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Abstract

Uncertainty can be classified as either aleatoric (intrinsic randomness) or epistemic (imper-
fect knowledge of parameters). The majority of frameworks assessing infectious disease risk
consider only epistemic uncertainty. We only ever observe a single epidemic, and therefore
cannot empirically determine aleatoric uncertainty. Here, for the first time, we characterise
both epistemic and aleatoric uncertainty using a time-varying general branching processes.
Our framework explicitly decomposes aleatoric variance into mechanistic components, quanti-
fying the contribution to uncertainty produced by each factor in the epidemic process, and how
these contributions vary over time. The aleatoric variance of an outbreak is itself a renewal
equation where past variance affects future variance. Perhaps surprisingly, superspreading is
not necessary for substantial uncertainty, and profound variation in outbreak size can occur

even without overdispersion in the offspring distribution (i.e. the distribution of the number



of secondary infections an infected person produces). Crucially, aleatoric forecasting uncer-
tainty grows dynamically and rapidly, and so forecasting using only epistemic uncertainty is
a significant underestimate. Therefore, failure to account for aleatoric uncertainty will ensure
that policymakers are misled about the substantially higher true extent of potential risk. We
demonstrate our method, and the extent to which potential risk is underestimated, using two
historical examples: firstly the 2003 Hong Kong severe acute respiratory syndrome (SARS)
outbreak, and secondly the early 2020 UK COVID-19 epidemic. Our framework provides
analytical tools to estimate epidemic uncertainty with limited data, to provide reasonable
worst-case scenarios and assess both epistemic and aleatoric uncertainty in forecasting, and
to retrospectively assess an epidemic and thereby provide a baseline risk estimate for future

outbreaks. Our work strongly supports the precautionary principle in pandemic response.

Infectious diseases remain a major cause of human mortality. Understanding their dynamics is
essential for forecasting cases, hospitalisations, and deaths, and to estimate the impact of inter-
ventions. The sequence of infection events defines a particular epidemic trajectory — the outbreak
— from which we infer aggregate, population-level quantities. The mathematical link between indi-
vidual events and aggregate population behaviour is key to inference and forecasting. The two most
common frameworks for modelling aggregate data are susceptible-infected-recovered (SIR) models
[18] or renewal equation models [15, [28]. Under certain specific assumptions, these frameworks
are deterministic and equivalent to each other [7]. While stochastic versions exist [2 (28], most
analytic frameworks make strong simplifying assumptions (e.g. Markov or Gaussian) regarding the

probabilities of individual events that lead to emergent aggregate behaviour.

Randomness at individual level affects randomness at population level. We can classify uncer-
tainty as either aleatoric (due to randomness) or epistemic (imprecise knowledge of parameters)
[19]. Consider fitting a renewal equation to observed incidence data [28], where infectiousness is
known but the rate of infection events p(-) must be fitted. The secondary infections produced by
an infected individual will occur randomly over their infectious period g, depending on their infec-
tiousness v. The population mean rate of infection events is given by p(t), and we assume that this
mean does not differ between individuals (although each individual has a different random draw
of their number of secondary infections). In Bayesian settings, inference yields multiple posterior

estimates for p, and therefore multiple incidence values. This is epistemic uncertainty: any given



value of p corresponds to a single realisation of incidence. However, each posterior estimate of p is
in fact only the mean of an underlying offspring distribution (i.e. the distribution of the number of
secondary infections an infected person produces). If an epidemic governed by identical parameters
were to happen again, but with different random draws of infection events, each realisation would

be different, thus giving aleatoric uncertainty.

Infectious disease models usually consider epistemic uncertainty only, and those that consider
aleatoric uncertainty (e.g. individual-based models) are challenging to use in inference. We can
characterise aleatoric uncertainty by the final epidemic size from multiple historical outbreaks
[8, |34] but these are confounded by temporal, cultural, epidemiological, and biological context,
and therefore parameters vary between each outbreak. Here we analyse aleatoric uncertainty
by studying an epidemiologically-motivated stochastic process, serving as a proxy for repeated
realisations of an epidemic. We find that using epistemic uncertainty alone is a vast underestimate,
and accounting for aleatoric uncertainty shows potential risk to be much higher. We demonstrate
our method using two historical examples: firstly the 2003 severe acute respiratory syndrome

(SARS) outbreak in Hong Kong, and secondly the early 2020 UK COVID-19 epidemic.

An analytical framework for aleatoric uncertainty

A time-varying general branching processes proceeds as follows: first, an individual is infected,
and their infectious period is distributed with probability density function g (with corresponding
cumulative distribution function G). Second, while infectious, individuals randomly infect others
(via a counting process with independent increments), driven by their infectiousness v(¢) and a
rate of infection events p(t) i.e. an individual infected at time [, will generate secondary infections
at a rate p(t) and proportional to their infectiousness v(¢ — 1)) per unit time. p(¢) is closely related
to the time-varying reproduction number R(¢) (see Methods and [28] for further details). We allow
multiple infection events to occur simultaneously, and assume individuals behave independently
once infected, thus allowing mathematical tractability |[16]. Briefly, we model an individual’s sec-
ondary infections using a stochastic counting process, which gives rise to secondary infections (i.e.
offspring) that are either Poisson or Negative Binomial distributed in their number, and Poisson

distributed in their timing (see Methods and Supplementary Information for details). We study



the aggregate of these events (prevalence or incidence) through closed-form probability generat-
ing functions and probability mass functions. Our approach models epidemic evolution through
intuitive individual-level characteristics while retaining analytical tractability. Importantly, the
mean of our process follows a renewal equation [1} [28] [29]. Our formulation unifies mechanistic
and individual-based modelling within a single analytical framework based on branching processes.

Figure 1| shows a schematic of this process. Formal derivation is in the supplementary information.
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Figure 1: Schematic of a time-varying general branching process. Top row shows schematics for
the infectious period (left), an individual’s time-varying infectiousness (middle) (both functions
of time post infection ¢*), and the population-level mean rate of infection events (right). The
infectious period is given by probability density function g. For each individual their (time-varying)
infectiousness and rate of infection events are given by v and p respectively. In the example above,
an individual is infected at time [, and infects three people (random variables K, black dashed
lines) at times | + K1, I + K5 and [ + K3. The times of these infections are given by a random

variable with probability density function ~ T pMr(=D)__ " Fach new infection then has its own
l

p(u)v(u—1)du
infectious period and secondary infections (thinner coloured lines).

Randomness occurs at individual level, and there is a distribution of possible realisations of the epi-



demic given identical parameters. Simulating our general branching process would be cumbersome
using the standard approach of Poisson thinning [27], and inference from simulation is more chal-
lenging still. Using probability generating functions, we analytically derive important quantities
from the distribution of the number of infections, including the (central) moments and marginal
probabilities given p,g and v (with or without epistemic uncertainty). We additionally use the
probability generating function to prove general, closed-form, analytical results such as the decom-
position of variance into mechanistic components, and the conditions under which overdispersion

exists. Finally, we derive a general probability mass function (likelihood function) for incidence.

If infection event £ = 0,...,n occurred at time 73, and produced yy, infections, let xj; denote the
end time of the infectious period of the j** infection at event k. Note that 7o = [ is the time of the
first infection event and yp = 1. Then the likelihood Lintperioq Of each infected person’s infectious
period is a product over all infections given by

n Yk

Lintperioa = | [ [ 9(xr; — 700 7)- (1)

k=0j=1
The likelihood of there being y;, infections at time 7 is given by
n k-1 y;
LInfTime = H ( Z Z ]]'{‘L»L] <7';c}py;c (Tka 7_2)> ) (2)
k=1 N =0 j=1
where py, (7%, 7;) is the (infinitesimal) rate at which an individual infected at 7; causes yj, infections

at time 7y, provided it is still infectious. Finally, the probability that no other infections occurred

between the infection events at times (7)}_, is given by
n_ Y min(t,z;;)
Lonty = exp < - Z Z/ r(u, Tl-)du), (3)
i=0 j=1"T:

where r is the “infection event” rate and t is the current time. Our full likelihood Ly is then

LFull = LIaneriod X LInfTime X LOnly- (4)

Full derivations of these quantities are provided in the supplementary information. If discrete time
is assumed and we ignore death times equation [4] simplifies to a likelihood commonly used for
inference [9]. Markov Chain Monte Carlo can be used on equation [4] to sample aleatoric incidence

realisations, but it is often simpler to solve the probability generating function with complex



integration. The probability generating function, equations for the variance, and derivations of the
probability mass function are found in the supplementary information and a summary of the main

analytical results is found in the Methods.

The dynamics of Uncertainty

We derive the mean and variance of our branching process. The general variance Equation [7] (see
Methods) captures uncertainty in prevalence over time, where individual-level parameters govern
each infection event. This equation comprises three terms: the timing of secondary infections from
the infectious period (Equation ); the offspring distribution (Equation ); and propagation of
uncertainty through the descendants of the initial individual (Equation ) Importantly, this last
term depends on past variance, showing that the infection process itself contributes to aleatoric
variance, and does not arise only from uncertainty in individual-level events. In short, unlike
common Gaussian stochastic processes, the general variance in disease prevalence is described
through a renewal equation. Therefore, future uncertainty depends on past uncertainty, and so the
uncertainty around subsequent epidemic waves has memory. Additionally, uncertainty is driven
by a complex interplay of time-varying factors, and not simply proportional to the mean. For
example, a large first wave of infection can increase the variance of the second wave. As such, the
general variance equation [7] disentangles and quantifies the causes of uncertainty, which remain

obscured in brute-force simulation experiments [2].

Consider a toy simulated epidemic with p(¢t) = 1.4 + sin(0.15¢), where the offspring distribution
is Poisson in both timing and number of secondary infections, and where infectiousness v is given
by the probability density function v ~ Gamma(3,1), and, similarly, the infectious period g ~
Gamma/(5,1). The resulting variance is counterintuitive. We prove analytically that overdispersion
emerges despite a non-overdispersed Poisson offspring distribution. The second wave has a lower
mean but a higher variance than the first wave (Figure , because uncertainty is propagated. If
the variance were Poisson, i.e. equal to the mean, the second wave would instead have a smaller
variance due to fewer infections. Initially, uncertainty from individuals is largest, but as the
epidemic progresses, compounding uncertainty propagated from the past dominates [Figure

bottom right]. Note that in this example with zero epistemic uncertainty (we know the parameters



perfectly), aleatoric uncertainty is large.
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Figure 2: Aleatoric uncertainty without overdispersed offspring distribution. Plots show simulated
epidemic where p(t) = 1.44sin(0.15¢), with a Poisson offspring distribution. We use infectiousness
v ~ Gamma(3,1), and infectious period g ~ Gamma(5,1). (Top left) Overlap between g and the
infectiousness v, where g controls when the infection ends e.g. by isolation. (Top right) Predicted
mean and 95% aleatoric uncertainty intervals for prevalence. Note there is no epistemic uncertainty
as the parameters are known exactly (Bottom left) Phase plane plot showing the mean plotting
against the variance. (Bottom right) Proportional contribution to the variance from the individual
terms in Equation [7] Compounding uncertainty from past events is the dominant contributor to

overall uncertainty.

In Equation [7} the first two terms account for uncertainty in the infectious periods of all infected
individuals. The third term denotes the uncertainty from the offspring distribution. By construc-
tion, the timing of infections is an inhomogenous Poisson process, where at each infection time
the number of infections is random. The third term (Equation [7b) contains the second moment

of the offspring distribution, which is the variability around its mean (i.e. p(t)). The second mo-



ment quantifies the extent of possible “superspreading”. In contrast to other studies (23, |35], we
find that individual-level overdispersion in the offspring distribution is less important than explo-
sive epidemics. Under a null Poisson model, with no overdispersion (see Poisson case in Figure
2)), substantial aleatoric uncertainty arises from a Poisson offspring distribution combined with
variance propagation. We rigorously prove via the Cauchy-Schwarz inequality that, under a mild
condition on the possible spread of the epidemic, the variance of number of infections at a given
time is always greater than the mean, and hence is overdispersed (see supplementary information).
Overdispersion in the offspring infection distribution is therefore not necessary for high aleatoric

uncertainty, although it still increases variance at both individual-level and population-level.

We derive the conditional variance, with known past events but unknown future events. Condi-
tional variance grows proportionally to the square of the mean, with additional terms containing
the previous variance. Therefore aleatoric uncertainty grows and forecasting exercises based only
on epistemic uncertainty greatly underestimates the risk of very large epidemics, and this under-

estimation becomes more severe as the forecast horizon expands or as the epidemic grows.

Aleatoric uncertainty over the SARS 2003 epidemic

To demonstrate the importance of aleatoric uncertainty, we analyse daily incidence of symptom
onset in Hong Kong during the 2003 severe acute respiratory syndrome (SARS) outbreak |10, |17
21]. The epidemic struck Hong Kong in March-May 2003, with a case fatality ratio of 15%. We fit
a Bayesian renewal equation assuming a random walk prior distribution for the rate of infection
events p 28], using Equation [4| for inference. We ignore g and assume that the distribution of
generation times mirrors the distribution of infectiousness, i.e. that the infectiousness v equals the
generation time [21]. Note these parameter choices are illustrative and do not affect our main
conclusions. The fitted p(t) in Figure 3| (top left) shows two major peaks, consistent with the
major transmission events in the epidemic [17]. Figure [3| (top right) shows the mean epistemic
fit, with epistemic (posterior) uncertainty tightly distributed around the data. Figure |3| (bottom
left) shows the aleatoric uncertainty under optimistic and pessimistic scenarios (i.e. the upper and
lower bounds of p(t) in Figure |3| (top right)). The pessimistic scenario includes the possibility

of extinction, but also an epidemic that could have been more than six times larger than that



observed. The optimistic scenario suggests we would observe an epidemic of at worst comparable
size to that observed. Finally, Figure 3| (bottom right) shows epistemic and aleatoric forecasts at
day 60 of the epidemic, fixing p(t) using the 95% epistemic uncertainty interval to be constant
at either p(t > 60) = 0.38 or p(t > 60) = 0.83 and simulating forwards. While the epistemic
forecast does contain the true unobserved outcome of the epidemic, it underestimates true forecast
uncertainty, which is 1.3 times larger. The range of the constant p for forecast is below 1, and yet
we still see substantial aleatoric uncertainty. If p were above 1 for a sustained period, aleatoric
uncertainty would play a smaller role [5], but this is rare with real epidemics, where susceptible
depletion, behavioural changes or interventions keep p around 1. Our results therefore highlight

that epistemic uncertainty drastically underestimates potential epidemic risk.
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Figure 3: Aleatoric and epistemic uncertainty of the 2003 severe acute respiratory syndrome
(SARS) epidemic in Hong Kong 221]. (Top left) p(t) with 95% epistemic uncertainty. (Top
right) Fitted incidence mean, 95% epistemic uncertainty with observational noise from using Equa-
tion 4l Data is daily incidence of symptom onset. (Bottom left) Aleatoric uncertainty from the
start of the epidemic under an optimistic and pessimistic p(t). (Bottom right) Aleatoric uncer-
tainty in forecasting keeping p constant at the forecast data (dotted line) Forecasting is from day

60.

Aleatoric risk assessment in the early 2020 COVID-19 pandemic in the
UK

To demonstrate the practical application of our model, we retrospectively examine the early stage
of the COVID-19 pandemic in the UK, using only information available at the time. While the
date of the first locally transmitted case in the UK remains unknown (likely mid-January 2020

), COVID-19 community transmission was confirmed in the UK by late January 2020, and

11



we therefore start our simulated epidemic on January 31st 2020. We consider uncertainty in
the predicted number of deaths on March 16th 2020 [12], during which time decisions regarding
non-pharmaceutical interventions were made. Testing was extremely limited during this period,
and COVID-19 death data were unreliable. For this illustration, we assume that we did not
know the true number of COVID-19 deaths, as was the case for many countries in early 2020.
Policymakers then needed estimates of the potential death toll, given limited knowledge of COVID-

19 epidemiology and unreliable national surveillance.

We simulated an epidemic from a time-varying general branching process with a Negative Binomial
offspring distribution, using parameters that were largely known at by March 16th 2020 (Table
11)). The infection fatality ratio, infection-to-onset distribution and onset-to-death distribution were
convoluted with incidence [28] to estimate numbers of deaths. Estimated COVID-19 deaths and
uncertainty estimates between January 31st and March 16th 2020 are shown in Figure [4| (Top).
While the epistemic uncertainty contains the true number of deaths, it is still an underestimate,
and including aleatoric uncertainty, we find that the epidemic could have had more than four times
as many deaths. Consider a hypothetical intervention on March 17th 2020 (Figure [4] (bottom))
that completely stops transmission. Deaths would still occur from those already infected but no
new infections would arise. In this hypothetical case, the aleatoric uncertainty would still be 2.5
times the actual deaths that occurred (when in fact transmission was never zero or close to it).
This hypothetical scenario highlights the scale of aleatoric uncertainty, and demonstrates that
our method can be useful in assessing risk in the absence of data by giving a reasonable worst
case. Further, we observe that using only epistemic uncertainty provides a reasonably good fit
in a relatively short time-horizon (Figure 4. Top), but soon afterwards greatly underestimates
uncertainty (Figure 4} Bottom). The fits using aleatoric uncertainty provide a more reasonable
assessment of uncertainty. While we concentrate on the upper bound, the lower bound on the
worst-case scenario still exceeds zero, and therefore the epidemic going extinct by March 16th
in the worst-case with no external seeding would have been very unlikely. Aleatoric uncertainty
highlights a more informative reasonable worst-case estimate than epistemic uncertainty alone, and
could be a useful metric for a policymaker in real time, with low-quality data, without requiring

simulations from costly, individual-based models.
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Figure 4: Early 2020 COVID-19 pandemic in the UK. Top plot shows a simulated epidemic using
parameters available on March 16th 2020 (Table , for a plausible range of p = Ry between 2 and
4. Blue bars indicate actual COVID-19 deaths, which we assume no knowledge of. The purple line
is March 17th 2020, we set transmission to zerolde. p = 0, to simulate an intervention that stops
transmission completely. The grey envelope is the epistemic uncertainty and the red envelope the
aleatoric uncertainty. Bottom plot is the same as the top plot, except time is extended past March

17th with transmission being zero.



Epidemiological Parameter | Value or Distribution | Citation
Infection Fatality Ratio 0.9% 6, 132]

Basic Reproduction Number 2-4 (12} [22]
Serial Interval Distribution ~ Gamma(7.82, 555 ) |14:31:32r
Onset-to-Death Distribution ~ Gamma(1.45,10.43) |25,732]7 |
Infection-to-Onset Distribution | ~ Gamma(35.16,6.9) |14:32]
Overdispersion Coefficient 0.53 |20|7

Table 1: Epidemiological parameters available on March 16th 2020 used in branching process

simulation

Towards a more realistic quantification of uncertainty

Stochastic models more realistically model natural phenomena than deterministic equations [26],
and particularly so with infection processes [3]. Accordingly, individual-based models have found
much success [13, 33] in capturing the complex dynamics that emerge from infectious disease out-
breaks, and have been highly influential in policy [12]. However, analytical frameworks still tend
to be deterministic [10, |11, |14], and only consider statistical, epistemic parameter uncertainty.
Frameworks that expand deterministic, mechanistic equations to include stochasticity use a Gaus-
sian noise process [2], or restrict the process to be Markovian. Markovian branching processes
require the infection period or generation time to be exponentially distributed - a fundamentally
unrealistic choice for most infectious diseases. Further, a Gaussian noise process is unlikely to be

realistic [8].

Our results show that individual-level uncertainty is overshadowed by uncertainty in the infec-
tion process itself. Profound overdispersion in infectious disease epidemics is not simply a result
of overdispersion in the offspring distribution, but is fundamental and inherent to the branching
process. We rigorously prove that even with a Poisson offspring distribution (not characterized by
overdispersion), overdispersion in resulting prevalence or incidence is still virtually always guar-
anteed. We show that forecast uncertainty increases rapidly, and therefore common forecasting

methods almost certainly underestimate true uncertainty. Our framework provides a new method-
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ological tool to evaluate uncertainty in the presence of little to no data, assess uncertainty in

forecasting, and retrospectively assess an epidemic.

We have considered only a small number of mechanisms that generate uncertainty. Cultural,
behavioural and socioeconomic factors will introduce even greater randomness. Therefore our
framework also underestimates of true uncertainty in infectious disease epidemics, underlining

that potential risk is much higher than previously thought.
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Data and code availability

All model code to reproduce Figures 2, 3 and 4 is available at https://github. com/MLGlobalHealth/
uncertainity_infectious_diseases.gitl Data from Figure 3 is available via the R-Package
EpiEstim[10], and data from Figure 4 is available at https://imperialcollegelondon.github.

io/covidi9local| and via official UK Government reporting (https://www.ons.gov.uk/).
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Methods

A time-varying general branching process proceeds as follows: first, a single individual is infected
at some time /, and their infectious period L is distributed with probability density function g (and
cumulative distribution function G). Second, during their infectious period, they randomly infect
other individuals, affected by their infectiousness v(t — [), and their mean number of secondary
infections, which is assumed to be equal to the population-level rate of infection events p(t). p(t) is
closely related to the time-varying reproduction number R(t) (see [28] for details). The infectious
period g accounts for variation in individual behaviour. If people take preventative action to
reduce onward infections, their reduced infection period can stop transmission despite remaining
infectious. Where infectious individuals do not change their behaviour, g can be ignored and
individual-level transmission is controlled by infectiousness v only. Each newly infected individual

then proceeds independently by the same mechanism as above.

Formally, if an individual is infected at time s, their number of secondary infections is given by
a stochastic counting process {N(t, s)}+>s, which is independent other individuals and has inde-
pendent increments. We assumehere that the epidemic occurs in continuous time, and hence that
N(t, s) is continuous in probability, although we consider discrete-time epidemics in the supple-
mentary information. To aid calculation, we suppose N(t,s) can be defined from a Lévy Pro-
cess N (t) - that is, a process with both independent and identically distributed increments - via
N(t,s) =N f: r(k, s)dk:) for some non-negative rate function r. It is assumed that each count-
ing process {N(t, s)}+>5 is defined from an independent copy of M(¢). This formulation has two
advantages: first, the dependence of N (t,s) on s is restricted to the rate function r; and second,
if Jyr(t) counts the number of infection events in N(¢) (where here “infection events” refer to an
increase, of any size, in N(t,s)), then Jar(t) is a Poisson process with some rate x [4]. We can
then define J(t,s) to be the counting process of infection events in N(t,s), and Y (v) to be size
of the infection event (i.e. the number of secondary infections that occur) t time v. We assume
that Y is independent of s, although such a dependence would curtail superspreading to depend
on infectiousness, and could be incorporated into the framework. Therefore J(t, s) is an inhomo-
geneous Poisson Process (and so N(t,s) has been characterised as an inhomogeneous compound

Poisson Process). We consider the cases where N (¢, s) is itself an inhomogeneous Poisson process,
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and where N(t,s) is a Negative Binomial process. This allows us to examine effects of overdisper-
sion in the number of secondary infections, although our framework allows for more complicated

distributions.

Here, r(t,1) = p(t)v(t — 1) where p(t) models the population-level rate of infection events, and
v(t — 1) models the infectiousness of an individual infected at time I. If v(¢t — ) is sufficiently well
characterised by the generation time (i.e. where the timing of secondary infections mirrors tracks
their infectiousness) , and the infectious period can be ignored, then the integral flt r(s,1)ds has
the same scale as the commonly used reproduction number R(t) [28]. The branching process yields
a series of “birth” and “death” times for each individual (i.e. the time of infection and the end of
the infectious period respectively), from which prevalence (the number of infections at any given

time) or cumulative incidence (the total number of infections up to any time) can be defined.

Probability generating function

We derive the probability generating function for a time-varying age-dependent branching process,
allowing derivation of the mean and higher-order moments. We consider two special cases for the
number of new infections Y (v) at each infection event: a Poisson distribution and a logarithmic (log
series) distribution. In both cases, we assume that the distribution of Y (v) is equal for all values
of v. In the Poisson case, the number of new infections at each infection time is, by definition,
one. Therefore the number of infections an individual creates is Poisson distributed, and closely
clustered around the mean rate of infection events. The logarithmic case, which causes N(¢,1)
to be a Negative Binomial process, more realistically allows multiple infections to occur at each
infection time, and so the number of infections an individual causes is overdispersed. We derive

(with details in the supplementary information) the following pgf (probability generating function):
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F(t,1;s) = E(s?®D), for either the prevalence or the cumulative incidence

pgf of Y infection rate at time I + k
Fit.lis) = (1- Gl ~ D)) / T Ftitke) ) ltkukdr
—— —_———
pgf P(L>t 1) pgf of process started at [ + k
pef of J(t,1)
i u pgfof Y infection rate at time [ + k
d[ el [FCRGITES ) W be®  dk| gl ()
0 0 —— SN——
pef of process started at | + k P(L=l+u)

pef of J(I + u,!l)

where ¢1(z;s) = se*, and where ¢2(2) = ¢ in the case where Z(t,1) refers to prevalence, whereas
q2(z;s) = se® in the case where Z(t,1) refers to cumulative incidence. Note also that f(z) =z —1
in the Poisson case and f(z) = —¢ [log ( (1- m )) log <1+¢)] in the log-series case and
that the constant « has absorbed into p.

The key intuition in understanding Equation [5| is that for an integer random variable X and iid
(independent and identically distributed) random variables Y7, E(szfr{:1 Yi) = Gx(Gy(s)), where
Gx and Gy are the generating functions of X and Y; respectively. Thus, we expect the pgfs of

the various parts of our model to combine via composition, as occurs in the equation above.

Mean incidence can recovered from both prevalence (via back calculation [28]) and cumulative
incidence. In Equation[5]for the Negative Binomial case, ¢ is the degree of overdispersion. Equation
is solvable using via quadrature and the fast Fourier transform via a result from complex analysis
[24] and scales easily to populations with millions of infected individuals, and the probability mass

function can be computed to machine precision.

Variance decomposition
For simplicity, we only summarise the decomposition for prevalence, but an analogous and highly

similar derivation for cumulative incidence can be found in the supplementary information. We

can derive an analytical equation for the mean and variance of the entire branching process. The
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mean prevalence M (¢,1) is given by

MED = (-Gl —L0)+ [ ML+ Wl + wrEY)(L — Clul))du. (6)

Note, p can be scaled to absorb the F(Y) and x constants. Equation |§| is consistent with that
previously derived in [28]. The second moment, W (t,1) = E(Z(t,1)(Z(t,1) — 1)) allows us to
determine the variance, V(¢,1) as V(t,1) = W(t,1) + M(t,l) — M(t,1)>. The variance can be

decomposed into three mechanistic components (see supplementary information).
2

t—1 u
V(L) :/O UO Mt 1+ k)p(l +k)u(k;)dk} g, D)du — M(t,1)?

(7a): uncertainty from the infectious period

t—I t—I

+(1-GEt—-11) [14—2 M(t, 14+ uw)p(l + w)v(u)du + ( M(t,l+u)p(l+u)u(u)du) ]

0 0

(7a continued): uncertainty from the infectious period
t—l1
+ M(t, 1+ uw)*E(YH)p(l 4 w)v(u)(1 — G(u,l))du
0

(7b): uncertainty from the offspring distribution

t—1
+ / V(t, L+ uw)p(l +uwv(u)(1 — G(u,l))du. (7)
0

(7¢): uncertainty propagated from the past

The general variance equation [7] captures the evolution of uncertainty in population-level disease
prevalence over time, where fixed individual-level disease transmission parameters govern each
infection event. Unlike the simple Galton-Watson process, we find that previously unknown factors
also determine aleatoric variation in disease prevalence. Specifically, the general variance equation![7]
comprises three terms, one for the infectious period (Equation @1), one for the number and timing of
secondary infections (Equation ), and a term that propagates uncertainty through descendants
of the initial individual (Equation [7k). Importantly, the last term (Equation [7k) depends on
past variance, showing that the infection process itself contributes to aleatoric variance, and this
is distinct from the uncertainty in individual infection events. In short, and unlike Gaussian
stochastic processes, the general variance in disease prevalence is described through a renewal
equation. Intuitively then, uncertainty in an epidemic’s future trajectory is contingent on past
infections, and that the uncertainty around consecutive epidemic waves are connected. As such,
the general variance equation [7] allows us to disentangle important aspects of infection dynamics

that remain obscured in brute-force simulations [2].
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Overdispersion

We define an epidemic to be “expanded” if at time ¢ there is a non-zero probability that the

prevalence, not counting the initial individual or its secondary infections, is non-zero.

Note that this is a very mild condition on an epidemic - in a realistic setting, the only way for
an epidemic to not be expanded is if it is definitely extinct by time ¢, or if ¢ is small enough that

tertiary infections have not yet occurred.

Large aleatoric variance intrinsic to our branching process implies that the prevalence of new infec-
tions (that is, prevalence excluding the deterministic initial case) is always strictly overdispersed
at time ¢, providing the epidemic is expanded at time ¢t. A full proof is given in the supplementary

information, but we provide here a simpler justification in the special case that G(t —I,1) = 1.

In this case, prevalence of new infections is equal to standard prevalence, and the equations for
M(t,1) and V(¢t,1) simplify significantly. Switching the order of integration in the equation for
M(t,1) gives

t—1 t—1 u
AIUJ):L/ A4@J+uhﬂ#H0V@0EOﬁ(L—GOMU)m;:L/‘ L/ Al@J+%ﬁpU+kﬂﬂYﬁuMﬁﬂ%g&%Ddu
0 0 0
(8)
and hence, the Cauchy-Schwarz Inequality shows that

2

M@ﬁ2§<AtwaM@J+MMYmU+MMM%}ﬂ%b@) ()

t—1

0 g(u,l)du = 1. Thus, the first term, ), in the variance equation is non-negative.

as

The remaining terms can be dealt with as follows. (7h) is equal to zero, and the sum of (7) is (using
Y(l+u,l)? > Y(l +u,l)) bounded below by fg_l E(Z(t,l +u)?)EY)p(l + u)v(u)(1 — G(u,l))du.
Finally, noting that Z(t,1 +u)? > Z(t,1 + u), this is bounded below by fot*l M, 1+ w)E(Y)p(l +
wv(u)(1 — G(u,l))du = M(t,1). Hence, V(¢,1) > M(t,1) holds.

To show strict overdispersion, note that for V(¢,1) = M(¢,1) to hold, it is necessary that

/0_ E(Z(t,l+u)2)]E(Y)p(l+u)1/(u)(1—G(u,l))du:/0_ M (t, l+w)E(Y ) p(l4u)v(u)(1-G(u,l))du
(10)
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and hence, for each u (as E(Y') > 0)
E{Z{t,l+w)(Z(t,l+u)—1)| =0 or p(l+u)r(u)(l—-Gul)=0 (11)

As proved in the Supplementary Material, if new infections can be caused, then more than one new
infection can be caused. Thus, if an individual infected at I4+w has E | Z (¢, I4+u)(Z (¢, +u)—1)| =0,
this individual cannot cause new infections whose infection trees have non-zero prevalence at time
I + u. Hence, the condition [11]is equivalent to the epidemic being non-expanded at time ¢, as at
each time [ 4 u, either no infections are possible from the initial individual, or any individuals that

are infected at time [ 4+ u contribute zero prevalence at time ¢ from the new infections they cause.

Hence, Z(t,1) is strictly overdispersed for expanded epidemics. This means that Gaussian approx-

imations are unlikely to be useful.

Variance midway through an epidemic

It is important to calculate uncertainty starting midway through an epidemic, conditional on
previous events. This derivation is significantly more algebraically involved than the other work in
this paper. For simplicity, we assume that N(¢,1) is an inhomogeneous Poisson Process, and that

L = oo for each individual.

Suppose that prevalence (here equivalent to cumulative incidence) Z(t,1) = n 4+ 1. We create a
strictly increasing sequence | = By < By < --- < B, of n+ 1 infection times, which has probability
density function

i—1

1 n 1—
B0 = Ze a1 11 (p(bi) Z v(bs - bj)) P {_

Joint pdf ! J=0

n

t—b;
S [ s twisias| (12

=0

normalising constant infection rates at each b; probability of no other infections
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where pdf is short for probability mass function. Then, the variance at time ¢ + s is given by

var(Z(t + s,1)) = /t SVt 5.5) f, ()b ..

b=0 =g

variance

variance from subsequent cases

n

...+/b:O /CZOZZM*(t+s,b)M*(t+s,c)(fBi,Bj(b,c)—fBi(b)fBj(c))dbdc, (13)

i=0 j=0

variance from unknown infection times

where M*(t + s,b) and V*(t + s,b) are the mean and variance of the size of the infection tree
(i.e. prevalence or cumulative incidence) at time ¢ + s, caused by an individual infected at time b,
ignoring all individuals they infected before time t. These quantities are calculated from M and
V' (supplementary information). Note also that fp, and fp, p, are the one-and-two-dimensional

marginal distributions from fg.
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