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ABSTRACT

- We first l;eview the classical approach to the approximate first order
statistics of spe;:kle patterns expressed by the Garr;mc distribution in terms of
fhe average integrated intensity and the number of independent correlation
cells the scanning aperture can be divided info. We then examine in detail
the properties of the exact distribution obtained wirh the eigenvalues of a
homogeneous Fredholm integral equation whose kernel is the amplitude auto-
correlation function of the scanned speckle pattern. A theorem by Mercer
allows us to derive two important expressions for the sum of the eigenvalues
and the sum of the squares of the eigenvalues. The first of these relations
shows us the number of independent correlation cells for the approximate Gamma
distribution is equal to the cut off index of the eigenvalues. The exact and
approximate distributions are compared in detail and numerous computational
results are given. The validity of the exact distribution is tested experimentally
at d point where the difference between exact and approximate di;fribufions is
critical, good agreement is found with the exact distribution  Finally the
statistics of depolarized speckle patterns are considered, experimental results
show that the depolarization is a function of the thickness of the diffusi-ng
medium, the variance of size of the scatterers in the diffusing medium and of the

wavelength used.
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0. INTRODUCTION

A speckle pattern is a random diffraction phenomenom occuring when
coherent light falls on a diffusing medium. In 1877 EXNER observed Fraunhofer
rings - a related phenomenom - with radially fibrous structure when lighting with
a candle a glass plate upon which he had previously breathed. The radial structure
was due to the polychromaticity of the candle's light. VON LAUE in 1914,
1916, 1917 studied the statistical properties of Fraunhofer rings produced by a
plate covered with lycopodium powder. True monochromatic speckle patterns
obtained in coherent light wereﬁrsr.observed with the invention of the LASER.
These early observations are related by ALLEN and JONES 1963“ LANGMUIR

1963 , OLIVER 1963 and GOULD et al 1964. Since ’rhen spéckle patterns
have been the cenire of a flourishing interest as further properties and applications

are constantly being found.

 The first part of this thesis consists of a brief seicfion describing the apparatus

used to observe and measure speckle statistics in monochromatic coherent light.

In the secoﬁd section, the arguments leadingto the first order statistics of speckle
patterns observed through non punctual finite scanning apertures are reviewed.
These statistics are adapted .from the mathematically related field of electronic
noise and are based on a theory due to RICE 1945 ., This theory was used in
photo-counting statistics by MANDEL 1959 and applied to speckle patterns by
GOODMAN 1965 . Here we retrace Rice 's argune nits in the speckle context
but we also give another derivation of the first order srarisﬁcs?g method based on
characteristic functions which are the Fourier transforms of probability density

functions. The approximate first order probability density function cbtained by either

method is a gamma distribution and depends only on two parameters, the average



integrated intensity and the number of independent correlation cells into which

. the scanning aperture can be divided.  Although the average integrated

intensity is easily determined, finding the number of independent correlation

cells is not an easy matter and requires some complicated second order statistical

manipulations. The validity of the Gamma distribution is examined by the use of
th ] ] . th

k order cumulants which are convenient functions of the k order

moments. At the end of this second section is given a review of the statistics of

speckle patterns with coherently, incoherently and partially coherently added

illumination.

In the third section we explain the theory leading to the'exact statistics of
speckle patterns. This theory was developed by KAC and SIEGERT 1947 in
the context of elecironic noise with square law detectors, here the noise is the
speckle comple.x amptitude and the square law detector is the photomultiplier
behind the scanning aperture. The theory here adapted to speckle patterns is
based. ‘on KarhUnen Loéve expansions of statistical functions which are generalized
Fourier expansions whose coefficients are uncorrelated. The eigenfunctions and
eigenvalues of these expansions are given as the solutions of a homogéneous
Fredholm integral equction whose kernel is the amplitude autocorrelation function
of the scanned speckle pattern (i.e. the Fourier transform of the amplitude power-
spectrum). The eigenvalues obtained from the homogeneous Fredholm integral
equation are interpreted physically as the average integrated intensity of several
incoherently added speckie patterns and the characteristic function of the required
exact first order probability density function is expressed in terms of them. The
properties of the eigenvalues are examined closely and a theorem by MERCER 1909

which is a generalization of another theorem by SCHMIDT 1907 allows us to

“



determine two important relations between the eigenvalues and the amplitude
aufoéorrelcfion function. The first of these relations shows us that the number
c;f independent correlation cells (one of the two parameters defining the gamma
distribution) the scanning aperture can be divided into is equal to the cut off
index of the eigenvalues and this allows us to find easily the number of independent
correlations and to compare easily the exact and approximate distributions. " The
second relation gives the sum of the squared eigenvalues as an infegral function
of the squared autocorrelation function. At the end of this third section, two
methods are considered to sol ve the homogeneous Fredholm integral equation and
an explanation is also given of how the precision of the exact distribution is a
function of the precision with which the eigenvalues are known. A relative

precision of 10_3 on the eigenvalues is generally found to be adequate.

In the fourth section four applications of the theory leading to the exact
statistics are examined. These applications provide a good means of comparison
betWéen the approximate and exact distribution. The first of these cases concerns
a slit diffusing pupil with a lorentzian infensity transmittance and a slit scanning
aperture with rectangular intensity transmittance. It is perhaps more interesting
from the mathematicel point of view than from the physical point of view as it
illustrates clearly one of the two methods considered as solving the homogeneous
Fredholm integral equation. The two following cases concern slit and
rectangular apertures with rectangular intensity transmittances. The fourth case
concerns circular cperfur:.ss with "top hat" intensity transmittances. This last
case is the most interesting because of its relevance to the general geometrical
configuraﬁoﬁ of most optical instruments and also because we provide experimental

verification at a point where the difference between the exact and approximate



distributions is the largest. The agreement between experiment and exact
distribution is found to be good and better than with the approximate distribution.
For all the four cases the difference befween the exact and approximate distribu-
tions is characterized by plofs of the integrated mean square difference versus

the relative aperture which is proportional to the product of the size of the

collcch'nﬁ pupil by the size of the scanning aperture.

In a second part of this thesis is a short description of the statistics of
randomly polarized speckle patterns. We mainly state our experimental obser-
vations concerning the random polarization of speckle patterns emerging from

thick diffusing media.

In this thesis we do not consider the elimination of or the applications of
speckle patterns. Authors who may be quoted in connexion with speckle
elimination are GERRITSON et al 1968 , GABOR 1970 and DAINTY and
WELFORD 1971 . Dainty and Welford's method is based on a theorem by
WELFORD 1971 stating that the pupil of a coherently illuminated optical system
varying in time gives a time averaged image equivalent to that of an optical
system with a cgrtoin fixed pupil ond partially coherent illumination. Speckle
in partially coherent light is well known to be less conf;'asfed. Mc-KECHNIE

1975 gives a detailed analysis of the change in contrast obtained by the

application of this method.

Applications of speckle patterns to the study of vibrations have been
considered by ARCHBOLD et al 1963 , FERNELIUS and TOME 1971 and
ELIASSON ond MOTTIER 1971 .  If we consider a vibrating rough surface

illuminated in coherent light the speckle at the nodes of the surface is more



contrasted than at the vibration maxima . This can perhaps also be interpreted

in the light of Welford's theorem that if the vibrating surface is cc;nsidered as a
secondary source the nodes behave as coherent light sources and the vibration
maxima behave as partially coherent sources. LEENDERTZ 1970 and BUTTERS
and LEENDERTZ 1971 also apply speckle patterns to vibrati on analysis, although
their method is based on the superbosition of two speckle potterns recorded at
different times. Another application of speckle patterns concern the analysis

of surface roughness. This is sfudiec;l with polychromatic laser light, the statistics
of *he resulting speckle patterns are observed to be a function of the roughness of
the diffusing surface. A way of characterizing this is to plot the standard
deviation of the intensity fluctuations versus the standard deviation of the height
fluctuations of the surface. Authors to be quoted in connexion with this work

are SPRAGUE 1972 , TRIBILLON 1974 , PARRY 1974 a) and 'PARRY 2974 b)
Other applications include attainment of diffraction limited imaging in telescopes
(LABEYRIE 1970 , DAINTY 1972 ) and speckle interferometry (GEZARI et al

1972 and BURCH 1970 .
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OPTICAL SET-UP FOR
OBSERVING SPECKLE PATTERNS IN

COHERENT LIGHT,

L: LASER with wavelength A
M: MICROSCOPE OBJECTIVE
'C:  COLLIMATOR AND DIAPHRAGM
DM: DIFFUSING MEDIUM
O: OPTICAL SYSTEM
P:  COLLECTING PUPIL

S:  SCANNING APERTURE DEFINED
OVER THE DOMAIN A

P.M: PHOTO MULTIPLIER

FIG. 1

Wa

,’U
wn
TO
DIGITAL

VOLTMETER

N




12

1. THE PHYSICAL DEVICE AND SOME BASIC ASSUMPTIONS

Consider the apparatus described in fig. (1) for observing speckle patterns.
It consists of a laser L emitting monochromatic coherent light of wavelength 1 ,
a microscope objective M to expand the beam, .a collimating lens and diaphragm
C, adiffusing medium DM, an optical system O, adistance D away from
the diffuser with a pupil P of size 2 U we call the collecting pupil mounted
close to it to limit the size of the scattered beam and lastly a'scanning aperture S
defined over the domain (A). The collecting pupil and the scanning aperture are
at a distance D apart and are considered in the Fourier space of each other,

(i.e. the diffuser and scanning aperture are in the focal planes of the optical

system).

This apparatus can be treated in analogy with electronic devices as a linear
filter followed by a square law detector (see e.g. WHALEN 1971 ) the linear
filtering device being the scanning aperture S and the square law device being
the photomultiplier. The quantity that is linearly ﬁlféred is the complex amplitude
of the speckle pattern and the photomultiplier detects the intensity which is the

squared modulus of the complex amplitude.

The diffusing medium is assumed to give r.m.s. phase variations greater
than the wavelength  (strong scatterer). In this case the appearance of the
speckle pattern is independent of the roughness of the scattering surface, as
properly noted by RIGDEN and GORDON 1962 , and we assume that the
scattered light can be treated as stationary whyé noise (DAINTY 1972d )
i.e. as a random process with constant specfrcﬂ density (DAVENPORT and ROOT

1958 ). The scattered light is assumed to be deterministically polarized
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(e.g. plane polarized). This last assumption is only true for surface-like

scatterers, i.e. with their scattering centres all lying approximafély in the same
plane. Later we shall see how thick scatterers tend to depolarize light . How-
ever we can study the deterministically polarized speckle statistics from a thick

scatterer by inserting a polarising filter in front of the scanning aperture.
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2.  THE APPROXIMATE GAMMA DISTRIBUTION

2.1, DERIVATION - DIRECT Mt THOD

Given the optical apparatus and basic assumptions in the above section,
the probability density function of speckle intensity at any given point is well
known to be a negative exponential (GOODMAN 19_63 , GOODMAN 1965,
BURCH 1970 , DAINTY 1970 ). To show this, one assumes that the real
and imaginary parts of the complex amplitude obey the central limit theorem,
(see e.g. MIDDLETON 1960 ). This theorem states that the sum of a large
number of random variables tends to be. normally (Gaussianly) distributed even
though the summands may not be. Here the summands are the real and
" imaginary amplitudes from each scatterer. The joint probability distribution

P(V. , \Z ) of the complex amplitude is then a Gaussian (equ. (1) ). By

r
simple probability transformations, one derives successively the amplitude and

phase distribution P([v], ¢ ), which is a Rayleigh distribution (equ. (2) ) and

the intensity and phase distribution P(1, ¢ ), which is a negative exponential

(equ. (3) ).

1 : v2+v-2
P(V,.’Vi) = 7 exP(-_L_z__; ) 1)
znO‘M Zd‘vl _
i*
A
piv) = I oo ) @)
?_TtOM 20‘M
1 1
PLS) = —— exp(- —5— ) @)
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ith 1 0
with v>0,1>0, \@ézn
GIVI‘ isthe r.m.s. of the amplitude. Renormalizing equ. (3) and
intfroducing the r.m.s. of the intensity o,  rather than keeping the r.m.s.
of theamplitudes, the final expressions for P(I) and P(¢ ) are

1 1
P(I) = ——exp(- ——| (4)

I 1
with the average intensity <1 >  such that

(1):= o ) (4a)

Gnd
1
d) ) = —

However the r.m.s. is measured through a finite aperture which is not a point
and we must therefore find the distribution of the integrated intensity applicable
when measuring with any finite aperture. The following derivation is due to

RICE 1945, here, we apply his arguments to speckle patterns.

Let us first assume we are measuring o with an aperture sufficiently
small such that the intensity does not change oppreciobli/ over its surface. The
integrated intensity E detected is proportional to the intensity at a point and

to the size of the surface S of the scanning aperture, so that we may write,

E

P(E ) = exp (- . ——— 1) 6)
E? <E7

with r.m.s. integrated intensity fluctuations,

O‘E = (E> = (1>x5 (7)

This function is illustrated for various average integrated intensities in fig. 2.
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FIG. 2

GRAPH OF THE PROBABILITY DENSITY IN EQN. 2. 1. (6)

FOR VIRICUS VAwVES oF (E>)

a) Ey =1
b) <E7 = 2
c) Sty = 4
d) {7 =10

E

1 - ——
P(E)=—e B , Ty =(E)
KE)

Y
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When the scanning aperture becomes very large, we may divide it into
a number of smaller surfaces of constant integrated intensity, say N, each of
ol ge i .
area s = S/N, let Er be the contribution of the r h surface, the integrated

intensity E of the entire area is then,

g’ ' 8
CE e E ey o meE, (8)

The integrated intensity incident on the rth surface is taken to obey a negative
exponential. If the sub-areas are Iérge enough, the Er ’s are substantially
independent random variables; if in addition N is large enough, by application
of the central limit theorem, E " s approximately normally distributed, if all

V4 . . .
the Er s have same average and variance as in equ. (6), we obtain

/ 79

, E - E
PlE’)= exp (- (____{Z_l) | (9)

J2TC°'E/ O

with the average and variance given by

’ | S 2 S 2
= —_ d - :
(E .~ 9 o= — o (10)

When we look at equs. (6) and (9) we observe that a Gamma variate of the form

P (e = O (11)

becomes a negative exponential for N =1 and a normal law if we let N become

. 7
large. This suggests equ. (11) is an appropriate approximate distribution for E .

The average and variance of the integrated intensity are,

’ 7. 2

~
m
~
A
m
v

I

(12)

q
2



18
giving,

e’ (E'Q
" Z and’ N = Z
G—-E’ O_-E_,

These parameters are chosen in such a way that the approximate distribution

(13)

and the experimental distribution have the same average and variance. This
Gamma distribution was first used in optics in the photoelectron counting context
by MANDEL 1959 and GOODMAN 1965 ; DAINTY 1971 applied it to

speckle patterns.

Inserting equs. (12) and (13) in equ. (11) gives,

’
€
N SN - N

(&'y

P(E’> = (
(N) (14)

which is the classical first order probability density function scaled to average
integrated intensity used for deterministically polarized speckle patterns. The
behaviour of this function is illustrated in figure (3). To be precise, the above
reasoning applies only for integer values of N ; however the Gamma distribution
will often provide a closer fit to experimental data if non-integer values of N
are used. (CONDIE 1966 , Mc-KEC.HNIE 1974 ). This is why the parameters

. . ’ 2
N and a are chosen using experimental values of <E ) and o’“E,

2.2. THE CHARACTERISTIC FUNCTION METHOD

.The characteristic function of a probability density function is defined as
the Fourier transform of the probability density function under consideraiion
(CRAMER 1946 , LOEVE 1962 , PAPOULIS 1966 ). We explain the

characteristic function and its essential properties more fully in Appendix A.
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e 3
.2
.
E
FIG. 3
GRAPH OF THE PROBABILITY DENSITY IN EQN. 2.1.(L%)
a) N =10
b) W= 5
e) =1
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- Considering again an area of the speckle pattern small enough for the
intensity to stay constant over its surface, the probability density of the
detected integrated intensity is, according to equ. (6) a negative exponential

and its characteristic function (i.e. its Fourier transform) is, (ERDELY] 1953 )

. -1
CE(Z) = (1 - Tz<Ey) (15)

The modulus of this function is illustrated in fig. 4 for various values of the
average integrated intensity. For a large aperture, we again perform division
into N sub-areas such that the total intensity received through that area is

the sum of independent random variables Er from each sub-area, each taken to
obey a negative exponential. From Appendix A, the characteristic function of

such asum C_7 (Z) is the product of the characteristic function of each

E

—

variable,
N
ce 2l =TT Cc_ =)
r=1 v (]6)
If the quantities CE (Z) are empirically assumed all equal and given by
r

equ. (15), then we have,

-~ N
Clz) = (V- i2EY)

(17)
The inverse Fourier transform of this yields the required distribution
(ERDELY!1 1953 )
1 e’
N /N - —
’ E (E>
Ple’) - ( ! ) ¢ ”
(&7 r(N) (18)

The average integrated intensity and variance are,

(e’y = N(EeS (19)
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Y

FIG.4

GRAPH OF THE MODULUS OF THE CHARACTERISTIC FU'NCTIONT IN

EQN. 2.%.(15)

| a) <E> = 1
b) &> = 2
c) &> = 4

d) {E) = - 10

—1
CE(Z) = (1 - iZ<E))
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and
Yot - N oced

Ger = NOL = (&7 (20)
Using these fwo equations we find again the Gamma distribution scaled to
average integrated intensity

_
N _ E e &2
P(ey = L . \) (21)
(&7 r(n~)

2.3. Evaluation of the number N of independent correlation cells

and-second order statistics

In the language of statisticians N defines the number of degrees of

freedom of the Gamma distribution (see e.g. CRAMER 1946 ), in our language

N defines the number of independent correlation cells into which our scanned

speckle pattern can be divided. The Gamma distribution in equ. (21) depends

only on the average integrated intensity and this parameter N. Physically, for

a given collecting pupil P and scanning aperture S it is easy to choose or set

the average integrated intensity as we please. But to determine N a priori

we need an analytical expression. Equation (13) gave us N as a function of

the variance 0':; and the average <E'> , since the quantity (E/)is given, we now
need an analytical expression for the quantity G‘:; . This can be found from second
order statistics, (GOODMAN 1965 , DAINTY 1970 ). The results used in this
section entail considerable algebra, they are quoted without proof and the rgoder

is referred to the required authors whenever appropriate.

let TT e’s (v ) be the integrated intensity power spectrum of the scanned
/

speckle pattern, in one dimensional notation, without loss of generality (U )

defines a point in Fourier space. (For a definition of power spectra and their
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properties see e.g. BLACKMAN and TUKEY 1959 , see also GOLDFISCHER
1965 who considers power spectra of speckle patterns). The variance of the

2 . .
integrated intensity O/, scanned with a finite aperture and the power spectrum

are related by (DAINTY 1970 ),
%2
2 ]
o, = J TTE,s (u)]stv)] du | (22)

- 00

where s(u ) is the Fourier transform of the scanning aperture. This equation
expresses the only way in which the dpproximate Gamma' distribution depends on
the frequency spectrum. RICE 1945 , has showa that the intensity and amplitude

power spectra TTE, (u)and TT | (u) are simply related by a correlation

\Y

-equation.
2 (u) TT]—V| TTM {u ) ) (23)

where ® denotes correlcfion.‘ We must therefore find the amplitude power

spectrum. Let us suppose v_ (x ), the complex amplitude emerging from the

DM

diffuser is a stationary stochastic process with an amplitude power spectrum

TerI oM (u ). Following DAINTY 1970 , the pupil P and scanning
/

aperture S are associated to a linear filtering device with input and output

power spectra respectively ﬂM pm (V) and 'IT‘V‘ ¢ (U). These power spectra
Y I/

are simply related (see e.g. PAPOULIS 1965 ) by,

€%
M, (o) = TP Ty o 1Y) (24)

where P (u) is the pupil function of P (see fig. (1)). By using equations (23)

and (24) we have the scanned intensity power spectrum,

2° 2
m, W)=|Phﬂ ”wquW>®Pwﬂ”qum (25)
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If the complex amplitude emerging from the diffuser is treated as white noise,

TTM'DM( u ) is a constant K and equation (25) reduces to,

2
et = €] Pl @ | P S @

[t can be seen by integrating equation (24) that K is proportional to the average

integrated intensity:

+ 00 1 .
(ey = xj Peor| du @)

2o
Substituting this result in equation (26) into equation (22) finally gives

. + 00 9 "l
2 » JIPr el Pl ls )] du.
o_, = (&) = (28)

¥ 00

{ ,);, | P(u)\2 d u]l

The quantity N is now seen to be the inverse of the normalized power spectrum

of the integrated intensity,

+ 00 9
N = ey {.JZO'P'(Q)ld“}
T }[Pm\& ®,P(vj\9_d,u )

Physically this means that as long as the scattered light is treated as stationary
white noise the number of independent antocorrelation cells depends only
(through this last equation) on the geometrical configuration of the optical set-up
used to measure the statistics of the speckle pattem. As an example DAINTY

1970 gives the result of équuﬁon (29) for a circular configuration (i.e. a circular
pupil P and a circular scanning aperture S with "Top Hat" intensity trans-

mittances), this is
|

_ TI3 ki (0.3 05‘)1 {j[co$-1(u)" U\"l - \_fl ] :r‘\ Ll'f'TtkU[O-30 5)]dU} (30)

4 o v




25

where y is a radial coordinate in Fourier space and k is a measure of relative

aperture defined by

k = cut off frequency of power spectrum

Some reference frequency on tie aperture (31)

transfer function, usually the first zero

of that function
As a note it should be added that the number N of independent correlation cells
is often loosely referred to as the number of speckles in the scanned field. This
has the advantage of giving a "visual significance" to N, ELIASSON &
MOTTIER 1971 have eloborated this notion and define the size of a 3D

speckle.

2.4, VALIDITY OF THE GAMMA DISTRIBUTION

In the preceding sections we have seen that the Gamma distribution for
first order speckle statistics represents in fact an approximation of the true
statistical distribution. MANDEL 1959 gives some consideration to the validity
of the Gamma distribution in the photon counting context. His arguments are
applied to speckle statistics by CONDIE - 1966. Their results are based on
the properties of the characteristic Funcfion.from which an error for the
cumulant is evaluated.b | (For characterisﬁcv functions and cvmblcmts, seé

appendix A). Their arguments are as follows.

The characteristic function of the Gamma distribution with respect to

integrated intensity is (see section 2.2),

~N
, = (1 -12 ) 32)
C,. (=) ( - ) ( '
where o = < Eci (33)
: 0.
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th
From equ. (A4 ) the expression for the k  -cumulant is

-k
R R ARl R S
Qa v z=0 a

The characteristic function C o ( z ) can be regarded (as in section 2.2) as

the product of N characteristic functions CE ( z ) such that,
r

Ce t2v= (1 - L2 S

. th
With all the a_ ‘s equal to a, the k cumulant of CE (z) is from equ.
. r

(A1y)

k=1
o = A=) "

Q
r

If we apply the rule of composition of cumulants given by equ. (A?2.0) we obtain

N
q = (kK —1)!2 a (37)
' r=1 qk‘
v
If all the o r's are equal fo a this equation simplifies and gives
o= - (@)
q .

On the other hand, if they are not all equal, the k" cumulant will be found

to be in error by a factor ¥y such that

Fe = ’\’k ] - (39)
a y A1 '
l‘:" k
ar

setting F, equal to unity gives

(40)
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Introducing this equation in equ. (39) and remembering from equ. (é) that for a

negative exponential a,. is equal to 1/( E.> , we obtain

(41)

Physically, this is equivalent to performing two sets of measures to evaluate two
sets of cumulants, first with a large aperture having N correlation cells as given
by equ. (29), calculating a first set of cumulants from that, then with N quasi-
punctual apertures (having only one correlation cell each), calculating a set of

joint cumulants and comparing both sets. CONDIE 1966 has done this

experimentally for an aperture of N = 3 independent correlation cells. His
measured r.m.s. fluctuations are o, = .9/ G‘Z = 1.0 g - .9

14 3 -
giving,

Fo=1., F = -338 ,F, = 93, F,=.38"%

Condie states that this kind of error is quite insignificant, but he does not mention
anything for scanning apertures with larger numbers of independent correlation
cells (e.g. N = 50). This method is impractical and the exactitude of the

Gamma distribution is not easy to evaluate.

2.5. Statistics of speckle patterns with added illumination fields

a
The above sections give a classical treatment of the statistics of‘monochromatic

speckle pattern on its own. However, it is possible to add various fields to the

speckle pattern that modify these statistics. These may be classified as follows,
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- Incoherent addition of one or more speckle patterns

~ Coherent addition of one or more speckle patterns

- Addition of one or more speckle patterns that are partially coherent between

each other

~ Coherent addition of a uniform background

(i.e. reference wave)

- Incoherent addition of a uniform background

All these cases have been extensively treated in the literature by various

authors, Mc~-KECHNIE 1974 gives a good review of all of them.

Incoherent addition of one or more speckle patterns

BURCH 1970 shows that when two speckle pattems are added together
incoherently the resulting probability density function is given by the convolution
- of the probability density functions of each speckle taken separately. Fo'r N
speckle patterns added together incoherently it is easily seen that the resulting
probability density will be an N-fold convolution of N probability densities of
the speckle patterns taken separately. Rather than perform the convolutions, it
is more convenient to reason on characteristic functions (i.e. the Fourier
transforms of the probability densities) and say that the joint characteristic
function of the resulting speckle pattem will be the product of the charccferisric
function of each speckle pattem taken separately. Thus, if we are scanning the
incoherently added speckle patterns with a pinhole aperture, each speckle will

have a characteristic function of the type

‘ -1 ,
C,tzy = (t-12EH) (42)
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th | ’ '
where k is the index denoting the k patterns and {E K/, isits

average integrated intensity. The resulting characteristic function will be,

N N -1
ciy= TTC, (2 = T—H1-iz<E’k)) 43)
k=1 k=1

This product can be expanded into partial fractions with coefficients Bk,

_ CED ~
Bk'_ T_l- . ] (44)
Ltk (Bl —<ED

and the joint characteristic function now is,

N B

C (Z) - I k (45)
4
k=1 (1 - ;2<Ek))
~ The Fourier transform of this equation gives the required joint probability
density function,
E 4
N B P ——

P(e'y = L 2k e (B (46)

k=1 (Elk>

With only two speckle patterns added incoherently of respective average
integrated intensity { E'1 } and (E '7_> , the probability density

function is,

/ {

E E

T T e
P(EY) = e *V - & % (47)

(EYY - (&%)

this formula is given by . BURCH - 1970.



If the quantities ¢ EIk} are all equal to, say, { E') , the

2
joint characteristic function for N incoherently added specklf patterns is

expressed by
- N
cizr o= (1 - iz(EY) (48)

The Fourier transform of which is, of course, a Gamma distribution,

_ LY -
Py = (_L— £ e 9)
| CED T (N)

We have the interesting result that the approximate statistics of one speckle
pattern observed through a finite scanning aperture such that there are N
independent correlation cells within it are the same as the statistics of N
incoherently superposed speckle patterns with the same average intensity

Q

scanned through a pinhole aperture (i.e.scanning aperture with one correlation

cell only).

If the N incoherently superposed speckle patterns are observed through
a finite scanning aperture such that there are J correlation cells within it,
using the Fourier transform of the approximate Gamma distribution with J degrees
of freedom for each speckle patterns of average intensity <E. ,k> gives the

joint characteristic function as

-J

C (z) = {TTU-—(:.(&"‘))] (50)

N
k=1
/
Ifall the { E K > 's are equal to < E’) , for N speckle patterns we

have

’ —‘JN
Clz) = (1 = 12<ED) | (51)
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The probability density function is given by the Fourier transform of this

expression as,

JN +JIN —“‘ -

Ple) = ( = ) - = 52)
(e T (9N)

This approximate distribution is identical to that of a single speckle pattern
scanned with a finite aperture having M = J N correlation cells or to that of
an incoherent superposition of M speckle patterns scanned with a pinhole

aperture,

Coherent addition of one or more speckle patterns

The case of the coherent addition of two speckle patterns is mentioned by
ARCHBOLD et al 1970 but is considered more fully by DAINTY 1972 . The
- general result is that the coherent superposition of two speckle patterns is another
speckle pattern with similar statistics. The argument isbased on the Gaussian
statistical properties of the complex amplitudes. [f the probability density of the
complex umi)litude of each speckle pattern is a Gaussian, the probability density
of the complex amplitude of the resulting speckle pattern will be the convolution
of the fwo Gaussians the result of which is another Gaussian, hence the statistics

of the intensity are similar.

Addition of partially coherent speckle pattems

The case of the superposition of two partially coherent speckle patterns
is treated by BARAKAT 1973 in the "coherent optics terminology", that is
when the two speckle patterns are partially coherent in time (as opposed to

space). Barakat derives an integral expression for their joint probability density
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function of the intensity scanned with a pinhole. BURCH 1974 shows this
integral can be analytically solved, but these results apply only to the case of
two speckle patterns. GOODMAN 1975 develops a general formalism for the
sum of N partially correlated speckly patterns. His method is based on
techniques developed by WOLF 1959 in the theory of partial polarization.
The coherence between each speckle pattem is expressed by a set of coefficients
H,n, where n and m denote the nth and m partially correlated
speckle pattern, these coefficients are arrangedin matrix form, as the matrix is
hemitian, it is diagonalizable. A set of eigen-values { AL ] is obtained
these
as the result of the diagonalization andlare physically interpreted as representing
the average intensities of N uncorrelated or incoherent speckle patterns whose

- superposition would give the same statistics. One is then brought back to

evaluating the probability density of N incoherently added speckble patterns.

- Coherent addition of a uniform background

This problem is treated by many authors, GOODMAN 1967 , ARCHBOLD
etal 1970 , BURCH 1970 , VILKOMERSON 1971 , DAINTY 1972 and

McKECHNIE 1974 .,

The probability density function at a point is given by

4
E +E}

ey g |2 Jey €
(E"Y

Ple) = 1. e

(e

(53)

Where E b is the background integrated intensity, & '} is the average
integrated intensity of the speckle pattem and 1 o is the modified bessel

function of order zero (see e.g. ABRAMOWITZ & STEGUN 1970 ).
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Incoherent addition of a uniform background

The probability density function at a point for this case is the convolution

of a delta function and a negative exponential giving,

£ _ Eb

>
(1—7) e (54)
E

where E v is the constant background integrated intensity.

P(e") =
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3. THE EXACT DISTRIBUTION

3.1. Introduction

In the preceding section we presented the approximate Gamma distribution
and its main properties. We now introduce a method to derive an exact
distribution for the integrated intensity of speckle patterns observed through non-
point apertures. The method is based on finding the eigenvalues and eigenfunctions
of a Fredholm homogeneous integral e.quation (FREDHOLM 1903 ) who.se kernel is
- the cimplitude antocorrelation function of the speckle pattern. This method is due
to KAC and SIEGERT 1947 who developed it in the context of noise in radio
receivers with square Law detectors. In the speckle context, CONDIE 1966
states some properties of the eigenvalues, DAINTY 197l> using expressions in
terms of eigenvalues found in THOMAS 1969 gives an integral expression of the
| - probability density function, but Thomas's expressions concem real arguments and
as the speckle amplitude is a complex variable DAINTY''s integral is wrong and
- cannot be solved. Here we give a full account of the methed as applicable to
speckle patterns and give the exact probability density function of integrated
intensity in terms of the eigenvalues. The Gamma distribution is found to be a

special case due to a particular set of eigenvalues.
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3.2. The autocorrelation function, the homogeneous Fredholm

integral equation, the corresponding set of eigenvalues

and eigenfunctions and some of their properties.

. U . .
Let the amplitude aftocorrelation function of the scanned speckle pattern

be defined by,
R (x: %) = Vg =) Vg (=) o

where the brackets denote average, the asterisk denotes complex conjugate and
VS(- ) represents the scanned complex amplitude and x’ and x are two points
Y

within the scanning aperture. It can easily be verified that this aﬁfocorrelaﬁon

function is hermitian and square summable, that is

»*

R tx,x) = R («,x) | 2)

2
and jJIR\*:"l)‘ d « d x < o0 3)
(A) (A) |
Where (A) is the domain of integration defined by the scanning aperture function.

This autocorrelation function represents a transformation R of the complex

amplitude which is characteristic of the scattered light and detector system.
f(x);\IR(*,X’)fo)dx (3a)

4
Where f (-) is an arbitrary function and T (+) is the transformed arbitrary

. function. Let us show some properties of this aytocorrelation function.

Consider the inequality,

2

<|jfmvmax S > o @

(A)
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Where f(-) is an arbitrary function. This inequality simply expresses that the

average of a positive quantity is positive. The left hand side may be written

I J { (x')f (x) <V*(x') \/(x)) dx"dx (5)
(4) (p) ,

2
= JJ f (xl)f(x) R[K,Xl)clx’c\x
(A) (A)

and therefore

" .
JT ffenf o R ydx'de 50 2
(AY (A)
A function R (x, x") which satisfies such a relation is said to be positive

semidefinite. To such a function we can apply the following two theorems, the

first ohe is due to SCHMIDT 1907 and the second one is due to MERCER 1909
Theorem 1

"Every function R(x, « } which is hermitian and square summable can

be developed, in the sense of convergence in the mean, into the series

0

* )
Rix,x) = 2 €0 ¢ x) $(x) @)
n= 0
where { <I> n Uﬂ} denotes the orthonormal sequence of eigenfunctions and
{ €, } the sequence of corresponding eigenvalues of the transformation R

generated by the kemel R{x, x') N
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Theorem 2

"If the transformation R generated by the kernel R {x, x) s positive,
that is if relation (6) holds for all f , or equivalently, if all the eigenvalues

€n ~7-£ 0 are positive, the expansion (7) is uniformly convergent.”

The complete sequences of eigenfunctions {C\)n (")i and eigenvalves”

{8 n} are found as solutions of the homogeneous Fredholm
ec‘uqtion
€n ¢n (x) = j R (x, x") Cbh (x)d x
(A)

]
where the aftocorrelation function R (x, x') is taken as the kernel of the

(8)

integral equation. The eigenfunctions & . verify the orthonormality condition.

.[ C‘Dnv(x) (Pm (xydx = 5 m ()
(A)

where 0., o, is the Kronecker symbol equal to unity when n = ™  and zero

otherwise.

: - v
Multiplying both sides of equ. (8) by ¢ " (x) and integrating over
(A), we obtain, using orthonormality relation (9)

* -
en 5nm = jj ¢n(x') R (x, X') ¢n1 (x) dx’d x (]0)
(A)(A)

By inverting x and x’ inequ. (8) and taking the complex conjugate of both
sides and using the hermitian relation (2) we have,
* o
€ q’m L.x):j R (x,x") (Pm(x)d.x (11)
(A

We now multiply this last relation by an (<) and integrate thereby finding

€ Sum = hH‘ $o ) R G (0 dads g
(A) (A) | |
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The right hand sides of equs. (10) and (12) are identical and by subtracting equ.

(12) from equ. (10) we find
%
(En—ﬁm)5nm=0 (13)

%
when N = M  we have €n = &, , this means the eigenvalues we have
obtained from the Fredholm integral equ. (8) are real. If in equ. (10) we set n
to

equal tom , cccordingrequ. (6) we find that all the eigenvalues different from

zero are positive in accordance with the theorem 2 .

This property allows us to sort them as follows,

€o 7 €1 €y -2 EnY -0 (4

“Two important relations can be derived from equ. (7). The first one is
found by setting n equal to m and integrating, with the orthoormality condition

- in equ. (9) this gives

o o _
J R(X, x'_.___x)dx = nz:_D En' (15)

~ The second is found by integrating the squared modulus of the antocorrelation

function and again using equ. (9),

/)

(AY (A)

2 ' i 9%
R (=, x') d x c:!.xl el Z E’n (]6)

n= 0

These last two equations will be of some importance in evaluating statistical

properties of speckle patterns in the following sections.

As the eigenfunctions ¢n are complete and orthonormal any other

function and particularly the complex amplitudes can be expanded in terms of
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them , for example,
o0
Vg () = 2. an $a(0) (17)
n=0

where the expansion coefficients are given by

.
an = | G,y Vg as (18)
(A) '

The advantage of using these particular eigenfunctions to write expansions
resides in the fact the expansion coefficients a.,, are uncorrelated. From equs.

(1) and (17) we may write the autocorrelation function
’ * *
R {x,x) = (hZ a, b, Z_ a qvmm> (19)
which ofter rearranging the terms gives
.. N .
R(x, "y = & ¥ (o, Qm> d()n (<) q>m("\ (20)
n m :
Substituting this expansion in equ. (7) yields
*—
(dn qm> = e’nsnm (21)

This equation shows  the expansion coefficients a,, are uncorrelated
and also gives  a physical inferpretation of the eigenvalues as quantities
equivalent to average integrated intensities. Expansions of the type given by
equ. (17) where the expansion coefficients are uncorrelated are called

generalized Fourier expansions or Karhunen-Loéve expansions (DAVENPORT

and ROOT 1958 , Loéve 1963 ).

One can, of course, write expansions similar to equ. (17) in terms of
any complete orthonormal set of functions but the expansion coefficients are

then correlated and do not lead to an expression of the type of equ. (21). This
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"
argument tends to show that for a given oﬁfocorrelofion function the set of

eigenvalues and eigenfunctions are unique. A further remark is that nothing is
implied about the stationarity of the speckle field, all that is required is that
the autocorrelation function must be hermition and square integrable. However,
if the scanned speckle pattem is stationary, equ. ‘(15) takes on an interesting
form; the antocorrelation function of a stationary random variable depends only

on the difference of its arguments (see e.g. THOMAS 1969 ), we have,

R(x,x") = R (x - %) (22)

Inserting this expression in equ. (15), gives,

M8

En = R (o) A, (23)

o]
1"
o

where A is the area of the scanning aperture.

Let us now examine how we can express the exact probability density

function with the above arguments in view,
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3.3. The Exact Probability Density Function in Terms of

Eigenvalues.

In section 2.1 we make the hypothesis that the complex emplitude is Gdussianl).'
distributed (equ. 2.1 (1), and this is supported by the central limit theorem. In
equ. (17) we write an expansion of the scanned complex amplitude in terms of a
special set of eigenfunctions obtained by the homogeneous Fredholm integral
equation (equ. (11)). We have shown that the corresponding expansion coefficients

are uncorrelated.

Since these coefficients are linear functions of VS (x} (equ. (18)) they
are distributed according to a multivariate Gaussian distribution (ME.HTAV 1970 ).
From this and equ. (21) we can write the joint probability density function of the

coefficients = s, | ‘ 2.
. lanl

8!‘\
P(f{an}) = 1 | ﬂi,,&.-,e (24)
n n

.

/
The intensity E integrated over the whole scanning aperture can be derived

from equ. (17) and the orthonomality condition expressed in equ. (9),

jI\x)dx..j

(A) (~)

2.
dx_ Z. ld (25)

We can now proceed to evaluate the characteristic functions (i.e. the Fourier

Transform) of the integrated intensity. From equs. (A2) and (24) we may write

\zZ\C‘v\\ -
Ce' (z) = < e > J ‘ A e (26)

L
(A) TE

x T——l d_la]
i J



L2

bl x
By d a;  we mean d % c\u:’ taking account of the fact that the correlation

coefficients are complex. Rearranging equ. (26) gives us

+ 00

¢ o= T A Jenels flaf (e -4, e

n —© ¢

Integration is performed over the whole infinite range and yields,

C..(z) = TT! T e - (28)

" &, v (j__ _ % )
&
more neatly,
-1 | - |
CE/('Z\ :T';T(f - ;Z.E,n) ‘ (29)

We must observe that because the coefficients a , are complex and not real the

characteristic function expressed by the above equation is not
—1
Cerzy = 11T (1 12 &) (30)

as in DAINTY 1971 ; this point has also been mentioned by BARAKAT 1973 .

The required probability density function is the inverse Fourier transform of equ.

(29)

/
¥ od 1.z E

P(EY) = A E ¢ d z (31)
?‘TL__‘oo TT(']..RZE;“)
|}

This Fourier transform represents the second essential step in the determination of
the probability density functions, the first one being the resolution of the
Fredholm integral equation to find the eigenvalues € .  To perform the
integration in equ. (31) we must generally expand the integrand into a series of

partial fractions. This could not be readily done with Dainty's expression
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(equ. (30)) because of the square root in the denominator. With the eigenvalues
sorted as in equ. (14) there are basically three types of sets of eigenvalues. These
are illustrated in fig. 5. In the first case (fig. (5a)) we have an infinite
denumerable set of eigenvalues that are all different and tend to zero with
increasing index fairly rapidly such that for large indices they can be neglected.
In the second case, (fig. (5%)), we also have a denumerable infinity of
eigenvalues but the first one is degenerate, i.e. several eigenvalues are equal
to the first one and they then drop off» smoothly to negligible values. In the
third case all the eigenvalues are identical to the first one up to a cut off index
and zero afterwards (fig. 5(c)). This case is unlikely as it can be shown (see
e.g. RIESZ & NAGY 1955 ) that the eigenvalues given by an integral equation
of the Fredholm type always come in a denumerable infinity. However it is a
most interesting case becausev‘if leads to the Gamma distribution. As in the two
other cases the eigenvalues tend to zero with increasing index this case can be
considered a good approximation to the two others. We shall call this special

set the "equivalent set". [t will be defined by the following rule

o0
ne Eo = € (32)
n=0

Where the series on the right hand of this equation is made from the true sequence
of eigenvalues generated by the Fredholm integral equation, €,is the first

value of that sequence and n defines the cut off index of the equivalent set.

As we will show in the next pages the equivalent set leads to the Gamma
distribution and the true set leads to the exact distribution with equ. (32) we

thus have a convenient way of comparing the two distributions. We now give

the probability density function obtained with each case.



44

n
b
0 /A >h
‘Agn
%
C
O 7 4 6 8 >

FIG.5 DIFFERTUNT EICENTALUE BEHAVIOURS, a) LEADS TO EQN. 3.3. (35)
b) LS T0 BN, 3.3. (45),
c) LEADY TO THE GAMMA DISTRIBUTION IN EQN. 3.3. (51).
INDICATES THE ENVELOPE OF THE EIGENVALUES

INDICATES TIE FIRST BEIGENVALUE, n IS THE INDEX
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Probability density function when all the eigenvalues are different (fig. 5a)

The characteristic function in equ. (29) is expanded into partial fractions

with coefficients Gn such that

G, = 11 En | (33)
m¥n E - & '

n m

and becomes

G (34)

(1-iz€,)

C.lz)y = =Z
n

Taking the Fourier transform of this expression (which is equivalent to solving

equ. (31)) gives

(2]
Pey = ¥ Bn e (35)
n=0
n

which is the required exact probability density function of integrated intensity.
In general the eigenvalues will all be different as on fig. 5a) and this formula
will be the one most frequently used for the exact distribution. The average
and variance of this distribution are found by using equs. A(14) and A(17) of

appendix A and are
; e
ey = 1L &, (36)
n= '
and

20
0 e = ) & (37)
n=
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Probability density function when the first eigenvalue is degenerate and the

others drop off to zero (fig. 5b)

The condition for the behaviour of the eigenvalues can be written

5“:5»0 for | n é ho
and €. > e‘n+4>8h+—2_"—" >0
for n > ho

In view of this we can rewrite the characteristic function in equ. (29) as
4 4

X
n
(l—iz&,)° TT (1_1z€,)
nyng
We can expand the right-most part of this expression in partial fractions, this

C-EI (Z.) -

(38)

gives,
c. (2) = ! D n (39)
(1-iz€)) ° n>ng (4o iz £,)

with the expansion coefficients given by

G :} T €n (40)
m F n, : '

This equation is essentially the same as equ. (33) but with a different set of
indices. The Fourier transform integral of equ. (39) is

. /
o0 + 0 -2 E

P(E{) — }:—_ Gr\ J e _ d = (41)
NPy LT Y (1miz€) ° -1z €,)




47

The solution of this is found as (ERDELYI 1953 )

) "o e T g
Pte'y = 2 iGn ( 1 ) 1 E e °
h)“o 80 gn

| - 42)
- N 1 !
‘r4[1;(n0+‘\),{__£‘__.____)E]}
0 &n
where 1F4 is one of the hypergeometric functions, defined by (ABRAMOWITZ

and STEGUN 1970 ),

. , o 5
1 F 1 Cq;b;ZJ - ) @le =z (43)
k=0 Qb)k k‘.

with
+ k
() = lox k) (44)

M (a)

Inserting these definitions in equ. (42) gives the final expression for the

probability densi‘ry function, £’
n -
' Y ¢ 0 €
P(E) = (,l_.) E e °
©o v ANy Y us)
o [ 2 - — ) E
LT G UeE)fl
n>n, En k=0 (n0+k+ '\)

The mean and variance are (from equs. A(14) and A(17) of appendix A)

o0
CEY = n, &, +2 & (46)
and N7 M
od
2 z 2
G_El = \’\080 o+ Z_ 6!’\ (47)
n>h0

BARAKAT 1973 also considers a similar set of eigenvalues and states the following

"It is left as an exercise to the reader to prove that the appropriate expression for

P(E’) isnow"
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- ~A
nzo[T(ny) "t e )T
Non_4
d
> dth-‘\ G . (48)
- (‘\lén)
where N°=N,Nn\: Nl:_-—-" , and

- Ny

G = exp(_tE \:\ T—T(t _‘____) (49)

Barakat continues by saying "This expression is not nearly as formidable as it

looks; however we leave it ...".

Probability density function for the equivalent set of eigenvalues (fig. 5¢)

All the eigenvalues are identical to the first one £ g up to the cut off index
given by equ. (32) and zero ofterwards. In this case the characteristic function

in equ. (29) can be written siraight-forwardly as

n

——

0
Corlz) = (1 - iz &) - (50)

This is the same as equ. 2.2 (17) and confimms the interpretation of equ. (21) of
the eigenvalues as average integrati  intensities. The Fourier transform of

equ. (50) accordingly gives the Gamma distribution,
’
n / r\u - - _.E'_.

P(E') = (J_)h E ¢ Eo

€ i (no) (51)

with average integrated intensity and variance

(E'Y = "y & (52)



and

2 .
o . = n & . - (53)

n . E.ho
, no : 'S ———F:'—;
P(e) = (___“0 ) : e ¢ (54)

<F—'>- (_(no)

which clearly is identical to the distribution in equ. 2.2.(21). Although we will
find no existing set of eigenvalues leading to this distribution from the Fredholm
integral equation, it has been shown experimentally that the Gamma distribution
is a good approximation (CONDIE 1966 , McKECHNIE 1974 ) and we can
therefore induce the eigenvalues we will find will very nearly behave like the

equivalent set.

The advantage of this derivation of the Gamma distribution is that we can now
express its properties with the aid of eigenvalues, this is made easy by using the
two equs. (15) and (16) derived from the theorems by SCHMIDT and MERCER and
by using the equivalent set of eigenvalues (equ. (32)). Let us derive an expression

for ng the cut off index and also the number of independent correlation cells.

From equs. (15) and (32) we find the first order statistical expression,

J R ( x , X \ d x = n 0 E o » (55)
(~) |
From equs. (16) and (32) we find the second order statistical expression,
R , 2 S dd YR 2
J j ‘ (x,x)l xdx = ng &y = O (56)

(A (A)
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We immediately find from these two equations
2
I4 R (X X ) d X
n — &) { ‘L ‘ }

: [ JIRe] an
"y (A)

(57)

This result is also given in the photon counting context by BURES et al 1972 .

If the speckle pattem under consideration is stationary, from equ. (23) we find

2 2
n <E> R(0) A
D —_— —
Z Y (58)
G"‘E' j J ‘R(_x,"f‘)\ dx’dx
(AY (A)

From the Wiener-Kintchine theorem (see e.g. LAWSON and UHLENBECK 1950
the amplitude antocorrelation function is the Fourier transform of the amplitude
power spectrum. With the white noise assumption, from equ. 2.3.(24) the

scanned amplitude power spectrum is

2 4
T_T\Vl's — Cst , l P(u)\ (59)

where P(u) is the pupil function of P (see fig. 1). If psf (x) (point spread
function) is the Fourier transform of P(u), by taking the Fourier transform of equ.

(59) we find the expression of the antocorrelation function
+ G .
R(x...-x'\: Cst 15 Psf(x..x'_.s)PSf(s\ds (60)

- 0

where psf (%) is an even function. Introducing this equation in equ. (58) gives

+ o0 2 2 2
{ 5 pst (s) ds} A
"o F g ~ (61)
| J {j psf(aox—s)psfis ds | dx'dx
(R) (K) "

Again we see that if the scattered light is treated as stationary white noise
the number of independent correlation cells depends only on the geometrical

configuration of the optical set-up used to measure the statistics of the speckle

pattern.
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This equation for the number of independent correlation cells is expressed
with integrals in the "hardware" space whereas equation 2.3 (29) is expressed with
integrals in the Fourier space. This is perhaps the essential difference between

the two relations.

The quantity m, is generally calculated in a much easier fashion, from
equs. (32) and (15) we have

T € j R (x,x) dx : ‘
n = W (61a)

€o €,

n =

0

For stationary kemels (equ. (23)) this simply is

n o el E.}_o.)_l\_ (6"))

€o
This formula, which is much simpler than either equ. (61) or equ. 2.3 (29),we
shall generally use to calcu lcn‘é the number of independent correlation cells.
ACKASU 1971 has shown it is equivalent to reason directly on Fourier space or
"hardware" space in order to evaluate noise statistics. As an example for slit

aperture geometry equ. (61) gives

2
n = i A
+9 oip (IXE% (x —x'-sY) s\'n(ﬂ_t_‘ 5) . 4'2- /
AD
U ¢
(r-x'-s8) TCU
A D A D

where the scanning aperture is a slit of width A and the pupil P is a slit of

width 2.U .
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3.4. On Solving the Homogeneous Fredholm Integral Equation

In the preceding section we have seen the general method to evaluate the
first order probability density function P(E) of speckle pattems contains two
essential steps. The first was to find the eigenvalues defined by the homogeneous
Fredholm integral equation.

én Cpn(x\ = j R\x,x') q)n {x')dx’ (63)
(A)

The second step was to insert these ergenvalues into the Fourier transform integral
+oQ iz E'
P(ef 1 ¢
() = d =
2 Tt - [ l (‘\ b i Z E’n ’
n

(64)

and to perform integration. A word on how to solve the Fredholm homogeneous

integral equation is therefore in order.

We consider essentially two methods. The first consists in finding the
differential equation associated to the Fredholm integral equation and then solving
this differential equation. It is generally easier to find an integral equation from
a given differential equation. Doing the contrary is generally difficult except for
some obvious cases. The advantage of this technique is that exact or closed
expressions can be found for the eigenfunctions and a great accuracy in the
eigenvalues can be obtained for fairly little numerical manipulation and computing.
We illustrate this method completely for the simple case of the slit collecting pupil
with a Lorentzian intensity transmittance profile and a slit scanning aperture with
a rectangular intensity transmittance profile in section 4. SLEPIAN 1961 also
uses this method to calculate the Prolate Spheroidal Wave Functions and their
associated eigenvalues. In section 4 we also use SLEPIAN'S results in the case

of the slit and rectangular unit intensity transmittance apertures. Good accounts
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of the relations between differential equations and integral equations can be found

in COURANT and HILBERT 1953 and FROBERG 1970 .

The second method we consider to solve the integral equation consists in
writing the integral in the Riemann sense as the limit of a series of N terms
with N tending to infinity, (see e.g. RIESZ and NAGY 1955 ). This leads to
a matrix formulation of the problem and as the kernel of the integral equation is
Hermitian, all we have to do to find the eigenvalues is diagonalizé a Hermitian
matrix version of the kernel. As shown in paragraph 3.3, the eigvenvalues will
be real positive. This technique is conceptually much simpler but requires much
more computing. However, as large computing facilities are available (a C.D.C.
6400 series computer) this method is worth using. We shall use it notably to solve

the case of a two dimensional circular unit transmittance coHed:.'nj pepil in section 4.

A brief account of this method is as follows, (a more detailed account will be
given for the circular case in section 4.2.4). As the limit of a sum of N terms
with N ftending to infinity the Fredholm homogeneous integral equation is written

as

e d(xy = Liw L R\x.“h) ¢ (nh)h (65)

N -peo N=-N
where h is the elementary summing interval, n is the dummy index, as the
integral in the Fredholm equation is defined over the domain (A) we must have
a boundary relation, for example, when (A) = [ -A,+ f\_], this is,

2

(66)

z
>
i
N 3>

Writing the Fredholm equation as in equ. (65) is physically equivalent to filling
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the scanning aperture with 2N points a distance h apart, each point being
indexed n. That means we are effectively sampling the speckle pcf.tern at 2N
points. Mathematically we need an infinity of such points but physically if we
take only a finite though large number of sampling points we will obtain
satisfactory results. That is equivalent to truncating the series in equ. (65) at
N large. Clearly the precision of the eigenvalues obtained by this method will
depend on the value of N (see section 3.5). In practice a relative precision

of ]0-3 is found to yield satisfactory resulis and N is chosen accordingly.

In equ. (65) we observe that the value of the quantity & is independent

of the argument n. We can therefore set it freely to some value mh such that

SN m * N . We can now write our integral equation in the form
+N
e d (mn) :E_NR(\«.m,n\ d (nh) (67)

Matrix formulation of this equation is now evident, with obvious notation we

have

[8 8nm][q>(m\] =L\[Rh‘m] [C@(nﬁ:] (68)

where & is the KRONECKER delta. LE Sam J and TR wm] are
two 2N x 2N square matrices and L b ("W] isa 2N column matrix. The
eigenvalues are now seen to be the solution of 2N independent linear equations

and must satisfy the condition

det ThRim _ E8nml =0 ()

The eigenfunctions are then found ai 2N points at the rate of one eigenfunction

per eigenvalue by solving the set of equations
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[ hRnm —Eg8nm ) [ &yl =0

[."\ ‘Qn'm - E4 EV\W\] [ th] = 0

(70)

Lw Rn.m - €5 Snm]t d?‘).Nln] = 0

where the indices 0, 1 2N correspond to the first, the second .... the

th . . . . . .
two N eigenvalue and eigenfunction at point nh, with the notation,

q)j,n = q)j (x = nh) - (71)
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3.5. Dependence of the Exact Probability Density on the Precision

of the I-figenvolues

The exact probability density functions given by equs. (35) and (45) contain
summations ranging to infinity. In numerical applications we cannot sum ad
infinitum. Furthermore the eigenvalues are determined numerically from equ. (69)
to a certain precision. The validity of the exact distribution will .depend largely
on this precision. It is therefore the purpose of this section to exor'nine how the
accuracy of the eigenvalues will affect the accuracy of the exact distribution and
when to truncate the summations. We will limit these considerations to the exact

formula in equ. (35) as this is the most widely used exact distribution.

. The exact distribution is given by, (see equs. (33) and (35)),

E’
" E. 2
Gn e n foa) Z_ P
0 €, nz0

™s

P(E'I) =

n (72)

n

where each of the summands is termed P for convenience. If we denote by

AP ond AlF’n\ the absolute errors on P and Pn, we have
w .
AP = 2. AL\P.I (73)
n=0 -
' !
In turn we can evaluate the A\P“\ s by logarithmic differentiation,

A\P“\ — BLOS\F}“\ (74)
| P

after differentiating and of timizing the partial errors we obtain a final expression

for the complete absolute error on the probability density,

D
APEY = ) erc(n) P DE (75)

n=20
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with
£’ 1 = 3
err (n) = 62 +__E_+Z' 1m_‘_. (76)
n " :\‘:Dn En_EnEm
The relative error on P (E')is then given by
oo
A Pe’) S err(ny P_AE
n=0

(77)

) =3
P(e’) > P
nzo
. . th .
Where O 8r\ is the absolute error made upon calculating the n eigenvalue
these expressions are calculated by introducing an arbitrary A & n + Oncea
tolerable & 8n is found, the eigenvalues are calculated to the corresponding
required relative precision. From previous consideration (equ. 14) and from
experience (see section 4) we know the eigenvalues always decrease to zero,
the summations are therefore truncated when the eigenvalues are less than the

absolute error found to be tolerable.
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4, APPLICATIONS

4.1 INTRODUCTION

In this section we examine the application of the theory in section 3
using an eigen~value integral equation and a Fourier transform integral to find
some first order probability density functions of monochromatic coherent spackle
patterns scanned with finite apertures. Such speckle patterns are known to be
stationary (DAINTY 1972 ) and the Gamma distribution is known to give a
good description, (McKECHNIE 1974 ). Such speckle patterns will providé

a good testing ground for the theory.

We will examina four cases in all defined by the shapes of the diffusing

pupil and scanning aperture.

1)  Aslit (one dimensional) collecting pupil with a Lorentzian
intensity transmittance profile and a slit scanning aperture with a rectangular

intensity transmittance profile.

2)  Aslit (one dimensional) collecting pupil with a rectangular
intensity transmittance profile and a slit scanning aperture with a rectangular

intensity transmittance profile.

3) A Rectangular (two dimensional) collecting pupil with a rectangular
intensity transmittance profile and a rectangular scanning aperture with a

rectangular intensity transmittance profile.

4) A Circular (two dimensional) collecting pupil with a "top hat"
intensity transmittance profile and a circular scanning aperture with a "top hat"

intensity transmittance profile.
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These four cases are illustrated for more clarity in fig. 6.

For most cases we give tables bf the eigen-values, comparative
plots of the exact distribution and approximate Garﬁmc distribution found with
the equivalent set of eigen-values defined by equ 3.2 (32), and also a plot
of the integrated mean square difference between the exact and approximate
distributions as a function of relative aperture (the relative aperture is proportional

to the size of the collecting pupil times the size of the scanning aperture.)

The first case is essentially to illustrate the differential equation approach
to solving the Fredholm integral equation. Mathematically it is quite simple
and the mechanisms involved are quite clear. The second ca;e is physically the
simplest conceivable. The corresponding integral equation has been extensively
studied in the literature. The eigen-values are found also by the equivalent
differential equation approach, but the analysis is much more complicated and
we use scaled versions of the eigenvalues tabulated by SLEPIAN and
SONNENBLICK 1966 . The third case is a straightforward extension of the

second.

The fourth case is perhaps the most important as it deals with circular
systems and these are by far the most significant in optics as most optical instru-
ments have circular apertures. The eigenvalues are found by the direct matrix

approach.

Finally we give the results of experimental measurements made for the
fourth case and compare the experimentally obtained distribution with the

approximate Gamma distribution and the exact distribution.
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4.2 1)  Aslit (one dimensional) collecting pupil with a lorentzian

intensity transmittance profile and a slit scanning aperture with a rectangular

transmittance profile.

The collecting pupil P is a slit with a lorenizian intensity transmittance
profile of half width L (see fig. 6 a ) and the scanning aperture is a slit
2.4t
of width A.  Similar problems have been treated in communication theory in the

noise context by SLEPIAN 1958 and in photon counting statistics by BEDARD

1966 , BEDARD et al 1967 JIRiSWHALand MEHTA 1969 and MEHTA 1970 .

The Autocorrelation function and the Fredholm integral equation.

The kernel of the Fredholm integral equation which is the autocorrelation
function of the scanned speckle pattern is found either directly from equ. 3.3. (60)
or by moki.ng use of the Wiener-Kintchine theorem (see e g LAWSON and
UHLEHBECK 1950 ) stating that autocorrelation functions and power spectra are
Fourier pairs. The latter approach is perhaps the easiest and the one we are
using. The constant in equ. 3.3. (59) is found from equ. 2.3 (27), this gives

the amplitude power spectrum as

P 1T CES

Mv,s = == 2 (1)
J 1P| do
- 00
L
where \ P {u)‘ is the lorentzian intensity transmittance function
defined by
2

I P (V) l = A ' (2)
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. . . 2
The maximum transmittance is found for U = 0, andis A1/ U where

A4 isa constant and U is a parameter characterizing the spread of the function.

2
Taking the Fourier transform of T, s with | P ()] defined as in equ. (2)

Wi,

gives us the autocorrelation function as

U lx..)('\
! A D
R{x_- x) = (E) e (3)

The required eigenvalues that allow us to compute our probability density function

are found by solving the integral equation,

- _.L_J_.. 1 x —~ x|
. AD , /
Enq)n(x):j (E)e (bn(x)dx (4)
(~)
where (A) is the domain of definition of the slit scanning aperture, i.e.
(A) = [- ﬁ?_ , * .‘;-_". ] . We now proceed to show how to solve this integral

equation by the equivalent differential equation approach.

Solution of the integral equation.

First let us scale equ. (4). The kernel is an even function and we
therefore consider only half the integration domain (A). Let us introduce the

,
dimensionless variable X and X such that

X = A d X = _A
2x " 2L x’ (5)

The scaled integral equation we now consider is

—eX - X , ,
AN <i>,,(><) -;“Lcc C{Jn(X)&x ©6)

which will be easier to manipulate. The quantities /\ q ore scaled versions of
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the eigenvalues E.nsuch that,
€ n = <EI> AN n (7)

From equ. (6), the { A n} are seen to be dimensionless quantities. The
parameter ¢ defines a measure of the relative aperture and is the analogue

of the space-bandwidth product in electronic communication theory,

C = UA
A D

(8)

where A is the wavelength and D is the distance between the pupil P and

the scanning aperture S as on fig. (1).

Let us differentiate equ. (6) twice with respect to X and use the relations

dly - x’l = X - X’
dxlx X € ( X). ©)

and

d e (X _Xx) =28(X _X) (10)
d X .
where g ( X) is + 1 f X ispositive and — 1 {{ X

is negative. This quantity is not to be confused with the set of eigenvalues
{ € n ] . The quantity S(X‘) is the usual Dirac delta function. This gives

us the differential equation

2

d x*
where u.)l - ('L C//\) —_ C’L (12)

From equ. (11), the eigenfunctions must be of the form

+ 10X -t w X
(,P(X\ = Cle + C2 e (13)
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where C1 and C 2 are two infegration constants. Inserting equ. (12) and

(13) in equ. (4) and evaluating the integral, we find that

e C1 e c2 e ]
e
C - iw C YW
-eX [ c1 c2 ]
+ € .+
C o+ W C —iw
| (14)
This equation is verified if the terms in both brackets are nil,
o+ | w - 1L
C1 e cl ¢ _
+ = 0 (15)
c - 1w C +iw
c2 —
cA + : = 0
e W e - W (16)
By eliminating C4 and €2 from these equations we find w0 is a set of
solutions { W] given by the roots of the franscendental equation
1 (‘“‘3 C Ysinw = cosw = 0
2 c Lo ) - 17)

Figures (7) and (8) show graphic solutions of this equation. The eigenvalues are

then found from equ. (12) and are given by,

I

/\k 2 o (18)
17 2
L»Jk + C



FIG. ] GRAPHICAL SOLUTION OF TIIE TRANCENDENTAL EQUATION.
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BIG., 8 GRAPHICAL SOLUTICN OF THE TRANSCEWDENTAL EQUATION
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It is seen from equ. (17) that the values of W rapidly tend to the value « TC

with increasing k and an asymptotic expression of \ « for large %  will be

Av = __2e
“ 72 _1 2 (]9)
kTC + C

Numerical Results

Table 1 shows these eigenvalues for various values of the relative aperture
OMEGA is the value of w, found by solving equ. (17), EIGENVALLUE is the
value of A\ from equ. (18) and LIMITVALUE is the quantity found from equ. (19).
For all ¢ ’s the eigenvalues are listed up that which is just less than the
thousandth of the first eigenvalue. All the given eigenvalues are given with a
relative precision of 10 6 These eigenvalues are all positive and decrease
steadily to zero. They are non degenerate and obey the equation derived from
Mercer's theorem for stationary kernels (equ. 3.2. (23). The FORTRAN
program called LOEIVA used to compute these eigenvalues can be "Found in
appendix B.  Table 2 shows numerical values for some essential functions of ¢
given in Column 1, column 2 gives the first eigenvalue, column 3 gives the
index N at which the ratio AN //\0 is less than a thousandth is reached,
column 4 gives the sum of the eigenvalues up to that index with the reminder
that the sum of the whole infinite range as calculated from equ. 3.2 (15) and
3.2 (23) is unity, column 5 gives the cut off index n, for the "equivalent set"
of eigenvalues as defined by equ. 3.3. (32), column 6 gives the cut off index
calculated with the first N eigenvalues from equs. 3.3 (36); 3.3. (37) and

3.3 (58), finally colum 7 gives the integrated mean square difference between

the exact distribution and the corresponding Gamma distribution with Ny taken

from column 5.



LORENTZIAN EIGENVALUES,

C=0¢4

INDEX

W o0 s W N O

B g
o

0.7

O O~ O U = OO0

=
N = O

13

ONEGA
. 8656 T4E+00
«337736E+01
.640787E+01
.950879%+01
«126297E+02
«157587124+02
«1889195+02
2202755402
«251645E+02
+2830267+02
« 3144145+02

»111845E+01
« 3532815401
«6497818+01
«9570805+01
«1267665+02

157965E8+02

«1892358+02
+220546E+02
«2518831+02
«28323TE+02
« 3146048+02
o 3459808+02
« 3773625+02
«480T749E+02

«4401415+02

« 130694E+01
» 367318E+01
6584625401
«9631681+01
0 127232134+02
+158341E+02

table 1
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EIGENVALUE
«879T09E+00
«69164TE~01
«194077E-0OL
.883226E-02
«501039E-02
«321936E-02
«224050E-02
«1648238-02
-126300E-02
«998506E~03
. 8091278-03

«864171E+00
«107935E+00
«327780E~01
+152025E-01
«868561E-02
«559958E~02
« 390420E-02
«287536E-02
«220493E-02
«174406BE-02
«141379E-02
«116909E-02
+982793E-03
«838696E-03
«T122495E-03

. 738846%+00
.138005E+00
«450885E-01
+213289E-01
.122789E-01
« 7194537E~02

LINIT VALUE
«500000E+01
«797638E-01
.2018248-01
.899013E-02
«506093E-02
«3240188-02
«22505TE-02
«1653868-02
«126691E-02
«1000508-02
«8104385-03

+285714%+01
1351408400
¢ 350276501
«156746E-01
.883818p-02
«566274E-02
« 393484E-02
«289196E-02
«221468E-02
« L75016E-02
«1417798-02
«1171838-02
«98472TE-03
+839100E-03
« 723539E-03

« 200000E+01
«183999E+00
«4940905-01
. 2226521E-01
«1258545-01
.8072972-02



C = 1,0 (Contd)

INDEX
6

T
8

9

10
11
12
13
14
15
16
17

= 7-0

VW O -3 O\t D wWw N = O Q

S VR R W I < e i ~
= O W O3 WS~ W N R O

-~ table 1 copteay

L]

OMEGA

.189549E+02
«2208165+02
«252120E+(2
«283448E+02
¢ 314794E+02
« 346153E+02
«346153E+02
«408896E+02
«44027TE+02
<4T1663E+02
«503052E+02
«5344455+02

«2464545+01
«5035915+01
e T75213E+01
.105927E+02
«135218E+02
«165100E+02
«1953765+02
«225921E+02
«256653E+02
«287520E+02
«318486E+02
. 34952818+02
« 380629E+02
e 411TT5E+02
«442958E+02
«4T4170E+02
50540TE+02

«536665E+02
«567939E+02
«599228E+02
«630529E+402

+661841E+02

69

. EIGENVALUE

«555111E-02
+409235E-02
¢ 314147E-02
«248623E-02
«201622E-02
«166776E-02
+140231E-02

. «119549E-02

«103123E-02
.8986118-03
«190009E-03
«699958E-03

«254204%+00
«188272E+00
«128328E+00
«868460E-01
«603871B-01
«435351E-01
«325038E-01
« 25026 TE-01
.197822E-01
«159877E-01
.1316618E-01
.110175E~-01
«934716E-02
.802483E-02
«6261311-02
«609391E-02
«5377658-02
«ATT964E-02
«427540E-02
« 384642E-02
«347855E-02
«3160748-02

LINIT VALUE
«561316E-02
«412702E-02
«316128E~02
24986 3802
«20243TE-02
»167333E~02
«1406258-02
»119835E-02
.103336E-02
«90022TE-03
.791258E-03
. T00939E-03

«285T724E+00
«237814E+00
«158231E+00
« 1015778400

.676611E-01

«473389E~-01
«346273E~01
«262856E-01
«2056848-01
+165009E-01
«135140E-01
.112611E-01
«952236E~02
«815393E-02
« 70584 3E~02
«616832E-02
«543559E-02
«482540E-02
«431200E-02
« 38T605E-02
«3502765-02
.3180748-02



C = 7.0 (contd)

INDEX

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56

OMEGA

«6931633+02
e T244925+02
7558291+ 02
« 18T1T2E+02
«8185205+02
«8498735+02
.8812318+02
«912593E+02
+94395858+02
¢ 9753265402
«1006705+03
+10380724.03
«10694573+03
«1100835+03
«1132215+03
«1163592+03
«1194985403
«1226365+03
«125775E+03
1289145403
«132053E+03
«1351925+03
«1383318+03
« 1414718403
«1446105+03
«147T505+03
«15088971+03
«154029E+03
«1571692+03
.1603082+03
«16344853+03
« 166583012+03
« 169728E+03
«1728695+03
«176009%+03

table 1

70

EIGENVALUE

.28843TE~02
«264256E-02
«242981E-02
«224165E-02
«20T4468~02
. 192523502
.179150E-02
.1671192-02
156258802
«146419E~02
«13T479E-02
129331802
.121885E-02
.1150632-02
«108797E-02
«103029E-02
«9770638-03
<927851E-03
.882261E-03
+839945E-03
+800597E-03
. 763948E~03
« 129 T55R-03
.697805E~03
.6679.58-03
.639885E-03
«613590E-03
.588881E-03
«5656343-03
«543735E-03
.523083E~-03

-~ «503585E-03

« 485155503
«4677195-03
«451205E-03

(contd.)

LIMIT VALUZ

«290102E-02
«2656541-02
« 244162302
«225171E-02

 +208307E-02

.1932655-02
« 179792E~02
« 167678802
. 1567461502
« 146848502
.137857E-02
.1296668-02
122183702
.1153285-02
+109034E-02
.103241E-02
« 978972503
«929573E-03
.3838185-03
. 841356803
.8018795-03
«765115E-03
. 730820E-03
«698T79E-03
.668798E-03
«640704E-03
«614343E-03
«589575E-03
«565274%-03
«544327E-03
.5236305-03
.504092E-03
«4856265-03
. 4681563~03
.4516125-03



C =17.0 (ConﬁdJ

INDEX
57
58
59
60
61
62
63
64
65
66
67
68
69
70
T1
T2
73
74
75

O¥EGA

«1791495403
.1822891+03
«1854298+03
»188570E+03
«191710E+03
«194851%8+03
«197991E+03
2011325403
« 2042725403
«2074133+03
¢ 2105537403
02136941403
« 2168345403
+2199755403
«2231168+03
2262573403
«229397TE403
«232538E403
» 2356795403

table 1
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EIGENVALUR

«435549E-03
«420694E~03
«406586E-03
«3931758-03
«3804165-03
« 368268503
«356693E-03
«345654%-03
«335120E~-03
« 3250608-03
«3154467-03
«3062528-03
297454103

.2890258-03"

.280957E-03
«2732193-03
« 265795003
+2586705-03
«2518285~03

(end )

LINIT VALUE

«4359295-03
«421048E--03
+406916E~03
«393484E~03
« 380706E-03
«3685403-03
«35694T8-03
«3456931-03
¢ 3353458-03
«3252718-03
«315645E~03
.30643935-03
«297630E-03
.2891965-03
«2811158-03
«2733685-03
2659376-03
«2588043-03
«2519555-03
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N 2 lintegrated
N , (Z ?\n) integrate
1 H
A N |Z A n,z — r1:_2____ mean
O n:o n O )\ 0 N 2 ‘
0 z An sq. diff ,
n=0

o4 8797 | 11| 09923 | 1.1368| 1.1280 000860
.6 8281 | 14 | .9910 | 1.2076| 1.1967 .001138
7T | .8042 | 15 29902 | 1.2435| 1.2314 .001238
.8 L7813 16 .9896 1.2799 1.3554 .001157;
9 7596 17 »9890 1.3165 1.3020 .001391
1. . 7388 18 .9885 1.3535 1.3379 .001451
2, STAT | 28 | .9853 | 1.7400 | 1.7145 .001764
3. <4649 | 38 | 9838 | 2.1510 | 2.1162 001900
4. 3876 47 »9826 2.5799 2.5349 .001988
7. 2542 | 76 <9812 | 3.9339 | 3.8600 »002181

SONE ESSENTIAL FUNCTIORS OF C TIEL RELATIVE APERTURE FOR

LORENTZIAN - EIGENVALUZES, ~ A 0 IS THE CORRESPONDING FIRST

AN
EICENVALUZ, N IS THE INDEX FOR WHICH THE RATIO /f/{’ IS JUST
N 0
LESS THAN 107°, THE SUK Xo A IUDICATES HOW WELL WZ ART IN
N=
AGREZMENT WITH THE SUM PREDICTED BY THE USE OF MERCER'S THEO-

REN (WHICH IN THIS CASE IS UNITY), n, IS THE CUTZOFF INDEX OF

THE "BQUIVALZHT SST' OF BICENVALUZS CALCULATED WITH T USE OF
(Al 2
VERCER'S THFOREM, THE SUK O 7 'X IS ALSO EQUAL TO n,

(SEE TEXT) AND SHOUS THE VALUE OF THIS QUANTITY WHEN ONLY N

EIGERVALUZS ARE USED, THE INTEGRATED MOUAISGUARE DIFFIZRIENCE IS

PLOTTED ON FIG,1l4.

table 2
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Figure (9) shows a plot of nj’c()\\ the cut off index of the eigenvalues for
the "equivalent set" as defined in equ. 3.3. (32) versus the relative aperture
¢ given by equ. (8). From the approximate Gamma distribution viewpoint n -
is the number of independent correlation cells within the relative aperture.

This is seen to tend towards the value ¢ /2., From equ. (17) when we let

tend to infinity, we can write

- L = tan w _
2w (20)

From fig (8) for ¢ = 5 -, we see the first solution for W is between TU /2
and TT this will also be true for greater values of ¢ , the solution of equ.
(20) in the domain (w) :['%(:. , TL] when ¢ tends to infinif); is then w = TL
Inserting this value in equ. (18) gives
_ 2c |
A b = — (21)

. TT + c?
which in turn gives for the cut off index

Y\oz.i._ —_— S

This justifies the asymptotic line in fig. (9).

S SR C p oD (22)

Figures (10) h‘)‘ (13) show comparative plots between the exact distribution
as given by equ. 3.3. (35) and the approximate Gamma distribution as given by
equ. 3.3. (54) with the same n, asplotted on fig. (9). These distributions
are plotted for an average integrated intensity equal to 4. Figure (14) shows
a plot of the integrated mean square difference between both distributions. For
a point aperture ( ¢ —» 0 ) both distributions are seen to be equivalent and tend
to a negative exponential: for ¢ = «5 the integrated mean square difference

-3
is about 10 . When € gets larger as far as we have calculated, the



CUT-O0FF INTDEX CF THE LORENTZIAN BIGEIVALUES VS. C, THZ RELATIVE
APERTURE, 1, 41L.S0 DETINES THE NULNDER OF INDEFPENDENT CORRELATION

4,

THE SCANNING APERTURT CAN BE DEVIDED IHTO.
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Ga
E x

P(E")

&

FIG,10  COMPARATIVE PLOTS OF EBXACT AND APPROXIMATE PROBABILITY
DEISITIES FOR LORENTZIAN CASE, RELATIVE APERTURE C= 0.4,
Ga = GANIMA DISTRIBUTIOXN .,
Ex= EXACT DISTRIBUTICIT,

D = DIFIERLNICE,



FIG, 11  COMPARATIVS PLOTS O EXACT AND APPROXIMATE PROBABILITY

DENSITINS FOR LORTNTZIAN CASE/ RELATIVE APERTURE C= 0.7,

Ga = GAMFA DISTRIRUTION,
Ex = BXACT DISTRIBUTION,
D =

DIFFERENCE,
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Ga
Ex

m N = O —

. ’ L4 .
FIG, 12 COMPARATIVE PLOTS OF wWXACT ALD APPRdXIMATEl FPROBABILITY
DENSITI®S FOR LORENTZIAN CASH, RELATIVE APERTURE ¢ = 1.0

Ga

CAVILY DISTRIDUTION,

Bx = BXACT DISTRIEBUTION,

il

(=)
n

DIFIRRENCE.,
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FIG. 13 COMPARATIVE PLOTS OF EXACT AND APPROXIMATE PROBABILITY

DENSITIES FOR LORENTZIAN CASE? RELATIVE APERTURE C = 7.0,

Ga = GAMMA DISTRIBUTION,
Ex = EXACT DISTRIBUTION,

D DIFFERENCE,
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integrated mean square difference x103

A
3T
2.1
10 T
1 : I 3 [l |
O T T T T T |~
2 4 6 8 10 ¢
FIG. 14 THE DIFFERENCE BETWEEN THE APPROXIFATE AND BXACT

FORMULAE FOR THE LORSHTZIAN CASE IS CHARACTHRRISED
BY THE GRAPI OF THE INTEGRATED MEAN SQUARE DIFFERENCE

VERSUS THE RELATIVE APZRTURE C.
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integrated mean square difference levels off just above the value 2 « 1 0

This could be due to the fact the lorentzian scattering spot is not bounded.

2)  Aslit (one dimensional) collecting pupil with a rectangular

intensity fransmittance profile and a slit scanning aperture with a rectangular

intensity transmittance profile.

The collecting pupil P is a slit with a rectangular intensity transmittance
profile of half width U and the scanning aperture is a unit infensity trans-
mittance slit of width A.  The advantage of slit geometry is that the problem
can be treated one dimensionally. The autocorrelation function for this case is
a sinc function. SLEPIAN and associated workers (SLEPIAN dnd POLLAK

1961 , LANDAU and POLLACK 1961 , LANDAU and POLLAK 1962 , LANDAU
1966 and LANDAU 1967 have studied a scaled version of the corresponding
integral equation and its properties by observing the equivalent differential
equation was that of the prolate spheroidal wave functions studied previously

notably by FLAMMER 1957 .

The Autocorrelation Function and the Fredholm integral equation

Again the amplitude autocorrelation function is found either directly
from equ. 3.3. (60) or from the amplitude powar spectrum by using the Wiener-

Kintchine theorem.

The power spectrum is given by (see equ. (1))

2 ¢
P sy CED
Mos = == = (23)
j IP(") dv -

— 0d

IF P (v), the pupil function is a binary function, that is with unit fransmittance



over all its fransmitting portion and zero elsewhere such that,

Po) = rect _v =1 if (vl U (24)
2 U

and zero elsewhere

(This function is real positive end even).

We observe that the squared modulus of this function is the function

itself and we can therefore write

ﬂ\v\,s = Pk - (25)

+ 00

J Peydo

The Fourier transofrm of this equation gives  the autocorrelation function

R (x-x') = <EY sin (2T U x—x") /X D)
2TCU (x—- %) /A D

(26)

where U A and D are defined as on figs. (1)and (6b), x and x’
are two points in hardware space. The eigenvalues and eigenfunctions we need

are the solutions of the integral equation,

|»

+

ri

{EY $in (LTUU(x-x) /A D

(=) d x’
2TTUx-x") /A D Pale) ol

(27)

€ an (x} =

Gy

|
P>

Let us consider the scaled version of this equation as studied by Slepian and

others mentioned above,

+1

sin (¢ (x —x"))
AL CPn =) = j ) CP.,\ (xyax’ (28)
24 TT (x —xN

where ¢ defines the relative aperture (or space-bandwidth product) and is
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given by

. TLUA |
T Ao )

1
!

We observe is closely related to the measure of relative apertures

as defined by DAINTY 1972 . This definition (equ. 2.3 (31) ) can be inter-

preted as

k scanning aperture diameter or width B A

Rayleisgh resolution limit of pupil P RP

(30)
where ® P denotes the Rayleigh resolution limit of the collecting pupil P.

For the slit geometry under consideration ® p is defined by the relation (see

e.g. BORN and WOLF 1970 ),

A D
22U

Inserting this in equ. (27) gives Dainty's relative aperture in k  units as

R

p = (31)

k = 2'._____U A | (32)

A D

From this and equ. (26) we obtain the simple relation

Kk = 2¢ 33)
- (

Henceforth we shall use ¢ units rather than %  units to define relative

aperture.

As the integral equ. (28) is a scaled version of the integral equ. (27) the
set of eigenvalues {_/\ n} will be a scaled version of the set i Eh} . We
know from previous arguments (equ. 3.3. (36) ) that the average integrated

intensity is related to the eigenvalues through their sum. If the scaling constant
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between the {gn} and the { /\n} is o  such that

£n:0(/\n (34)

for all values of n , fromequ. 3.3. (34) we can write

E'Y = =

KEY = J &, = & A, (35)
n n

Applying the first relation derived from Mercer's theorem expressed for stationary

kernels (equ. 3.2. (23) ) to the infégrul equ. (28), we find

:L_’\n = 2‘{—13 . (36)

Inserting this relation in equ. (35) gives the scoling constant

A = S_E_ZE (37)

1L ¢

Solution of the integral equation.

The integral equation

+1
' x —xM
A, G, 1= [ 2t . ydx" g
-1 TU (x - x9)

is the first iterate of the integral equation
+ 4

1 xx’
! /
o P ) = J e G, Hdx (39)
-1
where A - 2c gQ' 40)
n = n

Slepian (see e.g. SLEPIAN and POLLAK 1961 ) as shown the functions 4)“‘ x)
are scaled versions of some of the angular prolate spheroidal equations,

(see BOUKWAMP 194} , FLAMMER 1957 ). Here we draw

freely from SLEPIAN and POLLAK 1961
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When e isreal, the differential equation

” 2 2

2 —2xw'+(x-°x)w=°

(1 - X )W '(4])
has continuous solutions in the closed inferval (x} = [ ,+ 1] only for |
some discrete real positive values X [, of the quantity X called eigenvalues.
To each eigenvalue Xn (n=0,1,2,-..] corresponds a unique solution

So . (¢, x) (in Flammer's notation) such that S on (¢0) = ph (o)
where Ph (x) isthe n th legendre polynomial of order zero. The
functions O n (&%) are called the angular prolate spheroidal wave functions.
They are real for x real and continuous functions of ¢ , for ¢ 7 0.

They are orthonormal in [-1, + 1]  and are square integrable in that interval.
‘ So n (C,*) has exactly n  zerosin [-1, + 1] and tends to Ph (x)
uniformly in that interval as ¢ —5 0, and iseven or odd if n is respectively
even or odd. The eigenvalues X n @re continuous functions of ¢ and for

cC= 0 , Xn(O) = n{n+1),

“)
A second set of solutions R o nl¢sx) called the radial prolafe

spheroidal wave functions exist which differ only from the angular functions by

a scaling constant,

‘ o)
3°n(c‘x)=un(c_)Ron(c.,x\ @)

the scaling constant is defined by (FLAMMER 1957 )

n 2
2" d () [\%)'] (43)
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for n  evenand

% , N
(3h+”|' :L:"n d, ()
alc) =

noan n-t\(m V)
2 d, (o) e (Rt )H(ns) "

for N odd, the prime denotes summation on even or odd terms accordingly.
The differential equation (4l) is observed to be closely related to the differential

equation defining Legendre polynomials pn (ABRAMOWITZ and STEGUN
1970 ) and the d‘; are expansion coefficients of the functions Son into

these,

/’

o0
S, te,xy = L4l ot PG

0 n K= °,l K
(44a)
M
The radial functions ROn (¢,x} are normalized such that
¢) 1) T
Reop (60 X) —» i cosfex _ (n+M T
C x : R (45)

a s X —p 00
From these angular and radial prolate spheroidal functions, the integral equs,

(37) and (38) are written
4|

© 2 | . 3 '

2< [Ron (c,ﬂ] 50 s ex) = J sin(e(x-xN  (¢,x) dx’

) S el (46)
and

n O 1 oxx!

. 4 4

2 Ron((‘.‘1) Son(clx): SQ. SoﬂQ“,x)dX
~ (47)
and the corresponding eigenvalues A n ore seen to be given by,
“) 2

/\n(l): 2 c [an(.cg'n] , h= 0,42 -~
" (48)

These eigenvalues are extensively tabulated by SLEPIAN and SONNENBLICK

1966 and STUCKEY and LAYTON 1964 .
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Other fundamental properties of the prolate spheroidal wave functions
are that they are orthonormal both over finite k\'_—‘\,ﬂ]) and infinite intervals
and they are their own Fourier transforms. They are therefore ideally suited for

studying band-limited functions and their transforms.

Prolate spheroidal wave functions have been opplied. to optics by a
number of workers, des CLOIZEAUX and MEHTA, 1972, MEHTA and des ™.
CLOIZEAUX, 1972 , MEHTA and MEHTA 1973 in the phofo—elecfron counting
context, BARNES 1966 , FRIEDEN 1971 , RUSHFORTH and HARRIS 1;3’68
and TORALDQ di FRANCIA 1969 ) and b) in the image restoration and super

resolution context.

Numerical Results

Figure (15) shows plots of the eigenvalues A n O defined by equs.
(38) and (48) for various valuesof ¢ . We see from these graphs that forv
smaller values of ¢ (i.e. ¢ typically less than 40.) the eigenvalues
are all different and the first order probability density is calculated from equ.
3.3. (35). ‘When C gets larger, the first eigenvalues are constantly equal to
unity and the first order probability density function can therefore be calculated
from equ. 3.3. (45). When c gets even larger the similarity of the envelope

of the eigenvalues with a step function is clearly seen.

By application of Mercer's theorem for stationary kernels expressed in

equ. 3.2 (23) we can write

o w N
sin{elx-x _ 3 A (x"y (x)
ﬂ(x__xz) n=0 n an q)n (49)
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FIC. 15

PLOTS OF TI% RICENVALUSS AND THEIR ENVELOPES

GENERATED BY BQ¥. 4.2. (38) FOR THE UNIT INTENSITY
NSMITTANCE SLIT DIFFUSING PUPIL FOR VARIOUS VALUSZS

OF THE RELATIVE AFZRTURE C,

R EIGENVALUES,

ENVELOPES,.
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where the asterisk denotes complex conjugate. By setting x equal to x’
and integrating over the interval [, + 1] as the eigenfunctions

are orthonormal we find

(-]
2 ¢ — Z‘_ /\n
TU h=20 (50)

The "equivalent set” of eigenvalues is given by (equ. 3.3. (32) )

o (51)

inserting this definition in equ. (50) gives

Ny = 9—__. <
T A, (52)
SLEPIAN 1965 finds a similar result for large values of ¢ and large values of
n by use of asymptotic expansion of the formulae giving the eigenvalues.

This result is

n = zc

T | o (53)
This formula differs from ours in that it does not take account of A o the first
eigenvalue. Slepian's asymptotic exapnsions show that for ¢ increasingly

large, A tends to unity, his asymptotic formula is (for ¢ large)

In+l na+ L -7%c
1—- A = Z ) b ¢ te
n |

"

x[,_ 6n-_2n +3 X O“(_l_)]

31 < “ (54)

setting N = O  this equation gives

-1
/\0 = 1 . NTlc e -

(55)



which indeed tends to unity as ¢ tends to infinity and therefore shows that our
result agrees with his. However our result derived by the use of Mercer's

theorem is valid for all ¢ and is therefore more general.

We can check the validif* of our result by observing that as ¢ decreases
tozero n . must tend to unity. Physically, this means that as our scanning
aperture tends to a pinhole (and therefore so does our ‘relative aperture as the
size of the scattering spot is maintained fixed) we are left with one correlqﬁon
cell. Forfixed n and small e SLEPIAN 1965 , gives the asymptotic

formula

3 3 -+
Ny = X [ln(n!) ]zc.l 1
re (2n) ) (2 ne 1))

2
(1o f2ne N L O]
4 (La-t) (2n+3) (56)

‘As ¢ tends to zero, we see from this equation that we have

Nog>7 Neg>v Ny oo
and

Ny = 2= (57)

Inserting this value of f\_o in equ. (52) gives \"\o = 1 which is the required

condition.

With the knowledge of A p and N we may write the approximate

v

first order probability density function as in equ. 3.3. (54)

N -1 —-
n / o)

P(E’)-_—K1 ) E r-e & Mo

& A g (58)
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Where & is the scaling factor between the required set of eigenvalues { En}
and the computed set { AN } such that

€, = &« Ny (59)

the mean and variance found from equ. (58) are

(El)"—' N X Ny (60)
and
2 2 2
P A (61)
From equ. (52) and (60) we find the scaling constant is
: iy
x — <k >TT )
2. ¢

which is the samez as equ. (37) showing (X can be computed directly from the
true set of eigenvalues or from the equivalent set of eigenvalues.  Inserting

the value of C asdefined in equ. (29) in equ. (61) gives

_ CEHAD
E - (63)
2UA _
Inserting this value in equ. (58) gives '
n n 1 ’LUAEI
L /N - —
P(e) = (’LUI\ )" E e (EXAPR
e’y A DA
e N ( no) | (64)

When all the eigenvalues are different ( ¢ less than 10 ) the exact first order
probability density function is given by equ. 3.3. (35), with the scaling factor

given by equ. (63) which holds for any eigenvalue (equ. (37) ) we have

LUAE
co -
P(e'y = 2UA Y Gn o (EHNADA,
with the partial fraction coefficiate given by

Gh = T_‘n /\h (66)
A N N

o~
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When the relative aperture € tends to zero, as shown above from Slepian's
asymptotic formula we have A o0 >> N > Nqg oo -

Neglecting the terms containing eigenvalues smaller than ./\ 4 the probobilify
density function is written (expressed with ©  rather than U, A, N gnd D

for convenience)

'Zc. g’
Pie'y = 2c K N v 1 e TLKED Ao
W(E"> /\O“I\:\ I\o ,
_ 2cE
+ Ny \ e TULES Ay j
Ay = No A (67)

And row neglecting A, before N o @nd inserting the value of A 0

given by equ. (57) give

P(e')Y = 4. e <ES
€D | (68)

proving the exact distribution tends to a negative exponential when the relative
aperture tends to zero (i.e. the ... .Y 5« . isfixed and the

scanning aperture tends to a point).

For ¢ greater than 10 when several of the eigenvalues are equal

to the first, A o upfothe index n  and different for n 3 N, the exact first

0

order probability density function is given by equ. 3.3. (45) with the scaling

factor in equ. (63) we have

2 UA
» Ng+ 4 Nng - e
PLEY = (298 ) & e (E> 2D %
V(e’>7\0/\°

. o [ 2UA (_1__ A \E,]k
2 G { s L ¢ (=3A0 Ay N }
nynNng [\“ n= 0 r(h RV ‘\\ (69)

with the partial fraction coefficiants Gr\ given by

G = 17T N, (70)

mfEn
m 7Ny /\h'— /\0
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Table 3 shows some of the eigenvalues A\, .  The ones for small ¢
are calculated from equ. (56), the others are reproduced from SLEPIAN and

SONNENBLICK 1966

Table 4 shows some numerical values for some essential functions of C.
‘Figures (16) to (28) show comparative plots of the exact and approximate
distributions as given by equs. 3.3 (35) and 3.3 (54). They are plotted for an
average integrated intensity equal to4. Figure (29) shows a plot of the integrated
mean square difference as a function of the relative aperture ¢ . This difference,
calculated numerically, reaches a peak around C = 2. and the value of this
peak is about © 4l 0 giving a mean absolute  difference (the square root of
the integrated mean square difference) of about 2.5, 0_2: For ¢ = 8,,the
integrated mean square difference is less than 10 lfgiving an absolute difference
of less than 10—1 . These ?esulrs show that for values of ¢ around 2.it is
perhaps more advisable to use the exact distribution but for values of ¢ less than
1. or more than 8, the gamma distribution is quife suitable. Figure (30) shows a
plot of n 0 (the cut off index of the eigenvalues and also the number of
independent correlations cells contained in the relative aperture) as a function

of ¢ , as shown earlier 0, tends to unity as ¢ decreases to zero and asymp-

totically towards the value 2€ as ¢ gets larger (some of the results given here are
TC
stated in SCRIBOT 1974 ),



PROLATE SPHEROIDAL EIGENVALUERS

INDEX

=O.1

N = O Q

i

0.5

N = O Q

=0.8

N = O Q

Bw DO O w N = O O

N W NN O O

EIGENVALUE

«635913E-01
« 706588804
«125738E-07

«309590E+00
«85806 3802
«3918638=04

«4T4337TE+00
«335393E-01
« 409086E~03

«5T25828+00
«6279133-01
»123748E-02
«920098E-05

«880560E+00
«355641%+00
«358677 E-01
. 115223802
«188815E-04

« 9758298460
« 70996 35+C0
«2051395+00
«1820388-01
« 708147E-03

table 3

VA W o

INDEX
C. = 4,0
C = 5.0
0

1

2

3

4

5

6

C = 6,0
0

1

2

3

4

5

6

T

C = 17.0
0

1

2

3

4

5

6

T

8

EIGENVALUE

9958852400
.912107E+00
+519055E+00
.110211E+00
,882760E-02
.3812922-03

«9993525+00
«9798653+00
« 71999225+00
« 343562E+00
«560156E-01
«418209E-02
«1933088-03

«999902E+00
« 99606 27+00
+«340173B+00
«6467925+00
« 207 349E+CO°
273872E-01

- ¢195500E-02

«9484885-04

«999985E+00
«999292E+00
«985708E+00
«864566E+00
«4770538+C0
«115729%+00
«1305608-01
«906573E~03
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PROLATE SPHEROIDAL RIGENVALUES (SUITz)
INDEX EIGENVALUE

= 8,0
«999998E+00
«9998795+00
«9970051+00
«960546E+00
- T479038+00
« 3202772+ 00
«6078447-01
6126297302
«41825218-03
+216631T-04

NV O - N ™ W D= OO

= 9.0
1.0000005+00
« 9999801400
«999419E+00
« 990396E+00
«9101331+00
«599C96E+00
«1269405+00
«305651E-01
«2846618-02
«1923088-03

AR RN - N I SOEIVEEE RO Sro

lable 3 (end)
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irtegrated
2¢C N _2C mean
.1 | .6359E-01 | 3 | .63668-01 | .6366E-01| 1,001l | .000000
.5 | +30958+00 | 3 | 31838400 | .3182E+00| 1.0282 | ,000077
.8 |.47432400 | 3 | 50938400 | .5083E+00| 1.0737 | .000289
1, |.5725E+00 | 4 | 63662400 | ,636CE+00| 1.,1118 | .000405.
2. |.88058+00 | 5 | 1.273E+00 | 1.273E+00| 1.4459 | .000508
3¢ | 97582400 | 5 | 1.9105+00 = " 1.9572 | 000317
4e |+99588400 | 6 | 2.5473+00 = 2.5576 .000191
S5« [.99938+00 | T 3.183E+CO = 3,1852 | ,000126
6. «99508+00 | 8 | 3.8205+00 = 3.8235 | .000089
To +999984C0 | 9 | 444565+00 = 4.4564 | +000068
8. |.99992+00 | 10| 5.093+00 = 5.0930 | .000054
9. |1.000E+00 | 11| 5.7307+00 - 5.7296 | .000043
table 4

SOME ESSENTIAL FUNCTIONS OF C THE RELATIVE APERTURE FOR PRO-

LATE SPHROIDAL EIGENVALULS, 7\0 IS THE CORRESPONDING FIRST BIGEN~
A

VALUE, N IS THE INDEX FOR WHICH THE RATIO %

- 0
AT 1073, ZQ//?E IS THE SUK OF THE EICENVALUES ACCORDING
TO THE MERCER THEOREHM, { An

n=0
OF THD EIGENVALUES AGREES VITH IZZRCER'S THEOREM, Ny IS THE CUT-

IS JUST LESS

INDICATES HOW WELL THE TRUE SUN

OFF INDEX OF THE "EQUIVALENT SET". OF EIGENVALUES, THE INTECRATED

MEAN SQUARE DIFFERLNCE IS PLOTYED ON FIG. 29.
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FIG,., 16  COLPARATIVE PLOT FOR UNIT INTENSITY TRANSMITTANCE SLIT CASE
OF EXACT AND APPROXIMATZ FROBABILITY DENSITIES FOR RELATIVE

AFERTURE ¢ = 0.1 4 FOR THIS VALUE, BOTH CURVES ARE IDENITICAL.



g7

FIG. 17 COMPARATIVZ PLOTSFOR UNIT INTENSITY TRANSMITTANCE SLIT CASE OF
EXACT AND APPROXIMATE PROBABILITY DENSITIES FOR A RELATIVE APERTURE
C =0.,5. Ga = GANMA DISTRIBUTION, Ex = EXACT DISTRIBUTION,

D = DIFrERENCE..
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1
T " L ' T

!
PIC. 18 COMPARATIVE PLOTS TOR UNIT INTHENSITY TRANSMITTANCE SLIT CASE OF

3

2

1

0

1
- 24

EXACT AND APPROXIMATE PROBABILITY DEHSITIES TFOR A RELATIVE APERTURE

C 0.8 . Ga = GAMMA DISTRIBUTION, Ex = EXACT DISTRIBUTION,

1]

D = DIFFERENCE.
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Ga
E
D

Lo

\

Ll
% B

I l
FIG, 19 CONPARATIVE PLOTS FOR UNITINTENSITY TRANSMITTANCE SLIT CASE OF

EXACT AND APPROXINATE PROBABILITY DENSITIES FOR A RELATIVE APERTIRE .
C = 1.0 . Ga = GAIA DISTRIBUTION, Ex =EXACT DISTRIBUTION,

D = DIFFERENCE,

]
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FIG. 20 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSMITTANCE SLIT CASE OF

BEXACT AND APPROXINATE PROBABILITY DENSITIES FOR A RELATIVE APERTURE
C

1.5 . Ga = GANI'A DISTRIBUTIOH, Ex = EXACT DISTRIBUTION,
D

]

DIFFERENCE.
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}
o N - o <«

. . * *

\ [
FIG, 21 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSHMITTANCE SLIT CASE OF

EXACT AND APPROXIIATE PROBABILITY DEI-!SITEES FOR A RELATIVE APERTURE

c

u

2,0 . Ga = GAUIMA DISTRIBUTION, Ex = EXACT DISTRIBUTIONW,

D = DIFFZRENCE.
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Ga
Ex

LLI . .
O-Jll 1 1
™ ~ — e v-r

FIG, 22 CONPARATIVE FLOTS ¥OR UNIT IHTINSITY TRAWSHMITTANCE SLIT CASEL OF
EXACT AID APPROXIFATE PROBABILITY DENSITIES POR A RELATIVE AFERTURE

C 3 .Ga = GAII'A DISTQIBUTION, Ex = EBXACT DISTRIBUTION,

D

DIFFERENCE,
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Ga
Ex
D

é

}
9P N ~ - -~
|

FIG, 23 COMPARATIVE PLOTS FOR UNIT INTCOHSITY TRANSUITTANCE SLIT CASE OF
EXACT AND APPROXIVATE PROBABILITY DENSITI®S FOR A RELATIVE APZRTURE
C =4 . Ga = GAMITA DISTRIBUTICYN, Ex = EXACT DISTRIBUTION,

D

M

DIFFERENCE.
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I

1
g
*

l
FIG. 24 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSHITTANCE SLIT CASE

OF EXACT AUD APFROXIHATE PROBABILITY DENSITIES FOR A RELATIVS

APERTURE € = 5 o Ga = GAMIA DISTRIBUTION, Ex = EXACT DISTRIBUTION,

D = DIFFSRENCE.
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PIG. 25 COMPARATIVE PLOTS FOR UNIT INTEHNSITY TRANSKITTANCYE SLIT CASE OI
EXACT AND APrROXTHIATE PROBABILITY DENSITIES FOR A REILATIVE APERTURE

C

6 . Ga = GAMIA DISTRIBUTION, Ex = BXACT DISTRIBUTION,

D

DIFFERENCE,
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FIG. 26 COMPARATIVE PLOTS FOR UNIT INTSNSITY TRANSHITTANCE SLIT CASE OF
EXACT AND APPROXIINATE PROBABILITY DINSITIES FOR A RELATIVE

APERTURE C = 7 Ga = GAWNA DISTRIDUTICI, Ex = BXACT DITRIBUTION,

D = DIFFZRENCE,.
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FIG, 27 COMPARATIVE PLOTS FOR UNIT INTENSITY TRANSMITTANCE SLIT CASE OF
EXACT AND APPROXINATE PROBABILITY DILNSITIES FPOR A RELATIVE APERTURE

C 8 o Ga = CAMSA DISTRIZUTICH, Ex = BXACT DISTRIGUDION,

D

i}

DIFFERENCE.
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\/'\
l-LJ.
g
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FIG. 28 COMPARATIVE PLCTS FOR UNIT INTHBUSITY TRANSHITTANCE SLIT CASE OF
EXACT AND APPROXINATE PROBADILITY LrIGITIES FOR A RELATIVE ArERTURE

C 9 . Ga = GANKA DISTRIBUTION, Ex = BIACT DISTRIPUTICH,

I

D = DIFFERENCE.

i
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inﬁtsegrated mean square difference x1O3

6...

] |

o
-
o

1 1
) Ll

2 4 6 8 10 C

FIG, 29 THE DIFFERENCE BETWEEN THE APPROXINATE AND EXACT DISTRIBU-

O §

TION FOR SLIT APERTURES WITH UNIT INTENSITY TRANSHMITTANCES
IS CHARACTEGISED BY THY GRAPH: OF THE INTEGRATED MEAN SQUARE

DIFFIRENCE VERSUS THE RELATIVE APERTURE Ce.
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o 2 4 6 8 0 ¢

'IG, 30 CUT-QOFF INDEX OF THE UNIT INTEHSITY TRANSHMITTANCE SLIT
APERTURES EIGENVALUES ( PROLATE SPHEROIDAL EICENVALUES) VERSUS
C THE RELATIVE AFERTURE, ny ALSO DEFINSS THE NUMBER OF INDEPENDENT
AUTOCCRRELATION CELLS THE SCANNING AFERTURE CAN BE DEVIDED INTO.
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3) A Rectangular (two dimensional) collecting pupil with a rectangular

intensity fransmittance profile and a rectangular scanning aperture with a rectan-

gular intensity transmittance profile. (see fig. 6 c)

This case is a generalization of the preceding one. We make the
standard assumption that in rectangular geometry functions of two variables are
se_pcrable, this in hardware space and Fourier space. Let (X,y ) denote a point
in hardware space of coordinates x and y andlet f () be any function in
hardware space. Similarly let F () be any function in Fourier space and
(v,v) a point of coordinates v and v in Fourier space. Qur assumption

is then formulated by

i

f e,y ooy £, o 71)

Flo.vi = Fytoy Fu(v) 72)
It is this assumption that makes this case a straightforward generalization from
the preceeding case and we therefore give it a short treatment. The formulae
are adapted with obvious notations from the above case and the corresponding;

equations are indicated in the first brackets after each new equation.

The collecting pupil P is now a rectangle 2 U x 2.W defined by the

function,

P (u{ v) = Py (u\ P.L(v):, rect _v_ re.c.l:_)f‘__

U W
Tif g U and [v] {W

(24)  (73)

N

= o otherwise

and the scanning aperture is a rectangle ofsize A x B. The relative aperture

is defined by

TCUA TIVR . TU UVAB
x D 7\0 - )\z D’L (29) (74)

c =c4x01=
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The amplitude power spectrum of the scanned speckle pattern is,

T _ PR o) ey
W, s + o0 oS 25)  (75)
_f” Py de [ P vy

sQ

The amplitude autocorrelation function is found from the Fourier transform of

this equation and is,
R (x_x',y..y') = R, (x - x") R.z_ (y..y')
. - e sin (2TTU (x—x')/A D)
'LTT.ULX..-;(’)/,\ D
_sin (LTt W (y-y) /A D)
2 Tr,\,\/(y_y’)/.x\::

X (26) (76)

The integral equation leading to the required eigenvalues is given by,

+_‘;‘__ 'L‘BZ
£ 0 TR & v de|R s b )
e r;‘Pn*)CPmM *_AJ_R}* WMMJ NS
x 5
2

Where the quantities €, and & - are the eigenvalues corresponding
x J
to each integral and are scaled versions of the eigenvalues An given in
equs. (28) and (48). As we are interested only in the eigenvalues to evaluate

‘the first order probability density functions we perform a re-indexing which

allows us to express our formulae more simply. This is defined by

Y S £ : 78
"k n T (78)
where to each index n  and to each index m  we associate a single index k .
Let the set Y be sorted in decreasing order such that

Yor Y3Yr =~ 0

the corresponding eigenfunctions will be

¢, (x, 1 = ¢ () day) 79)
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From Mercer's theorem we can write .

sin (€1 (x~xN  Sin(c2ly - Y))_ ZY (P(ly Ct) y)
T (x —x) Ty =¥ (49) (80)

Integration of this equation over the intervals (x) = [—1 ,+ 1]

and (yY=[+ 1] gives
2 C —

288 = 2 0= ) Y, . (50) (81)

T 1L :
the "equivalent set" of eigenvalues defined by equ 3.3 (32) gives

. o0 ‘

o Yo = Z Y : (61) (81)

k=10
inserting this equation in equ. (80) gives
_ 2c.c
No = =——* (52) (82)
T Yy

with similar asymptotic conditions as in the slit case. The first order probability
density functions will be given by,

~ For the approximate Gamma distribution -

. no. ,nﬁ.."l‘_.')_lJ\"/P‘5
Ple'y=({2Uwab | E e MNDKEYT
YN DY, (64) (83)

()

- For the exact distribution with all eigenvalues different from each other

. 2UWASB
P(e) = ZUWAB f Gy c— (6227 0" Yu
B> AT D5 k=0 Y,
(65) (84)
with the partial fraction coefficients given by
6 = 1 ik (66) (85)

S B PR

- For the exact distribution with ny eigenvalues equalfo the first and the

others different from the first.
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. P
s (plas (o))
k=

(63) (86)
with the partial fraction coefficients Gk given by
G,k = l_r ...._T_.‘f_.___ ,
4k 1 _ v (10) (87)

L>n,

One special case is of interest; when we are dealing with square apertures, i.e.

when U=V and A =B then we have

2 . 212
C = ¢ = LU A
1 A* p? (88)

the cut off index of the "equivalent set" of eigenvalues or also the number of
q

independent correlation cells is given by

2 .
n, = b (89)
Ly 2
T Y,
As the two sets of eigenvalues corresponding respectively to each perpendicular

dimension are identical, some of the /Yk ‘s in equ. (77) are two-fold degenerate
and none of the exact first order probability density formula given so far applies.

This two-fold degeneracy introduces a computing difficulty which may be overcome

as follows:

Consider the sequence of eigenvalues for square apertures obtained for ¢, = ¢, = 2.
Y, = 11533 E +o00
Y, = . 31316 E + 00
¥, = -31316 € +00 3 degeneracy

)

Y . 126%8% B O+ 00
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where 7Y, and Y1 show two-fold degeneracy. These eigenvalues are given
with a relative precision of 10 From experience we know we do not need
such a precision to calculate our probability densities and that generally a
relative precision of 10-3 on the eigenvalues is sufficient. Without incon-
venience we can therefore add a éth decimal to our eigenvalues that can be
easily handled by the computer and has the effect of lifting the degeneracy.

For example our eigenvalues can be written for this case
= -.7153390 E .00
= .313161 € 4+ 00
.3131 60 E +00
= .126%%0 E +00

.
-

i

Y,
T,

Yo
1

The exact first order probability density function is now given for this case by
2LuA”
ey AF DY Y,

-—

7 2 0
Pe') = _2UA 5 G« e
’ 2 7.. _ (90)
CE'Y X DT w=0 Yy v

For rectangular and square apertures we limit our results to four cases with

Cq = 2 fixed and €, respectively equal to 1, 2, 4 and 8. These cases are
illustrated in figs. (31) to (34). Figure (35) is a plot of the integrated mean
square differénce as a function of € , fig. (36) shows a plot of the cut off index
in equ. (82)as a function of ¢ = €4 X C,e We do not give tables of eigen-

values as these are easily calculated from the slit eigenvalues.
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i

o
<}— . t +
™ (QV A ) A N

FIG. 31 COMPARATIVE PLOTS FOR UHIT INTENSITY TRANSMITTANCE
RECTANCGULAR APERTURES OF EXACT AND APPROXINATS PROBABILITY
DENSITIES POR ARZLATIVE APERTURE € =1x2 =2, Ga = GANMIA DISTRI-

BUTION, Ex = EXACT DISTRIBUTION, D = DIFFERENCE.,
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FIG, 32 COMPARATIVE PLOTS FOR UNIT INTENSITY TRASHITTANCE

RECTANGULAR APERTURES OF EXACT AND APPROXINATE PROBABILITY Dill-
SITIES FOR A RELATIVE APERTURE C = 2x2 = 4., Ga =CGAMNA DISTRIBUTION,

Ex = BXACT DISTRIBUTION, D = DIFIBRENCE.
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1
1
N~

1
FIG. 33 COMPARATIVI, PLOTS FOR UNIT INTENSITY TRANSHITTANCE

RECTANGULAR APZRTURES OF BXACT AND APPROXINATE FROBABILITY
DENSITIES FOR A RELATIVE APERTURE C = 3x2 = 6, Ga = GANNA DISTRI-

BUTIOH, BEx = EXACT DISTRIBUTION, D= DIFFLRENCE.
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FIG. 34 CONPARATIVE PLOTS FOR UNIT INTENSITY TRANSNITTANCE

RECTANGULAR APERTURES OF BXACT AND APPROXINATE PROBABILITY

DENSITIES 'OR A RELATIVE APERVURE C = 4x2 = 8.Ga = GAMDIA DISTRI-

BUTIOY , Bx = BEXACT DISTRIBUTICN, D = DIFI'ERDTNCE,



120

integrated mean square difference ><1O3

S

C
FIG. 35 THE DIFFERTNCE BETWEEN TIE APPROXTIUATE AND EXACT DISTRIBU-
©ION FOR UNIT TRANSMITTANCE RECTANGULAR APERTURES IS CHARACTERIZED
BY THE GRAPH OF THE INTEGRATED MEAN SQUARE DIFFERENCE VERSUS THE
RELARIVE APERTURE C. IERE UE HAVE C = C1xC2 (SEE TCXT) WITH

C1l CONSTANT AND SET TO 2,



12

e
d
o

L

bt — S
02468‘10C

1 1 ) g
L] ¥ L}

PIG. 36 CUT-OFF INDEX OF THE UNIT INTENSITY TRAUSIITPAICE
RECTANGULAR AFERTURES VERSUS C THE RELATIVE APTRTUREy nb ALSO
DEFINES THE NUMBER OF INDEPENDENT AUTOCORRELATION CELLS THE

SCANKNING APERTURE CAN BED DEVIDED INTO.
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4) A Circular (two dimensional) collecting pupil with a "top hat"

intensity transmittance profile and a circular scanning aperture with a "top

hat" intensity transmittance profile.

This is perhaps the most important case to be considered as practically all
optical instruments contain circular geometry. The collecting pupil and the
scanning aperture are both circular holes in opaque screens and have unit
intensity transmittance over their transmitting portions, see fig. 6 d. The radius
of the collecting pupil is U and the radius of the scanning aperture is Z/2.

The eigenvalues obtained for circulor geometry will yield the correct statistics

to naturally occuring speckle paiterns viewed through conventional instruments.

For this cuse we find the eigenvalues by matrix diagonalisation as

mentioned in section 3.

Is

Avutocorrelation functionand integral equation.

‘The amplitude autocorrelation function is found as for the other cases by
taking the Fouri r transform of the amplitude power spectrum, although we now
use two dimensional polar coordinates, (v, &) for the Fou fer space ;znd (r,0)
for the hardware space. With polar coordinates, the amplitude power spectrum

is expressed by,

2
TT = l P (v / o() l < El)
lv\,S o 1T 2.
j _{ IP(U,“)udu d & (91)
°© o
where P (v, «)is the pupil function of unit intensity transmittance defined by
Plo,x) =1 if °©o (v (U
and 0 { \< 2. 10
Plu,x) =0 otherwise (92)
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This function is real positive with circular symetry. As for the slit and rectangular
cases its squared modulus is equal to itself ond the amplitude power spectrum can

therefore be written

T—T — F’(U : X)) < E'>

A,S T oo 1T

JJ Plo,«) udvaa (93)

©c o

Because the pupil function has circular symmeiry, the Fourier transofrm and Hankel
transform of the amplitude power spectrum are identical (BRACEWELL 1965 ).

This transformation Jives us the required autocorrelation function

,.

R (p)= oo SE2 jf 2T p )0 0
JP(U O()Ududv( o

(94)

Where jo (-) is the zero order Bessel function (ABRAMOWITZ & STEGUN
1970 ) and the quantity r defines the distance between two points in hardware

space expressed in polor coordinates (r; © ) and ( r‘i o ),

p = \/r'7'+r'1'_7.rr'<.os (e- 09 (95)

With the well known recurrence relation (BORN and WOLF 1970 )

n+1 n4
jl-‘-;' { g jn+4(r)} = r -In (P (96)
the expression in equ (94) becomes
2T up
FQ (f) - 2_jT4 ( A O ) <~E’>
2L Tl Up (97)
A D

where \)4(-) is the first order Bessel function.  The eigenvalues leading fo

the exact first order probability density functions are given by the integral

equation,

(fP (ro Vride'd o

(98)
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Solution of the integral equation.

Let us consider a scaled version of the above integral equation that yields

scaled versions of the required eigenvalues but that is more practical to handle

4 1T
A b(r, o) _-_—jJ 2 Ja () q; (r o'y r'dr do’
o o C r (99)

Where ¢ defines as in the previous slit und rectangle cases the relative

aperture (or space-handwidth product) ,

e - 2TUUZ (100)

A D

. ! ! . .
In equ (99) the variables r,r | © and © are now dimensionless.

Up to now there does not seem to exist any differential equation approach
to the solution of integral equations of the type in equ. (99). A related integral
equation defining Generalized prolate spheroidal wave Functions invented by

SLEPIAN 1964 and HEURTLEY 1964 and HEURTLEY and STREIFER 1965 ,
1

N (r) = c Ja (erre’y n (,r'\r'd_r'
Py = | e Tl g won

was considered by the aufhor in early investigations. This equation is claimed

by SLEPIAN 1964 to be the two dimensional analogue in circular coordinates

of the integral equation used for slits defining ordinary prolate spheroidal wave
functions (see equ. (37) ). However the integral equ. (101) has two disadvantages.
First, it only deals with the radial coordinates of the two points (r; 8 ) and

(¢! .B' ) under consideration, secondly, it does not obey the first equotioﬁ

(equ. 3.2 (15) ) derived from Mercer's theorem, i.e. the integrated kernel with
r=r" isnot equal to the sum of the eigenvalues and is less than this sum by a

changing factor,
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1 2 o
j(cr) d /\
[
J e 2 "X N
o 2LTU r n=0

(102)
These are the reasons that lead us fo find the eigenvalues of equ. (99) by the

technique of mairix diagonalization mentioned in section 3.

Let us formulate the infegral in equ. (99) as the limit of an infinite sum
! N - !
of terms, to r  we associate the quantity nh ondfo ©  we associate

the quantity k o ,

. N 1%
A ¢(r‘ &) = Llim Z Z 2T1 (Cf?(r,“‘ , k)) q)‘n. k\n\q’lq

N-oco BZ0 0 ¢ o (rn, 0, )

R0 (103)
where
q;(n,k) = & (nh ka) C(104)
and

f(r,‘n‘ e, k) :\/\"7'+ n"\'\l__?_rnh cos (& - ka)

(105)
~ The quantities N, h | K and a  verify the boundary relofic;ns’
Nh = 1 and Ka= 27T (106)
or similarly _
0 {nh {Nh=1and o wa( 2TL (106a)

The eigenvalue A\ s independent of the parameters ¥ and © , therefore
these can be chosen,

r= m l’\ and 8 = La (]07)
with

OQ mé N and o étg K (107a)
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In view of this, equ. (103) becomes,

= & 0, L, & >
,\¢(“‘;L)=L;m ZZ’LT‘(CP( : ) C?Q"lk\“hd

PN n=0 k=o

N—> C?(mlht"lk)

K (108)
with
r (m‘n,le\ = "‘\l W\I-\- hl__ 2Z mn o «l"k )d)

The quantities n, k., " and a define in fact a mesh over which to perform
summation, h and a are the radial and angular increments and represent the
lattice parameters of the mesh andn and & are the indices corresponding to
the nodal points of the mesh. Let us choose this mesh such that each nodal point
corresponds to a constant differential surface element expressed in polar
coordinates,

rdr def = est. (110)
with the definities in equ. (106a) this becomes

n\'\lq - est, : (111)
For n =1, letus choose the angular increment @ = TU{2 for o constant

radial increment we then have the relation,

2% 3 .
nh a = h _TT giving a = 1L (112)
2 2L n
From the boundary relation for ¥ expressed in equ. (106) we find
K_TT - 2. TU givwing K = & n (113)
2 n

This latfice is illustrated in fig. (37). So defined the angular quantities k and
a depend on the radial index n and the boundary conditions are now written

1 ¢k b and tgng N (114)
In view of these considerations equ. (108) becomes |

0 ltn 7 T, (cp(mnlk) &
A q)(’“xl'): Lirm L [Z 1 f e ct)(n‘k)}}"_z—‘j_ (115)

N a1 Ly C.f('“.“.t. k)
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PIC. 37

TUTINRATION ESH FOR CIRCULAR PTRTURES AS DEFINED BY BON. 4.2 (111)

T SUANTITIES h o, no, 2 ARW REBFEOTIVELY, T3 RALDIAL IiMWAGRATION

TUOR™E MIT, THE RADIAL INDEX «ND 00 AFWGULAR THTECRATION INCRELELT.
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with 1L Ym and 1{ m { N (116)
Written in this form equ. (115) would yield the eigenvalues /\ by diagonali-

zation of the four-dimensional matrix,

) J (r_ (m n,l‘k))
m,n L k)= ht T A le e
M( n,ot, \ [ 2 c F( ‘r\.{-,k) ]

(117)
This is not practical and uselessly difficult. Each pair of indices (n, k ) represents
a single point of the mesh to which a single index can be associated provided
some sort of order is used. | Therefore to each pair (n, k) we associate the single
number (j) and to each pair (m, ! ) we associate the single number (i ).

Equation (115) now becomies

X .. a
N0 = i 3 2TLept] )

Tepoo j=1 G, N 2
e (118)
For the above defined mesh we find to a given number N corresponds
points, this gives the boundary condition for i and j ,
- 2
1€ ,igT = 2 (N +N) (119)

An example of the order we use to associate the index j 'to the pair of indices

(n, k) is illustrated below, in fact any other order is suitable

to 1{n¢N and 1 &k {Un corresponds j
1 1 1
1 2 2
1 3 3
1 4 4
2 1 5
2 2 6
5'2 3 7
2 8 12
N 4N 20N+ N)
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In practice to compute the eigenvalues N does not tend to infinity but
- s fixed to a value large enough that the desired precision in the eigenvalues
is obtained. The parameter h is a function of the value of N and can be

-determined by the following arguments.

The first equation derived from Mercer's theorem (equ. 3.2 (15) ) applied

to equ. (99) gives

1 L1 :
2300 tarde = 7 A = T

- - 120
o0 (0) £ f . (120)

the same equation applied to equ. (118) gives

Z(N’L«—N) : '
2
2 T heTT e Z AN =h 1T (Nz-\- N\ (121)
j=1 ©) Z f f
Comparison of equs (120) and (121) yields the required value

h = V[ 1
N+ N (122)

The eigenvalues are then found by solving the analogous equation to equ. 3.4 (69)

det [/\ - ____1_.,.____ It 2 I (epciiid ] = 0
ya

N+ N <P (123)

which is equivalent to diagonalizing the matrix

M NN - 1 TT 7z 3, ((‘F(“'\)\) ]
(v} = (124)
N*+N L PN

A computer program devised to do this is listed in appendix B.

Numerical Results

Table 5 shows the eigenvalues obtained by the above method. For a given

relative aperture ¢ not all the eigenvalues are different, some are two-fold
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BEIGENVALUES FOR CIRCULAR TOP HAT APERTURES AS CALCULATED FROM

EQN. 4.2 (118)

w N = O

M~ W= O

VS Ww N = o

EICENVALUE n EIGENVALUE
C = 0.1 C = 1.5
.313767 E+01 0  «239725 E+01
«196135 E-02 1 « 345947 E+00
196135 E-02 2 345946 E+00

3 «221150 BE-01
C = 0.2 4 »221029 B-01
312593 1+01 5 «643941 B-02
.781973 E-02 6 .780311 E-03
. 781972 £-02 T . 780309 E-03
«355183 E_05
C = 0.5 ¢ = 2,0
.304532 E+01 0 «197410 E+01
477654 E-01 1 «509667 E+00
477653 E-01 2 «509666 E+00
527723 E-03 3 «595566 E-01
.327572 BE-03 4 .595186 E-01
5 «200456 E-01
C = 1.0 6 382782 E-02
.277822 E+01 7 .382781 E-02
.176068 T+00 8 »518811 E-03
.176068 E+00 9 »518810 E-03

489677 T-02
489437 B-02
«127553 E-02

table §
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EIGENVALUE

C = 2.5
+157178 E+01
.627983 E+00
627982 E+00
.118346 E+00
.118254 E+00
+470458 E-01
.122539 E-01
122539 E-01
«195025 E-02
«195025 E-02
.788978 E-03
768468 E-03

C = 3.0
.122908 E+01
.681853 E+00
.681852 E+00
.190874 E+00
.190688 E+00
+902431 E-01
.295013 E-01
295013 E-01
«567933 E-02
¢567932 E~02
.281863 E-02
+281650 E-02
«245440 E-03
«243096 E-03
181050 E-03
181049 E-03

table 5 (cond.)
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e e e
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EIGENVALUE

C = 3.5
+958375 E+00
674272 E+00
«674271 E+00
«263169 E+00
.262833 E+00
«146905 E+00
«576033 E-01
.576032 E-01
.137260 E-01
.137260 E-01
. 775948 E-02
« 175244 E-02
.812654 E-03
.804227 E-03
.697832 E-03
.697831 E-03
«393703 E-03

C = 4.0
753780 B+00
«623184 E+00
«623183 E+00
«320531 E+00
«319976 E+00
+207455 E+00
+ 954378 E-01
«954376 E-01
.285254 B-01
285254 E-01
«174745 E-01
«174550 B-01
«226019 E-02
223457 T-02
.212097 E-02
« 212097 E-02
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table 5 (contd )

"EIGENVALUE

C = 4.0 (contd)

«115128 E-02
«182550 E-03
.181786 E-03
«130199 E-03
+130198 E-03

C=405

«601887 E+00
«550677 E+00

«550676 E+00
« 353287 B+00
«352442 E+00
«258715 E+00
.138209 E+00
«138208 £+00
.518787 E-01
518786 E-01
+334520 E-01
« 334044 E-01
«546584 E~02
«539781 E-02
«533324 E-02
«533322 E-02
«294060 E-02
«599045 E-03
.596154 E-03
+399153 E-03
«399153 E~03
.122894 E-03
+122894 E-03
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EIGENVALUR

C = 5.0
.489043 T400
«4T74471 E+00
« 474470 E+00
. 359689 T+00
«358486 ®+00
.290132 E+00
178711 E+00
.178711 E+00
.833068 B-01
.833067 E-01
.558805 T-01
«557765 E-01
117226 £-01
+115618 T~01
114613 T-01
114613 E~01
669351 B-02
«164552 E-02
«163619 E-02
107139 E-02
.107139 E-02
+356026 E-03
«356026 E~-03
2172312 E-03
172311 B-03
. 762469 1~04
« 740597 E~04
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C = 5.5
«4047386 E+00
«40473T E+00
«404315 E+00
« 344870 2+00
« 343260 B+00
298319 E+00
.209888 E+00
«2098388 E+00
«118904 E+00
«118904 E+00
830143 E-01
« 828070 BE-01
«225161 E-01
221750 E~01
0215402 E-01
« 215401 B-01
«137124 E-01
389012 EB-02
« 386369 E~-02
«257053 E-~02
257052 E-02
« 927240 E-03
«927238 E~03
508336 E~03
.508333 E-03
222119 E-03
«215075 E-03
«523532 E-04
488238 E-~04
+460394 T-04
«430818 E-04

table 5 (contd)
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21
22
23
24
25
26
27
28
29
30
31
32
33

EIGENVALUE

C = 6.0
« 345286 E+00
« 345286 E+00
« 339902 E+00
«317199 E+00
«315161 E+00
«286959 B+00
227367 E+00
«227366 E+00
«152109 E+00
«152109 E+00
.111297 B+00
«110915 E+00
« 388726 E-01
.382181 n-01
« 360060 B-01
« 360059 B-O1
«253486 B-01
807671 B-02
.800975 B-02
«558221 E-02
¢558220 102
«219999 E-02
«219999 B-02
«129974 B-02
«129974 E-02
581236 E-03
«560754 E-03
«164469 E-03
0152361 E-03
.132148 E-03
123278 E-03
« 733533 BE-04
« 457008 BE-04
«457007 E-04



O OO 1 O\ U AN = O

e
H O

b W W G W NN NN N DN N NN BB R
VI B N O N 00 0T R W N R OO 00 =0 N Y

EIGENVALUE

¢ = 6.5

 +296236 T+00

«296236 B+00
«290566 E+00
«284527 E+00
«282070 T+00
«263184 E+00
«230670 E+00
+230669 B+CO
«176449 E+00
176449 E+00
«136351 E+00
«135695 £+00
603929 101
«592500 E-01
.542297 E-01
542296 E~01
.422244 1-01
«149533 E-01
.147990 E-01
«110397 E-01
.110397 E-01
+478879 E-02
~478878 E-02
«293213 E-02
«293212 E-02
138522 E-02
«133078 E~02
«451277 B-03
.414687 E-03
«347525 E-~03
«323149 E-03
. 168346 B-U3}
.127871 E-03
.127870 E-03
+498920 B-04
«493913 E-04

table 5 (contd)
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EIGENVALUE

C =17.0
«256209 E+00
«256209 E+00
«252374 E+00
«252180 E+00
« 249335 E+00
« 234206 E+00
«222611 E+00

222611 1+00

.188422 E+00
0188422 E+00
« 154445, E+00
0153389 B+CO
.846121 1B-01
827601 E-01
. 743603 E-01
743701 E-01
«632614 E-01
«249796 E-01
« 246527 E-01
»199087 E-01
.199087 E-01
. 957908 E-02
«957907 E-02
.591639 E-02
«591636 E-02
« 303290 E-02
«289966 B-02
«109891 @-02
«999905 E-03
.845349 E~03
« 783459 E-03
» 497004 ©-03
¢ 326654 E-03
« 326852 E-03
«144708 E-03
«144706 E-03
«509621 ©-04
«509619 E-04
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LIGELVALUZS

C = 7.0 (Contd)

«339421 E-04
290503 E-04
«25T137 E-04

C =175
.223534 B+00
«223533 E+00
«222834 B+00
«221519 E+00
+219645 E+00
+207507 B+00
« 207506 E+00
«205926 L+00
. 188508 ©+00
«188507 5400
«163705 @+00
»162113 E+00
»107460 E+00
«104739 E+00
«937257 E-01
«937355 E-~01
.853196 E-01
»380092 1-01
« 373668 BE-01
« 326927 E-01
. 326926 E-01
175611 E-01
175611 E-01
.107919 E-01
.107918 5-01
612606 E-02
.582500 E-02
.240482 §-02
«216193 E-~02
.191239 E-02
.176659 B-02
. 116096 L-~-02

table 5§ (contd)
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O O =0 O\l A W= O

EIGELVALUE
¢ = 8,0

«197345 E+00
«196756 E+00
«196755 E+00
«195610 E+00
.193857 E+00
»189378 B+00
189378 E+00
«181255 E+00
«179947 E+00
«179946 E+00
«164482 E+00
.162237 B+00
.124854 £+00
«121077 E+00
«109516 E+CO
.109516 £+00
«104116 E+00
«531030 E-01
.519238 E-01
.488085 E-01
.488084 E-01
«293562 E-01
0293562 E-01
«179465 E-01
«179464 E-01
«114189 E~01
.107906 E-01
477696 E-02
.423121 E-02
«402960 ©-02
371067 B~02
«253358 E-02
168778 £-02
168778 B-02
.873220 E-03
.873208 ©-03
«331338 ©-03
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37
38
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40
41

42

EIGENVALUE

¢ = 7.5 (Ccntd)

.T70812 B-03
770809 E-03
« 374298 B-03
« 374293 E-03
+134363 E-03
134363 E-03
985134 E-04
-830932 £-04
+693226 E-04

«562515 B-04

«562514 E-04

table 5 (contd)

37

38
39
40
5
42
43

EIGENVALUE

C = 8,0 (confd)

+331337 E-03
.263880 B-03
«213361 B-03
172690 E~03
«146049 E-03
0146048 B~03
«249887 E-04
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tdble 5 (end)

EIGENVALUE

¢ = 10,0
+129957 1+00
«129088 &+00
+129088 E+00
.127501 E+00
.125612 E+00
+125515 E+00
«125515 E+00
124701 E+00
123749 E+00
.123749 E+00
.123369 E+00
121783 B4+00
.121626 T+00
.117407 E+00
.117406 T+00
«116151 B+00
.105697 E+00
100035 E+00
«997398 E-01
«997396 E-01
.927645 BE-01
874444 E-01
«874442 E-01
617909 E-01
+617906 B-01
«588095 E-01
¢533844 ¥-01
359146 E-01
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28
29
30
31
32
33
34
35
36
37T
38

39

40
41
42

44
45
46
47
48
49
50
51
52

EIGENVALUG

C =10.0 (contd)

« 326257 E-01
« 325960 ©-01
« 367450 £-01

. 260090 E-01

187462 1-01
«187462 E-01
«107955 E-01

. «107954 E-01

.656681 B-02
656679 B-02
565336 B-02
449827 102
370932 B-02
.370932 T-02
¢ 336500 BE-02
887338 E-03
«618949 E-03
618942 E-03
.613524 E-03
289741 B-03
215134 ©-03
154835 E-03
.150818 B-03
570218 E~04
.570214 B-04
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degenerate and some very nearly so.

For example, for c =1
n A
0 277822 E + 01
1 . 176068 E + 00
2 .176068 E + 00
3 489677 E - 02
4 .489437 E - 02
5 127553 E - 02
6 754525 E - 04
7 754523 E - 04
8 .821901 E - 05
9 821900 E - 05
10 L7/33948 E - 06

This degeneracy is due to the circular symmetry of the system.

A similar kind of degeneracy was encountered for the eigenvalues of square
diffusing pupils with square scanning apertures, and was also due to the symmetry
of the system. In general systems with symmetry will give some kind of degeneracy
in the eigenvalues (MEHTA 1964 ). None of the eigenvalues is more than two
fold degenerate and the computing difficulty this introduces is lifted as for square
systems by changing a sixth or seventh order decimal in the eigenvalues that

does not affect the precision of the results.

The first order probability density function from these eigenvalues is found
from equ. 3.3 (35), with the scaling factor K between the computed set and
the required set of eigenvalues such that

e, = o« N | (125)

n

o
Ple) = ) B e (126)
n=0 & A
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The average integrated intensity and variance are

CEY = « 2 N (127)
- | 4
and
2 2 2
T o= & LN, (128)

From equs. (120) oand (127) we find the scaling constant
x = <KE> /71T (129)

The "equivalent set" of eigenvalues as defined by equ. 3.3 (32).;c;ives the cut

off index (number of independent correlation cells) as

ng = Tt / /\_0 (130)
and the approximate Gamma distribution is, _ E’TT |
n ¢ nQ-—-li ¢
PlE) = (” }0 = e SE2 N,
B) Ny

[ (no) (131)

Table 6 gives numerical values for some essential functions of C .
Figurgs (38) to (44) give some comparative plots of the exact and approximate
distributions. Figure (45) gives a plot of the integrated mean square difference
between the exact and approximate distribution as a function of the relative
aperture € . Figure (46) gives a plot ot the number of independent correlation
cells as @ fuﬁci'ion of C . From this graph we observe that when ¢ tends to
zero, the quantity ny tends to unity. PEysicaHy this means that when the
scanning aperture tends to a pinhole with a fixed diffusing pupil we are left with
one coarelation cell only, which is what should be expected, Setting n o
to unity in equ. (131) shows that the first eigenvalue A o tends to TU as

tends to zero.

A plot of the square root of n , 950 function of <  (fig. (47) ) shows



. N - integrated
c A g N T A 0= 7= | mean
n=0 Ao lsq.aiff,

.2 | .31262+01 | 4 | 3.1416 | 1.0050 | .00COOL
5 | .3045B401 | 5 | 3.1417 | 1.0316 | 000135
l. | .2778+01 | 6 | 3.1414 | 1.1308 | .000779
2. | .197401 | 10| 3.1412 | 1.5914 | .001226
3. | .1229E+01 | 13| 3.1414 | 2.5560 | .000997

4. . 7538E+00 191 3.1415 4.1678 .000726

6. «34538+00 | 28| 3.1415 9.098 .000459

SOME ESSENTIAL FUNCTIOXNS OF ¢, THD RELATIVE APERTURLE FOR

THE EICZUVALUES OBTAINED IN THE CICULAR CONFIGURATICH (FOURTH

' CASE) 7\0 I5 T¥E CORRESIOITDING FIRSY ZICENVALUR, I IS

THE INDLX FOR WHICH THE RATIOC T%O IS JUST LES5 THAN 10-3.
THE SUI‘In)'\:jO A n INDICATES HOW WELL WE ARE IN' AGRERIENT WITH

THE SUM PREDICTSD BY THE USE OF MERCER'S THEOREN (WHICH IN THIS
CASE IS T ), o IS THE CUT-OFF INDEX OF THE "EQUIVALENT SET
OF EIGENVALUES, THE INTEGRATED IEAN SQUARE DIFFERENCE IS PLOTTED

O FIG. 45.

table 6
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FIG. 38 COLFARATIVE PLOTS FCR CINCULAR CASE OF BXACT AND AFPROXINATE
PRCBABILITY DEISITINS FOR 4 RULATIVE AFZRTURE OF € = 0.2.
Ga = GAMIA DISTRIBUTION,Ex = EXACT DISTRIBUTICN,

D = DITFIRVUHCE,
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FIG., 39 COLPARATIVE PLOTS FOR CIRCULAR CASE OF EAKCT AND AFPPROXIFATS
FROBABILITY DLNSITIHS FOR A RULATIVHR AFERTURE OF C = 0.5,
Ca = GAlMMA DISTRIBUTION, Ex = WXACT DIGTRIBUTION,

D = DIFTERELCE,
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P(E")

A

FIG. 40 COMPARATIVE PLOTS FOR CIACULAR CASE OF LXACT AND APPROXIIIATT
PROBADILITY DENSITIES FOR A RELATIVE AFERTURE OF C = I.
Ga = CAKLA DISTRIRUTLON, Bx = BRACT DISTRIDUTIOL,

D = DIFIERINCE.,
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-
l |

BIG. 41 CCLPARATIVE PLOTS FOR CIRCULAR CASE OF EXACT AND APPROXIEATE
FROBABILITY DINSITIES FOR A RELATIVE APERTURE OF C = 2,
Ga = GAITIA DISTRIBUTION, Ex = EXACT DISTRIBUTICN,

D = DIFFERENCE,.
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|

FPIG, 42 CONPARATIVE PLOTS FOR CIRCULAR CASE OF EXACT AD APPROXIIATRE

PROBARILITY D HSITIES FCR A RELATIVI APBRTURE OF C = 3.
Ga = GALGL DISTRIBUTICH, ZTx = EXACT DISTRIBUTION,

T
‘e

«

D = DIFFEREL



146

AP(ED

FIG. 43 CONPARATIVE PLOTS I'CR CIRCULAR CASE OI' EXACT AND APPROXINATR
PROBABILITY DEKSITIES FOR A RELATIVE APERTURE OF C = 4.
Ga = GAITIA DISTRIBUTION, Bx = BXACT DISTRIBUTION,

D = DIFFERTIICE,
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FIG., 44 CCI'PARALTIVE PLOTS FOR CIRCULAR CASE OI' EXACT AND ATPROXINATE
PROBABILITY DZHSITIES FOR A RELATIVE AFERTURE OF C = 6.

D = DIFFSRENCE.
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integrated mean square difference x103
A

12 |

i
v

0 2 4 6 3 C

FIG. 45 TR DIFFIRENCED PITWEEN T ACPROATIATE AXD TIL ZXACT
FORIULAR TOR THE CASE OF CIRCULAR AFuRTURDS IS CHARACTERISED
BY T GRAPH OF Tif IRTEGRATED IMEAN BQUARE DIFFLRENCE VERSUS

THE RELATIVE AFERTURE C.
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O 2 4 6 C
FIG,. 4é

CUT-OFF IIDEX OF THE CIRCULAR EBIGLWVALUES V3. ¢ THE RELATIVZ

APERTURE, nb ALSO PWPINES THE NUMBER OF INDEPENDENT CORRELATION

CELLS TiE SCAFNING AFERTURE CAN BY DEVIDED INTO.THE ASYHPTOTE IS

THE PARABOLA OF EQNl. C2/4 .
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FIG. 47 PLOT OF TIE SQUARE RCOT O THE CUT--OFF INDEX USED TO FIND

THE ASYUPTOTIC LINTE OF EQ¥. ¢/2 .
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that as ¢ gets larger, \,'f\° tends to the straight line of s-lope ¢/2,
fL .
therefore n o tends to the parabola < /L‘- (plotted on fig. (46) ).

Substituting this value in equ. (130) gives the asymptotic result

/\0__—;»&_.1; as C —p o0

c (132)

for the first eigenvalue.
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4.3. Experimental Results -

The experiment described here is a fundamental test of the
eigenvaolue method to describe statistical properties of speckle patterns. This
experiment is performed for the circular configuration of diffusing pupil and
scanning aperture also as a test to the matrix diagonalization approach to the
eigenvalues. The object of the experiment is a real non theoretical plot of the
first order probability density function of integrated intensity made with some

8000 readings of the integrated intensity ot different points.

The apparatus used is as described on fig. (1). The .collecting Pupil P has
a diometer of 1.15 em. the sconning aperture S in front of the photomultiplier
has a diameter of 50 |3 The wavelengih is 4880 io\ ond the distance D
between the collecting pupil and scanning aperiure is 1.50 m  This gives a
relative aperture in € units (equ. (100) ) of 2.45, (the absolute error on this
value is .2 it is determined by the limited precision with which the diffusing
pupil diometer, the scanning aperture diometer and the distance D are known.
From fig (46) (the plot of hy V§. ¢ ) this corresponds to between 1.7 and 2.25
independent correlation cells.) We are thus operating near the maximum of the
curve of the integrated mean square difference as a function of c.  The scanning
aperture with the photomultiplier is moved across the speckle field by a stepping
motor controlled by logic pulses. The steps taken are multiples of the micron.
Here we choose the stepping distance between the readings of the order of half

the Rayleigh resolution limit of the collecting pupil. This is in accordance with
the SHANN ON-WEAVER 1962 sampling theocrem (see also BLACKMAN and

TUKEY 1959 and GOODMAN 1968 ). This theorem states that o function

to be determined experimentally should be measured at least ot every interval
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corresponding to twice the maximum frequency, this being to avoid errors such
as aliasing.  Here the maximum frequency present is determined by the Rayleigh

resolution limit,

RP: . 61J?\. D # 75' " (133)

The chosen sampling interval is 35 .

The output voltage from the photomultiplier is read on a digital voltmeter
and the data for each reading between each step is converted into coded paper
punched tape. (The code used is American Standard Code for Information Inter-
-chq‘nge, well known as the ASCll code) The paper tape is then taken to the
computer (a C.D.C. 6400) where it is decoded and the data is stored on a disc
file in array form. Stored in this fashion the data is easily accessible by any

number of independent programmers.

For our own use a program is written that calculates the average integrated
intensity then distributes each reading in bins such that thos readings equal to
zero are distributed in the first bin and those readings equal to average integraied

intensity are distributed in the tenth bin.

/
The value of the integrated intensity E  is then simply related to the

index of the bin j by

£’ . |
/= 552 (134)

10

The height of the bins are normalized such that the sum of all the
readings is unity. This is equivalent to normalising a probability density function
to unity. Thus scaled the height of the bins represent the experimental first order
probability density function of integrated intensity for a circular diffusing pupil

and a circular scanning aperture with unit infensity transmittances of given size.
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FIG. 48 EXPERIMENTAL FIRST ORDER PROBALITY DENSITY FUNCTION PLOTTED
FROM 8000 READINGS TAKEN WITH THE APARATUS ILLUSTRARED ON FIG., 1

AND MOUNTED WITH TOP HAT DIFFUSING PUPIL AND SCANNING AFERTURE, THE
TRELATIVE APERTURE IN C UNITS ( EQN. 4.2. (100)) IS 2.5 . THE READINGS
ARE DISTRIBUTED IN BINS AND THEIR SUM IS NORMALISED TO UNITY. THE AVE-
RAGE INTEGRATED INTENSITY IS 1.0 . THERD ARE TEN BINS TO THE AVERAGE.

THE CORRESPONDING GAMMNA DISTRIBUTION IS PLOTTED AS THE SMOOTH LINE,.
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FId. 49, PLOTS OF TXPERIMENTAL, EXACT THEORETICAL AND GAINMA
DISTRIBUTIONS OBTAINED WITH TOP HAT DIFFUSING PUPIL AND APERTURE,
THE EXPERILENTAL CURVE ‘IS OBTAINED WITH SOME 8000 READINGS. AS ON
FIG. 48. TUE RELATIVE APERTURE IS C = 2.5, THE AVERAGE INTEGRATED

INTENSITY IS (E}: 4, THENUMBER OF INDEPENDENT CORRELATION CELLS IS

Ny = 137‘
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This bin technique is illustrated in fig. (48). The error bars represent the
absolute fluctuations of the number of readings in each bin.  These bars are
proportional to . ﬁ? where n  is the number of readings in the jih bin.
The processed data refurns a number of independent correlation cells computed
from the ratio of the squared average integrated intensity to the variance of the
latter equal to 1.97. Figure (46) shows the corresponding value of ¢ as

just under 2.5 which means our settings are better than expected.

The experimentally obtained first order probability density function is
plotied on the sume graph as the exact theoretical distribution obtained with the
eigenvalues computed for the given value of ¢, also on the same graph is a plot
of the approximate Gamma distribution. These plots are shown on fig. (49)
The closeness of the fit between the experimental and exact theoretical distribution

is clearly seen, so is the difference with the approximate Gamma distribution.
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RANDOMLY POLARIZED SPECKLE PATTERNS
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1. INTRODUCTION

All the preceeding results concern deferminisfically polarized speckle
patterns. Experimentally we have cbserved only surface like scatterers, i.e.
scatterers whose diffusing centres lie in the same plane, do not appreciably
depolarize a polarized incident laser beam. This is the case for example, with
a single layer of grouhd glass.  On the other hand q_liffusing media with three
dimensional structure, i.e. thick diffusing media, depolarize ligﬁf (SCRIBOT

1975 ), this is the case, to take examples, with paper, opal glass and stacks
of ground glass.  Statistics of polarized speckle therefore represent an ideal
case which is, however, easily obtained by inserting a polarizer between the

collecting pupil and the scanning aperture .

If observed closely the speckle pattern is seen to be locally deterministically
polarized over areas about the size of a speckle (i.e. areas of the order of the
Rayleigh resolution limit of the collecting pupil), but each speckle is polarized

in a random manner, hence the term "randomly polarized" speckle.

There is little to be found in the literature on the state of polarization of
speckle patterns. GOODMAN 1865 states depolarfzed speckle can be decomposed
into two perpendi‘culur independent components and their probability density
functions are then convolved to give the ioini" probability density function.

BURCH 1970 gives the result of the convolution of two probability density
functions of two incoherently added speckle patterns observed through a point
aperture and McKECHNIE 1974 applies this to evaluate the depolarization from
a single layer of ground glass and finds the ratio of the average intensity of the

two components i.e. of the order of one thousandth.  BOURRET 1974 gives
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an analytical account of depolarization of electromagnetic radiation in random
media but o fundamental osﬁumpfion of his treatment is that backscatter is
negligible and the resulting expression for his polarization factor is a negative
exponential which does not agree with our experimental results. In the thick
medium we consider, it is intuitively clear that there must be a large amount

of backscatter present.

Flere we introduce some general expressions for fhevioinf first order
probability density functions of two perpendicular polarization components.
These depend on the overage integroted intensity of each component, but a
priori  we know nothing about the value of these quantities or their behaviour.
It is therefore the purpose of our experiments to try and find something about this.
We give an explanation of the measuring fechniéue involved and then state our
experimental results.  The polarization factor P introduced is seen to depend
on the "roughness" of the medium (w5, fluctvatious of the size of the scattering

centres), the thickness of the medium and also on the wavelength used.
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2.  JOINT STATISTICS OF TWO INDEPENDENT POLARIZATION
COMPONENTS

Let us first examine the statistics of randomly polarized speckle patterns
observed through a point aperture. Let < &/|> and e’ L> bethe
average integrated intensity of the two components and Py (€} and
P, (&) be their respective first order probability fiensifies, these are given

by (see equ. 1.2.1.(6)),

E,
Pu(e) = 1 e W (1)
{Ey?
and ’
£
- ‘
P. (Y = 1 c - (2)
CELY

The Convolution of these two functions gives the joint first order probability
density function of a depolarized speckle pattern observed through a pinhole.
This convolution can be evaluated from the product of the characteristic function

of each distribution (see appendix A).. The respective characteristic functions

are
Culz) = (V- 12 <Elu>\~1 R )
and 1

Coe 2y = (1 -1z <€L>f (4)

Their product is the characteristic function of the joint probability density

function 1

- -
C (2) = ¢ u(z) Culz) = (1-iz CR\D)t-i=CE)

which can be expended in the sum of two partial fractions,

C (z) = ¢EWD 1 :
CEGS —(eny 1= Tz By

) (6)
{ELS 1

LEWLS = (Buy AV _izdEL S
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The Fourier transform of this yields

e’ e’
) e - WY _ e CELY
pjo(nt (E} = (7)

<E{4> —~ <EJI_>

which is the required joint distribution. We observe the following properties

for Pjoint (E )

When E' _p 0 Pioint (&) — O
When E 5 o0 - Pjeint CEN ~—>°<s

When B ~0(i.e. when the observed speckle pattern is completel
P P P Y

polarized in a single direction, the |l one for example)

r

- &
{e'>
. ’ - “ .
PJG;V\t (.E' } - = (8)
(ED
Where <E/> =< E:’“> , this distribution is, as expected, the same as in
equ. 1.2.2 (6). Equation (7) is given by BURCH 1970 in connexion with
the statistics of two unequally weighted speckle patterns added incoherently.
If the two speckle patterns are equally divided into the two perpendicular
polarization components, we have { e'yS> = (E ,A. S = {e’>

and the probability density given in equ. (7) is not applicable, we must derive

the correct joint probability density function from the Fourier transform of

-2
C(z) = (- iz (E’)\ , (9)
which gives
E/
E>

PJOCV\{: (EI) = E" e
Ce'y? (10)

which is instantly recognized as the Gamma distribution with two degrees of

freedom.
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Let us now consider the statistics of depolarized speckle patterns observed
through non-punctual finite scanning apertures. The general exact probability
density function expressed in equ. 1.3.3 (35) applied to the two polarization

components gives

_E
Enil
Py(EYy-= 5 Bnu e 1)
n En Mt
and £/
P. (B = Z 6, 1 e Enl
h Enl (]2)

where { E, 1t} isthe set of eigenvalues corresponding to the ||
polarization component and { E€ny } is the set of eigenvalues corresponding
tothe . polarization component, Gn W and G“ 1L being the

respective partial fraction coefficgquf given by equ. 1.3.3 (33).

First we observe from the results in section 1.4, that the eigenvalues
depend only on the geometrical configuration of the diffusing pupil and scanning
aperfure and on the mean intensity through a sca“";ng constant. Since the
geometrical configuration is the same for both pglarizaﬁon components we may

write

&, n = O<u /\r\ (13)

En_L = & L /\"‘\ (]4)

and
Where the set of eigenvalues li N, } depends only on the geometrical
configuration. The scaling constants X, and & ;  can be easily

obtained from the relations between the average integrated intensities of both

distributions,

<E'u> = Z Eqou = Xy é AYH (15)
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md (Eoy = Fog 0= AL XN, (16)
The variances are given by
2 7 2
0oy = w2 A (17)
and G'-;,; - o(ll_ g_ /\2“ (18)

From equs. (13), (14) and 1.3.3 (33) the partial fraction coefficiants Gn \
and Gn 1 are seen to be identical and the two components of the probability

~ density function can be rewritten

E /
’ 0(\\ I\\4
Pu () = ZYG"‘ c (19)
n
A\ N n £’
and -
G N AN
P, () = 2 _bn ¢
n ,
AL A (20)
The joint probability density function is again evaluated through the two
corresponding characteristic functions
Cy(z) = 2 6Gn A 1)
n .
and
Coly = ¥ 6 1
Yotz Ay (22)

The product of these characteristic. function after further expansion into partial

fractions is ,

C (=) = 2 6, G ("(" 1
"o E’H\—"f.l.] (1 iz oy N
(23)
: K L 1 \)
("‘.L*o(u) («__-QZ.O(_L_/\V‘)
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The Fourier transform of this expression gives the required joint distribution

L E S
76,6 A e S |
Jont() [( ..o()/\ ("(H"O(L)/\n

(24)

If instead of starting from exact distributions for each component (equs.
(11) and (12) ) we start from approximate Gamma distributions we obtain the
following resulis.

The ’rwo components have respective probability densities (equ. 1.3.3. (54) ),

n, ;Mo —1 - i‘_n.__ri
PLEY :(n'L) E' e <EWS
(B [ (no) (25)
and o Y
Po (e :( Ne ) Lo e (ELY
(e) [ (n,) | (26)

with the number of independent correlation cells given by (equ. 3.2(32) ),

n ; /\n ‘ ' 2
= 7
0 As (27)

This is the same for both components and again depends only on the geometrical

configuration of the diffusing pupil and scanning aperture. The characteristic

functions of these probability densities are ,
( 2_) - (.
it ; "
(1 —iz {EBu> ) ° (28)
0

and

CL (z2) = A
(\— L2 éﬁzg’_xj)n" (29)

The product of these characteristic functions is the characteristic function of

the joint probability density and is,
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i
! No . ! Np
(ﬂ_(z(Eu>) 1= \z<E-’->) (30)
Mg No
The Fourier transform of this expression gives, ,
n. E
No 2n, —~1 -— 2
v ! (WY
Pjoint (EI) = Mo : E e
= £
(EY>EE L7 (2 ng)
‘
F [n Lo, n ( 1 1 _\e ]
X 404 0 0) ‘o - - ;
! CE'vD <EL3)
. (31)

where, 1F1 is the first order hypergeometric function already encountered in
equ. 1.3.3(42).  With the definitions given in equs. 1.3.3. (43) and 1.3.3.

(44) we finally have ,
n E

Ne ng -1 ——9;—

e SEW2

' 7 E_l
jbt"\t (E ) :( no ] )
EYDCELY r(“o\

o0 : .
2 { (oo ) (n°<'&1>~<ﬁ’“> e')

“2o U [Lng k) CEWIKELY

k

-

!

(32)
This equation represents the approximate first order probability density function
of randomly polarized speckle patterns observed through a finite scanning

aperture.
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3.  EXPERIMENTAL OBSERVATIONS,

The purpose of the experiments described here is to find something about
the behaviour of the quantities < E’,> and < E'L)  asa function

of the diffusing medium.

3.1. Measuring technique.

The thick diffusing medium we study in this section is particularly easy fo
make and to handle, being made from layers of ground glass and each layer
being ground on one side only. The rondomly polarized speckle pattern arising
from this medium is observed through a large aperture so as to measure the

average depolarization.
The measurable quantities we use in our experiment are called Stokes
N
parameters and defined the colu/i\n Stokes' vector (see e.g. SHURCLIFF 1962

or CLARKE and GRAINGER 1971)

R
M
C
S 33
| S (33)
where each parameter has the dimension of integrated intensity. | is the toal
“

integrated intensity, M is the amount of horizontal plane polarized intensity,

C is the amount of + 4% O 2 plane polarized intensity and S is the amount of
right circularly polarized intensity. These quantities are in fact time averaged

quantities and the two camponents, ¢, ond ¢, are the corresponding phases

at Z = 0 with A  the wavelength and w the angular frequency.
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The Stokes parameters are defined by
! A ‘
I = <Exo + Ejo >
7 2
M - <Ex° - E‘)’O >
¢ = <2-Exo Ejo C-C”S(\Pj—(?x) be
S = {1 Exo Eyo Sin (L{)y - <)
(36)

for a completely polarized beam of light. From these relations we see that if

the light is completely polarized we have

' = J'i/v\z +C?- *51

(37)

On the other hand if the light is portially polorized we have

\[ % L 2 |
' > NM +C + S (38)
We now define the normalized polarization coefficient P which expresses the
amount of light which is not depolarized,
\/ 1 1 2
P _ M + C « Y
| (39)

This quantity is of course positive and equal or less than unity. If in the
depolarized beam there are no C and S components then the polarization

factor becomes

P = A = Tu- I\“'/'“L _

l Iw s+ To (40)
2

where Iuw = (Exo 7 (41)
2

and I.i= /< E.yc> (42)

The quantity M is measured with a filter blind to vertical plane polarized
light, C is measured with a filter which to — 45 2 plane polarized light and

S is measured with a filter blind to left circularly polarized light. If |1 Py
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and | 5 are the intensities respectively measured with each filter, the

following relations hold,

Mo o= 2 4 -
C = 2 \,.-1
S = 2 15 -1 (43)

The filters are made from plastic sheet polarizer for the plane polarization

filters (to measure |, and |, ) and a quarter wave-plate followed by a plate

'
of sheet polarizer is used to measure the right-hand circular polarization

component | 3

In order to evaluate how the polarization factor is affected by the
roughness of the diffusing medium, this has to be evaluated beforehand. The

diffusing medium is made of layers of ground glass and we toke the r. m.s.

of height fluctuations of the ground surfaces as a measure mithmersizame of the
size of the scattering centers. The height fluctuations are evaluated by a
mechanical method which consists of a stylus that runs across a section of the
surface and traces a record of its movements. The machine that does this is
called a Talysurf and the device has soms analogy with a record player although
the output is not sound but a profile of the surface under test. An example of
the kind of record this machine gives is shown in fig. (50). A quantity of
interest given by the Talysurf is the Cenire Line Average noted CLA. We
can define the CLA by considering a zero mean stochastic process, x -~ (here
the height of the ground gloss), the CLA is defined as the average of the
absolute value of x . If the stochastic process under consideration has a

luctvationy
Gaussian  distribution, we can relate easily the r.m.s.i of the process to the

CLA. We have the relation
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. 1127329 MABE IN ENGLAND
S SR N B S

LOR HOBSON LEICESTER

" FIG, 50 EXAMPLE OF RECORD GIVEN BY THE TALYSURF SURFACE ROUGHINESS

MEASURING MACHINE,.
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7
+ oo - X'J.
CLA = <[x\> = 1 J Ix| e 2% d x

270 o
oo (44)

which gives after integration

CLA = 2 ox

\’ 2. TL , (45)
The Talysurf gives a direct reading of the CLA. Numerically from equ (45) we

obtain

Uy = 4.253 CLA ‘ (46)

The optical apparatus we use is the same as illustrated on fig. (1) except
for the ‘insertion of a horizontal plane polarizer before the diffuser and the

presence of the analyzing filters required in front of the photomultiplier.

3.2. Experimental results

‘Figure (51) shows a plot of the polarization factor- P versus N the
number of layers of ground glass of r.m.s. height fluctuations 0g= . 4SO 4.

For this roughness at least seven layers of ground glass are required to give an

appreciable depolarization. For ten layers P is approximately 6.6. Fig. (52)
illustrates the difference this introduces in the statistics of the speckle pattern

g
scanned through a point aperture. Figure (53) shows a plot of P verus N
i

for r.m.s. height fluctuations 05 = 3. § M Here three layers are

enought to make a noticeable difference in the state of polarization of the

T

/

speckle pattern. For ten layers of this ground glass P s opproximctel)/LSJ.
Fig. (54) illustrates the difference this makes in the speckle statistics scanned

through a point aperture. Figure (55) shows a plot of P versus g  the
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FIC. 51

GRAPH OF POLARIZATION COEFFICIENT P VERSUS N y THE ITUEJIBER or
LAYZRS OF GROUMD GLASS (OR THICKNESS OF DIFFUSING I‘-IEDIUI-‘I) TOR
A STANDARD DEVIATION OF THRE ROUGUNESS O U = 0.43 P

-4 . . o
(A =4765 A -blue-, D = 1,18 my, U = collecting pupil radius =

1.5 cmy A = scanning aperture diameter = 0.8 cm).
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COMPLETELY POLARIZED

PARTIALLY POLARIZED

FIG. 52

PIRST ORDER PROBABILITY DENSITY PUNCTION OF INTENSITY FOR
PARTIALLY POLARIZED SPECKLE PATTERNS OBSERVED THROUGH FOINT
APERTURES AS EXPRESSED BY EQN.2 (7). THE AVERAGE TOTAL INTENSITY

IS UNITY AND Tilii POLARIZATION FACTOR IS (EaW. 3 (40)) 0.76.

{
¢

|
|
|
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v

FIG. 53

GRAPH OF POLARIZATION COEFFICIENT P VERSUS N, THE NUMBER OF LAYERS

OF GROUND GLASS (OR THICKNESS OF THE DIFFUSING MEDIUM) FOR A STAN-
DARD‘ DEVIATION OF Tild ROUGHNZSS OF U = 3.79 v .

(A = 4765 A ~blue-, D = 1,18 m, U = collecting pupil radius = 1.5 cm,

A = scanning aperture diameter = 0.8 cm).
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Joint

CONPLETELY POLARIZED

L 7L [\— — PARTIALLY POLARIZED

FIAST OREDR TRORABILITY DuNSITY FUNCTION OF INTENSITY FOR PARTIALLY
POLARIZED SPECILT PATTERNS OBSERVED THROUGH POTNT APERTURES AS BEX-
BRUSSED DY B 2 (7). T AVERAGT TOTAL INTENSITY IS UNITY AND

THE POLARIZATICI FACTOR IS ( =M. 3 (40)) 0.37.
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O 45 811 2, 3 3.

¥IG, 55 GRAPH OF POLARIZATION COEFFICIENT P VERSUS O , THE

g-
>
8

STANDARD DEVIATiON OF THE ROUGHI-IESS, USING STACKS OF TEN GROUND
GLASS PLATEHES.. THIS GRAPH IS PLOTTED FOR THO WAVELENGTHS,

N\, =638 4 -RmD~, o, Ng = 4765k - BLUE~, +, ( D = 1.18 m,
U = collecting pupj.l radius = L.H cmy A = scanning aperture diameter

= O.8 Cm).
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1.04

.64 t
WAl )
24 3
o-
0 -+ } +—+ } : ! Jc(_
45 .8 111 -2, 3, 38

. FIG. 56 CONPARATIVE PLOT OF P VERSUS G IEASURED AS IN EQN.
L
3.1 (39) o , AS IN EQN. 3.1 (40) + . ( A = 4765 A =blue—,

D=1.18m U= 1.5 cmy A = 0.8 cm).
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roughness r.m.s. height fluctuation. This graph was obtained by using stacks
of ten ground glass plates, the r.m.s. height fluctuation being constant within

each stack. Two wavelengths were used, Ay = 63721 YA red and

7\.)_ =4765 lg\ blue.

Throughout all the measurements, the coefficients C and S for 4+ 452
plane polarization and right hand circular polarization remained negligibly
small.  The polarization coefficient P can therefore be expressed as in
equ. (40) rather than as in equ. (39). This is illustrated by the graph in fig.
(64) which represents a comparative plot of P verus for P defined

as in equs. (39) and (40).

These experiments represent some of the very first investigations of
randomly polarized speckle. It is felt by the author that the statistics of
randomly polarized speckle can be studied in connexion with the properties of
matter, for example, surface roughness, where opaque surfaces can serve as
moulds to transparent resins (CHANDLEYond WEFoRD13%5) When dried these resins
can be built up in stacks to constitute a thick diffusing medium as in the above

experiments.
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APPENDIX A

CHARACTERISTIC FUNCTIONS AND CUMULANTS

Here we define characteristic functions and cumulants. We show some

of their fundamental properties and their relevance to the sum of many independent

variables, (CRAMER 1946 , LOEVE 1962 ,APAPOULIS 1965 )

CHARACTERISTIC FUNCTIONS

Let P(x) be a normalized probability distribution of the real random

variable x,

+ o0 :
¥ (x) dx = 1 (A])
- tzX
The characteristic function Cx(z) is defined as the mean value of @ . or as

the Fourier transform of P(x),

| 2 YR izx
Cx (Z-) = <E. 7 — J e p(x) d x (A2)
—
In general Cx(z) is a complex valued function of z. Elementary properties
are,
C -
« 0) =1 (A3)
, + 0 :
S0
* : :
C,(-2) = Cx (=) (A5)

K denotes complex conjugate.

. . izx .
A Mac-Laurin expansion of e gives,

1z X kw Kk

[>%] 13
— vz x> A6
CHPER D =
k=1 k!




179

The moments of order k ,<xk> are easily obtained by differentiation,

k

k N
¢x'y =4 _d c (z) (A7)

. . L
1 d= zZ=0

CHARACTERISTIC FUNCTION OF TWO OR MORE INDEPENDENT
RANDOM VARIABLES '

Let x, and x, be two independent random variables with known

1 2

distributions, the characteristic function of x = X + %o will be from
eqL_j. (A2) . iz_(x1 + x7_\
C X (z) = < e > (A8)

which can be written, because the variables are independent, as

n
C, (=) = E C’xi (=) (A9)

For n independent variables,

(A10)
The characteristic function of the sum of n independent random variables is

equal to the product of the characteristic function of each variable.

Unfortunately the kth moment is not easily obtained, from equs. (A7)

and (A10),

k n
k
-~ 1 d
<xiyo= s TTC =) (A1)
i d=z ¥
The problem of evaluating the ¢ x>

s is the chief reason for introducing

cumulants.
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CUMULANTS 9, OF ORDER K

The Mac~Laurin expansion of Log(1=z) is,

0 w1 "
Log (1 +2) = z (__1\ z
k=1 V4

(A12)
Substituting 14z by the Mac-Laurin expansion in equ. (A6), after rearranging

the terms, we have

: ol
K
Log Co(z) = 3 Gk ("2
k=1 k

[ Xt

(A13)
The coefficients e are-called cumulants and were introduced by Thiele (1903).

Differentiation gives a relation similar to equ. (A7),

"
d Log C
- ©q x (z)

dz" zz 0 (A14)

Ik =

{
K
[

. . k . v
To obtain the relations between the x~ and q we write the identities,

L g " k& ;; q ;kzw
Loq ¢ (2) = 1+ &z ) T Atz '
°3 Cx (=) 3 ( k=1 k=1 \ (AI5)
w! k!
or
i o0 <Xk ikzk - %) ;k ke
o) =1, 240 :QKP(Z.E‘.L_E_\)(AM)
k:’-'\ k\, k:1 kl
Formaly, this gives,
Q= (xYy
2 2 2
Qe = X7 L KXYy = 07
qy = <x%» - J3Lxy<xTy T x>
Qu = <xMy BNy XS XY 4 1L xT Py = 6 xS

e e e e e (A17)
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and conversely,

<Xy = 94
x> = . + C\;L
3
<xf = gy o+ 3z + 9
2 Y ¢ q *
£x"Sy = 9y + 2492 + 19y +S 90 9. + q,

T (A18)

APPLICATION OF CUMULANTS TO n INDEPENDENT RANDOM VARIABLES

From equs. (A10) and (A14) we have,

n k
- A d cC .
T J'_Z« i Leg Tayt® (A19)
- 2.
or more simply
m
e = = 9k
=1 (A20)

The cumulant of order k of a sum of independent random variables is the sum

of the individual cumulants of order k of each variable. By using relations

(A17) and (A18) fhe(xk)can be evaluated from the <x.;<).
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COMYUTER PROGRAFIES

APFENDIX D
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THIS PROCANIE COMARES BY PLOTTING THEM, THE APFROXIMATE AND EXACT FIRST
ORDER PROBABILITY DENSITY FUNCTIONS OF SPECKLE FPATTERNS SCANNED THROUGH
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FINITR APERTURES.

PROGRAA PEOBONE (TNPLT ,OUTPUT ,TAPE S=TNRUT , YASE G=NUTRLITY
¢ THIS PRNGRAN COMEUTES ARND PLCTS THE SXALT AND APFROXTUAT:
¢ FIXST URDER PROCATILTITY DENSITY FUNCTIUN OF TMTEGFATED
¢ SPECKLE TNTCMSTTY, :
COMHON BZ(131) 40P (161),PA(101)
SEL NO
DIASNSTIGH X (253),Y(312)
DIMENSTON XLtico]
SAGTVALENGE (Y (1) ,P5(1))
DO BER K=1,140
READ (5,2)
3 FO-NMATII3)
IF(M.LTe0) STOP ?
? ------------------------------- - R W W e e R P WP P WS G B AP UL W O W R IS W EFT S e W G OB e v W 3§ SR O BB o
c bOIS WUMIES OF PELTYANT 2T CSMVALUE -
c XLIN) IS STT 6F EIASHyALUSS
¢ XM IS AVERAGE INTTGRAYED IMTENSITY
Cmm = m = = e e e e e e e e e e e c e e e m e mmccm e — e
KEAD (5¢) (XL (1) 4N 1g M)
WRTTE (by110) (XL(“U) NU=1 4 14)
110 FORMET (D15, H)
EZAD (B,2) Su
2 FORMAT (FL0.A)
WRITZ (6,127) 5K
(20 FORMITIS/7% SW=2,F10.6//7)
i -
c SW=SPACE-2ANDWIDTH POODUCT -
C S = -
C
£ = o e e e o o = e e = e e e e e
READIS,6) X¥T
6 FO=NAT(F10.6)
NO=2 L
DO 7 Ii=1,
7 NO=MOEXL LT1)
HOENGZ XL €1)
FLPHA=YNT/Z{NCEXL (1))
X0= N
CALL GUMHMA(X0,GX0,157)
WEITE (B 4004) 158
1908 FORNET (/77% 1FR2%,110/77)

CONTINUED ON NEXT PAGE...
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CONTIKUATION OF PROGRANIT PROBONE

é_:f ———————————————————————— £ o @0 O W ER e ) e B D e e WP AR S S R W W G A AR AR G e S i A G W Wl B W WD Am W G W e
C JER = & , !0 SREQT -
C 3 -
¢ TE2 = 1, X0 IS WITHIM {r¥8(=6) CF SFING A -
( HEGATIVE INTEGER, -
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An exact and an approximate first-order probability density function are computed in terms of the eigenvalues
of the autocorrelation function of the speckle pattern obtained in coherent light, We examine the case of a sinc
autocorrelation function obtained with a rectangular intensity transmitting pupil. The integrated mean square dif-

ference between both formulae is plotted.

1. Introduction

In this article, we compare an exact and an ap-
proximate probability density formula for first order
speckle statistics obtained in coherent light. The ap-
proximate formula is a gamma distribution, the exact
formula is an expansion in terms of eigenvalues of
the autocorrelation function of the speckle pattern.
Rice [1] was the first to use the gamma distribution
in the context of electronic noise statistics. Mandel
[2] used it in optics in photoelectron counting and
Goodman [3] applied it to speckle patterns. Condie
[4] first discussed the properties of an exact formula
in speckle statistics using a lorentzian intensity dis-
tribution for the scatterer. Mehta [5] compared the
moduli of the characteristic functions of the approxi-
mate and the exact distributions in photoelectron
counting. He also used a lorentzian for the spectral
profile and showed good agreement in the case of
small and large width of the spectral profile. Mehta
and Mehta [6] , by using Slepian’s results [7,8] found
similar results in the case of a rectangular profile.

Here we compare the approximate and exact prob-
ability densities in the speckle context using a rect-
angular intensity distribution for the scatterer. The
difference is characterized by the integrated mean
square difference.

238

2. The exact formula

The probability density of speckle intensity at a
point is well known to be a negative exponential [9],
but speckies are observed through non-point finite
apertures and one must compute the probability of
integrated intensity P(J); this is given by the integral
[10,11]

1 7 ey,
P==— [ = | 1
@) 2n_l; T M

where the €, are eigenvalues given by the homogene-
ous Fredholm equation

€, ¥(x,y) = ffr(x—x',y—y’) ¢,(x" yHdx' dy', (2)
A
A = scanning aperture with ey = €] = €, where r(x, y)
is the complex amplitude autocorrelation function of
the scanned speckle pattem, (x, »), (x',»") are two
points of the speckle pattern, ¢, are a set of eigen-
functions orthonormal over 4. If all the eigenvalues
are different, the integration of eq. (1) gives the exact
formula [6, 10]

P() = 23 (G, Je,) exp(~Tle,).
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with

c,= [1 en(en—em)_l. 3)

m+n

The mean and variance are

(D=23Ce,, 4
1]

2
?=23Ce - (ECnen) . (42)
n 1]

3.The gammé distribution

If, as suggested by Condie [4] the eigenvalues are
taken as values of a step function such that

= <
€, =€ for n<ny,

and zero elsewhere (the envelope of these eigenvalues
is shown in fig. 1 in dotted lines for ny = 6), the in-
tegral (1) now becomes

+oo

! el gz
P(I)_.Z—Tff (1_1250)”0’ (5)

which gives

1 )nO 1}10—-1 e-—[/Eo

P(l) =(a T (6)

which is the gamma distribution. The mean and vari-

I\n envelope

Fig. 1. An example of the behaviour of the eigenvalues in eq.
(10) for ¢ = 10, The ratio of the surfaces § and S is a measure
of the error made by replacing the eigenvalues by a step func-
tion,
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ance are

)= €0"o> (N
2 .2

0" =e€yny. (72)

This suggests eq. (6) be written as

_ no)”o ]”0‘1 e—lno/(l)
PO {5 IR @®)

which is the probability function scaled to mean in-
tensity. The quantity ng is interpreted as the number
of independent correlation cells into which the aper-
ture is divided.

4. Case where the autocorrelation function r(x, y) is
a sinc function

We now examine the case where the autocorrela-
tion function is a sinc function. Physically this cor-
responds to considering the speckle as white noise
taken through a slit pupil (one dimensional) of uni-
form transmittance. Generalisation to a two-dimen-
sional rectangular aperture is straightforward. The
autocorrelation of the speckle in the far field is equal
to the amplitude diffraction function of the pupil
[11]. The eigenvalues are scaled versions of the
eigenvalues A, of the prolate spheroidal wave func-
tions and have been extensively studied and tabulated
by Slepian [7,8]. They are defined by

+1 . '
Mty)= | g e ex ©)

with 1 2 Ag 2 A 2 A, +++. The required eigenvalues
are given by

€, =ahA,, (10

where « is a proportionality constant. The envelope
of these eigenvalues is the continuous line in fig. 1
for ¢ = 10, where c is the space bandwidth product
of the system. The similarity between the two curves
is clearly seen. The ratio of the crossed-hatched area
S beyond ny to the area S" under the step function

SIS"= 23 A,lng, (11)

n>ng
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R
E
o — =
laser diff user [

scanning aperture

optical system

Fig. 2. Optical set-up for observing speckle patterns in co-
herent light.

is a measure of the error made on the eigenvalues by
replacing them by a step function,
5. Computation of the cut-off index of the eigenvalues

By the Mercer theorem (see e.g. ref. [12]) we can
write the kernel of eq. (9)

sin[c(x—x")
a(x—x")

Lo syA 6% 6)e, (0, (12)

where the star denotes complex conjugate. By setting
x" equal to x and integrating over {—1, I} we find

2c/m =3 A, (13)

If the eigenvalues are taken as a step function we can
write

Z;An =n0A0 14)
n

and

ny = 2clmAy; (15)

¢ is the space bandwidth product [8,9], which in
our case is

c=qUAND (16)
and
ny = 2UA/)\DAO, (17)

where A is the wavelength, U, A and D are defined in
fig. 2. This formula for ny is valid for both the step

Fig. 3. Comparative plots of the exact and approximate prob-
ability densities: a) ¢ =0.5,n9 =1.03,n5/(7) =0.26;b) c =
1.0,n0 =1.12,np/(1>=0.28;¢)c=2.0,n9 =145, ng (I} =
0.36;d) ¢ =8.0,ng =5.09, ng /(1) =1.27.
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integrated mean square difference x 103

0 ' 2 p1 ' 3 ) F) 10 C
Fig. 4. The difference between the approximate and exact

formulae is characterised by the graph of the _integrated mean
square difference versus the space bandwidth productc.

and the proper set of eigenvalues, This result differs
from that of Barakat [10] who gives nj to be in-
versely proportional to 4.

From egs. (7), (10) and (17) we evaluate «,

a=(DNDJ2UA. (18)

6. Comparison of exact and approximate formulae

The exact probability density was calculated from
eq. (3), using Slepian’s eigenvalues, and the gamma
distribution [eq. (8)] was computed with (non-inte-
gral) values of ng given by eq. (17), to give the best
fit between the two.

Figs. 3 and 4 illustrate some of the differences
between the approximate and exact formulae, fig. 3
shows some comparative plots for values of ¢ equal
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t00.5,1.0,2.0and 8.0. (I} is chosen equal to 4.
Fig. 4 shows a graph, computed numerically, of the
integrated mean square difference between the two
formulae as a function of ¢, it reaches a maximum
around ¢ =2 and goes to zero for both small and
large ¢. When ¢ is small, both formulae tend to a
negative exponential. For ¢ less than unity, eigen-
values were computed from an asymptotic formula
given by Slepian [8] .

Acknowledgements

It is a pleasure to thank Professor W.T. Welford,
Dr. R.W. Smith and Dr. J.C. Dainty for discussing
this work which performed under an exchange grant
between the Centre National de la Recherche Scien-
tifique (France) and the University of London.

References

[1] S.0. Rice, Bell Syst. Tech. Jo. 24 (1945) 46.
[2] L. Mandel, Proc. Phys. Soc. 74 (1959) 233.
[3] 1.W. Goodman, Proc. LE.EEE. §3 (1965) 1688.
[4] M.A. Condie, Thesis, Stanford University, Dept. of Elec-
trical Engineering (1966).
[5] C.L. Mehta, Progress in Optics VIII (1973) p. 390.
[6] M.L. Mchta and C.L. Mchta, J. Opt. Soc. Am. 63 (1973)
826.
[7] D. Slepian and E. Sonnenblick, Bell Syst. Tech. Jo. 44
(1966) 1745.
{8] D. Slepian, Jo. Math. Phys. 44 (1965) 99.
[9] J.C. Dainty, Optica Acta 17 (1970) 761.
[10] R. Barakat, Optica Acta 20 (1973) 792.
[11] 1.C. Dainty, Optica Acta 18 (1971) 372.
[12] W.B. Davenport and W.L. Root, An Introduction to the
Theory of Random Signals and Noise (McGraw-Hill Book
Co., Tokyo, 1958).

241



Reprinted from:

- OPTICS
COMMUNICATIONS

Volume 13, No. 1, January 1975

DEPOLARIZATION OF COHERENT LASER LIGHT BY A THICK DIFFUSING MEDIUM

A.A. SCRIBOT
Physics Department, Imperial College, London S.W.7 2BZ, UK

pp- 81-83

NORTH-HOLLAND PUBLISHING COMPANY-AMSTERDAM



Volume 13, number 1

OPTICS COMMUNICATIONS

January 1975

DEPOLARIZATION OF COHERENT LASER LIGHT BY A THICK DIFFUSING MEDIUM

A.A. SCRIBOT

Physics Department, Imperial College, London S.W.7 2BZ, UK

Received 21 October 1974

We study experimentally the depolarization of a coherent laser beam in the far field of a thick diffusing medium made
from stacks of ground glass, We show it is a function of the wavelength used, the thickness of the medium and the variance

of the surface roughness.

1. Introduction

Many authors have considered intensity statistics
in speckle patterns arising in coherent light [1-3] but
little literature can be found on the state of polariza-
tion of the speckle field [4]. This is because the
speckle pattern is usually obtained from a surface dif-
fusing medium and this gives little depolarization.
Here we look experimentally at the amount of depo-
larisation in a speckle pattern obtained from a thick
diffusing medium. The thick medium used is particu-
larly easy to make and to handle; it is made from one
to ten layers of ground glass. Each layer is ground on
one side only. The roughness is characterized by the
variance of the surface profile which is estimated me-
chanically by a stylus method [S]. This can be asso-
ciated with the variance of the size of the diffusing
particles in other media. The polarisation state of the
* light field is characterized by a coefficient P derived
from Stoke’s vector [6,7], which is measured over
areas large compared with the average speckle size [8].
The depolarization effect observed is characteristic of
the whole of the speckle field, each speckle being fully
polarized but in a random manner.

The experimental results show that Pis a function
of wavelength, the number of layers of ground glass
the light traverses (i.e. thickness of the medium) and
the variance of the roughness.

2. Measuring technique

The initial laser light is horizontally plane polarized.
The amount of depolarized light is estimated from a
measure of Stoke’s vector which is defined by four
quantities /, M, C and S. 7 is the total light intensity
across the scanning aperture, M is the amount of hori-
zontal plane polarized intensity, C is the amount of
+45° plane polarized intensity, S is the amount of
right circular polarized intensity. If the light is com-
pletely polarized, we have the following relation,

I=vM2+C2 +52. (1)
If the light is partially depolarized then,
I>M?2+C2+52, ()

The amount of light which is not depolarized is ex-
pressed by the normalized coefficient P,

P=/M2+C2+SYL (3)

P is of course positive and equal or less than unity. J
is measured directly with a photomultiplier, M is
measured with a filter blind to vertical plane polarized
light, C is measured with a filter blind to —45° plane
polarized light and S is measured with a filter blind to
left circularly polarized light. Let I}, 7, and /3 be the
intensities respectively measured with each filter, then
we have the following relations
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diffusing
medium D

>

Ean

photo -multiplier

horizontal
polarizer

filter

Fig. 1. Diagram of apparatus used for measuring depolarization;
- U= diffusing aperture diameter, ¢ = scanning aperture diame-
ter.

M=2I, — 1,
c=20, -1, (4)

These measures are compensated for any losses. The
apparatus used is as on fig. 1.

3. Experimental results

Fig. 2 shows a plot of P versus V, the number of
layers of ground glass (i.e. thickness of the diffusing
medium) with a roughness variance of ¢; =0.430 u.
Fig. 3 shows the same kind of plot using a variance of
g5 = 3.791 y. The difference in the steepness of the
curves in figs. 2 and 3 is clearly seen. Fig. 4 showsa
plot of P versus o the roughness variance. This graph
was obtained by using stacks of ten ground glass
plates, the variance being constant within each stack.

o = 430p

I
Fig. 2. Graph of polarization coefficient P versus N, number
of layers of ground glass (or thickness of diffusing medium)
for a roughness variance of 07 =0.430u (A =4765 A -blue-,
D=118m,U=1.5cm,a=0.8 cm).
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Two wavelengths were used, A = 6328 A-red- and
A, =4765 A-blue-.

4. Conclusions

Throughout all the measurements the coefficients
Cand S for +45° plane polarization and right-hand
circular polarization remained neglegibly small. There
is therefore, over the whole aperture, only degrada-
tion of the initial horizontal plane polarization and
no acquisition of any other form of polarization. In
this case it is easy to show [6,7] the polarization co-
efficient P is equal to the ratio of the difference of
the intensities measured with a parallel and perpen-
dicular polarizer to the sum of the same intensities,
thus

= . 6))

We have checked this experimentally in every case
considered and fig. 5 shows a comparative plot of P
versus variance measured by both methods. Finally
we would like to suggest depolarization measurements
as a possible method for evaluating surface roughness
when the surfaces are transparent and available in
stacks. We hope to give a theoretical interpretation of
depolarisation in thick media in terms of the mean
free path between the diffusing elements in a forth-
coming paper.

0 1 2 3 4 5 [ 7 8 9 10 N

Fig. 3. Graph of polarization coefficient P versus N, number
of layers of ground glass (or thickness of diffusing medium)
for a roughness variance of o3 = 3.791 u (A=4765 A -blue-,
D=1.18m,U=15cm,a= 0.8 cm).
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0. .45 .8 11 2. 3. 38,4, O

Fig. 4. Graph of polarization coefficient P versus o, roughness
variance, using stacks of ten ground glass plates. This graph is
plotted for two wavelengths Ay = 6328 A-red-, o, Ay =
4765 A-blue-, +, (D =1.18 m, U= 1.5 cm, ¢ = 0.8 cm).
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