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Abstract

This thesis deals with the pricing of derivative products, both within the Black-Scholes
framework and without key assumptions made under their methodology. Three topics are
discussed, pricing options when the underlying asset is not liquid, pricing and hedging
exotic derivatives in the presence of a volatility smile and the trading of volatility as an
asset in itself.

We begin by applying a utility maximisation method to the pricing of European style contin-
gent claims when the underlying asset may not be traded continuously. Prices and trading
strategies are found under two different types of illiquidity. Secondly, we use a method
of static replication to price new, exotic, option products with non-constant volatilities.
Finally, we give a complete description of trading volatility as an asset class. We begin
by showing how this may be achieved through standard products and progress to pure
volatility derivatives known as Variance and Volatility Swaps. In the case of the Variance
Swap, two methods of replication are implemented and compared for constant volatility
and a volatility smile. Volatility Swaps are described in intuitive terms before a more exact
value is found and risk parameters derived. Extensive computational results are presented
throughout.
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Chapter 1

Introduction

Throughout the last three decades, derivatives have grown to form a large part of the fi-
nancial markets. With the proliferation of derivatives, their complexity has increased and
the appetite for new ways to take a position, in order to hedge away risk or for specula-
tion, continues to grow. This demand is being satisfied by the continuous creation of new

derivative securities.

The equations derived by Black and Scholes [5] in the early 1970s for the pricing of European
style options have been adopted as the basis for pricing and trading derivatives in the
financial markets. However, the methodology relies upon certain assumptions in order to
make the problem to be addressed tractable. Amongst those assumptions is the requirement
that the asset upon which the contingent claim has been written has a liquid market itself,
and that the prices for this asset are lognormally distributed. More specifically, the price
of this asset moves continuously, randomly, and without gaps. A market participant is
assumed to be able to transact as much of this asset as he would like, at any time, and
without transaction costs. The volatility governing the random process by which the price
of the underlying security moves is also assumed to be constant throughout the life of the

option. In reality none of the above is wholly true.

In Chapter 2 the problem of illiquidity is addressed. Using a utility maximization scheme
first introduced by Hodges and Neuberger [30] and later modified by Davis, Panas and
Zariphopoulou [16] to calculate option prices under transaction costs, we describe an algo-

rithm to price options on assets which may not be continuously traded. This scheme allows



us to examine the effect on option prices under different types of liquidity constraints and
according to the risk preferences of the writer. A dynamic program is set up in order to
maximise two value functions. Through the use of these functions the optimal trading
strategies of the option writer are investigated under different circumstances. Numerical

results are presented for solutions obtained under a special utility function.

The imperfections that exist in the marketplace for the underlying asset, and the flawed
assumption of lognormality, are well known to practitioners. Nonetheless, the Black-Scholes
equation continues to be widespread and provides the standard functions by which the
financial services industry evaluates over-the-counter options. Market participants, well
aware of these invalid assumptions, use this imperfect model and make adjustments to the
inputs in order to recover the perceived fair value of the contract in question. Of the inputs
used to value plain vanilla options, the only one not directly observable is the volatility
of the underlying asset over the contract’s life. It is by manipulation of this parameter
that the values obtained from the standard Black-Scholes formulae for plain vanilla options
are changed. This change in volatility for options of different strikes and maturities has
become known as the “Volatility Smile”, and leaves us with the curious situation of the
same asset being assumed to have different volatilties over the same period of time. This is
clearly incorrect but is the way that practitioners have been able to make allowances for the
shortcomings of Black and Scholes whilst still having a relatively straightforward, and most
importantly, universally accepted model. In fact vanilla option trades carried out between
market counterparties are quoted on a volatility basis, each side of the bargain confident in
the knowledge that the other uses precisely the same model when calculating the premium

payment to be made.

The presence of a volatility smile enables plain vanilla options to be priced according to
the market perception of fair value despite the assumptions of the model used. The prices
for more exotic derivative products are also subject to the limitations of a lognormal dis-
tribution present in the Black-Scholes framework. In the case of these more complicated
products it is generally not possible to use an implied volatility for pricing purposes. In
practice, prices for non-vanilla products such as barrier options are quoted as a premium,
often in terms of percentage of the notional amount. To price these products correctly
and consistently with the prices of plain vanilla options, a premium must be added or sub-

tracted to the value that simple, constant volatility, models give. The construction of a



model in order to price exotic derivatives consistent with the information contained within

the volatility smile is discussed in Chapter 3.

Chapter 3 comprises two sections, the first of which implements a model described by
Derman, Kani and Chriss [21]. This methodology for constructing an asset model that is
consistent with plain vanilla option prices is implemented with specific reference to foreign
exchange. The model is adapted to price a class of exotic options which is of particular
relevance within foreign exchange and is known to have sensitivity to the shape and magni-
tude of the volatility smile. Using standard option products, the second part of Chapter 3
details a procedure for the replication of non-standard products. A framework proposed by
Derman, Ergener and Kani [22] is described. This is then implemented for the same type
of option singled out for attention in the first section of the chapter. Several, highly exotic
structures are priced to demonstrate the fiexibility of the procedure and to generalise the
original results. We extend the existing methodology to price exotic derivatives when the
underlying asset is assumed to have time dependent volatility. Furthermore, we describe
how the volatility smile model may be utilised to replicate products consistently with the
full volatility surface. This is illustrated through the use of an example. Numerical results

are presented throughout.

The existence of the volatility smile is to facilitate the trading of options with different
strikes and maturities using a single model with an unrealistic assumption. Vanilla option
transactions between market participants are conducted efficiently due to the practice of
quoting option prices not in premium amounts, but in volatility. This volatility is used
in the standard model to imply a premium payment to be made. In this way “Implied

Premia” are traded rather than trading option prices that imply a volatility.

The practice of trading delta hedged options, and then continuously delta hedging them
until expiration time, is discussed in the first part of Chapter 4. With the deep liquidity of
many option markets, participants have become interested in taking positions purely in the
level of volatility. In Chapter 4 we explore volatility trading in depth. After discussing the
profit, loss and risk from the most simple form of volatility trading, delta hedged vanilla

options, we look at new types of volatility products.

Contracts that have become known as Variance Swaps are described and the literature that

exists reviewed. We show how Variance Swaps are related to delta hedged vanilla options



and another type of derivative contract that pays the natural logarithm of the return on
the underlying asset over its lifetime. We investigate the methods of Carr and Madan [12]
and Demerterfi, Derman, Kamal and Zou [18] to price and hedge these contracts. We then
replicate the Variance Swap contract in two different ways. We present detailed numerical
examples of the implementations under constant volatility and using a smile. Results are

given and used to examine the comparative performance of the two hedging methods.

The advantage, as we will discuss, of Variance Swaps is that they are closely related to
the payoff from a continuously delta hedged option. Due to the structure of the options
market, speculators have views about the future level of implied volatility. This has led to
the development of an alternative contract, the Volatility Swap, over the last two years.
The majority of Chapter 4 is devoted to an examination of this new contract. We find
an intuitive way of looking at the Volatility Swap and use this as a basis to examine the
risks associated with it. An approximate value is found for the contract at a general point
in time. “Greeks” for the purpose of hedging are also derived. We compare the different
approximations, explain the nature of the swap and demonstrate the validity of our intuitive

approach.

Full numerical results are given for the Volatility Swap valuation and “greeks”. The be-
haviour of these “greeks” is also examined under certain circumstances and again our in-

tuitive approach compared to more exact derivations.



Chapter 2

Pricing Options in an Illiquid
Market

2.1 Introduction

The Black-Scholes [5] method for pricing derivatives relies upon what is known as a perfect
market for the underlying security. Involved in this assumption is the requirement that the
market participant is able to trade as much of the underlying asset as he desires, at no cost.
In reality, market conditions and legislation affect the availability of assets and limit the

size of transactions.

Black-Scholes uses perfect replication arguments in order to eliminate any risk assumed
by the writer. Under perfect market conditions this is possible. However when perfection
breaks down, so does this method. With preference-free pricing no longer possible, the
attitudes of traders must be represented in some way. There exists an element of risk in

the writing of an option and the writer requires compensation for this.

We represent attitudes towards risk by using utility functions to characterize the value of
terminal wealth. A stochastic control approach is used to address the market incompleteness
problems. The method used was applied by Hodges and Neuberger [30] to price an option
with transaction costs incurred in implementing the hedging strategy. This work was later
expanded and modified by Davis, Panas and Zariphopoulou [16] and it is their definition

of writing price that is used here.



We begin with the description of two value functions giving the maximum utility of wealth
of the investor. These functions are then used in the definition of the writing price of an
option. The solution of these value functions is then described in a perfect market to price a
European call option. A dynamic program is set up and implemented using a special utility
function to speed up computation. We then go on to adapt this market model and dynamic
program for use in an imperfect market where the underlying asset experiences periods of
illiquidity. Prices are generated under several possible scenarios and the results discussed.
The notion of a restriction on the volume of the underlying that an option writer is able to
trade in, is then explored through the use of the value functions. The dynamic program is
modified and implemented producing prices for different market conditions. The hedging

strategy of the writer is investigated and the results anaiysed.

2.2 The Writing Price Definition

Risky assets are described as stochastic processes embedded in a probability space. To
begin with we assume that the markets are perfect. In particular, the writer of the option
is able to trade as much of the underlying stock and riskless bond as he needs to whenever
he desires. It is possible, within this framework, to consider more than one risky asset. For

our purposes we need only consider the one stock underlying the option to be written.

The price process of this stock, S(t), is defined on the probability space (Q2,IF,P) over the
finite interval {0, T as:
dS(t) = S(t)(pdt + odR(t)),

Where p is the drift rate of the stock and o its volatility per unit time. R(t) is a one

dimensional Brownian Motion.

The bond process, B(t), is also described over [0,T] and is the amount held in the bond at

time ¢.

We also define y(t) as the amount of stock held by the writer at time t where ¢ € [0,T.
Further, ¢(S(t),y(t)) is the cash value of the writer’s holdings in the risky stock at time
t. This is equal to the total number of units of stock held multiplied by the current stock
price. The set of admissible trading strategies is denoted by A.



As in a standard perfect replication argument, the writer of the option forms a portfolio of
stocks and bonds in order to hedge the option. In this case we will consider a call option.

It is a trivial matter to modify the following to price a put option.

Define X to be the exercise price of the option and 7' its expiration time. Assume we are
starting from initial time s € [0,T]. At T the writer of the option must fulfil his obligations

stated in the contract sold.

So, if S(T') < X then the writer has wealth
B(T) + c(S(T),y(T)),

as the option will not be exercised.

If S(T') > X then he has
B(T) +¢(S(T),y(T) — 1) + X,
In other words the option is exercised and so he gives the purchaser one unit of stock in

return for an amount of cash equal to the exercise price.
Now, to proceed further and define the value function, we use the following.
Definition:

A utility function is a strictly concave, strictly increasing function U(z) such that
U : [0, 00] — [0, o0,

with U(0) = 0.

The concavity of the utility function implies that the writer is risk averse. See Davis, Panas

and Zariphopoulou [16].

When considering imperfect market problems there is a fundamental need for some way to
represent the attitudes of the trader towards risk. The market imperfection means that it
is impossible to replicate the payoff of the option perfectly and thus eliminate risk. The
writer of the option can no longer be sure of meeting his obligations at expiration. He may
now only expect to have the wealth to settle up with the purchaser. It is this essential
element of risk that forces us to characterize the attitude of the writer. There is no unique
price for the option in an imperfect market, so the perception of ‘fair price’ varies from

investor to investor.



We may now define a value function for the writer.

Vw(T,S,y,B)zsupIE{U[B(T) + IS(T)SX[C(S(T)vy(T))]

wEA
+ Ismysxle(S(T),y(T) - 1)+ X]I}, - (2.1)

where the supremum is taken over the set of all admissible trading strategies A and I is the
indicator function with value 1 if its condition is satisfied, and value 0 otherwise. IE denotes
expectation in the relevant probability space. The set of admissible trading strategies A
is defined in the following way. At time ¢ = 0 the writer may start with any portfolio
of stocks and bonds. A strategy 7 is a member of A if, and only if, V¢ : 0 < t < T,
S(t)y(t) + B(t) = S(t)y(t — 6t) + B(t — 6t)e™, where 6t is an infinitessimally small step
in time. This means that only transactions requiring no injection or removal of funds are

admissible. All stock trades must be financed with the buying or selling of bonds.

The expectation and probabilities of up and down stock price movements are taken from a
binomial lattice constructed in the normal way with the drift rate of the stock, i, replacing
the risk free rate of return in the calculations. This adjustment is due to the fact that we

are not in the preference free probability space but the real probability space.

This value function gives the maximum expected utility of wealth given that the option has
been written, the writer plays the market optimally within the set of admissible trading
strategies and all obligations are fulfilled at expiration. The indicator functions denote
whether the option is exercised or not. This affects the actual wealth of the writer at
expiration time T. V(B) is bounded VB € IR, and is a continuous, monotonic increasing

function of B.

Next we define B,, such that V,,(0, Sy, 0, By) = 0, where Sy is the spot price of one unit of
stock at time 0.

Thus the writer, starting with no initial wealth, is indifferent between

(a) Doing nothing and

(b) Writing the option and charging B,,.

However this is not the writing price. The writer also has to play the market and construct

the hedging portfolio. This must be taken into account when calculating a fair price for the



option. We therefore define a second value function.
Vu(T, Sy, B) = sup & {U[B(T) + <(S(T),y(TH)]}, (2.2)
e
This function gives the maximum expected utility of wealth if the writer plays the market
optimally within the set of admissible trading strategies. In this case there is no option
written. The writer is playing the market by trading stock and bond purely to make a
profit, not to hedge any instrument. The writer is again assumed to have started at time s

with no wealth,

In a similar way to before we define B, such that V,(0, Sp,0, By) = 0.

We may then calculate the writing price of the call option given by
Pw = By — By,

In intuitive terms this call option price means that the writer is indifferent between

(a) Playing the market only and

(b) Charging the buyer p,, in order to hedge the option and play the market.

It is at this point that we return to the remark made earlier in this section about the
notion of ‘fair price’ in an imperfect market. So far, care has been taken to refer to ‘writing
price’ and not simply to ‘price’. As a consequence of using utility functions , and a dynamic
programming algorithm, the prices calculated for a buyer and a seller in an imperfect market
do not coincide. This is in part due to the fact that the utility functions and therefore the
risk preferences of the two parties may not coincide. More fundamental is the nature of
buying and selling an option. In the real, non-Black-Scholes, world where risk may not be
completely hedged away, the writing of an option corresponds to assuming a risk or liability
and the purchase to a form of insurance. The difference in writing and purchasing price

reflects this asymmetry.



2.3 Pricing Options in a Complete Market using Utility Max-
imisation
Before proceeding, a number of definitions are required.

®y(S,y,B) = B(T)+ Igry<xc(S(T),y(T))
+Is(m)>x1e(S(T),y(T) — 1) + X],
®,(S,y,B) = B(T)+c(S(T),y(T)),

The above describe the wealth of the writer firstly with the option written and secondly

without. Again we have assumed it is a call option that has been written.

It has been shown by Davis, Panas and Zariphopoulou [16] that
E|\U(®;)| <k where kelR

In other words the value is initially bounded.

We now need to define a value function in order to maximise the writer’s expected utility

of wealth.

2.3.1 The Discrete Time Market Model

The market model describes the stock price, the number of shares, y, held by the writer

and the size of the writer’s holding in bonds.

We have the following discretisation parameters.

hs - the discretised step in stock price

hy - the discretised step in the writer’s holding in stock
hp - the discretised step in the writer’s holding in bonds
0t - the discretised step in time.

The quantities of y (the stock), B (the bond) and S (the stock price) change only in discrete

time steps. The changes are due only to the diffusion of the stock or trading of assets in

10



the course of maximising the writer’s expected utility. We also define, for ease of notation,
t(n) to be ndt. That is, if we are on the n®” time step then the total amount of time elapsed

is £(n).

The change in stock price is

uS — S, with probability p,
55 = with probability p

dS — 5, with probability 1 — p.
With p € [0, 1], m is the discrete time step and u and d are the factors given by the binomial

lattice representing the price process.

As already defined, the smallest number of shares the writer is permitted to buy or sell is
hy, so the change in the writer’s stock holding on the m* time step is dy(m). This quantity

is a multiple of hy, either positive or negative.

The admissible trading strategies are self financing, so for every amount of stock traded
there must be a change in the bond holding corresponding to the price of one unit of stock

multiplied by the number of stocks bought or sold. In other words
dB(m) = —S(m)dy(m).
A discrete time discount factor is given as follows
D(t,s) = e ¢,

Now we are able to define our trial evaluation for the value function.

E[Vi(r + 6t,S + 65,y + 6y, (B — 6B)e™%
Vg('r,S,y,B):max [ (T Y Y ( ) ] ’1:=’U/,’LU (23)
€A | EVi(r + 8t,5 + 65, y, Be™)]

where §y > 0.

With boundary conditions
W(T,S,y,B) =U(@Z(Say7B)) 1=U,W (24)

Ouly buying stock is considered. The reason for this will become clear as the algorithm is

described in more detail below.

At expiration time, T, the maximum expected utility of the writer’s wealth is calculated

according to the cash value of his portfolio. All possible portfolios that he may be holding

11



are considered. We then work recursively backwards through the underlying stock model
finding the strategy that maximises the expected values. The value function is constructed

for all the various discrete holdings of stock and bond until we reach the writing time.

The trial evaluation described above improves efficiency when calculating the value function

in the following way.

At each time step, holding the minimum amount of stock, we initially compare the following.

(i) Buying h, shares and allowing the stock price to diffuse.

(ii) Carrying out no trades and allowing the stock price to diffuse.

To make computation possible we must set a minimum and maximum number of units of
stock the writer may own. The functions V; are defined with a supremum over a set of

admissible trading strategies A.

In a perfect market the writer of the option may, if he has the required funds, trade as
much of the stock, as often as he likes. There is also no restriction on the volume or
frequency of bond transactions so long as no injection of extra funds is required. This set
of strategies must be reduced to allow numerical computation of the solution of the value
function without the loss of any part of the optimal strategy. We therefore set a minimum
and maximum number of units of stock and bond that the writer may own at any one time.
It is crucial that the minimum is less than the least the writer would ever own under an
optimal strategy and that the maximum is greater than the most he would ever optimally
hold. If the parameters of the model have been set realistically then these bounds will be
finite. The value function may then be solved in finite time. The value function is calculated
for each of the points in this two dimensional array of stock and bond holdings. The array
consists of all possible portfolios and the corresponding value for each if trading is carried

out optimally. This array is different for each stock price and discrete point in time.

Tt is known that the buy and sell region and the no-trade line in the state space are well
defined and distinct (i.e. there is no overlapping where buying and selling are both optimal
policies). To begin the calculation of V; we start by holding the minimum amount of stock
permissible. We then compare the effect of buying the smallest amount of stock we are

allowed to trade, dy, and leaving the stock price to diffuse, to the effect of leaving the
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portfolio alone and the price diffusing. If the former is greater than the latter then we
assume that we own ym:n + 0y and repeat the procedure. This is carried out until the value
function for trading is greater than for not trading. In the absence of transaction costs we
may assume that whatever the stock and bond holdings of the writer, the optimal strategy
for him to follow is to transact to yop:. The value function may then be calculated for
the portfolio he transacted from. This procedure means that the trial evaluation involving
consideration of just buying stock and holding stock described above is sufficient to find
the value function for every different portfolio in the state space of admissible strategies.

The processing time is reduced as the optimisation loop is carried out for only one stock

holding.

We now introduce the exponential utility function and show how it may be used to reduce

the dimensionality of the dynamic programming problem.

2.3.2 The Writing Price Under the Exponential Utility Function
The dynamic programming algorithm is greatly simplified, and processing time significantly
reduced if the utility function used is

Ulz)=1—-¢e", ~veR

This function has the property that the function of risk averseness implied by it is inde-
pendent of z, the wealth.
ie.

U"(CL‘) B
B Ulz) ek

Vre R

This in turn implies that the writer is willing to borrow as much money, using the sale of
bonds, as is necessary in order to purchase the optimal amount of stock. This eliminates
the need to consider the bond axis in the calculation of the value function. The number
of bonds traded by the writer is dictated only by the cost of the stocks he is transacting.
A source of inaccuracy is removed as when bonds were being considered interpolation of
points was necessary in order to calculate the value function. With the bond consideration
removed the growth of their worth at the risk-free rate is dealt with by discounting stock

values and the need for interpolation is gone.
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We may use this special utility function to transform the optimisation in the following way.

‘[L(S7y)B) = Sup{U[@z(Sava)]} = ‘/Z(S)y, B) = sup {1 - 6_’7@"(5’%3)} y
TEA TEA

= 1— inf 6—7‘I>i(5,y,3)},

7EA
= 1—3i —71B(T) g~ 7xi
L g {72

where x; = ®;(S,y, B) — B(T), 1= u,w.
Thus

Vu(S,y,B) =1— inf {]E[e—’YB(T)e*’YXw(S(T),‘y(T))]} , (2.5)
and

Va(S,y,B) = 1 — inf {E[e" T~ (SODN) (2.6)

TEA

For an initial time s € [0,7T], we have

¥B

V:i(S,S,y,B) =]_-—eD(T,s)Q,L-(3’S’y)’ i:u,w (27)

where,
T
X (ST (D)~ [ prseydu(©)
Qi(s,5,y) = inf { e : : (28)
TEA

and,

D(T,7) =TT,

We are, in other words, turning the problem into one of minimisation rather than maximisa-
tion and also reducing the dimensionality by removing the bond holding from the problem.
The B in the above expressions refers to the initial holding that the writer has in bonds. In
order to calculate the writing price of the option this should be assumed to be zero. In this
way the writer has no initial advantage in hedging the option and the bonds are removed
totally from calculations, not even occurring as a constant term. @; is now the function

that must be discretised and solved. This is done in the following way.

Qi(7,S,y) = min (7,5, 6y) B[Qu(r y+ ) t=uw (2.9)
TEA E[Q;(r + t, S + 4S5, )]}

With boundary conditions

Qi(T, 8,y) = e~ XiSMAD) =y 4 (2.10)
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where,

F(r,8,6y) = eD;((Tﬁ’%.
Again it is best to proceed by starting with ymi, and first compare buying h, and doing
nothing.

This time we assume that no matter what our holding in the stock, we transact to Yopt and

may find the value function for any holding in the stock by using the following relationship.

Qi(7,5,y) = F(7, 8, Yopr — ¥)Qi(T, S, Yopt), & =u,w

The writing price of the call option is then given by the following explicit function.

D(T,0), [Qu(0,5,0)
Y IH{QAQSN)}'

Where () is evaluated at the end and for no initial holding of stock. If the writer were

Pw =

to hold stock at the writing time, s, then he would have an advantage when hedging the
option. This would reduce the price of the option and so would not produce a fair result.

In this way the preference free price for the writer is obtained.

In addition to the writing price of the option the dynamic program yields other information.
The optimal holding in the underlying stock is found at each discrete time step. Under the
exponential utility function this is given by

f@ﬂszwﬂ#%%.

It may be shown that this dynamic programming method converges to the Black-Scholes
price in the perfect markets case. In addition to this the Black-Scholes deltas may be

*

generated. To do this the optimal stock holding, y*, is stored whenever the stock price
is the same as the initial price at time s. If this is carried out when the option has been
written and also for when it has not and the market is being played then the difference
between the two, Y2 it1en — Unot gives the delta hedge at each time step where recombination

occurs.

2.4 Introducing Market Imperfections - Illiquid Stock

Using the method outlined above makes it possible to introduce certain market imperfec-
tions. The case we are interested in is that of a stock that it is not always possible to

trade.
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The way this particular problem has been tackled is by affecting the maximisation in the
value function at times when trading is not possible. We consider the case when the period
or periods of illiquidity are known before the option is written. It is then a case of identifying
the points in discrete time when no trading is possible and imposing the condition that the

only admissible trading strategy is the one where the stock is left alone and its price diffuses.

We now carry out the maximisations in the value function over a smaller set of admissible
strategies, A*. This set differs from the original set, A, in that there are certain times when
trading is not possible so the size of the set is reduced. Then the writing price of the option

may be calculated as before.

The trial evaluation for the value function (2.3) in discrete time is similarly modified and

calculated as before.

The computation may, once again, be simplified using the exponential utility function. The

resulting equations are similar to (2.7) and (2.8).

Expressions (2.5), (2.6) and (2.9) are modified by considering A* instead of A, and the

writing price may be calculated in the same way as before.

2.4.1 Results

In this section results are presented that were produced by the dynamic programming algo-
rithm when pricing an option on a non-dividend paying stock and the market experiences
periods of illiquidity. The periods of illiquidity are known before the option is written. In
all cases the values used for calculation are as follows, S =10, X =10, T =1, r = 0.1,
¢ = 0.12 and the volatility of the stock is stated for each figure. The exponential utility
function has been used throughout with a value of v = 1 for the constant of risk averseness.
Each time the options have been priced over one hundred time steps. The first set of
figures (2.1) and (2.2), show the change in price when a period of illiquidity exists at the
end of the option’s life and this period becomes longer and longer. In figures (2.3) and
(2.4), the length of time that the stock is untradeable is fixed but the location of this period
within the life of the option is varied from expiry time backwards. The difference in price

is also illustrated when the stock may not be bought or sold at the option’s inception.
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Figure 2.1: Prices for an option on an asset which becomes illiquid before expiration.

Volatility 0.15.

As the length of time that the stock may not be traded is extended the cost of the option
increases. This is what would be expected and goes some way to justify the approach used
and the prices generated. The problem was solved by changing the set of admissible trading
strategies from A to A* and carrying out the optimization. As A* is the set in which the
liquidity limits are included A* C A and so the value function calculated over the set A* is
less than or equal to that calculated for the perfect markets case. In the figures the end of
the liquidity period is fixed to the expiration date of the option. This produces the intuitive

results mentioned above, as would fixing the end to any date during the life of the option.

It is a well known property that the higher the volatility of the stock price, the higher
the price of an option written on it. Further to this, the relative increase in option price
when the stock experiences periods of illiquidity is larger for more volatile stocks. This is
a consequence of the greater likelihood of a large movement in stock price when there is no

trading and the writer may not capitalise on this or adjust his hedge.

If we assume that trading is possible at the time of writing, it is observed that the most
expensive time for the underlying to become illiquid is at the end of the option’s life. It

seems that if the writer is able to trade after a period of illiquidity has occurred then the
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Figure 2.2: Prices for an option on an asset which becomes illiquid before expiration.

Volatility 0.20.

hedge he requires in order to replicate the option payoff may be recovered. The extra cost
of the option is to compensate the writer for the fact that the hedge may be expensive
to re-establish due to the market movement when the option position is not covered. The
nearer to expiration that the liquidity problem occurs, the less chance he has to make back
the money lost by playing the market. If he cannot trade until the option has expired
then the option is at its most expensive as the position is not adequately hedged when the
purchaser is demanding settlement. This observation is backed up by Grannan and Swindle
[26] who sought to find the most efficient times to hedge given the existence of transaction
costs. Even though the problem here is considered in the absence of transaction costs,
the conclusion drawn by Grannan et al [26] that it is most important to hedge more often

towards expiration helps back up the higher premium shown here.

By far the most serious situation for the writer of an option is when he may not buy the
security underlying the option until some point in the future after writing. When this is
the case, the dynamic programming algorithm produces prices which are much larger than
for the previous situations discussed. The main thing to notice is that the option price

is no longer bounded by the spot price of the stock at writing. The writer holds none of
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Figure 2.3: Prices for an option on an asset with illiquidity periods of size 0.4 years starting

at different time steps. Volatility 0.20.

the stock yet is exposed to its price movement in the form of the option. The price could
move a large amount before liquidity returns and the writer has no insurance against it.
Therefore the writer may only have an expectation of his wealth and the purchaser must
pay a high price. Again, the more volatile the stock price the higher the cost of the option

and the more the writer should charge for this liquidity problem.

2.5 Pricing Options when Trading Volume is Limited

We now consider a market for the underlying asset where a maximum transaction size is

imposed and define our trial evaluation for the value function.

IE[V;(7 + 0t,S + 65,y + 6y, (B — 6B)e"]
Vi(r,S,y,B) = max § IB[Vi(r +0t, 5 + 65,y — 8y, (B + §B)er] i=uw  (2.11)
IE[V;(7 + 6t,S + 6S,y, Be™)]

With boundary conditions
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Figure 2.4: Prices for an option on an asset with illiquidity periods of size 0.2 years starting

at different time steps. Volatility 0.20.

At each time step, and for each possible holding of stock, we initially compare the following.

(i) Buying hy shares and allowing the stock price to diffuse.
(ii) Selling h, shares and allowing the stock price to diffuse.

(iii) Carrying out no trades and allowing the stock price to diffuse.

If buying h, shares produces a higher expected utility than selling or holding then we know
that buying is the optimal strategy. The comparison of the strategy buy and the strategy
hold is then repeated for increasing stock holdings until no improvement in value is found,
or the transaction size limit is reached. The optimal holding yop: is then stored and the
value function calculated. If, through the initial comparison, selling is found to be the
correct course of action an analogous procedure is followed until the optimal amount to sell

is found or the trade limit is reached.

Under these market conditions the optimization loop must be repeated for every single
possible portfolio in the set of admissible strategies, A*. It is not possible to assume that,

after performing one part of the procedure on the minimum stock holding, the figure y,p¢
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is the optimal holding point to transact to no matter what the portfolio’s present position
may be. The restriction on transaction size means that the optimal portfolio given a perfect
market may not be obtainable in the imperfect market. It is not necessarily the case that

the best course of action is to transact as closely to this value as possible.

We reduce the dimensionality of the dynamic programming problem using the exponential

utility function to obtain the following value function for solution

F(r,5,6y) B[Q;(T + 0t, 5 + 65,y + 6y)]
Qi(r,S,y) = min ¢ F(r,S,—8y) B[Qs( + 6,5 + 85,y — 6y)) (2.13)
E[Qi(T + 6t, S + 65, y)]}

and calculate the writing price of the option as previously described.

2.5.1 Results

Here we present résults produced by the dynamic program for options written on a non-
dividend paying stock where the volume of the stock that may be transacted is limited.
More precisely, the writer may trade only once in each discrete time step and the absolute
size of this trade is limited to a certain amount known at the time of writing. The total
amount of stock the writer may hold is not limited apart from in a non-intrusive way to
make numerical computation simpler. The set of parameters taken as a basis for evaluation
are as follows, $ =10, X =10, T =1,r = 0.1, 4 = 0.12, 0 = 0.05. Any variation in the
above is stated clearly at the top of the particular figure. The exponential utility function
has been used throughout with a value of v = 1 for the function of risk averseness. Each

time the option was priced using one hundred time steps.

Irrespective of the parameters given for the option, the price curve produced as the maxi-
mum trade size is increased appears to display certain characteristics. When trade volume
is severely limited, for instance the maximum trade is a single discrete stock division, the
price is badly affected. If the option is then re-priced with the maximum trade increased
to two stock divisions the price is reduced significantly. As the maximum size is increased
this improvement in price becomes less and less dramatic until no improvement is found.
It is at this point that the desired trades are not limited by the imperfection in the market

and the Black-Scholes price is produced.
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The reason for the shape of this curve is probably due to the cumulative effect of a trade
limit. The hedge error is carried over to the next time step and so the strategy is changed
all the way through the life of the option. The relative improvement in hedging opportunity
is most exaggerated at the small end of the scale. An improvement in market conditions
from a trade size of 1 to 1.1 is not as significant as from 0.1 to 0.2 even though in absolute

terms the improvement is the same. The prices found reflect this difference.

In figures (2.5) and (2.6) the effect of trading limits on option price was investigated for
differing volatilities. As expected, the higher the volatility the higher the option price. How-
ever the change in price as the market imperfection eases is more pronounced as volatility
rises. As with illiquidity problems, the mis-hedge caused by problems in the market is
more harshly penalised when stock price volatility is higher. The potential loss, which is
what the writer is charging the purchaser of the option for, is greater for an option with

greater volatility.  Figures (2.7) and (2.8) represent the change in price when the drift
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Figure 2.5: Option prices when trading volume is limited. Volatility 0.10.

parameter, u, is changed. The drift price of the stock is removed from consideration in
the Black-Scholes framework as a consequence of a change of probability measure and the
existence of a replicating portfolio. In the method described above drift plays a crucial role

in the modelling of stock price movement. A perfect market results in the Black-Scholes
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Figure 2.6: Option prices when trading volume is limited. Volatility 0.15.

price for the option. If a limit is placed on the size of transactions carried out then for a
higher drift rate a higher price is produced. The reason for this is that a risk averse in-
vestor, as the option writer is assumed to be, will want to purchase more of the risky stock
if the drift rate or expected return is high. The risk and return of the stock if the drift is
significantly higher than the risk free interest rate is a far more attractive proposition than
if the difference is marginal. The limit on volume, therefore, affects both the hedge for
the option and the expected utility generated through optimal playing of the stock market.
Both of these factors combine to produce the high writing price. A different algorithm
was used in the preparation of this Chapter to test the validity of a naive approach to
hedging. In this approach the optimal stock holding given a perfect market was found in
the trial evaluation. Then it was assumed that for each possible portfolio, if this position
was possible given the market imperfection then the writer transacted to this optimum. If
it was not possible then he transacted to a holding as close as possible to this point. The
value function is then calculated. This strategy when applied to the hedging of a vanilla

call option gives the same writing price as the globally optimal.
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Figure 2.7: Option prices when trading volume is limited. Drift 0.12.

2.6 Conclusions

A general approach to option pricing has been described and used to investigate the effect

that market imperfections have on option prices.

The prices computed for options on illiquid assets confirm the general intuitive ideas one
might have. The main problem not addressed here is the random nature of market illiquidity
and the inability of participants to predict it. However, the random nature of illiquidity may

be addressed by simulation, using the current model to evaluate the scenario simulations.

The drift of the underlying asset plays a major role in the price of an option when transac-
tions of the asset are restricted in size. The beauty of Black-Scholes is that this drift rate is
eliminated from the equation making the result risk neutral with no need to carry out the
tricky procedure of estimating the drift. However under the assumption that trade sizes
are limited this drift is essential if pricing is to be done accurately. The presence of this
drift is a drawback but unavoidable in an imperfect market setting where risk preferences

are being specifically described and no risk is assumed by the writer for free.

The two different algorithms used for the trade limit problem yield the same writing price
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Figure 2.8: Option prices when trading volume is limited. Drift 0.15.

showing that for a plain vanilla option, the optimal strategy is to transact as near as possible

to the stock holding you would otherwise want if the trading limitation was not in place.
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Chapter 3

Volatility Smiles and Static

Replication

3.1 Introduction

The Black-Scholes equation for the pricing of derivative securities assumes a constant volatil-
ity for the underlying asset. In reality the market prices of plain vanilla options imply
volatilities that differ according to the time to expiration and strike price of the option.
The variation of implied volatility with time to expiration may be extremely pronounced.
The lack of trading in the underlying currency pair leads to a “Monday Effect” in the foreign
exchange options market. The lack of trading leads to a lack of volatility on a Saturday and
Sunday. Therefore an option written on Friday with expiration on Monday will be priced
using a volatility such that the premium is similar to that for an identical option with only
one day u_ntil expiration. The option expiring on Tuesday will then have a very different
implied volatility. Supply and demand for options, which is a market just like any other,
also leads to variation of volatilities for at-the-money options across expirations. This may
also be exaggerated by the existence of perceived “good” and “bad” dates when economic
numbers may be released. In addition to this time dependence, the situation also exists
where options with the same tenor and underlying security have different implied volatilities
due to their different strike prices. This difference may be explained as the market’s mod-
ification of the lognormal assumption made by Black-Scholes [5]. The market for options

may believe that out-of-the-money options are undervalued by the Black-Scholes model and
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increase the volatility used in order to price such options. This change in volatility may
also be viewed as a supply and demand issue. If, for instance, intervention was expected
from a central bank in order to strengthen their currency, a hedger may wish to purchase
out-of-the-money call options as protection from such an event. This would result in the
short supply of these options and implied volatility would rise accordingly. This time and
strike dependence of the volatility has become known as the “smile”. Table (3.1) provides

an example of a typical volatility smile for 3month USD/JPY options. It is convention

Call/Put | Delta | Volatility | over ATM
c 0.10 15.55% 1.55%
c 0.25 14.45% 0.45%
c 0.35 14.25% 0.25%
¢ 0.50 14.00% 0.00%
p -0.50 14.00% 0.00%
p -0.35 14.10% 0.10%
p -0.25 14.30% 0.30%
p -0.10 15.15% 1.15%

Table 3.1: A Typical Volatility Smile for 3month USD/JPY Options.

in the over-the-counter foreign exchange plain vanilla options market to refer to “deltas”
(where the delta of an option is defined as the first derivative of the option’s price with
respect to spot price, g—g) rather than a strike price. With an underlying asset which moves
so much, it would be inconvenient to adjust volatility prices for each strike price when spot
changes. To avoid these difficulties, interbank counterparties trade options complete with
a spot transaction equal to the delta hedge for that particular contract. With this the case,
as long as the writer and purchaser agree on a spot price, volatility and delta ratio for
the option, the strike price may be implied. This leads to the commoditisation of options
according to their delta, for example, 25A calls. This results in a number of benchmark
options, typically 50 (approximately at-the-money forward), 35, 25 and 10-A calls and puts.
Each of these is quoted as a volatility price by market makers. It is that array of prices

which is illustrated in table (3.1).

Work by Dupire [25] and Derman, Kani and Chriss [21] addresses the problem of construct-

ing a market model that is consistent with current market prices for plain vanilla options.

27



It is the work of Derman, Kani and Chriss that is described here, and then expanded for
use in pricing exotic foreign exchange options. Rather than assuming a lognormal process
for asset prices, constructing a trinomial tree, then using this tree to price an option, the
converse is attempted. The price of liquid vanilla options are well known in the market.
These prices may be written down in terms of a payoff multiplied by the discounted path
probabilities until expiration implied by option market prices. By inverting these relation-
ships for call and put options a price distribution is recovered and a tree is constructed.
This tree may then be used to price other derivatives written on the same asset giving a

value we are confident is consistent with the liquid products in the market.

Over recent years barrier options have become important products in the foreign exchange
market. Their dependence on hitting a trigger to knock in or out, makes knowledge of the
smile crucial for accurate pricing. Volatility throughout the entire life of the barrier affects
the expected first hitting time and so must be considered in any pricing and hedging. In
this section the work of Derman, Kani and Chriss [21] is adapted specifically to improve

convergence of barrier prices and make foreign exchange product pricing possible.

In common with an out-of-the-money vanilla option, the price of a knockout option becomes
more sensitive to changes in volatility as volatility increases. That is, the vega (defined as
the first derivative of options price with respect to volatility) of the option increases as the
volatility increases. Also, the vega of the option decreases as volatility decreases. This is
a favourable situation that we would be willing to pay money for. However, traditional
valuation assumes a constant volatility thus missing this extra piece of value. In addition,
we see that as the spot price of the knockout option increases or decreases the vega of this
option increases. This reminds us of being long a vanilla option with a strike different the
forward price. If such options are given a volatility higher than the at-the-money volatility
we use to price the exotic, then we are clearly under-pricing the barrier option. Through
purchasing the knockout option using at-the-money volatility to value it, we are obtaining
the properties of an option which, in volatility terms, is more expensive. This clearly

represents some kind of arbitrage opportunity.

Figures (3.1) and (3.2) show the variation in the vega for an up and out call option with
maturity 3months, spot 110.00, volatility 14 percent, foreign rate 0.05 and domestic interest
rate zero. The strike price is 108.00 and the barrier is 117.00. Prices and vega were found

using a constant volatility, analytic formula. As may be observed from figure (3.1) the
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Figure 3.1: The change in vega for a change in volatility for an up and out call option

exotic option has larger vega as volatility increases and smaller vega as volatility decreases.
This is the same characteristic as for an out-of-the-money vanilla option (as is discussed in
section (4.2.2)). The barrier option therefore behaves in some way like an out-of-the-money
option. From the smile effect of the market given in table (3.1) we note that all out-of-the-
money options are assigned a higher volatility than the at-the-money options. This implies
that the barrier option, priced using at-the-money volatility, should trade at a premium to
its theoretical value. We also note that in figure (3.2) the vega increases as spot increases.
This is similar to that of an out-of-the-money option with strike higher than the forward
price. From table (3.1) we see that options with strikes greater than the forward price have
implied volatilities greater than the at-the-money options. Again this shows that the exotic

option has properties priced at a premium by the vanilla option market.

In the last section of the chapter the static hedging of exotic options is examined. Again,
particular consideration is given to the hedging of barrier options. Present methodology is
reviewed and applied to various foreign exchange instruments. The work is then extended
to price exotic options under a time dependent volatility. Further examples are provided
detailing the replication of exotic options under a full volatility smile. Results are presented

and possible further work is discussed.
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Figure 3.2: The change in vega for a change in spot for an up and out call option

3.2 Implied Trinomial Trees

" 3.2.1 Constant Volatility Trees

The traditional trinomial tree is constructed assuming constant volatility for the underlying
asset. Several parameters require calculation for the model to be complete. A basic tree

centred about the initial spot price, S, could be specified by the following, -

Sy = BSe’ViAL (3.1)
Smia = S, (3.2)
Sdown = Se™? 2At7

and the constant probabilities at each node given by,

erzﬁ-—.g_"\/—%'—‘t 2
e

VT —eTV 2

30



S is the spot price, At the time step, o the volatility and r the riskfree rate. p and g¢

represent the up and down probabilities at each node, whilst m represents the probability

that spot remains unchanged.

The aim of Derman, Kani and Chriss’ [21] work is to construct a trinomial tree that correctly

prices the liquid vanilla options used to build it. Volatility will not be constant and the

probabilities of up and down moves will be different at each node of the tree. As we will

see, the probabilities are implied by the market prices so that the options used are priced

by the tree exactly as in the market.

3.2.2 Forward conditions and Arrow-Debreu Prices

We use the same notation as Derman, Kani and Chriss [21]. Referring to figure (3.3), the

following will be used:

b:

q;

no. of the time step in the trimomial tree,

no. of the stock price level in the trimomial tree,

node of the the trimomial tree at time step n and stock level i,
risk — free interest rate,

known stock price at node (n,1),

forward price at level n + 1 of the stock price s; at level n,
known stock price at node (n + 1,1%),

and also the strike for options expiring at level n + 1,
known Arrow — Debreu price at node (n,1),

unknown risk — neutral transition probability,

from node (n,%) to node (n+ 1,7 + 2),

unknown risk — neutral transition probability,

from node (n, ) to node (n + 1,1%),
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m; = unknown risk — neutral transition probability,

from node (n,%) to node (n+ 1,7 + 1).

Assume that we have already specified such parameters as the number of time steps over

S i+3
P
node
M.
i+1
(n, i+1) £ i S 2
>
+1
M
1
(n, 1) i S g
S i
t e mmmmm e oo - t
n n+1

Figure 3.3: Notation for the implied trinomial trees.

which we are calculating the option value, the initial stock price and the state-space for the
trinomial tree. Tree nodes are denoted (n, ) where n refers to the index time step t,, and

1 is the stock price level index.

The tree to be constructed using these stock prices (n,7) and the probabilities p;, g¢; must
be arbitrage free. The following conditions must be satisfied. Firstly the stock prices must

be chosen so that the forward price of s; denoted F; lies between the prices S; and Sjyo:
S; < F; < Siqo.

The next relationship to be satisfied also concerns the forward price, but restricts the node
probabilities. The forward price of the stock at node (n,i) must equal the expected value

of the stock at the next time level ¢,41. In other words
piSiv2 + (1 —pi — @) Siv1 + ¢:S; = F;. (3.5)
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This is illustrated in figure (3.4).

If this is not the case and the forward price is larger than the left hand side of (3.5) then
an arbitrageur may sell the forward and buy the stock and on average make a profit. If the
opposite is true and the forward price is the smaller, the arbitrageur would buy the forward

and sell the spot. Equation (3.5) rules out such opportunities. Also denote vanilla put and

Figure 3.4: Forward condition for the implied trinomial tree.

call prices recovered from the market as in Derman and Kani. Let C(S;y1,tn+1) represent
the price today of a call with strike price S;;; and expiration at time ¢,+;. The put price
is denoted in a similar way replacing C with P. Prices for these options are taken from a
“yolatility surface” where known prices are interpolated in order to find values of less liquid
options. It is necessary to find either a put or a call price for options coinciding in strike

and expiration with every node of the tree.

The probabilites p; and g; are found such that the option used to produce them will be
exactly priced by the resulting tree. In order to do this the price of the option must be

written in terms of discounted path probabilities - Arrow-Debreu prices - and the payoff at
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expiration. We have the following for a call.

C(K, tns1) = e {Njmapjz + Aj—1(1 — pj1 — gj—1) + Njgj} max(S; — K, 0), (3.6)
3j

where the \; are the discounted path probabilities or Arrow-Debreu prices. See Appendix

(A) for further details.

Graphically the option price has been constructed as in figure (3.5).

A

j-1

1-2

A

¥

At

Figure 3.5: Construction of the option price.

3.2.3 Implying Node Probabilities and Constructing the Tree

The expression for the prices given above may now be broken in two by substituting K =

Si+1, so that the C(K,tp41) term is split.

This operation gives

2n
€A C(Sit1, tnt1) = Aipi(Sive — Siv1) + D X(Fj — Siz), (3.7)
j:’l:+1
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Figure (3.6) shows the contributions that the stock price nodes make to the value of the
option and why the call price may be represented as described above. The maximise
operator is split nicely in two by considering only the upper portion of the diagram which

contributes the non-zero part of the price. In this expression the only unknown is the
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Figure 3.6: Stock price node contributions to the value of a call option.
probability p;. Solving for p; gives
At 2n
e C(Sivt,tnr1) — 2 Aj(Fj — Si)
gzt (3.8)

b= Aj(Siva — Sit1)
We use the no-arbitrage condition (3.5) that forward prices must equal the expectation of

the future spot price to derive g; from p;.

- F; — pi(Siy2 — Sip1) — Siqn
o Si — Sit1 '

(3.9)

Using market call prices the probabilities at nodes above the centre of the tree (the initial
stock price in our case) have been calculated. An analogous method requires the probabil-
ities on and below the central node to be implied by put option prices.

P(K,tpt1) = g AL Z{/\j_zpj_z + Xj—1(1 — pj—1 — gj-1) + Ajg;} max(K — S;,0), (3.10)
J
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Letting K = 5,14,

-1
€2 P(Sit1, tni1) = @iXi(Sia1 — S5) + D Xj(Siv1 — Fj). (3.11)
=0
Solving for ¢;,

e P(Sit1, tnt1) — _ZO Aj(Siy1 — Fy)

]:
i = , 3.12
¢ Ai(Si+1 — Si) (3.12)

and using the forward condition,

_ Fi+¢i(Sit1 — Si) — S
Sive — Sit1 .

(3.13)

(3

The entire tree has now been implied.

3.2.4 Potential Difficulties

In constructing our implied trinomial tree we have already imposed some restrictions on
the state-space which may be chosen to represent the values of the stock price throughout
the options life. We were also careful to ensure the presence of a forward condition on the
probabilities so that the forward price at a time step is equal to the expected value at the

next time step. These measures do not however ensure that things always run smoothly.

The values of p;, ¢; and m; must always lie between 0 and 1 due to the fact that they
are probabilities. Tt is not always possible to fit these probabilities to the option prices
and have them remain within these limits. The local volatility from one step to the next
may just be too high or alternatively the smile of the option volatility too extreme for our
chosen state-space to cope. Generally these problems arise at the extremes of the tree and
when outlying prices have occurred for some reason or other. Derman, Kani and Chriss
[21] suggest the the first type of problem may be avoided in some cases by the judicious
choice of a state-space that exhibits the main characteristics of the smile. For instance, if
the smile is mainly temporal then the stock prices may be specified to mimic this temporal

bias to some degree.

If redefining the state-space is unsuccessful we must discard the option price that has
produced the unsatisfactory results and overwrite it with some price of our choosing. A

simple way of doing this given by Derman and Kani [20] is to set

_ (B -5)
p'L (S’L+2 _ SZ) b
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and ¢; = 1 — p;, with the central probability set to zero.

3.3 Improvements to the Basic Model

The model outlined above provides a good basis for the pricing of exotic options consistent
with a volatility smile. However modifications are needed to price many of these exotics to

within an acceptable error and make the model computationally tractable.

3.3.1 Foreign Exchange Barrier Options

Barrier options have become very popular instruments in recent years with a large volume
being traded in the foreign exchange market. The key feature of a barrier option is that
there is an asset price level in addition to the strike price that governs the value and payoff.
An “out” barrier option knocks out if a trigger price is hit leaving the option worthless.

Similarly, an “in” barrier option becomes live if a certain price is hit by the underlying.

This feature of barrier options makes the issue of “fat tails” of the distributions of prices
particularly relevant. The payoff depends not only on the asset price at expiration but at
every other time during the life of the option. The volatility smile is therefore of particular
interest to a trader of barrier options. In pricing a barrier we must be sure that the smile
is considered not only for the expiration and strike of the constituent call or put but for

every time during the life of the option. The following section addresses these problems.

Choosing the State-Space for Pricing a Barrier Option

Despite the fact that options are routinely priced using both binomial and trinomial trees,
the use of these for barrier options presents major problems. The first problem is conver-
gence of any n-nomial model when used for pricing a barrier option. Prices found for barrier
options using a binomial tree converge in a saw-tooth pattern. Even when ten thousand
time steps are used the price produced may not be acceptable. The reason for this is the
discrete nature of the tree and the continuous process it attempts to describe. If the value
of the trigger price in the barrier option does not coincide exactly with nodes of the tree

then the actual derivative priced is a barrier with some trigger other than the one desired.
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It seems logical to increase the number of time steps used in order to get a more accurate
model for asset price evolution. In fact this may lead to a worse price as the nodes could

be further from the barrier than before.

Various methods have been employed to solve this problem. In our case the degrees of
freedom provided by the trinomial tree are exploited and the state-space chosen carefully
to aid the convergence of the price. The aim is to construct a state-space which still makes
mathematical sense but also has nodes coincident with the barrier specified in the option

contract. Firstly we remind ourselves how to build a trinomial tree with constant volatility.

A general constant volatility trinomial tree may be constructed using the following values

for Sy, Sm and S, the up, middle and down ratios for the movement of stock price.

S, = SerAt+doVar (3.14)
Sy = Se™At (3.15)
S, = SerAt—goviai (3.16)

for ¢ > 1 and any reasonable value of «.

In practice the values used most often are ¢ = v/2 and m = 0. This is the starting point for

building a state-space for the barrier option.

Denote the factor by which the stock price moves up in one time step by u and the factor

by which it may move down by d.

u = e?7VAL (3.17)
d = e 97VAL (3.18)

Furthermore, m, the factor by which the stock price moves if the middle branch is taken is

1, to produce a recombining tree.

We want to adjust the value of ¢ so that, after a number of steps, the nodes become
coincident with the trigger price. We do this in the following way. Assume an up barrier,

with trigger price H.

(i) Calculate S,.

(ii) Starting with the initial stock price Sp, calculate the prices for the top edge of the

tree. This is done by calculating S = Sou? where j represents the discrete time step.
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(iii) When the trigger price satisfies Sou/~! < H < Spu’ stop the calculations and note
the value of 5. This is the number of steps at which we want to force the trigger and

stock price to be equal.

(iv) Invert the formula for generating the tree to find the value of ¢ that causes the equality

of trigger and node price on the top edge of the tree after 7 — 1 discrete time steps.

(v) Using this value ¢ instead of v/2 generate the stock price nodes for the entire tree.

This algorithm removes the inaccuracies caused by a trigger and tree that do not have

compatible nodes. The inversion mentioned in step (iv) is given by,

¢ = 1 In <£> .
(G —1DovVAt  \So
The trigger of a down barrier option may be fitted in a very similar way by replacing u with
d in the steps described above. Fitting double barriers is a slightly more tricky proposition
but not more conceptually difficult. As long as the forward conditions are satisfied, thus

ruling out arbitrage, we may choose any convenient state-space.

3.4 Static Hedging and its Application to Volatility Smiles

Black-Scholes [5] requires the continuous rebalancing of a replicating portfolio in order
to hedge derivatives. This portfolio consists exclusively of risk-free bonds and the asset
underlying the product to be priced. Under the perfect market assumptions of Black and
Scholes this works well; however when real markets are considered, problems start to arise.
A major practical drawback comes from the implementation of the hedging portfolio. The
infinite trades involved in rebalancing incur transaction costs. It is also impossible to carry

out an infinite number of trades so the practitioner must be selective about when he hedges.

These problems have been addressed by a number of researchers all seeking to simplify the
replication procedure. A focus for their attention has been the use of standard “vanilla”
options in set quantities to synthesise more exotic products. Work carried out by Derman,

Ergener and Kani [22] is described and generalised in this section.

Firstly their general methodology is described in a continuous setting. Examples are given
of the replication of some important foreign exchange products. The work is then extended

to address problems encountered in the pricing of options with non-constant volatility.
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3.4.1 Contract Replication Through Static Hedging

In this section we investigate the use of plain vanilla options to create new exotic derivative
products. The types of derivatives currently on offer in the financial markets contain fea-
tures that make their risk management distinctly different to that of plain vanilla options.
For example, in-the-money knockout barrier options (known as reverse barriers), have an
infinite gamma close to the trigger level near expiration. In addition, such products expe-
rience large positive theta when expiration is close and the barrier is near to current spot.
These features are difficult to hedge dynamically but may be hedged using plain vanilla
options as we will discuss here. Static replication will enable us to consider the effect of
non-constant volatilities on the value of new exotic products and in some cases allow the
use of a volatility smile for pricing. This scheme makes the assumption that, with the
exception of the spot price, all parameters remain the same or behave in the manner that

was prescribed at the time of pricing.

The options portfolios produced for the static hedges may not be unique. Selection of
the portfolio may by carried out under further conditions additional to the mimicking of
the exotic. For example, vega, gamma or some other risk management parameter may be

minimised.

Under the scheme described here, in order to be perfectly hedged an infinite number of
options must be purchased and sold. There are exceptions and some of these may be found
in Derman, Ergener and Kani [5]. As we will demonstrate, a modest number of options

results in reasonably accurate replication.

3.4.2 Static Hedging in the Continuous Black-Scholes World

To statically hedge an option we must know its payoff along all boundaries. We may
then replicate these values in the relevant places without any injection of extra funds or
introduction of payoffs within the boundaries so that the value of the portfolio is equal to

the value of the target option.

To replicate the option perfectly at every single point along its boundary would require
an infinite number of vanillas. We therefore specify points in time at which we want to

be hedged. We may choose points at which we are expecting particular events or simply
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specify arbitrary points in time.

To replicate the target option we use liquid products, taking care to choose those options
which do not introduce extra, unwanted, cashflows or payoffs. At the expiration boundary
we use a product or products that replicate the payoff precisely and use only out-of-the-
money calls for upper boundaries (above the current asset price) and out-of-the-money
puts to replicate payoffs at lower boundaries (below the current asset price) throughout the
life of the option. In trying to replicate an up and out call option with barrier 120, for
instance, we would use call options with strikes of 120 or higher. Any strikes less than 120
would introduce some intrinsic value in addition to the replication already performed for

the expiration boundary. This would result in an incorrect replicating portfolio.

Consider the general target option with payoff boundaries as in figure (3.7). We begin
the replication by choosing a vanilla option that pays off in the region between the upper
and lower boundaries to the same value as the target option. Generally, when pricing
barrier options, a single put or call with expiration time the same as the target option held
long or short will suffice. Rolling backwards to the penultimate hedging point it is clear
that we require another two vanillas to replicate the target option at the upper and lower
boundaries. For the upper boundary we add a number of calls struck at, or above, the
boundary asset price. For the lower boundary add to the position with out-of-the-money
puts. Using out-of-the-money vanillas leaves the value within the boundaries. which was
matched at the expiration time. untouched and so no additional payoffs are introduced.
Rolling back to the next time point leaves us unhedged again so we must calculate the put
and call positions needed to maintain the replication. Repeating this procedure until we
are back at the present day, when the target option is to be written or bought, provides

the replicating portfolio.

3.4.3 Examples of Static Replication

We replicate a barrier option with the following specifications,

Type: Up and out call option, a reverse knock out = UOC,

e spot: S = 100,
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Figure 3.7: A general barrier option.

e strike: K = 100,

e barrier: B = 120,

. expiration: T' =1,

e volatility: o = 0.15,

e domestic rate: r4 = 0.08,

e foreign rate: ry = 0.05.

In order to hedge this option the payoff must be replicated at all the boundaries. See figure
(3.8). We will use the following notation in all examples. C(S, K, tp,t.) refers to the price
of a call option at pricing time ¢, and spot level S with strike K and expiration time ¢,.

The time left before such an option expires is therefore given by ¢, — t,,.

Starting at expiration we find an option that fits the boundary of the UOC with strike 100.
A call option with strike 100 that expires at time 7" matches the payoff precisely on the final

boundary if the barrier at 120 is never hit. We therefore have one 100 call of expiration

42



A
0
Trigger
=120
Call
Payoff
+
3-K)
3
T
Time T=10

Figure 3.8: Boundary values for an up and out call option.

time 1.0 in our portfolio. We now go back from time 1.0 to time 0.8. Here we must fit our
portfolio to the value the UOC has at the boundary. At the boundary, 120, the call option

knocks out and so has a value of zero.

Revaluing our current portfolio at time 0.8, which consists of one unit of the 100 call
option expiring at time 1.0 we find C'(120,100,0.8,1.0) = 20.39863. We require a portfolio
worth zero at spot 120.00 so we add, or subtract, a quantity of call options of strike 120 and
expiration at 7= 1.0. At time 0.8 this one unit of this option is worth C'(120,120,0.8,1.0) =
3.537377. We go short 5.76659 of these 120 calls.

20.399
3.537

= 5.767. (3.19)
The replicating portfolio now stands as in table (3.2).
Rolling back another 0.2 years to time 0.6 the portfolio in table (3.2) is worth,

1.0 x C(120,100,0.6,1.0) — 5.77 x C(120,120,0.6,1.0) = —8.91. (3.20)

Now both options are 0.4 years from expiration. See figure (3.9).
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Amount | Strike | Expiration | Type
1.000 100 1.0 Call
-5.767 120 1.0 Call

Table 3.2: Replication portfolio for an up and out call option to be revalued at time 0.6.

The portfolio is required to have value zero on the boundary, 120. We then add z 120 calls
valued at time 0.6, that expire at time 0.8 such that the following is satisfied,

1.0 x C(120,100,0.6,1.0) —5.77 x C(120, 120, 0.6, 1.0) +z x C(120,120,0.6,0.8) = 0. (3.21)
Rearranging gives x = 2.519.

We then roll back another time step to time 0.4 and revalue the portfolio shown in table

(3.3).

Amount | Strike | Expiration | Type

1.000 100 1.0 Call
-5.767 120 1.0 Call
2.519 120 0.8 Call

Table 3.3: Replication portfolio for an up and out call option to be revalued at time 0.4.

Subsequent operations, until the replication is complete for every required time point, are

similar. See table (3.4) for a complete listing of the portfolio.

Amount | Strike | Expiration | Type | Value
1.000 100 1.0 Call | 7.120
—5.767 120 1.0 Call | —7.169
2.519 120 0.8 Call | 2.050
0.804 120 0.6 Call | 0.349
0.373 120 0.4 Call | 0.055
0.211 120 0.2 Call | 0.002

Table 3.4: Replication portfolio for an up and out call option.

Summing the values at time zero of the options in the portfolio gives a reasonable approx-
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Figure 3.9: Replication step for an Up-and-Out Call option.

imation to the value of the target option considering the small number of options we have
chosen to replicate it with. Increasing the number of options used in the replication pro-
duces a better price. For instance, if we used fifty options in the example above the price
given for the barrier by adding the value of the options portfolio would be 1.985, close to
the analytic value of 1.936. See figure (3.10). A common way to price an up-and-in call (or

put) option is to use the following relationship,
UIC +UOC = Call.

An interesting experiment is to see whether the static replication portfolio for an UOC may
be modified in such a simple way and provide a replicating portfolio for a UIC of the same
parameters. The portfolio should consist of a long call option with expiration and strike the
same as the barrier option, and short the entire options array constructed for the knockout
option. The portfolio in table (3.5) is produced for an UIC with parameters the same as in

our UOC example above.

By examining a couple of boundary points we find that the replication is correct and was

simple to derive from the knockout barrier option.

For example, at time 0.8 and stock price 120 the call should have knocked in and be worth
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Figure 3.10: Covergence of the replication scheme to the analytic price of the barrier option.

(120,100, 0.2) = 20.39. The portfolio consists of the options shown in table (3.6) that are
still live at T = 0.8.

Now 5.766 x 3.537 = 20.39 so the UIC has been replicated.

Moving Double Barrier Options

We now consider a more exotic style of barrier option and demonstrate the flexibility of the
static replication scheme. The contract we describe and price is known as a moving double
knockout call option. The terms of such a contract is as follows. The option has payoff
max(S7 — K, 0) at time 7. If the barriers depicted in figure (3.11) are touched whilst active
then the option knocks out and the contract expires worthless. See table (3.7) and figure

(3.11).

We, find that the replicating portfolio for such a call option with volatility 12%, zero interest
rates, spot 120.00 and strike 120.00 is as shown in table (3.8)

As with the more standard barrier option, the Up-and-Out Call, we begin by choosing

an option, or options, with the same payoff as the exotic at expiration time. In this case
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Amount Strike | Expiration | Type | Value
—0.211 120 0.2 Call | —0.002
—-0.373 120 0.4 Call | —0.055
—0.804 120 0.6 Call | —0.349
—2.519 120 0.8 Call | —2.050

5.766 120 1.0 Call | 7.169
1.0-1.0=0.0 100 1.0 Call 0

Table 3.5: Replication portfolio for an up and in call option.

Amount Strike | Expiration | Type | Value
5.766 120 0.2 Call | 3.537
1.0-1.0=0.0 100 0.2 Call 0

Table 3.6: Portfolio for the up and in call option at time 0.8 and spot 120.

we require a call option struck at 120. This is first option in the replicating portfolio. We
continue by rolling back one time step, in this case we choose 0.125 of a year, and calculating
the value of the current portfolio (containing just one option) at the boundaries. In the
case of the moving double barrier option, there are two boundariers at each time. At time
0.125 from the expiration (1.0 - 0.125 = 0.875) the barriers are set at 115 and 145. We
replicate at 115 by calculating the value of our portfolio at time 0.875 and spot 115 and
buying z units of the 115 put option expiring at time 1.0 such that the total portfolio value
is zero.

1.0 x C(115,120,0.875,1.0) + zP(115,115,0.875,1.0) = 0, (3.22)

where P(S, K,tp,t.) denotes the value of a put option with strike K and expiration time
t. at spot price S and time #,. Rearranging gives £ = —0.0212. We also need to replicate
the exotic at its other boundary. At spot 145 the exotic has zero value. We therefore find

y such that:
1.0 x C(145,120,0.875,1.0) + yC (145, 145,0.875,1.0) = 0.

Rearranging gives y = —10.187. Now assume that we have successfully found the replicating
portfolio from 1.0 until time 0.625. We find the options required to replicate the exotic at
time 0.5. The portfolio currently assembled is given in table (3.9).
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Time | Low Barrier | High Barrier
0.25 115 127
0.50 115 131
0.75 115 137
1.00 115 145

Table 3.7: Trigger levels for the moving double knockout option.
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Figure 3.11: Boundaries of the moving barrier option.

At time 0.5 we require replication at the boundaries 115 and 131 where the exotic has zero

value. We begin with lower boundary and find the value of the current portfolio at time

0.5 and spot 115. A quantity, z, of put options with expiration time 0.625 and strike 115

is then added such that the total value of the portfolio is zero.

1.0 x C(115,120,0.5,1.0) — 10.187C(115,145,0.5,1.0) — 0.212P(115,115,0.5,1.0)
+4.218C(115,145,0.5,0.875) — 0.209P(115,115,0.5,0.875)

—3.066C(115,137,0.5,0.75) — 0.100P(115,115,0.5,0.75)

+zP(115,115,0.5,0.625) = 0. (3.23)

Rearranging (3.23) gives z = —0.026. At the higher barrier, 131, we find y such that the
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Expiration | Weight | Strike | Type | Weight | Strike | Type
1.000 1.000 120 | Call 0.000 0| Put
1.000 | -10.187 145 | Call -0.212 115 | Put
0.875 4.218 145 | Call -0.209 115 | Put
0.750 -3.066 137 | Call -0.100 115 | Put
0.625 2.425 137 | Call -0.026 115 | Put
0.500 -1.188 131 | Call 0.044 115 | Put
0.375 1.285 131 | Call 0.108 115 | Put
0.250 -0.215 127 | Call 0.122 115 | Put
0.125 0.611 127 | Call 0.124 115 | Put

Table 3.8: Replicating portfolio for the moving double knockout option.

Expiration | Weight | Strike | Type | Weight | Strike | Type
1.000 1.000 120 | Call 0.000 0| Put
1.000 | -10.187 145 | Call -0.212 115 | Put
0.875 4.218 145 | Call -0.209 115 | Put
0.750 -3.066 137 | Call -0.100 115 | Put
0.625 2.425 137 | Call -0.026 115 | Put

Table 3.9: Replicating portfolio for the moving double knockout option at time 0.625.

following is satisfied:

1.0 x C(131,120,0.5,1.0) — 10.187C(131,145,0.5,1.0) — 0.212P(131,115,0.5, 1.0)
+4.218C(131,145,0.5,0.875) — 0.209P(131, 115, 0.5, 0.875)
—3.066C(131,137,0.5,0.75) — 0.100P(131,115,0.5,0.75)

+yC(131,137,0.5,0.625) = 0. (3.24)

Rearranging (3.24) gives y = 2.425.

European Style Digital Options

We demonstrate the flexibility of this scheme by pricing a well known exotic, the Digital

European Call Option. This contract requires the specification of a strike price, whether it
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is a call or a put, an expiration time and, in the case of foreign exchange, a payoff currency.
If the contract is specified to be a call, the owner receives one unit of the face currency at
expiration if the spot price is above the strike price. This contract is sometimes known as

a European Bet.

In the case of this digital option, we have no boundaries to replicate other than the expi-
ration boundary. Let us consider the case of a T" maturity call option paying the domestic
currency if spot is above strike K at expiration. In general there exists a minimum tick
size, that is a minimum amount by which the spot price of an asset may move. We take
advantage of this in our replication procedure. We require a combination of options which
pay one unit of the domestic currency (ccy) above K. A strategy resulting in a similar
payoff is a call spread. A call spread is simply a combination of options where a lower strike
call option is purchased and a higher strike call is sold in the same notional amount and
with the same expiration date. The resulting payoff is limited to the range [0, K, — K],
where K, is the upper strike and Kj the lower strike. We therefore choose a call spread
with K, = K 4+ ¢ and K; = K where § is the minimum tick size. The individual legs of
the call spread have notional amounts that result in a payoff of lecy if spot is above K at

expiration.

We now give the example of a USD call, JPY put digital on the USD/JPY exchange rate
with expiration of one year and strike 100.00. The contract pays 100m JPY. The minimum
tick size for USD/JPY rates is 0.01 of a JPY.

The USD call spread we require is therefore of strikes 100.00 and 100.01 and expiration one

year. The notional amount, IV, of these options is given by:

~ 100,000,000 10
N = == =1x10"°USD.

Evaluating the call spread above we find that the replicated value of the digital call is
47.6028%jpy or 47,602,800jpy. The analytic value of the digital is known to be 47.6045%jpy
showing just how good our replication is. In fact, if we are able to buy and sell options with
strikes within the minimum tick size, we may make the replication almost perfect. Using
strikes of 100.00 and 100.00001 and a notional amount of the call spread of 1 x 1013USD
we find a value of 47.6045% jpy, exactly the same, to four decimal places, as the analytic

valuation.
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3.4.4 Pricing Barrier Options on an Asset with Time Dependent Volatil-
ity

Rather than pricing an exotic option, then finding a portfolio of standard options that
replicates the payoffs on its boundaries perfectly we now construct the replicating portfolio
from the known payoffs in order to price the target option. Ideally we would want to do
this in a continuous setting picking only the vanilla option prices relevant to our replicating
portfolio from the volatility surface. It is possible to do this with no loss of information if

the volatility has only a time dependence.

We follow the notation of Derman, Ergener and Kani [22] with adaptations for non-constant

volatility.
The spot price process is given as follows,
dS = S(rq —ry)dt + So(t)dZ;,

where S is the stock price, 74 the domestic risk-free rate, ry the foreign risk-free rate and

o(t) the function for the volatility of the stock price.

We let (S, T — t) denote the value of the target option at time ¢ contingent on the stock
price S. We assume that the spot prices Spn on the boundary where the payoff is defined
may be locally parameterised in terms of some sufficiently regular function B(t). We wish
to work in continuous time and obtain some representation of the target option’s value
®(S,T —t) at any instant in time and spot price S. We find this in terms of a weighted

average of values of a set of vanilla (or some other standard) options.
T
8(S,T —t) = /a(t,u)C (S, K (u),o(u—1),u — ) du,
t

where C(S5, K,o(u),u) is the value of a European style contingent claim at spot price S,

strike K, volatility o(u) and time to expiration u.

We want a static replication strategy and so all weights a(¢,7) must be independent of
initial time £. i.e.
0

aa(t, 7') =0.

Thus we use simply the parameter (T to denote the weights of the standard options.
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Although it is not strictly necessary as any out-of-the-money options may be used, for
simplicity assume that all options in the replicating portfolio have strikes K(7) which

coincide with the stock value at the boundary B(r).
K(r)=B(r) Vr>t.

This condition (and the weaker assumption mentioned) guarantees that no cashflows or

payoffs are introduced within the boundary 0f2.

Thus we have the conditional relationship,

T
®(S,T—1t) =/a(u)C’(S,B(u),a(u-t),u—t)du.

In many cases the payoff at expiration time T is discontinuous. In these cases the weight
®(T') takes the form of a Dirac delta function and so we are able to separate the terminal

weights and re-express our relation from above.
T
(S, T—-1t)= /a(u)C (S,B(u),o(u —t),u —t) du + arCr(S, B(T),c(T), T —t), (3.25)
t

where Cp(S5, B(T"),o(T), T —t) represents the combination of options required to replicate

the terminal payoff of the target option and a(T") represents their collective weights.

Let £ represent the known payoff of the target option on the boundary point at time .
£(t) = @(B(), T —t)

Evaluating equation (3.25) on the boundary gives the identity,
T
() = /a(u)C’ (S, B(u),o(u —t),u —t) du + arCr(B(t), B(T),o(T),T —t). (3.26)
t

Solving (3.26) recursively for the weights is done by finding the weights at expiration or.
We match the terminal payoff of the target option with some standard options and roll

backwards through time along the boundary.

To do this we must discretise the time interval (¢,7). Do this in the following way with

t = to,t1,t2,....,t5y = T. The weights are denoted similarly ay, ..., anN.

Evaluating (3.26) gives at time ty_o,

En—o = an-1C (BN-2, BN-1,0¢(tN-2,tN-1),tN-1 — tN—2)

+anCn (Bn-2,Bn,05(tn-2,tNn),tN —tN-2),
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where (%, j) denotes the forward volatility from time 4 until §, ¢ < j given by

o4(i) = \/ 0 )§ —

We solve to find,

Ay = En—2 —anCn (By—2, BN, 07(tn_2,tN),tN — tN—2)
C (BN-2,Bn-1,0f(tn—2,tN-1),tN-1 — tN—2)

)

A general step 4 is given by,

_ &1 — 211G (Bs, Bit1, 05 (ti tita), tiv1 — &)
C (Bi—1,Bi,05(ti—1, i), t1 — ti_1) ’

i

and the solution is complete.

Partial Barrier Options with Time Dependent Volatility

An increasingly popular product is a variant upon the standard knockout option. The
partial barrier option is similar to the knockout option in that a level is specified which, if
touched, causes the termination of the option contract. The difference is that the partial
barrier option may only knockout during a specified period of the option’s life. We will
consider an example of such a contract and show why the use of a volatility curve in its

pricing is crucial for accurate results.

Consider the following derivative contract. Call option, strike 100, expiration 1.0, barrier
110 active from time zero until time 0.25. Using the following parameters we price the
contract using flat volatility and a volatility curve. We use time steps of size 0.125, spot
100, zero interest rates, volatility to 1.0 of 12% and volatility to 0.25 of 16%. The values
we find under the two different volatility assumptions are quite different. Using eight time
steps and a constant volatility of 12% gives a price of 3.918, while using a volatility curve

gives 2.928. Tables (3.10) and (3.11) give the replicating portfolios.

Expiration | Weight | Strike | Type
1.000 1.000 100 | Call
0.250 -5.909 110 | Call
0.125 4.948 110 | Call

Table 3.10: Replicating portfolio for the partial barrier option with a volatility curve.
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Expiration | Weight | Strike | Type
1.000 1.000 100 | Call
0.250 -6.067 110 | Call
0.125 2.388 110 | Call

Table 3.11: Replicating portfolio for the partial barrier option with a flat volatility curve.

Figure (3.12) demonstates just how sensitive this option is to the value of volatility at spe-
cific times. We plot the price of the option, using one hundred time steps, for different levels
of volatility to the end of the barrier period while keeping the volatility to the expiration
date constant at 12%. By purchasing such a partial barrier option, a market participant is
getting exposure to the shape of the volatility curve. We can see that he is getting “short””
front end volatility and “long” backend volatility. We could view this as buying volatility
forward (see Appendix (B)). Clearly, the owner is speculating that volatility will be small
in the near term and increase in the long term. That is, the barrier will not be touched

whilst alive but the option will expire in-the-money.

4.0 4

3.5 4

Partial Barrier Price
»
o

25+

20 ™ T v
10.0% 11.0% 12.0% 13.0% 14.0% 15.0% 16.0%

Front End Volatility

Figure 3.12: Partial barrier option price against front end volatility using one hundred time

steps.
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A Full Volatility surface

We have shown that the framework for static replication may be generalised for pricing
under a time dependent volatility. So far, we have concentrated upon a continuous time
setting in which the replication takes place. It should be noted, however, that for a large
number of time steps the replication provides good results when used in conjunction with a
binomial or trinomial tree model. If we use the implied tree model described in section (3.2)
then it is possible to replicate derivative contracts consistently with the volatility surface

at the time of pricing.

We refer back to our example of an up and out call option. The initial replication portfolio
would be given in the same way, purchasing one unit of the call option. Then rolling back
one time step as in equation (3.19), the value of the call options of strikes 120 and 100
would be found using the implied tree we have grown from the volatility surface given by
market prices. The ratio of these new options would then be found as in (3.20). Rolling
back recursively through time we carry on in a similar fashion, finding option prices from
our implied tree and using those prices to find the number of options to write or purchase.
At the time of writing, ¢, we then have a portfolio of options that replicates and prices our
target security consistently with the implied volatility surface. We give a simple example

below for a contract known as a “Capped Power Option”.

Consider the contract that pays the square of the payoff of the corresponding plain vanilla
option up to a certain maximum. The contract we will price is as follows. The expiration is
one year, interest rates are zero, spot price 110, strike price 114 and cap 119. This contract
pays max(max((S(T) — K)?,25),0) at expiration. Replication of this contract only requires

options of maturity 1. However we define the volatility smile shown in table (3.12).

The portfolio of options in table (3.13) replicates the payoff of the capped power option.
We use options with strikes 0.5 apart and price the contract using a volatility smile and

flat volatility.

From table (3.13) we see how the value of the exotic is affected by the presence of the
volatility smile, and compare the replicating portfolio using flat, at-the-money volatility.
In this case the derivative is far cheaper under a volatility smile. This is due to the large

number of out-of-the-money options that must be sold. Use of a constant volatility model
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Strike | Volatility
114 12.0
115 12.5
116 13.0
117 13.5
118 14.0
119 14.5

Table 3.12: Volatility smile for the capped power option.

would have resulted in mispricing.

3.5 Conclusions

We have shown how the work by Derman, Ergener and Kani [22] may be used to price a large
array of new products. The framework provides a flexible way of hedging standard products
and we have, through practical examples, shown how this may be used to price particularly
exotic derivative contracts. The existing methodology was generalised in this Chapter for
use with a time dependent volatility function so that we may price contracts consistently
with the current volatility curve. It was also shown that, under certain conditions, it is
possible to take account of the change of volatility with strike price. Numerical examples

were given throughout.
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Smile Flat
Strike | Volatility | Weight | Value | Total | Volatility | Value | Total
114.00 12.00% 0.5 | 3.594 1.797 12.00% | 3.594 1.797
114.50 12.25% 1.0 | 3.523 3.523 12.00% | 3.417 3.417
115.00 12.50% 1.0 | 3.457 3.457 12.00% | 3.247 3.247
115.50 12.75% 1.0 | 3.395 3.395 12.00% | 3.084 3.084
116.00 13.00% 1.0 | 3.338 3.338 12.00% | 2.927 2.927
116.50 13.25% 1.0} 3.284 3.284 12.00% | 2.776 2.776
117.00 13.50% 1.0 | 3.234 3.234 12.00% | 2.631 2.631
117.50 13.75% 1.0 | 3.187 3.187 12.00% | 2.493 2.493
118.00 14.00% 1.0 3.14 3.144 12.00% | 2.360 2.360
118.50 14.25% 1.0 | 3.103 3.103 12.00% | 2.233 2.233
'119.00 14.50% -9.5 | 3.066 | -29.123 12.00% | 2.112 | -20.065

Price 2.339 Price 6.900

Table 3.13: Replication portfolio for a capped power option.
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Chapter 4

Volatility Trading

4.1 Introduction

Under the Black-Scholes framework we may evaluate the fair price of plain vanilla options.
In order to price these contracts six inputs are required - spot price, time to maturity,
strike price, interest rate for the foreign currency, interest rate for the domestic currency
and volatility. All of the above inputs are either specific to the contract in question or
may be observed directly, except for one: the volatility. This volatility is the annualised
standard deviation of returns on the asset over the life of the derivative contract. This
forward looking volatility is not yet known and is effectively set by the options market.
This volatility assigned to the asset by the market is known as implied volatility and is
subject to change in the same way that the spot price of the underlying asset may change.
Indeed, options traders are often described as being volatility traders or market makers in

volatility.

Due to the variable nature of implied volatility and the existence of a volatility market
a position in options could, or should, be viewed as a position in volatility. A perfectly
delta hedged options portfolio will still show a profit or loss on a mark-to-market basis due
the sensitivity of its value to changes in implied volatility. This sensitivity is known as
vega. Given this movement it is natural that there is interest in products that allow market

participants to speculate on levels of volatility in a more direct fashion.

In the following chapter several different types of volatility contracts are investigated. We
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will begin by examining the simplest form of volatility speculation, namely positions in
delta-hedged portfolios of options. Secondly, a type of contract known as a variance swap
is investigated and the limited amount of work published on this subject is reviewed and
implemented. Thirdly, a form of contract known as a volatility swap is described, and an
intuitive approach is taken to discovering the nature of this derivative security. We then
demonstrate a more accurate methodology for pricing and hedging these contracts which
corresponds very closely to the intuitive approximation under perfect market conditions.
The difficulties involved in the pricing, and therefore hedging, of this contract under typical

market conditions is illustrated. Numerical examples are given throughout.

4.2 Volatility Trading through Delta-Hedged Vanilla Options

The value of plain vanilla options depends on several factors, one of which being implied
volatility. Therefore, if we assume that all other exposures have been hedged away through
construction of the portfolio of the option, zero coupon bonds and the underlying asset delta
neutral, we are left with a portfolio whose value is sensitive only to volatility. Therefore, in
the simplest sense, a delta-neutral options portfolio may be viewed as a derivative written

on volatility.

4.2.1 Profit and Loss due to Trading Delta-Hedged Vanilla Options

Analysis of the Black-Scholes equation for valuing European style put and call options
shows that the vega of such contracts is always greater than or equal to zero. In other
words, an increase in implied volatility leads to an increase in the value of the derivative.
The vega of a plain vanilla call or put option on a foreign exchange rate valued at time t
and expiring at time T is given by:

oC
VGg(ZBS = % = SVT—'tNI(d]_),

where,
g In(S/K) + (rq — vy + 302)(T — t)
1 o(T —t) ’

and,
S = spot price at time t,
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K = strike price of option,

o = annualised volatility of underlying asset to time T,
rq = domestic continuously compounded risk — free interest rate,
ry = foreign continuously compounded risk — free interest rate,
and,
1 =22
N'(z) = —=e2,

is the normal probability density function.

Therefore, if implied volatility increases for the remainder of the option’s life, then the
value of the option will increase. Correspondingly, a decrease in implied volatility leads to
a decrease in the value of the derivative. Referring back to our derivative security consisting
of a delta hedged vanilla option, what contributes to the profit and loss of this strategy
over the lifetime of the contract? The sensitivity of the contract’s value to implied volatility
has already been derived, but what of the delta hedging that has gone on before? We are
left to answer the question - what is the profit or loss arising from a short position in a

continuously delta hedged vanilla option held until expiration?

Theorem 1

A European style contingent claim sold at price C(St,t,07) at time t which expires at T is
delta hedged continuously using oy to calculate the delta ratio. If o > op(T)VEt < 7 < T,
such a portfolio will result in a profit for the holder.

Moreover, the profit or loss realised by the holder of this portfolio is given by,

T
92C
/ (012~ 07(1)?) 8,2 5. (4.1)
t

N | =

where o7 is the volatility at which the hedge is calculated and executed.

Proof

Let us assume, without loss of generality, that all interest rates are zero. In other words,

the spot price of the underlying asset is equal to the forward price.

The investor’s portfolio consists, at any time ¢, of the following,
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Short one unit of the derivative security, long A; = gs% of the underlying asset.

The initial value of the contingent claim as well as the delta hedge ratio are, under Black-

Scholes conditions, given by:

8_0 1 526 C
ot 052

The value of the hedging portfolio, I, is given by,

=0. (4.2)

Ht = AtSt.
Then the change in value of this portfolio is,
dHt = AtdSt.

Integrating this expression over time we obtain,
T
My =10, + / A,dS,,

where II; is the initial value of the derivative.

Now assume that the underlying asset follows a lognormal process given by,

ds,

St = O'T(t)th,

where o, (t) is the volatility realised by the underlying asset over time step dt.

Using It6’s lemma on C(St,t, o7), we find,

oC oC 18%C

dO(St,t,O'I) = 8td anSt+2852dSt 5
ocC oC 1 ,02C
= 8td 8SdSt+ ~Opr ()St 55—(1

Integrating the above expression and making use of equation (4.2), we find,

80 1 2

T
= C(Sut, af)+t/ﬁd57+§t/(a, —02(n) 52 0mdr  (43)

Rearranging we find,

T T
les 1 s g ,8°C
O(ST,T, 0']) - (O(St,t, 0'[) -+ / égdsq-) = 5 t/ (O’] — Or (’7')) Sq- wdT (44)

t
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The left-hand side of (4.4) clearly represents the difference between the initial premium
received by the writer of the European style contingent claim and the value of the security
at time T' and the loss arising from following a dynamic delta-hedging strategy from the

time of writing, ¢, to expiration time, T

The right-hand side of (4.4) is then equal to the profit or loss from the portfolio consisting
of a delta hedged short option position. Recognise that the term 2 W is the gamma of the
contingent claim at time 7, ¢ < 7 < T. It is a well known property of European style

contingent claims with convex payoffs that this gamma is nonnegative, see Hull [28].

Thus we deduce that if o7 > o,.(7) (V7 : t <7 < T') the holder of the portfolio consisting of
a continuously delta hedged short position in a European style contingent claim will make

a profit. Moreover, the profit or loss on this position is given by

—t

820
_ = 2
Pnl = t/ 2(r)) 5,2 5 pdr. (4.5)

End of proof.

As Theorem (1) shows, a market participant may trade European style options and, by
neutralising any sensitivity to the underlying asset, effectively take positions in the volatility
realised by the underlying over the life of the derivative security. The profit and loss on

this strategy is also known and given by (4.5).

4.2.2 Vega, Gamma and Theta Associated with Trading Plain Vanilla
Options

As we have seen, a speculator wishing to take a position in the volatility of an asset may do
so through plain vanilla options. Theorem (1) shows the profit and loss experienced by an
investor holding, and delta hedging, European style contingent claims. We noted that this
PnL was dependent upon the path taken by the underlying and, more precisely, the gamma
associated with the contingent claim throughout its life. It is interesting that through
seeking a position in volatility we have found ourselves with a fundamental dependence
upon the gamma. In fact, as we will see below, there is a direct link between the gamma

and vega of a plain vanilla option. In other words, (‘%@ is related to %g. The relationship

62



for plain vanilla call and put options is as follows:

o*C aC 1

957 = 5o T—05%" (4.6)

Where o is the volatility of the spot price S over the life of the option. Ignoring interest
rates for convenience and taking the specific example of a call option we find this in the

following way.
The Black-Scholes formula gives us,
C = SN(d) — KN(dy),

where S is the spot price at the time of pricing, K is the strike price of the option and N ()

denote the standard cumulative normal distribution. In addition:

Ing+ 13T - t)

dy = 4.7
' ovT —1 (47)
S 1l 27 _
g, = Pr—30(T -t (4.8)
ovl —1
ac In (%) 1
— = SN/( = — 1) 4.9
0o SN (ch) ( 2 /(T — + 2 (4.9)
In <%) 1
— KN'(dy) —=/(T =1
2 ( 2 T—1 2
= SN'(d) 1) KN'(d 1)
o o
= [S’N’(dl)dz — KN'(dy)dq] .
However, we notice that:
K
N'(dy) = §N’(d2).
Substituting into the equation above we find:
oc 1
B ~;SN’(d1)(d2 —dq), (4.10)
= /T —tSN'(dy).
Now we find the gamma:
0*C 0
1
= V) (s )
(1) SovT —t
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Then by inspection we see that:

?c_9c 1

852~ 9o (T —1)S%0" (4.12)

Using put-call parity, C — P = F, where F is the price of a forward contract with strike
price identical to that of the call and put option, we deduce that the same relationships

hold for a put option.

As we see from the expressions and graphically from figures (4.1) and (4.2), the vega of
an option is dependent upon, amongst other things, the proximity of the spot price to the
strike price and the time to expiration. By simply trading a plain vanilla option in order to
capture its sensitivity to implied volatility, the vega, a market participant may find that all

of his desired exposure is lost due to a large move in the underlying asset. In addition to
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Figure 4.1: Vega against time for a plain vanilla option, strike price 100.

the problems that may be experienced due to the loss of vega, the analysis above exposes
another pitfall of trading in this way. The gamma of the at-the-money option, given all
else remains the same, increases as time to expiration decreases. See figure (4.3) for an
illustration. Indeed if spot is at the strike at expiration time the gamma is infinite. This
leads to a large exposure to the spot price path that a volatility trader is unlikely to want to

have. These are the kinds of problems that have led to the development of “pure” volatility
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Figure 4.2: Vega against spot for a plain vanilla option, strike price 100.

products.

4.3 Variance Swaps

A desire to trade volatility, first as an aid to hedging vanilla options portfolios and subse-
quently as an asset in itself, has led to the development of various volatility related contracts.
The simplest of these contracts, from a theoretical point of view, is the Log Contract first
suggested by Neuberger [40]. This contract was approached with the specific aim of finding
an aid for plain vanilla option traders wishing to hedge away the volatility risk arising from

incorrectly estimating the volatility of an asset over its lifetime.

A different point of view is taken by Carr and Madan [12] who developed the idea of a
contract paying the holder an amount proportional to the variance of an underlying asset
measured over some fixed time. This is the contract that has become known as a Variance
Swap. Later on, Demeterfi, Derman, Kamal and Zou [18] investigated the Variance Swap
contract further, rederiving the results of Carr and Madan [12] and suggesting a more
stable method for replicating and hedging these contracts. Work was also carried out by

Demeterfi, Derman, Kani and Zou [18] on the effects of a market for the underlying and
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Figure 4.3: Gamma against time for a plain vanilla option.
options on the underlying which does not obey standard Black-Scholes assumptions.

In this section we will review the existing work that concerns variance swaps. Two meth-
ods for hedging these contracts, one suggested by Carr and Madan [12] and the other by
Demerterfi, Derman, Kani and Zou [18], are implemented and compared. These imple-
mentations also include the effects of a volatility skew for plain vanilla options on the fair

variance of the swap contract.

4.3.1 The Log Contract

Among the first attempts made to construct a contract that paid-off some kind of volatility
related quantity was that by Neuberger [40]. It had been noticed that the classic replication
strategy of Black-Scholes relies upon the hedger of an option correctly estimating the future
average volatility, or variance, of the underlying asset when initially pricing the contract.
It also requires that this volatility remains constant throughout the life of the option and
that this volatility is the one used in the Black-Scholes calculation of the delta ratio when

rehedging is carried out.

In practice implied volatilities change the whole time. As mentioned before, there is a
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market in implied volatility. The assumption that the correct volatility will be used to
price the option initially and that this volatility will not change is thus a rather restrictive

and unrealistic one. Neuberger was first to seek a contract to hedge this exposure.

Neuberger [40] considered the contract which has a terminal payoff of Lt = In(St), where
T is the time of expiration and S; denotes the spot price at time ¢,0 < ¢t < T'. The payoff

is simply the natural logarithm of the terminal spot price.

It may be shown, using standard Black-Scholes assumptions, that the fair price of the Log

Contract, L; is given by,
L;=InS; — %ag(T —t), (4.13)

forany £ : 0 <t < T and where

with o, the realised volatility defined in theorem (1). See Neuberger [40].

Note that this implies that the delta of the log contract at any time, ¢, throughout its life
is given by . If we use the example of a Log Contract on cable, the exchange rate for
GBP/USD quoted in terms of USD per one GBP, we see that the holder of one unit of
the Log Contract should sell one USD worth of GBP against the Dollar in order to be
delta neutral. Suppose that, as the owner of one unit of the Log Contract, you are initially
delta hedged and therefore long 1 USD worth of GBP against USD. If GBP strengthens
versus the USD then the price of a Log Contract will also rise. The value of the delta
hedge position in the underlying will therefore be worth less than 1 USD meaning that, to

rebalance the hedging portfolio, more of the underlying must be purchased.

An important feature of the Log Contract is that its delta is, as shown above, independent
of the volatility, o, that may be estimated for use in pricing options. This independence
from o is what makes this contract a suitable hedging instrument for plain vanilla options.
Recall theorem (1), where the profit or loss from continuously delta hedging a European
style contingent claim was derived. The PnL from that particular strategy was found to

be:

N =

’ 82C
/ aI — 0,2 ) 5125‘—5,—5617'.
t
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If we substitute C, our general European style option, with the Log Contract L, and

calculate the Log Contract’s gamma

&L 1

FE

we find that the continuously delta hedged Log Contract has a PnL equal to the following:
1 2 2
PnL = - (or?(T - 1) — or*(T - 1)), (4.14)

where o; is the volatility implied by the price of the Log Contract and og is the total

volatility realised by the underlying asset over the entire life of the Log Contract.

Neuberger [40] provides numerical results and shows the efficacy of this contract in hedging

the volatility risk inherent in positions in plain vanilla options.

The delta of the Log Contract does not depend on the initial forecast of volatility. Thus the
hedger does not need to forecast the volatility accurately in order to delta hedge the contract
with zero error. The outcome of the Log Contract depends only on the volatility realised
by the underlying asset and not on any estimate of future volatility. It is also important
to note that no assumptions have been made about the process that the volatility of the
returns on the underlying asset follow. It is this, as will be shown later, that enables us
to consider pricing variance swaps under more realistic conditions than standard option

pricing theory would otherwise allow.

4.3.2 Developing an Instrument for Speculating on Future Realised Vari-

ance

The Log Contract was born of a desire to find a way for derivatives traders and risk managers
to hedge away the error inherent in their own estimates of future volatility. Neuberger [40]
demonstrated how this might be done. It has transpired that the greatest interest in these
types of realised volatility contracts has come from those wishing to take risk rather than
hedge it away. With the development of a liquid options market and, as its proxy an implied
volatility market, speculators using derivatives have sought a way to take positions purely

in volatility.

As discussed in the first section of this chapter, the pricing of a European style contingent

claim (or a European style plain vanilla call option more specifically) relies on several
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parameters that are directly observable and one that is not - the volatility over the life
of the contract. More accurately, the value of an option depends on the wariance of the
underlying asset over the lifetime of the contract. If, as previously, we denote the annualised
implied volatility of the asset to be o7 and the time to expiration T, then the variance of

the underlying asset over the lifetime of the contract is given by o#7.

A paper by Carr and Madan [12] first described several different types of instruments for
trading “volatility”. The main contribution of this work was to describe a strategy for
hedging a contract which pays the owner the variance of an asset over a predetermined
time period. This contract was termed a “Variance Swap”. The payoff from this swap is
the following:

Payoff = 04T,

where 04T is the total realised variance of asset S over the time interval [0, T7.

In practice the payoff of the Variance Swap will often be changed with the inclusion of a
constant strike variance U%T so that the contract is initially zero cost. The contract then
resembles a forward contract on the realised variance struck at 0% 7. In this case “swap” is

somewhat of a misnomer - realised variance forward contract is a more accurate description.

The Variance Swap, Carr’s Approach to Pricing and its Relation to the Log

Contract

Recall that the profit and loss experienced by an investor employing a strategy where a
plain vanilla style option is sold and then delta hedged at a volatility oy that is different to

the realised volatility o,(7) is given by:

T
1 2_ 2 20%C
5/ (0']’ — Op (T)) ST WdT
0

Considering a contract C with a payoff of 2In .St we notice that the gamma of such a

contract is given by %@ = —§2§ at any time ¢, 0 < ¢ < T. Substituting this into the
t

equation above we get the PnL for this type of contract which is being continuously hedged

at volatility o7 whilst the underlying asset S; exhibits volatility o,(7) as:

T
/ (072(7‘) — 012) dr. (4.15)
0
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Notice that this is equivalent to a contract which pays the difference, over a time interval

[0, T], between the realised variance and the implied variance set at time zero.

This is the observation we shall use as a basis for constructing a Variance Swap contract.
However we rely upon some other results to follow Carr’s description of the hedging strategy

for this new product.

Static Replication of a European Style Payoff

We consider the same general setting as that described in earlier sections for our Variance
Swap. Explicitly, we consider the interval [0, 7] and assume that there exists a market for a
risky stock S. Further, we make the assumption that there exists a liquid market for plain
vanilla options on the asset S and that this market allows the sale or purchase of options
with any strike price. However we do impose the restriction that market participants are

unable to trade at any time other than 0 and T.

A result of Breeden and Litzenberger [10] and Green and Jarrow [27] shows that any
European style contingent claim with payoff f(St), where f(.) is a smooth function of spot
prices at the expiration time T', may be replicated using only positions in options, written

or purchased, at time 0. This position is static.

If we denote the Dirac delta function by §(.) we may then write, by definition, any function

f(S) as:

F(5)

O~ 0\8

FK)(S — K)dK (4.16)

FK)(S — K)dK + / F(K)5(S - K)dK, (4.17)

for any non-negative k. We will refer to this £ more informally as our reference price. We

now integrate the right-hand side of (4.17) using integration by parts to find,
K
£8) = FWlsary — FEOVEK =5+ [ FUOEK - S)HK  (418)
0

+F R ssm — FEVE = $HE + [ £1(K)(S - K)*E.

= f(&) + (WIS ~r)T (v - 5)7] (4.19)
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+ / FUK) (K — S)TdK + / F(K)(F — S)*dK.
0 K

Note that the last line in (4.19) is a combination of weighted call and put options - contingent
claims with payoffs at time T of (S — K)™ for a call option and (K — §)* for the put. Any
twice differentiable payoff, f, maybe written in the above way. We interpret these terms in
the following way, assuming zero interest rates for simplicity. The first term is simply a cash
flow in the amount f(x) whilst the second and third terms are simply weighted amounts

of call and put options. Rewriting equation (4.19), we obtain the initial cost of the payoff
f(Sr):

Vi =f(k) + f'(5)[Colk) — Py(x)] (4.20)

+ / F"(K)Py(K)dK + / F1(K)Co(K)dK.
0 K

In particular, note that this replication with option prices (bond prices also in the case
where interest rates are considered) makes no assumptions about the process followed by
the underlying asset or its volatility. This lack of assumptions is important as it enables

us, later on in this Chapter, to price these contracts under very general, realistic settings.

Application of Static Replication and Delta Hedging to the Variance Swap

Problem

Firstly, let us refer once again to the payoff from a continuously delta hedged European
style contingent claim. Suppose that we set the implied volatility used to calculate the

delta hedge, oy, to zero. We then have from equation (4.4):

T g2 T
| 5" (S0etdt = £(5r) - $(50) ~ [ £/(S)ds. (421)
0

0
Looking at the above equation we see that the left hand side is dependent only upon the
path of the price Sy, and that the dependence on f is only due to the second derivative
f". In accordance with Carr and Madan [12], we will therefore only concern ourselves with

payoffs f whose value and delta at a point k are zero.

Carr and Madan observe that the right hand side of (4.21) depends on, and only on, the

sum of the following two payoffs.
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(1) A static position in options maturing at time T, paying f(St) at time T'.

(ii) The payoff from a hedging strategy where a position of f/(S¢) underlying asset is

maintained throughout the time interval [0, 7).

Note that this may easily be generalised to include interest rates and also a forward starting

time interval [Tstort, T]-

In particular let us look once again at expression (4.15), the payoff from a delta hedged Log
Contract. This contract, as we have observed before, has a gamma equal to —515, written
t

In our current notation:
?f_ 1
082 Sf ’
where f(S7) = In(Sr).

Carr and Madan [12] consider the following function:

K

T(S) =2 [m (—S-) +

The function ¥(S) is a combination of Log Contracts and cash settled forward contracts

5 ”] (4.22)

struck at our reference price . Differentiating once with respect to S and a second time

we find the delta and gamma of this function:

() = z[%—%} (4.23)
vI(S) = 525 (4.24)

The gamma is the same as that for the Log Contract shorted twice, meaning that we will
obtain the desired payout of the realised variance U%T if we follow the replication strategy
described above. Substituting for delta and gamma into equation (4.20) and remembering

that ¥(S) is equal to zero when S = &, yields:
2 T 2
vl = / =3 Po(K)dK + / 3 Co(K)dK. (4.25)
0 K

Returning now to our contract paying future realised variance, we consider the case where
f(S) = ¥(S). Substituting ¥ for C in equation (4.3), and assuming o7 is equal to zero we
find the relation:

o%T = jar(t)Zdt =2 [111 (”5%) +— - 1} - 2/T E - Sij dS;. (4.26)
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Then we note that the first term in the relationship above is just that which we examined
with a view to static replication with plain vanilla option contracts. We may then, after
substituting for 2 [ln (—S—";) + STT - 1] in (4.26), write the initial cost of the variance contract

in terms of plain vanilla options:

T K o]

2 2
/ or(tfdi = [ —Po(K)dK + / —Co(K)dK. (4.27)
0 0 K

This summation of at and out-of-the-money call and put options then provides us with
the initial fair value of the future variance of the asset S over the time interval [0,T]. By
initially establishing this portfolio of options we may price the contract, and because the
assumptions we made about the process for S did not include any about the volatility over
the interval in question, we may use the market prices of options in order to find the market
price of the variance contract. This fair value provides us with the strike variance, a%, that

makes the Variance Swap zero cost.

The replication strategy after the initial hedge is established is simply to delta hedge the
portfolio of options on a continuous basis. We made the assumption, when deriving the
replicating portfolio for the variance contract, that the hedging volatility oy is equal to
zero. It is therefore under this assumption that the continuous rebalancing of delta will
take place. This should seem natural given the contracts demonstrated relationship to the
Log Contract. As in the case of the Log Contract this results in a replication strategy whose
value is totally independent of implied volatility. It only depends upon the path taken by
the underlying asset and is equal in value at time T to the total variance exhibited over

interval [0, 7).

A More Accurate Replication Strategy

Most recent work extended and explained the original papers of Carr and Madan [12] and
that of Neuberger [40]. Demeterfi, Derman, Kamal and Zou [18] (hereafter referred to as
DDKZ for convenience) published a paper in which they rederive the valuation methodology
described above and introduce an improved strategy for static replication of the Variance
Swap contract. Below, the alternative derivation is outlined and numerical results obtained
for the price of the Variance Swap. These results, in both the constant volatility case and
the case of an options market with a volatility smile, are compared with the values obtained

from the method described in the previous section.
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As well as giving a thorough explanation of the Variance Swap contract, the paper of
DDXKZ [18] also attempts to derive some results concerning the pricing of variance contracts
under imperfect market conditions. We will look in particular at their approximation for a
value when a volatility smile is exhibited by the options implied volatility market. This is
compared to the results obtained through replication using a finite number of out-of-the-

money options.

A Re-Derivation of the Valuation of a Variance Swap

DDKZ [18] also noted that a portfolio of options used to hedge a Variance Swap must have
a constant exposure to the variance. This quantity they term “Variance Vega”. Noting
that a portfolio of plain vanilla options, weighted inversely proportionally to the square of
their strikes has constant variance vega, they constructed the portfolio in the same way as
Carr and Madan [12] where the portfolio valued at any time (¢ : 0 <t <T) with volatility
oR, is denoted ®(S, orvt), and is equal to:

K oo

(S, 0rvi) = / %P(S, K,t)dK + / %c(s, K, t)dK.

0 k

At the expiration time T' they found that the value of ®(Sr,0), is given by:
&(Sr,0) = ST,; £ In (ﬁ> .

K

Note that this is simply a position in a forward contract with strike x, the reference spot
price, and a short position in a Log Contract. Thus the value of the portfolio &(S, ogv/%)

at any time ¢ before expiration is given by the result from equation (4.13).

(S, orv) = 2 - A Y (g) + % (4.28)
Thus, if delta hedged continuously, the only difference in price over the total life of the
portfolio’s life will be one half the total variance of the underlying asset price. We then
see that in order to replicate a contract paying the total variance of the price path from 0
to T' we hold and delta hedge continuously, two times the contents of portfolio ®. DDKZ
is actually concerned with, as we wil be, a contract whose exposure to the variance may
be measured in terms of USD (or any other currency) per volatility point squared. This

is used simply because market participants wish to speculate on volatility in general and

must be able to easily understand their exposure to it’s movement. We denote this new
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portfolio as:

(S, 0 g V%) = % [g—;—f —In (g)] + %0122. (4.29)

Note, that this function will result in the annualised variance rather than the un-normalised
variance found in Carr and Madan [12]. Multiplying the whole of equation (4.29) by T would

give the non-annualised variance.

Thus it has been shown that a Variance Swap may be constructed from a portfolio con-
taining of a forward contract and this new derivative security, the Log Contract. In fact
these Log Contracts may not be traded directly. The last section presenting the work of
Carr and Madan described an initial attempt at synthesising this payoff, but as a practical
issue it is important that we are able to do this efficiently. It is upon replication of this Log

Contract that our attention must then be focused.

An Alternative Replication Strategy for the Log Contract

We have found, through two different methods, that in order to replicate a Variance Swap
we require a combination of two products. The first product, a forward contract, is a freely
traded product. The second, on the other hand, is not. As we have already discussed, there
is no market in existence for the trading of Log Contracts and it is therefore left to those

wishing to trade them to replicate the contracts synthetically.

Our initial attempt to replicate the Log Contract was to purchase (or sell if the position is
reversed) out-of-the-money call and put options expiring at the same time as the Variance
Swap. These options were found to be weighted proportionally to the inverse of the square
of their strikes. This theoretical static hedge requires the existence of options struck at
every level. To perfectly replicate the Log Contract an infinite number of strikes must be
used, covering every conceivable spot price at expiration time. In practice, the strike prices
of options available in the market place may be limited. Due to transaction costs and
liquidity constraints, a practitioner might choose not to trade a large number of different
options. The results of the original static hedge used to find the initial fair value of the
variance show that, with a limited number of strikes available, the error may be large.
See the results section (4.3.3). Noticing this led DDKZ to suggest an alternative method.

Establishing portfolio II at time zero as described in equation (4.29), using implied volatily
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o1 leads the fair value of the contract to be:

HO—T[ - —ln<ﬁ)]+al

Continuous delta hedging of the portfolio is done at a realised volatility og. Using this
volatility the fair variance would have been given by the same equation as above with o}
replaced with or. As a result the net payoff would be (a%Z - a%). This is the payoff of the
Variance Swap with non-zero strike price a%{ = ¢2. Note that in our previous descriptions
we considered the contract paying the realised variance 0% rather than its difference from
a predetermined strike level. The problem remains the same however - to find the fair
variance price. In this case we find the fair annualised variance, 5';4

Setting x = Sy in the above simplifies our problem. In doing this we are effectively using
today’s spot price as our reference price for creating the replication portfolio. Any value of

x may be used, but this simply introduces an extra forward term.

The problem is then one of replicating the function f(Sr) at time T'. That is:

£(Sr) = % [iTS—_OS—O “In (%)] . (4.30)

Instead of the infinite number of options available for every strike above and below our

reference price Sy that we assumed existed before, we now only consider discretely spaced

liquid strikes for call and put options. These are

Koy=5 < Kie < Kge < ...
for the calls, and for the puts

Ko =5y > K1y > Kpp > ...

The payoff f(St) is then approximated, in a linear fashion, using weighted amounts of call
and put options. The initial call option weight is given by

(K1) — f(Ko)_

[4

(4.31)

We find the second weighting that must be added to the existing options, and fit the next
part of the payoff function.

KZC) N f(ch)

wc(Kl) = f( Koo — K1,

— we(Ko)- (4.32)
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This process is continued using the general relation for the call option weights:

f(Kn+1 c) — f(Kn C) =
we(Kn,c) = . = — we( K o).
C( ) Kn+1,c _ Kn’c g C( Z:C)

For the put options we have a similar relation:

f(Kn+1 p) - f(Kn p) =
wy{Kn,p) = : - E Wwp(K;p).
p( p) Kn+1,p _ Kn,p ps P( Z,P)

This replication is implemented in the section (4.3.3) and compared to the Carr and Madan

methodology.

4.3.3 Numerical Results

We compare the results obtained through the use of the two replication schemes. This
is done through a series of worked examples, beginning with the case where the implied
volatility of spot price, S, is constant across all strikes at the time of writing the Variance

Swap. We consider the following Variance Swap:

Time to Maturity, T = 1,
Spot Price, S = 100.0,
Domestic Rate = 0.0,

Foreign Rate = 0.0,

Implied Volatility = 12.80%.

Firstly, we use the method of Carr and Madan to replicate this Variance Swap with an initial
static options hedge. Remembering that this is done by finding the integral in equation
(4.27), we discretise the possible range of strikes we wish to use to replicate the payoff. In
practice this may be done by choosing the most liquid strike prices in the market. In our
example we will simply divide a chosen range into equal pieces and use these divisions as
the strike prices for the options in our replicating portfolio. We choose the maximum strike
price to be 140.00 and the minimum to be 60.00. Taking 5 each of call and put options we
have the strikes 100,110, ..., 140 for the calls and 60,70, ...,100 for the put options.

The first piece of the replication we calculate is the weighting of the lowest delta, or most
out-of-the-money, put option. This option has a strike price of 60. According to the integral

(4.27) we take a weighting of % Thus we find the weight is 5.56 x 10~%. The value of
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this option, Py, is found using the Black-Scholes equation for plain vanilla options. A one
year, 60 strike put, with volatility 12.8% and spot price 100 has value 7.3 x 1073, The
difference between one strike price and the next is 10, so the contribution of this put option
to the total fair variance is found by multiplying the weight by the unit cost of the option
and the difference between this strike and the next. In our example this gives 4.06 x 10~7.
Subsequent put option weights are found in a similar way. The process is then repeated for
the selected call options. Summing all of these contributions up produces the fair variance
for the Variance Swap. Table (4.1) gives all of the weights and their sum. Taking the
square root of this sum and dividing through by the square root of time gives us a figure
to compare to the flat, annualised, implied volatility we used in order to price the Variance
Swap. Market participants think in terms of implied volatility points and will usually
request the strike of derivative contracts such as these to be quoted in terms of volatility
points squared. Given Black-Scholes type market conditions, we know that the fair variance
of the contract is equal to O'%T. We may then assess the accuracy of our replication strategy
by comparing the fair variance (or its associated volatility) with the true value. In this case
we see there is a significant difference in the two quantities. Increasing the number of

options in the replication increases the accuracy of the strategy as shown in figure (4.4).

Table (4.2) illustrates the same example as above using the DDKZ method for replicating
the derivative contract. Under this alternative scheme we are unable to start at the extreme
of our chosen range of strike prices. Instead we must begin with the call or put option
struck at the reference spot price k. In this case x is chosen to be equal to 100. We start
the replication on the call side of the reference price and using equation (4.31) find the
weighting for the call option struck at 100 to be 0.004787. Kj. = 110 and K = 100, giving
f(Kic) = 2(0.1 — In(1.1)) and Ky = 0. Substituting these values into equation (4.31) for
we(Kp) we get a weight of 0.00094. Again we multiply this by the unit value of the option
which is 5.1030 to get a contribution to the fair variance of 0.004787. Now, moving up the
strike array, we solve for the weight of our second call option struck at 110. Ky, = 120, and

we have just found w(Kjp) so substituting into equation (4.32) we find:

(0.0354 — 0.00938)

— (0.00094 = 0.00166.
10

We (I(l ) =

Multiplying by the value of the 110 call option we find the contribution of this option to
the fair variance is 0.002945. All other values and weights are given in table (4.2). The

fair variance is found by summing up all of these contributions. Given that the volatility
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used to price these options was constant, the fair variance of the swap is equal to the
square of the volatility. In this case the volatility used was 12.8%. The two examples
demonstrate, as does figure (4.4) and table (4.3), that the method of replication devised
by DDKZ results in a better approximation to the fair variance than Carr’s methodology.
Using only a relatively small number of options DDKZ provides a good estimate of the fair

variance. Carr and Madan’s method takes many more strikes to converge. Both methods

16.0%
15.5%

15.0% - !}

14.5% - i

14.0% -]

SQRT(Fair Variance)

13.5% -

13.0%

12.5% T 7 T T ; T T T T T y T
5 25 45 65 85 105 125 145 165 185 205 225 245
Number of Strikes Used

Figure 4.4: The convergence of values for a variance swap with no volatility smile.

allow the inclusion of a volatility smile when finding the value of the Variance Swap. This
is achieved by using the market value of options when calculating the cost of the hedging
strategy. Note that in the calculation of the weights in both approaches no input for the
value of volatility was required. Implied volatility only played a part in determining the
ultimate cost of replication, not its construction. The examples illustrated in tables (4.5)
and (4.6) find the fair variance for swaps under the same conditions, and using the same
array of strikes, as for the flat smile case just described. The one difference is that we use a
volatility smile to evaluate the option prices. The smile is given in table (4.4). This smile
is typical for the USD/JPY OTC options market. It is not symmetric about the 50-delta
strike, showing some skew - or bias - to the market. We assume that the smile is linear
in delta in order to price options of a specific strike if its implied volatility is not given.

The results of pricing using an increasing number of options is demonstrated in figure (4.5)
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showing that, under a volatility smile, the two different methods converge.

We note that, under the influence of a volatility smile where the out-of-the-money option
implied volatilities are always greater than the at-the-money volatility, the fair variance we
find using both methods of replication is greater than the at-the-money implied variance.
Taking the Carr and Madan method of replication, we find the fair variance by adding
option values together. Increasing the out-of-the-money implied volatilies increases the
value of options compared to using fiat, at-the-money, volatility. In particular, the most
effect will be found when put options struck out-of-the-money have a significantly higher
volatility than at-the-money options. This is due to the weighting of contributing options
by ‘1%2‘ meaning more put than call options must be sold when implementing the replicating
portfolio. In theory an option may have zero value. In practice it is unlikely that a trader
would sell an option for nothing. Assuming that all options have value of at least one basis
point (one hundreth of a percentage point), we may see that under market conditons, if
implemented over a large range of strikes, both replication methods result in very large
values for implied variance. If the range of strikes is not limited and every option assumed
to have value of one basis point or more, then every additional option in our replication
adds to the fair variance. An option with a Black-Scholes value of zero (using the volatility
of the lowest delta option quoted directly in the market) sold for one basis point will have
a very large implied volatility. The cumulative effects of these large implied volatilities

dramatically increases the calculated fair variance.
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Figure 4.5: The convergence of values for a variance swap with a volatility smile.
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Call/Put | Strike | Weight | Unit Cost | Total Cost
c 140 0.001020 | 0.020189 0.000020593
d 130 0.001183 | 0.108175 0.000127971
c 120 0.001389 | 0.486445 0.000675672
c 110 0.001653 1.775241 0.002934473
c 100 0.002000 | 5.102992 0.010205984
p 100 0.002000 | 5.102992 0.010205984
) 90 0.002469 1.399417 0.003455161
P 80 0.003125 | 0.187971 0.000587409
P 70 0.004082 0.00851 0.000034738
p 60 0.005556 | 0.000073 | 0.0000004056

Table 4.1: Replication using the method of Carr, with constant volatility for all strikes.

Call/Put | Strike | Weight | Unit Cost | Total Cost
c 140 0.00102 0.0202 0.0000206533
c 130 0.00119 0.1082 0.0001284037
c 120 0.00139 0.4864 0.0006781043
c 110 0.00166 1.7752 0.0029469001
c 100 0.00094 5.1030 0.0047866065
P 100 0.00107 5.1030 0.0054704074
p 90 0.00249 1.3994 0.0034775512
P 80 0.00315 0.1880 0.0005921087
p 70 0.00412 0.0085 0.0000350952
p 60 0.00563 0.0001 0.0000004113

Table 4.2: Replication using the method of DDKZ, with constant volatility for all strikes.
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No. Calls and Puts | Carr | DDKZ
10 14.800% | 12.969%
20 13.798% | 12.842%
30 13.465% | 12.818%
40 13.298% | 12.810%
50 13.198% | 12.806%
60 13.132% | 12.804%
70 13.084% | 12.803%
80 13.049% | 12.802%
90 13.021% | 12.802%
100 12.999% | 12.801%
110 12.981% | 12.801%
120 12.966% | 12.801%
130 12.953% | 12.800%
140 12.942% | 12.800%
150 12.932% | 12.800%
160 12.924% | 12.800%
170 12.917% | 12.800%
180 12.910% | 12.800%
190 12.904% | 12.800%
200 12.899% | 12.800%

Table 4.3: Convergence to fair variance with an increasing number of options.
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Call/Put | Delta | Strike | Volatility | over ATM
c 0.10 | 118.80 14.15% 1.35%
c 0.25 | 109.91 13.05% 0.25%
c 0.35 | 105.92 12.95% 0.15%
c 0.50 | 100.00 12.80% 0.00%
p -0.50 | 100.00 12.80% 0.00%
p -0.35 95.97 13.20% 0.40%
P -0.25 | 94.48 13.60% 0.80%
p -0.10 | 85.57 15.15% 2.35%

Table 4.4: Volatility smile used in the examples.

Call/Put | Weight | Strike | Unit Cost Volatility Totals
c { 0.0010200 140 0.070754 14.846% 0.000072
c | 0.0011840 130 0.249069 14.711% 0.000295
c | 0.0013880 120 0.740332 14.246% 0.001028
c | 0.0016520 110 1.859329 13.064% 0.003072
c | 0.0020000 100 5.102992 12.800% 0.010206
p | 0.0020000 100 5.13008 12.868% 0.010260
p | 0.0024700 90 1.802158 14.246% 0.004451
p | 0.0031260 80 0.505561 15.818% 0.001580
p | 0.0040820 70 0.064595 16.161% 0.000264
p | 0.0055560 60 0.002716 16.183% 0.000015

Sum 0.031243
SQRT(Variance) | 17.68%

Table 4.5: Carr’s replication of a Variance Swap under a volatility smile.
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Call/Put | Weight | Strike | Unit Cost Volatility Totals
c 0.0010230 | 140 0.070754 14.846% 0.000072
c 0.0011870 | 130 0.249069 14.711% 0.000296
c 0.0013940 | 120 0.740332 14.246% 0.001032
c 0.0016600 | 110 1.859329 13.064% 0.003086
c 0.0009380 | 100 5.102992 12.800% 0.004787
P 0.0010720 | 100 5.130080 12.868% 0.005499
P 0.0024850 90 1.802158 14.246% 0.004478
P 0.0031500 80 0.505561 15.818% 0.001593
P 0.0041240 70 0.064595 16.161% 0.000266
P 0.0056340 60 0.002716 16.183% 0.000015

Sum 0.021125
SQRT (Variance) | 14.53%

Table 4.6: DDKZ replication of a Variance Swap under a volatility smile.

4.4 Volatility Swaps

The last year or two has seen a great increase in demand from speculators for volatility
related products. The variance swap described in the section above is a product with
characteristics that make it attractive from the point of view of a liquidity provider. As a
market maker in these products you are dealing with a contract which may be replicated,
under certain conditions, using plain vanilla options and liquid products. The methodology
for replicating these contracts is also free from assumptions regarding the process followed by
the implied volatility of the underlying asset, allowing the smile exhibited by the options
market to be taken into account and locked in through the static hedges described and

implemented above.

The major drawback of the variance swap contract is that speculators do not generally wish
to take positions in variance. Convention amongst those in the options market is to trade
via implied volatilities, that is implied annualised volatility. Speculators therefore have a
much better understanding of volatility, not variance, and it is volatility in which they wish
to take a position. This set of circumstances has led to the development of what is known

as a Volatility Swap. This differs significantly from a variance swap and presents many
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more difficulties in its pricing and hedging.

It is impractical to write contracts based upon continuous, realised, variance or volatility.
In practice such contracts are written upon a quantity that is predefined and corresponds
to an estimate of the realised volatility from a number of price fixings for the underlying
asset. Typically these fixings are taken on a daily basis at a predetermined time and from
a predetermined source. The number of these fixings may be as few as nineteen in the case
of a contract of duration one calendar month. It is convention to ignore non-business days

when taking estimates of realised volatility.

In this section, a full description of the Volatility Swap is given. An intuitive approach is
initially taken in order to gain an insight into the nature of this swap and to enable us to
devise a hedging strategy. A second, more direct, methodology is then employed to derive
a price and hedge ratios for the Volatility Swap. Several, distinctively different, pieces are
found to contribute towards the value of the Volatility Swap and these are each described
in turn. Both exact and approximate greeks are found for the contract. The approximate
greeks are useful in helping to check the values we recover versus the intuitive approach
we first employ. Results are given for the value of the Volatility Swap and the greeks
that characterise it under particular conditions and the three methods for finding then are
compared. Finally, numerical results are given for a practical example and the accuracy of
the approximations tested against the exact greeks for the Volatility Swap. Full derivations
for all quantities given in the following section are provided in appendices (C.1), (C.2),

(C.3) and (C.4).

4.4.1 Description of the Volatility Swap

The type of contract we deal with here has become known as a swap. In fact it is not a
swap at all. A Volatility Swap is a forward contract written on future realised volatility of
the returns on an underlying asset. We will consider the case of a volswap written on a

foreign exchange rate.

Let S(t) denote the spot exchange rate at time ¢ for a currency pair ccyl/ccy2. Then a

volswap maturing at time 7" written on S has the following payoff,

payoff = 100 x (or — oK),
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where, ok is a constant fixed at time 0 (the time the volswap contract was written),

and

1 N-1
OR = (N-1DA 3 (In8(tig1) — In(S;) — mrA)?,

i=0
where, {¢;,4 = 0,%1,...,tn} are known fixings that are assumed to be equidistant with
A =ty — t;, Vi and with ¢p = 0 and ¢y = T. Note that there are N + 1 spot fixings in

total giving N returns.

Moreover, the annualised mean ,mpg, is defined to be,

= S+ 1) —mSt) _ (InS(T) —1nS(0))
me= 3 NA NA '

It

=0
It may be seen from the definition above that og is the estimate of (annualised) standard
deviation of the changes in the natural logarithm of the spot exchange rate S(t) based upon
N observations equally spaced A years apart. Clearly, NA = T'. For small values of N the

error resulting from this estimate may be significant.

The volswap contract has a payoff of one unit of face currency per percentage point difference
between the strike volatility ,ox, and the realised volatility over the life of the contract. If
this difference is positive then the holder of the contract receives the corresponding amount,
if this difference is negative then the holder of the contract makes a payment to the writer

of the Volatility Swap.

In practice, these fixing times, t;, are generally taken on a daily basis from a published page

of exchange rates agreed, between the counterparties, at the time of writing.

The strike volatility, ok, is a constant. Common market practice is to set ox so that
the contract is initially zero cost. Of course the volswap may be written such that there
is an initial debit or credit. This adjustment would simply introduce a constant into the
problem. The problem we address is how to determine the value of the volatility strike such

that the contract is initially zero cost, and how to hedge the contract.

Volatility swaps offer an investor a direct way to speculate on future levels of market
volatility. They also make it possible to express an opinion on the levels of future volatilities
implied by the options market. Volswaps are pure volatility instruments which offer a payoff

intuitively understood by speculators. Another attractive feature of these contracts when
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compared to the delta-hedged options strategy discussed in the first section of this chapter,

is that it is low maintenance requiring no rebalancing during its life.

We first demonstrate that it is intuitive to think of the volswap as a strip of forward starting

straddles written on the spot price S(%).

4.4.2 Approximation of the Volatility Swap by a Strip of Forward Start-
ing Straddles

In this section we show that it is intuitive, and useful, to think of the volatility swap contract

as a strip of forward starting straddles and that the volswap is bounded below by this strip.

Definition 1

Let C(S,K,T) denote a call option on an asset S with strike price K and ezpiration T.
Let P(S, K, T) denote the corresponding put option. Then a straddle on asset S with strike
price K and maturity T is the sum of long positions in one unit of C(S, K,T) and one unit

of P(S,K,T).

From here onwards we will concentrate only on the risky part of the volswap payoff, i.e.

N-1
Y. (InS(ti41) —In(S;) — mpA)?

op = 4| =2 B . (4.33)

In other words, we focus our efforts on finding the fair value of o so that the swap is

initially zero cost.

Note that the risky piece of the payoff (4.33) may be written as,

N-1 2
N | 5 DSl - mS()

_ 2
N—1 NA mE*A.

and that this payoff is approximated by,

N-1
> [InS(tip1) — InS(t:)]?
N =0
N —~1 NA

(4.34)
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By Jensen’s inequality, the expression (4.34) is greater than,

N-1
N | X [MnS@) —In S|
=0
N-1 NVA

(4.35)

Upon approximating log returns by discrete returns, expression (4.35) is approximately

equal to,

N S (tig1) — SE))
N_—Tgl S(t:)NvVA } (436

By inspection, we see that the i** term in (4.36) is the payoff on K(t;) straddles purchased
at time ¢;, expiring at time ¢;;;7 and where the strike of the call and put option making
up the straddle is S(¢;). Note that the payoffs of these straddles are compounded to the
ultimate expiration of the volswap, T'. If we have a volswap written on a foreign exchange
rate S between two currencies, ccyl and ccy2, where the rate is quoted in terms of ccy2 per
ceyl (written ceyl/ccy2 under market conventions), then the straddles are written each on
one unit of ccy2 and the face currency of the swap is ccyl. Furthermore, we see that the

face amount of each straddle K (¢;) is given by,

N\ — o—ra(T—tiq1) N .
K(t:)=e \/N——1 [N\/Ks(ti)} ’

where 74 is the continuously compounded, risk-free interest rate for the face currency of the

volswap. This is due to the fact that foreign exchange options written on a currency pair
ccyl/ccy2 pays off in ccy2. As our straddle is written on ccy2 the payoff will be in terms

of ccyl and it is this which must be compounded to T', the expiration date of the volswap.

‘We have shown that the payoff from a volatility swap is bounded below by the strip of strad-
dles mentioned above. We will now look briefly at what this implies about the characterstics

of a volswap and its hedge.

The first thing we notice is that the approximation of the volswap by a strip of forward
starting straddles has ignored the realised drift of the underlying asset. We are also using
at-the-money-spot straddles rather than those struck at-the-money-forward. This means
that the delta of these option combinations will not be precisely zero at each fixing time.
However, as long as the interest differential, rq —ry, is not large and that the time between
fixes, A is sufficiently small, the delta of the strategy should be very close to zero. Also
note that forward starting options have zero delta and zero gamma. See Appendix (B) for a

proof of this. The only sensitivity that a forward starting option has, ignoring the interest
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rates, is to volatility. The only greek to hedge for an option which is forward starting is

therefore vega.

From this analysis we expect the Volatility Swap to have a delta close to zero for when
a fixing has just been taken, and at any point in time this delta (and the gamma) is due
only to the next fixing that is to take place. Other fixings manifest themselves as drift
or realised volatility in the case of the past fixes or, in the case of future fixes, as vega.
Therefore, wherever spot may go we still expect the volswap to have some vega, and once
the next fixing has been taken we expect the delta to reset to a value close to zero and have
a non-zero gamma. The volswap, when looked at as a strip of forward starting straddles,
retains sensitivity to implied volatility wherever spot moves. In the case of a plain vanilla
option, this sensitivity is lost should spot move sufficiently far away from the current strike
price. The volswap does not lose this sensitivity and could therefore be seen to have some
elements of out-of-the-money options embedded within it that move towards the money
as spot moves helping to maintain the non-zero vega. Recall that a variance swap may be
replicated by using options with an infinite number of strikes. The discrete volswap appears

to have similar characteristics when looked at in this manner.

4.4.3 Pricing the Volatility Swap

We examine this contract under the Black-Scholes model. Let us begin with some prelimi-

nary assumptions.

The spot price S(¢) evolves in continuous time as a geometric Brownian motion under the

risk-neutral probability measure as follows:

as

5 = (rqg —ry)dt + odz,

where {z(t)} is a standard Brownian motion, r4 is the domestic, continuously compounded,
risk-free interest rate and ry is the corresponding foreign interest rate. We assume that all

parameters are deterministic.

Under these assumptions,

In S(ti+1) —In S(ti))

the return over an infinitesimally small time step for the spot price, is normally distributed
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and has mean,

1
(rq —ry— ~2-a2)A,

and variance o2A.

The strike volatility, ok, is to be set such that the swap has an initial value of zero.

The price of the volatility swap is, at any instant ¢ ,0 <t < T, given by V (¢) where,
V(t) = A(t) [EY[0r] - ok ],

where,

A(t) = 100e (T~ (4.37)

the present value of one percentage point in terms of units of the face currency.

An Upper Bound on the Price of the Volatility Swap

Now, through the use of an approximation, we compute an upper bound on the mark-to-

market value of the volatility swap at any point, ¢, during the life of the contract.

Looking at the expression given above for V(t) we see that the only non-constant piece is

IEZ[og] so it is on this expectation that we will concentrate.

Jensen’s inequality implies that,

EY or < \/IE? [052].

We therefore concentrate on this upper bound and compute its value.

Let
V(t) = At} IES og2.

As discussed earlier, the realised volatility of the asset S is calculated on the basis of discrete

fixings. We therefore write V (¢) as,

V(1) = /B2 sg? = JIE? Nf [ S(t”l)( ~ lff)(z) —mAl® (4.38)

1=0

where m is the mean of the log changes in S(t),

_ InS(T) — In.S(0)
- NA

m
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Rewriting the above yields,

"o ! {In S(¢; InS(t;)}?  (InS(T)-1nS0)1% 1
v = \/ \l Z +1NA _{ N } A

Now, suppose that we are at time ¢, 0 < ¢ < T, when i fixes have already been observed.

More formally, t;, <t <tj,41, 0 <ip < N —1.

We compute the value of ]EtQ sg? by splitting sg? into four distinct pieces and calculating

the expectation of each piece in turn. The decomposition is as follows:

(N—-1
N )s%:s%%—s%-l-sg—sz
where,
OZ [In S(ti41) — In S(t;))? i—ovz
= NA TN
and,
t9—1 2
2 [ln S(ti+1) —In S(tz)]
vy = .
H ; 'LQA
also,
o _ [InS(tipr1) — In Sty
82 - NA ?
Nzl [lnS(t41) — In S(¢;))2
e NA '
and finally
: ) InS(T) — InS(0)\?
S4 = A N .

Notice that the payoff has been broken into four different pieces. The first corresponds
to the contribution from the volatility of the fixings taken so far. The second piece, s3,
corresponds to the contribution that the return for the next fixing coupled with the last
fixing will make to the volswap valuation. s% corresponds to the future fixings and their
expected contribution. Finally, s is the contribution to the value of the volswap arising

from the realised drift of the underlying asset over the entire life of the contract.

If 7y is equal to zero then there is no contribution from previous fixes and so s% is taken to

be zero. If ip = N — 1 then there are no more fixes to be taken and s3 is taken to be zero.

Now, in order to calculate the value of V(t) the expectation of each piece is taken. We find
that:
i
by = IE? [s]] = 5% = jV"U%I-
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as all components are known at time t.

Also
by = IEY[s3) NlA [{ln [SS(’SZ)] + (o — 10?';)[3}2 + 02GA] ,
and
b =01 = (M) o Jo a o],
finally

N = total no. of returns,

19 = no. fixes expired,

t = time now,

ti, = time of the previous fixing,

A = time from t until the next fix,

A = time between fixes,

T = (ty —t9) = total expiration of swap,

S(t) = spot price at time t,

or = implied volatility for interval [t;,4+1, 7],
og = implied volatility for interval [¢, £;y41],
o = ry—ry, the interest rate differential.

See Appendix (C.3) for calculations of the expectations stated above.

So, combining all of the components computed above and denoting H(¢) as

H(t) = /(b1 + by + b3 — by),

we find
Wﬂ:A@Hﬁ)(NtT) (4.39)

for t € [tiy, tig+1) With 0 <ig < N — 1.
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An Exact Expression for V().

We recall that the expression derived in (4.39) for V(t) is an upper bound on the value of
the volatility swap at time ¢. For large N, the number of fixings to be taken, this is likely
to be very close to the true value of V(t). In fact it is possible to calculate the exact value

of V(0) under the Black-Scholes model.

A well-known result of the geometric Brownian motion assumption being used in the Black-
Scholes model to price the volatility swaps is that the changes, InS(t;4+1) — InS(¢;), are

2 = g2 A, where

normally distributed with means p; = (rq —ry — 50 2) A and variances o?
A = (tj+1—t;). Furthermore, for non-overlapping time intervals, these changes are pairwise
independent. The sum of the squares of N independent random variables X;, each having
a standard normal distribution, i.e. X; ~ N(0,1), is known to possess a chi-squared

distribution. Therefore, the random variable X defined by

N 2
A er)
b= <___ : (4.40)

has a chi-squared distribution with N degrees of freedom. Recalling that 0% can be written

as

PSR R S
i=0 7

we get the result that 0% x KN?_—Q ~ x%(N). Thus, the following required result is obtained:

]E[\/%] = \/NU—I]E

See Appendix (C.1) for a full derivation of this result.

[ ("%(No—zl))}:” N2 F(V_}l) (4.42)

Therefore the exact value of V(0) is given by:

: — r(3)
V(0) = A(0) ]%3 0% — A(0)ox = A(0) |o (4.43)

— 0K
N-1 F(Nz 1)

Now, we estimate the difference between the approximate price V(O) of the volswap and
the exact price V(0). We look at the difference between ]E or and \/IE}]t 0%. Using a

second order Taylor series expansion of /ogr around ]E or % Wwe obtain:
_1 1 _3
or=1/0% B 0% + []Et o] 730} — IEP o] - 8[]Et o) 2o} — B oF)%.
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Then, by taking expectations under () of both sides of the equation,

=\ %2 VE?GR t UR 2VGT0 [UR]

Substituting for Vard [0%] = 2‘7 7 and IEY 0% = 02, we find that,

4N -T1)

The above relation shows that as the number of fixes to be taken during the life of the

V(0) ~ V(0) —

volswap N approaches infinity, the error in pricing will tend towards zero. In other words

V(0) and V(0) will be equal and given by A(0)(c — o)

We have therefore found the error bound for V(0) and V' (0) at time ¢ = 0. Note, however
that as we progress further through the life of the volswap and more fixings have expired
the randomness of or decreases. This suggests that the error in pricing arising from our

approximation V(t) is likely to become smaller as ¢ increases.

4.4.4 Greeks and Hedging the Volatility Swap

We have derived an approximate value for the volswap at any point, ¢, during the life of the
swap. Given this approximate value V(¢) we may then find the Black-Scholes hedge ratios
associated with this contract. We calculate the delta, gamma and vega by differentiating
with respect to the current spot price once for the delta, twice for the gamma and finding
the derivative with respect to the implied volatility o for the vega. See Appendix (C.2) for

the derivations. The expressions found are as follows.

Ae = Hé)(g(t) NiA \ N]i 1 [(N —U (m Ss;gtz) + [O‘ - %"é] A)

- <ln i(g,)) + [a - %a%] [T — tioﬂ])] L (4.44)

e = N(Nl_ 1 NA}S'Q( )1;42( {H () [(N = 1)R1(¢, ti,) + Ra(t, tig, tig+1)]
_FAlﬂ—(n [(V — 1) (1= Ra(t, b)) — Rg(t,tio,tio+1)]2} , (4.45)
where
Ri(t,t,) = 1-— (oz - %@) A —1n ;;% and (4.46)
Rt tiy tios1) = In ‘foof’)) + (a - %a?) (T = tis1).- (4.47)



vega, = N(Nlﬂ 5 2((?) [o—,(N =)l — (a— %U%)A]
A S(t) 1 R
+ N [1 —1In S(t) -~ (a - 50%) A}
— N—lA— [agA-l-O'](T—tio_H)] [1 —lng(%—))-

1 N 1
- <a - 505) A - (a — 50%) (T — tio+1)H : (4.48)
Greeks Arising from an Approximation for V(¢).

We use an approximation for the term V(t) in order to see the qualitative properties of the
volatility swap and its hedge more easily. Recall that V(¢) is the exact volswap price and

V (t) an exact upperbound to it.

If, instead of writing the exact expression for V(¢) in equation (4.38), we write it as

V() ~ W (0)y 1T a2 = \}m,? > InSlt) “inSE) AL (g )

=0

where z = rg — 7y — %02 is the drift of our Brownian motion. In a similar fashion to the
exact calculation for V(t) we rewrite g% as the sum of three quantities.
2
=g +a+a

where,

NA - NYE

_— )
2= 1023 [InS(tir1) — InS(t;) — mA)? i o
=0
and w% is an estimate of o2 given by the ig fixes that have expired up until time ¢ and is

equal to,

i0—1 2
o _ X~ InS(tip1) — InSts) — mA]
Wy = ; i '

In addition,

2 — [ 8Gis) — nS(5,)] - mA?
2

NA ’
N—-1 2

9 Mo S(tiv1) — InS(t;) — mA]
q3 = Z NA *

i=10+1

If iy is equal to zero then ¢? is taken to be zero. If ip = N — 1 then q% is taken to be zero.
Taking expectations at time ¢ under measure @) gives,
W(t) =~ A@t)J (1),
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where,

: 1
J(t) = %w%+—w@+[

N—m—12
N g

N

and,

2_i[$@—5%dﬂ+MA~Am2

y
A ) red).

As with the exact expression for V(t) we differentiate the expressions above to find the

approximate greeks of the volatility swap.

We find,
_ R(t, tio)
A, = M“bszmg} (4.50)
Nt
Vega, = A(t) J((Tt) [N _]f;) -1 + %%] . (4.52)

where J(t) is the estimate of o? given above and,

R@nﬁ=[£%§y41+MA—A».

4.4.5 Results
We now examine, in detail, the values for the greeks implied by the model and its approx-
imations. Here we check that the model agrees with any intuitive ideas we may have had

prior to the construction of the model and that, under particular conditions, the different

expressions yield similar answers.

Values of the Greeks at time Zero

At time zero, we notice the following:

A = A. (4.53)



Thus, substituting the above into equation (4.50) for the approximate delta A, and assum-

ing that og = o7 = o for simplicity, we find that R(t,t;,) = 0 and so,
A (0) = 0. (4.54)

Substituting the same values into equation (4.44) for the exact value of the delta gives us
the same result. That is:

A(0) = 0. (4.55)
Given our previous discussion in section (4.4.2), this is precisely the result we expect. The
delta of an at-the-money forward straddle is zero, so if the approximation is a good one
then the greeks derived directly from the expression for V should also be very close, or
equal to zero. Our intuition tells us that at the time of the first fixing in the volswap there
is no reference price to affect the value of the contract. Thus, rather like an at-the-money
straddle, at the instant that the strike is set the contract has zero delta. When the spot
price of the underlying asset starts to move we do expect to see a change in this delta to
something non-zero. In other words, we expect the gamma to be non-zero at the start of

the volswap’s life.

Again making the substitutions from (4.53) only this time into equations (4.45) and (4.51),

we find that:
T,(0) = %%ﬁ’ (4.56)
and,
T,(0) = A©) (4.57)

- 75%(0)y/(a - $o?)2 + 02

Note that, if (o — %02)2 in equation (4.57) is small compared to o? the two approximations
for the gamma are nearly equal, the only difference being the risk-neutral drift term. We
also note the dependence of gamma on the maturity of the volswap. In both cases, exact and
approximate, the gamma is inversely proportional to the term of the swap, T. In common
with plain vanilla options, short maturity volswaps have larger gamma than long maturity
volswaps. As we will see below, the vega of these contracts does not behave in the same

way as that of a plain vanilla.

Once more we make use of (4.53), this time in finding the initial vega of the volswap.

Substituting these into equations (4.52) and (4.48) we find that:

Vega,(0) = A(0), (4.58)
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and,

Vega.(0) = AQQ)o (4.59)

\/(a — 102)2 +o?

2

Again, we observe that if the value of (o — %02) is small compared to o2, we have almost
equal values arising from each calculation. The value of the vega in each case corresponds
to our intuitive expectations, which gives us confidence in our methodology. A volswap
is a contract based purely upon volatility. It is, in essence, a forward contract written on
realised volatility. If the face amount is of the swap is 1 as we have assumed throughout this
chapter then a vega of A(0) corresponds to the present value of one volatility percentage
point. If implied volatility moves by one percent, and all else remains equal, then we
approximately expect the value of our swap to change by one point at time T". The extra

term in (4.59) occurs due to the careful treatment of the risk-neutral drift term in our

expectation calculations.

Values of the Greeks at any Fixing Time ¢;,

In the following, we will assume that o = o5 = o for the sake of simplicity. Substituting
this into equations (4.50), (4.51) and (4.52) for the approximate greeks and into (4.44),
(4.45) and (4.48) for the exact greeks at general time, ¢, we have:

1 A(t) R(t, )
Re=NA TG S(ti) (4.60)
1 1 A(t) R2(t, )
L= NA 0 70 {1 - NAJZ(t)} ' (461)
vegag = %A—((g % + (N —1p — 1):] . (4.62)
where,
S() A
R(t,t)) 2 St [1+a(a-A)]. (4.63)
and for the exact greeks,
Aty 1 N S(t) 1,] «
Ae = FHSH A\ N -1 [N (1“ Stt) ["‘ - 5"2] A)
- (m % + [a - %02] T — t])] . (a64)

1 A@) 1
NN — 1) H{t) NAS2(%)

R%(t’ tioatio+1)

Fe = {N —-1- R3(t,ti0,tio+1) - m—)——} . (465)
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where,

R3(t, tig, tig+1) = Nln ss(itj) — (a — 502) (T —t— NA) —In -g(—t) (4.66)

B 1 A . A (T-1)
vegte = U\/N(N—I)H(t){(N—ZO_IH_Z_ NA

n [a_laz} [(_T___’f_g_(]v_io~1m}

2 NA A
(T —t— NA) (T —1) A
+ ——N—A——lnS(t)—— VA lnS'(O)-i-ZlnS(tio)}. (4.67)

We look first at the delta of the volswap at a time t;;, when a fixing for the spot price of
the underlying is taken. We notice that A = A, ¢ = ti, and ¢ = ipA. Substituting these
into equation (4.60) we find that the approximate delta at a general fixing time is zero.
This corresponds to the intuitive approach taken when thinking of the volswap as a strip
of forward starting straddles. As an at-the-money straddle has a delta very close to zero,

we would hope that our approximated delta would be close to zero too.
Making the same substitutions into equation (4.64) we find:

A, (tio)

Alty) 1 N ( 1

= ; S(tio)
= Hi) S NA | wo1 (oAl - 50°) —In S—(OT> - (4.68)

Again, the difference in our two approximations is, as we expect, in the treatment of the
drift of the underlying asset’s spot price. Here we are left with, instead of zero, the difference

between the expected drift and the actual drift so far.

Making the same substitutions, only this time into equation (4.62), we find the approximate

vega of the volswap at a fixing time ¢;;:

Vegay(tiy) = o (4.69)

and for the exact vega from equation (4.67):

_ N—ig Alty) [ 1 . S(tio)
Vegae(ti,) = N OUH(tio) NN =) ((N—ZO)A —1+1In TO)) . (4.70)

Note that if the fixing in question, i, is the last fixing of the volswap contract to take

place then in both the approximate and exact expressions we find a vega of exactly zero.
Furthermore, during the life of the contract the vega is proportional to the fraction of
the swap’s remaining life. It is also dependent upon the ratio of the implied volatility to

\/ N—JXTH (tio), the effective volatility found by combining implied and realised volatilities.
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In other words, as long as the realised volatility is close to the implied volatility our initial
vega hedge should work well. Large deviation from this results in rebalancing being required
which can be costly and is not priced into the contract at time zero. A similar analysis of the
gamma resulting from the volatility swap contract yields the following for the approximate

gamma:

Alty,) 1 1
J(ti,) NA 52(?51'0) ’

In fact for gamma, both approximate and exact, values change little between £;, and t; 41,

Lol(tiy) = (4.71)

for large values of N. We may see from equation (4.71) that gamma is inversely proportional
to the effective volatility \/;]g—: H(t;,). It is the deviation in the effective volatility from the
implied volatility that plays the largest role in altering the gamma of the swap during its
life. If -NNTIH (t) remains close to the initial implied volatility then the value of gamma
remains close to the initial value. This again gives us confidence due to the similarity to
a strip of forward starting straddles. The straddles will all have the same gamma when
initiated at each fixing time as long as the volatility at that fixing time is the same. Also,
recall from equation (4.6) that the gamma of a vanilla option is inversely proportional to
the volatility. The exact gamma yields the same qualitative results.

Alti,) 1 1 1

Teltn) = H(ti)) NAS?(t;,) | N(N —1)
R t; 7ti )ti
X ((N - 1) - R3(tioati0atio+1) - 3\([22};2(150-;1)> ) (472)
10
where,
s _ S5(t) 1 2) _ A S(t)
R3(t,tig, tig+1) = Nln SCta) (a— 50 (T t NA) In S(0)° (4.73)

Noting that NA = T, the total term of the volswap from writing time until expiration,
we see that the gamma is inversley proportional to the term of the contract. As with the
exact and approximate gammas at time zero, the gammas at any fixing time are inversely
proportional to the term of the swap. In fact, examination of equations (4.51) and (4.45)

shows this to be true for general time ¢.

Numerical Examples

The following figures illustrate the values of the greeks for a volatility swap with four fixes

already taken. In all cases the following inputs were used.

spot = 97.00, (4.74)
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21

T = 51572—,
t = —2?,
A = %i,
A = 253
o = 0.14,
rq = 0.005,
ry = 0.035,
N = 21,

i = 4.

It may be seen from figures (4.6), (4.7), (4.8) and (4.9) that the approximate and exact
greeks for the volatility swap correspond closely, and that the greeks are also qualitatively
similar to that of a plain vanilla contingent claim. As with a long position in a European
call or put option, a long position in a volatility swap results in the owner’s portfolio being
long gamma and long vega. The difference comes in the magnitude of these sensitivities
and the property that the volatility swap’s delta resets at a fixing time to a value near to
zero. Consider the volswap described in our example immediately before the fourth fixing
time. We assume that the spot price is currently 97 and the previous three spot fixings
were 100, 100.30 and 99.20. Here A is almost zero, so our expected fourth fixing is 97.
The value of such a swap with a notional amount of 1 unit of the foreign currency and zero

strike volatility is 20.435. The delta of the swap just before the fixing is taken is 135.135.

We now revalue the swap immediately after the fixing has been taken and assume that this
fixing is 97.00. We find that the volswap has exactly the same value after the fix as it had
immediately before. Tedious calculation using equation (4.39) shows that this is true for
a general fixing. Evaluation of the delta shows that it is no longer large and positive, but
small and negative. The delta immediately after the fixing has been taken is -9.823. The
act of taking the fix has reset the delta close to zero. The hedger of a Volatiltiy Swap must
then delta-hedge at the same time as the fixing is taken to remain delta-neutral. Failure to
do so results in a large discrepancy in deltas, particularly when using plain vanilla options
to hedge the volswap. A hedge executed at a spot rate different to the fixing price also

results in mis-hedging. In our example, if we assume the contract was written on a notional
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of 100,000 USD per volatility percentage point, the hedger must sell 14,495,800 USD at a
spot rate of 97.00 to replicate the volswap. If the dollars were sold at 96.80 rather than
97.00 a loss of 29,888 USD would result. In volatility terms this is 0.299%, a significant

sum. Delta hedging at a rate equal to the fixing is crucial.

29%
— Exact Value

------- Approx. Value
28%

27% q\
26%

25%

Value

24% -

23% A

22% A

21% A

20% 4 e e ——————
02 o3 o4 a5 96 o7 o8 0o 100 101 102

Spot

Figure 4.6: Values for the Volatility Swap.

Hedging in Practice

We have derived the approximate price of the volatility swap at any time, ¢, during its life
as well as its delta, gamma and vega. Thus at any time, we are able to value the swap
and know how the value of the swap will change given a range of circumstances. We may
readjust our hedges to create a delta, gamma and vega neutral position at any time. Delta
hedging presents us with no problem. In the foreign exchange market, the underlying asset
is typically liquid and transaction costs associated with trading minimal. The rebalancing

of the gamma and vega positions present us with additional problems.

The simplest way that a market maker may chose to attempt to replicate the payoff of a
volswap may be through delta hedging an at-the-money-forward straddle of expiration T,

and vega A(t)o on the fixing points to,1,...,tn—1,tn. At to this results in a vega, delta
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Figure 4.7: Vega for the Volatility Swap.

and gamma neutral position. However, as equation (4.1) shows, the ultimate payoff will
not be that of the volswap. It should also be noted that, as the expiration time nears, the
value of spot will effect the gamma of the straddle enormously. If we are very near to the
strike of the straddle just before expiration then its gamma will be very large, much larger
than that of the volswap which has no spot strike. If spot is very far away from the strike
of the straddle then the resulting gamma will be near to zero. The same is not true for
the volswap so a mismatch will arise. Clearly, from two perspectives, what appears to be a

good initial hedge quickly turns into a bad one.

We may choose to use forward starting at-the-money straddles to hedge the volswap. This
is only an approximation to the value of the volswap as we have already shown. Although
useful in aiding our intuition about these contracts, it will not provide a good practical
hedge for them. Regardless of the effectiveness of such a hedge, these forward starting
options are not liquid products and so trading, or replicating, them would be prohibitively

expensive.

The vega of the contract has been shown to be linear in time, so long as the effective
volatility, N—JXTH (1), is close to the implied volatility c. When these deviate the vega may

be very different to that which we were expecting at that time given that the dependence
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Figure 4.8: Delta for the Volatility Swap.

on ¢ was assumed to decay linearly in time. This dependence on the realised volatility (not
variance as with the variance swap) presents us with a dynamic vega hedging problem. This
need to rebalance the vega hedge, and the significant transaction costs involved in trading
options on the underlying asset, should not be ignored when initially calculating the fair

volatility, ox at which the volswap contract is struck to make it zero cost.

Considering the problem of gamma hedging leads us to similar conclusions. We saw that
the gamma of a volswap remains constant as long as the effective and implied volatilities
do not deviate from one another. In the case where there is a large difference, there will be
the need to transact plain vanilla options on the underlying security in order to maintain a
gamma, neutral position. Again, this rebalancing involves significant transaction costs and

should not be ignored in practice.

4.5 Conclusions

Volatility trading is a concept that has been understood by marketmakers in options for
a long while. However, the instruments to enable speculators to participate easily in this

market have only recently become available and the literature on this subject limited. We

105



65

— Exact Gamma
------- Approx. Gamma

Gamma

20

82 93 94 95 96 97 98 99 100 101 102
Spot

Figure 4.9: Gamma, for the Volatility Swap.

have examined three particular areas of volatility trading. We began by taking the most
simple approach to trading volatility, that being vanilla options. These have a dependence
on implied volatility, or vega, which plain vanilla option traders have long been using to
trade option books. The payoff from continuously delta-hedged plain vanilla options was

derived.

A further step was then taken. Existing literature deals almost exclusively with contracts
known as Variance Swaps. This literature was reviewed and the connections between these
contracts and the most simple form of volatility trading, the delta-hedged opti<‘)n7 explained.
Two different schemes for replicating the Variance Swap contract were implemented and
compared, both in terms of performance and practicality. The two schemes were imple-

mented under a constant implied volatility and a more general volatility smile.

Finally, we described a different volatility contract known as a Volatility Swap. This con-
tract has proved to be the most popular amongst market participants, particularly specu-
lators. We derived an approximate value for this contract under the definition of realised
volatility used in practice. The volatility was not found on a continuous basis, but by the
use of an estimate based upon discrete time fixings. An intuitive way of viewing this new

contract was introduced that allowed us to draw some elementary conclusions about the
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nature of the contract and how its greeks may look. A value was found at a general time,
t, by decomposing its payoff into several more easily handled components, each with their
own separate contribution to the volswap. We were then able to derive greeks for this
contract in order to define a hedging strategy. Exact values for delta, gamma and vega
were found, but approximate values for these were also presented in order to help with
the analysis of the risk characteristics of the Volatility Swap. The greeks were analysed
under particular conditions and compared to those results that our intuitive approach led
us to expect. Finally full numerical examples and values were given for both the exact and

approximate greeks and the values compared.
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Chapter 5

Conclusions

The differences that exist between the perfect markets assumed under the Black-Scholes
framework and the financial markets create difficulties for practitioners in terms of pricing
and hedging derivative products. At the same time, the inconsistencies between traditional
option pricing theory and practice have led to the development of new and innovative prod-
ucts to enable participants to exploit these differences. This thesis investigated the effect
that market imperfections have on contingent claim prices and the way that practitioners

attempt to make allowances for these effects.

We began, in Chapter 2, by looking at one specific violation of the Black-Scholes assumption.
Using a method used by Davis, Panas and Zariphopoulou [16] for the pricing of contingent
claims under proportional transaction costs, we found the prices of plain vanilla options
when the market for the underlying asset is not liquid. A utility maximisation method
was used to find the writing prices of options under different types of illiquidity conditions.
Trading strategies under a specific utility function were found. It was found that, under
illiquid conditions, we may not work under the risk-neutral measure and require the real
drift of the asset to be known. The level of drift and the risk-averseness of the writer was
found to play a large role in determining the price of the option. The writing and purchasing

prices of an option do not coincide for these same reasons.

In reality, options markets attempt to cope with the shortcomings of Black-Scholes and its
assumptions by adjusting the volatility used to price options of different strikes and maturi-

ties. The first part of Chapter 3 introduced the notion of a volatility smile or surface, then
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reviewed and implemented the work of Derman, Kani and Chriss [21] to grow a trinomial
tree consistent with market prices of plain vanilla options. This model was then extended
to price foreign exchange barrier options effectively. In the second part of Chapter 3 we
continued our focus on exotic options and the volatility smile by looking at static replica-
tion. By extending the methods of Derman, Ergener and Kani [22] we found portfolios of
vanilla options that replicate the payoffs for several non-standard products, including bar-
rier options. This work was then generalised so that a time dependent volatility function

may be used when pricing non-standard exotic foreign exchange products.

With the growth of an over-the-counter options market with deep liquidity, has come the
existence of a volatility market. The presence of such a market has led to demand for pure
volatility products allowing speculators to take positions in the level of future volatility.
Chapter 4 began by discussing the dependence of plain vanilla option products on the
level of volatility used when determining their value. The variation of this dependence,
known as vega, with changes in other parameters such as spot price and time to maturity
was shown. We went on to describe the most simple form of volatility trading, the delta
hedged vanilla option. We derived the profit and loss from such a strategy and showed
that this may not be satisfactory for the volatility speculator as it has a dependence on
the gamma of the option being hedged. A new product known as a Variance Swap was
then introduced. We reviewed previous work on this product and discussed the connection
between Variance Swaps and another exotic product known as Log Contract. Two different
methods for replicating the Variance Swap were described and implemented. Their relative
performance was investigated and we found that the method of Demeterfi, Derman, Kamal
and Zou [18] gave more accurate replication with far fewer options needed than the method
of Carr and Madan [12]. Both methods were implemented under a volatility smile and
the effects found. It was found that the use of a smile where out-of-the-money options
have higher implied volatility than at-the-money-options results in larger values for the fair

variance than that we would find using only at-the-money volatility for our estimate.

Finally, we took the idea of volatility trading a step further by introducing the Volatility
Swap. The Volatility Swap is a new product designed specifically with the speculator in
mind and pays the difference between a predetermined strike value and an estimate of the
realised volatility over the life of the contract. We began by demonstrating that it is intu-

itive to think of the volswap contract as being bounded below by a strip of forward starting
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straddles each of maturity A, the time between each spot price fixing taken for the estimate
of volatility. We used this to investigate the behaviour of the volswap, finding that at a
fixing point the delta of such a contract resets to near zero. We then found that the volswap
value may be split into several distinct pieces, each with its own contribution and that each
piece had an intuitive description. This re-expression of the contract allowed us to find an
approximate value for the volswap at a general point in time. Using this, and another ap-
proximation, we were able to derive the greeks for this contract. The three approaches used
were examined under particular conditions and they were found to yield similar answers,
each approximation providing more accurate results than the last. Volswaps, it was found,
have zero delta at the first spot fixing time and this delta resets to near zero value at each
subsequent fixing time. Vega is dependent upon both time to expiration and, importantly,
the ratio between implied and effective volatility. Volswaps were also found to exhibit large
values for gamma particularly when the time to expiration is small. This gamma is a major
factor in effective hedging of the swap contract and remains reasonably constant as long as

implied and effective volatilities are similar.

Through the work carried out in this thesis several interesting areas for further research
have come to light. The utility maximisation method used in Chapter 2 to price european
style options on a non-dividend paying stock could be used to price other types of products
under incomplete market conditions. American style options as well as the barrier type
products discussed throughout this thesis provides a extensive area of application for this
methodology. In Chapter 3, where stock price models for pricing exotic options were im-
plied from plain vanilla option prices, work still remains to be carried out on the efficient
implementation of these methods. We have contributed towards the rapid convergence of
results for certain types of options priced using this model, however the construction of
the tree is initially quite slow. Further work carried out on this topic would be valuable.
Finally, Chapter 4 dealt with trading volatility as an asset in itself. The most popular of
the volatility products is the volatility swap and it is in this area where most work remains
to be done. We used a constant volatility model to price and hedge the volaitlity swap
contract. An imporatant extension to our work is to consider the volswap contract within
a stochastic volatility model. Results from this may be comapared with the work presented

here.
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Glossary

ATM: at-the-money option. An option with strike price the same as the current

spot price.

Barrier Option: option contract, normally with the same terminal payoff as a
plain vanilla option, but which, in the case of an Out Barrier, is cancelled or, in
the case of an In Barrier, comes alive if a predetermined barrier level is reached

by the price of the underlying asset at any time during the life of the contract.

Butterfly: options strategy consisting of buying a strangle and selling a strad-

dle with the same expiration.

Call Option: contract giving the owner the right, but not the obligation, to

buy an asset at a set price at a set time in the future.

Call Spread: option strategy consisting of buying a call option with a lower

strike price and selling a call with a higher strike price and the same expiration.

Delta: first derivative of an option’s price with respect to the underlying asset’s

spot price.

Digital Option: option contract paying the owner a fixed amount if it is in-

the-money at expiration and zero otherwise.

Exotic: non-standard option contract with conditions which differ from a stan-

dard, plain vanilla, option.

Gamma: second derivative of an option’s price with respect to the underlying

asset’s spot price.
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Greeks: collective name for the Delta, Gamma and Vega of an option.

Implied Volatility: volatility of an asset implied by the price for a plain vanilla

option.

ITM: in-the-money option. An option with strike price far from the current
spot price and which will be exercised at expitration if the current spot price

does not change.

Log Contract: european style contract which pays the owner the natural

logarithm of the underlying spot price at expiration.

OTM: out-of-the-money option. An option with strike price far from the cur-
rent spot price and which will not be exercised at expiration if the current spot

price does not change.
Plain Vanilla Option: european style put or call option.

Power Option: european style put or call option which pays the square of the

payoff from a plain vanilla.

Put Option: contract giving the owner the right, but not the obligation, to

sell a certain asset at a certain price at a set time in the future.

. Put Spread: option strategy consisting of buying a put option with a higher

strike price and selling a put with a lower strike price and the same expiration.

Risk Reversal: option strategy consisting of buying a call option and selling

a put option with the same expiration.

Straddle: option strategy consisting of buying a call and a put with the same

strike and expiration.

Strangle: option strategy consisting of buying a call and a put with out-of-

the-money strikes and the same expiration.

UIC: Up and In Call option. A barrier call option with a knock-in level above

the current market.

UOC: Up and Out Call option. A barrier call option with a knock-out level

above the current market.
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UIP: Up and In Put option. A barrier put option with a knock-in level above

the current market.

UOP: Up and Out Put option. A barrier put option with a knock-out level

above the current market.

Variance Swap: contract which pays the owner the difference between the
realised variance of the underlying asset’s spot price over the term of the contract

and a predetermined strike price.
Vega: first derivative of an option’s price with respect to volatility.

Volatility Swap: contract which pays the owner the difference between the re-
alised volatility of the underlying asset’s spot price over the term of the contract

and a predetermined strike price.

Volatility Smile: difference observed in the options market, for the the volatil-
ity impled for an asset by options with the same expiration but different strike

prices.

Wing: deep out-of-the-money option. An option with a delta close to zero.
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Appendix A

Arrow-Debreu Prices

The notion of an Arrow-Debreu price is something that may not be familiar. All that this
name refers to is the discounted path probability of reaching a certain node. The definition

is best made clear through an example.

Let us consider a binomial tree for simplicity. Assume a value of 0.1 for the risk-free rate.
At = 1. Assign to this tree an up probability of % and a down probability of % We may

then calculate the Arrow-Debreu prices as follows.

For a tree such as in figure (A.1) where probabilities are known for every node the Arrow-
Debfeu price may be found at every point. In the case of non-constant volatilities the
Arrow-Debreu prices must be calculated recursively and implied up a level as the tree
is built. The calculations are carried out in this recursive manner below. We require a
starting point. This start is provided at the root node where no time has elapsed. Thus
the probability of reaching this node is 1. The probability of one is then discounted over

zero time at the riskfree rate giving us a starting value of 1 for the Arrow-Debreu prices.

Moving up one time level we have the up node firstly. Here the A-D price is given by,
A1 =Moo X pXe T2 =1.0x06x e %1%10 =543,

The lower A-D price, Ajg, is found as above with g replacing p. All we have done is taken
the probability of getting to that node and discounted it at the risk-free rate over the period

of time elapsed. We will now select certain nodes that illustrate our method.

Take, for example, the calculation of the A-D price at node (2,2). We could do this in two
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prob. = 3/3

Figure A.1: Arrow-Debreu prices.

ways. Firstly by recursion. We take the A-D price at (0,1) denoted A1; and multiply it by
the probability of getting up to point (2,2). The result is then discounted over the time
step »At.

Agp = Allpe_TAt = 0.295.

An alternative way of seeing things is the following. There is only one path leading from
the root node at (0,0) to the node (2,2). The probability of this path being taken is p x p

and the time elapsed is 2At¢. The results is as follows,
)\22 = p2e_2rm =0.295.
Notice that A1 = pe~"?? so the two ways of finding \gy are precisely the same.

Finally we shall find the value of A9;. In this case there are two possible paths leading to

the node (2,1) which have probabilities attached,
Aa1 = (pAio + ghir)e ™A = 0.395.

We may carry on in a similar way as long as the path probabilities are known.
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Appendix B

Forward Starting Options

Consider a plain vanilla option which is paid for now, but does not have its strike price
set until some time in the future. The option is paid for at time ¢y, struck at-the-money
at time ¢1, and expires at time 7". Using similar notation to before, where S; denotes the
spot price at time ¢ and ¢ denotes the volatility of the underlying asset, we derive the value
of this option. Without loss of generality we consider a call option and assume that all

interest rates are zero.

From the Black-Scholes formula for a call option struck at-the-money we note that the value
of the option is proportional to the spot price. Therefore the value of a call option at time
ty is CS—iZL, where C denotes the value, at time #g, of an at-the-money option that expires in
time T — ¢;. Using risk-neutral valuation, the value of the forward starting option at time

to is

B [OS“} : (B.1)
Sto

where IE? denotes expectation in a risk-neutral world. It follows that the price of the
forward starting option is C' as Si, and C are known at time ¢y and the expectation of St

at time ¢ is Si,.

From the valuation of the forward starting option it follows that the delta of such a contract
is zero, as is the gamma. The vega on the other hand, is simply equal to the vega of the

at-the-money option C.
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Appendix C

Derivation of Various Expectations

and Greeks

C.1 Proof of equation (4.42) for ]E?[\/%]:

Consider a random variable X which has a chi-squared distribution with v degrees of

freedom, i.e. X ~ x2(v). Its probability density function is given by?

flz) = (%) : f‘—(lu—) zz ! e_%z, z > 0. (C.1)

. 2
Note that for a x2-distributed random variable X,

IE [X] = v, and Var [X] = 2v. (C.2)
We are interested in calculating the following expectation:

E[VX]| =

NI

o-
(%)

0 2_1
v— 2
/cla; T e 1% = I, (C.3)
279

in which the density given in (C.1) is being used to evaluate the expectation. Substituting

x = 2y, the integral I can be rewritten as

oo
=2 /dy yu;1 e Y,
0
and putting ¢ = %l, this can be expressed as

(o0}
1=2% / dy y7le V. (C.4)
0

1See, for example, Mood et al. [39], page 241-242.
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However, the integral in (C.4) can easily be recognised as that defining the gamma function?
I'(g), so that on substituting for ¢ in this function and back substituting for [ in (C.3), the

following result is obtained:

v+1
E [\/)7] 3 Eg_z_l (C.5)

A well-known result of the geometric Brownian motion assumption being used in the Black-

Scholes model to price the volatility swaps is that the changes, In S(t;4+1) — In S(¢;), are

2
=

normally distributed with means p; = (rg —ry — %02) A and variances o o2/, where
A = (tj+1 —t;). Furthermore, for non-overlapping time intervals, these changes are pairwise
independent. The sum of the squares of N independent random variables X;, each having
a standard normal distribution, i.e. X; ~ N(0,1), is known to possess a chi-squared

distribution3. Therefore, the random variable X defined by

N 2
X. gy
x& Z (Lﬂ) : (C.6)
i=1 i
has a chi-squared distribution with N degrees of freedom. Recalling that 0%2 can be written

as

-1 = 1) —InS() — pa\ 2
R M O @)

g =0 gi
we get the result that 0% x Q%Z—ll ~ x%(N). Using (C.5) with v = N — 1, the following

required result is finally obtained:

r(3)
2r O o (N=1)\| _ 2 2
Blyorl = N—lm[ (R o2 =7 N—1F<N—1) (C-8)
2
C.2 Derivation of b1, by, b3 and b4 used in section (4.4.3):
From section (4.4.3), we have that
@12 QT 2
b1 = BZ[s1) = - Y [}, (C.9)
where
i0—1 2
9 _ [ln S(ti+1) - ln S(tz)]
A = tiy1 —t;, is the equidistant time interval between fixings. (C.11)

2See, for example, Abramowitz and Stegun [1] equation(6.1.1) page 255.
3See, for example, Mood et al. [39] theorem 7, page 242.
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However, as the expectation in (C.9) is taken with respect to time ¢, all the terms in v%

are known and can therefore be taken out of the expectation. We then have that

19

bg is defined in a similar manner to b;, namely
by = IEZ[sZ],
where

[l S (tip+1) — In Sty )]
NA '

3=

Writing

[a—

InS(tip+1) —InS(t;) = In [S(tiofl)] - S(t) S(ti)

= In [S(%H)} +ln[ S(t) ] ;

we then have that

v - (o] [ S2])].

0 [S(tio+1) o St ] ,

i l:(lnS(tio—f-l))Z N (m S(2) )2 ol (S(tio_l_l)) o (;ES))

S(2) S(ti) S(t)

i

(C.12)

(C.13)

(C.14)

Since we have that ¢;, < t < ¢;,41 and the expectation is taken with respect to time £,

S(ti,) and S(t) are known quantities and play no part in the expectation. We then have

that

s = (n 20"+ mp (0 2es)]

+ 2m SS(E“)) B [in (ﬂ;(t_J)rl))] .

For a generic time T', consider the following two expectations:

E = IE,f2 [ln <S?((jt%)>} , and

s - ot [(2])]

From our stochastic differential equation for S(¢), one has

T
InS(T) =InS(t) + (rd —rf— %O’?T) (T —t)+ /atszQ(u),
t
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in which we have placed explicit subscripts on the diffusion coefficient. Then, using the

result that*

T
BY { [ fww) dZQ<u>} —0, (C.17)
i
we obtain
B = (rd - %U§T> (T—1). (C.18)

Substituting for In S(T') — In S(t) from (C.16) in (C.16) and expanding the square, we then

have

T
1
E, = 2 (rd i 50‘,52:,1) (T —t) B2 [/ atszQ(u):|
¢
2

) T
+ (rd —rf— %O’?T> (T —t)? + B2 (/ UtszQ(u)> . (C.19)

The first tem on the RHS of equation (C.19) vanishes as a result of equation (C.17) whereas

the second expectation can be calculated using the It6 isometry®, namely

T 2 T
EY ( [ f@ sz<u>) = 7 { / fz(w,U)du} : (C-20)
i t
to yield
T 2
IE,f2 (/ owrdzg (u)) = 02 (T — ). (C.21)
t
Substituting these results back into the equation for E5 leads to
2
By = (rd . %O—ET) (T =) + o2p(T — ). (C.22)

Finally, considering explicitly the case where T" — ¢;,.+1, we have

S(t; 1) 1 -
E? [111 (_(S(O:T)J = (a — -2—02G> A, (C.23)
S(ti+1) )’ 1 5\2 4 »
E? [(111 —%(%) ] _ (a - Eaé) A? + 0% A, (C.24)
where

a = r9-—ry, (C.25)

A = (tjy;1 —1t) is the time until the next fixing date,

oc = the implied volatility for the interval [¢, t;y+1].

4See, for example, Oksendal [41] theorem 3.7(iii) p22.
5See, for example, Oksendal [41] equation 3.13, p21.
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The choice of value for the volatility is the one unknown for the Black-Scholes model. The
subscripts 7" placed on the diffusion coefficient reflect the fact that, in practice, a constant
volatility is not used and different choices of o will be made depending on the time ¢ and the
time span considered. The best market guess for the volatility is then simply the implied

volatility at time ¢ for the period in question.

Substituting equations (C.23) and (C.24) back into equation (C.15), one obtains

_ S \? 1 5\? 22, 2 &
boNA = (lns(ti0)> +(a—§ag> A+ oa A

© 2 (5 (- 3%) &

which can be simplified to give

= ] —= . :
b2 NA [(ns(tio) + (a 59G A) +ocA (C.26)
bs is given by

by = IEY [s3] (C.27

t |53
where Vet ,
o\~ MS(tin) —WnSE) _ [ tz+1)]
i=ig+1 1=ip+1

By the linearity property of the expectation operator, we have that
St 2
= z E? [( é’“)) } (C.29)
z i0+1 (tz)
Using the result (C.22) for Fy with T' — ¢;1; and ¢ — ¢; and upon simplifying, b3 is finally
given by

— Z (a - —02)2 A+ o2, (C.30)

z i0+1
where « is given by (C.25) and A by (C.11). We need to discuss the diffusion coefficient o;

appearing in (C.30). This is the annualised volatility appropriate for the interval from ¢;
to t;41. We will assume that these “gap” volatilities o, ¢ =49 + 1,..., N — 1 are constant
and equal to oy, the implied volatility for the period from ¢;,4+; to T'. This is equivalent
to assuming a flat forward volatility term structure from t;,4; to T. Note that o; can be
calculated from og and the o(T'), the implied volatility at time ¢ for maturity T. Replacing

o; by a constant o7 means that all the terms in the sum in (C.30) can be taken out of the

b3 = N=io—l) {(a - 10%) ’ A+ a?] . (C.31)

sum to yield
N 2
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Finally, for b4, we have that
by =L s3], (C.32)

where

(lnS(T)]; lnS(O)) (C.33)

Writing s as

SZNZA = (ln S(T) ) ’ =

In[ S(T) ., Sltip+1) stZ
S(ti0+1) S(t) S(O) !

TN

~ S(T) \® (1 S(tips1) S\
N (l s<tm+1)> +(1n () ) ( ))
L S(T) | Slen) . S(T) S(t)
T A ) S Slan) " 5(0)
S(tio 1) S(t)
+ 2In S(;)f lnS(O),

and recalling that all terms involving S(¢) and S(0) are known at time £ and can be taken

out of the expectations leads

buN?A = IEY [(ln ———S‘(S;E(?l)YJ +IEY [ SZ(OtH ]+
S(T) S(tio ) Q
+ 2IE? [ms(tim) In 50 ]+21 W IE; [ 'Lo+l] (C.34)

o om 30 o [ S]]

5(0) S(2)

The second and the last expectation in (C.34) are given respectively by equations (C.24) and
(C.23). The first and penultimate expectations in (C.34) can be obtained from equations
(C.22) and (C.18) by putting ¢ — t;,+1 to give

EY [(m 525331))2] = (a - %a%)Q (T —tig41)* + 02 (T — tigr1),  (C.35)
E? [m (%}] = (a - %a%) (T — tigs1) , (C.36)

where o7 is once again the implied volatility for the period from time %;,4+; to time T'.

Consider the expectation

_ @ S(T) ,  Stig+1)
E3 = IE; [ms(tim) In 3(5 ] (C.37)

From equation (C.16) with respectively ¢ — t;,4+1 and then T — ¢;,41, we have that

T
1
Ey = ]EtQ [a - 50%} [T - ti0+1] + / or sz(u)

tig+1
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tig+1

X [a - %aé} A+ / ogdzg(u) | |, (C.38)
t
1

= [a - 50%;} [a - éa?] [T — ti41] A (C.39)
Upon multiplying out the terms in the expectation in (C.38), only one term does not vanish
in the final result (C.38). The two expectations involving terms of the form (a— o)(T —t)
vanish as a result of equation (C.17). Finally, the expectation of the product of the Brownian
motion integrals is equal to the product of the expectations of the individual integrals since
these are independent of one another (they have no time overlap). However, each one of

these terms vanishes as a result of (C.17) and their product also vanishes.

Substituting equations (C.24), (C.35), (C.23), (C.36) and (C.39) into equation (C.34) and

rearranging, the following expression is obtained for by:

1 R
b = sz |06 A+OHT ~tigi)]
(C.40)
L ([, 1 2], _12] . &)2
+ N2A<[a ZJG}A-%[(){ 501 (T t10+1)+lns(0) .

C.3 Derivation of the Exact Greeks for V()

Recail the exact expression (4.39) for the upper bound to the volswap price V (¢), namely

V() = A2) ( N mwy - aK) , (C.41)

where

H(t) = Vb1 +bo + b3 — ba, (C.42)

and by, bo, b3 and by are respectively given by equations (C.12), (C.26), (C.31) and (C.41).

For a general variable X, we have that

V(L) . . 0lAt) o [V(@)
Sx =V T Al 55 [——] : (C.43)

From equation (4.37) for A(¢),

In A(t) =1In100 — r4(T — t),
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so that
—(T —1), if X =rg;
Oln A(t) rg, if X =1

= (C.44)
0X —rg, if X =T; and

0, otherwise.

([ N 8H(t) . _
]—V:—j—a—X—, le#O'K, and

9 r/(t)} = (C.45)

89X | A(t)
| N O0H(t) —
| -]V—-j oxX -‘—1, le—O'K.

From equations (C.43)-(C.45) with X = S(t), the exact delta A, is given by

Furthermore, from (C.42),

A OV (2) N OH(t)

A=g5m ~ V=149 %50

(C.46)

and, by applying these results again to the RHS of (C.46), the exact gamma T, is

o*V N 8*H(t
r,2 652((;) = /A5 52((t)). (C.47)

Now for any general variable X, from equation (C.42),

OH() 1 1 (_ Bby by by
X ~ 2H(t) \0X ' 86X 98X 0X

0by  0Oby  Obs 8b4) (C.48)

We therefore require the partial derivatives of the b coefficients with respect to S(t). From

(C.12), by is a known constant at time ¢ and from (C.31), b3 does not depend on S(t), and

thus
oby
S 4
35 0, (C.49)
Obs
95 = O (C.50)

We then have that

OH 1 1 (8b2 8b4) (©51)

8S ~ 2H(t) \8S(t) 8S(¢t)

and then, from the quotient rule, we obtain

OH2(t) 1 1(t) [H(t)( 52by 82b, )_ OH (t) ( dby by )] (C.52)

852(t) 2 H? 852(t) ~ 85%(t) ) 8S(t) \as(®) 98S{)

However, from equation (C.26),

a5t = wa s (0 560y) + 2 58] &) o
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and then

by 2 1 1,7, S(t)
0S2(t) NA S2(t) (l B [0‘ - gaa] A—lIn [S(tio)D , (C.54)
' : d 1 (1-Inzx)
in which the result e [; In :c] =7 has been used. On the other hand, from (C.41),
we have that
Oby N 2 1 S(t)] [ 1 2] n [ 1 2} - )
8S(t) ~ NZAS(t) (ln [5(0) +la—s0g| At |a—5oF| [T —tign]),  (C55)

and

3?9221)(40 - N2S§(t)A (1 B [O‘ B %"%] A- [a -3 ] Ftin] o [5_(((%D - (090

From equations (C.53) and (C.55), we obtain upon rearranging terms that

oby  Oby 2(N —1) [1 S(t)) +( 1 2>A]

a5@) 88 ~ NZASE) | Sy T \¥ 27¢
(C.57)
2 S(tio) 1 _
NZAS(H) [ln 5(0) + (a - 50%) (T - tzo-f-l):l )
and from (C.54) and (C.56) that
8%b; by 2 N-1 S(t) 1 A
55°() " 3%2() — NAS(D ( N ) [1 gy (o‘ - 5"2') A]
(C.58)
2 S(tio) 1 .
t NPAS(D) [111 so) T (O‘" 591 ) (T_t““)} '

From equations (C.46), (C.51) and (C.57), we finally obtain the following result for the
delta of the volswap:

Be = Hé>(2(t) NiAV w1 (i ssét)> + o= 508] )
(C.59)

- (111 %—(t(z)L)) + [a - %a%] T - tio-H])J .

This can be simplified if we consider the case where o = o7y = o and by noting that

A+[T —tiyp1] = T — t to give

A, = Al) L N [N (m—‘sﬁJr [a—-laz] A)

H(t)S(t) N2AY N -1 S(tiy) 2
(C.60)
- (1n% + [a — —02} [T —t])}
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The exact gamma I', is given by equation (C.47). Substituting for %{3 from equation
(C.52), we have that

1|/ N A® 9%by 3% 1 1 [0by 0Oby\?
Te= 2V vV -1E2() {H(t) <c’952(t) - asz(t)> 2H() (a_32 B ﬁ) } - (C8D)

Substituting for the various partial derivatives from (C.57) and (C.58), we finally obtain

_ 1 1 A(t) _ o,
e = N(N — 1) NASQ(t) H2(t) {H(t) [(N - 1)R1(t7t20) + R2(t7tlo7tlo+1)]
' (C.62)
1
sz (Y — D= Ralt ) = Falt b i)
where
N 1 9\ A S(t)
Rl(t, t‘Lo) = 1- <O{ 20‘@) A—-In m, and (063)
S(t; 1
Ry(t,tig, tig+1) = In S((OO)) + (a — 50%) (T = tig+1) - (C.64)
For the simple case of o = o7 = ¢ and defining
Y= S(t) _lz) i NAY —1n 20
Rs(t,tiy, tig11) = Nln St (a 50 (T-t-NA)-In oL (C.65)

the exact gamma can be written as

= ! A(t) 1 -1 — . . _ R% (t’ tioati0+1)

. . A
In order to calculate the exact vega, we define a composite volatility @ = og + o7 such that

for any function Y of og and oy,

oY oY dog A 0Y Boy  OY oY

8 " 8og 05 ' B0y 9o Bog | dor’ (C.67)
The exact vega of the volswap is therefore
adV(@E) V(Y , oV (1)
vegae =~ = Bog + 9o; (C.68)
Using equations (C.43), (C.44) and (C.45), this is then given by
. N 0H(t) OH (t)]
vega, = N—_l-A(t) [ oc + o7 |’ (C.69)
which, in turn, can be expressed in terms of the coefficients b1, b2, b3 and by as
_ 1 N A(t) [ ob oby Oby Oby Obs Obs by 0Oby
vegle = o\ N_1H() [30@ t 90 T 06 "0 90 T80,  dog  Borl
(C.70)
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From equations (C.12), (C.26), (C.31) and (C.41)for by, by, b3 and by, the following results

are easily obtained:

0b1

dog O

£ - tehfnd- (b))

3—2 = 2UIQL_TZ\./?_—1) [1—<a—%a%)A];

gj;cl; - 2;52[1 l%_(O‘_;Ué>A—(a_%a%)(T—tioH)};

% _ 201(T m—l)[ —(a—-;-azc)A—(a—%U%> (T"tio+1)]-

Substituting these results back into equation (C.70) and rearranging, we obtain

Vegae

For the case in which

vega,

ey L1 0 =00 (o= o)
A S(t) 1
9CA [1 sy T (a B 50%) AJ
1 A S(t)
VA [agA +o1(T — tio-i-l)] [1 —In 50) (C.71)
~ (a - %aé) A - <Oe - %fﬁ) (T - tio+1)” .
oq = o7 = 0, this simplifies to
1 A®) . A (T-¢
NN -1 HE) {(N_'“’_IHZ_ NA
N2 A2
[a _ _;.(72] [(TNA” _ % — (N —ip— l)A] (C.72)
T ‘;;N 4) InS(t) — (JEV"At) InS(0) + %m S(tio)} :

131



C.4 Derivation of the Approximate Greeks for V (¢)

We shall now derive the greeks which result from the approximation W (¢) to the upper

bound V (¢) for the volswap price V(). Recall the equations for this approximation, namely

W(t) = A@t) [J(8) — ox], (C.73)
where
J(t) = \/—Zj%w% + %w% + (N_—;[O_i)a% (C.74)
W = i [In 5(t541) () - mAJ®. (©75)
and w? = Z—;l [5() = 5 (t"(’ggl( tz:)a(A )i aZA} . (C.76)

Then, from equations (C.43), (C.45), (C.46) and (C.47) with V (t) — W (t) and P H(t)
— J(t) and from the results (C.44), the approximate delta A, and gamma I', are given by

A W (t) dJ(t)
A, = 950t = A(t) 35(1)’ and (C.77)
N 82W() _ 82 J(t)
r, = W = A(t) 552(2) (C.78)
The partial derivative of J(t) with respect to an arbitrary variable X is given by
oJ) 1 1 | oyl Ow do
For the case where X = S(¢), the following two results hold:
8 S = 0, (C.80)
3[w ] _
25 (1) = 0, (C.81)

where the latter results from the fact that all quantities in w% are known prior to time ¢.

Substituting equations (C.80) and (C.81) into (C.79), we obtain
aJ@) _ 1 1 8wy

aS@) _ 2N J(t) 8S(t)’

(C.82)

and differentiating this once again with respect to S(t) through an application of the quo-

tient rule leads to

PJe) 1 1 [Pl 1 (1 sp?) (C.83
05%(t) 2N J() |85%()) 2N \J($)8S(1)) |’ )



in which equation (C.82) has also been used. Differentiating equation (C.76) with respect
to S(¢) leads to

B[wg] _ 2 .
as(t) - AS(tzO)R(t, tm)a (084)
where
A S _A
R@QQ_S@M [1+a(a-4)]. (C.85)
Differentiating (C.84) with respect to S(¢) then leads to
L] 2 (C.86)

852(t) ~ AS*(tip)
Substituting (C.82) into (C.77) and using equation (C.84), we finally obtain the following

equation for the approximate delta:

1 A(t) R(t, %)
_NAJ(t) S(tio) ,

A, (C.87)

where R(t,t;,) is defined by equation (C.85). The approximate gamma is obtained by
substituting equations (C.86) and (C.84) into equation (C.83) and then substituting the
resultant equation back into (C.78) to give

1 1 AQ) R2(t,t;,)
Fe = NA S (6,) 700) [1 B _i_} ' (0.88)

The approximate vega is given by

8J (%)

vega, = A(t) e (C.89)
Furthermore, from equation (C.79) with X = o, we have that
aJ(t) 1 1 |. 0w%  Ow? :
—_—_—— 2 - - ]- . .
o 2N J(¢) - + do +20(N—do—1) (C.90)
The following two results follow from equations (C.75) and (C.76):
Olwi]
= C.91
vil (1)
oz _ , A
and 5 QUZ. (C.92)

Substituting equations (C.91) and (C.92) into (C.90) and then back substituting this result

into equation (C.89), we finally obtain the approximate vega as

At) [éJr(N_io_l)}. (C.93)

vega, =

2] a

T |A
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