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ON THE GENERIC PART OF THE COHOMOLOGY OF
COMPACT UNITARY SHIMURA VARIETIES

ANA CARAIANI AND PETER SCHOLZE

ABSTRACT. The goal of this paper is to show that the cohomology of compact
unitary Shimura varieties is concentrated in the middle degree and torsion-free,
after localizing at a maximal ideal of the Hecke algebra satisfying a suitable
genericity assumption. Along the way, we establish various foundational results
on the geometry of the Hodge-Tate period map. In particular, we compare the
fibres of the Hodge-Tate period map with Igusa varieties.
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1. INTRODUCTION

Let G/Q be a reductive group. The real group G(R) acts on its associated
symmetric domain X = G(R)/K, where Ko, C G(R) is a maximal compact
subgroup. For any congruence subgroup I' C G(Q), one can form the locally
symmetric space

Xr=T\X.

We assume that Xt is compact, and that I' is torsion-free. Then Matsushima’s
formula, [Mat67], expresses the cohomology groups H!(Xr,C) with complex co-
efficients in terms of automorphic forms m on G, and the (g, K )-cohomology of
their archimedean component 7.1 A computation of (g, K )-cohomology then
shows that the part of cohomology to which tempered representations contribute
is concentrated in the middle range go < i < go + lo, cf. [BW80, Theorem II1.5.1];
here Iy =tk G — 1k Ko, and g = 2 (dim X — l).

In particular, if I[j = 0, then tempered representations occur only in the middle
degree qg. This happens when the X1 are complex algebraic varieties, e.g. when G
gives rise to a Shimura variety.

The motivating question of this paper is to establish a similar result for the
cohomology groups H*(Xr,F,) with torsion coefficients. In this context, it is diffi-
cult to formulate the analogue of the temperedness condition, which is an analytic
one. We learnt the following formulation from M. Emerton. Recall that for any
system m of Hecke eigenvalues appearing in H*(Xr,Fy), one expects to have a mod
¢ Galois representation py, (with values in the Langlands dual group). One may
then put the condition that py is irreducible, and ask whether this implies that
qo <1 < qo + lp. In particular, a result of this type for G = GL,, (where [y > 0) is
important for automorphy lifting theorems in the non-self dual case as in work of
Calegari-Geraghty, [CG, Conjecture BJ.

In the present paper, we deal with this question in the case where Xr is a
Shimura variety (so that Iy = 0). More precisely, we will consider the case where G
is an anisotropic unitary similitude group of dimension n, for some CM field F with
totally real subfield F™ C F. We assume that F' contains an imaginary-quadratic
field. Assume moreover that G is associated with a division algebra over F, i.e., it
is one of Kottwitz’ simple Shimura varieties, [Kot92a].? Our main theorem is the
following.

Theorem 1.1. Let m be a system of Hecke eigenvalues appearing in H'(Xr,Fy).
Then there is an associated Galois representation

pm : Gal(F/F) — GL,(F,) .

Assume that there is a rational prime p such that F is completely decomposed
above p, and
pm is unramified and decomposed generic

at all places of F' above p. Then i = qq is the middle degree.

Remark 1.2. The first part of the theorem can be deduced from [Sch15b], but we
give a different proof in this paper. We will make use of the Hodge-Tate period

1In the non-compact case, this is still true, and a theorem of Franke, [Fra98].

2We also allow the complementary case where G is quasisplit at all finite places, under a small
extra assumption (cf. Section 5.1), so that our main result also covers cases where nontrivial
endoscopy occurs.
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map again, but this time in a p-adic context with p # ¢ (whereas [Sch15b] worked
in the situation p = £). We note that this should make it possible to understand
the behaviour of py, at places above /.

Remark 1.3. It is a formal consequence that the Zy-cohomology localized at m is
concentrated in degree qp, and torsion-free, if the conclusion of the theorem holds
true.

Remark 1.4. The condition that py is decomposed generic is defined below. It
follows from a suitable “big image” assumption. However, note that if py is a
generic sum of characters, there will still be a prime p as in the theorem, so that
our result also applies to many reducible representations.

Remark 1.5. We prove the result under a slightly weaker assumption depending on
the precise signature of G. In particular, if the signature of G is (0,n) at all except
for one infinite place, e.g. in the Harris-Taylor case, we only need the existence of
one finite prime v of F' at which py, is unramified and decomposed generic.

Remark 1.6. In the Harris-Taylor case (i.e., G is of signature (1,n — 1) at one
infinite place, and (0,n) at the other places), there has been previous work on this
question, notably by Shin, [Shil5], restricting attention to the cohomology that
is supercuspidal modulo ¢ at some finite prime p, by Emerton and Gee, [EG15],
making suitable assumptions on py, at f-adic places, and by Boyer, [Boy15], under
a condition very closely related to our condition.

Remark 1.7. Lan and Suh, [LS12], prove that if the level is hyperspecial at ¢ and
one takes cohomology with coefficients in the local system L corresponding to a
suitably generic algebraic representation ¢ of G, then the whole ¢-adic cohomology
groups Hi(X[‘7£§) for ¢ # qo vanish. This behaviour cannot be expected in our
situation, as at least all even cohomology groups H? (X, ;) are nonzero, so it is
necessary to localize at some maximal ideal of the Hecke algebra.

Remark 1.7.1. An argument involving the Hochschild-Serre spectral sequence and
Poincaré duality shows that the theorem also holds when Fy is replaced by a non-
trivial (Hecke-equivariant) coefficient system.

Remark 1.8. Let F be a CM field and II be a conjugate self-dual regular alge-
braic cuspidal automorphic representation of GL,(Ar). Then II will be obtained
by base change from an automorphic representation 7 on a unitary group, which
contributes to the cohomology of a compact unitary Shimura variety (see, for ex-
ample, [HT01, Shill, Carl2]). In this situation, m contributes only to the middle
degree cohomology, and the proof relies on genericity rather than temperedness. In
fact, concentration in middle degree is proved simultaneously with the Ramanujan-
Petersson conjecture (at finite places) for II as above, using the template of [HT01]
rather than appealing to [BW80]. These results rely on the fact that the local
components of cuspidal automorphic representations of GL,, are generic, and fol-
low by combining the classification of unitary generic representations of GL,, due
to Tadic (and the bounds of Jacquet-Shalika) with the Weil conjectures. While
temperedness is an analytic condition, genericity can be formulated modulo /.

Let us define the critical notion of being decomposed generic.

Definition 1.9. Let L be a p-adic field with residue field Fy, £ # p. An unramified

representation _ ~
p: Gal(L/L) — GL,,(Fy)



4 A. CARATANI AND P. SCHOLZE

is decomposed generic if the eigenvalues {\1,...,\n} of p(Frob), where Frob €
Gal(L/L) is an arithmetic Frobenius, satisfy X\i/\; & {1,q} for all i # j.

The main consequence of this definition is that any characteristic 0 lift of p is
a direct sum of characters (i.e., “decomposed”), and the associated representation
of GL,(L) under the local Langlands correspondence is a generic® principal series
representation, cf. Lemma 6.2.2.

The rough idea. Let us now explain the idea of our proof. In very rough
terms, the idea is to work at a fixed prime p # ¢, and look at the projection from
the Shimura variety S, which is a moduli space of abelian varieties (with extra
structures), to the corresponding moduli space M of p-divisible groups (with extra
structures),

78— M4

One could then analyze the cohomology of the Shimura variety in terms of a Leray
spectral sequence. Note that the fibres of m should be a moduli space of abelian
varieties with a trivialization of their p-divisible group, which are essentially the
Igusa varieties of [Man05], cf. also [HT01]. This means that one can compute the
fibres of Rm.Z; in terms of the cohomology of Igusa varieties. The alternating sum
of the Qg-cohomology groups has been analyzed in depth by Sug Woo Shin, [Shi09],
[Shi10].

An important property of the situation is that the Hecke operators away from p
act trivially on M, so the passage to the localization at m can already be done on
the sheaf R F,. This makes it possible to use geometry on M. More specifically,
in the actual setup considered below, (the localization at m of) Rm.[F, will turn
out to be perverse (up to shift), and thus is concentrated in one degree on the
largest stratum where it is nonzero. In that case, (the localization at m of) Rm.Z,
will be concentrated in one degree and flat. Thus, not much information is lost by
passing to the alternating sum of the Q-cohomology groups. Specifically, we will
use this argument inductively to show that (Rm.Z¢)n is trivial on all strata except
the 0-dimensional stratum, which will then give the desired bound.

Unfortunately, the moduli space M of p-divisible groups does not really exist,
or at the very least has horrible properties. This makes it hard to execute this
strategy in a naive way. In April 2011, [Sch11], one of us realized (in the Harris-
Taylor case) that there should be a Hodge-Tate period map, which would make a
good substitute for 7.> The idea here is that if C/Q, is a complete algebraically
closed nonarchimedean field with ring of integers O¢, then by [SW13, Theorem B],
p-divisible groups over O¢ are classified by pairs (T, W), where T is a finite free
Zy-module, and W C T ®z, C is a subvectorspace, the Hodge-Tate filtration. In
particular, p-divisible groups with a trivialization of their Tate module are classified
by a Grassmannian, at least on (C,O¢)-valued points. Now, even if the moduli
space of p-divisible groups is not a nice object, one can replace it by this Grassman-
nian, which is manifestly a nice object. It turns out that with this modification,
the argument outlined above works.

The precise ideas. Let us now be more precise. We work adelically, so for any
compact open subgroup K C G(Ay), we have the Shimura variety Sk, which is a

3Recall that a generic representation is one which admits a Whittaker model - see, for example
Section 2.3 of [Kud94].

4This idea is also behind [Sch13b], and was also mentioned to one of us (P.S.) by R. Kottwitz.

5We learnt that L. Fargues had also been aware of the Hodge-Tate period map in some form.
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quasiprojective scheme over the reflex field E. For the moment, we allow an arbi-
trary Shimura variety. Recall that these are associated with Shimura data, which
consist of a reductive group G/Q and a G(R)-conjugacy class X of homomomor-
phisms h : Resc/r Gy, — GRr, subject to the usual axioms. Then

Sk(C) = GQ\X x G(Af)/K) .

Associated with any h, one has a minuscule cocharacter y = up, : G, — Ge.
The reflex field E C C is the field of definition of the conjugacy class of p. With any
cocharacter u, one can associate two opposite parabolics P, and Pjtd, and there are
two corresponding flag varieties Flg , and FISGt?M over F, parametrizing parabolic
subgroups in the given conjugacy class. The association h — pp — P;fld defines the
(holomorphic) Borel embedding X < Flgi(({:). There is also an antiholomorphic
embedding X — Flg ,(C) defined using P, .

Fix any prime p, and p|p a place of the reflex field E. Denote by Sk the rigid-
analytic variety, or rather the adic space, corresponding to Sk ® g Ey, and similarly
for #lg . Our first main result refines the theory behind the Hodge-Tate period
map from [Sch15b], which can be regarded as a p-adic version of the (antiholomor-
phic) Borel embedding.

Theorem 1.10. Assume that the Shimura datum is of Hodge type. Then for any
sufficiently small compact open subgroup KP C G(A?), there is a perfectoid space
Sk» over E, such that
SKI) ~ @SKPKP .
Ky

Moreover, there is a Hodge-Tate period map
THT : SKp — ng,u s

which agrees with the Hodge-Tate period map constructed in [Sch15b] for the Siegel
case, and is functorial in the Shimura datum.

Moreover, we prove a result saying that all semisimple automorphic vector bun-
dles come via pullback along wgr.

The idea here is to chase Hodge tensors through all constructions, which is
possible by using Deligne’s results that they are absolute Hodge, [Del82], (and also
satisfy a compatibility under the p-adic comparison isomorphism, [Bla94]), and the
results on relative p-adic Hodge theory of [Sch13c]. The details appear in Section 2.
As stated above, one should think of #g , as a (substitute for the) moduli space
of p-divisible groups with extra structure and trivialized Tate module.

Next, we want to identify the fibres of myr with Igusa varieties. First, we have
to define a natural stratification on g ,, which correspondends under g1 to
the Newton stratification (pulled back from the special fibre through the special-
ization map). Recall that the Newton strata are parametrized by the finite subset
B(G, p~1) € B(G) of Kottwitz’ set B(G) of isocrystals with G-structure.

Theorem 1.11. Let G be a reductive group over Qp, and i a conjugacy class of
minuscule cocharacters. There is a natural decomposition

Flo,= || F,
beB(G,u~1)
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into locally closed subsets 9\6%’“. The union

apb’
|_| ’/EGM
b=b’

is closed for all b € B(G,u~1Y); in particular, yf%# is open when b is the basic
element of B(G,u™1).

Thus, the closure relations are exactly the opposite of the closure relations of
the Newton stratification on the Shimura variety;® this change of closure relations
is related to a subtle behaviour of mgr on certain higher-rank points of the adic
space.

To give an idea of what the stratification looks like, we recall the example of the
modular curve. In that case, the flag variety is just P!. The whole ordinary locus
of the modular curve is contracted to P(Q,), and the Hodge-Tate period map just
measures the position of the canonical subgroup on this locus. The supersingular
locus is mapped onto Drinfeld’s upper half-plane Q% = P!\ P1(Q,) in a way best
understood using the isomorphism between the Lubin-Tate and Drinfeld towers.
Thus, in this case the relevant stratification of P! is simply the stratification into
P'(Q,) and Q2. We caution the reader that in general, the strata Fg, , are quite
amorphous, and it happens that some nonempty strata have no classical points.
The reason is that if b is basic, 96’&7 ., agrees with the admissible locus in the sense
of [RZ96], which does not admit a nice description, but whose classical points agree
with the explicit weakly admissible locus. If G is a non-split inner form of GL5 and
u corresponds to (1,1,0,0,0), one can verify that all classical points of F#¢,, are
contained in the basic locus, while there are many other nonempty strata.

The proof of this theorem relies on certain recent advances in p-adic Hodge the-
ory. First, to define the stratification on points, we make use of the classification of
G-bundles on the Fargues-Fontaine curve; by a recent result of L. Fargues, [Farl5al,
they are classified up to isomorphism by B(G). Here, we construct a G-bundle on
the Fargues-Fontaine curve by starting with the trivial G-bundle and modifying it
at the infinite point of the Fargues-Fontaine curve. To construct the modification,
we have to relate the flag variety #¢q ,, to a Schubert cell in a BCTR—aﬁino Grass-
mannian as studied in [Weil4]; however, for our applications, the theory of [Weil4]
is not necessary.

Finally, to check the closure relations, we use recent results of Kedlaya and Liu,
[KL15], on the semicontinuity of the Newton polygon for families of ¢-modules over
the Robba ring.

Now we can relate the fibres of Ty to Igusa varieties. From now on, we assume
that the Shimura variety is of PEL type (of type A or C), and compact, with
good reduction at p. Pick any b € B(G, p~!). Corresponding to b, we can find
a p-divisible group X, over F » equipped with certain extra endomorphism and
polarization structures. We consider the following kind of Igusa varieties.

Proposition 1.12. There is a perfect scheme Igb over IF‘p which parametrizes

~

abelian varieties A with extra structures, equipped with an isomorphism p : A[p™] =
Xp.

6We note that we do not prove that the closure of a stratum is a union of strata, so the term
“closure relations” is meant in a loose sense.



THE GENERIC PART OF THE COHOMOLOGY OF SHIMURA VARIETIES 7

One can identify Ig® with the perfection of the tower It = @m Jl\}}[am’m of
Igusa varieties constructed by Mantovan, [Man05].

In particular, the étale cohomology of Ig® agrees with the étale cohomology of
Igusa varieties.

Let us also mention the following proposition. Here, y}’f C Ik ® IF‘p, b e
B(G, 1) denotes a Newton stratum of the natural integral model .7 of the
Shimura variety Sk at hyperspecial level.

Proposition 1.13. Fiz a geometric base point T € 5’}’( There is a natural map
7_(_11;)108‘6(:5/11;7i,) — Jb(@p) )

corresponding to a Jy(Qp)-torsor over y}; which above any geometric point para-
metrizes quasi-isogenies between A[p™] and X, respecting the extra structures.

Remark 1.14. Here, 7% is the pro-étale fundamental group introduced in [BS15a].
For normal schemes, it agrees with the usual profinite étale fundamental group of
SGA1. However, Newton strata are usually not normal, and in fact the homomor-
phism to Jy(Q,) often has noncompact image. For example, if b is basic, then the
image is a discrete cocompact subgroup of J,(Q,), related to the p-adic uniformiza-
tion of the basic locus as in [RZ96]. Thus, the formalism of 7P"°¢" is crucial for this
statement.

Restricted to the leaf 4, C .72 (the set of points where A[p>®] = X,), the
map 71 (%65, T) — Jp(Qp) takes values in a compact open subgroup of J,(Q,), and
then corresponds to the tower of finite étale covers 7Y — %) considered by
Mantovan.

ant,m

There is a close relation between the fibres of w1 over points in f/\ﬁa u and the

perfect schemes Igb; note however that the former are of characteristic 0 while the
latter are of characteristic p. Roughly, one is the canonical lift of the other, except
for issues of higher rank points. In any case, one gets the following cohomological
consequence.

Theorem 1.15. Let T be any geometric point of f?f%’u C Hg,u. For any l # p,
there is an isomorphism

(Rrpr.Z/0" L)z = RT(1g°, 2,/ (")
compatible with the Hecke action of G(AY).

We recall that the alternating sum of the Qy-cohomology of Igusa varieties has
been computed by Sug Woo Shin, [Shi09], [Shil0]. His results are presented in
Section 5 and combined with the (twisted) trace formula.

The final ingredient necessary for the argument as outlined above is that Rmgr.F,
is perverse. Obviously, Rrgyr.[F, should be constructible with respect to the strat-
ification

Fla,= || #,.
bEB(G, 1)
However, as the strata are amorphous, it is technically difficult to define a notion
of perverse sheaf in this setup. We content ourselves here with proving just what
is necessary for us to conclude. Specifically, we will prove that the K -invariants of
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the nearby cycles of Rrgr.[F, are perverse, for any formal model of % ;, and suf-
ficiently small compact open subgroup K, C G(Q,). Choosing these formal models
correctly will then make it possible to deduce that the cohomology is concentrated
in one degree on the largest stratum where it is nonzero.

Remark 1.16. Heuristically, the reason that Rwyr.[F, is perverse is that wgyp is
simultaneously affine and partially proper (i.e., satisfies the valuative criterion of
properness). In classical algebraic geometry, this would mean that wg7 is finite,
and pushforward along finite morphisms preserves perversity. In general, partially
proper implies that Rmyr. = Rmyr, so assuming that there is a Verdier duality
which exchanges these two functors, one has to prove only one of the two support
inequalities defining a perverse sheaf. This inequality is precisely Artin’s bound on
the cohomological dimension of affine morphisms.

Remark 1.17. The fact that the closure relations are reversed on the flag variety is
critical to our strategy. Namely, our assumption on p,, ensures that the cohomology
should be “maximally ordinary”, and this makes it reasonable to hope that every-
thing comes from the p-ordinary locus. In our setup, the p-ordinary locus inside
the flag variety is the closed stratum, and 0-dimensional. In the naive moduli space
of p-divisible groups, the p-ordinary locus would be open and dense (cf. [Wed99]),
and the inductive argument outlined above would stop at the first step.

Remark 1.18. Recently, L. Fargues, [Far|, has conjectured that to any local L-
parameter, there is a corresponding perverse sheaf on the stack Bung of G-bundles
on the Fargues-Fontaine curve, thus realizing the local Langlands correspondence as
a geometric Langlands correspondence on the Fargues-Fontaine curve. We conjec-
ture that the perverse sheaves Rmyr.Q, on Fla,, are related to these conjectural
perverse sheaves on Bung via pullback along the natural map g, — Bung, by
some form of local-global compatibility. In the Harris-Taylor case, one can be more
explicit, and this was the subject of [Sch11].

Acknowledgments. First, we wish to thank J.-F. Dat for many discussions
on the “geometrization” of the results of [Sch13b] using perverse sheaves on the
moduli space of p-divisible groups. The rough strategy of this argument was first
explained during a workshop on Barbados in May 2014, and we want to thank
the organizers for the chance to present these ideas there. Moreover, we want
to thank F. Calegari, L. Fargues, K. Kedlaya and S. W. Shin for many helpful
discussions, and C.-L. Chai for sending us a preliminary version of his work with
F. Oort on the “internal Hom p-divisible group”. Part of this work was completed
while both authors attended the special program on “New geometric methods in
number theory” at MSRI in Fall 2014; we thank the institute and the organizers for
the excellent working atmosphere. During that time, P. Scholze held a Chancellor’s
Professorship at UC Berkeley. This work was done while P. Scholze was a Clay
Research Fellow.

Notation and conventions. A nonarchimedean field K is a topological field
whose topology is induced by a continuous rank 1 valuation (which is necessarily
uniquely determined, up to equivalence). We denote by O C K the subring of
powerbounded elements, which is the set of element of absolute value < 1 under
the rank 1 valuation. If, in the context of adic spaces, K is equipped with a higher
rank valuation, we denote by K+ C O the open and bounded valuation subring
of elements which are < 1 for this higher rank valuation.
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We have tried our best to make our signs internally comnsistent, although the
reader may often feel the presence of unnecessarily many minus signs. As regards
slopes, we observe the following. We use covariant Dieudonné theory. Usually,
this sends Q,/Z, to (Z,,F = p) and pp~ to (Z,, F = 1); this is, however, not
compatible with passage to higher tensors. The underlying reason is that in the
duality between covariant and contravariant Dieudonné theory, there is an extra
Tate twist; for this reason, we divide the usual Frobenius by p, which gets rid of
this Tate twist. Thus, the covariant Dieudonné module for pipe is (Z,, F = p~1)in
our setup, and one sees that the Frobenius operator does not preserve the lattice; in
general, the associated Dieudonné module will have slopes in [—1,0]. However, in
the passage from isocrystals to vector bundles on the Fargues-Fontaine curve, the
isocrystal (Qp, F = p~1) is sent to the ample line bundle O(1), so the slope changes
sign once more, and in the end the usual slope of a p-divisible group agrees with the
slope of the associated vector bundle on the Fargues-Fontaine curve. We feel that
any confusion about signs on this part of the story is inherent to the mathematics
involved.

As regards cocharacters (and associated filtrations), we have adopted what we
think is the standard definition of the cocharacter p = pj, corresponding to a
Shimura datum {h}; for example, in the case of the modular curve, u(t) = diag(¢, 1)
as a map G,, — GLs. This has the advantage of being “positive”, but the disad-
vantage that virtually everywhere we have to consider ;! instead; e.g., with this
normalization, it is the set B(G, u~!) which parametrizes the Newton strata. We
feel that on this side of the story, it might be a good idea to exchange u by =1,
but we have stuck with the standard choice.
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2. REFINING THE HODGE-TATE PERIOD MAP

In this section, we work with a general Shimura variety of Hodge type and we
prove that the Hodge-Tate period map from the corresponding perfectoid Shimura
variety factors through the expected flag variety.

2.1. Recollections on the Hodge-Tate period map. Let (G, X) be a Shimura
datum, where X is a G(R)-conjugacy class of homomorphisms

h : Resc/rGm — Gr-
Recall that (G, X) is a Shimura datum if it satisfies the following three conditions:

(1) Let g denote the Lie algebra of G(R). For any choice of h € X, its compo-
sition with the adjoint action of G(R) on g determines a Hodge structure
of type (_17 1)7 (07 0): (17 _1) on 9;7

(2) h(i) is a Cartan involution of G*4(R);

(3) G has no factor defined over Q whose real points form a compact group.

The second condition implies that the stabilizer of any h is compact modulo its
center.

A choice of cocharacter h determines, via base change to C and restriction to
the first G,, factor, a Hodge cocharacter y : G,, — G¢. This allows us to define
two opposite parabolic subgroups:

P = {g € G| lim ad(u(t))g exists}, and
Pui={g € Gl imad(u(t))g exists}.

The Hodge cocharacter p defines a filtration on the category Repg(G) of finite-
dimensional representations of G on C-vector spaces. Indeed, the action of Gy,
on Repe(G) via p induces a grading on Repe(G) and we take Fil*(u) to be the
descending filtration on Repg(G) associated with this grading. Concretely, Fil? (1)
is the direct sum of all subspaces of type (p’,¢’) with p’ > p. The parabolic
Pffd can equivalently be defined as the subgroup of G stabilizing Fil®(s). The
opposite parabolic P, can be defined as the stabilizer of the opposite, ascending
filtration Fils(y), where Fil, () is the direct sum of all subspaces of type (p,¢’)
with p’ < p. Both conjugacy classes of parabolics are defined over the reflex field
E of the Shimura datum, which is the minimal field of definition of the conjugacy
class {u}. Note that
M, = Centg(p)

is the Levi component of both parabolics.

The two parabolics determine two flag varieties Flgi and Flg , over E parametriz-
ing parabolics in the given conjugacy class. The choice of a base point h allows us
to identify Flscgfju((C) ~ G(C)/P;*4(C). There is an embedding

B: X — FIgS,(C),

called the Borel embedding, defined by h ~— Fil®*(uy). It is easy to see that the
Borel embedding is holomorphic. (There is also an embedding

X <= Flg .(C),

7Helre7 an action of C* on a C-vector space is said to be of type {(p;,qi)} if the vector space

decomposes as a direct sum of subspaces, on which the action is through the cocharacters z +—
2 Piz—4i,
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which is antiholomorphic, defined in the natural way from the opposite filtration
Fila(1).)
Let K C G(Ay) be a compact open subgroup. Let

Sk(C) = GQNX x G(Ay)/K) .

When K is neat (so, when K is small enough), Sk (C) has the structure of an
algebraic variety over C (by a theorem of Baily-Borel) and has a model Sk over
the reflex field E [Mil90].

Ezample 2.1.1. Let g > 1 and let
g

(V,h) = (@, ((ai), (b)) = Y _(aibgyi — agyibi))
i=1
be the split symplectic space of dimension 2g over Q. Let G := GSp(V,4). The
hermitian symmetric domain X is the Siegel double space. Fix the self-dual lattice
A =72 in V. For every h € )~(, the Hodge structure induced by pp, on V' has type
(—1,0), (0, 1) and V(=19 /A is an abelian variety over C of dimension g.

For K ¢ G (Af) a neat compact open subgroup, the corresponding Shimura va-
riety S % is the moduli space of principally polarized g-dimensional abelian varieties
with level- K-structure. It has a model over the reflex field Q. It carries a universal
abelian variety A and a natural ample line bundle w given by the determinant of
the sheaf of invariant differentials on A. The flag variety Flg 5 barametrizes totally
isotropic subspaces W C V.

We say that a Shimura datum is of Hodge type if it admits a closed embedding
(G, X) — (G, X), for some choice of Siegel data (G, X). A consequence of this is
that the associated Shimura variety Sk (for some neat level K) carries a universal
abelian variety, which is the restriction of the universal abelian variety over S %
One can regard Sk as a moduli space for abelian varieties equipped with certain
Hodge tensors, cf. below.

Let (G, X) be a Shimura datum of Hodge type and let (G, X) be a choice of
Siegel data, for which there exists an embedding (G, X) < (G, X). Fixing such an

gf}j). By [Del71, Proposition

1.15], there exists some compact open subgroup K € G(Ay) with K = K N G(Ay)
such that there is a closed embedding of the corresponding Shimura varieties over
E,

embedding gives rise to closed embeddings Flg,ts) — F1

Sk — gf( ®o E.

Let p be a prime number. We will consider compact open subgroups of the forms
K=KPxK,C G(A?) x G(Qp), where K? and K, are compact open. Fix a place
p of E above p. Let #¢ , be the adic space associated with Flg , ®g Ep. The
following is part of Theorem IV.1.1 of [Sch15b].8

Theorem 2.1.2. (1) For any sufficiently small tame level KP C G(A?), there
exists a perfectoid space Sk» over Ey, such that

Skr ~ h&l(SKpr RE Ep)ad‘
Kp

8The setup is slightly different, but the proof works verbatim.
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(2) There exists a G(Qp)-equivariant Hodge-Tate period map
THT : SKp — féé’ﬁ.

(3) The map mur is equivariant with respect to the natural Hecke action of
G(A%) on the inverse system of Sk» and the trivial action of G(A%) on
Pl -
Recall that the Hodge-Tate period map [Sch15b, SW13] has the following de-
scription on points: for A/C an abelian variety of dimension g, the Tate module of
A admits the Hodge-Tate decomposition:

0 — (Lie A)(1) = T,A ®z, C — (Lie A)¥ — 0.

A point = € Sg k»(C,CT) corresponding to A/C together with a symplectic iso-
morphism T,A = Z29 (and extra structures) is mapped to the point g7 (z) €
P ;(C,CF) corresponding to the Hodge-Tate filtration Lie(A) C C9.

We note that one can think of the Hodge-Tate period map as a p-adic analogue
of the Borel embedding. The goal of this section is to prove the following theorem.

Theorem 2.1.3. (1) The Hodge-Tate period map for Skr factors through Flg
and the resulting map

THT : SKp — g“EG,”
1s independent of the choice of embedding of Shimura data.
(2) Fiz some p in the given conjugacy class, defined over a finite extension of
E. The tensor functor from Rep M, to G(Qp)-equivariant vector bundles
on Skr given as the composition

fp : Rep M,, < Rep P, — {G(Qp)—equivariant vector bundles on #l¢ ,}

it {G(Qp)—equivariant vector bundles on Sgk»}
is isomorphic to the tensor functor

foo : Rep M, — Rep Pstd — {automorphic vector bundles on Sk}
— {G(Qp)—equivariant vector bundles on Sk»} .

The isomorphism is independent of the choice of Siegel embedding, and
equivariant for the Hecke action of G(A%).

Remark 2.1.4. One may avoid choosing i by replacing Rep M), with the category
of G-equivariant vector bundles on the space of cocharacters in the conjugacy class
of . Note that after fixing any p, this space identifies with G/M,,, and so G-
equivariant vector bundles are identified with representations of M,,. We leave it
as an exercise to the reader to reformulate the theorem and its proof in this more
canonical language.

Let us first recall how the tensor functor f., is defined: any representation
& of M,, determines a representation of Pjtd by making the unipotent radical act
trivially. Now, starting with a representation of P;td, we can define an automorphic
vector bundle on Sk as in Section III of [Mil90], provided that the level K is
sufficiently small: first, there is an equivalence of categories

= W(E)
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between RepC(Pjtd) and the category of Gc-equivariant vector bundles on Flgfiu
(the functor in one direction is taking the stalk of the vector bundle above the point
corresponding to p). Then restriction along the image of the Borel embedding gives
a G(R)-equivariant vector bundle on X. Passing to the double quotient defining
the Shimura variety

Sk(C) = G(Q)\ (X x G(Af)/K)

over C defines the automorphic vector bundle

V(E) = G(Q)\ W(E) x G(Af)/K).

The automorphic vector bundles V(&) are algebraic and, when the representation &
is defined over a finite extension E’ of E, V() is also defined over E’.

Remark 2.1.5. Proving that the automorphic vector bundles descend to the reflex
field makes use of an intermediate algebraic object between Sk and Flgi, called
the standard principal bundle (see Section IV of [Mil90]), which is a G-torsor over
Sk. See the proof of Lemma 2.3.5 for more details.

In particular, f, is defined in an analogous way to fo, except that it uses the
Hodge-Tate period map in place of the Borel embedding. The appearance of the
opposite parabolic P, in this picture forces one to look only at representations
inflated from the common Levi M,,.

2.2. The p-adic-de Rham comparison isomorphism. For an abelian variety
over C, its image under the Hodge-Tate period map is determined by the Hodge-
Tate filtration on HZ (A, Q,) ®g, C. The Hodge-Tate period map as a map of adic
spaces Skr — Fl, 5 is defined via a relative version of the Hodge-Tate filtration,
which is a filtration on the local system given by the p-adic étale cohomology of the
universal abelian variety over Sk, tensored with the completed structure sheaf of
the base. In fact, the Hodge-Tate filtration is defined more generally: see Section
3 of [Sch12b] for a construction of the Hodge-Tate filtration for a proper smooth
rigid-analytic variety over a geometric point.

As we will need to work with higher tensors in our analysis of Hodge type Shimura
varieties, our goal in this section is to give a construction of the relative Hodge-Tate
filtration in the case of a proper smooth morphism 7 : X — S of smooth adic spaces
over Spa(K, Ok), where K is a complete discretely valued field of characteristic 0
with perfect residue field k of characteristic p. This will be done in a way that also
clarifies its relationship to the relative p-adic-de Rham comparison isomorphism.

The following sheaves on Xpro¢t are defined in [Sch13c]: the completed structure
sheaf @X, the tilted completed structure sheaf éxb, the relative period sheaves
B;R, x and Bggr, x as well as the structural de Rham sheaves OBQ‘R_ x and OBgg, x.

We recall some of their definitions: the tilted integral structure sheaf (’A)j;b is the

(inverse) perfection of O% /p (i.e., the inverse limit of O% /p with respect to the
Frobenius morphism).

Definition 2.2.1. (1) The relative period sheaf Bj{R’X is the completion of
W(@;b)[l/p] along the kernel of the natural map 0 : W(@}b)[l/p] — Ox.

(2) The relative period sheaf Bar,x is ]B:{R’X[ﬁfl}, where £ is any element that
generates the kernel of 6.
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Lemma 6.3 of [Sch13c] shows that & exists proétale locally on X, is not a zero
divisor and is unique up to a unit. Therefore, the sheaf Bqr, x is well-defined. When
X = Spa(C, O¢), we recover Fontaine’s period ring Bqgr,¢ from this construction.
By construction, the relative period sheaf Byr, x is equipped with a natural filtration

FﬂTBdR’X = giB(JirR’X, with gI‘O]B%dpMX = Ox.

Recall that k is the residue field of K. Then Ox @ (1) W(Oy») also admits a
map 0 : Ox Qww) W(@Xb) — Ox. Then OBy is defined as the completion of
Ox Qw ) W (Ox») along ker§ and OBgg := OB [€7!] as above. The structural

de Rham sheaves OBSE) are equipped with filtrations and connections
VOB y — OB ®o, k.

We have an identification (OIB((;I;))V:O = IB%((;I;).
We now recall the relative p-adic-de Rham comparison isomorphism for a proper
smooth morphism 7 : X — S of smooth adic spaces over K.

Theorem 2.2.2 ([Sch13c, Theorem 8.8]). Assume that Rim,.F, is locally free on

Sprost for all i > 0. Then, for all i > 0, Riﬂ'*ZP is de Rham in the sense of
[Sch13c, Definition 7.5], with associated filtered module with integrable connection
given by Rimar«Ox (with its Hodge filtration, and Gauss-Manin connection). In
particular, there is an isomorphism

Ri’iT*Zp’X ®prs OBdR,S ~ RinR*OX Rog OBd&S
of sheaves on Sprost, compatible with filtrations and connections.

Moreover, we need to recall the two different B(J{R—local systems associated with
Rim,Z,. The first one, which is closely related to étale cohomology, is given by

M = R'mZpx ®;  Big s = RmBlg « -
The other one, which is closely related to de Rham cohomology, is given by
Mg = (Riﬂ'dR*OX Rog OBXRS)V:O .

Note that the definition of M did not make use of the Hodge filtration. The relation
between these two lattices is given by the following proposition, which reformulates
the condition of being associated.

Proposition 2.2.3 ([Sch13c, Proposition 7.9]). There is a canonical isomorphism
M ®p+  Bar,s =My Qg+ Bgr,s -
dR,S dR,S
Moreover, for any j € Z, one has an identification
(M NFiVMy) /(M N FilV M) = (Fil 7 R'7gr. Ox ) @05 Os(j)
C g’My = R'mar.Ox @05 Os(j) -
In particular, My C M.

9This condition is verified if  is algebraizable, and has been announced in general by Gabber.
Another proof will appear in a forthcoming version of [Weil4]; the idea is to use (the new version
of) pro-étale descent to reduce to the case where S is w-strictly local, in which case one can redo
the finiteness argument over a geometric point. With Qp-coefficients, it has also been announced
by Kedlaya-Liu.
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In particular, we get an ascending filtration on
grOM = Riﬂ'*Zpyx ®Zp.s @5
given by
Fil_j(R'mZyx ®; , Os) = (MNFiVMo)/(Fil'M N FilMo) .

Here, Fil_; = 0, and Fil; is everything. We call this filtration the relative Hodge-
Tate filtration.

Corollary 2.2.4. For all j > 0, there are canonical isomorphisms
g (R'mZy x @5 Os) = (g R'mar.Ox) @0 Os(—j) -
Proof. This is immediate from Proposition 2.2.3 by passing to gradeds. (]
In particular, one sees that
Filg(R'm.Zy x ®;  Os) = R'm.0x ®o; Os .
This map can be identified.

Proposition 2.2.5. The first filtration step Filg of the relative Hodge- Tate filtration
s given by the natural map

Riﬂ'*OX Rog @S — Riﬂ'*@x = Riﬂ'*zgx ®Zp,s @57
which is injective.

We note that in [Sch15b], only the first step of the Hodge-Tate filtration was
used (for ¢ = 1), and it was defined as the natural map

Rim,0x ®0s Os = Rim,Ox.
Proof. We have to identify the image of My — gr™. This can be done after
®]BIR7SOBIR, s> as this operation preserves gr’. Now note that
Mo @ps OBJg s = R'mar«Ox ®05 OBg o
and
M ®py  OBjp s = R'mar. OB x .

by the relative Poincaré lemma. The map My — M is induced by the natural
inclusion Ox — O]B(TR x> Which commutes with the natural connections.
Passing to gr® on the side of M replaces the relative de Rham complex of O]BIR x

with just o x, as the differentials sit in positive degrees. We note that the composite
Ox — OIB%IR_X — Ox 1is the natural inclusion, as

Ox = g’ OBj x = (Ox @y W(0F,))/ (ker6) ,

using the map 0 : Ox ®w ) W((’};,) — Oy, which is Ox-linear. It follows that
the map
+ 0
M ®B<J;R,S OBjr s — gr'M
agrees with the map

Ride*OX ®OS OBIR75 — le*@X
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which projects Rifir«Ox — R'f.Ox — R'f.Ox, and then extends OIB%;KS—
linearly. Thus, its image is given by the image of R'f.Ox ®o4 Os — Rif,0x.
By the identification of the graded pieces of the relative Hodge-Tate filtration, this
map has to be injective, giving the result. O

2.3. Hodge cycles and torsors. Let
(G, X) = (G, X)

be an embedding of Shimura data, as in the previous section, where G= GSp(V, ).
Let
VEi= P Ve (vY)er.
r,s€N

By Proposition 3.1 of [Del82], the subgroup G of G is the pointwise stabilizer of a
finite collection of tensors (s) C V&.

As above, the embedding of Shimura data determines an embedding of Shimura
varieties defined over E:

Sk — S 7 ®o L.

Let A be the abelian scheme over Sk obtained by pulling back the universal abelian
scheme over the Siegel moduli space. Let w : A — Sk be the projection. The first
relative Betti homology of A, i.e. the dual of R'72"Q, defines a local system of
Q-vector spaces Vg on Sk (C). Since the Betti cohomology of an abelian variety
parametrized by X x G(Ay)/K gets identified with V, Vg can be identified with
the local system of Q-vector spaces over Sk (C) given by the G(Q)-representation
V and the G(Q)-torsor

X x GlAp)/K — GQ\(X x G(ag)/K) = Sx(C) .

Corresponding to the G(Q)-invariant tensors (s, ), we get global sections (sa,5) C
Vg. Moreover, these are Hodge tensors for the Hodge structure on Betti homology,
since they are G-invariant, and in particular invariant under the action of any
helX.

Lemma 2.3.1. The G(Q)-torsor
X x G(Af)/K = GQ\(X x G(Ay)/K) = Sk(C)
can be identified with the G(Q)-torsor sending any U C Sk (C) to
{B:VxU=Vglu | B(sa) = Sa,B} -

Proof. This follows from the fact that G C GL(V) is the closed subgroup which is
the stabilizer of the s,. O

Now assume that (G, X) < (G’, X’) is a second symplectic embedding, where
G’ = GSp(V', ). Like for any representation of G, there is a G-invariant idempo-
tent e € V® such that V/ = eV®. Using e, any G-invariant tensor s/, € (V')® can
be transferred to a G-invariant tensor in V®. Moreover, one also has an identifica-
tion

Vi =eVy ,
compatibly with their natural Hodge structures. We will generally assume that e
belongs to the family s,, by adjoining it if necessary.

Let Vyr = (R'Tqr+O.4)" be the first relative de Rham homology of A. This is a
vector bundle over Sk equipped with an integrable connection V. The base change
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to C can be defined directly: We have to specify an analytic vector bundle Vi - over
Sk (C), which corresponds to the algebraic vector bundle V4gr,c. (Here, we make
use of the equivalence of categories between algebraic vector bundles equipped with
a flat connection with regular singular points and analytic vector bundles equipped
with a flat connection [Del70].) Then the relative de Rham comparison isomorphism
over C gives rise to an isomorphism

Vir,c = VB ®g Osy () »

compatible with the connection.
In particular, the global sections (sa,5) C Vg give rise to horizontal global
sections (sq,ar) C (V32 <)®, which are necessarily algebraic, i.e.

(Sa,dR) C V((ig)R,C .

The following lemma appears in work of Kisin [Kis10], based on Deligne’s result
that Hodge cycles on abelian varieties are absolute Hodge, [Del82].

Lemma 2.3.2. The tensors sq dr in VgZ’R ¢ are defined over I.

Proof. We sketch Kisin’s proof here. We work with each connected component of
Sk individually. Let = be the generic point of one such component, with function
field x (containing E) and choose a complex embedding of its algebraic closure
k — C. Let A, be the corresponding abelian variety over k. Let s, B, be the
fiber of so 5 over x. Let sqdr,z € Hig(Az)® &, C be the image of s, . under
the de Rham comparison isomorphism (this is also the fiber of s, qr over z.) Let
Sapx € HL (Az i, Qp)® be the image of s4, 5, under the comparison between Betti
and p-adic étale cohomology.

Note that by definition (Sq,dR,z, Sa,p,s) is @ Hodge cycle. By Deligne [Del82], it
is an absolute Hodge cycle. This means that s4 dr,s is defined over & and it remains
to show that the action of Gal(k/x) on it is trivial. For this, it is enough to check
that the Gal(k/k)-action on $q,p . is trivial, since a Hodge cycle is determined by
either its de Rham or étale component.

For this latter statement, consider the R'p—torsor over Siegel moduli space given
by l'glf% S Ry where f(z’) runs over open compact subgroups of f(p. Fixing a

K-point & of this tower above z, the Gal(k/k)-action on H}, (A, 7, Qp) is induced

by the map Gal(</k) — K, describing the action on Z. There is an analogous

K,-torsor over Sk defined by l<iLnK, Skr K- This fits into a commutative, K-
P

equivariant diagram

SKP —>»§f(p .

| |

SK—>S'[<

Taking for Z a lift to Sk», we see that the action of Gal(k/k) on HE (Az .z, Qp)
factors through a map

Gal(k/k) — K, C G(Qp).
Since the tensors sq ;. are G(Qp)-invariant, the Galois action on these tensors is
trivial as well. O
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Remark 2.3.3. If (G, X) < (G’, X") is a second symplectic embedding with G =
GSp(V',¢'), and e € V® is an idempotent with V' = eV® as above, then applying
Lemma 2.3.2 to the embedding G — GSp(V @ V', ¢ @ 4’), one sees that the
isomorphism

VcllR,,(C = EdRV(?R,C
is defined over E.

There is also a Qp-local system V), over Sk defined by restricting to Sk the first
relative p-adic étale homology of the family A. There are families of Hodge tensors
(Sa,p) C VE’ coming from the comparison between Betti and p-adic étale homology
(over C). By the argument in Lemma 2.3.2, the s, , are also defined over the reflex
field E.

Choose a cocharacter p in the conjugacy class X, which is defined over some
finite extension E'/E. We will base change everything to E’ from now on, but
drop E’ from our notation. Recall that Pjtd can be identified with the parabolic
subgroup of G which stabilizes the descending filtration induced by p on a faithful
representation V' of G. We can define a Pjtd—torsor Par over Sk as the torsor of
frames on the vector bundle V4g which respect the Hodge filtration. More precisely,
for any U C Sk, we have:

Par(U) ={B : Varluv =V @q Ov | B(5a.ar) = 5o @ 1, B(Fil®) = Fil’,} ,

where Fil® on V4R is the Hodge filtration and Fil; on V is the descending filtration
defined by p. The existence of one such isomorphism £ follows from the fact that the
comparison between Betti and de Rham cohomology respects the Hodge filtrations
and matches the Hodge cycles s, with s qr.

Lemma 2.3.4. The Pjtd—tomor Par over Sk is independent of the choice of sym-
plectic embedding G — GSp(V, ).

Proof. Considering a second symplectic embedding G — GSp(V’,1)’), there is a G-
invariant idempotent e € V® such that V' = eV®. This determines a Hodge tensor
ep in Vg, and by Lemma 2.3.2 a tensor eqr in V((;?R' This defines an isomorphism
of vector bundles Vip ~ edRVf’R by Remark 2.3.3, which respects all the Hodge
tensors s, qr and which respects the Hodge filtration on the two vector bundles
(because eqr is a Hodge tensor). This gives a map of P;td-torsors Par — P)r and
any such map is an isomorphism. O

From the above Pj“d-torsor Par and from the projection P, — M,, we get an

M,,-torsor Mgg, over Sk via pushout:
Mar = Par Xpitd M, .
Since Pqgr is independent of the choice of symplectic embedding, so is Mgr. This
M,,-torsor corresponds to trivializing the graded pieces of the Hodge filtration on
Var individually. By the Tannakian formalism, Mgr is equivalent to a functor
from finite-dimensional representations of the Levi subgroup M, to vector bundles
on Sk.
Lemma 2.3.5. The M, -torsor Mar encodes the tensor functor
foo : Rep M, — {automorphic vector bundles on Sk}

in the statement of Theorem 2.1.3.
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Proof. By construction, the tensor functor corresponding to Mgr factors through
the inflation map Rep M,, — Rep P5'.

It remains to see that the functor corresponding to Pﬁtd maps a representation
of Pﬁtd to the associated automorphic vector bundle on Sk. This is essentially
the definition of automorphic vector bundles, as given by [Mil90]. For this, note
that Pyr and the map Pjtd — G define by pushout a G-torsor Gqr over Sk,
which parametrizes frames of Vyr respecting the Hodge tensors s, qr (but not
necessarily respecting the Hodge filtration). This is what Milne calls the standard
principal bundle. Since it was constructed from a Pjtd—torsor7 Gqr is equipped with
a canonical map to the flag variety FISGt?H ~ G/P,. We have a diagram

Sk +—— Gar —— Flscfvi .
Proposition 3.5 of [Mil90] proves that automorphic vector bundles are obtained by
pullback from Flg,,, to Gar followed by descent to Sx. We note that Theorems
4.1 and 4.3 of [Mil90] show that the diagram is algebraic and has a model over the
reflex field F. O

We now work with the local system V), determined by the relative p-adic étale
cohomology of A. This is a local system of Q,-vector spaces over Si. After pulling
it back to the adic space Sk, we can think of it as a locally free @p—module on
(SK)proét .

Regard P, as a group object in the pro-étale site of Sg by sending U to
P,(Os, (U)); we emphasize that we are using the completed structure sheaf in
this definition. We can now define a P,-quasitorsor &7, on the pro-étale site of Sk
from the Hodge-Tate filtration on V, ®©p @SK as follows. For U in (Sk)proet, set

Zp(U) = {8 : V&g, Osiclv 5 VOaOsc|v | Bsa,p@1) = 501, B(Fila) = Fila(u)}

where Fil, on V, ® Og,, is the relative Hodge-Tate filtration and Fils () is the
ascending filtration determined by p on V.

Lemma 2.3.6. The object &2, over Sk is a P,-torsor.

Proof. Similarly to &), one can define a G-quasitorsor ¢, over the pro-étale site of
Sk, by removing the condition on filtrations. The latter is the pushout of a G(Qp)—
torsor on the pro-étale site of Sk given by looking at isomorphisms between V,, and
V ®q, Qp respecting all tensors. This is a torsor, since, for example, it admits a
global section over the perfectoid Shimura variety Sk». In order to prove that 22,
is a torsor, we note that the type of the Hodge-Tate filtration on V), ®@p @SK is a
discrete invariant, so it is constant on each connected component of Si. Therefore,
it suffices to check the statement above classical points.

Thus, let © € Sk (L, OL) be a point defined over a finite extension L of E, with
completed algebraic closure C. We may pick a point of Magr(C') above z, which
amounts to trivializing all Hodge cohomology groups (compatibly with the tensors).
Then the Hodge-Tate decomposition reads

Voo ®g, C=PVi0C(-j)=VeacC,

J
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where V = @ ; Vj 1s the weight decomposition according to the action of p, and we
are using any fixed choice of p-power roots of unity in C in the second isomorphism.
Under this isomorphism, the Hodge-Tate filtration on the left-hand side is taken to
Fils (1), as desired.

The fact that s, can be identified with s, under the Hodge-Tate isomorphism
is proved in [Bla94]. O

As before, this torsor is independent of the choice of symplectic embedding.

Lemma 2.3.7. The P,-torsor &, is independent of the choice of symplectic em-
bedding.

Proof. This uses the same idea as the proof of Lemma 2.3.4. Let (V) be a
symplectic embedding of G, which defines the P,-torsor &,. For another symplectic
embedding G — GSp(V',¢’), we define a P,-torsor &, analogously. We can
relate the two symplectic embeddings given by (V, ) and (V' 4’) via a G-invariant
idempotent e € V®, with p-adic realization e, € V;? . The tensor e, defines an
isomorphism of vector bundles

VII, ® @SK o~ ep(ng’ ® @5,(),

which matches the tensors s, , € V¥ with tensors in V.

Moreover, e, respects the Hodge-Tate filtration on the two vector bundles. In-
deed, e, is the image of eqr under the p-adic-de Rham comparison isomorphism.
At points of Sk corresponding to abelian varieties defined over number fields, this
follows from [Bla94]. Since both e, and eqr are horizontal sections, the result ex-
tends over all of Sk after checking it at such a point in every connected component
of Sk . The definition of the relative Hodge-Tate filtration in terms of the p-adic-de
Rham comparison isomorphisms then ensures that e, respects the Hodge-Tate fil-
tration, and the isomorphism induced by e, gives a map of P,-torsors &, — &,
which has to be an isomorphism. O

The P,-torsor &7, defines a G-torsor ¥, by inflation along the map P, —+ G. For
any U S (SK)proéta

G(U)={B:Vp ®q, @SKlU =V ®q OSK|U | B(sa,p ®1) =sa @1} .

The perfectoid Shimura variety Sg» can be regarded as a Kp-torsor in (Sk)prost-
From the moduli description of Sk», we see that ¢,(Skr) has a canonical section,
given by the trivialization of the p-adic Tate module of the universal abelian variety
A over Sk, which by definition respects the tensors (sq.p)-

The map P, —» M, defines an M,-torsor .#, by pushout. This can be described
as a sheaf on (Sk)proet as follows:

//ZP(U) ={s: gry(Vp ® @«Sx)|U = gre (1) (V dq, @SK)|U | B(5a,p ® 1) =s5,®1} .

As in the complex case, the existence of &2, determines a map ¥, — Fg .,
which is independent of the choice of symplectic embedding G < GSp(V, ) by
Lemma 2.3.7. Here, we abuse notation by writing #¢ ,, for the sheaf on (Sx)proct
sending U to Hq ,(U). This and the given section of ¥,(Sk») define an element
of #q . (Skr), i.e. a map of adic spaces

THT : SK;D — ﬁ(cﬂu .
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By functoriality of this construction (for G and for G' := GSp(V,4)), we have the
commutative diagram of adic spaces

SKI) E— S~Rp

|

3‘7@’” e f/\fé i

Therefore, the Hodge-Tate period map for Sk» factors through this canonical map
Skv» = Flq . This proves the first part of Theorem 2.1.3.

The second part of Theorem 2.1.3 will follow from the next lemma and from the
comparison isomorphism between de Rham and p-adic étale cohomology.
Lemma 2.3.8. The M, -torsor .4, encodes the tensor functor

fp : Rep M,, = {G(Q,) — equivariant vector bundles on Sk»}
in the statement of Theorem 2.1.3.

Proof. This is immediate from the definitions. O

We now compare the two M,,-torsors, Mqar and .#),. For this, we first consider
a Pf;td-torsor Par over Sk, which will be the sheaf on (Sk)prost defined by

Par(U) = {8 : Vir®0s, Osiclu = VOOs|u | B(Sa,ar®1) = sa@1, B(Fil*) = Fil* ()},

where Fil® is the Hodge-de Rham filtration on V4r. It is easy to see from the
definitions that Pgg is the pullback of Pyr from Sk (ringed with Og,. ) to (S )proct
(ringed with Og,). We can define .#4r by pushout. This is also a sheaf on
(SK)prost, parametrizing isomorphisms

gr*(Var ® Os,) = gr®(1)(V @ Os,)

which map the tensors s, dr to so. Again, .Zgr is the pullback of Mggr from Sk
to ('SK)proét-

Proposition 2.3.9. There is a canonical isomorphism Mar = M, of M,-torsors
on (Sk)proct, independent of the choice of symplectic embedding.

Proof. The determinant representation GSp(V, 1) — G, gives rise geometrically to
the Tate motive, and is independent of the choice of symplectic embedding. Using
this, both torsors map to the torsor of trivializations O, (1) = Og,.. Now, for any
J € Z, there is the isomorphism

grj (Var Q0s, ésx) = gr; (Vp ®@p @51{)(])

coming from the relative p-adic-de Rham comparison isomorphism, Corollary 2.2.4.
One gets a similar comparison for VfR and V2, and we know by [Bla94] that all
tensors sq dr resp. So,p are matched at points defined over number fields, and thus
globally.

Using these isomorphisms as well as the trivialization O, (1) = Os, , one writes
down the isomorphism #qr = #,. To check that it is independent of the choice

of symplectic embedding, one argues as before. (]
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As mentioned above, Proposition 2.3.9 implies the second part of Theorem 2.1.3,
once we use the Tannakian formalism in Lemmas 2.3.5 and 2.3.8 to reinterpret .Zgr
and .#), as tensor functors

Rep M, — {G(Q,) — equivariant vector bundles on Sk»}.
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3. THE NEWTON STRATIFICATION ON THE FLAG VARIETY

We start with some motivation. Assume that the Shimura varieties Sx are of
Hodge type and that K = KPK, C G(Ay) is a compact open subgroup such that
K, is hyperspecial. This means that G extends to a reductive group over Z, and
that K, = G(Z,). Then (at least if p > 2) the Shimura variety Sk admits an
integral model .Z, by [Kis10]. Moreover, as in Section 1.4 of [Kis], we can define
a Newton stratification on the special fiber of .k, in terms of the Kottwitz set
B(G, p~1) (whose definition we recall below). Pulling this stratification back along
the continuous specialization map, we get a stratification on Sk, which in turn
can be pulled back to the perfectoid Shimura variety to get a Newton stratification
Skr = |_|b€B(G7H,1) S}’(p. There is a unique closed stratum, corresponding to the
basic locus and a unique open stratum, corresponding to the p-ordinary locus.

Our goal in this section is to define a stratification on the flag variety

Flou= || P,
beB(G,u—1)

such that the following properties are satisfied:

(1) On points of rank one,
Sicr = Tar (Pl ) -

(2) All !%\EZ’G’M are locally closed subspaces of the adic space Flqg ,, in the
topological sense.
(3) The basic stratum is open, and the p-ordinary stratum is closed.

We will define this stratification independently of the one on the Shimura variety,
using relative versions of the Fargues-Fontaine curve [FF14] and a classification
result for vector bundles with G-structure over this curve, due to Fargues, [Farlbal.
We will reinterpret vector bundles over the curve as ¢-modules over the Robba
ring, & la Kedlaya-Liu [KL15], and use their results to conclude that the strata we
define are locally closed. In Section 4.3, we will see that this is compatible with the
stratification pulled back from the special fiber, in the sense described above, for
compact Shimura varieties of PEL type.

Throughout this section, our notation will be purely local, so fix a prime p and
a connected reductive group G over Q,. Moreover, we fix a conjugacy class of
cocharacters u : G,, — G@p, defined over the reflex field E/Q,. Often, we will
assume that p is minuscule, meaning that in the induced action on the Lie algebra
of G, only the weights —1, 0 and 1 appear. However, for the moment, p is allowed
to be arbitrary.

3.1. Background on isocrystals with G-structure. We recall here the defini-
tion of the sets B(G) and B(G, p), originally due to Kottwitz [Kot85]. We start
with B(G). Let L := W(F,)[1/p]. Let o be the automorphism of L induced by the
pth power Frobenius on F,,. There is an action of G(L) on itself by o-conjugation,
defined by g — hgo(h)~! for g,h € G(L). Then B(G) is defined to be the set of
o-conjugacy classes of elements b € G(L). (We note that instead of working with
Fp here, we could work with any algebraically closed field of characteristic p, as
Kottwitz shows that the definition is independent of this choice.)

One can reinterpret this definition in terms of isocrystals with G-structure. Re-
call the following definition.
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Definition 3.1.1. An isocrystal over F, is a pair (V,$) consisting of a finite-
dimensional L-vector space and a o-linear automorphism ¢ of V.. The height of an
isocrystal (V, @) is the dimension of V over L.

An isocrystal with G-structure is an exact tensor functor

Repg, G — {Isocrystals/F,}.

For G = GL, /Q,, the set B(G) is in bijection with the set of isomorphism classes
of isocrystals of height n over F, via b+ (L™, bo). For general G, this extends to
a bijection between B(G) and isomorphism classes of isocrystals with G-structure.

The Dieudonné-Manin classification shows that B(GL,) is in bijection with a
corresponding set of Newton polygons, via the slope decomposition of the isocrys-
tals. More precisely, any isocrystal (V, ¢) over ]Fp is isomorphic to a unique isocrystal

of the form
ve § v,
A=s/reQ
where A = s/r runs through rational numbers written in primitive form with r > 0,
the n) are nonnegative integers, almost all zero, and

1

V)\:(Lrv U) .

pS
The subspaces V/\@m C V are uniquely determined, and referred to as the subspace
of slope A.

For a general reductive group G, an element b € B(G) is determined by a version
of the Newton polygon, and an additional finite datum encoded in the Kottwitz
invariant. In the following, fix a splitting of G@p and in particular a maximal torus
T C Gg,, and let X(G) := X,(T) be the corresponding cocharacter lattice, which
comes with a dominant chamber.

Let us first recall the Newton map

I B(G) — (X*(G) ®Q)gom :

Here, ' := Gal(Q,/Q,) is the absolute Galois group of Q,, and (X.(G) ® Q)dom is
the set of dominant rational cocharacters. If we let D be the (pro-)algebraic torus
with character group Q, the latter set can be identified with the set of conjugacy
classes of Hom(Dg, ,Gg, ), on which I' acts naturally.

To construct the Newton map, Kottwitz assigns to any b € G(L) a slope ho-
momorphism v, € Hom(Dz,Gr). In the case of G = GL,, this gives the slope
decomposition of the corresponding isocrystal; in general, it is defined by the Tan-
nakian formalism. Changing b by a o-conjugate does not change the conjugacy
class of vy, and (thus) this conjugacy class is invariant under o.

However, the Newton map is not, in general, injective. In fact, v, is trivial if
and only if b is in the image of the natural injection H(Q,, G) < B(G). Here, one
can identify the Galois cohomology group H'(Q,, G) with the isomorphism classes
of exact tensor functors

Repg, G — {Qp—vector spaces} .



THE GENERIC PART OF THE COHOMOLOGY OF SHIMURA VARIETIES 25

Such tensor functors embed fully faithfully into the category of isocrystals with G-
structure, via sending a Q,-vector space W to W ®q, L with the induced Frobenius
from L.

For this reason, Kottwitz also constructs a map

1 B(G) = m(Gg,)r -

For G = GL,, this map is defined by b — k(b) = val,(detb) € Z. In general,
there is a unique natural transformation B( ) — m1( )r of set-valued functors on
the category of connected reductive groups over Q, with this property. (Kottwitz
defines his map in terms of the center of the Langlands dual group. See Section 1.13
of [RR96] for more on the definition using the algebraic fundamental group.) Again,
we abbreviate 71 (G) = m1(Gg, ). Moreover, according to Theorem 1.15 of [RR96],
the natural transformation B( ) — m1( )r fits into a commutative diagram

B(G) — (X.(G) 2 Q)" ,

| |

7T1(G)1" _— ’/Tl(G)F ® Q

where the lower horizontal arrow is given by averaging over all Galois conjugates.
Then Kottwitz proves that

(v, %) : B(G) = (Xu(G) ® Q)gom x m1(G)r
is injective.

The set (X.(G) ® Q)Y ,, admits a partial ordering. Under this ordering, we say
that v < v/ if v/ — v is a non-negative Q-linear combination of positive coroots. This
defines a partial ordering on B(G), where we say b < b if v, < vy and k(b) = k(V').

Now, recall that we have fixed a conjugacy class of cocharacters p : G, — Gg, -
The set of conjugacy classes of cocharacters of Gg, is in bijection with the set
X.(G)dom- There is a natural map X, (G)dom — (X+(G)®Q)},,, given by averaging
over all Galois conjugates:

’1:[15% > w

v) YEGal(E'/Qy)
for £’ large enough. Let p° be the image of 4 in 71 (G)r.

Definition 3.1.2. The subset B(G,) C B(G) of p-admissible elements is the
subset of elements b for which vy, < fi and x(b) = .

In fact, we will really be interested in B(G, u~'), where p~! denotes a dominant
representative of the inverse of p.

3.2. The Fargues-Fontaine curve. The goal of this subsection is to define the
(adic) Fargues-Fontaine curve, and discuss some of its properties. For this, we start
with some background on the curve as in [FF14] and [Weil4], and then compare
with constructions of Kedlaya and Liu [KL15].

Let F be a (Em\plete algebraically closed nonarchimedean field of characteristic

p, eg. F = F,((t)). Let Op C F be its ring of integers, i.e. the subring of
powerbounded elements. Fix w € F with 0 < |w| < 1; different choices will give



26 A. CARATANI AND P. SCHOLZE

rise to the same objects. First, we define the Fargues-Fontaine curve as an adic
space. Let

y(O,oo) = Spa(W(OF)a W(OF)) \ (p[W} = 0) )
where W (OF) is endowed with the (p, [e0])-adic topology. As in [Weild], this space
admits a natural continuous map
a: Vo,00) = (0,00) ,
sending any point x € Y(g,c0) to

oy - lll=l@)

log |p(7)]
where 7 is the maximal generalization of x, which corresponds to a continuous rank-
1-valuation on W(Op) taking nonzero values on [w] and p. For any interval I C
(0,00), we let Y1 C Y(9,00) be the interior of a~!(I). In the following proposition,
we use some terminology from [SW13].

€ (0,00) ,

Proposition 3.2.1. For any closed interval I = [s,r] C (0,00) with r,s € Q, the
space
= SpaR) R

is a sheafy affinoid adic space, where RB?’T]HF is the p-adic completion of the integral

closure of

inside W (OF) [ P [wl/s]} [1/p], and R[;’T] = REI?’T]""[l/p]. More precisely, R[Iﬁ’r]

[wl/r] bl D
is preperfectoid in the sense that RE?’T] ®@pK is a perfectoid K-algebra for any per-
fectoid field K/Q,.

In particular, Yio,o0) i an honest adic space.
Proof. The identification
Vi = Spa(RE", RETTT)

follows from the definitions. By [KL15, Theorem 3.7.4], it is enough to show that
R[;’T] is preperfectoid, for which cf. [KL15, Theorem 5.3.9]. One can also argue
as follows. Let K/Q, be any perfectoid field. We can consider the auxiliary space
Z = Spa(W(Op)[1/p], W(OF)), where we endow W (Or) with the p-adic topology.
As on V0,0, P is topologically nilpotent, one gets a map V(g o) — 2, which is an
open embedding, and one can thus consider ); as a rational subset of Z. As the
base change of Z to K is perfectoid, or more precisely W(OF)®ZpK is a perfectoid
K-algebra, and the property of being a perfectoid K-algebra passes to rational
subsets, one finds that also RE?T] ®QPK is a perfectoid K-algebra. O

The space V(o,o0) has an action of ¢, defined by taking the lift of the Frobenius
on Op. This p-action is properly discontinuous, as can be seen by observing that «
is equivariant with respect to the p-action if one lets ¢ act through multiplication
by p on (0,00). Therefore, the following definition is sensible.

Definition 3.2.2. The adic Fargues-Fontaine curve is given by Xp = y(()’oo)/cpz.
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After defining the scheme version of the curve, we will discuss more precisely in
which sense this is a curve.

Often, we will be in the situation where we start with a complete algebraically
closed nonarchimedean field C' over Q,, and take F' = C?, the tilt of C. In that
case, there is a natural map 6 : W(Op) — O¢, which induces a natural (C, O¢)-
point of Y (g,00), and thus of Ar, which we denote by co € Xr(C,O¢). In fact, oo
is a closed point of Xz with residue field C'. We will denote the inclusion

0o : Spa(C,0¢) — Xp .

The completed local ring of Xr at oo can be identified with the ring of periods
By ¢+ which is the ker §-adic completion of W(O)[1/p], cf. also Definition 2.2.1.

Note that B(}LR’ ¢ is a complete discrete valuation ring, as expected for the completed
local ring of a curve.

There is a close relationship between vector bundles on X and isocrystals. Re-
call that L was defined as W (F,)[1/p]. A choice of an embedding F, — O gives a
structure map Yo,00) — Spa(L,Or). If (V,¢v) is an isocrystal, one can thus pull
it back to a vector bundle on V(g o) With a ¢-linear automorphism; by descent, this
gives a vector bundle on Xr. We denote the resulting functor by V +— (V).

Theorem 3.2.3 ([FF14]). The above composition of functors induces a bijection
between isomorphism classes of isocrystals, and isomorphism classes of vector bun-
dles on Xp.

Remark 3.2.4. In fact, Fargues-Fontaine prove this result for the scheme version
of their curve, which we introduce below. However, by a GAGA result proved
in [KL15] and [Farl5b], this is equivalent to the stated result for the adic curve.

It is important to note that this functor from isocrystals to vector bundles is
not an equivalence of categories; there are nonzero maps between vector bundles of
different slope, in general.

To define a scheme version of the curve, we define a natural line bundle Oy, (1)
on X, which we regard as ample.

Definition 3.2.5. For any d € Z, let Ox,.(d) be the line bundle corresponding to
the isocrystal (L,p~%0).

Remark 3.2.6. This construction induces a map Z — Pic Xr. It follows from
Theorem 3.2.3 that this is an isomorphism. Using this identification, one can define
the degree of any vector bundle on Xz by looking at the determinant line bundle.
This gives rise to a notion of slopes of vector bundles, and a Harder-Narasimhan
filtration. We warn the reader that if an isocrystal V is sent to the vector bundle
E(V), then the slopes of V' and £(V') differ by a sign.

Now we define a scheme
Xr = Proj (@donO (XF, OXF (d))) .

There is a natural map of locally ringed topological spaces Xr — Xp. In particular,
there is a natural functor from vector bundles on Xr to vector bundles on Xf.
This functor is an equivalence of categories, cf. [KL15] and [Farl5b]. The following
theorem summarizes some of the properties of Xp.

Theorem 3.2.7 ([FF14]). The scheme Xp is a regular, noetherian scheme of Krull
dimension 1 with field of constants Q,. All residue fields of X at closed points
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are algebraically closed complete extensions C' of Q, with C® = F. For any closed
point x € Xp, X\ {z} is the spectrum of a principal ideal domain.

Fargues, [Farl5a], has recently extended the classification of vector bundles to a
classification of G-bundles for any reductive group G over Q,. As it is technically
easiest for us to do so, we define G-bundles on X (or Xr) using the Tannakian
perspective.

Definition 3.2.8. A G-bundle on Xp (or Xr) is an exact tensor functor

Repg, G — Bunx, = Buny, .

Using the functor from isocrystals over I_Fp to vector bundles on the Fargues-
Fontaine curve, we get a natural functor from isocrystals with G-structure to G-
bundles on Xr. We denote this functor by b +— &,.

Theorem 3.2.9 ([Farl5a]). The functor from isocrystals with G-structure to G-
bundles on X induces a bijection on isomorphism classes.

In other words, any G-bundle on X is isomorphic to &, for a unique b € B(G).

Next, we discuss the relationship between vector bundles on the Fargues-Fontaine
curve and p-modules over the Robba ring. The Robba ring is the ring of functions
defined on a small unspecified annulus g, ):

Definition 3.2.10. The Robba ring is the direct limit
ﬁ'F = h_n} Ho(y(oﬂ“]’ Oy((),'r‘] ) -
T

One can make this more explicit, cf. [KL15, Definition 4.2.2]. The space of global
sections Ry, = H O()}(Oyr] , Oy) can be identified with the inverse limit of the Banach

algebras ﬁ;’r] as s runs over (0, 7], and thus acquires a structure of Fréchet algebra.

Let

W(Op) <L> =3 lealp” [ en € @ Op, cam™” = 0

(]t =

Then R} can also be described as the Fréchet completion of

o {ighe) ] -{ 5 e e oo}

n>—oo
along the norms max,,{|c,@™*|} for s € (0,r]. When 7/ < r, there is a natural
inclusion map Ry — RTFI coming from restriction of global sections. The -action
on Y(,00) sends Vs ;) isomorphically to Vs pr) and V(o] isomorphically to YV pr)-
Therefore, ¢ induces isomorphisms 7%[;,7’] = 7%52/ Pr/Pl and 7@} = 7@;/ P and thus
an automorphism of Rp.

We note that the Robba ring is the ring of functions defined on some small punc-
tured disc of unspecified radius around the point Spa(F, Or) of Spa(W (Or), W(OFr)).

Definition 3.2.11. A ¢-module over Ry is a finite projective Rp-module M
equipped with a p-linear automorphism.

Remark 3.2.12. As :IiF is a Bézout domain, cf. [KL15, Lemma 4.2.6], any ¢-module
M is finite free as R p-module.
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Theorem 3.2.13 ([KL15, Theorem 6.3.12]). There is an equivalence of categories
{Vector bundles on Xp} ~ {gp—modules over 7~€F} .

The proof is based on the observation that any g-module over Rp is defined
over 7%} for 7 small enough. This can be turned into a ¢-module over Yo ], and
then be spread to a ¢-module over all of Vg ) via pullback under Frobenius. By
descent, this gives a vector bundle over Xp.

3.3. The relative Fargues-Fontaine curve. In this subsection, we extend the
constructions to the relative setting. Here, our basic input will be a perfectoid
affinoid algebra (R, RT) of characteristic p.!? Let @ be a pseudouniformizer of R.
Define

Yio,00) (R, RT) = Spa(W(R"), W(R)) \ (p[w] = 0) .
Many constructions carry over to this relative situation. In particular, there is still
a continuous map

a )i(oyoo) (R, R+) — (0, OO)

defined in the same way. Again, we let V;(R,R") C Y,0)(R, R") denote the
interior of the preimage a~1(I), for any interval I C (0,00). Proposition 3.2.1
extends to the relative setting.

Proposition 3.3.1. For any closed interval I = [s,r] C (0,00) with r,s € Q, the
space
Vi(R, RY) = Spa(Ryy", RIS

is a sheafy affinoid adic space, where Rg’gf is the p-adic completion of the integral

closure of
1/3}
W(R* p_ =7
lErts
} [1/p], and 'R[I;’T] = R[é’gf[l/p].u More precisely,

inside W(R™T) { p_ =

[ml/r] 9 D
R[};’T] is preperfectoid in the sense that RB};’T]®QPK is a perfectoid K-algebra for
any perfectoid field K/Q,.

In particular, Y00\ (R, RT) = U; Yi(R, R") is an honest adic space.
Proof. The same arguments as for Proposition 3.2.1 apply. O
Again, there is a totally discontinuous action ¢ of Frobenius.

Definition 3.3.2. The relative Fargues-Fontaine curve X (R, R") is the quotient
y(O,oo) (R7 RJF)/SDZ

As before, there is a line bundle Oy (g,g+)(d) for any d € Z, and one can form
the scheme

X(R) = Proj (®4>0H" (X(R,R"), Ox(p,p+)(d))) .1
This comes with a map of locally ringed topological spaces X (R, RT) — X (R), and
one has a relative GAGA result.

10We will not fix a perfectoid base field inside R, although one can always find one.
110ne can check that Rg'r] depends only on R, and not on RT.
12As notation suggests, this does not depend on Rt.
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Theorem 3.3.3 ([KL15, Theorem 8.7.7]). The pullback functor from vector bundles
on X (R) to vector bundles on X(R, RT) is an equivalence of categories.

Moreover, we can define R, as the inverse limit of the Banach algebras 7@[};,@
as s runs over (0,7] and the relative Robba ring Rp as the direct limit of the
Fréchet algebras 7@% over r > 0. Again, a p-module over R is a finite projective
R p-module M equipped with a ¢-linear automorphism.

Theorem 3.3.4 ([KL15, Theorems 6.3.12, 8.7.7]). There is an equivalence of cat-
egories
{Vector bundles on X (R, R*)} ~ {gpfmodules over 7@3} .

3.4. The mixed characteristic affine Grassmannian. Our goal in this section
is to construct an isomorphism between the flag variety ¢, and the Schubert cell
corresponding to p in the B;R—Grassmannian for G, assuming that p is minuscule.
This is an analogue of a classical statement about the usual affine Grassmannian.

Throughout this section, G is a connected reductive group over Q,. First, we
define the version of the affine Grassmannian that we will consider. Let (R, R")
a perfectoid affinoid algebra over Q,, in the sense of [KL15, Definition 3.6.1}.13
One has the surjective map 6 : W(RH) — RT, whose kernel is generated by a
non-zerodivisor & € W(R"). Then IB%IR, g is defined as the &-adic completion of
W(R**)[1/p], and Bar,r = BXR,R[fil]' We note that, as notation suggests, these
rings are independent of the choice of RT.

Definition 3.4.1. Let Grg;rR be the functor associating to any perfectoid affi-
noid Qp-algebra (R, R*") the set of G-torsors over Spec IB%A’R,R trivialized over
Spec Bar,r, up to isomorphism.

We refer to [Weil4] for a more thorough discussion of this object, in the case
G =GL,.

If (R,RT) = (K,K™") where K is a perfectoid field, then B&LR‘K is a complete
discrete valuation ring, abstractly isomorphic to K[[¢]]. In that case, one sees that

;
Gre™™ (I, K) = G(Ban.x) /(B i

In particular, assume that K = C is algebraically closed, and fix an embedding
Qp — C. Then, using the Cartan decomposition

GBarc)= ||  GBire)u©)CBR )

LEX+(G)dom

(where the induced embedding Q, — IB%IRA’C is used to define p(&) for a cocharacter
p: G — Gg, ), we can associate an element of y(z) € X.(G)dom to any point of

x € Grg:R(C, O¢). This is the decomposition into Schubert cells.!4

Now, we fix a conjugacy class p of cocharacters G,, — Gq,, defined over E.
In the following, we assume that R is an E-algebra. Any choice of representative
p: Gy — Gg, in this conjugacy class determines an ascending filtration File (1)
on Repg, G, where Fil, (1) is the direct sum of all subspaces where p1 acts through

13If R contains a perfectoid field, this agrees with the definition of [Sch12a], and this case
would suffice for our discussion here.
14We have inserted a slightly nonstandard sign in p(¢)~1.
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weights m’ > —m.'® Let % ,/F be the rigid-analytic flag variety parametrizing
all such filtrations. The choice of p identifies #q,, = G/P,, where P, C G is the
stabilizer of File(pt).

+ +
Definition 3.4.2. Let Grgdﬁ C Grg“R ®q, E be the subfunctor sending a perfectoid

affinoid E-algebra (R, RT) to the set of those G-torsors over Spec B:R,R trivialized
over Spec Bar,r whose relative position p(x) is given by u, for all x € Spa(R, RT).

Proposition 3.4.3. There is a natural Bialynicki-Birula map
B+
TG, - GI"G?;{ — yégw s
where we regard Flq ,, as a functor on perfectoid affinoid E-algebras.

Proof. By the Tannakian formalism, it is enough to prove this result in the case

G = GL,,. In that case, write u = (k1,...,kn) as a tuple of n integers, ky > ko >
+

... > k,. The functor Grg‘ﬂ parametrizes IBS(TR g-lattices A C Bjjy p, i.e. finite

projective submodules such that A[1/¢] = Bfjg . Any such lattice gives rise to a
filtration on R™ by setting

Fil,,R" = ((IB%:YR#R)” n f_mA)/((SB:er,R)n NETMA) .

Using the fact that a finitely generated R-module M for which dimg () M ®pC(x) is
the same for all = Spa(C(z), O¢(y)) — Spa(R, RT) is finite projective, cf. [KL15,
Proposition 2.8.4], one verifies that R™/Fil,, R™ is a finite projective R-module for
any m.

Note that Fil¢ R™ is an increasing filtration, where the rank of Fil,, R is given
by the largest ¢ such that k; > —m. The same type of filtrations is parametrized
by F#lq,,, as desired. O

Lemma 3.4.4. Assume that u is minuscule, and that (R, R") = (K, K™*), where
K/E is a perfectoid field. Then
n
G Groot (K, K+) — Pl (K, K
is a bijection.

Proof. Recall that IB%CTR « is a complete discrete valuation ring with residue field K.

By the Cohen structure theorem, we may choose an isomorphism IB%:{R’ x = KJ[[€]].
This identifies

B+
Grgii (K, KT) = G(K((€)))/G(K[[¢]])
and the Bialynicki-Birula morphism becomes the Bialynicki-Birula morphism for

the usual affine Grassmannian for G/Q,. This is known to be an isomorphism,
cf. e.g. [NPO1, Lemme 6.2]. O

Theorem 3.4.5. Assume that u is minuscule. Then the Bialynicki-Birula mor-
phism

BT
TG, * GTG?E — fffcﬂu

s an isomorphism.

150ne reason the minus sign appears here is for consistenty with the global definitions, where
type (p, q) refers to characters z — z Pz~ 9.
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Proof. In the proof, we will use the Tannakian formalism. This interprets GrgIR as
the associations mapping any V € Rep G to a lattice Ay C V ® Bgr, compatibly
with tensor products and short exact sequences.

First, let us check injectivity of mg . Thus, take two (R, R)-valued points

T,y € GerR(R R™) which are sent to the same point of F#¢ ,,. We have to show
that the correspondmg lattices Ay, Ay, agree for all V' € Rep G. But at any
point z € Spa(R, RT) with completed residue field K (z), Lemma 3.4.4 implies that

+ — +
AV’Z ®BIR,,R BdeK(Z) - AV’y ®BIR,,R BdR,K(z) ’

One concludes that Ay, = Ay,, by applying the following lemma to all elements
of Ay, and Ay,y.

Lemma 3.4.6. Let A be a finite projective IB%;{'R p-module, and a € A®p+  Bar r
s dR,R :

any element. Assume that for all z € Spa(R, RT) with completed residue field K (z),
a€A®g:  Bip g, Thena€ A
dR,R ’

Proof. We may choose m > 0 minimal such that a € £7™A, and assume m > 0
for contradiction. Then a induces a nonzero element @ of the finite projective R-
module £~™A/¢~™+LA. By assumption, the specialization of @ to K (z) vanishes
for all 2z € Spa(R, RT). But an element of R vanishing at all points of Spa(R, R)
is trivial, as R is reduced. O

Now, to prove surjectivity, we first observe that GrgIR is in fact a sheaf for
the pro-étale topology used in [S(;hl?;c}.16 More precisely, we allow covers ¥ =
Spa(S,St) — X = Spa(R, R") which can be written as a composite Y — Yy — X,
where Y — Yj is an inverse limit of finite étale surjective maps, and Yy — X is
étale. This pro-étale topology of perfectoid spaces is defined in [KL15, §9.2]. The
descent result we need is [KL15, Theorem 9.2.15]. Indeed, using the Tannakian
formalism, it is enough to prove that one can glue finite projective IB%IR_ r-modules
in the pro-étale topology. As IB%IR’ r is &-adically complete with £ a non-zerodivisor
and IB%IR’ r/§ = R, a standard argument reduces us to gluing finite projective R-
modules, which is precisely [KL15, Theorem 9.2.15].

Thus, we see that it is enough to construct, for any representation V of G, a IB%CTR—
local system My C V ® Bgr on the pro-étale site of Fq ,,, compatibly with tensor
products and short exact sequences, which maps to the correct filtration under the
Bialynicki-Birula morphism. Indeed, by pullback, this will induce a similar B, aR-
local system on the pro-étale site of Spa(R,R*) for any (R, R1)- valued point of

Flc, ., which by the descent result above gives an (R, RT)-point of GrG(‘R

Now note that any representation V' of G gives rise to a filtered module Wlth inte-
grable connection (V ® Oz, ,,id® V,Fil_,), where Fil, is the universal ascending
filtration parametrized by F¢,, (so that Fil_, is a descending filtration). Because
4 is minuscule, this filtered module with integrable connection satisfies Griffiths
transversality (with the same proof as in the complex case, cf. [Del79, Proposi-
tion 1.1.14]). Now [Sch13c, Proposition 7.9] constructs a corresponding Bj;-local
system My C V ® Bqr on the pro-étale site of Fq ,, and this constructlon is
compatible with tensor products and short exact sequences. One verifies that the
induced filtration is correct, finishing the proof. O

1614 is also a sheaf for stronger topologies as used in [Weil4], but we do not need this here.
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3.5. Vector bundles over X and the Newton stratification. The goal of
this subsection is to define the Newton stratification on F#g,,, where G/Q, is a
reductive group, and pu is a conjugacy class of minuscule cocharacters, defined over
the reflex field E. The idea is that, given a (C, O¢)-point of Fg , = Grg%‘j, one
can modify the trivial G-bundle over X» along oo to obtain a new G-bundle over
Xe», and therefore (by Fargues’ theorem) an element of B(G).

Fix any perfectoid affinoid (R, RT) over Q,. We recall how to construct a vector
bundle over X(R’, R°*) from a BIR’R—lattice in Biig - First note that, by GAGA
for the curve, it is enough to define a vector bundle on a scheme version X (R?) of
X(R’,R*%). Let Z be the image of the canonical closed immersion

i : Spec R — X (R’) .

Then Spec BQ’RR is the completion of X(Rb) along Z. Moreover, Spec Byr, g can
be identified with the fiber product of Spec IBIR’ r and the complement of Z over
X(R).

Theorem 3.5.1 ([KL15, Theorem 8.9.6]). There is an equivalence between the
category of vector bundles over X (R’) (or over X(R’, R°t)) and the category of
triples (M1, Ma, 1), where My is a vector bundle on X (R*)\Z, My is a vector bundle
over Spec By . and v is an isomorphism between M |spec Ban p and Ma|Spec Bag n -
This equivaleﬁce is compatible with tensor products and short exact sequences.

In particular, one gets a functor from IB%Q'R’ p-lattices in By by gluing it to the
trivial rank n vector bundle on X (R’)\ Z.

Corollary 3.5.2. For any perfectoid affinoid Q,-algebra (R, R™), there is a natural
map

+
E: Grng(R7 R*") — {G—bundles over X(R’, R°*)} .

Proof. If G = GL,, this follows from the discussion above. In general, it follows
from the Tannakian formalism. O

In particular, consider the case where (R, R") = (C,O¢), with C/Q, complete
and algebraically closed, and O¢ C C' its ring of integers; moreover, fix an embed-
ding Q, <+ C. Using Fargues’ classification of G-bundles, Theorem 3.2.9, one gets
a composite map

b(-) : GrEaR(C,0¢) = B(G) : @ — b(€(x))

classifying the isomorphism class of the associated G-bundle &£(x). We will need to
know the following compatibility between p and b.

Proposition 3.5.3. Let G be any reductive group over Q,, and p any conjugacy
+
class of cocharacters (not necessarily minuscule). For any x € Grgd“(C, Oc¢) with

iy
b=b(&(x)), one has b € B(G,u™1).

Proof. Unraveling the definition of B(G, u~1), we have to prove two separate state-
ments. The first statement is v, < p~1 as elements of (X.(G) ® Q)L . This
reduces to the case of G = GL,, by [RR96, Lemma 2.2]. In that case, the statement
is the following.
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Lemma 3.5.4. Let £ be a vector bundle of rank n over X, together with a
trivialization outside the point co. Its relative position from the trivial bundle on
Xeo s measured by a cocharacter u(€) of GLy,. Let vg € (X.(GLy,)®Q)dom be the
Newton polygon of £, with slopes {\; | € = @, Ox_, (\i)}. One has the inequality

ve 2 ,U'(g) )
i.e. “The Newton polygon of £ lies above its Hodge polygon”.'”

Proof. We adapt the original argument in [Kat79]. By considering exterior powers
of vector bundles, it suffices to check that

(1) the Newton and Hodge slopes match for the top exterior power of £, and
(2) the first slope of the Newton polygon of £ always lies above the first slope
of the Hodge polygon of &£.

The fact that the Hodge and Newton slopes match in the case of line bundles
on Xrp ¢ is a direct verification: The modification £ is given by the lattice £ ®o.,,
IBCTRC = ¢ 9Bgg ¢ for a unique d € Z, and in fact u(€) = d € X.(GL1) = Z in our
normalization. The resulting line bundle is given by O+ (d), which is of slope d, as
desired.

For the second part, up to twisting, we may assume that the first slope of the
Hodge polygon is 0, in particular all Hodge slopes are nonnegative. This implies
that

(Birc)" C€ ®ox_, Bir.c -
This, in turn, implies that the trivialization of & away from oo extends to an
injection Og‘(cb — £. We have to show that all slopes of £ are nonnegative, so
assume for contradiction that there is a quotient & — Ox_, (M) with A < 0. This
induces a nonzero map O}Cb - Ox,, (M). On the other hand, there are no nonzero
maps Ox_, = Ox_, (\) by [FF14]. O

The other part of the condition b € B(G, 1) concerns the Kottwitz map, and
is given by the following lemma.

.
Lemma 3.5.5. The composition Grgf‘;‘(C’, Oc) — B(G) % m1(G)r is constant,
b

and equal to —p’°.
Proof. We note that the map in question is functorial in (G, ). We first reduce to
the case where G has simply connected derived group by making a central extension
G — G (cf. [Kot85, 5.6]); picking any lift /i of u, the resulting map
B Bl
ré,ﬁ (C’7 Oc) — GrG (C, Oc)

"

is surjective, as follows from the Cartan decomposition, so it is enough to prove the
result for (G, fi).

Now if G has simply connected derived group G9°7, then T = G//G9°" is a torus
for which m (G)r — 71 (T)r is an isomorphism; thus, we are reduced to the case of
a torus.

17We remind the reader that the correspondence between isocrystals and vector bundles on
X reverses slopes, so that this statement translates into b(€)~! € B(GLn,u(€)), which is
equivalent to b(€) € B(GLn,u(E)~1).
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If G =T is a torus, we may find a surjection T — T, where T is a product of
induced tori Resg /g, Gm. Arguing as before, we are reduced to the case of T', and

then to the case ' = Resg/q,Gm. In that case, m1(T)r = Z (cf. [Kot85, Lemma
2.2]), which is torsion-free, so it is enough to identify the image in m(G,,) = Z
under the norm map Normg/q, : T — G,,. Finally, we are reduced to the case
G = Gy, which is part of Lemma 3.5.4. O

O

Now fix a minuscule i as above, defined over E. The inverse of the isomorphism
ma,, in Theorem 3.4.5 gives rise to a composition

.
E: P, (R,RY) = Grgf}g(m R*) — {G—bundles over X(R’, R°*)} .
Definition 3.5.6. The map
| Zle ] — B(G)

sends any (C,C™)-valued point x € F ,(C,CY), where C is a complete alge-
braically closed extension of E and Ct C C is an open and bounded valuation
subring, to the isomorphism class of the associated G-bundle E(x), which by Theo-
rem 3.2.9 is given by an element of B(G).

For any b € B(G), we let ffﬁ}é,u C Hlg,, be the subset of all points with image
b.

One easily checks that this map is well-defined as a map on |Fg |, ie. is
independent of the choice of complete algebraically closed extension of the residue
field at any point. We remark that by definition a higher rank point has the same
image as its maximal, rank 1, generalization, and therefore the map factors over the
maximal hausdorff quotient of |.%¢¢ .|, which can be identified with the topological
space ﬂﬁg‘ff}‘ underlying the corresponding Berkovich space.

Proposition 3.5.7. (1) The map b(-) : |Flc,u| = B(G) is lower semicontin-
uous.
(2) The image of the map b(-) : |Fg, .| — B(G) is contained in the set of
u~t-admissible elements B(G, ™).

Remark 3.5.8. In [Raplb, Proposition A.9], based on the discussion here, it is
proved that in fact the image of |#q | — B(G, 1) is all of B(G, p™1).

Proof. The second part follows from Proposition 3.5.3 above. For the first part,
by the definition of the partial ordering on B(G), and the fact that the Kottwitz
map is constant by the second part, it remains to prove semicontinuity of the
Newton map. We may pick an affinoid perfectoid space Spa(R, RT) with a map
to Flg,, which is a topological quotient map, by using a pro-étale cover. It is
then enough to show that the composite map |Spa(R, RT)| — | % .| — B(G) is
lower semicontinuous. But semicontinuity of the Newton map can be checked on
representations of G (cf. [RR96, Lemma 2.2]), so pick a representation of G. We
get a corresponding vector bundle over X (Rb, R"'*'). Now, the result follows from
Theorem 7.4.5 of [KL15], using Corollary 3.3.4. O
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Corollary 3.5.9. The strata ffﬂbG# are locally closed in Flg,,. More precisely,
the stratum corresponding to the basic element is open in Fg,,, and the strata
=b . _ b
TG, = | | 7,
b=b’

are closed.

Proof. This follows immediately from Proposition 3.5.7. O
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4. THE GEOMETRY OF NEWTON STRATA AND IGUSA VARIETIES

In this section, we will return to the global setup, but will in addition assume
that the Shimura datum (G, X) is of PEL type, and has good reduction at p. This
means that they will admit smooth integral models which are moduli spaces of
abelian varieties equipped with polarizations, endomorphisms and level structure.
Our goal is to understand the fibers of the Hodge-Tate period map

THT - SKp — gzécw

defined in Theorem 2.1.3 in terms of the Igusa varieties introduced by Manto-
van, [Man05].

We start with some preliminaries on p-divisible groups, which recall material
from [SW13] as well as a construction of Chai and Oort. We then express the
Newton strata in Skr in terms of Rapoport-Zink spaces and Igusa varieties, in the
spirit of [Man05].

4.1. Preliminaries on p-divisible groups. We recall the notions of Tate module
and universal cover of a p-divisible group as used in [SW13], together with some of
their properties. Let Nilp be the category of Z,-algebras on which p is nilpotent.
If R is a p-adically complete Z,-algebra, let Nilp be the opposite category to
the category of R-algebras on which p is nilpotent. A p-divisible group G can be
thought of as an fpqc sheaf on Nilp® sending an R-algebra S to h_n)lg[p”](S).

Definition 4.1.1. (1) The fpge sheaf T,(G)(S) = lim G[p"](S) on Nilpy s
called the (integral) Tate module of G.
(2) j}hé fpqc sheaf G(S) = I'an;gﬂg G(S) on Nilp® is called the universal cover
of G.

We note that T,(G) is a sheaf of Z,-modules, while G = T,(G)[1/p] is a sheaf of
Qp-vector spaces. We can canonically identify

T, = #om(Qy,/Zy,G),G = H#om(Qp/Zy, G)[1/p).

Proposition 4.1.2. (1) If G is connected, then it is representable by an affine
formal scheme with finitely generated ideal of definition. If Lie G is free of
dimension r then

g =~ Spf R[[‘rla cee 7$TH'

(2) If p: Gi — G2 is an isogeny, then the induced morphism p : Gi — Gy is an
isomorphism.

(3) If R is perfect of characteristic p, G is connected and Lie G is free of di-
mension r then

G ~ Spf R[[z\/*7, ... al/P7)).

(4) If R is perfect of characteristic p, G is connected and Lie G is free of di-
mension r then

T,G ~ Spec R[jz1/?" ..., a}/*™))/(a1, ... z,).

Proof. The first part is proved in [Mes72]. The remaining results are proved
in [SW13]: the second and third parts in Proposition 3.1.3 and the fourth part
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follows from the first part, the third part and the short exact sequence of sheaves
on Nilp® given by i

0—-T,6 -G—G—0.
(This short exact sequence is a restatement of Proposition 3.3.1 of [SW13] in the
case when § is connected: the Tate module is the closed subfunctor of G given by
pullback along the natural map G — G - projection onto the last coordinate - from
the zero section in G.) O

The universal vector extension EG of G is a crystal on the nilpotent crystalline
site of R defined in [Mes72]. Its Lie algebra Lie EG can be made into a crystal on
the crystalline site of R by [BBMS82], which we will denote by M(G).

If G is a p-divisible group over F,, the Dieudonné module D(G) is obtained by
evaluating the crystal M(G) on the PD thickening W (F,) — F,. Then D(G)[1/p] is
an isocrystal over L, as defined in Section 4. Here, the Frobenius ¢g on D(G)[1/p]
satisfies

D(G) € wg(D(G)) C p~'D(G) ,
and pyg is the Frobenius usually considered.’® We will call a p-divisible group G
over [, isoclinic if the corresponding isocrystal has only one slope. If this slope is
given by —A, we say that G is isoclinic of slope A, so that p,e is isoclinic of slope
1.

Given a p-divisible group G over F,, we can use the isocrystal D(G)[1/p] to con-
struct a vector bundle £(G) over the Fargues-Fontaine curve X, for any complete
algebraically closed nonarchimedean field F' O F,,.

Ezxample 4.1.3. If G = Qp/Z,, then D(G) = L with pg = o, and £(G) = Ou,. If
G = iy, then D(G) = L with pg = p~lo, and £(G) = Ox.(1).

On the other hand, one can use the schematic version of the Fargues-Fontaine
curve to build a vector bundle corresponding to a p-divisible group over O¢/p,
where C' is any complete algebraically closed extension of Q, with ring of integers
Oc¢/p. Define Agis to be the p-adic completion of the PD envelope of the surjection
W(0%) - Oc/p and Bl = Aeis[l/p]. If G is a p-divisible group over the
semiperfect ring O¢ /p, then its Dieudonné module is a finite projective A¢is-module
M(G) obtained by evaluating M(G) on the PD thickening Aeis — Oc¢/p. Then
M (G)[1/p] is a B, -module equipped with a Frobenius-semilinear map ¢g. Recall,
cf. [FF14], that the schematic Fargues-Fontaine curve can also be defined as

_d
Xc» = Proj <€Dd20 (B;rris)v’fp ) .

We associate to G the vector bundle F(G) on X» corresponding to the graded
module

Sazo (M(G)[1/p))*~"".

Theorem 4.1.4. (1) For any p-divisible group G over Oc/p, there exists a
p-divisible group H over IF, and a quasi-isogeny

p:/HXFpOc/p—}g
181f one uses the usual Frobenius on contravariant Dieudonné theory, then our convention

corresponds to defining covariant Dieudonné theory as the literal dual of contravariant Dieudonné
theory, i.e. without a Tate twist.
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(2) The functor G — E(G) from p-divisible groups over Oc/p up to isogeny
to vector bundles on Xc» is fully faithful, with essential image the vector
bundles whose slopes are all between 0 and 1.

(3) Let G be a p-divisible group over F,. Then GAGA for the curve identifies

E(G) with E(G).
Proof. The first two parts are Theorem 5.1.4 of [SW13]. The last part is clear. O

We now specialize to p-divisible groups over a perfect field k. (Since every
p-divisible group over O¢/p is quasi-isogenous to one defined over IFP, if we are
interested in understanding quasi-self-isogenies, it is enough to restrict to this case.)
Let G, G’ be two isoclinic p-divisible groups over k. Our goal is to define an “internal

Hom” p-divisible group Hg g/ over k satisfying the following two properties:

(1) The Tate module T},(Hg,g') can be identified with the sheaf #om(G,G").
(2) The Dieudonné module D(Hg,g/)[1/p] is equal to

Hom(D(G)[1/p], D(G")[1/p)=",

where the latter denotes the internal homomorphism in Dieudonné modules,
and we are taking the slope < 0-part.

In a talk of C.-L. Chai at the Faltings conference 2014, we learnt that a p-divisible
group satisfying these properties has been defined by Chai and Oort. We explain
their construction below.

We define Hg g/ as an inductive system of finite group schemes. For each n > 1
consider the commutative group schemes of finite type over k defined as

Hy = Hom(G[p"],G'[p™])-
For m > n, there are natural restriction maps
Tmm @ Hm — Hn
which restrict a homomorphism G[p™] — G’'[p™] to G[p"] C G[p™]. The kernel

ker r;, n C Hop is a closed subgroup scheme. As we are working over a field, one

can form the qoutient H%m) = Hu/ker rp pn, which is a subgroup scheme of H,,.
As m increases, they form a descending chain.

Lemma 4.1.5. The subgroup scheme H%m) stabilizes for m > 0; let H| = %m)
for m sufficiently large. Then H,, is a finite group scheme over k.

Proof. We may assume that k is algebraically closed. First, we claim that HS”) is
a finite group scheme for m > 0. It is enough to see that H%m)(k) is finite. By
Dieudonné theory, one sees that Hom(G, G’) is a finite free Z,-module, independent
of the algebraically closed field k. In particular, the image Hy(k)oo C Hn (k) of

Hom(G,G") — Hn(k)

is finite, and independent of k. Now the sequence of H,, X1, (Hn \ Hn(k)oo) forms
a cofiltered system of quasicompact schemes with affine transition maps and with
empty inverse limit. It follows that one of the schemes is already empty, showing
that the image of H,, (k) — Hn(k) agrees with the finite set Hp (k) oo-

Now, the 7—[5{") form a decreasing sequence of finite group schemes over k. As
such, they are eventually constant, e.g. by looking at their order. O
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We define ¢, : Hy, — Hpy1 to be the map given by pre-composition with the
multiplication by p map G[p"*+1] — G[p"] followed by composition with the inclusion
g/[pn] N g/[anrl}’

Lemma 4.1.6. The maps tn : Hp — Hpy1 send H;, into H), .. The colimit

H=Hgg =lmH,

is a p-divisible group over k with H[p™] = H,,.

Proof. From the commutation between ¢, and 7y, ,, one infers that ¢, sends H/,
into H;, ;. First, we check that ¢, : H; — H;,,; is injective with image H;, [p"].
Let S be any k-scheme. If f : G[p"]s — G'[p"]s induces the trivial map

" s = Gl")s 5 G'p"s = G s
then f = 0 as the first map is surjective, and the last injective; this proves injectivity
of t,. Now let f : G[p"*t]s — G'[p"*!]s be a map killed by p™, which for any m > n
lifts fppf locally to a map fr, : G[p" s — G'[p™]s. Tt follows that f factors
uniquely as

Glp" s == Glp"ls = G'"s = 9" s
for some g : G[p"] — G'[p"], as f has image in the p"-torsion, and kills p"G[p" 1] =
G[p]. Similarly, any lift f,, : G[p" s — G'[p™ s of f is killed by p™, which
implies that f,,, factors uniquely through a map g, : G[p™] — G'[p™], which neces-
sarily lifts g. This shows that H], = H;, ., [p"].

Moreover, we need to see that p : H, | — H; ., has image H],; by the above, it
follows that the image is contained in H;,; the resulting map H;,, — H;, is in fact
the map 7p4+1,,. By construction of the H/,, the map r,41,, is indeed surjective,
finishing the proof. O

Lemma 4.1.7. The Tate module TyHg g can be identified with the sheaf 7€ 0om(G,G’).

Proof. The Tate module T,Hg g is the inverse limit of Hg g/ [p™] ~ H!, with respect
to the 7,41, maps. This, by definition is the same as the inverse limit of the
projective system of H,’s with respect to the 7,11, maps, which is the sheaf

Hom(G,G). O
Lemma 4.1.8. The Dieudonné module D(Hg g )[1/p] is equal to
Hom(D(G)[1/p], D(G")[1/p])=°,

where Hom(D(G)[1/p], D(G')[1/p]) is the internal homomorphism in Dieudonné
modules, and we are taking the slope < 0-part.

Remark 4.1.9. Note that the statement only depends on G and G’ up to quasi-
isogeny. Chai and Oort prove Lemma 4.1.8 by directly computing the relative
Frobenius on Hg g/ in terms of the relative Frobenius on conveniently chosen G and
G'. We give a different proof below. Also, Chai-Oort give an integral version of
Lemma 4.1.8.

Proof. Let Hp be a p-divisible group over k with rational Dieudonné module
Hom(D(G)[1/p], D(G")[1/p])=° .

First, we construct a natural map

Hp — Hg.g = A om(G,G)[1/p] .
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In order to construct such a map, it is enough to construct a functorial map on
R-valued points, where R is f-semiperfect in the sense of [SW13, Definition 4.1.2],
as Hg g, like the universal cover of any p-divisible group, is represented by a formal
scheme which is locally of the form Spf S, where S is an inverse limit of f-semiperfect
rings.

Thus, let R be f-semiperfect, with associated B, (R). Then by [SW13, Theorem
A], we have
Hg.o(R) = Homp(G,G')[1/p] = Homp: () _(D(G) ® BL(R), D(G') © B (R))

cris cris

= (Hom(D(G)[1/p], D(G")[1/p]) ® BL, (R))*=",
and

cris

Hp(R) = Homr(Qy/Zy, Hp)[1/p] = (D(Hp) @ By, (R))*™
= (Hom(D(G)[1/p], D(G")[1/p])=" ® BE;(R))*~

Now the obvious inclusion

Hom(D(G)[1/p], D(G")[1/p))=" € Hom(D(G)[1/p], D(G")[1/p])

induces the desired map Hp — f[g,g/.
To check that this is an isomorphism, it suffices by the same argument to check
on R-valued points, where R is f-semiperfect. Thus, it remains to see that

(Hom(D(G)[1/p], D(G")[1/p)) @B (R)*~" = (Hom(D(G)[1/p], D(G")[1/p) =@ B (R))*~" .

For this, it suffices to see that for any Dieudonné module D with only positive
slopes,

(D® Bl (R)"='=0.

cris

For this, using the Dieudonné-Manin classification, we have to see that there are
no elements & € Aqis(R) with p®p®(2z) = z, where a,b > 0 are positive integers.
Note that ¢ preserves the p-adically complete ring A is(R); on the other hand, the
equation on z implies 2 = p™®@™?(z) for any m > 1, so that = is infinitely divisible

by p, which implies x = 0. O

Corollary 4.1.10. Assume that G and G’ are isoclinic.

(1) If the slope of G is strictly greater than the slope of G', then Hg g vanishes.

(2) If the slopes of G and G’ are equal, then Hg g is an étale p-divisible group.

(3) If the slope of G is strictly less than the slope of G', then Hg g/ is a connected
p-divisible group.

Corollary 4.1.11. If G and G’ are isoclinic and the slope of G is strictly less
than the slope of G' and Hg,g' has dimension r, then the sheaf #om(G,G') is
representable by the scheme

Spec kllzy/"" .. aPT) /(s )

Proof. This follows from Proposition 4.1.2 and Corollary 4.1.10. O
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4.2. Rapoport-Zink spaces of PEL type. In this section, we introduce the
Rapoport-Zink spaces of PEL type that we will consider, and recall some of the
results we will need. In close analogy to the EL case treated in [SW13], we de-
fine a local avatar of the Hodge-Tate period morphism, mapping the infinite-level
Rapoport-Zink space to Fg .

We first introduce PEL structures, as in [RZ96], with several simplifying as-
sumptions that will be verified in the global case that we want to consider. Fix a
finite-dimensional, semisimple algebra B over QQ),, endowed with an anti-involution
*, and a finite left B-module V' equipped with an alternating bilinear form

():V®q,V—Q

such that (bv,w) = (v,b*w) for all v,w € V, b € B. The data so far define an
algebraic group G over Q,, whose values over a QQ,-algebra R are

G(R) = {(9:¢) € GLper(V @ R) x R* | (gv, gw) = c(v,w)} .

We refer to ¢ : G — G, as the multiplier character of G. We make the gen-
eral assumption that G is connected, which amounts to excluding type D in the
classification.

Moreover, we assume that the data are unramified. More precisely, we assume
that B is a product of matrix algebras over unramified extensions of Q,, and admits
a *-stable maximal Z,-order Op C B, which we fix. Moreover, we assume that there
is an Op-stable lattice A C V, which is self-dual under (-,-); again, we fix such a
lattice A. These data define a reductive group Gz, over Z, via

G(R) = {(9:A) € GLoger(A ® R) x R* | (gv, gw) = A(v,w)} .

Now also fix a conjugacy class of cocharacters p : G, — Gg, such that in the

induced weight decomposition of Vg , only weights 0 and 1 appear,

Vo, =Vo@ Vi,
and Aoy : G, = Gy, is the identity morphism. This implies, in particular, that the
subspaces Vp and V; are totally isotropic. We let E/Q, be the field of definition of
u. Finally, we fix an element b € G(L), satisfying the compatibility b € B(G, u™1).
Set £ :=F - L.

Note that the condition b € B(G, 1) together with the condition on the weights
of p on V imply that the slopes of b on V are in [—1,0]. In particular, in our (non-
standard) normalization of the covariant Dieudonné module, there is a p-divisible
group X; over Fp whose rational Dieudonné module is given by

(V ®q, L,b(id® o)) ;

then X, is uniquely determined up to isogeny, and its universal cover X, is uniquely
determined. By functoriality, X, is equipped with an action ¢ : B — End(gb) and
with a symmetric polarization (i.e. an anti-symmetric quasi-isogeny to its dual),
with induced Rosati involution being compatible with % on B.

Write D = (B, *,V, (-,-), b, u) for the rational data and D"t = (O, *, A, (-, -), b, 1)
for the integral data.

Definition 4.2.1. The Rapoport-Zink space Mpin of PEL type associated to D™ is
the functor on Nilp?gpé sending an (’)Eo—algebm R to the set of isomorphism classes

of pairs (G, p), where G is a p-divisible group over R equipped with an action of
Op and a principal polarization whose induced Rosati involution is compatible with
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x on Op, such that the Op-action satisfies the determinant condition (see 3.23
in [RZ96] for a precise formulation), and

p: X, prR/pangR/p

s a quasi-isogeny compatible with the Op-action and the polarization, up to an
automorphism of fipe r/p-

The following combines Theorem 3.25 and §3.82 of [RZ96]. In our unramified
situation, and excluding type D, we may allow p = 2.

Theorem 4.2.2. The functor Mpine is representable by a formal scheme which
locally admits a finitely generated ideal of definition. Moreover, Mpine is formally
smooth.

We let Mpine = (Dﬁpm)?ld be the adic generic fiber associated to the formal
scheme (representing) Mpine. The adic generic fiber is taken in the sense of Section
2 of [SW13]: Proposition 2.2.1 of loc. cit. gives a fully faithful functor

M s omd

from formal schemes over O which locally admit a finitely generated ideal of
definition to adic spaces over Spa(Oz, O), and

9)22‘1 = mad XSpa(OE,(’)E) Spa(E, OE)

Then Mopine agrees with the adic space corresponding to the usual rigid-analytic
generic fibre of Mpine.

For each n > 1, one can define a cover Mpint ,, of Mpine which parametrizes full
level n structures. More precisely, define the compact open subgroups

Ko:={9€G(Q) [ gA = A}
and
K, ={9€Ko|g=1 (mod p")}.

Let Mpiat ,, be the functor on complete affinoid (E (Cpn), O i Cpn))—algebras parametriz-
ing Op-linear maps

A/p" = GIp" 2N (R, RT),
which match the pairing (-,-) on A with the one induced by the polarization on
G[p"]. Here, note that the second pairing takes values in ppn, but using the fixed
primitive p™-th root of unity (y» € E((yn), we can identify p,» = Z/p". Then by

Lemma 5.33 of [RZ96], the Mpiu: ,, are finite étale covers of Mpiu.
We can also define an infinite-level version of these Rapoport-Zink spaces.

Definition 4.2.3. Let Mpint o, be the functor on complete affinoid (E(Cpm), OE’(C oo))-

algebras sending (R, RT) to the set of triples (G, p, o), where (G, p) € Mpi(R, RT)
and

a: A= T,G2(R,RY)

1s a morphism of Op-modules such that the following conditions are satisfied.
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(1) The pairing (-,-) on A matches the pairing on T,G induced by the polariza-
tion. More precisely, the diagram

a®Qo

A®z A T,G2(R, RY) @z, T,G2%(R, R)

<.,,)J l

Ly (Tpﬂpm)%d(Ra RT)

(174177(,727“')

commutes, where the right vertical map is the pairing induced from the
polarization, and the lower map is defined using the fixed p-power roots of
unity in the base field E(Cpeo).

(2) The induced maps

A= T,G34(C,CT),
are isomorphisms, for all geometric points Spa(C,C™T) of Spa(R, RT).

Recall that we have the quasi-logarithm map defined in Section 3 of [SW13], which
induces a map of sheaves on complete affinoid (E, O )-algebras (R, RT):

qlogy, : (X,)3(R,R") = D(X,)[1/p] @1, R.

If (R, RT) = (C,C") is a geometric point, then the image of Tpggd((}, Ct)®z, C
under qlogy, can be identified with (Lie G¥)¥ ® C.

The arguments in Section 6 of [SW13] give the following theorem. (The case
of Rapoport-Zink spaces of EL type is Theorem 6.5.4 of [SW13]. We remark that
[SW13] follows the conventions on b and g in [RZ96], which differ from our conven-
tions here.)

Theorem 4.2.4. The functor Mpmn o, 45 Tepresentable by an adic space over
Spa(E(Cpoo)7 OE(cpoo))' The space Mpint o, is preperfectoid, and

MDincpo ~ @Mpimm.
n

Moreover, there is the following alternate description of Mopint o, which depends
only on the rational data D. The sheaf Mopin: o is the sheafification of the functor
on complete affinoid (Eu'(Cpoo,(’)Ev(Cpm))—algebms sending (R, RT) to the set of B-
linear maps

V = (X,)2(R,RT)
which match the pairing (-,-) on V with the polarization on (Xb)?]d (up to the fized
choice of p-power roots of unity, as above) and which in addition satisfy:
(1) The image of V ®q, R in D(Xp)[1/p) ®rL R is totally isotropic under the
pairing (-,-) induced by the identification D(X;)[1/p] ~V ®q, L.
(2) The quotient W of D(Xp)[1/p] ®1 R by the image of V ®q, R is a finite
projective R-module, which locally on R is isomorphic to V1 @ R as a B®q,

R-module.
(3) For any point Spa(C,C™T) of Spa(R, R™), the sequence

0=V = (X)2(C,CFH) > WarC -0

1s exact.
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Proof. To see that Mpine o, is representable by a preperfectoid space, we will show
that it is a closed subfunctor of the Rapoport-Zink space at infinite level Mo, for
the p-divisible group X3, which is defined in Section 6.3 of [SW13]. Recall that the
space M, only keeps track of deformations of X, without the Op-action or the
polarization. By abuse of notation, let us actually denote by M, the base change
of this space to Spa(E((p=), OE(CPM))'

We claim that the natural (forgetful) map Mpint o, — Mo is a closed em-
bedding. We follow Theorem 3.25 of [RZ96]. Let G be the universal p-divisible
group over M. The conditions that the Op-action and the polarization lift to
quasi-isogenies on G depend only on preserving the Hodge filtration on D(G)[1/p],
by Grothendieck-Messing theory, so these are closed conditions. They correspond
to restricting to a closed subset of the image of the Grothendieck-Messing period
morphism. On the other hand, the condition that a quasi-isogeny be a genuine
isogeny on the adic generic fiber is an open and closed condition. (This follows in
the same way as Proposition 3.3.3 of [SW13], which is the special case of a quasi-
isogeny from the p-divisible group Q,/Z,. In the general case, the key observation
is that {e} < Hom(G[p"], G2[p"])2® is an open and closed embedding when {e}
corresponds to the trivial isogeny and n € Z>1.) Finally, the condition that the
trivialization « of (7, pg)gd be Op-linear and respect the polarization is closed.

The first part of the theorem now follows from Theorem 6.3.4 of [SW13], which
shows that M, is preperfectoid and Proposition 2.3.7 of loc. cit., which shows
that a closed subspace of a preperfectoid space is preperfectoid.

For the second part, let Mp o be the functor defined by the rational data. There

is a natural map of functors Mpint o, = Mp oot For (R, R™) a complete affinoid
algebra over (E(Cpe), OE‘(gpeo))7 let (G, p,®) € Mpint oo(R, RT). The quasi-isogeny

p gives an identification X, ~ G. The map from the rational Tate module of G to
its universal cover, precomposed with the trivialization a gives a map
V = (X,)24(R, RY).

By construction, this map will respect the polarization and the B-action. The
first condition is satisfied because the image of V ®q, R in D(X;)[1/p] ® R can
be identified with (Lie G¥)¥ ® R (see the proof of Proposition 7.1.1 of [SW13]).
The compatibility between the pairing (,-) on V and the polarization on G imply
that (Lie G¥)Y ® R is totally isotropic under (-, -). The second condition is satisfied
because W can be identified with Lie G® R. The third condition follows from [SW13,
Proposition 3.4.2 (v)].

We also recall the functor M’ defined in Section 6.3 of [SW13] (which again,
we base change to Spa(E'(C,,oo), OE(CPM))): this parametrizes maps

V = (X,)2(R, RY)
which satisfy:

1) the quotient W of D(X})[1/p] ®1 R by the image of V ®qg, R is a finite
Qp
projective R-module, of the same rank as that of V.
(2) For any geometric point Spa(C,C) of Spa(R, RT), the sequence

0=V = (X)24(C, ) 5 WarC —0

is exact.
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Lemma 6.3.6 of [SW13] shows that M., — M., and we have a commutative
diagram of adic spaces

Mopint oo —— Mp o

Mo ——— M.

The bottom map is an isomorphism and the vertical maps are closed embeddings.

It remains to see that the top map is surjective. For this, note that there is a
p-divisible group G over Mp o, obtained by restriction from M.,. The integral
Tate module (Tpg)f]d is identified with the lattice A C V/, which is stable under Op
and self-dual under (-, -). The p-divisible group G is equipped locally on Mp o, with
a quasi-isogeny on the special fiber to X;,. The first two conditions on the image of
V ®q, R ensure that the B-action and the polarization on D(X)[1/p]®r R preserve
the Hodge filtration of G, so that they define quasi-isogenies on G. The fact that
these quasi-isogenies are genuine isogenies follows from the fact that they preserve
the integral Tate module. O

From now on, we identify Mpint o, = Mp o, so the moduli problem only depends
on the rational data D. '

Recall that #lq,, is the flag variety over Spa(E, Og) parametrizing filtrations on
Rep G of the same type as the ascending filtration corresponding to the cocharacter
. On the faithful representation V' of G, u induces the decomposition

Vo, = ‘/0 ©® Vl 5
Qp
and the ascending filtration is given by
Fil_y ,(Vg,) == Vi and Filp . (Vg, ) :== Vg, -

In the case we are considering, we can be more explicit: Fg , parametrizes
B-equivariant quotients W’ of V ®q, R that are finite projective R-modules such
that

(1) the kernel of the map V ® R — W' is totally isotropic under (-,-) and
(2) locally on R, W' is isomorphic to Vo ® R as B ®q, R-modules.

Proposition 4.2.5. There is a local Hodge-Tate period map
THT : M’D,oo — EEG,W

sending an (R, RT)-valued point of Mp o given by a map V — (3~§17)",",‘1(1%7 R™) to
the quotient of V ®q, R given as the image of the map

V ®q, R — D(Xp)[1/p] ®L R.
The local Hodge-Tate period map is G(Qy)-equivariant.
Proof. This is proved in exactly the same way as Proposition 7.1.1 of [SW13]. O

Recall that, by Theorem 3.5.9, we have a stratification of F¢ , by locally closed
strata indexed by elements of B(G,p~1) and that we have fixed an element b €
B(G, ™).

Proposition 4.2.6. The local Hodge-Tate period map factors through

b b
THT - M’D,oo — ‘QZG,M'
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Proof. Tt suffices to check this on Spa(C, O¢)-valued points. Thus, we have a p-
divisible group G/O¢ with extra structures, equipped with a quasi-isogeny G x o,
Oc/p = Xp XF, Oc/p. Moreover, there is a trivialization T,G ®z, Q, = V com-
patible with all extra structures, and we have the Hodge-Tate filtration

0— Lie @ C(1) = T,G @z, C — (Lie V)" ©C -0,

where Fil_; = Lie G ® C(1), and Fily = T,,G ®, C
Let £ be the G-bundle on XC., correspondmg to the image of G under wgyr

and the identification F#g,, = Gerfj. Let &y be the vector bundle on X» cor-
responding to £ and the faithful representation V; note that p is still minuscule
as cocharacter into GL(V). Then £y is constructed from the IB%dR c-lattice Z in
V ®q, Bar,c inducing the above filtration on V ®q, C' under the Blalynicki—Birula
map. Explicitly, if £ € IBIR ¢ 1s a generator of the maximal ideal, then the lattice
E: CV ®q, Bar,c satisfies

V ®q, B dRC CECV®q, §_IB¢?1LR,C

and
E/(V®q,Blro)=LieGgaC .
Then &y is the modification of the trivial vector bundle V' ®q, Ox_, at the point
oo by the lattice =.
In the case of a one-step filtration, one can construct the vector bundle &y
directly: it is the unique vector bundle on X» which fits into the diagram of
coherent sheaves

0——0x,, ®, V Ey ioox(Lie G C) —— 0

| |

0——0x,, @, V—0xp1c(1) @g, V—icce(V &g, C(-1)) — 0.

But then the proof of Proposition 5.1.6 of [SW13] shows that £y is the vector
bundle attached to the p-divisible group G X, O¢/p, which is quasi-isogenous to
Xb XFP Oc/p.

By unraveling the Tannakian formalism behind the construction of the G-bundle
& and keeping in mind the fact that X, together with the B-action and polarization
determine b, we see that £ ~ &, as G-bundles, as desired. O

Remark 4.2.7. The same proof, without keeping track of the polarization, also works
in the case of Rapoport-Zink spaces of EL type to show that the local Hodge-Tate
period map defined in Proposition 7.1.1 of [SW13] factors through fél&;’#

Remark 4.2.8. We have defined the Hodge-Tate filtration in Section 2 in terms of
the p-adic étale cohomology of a universal family of abelian varieties. If A/O¢ is
an abelian variety and G = A[p®], then Proposition 4.15 of [Sch12b] shows that
the Hodge-Tate filtration on T,,G ®7, C' is compatible with the filtration defined in
Section 2, so the local and global Hodge-Tate period maps are compatible.

Definition 4.2.9. Define the sheaf Autc(ib) on Nilp%’(ﬁp) by

Autg(Xp)(R) = {a € Autp(Xyr), B € Aut(fip= r) | o respects the polarization up to 8} .
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Lemma 4.2.10. The sheaf Autc(gb) is representable by a formal scheme over
Spf W(F,), locally of the form Spf W (R) for a perfect ring R.

Proof. Forgetting all extra structures defines a closed embedding, so it is enough
to show representability of Aut(X) for any p-divisible group X over F,. We may
assume that X is completely slope divisible, i.e. that it is isomorphic to a direct
sum of slope divisible isoclinic p-divisible groups X;, defined over a finite field, for
i = 1,...,r, with non-increasing slopes. Then Aut(fg) is a closed subfunctor of
the product of two copies of Zom(X;,X;)[1/p] over 4,5 € {1,...,r} with ¢ > j,
via sending an automorphism to the endomorphism, and its inverse. Each of the
factors can be identified with the universal cover of the p-divisible group Hx, x;.
Therefore, each of the factors is representable by a formal scheme over Spf W (F,),
by Proposition 4.1.2.

For the final statement, it is enough to see that Aute(X,)(R) = Aute(X,)(R/p),
and that if R is of characteristic p, then Frobenius induces a bijection of Auta(X)(R).
Both statements follow from the similar properties of universal covers of p-divisible
groups, for which see [SW13, Proposition 3.1.3]. O

In fact, one can give a more precise description of Autg(f{b). As usual, we denote
by
p € X*(G)dom
the half-sum of the positive roots.

Proposition 4.2.11. Let J,(Q,) be the locally profinite set J,(Qp,) made into a

formal scheme over W(F,), i.e. the sections over U C Jy(Q,) are continuous maps
U — W(F,). There is a natural map

Auta(Xp) = Jo(Qp)

all of whose fibres are isomorphic to
_ 1/p> 1/p>
SptW (F)[[e1/" ..., z¥" 1),
where d = (2p, vp).

Remark 4.2.12. Let us illustrate this result in the case Xj = 0 X Qp/Z,,, without

extra structures. Then there are no maps ppe — Q,/Zy, so Autg(Xp) has lower
triangular form; more precisely,

_ <
Aut(Xy) = ( %ﬁo o ) .
=P

In this case, J5(Qp) = Q,; x Q,, and the projection
Aute(Xp) = J5(Qp)

is given by the diagonal elements. The fibres are given by the unipotent part
Jip = Spf W (Fy)[[z/?™]].

Proof. It is enough to prove the results for Autg(szb) as a formal scheme over F,,, as
all structures lift uniquely to W (F,) by rigidity of perfect rings. We first consider
the case when X, has an unramified EL structure. By standard Morita arguments,
one can reduce to the case when the EL structure is given by (F, O), with F/Q,
an unramified extension and G' = Resg/q, GLn. If (B, Op) is an unramified PEL
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datum and B = HZ B; is its decomposition into simple factors, then X; decomposes
as [[; Xp,; and Autg(ib) =[1, Autg, (FNSM) Similarly, when B ~ M,(F) is simple,
the equivalence of categories between p-divisible groups with (B, Op)-EL structure
and p-divisible groups with (F, Op)-structure means that it suffices to compute
Autr(Xp). See [Ham, Section 4.1] for more details on this reduction step.

If F = Qp, then G = GL, and we are considering quasi-self-isogenies of p-
divisible groups, without any extra compatibilities. Since X, is completely slope
divisible, we can write it as X; = ®]_;X;, where the X; are isoclinic p-divisible
groups of strictly decreasing slopes \; € [0,1]. Using Corollary 4.1.10 (1), we see
that Aut(X,) takes the lower triangular form

Agt(g)

~ Hxs x4 Aut(X,
o= | om0

ﬁXr,Xl ﬁxr,xz Aut(§§:)

Moreover, Corollary 4.1.10 (2) implies that Aut(X;) = Aut(g)(ﬁ‘p); as

To(Qp) = Aut(X,)(F,) = [ [ Aut(Xi)(F,) ,
=1

we see that projection to the diagonal defines a map

Aut(Xp) = Jp(Q) -

The structure of the fibres now follows from Corollary 4.1.10 (3) and Proposi-
tion 4.1.2 (3). To check that d = (2p, 1), we count dimensions. More precisely,
for i > 7, ﬁxi,xj is representable by Spf Fp[[xi/pw, e wé{_’;x]], where d; ; is the
dimension of Hx, x,. If the height of X; is m;, then Lemma 4.1.8 implies that the
slope of Hx, x; is A; — A; and its dimension is d; j = mym; (A — Ag).

On the other hand, by making the root data of GL,, explicit, cf. [Ham, Appendix
A}, we can compute the contribution of the slopes A;, A; to (2p,v). The positive
roots of GL,, (corresponding to the Borel subgroup given by the upper triangular
matrices) are

Rt ={ex —elk,l€{1,...,n},k <1}
We also have
Vb:()\1,...7>\1,...,)\r,...7>\7«).
—_——

mi My
The contribution coming from A;, A; to (2p, 1) is precisely m;m; (A; — A\;) = d, ;.
The case of a general unramified extension F/Q, follows in the same way, by
working in the category of p-divisible groups with Op-action instead. Let d = [F :
Qp]. The theory developed in Section 4.1 can be extended to define an internal
homomorphism in the category of p-divisible groups with Op-action. If G is a p-
divisible group with Op-action, its rational Dieudonné module D(G) decomposes
as D(G) = ®r.0,w,)P(G)r. Choose an embedding 79 : Op — W (F,) and let
Dp(G) :=D(G)r,. The analogue of Lemma 4.1.8 holds for Dp and homomorphisms
of p-divisible groups with Op-action, with the same proof (but replacing ¢ by
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¢? and embedding F into B}, via 10).!? The structure of Autp(X,) can now
be deduced in the same way. The dimension computation is also analogous to
the one above. Let X, = ®]_;X;, with the slope of the F-isocrystal attached
to X; being equal to A; (here, 0 < X; < d, and \;/d is the slope of X; as a p-
divisible group) and X; having height m; as a p-divisible group with Og-action,
i.e. height dm; as p-divisible group. The dimension of the p-divisible group with
Op-action corresponding to the Op-linear homomorphisms between X; and X; is
d; ; = mym; (A\; — A;). On the other hand, the positive roots of Resp/q,GLn are

Rt ={e;r—e ikl e{l,....n}k<l,7:F—Q,}

and,

The contribution from slopes A;, A; is again d; j = m;m; (Aj — Ag).

We now consider the case when X, has an unramified PEL structure. Recall
that we are assuming that the PEL datum is of type (AC). By similar Morita-
theoretic arguments as above, cf. [Ham, Corollary 4.5], we can write (B, Op, *) =
I1,(Bi, Op,, *) as a product of simple PEL data. On the level of quasi-self-isogenies
we get

Autg(gb) = (H AUtGi (sz)> — HAutGi (Xb,i),

where (HZ Autg, (3~§b,i)>1 is a closed subfunctor of the product, defined by the
condition that the similitude factors on each term are the same. The group G is
defined similarly, as the closed subgroup ([, Gi)' — IL; Gi. The similitude factor
on Autg, (Xp,) defines a map

Autci(xbi) — Q;

which will factor as
AUtGi (Xbi) — Jbi (Qp) — gg 5

where the latter map is the natural similitude morphism on J,,. We see that the
result for all G; implies the result for GG, so we can assume that G is simple.
We reduce to one of the following three cases.

(1) X, is a p-divisible group with (F, Op)-EL structure, where F/Q,, is unram-
ified.

(2) X, is a p-divisible group with (F,Op,*)-PEL structure, where * is the
identity on F'.

(3) Xy is a p-divisible group with (F, Op, *)-PEL structure, with Q, C F* C F
unramified extensions, * an automorphism of order 2 and Ft = F*=1,

For p-divisible groups with Op-action, there is a more restricted notion of p-divisible Op-
module; the requirement is that the two actions of O on the Lie algebra agree. This condition
cannot be formulated for p-divisible groups with Op-action up to quasi-isogeny, and in fact for
p-divisible groups with Op-action up to quasi-isogeny, everything works very similarly to the case
of p-divisible Op-modules. For example, note that B(F, GLn) = B(Qp, Resp/q,GLn).
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The first case was already dealt with above. The second case corresponds to G =
GSp,/OF with n even, while the third to G = GU,,/Op+.

We explain the computation of Autg(Xb) in the case of G = GSp,/Op. As
before d = [F' : Qp], and we write X = ®]_;X;, with each X, isoclinic of slope
Ai € [0,d] as p-divisible group with Op-action, and the A; in strictly decreasing
order. The fact that X; is equipped with a symmetric polarization means that
d — A; is also a slope of X, occuring corresponding to the same height m; as ;.
As before, the restriction of an automorphism of X, to the graded pieces X; of the
slope filtration defines the map

Autg(xb) — Jb(Qp) .

The fibres of this map can be computed at the same time as the dimension, and
we concentrate on the dimension in the following. We can write

YRR P U v
y Ay

miq My

l/b:(

with A; + Arp1- = d, m; = my41—;. Using the same choices as in [Ham, Appendix
A] and recalling that ¢ : G — G, is the multiplier character, the positive roots of
G = GSp,/OF are

Rt ={e;p—enlk<le{l,...,n/2},7: F < Q,}

Werp+er—clk#1e€{l,...,n/2},7: F = Q,}
U{2e, —clk €{1,...,n/2},7: F — Q,}.
We compute the contributions coming from slopes A;, A; to both the dimension of
Aute(Xp) and to (2p, 1) and check that they are the same.

(1) If X >N > %, then the contribution to the dimension of Autg(gb) is, just

like in the EL case, d; ; = m;m;(A\; — A;) and it matches the contribution
from %, % to (2p, 1) by the same argument. Using the polarization, this
also takes care of all cases with g >N > A

(2) It A; > %l > d — )\, with ¢ # j, then the contribution to the dimension
of Autc(gb) is mym;(A; + A; — d). This is given by the dimension of the
internal Hom Op-module between X} and X; if j < 4, computed as in the
EL case, which by the compatibility with the polarization also pins down

the quasi-isogeny between XJV and X;. This matches the contribution from

%, 1-— % and %, 1-— % to (2p, 1), using the fact that (c,vp) = 1.

(3) If A; > 4, the contribution to (2p,1,) from 2,1 — 2 is m(ngiﬁl)(%\l -
d). This is also the dimension of the part of #ome,(XY,X;)[1/p] which
is compatible with the polarization. Indeed, the polarization induces an
involution on J#ome, (XY, X;)[1/p] and we can compute the dimension of
the part fixed under the polarization using Lemma 4.1.8: the slope is 2% -

and the height of the fixed part as a p-divisible Op-module is %’H)

The case G = GU,, is similar and left as an exercise. O
Remark 4.2.13. In view of the theory developed in Subsection 4.3 and Corol-

lary 4.3.9 in particular, the dimension of Autg(gb) should match the dimension
of central leaves inside the Newton stratum corresponding to b on the special fiber
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of a corresponding Shimura variety. This indeed agrees with the dimension of cen-
tral leaves as computed by [Ham, Corollary 7.8].

Note that there is an action of Autg(X,) on Mp, . We let Autg(xb)%d be its adic
generic fiber over Spa(L,Op). Then the action of Autg(Xb)f;d on Mp

to an action on Mp . The map ’/T%[T t Mpo — ﬁé% 4 Is equivariant for this
action with respect to the trivial action on the target. We would like to say that

extends

int

r t Mpoo — ffﬂl&;’ , Is an Autg(gb)ﬁn‘d—torsor. However, we have only defined
the target as a locally closed subspace of % ,. Also, the condition of being a
torsor includes the condition that the map is surjective locally in some specified
topology. It is probably necessary to use some of the fine topologies from [Weil4]
here. Thus, we content ourselves with some more basic information. Recall that
Mp o is preperfectoid and lives over the perfectoid field E((pe)”"; thus, one can

form a perfectoid space .//\/l\D,OO as in [SW13, Proposition 2.3.6]. The product
MD o XSpa(L,01) AUtG(Xb)?;d

exists in the category of adic spaces, and is still a perfectoid space, by the local

structure of the automorphism scheme. On the other hand, the space

Mppo X, MD,oc C MD,oo XSpa(E,Oé) MDQO

is preperfectoid (as this condition passes to closed subsets, cf. [SW13, Proposition
2.3.7]), so again we can pass to a perfectoid space

(MD,OO X(?ZGYH MD,OO)/\ .
Proposition 4.2.14. The action map
M e Xspa(z.0,) At ()5 = (Mp oo X516, Mp,c)"

s an isomorphism of perfectoid spaces.

Proof. Let (R, Rt) be a perfectoid affinoid algebra over £.2° We have to construct
an inverse map

(Moo X 76, MD.oo) (R, RY) = (M oo Xspa(r,0,) Aute(Xp)2) (R, RY) .

Given an element of the source, we have (after localization on Spa(R, R™")) two p-
divisible groups Gy, Go over Rt 2! equipped with quasi-isogenies to X, over RT /p,
and trivializations of the Tate module on the generic fibre. In particular, we get
an isomorphism of the Zy-local systems given by the Tate modules of G; and G»
over R, in other words an isomorphism G g = Go r. We need to check that this
isomorphism extends to R*, as one can then compose this isomorphism with the
given quasi-isogenies to X, over R1/p to get a self-quasi-isogeny of X, as desired.
In this regard, we observe the following lemma, which is a non-noetherian version
of a result of Berthelot, [Ber80].

Lemma 4.2.15. Let R' be a Z,-algebra which is integrally closed in R = R™[1/p].
Let G, H be p-divisible groups over Rt. Assume that the Newton polygon of Gs
is independent of s € Spec(R™ /p), and that the same holds true for H. Let fg :
Gpr — Hpg be a morphism of p-divisible groups over R. Then fr extends, necessarily

201y, the proof, we are really only using that RT C R is bounded, and that this property passes
to rational subsets.
21Helre, we use that Rt C R is bounded.
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uniquely, to a morphism f: G — H of p-divisible groups over R™ if and only if for
all geometric rank 1 points Spa(C, O¢) of Spa(R, RT), the base change fo : Go —
H¢ extends to a map fo. : Go, = Ho, -

Proof. For each n > 1, we have to check that the map G[p"]r — H[p"]|r extends
to R*. Both schemes G[p™], H[p™] in question are affine, and finite locally free over
R™T. Thus, the question whether this morphism extends is the question whether a
matrix with entries in R has entries in R*. As

R* ={f € R|Vz € Spa(R,R") : |f(z)| <1},

we can reduce to the case of a point, i.e. R = K is a complete nonarchimedean
field, and K+ C K is an open and bounded valuation subring. We may also assume
that K is algebraically closed, and rename C = K, C*t = K. By assumption, the
map extends to O¢. Let mp, C O¢ be the maximal ideal; it is also contained in
C*. Then Ct/mp, C Oc/me,, is a valuation subring. Finally, we are reduced to
the following lemma. O

Lemma 4.2.16. Let V be a valuation ring of characteristic p with quotient field
K. Let G, H be p-divisible groups over V' with constant Newton polygon. Then the
map

Hom(G, H) — Hom(Gk, Hg)
s a bijection.

Remark 4.2.17. Using this lemma, one can remove the noetherian hypothesis from
the main result of [Ber80], i.e. the same fully faithfulness result holds true for any
integral domain R in place of V. Indeed, to check whether a homomorphism over
K extends to R, one has to check whether certain matrices over K have entries in
R, which can be checked on valuation rings.

Proof. The map is clearly injective. For surjectivity, we have to check as above that
certain matrices with coefficients in K have entries in V. Thus, we may assume
that K is algebraically closed.

Observe that it is enough to prove the result up to quasi-isogeny. Indeed, if
f:+ G — H becomes divisible by p over K, then G[p|x C Gk is killed by f, whence
its flat closure G[p] C G is killed by f, which shows that f is divisible by p.

Now, e.g. by the Dieudonné-Manin classification, both Gx and Hyx admit a
quasi-isogeny to a completely slope divisible p-divisible group G, Hy (defined over
IF‘p C V). We may assume that these quasi-isogenies are genuine isogenies; then
we may take their flat closures over V' and divide G, resp. H, by them; thus,
we may assume that Gx and Hy are completely slope divisible. Then by [0Z02,
Proposition 2.3], G and H are themselves completely slope divisible. As V is
perfect, both G and H decompose as a direct sum of their isoclinic pieces, cf. [0Z02,
Proposition 1.3]; thus G = Go xz, V, H = Ho x5 V.

Finally, we use that the Dieudonné module functor on V' is fully faithful, cf. [Ber80].
Thus, as G and H come via base extension from F, it remains to show that if (D, )
is any isocrystal over IF,, then

(D @w )1/ W)L/ = (D Qe yp WIE)[L/p))"
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We may assume that D = D), is simple of slope A = s/r. In that case, we have to
prove

W(V)[1/p)* =" = W (K)[1/p)" ="
Clearly, the left-hand side is contained in the right-hand side. If s # 0, then
the right-hand is 0, as follows by looking at the p-adic valuation of any nonzero
element. We are left with the case s = 0, where r = 1. But W(K)[1/p]*=! =Q, C
W (V)[1/p]#=1, finishing the proof. O

Using Lemma 4.2.15, we only have to check the result on geometric rank 1 points.
But now, by [SW13, Theorem B], p-divisible groups over O¢ are equivalent to pairs
(T, W), where T is a finite free Z,-module, and W C T ®z, C is the Hodge-Tate
filtration. Thus, it remains to check that the Hodge-Tate filtration is preserved,
but this is true as we started with an element of the fibre product

(Mp,oo X206, Mp,oo)(R,RT) .

We also have the following surjectivity result.

Lemma 4.2.18. Let C/E(me) be a complete algebraically closed extension with
ring of integers Oc. Then the map

Tt Mp oo(C,0c) = Pl ,(C,0c¢)
18 surjective.

Proof. Given x € QE%M(C, Oc¢), we get (corresponding to the representation G —
GL(V), and using [SW13, Theorem B]) a p-divisible group G/O¢ with trivialized
Tate module, which by functoriality comes equipped with an action of Op and a
principal polarization. To give a point of Mp o (C, O¢), it remains to construct a
quasi-isogeny p over O¢/p. For this, note that the proof of Proposition 4.2.6 gives
an identification between the G-bundle &g corresponding to G, and the G-bundle
&, corresponding to the point z. By assumption, x € 9‘6%,#(0, O¢), so there is
an isomorphism of G-bundles &, = &, which gives an isomorphism of G-bundles
Eg = &. Using Theorem 4.1.4, this gives the desired quasi-isogeny. O

Using these results, we can compute the dimension of the strata 9\6%# C Ha.p.
Here, we define the dimension as the Krull dimension, i.e. the length of the longest
chain of specializations.

Proposition 4.2.19. Let K be a complete nonarchimedean field with ring of inte-
gers O and residue field k. Let X be a partially proper adic space over Spa(K, Ok ).
Then the dimension of X is equal to the mazimal transcendence degree of k(z) for
x € X, where k(x) is the residue field of the ring of integers Oy in the completed
residue field K (x) at x.

Remark 4.2.20. Recall that a map f : X — Y of analytic adic spaces is partially

proper if for any complete nonarchimedean field K with ring of integers O C K

and open and bounded valuation subring K™ C K (so K+ C O), the map
X(K,KT) = X(K,Ok) Xy(x,01) Y (K,KT)

is a bijection. This is the analogue of the valuative criterion for properness in this
setup.
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Proof. As X lives over Spa(K,Of), it is analytic, and thus any point generalizes
to a rank 1 point. It is thus enough to prove the more precise assertion that for
any rank 1 point z, the dimension of the closure m is equal to the transcendence
degree of k(z). But the closure {z} gets identified with the Zariski-Riemann space
for k(z)/k (using partial properness), whose dimension is equal to the transcendence
degree of k(x)/k. O

Proposition 4.2.21. Let K be a complete nonarchimedean field with ring of in-

tegers Ok and residue field k. Let f : X — Y be map of partially proper adic

spaces over Spa(K,Ok), and fix a rank 1 point x € X, with image y € Y. Let
—X Y —Xy

X, = X xy {y} be the fibre of f overy. Let {z} C X,{y} CY and{z} ~ C X,

be the respective closure. Then

dim mx = dim my + dim mxy .

Proof. Let k(x) and k(y) have the same meaning as in Proposition 4.2.19. Then the
statement translates into the additivity of transcendence degrees for the extensions

k(x)/k(y)/ k. O

Proposition 4.2.22. For any complete nonarchimedean field K/Oy, the space
Aute(Xp)™ X$pa(0.,0,) SPa(K, Ok)

is partially proper over Spa(K, Ok), of dimension (2p,vyp).

Proof. The adic generic fiber is partially proper by Lemma 4.2.15. (A quasi-self-
isogeny respecting extra structures over Spa(C, O¢) will also respect the extra struc-
tures when it extends to Spa(C, C") by the injectivity of the map in Lemma 4.2.16.)
For the claim about the dimension of Autg(X,)2d X$pa(0.0,) Spa(l, Ok), it is
enough to consider a connected component, all of which are by Proposition 4.2.11
given by
1/p* 1/p> 1/p™° 1/p>
Spa(OE[[xl/p . ,xd/p 1, OE[[asl/p - ,md/p ) X$pa(0,,0,) SPa(K, Ok) .
To compute the dimension, we may assume that K is algebraically closed. Then
K is perfectoid, and by tilting we can assume that K is of characteristic p. In that
case, the space is topologically the same as
Spa((’)é[[xl, ‘e ,Idﬂ, OE[[Il, “eay CEd]]) XSpa((’JE,OE) Spa(K, OK) .

But this is the d-dimensional open unit disc over K. (|
Proposition 4.2.23. The dimension of ﬁé%# is equal to (2p, ) — (2p, ).

Proof. Both %, and Mp o are partially proper adic spaces over Spa(E, Op) of
dimension (2p, u). Pick any rank 1 point 2 € Mp o such that the dimension of
{x} is (2p, 1), and let y € ‘E’?ZZ’G# be its image. Let § be a geometric point above y,
corresponding to a completed algebraic closure C' of K (y), and pick a lift of g to
M o, using Lemma 4.2.18. Then Proposition 4.2.21 shows that

(2p, 1) < dim {y} + dim Mop ooy -

But dim Mp o,y = dim Mp o 5, and using Proposition 4.2.14 and the choice of g,
one has _
dim Mp o 5 = dim Auta(Xp)* Xgpa(0,,0,) Spa(C, Oc) -
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The latter has been computed in Proposition 4.2.22, showing the inequality
dim Fg; , > dim {y} > (2p, ) — (2p, ) -

For the converse, pick any rank 1 point y € Flg,,. As before, one sees that
dim Mp .,y = (2p, 1), so pick a rank 1 point x € Mp  , whose closure is of
dimension (2p,14). Applying Proposition 4.2.21, we see that the dimension of the
closure of z in Mp  is at least dim {y}+(2p, ). On the other hand, the dimension
of the closure of x is bounded by dim Mp o, = (2p, ). This shows that

dim {y} < (2p, 1) — (20, ) ,

which (as y was arbitrary) proves the other inequality. O

4.3. A product formula. We now return to our global setting, where we want to
study the Hodge-Tate period map wgr : Sx» — Fq. Recall that we are restricting
to the case when the Shimura datum (G, X) is of PEL type.

More precisely, we fix global PEL data as follows, cf. [Kot92b, §5]. Let B be a
finite-dimensional simple Q-algebra with center F', and let V' be a faithful finitely
generated B-representation. Let * be a positive involution on B, and F+ = [*=1,
On V, we fix a nondegenerate Q-valued alternating form (-,-) such that (bv, w) =
(v, b*w) for all v,w € V and b € B. Let G/Q be the algebraic group whose R-valued
points are

G(R) = {z € Endpgr(V @ R) | xzz* € R*} .
We assume that G is connected; under the classification of [Kot92b], this amounts
to excluding type D. Finally, we fix a x-homomorphism & : C — Endpgr(V ® R)
such that the symmetric real-valued bilinear form (v, h(i)w) on V ® R is positive-
definite. Note that h induces a map, denoted in the same way, h : Resc/r — G,
and in particular a Shimura datum.

We need to assume that these data are “unramified” at p. More precisely, we
assume that B, is a product of matrix algebras over unramified extensions of Q,,
and fix a maximal Zy-order Op C B; we assume that * preserves Op. Finally,
we assume that there exists a Z)-lattice A C V' that is self-dual under (-,-) and
stable under Op, and we fix such a A. Using these data, we can define a connected
reductive group Gz, over Z, with generic fibre G as

Gz, (R) = {r € Endo,gr(A® R) | zz* € R™} .

We fix the hyperspecial maximal compact open subgroup K, = Gz, (Z,) C G(Qy).

Let KP C G(A?) be a compact open subgroup, and fix a place p|p of E. As
in [Kot92b], one can define a moduli space of abelian varieties with extra structures
Zk, kv over Op, C E. In most cases, the generic fibre Sk, k»/E of Sk, kv is the
Shimura variety corresponding to (G, {h}); in general, however, the Hasse principle
for the group G fails, and it consists of [ker' (Q, G)| copies of this Shimura variety.
Thus, the notation of this section conflicts slightly with the previous notation for
Shimura varieties of Hodge type.

Let F, be the residue field of O . The special fiber 7k, x» X0, F, admits
a Newton stratification by locally closed strata Y}’(pm, indexed by b € B(G,u™1),
cf. [RR96]: A point x € Sk, kr X0y, Fq gives rise to a p-divisible group with
extra structure, which can be translated into an isocrystal with G-structure, and
is classified by an element b € B(G). By [RR96], this element actually lies in
B(G, p™h).
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One of the main results of [Man05] is a decomposition of the Newton stratum
5”}’(” x» into the Rapoport-Zink space 9P and the Igusa variety Igb corresponding
to b. Thus, we first recall these two objects. From the last section, we already know
the Rapoport-Zink space:

For b € B(G, u~1), choose a completely slope divisible p-divisible group X over
F, with extra structures giving rise to the o-conjugacy class b, as in [Man05, §3].
Let Dint,p be the integral data corresponding to the base extension of B,V,Op, A
to Zp, and (p,b). Then Dingyp is of PEL type, and we consider the corresponding
Rapoport-Zink space M’ := Mp, . ,, which lives over O, where E is the completion
of the maximal unramified extension of Fj,.

Next, we want to introduce the Igusa variety.

Definition 4.3.1. We let Igb/Spec F, be the functor sending an F,-algebra R to
the set of isomorphism classes of pairs

{(A,p) | A€ Si,kn(R) , p: A™] = Xp x5, R},
where A € Yk, kr(R) is an abelian variety equipped with extra structures (and
satisfying the determinant condition) and the isomorphism p is compatible with the

extra structures; as usual, it is only supposed to preserve the polarization up to a
scalar, i.e. an automorphism of [y~ R.

Remark 4.3.2. This definition is different from the Igusa varieties defined in [Man05],
and we will explain their relation below.

Proposition 4.3.3. The functor Igb is representable by a scheme.

Proof. Tt is enough to prove that the map Igb — K, kr XO0g, Fq is relatively
representable. Let A be the universal abelian variety over ., x». Then we are
considering the inverse limit of the schemes parametrizing isomorphisms A[p"] =
Xy [p"] compatible with extra structures, each of which is representable. O

From the definition of Ig”, it is evident that the group of automorphisms of X,
respecting the extra structures acts on it. However, we give next an alternative
description of Ig® which shows that the larger group Aut(Xp) acts on Ig’.

Lemma 4.3.4. For an Fq-algebm R, Igb(R) can be identified with the set of isomor-
phism classes of pairs (A, p), where A € Sk, kv»(R) is an abelian variety considered
up to p-power isogeny (respecting the extra structures) and

p: A[poo] = Xp XFp R
is a quasi-isogeny (respecting the extra structures).

Proof. Each element (A, p) of Ig’(R) determines a pair (A4, p) as in the statement
of the lemma.
Conversely, given A € .Yk, k»(R) with a quasi-isogeny

p: Ap™] 5 X, x5, R
we can find a unique abelian variety A’ with extra structures equipped with a
p-power isogeny to A, such that A[p>°] gets identified with X}, i.e. the induced
quasi-isogeny

P AP = Xy x5, R
is an isomorphism. Then (A4’, ') defines a point of Ig°(R), as desired. O
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Corollary 4.3.5. The formal group scheme Autg(Xb) acts canonically on Ig°.
Moreover, Igb is perfect, i.e. the Frobenius map is an automorphism.

Proof. The first part follows from Lemma 4.3.4 by acting on p (noting that quasi-
isogenies of X are the same as automorphisms of Xb).

For the second part, we have to see that for any I?q—algebra R, the Frobenius
of R induces an automorphism of Ig’(R). But pulling back under Frobenius in-
duces an equivalence on the category of abelian varieties up to p-power isogeny
(as Verschiebung gives an inverse up to multiplication by p). Similarly, pull back
under Frobenius induces an equivalence on the category of p-divisible groups up to
quasi-isogeny, showing that the datum of p is preserved. O

Now we recall the more classical objects; for more details, see [Man05]. The leaf
¢"* corresponding to X, is the subset of the locally closed stratum y}ép Kxr XF, Fq
where the fibers of the p-divisible group A[p*°] at all geometric points are isomorphic
to Xbi

(gb = {Jt € ylb( ‘ Ax[poo] Xn(x)msz X]?p m} .

This is a priori defined only as a subset of Ylb(p x» xF, Fq, but Proposition 1
of [Man05] shows that € is a closed subset and defines a smooth subscheme of
Y};p xr x¥, Fq when endowed with the induced reduced structure. We note that
contrary to the objects defined so far, ¥° depends on the choice of X, within its
isogeny class.

Recall that

Xb = @::1Xi7

where the X, are isoclinic p-divisible groups of strictly decreasing slopes \; € [0, 1].
Let Gy, be the p-divisible group of the universal abelian variety <7/ Sk, kv Testricted
to €°. Then Gy is completely slope divisible, with slope filtration

0CGp1 C--CGyr=0s,

with gg’ := Gb,i/Gp.i—1 isoclinic of slope \;. The Op-action on G and the polarization
respect this filtration, so that each G is endowed with an Op-action and there are
induced polarizations Gj — (G} ) for all 4, j with A; + A; = 1.

Definition 4.3.6. The (pro-)Igusa variety is the map
Ptant — "
which over a €°-scheme S parametrizes tuples (p;)i_, of isomorphisms
pi: Gy Xgr S 5 Xy Xgpec 5, S

which are compatible with the Og-actions on Q}; and X;, and commute with the
polarizations on G and Xy, up to an automorphism of pipe .

Remark 4.3.7. A version of these Igusa varieties is considered in [Man05] (see also
Section II of [HTO01] for the case of one-dimensional p-divisible groups). Rather
than trivializing the whole isoclinic p-divisible group G, one trivializes the G} [p™]
for some positive integer m. More precisely, let ﬂl\l;lant,m be the moduli space of
isomorphisms on €°-schemes S

pim : Gylp™ = Xi[p™] x5, S,
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which (fppf locally) lift to arbitrary m’ > m and which respect the extra structures.
Proposition 4 of [Man05] shows that the underlying reduced subscheme of ff/lam,m
is a finite étale and Galois cover of €.

In view of the theory developed in Section 4.1, we can identify the set of endomor-
phisms of X;[p™], which lift to arbitrary m’ > m, with the p™-torsion in the étale
p-divisible group Hx, x,. Now consider the intersection of the scheme-theoretic im-
ages of the automorphisms of X;[p™**] inside the automorphisms of X;[p"] (under
the natural restriction map). By Lemma 4.1.5, the images of &/ ut(X;[p™**]) —
ut(X;[p™]) will stabilize for large enough k, giving rise to an open and closed
subscheme of the finite étale scheme Hx, x, [p™]. This shows that A, ,, — €°
is a quasitorsor under an étale group scheme. From [Man05, Proposition 4] (which
produces sections over a finite étale cover), it follows that they are actually torsors.
In particular, we see that f&am’m is actually already reduced.

Thus, the scheme

b1 b
jMant - m *]Mant,m,
m
is a pro-étale cover of .

Note that, as Igb is reduced, the natural map Igb — Yk, Kk» factors over Igb —
%". Moreover, as any homomorphism between p-divisible groups preserves the
slope filtration by Corollary 4.1.10, we see that any isomorphism G, = X, induces

isomorphisms g}; =~ X, and thus there is a natural map Igb — jl\l;[am'

Proposition 4.3.8. The perfect scheme Ig® is the perfection of T via the

natural map Ig® — T

ant’

ant*

Proof. Let (#Y,..)PF be the perfection of #), .. Then we claim that the p-
divisible group G, over €® becomes canonically isomorphic to X; when pulled back
to (fﬁam)perf. Recall that G, has a slope filtration

0CGy1 C- CGpr =0,

with g,ﬁ = G,i/Gp,i—1 isoclinic of slope A;. Moreover, when pulled back along
Fams — €7, each Gi becomes trivialized to X;.
The existence of the slope filtration on G, means that we have integers 0 < ¢, <
coe <ty <ty < s, such that fori=1,...,7:
(1) the slope A\; = &;
(2) the quasi-isogenies
F? s
P Go,i — (Go,) ™7,
where F' is the Frobenius isogeny, are genuine isogenies.
(3) the induced maps

s
10, (G

are isomorphisms.
The inequalities between the t; imply that % acts nilpotently on G ;1. Repeated
iterations of s
e
can be used to construct canonical splittings Gi < Gy ; over (F,. )P

(Go,)" ) — G,
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Thus, G decomposes canonically into Gy x - -+ X G, over (]l\l}[am)perf, and this is
trivialized to X; x - -+ X X,. = X, as desired. O

We remark that J,(Q,) C Autg(Xp) acts on Ig”. However, only a certain sub-
monoid of J,(Q,) acts on £, .; Mantovan, [Man05], does however construct a
canonical action of J,(Q,) on the étale cohomology of #, ... From Proposi-
tion 4.3.8, it follows that the étale cohomology of #;, . is also the étale cohomology
of Ig®, on which we have a natural action of Jp(Qp). We leave it to the reader to
verify that this is the same action as the one constructed by Mantovan.

Corollary 4.3.9. The map Ig® — €° is faithfully flat.

As the map is obviously a quasitorsor under the automorphisms of X respecting
the extra structure, this implies that it is in fact a torsor under this group. Note
that € is smooth, while the scheme of automorphisms of Xj, is a highly nonreduced
object like SpecIF‘p[[Xll/pm7 cey X;/poc]]/(Xl, ..., X4). The fact that a torsor under
this group over something smooth is a perfect scheme forces the smooth directions
of the base to match with the nonreduced directions of the group, so that one can
deduce that the dimension of €° is d = (2p, 1), for example by looking at the
transitivity triangle for the cotangent complex.

Proof. As fl\l}[ant is a cofiltered limit of smooth schemes along affine transition maps,
its Frobenius morphism is (faithfully) flat, and thus Igb — fl\l}[ant is faithfully flat.
We have already seen that %y, . — € is faithfully flat, so we get the result. [

As Igb is a perfect scheme, it lifts uniquely to a flat p-adic formal scheme over
W(F,) = O, which we denote by Igl(’QE. As a moduli problem on Nilp%‘;, it
parametrizes abelian varieties up to p-power isogeny in %k, k», equipped with an
isomorphism of Z[—];_Og} with (the canonical lift of) Xy, respecting all extra structures.

One can also describe this deformation of Ig® to mixed characteristic differently.
For this, fix a lift (Xp)o, of X, up to quasi-isogeny (with its extra structures) to
Ok, where O is the ring of integers of some complete nonarchimedean field K/ E;
in other words, pick a point (Xp)o, € M?(Ok). This is possible (with K = E), as
M® is formally smooth. One gets the following lemma.

Lemma 4.3.10. The points of the formal scheme Ig%K = Ig%E X0, Ok over
R € Nilpy_ are given by the pairs (A, p), where A € Sk, k»(R) is an abelian
variety with extra structure, and

p: AP = (Xp)ox xox R
s an isomorphism compatible with the extra structure. O

We will also need a variant of Igusa varieties, where one trivializes A[p>] only
up to quasi-isogeny.

Definition 4.3.11. Let X° be the functor sending R € Nilpcg’E , to the set of pairs
(A, p), where A € S, k»(R) is an abelian variety with extra structure, and
p: Ap>™] xr R/p — Xy xg, R/p

s a quasi-isogeny compatible with the Op-action and the polarization, up to an
automorphism of fipe r/p-
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Fix a lift (X))o, of X to Ok as above. We define a map of formal schemes over
OK7
Igh, X0, M — Xb,_ .
For R € Nilpyy, , let

(4,0).(G,0) € (g0, x M)(R) .
Thus, A € Sk, kr(R) is an abelian variety with extra structure, equipped with an
isomorphism
p:Ap™] = (Xp)ox xox B -
On the other hand, G is a p-divisible group with extra structure over R, equipped
with a quasi-isogeny p’ to X; over R/p, which lifts uniquely to a quasi-isogeny
(denoted in the same way)
p/ G — (Xb)OK XOk R.

We get the composite quasi-isogeny G — A[p™]. It follows that there is a unique
quasi-isogeny of p-power order A’ — A such that A’'[p>®] — A[p™] gets identified
with G — A[p>°]. This defines a new point A’ € S, k»(R), which comes equipped
with a quasi-isogeny

P/ : Al[poo] =G— (Xb)ok' X Ok R,
and in particular a quasi-isogeny to X, over R/p.

Lemma 4.3.12. The map constructed above induces an isomorphism, and fits into
a commutative diagram

Igb, X0, M ———— b
e me.

Here, the first vertical map is projection onto the second factor, and the second
vertical map sends (A, p) € X to (A[p>],p) € M°.
In particular, choosing K = E above, X° is representable by a formal scheme.

Proof. The diagram commutes by construction.

We now define the inverse of the top horizontal map: suppose we are given a
pair (A’, p') € X*(R). In order to define (G, p’) € MP(R) we just take (A'[p>], p').
From the quasi-isogeny

p/ : A/[poo] - (Xb)ox Xog R,
we find a quasi-isogeny of p-power degree A’ — A such that the induced quasi-
isogeny
p: AP = (Xp)ox Xox R
is an isomorphism, so we get (4,p) € Igl(’gK (R). It is easy to verify that this
construction is inverse to the horizontal map. O

We would like to say that X is an Autg(Xb)—torsor over the completion of Sk, k»
along Y}’(p xv- 1t is clear that it is a quasitorsor, and it remains to show that the
map is locally surjective in some topology, the naive choice of course being the fpqc
topology.
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If this were true, then one could take the pushout along Autg(X,) — Jp(Qp) to
get a Jy(Qp)-torsor over Y}’(pr. This J,(Qp)-torsor can in fact be constructed, as
in the following proposition (which will not be used in the sequel, but is included
as it fits the current discussion).

Proposition 4.3.13. Let S be a scheme over Fp, and let X be a p-divisible group
with extra structure over S. Assume that there is some b € B(G) such that all fibres
of X are quasi-isogenous to Xy (compatibly with extra structures). Then there is a
natural Jy(Qp)-torsor over S which above any geometric point T € S parametrizes
quasi-isogenies between Xz and Xy, (compatible with extra structures).

Remark 4.3.14. The J,(Qp)-torsor is to be understood as in [BS15a]; more precisely,
there is a sheaf of (abstract) groups on Spy0e corresponding to the topological group
Jp(Qp), and we are considering a torsor on Sprest under this sheaf of groups. If S is
connected and locally topologically noetherian and Z € S is a geometric base point,
this corresponds to a map

7PN (S, T) = Jy(Q,) -

This map, and the J,(Q,)-torsor, only depend on X up to isogeny. We remark
that the displayed map may have noncompact image in general, but the image is
compact in case X admits a slope decomposition (or is isogenous to such an X);
this explains [0Z02, Example 4.2], where a p-divisible group over a non-normal
base is constructed which is not isogenous to one admitting a slope filtration. We
remark that most Newton strata, e.g. the basic one, give such examples: For the
basic Newton stratum, the image of the displayed homomorphism is a discrete
cocompact subgroup of J,(Q,) related to p-adic uniformization.

Proof. We may assume that S is perfect. In that case, we consider the functor
sending any T € Sproet to the set of quasi-isogenies between Xp and (Xp)r, re-
specting extra structures. This is a J,(Qp)-quasitorsor, and we want to prove that
it is a torsor.

First, we check this when S is strictly local, so assume S = Spec R is the
spectrum of a strictly henselian perfect ring R. In that case, we need to show
that there is a quasi-isogeny between X and X, compatible with extra structures.
As there is such a quasi-isogeny over the special point, the result follows from the
following lemma.

Lemma 4.3.15. Let R be a strictly henselian perfect ring with residue field k. Then
the functor G — Gy from the category of p-divisible groups over R with constant
Newton polygon, up to isogeny, to p-divisible groups over k up to isogeny is an
equivalence of categories.

Remark 4.3.16. In fact, the proof will show that if G and H are p-divisible groups
with constant Newton polygon over R, then there is a constant ¢ depending only
on the heights of G and H such that for any homomorphism ¢y, : G, — Hj, over k,
Py lifts to a (necessarily unique) homomorphism G — H. (Cf. [0Z02, Corollary
3.4].)

Proof. Choose an embedding F, < R. Assume for the moment that we know
that any p-divisible group G over R with constant Newton polygon is isogenous
to Go,r := G XF, R for some p-divisible group Gy over Fp. By the Dieudonné-
Manin classification, the functor in the lemma is essentially surjective. To check
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fully faithfulness of the functor, we may restrict to calculating Hompg(G, H)[1/p)
where G = Go,r, H = Hy,r. By fully faithfulness of the Dieudonné module func-
tor over perfect rings (first deduced by Gabber from results of Berthelot, [Ber80],
cf. also [Laul3, Theorem D]), it is then enough to check that for any isocrystal
(D, ¢) over F,,

(D@ W(R)[L/p))*~" = (D@ W(k)[1/p])*~" .

We may assume that D = D, is simple of slope A; if A # 0, then there are no
p-invariants, and if A = 0, then both sides are equal to Q,.

It remains to see that any p-divisible group G over R with constant Newton
polygon is isogenous to a constant p-divisible group.?? More precisely, choose a
completely slope divisible GO/IFI, with an isogeny v : G, — Gy, which one can
assume to be of degree bounded only in terms of the height h of G. Then we claim
that there is a (necessarily unique) quasi-isogeny ¢ : G — Gy g lifting ¢, and
whose degree is bounded only in terms of h; i.e. there is a constant ¢ = ¢(h) such
that p“y : G — G, r is an isogeny.

For this, assume first that R is an integral domain, with quotient field K. By
Lemma 4.2.16 (cf. Remark 4.2.17), the functor from p-divisible groups over R to
p-divisible groups over K is fully faithful. We can find an isogeny ¥} : Gk — Go ik
of degree bounded only in terms of h, which then extends to a map ¢’ : G — Go,r
of degree bounded only in terms of h. Over k, ¢ and v, differ by a quasi-isogeny
of Gy of bounded degree; correcting v’ by this quasi-isogeny gives the desired quasi-
isogeny ¢ : G — G, r lifting 11, which is of bounded degree.

In general, let {p;} be the minimal prime ideals of R (which may be infinitely
many);2% then the result holds true over each R/p;, which is still a strictly henselian
perfect ring. Let R C [[, R/p; be the subring of those elements f = {f; € R/p;}
for which f := f; € k is independent of i. Then R is another strictly henselian
perfect ring, R — fi and there is an isogeny

Vip:Gr— Gog -

Indeed, p°y will be an actual isogeny, and then to write down this isogeny, one
has to write down many matrices with entries in R; but one has these matrices
with entries in R/p; for each i, reducing to the same matrix over k. It remains to
see that 5 is defined over R, i.e. that some matrices with coefficients in R have
coefficients in R. For each 1, R/pzﬁ is a strictly henselian perfect ring, so wR/piR
is uniquely determined; by uniqueness, it must be given by the base extension of
¥R/p,> Which is already known to exist. Thus, we finish by observing that

R={feR|Vi:f modp; €R/p; C R/p:;R} .

To verify the displayed equation, we observe that R — R is a v-cover in the sense
of [BS15b], so that by [BS15b, Theorem 4.1 (i)] (applied to & = Ox)

R={feR|f®l=1®fc RogrR}.

22¢y, [0Z02, Corollary 3.6] in the case where R is the perfection of a noetherian strictly
henselian ring R’ and G is defined over R’.

23If there are only finitely many, e.g. if S is the perfection of a noetherian scheme, one can
argue as in [0Z02, end of proof of Proposition 3.3].
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As everything is reduced, the latter equality can be checked as a system of equalities
in

(R®gr R)/pi(R®Rr R) = R/piR Qp/p, R/piR
as desired. O

Now we go back to a general perfect base scheme S. We need to find a quasi-
isogeny between X and X, (compatible with extra structures) locally on Sprost. For
any geometric point € S, we can find such a quasi-isogeny over Sz. Thus, fixing
any n, after replacing S by an étale neighborhood of  and X by a quasi-isogenous
p-divisible group, we can assume that there is an isomorphism X[p"] = X[p"]
compatible with extra structure.

In that case, we can look at the Kj-quasitorsor S = S of isomorphisms Xp =2
(Xp)r compatible with extra structures on the category of perfect S-schemes T,
where K; C Jy(Qp) is the compact open subgroup of automorphisms of Xp, com-
patible with extra structures. Note that S is representable by a perfect scheme.
We claim that if n was chosen large enough (depending only on Xj), then this
quasitorsor is a torsor, i.e. § — S is faithfully flat. This will then give the desired
quasi-isogeny locally on Spro¢t (namely over the pro-étale cover 5—9).

To show that S is a torsor, we need to see that it is faithfully flat, so we can
assume that S = Spec R is strictly local. We need to show that there is an
isomorphism X 2 (X;)g compatible with extra structures, assuming that such an
isomorphism exists on p”-torsion for n big enough.

As before, let k be the residue field of R. Then X and X have isomorphic p™-
torsion; from [Sch13a, Lemma 4.4] one deduces that there is an isomorphism v, :
Xp = X} compatible with extra structures, if n was chosen large enough; moreover,
one can assume that this isomorphism reduces to the given one X,[p"] = Xy [p"]
on p"/2-torsion (say, n = 2m is even). From Lemma 4.3.15 and Remark 4.3.16, we
see that 1, lifts to a quasi-isogeny ¢ : (Xp)r — X, such that p¢¢ : (Xp)p — X
and p¢y~1 : X — (X;) g are actual isogenies, where c is a constant depending only
on Xp. Then the kernel G C (X;)g of py is contained in the p?*-torsion; thus, it
is the kernel of p°y : (Xp)r[p??] — X[p?9] = (Xp)r[p?°] (if m > 2¢, which we may
assume). By choosing m large enough and using Lemma 4.1.5, we may arrange
that p°y lies in Hx, x, [p*‘](R). But as R is strictly henselian perfect,

Hx, %, [p2c}(R) = Hx, x, [pZC] (]Fp) .
It follows that G C (Xp)g is constant, G = Go,r, for Gy C Xy, with X/Go =2 X,
compatibly with extra structures (as this is true over k). But then p©y factors over
an isomorphism
(Xp/Go)r =X,
where the left-hand side is isomorphic to (X;,)g. This gives the desired isomorphism
X 2 (Xp) g compatible with extra structures. O

Now we go back to the study of Igusa varieties. Let X := (Z{b)gd be the adic
generic fiber of the formal scheme %°.

Definition 4.3.17. Let X2 be the functor on complete affinoid (E(Cpe), OE(Cpoo))'

algebras sending (R, RY) to the set of triples (A, p,a), where (A,p) € X*(R, RY)
and
a:N—=T,A
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is a morphism of Op-modules such that
(1) the pairing (-,-) on A matches the pairing on TpA induced by the polariza-
tion and the fized choice of p-power roots of unity, and
(2) the induced maps
A = T,A24(C,CT),
on all geometric points Spa(C,C) of Spa(R, RT) are isomorphisms.
Remark 4.3.18. There are natural maps X? — 9% and &% — MY, defined by

sending an abelian variety to its p-divisible group. We can check on the level of
moduli problems that X2 fits into the Cartesian diagram

b —— MP

|

Xt —— MP |

therefore it is representable by an adic space.

We let (Igl(’gK)%d be the generic fiber of the formal scheme Ig%K.
Corollary 4.3.19. We have an isomorphism

(Tgo, )5 X Spa(i,04) ML, 5 X, -

In particular, XY is preperfectoid.
Proof. The first part follows from the decomposition of ¥ in Lemma 4.3.12, and the
cartesian diagram of Remark 4.3.18. The final assertion follows formally from the
facts that MY, is preperfectoid, and that Igl(’gK is locally of the form W(R)®o, Ok

for a perfect ring R, so that (if K is perfectoid) its generic fibre is a perfectoid
space. O

We let )?go be the perfectoid space associated with X2 as in [SW13, Proposition
2.3.6]. Let Sk» be the perfectoid infinite-level Shimura variety over E,. Let S%, C
Skr be the locus of those points Spa(K, K™) — Sk» over which the universal
abelian variety over K extends to KT, and defines a point of Y}Qﬁ x» over the
residue field of K*. This is the preimage under the continuous specialization map
of the locally closed subset Y[b{p ke C LK, k» X0, Fg, and thus Sk, C Sk» is a
locally closed subset.

Lemma 4.3.20. The perfectoid space P maps to S}’(p by forgetting the quasi-
isogeny p and to MY, by sending (A, p) to (A[p*>],p). The induced map

Tb b b A
X, — (./\/loo X PG 0 SKp)
is an isomorphism of perfectoid spaces.

In other words,
XL — M5

D

TH
S}’(p SILLEN 970,“

becomes a Cartesian diagram when one takes points over a perfectoid space.
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Proof. Note that the diagram commutes by Remark 4.2.8. Therefore, the map in
the lemma is well-defined. We first check the fact that the diagram is Cartesian on
(C, O¢)-points, where C/ E‘(Cpm) is complete and algebraically closed with ring of
integers Oc. A (C, O¢)-point of 8%, gives rise to a couple (A, @), where A/O¢ is
an abelian variety with extra structures and a : A — T, A(C, O¢) is an isomorphism
compatible with extra structures. A (C, O¢)-point of M2 gives us a triple (G, 5, p),
where G/O¢ is a p-divisible group with extra structures, 3 : A = T,G(C, O¢) is
a trivialization of its integral Tate module and G X, Oc/p — Xp XF, Oc¢/pis a
quasi-isogeny.

The fact that (A, «) and (G, 8, p) are mapped to the same point of F#¢,, under
77 and 7%, means that the Hodge-Tate filtrations on T,A ® C and T,G ® C
are identified under the isomorphism 8o a~!. Now [SW13, Theorem B] gives an
isomorphism A[p>*] = G extending the given isomorphism on the generic fibre.
Thus, the given data assemble into a point of X%, and one checks that these
constructions are inverse.

Now, if (R, RT) is any perfectoid affinoid E((p~ )-algebra, one gets similar data
(A, ), (G, B, p) over RT. One has to check that the isomorphism 8o a~! between
A[p>]r and Gr extends to R*. This follows from Lemma 4.2.15 above. O

Putting together Remark 4.3.18 and Lemma 4.3.20, we get a diagram with Carte-
sian squares (the right one when evaluated on perfectoid spaces)

X AL st

T T

mb — Mgo ﬂ_—m} yZG,u .

4.4. Etale cohomology. Fix a prime ¢ # p, and consider the map
wHT : Skr = Fla,,

In this final subsection, we use the geometric results established so far to identify
the fibres of F = Rwyr«Z/¢"Z with the cohomology of Igusa varieties. In this
section, we make the additional assumption that “x,x» is proper over Og,. It is
known that this is equivalent to asking that G is anisotropic over Q, cf. [Lan11].

Let C be a complete algebraically closed extension of E(Cpoo), with an open
and bounded valuation subring Ct C C, and fix a point z € F#¢ ,(C,CT); we
assume that C' is the completed algebraic closure of the residue field of Fg , at
the underlying (topological) point. We are interested in understanding the stalk
Fo = (RimgrsZ/0"Z),. In this respect, we have the following general base change
lemma.

Lemma 4.4.1. Let f : Y — X be a quasicompact and quasiseparated map of
analytic adic spaces, and for definiteness assume that X is either a locally strongly
noetherian adic space or a perfectoid space over Spa(Zy,Z,), andY is perfectoid.?*
Let x € X be a point with residue field K(x) and open and bounded valuation
subring K (z)*. Let C(Z) be a completed algebraic closure of K(x) with an open and

24yWe only need to know that they have well-defined étale sites, and that the same holds for all
fibres of f over geometric points. For example, the lemma is also true when one asssumes instead
that both X and Y are perfectoid.
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bounded valuation subring C(z)" C C(z) lifting K(x)", giving rise to a geometric
point & = Spa(C(z),C(z)T) = X. Let

Yz = (Y xx Spa(C(z),C(z)")"
be the fibre of Y over T, which is a perfectoid space over C(Z). For any sheaf G of
abelian groups on Yz and all ¢ > 0, the natural map

(R'f.G)s — H'(Y3,G)
s an isomorphism.

Here, and in the following, these statements will also be true for sheaves of groups
and 7 = 0,1, and sheaves of sets and i = 0. We will not spell this out.

Proof. Let U; = Spa(R;, Rj) — X be a cofinal system of affinoid étale neighbor-
hoods of Z; then
Spa(C(z),C(z)") ~ @Spa(Rj,R;—“) ,
J

and one has

(R'fuG)z =lim H'(Y xx Spa(R;, Bf),G) .
J

It remains to see that
@Hi(y xx Spa(R;, Rf),G) = H' (Y, 9) .
J
But this follows from Yz ~ 1'£1j Y xx Spa(R;, R;r) (ct. [SW13, Proposition 2.4.3]),
where all terms are quasicompact and quasiseparated, and the resulting consequence
for étale cohomology, cf. [Sch12a, Corollary 7.18].%5 d

In particular, the fibre
(R'mursZ/0" L)y = H (Skv 2, Z/I"T.) .
Next, we reduce to the case of rank 1 points. For this, we use the following lemma.

Lemma 4.4.2. Let X be a quasicompact and quasiseparated analytic adic space,
and for definiteness assume that X is a perfectoid space.?6 Let U C X be a quasi-
compact open subset which contains all rank 1 points of X. Then, for any locally
constant sheaf G of abelian groups on Xg and all i > 0, the natural map

H'(X,G) — H'(U,G)
s an isomorphism.

Proof. Let j: U < X be the inclusion. It is enough to prove that G — Rj.G is an
isomorphism. This can be checked on geometric points, which, using Lemma 4.4.1,
reduces us to the case X = Spa(C,C™") for some complete algebraically closed field
C with an open and bounded valuation subring C* C C. Then U = Spa(C, DT)
for a different open and bounded valuation subring DT C C, containing Ct. As
X is strictly local, the sheaf G is the constant sheaf associated with some abelian
group G. But as any étale cover of X splits, one has RI'(X, G) = G, and similarly
for U, giving the result. O

25In the discussion around [Sch12a, Corollary 7.18], the X; are assumed to be strongly noe-
therian; the discussion is also valid if all X; are perfectoid.

26Again7 the lemma also holds true when X is a strongly noetherian adic space, or whenever
X has a well-behaved étale site.
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Applying Lemma 4.4.2 to the inclusion Sk» 3z C Skr , shows that
(R Z/0" )y = (Rimpgr 20" L)z = H (Skv 5, Z)("Z) .

Thus, we will from now on assume that = = Z is a rank 1 point, and write CT = O¢.
Now choose b € B(G, 1) such that x € ﬁf%ﬁu. If y € Skrp is any (geometric)
rank 1 point, the argument of Lemma 4.2.18 shows that y € S}’(,). Thus, S%I,,I =

Skv.w XSkp Sw» C Skr is a quasicompact open subset with the same rank 1
points, so applying Lemma 4.4.2 once more, we see that

(R'mpgriZ/0" L)y = H (Sfp o, L/ (") .

Now we apply Lemma 4.2.18 to lift x € 9\6%#&(07 O¢) to apoint z € M8_(C, O¢),
giving rise in particular to a p-divisible group (Xp)o,, (with extra structures) lifting
Xp. Then Lemma 4.3.20 identifies the fibre S}’(,,’z with the fibre Xé’oyz. This, in
turn, gets identified with (Iglzg c)i;d by Corollary 4.3.19. Combining the discussion
so far, we see that

(RimpraZ/0'2): = H' (180, )5 2/€"Z) -
Next, we pass to the special fibre.

Lemma 4.4.3. Let X/IF'p be a perfect scheme and let C' be a complete algebraically
closed nonarchimedean field whose residue field contains Fp. Let Xo, be the flat
formal scheme over Spf Oc which is the unique lifting of X xg, Oc¢/p, and let
Xo = (%oc)';;d be its gemeric fibre, which is a perfectoid space. For all i, the
canonical maps

HY(X,Z/"Z) + H' (Xo.,Z/"Z) — H (Xc,Z/("Z)
are isomorphisms.

Proof. The question is local on X, so we can assume that X is affine. Then we
can write X = @X ; as a cofiltered inverse limit of affine schemes X; which are
perfections of schemes of finite type over F,. One also gets Xo ~ @j Xj.c, so
all cohomology groups in question become a filtered colimit over j; thus, we can
assume that X is the perfection of an affine scheme Xg of finite type. Then the
cohomology of X agrees with the cohomology of Xj.

Moreover, the cohomology of X is the same as the cohomology of its special
fibre X XF, k, where k is the residue field of O¢, which in turn agrees with the
cohomology of Xo Xz, k. Thus, the first map is an isomorphism by invariance of
étale cohomology under change of algebraically closed base field.

Also, under tilting, the étale cohomology of X agrees with the étale cohomology
of Xo». We may thus assume that C' is of characteristic p. In that case, one can
also form Xo,0. = Xo Xgpec 7, SPI Oc and its generic fibre Ay, ¢, which is a rigid-
analytic variety over C, with Xo ~ @Frob Xo,c. Thus, the cohomology of X¢
agrees with the cohomology of Xy ¢. Finally, we are reduced to proving that the
map

H (X000, Z/0"7) — H (Xo.c,Z/ ")
is an isomorphism. The right hand side can be computed, by [Hub96, Corollary
3.5.17], in terms of H*~7 (X, Xf, ks RIYZ/INZ).

It is enough to see that, if X is a scheme of finite type over Fp, then the complex

of nearby cycles of Xo ¢ = Xoxg, €' is quasi-isomorphic to the constant sheaf 7.
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By [SGAT73, XIII 2.1.4], we can compute the stalk of RIYZ/{"Z at a geometric
point Z as H’((Xo.0.)z X C,Z/"Z), with (Xo,0,)z the strict henselization of
Xo,00 = Xo XF, Oc¢ at 2. We conclude, since the map Xo c — Spec O¢ is the
base change along the map Spec Oc — Spec F,, of the universally locally acyclic
map Xo — F,. (For universal local acyclicity, we use the definition of [Del77].
Every scheme of finite type is universally locally acyclic over a point, cf. [Del77,

Th. finitude, Théoreme 2.13].) O

Thus, we get _ ‘
(R'myr.Z/0"Z), = H' (1g", 2/0"Z) |
where Ig” /F, is the perfect scheme introduced in Definition 4.3.1. Using Proposi-
tion 4.3.8, we finally arrive at the following formula.

Theorem 4.4.4. For any geometric point T of Flq,, contained in ?f%_u, there is
an isomorphism

(RimiuraZ/0"Z); = H'(1g", 2/0°Z) = limg H (S s L/ ")

It (only) depends on the choice of a lift of T to MP, and is compatible with the

[o=F)

Hecke action of G(A%). O

One can formulate a version of this result where one replaces Z/¢"Z by the local
system corresponding to an algebraic representation &.
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5. THE COHOMOLOGY OF IGUSA VARIETIES

The goal of this section is to compute the alternating sum of cohomology groups
[H(3g°,Q/)] as a virtual representation of G(AZ}) x Jp(Qp). We will work with (the
Igusa varieties corresponding to) unitary Shimura varieties. Our setup is similar to
that of [SS13] (see Section 5.1 for more detail) and we intend to prove a version of
Theorem 6.1 of [Shill] in this situation.

By Proposition 4.3.8 and since perfection does not change the étale topos, it is
enough to work with the classical objects Jﬁam. By Poincaré duality, it is enough to
compute the alternating sum of the compactly supported cohomology groups. Sug
Woo Shin has derived a formula for the alternating sum [H,.(.#, ., Q¢)] as a sum of
stable orbital integrals for G and its elliptic endoscopic groups (see Theorem 5.2.3).
We reinterpret this formula as the geometric side of the twisted trace formula and
compare it to the spectral side.

5.1. Setup. We assume that F' = F™-K is the composition of a totally real field F'*
and an imaginary quadratic field K. Let ¢ € Gal(F/F ™) be the non-trivial element.
Let G/Q be a unitary similitude group preserving an alternating hermitian form
(, ) on an F-vector space V' of dimension n. Let Splp,p+ denote the set of rational
primes v such that every prime of F'™ above v splits in F. We make the following
further assumptions on F and G.

(1) F*#Q

(2) the set of rational primes which are ramified in /' is contained in Sply,p+;

(3) G is quasi-split at all finite places.
See Section 10 of [SS13] for a discussion of these conditions. The first two are
imposed to avoid issues with L-packets and base change for unitary groups.?” The
third condition implies that endoscopic representations will contribute to [H (0., Q)]s
and is thus in some sense the hardest case.

Let h : C — Endp(V)g be an R-algebra homomorphism such that h(z¢) = h(z)¢
for all z € C and such that the bilinear pairing (v,w) +— (v, h(i)w) is symmetric
and positive definite. Then (F,c,V,(, ),h) is a Shimura datum of PEL type. The
fact that ¢ is an involution of the second kind implies that the PEL datum is of
type (A), according to the classification on page 375 of [Kot85].

The R-algebra homomorphism A induces a homomorphism of algebraic groups
h: Resg/rGy —+ Gr. Then (G, {h}) is a Shimura datum as in Section 2.1. For K C
G(Ay) an open compact subgroup, we can define the Shimura variety Sk, which has
a model over the reflex field E. Let u be the Hodge cocharacter corresponding to
h. We follow the slight abuse of notation in denoting by Sk not the actual Shimura
variety, but the PEL moduli problem, which is the disjoint union of |ker' (G, Q)]
copies of the actual Shimura variety. This factor [ker'(Q, G)| will thus appear in
many formulas below.

Also assume that the prime p is unramified in F' and splits in K (so, in particular,
it lies in Splp/p+ ).

Let p be a prime in the reflex field E of the Shimura datum above the rational
prime p. Let K C G(Ay) be a compact open subgroup which is sufficiently small
and has the form K?K,,, such that K, C G(Q)) is hyperspecial. The fact that p is
unramified in F' means that good integral models S, of Sk exist over Op, .

27 Actually, (2) implies (1).



THE GENERIC PART OF THE COHOMOLOGY OF SHIMURA VARIETIES 71

We fix a field isomorphism ¢, : Q, = C throughout. If G is a topological group,
such that every neighborhood of the identity contains a compact-open subgroup
and  is an algebraically closed field of characteristic 0, we let CS°(G) be the space
of smooth, compactly supported, Q-valued functions on G (usually they will be
C-valued; if they are valued in Qg, then by smooth we mean locally-constant). We
let Irr(G) denote the set of isomorphism classes of irreducible admissible repre-
sentations of G over © and Groth(G) be the corresponding Grothendieck group.
For all the groups we consider, we choose Haar measures and transfer factors as
in [Shil0, Shill].

In particular, if G is an unramified group over a non-archimedean field F, we
choose a hyperspecial maximal compact subgroup K and a Haar measure such that
K has volume 1. We let H"(G(F)) be the subspace of C°(G(F)) consisting of
bi-K-invariant functions, which is an algebra with respect to convolution.

5.2. A stable trace formula. In this section, we recall the main constructions
and results of [Shil0]. For any open compact subgroup K C G(Ay) which is
hyperspecial at p we have an integral model .7k /Og,. As described in Section 4.3,
the special fiber of .7k has a Newton polygon stratification, in terms of elements
b € B(G,p™1). Fix b and also a p-divisible group with extra structures X;/F, as
in Section 4.3. Recall that J,(Q)) is the group of quasi-self-isogenies of X which
respect all the extra structures.

By the Iqusa variety #y;,,, we mean the projective system of F,-schemes fl\l}mnt, Kp.m>
where KP C G (A’j’) runs over sufficiently small open compact subgroups and m runs
over positive integers. Each of these schemes is a finite Galois cover of the leaf %
inside .#%. Define

[Hc(ﬂleianw@f)] = @(_l)k %ﬂ Hf(fl\lzlant,Kp,m7QZ)'
k Krm
Since each of the summands is an admissible representation of G(AZ}) x Jp(Qp), we
think of [H.(#Y e Qr)] as a virtual representation in Groth(G(AY}) x Jp(Qp)).
Often, we will fix a finite set S of places of Q including p, 0o and all places at

which F' ramifies. If we fix a compact open subgroup K° C G(A®) which is a
product of hyperspecial maximal compact open subgroups K, C G(Qy), we let

[He(Atans: Q)]
be the summand of [Hc(,ﬂl\l}[ant7 Qg)] of those representations which are unramified
outside S. More precisely, any element m € Groth(G(A}) x J,(Q,)) can be written
as a (possibly infinite) sum
™ = Znﬂri N
i

where 7; runs through the irreducible representations of G (A?) x Jp(Qp) (all of which
decompose into a tensor product), n; € Z, and for each compact open subgroup
K C G(A%) x Jy(Qp), there are only finitely many 4 for which n; # 0 and Tk #£0.

Then we define
oo = E T -

i:ﬂ'{(S;ﬁO
Let Groth(G(A%) x Jy(Qp))™ denote the subgroup of Groth(G(A%) x Jy(Qy))

consisting of those 7 for which m# = 7", Then there are nondegenerate trace
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pairings
Groth(G(Afc) x Jp(Qp)) X C?C(G(AI;) x Jp(Qp)) = C
and
Groth(G(A}) x Jp(Q@p))™" x (H™(G(A®)) ® O (G(Asy,\ip}) X Jo(Qp))) = C .

Let ¢ € C?(G(Aii) x Jp(Qp)). We say that ¢ is acceptable if it satisfies the
conditions of Definition 6.2 of [Shi09]. The main condition is that ¢ is a linear com-
bination of functions of the form ¢ x ¢,,, where ¢, is supported on v,-acceptable el-
ements of J,(Q,). These are those elements 6 € J,(Q,), d = (6;) € [[_; Fut’(X;),
such that any eigenvalues e; of §; satisfy

vp(e;) < vp(e;) whenever A; > A
(Definition 6.1 of [Shi09]).

Remark 5.2.1. This condition will separate components of J,(Q,) corresponding to
different slopes in terms of their p-adic valuation, which in turn is needed in order
to transfer functions from J,(Q,) to G(Q)). See Lemma 3.9 of [Shil0] and Lemma
V.5.2 of [HT01] for more details.

Lemma 6.3 of [Shi09] guarantees that the twist of any ¢ by a sufficiently high power
of Frobenius is acceptable.

We recall the set £(G) of elliptic endoscopic triples for G. In fact, we work more
generally: let F be a local or global field of characteristic 0 and let G be a connected
reductive group over F. An endoscopic triple for G is a triple (H, s,n), where H
is a quasi-split connected reductive group over F, s is an element of Z (ﬁ) and
n: H— Gisan embedding of complex Lie groups. The triple has to satisfy certain
conditions, as in 7.4 of [Kot84]. Let T' := Gal(Q/Q). An endoscopic triple is called
elliptic if (Z(H)T)° ¢ Z(G). We will use the notion of isomorphism of endoscopic
triples in Section 2.1 of [Shil0], which is stronger than the one in [Kot84]. We let
E°1(Q) be the set of isomorphism classes of elliptic endoscopic triples for G.

Assume that G9°* is simply-connected (this will be the case for G := G, our
unitary similitude group). We use Weil groups to construct L-groups; then we can
choose an extension of 1 to an L-group morphism 7 : “H — ©G by Proposition 1
of [LanT79].

Assume that F is a local field. Given 7, Langlands and Shelstad (see [LS87])
define a transfer factor

A H(F)ss,(G,H)—reg X G(F)ss - Ca

which is canonical up to a non-zero constant.

The fundamental lemma and the transfer conjecture, which are now theorems
due to Ngo, Waldspurger and others (see [Ng610, Wal97]), assert that for each
function ¢ € C°(G(F)), there exists ¢/ € C°(H(F)) satisfying an identity about
the transfer of orbital integrals

SOR® (M) = >~ Ay, 7)e(G,)0S™ ()
YEG(F)gs/~

(see Theorem 3.1 of [SS13] for an explanation of the notation). If H,G and 7 are
unramified and if ¢ € H"(G(F)), then A can be normalized such that ¢ can be
taken to be 77*(¢), where 77* : H*(G(F)) — H™ (H(F)) is the morphism of unram-
ified Hecke algebras induced from 7} via the Satake isomorphism. In particular, if
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¢ is the idempotent associated to a hyperspecial maximal compact subgroup, then
¢ can also be taken to be the idempotent of a hyperspecial maximal compact
subgroup.

Let ¢ € CSC(G(A’]Z) x Jp(Qp)) be an acceptable function of the form

¢ = [ ¢v with ¢, € CZ(G(Qu)),v #p, ¢p € CZ(Io(Qp)).
v#00

Let (H,s,n) € EN(G).
Definition 5.2.2. Let ¢ := ¢"Ppl ol € C°(H(A)), where:

o ¢'P is the Langlands-Shelstad transfer of ¢P (as described above);

o ¢ is constructed by Kottwitz in Section 7 of [Kot90], where we take the
trivial algebraic representation of G as an input (this corresponds to the
fact that our local system on Sy, is Qu.) We give more details in the
case when G is a unitary similitude group below.

° ¢f is constructed in Section 6 of [Shil0]. The function ¢f is the key
construction of [Shil0]; we give more details in Section 5.4 below.

The following is the main result of [Shil0], Theorem 7.2 of loc. cit.
Theorem 5.2.3. Let ¢ and ¢™ be as above, with (H,s,n) € ENG). Then

tr(@lee Ho( Atans Qo)) = | ker (Q, @) Y (G, H)ST (6™).
(H,s,m)
Remark 5.2.4. Shin’s result is in fact valid for any PEL Shimura variety of type
(A) or (C). We recall that

ker' (Q, G) := ker (Hl (Q,G) — H HY(Q,, G)) ,

and that Sk is the disjoint union of |ker' (Q,G)| copies of the Shimura variety
for G. Also, «(G,H) = 7(G)r(H)"}|Out(H, s,n)|~!. The term STH(¢7) is a
sum of stable orbital integrals over (representatives of) Q-elliptic semisimple stable
conjugacy classes in H(Q).

In the case of our unitary similitude group G, the set £°!'(G) only depends on the
quasi-split inner form G,, of G and in [Shill], Shin gives a concrete description of
a set of representatives for the isomorphism classes in £N(G,,). If i = (n;)i_; is a
vector with entries positive integers, one can define a quasi-split group G5 over Q as
in Section 3.1 of [Shill]. Define GLj :=[];_,; GL,, and let iz : GL; — GL(s ny)
be the natural map. Let

q)ﬁ = iﬁ(¢n17 ey @ns),
where ®,, is the matrix in GL,, with entries (®,);; = (71)”1(52-,”_*_1_]-. Then Gj is
the algebraic group over Q sending a Q-algebra R to
Gi(R) ={(\,g) € R* x GLz(F ®g R)|g - ®7-'g° = A5}
Since G is quasi-split at all finite places, we have
G X@Af ~ Gn XQAf

and we fix such an isomorphism.
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The representatives for £"(G,,) can be taken to be
(G 80,M0) } UL(Gryns Snyngs Mg na) N1 412 = nyma > ng > 0}
where (n1,n2) may be excluded if both n; and ny are odd numbers (see condition
7.4.3 of [Kot84]). Here, s, = 1 € Gn,snhnz = (1,(In,,—1In,)) € Gm,m, N 18
the identity map and 1y, n, : énh,m — én is the natural embedding induced by
GLy, X GLy, — GL,.
If we choose a Hecke character ¢ : AZ /K™ — C* such that 1[,x Jgx corresponds

via class field theory to the quadratic character associated to K/Q, we can extend
My ,ns t0 an L-morphism

~ . L L
Mnins t Gnyne = 7 G

(See Section 3.2 of [Shill] for the precise formula.) By Proposition 7.1 of [Shill],
7 can be chosen such that the set of primes where 1 is ramified is contained in
Splp JF+- As a consequence, we can use the explicit transfer factors described in
Section 3.4 of [Shill] at all places not equal to p,co. These are compatible with
the Langlands-Shelstad transfer described above: at unramified places v, we take

Ty @ HY(Gr(Qu)) = H Gy na (Qu)),
making use of the fundamental lemma [Ng610]. Since we have fixed an isomorphism
G xg Ay = G, xg Ag, we can also think of this as a transfer from G to G, ,, at
places away from p, co.

We also describe the explicit transfer at the place co. The transfer is as in
Section 7 of [Kot90] and uses Shelstad’s theory of real endoscopy and the Langlands
correspondence for real reductive groups; see also Section 3.5 of [Shill] for any
unfamiliar notation. Recall that over R, G is an inner form of the quasi-split
unitary similitude group G,. For any discrete L-parameter ¢, for G, with L-
packet II(p¢, ), define

1
P, = Moo > om
" rell(eay)
where ¢, is a pseudo-coefficient for 7. When ¢g, ~ ¢¢ corresponds to an L-
packet Tlgisc(G7(R),£Y) for some irreducible algebraic representation £ of Gy, the
function (bwGﬁ is called an Euler-Poincaré function; we denote it also by ¢g; ¢.
The desired function ¢§o will be a precise linear combination of the Euler-Poincaré
functions for L-parameters ¢¢,, for which 7oy, corresponds to the trivial algebraic
representation of G¢ (see 5.11 of [Shill] for the precise formula).
For further use, we record a version of Theorem 5.2.3 for the group G.

Corollary 5.2.5. If ¢* - ¢, € C°(G(A}) x J,(Qp)) is acceptable, then
(e He(Apans> Qo)) = [ ker' (Q, Q)| > (G, Gr) STE (¢7),
Ga

where Gz Tuns over the set described above and ¢" is obtained from ¢ as in Defi-
nition 5.2.2.

Remark 5.2.6. The constants (G, G) can be computed explicitly:
UG, Gy) = {%T G)r(Gq)™t if it = (2,2)

( 202
7(G)1(Gi)™t  otherwise.
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5.3. Base change and the twisted trace formula. Let G := Resk /o(GrxoK).
One can define L-morphisms BCy : “Gy — “Gy and gt,,“’m : LGnth — LG,, and
there is a commutative diagram of L-morphisms

(5.3.1) LGy ns o, La,

JBCH1 o chn

LGy — LG

In this section, we review the associated base change for the groups Gz and Gz
as well as the twisted trace formula. Let S be a finite set of primes containing
00, p and all the primes where either the CM field F' or the Hecke character i are
ramified. Recall that, by the assumptions in Section 5.1, we can and will arrange
that Sg, C SplF/F+.

We can define a notion of BC-transfer of functions as in Section 4 of [Shill]. If
v is a finite place of Q such that v € S, then the dual map to the L-morphism BCj
defines the transfer

BCG : (G (Qu)) = H™ (Ga(Qu)),

(Case 1) of Section 4.2 of [Shill]. Otherwise, if v € Sin C Sply/p+ then Section
4.2 of loc. cit., (Case 2), constructs a BC-transfer ¢, € C°(Gr(Qy)) of f, €
C*(G#(Qy)). We remark that, if v splits in K (e.g. if v = p), one can check
directly that BC} is surjective. It is also possible to define a transfer 5%, as in
Section 4 of loc. cit., making the obvious diagram commutative.

At oo, the transfer is defined in Section 4.3 of loc. cit. Let £ be an irreducible
algebraic representation of (G7)c, giving rise to the representation Z of (G )¢ which
is just = := £®&. Recall that ¢g, ¢ is the Euler-Poincaré function for . Associated
to Z, Labesse defined a twisted analogue of the Euler-Poincaré function, a Lefschetz
function fg, = [Lab91]. The discussion on page 24 of [Shill] implies that fg, = and
0aG,;,¢ are BC-matching functions.

Define the group

G} := (Resx/gGL1 X Resp/oGL7) x {1,6},

where 0(), )07 = (A\°,\°g%) and ¢* = ®Lg°®>". If we denote by G and G0
the cosets of {1} and {6} in G}, then G} = G2 U G20. There is a natural Q-
isomorphism Gz = G¢, which extends to an isomorphism

Gy x Gal(K/Q) 5 G

so that ¢ € Gal(K/Q) maps to 6. Using this isomorphism, we write Gz and Gz6
for the two cosets.

If f e C(Gi(A)) (with trivial character on Ag ), then we define f6 to be
the function on Gz0(A) obtained via translation by 6. The (invariant) twisted trace
formula (see [Art88a, Art88b]) gives an equality

(5.3.2) Igm0, (f0) = I532(f0).

geom spec
The left hand side of the equation is defined in Section 3 of [Art88b], while the

right hand side is defined in Section 4 of loc. cit.
Let fg,,=z and ¢, ¢ be as defined above. The following is Corollary 4.7 of [Shill].
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Proposition 5.3.1. We have the following equality:
(5.3.3) g, (f0) = 7(Gr) ' STE™(9),

geom

when ¢ and f satisfy
¢ = ¢S “PSan - PGgc and f = fS LT [P
with ¢° a BC-transfer of f°, ¢s,, a BC-transfer of fsy, -

Proof. We sketch the proof here: first, use Theorem 4.3.4 of [Lab99] to rewrite the
sum of stable orbital integrals on the right as the elliptic part of the twisted trace
formula for Gzf. Then the geometric side of the twisted trace formula for Gz6
is simplified using similar techniques to those in Chapter 7 of [Art88b]: the key
facts are that the Lefschetz function fg, = is cuspidal, so only f-elliptic elements

contribute, and that [F'T : Q] > 2, so that the only Levi subgroup that contributes
to the geometric side is G0 itself. (]

We now explain how to construct our test functions, which is exactly as in the
proof of Theorem 6.1 of [Shill]. We let (f™)% be any function in H" (G, (A%))
and fgﬁn\{p} be any function in C2°(Gn(Asy,, (,,))- We let ¢>S’¢Sﬁn\{p} be their
BC-transfers, as described above. We take ¢, € C°(J,(Q,)) be any acceptable
function and set

¢ = 0" DSy () " o

From these test functions, we construct all the other test functions we will need.
First, for each elliptic endoscopic group G we let ¢™ be constructed from ¢ as
in Definition 5.2.2. Let (f™"2)% and (f™")s,..,,, be obtained from (f")% and
fgﬁn\{p} by transfer along the L-morphism ¢. We choose fpﬁ so that BC;(f;l) =
¢g (recall that BC} is surjective at p). We can define f explicitly, as a linear
combination of Lefschetz functions for representations Z(p5z) of Gz for which 70 ¢z
corresponds to the trivial representation of G (see (6.7) of [Shill] for the precise
formula). Finally, we set

fﬁ = (fﬁ)s : (fﬁ)sﬁn\(p} ’ fg ’ ffo

By the commutative diagram of L-morphisms (5.3.1), we can apply Proposition 5.3.1
to f and ¢™. To check the compatibility, see (4.18) of [Shill] for primes away from
S, (4.19) of loc. cit. for primes in Sg, \ {p} and compare the precise formulas for
¢ and fI. We mention that the formulas for ¢ and fZ use as input an inner
form G of Gy, over R; in loc. cit. this inner form has a specific signature (a group
of so-called Harris-Taylor type), but here we work more generally. In particular,
the integer ¢(G) appearing there is defined as %dim(G(R)/KOOAgO).

Theorem 5.3.2. We have an equality

(B[ 1e[He(Alrans> Qo)) = [ker (Q, G)|7(G) Y en - IS (f76),
Gy

where €5 = % if i =(%,%) and ez = 1 otherwise.

Proof. This follows by combining Corollary 5.2.5, Remark 5.2.6, Proposition 5.3.1
and equation (5.3.2). O
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Fix G. We now proceed to simplify the spectral side Ig@g(fﬁﬁ). We need the
following notation from [Shill]: let My be a minimal Levi subgroup of Gz. For M
a rational Levi of G5 containing M), choose a parabolic subgroup @) containing M
as a Levi. The group W% (ay;),eq defined in [Art88b] acts on the set of parabolic
subgroups which have M as a Levi component. The automorphism ‘137;19 of Gz
preserves M and acts on WGﬁe(aM)reg. By combining Proposition 4.8 and Corollary
4.14 of [Shill], we have the following expression for the summands on the right hand
side of Theorem 5.3.2.

Proposition 5.3.3. There is an equality

b, iy _ N W] 1y
IS30(f79) _%: ol | det(®510 — 1) oo

3w (n — nd& (TTa e (f7) 0 A')
IIar

where M runs over the Levi subgroups of Gy containing My and Ily; runs over the
irreducible @516’-5table subrepresentations of the discrete spectrum Ry disc-

Remark 5.3.4. The subscript ¢ indicates a possible twist by a character of Ag_
corresponding to an irreducible algebraic representation & of Gz and A’ is a nor-
malized intertwiner on n — Indgﬁ (ITar)e. We do not make this precise, as we will
not need these details. We do note that, as ITy/ is @' 6-stable, n — Indgﬁ (Iar)e is
f-stable.

5.4. The transfer at p. We recall the construction of the function qﬁg, start-
ing from an acceptable function ¢, € C°(J,(Qp)), as well as the representation-
theoretic counterpart to this construction, Red%.

The group J,(Qp) is an inner form of a Levi subgroup M;(Q,) of G(Q,); for
further reference, we recall their precise definitions, following Chapter 1 of [RZ96].
According to Definition 1.8 of loc. cit., an element b of G(L) is called decent if
there exists a positive integer s such that

(bo)® = sv;(p)o”,
where sv; factors through a morphism G,, — G. By Section 4.3 of [Kot85], any
o-conjugacy class b € B(G) admits a decent representative b; as G is quasisplit,
one can moreover arrange that v; is defined over Qy, cf. [Kot85, p. 219]. Let M, be
the centralizer of v in G, which is a Q,-rational Levi subgroup. Then b is a basic
element of My, and Jp is an inner form of Mj,.

Fix G5 an elliptic endoscopic group for G. The set Egﬁ(Jb,G, Gy7) is defined
in Section 6.2 of [Shi09]; it consists of certain isomorphism classes (M., s, 07)
of Gz-endoscopic triples for J,(Qp). The function ¢g is constructed via transfer
from ¢, on Jp(Qyp) to M, (Qy), followed by a version of transfer from Mg (Q,) to
G7(Qp). We remark that the latter step makes crucial use of the acceptability of
¢p, cf. Lemma 3.9 of [Shil0].

There is a representation-theoretic counterpart to this construction. This is a
group morphism

Red? : Groth(G7(Q,)) — Croth(J,(Qy)).
Red% will be defined as the composition of the following maps:
(1)
Groth(G7(Qp)) = @ Groth(Mg,(Q,)),

(Mg 5,87 ,m7)
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where the sum runs over Gz-endoscopic triples in S;H(Jb, G,Gj7) and the
map on each term is a linear combination of normalized Jacquet functors
(indexed over a finite set of allowed Levi embeddings Mg, — G#7);

Groth(Me,, (Qp)) — Groth(My(Qy)),

which is the functorial transfer with respect to the L-morphism 7. Both

Mc¢.. and M, are (restrictions of scalars of ) products of general linear groups

and the transfer ends up being a normalized parabolic induction.

(3)
Groth(M,(Qp)) — Groth(J,(Qy)),

which is the Langlands-Jacquet map on Grothendieck groups, defined by [Bad07].
(See Section 5.5 of [Shill] for the precise definition of these three maps; even
though the case we are considering is slightly more general, the formulas will be
exact analogues.)

Remark 5.4.1. When 77 = (n), Ezﬁ(Jb, G, G7) has only one element, namely (Mp, 1,1d).

The morphism Redz consists of a normalized Jacquet functor followed by the
Langlands-Jacquet map.

We record the relationship between Redbﬁ and qzﬁg in the following lemma.

Lemma 5.4.2. For any m, € Groth(Gz(Qp)),
tr 7, (65) = tr (Redy(m,)) ().

Proof. The statement follows in the same way as Lemma 5.10 of [Shill] (see also
Lemmas 6.3 and 6.4 of [Carl2] for a unitary group with a slightly different sig-
nature). The idea is that the constructions of both Red’ and ¢™ can be broken
down into the three steps outlined above and the constructions in each of these
steps are dual to each other. One of the key points is that the transfer of ¢, from
Jp(Qp) to Mg,(Qp) can be broken down into transfer from Jy(Q,) to the quasi-
split form M,(Q,) followed by transfer from My(Q,) to Mg, (Qp). The other key
point is the slightly non-standard transfer between M¢_, and Gy, where the desired
compatibility follows from Lemma 3.9 of [Shil0]. O

We note that the whole situation decomposes into a product. Namely, let
P1,...,Pm be the primes of F'™ above p, and fix a decomposition p = uu® in K. We
denote by p; also the place of F' lying over p; in FT, and u in K, and by p¢ the
complex conjugate place of F'. With these choices, we get a decomposition

Gg, = [ [Resr,, /0,GLn X G, .

Here, the projection to the G,,-factor is the unitary similitude factor, and the
projection to the general linear groups is via the projection

VagQ, =PV erF, &V erFe) = PVerk, .

The resulting constructions above admit similar decompositions. In particular,

m

b= ((bi)i=1...m>bo) € B(G) = [ [ B(Resp, /q,GLn) x B(Gm) ,
=1
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and J, = [[;~, Jb, X Gy,. Also, any irreducible representation 7, of G(Q,) decom-
poses into a tensor product

m
= Qom0
i=1

where 7y, is an irreducible representation of G' L, (Fy, ), and m is a character of Q.
A similar discussion applies to representations of

Gi(Qy) = [[ GLa(Fp,) x Q) .

i=1
Lemma 5.4.3. Let 7T§ € Irr(Gr(Qp)) be decomposed as

m
7T;i = ®7r§i ® ﬂ'g .
i=1
Assume that there is some i such that 7r§i transfers to a generic principal series
representation of GLy(Fy,) and Jy, is a non-quasi-split inner form of My,. Then

Red%(7,) = 0.

Proof. This follows from the explicit description of Red% above, which includes
the Langlands-Jacquet map. If 71';’,7 satisfies the above condition, then its image
p in Groth(My(Q,)) will have as M, (F},)-components only generic principal se-
ries representations. Indeed, to see this, note that by the definition in Section 2
of [Shil0], for a Gg-endoscopic triple, the L-morphism “Mg, — ©M, is the re-
striction of the L-morphism CNnhng : LGm’n? — L@G,. The condition of being a
generic principal series representation can be interpreted on the dual side, and is
then easily deduced from this diagram. But if p € Groth(M,(Q,)) has only generic
principal series representations as My, (Fy, )-components, then it lies in the kernel
of the Langlands-Jacquet map whenever J, is a non-quasi-split inner form, by the
construction of this map following Theorem 3.1 and Proposition 3.3 of [Bad07]. O

5.5. Generic principal series. Fix test functions [ € H"(Gn(A%)), fsu\(p} €
C2°(Gn(Asgy\{py)) and let ¢°, g, \(p) be their base change transfers to Gy, (A)

(&

and G, (Asg\{p}) as defined in Section 5.3.
Lemma 5.5.1. For any test function f, € C(G(Qp)), let ¢, € CX(G(Qp)) be

its base change transfer. The trace
tr (¢S¢Sﬁn\{p}¢p‘Lf([HC(jl\l;[anta @Z)D)

can be written as a linear combination of terms of the form
e (D51 (%) tr (s o) | s 1) tr (5 | Redi(x]))

for ’/T;i € Irr(Gr(Qy)), II™ satisfying the following condition. The representation
7r;f base changes to the component HZL € Irr(Gz(Qp)) at p of a B-stable isobaric

automorphic representation II" of Gy of the form
~ G,
0" = (n—Indg e ,
where Ilp; occurs in the (relatively) discrete part of the automorphic spectrum of

the Levi subgroup M of a parabolic Q C Gg. Moreover, I, is cohomological (with
respect to the trivial algebraic representation,).
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Proof. We follow the proof of Proposition 6.1 of [Shill], in a more general situa-
tion, but without keeping track of endoscopic signs and constants. First, assume
that f), is chosen such that ¢, is acceptable. Let ¢ be the product of test func-
tions qﬁscﬁsﬁn\{p}qﬁp. By combining Theorem 5.3.2 and Proposition 5.3.3, we can
write tr(¢|ee[He(Fant, Qe)]) as a finite linear combination on terms of the form

tr (Hﬁ( oA ), where TI" is a #-stable irreducible automorphic representation of

7

Recall that each IT7 is of the form (n— Indgiﬂjvf)g, where IIj; occurs in the
(relatively) discrete part of the automorphic spectrum of the Levi subgroup M of
Gy. The fact that II7 is -stable follows from Remark 5.3.4 and the irreducibility
of TI" follows from the fact II;; is unitary and that, for general linear groups,
any parabolic induction of a unitary representation is irreducible. Moreover, the
representation IIy; must be isobaric, since it contributes to the discrete spectrum of
M. (This follows from the classification of automorphic representations occurring
in the discrete spectrum of general linear groups due to Moeglin and Waldspurger,
[MW89]. See, for example, Theorem 1.3.3 of [Art13] and the discussion below
it.) Now the strong multiplicity one result due to Jacquet and Shalika (the main
result of [JS81], see also Theorem 1.3.2 of [Art13]) implies that the string of Satake
parameters outside the finite set S determines II);. The parabolic induction mn
is also isobaric, because it is irreducible, and therefore it is determined by (Hﬁ)s.
To check that TI7, is cohomological (for the trivial representation), it is enough to
determine the infinitesimal character of II. | which can be done using the definition
of the test functions at oo.

Decompose the intertwiner A" as (A)P - A}. Using the fact that 117 is -stable
and that the base change map at p is injective (since p splits in the quadratic field
K), we can rewrite tr (II7(f7) o Al)) as tr 7l (¢7), for some representation 7/ in
Irr(G7(Qp)) (at least up to a sign). Now, using Lemma 5.4.2, we can rewrite the
latter as tr Redbﬁ(wg)(qﬁp).

Keeping ¢? fixed, we have a formula for tr(¢|ee[He(Fyani, Qe)]) as a finite linear
combination of traces of ¢, against irreducible representations of J;(Q,). At this
stage, we can take ¢, to be any smooth, compactly-supported function on Ji,(Q,),
not necessarily an acceptable one. Indeed, recall that the twist of any such ¢? by
any sufficiently high power of Frobenius is acceptable, so the equality above holds
for qﬁéN) for sufficiently large N. The argument in the proof of Lemma 6.4 of [Shi09]
now proves that the desired equality holds for every integer N and, in particular,
for N = 0. O

Remark 5.5.2. As a consequence, we see that the Gn(A’j’-)-representation

Bcp([Hc(jl\I;[antv @f)]sur)

can be written in terms of the transfer to G,(A%) of representations (Hﬁ)’}, where

the II7 are f-stable automorphic representations of Gz as in the statement of the
lemma, which are unramified outside S.

Moreover, recall the existence of Galois representations in the conjugate self-dual
case.
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Theorem 5.5.3. Let II" be an isobaric automorphic representation of Gz, unram-
ified outside S, of the form

" = (n — Indg Ty )¢

where Iy occurs in the (relatively) discrete part of the automorphic spectrum of the
Levi subgroup M of a parabolic Q C G and is 9-stable, with TI. cohomological.
Then there exists a conjugate self-dual (up to thst) continuous semzszmple Galois
representation

Ly Gal(F/F) — GL,:;(@g)
which is unramified outside S U{L}, and such that for all primes q # £ of Q, in the

decomposition
= () © x4

qlq
corresponding to
#(Qp) = ([ GLa(Fy)) x K
qlg
the representations H? and THﬁ,(|Gal(Fq/Fq) correspond under the local Langlands

correspondence (up to Frobenius semisimplification).?8

Proof. Using the classification of the discrete spectrum of general linear groups
due to Moeglin and Waldspurger, [MW89], this follows from the main theorems
of [Shill], [CH13] and [Carl2]. We remark that the conjugate self-dual, regular
algebraic case suffices here because ITj; is <I>T?119-stable and has regular infinitesimal
character (since TI" has regular infinitesimal character). 0

In the following, we fix a Galois representation
r: Gal(F/F) — GL,(Q)
which is unramified outside S U {¢}, and restrict attention to the summand
BCP([He(Ajans> Q) * )7 of BO%([He(Ipan, Qo) ™)

coming from representations II” as above, with ra e = v (under the embedding
Lﬁ(@é) — GL!L(QZ))
The following theorem is the key result of this section. Recall that we have fixed
a prime p|p of the reflex field E, so that we have embeddings £ — C, E — E, —
Qp For convenience, let us fix an isomorphism ¢, : Qp = C compatible with the
embedding of E.

Theorem 5.5.4. For each prime p; of F, let
S; ={1: F < C|p o7 induces p;} .

Assume that for each i, S; contains at most one T for which p,q; is nonzero, where
G has signature (pr,q,) at 7 : F < C. Moreover, for each i for which S; contains
some T for which prq; is nonzero, assume that

TGal(Fy, /Fp,) = Xi1 & - O Xin

28For our purposes, it is enough to know the compatibility up to semisimplification, i.e. with-
out identification of the monodromy operator, which is the most subtle part of the local-global-
compatibility.
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decomposes as a direct sum of characters, such that for all a # b, Xi,aX;bl is not
the cyclotomic character.
Then, if b € B(G, u~') is not p-ordinary,?

Bcp([HC(jl\l;Ianthf)]Sur)r =0.

Proof. Assume the contrary. Then there is some 6-stable isobaric automorphic rep-
resentation I1" of G as above, with rij= , 2 r, which contributes to BC® ([Hc (5, Qe)]%).
The component Hg of I at p comes from a unique representation 7T;L € Irr(G7(Qp))

via base change. We may decompose

m
_ 7l 7l
Ty = ® e ®mo
i=1
according to

Gi(Q) = [[ GLa(Fp,) x Q) .
=1

By the assumption on r and local-global compatibility, we know that 77;2 trans-
fers to a generic principal series representation of GLy(F},) for all i for which S;
contains some 7 with p;q,; # 0. By Lemma 5.4.3, Red%(ﬂg) = 0 as soon as Jp,
is not quasisplit for some such i, so that in this case there is no contribution by
Lemma 5.5.1.

It remains to see that if b € B(G, p~1!) is not p-ordinary, then there is some 4
for which S; contains some 7 with p,q, # 0, such that Jp, is not quasisplit.

We can decompose

m
p=((p)i=1,.m>110) : G = Gg, = [[( ][ GLna,) % Cma, ;

i=1 Fy, —=Qp

let G; = Resp,, /g, GLn. Then p; is a conjugacy class of minuscule cocharacters of
G, and we have a decomposition
B(G, ) =] BGi, "),
i=1
as the G,, factor plays no role here. In each factor GL,, g , p has the form
t — diag(t,...,t,1,...,1)

with ¢ occuring p, times, and 1 occuring ¢, times, where 7 : F' — Qp = C is the
corresponding complex place. In particular, for each 7 for which S; does not contain
any 7 with p-q,; # 0, p; is central, which implies that B(G;, ,u;l) has precisely one
element. If there is exactly one such 7, then denoting by p; , the corresponding
component of y;, one sees that

B(Gi ;) = B(GLn/Fyys i)
using the relative B(H/L) = B(L, H) for a reductive group H over a p-adic field

L.3% Now the result follows from the next lemma. O

2914 might be more accurate to write p~!-ordinary.
3034 far, we were only using the case L = Qp, and did not include this in the notation.
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Lemma 5.5.5. Let L be any p-adic field, and let
w: Gy — GL, : tw— diag(t,...,t,1,...,1)

be a minuscule cocharacter with n — q occurences of t and q occurences of 1. Then
there is ezactly one element b € B(GL,,/L, =) for which J, is quasisplit, namely
the p-ordinary element represented by diag(w™1,..., @ 1, 1,...,1), withn — q oc-
curences of the uniformizer w of L, and q occurences of 1.

Proof. By the choice of u, we know that for any b € B(GL, /L, ™), the slopes
A; satisfy —1 < A\; < 0. If some slope A is nonintegral, then J, is not quasisplit,
as it contains a factor which is a general linear group over the division algebra of
invariant A (mod 1) over L. Thus, if .J}, is quasisplit, then all slopes are equal to 0 or
—1; from the equality k(b) = —p one deduces that slope —1 occurs with multiplicity
n — ¢, and slope 0 with multiplicity g, which corresponds to the p-ordinary element
b=diag(w™',...,w 1 1,...,1). For this b, J, 2 GL,_, x GL, is quasisplit. [

5.6. Simple Shimura varieties. In this section, we sketch how to adapt the ar-
guments above for Kottwitz’ simple Shimura varieties as in [Kot92a]. This includes
the case of Shimura varieties which admit g-adic uniformization, for some rational
prime ¢ distinct from p and £. In that case, our main result is related to level-raising
results, as shown in [Thol4].

Recall that F = F* . K. Assume that we have a PEL datum of the form
(B,%,V,{, ),h), where B is a division algebra with center F, V is a simple B-
module, and * is an involution of the second kind. Then the corresponding Shimura
varieties Sk are proper and the group G has no endoscopy. Assume that B is split
at all places over p, in which case the constructions and results of Section 5.4
carry over. However, Theorem 5.2.3 simplifies considerably. We follow Section 6
of [Shil2], where it is assumed that p is inert in F'*; this assumption is not necessary
for our purposes. As above, let G,, be a quasi-split inner form of G over Q and fix
an isomorphism G, ~ G over Q.

Proposition 5.6.1. Let ¢ = ¢P¢, € C(?O(G(A’JZ) x Jp(Qp)), with ¢, an acceptable
function. Then
6 (@lee He(Atan Qo)) = | ker' (Q, G)[u(G, Gn) STE (697).

Proof. The other terms in the stable trace formula vanish by Lemma 7.1 of [Shil0].
O

We can now combine this with the stable trace formula for the Sy, which is
Theorem 6.1 of [Art89] and which is simplified in our situation as in Proposition
6.3 of [Shil2], also making use of Lemma 5.4.2 for G,,(Q,) ~ G(Q,). We get

Red,, ([H(Sk,Q0))) = ec - d(Gr) - [He(Aian Q)]
where eg,d(GRr) are certain non-zero constants. Again, we appeal to Lemma 6.4
of [Shill] to extend a trace identity from acceptable ¢, to all ¢, € C2°(Jp(Qy)). We
combine this with Matsushima’s formula, which gives a description of [to H (S, Q¢)]

in terms of automorphic representations of G. We get an analogue of Corollary 6.12
of [Shil2].

Corollary 5.6.2. We have the following equality in Groth(G(A%}) x Jy(Qp)):
[teHe( At Q] = (=17 3 elmp)[f][Redy, ()] -

Tf



84 A. CARATANI AND P. SCHOLZE

The sum runs over admissible representations 7y of G(Af) such that 77y is an
automorphic representation of G, for some representation 7, of G(R) which is
cohomological for the trivial algebraic representation. The coefficients c(my) are
related to the automorphic multiplicity of 77m.

In this case, the existence of Galois representations is also known, as the sta-
ble base change of such 7w to GL,, has been established by Shin in the appendix
to [Goll4]. As before, for a Galois representation

r:Gal(F/F) = GL,(Qy) ,
we restrict attention to the summand [H.(#Y, ., Q¢)], of
[HC(]I\I;[antv Qf)}

coming from representations 7 as above, with r o = r.

We get the following analogue of Theorem 5.5.4, which is proved in the same
way.
Corollary 5.6.3. For each prime p; of F' above p, let

S; ={1: F < C|ip o7 induces p;} .

Assume that for each i, S; contains at most one T for which p,q; is nonzero, where

G has signature (pr,q,) at 7 : F < C. Moreover, for each i for which S; contains
some T for which prq; is nonzero, assume that

TGal(Fy, /Fp,) = Xil D D Xin

decomposes as a direct sum of characters, such that for all a # b, Xi,aXZbl is not
the cyclotomic character.
Then, if b € B(G, 1) is not u-ordinary,

[Hc(jli]/lanm@l)]r =0.
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6. TORSION IN THE COHOMOLOGY OF UNITARY SHIMURA VARIETIES

In this final section, we give a precise formulation and proof of our main result.
We start by formulating and proving the critical perversity result.

6.1. Perverse sheaves on the flag variety. Consider the Hodge-Tate period
map
THT : SKr — ygc,“
for a compact Hodge type Shimura variety. In this section, we would like to make
precise in which sense Rrpr.F is perverse.?!
Recall the following result on preservation of perversity under nearby cycles.

Theorem 6.1.1 ([I1194, Corollaire 4.5]). Let K be a complete nonarchimedean field
with ring of integers O and completed algebraic closure C' with Oc C C, and
let ¢ be a prime which is invertible in Ok . Let X be a scheme of finite type over
Ok. Let Xo. be the base-change to Oc, with geometric generic fibre j : X5 =
Xox ®ox C — Xo. and geometric special fibre i : X5 — Xo.. Let .F be a
perverse Fy-sheaf on X, = X xo, K. Then RYp.F = i*Rj.F|x, is a perverse
sheaf on Xs.

Moreover, nearby cycles in the scheme setting agree with nearby cycles in the
formal/rigid setting. More precisely, we have the following result.

Theorem 6.1.2 ([Hub96, Theorem 3.5.13]). Let the situation be as in Theo-
rem 6.1.1. Let X, be the associated rigid-analytic variety over K, considered as
an adic space, with base change Xy to C. There is a natural morphism of sites
A X e = (X5)et, given by lifting an étale map Y — X5 to an étale map of formal
schemes over O¢, and then taking the generic fibre.

Let Z24 be the pullback of F under Xgg — Xo. Then

R\ (F™|x,) 2 RYTF .

In our situation, it is hard to give a direct definition of perversity of Rmyr.[Fy.
However, the above properties suggest that at least, for every formal model X of
the flag variety 9 ,,, the nearby cycles Rix Rmpr.F¢ should be a perverse sheaf
on the special fibre X5 of X. This is still not true, as G(Q,) acts on Rrpyr.Fy;
one can only hope for the K-invariants to be perverse, for any sufficiently small
K, C G(Qp). Thus, we work with the equivariant sites introduced in [Sch15a, §2].

First, note that Rmgr.JFy is a canonically a complex of sheaves on the equivariant
site (Hla,,./G(Qp))st- More precisely, one has the map of equivariant sites

mar/G(Qp) : (Skv /G(Qp))st = (Flau/ G(Qp))er

and one can look at R(mrr/G(Qp))eét«Fr, and this pulls back to Rmgr.Fe under
the projection (Fla . )et = (Fa,u/G(Qp))et. To check the latter statement, note
first that by passing to slice categories, using [Sch15a, Proposition 2.9], one may
replace G(Qp) by any compact open subgroup K, C G(Q,), and then one can pass
to the limit using [Sch15a, Proposition 2.8].

Now take any étale U = Spa(A, A°) — Flg . By [Schlba, Corollary 2.5], the
action of K, extends to a continuous action on U if K, is sufficiently small. Let

31As we are far from a finite type situation, we avoid talking about Qg-sheaves. We could talk
about Z/¢"Z-sheaves, but in that case the notion of perversity is slightly subtle as Z/¢"™Z is not
a field. For our applications, the Fy-case is enough.



86 A. CARATANI AND P. SCHOLZE

il = Spf(A°) with special fibre s = Spec(A°/p). Then K, acts trivially on il
if K, is sufficiently small, by continuity of the Kp-action and finite generation of
A°/p. Tt follows that any étale map to s lifts to a Kp-equivariant étale map to
oo (where C' = C,), giving a natural morphism of sites

vy, (Un/Kp)ee = User -

Proposition 6.1.3. Let

THT : SKp — 5‘76*,”
be the Hodge-Tate period map for a compact Shimura variety of Hodge type and any
sufficiently small compact open subgroup KP C G(A’}). Let z € Flg,, be a geo-
metric point. Then there exists a neighborhood basis of affinoid étale neighborhoods

U = Spa(A, A°) of x in Flg , such that, denoting 8 = Spf(A°),
Ry i «(R(mur /G(Qp))+Fo)|u, /x, [(20, 1))

is a perverse sheaf on Us for any sufficiently small pro-p compact open subgroup
K, C G(Qyp).

Proof. By [Sch15b, Theorem IV.1.1 (i)], one can find some affinoid étale (in fact,
open) neighborhood U of x such that Sk» .7 = Sk X g1, U is affinoid perfectoid,
and equal to the preimage of an affinoid étale Sk, k» v — Sk, Kk» for any sufficiently
small K. These properties will then also be true for any étale V' — U that factors
as a composite of finite étale maps and rational embeddings, and such V are cofinal.
Thus, fix any U with the stated properties.

Let

THT,U : SKp,U —U = Spa(A, Ao)
be the restriction of myr. As myr is partially proper, so is mgry. If K is
sufficiently small, 7y is Kp-equivariant, and induces a map

7THT,U/KI, : SKP,U/Kp — U/Kp .
Also

(R(mur/G(Qp))«Fo)lu/k, = RTaru)k,«Fe

and by [Schlb5a, Proposition 2.12], there is an equivalence of sites (Skr.v7/Kp)ss =
SK,Kv,U,ét-

Now any Sk,xr.u = Spa(RKpr7U7R§<pK,,7U) has its natural integral model
Sk, kv»,u = SPE(RY kv 1), With inverse limit & x» v = Spf(R, 1), where Skr,u =
Spa(Rkr v, R%p’U). We get a map of formal schemes

TaTy ey = U .
Modulo p, we get a map of schemes
THT U, * GKP,U,S — U )
with & » 1,5 = Spec(Ry» 17/p), and Us = Spec(A°/p). But s is of finite type over
Fp, and Ggru,s = @K,, Sk, Kxr,U,s in the category of (affine) schemes. It follows
that mg7 g, factors over a map

THT, K, M, - Ok, krUs — s

(of affine schemes of finite type over F,) for any sufficiently small K,,. We claim that
THT, K, u, Satisfies the valuative criterion of properness. If K is an algebraically
closed field with a rank-1-valuation ring V' C K, and we are given a V-point of
i together with a lift of the corresponding K-valued point to a K-valued point of
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Gk, Kk»,U,s, We need to show that this K-valued point is in fact V-valued. We may
lift the K-valued point of S, k»,u,s to Skr s (as all transition maps are finite
and surjective). We may then find a complete algebraically closed extension C/Q),
with residue field K and a (C, O¢)-valued point of Sk» iy specializing to this K-
valued point of Gg» 5. Let CT C Oc¢ be the preimage of V C K. Then the image
of the (C, O¢)-valued point of Sk» y under Ty, is a (C, O¢)-valued point of U
which extends to a (C,C™")-valued point. As w7y is partially proper, it follows
that we get a (C,C")-valued point of Sk» 7, which specializes to a V-valued point
of Sx»r v,s and thus of S, x» v,s, as desired.

Thus, TyT K, 4, is @ map of affine schemes of finite type over I, which satisfies
the valuative criterion of properness, i.e., it is finite.3? Now consider the following
diagram, where we have base-changed some spaces and maps to algebraically closed
fields.

THT,Uz/Kp

(Skvv,a/Kp)et

]

Sk, K0,U,7,ét Au/ Ky

)‘GKPKP,UJ/

Sk, Kr,U,56

(Uﬁ/Kp)ét

Us et

THT,Kp,is5
We are interested in the pushforward of Fy from the upper left to the lower right cor-
ner, computed via the upper right corner. We may equivalently compute it via the
lower left corner. In that case, the first pushforward is perverse by Theorem 6.1.1
and Theorem 6.1.2, up to the shift (2p, u) = dim Sk, k»,v. But a7 K, 4, is finite,
so it also preserves perversity under pushforward. (]

We will need the following consequence, which is a statement purely about the
cohomology of Igusa varieties. For the statement, let S be a finite set of primes
such that K?P = KgKS, where K5 C G(A?) is a product of hyperspecial maximal
compact open subgroups, and K% C G(AY). Let

T = Z[G(A})//K®]

be the abstract (commutative) Hecke algebra of K®-biinvariant compactly sup-
ported functions on G(A? ).

Corollary 6.1.4. Fiz a mazimal ideal m C T®, and among all b € B(G, ") with
the property that the m-torsion

H'(Ig" Fy)[m] # 0

for some i € Z, take some b with d = (2p,vy) minimal. Then H'(Ig® Fy)[m] is
nonzero only for i = d.

The idea is that the sheaf (Rmyr.F¢)m is concentrated on a subset of dimen-
sion (2p, ) — d by assumption. Thus, QKEM is one of the largest strata where
(Rmpr«F)m is nonzero. But as this sheaf is (up to shift) perverse, one concludes
by observing that on the largest stratum where a perverse sheaf is nonzero, it is

32Thus7 we are in the somewhat curious situation that mwpp g, is ind-finite, but 7g7 u has
fibres of positive dimension.
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concentrated in one degree. However, as the notion of perversity is defined via
nearby cycles, we need to rewrite this argument slightly.

Proof. As _ _
HZ(Igb7IFZ) = liEI—[Z(<ﬁl\l;Iant,7n7IE‘E) )

where the transition maps are split injective (namely, projections are given by
averaging operators over compact open subgroups of J;(Q,)), and the terms on the
right are finite-dimensional, we see that the m-torsion is nonzero precisely when the
m-localization is nonzero. Thus, we may work with the localization at m instead.

Now RryrF, (in fact, the G(Q,)-equivariant version R(mwgr/G(Qp))eFe) is a
sheaf of Tg-modules, as the Hecke operators away from p act trivially on Fq .
We may thus form the localization (Rmgr«Fs)m. We claim that (RmpgpeFe)m is
concentrated on the union ﬁfgi of fﬁgyu over all &’ with (2p, ) > d (which is a
closed subset of Fq ).

Indeed, if y € #g,,, does not lie in ﬂﬁgi, then it lies in ﬂfgyu for some b’ with
(2p,vp) < d. Now Theorem 4.4.4 computes the fibre of Rmy7.Fy at any geometric
point above y as RF(Igb/, F,). We may pass to localizations at m in this statement,
and thus the assumption of the corollary shows that the localization of (R7g7.F¢)m
at y vanishes.

Next, we claim that for any affinoid étale U — Fg , with formal model i,
equivariant under K, with trivial action on i, the nearby cycles

RAvyk« (R(mar/G(Qp)<Fe)m) lu,/x,
are supported on a closed subset of {5 of dimension (2p, 1) — d. Indeed, the sheaf
is supported on the closure in 4 of the preimage UZ% C U of ﬁf%ﬁlﬂ C Hgq,,. But
UZ4 C U is a closed subset of dimension < (2p, 1) —d, and then the same is true for
its closure in Ll: If x € 4 is a point whose closure is of dimension e, then the closure
in U of any lift Z € U of x will have at least dimension e (as the specialization map
is specializing).
Recall that RA\y; k., «(R(mar/G(Qp))+Fo)lv, /K, [(20, )] is perverse. It follows
that the same is true for its localization
(BAuy,« (R(mrr /G(Qp))«Fo) U, /1, [(20, 1) ) m
=RAv/k, (R(mur /G(Qp))«Fo)m) U, /x, (20, 1)]

at m. This sheaf is supported on a scheme of finite type of dimension (2p, u) — d.
It follows that the localization

(RAu i (R(m7/G(Qp))eFe)m) vy k) |2

at any geometric point Z € iz whose closure is of dimension (2p, ) — d is concen-
trated in degree d.
Now pick b as in the statement, and choose a rank 1 point y € ﬁf%\u with

dim {y} = (2p, ) — d, and a geometric point § above y. One has an identification
(Rrur+Fo)my = RU(Ig", Fr)m -

On the other hand, choose a cofinal system of affinoid étale neighborhoods U; =
Spa(R;, Ry) — Flg,, of y as in Proposition 6.1.3, with formal models £l;. Let
Z; € Y; s be the specialization of ¢, which is a geometric point of &; ;. If ¢ is large
enough, the dimension of the closure of Z; will be equal to (2p, u) — d: One needs
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to arrange that the image of R} — Og(y) — k(7), where K(%) is the completed
residue field at g, with ring of integers Ok (5 and residue field k(7), contains a
transcendence basis. Also, choose compact open subgroups K, ; C G(Q,) that act
on U; and trivially on 4l; 4, such that the K ; shrink to 1.

In that situation, we know that for all large enough i

(RAG /16y, (R /G(@p)Fe)w) o /56,
is concentrated in degree d. Finally, we conclude by observing that

(BT e)m,g = lim (RAU, /Ky v (R(mrr /G(Qp))«Fi)m)

T

Uif//Kp,v.) |§'7 :

O

6.2. A genericity assumption. In our main theorem, we impose a genericity
assumption at some auxiliary prime. In this section, we briefly study this genericity
condition.

Definition 6.2.1. Let L be a p-adic field, and let
7:Gal(L/L) — GL,(F)

be an unramified, continuous representation, with ¢ # p. Then p is decomposed
generic if the eigenvalues A1, ..., A\, of p(Frob) satisfy Ao/ & {1,q} for all a # b,
where Frob is an arithmetic Frobenius, and q is the cardinality of the residue field

of L.

We note that this condition actually only depends on the semisimplification of
P, but also implies that p is semisimple. In particular, if
p:Gal(L/L) = GL,(Qp)
is a continuous representation, the condition that the reduction p be decomposed

generic is unambiguous.

Lemma 6.2.2. Assume that
p:Gal(L/L) = GL,(Qp)

is a continuous representation such that the reduction p is decomposed generic.
Then p decomposes as a sum p = @, xi of characters, and x./Xp is not the
cyclotomic character for any a # b.

In particular, the representation of GL, (L) corresponding to p is a generic prin-
cipal series representation.

Proof. We may conjugate p into GL,(Ox) for some finite extension K C Q.
Writing p = .-, X;, we may further conjugate p into the matrices in GL,(Ok)
which are diagonal modulo a uniformizer w of Ox. Now we try to conjugate p
into the matrices which are diagonal modulo higher powers of w. By standard
calculations in deformation theory, the relevant obstruction groups are given by

HY(Gal(L/L),Xa/Xs)

for a # b. But if - -
X : Gal(L/L) — F/

denotes the unramified character sending Frob to A, then it is well-known that
H'(Gal(L/L),X,) =0
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if A & {1,¢}. By assumption, it follows that all relevant obstruction groups vanish.
The final statement follows because X, /X, is not the cyclotomic character. O

6.3. Conclusion. Finally, we can tie everything together and prove our main the-
orem.

Let us recall the relevant Shimura varieties. We fix a compact Shimura variety
of PEL type, associated with PEL data (B,x*,V, (-,-)) of type A satisfying one of
the following assumptions. In both cases, F = FT - K is a CM field with totally
real subfield F'™ containing an imaginary-quadratic field .

Case 1. Assume that B is a central division algebra over F', and V = B is a
simple B-module.

Case 2. Assume that B = F, F'T # Q, the corresponding group G is quasi-split
at all finite places, and if a rational prime q is ramified in F', then F/F7 is split at
all places above gq.

In both cases, let Splp,p+ denote the set of rational primes ¢ such that every
place of F'* above q splits in F'. Moreover, fix a finite set S of primes such that
F and G are unramified outside S, and pick a sufficiently small compact open
subgroup K = KgK® C G(Ay) = G(Ag) x G(AJSC) such that K* is a product
of hyperspecial maximal compact open subgroups K, C G(Q,). In Case 2, we
assume that S C SplF/ p+. Finally, take some rational prime ¢. We will consider
the following abstract Hecke algebra

= Q  ZGQ)//K .
qE€Splic /o \(SU{L})
Theorem 6.3.1. Let m C T° be a mazimal ideal such that
H'(Sk,Fo)m #0
for some i € Z.
(1) There is a (unique) semisimple continuous Galois representation
pm : Gal(F/F) — GL,(Fy)
unramified outside the places above S U{L}, such that for all finite places v
lying above a prime q € Splic ;g \ (SU{L}), the characteristic polynomial of
pm (Frob,) is given by the image of
X" =Ty, X"+ (1) IRT X (=) Y2,

under a fized embedding Ts/m — Fy, where q, is the cardinality of the
residue field at v, and

Tiw € Z|G(Qq)// K4
is the characteristic function of
GLn(Op,)diag(wy, ..., @y, 1,...,1)GLn(OF,) x || GLn(OF,) x Z}
4 wH#v
inside

G(Qy) = [[GLa(F) x Q) ,

where w runs over all places of F lying over the same place of K as v.
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(2) Assume that there is some rational prime p € Spl o\ (SU{€}), split as p =
uu in K, and a prime p|p of E such that the following condition involving
the primes p;lu of F, i = 1,...,m, and the sets S; from Theorem 5.5.4
holds true. For any i, there is at most one T € S; such that prq; # 0; if
there is such a T € S;, then pm is decomposed generic at p;. Then

H'(Sk,Fo)m #0
only for i = dim Sk.

Before giving the proof, let us explain in two examples how the condition (2)
can be ensured, thus connecting it with the conditions stated in the introduction.

Remark 6.3.2. Assume that there is a prime p which is completely decomposed in
F and such that py, is unramified and decomposed generic at all places above p.
Using Chebotarev, there are then many such p, and we can assume that p ¢ SU{¢}.
In that case, all sets S; in (2) have just one element, and we see that the desired
condition is satisfied.

Remark 6.3.3. Assume that the signature of G is (0,n) at all except for one infinite
place. Moreover, assume that there is some finite prime v of F' such that py is
unramified and decomposed generic at v. By Chebotarev, there are then many such
v which are moreover decomposed over the rational prime p of Q, with p & SU{¢}.33
In particular, p needs to be split in K. There is just one 7 for which p,q, # 0, and
by choosing the prime p of the reflex field correctly, one can arrange that this 7
appears in S; for p; = v. We see that condition (2) applies.

Proof. We write out the argument in the more involved Case 2.
For part (1), pick any p € Splg,q \ (S U {f}). Then K = K,KP” is decomposed.
There is a Hochschild-Serre spectral sequence relating
H'(Sk»,Fy)

and H*(Sk,F¢).3* In particular, it follows that if 4 is minimal with Hi(Sk,Fo)m #
0, then

Hi(SKp,]F[)m #0.
Thus, there is some b € B(G, 1~ 1) such that

Hi(1g", Fr)m # 0
for some i € Z; otherwise we would have
(RrgreFe)m =0,

and hence
RT(Skr,Fg)m =0

by the Leray spectral sequence for mgyr @ Sk» — Fqg,. Now pick some b €
B(G, p~1) with d = (2p, 1) minimal such that for some i € Z

i b
H'(1g°,Fo)m #0 .
33In Chebotarev’s theorem, only places with residue field F;, contribute to the Dirichlet density.

34Here and in the following, all cohomology groups are étale cohomology groups after base
change to an algebraically closed field.
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In that case, this group is nonzero exactly for i = d by Corollary 6.1.4. Tak-
ing invariants under a pro-p-compact open subgroup of J,(Qp) (which is an exact
operation), this implies that

Hi(jl\elant,m7 ]Ff)m

is nonzero at most for ¢ = d; if m is large enough, it is nonzero if i = d. It follows
that the cohomology with Zy-coefficients is concentrated in the middle degree and
flat, and thus the Q-cohomology

Hi(‘]le/lant,mv Zi)m ® Qe

is nonzero for i = d. By Poincaré duality (and applying the same discussion with
the “dual” set of Hecke eigenvalues), the same holds true for compactly supported
cohomology. We have a decomposition

[Hc(fl\lz)lantv QZ)]Sur = [Hc(fl\l;[antv QZ)}iur + [Hc(fl\z;lanta @Z)}Sur,m

according to systems of Hecke eigenvalues lifting m, or a different set of Hecke
eigenvalues modulo ¢, and by concentration in one degree, the first summand is
nonzero in the Grothendieck group, and its base change BC? is still nonzero. It
follows that there is some II” as in Lemma 5.5.1 whose Hecke eigenvalues lift m.
Then Theorem 5.5.3 implies that there is a Galois representation rpa ,, whose
reduction is the desired Galois representation pp,. '

Now, we deal with part (2). We choose p and p as guaranteed in the statement.
It is enough to prove that Hi(SK,F[)m is nonzero only for ¢ > dim Sk ; the other
bound follows by Poincaré duality (and the result for the “dual” ideal, which sat-
isfies the same hypothesis). Now a Hochschild-Serre spectral sequence shows that
it is enough to prove that

Hi(SKpaFf)m =0

for i < dim Sk. As above, we take some b € B(G, 1) with d = (2p, 1) minimal
such that

H(Ig" Fp)m #0

for some i € Z. We get concentration in middle degree in this case, and hence the
argument above shows that there is some Galois representation r lifting pn with

Bop([HC(fl\l;[anta@f)]Sur)’f 7& 0.

But by Lemma 6.2.2 and the assumptions on p, p and pn, the hypothesis of The-
orem 5.5.4 are satisfied. Thus, if b is not p-ordinary, we arrive at a contradiction.
It follows that b is p-ordinary.

In that case, (2p, 1) = (2p, ) = dim Sk, so Corollary 6.1.4 shows that

H(Ig" Fo)m

vanishes for i < dim Sg, for all b € B(G, u~1). Thus, (R'mgr«F¢)m vanishes for
i < dim Sk, and the result follows by applying the Leray spectral sequence for
THT SKp — QEG,H. O
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