {iU+(s)} - f In s] = In G 
s—>00 

'00 In u du 4/ti 

or 

SjtJo ' „ . » - ! 5 ' ( A 2 3 > 

which gives G = e~3ni'4. (A 24) 

Finally, substituting the value of 71f+(s) from (A 22) into (A 2) gives 
( e3i7t/10 \ 

K+ (s) = e-^/V 1 + r- s-1 + 0(s2) . (A 25) 
s—>oo \ sm fit ) 

(d) Expansion of K+(s) for small s 

Taking ( A l l ) and expanding in powers of s gives, after rearranging, 

d / _ 2 i r c f l 1 / I 1 \ \ 

s->0 
+ 2 5 2 ~ + 3 ( 4 + 5 ) + 0 l n s ) • ( A 2 6 ) 
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Integrating (A 20) with rcspoct to sinco 7(0) = 0, yields 

ln{J/,(3)} = 7(s)/2tu = (o-3i"'10/sin|7r}s + O(53). (A 27) 

Thus from (A 2) it is found that 
e1"'4 I ft-3ln/10 \ 

M+(8)ol"l*8-i = ICJs) I + H _ _ A + 0 ( A 2 ) ( A 2 8 ) 
8—>o 3->o 8* \ am In } 

A P P E N D I X B 
(a) Far field due to forcing by an incoming wave 

r-o. A'<o 2jc + ( ' J_„|3 | ( ,3 - l ) /C + (3 ) ' 

where the path of integration is along X X in figure 4. By closing the contour in tho 
upper half s-plane tho non-wavy part of tho potential can be determined by inte-
grating around tho upper branch cut (see figure 4). Letting the branch cut go from 
ik to ioo it is found that 

From (3.24) <K = ( B 1) 

i,x—*~oo <z-*ol 7t Ji«>(s — iq)i (s—l)M+(s)) 

(B 2) 

r=o. 

_ r 
n Jo 'o s*( l -w)if+(M)" 

The integral is now in a form that enables us to obtain an asymptotic solution by 
using Watson's lemma. Thus expanding {(1 — is) il/+(is)}-1 for small s gives, from 
( A 2 8 ) ' { ( l - i s ^ i s ) } - 1 - l-cot^7ts + 0(s2), (B 3) 

and inserting into (B 2) gives 

0w „ f - ^ ^ o o t i , f°°e-^ls4ds + 0(|X|-t)) 
r=o,x->-<» n [J0 s* Jo ) 

Thus for general R, 0, it is found that 

f t * ~ ( B 5 ) 

(b) Far field with Ri behaviour 

From (3.32) the X-derivative of the potential on Y = 0, X < 0 is given by 
0 f c o e i s | X M s 

^ = (B6) 

where p is a constant to be determined and the path of integration is X X (figure 4). 
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Repeating the previous procedure in Appendix B (a) of estimating the integral 

around the branch cut for large \X| by using Watson's lemma, it is found that 
v I 1 ;e-3iJi / i o \ 

r - t e - . - - 5 W - i 5 M w w i + 0 ( H - ( B 7 ) 

The form of 0^, as oo, is 
~ J?*sin ̂ tf + ^ j i H s i n £0 + 0 ( l H ) , (B 8) 

R—>oo 

and differentiation gives, on Y = 0, 

0 kx = _ i L i A l + 0( |Z | - f ) } . (B9) 

Thus, equating with (B 7) evaluates the constants 

P = M (B 10) 

Ai = ie~3inl10/2 sin (B 11) 

By using this value of p, and equation (3.32), the outgoing wave can be determined 
from the residue theorem. Thus 

and (A 16) gives 0-aw< = - i(;c/10)* e-irt'8 e i x ~ Y . (B 13) 

Finally it is known that ft = <px, and 

0o. w. = - i ^ o . w . -
Thus 0O.W. =- (7t /10) ie- i ' t / 8e i x - : r . (B 14) 

( c ) Far field with R% behaviour 

From (3.41) and (B 7) the form of the second derivative is known, i.e. 

^ _ -3in/10 

Y=0,x->-oo JtM1 si: 

<Z>I is known to be, as R-+oo, 

0 t ~ i2 t s in§0+A f i #s in + (B 16) 

and so 0 i x x = - | | Z | - I - i M f | Z | - l + 0( |Z | - f ) . (B 17) 
Y = 0,X—±— oo 

Thus from (B 15) and (B 17) it is found that 

I = f it*, A f = - 3ie~3in/10/sin Jtc. (B 18) 

r=o, x—>— oo Jc51 sm^Tt ) 
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Again from tho rosiduo thoorom, tho outgoing wavo is calculated, by using tho 
fact that , _ . 

and 0.ya' o.w. = - " J ! " * i { J ^ } o lA '"r (Y> 0). (B 19) 

From (3.41). Thus finally tho outgoing wavo along the plate, generated by an 
far-field behaviour, is 

0o.w. = i (V 1 0 ) * ° , 3 n / 8 o , x - F (Y > 0). (B 20) 
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Chapter 4 

Scattering of sound by an elastic plate with flow 
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Summary 

An elastic plate, set in an infinite baffle and immersed in a 

fluid moving with a uniform subsonic velocity, is excited by an 

acoustic source. The scattered sound field is analysed when fluid-

plate coupling is large, and a solution is found by the use of 

matched asymptotic expansions. 

The far field is found to approximate to the solution as if the 

elastic plate were absent. At a plate resonance, however, the outer 

field must include eigensolutions with singularities at the plate 

edges, and close to the plate the dominant terms are travelling plate 

waves. These plate waves are found to have a wavelength independent 

of the frequency of the source. It is also shown that a plate 

resonance corresponds to a divergence instability of aerodynamic 

flutter theory and that the stability results found in this paper 

are in agreement with those obtained by using modal expansions. 

The limit as the Mach number goes to zero is found to be 

singular, suggesting an analysis of the model for small flow velocity. 

This calculation is performed and the results match smoothly onto 

both the solutions for a stationary fluid and large subsonic flow. 
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1. Introduction 

There has been much attention in recent years on acoustic problems 

with finite or infinite flexible surfaces. With finite geometries 

asymptotic or other approximate methods must be employed to obtain an 

estimate of the sound field (Leppington 1976, Handscomb 1977). The 

problem of a thin elastic plate set in an infinite baffle has been 

analysed in the limits of both and Jarcje fluid loading (Leppington 

1976, Abrahams 1981 respectively) and this paper extends the latter work 

by introducing a uniform subsonic flow to the fluid enveloping the plate. 

The method of matched asymptotic expansions is employed with modification 

to allow for the presence of plate resonances. It is also expected, 

due to the addition of flow to the problem, that flutter or divergence 

instability of the elastic plate may occur. This problem has been 

analysed by use of modal expansions to calculate the onset of instability 

(Weaver and Unny 1970, Ellen 1972) and the results will be shown to be 

in agreement with those found in this paper. 

In section 2 the problem is analysed for a Mach number of order 

unity (M < 1) and, as will be shown, the results do not reduce to that 

given by Abrahams (1981) when the flow velocity goes to zero (i.e. M 0 

is a singular limit). It is therefore necessary to analyse separately 

the problem when the Mach number is small (Chapter 4) as this result 

matches onto both the M = 0 and M = 0(1) results. 

Cartesian coordinates (x,y) are chosen in the two-dimensional 

problem, and taking simple harmonic time dependence, with angular 

frequency the velocity potential can be defined as 

Re{ (£(x,y)exp(-iajt) } . (1.1) 

Note that the time factor will henceforth be suppressed for brevity. 

An elastic plate (lying on y = 0, |x| < a) is immersed in a compressible 
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inviscid fluid and assuming a uniform flow in the x direction the potential 

satisfies the corresponding convected wave equation 

4 (1-M2) + 4 + k2(J) + 2ikMcj> = 0, (1.2) Yxx Yyy Y Yx 

where M (=U/c) is the Mach number, U the flow velocity, c the sound 

speed in the fluid, and k (=o)/c) the acoustic wavenumber. 

For a thin elastic plate, of length 2a, the equation governing 

small flexural vibrations is 

34 2 + 
(D —2- - M u )n(x) = -p(x,0) | , |x| < a, y = 0, (1.3) 

3x P 

where D is the plate bending stiffness, M^ its mass per unit area and 

n,p denote the plate deflection and fluid pressure respectively. Note 
i + 

that p(x,0)|_ denotes the discontinuity in pressure across the plate. The 
deflection n is related to the potential by 

-icon + UqY, | x| < a, y = 0, 

|x| > a, y = 0, 
X (1.4) 

where the subscripts denote partial differentiation, and similarly 

p(x,0) = -p(U<j)x - i*<t>), j x | < a, y = 0, (1.5) 

where P is the mean fluid density. Boundary conditions are required at 

the plate ends, and these are taken to be 

n = tix = 0 x = ±a, y = 0, (1.6) 

which corresponds to clamped edges. Equation (1.3) can be rearranged 

to give 

4 
( • ^ - y4)n(x) + ig Ccf> + iM<j)x/k)|* = 0, |x| < a, y = 0, (1.7) 
8x 

2, A" 2 

where a = 2pm /D, y = M̂ to /D, and in this paper the heavy loading limit 

is taken, corresponding to a + » . 
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2. Uniform Subsonic Flow (M = 0(1)) 

(a) Inner and outer region lengthscales 

It is expected that the basic structure of the acoustic potential 

will be similar to that in the problem with no flow and so the matching 

scheme in Abrahams (1981) will be used. It was shown that for large 

fluid loading (a ») the outer potential (away from the plate) is to 

leading order the solution of the boundary value problem with the 

elastic plate removed. This "outer" approximation becomes invalid near 

to the plate and it was noted that standing waves are present on the 

plate (resulting in plate resonances) for particular lengths of the 

flexible surface. When a resonance occurs, eigensolutions, with singular 

behaviour at the plate edges, become of the same order as the outer 

solution. To perform asymptotic matching between the outer and inner 

regions it is convenient to split the potential into the form 

<{> = <f>Q + A(e) cf>1 + B(e)<f>2 (2.1) 

in the outer region, 

$ = + A(e) + B(e)$2, (2.2) 

in the inner region, where A(e), B(e) are functions of the small 

parameter, e, given in (2.7), and change their order in e as a resonance 

is approached. Matching is then performed separately between (f> and $ , 

cf>̂  and etc. 

Away from the plate the coordinates can be non-dimensionalised by 

using the suitable lengthscale k ^, hence 

kx = X, ky = Y, (2.3) 
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where (X,Y) are the new outer region coordinates. An inner region 

lengthscale can be found by examining when the outer region approximation 

fails. This occurs (from 1.7) when 

A aU<{> 
^ — * a n d (|, ^ up , (2.4) z v x 9 x 0 5 J 

or at a distance Z from an edge, where the inner lengthscale, Z } is 

given by 

o i / q 
Z = (k /a) ' assuming 6 ,<j> ^ M = 0(1). (2.5) x y 

Hence (x,y),(x',y ), the left and right hand inner region coordinates 

are given by 

I La+x) = x, = y , (2.6) 

r L a - x ) = x' . 

The matching parameter e, first written in (2.1), is the ratio of inner 

to outer lengthscales, 

e = kZ = (k5/a)1/3 « 1, (2.7) 

and in this paper Z « a. 

(b) Matching 

The outer potential (jĵ  can be shown to be expanded in the form 

•o " *01 + E*02 + £ \ 3 + ( 2 - 8 ) 

where <(> is the potential of the problem in the absence of the plate 

and with external forcing. The potentials and <(> satisfy the same 

boundary value problem and are eigensolutions with singular behaviour at 

the edges of the plate. Scaling on the acoustic wavelength (2.3) and 

replacing <J>Q by the expansion in (2.8) gives the boundary value problem 
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satisfied by ^gl'^02 ,(^03' t h* S d e f * n e d by 

(1-M2) (j)̂  + <f>YY + <f> + 2iMcf>x = 0 all X,Y, (2.9) 

<j>y = 0 | X | > ka, Y = 0 , (2.10) 

(<f> + iM<|>x)|* = 0 |X| < ka, Y = 0. (2.11) 

This problem cannot be solved exactly but an asymptotic estimate can 

be found for small or large values of ka (Abrahams 1981, 1982). Note 

that the outer problem can have more complex geometries as long as these 

boundaries are of the order of one acoustic wavelength from the plate. 

The outer potential near to an edge can therefore be shown to 

exhibit the form 

V * a o i + b o i R ^ s i n I e + C 01 R c o s 9 ( 2 ' 1 2 ) 

R-H) 
. p3/2 . 3 -+ d Q l R s i n j V + 

where R 2 = (l-M2)"1(X+ka)2 + Y 2 , 

9 = tan~1{(l-M2)^Y/(X+ka)} 
(2.13) 

near to the left hand edge, and near to the right edge 

R 2 » (l-M2)"1(X-ka)2 + Y 2 , (2.14) 

9" = tan"1{(l-M2)^Y/(-X+ka)}. 

The coefficients a , ,b ,, etc. can be taken to be known in principle 
01 01 

(found by numerical solution of the outer problem or otherwise) and are 

dependent on the external geometry and forcing (incident wave or 

monopole source for instance). The expansions of the potentials 

(i.e. (2.12)) can be split into two parts, one being even in y, the other 

odd in y. The even function automatically satisfies the plate boundary 
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condition and therefore does not require an inner and outer matching as 

it is valid for the whole region. Thus it is convenient to subtract off 

this part of the potential to be included again after the matching has 

been performed, and then attention is restricted to analysing the region 

y > 0. The inner problems are again found by substituting the inner 

coordinates into (1.2)—(1.7), thus the left hand inner problem becomes 

(1-M2) + + e2$ + 2ieM$- = 0 all x,y, (2.15) xx yy x 

= 0 x < 0, y = 0 , ( 2 . 1 6 ) 

T) = n- = 0 x = 0, y = 0, (2.17) 

2c(34/3x4 - (ey/k)4)ri + i(e<5 + iM$-)|+ = 0 
x 1 -

x > 0, y = 0 ( 2 . 1 8 ) 

= -iceri + Uri-
y x 

and similarly for the right hand region. From (2.8) it can be expected 

that can be expanded as 

% = S l ( e ) ( $ 0 1 + e j 0 2 + e \ s + •••• )> < 2" 1 9> 
which after substituting into (2.15)-(2.18) defines the problem for 

written as 

(1-M2) + = 0 all x,y > 0, (2.20) XX y y 

= 0 x < O, y = 0 , ( 2 . 2 1 ) y — 

$ M2$" = 0 x > 0, y = 0. (2.22) 
xxxy x J 

Changing now to inner coordinates, the leading order term in $ (from 

(2.12)) has the form 

• 0 ~ e l / 2 b
0 i r l / 2 sin | 0 , (2.23) 
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where 
2 , , , . 2 , - 1 - 2 - 2 „ _ - 1 r / w 2 N ^ r = (1-M ) x + y , 0 = tan (y(l-M )2/x} , (2.24) 

1 / 2 
and this must match with the inner potential giving g-j/e) = e 

/ hs 

Thus the inner potential is forced by singular behaviour (r ) as 

r 00, and similarly behaves as 
3/2 . 3 n 

V * d 0 i r S i n 2 6 • 

The form, as r -*• 00, of the potential can be written as 

y i i —3/2 3 
V ^ b 0 l ( r 2 s i n I 9 +

 A0l r 2 s i n 2 0 + B0lr s i n f 0 + (2.25) 
r-x» 

where a r e found by solution of the problem. It is therefore 

found from continued matching that 

-I -3/2 3 
*02 * A01 b01 R s i n I 8 ' * 03 * B01b01R S i n 2 6" ( 2 " 2 6 ) 

R-KD R-H) 

Because of the symmetry of the geometry it is clear that the eigen-

potentials m u s t ^ a v e ^be' form 

*02 = A 0 l b 0 1 % . + A 0 1 S 0 1 * * I . 
(2.27) 

*03 = B 0 1 b 0 1 ^ L
 + B 0 l b 0 l % L ' 

where denotes a potential satisfying (2.9)-(2.11) with a singularity 
- 1 / 2 

of 0(R ) at the left hand edge etc., and the bar denotes a right hand 

coefficient (i.e. b ^ ) . 

The problem for $ ^ ((2.20)-(2.22)) can be solved using the Wiener-

Hopf technique (see chapter 3) and the solution is composed of a scattered 

field plus an outgoing wave on the elastic plate of the form (3.23) 
2 y -

* , ibx-( 1-M ) 2by - _ ^ n m na\ 
Olio = V o l 6 > 0 , y > 0 , ( 2 . 2 8 ) 
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where a ^ is a known complex constant, and 

b = (M2/(l-M2)1/2)1/3 . (2.29) 

This non-attenuating wave must obviously match onto an outgoing wave 

(travelling on the plate but far from either edge) which satisfies the 

full plate and governing equations ((1.2) and (1.7)). Taking this wave 

to be 

= eis<*+a)-Yy (2.30) wave 

then to satisfy all conditions 

Y = (l-M2)1/2(s-k/(l+M))1/2(s+k/(l-M))1/2, and 

y(s4-y4) - a(l-Ms/k)2 = 0. (2.32) 

But if a -»• 00 s can be expanded in powers of £ to give from (2.30) after 

replacing x by x' etc., 

= e-ib5'-(l-M2)%by(1 + 
wave 

(2.33) 
e{(2-M2)ix'-2(l-M2)2(2M2-l)y}/(3M(l-M2)) + 0(£

2)), 

b = (M 2/(1-M 2)V / 3. 

Similarly for a wave in the opposite direction 

-is (x+a)-y1y 
i = e 1 , (2.34) wave ' 

Y]L - (l-M2)^(Sl+k/(l+M))^(Sl-k/(l-M))% (2.35) 

(s1
4-p4)y1 - a(l + Ms^/k)2 = 0, (2.36) 

which becomes 



- m e-ibi-(l-M2)%by(1 _ 
wave 

e{(2-M2)ix-2(l-M2)'2(2M2-l)y}/(3M(l-M2)) + 0(e2)). (2.37) 

Thus, for consistent matching, part of the outgoing wave term in 

must add on to $ (2.28) to merge into the wave in (2.33). This 02 Ola) 
will be shown when solving the inner problems in Chapter 3. 

(c) Matching 

The potentials ^ a v e been introduced into the problem to allow 

for possible plate resonances (by changing the order in e of A(e), B(e)). 

The forcing for the ^'^l matching can therefore be taken as an 

un-attenuated plate wave travelling into the left hand edge, having 

initially been launched from the right edge. The potential can be 

expanded as 

% $ + e$ + ... , (2.38) 

where $ ^ satisfies the boundary conditions in (2.20)-(2.22) with 

forcing by an incoming wave along the plate of the form 

9 y _ 
= exp(-ibx - (1-M )2by) . H i 

The form of as r 00 can now be written as 

$11 ^ All r" 1 / 2 s i n I 9 + Bli r" 3 / 2 s i n | 6 + > (2.39) 
r-x» 

as there is no forcing from the outer scattered potential. Thus, using 

the expansion 

* zl/2(S?ll + z3/2*12 + z5/2*13 3 ( 2 ' 4 0 ) 
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where ^•jy'J^ s a ti s fy (2.9)-(2.11), it is clear that 

<j)u 'v a u(R" 1 / 2sin + a^R1/2sin | 9 + ....), (2.41) 
R-K) 

and so a ^ = Continued matching also gives 

a, A l i a^r 1 / 2 sin j 9 (2.42) 

where $ satisfies the problem given by 

$ ! 2 x x ( 1 " m 2 ) + ^12yy = " 2 i M $ l i ; » a U 5 ( 2 ' 4 3 ) 

* 1 2" = 0 ,x <_ 0 , y - 0 , (2.44) 

" A 1 2 x = + M V / M ' * > 0, y = 0. (2.45) 

1/2 

Note that 4 3 forced by (i) r behaviour at infinity, (ii) terms in 

both (2.43) and (2.45), and (iii) must also have an incoming wave of 

the form 

ibx-(1-M2)^by 9 1/2 2 - 2 -
A = * (2(1 -M ) (2M -1)y - i(2-M )x) (2.46) 
L Z 1 3M(1-M ) 

to match with the incoming wave in the problem (equation (2.37)). 

As a final point the leading order outer potential for can be 

re-written as 

• u = A n V ' ( 2 ' 4 7 ) 

where <J>̂  is given in (2.27) 



(d) Matching > 

The matching procedure for a n a l°g° u s t o ttiat with the 

previous potentials (<J>̂ ,<1>̂ ) where right hand inner region 

potential and the forcing is by a right travelling wave along the 

plate. Again expanding the potentials 

~ $ + e$ 2 2 + ( 2 . 4 8 ) 

it is found that satisfies the boundary value problem defined in 

(2.20)-(2.22) when x is replaced by x1 (2.6) with an incident plate 

wave providing the forcing. Thus it is clear that 

* 2 1 = * n ( x f , y ) , ( 2 . 4 9 ) 

and so 

— 1 / 2 1 - — 3 / 2 3 -$21 % All r sin 2 6 + * r sin j 9 , (2.50) 

where r 2 = (1-M2) + y 2, 6 = tan"1(y(l-M2)/x'). (2.51) 

Matching to leading order gives 

1/2 3/2 
*2 * Hi= £ A i i V + 0 ( e (2.52) 

where is an eigensolution of the problem defined by equations (2.9)' 

(2.11) and has the form 

= - 1 / 2 . 1 - - - 1 / 2 . 1 - / n 
^ R ^ s i n "2 aJ-R s i n 2 ' ( 2 . 5 3 ) 
R-H) 

^ R * ^ ^ s i n \ 03 r 2 = (1-M2)"1(X-ka)2 + Y2. 
R-H) 
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The constants a, , b, are found by solving the outer problems for 
2. "2 

^ut ' K d ' a n d a r e ag ai n assumed known in principle. The boundary value 

problem for $22' a n al°g° u s with 3-8 ^ o u n d t o be 

$ 2 2 K - ; ' ( 1 " m 2 ) + $22yy • = 2 i M $ 2 1 ^ > 3 1 1 > °> ( 2 " 5 4 ) ' 

* 2 2- = 0 , i' < 0, y = 0, (2.55) 

^22yx'x,x' " M S 2 x ' = i ( $21y^x' + M S l ) / M ' > 0. y = 0. (2.55) 

It can also be shown that §22 m u s t behave as 

- -1/2 1 -
$ 2 2 ~ Alxa^r sin j 9 , (2.56) 
r-*» 

and has an incident plate wave providing the forcing, of the form 

(from (2.33)) 

-ibx'-(l-MVby 2 ^ 2 -
= § ^ ((2-M )ix1 - 2(1-M ) 2(2M -l)y) . (2.57) 

3M( 1-M ) 

As a final observation note that the potential <f>2, as R + 0, will behave as 

<f>2 * e 1 / 2 A n 4 ^ R = e 1 / 2A 1 ] Lb^R 1 / 2 sin \ 9 + 0(e 3 / 2) (2.58) 
R+0 R-K) 

which will therefore match with part of the inner left hand potential, 

$ 2 L say, giving 

*9t * t L 2 «n1 + 0(e). (2.59) 
01 0 1 

This can be repeated at the right hand edge to match the potential. 



(e) Asymptotic solution 

Matching has been accomplished to leading order and the solution 

may be written as 

•total = •oi + G ( A 0 l b 0 1 ^ L + V o l V + ° ( g 2 ) 

+ A ( e ) ( e 1 / 2 A n ( j ) % L + 0 ( e 3 / 2 ) ) 

+ B(e)(e1/2Au<i)%R + 0( e
3 / 2)) , (2.60) 

with inner approximations 

*left " e 1 / \ i + ° ( e 3 / 2 ) + A ( E ) ( $ 1 1 + e $12 + ° ( e 2 ) ) 

+ B(e)(eA11b,$ol/bol + 0(e2)) (2.61) 

*right = e l / \ l B 0 1 / b 0 1 + ° ( e 3 / 2 ) + A ( e ) ( E A l l V o i / b01 + ° ( s 2 ) ) 

+ B ( e ) ( $ 2 1 + e$ 2 2 + 0 ( e 2 ) ) . ( 2 . 6 2 ) 

Near the plate, the total potential is the sum of the travelling waves 

on the plate and the potential in (2.60), i.e. 

^total + A(£)exP("is]t (x+a)-y1y) + B(g )exp(is(x-a) - yy) , (2.63) 

where y s etc. satisfy equations (2.32), (2.36). It now remains to solve 

the inner problems , etc. so that the coefficients AQ^ jA^ etc., 

can be found. The functions A(e), B(e) are determined by equating the 

incoming and outgoing waves at the left hand edge with those at the right 

edge and this will give the condition for plate resonance (3.62)-(3.65). 
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3 . The Inner Problem 

(i) The potential 

Taking the inner problem it will be shown that a solution can 

be found by use of the Wiener-Hopf technique. The potential satisfies 

the boundary conditions 

<J> (1-M2) + $ = 0 all x,y > 0, (3.1) xx yy 

= 0 x < 0, y = 0, (3.2) 

4> - M26 = 0 x > 0, y = 0, (3.3) xxxy x J 

where for convenience x,y is written as x,y and forcing is supplied by 

an incoming plate wave 

4k = exp(-ibx - (1-M2)^by), b 3 = M2/(l-M2)^ . (3.4) 

Note that the plate equation in (3.3) can be integrated to give 

o 
4) - M l = constant, x > 0, y = 0, . (3.5) xxy J 

but from matching considerations it can be shown that this constant 

must be zero. Subtracting off the incident wave by introducing a new 

potential ip, where 

\p - <f> - <f> , the problem becomes 

\p (1 - M 2) + t|» = 0 all x,y > 0 (3.6) xx yy J 

ipy = (1 - M2)^be~ibx x < 0, y = 0, (3.7) 

\p ~ M2i|; = 0 x > 0, y = 0. (3.8) xxy ' J 
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The half range Fourier transforms are defined as 

V(x,y) = 4\(x,y) + Y (x,y), where 

Y + ( s , y ) = / e 1 S X i | ) (x ,y )dx , ( 3 . 9 ) 
0 

0 
Y j s . y ) = J e i s x i | ) ( x , y ) d x , ( 3 . 1 0 ) 

noting that ¥ is analytic in an upper region of the complex s plane 

and similarly ¥ is analytic in the lower half plane. Both ¥ , ¥ 

are assumed to have algebraic growth as |s| 00 in their respective half 

planes. Transforming the governing equation (3.6) gives the result 

V(s,y) = A(s)exp(-y|s|(l-M2)^), (3.11) 

which allows only outgoing wave solutions. Note that 

|s| = lim {(s + iq)^(s-iq)^}, (3.12) 
q-K) 

where q is a fictitious dissipation term included for mathematical 

convenience, and 

Re(s) > 0 (3.13) 

Re(s) < 0. 

For simplicity the abbreviated notation ¥ = ^^(sjO), etc., will be used 
+ + 

and the transformed boundary conditions become 

r = 3{y„(s,y)}/3y| = -(1-M2) W ( s - b ) , (3.14) 

N(s) - s V - M2¥ = 0, (3.15) 
T T* 

where N(s) = -1(^(0,0) + isi|/y(0,0) and is regular over all s. From (3.13) 

it is known that 
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V + V = A(s) = -Of! + Y ' ) / ( | S | ( 1 - M 2 ) 1 / 2 ) , ( 3 . 1 6 ) 
T "" T 

which, on rearranging and using (3.14), (3.15), gives the Wiener-Hopf 

functional equation 

N ( S ) K (s) + V K (s) - ( 1 : M 2 ^ B I ( S 2 K ( S ) + K (b)) 2 ( s_b) ^ + 
M 

2 
= - r K (s) + ( 1; M l< b i (K (s) - K (b)) . + + (s-b) + + 

(3.17) 

The Wiener-Hopf kernel K(s) is given by 

K(s) = ( 1 T M i ) 2 - 4 > < 3 - 1 8 > 
l S l M2 

or K(s) = K (s)/K (s), K (s) = 1/K (-s), 
T ™ T 

where K+(s), K_(s) are regular and non-zero in their respective upper 

and lower half s-planes. The left hand side of (3.17) is therefore 

analytic in the lower half plane (the pole at s = b lying just above the 

line joining the two half planes), and similarly the right hand side is 

regular in the region Im(s) > 0 . Note that a regular function J(s), 

say, can equal both sides of (3.17) for values of s lying on the line of 

common analyticity. By analytic continuation J(s) can be extended 

throughout the whole s plane and the form of J(s) is found by examining 

the behaviour of (3.17) as |s| -»-«>. By using the fact (from A9) that 

K+(s) ̂  0(s) as s + « , etc., (3.19) 

2 1/2 
together with the edge condition 1^(0,0) = b(l-M ) , J(s) behaves as 

J(s) -»• 0 as js|-> 00 and so by Liouville's theorem J(s) = 0. Thus is 

now found from (3.17), and (3.11) can be written as 

biK (b) = |s((s-b)K (s) exp(-|s|(l-M2)1/2y), (3.20) i t 



or finally the solution is 
9 3-• b » K+(b)exp(-isx-1 s | (1-M ) 2y)ds 

V * ' ^ = f W K (s)|s|(s-b) 
—oo -f. I I y>0 

+ e-ibx-(l-M2)%by _ ( 3 > 2 1 ) 

The integral can be estimated for large r hence giving the coefficients 

B ^ (2.39) and the pole in the integrand at s = -b (in K+(s)) gives 

the outgoing plate wave. After much algebra the outgoing wave (from A15 

is determined 

» i i u = e5ix/4 eibx-yb(1 -M2)^ _ ( 3 2 2 ) 

The above procedure could be repeated for $ ^ which would determine the 

coefficients ^ (2.25), and the coefficient a multiplying the 

outgoing wave, i.e. the outgoing plate wave term in $ is (from 2.28) 

*01u» = a0l b0l e x p ( i b x " (1-M2)^by), (3.23) 

where a ^ is assumed known in this analysis. 

(ii) The potential 

The boundary value problem for written in (2,43)-(2.45) and 

forcing is supplied by an incoming wave along the plate (2.46). As in 

section 3i a new potential, <J>, can be defined which is given (from 2.46) by 

• • *12 _ $12i ( 3" 2 4 ) 

and, after substitution into the relevant equations,^ satisfies the 

following problem 

4> (1-M2) + cj> + 2iMi|j = 0, all x,y > 0, (3.25) xx yy TX >J 

4> = -e"lbx(Ax+b), x < 0, y = 0, (3.26) 



(J) - M2<p + i (rp + M 2^) = 0 , x > 0, y = 0. (3.27) yxxx x M yxx J 

The potential is the inverse Fourier transform of equation (3.11), and 

A . % . 3 = ^ - 0 . ( 3 . 2 8 ) 
3M(1-M ) 2 3M(1-M ) 2 

Transforming the governing equation gives 

, , n yMibK (b)e"lSly(l"M2)^ 
$(s,y) = D(s)e~'S'^ + - > <3.29) 

s(l-M )2(s-b)K+(s) 

where $(s,y) is the Fourier transform of <J>(x,y), and $ , etc., are 
+ — 

half range transforms as previously defined in (3.9), (3.10) and can be 

shown to have the same regions of analyticity as for the Y , ¥ functions 

The problem now reduces to determining D(s) for the given boundary 

conditions. The plate equation transforms to give 

P(s) + is3$ ' + iM2s<l> + i ( - s V + M V ) = 0, ' (3.30) 
T T Jj T T 

where 

P(s) = + is4>° + s2<J>° + M2<J>° - i t|»° - i t|»° } , (3.31) yxx yx y M yx M y 

the superscript denoting x = y = 0, and 

= -B, i\> - b( 1-M ) 
y y 

The identities, 

-|s|(l-M2)^D(s) (1" +¥'), (3.32) 
s(1-M ) + " 

$ + $ = D(s) (3.33) + — 

can be used, together with the left hand boundary condition, to give the 

Wiener-Hopf equation. After much algebra this equation is found to be 



P(s)K (s) + is3K (s) ( - t ^ t ) - iM2s$ K (s) 
(s-b)2 ( s _ b ) 

+ iM2( (sK (b) + b(s-b)K*(b)) - K (b) ) / V \ ^ + + \ S — OJ + (.s-b; 

M3bK (b) R (s) R (b) 9 ( 2 A 0 
x-T (1 + + - V " ) + J\ ( s K (s)-K (b){R (s)+R (b)}) 

(s-b)(1-M ) M 2 M 2 M ( s " b ) " 

= isM2K (s)$f - iM2( A
 0 (sK (s)-sK (b) - b(s-b)K'(b) ) 

+ + (s-b)2 + 

MbK (b) 
- 7~r-r (sK (s)-bK (b)) + ± — ; (R (s) - R (b)) 

( s" b ) + + (s-b)(1-M ) + 

2b(l-M 2)\ (b) 
+ M(s-b) " ( V S ) " V b ) ) > ( 3' 3 4 ) 

where K (s), K (s) are defined in (3,18), + -

K'(b) = dK(s)/ds I , , and 
S=D 

R (s) + R (s) = s2/K(s), (3.35) + — 

R+(s), R_(s) being regular in the upper and lower half planes respectively, 

The left hand side of (3.34) is regular in the lower half plane, and the 

right hand side is regular in the upper half plane. By allowing both 

sides of (3.34) to be equal to a function regular over all s, and 

examining the behaviour of each side as |s| the extended form of 

Liouville's theorem states that this function must be a constant, C say. 

Note that C is determined by matching onto the outer region and therefore 

from (2.42) must be proportional to A a, . It is now assumed to be a 
11 

known constant and so the function D(s) can be written as 



i+O 

AK (b) AbK'(b) BibK (b) ~ • \ I r + + + D(S) = v r ( O + 
|s|(1-M ) 2 (s-b) K (s) (s-b)sK (s) (s-b)sK (s) 

+ + + 

9 (3.36) 
ib(2-M )K (b) . MibK (b) 

+ -(R.(s)-R (b)) + }+ + 

M3(l-M2)^(s-b)sK (s) + + M2sK ( S ) |s|s(l-M2)(s-b)K (s) 
+ + 1 + 

The solution can finally be written as 

i 00 yMibK (b) , l.h . -. / x 1 r n . + - s y(l-M ) - I S X , $ (x,y) = — J {DCs) + - r }e 1 *J ds 
1 2 27T -CO s(s-b)(l-M ) 2K ( S ) 

+ 

+ * 1 2. . (3.37) 

The outgoing wave can again be found by picking up the pole at s = -b, 

and from Appendix B, (BlO), after considerable algebra 

$ = { e
l 7 r / 4 + 2(l-M2)^(2M2-l)y ) 

12a) 3M(1-M2) 3M(1-M2) 

_ C ^ W ) * } e i b x ^ b ( l - M 2 ) ^ y # ^ 

M 

The analogous outgoing wave c a n b e wr^-tten fiQwn after noting that 

the forcing in (2.54), (2.53), (2.57) is the negative of that in the $ 

problem. Thus it is found that 

= , 5 in/4 <(2-M2)ixt 2(l-M2)^(2M2-l)y 9 te + -
3M(1-M ) 3M(1-M ) 

M 

where D is found from matching with the outer field and can be considered 

to be a known constant. 

(iii) Determining A(e), B(e) 

It is clear that the outgoing wave from the left hand edge must 

be equal to the incoming wave into the right hand inner region as the 



waves do not decay with distance along the plate. This must also be 

true for waves emanating from the right hand edge and travelling into 

the left hand edge. 

The outgoing wave from the left hand edge is the sum of all waves 

generated by the potentials in (2.61), Thus, using (3.22), (3.23), 

(3.38), (2.59) the total outgoing wave is 

h 3/2x . w _ 4 u . w 2. 
*leftu> = Ce °0lb01 + ° ( £ > + B ( e ) ( £ A l l V o l + ° ( £ ) } 

+ A(e)(e"l7T/4{l-£(2-M2ix + 2(l-M2)^(2M2-l)y)/(3M(l-M2))} (3.40) 

- £M""2Cei7r/8b(2/3)^ + 0(e2)]exp(ibx - b(l-M2)^y), 

or in outer coordinates 

leftw " V o l + 0 ( £ } + B ( e ) ( £ A l l V o l + ° ( £ 

+ A(e)(e5i"/4 - sM-2Cei7T/8b(2/3)%
 + 0(s 2))] e

i s ( x + a )"^ 
(3.41) 

where y,s satisfy equations (2.31), (2.32). This wave must be equal to 

the incident wave into the right edge which, from (2.63), gives 

•l . f « - . (3.42) 

Similarly the left going wave condition gives 

^righto) " [ E \ n S 0 1 + 0 ( e 3 / 2 ) + A ( e ) ( e A l l V o l + ° < e 2 ) ) 

• B ( e ) ( e 5 ^ 4 - cM"2De" / 8b<2/3)* + O C e ^ l e " " 1 ' " ^ 1 7 

-is1(x+a)-y y 

= A(e)e 1 , (3.43) 

Y1, s 1 satisfy (2.35), (2.36). 
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Solving the above simultaneous equations finally gives the results 

A(e) = G^ a
0 1^ b

0 1
e 5 l 7 T / 4 + bolexp(-2ika[b/e-(2-M2)/(3M(l-M2))]) 

+ 0(e)}/E(e) (3.44) 

B(e) = e^aoi{bolexp(-2ika[b/G+(2-M2)/(3M(l-M2))]) + b ^ e 5 ^ ^ 

+ 0(e)}/E(e), (3.45) 

where 

E(e) = exp(-4iakb/e) - exp(5iir/2) + 

2 
e { o 1 ^ o 9 [ i 4 m 4 ~ 4 9 m 2 + 38)exp(-4iakb/e) (3.46) 

vra-vr) 

- A, a e"2lakb/£[b,exp(-2ika(2-M2)/(3M(l-M2))) + 1 1 0 1 zE 

b^exp(2ika(2-M2)/(3M(l-M2)))] + (D+C) ^ (2/3)^} + 0(e2). 
2 M 

A resonance is defined to occur when A(e), B(e) change from 0(e2) to 

0(£ ), and this condition occurs when 

-4iakb/e _ 5i7T/2 ,, n v e = e or (3.47) 

2PU2a3 ,3Tr , nTT.3 « , « , 
r r = + T ' n = 0,1,2, (3.48) 

(1-M ) D 8 2 

This resonance condition can be altered by changing the plate edge 

conditions. For instance, if the plate were simply supported at the 

edges, i.e. 

n = T1 = o X = ±a, y = 0, (3.49) AX 

then repeating the previous analysis would yield the resonance condition 



2 0 U V = < W » - 0,1,2,... . (3.50) 
(1 -M 2 ) 2 D 2 4 2 

Note that if fluid was on only one side of the plate (with a vacuum 

on the other) then the resonance condition (3.50) would become 

2 3 
J X I = (24 + T )

 n = > ' >' * • • (3.51) (1-M ) D 
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4. Low Mach number flow 

The resonance condition obtained in §3 is valid for a Mach number 

of order unity, and does not reduce to the zero flow resonance condition 

(Abrahams 1981) 

a 1 / 5 a = | n + i m r , n = 0 , 1 , 2 , . . . , ( 4 . 1 ) 

as the Mach number is reduced. The reason for this is a breakdown of 

the leading order expansion of the equations (2.15)-(2.19) written in 

(2.20)-(2.22). This is therefore a singular limit suggesting that an 

examination be made of the problem when the Mach number is of the order 

of the other small parameter in the problem. As suggested in the zero 

flow problem the small parameter is taken as 

e = k/a 1 / 5, (4.2) 

and so the Mach number is defined as 

M = m£ , where m = 0(1). (4.3) 

The inner coordinates can now be written as 

1/5, v - 1/5 x = a ' (a + x), y = a y 

x« = a 1 / 5( a - x), 
(4.4) 

for the left and right inner regions respectively, and the outer 

coordinates scale on the acoustic wavelength, thus 

X = kx, Y = ky. (4.5) 

The leading order outer problem is found after rescaling on the outer 

coordinates, and is defined by 



+ ^YY + * = a 1 1 X ' Y ' ( 4 ' 6 ) 

4>Y = 0 | X | > ka, (4.7) 

4> I+ = 0 |X| < ka. (4.8) 

Similarly the inner problems can be written as 

2 2 - -$ — + $ — + e ($ + 2im$- - m $ — ) = 0 all x,y , (4.9) xx yy x xx J 

= 0 , x < 0, (4.10) 

n = n- = o x = o, (4.11) 
X 

e04/9x4+y4e4)n + (i$-m$-)/2c|* = 0, y = 0, x > 0, 

= -ec(iri - mn-) , y = 0, x > 0. (4.13) y x 

The matching scheme for this low Mach number limit is no different from 

that described in chapter 2, and will therefore not be analysed. To 

calculate the condition for resonance it is only necessary to obtain 

the reflection coefficient of a plate wave travelling into an edge. 

Thus the leading order inner problem is found to be (after noting that 

$ is odd in y) 

$ -- + $ -- = 0 all x,y > 0, (4.14) Oxx Oyy 

= 0 , x < 0, y = 0, (4.15) 

^0 = H0x = ° ' x = 0, y = 0, 

84nQ/9x4 + i ( i $ 0 " m 4 > 0 x ) = X > 0 , y = 0 , (4.16) 

$0y = "c(i330 " m 0Ox ) ' x > 0, y = 0, (4.17) 



h^Co 

where n = nQ + erî  + (4.18) 

$ = e4> + e 2 ^ + . . . . (4.19) 

Forcing is due to a travelling plate wave into the inner region and will 

have the form 

e " i d ( 4 . 2 0 ) 

where d satisfies the plate equation and kinematic boundary condition in 

the inner region. Thus d must be a solution of 

d 5 = (1 + md)2. (4.21) 

The inner problem (4.14)-(4.17) can be solved using the Wiener-Hopf 

technique which yields 

^ oo diK+(d) f e-isx-|s|y 
V * ^ = u / {(s-d)K (s) - Kyiy> — ds> ( 4- 2 2 ) 

— 00 " + + 1 1 

where 
V s ) 2 4 K(s) = = (1 + sm) /1 s | - s , (4.23) 

and f is a constant found by matching or by edge conditions. 

The non-attenuating outgoing plate wave can be found in limit m 0, 

using the results 

d = 1 + 0(m), f = 0 + 0(m), (4.24) 

thus 

» = e 3 W 4 eiJ-y + 0 ( m ) _ ( > 
Owave 

Equating the waves at either edge of the plate gives the following 

resonance condition 
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= ^tt + j nir, n = 0,1,2,... , (4.26) 

which is identical to that in the zero flow problem. Alternatively 

when the factor m in (4.27) becomes very large it is found that, from (4.21), 

A - 2 / 3 ^ d = m and 

K(s) * (m2/|s| - s2)s2 + OCm"1) . (4.27) 

The constant, f, is found to be 

f = -iK (d), (4.28) 
+ 

which gives the required behaviour at infinity, and so the outgoing 

wave is found, by picking up the pole at s = -d, to be 

» = e W 4 e i d 5 - d y + ( -1 } 
Owave 

The resonance condition therefore becomes 

da1/5a = ^ + ^ , n = 0,1,2,...., (4.30) 

2/3 
or, using (4.3) to give d = (M/e) , 

2 3 2pU a _ /3tt nirx3 _ n i o /, 0 — - v-g" + ~2~) , n = 0,1,2,... . (4.31) 

This result must be equivalent to the resonance condition found in 

chapter 3 in the limit M -»• 0, and by expanding (3.48) in powers of M 

this is found to be correct. 

It has now been shown that the potential of the problem with small 

Mach number flow smoothly matches the zero flow solution to that of the 

M = 0(1) problem. 



5. Discussion 

It has been shown that in the heavy loading limit the outer potential 

behaves to leading order as if the plate was absent. Near a resonance, 

however, eigensolutions of the outer boundary value problem with 

singularities at the plate edges also become present at this leading 

order. Close to the plate it is found that near resonance the leading 
-1/2 

order terms are standing plate waves (of order e ) and these have a 

wavelength of the order of the size of the inner region. These results 

are similar in form to those in the zero flow problem except that for 

M = 0(1) the wavelength of the plate waves is given by (2.5), 

I = (k2/a)1/3 = (D/pc2)1/3 . (5.1) 

This result is interesting because it shows that the wavelength (or 

frequency) of the un-attenuated waves on the flexible plate is 

independent of the frequency of the acoustic source supplying the 

forcing. Thus for any frequency of forcing it can be expected that 

the frequency of plate waves will be a constant dependent only on 

D,p,c,U, subject of course to the heavy loading approximation 

e = kZ « 1. (5.2) 

As was discussed briefly in the introduction, it was hoped that 

comparison could be made between this analysis and flutter analysis 

using modal expansions. Much work has been performed on calculating 

the onset of flutter of finite or infinite elastic plates (Weaver and 

Unny 1970, Dowell 1966, Bohon and Dixon 1964). The usual method for 

calculating instability is to replace the unknown plate deflection by 

a modal expansion (where each term satisfies the plate edge conditions) 

and the problem is solved using a Galerkin approximation. The validity 
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of Galerkin's method is difficult to justify in a rigorous sense and 

it is therefore helpful to solve the problem by an alternative technique 

(in this case by matched asymptotic expansions) to compare the 

predictions made. The two-dimensional problem of flow of a compressible 

fluid over one side of a simply supported elastic plate was analysed by 

Ellen (1972) (again using a truncated modal expansion) and his results 

predicted divergence instability (when the complex frequency crosses 

the real axis at m = 0) when 
2 2 

pU a_ 5 4 
^ T = — ~ > n = l,2,..., (5.3) 

D( 1-M ) 2 2{n7rSi(mr)-l+(-l) } 

z • . j g ax ap = 2a, Si(z) = J , subject to the restriction kap « 1. (5.4) 
Q x 

In the analysis presented in this paper a time harmonic solution 

was assumed. If, instead, a Fourier transform in time had been taken, i.e. 
oo , 

$(x,uO = J 4>(x,t)eia)t dt, (5,5) 
— 00 

where <|)(x,t) = 0 for t < 0, then 

00 
(})(x,t) = 27 J $(x5w)e dm , (5.6) 

— 00 

where the poles of $(x,m) must lie below the real axis. Thus to satisfy 

causality the result in (2.60) must have poles (of complex m) lying in 

the lower half plane. This condition leads to the result (from (3.63)) 

that the frequency vanishes (i.e. a divergence instability occurs) at 

a plate resonance. This paper therefore predicts divergence instability 

for a simply supported plate with flow over one side when (from (3.51)) 
2 2 pU a 
-f-T = + htt)3 n = 0,1,2,..., (5.7) 

D(1-M ) 2 1 2 



s o 

with the conditions 

k£ « 1, l/a « 1. (5.8) 

Note that the latter constraint implies that (5.7) is strictly valid 

only for large n. It can be seen that the values of the dimensionless 

parameter 

pU2aE
2/[D(l-M2)%] 

predicted by both methods are within 2% of each other for n > 1 and 

both tend to the same value (nir ) as n The n = 0 term in (5.7) 

violates the latter constraint in (5.8) and does not satisfy the 

condition that ka^ << 1 in (5.4) and can therefore be rejected; it is 

reassuring, however, to find that the results are in very good agreement, 

even for low n (when neither approximation is strictly valid). As a 

final point it can be noted that an advantage of the present method over 

that of Ellen is the ability to predict resonance for any plate edge 

condition whereas the modal expansion technique has only been applied to 

simply supported panels. 

The author would like to thank Dr. F.G. Leppington for much advice 

and assistance, and the S.E.R.C. and A.U.W.E. Portland for the financial 

support of a C.A.S.E. studentship. 
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Appendix A 

Factorization of the Wiener-Hopf Kernel 

From (3.18) 

K(s) = (Isld-M ^ V 1 - s2/M2, (Al) 

which can be rewritten as 

K+(s) = 6 j. Q+(s), K (s) = MS^e 1"" 7^ (s), (A2) 
MS 2 + 

h ^ where S + = lim (s + iq)2 etc., and 
q-H) 

^ j j y = (b3-s2|s|), Q+(s) = Q_(-s) . (A3) 

i7f/4 „ ^ „ ™ % ITT/4 

Q+, Q_ are regular and non-zero in the same regions as K+, K_ respectively, 

and it can be shown that 

m[Q (s)] = (27Tif1 lim J (bW\r;\)d K ^ ( M ) 
N-*» -N 

where I s > I £. m m 
Note that the integration path in (A4) passes below the point £ = b and so 

1 rn ( m - 2s 7 ln(b3-c3)dc 
ln[Q+(s)] = _ say = ^ J . (AS) 

0 (c -s ) 

After much algebra, with careful interpretation of the branch of the 

logarithm chosen, it is found that 

d I - V" / 1 i /Sv 1 t /S., 2iri , 1 2 
dl - E < Tb^ST l n (b ) + Ts+b"7 l n (b ) } - — + TFT^sT 

n=-l n n 1 - 1 

+ 77:1 + 3<s+b1) " 3(s+b_1) } > ( A 6 ) 
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where b = be2n7T"*"^3. To estimate the order of K (s), as s •*•<*>, the n + 
expansion of (A6) in powers of 1/s is 

^ M + 0(—jr) , s - oo, (A7) 
ds s 2 s 

which, after integrating, gives 

Q+(s) = Ps 3 / 2 + 0(s I / 2), s (A8) 

where P is a constant, and so from (A2) 

K+(s) = 0(s) when s -»• (A9) 

It is now required to find K +(b) so that the coefficient of the outgoing 

wave in equation (3.21) can be found. Firstly, by integrating by parts, 

(A5) can be rewritten as 

s r " 1 1 3 b + m I r A : l n d 4 • ( A 1 0 ) ' 
0 lb ; 

and so 1(0) = 3iri In b, (All) 

as the integral in (AlO) is zero when s - 0. The expression in (A6) can 

now be integrated and, letting s = b, the equation simplifies to 

I(b)-I(0) _ . r Q + ( b \ _ 1 7 ^ v dv 1 •• /• iir f 
271 l n { - 3 7 r } " " 3^1 I —2 77 2 6 ~ T " * ( A 1 2 ) 

b O (v - 1) 

2 
The integral can be shown to have the value it /8 and so substituting (A12) 

into (A2) finally gives 

K (b) = bei7T/8/6/M. (A13) + 

The pole contribution at s = -b in (3.21) gives the outgoing wave for 
11 ' 

and can be written as 
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K . ( b ) e " i s x " l s l y ( 1 " M 2 ) 

s->~b 
<I> = b lim —^7—7T—T7 r-T-

l l a ) c-v-h M s ) 3 ( s " b > 

2 
K+ ( b ) .. , s+b , ibx-by(l-M2)^ — — — lim { v f > }e J 

2 b s-M, K ( s ) 
(A14) 

The coefficient in front of the exponential in (A14) is found to be 

-K+
2(b)M2/6b2, 

and using (A13) the solution becomes 

= e5ix/4eib5-by(l-M2)% 

11m 



Appendix B 

Outgoing wave 

The expression for written in (3.37) and the outgoing wave 

is again found by closing the integral in the lower half plane thus 

picking up the pole at s = -b. Noting that the term in D(s), (3.36), 

containing R+(s) has a pole of order two at s = -b, the residue of 

the pole can be written as 

Residue (at s = -b) = 

x AK+(b) AK+
1(b) BibK+(b) iK+(b)(2-M2)R+(b) 

2Trb2(l-M2)^ + ~ 2 ^ + 2M3(1-M2)% 

iC + M i V b )
 + y M i K

+
( b ) b - ibx-by(l-M2)^ , . , s+b , 

? TT 5 l l m tjTTTT ' 
M 2 2( 1-M ) 2 s->-b V s ) 

ibK+(b)(2-M2) d R+(s)(s+b)2eis;;-lsly(l-M2)% 

" 2 i * W > s - b ^ { sK+(s) | s | (s-b) > • <B1> 

Using the identities 

R (s) = s2/K(s) - R (s), (B2) + — 

R_(-b) = R+(b), and (B3) 

^ lrbr>} = K+(b) U V } • (B4) 

s-*—b + s->—b 
the last term in (Bl) can be written as 
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i(2-M2)K ( b ) e
i b ^ ( 1 " M 2 ) %

 r 
{(y(l-M ) - ix)K (b) 

4uM3(1-M2) 1 + 

- V ( b ) + f t r ! y> 2 + K + < b > « h O 2 > 
s-*~b s-*—b 

V b ) h r } ] • ( B 5 ) 

K (b) + 

b 2 s->-b 

It is easily shown that 

2 
.. . r s+b , M /T1.v 
u " { K m } = 3b • ( B 6 ) 
S">—D 

- . f d (s+b)2, _ M 2 , . 
l l m K { dl ~kTsT~ - 3b » a n d ( B 7 ) 

—D 

" V a r ( B ! T ) 2 } = ( B 8 ) 

and these values are substituted into (Bl) and (B6). Using (3.28), 

(B5) and (Bl) the outgoing wave of a ^ t e r considerable cancellation, 

is determined; thus 

= -2iri{residue at s = -b} = 
12a) 

(2M2-l)yK 2(b)b i(2-M2)K 2(b)bx CK (b) - 2 A 
{ c ^ - T T e ^ > , (B9) 

y M 18M(1-M ) 2 3M 

or, using (A13), 

$ = {- e
5 i 7 r / 4 + 2(l-M2)^(2M2-l)y ̂  

1 2 W 3M(1-M2) 3M(1-M2) 

_ 0 * ^ ( 2 / 3 ) * }eibx-by(l-M2)^ ^ ( B l o ) 

M 
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Chapter 5 

The attenuation of travelling waves on slightly curved elastic plates 

In the two preceding thesis chapters it was noted that plate waves 

(of small wavelength) can travel along a plane elastic plate without 

attenuation. Thus, for specific values of the plate length, standing 

waves are formed, and this is identified as a plate resonance. Many 

applications in underwater acoustics include curved surfaces and it is 

therefore useful to examine the attenuation of travelling plate waves 

due to curvature. It is expected that energy is shed from the wave as 

it propagates along the plate, and if this loss is large then no standing 

waves can form, therefore suppressing any resonances. 

Purely for convenience this analysis will study cylindrical plates 

of circular cross-section. Cylindrical coordinates r,6,z are adopted 

and only two-dimensional motions are assumed (with no z dependence). 

From Timoshenko (1959, p.513), the equation for an elastic plate of 

circular cross-section, after adding inertia terms, is found to be 

• 2 9 a2 

(1-v ) ̂  , (1) 32v 9u + h 2 / 93q 
902 90 2 3 12a \ 30 ae2 

9v h 2 1A + a M 
90 q -

12a2 \ 304 ae3/ ) ^ C l ^ ^ U - v ' ) . ( 2 ) 

where q,v are the radial and circumferential deflections of the plate 

respectively, and E and v have their usual meanings. The undisturbed 

plate lies on the circle of radius r = a, and p,m,h respectively denote 

the pressure discontinuity across the plate, the mass per unit volume 

of the plate, and the plate thickness. It is now assumed, for simplicity, 

that no fluid lies inside the circle and that the fluid outside satisfies 

the two dimensional wave equation 
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3fj> 1 3<fr 1 324> 1 92<J> _ m 

9r r 30 c 9t 

where <f> is the velocity potential and c is the fluid propagation speed. 

The potential <f>(r,0) is related to n,p by 

p = -P4>t r > a, (4) 

Ut = 4>r(a,0) r = a, (5) 

(the subscripts denoting partial differentiation), and if assuming time 

harmonic motion, the travelling plate wave solution may, by separation 

of variables, be written as 

« r , e ) = A e ^ H ^ W 0 * ( 6 ) 

Note that m is the angular frequency, k = m/c, p the fluid density, 

A is an arbitrary amplitude, and H ^ ^ is a Hankel function of the 

first kind of order y , ( H ^ = J + iY ). y y v 
Assuming that the circumferential displacement of the plate is of 

the form 

i0y -irnt 
v = v Q e e , (7) 

the travelling wave solution (6) may be substituted into the plate 

equations (1), (2), using (4) and (5) to derive coupled equations in 

the unknowns v^ and y. These are given by 

2 
-y2v + ± AkH(1)(ka) + (Akw'\i3H,(1)(ka) - v ny 2) 

0 a) y 12a p 

2 2 = -ma Gv^m , (8) 
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2 
yv - - AH,(1)(ka) - (AkaTVH' ( 1 )(ka) - vny3) 0 co y 2 y 0 iza 

2 
= - - a2Gm2kAHr(1)(ka) + GpooAHCl)(ka) , (9) oj y h y 

where G = ( 1 - V 2 ) / E and H , ( 1 ) ( k a ) = -TT^-T H ( 1 )(kr) 
y 3(kr) y r = a 

Rearranging, to eliminate v Q, yields 

y2(l + h2y2/(12a2))2[y2(l + h2/(12a2)) - m a W ] " 1 

= l-ma2Gw2 + a2Gpo)V1)(ka)/(H^(1)(ka)kh) + h2y4/(12a2). 

(10) 

To compare the results for circular and flat plates it is necessary 

to let 

9 = x/a, (11) 

where x is now the distance along the plate and thus the wavenumber is 

s = y/a. (12) 

As the radius, a, tends to infinity, the leading order result for s 

should reduce to that given in part 3. Substituting (12) into*(10) 

and letting a 00 gives, to leading order, 

- m G u2 + (H(1)(ka)/H'(1>(ka)) + ^ = 0- (13) 
kh y y 12 
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It is assumed that the travelling waves are of very small wavelength 

(s >> k), and so, using the relevant asymptotic expansions for the 

Hankel function and its derivative, it is found that 

H ^ \ k a ) . 0 , 2 . 2 ,h n n i o y . — k , . 2a(s -k f 2 . 2 sh\ h ,2sav ' ~ — o — 7 T T + i e [Cs-Cs -k ) )/k] ), 
H (ka) (s -k ) 2 
u (14) 

y >> ka, y oo 

The attenuation of the wave is given by the imaginary part of s, and so 

it is convenient to substitute 

s = s Q + is^, (15) 

into (13), after using (14), and then collect real and imaginary terms. 

After careful expansion of terms, it is finally found that 

S Q * (12po)2G/h3)1/5 , (16) 

and S;L 'v (S0/5)exp(-2asQ[ln(2S0/k) -1]). (17) 

The travelling wave solution (6), after using the expansion for 

the Hankel function, can now be expressed, for large a, in the form 

- s x 
<p(x,y) ̂  B exp(is0x-sQy-iu)t)e , (18) 

where B is a constant, and exp(-s^x) is the attenuation factor. It is 

seen that if the radius, a, formally tends to infinity, then the previous 

travelling wave solution is recovered, with wavenumber,s^, the same as 

that in §3. For large but finite a, the attenuation, from (17), is 

clearly exponentially small when as^ » 1 and can therefore be neglected. 

It is therefore assumed that plate resonances will not be suppressed if 

the elastic surface has slight curvature (in the sense that as^ >> 1). 
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As a final point it is useful to calculate the energy flux from 

a section of the plate (between x^ and x2, say) into the fluid. The 

power radiated is given by 

where denotes the complex conjugate and the subscript r means partial 

differentiation in the radial direction. Substituting the expression 

for 4>(r,9) given by (6) into equation (19), and expanding for large 

plate radius, a, allows the integral to be performed. Thus, it is 

finally found that the energy flux from the plate is given by 

Power = -pu) J Im(4>*<j) )dx (19) 

* 

Power (20) 
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Chapter 6 

Sca t te r ing of sound by l a r g e f i n i t e geometries 
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Summary 

Diffraction problems with finite geometries do not usually 

have exact solutions and so asymptotic methods, which require a 

large or small parameter, are employed to obtain approximate 

results. This paper presents a formal method for approximating the 

acoustic potential when the finite length in the geometry is large 

compared to an acoustic wavelength. The method presented is exactly 

analogous to other approaches , including the modified Wiener-Hopf 

technique, but is advantageous because of its relative ease of use 

and applicability to many problems. This is shown by using the 

method on problems with resonances and complicated geometries. 



1. Introduction 

The problem of diffraction by slits (in infinite baffles) or 

finite screens has been well studied in the past. All the analytic 

work has required a small or large parameter to obtain approximate 

solutions. This paper presents a new method of obtaining an asymptotic 

solution when the ratio of the screen (or slit) length, to acoustic 

wavelength is large, and is presented because of its simplicity of 

use and applicability to a wide range of problems. 

Schwarzschild (1902) used a Green's function method on the slit 

problem and obtained a pair of coupled integral equations. He proposed 

an iterative method of solution by taking the electromagnetic (or 

acoustic) potential due to two Sommerfeld half-plane problems (one for 

each end and ignoring the interaction terms) as the first approximation, 

and substituted these into the equations to find the second approximation 

which contained an interaction term (i.e. the effect on one edge due to 

the presence of the other). This series was shown by Schwarzschild to 

converge for all slit widths but proved extremely difficult to use 

analytically, and the convergence was too slow for numerical use. An 

account of this can be found in Baker 3c Copson (1950). Fox (1949) 

used essentially the same technique for diffraction of a pulse through 

a slit and it is plausible that this system of iteration would be useful 

(i.e. converge rapidly) when the slit width is large, as then the 

interaction between edges would necessarily be small. 

This led Karp & Russek (1956) to obtain an approximate (but not 

asymptotic) solution when the ratio of slit width to wavelength was 

large. They simplified the mathematics by using an essentially physical 

argument whereby they assumed that the effect of one of the half planes 

on the other could be replaced by the potential due to a line source at 
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the edge of the h a l f p lane. A few years l a t e r Noble (1958) attacked 
the same problem using a modi f ied form of the Wiener-Hopf technique 

which involved a great dea l o f a lgebra . This method led to a p a i r of 

coupled i n t e g r a l equations which were analogous to those of Schwarzsehild, 

and these were then approximated i n the same large gap l i m i t . 

The present method uses ideas proposed i n a l l the work described 

above but i s somewhat s i m i l a r to a technique used by Leppington (1968) 

i n a f i n i t e dock water wave problem. Each problem is organised so t h a t 

the p o t e n t i a l can be s p l i t i n t o four (or more) p a r t s ; two h a l f plane 

problems plus two i n t e r a c t i o n p o t e n t i a l s . These i n t e r a c t i o n p o t e n t i a l s 

are then approximated i n a r igorous asymptotic sense ra ther than by the 

phys ica l argument of Karp and Russek. 

I n sec t ion 2 the problem of a s l i t i n a s o f t screen is examined 

but to show the d i r e c t analogy between t h i s method and that of Noble 

the approximations to the i n t e r a c t i o n p o t e n t i a l s are made l a t e r i n the 

analysis than necessary. This a lso helps to show that the i n t e r a c t i o n 

p o t e n t i a l s are replaced by the l ead ing order terms i n t h e i r asymptotic 

expansions. I n s e c t i o n 3 the problem of a s l i t i n a hard screen i s 

examined. The ease of use of the method i s shown when the large gap 

approximation i s made at an e a r l y stage i n the ana lys is . 

The next sec t ion ( 4 ) shows how the method can be appl ied to a 

wide range of problems w i t h more complicated geometries; i n t h i s case 

the problem of d i f f r a c t i o n by two l a r g e gaps ( f a r apar t ) i n a hard 

b a f f l e . F i n a l l y the technique i s extended to the problem of s c a t t e r i n g 

by a la rge f i n i t e membrane which h i g h l i g h t s the way of extending the 

method to include resonances. 
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2. Scat ter ing by a f i n i t e screen 

Assuming simple harmonic t ime dependence wi th angular frequency w, 

the v e l o c i t y p o t e n t i a l can be w r i t t e n as 

Re{<{>(x,y)exp(-ia)t)} ( 2 . 1 ) 

where <J> is the acoustic p o t e n t i a l , ( x , y ) are car tes ian coordinates of 

the two-dimensional problem, and the time factor i s henceforth omitted 

for b r e v i t y . To show the r e l a t i o n between the methods of th is paper 

and the modif ied Wiener-Hopf technique i t i s convenient to examine the 

prototype problem of d i f f r a c t i o n by a f i n i t e s l i t , length 2a, i n an 

i n f i n i t e b a f f l e on which <{> = 0 . The boundary value problem for the 

t o t a l p o t e n t i a l , <|>t, i s 

(V 2 + k 2 H t = 0 , a l l x , y , ( 2 . 2 ) 

<J>t = 0 , |x | > a, y = 0 , ( 2 . 3 ) 

2 2 2 2 2 where 7 = 3 /3x + 3 /3y , k = u>/c the acoustic wavenumber, and c the 

sound speed i n the f l u i d . To ensure a solution of the 
boundary value problem which does not allow energy to 
radiate frop the edges, it must be insisted that 

v\Y<fi\-+0 as r^fci&f+y^-^O. (2,3a) 

This condition must also be satisfied by each of the 
semi-infinite potentials at their respective edges. 

Assuming that the baffle is irradiated from above 
by incident waves of the form 

<Jk = e x p ( - i k x cos 0 - i ky s i n 0 ) , ( 2 . 4 ) 

where 0 i s the angle between inc iden t waves and the x ax is , i t is then 

most convenient to s p l i t the p o t e n t i a l <{> into the form 

. !>• + <J>, y > o 
( 2 . 5 ) 

^ - y < o, 

where <{>, the d i f f r a c t e d p o t e n t i a l , i s an odd funct ion of y. Using the 

fact that there is no d i s c o n t i n u i t y i n v e l o c i t y across the s l i t , and 

deal ing wi th y > 0 only, the problem becomes 



CI 

( v 2 + k 2)<t> = 0 a l l x , y > 0 , 

<J) = - e x p ( - i k x cos 0) 

<f) = 0 y 

x| > a, y = 0 , 

x | < a , y = 0 , 

( 2 . 6 ) 

plus a r a d i a t i o n cond i t ion which a l lows only outgoing waves at i n f i n i t y . 

I t was suggested i n the i n t r o d u c t i o n that as ka 00 the i n t e r a c t i o n 

between the edges becomes smal l and so cf> can be approximated to leading 

order by the two s e m i - i n f i n i t e edge problems, and <f>2 say, where 

<f> i s the s o l u t i o n of T n 

(V2 + k2)<J> = 0 n 

<j) = - e x p ( - i k x cos 0) , n 

<f> = 0 
ny 

n 
< 0 , n = 1 , y = 0 , 

> 0 , n = 2 , 

( 2 . 7 ) 
x n j > 0 , n = 1, y = 0 , 

I < 0 , n = 2 

and n = 1 ,2 w i t h x^ = x+a, X2 = x - a . The edge coordinates have been 

chosen i n t h i s section to compare the r e s u l t s w i t h those by Noble and 

i n l a t e r sect ions x 2 w i l l be of opposi te s ign. The p o t e n t i a l <j> also 

needs c o r r e c t i o n p o t e n t i a l s which w i l l be shown to be small i n some 

sense (because of the way the t o t a l p o t e n t i a l was s p l i t ( 2 , 5 ) ) , and these 

p o t e n t i a l s g^, g 2 can e a s i l y be shown to s a t i s f y 

( V 2 + k 2 ) g = 0 , n 

g n = " 8m' 

a l l x
n >y> 

x n 

g = 0 6ny 
x n 

( < 0 , n = l , y = 0 

> 0 , n = 2 

> 0 , n = 1 , y = 0 

< 0 , n = 2 

(2.8) 
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where n,m = 1 or 2 and n 0 m. J u s t i f i c a t i o n for s p l i t t i n g the p o t e n t i a l 

i n to t h i s form 

<f> = 4»1 + 4>2
 + gx

 + g2» ( 2 - 9 ) 

can be found i n Leppington ( 1 9 6 8 ) ; <f>p 4>2 are solved by the Wiener-Hopf 
governed by 

technique, and g^,g 2 a re /coup led problems which, i t w i l l be shown, can be 

e a s i l y uncoupled when ka becomes l a r g e . 

( i ) Equivalence w i th M o d i f i e d Wiener Hopf technique 

Def in ing the h a l f range F o u r i e r transforms as 

00 i s x 
$

n +
( s > y > = f * n ( V y ) e n d x n ' ( 2 ' l 0 ) 

0 

a n a l y t i c i n an upper h a l f of the complex s plane (s = a + i t ) , a n d 

0 i sx 
V ( s ' y ) = ^ ^ ( x

n > y ) e n d x
n > ( 2 . 1 1 ) 

s i m i l a r l y a n a l y t i c i n the lower h a l f s p lane , the inverse t ransform is 

1 <» - i s x 
4>n (xn ,y) = 27 J * ( s , y ) e n ds, ( 2 . 1 2 ) 

—00 

w>th V W " 

Note tha t the transforms are assumed to be a n a l y t i c and of a lgebra ic 

growth i n t h e i r respec t ive h a l f planes as |s | A transform w i t h a 

bar on top denotes tha t the a l t e r n a t e x v a r i a b l e was used, i . e . 
00 . 

? 1 + ( s , y ) = J 4> 1 (x 2 ,y )e dx2 , ( 2 . 13 ) 

_ 0 

G 2 _ ( s , y ) = J g 2 ( X l , y ) e 1 & * V ( 2 . 14 ) 
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e t c . , and i t i s found t h a t 

- 2 i a s 
1 ( 8 > y ) = e " " ^ ( s . y ) , ( 2 . 1 5 ) 

G«(s ,y ) = e 2 i a S G 9 ( s , y ) . ( 2 . 1 6 ) 

Transforming the governing equat ions gives the r e s u l t 

<Ks,y) = A ( s ) e " Y y ( 2 . 1 7 ) 

where A(s) i s to be found and 

y = ( s 2 - k 2 ) ^ = - i ( k 2 - s 2 ) ^ . ( 2 . 1 8 ) 

I t i s convenient to a l low k t o be s l i g h t l y complex during the a n a l y s i s , 

thus 

k = k x + i k 2 , k 2 > 0 and k 2 << 1, ( 2 . 1 9 ) 

and due to the branch o f y chosen i n ( 2 . 1 8 ) the path of the inve rs ion 

i n t e g r a l passes j u s t above the branch cut -oo < s < - k , and below the 

cut k < s < oo. 

From ( 2 . 1 7 ) i t fo l lows t h a t 

A(s ) = $ + $ = - - ( $ ' + $ ' ) ( 2 . 2 0 ) 
+ — y + — 

where $ = $ (s ) - $ ( s , 0 ) e t c . and 
T T + 

+ = If <s>y> (2 .21 ) 
y=0 

Returning to the problem, the boundary condit ions def ined i n 

( 2 . 7 ) are transformed, i . e . 

. i k a cos 0 
= 7~~1 r r , = 0 , ( 2 . 22 ) 

1 - ( s - k cos 0 ) 1+ 
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where i s a n a l y t i c i n the r e g i o n T = Im(s) < k 2 cos 0. Subst i tu t ing 

i n t o ( 2 . 2 0 ) and rear rang ing g ives the Wiener-Hopf func t iona l equat ion , 

which is def ined i n the s t r i p - k 2 < T < k 2 cos 0 , 

<i> . ( s ) . i k a cos 0 - . 
1+ + i e r 1 1 i 

„ / , ( s - k cos 0) K ( s ) K (k cos 0 ) ' K . l S j + + 

( s ) . i k a cos 0 1 - l e 

( 2 . 2 3 ) 

K ( s ) ( s - k cos 0)K (k cos 0) — + 

where K ( s ) / K . ( s ) = y , K ( s ) = 1/K ( - s ) = e 1 7 r / 4 / ( s + k ) ^ , ( 2 . 2 4 ) T T — 

and K + ( s ) , K_(s) are a n a l y t i c i n t > T < k 2 r e s P e c t i v e l y • The 

l e f t hand side of ( 2 . 2 3 ) i s a n a l y t i c i n the region x > - k 2 , the r i g h t in 

x < k2» and t h e r e f o r e by a n a l y t i c con t inua t ion arguments both sides must 

be equal to a func t ion a n a l y t i c i n the whole s p lane. The edge 
condition (2.3a) specifies the form of the potential 
for large |s| as. 

§ # ; _ ( s ) = 0 ( i s r e ) , IT ' A 

(g can in fact be shown to equal £ = and so "by examining 
the behaviour of both sides of the equation as |s|—><*> , 
Liouville's theorem shows that this function must be 
identically zero; hence 

• •»• / \ i k a cos 0 , lK ( s ) e 
( s ) = - t — 7 . w r y , and ( 2 . 2 5 ) 

1 - ( s - k cos 0 ) K + ( k cos 0) 

. i ka cos 0Tr / N - y y l e K-+ (s)e ,jr 

(s ,y ) = t — : r r . ( 2 . 2 6 ) 
1 ( s - k cos 0 ) K , ( k cos 0) 

Repeating fo r $2 u s i - n g 

. - i k a cos 0 
3> = 7—: - v , a n a l y t i c i n x > k 0 cos 0 , ( 2 . 2 7 ) 

2+ ( s - k cos 0) 2 

$2_ = 0» gives ' ( 2 .28 ) 
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. - i k a cos 0 
- le (K ( s ) - K (k cos 0 ) ) + K ( s ) 

( s - k cos 0) v - ' - 2- -

. - i k a cos 0 
= -K ( s H ' ( s ) + 7 ^ - j prr K (k cos 0) ( 2 . 2 9 ) 

+ 2+ ( s - k cos 0) -

= J ( s ) , 

def ined i n the s t r i p k 2 > x > k 2 cos 0 , and again using L i o u v i l l e ' s 

theorem i t i s found t h a t J ( s ) = 0 fo r a l l s. Thus the so lu t ion i s 

. - i k a cos 0 „ v le K (k cos 0) 
( s ) = = , or ( 2 . 3 0 ) 

( s - k cos 0 ) K + ( s ) 

. - i k a cos 0 T_ ,. - y y le K (k cos 0)e TJr 

* 2 < s »y> = 1 • ( 2 . 3 1 ) 
( s - k cos ©)K_(s) 

To c a l c u l a t e the i n t e r a c t i o n p o t e n t i a l s the boundary condi t ions 

def ined i n ( 2 . 8 ) t ransform to g ive 

G l _ = ~ G 2 - ' G l + = ( 2 . 3 2 ) 

G2+ = " * 1 + " G l + ' G 2 - = °> ( 2 ' 3 3 ) 

which are a n a l y t i c i n the same upper and lower regions as be fore . To 

obta in the Wiener-Hopf equat ions f o r G^,G2 the fo l lowing sum s p l i t i s 

used 

f ( s ) - L . Tx^J d z - S T L ( 2 - 3 4 ) 
- 0 3 +XC 

= f ( s ) + f ( s ) r e s p e c t i v e l y , + — 
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where f ( s ) i s regu la r i n some s t r i p X ^ < T < X + (w i th s u i t a b l e behaviour 

as |a | -»• t_ < c < x < d < t_, and f + ( s ) i s a n a l y t i c in x > 

f ( s ) i n T < T . — + 

The. V/iener-Hopf equation for g-|(x,,y) can be written 
(from P.32) as 

K + ( 0 K-Ct f 
which is valid in the strip (s)>k^cos 0, and the 
functions H (s), P (s) etc. are given by (2.34), (2.39), 

r -
(2.41). Each side of this equation is equal to a function 
regular in this strip, and by analytic continuation 
arguments is valid over all s. Taking the right hand side 
first, it is easily shown that the imposed edge condition 
for g-^ ensures, as in the lower half plane, 

= 0 ( | s r f c ) , f o r s o m e & > 0 . 
Similarly the expression for R_(s) in (2.39) shows that 

R - C O - O C U r 1 ; a s M - V 
The ed̂ re condition for g^fx^y) is used to give 

and without specifying more about this function (as yet 
unknown) the integral expression (2.41) reveals 

as s-̂ oo in the lower half plane. Hence the right hand side 
of (2.34a) tends to zero for large |s| in the lower half 
plane. Similarly it can be shown that the left hand side 
also tends towards zero as s^a* in the upper plane and so 
by Liouvi-lle's theorem .either side must be identically zero. 
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or 

Thus employing ( 2 . 3 2 ) , ( 2 . 3 4 ) i n ( 2 . 2 0 ) gives 

= ( R _ ( s ) + P _ ( s ) ) K _ ( s ) , ( 2 . 3 5 ) 

G ^ S y y ) = - K + ( s ) ( R _ ( s ) + P j s ) ) e ~ y y , 

where i t i s assumed t h a t bo th s ides o f the Wiener-Hopf equat ion are 

i d e n t i c a l l y z e r o , and 

x +<»+id ? 2 _ U ) d C 
R - ( s ) : = " 2 ^ i / K ( C ) ( g - s ) ' k 2 > d > k 2 cos 0 , d > t , ( 2 . 3 6 ) 

—oo+id + 

1 °>+ia G (C )dc ' 

K ( c ) ( c - e ) • k 2 > 3 > - k 2 ' 3 > T - ( 2 ' 3 7 ) 

-oo+ia + 

Again us ing the express ion i n ( 2 . 3 4 ) w i t h ( 2 . 3 1 ) gives R ( s ) 

i n the form 

2ita_ 
^ e ~ i k a cos 0 oo+id ^ °°+ib e K (k cos 0 ) d t 

R - ( S ) = " V V L + i d L i b ( t - c ) ( t - k cos e T O - ' ( 2 - 3 8 ) 

d > T , k 2 > b > d > k 2 cos 0 , and reversing the order of integration 

allows the £ integration to be performed, thus 

. - i k a cos 0 oo+id ^ i t a , 
R ( s ) = — K (k cos 0 ) ! v . w f . ' d l r r r - r ( 2 . 3 9 ) 

2 n i - + i d K + ( t ) K _ ( t ) ( t - k cos 0 ) ( t - s ) 

+ i d e 2 i t a $ X ( t ) d t 

-oo+id 
= — f ~~ '2+ 

2ir i J K ( t ) ( t - s ) 



An a l t e r n a t i v e form fo r R_(s) can be found by a l lowing d to pass i n t o 

the region k 2 cos 0 > d > -k2> which w i l l pick up the pole c o n t r i b u t i o n 

at t = k cos 0 r e s u l t i n g i n 

^ i k a cos 0 ^ °°+id t ) d t 
R - ( s ) = ( s - k cos 0)K (k cos 0 ) + 2 i l I . . K ( t ) ( t - s ) ' ( 2 ' 4 0 ) 

+ -°°+id -

where * denotes t h a t $ 0 . ( t ) i s a n a l y t i c i n I t > d except for the 
m 

s i n g u l a r i t y a t t = k cos 0 . P_(s ) can s i m i l a r l y be expressed as 

oo+id e 2 l t a G 2 ( t ) d t » + i d 2 i t a r , ( . 
v ( s ) = L_ f _ f = _J_ f f G 2 + ( t ) d t ( . 

2-rri J . . K ( t ) ( t ~ s ) 2iri J . K ( t ) ( t - s ) 
— o o + i d + - o o + i d -

where k 2 > d > - k 2 , t < d , which f i n a l l y gives G | _ ( s ) , G^(s ,y) a f t e r the 

i n t e g r a l representat ions of P ( s ) , R_(s) are subst i tu ted in to ( 2 . 3 5 ) . 

Repeating the above procedure fo r the G2 p o t e n t i a l y i e l d s 

g 2 + ( s ) • r h ( V S ) + V s ) ) 

V 8 ^ = " F T i 7 ( Q + ( s ) + T + ( s ) ) e " Y y 

( 2 . 4 2 ) 

where 

o o + i c e
 2 l t a K ( t ) $ ' _ ( t ) d t 

A fef • ( 2 - 4 3 ) 
—oo+ic 

~+ic e 2 i t a K ( t ) G ' ( t ) d t 

+
( s ) - - s r ' ( t - I ) K ( t ) » ( 2 - 4 4 ) 

-oo+ic 

and k 9 cos 0 > c > - k 9 , c < t . 



4-5 

Def in ing the two f u n c t i o n s Y , as 

v a ) = n + + < + gI+ + g2 + ' 

Y_(s) •= + + G ^ + , 

( 2 . 4 5 ) 

not ing tha t from the boundary cond i t ions , 

= = - = o, 

the problem reduces to the s o l u t i o n of the fo l lowing p a i r of coupled 

i n t e g r a l equations 

iK_(k cos 0 ) e " i k a c o s 0
 x «+ic e " 2 i t a K + ( t ) ^ ( t ) d t 

V s ) = ( s - k cos 0)K ( s ) 2iriK ( s ) ^ ' < 2 . 4 6 ) 
+ + -oo+l c 

K ( s ) «+ id e 2 i t V ( t ) d t 
* » = - = — J . ( 2 . 4 7 ) 

-°°+id -

I n the f i r s t equat ion t > c , k2 cos 0 > c > ^ 2 , i n the second t < d , 

k2Cos 0 > d > - k 2 and the a s t e r i s k again denotes tha t s) has a pole 

a t s = k cos 0 . This i s i d e n t i c a l to the equat ion quoted i n Noble (1958) 

§5 .5 ,6 where i n h i s ana lys is y = K + ( s ) K ( s ) and A = - k s i n 0. Noble then 

approximates the i n t e g r a l s i n the l i m i t ka •+ « which involves a compli-

cated asymptotic ana lys is using Whi t taker functions (later simplified 
by Jones (1961)). The following method uncouples the 
interaction potentials at the beginning therefore 
reducing algebra to a minimum. 



u 

( i i ) Approximation i n the l i m i t ka -*» 

An assumption i m p l i c i t i n t h i s and Noble's analys is is that 

¥ ( t ) , ¥ * ( t ) scale on the l e n g t h 1 / k , and not on the gap length a, which - + 

then al lows an asymptotic es t imate o f the i n t e g r a l s to be found by use 

of Watson's lemma. I t i s t h e r e f o r e apparent that i n t h i s large gap 

case the leading order terms f o r the p o t e n t i a l are simply the two semi-

i n f i n i t e problem p o t e n t i a l s ( ( J j ^ , ^ ) ' The cor rec t ion p o t e n t i a l s g^, g^ 

are of the same order as R ( s ) , Q (s ) , which w i l l be shown to be 
— + 

0( - t t t ) , and consequently the terms P ( s ) , T ( s ) , which couple the 
(ka ) ^ 

equat ions, are of order 0 ( ( k a ) ) . Thus to obta in an asymptotic so lu t ion , 

neg lec t ing terms of 0 ( l / k a ) , i t i s possib le to uncouple the problem a t 

the s t a r t by assuming t h a t one of the boundary condit ions i n ( 2 . 8 ) i s 

1 f < 0 , n= l 
g = -<{, + 0 ( ~ ) . x \ ( 2 . 4 8 ) 

« n n _ 
v. > 0 , n = 2, y = 0 . 

The problem now reduces to e s t i m a t i n g the i n t e g r a l representat ions 

of R ( s ) , Q ( s ) when ka 00. For convenience, and w i th no loss of — + 

g e n e r a l i t y l e t the branch cuts i n the s plane be r o t a t e d so tha t they l i e 

along s = - k to - k - i<», and s = k to k + Thus, deforming the 

path of i n t e g r a t i o n i n ( 2 . 3 9 ) around the branch cut i n the upper h a l f 

plane from k to k + i » g ives 

9 . - i k a cos 0 k + i « 2 i t a - i i r / 2 , 
R ( s ) = 2 1 6

 9 . K (k cos 0 ) J — r i t ( 2 . 4 9 ) 
Z7T1 " k ( t - k ) 2 ( t + k ) 2 ( t - k cos 0) ( t—s) 

which, a f t e r making the s u b s t i t u t i o n t = k + i v k , becomes 

nr 2 i k a - i k a cos 0 00 - 2 v k a - i T i / 4 , . _ . 
R _ ( e ) = t h K _ ( k c o s e ) J d v ( H - i v / 2 ) 2 . ( 2 . 5 0 ) 

0 v2(1—cos 0 + i v ) ( k - s + i v k ) 



L e t t i n g ka 00 impl ies tha t the maximum cont r ibu t ion from the integrand 

is near v 5 0 as long as 0 0 0,tt and the path of s can be deformed 

away from the branch po in t k . Accepting these r e s t r i c t i o n s f i n a l l y 

y i e l d s 

. h - i k a ( c o s 0 - 2 ) , 
R ( s ) * - 23LJ ^ + 0 ( — L — . ) . ( 2 . 5 1 ) 

/ iTka(k -s ) (1 -cos 0) 2 ( k a ) ' 

I t i s now possib le to w r i t e <f>2 i n terms of i n t e g r a l s (which 

can also be rearranged as F resne l i n t e g r a l s ) and a f a r f i e l d est imate 

of g^,g 2 w i l l be der ived . F i r s t l y , from ( 2 . 2 6 ) , (2 .31 ) , 

.. . ^ ia+oo - i s a + i k a cos 0 - i s x - y y , _ l k s i n 0 r e e l J , . 4>1 p J j; ds, ( 2 . 5 2 ) 

2ir(k-k cos 0) 2 ia-°° ( s - k cos 0 ) ( k + s ) 2 

- k 2 < a < k2 cos 0 , 

. - i k a cos0 , . _ ib+<» i s a - i s x - y y , 

+ 2 - . i S ^iiiL® | 2 1 J s _ T ( 2 5 3 ) 
2 (k+k cos 0 ) 2 ib-<=° ( s - k c o s e ) ( k - s ) 2 

. - i k a cos0 , . _ ia+°° i s a - i s x - y y , - i k x cos0 + i ky s in 0 i e k s i n 0 r e -'ds - e J 

2ir(k+k cos Q)h ia -°° ( S - k c o s 0 ) ( i V ^ 

k2 cos 0 < b < k2, - k 2 < a < k 2 cos 0, 

and g^, the i n t e r a c t i o n p o t e n t i a l , i s 

h ika (2 -cos 0)+ i iT /4 °°+ic - i s a - i s x - y y , 
/ ^ XR e f e dS f n r-i \ g ( x , y ) = — ^ / — (2 .54 ) 

/ irka( 1-cos 0) 22tt -oo+ic ( k - s ) ( s + k ) 2 

+ - k 2 < c < k 2 , 
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h i k a ( 2 - c o s 0 )+ i t t /4 » \ l k e or g . ( x , y j ^ — ~ Z + 1 say. 
/rrka( 1-cos 0)'22tt 

To est imate the i n t e g r a l I as x , y become large i t i s convenient to c o n v e r t 

to polar coordinates and make the t ransformat ion 

s = - k cos(0^ + i t ) , ( - « < t < « ) , ( 2 . 5 5 ) 

where x^ = r^ cos 0^, y = r^ s in 6 , r - /x^ +y , and 2 2 so 

Y = - i ( k 2 - s 2 ) ^ = - i k s i n ( 0 1 + i t ) . ( 2 . 5 6 ) 

Thus 
i k r . c o s h t 

00 s i n ( 0 1 + i t ) e dt 
I - - i k J v , ( 2 . 5 7 ) 

- « (k+k c o s ( 0 1 + i t ) ) ( k - k c o s O ^ i t ) ) 2 

and by standard s t a t i o n a r y phase arguments, when 0̂  i s not near 0,tt , 

I approximates to 

i s i n 
1 * - T i T | 

k 2 (1+cos 0 , ) ( 1 - c o s 0 . ) 2 4 K r l 

i k r ^ + i r i / 4 
i s i n 9 i e p p 

as kr^ becomes l a r g e . I f i t i s a lso assumed tha t r >> a where 

r = / x 2 + y 2 , 0 = tan then 

v l = r + a cos 0 + 0 ( a / r ) , 0 = 0 + 0 ( a / r ) , ( 2 . 5 9 ) 

and f i n a l l y 

. 2 ika i k r , . , ^ , flX-l i k a ( c o s 0 - cos 0) l e e ( s i n % 0 cos ?0) e 
g 1 ( x , y ) a, ( 2 .60 ) 

2ir/2ka / k r 



Repeating the above procedure gives 

. 2 ika i k r . . . , . . 
t © t i. ^ • u ) " 1 - i k a ( c o s 8 - c o s 0) ft/ K g 9 ( x , y ) ^ (cos h 0 s m 30) e + 0(r—) , ( 2 . 61 ) 

2n/2ka fkx k a 

ka + k r + w , r >> a. 

These r e s u l t s again agree w i t h the c a l c u l a t i o n s by Noble and Karp 8c 

RusseiC" but note t h a t the i n t e r a c t i o n p o t e n t i a l g^ + g2 i n th is paper is 

a r igorous est imate to ) whereas the previous work must be expanded 
Ka 

and then t runcated a f t e r terms to y i e l d a t rue asymptotic 

approximation. As a f i n a l note i f 0 or 0 are close to 0,tt then the 

expressions ( 2 . 5 1 ) and ( 2 . 5 8 ) are i n c o r r e c t and the i n t e g r a l s i n ( 2 . 5 0 ) , 

( 2 . 5 7 ) must be r e i n t e r p r e t e d . 

3. Large Gap Problem 

To show the r e l a t i v e s i m p l i c i t y of the method consider the problem 

of a la rge f i n i t e gap i n an i n f i n i t e hard screen i r r a d i a t e d by plane 

inc ident waves normal to the screen. Thus the t o t a l p o t e n t i a l , <j>t, 

s a t i s f i e s 

2 2 
(V + k )cf>t = 0 a l l x , y , 

• t y = 0 |x | > a , y = 0 , ( 3 . 1 ) 

<f>t * = 0 |x | < a , y = 0 , 

with the edge condition, given In (2. 3a)» and 
note t t l - = 0 denotes tha t the p o t e n t i a l across the gap is continuous. 

Again choosing a form f o r the scat tered potentialsuch. tha t the 

i n t e r a c t i o n p o t e n t i a l w i l l be sma l l , take 

a = e " " i k y + <J>(x,y), ( 3 . 2 ) 



so 

where <J>(x,y) = -<f>(x,-y) , and so the boundary value problem for <f> is 

(V 2 + k2)<f> = 0 a l l x , y , 

4>y = i k |x j > a , y = 0 , ( 3 . 3 ) 

4> = 0 |x! < a , y = 0 , 

plus a r a d i a t i o n cond i t ion a t i n f i n i t y . As i n §2 the p o t e n t i a l i s 

s p l i t i n t o four p a r t s , i . e . 

4> = 4>1 + 4>2 + gx + g 2 

where a l l par ts s a t i s f y the Helmholtz equation and 

<f> = i k x < 0 , y = 0 , ( 3 . 4 ) Yny n 

<f> = 0 x > 0 , y = 0 , ( 3 . 5 ) Yn n 

g = -A - g x < 0 , y = 0 , ( 3 . 6 ) °ny ymy my n 

g n = 0 x n > 0 , y = 0 , ( 3 . 7 ) 

n , m - 1 , 2 , n 0 m, x^ = x+a , x 2
 = a - x . 

Taking transforms as be fore and rearranging i n t o the Wiener-Hopf 

equat ion i t i s found t h a t 

K + ( 0 ) k e - y y 

* i ( s ' y ) = " 1 1 7 5 1 — ( 3 ' 8 ) 

. oo K ( 0 ) e " i s x " y y " i s a 

a n d h ( x , y ) = - ^ J + s K ( s ) ds, ( 3 . 9 ) 
—oo — 

where K + ( s ) , K_(s) were def ined i n ( 2 . 2 4 ) and the path of i n t e g r a t i o n 

passes above the branch p o i n t a t s = - k but below both the pole a t s = 0 

and point s = k. Pote that, by enforcing the edge condition 
(?. iO both sides of the Wiener- Hopf equation can be 
shown to be identically zero. 

Due to the symmetry of fo rc ing and geometry i t is easy 

to see that 4>^(x^,y) must be 



<!>, (x . ,y ) = (])9Cx9 , y ) and 
1 1 ( 3 . 1 0 ) 

g 1 ( x 1 > y ) = g 2 ( x 2 , y ) , 

there fore 
kK ( 0 ) 00 - i s a + i s x - y y 

V * , y > f ^ - J d 8 > ( 3 " u ) 

_ 00 

and the path of i n t e g r a t i o n l i e s below s - 0 . 

As ka 00, the equat ion i n ( 3 . 6 ) can be assumed to reduce to 

g = x < 0 , y = 0 , ( 3 . 1 2 ) 
ny my n 

(where the order of the d iscarded term w i l l be found l a t e r ) , and when 

n = 1 t h i s transforms to 

From ( 3 . 1 1 ) , a f t e r changing s to - s , i t i s found tha t 

kK (0) co K < e ) e 2 i 5 a 

—00 

where the z, path l i e s above z, = 0 and s and below Z, = k . The semi-

i n f i n i t e Wiener-Hopf problem fo r g^ can now be solved g iv ing 

kK ( 0 ) e ~ Y y « K (OK ( O e 2 i C a d C 
G l ( 3 ' y ) " 2,1K ( S ) / + ( C = , ) C > ( 3 ' 1 5 ) 

where the path of i n t e g r a t i o n aga in passes above z> = - k , 0 , s and below 

£ = k . The i n t e g r a l can now be approximated for la rge ka and so the 

i n t e r a c t i o n p o t e n t i a l s are 
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2ika—iti/4 - i s x - i s a - y y ^ 

8 b ( x , y ) = l i r ^ - i e ( s - k ) 3 ^ d s + ( 3 - 1 6 ) 

and, from ( 3 . 1 0 ) , 

2 ika-7r i /4 00 i s x - i s a - y y , 

8 2 ( X ' y ) = 1 6 ( x k a ) 3 ^ 3 L ^ + ' ( 3 ' 1 7 ) 

where the path fo r both i n t e g r a l s l i e s above s = - k , and below s = k . 

I t i s i n t e r e s t i n g to note t h a t the leading order term i n the 

-3/2 
i n t e r a c t i o n p o t e n t i a l i n t h i s problem is 0 ( ( k a ) ) w h i l s t i n the 

previous case (which has the analogous problem of s c a t t e r i n g by a 

- 1 / 2 
f i n i t e hard s t r i p ) t h i s p o t e n t i a l i s much l a rger 0 ( ( k a ) ) . By 

inspect ion i t i s a lso seen t h a t the discarded coupling term i n ( 3 . 6 ) 

- 3 
i s of order (ka ) 

4 . Double Gap Problem 

The method can be extended to more complicated geometries and 

th is sec t ion examines the problem o f s c a t t e r i n g by two gaps (each length 

2a, separated by a d is tance 2a) i n a hard b a f f l e i r r a d i a t e d by plane 

waves i n c i d e n t normal ly onto the b a f f l e . Thus the problem for the 

t o t a l p o t e n t i a l <j>t can be def ined by 

(V 2 + k2)<j) t = 0 a l l x , y , 

$ = 0 0 < |x | < a , 3a < |x | , y = 0 , ( 4 . 1 ) 

+ = 0 a < Ix l < 3a, y = 0 . 

To ensure uniqueness the usual condition, that no energy 
radiates from the edges, is employed as in previous 
sections ( s e e ( 2 . 3 a ) ) , 
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I n the previous two sec t ions the scat tered p o t e n t i a l was chosen 

(by subt rac t ing o f f s u i t a b l e p a r t s of the t o t a l p o t e n t i a l ) so that the 

forc ing for the g p o t e n t i a l s was smal l . This requi red i n §2 that 

between the edges the boundary c o n d i t i o n was 4> = 0 , and i n §3, <j> = 0 . 

I n t h i s problem the same must ho ld between each of the four edges and 

so fo r convenience the s c a t t e r e d p o t e n t i a l , <J>, i s def ined by 

<P + e " i k y + e + i K y , 0 < |x | < a , 3a < |x | , y > 0 , 

<|> = \ ({> , 0 < |x | < a , 3a < |x | , y < 0 , ( 4 . 2 ) 

<() + e l k y , a < |x | < 3a, a l l y , 

where e l k y i s the inc iden t wave and <j> i s odd i n y . The p o t e n t i a l , <j>, 

can now be s p l i t i n t o the four h a l f - p l a n e problems plus the i n t e r a c t i o n 

terms, i . e . 

4> = 4,1 + 4,2 + 4)3 + <J>4 + + g 2 + g3 + g 4 , ( 4 . 3 ) 

where a l l terms s a t i s f y the Helmhol tz equat ion, and on y = 0 

<f> = 0 , x < 0; 6 = 0 , x > 0 , ( 4 . 4 ) Yny n Y n n 

8 l y = • * 4 y " 8 4 y * X 1 < g l = X 1 > ° s ( 4 ' 5 ) 

§2 y
 = "^3y" g 3y } X 2 < 0 ; g 2 = x 2 > ( 4 ' 6 ) 

g 3y = -< l ,2y"g2y5 X3 < g 3 = _ ( | ) 4" g 4' x 3 > ( 4 ' 7 ) 

g4y = ~ + l y " 8 l y ' X4 < 0 ; g 4 = "^3" g 3 ' x 4 > ( 4 ' 8 ) 

where x^ = 3a+x, x 2 = 3 a - x , x^ = x - a , x^ = - x - a . ( 4 . 9 ) 

Note t h a t fo r 6. to be continuous each 4> must be discontinuous and i t is t Tn 

t h i s d i s c o n t i n u i t y which provides the fo rc ing . The g^ problems, however, 

are continuous, and when ka 00 i t i s again possible to s i m p l i f y them. 



Looking at the f o r c i n g terms (<f>4y > ^ y ) f ° r g l , g 2 i n ( 4 . 5 ) , ( 4 . 6 ) i t i s 

-3/2 

known from §3 that these are 0 ( ( k a ) ) w h i l s t g 3 j g4 have forc ing 

terms (<£4,4)3) of 0 ( ( k a ) 2 ) . T h e r e f o r e to leading order 0 ( (ka )~ ' 2 ) 

g 1 } g 2 can be neglected and the boundary condit ions for g 3 , g4 become 

g 3 y = 0 x 3 < 0 , 

g3
 = "^4 x 3 > 0 , ( 4 . 1 0 ) 

g 4y = ° x 4 < 0 , 

g 4 = -<£3 x 4 > 0 . 

Note that each of the four leading order potentials 
atfid the two interaction potentials satisfies the edge 
condit ion 

r l f y n | — > 0 ^ r = ( 4 . 1 0 a ) 

( i ) Problem for 

From the symmetry of f o r c i n g and geometry <£. ( x - , y ) = <£ (x ,y ) and 
• 1 I n n 

so only the <£̂  problem w i l l be examined. Using the same n o t a t i o n as i n 

previous sections the transformed boundary condit ions (from ( 4 . 4 ) ) give 

${ = 0 , * 1 + = 0 , ( 4 , 1 1 ) 

and the governing equat ion y i e l d s 

. i k y 
<Ks,y) = A (s )e y y + — , ( 4 . 1 2 ) 

where the l a s t term i s inc luded because of the d i s c o n t i n u i t y i n p o t e n t i a l 

and the pole (s - 0 ) l i e s s l i g h t l y above the r e a l a x i s . The Wiener^-Hopf 

equat ion becomes 

iK (s ) kK ( 0 ) . 
K (s )$ n ( s ) - — 1 + — = -K ( s ) $ • - - (K ( s ) - K ( 0 ) ) = J ( s ) (4. - 1 - S s + 1 + S + + 

and by examining the behaviour of both sides as |s | °° i n the respect ive 

h a l f planes i t i s found t h a t J ( s ) = 0 . 

Thus s u b s t i t u t i n g $ ^ ( s , 0 ) i n t o ( 4 . 1 2 ) and tak ing the inverse 

t ransform gives 



2 5 

1 oo . ilcy kK ( 0 ) e  y y -isx 

= fx fi - s e " d s • ( 4 " 1 4 > 

where the i n t e g r a t i o n path l i e s above the branch cut from s = - k to 

and below s = 0 and the c u t from s = k to 

( i i ) Problem fo r 8 3 

As before the symmetry o f the problem impl ies that g^Cx^y) = 84^X4 .y ) 

and also i t i s c l e a r t h a t 

* 4 ( - s , y ) = e 2 i s a $ 4 ( s , y ) ( 4 . 1 5 ) 

_ 00 d s x 3 
where $ 4 ( s , y ) = J <()4(x3 ,y)e dx^ e t c . —00 

Transforming the boundary c o n d i t i o n s i n ( 4 . 1 0 ) gives 

00 kK (0)K (5 ) - 2 i £ a 
g 3 - - g 3 + = xr } > ( 4 - 1 6 ) 

-00 c, 

where C passes above C = - k and below X, - s , k . Again forming the 

Wiener-Hopf equat ion , and by a n a l y t i c cont inuat ion arguments showing 

that each side i s i d e n t i c a l l y zero (using the edge condition (4.10a)), 
the G' rotsntial is _ 

" - °o K (t)<£ ( t ) d t 
G 3 + ( S ) " K T i k i ' ( t - s ) ( 4 " 1 7 > + -00 

x - £ k K + ( 0 ) K + ( c ) K _ ( O e " 2 i C a 

= " 2 i r iK + (s ) ^ f x I } ( c - s ) d C ' 

the i n t e g r a t i o n path being the same as i n ( 4 . 1 6 ) . 

For la rge ka t h i s becomes 

i ^ 2 i k a 

G' (s ) - 6 ± F * 0 ( 1 y r ) ( 4 . 18 ) 
3 + 2/Jrka k 2 ( s + k ) 2 ( k a ) 3 / 2 
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and so 

^ - +2ika 
4 00 - i s x n - y y 

g (s,y) = - 6
 y y J ^ ds + 0( ±372). (4.19) 

n 4 i r /RkI k 2 ( s + k ) ( s - k ) 2 (ka) ' 

Thus the problem has now been solved i n the large gap l i m i t wi th terms 

of order (ka) ^ being neg lec ted , i . e . 

4
 l 

<f>(x,y) = £ 4>n(x,y) + g 3 + g4 + O ( ^ ) . ( 4 . 2 0 ) 
n=l 

5. Resonance Problem 

As an example invo lv ing resonance take the problem of a membrane 

of length 2a, set i n a hard b a f f l e , w i t h f l u i d i n the region y > 0 , 

and i r r a d i a t e d by inc ident f o r c i n g (chosen to preserve symmetry i n x ) 

of the form 

= e l k y s i n 0
 Cos(kx cos 0 ) , ( 5 . 1 ) 

where 0 is the angle between the inc ident wave and the l i n e y = 0 . 

The problem is def ined as 

(V 2 + k2)cj>t = 0 a l l x , y > 0 , ( 5 . 2 ) 

4>ty = 0 |x | > a, y 0 , ( 5 . 3 ) 

( 9 2 / 3 X 2 + y2)<J>ty - A<j>t = 0 J X | < a , y = 0 , ( 5 . 4 ) 

where y i s the membrane wavenumber i n a vacuum, and a is a f l u i d loading 

parameter, assumed small i n t h i s case, and the der iva t ion of ( 5 . 4 ) can 

be found i n Leppington ( 1 9 7 6 ) . 
membrane 

Now choose <j> so tha t there is no forc ing term i n t h e / equation, i . e . 

<f>t = $ + A e l k y s i n 9 cos(kx cos 0) + (f> , ( 5 . 5 ) 



2 2 2 
, . i k s in 9(k cos 0 - p ) - a / c , \ where A = 2 ^ 2 ( 5 . 6 ) 

ik sin 9 (k cos 0 - y ) + a 

which give the boundary condi t ions fo r <£ 

<f> ^ 5 — 9 — c o s ( k - x ) , a 0 , |x | > a, y = 0 , ( 5 . 7 ) 
y ( k 0 P } 

( 3 2 / 3 x 2 + y2)<f>y - cccf> = 0 , |x j < a , y = 0 , ( 5 . 8 ) 

where k^ - k cos 0. Also a r a d i a t i o n condit ion is required of <J> such 

that there are only outgoing waves a t i n f i n i t y . Repeating the procedure 

of de f in ing h a l f plane p o t e n t i a l s when 

<J> = + <f>2 + gx + g 2 , 

the boundary problems become 

2 rt (J, v — = 2 — _ cos(k (x - a ) ) x < 0 , y = 0 , ( 5 . 9 ) 
ny 2 2\ O n n 

0 } 

( 3 2 / 3 X 2 + y2)<£ - a<f> = 0 x > 0 , y = 0 , ( 5 . 1 0 ) ny n n 

g = -<£ - g x < 0 , y = 0 , ( 5 .11 ) ny my my n 

( 3 2 / 3 X 2 + y 2 )g - ag = 0 x > 0, y = 0, (5,12) &ny n n 

where n,m = 1 , 2 , n 0 m, x^ - a + x , x 2 = a - x . 

the surfaces 
The d i f f i c u l t y w i th p l a t e or membrane problems is t h a t / can support 

t r a v e l l i n g waves and so i n ( 5 . 1 1 ) <£ i s not 
my 

necessar i ly small as prev iously found but, as w i l l be shown i n th is 

.section, has an 0 ( 1 ) wave term. Thus al low 



i t x - y ( t ) y 
lit + Pe x > 0 , r n 11 5 

x < 0 , n 

i t x - Y ( t ) y 
h + pe x„ > 0 , n n 

( 5 . 1 3 ) 

g n = { ( 5 . 1 4 ) 
1 h x < 0 , 

n n 

2 2 2 2 where t s a t i s f i e s y ( t - y ) = a , y = / t - k . P must be the same amplitude 

c o e f f i c i e n t f o r both <J>̂ , <p2 because of the symmetry of the geometry and 

fo rc ing and together w i t h p must be determined. I f 5 as ka 00, only a 

leading order est imate i s r e q u i r e d f o r the p o t e n t i a l then ifi , h^ can be 

neglected when ( 5 . 1 3 ) , ( 5 . 1 4 ) are subs t i tu ted i n t o ( 5 . 1 1 ) as i t i s known 

that they w i l l be smal ler than 0 ( 1 ) . Thus ( 5 . 1 1 ) approximates to 

2 i t a - i t x 
gny = Y ( t ) ( P + p ) e n ' x n < 0 , y - 0; ( 5 . 1 5 ) 

hence i f the g p o t e n t i a l i s solved, the outgoing wave w i l l be of the form n 

i t x - y y 

C(P + p)e n ( 5 . 1 6 ) 

and so from ( 5 . 1 4 ) 

C(P + p) = p, g i v i n g 

P + P = , ( 5 . 1 7 ) 

where P and C are determined by so lv ing the <f>,g problems. Note tha t the 

denominator of ( 5 . 1 7 ) can be small i f C - 1 and t h i s i s the d e f i n i t i o n of 

resonance fo r the membrane. 

Performing the Wiener-Hopf ana lys is i t i s found that 
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- i k ^ a i s x 

ds / \ a (• , 0 0 , e 
^n n ' y " 2 2N J 1 ( s + k ) ( s - k ) ' T ( s - f y ) 

2Trivk - y ) -co 0 0 

where the i n t e g r a t i o n path l i e s below s = " k ^ , k^ , k and above 

( 5 . 1 8 ) 

s - - k , - y . From ( 5 . 1 8 ) the c o e f f i c i e n t m u l t i p l y i n g the outgoing wave. 

P, can be determined, thus 

2a cos k a 
P = , 2 - 2 . . 2 . 2 , 1 / 2 ( 5 " 1 9 ) 

(y " k
0 ) ( y - k ) 

F i n a l l y , the g p o t e n t i a l s can be w r i t t e n as 

2 2 ^ - i s x -yy 

* » < V * > • " ^ J e ! f • 0 ( « ) . ( 5 . 2 0 ) 
- w ( s - y j / s - k 

where the path i s as i n ( 5 . 1 8 ) , and, from the r e f l e c t e d wave, a f t e r 

cons iderab le a lgebra the constant P+p i s found to be 

P e ~ i a y 2 
P + P = ~ T T 2 r - 7 T + o ( a ' > » ( 5 . 2 1 ) 

2 ( - c o s ya + a l ) 

2 y 2 - k 2 —1 where ( 2 , cosec y a ) l = _ „ — . . cosh 2/ 2 , . 2 \ 0 / L k y (y - k ) 

1 + ^ ( 2 y 2 - k 2 ) + _ i r a < ( 5 > 2 2 : ) 
, 2 , 2n „ 2/ 2 , 2N3/2 — — = y ( y - k ) 2y (y - k ) y / y

2 - k
2 

The 0 ( a ) term i n the denominator o f ( 5 . 2 1 ) has been kept because a t a 

resonance cos ya = 0 and so 

P e " i a y 



1 O 

which i s an order of magnitude i n a l a rger than away from resonance. 

- 3 / 2 

Note tha t i m p l i c i t i n t h i s a n a l y s i s i s the requirement that a >> (ka ) 

although both a , k a are assumed sma l l . 

By deforming the path o f i n t e g r a t i o n i n ( 5 . 1 8 ) , ( 5 . 2 0 ) in to the 

hyperbol ic path 

s = - k cos(0 + i x ) -co < T < co 

a f a r f i e l d est imate can be obta ined i n the form 

<}> * - ( 2 7 r k r ) " 1 / 2 F ( 0 ) e i k r + 7 r i / 4 , r + r » a, ( 5 . 2 4 ) 
- y y - i s x 

where <fr(x,y) = - ~ J ^ ^ ds, ( 5 . 2 5 ) 

F(Q) = v ( - k cos 0) = v ( - k 1 ) , ( 5 . 2 6 ) 

and r = ( x 2 + y 2 ) 1 / 2 , 0 = t a n _ 1 ( y / x ) . ( 5 . 2 7 ) 

The t o t a l f a r f i e l d ampli tude f u n c t i o n F (0 ) i s given by 

F ( 0 ) = F ( 0 ) + F ( 0 ) ( 5 . 2 8 ) 
9 S 

where, from (5 . 1 8 ) - ( 5 . 2 1 ) , a f t e r rear rang ing , 

F , ( 0 ) = — 4
9

a — - — { — * 9 ( s i n ( k a) cos (k, a ) (y 2 -k 2 )k 
9 (y - k 2 ) ( y - k 2 ) ( k 2 - k 2 ) 0 1 1 0 

-cos (kQa) s i n ( k 1 a ) ( y 2 - k 2 ) k 1 ) - y cos(kQa) cos(k^a)} + 0 ( a 2 ) , ( 5 . 2 9 ) 

4y ia cos (k a )e l p a cos(k a) 
F ( 0 ) = X—5 + 0 ( a 2 ) . ( 5 . 3 0 ) 

s (y - k ^ ) ( y - k ^ ) ( - c o s (ya)+ o l ) 
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Near a resonance the dominant c o n t r i b u t i o n to F (0 ) w i l l come from ( 5 . 3 0 ) 

a lone, but i f y i s near k^ or k^ then par t of ( 5 . 2 9 ) must be included 

to cancel the zero i n the denominator of F . The fa r f i e l d amplitude 
g 

funct ion v a l i d near a resonance,and for a l l y, is therefore found, 

a f t e r d iscard ing the smal ler terms, to be 

. . , . (cos (yaD-cos (k. a)) (cos (yabcos (k^a)) 
F(Q) * I 

( - c o s ( y a ) + a l ) , 2 , 2 , , 2 . 2 . 
( 5 . 3 1 ) 

(y ~ \ ) ^ - v > 
where I i s given by ( 5 . 2 2 ) . This r e s u l t agrees w i th Leppington (1976) 

who uses an e n t i r e l y d i f f e r e n t method which i s more d i r e c t , but does 

not have the advantage of a p p l i c a b i l i t y to such a wide range of problems, 

An example of t h i s i s the same problem of a f i n i t e membrane (or p l a t e ) 

i n the l i m i t a 00 which has been solved using matched asymptotic 

expansions (Abrahams ( 1 9 8 1 a ) ) . The present method could e a s i l y be 

appl ied to t h i s problem ( i n the case ka l a r g e ) w h i l s t the method by 

Leppington could not be used. 

6. Concluding Remarks 

( i ) Higher Order Terms 

Fur ther terms i n the asymptot ic expansion for the i n t e r a c t i o n 

p o t e n t i a l s could be made by s p l i t t i n g t h i s p o t e n t i a l in to severa l p a r t s . 

Take, fo r instance , the problem i n §2 and l e t g^ = j n
+ 9 n where from ( 2 . 8 ) 

choose 

J = -4> n n 

f <0, n = 1, 

x n { >0, n = 2 , Y = 0 , ( 6 . 1 ) 

and ^ = "J ~fim n m m x 
<0, n = 1, 

>0, n = 2 , 
y = 0 (6 .2 ) 
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From the analysis i t was shown tha t 

j n = KTJ j n
( 0 ) + 0( ( 6 . 3 ) 

n (ka) n ( ka ) 

where j i s an 0 ( 1 ) func t ion of x , y , and i t fol lows that solving the n 

q problem ( a f t e r d iscarding the coupling term, q ) gives n m 

q = J- q < 0 ) + o < — W ) . ( 6 . 4 ) 
n k a n ( k a ) 

The i n t e r a c t i o n p o t e n t i a l , g , i s determined to 0 ( ( k a ) once q ^ ^ 

n n 

has been found, thus 

. (0) (0) 
= ^ 1 7 2 + — + 1 3 7 2 ) ' ( 6 ' 5 ) 

(ka) ' ' k a (ka Y U 

- 1 / 2 

whereas before g^ was only determined to 0 ( ( k a ) ) . This procedure 

could be repeated to determine g^ to any order i n i t s asymptotic expansion 

i n powers of (ka) 

( i i ) Further Studies 

This paper has presented a technique which is useful in problems 

where a length scale of the geometry i s la rge . Each section has shown 

how the method can be appl ied to a p a r t i c u l a r class of problems. 

Further studies using an ana lys is as in§§3,4 could include problems with 

arrays of s l i t s ( f i n i t e or i n f i n i t e ) or s e m i - i n f i n i t e screens arranged 

at a r b i t r a r y angles to each o ther . 

Resonance problems w i t h such geometries as a f i n i t e wave-guide 

(Jones ( 1 9 5 2 ) ) , or e l a s t i c p l a t e set in a duct (Abrahams (1981b) ) , could 

a l l be solved i n the same way as §5 i n the appropriate short wave l i m i t . 
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cUapfcer 7 

The Modal Method 

This chapter shows how the method of modal expansions can be used 

i n the s o l u t i o n of boundary va lue problems. Two examples are presented 

i n which the p l a t e d e f l e c t i o n i s w r i t t e n as an i n f i n i t e sine s e r i e s , 

and the problems reduce to determin ing the c o e f f i c i e n t s i n th is se r i es . 

F i r s t l y the problem of a f i n i t e t h i n e l a s t i c p la te set i n an 

i n f i n i t e hard screen i s analysed i n the l i g h t loading l i m i t and the 

r e s u l t s obtained are analogous to those found by Leppington (1976)J 

although the modal method o f f e r s a saving i n a lgebra. Few methods are 

a v a i l a b l e to solve three dimensional problems and so the second model 

i n t h i s chapter i s presented to show how the modal method is used to 

determine divergence i n s t a b i l i t y of f low over a rectangular e l a s t i c 

p l a t e . 

( i ) Two-dimensional problem 

Returning to the f i r s t model, and using the d e r i v a t i o n i n the 

i n t r o d u c t i o n of chapter 3 , the problem can be w r i t t e n as 

( 3 2 / 3 X 2 + 9 2 / 8 y 2 + k2)<}> = 0 y > 0 , (1) 

y 
o y = 0 , j x| > a, (2) 

y = 0 , x = ±a, ( 3 ) 

, 4, 4 4, 
O /9x - y )(J) + a<J> = 0 

4 4 y = 0 , |x | < a, ( 4 ) 

(5) 



u 

Note tha t the p l a t e edges are simply supported and there is no f l u i d 

below the p l a t e . 

Assuming fo rc ing by an i n c i d e n t plane wave, and, a f t e r subtract ing 

o f f the incoming and r e f l e c t e d waves C<J> and 4>ref)> t k e scat tered 
inc 

p o t e n t i a l now has an inhomogeneous p l a t e equation of the form 

( 3 4 / 3 x 4 - y4)<£y + a<£ = A ( x ) y = 0 , |x | < a , ( 6 ) 

where A(x) = -a(<£. + <J> _) I . I t i s e a s i l y shown t h a t the p o t e n t i a l n ic r e f y=0 

i s r e l a t e d to the p l a t e d e f l e c t i o n by 

a 
<£(x,y) = / G ( x , y ; x 1 , 0 ) ( £ ( x ^ c O d x ^ ( 7 ) 

- a y 

where G i s a Green's f u n c t i o n fo r the problem w i t h zero normal d e r i v a t i v e 

on y = 0 . By tak ing a F o u r i e r t ransform i n the x d i r e c t i o n i t i s found 

tha t G, on y = 0 , i s given by 

i s ( x ^ - x ) 

Gtx .o jx j .o ) = C i J V - s 2 ) * 
J.O\ A . 

fi = ds. ( 8 ) 

Note tha t the i n t e g r a t i o n path passes j u s t above the cut ( i n the complex 

s plane) from s = - k to and below the branch cut s = k to 00. The 

branch of the square root chosen i s such t h a t , when s = 0 , 

' ( s 2 - k 2 ) ^ = - i k . ( 9 ) 

S u b s t i t u t i n g the i n t e g r a l form of the p o t e n t i a l ( 7 ) i n t o equation ( 6 ) 

r e s u l t s i n an i n t e g r o - d i f f e r e n t i a l equat ion i n <£^(x,0) which must be 

solved. I t i s use fu l to pose an expansion for the d e f l e c t i o n such tha t 

each term s a t i s f i e s the edge condi t ions ( 3 ) , and one such expansion is 

<j> ( x , 0 ) = I b s i n [ n , ( x + a ) / 2 a ] , Ix < a. ( 10 ) 
y n - l n 



The problem now reduces to c a l c u l a t i n g the c o e f f i c i e n t s , b , from the 
n 

fo l low ing equat ion 

oo 
Z b { s i n [mr (x+a) /2a ] ( ( n i r / 2 a ) 4 - y 4 ) _ i n n= l 

. 00 - i s x a i s x 
- / e

2 2 ^ ^ 6 s in [mr(x + a ) / 2 a ] d x 1 d s ) 
(k - s ) - a 

(11) 
- A ( x ) , Ix | < a . 

I n the l i g h t loading l i m i t , a 0 , the second term on the l e f t hand 

side of equat ion (11 ) can be neg lec ted . There fore , by m u l t i p l y i n g 

both sides by a sine and i n t e g r a t i n g over the range - a < x < a , the 

c o e f f i c i e n t s are simply g iven by 

b = / A ( x ) s i n ( n 7 r ( x + a ) / 2 a ) d x a ~ 1 ( ( n T r / 2 a ) 4 - y 4 ) " 1 + 0 ( a ) . ( 1 2 ) n - a 

This i s a v a l i d asymptotic es t imate away from a p l a t e resonance, but 

near a resonance, i . e . when 

( m r / 2 a ) 4 - y 4 + 0 , ( 1 3 ) 

one of the c o e f f i c i e n t s i n ( 1 2 ) becomes i n f i n i t e . Thus p a r t of the 

discarded term i n (11 ) must be kept to a l low the resonant c o e f f i c i e n t 

to remain f i n i t e . The approximate form of equat ion ( 1 1 ) , v a l i d near to 

the pth resonance i s t h e r e f o r e assumed to be 

E b { ( ( n i r / 2 a ) 4 - y 4 ) s i n ( m r ( x + a ) / 2 a ) } 
- i n 

n= l 
( 14 ) 

a ib 00 - i s x a isx 
E f f a 1 • 

2tt / — ~ — ; r r J e sin(p7r(x +a)/2a)dx-.ds = A(x) . ,, Z / \ ̂  L -L -00 (k - s ) - a 



This leads to modi f ied forms f o r the c o e f f i c i e n t s , b , v a l i d near to 
n 

the pth resonance, and w r i t t e n as 

a 
b = J A ( x ) s i n ( p i T ( x + a ) / 2 a ) d x / X ( 1 5 ) 

P - a 

where 

2 00 4 2 4 2 I _ r t _ /«, \ 4 , 4 V 2 a i ( p i r ) t . [ s i n ( P T T / 2 ) C O S s a + c o s ( p i r / 2 ) s i n s a ] A - a ( ( p i r / 2 a ) - y ) ^ — J d s ^ — 5 - r — « 
7r(2a) (k - s ) 2 ( s - ( n f r / 2 a ) ) 

and 

a 
b = { f A ( x ) s i n ( m r ( x + a ) / 2 a ) d x 

n _ 
n5!p (16) 

b^ainpTT ( s i n 2 ( p T T / 2 ) c o s s a - i c o s 2 ( p 7 r / 2 ) s i n s a ) ( s i n 2 ( n i r / 2 ) c o s s a + i c o s 2 ( n 7 r / 2 ) s i n s a ) 

2a 2 — ( k 2 - s 2 ) % ( s 2 - ( P 7 r / 2 a ) 2 ) ( s 2 - ( n 7 r / 2 a ) 2 ) 

d s } x a " 1 ( ( n 7 r / 2 a ) 4 - y 4 ) " 1 . 

Note t h a t the denominator i n ( 1 5 ) cannot become zero and so a t a resonance 

bp tends to order a \ which i s l a r g e but f i n i t e as expected. Near a 

resonance a l l o ther c o e f f i c i e n t s i n the expansion are modi f ied but 

remain o f order u n i t y . The p o t e n t i a l can e a s i l y be found by s u b s t i t u t i n g 

the expansion fo r the p l a t e d e f l e c t i o n ( 1 0 ) , w i t h c o e f f i c i e n t s g iven i n 

( 1 5 ) , ( 1 6 ) , i n t o e q u a t i o n ( 7 ) . 
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( i i ) Three-dimensional problem 

The next example using the modal method seeks to f ind the cond i t ion 

for divergence i n s t a b i l i t y o f f low over a rectangular p l a t e . This work 

is presented to show how the technique may be appl ied to three dimensional 

problems, although G a l e r k i n ' s approximation i s necessary in the a n a l y s i s . 

Assuming uni form subsonic f low , w i t h v e l o c i t y U', i n the x d i r e c t i o n , 

the problem ( from E l l e n ( 1 9 7 2 ) ) may be w r i t t e n as 

( ( 1 - H 2 ) 3 2 / 3 2 X + 3 2 / 3 y 2 + 3 2 / 3 z 2 + 2ikM3/3x + k2)<j> = 0 , y > 0, (17 ) 

q = 0 , y = 0 , a l l x , z except |x | < a, | z | < b , (18 ) 

q = q - 0 , y = 0 , x = ± a , (z | < b ; z = ±b, |x | < a , ( 1 9 ) 

0 4 / 3 Z 4 + 2 9 4 / 3 X 2 3 Z 2 + 8 4 / 3 x 4 - y 4 ) q - 2 I ( 1 + 3/3x))cf> = 0 , ( 2 0 ) 
co k 

y = 0 , | x | < a , | z | < b . 

The parameters k,M,a,(o e t c . are def ined i n §4 and the d e f l e c t i o n q i s 

now r e l a t e d to the acoust ic p o t e n t i a l by the kinematic condi t ion 

<£ = -icoq + Uq y = 0 , | x | < a , | z | < b . ( 2 1 ) 
y x 

The problem has now been completely def ined and eigensolut ions are sought 

which, as discussed i n the f i n a l p a r t of thesis chapter 4 , correspond to 

condit ions of p l a t e resonance. 

As i n the previous example, the d e f l e c t i o n is represented by an 

i n f i n i t e s e r i e s , each term of which s a t i s f i e s the p i n - j o i n t e d edge 

condi t ions. Hence 

00 
q (x , z ) E d sin(nir (x+a) /2a)sin(m7T(z+b) /2b) ( 22 ) , nm n,m=l 



\ o o 

f o r | x | < a, | z | < b and E r e p r e s e n t s a double sum. I n the previous 

example a Green's f u n c t i o n approach was used to r e l a t e the acoust ic 

p o t e n t i a l to i t s d e r i v a t i v e on the p l a t e . I t i s more convenient i n t h i s 

problem to use F o u r i e r t ransforms i n both x and z and t h i s leads to the 

c o n d i t i o n 

co oo $ ( s , t , 0 ) 
<{>(x,z,y) £ / / e x p ( - i s x - i t z - y ) d s d t , ( 2 3 ) 

4 IT —OO —00 ^ y 

2 2 2 2 
where 7 ( s , t ) = (s ( 1 - H ) + t -2Msk-k ) 2 and the branch of y i s chosen such 

t h a t Y ( 0 , 0 ) = - i k . The t r a n s f o r m v a r i a b l e i s , as usua l , def ined as 
9 ( s , t , y ) = / J <j> ( x , z , y ) e x p ( i s x + i t z ) d x d z , ( 2 4 ) 

and t h i s can be expressed as an i n f i n i t e sum of modes by s u b s t i t u t i n g 

equat ion ( 2 2 ) i n t o ( 2 1 ) and then per forming the double i n t e g r a t i o n . 

Assuming t h a t d i f f e r e n t i a t i o n under the i n t e g r a l can be performed, and. 

changing order of the summation and i n t e g r a t i o n , the p l a t e equat ion (20 ) 

i s w r i t t e n i n modal form as 

E d {p s i n ( m r ( x + a ) / 2 a ) s i n ( m i r ( z+b) / 2 b ) , nm nm n,m=l 
( 2 5 ) 

oo oo 2 
flCmn (• r (1+ms/k) r ( n ; s a ) r ( m ; t b ) e x p ( - i s x - i t z ) d s d t , 
4ab 9 9 9 9 J ° j -oo -co y(s - ( m r / 2 a ) ) ( t -(m7r/2b) ) 

where 

p = ( m r / 2 a ) 4 + (m7r/2b)4 + 2 ( n m i r 2 / ( 4 a b ) ) 2 - y 4 , 



\c\ 

and 

2 2 r ( u ; S ) = i cos ( u 7 T / 2 ) s i n C - s i n (r|ir/2)cos £ . 

I t i s c lear tha t a l l c o e f f i c i e n t s , d , must be i d e n t i c a l l y zero unless , 
nm 

for a p a r t i c u l a r mode, the expression i n brackets i n ( 2 . 5 ) is zero. 

The Galerk in approximation i s now employed to obtain a resonance 

condi t ion which i s independent of the x , z v a r i a b l e s . This is achieved 

by m u l t i p l y i n g through by the product 

s in(p i r (x+a) /2a)s in(qTr (z+b) /2b) , ( 2 6 ) 

and then i n t e g r a t i n g over the surface of the p l a t e . This leads to the 

condi t ion for divergence i n s t a b i l i t y of the n,m mode 

(nA + m 2 / ( t i A ) ) 2 

_ pU2m2h3 J J s2(l-(-l)ncos2s)(l-(-l) incos2t)dsdt 
u

2
D _OO -CO ( ( l - m

2 ) A 2 s 2 + t 2 ) ^ ( s 2 - ( n 7 r / 2 ) 2 ) 2 ( t 2 - ( m 7 r / 2 ) 2 ) 2 

( 27 ) 

= 0 , 

where A = b / a , p, D given i n chapter 4 , and fo r n,m = 1 th is gives the 

maximum flow v e l o c i t y for which the e l a s t i c p la te i s s tab le . By using 

the i d e n t i t y 

00 
K
0<Pv) = J dt cos(pvt)/(t2+l)2 , (28) 

0 

where K^ is a modif ied Bessel l func t ion of order zero, th is expression 

can be r e w r i t t e n as 
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(nA + m 2 / ( n A ) ) 2 

(29) 
2 3 1 

-  b f K ( b v n , ) ( ( l -v )cos(vm7r) + IT 1 s i n ( v m , ) ) d v = 0 . 
it B 0 0 . 

This i s i d e n t i c a l to the r e s u l t p red ic ted by E l l e n (1972) also using a 

Ga le rk in approximation but i t would obviously be use fu l i n f u r t h e r 

studies to compare t h i s r e s u l t w i t h t h a t found by other methods. 
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8. Closing Chapter 

( i ) Comparison of Resul ts 

I n the f i r s t p a r t o f t h i s f i n a l thesis chapter the previous r e s u l t s 

are used to est imate the sound f i e l d ins ide a c a v i t y . An e l a s t i c p l a t e 

is set i n one side of the c a v i t y and the other side of the p l a t e l i e s 

on an i n f i n i t e b a f f l e ( f i g u r e 1 ) . Order of magnitude est imates, i n 

var ious l i m i t s , are der ived f o r the acoustic p o t e n t i a l when forc ing is 

suppl ied by a source near t o the p l a t e , and t h i s i s then repeated for 

an inc iden t plane wave. 

To reduce algebra the r e c i p r o c i t y p r i n c i p l e i s employed which 

s ta tes tha t i r r e s p e c t i v e of the boundary geometry i n the problem the 

sound f i e l d a t any point ( ( 1 ) say) due to a source a t another p o s i t i o n ( 2 ) 

i s i d e n t i c a l to the f i e l d a t ( 2 ) when the source i s a t ( 1 ) . Hence a 

monopole source i s in t roduced i n s i d e the cav i ty (o f 0 ( 1 ) ) and the order 

of the acoust ic p o t e n t i a l a t a p o s i t i o n near the p l a t e and in the f a r 

f i e l d i s determined. This corresponds d i r e c t l y to an est imate of the 

sound f i e l d ins ide the c a v i t y due t o both fo rc ing by an 0 ( 1 ) source 

near the p l a t e and i n the f a r f i e l d . 

Assuming a compressible, i n v i s c i d f l u i d and simple harmonic t ime 

dependence, a v e l o c i t y p o t e n t i a l can be def ined as 

Re{ ( j , (x ,y )e" i U , t } ( 1 . 1 ) 

where ( x , y ) are c a r t e s i a n coordinates of the two dimensional problem, 

<£ s a t i s f i e s the helmholtz equa t ion , and to is the angular frequency of 

the source. The time f a c t o r exp{ -wt } w i l l henceforth be omitted fo r 

b r e v i t y . The acoustic p o t e n t i a l i s r e l a t e d to the pressure by 

p = iwp <|>(x,y) , ( 1 . 2 ) 

and the d e f l e c t i o n of the p l a t e i s 

q = ( i ) * ( x , 0 ) , y = 0 , ( 1 . 3 ) 
y 

where p^ i s the mean dens i ty of the f l u i d . From Leppington (Vr/^Tie-
equation f o r an e l a s t i c p l a t e can be w r i t t e n as 
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( 9 4 / 9 X 4 - y 4 )0 + a<f>|* = 0 , x < a , y = 0 , ( 1 . 4 ) 

4 2 , . 2 where y = mhw /D, the f l u i d loading parameter is a = p t̂o /D, D the 

bending s t i f f n e s s , h the p l a t e thickness and m the mass per u n i t 

volume. The term <f>|_ i s the d i s c o n t i n u i t y i n the p o t e n t i a l across the 

p l a t e , and 2a i s the length o f the p l a t e . Boundary condit ions need to 

be imposed a t the ends of the p l a t e to speci fy the method of clamping. 

I n t h i s paper the p l a t e i s assumed to be r i g i d l y h e l d , i . e . <f>y = = 0 

are the re levan t cond i t ions . 

The boundary value problem can now be expressed i n terms of 4>, 

thus ( f rom F i g . 1) 

(V 2 + k2)<f> = 0 

(3 4 /3x 4 -y 4 ) ( | ) . > . + acf)|* = 0 

A = 0 

<b = 0 y 

6 = o Y x 

> = d> y y y x = o 

a l l x , y , ( 1 . 5 ) 

x < a , y = 0 , ( 1 . 6 ) 

xJ > a , y = 0 , ( 1 . 7 ) 

x < y = - h , ( 1 . 8 ) 

x = ±£, 0 > y > ~h, ( 1 . 9 ) 

x = ±a, y = 0 . ( 1 . 1 0 ) 

2. Large, h e a v i l y loaded p l a t e problem 

An analys is has been made fo r the f i n i t e p l a t e problem w i t h general 

e x t e r n a l geometry i n the heavy loading l i m i t ( r: ) . A matching 

technique was used whereby i t was shown that away from the e l a s t i c 

p l a t e (and also away from a p l a t e resonance) the leading order p o t e n t i a l 

s a t i s f i e d the cond i t ion 

4> = 0 » x < a , y = 0S ( 2 . 1 ) 
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which replaces the p l a t e e q u a t i o n . Thus th is "outer" problem is nox* 

s i g n i f i c a n t l y simpler to ana lyse . Near a resonance i t was also shoxm 

that i n the fa r f i e l d , e i g e n s o l u t i o n s , w i th s i n g u l a r i t i e s at the p l a t e 

edges, change t h e i r order of magnitude and become the same order as the 

outer p o t e n t i a l , i . e . resonance occurs when 

2 1 / 5 a 1 / 5 a = i r r + | - m r , (n = 0 , 1 , 2 , 3 , . . . ) ( 2 . 2 ) 

and 

0 ( 1 ) near a resonance 

e i g e n p o t e n t i a l = ( 2 . 3 ) 
0 ( e ) away from a resonance, 

1/5 

where e = k / a and e 0 i n the heavy loading l i m i t . S i m i l a r l y , 

close to the p l a t e the t o t a l p o t e n t i a l i s made up of the outer s o l u t i o n 

e igenso lu t ions , and also t r a v e l l i n g waves present upon the p l a t e , where 

these wave solut ions are shown i n re ference ( 2 ) to be 
1/2 

0(e ) away from resonance, 

t r a v e l l i n g waves = - 1 / 2 ( 2 . 4 ) 
0 (e ) a t a resonance. 

There fore , near a resonance, the dominant con t r ibu t ion to the sound 

f i e l d near the p l a t e i s due to the t r a v e l l i n g wave so lu t ions . 

Returning to the outer problem, where the p l a t e has been removed, 

i t i s now i n t e r e s t i n g to examine the sound f i e l d s at points ( 1 ) and (2 ) 

( f a r f i e l d ) , i n f i g u r e 1, due to a source at the back of the c a v i t y and 

away from the edges of the p l a t e ( 3 ) . The assumption is now made tha t the 

e f f e c t of image sources i s small as the cav i ty side wa l l s are very f a r 

apart and t h e r e f o r e i n t h i s l a rge gap l i m i t there w i l l be no c a v i t y 

resonances. This would appear to be v a l i d from physica l argument tha t 

the large gap al lows too much acoust ic energy to escape from the cav i ty 
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for the p o t e n t i a l ins ide to be l a rge near a resonance. Thus an 0 ( 1 ) 

source at ( 3 ) w i l l produce an 0 ( 1 ) o u t e r - p o t e n t i a l f i e l d at ( 1 ) because 

the c a v i t y depth is h (o rder u n i t y ) . I n the f a r f i e l d , ( 2 ) , however, 

the p o t e n t i a l w i l l be the l e a d i n g order term in the expansion fo r the 

f i e l d generated by a two-dimensional source i n f ree space, i . e . 

l i m H 0
( 1 ) ( k r ) * F ( 9 ) = 0 ( — . ( 2 . 5 ) 

kr->« ( k r ) ( k r ) 

where H ^ ^ i s the Hankel f u n c t i o n of the f i r s t k ind , of order zero . 

Note tha t r is the d is tance between the point ( 2 ) and the centre of the 

p l a t e , r >> a, and F ( 0 ) is an ampli tude c o e f f i c i e n t dependent on 

0 = tan L y / x ) . S i m i l a r l y , as the distance between the source at ( 3 ) 

and a p l a t e edge i s l a r g e , i t i s again possible to assume, neg lec t ing 

w a l l e f f e c t s , tha t the sound f i e l d at the edge is 

0 ( — 1 m ) > 
( ka ) 

and hence w i l l be the order of the fo rc ing for the e igenpoten t i a l and 

t r a v e l l i n g wave terms. I t can now be observed that 

a t ( 1 ) 

• t o t a l = ° ( 1 ) + ° ( f ( £ > < k a ) ~ 1 / 2 ) > < 2 - 6 ) 

a t ( 2 ) 

• t o t a l * 0 ( < k r ) ~ 1 / 2 ) + 0 ( s 1 / 2 f ( e ) ( k a ) " 1 / 2 ( k r ) " " 1 / 2 ) , ( 2 . 7 ) 
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where 

1/2 
0(e ) away from a p l a t e resonance, 

f ( e ) = ( 2 . 8 ) 

- 1 / 2 
0(e ) a t a p l a t e resonance. 

I t can be seen tha t i f z << ( k a ) ^ then near a resonance the second 

- 1 / 2 

term i n ( 2 . 6 ) i s dominant and so the p o t e n t i a l a t ( 1 ) is 0 (e ) 

l a r g e r than at ( 2 ) . 

By r e c i p r o c i t y i t i s now c l e a r tha t an 0 ( 1 ) monopole source a t ( 1 ) 

and ( 2 ) w i l l generate a t ( 3 ) the sound f i e l d s given by ( 2 . 6 ) and ( 2 . 7 ) 

r e s p e c t i v e l y . 

3 . Small , h e a v i l y loaded p l a t e 

The procedure i n chapter 2 i s now repeated i n the l i m i t ka = 3 0 , 

and i t i s assumed t h a t z « 3 << 1. I n t h i s problem the presence of 

cav i ty resonances does a l t e r the sound f i e l d and there fore must be 

included i n the a n a l y s i s . As b e f o r e , the t o t a l p o t e n t i a l is the sum of 

the outer p o t e n t i a l plus the con t r ibu t ions from the t r a v e l l i n g waves 

on the p l a t e and also the e igenso lu t ions w i t h s ingular behaviour a t the 

p l a t e edges. From the a n a l y s i s i n Appendix 1, and using the r e c i p r o c i t y 

p r i n c i p l e i t can be s ta ted tha t away from a c a v i t y resonance the p o t e n t i a l 

ins ide the c a v i t y due to a monopole source on the p l a t e and i n the f a r 

f i e l d i s given r e s p e c t i v e l y by 

<f> , = 0 ( 1 ) + 0( f ( e > ) , ( 3 . 1 ) 
t 0 t a l I n 33 

( k r ) " 1 / 2 e 1 / 2 f ( e : ) 
t 0 t a l l n 3 I n 3 ( 3 k r ) 
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where f ( e ) , r were def ined i n the previous chapter . Near a c a v i t y 

resonance the analogous r e s u l t s to ( 3 . 1 ) , ( 3 . 2 ) become (from A19, A18) 

• t o t a l = ° ( l n B ) + » ( 3 - 3 ) 

when the source i s on the p l a t e , and 

- 1 / 2 e ^ f C e ) 
<J> . . = 0( ( k r ) i / Z ) + OC 1 / 9 1 / 9 ) , ( 3 . 4 ) 

t o t a l 3 ( k r ) 

i f the source i s i n the f a r f i e l d . 

4 . L ight Loading L i m i t ( a - > 0 ) 

I n the previous two chapters the d i f f i c u l t y i n the heavy loading 

l i m i t was tha t the approximat ion made i n the f a r f i e l d broke down near 

a p l a t e resonance and was a lso i n v a l i d near the p l a t e . I n the l i g h t 

loading l i m i t the problem becomes e a s i e r to analyse as to leading 

order the p l a t e acts as i f i t were i n a vacuum and there fore the p l a t e 

equat ion can be uncoupled. This approximation breaks down a t both p l a t e 

and c a v i t y resonances and a b e t t e r est imate must be made which can include 

the f i n i t e r a d i a t i o n damping i n the system. An analysis has been made 

of t h i s type of problem (T.: N: ) and the method is worked through 

2 2 
b r i e f l y i n Appendix 2 when c a v i t y resonances ( i . e . R = k - ( p , / 2 £ ) 

pq 2 
- ( q , / h ) 0 ) are p resent . Summarising the r e s u l t s a f t e r using the 

r e c i p r o c i t y p r i n c i p l e , i t i s found t h a t ( from B9, Bio) 

0 ( 1 ) away from a c a v i t y resonance, 

t o t a l ^ 
0 (k / a ) a t a c a v i t y resonance, 
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for the t o t a l p o t e n t i a l a t ( 3 ) ( f i g . 1) due to a source ( 0 ( 1 ) ) a t ( 1 ) ; 

s i m i l a r l y i f the source were a t ( 2 ) then the p o t e n t i a l a t ( 3 ) would be 

( f rom B l l , B12) 

5 1/2 
0 ( a / ( k ( k r ) ) ) away from a c a v i t y resonance, 

• t o t a l " ( 4 ' 2 ) 

- 1 / 2 
0 ( ( k r ) ) a t a c a v i t y resonance. 

A s i m i l a r r e s u l t has been found by Leppington ( 1 ) i n the l i g h t 

loading l i m i t when a p l a t e resonance is approached. For an e l a s t i c 

p l a t e , a resonance i s de f ined to occur when the condi t ion 

s in ya cosh ya + cos ya sinh ya = 0 . ( 4 . 3 ) 

This corresponds to 

3tt 
ya = -qj- + y ( n ) + nir, n = 0 , 1 , 2 , . . . , 

7T . 

where 0 < n < ^ and u (n ) O'as n Again assuming a monopole source 

ins ice the c a v i t y and s u b t r a c t i n g o f f the Green's funct ion for the 

c a v i t y , the sca t te red f i e l d can be shown to be 0 (a away from a 

resonance. Near a p l a t e resonance however the p l a t e d e f l e c t i o n becomes 

large and i t i s found t h a t consequently the scat tered p o t e n t i a l changes 

from 0(a 
A 5 ) to 0 ( 1 ) . Thus the t o t a l p o t e n t i a l ins ide the cav i ty ( 3 ) is 

0 ( 1 ) away from a p l a t e resonance, 

• t o t a l = 

0 ( 1 ) at a p l a t e resonance, 

due to a source at ( 1 ) , and 

5 1/2 
0 ( a / ( k ( k r ) ) ) away from a p l a t e resonance, 

( 4 . 5 ) 

t o t a l 
( 4 . 6 ) 

-1/2 
0 ( ( k r ) ) a t a p la te resonance, 

at ( 3 ) due to a source i n the f a r f i e l d . 
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5. Discuss ion 

A summary of the r e s u l t s noted i n the previous chapters can be 

found in Table 1. To show how t h i s in format ion can be i n t e r p r e t e d 

compare the sound f i e l d due t o an 0 ( 1 ) quadrupole source (due to a 

tu rbu len t boundary l a y e r , say) near the p l a t e w i th an inc ident plane 

wave of order u n i t y . The i n c i d e n t wave can be replaced by a monopole 

source at a large d is tance , r , from the p l a t e and must be of s t rength 

1/2 

0 ( ( k r ) ) to generate a p lane wave ( 0 ( 1 ) ) a t the p l a t e . The parameters 

of the p l a t e / c a v i t y geometry can be a l t e r e d i n order to obta in the 

l a r g e s t r a t i o of 
sound f i e l d generated a t ( 3 ) by a source at (2 ) ^ v̂ 
sound f i e l d generated a t ( 3 ) by a source at ( 1 ) 

F i r s t l y note t h a t a quadrupole source generates a sound f i e l d which 

behaves as a second d e r i v a t i v e of the p o t e n t i a l due to a monopole 

source. I t i s c l e a r t h a t except f o r the small gap l i m i t 

2 
^ <{)k2 , (n i s any d i r e c t i o n ) ( 5 . 2 ) 

9n 

which, i f k = 0 ( 1 ) , r e s u l t s i n 

O(quadrupole sound f i e l d ) = 0 (monopole f i e l d ) . ( 5 . 3 ) 

However, i f ka = 3 0 , then . 

2 
LA i , (5 4) 

2 2 v ' 
8x a 

and so 

2 
0 (quadrupole sound f i e l d ) = O(monopole f i e l d / 3 ) . ( 5 . 5 ) 

Thus the r a t i o i n ( 5 . 1 ) w i l l be v e r y small i n the l i m i t s 3 0 , a 00 

and by phys ica l reasoning i t can be deduced that th is is the case for 
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a l l a . S i m i l a r l y i t can be g e n e r a l i s e d that as 3 <» there w i l l be 

no change i n order of magnitude of the sound f i e l d at a cav i ty 

resonance fo r a l l values of the f l u i d loading parameter a . 

Turning to the l i m i t a + 0 i t i s seen from Table 1 that the r a t i o 

i n ( 5 . 1 ) changes from 0 (a to 0 ( 1 ) as a p l a t e resonance i s approached 

1/2 

and i f (eka) > 0 ( l ) t h e n t h i s r a t i o i s also 0 ( 1 ) at a p l a t e resonance 

when a 00. Thus to obta in the optimum r a t i o i n ( 5 . 1 ) (which i s a t best 

only 0 ( 1 ) ) i t appears tha t f o r a given a the parameters of the geometry 

should be chosen so tha t a p l a t e resonance occurs ( i . e . standing waves 

are present on the sur face) and i t i s also h e l p f u l i f ka is l a r g e . 
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Table 1 

Sound f i e l d a t ( 3 ) 

Source at ( 1 ) o f order u n i t y 

parameters sound f i e l d c a v i t y resonance p l a t e resonance 

a 00, 3 *+ 00 0 ( 1 ) N/A 0 ( 1 ) , 0 ( ( e k a ) " 1 / 2 ) 

whichever greater 

a 3 0 0 ( 1 ) 0 ( I n 3) 0 ( l / ( ( e B ) * l n 3 ) ) 

[0 ( (e3)"^> at both resonances] 

a + 0 0 ( 1 ) 0 (k 5 / c t ) 0 ( 1 ) 

Source at ( 2 ) of order ( k r ) 2 

parameters sound f i e l d c a v i t y resonance p l a t e resonance 

Oi -V oo} 3 oo 0 ( 1 ) N/A 0 ( 1 ) 

a -*• « , 3 - ^ 0 0 ( l / l n 6 ) 0 ( 1 ) 0 ( l / ( 3 ^ 1 n 3 ) ) 

-k 
[0(3 2 ) a t both resonances] 

a -»• 0 0 ( a / k 5 ) 0(1) 0(1) 
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Appendix 1 

Taking the outer problem def ined in ( 1 . 5 ) , ( 1 . 7 ) , ( 1 . 8 ) , ( 1 . 9 ) 

and ( 2 . 1 ) , and using the non-dimensional lengthscales 

x = kx, y = ky , ( A l ) 

where x , y are the dimensional coordinates used i n chapter 1 , the 

problem becomes 

(V 2 + 1)9 = 0 a l l x , y , 

= 0 |x | < 3, y = 0 , 

= 0 |x | > 6, y = 0 , (A2) 

9^ = 0 |x | < k£, y = ^kh, 

9 = 0 x = ±k£, 0 > y > - k h . x ' J 

I n the l i m i t 3 0 the problem def ined by (A2) can be solved, and 

the f o r c i n g i s a monopole source i n s i d e the c a v i t y . The Green's 

funct ion fo r the c a v i t y , w i t h d e r i v a t i v e s normal to c a v i t y wa l l s zero , 

i s w e l l known and can be w r i t t e n as 

00 00 
>. = E E c o s [ f ^ f c ' + £ k ) ] c o s [ f ^ ( x + £ k ) ] C o s ( ^ - ) c o s ( ^ ) 

m=0 n=0 

h £ [ k 2 - ( i m r / 2 £ ) 2 - ( m r / h ) 2 ] 
(A3) 

where the r i g h t hand side i s m u l t i p l i e d by \ when n or m = 0 , ( x ' , y ' ) 

are coordinates of the source and Jx| < £k, | x ' | < £k, -kh < y < 0 , 

- kh < y ' < 0 . I t i s convenient to assume the fo rc ing p o t e n t i a l to be 

that def ined i n (A3) and s u b t r a c t i n g t h i s o f f the t o t a l p o t e n t i a l gives 
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<i> = <p y > 0 , (A4) 

<Pi + <fi y < o, 

thus the sca t te red p o t e n t i a l <f> s a t i s f i e s (A2) except that the f o r c i n g 

is now due to a d i s c o n t i n u i t y across the gap 

= • 1*1 < 3, y = 0. (A5) 

The f o r c i n g p o t e n t i a l i n (A5) can be approximated to 

. ( x , 0 ; x ' , y ' ) = I c o s C f ^ c o s C f ^ C x ' + Z k ) cos 
m,n=0 

= 2~~ + l x l < 3, (A6) 
h£[k - (mir /2£) - ( m r / h ) ] 

i f i t i s assumed that when m 0 = 0 ( 1 ) the denominator i n (A6) is l a r g e 

enough to a l low t h i s and f u r t h e r terms to be neglected. A l t e r n a t i v e l y 

the p o t e n t i a l <{k could have been r e - w r i t t e n in terms of an ar ray of 

image sources and then approximated i n a more r igorous sense as 0 0. 

Thus i f the source is away from the gap i n the c a v i t y w a l l <Jk can be 

w r i t t e n 

4>.(x,0; x ' , y ' ) = K + 0 ( 0 ) , (A7) 

2 2 ^ 

|x | < 0, ( x ' +y' ) 2 >> 0 , K independent of x . I f , however, the source 

is on the gap then the a l t e r n a t e form fo r the p o t e n t i a l approximates to 

H ( 1 ) - H
( 1 ) 

( . ( x , 0 ; x ' , 0 ) = — — ( I x " x ' P + 2 — — ( 2 n h ) i 4 i 1 1 2 i n= l 

H
 ( 1 ) ( A 8 ) 

+ Z — ( ( 2 n h ) 2 + ( 2 £ m ) 2 ) ^ + 0 ( 0 ) , 
4x 

m,n=-°° 
m Ô 
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o r , as | x - x ' | < 23, 

<f>.(x,0; x ' , 0 ) = ( l n ( | x - x ' | ) - ( l n 2 - y + + C + 0 ( 3 ) ) , (A9) 

where C i s a known constant which behaves as 

c , c l = 0 ( 1 ) 
pq 

as R = k 2 - ( t t t ) 2 - ( 4 r ) 2 0 . Using Green's theorem i t i s e a s i l y 
pq 2iL h J 

shown t h a t 

4>(x,y) = - / <J> . (x \0 ; x,y)(J> ( x ' , 0 ) d x ' , (A10) 
y<0 r-3 1 y 

<£(x,y) = / G + ( x ' , 0 ; x , y)4> ( x ' , 0 ) d x ' , 
y>0 - 3 7 

where G + ( x ' , y ' ; x , y ) i s the Green's f u n c t i o n for the h a l f space above 

the gap, 

H ^ 1 ) ( ( x - x ' ) + ( y - y ' ) 2 ) W 1 ) ( ( x - x ' ) 2 + ( y + y ' ) 2 ) ^ 
G + ( x ' , y ; x , y ) = ^ . ( A l l ) 

Using the equat ions (AlO) and ( A 5 ) , (A7) g i v e s , a f t e r d i f f e r e n t i a t i n g , 

the i n t e g r a l equat ion 

3 <f> ( x ' , 0 ) d x ' 
/ = 0 , (A12) 

- 3 ( x - x ' ) 

which f i n a l l y gives the r e s u l t 

4 ( x , 0 ) = 2 K ( 3 2 - x V , (A13 ) 
y 3 ( l n 3 - ( 2 l n 2 - y + Y ) + 2 t t C / 3 ) 

where K i s g iven i n (A7 ) . 
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From th is the magnitude ( i n 8 ) of the t r a v e l l i n g waves and e igenpoten t ia ls 
_ L 

due to the presence of the e l a s t i c p l a t e is found to be 0 ( ( 3 l n 3) 2 ) . 

The t o t a l p o t e n t i a l is a lso found from (A10) to be 

iKttH ( x +y ) 
<&(x,y) w 2 5 ( A 1 4 ) 

3 ( l n 3 - ( 2 l n 2 - y + i u / 2 ) + 2 t t C / 3 ) 

2 2 ^ 
when y > 0 , (x +y ) 2 >> 3, and when y < 0 

,m7TN /niryx nnr(x+£k) /. cos (-̂ r-) cos (ry^) cos — l 
w \ _ -4 Kit 2 hk 2£k 
9 K x > y J 3 ( ln3- (21n2- Y +i7T/2)+27rC/3) * L 

m,n=0 . n / . 2 /mirx2 /nirx2. 
h£(k - ( y g ) - ( y ) ) 

+ • j C x . y ; x ' , y 1 ) . (A15) 

I f the parameter k 2 - ( y y ) 2 ~~ ( y ^ ) 2 i s not small fo r any m,n then (A14) 

and (A15) show tha t 

* = 0 ( D r 3 ) ' y > ( A 1 6 ) 

and $ $ = 0 ( 1 ) , y < 0 . (A17) 

2 2 2 When a c a v i t y resonance i s approached ( i . e . R = k - (pir /2£) - ( q i r / h ) 0 ) 
pq 

both K and C become la rge and i t i s found that 

( „ - 1 °°»Cq^y/hk). c o s ( p i T ( x ' + i l k ) / 2 j i k ) H ( 1 ) ( x 2 + y 2 ) % 

cos(.pir/2; ^ 0 
(A18) 

= 0 ( 1 ) , y > 0 , and 

*<x,y> w 3 S c o s [ | ^ ( x + £ k ) ] c o s [ ^ - ( x ' + £ k ) ] c o s ( S y ) c o s ( ^ : ) 
n 2 ( ,r.\ z£k Z£k hk hk 27rcos Cp7r/2) 

= 0 ( I n 3 ) , y < 0 . ( A 1 9 ) 



Appendix 2 

Assuming monopole source f o r c i n g at ( x ' , y ' ) (aga in using 

dimensionless coordinates i n A l ) i ns ide the c a v i t y , i t i s convenient 

to a l low the p o t e n t i a l to be s p l i t as , 

<j> y > o, 
9 = ( B l ) 

$ + <!>•£ y < o, 

where <j>4 ( x , y ; x ' , y ' ) i s de f ined i n (A3) and i s the Green's func t ion 

for the c a v i t y . By using the scheme in re ference ( 3 ) the scat tered 

p o t e n t i a l (J) is taken to be the sum of two p o t e n t i a l s ({j^, cf>2 (<f>̂  >> <{>2) 

given by the p l a t e equations 

, , ka 
k ( k —T- - p ( x , 0 ) = a<J>. ( x , 0 ; x ' , y ' ) - a / <J>. ( x , 0 ; x - ,0)<J> (x ,0 )dx , 

9x i y 1 - k a 1 y 1 1 

(B2) 

a a4 A k a 

k ( k 4 — r - y H 9 ( x , 0 ) = - a / G ( x . O j x . ,0)cf> (x ,0)dx , (B3) 
9x y - k a i y l l 

|x| < ka, and G + ( x , y ; x ' , y ' ) i s w r i t t e n in ( A l l ) . I n chapter 5 of 

Abrahams ( 3 ) t h i s problem i s examined when forc ing i s by an inc iden t 

wave and so, w i t h adjustment fo r a source ins ide the c a v i t y , the p l a t e 

2 2 2 
equations can be approximated as a 0 and R = {k - ( p i r / 2 £ ) - ( q n / h ) } O 

by 

4 oo 
k ( k 4 ^ = a 2 c o s [ f f R ( x + £ k ) ] c o s [ ^ - ( x ' + £ k ) ] c o s ( ^ - ) x * 

9x i y m,n=0 2 i 6 k h k h \ n 
(m ,n /p ,q ) 

- aK cos [ | ^ ( x + k a ) l , (B4) 



I l l 

. A . ka 
k ( k — - y H 2 = - a / G + ( x , 0 ; x ^ O ) ^ ( x 1 , 0 ) d x 1 

9x - k a 
(B5) 

where K = 
ka piKx^+ka) 

{ / cos[ R hi . pq - k a 2ka y •3 4> ( x 1 , 0 ) d x 1 - c o s [ | ~ ( x ' + £ k ) ] c o s ( SIX. 
hk 

(B6) 

and is l a r g e , but f i n i t e , near resonance. The constant K can be 

determined once <t>, , <J>_ are found from (B4 ) , (B5) and these values l y 2y 

are then s u b s t i t u t e d i n t o ( B 6 ) . The order of K i s dependent upon the 

parameter R and is found t o be of the form 
pq 

K = 0 ( a / k ) 
9 10 

UhR + i O ( a / k ) } 
pq 

(B7) 

or 

K = 

0 ( a / k ) away from a c a v i t y resonance, 

0 ( k 3 / a ) near a c a v i t y resonance. 
(B8) 

The order of magnitude of the p o t e n t i a l can now be determined from 

ka 
( x , y ) = 4> i (x ,y ; x ' , y ' ) - / <jK(x,y; x ^ O H ( x ^ O d x ^ 

-ka y 
(B9) 

which, near a c a v i t y resonance becomes 

<Kx,y) ^ -K cos{piT(x+£k)/2£k}cos(qTTy/hk), (BIO) 

0 > y > - k h , | x| < £k, as R ^ 0 . S i m i l a r l y fo r y > 0 and 

( 2 2,h r = ( x + y ) °° 

H U ) ( r ) 3 
<Kx,y) ^ — J l / ( x 1 , 0 ) d x 1 , ( B l l ) 

where <f> = 0 ( - j ) + 0 ( ~ ) 
y k k 

(B12) 
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( i i ) Concluding Remarks 

Many problems w i t h f i n i t e p l a t e s and complicated geometries occur 

i n aerodynamic sound theory and underwater acoust ics. I t i s there fore 

hoped t h a t the methods o f a n a l y s i s presented i n t h i s thesis can be o f 

d i r e c t a p p l i c a t i o n to some o f these models. 

I n the l i g h t load ing l i m i t a method was presented (§2) which was 

app l icab le to p l a t e problems i n the presence of c a v i t i e s and ducts. 

The technique i s simple to apply to a wide range of models, but the 

a lgebra does increase w i t h increased complexity of the geometry. 

I n chapter 3 the " o u t e r " problem of the matching scheme was not 

s p e c i f i e d since no a n a l y t i c so lu t ions can be found i n genera l . The 

only cases where a n a l y t i c work can be performed is i n the l i m i t s of 

l a rge and small gap, but as suggested, "outer" problems wi th complicated 

geometries could be solved by simple numerical methods. The matching 

scheme der ived i n §3 can be used w i t h many problems invo lv ing resonances 

and t h i s was shown by per forming t h i s ana lys is i n the f low problem of 

sec t ion 4 . 

Several boundary va lue problems w i t h la rge f i n i t e geometries were 

analysed i n chapter 6 . The method was shown to be app l icab le to a wide 

range of models, i n c l u d i n g those w i t h resonances. 

Perhaps the most important extension to the work i n th is thes is 

would be to s c a t t e r i n g by r e c t a n g u l a r or c i r c u l a r p l a t e s . As suggested 

i n sec t ion 7 few methods are a v a i l a b l e to tack le f u l l y three dimensional 

problems. Asymptotic matching may be of use i f the p l a t e i s la rge 

(compared to an acoust ic wavelength) and the heavy loading l i m i t i s taken. 

D i f f i c u l t y i s expected w i t h the rec tangu la r p l a t e as the so lu t ion of the 

" inner" problem w i l l inc lude determining the sound f i e l d generated by a 



I 

quarter plane e l a s t i c p l a t e (Radlow ( 1 9 6 1 ) ) . The c i r c u l a r p l a t e w i l l 

be eas ier as the inner r e g i o n w i l l consist of an e l a s t i c p l a t e , i n f i n i t e 

i n one d i r e c t i o n , and s e m i - i n f i n i t e i n the other (compare th is w i th the 

problem by Jones ( 1 9 5 0 ) ) . 

F i n a l l y , as w e l l as extending the p a r t i c u l a r area of acoustics 

under examinat ion, i t i s hoped t h a t the methods developed i n t h i s thesis 

w i l l a i d analys is of o ther problems i n f l u i d mechanics. 
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