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ABSTRACT 

We first review the classical approach to the approximate first order 

statistics of speckle patterns expressed by the Gamma distribution in terms of 

the average integrated intensity and the number of independent correlation 

cells the scanning aperture can be divided into. We then examine in detail 

the properties of the exact distribution obtained with the eigenvalues of a 

homogeneous Fredholm integral equation whose kernel is the amplitude auto-. 

correlation function of the scanned speckle pattern. A theorem by Mercer 

allows us to derive two important expressions for the sum of the eigenvalues 

and the sum of the squares of the eigenvalues. The first of these relations 

shows us the number of independent correlation cells for the approximate Gamma 

distribution is equal to the cut off index of the eigenvalues. The exact and 

approximate distributions are compared in detail and numerous computational 

results are given. The validity of the exact distribution is tested experimentally 

at a point where the difference between exact and approximate distributions is 

critical, good agreement is found with the exact distribution Finally the 

statistics of depolarized speckle patterns are considered, experimental results 

show that the depolarization is a function of the thickness of the diffusing 

medium, the variance of size of the scatterers in the diffusing medium and of the 

wavelength used. 
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0. 	INTRODUCTION 

A speckle pattern is a random diffraction phenomenom occuring when 

coherent light falls on a diffusing medium. In 1877 EXNER observed Fraunhofer 

rings - a related phenomenom - with radially fibrous structure when lighting with 

a mate a glass plate upon which he had previously breathed. The radial structure 

was due to the polychromaticity of the candle's light. VON LAUE in 1914, 

1916, 1917 studied the statistical properties of Fraunhofer rings produced by a 

plate covered with lycopodium powder. True monochromatic speckle patterns 

obtained in coherent light were first observed with the invention of the LASER. 

These early observations are related by ALLEN and JONES 1963 LANGMUIR 

1963 , OLIVER 1963 and GOULD et al 1964. Since then speckle patterns 

have been the centre of a flourishing interest as further properties and applications 

are constantly being found. 

The first part of this thesis consists of a brief section describing the apparatus 

used to observe and measure speckle statistics in monochromatic coherent light. 

In the second section, the arguments leading to the first order statistics of speckle 

patterns observed through non punctual finite scanning apertures are reviewed. 

These statistics are adapted from the mathematically related field of electronic 

noise and are based on a theory due to RICE 1945 	This theory was used in 

photo-counting statistics by MANDEL 1959 and applied to speckle patterns by 

GOODMAN 1965 . Here we retrace Rice 's argurre nts in the speckle context 
by 

but we also give another derivation of the first order statisticsia method based on 

characteristic functions which are the Fourier transforms of probability density 

functions. The approximate first order probability density function obtained by either 

method is a gamma distribution and depends only on two parameters, the average 



integrated intensity and the number of independent correlation cells into which 

the scanning aperture can be divided. Although the average integrated 

intensity is easily determined, finding the number of independent correlation 

cells is not an easy matter and requires some complicated second order statistical 

manipulations. The validity of the Gamma distribution is examined by the use of 

El, 	 Eh 
k 	order cumulants which are convenient functions of the k 	order 

moments. At the end of this second section is given a review of the statistics of 

speckle patterns with coherently, incoherently and partially coherently added 

illumination. 

In the third section we explain the theory leading to the'exact statistics of 

speckle patterns. This theory was developed by KAC and SIEGERT 1947 in 

the context of electronic noise with square law detectors, here the noise is the 

speckle complex amptitude and the square law detector is the photomultiplier 

behind the scanning aperture. The theory here adapted to speckle patterns is 

based on Karhu-nen Loeve expansions of statistical functions which are generalized 

Fourier expansions whose coefficients are uncorrelated. The eigenfunctions and 

eigenvalues of these expansions are given as the solutions of a homogeneous 

Fredholm integral equation whose kernel is the amplitude autocorrelation function 

of the scanned speckle pattern (i.e. the Fourier transform of the amplitude power• 

spectrum). The eigenvalues obtained from the homogeneous Fredholm integral 

equation are interpreted physically as the average integrated intensity of several 

incoherently added speckle patterns and the characteristic function of the required 

exact first order probability density function is expressed in terms of them. The 

properties of the eigenvalues are examined closely and a theorem by MERCER 1909 

which is a generalization of another theorem by SCHMIDT 1907 allows us to 
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determine two important relations between the eigenvalues and the amplitude 

autocorrelation function. 	The first of these relations shows us that the number 

of independent correlation cells (one of the two parameters defining the gamma 

distribution) the scanning aperture can be divided into is equal to the cut off 

index of the eigenvalues and this allows us to find easily the number of independent 

correlations and to compare easily the exact and approximate distributions. The 

second relation gives the sum of the squared eigenvalues as an integral function 

of the squared autocorrelation function. 	At the end of this third section, two 

methods are considered to solve the homogeneous Fredholm integral equation and 

an explanation is also given of how the precision of the exact distribution is a 

function of the precision with which the eigenvalues are known. A relative 

precision of 10
3 

on the eigenvalues is generally found to be adequate. 

In the fourth section four applications of the theory leading to the exact 

statistics are examined. These applications provide a good means of comparison 

between the approximate and exact distribution. The first of these cases concerns 

a slit diffusing pupil with a lorentzian intensity transmittance and a slit scanning 

aperture with rectangular intensity transmittance. It is perhaps more interesting 

from the mathematical point of view than from the physical point of view as it 

illustrates clearly one of the two methods considered as solving the homogeneous 

Fredholm integral equation. The two following cases concern slit and 

rectangular apertures with rectangular intensity transmittances. The fourth case 

concerns circular apertures with "top hat" intensity transmittances. This last 

case is the most interesting because of its relevance to the general geometrical 

configuration of most optical instruments and also because we provide experimental 

verification at a point where the difference between the exact and approximate 
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distributions is the largest. The agreement between experiment and exact 

distribution is found to be good and better than with the approximate distribution. 

For all the four cases the difference between the exact and approximate distribu-

tions is characterized by plots of the integrated mean square difference versus 

the relative aperture which is proportional to the product of the size of the 

coltectl pupil by the size of the scanning aperture. 

In a second part of this thesis is a short description of the statistics of 

randomly polarized speckle patterns. We mainly state our experimental obser-

vations concerning the random polarization of speckle patterns emerging from 

thick diffusing media. 

In this thesis we do not consider the elimination of or the applications of 

speckle patterns. Authors who may be quoted in connexion with speckle 

elimination are GERRITSON et al 1968 , GABOR 1970 and DAINTY and 

WELFORD 1971 . Dainty and Welford's method is based on a theorem by 

WELFORD 1971 stating that the pupil of a coherently illuminated optical system 

varying in time gives a time averaged image equivalent to that of an optical 

system with a certain fixed pupil and partially coherent illumination. Speckle 

in partially coherent light is well known to be less contrasted. Mc-KECHNIE 

1975 gives a detailed analysis of the change in contrast obtained by the 

application of this method. 

Applications of speckle patterns to the study of vibrations have been 

considered by ARCHBOLD et al 1963 , FERNELIUS and TOME 1971 and 

ELIASSON and MOTTIER 1971 . 	If we consider a vibrating rough surface 

illuminated in coherent light the speckle at the nodes of the surface is more 
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contrasted than at the vibration maxima . This can perhaps also be interpreted 

in the light of VVelford's theorem that if the vibrating surface is considered as a 

secondary source the nodes behave as coherent light sources and the vibration 

maxima behave as partially coherent sources. LEENDERTZ 1970 and BUTTERS 

and LEENDERTZ 1971 also apply speckle patterns to vibrati on analysis, although 

their method is based on the superposition of two speckle patterns recorded at 

different times. Another application of speckle patterns concern the analysis 

of surface roughness. This is studied with polychromatic laser light, the statistics 

of the resulting speckle patterns are observed to be a function of the roughness of 

the diffusing surface. A way of characterizing this is to plot the standard 

deviation of the intensity fluctuations versus the standard deviation of the height 

fluctuations of the surface. Authors to be quoted in connexion with this work 

are SPRAGUE 1972 , TRIB1LLON 1974 , PARRY 1974 a) and PARRY 2974 b) 

Other applications include attainment of diffraction limited imaging in telescopes 

(LABEYRIE 1970 , DAINTY 1972 ) and speckle interferometry (GEZARI et al 

1972 and BURCH 1970 . 
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STATISTICS OF DETERMINISTICALLY 

POLARIZED SPECKLE PATTERNS  
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OPTICAL SET-UP FOR 

OBSERVING SPECKLE PATTERNS IN 

COHERENT LIGHT. 

L: LASER with wavelength 

M: MICROSCOPE OBJECTIVE 

C: COLLIMATOR AND DIAPHRAGM 

DM: DIFFUSING MEDIUM 

0: OPTICAL SYSTEM 

P: 	COLLECTING PUPIL 

S: 	SCANNING APERTURE DEFINED 

OVER THE DOMAIN A 

P.M: PHOTO MULTIPLIER 

FIG , I  
T O  

DIGITAL 
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1. THE PHYSICAL DEVICE AND SOME BASIC ASSUMPTIONS 

Consider the apparatus described in fig. (1) for observing speckle patterns. 

It consists of a laser L emitting monochromatic coherent light of wavelength 	, 

a microscope objective M to expand the beam, a collimating lens and diaphragm 

C, a diffusing medium DM, an optical system 0, a distance D away from 

the diffuser with a pupil P of size 2 U we call the collecting pupil mounted 

close to it to limit the size of the scattered beam and lastly a scanning aperture S 

defined over the domain (A). The collecting pupil and the scanning aperture are 

at a distance D apart and are considered in the Fourier space of each other, 

(i.e. the diffuser and scanning aperture are in the focal planes of the optical 

system). 

This apparatus can be treated in analogy with electronic devices as a linear 

filter followed by a square law detector (see e.g., WHALEN 1971 ) the linear 

filtering device being the scanning aperture S and the square law device being 

the photomultiplier. The quantity that is linearly filtered is the complex amplitude 

of the speckle pattern and the photomultiplier detects the intensity which is the 

squared modulus of the complex amplitude. 

The diffusing medium is assumed to give r.m.s. phase variations greater 

than the wavelength 	(strong scatterer). In this case the appearance of the 

speckle pattern is independent of the roughness of the scattering surface, as 

properly noted by RIGDEN and GORDON 1962 , and we assume that the 

scattered light can be treated as stationary whit noise (DAINTY 1972 d ) 

i.e. as a random process with constant spectral density (DAVENPORT and ROOT 

1958 ). 	The scattered light is assumed to be deterministically polarized 
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(e.g. plane polarized). This last assumption is only true for surface-like 

scatterers, i.e. with their scattering centres all lying approximately in the same 

plane. Later we shall see how thick scatterers tend to depolarize light . How-

ever we can study the deterministically polarized speckle statistics from a thick 

scatterer by inserting a polarising filter in front of the scanning aperture. 
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2. THE APPROXIMATE GAMMA DISTRIBUTION  

2.1. 	DERIVATION - DIRECT IvE THOD  

Given the optical apparatus and basic assumptions in the above section, 

the probability density function of speckle intensity at any given point is well 

known to be a negative exponential (GOODMAN 1963 , GOODMAN 1965 , 

BURCH 1970 , DAINTY 1970 ). To show this, one assumes that the real 

and imaginary parts of the complex amplitude obey the central limit theorem, 

(see e.g. MIDDLETON 1960 ). This theorem states that the sum of a large 

number of random variables tends to be. normally (Gaussianly) distributed even 

though the summands may not be. Here the summands are the real and 

imaginary amplitudes from each scatterer. The joint probability distribution 

P(Vr  , V ) of the complex amplitude is then a Gaussian (equ. (1) ). By 

simple probability transformations, one derives successively the amplitude and 

phase distribution P(IVI,4) ), which is a Rayleigh distribution (equ. (2) ) and 

the intensity and phase distribution P( I , 4) ), which is a negative exponential 

(equ. (3) ). 

IV12. 
P(114 /4)) — 	2 e 	2 2 it 'IA 	2 crm  

1 	 (2) 

2 EcrA 	
2 cr M 

	 exp ( 	 NI, ) 
1 	 I 

(3) 
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with \I) 0 , I> 0, 0<1 <2n 

criv 	is the r.m.s. of the amplitude. Renormalizing equ. (3) and 

introducing the r.m.s. of the intensity ai 	rather than keeping the r.m.s. 

of the amplitudes, the final expressions for P( I ) and P( (I) ) are 

1 
P(I) - 	 exp ( 

crI 
	 (4) 

with the average intensity < I 	such that 

(I > 
	

OI 
	 (4a) 

and 

P ( (1) ) = 
1 

2 n (5) 

However the r.m.s. is measured through a finite aperture which is not a point 

and we must therefore find the distribution of the integrated intensity applicable 

when measuring with any finite aperture. The following derivation is due to 

RICE 1945, here, we apply his arguments to speckle patterns. 

Let us first assume we are measuring 0-  with an aperture sufficiently 

small such that the intensity does not change appreciably over its surface. The 

integrated intensity E detected is proportional to the intensity at a point and 

to the size of the surface S of the scanning aperture, so that we may write, 

1 	 E 
P ( E ) - 	 exp (   ) 

< E ) 	<E 7 
with r.m.s. integrated intensity fluctuations, 

c7E = <E> = <I> x 

This function is illustrated for various average integrated intensities in fig. 2. 
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When the scanning aperture becomes very large, we may divide it into 

a number of smaller surfaces of constant integrated intensity, say N, each of 

area s = S/N, let Er be the contribution of the r
th 

surface, the integrated 

intensity E of the entire area is then, 

E = El + E2 +E3 + - - - -EN 
	 (8) 

The integrated intensity incident on the r
th 

surface is taken to obey a negative 

exponential. If the sub-areas are large enough, the Er s 	are substantially 

independent random variables; if in addition N is large enough, by application 

of the central limit theorem, E 	is approximately normally distributed, if all 

the E
r 

s have same average and variance as in equ. (6), we obtain 

S  and 0-9. , = 	 2 
0 (10) 

When we look at equs. (6) and (9) we observe that a Gamma variate of the form 

N*1 	« E  

P ( E') = 	E 	
() 	

(11) 

becomes a negative exponential for N = 1 and a normal law if we let N become 

large. This suggests equ. (11) is an appropriate approximate distribution for E . 

The average and variance of the integrated intensity are, 

a KE5  
cr , 

and N = (12) 
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giving, 

< 	 < E  a = 	 and N - 	 (13) 

These parameters are chosen in such a way that the approximate distribution 

and the experimental distribution have the same average and variance. This 

Gamma distribution was first used in optics in the photoelectron counting context 

by MANDEL 1959 and GOODMAN 1965 ; DAINTY 1971 applied it to 

speckle patterns. 

Inserting equs. (12) and (13) in equ. (11) gives, 

N 	N_1 
	N 

P Ei 
	 < Ef> 

k 	 r ( N) 
	

(14) 

which is the classical first order probability density function scaled to average 

integrated intensity used for deterministically polarized speckle patterns. The 

behaviour of this function is illustrated in figure (3). To be precise, the above 

reasoning applies only for integer values of N ; however the Gamma distribution 

will often provide a closer fit to experimental data if non-integer values of N 

are used. (CONDIE 1966 , Mc-KECHNIE 1974 ). This is why the parameters 

N and a are chosen using experimental values of KE > and cr , 	. 
F_ 

2.2. 	THE CHARACTERISTIC FUNCTION METHOD 

The characteristic function of a probability density function is defined as 

the Fourier transform of the probability density function under consideration 

(CRAMER 1946 , LOEVE 1962 , PAPOULIS 1966 ). We explain the 

characteristic function and its essential properties more fully in Appendix A. 
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Considering again an area of the speckle pattern small enough for the 

intensity to stay constant over its surface, the probability density of the 

detected integrated intensity is, according to equ. (6) a negative exponential 

and its characteristic function (i.e. its Fourier transform) is, (ERDELYI 1953 ) 

-1 
C (7.) = (1 — 	z <E-) (15)  

The modulus of this function is illustrated in fig. 4 for various values of the 

average integrated intensity. For a large aperture, we again perform division 

into N sub-areas such that the total intensity received through that area is 

the sum of independent random variables E
r 

from each sub-area, each taken to 

obey a negative exponential. From Appendix A, the characteristic function of 

such a sum C
E 

(Z) is the product of the characteristic function of each 

variable, 

C E,  (z) = i l C E  t7-) 
r_1 	r (16)  

If the quantities C
E (Z) are empirically assumed all equal and given by r  

equ. (15), then we have, 
-N 

C e  (z) 
	

(1 	;z(E'7) 	
(17) 

The inverse Fourier transform of this yields the required distribution 

(ERDELYI 1953 ) 

E. 	e. <E> 

 

N) (18) 

The average integrated intensity and variance are, 

< ) t1 <E> (19) 
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and 

, = N 	 ( 

Using these two equations we find again the Gamma distribution scaled to 

average integrated intensity 

N 	, N -1 

P (E' 	= 
N 	

< El)  

< ( N) 

2.3. 	Evaluation  of  the number N of independent correlation  cells  
and second order statistics 

In the language of statisticians N defines the number of degrees of 

freedom of the Gamma distribution (see e.g. CRAMER 1946 ), in our language 

N defines the number of independent correlation cells into which our scanned 

speckle pattern can be divided. The Gamma distribution in equ. (21) depends 

only on the average integrated intensity and this parameter N. Physically, for 

a given collecting pupil P and scanning aperture S it is easy to choose or set 

the average integrated intensity as we please. But to determine N a priori 

we need an analytical expression. Equation (13) gave us N as a function of 

the variance 0-  and the average <E-i> , since the quantity (E) is given, we now 

need an analytical expression for the quantity Cre  . This can be found from second 

order statistics, (GOODMAN 1965 , DAINTY 1970 ). The results used in this 

section entail considerable algebra, they are quoted without proof and the reader 

is referred to the required authors whenever appropriate. 

Let 	TT E.5 
	) be the integrated intensity power spectrum of the scanned 

speckle pattern, in one dimensional notation, without loss of generality ( u ) 

defines a point in Fourier space. (For a definition of power spectra and their 

(20)  

(21)  
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properties see e.g. BLACKMAN and TUKEY 1959 , see also GOLDFISCHER 

1965 who considers power spectra of speckle patterns). The variance of the 

integrated intensity (re, scanned with a finite aperture and the power spectrum 

are related by (DAINTY 1970 ), 

*-so 

f TT 	) l (us(u)I au 
Cre 	 E S 	' ' (22) 

_ oO  

where s(u ) is the Fourier transform of the scanning aperture. This equation 

expresses the only way in which the approximate Gamma distribution depends on 

the frequency spectrum. RICE 1945 , has shown that the intensity and amplitude 

power spectra E-( u ) and 
TT!VI 

 ( u ) are simply related by a correlation 

equation. 

	

TT ( u ) = T VI( u)®1T 1 (u 
	 (23) 

where 	denotes correlation. We must therefore find the amplitude power 

spectrum. Let us suppose V Dm  (x ), the complex amplitude emerging from the 

diffuser is a stationary stochastic process with an amplitude power spectrum 

TT DM ( u ). Following DAINTY 1970 , the pupil P and scanning 

aperture S are associated to a linear filtering device with input and output 

power spectra respectively nivt Dm  ( u ) and TT, 1 , ( u ). These power spectra 

are simply related (see e.g. PAPOULIS 1965 ) by, 

	

TTM,S u = P(') 11 
 
	(u) 

	
(24) 

where P ( u) is the pupil function of P (see fig. (1)). By using equations (23) 

and (24) we have the scanned intensity power spectrum, 

=I P 	\it , 	u)  ®IP(u)I 	D 
	(25) 
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If the complex amplitude emerging from the diffuser is treated as white noise, 

( u ) is a constant K and equation (25) reduces to, 

k.) ) = KI PL.)1 	I P ( ki d 
	

(26) 

It can be seen by integrating equation (24) that K is proportional to the average 

integrated intensity: 

1- 00 

K 	u)1 

	
(27) 

-oo 
Substituting this result in equation (26) into equation (22) finally gives 

2 
cr 	K E 

+co 	2. 
I P(')  I 	P (u)121 s (u) I  d  u. oo  

S I (V)I2  u 

(28) 

The quantity N is now seen to be the inverse of the normalized power spectrum 

of the integrated intensity, 

N 

 

_fool P (u)1 
& 11  

4-00 

 

F'2; 
	

SIP(0)1 of P ( ')1 9-8- 
	 (29) 

Physically this means that as long as the scattered light is treated as stationary 

white noise the number of independent antocorrelation cells depends only 

(through this last equation) on the geometrical configuration of the optical set-up 

used to measure the statistics of the speckle pattern. As an example DAINTY 

1970 gives the result of equation (29) for a circular configuration (i.e. a circular 

pupil P and a circular scanning aperture S with "Top Hat" intensity trans-

mittances),this is 

k1(0.3051  LA 	I  
N 	 cos (u)- 

4 	0 

-1 

Lit-rtk u ( - 3 0 5)] d.u1  (30) 
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where u is a radial coordinate in Fourier space and k is a measure of relative 

aperture defined by 

k = cut off frequency of power spectrum 

Some reference frequency on }he aperture 
	

(31) 
transfer function, usually the first zero 
of that function 

As a note it should be added that the number N of independent correlation cells 

is often loosely referred to as the number of speckles in the scanned field. This 

has the advantage of giving a "visual significance" to N, ELIASSON & 

MOTTIER 1971 have elaborated this notion and define the size of a 3D 

speckle. 

2.4. 	VALIDITY OF THE GAMMA DISTRIBUTION 

In the preceding sections we have seen that the Gamma distribution for 

first order speckle statistics represents in fact an approximation of the true 

statistical distribution. MANDEL 1959 gives some consideration to the validity 

of the Gamma distribution in the photon counting context. His arguments are 

applied to speckle statistics by CONDIE - 1966. Their results are based on 

the properties of the characteristic function from which an error for the 

cumulant is evaluated. (For characteristic functions and cumulants, see 

appendix A). Their arguments are as follows. 

The characteristic function of the Gamma distribution with respect to 

integrated intensity is (see section 2.2), 

N 

	

_ 	 (32) 
a 

where 	CL = 
< > 	

(33) 

C ( 1 
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eh 
From equ. ( P‘iLt ) the expression for the k 	.cumulant is 

ctk 

 

_.1) 1. (1 
_k 

2   \ 
a 

N(k —1) 
k 

z_0 	a 

(34) k 
a 

    

The characteristic function 	C 
E , ( z ) can be regarded (as in section 2.2) as 

the product of N characteristic functions C 	( z ) such that, 
Er  

C 	(7.) 	(1 - 
'r 

(35) 

With all the ar  's equal to a, the k 	cumulant of C (7-1 is from equ. 

(AILI ) 

.k 	) 

k 
a r 

If we apply the rule of composition of cumulants given by equ. ( A20) we obtain 

(k 	1 ) EN  L1  
r=1 ,k 

c-t r 

If all the a v, is are equal to a this equation simplifies and gives 

9k 	k — 1 ) 

On the other hand, if they are not all equal, the k"1  cumulant will be found 

to be in error by a factor Fk  such that 

Fk 
a
k 	m 

E i 
r:-.1 	k 

a r 
setting F1 equal to unity gives 

N 1 
(40) 

a a r 

ci (36) 

(37)  

(38)  

(39)  
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Introducing this equation in equ. (39) and remembering from equ. (6) that for a 

negative exponential a r  is equal to 1/( E r ) , we obtain 

k 
r/:: 1  C 	

(41) 
k 1 N 

N Z <F r  
r 	1 

Physically, this is equivalent to performing two sets of measures to evaluate two 

sets of cumulants, first with a large aperture having N correlation cells as given 

by equ. (29), calculating a first set of cumulants from that, then with N quasi-

punctual apertures (having only one correlation cell each), calculating a set of 

joint cumulants and comparing both sets. CONDIE 1966 has done this 

experimentally for an aperture of N = 3 independent correlation cells. His 

measured r.m.s. fluctuations are 	cr 	.9 	= 1 .0 	— 1 = 	1 — 	, 
3 — 

giving, 

F 1 . 	F2_ 	- 1 3  8 ,F
3 	- 9  9Y, F,t  = .9 8 it 

Condie states that this kind of error is quite insignificant, but he does not mention 

anything for scanning apertures with larger numbers of independent correlation 

cells (e.g. N = 50). This method is impractical and the exactitude of the 

Gamma distribution is not easy to evaluate. 

2.5. 	Statistics of speckle patterns with added illumination fields 

a 
The above sections give a classical treatment of the statistics of/monochromatic 

speckle pattern on its own. However, it is possible to add various fields to the 

speckle pattern that modify these statistics. These may be classified as follows, 

Fk 
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- Incoherent addition of one or more speckle patterns 

Coherent addition of one or more speckle  patterns 

Addition of one or more speckle patterns that are partially coherent between 

each other 

Coherent addition of a uniform background 

(i.e. reference wave) 

- Incoherent addition of a uniform background 

All these cases have been extensively treated in the literature by various 

authors, Mc-KECHNIE 1974 gives a good review of all of them. 

Incoherent addition of one or more speckle patterns 

BURCH 1970 shows that when two speckle patterns are added together 

incoherently the resulting probability density function is given by the convolution 

of the probability density functions of each speckle taken separately. For N 

speckle patterns added together incoherently it is easily seen that the resulting 

probability density will be an N-fold convolution of N probability densities of 

the speckle patterns taken separately. Rather than perform the convolutions, it 

is more convenient to reason on characteristic functions (i.e. the Fourier 

transforms of the probability densities) and say that the joint characteristic 

function of the resulting speckle pattern will be the product of the characteristic 

function of each speckle  pattern taken separately. Thus, if we are scanning the 

incoherently added speckle patterns with a pinhole aperture, each speckle will 

have a characteristic function of the type 

_1 
C k (z) 	( 	iz < 	 1<) 

	
(42) 
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where k is the index denoting  the k 	patterns and <E/k<  > is its 

average integrated intensity. The resulting  characteristic function will be, 

N 	 N 	 —1 
C (7-) = 	c k  (Z) 	yi 	_ i z 	) 	(43) 

k =1 	 k =1 

This product can be expanded into partial fractions with coefficients Bk, 

= TT 
=1 

< E > 
(44) 

 

 

E k> <E/1 ) 

and the joint characteristic function now is, 

C (1) 

 

6k 

  

(45) 

(1 

 

The Fourier transform of this equation gives the required joint probability 

density function, 

N 

P (C) 	L 	115t, 	e. 	< Elk) 
k 	( =1 

 

(46) 

With only two speckle patterns added incoherently of respective average 

integrated intensity ( E. 1) 	and K E 	, the probability density 

function is, 

P( 	= 

El 

e  <Ei) e. < 
(47) 

  

) 	- < E2. 

this formula is given by. BURCH - 1970. 
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If the quantities 	< Elk) are all equal to, say, 	c.') 	, the 

joint characteristic function for N incoherently added specklr  patterns is 

expressed by 

(48) 

The Fourier transform of which is, of course, a Gamma distribution, 

N 	 N-1 

NE') = 	 
< e, c> 

<El> r ( N) 

We have the interesting result that the approximate statistics of one speckle 

pattern observed through a finite scanning aperture such that there are N 

independent correlation cells within it are the same as the statistics of N 

incoherently superposed speckle patterns with the same average intensity 
a 

scanned through a pinhole aperture (i.e.‘scanning aperture with one correlation 

cell only). 

If the N incoherently superposed speckle patterns are observed through 

a finite scanning aperture such that there are J correlation cells within it, 

using the Fourier transform of the approximate Gamma distribution with J degrees 

of freedom for each speckle patterns of average intensity 

joint characteristic function as 

<co gives the 

E 

(49) 

C (zl = i z <  (50) 

If all the ( E k 's are equal to , for N speckle patterns we 

have 

Z (51) 
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The probability density function is given by the Fourier transform of this 

expression as, 

JN 	t4 —1 

E. 	e 
HE') =(  1  

Ke> 	r(3N) 
(52) 

This approximate distribution is identical to that of a single speckle pattern 

scanned with a finite aperture having. 	= J N 	correlation cells or to that of 

an incoherent superposition of M speckle patterns scanned with a pinhole 

aperture. 

Coherent addition of one or more speckle patterns 

The case of the coherent addition of two speckle patterns is mentioned by 

ARCHBOLD et al 1970 but is considered more fully by DAINTY 1972 . The 

general result is that the coherent superposition of two speckle patterns is another 

speckle pattern with similar statistics. The argument isbased on the Gaussian 

statistical properties of the complex amplitudes. If the probability density of the 

complex amplitude of each speckle pattern is a Gaussian, the probability density 

of the complex amplitude of the resulting speckle pattern will be the convolution 

of the two Gaussians the result of which is another Gaussian, hence the statistics 

of the intensity are similar. 

Addition of partially coherent speckle patterns 

The case of the superposition of two partially coherent speckle patterns 

is treated by BARAKAT 1973 in the "coherent optics terminology", that is 

when the two speckle patterns are partially coherent in time (as opposed to 

space). Barakat derives an integral expression for their joint probability density 
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function of the intensity scanned with a pinhole. BURCH 1974 shows this 

integral can be analytically solved, but these results apply only to the case of 

two speckle patterns. GOODMAN 1975 develops a general formalism for the 

sum of N partially correlated speckly patterns. His method is based on 

techniques developed by WOLF 1959 in the theory of partial polarization. 

The coherence between each speckle pattern is expressed by a set of coefficients 

where n and m denote the n
th th 

and ni 	partially correlated 

speckle pattern, these coefficients are arrangectin matrix form, as the matrix is 

hemiitian, it is diagonalizable. A set of eigen-values 	X n 	is obtained 
these 

as the result of the diagonalization and-T:N:3 physically interpreted as representing 

the average intensities of N uncorrelated or incoherent speckle patterns whose 

superposition would give the same statistics. One is then brought back to 

evaluating the probability density of N incoherently added speckle patterns. 

Coherent addition of a uniform background 

This problem is treated by many authors, GOODMAN 1967 , ARCHBOLD 

et al 1970 , BURCH 1970 , VILKOMERSON 1971 , DAINTY 1972 and 

McKECHNIE 1974.   

The probability density function at a point is given by 

N E 

E 4- Eb  
< E 

I0 
( z E 	  

(53) 

Where E b is the background integrated intensity, <E.> is the average 

integrated intensity of the speckle pattern and I a  is the modified bessel 

function of order zero (see e.g. ABRAMOWiTZ & STEGUN 1970 ). 



(E.') 

where E b is the constant background integrated intensity. 

P (e) 1 	cE'> e. 	 (54) 
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Incoherent addition of a uniform background 

The probability density function at a point for this case is the convolution 

of a delta function and a negative exponential giving, 

El_ Eb 
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3. 	THE EXACT DISTRIBUTION 

3.1. 	Introduction 

In the preceding section we presented the approximate Gamma distribution 

and its main properties. We now introduce a method to derive an exact 

distribution for the integrated intensity of speckle patterns observed through non-

point apertures. The method is based on finding the eigenvalues and eigenfunctions 

of a Fredholm homogeneous integral equation (FREDHOLM 1903 ) whose kernel is 

the amplitude antocorrelation function of the speckle pattern. This method is due 

to KAC and SIEGERT 1947 who developed it in the context of noise in radio 

receivers with square law detectors. In the speckle context, CONDIE 1966 

states some properties of the eigenvalues, DAINTY 1971 using expressions in 

terms of eigenvalues found in THOMAS 1969 gives an integral expression of the 

probability density function, but Thomas's expressions concern real arguments and 

as the speckle amplitude is a complex variable DAINTY"s integral is wrong and 

cannot be solved. Here we give a full account of the method as applicable to 

speckle patterns and give the exact probability density function of integrated 

intensity in terms of the eigenvalues. The Gamma distribution is found to be a 

special case due to a particular set of eigenvalues. 
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3.2. 	The autocorrelation function, the homogeneous Fredholm 

integral equation, the corresponding set of eigenvalues 

and eigenfunctions and some of their properties. 

Let the amplitude ai4tocorrelation function of the scanned speckle pattern 

be defined by, 

R (x ,  x') 	= <Vs (xi) Vs  (x)> 	 (1) 

where the brackets denote average, the asterisk denotes complex conjugate and 

V ' ) represents the scanned complex amplitude and x and x are two points 
S 

1/ 
within the scanning aperture. It can easily be verified that this alitocorrelation 

function is hermitian and square summable, that is 

3E. 

R tx / 	= 	 ( 	, x) 
	

(2) 

and 	j I IR tx, x 	 (3) 

(A) (A) 

Where (A) is the domain of integration defined by the scanning aperture function. 

This autocorrelation function represents a transformation R of the complex 

amplitude which is char.icteristic of the scattered light and detector system. 

R 	x x') f 	d x 	 (3a) 

(A) 

wnere f (-) is an arbitrary function and f ( • ) is the transformed arbitrary 

function. Let us show some properties of this atitocorrelation function. 

Consider the inequality, 

<I j f (x) V (x) a x 
(A) 

(4) 
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Where f (.) is an arbitrary function. This inequality simply expresses that the 

average of a positive quantity is positive. The left hand side may be written 

f *(x)f (x) <\kx) V(x)>, ctx'ax 	 (5) 
(A) (A) 

= 	IT 
	

(x`) f (x) R 	, xi) ct xf cix 

(A) (A) 

and therefore 

SS f 0,1) f (x) R (xx1)cix'ax 	0 	(6) 

(A\ (A) 

A function R (x 	which satisfies such a relation is said to be positive 

semidefinite. To such a function we can apply the following two theorems, the 

first one is due to SCHMIDT 1907 and the second one is due to MERCER 1909 

Theorem 1 

"Every function R (x x` ) which is hermitian and square summable can 

be developed, in the sense of convergence in the mean, into the series 

R ( K C) 

	eo 	
h 4) 44. 	(13 	x) 	

(7) 
nr. 0 

where 	(1),, 00/ denotes the orthonormal sequence of eigenfunctions and 

f ch 
	the sequence of corresponding eigenvalues of the transformation R 

generated by the kernel R x x' ) 
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Theorem 2 

"If the transformation R generated by the kernel R x x' ) is positive, 

that is if relation (6) holds for all f , or equivalently, if all the eigenvalues 

e t, # 0 are positive, the expansion (7) is uniformly convergent." 

The complete sequences of eigenfunctions (Ion  ( x)i and eisenvq'it;es' 

t € 	
are found as solut ions of Lhe homogeneous Frecihol-rn 

ectuat;on 

En  (1)„, (x) = S R (x, 	 ) C1)  1.1 (x ) d  x 	
(8) 

14 	 (N) 
where the attocorrelation function R 	x' ) is taken as the kernel of the 

integral equation. The eigenfunctions 4,, verify the orthonormality condition. 

(t)n  (x) (1)rn  (x) d x 	8 n rn 
	 (9) 

(A) 

where 6n m  is the Kronecker symbol equal to unity when n = rn and zero 

otherwise. 

Multiplying both sides of equ. (8) by 44) 	( 	and integrating over 

(A), we obtain, using orthonormality relation (9) 

en  6n 	= S 	C:o n  (x') R 	, x') c 	(x) ax'cix 	(10) 
(A)(A) 

By inverting x and x'  in equ. (8) and taking the complex conjugate of both 

sides and using the hermitian relation (2) we have, 

€ 
	

41 rr, cx) = S Rtx r x' ) 	rn 
(A) 

We now multiply this last relation by 
	Cx) and integrate thereby finding 

4e. 
rn 'rbm = Li I 

(a) (A) 

(x) ct):, (x) (AA'  cix 	(12) x x R ( , 
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The right hand sides of equs. (10) and (12) are identical and by subtracting equ. 

(12) from equ. (10) we find 

n  — 
	

6  n 
	0 	 (13) 

when 1'1  = rn we have £ n = E.,1 , this means the eigenvalues we have 

obtained from the Fredholm integral equ. (8) are real. If in equ. (10) we set v., 
E. 

equal torn , according equ. (6) we find that all the eigenvalues different from 

zero are positive in accordance with the theorem 2. . 

This property allows us to sort them as follows, 

6 0 	. 	- - - 	E n ) - - - 	(14) 

Two important relations can be derived from equ. (7). The first one is 

found by setting n equal to m and integrating, with the orthoormality condition 

in equ. (9) this gives 

R ( x , x` = x 	x 

(Al 

00 

E. 6  
n= D 

( 1 5) 

The second is found by integrating the squared modulus of the antocorrelation 

function and again using equ. (9), 

$S I R  (x, 	
x clx/ 

cA) (t) 

00 

0 
E, n (16) 

These last two equations will be of some importance in evaluating statistical 

properties of speckle patterns in the following sections. 

As the eigenfunctions (1)n  are complete and orthonormal any other 

function and particularly the complex amplitudes can be expanded in terms of 
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them , for example, 

00 

vs (x) 	E ctr, 4 n (x) 
n= 0 

where the expansion coefficients are given by 

4t- 
S 	 (X) V s (X) &X 

(PO 

The advantage of using these particular eigenfunctions to write expansions 

resides in the fact the expansion coefficients an are uncorrelated. From equs. 

(1) and (17) we may write the autocorrelation function 

(17)  

(18)  

* 
c1 n 	n (xi) E 

111 
(19) 

which after rearranging the terms gives 

R x , xi) 	E. L < h CI rn 	n (x') 	M ('') 	(20) 

Substituting this expansion in equ. (7) yields 

< 

	

u h ct rn 	= !n Snrn 
	 (21) 

This equation shows 	the expansion coefficients on are uncorrelated 

	

and also gives 	a physical interpretation of the eigenvalues as quantities 

equivalent to average integrated intensities. Expansions of the type given by 

equ. (17) where the expansion coefficients are uncorrelated are called 

generalized Fourier expansions or Karhunen-Loeve expansions (DAVENPORT 

and ROOT 1958 , Loeve 1963 ). 

One can, of course, write expansions similar to equ. (17) in terms of 

any complete orthonormal set of functions but the expansion coefficients are 

then correlated and do not lead to an expression of the type of equ. (21). This 
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argument tends to show that for a given ar4ocorrelation function the set of 

eigenvalues and eigenfunctions are unique. A further remark is that nothing is 

implied about the stationarity of the speckle field, all that is required is that 

the autocorrelation function must be hermitian and square integrable. However, 

if the scanned speckle pattern is stationary, equ. (15) takes on an interesting 

form; the antocorrelation function of a stationary random variable depends only 

on the difference of its arguments (see e.g. THOMAS 1969 ), we have, 

R(x,x') = Rc x—x') 
	

(22) 

Inserting this expression in equ. (15), gives, 

00 

n= 
0 E, 1.1  = 	R to) A. 	 (23) 

where A is the area of the scanning aperture. 

Let us now examine how we can express the exact probability density 

function with the above arguments in view. 



41 

3.3. 	The Exact Probability Density Function in Terms of 

Eigenvalues. 

In section 2.1 we make the hypothesis that the complex amplitude is Gaussianly 

distributed (equ. 2.1 (1), and this is supported by the central limit theorem. In 

equ. (17) we write an expansion of the scanned complex amplitude in terms of a 

special set of eigenfunctions obtained by the homogeneous Fredholm integral 

equation (equ. (11)). We have shown that the corresponding expansion coefficients 

are uncorrelated. 

Since these coefficients are linear functions of V ( x) (equ. (18)) they 

are distributed according to a multivariate Gaussian distribution (ivIE,FITA 1970 ). 

From this and equ. (21) we can write the joint probability density function of the 

coefficients 	as, 

P(iOnn = 
rt 	It  

(24) 

The intensity E integrated over the whole scanning aperture can be derived 

from equ. (17) and the orthonormality condition expressed in equ. (9), 

 

2 	2. 
clx= lam ( (25) 

n=0 
v s  (x) 

  

We can now proceed to evaluate the characteristic functions (i.e. the Fourier 

Transform) of the integrated intensity. From equs. (A2) and (24) we may write 

CE $ (7..) 
E s  r 	10,1 

_ j[e n 	17 
t 

(A) 

2 

ei 
C. 	(26) 

cC.I.  TT cijJ 
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4t- 
By (1.. ctj 

	

	we mean d a.J  am. taking  account of the fact that the correlation 

coefficients are complex. Rearranging  equ. (26) gives us 

+ 
 

ob 

e i(z) = TT 	 P 	ail (j — ; 7-11.1 el al, (27) 
TL 6n  _ co 	 L. 

Integration is performed over the whole infinite range and yields, 

E , (L) 	I 	TT 	rc  

more neatly, 

1 

	

C E  (7-) =11 ( 	i 	& (29) :  

We must observe that because the coefficients CA n  are complex and not real the 

characteristic function expressed by the above equation is not 

112 
C e' (2-) = 	( i _►z. 	) 

tit 

as in DAINTY 1971 ; this point has also been mentioned by BARAKAT 1973 . 

The required probability density function is the inverse Fourier transform of equ. 

(29) 

; z E 

Z 

TT ( 
n 
	z E n 

This Fourier transform represents the second essential step in the determination of 

the probability density functions, the first one being  the resolution of the 

Fredholni integral equation to find the eigenvalues 6 n • 	To perform the 

integration in equ. (31) we must generally expand the integrand into a series of 

partial fractions. This could not be readily done with Dainty's expression 

(28) 
TL En 	L _ i7- 

(30) 

(31) 
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(equ. (30)) because of the square root in the denominator. With the eigenvalues 

sorted as in equ. (14) there are basically three types of sets of eigenvalues. These 

are illustrated in fig. 5. In the first case (fig. (5a)) we have an infinite 

denumerable set of eigenvalues that are all different and tend to zero with 

increasing index fairly rapidly such that for large indices they can be neglected. 

In the second case, (fig. (55)), we also have a denumerable infinity of 

eigenvalues but the first one is degenerate, i.e. several eigenvalues are equal 

to the first one and they then drop off smoothly to negligible values. In the 

third case all the eigenvalues are identical to the first one up to a cut off index 

and zero afterwards (fig. 5(c)). This case is unlikely as it can be shown (see 

e.g. RIESZ & NAGY 1955 ) that the eigenvalues given by an integral equation 

of the Fredholm type always come in a denumerable infinity. However it is a 

most interesting case because it leads to the Gamma distribution. As in the two 

other cases the eigenvalues tend to zero with increasing index this case can be 

considered a good approximation to the two others. We shall call this special 

set the "equivalent set". It will be defined by the following rule 

0 E  0 (32) 

Where the series on the right hand of this equation is made from the true sequence 

of eigenvalues generated by the Fredhoim integral equation, Bo is the first 

value of that sequence and no  defines the cut off index of the equivalent set. 

As we will show in the next pages the equivalent set leads to the Gamma 

distribution and the true set leads to the exact distribution with equ. (32) we 

thus have a convenient way of comparing the two distributions. We now give 

the probability density function obtained with each case. 
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FIG.5 DIFFER7MT EICENVALUE BEHAVIOURS, a) LEADS TO EQN.. 3.3. (35) 

b) LE DS TO EQN. 3.3. (45), 

c) LEADS/ TO THE GAMMA DISTRIBUTION IN EQN. 3.3. (51). 

INDICATES THE ENVEL0Fa OF THE EIGENVALUES 

INDICATES TIE FIRST EIGENVALUE, n IS THE INDEX 
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Probability density function when all the eigenvalues are different (fig. 5a) 

The characteristic function in equ. (29) is expanded into partial fractions 

with coefficients Gn such that 

G n (33) 

and becomes 

G Er  (7- 	= X. 
11 	(1 i 7- 6 n  

Taking the Fourier transform of this expression (which is equivalent to solving 

equ. (31)) gives 

El  
oo 

P 	= 	G n 
0 E, 

e n 
C. 	 (35) 

which is the required exact probability density function of integrated intensity. 

In general the eigenvalues will all be different as on fig. 5a) and this formula 

will be the one most frequently used for the exact distribution. The average 

and variance of this distribution are found by using equs. A(14) and A(17) of 

appendix A and are 

Co 

< 	>, 

and 
2. 

 

E_ E. 
n= 

(36)  

.1•••••••• (37)  

(34) 
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Probability density function when the first eigenvalue is degenerate and the  

others drop off to zero (fig. 5b) 

The condition for the behaviour of the eigenvalues can be written 

	

6 	
a 
	 for 	n 	n 0 

	

and 	n 	 n+1 > E n +- 2_ 
	> ° 

for 	 > 

In view of this we can rewrite the characteristic function in equ. (29) as 

	

C 	(z-) 	
(.1 -- Z 8 0  ) 	TT (1 	1 Z. En) 

	 (38) 

?' 11 
We can expand the right-most part of this expression in partial fractions, this 

gives, 

00 
C 	) (39) 

	

( 'I_ iza) ° "hp 	— I Z 

with the expansion coefficients given by 

VT 
* 

m no  

E 
(40) 

 

 

This equation is essentially the same as equ. (33) but with a different set of 

indices. The Fourier transform integral of equ. (39) is 

/ 

P ( ) 

+ 00 	 2. E co 
z 	  (41) 

VI n 2_ TT 	(i_ 	E..° 	(1_ ; z 
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The solution of this is found as (ERDELYI 1953 ) 

P 	= 	G n  
tl)no 

n o 
0 ) 	e.  

a0 	an 

(42) 

where 1F1  is one of the hypergeometric functions, defined by (ABRAMOWITZ 

and STEGUN 1970 ), 

1 F 1 L c'b  ; 7.3  

co 
= 	(a.) 	-z. 

l<= 0 (b)k 	k 
(43) 

with 

(a) k (44) 

Inserting these definitions in equ. (42) gives the final expression for the 

/ 
v<zo 

G, EP') [(To — -E r,) E 	
(45) 

n>no  an k= 	r (no  k 4- '1) 

The mean and variance are (from equs. A(14) and A(17) of appendix A) 

co 

< E ,  —  — noEo 	E a n  
and 	

> n o  

2 	
0 0 E 

2. 

BARAKAT 1973 also considers a similar set of eigenvalues and states the following 

It is left as an exercise to the reader to prove that the appropriate expression for 

P (E/) is now 

probability density function, 

ED ) o 	° 
P (e) 	 E. 

x 

(46)  

(47)  
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where NJ _ 0  = 	NA = 	_ 1 
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Barakat continues by saying  "This expression is not nearly as formidable as it 

looks;  however we leave it ...". 

Probability density function for the equivalent set of eigenvalues (fig. 5c) 

All the eigenvalues are identical to the first one E0  up to the cut off index 

given by equ. (32) and zero afterwards. In this case the characteristic function 

in equ. (29) can be written straight-forwardly as 

rl 0  
C et ( 71 :7-- (1 	iz 6 0 ) 	 (50) 

This is the same as equ. 2.2 (17) and confirms the interpretation of equ. (21) of 

the eigenvalues as average integrati 	intensities. The Fourier transform of 

equ. (50) accordingly gives the Gamma distribution, 

P ( E l ) = 	( i 1 
l) 	E 	e 	Eo 

‘ E.0  1 	r ( no) 

n 	/ n - A o 
	E.' 

(51) 

with average integrated intensity and variance 
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and 

2- 	 2 
Cr e, == n E- 0 0 

Scaling equ. (51) to the average integrated intensity gives 

no  
n 0 n o_ 1 	E- , 

t1 0 	E. 	e K 

<C> 	 ( n  ) 

which clearly is identical to the distribution in equ. 2.2. (21). Although we will 

find no existing set of eigenvalues leading to this distribution from the Fredholm 

integral equation, it has been shown experimentally that the Gamma distribution 

is a good approximation (CONDIE 1966 , McKECHNIE 1974) and we can 

therefore induce the eigenvalues we will find will very nearly behave like the 

equivalent set. 

The advantage of this derivation of the Gamma distribution is that we can now 

express' its properties with the aid of eigenvalues, this is made easy by using the 

two equs. (15) and (16) derived from the theorems by SCHMIDT and MERCER and 

by using the equivalent set of eigenvalues (equ. (32)). Let us derive an expression 

for n0  the cut off index and also the number of independent correlation cells. 

From equs. (15) and (32) we find the first order statistical expression, 

R(x,x)d X— a 	 (55) 

( A) 

From equs. (16) and (32) we find the second order statistical expression, 

2. 

J 
IR 	x')I clxa): 	n 0  E,2:3  

(A) (A) 

P (E') = 

(53)  

(54)  

E 
	(56) 
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We immediately find from these two equations 

jo R(x ix) dx} 2  
no 	< Ef)  

— (57) 
I jig( y,x')1 
(A) (A) 

This result is also given in the photon counting context by BURES et al 1972 . 

If the speckle pattern under consideration is stationary, from equ. (23) we find 

2. 	42. 

	

<E1  > 	R(0) N 
0 (58) 

	

'CrE' 	 R 	, 	17-  a x' x 
( Al (A) 

From the Wiener-Kintchine theorem (see e.g. LAWSON and UHLENBECK 1950 

the amplitude antocorrelation function is the Fourier transform of the amplitude 

power spectrum. With the white noise assumption, from equ. 2.3. (24) the 

scanned amplitude power spectrum is 

C s t 
'2. 

x  1 P 	) (59) 

where P(u) is the pupil function of P (see fig. 1). If psf ( x ) (point spread 

function) is the Fourier transform of P(u), by taking the Fourier transform of equ. 

(59) we find the expression of the antocorrelation function 

+.4 

	

R (x —x i ) = cst 
	

psf (x x i— s)psf 
	

(60) 
_oo 

where psf ( x) is an even function. Introducing this equation in equ. (58) gives 

4 po 	 2. 

	

ps f 	ciS 
	

A 

to ) 	 00 
J tS 	f 	s) psf (s1 dsiclxiciN 

	

+00 
	 (61) 

Again we see that if the scattered light is treated as stationary white noise 

the number of independent correlation cells depends only on the geometrical 

configuration of the optical set-up used to measure the statistics of the speckle 

pattern. 
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This equation for the number of independent correlation cells is expressed 

with integrals in the "hardware" space whereas equation 2.3 (29) is expressed with 

integrals in the Fourier space. This is perhaps the essential difference between 

the two relations. 

The quantity no  is generally calculated in a much easier fashion, from 

equs. (32) and (15) we have 

R 	x 

(61a)  
Es 0  

(61b)  

E 6  r, 
n 

0 	

E0  

For stationary kernels (equ. (23)) this simply is 

R (01 1\ 

e.o 

This formula,which is much simpler than either equ. (61) or equ. 2.3 (29),we 

shall generally use to calculate the number of independent correlation cells. 

ACKASU 1971 has shown it is equivalent to reason directly on Fourier space or 

"hardware" space in order to evaluate noise statistics. As an example for slit 

aperture geometry equ. (61) gives 

rt 
0 	4.A 	S in r 	—xs—s1) sin(ELL-1. 5 

Jt 	J i 	TI, U 

i osD 	 A.D 

•■••••■ 
•=1*.• 

A 

  

(x...x_s) 	TCU s  _A A —041 A. 0 	 11 D 

2. 

axclx1  (62) 

where the scanning aperture is a slit of width A and the pupil P is a slit of 

width 1.0 . 
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3.4. 	On Solving the Homogeneous Fredholm Integral Equation 

In the preceding section we have seen the general method to evaluate the 

first order probability density function P(e') of speckle patterns contains two 

essential steps. The first was to find the eigenvalues defined by the homogeneous 

Fredholm integral equation. 

En  CI) n  (x) = 	R t x, x') (1) n 	d x' 
	

(63) 
(N) 

The second step was to insert these c.;genvoluts into the Fourier transform integral 

P (E!) 	1 j 	  
2 IC 

4-c<1 	— iz E 

( _ i z E- t1  
n 

(64) 

and to perform integration. A word on how to solve the Fredholm homogeneous 

integral equation is therefore in order. 

We consider essentially two methods. The first consists in finding the 

differential equation associated to the Fredholm integral equation and then solving 

this differential equation. It is generally easier to find an integral equation from 

a given differential equation. Doing, the contrary is generally difficult except for 

some obvious cases. The advantage of this technique is that exact or closed 

expressions can be found for the eigenfunctions and a great accuracy in the 

eigenvalues can be obtained for fairly little numerical manipulation and computing. 

We illustrate this method completely for the simple case of the slit collecting pupil 

with a Lorentzian intensity transmittance profile and a slit scanning aperture with 

a rectangular intensity transmittance profile in section 4. SLEPIAN 1961 also 

uses this method to calculate the Prolate Spheroidal Wave Functions and their 

associated eigenvalues. In section 4 we also use SLEPIAN'S results in the case 

of the slit and rectangular unit intensity transmittance apertures. Good accounts 
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of the relations between differential equations and integral equations can be found 

in COURANT and HILBERT 1953 and FROBERG 1970 . 

The second method we consider to solve the integral equation consists in 

writing the integral in the Riemann sense as the limit of a series of N terms 

with N tending to infinity, (see e.g. RIESZ and NAGY 1955 ). This leads to 

a matrix formulation of the problem and as the kernel of the integral equation is 

Hermitian, all we have to do to find the eigenvalues is diagonalize a Hermitian 

matrix version of the kernel. As shown in paragraph 3.3, the eigenvalues will 

be real positive. This technique is conceptually much simpler but requires much 

more computing. However, as large computing facilities are available (a C.D.C. 

6400 series computer) this method is worth using. We shall use it notably to solve 

the case of a two dimensional circular unit transmittance collect:11 F.pi in section 4. 

A brief account of this method is as follows, (a more detailed account will be 

given for the circular case in section 4.2.4). As the limit of a sum of N terms 

with N tending to infinity the Fredholm homogeneous integral equation is written 

as 

E. 	cx 
N 00 

where h is the elementary summing interval, n is the dummy index, as the 

integral in the Fredholm equation is defined over the domain (A) we must have 

a boundary relation, for exlmple, when (A) = [ - A , 	A], this is, 
2 

N h = A 
	

(66) 
2 

4-N 

(65) 

Writing the Fredholm equation as in equ. (65) is physically equivalent to filling 
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the scanning aperture with 2N points a distance h apart, each point being 

indexed n. That means we are effectively sampling the speckle pattern at 2N 

points. Mathematically we need an infinity of such points but physically if we 

take only a Finite though large number of sampling points we will obtain 

satisfactory results. That is equivalent to truncating the series in equ. (65) at 

N large. Clearly the precision of the eigenvalues obtained by this method will 

depend on the value of N (see section 3.5). In practice a relative precision 

of 10̂ 3 is found to yield satisfactory results and N is chosen accordingly. 

In equ. (65) we observe that the value of the quantity E. is independent 

of the argument n. We can therefore set it freely to some value m h such that 

_N ‘rn4-1- N 	. We can now write our integral equation in the form 

i-N 

a (1) (.1 ) = 	R (k.„rn i n 	(htl) 
11=-N 

Matrix formulation of this equation is now evident, with obvious notation we 

have 

[E snm] 1) (m)1 = 	R 	 (n)] 	
(68) 

where 8 n m  is the,KRONECKER delta. La S n -3 and t R 	are 

two 2N x 2N square matrices and L 4  (rt)] is a 2N column matrix. The 

eigenvalues are now seen to be the solution of 2N independent linear equations 

and must satisfy the condition 

ciee 
	

gn 	0 	
(69) 

The eigenfunctions are then found at 2N points at the rate of one eigenfunction 

per eigenvalue by solving the set of equations 

(67) 
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h R n, 	_ E 0  g _ T1 TVA 3 C 	o,nj = 0 

C 	- 	 t q„1-11:: o 

E 	R p, , 	— 	N nr:1 t 4"1/4  ni - - 

(70) 

where the indices 0, 1 	 2N correspond to the first, the second .... the 

th 
two N 	eigenvalue and eigenfunction at point nh, with the notation, 

= 
	 n 	 (71) 
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3.5. 	Dependence of the Exact Probability Density on the Precision 

of the Eigenvalues 

The exact probability density functions given by equs. (35) and (45) contain 

summations ranging to infinity. In numerical applications we cannot sum ad 

infinitum. Furthermore the eigenvalues are determined numerically from equ. (69) 

to a certain precision. The validity of the exact distribution will depend largely 

on this precision. It is therefore the purpose of this section to examine how the 

accuracy of the eigenvalues will affect the accuracy of the exact distribution and 

when to truncate the summations. We will limit these considerations to the exact 

formula in equ. (35) as this is the most widely used exact distribution. 

The exact distribution is given by, (see equs. (33) and (35)), 

bo 
P ( m) = 	G  

n=0 E, 
e. 

00 

L P 
n::0 (72) 

where each of the summands is termed Pn  for convenience. If we denote by 

A P and o lPn  the absolute errors on P and Pn , we have 

AP = i. A IP, I 	 (73) 
n 0 

I In turn we can evaluate the A Pn1 s by logarithmic differentiation, 

L 3 \ P n 
	 (74) 

Ph I 
after differentiating and or timizing the partial errors we obtain a final expression 

for the complete absolute error on the probability density, 

P ( E.' 
	

err(n) Pn A  E 
	

(75) 
n= 
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with 

/ 	 co 

	

E ty, 1 	 E. 
	 + 	4-  
e 2 

	

6, 	tin* h1 
rn = 0 En — En 8r^ n 	n 

The relative error on P (E-') is then given by 

co 

Z■, P ( ) 
	err (n) P 6„e, n 

  

= 0 

 

(77) 

    

   

op 
P 	 p 

 r=0 

Where A. En is the absolute error made upon calculating the n
th 

eigenvalue 

these expressions are calculated by introducing an arbitrary A a n  . Once a 

tolerable A. E
n 

is found, the eigenvalues are calculated to the corresponding 

required relative precision. From previous consideration (equ. 1.4) and from 

experience (see section 4) we know the eigenvalues always decrease to zero, 

the summations are therefore truncated when the eigenvalues are less than the 

absolute error found to be tolerable. 

err (n) (76) 
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4, 	APPLICATIONS 

4.1 INTRODUCTION 

In this section we examine the application of the theory in section 3 

using an eigen—value integral equation and a Fourier transform integral to find 

some first order probability density functions of monochromatic coherent speckle 

patterns scanned with finite apertures. Such speckle patterns are known to be 

stationary (DAINTY 1972 ) and the Gamma distribution is known to give a 

good description, (McKECHNIE 1974 ). Such speckle patterns will provide 

a good testing ground for the theory. 

We will examine four cases in all defined by the shapes of the diffusing 

pupil and scanning aperture, 

1) A slit (one dimensional) collecting pupil with a Lorentzian 

intensity transmittance profile and a slit scanning aperture with a rectangular 

intensity transmittance profile. 

2) A slit (one dimensional) collecting pupil with a rectangular 

intensity transmittance profile and a slit scanning aperture with a rectangular 

intensity transmittance profile. 

3) A Rectangular (two dimensional) collecting pupil with a rectangular 

intensity transmittance profile and a rectangular scanning aperture with a 

rectangular intensity transmittance profile. 

4) A Circular (two dimensional) collecting pupil with a "top hat" 

intensity transmittance profile and a circular scanning aperture with a "top hat" 

intensity transmittance profile. 
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These four cases are illustrated for more clarity in fig. 6. 

For most 	cases we give tables of the eigen-values, comparative 

plots of the exact distribution and approximate Gamma distribution found with 

the equivalent set of eigen-values defined by equ 3.2 (32), and also a plot 

of the integrated mean square difference between the exact and approximate 

distributions as a function of relative aperture (the relative aperture is proportional 

to the size of the collecting pupil times the size of the scanning aperture.) 

The first case is essentially to illustrate the differential equation approach 

to solving the Fredhoim integral equation. Mathematically it is quite simple 

and the mechanisms involved are quite clear. The second case is physically the 

simplest conceivable. The corresponding integral equation has been extensively 

studied in the literature. The eigen-values are found also by the equivalent 

differential equation approach, but the analysis is much more complicated and 

we use scaled versions of the eigenvalues tabulated by SLEPIAN and 

SONNENBLICK 1966 . The third case is a straightforward extension of the 

second. 

The fourth case is perhaps the most important as it deals with circular 

systems and these are by far the most significant in optics as most optical instru-

ments have circular apertures. The eigenvalues are found by the direct matrix 

approach. 

Finally we give the results of experimental measurements made for the 

fourth case and compare the experimentally obtained distribution with the 

approximate Gamma distribution and the exact distribution. 
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4.2 	1) 	A slit (one dimensional) collecting pupil with a lorentzian  

intensity transmittance profile and a slit scanning aperture with a rectangular 

transmittance profile. 

The collecting pupil P is a slit with a lorentzian intensity transmittance 

profile of half width U 	(see fig. 6 a ) and the scanning aperture is a slit 

of width A. Similar problems have been treated in communication theory in the 

noise context by SLEPIAN 1958 and in photon counting statistics by BEDARD 

1966 , BEDARD et al 1967 3P‘iS'AIALand MEHTA 1969 and MEHTA 1970 . 

The Autocorrelation function and the Fredholm integral equation. 

The kernel of the Fredholm integral equation which is the autocorrelation 

function of the scanned speckle pattern is found either directly from equ. 3.3. (60) 

or by making  use of the Wiener-Kintchine theorem (see .e .g. LAWSON and 

UHLEHBECK 1950 ) stating that autocorrelation functions and power spectra are 

Fourier pairs. The latter approach is perhaps the easiest and the one we are 

using. The constant in equ. 3.3. (59) is found from equ. 2.3 (27), this gives 

the amplitude power spectrum as 

where 
	

IP tu)1 
2_ 	

;s the lorentzian intensity transmittance function 

defined by 

(2) 
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The maximum transmittance is found for v = 0, and is A V U 
2 

where 

A q is a constant and U is a parameter characterizing the spread of the function. 

Taking the Fourier transform of TT1■1 1,S with ( P l0)( 	defined as in equ. (2) 

gives us the autocorrelation function as 

L3 I xil 

R ( x _ x') = (E1) e 
X 	

(3) 

The required eigenvalues that allow us to compute our probability density function 

are found by solving the integral equation, 

I 	x' I 
8 
	(1) 	x 	( E') e 	 4-)  n(x ) d x 	(4) 

X0 

(h) 
where (A) is the domain of definition of the slit scanning aperture, i.e. 

(A) = 	, 4. 	 We now proceed to show how to solve this integral 

equation by the equivalent differential equation approach. 

Solution of the integral equation. 

First let us scale equ. (4). The kernel is an even function and we 

therefore consider only half the integration domain (A). Let us introduce the 
•/ 

dimensionless variable X and X such that 

x = A n 	X iN% 
2x 

The scaled integral equation we now consider is 

--ciX X /1 
nn () n ( X ) = 	e. 	 ( X 1) d. x 

0 

which will be easier to manipulate. The quantities A are scaled versions of 

(5)  

(6)  
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the eigenvalues E n such that, 

6 	= C E') A r, 

From equ. (6), the 	A n) 	are seen to be dimensionless quantities. The 

parameter c defines a measure of the relative aperture and is the analogue 

of the space-bandwidth product in electronic communication theory, 

U A 
X 

(7)  

where X is the wavelength and D is the distance between the pupil P and 

the scanning aperture S as on fig. (1). 

Let us differentiate equ. (6) twice with respect to X and use the relations 

(7)  

ct  	X 11 
cLX 

and 

X — X') (9) 

( X 	X') = 2 S (X _X) 	 (lo) 
d X 
where 	E ( X ) is + q 	;1 X is positive and — 	x 

is negative. This quantity is not to be confused with the set of eigenvalues 

n 
	The quantity E (X) is the usual Dirac delta function. This gives 

us the differential equation 

ct CI) (X) 	+ co
t 

( 	= 
a NI  

2. 
where 	L.132  :-.-- (2 c / A) — C 

From equ. (11), the eigenfunctions must be of the form 

-1-H13X 	— it (-13 X 

	

(1) ( x ) :_l: G1 e 	+ C.2. e. 

(12)  

(13)  
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where C 1 and C 2 are two integration constants. Inserting equ. (12) and 

(13) in equ. (4) and evaluating the integral, we find that 

c (X — 1) + ; Co.) 

e [ 	cl e C2 e 

iw C... 	4- LA) 

- c X 
e 

This equation is verified 

+ 

C1 	e. 

C 1 	 c2  

(14)  

(15)  

(16)  

1W  1 	 — 	i 

if the terms in both brackets 

— 	Lk) 

C2 e 

are nil, 

0 

= 

— 	I 

C1 

t.A.) 

G2 
4- 

+ 	; 	tA.) C- ; 

By eliminating Ci and c 2 from these equations we find Lo is a set of 

solutions f W k  I given by the roots of the transcendental equation 

2 \G 	L.) / 
Sin co 	co g Co 

	
0 	(17) 

Figures (7) and (8) show graphic solutions of this equation. The eigenvalues are 

then found from equ. (12) and are given by, 

A 	= 	2. c 	 (18) 
2. 	2. 

Wk + 
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na. 7 GRAPHICAL SOLUTION OF THE TRANCENDENTAL EQUATION 

n 	cas c.).)-z: 0 	FoR 
2 

THE QUANTITIES colt  ARE FOUND AT THE INTERSECTION OF THE TWO 

CURVES OF EQUATIONS 

( co) 	C o s w a n d (LA 	( lzk! _ 	Virt 
1 2 	2 

THE LATTER OSCILLATES INSIDE7THE ENVELOPE 

f3C (-3-) 	= 	_ 

OF ASYMPTOTE 

c 

f ( u.3) 	.t. 
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FM 8 GRAPHICAL SOLUTION OF THE TRANSCENDENTAL EQUATION 

; ti, LA..) 	La) s LA.) = 0 	FoR c. = S.  S . 

THE QUANTITIES (A) t<  ARE FOUND AT THE INTERSECTION OF THE TWO 

CURVES OP EQUATIONS 

c-, (w) = cos w g r%ci f 2  cuo  = j 	s 

	

c, 	LA) 

THE LATTER OSCILLATES INSIDE TIE  ENVELOPE 

OF ASYMPTOTE 

I 
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It is seen from equ. (17) that the values of (A) 11  rapidly tend to the value LI TC 

with increasing k and an asymptotic expression of A ti  for large k 	will be 

/1k = 	2 C  

1 1 2. 
k TT. 	c 

(19) 

Numerical Results 

Table 1 shows these eigenvalues for various values of the relative aperture 

OMEGA is the value of (..t)k  found by solving equ. (17), EIGENVALUE is the 

value of A k  from equ. (18) and LIMIT-VALUE is the quantity found from equ. (19). 

For all c. is the eigenvalues are listed up that which is just less than the 

thousandth of the first eigenvalue. All the given eigenvalues are given with a 

relative precision of 1 p — 
6

These eigenvalues are all positive and decrease 

steadily to zero. They are non degenerate and obey the equation derived from 

Mercer's theorem for stationary kernels (equ. 3.2. (23). The FORTRAN 

program called LOEIVA used to compute these eigenvalues can be found in 

appendix B. Table 2 shows numerical values for some essential functions of c 

given in Column 1, column 2 gives the first eigenvalue, column 3 gives the 

index N at which the ratio A  N / A 0  is less than a thousandth is reached, 

column 4 gives the sum of the eigenvalues up to that index with the reminder 

that the sum of the whole infinite range as calculated from equ. 3.2 (15) and 

3.2 (23) is unity, column 5 gives the cut off index no  for the "equivalent set" 

of eigenvalues as defined by equ. 3.3. (32), column 6 gives the cut off index 

calculated with the first N eigenvalues from equs. 3.3 (36), 3.3. (37) and 

3.3 (58), finally colum 7 gives the integrated mean square difference between 

the exact distribution and the corresponding Gamma distribution with no  taken 

from column S. 
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LORENTZIAN EIGENVALUES. 

C = 0.4 

INDEX 	OMEGA 	EIGENVALUE 	LIMIT VALUE 
0 .865674E+00 .879709E+00 .500000E+01 
1 .337736E+01 .691647E-01 .797638E-01 
2 .640787E+01 .194077E-01 .201824E-01 
3 .950879E+01 .883226E-02 .899013E-02 
4 .126297E+02 .501039E-02 .506093E-02 
5 .157587E+02 .321936E-02 .324018E-o2 
6 .188919E+02 .224050E-02 .225057E-02 
7 .220275E+02 .164823E-02 .165386E-02 
8 .251645E+02 .126.300E-02 .126691E-02 
9 .283026E+02 .998506E-03 .100050E-02 
10 .314414E+02 .809127E-03 .810438E-03 

C = 0.7 
0 .111845E+01 .804171E+00 .285714E+01 
1 .353281E+01 .107935E+00 .135140E+00 
2 .649781E+01 .327780E-01 .350276E-01 
3 .957080E+01 .152025E-01 .156746E-01 
4 .126766E+02 .868561E-02 .883818E-o2 
5 .157965E+02 ..559958E-02 .566274E-02 
6 .189235E+02 .390420E-02 .393484E-02 
7 .220546E+02 .2875.36E-02 .289196E-02 
8 .251883E+02 .220493E-02 .221468E-02 
9 .283237E+02 .174406E-02 .175016E-02 
10 .314604E+02 .141379E-02 .141779E-o2 
11. .345980E+02 .116909E-02 .117183E-02 
12 .377362E+02 .982793E-03 .984727E-03 
13 .480749E+02 .838696E-03 .839100E-03 
14 .440141E+02 .722495E-03 .723539E-o3 

C .1.0 
0 .130694E+01 .738846E+00 .200000E+01 
1 .367318E+01 .138005E+00 .183999E+00 
2 .658462E+01 • 450885E-01 .494090E-01 
3 .963168E+01 .213289E-01 .222652E-01 
4 .127232E+02 .122789E-01 .125854E-01 
5 .158341E+02 .794537E-02 .807297E-02 

table 1 
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c = 1.0 (Co r,cdJ 

InDEX 01.JEGA EIGENVALUE LIMIT VALUE 

6 • 189549E+02 .555111E-02 .561316E-02 

7 o220816E+02 .409335E-02 • 412702E-02 
8 .252120E+02 • 314147E-02 • 316128E-02 

9 .283448E+02 .248623E-02 .249863E-02 
10 .314794E+02 .201G22E-02 .202431E-02 
11 • 346153E+02 .166776E-02 .,167333E-02 
12 .346153E+02 • 140231E-02 • 140625E-02 
13 .408896E+02 • 119549E-02 • 119835E-02 
14 • 440277E+02 .103123E-02 .103336E-02 

15 .471663E+02 .898611E-03 o900227E-03 
16· .503052E+02 • .790009B-03 • 79125BE-03 
17 .·534445E+02 .699958E-03 .700939E-03 

c == 7.0 
0 • 246454E+Ol • 254204E+OO • 285724E+OO 
1 .503591E+Ol .188272E+OO .23781~E+OO 

2 .775213E+Ol .128328E+OO • 158231E+OO 

3 .105927E+02 • 868460E-Ol ,,101577E+OO 

4 • 135218E+02 .6o3871E-Ol .6766~IE-Ol 

5 • 165100E+02 .435351E-01 .473389E-01 
6 • 195376E+02 • 325038E-Ol • 346273E-Ol 
7 .225921E+02 .250267E-Ol • 262856E-Ol 
8 .256653E+02 .197822E-01 .205684E-01 

9 .287520E+02 .159877E-Ol • 165009E-Ol 
10 • 318486E+02 .131661E-OI • 135140E-01 
11 • 349528E+02 • 110175E-Ol .112611E-Ol 
12 • 380629E+02 .934716E-02 • 952236E-02 
13 .,411775E+02 .802483E-02 .815393E-02 
14 .442958E+02 .696131E-02 .705843E-02 
15 .474170E+02 .609391E-02 .616832E-02 
16 .505407E+02 .537765E-02 .543559E-02 
17 .536665E+02 .477964E-02 • 482540E-02 
18 Cl567939E+02 ~.427540E-02 .431200E-02 

19 .599228E+02 • 384642E-02 • 387605E-02 
20 Cl630529E+02 .347~55E-02 • 350276E-02 

21 .661841E+02 • 316074E-02 • 318074E-02 

table 1 ( contel) 
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C = 7.0 (contd,.) 

INDEX 	OMEGA 	EIGENvALuE 	LIMIT VALUE 
22 .693163E+02 .288437E-02 .290102E-02 
23 .724492E+02 .264256E-02 .265654E-02 
24 .7558292+02 .242981E-02 .24416212-02 
25 .787172E+02 .224165E-02 .225171E-02 
26 .818520E+02 .207446E-02 .208307E-02 
27 •849873E+02 .192523E-02 .193265E,-02 
28 .881231E+02 .179150E-02 .179792E-02 
29 .912593E+02 .167119E-02 .167678E-02 
30 •943958E+02 .156258E-02 .15674611-02 
31 .975326'0+02 .146419E-02 .146848E-02 
32 .10067011+03 .137479E-02  .137857E-02 
33 .103807E+03 .129331E-02 .129666E-02 
34 .106945E+03 .121885E-02 .122183E-02 
35 .110083E+03 .115063E-02 .115328E-02 
36 .113221E+03 .108797E-02 .109034E-02 
37 .116359E+03 .103029E-02 .103241E-02 
38 .119498E+03 .977063E-03 .978972E-03 
39 , .122636E+03 .927851E-03 .929573E-03 
40 .125775E+03 .882261E-03 .883818E-03 
41 .128914E+03 .839945E-03 .841356E-03 
42 .132053E+03 .800597E-03 .801879E-03 
43 .13519211+03 .763948E-03 .765115E-03' 
44 .138331E+03 .729755R-03 .730820E-03 
45 .141471E+03 .697805E-03 .698779E-03 
46 .144610E+03 .6679i5E-03 .668798E-03 
47 .147750E+03 .639885E-03 .640704E-03 
48 .150889E+03 .613590E-03 .614343E-03 
49 .154029E+03 .588881E-03 .589575E-03 
50 .15716!)E+03 .565634E-03 .566274E-03 
51 .160308E+03 .543735E-03 .544327E-03 
52 .163448E+03 .523083E-03 .52363011-03 
53 .166580E+03 .503585E-03 .504092E-03 
54 .169728E+03 .485155E-03 .485626E-03 
55 .172869E+03 .467719E-03 .468156E-03 
56 .176009E+03 .451205E-03 .451612E-03 

tabl e 1 (contd.) 



C = 7.0 (coned) 

INDEX 	OMEGA 
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EIGENVALUE LIMIT VALUE 

57 .179149E+03 .435549E-03 .435929E-03 
58 .182289E+03 .420694E-03 .421048E-03 
59 .185429E-1-03 .406586E-03 .406916E-03 
60 .188570E+03 .393175E-03 .393484E-03 
61 .191710E+03 .380416E-03 .380706E-03 
62 .194851E+03 .3682682-03 .3685402-03 
63 .197991E-1-03 .356693E-03 .356947E-03 
64 .201132E+03 .3456542-03 .345893E-03 
65 .204272E+03 .335120E-03 .335345E-03 
66 .207413E+03 .3250602.-03 .3252712-03 
67 .2105532+03 .315446:E-03 .315645E-03 
68 .2136942+03 .306252E-03 .306439E-03 
69 .216834E+03 •297454-03 .297630E-03 
70 .219975E+03 .289029E-03 .289196E-03 
71 .223116E+03 .280957E-03 .2811152-03 
72 .226257E+03 .273219E-03 .273368E-03 
73 .229397E+03 .265795E-03 .265937E-03 
74 .232538E+03 .258670E-03 .2588047s-03 
75 .235679E+03 .2518282-03 •2519552-03 

table 1 (end ) 
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C X 
o 

N 
'NI 
E 	Xn  
n.z0 

1 

N 	2 
( I 	N 	) n.to 	n _ 

integrated 

mean 

sq. diff. 
no= - 

X
0 

n
0 N 	2 

E X
n  n=0 

.4 .8797 11 .9923 1.1368 1.1280 .000860 

.6 .8281 14 .9910 1.2076 1.1967 .001138 

.7 .8042 15 .9902 1.2435 1.2314 .001238 

.8 .7813 16. .9896 1.2799 1.3554 .001157 

.9 .7596 17 .9890  1.3165 1.3020 .001391 

1. .7388 18 .9885 1.3535 1.3379 .001451 

2.  .5747 28 .9853 1.7400 1.7145 .001764 

3.  .4649 38 .9838 2.1510 2.1162 .001900 

4.  .3876 47 .9826 2.5799 2.5349 .001988 

7. .2542 76 .9812 3.9339 3.8600 .002181 

SOME ESSENTIAL FUNCTIONS OF C THE RELATIVE APERTURE FOR 

LORENTZIAN ,EIGENVALUES, . X
0 
 IS THE CORRESPONDING FIRST 

LESS THAN 10-3.• THE SUITE X n 
	

INDICATES HOU WELL WE ARE IN 

X 0 
IS JUST 

n=0 
AGREEMENT WITH THE SUM PREDICTED BY THE USE OF MERCER'S THEO 

REM (WHICH IN THIS CASE IS UNITY), no  IS THE CUT-OFF INDEX OF 

THE "EQUIVALENT SET" • OF EIGENVALUES CALCULATED WITH THE USE OF 
(5-tlxn)2 

MERCER'S THEOREM'. THE SUM j  " 	IS ALSO EQUAL TO no L 

.. 2 

o  n 

(SEE TEXT) AND SHOWS THE VALUE OF THIS QUANTITY WHEN ONLY N 

EIGENVALUES ARE USED.= INTEGRATED MEANSQUARE DIFFERENCE IS 

PLOTTED ON FIG.14. 

X  EIGENVALUE, NIS THE INDEX FOR WHICH THE RATIO N  

table 2 
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Figure (9) shows a plot of nio\
■ 
 the cut off index of the eigenvalues for 

the "equivalent set" as defined in equ. 3.3. (32) versus the relative aperture 

C given by equ. (8). From the approximate Gamma distribution viewpoint n 

is the number of independent correlation cells within the relative aperture. 

This is seen to tend towards the value c 	. From equ. (17) when we let 

tend to infinity, we can write 

tan w 
2 w 	 (20) 

From fig (8) for c- = 5.1  we see the first solution for Lo is between It /2  

and It this will also be true for greater values of c. , the solution of equ. 

(20) in the domain (w) =[i. ,11] when c. tends to infinity is then t3.3 = TL 

Inserting this value in equ. (18) gives 

A c  
0 

t, 2  4 c2  

which in turn gives for the cut off index 

Y1 	= 	1 	c 	ci. 5 o 	 —fr 	 C' "-'"'"-liP' C"r)  
A 0 	2 

This justifies the asymptotic line in fig. (9). 

Figures (10) to (13) show comparative plots between the exact distribution 

as given by equ. 3.3. (35) and the approximate Gamma distribution as given by 

equ. 3.3. (54) with the same no  as plotted on fig. (9). These distributions 

are plotted for an average integrated intensity equal to 4. Figure (14) shows 

a plot of the integrated mean square difference between both distributions. For 

a point aperture ( c 	) both distributions are seen to be equivalent and tend 

to a negative exponential: for C = • 5 the integrated mean square difference 
3 

(21)  

(22)  

is about 1 0 	When c gets larger as far as we have calculated, the 
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2 
	

6 
	

10 

FIG. 9 

CUT-OFF INDEX OF THE LORENTZIAN EIGTIVALUES VS. CI THE RELATIVE 

AITRTUREI  no  .LSO DEFINES THE NUMBER OF INDEPENDENT CORRELATION 

THE SCANNING APERTURE CAN BE DEVIDED INTO. 
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FIG.10 COMPARATIVE PLOTS OF EXACT AND APPROXIMATE PROBABILITY 

DENSITIES FOR LORENTZIAN CASE, RELATIVE APERTURE C= 0.4, 

Ga = GAMMA DISTRIBUTION.. 

Ex= EXACT DISTRIBUTION, 

D = DIFFEREUCE. 
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FIG. 11 COMPARATIVE PLOTS OF EXACT AND APPROXIMATE PROBABILITY 

DENSITIES FOR LOREUTZIAN CASE RELATIVE APERTURE C. 0.7, 

Ga = GA_' A DISTRIBUTION, 

Ex = EXACT DISTRIBUTION, 

D = DIFFERENCE. 
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CY) 	(N.1 	v.-- 	0 	v- 	(Ni 

FIG., 12 COMPARATIVE PLOTS OF ,jaACT 	APPRdXIMATE I PROBABILITY 

DENSITIES FOR LORENTZIAN CASE, RELATIVE APERTURE C = 1.0 

Ga = GAT= DISTRIBUTION, 

Ex = EXACT DISTRIBUTION, 

D = DIFERRENCE. 
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Q w 

0 

FIG. 13 	COMPARATIVE PLOTS OF EXACT AND APPROXIMATE PROBABILITY 

DENSITIES FOR LORENTZIAN CASE? RELATIVE APERTURE C = 7.0, 

Ga = GAMA DISTRIBUTION, 

Ex = EXACT DISTRIBUTION, 

D = DIFFERENCE. 
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integrated mean square difference x103 

2 	4 	6 	8 	10 c 

FIG. 14 THE DIFFERENCE EETWEEN THE APPROXIMATE AND EXACT 

FORMULAE- FOR THE LORENTZIAN CASE IS CHARACTERISED 

BY THE GRAPH OF THE INTEGRATED MEAN SQUARE DIFFERENCE 

VERSUS THE RELATIVE APERTURE C. 
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-3 
integrated mean square difference levels off just above the value 2 x 10 

This could be due to the fact the lorentzian scattering spot is not bounded. 

2) 	A slit (one dimensional) collecting pupil with a rectangular 

intensity transmittance profile and a slit scanning aperture with a rectangular 

intensity transmittance profile. 

The collecting pupil P is a slit with a rectangular intensity transmittance 

profile of half width U and the scanning aperture is a unit intensity trans- 

mittance slit of width A. 	The advantage of slit geometry is that the problem 

can be treated one dimensionally. The autocorrelation function for this case is 

a &Inc, function. SLEPIAN and associated workers (SLEPIAN cind POLLAK 

1961 , LANDAU and POLLACK 1961 , LANDAU and POLLAK 1962 , LANDAU 

1966 and LANDAU 1967 have studied a scaled version of the corresponding 

integral equation and its properties by observing the equivalent differential 

equation was that of the prolate spheroidal wave functions studied previously 

notably by FLAMMER 1957 . 

The Autocorrelation Function and the Fredholm integral equation 

Again the amplitude autocorrelation function is found either directly 

from equ. 3.3. (60) or from the amplitude power spectrum by using the Wiener-

Kintchine theorem. 

The power spectrum is given by (see equ. (1) ) 

—Co 

P cud  <E) 

I P") I du 
	 (23) 

If P 
	

the pupil function is a binary function, that is with unit transmittance 



over all its transmitting portion and zero elsewhere such that, 

P(o) = rest 	v 	= 1 	if 	lot 	U 
2U 

and zero elsewhere 

(24)  

(This function is real positive and even). 

We observe that the squared modulus of this function is the function 

itself and we can therefore write 

P(o) <C) 
(25)  

+DO 

P (0) d u  

The Fourier transofrm of this equation gives 	the autocorrelation function 

sin (2 	- K')/ 	) 

U (x x` ) /X D 

where LJI 	and D are defined as on figs. (1) and (6 b), x and x.1  

are two points in hardware space. The eigenvalues and eigenfunctions we need 

are the solutions of the integral equation, 

R (x _ x') = <El) (26)  

6  n (x) 
<E1) Slh  (2.TCU (x - x') 	D 

2 	U - ><1 	D 
(x') d x 

2- 	 (27) 

Let us consider the scaled version of this equation as studied by Slepian and 

others mentioned above, 

-I-1 
A n CP et  LX) ...-7..- j 	

Sin (C. (x -x')) 
C1),,\  (xi) a. x 

-i TL x - x') 

where G defines the relative aperture (or space-bandwidth product) and is 

(28) 
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given by 

U A 
D 	 (29)  

We observe 	is closely related to the measure of relative apertures 

as defined by DAINTY 1972 . This definition (equ. 2.3 (31) ) can be inter-

preted as 

k 	scanning aperture diameter or width 	A 
Rayleigh resolution limit of pupil P 

(30) 

where 	denotes the Rayleigh resolution limit of the collecting pupil P. 

For the slit geometry under considerationSQ 	 is defined by the relation (see 

e.g. BORN and WOLF 1970 ), 

RP = 	D 
2 U 

Inserting this in equ. (27) gives Dainty's relative aperture in k units as 

k 
N D 

From this and equ. (26) we obtain the simple relation 

— 	c- 
(33) 

  

Henceforth we shall use c units rather than t< units to define relative 

aperture. 

As the integral equ. (28) is a scaled version of the integral equ. (27) the 

set of eigenvalues !LA pi  I will be a scaled version of the set 	En  . We 

know from previous arguments (equ. 3.3. (36) ) that the average integrated 

intensity is related to the eigenvalues through their sum. If the scaling constant 

C, = 

(31)  

(32)  



(36) 
c- 

T-1 
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between the 	nl and the A n1 is 0( 	such that 

(34) 

for all values of n , from equ. 3.3. (36) we can write 

< 	L 	 L A n 	 (35) 

Applying the first relation derived from Mercer's theorem expressed for stationary 

kernels (equ. 3.2. (23) ) to the integral equ. (28), we find 

E n n 

Inserting this relation in equ. (35) gives the scaling constant 

(37) 

Solution of the integral equation. 

The integral equation 

An 4'n (x1= j 	
(c(x—x1)) 

( x _ xt) 

is the first iterate of the integral equation 

c x!  (38) 

c.. x 

g n 	n U() 
	e. 	n x ) x 	 (39) 

where 	A 
n 	n 
	 (40) 

Slepicin (see e.g. SLEPIAN and POLLAK 1961 ) 'as shown the functions 	") 
are scaled versions of some of the angular prolate spheroidal equations, 

(see 	ou KW A M p 	`1.-4. 
	FLAMMER 1957 ). Here we draw 

freely from SLEPIAN and POLLAK 1961 . 
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When c is real, the differential equation 

7. 	7. (i_ 	)y _2 x 	( X 	c x x 	 = 0 
(41)  

has continuous solutions in the closed interval (x) 	[71 ,+ 1] 	only for 

some discrete real positive values X n  of the quantity X called eigenvalues. 

To each eigenvalue Xn  (wt. 0,1,2, ___ 	corresponds a unique solution 

5 o (c., x) (in Flammer's notation) such that 	S on n  (cio) 	Pr%  (0) 
n  

where P (x) is the 	Legendre polynomial of order zero. The 

functions 5 0 n (c, x) are called the angular prolate spheroidal wave functions. 

They are real for x real and continuous functions of c, , for c, 

They are orthonormal in [-A + 1 	and are square integrable in that interval. 

San  (c., x) has exactly n zeros in [--1 	1] and tends to p (x) 

uniformly in that interval as c —p 0 , and is even or odd if n 	is respectively 

even or odd. The eigenvalues X n  are continuous functions of c and for 

C=0 	X n(f.1) 	= n (n 

(1) 
A second set of solutions R o n(c.'x ) called the radial prolate 

spheroidal wave functions exist which differ only from the angular functions by 

a scaling constant, 

Son  (c, x) = X n 	) R on 
	, 

the scaling constant is defined by (FLAMMER 1957 ) 

n 
E_ cl (c) 

11. 	— 	• k=0 
ti 

Ct o (c) 	r - ) 

(42)  

(4 3) 
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for n even and 

X 11 

	

od 	n 

	

( 3 n+1)1 E 	(c) 
• k.1 

 

n 
2 di  (c) 

(44) 

for n odd, the prime denotes summation on even or odd terms accordingly. 

The differential equation (41) is observed to be closely related to the differential 

equation defining Legendre polynomials Ph  (ABRAMOWITZ and STEGUN 

n  1970 ) and the d k  are expansion coefficients of the functions Son  into 

these, 

S 	(C I  x 
0 11 k 	

(c) Pr, 4.11  (x) 
r.e.  

(44a) 

The radial functions 
	R 0 n (c-,x) are normalized such that 

Ron (cax) 
C 

1 	cos Ec_x. 	(n+c)  TT 

(45) 
S X -0. op 

From these angular and radial prolate spheroidal functions, the integral egos. 

(37) and (38) are written 

t").12 
2 e- 1-  R n  (c t  1)1 S on 
TC 

Sin (c(x- 'x')) 

Tt(X-xi) 
(c, x') d x /  

(46) 

and 

n (1)  
21 	R

on
(c 

i 
4 ) S

a n (cox) = 	S on( c.. .xt) 8 x/ 
-i 

and the corresponding eigenvalues A ,,, are seen to be given by, 

t() 
2. c ]

1  
A n(c) - 

	

[R on     (c , 1) 	t n-- 0 I  i , 7_ _ ___ 
TT, 

These eigenvalues are extensively tabulated by SLEPIAN and SONNENBLICK 

1966 and STUCKEY and LAYTON 1964 . 

(47)  

(48)  
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Other fundamental properties of the prolate spheroidal wave functions 

are that they are orthonormal both over finite [.-1,+'1J) and infinite intervals 

and they are their own Fourier transforms. They are therefore ideally suited for 

studying band-limited functions and their transforms. 

Prolate spheroidal wave functions have been applied to optics by a 

number of workers, des CLOIZEAUX and MEHTA, 1972, MEHTA and des  

CLOIZEAUX, 1972 , MEHTA and MEHTA 1973 in the photo-electron counting 

context, BARNES 1966 , FRIEDEN 1971 , RUSHFORTH and HARRIS 1968 

and TORALDO di FRANCIA 1969 a) and b) in the image restoration and super 

resolution context. 

Numerical .Results 

Figure (15) shows plots of the eigenvalues A 	as defined by equs. 

(38) and (48) for various values of c 	We see from these graphs that for 

smaller values of c (i.e. 	c typically less than q o . ) the eigenvalues 

are all different and the first order probability density is calculated from equ. 

3.3. (35). When C gets larger, the first eigenvalues are constantly equal to 

unity and the first order probability density function can therefore be calculated 

from equ. 3.3. (45). When c gets even larger the similarity of the envelope 

of the eigenvalues with a step function is clearly seen .  

By application of Mercer's theorem for stationary kernels expressed in 

equ. 3.2 (23) we can write 

00 
sirt (x—x'» 	E A n  c:), 
Tt (x — x() 	n 0 

(x') (x) (49) 
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FIG. 15 

PLOTS OF THE EIGENVALUES AND THEIR ENVELOPES 

GENERATED DY ESN. 4.2. (38) FOR TEE UNIT INTENSITY.  

TRANSMITTANCE SLIT DIFFUSING PUPIL FOR VARIOUS, VALUES 

OF THE RELATIVE AFERTURE C. 

EIGENVALUES, 

ENVELOPES, 
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where the asterisk denotes complex conjugate. By setting x equal to x 

and integrating over the interval 
	

+ 1 J as the eigenfunctions 

are orthonormal we find 

c 	E 
h=0 

The "equivalent set" of eigenvalues is given by (equ. 3.3. (32) ) 

Do 
n o 	= E n n 

K=0 

inserting this definition in equ. (50) gives 

0  
TT. A 0  

SLEPIAN 1965 finds a similar result for large values of c. and large values of 

n by use of asymptotic expansion of the formulae giving the eigenvalues. 

This result is 

no 
2c. 

 

Tt (53)  

This formula differs from ours in that it does not take account of A the first 

eigenvalue. Slepian's asymptotic exapnsions show that for c increasingly 

large, A 0  tends to unity, his asymptotic formula is (for c. large) 

3n 4-2_ \L7.77' c h+ J 
1 — h n  2- 

r 1 

.1-  6 n2 _ 2n 
+ 	4'. )1 

3 2. c (54)  

setting ti = O 	this equation gives 

A 0 	 c 
	c. 

(50)  

(51)  

(52)  

(55) 



1 _ o no 	
Cc A0 

= 	) 
6" 0 	

1  0 

E. 

P (E' ) 
(58) 

89 

which indeed tends to unity as c. tends to infinity and therefore shows that our 

result agrees with his. However our result derived by the use of Mercer's 

theorem is valid for all c and is therefore more general. 

We can check the validity of our result by observing that as c decreases 

	

to zero n 0  must tend to unity. 	Physically, this means that as our scanning 

aperture tends to a pinhole (and therefore so does our relative aperture as the 

size of the scattering spot is maintained fixed) we are left with one correlation 

cell. For fixed n and small c. SLEPIAN 1965 „ gives the asymptotic 

formula 

A 	= 	itn (ni 	2 I I-% 4- , 

1"/  L  (211)) (2n4-1)1 

[ 1 	

( 	n 	1 	c-2  

n _ 1 )1  ( I n + 31 
	( (-41] 	

(56) 

As c tends to zero, we see from this equation that we have 

A 	>> A  ago woo. 

and 

i\ _ 2.c. ...... o TT 

Inserting this value of A 0 in equ. (52.) gives = 
0 

(57) 

which is the required 

condition. 

With the knowled,ge of A 0  and n ,z)  we may write the approximate 

first order probability density function as in equ. 3.3. (54) 
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Where a is the scaling factor between the required set of eigenvalues 

and the computed set 
	A 	such that 

E h  = 0( A n 	 (59) 

the mean and variance found from equ. (58) are 

<E l) 
	

no  o< A 0 	 (60) 

and 
2. 	2 A  2. 

n 	\ 0— 
	 (61) 

From equ. (52) and (60) we find the scaling constant is 

<E:>TI  
E C 	

(62) 

which is the same as equ. (37) showing DC can be computed directly from the 

true set of eigenvalues or from the equivalent set of eigenvalues. 	Inserting 

the value of C. as defined in equ. (29) in equ. (61) gives 

<e>  

2 U A 
	 (63) 

Inserting this value in equ. (58) gives 
u Pat 

 

n 	0-1 e 	Di\ 0 
	 ) 	  

‹e'› 1 DA 	E ( n o ) 

 

P ( E.1) 

(64) 

When all the eigenvalues are different ( c. less than 10 ) the exact first order 

probability density function is given by equ. 3.3. (35), with the scaling factor 

given by equ. (63) which holds for any eigenvalue (equ. (37) ) we have 

u 
00 

p(zi )  = 2UA 4E.'> X D A t, 

(E)k D t-1:1-0 A 

with the partial fraction coefficiate 	given by 

G - n 	A  ri  
-rn 	1-1 

(65)  

(66)  
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When the relative aperture c tends to zero, as shown above from Slepian's 

asymptotic formula we have A0 >-> N >7 A 2 --- 

Neglecting the terms containing eigenvalues smaller than A 	the probability 

density function is written (expressed with 	rather than U1  Pt, X and 10 

for convenience) 	
2c E-1  

C. 
	TL<F....'>. At, 

.-._ 2 c E' 

1- 	 e 

	

) 	(67) 
A i 	1 	 St <V> N 

	

AI  -.. A0 	t\ i 

And now neglecting A „i  before 	A p  and inserting the value of A 0 

given by equ. (57) give 

P ( E') 	e 
<E'? 

proving the exact distribution tends to a negative exponential when the relative 

aperture tends to zero (i.e. the 	 is fixed and the 

scanning aperture tends to a point). 

For c greater than 10 when several of the eigenvalues are equal 

to the first, A 0  up to the index n and different for n > no  the exact first 

order probability density function is given by equ. 3.3. (45) with the scaling 

factor in equ. (63) we have 
2 U Pc  n + 

P ( 	2. kJ Ps 	 (E.'> A. 0 Ao 

\<E'› A. 0 AD) 

at, 	 „,„ 	2.k.) P■ 	1 	1 
L KE'>71124 	no 	nr, 

r, 	n= 0 	
n 	k 4- A 	(69) 

with the partial fraction coefficiants Grt  given by 

G - t 	A n 	 (70) 
m # n 

no A - n0 

pkEt) = 2 c 	( nD  
rC<C> n0 — /VI 	p  

E' 
< E .> 

(68) 
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Table 3 shows some of the eigenvalues 	. 	The ones for small c. 

are calculated from equ. (56), the others are reproduced from SLEPIAN and 

SONNENBLICK 1966 . 

Table 4 shows some numerical values for some essential functions of C. 

Figures (16) to (28) show comparative plots of the exact and approximate 

distributions as given by equs. 3.3 (35) and 3.3 (54). They are plotted for an 

average integrated intensity equal to 4. Figure (29) shows a plot of the integrated 

mean square difference as a function of the relative aperture c . This difference, 

calculated numerically, reaches a peak around c = 2 . and the value of this 
— tt  

peak is about 6x1 0 	giving a mean absolute difference (the square root of 
-2. 

the integrated mean square difference) of about 2.5,10 . 	For c = 8, the 

integrated mean square difference is less than 10 giving an absolute difference 
_7. 

of less than 1 0 	. These results show that for values of c around 2. it is 

perhaps more advisable to use the exact distribution but for values of c less than 

1.or more than 8. the gamma distribution is quite suitable. Figure (30) shows a 

plot of n 	(the cut off index of the eigenvalues and also the number of 

independent correlations cells contained in the relative aperture) as a function 

of C , as shown earlier n tends to unity as c decreases to zero and asymp- 

totically towards the value 9-c. as c gets larger (some of the results given here are 
TC 

stated in SCRIBOT 1974 ). 



93 

PROLATE nuildiOIDAL EIGENVALUES • 

C = 3.0 

0 	.975829E+00 

1 	.709963E+00 
2 	.205139E+0o 

3 	.182038E-01 

4 	.708147E-03 

table 3 

INDEX 

C.= 4.0 

0 

EIGENVALUE 

.995885E+00 
1 .912107E+00 
2 .519055E+00 

3 ,110211E+00 

4. .882783E-02 

5 .381292E-03 

c = 5.0 

0 .999352E+0o 

1 .979865E+00 

2 .799922E+00 

3 .3435t2E+00 

4 .560156E-01 

5 .418209E-02 

6 .193308E-03 

. 6,0 

0 .999902E+00 

1 .996062E+0o 

2 .940173E+0o 

3 .646792E+oo 

4:  .207349E+0o.  

5 273872E-01 

6 .195500E-02 

7 .948488E-04 

c = 7.0 

0 .999985E+00 

1 .999292E+00 

2 .985708E+0o 

3 .864566E+00 

4 .477053E+00 

5 .115729E+00 

6 .130560E-01 

7 .906573E-03 

8 .4562392_04 

INDEX 	EIGENVALUE 

C .0.1 
0 	.635913E-01 

1 	.706588E-04 

2 	.125738E-07 

C .0.5 
0 	.309590E-F00 

1 	.858063E-02 

2 	.391863E.04 

C .0.8 

0 	.474337E+00 

1 	.335393E-01 
2 	.409086E-03 

C .1.0 
0 

1 
2 

3 

.572582E+00 

.627913E-01 

..123748E-02 

.920098E-05 

C .2.0 

0 

1 

2 

3 

4 

.880560E+00 

.355641E+00 

.358671 E-01 

.115223E-02 

.188815E-04 
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PROLATE SPHEROIDAL EIGENVALUES (SUIT-23) 

INDEX 	EIGENVALUE 

C = 8.0 

	

0 	.999998E+00 

	

1 	.9998792+00 

	

2 	.997005E+00 

	

3 	.960546E+00 

	

4 	.747903E+00 

	

5 	.320277E+00 

	

6 	.607844-01 

	

7 	.6126292-02 

	

8 	.418252E-03 

9 

C 9.0 

	

0 	1.000000E+00 

	

1 	.999980E+00 

	

2 	.999419E+00 

	

3 	.990396E+00 

	

4 	.910133E+00 

	

5, 	.599096E+00 

6 	.196940E+00 

7 	.305651E-01 
8 	.284661E-02 

9 	.192308E-03 

tctb(e 3 (end) 
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C X 0 N 
2C N 

 x n n=0 

2C 
irlegrated 
mean  
sq,diff, n lb =  IT X0  

.1 .6359E-01 3 .6366E-01 .6366E-01 1.0011 .000000 

.5 .3095E+00 3 .3183E+00 .3182E+00 1.0282 .000077 

.8 .4743E+00 3 .5093E+00 .5083E+00 1.0737 .000289 

1. .5725E+00 4 .6366E+00 .6366E+00 1.1118 .000405 

2. .8805E+00 5 1.273E+00 1.273E+00 1.4459 .000508 

3„9758E+00 5 1.910E+00 . • 1.9572 .000317 

4. 79958E+00 6 2.547E+00 = 2.5570 .000191 

5. .9993E+00 7 3.183E+00 = 3.1852 .000126 

6. .9990E+00 3 3.8201400 = 3.8235 .000089 

7. .99992400 9 4.456E+00 = 4.4564 .000068 

8. .9999E+00  10 5.093113+00 = 5.0930 .000054 

9. .1.000E+00 11 5.730E+00 .  5.7296 .000043 

table 4 

SOME ESSENTIAL FUNCTIONS OF OTIM RELATIVE APERTURE FOR PRO-

LATE SP1IROIDAL EIGENVALUES,X0  IS THE CORRESPONDING FIRST EIGEN 

VALUE, N IS THE INDEX FOR WHICH. THE RATIO XN
0 
 IS JUST LESS 

THAN 10- 3 	• 20/TC 	IS THE SUM OF THE EIGENVALUES ACCORDING 

TO THE MERCER THEOREM, Xn 	INDICATES HOW WELL THE TRUE SUM 
no 

OF THE EIGENVALUES AGREES WITH MERCER'S THEOREM, n0  IS THE CUT 

OFF INDEX OF THE "EQUIVALENT SET"'_OF EIGEBVALUES, THE INTEGRATED 

MEAN SQUARE DIFFERENCE IS PLOTTED ON FIG. 29. 
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FIG.. 16 CO:.IPARATIVE'PLOT FOR UNIT INTENSITY TRANSMITTANCE SLIT CASE 

OF EXACT AND APPROXIMATE PROBABILITY DENSITIES FOR RELATIVE 

APERTURE C = 0.1 , FOR THIS VALUE, BOTH CURVES ARE IDENTICAL.. 
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FIG.. 17 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSMITTANCE SLIT CASE OF 

EXACT AND APPROXIMATE PROBABILITY DENSITIES FOR A RELATIVE APERTURE 

C = 0.5 . Ga = GAMMA DISTRIBUTION, Ex = EXACT DISTRIBUTION, 

D = DIIVERENCE. 
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FIG. 18 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSMITTANCE SLIT CASE OF 

EXACT AND APPROXIMATE PROBABILITY DENSITIES FOR A RELATIVE APERTURE 

C = 0.8 . Ga = GAMMA DISTRIBUTION, Ex = EXACT DISTRIBUTION, 

D = DIFFERENCE. 
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FIG. 19 COMPARATIVE PLOTS FOR UNITINTENSITY TRANSMITTANCE SLIT CASE OF 

EXACT AND APPROXI1,LATE PROBABILITY DENSITIES FOR A RELATIVE AFERTLEE 

C = 1.0 . Ga = GAI.:11.A DISTRIBUTION, Ex =EXACT DISTRIBUTION, 

D = DIFFERENCE. 
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FIG. 20 COMPARATIVE PLOTS Foa UNIT INTENSITY TRANSMITTANCE SLIT CASE OF 

EXACT AND APPROXIMATE PROBABILITY DENSITIES FOR A.RELATIVE APERTURE 

C = 1.5 . Ga = GAMMA DISTRIBUTION, Ex-  = EXACT DISTRIBUTION, 

D = DIFFERENCE. 
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Cr) 
• • 0 

FIG, 21 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSMITTANCE SLIT CASE OF 

EXACT AND APPROXIMATE PROBABILITY DENSITIES. FOR A RELATIVE APERTURE 

C = 2.0 . Ga = GAMMA DISTRIBUTION, Ex = EXACT DISTRIBUTIM, 

D = DIFFERENCE. 
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FIG. 22 COMPJLRATIVE PLOTS FOR UNIT INT=SITY TRANSMITTANCE SLIT CASE OF 

EXACT AND APPROXIMATE PROBABILITY DENSITIES FOR A RELATIVE APERTURE 

C = 3 .Ga = GAMia DISTLZIDUTION, Ex = EXACT DISTRIBUTION, 

D = DIFFERENCE. 
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FIG. 23 COMPARATIVE PLOTS FOR UNIT IITTENSITY TRANSMITTANCE SLIT CASE OF 

EXACT AND APPROXIEATC PROBABILITY DENSITIES FOR A RELATIVE APERTURE 

C = 4 . Ga = GATTA DISTRIBUTION, Ex = EXACT DISTRIBUTION, 

D = DIFFERENCE. 
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FIG. 24 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSMITTANCE SLIT CASE 

OF EXACT AND APPROXIMATE PROBABILITY DENSITIES FOR A RELATIVE' 

APERTURE C = 5 . Ga = GAMMA DISTRIBUTION, Ex = EXACT DISTRIBUTION, 

D = DIFFERENCE. 
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FIG. 25 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSMITTANCE SLIT CASE OF 

EXACT AND ARFROXIMATE PROBABILITY DENSITIES FOR A RELATIVE APERTURE 

C = 6 . Ga = GAMMA DISTRIBUTION, Ex = EXACT DISTRIBUTION, 

D = DIFFERENCE. 
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• 	• 

FIG. 26 COMPARATIVE PLOTS FOR UNIT INTMITY TRANSMITTANCE SLIT CASE OF 

EXACT AND APPROXIMATE PROBABILITY DENSITIES FOR A RELATIVE 

APERTURE C = 7 .Ga = GATT IA DISTRIBUTION, Ex = EXACT DITRI13  

D = DIFFERENCE. 
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FIG. 27 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSMITTANCE SLIT CASE OF 

EXACT AND APPROXIMATE PROBABILITY DENSITIES FOR A RELATIVE APERTURE 

C:. 8 • Ga = GI=DISTRIBUTION, Ex = EXACT DISTRIDUTTON, 

D = DIFFERENCE. 
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FIG. 28 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSMIT=CE SLIT CASE OF 

EXACT AND APPROXIMATE PROBABILITY DT'iNSITIF,'S FOR A RELATIVE APERTURE 

C = 9 . Ga = GAMMA DISTRIBUTION, Ex = E:iTACT DISTRIBUTION, 

D = DIFFERENCE. 
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integrated mean square difference x103 

6 

2 4 6 
	

10 C  

5 

2 

FIG. 29 THE DIFFERENCE BETWEEN THE APPROXIMATE AND EXACT DISTRIBU 

TION FOR SLIT APERTURES WITH UNIT INTENSITY TRANSMITTANCES 

IS CHARACTETISED BY THE GRAPH OF THE INTEGRATED MEAN SQUARE 

DIFFERENCE VERSUS THE RELATIVE APERTURE C. 
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FIG. 30 CUT-OFF INDEX OF THE UNIT INTENSITY TRANSMITTANCE SLIT 

APERTURES EIGENVALUES ( PROLATE SPHEROIDAL EIGENVALUES) VERSUS 

C THE RELATIVE APERTUREr  no  ALSO DEFINES THE NUMBER OF INDEPENDENT' 

AUTOCORRELATION CELLS THE SCANNING APERTURE CAN BE DEVIDED INTO. 
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3) 	A Rectangular (two dimensional) collecting pupil with a rectangular 

intensity transmittance profile and a rectangular scanning aperture with a rectan- 

gular intensity transmittance profile. 	(see fig. 6 c ) 

This case is a generalization of the preceding one. Wa make the 

standard assumption that in rectangular geometry functions of two variables are 

separable, this in hardware space and Fourier space. Let (x,y ) denote a point 

in hardware space of coordinates x and y and let f (•) be any function in 

hardware space. Similarly let F (•) be any function in Fourier space and 

( u,v ) a point of coordinates u and v in Fourier space. Our assumption 

is then formulated by 

(x , Y) --= f1 (x) f.2 	 (71) 

F 	\I) 
	

F i  ( 	( v) 
	

(72) 

It is this assumption that makes this case a straightforward generalization from 

the preceeding case and we therefore give it a short treatment. The formulae 

are adapted with obvious notations from the above case and the corresponding; 

equations are indicated in the first brackets after each new equation. 

The collecting pupil P is now a rectangle 2 U x 2:\"/ defined by the 

function, 

P (Li v) 	P1 (u) 
	

r c. t v 	t-ect V 	
(24) 	(73) 

1 ;f lvj‘ U oncl 

= 0 othe rwise 

and the scanning aperture is a rectangle of size A x B. The relative aperture 

is defined by 

C TLUA TEVB 	art UVA6  = 	C1 —   
D A. 	 Az  DI  

(29) 	(74) 



+06 I* 

f 	(Q) d  I 	(v)a 
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The amplitude power spectrum of the scanned speckle pattern is, 

TT 	P, (u) 	cy < > 
IV), S (25) (75) 

The amplitude autocorrelation function is found from the Fourier transform of 

this equation and is , 

	

R (x - ytcy_y 1 ) = 	 R 2. 	-  

< 
s;k, (inu (x_e)/A. D  

= C> 

x 

The integral equation leading to the required eigenvalues is given by, 

4- B 

E a  E 	(1) n  (x) (1),,,,y = SR ( t _xf ) (1)., &) cl K IR,(
_.j1 ) (13,,,  k.,f) c1/1  n m 	 i x 	Y 	- A 	 - B 	 (27) (77) 

1 2. 

Where the quantities E, and E m 	are the eigenvalues corresponding 

to each integral and are scaled versions of the eigenvalues A n  given in 

equs. (28) and (48). As we are interested only in the eigenvalues to evaluate 

the first order probability density functions we perform a re-indexing which 

TC U x x ) X D 
s in  (e2_7. 
2 II 	_ / X. 0 

(26) (76) 

allows us to express our formulae more simply. 

E 
y 

where to each index ti and to each index rn 

Let the set 	Y 	be sorted in decreasing 

This is defined by 

(78) 

we associate a single index k . 

order such that 

Vo>, V1r( 2- 
the corresponding eigenfunctions will be 

'Pot, 	x i Y1 	= 	cl)v, (xl 	m 
	 (79) 



+ 1 ]  

gives 

(SO) (81) 

and 

2  c1  G1 
	2 C 

Integration of this equation over the intervals (x) = 

on 

-r 
k= 0 

inserting  this equation in equ. (80) gives 

no  =__ 

 0 yo (6-1) (81) 
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From Mercer's theorem we can write 

sin (c1 (x-K)) 	.5;r1 	- y))  = : 
	k 

TT, 
 (x _K') TL k y - 

ii(xV) qt<(xY) 
(49) (80) 

the "equivalent set" of eigenvalues defined by equ 3.3 (32) gives 

2  c. 1  c..1. 

n2 
0 	

(52) (82) 
le  

with similar asymptotic conditions as in the slit case. The first order probability 

density functions will be given by, 

For the approximate Gamma distribution - 

no 	
0  

n - 1 	2.UWAE.  
p(c) -(9_,IiViike)  ) E ' 	a 	X-2-  DI <C>lto 

<E') kt  15170 	 r ( no ) 

- For the exact distribution with all eigenvalues different from.  each other 

2,UNA/AB 

p E ‘ 	2UWAB E 
oo 
 6k e-  (E'> 61. 1(k 
 

<C> Al- D 	k = 'YR  

with the partial fraction coefficients given by 

G k 	
k -11( 
	 (66) (85) 

- For the exact distribution with no  eigenvalues eq  volt° the first and the 

others different from the first. 

(64) (83) 

(65) (84) 



XI D2* 
the cut off index of the "equivalent set" of eigenvalues or also the number of 

when U = V and A = B then we have 
2. 	2 

C. 
2 
1 	

TT, 1..1 
(88) 
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n0+1 

(

9_,UWAB 

<E5 X2- DI; 

no 
E 	e 

1 U A V/ El 

P ( El) 
< '> x2 6-17-1-0 

 

DoI- 	u vitt  
Gk 	1 <E'?  

( n + p 	1 

!E]  
k= 

 

(69) (86) 

with the partial fraction coefficients Gk given by 

G k 

 

 

# k  t > 	
(10Y (87) 

One special case is of interest; when we are dealing with square apertures, i.e. 

independent correlation cells is given by 

ri 4. c; 

	

11. 	 (89) 
TO" yol 

As the two sets of eigenvalues corresponding respectively to each perpendicular 

dimension are identical, some of the 1'k 's in equ. (77) are two-fold degenerate 

and none of the exact first order probability density formula given so far applies. 

This two-fold degeneracy introduces a computing difficulty which may be overcome 

as follows: 

Consider the sequence of eigenvalues for square apertures obtained for c1 c- = 2. - 

• 71 533 E 00 

. 31316 	E. + 00 

	

T 2 	

• 

31316 E +00 
	de3ene racy 

	

13 
	12.61-t& E 00 



2. 
2 U P\  

< 	D 

ob 
G``  

0 1--k 
e 
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where "Yi and y show two-fold degeneracy. These eigenvalues are given 

—S. 
with a relative precision of 10 	From experience we know we do not need 

such a precision to calculate our probability densities and that generally a 

relative precision of 10 
3

on the eigenvalues is sufficient. Without incon-

venience we can therefore add a 6th decimal to our eigenvalues that can be 

easily handled by the computer and has the effect of lifting the degeneracy. 

For example our eigenvalues can be written for this case 

To - 11532 0 E4-00 

11 .31 3 1 6 1 E 0 0 

. 3 1 3 1 6 0 E +00 

2 6 It S3. 0 E +00 

The exact first order probability density function is now given for this case by 
LiziN2-  — 

P ( E ' ) 
(90) 

For rectangular and square apertures we limit our results to four cases with 

Cit.= 2 fixed and C respectively equal to 1, 2, 4 and 8. These cases are 

illustrated in figs. (31) to (34). Figure (35) is a plot of the integrated mean 

square difference as a function of c , fig. (36) shows a plot of the cut off index 

in equ. (82) as a function of c, = c 1 x C. 	We do not give tables of eigen- 

values as these are easily calculated from the slit eigenvalues. 

‹Ei> e oa lek 
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FIG. 31 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSMITTANCE 

RECTANGULAR APERTURES OF EXACT AND APPROXIMATE PROBABILITY 

DENSITIES FOR ARELATIVE APERTURE C =1x2 =2. Ga = GAMMA. DISTRI-

BUTTON, Ex = EXACT DISTRIBUTION, D M DIFFERENCE. 



• • 

FIG. 32 COMPARATIVE PLOTS FOR UNIT INTENSITY TRASMITTANCE 

RECTANGULAR APERTURES OF EXACT AND APPROXIMATE PROBABILITY DEN-

SITIES FOR A RELATIVE APERTURE C = 2x2 = 4. Ga =GAMMA DISTRIBUTION, 

Ex = EXACT DISTRIBUTION, D = DIP:0E11E110E. 

N V-̂  • O 
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FIG. 33 COMPARATIVIJ PLOTS FOR UNIT INTENSITY TRANSMITTANCE 

RECTANGULAR APERTURES OF EXACT AND APPROXIMATE PROBABILITY 

DENSITIES FOR A RELATIVE APERTURE C = 3x2 = 6. Ga = GAMMA DISTRI-

BUTION, Ex . EXACT DISTRIBUTION, D. DIFFERENCE. 
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FIG. 34 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSIUTTANCE 

RECTANGULAR APERTURES OF EXACT AND APPROXIMATE PROBABILITY 

DENSITIES FOR A RELATIVE APERYURE C = 4x2 = 8.Ga = GAMMA DISTRI-

BUTION Ex = EXACT DISTRIBUTION, D = DIFFERENCE. 
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integrated mean square difference x103 

FIG. 35 THE DIFFERENCE BETWEEN THE APPROXIMATE AND EXACT DISTRIBU, 

TION FOR UNIT TRANSMITTANCE RECTANGULAR APERTURES IS CHARACTERIZED 

BY THE GRAPH OF THE INTEGRATED MEAN SQUARE DIFFERENCE VERSUS THE 

RELARIVE APERTURE C. HERE WE HAVE C = C lxC 2 (STITI TEXT) WITH 

Cl. CONSTANT AND SET TO 
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0 2 
	

6 8 10 C 
FIG. 36 CUT-OFF INDEX OF T1 UNIT INTENSITY TPLANSITTA:CE 

RECTANGULAR APERTURES VERSUS C - TRE RELATIVE APERTUREi 11-0  ALSO 

DEFINES THE NUMBER OF INDEPENDENT AUTOCORRELATION. CELLS THE 

SCANNING APERTURE CAN BE DEVIDED INTO. 
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4) 	A Circular (two dimensional) collecting pupil with a "top hat" 

intensity transmittance profile and a circular scanning aperture with a "top 

hat" intensity transmittance profile. 

This is perhaps the most important case to be considered as practically all 

optical instruments contain circular geometry. The collecting pupil and the 

scanning aperture are both circular holes in opaque screens and have unit 

intensity transmittance over their transmitting portions, see fig. 6 d. The radius 

of the collecting pupil is U and the radius of the scanning aperture is Z/2. 

The eigenvalues obtained for circular geometry will yield the correct statistics 

to naturally occuring speckle patterns viewed through conventional instruments. 

For this case we find the eigenvalues by matrix diagonalisation as 

mentioned in section 3. 

Autocorrelation function and integral equation. 

The amplitude autocorrelation function is found as for the other cases by 

taking the Fouri r transform of the amplitude power spectrum, although we now 

use two dimensional polar coordinates, (u,o( ) for the Fou ier space and ( r , 9 ) 

for the hardware space. With polar coordinates, the amplitude power spectrum 

2 
IP(u,a) 	<C>  
op 1- it 	 2. 
J 

 
I 	P(U ( D)I clU doc 	 (91) 

o o 
where P u, 00is the pupil function of unit intensity transmittance defined by 

P(vic0 	1 	if 	o <%.) 
and 
	

04 0(41Tt. 

P (u, 	= 0 	otherwise 	 (92) 
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This function is real positive with circular symetry. As for the slit and rectangular 

cases its squared modulus is equal to itself and the amplitude power spectrum can 

therefore be written 

P 	, ) < > 
o 7- Tt 

J J P(u,De) uctQa.ok 
o 0 

Because the pupil function has circular symmetry, the Fourier transofrm and Hankel 

transform of the amplitude power spectrum are identical (BRACEWELL 1965 ). 

This transformation dives us the required autocorrelation function 

U 

R (P) 

   

yo 	44.0  
N 	(94) 

al LTC 

S f Pura } udocia 

Where Jo  k 

o 0  

) is the zero order Besse, function (ABRAMOWITZ & STEGUN 

1970 ) and the quantity r  defines the distance between two points in hardware 

space expressed in polar coordinates (r, B ) and ( r, e 

r2. 
4 r 	2. rrico& Le- 9') 	

(95)  

With the well known recurrence relation (BORN and WOLF 1970 

d 

	

	
n i-1 1. n+1 --f- 

n +1 (r)1 = r 
I 

T r 	J 	 , ( C ) 	(96) a 
the expression in equ (94) becomes 

i  2_  Tr. U r 
R (r) — 2 7  1 \ N.° 	i  {E,> 

1 rt li r 	 (97) 
N D 

where 31(.)  is the first order Besse! function. 	The eigenvalues leading  to 

the exact first order probability density functions are given by the integral 

equation, 

, S 
(93)  

Z /2.‘  2:ft 	( 	rt u 
KE'l I 211  k A- D 	) 

0 0 	1-1:  

D 

cl) 
I ( 

r rr 6rI  d 
(98) 
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Solution of the integral equation. 

Let us consider a scaled version of the above integral equation that yields 

scaled versions of the required eigenvalues but that is more practical to handle, 

#1 tit 
A ((r,  e) = j  2  11  (c  r ) 	s') r d r i  a el 

0 0 c  P (99)  

Where c defines as in the previous slit and rectangle cases the relative 

aperture (or space-handwidth product), 

_ 2_ U (100)  
0 

In equ (99) the variables r r j 0 and 0  are now dimensionless. 

Up to now there does not seem to exist any differential equation approach 

to the solution of integral equations of the type in equ. (99). A related integral 

equation defining Generalized prolate spheroidal wave Functions invented by 

SLEPIAN 1964 and HEURTLEY 1964 and HEURTLEY and STREIFER 1965 , 

nn 
	rt (r) = T, 	r') r n  vi) a  

 

rt2r ,  r (101) 

was considered by the author in early investigations. This equation is claimed 

by SLEPIAN 1964 to be the two dimensional analogue in circular coordinates 

of the integral equation used for slits defining ordinary prolate spheroidal wave 

functions (see equ. (37) ). However the integral equ. (101) has two disadvantages. 

First, it only deals with the radial coordinates of the two points (r, 0 ) and 

( r (, et ) under consideration, secondly, it does not obey the first equation 

(equ. 3.2 (15) ) derived from Mercer's theorem, i.e. the integrated kernel with 

r = r is not equal to the sum of the eigenvalues and is less than this sum by a 

changing factor, 
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7. 
c r 

00 

r < 	N 
in :7 0 0 	2 Tt r 

(102) 

These are the reasons that lead us to find the eigenvalues of equ. (99) by the 

technique of matrix diagonalization mentioned in section 3. 

Let us formulate the integral in equ. (99) as the limit of an infinite sum 

of terms, to r 	we associate the quantity nil and to 9 	we associate 

the quantity tt 

(r  

N 
1; 	E_ 2 	(rtn, e, }) 

vt. 0  COz 
C r (rint 	Ix) 

K —4.00 

where 

CI) (11,k) = et> (nh, ka) 

and 

( r., n e,k = 	 rt + 	2rrth cos 	kg) 

The quantities fq,h,K 	and a 	verify the boundary relations,  

N = 	0 n d K a = 2 TT 

or similarly 

0 	n 	N ==. 1 and  0 4 1.< a 	22 Tt 

(104)  

(105)  

(106)  

(106a) 

The eigenvalue A is independent of the parameters r and 0 , therefore 

these can be chosen, 

r= rn k 	a rid 	8= L a. 	 (107) 

k) n 

(103) 

with 

0 4 rrt 	N 	avid 	0 4 4 	 (107a) 



126 

In view of this, equ. (103) becomes, 

oo oo 
E 

 
h 	 . 2  3-4 (c  1"1 II'  (1)(rn , L) =_- L;rf, 

N —b 00  " ° 	C m 11  k 

k) 	01, Li)  

(108)  

with 

1. 	1 	2- 	co s 	-k ) 

	

k = 	+ n _  
(109)  

	

The quantities n, 	and a define in fact a mesh over which to perform 

summation, 1 and ci are the radial and angular increments and represent the 

lattice parameters of the mesh and n and k are the indices corresponding to 

the nodal points of the mesh. Let us choose this mesh such that each nodal point 

corresponds to a constant differential surface element expressed in polar 

coordinates, 

	

r dr de = c3L 	 (110) 

with the definities in equ. (106a) this becomes 

n 62.  d 	GS 4. 

For n = 1 , let us choose the angular increment a = rc/2., for a constant 

radial increment we then have the relation, 

1 1-  nil a = ‘-1 11 	sivin 	ci ::- rt 

2 	 2n 
From the boundary relation for K expressed in equ. (106) we find 

(112) 

1-< rt 	= 2 TT.. 	z ■ 5 	K =  4 n 	 (113) 
2 n 

This lattice is illustrated in fig. (37). So defined the angular quantities k and 

a depend on the radial index n and the boundary conditions are now written 

n ct 1 	n 	N 	 (114) 

In view of these considerations equ. (108) becomes 

00 	It .11 
A AT  (ryt t l.)= 	E 	.3- 4 ( c  

N 4.°0 	 1,) 

44) k 	-it  (115) 
2 
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FIG.37 

I=71=1.07T T7SH FOR CIRCUTZIR :,1-72TORES 2,3 DEFINED BY EU. 4.2 (111) 

TII :JJANTITIES 	RESPECTIVELY, TL 

IT:CTLEHT, THE RADIAL INDEX LI:D 	ANGUL4R Ii:TEGRATION INCREEEKT. 



1 4 n 4 N and 	1 ,.4k ‘ 4 n 
1. 1 
1 2 
1 3 
1 4 
2 1 
2 2 
2 3 

i 
2 8 

11.1 4 N 

to corresponds j 
1 
2 
3 
4 
5 
6 
7 

12 

2(N + N) 
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with 	1 	Lh m 	and i‘ m 4 1\1 	 (116) 

Written in this form equ. (115) would yield the eigenvalues A by diagonali-

zation of the four-dimensional matrix, 

M (rn, h i ll  k) 	f 	TT 	2 7.1  (ce(b,",1-1,L, )) 

L 
 

2 	c r ( 	L,k)  
(117) 

This is not practical and uselessly difficult. Each pair of indices (n, k ) represents 

a single point of the mesh to which a single index can be associated provided 

some sort of order is used. Therefore to each pair (n, k) we associate the single 

number (j ) and to each pair (mit ) we associate the single number ( i ). 

Equation (115) now becomes 

A cl) (i) 	i 
-r, 

I 

= 
2 71 Ec N■ l in 

c) 
(118) 

For the above defined mesh we find to a given number N corresponds 

points, this gives the boundary condition for i and j , 

1 4 1 ,4 1= 2_ ( 	+ N ) 
	

(119) 

An example of the order we use to associate the index j to the pair of indices 

(n1  k)is illustrated below, in fact any other order is suitable 
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In practice to compute the eigenvalues N does not tend to infinity but 

is fixed to a value large enough that the desired precision in the eigenvalues 

is obtained. The parameter ti is a function of the value of N and can be 

determined by the following  arguments. 

The first equation derived from Mercer's theorem (equ. 3.2 (15) ) applied 

to equ. (99) gives 

I 2- 	(°)  r dr de ^ t A
f o 	(0) 	 f 	

(120) 

the same equation applied to equ. (118) gives 

2 ( Nti- t4  ) 
E. 	2_ -3-  1  fe,  ) 	vIt  r-c 	— 	

'2- 

T  1\ = h rt. (Nit+ 	 ________ ...... 
J., 	Co ) 	2- 	 -1 	f 

Comparison of equs (120) and (121 )  yields the required value 

N (121)  

     

= 

(122)  

The eigenvalues are then found by solving the analogous equation to equ. 3.4 (69) 

(let_ [ A _ 	1 	Tt "2_ 	(cPC'ii))  3 

+ N 	2- 	c 	
0 

(123)  

which is equivalent to diagonalizing the matrix 

M (i f j) 	1  

NI  N 

FE 1, (cr('131) 
2_. L r (iii))  

(124)  

A computer program devised to do this is listed in appendix B. 

Numerical Results 

Table 5 shows the eigenvalues obtained by the above method. For a given 

relative aperture c 	not all the eigenvalues are different, some are two-fold 
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EIGENVALUES FOR CIRCULAR TOP HAT APERTURES AS CALCULATED FROM 

EQN.. 4.2 (118) 

EIGENVALUE 

C = 0.1 

n. EIGENVALUE 

C = 1.5 

0 .313767 E+01 0 .239725 E+01 
1 .196135 E-02 1 .345947 E+00 
2 .196135 E-02 2 .345946 E+00 

3 .221150 E-01 
C = 0.2 4 .221029 E-01 

0 .312593 B+01 5 .643941 B-02 
1 .781973 E-O2 6 .780311 E-03 
2 .781972 E-02 7 .780309 E-03 
3 .855183 E-05 

C = 0,5 C = 2.0 
0 .304532 E+01 0 .197410 E+01 
1 .477654 E-01 1 .509667 E+00 
2 .477653 E-01 2 .509666 E+00 
3 .527723 E-03 3 .595566 E-01 
4 .327572 E-03 4 .595186 E-01 

5 .200456 E-01 
C = 1.0 6, .382782 E-02 

0 .277822 E+01 7 .382781 E-02 
1 .176068 E+00 8 .518811 E-03 
2 .176068 E+00 9 .518810 E-03 
3 .489677 E-02 
4 .489437 E-02 
5 .127553 E-02 

table 5 
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n 	EIGENVALUE 	 rr 	EIGENVALUE 

C = 2.5 	 C = 3.5 
0 	• .157178 E+01 	0 	.958375 E+00 
1 	.627983 E+00 	1 	.674272 E+00 
2 	.627982 E+00 	2 	. .674271 E+00 
3 	.118346 E+00 	3 	.263169 E+00 
4 	.118254 E+00 	4 	.262833 E+00 
5 	.470458 E-01 	5, 	.146905 E+00 
6 	.122539 E-01 	6 	.576033 E-01 
7 	.122539 E-01 	7 	.576032 E-01 
8 	.195025 E-02 	8 	.137260 E-01 
9 	.195025 E-02 	9 	.137260 E-01 
10 	.788978 E-03 	10 	.775948  E-02 
11 	.788468 E-03 	11 	.775244 E-02 

12 	.812654 E-03 
C = 3.o 	 13 	.804227 E-03 

o 	.122908 E+01 	14 	.697832 E-03 
1 	.681853 E+00 	15 	.697831 E-03 
2 	.681852 E+00 	16 	.393703 E-03 
3 	.190874 E+00 
4 	.190688 E+00 	 C = 4.0 
5 	.902431 E-01 	0 	.753780 E+00 
6 	.295013 E-01 	1 	.623184 E+00 
7 	.295013 E-01 	2 	.623183 E+00 
8 	.567933 E-02 	3 	.320531 E+00 
9 	.567932 E-02 	4 	.319976 E+00 
10 	.281863 E-02 	5 	.207455 E+00 
11 	.281650 E-02 	6 	.954378 E-01 
12 	.245440 E-03 	7 	.954376 E-01 
13 	.243096 E-03 	8 	.285254 E-01 
14 	.181050 E-03 	9 	.285254 E-01 
15 	.181049 E-03 	10 	.174745 E-01 

11 	.174550 E-01 
12 	.226019 E-02 

tabie 5 (cond.) 	13 	.223457 E-02 
14 	.212097 E-02 
15 	.212097 E-02 
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n • EIGENVALUE 

c = 4.0 (con td) 

n1 EIGENVALUE 

C = 5.0 
16 .115128 E-02 0 .489043 E+00 
17 .182550 E-03 1 .474471 E+00 
18 .181786 E-03 2 .474470 E+00 
19 .130199 E-03 3 .359689 E+00 
20 .130198 E-03 4 .358486 E+00 

5 .290132 E+00 
C = 4.5 6 .178711 E+00 

0 .601887 E+00 7 .178711 E+00 
1 .550677 E+00 8 .833068 E-01. 
2 .550676 E+00 9 .833067 E-01 
3 .353287 E+00 10 .558805 E-01 
4 .352442 E+00 11. .557765 E-01 
5 .258715 E+00 12 .117226 E-01 
6 .138209 E+00 13 .115618 B-01 
7 .138208 E+00 14 .114613 E-01 
8 .518787 E-01 15 .114613 E-01 
9 .518786 E-01 16 ..669351 B-02 
10 .334520 E-01 17 .164552 E-02 
11. .334044 E-01 18 .163619 E-02 
12 .546584 E-02 19 .107139 E-02 
13 .539781 E-02 20 .107139 E-02 
14 .533324 E-02 21. .356026 E-03 
15 .533322 E-02 22 .356026 E-03 
16 .294060 E-02 23 .172312 E-03 
17 .599045 E-03 24 .172311 E-03 
18 .596154 E-03 25 .762469 E-04 
19 .399153 E-03 26 .740597 E-04 
20 .399153 E-03 
21 .122894 E-03 
22 .122894 E-03 

table 5 (contd ) 
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n. ETGENVALUE 

C = 5.5 

n -  EIGENVALUE 

c . 6.o 

0 .404738 E+00 0 .345286 E+00 

1 .404737 E+00 1 .345286 E+00 

2 .404315 E+00 2 .339902 E+00 

3 .344870 E+00 3 .317199 E+00 

4 .343260 E+00 4 .315161 E+00 

5 .298319 E+o0 5. .286959 B+00 

6 .209888 E+00 6 .227367 E+00 

7 .209888 E+00 7 .227366 E+00 

8 .118904 E+00 8 .152109 E+00 

9 .118904 E+00 9 .152109 E+00 

10. .830143 E-01 10 .111297 E+00 

11 .828070 E-01 11 .110915 E+00 

12 .225161 E-01 12 .388726 E-01 

13 .221750 E-01 13 .382181 E-01 

14 .215402 E-01 14 .360060 E-01 

15 .215401.E-01 15 .360059 E-01 

16 .137124 E-01 16 .253486 E-01 

17 .389012 E-02 17 .807671 E-02 
18 .386369 E-02 18 .800975 E-02 

19 .257053 E-02 19 .558221 E-02 

20 .257052 E-02 20 .558220 E-02 

21 .927240 E-03 21 .219999 E-02 

22 .927238 E-03 22 .219999 E-02 

23 .508336 E-03 23 .129974 E-02 

24 .508333 E-03 24 .129974 E-02 
25 .222119 E-03 25 .581236 E-03 

26 .215075 E-03 26 .560754 E-03 

27 .523532 E-04 27 .164469 E-03 

28 .488238 E-04 28 .152361 E-03 

29 .460394 E-04 29 .132148 E-03 

30 .430818 E-04 30 .123278 E-03 

31 .733533 E-04 

32 .457008 E-04 

33 .457007 E-04 

table 5 (contd ) 
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n 	EIGENVALUE 	n 	EIGENVALUE 

C = 6.5 	 C . 7.0 
0 	.296236 E+00 	0 	.256209 B+00 

1 	.296236 E+00 	1 	.256209 E+00 

2 	.290566 E+00 	2 	.252374 E+00 

3 	.284527 E+00 	3 	.252180 E+00 

4 	.282070 E+00 	4 	.249335 E+00 
5 	..263184.E+00 	5 	.234206 B+00 

6 	.230670 E+00 	6 	.222611 E+00 

7 	.230669 E+00 	7 	.222611 E+00 

8 	.176449 E+00 	8 	.188422 E+00 

9 	.176449 B+00 	9 	.188422 E+00 

10 	.136351 E+00 	10 	.15:4445. E+00 
11 	.135695 E+00 	11 	.153389 E+00 

12 	.603929 E-01 	12 	.846121 E-01 

13 	.592500 E-01 	13 	.827801 E-01 

14 	.542297 E-01 	14 	.743603 E-01 
15 	.542296 B-01 	15 	.743701 E-01 
16 	.422244 E-01 	16 	.632614 E-01 

17 	.149533 E-01 	17 	.249796 E-01 
18 	.147990 E-01 	 18 	.246527 E-01 

19 	.110397 E-01 	19 	.199087 E-01 

20 	.110397 E-01 	20 	.199087 E-01 

21 	.478879 E-02 	21 	.957908 E-02 

22 	.478878 E-02 	22 	.957907 E-02 
23 	.293213 E-02 	23 	.591639 E-02 

24 	.293212 E-02 	24 	.591636 E-02 

25 	.138522 E-02 	25 	.303290 E-02 

26 	.133078 L-02 	26 	.289966 E-02 

27 	.451277 E-03 	 27 	.109891 E-02 

28 	.414687 E-03 	28 	.999905 E-03 
29 	.347525 E-03 	 29 	.845349 E-03 
30 	.323149 E-03 	 30 	.783459 E-03 
31 	.198346 E-03 	31 .497004 E-03 
32 	.127871 E-03 	32  .326854 E-o3 
33 	.127870 E-03 	33 	.326852 E-03 

34 	.498920 E-04 	34 	.144708 E-03 
35 	.498913 E-04 	35 	.144706 E-03 

36 	.509621 E-04 

37 	.509619 E-04 tctbLe 5 (contd.) 
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EICENVALUE 

C = 7.0 (Coha) 

n EIGENVALUB 

C = 8.0 

38 .339421 E-04 0 .197345 E+00 

39 .290503 E-04 1 .196756 E-1-00 

4o .257137 E-04 2 .196755 E-1-00 

3 .195610 E+00 

C = 7.5 4 .193857 E+00 

0 .223534 E+00 5 .189378 E+00 

1 .223533 E+00 6 .189378 E-F00 
2 .222834 E+00 7 .181255 E+00 

3 .221519 Ei-o0 8 .179947 E+00 

4 .219645 E+00 9 .179946 E+00 

5. .207507 E+00 10 .164482 E+00 

6 .207506 E+00 11 .162237 E+00 

7 .205926 E+00 12 .124854 E+00 

8 .188508 E+00 13 .121077 E+00 

9 .188507 E+00 14 .109516 E+00 

10 .163705 E+00 15 .109516 E+00 

11 .162113 B+00 16 .104116 E+00 

12' .107460 E+00 17 .531030 E-01 

13 .104739 E-i-00 18 .519238 E-01 

14 .937257 E-01 19 .488085 E-01 

15 .937355 E-01  20 .488084 E-01 

16 .853196 E-01 21 .293562 E-01 

17 .380092 B-01 22 .293562 E-01 

18 .373668 E-01 23 .179465 E-01 

19 .326927 E-01 24 .179464 E-01 

20 .326926 E-01 25 .114189 E-01 

21 .175611 E-01 26 .107906:E-01 

22 .175611 E-01 27 .477696 E-02 

23 .107919 E-01 28 . .423121 E-02 

24 .107918 E-01 29 .402960 E-02 

25 .612606 E-02 30 .371067 E-02 

26 .582500 E-02 31 .253358 E-02 

27 .240482 E-02 32 .168778 E-02 

28 .216193 E-02 33 .168778 E-02 

29 .191239 E-02 34 .873220 E-03 

3o .176659 E-02 35 .873208 E-03 

31 .116096 E-02 36 .331338 E-03 

table 5 (coritd) 
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n. EIGENVALUE 

C= 7.5 	(cc,-- At.4) 

n EIGENVALUE 

C = 8.o (c044) 

32 .770812 E-03 37 .331337 E-03 

33 .770809 E-03 38 .263880 E-03 

34 .374298 E-03 39 .213361 E-03 

35 .374293 E-03 40 .172690 E-03 

36 .134363 E-03 41 .146049 E-03 

37 .134363 E-03 42 .146048 E-03 

38 .985134 E-04 43 .249887 E-04 

39 .830932 E-04 

40 .693226 E-04 

41 .562515 E-04 

42 .562514 E-04 

table 5 (corid) 
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n E I G ENITALUE 

C = 10.0 

r EIGENVALUB 

C =10.0 (LORIci) 
0 .129957 3+00 28 .32_62_57 E-01 
1 .129088 E+00 29 .325960 E-01 
2 .129088 3+00 30 .367450 E-01 
3 .127501 E+00 31 .260090 E-01 
4 .125612 E+00 32 .187462 3-01 
5 .125515 E+00 33 .187462 E-01 
6 .125515 3+00 34 .107955 E-01 
7 .124701 E+00 35 .107954 E-01 
8 .123749 E+00 36 .656681 E-02 
9 .123749 El-00 37 .656679 E-02 
10 .123369 3+00 38 .565336 E-02 
11 .121783 E+00 39 .449827 E-02 
12 .121626 E+00 40 .370932 E-02 
13 .117407 E+00 41 .370932 .3-02 
14 .117406 E-F00 42 .336500 E-02 
15 .116151 E+00 43 .887338 E-03 
16 .105697 E+00 44 .618949 E-03 
17 .100035 3+00 45 .618942 E-03 
18 .997393 E-01 46 .613524; E-03 
19 .997396 E-01 47 .289741 E-03 
20 .927645 E-01 48 .215134 E-03 
21 .874444 E-01 49 .154835 E-03 
22 .874442 E-01 50 .150818 E-03 
23 .617909 E-01 51 .570218 E-04 
24 .617906 E-01 52 .570214 E-04 
25 .588095 E-01 
26 .533844 E-01 
27 .359146 E-01 

table 5 (end) 
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degenerate and some very nearly so. 

For example, for 	c = 1 

A n 

	

0 	 .277822E + 01 

	

1 	 .176068E + 00 

	

2 	 .176068 E + 00 

	

3 	 .489677 E - 02 

	

4 	 .489437 E - 02 

	

5 	 .127553 E - 02 

	

6 	 .754525 E - 04 

	

7 	 .754523 E - 04 

	

8 	 .821901 E - 05 

	

9 	 .821900 E - 05 

	

10 	 .733948 E - 06 
• 

This degeneracy is due to the circular symmetry of the system. 

A similar kind of degeneracy was encountered for the eigenvalues of square 

diffusing pupils with square scanning apertures, and was also due to the symmetry 

of the system. In general systems with symmetry will give some kind of degeneracy 

in the eigenvalues (MEHTA 1964 ). None of the eigenvalues is more than two 

fold degenerate and the computing difficulty this introduces is lifted as for square 

systems by changing a sixth or seventh order decimal in the eigenvalues that 

does not affect the precision of the results. 

The first order probability density function from these eigenvalues is found 

from equ. 3.3 (35), with the scaling factor 0( between the computed set and 

the required set of eigenvalues such that 

	

6 „I 	(X A n 	 (125) 

	

E. 	
cc A n  

P 	' ) 	G 	e. 	 (126) 
n 0 c< An 



and 
2. 

o-e, 
2. 

L A n 
ri 

(128)  

From equs. (120) and (127) we find the scaling constant 

<Ef> / (129)  

no  
P E') 

A o  

I n —1 
E e. 	<E') A 0  

(131) 
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The average integrated intensity and variance are 

= ci 
	

(127) 

The "equivalent set" of eigenvalues as defined by equ. 3.3 (32) gives the cut 

off index (number of independent correlation cells) as 

= 	N 0 

and the approximate Gamma distribution is, 

(130) 

Table 6 gives numerical values for some essential functions of C. . 

Figures (38) to (44) give some comparative plots of the exact and approximate 

distributions. Figure (45) gives a plot of the integrated mean square difference 

between the exact and approximate distribution as a function of the relative 

aperture C . 	Figure (46) gives a plot or the number of independent correlation 

cells as a function of c . 	From this graph we observe that when c tends to 

zero, the quantity 
0  

n tends to unity. Physically this means that when the 

scanning aperture tends to a pinhole with a fixed diffusing  pupil we are left with 

one correlation cell only, which is what should be expected. Setting 

to unity in equ. (131) shows that the first eigenvalue A 
0 
 tends to TI. 	as c_ 

tends to zero. 

A plot of the square root of n 	as a function of c. 	(fig. (47) ) shows 



C X 0 
 

N 
N 
Z 	A n  
n=0 

n 
n0= ---0 x0 

integrateded 

mean 
sq . diff, 

.2 .3126E+01 4 3.1416 1.0050 .000001 

.5 .3045E+01 5 3.1417 1.0316 .000135 

1. .2778E+01 6 3.1414 1.1308 .000779 

2.  .1974E+01 10 3.1412 1.5914 .001226 

3.  .1229E+01 13 3.1414 2.5560 .000997 

4.  .7538E+00 19 3.1415 4.1678 .000726 

6. .3453E+00 1 28 3.1415 9.098 .000459 

SOME ESSENTIAL FUNCTIONS OF C, THE RELATIVE APERTURE-  FOR 

THE EIGENVALUES OBTAINED IN THE CICULAR CONFIGURATIOII (FOURTH, 

CASE) , . Xo IS THE CORRESPONDING FIRST EIGENVALUE N IS 

X N THE INDEX FOR WHICH THE RATIO 	IS JUST LESS THAN 10-3. 
N0 

THE SUM y n.o n 
THE SUN PREDICTED BY THE USE OF MERCER'S THEOREM (WHICH IN THIS 

CASE IS it ), no 
IS THE CUT-OFF INDEX OF THE "EQUIVALENT SET" 

OF EIGEIIVALUES, THE INTEGRATED MEAN SQUARE DIFFERENCE IS PLOTTED 

ON FIG. 45. 

INDICATES HOW WELL WE ARE IN AGREEMENT WITH 

table 6 
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0 
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FIG. 38 COPARATIVE PLOTS FOR CIRCULAR CASE OF EXACT AID APPROXI1::ATE 

PROBABILITY DE7.SITIES FOR A RELP_TIVE APERTURE OF C = 0.2. 

Ga = GAIL;:A DISTRIBUTIO1T lEx = EXACT DISTRIBUTION, 

D = DIFF=NCE. 
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FIG. 39 COMPARATIVE PLOTS FOR CIRCULAR CASE OF EXACT AND APPROXIMAT1] 

PROBABILITY DENSITIES FOR A RELATIVE AFERTURE OF C = 0.5. 

Ga = GAMMA DISTRIBUTION, Ex = EXACT DITITIBUTION, 

D = DIFFERENCE. 
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FIG. 40 COMPARATIVE PLOTS FOR CIRCULAR CASE OF EXACT AIR) APPROXIMATE 

PROBABILITY DENSITIES FOR A RELATIVE APERTURE 07 C = I. 

Ga = GAiIA DIsTaiBuTion, Ex = EXACT DISTRIBUTION, 

1) = DIFFEREMCE. 
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FIG. 41 COMPARATIVE PLOTS FOR CIRCULAR CASE OF EXACT AND APPROXIMATE 

i'ROBABILITY DI,;NSITIES FOR A RELATIVE APERTURE OF C 

Ga = GAMMA DISTRIBUTION, Ex = EXACT DISTRIBUTION, 

= DIFFERENCE. 
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N 	 0 

FIG. 42 COMPARATIVE PLOTS FOR CIRCULAR CASE OF EXACT AND APPROXII= 

FRODABILITY M-USITIES FOR A RELATIVE APERTURE OF C = 3. 

Ca = C=A DI3TRIBUTIO1T, Ex = EXACT DI2,TRI=ION, 

D = DIFFEREKCE. 
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FIG. 43 COTTARATIVE PLOTS FOR CIRCULAR CASE OF EXACT AND APPROXIYATE 

PROBABILITY DENSITIES FOR A RELATIVE APERTURE OF C = 4. 

Ga = GA=A DISTRIBUTION, Ex = EXACT DISTRI7MTION, 

D = DIFFERENCE. 
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FIG. 44 CCMPARTIVE PLOTS FOR CIRCULAR CASE OF EXACT AND APPROXIMATE 

PROBABILITY DENSITIES FOR A RELATIVE APERTURE OF C = 6. 

D = DIFFERENCE. 
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integrated mean square difference x10 3 
A 

12 - 

.6 

.4 

FIG. 45 THE DEPFERENCE 1-',ETITEEN Ti11 • A:PROXII,TATE AND TIE EXACT 

FORITLAB FOR TILE CASE OF CIRCULAR APERTURES IS CHARCTERISED 

BY TKE GRAPH OF THE INTEGRATED KEAN SWART] DIFFERENCE VERSUS 

THE RELATIVE APERTURE C. 
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FIG. 46 

CUT-OFF INDEX OF THE CIRCULAR EIGENVALUES VS. C THE RELATIVE 

APERTURE, no  ALSO DEFINES THE NUDIBER OF INDEPENDENT CORRELATION 

CELLS THE SCANNING APERTURE CAN BE DEVIDED INTO. TIC; ASYMPTOTE IS 

THE PARABOLA OF EU-. C2/4 
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FIG. 47 PLOT OF TEE SQUARE ROOT OF THE CUT-OFF INDEX USED TO FIND 

THE ASYITTOTIC LINE OF EU. C/2 . 
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that as C gets larger, j 	tends to the straight line of slope c/2, 
2. 

therefore n o  tends to the parabola c 	Li- (plotted on fig. (46) ). 

Substituting this value in equ. (130) gives the asymptotic result 

1-1- S C- —6. 00 

 

(132) 

for the first eigenvalue. 
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4.3. 	Experimental Results 

The experiment described here is a fundamental test of the 

eigenvalue method to describe statistical properties of speckle patterns. This 

experiment is performed for the circular configuration of diffusing pupil and 

scanning aperture also as a test to the matrix diagonal ization approach to the 

eigenvalues. The object of the experiment is a real non theoretical plot of the 

first order probability density function of integrated intensity made with some 

8000 readings of the integrated intensity at different points. 

The apparatus used is as described on fig. (1). The collecting Pupil P has 

a diameter of 1.15 cm. the scanning aperture S in front of the photomultiplier 

0 
has a diameter of 50 ti 	The wavelength is 4880 A 	and the distance D 

between the collecting pupil and scanning aperture is 1.50 m 	This gives a 

relative aperture in c units (equ. (100) ) of 2.45, (the absolute error on this 

value is .2 it is determined by the limited precision with which the diffusing 

pupil diameter, the scanning aperture diameter and the distance D are known. 

From fig (46) (the plot of no  v s. c ) this corresponds to between 1.7 and 2.25 

independent correlation cells.) We are thus operating near the maximum of the 

curve of the integrated mean square difference as a function of c. 	The scanning 

aperture with the photomultiplier is moved across the speckle field by a stepping 

motor controlled by logic pulses. The steps taken are multiples of the micron. 

Here we choose the stepping distance between the readings of the order of half 

the Rayleigh resolution limit of the collecting pupil . This is in accordance with 

the SHANNON-WEAVER 1962 sampling theorem (see also BLACKM AN n el 

TU KE Y 1959 and GOODMAN 1968 ). This theorem states that a function 

to be determined experimentally should be measured at least at every interval 
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corresponding to twice the maximum frequency, this being to avoid errors such 

as al iasing. 	Here the maximum frequency present is determined by the Rayleigh 

resolution limit, 

P 	U 
. 61 X D 	

/ 75  t-t  

The chosen sampling interval is 35 ta . 

The output voltage from the photomultiplier is read on a digital voltmeter 

and the data for each reading between each step is converted into coded paper 

punched tape. (The code used is American Standard Code for Information Inter-

change, well known as the ASCII code) The .paper tape is then taken to the 

computer (a C.D.C. 6400) where it is decoded and the data is stored on a disc 

file in array form. Stored in this fashion the data is easily accessible by any 

number of independent programmers. 

For our own use a program is written that calculates the average integrated 

intensity then distributes each reading in bins such that thos readings equal to 

zero are distributed in the first bin and those readings equal to average integrated 

intensity are distributed in the tenth bin. 

The value of the integrated intensity E 	is then simply related to the 

index of the bin j by 

<6 
j E = 	x  

10 
(134) 

The height of the bins are normalized such that the sum of all the 

readings is unity. This is equivalent to normalising a probability density function 

to unity. Thus scaled the height of the bins represent the experimental first order 

probability density function of integrated intensity for a circular diffusing pupil 

and a circular scanning aperture with unit intensity transmittances of given size. 

(133) 
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10 	15 	20 	25 
FIG. 48 EXPLTZIKENTAL FIRST ORDER PROBALITY DENSITY •FUNCTION PLOTTED 

FROM 8 000 READINGS TAKEN WITH THE APARATUS ILLUSTRARED ON FIG. 1 

AND MOUNTED WITH TOP HAT DIFFUSING PUPIL AND SCANNING APERTURE, TIE 

-,RELATIVE APERTURE IN C UNITS ( EON. 4.2. (100) ) IS 2.5 . 	READINGS 

ARE DISTRIBUTED III BINS AND TIEIR SUM IS NORMALISED TO UNITY.. THE AVE-

RAGE INTEGRATED INTENSITY IS 1.0 . THERE ARE TEN BINS TO TIE AVERAGE. 

THE CORRESPONDING GAMM.A. DISTRIBUTION IS PLOTTED AS THE SMOOTH LINE. 
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FIG. 49,  PLOTS OP EXPERIIMNTAL, EXACT THEORETICAL AND GAMMA 

DISTRIBUTIONS OBTAINED WITH TOP HAT DIFFUSING PUPIL AND APERTURE, 

THE EXPERIMENTAL CURVE IS OBTAINED WITH SOME 8000 READINGS. AS ON 

FIG. 48. TM?. RELATIVE APERTURE IS C = 2.5, THE AVERAGE INTEGRATED 

INTENSITY IS 0 11= 4, THENUMBER OF INDEPENDENT CORRELATION CELLS IS 

,n o _ 

r-- 
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This bin technique is illustrated in fig. (48). The error bars represent the 

absolute fluctuations of the number of readings in each bin. These bars are 

proportional to .t\FI 	where n is the number of readings in the jth bin. 

The processed data returns a number of independent correlation cells computed 

from the ratio of the squared average integrated intensity to the variance of the 

latter equal to 1.97. Figure (46) shows the corresponding value of c as 

just under 2.5 which means our settings are better than expected. 

The experimentally obtained first order probability density function is 

plotted on the same graph as the exact theoreiical distribution obtained with the 

eigenvalues computed for the given value of c, also on the same graph is a plot 

of the approximate Gamma distribution. These plots are shown on fig. (49). 

The closeness of the fit between the experimental and exact theoretical distribution 

is clearly seen, so is the difference with the approximate Gamma distribution. 
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RANDOMLY POLARIZED SPECKLE PATTERNS 
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1. 	INTRODUCTION 

All the preceeding results concern deterministically polarized speckle 

patterns. Experimentally we have observed only surface like scatterers, i.e. 

scatterers whose diffusing centres lie in the same plane, do not appreciably 

depolarize a polarized incident laser beam. This is the case for example, with 

a single layer of ground glass. 	On the other hand diffusing media with three 

dimensional structure, i.e. thick diffusing media, depolarize light (SCRIBOT 

1975 ), this is the case, to take examples, with paper, opal glass and stacks 

of ground glass. Statistics of polarized speckle therefore represent an ideal 

case which is, however, easily obtained by inserting a polarizer between the 

collecting pupil and the scanning aperture. 

If observed closely the speckle pattern is seen to be locally deterministically 

polarized over areas about the size of a speckle (i.e. areas of the order of the 

Rayleigh resolution limit of the collecting pupil), but each speckle is polarized 

in a random manner, hence the term "randomly polarized" speckle. 

There is little to be found in the literature on the state of polarization of 

speckle patterns. GOODMAN 1865 states depolarized speckle can be decomposed 

into two perpendicular independent components and their probability density 

functions are then convolved to give the joint probability density function. 

BURCH 1970 gives the result of the convolution of two probability density 

functions of two incoherently added speckle patterns observed through a point 

aperture and McKecHNIE 1974 applies this to evaluate the depolarization from 

a single layer of ground glass and finds the ratio of the average intensity of the 

two components i.e. of the order of one thousandth. 	BOURRET 1974 gives 
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an analytical account of depolarization of electromagnetic radiation in random 

media but a fundamental assumption of his treatment is that backscatter is 

negligible and the resulting expression for his polarization factor is a negative 

exponential which does not agree with our experimental results. In the thick 

medium we consider, it is intuitively clear that there must be a large amount 

of backscatter present. 

Here we introduce some general expressions for the joint first order 

probability density functions of two perpendicular polarization components. 

These depend on the average integrated intensity of each component, but a 

priori we know nothing about the value of these quantities  or their behaviour. 

It is therefore the purpose of our experiments to try and find something about this. 

We give an explanation of the measuring technique involved and then state our 

experimental results. 	The polarization factor P introduced is seen to depend 

on the "roughness" of the medium (.-m.s, itud,,ati'0,.iof the size of the scattering 

centres), the thickness of the medium and also on the wavelength used. 
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2. JOINT STATISTICS OF TWO INDEPENDENT POLARIZATION 
COMPONENTS 

Let us first examine the statistics of randomly polarized speckle patterns 

observed through a point aperture. Let < ei it> 	and < 	.L..> 	be the 

average integrated intensity of the two components and PR ( 	and 

PL (L,  ) be their respective first order probability densities, these are given 

by (see eau. 1.2.1. (6) ), 

Pit 
(E'

)  

and 

 

E/  
Esti> C. 	 (1 ) 

I 

E 

 

P 	) 
	

1 	e. 
4.E 	

(2) 

The Convolution of these two functions gives the joint first order probability 

density function of a depolarized speckle pattern observed through a pinhole. 

This convolution can be evaluated from the product of the characteristic function 

of each distribution (see appendix A). The respective characteristic functions 

are 

C 	Z") 	 2 KE 	(3) 

and 

C _L (7.) = ( 	- i Z < 
	

(4) 

Their product is the characteristic function of the joint probability density 

function 
—1 

C ( 	= C <<Cz) 	(z.) = 	_;z <-E_ III>)(1_i 2 <E1.0)(5)  

which can be expended in the sum of two partial fractions, 

C 	 < 	1 

< E> _ 	1— ; <  

(6) 
E 

(E' it> 1 1 2_ <E fl > 
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The Fourier transform of this yields 
E. / 

E/  

P. . 	- 30 	(E!)  (7) 

which is the required joint distribution. We observe the following properties 

for P joint ( 	) 

When 	 0 

When E(  00 

ce) ---17 0 

 

When 	< 	> -p.0 (i.e. when the observed speckle pattern is completely 

polarized in a single direction, the 	U one for example) 

E.' 

<E') 
	e. 
	<E5. 	

(8) 

Where <e) = < g'It > 	this distribution is, as expected, the same as in 

equ. 1.2.2 (6). Equation (7) is given by BURCH 1970 in connexion with 

the statistics of two unequally weighted speckle patterns added incoherently. 

If the two speckle patterns are equally divided into the two perpendicular 

polarization components, we have <E /0 = < E IS 	E1> 

and the probability density given in equo (7) is not applicable, we must derive 

the correct joint probability density function from the Fourier transform of 

C (7.) 	(I 	z < e')) 	 (9) 

which gives 	
El 

Pjo■rtt (.E') 
(10) 

which is instantly recognized as the Gamma distribution with two degrees of 

freedom. 
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Let us now consider the statistics of depolarized speckle patterns observed 

through non-punctual finite scanning apertures. The general exact probability 

density function expressed in equ. 1.3.3 (35) applied to the two polarization 

components gives 

P (C) 	G " " 
	

e. 
	Eh 11 

n 	en  it 
and 

E  

P L   (c) 
	G, 	e 

E 
	

(12) 

where 	En 111 is, the set of eigenvalues corresponding to the 	11 

polarization component and [ e r, 1  I is the set of eigenvalues corresponding 

to the _.L. polarization component, 	C; n It 
	and 	being the 

respective partial fraction coefficKint given by equ. 1.3.3 (33). 

First we observe from the results in section 1.4, that the eigenvalues 

depend only on the geometrical configuration of the diffusing pupil and scanning 

aperture and on the mean intensity through a scalling constant. Since the 

geometrical configuration is the same for both polarization components we may 

write 

c< A n 	-= II 	PI 

E n 	=-. and 

Where the set of eigenvalues 	A`l 	depends only on the geometrical 

configuration. The scaling constants 	0( II  and 	c)( L  can be easily 

obtained from the relations between the average integrated intensities of both 

distributions, 

E 'if > 	= ti 	 p, 	 (15) 

(13)  

(14)  
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and < E11- 	Z E 

The variances are given by 

2 	'2_  
=  

E 	all 
rt 

ri  
It  

(16)  

(17)  

and 	Gr- 
2 
n  (18) 

From equs. (13), (14) and 1.3.3 (33) the partial fraction coefficiants Gr, 

and G n  1 are seen to be identical and the two components of the probability 

density function can be rewritten 

P  (E.') 

and 

E. 

0<tt e. 	 (19) 

E 

    

E _  G n 

1:)( 	A A 	 (20) 

The joint probability density function is again evaluated through the two 

corresponding characteristic functions 

C. 

c (z) = L G n 

  

1— i z 	A u 	r) 
(21) 

and 

(22)  

The product of these characteristic function after further expansion into partial 

fractions is 

(7-.) 	E G„ G,I  col  
YV't 	V) 

al 	i Z all A ) 
(23)  



and 
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The Fourier transform of this expression gives the required joint distribution, 
t E 	 e' 

°< <I A,, 	c 	«,./.„ 
P 	(E')=.-EZG,,,,,G ri{  e- joinE th h 	( 0( ti - OW A m 	(ati -(XL.) A n (24) 

If instead of starting from exact distributions for each component (equs. 

(11) and (12) ) we start from approximate Gamma distributions we obtain the 

following results. 

The two components have respective probability densities (equ. 1.3.3. (54) ), 
nd 	 n. 	- n E' 

P 	E t  ) = 

( no) 
	

(25) 

and 

P.L (E.') 

no 

no  ( 
<E 

n  
E 

no  E/ 

e < E'L? 

 

   

  

n ) (26) 

with the number of independent correlation cells given by (equ. 3.2 (32) ), 

A 
n (27) 

A 0  
This is the same for both components and again depends only on the geometrical 

configuration of the diffusing pupil and scanning aperture. The characteristic 

functions of these probability densities are , 

C 
-- 	E,>  lno 

tt 	n o  

z < 
	

0 

n o 
The product of these characteristic functions is the characteristic function of 

the joint probability density and isp 

(28)  

(29)  
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C (2.) 
)no  (i_i z <E11) 

no  

The Fourier transform of this expression gives, 

Z <E 	no 
 

ho  (30)  

P • joint- 

ro 	tno  —1 	n 

„a 	E. 	e_ 

<tltt><Ci-> 	E(2- no) 

1
F 1 	n 0  • L n 	n 0 	1 	1 	) Et 

(31)  

where, iFi  is the first order hypergeometric function already encountered in 

equ. 1.3.3 (42). 	With the definitions given in equs. 1.3.3. (43) and 1.3.3. 

(44) we finally have 

Pjt,;nr (E' 

n Ei  2_ n 0 — 1  0 t 	
n 	, 	ell> = (  

no 	E 	e 

<Efi,)<E1)) 	r" (no) 
ob 

k= 0 

r(no ÷k) 

E (1._ n o  4- 1.c) 

   

( 

nU <E11:) -<E'1%> 

(32) 

   

This equation represents the approximate first order probability density function 

of randomly polarized speckle patterns observed through a finite scanning 

aperture. 
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3. EXPERIMENTAL OBSERVATIONS. 

The purpose of the experiments described here is to find something about 

the behaviour of the quantities 
	

< Ef it 	and 	< E t  L) 	as a function 

of the diffusing medium. 

3.1. 	Measuring technique. 

The thick diffusing medium we study in this section is particularly easy to 

make and to handle, being made from layers of ground glass and each layer 

being ground on one side only. The randomly polarized speckle pattern arising 

from this medium is observed through a large aperture so as to measure the 

average depolarization. 

The measurable quantities we use in our experiment are called Stokes 

parameters and defined the coluM Stokes' vector (see e.g. SFIURCLIFF 1962 

or CLARKE and GRAINGER 1971 ) 

M 

C 

S 	 (33) 

where each parameter has the dimension of integrated intensity. I is the tool 

integrated intensity, M is the amount of horizontal plane polarized intensity, 

C is the amount of + It 5 	plane polarized intensity and S is the amount of 

right circularly polarized intensity. These quantities are in fact time averaged 

quantities and the two components, 4) ),  and tfl  are the corresponding phases 

at Z = 0 with X. 	the wavelength and co the angular frequency. 
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The Stokes parameters are defined by 

	

2. 	2. 
I = <Ego -F. E 7 0 

	

_2- 	/ 
M = <txo - e- yo > 

C 	< 2 E N0  Ej o  C-05(lry- (px) 

Exo Syo Sin ("()Y 

(36) 

for a completely polarized beam of light. From these relations we see that if 

the light is completely polarized we have 

= G2  

On the other hand if the light is partially polarized we have 

I > \i/A
2. 	

C 
2. 
 + 52  

We now define the normalized polarization coefficient P which expresses the 

amount of light which is not depolarized, 

\/ I  c a  M 	4.  S  

(39) 

This quantity is of course positive and equal or less than unity. If in the 

depolarized beam there are no C and S components then the polarization 

factor becomes 

P = m 	I  —  

I. + Ii 	 (40) 

where 	II = < E. x o 	 (41) 

l  and 	I 	< E; 	 (42) 

The quantity M is measured with a filter blind to vertical plane polarized 

light, C is measured with a filter which to 	45 	plane polarized light and 

S is measured with a filter blind to left circularly polarized light. 	If I1  , 

(37)  

(38)  
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and I 	are the intensities respectively measured with each filter, the 

following relations hold, 

M , 2 if 	1 

2_ 	1 
S 	= 2. 1 3  _ t 	 (43) 

The filters are made from plastic sheet polarizer for the plane polarization 

filters (to measure I I  and I 2  ) and a quarter wave-plate followed, by a plate 

of sheet polarizer is used to n-easure the right-hand circular polarization 

component l 3  

In order to evaluate how the polarization factor is affected by the 

roughness of the diffusing medium, this has to be evaluated beforehand. The 

diffusing medium is made of layers of ground glass and we take the r. tn. 3. 

of height fluctuations of the ground surfaces as a measure thizilism=kame of the 

size of the scattering centers. The height fluctuations are evaluated by a 

mechanical method which consists of a stylus that runs across a section of the 

surface and traces a record of its movements. The machine that does this is 

called a Talysurf and the device has some analogy with a record player although 

the output is not sound but a profile of the surface under test. An example of 

the kind of record this machine gives is shown in fig. (50). A quantity of 

interest given by the Talysurf is the Centre Line Average noted CLA. 	We 

can define the CLA by considering a zero mean stochastic process, x 	(here 

the height of the ground glass), the CLA is defined as the average of the 

absolute value of x . If the stochastic process under consideration has a 
flucAuct EionS 

Gaussian distribution, we can relate easily the r.m.s.l of the process to the 

CLA. We have the relation 
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FIG. 50 EXAMPLE OF RECORD GIVEN BY THE ThLfSURF SURFACE ROUGHNESS 

MEASURING MACHINE. 
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CI_ 	= <1 x 1> - 	 

 

oo 

e 
00 

d x 

 

0-; 

 

(44) 

which gives after integration 

C L f1 	2 crx  
\F-277. 	 (45) 

The Talysurf Gives a direct reading  of the CLA. Numerically from equ (45) we 

obtain 

(rx 
	= 1. 2- 3 	c...LA 	 (46) 

The optical apparatus we use is the same as illustrated on fig. (1) except 

for the insertion of a horizontal plane polarizer before the diffuser and the 

presence of the analyzing  filters required in front of the photomultiplier. 

3.2. 	Experimental results 

',Figure (51) shows a plot of the polarization factor P versus N the 

number of layers of ground glass of r.m.s. height fluctuations 07= • Li 3 Ot-A-

Fbr this roughness at least seven layers of ground glass are required to give an 

appreciable depolarization. For ten layers P is approximately 6.6. Fig. (52) 

illustrates the difference this introduces in the statistics of the speckle pattern 

scanned through a point aperture. Figure (53) shows a plot of P verus N 

for r.m.s. height fluctuations 	0-2. 	3, g 	Here three layers are 

enought to make a noticeable difference in the state of polarization of the 

speckle pattern. For ten layers of this ground glass P is approximate! 3.7. 

Fig. (Sit) illustrates the difference this makes in the speckle statistics scanned 

through a point aperture. Figure (55) shows a plot of P versus 	the 
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FIG. 51 

GRAPH OF POLARIZATION COEFFICIENT P VERSUS Ny THE NUMBER OF 

LAYERS OF GROUND GLASS (OR THICKNESS OF DIFFUSING MDIUM) FOR 

fALSTANDARD DEVIATION OF THE ROUGHNESS OF r. 0.43 t, • 

0,4765 I -blue-, D = 1.18 m2  'U. Collecting pupil radius = 

1.5 cm, A = scanning aperture diameter = 0.8 cm). 
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FIG. 52 

FIRST ORDER PROBABILITY DENSITY FUNCTION OF INTENSITY FOR 

PARTIALLY POLARIZED SPECKLE PATTERNS-  OBSERVED TBROUGH POINT 

APERTURES AS EXPRESSED BY EQ,N. 2 ( 7) . TBE AVERAGE TOTAL INTENSITY 

IS. UNITY An TM?, POLARIZATION "RAC TOR IS (EQ,N. 3 (40)) 0.76. 
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FIG.. 53 

GRAPH OF POLARIZATION COEFFICIENT P VERSUS N, THE NUMBER OF LAYERS 

OF GROUND GLASS (OR THICKNESS OF THE DIFFUSING MEDIUM) FOR A STAN-

DARD DEVIATION OF THE ROUGHNESS OF 0-  = 3.79 tJ • 

( 	= 4765 A -blue-7  D = 1.18 m7  U = collecting nupil radius = 1.5. cm, 

A = scanning aperture diameter = 0.8 cm). 
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FIG. 54 

FIRST OREDR P'2.02ABILITY .Thi-.03ITY FUNCTION OF INTENSITY FOR PARTIALLY 

POLARIZED SPECI:LE PA FERNS OBSERVED THROUGH POINT APERTURES AS EX- 

.13RY,SSIM BY 	2 (7). TT.1 AVERAGE TOTAL INTENSITY IS UNITY AND 

THE POLARIZATION] FACTOR IS ( EOM?. 3 (40)) 0.37. 
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2. 	3 	3.8 
FIG. 55 GRAPH OF POLARIZATION COEFFICIENT P VERSUS Cr i THE 

STANDARD DEVIATION OF THE ROUGIETESS, USING STACKS OF TEN GROUND 

GLASS PLATES., THIS GRAPH IS PLOTTED FOR TWO WAVELENGTHS, 

= 6328 A —RED—, • , 	= 4765 I- BLUE—, 	( D = 1.18 m, 

U = collecting pupil radius = 1.5 cm, A = scanning aperture diameter 

= 0.8 cm). 
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FIG. 56 COMPARATIVE PLOT OF P VERSUS 0—  MEASURED AS IN EQN. 

3.1  (39) 	, AS IN EQN. 3.1 ( 40) 	( 	= 4765 A —blue—, 

D = 1.18 my U = 1.5 cmy A = 0.8 cm). 
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roughness r.m.s. height fluctuation. This graph was obtained by using stacks 

of ten ground glass plates, the r.m.s. height fluctuation being constant within 

each stack. Two wavelengths were used, ?■., = 632. g A red and 

X 
	4. -7, 6 5 A 	blue. 

Throughout all the measurements, the coefficients C and S for + 45 -1 

plane polarization and right hand circular polarization remained negligibly 

small. The polarization coefficient P can therefore be expressed as in 

equ. (40) rather than as in equ. (39). This is illustrated by the graph in fig. 

(64) which represents a comparative plot of P verus 	for P defined 

as in equs. (39) and (40). 

These experiments represent some of the very first investigations of 

randomly polarized speckle. It is felt by the author that the statistics of 

randomly polarized speckle can be studied in connexion with the properties of 

matter, for example, surface roughness, where opaque surfaces can serve as 

moulds to transparent resins (c.liANDLEy.,ct wEvFoRtows) When dried these resins 

can be built up in stacks to constitute a thick diffusing medium as in the above 

experiments. 



P (x) 	x 	1 

The characteristic function C
x(z) is defined as the mean value of e 

( A I) 
izx 

or as 

P (x) dx (A2) 

the Fourier transform of P(x), 

C x  
CX) 
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APPENDIX A 

CHARACTERISTIC FUNCTIONS AND CUMULANTS 

Here we define characteristic functions and cumulants. We show some 

of their fundamental properties and their relevance to the sum of many independent 

variables, (CRAMER 1946 , LOEVE 1962 , PAPOULIS 1965 ) 

CHARACTERISTIC FUNCTIONS  

Let P(x) be a normalized probability distribution of the real random 

In general Cx(z) is a complex valued function of z. Elementary properties 

are, 

C x  (0 ) 	1 	
(A3) 

+00 

x (z) I 4f 
00 

P 	dx = 1 
	

(A4) 

C x 	 C x z- 	 (A5) 

, 
"aenotes complex conjugate. 

A Mac-Laurin expansion of eizx 	gives, 

1 2. X 

< 	} 1 	4- 

00 	k 	
< x  

k  
z.  

k 
(A6) 
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The moments of order k ,<x > are easily obtained by differentiation, 

 

„ 
0 

(A7)  

 

CHARACTERISTIC FUNCTION OF TWO OR MORE INDEPENDENT 
RANDOM VARIABLES 

Let x1 
and x

2 
be two independent random variables with known 

distributions, the characteristic function of x = x1  + x
2 

will be from 

equ. (A2) 

C x  (z.) 
1 z_ ( X i 	X21  

 

(A8)  (A8) 

which can be written, because the variables are independent, as 

c (2..) , TT Cx.  
I=1 

(A9)  

For n independent variables, 

(A10)  

The characteristic function of the sum of n independent random variables is 

equal to the product of the characteristic function of each variable. 

Unfortunately the k
th moment is not easily obtained, from equs. (A7) 

and (Al 0), 

Z. X > 	cl 

a z 
C • X ( z.')  (A 1 1 ) 

The problem of evaluating the < x
k 

> es is the chief reason for introducing 

cumulants. 
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CUMULANTS qk  OF ORDER K 

The Mac-Laurin expansion of Log(1=z) is, 
00 	k -1 	k 

Log ( 	
k.f 	

(Al2) 

Substituting 14-z by the Mac-Laurin expansion in equ. (A6), after rearranging 

the terms, we have 
co 

L0. Cx  (Z.) 	clk 
k=1 k 

k 

(A13) 

The coefficients q are called cumulants and were introduced by Thiele (1903). 

Differentiation gives a relation similar to equ. (A7), 

1k = . k 
d zoo  (A14)  

To obtain the relations between the x
k 

and qk we write the identities, 

or, 	 k k 	oo 	. k w 

c.j 	 = Log , + E<x>i 	goz  
(A15)  k=1t 	k rzi 	t4  I 

• 
or 

	

oo k 	k 
L

x 
( 7-) = 	4- L <)( > 	p 	qk 	-4"  

(A16)  
1/4'1 	k y 	 k I 

Formaly, this gives, 

= (x)  

92- 	X2 	< x 	= 	
2. 

9 	= < X3> _ 3 <x < X2-> 	2- <X3> 
<K11 > 	 <K25

2 
__. 4 <,( > < X> 	12.<4.,<K5- 6 x 4  > 

(A17) 
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and conversely, 

<x> = i  

2. 
<XI> -V 94 

<X 3> = (2;1  -1.• 3  q,97 
2 

4 q4 9  2 

3 
+ 9+ 

2. 
4- 	90:11 4- C'  91 91. 4-  9, 

(A18) 

APPLICATION OF CUMULANTS TO n INDEPENDENT RANDOM VARIABLES 

From equs. (A10) and (A14) we have, 

n 	 k 

9 = • k 
'1  2.- 

or more simply 

Log   01 C  X (A19)  

"r1 

9 = k 
= I (A20)  

The cumulant of order k of a sum of independent random variables is the sum 

of the .individual cumulants of order k of each variable. By using relations 

(A17) and (A18) the<xk  >can be evaluated from the <xk. >. 



182 

	

AYPENDIX 
	

C OrdPUl'ER PROGRAI.: 1;ES 

	

PROU P LOEI 	(INPUT, OUTPUT, TAcF-T5=INPUT. TAPE6=-OU'PUT) 
COV,V,Ot' (3,rT. 
L.XT 7 PN:!:t_ G 
PI= 3,1. 41'.793 
El=.t:001 
E2= C 

,A 7 	Fl- ;(7,1 1)C 
1 	FOr-;"AT (F10 

IF(C.1...T.n.P) COTO 8 
hP.ITE (6, 	C 

6 	FOP toil" 
4,7-?IT;' (69100) 	

C=4̀  'Fro ?) 

10.0 F071-1,  (//' 	K 	OMEGA 	 EIGEN JALUE 	LIMIT *) 
PVE:z1.1 

V7 
.3 

CO 	2 	K=1,101 

t:L=FLC)'T. 
r= A. I 	PT 

IF (K. Cl0.1.) 	60 -001 
Lif -= (VI: 4-1.) 	PI 

TL=1: 
CALL n5AAF 
IF 	 rj) 	C,OTO 	4 
1.PITF: 	(1,17) 

3 FOPrAl 	41pF(.Nr,Tiow 	HAS sAME 
STOP 10P 

1:1- 6N 	AT INTE.P.OL LT VITS) 
4 CONT I H1F 

tit.:61/iXJ.,'Yl+C 4".C) 
iF (Tec.  O. 0) 	FIRSI=AL 
AL7N•,=1, 1i 

(.1 M = 	M 	L 
VRITL (6, _F) 	I1 )(I,AL 7 P..LIM 

5 FOPt.'“ 	I T5 	3:7_15. 6/) 
CATIC= 	LiF IPST 
IF (:RA TIO.LT. 0. 001) 	GOTO 	11 

2 CONTIt,'UF 
11 ( 6910) 	StP''! 
10 F3Pq7 (/?' 	SUM 	OF 	EIG. VALS 	--7. 4t F15. 6/) 

GUTO 7 
8 STOP 1 

ENO 

THIS PROGEA= COI PUTES 'LEE EIOENVALITES FOR. • THE LORENTZ IAN 

INTENSITY TRANSIIITT-PiNCE PROFILE (FIRST CASE) SEE ( TABLE 1) 
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THIS PROGAMME COMARES Br•PLOTTING TEEM THE APPROXIMATE AND EXACT FIRST 

ORDER PROBABILITY DENSITY FUNCTIONS OF SPECKLE PATTERNS SCANNED THROUGH 

FINITE APERTURES. 

P2oCkAm P)NF (INP(T,OUTPUII7PrI'F=INPUT I IAP.E5=0C7r.UT) 
C 	THTS Fir)c-prl 	cniFutEcr PJA:i PLCTS 71-1c7 '7)0CT ANP APPROXTAT=.' 
C 	FIST U-7!7JP;::. P!.7.071LITY DFNSITY FLINC71A OF TNTFGrATED 
C 	SPECKLE INTENSTTY. 	

. 

COmMON RE(1J1),CP(1u1),PA(1(l1) 
RUL NO 

DIEPSION X(5),Y(3I-3.) 
DIMENSION XL(1) 

FOUIVALECF (Y(1),RE(1)) 
CO  

READ(5,7) M 
3 	FO;1 T(I3) 

IF(!o.LT.0) STOP ? 
C. 

t' IS NUHE;',. OF REL711NT EICErVALUES 
C 	 XL(N) IS ST CJF FIcELUES 
C. 	 XII IS AVPAGE .INTEGATED INIFNSI7Y 
C 

READ(5.)(XL(t4),Nr1,M) 
WRTTE(6, 11t) (XL(ftJ) I NU:::10) 

ilO FOT(15,6) 
DEAD (5,P) SW 

2 FOWT 
WRITE (6,12'') SW 

120 	F0*..IfT(///1' 
C.  
r 
C 	 SW=SPACE-7,ANOWIDTP PRODUCT 
C 

C 

READ(5,6) X'11 
6 	F0.MT(FI.J.6) 

PO 7 Ii=1.,!'! 
7 	NO=!``0+XL(I1.) 

NO=NO/XL(1) 
of-,LPHY■II/(NOcX1(1)) 

XO NO 
CALL G!IIMA(X0,(.X0,IT'-') 
PriTE (61 1C91) TER 

1001 	FORMkT(///* 	I -"II11///) 

CONTINUED ON NEXT PAGE... 

OW OW 	 ..,M W OWIW5 



184 

L 
C: 
C 
C 
( 

( 
I 

CONTINUATION OP PROGRAI.ILIE PROBONE 

IER 	0 y 20 ERPOr' 

xn IS W7 T14:7- 	1 Y* (•-(:)) 	CF EEI9G A 
f1 -77 77 1kTi VE INTEGER. 

DO 15J 11=-1 2111 
Y( I) =Y(I-1-11:11=X(I+22) =FL^AT (I-1) /10. 
370. 
On 2i t1= 4., 
CALL 	.(:•!, XL y 

20C1 S=S“*EXP(*Y. (7) / LLPW*XL (N) ) ) / ( ALPHAtYL(N) ) 
P 7= (I)n5  
IF (I 7r) 1.) R0-r0 177 

PA (I ) = (i4)/XYT)**tIC*X (I)" (NO-1 0 EXP (..•NC-*X (I ) /V-J.) 	xn 
1C3 	PA (1) =7. 
15r 	OP (I) m pt (I) 	(7) 

LL 61-.!FT7 (X 1 Y y%:77,21P 	y 	) 

IS 	FOP Ar P ;. f"' T 	FOmULA 

I 	 * IS SYi%EOL FOR EYT FOFJ1 ULf. ARP FOR DIFFER ENCE. 
C 

WP.1T7 (6, 777) 'J".) 
777 	F-0-T (* 	= 4̀  yP17 • 6//) 

AI m 
SI(= I\LPHA*XL (1) *S07-ft NO) 

(\IG*SIG) 
PAR tV'm: 0 
DO iL L=151:11 

• le 	PA2At-.=PAr+i)P(L)49@(L) 
P; 	/1 ni 
WT,A.T (60) AlA y T GCATIT 

4 	FUHAT 	r=*1 F2y* 	SIG=4, P20.6, 
W;.,ITE (6 0 1 	kr a 02IPAPAN 

SIG/ME Allm-*, F20 .6/) 

• 5 	FORT 
138 	CONTINL: 

STOP i 
END 
t!PRDU?IRc-  BN (NI  XL 7,Y) 
DI,-:FNSIO;1 XL (®) 
Am 1 . 
D9 1 J=is  
IF ( J.F1.N) GO"r0 2 
P=f*XL (r) / (XL (P )- XL (J)) 

2 	CL0JI2;j: 
CW-jINUE 

A 

FN9 

r P 	 r I • 
r 

IE -!? = 1, 
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THIS PROC.:RA= GOT-TUT-ES TItI EIGENVALTH,;:.; l'OR THE CIRCULAR COlUIGURATIOI; 

(FOURTH CASE) BY 1TATRIX DIACONALISATIOIT (SEE TABLE 5).  

riTu;locinti97,P-5=7), 77;,P76=c111"u1) 
THIS P:'0(7,A1 COrFUTcS "..I(77.ALUFS FOR rp- cuLAn Tr:q0  AT CASF 
GOtsih.:011 	2) I, 	( ,7125.rY", 	6 ) t. F(EC) 

C 	 P 	AY OF co: -LIS CF L 	T!'.1 
A 	 C.N K •■•! .-. L. It:.t.M.TX FL 

IS 	Ti.EiJ LUE 	Tc: IX 

	

F 	7.).  X 
LIM1. jEFIrES Ft,r:IAL .317F OF H,EH 

LI t•-:= 	(LL1 1 1"-1_ I1 +LT 	) 
,.3FFIYE:..S: 1.0 ?ER OF Pu.J'T It 	EH 

I: ,  LIM 
.141F,9 

F.:•:.1..11 	) 	C 
C 

	

	 C iS 	ATT ■/: 	 r.7,2,4r7 3Fil*/ / 	%la GT4*0 
14 =S0.;',T ( 1 ./( t`LT"1*,",LI"'14-AL I `1.) ) 

C 	 H 
LTfr 

Ii 	F 	AT ( 	Fl 	Fr•- *IF:1:7 • 6 1*. 	L7 IA.= *II 51*  
00. 

TFIS "Ir) LP FIL Ls :P 	)JF. CC 0 2r)1.1\jA .'T.TS OF THE-• METH IN**- ri 
(. 	 Trc ti• 	P 

1 1 27-2. ftv- N4-'11  
F L. 

• C 	 PLPH". 1S 	 SU" 	T2O N E r,  FUT 
no 2 I=111-07 

,t;•-? -.1̀ H 

AK--'FLOAT 	) 
P(I, =AK*Al.FHA 

2 	Iliry 
1 	r 	T 

00 
00 2 5 J 

C THE.::;E: '14 0 	O LGOP;i DEFINE ..'HE KET-'..NEL IN r PE-TPCEXEn - 
C 	 T 

IF C.) 	r=c1TO 4' 
1F..;0=C(131) - P(T.7 	+P(J1 1 ) *P(..)f. 	-2.*P(I5. )*P(Jf .1)*COSiFfT12)-P(W. 

*2)) 
Co( 	DPI ( ) 

C 	 THIS 517A F J 	LI( 	FUNCTI 011 FOP. 	ESSFL FUNCTIO!‘:,?. 
A (I, J)---72.* ;1/ AG 
COTO 2' "  

. L+CC 	A (II J)=1 
2r  
lcrj GWV•INIIIr 

CALL F7-2AAF ( 61: 3 6`71 
C 

	

	 I•T•;' 	 PE7Fr'r 1S r14.111 Y OTAGnNALISA TT 0'! 
WRIT 'Z.(e, 3•:'1) 

3e1. 	F0:2'.■AT(1.H.'i7FHINDTY.71.51-1 	 N/AL' 
SUN= !*'. • 
00 3:3 I7- 11 L 
J=)-1 

3C. 2 	FO.-.A.T(1,i_j 5  
3C C 	CfltTT_WF 

(C(;) 
TH1 

	

	 VE:TFT'S 
:A);!,t-L1.!"1 

2C 	FO 'T( Stl'' O TL 	EIE 	 1C 6-,* 	NO7 !iALI7E0  
i5 El) 

STOP J. 
END 



"'EDVd Ixail NO maaaiwoo 

e411 Nil ( 9 vinoi J iL4I1 

(11*._;.NJkIlldi<L1 

(--.)***LT*0/*1m9*.:11.10 
4X) 	11 

	

Lci- 	C) LV 	J LY;T 
(T:C- '9) 

•A.SILI V iJ 	X..13H1 *//)10d 

ujOld/ 	2H:::(>1):-J  
(>1) 

(JS.14T7>i 91 00 

	

(9.t)4.c7"..-.!3XT)lifet'Od 	6 
(OS` T7:14  (16  kl) X) 	te..") 

(1*-1I-ii 	S..1. 1].1.N00 	ONi. 
t 
 -.1-/)10J 	2T 
 49) d'iLIIM 

	

71INTINOO 	9 
(//SI‘*01. 1VflUi t 	Ai SI 'fr4 *//)i!vIrAd 

49) 	M 
9 0 W9 

• ( 

	

T2 	'.ifii°0) J1 
T+ 	(14.4)G*(■11.,ri).1V0-0)XIdi.---; 

T=I11 9 00 

	

X91(‘TI)X*UV-)dX-2-;*WX**CTIjX*ONX**Vtir-(TI)o 	47 

T It Fi 
(ro-DiV01J=GS'+TT)X-:(TI)X 

Z7n--TI 17 00 

CT )6 
••(TH 

X9 ONX) 	11 t1  
•T-ONX=OX 

tSiVt 

• 

V-./OSJtS  
■,■  

()].V013/V:-''AO..-11NUStf 
(1-i)  

(I Hill (1) 
(I) 

(3"1:-:SI)*31•1:- (41-) 
(7.14G1;JI) IL).71 

I tr.( CT' 	0 V IT:I 
31 

t 

• 

9 
0 

SNOi0T.',4 NI dj' 13LECI 	v'iS SI d )I 
S:,432„J Ai 	Ni 	q,.-± lidci S; I 0'?.' 

	

j 	1L1 H.-2.; SI 0 	9 
Ni i1i 	SI IM 	I 

3 

	

dV 40.340 1M 	T'i UV-31 
6I)i 

• :=1:101 
'L V3NV 

n=lhVUSV 

	

( (T) 	CT ) Ac) 

	

(,3T) 	C 	T) 

	

7,t7) 	( J.:A 	( 	NUkkOO  
(:Z3dVI=T* 

3d 	41..1d1:10'ind NI) 	.f..].LIdr.cs 

VAT, Id 112 a:Tr:IV-0031d 

981. 
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CONTINUATION OF PROGRAM:.1; JUPITER 

XKF/Y t1Mi.7 " 

LW=IFIX('01L) 
WFITF 	 1_!r-','09 417  

Fn- 	0///-* 	1 !(.7. =*. p.1:5 5 * 
*PIL 	 SCAN. t 

Wf...TTE" (')15) i''tsft,)(1<r 
15 FOF-,VAT(///At 	 N 	REL. 	. TN K U117F. 1.-' 41 ,F1.6,* 

0■';.31T7. (6;11 ) 	t' 
1 C 	F0 77-W T ( //." 	PR OF S11. 1PLES USFO=*, T101/1)-  

IT IFi:(TTL)) 
WRIT::: (6,1 7 ) IT 

17 	FDri'l,'•T(///* "if- T -'l. NI.L1r;, r3F-  '.:.!'1.PL.F7.  rli-... 1:.r::.,OUI.TE) Err,-'?=*,1.1 7V -//) 
IT' (Cy1 1 ) 

11 	FO.../1,.. (if' Y 	i'f':-,ri::•;:. r:IF 	rE'It.:-... 	Tr) 	i'.',/:IF.'.G7=*,:15///) 
WPIT■.- (6,7)  

7 	Flic-:...' 	T ( / / /* 
*VIEANcO 	

t- ''' 7 ir..N 
*XNC) 1) , :

-'71 NSO. 	SIGS.0 
PA

.,''FTi7N 	 STSF:2 ,  
if... CI ii .-7 ,..:. 0 

id:'ITE (6 1  -.) 	;'! c", Y,,Y7r:f.":E.P.U,7 f"Et.', !..- 01. 11;1 0,RtII111, 7';,'.77.02,1f!.,r:0 
P 	FP1-  (1X '-'i:"15.E.///) 

„DST OP 1 

THIS PROGRAIM PLOTS TIM EXPER=NTAL FIRST ORDER PROBABILITY 

DENSITY FUNCTION OF INTEGR.ATET INTENSITY OF SPECKLE •PAT'I9JT5 

SCANNED TBROUGH FINITE APERTURES., IT ALSO PLOTS ON TIM SAID 

- GRAPH: y FOR PURPOSE OF COMPARISON, T.IIE APPROXIMATE'', (GAIN) DIS-

TRIBUTION, (SEE 1.4.3 AIM FIGS« 48 AND 49. ), 
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An exact and an approximate first-order probability density function are computed in terms of the eigenvalues 
of the autocorrelation function of the speckle pattern obtained in coherent light. We examine the case of a sine 
autocorrelation function obtained with a rectangular intensity transmitting pupil. The integrated mean square dif-
ference between both formulae is plotted. 

1. Introduction 

In this article, we compare an exact and an ap-
proximate probability density formula for first order 
speckle statistics obtained in coherent light. The ap-
proximate formula is a gamma distribution, the exact 
formula is an expansion in terms of eigenvalues of 
the autocorrelation function of the speckle pattern. 
Rice [1] was the first to use the gamma distribution 
in the context of electronic noise statistics. Mandel 
[2] used it in optics in photoelectron counting and 
Goodman [3] applied it to speckle patterns. Condie 
[4] first discussed the properties of an exact formula 
in speckle statistics using a Iorentzian intensity dis-
tribution for the scatterer. Mehta [5] compared the 
moduli of the characteristic functions of the approxi-
mate and the exact distributions in photoelectron 
counting. He also used a lorentzian for the spectral 
profile and showed good agreement in the case of 
small and large width of the spectral profile. Mehta 
and Mehta [6] , by using Slepian's results [7,8] found 
similar results in the case of a rectangular profile. 

Here we compare the approximate and exact prob-
ability densities in the speckle context using a rect-
angular intensity distribution for the scatterer. The 
difference is characterized by the integrated mean 
square difference. 
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2. The exact formula 

The probability density of speckle intensity at a 
point is well known to be a negative exponential [9] , 
but speckles are observed through non-point finite 
apertures and one must compute the probability of 
integrated intensity P(I); this is given by the integral 
[10,11] 

P(1) 	
1 + I-- 	e—izi  dz 

i_ co no  _ ize  )' 
n 

where the en  are eigenvalues given by the homogene-
ous Fredholm equation 

en cp(x,y)= f fr(x—xi,y—y1 ) On(x',yi)dx' dy 1, (2) 

A 

A = scanning aperture with eo  el  e2  where r(x, y) 
is the complex amplitude autocorrelation function of 
the scanned speckle pattern, (x,y), (xi, y i) are two 
points of the speckle pattern, 43, are a set of eigen-
functions orthonormal over A. If all the eigenvalues 
are different, the integration of eq. (1) gives the exact 
formula [6,10] 

P(I)= zI (Cn  len) exp(— //en), 

(1) 



1 

s' 

6 	8 	10 
no  
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with 
	 ante are 

Cn = JI En(en —e.)-1. 
mOn 

(3) 
(I) = e n 0 0 ,  
cr2  =e2n . 0 0 

(7) 

(7a) 

The mean and variance are 

(/) = E Wen , 
	 (4) 

02 = 2  vt 
n  en   

(7N 
n

e 2 	
(4a) 

3. The gamma distribution 

If, as suggested by Condie [4] the eigenvalues are 
taken as values of a step function such that 

En = e0 for n <no, 

and zero elsewhere (the envelope of these eigenvalues 
is shown in fig. 1 in dotted lines for n0  = 6), the in-
tegral (1) now becomes 

1 
P(/) =— f 

e—izi dz  
T  

(1 —iZeo )n0  

which gives 
/ )no ino-1 e—fieo 

P(1)— 
c0 	P(no) ' 

which is the gamma distribution. The mean and vari- 

n  envelope 

Fig. 1. An example of the behaviour of the eigenvalues in eq. 
(10) for c = 10. The ratio of the surfaces S and S' is a measure 
of the error made by replacing the eigenvalues by a step func-
tion. 

GP
W 

This suggests eq. (6) be written as 

no  \ no r0-1 e — /no/(/) 

O 	r(n0) 	' 
	

(8) 

which is the probability function scaled to mean in-
tensity. The quantity n0  is interpreted as the number 
of independent correlation cells into which the aper-
ture is divided. 

4. Case where the autocorrelation function r(x,y) is 
a sine function 

We now examine the case where the autocorrela-
tion function is a sinc function. Physically this cor-
responds to considering the speckle as white noise 
taken through a slit pupil (one dimensional) of uni-
form transmittance. Generalisation to a two-dimen-
sional rectangular aperture is straightforward. The 
autocorrelation of the speckle in the far field is equal 
to the amplitude diffraction function of the pupil 
[11 . The eigenvalues are scaled versions of the 
eigenvalues An  of the prolate spheroidal wave func-
tions and have been extensively studied and tabulated 
by Slepian [7, 8] . They are defined by 

A, O
n  (X) = 	

sin [c(x — x )]  On (x /) dx I 
—1 

+1 

7r(x — x') 
	

(9) 

with 1 A0  Al  A2 • • • . The required eigenvalues 
are given by 

en =aA 	 (10) 

where a is a proportionality constant. The envelope 
of these eigenvalues is the continuous line in fig. 1 
for c = 10, where c is the space bandwidth product 
of the system. The similarity between the two curves 
is clearly seen. The ratio of the crossed-hatched area 
S beyond n0  to the area S' under the step function 

E An/WOAD   
n>no  

(5)  

(6)  
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optical system 

Fig. 2. Optical set-up for observing speckle patterns in co-
herent light. 

is a measure of the error made on the eigenvalues by 
replacing them by a step function. 

5. Computation of the cut-off index of the eigenvalues 

By the Mercer theorem (see e.g. ref. [12]) we can 
write the kernel of eq. (9) 

sin [c(x — x:)]  — E A 0*(xi) On  (x), ir(x — x ) 	" nn 
(12) 

where the star denotes complex conjugate. By setting 
x' equal to x and integrating over {-1,1} we find 

2c/71 = EAn. 	 (13) 

If the eigenvalues are taken as a step function we can 
write 

E An  = no A0  

and 

n0  = 2c/rrA 0 	0' 
c is the space bandwidth product [8,9] , which in 
our case is 

c = 7rUAIXD 

and 

n0  = 	/XDA0 , 

where X is the wavelength, U, A and D are defined in 
fig. 2. This formula for n0  is valid for both the step 

Fig. 3. Comparative plots of the exact and approximate prob-
ability densities: a) c = 0.5, no = 1.03, no/(/) = 0.26; b) c = 
1.0, no = 1.12, no/(/) = 0.28; c)c = 2.0, no = 1.45, no/( .1) = 
0.36; d)c 8.0, no = 5.09, nol(I) = 1.27. 

P(I) x10 2 

exact distribution 

	-11  — 
laser 	diffuser 

(14)  

(15)  

(16)  

(17)  

240 



[1]  
[2]  
[3]  
[4]  

[5]  
[6]  

[7]  

Volume 11, number 3 
	

OPTICS COMMUNICATIONS 	 July 1974 

Fig. 4. The difference between the approximate and exact 
formulae is characterised by the graph of the integrated mean 
square difference versus the space bandwidth product c. 

and the proper set of eigenvalues. This result differs 
from that of Barakat [10] who gives n0  to be in-
versely proportional to A. 

From eqs. (7), (10) and (17) we evaluate a, 

a = (/)20/2UA. 	 (18) 

6. Comparison of exact and approximate formulae 

The exact probability density was calculated from 
eq. (3), using Slepian's eigenvalues, and the gamma 
distribution [eq. (8)] was computed with (non-inte-
gral) values of n0  given by eq. (17), to give the best 
fit between the two. 

Figs. 3 and 4 illustrate some of the differences 
between the approximate and exact formulae, fig. 3 
shows some comparative plots for values of c equal  

to 0.5, 1.0, 2.0 and 8.0. (I) is chosen equal to 4. 
Fig. 4 shows a graph, computed numerically, of the 
integrated mean square difference between the two 
formulae as a function of c, it reaches a maximum 
around c = 2 and goes to zero for both small and 
large c. When c is small, both formulae tend to a 
negative exponential. For c less than unity, eigen-
values were computed from an asymptotic formula 
given by Slepian [8] . 
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We study experimentally the depolarization of a coherent laser beam in the fax field of a thick diffusing medium made 
from stacks of ground glass. We show it is a function of the wavelength used, the thickness of the medium and the variance 
of the surface roughness. 

1. Introduction 

Many authors have considered intensity statistics 
in speckle patterns arising in coherent light [1-3] but 
little literature can be found on the state of polariza-
tion of the speckle field [4] . This is because the 
speckle pattern is usually obtained from a surface dif-
fusing medium and this gives little depolarization. 
Here we look experimentally at the amount of depo-
larisation in a speckle pattern obtained from a thick 
diffusing medium. The thick medium used is particu-
larly easy to make and to handle; it is made from one 
to ten layers of ground glass. Each layer is ground on 
one side only. The roughness is characterized by the 
variance of the surface profile which is estimated me-
chanically by a stylus method [5] . This can be asso-
ciated with the variance of the size of the diffusing 
particles in other media. The polarisation state of the 
light field is characterized by a coefficient P derived 
from Stoke's vector [6, 7] , which is measured over 
areas large compared with the average speckle size [8] . 
The depolarization effect observed is characteristic of 
the whole of the speckle field, each speckle being fully 
polarized but in a random manner. 

The experimental results show that P is a function 
of wavelength, the number of layers of ground glass 
the light traverses (i.e. thickness of the medium) and 
the variance of the roughness.  

2. Measuring technique 

The initial laser light is horizontally plane polarized. 
The amount of depolarized light is estimated from a 
measure of Stoke's vector which is defined by four 
quantities I, M, C and S. I is the total light intensity 
across the scanning aperture, M is the amount of hori-
zontal plane polarized intensity, C is the amount of 
+45°  plane polarized intensity, S is the amount of 
right circular polarized intensity. If the light is com-
pletely polarized, we have the following relation, 

/ = N/A/2  +C2  + S2. 	 (1) 

If the light is partially depolarized then, 

i>,/m2  +C2  +52 . 	 (2) 

The amount of light which is not depolarized is ex-
pressed by the normalized coefficient P, 

P=0/ 2  +C2  +s2/L 
	

(3) 
P is of course positive and equal or less than unity. I 
is measured directly with a photomultiplier, M is 
measured with a filter blind to vertical plane polarized 
light, C is measured with a filter blind to —45°  plane 
polarized light and S is measured with a filter blind to 
left circularly polarized light. Let /1 , /2  and /3  be the 
intensities respectively measured with each filter, then 
we have the following relations 
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photo-multiplier 

Fig. 1. Diagram of apparatus used for measuring depolarization; 
U= diffusing aperture diameter, a = scanning aperture diame-
ter. 

M= 2/1  — I, 

C= 2/2  — 	 (4) 

S = 2/3  —I. 

These measures are compensated for any losses. The 
apparatus used is as on fig. 1. 

3. Experimental results 

Fig. 2 shows a plot of P versus N, the number of 
layers of ground glass (i.e. thickness of the diffusing 
medium) with a roughness variance of al  = 0.430 p. 
Fig. 3 shows the same kind of plot using a variance of 
02  = 3.791 p. The difference in the steepness of the 
curves in figs. 2 and 3 is clearly seen. Fig. 4 shows a 
plot ofP versus a the roughness variance. This graph 
was obtained by using stacks of ten ground glass 
plates, the variance being constant within each stack.  

4. Conclusions 

Throughout all the measurements the coefficients 
C and S for +45°  plane polarization and right-hand 
circular polarization remained neglegibly small. There 
is therefore, over the whole aperture, only degrada-
tion of the initial horizontal plane polarization and 
no acquisition of any other form of polarization. In 
this case it is easy to show [6,7] the polarization co-
efficient P is equal to the ratio of the difference of 
the intensities measured with a parallel and perpen-
dicular polarizer to the sum of the same intensities, 
thus 

P=I M  	 (5) 

We have checked this experimentally in every case 
considered and fig. 5 shows a comparative plot of P 
versus variance measured by both methods. Finally 
we would like to suggest depolarization measurements 
as a possible method for evaluating surface roughness 
when the surfaces are transparent and available in 
stacks. We hope to give a theoretical interpretation of 
depolarisation in thick media in terms of the mean 
free path between the diffusing elements in a forth-
coming paper. 

diffusing 
medium 

 

   

 

horizontal 	f i ter 
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Two wavelengths were used, X = 6328 A-red- and 
X2 = 4765 A-blue-. 
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Fig. 2. Graph of polarization coefficient P versus N, number 
of layers of ground glass (or thickness of diffusing medium) 
for a roughness variance of al = 0.430 (X = 4765 A -blue-, 
D= 1.18 m, U= 1.5 cm, a = 0.8 cm). 
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Fig. 3. Graph of polarization coefficient P versus N, number 
of layers of ground glass (or thickness of diffusing medium) 
for a roughness variance of 02 = 3.791 µ (X = 4765 A -blue-, 
D= 1.18 m, U= 1.5 cm, a = 0.8 cm). 
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A P 

Fig. 4. Graph of polarization coefficient P versus a, roughness 
variance, using stacks of ten ground glass plates. This graph is 
plotted for two wavelengths X1 = 6328 A-red-, •, X2 = 
4765 A-blue-, +, (D = 1.18 m, U = 1.5 cm, a = 0.8 cm). 
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