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Abstract

In this thesis, the capability of antenna arrays to combat co-channel interference is inves-
tigated. Initially, a parametric channel model based on the array manifold is presented
and then exploited in various parts of the thesis. An emphasis is given to the impact
of the antenna array geometry on the overall system performance, even in the case of
systems that employ large antenna arrays (massive MIMO).

Furthermore, the worst-case scenario of an interfering signal being received within a
small angular separation from a source is investigated. With this, the performance of a
set of array geometries is ascertained for the tasks of detection, estimation and beam-
forming. Links between the performance metrics and the underlying array manifolds are
made and it is demonstrated that some array manifold features are more desirable for
certain tasks than others. This sets the ground for the design of novel antenna arrays
that would be specialised for certain telecommunication tasks.

Then the novel concept of capacity loss, that is the loss of channel capacity due to the
presence of interference is introduced and expressed as a function of the antenna array
geometry and the signals directions of arrival. It is demonstrated that large antenna
arrays with very long manifold curves do not necessarily perform the best, and smaller
antenna arrays with optimised geometry could be considered instead.

Finally, the parametric channel model that the thesis is based upon is utilised to
present a novel blind channel estimation and complete interference cancellation beam-
former.

Throughout the thesis, extensive computer simulations are presented to analyse and
illustrate the performance of the proposed algorithms.
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Chapter 1

Introduction

The plans for network densification, the booming popularity of mo-
bile data on smartphones and tablets, and the generalisation of em-
bedded internet connections (the internet of things) are about to
change the wireless landscape completely. The number of devices
making use of mobile networks is predicted to explode, creating con-
gestions and degrading spectral efficiency dramatically. These fore-
casts on very high co-channel interferences are one of the greatest
challenges of the future generations of mobile communication [4].

In this context, multiple-antenna systems are undoubtedly one of
the major solutions to provide very high spectral efficiency. They
have been playing a role in modern mobile telecommunication stan-
dards such as 3G, 3.5 and 4G mobile communication systems with
WCDMA, HSPA, HSPA+ and LTE-A [5] and they will be a big
part of 5G, undoubtedly [6], but also part of other wireless systems.
On the satellite communications side, multiple-antenna systems con-
tribute significantly to the performance of the new generation of high
throughput satellites [7, 8], to the new GNSS systems [9], the multi-
media service [10] and in inter-satellite links [11]. On RADAR, the
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synthetic aperture radars are very popular [12]. In radio-astronomy,
antenna arrays are coupled with large reflectors to achieve both high
gain and selectivity [13, 14]. They are also used for marine explo-
ration, where ships drag large towed-arrays [15].

This concept exploits the spatial domain to discriminate the users
and/or utilise the spatial diversity offered by the channel. In a mul-
tiuser environment, all can transmit at the same time on the same
frequency band.

1.1 Massive MIMO

A major part of the wireless communication literature dedicated to
multiple-antennas systems refers to the probabilistic i.i.d (indepen-
dent and identically distributed) channel model, where each antenna
experiences independent fading. One of the early analysis of the
capacity of multiple-antenna communication systems was made by
Foschini and Gans [16]. This approach, based on the Rayleigh fading
model, is an idealised representation of the multiple-antenna prop-
agation channel where the antennas are modelled as decorrelated
by the propagation environment and assumed to be composed of
a considerable number of scatterers. Given this, the point-to-point
high-SNR regime Shannon channel capacity scales linearly with the
number of antennas. As described in [17], this model tailored for sys-
tems where the base-station is elevated and unobstructed and local
scatterers surround each of the users.

To accommodate more users, it was recently proposed to drasti-
cally increase the number of antennas [6]; these systems utilise large
antenna arrays and are called massive MIMO (MaMI). Noticeably,
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when the number of antennas is large, and the propagation channel
is assumed to be experiencing i.i.d fading, the distribution of the
channel Eigenvalues follows a deterministic function, borrowed from
the random matrix theory [18]. In [19], computer simulation studies
were provided to display the i.i.d channel model in the case where
the base-station was operating with 100 antenna elements and the
channel was composed of 400 scatterers. An analysis of the inter-cell
interference brought by the so-called pilot contamination was made
in [20].

More recently, the i.i.d channel model has been reported to be
unrealistic by recent measurement campaign [21, 22] for MaMIs, as
the scattering environment cannot be rich enough. An outdoor mea-
surement campaign with a 128 antenna element cylindrical antenna
array base station was presented in [23]. The user-side comprised of
8 pedestrians holding a single-antenna handset and moving slowly
within a 5-m circle. The separability of the users as a function of
the number of antenna elements of the base station was examined
by studying the singular value spread of the channel matrix. This
analysis was extended in [24], where a comparison with i.i.d Rayleigh
fading was made, and, in [25], a uniform linear array (with 128 omni-
directional elements) and a cylindrical antenna array base station
(with 64 dual-polarised elements), all-together in half-wavelength
spacing. They were employed to receive eight handsets roughly dis-
tributed uniformly in the field of view. Several fundamental com-
ments were made:

(A) It was reported in [24] that the discrepancy between the i.i.d
Rayleigh fading and real measurement is exacerbated when the
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users are closely spaced in the angular domain, in the LOS sce-
nario,

(B) It was observed in [25] that the contribution of each antenna
was very different and that a large number could be turned off
without any significant loss of performance,

To address this, a series of publications intended to improve the chan-
nel modelling when the number of multipath is equal to or inferior
to the number of antennas. This was modelled in terms of corre-
lations matrices introduced by the antennas locations [26, 27, 28]
and by assuming Laplacian distributions of the signals DOA around
the principal signals’ DOA [29, 30]. However, the analysis from this
model is made difficult, particularly because the transmit and receive
correlation cannot be distinguished.

A series of research modelled the correlation with the Kronecker
model [31, 32, 33]. But it was reported in [34] that this model un-
derestimates the channel capacity systematically. For more details
about this model, please refer to [35].

In more recent studies, the asymptotic case was considered when
the number of antennas grows very large [36, 37]. In [38], the ca-
pacity of a MIMO channel with a finite number of scatterers was
considered, with the number of Tx/Rx antennas growing to infin-
ity. Furthermore, several papers have investigated the effect of both
antenna correlation and co-channel interference simultaneously and
hence helping the separability of the sources [39, 40, 41, 42].

Nevertheless, statistical techniques don’t give clear insights into
(A) and (B). The effect of the antenna array geometry on the capa-
bility to mitigate interference is missing and hence a deterministic
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characterisation of the impact of the interference is not possible.
As an illustrative example, in [25], it was concluded that given

the large difference between the theoretical i.i.d Rayleigh and the
real measurement, a new MIMO propagation model would be useful.

1.2 Parametric Signal Modelling

Utilising parametric channel models present many advantages com-
pared to statistical models, and the most obvious advantages are
their ability to deliver an intelligible and tractable analysis of what
constitutes the performance of a particular system. The multiple-
antenna wireless communication literature poses a handful of contri-
butions utilising parametric models, like [43] and [44], but without
giving special attention to the array geometry. Excellent compar-
isons between channel models can be found in [45, 35].

On the other hand, the array processing literature proposes a pow-
erful framework called the antenna array manifold [46], that provides
a complete characterisation of the underlying antenna array. In this
framework, the array response is a mathematical object embedded in
a high dimensional complex space and is function of a set of parame-
ters that characterises the propagation environment. This framework
yields a complete analytical description of the entire communication
system and a comprehensive analysis of the performance of arrayed
systems facing interference.
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1.3 Thesis Scope and Organisation

This thesis is concerned with antenna arrays and their use to com-
bat co-channel interference in a very dense signal environment. The
main assumption is that the antenna arrays are fully calibrated. The
outline of this thesis is the following. In Chapter 2, the framework
of antenna array manifold is presented, its most important underly-
ing parameters are introduced along with theoretical results about
array manifold curves. In Chapter 3, the importance of the array
geometry is assessed against several communication tasks, and also
through their beamsteering and subspace-based beamforming per-
formance. In Chapter 4, the impact of the presence of interference
on the channel capacity is ascertained, and the influence of the ar-
ray geometry is studied. Lastly, in Chapter 5, a novel space-time
channel estimator and space-time beamformer that is suitable for
the environment of 5G are proposed and their performances are as-
certained. Finally, in Chapter 6, the main contributions of the thesis
are presented, the conclusions are drawn and ideas for further work
are presented.
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Chapter 2

The Array Manifold

This chapter is concerned with presenting the generic MIMO chan-
nel model, the framework of the array manifold and new theoretical
derivations that will be employed in the later chapters. Section 2.1
presents the generic MIMO channel model and offers a description
of the array geometries that are utilised in this thesis as examples
Section 2.2 presents the array manifold as a mathematical object,
along with novel characterisations. Section 2.3, based on the the-
ory introduced in Section 2.2, is dedicated to describing the inner
products between array manifold vectors. Novel results that will be
crucial for the rest of the thesis are presented.

2.1 MIMO Channel Modelling

An array of N antennas operating in the presence of M co-channel
users is considered and each user utilises an antenna array to transmit
a set of Nsc subcarriers. We use the subscripts i, j and k to index the
users, subcarriers and multipath respectively (i-th user, k-th multi-
path and j-th subcarrier). The signals of each user experience a se-
vere multipath fading of Ki multipath (frequency selective channel).
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Figure 2.1: The multipath multiuser MIMO channel.

Figure 2.1 provides a conceptual illustration of a multipath multiuser
MIMO system/channel. We adopt the general channel modelling as-
sumption that the electromagnetic field is a superposition of plane
waves [47]. It is also assumed that the first user is the “desired” user
(i.e. index i = 1) and the M − 1 other users (i ∈ [2, M ]) are co-
channel interference. The (N × 1) complex vector a that is termed
as antenna array manifold vector, or antenna array response vector,
is the response of the receive antenna array to a plane-wave arriving
from the direction of arrival (DOA) parametrised by an azimuth θ
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and elevation φ. This complex vector is formally defined as

a � a (θ, φ, Fj) � exp
(
−j2π

Fc + Fj

c
ru(θ,φ)

)
, (2.1)

where Fc and Fj are the central and subcarrier frequencies, and where
u(θ, φ) denotes the vector pointing towards the direction (θ, φ) as

u(θ, φ) � [cos θ cos φ, sin θ cos φ, sin φ]T . (2.2)

Let us now come back to the general case. The real matrix r is
used to denote the x-y-z Cartesian coordinates of the N antennas in
meters, and it is defined as

r =
[
rx, ry, rz

] ∈ RN×3 (2.3)

where rx, ry and rz are the coordinates of the N sensors in the
x, y and z direction respectively. Alternatively, the antenna array
geometry can be presented as

r = [r1, r2, . . . , rN ]T , (2.4)

where rk ∈ R3×1 is the location of the m-th antenna1. There is a
variety of interesting classes of antenna array geometries that have
symmetrical properties and convenient analytical simplifications. An
important class of antenna array geometry called 3D-grid array was
formally defined in [46] by their common property

[
rx, ry, rz

]T [
rx, ry, rz

]
= ρ2

I3 where ρ ∈ R. (2.5)

The antennas location vectors rx, ry and rz have equal norms and
the antenna array centroid is chosen as the array reference point,
yielding

rT
x 1N = rT

y 1N = rT
z 1N = 0. (2.6)

1Please note that the terms sensor and antenna are used interchangeably.
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Alternatively, a 2D-grid array is a special case of 3D-grid arrays
where rz = 0.

We use a "bar" at the top of a symbol to denote all equivalent pa-
rameters associated with the transmit side, and we define the trans-
mit array manifold a and pointing vector u similarly to Eqs. 2.1 and
2.2, with the associated direction of departure (DOD) (θ and φ), and
the transmit geometry

[
rx, ry, rz

] ∈ RN×3 as

a � a
(
θ, φ, Fj

)
� exp

(
−j2π

Fc + Fj

c

[
rx, ry, rz

]
u(θ, φ)

)
, (2.7)

and
u(θ, φ) �

[
cos θ cos φ, sin θ cos φ, sin φ

]T
. (2.8)

As mentioned earlier, with this framework, the antenna array geom-
etry r is a central component of the framework.

The channel’s branches are modelled in terms of a Tx and Rx
antenna array manifold vectors aijk and aijk respectively, a Doppler
frequency shift Fijk, a time delay τik and a path fading coefficient
βijk.
The vector-signal received by the antenna array at instant t can be
expressed as follows

x(t) =
M∑
i=1

Nsc∑
j=1

Ki∑
k=1

βijkexp (j2πFijkt) aijkaH
ijk

× (
wij � mij(t − τijk)

)
+ n(t), (2.9)

where mij(t) ∈ CN×1 and wij represent the baseband signal trans-
mitted and the transmit weights over the j-th subcarrier by the i-th
user respectively. Also, n(t) is the AWGN channel noise at instant
t. Figure 2.2 gives a representation of the i-th user’s channel model.
The antenna array geometries that are to be utilised as examples are
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w

Figure 2.2: Baseband representation of the MIMO channel for the i-th user. The
channel is modelled in terms of the Tx and Rx array manifold vectors, a path
delay, a Doppler frequency shift and a complex path fading coefficient.

presented in Fig. 2.3. They have been constructed from five shapes
that are the “filled”-grid, the square, the circle, the concentric circles
and the X-shaped. The geometries presented above belong to the
class of 2D-grid arrays. Figure 2.3.a presents the design of these five
shapes for a different number of antennas and similar aperture. On
the other hand, on Fig. 2.3.b, the array geometries have the same
number of sensors but different apertures.
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2.2 The Array Manifold

It is important to note that, although the (θ, φ) parametrisation is
the most popular, other formulations exist. This is why, for the
sake of generality, the array manifold vector is simply denoted as
a(p), where p is a vector of parameters. We formally define the
mathematical object of antenna array manifold as follows

Definition 1 (Antenna Array Manifold). The locus of all the array
manifold vectors for the range of parameters p called antenna array
manifold or simply array manifold, is denoted as A, and defined as

A �
{
a(p), ∀p ∈ Ωp

}
. (2.10)

The M array manifold vectors of the corresponding M sources lie
onto this mathematical object. Hence, its study is of primary im-
portance as it defines the distances between the response vectors ai

of Eq. 2.9, and intrinsically the ability of the receiver to extract the
desired message m1(t) from the antenna array output x(t).
The array manifold can be function of one or several propagation pa-
rameters. When the locus of the array manifold vectors is function
of one parameter, i.e. p = p, the array manifold is a curve embed-
ded in N complex dimensions CN , termed as the p-curve. For two
parameters, the array manifold is a surface. The study of the geo-
metrical properties of array manifold surfaces are more difficult than
the curves, nevertheless it has been previously demonstrated that
an array manifold surface can be described by a family of constant-
parameter curves [46].
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2.2.1 Array Manifold Curves

While considering a family of curves, we utilise the “dot” to define
the first derivative with respect to the parameter p, i.e.,

ȧ(p) � da(p)
dp

. (2.11)

While studying the array manifold p-curve, the length of the arc in
the N -dimensional complex space is of particular interest. We define
the length s(p) of a particular p-curve of the array manifold A from
its origin as

s(p) �
∫ p

po

‖ȧ(p)‖ dp, (2.12)

where p0 = 0 and the rate of change of arc length ṡ(p) is

ṡ(p) � ‖ȧ(p)‖ . (2.13)

Figure 2.4 gives an illustration of the particular array manifold p-
curve. The length of the arc offers an alternative way of parametris-
ing the array manifold, a(s). We denote the derivative of the array
manifold vector with respect to its length with a “prime”. That is,

a′(s) � da(s)
ds

. (2.14)

Parametrising the manifold in terms of the length presents many
advantages, since the parameter s is invariant (i.e. ‖a′(s)‖ = 1) and
the norm of the resulting tangent vector is constant and unitary.

2.2.2 The Frame and Cartan Matrices

Given the Fundamental Theorem of Space Curves, a p-curve on the
array manifold A can be described in a complete manner with its
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Figure 2.4: Illustration of a manifold p-curve embedded in the N -dimensional
complex space.

length s(p) and its d curvatures. Please refer to [46] for more infor-
mations about d. At a point s the frame matrix U(s) forms a basis of
the tangent space to the array manifold p-curve at point s as follows:

U(s) � [u1(s), u2(s), . . . , uN(s)] . (2.15)

Furthermore, the matrix U′(s) that contains the derivatives of the
coordinates vectors, as

U
′(s) � [u′

1(s), u′
2(s), . . . , u′

N(s)] , (2.16)

and this gives the set of Frenet Equations

U
′(s) = U(s)C(s), (2.17)
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with C(s) being the important Cartan Matrix which is defined as

C(s) �⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

uH
1 u′

1(s), −κ1(s), 0, . . . 0, 0
κ1(s), uH

2 u′
2(s), −κ2(s), . . . 0, 0

0, κ2(s), uH
3 u′

3(s), . . . 0, 0
... ... ... . . . ... ...
0, 0, 0, . . . uH

N−1u
′
N−1(s), −κN−1(s)

0, 0, 0, . . . κN−1(s), uH
Nu′

N(s)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(2.18)
Here, the Cartan matrix offers a linear mapping between the frame
matrix and its derivative. The diagonal and purely imaginary el-
ements of the Cartan matrix described in 2.18 are a consequence
of the orientation of the array manifold, that is, the angle between
the array manifold vector a(s) and the linear space spanned by the
columns of the matrix U, i.e. L[U(s)]. Interestingly, when the an-
tenna array is a grid array, the Cartan matrix becomes real with a
null diagonal.
However, the analysis of the generic p-curves is a difficult task, par-
ticularly because their curvatures κi(s) are complicated to track, due
to the fact that they vary along the curve.

2.2.3 Hyperhelical Curves

A class of array manifold curves of constant curvatures are the hy-
perhelical curves. For reference, the concept of hyperhelical curve
was first introduced in [46] and more formally described in [48].

Definition 2 (Hyperhelical Curve). An array manifold A is a hy-
perhelix in the parameter interval Ωp if and only there is a constant
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real vector r̃ ∈ RN×1 and a constant complex vector v ∈ CN×1 that
obey

‖v � r̃‖ = 1 (2.19)

sum{r̃} = 0 (2.20)

such as
a(s) = v � exp (jr̃ · s) ∈ CN×1 (2.21)

is a natural representation of A.

This definition can be rewritten as2

a(s) = exp (j (r̃s − πr + v)) , (2.22)

where r and v are constant vectors independent of the parameter s,
and r̃ is a normalisation of r,

r̃ � r

‖r‖ . (2.23)

On these special curves, the analysis of the array manifold is made
easier because of the linear mapping between the frame matrix and
its derivative is constant (the Cartan matrix C is invariant with s).
In this case, the length of the arc s(p), as defined by Eq. 2.12, is

s(p) = π ‖r‖ (1 − cos p) , (2.24)

and the rate-of-change of the arc length with respect to the parameter
can be simply derived as (see footnote)

ṡ(p) = ‖πr sin p � a(p)‖ = π ‖r‖ sin p. (2.25)

A particular parametrisation called cone-angle can be employed
to have the hyperhelical properties of both parameters for planar

2And can be also written as a(p) = exp (−j (πr cos p + v)).
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array geometries [46]. This transformation is a rotation of the x-y
plane by an angle of Θ into a new x̌-y̌ plane that is parametrised by
(α, β). The new (α, β) parameters are expressed as

cos α = cos φ cos (θ − Θ) (2.26a)

cos β = cos φ sin (θ − Θ) , (2.26b)

and the rotation Θ is

Θ = tan−1
(cos φ1 cos θ1 − cos φ2 cos θ2

cos φ2 sin θ2 − cos φ1 sin θ1

)
. (2.27)

One can note that this transformation is independent of the geome-
try. The array geometry r of the x-y-z planes is rotated to the new
Cartesian frame with

r(Θ) � rx cos Θ + ry sin Θ, (2.28)

and the new wavenumber vector (equivalent to the one introduced
in Eq. 2.2) can be written as

ǩ(α, β) = π
[
cos α, cos β,

√
1 − cos2 α − cos2 β

]T
. (2.29)

In this case, the array manifold vector can be written with the new
transformation as

a(α, β) = exp
(
−jπ

(
r(Θ) cos α + r

(
Θ + π

2

)
cos β

))
(2.30)

where both the α- and β-curves are hyperhelical. The manifold vec-
tor of a β-curve is written as

a(β) = exp
(
−jπ

(
r

(
Θ + π

2

)
cos β + v

))
(2.31)

where v is defined as v � r(Θ) cos α and is constant over the β-curve.
The rate of change of the arc length of a β-curve, ṡ(β), following the
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definition of Eq. 2.25 is

ṡ(β) = ‖ȧ(β)‖ = π

∥∥∥∥∥r
(
Θ + π

2

)∥∥∥∥∥ sin β. (2.32)

This is a straightforward manner to compute the length of a given
array manifold β-curve. Given the geodesic nature of these curves
[46], the measured distance on the β-curve presented here is the
shortest distance on the array manifold. Thus, for any point P1 and
P2, it is possible to rotate the Cartesian system by an angle Θ to
select an appropriate β-curve that link P1 and P2. This way, Eq.
2.32 for ṡ(β) can be utilised to have

Δs =
∫ β2

β1
ṡ(β)dβ = π

∥∥∥∥∥r
(
Θ + π

2

)∥∥∥∥∥ (cos β1 − cos β2). (2.33)

This measure is sufficient to assess the distance between two vec-
tors that are closely spaced, however, as the vectors move apart this
measure fails since the shortest distance between them does not lie
on the manifold any longer.

2.3 Inner Products on the Array Manifold

The measure of the inner product on the array manifold is difficult
to characterise as a function of the differential geometry parame-
ters. To get an idea of the motivations leading to this section, let
us take the illustrative example where an antenna array receives two
signals. In the N -dimensional complex space, they are represented
by two distinct points on the array manifold. The system capability
to process the two sources individually is necessarily function of the
distance between the two points in the N -dimensional complex space
‖a2 − a1‖2, which is necessarily the same as aH

1 a2.
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Figure 2.5: Two array manifold vectors and the circular approximation of the
manifold curve joining their corresponding points.

In this section, we will describe how good measures of this prod-
uct can be provided, noticably with the Geodesic distance, with the
Euclidean distance and with the manifold radii. Geodesic and Eu-
clidean distances are two standard metrics to describe the distances
on a manifold.

2.3.1 Approximation with Geodesic and Euclidean Dis-
tances

Let us consider two antenna array manifold vectors a1 and a2, their
corresponding points on the manifold P1 and P2, displayed on Fig.
2.5, and their separation angle ψ3. Simple geometry yields

‖a2 − a1‖2 = ‖a1‖2 + ‖a2‖2 − 2 ‖a1‖ ‖a2‖ cos ψ

= 2N − 2Re{aH
1 a2}, (2.34)

3Please note that ψ is the angle between the two vectors and not the DOA separation
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where ψ is the angle between the two manifold vectors. For the
particular class of dense 3D-grid array, the inner product is strictly
real and can hence be written as

aH
1 a2 = N − 1

2 ‖a2 − a1‖2 . (2.35)

The norm ‖a2 − a1‖ is the “straight” distance between P1 and P2, or,
more formally, the Euclidean distance called de here. Let us now try
to investigate the Euclidean distance. Table 2.1 displays the various
available approximation of the inner product. Please note that the
circular approximation is novel.

Table 2.1: Approximations of the inner product between two array manifold vec-
tors

Approximation Expression
1. Taylor Series Expansion N − 1

4Δs2 + 1
64Δs4

2. Linear Approximation N − 1
2Δs2

3. Circular Approximation N − 2
κ2

1
sin2

(
κ1Δs

2

)

1. A Taylor-series expansions of the manifold vector at the order
2 at the midpoint s0 (i.e. s0 = s1+s2

2 ) have been used broadly in
the array signal processing literature, e.g.

a2 = a0 + a′
0

Δs0
2 + a′′

0
Δs2

0
8 + o (Δs3) (2.36)

a1 = a0 − a′
0

Δs0
2 + a′′

0
Δs2

0
8 + o (Δs3) . (2.37)

2. In a majority of the literature on array processing, the angle
ψ was often assumed small and the Euclidean distance was ap-
proximated with the Geodesic distance [46, Eq. 8.104] [49, Eq.
4.70]. With this approximation, the contribution of the princi-
pal curvature κ1 is not completely included, because κ1 plays
a role in the higher derivative of the manifold, as described in
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[9, Eq. (2.38)]. As displayed on Fig 2, the inner product aH
1 a2

(that illustrates the angle between the two manifolds as well)
can be linked to the distance between P1 and P2, using simple
trigonometry: Let us assume that the manifold curve A is a
straight line between P1 and P2, in this case, the Euclidean dis-
tance de can be approximated as being equal to the Riemannian
distance Δs

de ≈ Δs (2.38)

and hence
aH

1 a2 ≈ N − 1
2Δs2. (2.39)

We call Eq. 2.39 the linear approximation of the inner product.
This is a flawed approximation for several reasons.

3. We propose a novel and simple analytical description of the dot
product. The local β-curve between P1 and P2 can be described
as a circle of radius κ−1

1 . With this, the Euclidean distance is
the length of the chord, as shown in Fig. 2.5.

2.3.2 Inner Product and Manifold Radii

As derived previously, the moving frame matrix U(s), along with the
curvatures, gives a complete local description of an array manifold
curve. With these, the orientation of the array manifold curve at a
particular instant can be assessed with the concept of manifold radii.

Definition 3 (Manifold Radii Vector). The manifold radii vector is
the dot product between the array manifold vector and the coordinate
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matrix at a point s of a p-curve:

R(s) = U
H(s)a(s)

=
[
uH

1 (s)a(s), uH
2 (s)a(s), . . . , uH

N(s)a(s)
]
. (2.40)

An observation of Eq. 2.18 leads to the interesting conclusion
that, when the coordinate vector derivative u′

k(s) is not linearly de-
pendent of uk (i.e. u′H

k uk = 0), the definitions of the Cartan matrix
and manifold radii vector simplify to the one made earlier in [46].
This occurs when the antenna array employed is fully symmetrical.
The Manifold Radii vector can now be utilised to define a new dis-
tance measure on the array manifold.

Lemma 4 (Inner Product on an Array Manifold Curve). The Inner
product between two array manifold vectors of the same hyperhelical
array manifold curve can be written as

aH(s)a(s + Δs) = RH(s)

× expm{sC(s) − (s + Δs)C(s + Δs)}R(s + Δs). (2.41)

Proof. Given the definition of manifold radii, the inner product of
two array manifold vectors on a particular manifold p-curve can be
written as

aH(s)a(s + Δs) = RH(s)expm{sC(s)}U(0)

× U
H(0)expm{(s + Δs)CH(s + Δs)}R(s + Δs). (2.42)

Utilising the orthonormal nature of U(s) and the skew-symmetricity
of C(s), Eq. 2.42 yields Eq. 2.41.

This highlights that, on an array manifold p-curve, the inner prod-
uct depends on the number of antennas N , the Riemannian distance
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between the two vectors Δs and the N − 1 curve’s curvatures of the
Cartan matrix C(s). Please note that, for the sake of notation sim-
plicity, we will denote the “metric matrix”of the quadratic form of
2.41 as

Ms1,s2 = expm{s1C(s1) − s2C(s2)}. (2.43)

2.3.3 Inner Product on the α and β-Curves

On hyperhelical curves, due to the tractability of the curvatures, the
manifold radii and Cartan matrix become constant over the whole
curve, and the inner product is

Lemma 5 (Inner Product on an Hyperhelical Array Manifold Curve).
The Inner product between two array manifold vectors of the same
hyperhelical array manifold curve is written as

aH(s)a(s + Δs) = RHexpm{−ΔsC}R. (2.44)

This illustrates that, on an hyperhelical curve, the inner product is
independent of the parameter s, and depends on the curvatures and
the distance between the array manifold vectors only. This makes
a more straightforward characterisation of the inner product possi-
ble. The array manifold having a constant norm of ‖a‖ =

√
N , the

inner product is upper-bounded and lower-bounded by N and −N ,
respectively.

Proof. Given the definition of manifold radii, the inner product of
two array manifold vectors on one hyperhelical manifold curve can
be written as

aH(s)a(s + Δs) = RHexpm{sC}U(0)UH(0)expm{(s + Δs)CH}R.

(2.45)
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Following the orthonormal nature of U(s) and the skew-symmetricity
of C, Eq. 2.45, is

aH(s)a(s + Δs) = RHexpm{−ΔsC}R. (2.46)

This forms the proof of the theorem.

This important result can be simplified with a very good approx-
imation, that is

aH(s)a(s + Δs) = N − ΔsRH
CR. (2.47)

Indeed, the terms of the Taylor series expansion of Eq. 2.46 are of a
quadratic form and are upper bounded by λ0, the largest eigenvalue
of C. At the k-th order, the residual error is∣∣∣∣∣∣∣RHexpm{−ΔsC}R −

K∑
k=0

RH (−ΔsC)k

k! R
∣∣∣∣∣∣∣ ≤ N

∞∑
k=K+1

(−Δsλ0)k

k! .

(2.48)
The Taylor series expansion can be made by the first two terms of
2.48, i.e.,

aH(s)a(s + Δs) = RH
(
(Id − ΔsC) + o(Δs2

C
2)

) R. (2.49)

Thus, the error made while doing this approximation decreases ex-
ponentially. It can be observed, following the new expression of 2.47,
that the term ΔsRH

CR is always positive, because the inner product
is always smaller than N .
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2.4 Summary

This chapter introduced the framework of array manifold and the
most important differential geometry parameters that serve the char-
acterisation of an array manifold curve. Along with that, a study of
the different tools available to ascertain the inner products between
two array manifold vectors was presented. The framework that pro-
vides the link between the inner product and the array manifold
vectors curve parameter was presented, for hyperhelical and non-
hyperhelical curves.

44 of 148



Imperial College London 3. Importance of the Antenna Arrays Geometries

Chapter 3

Importance of the Antenna
Arrays Geometries

This chapter presents a novel study of the impact of the antenna ar-
ray geometry on the worst case scenario when two sources are closely
spaced in the angular domain1. This case is particularly worth in-
vestigating because this is the scenario where the role of the antenna
array geometry is exacerbated. This is highly relevant and timely
for future 5G networks where a dramatical increase in user density
is expected. The array geometry is reflected through the array man-
ifold mathematical object and the derivations introduced in Chapter
2. Based on that, it was demonstrated that the antenna arrays that
have the largest number of antenna elements do not necessarily per-
form the best. This is the stepping stone towards designs optimising
the array geometry while keeping the number of antennas reasonable.

1Please note that part of the content of this chapter was presented at the Global Conference
on Communications 2015 (GlobeCom2015) in San Diego, CA, USA [3].
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3.1 Introduction

The next generation of wireless communication systems is expected
to employ antenna arrays, called large or massive antenna arrays,
that contain hundreds or thousands of antenna array elements. Such
wireless systems are called massive MIMO or MaMI. The signals from
all these array elements are processed and combined simultaneously,
providing, for instance, high resolution and cochannel interference
cancellation [50]. The literature contains lots of contributions on
this trend [51]. However, utilising an independent RF chain for each
antenna element of a large array is not sustainable with the given
constraints of power, manufacturing cost and available area (array
aperture). Some methods in the literature propose a rollback to
analogue or hybrid beamforming [52, 53] as a method to function
with a lower number of RF chains at the cost of reduced beamforming
performance and accuracy.

In the literature, most of the array design techniques have been
geared towards optimising the array geometries to achieve the de-
sired performance criterion. Some performance criteria examples
are maintaining a uniform parameter estimation performance across
the whole field-of-view [54], resolving ambiguities [55], providing in-
creased coverage [56], reducing sidelobe level [57], improving direc-
tion finding capabilities [58] and designing linear arrays (non-uniform
or uniform) and planar arrays with predefined detection–resolution
thresholds [59].

Typical studies assume multiple users to be randomly distributed
in space. However, the worst case scenario is when the interfer-
ing users are located close to the desired user in space. This is the

46 of 148



Imperial College London 3. Importance of the Antenna Arrays Geometries

Figure 3.1: The tasks of a receiver utilising an antenna array.

scenario that stresses the system the most and when the array geom-
etry takes the most importance. This is the scenario that is consid-
ered/studied in this chapter. Towards this, we present a novel study
of the impact of the antenna array geometry on the wireless commu-
nication system tasks performed by antenna arrays. Particularly, we
present a task-oriented analysis of the antenna array performance.
It is well known that the presence of interfering users affects the per-
formance of detecting, resolving and receiving the desired signal and
that the worst case scenario is dictated by the user who is located
closest to the desired user and this forms the motivation of analysing
the scenario of two closely spaced users interfering with each other.
The remainder of this Chapter is organised as follows. In Section
3.2, the impact of the antenna array geometry on preliminary tasks
of wireless communications is assessed. In Section 3.3, the impact of
the antenna array geometry on beamforming is investigated. Finally,
the Chapter is summarised in Section 3.4
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3.2 Preliminary Tasks of Wireless Communica-

tion Systems

Consider a calibrated antenna array system consisting of N antennas
operating in the presence of a desired source and several interfer-
ers. Figure 3.1 displays the sequential tasks of the multiple-antenna
wireless receiver that are detection, resolution & estimation, and re-
ception with beamforming. Over a particular observation interval,
during which the channel remains constant, the receiver collects L

snapshots and constructs the best possible estimate of the signal sub-
space. The limited number of snapshots and the presence of channel
noise create uncertainty in the N -dimensional complex space on the
location of the sources. The uncertainties around the array manifold
vectors of each source are represented by an uncertainty sphere [46]
of radius σei

(uncertainty sphere on the i-source)

σei
=

√√√√ 1
2(SNR × L) . (3.1)

It is straightforward to see from Eq. 3.1 that this sphere shrinks
with a growing number of snapshots and a reducing noise level. The
N -dimensional observation spaced hence contains two uncertainty
spheres around the array manifold vectors.
The primordial task that a receiver has to achieve is the detection
task, as displayed in Fig. 3.1. The detection capability of a particular
array system is the ability to estimate the number of sources con-
tributing to the received signal [46]. According to [60], two sources
can be detected if and only if the uncertainty spheres do not make
contact.

Based on Chapter 8 of [61] and with reference to Fig. 3.2, it can

48 of 148



Imperial College London 3. Importance of the Antenna Arrays Geometries
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Figure 3.2: Illustration of the manifold surface M, the manifold vectors a (θ1, φ1)
and a (θ2, φ2) and the arc length Δs of a geodesic curve between two points P1
and P2 on M.

be shown that for two points P1 and P2 on the manifold surface M
the minimum (SNR×L)det for the system to detect two users located
close to each other in space (i.e. Δθ and Δφ are small) is given by

(SNR×L)det = 2
Δs2 . (3.2)

Figure 3.3 illustrates the probability of detection versus varying SNR
for two users with a fixed separation of 0.5 degrees along the azimuth
and elevation (Δθ = Δφ = 0.5o) and with L = 200 snapshots across
different grid geometries. In this trial, the Akaike Information Crite-
rion (AIC) [62] detection algorithm has been employed and a partic-
ular detection iteration is considered successful when the algorithm
returns two users instead of one. The results indicate that the best
geometry is the “filled”-grid array while the circular array achieves
the worst performance. To get clearer insights into that, Figures
3.4 and 3.5 illustrate the detection threshold presented in Eq. 3.2 for
the five grid array geometries under consideration. The mid eleva-
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Figure 3.3: Comparison of the probabilities of detection versus input SNR for the
grid array geometries under evaluation (1000 iterations).

tion angle φ0 = (φ1 + φ2) /2 is varied while θ0 = (θ1 + θ2) /2 remains
constant at 90o. In Fig. 3.4, Δθ = Δφ = 0.5o, while in Fig. 3.5,
Δθ = 0.5o and Δφ = 1o. As derived earlier, the detection thresh-
old displays a dependence on elevation when Δθ �= Δφ. Please note
that the simulation results with respect to varying azimuth are not
exhibited as the performance is constant with azimuth at all times
as predicted by Eq. 3.2.

Table 3.1: Performance ranking of antenna array geometries for the task of detec-
tion

Performance Order Geometry
1st "Filled"-Grid
2nd Square
3rd X-Shaped
4th Concentric Circle
5th Circle

As reported by Table 3.1, the “filled”-grid array followed by the
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Figure 3.4: Detection threshold in terms of (SNR×L)det versus varying elevation
angle for the grid array geometries under evaluation when Δθ = Δφ = 0.5◦ (θ0 =
90◦)

Figure 3.5: Detection threshold in terms of (SNR×L)det versus varying elevation
angle for the grid array geometries under evaluation when Δθ = 0.5◦ and Δφ = 1◦

(θ0 = 90◦).
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square array provides the best performance while the circular and
concentric circular arrays perform the worst. One can observe that
the number of antennas is the crucial factor that determines the
detection threshold. However, the result shows that the square array
yields an acceptable detection threshold for a much lower number
of antennas than the “filled”-grid array. This is due to the fact
that (SNR×L)det is determined by ‖rx‖ (remember ‖rx‖ =

∥∥∥ry

∥∥∥ for
all grid arrays) rather than the number of antennas N itself. This
implies that by optimising the placement and inter-antenna spacing,
for the same number of antennas N , a lower detection threshold may
be obtained. Hence, among the geometries considered, for a massive
MIMO array communication system, a square geometry for detection
would suffice to keep the system energy efficient. On the other hand,
for applications requiring extremely precise target detection such as
RADAR, one may use the “filled”-grid array at the start and track
with the square array subsequently.

Successful detection does not imply that the two sources may be
resolved. The resolution capability is the ability to perceive two
distinct spectral peaks/nulls.

Figure 3.6 illustrates this idea by presenting the performance of
the MUSIC direction finding algorithm for the circular, square and
“filled”-grid geometries. For the same (SNR × L), the circular array
almost fails to resolve the two sources whereas the square and the
“filled”-grid array do so. This forms the motivation of this section in
utilising the resolution threshold to select the appropriate geometry
for this task.

The resolution threshold with respect to points P1 and P2 in
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Figure 3.6: Illustration of MUSIC cost function versus azimuth for the filled square,
square and circular array geometries for a scenario of 2 equipowered users located
at (50o, 30o) and (55o, 30o) (SNR = −1dB, L = 200).

Figure 3.7: Resolution threshold in terms of (SNR×L)res versus varying azimuth
angle for the array geometries under evaluation (φ0 = 40o).
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Figure 3.8: Resolution threshold in terms of (SNR×L)res versus varying elevation
angle for the array geometries under evaluation (θ0 = 80o).

Fig. 3.2 provides a minimum (SNR×L)res for the system to resolve
the two sources,

(SNR×L)res = 32
Δs4

(
κ2

1 − sum2
(
R̃

3 (
Θ + π

2

)) − 1
N

) . (3.3)

Equation 3.3 indicates that, unlike detection, (SNR×L)res depends
on both azimuth and elevation since a different curve yielding a dif-
ferent curvature κ1 will be chosen for every pair (a1, a2).

Figures 3.7 and 3.8 present the resolution threshold for varying
azimuth and elevation angles (θ0, φ0) respectively. A separation angle
of Δθ = Δφ = 0.5o has been utilized. The performance grading of
the array geometries is similar to that of detection, i.e. the “filled”-
grid array performs the best while the circular array performs the
worst. We can conclude that the number of antennas has the largest
impact on the performance on the tasks of detection and resolution.
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3.3 Beamforming Performance with Antenna Ar-

rays

Beamforming is creating a beam towards a particular direction of in-
terest by applying a set of complex weights on the antenna. This way,
the spatial dimension is used to maximise the gain of the antenna
array towards the source and minimise it towards interference. For
more discussions about beamforming itself, please refer to Section
5.3. The impact of the antenna array geometry on the beamforming
performance forms the scope of this section2.

3.3.1 Steering Vector Beamformer

To study this, let us consider a simpler case of the received signal vec-
tor x (t) presented in Section 1.2 where the environment is composed
of only a desired-source and one interference, and one multipath per
user. In this case, the received signal vector is

x (t) = a1m1 (t) + a2m2 (t) + n (t) (3.4)

with m1 (t) and m2 (t) denoting the message signals of the two users
with powers P1 and P2 respectively and n (t) is the white Gaussian
noise of zero mean and covariance Rn = σ2

nIN . Hence, the covariance
matrix Rxx can be constructed to obtain the second order statistics
of x (t) as

Rxx = E
{
x (t) x (t)H

}
=

Rdesired︷ ︸︸ ︷
P1a1aH

1 +
Rundesired︷ ︸︸ ︷

P2a2aH
2 + 2Re

{
ρ12a1aH

2
}

+
Rn︷ ︸︸ ︷

σ2
nIn,

where Rdesired is the covariance matrix of user 1 and Rundesired

contains the covariance matrices of user 2 and the term arising from
2Please note that the steering vector beamformer is also known as “matched beamformer”

and that the subspace beamformer is also known as “null beamformer”.
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ρ, the cross-correlation coefficient of the messages transmitted by
users 1 and 2. Also, Rn is the noise covariance matrix. To receive the
message of user 1, one can steer a beam towards (θ1, φ1) by employing
the manifold vector a1 as a weight vector w (this is called a steering
vector). For the moment, we employ the steering vector beamformer
in order to isolate the effect of the array geometry alone on handling
interference. Without any loss of generality, it has been assumed
that ρ12 = 0, implying that the messages transmitted by users 1
and 2 are uncorrelated. In this case, the beamformer performance
to mitigate interference can be characterised by the signal-to-noise
plus interference ratio at its output, SNIRout, as

SNIRout = wHR1w

wH (R2 + Rn) w

= P1aH
1 a1aH

1 a1

P2aH
1 a2aH

2 a1 + σ2
naH

1 a1

= N 2P1

P2
∣∣∣aH

1 a2
∣∣∣2 + σ2

nN
. (3.5)

As we are dealing with a case that presents only two users, and hence
two points on the manifold, it is straightforward to find a β-curve
(hyperhelix) to join P1 and P2. Hence, Equation 3.5, in conjunction
with Eq. 2.46, provides

SNIRout = N 2P1

P2
∣∣∣RHexpm{−ΔsC}R

∣∣∣2 + σ2
nN

. (3.6)

Equation 3.6 reveals a trade-off between the product RHexpm{−ΔsC}R
that contains the characterisation of the shape of the array manifold
curve3 and the number of antennas N . Hence, different geometries

3Let us recall that the manifold radii R and Cartan matrix C depend only on the curvatures,
hence the product RHexp{ΔsC}R is a function of the curvatures and the arclength Δs only
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Figure 3.9: Steering vector beamformer performance for the array geometries
shown in Fig. 2.3.a. The SNIRout,ste (dB) versus azimuth angle for the array
geometries under evaluation (φ0 = 50o) is presented.

present different performance depending on their curvatures, the arc
length and the number of antennas N . There exists a trade-off be-
tween the number of antennas and the antenna array geometry.

To illustrate this conclusion, we present in Figs. 3.9 and 3.10, the
evaluation of the SNIR for the five geometries of Fig. 2.3a with vary-
ing elevation and constant azimuth θ = 90o (Fig. 3.9), and varying
azimuth for constant elevation φ = 50o (Fig. 3.10). Please note that
the angular separation between the sources was Δθ = 5o and Δφ = 6o

and the input SNR was chosen to be 20dB with P1 = P2 = 1. Across
all geometries, as shown in Figs. 3.9 and 3.10, the square antenna
array exhibits the best performance with a maximum SNIRout of 11.5
dB achieved at θ̃ = 50o and φ̃ = 90o. The square, circular and X-
shaped antenna arrays surprisingly outperform the “filled”-grid array
which possesses the highest number of antenna elements. This is in-
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Figure 3.10: Steering vector beamformer performance for the array geometries
shown in Fig. 2.3.a. The SNIRout (dB) versus elevation angle for the array geome-
tries under evaluation (θ0 = 90o. In both cases, the angular separation between
the sources was Δθ = 5oΔφ = 6o) and the input SNR was chosen to be 20dB with
P1 = P2 = 1 is presented.

line with the result that the “filled”-grid array has a poor ratio of
RHexpm{−ΔsC}R/N while the square array yields the highest ra-
tio closely followed by the circular array. A higher ratio of this key
term implies higher capacity according to Eq. 3.6.

3.3.2 Null Beamformer

In this subsection, the performance of the array geometries when the
beamformer employed is a subspace beamformer are assessed. This
beamformer algorithm projects the received signal on the subspace
that is perpendicular to array manifold vector of the second user a2

and hence cancels the interferer completely,

wsub = P
⊥
a2

a1. (3.7)
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For more details about this beamformer, please refer to Section 5.3.
The performance of this receiver in terms of SNIRout,sub, is

SNIRout,sub = wH
suba1aH

1 wsub

wH
sub

(
a2aH

2 + σ2
nIN

)
wsub

= wH
suba1aH

1 wsub

σ2
nwH

subwsub
, (3.8)

because the signal received from interfering user is cancelled com-
pletely. With the beamforming design of Eq. 3.7, the SNIRout,sub

can be derived as

SNIRout,sub = NSNR
⎛⎜⎝1 −

⎛⎝aH
1 a2

N

⎞⎠2⎞⎟⎠
2

(3.9)

and, with Theorem 5, we have

SNIRout,sub = NSNR
⎛⎜⎝1 −

⎛⎝RHexpm{−ΔsC}R
N

⎞⎠2⎞⎟⎠
2

. (3.10)

Equation 3.10 reveals an interplay between the term SNR × L and
the contribution from the geometry RHexpm{−ΔsC}R/N . When
the angular separation between the two sources is large enough, the
contribution of the geometry is negligible and the number of antenna
determine the performance. To illustrate this, Figure 3.11 presents
the evaluation of the performance of the geometries from Fig. 2.3.a.
Indeed, the geometry with the largest number of antenna elements
is performing the best. Please note that, compared with the steering
vector beamformer, with the subspace beamformer the contribution
of the geometry decreases sharply because of the presence of the
square terms in Eq. 3.10.

Figure 3.12 presents a comparison of the SNIRout,sub achieved by
the two beamformers, for varying separation between the users. This
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Figure 3.11: Subspace vector beamformer performance for the array geometries
shown in Fig. 2.3.a. The SNIRout (dB) versus elevation angle for the array geome-
tries under evaluation (θ0 = 90o. The angular separation between the sources was
Δθ = 0.1o and Δφ = 0.1o) and the input SNR was chosen to be 20dB.

is a simple evaluation of Eqs. 3.10 and 3.6. Understandably, the
beamsteering achieves maximum interference mitigation only when
the manifold vectors of the users are orthogonal, which is rarely
the case. At this exact separation angle, the beamsteering weight
vector belongs to the subspace spanned by the projection operator of
the subspace beamformer. For more information about this, please
consider reading more about characteristic points in [46]. On the
other hand, the subspace beamformer achieves maximum SNIRout,sub

quickly while the interferer is moved away from the desired user.
When the interferer is close, the SNIRout,sub is reduced because the
projection operator reduces the power of the desired user (SNR). As
displayed with Eq. 3.10, this phenomenon is induced by the term(RHexpm{−ΔsC}R/N

)2, that decreases with a magnitude squared,
this is the zone that is between 0 and 5o in Fig. 3.12. We can observe
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Figure 3.12: Comparison between the steering vector beamformer and the
subspace-based beamformer for the Square array geometry of Fig. 2.3.a. The
SNR was set to 20 dB and both users were equipowered.

that, past this separation, that is 5o here, the SNIRout,sub of Eq. 3.10
is NSNR and hence the geometry doesn’t impact the performance
anymore.
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3.4 Summary

This chapter was concerned with illustrating the importance of an-
tenna array geometry for a variety of wireless communication tasks.
This was achieved by employing relevant performance criteria as
figures-of-merit. It was deduced that the detection and resolution
thresholds have strong dependencies with the number of antennas
because it conditions the number of dimensions. On the recep-
tion part, new simulation studies, supported by theoretical results,
demonstrated that the SNIRout does not depend solely on the num-
ber of antennas, but also strongly on the array geometry. Thus, the
square array of 40 antennas, for instance, has higher SNIRout and bet-
ter energy efficiency than a “filled”-grid array with more (N = 121)
antennas.
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Chapter 4

Channel Capacity Loss

In this chapter the “channel capacity loss” metric is introduced to
fully characterise the presence of co-channel interference in a general
multi-user multipath MIMO channel1. The newly introduced metric
is linked with the shape of the array manifold introduced in the
previous chapter, and the impact of the antenna array geometry
onto the system performance is investigated2.

4.1 Introduction

An important amount of research has been done to investigate the
impact of various factors on the channel capacity. For example, [63]
and [64], based on non-parametric models, studied the impact of in-
terference, indoor line-of-sight (LOS) and high antenna correlation.
In [65], the impact of non-ideal hardware was considered and mod-
elled. In [66], the transmitted signalling was optimised to maximise
the capacity. In [67], using a non-parametric channel model for an in-

1 This research was presented at IEEE International Conference on Communications 2017 [1].
2Please note that the present chapter focuses on the influence of the antenna array geometry

on the conditioning of the signal received, whereas chapter 3 was concerned with the impact of
the antenna array geometry on the subsequent communication tasks.
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door environment, the effect of multipath propagation on the channel
capacity is studied. In [68], the impact of four uniform array geome-
tries on the ergodic capacity in a microcellular urban environment
was studied, albeit in the single-user case. In [69, 70], an analysis of
the achievable capacity for two different sets of array geometries was
pursued assuming the users are located uniformly within a sphere
of known radius. These references are representative of the research
found in the literature that considers “ideal” cases where either

• the sources are uniformly distributed onto the angular domain

• the channel capacity is an average capacity where the sources
follow a statistical uniform distribution among the angular do-
main.

These scenarios are ideal in the sense that the level of interference
is minimised and the contribution of the antenna array geometry is
ignored.

In Chapter 2, the framework of the array manifold was presented
and the most important parameters describing its shape were in-
troduced. Notably, the inner product between two array manifold
vectors was expressed in terms of the array manifold’s differential
geometry parameters. The present chapter, based on these new the-
oretical results, is organised as follows. In Section 4.2, the capacity
loss, that is the loss of channel capacity induced by the presence of
interferers, is formally introduced. This new theoretical derivation
is then exploited to get insights into how an antenna array is able
to deal with interferers. Finally, in Section 4.3, the capacity loss is
evaluated for different array geometries and also the new concept of
capacity loss threshold, that is the necessary distance between the
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desired user and interferers to achieve a particular capacity loss, is
presented. Finally, the Chapter is summarised in Section 4.4.

4.2 Channel Capacity Loss

Let us consider the vector x(t) received by an antenna array of N

antennas operating in the presence of M signals incident to the array
from different directions (directions of arrival). Using Eq. 2.9, the
received signal can be modelled as follows

x(t) =
M∑
i=1

βiaiaH
i mi(t) + n(t) (4.1)

where aH
i mi(t) is the received message of the i-th signal with

mi(t) = wi(t) � mi(t), (4.2)

and with wi(t) the transmit weights of the i-th user. Now, let us
define B the matrix whose columns are the M − 1 array manifold
vectors of the interfering signals,

B � [a2, a3, . . . , aM ] ∈ CN×M−1. (4.3)

4.2.1 Second Order Statistics

The second order statistics of the signal x(t) are

Rxx =E {
x(t)x(t)H

}
=

M∑
i=1

M∑
k=1

aiaH
i E {

βiβkmi(t)mk(t)H
}

akaH
k + σ2

nIN . (4.4)

With no loss of generality, it is considered that the transmitted mes-
sages are i.i.d Gaussian signals with powers Pi, leading to the follow-
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ing properties

E{mi(t)mH
j (t)} = ON×N , ∀i �= j (4.5)

E{mi(t)mH
i (t)} = PiIN . (4.6)

Also, for simplicity but without any loss of generality, it is consid-
ered that the complex path fading coefficients have unity magnitude
and are included in Pj. A consequence of Eqs. 4.5 and 4.6 on the
covariance matrices of Eq. 4.4 is that the cross products between
multipath are suppressed. With this, and the array manifold prop-
erty that aH

i ai = N , the second order statistics are

Rxx =
M∑
i=1

PiaiaH
i aiaH

i + σ2
nIN

= N
M∑
i=1

PiaiaH
i + σ2

nIN

= N [a1,B]P[a1,B]H + σ2
nIN . (4.7)

For notational convenience, we denote P and Pint as the diagonal
matrices comprising of the users’ powers and the interfering users’
powers respectively, i.e.

P = diag{P1, P2, . . . PM} (4.8)

Pint = diag{P2, P3, . . . , PM}. (4.9)

4.2.2 Mutual Information and MIMO Channel

Let us assume that we want to communicate with user 1, and that
the parameters associated with its propagation channel are perfectly
known. The amount of information that the base-station is able to
receive from user 1, is given by the mutual information

I (m1; x|a1) = H (x|a1) − H ((x|a1) |m1) . (4.10)
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This is the mutual information between the MIMO channel input and
output. In the case where the channel is deterministic, its entropy is
null (H(a1) = 0), and the mutual information is

I (m1; x) = H (x) − H ((x) |m1) . (4.11)

The array output vector x is a multivariable Gaussian process, as
the sum of Gaussian processes. Its entropy is simply

H (x) = log2 det (πeRxx) , (4.12)

and equivalently the entropy H (x|m1) is the entropy H (x) where
the message m1 is known, therefore

H (x|m1) = log2 det
(
πe

(
Rxx − P1Na1aH

1
))

. (4.13)

Hence, the mutual information described in Eq. 4.11 is simply

I (m1; x) = log2

⎛⎝ detRxx

det
(
Rxx − P1Na1aH

1
)
⎞⎠ . (4.14)

The channel capacity to transmit information in the presence of in-
terfering users is the maximum mutual information between m1 and
x, i.e.

C = sup
m1

I (m1; x) . (4.15)

This quantity is maximized when the transmitted signals are Gaus-
sian

C = B log2

⎛⎝ det (Rxx)
det

(
Rxx − P1Na1aH

1
)
⎞⎠ . (4.16)

This is the maximum quantity of information, in bits/sec, that can
be conveyed by the channel.

67 of 148



Imperial College London 4. Channel Capacity Loss

4.2.3 The Loss of Channel Capacity

The channel capacity presented in Eq. 4.16 has a meaningful struc-
ture that can be exploited, as described in Appendix 4.A. With this
structure, the single-user channel capacity CSU can be derived as

CSU = B log2

⎛⎝1 + NN
P1

σ2
n

⎞⎠ , (4.17)

and the channel capacity with multiple access interference (MAI) is

C = B log2

⎛⎜⎜⎜⎜⎜⎝
Eq. 4.17︷ ︸︸ ︷

1 + NN
P1

σ2
n

−

MAI︷ ︸︸ ︷
N

P1

σ2
n
aH

1 B
√
Pint

⎛⎝√
Pint

H
B

H
B

√
Pint + σ2

n
N

IM−1

⎞⎠−1 √
Pint

H
B

Ha1

⎞⎟⎟⎟⎟⎟⎟⎠ .

(4.18)

This novel expression is the channel capacity of a desired user in a
multiuser MIMO system, where the contribution of the desired user
and the degradation induced by the interferers to the capacity can
be distinguished.

The same channel capacity can be expressed as

C = CSU − BCloss, (4.19)

where the first term is the single user channel capacity CSU, and the
second component constitutes the loss of capacity due to the presence
of the interferers. This is the degradation induced by the interferers
termed as capacity loss.
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Theorem 6 (Capacity Loss). The channel capacity loss induced by
the interferers is expressed as,

Closs = − log2

⎛⎝1 − P1N

NNP1 + σ2
n

× aH
1 B

√
Pint

⎛⎝√
Pint

H
B

H
B

√
Pint + σ2

n
N

IM−1

⎞⎠−1 √
Pint

H
B

Ha1

⎞⎟⎠ . (4.20)

For a given number of antennas N (and hence number of dimen-
sion of the complex space CN) and propagation environment, the ge-
ometrical quality of a given antenna array yields a distance between
the interference subspace spanned by the columns of B (L{B}) and
a1 and results in a particular loss of capacity.

4.3 Evaluation of Capacity Loss on Curves

Let us now consider a case when all the users are equipowered, with
powers equal to one, and elevation is zero. The capacity loss pre-
sented in Theorem 6 can be expressed as a function of the differen-
tial geometry parameters of the array manifold as displayed by Eq.
4.21. To evaluate this, let us consider the case where the capacity
loss is induced by a cluster of interferers. An illustration of this en-
vironment is made with Fig. 4.1. The desired source and interferers
are located onto the θ-curve corresponding to zero elevation and it
is assumed that the angular separation between the desired user and
the interferer cluster is small enough to result in a capacity loss.
The small spatial angular separation between the desired user and
the first interferer is translated into a small arc length separation
Δs, as shown in Fig. 4.1. Also, we consider that the interferers are
uniformly distributed onto an arc-length Δs̃.
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Figure 4.1: Representation of the array manifold vectors of the desired user a1 and
interferers a2, . . . ,aM on the array manifold curve A. The arc length between the
closest interferer and the desired user is to be Δs while the cluster size is Δsc. The
point O denotes the centre of curvature of the arc on which the interferer cluster
lies with radius equal to κ−1

1 (sc).

In order to study the impact of the array manifold parameters on
the capacity loss, two sets of five array geometries were employed.
In the first set, all five geometries have the same number of antennas
N but different aperture. In the second set, all five geometries have
approximately the same aperture but a different number of antenna
elements. A half-wavelength inter-antenna spacing was maintained
across both sets of geometries. Also, all the geometries belong to the
class of “2D grid arrays” [46] which satisfy the following conditions:

rT
x ry = 0 and ‖rx‖ =

∥∥∥ry

∥∥∥ . (4.22)

In a first simulation study, the propagation environment was as-
sumed to be composed of one desired user and three interferers, all
equipowered. The arc length Δsc was set such as the cluster of
interfering users was 3o wide, Δθc = 3o. In addition, the angular

71 of 148



Imperial College London 4. Channel Capacity Loss

separation Δθ1,2 was varied between 0o and 7o. For this environ-
ment, the resulting capacity loss for the five geometries is illustrated
in Fig. 4.2 with varying Δθ1,2 and varying θ1.

As mentioned in Section 2.2, the arc length and principal curva-
ture are two crucial array manifold parameters and Eq. 4.21 indicates
that there exists a trade-off between the array aperture, curvature
and number of antennas. For the case of grid arrays [46], the length
of the arc Δs is given by

Δs = π ‖rx‖ Δθ1,2, (4.23)

and, hence, is constant over the θ-curve for a fixed value of Δθ1,2

while increasing linearly with ‖rx‖. In Fig. 4.2, this, in conjunction
with Eq. 4.21, explains the decrease of Closs with increasing Δθ1,2.

On the antenna array geometries of Fig. 4.2, where the aperture
varies, the influence of Δs (Eq. 4.23) is high. This explains the
ranking of geometries in Table 4.1 where the Circular array yields
the lowest capacity loss, since it possesses the highest value of ‖rx‖,
and the “Filled”-grid has the highest capacity loss, since it possesses
the lowest value of ‖rx‖. The ranking with respect to total length
of the manifold lm also supports this statement. In Fig. 4.2, the
best geometry is the Circular geometry because it yields the smallest
Closs for a given Δθ1,2. The same ranking also results by observing
the capacity loss graphs shown in Fig. 4.2. Note that, in this case
where is number of antenna is rather large, the norm ‖rx‖ (

=
∥∥∥ry

∥∥∥)
of the array geometry has more significance than the array aperture.
Furthermore, when the value of ‖rx‖ increases, the impact of the
principal curvature κ1 is magnified and this results in an increase in
the capacity loss.
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Let us now consider a second simulation study, where the capacity
loss of another set of 2D grid arrays with similar apertures, displayed
in Fig. 4.3a, is evaluated. Similar to the first study, the cluster an-
gular width is Δθc = 3o and the angular separation Δθ1,2 was varied
between 0o and 7o. Figure 4.3b illustrates the capacity losses for
this environment and Table 4.1 gives the corresponding performance
ranking. An interesting result is that the “Square” array and X-
shaped array yield a result very similar to that of the “Filled”-grid
array even though the “Filled”-grid has a higher number of antennas.
This can be explained by applying the result obtained in Eq. 4.21
for this set of geometries. Unlike the geometries in Fig. 4.2, the ge-
ometries in Fig. 4.3 have different number of antennas. This implies
that there is now an interplay between three different parameters
namely ‖rx‖, κ1 and N that results in the ranking given in Table
4.1. The relationship between these parameters dictates the per-
formance ranking. The distance between the desired user and the
cluster of interferer can be dramatically reduced by a poor design of
the antenna array geometry if its corresponding array manifold curve
is too curved (large curvature). Figure 4.2 illustrates that the per-
formance of an array geometry with the largest number of antenna
elements can be superseded by smaller arrays if its geometry is not
designed carefully.

Figure 4.4 illustrates the variation in capacity loss for the arrays
shown in Fig. 4.3 but with a varying number of interferers in the
cluster M . Similar to with the previous studies, the interferer cluster
is 3◦ wide and, the DOA of the desired user is fixed at θ1 = 20◦.

The separation Δs = s2 − s1 between the desired user and the
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Figure 4.4: Capacity loss with a varying number of users M for the geometries in
Fig. 4.3. The parameters utilised are θ1 = 20o and Δθ1,2 = 6o with the M − 1
interferers distributed within a Δsc, which corresponds to Δθc = 3o.

second user (closest interference) is set such as Δθ1,2 = 6◦. Let us
now consider the scenario where the desired user is located at the
center of a cluster of 4 interferers (i.e. M = 5) with Δθc = 3◦.
The DOA of the desired user θ1 is varied and Fig. 4.5 illustrates
the capacity loss for the geometries shown in Fig. 4.3a. It can be
observed that the capacity loss is approximately the same for all
geometries although the small difference in capacity loss is dictated
by the number of antennas N . Overall, the results of these studies
highlight the importance of this new metric of “capacity loss” derived
in Eq. 4.20, and the interplay of the number of antennas N , the arc
length Δs and the curvatures κ. This expression can be utilised as a
cost function for future array design, especially for RF environments
where high user density needs to be tackled.
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4.3.1 Capacity Loss on Hyperhelical Curves

A particular class of curves, worthy of interest and described in
Section 2.2.3, presents manifold curves having a hyperhelical shape.
Particularly, the inner product between two array manifold vectors
belonging to the same hyperhelical curve was characterised and dis-
played in Eq. 2.47. Utilizing this new result along with the capacity
loss of 4.20, we can derive the capacity loss on hyperhelical curves,
that is

Theorem 7 (Capacity Loss on Hyperhelical Curves). Considering
the case when the M sources are on an hyperhelical curve, the loss
of channel capacity induced by the interferers is

Closs = − log2

⎛⎝1 − N

NN + σ2
n

× (
(N − ΔsRH

CR)1M−1 − ΔsRH
CR)H

⎛⎝BH
B + σ2

n
N

IM−1

⎞⎠−1

× (
(N − ΔsRH

CR)1M−1 − ΔsRH
CR))

. (4.24)

Where we defined

Δs =
⎡⎣0, Δs2, . . . ,

M∑
i=2

Δsi

⎤⎦T

, (4.25)

for simplicity.

4.3.2 Capacity Loss Threshold

Now, to go one step further into this analysis, we define the capacity
loss threshold. The Capacity loss threshold occurs when the separa-
tion between the desired source of interest and the interferers is small
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enough to yield a capacity loss of 1 bits/sec/Hz. The required arc
length between the desired user and the interferers to achieve this
threshold is given by

Δsthr = −N

RH
CR −

Re
{
1H

M−1

(
BHB + σ2

n
N
IM−1

)−1
Δs

}

1H
M−1

(
BHB + σ2

n
N
IM−1

)−1
1M−1

+ 1
2

√√√√√√√√√√
4 − 1

(RH
CR)21H

M−1

(
BHB+ σ2n

N
IM−1

)−1
1M−1

×
(

NN+σ2
n

N
+ ΔsH

(
BHB + σ2

n
N
IM−1

)−1
Δs

) . (4.26)

The proof of 4.26 is detailed in Appendix 4.B. In the simplified
case when there is one interferer only (M = 2), the interfering sub-
space is the array manifold vector of the interferer, the capacity loss
is

Closs = − log2

⎛⎜⎜⎝1 − N

NN + σ2
n

(
N − ΔsRH

CR)2(
N + σ2

n
N

)
⎞⎟⎟⎠ (4.27)

and the minimum arc length to achieve the capacity loss threshold
is

Δsthr = N

RH
CR +

√√√√√NN + σ2
n

2N

1
N + σ2

n
N

. (4.28)

An illustration of this concept is given by Fig. 4.6. The source
and interferer are part of the x-y plan. The DOA of the source and
its separation with the interferer was varied to yield the surface. The
dark curve represents the DOA and angular separation at which the
capacity loss threshold is achieved. The surface displayed in Fig 4.6
can be separated into two parts,

1. Above threshold, i.e. when Δθ ≥ Δθthr. When the DOA sepa-
ration is large enough, i.e. Δθ ≥ Δθthr, the presence of interfer-
ence has a small impact on the reception of the desired source,
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Figure 4.6: Capacity loss and capacity loss threshold for the square (b) antenna
array geometry presented in Fig 2.3.a.

the capacity loss is negligible. In this zone, the channel capacity
is only function of the noise level and the number of antennas.

2. Below threshold, i.e. when Δθ ≤ Δθthr. As soon as the DOA
separation Δθ becomes small, i.e. Δθ ≤ Δθthr, the array man-
ifold vectors of the sources come closer and closer in the N -
dimensional complex space and the shape of the array manifold
plays an important role.

As illustrated by Eq. 4.27, for a particular angular separation be-
tween the user and interferer Δθ, the capacity loss will be dictated
by the rate of growth of the arc length ṡ(θ) and the curvature RH

CR
of the array manifold curve. For a particular number of antennas, a
well-designed antenna array should deliver good performance in the
range 0 < Δθ ≤ Δθthr, by reducing the capacity loss.

81 of 148



Imperial College London 4. Channel Capacity Loss

4.4 Summary

In this chapter, a novel theoretical framework is presented where
the concept of capacity loss due to the presence of co-channel in-
terferences is introduced, and linked to the antenna array geometry.
By combining array processing, differential geometry and wireless
communication, it was demonstrated that the presence of interfer-
ers has a negative impact on the ability of the antenna array to
receive the source of interest when their angular separation is below
a threshold and this is given by the capacity loss expression. The an-
alytical results were supported by simulations studies, where it was
demonstrated that in highly dense signal environments, array mani-
fold parameters, such as the arc length and principal curvature, play
a significant role in the mitigation of interferences. The analytical
expressions for capacity loss can be crucial for the design of array
geometries for specific propagation environments.
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Appendix 4.A Structure of Eq. 4.16

Let us recall the covariance matrix of the received signal x,

Rxx =
M∑
i=1

PiaiaH
i aiaH

i + σ2
nIN

= N
M∑
i=1

PiaiaH
i + σ2

nIN

= N [a1,B]P[a1,B]H + σ2
nIN (4.29)

and the corresponding channel capacity (Eq. 4.16)

C = B log2

⎛⎜⎜⎝det
(
σ2

nIN + N [a1,B]P [a1,B]H
)

det
(
σ2

nIN + NBPintBH
)

⎞⎟⎟⎠ . (4.30)

The expression can be simplified using the matrix determinant lemma,
as follows

C = B log2

⎛⎜⎜⎝det
(
σ2

nIM + N
√
P

H [a1,B]H [a1,B]
√
P

)
det

(
σ2

nIM−1 + N
√
Pint

H
BHB

√
Pint

)
σ2

n

⎞⎟⎟⎠ . (4.31)

The term σ2
nIM + N

√
P

H [a1,B]H [a1,B]
√
P contains a structure that

be can exploited to express 4.31 as blocks of matrices,

C = B

log2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

det

⎛⎜⎜⎝
⎡⎢⎢⎣ σ2

n + P1NN
√

P1NaH
1 B

√
Pint√

P1N
√
Pint

H
BHa1 N

√
Pint

H
BHB

√
Pint + σ2

nIM−1

⎤⎥⎥⎦
⎞⎟⎟⎠

σ2
n det

(
N

√
Pint

H
BHB

√
Pint + σ2

nIM−1

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(4.32)
and with the equality,

det

⎛⎜⎜⎝
⎡⎢⎢⎣E F

G H

⎤⎥⎥⎦
⎞⎟⎟⎠ = detH det

(
E − FH

−1
G

)
, (4.33)
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Eq. 4.32 resumes to

C = B log2

⎛⎝1 + P1NN

σ2
n

−P1N

σ2
n

aH
1 B

√
Pint

⎛⎝√
Pint

H
B

H
B

√
Pint + σ2

n
N

IM−1

⎞⎠−1 √
Pint

H
B

Ha1

⎞⎟⎠ .

(4.34)

This result is the proof of Eq. 4.18.
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Appendix 4.B Proof of the Capacity Loss Thresh-

old

The capacity loss threshold can be obtained by solving

(
N − ΔsRH

CR)2 1H
M−1

⎛⎝BH
B + σ2

n
N

IM−1

⎞⎠−1

1M−1

− 2
(
N − ΔsRH

CR) RH
CRRe

⎧⎪⎨⎪⎩1H
M−1

⎛⎝BH
B + σ2

n
N

IM−1

⎞⎠−1

Δs

⎫⎪⎬⎪⎭
+

(RH
CR)2 ΔsH

⎛⎝BH
B + σ2

n
N

IM−1

⎞⎠−1

Δs = NN + σ2
n

2N
. (4.35)

Please note that the solution was chosen as the smallest value of
Δsthr.
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Chapter 5

Spatiotemporal Channel
Estimator and Beamformer for
5G

The SpatioTemporal ARray (STAR) manifold beamformer proposed
in this chapter integrates space and time1 in a single manifold vector,
called the spatiotemporal manifold vector2. This considerably em-
powers the receiver to provide narrow spatiotemporal multi-beams
and combat the path loss by focusing the antenna array gain towards
a specific path’s direction of interest at the right time (delay). Fig-
ure 5.1 provides a basic representation of the proposed system. Un-
like earlier systems, the proposed beamformer explicitly compensates
MAI and estimates DOA, delay, radial velocity (Doppler frequency)
and complex path gains of all paths of the desired user. Also, the
channel estimation algorithm employed is blind, unlike systems with
pilots such as in [71]. Note that this is different from the spatiotem-
poral approaches discussed in [72] and [73], where due to a non-

1Please note that the concept of “space-time” here is not related/connected to space-time
coding.

2This research was published in IEEE Transactions on Wireless Communications [2].
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parametric approach, that ignores the array geometry and DOAs,
an original estimate of the interference subspace is assumed known.
An iterative channel identification approach has been utilised lead-
ing to high complexity that increases with the number of interferers
and antennas, making it unsuitable for the large antenna arrays of
future 5G systems.

5.1 Introduction

5.1.1 mmWave Beamformers and 5G

The unutilised millimetre wave (mm-wave) frequency band is seen as
a promising candidate to augment the already saturated lower fre-
quency bands for wireless communications. However, a major lim-
itation at these frequencies is the increased propagation losses [74].
In addition, the mm-wave channel is known to be frequency selective
[75, 76, 77], while foliage losses and rain attenuation for the mm-wave
are significant and can limit the coverage severely. Furthermore, at-
tenuation factors due to obstacles in non-line-of-sight (NLOS) com-
munications are much higher as compared to their counterparts in
the 1-3 GHz communications band. Another critical problem would
be the interference management arising from high user density in
small cell deployments. In such environments, typical power control
mechanisms will be much harder to operate. Some of these interfer-
ing users may be closer (“near”) to the receiver than the desired user
(“far”), transmitting with relatively higher power than that of the
desired user which may be far away, resulting in extremely high inter-
ference levels. The performance of the subspace technique proposed
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in this chapter is independent of the interference to signal power ra-
tio, also known as the near-far ratio (NFR), making it more suitable
to handle the well known near-far problem without the need of power
control. Lastly, at these frequencies, the size of the antenna elements
shrinks. This enables designers to integrate many more antenna el-
ements onto the user-end devices as compared to the conventional
radio frequency communication bands.

Some research to demonstrate the practicability of mm-wave beam-
former systems has been done in [78, 79] and particularly the mit-
igation of interference cancellation using beamspace multiple-input-
multiple-output (MIMO) has been discussed in [80]. Outdoor prop-
agation measurements carried out in the 28 GHz band illustrate
that simple beam combining in itself can improve gain, counteract
pathloss and shadow fading [81]. For the special case of a weak line-
of-sight (LOS) path, a diversity eigenbeamformer has been proposed
[82] which utilises the eigendecomposition of the channel covariance
matrix. In [83], a precoding scheme (i.e. Tx beamforming) has been
proposed assuming a known channel and no multiple access inter-
ference (MAI). Furthermore, in [84], using a uniform linear array, a
pilot-based direction of arrival (DOA) estimator for the paths of a
single user (no MAI) has been proposed.

5.1.2 Extension of Degrees of Freedom and Interference
Cancellation

Additional degrees of freedom can be introduced by taking the po-
larisation of the antennas into account. In [85] an extension of the
STAR manifold has been made to include the three polarisation pa-
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rameters. This model was exploited in [86], for joint DOA–TOA
estimation, and in [61] in the joint estimation of the polarisation–
angle–delay of a crossed-dipole array. Finally, in [87], a RAKE and
decorrelating receivers have been employed with this model. In [88],
an investigation on the geometrical properties of a 3–parameters ex-
tended manifold has been achieved.

The degrees of freedom can be further increased by using the
concept of virtual arrays. This is carried out by mapping the MIMO
system to a virtual SIMO system with enhanced degrees of freedom.
In [89] the virtual array concept has been extended to an arbitrary
order of array processing. In [90] a novel transformation mapping an
arbitrary planar array to a virtual uniform linear array (ULA) with a
larger number of sensors is proposed. This transformation enables us
to apply MIMO techniques devoted to ULA to planar arrays. In [91],
an equivalent virtual SIMO radar representation of the MIMO radar
system is established which enables the analysis of the full MIMO
system geometry. Analytical expressions are derived to describe the
key geometrical properties of the virtual array’s manifold, which fully
characterises the entire transmit-receive system geometry.

However, the absence of MAI (or failure to isolate interference
from noise) and ignoring other channel parameters render the solu-
tions of [83] and [84] incomplete. In a number of proposed beam-
former solutions for mm-wave, the strategy of hybrid beamforming,
i.e. combining analogue and digital beamforming, has been em-
ployed. This is with the objective of reducing design complexity and
power burden arising from the numerous analogue front-end chains
to support the increased number of antennas. In [52], a hybrid beam-
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former consisting of analogue subarrays and a digital beamformer has
been proposed. However, it exploits the spatial dimension alone and
employs an expensive iterative DOA estimation procedure requir-
ing more iterations at a lower signal-to-noise ratio (SNR). A hybrid
beamformer maximising the receiver output SNR has been proposed
in [53].

The majority of the proposed mm-wave beamformers uses cri-
teria such as maximising SNR, signal-to-noise-plus-interference ra-
tio (SNIR) or minimising the bit error rate (BER). However, these
beamformers are built around a traditional “non-parametric” model
while the proposed channel model in this paper belongs to the fam-
ily of “parametric”. Traditional MIMO channel models, although
very popular, are “debatable” in the sense that they ignore the ar-
ray geometry, which is one of the most important known parameter
of interest of any antenna array systems. In this case, the channel
is modelled by the “channel state information” (CSI) matrix whose
elements are the overall path gains from each Tx antenna to each Rx
antenna (rather than from Tx array to Rx array), devouring in this
way the array geometry. Consequently, the estimation of the CSI
is complex and in many cases impractical for a large antenna array
system. On the other hand, parametric models are based on wave
propagation characteristics/properties from the Tx antenna array to
the Rx antenna array and model the channel in terms of its param-
eters such as operational frequency, Tx array geometry, Rx array
geometry, number of multipaths and their associated directions, rel-
ative path delays, Doppler frequency shifts and complex path fading
coefficients. Thus, the clear advantage of the proposed parametric
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channel model is that powerful channel estimation is possible and
practical which is not the case with the traditional (non-parametric)
MIMO channel model.

5.1.3 Parametric Channel Estimation

The channel parameters, such as DOA, DOD, delays and polarisation
parameters have to be estimated in order to receive the transmitted
signal properly. The very powerful MUSIC algorithm proposed by
Schmidt in [92] is frequently employed, the received data are com-
pared with manifolds built with different parameters to form a cost
function. Usually, no more than two parameters are jointly estimated
for the sake of the computational complexity.

In [93] a preprocessor has been proposed to overcome the “coher-
ence problem”and make the estimation of the TOA and DOA possi-
ble. To deal with a fast-changing channel, a H∞ type approach has
been employed to track the TOA and DOA parameters of a multi-
path channel in [94], and a temporal smoothing procedure for severe
frequency-selective channels in [95]. The accuracy of the joint TOA-
DOA estimation has been improved by taking the 2D polarisation
of the antenna elements into account in [85, 87], and with a circular
linear array in [86]. A polar-STAR manifold and joint polarisation–
angle–delay computationally efficient solution has been proposed in
[61].

In [96, 97] an algorithm based on the STAR manifold concept has
been proposed to improve the DOA-TOA estimation in a scatter-
ing multipath context by estimating the spread of the DOA. In [98]
and in [99], a MIMO CP-free MC-CDMA model and a MUSIC-cost
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function have been employed to estimate the TOA, DOA and diffu-
sivity of a multipath frequency-selective diffused channel. To handle
mobility, the Doppler shift has to be estimated. In [100], a joint
DOA–Doppler estimation has been proposed.

Mainly, two approaches to estimate the DOD have been presented.
A beam rotation approach has been proposed in [35] and in [101]
and the strategy of jointly optimising the DOA and DOD has been
followed in [102, 103, 104].

In the approach presented in [105], a channel identification tech-
nique was proposed to process both space and time at the same
time in a single user case, with multipath. Particularly, the array re-
sponses of the frequency selective system, combined with the complex
path fading coefficients were assumed known and different techniques
were proposed to estimate the delays. The remainder of the chapter
is organised as follows. In Section 5.2 the channel is modelled in
terms of the array manifold vectors of both Tx and Rx arrays for
a frequency selective MIMO channel. In Section 5.3, the design of
the proposed spatiotemporal beamformer and its associated multi-
parameter channel estimator are presented. In Section 5.4, computer
simulation studies are employed to evaluate the performance of the
proposed approach under various scenarios. Finally, in Section 5.5,
the chapter is summarised.
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5.2 MIMO Communications System Model

Consider an M user MIMO system where the transmitter and re-
ceiver utilise antenna arrays consisting of N and N antenna elements
respectively, with all users operating simultaneously on the same fre-
quency band. For the i-th user, the MIMO system model is split into
the transmitter, channel and receiver entities/blocks which are de-
scribed and mathematically modelled below3.

5.2.1 Transmitter Model

Each of the M co-channel users employs a unique PN-code of pe-
riod Nc and a set of Nsc orthogonal subcarriers. With reference to
Fig. 5.2, consider at point A the input data symbol stream of the
i-th user. This stream is demultiplexed into Nsc streams represented
by the vector sequence {ai [n]},∀n (see point B). Each element of the
transmitted symbol vector ai[n] ∈ CNsc×1 is assumed to be of unity
magnitude (without any loss of generality). Then, the data stream
vector {ai [n]}, with a symbol period4 Tcs, is spread by a PN-code
sequence5 of chip period Tc and sampling period Ts assigned to the
i-th user. Let us define the vector ci such that

ci = [αi[1], αi[2], . . . , αi[Nc]]︸ ︷︷ ︸
one PN-code period

T ∈ {+1, −1}. (5.1)

3Please note that, in this Chapter, S denotes the manifold vector while in the previous Chapter
we used a.

4Note that the symbol period at point B is Tcs and symbol period at point A is Tcs

Nsc
.

5The use of PN-code is just a representative example of how we can integrate a modu-
lation scheme with antenna array geometry. Note that instead of a PN-code we can use a
Hadamard/Walsh sequence, or a chirp-pulse signal.
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With Tcs = NcTc = NcNscTs at point C, for the (NcNscn + m)-th
interval, the transmitted vector at point C is given by ai [n] αi

[⌈
m

Nsc

⌉]
,

∀m ∈ {1, 2, . . . , NcNsc}. This is then modulated onto the set of Nsc

subcarriers denoted by the vector F [m] given as

F [m] = exp

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
j2π

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F1
...

Fj

...
FNsc

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
m

Tc

Nsc

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(5.2)

where j =
√−1 and the parameter Fj = (j − 1)ΔF is the frequency

offset of the j-th subcarrier from the main carrier frequency Fc and
ΔF = 1

Tc
is the subcarrier spacing. Note that the proposed model

is also applicable to a single carrier system as well as for a signal
copy scheme instead of demultiplexing. Thus, at point D and for the
(NcNscn + m)-th interval, the transmitted vector is ai [n] αi

[⌈
m

Nsc

⌉]
�

F [m]. Following this, the transmitter weight matrix of the i-th user
Wi ∈ CN×Nsc, i.e.

Wi = [wi1, wi2, . . . , wiNsc
] , (5.3)

is applied on the modulated and spread data stream vector, at point
D of Fig. 5.2, to steer all the subcarriers of the transmitter main lobe
towards a desired DOA during the instant (NcNscn + m), yielding
Wi

(
ai [n] αi

[⌈
m

Nsc

⌉]
� F [m]

)
(see point E). Note that, the transmitter

weights wij may be designed based on the feedback from the receiver.
The design of these transmitter weights is out of the scope of this
paper. The sequence of samples of the n-th symbol of the i-th user,
obtained at point D, can be written in the form of a matrix Mi[n]
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(a) 3D data cube matrix
at the output of the TDLs

(b) Vectorisation
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Figure 5.3: The 3D data cube and its vectorisation to form the spatiotemporal
snapshot x.

given by

Mi[n] =
(
ai[n] ⊗ (ci ⊗ 1Nsc

)T
)

� F [n] ∈ CNsc×NcNsc, (5.4)

where the matrix F [n] ∈ CNsc×NcNsc represents the discretised points
of the subcarrier vector, namely exp

(
j2π[F1, . . . , FNsc

]T t
)
, at the time

instants t =
{
(nNcNsc + 1) Tc

Nsc
, . . . , (n + 1) NcNsc

Tc

Nsc

}
, and is given

by
F [n] = [F [nNcNsc + 1], . . . , F [(n + 1) NcNsc]. (5.5)

Finally, the
(
N × 1

)
message signal vector obtained at the output of

the digital to analog (D/A) convertor (see point F) is transmitted
onto the Tx antenna array of N antennas.

5.2.2 Simplification to Single-Carrier System:

In the case of a single-carrier simplification of the proposed spa-
tiotemporal multicarrier system, Nsc becomes equal to one and there-
fore, the subscript j, corresponding to the j-th subcarrier,
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may now be dropped in all the expressions and in Fig. 5.2. Thus,
in this case, Fig. 5.2 simplifies to Fig. 5.4.

5.2.3 Channel Model Based on the Manifold Vectors

The channel, which is illustrated in Fig. 5.2 (from point F to G), is
assumed to be a frequency selective arrayed MIMO channel, as suited
to mm-wave, and stationary over a small interval of L spatiotemporal
snapshots. The subscripts i, k and j are used to represent the user,
multipath and subcarrier respectively (i-th user, k-th multipath and
j-th subcarrier).

Suppose that the transmitted signal from the i-th user arrives at
the receiver via Ki paths. As illustrated in Fig. 5.2, the branch of the
channel which represents the k-th path, j-th subcarrier of the i-th
user, is modelled with the Tx and Rx antenna array manifold vectors
Sikj ∈ CN×3 and Sikj ∈ CN×3 respectively, a Doppler frequency shift
Fikj and path fading coefficient βikj. The parameter τik denotes the
time delay from the reference points of the Tx array to the Rx array.

The Rx antenna array manifold vector also known as spatial ar-
ray manifold vector for the k-th path of the i-th user on the j-th
subcarrier is defined as [46]:

Sikj = S(θik, φik, Fj)

= exp
(
−j2π

Fc + Fj

c
[rx, ry, rz]u(θik, φik)

)
, (5.6)

where [rx, ry, rz] ∈ RN×3 are the Cartesian coordinates of the receiver
antenna array in metres, c is the speed of light and u(θik, φik) points
towards the direction of propagation

u(θik, φik) � [cos θik cos φik, sin θik cos φik, sin φik]T , (5.7)

99 of 148



Imperial College London 5. Spatiotemporal Channel Estimator and Beamformer for 5G

with (θik, φik) denoting (azimuth, elevation) representing the DOA
of the k-th path. Similarly, using (·), i.e. a "bar" at the top of
a symbol, to denote all equivalent parameters associated with the
transmit array [rx, ry, rz] ∈ RN×3, the transmit array manifold vector
is denoted by

Sikj � S(θik, φik, Fj) (5.8)

with
(
θik, φik

)
representing the direction of departure (DOD) of the

k-th path of the i-th user. With reference to point G in Fig. 5.2, the
N × 1 baseband signal at the Rx antenna array can be modelled as
follows

x(t) =
M∑
i=1

Ki∑
k=1

Nsc∑
j=1

βikj exp (j2πFikjt) Sikj

× S
H
ikjwijmij (t − τik) + n (t) , (5.9)

where for the i-th user, j-th subcarrier and k-th path, the parameters
βikj, Fikj and τik represent the complex path fading coefficient, the
Doppler frequency and relative multipath delay respectively where

Fikj = −(Fc + Fj) vik

c
, (5.10)

with vik being the radial velocity of the i-th user’s k-th path. The
radial velocity is measured with respect to the Rx array reference
point (i.e. [0, 0, 0] Cartesian coordinate system). Note that the pos-
itive value of the radial velocity represents the same direction as u.
This is true for any relative motion in the wave propagation’s path
between Tx and Rx that changes the path’s direction (i.e. radial
velocity). In Eq. 5.9, mij (t) is the transmitted baseband message by
the i-th user on the j-th subcarrier at time t. Furthermore, n(t) is
additive circular white Gaussian noise of zero mean and covariance

100 of 148



Imperial College London 5. Spatiotemporal Channel Estimator and Beamformer for 5G

matrix σ2
nIN , where σ2

n denotes the unknown noise power. In this pa-
per, with no loss of generality, the users are assumed to be located in
the (x, y) plane that is, zero elevation angles, i.e. φik = φik = 0 ∀i, k.
The parametric model described helps in expressing the received an-
tenna array signal vector x(t) (and its associated 2nd order statistics)
as a function of the channel parameters (as shown in Eq. 5.9) and
consequently enables the design of very powerful channel estimators
and receiver/beamformers.

5.2.4 Receiver Model

The received signal x(t), which is shown at point G in Fig. 5.2 and
Fig. 5.5, is fed to a preprocessor consisting of a discretiser of a sam-
pling period Ts = Tc

Nsc
and a bank of N tapped delay lines (TDLs)

of length 2NcNsc. Since, the generic case of asynchronous systems
is considered, the transmitted data symbols do not arrive at the an-
tennas at the beginning of their interval but with a relative delay.
Thus, during the nTcs period, the TDLs contain the contribution of
the n-th Tx symbol plus some information of the previous (n − 1)
and next (n + 1) symbols. In this paper, we use the term inter sym-
bol interference (ISI) to represent this contribution arising from this
preprocessor.

Figure 5.3a shows the 3D data cube which represents the received
discretised signal, where the n-th slice of the data cube matrix is of
size N×2NcNsc corresponding to the data stored in the bank of TDLs
at the nTcs period. The vectorisation of the transposed n-th data
slice provides the n-th spatiotemporal snapshot x[n] ∈ C2NNcNsc×1 as
shown in Fig. 5.3b. Hence, the output x[n] at point H in Fig. 5.5
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Figure 5.5: Block diagram of the preprocessor consisting of the discretiser and
TDLs, followed by the channel estimator and the STAR-subspace receiver. Please
note that the subscript i has been set to one and hence has been ignored.

can be written as
x[n] = vec

(
X

T [n]
)

, (5.11)

and this section presents the mathematical model of the same. Thus,
the vector x[n] contains the n-th symbol of the desired user along
with ISI, MAI and noise effects. In order to model these contribu-
tions, for the i-th user, j-th subcarrier and k-th path, the concept of
the array manifold vector is extended to the Doppler-spatiotemporal
array (Doppler-STAR) manifold vector h

ikj
∈ C2NNcNsc×1 [106] given

as follows

h
ikj

= Sikj ⊗ (
J

likaj [lik] � F ikj

)
= AikjSikj, (5.12)

where Aikj ∈ C2NNcNsc×N is the linear mapping between the space-
only manifold vector Sikj and the Doppler-STAR manifold vector
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h
ikj

defined as

Aikj = IN ⊗ (
J

likaj [lik] � F ikj

)
. (5.13)

The matrix J (or JT ) is a 2NcNsc ×2NcNsc matrix and the power l of
J (or JT ) when applied to a vector x, i.e. Jlx (or

(
JT

)l
x), downshifts

(or upshifts) the vector x by l elements and is given as follows

J =

⎡⎢⎢⎣0T
2NcNsc−1 0
I2NcNsc−1 02NcNsc−1

⎤⎥⎥⎦ . (5.14)

In Eq. 5.12, the parameter lik =
⌊

τik

Ts

⌋
modNcNsc stands for the dis-

crete relative path delay. Also, the vector aj[lik] ∈ C2NcNsc×1 that
incorporates the temporal variation is defined as follows

aikj � aj[lik] = (ci0Nc
⊗ 1Nsc

) �

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

exp(j2πFj (0 − lik) Ts)
exp(j2πFj (1 − lik) Ts)

...
exp(j2πFj (NcNsc − 1 − lik) Ts)

0NcNsc
.

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.15)

The temporal variation within a symbol arising from the Doppler
frequency shift is modelled as the vector F ikj ∈ C2NcNsc×1 written
as

F ikj = exp
(
j [0, 1, . . . , 2NcNsc − 1]T 2πFikjTs

)
. (5.16)

Using the Doppler-STAR manifold vector defined in Eq. 5.12, we
can model the n-th spatiotemporal snapshot x[n] as follows

x[n] =
M∑
i=1

Nsc∑
j=1

[
Hij,H

comb
ij

]
⎡⎢⎢⎢⎢⎢⎢⎣

(
γ

ij
� f

ij
[n]

)
aij[n](

γ
ij

� f
ij

[n − 1]
)

aij[n − 1](
γ

ij
� f

ij
[n + 1]

)
aij[n + 1]

⎤⎥⎥⎥⎥⎥⎥⎦ + n[n],

(5.17)
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where aij[n] represents the symbol transmitted by the i-th user on the
j-th subcarrier and n[n] represents the sampled noise. Although sub-
carriers are employed, strictly speaking, we do not use the “frequency
domain” as all the subcarriers are expressed in the time domain.
Thus, the proposed approach belongs to the family of spatiotempo-
ral techniques. Note that the above equations are simplified to the
single carrier system by applying Nsc = 1 and dropping the sub-
script j representing the subcarrier index. The matrix Hij contains
the Doppler-STAR manifold vectors of all the multipaths of the j-th
subcarrier of the i-th user, constructed as follows

Hij = [h
i1j

, h
i2j

, ..., h
iKij

] ∈ C2NNcNsc×Ki. (5.18)

In Eq. 5.17, the matrix Hcomb
ij ∈ C2NNcNsc×2Ki contains delayed ver-

sions of the matrix Hij (ISI) and is defined as

H
comb
ij =

[
(IN ⊗ (JT )NcNsc)Hij, (IN ⊗ (J)NcNsc)Hij

]
. (5.19)

In addition, the vector γ
ij

contains the path fading coefficients and
the gain provided by transmit beamforming for all the multipaths of
the j-th subcarrier of the i-th user. That is,

γ
ij

= β
ij

�
[
S

H
j1wij, . . . , S

H
jKi

wij

]T
, (5.20)

where the vector β
ij

∈ CKi×1

β
ij

= [βi1j, βi2j, ..., βiKij]T , (5.21)

contains the Ki multipath fading coefficients of the j-th subcarrier
of the i-th user. Finally, the vector f

ij
[n] ∈ CKi×1 incorporates the

temporal variation of the subcarriers and Doppler shift from one
symbol to the other, defined as

f
ij

[n] = exp(j2nπFjTcs) exp
(
j2nπ [Fi1j, . . . , FiKij]

T Tcs

)
. (5.22)
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Without any loss of generality, the first user is assumed to be the
desired user, i.e. i = 1, and thus x[n] can be rewritten as follows to
distinguish the desired signal, ISI, MAI and noise component

x[n] =

Desired term︷ ︸︸ ︷
Nsc∑
j=1

H1j

(
γ1j

� f 1j
[n]

)
a1j[n]

+

ISI term︷ ︸︸ ︷
Nsc∑
j=1

H
comb
1j

⎡⎢⎢⎣
(
γ1j

� f 1j
[n − 1]

)
a1j[n − 1](

γ1j
� f 1j

[n + 1]
)

a1j[n + 1]

⎤⎥⎥⎦

+

MAI term︷ ︸︸ ︷
M∑
i=2

Nsc∑
j=1

[
H

comb
ij ,Hij

]
⎡⎢⎢⎢⎢⎢⎢⎣

(
γ

ij
� f

ij
[n − 1]

)
aij[n − 1](

γ
ij

� f
ij

[n + 1]
)

aij[n + 1](
γ

ij
� f

ij
[n]

)
aij[n]

⎤⎥⎥⎥⎥⎥⎥⎦

+
noise︷ ︸︸ ︷
n[n]. (5.23)

Based on Eq. 5.23, the theoretical covariance matrix of the received
signal Rxx ∈ C2NNcNsc×2NNcNsc can be written as

Rxx = E{x[n]xH [n]}

=

Desired term︷ ︸︸ ︷
Nsc∑
j=1

H1jG1jH
H
1j +

�RISI︷ ︸︸ ︷
Nsc∑
j=1

H
comb
1j (I2 ⊗ G1j)

(
H

comb
1j

)H

+

�RMAI︷ ︸︸ ︷
M∑
i=2

Nsc∑
j=1

[
H

comb
ij ,Hij

]
(I3 ⊗ Gij)

[
H

comb
ij ,Hij

]H

+
�Rnn︷ ︸︸ ︷

σ2
nI2NNcNsc

, (5.24)

where Gij ∈ CKi×Ki represents the multipath power gain matrix given
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by

Gij = E
{(

γ
ij

� f
ij

[n]
)

aij[n]a∗
ij[n]

(
γ

ij
� f

ij
[n]

)H
}

= diag
{
γ

ij
� γ∗

ij

}
� E

{
f

ij
[n]fH

ij
[n]

}
= diag

{
γ

ij
� γ∗

ij

}
, (5.25)

since E {
aij[n]a∗

ij[n]
}

= 1 and E
{
f

ij
[n]fH

ij
[n]

}
= IKi

. Note that,
with the L spatiotemporal snapshots shown in Fig. 5.3, the practi-
cal covariance matrix corresponding to the theoretical one given by
Eq. 5.24, can be obtained as follows

Rxx = 1
L

[
x [1] , . . . , x [L]

][
x [1] , . . . , x [L]

]H

. (5.26)

5.2.5 Fundamental Performance Bounds

As stated in [46], the estimation performance of an arrayed system
depends on the radius of the uncertainty sphere centred at the true
value on the manifold. This uncertainty sphere arises due to the
finite sampling effect characterised by the number of snapshots L

and the SNR.
In the case of the Cramer-Rao bound (CRB), which gives a the-

oretical lower bound on the variance of the estimation error of the
azimuth (θ) for a source, for space-only systems, it has been shown
in [46] that

CRBspace-only [θ] = 1
2 (SNR × L) ṡ2 (θ) . (5.27)

Here ṡ (θ) = ∂s
∂θ denotes the rate of change of the arc length s of

the array manifold and it is a function of the array geometry. For
instance for linear arrays of N sensors, ṡ (θ) = π ‖rx‖ sin θ.
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However, to evaluate the CRB for the spatiotemporal system em-
ployed in this paper, Eq. 5.27 needs to be extended to incorporate
the Doppler-STAR manifold vector. The rate of change of the arc
length of the extended manifold ṡH (θ) has been derived in [106] as

ṡH (θ) =
√

σ2
Aṡ2 (θ) + σ2

Ȧ
N, (5.28)

where σ2
A and σ2

Ȧ
are defined as follows

σ2
A =

Tr
{
AHA

}
N

and σ2
Ȧ

=
Tr

{
Ȧ

H
Ȧ

}
N

. (5.29)

Using Eq. 5.13 in conjunction with Eq. 5.29, the following can be
obtained

σ2
A = NcNsc and σ2

Ȧ
= 0 Eq. 5.28=⇒ ṡH (θ) =

√NcNscṡ (θ) . (5.30)

Using this in conjunction with Eq. 5.27, we can derive the CRB of
the proposed spatiotemporal system as follows

CRBDoppler-STAR [θ] = 1
NcNsc

CRBspace-only [θ]. (5.31)

This illustrates that, for the same number of antennas, the pro-
posed spatiotemporal system outperforms the corresponding space-
only system in terms of the estimation error. Remember that θ is
now one of the unknown wireless channel parameters which should
be estimated and this will be presented in the following section.

5.3 Proposed Spatiotemporal Beamformer De-

sign

Based on the 3D data cube shown in Fig. 5.3 and the spatiotem-
poral snapshot x[n] modelled by Eq. 5.23, in this section, a novel
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spatiotemporal beamformer is proposed for the millimetre wave com-
munication system described previously. As shown in Fig. 5.5, this
beamformer consists of a Doppler-spatiotemporal array (STAR) sub-
space receiver utilising the estimated parameters, denoted by (·̂),
from a novel channel estimator. The design of these blocks is dis-
cussed in the next few sections. Without any loss of generality, the
first user is considered to be the desired user and for notational con-
venience the subscript i is dropped.

Based on Eqs. 5.23 and 5.26, the following parameters of inter-
est of all the paths of the desired user across all subcarriers should
be estimated: relative multipath delay, channel fading coefficients,
Doppler frequency and DOA. Note that the estimation of Doppler
frequency corresponding to a path and subcarrier is equivalent to
the estimation of radial velocity for the same. As shown in the esti-
mation block of Fig. 5.5, this complex estimation problem is broken
down into smaller units of lower complexity. The search procedures
are carried out in the baseband. Firstly, the delay and radial velocity
are jointly estimated, followed by the estimation of DOA. Then, the
combined contribution of the channel fading coefficients and trans-
mit beamforming weights is estimated. These estimation procedures
are blind and based on the assumptions of plane-wave propagation,
known array geometry and fully calibrated arrays. The proposed
framework utilises

(i) the extended array manifold which is a mathematical object
embedded in a multidimensional complex space that entirely
characterises an antenna array (of a given geometry) for the
whole set of values in the parameter space,
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(ii) the preprocessed received array data and in particular its second
order statistics, which can provide a linear space spanned by the
signals (signal subspace),

where the solution of the estimation problem is the intersection of the
non-linear subspace-(i) and the linear subspace-(ii). This intersection
can be found by the 2D and 1D search procedures to yield the K

paths of the desired user as described in the Sections 5.3.1 and 5.3.2
below.

5.3.1 Joint Delay-Velocity Estimation

In this first stage of joint estimation of delay and velocity, since
the DOA is unknown, the spatial dimension provided by the N an-
tennas cannot be exploited. Hence, the subspace is reduced from
2NNcNsc to 2NcNsc dimensions by a simple rearrangement of the
slices X [n] of the 3D data cube discussed in Section 5.2.4. Using
the eigendecomposition of the covariance of the rearranged matrix[
XT [1], . . .,XT [n], ...,XT [L]

] ∈ C2NcNsc×NL, the projection on the noise
subspace Pn is obtained. Note that, although the number of dimen-
sions is reduced, increased number of snapshots are obtained due to
the format of the rearrangement. The parameters corresponding to
the desired user will lie in the signal subspace spanned by the tem-
poral part of the manifold vector in Eq. 5.12, given by Jlkakj � Fkj,
containing the PN code of the desired user and a Doppler component.
Using the fact that this subspace is orthogonal to the estimated noise
subspace Pn, the cost function ξ(lk, vk) estimates the delay-velocity
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jointly for the k-th multipath and can be defined as follows

ξ (lk, vk) = 1
Nsc

Nsc∑
j=1

(
Jlkakj � Fkj

)H (
Jlkakj � Fkj

)
(
Jlkakj � Fkj

)H
Pn

(
Jlkakj � Fkj

) , (5.32)

where

Fkj � Fkj (vk)

= exp
⎛⎝j [0, 1, . . . , 2NcNsc − 1]T 2π (Fc + Fj) vkTs

c

⎞⎠ . (5.33)

The peaks obtained from the 2-dimensional search using this cost
function over a 2D grid (spanning the range of possible values of
delay and velocity) yield the delay and velocity values corresponding
to the multipaths of the desired user. The number of evaluations is
not a function of the number of antennas but depends purely on the
chosen 2D grid. Furthermore, the evaluations are independent from
each other and can be done in parallel. Note that, for the multicarrier
system, a combined estimate of all subcarriers is evaluated which can
help combat frequency selective fades in the mm-wave channel.

5.3.2 DOA Estimation

The design of this cost function follows the logic stated previously
that the intersection of the noise subspace spanned by Pn and the
extended Doppler-STAR manifold object will yield the set of all
Doppler-STAR manifold vectors h

j
(see Eq. 5.12) of the desired user’s

paths. Hence, for k = 1, ..., K pairs of estimated
(
l̂k, v̂k

)
, a 1D search

is carried out over the space-time cost function given by

ξ
(
θl̂k,v̂k

)
= 1

Nsc

Nsc∑
j=1

hH
j

(
θl̂k,v̂k

)
h

j

(
θl̂k,v̂k

)
hH

j

(
θl̂k,v̂k

)
Pnhj

(
θl̂k,v̂k

) , (5.34)
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where Pn represents the projection on the noise subspace obtained
from the eigendecomposition of the covariance matrix Rxx.

5.3.3 Combined Fading Coefficient Estimation

Post estimating the delay, radial velocity and DOA, the residual
combined parameter γkj to be estimated consists of the complex path
fading coefficient and the transmit beamforming gain for the j-th
subcarrier and k-th path. In this section, a near-far algorithm to
estimate the amplitude and phase of γkj is described. The steps in
the algorithm are as follows:

1. The subspace Rkj,un consisting of MAI, noise and the other K−1
paths of the desired user is constructed by subtracting the effects
of ĥ

kj
(estimated in Sections 5.3.1 and 5.3.2) from the data

covariance matrix

Rkj,un = Rxx − ‖γ̂kj‖2 ĥ
kj
ĥ

H

kj
, (5.35)

where ‖γ̂kj‖ can be estimated using the following cost function
inspired from [107]

‖γ̂kj‖ = arg min
‖γ‖

ξkj (‖γ‖) , (5.36)

where

ξkj (‖γ‖) =
2NNcNsc∑

m=1
eigm>0

(1 + eigm (Rkj (‖γ‖)))

+ 10 log10

⎛⎜⎜⎜⎝
2NNcNsc∑

m=1
eigm<0

|eigm (Rkj (‖γ‖))|
⎞⎟⎟⎟⎠ , (5.37)

with

Rkj (‖γ‖) = Rxx − eigmin (Rxx) − ‖γ‖2
kj ĥkj

ĥ
H

kj
. (5.38)
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(Note that the aforementioned 1D cost function of Eq. 5.37 is
searched for the amplitude ‖γ‖ that reduces the rank of the re-
ceived signal covariance matrix Rxx by one.) By partitioning the
space spanned by the columns of Rkj,un into “unwanted” signal
subspace and “noise” subspace, the projection operator Pkj,un is
formed using the eigenvectors corresponding to the “unwanted
signal”. This, in turn, can be utilised to construct P⊥

kj,un to iso-
late the j-th subcarrier and k-th path of the desired user and
remove the unwanted signals, that is

P
⊥
kj,un = I2NNcNsc

− Pkj,un. (5.39)

2. By exploiting the noise tolerance of the modulation and util-
ising all the available symbols in the observation interval of L

snapshots, the phase of γ̂kj can be estimated as follows

∠γ̂kj =
⎧⎨⎩ 1

L

L∑
n=1

{
∠

(
f ∗

kj[n]ĥH

kj
P

⊥
kj,unx[n]

)

− γ̂kj,gu

}
modψ − ψ0

⎫⎬⎭ + ∠γ̂kj,gu, (5.40)

where ∠γ̂kj,gu is an initial guess of ∠γ̂kj obtained with the help
of P⊥

kj,un as below

∠γ̂kj,gu = ∠a∗
j [1]ĥH

kj

(
P

⊥
kj,unx[1]

)
. (5.41)

Here aj[1] is the first symbol on the j-th subcarrier of every
observation interval which is assumed to be the header (i.e.
known). There are two important points to be noted here.
Firstly, the role of P⊥

kj,un is to make the procedure near-far re-
sistant. Secondly, after suppressing the interference, two levels
of noise suppression are utilised. First level of obtaining ∠γ̂kj,gu
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relies on the inherent noise tolerance of the modulation while
the second level uses a maximum likelihood (ML) averaging ap-
proach to obtain an improved estimate of the phase. Note that
this is under the assumption that the phase deviation intro-
duced by the noise is within ±ψ where ψ is the minimum phase
difference between two constellation points and ψ0 is the initial
modulation angle in the chosen modulation scheme.

Please note that the above proposed near-far resistant estimation
procedure for the phase of the desired parameter γ is one of the
novelties of this paper.

5.3.4 Design of the Rx Spatiotemporal Beamformer Weights

In this subsection, the estimated channel parameters are employed
to construct spatiotemporal beamforming weights to steer very high
gain towards the directions of interest. We present a novel single-user
Doppler-STAR-subspace receiver that explicitly cancels ISI and MAI
and utilises the multipath effects in a frequency selective channel con-
structively. The steps to build these weights for the j-th subcarrier
are as follows:

1. As a first step, the unwanted subspace (or the subspace per-
pendicular to the j-th subcarrier) R̂unwanted is required to be
estimated. Towards this, the contribution of the desired user to
the received signal covariance matrix, namely R̂des, has to be re-
moved from the received signal covariance matrix Rxx. However,
in order to receive the data on the j-th subcarrier, the contribu-
tion of the other subcarriers is required to be suppressed from
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R̂des and made a part of the estimated interference subspace
given by

R̂unwanted = Rxx − ĤjĜjĤ
H
j . (5.42)

2. By performing the eigendecomposition of the estimated R̂unwanted,
the matrix Es whose columns contain the eigenvectors spanning
the corresponding unwanted signal subspace can be obtained.
Using this matrix Es, a projection operator orthogonal to the
MAI, ISI and other subcarriers may be built as follows

P
⊥
j,unwanted = I2NNcNsc

− Es
(
E

H
s Es

)−1
E

H
s . (5.43)

3. The projection operator from step 2 is used to form the Doppler-
STAR-subspace weights as

wj,sub = P
⊥
j,unwantedĤj

(
Ĥ

H
j P

⊥
j,unwantedĤj

)−1
γ̂

j
. (5.44)

An estimate of the transmitted symbol vector â [n] (point B in
Fig. 5.2) is formed as

â [n] = W
Hx [n] , (5.45)

with W being the concatenation of the Doppler-STAR-subspace weights
designed for all the subcarriers that is

W = [w1, . . . , wNsc
] ∈ C2NNcNsc×Nsc. (5.46)

For the sake of completeness, the performance of this receiver is
compared to two other extensively used receivers: (a) single-user
Doppler-STAR-RAKE receiver and (b) multiuser Doppler-STAR-
decorrelating receiver. The weights for the Doppler-STAR-RAKE
receiver are given as

wj,RAKE = Ĥjγ̂j
. (5.47)
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The multiuser Doppler-STAR-decorrelating receiver (zero-forcing re-
ceiver) exploits the knowledge of the entire channel (i.e. all users)
given by

H =
[
H

comb
11 ,H11, . . . ,Hcomb

MNsc
,HMNsc

]
, (5.48)

where Hij represents the contribution of the j-th subcarrier of the
i-th user. The version of this receiver introduced in [93] as been
employed here, expressed as

wj,dec = col3jK1−K1+1:3jK1

{[
H

(
H

H
H

)−1]}
γ̂

j
, (5.49)

where the notation col3jK1−K1+1:3jK1 has been used to indicate that
the (3jK1 − K1 + 1)-th to (3jK1)-th columns are extracted.

5.4 Computer Simulation Studies

To evaluate the performance of the proposed spatiotemporal beam-
former and the associated parameter estimator, computer simulation
studies have been performed. Without any loss of generality, both
the Tx and Rx antenna arrays are considered to be uniform circular
arrays (UCA) of 16 and 9 elements respectively lying in the (x, y)
plane. The Cartesian coordinates of the elements of these two arrays
are indicated in

(
λ
2 units

)
.

The simulation parameters have been chosen to match the envi-
ronment of the future 5G system. Empirical studies indicate that
at millimetre wave frequencies, due to high path loss and scatter-
ing, only a few significant multipaths may be present with the LOS
path being the dominant one. Hence, only 2 or 3 multipaths per
user are considered in the simulation. Table 5.1 shows the system
employed for Monte-Carlo simulations. The parameters follow a uni-
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Table 5.1: Simulation Parameters
Parameter Value Parameter Value

Fc 20 GHz Ts 0.1μs
N 16 N 9
Nc 15 chips Nsc 5 subcarriers
M 4 users K 2 paths per user

form distribution in their respective intervals i.e., the DOD and DOA
between 0 and 360 degrees, the delays between 0 to NcNscTs −1, the
Doppler between 0 and 10 kHz and the complex path coefficients fol-
low a uniform phase distribution between 0 and 360 degrees and the
gain follows a Rayleigh distribution. Also, for the sake of simplicity,
a steering vector towards the dominant multipath is utilised as the
transmit weight vector per user.

5.4.1 Channel Estimation Studies

In this section, the channel estimator block, illustrated in Fig. 5.5,
is evaluated in terms of its performance in the presence of inter-
ference and noise. Consider one desired user operating in the pres-
ence of 4 co-channel interfering users in a frequency selective channel
with 3 paths per user. Let us assume an observation interval of 200
channel symbols (L = 200) during which the channel parameters
of the desired user to be estimated are (140 Ts, 20 m.s−1, 60◦), (110
Ts, 66 m.s−1, 200◦) and (30 Ts, 120 m.s−1, 280◦). All users are assumed
equipowered with an input SNR of 20dB and SNR is defined as the
power of the transmitted signal over the power of the noise. Received
signal data generated using random transmitted signal data for the
above environment corresponding to L = 200 was utilised to obtain
the results of the proposed approach as shown in Fig. 5.6.
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Figure 5.6: Desired user’s channel parameter estimation using a circular array of
9 elements operating in the presence of 4 equipowered users with SNRin = 20 dB
with Nc = 31 and Nsc = 5 (a) Joint delay-velocity estimation (b) DOA estimation
(c) Phase estimation of γ.

An important parameter in subspace based approaches is the num-
ber of snapshots L used in the estimation procedure. As the value
of L increases, the practical covariance matrix provides a better ap-
proximation of the theoretical covariance matrix. Figure 5.7a shows
the root mean square error (RMSE) as a function of SNR×L av-
eraged over 100 trials for all the subspace-based approaches in the
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Figure 5.7: Evaluation of the proposed spatiotemporal estimator algorithm.

estimator for a fixed value of L at 200 and equal powers for all users.
The SNR was varied from 5 to 30 dB for the simulation6.

The error in the estimation of the delay is not shown since it is
zero through the whole range of SNR×L. The results indicating a

6Please note that the delay estimation RMSE was not displayed because the estimation error
was non-existent for this range of SNR x L.
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decrease in RMSE with increasing values of SNR×L is in-line with
the performance bounds presented in Section 5.2.5. A higher value
of L may yield better means to combat lower SNR at the cost of
the assumption that the channel remains constant over this longer
interval of time. The CRB for the DOA parameter for the proposed
spatiotemporal system was presented in Section 5.2.5. Figure 5.7b
presents an evaluation of the proposed algorithm against this theo-
retical result in terms of the variance of the DOA estimation error.
It can be observed that the performance of the proposed system ap-
proaches the theoretical bound closely.

5.4.2 Reception Studies

Performance and results obtained at the reception stage, illustrated
in Fig. 5.5, are presented in this subsection. Due to the utilisation
of space and time dimensions, the antenna array sets high gains
towards the three paths of the desired user and combines them to
exploit multipath diversity. For a system operating with Nc = 31
chips and Nsc = 5 subcarriers, Fig. 5.8a illustrates the beampattern7

of the proposed Doppler-STAR-subspace receiver. It can be observed
that the proposed spatiotemporal beamformer provides a maximum
gain of 1395 (NNcNsc) as compared to a space-only beamformer that
would yield a maximum array gain of 9 (N). Figure 5.8b shows the
performance of a massive MIMO beamformer (space-only) consisting
of 500 antennas. It is clear from Figs. 5.8a and 5.8b that, although
the spatiotemporal beamformer utilises a smaller number of antennas
(only 9) than the massive MIMO beamformer, it achieves a much

7Here, for the sake of the simplicity, the Doppler frequency of the multipaths of the first user
are equal.
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Figure 5.8: Comparison of the beampatterns of the proposed Doppler-STAR ap-
proach and a spatial-only massive MIMO system.

higher gain making it suitable to address the issues of high path loss
in 5G mm-wave communications.

Note also that the spatiotemporal approach can be used with any
array geometry containing any number of sensors. Thus, if it is
employed in conjunction with a massive Rx antenna array of 500
antennas, the gains would be massive as this is shown in Fig. 5.9.

Consider again the simulation environment of Fig. 5.8, but this
time let us assume that two out of the three paths of the desired
user are co-directional (DOA = 280◦). Consider also that the DOA
of one of the “unwanted” is 280◦. Figure 5.10 shows the array gain
pattern of the proposed beamformer of 9 antennas and a traditional
massive MIMO of 500 antennas. Figure 5.10a shows that the pro-
posed Doppler-STAR-subspace receiver has 3 mainlobes with very
high gains even for the two co-directional paths (2nd and 3rd) and
suppresses the co-directional interference too. However, Fig. 5.10b
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Figure 5.9: Beampattern of a spatiotemporal massive MIMO system with 500
antennas.

shows that a traditional massive MIMO beamformer cannot distin-
guish the 2nd and 3rd paths of the desired user (hence cannot exploit
the multipath diversity) while also receives the 280◦ signal of the “un-
wanted” user with very high gain.

Figure 5.11 shows the performance of the proposed Doppler-STAR-
subspace receiver (whose weights are given by Eq. 5.44) against
other spatiotemporal receivers such as the Doppler-STAR-RAKE
(Eq. 5.47), Doppler-STAR-decorrelating (Eq. 5.49) and traditional
spatial-only massive MIMO (500 antennas) beamformer (enhanced
with subspace set of weights and RAKE weights) in the presence of
high interference and noise in terms of the output SNIR (SNIRout).
Note that, in these comparative studies, identical transmitter struc-
tures and transmitted data (from point-A to point-F in Fig. 5.2) are
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Figure 5.10: Comparison of the beampatterns of the proposed Doppler-STAR
approach and a spatial-only massive MIMO system in a scenario where two mul-
tipaths arrive with the same DOA albeit different path delays

utilised for all receivers, generating signals of the same bandwidth.
The SNIRj,out parameter is the level of interference in the beam-
formed signal of the j-th subcarrier and evaluates the performance
of the reception system to mitigate interferences. The estimation of
this parameter is based on RISI +RMAI +Rnn, the covariance matrix
of the undesired components of the received signal, and Rdes, the
covariance matrix of the desired signal

SNIRj,out =
wH

j Rdeswj

wH
j (RISI + RMAI + Rnn) wj

. (52)

By employing a Doppler-STAR-RAKE receiver that does not per-
form interference cancellation, the expression simplifies to

SNIRj,out = NNcNsc
Ps

σ2
n + Pint

, (53)

where Pint is the residual power contribution from MAI and ISI. By
appropriately designing the Doppler-STAR-subspace weights, this
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Figure 5.11: Comparative study of the performance of the proposed Doppler-STAR
subspace receiver with other spatiotemporal and spatial-only receivers in terms of
the NFR. (200 trials).

expression simplifies to

SNIRj,out = NNcNscSNRin, (54)

there is complete interference cancellation (Pint → 0). As ex-
pected, the SNIR1,out of the Doppler-STAR-RAKE receiver decreases
dramatically. This illustrates that the Doppler-STAR-RAKE re-
ceiver is unable to provide appropriate levels of performance in the
presence of interference. On the other hand, the Doppler-STAR-
subspace receiver provides steady performance over a huge range of
NFR from 0 to 60 dB by incorporating terms to explicitly suppress
interference. Tolerance to the near-far problem is critical in cells
with high user density. Also, the proposed Doppler-STAR-subspace
receiver of 9 antennas outperforms the traditional massive MIMO
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Figure 5.12: Performance of the Doppler-STAR-subspace receiver with varying
number of subcarriers and data copy over subcarriers (50 trials).

beamformer of 500 antennas by 15 dB. Note that in the traditional
massive MIMO beamformer, “subspace” and “RAKE” weights have
been utilised which are in fact superior to the conventional mas-
sive MIMO beamformers such as “steering vector”, “Weiner-Hopf”
or “Capon” beamformers. As illustrated in Fig. 5.11, a performance
very close to a multi-user receiver (Doppler-STAR-decorrelating re-
ceiver) is obtained without the channel knowledge of the interferers.
The performance is also an indicator that at varying NFR levels, the
channel estimation errors, if any, lie within the input error tolerance
boundary of the receiver.

Figure 5.12 presents the performance of the proposed receiver
with increasing number of subcarriers. Simulations show that the
Doppler-STAR-subspace receiver exploits the frequency diversity to
provide a higher SNIRout. Also, degrees of freedom may be added by
using a spatiotemporal approach at the transmitter side too. In this
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paper, we do not exploit the overall Tx-Rx geometry by employing
the concept of virtual MIMO. This may be a further extension of the
current work.

5.5 Summary

In this chapter, a novel parametric channel model for mm-wave en-
vironments was proposed. Based on this model, a spatiotemporal
beamformer performing channel estimation and reception has been
designed. This beamformer was evaluated with varying levels of noise
and interference. Simulation results indicate that the estimation and
reception processes are highly tolerant to the near-far problem and
yield a performance 15dB better than the traditional MIMO system
of 500 antennas, exhibiting very high array gain and selectivity in
space and time. This would enable the system to function with-
out power control management algorithms. It is important to point
out that the proposed receiver belongs to the family of spatiotem-
poral (space-time) receivers that exploit the spatiotemporal degrees
of freedom and employs a beamformer that automatically combines
multipath and suppresses co-channel interferences from other users
to obtain an array gain similar to that of a massive MIMO system
with a much smaller number of antennas. Finally, although the pro-
posed approach is designed for the mm-wave frequency band, it is
applicable to any radio frequency band. These characteristics of the
presented system make it an attractive option for the next generation
of mobile systems.
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Chapter 6

Conclusions and Further Work

In this thesis antenna arrays and their use in modern wireless systems
were investigated for combating co-channel interference.

The powerful model of the array manifold and the most important
array geometry parameters were introduced first. The inner product
between two array manifold vectors as a function of the manifold
radii, the Cartan matrix and the arc length was derived. This new
result is exact and does not rely on any approximation. These results
laid the theoretical basis of the later chapters.

Subsequently, the importance of antenna array geometry for a va-
riety of wireless communication tasks, such as detection, resolution
and beamforming was characterised, by employing relevant perfor-
mance criteria as figures-of-merit. It was concluded that the de-
tection and resolution thresholds have strong dependencies with the
number of antennas because it conditions the number of dimensions.
On the reception part, new simulation studies, supported by theo-
retical results demonstrated that the SNIRout does not depend solely
on the number of antennas, but also strongly on the array geome-
try. Thus, the square array of 40 antennas, for instance, has higher
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SNIRout and better energy efficiency than a “filled”-grid array with
more (N =121) antennas.

A novel theoretical framework aimed at analysing the loss of ca-
pacity induced by interference was presented, and linked to the an-
tenna array geometry. By combining array processing, differential
geometry and wireless communication theories, it was demonstrated
that the presence of interferers has a negative impact on the abil-
ity of the antenna array to receive the source of interest when their
angular separation is below a threshold, and this is given by the ca-
pacity loss expression. Simulations studies illustrated that in highly
dense systems, array manifold parameters, such as the arc length
and principal curvature, play a significant role in the mitigation of
interferences.

Finally, a novel parametric channel model for mm-wave environ-
ments was proposed. Based on this model, a spatiotemporal beam-
former performing channel estimation and reception was designed.
This beamformer was evaluated with varying levels of noise and in-
terference. Simulation results indicated that the estimation and re-
ception processes were highly tolerant to the near-far problem and
yield a performance 15dB better than the traditional MIMO system
of 500 antennas, exhibiting very high array gain and selectivity in
space and time. This would enable the system to function with-
out power control management algorithms. It is important to point
out that the proposed receiver belongs to the family of spatiotem-
poral (space-time) receivers that exploit the spatiotemporal degrees
of freedom and employs a beamformer that automatically combines
multipath and suppresses co-channel interferences from other users

127 of 148



Imperial College London 6. Conclusions and Further Work

to obtain an array gain similar to that of a massive MIMO system
with a much smaller number of antennas. These characteristics of
the presented method make it an attractive option for the next gen-
eration of mobile networks.

6.1 List of Contributions

The following is the list of the novel contributions presented in this
thesis.

1. Investigate the impact of array geometry on the performance
of an antenna array systems (Chapter 3 and [3]). It is demon-
strated that antenna arrays with the larger number of antennas
do not necessarily deliver better performance, but the array ge-
ometry has to be considered instead.

2. Propose the concept of capacity loss as a new metric for char-
acterising the loss of channel capacity induced by the presence
of interferers (Chapter 4 and [1]). This new metric is expressed
as a function of the array manifold parameters.

3. Define the capacity loss threshold, that is the angular separation
required to achieve a particular capacity loss for a given antenna
array geometry (Chapter 4).

4. Propose a novel spatiotemporal multiparameter channel esti-
mator that is blind and estimates DOA, delay, radial velocity
(Doppler frequency) and complex path gains of all paths of the
desired user (Chapter 5 and [2]).
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5. Propose a novel Rx spatiotemporal beamformer with extended
degrees of freedom that cancel the MAI completely. The beam-
former is a single-user receiver and does not require the knowl-
edge of the interferers channels (Chapter 5 and [2]).

6.2 Suggestions for Further Work

The following list presents ideas and suggestions for future work,
based on the research presented in this thesis:

• Chapter 3 illustrated the importance of array geometry for dif-
ferent tasks. These new results can be used with new array
design algorithms that would design geometries optimised for a
particular, or several performance criteria.

• It was demonstrated in Chapter 3 that the beamwidth and in-
terference cancellation capabilities of an antenna array system
depend on its geometry. The expression for inner products de-
rived in Chapter 2, could be utilised to derive a beampattern
function. Furthermore, this would unlock the design of antenna
arrays that create beams with beamwidth following criteria of
uniformity over the field of view/constraints of width towards
particular directions of interest.

• Chapter 4 introduced the concept of capacity loss, which has to
be studied further. The influence of the number of users and
the multipath on the performance can be given more attention.

• It was illustrated that the capacity loss is a function of the
antenna array geometry; hence one could look for an antenna
array geometry that optimises this criterion.
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• A novel spatiotemporal beamformer could improve the beam-
forming performance of Chapter 5 further by utilising transmit
weights jointly with the receiving STAR weights, and hence in-
troducing even more degrees of freedom.

• The degrees of freedom, and hence the number of users, could
be extended further by including the polarisation parameters in
the modelling of the array manifold.
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