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ABSTRACT

The aim of this thesis is to characterize all solutions to the four block general distance 
problem which arises in H°°- optimal control. The procedure is to embed the original problem in an 
all-pass matrix which is constructed. With this complete, one can demonstrate that part of this 
all-pass matrix acts as a generator of all solutions. Special attention is given to the characterization 
of the optimal solutions using a generalized state-space framework. As an application, a 
representation formula is derived for all solutions to H°°-optimal control problems of the third kind.

It is shown that all controllers can be parameterized in terms of the solutions to two n- 
dimensional algebraic Riccati equations and the state space realization of the original problem; “n” 
being the dimension of the problem. If P and S are the positive semi-definite stabilizing solutions to 
these equations, then necessary and sufficient conditions for the existence of a solution such that 
||F/(P,K) | | 0 0 < 7  are given in terms of the inertia of S, P and SP; in which 7  is the target H°°-norm. 
Special attention is given to the cases when Dn ^0 and/or D2 2 t£0 by suitably modifying the 
problem using loop shifting arguments into one where Dn =0 and D2 2 = 0 . This approach to solving 
H°° control problems is shown to be easily applicable to problems of the first and second kinds.

As an example of the latter case, the problem of mixed-sensitivity is investigated. Mixed- 
sensitivity optimization is a two block problem which normally requires an iterative solution. An 
explicit closed formula for the optimal cost is given in the cases of the unweighted mixed sensitivity 
and parametric mixed sensitivity problems. It is shown that all the controllers which satisfy an 
arbitrary H°°-norm bound may be parameterized in terms of the solutions to the standard H2  

Riccati equations.

As an engineering application, the H°° optimal control methods developed above are used to 
improve the performance and robustness properties of a synchronous turbo-generator connected to 
the infinite bus-bar. An H°° “piggy-back” controller is used to supplement the existing control loops 
to achieve the required goal. The results compare favorably with those obtained by other 
multivariable design methodologies.
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0. Notation and Preliminaries

The aim of this short section is to summarize the notation we intend to use. Most of it is 

standard, but we wish to draw particular attention to the state-space notation which will be used 

extensively.

R,R_1_,C real, non-negative and complex numbers

R(s) field of rational functions in s with real coefficients

c +,c_ open right (resp. left) half plane
p p X m set of pxm matrices with elements in F (= R, C, R(s) etc)

A ( A ) ,  A m a x ( A ) spectrum of a square matrix A, largest eigenvalue of A

A* complex conjugate transpose of AeCpXm(transpose if A€RpXm)

A>0, A>0 A is positive semidefinite (resp. positive definite)

A<0, A<0 A is negative semidefinite (resp. negative definite)
£<x>,(pXm) space of pxm matrices with entries which are bounded on the j u  

axis (including the point at oo)

II • IL
v oo ,(pX m )
JO  j

^ o o , ( p X m )

£°°-norm of matrices in L ° °

subspace of i.°°; p x m  matrices which are analytic and bounded in C_j_ 

subspace of i.°°; p x m  matrices which are analytic and bounded in C_
K~,(pxm)(k) set of pxm matrix functions in £°° with no more than k poles in C_j_

c n n r 0 0  c j a n r  °° , Jo J O .L unit balls in %°°: { i e % -  : llfll^ l}  , {fG%+ : H f ^ l }
g ^ j^ o o . (p X m ) same as £°0 ,(PXm) except elements are taken from R̂ pXm̂(s)

^ K “ '(pxm)(k) same as K“ ’̂ pXm\k) except elements are taken from R̂ pXm\s)

Hankel operator with symbol G(s)g!1£~

G*(s) = G(-s)*, the para-hermitian conjugate of G(s)

l|A| | 2 = the spectral norm of A

In(A) = (7r(A),i/(A),6 (A)); ?r(A)=number of eigenvalues of A in the open right 
half plane, i/(A)=number of eigenvalues of A in the open left half plane, 

6 (A)= number of eigenvalues of A on the imaginary axis.

Associated with a transfer function matrix G(s)€R(s)pXm of McMillan degree n, is a 
state-space realization

» G(s) =  D+C(sI-A)_1B (0.1)
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Throughout this thesis G(s) is assumed to be a system of linear time-invarient ordinary differential 
equations where AeCnXn, B6 CnXm, CeCpXn and DeCpXm. We will use the alternative 
notation G(s)=(A,B,C,D) or

G(s) ^
A B 
C D

(0.2)

for realizations of G(s). Generalized state-space models will be represented as

G(s) =
E A B 
0 C D (0.3)

so that G(s) = D-fC(sE-A)- 1B.

In the above notation, we have G*(s) = (-A*,C*,-B*,D*) and in the case that D is 
non-singular, we have G_1 (s)=(A-BD- 1C,BD- 1 ,-D“1C,D“1). If G(s) is defined by (0.2), the system 
matrix of the given realization is defined as

G(s) =
sI-A -B 

C D

The system zeros of G(s) are defined to be the points at which the system matrix loses normal rank 
and are given by {A(A-BD- 1C)}D{McMillan zeros of G(s)}; these sets are equal if the realization is 
minimal. If G_1 (s) = G*(s) , then G(s) is all-pass. G(s) is called stable if all it’s poles are in C_.

We will talk about basis changes T in the state-space of G(s); we will take this to meanm
G(s)=(A,B,C,D)-+G(s)=(TAT“1 ,TB,CT“1 ,D). For generalized state-space models basis changes are 
represented by

G(s) —
UEV UAV UB 

0 CV D
(0.4)

in which U and V are arbitrary nonsingular matrices.
We shall also make use of the lower and upper linear fractional transformations which are 

defined by

F,
Hn H
H21H

12

22
, U \ =  H„ +  H12U(I -  H jjU r'H j, (0.5)
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where U is of dimension i x m  if H22 has dimension mx/. In the same way

Fu<
Hn H12 

H2i H22
, U V =  H22 +  H21U(I -

in which U is of dimension ixm if Hn has dimension mx/.

If P(s)GR^P~ ^ X̂ m"*"r\s) and K(s)GRrX?(s) have state-space realizations

A Bi B,
A B

Ci Du Di2 K(s) —
C D

C2 D2i d 22
P(s) -

Then if the well-posedness condition det(I-D22D)7^0 is satisfied, 

F,(P,K) 4 A-fB2DL1C2 b2l2c B j+B2DLjD22

BLjĈ a+ bl1d 22c BL1D2i

Cj+D j2L2DC2 D12L2C Dh+D^DL^oj

where

Li =  (I-D22D}_1 ; L2=(I-DD22)-1

(0.6)

(0.7)

( 0.8)

This result follows by routine computation. □
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Over the past ten years, a substantial portion of the control litterature has been devoted to 
H°° control theory. The importance of this theory stems from its ability to address engineering issues 
such as robust stability in the presence of uncertainty, accurate tracking or performance, and noise 
and disturbance rejection. Uncertainties or perturbations arise when accounting for model changes, 
uncertainty in operating conditions, unmodeled dynamics and non-linearities. Performance objectives 
such as good command response and small errors in estimation and regulation are also easily dealt 
with in an H°° framework. Once formulated, the H°° optimization problem is habitually converted 
into a so called general distance or model matching problem. The distance problem considered here is 
one in which a completĵ y unstable transfer function R(s) of MacMillan degree “n” is approximated 
(in the £ 0 0  norm sense) by a stable transfer function Q(s) of degree no more than “n”. In [11,12], 
Glover addresses the one block problem and gives a complete characterization of all approximations 
that minimize ||R(s)-Q(s)||oo. In this thesis, particular attention will be given to the solution of the 
four block general distance problem which shall be described next.

The four block general distance problem has it’s genesis in H°°-optimal control problems of 
the third kind [9,26,31]. In typical H°° design situations, a nominal plant model is known, and the 
design engineer has the task of selecting various frequency dependent weights. The plant model and 
weights are then combined into a single matrix: P(s); where P(s) is a matrix transfer function which 
contains the structure between the plant model, weights and the controller. P(s) may be partitioned 
such that

P(s) = P l l  P 12
P2I P22 (s) (1.1)

Figure 1 . 1  shows the generalized regulator set-up in which K(s) is the controller transfer function 
matrix to be designed; any linear combination of inputs, outputs, commands, and a controller can 
be rearranged to match this diagram. The variable v consists of all external inputs, z  are the error 
signals to be regulated, u are the control inputs and y the measurements. Throughout this thesis 
attention will be restricted to linear time invariant finite dimensional systems.

V

u

z

y

Figure 1 . 1  -  Generalized regulator set-up
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z = F,(P,K)»=(P11+P12K(I-P22K)-1P21)v

The H°° control problem is then concerned with minimizing J|Fj(P, K )^  as K(s) ranges over the set 
of stabilizing controllers S. In other words, we seek to minimize the L2 norm of z over the set of 
allowable inputs y such that ||y||2= l. Rather than tackling this (nonlinear) problem directly, it is 
widely believed prudent to convert it into another problem which is linear in a free parameter. This 
is done by the “Youla parameterization” of all stabilizing controllers, this is obtained by calculating 
coprime factorizations of P(s) over and solving a double Bezout identity to obtain the 
coefficients of K0(s); the generator of all stabilizers.

inf s l|F,(P,K)||oo =  irf ||F,(P,F,(K<„Q))||oo =Qinf ||(T11-T12QT21)(s)||„ (1.2)

in which Tn(s), T12(s) and T21(s) may always be chosen stable with T12(s) and T21(s) parts of inner 
matrices [9,26,31]. We change nothing by re-writing (1.2) as

inf ||(Tn-[T12 T , ] 
QeK? x

’q o‘ T21"
0 0 [T±J

)(s)ll, (1.3)

in which Tj_(s) and Tj^(s) are chosen to make [T12 TjJ(s) and [T21 TjJ*(s) inner. This, too, is 
always possible [9,26]. Finally, by invoking the norm preserving property of inner matrices, we see 
that (1.3) is equivalent to

where

inf
Qe%?

Rn-Q

R21

Rl2

R22
(s) <7

00

(1.4)

t „[t ;, T-J(s)6 %K? (1.5)

and 7  is the target norm; (1.4) is the four block general distance problem which we will study in this 
thesis.

Rn R12 

R21 R22
(s) =

t :12
T*.

Five years ago, Doyle [31] suggested a solution to this problem which is based on the work 
of Davis, Kahan and Weinberger [6]. The technique proposed consisted of breaking the four block 
problem into two consecutive two block problems and finally a one block problem, which was 
subsequently solved. The desired controller is then recovered by a somewhat protracted back 
substitution. This approach has proved quite adequate for theoretical work, but when implemented 
on a computer, suffers from serious degree inflation problems. Computationally, each iteration 
requires the solutions to three factorization problems, furthermore, one has to make heavy use of 
model reduction routines to suppress any state inflation.



page-1l

In an attempt to understand these inflation phenomena (in the context of H°°-control), 
several researchers undertook cancellation analyses for the one and two block problems [17,18,19]. 
Limebeer and Hung [19] investigated the one block problem arising in H°° control problems of the 
first kind or single target problems. These problems are characterized by the assumption that Pi2 (s) 
and P2 i(s) in (1-1) are square (but not necessarily of the same size). Using approximation theory 
[1 1 ], they carry out a detailed analysis of the cancellations which arise in such problems yielding a 
MacMillan degree bound for all H°° optimal and suboptimal stabilizing controllers. Their main 
result states, “ I f  deg(P(s)) =  n, then there exist optimal stabilizing controllers of degree n-1 which 

achieve the target norm?. The same result has been derived by Limebeer and Anderson in [17], and 
Kimura in [58] using vector interpolation theory. In [18], Limebeer and Halikias use approximation 
theory again to extend the cancellation analysis of [19] to deal with problems of the second kind. 
That is, Pi2 (s) has more rows than columns and P2 i(s) is square, alternatively, P2 i(s) has more 
columns than rows and Pi2 (s) is square. They show that the controller degree bound derived for 
problems of the first kind also holds for problems of the second kind. In addition, their analysis 
shows that significant improvements may be made to existing computer software, which is backed 
up by computation trials which reveal that the new code is approximately eight times faster. Juang 
and Jonckheere [33] have also derived such a controller degree bound using their linear quadratic 
approximation technique [34]. At this point, it is natural to ask whether the controller degree bound 
for problems of the first and second kinds carries over to those of the third kind. To this end, a 
controller degree conjecture was made in [18] for the case of H°° control problems of the third kind 
which was subsequently confirmed by Hung [15] using interpolation theory. The outcome of this 
work was most encouraging, in that problems with deg(R)=n, in (1.4), always had solutions with 
deg(Q)=n. In the same way, it was demonstrated that if deg(P)=n, in (1.1), then controllers with 
degree n always exist. These observations lead to the expectation that Doyle’s original algorithm 
could be greatly improved from the computational point of view.

Over the past fifteen months there has been a flurry of activity among H°° control 
researchers; the goal: a new state-space based approach to solving the four block general distance 
problem posed in (1.4). Limebeer et al [34] solved this problem by embedding (1.4) into a larger all­
pass matrix, with this complete they demonstrate that all optimal and suboptimal solutions are 
generated by part of this all-pass embedding. Hung [15] also solves the problem using interpolation 
theory, he breaks down the model matching problem in (1 .2 ) into two interpolation problems for 
which he characterizes all optimal and suboptimal error systems. In both these cases [15,34] explicit 
formulae for the solutions are given.

Clearly, the next step is to apply these solution techniques to the four block general distance 
problem associated with H°° control. To this end, a number of closed form representation formulae 
have been derived for the generator of all H°° controllers. Limebeer et al [34] replace Q(s) in the 
middle term of (1 .2 ) with the generator of all extensions to yield a generator for all stabilizing 
controllers. The derivation of such formulae has been obtained using a variety of other techniques;
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Glover and Doyle [14] have also used the all-pass embedding technique independently to derive a 
similar representation formula, however unlike [15,34], they do not treat the optimal case. Doyle 
et al [1 0 ] use the direct state space approach based on separation principle arguments which are 
reminicent of LQG (H2  theory). In addition to obtaining controller representation formulae in which 
the controller degree bound is implicit, [10,14,20,34] show that all H°° control problems may be 
solved with only two indefinite algebraic Riccati equations, further, each also give necessary and 
sufficient conditions for the existence of stabilizing controllers meeting the target norm. Hung [13,16] 
has also derived one such set of formulae based on the solutions to indefinite Riccati equations, 
again his approach was via matrix interpolation theory. Khargonekar et al [35] have shown that if 
all the states are accessible, the infimum of the norm of the closed loop transfer function can be 
achieved with a constant static feedback, their solution involves solving an indefinite Riccati 
equation, furthermore, they give similar necessary and sufficient conditions for the existence of a 
static feedback meeting the target norm. In addition to these techniques there exists the J- 
factorization approach of Glover et al [36] based on the canonical factorization theory of Bart et al 
[37], this method also leads to a representation formula for a generator of all stabilizing controllers. 
Verma has a closed formula for problems of the first kind [29]. Finally, a time domain approach 
using the maximum principle is due to Tadmor [28]. Limebeer et al [39] solve the finite horizon and 
time varying cases using linear quadratic differential game theory.

Another problem which has recieved much attention is that of e n tro p y  m in im iz a t io n . Arov 
and Krien [1] have studied a class of suboptimal extensions which they have termed m in im u m  

e n tro p y  extensions. The entropy of (1.4), which is defined at a point, is given by

+oo

I(R,so) =  f  In|det(I-R*(jw)R(ju/))| .*k(8°) do; Re(so)>0
27r_/oo b"-8ol

Limebeer and Hung [19] studied these extensions in the case of one block H°° control problems, 
where the problem is posed as: among all stable closed loops: R(s) achieving a certain target norm 7  

(7 > 7 o), obtain the one which minimizes the entropy integral. In [34], Limebeer et al extend these 
results to the general distance four block problem using the all-pass embedding technique. Mustafa 
and Glover [40] also employ the all-pass embedding approach to derive the entropy minimizing 
extension which they then apply to the four block H°° distance problem. In both cases special 
attention is given to minimizing entropy at infinity, [40] goes further, discussing the interesting links 
with risk sensitive LQG problems, and they also give formulae for the entropy minimizing controller.

Other related problems of interest include the super-optimal Nehari extension of general 
rational matrices. In [69], Limebeer et al sequentially minimize each frequency dependent singular 
value of the error system until the problem is reduced to one of rank one, yielding the unique super- 
optimal extension. Postlethwaite et al [70] also develop one such algorithm for computing the super- 
optimal Nehari extensions. Jaimoukha [71], extends the results of [69,70] to the four block distance 
problem.
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The recent breakthroughs in the H°° scene have meant that theoretically cleaner and more 
robust algorithms exist for the computing of H°° optimal controllers. Nevertheless, most engineering 
problems still require a computationally expensive 7 -iteration. Ideally, one would like to remove the 
7 -iteration completely. Although this ideal seems some way off, some progress has been made in this 
direction. Limebeer and Hung [19] give a number of closed formulae for the optimal cost in the cases 
of unweighted single target problems, a cost formula is also derived for the weighted robustness 
problem. Glover and MacFarlane tackle a two block optimal robustness problem [41]. They derive a 
formula for j Q in terms of the Hankel norm of the normalized coprime factors associated with the 
plant to be controlled, in addition a representation formula for the generator of all sub-optimal 
controllers is given. Foias and Tannenbaum have a determinental formula for the (essential) norm of 
the four block operator associated with H°° control [42]. Kasenally and Limebeer [21], use the new 
H°° solution technique to derive a formula for y Q in the cases of unweighted mixed-sensitivity and 
parametric mixed-sensitivity.

As with any new engineering theory the success of feedback design with an H°° optimization 
criterion can only be judged by its performance once applied to practical engineering problems. 
Currently researchers are having some degree of success [43,44,45,46,47] to name but a few. The sum 
of the final chapter is to perform a design for a turbogenerator with a view to improving the overall 
transient and dynamic stability. To date, LQG regulators have been considered [48,49,50,51] these 
have modeled uncertainty as white noise and performance in terms of the L2  norm of the error. 
Unfortunately few physical systems are adequately modeled with additive white noise as the only 
uncertainty, hence the control of such systems display reasonable performance but poor robustness 
characteristics.

1.1 Thesis contributions:

In this thesis we have studied various important aspects of the H°° control theory associated 
with H°°-control problems of the third kind. To start with, we address a general problem termed the 
four block general distance problem. The solution proposed here is to embed the four block problem 
into a larger all-pass matrix, transforming it into a one block problem, with this complete it is 
demonstrated that part of this all-pass matrix acts as a generator of all suboptimal solutions. It is 
established that this same generator captures a class of the inertia optimum solutions (that it 
captures aU the optimal solutions is not proved). Furthermore, the loss in the effective dimension of 
the free contraction is also demonstrated.

In the next stage the all-pass embedding technique is employed to solve the four block 
problem associated with H°°control problems of the third kind. This approach yields a controller 
degree bound for the generator of all controllers. Combining the embedding and parameterization 
Riccati equations leads to a new way of solving H°° control problems which requires the solution of 
only two indefinite Riccati equations of fixed dimension.
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A representation formula for the generator of all controllers is derived, what is interesting is 
that this formula is expressed entirely in terms of P(s) and the solutions to the afore mentioned 
indefinite Riccati equations. Interpolation theory is used to derive necessary and sufficient conditions 
for the existence of stabilizing controllers achieving the target norm. It is known [10,14,34,36], that 
the H°° formulae become cumbersome in the event that Dn ^0 and D2 2 ^ 0 1. Glover and Doyle have 
already shown that a modest simplification is possible if D2 2 = 0 , and that this assumption may be 
made without loss of generality. It is demonstrated by a loop transformation argument that Dn =0 
may also be assumed without loss of generality [34,81]. This observation brings about a substantial 
simplification in statement of the formulae.

Using only standard real matrix operations, it is possible to compute the H°° optimal 
controller. An iterative procedure associated with this calculation is presented.

Unweighted mixed sensitivity is a two block problem which generally requires an iterative 
solution. For this special class of problem it is possible to obtain a closed formula for the optimal 
cost. A cost formula for the parametric mixed sensitivity problem is also derived. Both formulae and 
their controller representation equations are expressed in terms of the solutions to the standard H2  

algebraic equations and the state-space of P(s).

Software has been developed (using Fortran and PC Matlab) based on the results presented 
in chapters 2 and 3 that uses standard matrix operations and linear algebra techniques. As an 
engineering application this new approach to solving H°° control problems is employed to enhance 
the stability of a synchronous machine connected to an infinite busbar. A so called supplementary 
controller is designed to feed existing control loops with signals during fault and transient periods. In 
the first instance a single inertia model is considered and finally, the effects shaft torsional 
vibrations are included.

1DIJ- is the (i-;)th  partition of the D-matrix in a realization of P(s). P(s) is referred to as 

equation number (1.1).
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Chapter two
A characterization of all solutions to the four block general 
distance problem.

2.1 Introduction
In this chapter we characterize all the solutions to the four block general distance problem. 

The procedure is to embed the original problem in an all-pass matrix which we construct. With this 
complete, we demonstrate that part of this all-pass matrix acts as a generator of all solutions. 
Special attention is given to the characterization of all optimal solutions.

The four block general distance problem has it’s genesis in H°°-optimal control problems of 
the third kind [9,26,31]. In typical H°° design situations, a nominal plant model is known, and the 
design engineer has the task of selecting various frequency dependent weights. The plant model and 
weights are then combined into a single matrix

P(s) = 1̂1 1̂2 
?21 2̂2 M (2.1)

and one seeks to minimize ||Fj(P, K )^  as K(s) ranges over the set of stabilizing controllers. Rather 
than tackling this (nonlinear) problem directly, it is widely believed prudent to convert it into 
another problem which is linear in a free parameter. That is

Q6fK ?ll(Tu+Tl2QT2l)(S)ll~
(2.2)

in which Tn(s), T1 2 (s) and T2 1 (s) may always be chosen stable with T1 2 (s) and T2 1 (s) parts of inner 
matrices[9,26]. We change nothing by re-writing (2.2) as

Q»* ' l ^ u + ^ T J ‘q o ' T 21
0 0

1--
--- 1— 1__
_)(s)||, (2.3)

in which Tj^(s) and Tj^(s) are chosen to make [T1 2  TjJ(s) and [T2 1  TjJ*(s) inner. This, too, is 
always possible [2,9,11,26]. Finally, by invoking the norm preserving property of inner matrices, we 
see that (2.3) is equivalent to

where

inf
R11+Q R12 

R<21 R22
«

00

(2.4)

Rn Rl2
M — t ; 2

1--
--- to R-22

(SJ —
T i

Tn [T21 ¥ * J ( s) € ® , K ~ (2.5)

(2.4) is the four block general distance problem which we will study in this chapter.
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Five years ago, Doyle [31] suggested a solution to this problem which is based on the work 
of Davis, Kahan and Weinberger[6 ]. This approach has proved quite adequate for theoretical work, 
but when implemented on a computer, suffers from serious degree inflation problems. The purpose of 
this chapter is to present a new solution to the four block general distance problem which is 
theoretically cleaner, and is also a great improvement over existing methods from an 
implementation viewpoint.

This chapter has been divided into several sub-sections, in Section 2.2 we construct an all­
pass embedding for the generator of all solutions to the four block problem. In Section 2.3 we derive 
a representation formula for all sub-optimal solutions, the optimal cases are treated in section 2.4. 
We summarize the key findings in the conclusions (Section 2.5).

2.2. The construction of an all-pass embedding.

In this section we will show how to construct an all-pass embedding for R(s). With this 
initial step complete, we go on to prove that part of the resulting all-pass matrix acts as a generator 
for all solutions to the four block infinity norm problem. In this section we will only deal with 
suboptimal problems; the optimal cases will be addressed in the next section.

We begin by considering the following one block distance problem

inf 
Qw Q12 
Q21 Q22

(*)€%?

Rii+Qn Rl2 +Ql2 f c\
R2 1 +Q2 1 R2 2 +Q2 2

\ s) (2.6)

in which R(s)E3G!i?. From standard Nehari extension theory, we know that this problem always has 
a solution such that

Rii+Qn R1 2 +Ql2 Rn+Qii R1 2 +Ql2

R2 1 +Q2 1 R2 2 +Q2 2 R2 1 +Q2 1 R2 2 +Q2 2
(s) = 7oI (2.7)

where 7 0 = |rR*|. Lets now suppose that R(s) is special in that its second block row and column are 
all-pass in character. That is

and

[R2i R2 2 J(s)
R$i

R22
(s) = 7oI

[RI2 R22](s)
Rl2
R22

«  = tSi

( 2.8)

(2.9)

Comparing (2 .8 ) and (2.9) with (2.7), one observes that there is a solution to the problem in (2 .6 )
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which is of the form

Q(s) =
Qn(s) o

0 0
(2. 10)

This looks like the solution to a four block problem in (2.4). In the usual event that (2.8) and (2.9) 
are not satisfied, we simply force the issue by introducing the spectral factors L(s) and N(s) such 
that

and

[[ L R-21 -̂22J ( s )

L*
R$i

R-22
(s) =  72I

[ n * R I 2 R ; 2] ( s)

N

R-12
R-22

(s) =  t2I

(2.11)

(2. 12)

which is always possible provided of course that 
the augmented problem

7  > maxj p1 2 (s) , |[R2 i r2 2 ](s)| }*• This gives

inf
Qe%?

* * N Qoo Qoi Q0 2

* Rll Rj2 0 0 + Q1 0  Qn Q1 2 0 0

1

f to to to
1 __

__
_

Q2 0  Q2 1  Q2 2

(2.13)

which will have a solution of the form

Q(s) =
Qoo Qoi 0  

Qio Qn 0 
0 0 0

00 (2.14)

provided 7  is chosen big enough. Finally, one may discard the augmentation in the knowledge that 
this will not increase the norm. So much for the intuition.

We start our formal analysis by assuming that R(s)€9i>3£” ^P+̂ X̂ m+̂  and that there 
exists some Q(s)G%K~’pXm such that

1Incidentally, exactly the same construction may be used to prove Parrott’s theorem which is a

result we shall call upon again[22,23, pg.4].
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We will also assume that

Rii+Q R- 1 2  

R-21 R22
(2.15)

B>ii"bQ ^12

R-21 R-22
(o o )

2

Dll Di2 

D2i D22
= max{|D2 1  D22|2,

2
— l p  <  To (2.16)

The second equality in (2.16) follows from Parrott’s theorem[22,23,Thm 1.2, 17], and the fact that 
we have complete freedom in our choice of Dn2.

Suppose next that

Rn+Q R-12

R-21 R-22

A 0 Bi b 2
0

a q BQ3 0

M = Ci C Q 3 Dn D12

c 2 0 D2i D22

is minimal in which

R(s) 4 A Bi b 2 and Q(s) =
a q BQ3

Ci Dn D1 2 _pQ3 0

c 2 D2i D2 2

(2.17)

(2.18)

Invoking a standard result from dilation theory [11], we can write

m + l

J .(s ) = P 
9

P+q m /
J . n • ^ 1 2 -̂ 13
«A2i Rn+Q Rl2 W (2.19)
“̂ 31 R2 1 R2 2

in which it is always possible to choose the first m + l rows and p+q columns of .A(s) so that 
4̂.(s)̂ 4.*(s) = 7 2I where we select t> 7 o (the case of 7 > 7 0  will be addressed later). As a consequence 

of the all-pass character of .A(s), we must have

-4.3 i(s)̂ 4.3i(s) — 72I -  £ R2 1  R2 2  J R21
R2 2

(s) (2.20)

and

^ (sM ists)  =  t2i - [ r i2 r ;2]
Rl2
R22

(s) (2.21)

'The strict inequality in (2.16) may be relaxed, but the additional intricacies which this involves

will unduly cloud the main theme of the construction. jp is defined to be the Parrott lower bound.
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which are spectral factorization problems. Suppose next, and this is always possible, that we choose

*̂3i(s) — £ 0 X42(s)J9
and

*̂ 13(S)
i
0

X2 4 (s) /

(2.22)

(2.23)

It is important to notice that the dilation in (2.19) may be accomplished without changing the 
A-matrix in (2.17) [11, Thm 5.2]. Further, the spectral factorization compressions in (2.22) and 
(2.23) require no change of A-matrix either. To see this, one needs only study all the possible 
solutions to the bounded real equations [2]. Translating these observations into the state-space, gives 
the following special structure which we will soon analyse in greater detail:

• (̂s) =

r p Qn 9Ql2 <03 CO

l0
Q21 X22+Q22 X23+Q23 x24
Q31 X32+Q32 R11+Q R-12
0 X42 R-21 R-22

m

/
P

9

A 0 0 Bo Bi b2
0

a q Bgi BQ2 BQ3 0
0 Cgi J11 Jl2 1̂3 0
Co C Q2 J21 J22 J23 J24

■ cl C Q3 J31 ^32 D11 D12
C2 0 0 J42 D2i D22

in which

and

X«(s) =1=

X2 4 (s) &

A B0

c2J42

A b 2

Co J24
Abbreviating (2.24b) to

j i ( s )  4
J

(2.24a)

(2.24b)

(2.25)

(2.26)

(2.27)

and invoking the standard state-space characterization of all-pass matrices yields
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Lemma 2.1;

that
.A(s) is all pass if there exist Hermitian matrices P^, and an orthogonal J matrix such

A^  + W  + *jlK l = 0
= 0

JB!l + = 0
J*C ^  +  = 0
p ^ Q ^ = t2i
JJ* = J*J = 72I

(2.28)
(2.29)

(2.30a)
(2.30b)
(2.31)
(2.32)

are satisfied. and defined by

Pi p 2

and Q i =
Qi Q2

p; p 3 Q2 Q3

Proof: [9,11]

The proof proceeds by direct calculation.

(2.33)

□

In the next phase of our development, we analyse several consequences of equations (2.28) to
(2.33). Firstly,

The (4,4) block of (2.32) => $ = 7 2 I-D2 1 D^-D 2 2 D;2= J 4 2 J ^ 2  (2.34)

which may be solved as a Cholesky factorization problem. J 4 2  is nonsingular by (2.16). Also,

The (4,4) block of (2.32) => 0 = 7 2 I-DJ2 D1 2 -D;2 D22= J 2 4 J 2 4  (2.35)

in which J 2 4  is nonsingular for the same reason. Continuing further,

(2.30a) => J 4 2 P0  *h D2 1 B1 +D2 2 B2 +C2 Pi—® (2.36)
which gives

B0 =-[BiD^1+B2 D52 +p 1 c3 jjj (2.37)

(2.28)=> APj+PjA'+BoBS+BjBJ+BaBJsO (2.38)

Substituting (2.37) into (2.38) gives
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(A+fBjD^+BjD^-’cyp, + p1(a+(b1d;1+b2d;2)$-1c2)* + p1c;«-‘c2p1+
*1 ( 1 0 ---

-1
a to *

 
__

i

i r  _ f i b ;
]{ 0 I +

i--
---

-
u to 
* 

i
to 

1 
1 __

__ $  |^ 2 i  D22J}
b ;

which will be recognized as the Riccati equation associated with the spectral factorization problem 
(2.20). At this point we remind the reader that every solution to (2.39) is symmetric and negative 
definite as it satisfies the controllability grammian equation in (2.38). The ’biggest’ solution is the 
minimum phase spectral factor in (2.25) [1], the minimum phase spectral factor will be required 
later when characterizing all solution. A dual sequence of arguments based on (2.29) and (2.30b) 
leads to

C0=  -J24*(DnCi +  D;2C2 +  BSQj)

in which ( ^ = ( ^ < 0  satisfies

(2.40)

a *q 1+q 1a+c ĉ0+cjc1+c;c2= o (2.41)

and is the observability grammian of the unstable part of -4.(s). Substituting (2.35) and (2.40) into 
(2.41) gives

(A+B20 1(DJ2C1+D22C2))*Q1 + Qi(A+B20 ^DJA+DSA)) + QjB20 1B2Qj+

[c; c’]{[o I + D” e_,[Di»D»]}
C,
c 2

= 0 (2.42)

which may be used in the solution of the spectral factorization problem (2.21). As with (2.39), all 
the solutions to (2.42) are negative definite since they have to satisfy the observability equation in 
(2.41); further, we require the ’biggest’ solution to (2.42) which corresponds to a minimum phase 
spectral factor.

With the aid of Lemma 2.1, we now set about the task of constructing a suitable stable 
matrix to replace

Q11 Ql2 Ql3

Q21 Q22 Q23

& CO Q32 Q

in (2.24a). Such an exchange may be undertaken freely, because at no time have we made any use of 
Q(s) save assuming its existence. The all-pass embedding may now be completed with the aid of a 
construction due to Glover [12]. To begin with, we assemble an orthogonal J matrix. Following that, 
Aq, Bq and Cq will be constructed to satisfy the equations in Lemma 2.1.
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From (2.24b) we have

•*11 J 12 ^13 0

J 21 J 22 ^23 J 24

J 31 J 32 Du O12

0 J 42 D2i D22

(2.43)

as the direct feed-through matrix of the error system. In order to solve the problem at infinity, we 
are required to replace Dn with ^ ii= -D 12(7pI-D52D22)_1̂ 22^2i which y p is the Parrott lower 
bound given by y p =  max|||D21 D22||2 ; ||DJ2 D22||2j  [22,23,30]. This is achieved by setting 
Q(oo) = -(Dn+D12(7pI-D22D22) 1D22D2i)* The key point is that (2.32) together with (2.43) lead to 
a set of equations which may always be solved to yield an orthogonal J-matrix. The proof of this 
claim proceeds by direct calculation from (2.32):

J 3 2 — (‘3>iiD;i+d12d ;2)j 42 (2.44a)

and also

(2.34), (2.44a);

J3iJ3i = T2I-^ii^u-D 12Dt2-(<3)11D*21+D12D^)(72I-D21D51-D22D52)-1(^11D*21+D12D52)*

J 23----J 24 (^12^11+022^21)

J 31̂  31+̂ 32'̂ 32+<̂ll^ll+0i20i2=:72J

(2.44b)

(2.44c)

* \f~. 2t

As a consequence of (2.16), we can write

— 11 —12

1
to —i O __
_

1

\ i Di2

1
fc§> — 
* D2 1"

—12 —22 0 72I D2i D22 d ;2D52

which gives

331̂ 31 — (“'ll- “ 12“ 22‘—'12) >0

by a Schur complement argument. This shows that the Cholesky factor J31 is also nonsingular. 
Continuing;

Ji3^i3= T2I“OJ1D11-D21D21-J53J23
(2.35) and (2.44) =>

^13̂ 13=72I-<̂n<̂ii-D2iD21-(Dj2<i5ii+D52D21)*(72I-Dj'2D12-D22D22) ^ D ^ ll+ O ^ ^ l)
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---
--

1
> > to __
_1

1
01—

1 
CM

l___ D$x

1

O to __
_1

1--
--- > #
to A2 2

1
0

tO
1—

1

1__
_ DI2 D2 2 1

C*
QQ___

1

we find that

^1 3 ^ 1 3  = (A1 1 -A 1 2 A2 2 A1 2 ) >0 (2.44d)

and (2.44d) =£■ J 1 3  is also nonsingular. Finally Jn , J12, J2i and J 2 2  can be evaluated from:

J 2 2  = -J24(DJ2J32+D22J42) (2.44e)

J 2 i= -J 2 4 DJ2 J3i (2.44f)

^ 1 1 = —*̂13 (̂ 23̂ 21~l*̂ 11̂ 3l) (2.44g)
Jl2  = -Ji 3 D2 iJ4 2 (2.44h)

in which the indicated inverses have been proved to exist.

An alternative approach is to construct the J-matrix 4 blocks at a time by abbreviating
(2.43) to

Ji J2
J3 D

in which

Ji =
J 1 1  J 1 2

J2i J22
J i 3  0 11C*

1
COCO

1___

and IIQ 1̂1 ^ 1 2

J 2 3  2̂4 0 J 4 2 D2 1 ^ 2 2

(2.45a)

(2.45b)

Next, we solve the two Cholesky factorization problems

j 3j ; =  t2i- dd‘
and

J*J2 = t2 I-D*D

(2.46a)

(2.46b)

As a consequence of the assumption in (2.16), J13, J24, J 3 1  and J 4 2  are all non-singular. Also, 
(2.46a) and (2.46b) are completely consistent with equations (2.34) and (2.35) which have already 
been used in the specification of J 4 2  and J24. We may now use [23,page314] to complete the 
construction. That is

Ji =  -J2DM3 * (2.47)

Following Glover [12], we define
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[ B<?1 Bg2 BQ3 6 ] = R-(Q,[0 B0 B, Bd+[0 CJ C; C^J) (2.48)
in which

R = P iQi _t 2I (2.49)

The fact that the last Y columns in (2.48) are zero follows from the (4,1) block of the all-pass 
equation (2.30b) and is crucial to our development. In this section we assume that det(R)7^0; 
det(R)=0 may also arise, but we defer the treatment of this case until the next section. Similarly we 
define

C Ql m

---
---

--
1

O
__

__
_1

0

C <?2 I O O

Pi - J Bo
C<?3 P C x BJ

0 9 0
1 __

__

I
tf

l
►0

»
i __

__

(2.50)

The zero block at the bottom of (2.50) follows from the (4,1) block of the all-pass equation (2.30a). 
Next suppose that

Aq — A*-[Bgx Bq 2 Bq 3 0][0 B0 Bj BJ* (2.51)

A routine calculation, which is essentially the same as that in [12], will verify that (2.28) and (2.29) 
are satisfied by

and

Pi P2 Pi I

1---
-

to
 *

 

u 1 __
_ I Q,R-'

Qi Q2 Qi -R*"
Q2  Q3

1 & -d
1__

_

(2.52)

(2.53)

Also, it is not hard to show that (2.48) to (2.53) satisfy (2.28) to (2.32), and so Jt(s) in (2.24) will 
satisfy .A(s)./4 *(s)=7 2I as required. The (2,2) block of (2.29) gives

AgH'Pi+RPiAg+Cg1Cg1+C g2Cg2'l‘Cg3Cg3 = 0  (2.54)

in which Pj is the controllability grammian of the augmented R(s). Since R(s) is assumed to be 
minimal and completely unstable, Pj<0. If 7  is chosen large enough such that (QiPi~7 2 I)< 0 , it is 
immediate from standard inertia arguments that Re(A(Ag))<0 [11]. As we will now demonstrate, 
Re(A(A))>0 => Re(A(Ag))<0. Suppose that there exists x^0 such that A^x=Ax with A+A=0.
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Then the (2,2) block of (2.29) => x*(A+A)RP1x+x*CgCQX=0 =» CgX=0. As a consequence the 
(2,1) block of (2.29) =i» x*RA=-Ax*R. Since x*R^0, -A must be an eigenvalue of A. This is 
impossible, however, since A was assumed to have all its eigenvalues in the open right half plane. 
We therefore conclude that Re(A(Ag))<0, as required.

2.3 Characterization of all solutions

In the last section we proved that

Q(s) 4
a q BQ3
CQ3 ‘JDn-D € oo ,pXm

+ (2.55)

is one sub-optimal solution to the four block infinity norm problem. This follows from the fact that 
removing the first two rows and columns of (2.24) is not norm increasing. The aim of this section is 
to demonstrate that it is possible to parameterize all the sub-optimal solutions in terms of a stable 
contraction and certain blocks of (2.24a), and this is the main result of this section. To proceed 
further, we will require a series of lemmas to help us in the proof of theorem 2.5. Firstly, we need to 
pin down the locations of the zeros of Q1 3 (s) and Q3 i(s).

Lemma 2.2
(i) zt- is a system zero of X4 2 (s) if and only if -z,- is a system zero of Qi3 (s).

(ii) zf is a system zero of X2 4 (s) if and only if -z,- is a system zero of Q3 1 (s).
Proof;

The zeros of Qi3 (s) are given by the eigenvalues of (Ag-B^gJ^C^j). By direct 
calculation:

AQ“ BgsJriCgi 
by (2.47) and(2.51)

(2.44h) =>

-A*-B4,BS-BgsB;+BgsJrs1(JijBS+JlsB;)

- A*-B Q2B'0 + B  QgJ 13 j 1 2 ^ 0  

-A*-Bg2 B0 -Bg3 D;1J 4 2*B5
- A M B g ^ + B ^ D ^ J ^

The (3,2) block of (2.30) =S>
= - a*+c2j ;2bs

= —(A—BqJ 4 2 C2) (2.56)

Noting that the zeros of X4 2 (s) are given by the eigenvalues of (A-B0 J4 2 C2) concludes the proof of

(i).
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The zeros of Q3 i(s) are given by the eigenvalues of (Ag-Bg1J 3 1 1Cg3). By direct calculation from the 
(1,2) block of (2.29), (2.53) =*

AQ-BQlJ3lCg3
(2.48) =*
(2.44f) =>
(4,2) block of (2.31) =>

= r- ( - a *r '+ c; c(j2 +c ;c (j3 - r *b(j1j j 11 c (33}
= R - |-A ,R-+cjc(32+ c ;c (33-(cjj21+ c ;j31) jj1Ic e3}
= R -|-A 'R *+ c;cg2+ c ;jj4*D;2c Q3}
= r—| - a ' r -+c jj 2 4 ' b;r '}
=_R-(A-B2J241C0),R' (2.57)

noting that the zeros of X2 4 (s) are given by the eigenvalues of (A-B2 J 2 4 C0) proves the second part.
□

As a consequence of Lemma 2.1, we are able to locate the zeros of Q1 3 (s) and Q3 1 (s) in 
the open left half plane. This follows from the fact that the solutions to (2.39) and (2.42), 
corresponding to minimum phase spectral factors, will locate all the zeros of X2 4 (s) and X4 2 (s) in 
the open right half plane. From now on we assume that these solutions have been selected.

Before continuing we need two standard results. The first bounds the norm of Fu{H,U}(s) 
and the McMillan degree of the unstable part, while the second result pins down the location of the 
non- minimal modes in a general linear fractional map.

Lemma 2.3 [13,24]

Suppose that H(s) =
Hu H1 2  

H2i H2 2

(s) where H(s)6 M~’̂ P̂ "m̂ m+P\k) and consider a

U(s)€K~’mXp(£) such that || HnU ||00<1 then

(a) l|H||00<T and || U ||TO< 7"1 =HI F ^ H .U )!!^

(b) Fu(H,U)eK+’mXp(k+£) □

Proof:

(a) We begin by assuming that H(s) is all-pass, 1 1 0 (8 )1 1 0 0 = 7 , using this property it is not 
hard to verify that

t2i -{f „(h,u)}*{Fu(h,u)} = h ;2 (i- u-h;,)- 1 {i- u-U7 2 }(i- h1 1 u)- 1 h 1 2  (2.58)

> 0  if

Next we consider ||H(s)||0 0 < 7 , then it is always possible to embed H(s) in a larger matrix such 
that
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Hoo Hqi h02
Ha(s) = Hio Hu h12 (s) =

Hu
H21

H2o H2i h22

Hi2
h22

(S) (2.59)

where Ha(s) is all-pass and ||Ha(s) | | 0 0  = 7 ; then as in the previous case, it is easily verified that

72I -{Fu(Ha,U)}*{Fu(Ha,U)} = Si2 (I-U*HJ1)“1 {I-U*U7 2 }(I-H1 1 U)“1 H1 2

>0 if l|U(s)l| 0 0 < 7  1 and U(s) = 0 0 
0 U (s).

(2.60)

This completes the proof of the first part.

(b) The proof of this part is obtained by considering the poles of Fu|H,orU| where c*e[0,l]. 
See Glover et al [13] for the proof.

□
Lemma 2.4 [17,19]

Suppose that
r- A Hi Bo

Hi! Hu

h21 h 22
(s) = Ci F>ii Di2

c 2 D21 d 22

(2.61)

in which H1 2 (s)€lRP l X m 2  with m2>Pi and H2 1 (s)£lRP2Xmi with p2 >ni1. Suppose also that

U(s) ±
A
C

B
D (2.62)

is a minimal realization and that the well posedness condition det(I-D1 1 D)^0 is satisfied. Then in 
the closed loop realization, Fu(H,U)(s),

(a) every uncontrollable mode is a Smith zero of

sI-A -B2 
Ci D12 (2.63)

(b) every unobservable mode is a Smith zero of

sI-A -Bi

C2 D2i
(2.64)

□
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Proof:

a) Suppose that s0  is an uncontrollable mode of the closed loop realization of Fu(H,U)(s), 
then there exists [û  u>2 ] ^ 0  such that

SoI-A-BjDMCi -BJI+DMDjJC -B1DMD12-B2 
w2] -BMCj s0I-A-BMDnC -BMD12

where
M = (I-DjjD)-1

define
z2= - w1B1DM-w2BM

(2.65)

( 2.66)

[W1 Z2 ]
s0 I-A -B2  

Ci D12
(2.67)

It remains to verify that [u/j w2]^0 => [wj z2 ]^0. This we we do by supposing that [û  z2]=0

( 2.68)

(2.69)
(2.66) => - w2 B=0
(2.65) => w2 (soI-A) = 0

which contradicts the minimality assumption of U(s) in (2.62), hence [w1 z2]^0, this completes the 
proof of part (a).

The proof to part (b) proceeds in a similar way with a dual set of arguments.

to
We are now ready ŝhow that

Q(s) =  F„{
Qll Ql3 

Q31 Q
, u } ( s )  = {q+Q3 iU(1-Q1 1 U)-1Q1 3 }(s) 7 U(s)6 ^K “ ’',Xm (2.70)

captures all the sub-optimal solutions to the infinity norm problem.

Theorem 2.5
The linear fractional map given in (2.70) generates every Q(s)G%K^°,pXm which satisfies

(2.15).
Proof:

We begin by showing that (2.70) generates a class of solutions. Since det(Q1 3 (ju;))9 t 0  and
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det(Q3 1 (jcj))7 ^ 0  for all real u; by lemma 2 .2 , 

IIQiilloo<7 and ||QUU| | 0 0 < 1

=>
U(s) 0

)lloo
R n+Q Rl2 Q31 X32+Qs2 u  0

0 0 =11
R 21 R22

+
0 X42 0 0

I 0 Q i i Q l 2 u  0
r l

Q l 3  0

0 I Q 21 X 22+ Q 22 1
0 0

/ X 23+ Q 23 X 2 4
00

R-ii+Q R<i2

R-21 R-22
><7

in which Q(s) = (Q+Q3 1 U(I-Q1 1 U) 1Qi3 )(s), for any stable U(s) such that llUlloofĈ  and j I(s) given 
in (2.24). This follows from Lemma 2.3(a).

Since U(s)g36“  and Q l l  Q l 3

Q31 Q
(s) Q(s) is in also (by lemma 2.3(b)).

Establishing that (2.70) captures all the solutions is a little more tricky. Suppose that

Rn+Q

R21

Rl2
r 22

lloo<7 (2.71)

^  OO pXfH ^for some Q(s)E%D£+’ we need to show that Q(s) is generated via the linear fractional map 
Fu{̂ 4.(s),U(s)} in which U(s) is stable such that ||U|| < 7  and furthermore, U(s) has to have 
structure [ 0  0 ]* Next consider that J.(s) in (2.24) is partitioned as

Qii Ql2 Ql3 0 r

Q21 X22+ Q 22 X23+Q 23 X24 (s) =

Q31 X32+ Q 32 Rn+Q Rl2 -

0 X42 R 21 R 22

Hn
H 21

H12
h 22 (s)

in which

’ h „ H12
*

«
Hn H u "

1--
-- a to h 22 H21 h 22

(2.72)

(s) = 7 2I (2.73)
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U(s)= Fu{-T2

h;s h;2
H2, Hf, (s),Z(s)}, (2.75)

it is easily verified (see Appendix A) using (2.73) that

Z(s)=F„{
Hu H12 
H2i H22 (s),U(s)} (2.76)

Since ||Z| | 0 0 < 7  by assumption, and ||7 ”2 H22||00<^, the map given in (2.75) is well posed and 
^  1 ^  

further HUHoô  ̂ (by lemma 2.3). It now remains for us to show that U(s)€'3l>36+J and is of the

form * 0
0 0 . The bordering zeros allow one to ignore the second row and column of -4.(s) in

(2.24) or alternatively (2.72). From (2.71) and (2.73) we obtain

in which

This gives

H22+AQ = H22+H21U(I-HnU)-‘H12

AQ = AQ 0 
0 0

(2.77)

U= H^AQfHu+HuH^AQ) (2.78)

Since

and

H^AQ = Qsi^Q o 
0 0

Hw+HnH^AQ =
Q11Q31AQ+Q13 0

* X
it is clear that

H21 AQ(H12+HuH211AQ)~1 =

24

Q31lAQ(QllQ31^Q+Ql3)
0

(2.79)

(2.80)

(2.81)

establishes that U(s) has the required form.
rv

The fact that U(s)G^jK~ follows from a simple cancellation argument which is based on
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lemma 2.4. If U(s) had a right half plane pole,

§(S)=F“{ Z 9q &>}« (2.82)

would have a right half plane eigenvalue in its A-matrix (by lemma 2.3(b)). Since Q(s)€3636”  by 
assumption, a right half plane cancellation would have to occur. This is impossible, however, 
because all the system zeros of Qi3 (s) and Q3 i(s) are in the open left half plane and these are the 
only possible cancellation locations by lemma 2.4. The proof is complete. □

2.4. A characterization of all optimal solutions.

In this section it is our purpose to lift the assumption of sub-optimality which has been 
made so far. We begin our discussion with a simple example which illustrates several features of the 
general case. If

'̂ii"hQ 1̂2 
R2i R2 2

ri+q
0

0

r2
(s) (2.83)

where R(s)e<3636f? and Q(s)G%36” , then there are two possible situations which require separate 
consideration. These are

(!) M  < M „

(2) | r ri| >

(2.84a)

(2.84b)

In the first case, it is clear that j Q =Noo and any q(s)€36”  which satisfies Irj+qj^^TQ will be an 
optimal solution; a continuum of such solutions exist. In the second case, however, the (unique) 
optimal Nehari extension of r^s) is the only solution and 7 0 = |r ri|.

In the general case there are also two possible forms of optimality. To see this, we note that

T0  > /*=max{ (2.85)

by a result due to Parrott [22,23,Theorem 2.1,30 ]. If Q(s) were free to range over JL°° (rather than 
just 36” ), one could always attain the lower bound of p . Since Q(s) is constrained to be an 36”  
function, however, 7 0>/i is clearly possible.

2.4.1 Optimality of the Parrott type.

We will take optimality of the Parrott type to mean ~ fo = p , an  ̂we will also assume in this 
sub-section that Amax(PiQi)<7 o; this second condition simply allows us to postpone the treatment 
of R=P 1Q1 — 7 qI being singular until a little later.
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The essential difficulty with optimality of the Parrott type are axis phenomena. Firstly, it 
becomes necessary to use special algorithms to solve the spectral factorization problems associated 
with (2.39) and (2.42). The presence of imaginary axis eigenvalues in the spectrum (spectra) of the 
Hamiltonean matrices associated with these equations will cause standard eigenvalue sorting 
algorithms to fail [4]. As a direct consequence of Lemma 2.2, Qi3 (s) and/or Q3 i(s) in (2.70) may 
also have zeros which lie on the imaginary axis. This follows from the fact that the hamiltonlan 
eigenvalues are the zeros of the spectral factors. In such cases, the linear fractional map in (2.70) 

may be ill-posed for certain 7U(s)’se<3&36“ , H(s) is all-pass and Qi3(s) and/or Q3i(s) have axis 
zeros therefore ||H1 1 (s)||oo= 7 . Further, the proof that (2.70) captures all the solutions breaks down; 
the reader will recall that we assumed that the system zeros of Q13(s) and Q3i(s) lie in the open left 
half plane. One might consider a U(s) no longer in 36“  which has imaginary axis poles, and that the 
map in (2.70) is still stable because of axis cancellations. To avoid these degeneracies, one should 
regard // as an infimum which need not necessarily be achievable.

In the next example, we show that optimality of the Parrott type need not necessarily lead 
to troublesome axis phenomena although axis eigenvalues are present in the Hamiltonian matrix 
associated with the spectral factorization. In this case the axis system zeros of Q ^s) and Q3 1 (s)
may be removed with a non-minimal mode in the state-space realization of Qii Qis 

«31 Q
(S).

Example 4.1

Suppose
R(s) =

1
S-l 0

0 l
s -i

’ l o ' 
0 1 ;B= ' l  0* 

0 1 ; C= "l o ' 
0 1 ;D = 'o  o ' 

0 0

Then 1^11^=^; j Q =  || grjlloo = 1 and direct substitution gives

E

1
•MC

O o

> :> II

5
4

1o

*>
1 0

1oHits1

0 0 V

l
o o

1
o 0

1
oo

-1
0

0

0
0
0
0

and J =

0
0
1
0

0 1 0
0 0 1
0 0 0
1 0 0

removing the non-minimal mode and reverting to standard state-space yields:

Qll Qi3 s(s) = 1

Qsi Q

4
3
0
1

2
"3
1
0
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generates ail the extensions of Rn(s)=g^y which have infinity norm < 1 .

The system zeros of both Qi3 (s) and Q3 i(s) are at -1. The purpose of working in a generalized state 
space framework will become apparent in the next section. □

A Q u  Q13  

Qsi Q

2.4.2 Optimality due to inertia

It follows from standard inertia arguments [11], that J q =Amar(PiQi) > /x2  is the least 7  

for which Q(s)6 K“ . Unlike the one block problem, j Q has to be found by iteration. The so-called 7 - 
iteration procedure which achieves this, is described in several places [9,18,26,31] to mention a few. 
At this limiting value of 7 , the R-matrix which is given in (2.49) will be singular, and as a 
consequence [ Bg: B q 2 Bq3  0 ] sis represented in (2.48) becomes undefined. To remedy this^we 
simply switch to a generalized state-space representation thereby removing both the potentially 
troublesome R“* terms [27]. This gives

R* x = R*Aq  x + R* [ BgL Bq2  Bq3  0] u

a

y =

'<31

>JQ2
'Q3

0

X + J u

which we denote by

Q11 Ql2 Ql3 0

Ag BgQ(s) = Q21 Q22 Q23 0
_s_

0 Gg J
Q31 Q32 Q 0

0 0 0 0

where p l+m+q

m J ll J l2 J u J 12 Jl3 0

J = — J 21 J 22 ^23 J 24
l + P + q J 21 J 22

J 31 J 32 D i2

0 J 42 D 2 i D22

( 2.86)

(2.87)

(2.88)

(2.89)
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p l + m + q

Bq =  [ Bqi Bq 2 ) Qi [ o | B0 Bj B2 ] + [ 0 I cs Cl C2 ] J11 J 12

21
(2.90)

m

l+p+q

P
 

0
 

__
__

__
_1

p

1-----HH

1___

C „ Cl
M “ ------1

MWHN
 

?*”* 
____

1

0 to
1 __

_

0
BS
b;
BJ

(2.91)

AQ = 7JA* + QjAPj - [ CJ CJ ] J22

Bo
BJ
BS

(2.92)

Next, we find orthogonal matrices U and V such that U*R*V=[ o 8  J which R is nonsingular. 
This gives

Q(s) 4
U*R*V U*AqV U*Bq

0 CQV J 

which if conformably partitioned with U*R*V=[ 0 0 ] yields

(2.93)

R 0 An A1 2 B]

0 0 A2i A2 2 B.

0 0 Ci C2 J

(2.94)

Under the assumption that AJ2 exists, one obtains

Q(s)—
R 1(All-A12A22A2l)

Cj-C2 A2 2 A2 1

R 1(B1-A 12A22B2) 

J-C 2 A2 2 B2

(2.95)

by standard singular perturbation methods3  [27]. The case of A2 2  singular is a little more delicate 
but may be treated via generalized inverses [27].

(2.95) is a standard state space model for Q(s), and is the basis of a representation formula 
for all solutions. What is not clear, and this is the subject of the next section, is the way in which 
the effective dimension of U(s) in (2.70) reduces at optimality. The next example illustrates this
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phenomenon.

Example 4.2 
Take

R(s) =
-2_ 0 
S-l u

o s4 i

Clearly 7 o=llgrilloo =  l|E2 /(s-i)ll = 1- By direct computation, the descriptor form of the 
representation formula (2.70) is given by:

E<?=
0 0

> Art—
2 0

; Bn=
1 0 - 1  0

0 0
’ V

0 0
’ Q

0 0

1

00

C fl=

-2  0

0 0
2 0
0 0

and J =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

removing the non-minimal mode

Qll Ql3

Q31 Q

2 $
0 1
1 0

^As we will demonstrate, the process of calculating a singular perturbation is an operation of 

strict system equivalence [25, pg.53]. As a consequence, we will preserve the transfer function and all the 

finite system poles and zeros; a non-minimal mode(s) at infinity will be removed with the deletion of the

row and column corresponding to A22. In the case that A22 exists we may write

1 - A 12A221 

0 l

0 0 

0 0

0 c 12a 22 

0 c 22a 22

1 0 

0 1

sE-A n ”A12 -B n -B 12

l > 10 - a 22 -B 2i _B22

C11 C12 D u D 12

n 10 C22 D21 D22

1

- a 22a 21

0

1

0

~a 22b 2i

0

-A 22B22

0 0 1 0

0 0 0 1

sE -A 11+ A 12A22A2i 0 -B ii+A i2A 221B2i - b 12+a 12a 221

0 -A 22 0 0

C ii-C i2 A22A2i 0 D 11~C12A221b21 D 12“ C12A221b22

C21“ C22A221a21 0 D 21-C22A221b21 D22~^22A22B22
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After a singular perturbation which removes the infinite pole we obtain the following constant 
matrix.

Qll Ql3 1

1-----
0

1--
--

-
«D co <Q

1 __ 1
0 1

Since Q13=0 and Q31=0 , Q = 1 is the only solution. □

2.4.3 Reduction in the effective dimension of the free parameter fat optimality due to inertia)

In this section we study the reduction in effective dimension of the free parameter U(s) in 
the representation formula (2.70), which occurs with optimality due to inertia. In the case of one 
block problems, it is already well known that the effective dimension of the free parameter reduces 
at 7  = 7 0. For classical scalar extension problems, this dimension reduction makes the difference 
betweeh an infinite number of suboptimal solutions parameterized by a scalar u(s), and a unique 
optimal solution.

As it turns out, a detailed study of optimality in the four block case is significantly 
simplified by the assumption R(oo)=0. Since the same basic method of approach will solve the 
general R(oo)^0 case, we will study the simple case first, and defer the more complex analysis of 
the R(0 0 ) 7 ^ 0  case to the next subsection.

Casel R(oo)= 0

If D 11 D 12 
□21 D22 =0, it is easy to show that the J-matrix in (2.89) is given by

0 0 71 0
0 0 0 71
71 0 0 0
0 71 0 0

(2.96)

Simple computations based on (2.96), and (2.90) to (2.92) reveal that

Bq — [ 7Cj | QiB0 + 7C2 I QiBj | (Q1B2+7C0)—0 ] (2.97)

7B?
C0P1+7B2

C1P1
(C2Pi + 7BS)=0

(2.98)
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aq = 72a- + q ,a p , - 7c ;b;  - 7csb; (2 .9 9 )

and finally

Qll Ql2 Ql3 ” R' t^ ’+ Q ^P^ tCJBS-tCJB; TCJ Q1B0+TC2 Q1B1

Q2I Q2 2 Q 23 — 0 -tB I 0 0 Tl
Q3 1 Q32 Q 0 -C0Pi-tB; 0 0 0

_ 0 -APi Tl 0 0

To continue further, we select a basis in the state-space of (2.17) so that Pj and Qj are given by :

Pi
P 0 
0 -To

and Qj
Q 0 
0 -To

(2. 101)

This is always possible by standard balancing arguments. To simplify the presentation, we have 
decided to assume that Amax(PiQi) has multiplicity one. In these new co-ordinates, we have

An A12 
A2i A22

P
0

P
0

0

-To
An A21 
A12 A22

Bi

B2
( 2. 102)

in which

and

[ 0 Bq Bj B2 ] —

An A21
A12 A22

1
tp\ __
_1

1
0 Bn B12 tp u __
_

1

1
tdi to 1__
_ 0 B2i B22 B23

Q 0 
0 -To

+
Q 0 
0 -To

An A12
A2i A22 +

cr
c;

[ c ,  c 2]  =

where

---
-1 O __
1

0 0

O O Cn C12
= [ C, C2 ] =

Cl C2i c 22

r
’ O to 1__
_ C31 c 32

(2.103)

(2.104)

(2.105)
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From the (2,2) blocks of (2.102) and (2.104) we see that

b2 b; = c ;c 2

The (1,4) block of (2.97) becomes

" Q 0 ®13
+ 7o

’cti"
0

_ -7o B23

1--- O h- « to t __

which shows that
B23 =  cu

In the same way, the (4,1) block of (2.98) gives 

B2i = C3 2

Substituting (2.108) and (2.109) into (2.106) yields

b 22b 22 =  c 22c 22

which shows there exists an orthogonal U such that

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

u b ; 2 — C22 ( 2. 111)

(2.111) may be regarded as a counterpart to [11, eqn(6.23)].

Since 7 0 =Amar(PiQi), (2.102), (2104), (2.108) and (2.109) verify that a generalized state- 
space model for the transfer function in (2 .1 0 0 ) is given by

Q P-7o2 0 7o2An+QA11P -70C31BJ1-7 0CnBJ3 7oC2iC22 X1

0 0 *2 7oB22Bi2 7qB22B22 x2

7oC2i QBh+7C31 QB12 Ul
+

7qC22 - 7B2i+7C 32 -7 oB22

r -i ~7oBi2 -7 oB22 r -i
yi

- c n p -TBr3 7C i2-7B 23
X1

y2 x2
L - c 21p o O to to

1 __
_ -

+

0 0 o t—
i

__
__

l

U 1

0 0 0 “ 2

7oI 0 0
U3

«2 (2.112)

( 2. 113)
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In the notation of (2.103) and (2.105). The second row of (2.112) gives

x2  = -(To®2 2 ®2 2 ) ^To®2 2 ® 1 2 ^ 1  + To^2 2 ul “ 7 o®2 2 u2 |̂ (2.114)

If we denote the reduced order model corresponding to (2.100) (ie after removal of x2) by

Qll Q 12 Ql3 R A p Bip B2p B3p

Q2I Q22 Q23 = 0 Ci p Blip Di2p Di3p

Q3 1 Q32 Q 0 c 2p B21 p ^22p ®23p
0 c 3 p ®31p D32p B33p

then

® ip  =  7 0 ^ 2 1  — 7 o C 2 i C 22( 7 q B 22B 22) 17 oC 22

=  7 o(®22®22) 1C'2 l|C 2 2 C22Ip - C2 2 c ;2}

by (2.110), (2.112) and (2.114). In the same way

D2ip =: 7ô  -  70^22(70^22^22) V0C22

= 7 o(®2 2 ®2 2 ) 1 | c 2 2 C2 2 Ip -  C2 2 C22|

which when combined with (2.116) becomes

(2.115)

(2.116)

(2.117)

Bip

®21p
7 o (®22®22) 1 ^22̂ 22̂ P ~ ^ (2.118)

Substituting (2.114) into (2.113) gives

[Cip D12p] = | b22®22 -ImB22B52̂ [BJ2 -I]7o(B22B22) 1 (2.119)

and finally we can . also show that

Dnp = 7oB22(B22®22) ^22 (2.120)

It is clear that (2.118) and (2.11S) are rank deficient4. In order to make the reduction in the 
effective dimension explicit, we suppose that B2 2  and C2 2  have been scaled to unit length, and then 
define the orthogonal matrices

C22 and B22 respectively verify this claim.4
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T, : =
B22

{B22} ±
and Tr :— £ C2 2  {C22} J (2.121)

where {*}_l denotes the orthogonal completion of {•}. With the aid of (2.118), (2.119), and (2.120), 
we see that

T, 0

0 I |+P

Q1 1 Q1 2 Q13 

Q2 1 Q2 2 Q23 (s) 

Q3 1 Q32 Q

Tr 0

0 Ifl+m

6 Qll Ql2 Ql3 

6 Q21 Q22 Q23

6 Q31 Q32 Q

or

’ T, 0 Qll Ql3 Tr 0

0 Ip Q31 Q
w

0 Im § Qll Ql3

6 Q31 Q

(2 .1 2 2 a)

(2.122b)

and note also that (2.70) may be written as

Tt QX= Fu{
T/QnTr T,Q1 3

, t ;ut;= u } (2.123)

Next, we substitute the right hand side of (2.122b) into (2.123) and then describe this linear 
fractional map by the system of equations

yi = 7oui (2.124a)
y2  = Qiiu 2  "b Qi3u3 (2.124b)
y3 =  Q31u2 +  Qu3 (2.124c)

and
ui = unyi + u1 2 y2  (2.125a)
u2  = u2 1 y! + U2 2 y2  (2.125b)

where

U11 u 12 

U21 U22
(2.126)

The partitioning in (2.126) is conformable with that on the right hand side of (2.122)* It is now easy 
to eliminate ux from (2.124a) and (2.125) to obtain

u2 =  [U22+u2i7o(l-Uii7o)"1Ui2] y2 (2.127)
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(2.124b), (2.124c) and (2.127) may be combined as

Q = Fu<
7 o o---o o*• *o 

6 Qll Ql3

6 Qai Q

i/7o 0--0 
a F,(U, 7o)

Removing the redundant equation in Uj and yx yields

=  F„{ Qll Ql3

Q31 Q
. F„{U, 7 o} } (2.128)

and we see that (2.126) may always be replaced by FU{U,7 0} which is a contraction of lower 
dimension. Further, T?UT* = U may be written out in full as

U(s) =
i/7 o  0---0 B22

6 F u(U,7o) { ® 22} J_
(2.129)

and (2.129)B22 yields

7oU(s)B̂ 2 — C22 (2.130)

which is a constraining equation on U(s) which is of the same form as that derived by Glover in [11, 
eqn(8.69)]. Finally, using (2.112) and (2.113) we see that the optimal solution is given by

Q11 Q12 Q13 

Q21 Q2 2 Q23 

Q3 1 Q32 Q

/V
A R *7 0 ^ 2 1 (^ 2 2 } j_ “70^31 R *{QB12+7C2iC22B22}

-7o{B22}_lBJ2 0 0 7{B22}x

-7S‘b;3 r- 0 0 0

-(C2 1 P+ 7 ^ 2 2 ^ 2 2 ^ 1 2 ) 7 (^ 2 2 ) j_ 0 0

in which

A—R *|7oAii+QA1 1 P-7 0 C31 Bj1 -7oCi1 BJ3 -7 0 C2iC22B22®i2̂
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Remark 2.1

The transformations which perform the compression in (2.122), need not necessarily be 
calculated by balancing as shown in (2.121). All that is required is the singular perturbation as 
described in Section 2.2, followed by two singular value decompositions based on (2.118) and 
(2.119). If

Bip
D21P

= Y
0

U* and [Clp D12p] = Q 0 ••• 0 
* Z* (2.131)

then we may simply set T,=Q* and Tr=U. □

Case2 R ( o o ) ^ 0

The aim of this section is to generalize the analysis to the case R(oo)^0. We will take 
equations (2.86) to (2.92) given in the previous section as our starting point. It will also be assumed 
that Pj and Qj have the form given in (2.101). In these coordinates, (2.90) and (2.91) become

Bn B1 2  B1 3  0
B2 1  Bqo B22 1J23

Q 0

0 -T o

0 Bn B1 2  B1 3  

o b 2 1  b 2 2  b 2 3

+

0 Cl! C5i o w 
* 

__
_1

Jn J 12
0 Cl2 c 22 c 32 J 21 •*22

(2.132)

where the J-matrix is defined in (2.89) and

1
0

>

C12

1

0

1

0

C 2i c 22 C „ C12

C31 C32 C 2i C22

1

0 0

1
0 CO

-----
1

CO

O

P 0 •*11

1-----CNH

0 - T o J 2i J22

0 0

BJi B21

bj2 B22

BJ3 B23

(2.90)J*

(2.133)

[ 0 Cq CJ C2  ]* from (2.91) yields:

To

C l! C12 B n B 5 i

C21 C22 •*11 p
?

to __
_

1

b : 2 B22 p 0

C3I C32 **21 J 22 BJs B23 0 -T o

0 0 0 0

+ (2.134)
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Then the (4,2) block of (2.134)

*̂ 42®22 "h 2̂1®23 — ®

and the (3,2) block of this same equation gives

70̂ 21̂ 31̂ 32 = 2̂1̂ 21 + 2̂1̂ 31̂ 32̂ 22 + 2̂1̂ 31̂ 11̂ 23

Now

(2.44f) => J 2 1 J 3 1  =  -  JJiDIj

(2.44b) and (2.137) J 2 3  + ^2 4 ^ 2 2 ^ 2 1  =  ^2 1 *̂3 1 ^ 1 1

(2.44e) and (2.137) =£• J 2 2  ■+■ ^ 4 ^ 2 2 ^ 4 2  =  *̂2 1 *̂3 1 ^ 3 2

Substituting (2.137), (2.138) and (2.139) into (2.136) gives

70̂ 21̂ 31̂ 32 — 2̂1̂ 21 + 2̂2̂ 22 + *̂ 23®23 + ^24^22(̂ 42^22 + 2̂1®23) 
— 70^22

by (2.135) and (2.134). Whence

J21J31C32 — C22

Next, we derive a dual to (2.134) by combining (2.90) and (2.91) as

Bn ®12 Bl3 0
B2i B22 B23 0

Q 0 
0 -7o

* * ♦ *

0 0 0 0

C n C21 C31 0

CJ2 C22 C32 0

e—
<

to

IV IV

3  21 *1 22

The (2,4) block of (2.141) gives

C2 2 J 2 4  d- C52 D1 2  — 0

while the (2,3) block implies

7o®23̂ 13̂ 12 — 1̂2̂ 12 + 2̂2*123̂ 13̂ 12 + 13̂ 12-li r—11

(2.135)

(2.136)

(2.137)

(2.138)

(2.139)

(2.140)

(2.141)

(2.142)

(2.143)
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70̂ 21̂ 31̂ 32 — 2̂1̂ 21 4* *̂ 21̂ 31*̂ 32̂ 22 + 2̂1̂ 31*̂ 11323i-lc

Now

(2.44f) =* J 2 1 J ^  = - J 2 4 D1 2

(2.44b) and (2.137) =S> J23 + J 2 4 D2 2 D2 i =  J 2 iJ 3 i^n

(2.44e) and (2.137) => J22 + ^2 4 ^ 2 2 * ^ 4 2  =  ^2 1 *̂3 1 ^ 3 2

Substituting (2.137), (2.138) and (2.139) into (2.136) gives

70̂ 21̂ 31̂ 32 =  2̂1̂ 21 4- J22®22 + J23®23 4" 2̂4̂ 22(̂ 42® 
= 70^22

by (2.135) and (2.134). Whence 

J 2 1 J 3 1 C3 2  = C2 2

Next, we derive a dual to (2.134) by combining (2.90) and (2.91) as

22 4* D2 1 B23)

Bn ®12 B13 0 * * ♦ *

®21 ®22 ®23 0 0 0 0 0

Q 0 " f t f t f t 0
0 -7o f t C22 C32 0

J11 J12
J 21 J22

The (2,4) block of (2.141) gives

C2 2 J 2 4  4" C3 2 D1 2  — 0

while the (2,3) block implies

7 0 B2 3 J 1 3 J 1 2  — Ci2 Jj2  + C2 2 J 2 3 Ji3  J j2  + C32^iiJi3Ji2- 1 - r-li

(2.44h) r>
the (2,4) block of JJ* => 

the (3,4) block of JJ* =>

J IsJlO---13” 12----■Ly21” 42

*^224*^24^22^42 =  _J 23^21^ 42 23̂  13*̂  12

^324*̂ 12̂ 22̂ 42---^11̂ 21̂ 42 *~̂ 11̂  13̂  12

(2.136)

(2.137)

(2.138)

(2.139)

(2.140)

(2.141)

(2.142)

(2.143)

(2.144a)
(2.144b)

(2.144c)



(2.44h) =>
the (2,4) block of JJ* => 
the (3,4) block of JJ* =>

(2.144a)
(2.144b)
(2.144c)

J13J12— D21J42
^22+^ 24^22^ 42 =  23^21^ 42 23^13^12

^32+^12^22^42 =  “^11^21^42 =<^11  ̂13^12

(2.143) may be rearranged as

70B23J13J12 — CJ2J12 + 2̂2̂ 22 + C32J32 +(̂ 22*̂ 24 + ^32^12)^22^42
— 7o®22

(2.145)

by (2.142), (2.144a), (2.144b) and (2.144c). Thus

B2 3 J 1 3 J 1 2  = ® 2 2  (2.146)

Substituting (2.102) to (2.105), and (2.132) and (2.133) into (2.86) and (2.87) yields

QP-tSi 0 *1 -(QP-7oi)A;,-(Qa1+ei322)3; 7oCiC2-CiJ 2 2 ^ 2 X1

1
O O

1

*2 7ô B2̂ i —C2 J 2 2 ^ 1 7ô 2^2 — ̂ 2*J 22^2
x2

/V
C1J 21 Q̂ Bj+CjJ 22 U1

+
C2J21 22“7ô 2 U2

yi *12*1 to b9 to 
• __

1

X1

l
«—

1
h- to __

_
1

U1

y 2 CjP+J 22^1 j  22^2“ 7o^2 x2
+

J 21 ^22 U2

(2.147)

(2.148)

in which

---
--

1
& __
_

1

Bn B12 Bi3

1
cs

&___
1 B2i B22 ®23

and
Cn C12
C2i C22
C3i C32

(2.149)

(2.150)

The second row of (2.147) implies that



page-45

X2--- (To*̂ 2̂ 2_ 2̂̂  22*̂ 2) 1{(7o*̂ 2'®1- ^2J 22<®l)Xl"̂ '̂ 2̂  21U1“K^2*J 22“7ô 2)u2̂  (2.151)

At this stage we may eliminate x2 from (2.147) and (2.148) to obtain a reduced order model for 
Q(s) in (2.88), which has the form

A p ®lp ®2p
Q(s) = Cip Dup D12p

c2p D2ip D22p

(2.152)

In order to demonstrate that Q(s) may be transformed into the form given in (2.122), we need 
explicit expressions for:

Bi p
D21p

, £ Clp D12p J and Dllp.

Substituting (2.151) into (2.147) and making use of (2.106) (<3&29B$ = C2C2) gives

Blp— CjJ 21 - (7o^l^2 “ CiJ 22*̂ 2)(7o*®2̂®2 “ ^2 ^ 2 2 ^ 2 ) ^2^ 21

— (7 0 ^ 2 ^ 2  -  C5J22®5) 1CJ^C2(7 0C2 -  J 223&2)Ij+P+f ~ (7o^ 2 -  J 22 *̂ 2)^ 2^  21 (2.153)

In the same way we obtain

D21p — (70^2^2 ~ C2J 2 2 ^ 2 ) *{^2(70^2 ~ ^22*®2)^+p+j ~ (7o^2 ** *̂ 22^2)^2^21 (2.154)

Combining (2.153) and (2.154) gives 

B
D

i p
21p

— (7o^2^2- 2̂̂  22̂ 5)*\-l cr
1 |^2(7oC2-J22̂ 2)I/+p+g-(7oC2**J 22^2)^2|^2i (2.155)

and a similar verification shows that:

[Cip Di2p] -  J 12{® 5(70® 2-C2J 22)-I|+m+f (70® 2-Cy n ) % } l * l  ”^](7o^2<®2~̂ 2‘̂ 22^5) 1 (2.156)

One can also write down

Dnp — Jll+J 12^2(70 *̂2*®2- ^2J 22*̂ 2) 1̂2*̂ 21
and

D22p —J 22*h(7o^2“*̂ 22*®2)(7o *̂ 2̂ 2~̂ 2*̂  22^5) (7o^2~^2*^ 22)

(2.157)

(2.158)
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from (2.147), (2.148) and (2.151).
The transformations which compress (2.152) into the form shown on the right hand side of 

(2.122), may now be constructed. We begin by observing from (2.132) and (2.133) that

_7o^2”l"̂ 2̂  22 — [ 2̂2 ®23 0 ] — B23J13J12 

70C2-J 22*̂ 2 =
C22
C32
0

— J 21̂ 31̂ 32

This gives

B
D

ip
21 p

*̂ 31̂ 32 — 0 ant  ̂®23*̂13 £ ^lp ^12pJ — 0

With this motivation, we define

Tr = [ J 3 1 C3 2  {J31 ̂ 32} T/ =
B23J131

{B23J131}

(2.159)

(2.160)

(2.161)

(2.162)

which reduce to (2 .1 2 1 ) if D 11 D 12 
D 21 D 22

to unit length. It is immediate from (2.156) and (2.157) that

== 0 ; in (2.162) we assume that J 3 1 C3 2  have been scaled

Dllp ^12p
^21p D22p

0
C2

(2.163)

What is less obvious is that (2.163) may be replaced by

Dllp ^12p
^21p ^22p

J31C32
(7ft*JDo = 7o

13*̂ 23
c2

(2.164)

Before proving this, we note that B̂2 ^ 2  =  ^2 ^ 2  => IIJ3 1 C3 2 II =  IIJI3 B2 3 II since the matrix on the 
right of (2.164) is orthogonal. This shows that there exists an orthogonal matrix U such that 
UJf31B2 3 = J 3 i1C32 - This equation is a replacement for (2.111) and is a counterpart to [ll,equ(6.23)]. 
(2.164) also establishes that

T,DllpTr- (2.165)

This together with (2.169) shows that Tr and T; given in (2.162) will indeed transform (2.152) to
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the form given in (2.122). Since D2ipJ3 iC32 =, (2.164) is established by proving that 
®iipJ3i1C32=-7oJi3,®23- From (2.157) we obtain

®iipJ3iC32 = { j11+712's;(7o^2s ; - c ; j22̂ ;) -1c y 21} jj11C32

== J llJ 31̂ 32*bJ 12 *̂2
=  ̂  11̂ 31 ̂ 70^22-^32® 21- ^11^22_^12®23}'bJ 12̂ 21“!'̂  13®22

on substituting the (3,2) block of (2.132). Substituting from (2.133) yields

=  7 o J llJ 3 1 1C 2 2 + :̂ ( J l 2 “ J llJ 3 1 « l3 2 ){C l2 J 2 2 + C 2 2 J 3 2 + C '3 2 J 4 2 -® 2 2 }  

+^(Jl3-JllJ311<̂ ll)|CJ2J23+C22^11+C32D21-®23| 

-^JllJ31®12{Cj2J24+C22®12+C32D22|

(2.166)

(2.167)

^ | 7 o 2J l l J 3 1 + ( J l 2 - J  l l J  3 l J 3 2 p 3 2 + ( J l 3 - J  11^ 31^ 11) ^ 11- ^ 11^31® 12^ 12} ^)  

+  i2_J iiJ 31 J32p22+(J 13- ^ 11^3 1 ^ 11)^23- ^ 11^3 1 ® 12^241^12

"b^^{(J12—J nJ 31J 3 2 ) J42’b(*̂ 13—̂1 31 i)® 21“  ̂11*̂31® 12® 22^^32

!2— 31*̂ 32) *̂12̂1.3 — (*̂13—̂Ĥ 31 ̂ !i)^®23 (2.168)

Invoking various equations corresponding to the orthogonal character of the J-matrix given in 
(2.24b), enables one to show that

(1 ) The coefficient of C2 2  is zero.
(2 ) The coefficient of C1 2  is zero.
(3) The coefficient of C32 is zero.
(4) The coefficient of B23 is -YoJiV'

as required, and (2.164) is verified. We have thus proved that

T,
0

0

J/+p+g
Q(s)

Tr 0

0 I/+m+4

7o 0---0 o-.-o 0* • *0
0

6 Q1 1 Ql2 Ql3 0
0

6 Q2 1 Q2 2 Q2 3 0
0

6 Q3 1 Q3 2 Q 0
0 0 0 0

(2.169)

Arguments which are identical to those given in section 2.2.3, establish that U(s) must satisfy the 
constraining equation
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ToU(s)J13B23 — J31C32 (2.170)

and therefore undergoes an effective dimension reduction in the general R(oo)^0 case also. (2.170) 
generalizes (2.130) and is the four block counterpart to [11, eqn(8.69)]. □
Remark 2.2

At optimality,
the (2,2) block of (2.73) => HI2H12+H;2H22= 7gl (2.171)

(2.169) => H12 =
0 . . . 0  0 . . . 0  

Ql3 0 (2.172)

Removing the redundant equation form (2.172) => HJ2H12(s) looses rank all along the axis (outer 
product) =$► ||H22||oo= 7o; furthermore, <?(H22(ju/)) = 7 0 VwGR.

The (1,1) block of (2.73) => HriHn+H^H21 = 7 gl (2.173)

(2.169) =» H2i

9 -6 Q31 *
0
6 0 *

and

To O b 0

0
6 Q11 *0
6 * *

(2.174a)

(2.174b)

Removing the redundant equations from (2.174a) and (2.174b) => H21H21 is full rank along the axis 
(inner product) => ||H11||oo< 7 0. The linear fractional map in (2.70) remains well posed at 
optimality.

□
2.5. Conclusions

The purpose of this chapter was to derive a representation formula for all H^1 solutions to 
the four block general distance problem. This formula is given in (2.70) and was constructed by all­
pass embedding. There are a number of interesting comparisons which one can make with the well 
known one block, or Nehari extension problem. These are:

1] All solutions may be characterized by a representation formula in which the dimension of 
the free contraction is the same as that of Q(s) in (2.15). Furthermore, in problems where 
deg(R)=n, the solution also has degree n.
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2] As opposed to the one block case, there are two types of optimality. We have called these 
optimality of the Parrott type (section 2.1) and optimality due to inertia (section 2.2).

3] In the case of optimality of the Parrott type, one needs to take special care of axis
phenomena. Here a class of solutions is captured, however the proof of capturing all the solutions

been:
breaks down. (This problem has now/solved in a revised version of [34])

4] In the case of optimality due to inertia, the degree of the solution drops to n-1 using 
singular perturbation, in addition the effective dimension of the free contraction always reduces. The 
latter may be characterized by a constraining equation (2.170) which is very similar to that in 
Glover [11]. (In the event that the rank defect of (QP-7 2I)=r, where r>l, the degree of the 
solution drops to n-r. Revised version of [34])

5] To avoid numerical difficulties, it seems prudent to invoke the generalized state-space 
ideas first given in [27]. Also, the generalized state-space approach gives a clear and easily 
understood treatment of optimality due to inertia.



Chapter three
State-space solutions to the H°°-control problem.
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3.1 Introduction

In this chapter we present a cancellation analysis of H°°-control of the third kind. Youla 
parameterization theory [9,26,52] is used to parameterize the class of all stabilizing controllers, the 
all-pass embedding ideas discussed in chapter 2 and [34] will select those controllers which minimize 
the closed loop £“ -norm. Furthermore, this approach yields a closed form representation formula 
for H“ -controllers (optimal and sub-optimal) in terms of P(s) in (3.2) and the solutions to two 
indefinite algebraic Riccati equations of the game theory type, not unlike LQG theory, in addition 
necessary and sufficient conditions for the existence of a solution to the H°°-control problem are also 
given in terms of these solutions to the indefinite equations.

A solution to the four block general distance problem in the H°°-control context suggested 
by Doyle [9,31] is based on the work of Davis, Kahan and Weinberger [6]. Although adequate for 
theoretical purposes, when implemented on a computer suffers from serious degree inflation 
problems. Cancelling the non-minimal modes after each step of the calculation is computationally 
intensive and hence time consuming, furthermore, the so called a lm o st non-minimal modes (ie those 
modes corresponding to small Hankel singular values) are often removed introducing rounding-off 
errors and thereby obscuring cancellations that occur at latter stages of the algorithm. In an 
attempt to understand these inflation phenomena, several researchers undertook cancellation 
analyses for the one, two and four block cases [15,17,18,19]. The outcome of this work is most 
encouraging, in problems with deg(P(s))=n, the controller always has degree n also. This result has 
lead to the expectation that Doyle’s original algorithm could be improved from a computational 
point of view .

The second section of this chapter reviews H “ -optimization theory using Youla 
parameterization [9,26,52] followed by solving the four block distance problem a’ la Doyle [9,26,31]. 
The third section presents a new solution to the four block H“-control problem based on the all-pass 
embedding construction presented in chapter 2, the results are a theoretically cleaner solution and a 
great improvement over existing methods from an implementation view point. Necessary and 
sufficient conditions for the existence of H“  optimal controllers are given in section four. Sections 
five and six deal with the cases of D11̂ 0 and/or D22^0, and X and/or Y singular respectively.

3.2 Review of H“ -optimization theory

In this section we discuss Youla parameterization [9,26,52] which is used to characterize the 
class of all stabilizing compensators : S(P) and the corresponding closed loop transfer functions 5R(s) 
in figure 1.1. Following that we identify those controllers in S(P) that minimize the JE,“ -norm of 
the closed loop transfer function
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inf I F,(P,-Kopt)| < inf I F,(P,-K)| 0p"Ioo -  K(s)eS(P)1 ,v nKopt(s)GS(P) (3.1)

In the second part of this section we describe the solution to the four block H°°-control problem as 
suggested by Doyle [9,31].

3.2.1 Parameterization of all stabilizing controllers 

Let P(s) in figureMbe given by

m l "1P.o A Bi b2
P(s) = P

9

Ml
P21

r 12
P22

(s) — Ci
C2

D11
D2i

Di2
d22

-  «(P+9)X(m+/) 
t  *.£50 (3.2)

and suppose that (A,B2,C2) is stabilizable and detectable [53], this guarantees that the set of 
internally stabilizing controllers, S, is not empty. Under these conditions K(s) stabilizes the feedback 
system in figure 1.1 if and only if it stabilizes P22(s) [26,53]. Then

S(P)=S(P22) = |  K(s)e£oo9: (P2 2 »K) is internally stable^ (3.3a)

or equivalently

(3.3b)

Two additional assumptions will be made: (i) D12 and D21 have full column and row rank 
respectively, (ii) (A-B2(D]'2D12)“1Di2C1) and (A-B1D21(D21D21)-1C2) have no eigenvalues on the 
imaginary axis. Furthermore, we assume that p > \  and m>?, the cases when p < i  and/or m < q  are 
not treated.

In order to reduce the number of terms appearing in later calculations, we introduce 
scaling matrices Sj and S2 as has been described elsewhere [26]. If Sx and S2 orthogonalize the 
columns of D12 and rows D21, then P(s) in (3.1) becomes

A Bi B2Si

P(s) = Ci Du D1 2

S2C2 D2i S2D22S1

in which D12 and D21 are part of orthogonal matrices such that [D12 DjJ and [D21 D^J are 
orthogonal [26]. This assumption does not result in any loss of generality because any pre-scaling 
may be reversed by scaling K(s) with S1KS2 at the end of the design calculation [26]. From now we 
will assume that P(s) has already been scaled in this way.
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Theorem 3.1:

Let
Pj2(s) =  N(s)M-'(s) =  M-‘(s)N(s) (3.5)

be the right and left coprime factorizations of P22 (s) and

V
/V
U M -U I 0

00 N 00 =-N M V 0 I

the corresponding Bezout identities. All the matrices in (3.6) belong to Furthermore we
define

K0(s)
/ UV_1 V"1 
, V"1 V^N

(s) G L
( l+ f )X (9+ /)
O O (3.7)

Then:
i) S(P22)={K(s)=F,(Ko,Q)(s): V Q(s)6®,Ki<lx,) } (3.8)

or
ii) S(P22) =  { k ( s ) = (U+MQ)(V-NQ)-1(s) : V Q(s)G%%«,X?) and det(V-NQ)(s)^0 } (3.9)

Proof:
Fj(K0,Q)(s) = (U+MQ)(V-NQ)-1(s) is verified by direct calculation using (3.6) and (3.7). 

We now show that the linear fractional representation of K(s) is internally stabilizing, using (3.6) 
we have

I K
-1

M 0 I -Q " V -U
00 = 00 (S) zv

-p 22 I 0 V-NQ 0 I N M
(3.10)

hence K(s)gS(P22) since all the matrices on the right hand side of (3.10) belong to

Next we need to show that all stabilizing controllers can be parameterized in terms of a 
linear fractional map. Suppose that K(s) is a stabilizing controller with a right coprime factorization 
K(s) = U1VJ"1(s) together with matrices X(s) and Y(s) G%3t+) such that XU1(s)+YV1(s)=I. 
(dropping s-dependence)

l- iI K 
-P22 I

M 0 
0 Vx

M Ux 
-N Vx

-l
G^K?5 by assumption. (3.11)

However
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0 -U 
X 0

M Uj 
-N Vj

/■v
V
-X

U
Y

M 0
0 V,

= I (3.12)

M 0 M Ui M Uj
0 Vj

(s) and (s) are therefore right coprime, hence
-N Vi -N Vi (s) €%&+. (3. 13)

From (3.6) define

/v
V U 
-N M

M -Uj 
N Vx

rw
I -Q
0 A

where Q(s)=(VU1-UV1)(s) and A(s)=(NU1+MV1)(s), using (3.6) we can write

(3.14)

1
£ i CJ —
_i - l i£i___ I QA"1

N Vj N V 0 A"1

follows from (3.6) and (3.13), continuing further (3.14) gives

-U, M -U -Q -(U+MQ)A*
v x N V A (V-NQ)A

(3.15)

(3.16)

where Q(s) = QA_1(s)€%&”  from (3.15).

Hence K(s)=U1Vj*1(s)=(U+MQ)(V-NQ)“1(s); the family of all stabilizing controllers can 
be parameterized in terms of a linear fractional transformation. This completes the proof. □

In the next stage of our development, the nonlinear optimization problem of (3.1) is 
converted to another problem which is linear in a free parameter. A routine calculation based on 
(3.6) will establish that

=  F,(P,-K)(s) (3.17)
=  P n  - PijK(I + P22K)-1P2,](s) (3.18)
=  [(Pn - P12UMP21) - (P12M)Q(MP21)](s) (3.19)
= [Tn - T12QT21](s) (3.20)

where Tf J- are defined in the obvious way. (3.20) shows that IR(s) is parameterized linearly in Q(s).
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Since (A,B2) is stabilizable there exists a state feedback matrix F such that A-B2F is stable. 
Similarly, since (C2,A) is detectable there exists an output injection matrix H such A-HC2 is stable. 
Given any such pair of stabilizing matrices F and H, the right and left coprime factorizations of P22 
together with the solutions of the Bezout identities are given by [9,26]

M -U
A-B2F b2 H

(s) = -F I 0
N V

L -J c2- d22f D22 I

v U
A-HC2 b2- hd22 H

(s) = F I 0-N M
-C2 -D22 I

(3.21)

(3.22)

Substituting (3.21) and (3.22) into (3.7) yields after simplification

A-B2F-HC2+HD22F -H B2-HD22
K0(s) — -F 0 I

c2- d22f I d22
(3.23)

We will make the following specific choices of the stabilizing matrices F and H for reasons that will 
become apparent in the next subsection:

F = DJA  + B£X (3.24)

where X is the unique stabilizing positive semi-definite solution of the algebraic Riccati equation

x(a-b2dj2c1) + (a-b2d;2c1)*x - xb2b;x + cp  = o
Similarly

H = B p ^  + Y C l

(3.25)

(3.26)

where Y is the unique stabilizing positive semi-definite solution to the algebraic Riccati equation

y(a-b1d;1c2)* + (a-BjDSjCJy - yc;c2y + B fimj p ± Bi =  o (3.27)

A straight forward calculation will establish that the Tl;- ’s of (3.20) are give by



page-55

~T„ t 1 2 T± ’ A-B2F b2f Bi b 2 -XtCp_L
t 2 1 0 0

_s_
0 a- hc2 B l - E D 2l 0 0

H
2

h 0 0 Ci~Di2F Di2F Dn Di2 Dx
0 C2 D2i 0 0

0 -D±B*Ŷ Dx 0 0

(3.28)

where and are the Moore-Penrose generalized inverses of X and Y respectively. With this 
particular choice of F and H, [T12 | T jJ and [T21 | T*J are inner [9,26]. We call TjJs) and TjJs) 
all-pass extensions of T12 and T21 respectively.

3.2.2 The y -  iteration (minimizing the cost)
In this section we review an algorithm [9,26,31] which identifies those compensators in 

S(P22) which minimize the i,°°-norm of the closed loop transfer function

Q t s f e V 1 I'- = (3.29)

by reducing the problem to finding an upper bound to the Nehari problem [11]. The approach will 
be to generate a sequence = || IR̂ s) = || T11-T12QiT21 ||^ which converges on 7 0 (from 
above). In applications the calculation of this sequence is terminated when the upper bound a for j 0  

has been found such that (a -  y Q) < e for some sufficiently small .

Since [T12 I T J ( .)  and 
dependence)

t 2 1

(s) are inner and thus norm preserving we can write: (dropping s-

Q ^ KJ T“ T;‘ -Tl2Q|T“^ 1L  =  ^

q M k ? |Mi(TuT;' • TnQ)|~ =  1

M,(s) = (7gl - T11¥*±(T11if*J n _l/j

where

(»)

(first spectral factorization)

(inner-outer factorization)

(3.30)

(3.31)

(3.32)

(3.33) 

(3.34a)

(3.34b)

are the inner and outer factors respectively.
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inf
Qe%K+

inf
qg^ k ? 1

inf

M iTj.TJj-f e tfj_] MJ1

0*
0*

[M .TuT^-f 0 f l jJ
_Lj

- M^Q 
e'±M{rnT-21

Q

MT1

= 1

Q] = 1

= 1

Q i% K ^ 'M‘TuT;iM3 '  M" QM*I~ = 1

M3  = ( I -  ( 6 j^M1T1 1 T51)*(0^M1T1 1 T21)) 1 / 2  (second spectral factorization) 

decomposing (0 ’>M1T1 1 T2 1 M3 )(s) into stable and unstable projections.

i nl v d (rMiTi,T;.M3)+ - [m3 ‘qm 3  - (9'm 1t 1 1 t ;,m3)_]| =  1Qe%K?

define
Q(s) =  [MJ‘QM3 - (9,M,TuT;1M3)_ ] ( s)

We observe that (3.39) is an optimal approximation problem [11] in which we solve for Q(: 
in (3.40) and backsubstitute for Q(s) using (3.41).

Q(s) =  M2{ Q + (fl-M,TnT;iM3)_

N 4

have that [T12 T J(s) and
t 21

T±

r,i(») - [t 12 | t  j  £ °
T21

Tj.

Ti‘2TnTVQ TlaTuT^
Tj_t 11t 51 T j_TuTj

(Rn -  Q)(s) Ri2(s)
R2i(s) R22(s)

(s) are all pass therefore:

(s)

(s)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40) 

i) defined

(3.41)

(3.42)

(3.43)

(3.44)

where
OO



page-57

R(s) = --
--

-1
& to _

_
1

M  —
t ; 2

R21 R22 T I
T„ [T2 1  I TjJ(s) (3.45)

The algorithm is as follows: Firstly, we find lower and upper bounds for j Q . By setting 
Q(s)=0 in (3.44) we see that

To < |R(s)L < 2£  R(-S) ) + * ( V r ) =  Tu p p e r  (3.46)
* = 1

in which we have taken deg(R) = n and is the D matrix of R(s) [11]. Assuming for argument’s 
sake that R(s) and Q(s) have the same dimension, then we get from Nehari’s theorem [11] that

■ h n . =  | r R(.s) | <?o (3-47)

thus 7 /0 U,< 7 o^ 7 upper

In the second step, perform a binary search on the interval [ 7 iow , j Up p e r ]

Let

7 l — (y l o w  +  7 upper) / 2 (3.48)

and check the existence of a spectral factor M^s) in

{t?I - T nT -^T uT 'J^s) =  M,M;(s) (3.49)

should the spectral factor exist compute the inner-outer factorization:

M,Tn (s) = [ 9
Mo1

(s)

and check the existence of the spectral factor in M3 (s) in :

(3.50)

I -  (tf*_LM1T11T;1)*(9*_LM1T11T;,)(s) =  m;m3(s) (3.51)

Upon the existence of such a spectral factor, check that

|r (9,M1TllT51M3)+ | ^ 1 (3.52)

If (3.52) is satisfied is reduced to y 2 =  (7 /otl,+7 i)/2- R either the spectral factors in (3.49) and 
(3.51) do not exist or the condition of (3.52) is not satisfied, gamma is increased to : 
7 2 = (7 ttpper+7 i ) / 2 . By successively bisecting the search interval in this way, the procedure will

/v
generate a sequence of upper and lower bounds which will converge to j 0 . Finally Q(s) is evaluated
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by solving the Nehari approximation problem [1 1 ] when (3.52) ~ 1. Back-substituting via (3.41) 
and (3.8) yields the controller. Details concerning the computations at each stage of the algorithm 
outlined above are given in [26,31].

3.3 H°°-control four block distance problem

Rather than solving the optimization problem in (3.29) with the algorithm outlined in the 
previous section, we can easily convert it into a four block distance problem with the same free 
parameter Q(s)6 %!lf”  as shown in (3.44). Using the solution to the four block general distance 
problem presented in the chapter 2, it is possible to isolate all those Q(s) of interest. To this end we 
shall adapt the development of section 2.2 to the case of H°°-optimal control problems of the third 
kind and use the generator of all Q(s)’s to generate the class of all optimal and suboptimal 
controllers. Furthermore this approach allows us to derive a closed form representation formula for 
all controllers in terms of P(s) and the solutions to two indefinite Riccati equations. The results are 
a simpler 7 -iteration with only two Riccati equations of fixed order and no degree inflation 
problems.

3.3.1 The construction of an all-pass embedding

In this sub-section we will follow the development presented in section 2.2 for the special 
case of H°°-control problems of the third kind. Consider R(s) defined in (3.45), then it may be 
verified using (3.28) that R(s) has the realization [54]

-(A -B 2F)' * 0 *D21

0 -(A-HC2)* - C 2

- b ; Di2Dn ©+FY D!2Dn D21 Di2Dn Dj_

D*J_C1Xt D iD n 0 Dj_Dn D2i

where we define ^r = |(C 1 -D1 2 F)*D1 1 +XB1|  and 0 = (B1 -HD21)*. It is clear that R(s) has all its 

poles in C+, R(s) €<3&K!°̂ p+?̂ m+̂  and we seek Q(s)G%M+3,̂ pXm̂ such that

(Rn - Q)(s) Ri2 (s)
R2i(s) H-22(S)

<7o- (3.54)

We will also assume that
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|S (o o ) |2

Dn D1 2  

D2i D2 2

= max{ |D2 1  D22|2, P12
D22 } < To

2

2

so as to avoid the case of Parrott type optimality occurring at infinity.

Suppose next that

8(s) =
R n-Q

R21

Ri 2

R22

a r 0 Bfll a So to __
__

l

0
a q BQ3 0

« = C R l ~ C Q3 Dn D12

C R 2 0 D 2 i D22

is minimal in which

R(s) a r B/2l B / ? 2
and Q(s) = k Q B Q3

C r i Du D1 2 _ p Q s 0

C R 2 D2i D2 2

Invoking a standard result from dilation theory [11], we can write

p+q m /
m +l 6 ll 812 8 1 3

S(s) = p 8 2 1 R 11-Q R12

9 S3 1 R21 R22

in which it is always possible to choose the first m+/ rows and p+q  columns of S(s) 

S(s)S*(s) =  7 2I where we select 7 > 7 0. As a consequence of the all-pass character of S(s), 

have

83i(s)83i(s) — 72I - £ R21 R22
R2i

R22
(s) — 7 2I -

and

g;3 (s)8 1 3 (s) = 72I - [ Rn Rj> ]
Rl2
R 22

(s) = 72I - (TnT'jrOI T̂-jHs)

(3.55)

(3.56)

(3.57)

(3.58)

so that 

we must

(3.59)

(3.60)

which are spectral factorization problems. Suppose next, and this is always possible, that we choose
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s3i(s)=[ o N ( s ) l

and

m 
l&13(s) — M(s)

Building this structure into 8 (s) will give the following representation

*.<y

i___ «
Ql2

m
Ql3

/
0

~
Q21 Roo- Q22 R-01-Q23 M

Q31 R-10“Q32 Rn~Q R-12
0 N R-21 B-22

m

/

P

9

AR 0 0 Bo Brtl B/l2
0 a q B<?1 B(?2 B Q3 0

0 ~ C Ql x 2 x 3 0

0 0 “CQ2 x 4 X5 X6 Dm

- C Q3 X7 X8 D„ D12

C R 2 0 0 Dn D2i d 2 2

in which

Art B0  

CR2 D n

and

AflBfl2
Cq Dm

Abbreviating (3.63b) to

Ag Bg
Cg D

and invoking the standard state-space characterization of all-pass matrices yields

6(s) =

M(s) 4

N(s) ^

AgPg -f- PgAg -f- BgBg — 0 

AgQg + QgAg +  CgCg =  0 

DBg ■+■ CgPg — 0

(3.61)

(3.62)

(3.63a)

(3.63b)

(3.64)

(3.65)

(3.66)

(3.67)
(3.68)
(3.69)
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D*Cg + BgQg =  0 

DD* =  D*D =  72I

in which we define

PS “
Pi P2

p; p3
and Qg = Qi Q2 

Q2 Q3

In the next phase of our development, we write down the equations describing the 
factorization problems

M-M(s)= TjI - (T1 IT-j r(T 1 IT-J_)(s)
and

NN'(s) = 72I - (T'_lT1 1 )(T-_lT11)-(S)

It is easily verified using (3.28) that (TnT jJ(s) has a realization given by :

(TUT-X)(s) = [A, B, C, D] = -(A-HC2)'

D1 1 (B1-HD2 1 )*+C1Y

1

• H
JQQ

Then the spectral factor M(s) is [2]

M(s) — [A, B, Cm* Dm] — A B

R-1/2( B*X - D*C) R1 / 2

where

R = 7 2I -  D*D

and X satisfies the algebraic Riccati equation [2]

X(A + BR- 1 D*C) + (A + BR- 1 D*C)*X - XBR_1 B%X - C*(I + DR"1 D*)C=0

(3.70)
(3.71)

(3.72) 

spectral

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

The minimum phase spectral factor is required in theorem 2.5 so we shall select the minimum 
solution to (3.78) [l](ie the least positive of all the solutions). A dual set of arguments for (3.74) will 
yield:



Then the spectral factor N (s) is[2]

= [A, Bn, C, Dn] = A ( XC* - BD* ) R’ * / 2

AJ

C R' / 2 (3.80)

where

R = 7 2I - DD* (3.81)

and X satisfies the algebraic Riccati equation [2]

X(A + BD*R_1 C)* + (A + BD*R- 1 C)X - XC*R_1CX - B(I + D*R_1 D)B*=0 (3.82)

In this case we shall also select the minimal solution so that the spectral factor has the required 
minimum phase properties.

Remark 3.1

Observe that the two algebraic Riccati equations (3.78) and (3.82) correspond to (2.39) and 
(2.42), furthermore they have dimension V  whereas (2.39) and (2.42) are ’2 n equations, ’2 n being 
the state dimension of R(s).

We now turn our attention to the construction of a D-matrix in (3.63b)

Xi x 2 x 3 0

x 4 X5 X6 Dm

X7 X8 Dn D12

0 D„ D2i D22

(3.83)

in which Dm and Dn have already been specified by (3.76) and (3.80) respectively. To continue 
further, we need to solve the problem at infinity by replacing Dn with
<̂Di 1 =-D 1 2 (7 ?I+D2 2 D2 2 )_1 D2 2 D2i in which j p is the Parrott lower bound (see section 2.2). (3.83) 
together with (3.71) lead to a set of equations which may always be solved to yield an orthogonal 
D-matrix. The proof of this claim proceeds by direct calculation in precisely the same way as the
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construction of a J-matrix in section (2.2), for completeness X2, X3, X4, X5, X6, X7  and X8  can 
be evaluated from:

X8  =  - (^nD^ + d1 2 d;2) D r (3.84)

X6  = - Dm*(D2 2 D2 1  + D^^n) (3.85)

x 7  =  { 7 2i -  W n  -  d1 2 d; 2  - X8XJ } ‘ / 2 (3.86)

x 3  =  { 72i -  - C-2 iD2 1  - x ;x 6  } 1 / 2 (3.87)

x 5  =  -  d^(D;2 x8  + d; 2 d„) (3.88)

x 4  =  -  ds*d;2 x7 (3.89)

x, =  -  xj*(x;x 4  + s^ x ,) (3.90)

X2  = -  X3 D2 1 Dn (3.91)

it follows from (3.55) that the indicated inverses of Dn and Dm exist, and Schur complement 
argument shown in section (2.2) will establish that X3  and X7  are nonsingular. A tedious calculation 
will demonstrate that (3.84) to (3.91) are consistent with the remaining equations in (3.71).

The all-pass embedding may now be completed with the aid of a construction due to Glover 
[12]. The idea is to find a Q(s), which may be thought of as replacement for Q(s) in (3.54), which 
gives 8 (s) the required all-pass properties.

[ B Q l BC 2  BC 3  0  ] =  R-(Qi[0 Bo B, BJ+fO C'a  CJ C;]D) (3.92)

in which
R = P iQ i-7 2I (3.93)

The fact that the last V columns in (3.92) are zero follows from the all-pass equation (3.70) and is 
crucial to our development. In this section we assume that det(R)^0; det(R)=0 may also arise, but 
we defer the treatment of this case until latter. Similarly we define

C <?i m 0 0

C Q2 1 c0
~ P i  +  D

G Q3 P Cr BI
0 ? c2

1
a to
 •

[__
__

_

(3.94)

The zero block at the bottom of (3.94) follows from the all-pass equation (3.69). Finally 
suppose that
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Ag — Bg2 Bg3 0][0 B0 Bj B2]* (3.95)

A routine calculation, which is essentially the same as that in [12], will verify that (3.67) and (3.68) 
are satisfied by

and

Pi p 2 Pi 1

p; p 3 I Q,R-‘

Qi Q2

1

P is «

Q2 Q3 -R R?x

(3.96)

(3.97)

Also, it is not hard to show that (3.92) to (3.97) satisfy (3.67) to (3.71), and so 8 (s) in (3.63) will 
satisfy 8 (s)8 *(s) = 7 2I as required. The (2,2) block of (3.68) gives

AgRPi+RPiAg+C^Cg^C^Cgjj+CggCgg =0 (3.98)

In this equation we note that RP^O by virtue of (3.54) and Nehari’s Theorem, and consequently, 
we have Re(A(Ag))<0 as required.

T em p o rary  assum ption 1 : For simplicity we shall assume that X and Y are non-singular, if this is not 
the case the state dimension of R(s) may be deflated by balancing (3.25) and (3.27) against each 
other [18,19] and Cancelling the unobservable and uncontrollable modes.

Lemma 3.2

Under the assumption that X and Y are nonsingular the controllability and observability 
grammians Pxand Qj of Ra(s) are given by :

and

Pi

/n s

-X 0 
0 -Y - 1

-X- 1  Y 
Y -(X+YXY)

(3.99)

(3.100)

/NS *

where Rfl(s) is defined as the augmented R(s) in (3.63) and X, Y, X and X satisfy the algebraic 
Riccati equations given in (3.25), (3.27), (3.78), and (3.82) respectively. Q
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Proof:

It follows from (3.63b), (3.76), (3.80) and (3.83) that Ra(s) has a state-space realization

Ra(s) = [ B, 'Ra’ (3 .1 0 1 a)

-(A -B jF)* Bn * d *2 1 *D*±

0 -(A-HCj)* 0 -C 3 Y“1B1D^l

0 Cm * * Dm

-B2 Di2Di i©+FY * Di2D11Dj 1 Di*2Du D*x

D ^CiX ”1 Dj_Dn 0 Dn d i d 1 1 D31 D*jDn B*±  _

(3 .1 0 1 b)

where the entries (*) indicate don’t care, and 0 are defined in (3.53). The equation defining the 
controllability grammian of R0 (s) is

W i  + PiA^ + BflaBJja= 0 (3.102)

Block (2,2) of (3.102) =»

-(A - HC2 )*P2 2  - P22(A - HC2) + C2 C2  + Y^BjD^Dj BIY- 1 =  0 (3.103)

comparing Y(3.103)Y with (3.27) reveals that

P2 2  = -Y" 1 (3.104)

Block (1,2) of (3.102) =»

-(A - B2 F)*P1 2  - ^©Y" 1 - P12(A - HC2) - ^D2 1 C2  + j^B’Y- 1  =  0 (3.105)

Substituting for © from (3.53) and combining the ’P-terms gives

-(A - B2 F)*P1 2  -  P12(A - HC2) = 0 (3.106)
Hence

P1 2  = 0  (3.107)

Block (1 ,1 ) of (3.102) in the notation of (3.79) and (3.80) gives

APn + PUA- +  (XC* -  BD*)K_1(XC* -  BB*)’ +  BB' =  0 (3.108)
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comparing (3.108) with (3.82) shows that it is satisfied by

Pn =  -X

Hence the controllability grammian of Ra(s) is

Pi
-X 0

0 -Y - 1

verifies the first part of the claim. Continuing further, the equation defining the 
grammian of Ra(s) is

A/?aQi + QiA«a + CBaCHa~  0  

The (1,1) block of (3.111) =>

-(A - B2 F)Qn - Qn(A - B2 F)* + B 2B m2 + X^CJDjJD^CiX" 1 =  0

comparing X(3.112)X with (3.25) reveals that

Qn =  - x - ‘

The (1,2) block of (3.111) =>

-(A-B2 DJ2 C1 -B2 B2 X)Q1 2 - |x ~ 1(C1 -D 1 2 F)'D1 1 +B1 j(B 1-HD2 1 )*-Q1 2 (A-HC2)"
- b 2 {d;2 d 1 1 (b 1 - hd 2 i)-+d 1 2 c 1y+b;xy}+x- 1 c ;(i- d1 2 d ;2 )d 1 1 (bi- hd21)-=o

substituting QI 2  = Y, allows (3.114) to simplify to

AY + B^Bj -  HD21)* + Y(A -  HC2)* =  0

which may be rewritten

Y(A-B1D^1C2)* + (A-BxD^C^Y -  YC£C2Y + BjD ^D ^B; =  0

(3.109)

(3.110)

observability

(3.111)

(3.112)

(3.113)

(3.114)

(3.115)

(3.116)

Qi2 =  Y (3.117)
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satisfies (3.114).The (2,2) block of (3.111) =>

(b 1 - hd 2 1 ){d;1 (c 1 - d 1 2 f)+b;x}y+y{(c 1 - d 1 2 f) 'd 1 1 +xb,}(b 1- hd 2 1 )‘-(a- hc 2 )q 2 2

-Q2 2 (A-HC2 ),+{D;2 Dn(B1-HD2 1 )’+FY}'{Dr2 Du (B1-HD2 1 )-+FY} 
+(B1 -HD2 1 )DI1D_lD*j_D1 1 (B1 -HD21)* + (B*X-D*C)*R- 1 (B*X-D*C) = 0 (3.118a)

Substituting Q2 2 =-(X+YXY) and (3.78) will simplify (3.118) to

(A-HC2 )YXY+YXY(A-HC2 )*+(B1 -HD2 1 )BJXY+YXB1 (B1 -HD2 1 )*+YF*FY-YCJC1Y=0 (3.118b)

substituting (3.24) and (3.25) will simplify (3.118b) to 

YX(3.27) + (3.27)XY = 0.

Hence the observability grammian of Ra(s) is given by

-X" 1 Y 
Y -(X+YXY)

(3.119)

(3.120)

establishes the second part of the claim. □

3.3.2 Characterizing all controllers

This section will be devoted to deriving a closed form representation formula for the 
generator of all H0 0  controllers which satisfy (3.1); in addition we will show that for problems where 
deg(P(s)) = n, the controllers also have degree n.

Theorem 2.5 shows that

Q(s)=F, Q Q31

Ql3 Qll
(s)={Q+Q3 iU(I- QuU)Q1 3 }(3) 7 U(s)6 'SK",',Xm (3.121)

generates all solutions satisfying (3.54). From theorem 3.1, the class of all stabilizing controllers 
which minimize (3.1) is generated by

-K(s) = F,{k0 ;Q}(s) (3.122)

To proceed further we need to determine the realization of 
generalized state-space representation is adopted from here on.

Q
1̂3

<?31
Qn (s). For later convenience, a
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(3.92) gives

(P,Q i- 72I)*[ Bgi B „2 BQ3 0] =

- X " 1 Y  

Y  - (X + Y X Y )

0 B„ Bl2 B13
0 0 b 22 b 23

0 0 C 5 i c ;

0 C$2 c ;

where

and
[ 0 B0 Bx B2 ] —

0 Bn ®12 B13

0 0 b 22 b 23

‘ 0 " 0 0
c 0 0 Cm
Cl C2i C22

. ^ 2 . _ c 31 c 32

The (1,1) block of (3.123) gives

x 2 X 3 0

X 4 X 5 X 6 Dm

X 7 X 8 % l Di2

0 Dn D 2i d 22

(3.123)

(3.124a)

(3.124b)

(P iQi-7  21)*BQi =
C2iX7

c ^ x 4+ c ; 2x 7
(3.125)

substituting from (3.53) into the (1,3) block of (3.123) yields

( p ^ .V i r B ^  =
-H

Y B 12- (X + Y X Y )B 22+ C ^ X 6+ C ;2‘3)11+ C ^ D 21
(3.126)

continuing, (3.94 ) gives

1

o

__
__

_1 0

1--------

o

C q 2 0 Cm

C Q3 o to c 22

1--
---

-- o
1__

__
_

C 3 i c 32

X i x 2 X 3 0

XI X 5 X 6 Dm

XI X 8 Di2

0 Dn D 2i d 22

0 0 
Bn 0 
B 12 B $ 2

b;3 b;3

(3.127)

The (1 ,1 ) block of (3.127) gives
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c Qi [ X2Bn + X3 BJ2  I X3 B2 2  ] (3.128)

Substituting from (3.53) into the (3,1) of (3.127) block yields

CQ3 = [ -c„x + x 8 b;  + dub ; 2  + d1 2 b ; 3  | - f]

(P
Partitioning/Ag defined in (3.95)

(3.129)

’ a« a ' 2 " (A-B2 F) 0

1--
---

-
> > -O
S 

<
1 __

__ =  (P A -T 2!)’ -(B1-HD2 1 ){(C1 -D 1 2 F)D1 1 +XB1}' (A-HC2)

-(P iQi- 7 JI)'[ Bgi B q 2 B„ 3  0]

0 0 
Bn 0

Bla B̂ 2
(3.130)

The next part of this development is concerned with calculating a closed form representation 
formula for all controllers. We will establish this with a series of intricate manipulations using the 
state-space representation of (3.122).

-K(s) =  F,{K0; F,{
Q Q31

Ql3 Qll
;U}}(s) =  f ,{

Ejfe A* Bib 
0 C* D*

;U| where 7U(s)Ĝ B3£?:> (3.131)

A* is partitioned into nine nxn sub-blocks, then following the construction given in Appendix B we 
have

All A12 A13

A2i a 22 A23

A31 A32 A33

where

An = A-B2 F-HC2 +HD22F (3.132)

[  A12 A,3 ]  =  (B2-HD22)[ -C 21X+X8B5+^i1BJ2+D12BJ3 I -F] (3.133)
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---
--

1
> to __
_1 -H

1---
-- > CO YBu -CX+YXYJBjj+ C ^ s+ C ^ h+CSsBj ,

(C2-D22F) (3.134)

and

a 2 2 a 2 3

A3 2 A3 3

+
-H

yb12-(x+yxy)b22+c^x6+c ;2^ii+cs2D21

D22[ -C 2 jX 4- XgBJi + ^ hBJ2  + D1 2 Bi3 I ~E] (3.135)

E*

I
0
0

0
X_1X -72I

-YX

0
-I

XY_1+YX-72I

I 0 0
0 r ; R$
0 R4

(3.136)

B*
-H

-H

YB12-(X+YXY)B22+C^X6+C52,3)ii+C32D21

-(B2-HD22)X7

-(B2-HD22)X7

c ^ x 4+ c ; 2x 7-{ y b 12-( x + y x y )b 22+ c ^ x 6+ c ; 2% + c | 2d 21}d 22x 7

(3.137)

0 II -F -C 21X + XgBn + ^ iiBi2 +  D12B13 - f

_-X3(C2-D 22F) x 2b ;  +  x 3b ;2 - x 3d 22(- c 21x+ x 8b ; + ^ 11b ;2+ d 12b ;3) -X 3(C2-D 22F)_

and finally
(3.138)

0 -X 7

-X 3 X3D22X7-X
(3.139)

[Efc A k B* C k DjJ given by (3.132) to (3.139) is a 3-n state space representation formula for all 
K(s)€S(P22)» however as will be shown this representation can be reduced to an n-state formula.

The first basis change in the state-space of (3.132) to (3.139) is given by

I -I 0
0 I 0
0 0 I

(3.140)
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and
I r ; Rs
0 1 0
0 0 1

(3.141)

where the subscripts V and V correspond to the left and right basis transformations respectively.

T,B,=
0

-H
YB1 2 -(X+YXY)B2 2 +C^X6 +C52 <3)1 1 +CS2 D2 1

0
-(B2 -HD2 2 )X7

CmX4 +C2 2 X7 -|YB 1 2 -(X+YXY)B2 2 -fCmX6 +C2 2 <iD1 1 +C3 2 D2 1 |D 2 2 X7

(3.142)

TjEj.Tr
1 0 0

0 r; R3

0 r ; r ;
(3.143)

A11~A21 (Al l - A2i)Ri+(Ai2“A22) ( A11—A21) ( A13—A 23)

A21 A21^l4"A22 A21̂ 3*1*A23

A31 A31^l4"A32 A31^34"A33 (3.144)

CfcTr = -F -FRJ-C2 iX + XgBn + ^ iiBJj, + Di2 BJ3 0

-X3 (C2 -D2 2 F) -X3 (C2 -D2 2 F)Rt+X2 B^+X3 Bl2 -X3 D2 2 (-C2 iX+X8 B^+<aDiiBl2 +Di2 Bj3 ) 0

(3.145)

Lemma 3.3
(An ~ -̂ 2 1 ) ^ 3  4* (A1 3  - A23) = 0 (3.146a)

and
(An ~ + (Ai 2  - A22) =  0 (3.146b)

Proof:

Substituting from (3.132) to (3.136) we get
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(An—A2 i)R.3 +(Ai3 —A23) — -(A-HC2 -B2 F+HD2 2 F)-H(C2 -D2 2 F)-(B2 -HD22)F
+(A-HC2 )+HC2 -HD22F (3.147)

= 0
proves the first part.

Substituting (3.132) to (3.136) we get

(Au - A2 1 )R;+(A,2 -A22) = (A-B2 F)X- 1X+B2 | b 2 X+Dj2 D1 1 b)-X" 1X(A-B2 F)-B1 B*
-X“ 1(XC*-BD*)R“1(XC*-BD*)*+X"1C P J_(XC*-BD*)* (3.148)

substituting from (3.25) gives

(An- A2 1 )RI+(A1 2 -A22) =X - 1 |AX+XA*-BB*-(XC*-BD*)R“1 (XC*-BD*)*| (3.149)
=0

by (3.82) proves the second part. □

Lemma 3.3 and (3.142) establish that there are n uncontrollable modes in the realization of 
K(s) given by (3.132) to (3.139), therefore in the new basis K(s)=[EjfcAJfcBjbCjfcDJfc] is given by

r  ; R-3

r ; R4
(3.150)

A* —
A2iRi+A22
A31R1+A32

A21R3+A23
A31R3+A33

(3.151)

B* = -H
YB12-(X+YXY)B22+C^X6+C;2^11+CS2D21

-(B2 -HD2 2 )X7

C m X 4 + C 2 2 X 7 -^ Y B i2 —(X +Y X Y )B 22*t'C m X g4'C 22<*^ll-hC 32D 21^^22X 7

(3.152)

CjfcTr = -FRJ-C21x + XgBn + <5D11Bj2 + D12Bj3 0
- X 3 ( C 2- D 2 2 F ) R i + X 2B n + X 3 B i 2 - X 3 D 2 2 ( - C 2 i X + X g B n + ^ i i B i 2 + D i 2 B i 3 ) 0 (3.153)

Dfc is unchanged and is given in (3.139).

Introducing a second basis change
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I -R 3R4 * 
0 I

(3.154)

where we assume that R4  is non-singular

T,E* =
r ;-r£r4*R2

r ; K
(3.155)

T,B* -H-R^RrA -(B2 -HD2 2 )X7 -R5R7*{CmX4 -fC52 X7 -AD2 2 X7}
A CmX4 -j-C2 2 X7 —AD2 2 X7 (3.156)

where
A=YB1 2 -(X-fYXY)B2 2 -fCmX6 +C2 2 <iD1 1 +C3 2 D2 1 (3.157)

T,A*= A2iRr+A22-R5R4 *(A31RJ+A32) A2iR3+A23-R5R4 *(A3 JR3+A33)
A31R1+A32 A31R3+A33

(3.158)
Lemma 3.4

A2iR3+A23-R3R4 (A3 iR3-|-A33)= 0  (3.159)
Proof:

By direct calculation we have

a21R5+a23-rsrj*(a31r5+a33)=h(c2-d22f)+rs(a-hc2)-hc2+hd22f+rj*{r;(a-hc2)+ac2}
-R 4 *AD2 2 F-R4 *A(C2 -D2 2 F) (3.160)

=  0
completes the proof. □

Lemma 3.4 and (3.153) establish that the realization of K(s) given in (3.150) to (3.153) has n 
unobservable modes, therefore in the new basis K(s) = [EJkAfcBjfcCjfcDjfc] becomes

E* = R;r ;+R£ (3.161a)

A* = R4 A2 1 R1 +R4 A22-f A3 1 RJ+A3 2  (3.161b)

Bjt =  [-r :sh+ a -RJ(B2-HD22)X7+{C;^.,+C;2X7-AD22X7}] (3.161c)
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c k — FRj — C2iX +  XgBn +  ^ 11^12 4* ^12®13 

- x 3(C2- D 22)R j+ x 2Bji +  X3BJ2 -X 3D22(-C 21S ^ X 8B £ + 9 iiBJ2+ D 12B;3) (3.161d)

D *
0 -X7  -

-X3 X3 D2 2 X7 -X:
(3.161e)

after substituting for R3  and a left transformation by R4 ; this last transformation avoids the use of 
R4  * in the representation formula.

Theorem 3.5

For any H°°-optimal control problem of the third kind, every H°°-optimal controller is 
generated by

- K ( s) = F, E* A*
0 Cjj. D*

where 7U(s)g36!16oo (3.162)

and satisfies
1) deg(K)<n-r+deg(U)

in the case of inertia type optimality, where V is the multiplicity of the rank defect in E*.
2) deg(K)<n+deg(U)

in the cases of Parrott type optimality and sub-optimal problems. □

It is clear that these degree bounds also hold for problems of the first and second kind, 6 uch 
results have already been established in [17,18,19,32].

The purpose of using a descriptor representation formula is the same as that described in 
section 2.4. If 7  is optimal due to inertia, a singular perturbation proceedure may be used to remove 
the infinite pole(s) from K(s), and will have associated with it the reduction in the effective 
dimension of the free parameter U(s). Even in the sub-optimal case E* 1 may be badly conditioned 
and is consequently best avoided.

At this stage let us summarize the findings of this chapter to this point. The four block H°° 
control problem has been solved by embedding it in a larger all-pass matrix. The subsequent 
generator of all solutions is substituted into (3.122) to yield the generator of all stabilizing 
controllers; furthermore, the McMillan degree of the central solution is no more thafo n. Given a P(s), 
one may compute the H0 0  optimal controller in the following way; solve for X and Y in (3.25) and 
(3.27) respectively and calculate 7 upper and 'y{ow from (3.46) and (3.47). Select a 7  between the 
bounds and solve the two spectral factorization problems in (3.59) and (3.60). Successively bisecting 
the search interval will lead to either R in (3.93) becoming singular or one/or both the spectral 
factorization problems not having a solution. These have been termed inertia and Parrott type
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optimalities respectively. Finally generate all solutions to this problem using (3.161). Although this 
algorithm is a significant improvement over the one presented in section 3.2.2, it turns out that the 
H°° control problem has still further structure which shall be exploited. What is interesting, is that 
the two parameterization Riccati equations (3.25) and (3.27) may be combined with the two spectral 
factorization equations in (3.59) and (3.60) to yield two indefinite equations. Further, it can be 
shown that the generator of all controllers in (3.162) is expressed in terms of the state-space of P(s) 
and the solutions to these new Riccati equations.

T em p o rary  assum ption 2; As it turns out a detailed study of the structure in this problem is 
significantly simplified by assuming that Dn =0 and D22=0 in (3.2). Since the same basic approach 
will solve the general case, we will study the simple case first and defer the more complicated 
calculations to later.

In the next stage of our development, equations (3.25) and (3.27) are combined with (3.82) 
and (3.78) respectively to yield two indefinite algebraic Riccati equations.

72(3.25)-(3.82) can be rewritten as

(7 2 X+X)(A-B2 Dt2 C1)+(A-B2 Di2 C1)*(7 2 X+X)-f7 " 2 (7 2 I-XX-1 )CJD_LD*J_C1(7 2 I-XX-1)
+xx- 1 cid±d*± c 1+cid± d*±c 1 x- 1 x- xb 2 bpc- 7 2 xb2 b;x- xb 2 b;x+xb 1 b;x = o

Substituting XX *(3.25) and (3.25)X l X  yields

X(A-B2 DJ2 C1)(7 2 I-X"1X)+(7 2 I-XX-1)(A-B2 Dt2 C1)*X+7 - 2 (7 2 I-XX-1)CJDJ_D*J_C1 (7 2 I-X-1X)
-X (72B2B2-B 1BJ)X=0

which may be rewitten as

P(A-B2DI2C1)+(A-B2DI2C1)*P-P(72B2B2-B 1B r)P + C p J_D*_LC17 -2=0 (3.163)

where P = (7 2 I-XX *) *X in which (7 2 I-XX-1) is assumed non-singular. A dual set of arguments 
using (3.27) and (3.78) yields

s(a- b 1 d; 1 c 2 )-+(a- b,d; ic 2 )s-S(tjC5c 2 - c;c 1 )s+b 1 d*_ld xb ;t"2= o (3.164)

where S=(7 2 I-XY-1)-1Y in which (7 2 I-XY“l) is assumed non-singular.

Next we shall derive a closed form representation formula for the generator of all stabilizing 
controllers under the assumptions! and 2. Using (3.136), Efc becomes



page- 76

E ^X Y- 'X - 'X -XY- '^ -YXy i-X - 'X y2* ! 4! 

two consecutive basis changes from the left and right T/=SY- 1  and Tr=X_1P yield 

E*=I-7 2SP

Define BJt=[ Bf c 2 ]; substituting from (3.157), (3.136) and (3.101) gives

B k l = -(xy- 1+yx- 7 2 i)b 1 d 5 1+yxb 1 d; 1+(x+yxy)c;-(xy- 1+yx

= (7 2 I-XY-1)B1 D$1+ 7 2 YC$ 

the left transformation T { yields

Bt i=BiD;1+T2sc ;
Similarly,

Bt 2 =-(XY-1+YX-7 2 I)B2 7 +Y(D;2 C1+B;X) * 7

=  7(B2+SC1D12)

after the basis transformation with T,.

Define Cjt = [ C j 2 ]T; substituting from (3.136) and (3.101) gives

C*i = -(DJ2C1+B5X)X-1X+B;X+(Dr2C1+B^X)72 
= d j2c 1(72i - x - 1x )+ b ;x t - 2

applying the right basis transformation Tr=X-1P yields 

Cjfci = DJ2C1+B$P72
Similarly,

Cjfc2 = 7 C 2(72i - x - 1x h t d 21b ;x 
= 7 (C2 +D2 1 BJP)

after the basis transformation with Tr. Clearly (3.161e) gives

D*ll D*12 0 -7l
Ĵk21 D*22 -7l 0

(3.165)

7 2 i)yc;

(3.166a)

(3.166b)

(3.167a)

(3.167b)

(3.168)

Finally we evaluate the controller A-matrix. Substituting (3.134) to (3.136) into (3.161b) yields
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At =  -(X Y -‘+Y X -7 2I)HC2(X -1X -7 2I)+{YB12-(X+YXY)B22} c 2(X -1X -7 2I)-YX(A-B2F)

+(xy- 1+yx- 7 2 i){(x- 1x- 7 2 i)(a- b 2 f)+x- 1 b„b; - c ; 1 d„b;+ hb;2 }-yb„b;
-(YB1 2 -(X+YXY)B2 2 )B; 2  (3.169)

Substituting from (3.80) and (3.101) one can rewrite (3.169)

Afc= -(X Y -1- T2I)B1D51C2(X -1X -72I)+72YC5C2(X -1X -72I)-7 2Y C p 21BrX

+(X Y -1- 7 2I)B1D51D21BJX+(XY-1-7 2I)X-1X(A-B2F)-Y C P_LD*_LC1X"1X

+ 7 - 2 (XY"1- 7 2 I)(X-1XX“1 -X"1 7 2 )Cp_LD*J_C1X-1X-7 2 (iY“ 1+YX-7 2 I)(A-B2 F)

Substituting the (A-B2 F) terms from (3.25) and grouping terms yields

Ajfc=-(XY_1 - 7 2 I)B1D2 1 C2 (X- 1X-7 2 I)-(XY- 1 - 7 2 I)(X“1XX_1 -X“1 7 2 )(A-B2 DJ2 C1)*X
+Y C p±D*_LC1 (7 2 I-X-1X)+7 2 YCp 2 (X-1X-7 2 I)+7 2 Y(A-B2 DJ2 C1 )*X-7 2 Y C p21BIX
+ 7 - 2 (XY-1 - 7 2 I)(X-1XX"1 -X-1 7 2 )C P j_D*j_C1 (X"1X-7 2 I)+(XY-1 - 7 2 I)B1 D;iD21BJX

Applying the right and left basis changes T, and Tr gives

At = - B 1D;,C2- P - 1(A-B2D;2C,)'P+SC;Dx D"x C1-SC;C272+ 7 2S(A-B2D;2C1)'P

- 7 2 s c p 2 ib;p - p - 1 c ;d xd-xc 1 7 - 2 - b,d;,d2 1 b;p

substituting P-1(3.163) and 72S(3.163) gives

a 1:= (a- b 2 d;2 c 1)-(7 2 b 2 b; - b 1 b;)p - b 1 d; ic 2 - sp(a- b 2 d;2 c 1)7 2 +sp(7 2 b 2 b; -b 1 b;)P7 2

- 7 2 sc;c 2 - 7 2 sc;d2 1 b;p - b 1 d; 1 d 2 1 b;p

which may be rewritten as

Ajfc—^ (A -B ^ jti+ B jB JP )^  1BJfclCi;2 (3.170a)

a 1 =(a- b 2 d;2 c 1 - b 1 d ; 1 c 2 )+S7 2 (a- b2 d;2 c 1 - b1 d;,c2)*p

-( 7 2 b2 b; - b1 dx dx b;)p -S(7 2 c ;c 2 - c ;d x dxc 1) (3.nob)

Remark 3.2:

In the case that (7 2 I-XX-1) and/or (7 2 I-XY_1) are singular P and/or S become 
unbounded. It is possible to avoid this difficulty by expressing the representation formula in terms of 
the stable deflating subspaces associated with Hamiltonians which go with (3.163) and (3.164). 
These details have been worked out by Hung [16] in a related context.
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One may write
p=p2pr1

and
S=S2 Sr1 => S=Sf*S5 (since S=S*)

Introducing the basis change

(i) SKsE^AJPj
(H) s;b4i.
(Hi) C^Pj

i= l , 2

i= l , 2

yields
e*=s;p ,- 7 ss;p ,
a11= s;a+ 7 :,s;a p 2 - s;(b 2 b;7 2 -BiD-_ld xb;)p 2 - s;(c;c 2 7 2 - c ;d_ld 'xc 1 )p 1 

B ^ S J B ^ + S J C ^ 2 
Bi2=(s;B2+s;c;D12)7
^ii = BJ2CjP i+B2P 2 72

Cjt2= (^2B i+E21BJP2)7

which is free from terms in Pj and Sj \  These manipulations have not been proved rigorous in the 
cases when Px and/or Sx are identically singular. □

Remark 3.3

Equations (3.163) and (3.164) form an interesting link with LQG theory. It is not difficult
to show that lim 72(3.163) = (3.25) and lim 72(3.164) = (3.27). In the case of the central solution: 

7 t°o 7t°°

lim K(s)
7?°°

A-B2 F-HC2

-F
H
0

which is reminiscent of LQG. □

3.4 Necessary and sufficient conditions for the existence of H°°-optimal controllers.

Section 3.3.2 has shown that it is possible to parameterize all controllers in terms of two n- 
dimensional Riccati equations (3.163) and (3.164). If P and S are the solutions to these equations, 
then it will be shown that (1 ) P>0, (2 ) S>0 and (3) Amax(PS)<7 - 2  are necessary and sufficient 
conditions for the existence of a solution such that ||F/(P,K)||co< 7 . The aim of this section is to 
prove this result using vector interpolation theory; this proof addresses the optimal cases in which P 
and S are bounded. We will prove that the four block general distance problem has an associated
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Pick matrix which is congruent to

n(7) =
p_1 7i 

7 I S" 1

where the indicated inverses are assumed to exist. It will be shown that the necessary and sufficient 
condition for a solution to exist is 1 1 (7 )>0, which by a Schur complement argument, is equivalent 
to P>0, S>0 and Amar(PS)<7 ~2. If either P- 1  or S- 1  do not exist, a routine balancing argument 
will reduce the dimension of the interpolation problem; P- 1  and S- 1  will always exist for the smaller 
problem. Once (P,S) with the desired properties have been found, they may be substituted into the 
representation formula which parameterizes all the solutions (3.165) to (3.170).

In section 3.3.1, we have shown that the four block problem given in (3.54) may be solved 
by embedding it in a larger all-pass matrix. Lets suppose that (3.54) is embedded in the all-pass 
matrix

P+ 9 m 1

O0O*100Pd Roi“Qoi R-02

6(8) = R10-Q10 R ii-Q u R-12

R20 R21 R-22

in which, we choose

R'02(s) = M(s)

and
Rjo(<0 = [  0  N(s)J,

m+/

P (8 )

9

- - I 0

1 0  0

inf (3.171) 0 T2i (s)QeH? 0 t 1 2  t x
0

(3.171)

(3.172)

Too
T10

T0 1

Tn
I 0 0
0 T1 2 T±

Qoo Q0 1  0  

Q1 0  Q1 1  0  

0 0 0

1 0
0  t 2 1

0 T±
)(s)||,

(3.173)

which is a dilated version of the original problem posed in (3.42). The necessary and sufficient
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conditions are established by studying the vector interpolation problem associated with (3.173). Use 
will be made of the interpolation theory described in [17]. In particular, we show that the Pick 
matrix associated the problem in (3.173) is congruent1  to

P" 1 7I
7I S" 1

(3.174)

if X and Y are nonsingular (assumption 1). Otherwise, a smaller Pick matrix with dimension 
Rank(X)-f Rank(Y) must be constructed.

3.4.1 Interpolation theory

We will prove the necessary and sufficient conditions in two steps. Firstly, we will establish 
that a solution to the H°° control problem exists if and only if the Pick matrix associated with 
(3.173) is positive semi-definite. Secondly, we will show by state-space calculation that the Pick 
matrix has the particular form given in (3.174).

Lemma 3.6

A stabilizing controller K(s) such that ||F,(P,K)(s) | | 0 0 < 7  exist if and only if II(7 )> 0 .
Proof:

Necessity

Suppose there exists a stabilizing controller K(s) such that ||F/(P(s),K(s))||OQ< 7 ; P(s) is the 
design problem matrix given in (3.2). This assumption implies that there exists a Q(s)€3G~ such 
that

II(Tu-[T12T J )(s)||oo<7 (3.175)

by standard parameterization theory arguments[9,26]. Since [T1 2  TjJ(s) and [T2 1  TjJ*(s) may be 
chosen inner, we have

R 11-Q  R 12 

R2i R2 2
(s) < 7

00

(3.176)

By standard dilation theory [11], one may construct the all-pass matrix

1We say that two square matrices of the same dimension are congruent, if they have the same

inertia.
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pa O O 1 O O R01-Q 01 R02

R10-Q 10 Rii- Qii R12

R20 R2i R22

in such a way that

and
[ H-20 R-21 ^22](S)

R02
Rl2 (s)

r 22

are parts of inner matrices. Finally,
I 0 0
0 T1 2 T±

- 1 I 0

(3.177) 0  t 2 1

- 0  T ±

(s) gives

(3.177)

(3.178a)

(3.178b)

II * (s)  =  (
Too T 01

Tjo T n

I 0 0
0  t 1 2 t ±

Qoo Qoi  ̂

Qio Qn o 

o o o

i o
0  t 2 1

0 Tj_
)(s)lloo=7

J (3.179)
Since %(s) is an interpolating matrix function, it is necessarily the case that the Pick matrix 1 1 (7 ) is 
positive semi-definite [17].

Sufficiency

Suppose 1 1 (7 ) >0. By standard interpolation theory there exists an interpolating matrix 
function ^(s) such that

II %(s) = (
T01

Tn

I 0 0
0 t 12t ±

Q(s)€K?
I 0
0 t 21

0 Tj_
)(s)lloo=7 (3.180)

Invoking the norm preserving properties of all-pass matrices gives

1
w 0 0 R01 R02 r

Rio Rii Rl2 « - Q0*)€K?

0CM R21 R22 -J

What remains to be shown is that Q(s) may always be chosen with the form
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Qoo Qoi o 
QlO Qll o (s) 
0 0 0

(3.181)

To demonstrate that this is the case, we make use of the following known fact[55,56,57],

R-OO H-oi Ro2

n(7)>o«> R 1 0 Rn Rl2 (S)
r 2 0 R2 1 R2 2

(3.182)

We complete the proof of sufficiency by noting that (3.182) together with (3.178) always admits the 
construction of a solution to (3.180) of the form indicated in (3.181) completing the proof. □

3.4.2 The state-space calculations.

In this section we will derive state-space expressions for the left and right interpolation 
constraints which are associated with (3.173). Following that, we go on to verify that the Pick 
matrix associated with (3.173), is (3.174). The case of interpolation constraints with multiplicities is 
not treated here, nor is the case of left and right constraints at the same point addressed.

It follows from the first standing assumption, (X and Y are non-singular) that 
have n right half plane zeros

(s) will

si »- 1,2, ,n

together with a sequence of vectors a, which satisfy

(3.183a)

21 (st.)at. 2  = 0 : < = 1 ,2 ,...,n (3.183b)

Further, we define

b ,=
01

li
( Si)a»2 t —1 ,2 ,...,n (3.183c)

and any interpolating matrix function associated with (3.173) must satisfy[17]:

2 1 0 -i

In order that all the dimensions match, we should write 0 T 2i (s<)
ail

ai2
that atl =  0 * =  1,...n. 0

A similar remark applies in the case of the left vector constraints.

= 0 . This clearly requires
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%(Sj)aj=bt- « = l,2,...,n (3.183d)

By duality, [ T1 2  TjJ(s) will have n right half plane zeros

st- «=n+l,...,2n (3.184a)

together with a sequence of vectors af 2  which satisfy

af2[ T1 2  T J ( S|.)=0 *=n+l,-.,2n (3.184b)

If we define
b;=aj2[ T1 0  Tn](st.) i=n+l,...,2n (3.184c)

then it is necessarily the case that

aj%(sf) = b? »=n+l,...,2n (3.184d)

if %(s) is interpolating.

The Pick matrix associated with (3.183) and (3.184) is given by [17]

n(7) =

in which

and

_  j T̂ -ajfc - bjbjt
Un " 1  + s*

iin n12 
nj2 n22

» = i,...,n

* = i,...,n

(7)

II12 — 7 a*bfc - jb * a .k 

* i  ~ h

i =  i,...,n

Jfc=n+i,...,2 n

(3.185)

nt2 = 7 b?at - 7 a*bfc 
s k - Si

»=n+i,...,2 n

*=i,...,2 n
n22 — 72 aiai; - b*bfe

s* + s,-

i=n+i,...,2 n

ife=n+i,...,2 n

We will now find explicit expressions for the s,’s, at-2’s and bt’s given in (3.183) and (3.184). 
To begin with, we note that the s,’s associated with the right constraints are given by 
- si = Ai(A-HC2) which follows from the all-pass property of 
space models for the a,’s in (3.183b), we study the solutions to

Lt XJ
(s) and (3.28). To obtain state- 

the equation
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s.I-A + ^ D ^ + Y C yC , Yx,-
c 2 D2i

-DjJBJY-1 d a

0
0
0

The (2,1) and (3,1) blocks =>

a,-2=[D$1 D*J
-C 2Y

D±Bl
i = 1 ,2 ,...,n

Substituting this into the (1,1) partition of (3.186) yields

(st.Y-AY+(B1D51+YC^)C2 Y+[(B1 D51+YC*2 )D2 1 -B1] [D*2 1  D*J
-C2Y
rv
D j_BJ

)xt=0

which simplifies to

(s,I+A’-C^H>, = 0 » = l,2 ,...,n

after substituting from (3.27)

A dual sequence of arguments for the left constraints gives

[x;x a-J s,I-A-fB2F b 2 -X_1CJD
-(C,-D 1 2 F) d 1 2 DX

The (1,2) and (1,3) blocks =>

Di
ai2=xi[-XB2 C P J

and the (1 ,1 ) partition of (3.189) gives

DT12 i=n+l,...,2 n

x^X(siI-A+B2 F)-fx:[-XB2 DJ2 +CJD_LD*J[-C1+D1 2 F]=0

which simplifies to

X^M-A'-F^B^O »=n+l,...,2 n

(3.186)

(3.187)

(3.188a)

(3.188b)

(3.189)

(3.190)

(3.191a)

(3.191b)

after substituting from (3.25).



page-85

In the next stage, the b^s for the left and right constraints have to calculated. First however 
we require the realization of

00H

Toi OO

1 ___ B'0lT21*bB«02T JL

T10 Tn Ti2Rio+Tj_R21 Tn
(3.192)

The realizations of T0 0  and Tn follow directly from (3.101b) and (3.28) respectively. Continuing 
further,

Toi — [R-oi R02] (3.193a)

= A-HC2 B!-HD2 1

t5 j_ (3.193b)

after canceling n non-minimal modes. Similarly,

T1 0  =[T12T J
R-io

R2q
(3.194a)

= A-B2F -T -'P-’C P ^
Cx-D12F 7DX (3.194b)

Now, we turn our attention to evaluating the bt’s in (3.183c). A direct calculation using (3.187), 
(3.188) and (3.193) shows that

s,I-A+B2F - b 2f -Br
0 s,I-A+HC2 UD21-Bx

0 - t - ' d ^ b js- 1
/■s/

7D±
Ci-Di2F d 12f 0

Yxt-
Yxt-
ai2

0
0

bn
b.->2

. =  1,2,...,n (3.195)

which gives

h — b.l’ t - ^ bj^ y ^- s-^y
D,—

b.2

1

O

1

* = l,2,...,n (3.196)
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the (1,1) and (2,1) blocks of (3.195) are easily verified using (3.187). In the same way it is not 
difficult to calculate the b,’s associated with the left constraints; substituting (3.190) and (3.191) 
into (3.184) yields

s,I-A+B2F -B2F - P - 'C I D ^ - 1 B!
(xJX 0 a y 0 s,I-A+HC2 0 b 1- h d 21

_ -(Cj-D^F) -Dj2F 7Dx  0

in which

[ 0  0  b ;,b ;j 
»'=n+l,...,2 n 

(3.197)

W=P>« b y  = xj[ -T 'X ^X -'-P-^C ID ^ XBJ i=n+l,...,2 n (3.198)

In the last phase of our development, we substitute the state-space expressions for the 
interpolation constraints into (3.185). We begin with the (1,1) block

n„(7)
72a*afc - bjbfc 

+ SJfc

« = i,...,n

= ,n
(3.199)

Substituting from (3.187) and (3.196) gives

n u (7 )= x “{T2[B1D-± D_LB ;+Y c;c2Y] - y c ;c ,

-7_2[72I-YS-1)B1D̂ LDj_B;[72I-YS_1])xty(si+st) (3.200)

Eliminating terms and substituting

YS-1(A-B1D51C2)Y+Y(A-B1D^1C2)*S-1Y-Y(72C5C2-CJC1)Y+t"2YS-1B1D*_lDj_BJS-1Y=0
(3.201)

yields:

nn(7)=x:Y{s-1[A-B1D;1C2+B1D-x B_LB;Y-1]+
(A-B1D5iC2 +BID^D j_BJY- 1]"S“ 1}Yxjt j  (s^+s )̂ (3.202)

Substituting from (3.27)Y_1 and Y_1(3.27) allows us to write

n I1(7 )=-xrir{s- 1Y(A-HC2 ]-Y-1+Y-1 (A-HC2 ]YS-1 }Yxl /(sj+st) (3.203)

Finally we invoke (3.188b) to obtain
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n„(T )=^;Y S-‘Yxt
. = .,n

Next, we consider the (1,2) term

n12(7)=‘ Taftjb - 7b,-ak 
s( - s*

»=i,—>n

fc=n+i,...,2 n

which gives

n i2(7)=------L----------— --------5. _ s . ---------------------s( -  s*

Adding (A'-A') and substituting Y-1(3.27) and (3.25)X-1 yields

n 12( 7 )
7xJpy'|x[A-B2F]X“1-Y _1[A-HC2]Y |Xxj(

s,- - sk

As a result of employing (3.188b) and (3.191b) one obtains

IW7H7XTYXX*
i=i,...,n

J b = n + i,...,2n

A simple symmetry argument yields

(  x »=n+i,...,2 n
n 2,(7 ) =  <| 7 X -X Y xt

1 = 1 ,...,n

Finally for the the (2,2) block of (3.185)

xr{7 2[XB2B;X+C;Dx D*x C J - 7 ‘ J(7 2I-X P -1) C p x D-x C1(7 2I -P - ,X)-XB1B;x}xi/ ( s l -s

Eliminating and substituting

(3.204)

(3.205)

(3.206)

(3.207)

(2.208)

(3.209)

.)

x(a-b2d;jCi)p-1x+xp-1(a-B2d;jCi)‘x-x(72B2b;-b1b;)x+xp_1c;dxd*xCi7‘2p‘1x=o
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yields

xrx{(A-B2DI2C1+X-1C1*D_LD*J_C1)P-1+P-1(A-B2D1‘2C1+X-1CI*DJLD*±C1)*}xxA/(sit+s,) 

Substituting from X_1(3.25) and (3.25)X_1 gives

x;x{-X-1(A-B2F)'p-1-P-1(A-B2F)X_1}Xxt/(si+sf)

n 22(r)='ix?xp-1xxt
*=n+i,...f2 n

t=n+i,...,2 n

Since the x,’s are linearly independent,

YS_1Y YX7 S" 1 7lIn(n(7)) = In(
xyt i X

i__
__ )=In(

7 I P" 1

(3.210)

(3.211)

Lemma 3.6 and assumption 1 imply S x>0 and P- 1 >0, a Schur complement argument will show 
that (I-7 2 SP) > 0  => Amax(SP)<7 -2, establishing the claim made at the begining of section 3.4.

Remark 3.4

Sufficiency may also be proved by a routine but somewhat protracted calculation which 
involves the use of a generalized state space version of the bounded real equations [2]. Again this 
approach treats the optimal case corresponding to E* in (3.165) being singular. Since sufficiency has 
already been established via interpolation an outline of the bounded real calculations has been 
relegated to appendix C.

Theorem 3.7

Internally stabilizing controllers exist such that ||F/(P,K)|| < 7 , if and only if there exist 
solution to the Riccati equations (3.163) and (3.164) such that S>0, P>0 and Ama*(SP)<7 -2. If 
such solutions exist, all the controllers are given by the representation formula

-K(s)= F,(3G;U)(s) U(s) G iBH?

where

E* A* Bjt2

0 Cjfci 0 E* 1 2 (3.212)
0 Cjfc2 D* 2 1 0



and is defined in (3 .165 )-(3 .168) and (3 .170). □

Corollary 3.8

P= ( 7 2 I-XX-1)“1X and S=(7 2I -XY""1)”^  are the stabilizing solutions to (3.163) and 
(3.164) respectively.

Proof:
In{(A-B2 D;2 C1 )-(r 2 B2 B;-B1B;)X(7 2 I-X-‘X)-1}

=In{l(A-B2 D;2 C1)(7 ,I-X-1X)-(7 2 B2 B;-B1B;)Xl(7 2 I-X-1X)-1}

substituting X 1(3.82)

=In{(I(7 2-X -1X)(A-B2F)-(A-B2Dt2C1)X -1X -X -1(A-B2F)*X

substituting X ^ ^ J X  *X

=In{(7 2 -X-1X)(A-B2 F+X-1C;Dx D‘_LC1 7 - 2 X-IX)(7 2 I-X-1X)-‘}= ( 0 ,n,0 )

which follows from the fact that X is the destabilizing solution to (3.82), which verifies the P is 
indeed the stabilizing solution to (3.163).

A dual set of arguments using (3.164), (3.78) and (3.27) establish that S is the stabilizing 
solution to (3.164). □

3.5 The removal of temporary assumption 2

We now study the case when Dn ^0 and D22̂ 0 in (3.2). It is shown that when this 
situation arises, the problem can be transformed into an equivalent one in which Dn =0 and 
D2 2 =0. To do this consider the loop transformations illustrated in Fig.l.

To begin with, select a constant matrix Foo so that the Dn-matrix of the modified problem 
is reduced to the Parrott lower bound of max{||D jJDn || , HDuD jJ|J. If P(s) is as given in (3.2), 
then figure 1  gives

x=Ax+B1y2 +B2 u3

u2=CiX+Dny2+Di2u3
y3=C2x+D2iy2+D22u3
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substituting for u3  gives

y3—C2X+D2iy2+D22(u,3-Fooy3)
=>• y3  = (H-D22Foo) I'|c 2x+D2iy2+D22u/3|'

similarly

=>
X =  Ax+B1y2+B2U/3 -B 2Foo(I+D22Foo) 1^C2X+D2iy2‘i'D22u 3  ̂

x= (A -B 2Foo(I+D22Foo) 1C2)x+(B1-B2Foo(I+D22Foo) ^J^ya 

+B2(I-Foo(H-D22Foo) ^̂ 22)11̂ 3

U2 =  C1X+D11y2+D 12U/3-D 12Foo(I+D22Foo) 1 ‘̂ C2X+D2iy2"fD22u 3̂  ̂
u2=(C1-D12Foo(I+D22Foo) 1C2)x+(D11-D12Foo(I+D22FCo) 1D2 1)y2 

+Di2(I-Foo(I+D22Foo) 1D22)u,3

combining x, y2  and u; 3  yields

ew

A Bx b 2
rsj
Ci Dn d 12
<v
C2 D2i d 22

A-B2Foo(I+D22Foo) l c 2 Bi-B2Foo(I+D22Foo) *D2i B2(I+FooD22)

Ci-D12Foo(I+D22Foo) *C2 Dii-D12Foo(I+D22Foo) D̂2i Di2(I+FooD22)

(I+D22F00) 'C2 (I+D22Foo) 1D21 D22(I+FooD22)

The aim is first to find FTO to minimize Dn. Next, we suppose that Qoo(s) solves the Parrott 
problem

inf
Q«

DJ2DhD5i-Qoo

Dj_DuD21
D^DnDj.
Dj _D1xDj_

(3.214)

in which one solution is [22,23,30]

Qc=D;2 (D1 1 +D 1 1 D-±(7 2PI-(D'x DllD-x )-(DiD 1 1 B*x ))-I(D-_LD1 1 D-±)<D-± D1 1 )D; 1 (3.215)

where
7 p = m a x { ||D -x D 11|| , H D u D ' j } (3.216)
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Fig.l Loop transformations.



page-92

-  F

Foo is now found by setting Qoo:=Foo(I+D2 2 <̂»)~ » which after a small rearrangement yields

Foo=(I-QooD22)"1Qoo (3.217)

(well posedness is assumed). All we have done in this step is solve the original H°° design problem at 
infinity. After applying the state feedback Foo, one obtains the new problem for which the following 
invariance properties are established:

r v  r v

(i) (A, B2, C2) is stabilizable and detectable (A, B2, C2) is stabilizable and detectable.

(ii) rank(

(iii) rank(

jtvI-A -B2 j u I-A -B2

Dl2
) = n + m  VwGRo  ̂ rank( os os

Ci Ci d 12

jwI-A Bx ju/I-A Bx
-C 2  d 2 1

) = (n+?) VwGRo  rank( os os
- C 2 d 2 1

) — n+m VcvGR

) — (n+j) VwGR

Proof:

(i) follows from the identities 

[si-A B2] = [sI-A B2]
I

F to(I+D22F cc)-1C2

0
(I+F0 0 D2 2 ) - 1

rss
sI-A I B2 Ft»(I+D2 2 Fo=) sI-A
c 2 0 (I+D2 2 FC0 ) - 1 C2

(ii) and (iii) follow from the relationships

sI-A -B2 sI-A -B2 1 0

os r v

Ci Di 2 Ci Di 2 -F„(I+D2 2 Fco)_1C2 (I+FooDjjr1

OS OS
sI-A Bi I —B2 Foo(I+D2 2 Fco) sI-A Bi

os rv
-C 2  d2 1 0 (I+DjjFco) ' 1 ~C2 D2 1

Having reduced the norm of Dn, the next step is to replace the original problem by an 
equivalent problem for which Dn =0. Define the Julia type matrix [30] by
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---
-1 © © to __
_1

-2
B „ (72i-D 11Dr1)1/2

1---
-- © to © to to 1 __
_ =  7

Bit
(3.218)

which is easily seen to satisfy 0 0 *=7 ~2! for all 7 > 7 p. Next, construct P^s) given in figure 1

y i= 0nui+0i2u2
y2 = 0 2iui+022U2
x=Ax+B1y2 +B2 u' 3

u2 ==CiX+D1 1 y2 +D1 2 u, 3

y3 =C 2 x+D2 1 y2 +D2 2 u^ 3

cancelling the variables y2  and u2; substituting for y2  yields

u2= C2x+D11(021u1+022u2)+D12u/3 

u2= (I“Dii®22) 1{c ix+D11021u1+D12u'3} 

x=Ax+B1(021u1-+-022u2)+B2u,3

x = | a+B1 0 2 2 (I-D1 1 0 22) 1C1 }x+B1 {0 2 1 + 0 2 2 (I-D1 1 0 22) 1D1 1 0 2 1 | u1 

+{b 2 +B1 0 2 2 (I-D1 1 0 22) 1 D1 2 | u, 3

yi=eiiUi+ei2(i-Dne22) 1|c 1x+ d 110 21u1+ d 12u,3| 
yi =  ®12(I~Dll®22) 1C1X +{© n+012(I-D u 0 22) 1Dll©2l|Ul 

+ ©12(I-Dll€>22)

y3  = C2x+D2i(02iU1+022U2)+D22U/3

y3 = {C2+D210 22(I-D110 22) 1Ci^X+D21|© 21+ 022(I-D110 22) 1Dil©21^ul 
+ |d2 2 +D2 1 0 2 2 (I-Du0 22) ^ j^ û

Then the combined input output map between (u1 ;u,3) and (y2 ;y3) has a state space realization 
given by

P;(s) =
A+B10 22(I-D110 22) 1Cj Bi(I-022Du) 10 2i B2+B10 22(I-D110 22) 1D12

©12(I-Dll®22) 

C2+D21©22(I-Dii022) XCi

®11+®12(I-Dll®22) 1D110 21 ®12(̂ _^11®22) ^12

D2l(I-022Dll) X®21 D22+D210 22(I-D110 22) JDl2
(3.219)

In connection with this step, there are also a number of invariance properties:
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(i)/ Suppose that rank( j U f l - A  -B n  

C, D1 2

jw  I-A Bj 
-C2  D2 1

) = n + q)=n-fm Vw€R together with rank(

Vw£R. Then(A, B2, C2) is stabilizable and detectable (A;, B;2, C;2) is stabilizable and 

detectable.

(ii/ rank(

(iii), rank(

j u l - A  B2

-Ci d 1 2

j u I-A -Bj
c 2 d 2 1

) = n - f m  Vu>eR<̂  rank(

) =  n+q VwGR^ rank(

j u I-A' B' 2  

-C \ D' 1 2

j u \ - a !  - b \

C', D'21

) = n+m VcjGR

) =  n-f? V w G R

Proof:

(i/ is a consequence (i) as follows. The rank assumptions together with the assumed 
stabilizability and detectability of (A,B2 ,C2) imply that there exists a controller such that 
||F/(P,K)||0 0 = 7 . Since ||0 2 2 lloo<7 -1* ^ follows from a small gain argument and the rank 
assumptions that F^P^K) is internally stable. As K is an internally stabilizing controller for P^s), 
it follows that (A^B^C^) must be stabilizable and detectable. The opposite implication may be 
argued in the same way.

(ii/ and (in/ follow from (ii) and (iii) and the identities

(a)
sI-A/ B'j I Bi0 2 2 (l-Dll©2 2 ) 1 sI-A B2

-C'i D' , 2 0 ®1 2 (1 “B1 1 0 22) -Cl D1 2

sI-A' -B 'i sI-A -Bx I 0

(b)
c '2 D'2i

—
c 2 D2i ®2 2 (f-Bn©2 2 ) (I-D2 2 0 22) M

0 to

1__
__

we have shown that the original problem has a solution F/|P;K|(s) < 7  if and only if the modified 
problem F/| p ,;K |< 7 ~1; furthermore, P,1 1 (oo)=F/|0 ,D 1 1 j-=O by a small computation. The 
equivalence between the two problems follows from a specialization of Redheffer’s theorem provided 
7 > 7 p [13,lemma 4.1]. The next step is to eliminate P/2 2 (°°)= D, 2 2  by a standard loop shifting 
argument; which has already been suggested by Glover and Doyle [14]. The result of these three 
transformations has been to change the original problem given in (3.2) to an equivalent one in which
Dn =0 and D2 2 =0. Following this, one may compute K(s) using equations (3.163)-(3.170). Finally 
singularly perturb the controller and reverse the effects of D^ 2 2  and Foo to obtain a representation 
formula for all controllers. Define the perturbed model of K(s) by

* = A jbnx + B Jfclnuc+ B jb2ne c2 (3.220a)
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y c - C k l n x + D k l l n u c+ D k l 2ne c2 (3.220b)
Z 2  = Cjfc2 nX+Dfc2 1 r»Uc+Djb2 2 nec2  (3.220c)

the connecting equations are given by
eci=uc+D,2 2yc (3.221a)
yc=z 1+F0 0 ecl (3.221b)

(3.220b) and (3.221a) ^  Zj =CjjnX‘fDmjnUc+Djj2 n®c2 “ ,̂°°®ci (3.222a)
(3.220b) and (3.221a) =» uc —eci“D,2 2 {C|.lnx+DJfcllnUc+DJfcl2 nec2j

= (I+D,2 2 ^illn) 1 {eci-D,2 2 CJfcinx-D,2 2 Djk1 2 „ec2} (3.222b)

substituting (3.222b) into (3.220a), (3.220c) and (3.222a) to cancel uc yields the following realization
for K(s)

Ajfc=AJbn-B jbln(I+D,22DJfclln) 1D,22CJfcln

Bjbi = Bjfcln(I+D,22Djblln) 1
B*2 = I3jfc2n-Bjfcln(bfD,22Djfclln)

^Jkl =  C'Jbln- ^Jblln(^+^,22^fclln) ^  22̂  kin 
Cfc2 =  Qfc2n- Djfc21n(H'E>/22Dfclln) ^ 22̂ kin
Djfcll = “Foo+DJklln(I+D/22Djblln) 1
Djbl2 =  ̂ Jfcl2n_^Jklln(I+D,22Djtlin) ^ 2 2 ^ 1 kl2n

Djb21 = Djk21n(̂ +̂ ,22DjfcUn)
Djfc22 =  D*22n- Djfc2ln(^+D,22Djbiin) ^  22̂ k\2n

(3.223a)
(3.223b)
(3.223c)
(3.223d)
(3.223e)
(3.223f)
(3.223g)
(3.223h)
(3.223i)

A routine calculation shown in appendix D will verify that

Ku
k 2 1

k 1 2

k 2 2

II

-Fc 12
K2i K2 2 —K2 1 D̂ 2 2 ^ 1 2k22‘
-I D,22̂ 12

-I

K2iD,22 ,K li
-D'22

(3.224)

in which the s-dependence has been suppressed.

Algorithm 1:

The procedure presented above can be summarized in the form of a series of steps to 
facilitate implementation. Starting with a P(s) given in (3.2)

Step 1  Scale D1 2  and D2i so that they are parts of orthogonal matrices; furthermore, obtain Dj  ̂and 
Dj  ̂such that [D1 2  D jJ and [D2 1  Dy* are orthogonal matrices. [9,26]
Step, 2  Calculate Qoo and Foo using (3.215)-(3.217) and construct F/|p(s);-Foo} given in (3.213b).
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Step 3 Compute the bounds for the problem : ju p p e r  and 7 i 01v using (3.47) and (3.46) respectively. 
(This step requires one to solve the parameterization Riccati equations)

Step 4 Select 7  between the bounds and calculate 0 in (3.218); construct P7 (s) in (3.219b) which is 
the new problem.

Step 5 Scale P7̂ 00) and P 72i ( oo) as in step 1.

Step 6 . Compute P and S : the solutions to (3.163) and (3.164). The minimization process takes 
place over ^ in this case, care must be taken to modify (3.163) and (3.164) accordingly. We seek 7  

such that Amjn(I-SP7 _ 2 ) = 0  or the minimum value of 7  for which Amin(S)>0 and Amin(P)>0.

( VStep 7 Assemble K(s) using (3.165)-(3.170), singularly perturb it in the case of inertia optimality 
and reverse the scaling carried out in step 5.

Step 8  Reverse the effects of D7 2 2  and Foo using (3.223) and finally undo the scaling done in step 1.

Sucessively bisecting the search interval will give a sequence of 7 ’s which converge to y 0- 

For each of these 7 , steps 4, 5 and 6  are executed until 7 0  is attained. The convergence of such a 
sequence has been studied in a related context [15] where the 7 -iteration is shown to be monotonic 
and continuous.

It is possibly the case that the transformation given in (2.218) is poorly conditioned from a 
numerical point of view. In this event, it is suggested that the loop shifts given by Foo and D7 2 2  be 
left in service, but that the transformation be removed. This will require formulae corresponding to 

which may be derived in a similar way to (3.163)-(3.170). The calculations involve long 
intricate manipulations of the terms in (3.161), for this reason they have not been included here. 
One such set of formulae is given in (3.225) to (3.235) below:

{ a  +  (b ,d ;1d 1 d *_l -  72b 2d ;2)(t2i -  d ^d i.d ^ d -^ - 'c ^ ' p

+ p { a  +  -  72B2D;2)(t2I - DuDIjDj D-j T ’C,}

-  p {7 2B2B; -  (B, -  B2D;2Du )72(72I -  D IjD jD -jD ur'tB , -  B2DJ2Dn )-}p

+ CID±(72 I-D*± D1 1 DI1D_l)- iD*j_C1=0 (3.225)

{ a  +  B ^ 2! -  D-J_D_LDr,D11) - I(D-1 D1 D;1C1 -  T2D21C2)}s

+ s { a  + b 1(t2i -  d -_ld _ld ;1d 1i) - i(d l̂d ± d i1c 1 -  7 2d ;1c 2)}'

-  s.{72c ;c 2 -  (C2 -  d 11d ;1c2)*72(72i - d , iB-x d x d ;1) - 1(c1 -  d u d ;,c 2)}s

+  B i B ’± ( 7 2i - d 1 d ; 1d Ii D ’1 ) - 1d ± b ; = o (3.226)

If solutions to (3.225) and (3.226) exist such that S>0, P>0 and SP<7 ~2, then all the stabilizing
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controllers which achieve ||Ff(P,K)|| < 7  are given by the representation formula: 

-K(s)=F,{3G;U}(s) where ±U(s)e3&tt£>

where
E* A* B*2

3G(s) = 0 Cfci 0 B*12
0 C*2 D*2l D*22

in which

E* =  I -  SP7 2  (3.227)

B n  = - 7 j{b 1+ s c ;d 11+ s c ;d 21(7 2i - d ;1d 11)}(7 2i - d 'x d _ld :1d 11) - 1d ; 1 (3 .2 2 s)

c M = - 7 2d ;2(72i - d 11d ;1d _ld -j - 1{c 1+ d 11b ;p +(7 2i - d 11d ; 1)d 12b ; p } (3.229)

d U2 = - { i - d ;2d 11(7 2i- d ;1d ± d -_ld u ) - 1d ;1d 12} 1/2 (3.230)

d 421 = - { i- d 21d ;,(72i - d 11d -j_d j_d ;1) - 1d 11d ; 1} 1/2 (3 .2 3 1)

Dt 2 2  =Dt2 1 D2 1 D;1 (7 2 I-D1 1 D-_LD±D;i)- 1D1 2 DM 2  (3.232)

A* =Et{A+B2 CHU B tIC2 +{EtB1+BJ[1D2 1 }(7 2 I-D;iD_LD-_LD1 1 ) - 1

| d ;,d  j_d -_lc 1+ b ;p 7 2- d ;1d 12b ;p 72} (3.233)

Bt 2  = {B2 +(B1 D-_LD_LD;i+7 2 SC;-7 2SC;D2 1 D;i)(7 2 I-D1 1 D'x D_LD;,)-1D1 2 }Du 2  (2.234)

Ct 2 =Di 2 1 {c 2 +D2 1 (7 !!I-D;1Dx D-J_D1 1 )- 1 (D;1D_LD-x C1+B;P7 2 -D(1 D1 2 B5 P7 2)} (2.235)

Remark 3.5

With the transformation in (3.218) disabled, the minimization procedure takes place over 7 , 
(3.225)-(3.235) can be implemented as stated.

3.6 Removal of temporary assumption 1

In this section we shall lift the assumptions on the invertibility of X and Y. It will be shown 
that Theorem 3.7 are still valid in the general case when S and P are no longer definite but may also 
be semi-definite.
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To begin with, we will consider balancing the Riccati equations (3.25) and (3.27); this 
technique has already been established in [18,19] and consists of obtaining a basis transformation in 
the original P(s) such that X and Y are diagonal.

B alanc ing  the R iccati equations.

Consider the basis change T in the state-space of P(s) in (3.2) [18,19], then the algebraic 
Riccati equation in (3.25) becomes

X(TAT-1-TB2Dt2C1T -1)+(TAT"1-TB2DI2C1T-1)*X-XTB2B;T*X+T-*Cp_LD*_LC1T -1=0(3.236a)

pre- and post-multiply (3.236a) with T* and T respectively gives

T*XT(A-B2 DJ2 C1)+(A-B2 DJ2 C1)*T*XT-T*XTB2 B2 T*XT-fCJDj_Dj^C1=0 (3.236b)

which shows that X undergoes a congruence transformation (T”*XT- 1 —*X). Similarly in the new 
basis (3.27) becomes [18,19]

T-iYT- ( A- BlD l̂C2 )*-f(A- BlD5lC2 )T"iYT-*-T-iYT- ,>C5C2 T-iYT"*+BlD*JLD±BJ= 0  (3.237) 

and hence (TYT*—*Y). Using the construction given in [11, appendix B], one can select T so that

and

introducing a permutation matrix J so that

(3.238)

JYJ*=

1

to

1 l---Nw1 __

0 0

1—
 

o i _ -
(3.239)

where and E2 > 0 .

Assuming that the realization in (3.2) has been put into a basis which balances the Riccati 
equations. Continuing, define



w = j (a- b,d; 1 c 2 )J'
z= (a- b 2 d;2 c1)

Introduce a partitioning on
---

-1
p

 
__

_1 1----CN
H

O
HH

O1___

1---
-

0 K
9

1 __
_ c 2i c 2 2

and
Bu Bj2

CBx BJ  =  B Bc 2i r>22

conformable with (3.238); similarly, partition Z and substitute into (3.25)
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(3.240)
(3.241)

(3.242)

(3.243)

’ Sj 0

---
--

1
p H p to

__
__

1

+
Zu r 2l Si 0

0 0 Z2 1  Z2 2 Z1 2  z 2 2 0 0

Si 0 B1 2 [ b;2 b;2] ’ S j 0
+

C*n

0 0 B22 0 0

1--- O H-
 «

ro
1 __

DjlD’jJCh C12] (3.244)

The (2,2) block of (3.244) yields

CJjDjD^Cja = 0 => D*± C12 = 0 (3.245)

Consequently, the (1,2) block of (3.244) gives

= 0 =» Z1 2  = 0 (3.246)

finally, the (1 ,1 ) block gives

S iZh+ZjiEj—EjB^B^Ej+CuD jJD = 0

which is a deflated Riccati equation with a positive definite solution. It is not difficult to verify that

A-B2F = Z-B2BpC
Zn-B^B^Bi
Zi2-B22Bi2Ei

0

Z22
(3.247)

from which one can infer that Z2 2  is asymptotically stable since (A-B2 F) is; as noted in [18], the
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eigenvalues of Z2 2  are the stable modes of (A-B2 D1 2 CJ) which are undetectable through D j_Ci. 
Partitioning

---
1

0 h-» __
1 1

0
*

h-» 0> to __
1

IIft > >c2 C21 C22
- - _

(3.248)

and
J p . B J

Bn B1 2  

B2i B2 2

(3.249)

conformably with (3.239), similarly for W. Substituting into (3.27), then it is not difficult to verify 
that

(2,2) block => B2 1 D*± =:0 (3.250)
(2,1) block => W21=0 (3.251)

and
J(A-HC2 )J* =

Wii-E2C2iC2i W12—̂2^21^22
0 w 22

(3.252)

W2 2  is asymptotically stable since (A-HC2) is, further, the eigenvalues of W2 2  are the stable modes 
of (A-B1 D2 1 C2) which are undetectable through BjDj .̂

Lemma 3.9

(i) (I-XXt)X=0

(ii) (I-YYt)X=0

where X and Y, and X and X are the unique positive semi-definite stabilizing solutions to (3.25), 
(3.27), (3.78) and (3.82) respectively.

Proof:

Suppose that (3.25) is in balanced coordinates, then X is given by (3.238). Let Xn be the 
stabilizing solution to

^ ii(Zii-B12BJ2S 1)+(Z11-B12BJ2S1)*X11+X11E1 CnDj^Dj^CnSi Xn7 + ^ 1BnBnE1—0

where the terms are defined in (3.242), (3.243) and (3.247). Set X = Xn 0 
0 0 ; then it is easy to
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verify that as such X satisfies (3.82) and is the unique stabilizing solution.

This structure on X allows one to deduce (i). The second part is established via a parallel set 
~X 0of arguments and setting X = qH 0 

Lifting the invertibility assumptions on X and Y allows one to rewrite the factorization Riccati 
equations (3.78) and (3.82)

X(A-HC2 )"+(A-HC2 )X+XYtB1 D*_LD_LBJY^X7 - 2 +YCJC1Y= 0  (3.253a)
and

X(A-B2F)+(A-B2F)*X-fXXtCJD_LD^_C1XtX 7"2+XB1BIX=0 (3.253b)

72(3.25)-f (3.253b) can be rewritten as

(72X+X)(A-B2DJ2C1)+(A-B2DI2C1)*(72X+X)+(72I-XXt) C P i .D j.C1(72I-X tX)7- 2

+XXtC;D± D*± C1+ q D ± D*1 C1XtX-XB2B£X-72XB2B;X-XB2B;X+XB1B;X=0

substituting XX (̂3.25) and (3.25)X^X yields

X(A-B2 DJ2 C1)(7 2 I-XtX)+(7 2 I-XXt)(A-B2 DJ2 C1 )*X+(7 2 I-XXt)CID_LD*_LC1 (7 2 I-XtX)7 - 2  

- 7 2 XB2 B2 X+XB1 B|X+(A- BF)*(I-XXt)X+X(I-XtX)(A-B2 F)=0

Using Lemma 3.9 (i) gives

P(A-B2Dt2C1)+(A-B2DI2C1)*P-P(72B2B;-B1Bt)P+CJD_LD*J_Cl7" 2= 0  (3.254)

where P = (7 2 I-XX^)_1X in which (7 2 I-XX^) is assumed non-singular; Rank(P)=Rank(X). A dual 
set of arguments using (3.27), (3.253a) and lemma 3.9 (ii) yields

s (a - b ,d ; 1c 2) '+ (a - b 1d ; 1c 2)s -S(7 2c ;c 2- c ;c 1)s+ b 1d -1 d jlb ;7 - 2= o (3.255)

where S = (72I-XY^)-1Y in which (72I-XY*) is assumed non-singular; Rank(S)=Rank(Y).

In this balanced framework the realizations in (3.28) and (3.101b) may be replaced with 
others of dimension Rank(X)+Rank(Y). The analysis of section (3.4) may be repeated to give 
necessary and sufficient conditions for the existence of stabilizing controllers in terms of a smaller 
Pick matrix.

Using (3.238)-(3.252) one can derive a minimal realization for T(s) in (3.28)
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2 ll-Bl2 ®1 2 ^ 1 Bi2 Fj Bu Bi 2 -E r 1CIiD±
Tn T12TX 0 Wh-E 2C2iC21 BuDj D̂ j_-S2C$1D21 0 0

T2i 0 0 J5_ Dj_D j Ĉ11-D 12BJ2E1 Di2 Fi 0 Di2 Dx
T x  0 0 0 C2i D2i 0 0

0
/V
Dx 0 0

(3.256)
The minimality of T(s) is assured from the fact that the poles of this realization are located in the 
left half plane, furthermore, one can pinpoint the system zeroes of (3.256) in the open right half 
plane by showing that the A-matrix of its inverse is congruent to

-(Zn-Bi2BJ2Si)* *
o -(wn-s2c;2c12r

thus barring any pole-zero cancellations. ( * indicates a don’t care entry) As a result of removing the 
non-minimal modes in T(s) one can obtain a reduced order model for Ra(s) in (3.101b).

& o o R01 R02

Rio R n R 12

R20 R21 R22

E iBi i(Dj _D _lBi1-D 21C22E2) 0 T -'X uB ,, SiBnD^i E iB uD ^

0 0 0 -C 2i E ^ B u D ^

0 0 0 0 7 1 0

0 0 0 0 7 1

-BJ2 FiE2 7 1 0 0 0

D -^CuEr1 0 0 7 1 0 0

where (3.257)

Brl = Er 1CI1D± and FJ = [F\ F2]

Following the steps in section 3.4

ai2~p2i DjJ
-C2iE2 (3.258a)
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[ Sil-HWn-EjCJAi)'] x, . = 0  

ai2=x< [ “^1^12

x:[8.-i+(Zh- b12b;2e 1)1= o

dj2

Di

(3.258b)

(3.258c)

(3.258d)

In the case that Rank(X)>Rank(Y)

1s
 

1 ___

b»2 c„E 2
(3.259a)

[b?i b'J =  [ r - 1E1(Sr172-P -1)C;1DJ_ | EjBJ (3.258b)

in which S and P are the non-singular parts of S and P respectively, (a simple calculation shows that 
balancing X and Y also balances P and S).

The Pick matrix in this case is congruent to the expression on the right in (3.260):

In(II(7 ))=In(
£ - 1 y l  a
7l

0 - 0
2 r ‘

(3.260)

In the case that Rank(X)<Rank(Y) the the subsequent inertia properties of the Pick matix are
given by:

In(II(7 ))=In(
E71 7l

o-o

21-l ) (3.261)

Finally in the case that Rank(X)=Rank(Y), there is no need for bordering zeros:

In(II(7 ))=In(
2 ^ 7 1
Ti s r 1

(3.262)

The findings of this section may be summarized in the following theorem
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Necessary and sufficient conditions for the existence of a stabilizing controller such that 
l|Fi(K,P)||eo<7 are:

i) S> 0

ii) P>0
iii) Amax(SP) < 7   ̂ D

T heorem  3.8

3.7 Problems of the first find second kind.

The aim of this section is to demonstrate how the controller representation formula and the 
indefinite Riccati equations can be specialized to solve problems of the first and second kinds.

Prob lem s o f  the firs t kind: If P1 2 (s) and P2 i(s) in (3.2) are square and not necessarily of the same size, 
we call the associated problem a problem of the first kind. To solve such problems it suffices to set 
D^=0 and D^=0 in the formulae, furthermore, D1 2  and D2 1  can be scaled so that D12=I and 
D2 1 =I. Algorithm I can be applied directly and j low will be the optimal cost by Nehari’s theorem. 
The drawback to this approach is that unless y loiv is chosen a 7 -iteration is required. However, the 
solution technique presented in [19] is computationally cheaper and requires no 7 -iteration. In the 
case of Dn =0 and D2 2 =0, the Riccati equations and representation formula degenerate to

p (a- b 2 c 1 )+(a - b 2 c 1)-p - p (7 2 b 2 b;-b 1 b;)p = o

s(a- b 1c 2 )'+(a- b 1 c 2 )S-s(t2 c ;c 2 - c ;c 1 )s= o

e*=i- 72sp

A*=(A-B2 Ci-B1C2 )+S7 2 (A-B2 C1-B1C2 )‘P- 7 :!B2 B;P-S7 2 C;C2

B1i = Ba+7,SC;
Bfc2=7(B2+SCj)
Cu =C i+b;p 72
c« = ( c 2 +b;p )7

D*ii DH2

1-----
t-H1O1___

D*22 -71 0

P rob lem s o f  the second kind: These problems are characterized by having either Pi2 (s) or P2 i(s) non­
square. Consider the case when P2 i(s) is square, (for problems in which Pi2 (s) is square, one can 
transpose P(s), calculate the associated controller which when transposed solves the original 
problem) then Algorithm 1 carries over by setting Dj_=0 and D2 1 =I. For this type of problem the 
solution presented here is superior from a computational point of view to the one in [18]. In this case
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one has to solve two n-dimensional Riccati equations (3.254) and (3.255) which require 
approximately n3 floating point operations each. The old approach [9,26,31] requires one to solve a 
2n-spectral factorization problem [18,eqn 4.34] which is performed in approximately 8n3 flops. The 
advantages are clear. In the case of Du =0 and D22=0, the Riccati equations and the controller 
representation formula degenerate to

P(A-B2DJ2C1)+(A-B2DI2C1)*P-P(72B2B5-B1B ;)P + C P j_D*j _C17_2=0

S(A-B1C2)*+(A-B1C2)S-S(72C;C2-C 1*C1)S=0

Ejfc=I-72SP
AJb=(A-B2D1*2C1-B1C2)+S72(A-B2DJ2C1-B1C2)*P-72B2B$P-S(72C5C2-CIDJ_D*J_C1)
Bjbi=B1+72SC;
Bjb2= 7(B2+SCJD12)

F>i2Ci+B2P7

(C2+BIP)7

2

Djfcn F>A12 0 -71
Djfc2l ^ k 22 -71 0

Remark 3.6

Section 2.4.3 shows that for inertia optimality the generator of all Q(s) under-goes an 
effective reduction in dimension. This phenomenon carries over to the generator of all controllers and 
is the object of this remark. At inertia optimality the controller generator is given by

r K q1 kj2 
I  K21K22

Q Q31

Q l3  Q ll

Ul
u2

yi
y2

(3.264a)

F,
T f  1 1  t / ’ 1 2
* * ■ 0  * » - o

'  Q Qsi l  '
1 ui y i

t / - 2 1  t s 2 2
*'•0

Q l3  Q ll 6 }u2
—

y 2
*- o*o o*o 7

(3.264b)

expanding the {•} term in (3.264a) together with simple manipulations yields

y1=Ki1u1+Ki2(I-QK22)-1QK21u1+Ki2(I-QK22)-1Q31u2

y2=Qi3 (I-KS2Q)-1K21u1+Q13(I-K22Q)-1K22Q31u2+Q11u2

substituting from (3.264b) gives
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o
~ 0*
0 

__
_

1

r  -i r -|

f>21 t>22 0
^ o  ^ o  6 

o-o 0-0 7
u2

=

1---
---

---
--

*<
 

<<
 

to 
»-»

illustrating the loss of effective dimension in the generator of all controllers. □

3.8 Computation time trials.

This section presents some data to validate the claim that this approach to solving H°° 

control problems is better than that originally proposed by Doyle [9,31]. A number of computation 

trials are performed on both the original software [9,29,31] and the approach presented in this 

chapter. In each case a single iteration is timed (Unix - dtime). The results are given in the table 

below, showing the state-dimension of P(s) and cpu execution time (in seconds) for one iteration of 

the original and new approaches. Apart from a marked reduction in execution time, the improved 

program is more robust and able to tackle problems with higher state-dimension than its 

predecessor.

N° of states old (sec) new (sec)
1 2.46 0.26
2 15.8 0.58
3 2 2 . 8 0.93
4 90.6 1.58
5 171.5 2.03
6 244.5 3.50
7 303.1 6.30
8 463.5 10.3
9 509.2 13.4
1 0 1228 16.3

3.9 Conclusions.

The purpose of this chapter has been to derive a representation formula for all H0 0  

controllers. The generator of all Q(s) in (2.70) is used to generate all the solutions to the four block 

H°° control problem, this generator is then collapsed into the generator of all stabilizers to yield the 

generator of all stabilizing controllers satisfying (3.1). A number of important points have been 

established in this chapter, these are:

1 ] The generator of all controllers has a McMillan degree no greater than that of the original 

problem setup in P(s). All the solutions may be characterized by a representation formula in which 

the dimension of the free contraction is the same as P2 2 (s).

2] The generator of all controllers is expressed in terms of the stabilizing solutions to two 

indefinite Riccati equations: S and P and the state-space realization of P(s).

3] To avoid numerical difficulties, it is prudent to continue using the generalized state-space
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ideas introduced in chapter 2. In the case of inertia optimality on can characterize all the optimal 

controllers by invoking singular perturbations on 9G(s) in (3.212).

4] Necessary and sufficient conditions for the existence of a stabilizing controller such that 

l|F,(P,K)|| OO < 7  are given in terms of the inertia of S, P and (I-SP 7 2).

5] Problems with Dn ^0 and D 2 2 t̂ 0 result in cumbersontfH0 0  formulae, however these can 

always be modified using loop shifting arguments into problems where Dn=0 and D 2 2 =0. One can 

therefore always assume that Dn =0 and D22=0 without loss of generality.

6 ] For the cases when X and/or Y are singular, the controller representation formula is still 

valid. Necessary and sufficient conditions for the existence of stabilizing controllers are given in 

terms of the inertia of S, P and (I-SP 7 2).

7] This approach can easily be degenerated into one and two block problems [17,18,19] 

where the controller degree bounds are known.

8 ] Experience has shown that typical engineering problems often result in a P(s) of high 

state dimension, the solution is time consuming, especially when several weight selections are 

required. The work presented in this chapter shows that considerable gains can be made vis-a-vis the 

approach in [26,31]. This solution technique has no state inflation problems and therefore there is no 

need for computationally demanding model reduction routines in the computer code. Although the 

level of benefit varies from problem to problem, a calculation time reduction of between 1 0  and 80 is 

easy to achieve, the higher the state dimension of P(s) the greater the benefit.

At this point it is appropriate to mention that several researchers have indepedently 

obtained similar results to those presented in this chapter. Glover and Doyle have also used the 

embedding idea independently to derive on such set of formulae [14], Doyle et al have used classical 

L2  type arguments to obtain a representation formula based on the solution of two indefinite Riccati 

equations [10]. In contrast to the Doyle-Glover approach we are able to treat the optimal case. Hung 

[15] has also obtained one such set of formulae base on Riccati equations using interpolation theory, 

this work also treats the optimal case. Glover et al [36] have employed J-factorization, and Verma 

has similar results pertaining to problems of the first kind [29].

V

u

z

y

Figure 3.2 -  Generalized regulator set-up



Chapter four
Closed formula for a parametric mixed sensitivity problem.
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4.1 Introduction

The all-pass embedding technique presented in chapter 3 has reduced the computational 

burden associated with H°°-optimal control design to the solution of two n-dimensional Riccati 

equations provided an upper bound for the H°°-norm is known. If an upper bound for the norm is 

not known, or the optimal norm (7 0 ) is required, a computationally expensive 7 -iteration is still 

necessary. Ideally, one would like to remove the 7 -iteration completely. Although this ideal still 

seems some way off, there has been some progress in this direction. Jonckheere and Juang have 

obtained an approximation to y 0 in the case of the mixed sensitivity problem by converting it into a 

quadratic approximation problem [32]. Glover and McFarlane have obtained a closed formula for y 0 

in the case of a two block optimal robustness problem [41]. Foias and Tannenbaum have a 

determinantal formula for the (essential) norm of the four block operator associated with H°° control 

[42].

In this chapter we will derive a closed formula for y 0 in the case of a special mixed 

sensitivity problem which is concerned with minimizing the combined effects of plant output 

disturbance and noise on the measurement feedback signal; mixed sensitivity optimization has 

already been the subject of considerable scrutiny [33,38,65,66,67]. The mixed sensitivity problem we 

consider is

7  0 =  infKes
(l-c)GK(I-fGK)- 1 (s)

!(I+ G K )-‘(s)
OO

f€[0,U (4.1)

in which S is the set of all stabilizing compensators as defined in (3.8) and (3.9). As we will show, 

this particular two block problem allows one to derive a closed formula for y 0 in terms of Amai(YX) 

where X and Y are the two standard H2  Riccati equation solutions (3.25) and (3.27). We will also 

show that the two indefinite Riccati equations associated with the representation formulae for all 

solutions (3.163) and (3.164), are soluble in terms of X and Y. This means that once y 0 is found, a 

formula for all solutions corresponding to any 7  > 7 0  is available for free. Each time a new value of e 

is chosen, only one of the two H2  Riccati equations need be re-solved. When deriving these results, 

we make extensive use of the formulae derived in chapter 3 and especially the conditions for 

optimality. Similar results have been found for a number of one block problems [19]. As an example, 

the unweighted sensitivity problem has y 0=  ]  l +  Amoi:(YX) provided of course that X and Y are 

not both zero. In the degenerate case that X and Y are both zero, the plant is stable and minimum 

phase and the plant may be cancelled by setting K(s)=cG- 1 (s) for some constant c. In this case the 

problem is essentially non-dynamic and y 0 can be made arbitrarily small.
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GK(I+GK)_1 (s)
, (4.2)

(I+GK)- 1 (s)
00

in the next section. The solution to the problem in (4.1) follows by analogy with (4.2), but is 

considerably more complicated.

70=  inf 
KGS

4.2. Uweighted mixed-sensitivity.

We will begin by analysing the special case of (4.1) given in (4.2). Firstly, we claim that

Fj(P(s),K(s))
GK(H-GK ) - 1

1 00(I+GK ) - 1  v '

where

0 - G A 0 B

P O O  = i G 0 0  = -C 0 -D

- i -G C I D

-C - I -D

(4.3)

(4.4)

This fact is easily verified by calculation. Next, we perform a preliminary scaling in order that D 1 2  is 

part of an orthogonal matrix [9,26]. In this step we assume that D - 1  exists. If this is not the case, 

one may weight the plant by setting Gu;(s)=G(s)W(s) in which we choose W(s) so that Gty(oo) is 

nonsingular. This is always possible and one may think of Gu,(s) as a replacement for G(s).
T\ — 1

Multiplying the second column of P(s) by ĵ=- gives

with

A 0 BD_ 1

45

P(s) = -C 0
t 1

C I

-C -I

P l 2  D J  =
-I/'G

1/-&

1/45

1/45

(4.5)

(4.6)

Substituting (4.5) and (4.6) into the two parameterization Riccati equations (3.25) and 

(3.27) gives
X(A -  BD-‘C) + (A -  BD~*C)*X -  XBD^IT'B'X _  „ (4.7a)
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YA* + AY -  YC*CY=0 (4.7b)

respectively.

In the same way, one may substitute the state-space realization given in (4.5), into (3.225) 

and (3.226). This yields

P(A -  BD- 1 C) +  (A -  BD-‘C)'P -  PBD~1p -B *P  - 7 ^ f ~ P =  0 (4.8a)
2 ( r - \ )

and

SA* +  AS -  SC*CS(72 -1) = 0  (4.8b)

after some simplification.

Comparing (4.7a) and (4.8a) shows that

and

7>1 (4.9)

while a comparison between (4.7b) and (4.8b) yields

7 > 1 (4.10)

As noted above, P and S will be stabilizing and positive semi-defmite provided ( 7 > l) .x By virtue of 

Theorem 3.6, and (4.9) and (4.10), 7 o>l and this is in agreement with the one block problems given 

in [19].

4.2.1 Parrott optimality.

When deriving a closed formula for y 0, our approach will be to seek the value of 7  for which 

(I - 7 2 SP) is singular. Before doing this calculation however, we need to guarantee that the 

optimality will always be of the inertia type (as opposed to the Parrott type) . We do this by 

studying the two block distance problem associated with (4.2) :

(4.11)
OO

Equations (4.9) and (4.10) form an interesting link with LQG theory along the line indicated in

[14]. It is not hard to show that lim 7 2P =  X and lim 72S = Y  for general four block problems. (4^9) and
7T00 7?°°

(*Ho) are a special case of this.

inf
Ri-Q

R2 «
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IIR2(s)IIkj<i
and

Parrott lower bound =4=N2

Proof;

Direct substitution of (4.5) and (4.6) into [18,eqn(2.26)] yields

Lemma 4.1

R2(s) = -(A-YC*C)* c*

C Y / - B 1/^2

after cancelling ’n’ unobservable modes.

~(A-YC*C) (YC*CY)/2 YC*/2

0 -(A-YC*C)* C*

-C CY/2
1/2

(4.12)

introducing a basis transformation

I -Y /2  

0 I

gives

R,2R2= Jl,

hence R2 (s) is all-pass at a height of ĵ=. This gives ||R2 (s)||oo<1 and furthermore, the Parrott lower 

bound =  ̂ , completing the proof. □

Lemma 4.1 establishes that optimality will necessarily be accompanied by a loss of rank in 

( I - 7 2 SP).

Remark 4.1:

In the case that G(s) is stable and minimum phase, X =0 and Y = 0  (=>P =  0  and S=0). 

Direct substitution of (4.5) and (4.6) into [18, eq(2.26)] yields

R(s) D12D11

Dj_Dn
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after cancelling 2n non-minimal modes. This leads to a non dynamic problem where the optimal cost 

is the Parrott lower bound. To=||D'^D11|| =  - .̂ In this case the solution to (4.11) is Q =  ̂ =I and the 

central Parrott controller is given by: -Fj(K0,-^ ), where K0 (s) is defined in (3.23)

-K(s) =
A-BD-1C 

^ 2  C

BD- 1  

-^2 I

We also note from (4.9) and (4.10) that it is also possible for P and S to be unbounded at 

7 o=l. To see how this might arise, one can consider the quadratic equation ax2 -fbx+c=0 which has

roots given by (r1 ,r2) =  ~^^:  ̂ ~^aC > and lim (ri,r2) =  (7 7 ,0 0 ). 7 0 = 1  in the case that G(s) is either
|a| 1 0  b

stable or minimum phase but not both. In this case 7 0  can be considered as an infimum which can 

be arbitrarily approached but not reached.

4.2.2 Inertia optimality.

Now that we have dealt with the case of that Parrott optimality, we may investigate the 

problem of

Amin( I - 7 2 SP) =  0

Theorem 4.2

The optimal cost 7 0  for the unweighted mixed-sensitivity problem is given by

l o = {1 + KAm„.(YX) + Ama x(YX)(2 +  Am„(YX))

1
2

where X and Y are the unique positive semi-definite solutions to (4.7a) and (4.7b).

Proof:

Eqns (4.9) and (4.10) establish a relation between P and S, and X and Y. At optimality

Ami„ (I- 7 2 SP) =  0

Substituting from (4.9) and (4.10), we obtain

Amin(I -  7 2 SP) =  Amin(I - (724 )
(7 2 - ! ) 2

|YX) (7>1)

=  1- (72- |)
(7 2 - ! ) 2

•Amax(YX) (4.14)
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This gives

Amfn( I - 7 2 SP) =  0

O  ( 7 2 - l ) 2 - ( 7 2 -J)-Am.,(YX) =  0

O  7 4 -  ( 2  +  Am«(Y X ) ) T 2  +  ‘ ( 2  +  Am«(Y X )) =  0

and therefore

72 =
2+Ara„(Y X )+ 2̂ +  A m a x  (YX))2-2 (2 +  Am„ (Y X ))

So finally:
=  i + J { a  m a x  (Y X )+ J a m a x  (YX)(2 +  A„„*(YX)) }

(4.15)

which completes the proof. □

Once X and Y have been calculated, one may obtain 7 0  by (4.15), P and S for any value of 

7 > 7 o  by (4.9) and (4.10). The controller for the unweighted mixed sensitivity is then given by:

( r M )
Ejfc— I -  , 2 1\2

( 7  M ) ‘
YX

BJbr
(t2- i )

YC*

(4.16a)

(4.16b)

C

D

D

U = ^ {2 C + D ~ B

_  72 (7 2 - l )
t u ~ ' i b W

t2i = . p r  .1

*x} (4.16c) 

(4.16d) 

(4.16e)

^ * 2 2 — r * I (4.16f)
J2T2-1

Bt2=i{BD->-YC-}Dti2 (4.16g)
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C « = ^ D I ‘1 D -B *X  (4.16h)

At =  Et { A+— (4.16i)

The standard singular perturbation arguments discussed in section 2.4.2 will remove the non- 

minimal modes at infinity for the case y = y 0 .

Remark 4.2

If G(s) is either stable or minimum phase, it may be shown that 70=1 and that the Riccati 

equations in (4.8) become linear as 7 —*1. This causes one of the Riccati solutions to become 

unbounded. If we suppose that G(s) is stable, then S=0 is the required S-solution, if G(s) has a 

right half plane zero, however, the required P-solution will be unbounded. If G(s) is minimum phase 

and has a right half plane pole, the properties of S and P are reversed.

It is possible to avoid these difficulties by expressing the controller representation formula in 

terms of the stable deflating subspaces associated with the Hamiltonians which go with (4.8). One 

such representation formula is given in Remark 3.2 which is easily specialized to this class of 

problem. □

4.3 Unweighted parametric mixed sensitivity.

In this section we will address the problem posed in (4.1). The approach is analogous to 

that used to solve the simpler problem of the last section. In the case of the parametric mixed 

sensitivity problem we have

0 -(l-e )G A 0 B

P(s) = el eG (s) = -(l-e )C 0 -(1-«)D
- I -G eC el eD

-C - I -D

(4.17)

After rescaling, under the assumption that D is non-singular, (4.1) becomes

A 0 BD“V

P(s) = -(l-e )C 0 —(!—*)/*!
eC el e/zl

-C - I -/xl

in which



and

_i
f i = { 2 e2 - 2 e+l) 2

[D12 D jJ
-(l-e)fil €/il 

Cfil (1-0/iI

page-115

(4.19)

(4.20)

Simple substitutions which we leave to the reader, verify that the H2  Riccati equations in (3.25) and 

(3.27) are given by

X(A -  BD- 1 C) +  (A -  BD- 1 C)*X -  /i2 XBD- 1 D-*B*X =  0 (4.21a)

and

YA* +  AY -  YC*CY =  0 (4.21b)

respectively. Substituting (4.18) and (4.19) into (3.225) and (3.226) yields

22 / 2  2\
P(A -  BD- 1 C) +  (A -  BD- 1 C)*P -  6 PBD“1 D -B *P =  0 (4.22a)

7 -e // (1-e)
and

SA* +  AS - ( t 2 - (1 -o 2) SC*CS =0 (4.22b)

The manipulations required in this step are tedious. As before, we may compare (4.21) and (4.22) to 

yield the positive semi-definite solutions

P = 7 2 -e 2 /x2 ( l-e ) 2  

72(72-e2) ‘
7 >e (4.23)

and

S = 1
7 2 - ( l - 0

7 > ( l - 0 (4.24)

to the indefinite H°° Riccati equations. Theorems 3.6 and 3.7 mean that 7 0 >max(e,l-e)>^.

4.3.1 Parrott optimality.

We seek y 0 for which (I-SP 7 2) is singular, however, before doing this calculation we need to 

consider Parrott type optimality.

Lemma 4.3

Parrott lower bound =  /xe(l-e)<^= (4.25a)
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l|R2OOIL4
and

(4.25b)

Proof:

The proof proceeds in the same way as for Lemma 4.1; R,2 (s) is all-pass at /je(l-e). The 

Parrott lower bound is /ie(l-e). The inequality follows by calculating the maximizing e (c= j) and 

the maximum Parrott bound (=^j=). The second part is verified from

l|R2 (s)ll0O= ^ <  min {max(f,l-e)} =  |  (4.26)
□

Lemma 4.3 establishes that optimality will always be of the inertia type except for the cases when 

G(s) is stable and minimum phase.

Remark 4.2

In the case that G(s) is stable and minimum phase X = 0  and Y = 0  (=>P=0 and S=0) leads 

to a non-dynamic problem with

R(s)±
DJ2Dii 
D jJDn

where 7 <>=Parrott lower bound=||DjJDn ||=/ze(l-e) and Q =e2/z with the unique Parrott controller 

given by

A-BD-1C BD’ ^VC l-O 2  

■K(s) =  C/n -C2/^(1-02I

4.3.2 Inertia optimality.

Theorem 4.4

The optimal cost y 0 for the unweighted parametric mixed sensitivity problem is given by 

T.=|^(Am .x(YX)+/j - 2 ) + l ^ 2 (;i- 2 +Ama.(YX))((2€-l)2 + /i - 2 Ama,(YX ) ) | 2  (4.27)

Proof:

Inertia type optimality is accompanied with a loss of rank in (I-SP 7 2)
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=> Amj„(I-SPT2 )=A m(n{ l -  (- j f r g g ^ Y x } = 0

=> (72-c2)(72-(l-£)2) = {72-fV 2(l-f)2} -̂"a*(YX)

=> T4-7 2(Amar(YX)+^-2)+e2(l-f)2(l+/<2A„«(YX))=0

=> T2=5(Am« (Y X )+ ^ -2)+lJ(Am„ ( YX )+M- 2)2-4£2(l-£ )2( l+ ^ 2AmoI(YX))

=> 7o =  |KAmaI(YX)+^-2) + l^ 2(#i-2+Amax(YX))((2f-l)2+M_2Ama*(YX))|2

completes the proof. □

Once X and Y have been calculated, j 0 is obtained from (4.27). Then the optimal and 

suboptimal controllers are given by

T ^ y g - o
(72-<2)(72-(l-02)

B*r 7 -d-o ;YC*

Ct ,=7f{c+/i2D-B-x}

D*12---* 72(72-^2)
N 72-£2/£2(1-c):

Dt21= - j7 2- ^  -I

D*22--- /*7
\y2-i2y.\l-e)2

Bjfc2= Ai{BD“1-YC*}DJbl2

C,2=/i2T2Dri1D-*B*X

-A-Jb—Ejb|A+/xBD 1C4.1|+ B JtlDfc21Ci.2

(4.28a)

(4.28b)

(4.28c)

(4.28d)

(4.28e)

(4.28f)

(4.28g)

(4.28h)

(4.28i)
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which specialized down to (4.16) in the non-parametric case. In the case of optimality a standard 

singular perturbation argument will remove the infinite poles.

4.4 Conclusions

The aim of this chapter is to derive a closed formula for the optimal, cost in the case of the 

parametric mixed sensitivity problem given in (4.1). It has been demonstrated that the optimal cost 

and a representation formula for all solutions may be evaluated in terms of the H2  Riccati equation 

solutions and the state space realization of G(s) only. If one requires to change the target value of 

7 > 7 o, then this can be done without re-solving either of the indefinite H°° Riccati equations. In the 

case of a change in the value of e, only one of the H2  Riccati equations need be re-solved; review

(4.21).

An alternative cost formula may be derived using the all-pass embedding techique, its draw­

back is that 7 o is the solution to a 2 n eigen value problem which makes the approach presented in 

this chapter more attractive especially when solving problems with high state dimension.

The ease with which these results were obtained is most encouraging. Hopefully, the results 

recently reported in [10,14,16,34,36] and in chapter 3 will lead to a larger class of problems for which 

non-iterative solutions are possible. Recently, two more closed formulae for optimal 7  have been 

reported [80].



Chapter five
H°°-optimal control of synchronous turbo-generators.
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5.1 Introduction.

Most modern power systems display complex and nonlinear dynamic behavior. Sudden 

changes in the system are followed by transients, if the changes in energy levels in the system are 

large enough, the system becomes unstable. Stability can be maintained however if sufficient 

damping is provided by manipulating the power flows between inputs and outputs. Over recent 

years, the trend has been towards transmitting more power at higher voltages across longer 

transmission lines. For economic reasons, large generating units are commonly located at some 

distance form the load centres. Power is transmitted via high voltage transmission lines causing 

adverse effects on the stability of the system. Another factor affecting stability is the low inertia of 

new generating units. During system faults these tend to accelerate faster thafc\ the older and smaller 

units, and are therefore less stable.

It has long been recognized that feedback control systems which are traditionally made up 

on an automatic voltage regulator (AVR) and a speed governor improve both the steady-state and 

transient performance of synchronous turbo-generators [59,72-75]. Early studies used one loop at a 

time Nyquist type methods for both analysis and design purposes. In the 1970’s, power engineers 

began using truly multivariable design techniques such as LQG [48-51,76,77] and the Nyquist array 

method [71]. These are however, by no means the only approaches, optimal aiming strategies [63], 

bang-bang [61] and self tuning control [62] have also been used with varying degrees of success.

The aim of this chapter is to investigate the use of H°°-optimal control methods in 

improving the performance of synchronous machines. Initially this study will be concerned with the 

traditional single inertia model of a generator connected to an infinite busbar. The approach is to 

use an H0 0  controller in addition to the AVR and governor systems which are fitted as standard 

equipment to most large turbogenerator sets. The controller feeds supplementary signals to both 

loops on the basis of a few measurements taken from the system. The objective of this strategy is to 

increase the synchronizing and damping torques at the zero mode frequency of this machine.

In the final stage we will consider the full mechanical dynamics of the turbine shaft. In this 

case the H°°-optimal controller is required to provide additional synchronizing and damping torques 

so as to suppress the shaft torsional vibrations.

5.2 Mathematical modeling of synchronous generators.

To obtain a complete model of a single machine infinite busbar power system, the generator, 

excitation system and governor are modeled separately, combining them gives an overall model of 

the system. To limit the complexity of the non-linear model the following simplifying assumptions 

•  are made: i) Constant values of machine reactance, time varying saturation is neglected: ie the
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magnetic circuits are taken to be linear, ii) The field flux harmonics are neglected: the wave is 

assumed to have sinusoidal distribution over the air gap. iii) The machine operating frequency w0  

equals that of the infinite bus and their respective phases match, iv) The motoring convention and 

per-unit system of [60] is employed, v) The transmission line capacitance is assumed to be nil, and 

the line is taken as forming part of a modified generator where the line and transformer reactances 

and impedances are lumped together with those of the machine.

T h e  g e n e r a to r  m o d e l  [ 6 0 ]

The well known electromagnetic dynamics of a synchronous generator may be accurately 

modeled by the standard two axis theory of machines expressed in the rotor reference frame [60]. 

The synchronous machine together with the damper circuits can be represented by three electric 

circuits on the d-axis and two on the q-axis. Together with the second order equation of mechanical 

motion, the system is described by a total of seven first order non-linear differential equations.

With the above assumptions the well-known generator equations [60], expressed in terms of flux 

linkages and a rotor reference frame, can be summarized by the following matrix equation

R B u>oV> +

U0V 6d-u;oV,?+u;oV’7̂  
w0 V/

0

w0V6g+w0t/’d-W0V’/
0

(5.1)

where

[u>0rp\ =  [u0ipd , u Qtpf , WoV’jbd , , Wo^ ] T

and

[R] =  diag[ Ra+Re+Rt , R  ̂ , Rjtd * Ra+Re+Rf j Rjfcg ]

Ra is the generator armature resistance,

Re is the transmission line resistance,

Rt is the transformer resistance,

Ry is the field resistance,

Rfcd is the d-axis damper winding resistance,

Rjj.? is the q-axis damper winding resistance.

X md+ X fl+ X e + X , X md X md

[B ] -1  = ■ X m d + X ; X md

X m d Xfnd Xmd+Xjtrf

X m ^ + X a + X e + X f  X m j

X  tti q X .m g ~ h X fc g

(5.2)

(5.3)

(5.4)
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where

X md =  d-axis magnetizing reactance 

Xmg =  q-axis magnetizing reactance.

Xa =  armature leakage reactance.

X j  =  field leakage reactance.

Xe =  line leakage reactance.

X { =  transformer leakage reactance.

X kd =  d-axis damper leakage reactance. 

X kq =  q-axis damper leakage reactance.

The electromagnetic torque is given by

Me ^ { b44B45]
U 01pq

“Q'Pkq
B!2

^0 i>d
U!0lpf

Moiled
} (5.5)

where are the components of [B]. Assuming the shaft linking the turbine and generator is rigid, 

the equation of motion for the rotor is:

J6 -f- T)9 -+■ Mt — Me. (5.6)

Where J is the inertia of the rotor, D is the damping arising from the bearings and windage, 6 is the 

rotor angle relative to the infinite bus, Mt the turbine shaft torque, termed the prime mover torque.

Combining (5.2) and (5.6) yields a seven state non-linear model for the generator.

T h e  tra n sm iss io n  line m o d e l

Here an uncompensated line is assumed so that the transmission line and generator 

transformer may be represented by a series resistance and inductance in each of the stator phases; 

figure 5.1. The phase voltages are given by :

V, =  V 6  -  Vr -  Vx (5.7)

The maximum terminal voltage Vmt is givet by Vmt= (V jd+ V ^ ) 1 / 2  where V td  and V t? are related 

to Vbd and V bg via the the voltage drop in the transmission circuit. The d and q axis components of 

the terminal voltage are obtained by using Park’s transformation [60] resulting in:

-  (Rt + R e ) \ d -  -— —-  id + (jjj(Xe + X t)i9

and
(5.8)
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V „ =  V „  -  (R, +  R.)i, +  (- eJ~0X,) i, -  ^ (X« +  X,)id (5-9)

where u  =  u)0- 9 ,  (Re+Rt) and (Xe+ X t) are the total resistance and reactance of the transformer and 

transmissions line between the generator and the system busbar.

A u t o m a t ic  v o lta g e  r e g u la to r /  e x c ite r  sy s tem  [64 ]

The AVR (automatic voltage regulator) loop controls the magnitude of the terminal voltage 

V t. However V t is an alternating voltage which has to be rectified and smoothed to give V trm4. Any 

difference between Vtrma and the reference input Vrey serves as an input to the exciter after 

amplification. The exciter in turn delivers a voltage Vy to the generator field winding. The 

AVR/excitation system is represented as the cascade of two first order systems figure 5.1. It is 

assumed that positive as well as negative field forcing is allowed, but negative field current has been 

banned. The saturation levels of the exciter voltage Ve and field voltage Vy are chosen to be ±3 

time the rated load value. The following equations describe the system:

V, =  (Vr</ +  U, -  V lrra,)G„/T„ -V e/T„ (5.10a)

and

Vy =  (VeGe -  Vy)/Te (5.10b)

where Ux is the supplementary signal to the AVR system from the ”piggy back” H°° controller. This 

model has been identified as type AC4 in the IEEE models for excitation systems [64].

G o v e m o r / tu rb in e  sy s tem  [4 8 -5 0 ]

The speed governor regulates the power output and frequency of the generator, figure 5.1. 

The output speed 9 is continuously measured and compared with a reference input Y 0. The error 

activates a servo-valve which gauges the amount of steam entering the turbine. The energy 

contained in the high pressure steam is converted to angular momentum of the shaft: hence by 

regulating the aperture of the servo-valve one can achieve a steady state operating frequency. A 

simplified governor/turbine [48-50] with each stage given by first order equations are is given by the 

following:

Ap =  (-A p -  G g9 + Y 0  U2 )/T*

and

Mt =  (Ap -  M ,)/T ,

(5.11a)

(5.11b)

where U2  is the supplementary control signal and Ap is the valve position with a constraint 

0<A P<1. Although the control loops described here are very simple, several researchers [48-50] have
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SINGLE MACHINE INFIN ITE BUS SYSTEM

figure 3.1



page-12-1

shown them to be entirely adequate for the purposes of simulation and control system design. 

Combining (5.1), (5.6), (5.10) and (5.11) leads to a non-linear equation of the form

x =  Ax + Bu -|-N(x) (5.12)

where the state vector is

( 6 , 9 ,  , u>olpJ ) w0 ^ k d  1 w0 V'? » k'oV’jkq i > V j  , Ap , Mt)"̂  (5.13)

details of matrices A, B, and N(x) are in appendix A of [48]. The non-linear model is used to 

predict transient performance whereas the linearized approximation forms a basis for H°° control 

system design. Expanding (5.12) in a Taylor series about an operating point leads to a linear 

approximation if the second and higher order terms are neglected.

A x=A /Ax-fB;Au (5.14)

where Ax is the deviation of the state variables from the steady state as Au changes.

S h a f t  d y n a m ic s :

Since two shaft failures at Mohave in 1970 and 1971 [79], the importance of the mechanical 

dynamics are well recognized by engineers concerned with subsynchonous resonance. Ignoring the 

spring like characteristics of the shaft during the design gives rise to unstable oscillations in closed 

loop control. This type of instability was first encountered while dealing with the problem of inter- 

area oscillations; power system stabilizers were subsequently introduced to deal with the problem, 

however, these had the effect of exciting the torsional vibrations in the generator shaft.

A real turbo-generator set consists of a high pressure, intermediate pressure, and three low 

pressure turbines as well as the generator and exciter. These stages are coupled together through 

shafts of finite stiffness which behave like springs when the system is disturbed. The shaft can be 

described by a set of second order differential equations

where

J 9 +  D 9  +  K 6  + T  =  0

K =

K

-K
12

12

-K 1 2

K 1 2 +K 2 3  -K 2 3

(5.15)
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J=diag[J1, J2, J7]; D=diag[D1, D2, D7]; T = [T ml, T m2, T m5, -T e, 0] and 6 =  [QX, 0 2,

d 7] in which Jt- is the »th inertia, Df is the »th damping coefficient, K|;- is the shaft stiffness between 

the ith and jth inertia, T is the the forcing torque and 6 is the angular position. A complete 

description of the shaft used in this chapter is given in [48,49].

5.3 Problem formulation.

The objectives of the H°° turbo-generator control system are to improve the performance 

and robustness characteristics with respect to existing LQG regulators [48-51]. This regulator has to 

enhance the stability of a single machine infinite bus system following a symmetrical three phase 

short circuit by:

a) Increasing the synchronizing torque in order to decrease tbefirst load angle excursion.

b) Improve the damping torque in order to reduce subsequent oscillations.

c) Maintain a rapid terminal voltage recovery profile.

The problem is formulated so that the objectives are encompassed in a single performance index:

a) Robustness to additive perturbations around the plant: K(I+GK ) - 1

b) Plant output disturbance rejection (sensitivity): (I+GK ) - 1

inf
K(s)eS

W^CI+GK)"1
W 2 (I+GK ) - 1

(5.16)

in which W^s) and W 2 (s) are frequency dependent weighting functions which are used to shape the 

robustness and sensitivity functions so as to meet the design specifications.

R o b u s tn e s s  to  a d d i t iv e  p e r tu rb a t io n s :

The reasons for building a robustness criterion into our performance index are numerous. 

Until now [48-51] the optimal controllers for single machine infinite bus systems have been based on 

well known LQG theory which does not account for the adverse effects of parameter variations, 

uncertainties and non-linearities which arise for the following reasons:

i) Linearization of the generator differential equations is carried out about a rated operating point. 

The system must be robust to variations in operating point caused by fluctuations in power demand.

ii) Modeling errors are incurred when optimal Hankel norm approximation is performed on both 

models.

iii) For large disturbances, the non-linearities in the control loops saturate and may lead to 

instability if not accounted for.

iv) For the fault duration the system model changes since the transmission line is short circuited.

v) The H°° controller is discretized and the closed loop is simulated as though the controller were
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implemented on a microprocessor.

These uncertainties are usually associated with high frequency component errors which is 

well suited to an additive robustness performance index, we are therefore required to design a 

compensator which stabilizes the nominal plant as well as a class of perturbed plants |G(s)+A(s), 

||A(s)||oo< e | where c is the as yet unspecified level of uncertainty. The term K(I-fGK)- 1 (s) is used 

to improve the system robustness to additive perturbations [53] while reducing the amplitude of the 

control signals being applied to the turbo-generator inputs.

P la n t  o u t p u t  d is tu rb a n c e  re jec t ion :  S e n s i t iv i ty :

As the name suggests, the purpose of having a sensitivity measure in the design performance 

is used to suppress any large (but bounded) disturbances on the plant output or to obtain a good 

tracking performance of command inputs. To achieve this the transfer function between the reference 

and the measurement signals should be made as small as possible under the constraint of internal 

stability. The sensitivity term (I+GK)- 1 (s) is used to reduce the low frequency load angle deviations 

and speed up the terminal voltage recovery after a system disturbance.

5.4 The two block design:

The object of this design is to minimize (5.16) over the class of all stabilizing controllers. It
Uv

is not difficult to show that (5.16) can be cast as a generalized regulator problem as showi /̂figure 

3.2, we seek to minimize the transfer function between ”v” and ”z” subject to internal stability:

min ||F.(P,K)|| < 7  

K(s) €S °°

where 7  is the target norm, S is the class of all stabilizing controllers and

P(s) =

0 Wx 
W 2  W2G (s) 

- I  -G
(5.17)

We now turn our attention to the central problem in all H°° control system design which is 

weight selection. One advantage of working with the index in (5.16) is that, the robustness and 

performance requirements are specified in different parts of the frequency range. The key feature of 

this design methodology is that the largest frequency response singular value of the transfer function 

between ”v” and ” z ” is frequency independent (i.e flat) and furthermore, it is as small as possible. 

This means that frequency responses of the robustness and sensitivity functions will be in inverse 

proportion to the magnitude of the weights if they are chosen to have disjoint frequency ranges.

% Most of the uncertainty associated with this problem has a high frequency error component.
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Designing for robustness requires that K(I+GK)- 1 (s) be made as small as possible (in the L o o  norm 

sens) over high frequencies where the uncertainty is chronic. To meet this objective Wj(s) is chosen 

as a diagonal high pass filter where the larger gain over high frequencies places emphasis on 

minimizing the robustness function in this part of the spectrum.

W 1 (s)=diag |  2.2 (s+5) 2  t 
(s+30)2 ’

8.1 (s+7) 2  1

(s+40)2 /

with a relative penalty ratio of 36 and 32.7 on each loop. The robustness weight for the excitation 

loop has a narrow bandwidth since the AVR and exciter have fast dynamics and are more likely to 

saturate. The slower dynamics of the governor loop allows for a wider bandwidth in its associated 

weight.

To limit the controller bandwidth, the plant is post-multiplied by a strictly proper filter 

F(s); G(s) =  G(s)F(s). Once the design is completed on G(s), the desired compensator is recovered by 

simply scaling; K(s) =  F(s)K(s). F(s) is chosen to have a bandwidth approximately twenty times 

larger than that of the plant, so as not to interfere with the design requirements.

F(s)—diag{ s ^ Q + 1  ; s ^ Q + 1  }

The presence of F(s) in the design dose not affect the subsequent sensitivity function:

SenJ(s) =  (I+G K )-‘(s) 

=  (I+G K )-‘(s)

The robustness function on the other hand is forced to become strictly proper so as to limit the 

controller bandwidth and hence the amplitude of the control signals being applied to the turbo­

generator inputs.

R„»(s) =  K(I+G K)-‘(s)

=> FR„4(s) =  K(I+G K)-‘(s)

Alternatively one can absorb F- 1 (s) into W^s) to give a non-proper weighting function, the effect of 

which is to weight the robustness function increasingly with frequency.

The turbogenerator model considered here has a bandwidth of 10.2 rad/s and a resonance 

peak at 9.4 rad/s, the latter is also the frequency of oscillation of the uncontrolled load angle (see 

figure 5.2a). To ensure adequate sensitivity over low frequencies, the W 2 (s) weighting function is 

chosen to be a strictly proper low pass filter. W 2 (oo) =  0 is used since there are no high frequency 

sensitivity requirements, this ensures that there is no conflict between the cost functions over high 

frequencies. The plant output disturbance has a fundamental frequency component at 9.4 rad/s, to
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desensitize the system at this frequency, W 2 (s) is designed to have a resonance peak at this same 

frequency. The low bandwidth of the steam valve makes it impractical to widen the active frequency 

range of W 2 (s).

W 2 (s) =  { 1.9 1990 
s2+2.3s+93.65

8.1 1990 
s2+2.3s+93.65-

(which has infinite penalty ratio since it is strictly proper). The two loops are weighted with the 

same filter to emphasize the control of the rotor angle through the governor by providing adequate 

synchronizing torque and via the AYR to give the necessary damping.

The weighting functions Wj(s) and W 2 (s) together with plant model G(s) are substituted 

into (5.17) to yield a 16-state P(s). Algorithm 1 described in section 3.5 is used to calculate K(s) 

which is subsequently model reduced to remove any non-minimal modes. The final weight selection 

described above was arrived at after numerous designs, all the design calculations were done in the 

state space using computer software based on the equations in chapter 3 [14,34].

Figure 5.3a displays ^ |k (I+GK)- 1 (s) |  which shows that the robustness has been increased 

over frequencies beyond the system bandwidth. The largest singular value response of the sensitivity 

function: <r|(I+GK)- 1 (s)| is plotted in figure 5.3b, the information that this graph conveys, shows 

that sensitivity is quite poor even over low frequencies.

The 11th order non-linear system described in section 5.2 is simulated and subjected to a 

symmetrical three phase short circuit of 1 0 0 ms at the high voltage terminals of the generator 

transformer. The transmission line impedance after the clearance of the fault is assumed to remain 

unchanged. The load angle to the infinite bus-bar and field voltage are assumed measurable and are 

fed into the controller. The steady state conditions of the system corresponding to an operating 

point of P =  0.8pu, Q=0.0pu and Vt =  1.025pu represent the pre-fault conditions in all the 

simulations.

Figure 5.2a shows the response with and without the controller following the fault. The 

damping is quite substantial with the machine back to steady state in under 1  second after the fault 

recovery. The terminal voltage recovery does not differ much from that of the uncontrolled machine. 

However, there is no significant reduction in the first rotor swing which is reflected in the rather 

inactive behavior of the valve.

The AVR supplementary signal orients the field voltage and the exciter action towards good 

damping of the rotor angle and the terminal voltage. The exciter loop makes no contribution in the 

reduction of the first rotor excurtion which is due to its sharp drop of field voltage from its positive 

ceiling value to the negative one causing the terminal voltage not to increase sharply after the fault 

recovery. As a result there is less transmission power to the infinite bus and an increased acceleration 

of the machine.
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figure 5.2
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figure 3.3
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Figure 5.4 shows the rotor angle responses to 100ms faults while the generator runs at 

different operating points. The system is well behaved for all of these changes in operation 

conditions, however, it is known that better robust performance can be achieved in particular with 

an LQG regulator [48,49].

5.5 The four block design:

In this section we will repeat the previous design, however with a new performance index:

K(s)<=S

WjK(I +  GK)_1W2 WjK(I + GK)_1W4 

W3(I + GKJ^Wa W3(I +  GK)‘1W4
(5.18)

where the weighting functions W^s), W 2 (s), W 3 (s) and W 4 (s) are to be chosen. The weight selection 

in (5.16) was constrained on one side of the performance index with the shared weighting function 

forced to be the identity so as to avoid having conflicting requirements on the same index. Equation 

(5.18) lifts this constraint by allowing both side to have weights, however, there are cross terms 

which must be taken into consideration. (5.18) is equivalent to finding K(s)eS which minimizes 

(under the constraints of internal stability) the the transfer function between ”v” and ”zw in the 

generalized regulator configuration:

P(s) =

0 0 Wj

W3w 2w 3w 4 w 3G

-W 2 -W 4 -G

(5.19)

To ensure adequate sensitivity over low frequencies the weighting functions W 4 (s) and W 3 (s) are 

both chosen as strictly proper low pass filters. The input to the sensitivity function is weighted by 

W 4 (s) which is :

W 4 (s)=diag | 96.8 173.8
s2(1.07*10“2)+s(4.63*10-2)+ l ’ (s/27+l)(s2(l.ll*10"2)+s(2.22*10~2)+l)-

where each entry of W 4 (s) has a resonance at 9.4 rad/sec because the plant output disturbance has a 

fundamental frequency component equal to the generator’s natural frequency. The (2,2) entry of 

W 4 (s) has additional pole at -27, its effect on the rotor angle performance is to cancel low 

amplitude ripples and to improve the decay rate. Intuitively this can be considered as concentrating 

finite resources over a finite frequency range. The output of the sensitivity function has weights 

placing emphasis on the attenuation of low frequency signals and reduction of steady state error :

w *<s> = {ififT = sTTfel)
4.8 1
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The output of the robustness function is weighted by W^s) which is a proper high pass filter, 

placing importance on the robustness to high frequency perturbations.

Wi(s)= diag{SSS 6-66-io‘ 3(s/45+1)'
(s/7+1) 2

(s/33+l):
6.3.10-3

with a relative penalty ratio of 56.2 and 22.2 on each of the loops. The input to K(I +  GK) ’ 1 is 

weighted by a constant scaling matrix W 2  =  diag{0.7 , 1.0}. In addition to robustness, as explained 

in the previous section, the controller bandwidth is limited by introducing the filter F(s) between the 

plant and controller.

The weighting functions W^s), W 2 (s), W 3 (s) and W 4 (s), together with the modified plant 

G(s) are substituted into (5.19) to yield P(s). K(s) is computed using Algorithm 1 and the desired 

controller is recovered by scaling: K(s)=F(s)K(s). Figure 5.6a is a plot of ct| k (I+GK)- 1 (s) |,  the 

closed loop display an increased robustness around the machine’s natural frequency, further, the 

presence of F(s) in the design forces a|K (I+G K)_1 (s)| to go to zero over high frequencies (a 

desirable characteristic). cr|(I+GK)“ 1 (s)| is plotted in figure 5.6b showing that the weighting 

functions W 4 (s) and W 3 (s) have been effective in increasing the closed loop sensitivity up to 

3rad/sec.

Figure 5.5a and figure 5.5b show the time responses of the generator load angle and terminal 

voltage recovery profile following a 100ms 3-phase symmetrical short circuit. There is a considerable 

reduction in the first and second rotor excursions. The excitation loop behaves much as it did in the 

first design, however, the valve activity has noticeably increased. The almost instant closing of the 

valve accounts for the reduction in the first swing.

Compared with the LQG regulator of [48,49], one sees that the H°° controlled system is able 

to produce more synchronizing and damping torques, this is reflected in it’s the nominally better 

performance. The terminal voltage recovery profile is very rapid with no ripples as in the case of the 

uncontrolled system.

In practice the generator steady state conditions drift over the safe operating region of the 

P-Q plane depending on the load fluctuations. Having designed the controller at a fixed operating 

point it is important to investigate the systems transient behavior for a variety of other points on 

the operating chart. Figure 5.7 shows the rotor angle responses to 100ms faults while the generator 

runs under different operating conditions. In general the closed loop system is able to maintain a 

good performance with higher synchronizing and damping torques than the LQG regulator [48,49] 

(not shown here). Trace V  is slightly different from the others, here the operating point is (1.0,0.0) 

where the generator is running at maximum load, the steam valve is completely open making it 

impossible to increase the power after the first swing. Nevertheless, under this unfair operating 

condition the H0 0  controller returns the system to its pre-fault steady-state condition in under 3 

seconds.



page 133

terainal voltage p.u (b)

mechanical torque pu.

valve position ( f )

(d)

f ig u re  3 .3
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By gradually increasing the fault clearing time until the controlled system loses 

synchronism, it is possible to test the robustness of both LQG and H°° regulators to parameter 

variations which take place during the short circuit. Figure 5.8 shows that by providing more 

synchronizing torque and reducing the first swing the H°° regulator is more robust than its LQG 

counter part. The fault was applied in each case for a period of 410ms to the high voltage side of the 

stepup transformer. While this fault duration period is much longer than typical fault clearing times, 

it was nevertheless selected as it constitutes a more severe test of the robustness of the H°° 

controller. Further increases in the fault clearance time results in the H°° controlled machine 

eventually losing synchronism for a fault duration of 480ms. Even though the LQG quadratic 

performance index overlooks the robustness issue it does have some inherent robustness 

characteristics namely infinite gain margin and up to ±  60° phase margin which explains the good 

properties of this benchmark regulator. [48,49]

5.6 An H_°° multi mode controller.

A real turbine set has several inertia, 4 or 5 turbine stages, the generator and the exciter 

which are connected together though shafts of finite stiffness. This combination of inertia and 

springs introduces important dynamics into the behavior of the machine, if ignored these might have 

adverse effects on the generator stability [48,49].

In this section the full mechanical model of the generator shaft is added to the model used 

in sections 5.4 and 5.5 yielding a 23rd order non-linear model. The design objectives are robust 

stabilization and disturbance rejection to improve the synchronizing and damping torques as well as 

maintain a rapid terminal voltage recovery. We will use the four block performance index employed 

in section 5.5.

To ensure adequate sensitivity W 4 (s) and W 3 (s) are both chosen as strictly proper low pass

filters.

W 4 (s) diagj ^ 1 7 + 1 j2  » s2/96.5+s/51.3+1 }

in which the (2,2) entry has a resonance peak at the machine’s natural frequency of 9.7rad/sec. The 

( 1 ,1 ) entry has a wider bandwidth to enable the excitation loop to dampen out the first mode of 

vibration. The output of the sensitivity function has weights placing emphasis on the attenuation of 

low frequency disturbances and reduction of the steady state error:

W 3 (s)=diag{ jg J j  ; s- ^ i  }

The output of the robustness function is weighted with Wj(s), placing importance on robustness to

high frequency perturbations:
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W1(s)=diag{ 5.6«10-3f S/ -6—̂  ; 1.9aO~2/ S/ 7+1\ ,  
U J &l  (s/45+1)2 (8/33+1)^

The input to K(I+GK) ^s) is weighted by a constant scaling matrix W2(s)=diag{0.25;0.38}.

Figure 5.9a is the plot of ir|(I+GK)-1(s)|, the closed loop displays a significant sensitivity 

to frequencies around the machine’s natural frequency. Figures 5.10a and 10b show the time 

responses of the generator load angle and the terminal voltage, the H°° controller produces a 

significant improvement in the load angle transient behavior, the good sensitivity to the machines 

natural frequency is reflected in the cancellation in the zero mode of oscillation. The subsequent 

ripples in the load angle are a result of the inadequate sensitivity over low frequencies. The wide 

bandwidth of the exciter weighting function enables the damping of the first mode of vibration, 

interaction with higher order modes is unlikely since the shaft is quite stiff and the energy required 

to produce appreciable oscillations is less likely to be available. The control loop responses are shown 

in figure 5.11, an initial period of 0.5 second is spent on the control of the zero mode, after this is 

achieved the controller concentrates on the cancellation of the first mode which reflected in the high 

frequency oscillations experienced in both exciter and governor loops. Figure 5.9b is a plot of 

^ |k (I+GK)-1(s) | ,  the closed loop shows a relative increase in robustness around the machines 

natural frequency, further the presence of F(s) in the design limits the bandwidth of the controller 

making it implementable. Figure 5.11 shows the effects of operating the generator at various points 

on the P-Q plane other than the nominal conditions. In each case the controller is able to cancel the 

zero mode effectively and reduce the first mode of torsional vibration in the shaft.
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1.2
U r t l u l  voltftg* p.u (b)

f ig u re  3 .9
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9.5»10l rotor angle 3 (degrees)
9.5xlOl rotor angle 3 (degrees)
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5.7 Conclusions.

The aim of this chapter is to validate recently developed H°° optimal control techniques 

[14,34] on a turbogenerator system. We have shown that with field voltage and rotor angle 

measurements it is possible to design an H°° optimal controller giving robust performance. This 

problem has been particularly challenging in that there many sources of uncertainty which have to 

be taken into account at the design stage. Our experience is that H°° optimal control techniques are 

still hard to use, having said that it is possible to arrive at a satisfactory design after several design 

iterations. With hindsight our selection of weighting functions is quite reasonable, the link between 

them and the achievable closed loop performance is clear. It is often the case that theoretical 

developments precede non-trivial applications "know how”, H°° optimal control is no exception.
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Appendix A

Using (2.74) we now verify that 

Z(s)= Fu<
Hu H12 

H2i H22
(s); U(s)

where H(s) and U(s) are defined in (2.72) and (2.75) respectively, (dropping the s-deppendence we 

have)

u = 7 ' 2h ;1+ 7 - 4h ; 1z (i- t- 2h ;2z) - 1h ;:!

(2.7i) => = 7 ‘ 2h ; ,+ 7 "4(h ; 1h 22+ h ;1a q )(i- t - 2h ;2h 22- 7 - 2h ; 2a q ) - 1h ;2

(2.70) =̂  = 7 “2h ;1+ 7 -4 (h ; 1h22+ h; 1a q )(h 12+ h i1h; 11a q ) - 1

= 7 _2{ h ; ,h i2+ h ;1h 11h j11a q + h; 1h 22+ h ;1a q } (h 12+ h 11h 211a q ) - 1

(2.70) => = H 211AQ(H12+H u HJi‘AQ )-1 (Al)

(Al)=> I-H n U = I-H 11HJ‘AQ(Hj2+H11H;11AQ )-1

Hn+H'uHJ.’AQ = ( I-H 11U )-‘(H12+H11HJl1A Q )-(I-H uU )-‘Hn HJ11AQ 

HJ‘AQ = U (I-H ntj)-1H12 

H22+AQ = H 21U(I-HnU )-‘H12+H22

=  FU
Hu H12

h 21 h 22

verifies the claim. □

Appendix B

A straight forward calculation will establish that 

F,{g i ;F,{G2;U}}(s) 

has the following state-space realization

f
I 0 A B2 Ci B! B2 D1 2

0 E B A
A*/ /Nrf A,/
a +b 1 d 2 2 c 1

A/
Bi B2 +B1 D2 2 D1 2

0 0 Ci
r s j

Ci 0 Di 2

0 0 D2 iC2 C2 +1 2̂ 1 ^ 2 2 ^ 1 D2 1

a/ rv
^ 2 1 ^ 2 2 ^ 1 2 + ^ 2 2

;U

where

A Bi b2 " E A Br

i
CN

G!(8 ) =§= Ci 0 I and G2 (s) = 0 Ci 0 D i 2

c 2 I D2 2 0 C2 D2 1 d 2 2 □
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Appendix C

Lemma Cl

Suppose G(s) =  D+C(sE-A)-1B in which we assume that det(sE-A)7^0. Then there exist 

matrices T, L and W0 such that

AT+T*A*+BB*=-LL* (Cl)

i - d d * = w 0 w ; (C2)

ET=T*E* (C3)

C T+D B *=-W 0 L* (04)

We have IIGHo^l. If L and W© are both zero, then GG*=I.

Proof:

The proof presented here is analogous to that presented in [2].

I-GG* =  I-jD+C(sE-A)“1Bj|D*+B*(-sE*-A*)-1C*j'

=I-DD*-DB*(-sE*-A*)-1C*-C(sE-A)“1BD*-C(sE-A)"1BB*(-sE*-A*)"1C* 

substituting (C4)

=I-DD *+(CT+W oL*)(-sE*-A T 1 C*+C(sE-A)-1 (T*C*+LW;)

-C(sE-A)-1BB*(-sE*-A*)-1C*

substituting from (Cl) and (C3)

=WoW;+W0L*(-sE*-A*)-1C*+C(sE-A)-1LWS+C(sE-A)-1LL*(-sE*-A“)"1C*

=> IIGHoo^l. (G(s) is a contraction)

Next we establish that although S and P may be singular, a stabilizing controller exists if 

S>0, P>0 and the spectral radius of (SP) is less than y ~ 2\ Amar(SP)<7 -2.

Using the constrution given in [11, appendixB], it is possible to select a basis change in the 

state-space of P(s) such that

S = E2
0 and P = 0

S3
0 0

define Z =(A -B 2DI2C1) and W =(A -B 1D51C2)

partitioning conformally with S and P

[B, BJ

Bn B12 

B2i B22 

B31 B32

B4 1  b 4 2

(C5a)

and
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[CiC2] —
Cn C12 C13 C14 
C2i C22 c23c24

(C5b)

Finally partition Z into 4x4 submatrices conformally with S and P, and together with (C5), 

substitute into (3.254), then

(2 ,2 ) block =>C;2 D j _ = 0

( 1 . 1 ) block =;,CJ4 D _ l = 0  

column 2 => Z12=0 and Z32=0
f

column 4 => Z14=0 and Z3 4 =0.

Similarly partioning W into 4x4 submatrices, and together with (C5), substitute into 

(3.225), then

( 1 .1 ) block =*
(2.2) block W 2 2 E 2 + E 2 W 2 2 -E 2 ( 7 2 C2 2 C2 2 -C 1 2 C1 2 ) £ 2 + 7  2 B1 2 Dj^Dj B̂12=0

(3.3) block => D± B;3=0

(4.4) block => Dj^Bi 4=0  

column 3 => W13=0 and W32=0  

column 4 => W41=0 and W 4 2 =0.

Using the construction in Appendix B

where P(s) and K(s) are given in (3.2), and, (3.164)-(3.168) and (3.170) respectively. Following the 

cancellation of uncontrollable and unobservable modes, one gets

Ejb Ak Bk 
0 - C k - D k

7B21
7B23

EiCJiD127
E 2C J2D 127

“BuDĵ D j_+E1C2172D21 
~Bi2Dj_Dj^+E2C2272D21

Cc/: = D ĵ D j Ĉ11-D1272B21E1 D±D*±C13-D1272B̂ 3E3
-7D2iBJ'1E1 -7D21Bj3E3

-Di2Di2Cn-72D12B21E
-7(c21+d21b;1e1)

12d21"1

0
7D 21 0
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I 0 0 0

0 I 0 0

-7 2£? 0 I - 7 2 E? 0

0 0 0 I

Substituting into (C4):

c c/t + d c/b ; ,=  -
td± 

0
[ Ln L1 2  L1 3  L1 4  ]

the bottom row gives

E r 1 0 - 7 2E ! 0
0 y-1 0 0
0 0 72Ei 0
0 0 0 7 2E :

back substituting with T, then the top row gives

L11 = - 7"1Er1CI1DJ_

Li2  =  -7  1̂ 31̂ 13^JL
Li3 = 7SiCJ'1D 
L i 4  =  0

The Ac{ matrix has not been stated, we leave this to the reader to work out. A tedious 

calculation will verify that this L defined above satisfies (Cl). Finally for stability TE>0 is 

requiered.

which is congruent to

E r1 0 -7 2E i 0
0

y-1
"3 0 0

-7 2E1 0 72Ei 0
0 0 0 72E:

1 0 0
0 E31 0
0 0 72Si(i-r22f)
0 0 0

0
0
0

72£ 2

=£• for stability E^O , E 2 >0, £ 3>0 and A m a x  (E i )< 7 _1.

Therefore, a stabilizing controller K(s) exists such that ||F/(P,K ) | | o o < 7  if S>0, P>0 and

Amar(SP)<7 D
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Appendix D

K(s) is described by

y c — ( K 11+ F 0o ) ( u c + D , 2 2 y c ) + K 12e C2

z 2 =  ̂ 2 l ( u <:‘b ^ , 22yc)*b^22e c2

rearranging terms this gives

[I-(K11+F„)D'22]-1(K11+F0o)uc+[I-(K11+F„)D'22]-1K12ee2= y c
K 2 1 [I+D'2 2 [I-(K u+F 0 o)D'2 2 ] - 1 (Kn+F 0 o)]u«+[K2 2 +K 2 1 D'2 2 [I-(K 1 1 +Feo)D'2 2 ] - 1 K 1 2 ]ec2= Z:

=#• K11 =  p-(K11+Foo)D'22]-1(K11+Foo)
K i 2 = [I-(K 1 1 +F„)D '2 2 ] - 1 K 1 2

K 2 1  =  K2 1 [I+D'2 2 [I-(K „+F 0 o)D '2 2 ] - ,(K 1 1 +F„)

K 2 2 = K 2 2 +K 2 1 D'2 2 [I-(K 1 1 +F„)D '2 2 ] - iK 1 2

Form (D3a) => K 1 1 = - F oo+K 1 1 (I+D '2 2 K 1 1 ) - 1

substituting (D4a) into (D3b) gives

K12=tI-Kn(I+D'22Kn)-‘D'22]K12

substituting (D4a) into (D3c) gives

K 2 1 = K 2 1 [I-D '2 2 K 1 1 (I+D '2 2 Kn) - 1]

finally, substituting (Da4) into (D3d) yields

K 2 2 = K 2 2 -K 2 1 [I-D '2 2 K 1 1 (I+D '2 2 K 1 1 )-']D ' 2 2 K1 2

Expanding the Fj{-} term in (3.224) and comparing in with (D4) reveals that

is true.

Ku K12 

K2i K22

-Fco k 12 -I

K21 K22-K2iD,22Ki2 K2iD,22
-I D '22Ki2 1 o IO to 1 __

_

(Dla)

(Dlb)

(D2a)

(D2a)

(D3a)

(D3b)

(D3c)

(D3d)

(D4a)

(D4b)

(D4c)

(D4d)

(D5)

□
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