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Abstract

The first half of this thesis is dedicated to the study of generalizations of probability

theory which include quantum theory and many of its alternatives. This research

program seeks to understand quantum theory by exploring it ‘from the outside’,

where it sits within a landscape of all operationally defined theories. We approach

this problem with a new perspective: generalized decoherence. Quantum theory

recovers classical theory via decoherence, where a ‘classical limit’ is achieved by

a quantum system interacting with its environment, losing its quantum coherence.

Typically it is the emergence of the classical world from the quantum that is studied.

We reverse this paradigm and ask - how does the existence of a classical limit define

the structure of quantum theory, or any other post-classical theory? We derive the

existence of entangled states as a necessary feature of any theory that allows for the

emergence of the classical world in this way. We then use our framework for gen-

eralized decoherence to explore the properties of theories that can ‘hyperdecohere’

to quantum theory. We find that any such theory must be very exotic compared to

quantum theory, violating either the postulate of tomographic locality, reversibility,

causality or purity. In the second half of this thesis we turn our attention to the

second law of thermodynamics. We present a framework for deriving the second

law under general constraints and explore two pertinent examples, constraining the

fluctuations in work and constraining the size of the thermal bath and deriving the

second law in these cases. Bounding fluctuations results in a unified free energy that

contains the single-shot and Helmholtz free energies as limiting cases. Bounding the

size of the thermal bath results in a finite-bath second law that is more general that

previous attempts and draws connections between non-asymptotic thermodynamics

and second-order information theory.
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Chapter 1

Introduction

1.1 What is this thesis about?

This is a thesis of two halves. In the first half we study the physical laws that

give rise to the structure of quantum theory. Since the early 20th century we have

known that nature is non-classical, but we have not known exactly why this should

be the case, and why it should specifically fall to quantum theory to explain this

non-classicality. The work presented in these first chapters was initially motivated

by a simple question: could a pre-quantum physicist, armed with only the knowledge

that the world is non-classical and some basic physical principles, derive part or all

of quantum theory? Or to put it simply, is quantum theory inevitable given some

set of physical principles?

To answer this question, we construct a new class of post-classical theories - the-

ories that can recover classical theory through a process analogous to dynamical

decoherence. We show that one of the most non-classical features of quantum the-

ory, entanglement, is an inevitable feature of all post-classical theories and hence

is required for the emergence of the classical world. We then extend our frame-

work to characterize post-quantum theories - theories that can recover a quantum

limit through ‘hyperdecoherence’. We use this approach to derive the strongest

1



2 Chapter 1. Introduction

constraints to date on what these theories can look like. Ultimately we show that

any post-quantum theory of this form must violate at least one of four well mo-

tivated physical postulates that are obeyed by quantum theory; reversibility, local

tomography, causality or purity.

Why is this interesting? Our first result, the inevitability of entanglement, would

allow a physicist with no knowledge of quantum theory to derive the existence of

entangled states, armed only with the knowledge that nature is non-classical. This

constitutes the first derivation of entanglement from a minimal and physical set of

principles. Similarly our second result, a no-go theorem on post-quantum theories,

allows a physicist to derive some of the ‘odd’ features of any possible post-quantum

theory, just from the assumption that quantum theory breaks down at some level.

This gives us a principled way in which to speculate about what post quantum

theories could look like.

In the second half of this thesis we turn our attention to the foundations of quantum

thermodynamics. Historically, the laws of thermodynamics have proven very suc-

cessful at describing macroscopic thermodynamic protocols and systems like heat

engines and thermal baths. However, as we start to construct these systems at the

mesoscopic and microscopic level, we can no longer make the same assumptions

that we make when describing large-scale, classical thermal systems. Not only do

quantum effects come into play in these new regimes, but classical phenomena such

as work fluctuations and finite size/time effects can no longer be ignored. To build a

new framework for describing thermodynamics in this new ‘small scale’ regime, we

need to take these effects seriously and to clarify what the key theoretical concepts

like heat, work and entropy really mean in this regime [6, 130, 108, 2].

We focus on the second law of thermodynamics, which encodes the ultimate lim-

itations on the thermal operations we can achieve with a system as it interacts

with a thermal environment. We show how the standard second law can be derived

from the postulates of energy conservation and microscopic reversibility alone, and
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present a new framework for deriving the second law under arbitrary additional con-

straints. We then derive corrections to the second law under two constraints that

are very pertinent to small scale systems, bounding the size of fluctuations in work

and bounding the size of the thermal bath. First we derive a new expression for the

work that can be extracted from a quantum system when we bound the size of work

fluctuations. We then turn our attention to removing the standard assumption that

the thermal bath is infinite in size, and derive bounds on the optimal work that

can be achieved using a thermal bath with a finite volume / time interaction with

a bath.

Why is this interesting? There has been a great deal of work recently on how

we define work for individual quantum systems, which has resulted in two distinct

approaches. In the first approach, work fluctuations are allowed to be arbitrarily

large [124] whereas in the second approach, work is constrained to be a deterministic

quantity [2, 71]. The ‘bounded-fluctuation free energy’ that we derive contains

these two approaches as special limiting cases within a single unified framework.

From a practical perspective, our results can be applied directly to the ongoing

development of small scale heat engines and refrigerators [89, 123, 49, 117, 31] which

due to their size are inherently fragile and cannot accommodate arbitrarily large

work fluctuations. Moving on to the finite-bath second law, our results present a

universally applicable upper bound to the work extracted by a protocol operating in

finite space and / or finite time. This is particularly relevant to systems like small

scale heat engines that operate over very small time scales and interact with small

regions of their environments.

Before introducing the structure of this thesis, it will be useful to discuss some of

these statements with a little more depth. First we clarify the goals of the first

section of this thesis, namely; what we mean by physical postulates and laws, how

we go about finding them, and what our results mean in a broader context.

In the first section of this thesis we work within the framework of generalized prob-
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abilistic theories [15, 67, 37]. This framework encapsulates all possible theories of

nature that can describe the probabilities of experimental outcomes, and allows us

to study the features of quantum theory ‘from the outside’, i.e. from within the

space of all possible theories. To understand why it is useful to consider quantum

theory from this perspective, it is first necessary to consider the current formalism

of quantum theory.

Quantum theory emerged gradually over the last century, and the current dominant

formalism was penned by Von Nuemann in “Mathematische Grundlagen der Quan-

tenmechanik” over 80 years ago [101]. It is difficult to see any resemblance between

the pleasing formalism of Von Nuemann’s quantum theory and its messy predeces-

sor, matrix mechanics [22]. Although the formalism has progressed, the physical

understanding has (until recent years) stayed put. A nice formalism is poor sub-

stitute for understanding. If you ask someone to explain what quantum theory

means and they start talking about Hilbert spaces and C∗ algebras then, while they

can do quantum theory, I don’t consider this to be a satisfactory understanding of

quantum theory. Von Nuemann quantum theory is no more explanatory than ma-

trix mechanics. One of the goals of quantum foundations research is to reconstruct

quantum theory from within an operation framework, such that its fundamental

physical principles become evident [67, 14, 33].

Why should it be useful to consider quantum theory from within a different for-

malism? Firstly, this relates to the goal of deriving the physical principles behind

quantum theory. A physical principle is a statement of the constraints obeyed by

a theory that makes reference only to operational primitives, such as the possible

states, transformations and observations that can be achieved when operating within

that theory. Special and general relativity are good examples of theories that were

built from physical principles. These theories were originally operationally defined

theories of clocks and rigid rods, from which a mathematical formalism was later

developed. For example, the no-signalling principle and the equivalence principle

are operational constraints with a clear physical interpretation. We cannot hope
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to truly understand quantum theory without knowing how to formulate it in terms

of physical principles, no more than we could understand special relativity without

knowing that the speed of light is absolute.

But do we really need to understand quantum theory in order to develop it, and

perhaps one day go beyond it? There is actually a good historical justification for

believing that we do not need this deeper understanding in order to make progress.

Most physical laws have been constructed without a preexisting understanding of

their underlying assumptions. For example, almost every physical law makes use of

the notion of causality at some level, whilst the precise mathematical and operational

statement of ‘A causes B’ has only existed for 30 years [106]. Newton’s theory of

gravity does not rely on Pearl’s do-calculus. However, this doesn’t mean we can

continue to ignore foundational questions and expect to make progress. We can

develop causal laws because we have an innate understanding of classical causality

pre-baked into our cognitive models of the world [127, 55]. With the advent of

quantum physics we have entered a new territory where our classical notions no

longer apply. This is an unprecedented situation in the history of science; we have

lost the privilege of resting on our intuitions.

The second benefit of reformulating quantum theory is that different formulations

give us different perspectives on the same object. This is invaluable if we try to go

beyond quantum theory, e.g. to alter one or more of its postulates. Naive attempts

to extend upon quantum theory from the perspective of its mathematical postulates

have failed by violating very fundamental physical laws. For example, relaxing

the postulate of unitarity to give non-linear quantum theory leads to violations

of the no-signalling principle [1]. Be reformulating quantum theory in terms of

different physical postulates we can relax its structure in different (and hopefully

more fruitful) directions. In the latter part of the second half of this thesis we make

some steps towards achieving this goal, by deriving a set of physical principles obeyed

by quantum theory that must be relaxed in order to construct viable post-quantum

theories.
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Where is this part of the thesis placed within a broader context? There has been

significant work on understanding the mathematical objects of quantum theory -

primarily focused on how we should interpret the quantum wavefunction (see [29]

for a survey on the consensus of interpretations). We refer to this body of work

as interpretational foundations. We focus on a different approach which involves

looking for these aforementioned physical postulates. Put simply, we don’t care

what a wavefunction is, so long as we can say ‘this plus this plus this equals quantum

theory’, and where every ‘this’ is a physical principle. There has been great progress

in this area, mostly occurring in the past 20 years [65, 67, 95, 33, 45, 116, 70, 69,

34, 120, 14], but a consensus on the correct physical postulates of quantum theory

has yet to be reached.

Most of this progress has been focused on deriving the entirety of quantum theory

from some physical postulates [14, 33, 120]. In this thesis we take a different tack.

If quantum theory is not the bedrock of theory-space, then it is likely that some

of its features carry over to whatever supersedes it. There is then an advantage in

considering its features in isolation. By features, we mean the objects of physical

statements, like entanglement, coherence, entropy, and so on. Furthermore, we

consider how these features emerge between theories. For example, if quantum theory

is a super-theory of classical theory (classical theory is a sub-theory of quantum

theory), what does this tell us about its physical features?

The first half of this thesis sets out to begin this line of research. We give rigorous

and general definitions of sub-theories and super-theories and the processes that

map between them. This framework is then used to derive our main results. To

date, the only well studied super-theory / sub-theory relation is that of quantum

theory to classical theory, but there could be a rich hierarchy and structure of

generalized probabilistic super and sub theories waiting to be explored using the

methods outlined in this thesis.

How do these two parts, thermodynamics and quantum foundations, thread to-
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gether? There are some physical postulates that appear again and again in a variety

of physical laws. The central theme of this thesis will be one of these postulates

- reversibility. The postulate states that when a system evolves from one state to

another, it is (at least in principle) possible to return it to its original state. This

seemingly innocuous assumption imparts very strong constraints on the allowed dy-

namics and kinematics. As we will show, quantum theory and quantum and classical

thermodynamics are completely contingent on the assumption of reversibility. For

example, we show that if we can violate reversibility then we can systematically

violate the second law of thermodynamics. In the first section, reversibility is a nec-

essary assumption in all of our proofs. In the second section, we use the postulate of

reversibility as the primary constraint in deriving the second law of thermodynamics

and the second law with corrections.

We now outline the content of this thesis.

1.2 Overview

• Chapter 2. In this chapter we outline the framework of generalized probabilis-

tic theories (GPTs), which will be used to derive the results in chapters 2 - 4.

This framework is broad enough to describe any theory that can assign prob-

abilities to the outcome of any currently conceivable experiment. We detail

the fundamental processes (preparations, measurements and transformation),

and describe how these can be composed in series and parallel to form experi-

ments. We start with a diagrammatic, operational description of experiments

(process theories) and use this to derive the convex sets formalism of GPTs.

We introduce the key physical principles that we consider in the following

chapters, namely tomographic locality and causality.

• Chapter 3. In this chapter we present our framework for describing the process

of decoherence in general theories. We use this to define the notions of sub



8 Chapter 1. Introduction

and super theories, and define a new class of post-classical theories; theories

that can recover classical probability theory through the process of non-trivial

decoherence. We then use these results to derive the necessity for the existence

of entangled states in all post-classical theories. To do so we define the class

of ‘non-disturbing’ measurements and show how the existence of these mea-

surements constrain systems to be classical. This chapter contains the results

from [115] and [4] and the results are derived using the convex sets formalism

of GPTs.

• Chapter 4. In this chapter we extend the framework presented in chapter 4

to consider the possibility of hyperdecoherence. That is, the possibility of the

existence of post-quantum theories that recover quantum theory through pro-

cesses analogous to dynamical decoherence. We review current results along

these lines [86], and outline how we will remove some of their assumptions.

We then prove that any theory that hyperdecoheres to quantum theory must

its self violate either the postulates of causality, reversibility, purity of the

sub-theory, or tomographic locality. We finish this chapter of the thesis by

briefly discussing these postulates in depth and what it could mean to try to

construct a theory without them.

• Chapter 5. In this chapter we turn our attention to the foundations of quan-

tum thermodynamics. We introduce the key components of our framework for

describing heat baths, work extraction and the second law of thermodynam-

ics under general constraints. We briefly discuss the current standard work

extraction protocols, namely single-shot and standard (Helmholtz) work ex-

traction. We then present our case for constructing a single unified free energy

that encapsulates these two formalisms as limiting cases. We provide a deriva-

tion of our unified free energy. Finally, we use our formalism to remove the

assumption of infinite heat baths. We present a general definition of large but

finite baths, and derive a corrected second law under these assumptions.



1.3. Statement of Originality 9

1.3 Statement of Originality

Except when otherwise acknowledged and referenced within the text, the following

thesis is my own original work that took place during my PhD at Imperial College.

It has not been already submitted to satisfy any degree requirement at this or any

other university. The copyright of this thesis rests with the author and is made

available under a Creative Commons Attribution Non-Commercial No Derivatives

licence. Researchers are free to copy, distribute or transmit the thesis on the con-

dition that they attribute it, that they do not use it for commercial purposes and

that they do not alter, transform or build upon it. For any reuse or redistribution,

researchers must make clear to others the licence terms of this work.

Jonathan Richens

November 2018

1.4 Disclaimer

In this thesis I present the results of the following papers, first-authored by myself

[113, 114, 115]. In some instances I will quote results directly from these papers. I

do not include any results that are not my original work unless otherwise stated, and

any direct quotations are cited to their original source. In some places passages from

my own publications, [113, 114, 115], have been quoted verbatim. In these few cases

the original text was written by myself and has been re-printed with permission by

the publishing journals.



Chapter 2

Generalized Probabilistic Theories

In this chapter we present the framework of generalized probabilistic theories (GPTs).

This is the framework within which we will derive all results in Chapters 2-4. We

introduce this framework diagrammatically at first, as this gives the most intuitive

explanation for the more standard convex sets formalism of GPTs, which we then

use to derive our results in Chapter 3. The diagrammatic framework we employ,

which follows that laid out in [33, 32], allows for some proofs to be greatly simplified

and we employ it extensively in Chapter 4.

2.1 Operational description of experiments

Intuitively, an experiment is described by a collection of experimental devices that

are connected to each other in series and parallel. In a run of the experiment

the systems that we are conducting the experiment on (a photon, an atom, etc)

move between these devices in a fixed causal direction (forwards in time). The

experimenter can intervene to change the setting of the devices, and can read out any

information returned by the devices, which we associate with classical pointers on

the device. For example, the output of a device could be ‘detector clicks’, indicating

the presence of a particle being detected in some position. In general we expect

10



2.1. Operational description of experiments 11

that over many runs of an experiment the output to vary, as described by some

probability distribution.

For example, one such experiment is depicted in Figure 2.1. A preparation device

prepares a pair of systems independently, in one of two states with some probability.

The preparation device indicates which state was prepared by switching on a green

light or a red light. These two systems then undergo some transformation, for

example some interaction takes places between them with some probability. This

system is then passed to a device that performs a two-outcome measurement on the

systems, indicating the outcome of that measurement by switching on a green or

red light.

A1

A2

B1

B2

Figure 2.1: Diagram depicts a particular run of an experiment. The classical pointers
are shown as coloured lights on the devices. The experiment involves two devices
that prepare systems A1 and A2 in one of two possible states, a device that then
performs one of three possible transformations on these systems and then outputs
systems B1 and B2, and a final device that performs a joint measurement on these
systems, resulting in the outcome ‘red’.

As we will show, even this seemingly innocuous description of what an experiment

can look like imparts strong constraints on the type of theory that can describe the

experiment and, conversely, the type of theory any such experiment can test. For

example, we are tacitly making the assumption of causality (which we introduce

later).

Our goal is to arrive at a rigorous framework for describing experiments like Fig-

ure 2.1 regardless of the specific laws that describe the systems and devices we have

access to. That is, we desire a theory-independent framework for describing exper-

imental outcomes. This framework must be capable of capturing the predictions

of classical probability theory, quantum theory, and any other self-consistent the-
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ory that can predict the outcomes of experiments. The framework should present

a minimal and mathematically rigorous description of these experimental devices,

how they can be composed, and how we then infer the probabilities of experimen-

tal outcomes. This framework, which we now present, is precisely the ‘generalized

probabilistic theories’ (GPTs) framework.

In the following, we present a derivation of the key components of the GPT frame-

work from diagrammatic definitions. This allows us to arrive at the mathematical

constraints imposed on GPT’s in a clear and logical way, rather than simply stating

mathematical assumptions. For reference, the approach to GPT’s presented here

most closely resembles that given in [34, 32, 33].

Firstly we introduce the primitive notion of a physical system, which for now we

denote with Roman capitals A,B, . . . . The experimental devices act on these phys-

ical systems, and the path of these systems between devices are depicted by wires

labeled by the system type

A (2.1)

Although it is possible for devices to change the type of a system, for example a

device that takes in a system of type A, discards it, and prepares a system of type

B, we do not allow wires of different types to be directly connected, as the type of

a system is preserved unless some process acts upon it such as to change it’s type.

We refer to a particular device as a process. In general a process can result in

multiple different events, such as a preparation device that can prepare a given

system in by sampling from some ensemble of possible states. We label the set of

possible events associated with a process by a classical pointer X. We assume that

the pointer of a given process has a finite number of configurations, i ∈ X where X
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is a finite set. Each value of the pointer corresponds to a different event associated

with this process, namely preparing a specific state, performing a transformation or

returning a measurement outcome.

Definition 1 (Processes). A process O denotes the single use of a piece of exper-

imental apparatus with input systems labeled A1, A2, . . . , AN and output systems

labeled B1, B2, . . . , BM . When the device is used it produces outcome i from a

possible finite number of events in a finite outcome set X, with each operation rep-

resented by the event operator Oi. We often denote a process by the associated set

of events {Oi}i∈X .

Diagrammatically, we represent such a process as as

{Oi}i2X

A1

AN

B1

BM

...
...

(2.2)

An important class of processes are those that prepare a system, or collection of

systems, in some initial state. We call these processes preparations.

Definition 2 (Preparations). A preparation ρ is a process with no inputs and one

or more outputs. The associated set of events {ρi}i∈X correspond to a specific state

prepared in a giving run of the experiment.

Diagrammatically, we represent preparations as ‘cups’. As the {Oi}i∈X represent

different state preparations, we drop the calligraphic notation and represent states

with Greek letters

{⇢i}i2X = ⇢i

⇢ �

i 2 X (2.3)
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For example, the preparation {ρi}i∈X represents an apparatus that prepares a system

in a state belonging to the collection of states indexed by i ∈ X, along with some

probability distribution over this ensemble.

Measurements are described by processes that have one or more wires in and no wires

out. That is, we can represent a measurement on system A as a ‘black box’ process

that takes in system A and returns some classical probability distribution, typically

discarding the system in the process1. The events associated with measurements are

referred to as effects, where an effect specifies a particular outcome of a measurement

process.

Definition 3 (Measurements). A measurement E is a process with one or more

inputs and no outputs. The associated set of events correspond to a specific mea-

surement outcome and are called effects {ei}i∈X .

We depict measurements and effects as ‘caps’

=

⇢ �

i 2 X
{ei}i2X ei

(2.4)

Processes with both inputs and outputs are referred to as transformations, which

we denote with calligraphic capitals T . Using the notation of [32], we denote the

set of states on system A as St(A), the set of effects on system A as Eff(A) and the

set of transformations from A to B as Trans(A,B).

Now that we have defined the necessary processes to describe an experiment, we need

some way of composing them together to form experimental circuits. Composition

of two processes in series can be achieved between two processes if the outputs of

one have the same system type as an inputs of the proceeding process. For example

1Although, as we will see, there are important classes of measurements that do not discard their
input systems
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consider the process {Ai}i∈X that takes in systems of type A and outputs systems

of type B, and process {Bj}j∈Y that takes in systems of type B and outputs systems

of type C. These can be composed with process A proceeding B (but not vice-versa

unless C = A). Algebraically, we denote this composition as

{Ai}i∈X ◦ {Bj}j∈Y = {Ai ◦ Bj}(i,j)∈X×Y (2.5)

e.g. the composed processes now form a process from A to C with events indexed by

the product set (i, j) ∈ X × Y . In our diagrams we chose by convention for time to

flow from left to right (or from bottom to top), and as such the series composition

of process A followed by process B is depicted as

A B C{Ai}i2X {Bj}j2Y

(2.6)

Note that as ‘time’ flows from left to right in circuit diagrams, the series composition

of processes never admit causal loops (acyclicity). If we composed processes A and

B in parallel, the result would be a process acting on the composite system AB and

outputting a composite system of type BC. We denote this parallel composition

with the symbol ⊗.

{Ai}i∈X ⊗ {Bj}j∈Y = {Ai ⊗ Bj}(i,j)∈X×Y (2.7)

which is depicted simply as
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A B

C

{Ai}i2X

{Bj}j2Y
B

(2.8)

Note that as it stands ⊗ only represents the diagrammatic operation of parallel

composition of processes at this point. In general ⊗ need not correspond to the

standard vector tensor product, although we will introduce additional postulates

that constrain it to be this. Diagrammatically, it is trivial to show that under these

laws of composition, series and parallel composition operators are associative

(Ai ◦ Ck)⊗ (Bj ◦ Dl) = (Ai ⊗ Bj) ◦ (Ck ⊗Dl) (2.9)

2.2 Probabilities from circuits

For these processes to meaningfully represent experiments we need to be able to

represent the probabilities of any event that can happen in the experiment. This

requires that we introduce a final object, the scalar, which is a process with no

input or output wires. One example of such a process is a closed circuit with no free

inputs or outputs remaining, which is a scalar that corresponds to the probability

of the events depicting in the circuit having occurred in a run of the experiment, for

example the circuit
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A B

C

Tj

 i

ek

e0l

⇠ P (k, l, i, j)

(2.10)

is a closed diagram of events, representing the scalar P (k, l, i, j) which is the joint

probability of the events i, j k, l occurring in a run of the experiment.

The correspondence between closed circuits and probabilities imparts additional con-

straints on the operational process theory described in the previous section. This

correspondence between closed circuits and probabilities can be summarized by the

assumption that any operational theory should be capable of predicting the outcome

of experiments, and we refer to operational theories as generalized probabilistic the-

ories.

Definition 4 (Generalized probabilistic theory). A generalized probabilistic theory

is a set of processes {Oi} that are closed under series ◦ and parallel ⊗ composition,

such that each closed circuit containing processes {Ai}i∈X , {Bj}j∈Y , {Ck}k∈Z , . . .

corresponds to a set of probabilities {pa}a∈X×Y×Z×... s.t. pa ∈ [0, 1] ∀ a and obeying

the law of total probability
∑

a∈X×Y×Z×... pa = 1.

Note that by Definition 4, for a closed circuit that separates into two or more inde-

pendent closed circuits, the probabilities associated with these independent circuits

factorize, as the sets of event indexes factorize over the two circuits.

X × Y × Z × · · · = X1 × Y1 × Z1 × . . . , X2 × Y2 × Z2 × . . . (2.11)

For example, in the circuit below depicting single events for all processes the joint

probability for the overall circuit factories into independent probabilities for the two
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independent circuits.

A B

C

Tj ek

e0l

⇠

⇢i

⇢m

P (i, j, k) ⇥ P 0(m, l)

(2.12)

The introduction of probabilities imparts a linear structure on operational theories

which, as we will now show, allows us to construct a real vector space representation

for processes. In the following we use the ‘Dirac’-type notation to denote states

|ρi)A ∈ St(A) and effects (ej| ∈ Eff(B) and denote the closed circuit between a state

and effect as

(ej|ρi) = P (i, j) (2.13)

which is clearly linear as (ej| (α |ρi) + β |ρk)) = α (ej|ρi)+β (ej|ρk), where for ease of

notation we suppress the system type index A. All effects (ej| ∈ Eff(B) thus define

a linear functional on the set of states |ρi)A ∈ St(A), for example (ej| defines the

function êj

êj : |ρi)→ (ej|ρi) ∀ |ρi) (2.14)

The following proof is from Appendix 1 of [65], following the notation in Appendix

A of [15]. The set of linear combinations of these functionals, f̂ =
∑

k rkêk, rk ∈

R, extend Eff(A) to a real vector space which we denote V A := span{êk}, where

f̂ ∈ V A. Likewise (linear combinations of) states are linear functionals ĝ mapping

Eff(A) to probabilities, and we can extend the set of states to a linear vector space

VA := span(St(A)) where ĝ ∈ VA, ĝ =
∑
k′
r′k′ρk′ . The action of f̂ ∈ V A on ĝ ∈ VA is

(by construction)
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f̂(ĝ) =
∑

kk′

rkr
′
k′ êk(ρ̂k′) =

∑

kk′

rkr
′
k′ (ek|ρk′) (2.15)

We now consider the more general processes with both inputs and outputs. Con-

sider a general process with inputs A and outputs B (which can be multiple wires

representing multiple systems)

A BO
(2.16)

O is a function Ô mapping open circuits with open wires A, B to probabilities. The

most general circuit we can write down that O acts on is of the form

A BO
 i Ej

C

A B

 i Ej

C

Ô : 7!

(2.17)

Any circuit involving O can be put in this form by noting that other processes map

states to states and effects to effects and can be absorbed into Ψi and Ej. Likewise,

the wire C (which can represent many systems and wires) in included as O can be

composed in parallel in a general circuit2. Denoting the set of processes transforming

from A to B as Transf(A,B), we can extend this set of a real vector space as before,

V A
B = span(Ôi) with vectors given by the functions Ĥ =

∑
k rkÔk which act on the

open circuit diagrams as

2Later we will see this general set-up is needed to describe processes in theories that do not
obey the postulate of tomographic locality
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A B

 i Ej

C

A B

 i Ej

C

:Ĥ :=

OkX

k

rk

(2.18)

Thus every transformation H from system A to B induces a map ĤC from VAC to

VBC for all systems C, as defined by

ĤC : |Ψ)AC 7→ (H⊗ I) |Ψ)AC ∈ St(BC) ∀ |Ψ)AC ∈ St(AC) (2.19)

where I denotes the identity transformation ’do nothing’, which corresponds to the

circuit element

C
(2.20)

We now show that, like preparations and effects being linear functionals on VA and

V A, ĤC is a linear map for all systems C. Given some f̂ =
∑

k rkΨ̂k ∈ VAB the

function ĤC f̂ acts on the open circuit as

=
X

k

rk

A B

Ej

C

H

f̂

A B

Ej

C

H
 k

(2.21)
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where the equality is implied by the fact that (H⊗I) |Ej) is an allowed affect (depicted

with the dashed line) and then applying equation 2.15. Therefore

ĤC f̂ = ĤC

(∑

k

rkΨ̂k

)
=
∑

k

rkH⊗ I |Ψk) (2.22)

which implies that ĤC is a linear map.

We now introduce the postulate of finite tomography, which is in generally assumed a

priori when constructing generalized probabilistic theories, and show that it implies

that the vector spaces we have constructed for our processes are finite dimensional.

Postulate 1 (Finite tomography). There exists a minimal, finite set of open circuits

{Ci}ni=1 s.t. for any Ĥ ∈ Transf(A,B) if

Ci(H) = Ci

(∑

k

rkOk
)
∀ i = 1, . . . , n

implies H =
∑
k

rkOk

The operational meaning of this postulate is that for any process (be it prepara-

tion, measurement of transformation), we can identify the process (e.g. perform

tomography) with a finite number of experiments. For example, we can perform to-

mography on a preparation (state) with a finite number of measurements, or perform

tomography on a process with a finite number of input states and measurements on

the output. Furthermore, the postulate asserts that any two processes that cannot

be differentiated from each other by finite tomography are operationally equivalent.

This can be taken as part of the definition of an operational theory, as although

the real physical details of two experimental devices can be different, they can be

represented by the same mathematical object. For example, a measurement utiliz-

ing a beam splitter or an operationally equivalent experiment using a Stern-Gerlach

divide, or the coherent state of an electron spin being operationally equivalent to

the polarization state of a photon.
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The statement of minimality implies that the set of circuits are linearly independent,

Cj 6=
∑

k 6=j αkCk and as such the probabilities they given when composed with H

cannot be determined from a proper subset of these probabilities (which would allow

us to construct a smaller minimal set of circuits). {Ci}ni=1 is often referred to in the

literature as a fiducial set [66].

Theorem 1. In generalized probabilistic theories obeying finite tomography V A
B is

finite dimensional

Proof. The following proof closely follows the proof outlined in section 1.2 of [40].

First we show that there exists a set of n linearly independent transformation vectors

{Hi}ni=1, Hi ∈ V A
B , where n is the size of the fiducial set {Ck}nk=1. To see this,

first note that any vector space (finite or infinite dimensional) has a basis, and

V A
B is spanned by the set of transformations by construction, and therefore linearly

independent transformations must exist. Secondly, linear independence implies that

there is no set of real coefficients λj such that fk(Hi) = fk(
∑

j λjHj) =
∑

j λjfk(Hj)

for all fk. Therefore there are at least n such vectors, as the fiducial set {fk}nk=1 is

a minimal set.

To show that dim(V A
B ) = n, we show that all F ∈ Transf(A,B) can be written as

a linear combination of these {Hi}n−1
i=1

3. By finite tomography, this means that for

each F there must exist a set of real coefficients {αi}ni=1 such that

fk(F) = fk

(
n∑

i=1

αiHi

)
∀ k (2.23)

which can be expressed as the matrix equation




f1(F)

...

fn(F)




=




f1(H1) . . . f1(Hn)

...
...

...

fn(H1) . . . fn(Hn)







α1

...

αn




(2.24)

3From here we follow the clearest proof of this result that we could find, given in [40]
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There is a unique solution to these equations (therefore satisfying our hypothesis) if

the above matrix is invertible, which is true if the columns are linearly independent.

That is, if there exists some set of λi such that
∑

i λifk(Hi) = 0 ∀ k, this linear

independence would necessarily imply that λi = 0 ∀ i. We now show that this linear

independence condition follows from the linear independence of the {Hi}ni=1 and

finite tomography. The independence condition can be are-arranged to give

fk(H1) = −
n∑

j>1

λj
λ1

fk(Hj) ∀k

= fk

(
−

n∑

j>1

λj
λ1

Hj

)
∀k (2.25)

and therefore by finite tomography, H1 =
n∑
j>1

λj
λ1
Hj. As Hi are linearly independent

by construction, λi = 0 ∀ i. Therefore every transformation has a unique decompo-

sition over {Hi}ni=1 which therefore form a complete basis for V A
B , with dimension

n.

As we have seen, finite tomography constrains V A
B to be finite dimensional, with

a dimension given by the cardinality of minimal set of fiducial circuits. Consider

a preparation process |ρ)A, for which V A
B = VA. The dimension of VA is therefore

finite dimensional, with its dimension given by the number of fiducial measurements

required to perform tomography on A. Likewise for a measurement process, the

effect (E|A belongs to vector space V A, whose dimension is given by the size of the

fiducial set of states. We can connect states in VA with effects in V A by the identity

process (e.g. an empty wire), therefore dim(VA) = dimV A. V A therefore satisfies by

construction the criteria of a dual space of VA, V A = (VA)∗ [60].
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2.3 Tensor product composition

In quantum and classical theory, if we have two systems A and B whose local states

belong to VA and VB respectively, any joint state of the two systems belongs to the

vector space VA ⊗ VB. Previously we have used ⊗ purely symbolically, to represent

the parallel composition of two processes, but for these theories ⊗ is promoted to

the vector tensor product. In general, we cannot assume that systems and processes

will compose in this way. As we will see an addition postulate, tomographic locality,

is required to equip a generalized probabilistic theory with this composition law. In

this section we introduce tomographic locality and derive the tensor composition

law. First we state the version of tomographic locality employed in the process-

theory framework, which can be seen as a special case of finite tomography. It relies

on the notion of a local open circuit

Definition 5 (Local open circuit). A local open circuit is an open circuit where all

inputs and outputs are connected to states and effects acting on single systems

A1

AN

⇢1

⇢N

B1 e1

eN
BN

...
...Ck ⇠

(2.26)

Tomographic locality is the postulate that finite tomography can be performed for

any process using only local process tomography. That is, we can distinguish all

processes by the probabilities given by their composition with local open circuits.

Operationally speaking, there exists experiments that can completely characterize a

process O with inputs A1, A2, . . . , AN and outputs B1, B2, . . . , BM by varying input

states on the input wires locally and performing local measurements on the output

wires. Diagrammatically, the probabilities yielded by local process tomography of
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O are of the form

A1

AN

⇢1

⇢N

B1 e1

eN
BN

...
...O

(2.27)

For example, in quantum theory this would correspond to the ability to perform

process tomography on a CP map without necessarily requiring the use of entangled

states and effects. It is well known that quantum and classical theory obey tomo-

graphic locality [68, 15], and intuitively the violation of tomographic locality implies

the existence of some non-local degrees of freedom4. Starting with Postulate 1, the

statement of tomographic locality is as follows

Postulate 2 (Tomographic Locality). For any H ∈ Transf(A,B), there exists a

fiducial set of local open circuits {Lk} such that

Lk(H) = Lk

(∑

i

riOi
)

=
∑

i

riLk (Ok)

implies that H =
∑
i

riOi

Local tomography equips a GPT with a tensor product composition given by the

vector tensor product. First we illustrate this for the case of preparation processes,

and show that VAB = VA ⊗ VB. The following proof is adapted from [40] and [15].

Consider |Ψ) ∈ St(AB), local tomography implies that the fiducial measurements

are a collection of effects of the form {Cij = |ei) |ej)}(i,j)∈X×Y where {|ei)}i∈X and

{|ej)}j∈Y are the fiducial sets of systems A and B. As Cij ∈ V AB are linearly inde-

pendent, there exist a set of vectors Qij ∈ VAB s.t. (Qij|Ckl) = δikδjl. Furthermore

4This point is discussed further in the Discussion section of Chapter 4
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Qij forms a basis for VAB and we can choose Qij = Qi ⊗Qj where Qi, Qj are simi-

larly constructed as (Qi|ek) = δik and (Qj|el) = δjl. As these form a basis, we can

construct a linear sum of the Qi ⊗Qj s.t.

∑

ij

rij (Qi ⊗Qj|ek ⊗ el) = (Ψ|ek ⊗ el) ∀ k, l (2.28)

which by local tomography implies that Ψ =
∑
ij

rijQi ⊗Qj. As Qi form a basis for

VA and Qj for VB, Ψ ∈ VA ⊗ VB ∀ Ψ ∈ VAB and therefore VAB = VA ⊗ VB. The

proof is identical for effects (E|AB ∈ V AB. For transformations H ∈ Transf(A,B),

the proof is identical except we construct basis Qi for VA and Qj for V B, the result

being that H ∈ VA ⊗ V B. In general, a process O with input wires A1, A2, . . . , AN

and output wires B1, B2, . . . , BM belongs to the vector space VA1⊗VA2⊗· · ·⊗VAN ⊗

V B1 ⊗ V B2 ⊗ · · · ⊗ V BM (see [15, 33, 32] for detailed proofs)

2.4 Causality

Although the diagrammatic framework presented so far describes sequences of pro-

cesses, composed in series and parallel, these sequences are not necessarily causal

sequences. Diagrams naturally represent our innate perception of the directionality

of time, with processes on the left of a diagram preceding those on the right. If we

take this position literally, the diagrams suggest an explicit causal ordering to events

in the experiment. This is very natural; after all the process theory framework is an

operational framework for describing experiments, and experimental apparatus are

typically arranged in a strict causal ordering. This is not however a prerequisite;

the postulate of causality has to be put in by hand, and it is operationally possible

to construct GPTs that violate our notions of causality to various degrees.

Theories with indefinite causal ordering have received much attention lately [8, 102,

81, 51]. One motivation for this is the belief that in quantum gravity the metric

of spacetime (which dictates the ultimate causal ordering of events) will be subject
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to the laws of quantum uncertainty, and hence events within that spacetime may

exhibit indefinite causal ordering [66]. There are several notions of acausality, which

fall broadly into the categories of device dependent causality (see for example [35])

and device independent causality (see for example [102]).

The former case refers to situations such as the use of quantum switches in quantum

circuits, whereby the ordering of two unitaries depends on the state of an ancillary

qubit. If the ancilla is in a superposition of the two indicator states, the unitaries are

applied in a superposition of orderings. The result is a superposition of two different

circuits as opposed to a single circuit with fixed orderings. In this case although

processes may appear to violate a causal ordering locally, at the level the entire

system there is a definite causal ordering. In the latter case, acausal correlations

are correlations that violate a causal inequality [25, 7, 103, 23]. For example, causal

probability distributions for two variables A and B are those that can be generated

by taking a convex combination of distributions that are themselves compatible with

A and B obeying a causal ordering, e.g. A � B (A cannot signal B) or B � A (B

cannot signal A). Correlations that cannot be decomposed in this was are said to

be acausal, and violate a causal inequality [7].

For this work it will be sufficient to consider an even weaker notion of causality,

which is obeyed by both classical and quantum theory as well by the above cases

[8]5.

Postulate 3 (Causality). The probability of a preparation event is independent of

the choice of measurement. E.g. for preparation process {ρk}Nk=1, the probability

weight of the preparation event ρk for measurement {ej}Mj=1 given by

pk :=
∑

j

(ej|ρk)

5It is shown in [59] that the process matrix formalism of [102] cannot achieve signalling in time,
which is possible when violating the causality axiom
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is the same for all measurements on the system

∑

j

(ej|ρk) =
∑

i

(e′i|ρk) ∀ {|ej)}, {|e′i)}

This assumption, which for historical reasons is called the causality postulate, de-

mands that the choice of a measurement has no effect on the outcome of a prepara-

tion, which can be interpreted as demanding ‘no signaling from the future’ [46]. This

postulate can be roughly understood as following from that fact that the choice of

measurement takes place in the causal future of the preparation process, and there-

fore cannot have any influence on the outcome statistics of the preparation6. It

is shown in [32] that Postulate 3 is equivalent to the existence of a deterministic

effect process. That is, there exists a unique process which we denote as (u| or

diagrammatically as

(2.29)

where the scalar given by composing this effect with a state is the same for all states,

e.g. (u|ρ) = (u|ρ′) ∀ ρ, ρ′ or

=⇢ ⇢0

8 ⇢, ⇢0 2 St(A) (2.30)

Lemma 1 (Characterization of causal theories (from [32])). A theory is causal if

and only if for every system A there exists a unique deterministic effect (eA| s.t.

(eA|ρA) = 1 ∀ ρA ∈ ΩA

Proof. Suppose there exist two deterministic effects for system A, (eA| and (e′A|.

Since deterministic deterministic effects have single outcomes, the causality condi-

tion (Postulate 3) gives that

6This also requires us to assume the postulate of Reichenbach’s principle, which states that the
existence of correlations observed between random variables A and B when intervening on variable
A implies that there is some causal influence from A to B
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(eA|ρA) = (e′A|ρA) ∀ ρA ∈ ΩA (2.31)

which implies that (eA| = (e′A|. Therefore all theories that obey the causality postu-

late satisfy the hypothesis. Next we show the converse. Suppose the deterministic

effect is unique. By coarse-graining over all measurement outcomes one recovers a

single-outcome effect, e.g. the unique deterministic effect, and

∑

j

(aj|ρA) =
∑

k

(bk|ρA) = (eA|ρA) (2.32)

by the uniqueness of the unit effect. Therefore if a theory has unique unit effects it

obeys causality

The postulate of causality imparts some useful and intuitive properties on any theory

obeying it. For example, given a state belonging to two parallel-composed systems

it allows us to define unique marginals on subsystems. As we can think of the

above effect as a ‘discarding map’, this gives rise to the operational interpretation

of marginal states - the states that are left over when we discard some subset of

subsystems.

Definition 6 (Marginal state). For |Ψ)AB, the marginal state on system A is given

by performing the discarding map on system B (given by the unique deterministic

effect I⊗ |u)).

 

A

B

⇢ A

=

(2.33)

The unique deterministic effect allows us to define the set of normalized states, which

are all states obeying
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⇢ = 1
(2.34)

which in turn allows us to define the state space ΩA of any given system A. Given

the set of states st(A) ∈ VA we can define the positive pointed cone generated by

this set

KA = {λ |ν) | ν ∈ st(A), λ ≥ 0} (2.35)

and the state space is given by the interception of this cone with the unit effect

ΩA = {|ν) | (u|ν) = 1, |ν) ∈ KA} (2.36)

Normalization of preparations also extends to general processes. Normalized pro-

cesses obey

=Oi
(2.37)

For processes with many output wires, this just amounts to applying the unique

deterministic effect to each output wire7. Although the GPT framework allows us

to consider super-normalized processes, we consider only normalized states and pro-

cesses to be physically realizable. In quantum theory, this normalization condition

implies that all quantum channels must be trace-preserving (or identity preserving

in the Heisenberg picture). The deterministic effect in quantum theory is given by

the identity operator and the inner product between states and effects is given by

the trace. Likewise the normalization of effects implies that effects (given by POVM

elements {Pi}i∈X) sum to the identity operator
∑

i∈X Pi = I. This leads to the

7This construction of a multi-wire discarding effect is a unit effect, and if there was a different
multi-wire unit effect with would violate causality
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normalization of measurements [32], which states that a measurement is physical

and normalized if and only if its effects {(ei|}i∈X obey

∑

i∈X

(ei| = (u| (2.38)

This is nothing more than coarse graining measurement outcomes (summing effects)

and noting that, as the measurement must have some outcome, that the maximal

coarse graining is a unit effect (returns probability 1). One important consequences

of causality is that it implies the spatial no-signaling principle. This principle states

that it is impossible to send information between two observers without using a

signaling channel, e.g. by using only shared states and applying local processes on

the subsystems that the observers have access to. Diagrammatically, no signalling in

causal theories follows from the probabilities of local events factorizing over parallel

wires.

Definition 7 (No-signaling principle). A theory obeys the no-signaling principle if,

∀ |Ψ)AB shared by Alice and Bob, and all processes {Ai}i∈X locally implementable

by Alice and likewise {Bj}j∈Y for Bob, the probability of Alice obtaining outcome

i′, given by

p
(A)
i′ =

∑

j

p
(AB)
i′j (2.39)

where

p
(AB)
ij = (u|AB Ai ⊗ Bj |Ψ)AB (2.40)

is the joint probability of events (i, j) for Alice and Bob, is independent of Bobs

outcome j or choice of process {Bj}j∈Y .

The following proof is from [32]. First note that the probability of an event Ci acting

on state |ψ) is given simply by pi (u| Ci |ψ). The probability of Alice observing event

i is
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p
(A)
i =

∑

j

(u|A (u|B Ai ⊗ Bj |Ψ)AB

= (u|A

(
Ai ⊗

∑

j

(u|B Bj
)
|Ψ)AB

= (u|AAi |ρ)A

where |ρ)A is Alice’s marginal state (Definition 6), and we have used the normaliza-

tion of processes.

2.4.1 Recovering the convex sets formalism

In the following section we drop the ‘Dirac’ notation of states and effects, writing

(e| = e and |ω) = ω, and their inner product as e(ω) or ω(e) equivalently. The

introduction of the postulates of local tomography and causality have allowed us to

define the state space ΩA for any given system A. In the convex sets framework (see

for example [15]), indeterminacy is assumed, which means that if we can prepare

two states ρ, ρ′ ∈ ΩA then we can prepare any convex combination of these states,

e.g. pρ + (1 − p)ρ′ ∈ ΩA, p ∈ [0, 1]. For example, by flipping a coin and choosing

one of two preparation processes. This extends the state space ΩA to a convex set

in VA, and likewise KA to a convex cone. When presenting our results we will often

refer to the state space as a convex set - however our results do not rely on the

assumption of indeterminacy but merely on the geometric properties of the state

space ΩA, which are equally captured by the convexified state space.

As noted in the previous section, the effects span the vector space V A that is the

dual space to the state vector space V A = (VA)∗. By construction (2.15), the effects

form a cone KA in V A defined as

KA = {λe | e ∈ Eff(A), λ ≥ 0} (2.41)
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where span(KA) = VA and span(KA) = V A. Because the pairing of a state with an

effect gives a positive real number (and vice versa) by (2.15), we have the inclusions

KA ⊆ (KA)∗ (2.42)

KA ⊆ (KA)∗ (2.43)

where (KA)∗, (KA)∗ are the dual cones of KA and KA respectively (see [15] for

examples). (KA)∗ is the set of all linear functionals taking the cone of effects to the

positive reals, and (KA)∗ is the set of all linear functionals taking the cone of states

to the positive reals. In some physical theories, the inclusion is an equality KA =

(KA)∗, which means that all mathematically consistent effects are contained in the

cone of effects8. In general this may not be the case. However the assumption that

KA = (KA)∗, referred to as the no-restriction hypothesis, is often used as a strictly

mathematical postulate [74]. Because it lacks a physical justification, we make no use

of this postulate in any of our results. Violation of the no-restriction hypothesis by a

theory implies that there are some effects that, although mathematically consistent,

nevertheless cannot be physically realized in the theory. An example would be

qubit quantum theory under the restriction that the only observables are those

corresponding to elements of the Pauli group, resulting in stabilizer quantum theory

[9].

The state space ΩA is recovered by the subset of normalized states belonging to the

cone KA

ΩA = {ω ∈ KA |u(ω) = 1} (2.44)

Regardless of whether or not there exists in the theory the preparation process that

8by ‘mathematical consistency’ we refer to the effects being linear functionals that take states
to the unit interval
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prepares a given statistical mixture of states (by sampling a classical probability

distribution to select from a set of preparation events, or preparing the mixture by

taking a marginal of some entangled bipartite state), considering the convexified

state space allows us to define some familiar and useful notions such as purity.

Even without assuming indeterminacy, we can define some familiar properties related

to indeterminacy, such as the notion of purity. Purity is defined by the refining set

of a state

Definition 8 (Refinements). σ refines ρ, denoted σ � ρ, if there exists a set of

states {σi}i∈X and a classical probability distribution {pi}i∈X s.t.

ρ =
∑

i

piσi

and σ ∈ {σi}i∈X . The refining set of ρ, R(ρ), is the set of all σ satisfying this criteria

In indeterminate theories, R(ρ) has an operational interpretation, as it gives the set

of states that can be used to probabilistically prepare ρ. This immediately gives

us a definition of pure and mixed states. Pure states are states whose refining set

contains only themselves, all other states are mixed. Refining sets form the faces of

the convex set ΩA [58]. The standard definition of a face from convex geometry can

be phrased in terms of refining sets as follows.

Definition 9 (Faces). A face F of a convex set A is a set of points a ∈ A s.t. for

any a ∈ F , if a′ ∈ R(a) then a′ ∈ F .

In other words, faces contain all refinements of points within the face. The set of

faces of a convex set A includes the improper face (A its self), and every convex

subset of A that satisfies Definition 9. The 0-dimensional faces, or vertices, trivially

satisfy Definition 9. These vertices are exactly the pure states of ΩA, as they are

states that are refined only by themselves. Borrowing the language of convex sets,

we will sometimes refer to them as extremal states. Faces can have sub-faces, and
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therefore the set of faces obeys a partial ordering. This partial ordering of faces

(given by the inclusion operation) is referred to in the literature as the face lattice

of A. This is the lattice constructed by taking the set of faces Faces(A) under the

standard set intersection ∧ (the non-empty intersection of two faces is its self a face,

a sub-face of the two intersecting faces) and the inclusion ∨, where F ∨ G denotes

the minimal face containing faces F and G [58]. That is, F ∨G is the smallest face

H s.t. F,G ⊆ H. See Figure 2.2 for examples.

An important property of faces is whether or not they are exposed or non-exposed.

An exposed face F is a face of a convex set such that there exists a linear functional

eF (·) on VA, s.t.

eF (ρ) =





≥ 0 ∀ ρ ∈ ΩA

= 0 ∀ ρ ∈ F
(2.45)

As linear functional equations of the form eF (ρ) = 0 define hyperplanes in VA,

this can be equivalently stated as ‘an exposed face has a supporting hyperplane

whose intersection with the convex set is the face’. See for example figure 2.2. A

non-exposed face satisfies Definition 9 but has no such supporting hyperplane. As

the cone of effects KA gives the set of linear functionals satisfying equation (2.45),

the physical significance of non-exposed faces is that there cannot exist an effect

that deterministically identifies the states belonging to the face. That is, there

exists no effect eF (·) such that eF (ρ) = 0 or 1 for any ρ ∈ F . For example, as we

will see in quantum and classical theory for every pure state there exists an effect

that deterministically identifies it, and therefore all 0-dimensional faces are exposed,

whereas in the example given in figure 2.2 there exists a pure state ρ that lies on

the intersection of an edge F and a continuous curve of pure states. Therefore any

effect that deterministically identifies this state also identifies all states on the edge,

e(ρ) = 0 =⇒ e(ω) ∀ ω ∈ F , and therefore the face given by the pure state ρ

is non-exposed. Even in quantum theory there are non-exposed faces of dimension
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greater than 0. For example in qutrits there are 1 dimension faces of mixed states

that an non-exposed and hence cannot be measured with probability 1 [18].

⇢1

⇢2

�

e(x) = 1

e(x) = 0

⇢3

Figure 2.2: Convex set depicting a state space ΩA. ρ1 and ρ2 are extremal points in
the set - pure states. Note that ρ1 is exposed, as it lies on the supporting hyperplane
given by e(x) = 1, x ∈ ΩA, however ρ2 is unexposed (there is no hyperplane that
supports it, it sits between a continuous curve and an edge). The minimal face
containing ρ1 and ρ3 is the edge e(x) = 1. State σ = pρ1 + (1− p)ρ2, but also note
that ρ1, ρ2, ρ3 all refine σ (as indeed do all states in the convex set, as σ is internal).

Refinement also allows us to talk about mixedness. Mixed states are states that

can be decomposed as convex combinations of other states, and therefore can (in

principle) be prepared by probabilistic preparations of their refining states. The

refining set of a mixed state σ gives its minimal face, denoted ∨σ. Given a face, the

internal states are those which lie inside the convex set (not on the boundary), and

are refined by all other states in the set. Therefore, given a face F , internal states

can be defined as states that belong to F and whose minimal face is F . In general,

given a state space ΩA we we refer to the internal states of the entire convex set ΩA

as internal states, without specifying ΩA as the face we are referring to.

The structure of quantum and classical theory allows us to define concrete notions

of purity. For example, the mixedness of a qubit can be meaningfully defined by its

trace-distance from the unique maximally mixed state. The existence of this state
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derives from the fact that quantum and classical theory are transitive, in that all

pure states are related by a group of transformations G. This then induces a unique

maximally mixed state µ by the Haar measure over the group of transformations

µ =

∫

T∈G

T (s)dT (2.46)

for some arbitrary pure state s. However, it is known that notions of mixedness

like the trace distance require a lot of addition structure to be assumed for a given

generalized theory (for example, see the see the axioms required for diagonalizing

states [37]). For our purposes it is sufficient to use a notion of mixedness that applies

naturally to all convex operational theories without assuming additional postulates.

Definition 10 (Strict purity). A state ρ is strictly purer than another state σ if

ρ � σ and σ 6� ρ.

The meaning of this definition is simple: if ρ � σ then σ can (at least in principle) be

obtained by preparing some random preparation involving ρ. However, if σ 6� ρ the

converse is not true - there is no way of in principle preparing ρ using some random

preparation involving σ. This is clearly the weakest and most general notion of

a mixedness partial ordering, and follows naturally from the partial order given

by refinements of states and therefore applies to all convex operational theories.

Geometrically, ρ is strictly purer than σ if ρ belongs to a proper face of the minimal

face of σ.

Having outlined the main concepts in the convex sets formalism of GPTs, we now

give some simple examples.

Example 1 (Classical theory). Consider a finite N dimensional classical system,

where N is the number of pure states {ωj}j=1...N . These are perfectly distinguishable,

in that there exists a single measurement with effects M = {ei}i=1,...N s.t.

ei(ωj) = δij ∀ i, j
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As ei are positive linear functionals on ΩA, it follows that {ωj}j=1...N are mutually

linearly independent under all partitions, span(X ) ∩ span(X̂ ) = 0 where X is some

subset of the pure states and X̂ is its compliment. The convex hull of N such vectors

is a simplex, with the pure states forming an orthogonal basis of VA. Consider for

example the classical trit, N = 3

u

e1

e2

e3

!1

!2

!3

Notice the cone of effects and effects are isomorphic KA
∼= KA. As KA ⊆ (KA)∗,

this implies the cones are self-dual [97]. Furthermore as the extremal states and

effects correspond, the state space is strongly self-dual. However ΩA 6∼= ΩA, as there

are also the extremal effects u− e1 = e2 + e3 etc, making 6 extremal effects in total,

then an additional two extremal points from the effect u and the 0-effect.

The faces of an N -simplex are exposed (N −1) simplexes9. For example the faces of

the classical trit are its edges and vertices, which are classical 1 and 0 dimensional

systems respectively. The pure states (vertices) are purer than the states on the

edges (mixtures of two pure states) which are in turn purer than the internal states

(mixtures of all three pure states) by definition 10.

Example 2 (Qutrit quantum theory). Consider the state space of the quantum

three-level system (qutrit). The state space is given by the set of trace 1 positive

9It is simple to see that the proper faces are exposed by constructing the effect that returns 0
for points only on that face. For example, the edge of the classical trit connecting the ω0 and ω1

pure states is picked out by the effect u− e2 where e2 picks out the state ω2
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semi-definite Hermitian operators on a three-dimensional Hilbert space - which can

be represented as a convex set in an 8-dimensional real vector space [18].

The geometry of the manifold of this state space is too complicated to describe

fully here. For example, unlike the qubit there are mixed states on the topological

boundary, such as the state

ρ =




1
2

0 0

0 1
2

0

0 0 0




(2.47)

in the basis {|0〉 〈0| , |1〉 〈1| , |2〉 〈2|}, which is ‘picked out’ by the effect E = u −

|2〉 〈2| where u is the operator I and the circuit probability is given by the trace

tr(Eρ). Furthermore there are non-exposed faces. For example, Figure 2.3 depicts

a projection of the qutrit state space onto a 3-dimensional subspace [19]. The edge,

drawn in red, is non-exposed as any effect that picks it out will also pick out the

’semi-circular’ face below it (blue).

Figure 2.3: Qutrit subspace

2.4.2 Transformations

So far we have focused on preparation and measurement processes, which describe

the ‘kinematics’ of a given operational theory. Of equal importance are the dynamics

of the theory, which detail how systems evolve and interact. We have previously

defined the transformation process T ∈ transf(A,B), which is a process with input



40 Chapter 2. Generalized Probabilistic Theories

wires A and output wires B. We have shown that T must be a linear map from vector

space VA to vector space VB and, as these spaces are spanned by their corresponding

states ΩA, ΩB, T is uniquely defined by its action on these states (finite tomography).

T : ΩA 7→ ΩB; ωa 7→ T : ωA (2.48)

To achieve this, T must obey the following necessary conditions.

Definition 11 (Conditions for transformation operations). T = {Ti}i∈X constitutes

a physically valid map from A to B if the following conditions are satisfied for all

i ∈ X

i) Positivity, Ti : KA ⊆ KB

ii) Normalization decreasing, uB(Ti : ωA) ≤ uA(ωA) ∀ ωA ∈ ΩA

iii) Normalization preserving
∑
k

uB(TK : ωA) = uA(ωA) ∀ ωA ∈ ΩA

Condition i) is required to ensure that T : ΩA 7→ ΩB is achieved with positive proba-

bility, as points that lie outside of the positive state cone yield negative probabilities

on at least one effect. Condition ii) ensures that for each possible event in the map

the physical states, be they normalized or sub-normalized (e.g. with an attached

probability weight), are not mapped to unphysical super-normalized states. Finally,

condition iii) ensures that the overall process occurs with probability 1 - one of the

i ∈ X events ‘must happen’10.

The set of physically valid maps obeying Definition 11 is in general larger than

the set of physically implementable maps. For example, in reversible quantum and

classical theory the dynamics are given by unitary maps and doubly stochastic maps

respectively. The reversibility of these maps follows from the physical principle of

dynamical time-reversibility, and imparts additional constraints on T .

10note that the probability of the process ’failing’ can also be encoded as an event
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Definition 12 (Reversible transformations). A transformation T ∈ transf(A,B) is

reversible iff

i) It has identical input/output wires, B ∼= A (up to arbitrary permutations of

wires)

ii) ∃ valid T −1 s.t. T −1 ◦ T = I where I is the trivial (identity) map.

The first condition states that the input and output state spaces must be isomorphic

(with the isomorphism given by T ), and the second condition states that an inverse

transformation exists, recovering the initial configuration of the state space from its

image under T . Graphically, these conditions can be summarized as

T

A

A A

AB

B

T

A

A A

B

B

C

A

A A

A

B B

T

a) b)

(2.49)

where a) shows two processes, one with mismatched outputs, and b) shows the first

process being put in a form that matches inputs and outputs by permuting the

output wires.

TA A AT �1

=
A

(2.50)

As the experimenter with access to transformations T1, T2, . . . is free to compose

them in any order allowed by their input/outs, and by Definition 12 the reversible
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transformations have compatible input/outputs, have inverses and include the iden-

tity transformation, then the set of reversible transformations forms a group GA.

Furthermore, as the set of normalized states ΩA is closed and compact, the action of

GA on ΩA is given by a compact group. The existence of a group of reversible trans-

formations is a very non-trivial feature, and in quantum and classical theory we will

see that the existence of reversible transformations impart very strong constraints

on the state spaces containing these theories.

When composed with an effect, T can also be seen as inducing a transformation on

the effect space, e.g. e ◦ T ∈ ΩA, which follows trivially from the diagram equation

T e = e0

(2.51)

e.g. performing a valid transformation with an open input (state) wire and perform-

ing a measurement on all output wires is itself a valid measurement. It follows from

Definition 11 and causality (Postulate 3) that u ◦ T = u, as T maps normalized

states to normalized states and by the uniqueness of the unit effect. Furthermore,

is T is reversible it must be a reversible transformation on all effects, ΩA ◦ T ∼= ΩA.

Example 3 (Quantum theory). Transformations are given by linear maps between

Hilbert spaces Φ =
∑

k φk where φk : Hd 7→ Hd′ are trace non-increasing completely

positive maps. Furthermore
∑

k φk must be trace preserving. Likewise, these trans-

formations can be seen as acting on the measurement operators (Heisenberg picture),

with their action given by the adjoint maps φ†k. Reversible maps have the additional

property of unitarity, Φ† = Φ−1, and their action on Hd is given by the special

unitary group SU(d).
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2.4.3 Composition

So far we have used basic diagrammatic reasoning coupled with the postulate of

local tomography (Postulate 2), to show that the vector spaces VA, VB for systems

A and B compose in parallel under the standard tensor product, s.t. all Ψ ∈ A⊗B

belong to the vector space VA⊗ VB. What kinds of states populate these joint state

spaces? Clearly we can construct states by sampling from the local state spaces

individually or by taking correlated samples. The states sampled independently

from the local distributions are called product states, as they factorize directly over

the tensor product by construction

b

a

�prod =

(2.52)

These states are the most ‘local’ states, as they contain no correlations between sub-

systems. More generally, we can sample from the local state spaces in a dependent

way. For example, if {a, a′} ∈ ΩA and {b, b′} ∈ ΩB, we can construct a state whereby

we sample from ΩA, and then deterministically sample from ΩB, such that a =⇒ b

and a′ =⇒ b′. This results in the joint state p a ⊗ b + (1 − p) a′ ⊗ b′ where p is

the probability of sampling a from ΩA under our preparation procedure. These are

called separable states, and they are convex combinations of product states.

X

ab

p(a, b)

b

a

=�sep

(2.53)

Whereas product states exhibit no correlations between subsystems, separable states

can carry classical correlations between sub-systems. That is, they carry the cor-
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relations from the preparation sampling procedure, which we call classical as we

generate them by sampling from a correlated classical probability distribution. As

we know from quantum theory, separable states aren’t the only states permitted by

nature. Quantum systems can exhibit entangled states in their joint state spaces.

These are states that do not belong to the set of separable states (product states

belong to the set of separable states trivially).

X

ab

p(a, b)

b

a

�ent 6=

(2.54)

Although quantum theory has these entangled states, we seek a physical justification

for why nature should have entangled states, beyond them being mathematically

possible. This is one of the questions we present an answer for in [115] and review

here in Section 3.3.

The postulates of local tomography and no-signalling alone are insufficient to specify

the joint state space ΩAB (see for example [110]). There are multitude possible joint

state spaces that satisfy local tomography. For example, we can choose to compose

quantum bits such that their joint state spaces have no entangled states - this would

still be a valid tensor product, but clearly it is not the only one. That said, local

tomography and no-signalling are sufficient to specify the state spaces that contain

the maximal and minimal number of entangled states. These extremal cases are

known as the minimal and maximal tensor products.

Definition 13 (Minimal tensor product). The minimal tensor product K
(min)
AB =

KA ⊗min KB is the cone generated by the set of product states

KA ⊗min KB = span (ωA ⊗ ω′B)
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The minimal tensor product specifies the smallest possible bipartite state space

formed when combining A and B. Physically, it corresponds to a state space com-

prising of product states only, and given the definition of entangled state given in

(2.54) represents the unique joint state space of A and B that contains no entangled

states. On the other end of the spectrum, the maximal tensor product gives the

largest number of entangled states [15]. This is simply the maximal set of states

that can satisfy i) local tomography and ii) causality (namely, that marginal states

belong to the set of allowed states on the given subsystem and iii) obeys no-signaling

(which is implied by causality). As shown in [15], the maximal tensor product cone

can be generated by taking the dual of the effects cones combined under the minimal

tensor product

Definition 14 (Maximal tensor product). KA ⊗max KB =
(
KA ⊗min K

B
)∗

where

KA,B = (KA,B)∗

In general, the joint state space ΩAB is given by a set of states that lie in-between

the maximal and minimal tensor products

KA ⊗min KB ⊆ KA ⊗KB ⊆ KA ⊗max KB (2.55)

Example 4 (Classical theory). It is known that classical theory is the unique GPT

s.t. the maximal and minimal tensor products coincide [15]. Therefore, there is

no way of combining classical systems such that they obey local tomography and

causality whilst permitting entangled states.

Example 5 (Quantum theory). The quantum tensor product is clearly not minimal,

as bipartite quantum state spaces include entangled states. However, it is also not

maximal. To see this, note that there are elements of the tensor product of two

Hilbert spaces HA⊗HB that are not density matrices, but entanglement witnesses.

These are locally positive, in that they all positive under all local POVM elements.

However, there exist entangled effects for which they are negative (hence being
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entanglement witnesses), and therefore they cannot be consistently included in the

state space unless these effects are removed from the effect space [73].

Example 6 (Boxworld). In [110], the question was posed ‘is the no-signalling prin-

ciple sufficient to constrain bipartite correlations to obey Tsirelson’s bound’ [38].

The authors construct a GPT known as boxworld, which is defined in the maximal

tensor product. This GPT achieves the strongest correlations possible in the bipar-

tite scenario with two-outcome measurements, achieving a Bell inequality violation

of 4 (whereas quantum systems are constrained to have a Bell inequality violation

of 2
√

2 (Tsirelson’s bound)).

In this thesis we focus on the existence of entangled states, rather than their prop-

erties and uses. For the sake of brevity, and because it is not necessary for the pre-

sentation of our results, we do not define Bell non-locality or discuss the possibility

of using entangled states to violate Bell inequalities. Nor do we discuss the practi-

cal uses of entangled states, such as in quantum cryptography, super-dense coding,

teleportation, quantum computing and metrology. See the review [27, 26, 54, 79]

for thorough definitions and discussions of these topics. It will be sufficient for our

purposes simply to operationally define entangled states as states that cannot be

prepared by generating (correlated) combinations of local states.

We finish this chapter by presenting examples of how the concepts outlined in this

chapter can be used to construct non-classical GPTs.

Example 7 (Polytopic theories). Consider a GPT where a single system has two

fiducial measurements with binary outcomes. What does this state space look like

geometrically? These two fiducial measurements imply the existence of four faces of

ΩA, such that the minimal face of any two of these is ΩA. If we assume no restriction

on ΩA, then ΩA is identified as a four sided polytope. Denote these effect pairs (xa|

where x ∈ {0, 1} denotes the choice of measurement and a ∈ {0, 1} denotes the

binary measurement outcome. ΩA has four pure states ρx,a s.t. (x′a′ |ρx,a) = a′ ∨ a

where ∨ represents the Boolean OR operation. The state space is depicted below.
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(00| (01|

(11|

(10|⇢0,0 ⇢0,1

⇢1,0 ⇢1,1

(2.56)

This state space is the local state space of the PR box [110], also referred to as the

gbit state space [15]. Now, lets propose that these state spaces are combined under

the maximal tensor product. Therefore, all joint states that give valid probabilities

for local effects are included in the joint state space. Consider a joint state |ΦAB)

such that

(xa| ⊗ (yb| |ΦAB) =





1/2 if a⊕ b = xy

0 otherwise

(2.57)

It is simple to check that this state provides valid probabilities under all local mea-

surements, and therefore such a state must belong to ΩA ⊗max ΩB. A version of the

CHSH inequality [39], presented in [110], is

∑

a=b

p(a, b |xy = 0) +
∑

a6=b

p(a, b |x.y = 1) ≤ 3 (2.58)

Quantum bits can violate this inequality by achieving a LHS of 2
√

2, whereas it

is simple to check by (2.57) that the gbit achieves an LHS of 4, which is also the

maximal possible by the law of total probability. Clearly |ΦAB) is entangled, as

all separable states obey all Bell inequalities by construction. The gbit belongs to

the Boxworld family [121, 110], which is the collection of GPTs that saturate the

upper bound on the strength of multipartite correlations imposed by causality, local
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tomography and the no-signalling principle.

What about the dynamics of this theory? In [57] it was shown that these gbits have

no reversible interactions, meaning that ∃T −1 =⇒ T (ΩA ⊗max ΩB) = TA (ΩA)⊗max

TB (ΩB). Therefore it is impossible to generate these super-quantum entangled

states, or any entangled or correlated states, if we assume that all dynamics are

reversible.

This has lead some to postulate that there is a trade-off between the strength of

non-locality in GPTs and the richness of the reversible dynamics [57] and the pos-

sibility of protocols such as entanglement swapping, teleportation and dense coding

[121]. In [4] we extended the results in [57] to all polytopic theories composed un-

der the maximal tensor product. Consequently, even theories that are known to

achieve sub-quantum violations of (2.58) (see for example [73]) are found to have no

entanglement-generating reversible dynamics in the maximal tensor product. This

suggests the trade-off between dynamics and entanglement is more complicated than

initially hypothesized, and exploring this trade-off will be one of the topics explored

in this thesis.



Chapter 3

Generalized Post-Classical

Theories

In the previous chapter we outlined the framework of generalized probabilistic the-

ories. Starting from a purely diagrammatic formalism we have recovered the convex

sets formalism of state spaces, effect functionals and tensor products. In the fol-

lowing we will use either of these interchangeable representations of GPT’s when

convenient. Establishing the prior results required that we introduce certain postu-

lates, such as local tomography and causality. We now turn our attention to a new

postulate which, though strong mathematically, has a clear physical motivation. We

call this postulate the existence of a classical limit, and to discuss it we must first

discuss decoherence.

3.1 Decoherence

We postulate that in any reasonable theory of nature, systems must be able to

behave classically. In some limit, the theory should be able to explain purely clas-

sical experiments. The generalized probabilistic theory framework fundamentally

relies on the assumption that we have a classical interface with the world. We can

49
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choose, using classical randomness and control, which experiment to perform. We

can characterize states, effects and transformations in terms of the classical prob-

ability distributions that we obtain from measurements. Ultimately this classical

interface should be explainable from the theory itself, rather than being an exter-

nal structure we impose a priori. This is the case in quantum theory, where we can

view the classical interface as an effective description of decohered quantum systems.

Loosely speaking, quantum theory gives us classical theory ‘for free’ by decoherence,

rather than having quantum and classical theory as two separate theories describing

distinct physical systems and processes.

We postulate that any reasonable GPT should have this property too, i.e. should

have an decoherence mechanism analogous to that found in quantum theory. We

now consider the key features of quantum to classical decoherence which we then

use to define decoherence for generalized theories.

For each quantum system Q with Hilbert space dimension d there is a decoherence

map DQ and classical system with state space ∆N(Q) which is achieved under the

decoherence map

DQ[ρ] :=
d∑

i=1

|i〉〈i|ρ|i〉〈i| (3.1)

where {|i〉〈i|}i=1,...d is a basis of the systems Hilbert space1.

The decoherence map describes the physical process of decoherence, which in quan-

tum theory arises when a system interacts with an environments that is inaccessible

to the experimenter. The quantum system becomes correlated with the environ-

ment in such a way that its marginal following the interaction is constrained to a

sub-space that describes a classical system (simplex). There are in general many

ways this can happen. To give a canonical example, consider a quantum system

1Note that the Hilbert space dimension is not equal to the real space dimension when represented
as a GPT. The Hilbert space dimension gives the information dimension of the quantum state
space, the largest number of perfectly distinguishable states
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|ΨS〉 in an initial product state with an environment |E〉

|Ψ〉 = |ΨS〉 ⊗ |E〉 =

(∑

k

λk|sk〉
)
⊗ |e0〉 (3.2)

where {|sk〉} is some basis for the system Hilbert space and {ek′} is some basis for

the environment Hilbert space. Imagine some interaction unitary U that correlates

the observables given by these bases, such that

U : |sk〉 ⊗ |e0〉 → |sk〉 ⊗ |ek〉 (3.3)

The post-interaction joint state is of the form

|Ψ′〉 =
∑

k

λk|sk〉 ⊗ |ek〉 (3.4)

and the joint density matrix of the system and environment is

ρ′SE = |Ψ′SE〉〈Ψ′SE|

=
∑

kk′

λkλ
∗
k′|kS〉|kE〉〈k′S|〈k′E|

If we now trace out the environment (apply the unit effect), the resulting reduced

state on the system is

ρ′S =
∑

l

〈el|
∑

kk′

λkλ
∗
k′ |kS〉|kE〉〈k′S|〈k′E||el〉 (3.5)

Using the orthonormality of the environmental basis 〈el|ek〉 = δlk gives
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ρ′S =
∑

k

|λk|2 |sk〉〈sk|

Without specifying the precise environment state or interaction unitary, we can just

describe this process as a CPTP map on the system. The interaction in (3.3) is very

specific to quantum theory, and we cannot expect all of its mathematical features

to generalize to all theories. However, it has the following key properties which we

argue should apply to any analogous decoherence process independent of the theory.

Firstly, we conjecture that like quantum decoherence, generalized decoherence arises

from an interaction with some environment that is then discarded.

Postulate 4 (Physical decoherence). The decoherence map results from systems

interacting with some inaccessible environment (e.g. an interaction followed by

’discarding’ the environment system)

DQ⇢ =

⇢

E
I

(3.6)

Note that we do not place any constraints on the structure of the environment or

the type of interaction I. For example, the interaction given by (3.3) results in

perfect correlations between the specified system and environment basis states, but

this need not be the case in general. We assume the state on the environment can

be chosen to be pure2. The other features of general quantum decoherence maps

that we adopt are detailed below.

Definition 15 (Decoherence maps). Purely decoherence maps, in quantum and

general theories, obey the following properties

2it is trivial to show that if these decoherence maps exist, we can construct decoherence maps
with mixed environment states
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1. Physicality: the decoherence map is a physical map, arising from a reversible

interaction with some environmental system that is then discarded, and hence

must satisfy all of the constraints on transformations in a GPT. In particular,

it must be linear and map states to states.

2. Idempotence: in quantum theory the decoherence map destroys the coherences

between the basis states, and so applying it a second time does nothing. There-

fore, applying it twice is the same as applying it once and DS [DS [σ]] = DS [σ]

∀ σ ∈ ΩS .

3. Purity-decreasing: the decoherence map arises from correlating with an envi-

ronment and, when discarding the environment state, losing the information

encoded in those correlations. As such the decoherence map cannot increase

our knowledge of the input state. Therefore D[ρ] cannot be strictly purer than

ρ for all input states ρ. For example in quantum theory a decoherence map

will not map mixed states to pure states. A state ρ is strictly purer than state

σ if ρ � σ and σ 6� ρ and if DS [ρ] � ρ, then ρ � DS [ρ], else DS [ρ] is strictly

purer that ρ.

It is easy to see that conditions 1, 2 and 3 are satisfied by quantum decoherence

maps. In general, maps obeying these conditions could describe decoherence to any

sub-theory. For example they could describe how a post-quantum theory decoheres

to quantum theory [86]. This scenario is explored in Chapter 4. In this chapter, the

‘sub-theory’ will be classical theory.

A sub-theory is defined not only by its set of states, but also its transformations and

measurements. Thus we can define the sub-theory given by a specific decoherence

map as follows

Definition 16 (Theory and sub-theory). A theory K is defined by a collection of

processes specifying all possible preparations, transformations and effects possible
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in the theory

...

A1

A2

AN

O...

A1

A2

AN

...

B1

B2

BM

...

B1

B2

BM

E 

, ,

8
>>>>>><
>>>>>>:

9
>>>>>>=
>>>>>>;

K (3.7)

We also specify a tensor product ⊗ with which we can construct multipartite state

spaces. Given a decoherence map D, we can define a D-sub-theory of K by the

collection of processes given by applying the decoherence process to all wires

...
D

D

D

...
D

D

D

...
O E 

, ,

8
>>>>>><
>>>>>>:

9
>>>>>>=
>>>>>>;D

D

D

...
D

D

D

PD (3.8)

We denoted this theory KD. Note that as D belongs to the set of allowed processes in

a causal theory under Postulate 4, KD ⊆ K, with equality iff D is trivial decoherence

(i.e. reversible)3

We are interested in decoherence maps that take systems S to classical systems.

Returning to the quantum decoherence map, DQ takes the quantum state space Q

to a d-dimensional simplex (where d is the Hilbert space dimension of Q).

3clearly if D is reversible then KD ∼= K. We will prove triviality by showing D = I.
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DQ[ρ] =
d∑

i=1

|i〉〈i|ρ|i〉〈i|

=
d∑

i=1

〈i|ρ|i〉|i〉〈i|

=
d∑

i=1

p(i|ρ)|i〉〈i|

therefore all states ρ are mapped to convex mixtures over a set of perfectly dis-

tinguishable state {|i〉〈i|}di=1. The map is the identity map on the set of perfectly

distinguishable states, and it is simple to show that the image of Q under DQ is

dense. Therefore the image is the convex set described by a classical simplex (see

Example 1). Likewise, classical measurements can be constructed by decohering a

system followed by performing a quantum measurement on it, and classical trans-

formations are just quantum transformation with decoherence maps applies to all

wires. As such, we say that quantum theory contains a classical sub-theory, in that

all the elements of classical theory (states, transformations and measurements) can

be attained by composing the processes of quantum theory with a decoherence map

which its self belongs to the set of quantum processes.

Definition 17 (Classical theory). (finite dimensional) Classical theory is a theory

by Definition 16 whereby ΩN = ∆N , the effect space ΩN obeys the no-restriction

hypothesis, ⊗ = ⊗min(necessarily, as the maximal and minimal tensor product co-

incide in classical theory), and the transformations on an ΩN are given by the N

permutation group

Definition 18 (Decoherence to classical theory). A theory decoheres to classical

theory if it has a decoherence map (Definition 5) for each system which obeys the

following constraints

1. State space: the most obvious constraint is that image of the state space under
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the decoherence map is a classical state space:

DS(ΩS) = ∆N(S)

2. Effect space: For every effect in classical theory there is some effect in the full

theory that behaves as the classical effect when we restrict to ∆N(S). This can

be formalized as for all eclassical there exists e ∈ ES such that

eclassical = e ◦DS

3. (Reversible) Transformations: For any reversible classical transformation T

there is a corresponding reversible post-classical transformation with the same

action on the image of DS . Formally, for all classical reversible transformations

Tclassical there exists some reversible T ∈ TS such that

Tclassical = T ◦DS

4. Composites: finally, we expect decoherence to act suitably with composition,

i.e. if system S1 decoheres to ∆N via DS1 and system S2 to ∆M via DS2 , then

the composite system S1⊗S2 can decohere to ∆N⊗∆M = ∆NM via DS1⊗DS2 .

Example 8 (Classical sub-theory of qubit quantum theory). Consider quantum

theory for qubits, which decohere to classical theory for bits by applying the standard

dephasing map in a given basis {|0〉〈0| , |1〉〈1|}. The decoherence map is described

by

DS(ρ) := tr (ρ|0〉〈0|) |0〉〈0|+ tr (ρ|1〉〈1|) |1〉〈1| (3.9)

which can be achieved by performing a CNOT unitary controlled on the system,

acting on an ancillary environmental qubit, followed by tracing out the environment

qubit.

Measurements in the basis provide the classical measurements, with effects |0〉〈0|
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and |1〉〈1|. Two qubits can decohere independently to classical bits, which can then

interact as all reversible classical interactions (permutations of the join state space)

can be achieved by the classical CNOT and bit flip operations, which are provided by

the quantum CNOT unitary and the Pauli-X unitary. Also note that the dephasing

map obeys all conditions in Definitions 15 and 18.

We can now define what we mean by the existence of a classical limit.

Postulate 5 (Classical limit). A theory K has a ‘classical limit’ iff there exists a

decoherence map D consistent with Definitions 15 and 18 such that we recover a

classical sub-theory CD ⊆ K where CD is the full classical theory satisfying Definition

17.

As is often the case when specifying a set of postulates, there are pathological cases

that, whilst satisfying the criteria mathematically, do not satisfy it in spirit. For the

classical limit postulate there are two such cases.

1. Trivial classical limit: D is the identity map (or any reversible map), resulting

in K = C (classical theory). Classical theory has a classical limit trivially.

2. Trivial decoherence. The process given by discarding a system and preparing

some fixed pure state

a=D
(3.10)

satisfies our criteria (the resulting ’classical subspace’ is a 0 dimensional clas-

sical system). However, this cannot be considered true decoherence.

We call the identity map and the discarding map trivial decoherence and all other

decoherence non-trivial. We will be interested only in theories that obtain a classical

limit through non-trivial decoherence.
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3.2 Decoherence in theories without entanglement

We are now in a position to explore the properties of theories obeying Postulate 5.

The reason we are interested in exploring post-classical theories, i.e. theories with

non-trivial classical limits, is that these are precisely the theories that can describe

nature. It was known long before the advent of quantum theory that our classical

understanding of the universe was incomplete, from observations such as black body

radiation [109] and the stability of atomic nuclei [88]. So regardless of our knowledge

or lack of knowledge of the underlying theory, we know that classical theory is only

an effective description of nature that breaks down at some level. On the other hand,

we know that objects can behave classically. The classical world that we experience

must emerge somehow from some an underlying non-classical theory. One example

of a theory that can explain this is quantum theory, but it is by no means the only

possibility and is still arguably an abstract mathematical theory whose postulates

do not have universally agreed upon physical interpretations. Could one derive

quantum mechanics, or at least some partial features of quantum mechanics, simply

from knowing that a classical description of the world is incomplete?

Our results mark a first step along this line of research. On the one hand, we

seek a solid explanation for the counter-intuitive features of quantum theory. On

the other hand, as any theory of nature should be able recover the classical limit,

characterizing post-classical theories also characterizes all possible theories of nature

including post-quantum theories. The ultimate goal of deriving the full formalism

of quantum theory from the existence of a classical limit (and perhaps some other

postulates) would be a grand result. We will focus on a more humble goal, asking

the question

“Is entanglement an inevitable feature of any post-classical theory?”

Entanglement is perhaps one of the most counter-intuitive features of quantum the-

ory. In the famous Einstein Podolsk Rosen paper [48] the authors argue against the
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completeness of quantum theory, not due to the violation of local realism (discovered

much later [17]), but from the very existence of entangled states. It has long been

known that we can simply write down theories, other than quantum theory, that

contain entangled states (e.g. [110]). However the possibility of entanglement is less

interesting from a foundational perspective than the necessity for their existence.

In the following we will answer the above question in the positive. Namely that

“The existence of entangled states is necessary for the existence of a

non-trivial classical limit”

That is, without the presence of entangled states, no non-classical theory can behave

classically. The existence of the classical world is contingent on the existence of

entangled states - an ironic result that flies in the face of the rejections of quantum

mechanics by Einstein et. al. in [48] precisely because entanglement violated their

classical sensibilities. On the one hand, this just shifts the question of why entangled

states exist to the question of why nature is non-classical. On the other hand, one

can simply choose their favourite feature of non-classical theories (for example, the

no-cloning theorem) and arrive at the same conclusion.

3.3 Deriving the existence of entangled states

We prove our result by disproving the contrapositive; that in theories without en-

tanglement the decoherence map is a trivial decoherence map. First, we must define

what we mean by theories without entanglement. Recall that the minimal tensor

product (which we restate here in terms of the state cones) gives the unique method

for combining locally tomographic GPT’s such that there are no entangled states in

the bipartite state space (Definition 13).

Min tensor product: For two systems A and B with state cones KA and KB

respectively, the bipartite state cone formed when combining the systems under the
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minimal tensor product, denoted �, which is defined as

KA �KB := conv [νA ⊗ νB | νA ∈ KA, νB ∈ KB] (3.11)

e.g. it is the cone generated by the bipartite state space formed by taking all product

states of the two systems. Any theory with arbitrary systems A,B, . . . that compose

in parallel under the min tensor product is a theory without entanglement, and vice

versa.

Another method for composing two state cones that will be important for our proof

is the direct sum.

Definition 19 (Direct sum). The direct sum of two cones, denoted KA ⊕ KB, is

given by

KA ⊕KB = conv [{a⊕ 0, 0⊕ b | a ∈ KA, b ∈ KB}]

where the ⊕ on the RHS is the standard vector direct sum and 0 is the zero-vector

which gives the point of the two cones

One can visualize the direct sum as embedding the two cones in affinely independent

spaces with the same 0 point (the point of the cone) and taking the convex hull. In

quantum theory, systems composed by the direct sum represent systems with super-

selection rules [137]. If for a given quantum system there is some observable that is

conserved under all reversible dynamics, then in the eigenbasis of this observable all

allowed density matrices obeying this conservation rule (valid preparations) must

be block-diagonal, with each component within a block spanned by the eigenstates

corresponding to a single value of this observable. This constraint on the density

matrices arises because there cannot be coherent superpositions over these conserved

quantities, and hence all off-block-diagonal amplitudes must be zero in the corre-

sponding eigenbasis. The blocks of the density matrix generate the affinely indepen-

dent state cones in the Hilbert space. We say that the state space of the quantum

system decomposes into these disjoint subspaces, or ‘super-selection sectors’, where
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(without loss of generality) if we allow the observable to take valuesO = {0, 1, 2, . . . }

the statespace decomposes into ΩA = ΩA(O = 0)⊕ ΩA(O = 1)⊕ . . . .

These notions generalize naturally to GPT’s. The spans of the super-selection sec-

tors are affinely independent cones and the state-space cone KA satisfies Definition

19. Conversely, in any GPT we can define a state space that decomposes as a direct

sum as

Definition 20 (Decomposable state space). A state space ΩA is decomposable iff

its cone it can be written as the direct sum of its sub-cones (Def 19)

KA =
N⊕

i=1

Ki

s.t. spanKi ∩ spanKj = 0 ∀ i 6= j

We can interpret the sub-cones that KA decompose over as being independent sub-

spaces, and if we label them with an index i = 1, . . . , N then this index represents

a ‘classical degree of freedom’ (a degree of freedom that cannot exhibit coherences).

This gives rise to the notion of a classical observable, which is formalized nicely

in the GPT framework by the notion of non-disturbing measurements, which are

processes that act as an identity map on the system.

Definition 21 (Non-disturbing processes). A process {Oi}i∈X is a non-disturbing

process on system A if it can be written in the form

b

a

Oi =
b

a

Oi(a)
(3.12)

for all |a) ∈ ΩA.

Trivial non-disturbing process are where Oi(a) = Oi ∀ a, i ∈ X. In this case, the

environment state |b) evolves independently of the system state. These processes
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are not only non-disturbing, but are non-interacting. Examples include where O is

the identity process, or the parallel composition of two local processes. More general

non-disturbing processes can exist, and these by construction allow the environment

to gain some information about the state of the system without disturbing it. This

‘information leaking’ is formalized by the notion of a leak or partial cloner [119],

which is defined diagrammatically as

Definition 22 (Partial cloners / Leaks). A leak or partial cloner is a process with

multiple output wires such that discarding all but one output wire leaves the identity

map on that wire

⇢ = ⇢
(3.13)

Intuitively, any non-trivial partial cloner / leak allows for the construction of a

non-disturbing measurement. The state of the system is undisturbed by the partial

cloner / leak, whist (so long as there exists some Oi(a) that is dependent on the

input state of the system) tomography can be applied to the environment state,

recovering (partial) knowledge about the state of the system4. A trivial partial

cloner / leak is just another word for a trivial non-disturbing process5.

Theorem 2 (Decomposability and non-disturbing measurements (from [15])). For

any system A with state space ΩA, the existence of a non-trivial non-disturbing

measurement {Oi}i∈X implies that the state cone KA decomposes as

KA =
⊕

i∈X

Ki

and, likewise, the decomposability of KA implies the existence of a (mathematically

4such as its inclusion or exclusion in some subset of states
5This is just a diagrammatically more abstract object, as it makes no explicit reference to some

input ancillary system
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consistent) non-disturbing measurement as described6. .

A good example of a theory with decomposable state spaces is classical theory. In

fact, classical state spaces are completely decomposable, in that the cone generated by

a classical simplex ∆N with pure states si, i = 1, . . . , N , decomposes into the direct

sum of the cones generated by each individual pure state. To see this, note that in the

classical state space all pure states span a 1d space that is affinely independent from

the space spanned by all other pure states. Thus in classical theory there exists a

non-disturbing measurement that simply ‘reads off’ the state of the classical system,

without causing any back-action. This is the most extreme case of decomposability

/ non-disturbing measurements, and uniquely singles out classical state spaces as

the only state spaces that are totally decomposable over all pure states. In quantum

systems with super-selection rules, there exist non-disturbing measurements that

check which super-selection sector a given state lies in. In a more general setting,

we can define GPT’s that are decomposable but non-classical (see Figure 3.1 )

The non-existence of non-disturbing measurements can be seen as a generalization

of the no-cloning / no-broadcasting theorems of quantum theory to more general

measurements which achieve partial cloning [12], where some information on an

unknown preparation can be determined without disturbing it.

A result that will be important for our proof is the distributivity of the min tensor

product over the direct sum

Lemma 2. The min tensor product � distributes over the direct sum ⊕

ΩA � (ΩB ⊕ ΩC) = (ΩA � ΩB)⊕ (ΩA � ΩC)

6Note that decomposability implies the mathematical existence of a non-disturbing measure-
ment. It may be that although this measurement is consistent, it is not included in the set of
allowed measurements in the theory
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M

⌦1

⌦2

⌦A = ⌦1 � ⌦2

e(a) = 0

e(a) = 1

Figure 3.1: Taking the local state space of the PR-box / gbit and composing it with
a 0-dimensional state space under the direct sum results in a square-based pyramid
state space. Its decomposability (note that by construction spanK1 ∩ spanK2 = 0)
results in the existence of a ’non-disturbing measurement’. This measurement has
effects e and its complementary effect u−e which deterministically distinguish states
on the square base with the state atthe point of the pyramid. It is possible to measure
if an unkown state is in Ω1 or Ω2 without disturbing it. However, Ω1 generates an
indecomposable sub-cone, and thus there can be no consistent measurement that
can give information on an unknown state in Ω1 without disturbing it. As shown in
[4], there are reversible interactions that correlate two such systems without altering
the state of one of them, allowing non-disturbing measurements to be dynamically
constructed as in Definition 21

Proof. Consider three state spaces ΩA, ΩB and ΩC . We want to show that

ΩA � (ΩB ⊕ ΩC) = (ΩA � ΩB)⊕ (ΩA � ΩC)

this follows immediately by expanding both sides using Definitions 13 and 19, using

the distributivity of the vector direct sum and tensor product, and noting that

0⊗ s = 0⊗ 0 for all vectors s.

Another important part of the proof concerns characterizing the reversible trans-

formations present in post-classical theories. To do this, we must first make a few

statements about the action of reversible transformations on state space. Recall

that a face f ∈ faces(ΩA) is a convex subset of ΩA that contains all of its refining

points. First, we show that reversible transformations on the state space must map

faces to isomorphic faces

Lemma 3. Reversible transformations map faces to isomorphic faces, with the

isomorphism given by the reversible transformation T (f) = f ′ ∼= f .
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Proof. Consider some a′ ∈ f ′ then f ′ is a face if for any decomposition, a′ = pa′1 +

(1− p)a′2, a′i are also in the set f ′. Note that a′ = T (a) for some a ∈ f and as T is

reversible, this means that a = T−1(a′) = T−1(pa′1 + (1− p)a′2) which by linearity of

T−1 implies that a = pT−1(a′1) + (1− p)T−1(a′2). This provides a decomposition of

a and as f is a face this means that T−1(a′i) ∈ f and so a′i are both in f ′. Therefore

f ′ is a face. It is clearly isomorphic to f as T provides the isomorphism.

The face lattice [132] is the lattice formed by composing elements of the face set

under the operations of intersection ∧ and the join (minimal face) ∨. The previous

result implies that the face-lattice is invariant under reversible transformations –

not a surprising result, seeing as reversible transformations preserve the state space

which has a fixed face lattice.

Lemma 4. A reversible transformation T on A induces an automorphism of the

face lattice Face(A).

Proof. Lemma 3 shows that faces are mapped to faces, then reversibility of T im-

plies that this mapping of faces must be one-to-one and therefore induces a lattice

automorphism.

An immediate corollary of this is that:

Corollary 1. T (a1 ∨ a2) = T (a1) ∨ T (a2)

That is, the minimal face of two faces is mapped to the minimal face of the two

image faces. As an example, consider the local state space of the gbit, with two

faces being opposing edges. The minimal face of these two edges is the entire state

space, and their images under a reversible T i) are both edges (by Lemma 3) and

ii) have a minimal face that is the entire state space (the square) (by Lemma 1).

We now give a simple example the illustrates the methods we will employ in our

proof. In [57], it was shown that no reversible interactions exist between square
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⇢1 ⇢2

⇢3 ⇢4

E24

Figure 3.2: The square state space (the local state space of PR-boxes [110]) has a
face lattice of extremal states ρi, i = 1, . . . , 4, and edges which are ‘picked out’ by
local extremal effects Eij(ρ) = 0.

state spaces, and in [5] this was generalized to arbitrary box-world state spaces.

These proofs made use of a theorem from the theory of error correction [80], which

states that any transformation which preserves adjacency on tuples of states can be

composed using only local operations and the swapping of subsystems - and there-

fore cannot generate correlations between subsystems. Any such transformation is

therefore non-interacting. Adjacent states are product states which differ on a sin-

gle sub-systems (having a ‘Hamming distance of 1’). For a transformation T that

preserves adjacency, we have that for all states ρi, ρj

T (ρ⊗ ρi) = ρk ⊗ ρl =⇒ T (ρ⊗ ρj) = ρk ⊗ ρ′ or ρ′ ⊗ ρl (3.14)

In [57, 5] the authors note that boxworld state-spaces, combined under the maximal

tensor product, have effect spaces combined under the minimal tensor product (see

Section 2.4.3). As the square state space is self-dual, this describes two square effect

spaces combined under the minimal tensor product. Given Corollary 1, it is simple

to see that these effect spaces (and therefore the dual state spaces) cannot reversibly

interact. Consider the extremal effects of the square effect space, E1 and E3, that

do not share an edge. Consider a transformation on two adjacent extremal effects
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T (E ⊗ Ei) = Ea ⊗ Eb (3.15)

T (E ⊗ Ej) = Ec ⊗ Ed (3.16)

Where. Ea 6= Ec, Eb 6= Ed. Consider the linear functional ρa ⊗ ρd + ρc ⊗ ρd, where

ρx is the functional s.t. ρx(E) = 0 =⇒ E = Ex. This functional exists by

the extremality of E (it represents an supernormalized separable state), and by its

construction it returns value 0 only on the separable effects Ea⊗Eb, Ec⊗Ed and their

convex combinations. Therefore these image states define a face, which is an edge.

As the minimal face of the pre-image effects is E⊗Ei∨E⊗Ej = E⊗Ei∨Ej, which

is the full effect space on subsystem 2, by Corollary 1, T cannot be reversible unless

the effect space on subsystem 2 were an edge, i.e. a 2 dimensional classical system.

In [4], we use this simple observation to extend the results of [57, 5] to a wide range

of theories where composition is given by the minimal and maximal tensor products

and the subsystems are restricted to being bit-like (all fiducial measurements have

two outcomes) [4].

For more general systems than these, we require more constraining postulates than

simply the existence of reversible interactions. For example, consider a subsystem

that is the minimal tensor product of two convex sets, C = A � B. There exists a

reversible transformation T (A′ � C) = T (A′ �A�B) = A�A′ �B where A′ ∼= A

( T is a permutation of these sub-systems A and A′). Two adjacent states in the

pre-image, a′1 ⊗ a2 ⊗ b and a′1 ⊗ a3 ⊗ b, need not be mapped to adjacent states

in the image (for example if a local transformation is applied to A following the

permutation). Although this may seem like cheating, a composite C is still a valid

state space, and discriminating composite from non-composite systems is a difficult

problem [53]. In [115] we take an different route that rules out these pathological

cases. As we will show, demanding a classical limit impart strong constraints on the

kind of reversible transformations you can have,
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3.3.1 proof of the main result

We now present the proof of the existence of entangled states from the existence

of a non-trivial decoherence map as defined in Definition 18. The following proofs

derive follow those given in our publication [115]. What we prove is that any theory

that can decohere to classical theory and does not have entangled states must be a

composite of a classical system with a non-classical system, ΩS = ∆N ⊗Ωf , and the

decoherence map simply discards any non-classical subsystems (trivial decoherence).

More succinctly,

Theories with non-trivial decoherence

must have entangled states.

First we consider the constraints decoherence places on the geometry of single sys-

tems. We show that the state space ΩS has the following geometric properties

3.3.2 Single-system consequences of decoherence

Result 1: If DS [ΩS ] = ∆N where DS obeys Definitions 15 and 18 then the state

space ΩS has the following properties

1. Every classical pure state si is contained in a face that is its refining set fi.

2. These faces decohere to their associated pure classical state and any state that

decoheres to the classical state is in the face: DS [s] = si ⇐⇒ s ∈ fi.

3. The faces corresponding to distinct classical pure states are disjoint: fi ∩ fj =

∅ ∀i 6= j.

4. These faces are all isomorphic: fi ∼= fj ∀i, j.



3.3. Deriving the existence of entangled states 69

5. These faces are ‘exposed’: there exists an effect Ei such that Ei(s) = 0 ⇐⇒

s ∈ fi.

6. The minimal face containing all of these fi is the whole state space:
∨
i fi = S

Proof. We prove these results by a series of Lemmas. Consider a state space ΩS

with a decoherence map DS such that DS [ΩS ] = ∆N . We label the vertices of this

classical state space as si ∈ Vertex[∆N ] for i = 1, ..., N .

Lemma 5. Every classical pure state si is contained in a face fi that is the refining

set of si.

Proof. Follows from the definition of a face.

Lemma 6. Every state in fi decoheres to si and every state that decoheres to si is

in fi: DS [s] = si ⇐⇒ si ∈ fi.

Proof. Consider some state s ∈ fi, this means that s is in the refining set of si that

is, s � si and si =
∑

α pασα where σ0 = s. Then linearity and idempotence of

DS , DS [si] =
∑

α pαDS [σα] and therefore DS [s] � DS [si] = si. However si is, by

definition, a vertex of the image of DS which implies that DS [s] = si. Conversely,

assume that D[s] = si, and for the sake of contradiction assume that s 6∈ fi which

implies that s 6� si = DS [s]. Define a state τ := psi + (1− p)s. Clearly si � τ but

τ 6� si. However DS [τ ] = si and therefore τ 6� DS [τ ], DS [τ ] � τ . Thus DS [τ ] is

strictly purer that τ violating the purity-decreasing postulate 3 of Definition 15.

Lemma 7. The fi corresponding to distinct pure classical states are disjoint: fi ∩

fj = ∅ ∀ i 6= j.

Proof. By Lemma 6 we know that DS [fi] = si and so fi is contained within the

preimage of si. Hence, if the si and sj are distinct then their preimages are disjoint

and so fi ∩ fj = ∅.
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Lemma 8. The fi are all isomorphic: fi ∼= fj ∀ i, j.

Proof. In classical theory there is a reversible transformation π [si] 7→ sj, hence, by

Postulate 3 of Definition 18 there is a reversible transformation in the post-classical

theory Tπ [si] 7→ sj. As Tπ is linear it must map the refining set of si into the refining

set of sj and, as Tπ is reversible this defines an isomorphism between fi and fj.

Lemma 9. The fi are exposed faces: there is a linear functional Ei such that

Ei(s) ≥ 0 ∀s ∈ S and Ei(s) = 0 ⇐⇒ s ∈ fi.

Proof. In classical theory we have effects (i.e. linear functionals that are non-

negative on the cone) Ei such that Ei(s) ≥ 0 ∀s ∈ ∆N and Ei(s) = 0 ⇐⇒

s = si. By Postulate 2 of Definition 18 these arise from the post-classical theory as

Ei = εi◦DS and so by idempotence of decoherence we have Ei◦DS = Ei. Therefore,

Ei(s) = Ei(DS [s]) ≥ 0 ∀s ∈ S and Ei(s) = Ei(DS [s]) = 0 ⇐⇒ DS [s] = si ⇐⇒

s ∈ fi.

Lemma 10. The minimal face that contains ∆N is the entire state space:
∨N
i=1 fi =

S.

Proof. Consider some state in the interior of the state space i.e. ρ ∈ Int[S]. This

means that every other state refines ρ, i.e. s � ρ ∀ s ∈ S. Now consider DS [ρ],

and note that if a state is refined by an interior state then it too is an interior

state. Therefore, for DS [ρ] to not be an interior state it must be that ρ 6� DS [ρ] but

DS [ρ] � ρ, this therefore violates the purity-decreasing Postulate 3 of Definition 15.

Therefore, DS [ρ] must also be an interior state. As DS [ρ] ∈ ∆N is interior to S then

the minimal face that contains ∆N must be the entire state space.
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3.3.3 Composite system consequences of decoherence

Next we consider the consequences of decoherence on composite systems. Essentially,

as the resulting classical systems must be able to interact under classical dynamics

we can use this to construct the following constraints

Result 2: Consider bipartite systems S � S which decohere via DS � DS to

∆N � ∆N = ∆N2 . In order for the decohered systems to be able to interact via

reversible classical interactions, the systems in the super-theory must obey the fol-

lowing constraints.

1. The classical faces in Result 1 fi have linearly independent spans Span[fi] ∩

Span[
⋃
k 6=i

fk] = {0} ∀i

2. The minimal face containing a set of faces {fi} is just the convex hull of these

faces,
∨
i fi = Conv[{fi}]

Proof. Let us consider the bipartite state space S�S which decoheres via DS�DS to

∆N �∆N = ∆N2 . For example, one can consider these two state spaces decohereing

independently and then being brought together.

Lemma 11. The refining set for si ⊗ sj is fi ⊗ fj.

Proof. In the minimal tensor product a generic state can be written as
∑

α pαaα⊗bα.

Therefore, if si ⊗ sj =
∑

α pαaα ⊗ bα then by considering the two marginals by

applying u⊗ I and I⊗u (i.e discarding each of the sub-systems in turn) we get that

si =
∑

α pαaα and sj =
∑

α pαbα, and so aα ∈ fi and bα ∈ fj hence the refining set

for si ⊗ sj is just fi ⊗ fj.

Lemma 12. There exists a reversible transformation T such that

T ::





fk ⊗ fi 7→ fk ⊗ fi ∀ i 6= j

fk ⊗ fj 7→ fj ⊗ fj
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Proof. For a classical bipartite system ∆N �∆N there is a reversible transformation

achieving the permutation of classical states

π ::





sk ⊗ si 7→ sk ⊗ si ∀ i 6= j

sk ⊗ sj 7→ sj ⊗ sj

therefore by Postulate 3 of Definition 18 there must be a reversible transformation

Tπ which has the same action as π on the image of DS . By the same argument as

in the proof of Lemma 8 this must extend to the relevant refining sets as given by

Lemma 11, hence taking T = Tπ we obtain our result.

Lemma 13. The minimal face containing a set of faces {fi}ni=1 is the convex hull

of these faces,
∨n
i=1 fi = Conv[{fi}ni=1]

Proof. We prove this result via induction, the n = 1 case is trivial as it simply

states that fi = Conv[{fi}]. Now for the induction, assume that f̃ :=
∨n−1
i=1 fi =

Conv[{fi}n−1
i=1 ] then the effect Ẽ :=

∑n−1
i=1 Ei is such that Ẽ(s) = 0 ⇐⇒ s ∈ f̃ . Now

define the effect

e := En ⊗ Ẽ + E1 ⊗ En

and note that e(a⊗ b) = 0 ⇐⇒ a⊗ b ∈ {f1⊗ f̃ , fn⊗fn}. Hence, Conv[{f1⊗ f̃ , fn⊗

fn}] is a face and so we have

fi ⊗ f̃ ∨ fn ⊗ fn = Conv[{f̃ ⊗ f1, fn ⊗ fn}].

Now consider the transformation T such that,

T ::





f1 ⊗ fi 7→ fi ⊗ fi i = 1, ..., n− 1

f1 ⊗ fn 7→ fn ⊗ fn
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which exists by Lem. 12. Therefore we have

f1 ⊗ (f̃ ∨ fn)
T∼= fi ⊗ f̃i ∨ fn ⊗ fn
= Conv[{f1 ⊗ f̃ , fn ⊗ fn}]
T∼= f1 ⊗ Conv[{f̃ , fn}]

Hence we have

n∨

i=1

fi = f̃ ∨ fn = Conv[{f̃ , fn}] = Conv[{fi}ni=1]

as we required.

Lemma 14. If the spans of fi and fj are equal then they must be the same face:

Span[fi] ∩ Span[fj] = Span[fi] ⇐⇒ i = j.

Proof. Firstly note that as fi ∼= fj the dimension of the spans are the same, hence

this is equivalent to the statement that

Span[fi] = Span[fj] ⇐⇒ i = j.

The ⇐ direction is trivial so we focus on the ⇒ direction. Consider some state

χ ∈ fj, by assumption we have χ ∈ Span[fi] and so χ =
∑

α xαχα where xα ∈ R and

χα ∈ fi. Therefore Ei(χ) =
∑

α xαEi(χα) = 0 and so χ ∈ fi. This is true for any

state of fi and an identical proof holds with i and j swapped, therefore fi = fj.

Lemma 15. Span[fi] ∩ Span[
⋃
k 6=i

fk] = {0} ∀i

Proof. First note that given vector spaces U and V with subspaces A,B ⊆ U and

C,D ⊆ V that

(A⊗ C) ∩ (B ⊗D) = (A ∩B)⊗ (C ∩D).

(see for example Lemma 1.4.5 of [44]). Now consider the transformation T from
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Lem. 12.

T ::





f1 ⊗ fi 7→ fi ⊗ fi 1 6= i

f1 ⊗ fk 7→ f1 ⊗ fk ∀ k 6= i

Define A = Span[f1], B := Span[fi] and C := Span[
⋃
k 6=i fk]. As T is a linear

reversible transformation it preserves the intersection of these subspaces. Equating

the intersection of the subspaces in the pre-image and the image under T gives

A⊗ (B ∩ C)
T∼= (B ⊗B) ∩ (A⊗ C)

= (A ∩B)⊗ (B ∩ C)

This can only be satisfied if A ∩B = A or B ∩ C = {0}. The first case is ruled out

by Lemma 14, whereas the second case implies that Span[fi] ∩ Span[
⋃
k 6=i fk] = {0}

as we require.

3.3.4 Proof of main theorem

We can now combine Results 1 & 2 to prove our main theorem

Theorem 1: If a theory decoheres to classical theory (Def. 18) in the minimal

tensor product, then each state space ΩS – which decoheres via DS to ∆N(S) – is of

the form AS �∆N(S) and the decoherence map is DS = (xS ◦ uS)AS � 1∆N(S) , where

xS is some fixed state of the system and uS is the discarding map for the system.

Proof. Given the previous results we have shown that the state space can be writ-

ten as ΩS =
∨N
i=1 fi where the fi are linearly independent. Moreover,

∨n
i=1 fi =



3.3. Deriving the existence of entangled states 75

Conv[{fi}ni=1]. The conjunction of these conditions implies that the cone generated

by S decomposes into the direct sum [11]

ΩS =
N⊕

i=1

fi

Moreover, as the fi are all isomorphic we can define A ∼= fi ∀ i. Consider the state

space

S ′ = A�∆N

Using ∆M =
N⊕
i=1

pi where pi is a zero-dimensional face, and distributivity of � over

⊕ (Lemma 2) we can write

ΩS′ =
N⊕

i=1

A� pi

Finally, as pi is zero dimensional, pi �A ∼= A and therefore

ΩS′ ∼=
N⊕

i=1

Ai = ΩS

That is, S is just the composite of some possibly non-classical state space A with a

classical state space ∆N where the state of ∆N labels which state si a state decoheres

to. Therefore, the output state of the decoherence process depends only on the state

of the classical component. Hence, can be written in the required form,

DS = (x ◦ u)A ⊗ I∆N
.

where u is the discarding effect and x is some fixed state of A.

Result 3: For any theory that decoheres to classical theory as per Definitions 15

and 18, and whose composition rule ⊗ is given by the minimal tensor product �, all

state spaces are of the form

ΩS = f �∆N



76 Chapter 3. Generalized Post-Classical Theories

and the decoherence map is of the form

DS = (s ◦ u)f ⊗ 1∆N

where u is the discarding effect and s is some fixed internal state of f . E.g. deco-

herence of non-classical systems comprises of discarding them.

Therefore, if we restrict ourselves to considering non-classical theories without en-

tanglement, the only decoherence-to-classical map possible is the trivial map where

we discard our non-classical systems. For example, in quantum theory this would

correspond to all quantum systems regardless of their state or dimension decohere-

ing to the zero-dimensional classical state, and the resulting classical theory being

trivial.

3.3.5 Discussion of results

We have shown that if a theory has a non-trivial decoherence mechanism then the

theory must have entangled states7. This shows that entanglement, rather than

being a surprising feature of nature, is an entirely inevitable feature of any post-

classical theory of nature. The results presented in the previous section are the first

step towards fully characterizing all post-classical theories. For example, a natural

question to ask what other features of quantum theory can be reproduced simply by

demanding that the theory has a classical limit? Beyond the existence of entangled

states, we expect there to be other general characteristics of this class of theories

that warrant further study. There are myriad other physical features that could be

implied from the existence of a classical limit such as information causality [105],

bit symmetry [97] and macroscopic locality [100] to name but a few.

Another potential avenue for future work would be to see if the results presented in

7The following discussion, paraphrasing from [115], was originally written by myself as first
author
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this paper can be extended to bona fide device-independent notions of non-locality.

In particular it would be interesting to determine if, perhaps by introducing addi-

tional physical postulates, it would be possible to derive the existence of non-local

correlations that violate Bell inequalities. The existence of entangled states is in gen-

eral a necessary but insufficient condition for observing violations of Bell inequalities.

For example, non-separable states are present in the local theory of Spekken’s toy

model [126]. On the other hand, it has been shown that all entangled states in

quantum theory display some hidden non-locality [28, 94]. By determining the ad-

ditional structure present in quantum theory that gives this correspondence between

entanglement and non-locality, it could be possible to derive the violation of Bell

inequalities from purely physical postulates. Given the simplicity of the postulates

used to derive the existence of entangled states, it is plausible that the postulates

that give rise to Bell non-locality are similarly mundane.

In the next section we explore another related research line. We use the ideas laid

out in the previous section to study how a quantum limit could constrain any post-

quantum theory. Much like assuming a classical limit, we assume that in any deeper

theory that quantum theory, systems must be able to behave like quantum systems

in some limit.



Chapter 4

Hyperdecoherence

In the previous section we postulated the existence of decoherence-to-classical pro-

cesses and derived the existence of entangled states. From this we can conclude that

any ‘post-classical’ theory, that is any extension of classical theory to a richer theory

(e.g. quantum theory) via a decoherence map, must contain entangled states. Our

definition of decoherence maps (Def 15) is weak enough that it can be applied to

any causal theory with reversible interactions between systems.

The proofs in the previous chapter rely on the strong constraint that the sub-theory

imposes on the super-theory. The next logical step is to try and relax these con-

straints. Instead of making the sub-theory classical, what if we just ask that it is

causal? Or that it obeys tomographic locality? This allows us to consider more gen-

eral super-theory to sub-theory relations, through what we call a hyperdecoherence

map. For example, we can define all super-theories of quantum theory as GPTs

for which there exists a hyperdecoherence map (obeying Definition 15) that recover

quantum theory as a sub-theory.

The exploration of possible post-quantum theories, and post-classical theories other

than quantum theory, is hindered by the fact that it is very hard to construct a self-

consistent theory from scratch. However, by considering this space of possible GPTs,

ordered under the hyperdecoherence map, we can explore the general structure of

78
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these theories without having to explicitly construct them. To see this, consider the

space of all GPTs. This is depicted in figure ?? as a cone whose point is the trivial

theory with no states, effects or transformations. The existence of a generalized

decoherence map imposes a partial ordering on this space. For example, we know

that quantum theory is a super-theory of classical theory. Furthermore, we know

that all post-classical theories are ‘entanglement theories’ (i.e. theories that contain

entangled states’). However, the general ordering of theories under decoherence

remains unexplored. There are extensions of quantum theory, for example ‘higher

order interference’ quantum theory [125, 122, 85, 13, 43, 14] and quartic quantum

theory [138], but it is unclear if these theories can hyperdecohere to quantum theory

in a physically consistent way.

In this chapter we derive a general rule that strongly constrains this partial ordering

of theories. Namely that

If theory Y hyperdecoheres to theory X, Y �X, and X and Y obey

causality and local tomography, then X=CT.

That is, the only sub-theory of all causal theories is classical theory. This surprising

result immediately implies the following

There is no causal, pure, locally tomographic extension of quantum

theory via a hyperdecoherence map.

These proofs can be seen as an extension on and improvement of the result in

[86]. Before presenting our results we briefly discuss the results in [86] and the

assumptions the authors use.

4.0.1 Existing no-go theorems

In [86], the authors consider all super-quantum theories that decohere to quan-

tum theory under the same assumptions on the decoherence map as we present in
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Definition 15. They also impose the following additional constraints on the set of

post-quantum theories that they consider

Postulate 6 (Purity of the sub-theory). All state that are pure in the sub-theory

are pure in the super-theory. I.e. if we have a quantum system with state space ΩQ

and pure states |ρQ) ∈ Ωpure
Q , and a system in the super-theory ΩSQ that decoheres

to ΩQ by D [ΩSQ] = ΩQ, then |ρQ) ∈ Ωpure
SQ ∀ |ρQ) ∈ Ωpure

Q

On top of this assumption, they assume that the post-quantum theory obeys the

purification postulate [32]

Postulate 7 (Purification). A GPT obeys the purification postulate if, for every

state on a single system |ρA) ∈ ΩA, there is a pure state on the bipartite composition

of that system with some ancillary system B, |ΨAB) ∈ ΩA ⊗ ΩB, such that

1. purity : |ρA) is the marginal of |ΨAB])

=

⇢A AB

AB A

(4.1)

2. All such ‘purifications’ of the state |ρA) are connected by local reversible op-

erations on the purifying system

=

⇢A AB

AB A

=

⇢A

AB A
 0

AB

& ,
 AB

AB AB
 0

AB

=9R, R�1 s.t.

R

(4.2)

First, lets consider the assumption that Postulate 6 holds. This essentially asserts

that pure sub-theory states (e.g. pure quantum states) are maximally informative.
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There are no states in the super-theory that refine pure quantum states. This is

true for a classical sub-theory of quantum theory. For any given basis a qubit

can decohere to a classical system where the pure states of the classical system

correspond to the pure states of the qubit that are invariant under the decoherence

map. This assumption is non-trivial, as one can easily imagine an extension of

quantum theory where all quantum states are an incomplete description of the state

of a system, obtained by taking a mixture of states in the super-theory.

We make use of the same assumption in our proof. The following example shows why

this assumption is required - to get rid of ‘fake decoherence’ processes. Consider the

following decoherence map, which can be constructed in quantum theory by defining

the system in the super-theory be the tensor product of two identical quantum

systems, Ssuper = A ⊗ A, and the system in the sub-theory be the one of the sub-

systems tensored with some fixed state |e), Ssub = A ⊗ e. The hyperdecoherence

map is equivalent to simply applying the discard and prepare process to one of the

sub-systems. In quantum theory, we can achieve this reversibly if the state |e) is

internal, as there is some entangled state that purifies it.

AA

AA

DH :=
e

A A

AA

= =

AA  AA AA

I

(4.3)

where

e
=

 (4.4)

We achieve the hyperdecoherence map, which entails discarding the second subsys-

tem and preparing a new state e, by performing a partial swap operation with an
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environment state Ψ. As the partial swap is a reversible transformation, this is

consistent with our assumptions. Furthermore it is simple to show that this map

is idempotent (by composing the first term in (4.3) with its self) and causal (as

quantum theory is causal). Clearly this does not constitute an interesting decoher-

ence processes, as the sub-theory is nothing more than a state in the super-theory

combined with some mixed state.

We now show that, depending on our choice of Ψ, the hyperdecoherence is trivial

(there is no interacting with the environment) or the state e is mixed. In the latter

case, all states in the sub theory are mixed in the super theory, and this map violates

Postulate 6.

Consider the case there Ψ is a product state. It is simple to show that in this case

I separates

AA AA

I

DH

DH

=
e

e

=

e

e

= DH DH

(4.5)

As any convex combination of a separable process is a separable process, all non-

entangled Φ result in trivial decoherence maps. In causal and locally tomographic

theories, all entangled states have mixed marginals [32]. Thus, our fake hyperdeco-

herence satisfies all of the above assumptions except Postulate 6. It appears at first
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glance that the primary function of Postulate 6 is to exclude these fake decoherence

processes. We hope that in the future this postulate can be replaced by some as-

sumption that ensures the system is not tensor-decomposable1. Finding postulates

for the existence of sub-systems is an open problem [53], and beyond the scope of

this thesis. On the other hand, there could be interesting extensions of quantum

theory whereby pure quantum states are states of partial knowledge (mixed) in the

super-theory.

The second assumption is quite strong, as it is shown in [33] that quantum theory

can be derived from the purification postulate along with a few other assumptions.

Purification is presented as the defining postulate that separates quantum theory

from other possible candidates. Ideally, we would want a no-go theorem for the

existence of post-quantum theories that does not assume one of the key postulates

of quantum theory.

A discussion of the physical meaning of this postulate is given in [36]. The first

part of the postulate states that any mixed (e.g. random) system can be seen as a

sub-system of some global pure state. This is well physically motivated as it is neces-

sary to allow for local randomness to coexist with global determinism and reversible

dynamics. For example, local randomness and reversible evolution of systems are

possible in classical theory, but require some initial randomness and hence a global

state that is mixed. The fact that in quantum theory mixed states can be ‘purified’

as entangled states gets around this, allowing for global determinism alongside local

randomness and reversibility. The second element of the postulate, that all purifica-

tions are related by reversible transformations on the purifying system, is a strong,

mathematical assumption.

In the following section we give a proof of the same result in [86] but removing

the assumption of Postulate 7. The only substantial assumptions remaining are

causality, purity of the sub-theory, and local tomography.

1Our result will then be that the systems in sub-theories obtained through hyperdecoherence
processes are tensor and/or direct sum decomposable
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4.0.2 No-go theorem on hyper-decoherence

First we state our assumptions on the hyperdecoherence process. The only de-

parture from our previous definition of decoherence in Def 15 is that we explicitly

demand that the interaction process is reversible, and Postulate 6. We constrain

the sub-theory to be non-classical (no non-disturbing measurements), which is true

for quantum systems.

The intuition behind our proof is as follows. The decoherence map is idempotent

on the states belonging to the sub-theory. Therefore it satisfies the definition of a

partial cloner / leak (Definition 22). Therefore, if this interaction cannot be used

to construct a non-disturbing measurement in the sub-theory (as we assume the

sub-theory has no non-disturbing measurements), the partial cloner must be trivial

(non-interacting). Our proof then centres around showing that, given the interaction

is non-interacting for input systems belonging to the sub-theory, it must be non-

interacting for input systems lying in the super-theory state space as well. Formally,

we will show that, given I is a trivial partial cloner in Ωsub it must likewise be a

trivial partial cloner in the super-theory,

I =

E

R�1

(4.6)

That is, the reduced transformation on the system is reversible and hence the deco-

herence is trivial, Ωsuper
∼= Ωsub with the isomorphism given by the the (reversible)

reduced map on the system.
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Lemma 16.

I

⇢
⇢

L=

E E

D

8 ⇢ 2 ⌦sub

Proof. Starting with a pure state in the sub-theory ρ ∈ Ωpure
sub , idempotence implies

that this state is invariant under the decoherence map. Applying the decoherence

map twice gives

⇢ ⇢

= =
I

⇢

D
D

D

E (4.7)

We can then decompose the unit effect into an arbitrary sum involving any effect

e ∈ Ωsuper

(4.8)

where

⇢

=pj

I

⇢

ej

, pj := I

⇢

ejD

E E (4.9)
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where we have applied the causality of the decoherence map to remove it from the

definition of pj. As ρ is pure in the sub-theory, and we have a decoherence map

on the left output wire so the sub-normalized states also belong to the sub-theory,

the convex sum in (4.8) must be trivial. As any e ∈ Ωsuper can appear in this

decomposition we have

I

⇢

e

⇢

= I

⇢

8 e 2 ⌦super

eD

E E (4.10)

Applying tomographic locality then gives

I

⇢⇢

= I

⇢⇢

:=L⇢

D

E E E

8 ⇢ 2 ⌦pure
sub

(4.11)

This then extends to all ρ in the sub-theory by linearity

Lemma 17. Lρ = L ∀ ρ

Proof. This follows immediately from the non-existence of non-trivial partial cloners

on the sub-theory and the postulate of tomography. If Lρ depended on the sub-

theory input state then by tomography there exists some measurement that can

discern and distinct images of E under Lρ.

Result 1. If the decoherence map is a trivial partial cloner in the sub-theory, then
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the decoherence map is trivial. There exists a reversible transformation R s.t.

I =

E

R�1

Proof. By Lemmas 16 and 17, the image of the environment state is fixed for all

sub-theory inputs on the left wire

I

⇢
⇢

L=

E E

D

8 ⇢ 2 ⌦sub

(4.12)

Let L(E) = E ′. First, choose ρ ∈ Ωpure
super by Postulate 6. Local tomography implies

that all states with pure marginals are product state (Lemma 19 of [32]). Therefore

I(ρ ⊗ E) = ρ ⊗ E ′ by local tomography, then by the reversibility of I we have

that E ′ ∈ Ωpure
super. As Lρ = L then the image of the environment state is pure for

all ρ ∈ Ωsub. By Definition 15, the sub-theory contains an internal state of the

super-theory. As such we can choose ρ ∈ Ωint
super and decompose the interaction as

=

X

i

pi I

si

= L

si

X

i

pi

E
E 0

E 0

(4.13)

Where the decomposition involves arbitrary super-theory input states. As E ′ is pure,

this convex sum must be trivial.
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I

si

=:= 8 si 2 ⌦pure
superE 0

E

Ei

(4.14)

Therefore by local tomography we obtain

I =

E E 0
(4.15)

As the image of I :: s ⊗ ε has a pure marginal, then by local tomography it is a

product state (Lemma 19 of [32]). As I is reversible then the image of the system

under the decoherence map is isomorphic to the pre-image, e.g. I is a locally

reversible transformation and Ωsuper
∼= Ωsub

The consequences of Result 1 are clear. If we wish to extend a theory to a super-

theory via a hyperdecoherence map, then the original theory must allow for non-

trivial partial cloners, and hence non-disturbing measurements. As quantum theory,

for example, does not permit non-disturbing measurements, then it cannot be ex-

tended to a theory that is causal and locally tomographic.

4.1 Discussion

Our result puts very tight constraints on what any post-quantum theory could look

like, assuming it recovers quantum theory by hyperdecoherence. The necessity for
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Postulate 6 are discussed in Section 4.0.1, and only plays a role of excluding fake

decoherence maps. Here we briefly discuss the other two physical postulates, causal-

ity and tomographic locality, and what a super-theory that violates these postulates

might look like.

Causality: As defined in Postulate 3, causality is the assumption that preparation

outcomes are independent of the choice of measurement later applied to a prepara-

tion. As we showed in Chapter 1, we can enforce causality by assuming the existence

of a unique deterministic effect. What would a theory look like without causality?

Acausal foil theories have been constructed; for example in [46] an acausal theory

is constructed which obeys tomographic locality and determinism2. However, the

theory violates the no-signalling principle. This is perhaps unsurprising as acausal

theories can allow for ‘signalling from the future’, in that measurements in the causal

future of a preparation can affect the outcome of that preparation. In [47] it is show

that causality is required for constructing a partial ordering on events. That is,

if events are time-like separated (event A precedes event B, A � B) or space-like

separated (A 6� B, B 6� A). The ‘past cone’ of an event B is the set of all events

that causally precede B, e.g. A � B. This ‘no signalling from the future’ principle is

stated as ‘the marginal probability of any event is independent of any event outside

of its past cone’, and it is shown that the postulate of causality is required by the

no-signalling from the future postulate. However, in [59] it is shown that it is possi-

ble, at least in principle, to construct theories that violate causality and in doing so

allow ‘future’ events to influence ‘past’ events, without allowing for signalling from

the future to the past.

Characterizing acausal theories is an active field of research, and goes beyond the

scope of this thesis. Suffice to say that causality is a fundamental physical postulate,

a central assumption of the scientific method, and (as shown in [47]) is experimen-

tally falsifiable. It remains an open question as to what reasonable acausal theories

2By determinism, we mean that events occur with probability 1 or 0. Thus, one can construct
deterministic theories that are non-the-less acausal



90 Chapter 4. Hyperdecoherence

exist. Clearly if we are to relax the postulate of causality to go beyond quantum

theory we can expect a significant departure from the formalism of quantum and

classical theory, and the causal process theories outlined in Chapter 1.

Tomographic locality: If a theory violates tomographic locality it can still obey

tomography as defined in Section 2.2. That is, performing tomography with local

open circuits is insufficient to characterize a process

=A

si sj

ei ej

si sj

ei ej

B
X XY Y

P PQ Q

8 ei 2 ⌦X , ej 2 ⌦Y , si 2 ⌦P , sj 2 ⌦Q

6) =A B
X XY Y

P PQ Q

However, if we retain the basic postulate of finite tomography then

=A B
X XY Y

P PQ Q

=A B
X XY Y

P PQ Q
R R

8R, i 2 ⌦RPQ,� 2 ⌦RPQ

)

�i�i

 i  i

There are well known examples of GPTs that violate local tomography, probably the

best known being real quantum theory [128, 78, 10, 16, 133]. Real quantum theory

is constructed by replacing the complex field with the real field in standard quantum

theory. As a consequence, states and effects correspond to real symmetric matrices,

and transformations are completely positive maps that preserve the space of real

symmetric matrices. In [14] it is shown that real quantum theory is causal and

permits reversible interactions between sub-systems whilst violating tomographic

locality. In [136] it is shown that real quantum theory can surpass quantum theory
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in certain information transfer protocols.

An extension of quantum theory that violates local tomography would likely have

some interesting properties. For example, the existence of non-local degrees of free-

dom. To illustrate this, we consider an example from real quantum theory (following

an example given in [40]). The simplest systems in real quantum theory are rebits,

which are the state spaces of qubits restricted to the ‘equator’ (i.e. the ring of real

numbers). Consider some arbitrary state ρ on this ring, and the transformations

T1(·) and T2(·) s.t.

T1(ρ) =
1

2
ρ+

1

2
Y ρY (4.16)

T2(ρ) =
1

2
I · Tr(ρ) (4.17)

where Y is the Pauli-Y matrix and ρ can be written in the form

Y =




0 −i

i 0


 , ρ =



p q

q 1− p


 (4.18)

T2(·) is a ‘measure-prepare’ transformation that traces out the state (applies the unit

effect) and prepares the state 1/2I, so clearly this is an allowed transformation. It is

simple to check that Y ρY is a real symmetric matrix trace-one for all real symmetric

trace-one matrices ρ, so is an allowed transformation, and T1(·) is just the mixture

of this transformation with the identity map, so it an allowed transformation. It

is simple to check that T1(ρ) = T2(ρ) ∀ ρ that are real symmetric and trace one,

therefore these two transformations cannot be distinguished by inputting different

states ρ and performing local measurements on the (identical) output states.

Consider the Bell state |φ+〉 〈φ+| where |φ±〉 = 1/
√

2 [|00〉 ± |11〉]. Clearly this

belongs to the bipartite rebit state-space by construction3. Consider the image of

3we take all states in QT with real coefficients wr.t. some basis. In this case we choose the
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this state under the action of T1(·)⊗ I and T2(·)⊗ I.

T1 ⊗ I(
∣∣φ+
〉 〈
φ+
∣∣) =

1

2

∣∣φ+
〉 〈
φ+
∣∣+

1

2

∣∣ψ−
〉 〈
ψ−
∣∣ (4.19)

T2 ⊗ I(
∣∣φ+
〉 〈
φ+
∣∣) =

1

2
I⊗ I (4.20)

where |ψ±〉 = 1/
√

2 [|01〉 ± |10〉]. Performing the two-outcome measurement with

effects {|φ+〉 〈φ+|+ |ψ−〉 〈ψ−| , |φ−〉 〈φ−|+ |ψ+〉 〈ψ+|} distinguishes these two states,

therefore the two processes can be distinguished by non-local tomography. As noted

in [40], as the image of |φ+〉 〈φ+| are locally indiscriminable but can be non-locally

discriminated, we can define a ‘non-local observable’

Q = (T1 ⊗ I− T2 ⊗ I) (
∣∣φ+
〉 〈
φ+
∣∣) (4.21)

where, by construction, Tr [QE1 ⊗ E2] = 0 for all local measurements (real sym-

metric matrices E1, E2). One can compare this to the situation in quantum theory,

where all states can be distinguished by local measurements and all observables have

support over local states [68].

Of course, we cannot pretend that our treatment for extending quantum theory is

totally general. There are two remaining possibilities worth mentioning. Firstly, it is

quite possible that quantum theory emerges from a deeper theory via some process

different to hyperdecoherence. Just because classical theory emerges from quantum

theory through ‘dynamical’ decoherence (e.g. interactions with an environment),

does not mean the same must be true for hyper-quantum theory. For example,

there are extensions of quantum theory that include indefinite causal ordering [102],

and it is unclear if such extensions need a dynamical decoherence mechanism to

recover quantum theory, rather than recovering quantum theory under a restriction

computational basis without loss of generality.
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to causal dynamics4. Secondly, our proofs rely on the reversibility of the interaction

that gives rise to hyperdecoherence. It is possible at least in principle that there are

truly irreversible processes in nature, and these could give rise to an irreversible deco-

herence map. However the assumption of reversibility is of fundamental importance

in the theory of thermodynamics. Indeed we show in the following Chapter that

without reversibility we can freely erase information, which allows us to circumvent

the second law of thermodynamics.

4.2 Conclusions

In the previous chapters we have introduced the framework of generalized probabilis-

tic theories (GPTs) - a framework general enough to encapsulate quantum theory

along with any reasonable theory that can describe the outcomes of experiments.

We then introduced the theory of decoherence and hyperdecoherence for general-

ized probabilistic theories, the first describing how GPTs can recover classical theory

through dynamical decoherence (interacting with an inaccessible environment), and

the second describing how we can recover more general theories (such as quantum

theory) by a similar process. We then presented two new no-go theorems; the first

establishing that the existence of entangled states max exist in any theory that can

decohere to classical theory, and the second establishing that any theory that can

hyperdecohere to quantum theory must violate either the postulate of causality,

purity of the sub-theory or tomographic locality. We have then briefly discussed

the implications of these no-go theories within a wider context, namely the research

program of exploring possible extensions of quantum theory.

One possible avenue for future research would be to combine these two approaches.

It is simple to see that, as quantum theory decoheres to classical theory, any post-

quantum theory must be able to do the same. We have seen that the existence

4In this case, we would recover causal quantum theory because, experimentally, we are restricted
to performing experiments that admit an absolute causal ordering
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of a classical sub-theory imparts very strong constraints on the allowed reversible

dynamics and kinematics of post-classical theories. It is likely that the same is

true for the existence of a quantum sub-theory. In our second no-go theorem the

only properties of quantum theory that we made use of are the non-existence of

non-disturbing measurements, local tomography and causality. It is possible that

stronger constraints exist if we make explicit use of the structure of quantum theory

(its states, effects and transformations) as we did for classical theory in Chapter 3.

Another avenue of research would be to attempt to remove or relax the assumptions

of causality and tomographic locality. Indeed the results presented in Chapter 4

currently remain unpublished due to ongoing work to remove the assumption of

local tomography. The postulate of purity of the sub-theory is the first assumption

we should seek to relax in future work, as it appears to only play a role in excluding

some invalid hyperdecoherence processes.

Finally, the techniques developed in Chapters 3-4 could be employed to explore other

non-classical features of quantum theory, and determine if these features can be

derived from the existence of a classical limit. It would be fascinating if many of the

features of quantum theory could be reconstructed from the existence of a classical

limit alone. Or indeed if quantum theory can be singled out as the only post-

classical theory under some assumptions such as causality and local tomography.

This hypothesis is highly speculative, but we have presented strong evidence for the

power of our approach. It is likely that if a full reconstruction of quantum theory is

not possible by this approach, we can nevertheless recover some of its features.

In all of the results presented in the previous two chapters an indispensable ingre-

dient has been the assumption that, fundamentally, all dynamics are reversible. In

the following chapters we turn our attention to the foundations of thermodynamics

in quantum and classical theory. Classical and quantum theory both obey the pos-

tulate of reversibility, and we will see that this postulate is an essential precursor to

the second law of thermodynamics.



Chapter 5

Thermodynamics of individual

quantum systems

5.0.1 Thermal baths

The central object that gives rise to the bounds and limitations we derive in this

chapter is the thermal bath. A thermal bath is a large system, typically taken to

be of infinite volume/dimension, that has reached a state of thermal equilibrium.

Before we can rigorously define these statements, it is useful to give some simple

descriptions of some of the basic principles describing these systems.

A microscopic state (or microstate) of a system is a single assignment of all of

its possible degrees of freedom. For example, in a classical N -particle system, a

microstate can be represented as a vector containing the instantaneous positions

and momenta of all particles (and could specify additional conserved quantities such

as angular momentum). Let x denote a microstate. As we are typically interested

in counting microstates by their energy, we will often treat the energy eigenstates

of the system and its microstates interchangeably. We assume that the system

is closed, meaning that no energy passes in or out, and we can describe it with

a single Hamiltonian. The Hamiltonian H assigns an energy to each microstate,

95
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and we can define an energy shell as the set of states with a given energy E, {x :

H(x) = E}. The density of states Ω(E) is a function giving the volume of the

energy shell, Ω(E)dE = Vol {x : E ≤ H(x) ≤ E + dE}. A classic assumption in

statistical mechanics is that the equilibrium state of large systems can be described

by the microcanonical ensemble, whereby all microstate probabilities have the same

probability for all microstates of the same energy1.

p(x) =





1
Ω(E)

, H(x) = E

0 otherwise

(5.1)

The Shannon entropy of the microcanonical ensemble is then given by S(E) =

ln Ω(E) (we work in natural units, with the Boltzmann constant set to 1). We can

trivially include an additional variable V , which represents a dimensionless volume

(for example, particle number), in order to allow comparison between identical sys-

tems of different sizes, i.e. Ω(E, V ). As we will see, under the assumption that

a system is in thermal equilibrium with a larger system, and the global equilib-

rium state is described by the microcanonical distribution, we can derive that the

probability of a microstate follows the Gibbs distribution 2

Definition 23 (Gibbs distribution).

p(x) =
e−βE

Z
, Z =

∑

x

e−βEx (5.2)

1This is a very non-trivial assumption, that can be reached by several arguments. The most
simple being to assume the assuming the maximum entropy postulate, whereby you assign as the
equilibrium state the maximum entropy state (which, for a given energy, is the micro-canonical
ensemble). Other standard arguments involve assuming ergodicity, which states that (over suffi-
ciently large periods of time), the time spent by a system in a given region of the state space with
fixed energy is proportion to the volume of that region [134]. The assumption of ergodicity allows
us to equate temporal averages to ensemble averages, and the equilibrium states of the system are
those that are invariant under time translations. One such invariance state is the microcanonical
ensemble. However, quantum and classical systems are in general non-ergodic. This discussion
goes beyond the scope of this thesis, and we take this assumption as it is a key assumption of the
articles referenced in the following sections upon which this research builds.

2In systems that have thermalized with a bath of inverse temperature β, the distribution of
microstates is typically given by the Gibbs distribution (see [62] for a resource-theoretic derivation).
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We now present our definition of a thermal bath. For now we will give a very

idealized definition of a thermal bath, imparting as few constraints as possible until

later3. Note that the following definitions and proofs are taken from my publications

[114] and [113].

Definition 24 (Heat bath). We define a heat bath as a large system with a continu-

ous energy spectrum defined by a Hamiltonian HB. The density of microstates of the

bath is given by Ω(E, V ) = eS(E,V ) where S(E, V ) is the entropy of the microcanon-

ical ensemble for a given energy E and (dimensionless) volume V . Furthermore, we

demand that

1. The entropy is extensive, S(kE, kV ) = kS(E, V ) ∀ k > 0

2. The dimensionless volume V is large

3. The bath is in a Gibbs state with inverse temperature β, s.t. a microstate

with energy E has an associated probability Z−1
B e−βE

What is the intuition behind these assumptions? Assumptions 1 and 2 are stan-

dard assumptions for a thermal bath. The second assumption, which only becomes

important later, simply states that the bath is a large system in some sense. The

first assumption is non-trivial, but is certainly justified if the system is weakly in-

teracting, in that the mutual information between any two partitions is negligible

by comparison to the sum of the entropies of the two partitions. Then the approx-

imation is valid by the additivity of entropy for independent distributions. The

third assumption can be addressed as follows. A thermal bath is a system that has

reached thermal equilibrium with an even larger system of inverse temperature β.

For now, we take the limit V → ∞, which we will remove in section 5.4. Consider

a microstate x of our bath with energy HB(x). As the bath and the larger system

3This is not to say that systems not meeting our criteria cannot be considered heat baths -
there are many treatments that consider thermal baths that allow for the exchange of resources
other than energy [64, 61] and formalisms that allow for single quantum systems act as heat baths
[124].
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that contains it are together in isolation, their total energy E0 is conserved. There-

fore the larger system has energy E0 −HB(x), for which there are ΩS(E0 −HB(x))

microstates that it can occupy. In other words, the number of microstates of the

combined system, for which the thermal bath is a subsystem in microstate x, is

ΩS(E0 −HB(x)). As the joint system is governed by the microcanonical ensemble,

we can conclude (from the law of total probability) that

p(x) =
ΩB(E0 −HB(x))∑

x′
ΩB(E0 −HB(x′))

(5.3)

Using Ω(E) = es(E) we recover

p(x) ∝ ΩB(E0 −HB(x′))

= exp (SB(E0 −HB(x′)))

∼ exp

(
SB(E0)− ∂SB(E)

∂E

∣∣∣
E=E0

E

)

∝ exp (−βE) (5.4)

where we expanded the entropy as a Taylor series to first order, and used the def-

inition of the temperature β = ∂S(E)/∂E|E=E0 . We can neglect the higher order

terms in the Taylor series as (we show later) they are identical to zero in the limit

V → ∞. Later on we remove this ‘infinite-size’ approximation by including higher

order terms in the Taylor series of the entropy.

5.0.2 Thermal operations

So far we have been working with a classical description of systems. The results

discussed in this thesis will be essentially classical, although we will show that they

port directly to semi-classical quantum systems (which we define later) and provide
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upper bounds for generic quantum protocols involving coherences. In our frame-

work, we have an (initially isolated, quantum) system with density matrix ρS and

Hamiltonian HS and want to determine the possible dynamics of this system when

in contact with a heat bath with Hamiltonian HB, whereby the composite system-

bath system is isolated. This enforces that any interaction between system and

bath, which is described by a unitary transformation U , conserves the total energy

HS +HB .

Definition 25 (Energy conservation (1st law)). The joint state of the system and

bath, ρS ⊗ ρB, evolves according to a unitary on the joint Hilbert space HS ⊗HB,

which obey the commutation relation

[U,HS +HB] = 0 (5.5)

Any such unitary can be seen as an energetically ‘free’ operation on the joint system-

bath system, in that it requires no net injection of work into the isolated system and

bath. Finding the allowed transformations of the system amounts to characterizing

the set of operations that correspond to the reduced dynamics of these unitaries

on the system. These operations, which we refer to as thermal operations, are the

possible quantum maps on the system obeying Definition 25.

Definition 26 (Thermal operations on the system). A quantum map E(·) on system

S in contact with a thermal bath is achievable only if

E(ρS) = TrB
[
U(ρS ⊗ τB)U †

]
(5.6)

where U is an energy conserving unitary as per Definition 25 and τB is the thermal

state of the bath

τB =
1

Z
e−βHB (5.7)
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where HB is he Hamiltonian of the bath, β is the inverse temperature of the bath,

and Z is the partition function of the bath ZB = Tr
[
e−βHB

]

An important corollary of our definition of thermal operations is that they leave

systems that are in the thermal state of their Hamiltonian and with inverse temper-

ature β, invariant. In other words, once a system has fully thermalized w.r.t a heat

bath, there are no unitaries on the joint system (operations that require no energy

import) that can change the state of the system out of its thermal state.

Corollary 2. Given a thermal operation E(·) and a system S in thermal contact

with a heat bath of inverse temperature β and in a thermal state w.r.t the baths

temperature τS = exp {−βHS}, then the state of the system is invariant under the

thermal operation

E(τS) = τS (5.8)

Proof. Using the definition of the energy conserving unitary and the definition of

the thermal state yields

[U, τS ⊗ τB] =

[
U,
e−βHS

ZS
⊗ e−βHS

ZS

]

= 0 (5.9)

where we have used the fact that [U,HS +HB] = 0, the diagonality of the thermal

states w.r.t the joint energy eigenbasis (by definition), and that [A,B] = 0 ↔

[A, eB] = 0. Therefore
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E(τS) = TrB
[
U(τS ⊗ τB)U †

]

= TrB [(τS ⊗ τB)]

= 0

So the thermal state of a system, with respect to the bath it is in equilibrium

with, is dynamically invariant as expected. A key component of our results is that

thermal operations commute with energy conserving unitaries that represent time

translations of the system. This was first noted in [91], where the authors show that

this compatibility imparts strong constraints on thermal operations. For example,

the impossibility of creating coherent states from non-coherent states using thermal

operations. For our work, it is used to show that (under the assumptions of thermal

operations) we can ignore all coherences when deriving the set of thermal operations,

allowing us to consider quasi-classical states only, which we define below.

Definition 27 (Quasi-classical states). ρS is quasi-classical if

[ρS, HS] = 0 (5.10)

We now show that when characterizing thermal operations we can restrict our at-

tention to quasi-classical states

Lemma 18 (Time translation invariance of thermal operations). We say that a

quantum channel on the system Hilbert space HS represents a time translation if it

is of the form

Rt(·) = e−iHSt (·) eiHSt (5.11)
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Thermal operations commute with all time translations

E (Rt(·)) = Rt(E (·)) (5.12)

Proof. We use Definition 25, and defining that at t = 0 (before system and bath

interact) the bath is in a stationary state with respect to its Hamiltonian HB. Com-

posing the thermal operation with a system undergoing time translation yields

E (Rt(ρS)) = TrB
[
Ue−iHStρSe

iHSt ⊗ τBU †
]

= TrB
[
Ue−iHStρSe

iHSt ⊗ e−iHBtτBeiHBtU †
]

= TrB
[
Ue−i(HS+HB)tρS ⊗ τBei(HS+HB)tU †

]

= TrB
[
e−i(HS+HB)tUρS ⊗ τBU †ei(HS+HB)t

]

= Rt(E (ρS)) (5.13)

We now show that thermal operations commuting with time translations allows us

to restrict our attention to quasi-classical states. First, we define the decoherence

(dephasing) map

Definition 28 (Decoherence in the energy eigenbasis). We define the following

decoherence map, which is equivalent to taking the Haar measure of the group of

time translations generated by the systems Hamiltonian

DS(ρ) = lim
T→∞

1

T

T∫

−T

Rt(ρ)dt = lim
T→∞

T∫

−T

e−iHSt (ρ) eiHStdt (5.14)

Taking the limit lim
T→∞

1
T

T∫
−T

e−iωTdt = 0 for ω 6= 0, all rotating terms in the density

matrix, e−iHSt (ρ) eiHSt vanish and we are left with the state that is invariant under
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time translations. This map therefore destroys all coherences in the energy eigen-

basis other than those corresponding to rotating terms for ω = 0, i.e. degenerate

sub-spaces in the energy spectrum. Therefore, DS(ρ) will commute with the Hamil-

tonian for all input states ρ and is therefore always a quasi-classical state, as per

Definition 27. Whilst in general there could be states with coherences on degenerate

eigenstates, we can use an energy preserving unitary on the system alone to rotate

these degenerate subspace so that the state is diagonal in the energy eigenbasis.

Because we are interested in determining the optimal work cost of transforming

quantum states under thermal operations, we can always apply the dephasing map

defined in Definition 28 and a energy preserving unitary to the system, without

incurring any additional energy cost.

From now on, we restrict ourselves to these ‘diagonal states’, which can be written

as ρ =
∑
s

p(s)|s〉〈s| where {|s〉} are the energy eigenvectors of HS, Hs|s〉 = Es|s〉.

The impact of this is that it is sufficient to consider systems that are diagonal in the

energy eigenbasis when determining the ultimate limitations of thermal operations,

and do not have to concern ourselves with the intricacies of how coherences impede

the set of allowed thermodynamical transformations (see for example [91, 92, 83,

108, 41]).

Lemma 18 allows us to further simplify our treatment of thermal operations. For

these states we can characterize thermal operations in terms of a class of classical

stochastic maps, rather than having to consider the full set of unitary transforma-

tions describing the system-bath interaction.

Theorem 3 (effect of thermal operations on the system). Given a thermal operation

ε(·) acting on quasi-classical state ρ, the image σ = ε(ρ) is also a quasi-classical state.

Furthermore, the energy level populations of the image state σ =
∑

s′ q(s
′)|s′〉〈s′|

are related to population of the initial state ρ =
∑

s p(s)|s〉〈s| by

q(s′) =
∑

s

t(s′|s)p(s) (5.15)
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where t(s′|s) = 〈s′|E (|s〉〈s|) |s′〉 is a stochastic matrix with the following properties

• positivity : t(s′|s) ≥ 0 ∀ s, s′

• stochasticity :
∑

s′ t(s
′|s) = 1 ∀ s

• Gibbs-preserving :
∑

i t(s
′|s)e−βEs/ZS = e−βEs′/ZS ∀ s′

Proof. Definition 28 and Lemma 18 imply that the dephasing map commutes with

all thermal operations

E (DH(·)) = DH (E(·)) (5.16)

which implies that the image of a thermal map acting on a quasi-classical state is

also a quasi-classical state

σ = E(ρ) = E (DH(ρ))

= DH (E(ρ))

= DH(σ) (5.17)

We can then decompose the quasi-classical state σ as a convex sum over the energy

eigenstates σ =
∑

s′ q(s
′)|s′〉〈s′|, where q(s′) := 〈s′|σ|s′〉 and obey

∑
s′ q(s

′) = 1,

q(s′) ≥ 0. By the same argument we can decompose ρ as ρ =
∑

s p(s)|s〉〈s|. Using

the above definition of q(s′) we arrive at
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q(s′) := 〈s′|σ|s′〉

= q(s′) := 〈s′|E
(∑

s

p(s)|s〉〈s|
)
|s′〉

=
∑

s

〈s′|E (|s〉〈s|) |s′〉p(s)

=
∑

s

t(s′|s)p(s)

positivity and stochasticity follow from the properties of positivity and trace-preserving

of quantum maps respectively. The Gibbs preserving property is proven in Corollary

2.

The work storage system

Having reached a simple characterization of the allowed transformations on an iso-

lated system and bath, we now introduce an ancillary system which we refer to as a

weight. By including a weight, we can allow transformations that change the total

energy of the system and bath, with the weight acting as a store for any residual

energy shed by the system and bath, or as a battery to provide energy for a system-

bath transition that cannot occur spontaneously. We refer to the energy stored in

the weight as ‘work’. Historically the weight has been thought of as a mechanical

system such as a mass on a chord, that raises or lowers against the force of gravity.

This is a common definition of a work system and can be abstracted as a work

Hamiltonian HW =
∫
R dx|x〉〈x| (where e.g. the orthonormal basis {|x〉, ∀x ∈ R}

represents the vertical position of the weight). The following results and definitions

are published in [114, 113].

Introducing the weight requires two additional assumptions

Definition 29 (Classical work). Before and after performing the global energy
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preserving unitary U on the joint state of system, weight and bath, the state of the

weight is measured, obtaining outcomes |x〉 (initial) and {|x+Wi〉} with probability

pWi
:= 〈x+Wi|TrS,B

[
U(ρS ⊗ ρB ⊗ |x〉〈x|)U †

]
|x+Wi〉

(final). In general, we allow the work to be a fluctuating random variable, 〈W 〉 =
∑

i piWi.

Definition 30 (Independence on the ‘position’ on the weight). The global unitary

U commutes with the translation operator on the weight

[U,∆W ] = 0

The generator of the translations of the weight ∆W is canonically conjugated to the

position (or potential energy) of the weight, [HW ,∆W ] = i, where ∆W is a Hermitian

operator and acts as ei∆W ·W |x〉W = |x+W 〉 ∀ x,W ∈ R

The first assumption is that the work we expend or extract in a thermodynamic

operation is essentially classical - i.e. measuring the work system destroys any

coherences between its eigenstates (the weight has a non-degenerate spectra). This is

known in the literature as the two point measurement scheme, and is the traditional

definition of work in quantum thermodynamics (see [30] for a review). There have

been recent attempts to consider non-classical descriptions of work [76, 90, 108].

These approaches have their own limitations, and the problem of finding a definition

of ‘quantum work’ remains an important open question, beyond the scope of this

thesis.

The second assumption is required to ensure that we cannot use the weight as a

source of free energy. For example, it could be that the weight is inadvertently used

as a source of non-uniformity [56]. The second assumption implies that the unitary U

cannot reduce the entropy of the joint system-bath combined. As unitaries conserve
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total entropy of system, bath and weight, this constraint implies that they cannot

decrease the entropy of the weight, which guarantees that the weight is not used as

a source of purity. We now show that the above condition ensures this

Lemma 19 (Weight independence). If [U,∆W ] = 0, then for every state of the

weight ρW there exists a probability distributions p(w) such that

TrW
[
UρS ⊗ ρB ⊗ ρWU †

]
=

∫
dw p(w)uwρSBu

†
w (5.18)

where uw are unitaries on the joint system-bath state. Therefore, as uw are entropy-

preserving, U cannot reduce the entropy of the joint system-bath state. (Theorem

1 from [96])

Proof. By Definition 30, [U, IS,B ⊗∆W ] = 0. This implies that we can tensor-

decompose the unitary as

U =

∫
dz Az ⊗ eiz∆W (5.19)

where Az is a family of operators on HS ⊗HB. Unitarity implies that

ISB ⊗ IW = UU † =

∫
dz dz′AzA

†
z′ ⊗ ei(z−z

′)∆W (5.20)

which implies that

∫
dzAzA

†
z+x = ISBδ(x) (5.21)

where δ(x) is the Dirac delta function. Let us now characterize the reduced map on

system and bath.
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TrW
[
UρSB ⊗ ρWU †

]
=

∫
dz dz′AzρSBA

†
z′Tr

[
ei(z−z

′)∆W ρW

]

=

∫
dz dz′AzρSBA

†
z′

∫
dkp(k)eik(z−z′)ρW (5.22)

where p(k) := 〈x|ρW |k〉 and |k〉 is an eigenstate of the translation operator ∆k|k〉 =

k|k〉 ∀ k ∈ R. Define the family of operators uk :=
∫
dz eikz, we can write the above

reduced map as

TrW
[
UρSB ⊗ ρWU †

]
=

∫
dk p(k)ukρSBu

†
k (5.23)

All that is left is to show that u†k = u−1
k

uku
†
k =

∫
dz dz′AzAz′e

ik(z−z′)

=

∫
dz dxAzAz+xe

ikx

=

∫
dxδ(x)Ie−ikx = I

5.0.3 Thermal operations with non-constant Hamiltonians

So far, we have only considered thermal maps that preserve the Hamiltonian of the

system. Thermal operations are general enough to include the case where the final

Hamiltonian of the system H ′S differs from the initial Hamiltonian HS. This can be

shown by including an ancillary qubit X, which acts as a ‘switch’, as described in

[71, 3]. The total Hamiltonian is given by
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Htot = HS ⊗ |0〉X〈0|+H ′S ⊗ |1〉X〈1|+HB +HW (5.24)

We impose that the global energy conserving unitary performs the switching

U (ρSWB ⊗ |0〉X〈0|) = ρ′SWB ⊗ |1〉X〈1| (5.25)

for any initial ρSWB. This implies that

U = V ⊗ |1〉X〈0|+ Ṽ |0〉X〈1| (5.26)

Where V and Ṽ are unitaries on the system, bath and weight. The condition

[U,Htot] = 0 implies that

U (HS +HB +HW ) = (H ′S +HB +HW )U (5.27)

Note that U does not necessarily commute with Htot = HS +HB +HW , but satisfies

(5.27). Therefore the reduced map on system, bath and weight can be written as

E(ρSBW ) = UρSBWU
† (5.28)

where U satisfies (5.27).

Thermal operations on system and bath

We finish this section by extending our analysis of the thermal operations on the

system to a set of analogous constraints for the thermal operations on the system

and bath. As we showed in Lemma 19, the reduced map on system and bath is

a probabilistic mixture of unitaries. In Lemma 18 we showed that the dephasing
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map commutes with the thermal operation reduced map on the system. It is trivial

to extend this dephasing map to the system and bath, and (as the trace over bath

plays no role in Lemma 18) the result extends to the reduced thermal operation

on system and bath. That is, we can restrict our self to considering quasi-classical

system and bath states. We now proceed as in Theorem 3. We define the following

stochastic matrix, which characterizes the reduced thermal operation on system and

bath, where we denote the bath energy eigenstates as |E〉.

t(E ′ s′|E s) = Tr

[
(|s′〉〈s′| ⊗QE′⊗I)U

(
|s〉〈s| ⊗ QE

Ω(E)
⊗ ρW

)
U †
]

(5.29)

QE is the projector onto the (degenerate) eigenspace of HB that has energy E, and

the density of states is ΩE = Tr [QE]. The elements t(E ′ s′|E s) can be interpreted as

the probability of the joint system and bath microstate undergoing a transition from

|s〉⊗ |E〉 to |s′〉⊗ |E ′〉 under the action of U . We arrive at the following constraints

on the map, analogous to Lemma 3.

Theorem 4 (thermal reduced map on system and bath). The reduced thermal map

on system and bath is characterized by the stochastic matrix t(E ′ s′|E s) which obey

the following necessary and sufficient conditions

1. stochasticity on the system

∑

EE′s

p(s)pb(E)t(E ′ s′|E s) = q(s′) ∀ s′

2. law of total probability

∑

E′s′

t(E ′ s′|E s) = 1 ∀E, s

3. positivity

t(E ′ s′|E s) ≥ 0 ∀E ′, s′, E, s
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4. reversibility
∑

Es

t(E ′ s′|E s)Ω(E) = Ω(E ′) ∀ s′, E ′

Proof. Condition 1 is the statement that the reduced map on the system is consis-

tent, in that it maps the system to its final (quasi-classical) state σ =
∑

s′ q(s
′)|s′〉〈s′|,

and where we have used the fact that the system and bath are initially in a product

state, p(s, E) = p(s)pb(E). Conditions 2 and 3 are standard conditions for stochas-

tic matrices. Condition 4, as we will see, is the condition that is responsible for the

second law of thermodynamics. We assume that the bath has a very large number

of microstates of energy E and E ′.
∑

s t(E
′ s′|E s)Ω(E) is then equal to the fraction

of bath microstates with energy Eb that are mapped by the thermal operation to

bath microstates with energy E ′, and therefore if we sum over all initial energies

E we count all of the microstates mapped to energy E ′. As the map is reversible,

it is a bijection on the set of system-bath states, and therefore the number of mi-

crostates with energy E ′ before and after applying the thermal operation remain the

same.

5.0.4 Work, heat and transformations

We have now defined the basic set-up in which we will analyze a variety of ther-

modynamic protocols - a thermal bath, an (athermal) system, and a work storage

system or ‘weight’ that tallies the change in energy of the system and bath at the end

of their interaction. In our work, we focus exclusively on work extraction and work

of formation protocols. In the former we either allow heat to flow from the bath to

the system, thermalising (or partially thermalising) the system, and extracting work

into the weight along the way, whereas in the latter the interaction consumes work

stored in the weight, in order to move the system further from thermal equilibrium.

Common examples of protocols falling into these categories include cooling (work of

formation), and isothermal expansion (work extraction). For now, we will consider

the case where we have a single thermal bath at some fixed temperature β, but later
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we will see that single-bath protocols can be used as steps in multi-bath protocols,

such as constructing Carnot engines.

We will consider these protocols under additional constraints to the work. In gen-

eral, the work will be a a fluctuating random variable W . If it is allowed to freely

fluctuate, we could denote this as W (∞), indicating that we allow fluctuations of

arbitrary size. In many applications, there is a desire to bound the size of these fluc-

tuations - for example if we are working with small or fragile machines that cannot

accommodate arbitrary energetic fluctuations, or if we are interested in determining

the deterministic work content of a system (the single-shot work, where the work

distribution is guaranteed to be perfectly concentrated [71, 2]). If we bound the

fluctuations in the work to be smaller than some threshold |Wi − 〈W 〉| ≤ C, we

denote this as W (c). If we demand that the work is deterministic (i.e. the work

distribution is non-zero at a single value), we denote this as W (0), and if we allow

for some very small ε fluctuation, we denote this as W (ε) (note, this is often referred

to as an ε probability of failure, but this is nothing more than allowing the work

to be of the form 〈W 〉 = (1− ε)W + ε× 0, and thus have a single fluctuation with

Wi = 0). Regardless of the specific constraints we place on the work, we can define

the following optimal work measures, which are tied to specific protocols of interest

Definition 31 (Work of transition). Given two quasi-classical states ρS, σS, the

maximal work gain associated with the transition ρS → σS under a thermal opera-

tion is Wρ→σ, defined as

Wρ→σ = max
E
{〈W 〉 = TrW [HWTrS,B [E (ρS ⊗ ρB ⊗ |0〉W 〈0|)]]

s.t. TrB,W [E (ρS ⊗ ρB ⊗ |0〉W 〈0|)] = σ (5.30)

In other words, it is the minimal work done on the system S by a thermal operation

that achieves the transformation on the system ρS → σS.
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Note that, in general, the system will end up in a correlated state with the weight

(i.e. separable, due to measuring the work system, but not in a product state). In

the case that work is deterministic, the final system-weight separable state must be

a product state, and the above optimization simplifies to finding the maximal final

weight energy W .

Definition 32 (Work content). The work content of a system is the maximal work

extracted by a thermal operation, without constraining the final state of the system

Wρ = max
E
{〈W 〉 = TrW [HWTrS,B [E (ρS ⊗ ρB ⊗ |0〉W 〈0|)]]} (5.31)

As we will show, if work is allowed to fluctuate freely, any thermal operation that

extracts the full work content of the system leaves it in the thermal state w.r.t the

inverse temperature of the bath. Therefore (in this case) we can think of optimal

work extraction as analogous to thermalizing the system.

Definition 33 (work of formation). The work of formation is the minimal work

cost of forming the state ρS from its thermal state w.r.t the bath, τS = Z−1e−βHS

using thermal operations

Wτ→ρ = max
E
{〈W 〉 = TrW [HWTrS,B [E (τS ⊗ ρB ⊗ |0〉W 〈0|)]]

s.t. TrB,W [E (τS ⊗ ρB ⊗ |0〉W 〈0|)] = ρ (5.32)

where τS = Z−1e−βH
′
S
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5.0.5 Landauer erasure: a simple illustration

Before we move on to deriving the fundamental bounds on the work cost of thermal

operations, it will be useful to illustrate how our framework can be used with a

simple example. Perhaps the simplest and often studied protocol is Landauer erasure

[84, 20]. In this protocol a 2 dimensional system in an unknown state (i.e. the

maximally mixed state ρ = 1/2|0〉〈0|+ 1/2|1〉〈1|) is ‘erased’, by resetting the state of

the system to a fixed pure state (e.g. σ = |0〉〈0|). In this simple case, we see what

the optimal thermal operations (defined by {t(E ′, s′|E, s)}) look like quite easily.

A thermal operation is essentially a probabilistic permutation of the joint states of

system and bath. In figure 5.1 we show the joint depict the joint system-bath states

by drawing the bath microstates (growing by Ω(E) ∝ eβE for an infinite bath), and

stratifying them along the two sub-spaces of the system, |0〉 and |1〉

Figure 5.1: figure from [95], reprinted with permission.
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In figure 5.1, the initial joint microstates of system and bath are shown, with the

states with energy E ≤ E0 coloured green in the subspace spanned by |0〉, and blue

in the subspace spanned by |1〉. The work cost of erasure can clearly be seen. As

the thermal operation is reversible (a bijection on the infinite-dimensional joint state

space), the final joint state has to accommodate all of the initial microstates, and

we have to map the initial joint system-bath states to bath states of higher energy

to do so. The thermal operation maps all states to the subspace spanned by |0〉, i.e.

the probability of finding the reduced state of the system in |0〉 is 1. In other words,

t(E ′, s′|E, s) = t(E ′|E, s)δ(s′)0.

Consider the case where we want to perform erasure with a deterministic work cost

(as we will see later, for erasure this is also the optimal work cost if we do not

constrain fluctuations). Then we require that t(E ′, s′|E, s) 6= 0 =⇒ E ′ = Eb +W .

Consider the energy subspace of the final state of the bath HB(xB) = E. This must

contain the image states from bath energy levels E − W , as shown in figure 5.1.

As there are two such energy levels (due to the two system sub-spaces present in

the preimage), reversibility implies that Ω(E) = 2Ω(E −W ) which implies W =

β−1 log 2, which is Landauer’s bound. This is not the most general case, as the work

as been constrained to be deterministic. However, the proofs in the following section

follow the same logic - using reversibility and knowledge of the density of states of

the bath to determine the optimal work.

5.1 Fluctuating work

We can now derive some of the standard results of thermodynamics within our

framework. These are the results that we will then go on to extend in later sections.

Firstly, we deal with the case that work stored in the weight is allowed to fluctuate

arbitrarily. Without placing any constraints on the weight, the only resulting con-

straint on what transformations can be achieved between quasi-classical states is the
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corresponding work cost. In other words, the only constraint is that there must be

enough work stored in the weight to accommodate the work cost of transition Wρ→σ.

It is often also said that a system in contact with a thermal bath can only undergo

a transition spontaneously if doing so generates surplus work, Wρ→σ ≥ 0. Using

Theorem 4 we now quantify the optimal work achievable in a given state transition.

Lemma 20 (Work of transition with infinite bath and unbounded fluctuations).

The work extracted by a thermal operation t(E ′ s′|E s) is upper bounded by Wρ→σ

where

Wρ→σ = F (ρ)− F (σ)− 1

β
I(E(ρS ⊗ ρB)) (5.33)

where

F (ψ) = U(ψ)− 1

β
S(ρ) (5.34)

where S(ρ) is the Shannon entropy of the quasi-classical state ρ =
∑

i pi|i〉〈i|, S(ρ) =

−∑i pi log pi, U(ρ) = Tr [Hρρ] and I(S : B) is the mutual information between the

final states of the system and bath. Furthermore, in the case that the thermal bath

is infinite, there exists thermal operation that achieve upper bound with zero mutual

information

Wρ→σ = F (ρ)− F (σ) (5.35)

Proof. The expected work extracted by a thermal operation characterized by t(E ′ s′|E s)

is given by the expected reduction in the energy of the system and bath

〈W 〉 =
∑

EE′ss′

p(s)pb(E)t(E ′ s′|E s) [(E − E ′) + (εs − εs′)] (5.36)

where HS|s〉 = εs|s〉 and pb(E) = Z−1
b Ω(E)e−βE is the probability of finding the

bath in the energy subspace E. For any t(E ′ s′|E s) we can rewrite this expression
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for the expectation value of the work in terms of the following variables that are

independent of the initial bath energy E

R(E ′, s′|s) :=
∑

E

pb(E)t(E ′ s′|E s) (5.37)

Q(E ′, s′|s) :=

∑
E

pb(E)t(E ′ s′|E s)(E − E ′)

R(E ′, s′|s) (5.38)

Which allow us to re-express the 〈W 〉 associated with t(E ′ s′|E s) as

〈W 〉 =
∑

E′ss′

p(S)R(E ′s′|s)Q(E ′, s′|s) + ∆U(S) (5.39)

Where ∆U(S) =
∑

EE′ss′ p(s)pb(E)t(E ′ s′|E s)(εs − εs′) =
∑

s′ p(S
′)(εs − εs′) is the

change in the internal energy of the system under the map (where we have used

constraints 1 and 2 of theorem 4. Next we rephrase condition 4 (reversibility) of

theorem 4 in terms of these new map variables

1 =
∑

Es

t(E ′ s′|E s) Ω(E)

Ω(E ′)

=
∑

Es

t(E ′ s′|E s) pb(E)

pb(E ′)
e−β(E−E′)

=
∑

Es

R(E ′s′|s)
R(E ′s′|s)t(E

′ s′|E s) pb(E)

pb(E ′)
e−β(E−E′)

≥
∑

s

R(E ′s′|s)
pb(E ′)

exp

[
β

∑
E pb(E)t(E ′s′|Es)(E − E ′)

R(E ′s′|s)

]

=
∑

s

R(E ′s′|s)e
βQ(E′s′s)

pb(E ′)
(5.40)

We can now determine the optimal 〈W 〉 by maximizing (5.39) w.r.t this constraint

along with the others in Theorem 4. As we will see, it will be sufficient to con-

struct the Lagrangian with the reversibility constraint alone and then apply the
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stochasticity constraints to the optima of this Lagrangian

L =
∑

E′ss′

p(S)R(E ′s′|s)Q(E ′, s′|s)+∆U(S)+
∑

E′s′

λE′,s

(
pb(E

′)−
∑

s

R(E ′s′|s)eβQ(E′s′s)

)

(5.41)

where λE′,s are the Lagrange multipliers for the the constraints

pb(E
′) ≥∑

s

R(E ′s′|s)exp (βQ(E ′s′s)) from (5.40). The solution to ∂QL = 0 yields

Q(E ′, s′, s) =
1

β
log

(
p(s)

λE′s′β

)
(5.42)

substituting this back into the Lagrangian and taking the derivative w.r.t the La-

grange multiplier λE′s′ and equating to zero gives

1

λE′s′β
=

pb(E
′)∑

s

P (s)R(E ′s′|s) =
pb(E

′)

P (E ′s′)
, (5.43)

where for the last equality we used the definition of R. This gives the optimal Q

Q(E ′s′s) =
1

β
log

(
P (s)pb(E

′)

P (E ′s′)

)
. (5.44)

And thus the optimal work

〈W 〉 ≤ ∆U +
1

β

∑

E′ss′

P (s)R(E ′s′|s) log

(
P (s)pb(E

′)

P (E ′s′)

)
, (5.45)

which can also be written as

〈W 〉 ≤ ∆U − 1

β
∆S − 1

β

∑

E′ss′

P (s)R(E ′s′|s) log

(
P (s)

P (s′)

)
(5.46)

+
1

β

∑

E′ss′

P (s)R(E ′s′|s) log

(
P (s)pb(E

′)

P (E ′s′)

)
, (5.47)

where ∆S = S(ρ)− S(σ) which, under constraints 1-2 of Theorem 4 simplifies to
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〈W 〉 ≤ −∆F − 1

β

∑

E′s′

P (E ′s′) log

(
P (E ′s′)

pb(E ′)P (s′)

)
= −∆F − 1

β
I(E(ρS⊗ρB)) (5.48)

This bounds gives an absolute upper limit on the work that can be extracted by

a thermal operation. Note that the upper bound is just the standard second law,

〈W 〉 = −∆F , but with a correction coming from the correlations that remain be-

tween system and bath after they have interacted. Clearly, the system and bath

ending up completely uncorrelated is a very idealized situation, and we will show is

only possible in the limit that the thermal bath becomes infinite. Note that we made

no assumption on the structure of the thermal bath, other than the convexity of its

density of states. As we will see, this means that our bound applies to finite bath

models, and the finite bath corrections that we later derive are essentially bounds on

the minimal correlation achievable between system and bath when extracting some

expected work.

Clearly, by the positivity of quantum and classical mutual information, there is a

hard upper-bound on the work of −∆F . We now show that for infinite baths this

upper bound is attainable.

Lemma 21. For infinite baths, where Ω(E) ∝ eβE, there exists optimal thermal

operations that saturate the inequality 〈W 〉 ≥ −∆F . All such thermal operations

are of the form

t(E ′s′|Es) = f(E ′s′s)δ(E − E ′ − fs′ + fs)
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where f(E ′s′s) obeys

∑

s′

f(E − fs′ + fs, s
′, s) = 1 ∀ s (5.49)

∑

s

P (s)f(E ′s′s) = P (s′) ∀ s′ (5.50)

0 ≤ f(E ′s′s) ≤ 1 ∀ E ′s′s (5.51)

where fs = −β−1 logP (s) is the fine-grained entropy.

Proof. In order to achieve 〈W 〉 = −∆F , a thermal operation t(E ′s′|Es) must sat-

urate the upper bound derived in Lemma 20 with zero mutual information. First

note that in Lemma 20 the optimal Q(E ′s′s) are (uniquely)

Q(E ′s′s) =
1

β
log

(
P (s)pb(E

′)

p(E ′s′)

)
. (5.52)

As the mutual information is a distance measure for probability distributions the

upper bound reduces to −∆F if and only if P (E ′s′) = pb(E
′)P (s′) and therefore,

for all optimal thermal operations

Q(E ′s′s) =
1

β
log

(
P (s)

P (s′)

)
= fs − fs′ . (5.53)

where we define the fine-grained entropies as fs := − log p(s) (also referred to as the

‘surprise’ or ‘surprisal’). Finally, note that the thermal operation only construct an

optimal Q if the reversibility constraint (5.40) is saturated. This requires that

∑

Es

R(E ′s′|s)
pb(E ′)

t(E ′s′|Es) pb(E)

R(E ′s′|s)e
β(E−E′) =

∑

s

R(E ′s′|s)
pb(E ′)

exp

[
β

∑
E pb(E)t(E ′s′|Ens)(E − E ′)

R(E ′s′|s)

]

(5.54)

Therefore the sum over E in the exponent must have only a single term by convexity,

and therefore t(E ′s′|Es) must be a delta function killing the sum over E. This,
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combined with the definition of Q(E ′s′s) implies that t(E ′s′|Es) is of the form

t(E ′s′|Es) = f(E ′s′s)δ(E − E ′ − fs′ + fs) (5.55)

where f(E ′s′s) is a function that, by substituting (29) into Constraints 1-3 in The-

orem 4 yields

∑

s′

f(E − fs′ + fs, s
′, s) = 1 ∀ s (5.56)

∑

s

P (s)f(E ′s′s)pb(E
′ + fs′ − fs) = P (s′)pb(E

′) ∀ s′, E ′ (5.57)

0 ≤ f(E ′s′s) ≤ 1 ∀ E ′s′s (5.58)

IN the following we denote γ := β2/C. In the limit γ → 0 the distribution pb(E)

tends to a constant. Hence, equality (5.57) becomes (5.50).

Lemma 21 shines a light on why we can miraculously ignore the correlations between

the system and bath when working in the infinite bath limit, and just consider the

reduced map on system. Whats-more, we have managed to phrase the problem of

computing the optimal work as a convex optimization problem, which we are now

free to throw additional constraints into. The obvious assumptions to attack with

additional constraints are the infinite size of the bath, and the infinite fluctuations

of the work. In the following section we use our framework to derive the main results

of single-shot work extraction [2, 71], where work is constrained to be deterministic.

We start down this path by deriving the simplest constrained work - the single-shot

work where the work fluctuations are constrained to be zero.

5.2 Deterministic work extraction

Single-shot work, introduced in [2] and [71], is simply the optimal work associated

with a given thermodynamic process (e.g. minimal work of formation, maximal
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work content) when we constrain the work from being a random variable to being

deterministic. This approach can then be extended to allow for a small ε probability

of failure, where we extract work W with probability 1−ε or our protocol ‘fails’ with

probability ε, as in [2, 71, 63, 118]. Ultimately, this is allowing the work to fluctuate,

with some small probability but perhaps with very large fluctuation size. In this

section we derive the single-shot work in the limit ε → 0, i.e. truly deterministic

work, and then in the proceeding section generalize this to allow for (constrained)

fluctuations in a more natural way than allowing for a probability of failure.

We will focus on two protocols that allow the single-shot work to be written in a

closed form, the work of formation and work content (as we will see later, constrain-

ing the size of work fluctuations makes work of transition difficult to calculate). For

now, we will simply present expressions for the single-shot work, although later we

will derive them simply from our own formulae.

Definition 34 (Single-shot work content). The optimal deterministic work that can

be extracted from quasi-classical state ρ in contact with an infinite thermal bath of

inverse temperature β is given by

W (0)
ρ =

1

β
logZS −

1

β
log

(∑

s

p(s)0e−βEs

)
(5.59)

for ρ =
∑

s p(s)|s〉〈s|, ZS =
∑

s e
−βEs and Hs|s〉 = Es|s〉, and p(s)0 = 1 if p(s) ≥ 0,

else 0.

Definition 35 (Single-shot work of formation). The minimal work required to trans-

form thermal state τ to quasi-classical state ρ is given by

W
(0)
F = min

s

{
− 1

β
log
(
p(s)e−βEsZS

)}
(5.60)

where ρ =
∑

s p(s)|Es〉〈Es| and Hs|s〉 = Es|s〉.

The single-shot work content is very prohibitive, in that no work can be extracted
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deterministically from states of full rank, regardless of how athermal the initial state

is. Likewise, the work of formation is highly restrictive. Whereas the fluctuating

work of formation is given by the difference in the Helmholtz free energy between

the thermal and target state, which can be expressed as

W
(∞)
F = F (ρ)− F (τ) = − 1

β

∑

s

p(s) log
(
p(s)e−βES

)
− 1

β
logZS (5.61)

the single shot work of formation takes the most negative (i.e. highest work cost)

element of this convex sum (as we will see, this is equivalent to the worst case

work fluctuation in W
(∞)
F ). In all states (bar the thermal state and pure states)

W
(0)
F < W

(∞)
F = −W (∞)

ρ < −W (0)
ρ . This discrepancy between the work cost and work

content of states in the single-shot regime results in thermodynamic irreversibility

when transforming between states. Furthermore, the set of allowed thermodynamic

transformations in the single-shot regime are severely restricted. In this regime, it

is possible for a state to undergo a transition deterministically (and without sup-

plying work) on the condition that a family of ‘second laws’ are satisfied [24]. Some

transitions can only be achieved by supplying work in both forward and backward

directions, resulting in a partial order on the set of states with respect to deter-

ministic work. This is in stark contrast to when we allow work to fluctuate freely,

whereby all states can be inter-converted in a thermodynamically reversible manner,

mediated by a single second law, ∆W ≤ −∆F

5.3 Towards a unified free energy

We can now present one of our main contributions. We derive a free energy that

interpolates between the two cases outlines in the previous section - deterministic

and freely fluctuating work. The work presented in this section have been published

as [114]. To motivate this result beyond a pleasing unification of the two exist-

ing schemes, we prove the following result concerning thermodynamically reversibly
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thermal operations (that is, thermal operations for which Wρ→σ = −Wσ→ρ = −∆F .

Theorem 5 (Divergence of fluctuations in thermodynamically reversible protocols).

There exists a thermodynamically reversible thermal map (Wρ→σ = −Wσ→ρ =

−∆F ) with work fluctuations bounded by |〈W 〉 − w| ≤ c if an only if

eβ(∆F−c) ≤ p(s)eβEs

p(s′)eβEs′
≤ eβ(∆F+c) ∀s, s′ (5.62)

where s, s′ enumerate the energy eigenstates of the initial / final system Hamiltoni-

ans.

First, we derive a simplified set of thermal operations that have minimal fluctuations.

Lemma 22 (Optimal thermal operations have minimal work fluctuations). For any

thermal operation with reduced map on system and bath given by t(E ′s′|Es), we

can define another thermal operation

t̃(E ′s′|E, s) := t(s′|s)δ (E ′ − E −Q(s′, s)) (5.63)

Q(s′, s) :=
∑
E′E pb(E)t(E′s′|Es)(E′−E)

t(s′|s) (5.64)

where t(′s|s) =
∑

E′E pb(Eb)t(E
′s′|Es) is the reduced map on the system and Q(s, s′)

is the heat extracted from the bath under the state transition s → s′. This map

satisfies all constraints of Theorem 4, and satisfies

〈W̃ 〉 = 〈W 〉 (5.65)

max
∣∣∣〈W̃ 〉 − w

∣∣∣ ≤ max |〈W 〉 − w| (5.66)

where w are the values of the given work distribution. I.e. the two thermal operation

have identical expected work, but t̃(E ′s′|E, s) has smaller work fluctuations. The
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reversibility constraint on t(E ′s′|Es) becomes

1 =
∑

s

t(s′|s)eβQ(s,s′) (5.67)

Proof. First, we show t̃(E ′s′|E, s) is a legitimate thermal operation. Constraints 2

and 3 of Theorem 4 are immediately satisfied by t(s′|s). To see that constraint 1 is

satisfied, we substitute in our definition of t̃(E ′s′|E, s), giving

∑

EE′s

p(s)pb(E)t̃(E ′ s′|E s) =
∑

E′s

p(s)pb(E
′ +Q(s′, s))t(s′|s)

=
∑

s

p(s)t(s′|s)

= q(s′) ∀s′ (5.68)

where we have used the fact that, for infinite baths, Ω(E)pb(E) = p(E) = p(E ′ +

Q(s′, s)) = const. Finally, for infinite volume heat baths constraint 4 (reversibility)

reduces to

Ω(E ′) =
∑

Es′s

t̃(E ′ s′|E s)Ω(E)

=
∑

s′s

t(s′|s)Ω(E ′ +Q(s, s′))

=
∑

s′s

t(s′|s)eβQ(s,s′)Ω(E ′) (5.69)

where the Ω(E ′) terms cancel, yielding the simplified reversibility constraint.

finally, (5.65) follows trivially by substituting t̃(E ′s′|E, s) into the expression for

work (5.36). For a given system transition s → s′, the work value associated with

t̃(E ′s′|E, s) is Q(s′, s) + Es′ − Es. This is a convex combination of the work values
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for t(E ′s′|E, s) for fixed s, s′, and therefore (as 〈W̃ 〉 = 〈W 〉) have fluctuations from

the mean that are bounded by the fluctuations associated with t(E ′s′|E, s).

Proof of Theorem 5. We proceed by deriving the work fluctuations associated with

the optimal thermal operation, as defined in Lemma 22. As we have shown that these

thermal operations have both optimal work (and are therefore thermodynamically

reversible) and minimal work fluctuations, their work fluctuations give a tight bound

on the minimal thermal operations that achieve thermodynamic reversibility. For

our simplified maps, the constraints of Theorem 4 simplify to a set of constraints on

the reduced map on the system

1. stochasticity

q(s′) =
∑

s

p(s)t(s′|s) ∀ s′ (5.70)

2. law of total probability

1 =
∑

s′

t(s′|s) ∀ s (5.71)

3. positivity

t(s′|s) ≥ 0 ∀ s, s′ (5.72)

4. reversibility

1 =
∑

s

t(s′|s)eβ(w(s,s′)+Es′−Es) (5.73)

Where we have substituted w(s, s′) = Q(s, s′)−Es′+Es which is the work associated

with the transition s→ s′. It will be useful to relax the reversibility equality to an

inequality

1 ≥
∑

s

t(s′|s) eβ(Es′−Es+w(s′,s)) (5.74)

where saturation of the inequality implies that the map is an allowed (thermal) op-

eration4. In all future calculations we make use of this relaxed constraint and show
4This follows from
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that our solutions saturate the inequality.

The average work associated with the optimal map achieving the quasi-classical

state transition ρ→ σ is given by

W =
∑

ss′

p(s)t(s′|s)w(s′, s) (5.75)

It turns out to be sufficient to optimize this under the reversibility constraint (5.74).

The Lagrangian is

L =
∑

ss′

p(s)t(s′|s)w(s′, s) +
∑

s′

λs′

(
1−

∑

ss′

t(s′|s)eβ(w(s′,s)+Es′−Es)

)
(5.76)

We will denote ∆E(s, s′) = Es′ − Es. Maximizing with respect to w(s′, s) gives

w(s′, s) =
1

β
log

(
p(s)eβ∆E(ss′)

λs′β

)
(5.77)

Extremizing with respect to λs′ and applying (5.70) and (5.71) gives

λs′ =
q(s′)

β
(5.78)

Substituting this into (5.77) gives the optimal work

∑

ss′

p(s)t(s′|s) 1

β
log

(
p(s)eβ∆E(s,s′)

p(s′)

)
= F (ρ)− F (ρ′) (5.79)

Notice that the result is independent of our choice of t(s′|s), i.e. any map that takes

us from ρ → σ gives the same optimal work. This is simply a statement that the

free energy is a state variable (i.e. is path independent). The work W (∞) is the

average of the work values, given by

w(s′, s) =
1

β
log

(
p(s)eβ∆E(s,s′)

q(s′)

)
(5.80)
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Note work values with p(s) = 0 are set to zero (they have zero probability of oc-

curring in the work distribution). Note that the fluctuations diverge as the initial

/ final state moves further from equilibrium. It is easy to check that substituting

our solutions for w(s′, s) into (5.73) saturates the inequality, therefore this map is

achievable with thermal operations.

Lemma 22 shows that no thermal map can achieve this 〈W 〉 with smaller worst case

fluctuations. Having explicitly calculated the work values, we have derived neces-

sary and sufficient conditions for a thermal map to exist that achieves the optimal

work (i.e. the thermodynamically reversible work) given that the fluctuations are

constrained |〈W 〉 − w| ≤ c. (5.62) then follows immediately by constraining (5.80)

to lie in the interval ∆F ± c. �

Note that for any finite c there exist states such that Theorem 5 cannot be satisfied.

These bounds have strong consequences for the minimal fluctuations that can be

achieved with a thermodynamically reversible protocol. For example

lim
p(s)→0

log
p(s)eβEs

q(s′)eβEs′
= − lim

q(s′)→0
log

p(s)eβEs

q(s′)eβEs′
= −∞ (5.81)

Therefore as an energy level occupation probability of an eigenstate of either the ini-

tial or final quasi-classical state tends to zero the work fluctuation associated with

reversibly transitioning to or from this energy level diverges, negatively for work

extraction and positively for state formation. In either case we require c → ∞ in

order to satisfy inequalities Theorem 5 for all state transformations.

Theorem 5 tells us that the further from equilibrium the initial or final states are,

the larger the work fluctuations will be in thermodynamically reversible protocols. If

we desire smaller fluctuations in work, we must incur an intrinsic work cost to do so.

Note that cooling a system close to its ground state is an example of transitioning

from the thermal state to a far from equilibrium state. Defining the ground state
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as |min〉 = min
Es
{|s〉 |Es = Tr [σsH

′
S]}, then reversible cooling is the transformation

ρ→ |min〉〈min|, which amounts to purifying the state. The work fluctuations asso-

ciated with any intermediate state of the system ρ′ with Tr [ρ′|min〉〈min|] = 1−ε will

have fluctuations that diverge like log ε. Similarly, if we want to extract work form a

far from equilibrium state using a thermodynamically reversible transformation we

encounter the same divergence in fluctuations. The fluctuations can diverge even if

the average work remains small (for example, if the system is a qubit with trivial

Hamiltonian then W ≤ β−1 log 2). These divergences have been previously noted in

the study of absolute irreversibility [52, 99, 98].

Previous criticisms of the inadequacy of the standard free energy have focused on

the definition of work [42, 2, 71]. Theorem 5 provides an additional criticism to the

standard Helmholtz free energy, in that necessitates divergent work fluctuations,

which are clearly an un-physical prediction. We now turn our attention to how we

can remove these fluctuations in a principled way.

Theorem 6 (c-bounded work). From [114]. The c-bounded work is defined as the

maximum expected work associated with ρ→ σ s.t. |〈W 〉 − w| ≤ c where w are the

values of the work distribution. For a system S in contact with an infinite thermal

bath, the c-bounded work content and work of formation of quasi-classical state ρ

are

W (c)
ρ =

1

β
logZ ′S −

1

β
log
∑

s

p(s)0e−β(Es−θ(c)s ) (5.82)

W
(c)
F =

1

Xu

[∑

s∈Xu

p(s)

β
log
(
p(s)eβE

′
sZ
)
+c (1−Xu)

]
(5.83)
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where

θ(c)
s =





1
β

log
(
p(s)eβEs

)
− ν , sXu

+c , s ∈ X+

−c , s ∈ Xi

(5.84)

where Xu, X± are partitions of the set of system eigenstates by a criterion described

in Appendix 1.

Proof. See Appendix 1

First we describe the terms in (5.82). Z ′ =
∑

s′ e
−βEs′ is the partition function of

the final Hamiltonian H ′S. The second term can be viewed as a generalization of the

min free energy (Definition 34) that allows for fluctuations in work θ
(c)
s . The only

difference to the min free energy is the term eβθ
(c)
s included in the summation. θ

(c)
s

is the fluctuation of the work value from the c-bounded average W (c)(ρ) given that

the system was initially in state |s〉. In order to find the fluctuations associated with

the optimal c-bounded work extraction protocol we must partition the energy levels

into three disjoint subsets {1, 2, . . . , d} = Xu∪X+∪X− (where d is the dimension of

the quasi-classical state,) representing the energy levels with positive X+, negative

X− and ‘unbounded’ Xu fluctuations5. We also define

Xu =
∑

s∈Xu
p(s) , (5.85)

X± =
∑

s∈X±p(s) . (5.86)

The algorithm for determining the partition Xu∪X+∪X−, which requires the check-

ing of at most d−1 inequalities, is described Appendix 1.2. Once we have determined

the partition, the fluctuations are given by

5These fluctuations are still bounded. However their bounds are not active - the optimal solution
is the same as that achieved without bounds on these fluctuations
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θ(c)
s =





1
β

log(p(s)eβEs)− ν, s ∈ Xu

+c, s ∈ X+

−c, s ∈ X−

(5.87)

where

ν =
1

Xu

(Fu + c(X+ −X−)) (5.88)

Fu(ρ) =
∑

s∈Xu

p(s) log(p(s)eβEs) (5.89)

where Fu(ρ) is the (unnormalized) free energy calculated for the unbounded parti-

tion only. Note that W (c)(ρ) can be written in the more compact form

W (c)(ρ) =
1

β
logZ ′ − 1

β
log
(
Xue

−βν + Z+e
βc + Z−e

−βc) (5.90)

where

Z± =
∑

s∈X±

e−βEs (5.91)

are the partition functions calculated over the positive and negative bounded parti-

tions respectively. In Appendix 1.3 we find that in the optimal work extraction and

state formation protocols the final / initial state of the system is the Gibbs state,

which is diagonal in the energy eigenbasis. Hence equations (5.82) and (5.83) give

the optimal work for arbitrary quantum states. For a two-level quantum system

d = 2, the work content can be expressed succinctly as

W (c)(ρ) = (5.92)



1
β

logZ ′ − 1
β

log
[
e+βc

(
1 + e−β(E+c/p(s1))

)]
if c < ξ

1
β

logZ ′ − 1
β

log
[
e−βc

(
1 + e−β(E−c/p(s1))

)]
if c > −ξ

1
β

logZ ′ + F (ρ) otherwise
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where

ξ =
1

β
ln(1−p(s1))− F (ρ) . (5.93)

Without loss of generality we have assumed above p(s1) ≥ p(s2) and we define

E = E1 − E2. The above expression derives from (5.90) and the partitioning algo-

rithm given in Appendix 1.2.

Returning to the c-bounded work of formation, (5.83) and the algorithm for finding

the state space partition giving the c-bounded work of formation (5.83) is detailed

in Appendix 1.2. Note that the Hamiltonian of S ′, the final state of the system, is

given by H ′S =
∑

j E
′
j |j〉〈j|. The work of formation for a two level system can be

succinctly stated as

W
(c)
F (ρ) =





1
β

logZ − F (ρ) , c ≥ ξ

1
β

log
(
p eβE

′
Z
)

+ c1−p
p
, c < ξ

(5.94)

where ρ = p |0〉〈0|+ (1−p) |1〉〈1|, p ≥ 1/2 and HS = E |0〉〈0| is the Hamiltonian of

the initial Gibbs state.

We now summarize some of the properties of the c-bounded work.

Corollary 3 (recovering the standard free energy). The c-bounded work converages

to the standard (Helmholtz) work in the limit c→∞.

lim
c→∞

W (c)(ρ) = W (∞)(ρ) = −∆F

and

lim
c→∞

W
(c)
F (ρ) = W

(∞)
F (ρ) = ∆F
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W (c)(ρ) W(ρ) WF
(c)(ρ)
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Figure 5.2: How c-bounded work extraction and state formation varies further from
equilibrium. Figure shows the unbounded work W (ρ), the c-bounded work content

W (c)(ρ) and the c-bounded work of formation W
(c)
F (ρ) for the state ρ = p |0〉〈0|+(1−

p) |1〉〈1| with Hamiltonian HS = E |0〉〈0| with β = 1, E = 0.1 and c = 0.7. In the
above figure x denotes the probability 1− p of the system being in the excited state
|1〉. Note that despite choosing a c-bound that allows for fluctuations of the order
of the maximal work that can be extracted from the pure state p = 1, in general
we can extract much less that this amount. There is a discontinuity in W (c)(ρ) at
x = 0 where we recover W (c)(ρ) = W (∞)(ρ). Notice also that closer to the thermal

state the dissipation (difference between the W (c)(ρ) or W
(c)
F (ρ) and W (∞)(ρ)) is

greater for state formations than work extraction, and this reverses as the state
moves further from the Gibbs state.

Proof. Direct consequence of Lemma 5.62

Corollary 4 (recovering the single-shot free energy). The c-bounded work converges

to the single shot work in the limit c→ 0.

lim
c→0

W (c)(ρ) = W
(0)
min(ρ)

and

lim
c→0

W
(c)
F (ρ) = Wmin

F (ρ)

Proof. See Theorems 10 and 11 in Appendix .1.5
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W (c)(ρ) W(ρ) WF
(c)(ρ)
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Figure 5.3: How c-bounded work extraction and state formation varies with c for a
fixed initial / final state. figure shows W

(c)
F (ρ) and W (c)(ρ) v.s. c for the trit state

ρ = 0.7 |0〉〈0|+ 0.2 |1〉〈1|+ 0.1 |2〉〈2| with Hamiltonian Hs = E1 |0〉〈0|+E2 |1〉〈1| with
E1 = 0.1, E2 = 0.2. β is set to 1. x denotes the value of c, which we tune between 0
and 1.5. For small c the dissipation |W (c)(ρ)−W (∞)(ρ)| for the formation protocol is
greater than for the extraction protocol, and for large c the relationship is inverted.
Note that for c > 0.9 it possible to thermodynamically reversibly prepare state ρ
but not to thermodynamically reversibly extract work from it.

Therefore the c-bounded work recovers the standard and single shot work in these

limits for all initial and final states and Hamiltonia. We can use the c-bounded work

to derive the following fundamental limitations on the magnitude and fluctuations

of work that can be extracted from an infinite bath

Theorem 7. The c-bounded work is related to the non-fluctuating work by inequal-

ities

W (c)(ρ) ≤ W (0)(ρ) + c (5.95)

W
(c)
F (ρ) ≥ W

(0)
F (ρ)− c (5.96)

becoming strict inequalities for c > 0

Proof: See lemmas 27 and 28 in Appendix .1.6.
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These inequalities imply a fundamental trade-off between work and fluctuations. In

order to do better than single shot work extraction / state formation, our work must

have fluctuations that are greater than the increase in work / decrease in work cost

with respect to the deterministic work. In Appendix 1.7 we show that the c-bounded

work distributions that give W (c)(ρ) and W
(c)
F (ρ) obey the Jarzinski equality [75].

In Supplementary Note 5 we prove that lim
c→0

W (c)(ρ) = W (0)(ρ) and similarly for

W
(c)
F (ρ).

It is simple to see that for any finite c a partial ordering of the states w.r.t work

emerges. A simple way to observe this is to choose a qubit state ρ with Hamiltonian

HS and a thermal qubit state τ with Hamiltonian H ′S 6= HS such that neither state

thermomajorizes the other (see [71] for examples). For any two such states there is

a value of c below which W (c)(ρ) (for ρ→ τ) is negative and W
(c)
F (ρ) (for τ → ρ) is

positive, i.e. it costs work to perform both the forward and backwards transitions.

Note that there are states with the same standard free energy that exhibit a partial

order for finite c. Allowing the weight to fluctuate freely allows us to transition

between these states freely. This is an example of how weight is not just a resource

for extracting additional fluctuating work but in accommodating dynamics, even

when on average its displacement remains zero. It is an interesting open question to

determine how much we must allow work to fluctuate to allow a transition ρ → σ

to be achieved without costing work.

Qubit Carnot engine. We now present an application of our result - computing

the c-bounded Carnot efficiency for a single qubit Carnot engine model. This is the

maximal efficiency the qubit engine can reach given that fluctuations in the work it

produces are bounded by c. We use the same single qubit engine model as described

in [124]. The engine operates by moving a qubit ρ with Hamiltonian Hs = E |0〉〈0|

between two baths of inverse temperature βH and βC , with βH < βC . The qubit

has state ρH,C = Z−1
H,Ce

−βH,CE |0〉〈0| + Z−1
H,C |1〉〈1| when in equilibrium with the hot

/ cold bath, where ZH,C = 1 + e−βH,CE. The engine cycle begins with the qubit
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in thermal equilibrium with the cold bath. In the first half of the cycle it is then

placed in contact with the hot bath and work is extracted. In the second step of the

cycle the qubit is returned to the cold bath and work is extracted a second time.

In Appendix 2 we show that, in the case that fluctuations are not bounded, it is

possible to reach Carnot efficiency with this engine, as shown in [124].

ηCarnot = 1− βH
βC

(5.97)

In the case that c is finite, the work extracted in the first half of the cycle is given

by

W
(c)
1 (ρ) =





1
βH

log
(
ZH
ZC

)
+ tr[HsρC ]

(
βH−βC
βH

)
, ifA > c

1
βH

log
(

ZHe
βHc

ecβHZC+e−EβH

)
, ifA ≤ c

(5.98)

where

A =
E

ZC

(
βC − βH
βH

)
(5.99)

if A ≤ c we simply extract the difference in free energy between the two thermal

states, otherwise we extract the c-bounded work of ρC in contact with the bath βH .

Similarly, on the second part of the cycle we extract

W
(c)
2 (ρ) =





1
βC

log
(
ZC
ZH

)
+ tr[HsρH ]

(
βC−βH
βH

)
, ifB > c

1
βC

log
(

ZCe
−βCc

e−cβCZH+e−EβC

)
, ifB ≤ c

(5.100)

where

B =
E

ZH

(
βC − βH
βC

)
(5.101)

Note that satisfying (5.99) implies that (5.101) is also satisfied, therefore breaking

inequality (5.101) is the condition for achieving Carnot efficiency in this model. Also

note that B gives the minimum worst case fluctuation of the work extracted by this

engine when operating thermodynamically reversibly. The efficiency is given by the

ratio of the heat flow from the hot bath to the total work extracted in the cycle. The

heat flow from the hot bath is found by applying the 1st law of thermodynamics,
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QH = ∆〈E〉(ρH → ρC) + W
(c)
1 where ∆〈E〉(ρH → ρC) is the change in the systems

internal energy in the first part of the cycle. Therefore the c-bounded efficiency of

the engine is given by

η(c) =
W

(c)
1 +W

(c)
2

∆U +W
(c)
1

(5.102)

In the case that c → ∞, we recover the Carnot efficiency, which is bounded from

0.16 0.06 0.02 ∞

1 2 3 4 5 6 7 8

0.0

0.2

0.4

0.6

0.8

1.0

TH (a.u.)

η
(c
)

Figure 5.4: The corrected Carnot efficiency for various values of c for a single qubit
heat engine. Figure shows the c-bounded Carnot efficiencies vs. TH for single qubit
engine with gap E = 0.1 and TC = 1. The black line gives the unbounded Carnot
efficiency. The Blue lines give the c-bounded efficiencies with there corresponding
c’s marked on the figure. The dashed lines give the maximum attainable efficiency
in the limit of asymptotic temperature difference between βC/βH →∞

above by 1, i.e. we recover unit efficiency in the limit that βC/βH → ∞. For any

finite c this is no longer the case, with the maximal efficiency give by

η(c)
max = lim

βC/βH→∞
η(c) = 1− E

2(2c+ E)
(5.103)

This gives an upper limit on the efficiency of the single qubit engine protocol de-

scribed above, which is dependent only on the Hamiltonian of the qubit and the
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parameter c.

As E → 0, η
(c)
max → 1, but the work extracted tends to zero as the Gibbs states

associated with the two bath temperatures become indistinguishable. For c→ 0 we

get that η
(c)
max is bounded from below by 1/2, but at c = 0 no work can be extracted

as the thermal states are of full rank, giving η
(0)
max = 0. Therefore we find that,

although this engine cannot run at non-zero efficiency in the single-shot regime, if

we allow for arbitrarily small fluctuations it is possible in principle to reach a max-

imum efficiency greater that 1/2 (although the fluctuations in work will still be of

the order of the work extracted, given inequality (5.95)). Similar results relating to

the single-shot regime are discussed in [135].

In conclusion, we have derived tight bounds on the minimal fluctuations in work

associated with thermodynamically reversible protocols, for which the average work

is given by difference in free energy between initial and final states. We have shown

in Theorem 5 that thermodynamically reversible protocols have fluctuations that

diverge in size as the relative athermality of initial or final states increases. We then

derived the c-bounded work content and work of formation of arbitrary quantum

states, which can be understood as modified free energies that interpolate between

the standard and single shot free energies. We have seen that, for any finite c,

some of the phenomenology of single-shot thermodynamics (namely thermodynamic

irreversibility and a partial order of states with respect to work) are present for some

transitions. Furthermore we have found that it is impossible to extract more than

the deterministic work content of a system without necessitating fluctuations that

are greater than the gain in work (and similarly for the work cost of state formation).

An interesting open question is to what extent we must allow work to fluctuate

in order to allow for a given state transformation. Answering this question would

require the extension of these results to processes with arbitrary initial and final

states, including the case where both initial and final states contain coherences

between energy levels, which is ultimately beyond the scope of this thesis. We have
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also used the c-bounded work to study how bounding work fluctuations affects the

efficiency of a single qubit heat engine, and have derived an upper bound on efficiency

of this engine that depends only on c and the engine’s Hamiltonian, establishing a

fundamental trade-off between a the engines efficiency and the fluctuations in the

work it produces. This is particularly pertinent when considering any realistic small-

scale thermal machine, which will only be able to perform thermodynamic protocols

that result in small fluctuations in the energy of the work battery.

All the the results derived thus far assume that the system can interact with all

the microstates of an infinite thermal bath. We now turn our attention to the final

chapter of this thesis, where we remove this strong assumption and re-derive the

second law in the case of a finite thermal bath.

5.4 Finite bath corrections to the second law

In this section we redress our assumption that the thermal bath (Definition 24) has

infinite volume. The results presented in this section have been published as [113].

We consider the limit wherein the bath is a very large but finite system. In fact,

even if the bath is still technically infinite in volume, we should still treat it as a

large finite system. This is because as the system interacts with the bath over a

finite period of time, it will only be able to probe a finite volume of the bath6. We

now restate our assumptions on the heat bath, and proceed as before without taking

the infinite limit.

Definition 24: We define a heat bath as a large system with a continuous energy

spectrum defined by a Hamiltonian HB. The density of microstates of the bath

is given by Ω(E, V ) = eS(E,V ) where S(E, V ) is the entropy of the microcanonical

6For example, the interactions between the system and bath are ultimately bounded to lie within
the light cone of the system, the speed of information transfer is bounded by the Lieb-Robinson
bounds [87] and, more practically, heat transfer rate is limited by the thermal conductivity of the
bath
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ensemble for a given energy E and (dimensionless) volume V . Furthermore, we

demand that

1. The entropy is extensive, S(kE, kV ) = kS(E, V ) ∀ k > 0

2. The dimensionless volume V is large

3. The bath is in a Gibbs state with inverse temperature β, s.t. a microstate

with energy E has an associated probability Z−1
B e−βE

Assumption 1 (extensivity) implies that the microcanonical entropy varies linearly

with volume,

S(E, V ) = V f(u), u = E/V (5.104)

where f(u) is some function of the energy density. Using Ω(E) ∝ eS(E), and using

the probability of microstates p(x) ∝ e−βH(x) (equation (5.4), we assume the bath

microstates are still well described by a Gibbs distribution), the distribution of the

bath energy densities obeys

p(u) ∝ eV (f(u)−βu) (5.105)

In the large V limit we can apply the saddle point approximation to approximate

p(u) by expanding the exponent g(u) = f(u) − βu about its maxima (hence dis-

carding the linear expansion term), g(u) ∼ g(uβ) + 1/2(u − uβ)2g′′(uβ) , where uβ

is the absolute maxima of g(u) as a function of u. This implies that f ′(uβ) = β (to

achieve g′(u) = 0) and f ′′(uβ) < 0.

p(u) ∝ eV (f(uβ)+ 1
2
f ′′(uβ)(u−uβ)2)

∝ e−
V
2 |f ′′(uβ)|(u−uβ)2 (5.106)
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This is a Gaussian with mean 〈u〉 = uβ and variance 〈(u−uβ)2〉 = |V f ′′(uβ)|−1. We

can relate f ′′(uβ) to the heat capacity of the bath by

C := V
∂〈u〉
∂T

= − V
T 2

∂〈u〉
∂β

(5.107)

Starting with f ′(uβ) = β and differentiating w.r.t β gives f ′′(uβ) = 1/
(
∂uβ
∂β

)
. sub-

stituting this into (5.107) yields

C = − V
T 2

1

f ′′(uβ)
(5.108)

Note that f ′′(uβ) < 0 implies that the heat capacity is positive, as is always the case

in “ordinary matter”7. Also note that C ∝ V , because f(uβ) is independent of V .

The variance of p(u) can now be expressed as

〈
(u− 〈u〉)2

〉1/2
=
T
√
C

V
∝ V −1/2 , (5.109)

which is small when V is large. Finally, we use our approximate form for p(u) to

approximate the density of states of the bath, Ω(E, V ) ∝ eβEp(u), as

Ω(E, V ) ∝ exp

(
βE − γE2

2

)
, (5.110)

where we have rescaled the energy such that 〈E〉 = 0, and we define γ = 1
CT 2 .

5.4.1 Finite bath corrections to the second law

In this section we analyze the transformation power of thermal operations in the

case of a finite bath as outlined in the previous section. First we recap Lemma 20,

which provides a correction to the second law in terms of the mutual information

7A counterexample to this is semi-classical black holes, which have a negative heat capacity [93]
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between system and bath following the thermal operation

Wρ→σ = F (ρ)− F (σ)− 1

β
I(E(ρS ⊗ ρB)) (5.111)

Note that in our derivation of Lemma 20 we make no assumption on the density of

states of the bath, other than it being convex. This necessary and sufficient condition

is not always useful, because it involves the final state of the bath. However, it

precisely articulates the effect of having a finite bath. Note that a similar bound

was previously found in [50] and [111], albeit under more significant assumptions

such as the bath being finite dimensional and having certain Hamiltonian properties.

In the previous section we showed that when the heat capacity of the bath is infinite,

it is possible to extract average work equal to the free energy difference. In this case,

the system-bath final state is of the form P (s′, E ′) = P (s′)pb(E
′), i.e. the system and

bath end up uncorrelated, and the bath remains in a thermal state. The mutual

information correction of Lemma 20 quantifies the correlations in the final joint

system-bath state P (s′, E ′). We now show that this idealized situation cannot be

achieved with a finite bath, and the corrections to the second law that we derive

can be thought of as quantifying the minimal correlations that can be achieves in

the final system-bath state.

The bound in (5.111) requires detailed knowledge of the final system and bath joint

state which is not typically available in a realistic setting (in order to compute the

mutual information). This isn’t an ideal situation, as this detailed knowledge is not

typically available, and we are interested in calculating the optimal work in the case

of a large but finite bath. Equation (5.111) lets us interpret the bounds we derive as

the minimal mutual information generate between system and finite bath in a given

state transition. We now present a necessary condition which only depends on the

state of the system and the heat capacity of the bath C.
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Theorem 8 (A necessary condition for the possibility of a transformation is).

〈W 〉 ≤ −∆F − 1

2βC
∆S2 , (5.112)

where ∆S is the change in entropy of the system.

Proof. See Appendix .3.1.

This bound is simple to calculate, and the correction to the standard second law

(2βC)−1∆S2 is quadratic in the entropy change between initial and final states,

giving a simple measure of the thermodynamic irreversibility inherent in all state

transformations that change the entropy of the system. From this, we can conclude

that

Thermodynamic reversibility requires an infinite heat bath.

This upper bound to the extractable work may not be tight in general, although we

explore some cases for which it is. We present tight upper bounds that only depends

on the initial and final states of the system, like (5.112), for the case that the initial

and/or final state is maximally mixed, p(s) = const or q(s′) = const. When the

initial state is maximally mixed, this corresponds precisely to the often studied case

of Landauer erasure [84, 20]. For these cases we can refine the work upper bound

in (5.112) to a tight upper bound and show that it is achievable through operations

that are independent of the bath energy (See Appendix B3).

Theorem 3: When the final state of the system is maximally mixed, the necessary

and sufficient condition is

〈W 〉 ≤ −∆F − 1

2βC
∆S2 , (5.113)
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up to first order in 1/C. When the initial state is maximally mixed, the necessary

and sufficient condition is

〈W 〉 ≤ −∆F − 1
2βC

(∆S2 + Var[ρ]) , (5.114)up to first order in 1/C, where ρ is the

final state of the system. The ‘varentropy’ is defined as

Var[ρ] =
∑

s

p(s) log2p(s)−
[∑

s

p(s) log p(s)

]2

, (5.115)

and is always positive.

Proof. See Appendix B3.

Equation (5.114) gives a tight upper bound to the work cost of Landauer erasure in

the case of a large but finite bath. Note that the correction contains a varentropy

term. Varentropy is best understood by considering the entropy as the expectation

value of the ‘surprise’ (also known as the self-information, or ‘surprisal’) function in

Shannon information theory, S(ρ) = 〈− log p(s)〉. The surprise is the information

gain when sampling state s from a given prior distribution p(s). By (5.115), the

varentropy is simply the variance of the surprise. This expression has turned up

in non-asymptotic Shannon theory (for example [82, 77, 104]), but this is (to my

knowledge) its first appearance in the context of the second law. As the second

law for an infinite bath is phrased in terms of the entropy (a first-order information

measure), its is perhaps unsurprising that non-asymptotic information measures are

required when we remove the asymptotic approximation of an infinite bath.

For thermal states p(s) ∝ e−βEs , the varentropy is precisely the heat capacity of

the system (5.107) of the system (see section 2.2.2 of [112]). For example, consider

the case where we prepare a thermal state of an arbitrary Hamiltonian H ′S from the

thermal state of a trivial Hamiltonian. The term Var[p(s′)] gives the heat capacity of
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the prepared system and the correction includes the ratio of this to the heat capacity

of the bath.

〈W 〉 ≤ −∆F − 1

2βCB
∆S2 +

1

2β

CS
CB

(5.116)

5.5 Conclusions

We have derived upper bounds for the optimal work associated with thermal op-

erations where the bath is large but finite, and tight upper bounds in the case of

Landauer erasure and its reverse process. Our approach has been general in the

sense that we do not need to consider the particular microscopic structure of the

heat bath (e.g. whether it is made of fermions, bosons,...). The only quantities

that play a role are its temperature and its heat capacity. When the heat capacity

diverges, i.e. the bath becomes infinite, one recovers all the standard results, such

as the result in [124, 2].

Other work on finite-size limitations includes [111, 72, 107, 135]. For example in

[111] tight corrections to the Landauer bound are found in terms of the dimension

of the bath, recovering the Landauer limit 〈W 〉 ≤ ∆S when the heat bath is infinite

dimensional. There is however a clear difference between bounding the dimensional-

ity of the Hilbert space of the bath, and bounding its volume as we do. To illustrate

this difference, there are situations where the bath is infinite dimensional but with a

finite volume and heat capacity (for example a bosonic bath). In these cases bound-

ing dimension results in trivial corrections to the free energy whereas bounding the

heat capacity provides non-trivial corrections. Furthermore, the fact that the bath

has infinite dimensions is also a necessary condition for the appearance of an infi-

nite recurrence time, which as previously discussed is needed for the emergence of

irreversibility [21] 8. Working in the regime of finite but large environment, we find

8A simple argument goes, if an isolated system must return ε-close to its initial state, then
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corrections to the second law that are universal, in that they apply to all conceiv-

able environments, regardless of their constituents, Hamiltonian and Hilbert space

dimension.

One possible area where these results could be applied is to exploring the behaviour

of heat engines operating in finite time. We have observed that the effect of having

access to a finite bath has a marked effect on the minimal achievable dissipation in

some protocols, suggesting that there could be significant finite size effects in small

scale thermal engines. A correction to the free energy should also correspond to a

correction of the Carnot efficiency of ideal cyclic process. Previous work such as

[135, 123, 131] has looked at this question for particular models. An open question

is to determine the work-optimal processes for arbitrary state transformations with

a finite bath. Whereas for an infinite bath the work is a function of the state, and

as a result the work is “path independent”, for finite baths our results suggest the

existence of unique optimal processes. For example, a Szilard engine [129] operates

cyclically on systems with trivial Hamiltonian, and so the optimal work is captured

exactly by equations (5.113) and (5.114). In the case when the dimension of the

working system is greater than two, the variantropy term in (5.114) differs for states

of equal entropy, and so there will be optimal paths through the state space of the

system which minimize varentropy - a constraint that isn’t present in the infinite

bath analysis due to path independence. Determining these optimal paths it tan-

tamount to determining the optimal heat engine protocols operating in finite time

/space, which is an open problem of practical importance.

any transition from that state cannot be seen as irreversible, as one can return without expending
energy
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.1 Thermal operations

In this Appendix we derive the c-bounded work and related results.

.1.1 determining the optimal map

Lemma 23. We can always find an optimal protocol where t(s′|s)→ t̃s = e−βEs′/Z ′,

where Z ′ = tr[e−βH
′
S ], and w(s′, s)→ w̃s that obeys |w̃(s)− 〈W 〉| ≤ |w(s′, s)− 〈W 〉|

∀ s, s′

Proof. The average work extracted by a given protocol is given by

W =
∑

ss′

p(s)t(s′|s)w(s′, s) (117)

where {t(s′|s), w(s′, s)} obey constraints (5.70) (5.71) and (5.73).

Assume there exists some optimal protocol {t(s′|s), w(s′, s)} that satisfies these and

obeys the c-bound

|w(s′, s)−W | ≤ c ∀s, s′ (118)

Define a new protocol with

t̃(s′) =
e−βEs′

Z ′
(119)

w̃(s) =
∑

k

t(k|s)w(k|s) (120)

The average work extracted by this protocol is

W̃ =
∑

ss′

p(s)t̃(s′)w̃(s) =
∑

s

p(s)w̃(s) =
∑

ss′

p(s)t(s′|s)w(s′, s) (121)

therefore it extract the same amount of work as the optimal protocol. It is also



.1. Thermal operations 149

obeys the microscopic reversibility inequality (5.73) as

∑

s

t̃(s′)eβ(w̃(s)−∆Ess′ ) =
1

Z ′

∑

s

e
β

(∑
k
t(k|s)w(k|s)−Es

)

≤ 1

Z ′

∑

sk

t(k|s)eβw(k|s)−βEs

=
1

Z ′

∑

sk

t(k|s)eβw(k|s)−βEs+βEk−βEk

≤ 1

Z ′

∑

k

e−βEk

= 1

where we have used the fact that
∑

k t(k|s) = 1 and the convexity of the exponential

function to get eβw̃(s) ≤ ∑k t(k|s)eβw(k|s), and in the second to last line have used

the reversibility of the original map. Finally, the new protocol also obeys the c-

bound as the work values w̃(s) are convex sums of the work values w(s′, s) and

therefore max{w(k|s)} ≥ w̃(s) ≥ min{w(k|s)}. As W is unchanged then the worst

case fluctuations of the new work distribution about the average must be less than

or equal to those of the optimal distribution.

We now drop the tilde from w̃(s) and t̃(s′). It is simple to check that t(s′) =

1/Z ′e−βEs′ satisfies the conditions (5.70) and (5.71). The reversibility inequality

(5.73) becomes

Z ′ ≥
∑

s

eβ(w(s)−Es) (122)

and the average work is given by

W =
∑

s

p(s)w(s) (123)

We are now in a position to derive W (c)(ρ). The Lagrangian is the same as em-

ployed in the previous section except that it includes terms bounding all |w(s) −
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∑
k p(sk)w(k)| ≤ 0. Due to the exponential in the reversibility term Z ′ ≥∑s e

β(w(s)−Es)

we must linearise these bounds so as to avoid generating a transcendental equation

when extremizing the Lagrangian over w(s). We therefore select the bounds

w(s)−
∑

k

p(sk)w(k) ≤ c (124)

∑

k

p(sk)w(k)− w(s) ≤ c (125)

with associate Lagrange parameters µss′ and µ̄ss′ . As all fluctuations are either pos-

itive (w(s) ≥ W (c)(ρ)) or negative (w(s) < W (c)(ρ)) one of these bounds will always

be trivial for each work value w(s). Including the reversibility constraint (122) we

maximise the average work W =
∑

s p(s)w(s) by extremizing the Lagrangian

L =
∑

s

fsw(s) + λ

(
Z ′ −

∑

s

eβ(w(s)−Es)

)
+ c
∑

s

(µs + µ̄s) (126)

where

fs = p(s) f − (µ̄s − µs) (127)

where f = 1 +
∑

k(µ̄k−µk) and we have replaced the old Lagrange parameters with

λ = Z ′
∑

s λs and µs(µ̄s) =
∑

s′ µss′(µ̄ss′). Maximizing w.r.t w(i) and λ gives

w(s) =
1

β
log

(
fse

βEs

βλ

)
(128)

λ =
1

βZ ′
(129)

where we have used
∑

s fs = 1. Substituting these into the Lagrangian simplifies it

to

L =
1

β

∑

s

fs log
(
fse

βEsZ ′
)

+ c
∑

s

(µs + µ̄s) (130)
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Maximizing w.r.t µj and µ̄j under the condition µj ≥ 0 and µ̄j ≥ 0 gives

(131)

∂L
∂µj

= 0 → log
(
fje

βEj
)
−
∑

s

p(s) log
(
fse

βEs
)

= −βc

(132)

∂L
∂µ̄j

= 0 → − log
(
fje

βEj
)

+
∑

s

p(s) log
(
fse

βEs
)

= −βc

where we have used

∂fs
∂µj

= −p(s) + δsj (133)

∂fs
∂µ̄j

= p(s)− δsj (134)

For c > 0, equations (131) and (132) cannot be simultaneously satisfied by any

w(j) = 1/β log
(
fje

βEjZ ′
)

therefore if µj > 0 then µ̄j = 0 and visa-versa. As

w(i) = 1/β log
(
fie

βEiZ ′
)

equations (131) and (132) can be written in the form

µj 6= 0→ w(j)− 〈W 〉 = −c (135)

µ̄j 6= 0→ w(j)− 〈W 〉 = c (136)

Therefore fluctuations saturate either a positive or negative bound, or saturate no

bounds (µj = µ̄j = 0). It will therefore be useful to partition the set of energy levels

into those for which the resulting fluctuations will saturate a positive bound i ∈ X+,

a negative bound j ∈ X− or saturate no bounds u ∈ Xu. For work values w(i), w(i′)

that saturate a positive bound and w(j), w(j′) that saturate a negative bound we
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have

fie
βEi = fi′e

βEi′ (137)

fje
βEj = fj′e

βEj′ (138)

fje
βEj = fi′e

β(Ei′−2c) (139)

fi = p(si)f − µ̄i (140)

fj = p(sj)f + µj (141)

fu = p(su)f (142)

where (137) comes from summing (131) for µj, µj′ , (138) from summing (132) for

µ̄i, µ̄i′ , (139) comes from subtracting (131) for µj and (132) for µ̄i and (140)–(142)

are just the definition (127) with the conditions µ̄j = 0, µi = 0 and µu = µ̄u = 0

applied. (137)–(139) and (142) allow us to simplify (131) and (132) to

∂L
∂µj

= 0→ log

(
f

fjeβEj

)
= ν + c (143)

∂L
∂µ̄i

= 0→ log

(
f

fieβEi

)
= ν − c (144)

ν =
β

Xu

(
1

β
Hu(ρ) + c(X− −X+)− 〈Eu(ρ)〉

)
(145)

WhereX+ =
∑

s∈X+
p(s), X− =

∑
s∈X− p(s), Xu =

∑
s∈Xu p(s), Hu(ρ) = −∑s∈Xu p(s) log p(s)

and 〈Eu(ρ)〉 =
∑

s∈Xu p(s)Es. (137)–(142) let us to relate the remaining Lagrange

parameters by

µ̄i′ = f(p(si′)− p(si)eβ(Ei−Ei′ )) + µ̄ie
β(Ei−Ei′ ) (146)

µj′ = f(p(sj)e
β(Ej−Ej′ ) − p(sj′)) + µje

β(Ej−Ej′ ) (147)

(148)

µ̄i =
(k − µj)(eβEip(si)− eβ(2c−Ej)p(sj))− µjeβ(2c−Ej)

(1− p(si))eβEi + p(sj)eβ(2c−Ej)
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where k = f − µ̄i + µj. Summing (146) over i′ and (147) over j′ gives

∑

i′

µ̄i′ = f(X+ − p(si)eβEiZ+) + µ̄ie
βEiZ+ (149)

∑

j′

µj′ = f(p(sj)e
βEjZ− −Xi) + µje

βEjZ− (150)

where Z+ =
∑

s∈X+
e−βEs and Z− =

∑
s∈X+

e−βEs . f = 1+
∑

i′ µ̄i′−
∑

j′ µj′ therefore

we can get f in terms of µ̄i and µj alone

f =
1 + µ̄ie

βEiZ+ − µjeβEjZ−
p(si)eβEiZ+ + p(sj)eβEjZ− +Xu

(151)

We now have f in terms of µ̄i and µj, and (148) relates these to eachother, so we

can solve (143) and (144) simultaneously (using k = f − µ̄i + µj) to find µ̄i and

µj, and by (146), (147) all Lagrange multipliers. Substituting (146) and (147) into

(137) and solving for µj gives

µj =
keβEi(e−βc − p(sj)eβEj+ν)

eβ(Ei−c) + eβ(Ej+c) + (1− p(si)− p(sj))eβ(Ei+Ej)+ν
(152)

and similarly for µ̄i

µ̄i =
keβEj(eβc − p(si)eβEi+ν)

eβ(Ei−c) + eβ(Ej+c) + (1− p(si)− p(sj))eβ(Ei+Ej)+ν
(153)

Using (151) and k = f − µj + µ̄i simultaneously solve (152) and (153) to give

µ̄i =
p(si)e

ν − e−β(Ei−c)

eνXu + Z+eβc + Z−e−βc
(154)

µj =
e−β(Ej+c) − p(sj)eν

eνXu + Z+eβc + Z−e−βc
(155)

it is simple to check that (146) and 147 result in exactly the same equation for all

µ̄i′ and µj′ but with the corresponding index. Now armed with the explicit form of

the Lagrange parameters we have solved the Lagrangian. It is easy to check that

for these solutions for µ̄i, µj the Lagrangian simplifies to L =
∑

s p(s)w(s) where
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w(s) = 1/β log(fse
βEsZ ′) where the fi are now of the form

fs = γ−1





p(s)eν , s ∈ Xu

eβ(c−Es) , s ∈ X+

e−β(c+Es) , s ∈ X−

(156)

where

γ = eνXu + Z+e
βc + Z−e

−βc (157)

Substituting in the above values for fs into L = 1/β
∑

s p(s) log(fse
βEsZ′) gives our

final result for work extraction

W (c)(ρ) =
1

β
(logZ ′ − log γ) (158)

Next we show that γ can be written as γ =
∑

s p(s)
0e−βEseβθs there θS is the

fluctuation associates with subspace |s〉〈s| which, in the c-bounded distribution, is

given by

θs =





1
β

log(p(s)eβEs) + ν
β
, s ∈ Xu

+c, s ∈ X+

−c, s ∈ X−

(159)

In general, the c-bounded work is given by the difference between the free energy of

the final thermal state and the c-bounded free energy

F (c)(ρ) = − log
∑

s

p(s)0e−βEseβθs (160)

.1.2 Finding the optimal partition

In this appendix we derive the inequalities for partitioning the state space into pos-

itively bounded X+, negatively bounded X− and unbounded Xu energy levels, as

required by our main result. We derive the general set of inequalities for any state
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and Hamiltonian and give worked through examples of how to find the partition for

arbitrary 2 and 3 dimensional systems. Firstly we derive the partition inequalities

for work extraction protocols, and then show that the partition inequalities for work

of formation are identical.

The Lagrangian is maximised under the condition that µ̄i and µj given in (152)

and (153) are positive. Therefore if our optimization gives a negative Lagrange

parameter it is set to zero, removing the corresponding c-bound. The Lagrange

parameters are positive when the following inequalities are satisfied

1

β
log
(
p(si)e

βEi
)

> c− ν

β
→ µ̄i > 0 (161)

1

β
log
(
p(sj)e

βEj
)

< −c− ν

β
→ µj > 0 (162)

where

ν =
β

Xu

(
1

β
Hu(ρ) + c(X− −X+)− 〈Eu(ρ)〉

)
(163)

and we have used γ ≥ 0. Clearly ν depends on how you partition the state space in

to positively, negatively and unbounded fluctuations. In the following we derive a

set of inequalities that determine the unique partition give ρ and c. The following

observations simplify the problem

Lemma 24. For any c-bounded work distribution where bounded fluctuations sat-

urate their bounds, X± < 1/2

Proof. Consider a c-bounded work distribution with work values {w(s)}, average

work W =
∑

s p(s)w(s), and all work values obey |w(s) − W | ≤ c. Break the

work distribution up into work values that give positive fluctuations w(i) ≥ W and

negative fluctuations w(j) < W . Writing the fluctuations as θi = w(i) −W and
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θj = W − w(j) and substituting into W =
∑

s p(s)w(s) we get

∑

i

p(si)θi =
∑

j

p(sj)θj (164)

which merely states that the average (non-absolute value) fluctuation of a random

variable is zero, as is always the case. Take the case that
∑

s∈X+
p(s) >

∑
s∈X− p(s)

and X+ > 1/2. Clearly
∑

s∈X− p(s) < 1/2 so X− < 1/2. If X+ ≥ 1/2 then, as

bounded fluctuations saturate their bounds, (164) gives the inequality

∑

s∈X−

p(s)c <
∑

s∈X+

p(s)θs (165)

taking the factor of
∑

s∈X+
p(s) to the other side we can write the inequality

c <
1∑

s∈X−
p(s)

∑

s∈X−

p(s)θs (166)

The right hand side is a convex sum, and all θs ≥ 0, therefore at least one θs > c

contradicting the fact that the work distribution is c-bounded. Therefore we must

have X+ < 1/2. A similar argument for the case
∑

s∈X+
p(s) <

∑
s∈X− p(s) gives

that X− < 1/2.

The second observation is that the inequalities (161) and (162) obey a β-ordering

hierarchy. The β-odered state, ρ↓β, is defined as

ρ↓β = (p(s1), p(s2), . . . , p(sR)) , p(s)eβEs ≥ p(ss+1)eβp(ss+1) (167)

where R = rank(ρ) (there is no work value w
(∞)
s associated with p(s) = 0). The

β-ordering gives w
(∞)
i ≥ w

(∞)
i+1 . Therefore if w

(∞)
i satisfies (161) then so does w

(∞)
i−1 ,

and if w
(∞)
j satisfies (162) the so does w

(∞)
j+1 . From this we can deduce that the
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partition of the state space will look like

ρ↓β = (p(s1), p(s2), . . . , p(sk)︸ ︷︷ ︸
X+

, p(sk+1), . . . , p(sl−1)︸ ︷︷ ︸
Xu

, p(sl), . . . , p(sR)︸ ︷︷ ︸
X−

) (168)

Finally, it will be useful to put the inequalities in to the following form. In the follow-

ing we drop the (∞) superscript from the unbounded work values w
(∞)
s . Subscript i

will label positively bounded fluctuations and subscript j negatively bounded fluctu-

ations. (161) and (162) can be written in terms of the unbounded work distribution

only (therefore the problem of finding the partition, assuming it exists, is a closed

form)

W (∞)(ρ) < Xu(w(i′)− c) +
∑

s∈X+

p(s)(w(s)− c)

+
∑

s∈X−

p(s)(w(s) + c) ∀ i′ ∈ X+ (169)

W (∞)(ρ) > Xu(w(j′) + c) +
∑

s∈X+

p(s)(w(s)− c) +
∑

s∈X−

p(s)(w(s) + c)

∀ j′ ∈ X− (170)

where W (∞)(ρ) is the unbounded average work W (∞)(ρ) = β−1 logZ ′ + F (ρ) and

Xu = 1 − X+ − X−. We now prove that for a given ρ and c there exists a unique

partition for which all inequalities (169) and (170) are satisfied.

Lemma 25. Given state ρ, bound value c and inverse temperature β, there is a

unique partition of the state space that gives the optimal c-bounded work. For

R = rank(ρ) there are at most R−1 inequalities that must be checked to determine

the partition.

Proof. By 24 we know that X± < 1/2, therefore Xu > 0. The partition obeys the

β-ordering hierarchy (168). Starting from p(s1) count left to right in ρ↓β until you

find the furthest p(sk) s.t.
∑k

i=1 p(s) < 1/2. These will form our trial set for the

bounded positive fluctuations X̃+. Starting from p(sR) count from right to left until
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you find the furthest p(sl) s.t.
∑R

j=l p(sj) < 1/2. These form our trial set for the

bounded negative fluctuations X̃−. If this is indeed the correct partition for the state

space, the tightest bounds will be (169) on w(k) and (170) on w(l). The inequalities

are

(1−
∑

i

p(si)−
∑

j

p(sj))(w(k)− c) +
∑

i

p(si)(w(i)− c) (171)

+
∑

j

p(sj)(w(j) + c) > W (ρ)

(1−
∑

i

p(si)−
∑

j

p(sj))(w(l) + c) +
∑

i

p(si)(w(i)− c) (172)

+
∑

j

p(sj)(w(j) + c) < W (ρ)

Whenever an inequality is satisfied it fixes that fluctuation as being the infinitum

of its set. For example, if (171) is satisfied for w(k) then k ∈ X̃+ regardless of X̃−.

To see this, consider the case that (171) is satisfied for w(k) but (172) isn’t for w(l)

Xu(w(k−c) +
k∑

i=1

p(si)(w(i)− c) +
R∑

j=l

p(sj)(w(j) + c) > W (ρ)

Xu(w(l) + c) +
k∑

i=1

p(si)(w(i)− c) +
R∑

j=l

p(sj)(w(j) + c) > W (ρ)

as w(l) doesn’t satisfy its bound we have to move further down to w(l′ > l). This

makes Xu → Xu +
∑l′

j=l p(sj) and
∑R

j=l p(sj)(w(j) + c) → ∑R
j=l p(sj)(w(j) + c) −

∑l′

j=l p(sj)(w(j) + c). The left hand side of (171) gains the term

+
l′∑

j=l

p(sj)(w(k)− c)−
l′∑

j=l

p(sj)(w(j) + c) (173)

=
l′∑

j=l

p(sj)(w(k)− w(j))

As w(k) ≥ w(j) ∀ j = l, . . . , l′ this term is positive and the new (171) is guaranteed

to be satisfied. Therefore we see that there is a unique partition as satisfying an
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inequalities fixes the corresponding (positive or negative) subspace. There are at

most R− 1 inequalities that we need to check, i.e. the “worst case” being when the

state space is unbounded and we check all R− 1 inequalities.

In summary, the algorithm for determining the partition can be summarised as

follows

1. β-order the state ρ↓β = (p(s1), . . . , p(sR)) where p(s)βEs ≥ p(ss+1)βEs+1 and

R = rank(ρ). This ordering gives the unbounded work distribution in de-

scending order (w(1), . . . , w(R)) where w(s) = β−1 log(p(s)eβEsZ ′) and w(s) ≥

w(s+ 1)

2. Take the trial partition where you maximise X+ =
∑k

i=1 p(si) under the con-

dition X+ < 1/2 and X− =
∑R

j=l p(sj), X− < 1/2. Check inequalities

Xu(w(k)− c) +
k∑

i=1

p(si)(w(i)− c) +
R∑

j=l

p(sj)(w(j) + c) > W (ρ) (174)

Xu(w(l) + c) +
k∑

i=1

p(si)(w(i)− c) +
R∑

j=l

p(sj)(w(j) + c) < W (ρ) (175)

3. If (174) is satisfied p(sk) fixes X+ =
∑k

i=1 p(si) and similar for (175). Oth-

erwise we perform the next set of inequalities lower in the hierarchy, with

X+ =
∑k−1

i=1 p(si) if (174) is not satisfied and/or
∑R

j=l+1 p(sj) if (175) is not

satisfied. We repeat this process until we find a pair of inequalities that are

simultaneously satisfied, fixing X̃± = X±, requiring at most R− 1 inequalities

to be checked.

Case: d=2. This is the simplest case, as either p(s1) > 1/2 or p(s2) > 1/2 or they

both = 1/2. In the first case we bound the negative fluctuation, and there is a single

bound to check

w(2) < W (∞)(ρ)− c (176)
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and in the second case we bound the positive fluctuation if

w(1) > W (∞)(ρ) + c (177)

and if p(s1) = p(s2) = 1/2 when the two fluctuations must be equal (as the average

of the positive fluctuations = the average of the negative fluctuations) and we can

choose to bound one or the other, giving the same free energy.

In the following section we show that the same algorithm is used for determining

the partition for the c-bounded work of formation. Note that, unless all fluctuations

are unbounded W (c)(ρ) < W (∞)(ρ) and, as shown in the next section, W
(c)
F (ρ) >

W
(∞)
F (ρ).

.1.3 Optimal work of formation

Assume there exists some optimal choice of {t(s′|s), w(s′, s)} that minimize the

work cost whilst obeying the c-bounds and microscopic reversibility (5.73). We

start in the thermal state with p(s) = 1/Ze−βEs and end the protocol in state ρ

with probabilities q(s′). The average work is

W =
∑

ss′

1

Z
e−βEst(s′|s)w(s′, s) (178)

where the t(s′|s) must obey (5.70), (5.71) and (5.72).

Lemma 26. We can always choose new protocol parameters t̃(s′) = q(s′) and

w̃s′ =
∑

s
t(s′|s)e−βEs

p(s′)Z
w(s′, s) that give the same average work as the optimal protocol

and obey all the necessary constraints

Proof. Clearly these choices of t̃(s′) satisfy
∑

s′ t̃(s
′) = 1 and

∑
s 1/Ze−βEs t̃(s′) =



.1. Thermal operations 161

q(s′), and the average work is given by

W̃ =
∑

ss

1/Ze−βEs t̃(s′)w̃s′ =
∑

s′

t̃(s′)w̃s′ (179)

=
∑

ss′

p(s′)
t(s′|s)e−βEs
Zp(s′)

w(s′, s) = W

Note that
∑

s
t(s′|s)e−βEs

q(s′)Z
= 1 so w̃s′ is a convex sum of the w(s′, s). The reversibility

inequality (??) demands that

∑

s

t̃(s′)eβ(w̃s′−∆Ess′ ) ≤ 1 (180)

which we can see to be true as the LHS is

LHS = q(s′)eβ(w̃s′+Es′ )
∑

s

e−βEs

= q(s′)Zeβ(w̃s′+Es′ )

= q(s′)ZeβEs′e
β
∑
i
t(s′|s)e−βEs

q(s′)Z w(s′,s)

≤ q(s′)ZeβEs′
∑

s

t(s′|s)e−βEs
q(s′)Z

eβw(s′,s)

=
∑

s

t(s′|s)eβ(w(s′,s)−∆Ess′ ) ≤ 1

where in the fourth step we have used the convexity of the exponential function

and in the last step we have used the fact that the optimal protocol defined by

{t(s′|s), w(s′, s)} is reversible.

Clearly the new protocol obeys the c-bounds as w̃s′ is a convex combination of

w(s′, s) and the average of the work distribution is the same for both maps, therefore

the spread of w̃s′ about the average is less than or equal to that of w(s′, s).

Substituting t(s′|s) → t̃(s′) = q(s′) and w(s′, s) → w̃s′ into the Lagrangian and
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simplifying gives

L =
∑

s′

fs′w(s′) +
∑

s′

λs′
(

1− q(s′)eβEs′Zeβw(s′)
)

+ c
∑

s′

(µs′ + µ̄s′)

where we have dropped the tilde from w̃s′ and fs′ = q(s′)(1 + f) − (µ̄s′ − µs′) and

f =
∑
s′

(µ̄s′ −µs′). µ̄ give the bounds on positive fluctuations and µ give the bounds

for negative fluctuations. Maximizing w.r.t w(s′) and λs′ gives

λs′ = max{ fs′
β
, 0 } (181)

w(s′) = − 1

β
log

(
βλs′q(s

′)eβEs′Z

fs′

)
(182)

= − 1

β
log
(
q(s′)eβEs′Z

)
, fs′ 6= 0 (183)

which is the work value given in the unbounded cases (it contains no µ̄j, µj terms).

Therefore all fluctuations with fs′ > 0 are unbounded, with µs′(µ̄s′) = 0, giving

fs′ = q(s′) if unbounded or 0 if bounded. The Lagrangian reduces to

L = − 1

β

∑

s′

fs′ log
(
q(s′)eβEs′Z

)
+ c
∑

s′

(µ̄s′ + µs′) (184)

Which we can now re-write in terms of bounded and unbounded fluctuations. Index

all fluctuations with fs′ > 0 with s′ ∈ Xu, and all those with fs′ = 0 with s′ ∈ X+.

The Lagrangian becomes

L = − 1

β

∑

s′∈Xu

q(s′)(1 + f) log
(
q(s′)eβEs′Z

)
+ c

∑

s′∈X+

(µ̄s + µs) (185)

fs = 0 ∀s′ ∈ X+ gives

µ̄s′ − µs′ = q(s′)(1 + f) (186)
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Summing over s ∈ X+ and solving for f =
∑
k′

(µ̄k′ − µk′) gives

f =
Xc

1−Xc

(187)

where Xc =
∑

s′∈X+
q(s′). For a given bounded fluctuation only one of the µ La-

grange parameters is non-zero, corresponding to if the fluctuation is positive or

negative. Using the above result gives

µ̄k = p(sk)(1 +
Xc

1−Xc

) =
p(sk)

1−Xc

(188)

µl = − p(sl)

1−Xc

(189)

The Lagrange parameters are restricted to being positive, µs ≥ 0 and µ̄s ≥ 0 ∀ s.

Therefore as µs = −p(s)/(1 −Xc) which is ≤ 0, therefore all µs = 0 and we never

bound negative fluctuations.

Using Xu = 1−Xc we arrive at the c-bounded optimal work of formation

W
(c)
F =

1

Xu

(
− 1

β

∑

s′∈Xu

q(s′) log
(
q(s′)eβEs′Z

)
+ cXc

)
(190)

This is exactly the work cost when we calculate the c-bounded work of formation in

the following way. Take the optimal unbounded work distribution for forming a state

(w(1), . . . , w(d)) with average W (∞)(ρ). Equation (190) is given by the solution to

the equation

W =
∑

s∈Xu

p(s)w(s) +
∑

s∈X+

p(s)(W + c)

∴ W (1−
∑

s∈X+

p(s))

︸ ︷︷ ︸
Xu

=
∑

s∈Xu

p(s)w(s) + cX+

∴ W =
1

Xu

(∑

s∈Xu

p(s)w(s) + cX+

)



164

I.e we simply take the optimal unbounded work distribution and if the largest pos-

itive fluctuation breaks w(i) −W ≤ c we replace it with W ′ + c, recalculating the

average each time.

.1.4 Optimal partitions

We now show this algorithm for finding the partition is identical to the algorithm de-

rived in Appendix 1.2 for work extraction, in the case of positive fluctuation bounds

only.

Theorem 9. The partition of the state space that gives the c-bounded work of

formation is found using the algorithm described in Lemma 25 but bounding only

positive fluctuations.

Proof. Take the final state ρ′ and β-order it

ρ′↓β = (p(s1), . . . p(sR)) , q(s′)eβEs′ ≥ q(s′+1)eβEs′+1 (191)

where R = rank(ρ) (we can discount work values in the unbounded work distribution

associated with p(s) = 0 as they have no probability of being observed). The un-

bounded work distribution obeys the inverse β-ordering as w(s′) = −β−1 log(q(s′)eβEs′Z),

therefore w(1) ≤ w(2) ≤ · · · ≤ w(R). For a correct partition where X+ =
∑R

s′=k p(si) we require that w(s′) ≤ WF (ρ′)(c) + c ∀ s < k. As with the c-bounded

work extraction protocol the β-ordering puts these inequalities into a hierarchy, with

the bound for w(k − 1) being the tightest. As all bounds must be satisfied we need

only check the tightest one. For the aforementioned partition the tightest bound is

w(k − 1) ≤ 1
R∑
i=k

p(si)

(
W (∞) −

R∑

s′=k

q(s′)w(s′) + c
R∑

s′=k

q(s′)

)
(192)
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which can be re-arranged to give

(1−
R∑

s′=k

q(s′))w(k − 1) +
R∑

s′=k

q(s′)w(s′) ≤ W (∞) + c (193)

which is simply the inequality used for checking a partition of the state space in

the c-bounded work extraction protocol, in the case that there are no negative

fluctuations that saturate their bounds (174). It can be simplified further to

k−1∑

s′=1

q(s′)(w(k − 1)− w(s′)) ≤ c (194)

So the partition is defined by the largest k s.t.

k∑

s′=1

q(s′)(w(k)− w(s′)) > c (195)

k−1∑

s′=1

q(s′)(w(k − 1)− w(s′)) ≤ c (196)

All w(s) with s ≥ k are bounded and all with s < k are unbounded. Once again we

have at most R − 1 inequalities to check. I.e. starting from k = 2 we check (195)

for k = 2, 3, . . . .

.1.5 Asymptotics

Theorem 10. lim
c→0

W (c)(ρ) = Wmin(ρ)

Proof. As c→ 0 the inequalities that determine if a fluctuation saturates its bound

(161) and (162) become

1

β
log
(
p(s)eβEs

)
≥ −ν/β → s ∈ X+

1

β
log
(
p(s)eβEs

)
≤ −ν/β → s ∈ X−
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All fluctuations satisfy one of these bounds, except in the case that p(s) = 0 (i.e.

there is no fluctuation associated with state |s〉), therefore Xu → 0. γ = Xue
ν +

Z+e
βc + Z−e

−βc → Z+ + Z− which can be formulated as

γ =
∑

s

p(s)0e−βEs (197)

therefore W (c)(ρ) becomes

lim
c→0

W (c)(ρ) =
1

β

(
logZ ′ − log

∑

s

p(s)0e−βEs

)
(198)

= Wmin(ρ)

Theorem 11. lim
c→0

W
(c)
F (ρ) = Wmin

F (ρ)

Proof. Following the partition algorithm derived in Lemma 9, clearly when c → 0

we bound all but the most negative fluctuation(s), those with value w(1), as this

gives the only positively bounded work distribution for which all work values are ≤

W
(0)
F . Any other choice of partition would require both negative and positive bound

saturation, which contradicts (188) being positive. Therefore W
(0)
F is given by

W
(0)
F = min

s

{
− 1

β
log
(
p(s)eβE

′
sZ
)}

= − 1

β
log
(
p(s1)eβE

′
1Z
)

(199)

where ρ′↓β = (p(s1), . . . , p(sR)). We can interpret

w(1) = − 1

β
log
(
p(s1)eβE

′
1Z
)

(200)

−w(1) is the “on ramp” (the first segment) of the Lorenz curve of state ρ′ (see

Figure 5 and [71]). It therefore gives the work that can be extracted from the

“thermally sharp state”, where all segments either have the same gradient or zero

gradient, that just thermomajorizes ρ′, see figure 5 below and also [71]. This can
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also be interpreted as the upper bound to the work that can be in-deterministically

extracted from ρ′, and this is precisely the single-shot work of formation.

⇢#� = (x1, x2, x3)

x1

x1 + x2

1

e��✏1 e��✏1 + e��✏2 Z

Figure 5: Lorenz curve depicting work of formation of a state. Figure shows the
thermally sharp state whose single-shot work content gives the work of formation of
state ρ′. This also represents the maximal average work that can be extracted from
ρ′

.1.6 Fluctuation bounds

Lemma 27. W (c)(ρ) ≤ Wmin(ρ) + c. c ∈ [0, ccrit], therefore any gain in work

extracted over the single-shot work context of ρ requires fluctuations that are at

least as large as the increase in extracted work

Proof. For c = 0 we get that Wc=0(ρ) = Wmin(ρ). W (c) increases as we increase c

from 0. We show W (c)(ρ) grows sub-linearly with c, i.e. that

∂W (c)(ρ)

∂c
≤ 1 ∀ c (201)

which implies that |W (c)(ρ) −Wmin(ρ)| ≤ c. Using (158) the derivative of W (c)(ρ)

with respect to c is

∂W (c)(ρ)

∂c
= − 1

βγ

∂γ

∂c
=

1

γ

(
(X+ −X−)eν − Z+e

βc + Z−e
−βc) (202)
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where γ = Xue
ν + Z+e

βc + Z−e
−βc. For this to be greater than 1 we require that

(X+ −X−)eν − Z+e
βc + Z−e

−βc > Xue
ν + Z+e

βc + Z−e
−βc (203)

As Z±e
±βc ≥ 0 and eν ≥ 0 this cannot be satisfied unless

X+ −X− > Xu
∴−→ X+ >

1

2
(204)

where we have used Xu = 1−X+ −X−. We now show that this is never true for c-

bounded work distributions. Using W (c)(ρ) =
∑

s p(s)θs, where θs = w(s)−W (c)(ρ)

is the fluctuation associated with work value w(s), gives
∑

s p(s)θs = 0. Divide the

fluctuations for the c-bounded protocol θs into positive θα ≥ 0 where α ∈ X+ and

negative θβ < 0 where β ∈ X−, giving

∑

α

p(sα)|θα| =
∑

β

p(sβ)|θβ| (205)

according to (135) and (136), bounded fluctuations saturate their bounds. Take the

subset of the positive fluctuations that saturate their bounds as θα′ . (205) becomes

cX+ +
∑

α 6=α′
p(sα)|θα| =

∑

β

p(sβ)|θβ| (206)

Dividing both sides by
∑

β p(sβ) gives

∑
β

p(sβ)|θβ|
∑
β

p(sβ)
=

cX+ +
∑
α 6=α′

p(sα)|θα|
∑
β

p(sβ)
(207)

the right hand side is strictly larger than c as X+ > 1/2 and therefore
∑

β p(sβ) <

1/2, and
∑

α 6=α′ p(sα)|θα| ≥ 0. The left hand side is a convex sum with all |θβ| ≥ 0,

therefore at least one |θβ| must be larger than c. Therefore in a c-bounded protocol

X+ ≤ 1/2.

Lemma 28.
∣∣∣W (c)

F (ρ′)
∣∣∣ ≥ |Wmax(ρ′)| − c. c ∈ [0, ccrit], therefore any gain in work
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extracted over the single-shot work of formation of ρ′ requires fluctuations that are

at least as large as the increase in extracted work

Proof. if
∣∣∣W (c)

F (ρ′)
∣∣∣ < |Wmax(ρ′)|−c then, taking w(1) = max{w(s′)} = max{β−1 log q(s′))eβεs′Z} =

|Wmax(ρ′)| when we require that

1

Xu

(∑

s′∈Xu

w(s′) + c(1−Xu)

)
+ c < w(1) (208)

which requires that

c <
∑

s′∈Xu

(w(1)− w(s′)) (209)

which contradicts (194) for any partition

.1.7 c-bounded work and the Jarzinski equality

In this Supplementary Note we show that all c-bounded work distributions obey

the Jarzinski equality. The equality is given in the case that a system begins in the

thermal state of an initial Hamiltonian Hi and the Hamiltonian is transformed to

Hf , causing the state to evolve to a state that is, potentially, out of equilibrium with

the final Hamiltonian. The equality is stated as

〈e−βw〉 = e−β∆F (210)

where w is the work random variable (i.e. the work values associated with the pro-

tocol), with the convention that they are positive if the work is done on the system,

and ∆F is the free energy difference between the equilibrium states of HS and H ′S ,

given by

∆F =
1

β
log

(
Z

Z ′

)
(211)

Theorem 12. Any protocol that saturates all reversibility constraints immediately
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satisfies the Jarzinski equality

Proof. If a protocol, characterised by {t(s′|s), w(s′, s)}, saturates all reversibility

constraints then
∑

s

t(s′|s)eβ(w(s′,s)−Es+Es′ ) = 1 (212)

Dividing by Z and re-arranging gives

∑

s

e−βEs

Z
t(s′|s)eβw(s′,s) =

e−βEs′

Z
(213)

if we sum over s′, the LHS of this is equivalent to 〈eβw(s′|s)〉 with the initial state

being thermal w.r.t HS , p(s) = Z−1e−βEs , and the RHS becomes Z ′/Z, which is

equal to eβ∆F . Note that we use the convention of positive work for work extracted

from the system, hense our w(s′|s) = −w(s) are the negatives of the work values

given in the Jarzinski equality.

Theorem 13. The work distributions associated with W (c)(ρ) and W
(c)
F (ρ) obey

the Jarzinski equality.

First we cover the case of work extraction, W (c)(ρ). The work values are give by

w(s) =
1

β
log(fse

βEsZ ′) (214)

and the t(s′|s) are given by

t(s′) =
e−βE

′
s′

Z ′
(215)

as derived in Supplementary Note 2. Note that

∑

s

fs = 1 (216)
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The LHS of the reversibility constraints are

=
∑

s

e−βEs′

Z ′
eβ(w(s)−Es+Es′ )

=
∑

s

1

Z ′
elog(fsZ′))

=
∑

s

fs = 1

and can similarly be shown for W (c)(ρ).

.2 c-bounded Carnot efficiency

In this Appendix we calculate the c-bounded Carnot efficiency for a single qubit

quantum engine. The engine operates by moving a qubit ρ = x |0〉〈0|+ (1−x) |1〉〈1|

with Hamiltonian Hs = E |0〉〈0| between two baths with inverse temperature βH and

βC , with βH < βC . The engine cycle begins with the qubit in thermal equilibrium

with the cold bath. It is then placed in contact with the hot bath, and extracting

work by allowing the state to equilibrate. The final step in the cycle is to return the

qubit to the cold bath, allowing it to equilibrate and extracting work.

Case: c→∞. Following the proof given in [124], we show that in the case that

fluctuations are unbounded it is possible to reach Carnot efficiency. The equilibrium

state of the qubit if given by

ρH,C =
1

ZH,C
e−βH,CE |0〉〈0| + 1

ZH,C
|1〉〈1| (217)

where ZH,C = e−βH,CE + 1. When ρC is placed in thermal contact with the hot bath

we can extract a maximal average work given by the free energy difference

F (ρC , βH)− F (ρH , βH) =
1

βH
log

(
ZH
ZC

)

+ tr (Hsρc)

(
βH − βC
βH

)
(218)
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where tr (HsρC) = Z−1
C e−βCEE and work values

w0,H =
1

βH
log

(
ZH
ZC

eE(βH−βC)

)

w1,H =
1

βH
log

(
ZH
ZC

)
(219)

where we have used the result for the optimal unbounded work extraction protocol

w(s) = β−1 log p(s)eβEsZ. Returning the qubit to the cold bath we extract work

F (ρH , βC)− F (ρC , βC) =
1

βC
log

(
ZC
ZH

)

+ tr (HsρH)

(
βC − βH
βC

)
(220)

with work values

w0,C =
1

βC
log

(
ZC
ZH

eE(βC−βH)

)

w1,C =
1

βC
log

(
ZC
ZH

)
(221)

where tr (HsρH) = Z−1
H e−βHEE. The total work extracted in one cycle is

Wtot =

(
1

βH
− 1

βC

)
(SH − SC) (222)

where SH,C = − logZH,C−βH,Ctr (HsρH,C) is the Von Neumann entropy of the Gibbs

state with inverse temperature βH,C . Applying the first law of thermodynamics

∆U = Q−W to the first step (extracting work from the hot bath), we get

tr (HsρH)− tr (HsρC) = QH − (F (ρC , βH)− F (ρH , βH)) (223)

which simplifies to

QH =
1

βH
(SH − SC) (224)
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where QH is the heat flow out of the hot bath. The efficiency is given by the ratio

of the total work to QH , giving

Wtot

QH

= 1− βH
βC

(225)

which is the Carnot efficiency.

Case: c finite.

E > 0 implies that x < 1/2 for all thermal states of ρ, therefore by the partitioning

algorithm derived in Supplementary Note 4, the least likely fluctuation w
(c)
0 associ-

ated with subspace |0〉 is the only fluctuation that can be bounded. Using the result

of Supplementary note 3, the c-bounded work content for a qubit ρ↓β = (x1, x2) is

given by

W (c)(ρ) =
1

β
logZ +





F (ρ) , x1e
βE1 ≤ eβ(F (ρ)+c)

x2e
βE2 ≥ eβ(F (ρ)−c)

F
(c)
1 (ρ) , w(0) < W (ρ)− c

F
(c)
2 (ρ) , w(0) > W (ρ) + c

(226)

where F
(c)
1 (ρ) = −β−1 log

(
e−cβ+ cβ

1−x + e−cβ−Eβ
)

and F
(c)
2 (ρ) = −β−1 log

(
ecβ−

cβ
1−x + ecβ−Eβ

)
,

W (ρ) is the unbounded work given by the free energy, and w(0) = β−1 log(xeβEZ).

In the first step, putting the qubit in contact with the hot bath, the work we ex-

tract is bounded negatively if w0,H < F (ρC , βH) − F (ρH , βH) − c, which gives the

inequality

E

ZC

(
βC − βH
βH

)
> c (227)

note that βC > βH therefore the LHS of (227) is positive. In order to break the

positive fluctuation bound we would require -LHS > c which is impossible for pos-

itive c, therefore in the first part of the engine cycle the work extracted is either

unbounded or negatively bounded. For the second cycle, re-equilibriating the qubit

with the cold bath, the inequality that implies a positively bounded work is given
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by w0,C > F (ρH , βC)− F (ρC , βC) + c, which simplifies to

E

ZH

(
βC − βH
βC

)
> c (228)

Again the LHS is positive, and we would require -LHS > c in the case of a negatively

bounded protocol. Therefore on the second part of the cycle the work is either un-

bounded or positively bounded. Also note that as βH < βC and therefore ZC < ZH ,

satisfying inequality (227) implies inequality (228) is also satisfied. There are there-

fore three cases, 1) the work is unbounded and we can achieve Carnot efficiency, 2)

the work extracted from the hot bath is negatively bounded, and 3) 2 and the work

extracted from the cold bath is positively bounded.

the c-bounded work extracted from the hot bath, in the case that inequality (227)

is satisfied, is given by

W
(c)
1 =

1

βH
log

(
ZH

ecβHZC + e−βHE

)
+ c (229)

where we have used the expressions in (226). If inequality (228) is satisfied for the

second part of the cycle, then we get

W
(c)
2 =

1

βC
log

(
ZC

e−cβCZH + e−βCE

)
− c (230)

Using QH = ∆U +W
(c)
1 , the efficiency is given by

η
(c)
1 =

W
(c)
1 + F (ρH , βC)− F (ρC , βC)

∆U +W
(c)
1

(231)

if inequality (227) is satisfied and

η
(c)
2 =

W
(c)
1 +W

(c)
2

∆U +W
(c)
1

(232)

if inequalities (227) and (228) are satisfied. As the temperature difference between
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hot and cold baths increases, the efficiency increases. In the unbounded case, the

Carnot efficiency is bounded from above by 1. As βH/βC → 0, inequality (228)

cannot be satisfied for any finite c. To find the upper bound of η
(c)
1 we make the

change of variables βC/n = βH , i.e. TH = nTC and n is the ratio of the two bath

temperatures. We then take βH →∞ and n→∞.

lim
n→0

(
lim

βH→∞

(
η

(c)
1

))
= 1− E

2(2c+ E)
(233)

Of course as E → 0 the efficiency tends to 1, but this is because we are no longer

extracting any work (as the two Gibbs states are identical). As c → ∞ we recover

the Carnot efficiency upper bound, although for any finite c we can never reach an

efficiency of 1. Therefore all realistic engines of this form have an upper bound to

their efficiency defined by their energy gap and fragility c. This represents a general

physical upper bound on the efficiency of a the qubit engine, given by its ability to

withstand fluctuations. Also notice that as c→ 0 the maximal efficiency is bounded

from below by 1/2. For c = 0 the efficiency is zero, as no work can be extracted.

Therefore we observe, in this model at least, a genuine discontinuity between the

capabilities of a thermal machine in the single-shot regime. Allowing for arbitrarily

small fluctuations in principle will allow the engine to reach a maximum efficiency

that is bounded from below by 1/2. But if we demand that the work is deterministic,

the efficiency is zero.

.3 Finite bath second law

In this appendix, we derive the finite bath second law, and related results
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.3.1 finite bath thermal operations

In this appendix we derive Theorem 8

First we address the case of infinite bath (γ = 0).

Lemma 29. When γ = 0 all thermal operations saturating the inequality 〈W 〉 ≥

−∆F are of the form

t(E ′s′|Es) = f(E ′s′s)δ(E − E ′ − fs′ + fs)

where f(E ′s′s) obeys

∑

s′

f(E − fs′ + fs, s
′, s) = 1 ∀ s (234)

∑

s

P (s)f(E ′s′s) = P (s′) ∀ s′ (235)

0 ≤ f(E ′s′s) ≤ 1 ∀ E ′s′s (236)

where fs = −β−1 logP (s) is the fine-grained entropy.

Proof. In order to achieve W = −∆F , a thermal operation t(E ′s′|Es) must saturate

the upper bound derived in Theorem 1, and the right hand side of the bound must

be equal to −∆F . First note that in Theorem 1 the optimal Q(E ′s′s) are given

uniquely by

Q(E ′s′s) =
1

β
log

(
P (s)pb(E

′)

p(E ′s′)

)
. (237)

By Theorem ??, as the relative entropy is a distance measure for probability distri-

butions the upper bound is −∆F if and only if P (E ′s′) = pb(E
′)P (s′) and therefore,

for all optimal thermal operations

Q(E ′s′s) =
1

β
log

(
P (s)

P (s′)

)
= fs − fs′ . (238)

Finally, note that the thermal operation only construct an optimal Q if the re-
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versibility constraint (5.40) is saturated. This requires that

∑

Es

R(E ′s′|s)
pb(E ′)

t(E ′s′|Es) pb(E)

R(E ′s′|s)e
β(E−E′) =

∑

s

R(E ′s′|s)
pb(E ′)

exp

[
β

∑
E pb(E)t(E ′s′|Es)(E − E ′)

R(E ′s′|s)

]

(239)

Therefore the sum over E in the exponent must have only a single term by convexity,

and therefore t(E ′s′|Es) be a delta function killing the sum over E. This, combined

with the definition of Q(E ′s′s) in (??) implies that t(E ′s′|Es) is of the form

t(E ′s′|Es) = f(E ′s′s)δ(E − E ′ − fs′ + fs) (240)

where f(E ′s′s) is a function that, by substituting (29) into (169),(170),(171) obeys

∑

s′

f(E − fs′ + fs, s
′, s) = 1 ∀ s (241)

∑

s

P (s)f(E ′s′s)pb(E
′ + fs′ − fs) = P (s′)pb(E

′) ∀ s′, E ′ (242)

0 ≤ f(E ′s′s) ≤ 1 ∀ E ′s′s (243)

In the limit γ → 0 the distribution pb(E) tends to a constant. Hence, equality (242)

becomes (235).

As we now know the form of any optimal thermal operation to zero order in γ, we

can therefore express any optimal thermal operation to order γ as a perturbation

t(E ′s′|Es) = f(E ′s′s)δ(E − E ′ − fs′ − fs) + γt1(E ′s′|Es)

Substituting this into (169-171) and using (234-236) we get the following constraints

for the general correction to the map
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∑

E′s′

t1(E ′s′|s) = 0 ∀ s (244)

∑

s

P (s)t1(E ′s′|s) = 0 ∀ s′ (245)

∑

E′s′

t1(E ′s′|s) = 0 ∀ s (246)

∑

E′,s,E

P (s)t1(E ′s′|s) = 0 ∀ s′ (247)

Using this we now find an expression for the optimal work in terms of f(E ′s′s) only.

Lemma 30. For any given transformation P (s)→ P (s′) there is a map t(E ′s′|Es)

which extracts work

W = −∆F − γ2

2β

∑

E′s′

P (s′)pb(E
′)E ′2



∑
s

P (s)f(E ′s′s)(fs′ − fs)

P (s′)




2

+O(γ2) ,

up to first order in γ. (Recall that pb(E
′)E ′2 is of order 1/γ).

Proof. The upper bound to the work in Theorem 1 can be written as

W ≤ −∆F − β−1
∑

E′s′

P (E ′, s′) log

(
P (E ′, s′)

pb(E ′)P (s′)

)

. To first order in γ, optimal thermal operations are of the form

t(E ′s′|Es) = f(E ′s′s)δ(E − E ′ − fs′ + fs) + γt1(E ′s′|Es) .

Let us calculate the joint final probability distribution P (E ′s′) to first order in γ.
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First,

P (E ′s′) =
∑

Es

P (s)pb(E)t(E ′s′|Es)

=
∑

s

P (s)pb(E
′ + fs′ − fs)f(E ′s′s) + γ

∑

s

P (s)pb(E
′)t1(E ′s′|Es) .

Second, we expand pb(E
′ + fs′ − fs) to first order in γ

pb(E
′ + fs′ − fs) = pb(E

′)(1− γE ′(fs′ − fs) + γ/2(E ′2γ − 1)(fs′ − fs)2) +O(γ3/2)(248)

Note we have taken E ′ ∼ γ−1/2 as
∑

E′ pb(E
′)E ′2 = γ−1. Therefore, to first order in

γ, we recover the joint final probability distribution

P (E ′s′) =
∑

s

P (s)pb(E
′)f(E ′s′s)

(
1− γE ′(fs′ − fs) + γ/2(E ′2γ − 1)(fs′ − fs)2

)

+ γ
∑

s

P (s)pb(E
′)t1(E ′s′|s) +O(γ3/2) (249)

and therefore

P (E ′s′)

P (s′)pb(E ′)
− 1 = − γE ′

P (s′)

∑

s

P (s)f(E ′s′s)(fs′ − fs)
︸ ︷︷ ︸

[A]

(250)

+
γ

2P (s′)
(E ′2γ − 1)

∑

s

P (s)f(E ′s′s)(fs′ − fs)2

︸ ︷︷ ︸
[B]

(251)

+
γ

P (s′)pb(E ′)

∑

sE

P (s)pb(E)t1(E ′s′|Es)
︸ ︷︷ ︸

[C]

(252)

where we have used (241).

Define

x(E ′s′) =
P (E ′s′)

pb(E ′)P (s′)
− 1 , (253)

and note that x(E ′s′) ∼ O(γ). Using log(1 +x(E ′s′)) = x−1/2x2 +O(x3) as x� 1

we can expand equation (5.48) to first order in x(E ′s′), giving a correction to the
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free energy of

− 1

β

∑

E′s′

P (E ′s′) log

(
P (E ′s′)

pb(E ′)P (s′)

)
= − 1

β

∑

E′s′

P (E ′s′)

(
P (E ′, s′)

pb(E ′)P (s′)
− 1

)

+
1

β

∑

E′s′

P (E ′s′)

(
P (E ′s′)

pb(E ′)P (s′)
− 1

)2

+O(γ2)(254)

We now substitute here to first order in γ. First, we show that the contribution from

term [C] in (252) is zero, and hence we can choose an optimal thermal operation

whereby E is specified by E ′, s′, s and the upper bound to work is saturated. As

term [C] is O(γ), its contribution to the work appears in the O(x) term in (254)

only

− 1

β

∑

E′s′

P (E ′s′)

(
P (E ′, s′)

pb(E ′)P (s′)
− 1

)
(255)

To zero’th order in γ, P (E ′s′) =
∑

s P (s)f(E ′s′s)pb(E
′) = P (s′)pb(E

′). Substituting

this and [C] into the above expression gives

− 1

β

∑

E′s′

pb(E
′)P (s′)

γ

P (s′)pb(E ′)

∑

sE

P (s)pb(E)t1(E ′s′|Es) = −γ
β

∑

E′s′Es

P (s)pb(E)t1(E ′s′|Es)(256)

Applying constraints (241) and (242) sets this term to zero. Substituting [A] and

[B] into (254) and working to O(γ) gives

W = −∆F − 1

β

∑

E′s′

P (E ′s′)

(
P (E ′, s′)

pb(E ′)P (s′)
− 1

)
+

1

β

∑

E′s′

P (E ′s′)

(
P (E ′s′)

pb(E ′)P (s′)
− 1

)2

+O(γ2)

= −∆F − γ2

β

∑

E′s′

P (s′)pb(E
′)E ′2



∑
s

P (s)f(E ′s′s)(fs′ − fs)

P (s′)




2

− γ

2β

∑

E′s′

pb(E
′)P (s′)(E ′2γ − 1)

∑

s

P (s)f(E ′s′s)(fs′ − fs)2

P (s′)

where we have used (241), (242), (248) and E ′ ∼ O(γ−1/2) as 〈E ′2〉 = γ−1.
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We now show that the second term is equal to zero to first order in γ

γ

2β

∑

E′s′

pb(E
′)P (s′)(E ′2γ − 1)

∑

s

P (s)f(E ′s′s)(fs′ − fs)2

P (s′)
= 0 (257)

First note that
∑

EE′ss′ P (s)pb(E
′)t(E ′s′|Es) = 1 and therefore

1 =
∑

E′ss′

P (s)pb(E
′ − fs′ + fs)f(E ′s′s) + γ

∑

EE′ss′

P (s)pb(E)t1(E ′s′|Es)
︸ ︷︷ ︸

= 0 by (246) and (247)

(258)

Expanding pb(E
′ − fs′ + fs) gives

1 =
∑

E′s′s

P (s)pb(E
′)(1− E ′γ(fs′ − fs) +

γ

2
(E ′2γ − 1)(fs′ − fs)2)f(E ′s′s) +O(γ2)

= 1− γ
∑

E′s′s

P (s)pb(E
′)E ′f(E ′s′s)(fs′ − fs)

+
γ

2

∑

E′s′s

P (s)pb(E
′)(E ′2γ − 1)(fs′ − fs)2)f(E ′s′s) +O(γ2)

To see that the second term on the right hand side is zero, note that for
∑

E′s′s P (s)pb(E
′)(E ′2γ−

1)fs′ (241) implies
∑

s P (s)f(E ′s′s) = P (s′) ∀ E ′, removing the E ′ dependence from

the f(E ′s′s). Then using 〈E ′2〉 = γ−1 sets this to zero. Similarly, with (242) the

term −∑E′s′s P (s)pb(E
′)(E ′2γ− 1)fs is identical to zero. Therefore we recover that

γ

2

∑

E′s′s

P (s)pb(E
′)(E ′2γ − 1)(fs′ − fs)2)f(E ′s′s) = O(γ2) (259)

Theorem 8 In any process, work is bounded form above by

W ≤ −∆F − 1

2βC
∆S2 .
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Proof. Starting with the equation for the optimal work derived in Lemma 30

W = −∆F − γ2

2β

∑

E′s′

P (s′)pb(E
′)E ′2



∑
s

P (s)f(E ′s′s)(fs′ − fs)

P (s′)




2

︸ ︷︷ ︸
[A]

γ

2β

∑

E′s′s

pb(E
′)(E ′2γ − 1)P (s)f(E ′s′s)(fs′ − fs)2

︸ ︷︷ ︸
[B]

(260)

the upper bound can be derived through simple convexity arguments. First consider

term [A].

[A] = − γ
2

2β

∑

E′s′

P (s′)pb(E
′)E ′2



∑
s

P (s)f(E ′s′s)(fs′ − fs)

P (s′)




2

≤ − γ

2β

∑

E′

pb(E
′)E ′2



∑
ss′
P (s)f(E ′s′s)(fs′ − fs)

P (s′)




2

= − γ

2β3
∆S2

where we have used (241) and (242) and the concavity of the function g(x) = −x2.

Finally, consider term [B]. By (241) and (242) the sum
∑

ss′ P (s)f(E ′s′s) is convex

positive for all E ′, and therefore

[B] ≤ γ

2β

∑

E′

pb(E
′)(E ′2γ − 1)(

∑

ss′

P (s)f(E ′s′s)(fs′ − fs))2

=
γ

2β3

∑

E′

pb(E
′)(E ′2γ − 1)∆S2

= 0

where we have used (241) and (242), the convexity of the function g(x) = x2 and

〈E ′2〉 = γ−1. Using these upper bounds for terms [A] and [B], and γ = β2/C,

we construct the desired upper bound for the work associated with the thermal

operation.
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[25] Časlav Brukner. Quantum causality. Nature Physics, 10(4):259, 2014.
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