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ABSTRACT

The aim of this thesis is to characterize all solutions to the four block general distance
problem which arises in H®- optimal control. The procedure is to embed the original problem in an
all-pass matrix which is constructed. With this complete, one can demonstrate that part of this
all-pass matrix acts as a generator of all solutions. Special attention is given to the characterization
of the optimal solutions using a generalized state-space framework. As an application, a
representation formula is derived for all solutions to H®-optimal control problems of the third kind.

It is shown that all controllers can be parameterized in terms of the solutions to two n-
dimensional algebraic Riccati equations and the state space realization of the original problem; “n”
being the dimension of the problem. If P and S are the positive semi-definite stabilizing solutions to
these equations, then necessary and sufficient conditions for the existence of a solution such that
[|F(P,K)||o<7 are given in terms of the inertia of S, P and SP; in which 7 is the target H®-norm.
Special attention is given to the cases when D,;7#0 and/or D,,7#0 by suitably modifying the
problem using loop shifting arguments into one where D;;=0 and D,,=0. This approach to solving

H* control problems is shown to be easily applicable to problems of the first and second kinds.

As an example of the latter case, the problem of mixed-sensifivity is investigated. Mixed-
sensitivity optimization is a two block problem which normally requires an iterative §olution. An
explicit closed formula for the optimal cost is given in the cases of the unweighted mixed sensitivity
and parametric mixed sensitivity problems. It is shown that all the controllers which satisfy an
arbitrary H®-norm bound may be parameterized in terms of the solutions to the standard H?

Riccati equations.

As an engineering application, the H* optimal control methods developed above are used to
improve the performance and robustness properties of a synchronous turbo-generator connected to
the infinite bus-bar. An H*® “piggy-back” controller is used to supplement the existing control loops
to achieve the required goal. The results compare favorably with those obtained by other

multivariable design methodologies.
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0. Notation and Preliminaries

The aim of this short section is to summarize the notation we intend to use. Most of it is

standard, but we wish to draw particular attention to the state~space notation which will be used

A(A),Amaz(A)

extensively.
R,R4,C real, non-negative and complex numbers
R(s) field of rational functions in s with real coefficients
c,C. open right (resp. left) half plane
FPx™ set of pxm matrices with elements in F (= R, C, R(s) etc)

spectrum of a square matrix A, largest eigenvalue of A

A® complex conjugate transpose of AECpxm(tra.nspose if AeR? x'")
A>0,A>0 A is positive semidefinite (resp. positive definite)
A<0,A<0 A is negative semidefinite (resp. negative definite)
Lw'(p xm) space of pxm matrices with entries which are bounded on the jw
axis (including the point at co)
-, £%-norm of matrices in £%°
I}Q:_)'(me) subspace of £°°; pxm matrices which are analytic and bounded in C +
oo0,(pxm)

:}{;ﬁu(?xm)(k)

RIS, DI
%Loo.(pXm)

ms;"”"""(k)

subspace of £%°; pxm matrices which are analytic and bounded in C_
set of pxm matrix functions in £ with no more than k poles in C +

unit balls in %% {feX : |ifl] <1}, {fe %3 : |If]] <1}

same as £ (P*™) except elements are taken from R(me)(s)

oo,(pXm)(k)

same as Jb__ except elements are taken from IR(PX'")(S)

Tg Hankel operator with symbol G(s)€ %3

G*(s) = G(-§)", the para-hermitian conjugate of G(s)

AL, = the spectral norm of A

In(A) =(m(A),v(A),6(A)); m(A)=number of eigenvalues of A in the open right

Associated with a transfer function matrix G(s)€R(s

state-space realization

G(s) = D+C(sI-A)"'B

half plane, v(A)=number of eigenvalues of A in the open left half plane,
6(Ay=number of eigenvalues of A on the imaginary axis.

)? *™ of McMillan degree n, is a

(0.1)
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Throughout this thesis G(s) is assumed to be a system of linear time-invarient ordinary differential
equations where A€C™", BeC™™, CeC™" and DeC”™™. We will use the alternative
notation G(s)Z(A,B,C,D) or

B

A
S
G(s) £ c D (0.2)

for realizations of G(s). Generalized state-space models will be represented as
G(s) voAD (0.3)
S) = 0 C .

so that G(s)=D+C(sE-A)~!B.

In the above notation, we have G*(s) £ (-A",C*,-B*,D*) and in the case that D is
non-singular, we have G™'(s)£(A-BD~!C,BD},-D~!C,D™Y). If G(s) is defined by (0.2), the system

matrix of the given realization is defined as

The system zeros of G(s) are defined to be the points at which the system matrix loses normal rank
and are given by {A(A-BD~'C)} 2 {McMillan zeros of G(s)}; these sets are equal if the realization is
minimal. If G™1(s) = G*(s) , then G(s) is all-pass. G(s) is called stable if all it’s poles are in C_.

We will talk about basis changes T in the state-space of G(s); we will take this to mean
G(s) é(A,B,C,D)EG(s) £(TAT !, TB,CT},D). For generalized state-space models basis changes are
represented by
UEV UAV UB

S v
G(s) = 0 v D (0.4)

in which U and V are arbitrary nonsingular matrices.
We shall also make use of the lower and upper linear fractional transformations which are
defined by

Hy Hyp -
F, » Up = Hy + HypU(I - HypU) T Hy,y (0.5)
Hy; Hopo
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where U is of dimension ixm if H,, has dimension mxi. In the same way

H), Hy, -1
Fu 3 U = H22 + Hle(I - HIIU) le (0.6)
Hj Hypp
in which U is of dimension ixm if H;; has dimension mxi.
If P(s)ER(p +q)x(m+r)(s) and K(s)ERrxq(s) have state-space realizations
AlB B, | A
P(s) £ ch1 D2 K(s) £ AD
s) = s)=| . .
1| Pu P2 & b
Cy| D2y Dy
Then if the well-posedness condition det(I-D,,D)#0 is satisfied,
F(PK)Z| A+B,DL,C, B,L,C B,+B,DL,D,,
BL,C, A+BL,D,,C BL,D,, (0.7)
I_ C+D;,L,DC, D;,L,C I Dy1+Dy,DL Dy, _]
where
L1=(I-D22D)—l ) Lz=(I-I.)Dzz)_1 (0.8)
O

This result follows by routine computation.
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Chapter one
Introduction

Over the past ten years, a substantial portion of the control litterature has been devoted to
H® control theory. The importance of this theory stems from its ability to address engineering issues
such as robust stability in the presence of uncertainty, accurate tracking or performance, and noise
and disturbance rejection. Uncertainties or perturbations arise when accounting for model changes,
uncertainty in operating conditions, unmodeled dynamics and non-linearities. Performance objectives
such as good command response and small errors in estimation and regulation are also easily dealt
with in an H* framework. Once formulated, the 2 Gd optimization.problem is habitually converted
into a so called general distance or model maiching problem. The distance problem considered here is
one in which a completky unstable transfer function R(s) of MacMillan degree “n” is approximated
(in the Lo norm sense) by a stable transfer function Q(s) of degree no more than “n”. In [11,12),
Glover addresses the one block problem and gives a complete characterization of all approximations
that minimize ||R(s)-Q(s)||.- In this thesis, particular attention will be given to the solution of the

four block general distance problem which shall be described next.

The four block general distance problem has it’s genesis in H*-optimal control problems of
the third kind [9,26,31]. In typical H* design situations, a nominal plant model is known, and the
design engineer has the task of selecting various frequency dependent weights. The plant model and
weights are then combined into a single matrix: P(s); where P(s) is a matrix transfer function which
contains the structure between the plant model, weights and the controller. P(s) may be partitioned

such that
P, P
P — 11 +12 1.1
(s) [le Pn](s) (1.1)

Figure 1.1 shows the generalized regulator set-up in which K(s) is the controller transfer function
matrix to be designed; any linear combination of inputs, outputs, commands, and a controller can
be rearranged to match this diagram. The variable v consists of all external inputs, z are the error
signals to be regulated, u are the control inputs and y the measurements. Throughout this thesis

attention will be restricted to linear time invariant finite dimensional systems.

v — Pn P12 — > Z

u ~ P P.. Yy

K

Figure 1.1 - Generalized regulator set—up
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z=F(P,K)v=(Py;+P,K(I-P2,K) Py, )v

The H* control problem is then concerned with minimizing ||F,(P, K)||_ as K(s) ranges over the set
of stabilizing controllers S. In other words, we seek to minimize the L, norm of z over the set of
allowable inputs y such that ||y]|2= 1. Rather than tackling this (nonlinear) problem directly, it is
widely believed prudent to convert it into another problem which is linear in a free parameter. This
is done by the “Youla parameterization” of all stabilizing controllers, this is obtained by calculating
coprime factorizations of P(s) over 3 and solving a double Bezout identity to obtain the

coefficients of Ko(s); the generator of all stabilizers.

inf _||F,(P,K = inf Fi(P,F(Ko, = inf T,4-T12QT4,)(s 1.2
inf S IR (PK)I, a2 I[F:(P,Fi(Ko, Q) a2 I(T1,-T12QT21)(s)ll (1.2)
in which T},(s), T;4(s) and T,,(s) may always be chosen stable with T;4(s) and T,,(s) parts of inner
matrices [9,26,31]. We change nothing by re-writing (1.2) as
, o] T
inf oo”(Tu-[le T_L]l:% 0] T
+

21
anly . )()ll o (1.3)

in which T (s) and T .(8) are chosen to make [T, T ;](s) and [T3, Tl]‘(s) inner. This, too, is
always possible [9,26]. Finally, by invoking the norm preserving property of inner matrices, we see

that (1.3) is equivalent to

Rj1-Q Ry " (L4
inf s)| <v 1.4
QEXRF| Ry Ry
where
Ry Ryo T3, ~
s) = Ty, [T T 1(5) eRIZ L5
Ry oy [0 |7 [Pl T (1)

and v is the target norm; (1.4) is the four block general distance problem which we will study in this

thesis.

Five years ago, Doyle [31] suggested a solution to this problem which is based on the work
of Davis, Kahan and Weinberger [6). The technique proposed consisted of breaking the four block
problem into two consecutive two block problems and finally a one block problem, which was
subsequently solved. The desired controller is then recovered by a somewhat protracted back
substitution. This approach has proved quite adequate for theoretical work, but when implemented
on a computer, suffers from serious degree inflation problems. Computationally, each iteration
requires the solutions to three factorization problems, furthermore, one has to make heavy use of

model reduction routines to suppress any state inflation.
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In an attempt to understand these inflation phenomena (in the context of H°-control),
several researchers undertook cancellation analyses for the one and two block problems [17,18,19).
Limebeer and Hung [19] investigated the one block problem arising in H* control problems of the
first kind or single target problems. These problems are characterized by the assumption that P,(s)
and Py (s) in (1.1) are square (but not necessarily of the same size). Using approximation theory
[11], they carry out a detailed analysis of the cancellations which arise in such problems yielding a
MacMillan degree bound for all H®™ optimal and suboptimal stabilizing controllers. Their main
result states, “If deg(P(s))=n, then there ezist optimal stabilizing controllers of degree n-1 which
achieve the target norm”. The same result has been derived by Limebeer and Anderson in [17}, and
Kimura in [58] using vector interpolation theory. In [18], Limebeer and Halikias use approximation
theory again to extend the cancellation analysis of [19] to deal with problems of the second kind.
That is, Py5(s) has more rows than columns and P,(s) is square, alternatively, P,;(s) has more
columns than rows and P;,(s) is square. They show that the controller degree bound derived for
problems of the first kind also holds for problems of the second kind. In addition, their analysis
shows that significant improvements may be made to existing computer software, which is backed
up by computation trials which reveal that the new code is approximately eight times faster. Juang
and Jonckheere [33] have also derived such a controller degree bound using their linear quadratic
approximation techniqué [34). At this point, it is natural to ask whether the controller degree bound
for problems of the first and second kinds carries over to those of the third kind. To this end, a
controller degree conjecture was made in [18] for the case of H* control problems of the third kind
which was subsequently confirmed by Hung [15] using interpolation theory. The outcome of this
work was most encouraging, in that problems with deg(R)=n, in (1.4), always had solutions with
deg(Q)=n. In the same way, it was demonstrated that if deg(P)=n, in (1.1), then controllers with
degree n always exist. These observations lead to the expectation that Doyle’s original algorithm

could be greatly improved from the computational point of view.

Over the past fifteen months there has been a flurry of activity among H* control
researchers; the goal: a new state-space based approach to solving the four block general distance
problem posed in (1.4). Limebeer et al [34] solved this problem by embedding (1.4) into a larger all-
pass matrix, with this complete they demonstrate that all optimal and suboptimal solutions are
generated by part of this all-pass embedding. Hung [15] also solves the problem using interpolation
theory, he breaks down the model matching problem in (1.2) into two interpolation problems for
which he characterizes all optimal and suboptimal error systems. In both these cases [15,34] explicit

formulae for the solutions are given.

Clearly, the next step is to apply these solution techniques to the four block general distance
problem associated with H* control. To this end, a number of closed form representation formulae
have been derived for the generator of all H* controllers. Limebeer et al [34] replace Q(s) in the
middle term of (1.2) with the generator of all extensions to yield a generator for all stabilizing

controllers. The derivation of such formulae has been obtained using a variety of other techniques;
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Glover and Doyle [14] have also used the all-pass embedding technique independently to derive a
similar representation formula, however unlike [15,34], they -~ do not treat the optimal case. Doyle
et al [10] use the direct state space approach based on separation principle arguments which are
reminicent of LQG (H, theory). In addition to obtaining controller representation formulae in which
the controller degree bound is implicit, [10,14,20,34] show that all H* control problems may be
solved with only two indefinite algebraic Riccati equations, further, each also give necessary and
sufficient conditions for the existence of stabilizing controllers meeting the target norm. Hung [13,16]
has also derived one such set of formulae based on the solutions to indefinite Riccati equations,
again his approach was via matrix interpolation theory. Khargonekar et al [35] have shown that if
all the states are accessible, the infimum of the norm of the closed loop transfer function can be
achieved with a constant static feedback, their solution involve-s solving an indefinite Riccati
equation, furthermore, they give similar necessary and sufficient conditions for the existence of a
static feedback meeting the target norm. In addition to these techniques there exists the J-
factorization approach of Glover et al [36] based on the canonical factorization theory of Bart et al
[37], this method also leads to a representation formula for a generator of all stabilizing controllers.
Verma has a closed formula for problems of the first kind [29]. Finally, a time domain approach
using the maximum principle is due to Tadmor [28]. Limebeer et al [39] solve the finite horizon and

time varying cases using linear quadratic differential game theory.

Another problem which has recieved much attention is that of eniropy minimization. Arov
and Krien [1] have studied a class of suboptimal extensions which they have termed minimum

entropy extensions. The entropy of (1.4), which is defined at a point, is given by

In[det(I-R*Gw)R(w))| /85 Re(so) dw Re(so)>0

I(R,s0) =—1
(Riso) = 5z fo—sol?

8'\8

Limebeer and Hung [19] studied these extensions in the case of one block H* control problems,
where the problem is posed as: among all stable closed loops: R(s) achieving a certain target norm 7
(¥>70), obtain the one which minimizes the entropy integral. In [34], Limebeer et al extend these
results to the general distance four block problem using the all-pass embedding technique. Mustafa
and Glover [40] also employ the all-pass embedding approach to derive the entropy minimizing
extension which they then apply to the four block H* distance problem. In both cases special
attention is given to minimizing entropy at infinity, [40] goes further, discussing the interesting links

with risk sensitive LQG problems, and they also give formulae for the entropy minimizing controller.

Other related problems of interest include the super-optimal Nehari extension of general
rational matrices. In [69], Limebeer et al sequentially minimize each frequency dependent singular
value of the error system until the problem is reduced to one of rank one, yielding the unique super-
optimal extension. Postlethwaite et al [70] also develop one such algorithm for computing the super-
optimal Nehari extensions. Jaimoukha [71], extends the results of [69,70] to the four block distance

problem.
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The recent breakthroughs in the H* scene have meant that theoretically cleaner and more
robust algorithms exist for the computing of H* optimal controllers. Nevertheless, most engineering
problems still require a computationally expensive v-iteration. Ideally, one would like to remove the
v-iteration completely. Although this ideal seemmssome way off, some progress has been made in this
direction. Limebeer and Hung [19] give a number of closed formulae for the optimal cost in the cases
of unweighted single target problems, a cost formula is also derived for the weighted robustness
problem. Glover and MacFarlane tackle a two block optimal robustness problem [41]. They derive a
formula for 44 in terms of the Hankel norm of the normalized coprime factors associated with the
plant to be controlled, in addition a representation formula for the generator of all sub-optimal
controllers is given. Foias and Tannenbaum have a determinental formula for the (essential) norm of
the four block operator associated with H* control [42]. Kasenally and Limebeer [21], use the new
H® solution technique to derive a formula for v, in the cases of unweighted mixed-sensitivity and

parametric mixed-sensitivity.

As with any new engineering theory the success of feedback design with an H* optimization
criterion can only be judged by its performance once applied to practical engineering problems.
Currently researchers are having some degree of success [43,44,45,46,47] to name but a few. The aim
of the final chapter is to perform a design for a turbogenerator with a view to improving the overall
transient and dynamic stability. To date, LQG regulators have been considered [48,49,50,51] these
have modeled uncertainty as white noise and performance in terms of the L, norm of the error.
Unfortunately few physical systems are adequately modeled with additive white noise as the only
uncertainty, hence the control of such systems display reasonable performance but poor robustness

characteristics.

1.1 Thesis contributions:

In this thesis we have studied various important aspects of the H* control theory associated
with H*®-control problems of the third kind. To start with, we address a general problem termed the
four block general distance problem. The solution proposed here is to embed the four block problem
into a larger all-pass matrix, transforming it into a one block problem, with this complete it is
demonstrated that part of this all-pass matrix acts as a generator of all suboptimal solutions. It is
established that this same generator captures a class of the inertia optimum solutions (that it
captures all the optimal solutions is not proved). Furthermore, the loss in the effective dimension of

the free contraction is also demonstrated.

In the next stage the all-pass embedding technique is employed to solve the four block
problem associated with H*control problems of the third kind. This approach yields a controller
degree bound for the generator of all controllers. Combining the embedding and parameterization
Riccati equations leads to a new way of solving H® control problems which requires the solution of

only two indefinite Riccati equations of fixed dimension.
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A representation formula for the generator of all controllers is derived, what is interesting is
that this formula is expressed entirely in terms of P(s) and the solutions to the afore mentioned
indefinite Riccati equations. Interpolation theory is used to derive necessary and sufficient conditions
for the existence of stabilizing controllers achieving the target norm. It is known [10,14,34,36], that
the H™ formulae become cumbersome in the event that D;;#0 and D,,70%. Glover and Doyle have
already shown that a modest simplification is possible if Dy,=0, and that this assumption may be
made without loss of generality. It is demonstrated by a loop transformation argument that D,;=0
may also be assumed without loss of generality [34,81]. This observation brings about a substantial

simplification in statement of the formulae.

Using only standard real matrix operations, it is possible to compute the H* optimal

controller. An iterative procedure associated with this calculation is presented.

Unweighted mixed sensitivity is a two block problem which generally requires an iterative
solution. For this special class of problem it is possible to obtain a closed formula for the optimal
cost. A cost formula for the parametric mixed sensitivity.problem is also derived. Both formulae and
their controller representation equations are expressed in terms of the solutions to the standard H,

algebraic equations and the state-space of P(s).

Software has been developed (using Fortran and PC Matlab) based on the results presented
in chapters 2 and 3 that uses standard matrix operations and linear algebra techniques. As an
engineering application this new approach to solving H* control problems is employed to enhance
the stability of a synchronous machine connected to an infinite busbar. A so called supplementary
controller is designed to feed existing control loops with signals during fault and transient periods. In
the first instance a single inertia model is considered and finally, the effects shaft torsional

vibrations are included.

1D,-j is the (i-j)th partition of the D-matrix in a realization of P(s). P(s) is referred to as

equation number (1.1).
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Chapter two
A characterization of all solutions to the four block general
distance problem.

2.1 Introduction

In this chapter we characterize all the solutions to the four block general distance problem.
The procedure is to embed the original problem in an all-pass matrix which we construct. With this
complete, we demonstrate that part of this all-pass matrix acts as a generator of all solutions.

Special attention is given to the characterization of all optimal solutions.

The four block general distance problem has it’s genesis in H*-optimal control problems of
the third kind [9,26,31]. In typical H* design situations, a nominal plant model is known, and the
design engineer has the task of selecting various frequency dependent weights. The plant model and

weights are then combined into a single matrix
P, P
P(s) =| p* 52 (s 2.1
© [lepn() (2.1

and one seeks to minimize ||F,(P, K)||_ as K(s) ranges over the set of stabilizing controllers. Rather
than tackling this (nonlinear) problem directly, it is widely believed prudent to convert it into

another problem which is linear in a free parameter. That is

~_~
EC)
o
~—

dggﬁ?“(Tll-*'TnQT“)(s)”00

in which T(s), T,4(s) and T,,(s) may always be chosen stable with T;,(s) and T5,(s) parts of inner
matrices[9,26]. We change nothing by re-writing (2.2) as

: o]l T
Q‘ggGT”(Tn‘*'[Tn T_L][Cg 0] Tj ()Ml (2.3)

in which T | (s) and T-L(s) are chosen to make [Ty, T ](s) and (T3, T'_L]'(s) inner. This, too, is
always possible [2,9,11,26). Finally, by invoking the norm preserving property of inner matrices, we

see that (2.3) is equivalent to

R;;+Q Ry,
inf (s) (2.4)
Qe Ry Ry
oQ
where
A ST ) O Tt (2.5)
=1 e niia2 5 - .
Ry Ry i -

(2.4) is the four block general distance problem which we will study in this chapter.
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Five years ago, Doyle [31] suggested a solution to this problem which is based on the work
of Davis, Kahan and Weinberger[6]. This approach has proved quite adequate for theoretical work,
but when implemented on a computer, suffers from serious degree inflation problems. The purpose of
this chapter is to present a new solution to the four block general distance problem which is
theoretically cleaner, and is also a great improvement over existing methods from an

implementation viewpoint.

This chapter has been divided into several sub-sections, in Section 2.2 we construct an all-
pass embedding for the generator of all solutions to the four block problem. In Section 2.3 we derive
a representation formula for all sub-optimal solutions, the optimal cases are treated in section 2.4.

We summarize the key findings in the conclusions (Section 2.5).

In this section we will show how to construct an all-pass embedding for R(s). With this
initial step complete, we go on to prove that part of the resulting all-pass matrix acts as a generator
for all solutions to the four block infinity norm problem. In this section we will only deal with

suboptimal problems; the optimal cases will be addressed in the next section.

We begin by considering the following one block distance problem

R11+Q11 R12+Q12
[ R21+Q21 R22+Q22 :I(S)L (2.6)

inf
Qn @12 P
[Qzl %J(’)“:“*

in which R(s)€32. From standard Nehari extension theory, we know that this problem always has

a solution such that

*
Riu+Qu  RiatQy Ry1;+Qu  Rya+Qypo 2
=70l 2.7
[R21+Q21 R;2+Q42 (s) R,1+Q,  Rop+Qyo (s)=70 (2.7)

where 7O=IFR.|. Lets now suppose that R(s) is special in that its second block row and column are

all-pass in character. That is

R‘
[Rax Rz Jo) . [ = 7 (2.8)
22

and

R
[Riz 5 Jo) . f) = 7 (2.9)
22

Comparing (2.8) and (2.9) with (2.7), one observes that there is a solution to the problem in (2.6)
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which is of the form

Qu(s) 0
Q(s) = 0 0 (2.10)

This looks like the solution to a four block problem in (2.4). In the usual event that (2.8) and (2.9)
are not satisfied, we simply force the issue by introducing the spectral factors L(s) and N(s) such

that

[ L RoyRay [ Bt f) = 771 (2.11)
and

[ N* Rz R3, |(8) Raz [(8) = 72 (2.12)

which is always possible provided of course that v > ma.x{l[glz}(s) , |[R21 R”:I(S)I }1. This gives
22 o o0

the augmented problem

* * N Qoo Qo1 Qo2
inf § * Ry Ry [8)+ Qo Qu Quz 5) (2.13)
QE¥T
L Ry Ry Q20 Q21 Qa2
o0
which will have a solution of the form
Qoo Qor 0
Q) =| Qo Qu 0 |s) (2.14)
0 0 0

provided 7 is chosen big enough. Finally, one may discard the augmentation in the knowledge that
this will not increase the norm. So much for the intuition.
We start our formal analysis by assuming that R(s)G‘ER:I}GT’(”q)X(m“) and that there

o0, pXm

exists some Q(s)€RI6 such that

1lncidentally. exactly the same construction may be used to prove Parrott's theorem which is a

result we shall call upon again[22,23, pg.4].
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< 7o (2.15)
Ry Ry,
00
We will also assume that
R;1+Q Ry, D,; D, Dy
(o) = = max{|Dy, Dzzlz’lD I }=71r< 170 (2.16)
R21 R22 D21 D22 22 2

The second equality in (2.16) follows from Parrott;s theorem([22,23,Thm 1.2, 17], and the fact that

we have complete freedom in our choice of D;,2.

Suppose next that

A o |B, B, |
R;1+Q Ry, s 0 AQ BQ3 0

R R (S): 01 CQ3 Dn_ .D12 (2.17)

A 22 B C2 0 D21 DZZ_

is minimal in which

R)E[A | B, B, | and Q@) £[Ap |Bg) (2.18)

Ci| Du Dpn [ Cos| 0

_Cz D?I D22_

Invoking a standard result from dilation theory [11], we can write

p+q m 1
m+l An A A

A(s) = » A2z Ry+Q Ry |(5) (2.19)
9 A3z Roy Ro2

in which it is always possible to choose the first m+! rows and p+¢ columns of A(s) so that
A(s)A*(s)=~2I where we select y>7, (the case of 7>7, will be addressed later). As a consequence

of the all-pass character of A(s), we must have

R},
An(®)43() =11-[ R Rz ]| . |6) (2.20)
22

and R
. . e 12
Ais(s)Ara(s) = 7’1 -[ Rix Rzz] R (s) (2.21)
22

2The strict inequality in (2.16) may be relaxed, but the additional intricacies which this involves

will unduly cloud the main theme of the construction.yp is defined to be the Parrott lower bound.
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which are spectral factorization problems. Suppose next, and this is always possible, that we choose

Agy(s) =

and

Ay3(8) =

It is important to notice

BRC) (2.22)
B I

* (2.23)
_X24(S) { '

that the dilation in (2.19) may be accomplished without changing the

A-matrix in (2.17) [11, Thm 5.2]. Further, the spectral factorization compressions in (2.22) and

(2.23) require no change

of A-matrix either. To see this, one needs only study all the possible

solutions to the bounded real equations [2]. Translating these observations into the state-space, gives

the following special structure which we will soon analyse in greater detail:

- P q m o1 n
Qn Q2 Qs 0 m
Als) = Qa1 XpptQzy Xp3+Qaz Xy !
Qa1 X32+Qa2 Ry+Q Riy P (2.24a)
0 X42 R Ra2 e
A o 0 B, B, B, |
0 AQ BQ1 BQ2 BQ3 0
= 0 Ca Jy Jip 33 0 (2.24b)
Co Cq Jar Ja2 Jaz Jag
C:  Cpqs Js1 Js2 Du Dy
B C, © 0 Js2 Dy D22_
in which B .
K 2| © 5 (2.25)
42\8) = :
Cz Ja2
and B 7
Xou) 2| © (2.26)
24(8) = .
Co J24
Abbreviating (2.24b) to
B
As) £| TATA (2.27)
C.A J

and invoking the standard

state-space characterization of all-pass matrices yields
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Lemma 2.1:

A(s) is all pass if there exist Hermitian matrices P 2 Q 4 and an orthogonal J matrix such

that
JB +C 4P, =0 (2.30a)
IC,+B4Q, =0 (2.30b)
PAQ_A=72I ‘ (2.31)
13" =17 =~ (2.32)

are satisfied. P A and Q A defined by

P, P Q, Q
Pyo=|_. *ladQ, =] . (2.33)
P Py Q2 Q3
Proof: {9,11]
The proof proceeds by direct calculation. o

In the next phase of our development, we analyse several consequences of equations (2.28) to

(2.33). Firstly,

The (4,4) block of (2.32)= & = 7°I-D;,D},-D3,D},= J 4,5, (2.34)
which may be solved as a Cholesky factorization problem. J,, is nonsingular by (2.16). Also,

The (4,4) block of (2.32) = © = 4%-D},D,,-D3,;D5,= J34J54 (2.35)

in which J,4 is nonsingular for the same reason. Continuing further,

(2.302)=> J45B4 + DgyB} +D,,B3+C,P, =0 (2.36)
which gives

Bo=-[B;D3,+B,D3,+P,C3] J3; (2.37)
(2.28)= AP,+P,A*+BoB3+B,Bi+B,B;=0 (2.38)

Substituting (2.37) into (2.38) gives
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(A+(B;D3,+B;D3,)®7'C,)P, + Pl(A+(B1D§1+B2D;2)<I>'1C2)' + Plc;q)—lc2pl+

10 D2 -1 B} _
I:Bl B, ]{[0 1]+ b | ? [Dlezz]} g | =0 (2.39)

which will be recognized as the Riccati equation associated with the spectral factorization problem
(2.20). At this point we remind the reader that every solution to (2.39) is symmetric and negative
definite as it satisfies the controllability grammian equation in (2.38). The ’biggest’ solution is the
minimum phase spectral factor in (2.25) [1], the minimum phase spectral factor will be required
later when characterizing all solution. A dual sequence of arguments based on (2.29) and (2.30b)

leads to

Co= -J24(D1C; + D2,C, + B2Q)) (2.40)
in which Q;=Q] <0 satisfies

A*Q+Q;A+C5Co+CiC+C3C,=0 (2.41)

and is the observability grammian of the unstable part of A(s). Substituting (2.35) and (2.40) into
(2.41) gives

(A+B,07}(D},C;+D5,C)))"Q, + Qi(A+B,07Y(D},C,+D3,C,)) + Q,B,07'B3Q,+

Lo e Yo §|+|pr e [Pumsly o | =0 242

22 2

which may be used in the solution of the spectral factorization problem (2.21). As with (2.39), all
the solutions to (2.42) are negative definite since they have to satisfy the observability equation in
(2.41); further, we require the ’biggest’ solution to (2.42) which corresponds to a minimum phase

spectral factor.

With the aid of Lemma 2.1, we now set about the task of constructing a suitable stable
matrix to replace
Qu Q2 Qs
Qa1 Q22 Qa3 (s)
Qa1 Qa2 Q

in (2.24a). Such an exchange may be undertaken freely, because at no time have we made any use of
Q(s) save assuming its existence. The all-pass embedding may now be completed with the aid of a
construction due to Glover [12]. To begin with, we assemble an orthogonal J matrix. Following that,

Aq, BQ and C Q will be constructed to satisfy the equations in Lemma 2.1.
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From (2.24b) we have

i Ji2 Jis O
J J J J

g | 7m Jm Ja Ja (2.43)
Ja; Js2 Dy Dy,

0 J42 D21 D22J

as the direct feed-through matrix of the error system. In order to solve the problem at infinity, we
are required to replace D,; with 9;=-D,,(721-D3,D,,)"'D3,D,, in which 7, is the Parrott lower
bound given by yp= max{||D21 Daall, ;5 1ID32 D§2||2} [22,23,30]. This is achieved by setting
Q(00)=-(Dy,+D,5(731-D3,D4,) " D3,D,,). The key point is that (2.32) together with (2.43) lead to
a set of equations which may always be solved to yield an orthogonal J-matrix. The proof of this

claim proceeds by direct calculation from (2.32):

J32==(D1;D5,+D12D32)3 43 : (2.44a)

J23=-124(D12D1,+D3;D3) (2.44b)
and also

3193147329304 D1197,+D;1,Dip =71 (2.44c)

(2.34), (2.44a)=
J 31351 =721-"31163I1-D12D22~(€D11D§1+D12D§2)(72I-D21D51"D22D52)_1(c-bl1D51+D12D§2)'

As a consequence of (2.16), we can write

=, = 2 * D*
=11 =12 7T 0 Dy; Do 11 Y2

El2 Zj 0 721 D, Dy, || D12 D3,

which gives

by a Schur complement argument. This shows that the Cholesky factor J3; is also nonsingular.
Continuing;

Jf3313=721—DI1D11-D51D21-J53323
(2.35) and (2.44)=

J;aJ13:721-‘50;1‘5011-D;,D21—(DI2€D1,+D§2D21)'(721—D;2D12-D§2D22)“(D;ﬂ),1+D§2D21)
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Ay A _ 71 0 1 D21 [ Dy Dyo =0
Al, Ay 0 ¥ D1, D35 || Dy Dyo
we find that
Ji3d1s = (An-A12AZ3AL) >0 (2.44d)

and (2.44d) = J,; is also nonsingular. Finally J;y, J;5, J5, and J,, can be evaluated from:

J22=-124(D12332+D3253 45) ' (2.44e)
J21=-J24D12]3 (2.44f)
I11=-J13(3239 21+ D117 3)) (2.44g)
J12=-313D2,3732 (2.44h)

in which the indicated inverses have been proved to exist.

An alternative approach is to construct the J-matrix 4 blocks at a time by abbreviating

(2.43) to

Ji I,
J= (2.45a)
J3 D
in which
Jig J J 0 Ja1 J 9,,D
), = 11 J12 3, = 13 3, = 31 Y32 and D = 11 Y12 (2.45b)
Jo1 Joo Ja3 Jog 0 Jg42 D;, D22

Next, we solve the two Cholesky factorization problems

J3J3 = +4-DD* (2.46a)
and
J3J,=7%-D*D (2.46b)

As a consequence of the assumption in (2.16), J,3, Jo4, J3;, and J4, are all non-singular. Also,
(2.46a) and (2.46b) are completely consistent with equations (2.34) and (2.35) which have already
been used in the specification of J4, and J,,. We may now use [23,page314] to complete the

construction. That is

Jl = —JzD‘Jg‘ (2.47)

Following Glover [12], we define
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P q 1
[Bg: Bgy Bgs 0] = R(Qy[0 Bo B, ByJ+[0 C3 C; C3)I) (2.48)
in which

R=P,Q,-7I (2.49)

The fact that the last ’r’ columns in (2.48) are zero follows from the (4,1) block of the all-pass
equation (2.30b) and is crucial to our development. In this section we assume that det(R)#0;

det(R)=0 may also arise, but we defer the treatment of this case until the next section. Similarly we
define

- - - — r - :
Coi|m 0 0
Coplt c B;
@ = °p, -] ° (2.50)
CQ3 P Cl Bl
0 |, C, B}

The zero block at the bottom of (2.50) follows from the (4,1) block of the all-pass equation (2.30a).
Next suppose that

A routine calculation, which is essentially the same as that in [12], will verify that (2.28) and (2.29)
are satisfied by

P, P, P, 1
P; P, I QR™!

(2.52)

and

-R*
Ql Q2 — Ql (2.53)
Q2 Qs -R RP,

Also, it is not hard to show that (2.48) to (2.53) satisfy (2.28) to (2.32), and so A(s) in (2.24) will
satisfy A(s).A*(s)=7I as required. The (2,2) block of (2.29) gives

9RP+RP,A 0+C,C 01 +C5,C 0, +C3C 03 =0 (2.54)

in which P; is the controllability grammian of the augmented R(s). Since R(s) is assumed to be
minimal and completely unstable, P;<0. If v is chosen large enough such that (Q,P,;-721)<0, it is
immediate from standard inertia arguments that Re(A(A))<0 [11]. As we will now demonstrate,
Re(AA))>0 = Re(A(AQ))<0. Suppose that there exists x0 such that AQx=/\x with A+A=0.
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Then the (2,2) block of (2.29) = x'(A+X)RP1x+x‘ 'QCQx=0 = CQx=0. As a consequence the
(2,1) block of (2.29) = x"RA=-Xx"R. Since x"R#0, -A must be an eigenvalue of A. This is
impossible, however, since A was assumed to have all its eigenvalues in the open right half plane.

We therefore conclude that Re(A(A Q))<0, as required.

In the last section we proved that

Bgs

A
Qis) £ ° € BRI (2.55)

Cos u-Dn

is one sub-optimal solution to the four block infinity norm problem. This follows from the fact that
removing the first two rows and columns of (2.24) is not norm increasing. The aim of this section is
to demonstrate that it is possible to parameterize all the sub-optimal solutions in terms of a stable
contraction and certain blocks of (2.24a), and this is the main result of this section. To proceed
further, we will require a series of lemmas to help us in the proof of theorem 2.5. Firstly, we need to

pin down the locations of the zeros of Q,3(s) and Qs,(s).

Lemma 2.2
(i) z;is a system zero of X4,(s) if and only if -Z; is a system zero of Q,5(s).
(ii) z; is a system zero of X,4(s) if and only if -Z; is a system zero of Q3,(s).
Proof:
The zeros of Q,;3(s) are given by the eigenvalues of (A o-Bosd acC Ql). By direct
calculation:
Ag-BogdisCq = -A"-B,B5-B3Bi+B3)13(312B5+713B7)

by (2.47) and(2.51)
= -A"-B,Bo+B 37371285
(2.44h) = = -A"-B,Bo-B3D2,J53B5
=-A'-(BQ2J22+BQ3D;1)J4-2‘BE)

The (3,2) block of (2.30) =
=-A*+C3J 3By
=-(A-BoJ73Cy)" (2.56)

Noting that the zeros of X,,(s) are given by the eigenvalues of (A-BoJ75C,) concludes the proof of
(0.
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The zeros of Q,(s) are given by the eigenvalues of (AQ-BQIJ ;}CQS). By direct calculation from the
(1,2) block of (2.29), (2.53) =

Ag-BgJ3iCos =R -A‘R‘+C&CQ2+C;CQ3-R"BQ1J51‘003}

(2.48) = =R™*{-A'R*+C4C g;+CiC g3-(CoJar+Cil1)51C s }
(2.44f) = =R~ —A‘R‘+C(‘,CQ2+CBJ;;D;20Q3}
(4,2) block of (2.31) = =R"* -A'R'+05J;;B;R-}
=-R™*(A-B,J7iCo)'R* (2.57)

noting that the zeros of X,,(s) are given by the eigenvalues of (A-B,J55C,) proves the second part.
0

As a consequence of Lemma 2.1, we are able to locate the zeros of Q,a(s) and Qs(s) in

the open left half plane. This follows from the fact that the solutions to (2.39) and (2.42),
corresponding to minimum phase spectral factors, will locate all the zeros of X,4(s) and X,(s) in

the open right half plane. From now on we assume that these solutions have been selected.

Before continuing we need two standard results. The first bounds the norm of Fu{H,U}(s)
and the McMillan degree of the unstable part, while the second result pins down the location of the

non- minimal modes in a general linear fractional map.

Lemma 2.3 [13,24]

H,, H m)x(m
Suppose that H(s) = 1 le (s) where H(s)EJS::’(p_{- x( +p)(k) and consider a

H21 22

oo,mXp

U(s)e (€) such that || Hj;U ||<1 then
(3) [H|low<7 a0d || U [|o< 77" = || Fu(H,U)||0<7
(b) Fu(H,U)€%HT ™ P (k+0) O

Proof:

(a) We begin by assuming that H(s) is all-pass, ||H(s)||.o="7, using this property it is not
hard to verify that

71 -{Fu(B,0)} {FUB,1)} =H}(1-U"H;) ™ {I-U"U7*}(1-H,,U) " Hy, (2.58)
>0 i [|UGS) o< 7™

Next we consider [|H(s)||co< 7, then it is always possible to embed H(s) in a larger matrix such

that
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HOO HUI H02 = =
Hll H12
Ha(s) = H]o Hll le (S) = ﬁ H (s) (2.59)
21 22
H20 H21 H22

where Hq(s) is all-pass and |[Ha(s)]|oo="7; then as in the previous case, it is easily verified that

7 {Fullla D) {Fullla D)} =B30-0"E1)~H1-00}0- By, 0) (2.60)

>0 if ||U(s)|lo< 7™ and U(s)=[ 3 8 ](s)-

This completes the proof of the first part.

(b) The proof of this part is obtained by considering the poles of FU{H_,O:U} where a€[0,1].
See Glover et al [13] for the proof.

o
Lemma 2.4 [17,19]
Suppose that
EEN
Hy; Hy S
(s) = Cy | Duu Dy (2.61)
Hy Hop,
Cy | Day Dy
in which Hw(s)eRplme with m,>p, and Hzl(s)eRp"’xml with p,>m,. Suppose also that
U(s) 2 A B 2.62
s) =| . . .
©2 o (2.62)

is a minimal realization and that the well posedness condition det(I-D,;D)#0 is satisfied. Then in

the closed loop realization, Fu(H,U)(s),

(a) every uncontrollable mode is a Smith zero of

s[-A —B2
(2.63)
C, Dy
(b) every unobservable mode is a Smith zero of
s[-A "Bl (
2.64)
C; Dy
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Proof:

a) Suppose that sy is an uncontrollable mode of the closed loop realization of Fu(H,U)(s),

then there exists [w; w,]#0 such that

sol-A-B,DMC,  -B,[I+DMD,;JC  -B,DMD,,-B,

[w; wyl . . - - . =0 (2.65)
-BMC, sol-A-BMD,,C -BMD,,
where
M= (I—an))-1
define
2y=-w,B,DM-w,BM (2.66)
sol-A -B,
= [wl 22] = 0 . (2.67)
C, Dy

It remains to verify that [w; w,]#0 = [w, 2,]#0. This we we do by supposing that [w, z,]=0

(2.66) = -w,B=0 (2.68)
(2.65) = wo(sol-A)=0 (2.69)

which contradicts the minimality assumption of U(s) in (2.62), hence [w; z,]#0, this completes the

proof of part (a).

The proof to part (b) proceeds in a similar way with a dual set of arguments.

fo 0

We are now ready/show that

Qll Ql3

Q. o [P1O={e+aaU0-0u) ke TUEeBHTTT  (270)

Qle) = Fuf

captures all the sub-optimal solutions to the infinity norm problem.

Theorem 2.5

yPXm

The linear fractional map given in (2.70) generates every Q(s)e 65 which satisfies

(2.15).
Proof:

We begin by showing that (2.70) generates a class of solutions. Since det(Q,;3(jw))#0 and
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det(Q3,(jw))#0 for all real w by lemma 2.2,

[1Qi1lleo<7 and ||Q;;U]]0<1

U(s) 0 R;1+Q Ry, Qa1 X3+Qs2)l U 0

=>Fu-AS, =
LECI I T el R

{ I 0 Qun Qi U 0 }_ Qi3 0 I
0 I Q21 Xp2+Qa2f 0 0 X93+Qas X4 =

R, +Q Ryy

=l lloo<7
Ra; Ry ®

in which Q(s)=(Q+Q3,U(I-Q;,U)~'Q,3)(s), for any stable U(s) such that HU[INS:l/- and A(s) given
in (2.24). This follows from Lemma 2.3(a).
Qi Qs

Since U(s)€ %3 and % Q (s)ERIT, Q(s) is in %3 also (by lemma 2.3(b)).
31

Establishing that (2.70) captures all the solutions is a little more tricky. Suppose that

Ru+6 Ryy

I oo <7 (2.71)
R21 R22 ®

for some 6(5)6%%?”’ X™ we need to show that 6(5) is generated via the linear fractional map
Fu{A(s),U(s)} in which U(s) is stable such that ||U]| <% and furthermore, U(s) has to have
structure [5 8]. Next consider that A(s) in (2.24) is partitioned as

Q. Q2 Qi 0
H), Hy,
Q2 X29+Qy2 X23+Q2s Xoq | (s) = H.e H (s) (2.72)
21 Hao
Qs X32+Qs2 | Rp+Q Ry,
LO X42 Ry R22_
in which
Hy, Hy, Hyy Hy,
(s) (s) =71 (2.73)



- -
Hz, Hp,

)= Fufr™ o, (s).2(5)},

it is easily verified (see Appendix A) using (2.73) that

2(s)=Fuf i (),T()} |

H21 H22
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(2.75)

(2.76)

Since ||Z||<7 by assumption, and ||7"2H§2||°°<:17, the map given in (2.75) is well posed and
further HTJ‘HOOS% (by lemma 2.3). It now remains for us to show that U(s)€RH%S and is of the

00

form [. 0]. The bordering zeros allow one to ignore the second row and column of A(s) in

(2.24) or alternatively (2.72). From (2.71) and (2.73) we obtain

Hypp+AQ = H22+H21ﬁ(I-Huﬁ)-lH12

in which
AG AQ 0
Q= 0 0
This gives
U= HzAQ(H,,+H), H7 AQ)™
Since -
HAAG = Q35:4Q 0
21 = 0 0
and
~ | QuQ3iAQ+Q;s 0
H)+H H;/AQ =

* X4

it is clear that

318Q(Q;1Q31AQ+Q,5) ™!

H3AQ(H,+H, H5]AQ)™ = 0

establishes that U(s) has the required form.

The fact that f]’(s)e%:}{;f follows from a simple cancellation

(2.77)
(2.78)
(2.79)
(2.80)
° 2.81
0 (2.81)

argument which is based on
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lemma 2.4. If ﬁ(s) had a right half plane pole,
) — Qu Qi3 (7Y

Q(S)—Fu{l:a3l Q ]7U11}(S) (2'82)

would have a right half plane eigenvalue in its A-matrix (by lemma 2.3(b)). Since a(s)efR’J{;‘f by
assumption, a right half plane cancellation would have to occur. This is impossible, however,
because all the system zeros of Q,3(s) and Qg,(s) are in the open left half plane and these are the

only possible cancellation locations by lemma 2.4. The proof is complete. O

In this section it is our purpose to lift the assumption of sub-optimality which has been
made so far, We begin our discussion with a simple example which illustrates several features of the

general case. If

R ;+#Q R rn+q 0
11 12 5= 1 (s) (2.83)
R21 R22 0 1'2
where R(s)ERIZ and Q(s)ERILT, then there are two possible situations which require separate
consideration. These are
M) [y <, (2.842)
and
@ e 2 (2.84b)

In the first case, it is clear that y,=jr,] and any q(s) €36 which satisfies Ir1+q|°o57o will be an
optimal solution; a continuum of such solutions exist. In the second case, however, the (unique)

optimal Nehari extension of r,(s) is the only solution and 70=|Fr1|.

In the general case there are also two possible forms of optimality. To see this, we note that

[:Z]L.I[ Ra) R22:|L°} (2.85)

by a result due to Parrott [22,23,Theorem 2.1,30 ]. If Q(s) were free to range over £°° (rather than

Yo 2 /1=maX{

just 363°), one could always attain the lower bound of p. Since Q(s) is constrained to be an J63°

function, however, yo>p is clearly possible.

2.4.1 Optimality of the Parrott type.

We will take optimality of the Parrott type to mean yo=pu, and we will also assume in this
sub-section that Amaz(P,Q)<73; this second condition simply allows us to postpone the treatment

of R=P,Q,—72] being singular until a little later.
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The essential difficulty with optimality of the Parrott type are axis phenomena. Firstly, it
becomes necessary to use special algorithms to solve the spectral factorization problems associated
with (2.39) and (2.42). The presence of imaginary axis eigenvalues in the spectrum (spectra) of the
Hamiltonean matrices associated with these equations will cause standard eigenvalue sorting
algorithms to fail [4]. As a direct consequence of Lemma 2.2, Q,3(s) and/or Qg (s) in (2.70) may
also have zeros which lie on the imaginary axis. This follows from the fact that the hamiltonian
eigenvalues are the zeros of the spectral factors. In such cases, the linear fractional map in (2.70)
may be ill-posed for certain yU(s)’se B¥3’, H(s) is all-pass and Q,3(s) and/or Qj,(s) have axis
zeros therefore |[H;,(s)|| ,=<. Further, the proof that (2.70) captures all the solutions breaks down;
the reader will recall that we assumed that the system zeros of Q,3(s) and Q3,(s) lie in the open left
half plane. One might consider a U(s) no longer in 363° which has imaginary axis poles, and that the
map in (2.70) is still stable because of axis cancellations. To avoid these degeneracies, one should

regard u as an infimum which need not necessarily be achievable.

In the next example, we show that optimality of the Parrott type need not necessarily lead

to troublesome axis phenomena although axis eigenvalues are present in the Hamiltonian matrix

@1 Qi3 s).

associated with the spectral factorization. In this case the axis system zeros of Q;s(s) and Qg,(s)

may be removed with a non-minimal mode in the state-space realization of

Example 4.1

Suppose 1 0
s-1 10 10 10 00
L I TN PN B
§-1
Then [|T]| =3 70 = || s5llc = 1 and direct substitution gives
20 s o ] 1 0 -1 o
Ep= 4 s Ag= N ;BQ= 2
0 0 0 0 0 0 0 O
-1 0 0 0 1 0 ]
0 0 0 0 0 1
Co=| , and J=
3 O 1 0 0 O
0 0 J 01 0 0

removing the non-minimal mode and reverting to standard state-space yields:

win
W

Qll Q13
Qa1 Q

o Wk
!

(s) & 1

L (g
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Q1 Q3 o . . .
| 2 ,UE'ZBJB+} generates all the extensions of Ry,(s)=gL; which have infinity norm <1.
31

The system zeros of both Q,3(s) and Qgz,(s) are at -1. The purpose of working in a generalized state

space framework will become apparent in the next section. 0

2.4.2 Optimality due to inertia

It follows from standard inertia arguments [11], that 73 =Amaz(P;Q;) > p?is the least
for which Q(s)€363. Unlike the one block problem, v, has to be found by iteration. The so-called «-
iteration procedure which achieves this, is described in several places [9,18,26,31] to mention a few.
At this limiting value of 7, the R-matrix which is given in (2.49) will be singular, and as a
consequence | Bo BQ2 Bp; 0 ] as represented in (2.48) becomes undefined. To remedy this, we
simply switch to a generalized state-space representation thereby removing both the potentially

troublesome R™" terms [27]. This gives

R‘ )‘( = R‘AQX + R' [ BQl BQ? BQS 0] u (2-86)
CQ1
C
y = Q2 x+Ju (2.87)
CQ3
0
which we denote by
0 ~ o~
Qu [Qiz Qis RS AQ BQ
Q(s) = Qa1 [Q22 Qa3 0 | = 0 & 3 (2.88)
Qi [Qe Q@ O ¢
0 0 0 0
where p l4mag
m I ’j‘m In Jy2 d13 0
J= ~ ~ = Ja |J22 Jaz  Ja (2.89)
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P l+m+gq ~
~ ~ o~ In i
By =[Bg Bgl=Q[0|ByB, B, ]+[0]C5CiC3] 3.5 (2.90)
21 J22
K 0
~ m |C C Ju 71, || B
— Q 0 1 J12 0
CQ - l+p+gq EQZ = - Cl Pl - 3’21 722 ;
. (2.91)
02 . B2 .
Bo
Ao =18A"+ QAP, — [C5Ci C3 T, | Bi (2.92)
B;

Next, we find orthogonal matrices U and V such that U‘R"V:[E b ] in which R is nonsingular.

This gives
U'R'V U*AgV U'B
Q) £ ~ 2 Q (2.93)
0 CQV J
which if conformably partitioned with U‘R‘V:[E 3 ] yields
Q(S) % 0 0 ‘121 122 B-.) (2.94)
0 0 C C, I
L J
Under the assumption that A;; exists, one obtains
s R (A1-AARA,) R™Y(B;-A,,A2;B,)
Q(s) o o (2.95)
C,-CrA%A,, J-C,A3;B,

by standard singular perturbation methods® [27]. The case of A,, singular is a little more delicate
but may be treated via generalized inverses [27].

(2.95) is a standard state space model for Q(s), and is the basis of a representation formula
for all solutions. What is not clear, and this is the subject of the next section, is the way in which

the effective dimension of U(s) in (2.70) reduces at optimality. The next example illustrates this
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phenomenon.

Example 4.2

Take 2
s=5 O
R(S) =
1
0 53
Clearly 70=|ls5llec = ||F2/(s_1)|| = 1. By direct computation, the descriptor form of the

representation formula (2.70) is given by:

. 0 0 A 2 0 B 1 0 -1 0
@l o o %] o 0o 20 0 0 0
22 0 | [0 0 1 0 |
0 0 0 0 0 1
CQ— and J=
2 0 1 0 0 O
0 0 0 1 0 0
removing the non-minimal mode
0 2 -2 \Z
Q11 Qis s . @ o .
Qa1 Q

(=]
!
&
-
-]

3As we will demonstrate, the process of calculating a singular perturbation is an operation of
strict system equivalence [25, pg.53]. As a consequence, we will preserve the transfer function and all the
finite system poles and zeros; a non-minimal mode(s) at infinity will be removed with the deletion of the

row and column corresponding to A,,. In the case that A;% exists we may write.

— -_— —_—

| —Aj.AZ; 0 0||sE-A;; -A;, | -By; =By, ! o| o 0
0 | 00 -Ay1  -Ap | -By -Bao|| ~AZ3Ax | | -AZIBy;  -AZ3Byy

0 Cp,A37 I o Ch €2 D;; Dy 0 0 I 0
| o CpoAZs o1 || €n Cam Dy Djo 0 0 0 [

SE-Apt+A1AT A 0 -B11+A12A7;B2y -B12+A12AT;

= 0 ~Agq 0 0
C11-C12A%3A2) 0 D11-C12A73821 D12-C12A7282;
i C-Ca2AZ2A 0 D1-C22A73Bx D2-C22A22B3;
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After a singular perturbation which removes the infinite pole we obtain the following constant

matrix.
QuQis| |1 0
Qa Q 10 1
Since Q,3=0 and Q3,=0, Q=1 is the only solution. o

In this section we study the reduction in effective dimension of the free parameter U(s) in
the representation formula (2.70), which occurs with optimality due to inertia. In the case of one
block problems, it is already well known that the effective dimension of the free parameter reduces
at y=7o. For classical scalar extension problems, this dimension reduction makes the difference
betweefi an infinite number of suboptimal solutions parameterized by a scalar u(s), and a unique

optimal solution.

As it turns out, a detailed study of optimality in the four block case is significantly
simplified by the assumption R(co)=0. Since the same basic method of approach will solve the
general R(00)#0 case, we will study the simple case first, and defer the more complex analysis of

the R(o0)7#0 case to the next subsection.

Casel R(c0)=0

If|:D11 DlZ]:O, it is easy to show that the J-matrix in (2.89) is given by

D21 Do
0 0 41 0
] 0 0 0 41
J = a0 0 0 (2.96)
0 41 0 0
Simple computations based on (2.96), and (2.90) to (2.92) reveal that
By = [7C] | QuBo+7C3 | QuBy | (QuB,+7C3)=0] (2.97)
7Bi
~ CoP,+7B;3
Cq = - oI (2.98)
(CoPy+7Bg)=0
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Aq = 7°A" + QiAP, - 7C3B; - 7C3B; (2.99)

and finally

Q11 Q12 Qi3 R* y?A*+Q,AP,-7C;B5-7C5B; 7C} QBo+7C3 QiB,
Q2:1Q22Q23 |=| 0 -vB] 0 0 71 (2.100)
Qa:1Qs2 Q 0 -CoP1-7B3 0 0 0

0 -C,P, /1 0 0

To continue further, we select a basis in the state-space of (2.17) so that P, and Q, are given by :

P 0 Q 0
P, = and Q; = (2.101)
0 -7 0 -70

This is always possible by standard balancing arguments. To simplify the presentation, we have

decided to assume that Amaz(P;Q,;) has multiplicity one. In these new co-ordinates, we have

A A P 0 P 0 * AL 1 = =
11 12 :1 fl+ B [Bl Bz}:ﬂ
Ag Ay 0 -7 0 -7 12A22 2 (2.102)
in which
B 0 B,, B;, B
[0Bo BByl = |= weonmw (2.103)
B, 0 By By By
and
AL Ay Q 0 Q 0 Ay A, _1 I:Cl G, :| =0
A A3, 0 -7 0 -7 Ay Ay G (2.104)
where
- - . -
0 0 0
Co S Ci Cia
=[G, Gyl = (2.105)
G, Car Cop
C, J Cs; Ca




From the (2,2) blocks of (2.102) and (2.104) we see that

BQB; = C;Cz

The (1,4) block of (2.9%) becomes

Q 0 [|Bys Ch
YO e =0
0 -7o || Bas 12
which shows that
Bys = Ci2

In the same way, the (4,1) block of (2.98) gives

B3, = Ca2

Substituting (2.108) and (2.109) into (2.106) yields

322352 = 052022

which shows there exists an orthogonal U such that

UB;z = 022

(2.111) may be regarded as a counterpart to [11, eqn(6.23)].
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(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)

Since 70=A},,/3,(P1Q1), (2.102), (2104), (2.108) and (2.109) verify that a generalized state-

space model for the transfer function in (2.100) is given by

QP-7,? 0 %, Yo Al +QA11P-70C31B1-10C11Bls 70C21C22
0 0 X . .
2 YoB22B12 Y0B22B3,
70C21 QB;+7C3; QB,, uy
+ Ug
70C32  -1B2ai+71C32  -70Ba22 uz
7
F =] 0 0 701 ul
-70Bi2 -70B2;
Y1 X, 0 0 0 u,
=| -CyP-1Bis 7C12-7B33 + u
Y2 Xa 701 0 0 3
-szp 70022 -
L _

Xy

(2.112)

(2.113)



In the notation of (2.103) and (2.105). The second row of (2.112) gives
Xy = -(70B22352)_1{7oBzzB;2x1 + 70C32u; - ‘YoBzzuz}

If we denote the reduced order model corresponding to (2.100) (ie after removal of x,) by

Q11 Q12 Qi3 R A, B, By Bj,

Qa1 Q22Q23 | = 0 Clp an D12p D13p

Q31Q32 Q 0 Cap D21p Dazp Dasp
| 0 Gy D3ip Dszp Dasp

then
Blp = 70C2 — 70051022(701322352)-170C§2

= 70(B22B32) 'C31{C3:Casly - C2:Cha)

by (2.110), (2.112) and (2.114). In the same way
D21p = 7ol - 70022(70}322]352)_170052

=70(B22B52) {C3:Canlp - C2Cin}

which when combined with (2.116) becomes

Blp - C;l
D = 70(322322) ! I {0520221;’ - 022052}
21p

Substituting (2.114) into (2.113) gives
[Cip Dyap) ={B§2Bzz -ImBzzB52}[B;2 -I)70(B2;B3,) ™
and finally we can ..  also show that

an = 70352(322352)-1052
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(2.114)

(2.115)

(2.116)

(2.117)

(2.118)

(2.119)

(2.120)

It is clear that (2.118) and (2.119) are rank deficient®. In order to make the reduction in the

effective dimension explicit, we suppose that B,, and C,, have been scaled to unit length, and then

define the ort;hogonal matrices

4C22 and By, respectively verify this claim.
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B22

T, =
{B22}_L

and Ty := [ Cas {Ca2)} l] (2.121)

where {-} | denotes the orthogonal completion of {-}. With the aid of (2.118), (2.119), and (2.120),

we see that

i Yo 0:°°0 0-++0 0:+0
T, 0 Qu Q”le T, 5 Qu Qu Qs 2199
0 1., Q21 Q22 Qa3 |(s) 0 Ioem =l le Quz Qas (2.122a)
Q1 Q  Qn Qu Q |
or
T 0 Q,Q T 0 Yo 0-::0 C--+0
: HEG T = 0 A (2.122b)
0 I Qa1 Q 0 Im o6 Qu Qs
S Qu Q
and note also that (2.70) may be written as
_ T,.Qu,T» TQ _ '
T.Ql= Fuf Rl nis FUTi=0 } (2.123)
QaiT- Q

Next, we substitute the right hand side of (2.122b) into (2.123) and then describe this linear

fractional map by the system of equations

Y1 = Yoy (2.124a)

¥2 = Quuz + Quaus (2.124b)

¥s = Qapuz + Qug (2.124c)
and

u; =y, + gy, : (2.125a)

up = Gyy; + Ugoys (2.125b)
where

o= " (2.126)

Uy Up,

The partitioning in (2.126) is conformable with that on the right hand side of (2.122). It is now easy
to eliminate u, from (2.124a) and (2.125) to obtain

Uy = [Upp+T5170(1-T1170) "'Taa] ¥5 (2.127)
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(2.124b), (2.124c) and (2.127) may be combined as

70 0-+°0 0---0

. A 1/%o 0-++0
0

5 Qu Qs = }
g - ’ g F“(U1 70)

o Q

Removing the redundant equation in u, and y, yields

Qll Qla | -
= Fq - y Fu{U, 2.128
{ % 0 {0, 70} } (2128)

and we see that (2.126) may always be replaced by Fu{U,7,} which is a contraction of lower

dimension. Further, TfUT} = U may be written out in full as

1/Y0 0:-:0 By,
U(s) = [ Caz {Ca2} :’ — (2.129)
L 3 Fu(U,70) {B2}, |
and (2.129)B3, yields
70U(s)B2; = Cyz (2.130)

which is a constraining equation on U(s) which is of the same form as that derived by Glover in [11,

eqn(8.69)]. Finally, using (2.112) and (2.113) we see that the optimal solution is given by

Qi Q12 Qus

Q21 Q22 Q23 [(5)2

Q3; Q32 Q

X R™*70C5:1{C22} ;  -75'CH R™*{QB;5+7C3:C22B2,}
-70{322}_1_3;2 0 0 7{322}_[_
-75'BR" 0 0 0

_-(szp‘i"yczszzBIz) 7{C22} | 0 0 |
in which

A=R_'{73A;1+QA11P —70051311-70(3;113;3-70051022322]312}
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Remark 2.1

The transformations which perform the compression in (2.122), need not necessarily be
calculated by balancing as shown in (2.121). All that is required is the singular perturbation as

described in Section 2.2, followed by two singular value decompositions based on (2.118) and

(2.119). If

By, 0 0---0
=Y| ! ¥ |U® and [C, Dyy,) =Q x |7 (2.131)
D21p 0
then we may simply set T;=Q"* and T,=U. ]

Case2 R(c0)#0
The aim of this section is to generalize the analysis to the case R(c0)7#0. We will take

equations (2.86) to (2.92) given in the previous section-as our starting point. It will also be assumed

that P, and Q, have the form given in (2.101). In these coordinates, (2.90) and (2.91) become

By, By Bis 0 Q 0 0 B, Bj; Bjs
le I‘322 Bza 0 0 -7 0 B, By By

I

0 Ci Cy Cy || In Tha

. . . ~ o~ (2.132)
0 12 Cia C3, Jor Jo2
where the J-matrix is defined in (2.89) and
¢, Ci. 0 0 0 0
Caoy Ca Ch Cp || P 0 Iy T || B B
- - = - - ~ ~ . . (2.133)
Cs; Cao Cy Ca 0 -7 Ja1 Ja B, B2
0 0 Ca1 Caq Bis B33
. - L - - -

where the notation of (2.103) and (2.105) has been used. Using (2.90)J* to eliminate
[0Cy Ct C3]" from (2.91) yields:

[ Ch G ] B, B3 * 0
9 Cu Co I T B, Bj P 0 + 0
7o Cay Caa T ?21 ’3‘22 Bis B3 0 -70 * * 0 (2134
0 0 ] 0 0 . I * 0 _J
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Then the (4,2) block of (2.134) =
J,2B3, + DyyB3s = 0 (2.135)

and the (3,2) block of this same equation gives

Y0321951Csz = 35185, + J510513 3,85, + J35,0519,,B55 (2.136)
Now
(2.44f) = 1,351 = - I5;D}, ' (2.137)
(2.44b) and (2.137) = J,3 + J7:D3,Dy = 15,3319, (2.138)
(2.44e) and (2.137) = Jyp + J55D3,340 = 35,3517 3, (2.139)

Substituting (2.137), (2.138) and (2.139) into (2.136) gives
10)21951Ca2 = JuB31 + J55B3; + 153835 + J35D32(J45B32 + Dy, B3s)
= 70Cs2
by (2.135) and (2.134). Whence

J21«1511(‘332 = sz (2.140)

Next, we derive a dual to (2.134) by combining (2.90) and (2.91) as

72 Bu }312 Bla 0 _ * * * *
By, By, Byy 0 0 0 0 0
Q 0 Cry G5 C3 0 In Jio
0 -7 12 C32 C3, 0 Ja1 Ja
(2.141)
The (2,4) block of (2.141) gives
C;2J24 + C§2D12 = 0 (2.142)

while the (2,3) block implies

7oB2aI 1312 = Cizdya + G2l 55013312 + C3291131301, (2.143)



Y0321331Caz = J21B3; + 151351735852 + J51331D1,B3,

Now
(2.44f) = J,J31 = - 17D,
(2.44b) and (2.137) = J23 + J:_)-; ;2D21 = JZIJE}G‘DII

(2.443) and (2.137) = J22 -+ J;;D;2J42 = J2IJ;1]'J32

Substituting (2.137), (2.138) and (2.139) into (2.136) gives

Y0I21351Caz = J51B31 + J25B35 + J23B3s + J55D3,(J 4,83, + Dy B3a)

= 70622
by (2.135) and (2.134). Whence

35,33iCsy = Cyy

Next, we derive a dual to (2.134) by combining (2.90) and (2.91) as

2 Bll BIZ Bl3 0 * * * *
T B, By By 0 | | 0 0 0 0
Q 0 hoCn Gy o0 | Iy
0 -7 Cla C33 C3, 0 Jar J22

The (2,4) block of (2.141) gives
Ciadas + C3oD1a =0
. while the (2,3) block implies
ToB2al1al12 = Ciodis + Coadaadadie + C32013130 1

(2.44h) = J1331,=-D3335
the (2,4) block of JJ* = J90+324D30d 55 =-3,3D35,0 35 =353 13312

the (3,4) block of JJ* = J32+D13D353 35 =-9,,D5,J 7=, 13712
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(2.136)

(2.137)
(2.138)

(2.139)

(2.140)

(2.141)

(2.142)

(2.143)

(2.144a)
(2.144b)

(2.144c)
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(2.44h) = I731,,=-D3J53 (2.144a)
the (2,4) block of JJ* = Jy0+3,24D520 75 =-3,53D3,3 75 =333 7332 (2.144b)
the (3,4) block of JJ* = J3,4D,,D5,d 15 =-9,,D5,375=D,,3733,- (2.144c)

(2.143) may be rearranged as

703233f:31312 = CI'zJu) + C;2322 + C:'sz']az +(C§2Jz4 + C52D12)D52332‘ (2.145)
701322

]

by (2.142), (2.144a), (2.144b) and (2.144c). Thus
B23J1_31']12 = I‘322 (2.146)

Substituting (2.102) to (2.105), and (2.132) and (2.133) into (2.86) and (2.87) yields

QP-+21 0 %, -(QP-731)A]1-(QB,+C1T2,) B 70C1C2-C1J 25B; X,
0 O ).(2 * n~ - - t~ * x2
0B B1—C3J 5, B] YoBB3—C31 5B
Cﬁn QEB1+C{-722 u;
+ -~ -~ (2.147)
Cla C3J22-70B, Uz
and
y 7,3 T,,B: X Indp || w
o 127 L 2 HERER (2.148)
Yo CIP+J 22%; J 22%2—7062 X9 21 Y22 u2
in which
B B;; B B
v _ 11 P12 B3 (2.149)
B, By By; Bys
and
Cu Cia
[Cl C2]= CZI 022 (2.150)
Ca; Cao

The second row of (2.147) implies that
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Xp=-(70B:B3-C3T 2,5 ™ {(702,21-CT 1B+ piur+ (€T 2-70B)u, (2.151)

At this stage we may eliminate x, from (2.147) and (2.148) to obtain a reduced order model for

Q(s) in (2.88), which has the form

[ 4 | By B, |

0(5) = Clp Dllp D12p (2'152)
Cop

D2lp D22p
In order to demonstrate that Q(s) may be transformed into the form given in (2.122), we need

explicit expressions for:

By,
y [ Clp Dl2p:| and DIIP'
D2lp

Substituting (2.151) into (2.147) and making use of (2.106) (B,B; = C3C,) gives
Blp= Cﬁzl - (70C1C; - 6522%5)(70%2?85 - Cﬁzz%;)-lc'ﬁzl

=(70B,B3 - 65722635)—1C;{C§(7062 -722%;)Il+p+q - (7€, -3’22‘335)@5}?21 (2.153)
In the same way we obtain
Doty = (70B:33 - €37 2089 {€3(10C2 - TorBi)ispag - (10€2 - T B9 Ty (2:154)
Combining (2.153) and (2.154) gives

Blp ~ - c; - ~ ~ ~
=(70B,B3-C3J 3,B3) 7} I {Cz(‘)’oCz-J 22B) 14 p4g—(70C2-J 22%5)%}3 21 (2.155)

21p

and a similar Yerification shows that:
[C1p D12p =T 12{ B3(10B2-CTT 22} L1y o 70B2-CH 22) B3 }[B) ~(70B,25-C 0, B5) ™" (2.156)
One can also write down
an=J11"‘3120—35(70%2%'-65?22%5)—1C5721 (2.157)

and
D22p=722+(7062-722%5)(70‘332%5-‘35322%5)_l(‘)’o%z-cﬁzz) (2.158)
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from (2.147), (2.148) and (2.151).
The transformations which compress (2.152) into the form shown on the right hand side of

(2.122), may now be constructed. We begin by observing from (2.132) and (2.133) that

~70B5+C3 32 = [ Byy Byy 0] = ByalidT1s (2.159)
70Ca-J20B3 = | Caq | = J5,J5,C5, (2.160)
0
This gives )
Pip | 1516, = 0 and Byl
31C3z = 0 and By3J73| Cip Digp =0 (2.161)
D21p

With this motivation, we define
B,yaJ1d
23913

L (2.162)
{B2adis} |

Tr = [35{Cy, {3511(332}_1_ Jand T, =

D11 Dys
D21 D22
to unit length. It is immediate from (2.156) and (2.157) that

which reduce to (2.121) if [ :l: 0; in (2.162) we assume that J3!C,, have been scaled

D D 0 0
S | I S (2.163)
D21p D22p G'BZ C?

What is less obvious is that (2.163) may be replaced by

Dy, Di2 351Cs2 ~J13B3s
P Ti2p Al = (2.164)
D21, D2y 33 C,
Before proving this, we note that 8,835 = €3C, = ||331Cs,|| = ||I74B33| since the matrix on the

right of (2.164) is orthogonal. This shows that there exists an orthogonal matrix U such that
UlITaB3=J 511C‘32. This equation is a replacement for (2.111) and is a counterpart to [11,equ(6.23)].
(2.164) also establishes that

700---0

« (2.165)

TlDllpT'= 0
0

This together with (2.169) shows that T, and T, given in (2.162) will indeed transform (2.152) to
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the form given in (2.122). Since DZIPJEIIC;,?:, (2.164) is established by proving that
Dy, ,351Ca2=-70J3B33. From (2.157) we obtain

anJEllcsz ={J 11+Tx2%5(70732%‘-C§722635)-1653‘21}\] 31Ca2
=11,331Ca0+7 12,B3
=3,1351{76C22- 3831~ D11B37-D1B3s +11,B51+)15B3, (2.166)

on substituting the (3,2) block of (2.132). Substituting from (2.133) yields

= 703113511022‘*'%0(3 12-311J§11332){sz']22+C§2332+C§2J42-f322}
+7—10(313-3113511%11){052323+C§2€D11+C§2D21-1§23}

-%J11J511D12{CI2324+052D12+052D22} (2.167)

= 7,13{702311J511+(312—-711J 511332)3524'(313-3113511%11)%;1-3113511D12DI2}C22
+713{(312-Jn-] 31932)322+(J13-311351 D11)d 33-J 11-’5111)12-];4}012
+7_10{(J12--]11']511-]32)3324'(313—-]11-]5116311)1351-3113511D12D§2}032

+715{(J12-Ju-] ;11-]32)3;2-];3‘-(-]13--]11-]5115-1)11)}].353 (2.168)

Invoking various equations corresponding to the orthogonal character of the J-matrix given in

(2.24b), enables one to show that

(1) The coefficient of C,, is zero.
(2) The coefficient of C,, is zero.
(3) The coefficient of Cj, is zero.
(4) The coefficient of B, is —70J13-

as required, and (2.164) is verified. We have thus proved that

Yo 00 0-++0 0-++0
K 0 N S
0 Lupag (s) 0 Tymeg g ‘11 12 Wis
6 Qa1 Qa2 Qo3 0 (2.169)
2 Q Qi Q O
0 0 0 0

Arguments which are identical to those given in section 2.2.3, establish that U(s) must satisfy the

constraining equation



page-48
70U(s)I13B33 = J5iCs, (2.170)

and therefore undergoes an effective dimension reduction in the general R(co)#0 case also. (2.170)
generalizes (2.130) and is the four block counterpart to [11, eqn(8.69)]. 0

Remark 2.2

At optimality,
the (2,2) block of (2.73) = Hj,H,,+H3,H,p =721 (2.171)

0:..0 0...0
(2-169) = H12 = Q13 0 (2.172)

* *

Removing the redundant equation form (2.172) = Hi,H,,(s) lo?ses rank all along the axis (outer
product) = |{Hy,||  =70; furthermore, 7(Hyy(w))=7o YwER.

The (1,1) block of (2.73) = HIIHH+H§1H21=7§I (2.173)
0 .
0 Qz *
(2.169) = Hyy =1| (2.174a)
6 0 =
and
Y% 0.0 0...0
0 .
Hy=| 0 Qu = (2.174b)
0
0 * *

\

Removing the redundant equations from (2.174a) and (2.174b) = H3,H,, is full rank along the axis
(inner product) = |[Hy|| <7o. The linear fractional map in (2.70) remains well posed at

optimality.

2.5. Conclusions

The purpose of this chapter was to derive a representation formula for all H solutions to
the four block general distance problem. This formula is given in (2.70) and was constructed by all-
pass embedding. There are a number of interesting comparisons which one can make with the well

known one block, or Nehari extension problem. These are:

1] All solutions may be characterized by a representation formula in which the dimension of
the free contraction is the same as that of Q(s) in (2.15). Furthermore, in problems where

deg(R)=n, the solution also has degree n.
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2] As opposed to the one block case, there are two types of optimality. We have called these
optimality of the Parrott type (section 2.1) and optimality due to inertia (section 2.2).

3] In the case of optimality of the Parrott type, one needs to take special care of axis
phenomena. Here a class of solutions is captured, however the proof of capturing all the solutions

n
breaks down. (This problem has nowzgolved in a revised version of [34])

4] In the case of optimality due to inertia, the degree of the solution drops to n-1 using
singular perturbation, in addition the effective dimension of the free contraction always reduces. The
latter may be characterized by a constraining equation (2.170) which is very similar to that in
Glover [11]. (In the event that the rank de?‘ect of (QP-7y?I)=r, where r>1, the degree of the

solution drops to n-r. Revised version of [34]) '

5] To avoid numerical difficulties, it seems prudent to invoke the generalized state-space
ideas first given in [27]. Also, the generalized state-space approach gives a clear and easily

understood treatment of optimality due to inertia.
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Chapter three
State-space solutions to the H*-control problem.

3.1 Introduction

In this chapter we present a cancellation analysis of H*-control of the third kind. Youla
parameterization theory [9,26,52] is used to parameterize the class of all stabilizing controllers, the
all-pass embedding ideas discussed in chapter 2 and [34] will select those controllers which minimize
the closed loop £%-norm. Furthermore, this approach yields a closed form representation formula
for H*-controllers (optimal and sub-optimal) in terms of P(s) in (3.2) and the solutions to two
indefinite algebraic Riccati equations of the game theory type, not unlike LQG theory, in addition
necessary and sufficient conditions for the existence of a solution to the H*-control problem are also

given in terms of these solutions to the indefinite equations.

A solution to the féur block general distance problem in the H*-control context suggested
by Doyle [9,31] is based on the work of Davis, Kahan and Weinberger [6]. Although adequate for
theoretical purposes, when implemented on a computer suffers from serious degree inflation
problems. Cancelling the non-minimal modes after each step of the calculation is computationally
intensive and hence time consuming, furthermore, the so called almost non-minimal modes (ie those
modes corresponding to small Hankel singular values) are often removed introducing rounding-off
errors and thereby obscuring cancellations that occur at latter stages of the algorithm. In an
attempt to understand these inflation phenomena, several researchers undertook cancellation
analyses for the one, two and four block cases [15,17,18,19]. The outcome of this work is most
encouraging, in problems with deg(P(s))=n, the controller always has degree n also. This result has
lead to the expectation that Doyle’s original algorithm could be improved from a computational

point of view .

The second section of this chapter reviews H-optimization theory using Youla
parameterization [9,26,52] followed by solving the four block distance problem a’ la Doyle [9,26,31].
The third section presents a new solution to the four block H*-control problem based on the all-pass
embedding construction presented in chapter 2, the results are a theoretically cleaner solution and a
great improvement over existing methods from an implementation view point. Necessary and
sufficient conditions for the existence of H* optimal controllers are given in section four. Sections

five and six deal with the cases of D;,;#0 and/or D,,7#0, and X and/or Y singular respectively.

3.2 Review of H*-optimization theory
In this section we discuss Youla parameterization [9,26,52) which is used to characterize the
class of all stabilizing compensators : S(P) and the corresponding closed loop transfer functions R(s)

in figure 1.1. Following that we identify those controllers in S(P) that minimize the £*-norm of

the closed loop transfer function
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inf F(P,-K < inf F,(P,-K 31
Kopt(s)GS(P) l I( opt)loo - K(S)GS(P) I ‘( )Ioo ( )

In the second part of this section we describe the solution to the four block H*®-control problem as

suggested by Doyle [9,31].

3.2.1 Parameterization of all stabilizing controllers
Let P(s) in figurelibe given by

B, b (A ] B 2]
n i D, Dli‘ g L(PFoX(m+D) (3.2)

PGs) = £ [c
D21 D22

9 P21 P22

and suppose that (A,B,,C,) is stabilizable and detectable [53], this guarantees that the set of
internally stabilizing controllers, S, is not empty. Under these conditions K(s) stabilizes the feedback

system in figure 1.1 if and only if it stabilizes P,,(s) [26,53]. Then

S(P)=S(P,,) ={ K(s)elgq: (P42,K) is internally stable} (3.3a)
or equivalently
xe [ T K T
={ Ks)eLa®| p 7 em{;se} (3.3b)
—Fas

Two additional assumptions will be made: (i) D,, and D,; have full column and row rank
respectively. (ii) (A-B,(D},;D;,)"'D;j,C,) and (A-B,D3,(D,;D3,)"'C,) have no eigenvalues on the
imaginary axis. Furthermore, we assume that p>1 and m>q, the cases when p<i and/or m<y are

not treated.

In order to reduce the number of terms appearing in later calculations, we introduce
scaling matrices S; and S, as has been described elsewhere [26]). If S; and S, orthogonalize the

columns of D,, and rows D,,, then P(s) in (3.1) becomes

[ A |B  Bs, ]

P(s) = G Dy P (3.4)

Dy 55D255,
in which D,; and Dy, are part of orthogonal matrices such that [D); D] and [D3 ﬁl] are

orthogonal [26]. This assumption does not result in any loss of generality because any pre-scaling
may be reversed by scaling K(s) with S;KS, at the end of the design calculation [26]. From now we

will assume that P(s) has already been scaled in this way.
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Theorem 3.1:

Let
Pya(s) = N(s)M~Y(s) = M~Y(s)N(s) (3.5)

be the right and left coprime factorizations of P,4(s) and

M I 0
(s) (8) = , (3.6)

v
-N N V 0 I

2

the corresponding Bezout identities. All the matrices in (3.6) belong to ®IP. Furthermore we

define
Kofs) = 1| uvt ¥ (s) € LLFOXHD 3.7)
Tl v oveIN = '
Then:
i) S(Pog)={K(s)=F/(Ko,Q)s) : ¥ Q)€ BB (3.8)
or
i) S(Pys)={K(s)=(U+MQ)(V-NQ)™'(s) : ¥ Q(s) €RI™D and det(V-NQ)(s) 0 } (3.9)
Proof:

F(Ko,Q)(s)=(U+MQ)(V-NQ)~}(s) is verified by direct calculation using (3.6) and (3.7).

We now show that the linear fractional representation of K(s) is internally stabilizing, using (3.6)

we have
B M 0 1 -Q v U 0
R OR[N O] I O (Vo © (3.10)

hence K(s)€S(P,,) since all the matrices on the right hand side of (3.10) belong to 363,

Next we need to show that all stabilizing controllers can be parameterized in terms of a
linear fractional map. Suppose that K(s) is a stabilizing controller with a right coprime factorization
K(s)=U,Vi!(s) together with matrices X(s) and Y(s) €RH¥F such that XU,(s)+YV,(s)=L
(dropping s-dependence)

1 kK | [Mmol[mMmu "

= €R I by assumption. 3.11
Py, 1 0o v, ||-Nv, + DY asshmp (31)

However
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-+ =1 (3.12)

~1

M U, U, ~
s) and s) are therefore right coprime, hence 5) ERI. 3.13
0 v, [0 gy @ ght cop Ny | ©EEE 619

M

From (3.6) define

U || M-u, 1 -Q
™ = A ERIY (3.14)

v
-N N Vv, 0

where 6(s)=('\7Ul-ﬁV1)(s) and A(s):(NU1+MV1)(s), using (3.6) we can write

—1 ~
M -U, M -U I Qa™! -
Nv | N v|T o oa |[EFF (19

follows from (3.6) and (3.13), continuing further (3.14) gives

-U, M -U||-Q | -(U+MQ)a”

= = (8.16)
Vi N V A (V-NQ)A

where Q(s)=QA~}(s) e R from (3.15).
Hence K(s)=U,Vi}(s)=(U+MQ)(V-NQ)~(s); the family of all stabilizing controllers can
be parameterized in terms of a linear fractional transformation. This completes the proof. O

In the next stage of our development, the nonlinear optimization problem of (3.1) is
converted to another problem which is linear in a free parameter. A routine calculation based on

(3.6) will establish that

R(s) = F,(P,-K)(s) (3.17)
= [Py; - P1oK(I + PyyK)7'Pyyl(s) (3.18)
= [Py - P1,UMPy;) - (P1:M)Q(FEP,.))(s) (3.19)
= [T}; - T15QT5)(s) (3.20)

r

where T; j are defined in the obvious way. (3.20) shows that R(s) is parameterized linearly in Q(s).
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Since (A,B,) is stabilizable there exists a state feedback matrix F such that A-B,F is stable.
Similarly, since (C,,A) is detectable there exists an output injection matrix H such A-HC, is stable.
Given any such pair of stabilizing matrices F and H, the right and left coprime factorizations of P,

together with the solutions of the Bezout identities are given by [9,26]

| ABF | B, = |

N v (s)_i_t -F I OJ (3.21)
Cy-DyoF | Dyp 1
and
g [ A-mC, | B,-HD,, H]|
X ® (s) L F I I 0 J (3.22)
-G, D, 1

Substituting (3.21) and (3.22) into (3.7) yields after simplification
| A-B,F-HC,+HD,,F | -B B,-HD,, |

Ko(s) £ -F 0 I (3.23)
Ca-Dyp,F I Dj

We will make the following specific choices of the stabilizing matrices F and H for reasons that will

become apparent in the next subsection:

F = Dj,C, + B3X (3.24)
where X is the unique stabilizing positive semi-definite solution of the algebraic Riccati equation

X(A-B2D;2C1) + (A—BzD;zCl)‘X - XBzB;X + C;D_LD‘J_CI = 0 (3.25)
Similarly

H = B,D3; + YC; (3.26)
where Y is the unique stabilizing positive semi-definite solution to the algebraic Riccati equation

Y(A-B,D3,Cs)" + (A-B,D3,C,)Y - YC3C,Y + B,B" D | B = 0 (3.27)

A straight forward calculation will establish that the T;; ’s of (3.20) are give by
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Ty Tip T, | [A-BF  BF B, B, -X'CiD,
Ty 0 0 |2 0 A-HC, | B;-HD,, 0 0 (3.28)
0 C, D,, 0 0
~ 1
i 0 -D | BlY D, 0 0 |
where Xt and YT are the Moore-Penrose generalized inverses of X and Y respectively. With this

particular choice of F and H, [Ty, | T ] and [T3, | T‘_L] are inner [9,26]. We call T | (s) and T 1(s)

all-pass extensions of T,5 and T4, respectively.

3.2.2 The y- iteration (minimizing the cost)

In this section we review an algorithm ([9,26,31] which identifies those compensators in

S(P,,) which minimize the £%°—norm of the closed loop transfer function

nf

i (3.29)
Q(s)ERITY

Il (T11-T12QT21)(8) llo = Yo
by reducing the problem to finding an upper bound to the Nehari problem [11]. The approach will
be to generate a sequence ¥; = || R;(s) lloc = | T11-T12Q;T2; |looc Which converges on 74 (from
above). In applications the calculation of this sequence is terminated when the upper bound « for v,

has been found such that (o« - v4) < € for some sufficiently small ee % + -

21
Since [Ty, | T ,](s) and 5 (s) are inner and thus norm preserving we can write: (dropping s-

dependence) +

inf [Ty, - T,.QT)[T5 1 T4 = 3.30
QG‘.R;JG?I[ 11 12QT2)[T3 | _]_]Lo Yo ( )
inf  f[T,,T3, -T1,Q | T,; 151 = 7 3.31
QE':'R:JGfI[ 1Tz -T12Q | Ty _]_]LO o (3.31)
inf M;(T,T3; - T15Q). =1 3.32
QE%Jﬁfl (T3 - T12Q) (3.32)
M,(s)=(73I - Tlﬁl(Tlﬁl)‘)-l/ 2 (first spectral factorization) (3.33)
M3!

M,T,, =[ 6 6 'L:I 0 (inner-outer factorization) (3.34a)

where 1

My
[ 6 8 _L:l(s) and| " o) (3.34b)

are the inner and outer factors respectively.
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: . M;*
Qé’%,;gw M,T, T3, [ 6 el][ ¢ }Ql =1 (3.35)
+ oo
. [ 9+ . M3!
Qér%t; xed 0 ][M,Tufr21 -[o ¢ l][ ¢ ]Q] =1 (3.36)
+IL )
inf oM T T - M =1 (3.37)
QERIT] M Ty, Ty - '
Q inf  SMITUTHM; - Mz'QMg|, = 1 (3.38)
+

My =(I- (19‘:LMITIlT{,1)'(8:1_M1T11T§1))"1/2 (second spectral factorization)

decomposing (6*M,T,,;T5,M3)(s) into stable and unstable projections.

0 einggw,l(o'MlTIIT;IMs)+ - [Mz'QM; - (6°M, Ty, T5Ms)_ ]| =1 (3.39)
+
define
Q(s) = [M3'QMj - (8"M,T;,T5,M;)_ )(s) (3.40)

We observe that (3.39) is an optimal approximation problem [11] in which we solve for a(s) defined

in (3.40) and backsubstitute for Q(s) using (3.41).
Qs) = My{ Q + ("M, T}, T5:Mg)_ }M57(s) (341)

Continuing from (3.21) we have that [Ty, | T ](s) and Tm (s) are all pass therefore:

i L
0 | Tax
ISR(s)Iw =|Ty(s) - [Ty | T_L] [ (3 0 T (s) (3.42)
Ji+L »
_ sz.TuTal‘-Q szTuTEL " (.43
_LT11T21 T J_THT 1L
- o0
(Rq; - Q)(s) Rya(s)
= (3.44)
Ry, (s) Ryy(s)

where



page-57

Rll R12 T;2
R(s) = (s) =

Ty, [T5 | T (s 3.45
R, Ry, ™, 1 [T3: 1 T7)(s) (3.45)

The algorithm is as follows: Firstly, we find lower and upper bounds for v, . By setting

Q(s)=0 in (3.44) we see that
Yo < IR(S)Iw < 2"2:10‘( R(-s) ) + 3(Dg) = Yupper (3.46)

in which we have taken deg(R)=n and Dp is the D matrix of R(s) [11]. Assuming for argument’s

sake that R(s) and Q(s) have the same dimension, then we get from Nehari’s theorem [11] that
Tiow = | TR(=s) | <70 (3.47)

thus 7,,,<70< Y upper

In the second step, perform a binary search on the interval [y, , Tupper]
Let
71 = (Vipy + Yupper)/2 (3.48)

and check the existence of a spectral factor M,(s) in
{1 - T, T T ) = MiMiGs) (3.49)
should the spectral factor exist compute the inner—outer factorization:

M3!
M) =] 0 0] [o (3.50)
and check the existence of the spectral factor in Mg(s) in :
I- (91M1T11T;1)‘(01M1T11T51)(S) = M3My(s) (3.51)
Upon the existence of such a spectral factor, check that

F(H'M1T11T§1M3)+ <1 (3.52)
If (3.52) is satisfied v, is reduced to v, = (7;,,+71)/2. If either the spectral factors in (3.49) and
(3.51) do not exist or the condition of (3.52) is not satisfied, gamma is increased to :
Yo=(7Yupper+7:1)/2. By successively bisecting the search interval in this way, the procedure will

generate a sequence of upper and lower bounds which will converge to v¢. Finally a(s) is evaluated
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by solving the Nehari approximation problem [11] when (3.52) ~ 1. Back-substituting via (3.41)
and (3.8) yields the controller. Details concerning the computations at each stage of the algorithm

outlined above are given in [26,31].

Rather than solving the optimization problem in (3.29) with the algorithm outlined in the
previous section, we can easily convert it into a four block distance problem with the same free
parameter Q(s)ERI3 as shown in (3.44). Using the solution to the four block general distance
problem presented in the chapter 2, it is possible to isolate all those Q(s) of interest. To this end we
shall adapt the development of section 2.2 to the case of H®-optimal control problems of the third
kind and use the generator of all Q(s)’s to generate the class of all optimal and suboptimal
controllers. Furthermore this approach allows us to derive a closed form representation formula for
all controllers in terms of P(s) and the solutions to two indefinite Riccati equations. The results are
a simpler 7v-iteration with only two Riccati equations of fixed order and no degree inflation

problems.

3.3.1 The construction of an all-pass embedding

In this sub-section we will follow the development presented in section 2.2 for the special
case of H®-control problems of the third kind. Consider R(s) defined in (3.45), then it may be
verified using (3.28) that R(s) has the realization [54]

i ~(A-B,F)" 0 D3, DY ]
R(s)& 0 -(A-HC,)" -G YTBIBl
-B; Di2D;,0+FY Di:D;iDh  DiDyuDYy (3.53)
jox! | Du® DuDh DYDY

where we define W:{(CI—DHF)'DH+XB1} and ©=(B;-HD,,)". It is clear that R(s) has all its

poles in C,, R(s) G%f}fa?’(”q)x(m“) and we seek Q(s)e%f}ﬁf’(pxm) such that

(Ryy - Q)(s) Ryy(s)

<70 3.54
Ry (s) Rj,(s) =To ( )

[o]

We will also assume that
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u Di _ D,,
lBle), =] _  _ = max{ [D,, Dzzlz, 5 } <7 (3.55)
21 Das 22l
2

so as to avoid the case of Parrott type optimality occurring at infinity.
Suppose next that

Ap 0 |Bp Bp,
Ru-Q Ry | Lo felPel

S(S) = R R (S)= CRI —an Dll D12 (3-56)

21 22 i CR‘_) 0 l-)21 1'322

is minimal in which

R(s) £ [-AR IBR1 BRz_I and Q(s) £ Ag | Bps (3.57)
LCRI Dn ﬁlzJ CQS 0

CR2 D?l ]_322

Invoking a standard result from dilation theory {11}, we can write

p+q m i
8(s) = » €1 Ru-Q Ry ((s) (3.58)

in which it is always possible to choose the first m+! rows and p+¢ columns of &(s) so that
8(s)8*(s)=72I where we select Y>7o. As a consequence of the all-pass character of &(s), we must

have

€& = 771 -[ Box Rz ]| 2 |i6) =% - (T, o) (T Ty0)"

1(8)83:(8) = 7% -[ Ry Ry | R, [ =71 - (TLT(TLT0)E) (3.59)
and

- - 2 R*. R: R12 — 2 M & M=

813(s)81a(s) = 7°1 -[ 12 22] Ry, (s) =T1- (TIITJ_) (TnT_L)(S) (3.60)

which are spectral factorization problems. Suppose next, and this is always possible, that we choose



es) =] 0 N@ s

and

8,3(s) =

Building this structure into 8(s) will give the following representation

[ 4, Qi Qs 6 m
8(s) = Q21 Roo-Q22 Ro1-Qaa M !
Qa1 Ryo-Qs2 Rp-Q Rz 1
0 N % Ro2 9
[ AR 0 0 B, Bp Bp|

Jleo
o

Co -Co| Xs+ X5 Xs Dm
Ca -Cgs| X7 Xg Dy Dy,

in which

Ap B,

N(s) £
Cp; Dn

and

ApBp,

M(s) s c D
o Um

Abbreviating (3.63b) to

Ae B
g(s) £ cg ]_)g
g

and invoking the standard state-space characterization of all-pass matrices yields

page-60

(3.61)

(3.62)

(3.63a)

(3.63b)

(3.64)

(3.65)

(3.66)

(3.67)
(3.68)
(3.69)
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D'Cg + BgQg = 0 (3.70)
DD* = DD = 44 (3.71)
in which we define
P, P Q Q
e L P amdQg=| . * (3.72)
P2 Pa Q2 QB

In the next phase of our development, we write down the equations describing the spectral

factorization problems

M*M(s) =11 - (T;,T7 )" (T,,T"))(s) (3.73)
and
NN*(s)=1,I - ( lTu)(T:LTn).(S) (3.74)

It is easily verified using (3.28) that (Tlﬁ‘_l_)(s) has a realization given by :

(TuTl)(S) =[A,B,C D)= l— ~(A-HC,)* | YTBl’ﬁ.-L_I
|_D11(Bl'HD21)‘+CxY I Dy, DYy J (3.75)

Then the spectral factor M(s) is [2]

M(s) = [A, B, Cm, Dm] = |— A | 8 ]
|_ RV B'X - D°C) | RY/? J (3.76)
where
R=+v%- DD (3.77)
and X satisfies the algebraic Riccati equation [2]
X(A + BR™'D*C) + (A + BR™'D*C)*X - XBR™!B*X - C*(I + DR™'D*)C=0 (3.78)

The minimum phase spectral factor is required in theorem 2.5 so we shall select the minimum
solution to (3.78) [1](ie the least positive of all the solutions). A dual set of arguments for (3.74) will
yield:
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~ ~,

(T*, Ty)(s) = [4,B,C, D] = ~(A-B;F)" | (C,-Dy,F)"D,1+XB, |

L prCx! l Dy, J (3.79)

Then the spectral factor N(s) is[2]

N(S) = [X, Bn, a, Dn] = | ( 'X’é. _ 'B‘ﬁ. ) 'ﬁ-./g

l R*/? } (3.80)

Q| »

I
I
where
R=+% - DD" (3.81)
and X satisfies the algebraic Riccati equation [2]
X(X + BD'R0)* + (A 4+ BD'R-C)X - XTR'CX - B(1 + D'R'D)B"=0 (3.82)

In this case we shall also select the minimal solution so that the spectral factor has the required

minimum phase properties.

Remark 3.1

Observe that the two algebraic Riccati equations (3.78) and (3.82) correspond to (2.39) and
(2.42), furthermore they have dimension ’n’ whereas (2.39) and (2.42) are ’2n’ equations, ’2»’ being

the state dimension of R(s).

We now turn our attention to the construction of a D-matrix in (3.63b)

lw]]
i

]

]

(3.83)

in which Dy, and Dp have already been specified by (3.76) and (3.80) respectively. To continue
further, we need to solve the problem at infinity by replacing D,, with
Dy =-D,5(721+D3,D,,)"'D3,D,, in which v, is the Parrott lower bound (see section 2.2). (3.83)
together with (3.71) lead to a set of equations which may always be solved to yield an orthogonal

D-matrix. The proof of this claim proceeds by direct calculation in precisely the same way as the
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construction of a J-matrix in section (2.2), for completeness X;, X,, X3, X4, X5, X5, X7 and Xg can

be evaluated from:

Xg = - (9,,D3, + Dy,D3,) D7* (3.84)
Xe = - Dm'(D32D2 + Di,3y) (3.85)
X, = { 7% - 9,95, - D1,Di, - XeX3 }1/2 (3.86)
Xa = { 7’1 - 33y, - D30y - XiXe }* (3.87)
X5 = - Di'(D1,Xg + D3,Dn) (3.88)
X, = - D7*D}X, (3.89)
X, = - X3"(XeX4 + I1X7) (3.90)
X, = - X3D3,D5" | (3.91)

it follows from (3.55) that the indicated inverses of Dn and Dy, exist, and Schur complement
argument shown in section (2.2) will establish that X5 and X, are nonsingular. A tedious calculation

will demonstrate that (3.84) to (3.91) are consistent with the remaining equations in (3.71).

The all-pass embedding may now be completed with the aid of a construction due to Glover
[12]. The idea is to find a Q(s), which may be thought of as replacement for Q(s) in (3.54), which

gives §(s) the required all-pass properties.
P 94 m 1 -

in which

R=P,Q,-7 (3.93)

The fact that the last ’1’ columns in (3.92) are zero follows from the all-pass equation (3.70) and is
crucial to our development. In this section we assume that det(R)#0; det(R)=0 may also arise, but

we defer the treatment of this case until latter. Similarly we define

o - - - r -

CQI m 0 O
C 1 Co | - _ ] BS
2 =| °lp, +D| ° (3.94)
CQ3 b4 01 B1
0 q 02 B;
L J L J L J

The zero block at the bottom of (3.94) follows from the all-pass equation (3.69). Finally

suppose that
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AQ=—A‘—[BQI BQZ BQa 0][0 Bo Bl B2]. (3-95)

A routine calculation, which is essentially the same as that in [12], will verify that (3.67) and (3.68)

are satisfied by

P, P, P, 1
= L (3.96)
P; P, I QR™
and
Q Q, -R°
A Q = ' (3.97)

Q: Qs -R RP,

Also, it is not hard to show that (3.92) to (3.97) satisfy (3.67) to (3.71), and so 8(s) in (3.63) will
satisfy 8(s)8°(s)=77I as required. The (2,2) block of (3.68) gives

YRP+RP,A 0+C5,C 0, +C,C0,+ClsCos =0 (3.98)

In this equation we note that RP,>0 by virtue of (3.54) and Nehari’s Theorem, and consequently,
we have Re(A(A Q))<0 as required.

Temporary assumption 1: For simplicity we shall assume that X and Y are non-singular, if this is not

the case the state dimension of R(s) may be deflated by balancing (3.25) and (3.27) against each

other [18,19] and Cancelling the unobservable and uncontrollable modes.

Lemma 3.2

Under the assumption that X and Y are nonsingular the controllability and observability

grammians P,and Q, of Ra(s) are given by :

X0
P, — 3.99
Tloo-y! (3.99)

and

-x! Y

Y -(X+YXY) (3-100)

Q=

where R(s) is defined as the augmented R(s) in (3.63) and X, Y, X and X satisfy the algebraic
Riccati equations given in (3.25), (3.27), (3.78), and (3.82) respectively. 0
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It follows from (3.63b), (3.76), (3.80) and (3.83) that Ra(s) has a state-space realization

Ra(s) £ [ARaa BRG’ CRG1 DRa li

Ra(S) é

[ _(A-B,F)* 70 Bn ¥D}, ¥BY,
0 -(A-HC,)" 0 —Cs Y~'B, D"
0 Cm * * ' Dm
-B; Di,D,;0+FY * Di,D1;,D3, szDnB:L
| CX! * Dy Dn * D;;D3, * DDy |

(3.101a)

(3.101b)

where the entries (*) indicate don’t care, ¥ and © are defined in (3.53). The equation defining the

controllability grammian of Ra(s) is

ARQP]' + PlA‘Ra + BRaBka= 0

Block (2,2) of (3.102) =

comparing Y(3.103)Y with (3.27) reveals that

~(A - HC,)"Py; - Pyy(A - HGy) + C3C, + Y'B, D", D | Biy ™' = 0

Py, = =Y

Block (1,2) of (3.102) =

(A - B,F)"P;, - YOY ™! _ P,(A - HC,) - ¥D3,C, + ¥D D  Bjy™' =0

Substituting for © from (3.53) and combining the ¥-terms gives

Hence

-(A - B;F)'Py, - Piy(A - HC,) = 0

P2 =10

Block (1,1) of (3.102) in the notation of (3.79) and (3.80) gives

AP, + PLA" + (X - BDYR-(XC - BD) + BB = 0

(3.102)

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)
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comparing (3.108) with (3.82) shows that it is satisfied by
P, = -X (3.109)

Hence the controllability grammian of Ra(s) is

X o
P, = 3.110
1 0 —Y-l . ' ( )

verifies the first part of the claim. Continuing further, the equation defining the observability

grammian of Ra(s) is

AR Qi+ QAR +Cg,Cpr,=0 , (3.111)
The (1,1) block of (3.111) =

~(A - ByF)Qq - Quu(A - B,F)" + B,B; + X7!C{D , D" C,X™' =0 (3.112)
comparing X(3.112)X with (3.25) reveals that

Qu = -X"" (3.113)
The (1,2) block of (3.111) =

~(A-B,D;,Cy-B;B3X)Qu-{ X 7(C,-D1oF) "Dyy+By }(Bi-HDy) - Quy(A-HC,)"
—Bz{DizDu(Bl-HDzl)‘+D1201Y+B':’XY}+X-ICI(I‘D12D;2)D11(B1-HD21)'=0 (3.114)

substituting Q;, = Y, allows (3.114) to simplify to

AY + By(B, - HDy,)* + Y(A - HC,)* = 0 (3.115)
which may be rewritten

Y(A-B,D3,C,)" + (A-B,D3,C,)Y - YC3C,Y + B,DY DY Bf = 0 (3.116)

= Q=Y (3.117)
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satisfies (3.114).The (2,2) block of (3.111) =
(B,-HDy,){D}(C,-DyoF)+BiX }Y+Y{(C,-D,oF)"Dyy+XBy ) (Bi-HDy) "~ (A-HC,)Qz
-Q22(A-HCy)"+{D},D(B,-HDy,)*+FY}*{D},D1,(B,-HD,;)"+FY}
+(B;~HD,;)D},D | D*, Dyy(B,~HD,))* + (B*X-D*C)*R~}(B*X-D*C) = 0 (3.118a)
Substituting Q,,=-(X+YXY) and (3.78) will simplify (3.118) to
(A-HC,)YXY+YXY(A-HC,)*+(B,-HD,,)B;XY+YXB,(B,-HD,,)*+YF*FY-YC;C,;Y=0 (3.118b)
substituting (3.24) and (3.25) will simplify (3.118b) to

YX(3.27) + (3.27)XY = 0. (3.119)

Hence the observability grammian of Ra(s) is given by

q -x-! Y

_ ) 3.120
! Y -(X+YXY) (3.120)
establishes the second part of the claim. 0

3.3.2 Characterizing all controllers

This section will be devoted to deriving a closed form representation formula for the
generator of all H* controllers which satisfy (3.1); in addition we will show that for problems where

deg(P(s))=n, the controllers also have degree n.

Theorem 2.5 shows that

Q Qs

.
Q) ’{ Qs Qu

;U}(3)={Q+Q31U(I- QuU)Qla}(S) ‘TU(S)EG-B:}QO.:’pxm (3.121)
generates all solutions satisfying (3.54). From theorem 3.1, the class of all stabilizing controllers

which minimize (3.1) is generated by

-R(s) = Fi{Ko:Q}(s) (3.122)

Q Qs

To proceed further we need to determine the realization of Q. Q
13 Yn

J(s) For later convenience, a

generalized state-space representation is adopted from here on.



(3.92) gives

(P1Q1'721).[ BQ1 BQz BQ3 0] =
-x-! Y 0 Bn B, Bjs 0 0 C3 G5
. +
Y —(X+YXY)|| 0 0 B, By 0 Ch C3 Cj

where

Bn By, By
[0B, B, B,] =
0 By; Bi;
and
0 0 0
Co|_| 0 Cnm
Ci || Ca Cop
C, Ca1 Ca
The (1,1) block of (3.123) gives
CaiXr
P,Q,;-7)*By, = )
P17 Ber mX 4+C32X7

substituting from (83.53) into the (1,3) block of (3.123) yields

27y e -H
(P1Q1-7 I) BQ3 =

continuing, (3.94 ) gives

— - — - -

Car 0 0 X, X, X5 0 |[ ¢
Coq 0 Cm [|-X 0 Xy X5 Xg Dm b4
Cos - C, C,, 0 -y! Tl X, X 9y, Dy %
0 Ca1 Ca i 0 Dn Dy Dzz_ '

The (1,1) block of (3.127) gives

0

-
B22

B3s

YB,,-(X+YXY)ByytCinX+C32D,,+C350D5,

page-68

(3.123)

(3.124a)

(3.124b)

(3.125)

(3.126)

(3.127)
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Cor = [ X,Bn + X3B; | X3B3, ] (3.128)
Substituting from (3.53) into the (3,1) of (3.127) block yields
Cgs = [ -CoX + XgBh + 9B, + Dy,Bi;5 | -F] (3.129)
(P| Q\"'\&}I}x
Partitioning/\A g defined in (3.95)
ALl Al2 (A-B,F) 0
2 ° = (PxQx-'Yzl)‘ *
AZQI AZQ? -(Bl-HDzl){(Cl-szF)D11+XB1} (A-HC))
0 0
21\ * B:l 0
~(P1Qi-7D)*[Bg Bgy Boa 0]} ., .. (3.130)
Bi; B3,
Bis B3;

The next part of this development is concerned with calculating a closed form representation
formula for all controllers. We will establish this with a series of intricate manipulations using the

state-space representation of (3.122).

Q Qm

13

-K(s):F,{KO; FA U}}(s)—F{ ) D U} where yU(S)EBHS  (3.131)
k k

A, is partitioned into nine nxn sub-blocks, then following the construction given in Appendix B we

have
Ay Ay A
Ay=| Ay Agp Ay
Az Aap Ag;

where

A;; = A-B,F-HC,+HD,,F (3.132)

[ A1z A | = (B-HD.)[ -CrX+X,Br+9,,Bir+ DBt | - (3.133)
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A -H
= _ R (oA, (3.134)
Ay YB,5-(X+YXY)B,y+CrXs+C52D,,4+C32D,
and
Azz Ags | Ay AG N -H
As; Ass | | AY A% YB,,-(X+YXY)B,yy+CinX ¢+C5,9,,+C3.D,;
Dy, -CoX + XgBh + 9B}, + Dy,B}5 | -F) (3.135)
I 0 0 I o o
_ -1y _.2 _
E, = 0 XXy I | o R g (3.136)
Y vv—1 2
0 -YX XY 4YX-y% 0 R} R;
-H
Bk = —H

YB,-(X+YXY)Bjo+CinX+C5,D,,+C35,D5,

-(B,-HD3,)X,
~(B,-HD,,)X, (3.137)
C%X4+C§2X7—{YB12-(X+YXY)322+C;‘X6+C§2€D11+C§2521}D22X7

. Ck = —F —C2l’i + XSB:‘A + %118;2 + I_)12BI3 —F
-X3(Cy-Dy,F) | X,Bn + X3B1, —X3D22(—021§+X3B;+°.Dl,BI2+I—)12BI3) -X3(Cy-Dy,F)
(3.138)
and finally
0 X,
Dk = (3.139)

—x3 X3D22X7"xl

[E, A, B, C, D] given by (3.132) to (3.139) is a 3-n state space representation formula for all

K(s)€S(P,3), however as will be shown this representation can be reduced to an n-state formula.

The first basis change in the state-space of (3.132) to (3.139) is given by

I
—

(3.140)

S
_—o O
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and
I R} R3
Tr=| 0 I 0 (3.141)
0 0 I

where the subscripts '’ and ’r’ correspond to the left and right basis transformations respectively.

0
TlBk= —H
YB,;-(X+YXY)B;y+CXe+C3,9;,+C3,D

0
~(B,-HD3,)X, (3.142)
ChX 4+ C3yX7~{ YB1p-(R+YXY)Byy+ CiX 65911+ C5D21 [ DyaX

I 0 0
TE,Tr =| 0 Ri Rj (3.143)
0 R} R}

A1=Ag1  (A1-Ag)RI+H(A15-Ag)) (A11-Ag1)R3+(A 3-Az3)
TAT,= Ay Az RI+A2, AgR3+A,3
Asay AzRi+A3; A3iR3+A33 (3.144)

C,Tr= -F -FR}-Cy;X + XgBh + 9,,B}, + D;5B}3 0
=X3(Cy=DyoF) -xa(c2-022F)R;+x28:‘,+x38;2-x3022(-c21'>‘<'+x38:,+°3,13;2+5128;3) 0
(3.145)
Lemma 3.3
(A - Az)R3+ (A3 - Ags) = 0 (3.146a)
and
(An - An)R]+ (A3 - Agy) =0 (3.146b)
Proof:

Substituting from (3.132) to (3.136) we get
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(A;1-A2)R3+(A13-Az3) = -(A-HC,-B,F4+HD,,F)-H(Cy-Dy,F)-(By-HDy))F
+(A-HC,)+HC,-HD,,F (3.147)

proves the first part.

Substituting (3.132) to (3.136) we get

(Aj1- Ag)Ri+(Ay5-Ag))= (A-BzF)X_IX'FBz{B;'i"'D;zDnﬁ}-x—li(A-BzF)-Bxﬁ'

-X~4XC*-BD)RXC*-BD")"+x'C;D | (XC"-BD")" (3.148)
substituting from (3.25) gives
(Aps- Ag))RjH(A 2-As)) =x-I{Xiﬁxzﬁ”ﬁ'_(i@'zﬁﬁ‘)ﬁ"1(3{'6'_'15'5')' (3.149)
=0
- by (3.82) proves the second part. ‘ o

Lemma 3.3 and (3.142) establish that there are n uncontrollable modes in the realization of
K(s) given by (3.132) to (3.139), therefore in the new basis K(s)£[E,A,B,C,D,] is given by

Ri Rj3
E, = (3.150)
R, R;

Ay Ri+A,, Ay R3+A,;
A = . : (3.151)
Az Ri+A3, A3 R3+A3;

o]
-~
il

-H

~(B,-HD,,)X, (3.152)
C;nxq'*‘CEer{YB12~(X+YXY)B:¢2+C7nXs+C52€D11+C§21_)21}D22X7

0
0 (3.153)

C,Tr = -FR}-C2,X + XgBh + 9,8}, + D;,B}3
=X3(Cy=DggF)R{+X9Br+X3B12-X3Dgg(~CoyX+XgBa+D,,B79+D5,,8]3)

D, is unchanged and is given in (3.139).

Introducing a second basis change
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T I -RaRy (3.154)
oo '
where we assume that R, is non-singular
R;-R3R;*R; 0
TE, =| & o *°7? (3.155)
R3 Ry
T,B, =| -H-R3R7"A -(B3-HD3,)X;-R3R5*{CmX +C3,X7-AD,,X 7}
A CinX 4+C32X 7~ AD, X, (3.156)
where
A=YB,,~(X+YXY)B,s+CiXe+C5,D,,+C5,.D5, (3.157)
T/A=| Ay R]+A2,-R3RT* (A5 R{+A3,) Ay R3+A 3-R3R;°(A3R3+A33)
Az Ri+A35, Ag R3+As;
(3.158)
Lemma 3.4
Az R3+A23-R3RT* (A3 R3+A53)=0 (3.159)
Proof:

By direct calculation we have

A21R5+A23—R§RZ'(A31R§+A33)=H(Cz-D22F)+R§(A—HCZ)-HCZ+HD22F+RZ'{R;(A-HC2)+A02}
-R3{*ADy,F-R;*A(C,-D,,F) (3.160)
=90
completes the proof. ]

Lemma 3.4 and (3.153) establish that the realization of K(s) given in (3.150) to (3.153) has n

unobservable modes, therefore in the new basis K(s)=[E;A,B,C,D,] becomes
E, = R{R{+R} (3.161a)
A, = R3AyRI+R3A,,+A5RI+A,, (3.161b)

B, = [-R{H+A -R4(B3-HD23)X7+{CinX 4+C3,X7-AD3,X7}] (3.161c)
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Ce = -FR{-CyX + XgBh + D,,8]; + D813
-X3(Cy-Dgg)Ri+X3Bh + X3Bp ~X3Dg5(~Cg X+XgBr+D;,875+D,2813) (3.161d)
0 X,
D, = (3.161¢)

-XS X3D22X7-x1

after substituting for R3 and a left transformation by Rj; this last transformation avoids the use of

R3" in the representation formula.

Theorem 3.5

For any H%-optimal control problem of the third kind, every H™-optimal controller is
generated by

B A By (s) where 7U(s) €B¥% (3.162)
0 C, D, | 7 0 '

-K(S)=Fz{

and satisfies
1) deg(K)<n-r+deg(U)

in the case of inertia type optimality, where ’r’ is the multiplicity of the rank defect in E,.
2) deg(K)<n+deg(U)

in the cases of Parrott type optimality and sub-optimal problems. 0

It is clear that these degree bounds also hold for problems of the first and second kind, such

results have already been established in [17,18,19,32].

The purpose of using a descriptor representation formula is the same as that described in
section 2.4. If v is optimal due to inertia, a singular perturbation proceedure may be used to remove
the infinite pole(s) from K(s), and will have associated with it the reduction in the effective
dimension of the free parameter U(s). Even in the sub-optimal case E;' may be badly conditioned

and is consequently best avoided.

At this stage let us summarize the findings of this chapter to this point. The four block H®
control problem has been solved by embedding it in a larger all-pass matrix. The subsequent
generator of all solutions is substituted into (3.122) to yield the generator of all stabilizing
controllers; furthermore, the McMillan degree of the central solution is no more thatn. Given a P(s),
one may compute the H* optimal controller in the following way; solve for X and Y in (3.25) and
(3.27) respectively and calculate yupper and 7,,,, from (3.46) and (3.47). Select a v between the
bounds and solve the two spectral factorization problems in (3.59) and (3.60). Successively bisecting
the search interval will lead to either R in (3.93) becoming singular or one/or both the spectral

factorization problems not having a solution. These have been termed inertia and Parrott type
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optimalities respectively. Finally generate all solutions to this problem using (3.161). Although this
algorithm is a significant improvement over the one presented in section 3.2.2, it turns out that the
H® control problem has still further structure which shall be exploited. What is interesting, is that
the two parameterization Riccati equations (3.25) and (3.27) may be combined with the two spectral
factorization equations in (3.59) and (3.60) to yield two indefinite equations. Further, it can be
shown that the generator of all controllers in (3.162) is expressed in terms of the state-space of P(s)

and the solutions to these new Riccati equations.

Temporary assumption 2: As it turns out a detailed study of the structure in this problem is
significantly simplified by assuming that D,;=0 and D,,=0 in (3.2). Since the same basic approach
will solve the general case, we will study the simple case first and defer the more complicated

calculations to later.

In the next stage of our development, equations (3.25) and (3.27) are combined with (3.82)

and (3.78) respectively to yield two indefinite algebraic Riccati equations.

v2(3.25)-(3.82) can be rewritten as

(v*X+X)(A-B3D},C,)+(A-B,D{;C1) (v X+X)+7~* (v 1-XX)CID | D) Cy(71-XX ™)
+XX~'C{D | D%, C,;+CiD , D", C,X'X-XB,B5X-7?XB,B;X-XB,B}X+XB,B{X =0

Substituting XX~(3.25) and (3.25)X "X yields

X(A-B,D},C))(1’1-X "' X)+(7’1-XX™)(A-B,D},C)) " X+7~H(71-XX)CID | D*| Cy(y1-X'X)
-X(y?B,B3-B,B;)X =0

which may be rewitten as
P(A—BzD1201)+(A—BzDizCl)‘P-P(72B2B§-B1BI)P+CIDJ_DlCI‘y'?:O (3.163)

where P=(721-XX'1)'1X in which (721—3?X"1) is assumed non-singular. A dual set of arguments
using (3.27) and (3.78) yields

S(A-B,D3,Cy)"+(A~B,D3,C,)S-8(7°C5C,-CiC,)S+B,D" D | Bjy~=0 (3.164)

where S=(v2-XY~!)"'Y in which (y2I-XY™?) is assumed non-singular.

Next .we shall derive a closed form representation formula for the generator of all stabilizing

controllers under the assumptions1 and 2. Using (3.136), E, becomes
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E,=XY 1X" KXY 1 2-YXy2-X 1Ky 2474
two consecutive basis changes from the left and right T;=SY~! and Tr=X"'P yield
E,=I-~%SP (3.165)
Define B,=[ B;; B,, ]; substituting from (3.157), (3.136) and (3.101) gives

By, =-(XY~4YX-7%)B,D},+YXB,D},+(X+YXY)C;- (XY~ 14+YX-72)YC}
=(7’I-XY™")B,D5,+7°YC;

the left transformation T, yields

By, =B,D3,+77SC; : (3.166a)
Similarly,
B, =-(XY'4+YX-72)B,7+Y(D;,C,+B3X)*y
=7(B,+SCiDy,) (3.166b)

after the basis transformation with T,.

Define C,=[ CJ, CT,]7; substituting from (3.136) and (3.101) gives

Ciy =-(D;2C1+B3X)X "' +B5X+(Dj.C1+B5X) 7
=D},Cy(y-XX)+B3Xy 2

applying the right basis transformation T,=X"!P yields

Cy=Dj,C,+B3P~? (3.167a)
“Similarly,
Crz =7Co(v*1-X"X)+7D;,BiX
=7(Cy+D,,BiP) (3.167b)

after the basis transformation with T,. Clearly (3.161e) gives

Dk Dk 0 -')'I
o e (3.168)

Dy
D21 Dio -1 0

Finally we evaluate the controller A-matrix. Substituting (3.134) to (3.136) into (3.161b) yields
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A,c:-(XY"+YX-721)H02(X‘1§—721)+{YB12-(X+YXY)B22}02(X"§-721)-Y3('(A-82F)

+(XY-‘+Yx_721){(x—li_—,ﬁl)(A-BzF)+x-lB,,B;,_cglD,,B:,+HB;2}_YB,,B:,
-(YB,,~(X+YXY)B,,)B},

Substituting from (3.80) and (3.101) one can rewrite (3.169)

Ap=-(XY'-y™)B,D3,Co(X " K-71)+7?YC3Co(X ' X-7)-7?YC3D,,BiX
+(XY™'-9’)B,D3,D,,BiX+(XY~'-y’)X*X(A-B,F)-YC;D | D C,X~'X

+y HXY -y 2)(X XX X192 C;D _LD1CIX'1)“('-72(XY-1+YX-721)(A-BZF)

Substituting the (A-B,F) terms from (3.25) and grouping terms yields

A= -(XY—1-72I)B1D51Cz(x_IAXJ—'7’21)-(XY-I-’YZI)(X—lxx-l-x_172)(A—32D1201)'X

(3.169)

+YC;D _LDtLC1(72I-X'li)-!--yzYC;Cz(X"i--y-21)+72Y(A-B2D1201)‘X-72YC;D21B;X
+7 (XY D)(X XXX ?)CID | DY) Cy(X "Xy ) +(XY~-%1)B,D3,D,, BiX

Applying the right and left basis changes T; and T gives

Ay=-B,D3,C,-P}(A-B,D;},C,)"P+SCiD | D*, C;-SC5C,7*+7°S(A-B,D},C,)"P
-7°SC3D,,BiP-P~'CiD | D*| C,y~2-B,D3,D,,BiP

substituting P~1(3.163) and v25(3.163) gives

Ak=(A-Bszzcl)—(72BzBE-BlB;)P~BlD5102-SP(A-BzD;201)72+SP(7232B5-31BI)P‘Y

~7?8C3C,-77SC3Dy,BiP-B,D3,D;, BiP
which may be rewritten as
Ay=E4(A-B,C;,+B,B;P)-77'B,,C;,

Ak=(A-B2DIzcl—BxD§102)+S72(A-BzD;201-311)5102)'?
-(v”B,B3-B,D", D | B})P-S(7°C3C,-CiD | D", C,)

Remark 3.2:

(3.170a)

(3.170b)

In the case that (7zl—iX'1) and/or (y2M-XY~!) are singulaf P and/or S become

unbounded. It is possible to avoid this difficulty by expressing the representation formula in terms of

the stable deflating subspaces associated with Hamiltontans which go with (3.163) and (3.164).

These details have been worked out by Hung [16] in a related context.
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One may write
P=P,P;!
and
S$=S,5;! = S=S{"S} (since S=S")

Introducing the basis change

(i) Si(sEx-A,)P, _
(i) SiBy; i=1,2
(iii) Ckl'Pl i:l,?

yields
E,=SiP,~7S;P,
A,=S;K+7?S;AP,-S;(B,B372-B,D" D | B})P,-83(C3C,7°-CiD , D*| C,)P,
B,,=S;B,D3;+55C37>
B, =(51B,+53CiDy2)Y
Cy1=D1;C,P1+B3Pyy?
Ci2=(CyP1+D4,BiP,)y

which is free from terms in P! and Sy’. These manipulations have not been proved rigorous in the

cases when P, and/or S, are identically singular. o

Remark 3.3

Equations (3.163) and (3.164) form an interesting link with LQG theory. It is not difficult
to show that lirTn v%(3.163)=(3.25) and lix%i 7%(3.164)=(3.27). In the case of the central solution:
Yoo a

A-B,F-HC, H

lim K(s) £
7Too -F 0

which is reminiscent of LQG. o

o0

3.4 Necessary and sufficient conditions for the existence of H®-optimal controllers.

Section 3.3.2 has shown that it is possible to parameterize all controllers in terms of two n-
dimensional Riccati equations (3.163) and (3.164). If P and S are the solutions to these equations,
then it will be shown that (1) P>0, (2) S>0 and (3) Amaz(PS)<7~2 are necessary and sufficient
conditions for the existence of a solution such that ||F;(P,K)||o<v. The aim of this section is to
prove this result using vector interpolation theory; this proof addresses the optimal cases in which P

and S are bounded. We will prove that the four block general distance problem has an associated
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Pick matrix which is congruent to

I(y) =

where the indicated inverses are assumed to exist. It will be shown that the necessary and sufficient
condition for a solution to exist is II(y)>0, which by a Schur complement argument, is equivalent
to P>0, S>0 and Amaz(PS)<+y~2 If either P~ or S~ do not exist, a routine balancing argument
will reduce the dimension of the interpolation problem; P~ and S™! will always exist for the smaller
problem. Once (P,S) with the desired properties have been found, they may be substituted into the

representation formula which parameterizes all the solutions (3.165) to (3.170).

In section 3.3.1, we have shown that the four block problem given in (3.54) may be solved

by embedding it in a larger all-pass matrix. Lets suppose that (3.54) is embedded in the all-pass

matrix

ptq m )
Rg0-Qoo Rp1-Qo; Ry m-+l
8(s) = R10-Qio Ri1-Qu Ry, » (s) (3.171)
Ry Ry Ry g
in which, we choose
ro
Ro(s) 0 im
S) =
02 M(s) | 1
and
- p g
Ryo(o) =[ § N o
I I 0
inf 3.171 0 T s 3.172
QeHy 0 Ty T_L( ) T'“ (<) (3.172)
0 T,
(=]
Qoo Qo1 0
inf | Too To I 0 0 Qoon 0 0
_ngns‘f( Ty Ty || 0 TyoT, || 0 0 Izl )(8)lloo

which is a dilated version of the original problem posed in (3.42). The necessary and sufficient
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conditions are established by studying the vector interpolation problem associated with (3.173). Use
will be made of the interpolation theory described in [17]. In particular, we show that the Pick

matrix associated the problem in (3.173) is congruent? to

P71 41
() = 3.174
(7) a4 s ( )

if X and Y are nonsingular (assumption 1). Otherwise, a smaller Pick matrix with dimension

Rank(X)+Rank(Y) must be constructed.

3.4.1 Interpolation theory

We will prove the necessary and sufficient conditions in two steps. Firstly, we will establish
that a solution to the H*® control problem exists if and only if the Pick matrix associated with
(3.173) is positive semi-definite. Secondly, we will show by state-space calculation that the Pick

matrix has the particular form given in (3.174).

Lemma 3.6

A stabilizing controller K(s) such that ||F,(P,K)(s)l|.,<7 exist if and only if II(y)>0.
Proof:

Necessity

Suppose there exists a stabilizing controller K(s) such that ||F;(P(s),K(s))|lcc<7; P(s) is the

design problem matrix given in (3.2). This assumption implies that there exists a Q(s)€363 such

that
Q 0 T
ITuAT T Tl )(5)lloo <Y (3.175)

by standard parameterization theory arguments(9,26]. Since [Ty, T ;](s) and [T3; ~:L]'(s) may be

chosen inner, we have

Ri1-Q Ry

() <7 (3.176)
R'21 R22

{oo]

By standard dilation theory [11], one may construct the all-pass matrix

1We say that two square matrices of the same dimension are congruent, if they have the same

inertia.
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Rg0-Qoo Ro1-Qo Ro2
R10-Q1o R;1-Qu Rz (&) =7 (3.177)
Rao Ry Rz
[oe]
in such a way that
[ Ra0 Ray Royl(s) (3.178a)
and
Rz
R12 (S) (3-178b)
Rz
0 I 0
are parts of inner matrices. Finally, (3.177)) 0 Ty, |(s) gives
121 ~
0 T.L
Qu 0
. Too Toy 1 0 0 g°°Q°‘ . 0
s)= -
I R(E)=( Ty Ty 0 T, T, 10=n 0 Ty E)lw="7

0 0 0 ~
0T,
(3.179)

Since u(s) is an interpolating matrix function, it is necessarily the case that the Pick matrix II(y) is
positive semi-definite [17].
Sufficiency

Suppose JI(7)>0. By standard interpolation theory there exists an interpolating matrix

function P(s) such that

I 0

Too To1 I 0 0 -
| Ro(s)= v . 17| o T Q)EXRL || 0 Ta )(S)lleo=7 (3.180)
10 ‘1 124 ) 0 TJ_

Invoking the norm preserving properties of all-pass matrices gives

ROO Rol R02
Rio Ry Ry (S){Q(S)GET =7
R0 Rz R

oo}

What remains to be shown is that Q(s) may always be chosen with the form
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Qoo Qo1 0
Qi0Qu 0 |(s) (3.181)
0 0 O

To demonstrate that this is the case, we make use of the following known fact{55,56,57),

Roo Roi  Roa
I(7)20< § R Ry Ry |5) <7 (3.182)
Rz Rz R '

We complete the proof of sufficiency by noting that (3.182) together with (3.178) always admits the
construction of a solution to (3.180) of the form indicated in (3.181) completing the proof. o

3.4.2 The state-space calculations.

In this section we will derive state-space expressions for the left and right interpolation
constraints which are associated with (3.173). Following that, we go on to verify that the Pick
matrix associated with (3.173), is (3.174). The case of interpolation constraints with multiplicities is

not treated here, nor is the case of left and right constraints at the same point addressed.

It follows from the first standing assumption, (X and Y are non-singular) that [;21}(5) will
1

have n right half plane zeros

8; i= 1,2,....,n (3.183a)

T
7 l(s)a =02 i=1,2,....0 (3.183b)
Ty
Further, we define
Toy
bi= (Si)a’iZ "=172v",n (3183(:)
Ty

and any interpolating matrix function associated with (3.173) must satisfy[17]:

2 I o
. . . a .
In order that all the dimensions match, we should write 0 Ta1 |(s;) =0. This clearly requires
o~ a2
that a;,)=0i=1,...n. 0 TJ_

A similar remark applies in the case of the left vector constraints.
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R(s;)a;=b; i=1,2,...,n (3.183d)
By duality, [ Ty, T | ](s) will have n right half plane zeros
i=n+1,...,2n (3.184a)
together with a sequence of vectors a,, which satisfy
afs Ty T | )(s;) =0 i=n+l,..2n (3.184b)

If we define
b;:a;z[ Tlo Tn](si) i=n+1,...,2n (3.184(:)

then it is necessarily the case that
a;R(s;)=Db; i=n+1,...,2n (3.184d)

if Ps(s) is interpolating.

The Pick matrix associated with (3.183) and (3.184) is given by [17]

12
O(y) ={ _, (7) (3.185)
I3, Iy,
in which
- . i=1,...,1 . . Yi=heon
.. = y°aja, - bib, O.. = va;b, - 7bia;
k=1,...,1 k=n+1,...,2n
and

. . i=n+1,...,2n 2 . . i=n-+1,...,2n
o* = {7bia’k - 7aibk} ., = {7 ajay - bibk}
12 s, -85 2=Y"3 s

- Sp - 54 §k + S;
k=n+1,...,2n

We will now find explicit expressions for the s;’s, a;,’s and b,’s given in (3.183) and (3.184).
To begin with, we note that the s;’s associated with the right constraints are given by
-5;=A;(A-HC,) which follows from the all-pass property of ;21 (s) and (3.28). To obtain state-

space models for the a;’s in (3.183b), we study the solutions to the equation



[sd-A+(BD3:+YCHC, | -Bit(BD;+YCIDm [y, ] |0
02 D21 = -(T
N payv-t N 32
-D,Byy B, 0
The (2,1) and (3,1) blocks =
D3, D ] GaY 1,2
a;,= ~ ; i=1,2,...,n
i2=[D2 1 D_LBI X;
Substituting this into the (1,1) partition of (3.186) yields
~ -CY
(s;Y-AY+(B,D3;+YC3)CyY+[(B,D3,+YC5)D,,-By] [D3; D7 ] 5 B ) x;=0
15
which simplifies to
(s;I+A"-C3H")x,;=0 i=1,2,...,n
after substituting from (3.27)
A dual sequence of arguments for the left constraints gives
(X ap) [ si-A+B,F | B,  -X7'CD, ]=t0100]

| -(C-DisF) | Dy D, |
The (1,2) and (1,3) blocks =
D1,

aj;=x;[-XB, CiD ] D i=n+l,...,2n

L

and the (1,1) partition of (3.189) gives
x;X(s,J-A+B,F)+x;[-XB,D},+CiD _LD:L][—CI+D12F] =0

which simplifies to

x}(s;1+A"-F"B3)=0 i=n+1,...,2n

after substituting from (3.25).
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(3.186)

(3.187)

(3.188a)

(3.188b)

(3.189)

(3.190)

(3.191a)

(3.191b)
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In the next stage, the b,’s for the left and right constraints have to calculated. First however

we require the realization of

Too Tor | Roo RoiT21+RooT |

= (3.192)
T Tn T12R10+T | Ry T

The realizations of Ty and T,, follow directly from (3.101b) and (3.28) respectively. Continuing

further,
Ty
To; =[Ros Roal | x (3.193a)
T,
=’_ A—HC2 | BI-HD21 —|
|_--,-1'13 | Bis™ | 7D _] (3.193b)

after canceling n non-minimal modes. Similarly,

Ty =[T2T,] }}::: (3.194a)
=[ A-BF | -v'Picip, ]
I_CI-DI,F | D | J (3.194b)

Now, we turn our attention to evaluating the b;’s in (3.183c). A direct calculation using (3.187),
(3.188) and (3.193) shows that

SiI—A+B2F —BzF _Bl
0 s,]-A+HC, HDy;-B; |ry 0 i=1,2,...,n (3.195)
= — Xq 0
-1 o1 —_
0 -7 D_LBIS 7DJ_ in = |b,
C,-D,,F D,,F 0 i2 b;,
which gives
|ba| | 7'D Bi(y*Y -7y
b= = L X; i=1,2,00,0 (3.196)

by, CY
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the (1,1) and (2,1) blocks of (3.195) are easily verified using (3.187). In the same way it is not
difficult to calculate the b;’s associated with the left constraints; substituting (3.190) and (3.191)
into (3.184) yields

s;I-A+B,F -B,F -P7ICiD ;77! B,
XX 0 azz]( 0 s,]-A+HC, 0 BI-HD21_I= [0 0 b}, b}y
|_ ~(C,-Dy,F) -D,,F | 1D 0 _] i=n+1,...,2n
(3.197)
in which
bi=([bj, bjy) = xi[ yX(y’X~I-P")CID,  XB)] i=n+1,...,2n (3.198)

In the last phase of our development, we substitute the state-space expressions for the

interpolation constraints into (3.185). We begin with the (1,1) block

Zata - b i=1,..,n
Y a3 -~ by
k=1,...,h

Substituting from (3.187) and (3.196) gives

Hn(‘y)=x;{72[BlﬁlﬁlB;+YC§C2Y] -YCiC,
_7—2[72I_Ys--1]Blﬁlﬁ-LB;[,’ZI_YS—I]}XIC/('S"..{-sk) (3.200)

Eliminating terms and substituting

YS™}(A-B,D3,C,)Y+Y(A-B,D3,C,)*S™!Y-Y(72C5C,-CiC,) Y+772YS!B,D" D | BiS~'y =0

(3.201)
yields:
Hu('y)=x,?Y{S“[A-B1D§ICg+Blﬁlﬁ | BiY Y+
[A-B,D3,C,+B,D" B _LB;Y‘l]'S‘l}Yxk / (5:+51) (3.202)
Substituting from (3.27)Y~! and Y~(3.27) allows us to write
1,,(7) =_x,?Y{S'lY[A-ch]'Y“+Y"[A-HCZ]YS’1}Yx,, / (5i+se) (3.203)

Finally we invoke (3.188b) to obtain
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i=1,...,11

Hn('Y):{x;YS-IYX;,} (3.204)

k=1,...,0

Next, we consider the (1,2) term

i=1,...,n
atb, - 7bla
Hm('/#{%;‘—"} (3.205)
k=n-1,...,2n

which gives

yx;Y{[y~'B,D" D | -C3D,,]B;-C}[D | D, C,X~-D,,Bj] }Xx,
Oy5(7)= { 5 - 5; } (3.206)

Adding (A*-A*) and substituting Y~%(3.27) and (3.25)X ™! yields

7x:-‘Y{X[A-B2F]X"1—Y‘I[A—HCZ]Y}Xxk
Oa(v)= 5T, (3.207)

As a result of employing (3.188b) and (3.191b) one obtains

i=1,..,1

H12(7)={VXZYXXI¢} (2.208)
E=n-+1,...,20

A simple symmetry argument yields

i=n+1,...,20

u21(7)={~,x;XYx,,} (3.209)
k=1,...,n

Finally for the the (2,2) block of (3.185)
x,?{72[XB2B§X+CID D CJ-7"%(71-XP~)C;D l1)1c;,(-,’~’1_f>-1x)_x13113;x}x,. /(Ek—s,-)
Eliminating and substituting

X(A-ByDi,Cy)P~'X+XP™}(A-B,D},Cy) "X -X(7°B;B3-B,B))X+XP~'CiD | D Gy *P~'X =0



page-88

yields
x;x{(A-32D;2cl+x-lc;D | D C)P 24P }(A-B,D},C,+X'CiD lD‘lCl)'}Xxk / (5,+s;)
Substituting from X~!(3.25) and (3.25)X ™! gives

x;X{-X‘l(A-B,F)‘P"I-P‘I(A—BzF)X"‘}Xxk /(Gits))

i=n+1,...,2n

nn(y):{xgxp-lx;ck} (3.210)
k=n+1,...,2n

Since the x;’s are linearly independent,

YS“'Y  YXy S~ 41

=I 3.211
XYy XPXX p=1n( 41 P! ) ( )

In(T(7)) =In(

Lemma 3.6 and assumption 1 imply S”'>0 and P~!>0, a Schur complement argument will show

that (I-v2SP)>0 = Amaz(SP)<77? establishing the claim made at the begining of section 3.4.

Remark 3.4

Sufficiency may also be proved by a routine but somewhat protracted calculation which
involves the use of a generalized state space version of the bounded real equations [2]. Again this
approach treats the optimal case corresponding to E, in (3.165) being singular. Since sufficiency has

already been established via interpolation an outline of the bounded real calculations has been

relegated to appendix C.

Theorem 3.7

Internally stabilizing controllers exist such that ||F(P,K)|| <7, if and only if there exist
solution to the Riccati equations (3.163) and (3.164) such that S>0, P>0 and Amaz(SP)<y~2 If

such solutions exist, all the controllers are given by the representation formula
—K(s)=F(%;U)(s) U(s)€4BEY
where

%(s) £ 0 Cy 0 Dy (3.212)
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and is defined in (3.165)-(3.168) and (3.170). O

Corollary 3.8
P=(72-XX"!)"1X and S=(7% -XY~1)"'Y are the stabilizing solutions to (3.163) and
(3.164) respectively.

Proof:

In{(A-B,D},C,)-(r"B,B3-B,B)X(r1-X %)~}
=In{[(A-B,D},C,)("1-XX)~(+"B,B3-B,B))X](r21-X"'%) '}
substituting X~(3.82)

=In{ﬂ(yz-X‘li)(A—BzF)-(A-B.‘,'D{?CI)X“')\('-X"(A-B,F)‘i
-X~'XX-'C;D lD‘lcl-rﬂ’x-lii]](721.x-1i)-‘}

substituting X~1(3.25)X !X
=In{(72-X'li)(A—B2F+X‘IC;D lchl-,-2x-‘i)(~,21_x-’i)-l}=(o,n,0)

which follows from the fact that X is the destabilizing solution to (3.82), which verifies the P is
indeed the stabilizing solution to (3.163).

A dual set of arguments using (3.164), (3.78) and (3.27) establish that S is the stabilizing
solution to (3.164). o

3.5 The removal of temporary assumption 2

We now study the case when D;;#0 and D,,#0 in (3.2). It is shown that when this
situation arises, the problem can be transformed into an equivalent one in which D,;=0 and

D,,=0. To do this consider the loop transformations illustrated in Fig.1.

To begin with, select a constant matrix Foo so that the D);-matrix of the modified problem
is reduced to the Parrott lower bound of max{”D:LDnIl ) IIDHB:LH} If P(s) is as given in (3.2),

then figure 1 gives

x=Ax+B,y,+Bju;
u;=Cx+D;,y,+D;5u;3
¥3=Cox+Dy1y,+Dous

!
uz=u'3-Feoys
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substituting for uz gives

¥3=Cyx+Dy;y,+Dgy(u’3-Feoys)
Y3=(I+D22Foo)_1{02X+D21Y2+D22u'3}

=
similarly
%=Ax+B,y,+Bou'5-B 2F00(I+D22Foo)-l{czx+D21y 2+D22“’3}
= %=(A-ByFoo(14+D35F 0) "'Cy)x+(B1-B;F oo(I4+D25F o) D31y
+B,(I-Foo(I4+D;,F 00) 'Dy,)u’s
“2=Cxx'*‘D11Y2+D12“’3-D12F°°(I+D22F°°)-I{sz'*‘Dzle‘*'Dzz“’a}
= u;=(Cy~D}3F eo(I+D35F o) "'C3)x+(Dy;-Dy2F oo(I+D55F ) ~'Dyy )y

+D;5(I-Feo(I+D3,F o) "'Dyp)u’ 5

combining x, y, and u’; yields

X B, B,
Cl Dll D12 =
C2 D21 D22

| A-ByFo(1+DyFe)'C; | By-BoFes(I+DgoFe) "Dy By(I+FeoDyy) ™ |
C,-DyoFeo(I+D25F0)'C; | Dy3=DysFeo(I+D55F o)™ 'Dy;  Dyp(I+FaoDgp)™t | (3.213)
(I4+D,,F ) ~'C, (I4+D35F ) Dy, Dy(1+FooD3p) ™"

The aim is first to find Feo to minimize 511. Next, we suppose that Qeo(s) solves the Parrott

problem

DI2D11D§1"Q°° ;2D11D‘_|_ (3 214)

inf . . . ~.
Qe J_DllD21 _LDIID_]_

in which one solution is [22,23,30]

Qoo=Diy(Dyy+DuD7 (31 (D% D, B )*(D7 D5 )) (D7 DB ) D7y Dy )3, (3.215)

where
(3.216)

7p=max{||D* Dyl , 11D, 5 II}
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y, CH 0, | u,
@21 922 h_
Sum— | N | »| u
| —1 RO | RO
u3 + u 3 . y3
BO | B - *
+ -
E, [e—
> Dy
s » Dj, E
; : Fo je— !
g [ i v
‘ + '
‘ Z zl Kll(s) Klz(s) 4—-@‘;
' bA Ce1 +,,:uc
Y K, (5) K () |e— :
+ K(s) - z ;
z2 et:2
o U(s)

Fig.1 Loop transformations.
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i

» v
Fo is now found by setting Qoo:=Foo(I+Dp;F o)™}, which after a small rea%angement yields

Foo=(I-QcoD22) ' Qoo } (3.217)
(well posedness is assumed). All we have done in this step is solve the original H* design problem at

infinity. After applying the state feedback Fe, one obtains the new problem for which the following

invariance properties are established:

(i) (A, By, C,) is stabilizable and detectable < (A, B, C,) is stabilizable and detectable.

jwl-A -B, jwl-A B,

(ii) rank( )=n+m VWERS rank(( ~ o )=n+m VweR
C, Dy 1 12

iy sank] " B Doore) vweres ran 50 B oary vuer

11) ran =(n+¢9) VWER$ ran ~ A =(n+gq) VWE
-C; Dy -C, Dy

Proof:

(i) follows from the identities

I 0

sl-cA B =[I-A B
[ A=t 2 Foo(I+D35F ) ™'Cy  (I4+FeoDyy) ™

sI-A I B,Foo(I4D,,F )™ || sI-A
(o 0 (14+D;5F o)™ C,

@ s-A -B, sl-A  -B, I 0

a ~S ~ =

C, Dy G, Dy, -Foo(I+D33F ) 'C;  (I+FeoDyy) ™!

) sI-A B, I -B,Feo(I4+D,,Fe0) ™! || sI-A B,
-62 ﬁ21 B 0 (I+D35F )™ -C, Dy

Having reduced the norm of 511, the next step is to replace the original problem by an

equivalent problem for which D,;,=0. Define the Julia type matrix [30] by
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1/2

~ 2 ~ ~-
0,0 Dy, (v°I-Dy,Diy)
o=| "=y (3.218)

02102, ~(v*1-B;,5,0)' B;,

which is easily seen to satisfy ©0*=v" for all ¥>7,. Next, construct P/(s) given in figure 1

¥1=01;u;+0;5u,
¥2=0631u;+055u,
x:xx+§ly2+§2u’ 3
up=Cyx+D,,y,+D;5u's

¥3=Cox+Dyyya+Daou’s
cancelling the variables y, and u,; substituting for y, yields

up=Cyx+D,1(01u;+055u5)+ D503

“2=(I-ﬁllezz)"l{ﬁlx'*'ﬁx1@21“1'*’512“’3}

5 =Ax+B,(0,,u;+05,)+B,u'5

5(={Z+§1®22(I—511@22)’161}x+§1{®21+@22(l-ﬁn@22)'1511@21}ul
'*'{§2+§1922(1-511922)-1512}11’3

yi= 911“1+@12(I-D11@22)_1{C1X+D11921“1+D12u’3}
)’1=912(I-D11922)-IC1X+{911+@12(I-D11@22)_1D11921}U1
+®12(I-D11@22)"1D,2u'3

)’3=62x+521(921“1"'@22‘12)'*'522“’3
)’3={Cz'*'D21@22(I°D11922)-101}X+D21{921+922(I-D11922)_1D11921}‘11
+{D22+D21022(I—D11®22)"1D12}u'3

Then the combined input output map between (uj;u’s) and (y;;ys) has a state space realization

given by
Pl(s)2
[+8,0,5(1-5,,0:)"C, | Bi1-0,5)7'0n  B45,0,,0-5,,0,) D1 |
©12(1-D110,,)7'Cy ©11+015(1-D1,035)7'D1107, 0,5(1-D,;0,,) 7Dy,
Cy+D3,02,(1-D110,,)7'C, Dyy(1-0,5D;,) "0, Dy2+D21025(1-D11052) "Dy

(3.219)

In connection with this step, there are also a number of invariance properties:
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(i) Suppose that rank( wl-A -B, =n+m YwER together with rank( jwl-A B, Y=n+g
C, Dp -C; Dy

VweR. Then(A, B, C,) is stabilizable and detectable ¢ (A', B',, C';) is stabilizable and

detectable.

S VoeR<S rak jul-A! B, L VocR

i1)’ ran =n+m YWER S ran =n+m YweE
-C, Dy, -C', D'y

(i)’ rank( jwl-A -B, VocR y jwl-A" -B', | - VocR

iii)’ ran =a+9 VwERE ran =n+g9 VWE
C2 D21 0,2 D,21

Proof:

(i)' is a consequence (i) as follows. The rank assumptions together with the assumed
stabilizability and detectability of (A,B,C,) imply that there exists a controller such that
[IF(P,K)lleo=7- Since ||@jsllco<7™}, it follows from a small gain argument and the rank
assumptions that F,(P',K) is internally stable. As K is an internally stabilizing controller for P/(s),
it follows that (A/,B',,C';) must be stabilizable and detectable. The opposite implication may be

argued in the same way.

(i)' and (iii)’ follow from (ii) and (iii) and the identities

( ) SI—A’ B’2 I Elezz(l—ﬁllezz)-l SI-;& B2
a = - _ - _
-c'y o'y 0 0,5(1-D;0,,)7! -G, Dy,
sl-A' -B/, sI-A -B I 0
(b) = ‘
c’, D'y C, Dy ©42(1-D110,5)7'C;  (1I-D33045) 7'0y,

we have shown that the original problem has a solution F, P;K}(S)S'y if and only if the modified
problem F,{P';K}S‘y'l; furthermore, P'11(00)=F,{@,5n{}=0 by a small computation. The
equivalence between the two problems follows from a specialization of Redheffer’s theorem provided
7>7p [13,Jemma 4.1). The next step is to eliminate P/;,(c0)=D’,, by a standard loop shifting
argument; which has already been suggested by Glover and Doyle [14]. The result of these three
transformations has been to change the original problem given in (3.2) to an equivalent one in which
D;,=0 and D,,=0. Following this, one may compute K(s) using equations (3.163)-(3.170). Finally
singularly perturb the controller and reverse the effects of D'22 and Fo to obtain a representation

formula for all controllers. Define the perturbed model of K(s) by

).(=Aknx+Bk1nu:+Bk2"ecz (3.2203)
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Ye=Cp1nX+Dp11auc+Dyy2nec2 (3.220b)
29=CpanX+Di31aUc+Diganeer (3.220c¢)

the connecting equations are given by

e.1=uc+D’ 55y (3.221a)

ye=2,4+F ooty (3.221b)
(3.220b) and (3.2213) = Zy =Ck1nx+Dkunuc+Dk12nec2—F°°ec1 (3.222&)
(3.220b) and (3.221a) = ue =ec,-D'n{cu,,x+D,m,,uc+Dm,,e¢2}

=(I+D'22Dk11n)_l{ecl"D,anlnx'D,22Dk12nec2} (3.222b)

substituting (3.222b) into (3.220a), (3.220c) and (3.222a) to cancel u. yields the following realization
for K(s)

Ap=A4a-Bi1a(14+D'2:D411,) 7 'D'2:Chan (3.223a)
By =Bj1,(I+D'35D4y5,) ! (3.223b)
Bys=Bs,-Bi1a(I+D35D4114) "D’ 22Ds12, (3.223¢)
Ci1=C1a-Di11a(1+D22D5110) D' 25Ch1n (3.223d)
Cis=Cr2n-Dig1a(I+D’25D111,) "'D'22Ch1 (3.223¢)
Dy11=-Foot Dy 4(14+D' 22D5110) ™ (3.2231)
Dt12=Di120-Di11a(1+D'22D110) "D 22Dp120 (3.223g)
Dy21=Dj214(1+D'22Ds1,) ™! (3.223h)
D22=Di33,-Di21a(1+D'22D1110) "D 22D120 (3.2231)

A routine calculation shown in appendix D will verify that

-1
ﬁmD’z;l, Ku} (3.224)

-Feo K2
Ky Kig ~ & & g o
=F 0| Kn Kj-KyD'poKy,
I__-I D122K12 I-Dlzz __I

K21 K22

in which the s-dependence has been suppressed.

Algorithm 1:

The procedure presented above can be summarized in the form of a series of steps to

facilitate implementation. Starting with a P(s) given in (3.2)

Step 1 Scale Dlz and Dy, so that they are parts of orthogonal matrices; furthermore, obtain D 1 and
D | such that [D;, D ] and [D3, ~'J_]' are orthogonal matrices. [9,26]
Step 2 Calculate Qe and Feo using (3.215)-(3.217) and construct F,{P(s);-Foo} given in (3.213b).
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Step 3 Compute the bounds for the problem : yupper and 7,,,, using (3.47) and (3.46) respectively.

(This step requires one to solve the parameterization Riccati equations)

Step 4 Select v between the bounds and calculate © in (3.218); construct P/(s) in (3.219b) which is

the new problem.
Step 5 Scale P/,,(c0) and P,;(00) as in step 1.

Step 6 Compute P and S : the solutions to (3.163)' and (3.164). The minimization process takes
place over ‘lf in this case, care must be taken to modify (3.163) and (3.164) accordingly. We seek v
such that A_;,(I-SPy~2)=0 or the minimum value of ¥ for which A,,;,(S)>0 and A,;,(P)>0.

Step 7 Assemble K(s) using (3.165)-(3.170), smgula.rly perturb it in the case of inertia optimality

and reverse the scaling carried out in step 5.

Step 8 Reverse the effects of D’,, and Foo using (3.223) and finally undo the scaling done in step 1.

Sucessively bisecting the search interval will give a sequence of 4’s which converge to vo.
For each of these v, steps 4, 5 and 6 are executed until v, is attained. The convergence of such a
sequence has been studied in a related context [15] where the v-iteration is shown to be monotonic

and continuous.

It is possibly the case that the transformation given in (2.218) is poorly conditioned from a
numerical point of view. In this event, it is suggested that the loop shifts given by Fo and D’ 22 be
left in service, but that the transformation be removed. This will require formulae corresponding to
D,;7#0 which may be derived in a similar way to (3.163)-(3.170). The calculations involve long
intricate manipulations of the terms in (3.161), for this reason they have not been included here.

One such set of formulae is given in (3.225) to (3.235) below:

{A + (B.DD | D*) - 1B,D})(71 - DuD;iD | DY) 7'Cy }p
+ P{A + (B,D};D | D" - v’B,D})(+’I - Dy,Dj,D | D7))~'C }
- P{‘72B282 - (B, - BzD12D11)72(7 I- DIID_LD. D))" 1(Bl - B,D1,Dyy)* }P
+ C{D | (+"1-D*, D;,D},D,)7'D" C,;=0 (3.225)

{A + 31(721 - _LD_LD 1D11)-1(315_|_D 1C1 - 7 D21cz)}s
+8{A + By(y1 - B B, D3,D1)(B B, D5,C, - 1D3C)}
- 5{720202 - (C; - D;yD3,Ca)* 7’ (7* I“DIIDJ_DJ_DII) G, - D11D21C2)}S
+ BIDJ_(-y I- DJ_DuDuD )" DJ_B1—0 (3.226)

If solutions to (3.225) and (3.226) exist such that $>0, P>0 and SP<77% then all the stabilizing



controllers which achieve ||[F\(P,K)|| <7 are given by the representation formula:

-K(s)=F{%;U}(s) where %U(s)&%&ﬁ&
where
E, Ay B,y By
%(s) £ 0 Ci 0 Dy
0 Ciz  Diar  Dia
in which

E, =1-SPy*

Bt :—72{B1+SCID“+SC;D21(7ZI"D;1D11)}(721“513_1_DI1D11)_1D§1
Cu :'72DI2(721‘D11D;1D_LDtL)_l{Cri-DuBIP+(7‘2I—D11DI1)D1235P}
P12 =—{I—DI2D11(721‘D11DJ_D:LD11)—1DI1D12}1/2
Dix =—{I_D21D{1(721'D11§‘_1_5_LDI1)_1D11D51}1/2

Di2s =D-k-2‘1D21D;1(721‘D11DtLD_LDII)-IDHDI:IZ

Ay =Ek{A+B2Ck1 +Bk102+{Eka+Bk1D21}(’Y2I~D;1D_LD:LDu)_l
DIlDJ_D'J_01+BIP72-DI1D12B§P72}

Bk2={Bz'*‘(BlD'_Lﬁ_LD;1+7250;-7ZSC§D21D;1)(721—D11515_LD;1)-1D12}DM2

Ck2=Dk21{Cz+D21(721-D;1D_LD'_LDn)_l(DhD _LD101+BIP72—DI1D1235P72)}

Remark 3.5

page-97

(3.227)

(3.228)

(3.229)

(3.230)

(3.231)

(3.232)

(3.233)

(2.234)

(2.235)

With the transformation in (3.218) disabled, the minimization procedure takes place over 7,

(3.225)-(3.235) can be implemented as stated.

3.6 Removal of temporary assumption 1

In this section we shall lift the assumptions on the invertibility of X and Y. It will be shown

that Theorem 3.7 are still valid in the general case when S and P are no longer definite but may also

be semi-definite.
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To begin with, we will consider balancing the Riccati equations (3.25) and (3.27); this
technique has already been established in [18,19] and consists of obtaining a basis transformation in

the original P(s) such that X and Y are diagonal.

Balancing the Riccati equations.

Consider the basis change T in the state-space of P(s) in (3.2) [18,19], then the algebraic

Riccati equation in (3.25) becomes

X(TAT™'-TB;D},C,T~")+(TAT~'-TB,D},C,T™")*X-XTB,B;T"X+T~"CiD , D*, C,T~'=0(3.2362)

pre- and post-multiply (3.236a) with T* and T respectively gives
T*XT(A-B,D1,C1)+(A-B,D1,C)"T*XT-T*XTB,B;T*XT+CiD , D*, C,=0 (3.236b)

which shows that X undergoes a congruence transformation (T~*XT~!—X). Similarly in the new

basis (3.27) becomes [18,19]
T'YT~*(A-B,D3,C;)"+(A-B,D3,C) T~ YT~ *-T~'YT~"CiC,T~'YT~*+B,D" D | Bi=0  (3.237)

and hence (TYT*—Y). Using the construction given in [11, appendix B], one can select T so that

=
x=| 2 o |= Z . (3.238)
L 0 -
and
5 N
Y= 0 53
L 0 J

= (3.239)

where £,>0 and Z,>0.

Assuming that the realization in (3.2) has been put into a basis which balances the Riccati

equations. Continuing, define



W =J(A—B ID;ICZ)J.
Z=(A-B,D1,C))

Introduce a partitioning on

C, _ Cy Gy,
C, Ca1 Cay
and B.. B
11 D12
[Bx Bz] =
By By,

conformable with (3.238); similarly, partition Z and substitute into (3.25)

L0 || 2y 2, + InZn | %, 0
0 0 || 22 2, 22723 || 0 0

A £, 0 Ch
Bi, Bzz] 00 + cr DJ_D'J_[Cn Cyal
12

The (2,2) block of (3.244) yields
12D D7C,=0 = D%Cjp=0
Consequently, the (1,2) block of (3.244) gives
£12)5=0 = Z,,=0
finally, the (1,1) block gives

£,2,,+2;,%,-%,B3B1,E,+Cy;,D | D*) Gy, =0
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(3.240)
(3.241)

(3.242)

(3.243)

(3.244)

(3.245)

(3.246)

which is a deflated Riccati equation with a positive definite solution. It is not difficult to verify that

ZII_B12B;221 0

A-B,F = 7-B,B}X = .
ZIZ_B22B1221 Z22

(3.247)

from which one can infer that Z,, is asymptotically stable since (A-B,F) is; as noted in [18], the
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eigenvalues of Z,, are the stable modes of (A-B,D7,C,) which are undetectable through D* C,.

Partitioning
C ¢ C
o B U i (3.248)
C2 C21 C22
and 3 B
I[B, B =] . .7 (3.249)
B21 B22

conformably with (3.239), similarly for W. Substituting into (3.27), then it is not difficult to vetify
that

(2,2) block = By, D =0 (3.250)
(2,1) block = W, =0 : (3.251)
and Wi-03Cn Wip-SaChiC
J(A—HCZ)J‘= 11 2Vv21Vv21 12 2Vv21Vv22 (3252)
0 W,

W,, is asymptotically stable since (A-HC,) is, further, the eigenvalues of W,, are the stable modes
of (A-B,D3,C,) which are undetectable through B,D" .

Lemma 3.9

(i) (I_XXT)%=0
and

(ii) (I_YY”)X.:O

where X and Y, and X and X are the unique positive semi-definite stabilizing solutions to (3.25),

(3.27), (3.78) and (3.82) respectively.

Proof:

Suppose that (3.25) is in balanced coordinates, then X is given by (3.238). Let '}\(‘u be the

stabilizing solution to

x11(211-B12.]31221)‘*'(211"B1'eBizzl)‘iu’*‘il1Ei'lCI1D_|_D:|_C1121_1x11‘7—24‘21]31113:121=0

where the terms are defined in (3.242), (3.243) and (3.247). Set X = [Xou g ]; then it is easy to



page-101

verify that as such X satisfies (3.82) and is the unique stabilizing solution.

This structure on X allows one to deduce (i). The second part is established via a parallel set
0o o I O
Lifting the invertibility assumptions on X and Y allows one to rewrite the factorization Riccati

equations (3.78) and (3.82)

of arguments and setting X =

X(A-HC,)"+(A-HC)X+XY'B,B B  Biy!%y-24vCiC,Y=0 (3.253a)
and

i(A_BzF)+(A_132F)‘i+ixfc;n _LD:Lcleiy‘2+XBlB;x=0 (3.253b)
7?%(3.25)+(3.253b) can be rewritten as

(72X +%)(A-B,D},C)+(A-B;D3,C,) (X +%)+(v4-Xx )CiD | D7, C,(v21-X 1K)
+Xx'cp D C,+CiD _LD:LCIXTX-KB2B§X;72XB2B§X-XB2B§3('+XB1B;X=0

substituting 'ix*(s.zs) and (3.25)x”i yields

X(A-ByD3,Cy)(11-X K)+(171-Xx)(A-B,D1,C) X +(r21-XxC;D | D7 0, (v21-X %)y~
—72XB,B3X+XB,BiX+(A- BF)*(I-XX hX+X(1-X X)(A-B,F) =0

Using Lemma 3.9 (i) gives
P(A-B,D7,C,)+(A-B,Di,C,)*P-P(v°B,B3-B,B})P+CiD | D*| C;7~*=0 (3.254)

where P=(721-§XT)"1X in which (721-')?)(1) is assumed non-singular; Rank(P)=Rank(X). A dual
set of arguments using (3.27), (3.253a) and lemma 3.9 (ii) yields

S(A-B,D3,C,)"+(A~B,D5,C,)S-8(7°C5C,-CiC,)S+B,D" D | By ~*=0 (3.255)

where S=(721—5(Yf)"Y in which (721-XYt) is assumed non-singular; Rank(S)=Rank(Y).

In this balanced framework the realizations in (3.28) and (3.101b) may be replaced with
others of dimension Rank(X)+Rank(Y). The analysis of section (3.4) may be repeated to give
necessary and sufficient conditions for the existence of stabilizing controllers in terms of a smaller

Pick matrix.

Using (3.238)-(3.252) one can derive a minimal realization for T(s) in (3.28)
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[ Z,,-B15B12%) BjoF, By B, "EI-IC;ID_L—
TuTi T 0 W11-2,05,Coy 3115]_5 1 -Z4C31D 0
Ty 00 = DJ_DlCu—DnBIzzl D12F1 0 Dy, D_L
T, 0 0 0 Cn D,, 0
0 -D, Byz3! b, 0
(3.256)

The minimality of T(s) is assured from the fact that the poles of this realization are located in the

left half plane, furthermore, one can pinpoint the system zeroes of (3.256) in the open right half

plane by showing that the A-matrix of its inverse is congruent to

-(Zu-BuBizzﬂ' *

0 =(W13-2,C1,Cro)"

thus barring any pole-zero cancellations. ( * indicates a don’t care entry) As a result of removing the

non-minimal modes in T(s) one can obtain a reduced order model for Ra(s) in (3.101b).

Roo  Roai  Roo
Ra(s)=| Rio Ru Ry |5)&
R0 Ra1 Ry
-(Z11-B12B12Ey)" 21311(D]_D_1_B;1-D51czzzz) 0 7-li11Brl Z,By;,D3, 2131151
0 -(Wy;-£,05Cyy)" 0 0 -Ca 27'BuDY
0 0 0 0 o9l 0
0 77D B 7Ky, 0 0 0 |
-B}, F,Z, ~1 0 0 0
D' C,, =7 0 0 91 0 0
where (3.257)
B,,=Z7'Ci,D | and FI=[F, )
Following the steps in section 3.4
. N -CuZ,
;=D D]~ o, [ (3.258a)

DBy |’
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[ sil+(W13-5,63,Ca1)] x;=0 (3.258b)
- - . D;Z

aj;=x; [-E,By; ChiD ]|, (3.258¢)
Dy

xi[s:1+(Z;,-B15B1,E)*]=0 (3.258d)

In the case that Rank(X)>Rank(Y)

b:’ 7-1']5’ B- (722—1_9—1)2

M= 4o 2 2 (3.259a)
bi2 CIIEZ
b} b =[Sy *-P™CHD | | £1B, (3.258b)

in which § and P are the non-singular parts of S and P respectively. (a simple calculation shows that

balancing X and Y also balances P and S).

The Pick matrix in this case is congruent to the expression on the right in (3.260):

E;l 7l g
In(II(y))=In( 1 ) (3.260)
00 =

In the case that Rank(X)<Rank(Y) the the subsequent inertia properties of the Pick matix are

given by:
I
B g
In(I(y))=In( ) (3.261)
1§ =

Finally in the case that Rank(X)=Rank(Y), there is no need for bordering zeros:

-] 71

2 |
3.262
) (3.262)

In(I(7))=In

The findings of this section may be summarized in the following theorem
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Theorem 3.8

Necessary and sufficient conditions for the existence of a stabilizing controller such that
IIFy(K,P)}] <7 are:
i)S>0
ii)P>0
i) Amae(SP) S 72 -

The aim of this section is to demonstrate how the controller representation formula and the

indefinite Riccati equations can be specialized to solve problems of the first and second kinds.

Problems of the first kind: If P,,(s) and Py,(s) in (3.2) are square and not necessarily of the same size,
we call the associated problem a problem of the first kind. To solve such problems it suffices to set
D,=0 and D 1 =0 in the formulae, furthermore, D), and D, can be scaled so that D;,=I and
D,,=I. Algorithm 1 can be applied directly and 7,,,, will be the optimal cost by Nehari’s theorem.
The drawback to this approach is that unless v,,,, is chosen a 7-iteration is required. However, the
solution technique presented in [19] is computationally cheaper and requires no y-iteration. In the

case of D,;=0 and D,,=0, the Riccati equations and representation formula degenerate to

P(A-B,C,)+(A-B,C,)"P-P(v’B,B3-B,B})P=0
S(A-B,C,)*+(A-B,C,)S-S(1C5C,-C;C,)S=0

E,=1-7’SP
Ax=(A-B,C;-B,C,)+57*(A-B,C,~B,C,)"P-7°B,B3P-57°C;C,
By, =B, +7°5C;

Bj,=7(B2+5Cj)

Cr=C+B3Py*

Cra=(Co+BiP)y

D11 Dry2 _ 0 -9I

Dk = =
Diy Dio2 -7 0

Problems of the second kind: These problems are characterized by having either P;4(s) or P,y(s) non-
square. Consider the case when Pj(s) is square, (for problems in which Py,(s) is square, one can
transpose P(s), calculate the associated controller which when transposed solves the original
problem) then Algorithm 1 carries over by setting D .l.=0 and D,,=I. For this type of problem the

solution presented here is superior from a computational point of view to the one in [18]. In this case
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one has to solve two n-dimensional Riccati equations (3.254) and (3.255) which require
approximately n3 floating point operations each. The old approach [9,26,31] requires one to solve a
2n-spectral factorization problem [18,eqn 4.34] which is performed in approximately 8n3 flops. The

advantages are clear. In the case of D;;=0 and D,,=0, the Riccati equations and the controller

representation formula degenerate to

P(A-B,D;,C))+(A-B,D},C,)"P-P(7’B,B3-B,B])P+C;D | D*, C;y7*=0
S(A-B,C,)*+(A-B,C,)S-S(y*C3C,-C;iC,)S=0

E,=I-7%SP |
Ak=(A-Bszzcl"B1cz)+s72(A—BzD1201-B1C2)‘P-7232]351)—3(720502’CID_LD'_LCx)
B;;=B,+77SC;

By,=7(B2+SCiDy5)

Cy1=D},Ci+B3Py?

Cra=(Co+BIP)y

D11 Dy _ 0 -9I

Dk = =
Di21 Di22 -7I 0

Section 2.4.3 shows that for inertia optimality the generator of all Q(s) under-goes an
effective reduction in dimension. This phenomenon carries over to the generator of all controllers and

is the object of this remark. At inertia optimality the controller generator is given by

-

Ku sz— Q 6 u y

F,{ 1 f} = (3.264a)
Ko Ko _J Qi3 Qu ug Y2
- - g
kygy] &% S w | | w

F, K21 K22 1 Qs Qu § oy = vs (3.264b)
R J| 00 0.0 ¥

expanding the {-} term in (3.264a) together with simple manipulations yields
1=K, +K5(1-QKE) QK3 ', + K (1-QK3:) Qs u,
and

¥2=Q;3(1-K2%Q) K3, +Q, 3(I-K3?Q) K 3*Q3,u,+ Q1 1u,

substituting from (3.264b) gives
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K§' Ko? § . ,
591 & 1 1
K3'K3 2 =
Uz Y2
0:0 0:0 7
illustrating the loss of effective dimension in the generator of all controllers. u]

3.8 Computation time trials.

This section presents some data to validate the claim that this approach to solving H®
control problems is better than that originally proposed by Doyle [9,31]. A number of computation
trials are performed on both the original software [9,29,31] and the approach presented in this
chapter. In each case a single iteration is timed (Unix - dtime). The results are given in the table
below, showing the state-dimension of P(s) and cpu execution time (in seconds) for one iteration of
the original and new approaches. Apart from a marked reduction in execution time, the improved

program is more robust and able to tackle problems with higher state-dimension than its

predecessor.
NO of states old (sec) new (sec)
1 2.46 0.26
2 15.8 0.58
3 22.8 0.93
4 90.6 1.58
5 171.5 2.03
6 244.5 3.50
7 303.1 6.30
8 463.5 10.3
9 509.2 13.4
10 1228 16.3

The purpose of this chapter has been to derive a representation formula for all H*®
controllers. The generator of all Q(s) in (2.70) is used to generate all the solutions to the four block
H® control problem, this generator is then collapsed into the generator of all stabilizers to yield the
generator of all stabilizing controllers satisfying (3.1). A number of important points have been

established in this chapter, these are:

1) The generator of all controllers has a McMillan degree no greater than that of the original
problem setup in P(s). All the solutions may be characterized by a representation formula in which

the dimension of the free contraction is the same as P,,(s).

2] The generator of all controllers is expressed in terms of the stabilizing solutions to two

indefinite Riccati equations: S and P and the state-space realization of P(s).

3] To avoid numerical difficulties, it is prudent to continue using the generalized state-space
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ideas introduced in chapter 2. In the case of inertia optimality on can characterize all the optimal

controllers by invoking singular perturbations on %(s) in (3.212).

4] Necessary and sufficient conditions for the existence of a stabilizing controller such that

lIF,(P,K)||co< 7 are given in terms of the inertia of S, P and (I-SPy?).

5] Problems with D;,7#0 and D,,70 result in cumbersom¢H™ formulae, however these can
always be modified using loop shifting arguments into problems where D;;=0 and D,,=0. One can

therefore always assume that D;;=0 and D,,=0 without loss of generality.

6] For the cases when X and/or Y are singulé.r, the controller representation formula is still
valid. Necessary and sufficient conditions for the existence of stabilizing controllers are given in

terms of the inertia of S, P and (I-SP~2).

7] This approach can easily be degenerated into one and two block problems [17,18,19]

where the controller degree bounds are known.

8] Experience has shown that typical engineering problems often resu!t in a P(s) of high
state dimension, the solution is time consuming, especially when several weight selections are
required. The work presented in this chapter shows that considerable gains can be made vis-a-vis the
approach in [26,31]. This solution technique has no state inflation problems and therefore there is no
need for computationally demanding model reduction routines in the computer code. Although the
level of benefit varies from problem to problem, a calculation time reduction of between 10 and 80 is

easy to achieve, the higher the state dimension of P(s) the greater the benefit.

At this point it is appropriate to mention that several researchers have indepedently
obtained similar results to those presented in this chapter. Glover and Doyle have also used the
embedding idea independently to derive on such set of formulae [14], Doyle et al have used classical
L, type arguments to obtain a representation formula based on the solution of two indefinite Riccati
equations [10]. In contrast to the Doyle-Glover approach we are able to treat the optimal case. Hung
[15] has also obtained one such set of formulae base on Riccati equations using interpolation theory,
this work also treats the optimal case. Glover et al [36] have employed J-factorization, and Verma

has similar results pertaining to problems of the first kind [29].

Vv — Pu P12 > Z

u ~ P P.. y

K

A

Figure 3.2 — Generalized regulator set-up
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Chapter four
Closed formula for a parametric mixed sensitivity problem.

4.1 Introduction

i

The all-pass embedding technique presented in chapter 3 has reduced the computational
burden associated with H*™-optimal control design to the solution of two n-dimensional Riccati
equations provided an upper bound for the H*-norm is known. If an upper bound for the norm is
not known, or the optimal norm (7v,) is required, a computationally expensive v-iteration is still
necessary. Ideally, one would like to remove the v-iteration comp]étely. Although this ideal still
seems some way off, there has been some progress in this direction. Jonckheere and Juang have
obtained an approximation to 7; in the case of the mixed sensitivity problem by converting it into a
quadratic approximation problem [32]. Glover and McFarlane have obtained a closed formula for v,
in the case of a two block optimal robustness problem [41]. Foias and Tannenbaum have a
determinantal formula for the (essential) norm of the four block operator associated with H* control

[42].

In this chapter we will derive a closed formula for v, in the case of a special mixed
sensitivity problem which is concerned with minimizing the combined effects of plant output
disturbance and noise on the measurement feedback signal; mixed sensitivity optimization has
already been the subject of considerable scrutiny [33,38,65,66,67). The mixed sensitivity problem we

consider is

(1-6)GK(I+GK)~(s)
7o= inf

€(0,1 4.1
Kes|  e1+GK) ) el (1)

in which S is the set of all stabilizing compensators as defined in (3.8) and (3.9). As we will show,
this particular two block problem allows one to derive a closed formula for v, in terms of Amaz(YX)
where X and Y are the two standard H? Riccati equation solutions (3.25) and (3.27). We will also
show that the two indefinite Riccati equations associated with the representation formulae for all
solutions (3.163) and (3.164), are soluble in terms of X and Y. This means that once 7, is found, a
formula for all solutions corresponding to any 4>+, is available for free. Each time a new value of ¢
is chosen, only one of the two H? Riccati equations need be re-solved. When deriving these results,
we make extensive use of the formulae derived in chapter 3 and especially the conditions for
optimality. Similar results have been found for a number of one block problems [19]. As an example,
the unweighted sensitivity problem has yo= Jm(Y—X)- provided of course that X and Y are
not both zero. In the degenerate case that X and Y are both zero, the plant is stable and minimum
phase and the plant may be cancelled by setting K(s)=cG~!(s) for some constant c. In this case the

problem is essentially non-dynamic and v, can be made arbitrarily small.
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We will analyse

GK(I4+GK) (s)
YYo= inf

KeS| (I+GK)7Y(s) (4.2)

in the next section. The solution to the problem in (4.1) follows by analogy with (4.2), but is

considerably more complicated.

4.2. Uweighted mixed-sensitivity.

We will begin by analysing the special case of (4.1) given in (4.2). Firstly, we claim that

GK(I+GK)™!
Fi(Ps),Ks)= (1+GK)~ (4.3)
where
(A | 0 B
-C{ 0 -D (4.4)
C| I D
-C|l-1 -D

This fact is easily verified by calculation. Next, we perform a preliminary scaling in order that D, is
part of an orthogonal matrix (9,26]. In this step we assume that D~ exists. If this is not the case,
one may weight the plant by setting Gu(s)=G(s)W(s) in which we choose W(s) so that Gu(o) is
nonsingular. This is always possible and one may think of Gu(s) as a replacement for G(s).

-1
Multiplying the second column of P(s) by % gives

-1

BD
Al o BN
Ps)=|-C| O fﬁll (4.5)
C| 1 tl
_—C -1 i%l |
with
DD Iy I/
D2 D,] = LG 16 (4.6)

Substituting (4.5) and (4.6) into the two parameterization Riccati equations (3.25) and
(3.27) gives
X(A - BD"IC) + (A - BD™IC)’X - Xﬂ)'_’g—'lﬂ =0 (4.72)
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and
YA* + AY - YC*CY=0 (4.7b)

respectively.

In the same way, one may substitute the state-space realization given in (4.5), into (3.225)

and (3.226). This yields

-ln-*R* 2(42_
P(A - BD™C) + (4 - BD™')'P - EEDTPBR T (482)
-2
and

SA® + AS - SC*CS(7%-1) =0 ' (4.8b)

after some simplification.

Comparing (4.7a) and (4.8a) shows that

= LJZ—Z%—X 721 (4.9)
7 (v*-1)

while a comparison between (4.7b) and (4.8b) yields

S= Ly r>1 (4.10)
¥°-1

As noted above, P and S will be stabilizing and positive semi-definite provided (y>1).} By virtue of
Theorem 3.6, and (4.9) and (4.10), v,>1 and this is in agreement with the one block problems given
in [19].

4.2.1 Parrott optimality.

When deriving a closed formula for v,, our approach will be to seek the value of v for which
(I -v°SP) is singular. Before doing this calculation however, we need to guarantee that the
optimality will always be of the inertia type (as opposed to the Parrott type) . We do this by
studying the two block distance problem associated with (4.2) :

me | (s) (4.11)
Qex®| R, '

o0
1Eq'uations (4.9) and (4.10) form an interesting link with LQG theory along the line indicated in
[14]. It is not hard to show that lim 72P=X and lim 72S=Y for general four block problems. (4-9) and

Y| vl
(#10) are a special case of this.
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Lemma 4.1

Ra(s)l] . <1
and

Parrott lower bound =-L1
V2

Proof:

Direct substitution of (4.5) and (4.6) into [18,eqn(2.26)] yields

Rys)= [-(a-vcro» | ¢ |
I_ CY/\2 | I/ﬁ_l (4.12)

after cancelling ’'n’ unobservable modes.

(A-YC*C) (YC'CY)/2 | YC*/2
R3R,(s)Z 0 -(A-YC*C)* cr
|_ -C CY/2 | 1/2 _|

introducing a basis transformation

I -Y/2
I
gives
R;RQ: %I,

hence Ry(s) is all-pass at a height of 111-5 This gives ||R,(s)||,<1 and furthermore, the Parrott lower
bound =—\;§, completing the proof. (]

Lemma 4.1 establishes that optimality will necessarily be accompanied by a loss of rank in

(I-v°SP).

In the case that G(s) is stable and minimum phase, X=0 and Y=0 (=P=0 and S=0).
Direct substitution of (4.5) and (4.6) into [18, eq(2.26)] yields

Di,D
R(s) = :2 11
7 Dn
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after cancelling 2n non-minimal modes. This leads to a non dynamic problem where the optimal cost
is the Parrott lower bound. -yo.-HD_LD“]]_— In this case the solution to (4.11) is Q=—I and the
central Parrott controller is given by: -F (K, *I_) where Kq(s) is defined in (3.23)

A-BD"IC BD™!
2 C -1

_K(S) =
We also note from (4.9) and (4.10) that it is also possible for P and S to be unbounded at

vo=1. To see how this might arise, one can consider the quadratic equation ax?+bx+c=0 which has
| 2
roots given by (rl,r2)=££ﬁ-, and llirlrio(rl,rg)=(%c,oo). Yo=1 in the case that G(s) is either
a

stable or minimum phase but not both. In this case 7, can be considered as an infimum which can

be arbitrarily approached but not reached.

4.2.2 Inertia optimality.

Now that we have dealt with the case of that Parrott optimality, we may investigate the

problem of
Amin(1_72sp) =0

Theorem 4.2

The optimal cost v, for the unweighted mixed-sensitivity problem is given by

1
Yo= { 1+ Y Amaz(¥X) +J Amaz(YX)(2 + Amas(YX)) }}2

where X and Y are the unique positive semi-definite solutions to (4.7a) and (4.7b).

Proof:

Eqns (4.9) and (4.10) establish a relation between P and S, and X and Y. At optimality
'\min(I_‘yzSP) =0

Substituting from (4.9) and (4.10), we obtain

21
dmiall = TS) =il - ) (r21)
G Amaz(YX) : (4.14)

)
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This gives
’\min(I"rzSP) =0
® (72-1)%-(v*-5)- Amaz(YX) = 0

and therefore

. 2HAmas(YX)+[(2 + Amaz(YX) )2 (2 + Ama=(YX))
Yo = 5

N

= 1+%{Ama=(YX)+\| '\"‘“‘(Yx)(Q + ’\'""(YX)) }
So finally:
1
2

Yo= { 1+ %{/\maz(YX) + \] Amaz(YX)(2 + Amas(YX)) }} (4.15)

which completes the proof. 8]

Once X and Y have been calculated, one may obtain ¥, by (4.15), P and S for any value of
7270 by (4.9) and (4.10). The controller for the unweighted mixed sensitivity is then given by:

E—=1- T Dyy 4.16

) (8:162)
72

B,,=——YC* 4,16b

k1 (72_1) ( )

c,,1=ir51{2c+n-'13'x} (4.16¢)

A1) (4.16d)

Dk12="\ (72_%)

D,,21=_,|~,2-1 o1 ' (4.16e)

3
.1 (4.16f)

Djop=- 2
2v°-1

B,,,::};{BD“-YC‘}DM (4.16g)
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2
Cro="5D;3D"BX (4.16h)
BD-!C - :
Ak=Ek{A+T’”}+B“DkQﬂC“ (4.16i)

The standard singular perturbation arguments discussed in section 2.4.2 will remove the non-

minimal modes at infinity for the case y=+,.

Remark 4.2

If G(s) is either stable or minimum phase, it may be shown that vo=1 and that the Riccati
equations in (4.8) become linear as y—1. This causes one of the Riccati solutions to become
unbounded. If we suppose that G(s) is stable, then S=0 is the required S-solution, if G(s) has a
right half plane zero, however, the required P-solution will be unbounded. If G(s) is minimum phase

and has a right half plane pole, the properties of S and P are reversed.

It is possible to avoid these difficulties by expressing the controller representation formula in
terms of the stable deflating subspaces associated with the Hamiltonfans which go with (4.8). One
such representation formula is given in Remark 3.2 which is easily specialized to this class of

problem. B]

4.3 Unweighted parametric mixed sensitivity.

In this section we will address the problem posed in (4.1). The approach is analogous to
that used to solve the simpler problem of the last section. In the case of the parametric mixed

sensitivity problem we have

0
P(s)= el

~(1-6)G [ a 0 B
(s)

G £ | _(1-C| 0 -(1-¢)D e€l0, 1] (4.17)
|__1 I -G J eC el ¢D
-C - | -D

After rescaling, under the assumption that D is non-singular, (4.1) becomes

[ A | o BDY |
P) = [-(1-)C| 0 —(1-e)ul (4.18)
eC el eul
-C -1 -ul

in which
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1
p=(2e2-2¢+1) 2 (4.19)
and
—(1-€)pI  epl

[D12 D] = eul  (l-e)ul (4.20)

Simple substitutions which we leave to the reader, verify that the H2 Riccati equations in (3.25) and

(8.27) are given by

X(A - BD™IC) + (A - BD7IC)*X - u?XBD™'D"B*X = 0 (4.21a)
and
YA® + AY - YC*'CY = 0 (4.21b)

respectively. Substituting (4.18) and (4.19) into (3.225) and (3.226) yields

137 (%-¢?)
P(A - BD7'C) + (A - BD™IC)*P — T PBD™'D~"B*P= 0 (4.22a)
vi-e“u(l-¢

and
SA® 4+ AS —(72-(1-¢)%) SC*CS =0 (4.22b)

The manipulations required in this step are tedious. As before, we may compare (4.21) and (4.22) to

yield the positive semi-definite solutions

_ 1=e’p¥(1-¢)

v2>¢€ 4.23
1*(7%-€) (429

S = ﬁi_—e)zy 7>(1-¢) (4.24)

to the indefinite H* Riccati equations. Theorems 3.6 and 3.7 mean that 702max(e,1-e)2%.

4.3.1 Parrott optimality.

We seek v, for which (I-SP+?) is singular, however, before doing this calculation we need to

consider Parrott type optimality.

=

emma 4.3

Parrott lower bound = pe(1-€)< = 4.25
arrott lower bo pe( 6)"2& (4.25a)
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and
IR(6)l],, <3 (4.25b)

Proof:

The proof proceeds in the same way as for Lemma 4.1; R,y(s) is all-pass at pe(l-€). The
Parrott lower bound is pe(1-¢). The inequality follows by calculating the maximizing ¢ (e=1) and

the maximum Parrott bound (=,j—;). The second part is verified from

||R2(s)]|w=ﬁ-§< min {ma.x(c,l-—e)} =1 ' (4.26)
O

Lemma 4.3 establishes that optimality will always be of the inertia type except for the cases when

G(s) is stable and minimum phase.

Remark 4.2

In the case that G(s) is stable and minimum phase X=0 and Y=0 (=P=0 and S=0) leads

to a non-dynamic problem with

Di.D
R(s)s :2D11
1Pu

where 7,=Parrott lower bound=||D* Dy,||=pe(1-¢) and Q==¢2u with the unique Parrott controller
given by

A-BDIC BD™e?/(1-¢)?

Kl = C/u _e?/ p(1-¢)1

4.3.2 Inertia optimality.

Theorem 4.4

The optimal cost 7, for the unweighted parametric mixed sensitivity problem is given by
:
‘ya={%(/\maz(YX)+p'2)+%Ju2(u' +z\ma=(YX))((26-1)2+p‘2Amaz(YX))} (4.27)

Proof:

Inertia type optimality is accompanied with a loss of rank in (I-SPv?)
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S e

= (1% -(1-6) = {77~ (1-0) "} Amas(YX)

= 1 -7 Amas(YX) 4472+ (1-€) (144 Amaz(YX)) =0

= 1= Amaz(YX)+ 5"+ Amas(YX)+1?)2~4eX(1-€)X(1+p*Amaz(YX))
= 'ro={%(/\maz(YX)+u'2)+%Juz(#'2+f\ma=(YX))((2'6-1)2+#‘21\ma=(YX))}%

completes the proof.

]

Once X and Y have been calculated, v, is obtained from (4.27). Then the optimal and

suboptimal controllers are given by

72—62;12(1—6)2

E.=I_
T (- ed)(r3-1-6?)

v
B, =————YC*
B2 o)

Ciy=F{C+4*D~BX}

Dm=-J 1*(2*-¢?)
72—62;12(1—6)2

Dk21="wl72-€2 -1

py°

i e e
72—52112(1—5)2

By, =p{BD™'-YC*}D,,
Cra=p*7’D;,D*B*X

Ak=Ek{A+l‘BD-ICk1}+Bk1D;2llck2

(4.28a)

(4.28b)

(4.28¢)

(4.28d)

(4.28e)

(4.28f)

(4.28g)

(4.28h)

(4.28i)
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which specialized down to (4.16) in the non-parametric case. In the case of optimality a standard

singular perturbation argument will remove the infinite poles.

4.4 Conclusions

—

The aim of this chapter is to derive a closed formula for the optimal, cost in the case of the
parametric mixed sensitivity problem given in (4.1). It has been demonstrated that the optimal cost
and a representation formula for all solutions may be evaluated in terms of the H? Riccati equation
solutions and the state space realization of G(s) only. If one requires to change the target value of
727, then this can be done without re-solving either of the indeﬁn{te H* Riccati equations. In the
case of a change in the value of ¢, only one of the H? Riccati equations need be re-solved; review

(4.21).

An alternative cost formula may be derived using the all-pass embedding techique, its draw-
back is that v, is the solution to a 2n eigen value problem which makes the approach presented in

this chapter more attractive especially when solving probleins with high state dimension.

The ease with which these results were obtained is most encouraging. Hopefully, the results
recently reported in [10,14,16,34,36] and in chapter 3 will lead to a larger class of problems for which
non-iterative solutions are possible. Recently, two more closed formulae for optimal v have been

reported [80].
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Chapter five
H>-optimal control of synchronous turbo-generators.

5.1 Introduction.

Most modern power systems display complex and nonlinear dynamic behavior. Sudden
changes in the system are followed by transients, if the changes in energy levels in the system are
large enough, the system becomes unstable. Stability can be maintained however if sufficient
damping is provided by manipulating the power flows between inputs and outputs. Over recent
years, the trend has ‘been towards transmitting more power at higher voltages across longer
transmission lines. For economic reasons, large generating units are commonly located at some
distance form the load centres. Power is transmitted via high voltage transmission lines causing
adverse effects on the stability of the system. Another factor affecting stébility is the low inertia of
new generating units. During system faults these tend to accelerate faster thah the older and smaller

units, and are therefore less stable.

It has long been recognized that feedback control systems which are traditionally made up
on an automatic voltage regulator (AVR) and a speed governor improve both the steady-state and
transient performance of synchronous turbo-generators [59,72-75]. Early studies used one loop at a
time Nyquist type methods for both analysis and design purposes. In the 1970’s, power engineers
began using truly multivariable design techniques such as LQG [48-51,76,77] and the Nyquist array
method [71}. These are however, by no means the only approaches, optimal aiming strategies [63],

bang-bang [61] and self tuning control [62] have also been used with varying degrees of success.

The aim of this chapter is to investigate the use of H®-optimal control methods in
improving the performance of synchronous machines. Initially this study will be concerned with the
traditional single inertia model of a generator connected to an infinite busbar. The approach is to
use an H® controller in addition to the AVR and governor systems which are fitted as standard
equipment to most large turbogenerator sets. The controller feeds supplementary signals to both
loops on the basis of a few measurements taken from the system. The objective of this strategy is to

increase the synchronizing and damping torques at the zero mode frequency of this machine.

In the final stage we will consider the full mechanical dynamics of the turbine shaft. In this
case the H®-optimal controller is required to provide additional synchronizing and damping torques

so as to suppress the shaft torsional vibrations.

5.2 Mathematical modeling of synchronous generators.

To obtain a complete model of a single machine infinite busbar power system, the generator,
excitation system and governor are modeled separately, combining them gives an overall model of
the system. To limit the complexity of the non-linear model the following simplifying assumptions

are made: i) Constant values of machine reactance, time varying saturation is neglected: ie the
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magnetic circuits are taken to be linear. ii) The field flux harmonics are neglected: the wave is
assumed to have sinusoidal distribution over the air gap. iii) The machine operating frequency w,
equals that of the infinite bus and their respective phases match. iv) The motoring convention and
per-unit system of [60] is employed. v) The transmission line capacitance is assumed to be nil, and
the line is taken as forming part of a modified generator where the line and transformer reactances

and impedances are lumped together with those of the machine.

The generator model [60]

The well known electromagnetic dynamics of a synchronous generator may be accurately
modeled by the standard two axis theory of machines expressed in the rotor reference frame [60).
The synchronous machine together with the damper circuits can be represented by three electric
circuits on the d-axis and two on the g-axis. Together with the second order equation of mechanical
motion, the system is described by a total of seven first order non-linear differential equations.

With the above assumptions the well-known generator equations [60], expressed in terms of flux

linkages and a rotor reference frame, can be summarized by the following matrix equation

—wovbd'“’g%*'“’o'ﬁqé—
woVy
i Do
woV gt witha-wot
0

where

[wo¥] = [wo¥y . wotby . wo¥rg » WoPy . wo¢kq]T (5.2)
and

[R] = dlag[ Ra+Re+R¢ ) Rf y de y Ra+Re+Rg ) qu] (5.3)

R. is the generator armature resistance,

R. is the transmission line resistance,

R, is the transformer resistance,

R, is the field resistance,

R, is the d-axis damper winding resistance,

Ry, is the q-axis damper winding resistance.

X, ot XatbXet X, X4 X, ]

B]™'=| © Xpna XmatX, Xnd

Xmd Xomd Xmat+Xia
XmegtXetXe+X; Xmg (5.4)

Xmq Xmgt+Xy, ]
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where

X ma = d-axis magnetizing reactance

md
Xmq = g-axis magnetizing reactance.
Xa = armature leakage reactance.

X, = field leakage reactance.

Xe = line leakage reactance.

X, = transformer leakage reactance.
Xiq = d-axis damper leakage reactance.

X, = q-axis damper leakage reactance.

q

The electromagnetic torque is given by

wog
M, = %’{1/’4[]344 B45] :;;p:q - ¢4|:Bll By, B13:| "“’Ojj } (5.5)
WoV¥rd

where B, ; are the components of [B]. Assuming the shaft linking the turbine and generator is rigid.

the equation of motion for the rotor is:
J6 + D6+ M, = M.. (5.6)

Where J is the inertia of the rotor, D is the damping arising from the bearings and windage, 8 is the

rotor angle relative to the infinite bus, M, the turbine shaft torque, termed the prime mover torque.

Combining (5.2) and (5.6) yields a seven state non-linear model for the generator.

The transmission line model
Here an uncompensated line is assumed so that the transmission line and generator
transformer may be represented by a series resistance and inductance in each of the stator phases;

figure 5.1. The phase voltages are given by :
V‘ = \,b - Vr - Vz (5.7)

The maximum terminal voltage V,,, is givet by Vm,=(Vfd+V?q)l/ ? where V.qs and V,, are related
to V,4 and V,, via the the voltage drop in the transmission circuit. The d and q axis components of
the terminal voltage are obtained by using Park’s transformation [60] resulting in:
. Xe + X)) .
vld = Vbd - (R'l + Re)ld - (-—eTt) ld + %(Xc + X,)lq (5-8)

and
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Xe +Xy): .
(——‘wo 2 ig - gp(Xe + Xo)ig (5.9)

V,q = Vbq - (Rt + Re)iq +
where w=wy-0, (Re+R,) and (X+X,) are the total resistance and reactance of the transformer and

transmissions line between the generator and the system busbar.

Automatic voltage regulator/ exciter system [64]

The AVR (automatic voltage regulator) loop controls the magnitude of the terminal voltage
V.. However V, is an alternating voltage which has to be rectified and smoothed to give Vi, pm,. Any
difference between V., and the reference input V ., serves as an input to the exciter after
amplification. The exciter in turn delivers a voltage V, to the generator field winding. The
AVR/excitation system is represented as the cascade of two first order systems figure 5.1. It is
assumed that positive as well as negative field forcing is allowed, but negative field current has been
banned. The saturation levels of the exciter voltage V. and field voltage V, are chosen to be +3

time the rated load value. The following equations describe the system:

Ve = (Vrej + Ul - Vtrms)Ga/Ta -Vc/Ta (5108)
and
V, = (VeGe - V)/T. (5.10b)

where U, is the supplementary signal to the AVR system from the "piggy back” H* controller. This
model has been identified as type AC4 in the IEEE models for excitation systems [64].

Governor/turbine system [48-50]

The speed governor regulates the power output and frequency of the generator, figure 5.1.
The output speed 8 is continuously measured and compared with a reference input Y,. The error
activates a servo-valve which gauges the amount of steam entering the turbine. The energy
contained in the high pressure steam is converted to angular momentum of the shaft: hence by
regulating the aperture of the servo-valve one can achieve a steady state operating frequency. A
simplified governor/turbine [48-50] with each stage given by first order equations are is given by the

following:

Ap = (—Ap - Ggé + Yo Uz)/Tv (5.113)
and
M, = (A, - M,)/T, (5.11b)

where U, is' the supplementary control signal and A, is the valve position with a constraint

0<A;<1. Although the control loops described here are very simple, several researchers [48-50] have



page 123

TRANSFORMER BUS

=
o)

vV n - N
ret U T+ T | Ven Ve T+ Tes 7‘,4'" __Y_f__
1
1 1
Yo (s Ié | I
B P

G

Vi TRANSMISSION LINE

GENERATOR

C,')JrI

MACHINE INFINITE BUS SYSTEM

figure 5.1



page-124

shown them to be entirely adequate for the purposes of simulation and control system design.

Combining (5.1), (5.6), (5.10) and (5.11) leads to a non-linear equation of the form
% = Ax + Bu +N(x) (5.12)
where the state vector is
(0,0, wobg s woy s Wopa » Woby » Wotbgs Ve, Vs Ap, M)T (5.13)

details of matrices A, B, and N(x) are in appendix A of [48]. The non-linear model is used to
predict transient performance whereas the linearized approximation forms a basis for H® control
system design. Expanding (5.12) in a Taylor series about an operating point leads to a linear

approximation if the second and higher order terms are neglected.
Ax=A;Ax+B;Au (5.14)
where Ax is the deviation of the state variables from the steady state as Au changes.

Shaft dynamics:

Since two shaft failures at Mohave in 1970 and 1971 [79], the importance of the mechanical
dynamics are well recognized by engineers concerned with subsynchonous resonance. Ignoring the
spring like characteristics of the shaft during the design gives rise to unstable oscillations in closed
loop control. This type of instability was first encountered while dealing with the problem of inter-
area oscillations; power system stabilizers were subsequently introduced to deal with the problem,

however, these had the effect of exciting the torsional vibrations in the generator shaft.

A real turbo-generator set consists of a high pressure, intermediate pressure, and three low
pressure turbines as well as the generator and exciter. These stages are coupled together through
shafts of finite stiffness which behave like springs when the system is disturbed. The shaft can be

described by a set of second order differential equations

J6+DOI+KO+T =0 (5.15)
where
Ky, -Kp2
K=|-Ki» KptKyz -Ky3
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J=diag[J1, J2, ceey J7]; D=diag[D1, D2, veey D7]; T=[Tm1, Tm2, seey Tms, -Tg, 0] and 0-_—[01, 02, aeey
8] in which J; is the ith inertia, D; is the ith damping coefficient, K, ; is the shaft stiffness between
the ith and jth inertia, T is the the forcing torque and # is the angular position. A complete

description of the shaft used in this chapter is given in [48,49].

5.3 Problem formulation.

The objectives of the H® turbo-generator control system are to improve the performance
and robustness characteristics with respect to existing LQG regulators [48-51). This regulator has to
enhance the stability of a single machine infinite bus system following a symmetrical three phase
short circuit by:

a) Increasing the synchronizing torque in order to decrease tbeﬁrst load angle excursion.
b) Improve the damping torque in order to reduce subsequent oscillations.
¢) Maintain a rapid terminal voltage recovery profile.

The problem is formulated so that the objectives are encompassed in a single performance index:

a) Robustness to additive perturbations around the plant: K(I+GK)™!
b) Plant output disturbance rejection (sensitivity): (I+GK)™

W, K(I+GK)™*
inf (5.16)
K(s)eS | W,(I+GK)™!

[o¢]

in which W,(s) and W,(s) are frequency dependent weighting functions which are used to shape the

robustness and sensitivity functions so as to meet the design specifications.

Robustness to additive perturbations:

The reasons for building a robustness criterion into our performance index are numerous.
Until now [48-51] the optimal controllers for single machine infinite bus systems have been based on
well known LQG theory which does not account for the adverse effects of parameter variations,
uncertainties and non-linearities which arise for the following reasons:
i) Linearization of the generator differential equations is carried out about a rated operating point.
The system must be robust to variations in operating point caused by fluctuations in power demand.
ii) Modeling errors are incurred when optimal Hankel norm approximation is performed on both
models.
iii) For large disturbances, the non-linearities in the control loops saturate and may lead to
instability if not accounted for.
iv) For the fault duration the system model changes since the transmission line is short circuited.

v) The H* controller is discretized and the closed loop is simulated as though the controller were
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implemented on a microprocessor.

These uncertainties are usually associated with high frequency component errors which is
well suited to an additive robustness performance index, we are therefore required to design a
compensator which stabilizes the nominal plant as well as a class of perturbed plants {G(s)+A(s),
||A(s)”°°<e} where ¢ is the as yet unspecified level of uncertainty. The term K(I+GK)~!(s) is used
to improve the system robustness to additive perturbations [53) while reducing the amplitude of the

control signals being applied to the turbo-generator inputs.

Plant output disturbance rejection: Sensitivity:

As the name suggests, the purpose of having a sensitivity measure in the design performance
is used to suppress any large (but bounded) disturbances on the plant output or to obtain a good
tracking performance of command inputs. To achieve this the transfer function between the reference
and the measurement signals should be made as small as possible under the constraint of internal
stability. The sensitivity term (I+GK)™!(s) is used to reduce the low frequency load angle deviations

and speed up the terminal voltage recovery after a system disturbance.

5.4 The two block design:

The object of this design is to minimize (5.16) over the class of all stabilizing controllers. It
is not difficult to show that (5.16) can be cast as a generalized regulator problem as showr;/: figure

3.2, we seek to minimize the transfer function between ”v” and ”z” subject to internal stability:

min F,(P,K <
K es” 1(PK)|| <7

where < is the target norm, S is the class of all stabilizing controllers and

A
P(s)=| W, W,G [s) (5.17)
I e

We now turn our attention to the central problem in all H* control system design which is
weight selection. One advantage of working with the index in (5.16) is that, the robustness and
performance requirements are specified in different parts of the frequency range. The key feature of
this design methodology is that the largest frequency response singular value of the transfer function
between "v” and "z” is frequency independent (i.e flat) and furthermore, it is as small as possible.
This means that frequency responses of the robustness and sensitivity functions will be in inverse

proportion to the magnitude of the weights if they are chosen to have disjoint frequency ranges.

Most of the uncertainty associated with this problem has a high frequency error component.
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Designing for robustness requires that K(I4+GK)™!(s) be made as small as possible (in the Lo norm
sens) over high frequencies where the uncertainty is chronic. To meet this objective W (s) is chosen
as a diagonal high pass filter where the larger gain over high frequencies places emphasis on

minimizing the robustness function in this part of the spectrum.

(ss+5)2 . 8.1 (s-i-’t')2 }

W,(s)=diag { 2.2 5130)%° 5! (34072

with a relative penalty ratio of 36 and 32.7 on each loop. The robustness weight for the excitation
loop has a narrow bandwidth since the AVR and exciter have fast'dynamics and are more likely to
saturate. The slower dynamics of the governor loop allows for a wider bandwidth in its associated

weight.

To limit the controller bandwidth, the plant is post-multiplied by a strictly proper filter
F(s); a(s)=G(s)F(s). Once the design is completed on a(s), the desired compensator is recovered by
simply scaling; K(s)=F(5)ﬁ(s). F(s) is chosen to have a bandwidth approximately twenty times

larger than that of the plant, so as not to interfere with the design requirements.

—di 1.1
F(S)‘d’ag{ 7200 +1° 57200 +1 }

The presence of F(s) in the design dose not affect the subsequent sensitivity function:

Sens(s) = (1+GK)Y(s)
= (I+GK)~X(s)

The robustness function on the other hand is forced to become strictly proper so as to limit the
controller bandwidth and hence the amplitude of the control signals being applied to the turbo-

generator inputs.

R,y(s) = K(I+GK) %(s)
= FR,,(s) = K(I+GK)™Y(s)

Alternatively one can absorb F~!(s) into W,(s) to give a non-proper weighting function, the effect of

which is to weight the robustness function increasingly with frequency.

The turbogenerator model considered here has a bandwidth of 10.2 rad/s and a resonance
peak at 9.4 rad/s, the latter is also the frequency of oscillation of the uncontrolled load angle (see
figure 5.2a). To ensure adequate sensitivity over low frequencies, the W,(s) weighting function is
chosen to be a strictly proper low pass filter. W,(co)=0 is used since there are no high frequency
sensitivity requirements, this ensures that there is no conflict between the cost functions over high

frequencies. The plant output disturbance has a fundamental frequency component at 9.4 rad/s, to
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desensitize the system at this frequency, W,(s) is designed to have a resonance peak at this same
frequency. The low bandwidth of the steam valve makes it impractical to widen the active frequency

range of Wy(s).

1990 1990
W =<1.9 ; 8.1
(8) { $2+2.35+93.65 $%+2.35+93.65

(which has infinite penalty ratio since it is strictly proper). The two loops are weighted with the
same filter to emphasize the control of the rotor angle through the governor by providing adequate

synchronizing torque and via the AVR to give the necessary damping.

The weighting functions W,(s) and W.z(s) together with plant model G(s) are substituted
into (5.17) to yield a 16-state P(s). Algorithm 1 described in section 3.5 is used to calculate K(s)
which is subsequently model reduced to remove any non-minimal modes. The final weight selection
described above was arrived at after numerous designs, all the design calculations were done in the

state space using computer software based on the equations in chapter 3 [14,34].

Figure 5.3a displays E{K(I+GK)'1(S)} which shows that the robustness has been increased
over frequencies beyond the system bandwidth. The largest singular value response of the sensitivity
function: 5‘{(I+GK)_1(S)} is plotted in figure 5.3b, the information that this graph conveys, shows

that sensitivity is quite poor even over low frequencies.

The 11** order non-linear system described in section 5.2 is simulated and subjected to a
symmetrical three phase short circuit of 100ms at the high voltage terminals of the generator
transformer. The transmission line impedance after the clearance of the fault is assumed to remain
unchanged. The load angle to the infinite bus-bar and field voltage are assumed measurable and are
fed into the controller. The steady state conditions of the system corresponding to an operating
point of P=0.8pu, Q=0.0pu and V,=1.025pu represent the pre-fault conditions in all the

simulations.

Figure 5.2a shows the response with and without the controller following the fault. The
damping is quite substantial with the machine back to steady state in under 1 second after the fault
recovery. The terminal voltage recovery does not differ much from that of the uncontrolled machine.
However, there is no significant reduction in the first rotor swing which is reflected in the rather

inactive behavior of the valve.

The AVR supplementary signal orients the field voltage and the exciter action towards good
damping of the rotor angle and the terminal voltage. The exciter loop makes no contribution in the
reduction of the first rotor excurtion which is due to its sharp drop of field voltage from its positive
ceiling value to the negative one causing the terminal voltage not to increase sharply after the fault
recovery. As a result there is less transmission power to the infinite bus and an increased acceleration

of the machine.
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Figure 5.4 shows the rotor angle responses to 100ms faults while the generator runs at
different operating points. The system is well behaved for all of these changes in operation

conditions, however, it is known that better robust performance can be achieved in particular with

an LQG regulator [48,49].

5.5 The four block design:

— —

In this section we will repeat the previous design, however with a new performance index:

W,K(I + GK)'W, W,K(I + GK)'w,

inf . . (5.18)
K(s)eS|| W + GK)'W, Ws(I + GK)''W,

o0

where the weighting functions W,(s), Wy(s), W3(s) and W 4(s) are to be chosen. The weight selection
in (5.16) was constrained on one side of the performance index with the shared weighting function
forced to be the identity so as to avoid having conflicting requirements on the same index. Equation
(5.18) lifts this constraint by allowing both side to have weights, however, there are cross terms
which must be taken into consideration. (5.18) is equivalent to finding K(s)€S which minimizes
(under the constraints of internal stability) the the transfer function between ”v” and "z” in the

generalized regulator configuration:

0o 0 W,
P(s) = | WsW,WoW, WiG ) (5.19)
-W, -W, -G

To ensure adequate sensitivity over low frequencies the weighting functions W4(s) and Wy(s) are
both chosen as strictly proper low pass filters. The input to the sensitivity function is weighted by

W ,(s) which is :

Wals)=diag {sz(1.07.10-2)?&?4.63.10'2)“ ; (s/27+1)(s2(1.11.ig§5§+s(2.22.10'2)+1)}
where each entry of W,(s) has a resonance at 9.4 rad/sec because the plant output disturbance has a
fundamental frequency component equal to the generator’s natural frequency. The (2,2) entry of
W,(s) has additional pole at -27, its effect on the rotor angle performance is to cancel low
amplitude ripples and to improve the decay rate. Intuitively this can be considered as concentrating
finite resources over a finite frequency range. The output of the sensitivity function has weights

placing emphasis on the attenuation of low frequency signals and reduction of steady state error :

_[59 . 48
Wals) = {55571 VST
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The output of the robustness function is weighted by W,(s) which is a proper high pass filter,

placing importance on the robustness to high frequency perturbations.

(s/6+1)* (s/7+1) -3
= dia, 6.66+1 5 6.3+10
Wile) = g{( /45+1)? ( s/33+1)2 }
with a relative penalty ratio of 56.2 and 22.2 on each of the loops. The input to K(I + GK)!
weighted by a constant scaling matrix W, = diag{0.7 , 1.0}. In addition to robustness, as explained
in the previous section, the controller bandwidth is limited by introducing the filter F(s) between the

plant and controller.

The weighting functions W,(s), Wy(s), W3(s) and W(s), together with the modified plant
a(s) are substituted into (5.19) to yield P(s). K(s) is computed using' Algorithm 1 and the desired
controller is recovered by scaling: K(s)=F(s)K(s). Figure 5.6a is a plot of 6‘{K(I+GK)—1(S)}, the
closed loop display an increased robustness around the machine’s natural frequency, further, the
presence of F(s) in the design forces O’{K I4+-GK)~ s)} to go to zero over high frequencies (a
desirable characteristic). o{(I+GK)'1(s)} is plotted in figure 5.6b showing that the weighting
functions W,(s) and Wgy(s) have been effective in increasing the closed loop sensitivity up to

3rad/sec.

Figure 5.5a and figure 5.5b show the time responses of the generator load angle and terminal
voltage recovery profile following a 100ms 3-phase symmetrical short circuit. There is a considerable
reduction in the first and second rotor excursions. The excitation loop behaves much as it did in the
first design, however, the valve activity has noticeably increased. The almost instant closing of the

valve accounts for the reduction in the first swing.

Compared with the LQG regulator of [48,49], one sees that the H* controlled system is able
to produce more synchronizing and damping torques, this is reflected in it’s the nominally better
performance. The terminal voltage recovery profile is very rapid with no ripples as in the case of the

uncontrolled system.

In practice the generator steady state conditions drift over the safe operating region of the
P-Q plane depending on the load fluctuations. Having designed the controller at a fixed operating
point it is important to investigate the systems transient behavior for a variety of other points on
the operating chart. Figure 5.7 shows the rotor angle responses to 100ms faults while the generator
runs under different operating conditions. In general the closed loop system is able to maintain a
good performance with higher synchronizing and damping torques than the LQG regulator [48,49)
(not shown here). Trace ’c’ is slightly different from the others, here the operating point is (1.0,0.0)
where the generator is running at maximum load, the steam valve is completely open making it
impossible to increase the power after the first swing. Nevertheless, under this unfair operating
condition the H™ controller returns the system to its pre-fault steady-state condition in under 3

seconds.
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By gradually increasing the fault clearing time until the controlled system loses
synchronism, it is possible to test the robustness of both LQG and H® regulators to parameter
variations which take place during the short circuit. Figure 5.8 shows that by providing more
synchronizing torque and reducing the first swing the H® regulator is more robust than its LQG
counter part. The fault was applied in each case for a period of 410ms to the high voltage side of the
stepup transformer. While this fault duration period is much longer than typical fault clearing times,
it was nevertheless selected as it constitutes a more severe test of the robustness of the H*
controller. Further increases in the fault clearance time results in the H® controlled machine
eventually losing synchronism for a fault duration of 480ms. Even though the LQG quadratic
performance index overlooks the robustness issue it does have some inherent robustness
characteristics namely infinite gain margin and up to + 60° phase margin which explains the good

properties of this benchmark regulator. [48,49]

5.6 An H* multi mode controller.

A real turbine set has several inertia, 4 or 5 turbine stages, the generator and the exciter
which are connected together though shafts of finite stiffness. This combination of inertia and
springs introduces important dynamics into the behavior of the machine, if ignored these might have

adverse effects on the generator stability [48,49].

In this section the full mechanical model of the generator shaft is added to the model used
in sections 5.4 and 5.5 yielding a 23"¢ order non-linear model. The design objectives are robust
stabilization and disturbance rejection to improve the synchronizing and damping torques as well as
maintain a rapid terminal voltage recovery. We will use the four block performance index employed

in section 5.5.

To ensure adequate sensitivity W4(s) and Wj(s) are both chosen as strictly proper low pass

filters.

. 35.2 154
W,(s)=d ;
a(s) lag{ (s/17+1)2 s2/96.5+s/51.3+1 }

in which the (2,2) entry has a resonance peak at the machine’s natural frequency of 9.7rad/sec. The
(1,1) entry has a wider bandwidth to enable the excitation loop to dampen out the first mode of
vibration. The output of the sensitivity function has weights placing emphasis on the attenuation of

low frequency disturbances and reduction of the steady state error:

—giagd 200 . _2.18
WS(S)“d‘ag{ 10s+1 7 s/11+1

The output of the robustness function is weighted with W (s), placing importance on robustness to

high frequency perturbations:
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3 (/6+1)° | g.qg-208/7+D) }

Wl(s)=diag{ 561075 S s 190

The input to K(I4+GK)~!(s) is weighted by a constant scaling matrix W,(s)=diag{0.25;0.38}.

Figure 5.9a is the plot of E'{(I+GK)'1(S)}, the closed loop displays a significant sensitivity
to frequencies around the machine’s natural frequency. Figures 5.10a and 10b show the time
responses of the generator load angle and the terminal voltage, the H* controller produces a
significant improvement in the load angle transient behavior, the good sensitivity to the machines
natural frequency is reflected in the cancellation in the zero mode of oscillation. The subsequent
ripples in the load angle are a result of the inadequate sensitivity over low frequencies. The wide
bandwidth of the exciter weighting function enables the damping of the first mode of vibration,
interaction with higher order modes is unlikely since the shaft is quite stiff and the energy required
to produce appreciable oscillations is less likely to be available. The control loop responses are shown
in figure 5.11, an initial period of 0.5 second is spent on the control of the zero mode, after this is
achieved the controller concentrates on the cancellation of the first mode which reflected in the high
frequency oscillations experienced in both exciter and governor loops. Figure 5.9b is a plot of
&{K(I—i—GK)"l(s)}, the closed loop shows a relative increase in robustness around the machines
natural frequency, further the presence of F(s) in the design limits the bandwidth of the controller
making it implementable. Figure 5.11 shows the effects of operating the generator at various points
on the P-Q plane other than the nominal conditions. In each case the controller is able to cancel the

zero mode effectively and reduce the first mode of torsional vibration in the shaft.
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5.7 Conclusions.

The aim of this chapter is to validate recently developed H* optimal control techniques
[14,34] on a turbogenerator system. We have shown that with field voltage and rotor angle
measurements it is possible to design an H* optimal controller giving robust performance. This
problem has been particularly challenging in that there many sources of uncertainty which have to
be taken into account at the design stage. Our experience is that H* optimal control techniques are
still hard to use, having said that it is possible to arrive at a satisfactory design after several design
iterations. With hindsight our selection of weighting functions is quite reasonable, the link between
them and the achievable closed loop performance is clear. It is' often the case that theoretical

developments precede non-trivial applications "know how”, H* optimal control is no exception.
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Appendix A

Using (2.74) we now verify that

H), H, ~
i(s)= Fu{ H,, H,, (s); U(S)}

where H(s) and ff(s) are defined in (2.72) and (2.75) respectively. (dropping the s-deppendence we
have)
U =y7%H}1+77*H5,2(1-7"°H5,2)"H, .
(2.71)=  =v7’Hj+v " *(H3,Hypt H3 AQ)(I-7*H3,H -7 2H3,AQ) T'H,
(2.70)=  =y7Hj;+v " *(H3,Hp+H3 AQ)(H, o+ Hyy H3 1 AQ) ™
=‘7_2{H;1H12+H;1H11H;11AQ+H51H22+H§1AQ}(H12+H11H'.711AQ)—1
(2.70)=>  =Hz]AQ(H,,+H,,H;!AQ)™ (A1)

(Al)= I-Hnﬁ =I1-H,,H7]AQ(H,,+H,,H5] AQ)™"
H,,+H, H7'AQ =(I-H,,U)(H,,+H,,H5AQ)-(I-H,,U)~'H,H5'AQ

H3!AQ =TU(1-H,,0)'H,,
Hy+AQ =H21ﬁ(I‘Hllﬁ)—1Hl2+H22

=Fu{ Hll H12 ,fj}
H21 H22

verifies the claim. O
Appendix B
A straight forward calculation will establish that
Fl{GﬁFz{Gz;U}}(S)

has the following state-space realization

1 o A B,C, B, B,D,,
{r, 0 E|BC, XBDnd, | B, BaeBiDuBi ;u}
0 0| G c, 0 D,,
_0 0 52102 62+321D2261 521 521D22512+’522A
where
A B, B, E A B, B
Gis) £[ C; 0 I |andGys)E| 0 C, 0 Dy,
C, I Dy, 0 C, D, D, u]
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Appendix C

Lemma C1

Suppose G(s) = D+C(sE-A)™!B in which we assume that det(sE-A)z0. Then there exist
matrices T, L and W, such that

AT+T"A"+BB’=-LL* ' (C1)
I-DD* =W, W3 (C2)
ET=T'E" ' (C3)
CT+DB*=-W,L"* (C4)

We have ||G||o<1. If L and W, are both zero, then GG*=I.

Proof:

The proof presented here is analogous to that presented in [2].
I-GG* = I_{D+C(sE-A)-IB}{D'+B'(_sEzA')"C'}
=I-DD*-DB*(-sE"-A")~'C*-C(sE-A)"'BD*-C(sE-A)'BB*(-sE"-A*)"'C*
substituting (C4)
=1-DD*+(CT+W,L*)(-sE*~A*)"!C*"+C(sE-A) " }(T*C*+LW3)
-C(sE-A)"!BB*(-sE*-A*)"!C"
substituting from (C1) and (C3)
=WoWi+W,L*(-sE*-A")"!C*+C(sE-A)"'LW+C(sE-A)"'LL*(-sE"-A")"!C"
={wo+C(sE_A)-’L}{wo+0(sE_A)-lL}'2o
= ||G]]ee<1. (G(s) is a contraction)

Next we establish that although S and P may be singular, a stabilizing controller exists if

S>0, P>0 and the spectral radius of (SP) is less than y~% Amaz(SP)<v~2

Using the constrution given in [11, appendixB], it is possible to select a basis change in the

state-space of P(s) such that

deﬁne Z=(A—B2DIQC]_) and W=(A—B1D;ICZ)

partitioning conformally with S and P
By By,

By, By,
(B, By] = . (C5a)
Bal BSZ

B41 B42

and
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[0102] = (C5b)

Finally partition Z into 4x4 submatrices conformally with S and P, and together with (C5),
substitute into (3.254), then

(1,1) block =>ZI121+21Z11‘21(72B21B;1'BIIB;1)21+7_ZCIID_LD:LCH=0

(3,3) block =>23323"‘23233-23(‘72323B§3-B13BI3)23+7_2CI3D-LD:LCla’—'-'O

(2,2) block =C3,D | =0

(1,1) block =Cj,D | =0

column 2 = Z,,=0 and Z3,=0

column 4 = Z,,=0 and Z3,=0.

Similarly partioning W into 4x4 submatrices, and together with (C5), substitute into
(3.225), then |
(1,1) block = W1121+21W11"21(72C§1021-CI1C11)21'*‘7-231;ﬁlﬁlBIl=0
(2,2) block = W50+ E,W35-Eo(7°C33C25-Ci3C10) Soty~*ByoD7 D | Bip=0
(3,3) block = D | Bj3=0
(4,4) block = D | Bj,=0
column 3 = W;3=0 and W3,=0
column 4 = W,,=0 and W,,=0.

Using the construction in Appendix B

E., A, B, E, A, B
el ) 1 =F1 P(S); k k k
0 C,D, 0 -C,-D,

where P(s) and K(s) are given in (3.2), and, (3.164)-(3.168) and (3.170) respectively. Following the

cancellation of uncontrollable and unobservable modes, one gets

' B, = By 7B
Bis 7B23
-B11515L+21C§172D21 Z,CiiD127y
—B12515l+2205272D2, E5C12D127
Cei DJ_DtLCll'D1272B;121 D_LD]_Cm-Dn')’zB;aEa -D12D;2011-72D12B§121
-vDB11%, -1D;BisEs -7(C21+D2, B, L))

-Dy,D1,Cy2
7022

0 ‘)’D12
7Dg; 0

el
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1 0 0 0

E 0 I 0 0
o =1 4282 0 14222 ¢
0 0 0 I

Substituting into (C4):

._ [Py
C.T+D.,By= - 0 [Lyy LypLyg Ly

the bottom row gives

I JEE LS >R |
0 =3' o0 0
0 0 %%, o
0 0 0 %,

back substituting with T, then the top row gives

L11=-7_12;10I1D_L
Ly,=-7"'23'ClsD |
L13=721C;1D_L
L;4,=0

The A, matrix has not been stated, we leave this to the reader to work out. A tedious
calculation will verify that this L defined above satisfies (Cl1). Finally for stability TE>0 is

requiered.

ET=

which is congruent to

ot 0 0 0
0 3! 0 0
0 0 ¥IZ,(I-9h) 0
0 0 0 7%,

= for stability £,>0, £,>0, £3>0 and Amaz(Z,) <77

Therefore, a stabilizing controller K(s) exists such that ||F,(P,K)|| <7 if $>0, P>0 and
Amaz(SP)<y72 0



Appendix D

K(s) is described by
Ye=(Kj1+Feo)(uct+D’poyc)+K) 580
29=Ky,(uc+D’p5y¢)+Kyse.9

rearranging terms this gives

[I-(Kl1+F°°)D'22]-](Kl1+F°°)uc+[I~(K11+F>°°)D,22]—1K12‘?c2=yc
Kz1[I+D'22[1-(K11+F°°)D122]-1(K11+Fw)]“c+[K22+K21D’22[I-(K11+F00)D,22]—1K12]ec2=Zz

= Ky =[-(Ky14+Fo0)D’52] (K1 +Foo)
K12=[I-(K11+F°°)D122]—1K12
E?l = K21[I+D,22[I-(Kx1+F°°)D'22]_I(Kl 1+F )

K32=K33+K5, D' 55[I-(K11+Fe)D'55) 'K
Form (D3a) = K,;=-Fo+K,,(I+D’;,K,;)™"!
substituting (D4a) into (D3b) gives
Kyp=[1-K;(1+D'5,K,,) 7D’ 5K,
substituting (D4a) into (D3c) gives
Ky =Ky, [I-D/ 5K,y (1+D'5,K ) 7]
finally, substituting (Da4) into (D3d) yields
K22=Kz2-R21[I-D'22ﬁ11(I+D’22E11)_X]Dlzzﬁlz
Expanding the F,{-} term in (3.224) and comparing in with (D4) reveals that

-1
§21D’22 ) I"{‘11}

ENEETNETE

-Foo K,
fu Ko F{Irf{’ K,,-K,D'50K
=5 21 22— B9V 2089
Ka1 K

is true.
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(Dla)
(D1b)

(D2a)
(D2a)

(D3a)
(D3b)
(D3c)
(D3d)

(D4a)

(D4b)

(D4c)

(D4d)

(D5)
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