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Abstract

The topic of this thesis is the study of moduli spaces of periodic monopoles (with
singularities), i.e. (singular) solutions to the Bogomolny equation (the dimensional
reduction of the anti-self-duality equation to 3 dimensions) on R? x S'. Using argu-
ments from physics, Cherkis and Kapustin gave strong evidence that 4—dimensional
moduli spaces of (singular) periodic monopoles yield examples of gravitational
instantons (i.e. complete hyperkédhler 4-manifolds with decaying curvature) of
type ALG. Recently, Hein constructed ALG metrics by solving a complex Monge-
Ampere equation on the complement of a fibre in a rational elliptic surface.

The thesis is the first step in a programme aimed to verify Cherkis and Kapustin’s

predictions and understand them in relation to Hein’s construction. More precisely:

(1) We construct moduli spaces of periodic monopoles (with singularities) and
show that they are smooth hyperkihler manifolds for generic choices of para-

meters.

(i1) For each admissible choice of charge and number of singularities (and under
additional conditions on the parameters in certain cases), we show that moduli
spaces of periodic monopoles (with singularities) are non-empty by gluing

methods.

After presenting these results, we will conclude the thesis with an outline of the

other steps in the programme.
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Introduction

The topic of this thesis is the study of moduli spaces of periodic monopoles (with
singularities). Magnetic monopoles on a Riemannian 3—manifold (X, g) are gauge

equivalence classes of pairs (A, ®) satisfying the Bogomolny equation
xF A= d ACI).

Here F4 is the curvature of a connection A on a principal G-bundle P — X (G a
compact Lie group) and @, the Higgs field, is a section of the adjoint bundle ad(P).
The Bogomolny equation arises as the dimensional reduction of the anti-self-duality
equation to 3 dimensions.

When X is compact smooth monopoles reduce to pairs of a flat connection on
P and a covariantly constant section of ad(P), so in order to find non-flat solutions
it is necessary to consider a non-compact base manifold X and/or allow for (point)
singularities of the fields. Periodic monopoles are solutions to the Bogomolny equa-
tion on X = R? x S! endowed with its standard flat metric.

Working on a non-compact manifold, it is necessary to impose boundary condi-
tions; if this is done appropriately, one can attach to each solution to the Bogomolny
equation an integer k, which is a topological invariant of (A, ®)|sx and is called the
charge of the monopole. Moreover, one can allow singularities at n distinct points
D1, - - -, Pn. If the parameters defining the boundary conditions are chosen in such a
way to exclude the existence of reducible solutions, monopoles of charge k£ with n
fixed singularities at py, .. ., p,, form a smooth moduli space M,, .

Moduli spaces of magnetic monopoles have extremely rich geometric properties
even in the simplest case X = R3. In particular, when the base 3—manifold is
flat and the boundary conditions are chosen so that infinitesimal deformations are
square-integrable, the L? scalar product defines a hyperkihler metric on the moduli

space of magnetic monopoles.
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In the mid-1980s Atiyah and Hitchin [7] studied the moduli space of centred
charge 2 SU(2) monopoles on R3. Its double cover, the Atiyah-Hitchin manifold,
is a simply connected 4—dimensional hyperkéhler manifold with an isometric action
of SO(3) induced by rotations on R3. Thus the metric has cohomegeneity one and
Atiyah and Hitchin were able to write an explicit formula: The Atiyah—Hitchin
manifold is a complete 4—-dimensional hyperkidhler manifold with cubic volume
growth and which locally near infinity is asymptotic to a circle fibration over the

complement of a ball in R3.

Complete 4-dimensional hyperkdhler manifolds with decaying curvature are
called gravitational instantons. By specifying the asymptotic geometry at infin-
ity, one can distinguish four families of gravitational instantons, ALE, ALF, ALG
and ALH: ALE spaces are asymptotic to R* with its flat metric up to a finite cover;
ALF, ALG and ALH gravitational instantons are locally asymptotic to a T*~™—
fibration over the complement of a ball in R with m = 3,2, 1, respectively. These
particular classes of 4—dimensional complete hyperkédhler manifolds are believed
to be relevant in the study of degenerations of Einstein metrics. As a simple pro-
totypical example, think of the Kummer construction of the Ricci-flat metric on a
K3 surface by gluing rescaled Eguchi—Hanson spaces to resolve the singularities of
T*/Zs, cf. [104], [72] and [39].

In the early 2000’s Cherkis and Kapustin suggested that moduli spaces of solu-
tions to dimensional reductions of the Yang—Mills anti-self-duality (ASD) equa-
tions are “a natural place to look for gravitational instantons” [30]. In [32], they
considered moduli spaces of centred charge 2 monopoles with singularities on R3
as examples of gravitational instantons of type ALF. In [29,34] periodic mono-
poles (with singularities) are introduced: Moduli spaces of centred charge 2 peri-
odic monopoles (with singularities) are conjectured to be 4—dimensional complete
hyperkihler manifolds and, relying on physical arguments, an asymptotic formula
for the L?~metric is derived in [33]]. This formula shows that the metric is of type
ALG, in the sense that it has quadratic volume growth and the asymptotic geometry
is that of a 2—torus bundle over the complement of a ball in R? (but the modulus
of the torus goes to infinity in the upper half-plane). By a topological constraint,
the number of singularities cannot exceed twice the charge; thus there are five dif-
ferent moduli spaces of periodic monopoles which are expected to be gravitational

instantons of type ALG. Finally, moduli spaces of monopoles (with singularities)
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on R x T? and T* are expected to yield examples of gravitational instantons of type
ALH.

Recently, rigorous constructions of ALF, ALG and ALH gravitational instantons
have been carried out by directly solving the complex Monge—Ampere equation.
The most extensive list of examples in the ALG case, thought to be exhaustive up to
certain deformations, has been obtained by Hein [53]] by removing an anticanonical
divisor from a rational elliptic surface; the singular type of the divisor removed (a
fibre of the anticanonical elliptic fibration) determines the asymptotics of the Kihler
Ricci-flat metric on its complement.

Following the general scheme of the so-called Hitchin—Kobayashi correspond-
ence, Cherkis and Kapustin [29,34] suggest that there exists a map, conjecturally
an isomorphism, from the moduli space of centred charge 2 periodic monopoles to
the complement of a fibre in a rational elliptic surface; the type of the fibre removed
depends on the number of singularities of the monopoles.

The work presented in this thesis is motivated by the desire to verify Cherkis
and Kapustin’s predictions about moduli spaces of periodic monopoles and compare
them with Hein’s results. A wide range of questions has been left open by Cherkis
and Kapustin’s work. The main results of this thesis answer two of these questions:
In Chapter 3 we show that moduli spaces of periodic monopoles (with singularities)
are smooth hyperkihler manifolds for generic choices of parameters, provided they
are non-empty. In Chapter 4, we present a gluing construction which shows that
periodic monopoles (with singularities) exist for each compatible choice of charge

and number of singularities.

Overview of the chapters

Chapter 1. In the first introductory chapter, intended to provide basic definitions,
set the notation and motivate the work presented in this thesis, we discuss two dif-
ferent topics: On one side the theory of magnetic monopoles on 3—manifolds, on
the other that of gravitational instantons. Linking the two, we place at the centre of
the discussion the Atiyah—Hitchin manifold. The material presented in the chapter
is completely standard and well-known and is organised with the aim of describing
the main features of the Atiyah—Hitchin metric.

In Section 1 we present the classification of rotationally symmetric complete
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hyperkihler 4-manifolds. There are only three non-flat examples: the Eguchi—
Hanson, Taub—NUT and Atiyah—Hitchin metrics.

In Sections 2 and 3 we provide the necessary background on the theory of mag-
netic monopoles on 3—manifolds (definitions, deformation theory, the L*~metric on
the moduli space). Most of the content of these sections is valid both for monopoles
on R? and for periodic monopoles.

The L?-metric on moduli spaces of monopoles on R? (and R? x S') is hyper-
kihler by virtue of an infinite dimensional hyperkéhler quotient construction, as we
explain in Section 4. A simple finite dimensional example of this general construc-
tion of hyperkéhler metrics is provided by the Eguchi—Hanson space. The discus-
sion of the geometry of this example leads us to introduce the class of gravitational
instantons of type ALE, completely classified by Kronheimer [64}65].

In Section 5, in order to understand the asymptotic geometry of the Atiyah—
Hitchin metric, we introduce the Gibbons—Hawking ansatz. As a simple illustration
of this construction, we discuss the Taub—NUT metric as the prototypical example
of a gravitational instanton of type ALF.

Finally, the last two sections shift the attention to gravitational instantons of
type ALG. Section 6 reviews some aspects of Hein’s construction [53]] of a Ricci-
flat Kédhler metric on the complement of a fibre in a rational elliptic surface. In
particular, we explain how the type of the fibre removed determines the asymptotics
of the Ricci-flat metric. In Section 7 we discuss Cherkis and Kapustin’s predic-
tions about the properties of moduli spaces of periodic monopoles. These two final

sections provide the motivation for the work presented in the rest of the thesis.

Chapter 2. In the second chapter we introduce periodic monopoles (with singu-
larities). The main goal of the chapter is to review Cherkis and Kapustin’s defini-
tions of boundary conditions for smooth [29] and singular [34]] periodic monopoles.

In Section 1 we study periodic Dirac monopoles, i.e. solutions to the Bogomolny
equation on R? x S' with structure group U(1) and an isolated singularity at a
point. The materials presented in this section will be used in two different ways in
the rest of the thesis. On one side, periodic Dirac monopoles yield the asymptotic
models used to define boundary conditions for non-abelian monopoles. On the other
hand, a sum of periodic Dirac monopoles is one of the building blocks in the gluing

construction of Chapter 4. Hence we devote some care to derive precise asymptotic
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expansions for a periodic Dirac monopole both at infinity and at its singularity.

In Section 2 we define boundary conditions for non-abelian periodic monopoles.
The fact that the Green’s function of R? x S! grows logarithmically at infinity has
the consequence that periodic monopoles have infinite energy even when there are
no singularities. We should also point out that it is important to choose structure
group SO(3) (or U(2)) instead of SU(2) when singularities are allowed at a finite

collection of points.

Chapter 3. In Chapter 3 we introduce the analytical tools required to work with
Cherkis and Kapustin’s definitions. As a first application, we study the deformation
theory of periodic monopoles and show that the moduli spaces of periodic mono-
poles (with singularities) are smooth hyperkéhler manifolds for a generic choice of
parameters specifying the boundary conditions.

In Section 1 we review the work of Kronheimer [67] on monopoles with Dirac
type singularities: A monopole on a 3-ball with a singularity at the origin modelled
on a Dirac monopole can be lifted via the Hopf map to an S'—invariant instanton on
the 4-ball. Instead of reducing the theory to the 4—dimensional one, however, we
decided to work directly in 3—dimensions, relying on Lockhart-McOwen’s theory
of weighted Sobolev spaces. It turns out that this choice is better suited to the gluing
construction of Chapter 4.

In Sections 2 and 3 we introduce function spaces to deal with the two sources
of non-compactness in the problem: The singularities and the end of R? x S'. We
define appropriate weighted spaces, check that the necessary embedding and mul-
tiplication properties hold and discuss the basic elliptic theory for the operators
governing the deformation theory of monopoles.

Finally, in Section 4 we apply these analytic results to the construction of the
moduli spaces of periodic monopoles (with singularities). After a brief discussion

of reducibility, we prove the following theorem.

Theorem (c¢f. Theorem [3.4.8)). For generic choices of parameters defining the
boundary conditions, the moduli space M, . of charge k periodic monopoles with

n singularities is a smooth hyperkdhler manifold.

Chapter 4. The last chapter contains the main result of this thesis, an existence

theorem for periodic monopoles (with singularities).
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Theorem (cf. Theorem 4.7.2). For each charge k and each number of singularities
n satisfying the topological constraint n < 2k, there exist choices of the parameters
specifying the boundary behaviour of the fields such that the moduli space M,, ;, of

periodic monopoles of charge k with n singularities is non-empty.

The theorem is proved via gluing methods. Monopoles on R? (without sin-
gularities) were themselves constructed via gluing methods in a seminal work by
Taubes [60]. Moreover, this approach is close to the physical intuition that allowed
Cherkis and Kapustin to guess the asymptotic behaviour of the metric on the moduli
space.

The starting point of Taubes’s construction is that charge 1 monopoles on R? are
completely explicit: Up to translations and scaling there exists a unique solution,
localised around the origin in R®. The gluing construction then shows that in a
certain region of the moduli space a charge k£ monopole can be thought of as a
superposition of £ charge 1 particle-like components. This has to be thought of as
a converse to the following compactness statement for finite energy monopoles: A
sequence of monopoles with uniformly bounded energy can fail to converge in the
moduli space only because some particle components move off to infinity leaving
behind a monopole of lower charge.

A number of new features/difficulties appear when trying to implement the con-
struction for periodic monopoles. First of all, not even charge 1 periodic monopoles
are explicitly known. In fact, numerical experiments of Ward [[107]] show that such
monopoles are localised around two rather than a single point when the ratio «
between the mass of the monopole and the period of the S* factor in the base is
negative and large in absolute value. The mass of the monopole is the constant term
in the expansion of the Higgs field ® at infinity. On the contrary, if « is positive
and large charge 1 periodic monopoles are expected to be well-approximated by a
scaled charge 1 monopoles on R3.

As a consequence, the construction of a charge %k periodic monopole as a su-
perposition of k charge 1 monopoles can be carried out only when the charge 1
constituents have large positive mass. There are two ways of arranging for this to
happen. On one side one can construct periodic monopoles of charge k£ and with an
arbitrary number of singularities n < 2k when the mass is sufficiently large. In fact,
it is conceivable that monopoles with high mass exist on any complete Riemannian

3—-manifold satisfying appropriate conditions. More interestingly, the fact that the
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Green’s function of R? x S' grows logarithmically (and therefore that monopoles
have infinite energy) implies that periodic monopoles can “bubble off” at infinity:
When the number n of singularities satisfies n < 2(k — 1), we will construct peri-
odic monopoles with arbitrary mass and such that the £ charge 1 components are
more and more concentrated around their centres as these move off to infinity.

The chapter is organised as follows. In Section 2 we describe an initial singular
configuration given by a sum of periodic Dirac monopoles. The gluing construction
is a desingularisation of this initial solution, by gluing rescaled Euclidean charge
1 monopoles: In Section 3 we collect the main properties of these monopoles and
in Section 4 construct a family of initial approximate solutions to the Bogomolny
equation. We deform these into genuine monopoles by means of the Implicit Func-
tion Theorem. The crucial step is to study the linearised equation; we carry out this
step in Sections 5 and 6, adapting the analysis of Chapter 3. Finally, in Section 7
we state and prove a precise existence result.

In the final Section 8 we return to the questions left open at the end of Chapter
1. We briefly describe how the results of this thesis represent only the first steps in

a programme aimed to answer those questions.
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Chapter 1

Moduli spaces of monopoles and

gravitational instantons

The aim of this introductory chapter is to fix the notation and provide the motivation
for the work presented in this thesis. We approach the material through the discus-
sion of the main properties of the Atiyah—Hitchin manifold; each different point of
view provides the chance to introduce well-known results on the theory of magnetic

monopoles on 3—manifolds and that of gravitational instantons.

In Section 1 we introduce the Atiyah—Hitchin metric as one of the rotation-
ally symmetric complete hyperkihler 4-manifolds. Sections 2 and 3 contain back-
ground material on magnetic monopoles. In Section 4 we recall the hyperkihler
quotient construction, first in the finite dimensional setting, discussing the Eguchi—
Hanson metric and the family of gravitational instantons of type ALE; then we
interpret moduli spaces of monopoles on a flat 3—-manifold as hyperkéhler quotients
of an infinite dimensional quaternionic affine space. The aim of Section 5 is to de-
scribe the asymptotic geometry of the Atiyah—Hitchin metric. In order to do this, it
is necessary to introduce the Gibbons—Hawking ansatz for hyperkihler 4-manifolds
with a tri-holomorphic vector field; we illustrate this construction discussing the
Taub—NUT metric and other examples of gravitational instantons of type ALF. Sec-
tion 6 reviews Hein’s construction of ALG metrics on the complement of a fibre in
a rational elliptic surface. Finally, in Section 7 we discuss the work of Cherkis and
Kapustin on moduli spaces of periodic monopoles (with singularities) and how it

points in the direction of a connection with Hein’s results.
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1.1 Rotationally symmetric hyperkihler 4—manifolds

21 22

Identify SU(2) with S* C C? via h: (21, 29) — ( ) It will be con-

—Z2 71
venient to use Euler angles

(21,22) = (eé(eﬂ’) Cos (%),@%(Gﬂﬁ) <in (%)) ’

with 6 € [0,27), ¢ € [0,7) and ¢ € [0,47). A basis {11, 72,73} of left invariant 1—
forms on SU(2) is defined by the Maurer—Cartan form h=dh = 1,01 +1202+1303,

where:
1[0 1 1 0 1 112 0
0’1 = — 0'2 = — 0'3 = —
2\ i 0 2\ -1 0 2\ 0 —i
M = —siny do + cos ) sin ¢ db
N2 = cos Y do + sin ) sin ¢ df (1.1.1)
N3 = di + cos ¢ do
Since [0;,0;] = —€;j, 0, Where €, is the anti-symmetric symbol, the Maurer—

Cartan equation reads dn; = 5>, €iju 75 Ak (LLI) defines left-invariant 1-
forms on SO(3) by restricting the range of ¢ to [0, 27).

If (M*, g) is a Riemannian 4-manifold with an isometric action of G = SU(2)
or SO(3) such that the orbits are generically 3—dimensional, parametrise M with
Euler angles and a radial coordinate s € I C R and write the metric in Bianchi IX
form [45]]

g = fds® +ain; +azn; + a3, (1.1.2)
where f and a; are functions of s only. By redefining s, one can always assume that

f = ayasag3, but other normalisations will be equally useful.

At the end of this section we will restrict our attention to three rotationally sym-
metric 4-manifolds for which the generic 3—dimensional orbits are diffeomorphic
to SU(2), SO(3) and SO(3)/Z, respectively. In the latter case we quotient SO(3)

by the involution

0,0,¢0) — (0 + 7, m— @, —1). (1.1.3)

Working explicitly with a metric in Bianchi IX form, we recall few standard
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facts about Riemannian 4—manifolds. Some of the references we follow are [|6]], [[12,
Chapters 1 and 13], [54) Chapter 1, §8], [[61, Chapters 2, 3 and 7] and [71]]. Introduce

the orthonormal co-frame
90 = de, 61 =ay1mn, 02 = az 12, 93 = asns. (114)

Notice that only 7, is invariant under the involution (1.1.3). However, at least on the
open set where orbits are 3—dimensional one can always consider a double cover on
which (I.1.4)) are all well-defined.

In Cartan’s formalism, we view the Levi—Civita connection of ¢ as the SO(4)-
connection w = (wab)g’bzo on T*M — M defined by df,, + Zi’zo wWap A\ Gy, = 0.
Hence _ ) , ,

wor = =0 gy = %91 (1.1.5)
together with the analogous expressions obtained by cyclic permutations of 1, 2, 3.

The curvature operator R : /\2 — /\2 is recovered from the curvature F,,
of w by the formula Rja = (F,, )s0,, Where, using the metric, we identify 2—
forms with skew-adjoint endomorphisms of /\1. With this identification, the de-
composition of A> = AT @ A~ into self-dual and anti-self-dual forms, the +1
eigenspaces of the Hodge—x operator, corresponds to the decomposition of the non-

simple Lie algebra s0, = s05 @ so0; . If we choose the orientation on M defined by

Oy A 01 A O3 A O3, the forms
¢ = 0o A O; £ 0; N\ Oy, (1.1.6)

fori =1,2,3 and j, k chosen so that ¢;;, = 1, yield a G—invariant basis of /\i.

Under the decomposition A*> = A* @ A~ the curvature operator takes the form

W 4 Saljg Ric
Ry = e (1.1.7)
Ric W™+ 35 1d3

where W + W~ is the Weyl curvature of g, Scal the scalar curvature and Ric the
trace-less Ricci curvature. The metric ¢ is said to be anti-self-dual if W+ = 0;
Einstein if Ric = 0, in which case Scal is forced to be a constant. We are interested
in Riemannian manifolds (M, g) which are both anti-self-dual and Ricci flat, i.e.

such that the curvature of the Levi-Civita connection on A ™ vanishes.
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Now notice that SO(4) — SO(3) x SO(3) is a double cover, where the map
is defined by the action of SO(4) on A™. Suppose that M is simply connected: If
A" is flat, the holonomy group of ¢ is contained in SU(2), the subgroup of SO(4)
acting trivially on A\ *. Thus (1}, g) is a simply connected hyperkihler manifold:

Definition 1.1.1. We say that (M*", g) is a hyperkdihler manifold if there exists a
triple of parallel complex structures .J;, J,, J3 such that g is Hermitian with respect

to each of them and J,Jy = Js.

If this is the case, for each (a1, an, a3) € S* J, = ayJy + ey + azJs also
is a parallel complex structure and ¢ is Hermitian with respect to .J,. To each
complex structure J = J, we associate a Kéhler form w; by wy(-, <) = g(J -, ).
The metric g is Hermitian with respect to J if and only if J is skew-adjoint with
respect to g (and therefore w; is a 2—form as claimed). We say that w; is a Kdhler
form if dw; = 0. Given an almost complex structure and a Hermitian metric on
M?", the condition V.J = 0 is in fact equivalent to J being integrable and w; a
Kéhler form. Summarising, a hyperkéhler manifold (M, g, J;, Jo, J3) admits a 2—
sphere of parallel complex structures .J, and corresponding Kéhler forms w;, . In
the lowest possible dimension 4n = 4, since each Kihler form is self-dual, the triple
(wy,,wy,,wy,) yields a trivialisation of A™ by closed forms.

A compact hyperkidhler 4-manifold is either a flat torus or a K3 surface en-
dowed with Yau’s Ricci flat metric. We are interested in complete non-compact

hyperkéhler 4-manifolds with decaying curvature at infinity.

Definition 1.1.2. A gravitational instanton is a complete non-compact 4—dimensional

hyperkihler manifold (M*, g) with [, |R,[> < cc.

Now specialise to a metric g in Bianchi IX form. Because of the rotational
symmetry, on the open set where the orbits are 3—dimensional the equations for self-
duality and Ricci-flatness of the metric reduce to second order ODEs. The problem
of finding rotationally symmetric hyperkédhler manifolds was initially studied by
Gibbons and Pope [45] and completely solved by Atiyah and Hitchin [7, Chapter
9]. Gibbons and Pope showed how the second order equations for the coefficients
f, a1, a2, a3 can be integrated to a system of first order ODEs. This can be seen as
follows.

Suppose that M is simply connected: If g is Ricci-flat and anti-self-dual, the

SO(3)-bundle /\+ is trivial. By working on a finite cover if necessary, assume
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that the generic orbit is diffeomorphic to G = SU(2) or SO(3) so that we can
use the moving frame (I.1.4). Then, up to gauge transformations, the component
w™ of the connection form w = w,;, acting on /\+ vanishes. On the other hand,
the group of symmetries G acts on the sphere of Kihler forms w;: The action is
either trivial or the standard action of Ad(G) = SO(3) on S? by rotations. Fix
a hyperkihler structure (.J;, Jo, J3) and write the corresponding triple of Kihler
forms as (wy,,ws,,ws,) = u(d], ¢y, d3), where u: I x G — SO(3) is a gauge
transformation and ¢; is defined in (T.1.6). Since the Kihler forms are closed,
wt = u~'du. Moreover, since w has no fp—component by (I.1.3)), v is independent
of the radial coordinate s and by choosing (./;, Jo, J3) appropriately we can assume
that u = id if the action of G on A" is trivial and u = Ad otherwise. Together with
(I.1.5) and the definition of the 1-forms (I.1.4)) in terms of the Maurer—Cartan form
of GG, we obtain

2%:a§+a§—af—25a2a3 (1.1.8)
3]

and the other two equations given by cyclic permutation of 1, 2, 3. Here we used the

normalisation f = ajasaz and € = 0, 1 depending on whether v = id or u = Ad.

Proposition 1.1.3. The unique complete rotationally symmetric hyperkdhler 4—

manifolds with 3—dimensional generic orbits and which are not flat are:

1. The Eguchi—-Hanson metric, with G = SO(3), ¢ = 0 and 3—dimensional
orbits diffeomorphic to SO(3);

2. The Taub—NUT metric, with G = SU(2), € = 1 and SU(2) as the generic

orbit;

3. The Atiyah—Hitchin metric, with G = SO(3), € = 1 and 3—dimensional orbits
diffeomorphic to SO(3) [ Zs.

The classification is stated in [46, Proposition 2.7] but it follows from the work
of Gibbons—Pope [45] and Atiyah—Hitchin [[7, Chapter 9]. Gibbons and Pope found
the solutions to (1.1.8) which correspond to the first two metrics. They are well-
known examples of gravitational instantons (known previously to [45]) and both
have an additional SO(2)-isometry: a; = ay and the ODEs can be solved expli-
citly. We will discuss the geometry of these two examples in some details later in
the Chapter, when we will use them to illustrate some general constructions of hy-

perkéhler metrics. A few years later, Atiyah and Hitchin found the third solution to
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(I.1.8)) yielding a non-flat complete metric. The coefficients f, a1, as, a3 are explicit
expressions of elliptic integrals. With the normalisation f(s) = —b(s—s), the Atiyah—
Hitchin manifold (AH) is diffeomorphic to (7, +00) x SO(3)/Zy compactified at
s = m by adding a minimal 2—sphere.

If a formula for the AH metric could be found by studying the system ((1.1.8),
Atiyah and Hitchin knew that such a metric—a complete non-flat hyperkihler 4—
manifold acted upon by SO(3) with generic 3—dimensional orbits and distinct from
the EH and the Taub—NUT metric—had to exists. The AH manifold is the double
cover of the moduli space of centred charge 2 SU(2) magnetic monopoles on R?,

which we now introduce.

1.2 The Bogomolny equation

Let (X, g) be an oriented Riemannian 3-manifold and P — X a principal G-
bundle, where G is a compact Lie group. In the rest of the thesis we will almost ex-
clusively consider bundles with structure group G = U (1), SU(2),U(2) or SO(3).
Equivalently, we can work on vector bundles associated to P via some represent-
ation of (G. For example, we will consider line bundles L if G = U(1), com-
plex rank 2 Hermitian vector bundles £ if G = U(2)—with trivial determinant if

G = SU(2)—and real oriented 3—dimensional Riemannian vector bundles V' when

G = SO(3).

Definition 1.2.1. Magnetic monopoles are gauge equivalence classes of solutions

(A, ®) to the Bogomolny equation
x« Fiy = da®. (1.2.1)

Here x* is the Hodge star operator of (X, g); F'a is the curvature of a connection A
on the principal G-bundle P; ®, the Higgs field, is a section of the adjoint bundle
ad(P); finally, the equivalence is defined with respect to the action of the gauge
group Aut(P).

Remark. The Bogomolny equation arises as the dimensional reduction of the anti-
self-duality equation to 3 dimensions: (A, ®) is a solution to (I.2.1)) on (X, g) if and
only if A = A+ ® ®ds is an anti-self-dual (ASD) connection on X x R, invariant
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under translations along the s-axis. Here we endow X x R with the product metric
and the volume form ds A dvol, and Ais ASD if iy = —Fj.

A first immediate consequence of equation (I.2.1)) is

dZFA = [dAcba Cb]a
d'da® = 0,

(1.2.2)

In particular, when X is compact smooth monopoles are necessarily trivial: A is a
flat connection and ¢ a parallel section (and therefore, if it is non-zero, it defines
a reduction of the structure group). In order to find interesting solutions to (1.2.1])

one has to consider a non-compact base manifold X, in the sense that either
(1) X is complete or
(ii) we allow for singularities of the fields (A, @),

or both, as it will be the case in the next chapters. The classical case of smooth
monopoles on R3, which is the focus of this and the next few sections, and the
rich geometric properties of their moduli spaces have been investigated from many
different points of view; the standard reference is Atiyah and Hitchin’s book [7].
Monopoles with and without singularities have also been studied on 3—manifolds
X with different geometries: Hyperbolic monopoles were introduced by Atiyah [5],
Braam reduced the study of monopoles on an asymptotically hyperbolic manifold
X to that of S'—invariant ASD connections on a conformal compactification [23];
partial results were established by Floer [40,41] for asymptotically Euclidean X;
more recently, Kottke initiated the study of monopoles on asymptotically conical 3—
manifolds [63]. Monopoles with singularities were first considered by Kronheimer
[67]; the dimension of the moduli space of singular monopoles over a compact
manifold X was computed by Pauly [87]; Charbonneau and Hurtubise considered
monopoles with singularities on the product of a compact Riemann surface with a
circle [27]].

The system (1.2.2)) is the Euler-Lagrange equation of the Yang-Mills—Higgs

functional (or energy)

1
A(A, @) = §/X|FA|2+|dA<I>\2. (1.2.3)
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Using L |«Fa & da®|* = L|Fa)? + 1|da®|? £ (d4®, #F4) and the Bianchi identity,
rewrite A(A, ®) as

A(A,@):%/X]*FAiqu>|2q:/Xd<q>,FA>. (1.2.4)

Hence a monopole (or an anti-monopole) minimises the Yang—Mills—Higgs energy
amongst pairs (A, ®) with the same “boundary” term [, d (®, Fy4).

Now specialise to the case X = R3, G = SU(2). P is a trivial bundle and A, ®
are a 1 and a O—form with values in su,. We will assume that the energy A(A, ®) is

finite and impose the boundary condition lim |, 1~ |®| = 1. The quantity

1
L im [ @, Fy

is the degree of the map |®|7'®: OBr — S? C su, for large enough R. By
(1.2.3) and (1.2.4), if (A, ®) is a solution to (I.2.1) the degree needs to be a non-

positive integer —k, where k € Z~ is called the charge of (A, ®). Moreover, since

A(A, @) = 47k, either £ > 0 or ® is covariantly constant and A is a flat reducible
connection.

By continuity, if the boundary condition lim,|_,; |®| = 1 is satisfied then @
doesn’t vanish outside of a compact set. Thus the trivial rank 2 complex vector
bundle E on R? splits over this exterior region as a direct sum £ ~ H* @ H~F of
eigenspaces of ®. Since |®|'® has degree —k, H is the radial extension of the
inverse of the Hopf line bundle over S?. The reason for this confusing choice of
notation is that H — S? ~ P! has positive degree, i.e. it has holomorphic sections.
Fix k € Z- and let C;, be the space of smooth pairs (A, ®) on the trivial SU(2)-
bundle over R? with finite energy, charge k and such that lim,_, o |®| = 1.

A gauge transformation g € C*(R3; SU,) acts on a pair ¢ = (A, ®) € Cy
changing c into ¢ + (d1g)g ', where

dig = —(dag, [®,g]) € QR?; suy). (1.2.5)

Here we introduced the notation 2 = Q! @ Q°. Denote by G the space of bounded
gauge transformations such that (d;g)g~! € L? and let G, be the subspace of gauge
transformations which are asymptotic to the identity. Observe that under the asymp-

totic isomorphism E ~ H* @ H~*, gauge transformations g € G are only allowed
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to approach a non-trivial value in the U(1)-subgroup of SU(2) which fixes P, i.e.
G is an extension of Gy by U(1).

Regard the Bogomolny equation (T.2.1)) as a map ¥: C;, — Q'(R3; suy). Fol-
lowing the notation of [7], the moduli space M, (respectively, N) of framed (un-
framed) charge k& monopoles is by definition M;, = U=1(0)/Gy (N, = ¥71(0)/G).
Analytic results of Taubes [98]] guarantee that M}, is a smooth manifold of dimen-
sion 4k. Moreover, the circle parametrising the asymptotic isomorphism £ ~
H* @ H7* acts on M,, with quotient Nj,.

It remains to define the moduli space of centred monopoles and show that it
carries a hyperkihler metric (M, carries one as well, in fact). To proceed any further

we need to study the deformation theory of monopoles.

1.3 Deformation theory of monopoles

The discussion that follows applies both to R? as well as to any oriented Rieman-
nian 3—-manifold (X, g). In particular, the set-up described here will be used in the
following chapters to study monopoles on R? x S'.

To fix the notation in this more general situation, let P — X be a principal G-
bundle and denote by C the infinite dimensional space of smooth pairs ¢ = (A, ),
where A is a connection on P — X and ® € Q°(X;ad P) a Higgs field. Since
X is not compact, elements ¢ € C have to satisfy appropriate boundary conditions,
which we suppose to be included in the definition of C. C is an affine space: The
underlying vector space is the space of sections Q,g = Q'(X;ad P) & Q°(X;ad P)
satisfying appropriate decay conditions. Let G be the group of bounded smooth
sections of Aut(P) which preserve the chosen boundary conditions, i.e. such that
c+ (dig)g~' € Cforallc € C.

Consider the map ¥U: C — Q'(X;ad P) defined by (A, ®) — xF4 — da®. By
fixing a base point ¢ = (A, ®) € C we write ¥(A+a, ® + ) = V(c) + da(a, ) +
(a,v) - (a,) for all (a, ) € Qyq. The linearisation ds of ¥ at ¢ and the quadratic
term are defined by:

dy(a, ) = xdpra — dap + [P, d (1.3.1)

(a, ) - (a,¢) = *[a,a] — [a, 9] (1.3.2)

The gauge group G acts naturally on C and the map W is gauge equivariant. The
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linearisation at ¢ of the action of G on C is the operator d;: Q°(X;ad P) — Quq
defined as in (1.2.5)). Couple d, with dj to obtain an elliptic operator

D=D.=dy ®dj: Qg —> Qua. (1.3.3)

The moduli space M of monopoles in C is defined as M = ¥~1(0)/G. Suppose
that ¢ = (A, ) is a solution to the Bogomolny equation and consider the elliptic
complex

QO(X;ad P) 25 Qg -5 QY(X; ad P) (1.3.4)

(this is a complex precisely when W(A, ®) = 0). Standard theory [38, Chapter 4]
shows that M is a smooth manifold if—after choosing Sobolev completions of the
spaces of ad(P)-valued forms so that U and the action of gauge transformations
G x C — C extend to smooth maps of Banach spaces and (1.3.4)) is a Fredholm
complex—the cohomology groups of (1.3.4)) in degree 0 and 2 vanish. Then the
tangent space 7},M at the point [c] is identified with ker D., i.e. the cohomology

of (1.3.4) in degree 1.

We can interpret D = D, as a twisted Dirac operator on §2,4. Given a 1-form «

and a k—form (8 on X, the Clifford multiplication

Y(@)=aAB—a'1B (1.3.5)

together with the metric induced by ¢g and the Levi-Civita connection make the
bundle of differential forms on X into a Dirac bundle. Then we define a twisted

Dirac operator ) 4 on 2,4 by

Qe U0t 0l 1V 2 g 00 M 0lg 00 (13.6)
The operator D of (I.3.3) is D = 71D 4+|®, - |, where 7 is a sign operator with 7 = 1
on 1-forms and 7 = —1 on O—forms. From this point of view, the product (1.3.2) is
the multiplication on 2,4 obtained combining Clifford multiplication on the 1-form
part and the Lie bracket on ad(P). The formal L*~adjoint of D is D* = D —2[®, -]

and we have Weitzenbock formulas:
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Lemma 1.3.1. If (X, g) is flat
DD* =V%V 1 —ad(®)?*+V  D*D = DD*+2d,®,

where V = xFy — do® and d,®, as ad(P)-valued 1-forms, act on Q,, by the
multiplication - obtained from the Clifford multiplication and the Lie bracket.

Proof. An explicit calculation yields
DD*((I, 1/}) - (AACL - *[*FAa (l] - ad(q))Qaa AMD - ad(q)>21/}) + - (CL, ¢)>

where A4 = d’d s + dad’,. The standard Weitzenbock formula for unitary connec-
tions implies the first equation. The second identity follows from D = D*+2[®, |
and the identity [D, ad(®)|(a,v) = da® - (a,v). O

Remark. If the metric g on X is not flat, there is an additional term in both formulas

involving the Ricci curvature of g acting on 1-forms.

As a final remark in this general setting, observe that if one fixes boundary
conditions so that infinitesimal deformations are L>—integrable, the L?—product re-
stricted to ker D defines a Riemannian metric on the moduli space M. If X = R?

(or X = R? x S!) this L?>—metric is hyperkihler.

1.4 Hyperkihler quotient construction

In this section we are going to show that the L?~metric on the moduli space M, of
charge k SU(2) monopoles on X = R? is hyperkihler. At least at the formal level,
the discussion carries over to R? x S! and moduli spaces of periodic monopoles
satisfying appropriate boundary conditions.

Via the Clifford multiplication (composed with the Hodge—+ operator as
in (1.3.6) so to define a map Q,q — 2,q) the three parallel 1-forms dxy, dzy, dxs
yield three endomorphisms of T'My. Indeed, D o v(dx;,) = ~(dxy) o D. Since
dxy, dxy, dxs is an orthonormal basis of 1-forms, the three endomorphisms ~(dzy,)
are orthogonal almost complex structures with y(dz;)y(dxs) = 7(dzs). Formally
speaking, the fact that this triple defines a hyperkihler structure on the moduli space

M, follows from an infinite dimensional hyperkihler quotient construction.
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Recall (cf. for example [81, Chapter 8]) that given a symplectic manifold (M, w)
with a Hamiltonian action of a Lie group G, which we assume compact and con-
nected, there exists an equivariant function p: M — g*, the moment map, such
that du(X) = w(vx, -) for all X € g. Here g* is the dual of the Lie algebra of
G, acted upon by G via the coadjoint representation, and for all X € g, vy is the
associated vector field on M. The relevance of moment maps is that they allow to
define the notion of a quotient in the symplectic category: Given an element ( € g*
fixed by the coadjojnt action, the quotient 1 ~1({)/G is again a “symplectic space”,
the symplectic quotient (or symplectic reduction) of M at (. If ( is a regular point
for ;1 and G acts freely on i ~(¢) then u=1(¢)/G is a symplectic manifold. When
the quotient is not a smooth manifold, it is still possible to define the structure of a
symplectic stratified space, ¢f. Lerman—Sjamaar [96]]. A special case of this con-
struction is when (M, w, J) is a Kéhler manifold and G acts preserving the Kéhler
structure. Then, away from the singular set, the symplectic quotient = *(£) /G car-
ries a Kdhler structure induced by that of M.

Now let (M, g, J1, Jo, J3) be a hyperkdhler manifold with associated triple of
Kihler forms (wy,ws,ws). Suppose that a connected compact Lie group G acts
on M by tri-holomorphic Hamiltonian isometries. Then the three moment maps
{1, fia, pi3 fit together to form a hyperkihler moment map p: M — g* ® R3. For
each complex structure I = .J, for some o« € S? C R? it is convenient to split
into a real and complex moment map pr = py and puc = py + ik, where J is an
anticommuting complex structure and KX = I.J. Hitchin et al. [58]] show that for
any element ¢ = ((g, (c) € g* ® R? fixed by the coadjoint action of G the smooth
part of the quotient M, = p~'({)/M carries an induced hyperkéhler structure.

1.4.1 Finite dimensional quotients: the Eguchi—Hanson metric

To illustrate the hyperkdhler quotient construction, we consider the Eguchi-Hanson
(EH) metric, one of the three rotationally symmetric hyperkidhler 4—manifolds of
Proposition|[I.1.3]and the simplest example of a gravitational instanton of type ALE.

Let V = C? be endowed with the standard flat Euclidean Kihler structure and
consider M =V & V* = T*V. M is a hyperkihler vector space with a Kihler
form wg induced by that of V' and other two given by the real and imaginary part,

respectively, of the canonical holomorphic symplectic form we = dv A da on the
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cotangent bundle, (v, o) € M. Let St act on M by ¢¥id @ e~*id. A hyperkihler
moment map is g (v, @) = |[v|? — |a|? and pc(v, @) = a(v).

In order to identify the hyperkéhler quotient M1 o) = p*(1,0)/S', extend
the action of S' to an action of the complexification C*. Observe that M) =
(1" (0) N {v # 0}) /C* because for all (v, ) with v # 0 there exists a unique
t > 0 such that ug(tv,t'a) = 1. Then, dualising the standard identification of the

tangent space of P! at a line ¢ C V' with Hom (¢, V/{), we have M, o) = T*P".

Remark 1.4.1 (The Kempf-Ness theorem). The identification of M o) with the
quotient (pz'(0) N {v # 0}) /C* by the complexified group C* is not a coincid-
ence, but an application of the Kempf—Ness Theorem [62]. Let IV be a Hermitian
vector space with a unitary action of a compact connected Lie group G induced by
a linear action of the complexification G®. Let X be a GC—invariant affine variety
X C W. The choice of a character y: G¢ — C* yields on one side an element
iCg = dx|, € ig*, where g© = g @ ig, on the other a GIT notion of stability. Let
(g be a moment map for the action of G on X. Then one can consider the Kihler
quotient jiz'(Cr)/G and at the same time the GIT quotient X?*/GC, where X**
denotes the set of y—polistable objects in X. The Kempf—Ness theorem states that
the two quotients are homeomorphic. Moreover, if the Kéhler quotient is a smooth
manifold, then the Kihler structure induced on g ((g)/G is compatible with the
holomorphic structure on the GIT quotient: The complex structures coincide and
the Kéhler form represents the first Chern class of the polarisation induced from
the construction of the GIT quotient. We refer to [81, Chapter 8] and [101] for the

details. In the concrete simple example we considered, X = p¢ 1(0) and y = id.

Returning to EH, since S' is abelian we can take the quotient at a different
level set of the moment map. For example, 1! ((g, 0)/S! for (g # 0 is T*P! with
(r determining the size of the zero-section. By solving the ODEs (I.1.8) we can
express the EH metric explicitly in Bianchi IX form (1.1.2)

ds* s, . g 8 a4
_ il Th- <_> 2 1.4.1
9 1_(9)4+4(771+772)+4{ S }773 ( )
where a? = 4|(r|. The generic 3-dimensional orbit has to be SO(3) for the metric
to be smooth at s = a and therefore g is asymptotic to C?/Z, at infinity.

We can also move the value (¢ of the complex moment map. If (¢ # 0O the
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quotient is biholomorphic to a smooth quadric in C3. When (¢ = 0 we have a map
from M ¢, o) to C? /7y which is an isomorphism away from the origin, replaced in
M¢, 0y with a sphere of self-intersection —2 (the zero-section of 7*P'). Thus M,
¢ # 0, is aresolution of singularities of C?/Z,. The chosen level set ¢ = (g, (c) of
the moment map determines the values of wg and wc on the class of the exceptional
divisor.

The EH metric is the easiest non-flat example of an ALE (asymptotically loc-
ally Euclidean) space. In Definition[I.1.2)we introduced the notion of a gravitational
instanton. One can distinguish different classes of gravitational instantons prescrib-
ing the asymptotics of the metric at infinity. Recall that by the Cheeger—Gromoll
splitting theorem [28]], non-flat gravitational instantons have a unique end.

One of the first quantities to consider when prescribing the asymptotic beha-
viour of the metric is the volume growth of geodesic balls. By the Bishop—Gromov
volume comparison (cf. for example [75]), the volume Vol(B,) of a geodesic ball
of radius 7 in a complete Riemannian manifold (M, g) with Ric > 0 is bounded by
the volume of an Euclidean ball of same radius and dimension. The gravitational

instantons of type ALE are those with maximal volume growth.

Definition 1.4.2. Let (M, g, Jy, Jo, J3) a gravitational instanton. We say that M is
of type ALE if there exists a compact set K C M and a finite cover ¢): R*\ B —
M \ K for some R > 0 such that |[V*(gg, — ¥*g)| = O(r=*7*%), k > 0. Here the

norm, V and r are all taken with respect to the flat metric gg, on R*.

The fact that a gravitational instanton with volume growth 7 satisfies this asymp-
totic behaviour follows by a theorem of Bando—Kasue—Nakajima [11]]. ALE gravit-
ational instantons have all been constructed as finite-dimensional hyperkéhler quo-

tients and completely classified by Kronheimer.

Theorem 1.4.3 (Kronheimer [64,(65]]). Let I' be a finite group of SU(2) and let
X = Xt be a minimal resolution of C? /T. Denote by U the subset of H*(X; R)QR3
of those triples (v, g, az) such that ap(X)? + ax(X)? + az(X)? # 0 forall 3 €
Ho(X;Z) with 3* = —2. Then:

(i) For all o € U there exists an ALE hyperkdhler structure on X such that the
triple of Kihler classes (|w1], [wa], [ws]) € H*(X;R) ® R? coincides with .

(ii) Every ALE space is diffeomorphic to Xt for some I' < SU(2) and the triple

of Kdhler classes lies in U.
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(iii) Given a diffeomorphism f of X and o € U, there exists a tri-holomorphic
isometry between the ALE hyperkdhler structures induced by o and f*«.

1.4.2 Infinite dimensional quotients: the Atiyah—Hitchin manifold

Return to the moduli spaces M}, N}, of framed and unframed charge £ SU(2) mono-
poles on R3. We are going to interpret the Bogomolny equation as a moment map.
Consider the following situation: A compact Lie group G acts on the quaternionic
vector space M = g ® H by the adjoint representation. Here g is endowed with
the scalar product defining a bi-invariant metric on G. Write elements of M as
A = Ay + Ayi + Asj + Ask. Then, identifying g with its dual using the metric, a
moment map is given by p;(A) = [Ag, A1] + [As, As] and o, p3 defined by cyclic
permutation of 1,2, 3. Formally, setting Ay = —® and replacing A; with the covari-
ant derivative V?i of a connection A in the direction ¢; € R3, we regard the Bogo-
molny equation (T.2.1)) as the vanishing of the moment map ¥: C — Q'(R3; su,)
for the action of Gy on C and Mj, as the corresponding hyperkihler quotient.

In order to prove that this formal picture yields an hyperkihler sructure on M,

one considers the constant-coefficient Kihler forms

an(€6:6) = [ (a(dun)e.)

on U~1(0) corresponding to the almost complex structures y(dxy), h = 1,2, 3. It
is enough to show that these forms descend to the quotient M. With the analytical
set-up of [98], this follows from the fact that ker d is a slice for the action of G, on

C and that, assuming the integration by parts poses no problem,

wi (€, dyu) = /

]R3

(H(don)€, dyu) = / (o (dn) €, 4) = 0

RS

whenever ¢ is a tangent vector to U1(0), i.e. doé = 0. This follows from the
identities dyu = D*(0,u), (0,u) € Quq, and D o y(dxp) = y(dzp) o D.

Now the vector field (d4®,0)—which lies in ker D by (I.2.2)—generates an
St-action on M, and M, — N, is a principal circle bundle. Translations on the
base induce an action of R? on M, generated by the vector fields vi (Fa,ds®) =
—7(v") (d4®, 0) for all v € R®. Let X be any vector field induced by a translation;

for all but two conjugate complex structures ./, the vector field JX too is induced
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by a translation. Then both X and JX preserve the hyperkihler structure of My;
since J is parallel, V X is both Hermitian and skew-Hermitian with respect to J and
is forced to vanish. On the other hand, Atiyah and Hitchin [7, Chapter 2] show that
71 (Ny) =~ Zy. Tt follows that a k—fold covering ]TJ}C of Mj, is an isometric product
S' x R3 x M?, where R3 x MY is the universal cover of Nj. Since the tangent
space to the flat factor is the quaternionic sub-bundle spanned by (d4®,0), M D is
a simply connected hyperkihler manifold of dimension 4k — 4, the k—fold cover of
the moduli space M} of centred monopoles. Finally, the action of rotations on R3
induces an isometric action of SO(3) on M, 2 such that the action on the sphere of
complex structures is the standard action of SO(3) on S? by rotations.

The Atiyah—Hitchin (AH) manifold is MQO, the simply connected double cover
of the moduli space of centred charge 2 SU(2) monopoles on R3. It carries a rota-
tionally symmetric complete hyperkihler metric. The completeness of the metric is
deduced from the analytic results of Taubes [98]] and Uhlenbeck Compactness [105]]

(cf. also [108, Theorem A’] for the statement in the non-compact case).

1.5 Asymptotic geometry of the Atiyah—Hitchin metric

In the previous sections we have reviewed the construction of the AH manifold as
the simply connected double cover of the moduli space of centred charge 2 mono-
poles on R3. In Section we alluded to the geometry of AH in terms of the
SO(3)-orbits structure: There is a unique 2—dimensional orbit, a minimal sphere,
onto which AH retracts; by studying the behaviour of the solution to the system of
ODE:s (1.1.8)), Atiyah and Hitchin show that for the metric to remain smooth as the
3—dimensional orbits collapse to the 2—sphere, the former have to be diffeomorphic
to SO(3)/Zs.

In this section we describe the asymptotic geometry of the AH metric. It is ne-
cessary to introduce the Gibbons—Hawking ansatz [43]], a set of adapted coordinates

to express a hyperkéhler metric with a tri-holomorphic Killing vector field.

Gibbons-Hawking ansatz. Let U C R? be an open set endowed with the Euc-
lidean metric and coordinates (y1,¥2,y3). Let m: M — U be a principal U(1)-
bundle, with fibre-wise S'-action generated by the vector field X. We normalise

X so that its period is 27. Let 6 be a connection 1-form on M, i.e. an ¢{R—valued



Chapter 1. Moduli spaces of monopoles and gravitational instantons 33

S'-invariant 1-form on X such that  (X) = 4. Then the curvature df = 7*«
for a 2—form « on U such that ﬁa represents the first Chern class of the bundle
m: M — U. Suppose that there exists a positive harmonic function ~ on U such
that xdh = —ia. Set 8y = —i6 and define 2—forms on M:

wy = dy1 N Oy + hdys A dys
Wy = dyg/\90+hdy3/\dy1
W3 = dyg/\90+hdy1 /\dhg

It is easy to check that w? = w3 = w3 # 0, w; Aw; = 0if i # j and dw; = 0.
The triple then defines a hyperkihler structure on M. Indeed, the real and complex

2—forms w; and Q1 = wy + iws = (dys + idys) A (6p — ih dy;) satisfy
(1) w; 1s non-degenerate;
(i1) € is locally decomposable and non-vanishing;
(iil) wy; A€y =0;
(iv) 10 A D = wi;
(V) dw; =0 = d.

Then, as in [59] §2], €2, defines a complex structure .J; such that a 1-form a is of
type (1,0) if and only if a A 21 = 0 (the complex structure is integrable because
)y is closed) and w; is a Kidhler form with respect to .J;. Notice that (i1, y2,y3) is
a hyperkihler moment map for the S'-action. Since .J;(9,,) = 9,, and hJ;(9,,) =
X, the hyperkihler metric defined by g(u,v) = wi(u, Jiv) is

g="h (dy; +dys + dy3) +h™'6;. (1.5.1)

Taub-NUT metric and gravitational instantons of type ALF. As a simple ex-
plicit illustration of the Gibbons—Hawking construction we discuss the Taub—-NUT
metric, which has already appeared together with EH and AH in Proposition [[.1.3]

Consider the Hopf bundle 77: R*\ {0} — R?\ {0}, where the S'-action on
R* ~ C%is e - (21, 29) = (€?21,e ®2). Thus U = R3\ {0}, the moment map
7: C? - R3is

(21,22) — (|21|2 — |ZQ‘2,22122) ceRpC (152)
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and 6y = 373, where 7 is the left-invariant form on S* = SU(2) defined in (T.I1).
A positive harmonic function on R? \ {0} with xdh = df, has to be of the form
h =2m + 2%), where p is the radius function on R? and m € Rs,. By a change of
coordinates one checks that the metric g, obtained as in (I.5.1]) extends smoothly
to R If m = 0 g,, is the Euclidean metric, while m > 0 yields the Taub-NUT
metric of Proposition [I.1.3]

The parameter m can be changed by rescaling: If ®,(z1, z2) = (Az1, Azy) for
some A > 0, then ®3g,, = A\?¢r2,n. As m — 0 g, converges to the flat metric on
C? (in other words, the tangent cone to Taub—NUT at the origin is the flat Euclidean
space). However, at infinity the asymptotic geometry of Taub—NUT differs radically
from the Euclidean geometry. Notice that, because of the rotational symmetry, the
3-spheres {|z|> = p = const}, where |2| is the Euclidean distance from the origin
in C2, are geodesic spheres with respect to the Taub-NUT metric. Moreover, the
radius of the sphere {p = const} with respect to g,, is 2p fol \/2m + %ﬂtdt ~
V2mp as p — oo. Thus the volume of large geodesic balls B, in Taub-NUT is
proportional to 3. Asymptotically (R*, g,,) is a circle fibration over flat 3—space

with fibres of finite length approaching \/QTLm

The asymptotic geometry of the Taub—-NUT metric leads us to define another
class of gravitational instantons, the ALF (asymptotically locally flat) spaces: A
gravitational instanton (M*, g) is said to be of ALF type if there exists a compact set
K C M such that M \ K is the total space of a circle fibration over the complement
of a ball in R? or R?/{=id} and the metric can be written as

g=m"grs + 65+ O0(p™")

for some 7 > 0. Here 6, is a connection 1-form on the S'-bundle M \ K. The
necessity to allow for a circle bundle over R? /Zo will be clear in a moment, when
we will discuss the asymptotics of the AH metric. In particular, an ALF metric has

cubic volume growth.

Beyond the flat S' x R? and the Taub—NUT metric, an infinite family of ALF
metrics, known as multi-Taub—-NUT metrics, can be obtained from the Gibbons—
Hawking ansatz with the harmonic function h = 2m + Z?Zl m for
k distinct points z1, ...,z in R® and m > 0. If m = 0 we still obtain complete

hyperkihler metrics: They are of type ALE; the case k = 1 is C? with its flat metric,
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k = 2 is EH and the others are known as multi-Eguchi—Hanson metrics.

We say that an ALF metric is of cyclic type if the asymptotic geometry is that
of a circle fibration over R?; of dihedral type if the base of the fibration is R?/Z,.
The multi-Taub—NUT metrics are of cyclic type. Different constructions of metrics
of dihedral type are available in the literature; conjecturally they all agree. Cherkis
and Kapustin [32]] suggested that the L?—metric on moduli spaces of centred charge
2 U(2) monopoles with singularities on R? is an ALF metric of dihedral type. We
will come back to this point at the end of this chapter, but in a moment we will see
that AH belongs to this class (it is referred to as an ALF metric of dihedral type D»).
The metrics arising in [32] have been studied via twistor methods by Cherkis and
Hitchin [31]. More recently, ALF metrics of dihedral type have been constructed by
Auvray [8,9] via PDE methods. Conjecturally, the list of known examples covers

all possibilities for ALF gravitational instantons.

The Taub—NUT metric can also be constructed as the hyperkéhler quotient of
C2xC*xC with respect to the S'—action €%+ (21, 2, w1, wy) = (€¥21, 6™ 2, w1, wy),
cf. [47]. Here C? x C* x C is endowed with the complete flat hyperkhler structure:

d d
wWw=w = (le/\dzl—i‘dZQ/\dZQ—i‘ﬂ/\ﬂ—FdU}Q/\dwg)
2 w1 W1

dw
chug+z'w3:dzl/\d22+—1/\dw2
wq

From this description one can see that Taub—NUT and Euclidean R* are isomorphic
as holomorphic symplectic manifolds in every complex structure, a fact that was
first observed by LeBrun [69]]. By a hyperkéhler rotation, which corresponds to
an actual rotation of the R?® base in Gibbons—Hawking coordinates, it is enough to
exhibit the isomorphism with respect to the complex structure .J; induced by w and

2 above. As usual, we write the moment map p = (ug, fic) where

#R(Zl, 22,w1>w2) = |Z’1|2 - |22|2 + log |"LU1| #C(Zl, 22,w1,w2) = 22129 + 2ws.

By the Kempf-Ness theorem of Remark [1.4.1] - p1(0)/St = pgs'(0)/C* (this can
be checked directly in this concrete case). Consider the map v: u(El(O) — C?,
(21, 29, w1, —2129) = (wflzl, wlzg). Since *(d¢; A d(s) = Q|%1(0), 1) induces
the required isomorphism of holomorphic symplectic manifolds between the quo-
tient yz=' (0)/C* and C2.
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Aymptotics of the Atiyah—Hitchin metric. The explicit formula for the AH met-
ric found by solving the system of ODEs involves elliptic integrals. In
[7] an asymptotic formula for the coefficients of the metric in Bianchi IX form
is given: Up to exponentially decaying terms, ai, as, a3 behave for large
s as ai(s) = as(s) = s\/@ and az(s)”' = —24/1 — 2. The 3-dimensional
SO(3)—orbits in AH are diffeomorphic to SO(3)/Z,, where the Z,—action is given
by (I.1.3). Then on the double cover R-y x SO(3), the left-invariant form 73 is a
connection form on the circle bundle SO(3) — S?. With the substitution s = 2p,
the asymptotic expression for the AH metric can be written in Gibbons—Hawking
coordinates

1 1 1\ !
10an = (1 - ;) (dp* + p*gs2) + (1 — —) 02 (1.5.3)

where 6, = 73 and we have to quotient by (1.1.3). Hence AH is an ALF metric
of dihedral type as claimed: Up to a double cover, the metric looks like a Taub—
NUT metric with negative mass —2. Here we call mass the coefficient of 2ip in the
expansion of the harmonic function h; with our normalisations, it coincides with
the opposite of the first Chern class of the circle bundle at infinity. Notice that the
tri-holomorphic S'-action does not descend to the quotient by the involution (T.1.3)
of SO(3): AH does not admit any tri-holomorphic vector field.

1.6 Gravitational instantons from rational elliptic surfaces

Starting with rotationally symmetric complete hyperkihler 4-manifolds we intro-
duced some examples of gravitational instantons and distinguished them depending
on their asymptotics: Of the three metrics of Proposition[I.I.3|EH is a gravitational
instanton of type ALE, Taub—-NUT and AH are ALF metrics.

In analogy with the Kummer construction of the Ricci-flat metric on a K3 sur-
face (cf. [39]]), Hitchin [56] suggested to construct complete hyperkidhler metrics
of volume growth k by resolving the orbifold (R* x T*~*) /Z,, k = 1,2,3. For
example, the resolution of singularities of (R* x S') /Z, carries an ALF metric of
dihedral type constructed by Hitchin [56]] via twistor methods and by Biquard and
Minerbe [[19]] via PDE techniques. In fact, a folklore conjecture states that “most”

complete hyperkidhler 4-manifolds, probably under the finite energy assumption



Chapter 1. Moduli spaces of monopoles and gravitational instantons 37

[ |R4|? < oo, are locally asymptotic to R* x T**. A gravitational instanton is
then said to be of type ALE, ALF, ALG or ALH depending on whether k£ = 4, 3, 2
or 1.

The most extensive list of gravitational instantons with slower than cubic volume
growth has been obtained by Hein 53] and the aim of this section is to review some
aspects of his construction. We will focus on the gravitational instantons of [53]]

with quadratic volume growth. As we will see, they fall into two groups:

(1) Seven families of genuine ALG metrics: Asymptotically they converge to a
flat 2—torus bundle over a flat 2—dimensional cone. The cone however does

not have to be a quotient of R?.

(11) A list of four more degenerate asymptotic geometries; these are still 2—torus
fibrations such that the asymptotic metric restricts to a flat metric on the fibre,

but the modulus of the torus goes to infinity in the upper half plane.

In our previous discussion, symmetries have played a major role, to the point
that explicit formulas of some ALE and ALF metrics have been written down. Ex-
ploiting symmetries in the case of gravitational instantons of slower than cubic
volume growth seems more problematic: Let (M*?, g) be a complete hyperkihler
manifold with a nowhere vanishing Killing vector field X. Then X acts on the
sphere of compatible complex structures and either this action is trivial (and X is a
tri-holomorphic vector field) or X preserves exactly two conjugate complex struc-
tures and acts as a rotation in the plane orthogonal to these. In the former case, if M
is simply connected a theorem of Bielawski [[14, Corollary 2] shows that (M, g) is
either flat or isometric to one of the ALE multi-Eguchi—-Hanson or ALF multi-Taub—
NUT metrics. In the latter case, locally the metric can be expressed in terms of a
single potential v on 2 x I C R? x R which satisfies Agou — 9% (e*) = 0 [70, Pro-
position 1]. Some of the metrics constructed by Hein admit a Killing vector field of
the second type, but the only known global solutions to the PDE for the potential
give rise to the flat metric, EH, Taub—NUT and AH (cf. [51, Remark 7.5(1)]). As a

consequence, the construction of [53]] has to rely on more sophisticated techniques.

Complete Ricci flat Kihler metrics on the complement of an anti-canonical

divisor. Our starting point is yet another point of view on the AH manifold.
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Theorem 1.6.1 (Donaldson [36]]). Given an identification R® ~ R x C there exists a
diffeomorphism between the moduli space M, of framed charge k monopoles on R?

and Ry, the space of rational maps f: P* — P! of degree k such that f(cc) = 0.

The philosophy behind the theorem is a general strategy to study moduli spaces
of solutions to the anti-self-duality equations. Results of this type, which can be
thought of as a Kempf—Ness theorem in infinite dimensions, are often referred to
as the Hitchin—Kobayashi correspondence. As Donaldson writes in the introduction
to [36], the strategy to prove a result such as Theorem [[.6.1] is analogous to the
proof of the Kempf—Ness theorem:

(1) Decompose the ASD equations (recall that we can think of them as a moment
map) into a real and a complex one; the complex equation is invariant un-
der the larger group of complex gauge transformations. For the Bogomolny
equation, once a direction in R? is chosen so that we identify R® ~ C, x R,
one can write

F(C - th

(1.6.1)
VOV, —i®] =0

where V is the covariant derivative induced by A, V%! its (0, 1)—part with
respect to the complex coordinate z and F is the curvature of the connection

restricted to the plane C x {t¢}.

(i) One then shows (by variational methods or a parabolic flow) that for each
solution to the complex equation there exists an element in its complex orbit,
unique up to real gauge transformations, such that the real equation is also
satisfied. At this stage it is necessary to introduce a notion of stability and
relate the existence of a solution to the full ASD equations to the stability of

the complex orbit.

(iii) Use algebro-geometric methods to study the moduli space of solutions to the

complex equation.

By Theorem [I.6.1] to each monopole of charge 2 we associate a rational map
f(2) of degree 2. A normal form for f is given by f(z) = bo‘jf;;% where numer-

ator and denominator are coprime polynomials, i.e. the resultant

ag — aparby + atby # 0.
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Then M is diffeomorphic to the complement of zq (vgz? — z17973 + 2324) = 0
in P4, By taking the divisor at infinity 7o = 0 with multiplicity 2, M, is identi-
fied with the complement of an anti-canonical divisor in P*. Moreover, under the
diffeomorphism of Theorem the action of S' x R? ~ C* x C on My ~ R,
is (A, 20) - f(2) = Af(z — 20) [7, Chapter 2]. Thus the moduli space of centred
monopoles MY is also the complement of an anti-canonical divisor, namely the
complement of 2%v* + y*uv = 0in P, x P,..
[z : y], the AH manifold M2 can be described as the affine variety in C? of equation

Finally, by scaling in the line

22 +yPu=1.

Let X be a compact Kéhler manifold and D C X a divisor such that there
exists a holomorphic volume form {2 with poles of order § € N along D. If D €
| — Kx| then by definition such an (2 exists with 5 = 1. Assuming the existence
of an appropriate initial complete background metric wy on M = X \ D, Tian and
Yau’s method [102,|103]] can be applied to construct a Ricci-flat Kidhler metric on
M by solving the complex Monge—-Ampere equation w™ = aQ A Q, o > 0, on
the complement of D. For the method to apply it is necessary to assume that wy
is already an approximate solution at infinity, with a certain rate. Notice that the
choice of the background wy is not obvious nor unique: We saw that C* = P? \ P!
supports two different complete hyperkihler metrics with the same holomorphic
volume form. Only under special assumptions on (X, D) Tian and Yau are able to
make an ansatz to construct wy. For example, in [103]] one assumes that 5 > 1 and D
is smooth and admits a positive Kdhler—Einstein metric; then w is an asymptotically

conical Ricci-flat Kidhler metric.

Conversely, Yau [[110] asks which complete Ricci-flat Kdhler manifolds admit
projective compactifications. All currently known examples with finite topology are
biholomorphic to quasi-projective varieties. Note, however, that Anderson, Kron-

heimer and LeBrun [4]] constructed complete hyperkihler 4-manifolds with infinite

oo 1

topology: Given a sequence of points p; = (z;,0,0) € R? such that > i m] < 00
J

the Gibbons-Hawking ansatz with the harmonic function h = >"°° -1 yields
J=1 2|z—p;|

a complete hyperkihler 4-manifold (M, g) with an isometric tri-holomorphic S'-
action. M has infinitely generated second homology: Each segment in R? joining
p; t0 pjy1, which are fixed points of the S'—action, lifts in M to a sphere (a holo-

morphic sphere in complex structure .J;).

In [[53] Hein constructs gravitational instantons applying Tian—Yau’s method to
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rational elliptic surfaces.

Rational elliptic surfaces. We follow Miranda’s lecture notes [80] and Hein’s
Thesis [51]]. A complex surface X is said to be elliptic if it admitsamap 7: X — C'
onto a smooth complex curve such that the generic fibre is a smooth curve of genus
1. If X has a holomorphic section o the generic fibre becomes a smooth elliptic
curve. We say that X is a minimal elliptic surface if there are no (—1)—curves
contained in the fibres. A rational elliptic surface is a complex surface which is
birationally equivalent to P? and which admits a minimal elliptic fibration with
a section. All rational elliptic surfaces can be constructed in the following way.
Let C'; be a smooth plane cubic and 5 a second distinct cubic. Then the pencil
{MCL + XaCo| [M 2 Xo] € P} has € - Oy = 9 base points (counted with multi-
plicities). After blowing them up we obtain a rational elliptic surface 7: X — P!
X 1s a minimal elliptic surface because we blew-up just enough to resolve all the
tangencies of the pencil. X has at least a section: The (—1)—curve obtained in the
last blow-up. Finally, the class of a fibre is anti-canonical.

If X is a rational elliptic surface not all fibres can be smooth elliptic curves
because x (P2#9@2> = 12. The possible singular fibres of rational elliptic surfaces
have been classified by Kodaira. They are distinguished by the monodromy: Work
locally with a minimal elliptic surface 7: X — A over a disc with a section o

and assume that all fibres except possibly the one over the origin are smooth elliptic

curves. Using o, one can describe the restriction X

m: (A" x C)/A — A*, for a family of lattices A C C defined by (possibly multi-

A+ of X to the punctured disc as

valued) holomorphic functions 71, 75 on A*. The monodromy is the representation
of the fundamental group of A* on the mapping class group of the smooth fibre.
We can think of it as the conjugacy class of the matrix A € SL(2,Z) generating
the action of 71 (A*) on the oriented pair (71, 72). We won’t reproduce Kodaira’s
list, for which we refer to [80, Table 1.4.1 and 1.4.2], but limit ourselves to discuss
two series of examples which cover all possible asymptotics of Hein’s metrics with

quadratic volume growth.

Example (Isotrivial rational elliptic surfaces). Let £/ be a smooth elliptic curve
admitting a Z,—subgroup of automorphisms for r = 2,3,4 or 6. Thus E is any
elliptic curve if r = 2; a Weierstrass equation for E is y*> = 23 + z if r = 4, with

Z,—action generated by (z,y) — (—x,4y); if r = 3or6, E: y?> = 2° + 1 and the
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Zs3 or Zg—action is generated by (z,y) +— (e2™/3x,y) or (x,y) — (e*™/z, —y),
respectively. Now consider the orbifold (P! x E)/Z,, where the cyclic group Z,
acts diagonally on P! and E. Resolve the singularities and blow down all (—1)-
curves in the fibres to obtain a rational elliptic surface with only two singular fibres
over 0 and oo and such that all smooth fibres are isomorphic: We say that X is
an isotrivial fibration. Corresponding to r = 2, 3,4, 6 this construction yields four
pairs of singular fibres—(1§, I3}), (11, 11*), (I11,111*) and (IV,IV*) in Kodaira’s
notation. Unless » = 2, the two fibres in each pair are different because the Z,—

action on P! has different weights at 0 and oo. By removing the fibre of non-x-type

in each pair, one obtains a crepant resolution of T*E /7Z,..

Example (Singular fibres of type /;). In terms of pencils of cubics a singular fibre
of type I; can be realised by taking a smooth cubic C and Cy = 2L + M, for
two distinct lines L, M in P? such that C| intersects L transversally in three distinct
points p1, pa, p3 and M in a further three points ¢, g2, g3 (possibly infinitely close).
Then the fibre of X corresponding to C5 is a union of five rational curves inter-
secting with dual graph D,: One central sphere meeting the others at four distinct
points. By making the intersection points p;’s and g;’s coalesce onto each other
and onto the intersection point of L and M we obtain fibres of Kodaira type I,
0 < b < 4: They are unions of rational curves intersecting with dual graph the
extended Dynkin diagram 134+b. For example, if p, and p3 coincide—so that now
(s intersects L transversally at p;, but tangentially at p,—we obtain a fibre of type
I3 corresponding to the Dynkin diagram 155:

11

. °

1 2 2 1

The integer attached to each vertex is the multiplicity of the corresponding rational

curve in the fibre (thought of as a divisor).

Semi-flat metrics in a neighbourhood of a singular fibre. Let7: X — P! be
a rational elliptic surface and D = 7~ !(0c0). We want to explain how the Kodaira
type of D determines the asymptotics of the Ricci-flat metric constructed by Hein
on X \ D. The models for the metric at infinity are provided by certain semi-
flat metrics, i.e. such that they restrict to a flat metric on each fibre. We recall
the formulas of Hein [53, §3] (¢f. also Gross—Wilson [50, §2]) for these semi-



42 1.6 Gravitational instantons from rational elliptic surfaces

flat metrics and then discuss what they look like in the two lists of examples we
considered.

Let 7: X — P! be a rational elliptic surface and restrict the fibration to a
neighbourhood A of oo. Fix an affine coordinate z on A\ centred at oo € P!. Then
m: X — A is a minimal elliptic fibration with a section such that all fibres except
possibly D = 7~!(0) are smooth. Kodaira constructs a normal form for such an
elliptic surface for each type of exceptional fibre D. We assume that 7: X — A'is
ax with (A* x Cy)/(TZ + 127Z) as before.

Without loss of generality we assume that Im(7772) > 0. Recall that we have a

in such a normal form and identify X

holomorphic symplectic form €2 on X with simple poles along D. In the coordinates
z,w we write Q = f(z)dz A dw for a holomorphic function f on A*. Given e > 0

construct a semi-flat metric w = w;y . using the following ingredients:

1. Foreach z € A* define a flat Kihler metric w, . on 7! (2) by choosing a dual
basis £1(2),&2(2) to 1(z), 72(2) and setting w, . = € & (2) A &2(2z). Changing
basis to dw, dw yields w. . = tWdw A dw, with W = —=

Im(ﬁ‘l‘z) :

2. Define ga-. as the unique Riemannian metric on A* such that the pairing
TYWA* x (A* x C) — C induced by € is isometric with respect to the

Hermitian metrics induced by w, . and ga« .. Thus ga-. = W f(2)|? |dz]?.

3. The family of lattices 717 + 757 defines a flat connection on the trivial bundle
A* x C by declaring 7, and 7, flat sections. The associated connection 1-form
is

1 _ _
I'dz = m(lm(TﬂU)dTg — Im(Tgw)dTl).

The semi-flat metric is then
W= Wy = %W‘1|f(z)|2 dz A dz + %W(dw —Tdz) A (dw —Tdz)  (1.6.2)

It is a hyperkéhler metric such that w? = %Q A €2 and the volume of 771(2) is €.

Example (Isotrivial fibrations). In the isotrivial case of Example if we re-
move the fibre of non-x-type, the semi-flat metric coincides with the flat metric on
T*E/Z,. In fact, in this case Hein’s Ricci flat metric on X \ D can also be obtained
from the Kummer type construction of Biquard—Minerbe [19], gluing rescaled ALE

spaces to resolve the singularities of the flat orbifold. When we remove the fibre of
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x—type in each pair, the Ricci flat metric is asymptotic to the twisted product of F
endowed with the flat metric of volume ¢ and of a flat 2—dimensional cone which is

not a quotient of C, c¢f. [[53, Theorem 1.5 (ii)] .

Example (Fibre of type [;;). If the fibre removed is of type [/, 0 < b < 4, it is
convenient to work on a double cover 7: X — A such that X |« is isomorphic to
(A*xC)/(nZ+7mZ) with Ty = 1,75 = 22 log z. Up to first order, the holomorphic
volume form is 2 = % A dw. Kodaira’s normal form is obtained by taking the
quotient by the involution (z,w) +— (—z, —w) and resolving the singularities.

As for the asymptotic formula (1.5.3)) for the AH metric, when pulled back to the
double cover, the semi-flat metric (I.6.2)) admits a tri-holomorphic S'—action and,
following [S0], we can rewrite it in Gibbons—Hawking coordinates. First notice that
the imaginary part of W (dw — I" dz) is closed and therefore there exists a function
t: A* x C — R, unique up to the addition of a constant, such that —W ~1dt =
Im(dw — T'dz). Then 7: (A* x C)/niZ — A* x R, is a principal S'-bundle.

2melm(w)
2blog |z| *

a principal S'-bundle (A* x C)/(1Z + 1Z) — A* x R/eZ. Its Euler class

evaluated on |z| = const is +-2b, depending on the orientation. Now set h = W1,

Explicitly, assuming |z| < 1,¢ = Taking the quotient by 727 we obtain

dw —T'dz = 0y — ih dt and use polar coordinates ¢’ = 1. The semi-flat metric
(1.6.2)) is now written in Gibbons—Hawking coordinates (1.5.1)

2blog r

2
Jsfe = (dr2 + r?df* + dt2) + g2
2me

2blogr °

(1.6.3)

Remark. For the Ricci flat metric on the complement of a fibre of type /; Hein
[53, Theorem 1.5 (iii)] computes that the volume growth is Vol(B,) ~ r?, the
injectivity radius decays as (logr)~'/2 and the curvature |R,| ~ r~2(logr)~! as

r = dist(xg, -) = 0.

1.7 Gravitational instantons from periodic monopoles

In this final section we close the circle and return to moduli spaces of monopoles and
their hyperkihler L>*~metric. Between the late 90’s and the early 2000’s—when our
knowledge of gravitational instantons was essentially limited to Kronheimer’s ALE
spaces, Gibbons—Hawking’s multi-Taub—NUT and the AH manifold—Cherkis and

Kapustin suggested that moduli spaces of solutions to dimensional reductions of
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the Yang—Mills ASD equations are “a natural place to look for gravitational instan-
tons” [30]. More precisely, in [32,33,35] 4—dimensional moduli spaces of mono-
poles (with singularities) on R?, R? x S! and R x T? are (expected to be) gravit-
ational instantons with cubic, quadratic and sub-quadratic volume growth, respect-
ively. The fact that these moduli spaces are hyperkihler manifolds when non-empty
follows as in Section [L.4]

Cherkis and Kapustin’s first observation is that, passing to structure group U (2)
or SO(3) instead of SU(2), one can introduce solutions to the Bogomolny equa-
tion with singularities at a finite number of distinct points and still expect smooth
moduli spaces with a complete L?—metric. To give an idea of the nature of the sin-
gularities (precise definitions will be given in the next chapter), consider the case of
singular monopoles on R?; in [31,32] moduli spaces of centred charge 2 monopoles
with singularities on R? give rise to ALF metrics of dihedral type. Fix n distinct
points p,...,p, € R¥andlet m: M — R3 be the multi-Taub-NUT manifold with
Pi, - - ., Dy as the fixed points of the S'—action. Kronheimer [67] defines monopoles
(A, @) with singularities at py, ..., p, in such a way that the ASD connection ob-
tained by lifting (A, ®) through 7 extends to a finite energy S'-invariant instanton
on M (cf. Section [3.1]).

In [29,34]] Cherkis and Kapustin introduced periodic monopoles (with singular-
ities), i.e. solutions to the Bogomolny equation (T.2.1)) on R? x S' endowed with its
standard flat metric. We will review Cherkis and Kapustin’s definitions in Section
and define the moduli space M, ,, of charge £ SO(3) periodic monopoles with n
singularities in Section[3.4] Cherkis and Kapustin studied periodic monopoles from
the point of view of the Nahm Transform, a sort of Fourier Transform for solutions
to the ASD equations on R* invariant under a group of translations. We will follow
a direct analytic approach and prove in Section that M, ,, is a smooth hyper-
kihler manifold. We expect its dimension to be 4k — 4 and the L?-metric to be
complete.

Now restrict to the case of charge £ = 2. For topological reasons (cf. Section
the number of singularities cannot exceed 2k. Hence we have five candidate
gravitational instantons to investigate. Two of Cherkis and Kapustin’s predictions

are of particular relevance at this point:

1. In [2934] Cherkis and Kapustin suggest what the analogue of the Hicthin—
Kobayashi correspondence of Theorem|[I.6.1]should be in the case of periodic
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monopoles: Picking the complex structure corresponding to the identification
R? x S! ~ C x S*, the moduli space My, should be identified with a rational

elliptic surface with an I, fibre removed.

2. In [77] Manton gave a physical computation of the asymptotic metric on the
moduli space of charge 2 monopoles on R? without singularities, which re-
covers the explicit asymptotic expression (I.5.3) for the AH metric. In [33]
Cherkis and Kapustin extend this computation to the periodic case. The for-

mula they obtain has the shape of Hein’s semi-flat metric (1.6.3).

Three obvious questions arise from these predictions: Can we prove that M, ,, is
diffeomorphic to the complement of a /; , in a rational elliptic surface? Can we
derive a rigorous asymptotic formula for the L?-metric on My, and show that it is
semi-flat at infinity? What is the relation with the Ricci flat metric constructed by

Hein?
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Chapter 2

Periodic monopoles (with

singularities)

In this chapter we begin the study of periodic monopoles (with singularities). These
are solutions to the Bogomolny equation on R? x S! endowed with its stand-
ard flat metric. We will allow isolated singularities of the fields at a finite number of
points. (Singular) periodic solutions to the Bogomolny equation with appropriate
boundary conditions have been introduced by Cherkis and Kapustin in [29,34] and

the aim of this chapter is to discuss their definitions.

The simplest situation to consider is that of abelian solutions to (I1.2.1)), i.e. the
case when the structure group is G = U(1). We will see that non-trivial abelian
solutions, called periodic Dirac monopoles, have an isolated singularity at a point

in R? x S! and are characterised by a topological invariant, called the charge.

Next we will introduce non-abelian periodic monopoles. Since we work on
a non-compact base manifold, we have to fix boundary conditions. Cherkis and
Kapustin define boundary conditions for smooth SU (2) periodic monopoles in [29]
and for monopoles with singularities and structure group U(2) or SO(3) in [34]. In
both cases, the reducible solutions induced by periodic Dirac monopoles of appro-
priate charges provide the asymptotic models for the non-abelian monopoles both

near the singularities and at infinity.

Notation. In the rest of the thesis X will denote R? x S'.
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2.1 Periodic Dirac monopole

When the structure group G = U(1), the Bogomolny equation (I.2.1)) reduces to a

*dP

linear equation: The Higgs field & is a harmonic function such that

represents
the first Chern class of a line bundle. Global solutions are necessarily trivial: On R?
they are given by pairs (A, ®) = (0,v) while on X by (A, ®) = (ibdt,v), where
v € R, b € R/Z and we don’t distinguish between a connection and the associated
connection 1-form. We call such pairs flat (or vacuum) abelian monopoles. Non-

trivial abelian solutions are obtained if one allows an isolated singularity.

Definition 2.1.1. Fix a point ¢ € R® and let H, denote the radial extension of the
inverse of the Hopf line bundle to R? \ {¢}. Fix k € Z and v € R. The Euclidean
Dirac monopole of charge k and mass v with singularity at g is the abelian monopole

(Ag, ®,) on HE, where
k

b, =y — —
! 2|z — ¢

x € R?, and A, is the SO(3)—invariant connection on H} with curvature «d®,.

It is easy to check that the above definition is consistent, in the sense that
/ «d®, = 2mik = 2mic (H)) - [S2],
|z—g|=const.

where the class [S?] of a 2-sphere enclosing the point ¢ generates Hy(R* \ {¢}, Z).

Periodic Dirac monopoles are defined in a similar way. Fix coordinates (z,t) €
C x R/27Z = X and a point ¢ = (zp,t9) € X. Line bundles of a fixed degree
on X \ {¢} differ by tensoring by flat line bundles. We can distinguish connections
with the same curvature by comparing their holonomy around loops 7, := {2z} x S}
for z # z5. Set 6, = arg(z — zp) and fix an origin in the circle parametrised by
04- It will follow from the discussion below (cf. Remark [2.1.4) that the holonomy
around ~y, of a connection on a degree £ line bundle over X \ {¢} is of the form
e~ ks =27 for some b € R/Z. Denote by L, the degree 1 line bundle on X \ {g¢}
i

with connection A, whose holonomy around +, is e~*“«. Any line bundle of degree

1 is of the form L, ® L; for some flat line bundle L;. Hence L, ® L; is equipped

with the connection A, + ib dt whose holonomy around v, is e~"0ae =27,

Definition 2.1.2. Fix a point ¢ € X. The periodic Dirac monopole of charge k € 7Z,
with singularity at ¢ and twisted by the flat line bundle L, ; for some v € R and
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b € R/Z is the pair (A, ®) on L} ® L, 4, where
—1i® =v + kG,

and up to gauge transformations (i.e. the addition of an exact 1-form) the connec-
tion A = kA, + ibdt. Here G, defined in (2.1.1) below is a Green’s function of X
with singularity at q.

We devote the rest of this section to the derivation of asymptotic expansions for
the Green’s function G, and the connection A,, both at infinity and close to the
singularity. It turns out that the periodic abelian Bogomolny equation has already
been considered by Gross and Wilson [50]: Using the Green’s function of X in the
Gibbons—Hawking ansatz produces an incomplete hyperkéhler metric, the Ooguri—
Vafa metric [83]], defined on a neighbourhood of a singular fibre of Kodaira type
I; in an elliptic fibration. In [S50]] the Ooguri—Vafa metric is used as a model in
a gluing construction aimed at recovering the Ricci-flat metric on an elliptic K3
surface with fibres of small volume. Some of the asymptotic expansions we will

need have already been computed in [50, Lemma 3.1].

The Green’s function of R?> x S'. By taking coordinates centred at ¢ € X, we
can assume that the singularity is located at ¢ = 0. We use polar coordinates z =

re' € C. Consider the series

1 1
G(z,t) = —= — Ay | (2.1.1)
(2:1) QmZGZ V12 + (t —2mm)? i
where
1 log 47 —
Am| = z——— ifm # 0 a():2M
2|m|m 27

(7 is the Buler-Mascheroni constant, v = lim,,_,oc Y ,_, k=1 — log n).

Lemma 2.1.3. The series converges uniformly on compact sets of X \ {0}

to a Green’s function of X with singularity at (.

(i) Whenever z # 0, G can be expressed as

1 1 .
G(z,t) = %logr ~ 5 Z Ko(|m|r)e™,

mezZ*
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where K is the second modified Bessel function.

(ii) There exists a constant C7 > 0 such that
VA G(z,t) — L logr || < Che™
) 2’7T —

forallr > 2and k = 0,1, 2.

(iii) There exists a constant C'y > 0 such that

k a1 < 2-k
‘V (G(z,t) 5 + 2p>‘ < Cyp

forall (z,t) withp = /r? +t*> < T and k = 0,1, 2.

Proof. The convergence and the expansion in (¢) are proved in [50, Lemma 3.1

(a),(b)]. When looking for a solution to AG = —274, decompose in Fourier modes

) 1 .
— 7% Gn(z)e™  §(z,t) = p ,;Z Og2(2) €™,
For all m > 0, G,, is then a solution to AG,,, + m?G,,, = —dg2 in R2. It follows that
Go(z) = 5=logr and Gy, (2) = —5=Ko(|m|r) for all m # 0 and therefore (2:1.1)
defines a Green’s function of X with singularity at 0.

The estimate in (i) follows from the exponential decay of the second modified
Bessel function K and its derivatives. Indeed, by [1, 9.6.27 and 9.6.28] %KO (x) =
— K (z) and %Kl (x) = —Ko(x) — %Kl (x); and by [[1, 9.8.6 and 9.8.8] there exists
C'1 > O such that for all x > 2

\/EGQUK()(.%') S Cl, \/EemKl(:c) S Cl.

To prove (i7i), using the generating function m =3 Pu(x)t" of thle
Legendre polynomials P, [1}, §22.1 and 22.2], one can express [r? + (t — 2mm)?] "2
as an infinite sum of these (this is the classical multipole expansion). Summing over

m € 7Z* and rearranging yields

20 + 1
Z VT = Qm| Z C((QW 20+1 Py(cos ¢)p*

mEZ* 2m7r

where ( is the Riemann zeta function [1, 23.2.1] and ¢ the polar angle in a set
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of spherical coordinates centred at the origin, i.e. such that¢ = pcos ¢. The series
converges for all p < 27, but p is well defined and smooth in a ball of radius smaller

than 7, the injectivity radius of X. [

The connection. Fix a constant v € R and consider the Higgs field ® = iv + iG.
The 2—form i * dG represents the curvature of a line bundle L = L, over X \ {¢};
indeed, it is easy to check that # * dG is an integral form. A connection A = A,
on L is uniquely determined up to the addition of a closed 1-form. The action
of gauge transformations is the addition of exact forms, so the gauge equivalence
class of A is uniquely determined up to the addition of an imaginary multiple of dt,

corresponding to tensoring L by a flat line bundle.

Remark 2.1.4. In order to calculate the holonomy of A around aloop v, = {z} xS}
one can use Lemma(2.1.3[(i) to show that d <fv A) = — f% Fy= z'f% r(0,G)dt =
i df,. Here, as before, 0, = arg(z — 29) if ¢ = (20, t0) € X.

In a neighbourhood of the singularity L is isomorphic to the inverse of the Hopf
line bundle extended radially from a small sphere S? enclosing the origin. At infinity
L is isomorphic to the radial extension of a line bundle of degree 1 over the torus

T2.. Let us discuss representatives for the connection in these asymptotic models.

e Introduce spherical coordinates (z,t) = (psing e, pcos ¢) on a 3-ball B,
around the singularity. The cover of S? given by U, = S?\ (0, 0, £+1) together
with the transition function ¢ from U, to U_ define the inverse H of the
Hopf line bundle. The unique connection A on H with harmonic curvature
1 dvols: is defined by %(41 — cos ¢)df on Uy, respectively. We extend it
radially to a U(1)—connection, still denoted by A, on the punctured ball B, \

{0}.

e Consider the connection A® = —i%d& on the trivial line bundle C over
Sg x Ry. If (e?,t,&) € C, the map 7(e,t,&) = (et + 2, %) satisfies
7* A = A>. Define a line bundle with connection over Tj , as the quotient
(C, A*) /1 and extend it radially to (R? \ Bg) x S!, for any R > 0.

Any connection A on L with Fy = *d® is asymptotically gauge equivalent
to A as p — 0. As r — oo, up to gauge transformations, A is asymptotic to

A +iadf+ib dt for some «, b € R/Z. The monodromy of this limiting connection
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is e7"072m® around the circle {6} x S} and ¢~ around the circle S} x {t}.
While b can be chosen arbitrarily, « is fixed by the Bogomolny equation (1.2.1).
Indeed, (2.1.1) implies that 0,G(z,t) = 0 if ¢t € nZ: By (1.2.1) the connection A
restricted to the plane {¢t = 7} is flat. On the other hand, as we approach infinity the
limiting holonomy of A on larger and larger circles {r = const,¢ = 7} converges

to (™27%) Thus o = % modulo Z.

Lemma 2.1.5. Fix parameters (v,b) € R xR/Z. Let (A, ®) be a solution to (1.2.1)
such that ® = i (v + G) and the holonomy of A around circles {re?®} x S}, r # 0,

is e—i9—2m’b

(i) In the region where r > 2 the connection A is gauge equivalent to
A% 4 2 df +ibdt +a

for a 1-form a such that d*a = 0 = 0,ua and |a| + |Va| = O(e™").

(ii) In a ball of radius % centred at the singular point z = 0 = t, A is gauge

equivalent to A° + d’ where |d'| + p|Vd'| = O(p?) and d*a’ =0 = 0,.4d.

Proof. (i) Write & = ¢ (v + % log r) + 1 and solve 1| in a radial gauge.
Write A = A*° + a, where a = agdf + a,dt solves da = xdi), i.e. :

Orag = 1o
&at = —%Ggw =0
Opa; — Oyag = 10,1

Since || + |Vy| = O(e™"), we solve the system integrating along rays:
Up to exponentially decaying terms, a has a flat limit a> = ag°df + a{°dt
over the torus at infinity. By holonomy considerations as above, up to gauge
transformations aj° = % and a{° = ib. Then set ag — aj® = — [~ rdp
and a; = a;°. Using these expressions one can check that a is a solution to
the system above because ¢ is harmonic; moreover, d*a = (0 because ¥ is
independent of #. Finally, the decay of v and its gradient imply the desired

estimates.

(i) In spherical coordinates on a 3-ball of radius 7 around the point z = 0 = ¢

we solve (1.2.1) in a radial gauge. As above, write & = ¢ <v + 9 — 2—1p> +
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with || + p| VY| = O(p?). Then A = A° + @/, where d’ is a solution to

Opay = —sin ¢ (0u¢") = O(p?)
Dpay, =0
d¥a' = ip*(9,0)') dvolg = O(p?)

(here d*” denotes exterior derivative on the 2—sphere p = const.). By using
the decay properties of ¢/’ and its derivative and the fact that v’ is harmonic
and independent of 6, integrate along rays to solve the system and check that

a’ satisfies the desired properties. [

The action of translations, rotations and scaling. Given an arbitrary point ¢ =
(z0,tp) in X the same formulas describe the asymptotic behaviour of the periodic
Dirac monopole (A4,, ®,) with singularity at ¢ in coordinates centred at ¢. It will
be useful to express the behaviour of (4,, ®,) at large distances from ¢ in a fixed

coordinate system.

Lemma 2.1.6. Forr > 2|z| we have

1 B 1 1 20 -2
;(I)q(z,t) =0+ %10g7ﬂ %Re (;) + O(T’ )
to+m 1 20 _9
df — —Im | — ) dt .
2 2 m ( z > +00™)

Ay(z,t) = A® +ibdt + i

Proof. Write z = re? and zy = roe’ and expand the logarithm for r > r

log |z — 29| = log T—i (—Tl)” (%)nCOS [n(6 — 6y)] = logr—Re (%) +0 (r_0> .
n=1

Together with Lemma (i1), this proves the asymptotic expansion for the Higgs
field. In order to derive an asymptotic expansion for the connection A,, solve the
abelian Bogomolny equation (1.2.1)) using the asymptotic expansion for ®. As in
the proof of Lemma [2.1.5/(i), it follows that for large r the connection A, is gauge
equivalent to
0o | - . [ 20 —92
A® 4 ibdt + i df — — Im (—) dt + O(r2)
2m z

for some «, b € R/Z. As before, the holonomy on circles r = const, t = ¢y + 7 has

to be trivial and therefore 27 = t5 + ™ modulo 27Z. ]
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The choice of the parameters (v,b) € R x R/Z is related to rotations and dila-
tions: By a rotation in the z—plane, we can always assume that b = 0. On the other

hand, let X, denote C x R/2x¢Z and, given any A > 0, consider the homothety
h \ X — X,

of ratio A\. We saw that the Bogomolny equation is the dimensional reduction of
the ASD equation, which is conformally invariant. Then, forcing the Higgs field to
scale as a 1-form, (hiA, A hi®) is a monopole on X, if and only if (A, ®) solves
the Bogomolny equation on X,. Now, given a periodic Dirac monopole (4,, ®,)

with mass v, set A = v + “70 Then as v — oo

1
AN — i1 — ——
M ( 2\/7“2+t2>
and X, — R3, i.e. the limit v — oo corresponds to the limit R? x S* — R? and in

this limit a periodic Dirac monopole converges to an Euclidean Dirac monopole.

2.2 Boundary conditions

Having described the abelian periodic solutions to the Bogomolny equation, we
can proceed to state and discuss the boundary conditions for periodic monopoles
(with singularities) introduced by Cherkis and Kapustin in [29] and [34]]: Periodic
monopoles will be required to approach periodic Dirac monopoles of appropriate
charges both at infinity and at the singularities. As a motivation for this choice, we

recall the boundary conditions for SU(2) monopoles on R? without singularities.

The Euclidean case. In Section we pointed out that the Bogomolny equa-
tion arises as a first order equation satisfied by absolute minima of the Yang—
Mills-Higgs functional (I.2.3). It is therefore natural to consider configurations
¢ = (A, ®) with finite energy. In [60, Chapter IV, Part IT] Taubes shows that crit-
ical points of with finite energy satisfy the following asymptotic conditions.
First of all, |®| — v as |z| — oo. By (1.2.2)) and the maximum principle, |®| < v
everywhere on R?® and either the strict inequality holds or |®| = v. If we suppose
that (A, @) is non-trivial, then v # 0 and |®(z)| < v for all z € R3. By rescaling

we can assume that v = 1.
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Remark. Conversely, in the recent [[100, §2.(d)] Taubes shows that if (A, ®) solves
the Bogomolny equation and lim|,|_,, || = 1 then (A, ®) has finite energy.

It follows that outside of a compact set, the trivial rank 2 complex vector bundle
E on R? splits into a direct sum E ~ H* @ H~" of eigenspaces of ® and there
exists an asymptotic gauge in which the Higgs field is given by

(32 ) e

Here we chose the normalisation |A|*> = —2 Trace(A?) for the SU(2)-invariant
product on su(2); k € Zs is the charge of (A, ®). Moreover, |[da®| = O(p~?) as
p — oo and the curvature of A approaches the curvature of the SO(3)—invariant
connection on H* @ H~*. In other words, at infinity a finite energy monopole on
IR3 is asymptotic to an Euclidean Dirac monopole up to terms of order O(p~2).

As observed in [7, Remark 1, page 47], in the same asymptotic gauge the term

of order exactly p—2 of the Higgs field takes the form

B k (x,g)\ 1 (1 O 4
q)—(l‘;"fT)é(o _Z~>+O<p !

This same ¢ € R3 fixes the term —k @X;;gd@% of order exactly p~2 of the con-

nection A as well. We call the parameter ¢ the centre of the monopole, because

|xiq| = % + <g;’3q> + O(p~3) as p — oo. Thus one can define moduli spaces M, M;,
of centred and uncentred monopoles depending on whether the term of order exactly
p~2 in the expansion of (A, ®) at infinity is fixed. Both spaces carry a Riemannian
metric induced by the L?-norm of infinitesimal deformations. As we shall see, in
the periodic case only the moduli space of centred monopoles consists of L? de-
formations.

Modelling their choices on the Euclidean case, Cherkis and Kapustin define
boundary conditions for periodic monopoles replacing Euclidean Dirac monopoles

with periodic ones. Before giving the precise definitions, we need to address the

issue of which structure group to consider.

The structure group: U(2) vs. SO(3). Limiting ourselves to compact Lie groups

of rank 2, the simplest choice would be to take G = SU(2). However, in order to
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introduce singularities of the fields while hoping to obtain moduli spaces which are
complete smooth manifolds, it is necessary to pick SO(3) as structure group. To
see this, consider as in Kronheimer [[67] SU(2) monopoles with singularities on
R3. The singularity model at a point p is given by an Euclidean Dirac monopole
H! & H, " for some | € Z-. The adjoint bundle then splits as R @ H2'. Kronheimer
shows that the moduli space of SU(2) monopoles on R* with non-abelian charge
1 and one singularity p as above can be identified with the hyperkihler manifold
obtained from the Gibbons-Hawking ansatz (I.5.T]) with the harmonic function h =
2m + 2|m2—ip|: It has a singularity at p modelled on C?/Zy,.

In [34] Cherkis and Kapustin define periodic U(2) and SO(3)-monopoles with
singularities. We briefly discuss the relation between the two choices of struc-

ture group, following Braam—Donaldson [22} §1.1-1.2, Part II] and Donaldson [37,
§5.6].

Notation. Given a collection S of n distinct points py, ..., p, € X set X* = X'\ S.

Let V — X* be an SO(3)-bundle: By a result of Whitney [[109, §II1.7], iso-
morphism classes of SO(3)-bundles over a CW—complex of dimension at most 3
are completely classified by the second Stiefel-Whitney class w,. The second ho-
mology of X* is generated by the classes of 2—spheres Sf,i each enclosing the point
pi € S. We fix the isomorphism class of 1 by requiring that wy(V') - [SIQ)] = 1 for
alli =1,...,n. V does not lift to an SU (2)-bundle whenever n. > 0.

However, V' does always lift to a U(2)-bundle: The unique obstruction is the
image of w, (V') under the Bockstein map H?(X*;Z,) — H3(X*;Z) = 0. Hence
wy (V') always lifts to an integral class ¢;(E) = ws(V') (mod 2) representing the
first Chern class of a rank 2 Hermitian complex vector bundle £/ — X*.

The adjoint bundle g splits into a direct sum gp = R$ gg) of a trivial real line
bundle, the trace part, and the trace-less part gg) ~ V,whichis a PU(2) ~ SO(3)
bundle. A pair (A, ®) on F satisfying the Bogomolny equation induces an abelian
monopole (A;,, ®;.) on det(E) and an SO(3)-monopole (A®, &) on V. Con-
versely, by fixing the abelian monopole (A, @), we would like to lift an SO(3)-
monopole on V' to a U(2)-monopole on . We need to discuss gauge transform-
ations. Denote by Py, and Pg the principal SO(3) and U(2)-bundles associated
with V and F, respectively. Gauge transformations acting on V" are sections of the

bundle Py, x aq SO(3), while, since we fix the central part of pairs (A, ®) on F, it is
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natural to consider the group of automorphisms of Pz with determinant 1. Denote
these two groups by Gy and Gg, respectively. Now let Cy be the space of pairs
(A, ®) on V and Cg the space of pairs on E with fixed central part (A, ®;.). The
map Cp/Gr — Cy /Gy is a double cover, with H'(X*;Z,) ~ Z, as the group of

deck transformations. Indeed we have an exact sequence
1= Gg — Gy — HY (X" Zy) — 1

which we think as follows. Identify G with the group of sections of Py X aq SU(2).
Each element ¢ € Gy defines a double cover of X* by taking the doubly—valued
graph of g in Gg and therefore a class in H'(X*;Z,), trivial if and only if g can
be lifted to a section of Gg. Very concretely, the action of H'(X*;Z,) is given
by tensoring £ with the flat line bundle L% with connection % dt whose holonomy
around circles v, = {2} x S} is —id. Up to gauge transformations, the square of this
flat line bundle is trivial as a line bundle with connection and therefore tensoring by

L 1 doesn’t affect the central nor the trace-free part of a pair (A, ®) on E.

We conclude that, up to a finite cover, it makes no difference to consider U (2)—
monopoles with fixed central part and SO(3)-monopoles. We will mainly work

with structure group G = SO(3).

Boundary conditions for SO(3)-monopoles. We begin with some preliminary
notational remarks. First, with our normalisation |A|? = —2Trace (A?) of the
scalar product on su(2), the isomorphism s0(3) ~ su(2) via the adjoint represent-
ation is an isometry. Secondly, observe that if V' — X* is a rank 3 real oriented
Riemannian vector bundle and P is the principal SO(3)-bundle of orthonormal
frames of V, then V' ~ ad P. Finally, a reducible SO(3)-bundle V' is an oriented
Riemannian rank 3 vector bundle with a decomposition V' ~ R & M for an SO(2)-
bundle M. We denote by ¢ the trivialising unit-norm section of the first factor. We
will use the isomorphism V' ~ ad P to identify & with |03, -], where o3 is defined
in (I.1.1)), in a local trivialisation ad P ~ U X su, over an open set U. In this sense
we will talk of diagonal and off-diagonal sections of V' to denote the sections of the

two factors in the decomposition V' >~ R @ M.

Fix a collection S of n distinct points py,...,p, € X and an SO(3)-bundle

V' on X* with the topology described above. We also fix an origin and a frame in
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X ~ C x S* and use coordinates (z,t) € C x R/27Z with z = z + iy = re®.

Definition 2.2.1. Given a non-negative integer k., € Z>, parameters (v,b) €
RxR/Z and apoint ¢ = (u, ) € X,1letC =C(p1, ..., Pn, ko, v, b, q) be the space
of smooth pairs ¢ = (A, ®) of a connection A on V' and a section ® of ad P ~ V'

satisfying the following boundary conditions.

1. Foreach p; € S there exists a ball B, (p;) and a gauge V|, (p.)\(p,;} =~ R H,,
such that (A, ®) can be written

1
o=

o+ A=A +a
2p;

with € = (a,8) = O(p7™") and |V.4€] + |[®,€]| = O(p7**") for some

rate 7 > 0. Here p; is the distance from p; and A° is the SO(3)-invariant

connection on H,,,.

2. There exists R > 0 and a gauge V ~ R® (LF> ® L, ;) over (R? \ Bg) x S*
such that (A, ®) can be written

Koo oo .
o = v—{——logr——Re(H> o+
2 2m z

0o | Koo koo 7 R
A= [bdt+kooA + S (a+m)df — S=Im (Z) dt} G+a

with € = (a,v) = O(r~'77) and |V 4&| + |[®,€]| = O(r~277) for some
7 > 0. Here A* is the connection on L, of Lemma[2.1.5]

Remark. (i) Cherkis and Kapustin [34] have 7 = 1 both at the singularity and

at infinity as the rate of convergence of (A, ®) to the model Dirac monopoles.

(i1)) We will return to the definition of monopoles with Dirac type singularities in
Section [3.1) where we will review Kronheimer’s approach [67] and see that
locally singular monopoles can be lifted via the Hopf map to S'—invariant

instantons on a 4-ball.

(iii) At infinity, it is expected that, in analogy with the case of R?, |®| has an

asymptotic expansion as a harmonic function up to exponentially decaying
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(iv)

terms and therefore one can take 7 = 1 as in [34]]. We modelled our defin-
ition on [[18, Theorem 0.1], where Biquard and Jardim study the asymptotic

behaviour of doubly-periodic instantons with quadratic curvature decay.

In Section [3.4) we will define moduli spaces of periodic monopoles fixing
an initial background pair (A, ®) satisfying these boundary conditions (but
not necessarily the Bogomolny equation) and considering pairs of the form

(A, ®) + (a,v) with (a, ) in certain weighted Sobolev spaces.

We collect some comments on Definition 2.2.11

There is a topological constraint on the choice of the charge at infinity k..
Since [T.] is homologous to the sum [S? | 4 ... + [S? | and ko (mod 2) is
the value of the second Stiefel-Whitney class wq (V') on [T..], we must have
k~ = n modulo 2. We then define a non-negative integer k by 2k = k., + n,

and call it the (non-abelian) charge of the SO(3)-monopole ¢ = (A, D).

If ko, = 0 we require that v > 0, so that ® still defines areduction V' ~ R&G L

of the structure group to SO(2) both at infinity and close to the singularities.

A priori one could allow singularities with different higher charges, as in
Pauly [87]] for monopoles on compact 3—manifolds. However, we saw that
we cannot expect the moduli space to be a complete smooth manifold in that

case.

Non-trivial periodic monopoles have infinite energy (1.2.3). We can still say
that periodic monopoles minimise the Yang—Mills—Higgs functional A in the
following sense: (A, ®) is a monopole if and only if for any compact set
K C X* and any pair (A’, @) such that [, (¥, Far) = [, (@, Fa)

A(A, & K) < A4, D K).

Here the notation A(A, ®; K') means that we evaluate the integrals on the
compact set /. Moreover, the equality holds if and only if (A", ®’) is also a

monopole.

We call the parameter ¢ in Definition the centre of the monopole. Differ-
ently from the Euclidean case, only moduli spaces of centred periodic mono-

poles carry a Riemannian metric induced by the L?-norm of infinitesimal
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deformations. Notice that the boundary conditions of Definition [2.2.1]depend

on the choice of an origin and a frame in X.

e Finally, one should make precise the choice of gauge group. The analysis of
the next chapter implies that in order to develop a Fredholm theory for the de-
formation complex of a periodic monopole (with singularities) it is necessary
to allow gauge transformations which approach a constant diagonal matrix in
the asymptotic decomposition V' >~ R @ (L’;OO ® wa). Thus we will study

only moduli spaces of unframed periodic monopoles.

Periodic monopoles with structure group U(2). In order to define boundary
conditions for U(2) periodic monopoles with singularities it is necessary to make
additional choices which determine both a lift of wy(1/) to an integral class and the
central part (A, ®;.) of the monopoles.

For each singularity p; € S choose e; € {£1} and therefore a partition n =
ny + n_. Fix integers k; > ko and parameters v; > vs € R, by,by € R/Z and
q1,q2 € X such that v; > vy if ky = ko. Let E be a Hermitian rank 2 complex
vector bundle on X* and (A, ®) a pair (connection, Higgs field) on E. Cherkis
and Kapustin require that the triple (F, A, ®) is asymptotically gauge equivalent to

reducible bundles

Hp @ C in a punctured neighbourhood of p;,

(L]t;l ® Lvl,bl) ® (LI(E ® LUQ,bQ) asr — +0oo

each endowed with the reducible pairs induced by the corresponding Dirac mono-
pole as in Definition 2.2.1]
By taking traces, the central part (A, ®;.) is an abelian monopole on X*, and

therefore necessarily of the form

n
det B = Ly, 4, @ Q) LI,
i=1
for some integers h;, ¢ = 1,...,n. In order to agree with the fixed behaviour of £
around p; one has h; = e;. Then we can use Lemma to compare the asymptotic

expansion of this sum of periodic Dirac monopoles with the chosen boundary con-
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ditions at infinity. Requiring that Ly, v, 5,46, @ Qi1 LG ~ Ly, vy 446, @ Lit @ L

outside of a compact set imposes constraints on the choice of parameters:
n
ki+ ke =ny —n_ ZeipiIQ1+Q27
i=1

where the last sum is taken in C x R/27Z. The first equality follows by comparing
the charges; the second one by looking at the terms of order % in the expansions for

the connection and the Higgs field.

Remark (Periodic monopoles with structure group of higher rank). Cherkis and
Kapustin define boundary conditions for U (m)-monopoles for m > 2 [34] in a sim-
ilar way. The behaviour at a singularity is still given by an asymptotic isomorphism
E ~ H¢ & C™ " with ¢; € {1}. In the higher rank case, each U (m)-monopole
gives rise to a periodic Dirac monopole and a PU(m) = SU(m)/Z,,—monopole
via the splitting of the adjoint bundle into trace and trace-free part. In analogy
with the second Stifel-Whitney class, e¢; modulo m represents the obstruction to lift
the PU(m)-bundle to an SU(m)-bundle around the ith singularity. Notice that if
m > 2 singularities with e; = 1 and e; = —1 remain topologically different even

after passing to structure group PU(m).
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Chapter 3
Moduli spaces

The content of this chapter is divided into three parts. The first two are devoted to
introduce the analytical tools needed to work with Cherkis and Kapustin’s defini-
tions. We work locally around the singularities and on the big end of X*, studying
the deformation theory of monopoles with Dirac type singularities in the former

case, working with a periodic Dirac monopole as a background in the latter.

In Section 1 we review the work of Kronheimer on Euclidean monopoles with
Dirac-type singularities: Via the Hopf map, these correspond to S'—invariant in-
stantons on R*. Pauly extended this approach to study moduli spaces of (neces-
sarily singular) monopoles on compact 3—manifolds. However, we preferred to
study monopoles with Dirac-type singularities directly in 3 dimensions relying on
Lockhart—-McOwen'’s theory of weighted Sobolev spaces [[76]]. Even if Melrose’s
b—calculus yields the most complete and sharp version of the results of [76] (The-
orem[3.2.10|below is Theorems 5.60 and 6.5 in [79]]), Lockhart—-McOwen’s original
approach is sufficient for our purposes. In fact we will give direct proofs of all
the results we need by elementary methods, even if they follow from the general
theory. In Section 2 we introduce the relevant function spaces and show that they
are well-behaved to study gauge theory. We then study the Dirichlet problem for
the Laplacian D D*, where D is the Dirac operator (I.3.3)) twisted by the Euclidean

Dirac monopole.

Section 3 deals with the analysis on the end of R? x S! with a periodic Dirac
monopole as a background. A fairly general framework to deal with Fredholm
operators on R" x K, where K is a compact manifold, (and more in general on

manifolds with fibred boundary) is provided by the ®—calculus of Mazzeo—Melrose
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[78]. However, the Dirac operator [I.3.3] twisted by a periodic Dirac monopole is
not fully-elliptic in the sense of [/8]] and we are forced to define weighted Sobolev
spaces adapted to the problem. As a way of motivation, we begin by studying the
Dirichlet problem for the Laplacian on an exterior domain in R?; this discussion
also illustrates some of the consequences of the parabolicity of R? x S'. Recall
that a complete Riemannian manifold is said to be parabolic if it doesn’t admit a
positive Green’s function. As pointed out by Li [74}, §2], “In general the methods in
dealing with function theory on these [parabolic and non-parabolic] manifolds are
different”. The rest of Section 3 has a similar structure to Section 2: We introduce
the appropriate function spaces, study the continuity of various products between
them and show that we can solve the Dirichlet problem for the operator D D* twisted
by a periodic Dirac monopole in the appropriate spaces and with arbitrary boundary
data.

In the final section we apply these analytical preliminaries to give a rigorous
definition and construction of the moduli spaces of periodic monopoles (with sin-
gularities). We fix a smooth background pair (A, ®) satisfying the boundary condi-
tions of Definition and consider pairs of the form (A, ®) + (a, ), with (a, )
lying in the appropriate weighted Sobolev space. After a brief discussion of re-
ducibility, we develop a Fredholm theory for the deformation complex and
show that moduli spaces of periodic monopoles (with singularities), if non-empty,
are smooth hyperkihler manifolds for generic choices of the parameters specifying

the boundary conditions.

3.1 Hopf lift of a monopole with a Dirac type singularity

In this section we study monopoles with Dirac type singularities on a punctured
3-ball. We review the approach of Kronheimer [67], who showed that the Hopf
fibration induces a bijection between monopoles on R? with Dirac type singularit-
ies and S'—invariant instantons on R* (endowed with either the flat or Taub-NUT
metric). The same lift procedure has been extended by Pauly [87] to study (ne-
cessarily singular) monopoles on compact 3—manifolds. We will consider SO(3)
monopoles, but the discussion can be adapted to other structure groups.

Let B3 = B,(0) be a ball in R?. Fix complex coordinates (21, 25) on C* ~ R*
and consider the Hopf projection 7: B* — B? of (I.5.2). Here B* = B ,;(0) C
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R*. We express the Euclidean metric on B*\ {0} in Gibbons-Hawking coordinates

(1.5.1)) using the harmonic function h = 2ip, where p is the distance from 0 € R3.

LetV — B3\ {0} be an SO(3)-bundle and (A, ) a connection and Higgs field
on V. Define a connection A on V = 7*V — B*\ {0} by

A=m"A—7 (h'®) ® 6. (3.1.1)

Explicit model example: The Euclidean Dirac monopole. Let us first consider
the explicit local model for a Dirac type singularity: V = R & H* and (A, ®) is the
Euclidean Dirac monopole of charge k£, mass A and singularity at the origin as in
Definition 2.1.11

Use coordinates (21, 29) = (T’46i01 cos p, T4€'%2 sin go) on B* and spherical co-

ordinates (pe' sin ¢, p cos ¢) on B3. The Hopf projection is then given by

01+62)

(21, 20) = (ri sin (2@0)6“ ,Ti cos (2ap)) )

Let A° denote the SO(3)—invariant connection on H. Then 6y = ds — A°, where s
is a fibre coordinate on 7. Since 730y = |z1|?df; — |z2|*dbs, in local trivialisations

for :

(i) On C x C* C R* we choose a fibre coordinate s = —, and therefore

1
Oy = —dby + cos® (¢)d(0; + 0) = ds + 7* (5(1 + cos @) d@) :

(i1) Similarly on C* x C choose s = ¢; and

1
0y = df; — sin® (p)d(6; + 0) = ds — 7 (5(1 — Cos Q) d«9> :

It follows that A = —\r? (ds — 7*A°) ® & + k ds ® . The first term is a multiple
of the smooth 1-form
i

n= B (z1dZ; — Z1dz) — % (20dZy — Zodz) (3.1.2)
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while the gauge transformation

Ko if 5 £ 0
g= { ‘ a7 (3.13)

e R203 if 2y £ 0

where o3 is defined in (1.1.1)), yields an isomorphism V ~ B*x su(2) such that
g(A) = gAg™ — (dg)g~! = =\ ® 6. It follows that A extends to a smooth S'—
invariant reducible connection on the trivial bundle B* x su(2). The S'-action is
defined by

" (21,20, X) = (€"21,€ %20, Ad (e"7%) X)) (3.1.4)

for (21,22) € C* and X € su(2). Hence the charge of the Dirac monopole is the
weight of the S'—action on the fibre of 7*V over the origin. Finally, as expected by

dimensional reduction considerations, dA = —)\ dn ® 6 is an ASD form on B*.

The general case. Now consider an SO(3)-bundle V' — B3\ {0} and an arbitrary
pair (A, ®) with a Dirac type singularity at the origin, in the sense made precise
below. Let A be the connection on V' — B*\ {0} obtained from (A, ®) as in
(3.1.1). With ¥ = xFy — d4®, we compute

Fi=7"(hxda(h7'®)) — 7* (da(h™'®)) A + 7 (xT). (3.1.5)

Using the expression (T.3.1) for the flat metric on R* in Gibbons—Hawking coordin-
ates and choosing the orientation in which 7* dvolgs Af is positive, a computation
of the Hodge star operator yields QFZ = 7% (*U) +7* (h~'W) Aby. Thus A is ASD
if and only if (A, ®) is a monopole. Another immediate consequence of is

/34 |F'4]? dvolgs = 2 /BS <2|dA(h_1<I>)]2 + h_2|\11\2)hdvolR3.
Now assume
(1 v =0.
(i) [zs |da(h™'®)|*h dvolgs < co.

(iii) AL ®| = k € Zoy.

In view of (ii) Uhlenbeck’s Removable Singularities Theorem [106, Theorem 4.1]

implies that, after gauge transformation, the connection A extends to an ASD con-
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nection on B%. By the uniqueness of this extension, the S'-action on V extends
over B* and A is S'-invariant. It remains to show that the weight of the representa-
tion S' — SO(3) on the fibre of the extension of V over the origin 0 € B*is k: Up
to gauge transformations, the action is given by , with k' € Z>; the fact that
k" = k follows from the converse construction, from an S'—invariant Aon Bitoa
monopole (A, ®) on B3\ {0} with a Dirac type singularity at the origin.

Hence suppose that V — Btisan S O(3)-bundle with a given S'-action cover-
ing the Hopf one on B*. Choose a smooth gauge such that the S!-action is given by
(3.1.4) where k € Z~ is the weight of the action on the fibre over the origin. Let A
be a smooth S'—invariant ASD connection A on V. We use the inverse of @B-13) to
write

g (A) =ra—mY®n+g ' (dg)

where 7 is defined in and a, 1) are a 1 and O—form on B? \ {0} with values
in V = V/S'. By the definition of g and 7, V ~ R @ H* and g '(A) is the
lift of a pair (A, ®) on V such that (4, ®) = k(A% ®°) 6 + (a,1)). Finally,
using the expression for the flat metric in Gibbons—Hawking coordinates to compute
norms (cf. Definition (ii) below), b~ (|a|? + [¢|?) = |A]? < oc. In particular
h=1®| — kasp— 0.

Remark 3.1.1. For the rough estimate h~*(|]al? + |¢|*) < oo we did not use the

S!-invariance nor the anti-self-duality of A. For example, imposing S'—invariance

one can show that the diagonal component of (a, v)) is bounded at the origin.
Summarising, we proved:

Proposition 3.1.2 (Lemma 3.5 of [67]]). A smooth pair (A, ®) is a monopole on
B3\ {0} such that

(i) h'|®| - ke Nasp— 0, and
(ii) [gs |[da(h™'®)|*h dvolgs < oo

if and only if A defined by is gauge equivalent to a smooth S'—invariant ASD
connection on B* and the S'—action on the fibre over the origin of the extension of

7V has weight k.

Remark. Pairs (A, ®) satisfying the boundary conditions of Definition have

finite weighted energy (ii). Conversely, we showed that if (i)-(ii) are satisfied and
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(A, @) is a monopole then there exists a gauge such that (A, ®) = k(A° ®°%) 5 +
O(p~*7) for any rate 7 < 1.

As in Kronheimer [67], we can replace the integral bound (ii) in Proposition
B.1.2] with the condition d (h™1|®|) < oo: If (ii) is satisfied then the curvature
|da(h=1®)| = 2|F}| is bounded and Kato’s inequality implies d (h™1|®|) < oo.

Conversely, since h is harmonic away from the origin, we write
12 Lo 142
hlda(h™@)" = —5d"d(h™"|2[7)

so that (ii) becomes equivalent to lim._,q |, B.(0) xd(h~'|®|*) < oo. Using the bound
d(h7|®|) < oo together with the assumption (i) in Proposition one then

shows that the limit above is equal to k2.

Remark. (i) Proposition continues to hold if B* is endowed with the Taub—
NUT metric.

(ii) If we work on R? and allow n singularities p1, . . ., p,,, we can extend this local
correspondence to a global one. Indeed, we can take h = v+> ;" | G, where
G,, = (2| — ps])~! is the Green’s function of R?® with singularity at p; and
v > 0. Then monopoles with singularities on R? correspond to S'—invariant
ASD connections on the corresponding multi-Eguchi—Hanson or multi-Taub—
NUT space. In the periodic case (and on a compact 3—manifold, cf. [87, §2.3])
such a global correspondence cannot hold, because X is parabolic, i.e. its

Green'’s function is not everywhere positive.

Deformation theory of S'-invariant instantons on B%. Having clarified some
aspects of the definition of monopoles with an isolated Dirac type singularity, we
move on to study the local deformation theory. Proposition [3.1.2]suggests to lift the
whole local deformation problem to R* via the Hopf projection and study
deformations of S'—invariant instantons instead. This is the approach adopted by
Pauly in [[87]] to construct moduli spaces of singular monopoles on compact 3—
manifolds.

More precisely, let (A, ®) be a pair of a connection and a Higgs field on a
SO(3)-bundle V over B*\ {0} such that the conditions (i)-(ii) of Proposition[3.1.2]
are verified. Let A be the connection lifted from (A, ®) and fix a gauge as
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in (3.1.3) such that A and the circle action extend over the origin in B*. We can
use this gauge and a trivialisation of 7*V — B* to define Sobolev spaces ngp
of S'—invariant forms with values in 7%V and do gauge theory with these function
spaces: Gauge transformations are S'—invariant W*?—maps B* — SO(3) acting
on connections of class Wé“l_l’p . For a well-defined theory it is necessary to assume
kp > 2 so that gauge transformations are continuous.

For future reference, we spell out a “dictionary” between the deformation theory
of monopoles on B*\ {0} and that of S'-invariant instantons upstairs on B*. Let V'
be an SO(3)-bundle over B3\ {0} and set V = 7*V as before, where 7 is the Hopf
projection (1.5.2)). In Section [I.3] we set up the deformation theory of monopoles:
We introduced the deformation complex (1.3.4)) and the Dirac operator D = df @ ds
(1.3.3), where d; and d, are the linearisation of the action of gauge transformations
and the Bogomolny equation, respectively. Similarly, the deformation theory of an

ASD connection A is governed by a Dirac operator
D:=2d% @ dy: Q' (B4V) - QY (B4 V) @ QB4 V), (3.1.6)

where Q* denotes the space of self-dual forms.
In the definition below we use the notation B* = B3\ {0}, norms are taken with
respect to the flat metric both on B? and B* and h is the harmonic function used to

express the flat metric on R* in Gibbons—Hawking coordinates.

Definition 3.1.3. (i) If u € Q% B* V) and o € Q'(B*; V) set & = 7*u and

& = m*(xha) + T a A 0y. Then |u| = |u| and |&| = |af.
(17) If &€ = (a,v) € Q(B*; V) define a 1-form ¢ with values in V by:
E=n"a—7"(h ') ® b

Then [¢* = h™" (Jaf* + [¢]).
(74i) With the identifications above, we have diu=d 4u and d/;E = d3a.
(7v) Similarly,

dié=m(h'dig),  2d%E =7 (xdof) + " (R dol) A by
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In other words, under the identifications given by -, the Dirac operator D and
its adjoint D~ correspond to 2~' D and D*, respectively. As in Lemma there

are Weitzenbock formulas for the Dirac operators D twisted by a connection A.

Lemma 3.1.4 (c¢f. [42, Appendix C]). Let A be a smooth connection on V. — B4
4 e QN (BLV)®QUBYL V) and € € QB V). Then

DD*a=ViVi+Ff-a  D'DE

ViV +F; &

In view of Definition (3.1.3} pushing them down to 3 dimensions, the standard
4—dimensional Sobolev norms yield weighted Sobolev norms adapted to the metric
structure induced by the Hopf fibration on B*\{0}. To be specific, (B* \ {0}, g, du)
is a metric measure space, i.e. g = hggs is a Riemannian metric and duy =
h2 dvol, = h dvolgs a measure. Then the weighted estimates deduced from stand-
ard elliptic estimates in 4—dimensions can be re-derived directly in 3—dimensions
exploiting this structure. For example, from this (perverse) point of view one re-
gards the standard Laplacian A on R? as the p-Laplacian e ¢ Au = Aju =
Agu— (V,Vu),, where ¢ is defined by h = e%#, and uses a Bochner formula in
which the Bakry—Emery Ricci tensor [10] of (B? \ {0}, g, du) appears naturally.

There is in fact a theory of weighted Sobolev spaces which allows to work dir-
ectly in 3—dimensions in a more sensible way, using a Dirac monopole as a back-
ground for the analysis. This is the route we will undertake. Some of its advantages

are:

(1) In terms of decay at the puncture, we will work with stronger norms than the
one obtained from ngfp —norms. Upstairs in 4 dimensions the stronger decay
is forced by the S'—invariance, which is never really used in the estimates
of [87]]. For example, if g is a continuous gauge transformation then the S'—
invariance forces ¢(0) to lie in the SO(2)-subgroup of elements of SO(3)

which commute with the generator of the circle action.

(i) Working directly in 3 dimensions we can take £ = p = 2 because of the

Sobolev embedding W?2? — (9.

(i11) In the next chapter we will apply the analysis developed here to a gluing
problem. Weighted Sobolev spaces yield uniform estimates for the inverse of

the linearised operator.
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Of course, our choice has the disadvantage of forcing us to work a bit harder to set
up the definitions and develop the analysis, instead of relying on standard Sobolev

theory. This is the content of the next section.

3.2 Monopoles with Dirac singularities and weighted Sobolev

spaces

This section is entirely devoted to introduce the analytical tools necessary to study
monopoles with Dirac type singularities directly in 3 dimensions. The models for
our analysis are the work of Biquard [15}/16]] on singular connections on punctured
Riemann surfaces but also the work of Kronheimer—-Mrowka [[66]] and Rade [89-91]]
on ASD connections with codimension 2 singularities. We will rely on Lockhart—
McOwen’s theory of Sobolev weighted spaces and elliptic operators on asymptot-
ically cylindrical manifolds [76]]. The Laplacian D D* is a simple prototypical ex-
ample of the operators to which this theory applies, but we will be able to derive all

the results we need directly by elementary methods.

3.2.1 Function spaces for gauge theory

Definition 3.2.1. Let B* be the punctured unit ball in X and £ — B* a Rieman-
nian vector bundle endowed with a metric connection A. Given § € R define the
space ng’p as the closure of the space of sections u € C'°(B*; E') vanishing in a

neighbourhood of the origin with respect to the norm:
i 3 p
p _ —6—>+4jx7i
||uHW;7§,p = ZO/‘p » IV u| dvolgs
]:

We will use the notation L7 ; for Wg’f.
Remark 3.2.2. (i) p° ¢ L? 5 if and only if 8 > 4.

(ii) Pass to the conformal cylinder (0, +00) x S? with metric
2

d
eyt = d7° + gg2 = LQ-HJS%
P

where we set 7 = — log p. Then u € W " if and only if e"Tu € W2P, where
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the last symbol denotes the standard Sobolev space defined with respect to the

cylindrical metric.

The latter observation and the lemmas below are useful tools to work with these

weighted spaces.

Lemma 3.2.3 (¢f. [66, Lemma 3.1]). If u € W, "’(B*) and ||U||Wk§) < o0 then
ke, I3
ew, 7.
Proof. By standard arguments we can always assume that u is smooth. It is simple

to verify that the sequence x,u converges to u in W's", where x,.(-) = x(n-) and

X 1s a smooth cut-off function with y = 0 in a neighbourhood of the origin. [

Lemma 3.2.4 (¢f. [15, Theorem 1.2]). For all § # 0 there exists Cs > 0 such that

HUHWF}’p = ‘ ’HVAUHL o1

forallu € C§°(B*). If § > 0 it is not necessary to require u = 0 on 0B.

Proof. Suppose that u is a smooth section over B* vanishing in a neighbourhood
of the origin. We are going to show by an integration by parts that the norm of the
radial derivative of u controls the norm of w. Since u vanishes in a neighbourhood

of the origin:

1 d pfép 1
/ p~ P73 |ulP dvolgs =/ — <— ) _2/ |ul?p? dvols | dp
X o dp op P~ JoB,

1
= 5p /8B ’u‘P (5/ —dp— 2‘u|p 1(8 ’u‘)dVOlR3

The boundary term is non-positive if either 6 > 0 or u|gp = 0. Hence if one of

these conditions is satisfied we have:

p—1 1
[ oot avols < o5 [ (07 ) (60w )

!5 | /5
Conclude using Kato’s inequality |V |u| | < |V 4u| and Holder’s inequality. O

Below we define spaces for gauge theory on the punctured ball modelled on
the spaces W;”f;’g. Let V be the reducible SO(3)-bundle V = R & H* — B*

endowed with a pair ¢ = k(A% ®°) 5 induced by an Euclidean Dirac monopole
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of charge £, mass 0 and singularity at the origin. For a VV—valued form u we will
write © = up @ up in the decomposition of V = R @& H* into diagonal and off-
diagonal part. We use covariant weighted W;f;’z—norms for sections of V. Norms of
V—valued differential forms are defined similarly by taking the W[T(S’Q norm of each

component of the form.

Definition 3.2.5. Let ¢ = k(A% ®°) & be a Dirac monopole on V = R ® H* — B*
and fix 6 > 0.

(i) Define the gauge group GY as the set of automorphisms g of V' such that
(dig)g~' € L?;,aq and Vg € L?)’aﬁ.

(ii) Define CY as the space of configurations c+(a, ) on V with (a, ) € W;ﬁ_l.

vee 172.2 . . . .
(iii) Define a space W 5" of infinitesimal gauge transformations as

Wﬁj = {(up,ur) €L _s®L2;|VaueLls |\ ViueL2; ,}.

The fact that GY is a group, at the moment unjustified, is Corollary (a)

below.

Remark. 1. The superscript © indicates that we work close to one of the singu-
larities and has to be understood in opposition to the superscript > used to

denote objects defined on the big end of X*.

2. By the definition of dy, g € G satisfies Vag € L2 |, (gPg~' —=®) € L2,
and Vg € L7 ,. By Lemma below ¢ is continuous and has a well-
defined limit over 0 € B; the condition (g®g~' — ®) € L2, , forces this

limiting value to lie in the stabiliser of ®.

3. Since ® acts by —z’% on the off-diagonal component u and trivially on the

diagonal up, W; 52 can be defined globally using the equivalent norm:
lullges ~ ullz,, + IVauliz, , + 1@l + 1950l
4. Similarly, for a V—valued form u € Q(B*; V') we define its Wif—norm by

llas = lallZs -+ (Vs [@,u)]2: o+ [(Va(D"w), [®, D w2,

52,2
Wp,5
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If u e Q°(B* V), D*(0,u) = —(dau, [®,u]) and, using the definition of ®,
this norm is equivalent to the one of Definition [3.2.5](iii).

The following lemma helps to understand the definition of the space Wif

Lemma 3.2.6. Fix 0 > 0. There are continuous embeddings sz ’52 — C° and

sz < p?C°. Moreover, ||u — U(O)HWQL? < C’||u||~2,52 forallu € WPQ’(?.
) P, P ’

Proof. The first claim is proved in three steps:

1. By the Sobolev embedding in 3 dimensions and the assumption § > 0, if
u e szf then p“”%VAu € LPforall 2 <p <6.

2. If 6 > % conclude immediately that V qu € L? for all 2 < p < 6. Otherwise,
by Holder’s inequality V qu € LP forall 3 < p < %.

3. By Kato inequality and Morrey’s estimate [48, Theorem 7.19] u € C%%(B)
for all « € (0,9).

The second statement follows from Remark [3.2.2](ii) and the Sobolev embedding
with respect to the cylindrical metric, while the last claim is Lemma[3.2.4] O

Lemma 3.2.7. Assume that all weighted spaces below are spaces of sections of V'
and the product on' V' ~ ad(Py) is induced by the Lie bracket of sus. If 6 > 0 the

following are continuous maps:

2. W23 — C%(B)

1172,2 2 2
3. Wp,§ X LM_2 — LM_2

722 _ 1572,2 572,2
4. VV/MS X WM — Wp,5

1172,2 1,2 1,2
5. Wp,(s X I/Vp’(;_1 — WM_1

1,2 1,2 9
6. Wp75_1 X Wp,a—l — LWS_2

In the last two cases the maps Wif — W;?fl and Wpl,ffl — L2 5, obtained

by fixing the second factor are compact.
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Proof. The embeddings 1 and 2 follow from the Sobolev embedding theorem with
respect the cylindrical metric and Lemma respectively.

The continuity of the products in 3—6 follows easily using the embeddings 1-2,
Holder’s inequality and the assumption 6 > 0. The statement about the compact-
ness of the maps induced by 5-6 also follows combining compactness properties of
standard Sobolev embeddings together with 1-2. Some details follow.

We prove 6 first. Holder’s inequality implies

_5+1 _5+1
e nllez, , = lp™ 2 (& n)llz < o™ 2l sllnlls = 1€lLs, , Inlls

and similarly

1 1
. 5 3 2
Inllzs < diam(B) HnHLe 671H77HL§’571

The continuity of the product W;il x Wk 5 . = L _, now follows from the
embedding in 1. The compactness of the induced map Wp7 5.1 — L35 5 is deduced

by writing

1€-(ri=mi )2, , < M€lles ,  mollm=nirlless) €l s, mvo) Ini=mi |l s B7\80)

and using the fact that ||£|| 18, \(Ba) = 0 as 0 — 0 together with the compactness
of the embedding W12 — L3.

In view of the embedding in 2, the continuity of the map in 3 is immediate. For
the statement in 4, observe that in the decomposition u = up + uy the product takes

the form:
(uD + UT) . (UD + UT) = (UT . UT) + (uD “Ur +ur - UD>

Therefore ||(u - U)DHL,Q),—a < HUHLOOHU”L3_5 and

lu-v)rlliz, < Valluplle=llorlsz, + Vool llurl sz -

The rest of the proof of 4 and 5 follows easily making use of 6.
To prove the compactness of the map W 2 wh 5 1 induced by 5, write:

(i = ie) - Ell gy

2 < = wrlloogoys €lhyrz | + llus — wollcoll€ 2

5—1(Bo)
+ 1Valui —uir) - €2,
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Now use the compactness of the embedding W22 < C° on B\ B,, the fact that
|]§]|W/31,§71(BJ) — 0 as 0 — 0 and the compactness of the map Wplf_l = L25

induced by the multiplication by £ € W, O
Corollary 3.2.8. Forall § >0
(a) GY is a Banach Lie group which acts smoothly on CJ.

(b) The map
U (A,@) + & T(0) +do§ +&- €

is a smooth map & € Wplf_l — L},

In other words, the spaces C§ and G are well-suited to study gauge theory. Our
next task is to develop a Fredholm theory for the deformation complex (1.3.4)) using
the weighted spaces WZ}”’ just introduced. In the next section we are going to show
that we can find a range of values for 6 > 0 such that the Laplacian D D* (coupled
to Dirichlet boundary conditions) is an isomorphism D D*: WPQ f — Li 5_o- This
result will find its applications to the construction of the moduli space of periodic

monopoles in Section |3.4

3.2.2 Elliptic theory

We continue to work with the reducible pair (A, ®) = k(A% ®°) & given by an
Euclidean Dirac monopole of charge £, zero mass and singularity at the origin. By
changing variables to 7 = — log p the punctured ball B* = B, \ {0} becomes the
half cylinder Q = (T, +00) x S?, where T' = — log o. The operator p> D D* has the
form

p’DD*u = —ii + 1+ Lu =: Lu (3.2.1)

where the dots denote derivatives with respect to 7. L is the positive self-adjoint
operator on S* [, = (AS2, ViVa+ %) in the decomposition V = R & H*. Here
V* V 4 is the Laplacian of the connection A = kA® on H* — S2.

L is a translation-invariant operator on the cylinder (). In view of Remark
[3.2.2](ii), we want to study its mapping properties between weighted Sobolev spaces

. =0T 22 —0TT12
L:e W2 &5 L2

Lockhart—-McOwen'’s theory [76] deals precisely with
this kind of elliptic operators and their perturbations on cylinders and asymptotic-

ally cylindrical manifolds. By restricting to the special concrete case of (3.2.1]) we
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will be able to give direct proofs of Lockhart-McOwen’s results. In addition to the
original [76], our references are Pacard [84]], Pacard—Riviere [85] and Pacini [86].
Since we will study a boundary value problem, we introduce the appropriate

spaces for the boundary data:

Definition 3.2.9. Let 8/1/175’52 be the closure of C*>°(0B;V|sp) with respect to the

norm
lellozze = it [ @llgze,

where the infimum is taken over all € C*°(B*; V') such that ¢|sp = ¢.

We associate to the operator £ of (3.2.1) a discrete set of weights, called excep-
tional, as follows. Since L is a self-adjoint positive operator its eigenvalues form a
discrete sequence 0 < \; < Ay < ... Moreover, we can select an orthonormal basis
of L?(S*; R & H") given by eigensections ¢; of L. Every solution to Lu = 0 can
be written -

S (g )
j=1
where vf are the two solutions to 72 + v — \;, i.e. %i = —% + ,/}l + A;. Define
the set of exceptional weights of the operator L to be the collection D (L) of all wji,
J=0.

Theorem 3.2.10 (Lockhart-McOwen [76, Theorem 6.3]). The operator

e WA — e_‘sTL2yl ®OW?>?

cyl c cyl

defined by u — Lu @ ulag is Fredholm for all 6 ¢ D(L). If 61 < 0 are both
in the complement of D(L) then the difference of indices is is, — i5, = #{7 €
(01,02) N D(L)}, where we count with multiplicities. Here the multiplicity of an
element ~y € D(L) is the multiplicity of the corresponding eigenvalue of L.
Moreover, the same result holds if L is replaced by an operator whose coeffi-

cients decay in C° to those of L as T — 0.

Here 8W62y’l2(8Q) is defined in a way similar to Definition m
In the next lemma we calculate the set of exceptional weights D(L). Since we

could always pick o > 0 sufficiently small, this wouldn’t be strictly necessary: On
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the diagonal part £ coincides with the scalar Laplacian; using |®| = 2%, on the off-
diagonal part we know a priori that the first eigenvalue of V*V 4 —ad?(®) restricted

to 05, is greater than %.

Lemma 3.2.11. The exceptional weights vj-t € D(L) are:

L m]
v, =0Tt oy
_ |m|

forj =0,1,2,3,... each with multiplicity 2j + |m| + 1. Here we take m = 0 for
the operator restricted to the diagonal component and m = k when we restrict L to

sections of H.

Proof. The eigenvalues of the Laplacian V%V 4 of the SO(3)—invariant connection
mA® on H™ have been calculated by Kuwabara [68, Theorem 5.1]. The computa-
tion is easily carried out in the framework of Section Pulling back via the Hopf
projection m: S* — S? (T.3.2), regard sections of H™ as functions f: S* — C
satisfying

fle%z, e z) = ™ (21, 29) (3.2.2)

for all (21, z) € C? with |2;]? + |22|? = 1 and € € S!. Via this lift, the connection
mA° is defined as Vx f = X - f, where, for all tangent vector X to S2, X is the
horizontal lift on S* with respect to the standard connection on the Hopf bundle 7.
Since the round metric on S* can be written as gss = iﬂ'* gs2 + 1, where 1) is the

restriction of the 1-form (3.1.2)) to the sphere,
1 1
WWVa=-A —¢?
vAVA 4 s3 + 46 )

where Ags is the standard Laplacian on the 3—sphere and ¢ is the Hopf vector
field (i.e. ¢ is the generator of the S'-action on S* and is normalised so that
n(€) = 1). Selecting the spherical harmonics that satisfy the S'-equivariance

(3.2.2), Kuwabara proves that the eigenvalues of V*V 4 are

I(1+2) — m?

1 , [ =|m|+2j, forj =0,1,2,...

each with multiplicity [ + 1. Hence the eigenvalues of L are @, where we take
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m = 0 on the diagonal component and m = k on the off-diagonal part. The Lemma
follows. [

In particular, 0 is an exceptional weight with multiplicity 1 (the constant func-

tions) for the operator L restricted to the diagonal part, while none of the weights

B L 1}

in the interval (—1 — 5,5

) is exceptional for the operator restricted to the off-

diagonal part.

Proposition 3.2.12. Fix 0 < § < min{1, @} The Dirichlet problem

VA Vau — ad*(®)u = f

U\aB =@

has a unique solution u € WZ’(? Jorall f € L2 5 ,and ¢ € 8WZ§. Moreover there

exists a constant C' independent of u, f, o such that:
lullgze < € (Ifllzz, + Iellmes)

Proof. The Proposition is a corollary of Theorem [3.2.10f We will nonetheless

sketch a direct elementary proof.

Step 1. First we show that a weighted elliptic estimate holds, i.e. working on the half

cylinder (), we prove:
el -seizz < € (I1Culle=srzz, + luloqllgnzz + lulle-s-zz, )

Choose ny € N such that ng — 2 > T" > ng — 3 and apply standard interior
elliptic estimates in the region (n — 1,n + 1) x S? for n > ny and elliptic

estimate close to the boundary in (7', ng) x S%:

HUijyf(n—LnH) <C (H‘CuHLgyl(n—Zn-i-Z) + HuHLgyl(n—Q,n-&-Q))

el < € (10

2, (o) + uloqllowz2 + iz, (e

Here W."(a, b) denotes the I, ;"~norm on the region (a,b) x S*. Multiply
the first inequality by €, sum over n € N>, and add the resulting estimate

to €™ times the second inequality.
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Step 2.

Step 3.

Given an operator £ of the form (3.2.1]) one can explicitly solve the boundary
value problem in the statement of the Lemma, cf. for example Caffarelli—

Hardt—Simon [25, Theorem 1.1] and Leon Simon [93, Part I, §5].

The proof is by separation of variables and elementary. Let {%i} be the set of
exceptional weights of the operator £. Assuming that L is positive, fy;-r >0
for all j. Suppose now that § ¢ D(L) and § > ~; and let J be the integer
such that v < § < 7J,;. Denote by I1;: L?(9Q; V]sg) — L*(0Q; V]ag)
the projection onto the sum of eigenspaces of L corresponding to eigenvalues

Ajforj>J+1.

We claim that given f € e“sTLgyl and p € 8W3y12 there exists a unique

solution u € e™*"L2 , to

Lu=f

Hyul| =1y = I

and that there exists C' > 0 such that:

llle=s-zz,, < € (I flle=s-2,, + IPllgwz2 )

Indeed, decompose v and f into Fourier modes with respect to the basis of

eigenfunctions of L and then solve the resulting ODEs:

T

+o0
uj = aje T — e_WT/ 6(2”“)8/ e~ itV fi(t) dt ds
Bj s

where we set v; = 7}. The constants of integration «;, 3; have to be chosen
so that the expression is well defined for f € e“STLgyl and so that u €
e*éngy,:
Oéj:O,Bj:OO 1f]§J
O‘j:<907§0j>75j:T 1f]2J—|—1

The estimate now follows by a direct calculation, cf. 84} Proposition 6.2.1].

Step 2 concludes the proof in the case of the off-diagonal part because the

first exceptional weight is @ On the diagonal part, going back to the ball B
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in R?, the solution u € WZ? obtained in Step 2 satisfies

u‘@Bg:/ (%—%)fﬂo—mw

Define v =u — [, (%—%)f—l—(np, 1). Then

/ (1 _ l) f' <Co|flz.
) p o Py

7572,2
andv € W . [

Remark. The argument in Step 3 also shows why the operator fails to be Fredholm

when d € D(L): The range is not closed. Indeed, we have just seen that if u € Wfﬁ,

0 > 0, then
11
(ulop, 1) = / <- _ —> Au.
B, \P O

However, if § = 0 the RHS is not continuous on L? ; .

Finally we introduce the possibility of considering a pair (A, ®) of the form
(A, @) = k(A%,2%) 6 + (a,¥),

where (A° ®Y) is the Euclidean Dirac monopole of charge 1, 0 mass and singu-
larity at the origin and £ = (a,?) is a lower order term in the sense specified
below. We denote by £’ the operator obtained as in (3.2.1)) by substituting (A, ®) to
k(A°, ®%) 5. If (A, ®) is a solution to the Bogomolny equation then £ = p? D D*.

We consider £’ as a perturbation of the translational invariant operator L.

Corollary 3.2.13. Fix 0 < § < min{l, @} and let L' be the operator (3.2.1))
associated with the pair (A, ®) = k(A ®°) 6 + £ with £ € Wpl’f_l. Then there

exists 0’ < o and C' depending on & such that:

lullgee < € (oL ulliz, , + lullg2200,.,)

Moreover, the Dirichlet problem of Proposition|3.2.12| with L replaced by L' is a
Fredholm operator Wiﬁ — Li,5—2 &) Gﬁ//lif of index 0.
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Proof. Observe that there exists a constant C' > 0 such that:

=2/ p/
lp™*(£" = L)ullzz,, < Cllellwrz [lullg

Indeed the difference of the two operators has the form £ -V ju+V & -u+&-&-uso
the estimate follows from the continuity of W% x W1 — L2, and W2? < C°
in Lemma

Now choose ¢’ so that |||, , HW;,L?_l is sufficiently small and let y be a cut-

off functions supported in By, and with Y = 1 on B,.. Apply the estimate of
Proposition [3.2.12]to xu:

Ixullas < Cllo L0z, , < Clo L 0llzz, ,+Cleln, Iz Ixulles

and use the fact that

H,o’QL’(Xu)HL/Z;’(;_2 <C (HPJE,UHL%_Q + HuH’V\V/?Q(B\BU/)) :

Finally, the last statement in the Corollary follows because p~2£L’ differs from p—2L
by a compact operator by Lemma O

Remark. The point of the estimate is of course that over B\ B, the weight function
p is uniformly bounded above and below. If ¢ is smooth, the /V[v/if—norm in the RHS
of the estimate can be replaced by the L?-norm on a slightly larger compact subset

of B* by standard elliptic regularity for the operator £L’.

3.3 Analysis on the big end of X*

Having developed a local theory for monopoles with Dirac type singularities, we
move on to discuss the framework to tackle the analysis on the big end of X*.

The local model is provided in this case by a periodic Dirac monopole, or better

its asymptotic form analysed in Lemma [2.1.3|and [2.1.5; We work on the SO(3)-
bundle V = R & (L,;, ® LE>) endowed with the reducible pair (A, P.) induced

by a periodic Dirac monopole of centre ¢, charge k., and vacuum asymptotic para-
meters v,b. We will drop the subscript ., for most of the section, hoping not to
create too much confusion.

Fix R > 0 so that for r > R we can write |®| = v + 2= logr + O(r™'). Hence
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we can find a constant ¢ = ¢(R, v, q) > 0 such that
B> [dad| <= (3.3.1)

if r > R. For this, recall that we assume v > 0 if k,, = 0. Let Ui be the open
exterior domain R? \ By; we will drop the subscript » when it is not essential in
the discussion. If u is a section of V' we write v = up + ur in the decomposition

into diagonal and off-diagonal part. Then in the region U x S*
[®, u])? > clur|*. (3.3.2)

By Fourier analysis with respect to the circle variable ¢ we can further decompose
up = Iyup + 11, up into S'—invariant and oscillatory part. On each circle {z} x Stl

the following Poincaré inequality holds:

/|V(HJ_UD)|22/ L upl|? (3.3.3)
st st

The inequalities (3.3.2)) and (3.3.3) suggest that, via the Weitzenbock formula

Lemma we have extremely good control of the off-diagonal and oscillatory
piece of w in terms of D D*u. On the other hand, analytic complications arise from
the S'—invariant diagonal piece IIoup because R? is parabolic. To understand and
deal with this issue we will introduce appropriate weighted spaces. Recall that
we are looking for good Banach spaces in which to invert the operator DD* =

* V4 — ad*(®). On the diagonal part DD* reduces to the scalar Laplacian. We
motivate our choice of weighted spaces by studying the Dirichlet problem for the

Laplacian on an exterior domain in R?,

3.3.1 The Laplacian on an exterior domain in R?

What follows combines the general framework of [76,84-86]] with results of Am-
rouche, Girault and Giroire [3]], who study the Dirichlet and Neumann exterior prob-
lems for the Laplacian on R" in the framework of weighted Sobolev spaces. From
the latter article we retain in particular the use of a logarithmic factor in the weight

function to deal with the exceptional weight 6 = 0.

Fix R > 0 and work on the exterior domain U = Ur C R2. Define weight
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functions

w(z) =V2+r? @(2) = w(z)log (2 +1?). (3.3.4)

For future reference we spell out that w satisfies
|Vw| <1, —whAw+ |Vw]* =2 (3.3.5)

The reason to introduce the logarithmic factor in @ is the following Poincaré in-

equality.

Lemma 3.3.1. There exists a constant C' = C'(R) such that

lo™ ull 2 < ClIVul| L2

C
lo™ | 2 < WHW‘S Vul|
forall § # 0 and all w € C§° (U) subject to the additional restriction u|gy = 0 if
0 >0.

Proof. The estimates are analogous to Lemma We prove only the first in-
equality; the second one follows by a similar integration by parts. If 6 < 0 the
boundary term appearing in the integration by parts has the correct sign to give the
inequality without assuming v = 0 on OU.

d

It is enough to observe that —2rw =2 = I (W) Then, integrating by

parts and applying Holder’s inequality,

o 2 _1/ 1 u2>|<d7“_/ u(0ru)
/w T d log (2 + 12) " r ) rlog(2+7r?)

(o) (f )

IN

Definition 3.3.2. Given 0 € R and m € N we define Sobolev spaces WUT(;Q:

1. If § # 0 denote by W,5*(R?), W% (U), WUT(;Q(U) the completion of C5°(R?),
Cse (U), Cge (U) with respect to the norm

m
lullfyma =D llw™* Va7
Eap
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For simplicity we will write L? ; for W_'5.

2. If 6 = 0 we make the same definition using the norm:

[ [ ul[Z2 + ([ Vul

2 o | 2
m,2 — m—1,2
W%0 Ww,_1

3. Finally, denote by W 1%(U) the dual of Wig(U ).

Now, Lemma [3.3.1| can be stated: ||w=°Vu| ;> defines an equivalent norm on
Wig(U ). The parabolicity of R? comes into play when trying to extend this state-

ment to Wig(RQ) Indeed, a complete Riemannian manifold admits a Hardy-type

/u%ﬁ/\VU\Q

for a strictly positive ¢ and all v € C§° if and only if it is non-parabolic (cf. [26]

inequality

and references therein). In the parabolic case, it is necessary to restrict to functions

of mean value zero.

Lemma 3.3.3 (Anrouche-Girault-Giroire [2, Corollary 8.4]). For all 5 > 0 there
exists C' = Cs > 0 such that

lu|2w ™2+ < ¢ |Vu|?w™2
R2 R2

forall uw € C§° with [, uw™2T) = .

Proof. We give an outline of the proof of Amrouche—Girault-Giroire. (The weighted
space Woll; of [2]] coincides with our Wi? ifa=—-dand 5 =0.)

Assume by contradiction that there exists a sequence u; € Wi? such that
Jpo ws w™20F) =0, H“i”vviﬁ =1 and [lw™Vul|2 — 0. Then u; — 0 in W,§ and
in order to get a contradiction we need to show that the convergence actually occurs
in the strong sense. This follows easily using a partition of unity subordinate to the
cover R? = By U (R?\ By), the compactness of the embedding W'?(K) — L*(K)
for a compact set K and Lemma Indeed if x € C§°(By) with y = 1 on By,
then on one side xu; converges strongly to 0 by Rellich’s compactness. On the other

hand, by Lemma 3.3.1

o™ (1 = w2 < Csllwillp2(marmy) + Collw™ Vs 2
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where we used the fact that w and Vx are uniformly bounded on the compact region
B,. Rellich’s compactness implies that the first term converges to 0 and, by the

0+1

hypothesis [|w™0Vu;|| ;2 — 0, we conclude that ||w=©+Y,|[,» — 0 and therefore

obtain a contradiction to ||uz||W1§ =1 O
w,

Remark. An alternative proof in the case o > % can be deduced from Bobkov—
Ledoux [21, Theorem 3.1]. More generally, Hein [52, Theorem 1.2(1)] proves sim-
ilar weighted Poincaré and Sobolev inequalities on complete manifolds with a poly-

nomial volume growth condition.

This lemma will find application in the next chapter. For the moment return to
the exterior domain U. Lemma [3.3.1 allows to solve the Dirichlet problem for the
Laplacian on U in the Sobolev space Wi:g . The space 8W5:§(8U ) is defined as in
Definition

Lemma 3.3.4. There exists C' > 0 such that the following holds. Given ¢ € 8W3:§

and f € W7 N L3772 there exists a unique v € Wﬁg satisfying

Au=f inU,
U= on OU.

Moreover,

lullwaz < C (1l + 102z, + lelowaz)

Proof. The existence of a weak solution u € Wi:g with

lullyrz < € (1 lze + lellows2 )

follows by variational methods. Indeed, we can always reduce to vanishing bound-
ary conditions by extending ¢ to ¢ € W? with compact support in U and such
that || @]y < H<10||8Wi:§ and then replacing v with v+ ¢ and f with f + A@. Now
exploit the first inequality of Lemma [3.3.1] to find a minimiser of the functional
s [ |Vul® = (u, f), where (-, - is the dual pairing between Wig(U) and its dual.

In order to estimate the norm of the second derivative, combine the following a
priori estimate with standard elliptic estimates in a neighbourhood of OU. Suppose

that u € C5°(IR?) and integrate w? against the Bochner formula —dd* (|Vu|?) =
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|V2u|? + (Vu, VAu). Integrations by parts yield

/c‘12|Au|2 - /w2|V2u]2 = 2/w(Au)<VU, Vw) +/(wAw + |Vw]?) [Vul?
which in turn implies

V2l < € (I Aullzz _, + [ Vullz) .
by Holder’s inequality and (3.3.5). O

The use of the space of distributions T, is inevitable: L2 _, ¢ W72 since
0 = 0 is an exceptional weight in the sense of Lockhart-McOwen’s theory. In order
to avoid the use of Sobolev spaces with a negative number of derivatives we can

introduce weighted norms with a small 6 < 0.
Definition 3.3.5. We say that u € W s Yifu € L? _sand Vu € Wi:?_l

As in Lemma [3.2.6] the main point of this definition is to enlarge the space

w2 5, 0 < 0, with constant functions. The lemma below clarifies the reason for this

w

choice.

Lemma 3.3.6. Forall 6 € (—1,0) there exists a constant C' = Cs > 0 such that the

following holds. Given f € L? soand p € oW 5 2 there exists a unique u € Wj§

satisfying
Au=f inU,

U= on OU.

Moreover

lullzz < € (11l ., + Nellomzz)
Proof. The proof is similar to the one of Proposition [3.2.12] First one shows that

lullyze < € (18ulzz, , + I@lomee + lullzz, )

either by passing to the conformal cylinder R x S! and arguing as in Step 1 of
the proof of Proposition [3.2.12] by patching standard elliptic estimates over annuli
(n —2,n + 2) x S! or directly by integrations by parts as in Lemmam
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In a second step one finds the unique solution u € Liy 5 to

Au = f

ulop, = ¢ +c

where ¢ € R depends on f and ¢, together with the estimate

lullzz, < € (I1f1z,, + lellow22)

This can be done by separation of variables as in Step 2 of the proof of Proposition
3.2.12i

Combining these first two steps one obtains a solution u € Wi? It satisfies:

1

27T RQ\BR

flog(i>+<p—i ©

U|pBr =
’ R R 27T OBr

The proof is completed as in Step 3 of the proof of Proposition[3.2.12]observing that

the first term defines a bounded linear functional on L, 5_, whenever § < 0. [

3.3.2 Function spaces for gauge theory

With these analytical preliminaries in mind, we define weighted Sobolev spaces for
gauge theory adapting Definition [3.3.2] We work in the setting specified at the be-
ginning of the section: The reducible SO(3)-bundle V = R® (L, ;,® L) over the
exterior domain U x S' endowed with the reducible pair (4, ®) = (A, Po) in-
duced by a periodic Dirac monopole. In particular we assume that is satisfied

for some ¢ > 0.

Definition 3.3.7. Extend w as an S'-invariant weight function on R? x S'. For a

smooth V—valued form u € Q (U x S*; V) and § € R we define norms:

@) fJullzz , = =Dz
Gi) [l 00 = [0 2 ul? w72 (¥ quf? + |[®, )
GiD) [l o = ullZe + (Ve (BB, .+ (Va(D*), [B, D)%

@) s = uls |+ (T [@a)l2: | +1(Ta(D"w), (&, D),
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The corresponding weighted Sobolev spaces are defined as the closure of the space

of smooth compactly supported forms with respect to these norms.

Remark. (i) Since (A, ®) is a solution to the Bogomolny equation, the Wij—
norm of a compactly supported form v € C§(U x S') is equivalent to

”“HL{{,’& + HD”‘uHLiJ_1 by the Weitzenbock formula Lemma for DD*.

(i) In view of (3:3:2) and (3:33). if u € W5 then Il up, ur € L? 5 ;.

(iii) In particular, the only difference between the spaces Wﬁg and /I/Iv/i? con-
sists in the chosen weighted L?-norm of Ilgup. It follows from the proof

of Lemma[3.3.9]below that when § < 0 we have an extension
0— W22 - W2 - RG — 0.
Definition 3.3.8. Fix § < 0.

(i) G5° is the space of sections g of Aut(V) over the exterior domain U x S* such
that (d1g)g™" € Wj:g_l.

(ii) Cg° is the space of pairs (A, ®) on V of the form (A, P ) + (a, 1)), where
€ = (a,1) is a section of (A" @ A’) ® V of class Wi:g_l.

(iii) Infinitesimal gauge transformations are elements of Wf:g_z(U x St V).

Remark. Our definitions essentially coincide with those adopted by Biquard—Jardim
(18] to study doubly periodic (i.e. on R? x T?) instantons with quadratic curvature

decay.
Lemma 3.3.9. Fix§ € (—1,0).

(i) If¢ =1oép + 111 Ep + & € Wi:;fl is a V—valued differential form then
wMoép,w " TMILEp,wMér € LP

for all 2 < p < 6 and the inclusions are continuous.
(ii) W3§ — OV is a continuous embedding.

The following products are continuous:
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Lo T22 L T2 122
(iii) W x W5 — Wi

(iv) Wi? x W2 W2 form =0,1

w,0—2+m w,0—2+m

1,2 1,2 9
(V) Ww,5—1 X Ww,6—1 — Lw,5—2

Moreover, the maps VV(?’2 — ng’;m and Wi:?_l — Li,é—Q induced by (iv) and

(v) by fixing the second argument are compact.

Here the products are those induced by the Lie bracket on su(2) under the iden-

tification V' ~ ad P.

Proof.

(i) Itis a consequence of the Sobolev embedding theorem W12 — L% in

3 dimensions and the fact that if ¢ € W3 | then w*+!T1, £p, w0+ ¢ € L2

(i1) For the oscillatory and off-diagonal part this is a consequence of the standard

Sobolev embedding W22 — C°. In fact we have a bit more: w= Ny €

W22 if yup = 0, so that u € W 1CO.

On the other hand, suppose that u = IIyup so that we can work on U C R2,
First of all we can replace w with r because the two weights are equivalent

(with a constant depending on ) on U. If Vu € Wij_l, 0tV € W(}y?,

where the latter is the standard Sobolev space with respect to the cylindrical

metric 7 2gg2. Thus r*'Vu € L?, for all p € [2,00) by the stand-

ard Sobolev embedding. By an inversion r = % we consider the func-

tion a(pe®) = wu(p~'e”) defined on a punctured ball By, C R% It is
integrable because u € L7 _5and 0 > —1 (§ > —2 would be enough).
2

Moreover, « has gradient in L? for all p < 5. Since 0 < 0 we can choose

p > 2 and apply Morrey’s estimate [48, Theorem 7.19] to show that u, and
therefore u, is continuous. In particular there exists a well-defined limit of

Uso = lim, o, u(re’) and, by Lemma U— Uso € Wi?

The rest of the Lemma now follows easily in a way similar to Lemma Itis

crucial to observe that terms of the form up - vp do not appear in the products. [

Corollary 3.3.10. For all 6 € (—1,0), G§° is a Banach Lie group acting smoothly

on Cg°.

The map W: C3° — L7, 5 ,(U x S*; A @V); (A, ®) = xFy — ds® is smooth.



Chapter 3. Moduli spaces 91

3.3.3 Elliptic theory

As in Section[3.2.2, we want to study the equation DD*u = V%V qu—ad(®)*u = f
for f € L7 ; ;andu € Wﬁ? with § < 0 sufficiently close to 0. At first we continue
to work with the pair (A, ®.,) induced by a periodic Dirac monopole and extend

to a perturbation of this asymptotic model in a second step.

Proposition 3.3.11. There exists —1 < §y < 0 and Ry > 0 such that if either
(i) § € (09,0) and R > 0 is arbitrary or
(ii) 6 € (—1,0) is arbitrary and R > R,

then the following holds. For all f € Li s_o and ¢ € 8Wj§ there exists a unique

solution u € WE? to the Dirichlet problem

DD*u=f inUgpx St
U= on OUg x St

Moreover there exists a constant C' = C(6) > 0 independent of v and f such that
lullize < € (11, + I lloma2) -

Proof. By Lemma the Proposition holds for all § € (—1,0) and R > 0 if
f = o fp. Hence we assume that IIofp = 0 = Ilpup. Then (3.3.2) and (3.3.3)

imply the existence of a constant ¢ > 0 such that

c/ yu|2§/ |V aul? + |[@, u]|. (3.3.6)
St St

Since L7, ;_, C L? we obtain a solution u € L* to the Dirichlet problem by direct
minimisation of the functional £ [ |V 4ul? + |[®, u]|* — [ (u, f). We want to show

that actually u € ng

Step 1. We can always reduce to the case ¢ = 0 by extending ¢ to ¢ € Wig such
that ”95HW2§ < Hgo||8wz,§ and replacing u with u — ¢ and f with f — DD*®.

The estimates can now be proved by integration by parts.
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Step 2. Since u vanishes on the boundary a first integration by parts yields (all integ-

rals are taken over U x S'):

/w_%(VZVAu — ad*(®)u, u) :/w_% (|VAu|2 - |[(I>,u]|2)

- 25/w‘25—1<VAu, u® dw)

By Holder’s inequality, (3.3.5) and (3.3.6):

'25/w251<VAu,u®dw> < C’|5\Hw1||Loo/w25 (IVaul” + [[®, u]]?)

Thus if |0] is sufficiently small or if R is sufficiently large we deduce

H (VAU, [CI)’u]) ”wa;f1 < OHDD*UHL:{;’&?Z-

In other words, in view of (3.3.6) and the definition of D*, we proved

lullze + ™ D*ull 2 < CIIDDullpz .

Step 3. Notice that if 'y is a smooth function supported in a compact set K C Ug xS,
then

IDD* ()liz,, < € (IV2xllzellulzegy + IV Xl IV sl ey + DDl )

and similarly Hw_‘SD*(Xu)HLz <C (HVXHLQHUHLQ(K) + Hw“SD*uHLz).

Choose y € C® withy =1on{r < R+ 1} and y = 0if r > R + 2. Write
u = xu + (1 — x)u. By Step 2 and standard elliptic regularity close to the
boundary (cf. for example [48, Theorem 8.12]),

w,0—2 '

Ixullgze < Clixullwze < C(IDD*(xu)|z2 + lIxullz2) < Cllfl]22

Hence we reduced to prove an estimate

1746 @, Dz, , < C (1082, , +lEllzz, )

for € = D*((1— x)u), i.e. with ¢ vanishing in a neighbourhood of OUp x S'.
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Step 4. The Weitzenbock formula for D*D in Lemma [I.3.1]implies

%d*d (1€17) = =IVagl® = [@€]* + (D"DE, &) = 2(da® - £,€).  (3.3.7)

—204-2

Integrate this Bochner-type identity against w and integrate by parts:

[ (vae+ o.6P) < [ oiper =2 [0 6.
+2(1 - 9) /w—2‘5+1<D§,dw -§)
+2(1—6) /w‘%“WAS, dw @ §)

421 — 52 /w25|§]2
(3.3.8)

Consider the term [ w™22(d,® - £,&). Since (A, ®) is reducible we can
assume that £ = {p. Moreover, by (3.3.1) w|d4®| < ¢. Then Holder’s and
Young’s inequality with £ > 0 imply

[ g0 < £ ol ven fummge
1

for any ; > 0. Moreover, by (3.3.1)
cer g < a0 ot
Secondly, by Holder’s inequality
[ D6 - )| < 17 Dellalo s < 3l DER+ 37 e

because |dw| < 1 by (3.3.5).

Similarly, for any €5 > 0:

’ /M%H V46 @‘ < w1V 4|2 o] 1

_ 1. _
< ellw TV ALF: + 5”0@ [

Now choose £1,e2 < 1 so that the appropriate terms can be absorbed in the
LHS of (3.3.8) and obtain the required estimate. O
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Remark 3.3.12. For later use, notice that the a priori estimate in Step 2 holds for

any 6 € R.

We extend the result to perturbations of the asymptotic model as in Corollary

3213

Corollary 3.3.13. Let (Ax, ) + & € C5°, for some § € (0y,0), be a pair on
V — U x Sk Here &y € (—1,0) is such that Proposition[3.3.11| holds. Let DD* be
the second order elliptic operator associated with (A, ®). Then there exists R' > R
and C' depending on £ such that:

__ *
lullzz < € (I1DD*ul.

2 52 + [Jul| W272(RST§R’)>

where ||u||w22(r<,<r) denotes the Wi:g—norm of u over the region (B \ Bg) x S*
where w is uniformly bounded above and below.
Moreover, the Dirichlet problem

L TA72:2 2 72,2
DD*® ‘SUXSI Ww75 a L ,6*2®8Ww,(5

w

is a Fredholm map of index zero for all § € (g, 0).

Proof. The corollary is a consequence of the compactness of the maps induced by

the products (iv)—(v) in Lemma|3.3.9 L]

Remark. If (A, ®) € C5° is a solution to the Bogomolny equation (or if W(A, @)
is sufficiently small in some appropriate sense), the Weitzenbock formula Lemma
[I.3.1implies that the Dirichlet problem

DD* @ -Joyxsi: Wi — L2 5, ® OW;

w,

is injective and therefore an isomorphism.

3.4 Construction of the moduli spaces

We are now in the position to apply the analysis developed in the previous sections
to the construction of the moduli spaces of SO(3) (and U(2)) periodic monopoles
(with singularities). We begin by making precise definitions of the spaces of con-

nections, Higgs fields and gauge transformations. We work out explicit definitions



Chapter 3. Moduli spaces 95

for the case of SO(3) monopoles. Monopoles with structure group U(2) are treated

in a similar way.

e Fix a collection S of n distinct points pq,...,p, € X. LetV — X* = X\ S
be an SO(3)-bundle such that wy(V') - [S? | = 1. Denote by P the associated
principal SO(3)-bundle.

Choose parameters ko, € Z>o with ks, = n (mod 2) and v,b € R x R/Z,
g€ X,withv > 0if bk, = 0. LetC = C(p1, - - -, Pn, koo, U, b, q) be the space

of smooth pairs of a connection and a Higgs field on V" as in Definition [2.2.1

e Fix a smooth pair ¢ = (A, ®) € C. We will refer to ¢ as the background pair.
We can pick the approximate solution to the Bogomolny equation (1.2.1]) that

will be constructed in Section[4.4] It has the following properties:

(i) There exists o > 0 and a gauge over B, (p;) \ {p;} such that (A, ®) can
be written as (A%, ®°) 6 + (a, ), with (a,v) = O(1), purely diagonal
in the decomposition V' ~ R @& H,, and such that (A, ®) is an exact

solution to (T.2.1) on B, (p;) \ {p:}-

(ii) There exists R > 0 and a gauge over U x S' such that (A, ®) can be
written as (A, Poo) + (a, ), with (a,?) = O(r=2), purely diagonal
in the decomposition V ~ R & (L,;, ® L) and such that (A, ®) is an
exact solution to (T.2.1)) on Ur x S'.

e Given such a pair ¢ = (A, ®) and chosen preferred gauges over B, (p;) \ {pi}

and Ur x S! as above, we use (A, @) as a background to define spaces W

pvél
m,2 . . . ..
and W's” of forms with values in V| g, ,,) and V|7, xs1 as in Definitions
and

2
loc

We say that a V—valued form v € L; . on X* belongs to the global weighted

Sobolev space L<251, 5, 1f, in the preferred gauges around each singularity and

2
P01

2
w,02 "

at infinity, u|g, () € L2 5 and u|y,xs1 € L7 ;,. We define a norm on L3

by taking the maximum of the semi-norms ||u|g, (p,)

2, s lulugxst |z, and
P01 R N w,89
HU|K%,2RHL2- Here K, r = (Br x S')\U;_, B»(p:). The spaces Wi’?%, W521’,252

1,2 . -
and W “; are defined in a similar way.

e Fix0 < 4; < % and 0y < 9o < 0, where J is given by Proposition [3.3.11

Define Cs, 5, as the space of pairs of a connection and a Higgs field on V' of
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the form ¢+ € with § € W2, ;.

e The group G;, 5, of gauge transformations is defined as the space of sections
g of P Xaq SO(3) such that ¢ + (d1g)g~" € Cs, 5,- The Lie algebra of Gs, 5,

is the space of sections of V' of class W; ’252.

o (A, ®) = xFy—d® defines asmoothmap W: Cs, 5, = L3 o5, _o(X"; A @V).

The fact that G5, s, is a group of continuous gauge transformations acting smoothly

on Cs, 5, and that ¥ is a smooth map follows from Corollaries [3.2.8and [3.3.10]

3.4.1 Reducible pairs

We open a brief parenthesis to discuss reducibility of monopoles in the spaces just
defined. Below we will show that the moduli space Mg, 5, = U1(0)/Gs, 5, is a

smooth manifold in a neighbourhood of each irreducible pair (A, ®).

Definition 3.4.1. A pair (A, ®) is said to be reducible if V ~ R & M for an SO(2)-
bundle M/ — X* and (A, ®) is induced by an abelian monopole on M.

Equivalently, a pair (A, ®) is irreducible if and only if there does not exist any
non-trivial solution to V ,u = 0 = [®, u].

It turns out that the existence of reducible monopoles in ¥~*(0) C Cs, 5, de-
pends only on the parameters pi, ..., p,, ks and ¢ used to define boundary con-
ditions in Definition Denote by ¢, the abelian flat monopole (ibdt, v) and
with ¢, the periodic Dirac monopole of charge 1 with singularity at p € X as in
Deﬁnitionm Recall that we defined k = k‘"’% € Z> as the non-abelian charge
of the SO(3)—pair (A, ®) € Cs, 5,-

Lemma 3.4.2. If n < k every monopole in Cs, 5, is irreducible.

If n > k, reducible monopoles in Cs, 5, are in one to one correspondence
with subsets {p;,,...,pi.} of S = {p1,...,pn} of cardinality k and such that
piv + -+ 0, = 2 (0 pi + keq) in X. After reordering the p;’s if neces-
sary, assume that {p1,...,py} satisfies this condition. Then the unique reducible

monopole corresponding to this choice is

k n
Cob 1 E :Cpi - E : Cp; -
=1

i=k+1
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Proof. If ¢ = (A, ®) € Cs, s, is a reducible monopole then & = ¢ ¢ for a harmonic
function ¢ on X* with prescribed behaviour at the punctures and at infinity. Here
0 is the trivialising unit-norm section of the first factor in the decomposition V' ~
R & M. After possibly reordering the p;’s, ¢ is of the form ¢ = v + Z;il Gp, —
St i1 Gy, forsome 0 < n' < n.

To conclude, use Lemmas [2.1.3] 2.1.3] and 2.1.6) to compare the asymptotics

of the sum of Dirac monopoles ¢, + > " ¢, — >, ¢, With the boundary

conditions of Definition 2.2.1f n’ = k because the charge at infinity has to be
2k —m =kyoandpy + ...+ pp = % (> pi + kooq) for the terms of order % to

coincide. O]

Remark. A similar result holds for reducible U(2)-monopoles. In this case we
say that a monopole (A, ®) is reducible if £ ~ L; & L, and (A, ®) is induced

by abelian monopoles on L, and L,. Suppose thatn > kand p; + ... + pr =
1
2
U(2) we defined e; € {£1} for each singularity p; € S by ¢1(F) - [S} ] = e;. For
each i define integers ¢}, ¢!/ € {—1,0, 1} by

1) 71

(>°%  pi + keoq) as above. Recall that when the structure group is taken to be

’ ez+1 ’ 61‘—1
€i: ei:
6.2_1 ifi=1.. ..k e-2+1 ifi=k+1,....n
i Ci i _ Ci
€i— 9 GZ 5

Given parameters v, Vs, by, by such that vy — v, = v and by — b, = b, one can show

that
n n
/ "
Cuy,by + €;Cp; 5 Cug,by + €; Cp;
i=1 =1

is the unique reducible U (2)—monopole with central part ¢y, 4y, b,+by + D 1y €iCp;
and trace-less part given by the reducible element of Cs, 5, corresponding to the
choice of {p1,...,px} C Sin Lemma[3.4.2]

3.4.2 Fredholm theory for the deformation complex

Let (A, ®) = c+ & € U1(0) C Cs, 5, be a solution to the Bogomolny equation.

Our goal is to show that:

(i) The deformation complex Q0(X*, V) L Q(X*, V) £ QY(X*, V) defines a

72,2 1,2 2
Fredholm complex W61,62 — W51—1,52—1 — L51_2752_2.
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(ii) If (A, @) is irreducible, i.e. d; is injective, then ds is surjective.

Remark. By Lemmas and|3.3.9) weighted Sobolev norms defined using (A, ®)

as a background instead of c are equivalent (with constants depending on &).
We will need the following elliptic regularity result.

Lemma 3.4.3. Let (A, ®) = c+& € Cs, 5,. Then there exists o, R and C' depending
on & such that

lullgzz, <€ (1DD"uliz, ,, + Nl

forallu e Q(X*; V).

Proof. By Corollaries [3.2.13]and [3.3.13] it is enough to show that for all compact
sets K/ C K C X*, there exists C' = C(K, K', {) such that

[ullw2iey < C (IDD | 2y + [l p2x)) -
Here 7?22 is the unweighted covariant Sobolev norm
[ullfyee = lulliz + [(Vau, [@, u)) |72 + [[(Va(Du), [®, D*ul)||72.

1. Let x be a cut-off function supported in K and such that y = 1 on K’. Using
the Weitzenbock formula Lemmal[l.3.1] we have

/X2 (IVaul® + [@, u]?) —|—2/X(VAu,Vx®u>+/<\If-u,x2u>

_ / (DD u, x*u) < |\ DD*ul| 20 [l 0

where ¥ = xFy — d,P. Now use Young’s inequality with € > 0 to estimate

1
[xiVanvxeu) <2 [0l + Sl

and, together with Holder’s inequality,

1 3
/I‘I’I Deul® < I llzago Ixull 2= lxul 2s < € lxullzs + CellWl Lz Ixull 72
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The Sobolev embedding W12 < L5 now implies

/|‘1’| Ixul® < € [IxVaullzs + Ce(1+ W 720 lullZ2 (1)
Choosing ¢ small enough we obtain

1(V.aw, (@, ul)l[72 10y < CIDD ulla sy + C (1 + 12z ullZa -

2. Pick K" C K’ and set £ = x'D*u, where x’ € C{°(K’) and x' = 1 on K".
Observe that
IDE|| 2 < C (1D ull 2y + 1D D ul| 12 (xc1))
1€l 22 < [ID*ullr2xy < C (IDD*ull 2 (rey + ull L2(x))

by Step 1. The Weitzenbock formula for D* D, an integration by parts and

arguments as in Step 1 yield
I(Va(D™w), [®, D*ul) |12y < C (IDD ull 2ac) + [l 2xc))
for a constant C' depending on ||d4®|| 2k and ||V || 12(k).

To conclude, observe that, since (A, ) = ¢ + £, with ¢ smooth and £ € Wéll’%l’ o1
(in particular £ € W5?), |da®| z2(x) and || V|| ;2 are bounded in terms of K, the

loc

background pair ¢ and ||§||W611,271’6271. O

Lemma 3.4.4. The operator DD* : va(i’?@ — L3, 55, 5 is Fredholm. If (A, ®) is

irreducible then D D* is an isomorphism.

Proof. For all ¢ > 0 we can find o, R > 0 such that HEIBU(,,Z.)HW;,(?TI < ¢ and

1€ ]upxst ||W1,§ , <¢& By choosing £ > 0 sufficiently small, Propositions (3.2.12
and[3.3.11and the continuity of the products in Lemmas [3.2.7)and [3.3.9]imply that
the Dirichlet problem for the operator D D* on B, (p;) and Ug x S! is an isomorph-

ism. Thus we obtain inverses of DD* in a neighbourhood of the singularities and
at infinity by solving Dirichlet problems with vanishing boundary conditions. The
fact that D D* is a Fredholm operator now follows by gluing these inverses with a

parametrix on the compact set K, g, c¢f. for example Réde’s |89, Lemma 3.2].
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To show that DD* is an isomorphism if (A, ®) is irreducible, we proceed in

various steps.

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

By the Weitzenbock formula Lemmal|l.3.1} if (A, @) is irreducible than D D*

is injective. Indeed,

0= / (VA V qu — ad?*(®)u, u) = / |V aul? + |[@, u]|?

If 61,02 are in the ranges specified the integration by parts can be justified
using a sequence of cut-off functions converging to 1. The Lemma follows if

we prove that the index of D D* vanishes.

There exists a constant C' > 0 such that ||u||522 < C||DD*ul| 2 .
W§17§2 61—2,60—2

Iz, =1
and DD*u; — 0in Lj _,5,_,. Now u; is bounded in W'?(K, g) for any

Suppose the claim is not true: There exists a sequence u; with ||u;

o, R > 0 and by Rellich’s compactness there exists a converging subsequence
uy in L*(K, ). Then Lemma implies that uy is a Cauchy sequence in
W; ’?52 and the limit contradicts the injectivity of DD*.

Let x be a smooth cut-off function such that y = 1 on K, i forsome o, & > 0
to be fixed later. Define a new pair ¢ = (A", ®') = (A, P) + (x — 1)¢, so
that ¢’ coincides with the background pair c on B¢ (p;) and on Usg X S!. The
corresponding operator D D7, is of the form DD* 4 T', where

ITullzs, s, SN0 Deluge,, ellize,

Choose o, R so that || (x — 1)§HW51,2 ., < e forsmall enough & > 0.
1~ L1022

By the compactness of the products in Lemmas [3.2.7] and [3.3.9| the index of

Dy D7, and DD* coincide. We are going to show that D D?, is an isomorph-

ism.

D. D is injective. Indeed, choose ¢ so that C'e < 1, where C'is the constant

in Step 2. Then if Do D’u = DD*u + Tu = 0, Steps 2 and 3 imply u = 0.

For notational convenience we are going to drop the subscript .~ through-
out this step. In order to prove that DD* is surjective, start considering the

map DD*: I/V521 ’?62 — L3, 55, 5 Since d1,0, are non-exceptional weights
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for D D*, standard theory in weighted Sobolev spaces implies that the coker-
nel of this map is identified with the kernel of DD* in 112_51_17_52 (cf. for
example [84, Theorem 10.2.1]). Denote this finite dimensional space by
ker (DD*)_s,-1.—s,-

We claim that there is an injective map ker (DD*) 5,1 5, — R We

need the following facts:

1. By elliptic regularity, if u is an element of ker (DD*)_s 1 s, then
u € Wf?l_L_ P The elliptic estimate in weighted Sobolev spaces that
justifies the claim can be obtained by combining the a priori estimates

in the proof of Proposition [3.2.12] Lemma [3.3.6] Proposition [3.3.1T|and
Lemma

2. Solve Dirichlet problems on balls B,(p;) and on Up x S! (for some
small o and large R?) with w itself as boundary datum to show that

Ai .
=0+ u Ulgpxst = Aoo(logr) 6 + uly

ulB, (p)) =
with u] € Wf 521 and ul, € Wﬁi Here ¢ stands for the trivialising
section of the diagonal factor in the decomposition V' ~ R @& M, with
M = H,, over B,(p;) and M = Ly ® Lt> on U x S'.
To show why this is true, choose ¢ and R so that (A’, ®’) coincides
with the model Dirac monopoles on B, (p;) and Uz x S'. By Lemma
3.2.11|the growth of harmonic sections of V|g_ ;) is explicitly known.
Similarly, the growth of S'—invariant harmonic functions on the big end
of X* is known. On the other hand, by Remark[3.3.12] we can iterate the
a priori estimate in the proof of Proposition [3.3.11} Since J, > —1, the
oscillatory and off-diagonal components of a solution u € Wffrlﬁ 5
to DD*u = 0 decay very rapidly (as fast as any negative power of r, cf.
Lemma [3.4.6|below).

Now define a map ker (DD*) 5, 1 5, — R by u = (A1,..., Ay Ao)-
Its injectivity follows from Step 4.

. . 52,2 - . 2,2 . .
Finally, since W;"; is an extension of W5 by an (n+1)-dimensional space

and DD : W5217252 — L3 _,5,_, remains injective by Step 4, we conclude
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that D D, is an isomorphism. [

Standard theory [38|, Chapter 4] now implies that

Stame = {(4.9) + (@,0) | di(a,0) =0, (@ V)2 <e}

is a local slice for the action of Gy, 5, on Cs, 5,.

Lemma 3.4.5. Let (A, ®) € Cs,5, be an irreducible solution to the Bogomolny

equation. Then D Wéll’zl sy—1 — L3, _0.4,_o is a Fredholm surjective operator.

Proof. We make two preliminary observations. First, we fix o, R > 0 as small,

large as needed and deform (A, ®) to ¢ = (A’,d’) so that it coincides with the

model Dirac monopoles on By, (p;) and Ur x S'; by Lemmas [3.2.7|and [3.3.9 such

a modification changes D by a compact operator. Secondly, we can combine the a
priori estimates in the proof of Proposition[3.2.12] Lemma3.3.6] Proposition[3.3.11
and Lemma [3.4.3]to obtain the elliptic estimate

Il < (Dnlss, ,, ,+ Iz, ) (3.4.1)

for a constant C' depending on &.

Now, in view of Step 4 and 5 in the proof of Lemma[3.4.4] in order to prove that
D = D, is Fredholm it remains only to show that ker D is finite dimensional. As
in the proof of [[84, Theorem 9.1.1] it is enough to show that there exists a compact

set K C X™* and a constant C' > 0 such that

nlles, .., < Clinllzago

for all n € Walﬁl, P with Dn = 0. Indeed, assume the estimate holds and that
ker D is infinite dimensional: We can find a sequence 7; € W(511731,52_1 such that
Dn; =0, [ |n;]*dp = 1 and [ (n;,n;)dp = 0. Here dy is a measure on X* such
that dp = p; 2* = dvol on B, (p;), dje = w=2% dvol on Ug x S' and dy is uniformly
equivalent to dvol on the compact set K, z. In particular the Lglfmrl—norm is
equivalent to the L*(X*, du)-norm. (3.4.1) and Rellich’s compactness guarantee
the existence of a converging subsequence in L*(X*, du), hence a contradiction.
Fix a cut-off function y such that x = 1in X \ K, 55 and x = 0 in K>, . Since
(A’, @) is reducible on the support of x, for any  with Dn = 0 we decompose
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X1 = xnp+xnr and study separately the diagonal and the off-diagonal component.

1. Observe that A(xnp) = DD*(xnp) = (Ax)np — 2(Vx, Vnp). Therefore,
applying the interior elliptic estimate in Step 2 of the proof of Lemma[3.4.3]

we have

1A (D) |2 < Clnllee kg um)-

1—3,00—-3 T

Now, since 9; — 1 and J, — 1 are non-exceptional weights for the Laplacian

beollzz ., < ClAGmD, ., < Cliallzge 1o

1,60— —3,69—3 —

For a proof of the estimate we refer to [84, Proposition 6.2.1], where it follows

combining integration by parts and separation of variables arguments as in the

proof of Propositions[3.2.12]and [3.3.11]

2. In order to prove the estimate for the off-diagonal component on the exterior
domain U x S', we exploit the Bochner formula (3.3.7). We showed in Step
2 of the proof of Proposition [3.3.11|that (3.3.7]) implies

[ (van sl < ¢ ((foroap + [ 1o2)

where we set n = xnr and § = d,. The integrations by parts are justified
because 17 € L? 5_,. Since |[®,7]| > ¢|n| by (B:3.1), we can choose R large
enough so that cR? > (' and therefore

(R~ C) / Wl < C / W Dy .

3. Since (A’, ®’) coincides with an Euclidean Dirac monopole of mass 0 on
the ball By, (pi), da(p®) = 0 in this region. In particular, the Weitzenbock
formulas of Lemmal(l.3.1]imply that D(pD*n) = D*(pDn), where n = xnr.
An integration by parts (justified because 7 € W;fl_l) yields

/p‘25+1|D*77\2 _ /p—26+1|D77|2 — 25/p_26<D*77 — Dn,dp - n),

where we set 6 = ;. Now use the algebraic identity 2[®,n| = Dn — D*n:

4[®,n]]> = |D*n|*> — |Dn|* 4 4(Dn, [®, 1))
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and therefore

/p—25+1|[q>,n]|2 - —5/p—25<[®,n],dp-n> +/p‘25“<Dn, (@, 7))

Finally, by the Cauchy—Schwarz inequality

[t <o [P+ [ oo

Conclude using § < % and |[®, ]| = %p‘1|77| because 7 = xnr.

Putting together the estimates in 1, 2 and 3 and using D(xn) = dx -7, we proved

[PSVal> < Cllnll L)

51 —1,80—1

for compact sets K’ C K C X*and all ) € W;1’31752_1 with D = 0.
We conclude that D is a Fredholm operator; it is surjective by Lemma O

In view of the two lemmas above and the discussion of irreducibility in Lemma
standard theory [38, Chapter 4] implies that Mg, 5, = ¥~(0)/Gs, 5, is a
smooth manifold for generic choices of py,...,p,,q € X.

More work is required to bring the L?*~metric into the discussion. We need the

following preliminary lemma on the decay at infinity of monopoles in Cs, 5, .

Lemma 3.4.6. Let (A, @) = c+ £ € Cy, 5, be an irreducible solution to the Bogo-

molny equation. Then there exist R > 0 and g € Gs, 5, such that on Up x S
9(A, @) = c+ ¢ with € W5y and £, = O(r*7Y), & = O(r*) for all 11 € R.

Proof. The line of proof follows [17, Lemma 5.3].

Step 1. First we put (A, @) in “Coulomb gauge” with respect to the background ¢ near
infinity. Fix Ry > 0 and a cut-off function Yz, = 1 on By, x S' and xz, =0
on Usr, x S'. Define a new pair ¢ = (A', ®') = ¢+ xr,&. Then ¢ = con
Usr, ¥ S'. As in Lemma we can choose R sufficiently large so that
did; fWVJQI ’?52 — L3 _, 5, remains invertible. Here d is the linearisation at

¢’ of the action of G, 5, on Cs, s,.

Now for all R > Ry consider the pair ¢ 4+ £ defined by g = (1 — xgr)E.

Here xr is a cut-off function with the same properties of xp, but with R in
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Step 2.

Step 3.

place of Ry. The Implicit Function Theorem implies that, choosing R large
so that ||€ R||W61,2 ..., is sufficiently small, there exists g € Gs, 5, such that
1— 502~

g(c +&r) = + ¢ with & e W | ;| and dj¢' = 0.

Since ¢ + £ = ¢+ € on Uy x S!, restricting to this exterior region, £’ is a
solution to D& + & - & = 0. Here D is the Dirac operator twisted by
the background pair c. Recall that c is a solution to the Bogomolny equation

on Ui x Sh.

Renaming £ = £, ¢ = (A, ®) and setting § = J,, we reduced the problem to
study the decay of solutions ¢ € Wij_l to DE = —¢& - £&. We start by proving

an initial decay ¢ = O(r°) and then improve to the required rate.

Apply D* to the equation and use the Weitzenbock formula Lemma [I.3.1]to

derive the differential inequality

d*d([€]) < [da®| €] + (V] + [, €]]) [¢]

This follows from the Bochner-type formula (3.3.7) and Kato’s inequality.

Hence [£] € W' is a subsolution to
dd*u S (Al + Ag)’u

where A; = |ds®| € L™ and Ay = |V4¢| + |[®,€]| € L?. Then Moser
iteration on a 3-ball B;(p) centred at any point p € Usp x S' as in [48,
Theorem 8.17] yields

sup [¢] < Cll€l|2(s,6) < Cr0lIENL2
B%(P) '

for a constant C' depending on the L>—norm of A, and || As|| ;2. Here we used
that w ~ w(p) ~ 7 in By (p). Hence |¢| < Cr° on Usg x S! for a constant C'
depending on the background ¢, R and || ”ng_ .

1

Recall that the background pair ¢ is abelian on Ur x S'. We decompose
¢ = &p + & into diagonal and off-diagonal part and exploit the fact that
¢ € Wyi, = wlér € W2 to improve the decay of {r—first in an

integral sense, then as a pointwise statement.
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Step 4.

Step 5.

In order to justify the integrations by parts it is necessary to introduce a
sequence of cut-off functions ; vanishing in a neighbourhood of infinity,

such that |dy;| < % and converging to 1 as i — oo. Set & = x; &r; then
D& =dxi - &r — & - &

If &7 € Wi,’iq then D& € L2, 5 5 since w &, w#tlep, w¢ € W2
and 6 > —1. Moreover, §; € L2, s because d > —1. The a priori estimate
of Proposition [3.3.11/now implies &; € Wi’i_l 4s—an improvement because

0 < 0. By iterating and letting i — co, we conclude that {7 € Wi:i_l for all

p € (—o0,d].

We repeat the argument of Step 2 with the equation D& = —& - £r. We have

a differential inequality

d*d([&r)) S 1da®] [Er] + ([VaS] + 1@, £]]) [€2] + (IVasr| + [[®, Ex]1) [€]

of the form d*du < Ayu + Ayu + f, where u = [&p| € W2, A} = |da®]| €
L, Ay = |V4&|+[[@, ]| € L2 and | = (|[Valr|+ [P, &r]]) €] S [Valr|+
|[®,&7]] € L? by Step 2. Moser iteration and Step 3 yield |¢7| = O(r#) on
Usr x S forall 4 € R.

The diagonal part £ € Wi:g_l is a solution to the equation
Aép = D*(&r - ér) € Li,ufz

for all 4 € R. By elliptic regularity p € W5:§71 and an argument analog-
ous to the proof of Lemma [3.3.9](ii) yields the weighted Sobolev embedding

2,2 _
Wos | = w10, O

w

Remark 3.4.7. (i) In fact we can say a bit more: |{p| = O(r~?), the rate of

decay of L? ; _ —harmonic functions on X.

(i) A simplified argument yields the same decay for solutions to D¢ = 0.

Theorem 3.4.8. Choose data v,b, ks, p1, ..., Pn,q defining the boundary condi-
tions of Definition Fix §; € (0,3), 62 € (60,0) and suppose that the para-
meters koo, D1, - - -, Pn,q are chosen so that all pairs (A, ®) € V71(0) C Cs, s,

are irreducible. Then the moduli space M, s, of SO(3) periodic monopoles with
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non-abelian charge k = k‘x’% centre q and singularities at py, . . ., p, is a smooth
manifold, provided it is non-empty.
Moreover, the tangent space of M, s, at a point [(A, ®)] is identified with the

L*—kernel of D and the L*~metric is a hyperkiihler metric on Ms, s,.

Proof. In view of Lemma [3.4.5] only the last two statements need justification.
For the first, by (3.4.1) it is enough to prove that if ¢ € L? satisfies D¢ = 0 then
§€ L§1—1,52—1-

(i) On a small ball B,(p;), let £ be the lift of ¢ to 4 dimensions as in Definition
Then f is a solution to ﬁé — 0, where D is the Dirac operator twisted
by the smooth connection A obtained from (A, ®) as in (3.1.1). By elliptic
regularity |¢| = V/P|¢] is bounded.

(ii) Near infinity we use Lemma[3.4.6]to write (A, ®) = c+7 withn = O(r®71).
Then € is a solution to D¢ 41 - € = 0, where D is the Dirac operator ((1.3.3))
twisted by the background pair c. It follows that D € L2 5, _, on Up x S'
for some R large enough. By Proposition we can write £ = &' + D*u,
where u € Wizi and ¢’ € L* with D& = 0. Since ¢ coincides with the model
periodic Dirac monopole on Ui x S', the diagonal component of £’ is an L?

harmonic function on X and therefore £, = O(r~2). On the other hand, by
Remark (i) & = O(r*) for all p € R.

Finally, in order to prove that the L>~metric is hyperkihler, in view of the discussion

of Section|1.4.2) we need only check that the equality

<€7d1u>L2 = <dT§7u>L2

holds for § € Walfi, 5,1 and u € /V[v/fl’?ég. This can be verified by using a sequence

of cut-off functions on X* converging to 1. 0

The next open question is to compute the index of the Dirac operator D, i.e.
the dimension of the moduli space. In [34]] Cherkis and Kapustin argue that the
dimension of the moduli space of SO(3)-monopoles with n singularities and non-
abelian charge k is 4k — 4. A proof using a Callias-type index theorem (cf. [|63]]
where Kottke computes the dimension of the moduli space of monopoles without
singularities on asymptotically conical 3—manifolds), the excision principle and the

equivariant index theorem as in Pauly [87]] seems feasible.
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Conjecture 3.4.9. The index of the Dirac operator D twisted by a periodic mono-

pole with non-abelian charge k is 4k — 4.

Finally, motivated by physical considerations Cherkis and Kapustin [29] make

the following conjecture.

Conjecture 3.4.10. Choose p1,...,pn,q as in Theorem so that M, s, is a

smooth manifold and assume it is non-empty. The L*~metric on Ms, s, is complete.
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Chapter 4

A gluing construction

4.1 Introduction

The goal of this chapter is to construct solutions (with singularities) to the Bogo-
molny equation on X = R? x S! satisfying the boundary conditions of Definition
Following a suggestion of Biquard, we tackle this existence problem via
gluing methods.

Monopoles on R? (with structure group SU(2) and without singularities) were
themselves constructed via gluing methods in a seminal work by Taubes [60, The-
orem 1.1 §IV.1]. On the other hand, Cherkis and Kapustin’s physically-motivated
computation of the asymptotics of the L?—metric on the moduli space of periodic
monopoles [33]] is obtained by thinking of a charge £ monopole as a superposition
of particle-like charge 1 components.

The main steps and ingredients of Taubes’s original gluing construction for Eu-

clidean monopoles are:

e Charge 1 monopoles on R3 are completely explicit. Up to translations and

scaling there exists a unique solution, localised around the origin in R3.

e Given k points far apart in R3, Taubes constructs an approximate solution to
(1.2.1) patching together k£ charge 1 monopoles each localised around one of

these points; the choice of gluing maps accounts for a further k—1 parameters.

e The approximate solution is deformed to a genuine monopole by an applica-

tion of the implicit function theorem.



110 4.1 Introduction

Taubes’s existence theorem can be understood as a converse to a compactness
statement for smooth monopoles in R3, ¢f. Atiyah—Hitchin [7, Proposition 3.8].
Uhlenbeck Compactness [105]] yields a description of the end of the moduli space
in terms of monopoles of charge % breaking into monopoles of lower charges reced-
ing from each other along definite directions. Taubes’s result is a converse to this
process close to the top dimensional stratum of the boundary where all monopole
clusters have charge 1.

As periodic monopoles have infinite energy, no compactness result is readily
available. In analogy with the Euclidean case, however, one can imagine that the
end of the moduli space consists of charge £ monopoles obtained as a non-linear

superposition of well-separated monopoles of lower charges.

The first difficulty we will have to face is that not even charge 1 periodic mono-
poles are explicitly known. In fact, numerical experiments of Ward [107] show that
a very different behaviour should be expected depending on the sign of the mass:
When v is positive and large, charge 1 periodic monopoles are concentrated in an
almost spherical region around their centre. When the mass is negative and large in
absolute value, the monopoles are instead localised in a slab containing fwo maxima
of the energy density. At the moment no clear interpretation of this phenomenon
exists and no detailed quantitative estimates are available.

As a consequence, the construction of a charge & periodic monopole as a su-
perposition of k charge 1 monopoles can be carried out only when the charge 1
constituents have large positive mass. There are two ways of arranging this. On one
side one can consider periodic monopoles with large mass v. By scaling, the large
mass limit v — +oo is equivalent to the large radius limit R?> x R/27mvZ — R3.
Observe that nothing is special to the case X = R? x S' and it is conceivable that
large mass monopoles exist on any 3—-manifold satisfying appropriate conditions.
More interestingly, the fact that the Green’s function of X grows logarithmically at
infinity is at the origin of a new phenomenon, that of “bubbling” at infinity. Here
when using the term “bubbling” we have in mind the following phenomenon. In
Section 3 we will see that a charge 1 SU(2) monopole on R? has a definite size, in
the sense that half of its energy is concentrated in a ball of radius proportional to %
around its centre. Here A is the mass of the monopole and as A\ — oo the SU(2)

monopole converges to a Dirac one.

Finite energy solutions to the Bogomolny equation cannot “bubble” as a con-
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sequence of Uhlenbeck Compactness [[105]: If (A, ®) is a monopole on R? then
A = A — ®ds is ASD on R*. The L?-norm of F; on a set B, x (—r,r) is con-
trolled by r [, |da®|* <7 [os [da®|*. Now if (A;, ®;) is a sequence of monopoles
with uniformly bounded energy, taking r sufficiently small depending only on the
total energy of (A;, ®;), Uhlenbeck’s result yields the existence of a converging
subsequence as in 38| Proposition 4.4.9].

When the energy is infinite, “bubbling” cannot be excluded so easily. On one
hand, we expect that the L?-metric on the moduli space of periodic monopoles is
complete, i.e. a curve of finite length in the moduli space has a limit point. On the
other hand, “bubbling” could still occur along a curve of infinite length.

In order to translate these heuristic expectations into an existence result, we pro-
ceed as follows. In Section 2 we fix the positions of the singularities p1, . . ., p,, and
the parameters specifying the boundary conditions of Definition [2.2.1, Choosing
k additional well-separated points ¢, ..., qx, we construct a reducible solution to
the Bogomolny equation on X* by taking a sum of periodic Dirac monopoles. This
exact solution has the correct boundary behaviour but is singular at ¢, ..., q,. We
want to think of qq, . . ., ¢;, as the centres of highly concentrated charge 1 monopoles.

We will see that it is necessary to assume that either
(A) the mass v is sufficiently large, or

(B) when the number of singularities n is less than 2(k — 1), q1, . . ., g are suffi-

ciently far away from each other and from the singularities p1, . . ., p,.

In Section 3 we collect known facts about charge 1 Euclidean monopoles and in
Section 4 we construct initial approximate solutions to the Bogomolny equation by
gluing scaled Euclidean charge 1 monopoles in a neighbourhood of ¢y, ..., g to
resolve the singularities of the sum of periodic Dirac monopoles. By varying the
centres and phases (thought of as fixing the choice of gluing maps) of the glued-
in charge 1 monopoles, we obtain a 4(k — 1)-dimensional family of inequival-
ent approximate solutions satisfying the boundary conditions of Definition [2.2.1]
In the final subsection we estimate the error and some of the geometric quantities
(curvature, size of the Higgs field) of these approximate solutions.

The next step of the construction is to deform the initial approximate solutions
into genuine monopoles by means of the Implicit Function Theorem. The crucial

step is to study the linearised equation. A first difficulty arises from the fact that, if
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one fixes the boundary conditions (i.e. works with weighted Sobolev spaces forcing
certain decay), there is a 3—dimensional space of obstructions to the solvability of

the linearised equation. There are two ways to proceed:

(i) Enlarge the Banach spaces in which to solve the Bogomolny equation by

allowing the appropriate changes of asymptotics;

(i) Consider the centre of mass of the centres of the glued-in Euclidean charge 1

monopoles as a free parameter to be fixed only at the end of the construction.

We follow this second approach. In Section 5 we study the linearised equation
separately for the building blocks, the charge 1 Euclidean monopoles and the sum
of periodic Dirac monopoles. In the former case, there are no obstructions to the
solvability of the linearised equation and the use of weighted Sobolev spaces allows
to obtain uniform estimates for the norm of a right inverse. In the latter case, we can
solve the linearised equation in the chosen weighted Sobolev spaces only modulo
obstructions. Furthermore, for technical reasons we have to distinguish between

case (A) and (B) above:

(A) When the points ¢y, . . ., qx are contained in a fixed compact set of X and we
assume that the mass v is sufficiently large, we can easily adapt the analysis
of Chapter 3 and some care is only needed to check that the norm of the right

inverse of the linearised operator remains uniformly bounded;

(B) When the points ¢y, . . ., g, move off to infinity, instead, an additional tech-
nical difficulty arises from the following fact: It is well-known that for all
[ € C5°(R?) with mean value zero there exists a bounded solution u, unique
up to the addition of a constant, to Au = f with ||Vul[;2 < co. However, if
f is supported on the union of two balls B;(z;) U B;(22), say, with non-zero

mean value on each of them, then ||Vu||3, > C'log |z — z].

In Section 6 we patch together the local right inverses obtained in Section 5 and by a
simple iteration solve the linearised equation globally modulo obstructions. Finally,
in Section 7 we conclude the construction of a 4(k — 1)—parameter family of solu-
tions to the Bogomolny equation satisfying the boundary conditions of Definition
conjecturally the construction yields an open set of the moduli space.

In the final Section 8, we return to the questions posed at the end of Chapter 1.

We discuss the existence theorem obtained in Section 7 in the case of monopoles



Chapter 4. A gluing construction 113

of low charge £ = 1 and k = 2, explain how the gluing construction is a first step
in the programme of understanding Cherkis and Kapustin’s predictions and discuss
briefly broader perspectives on related directions of future work.

Throughout the chapter we restrict to the case of periodic monopoles with struc-
ture group SO(3), only indicating how to modify the construction when passing to

structure group U (2).

4.2 Sum of periodic Dirac monopoles

We are going to construct a singular reducible solution to the Bogomolny equation.

It is determined by the following data.

e A vacuum background, i.e. constants v € R and b € R/Z corresponding to
the flat line bundle L, ; on X with constant Higgs field 7v and flat connection

wbdt.

e The singularities: A collection S of n distinct points p; = (m;, a;) € X for

i=1,...,n Set X* =X\ S.

e The centres of non-abelian monopoles: Further k points, pair-wise distinct

and distinct from the p;’s, which we denote by ¢; = (2;,t;) forj =1,... k.

We pick an origin in C x R/27Z sothat 2y + ...+ 2z, = 0and t; + ...+ ¢, =0
modulo 27. Let (u, ) be defined by p = my +... + myand a = a; + ... + a,

modulo 27. Denote by d the minimum distance:

d=min {|z; — 23|, |z; —my| forall j,h=1,...k,j#h, andalli=1,...n}
4.2.1)
We assume that d > 5.

Notation. Throughout the chapter constants are allowed to depend on a lower

bound for d and on the set S.

The Higgs field. Consider the harmonic function

k n
Doy =0 +2> Gy = > G, (4.2.2)
j=1 i=1
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on X*\{q,...,q}, where G, is the Green’s function (2.1.1)) of X with singularity
at p. Notice that G,; and G, appear in the sum with a different coefficient.

By Lemma |2.1.3|and [2.1.6|for large ||

2k — 1
Bou = v+ "log|z] + —Re (E) +O(|27), 4.2.3)
s 27 z
while close to the singularity p;
1
d.,, = const + +O(p:). (4.2.4)

7

Here p; = dist(p;, -) and the constant term is defined by
a 1 @
> G (pi) - 3°+v+;zloglzj —mi| + 0 (e7%). (4.2.5)
m#£i j=1

Lemmal[2.1.3|and 2.1.6 give similar expansions also for the derivatives of ®y,.
Finally, in the ball Bz (g;)

oy 1 Pj 2
Pou == -+ 0 (& +0) (4.2.6)

where the constant \; is defined by:
1 & 1
Aj=v+ag+ — hlzh# log |z, — 2| — o Z-leog Im; — 2| + 0 (e7%) (4.2.7)

We will refer to A; as the mass attached to the point g;.

Definition 4.2.1. Given \y, K > 1 and dy > 5 we say that v € R and the points
DPly--sDnyq1s - - - Gk are (Ng, do, K)—admissible if:

(i) The minimum distance d satisfies d > dj;
(il) A :=min; \; > Ao;
(iii) A :=max; \; < K\,
(iv) v > 0if n = 2k.

Which sets of data are admissible? A first possibility is to fix the points py, . . ., pp,
¢1, - - -, qx so that (i) in Definition[4.2.1]is satisfied and then pick v sufficiently large.
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For example, we will be able to construct charge £ = 1 periodic monopoles with
large mass v > 0.

More interestingly, consider the limit d — 400 and assume that
d=max{|z; — 2], |z; —my| forall jh=1,... k,j#hi=1,...n} < K'd
for some K’ > 1. Then

Ajwl(k—l—g>byi (4.2.8)

™

forall j = 1,... k. Thusifn < 2(k — 1) we can fix v, py, ..., p, arbitrarily and
then pick the additional % points ¢, . .., g so that d > d, for dy sufficiently large.
The limit d — oo is interesting because, in analogy with Taubes’s result [60] for
Euclidean monopoles, we expect that it corresponds to (an open subset of) the end
of the moduli space.

The next lemma states that the zeros of P, are localised around the points

q1,- - -, qx if Ag is sufficiently large.

Lemma 4.2.2. Fix dy = 5 and suppose that v > 1 if n = 2k. There exists \y such
that the following holds.

Suppose that the initial data are (Ao, 5, K )—admissible. Thenforallj =1,... k
there exists 3 < §();) < % such that ©,, > 1 on X*\ U§:1 Bsx;)(q))-

J
Proof. By Lemma/[2.1.3|and [2.1.6|there exists a constant C' such that in the annulus
0<p; <3

1
@ethAj—g—C.

Define Ag by Ao = 1+ 2 4 C and
S=0N\)=0—-1-0)".

By choosing )\ larger if necessary, we can assume that Ay > 2(1 + ), so that
2

0 (/\j ) < pvE
Now if A; > Ag, 0 < 7 and ®e > 1 in the annulus 6 < p; < 7. On the other
hand, ®., > 1 in a neighbourhood of the singularities py, ..., p, and at infinity.
Here we need to use the hypothesis v > 1 if n = 2k. The Lemma follows from the

minimum principle. 0
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The bundle and connection. The form *d®.,, is the curvature of the line bundle
M%X*\{qlavqk}

k n
M=Ly,o@QL: @KL, (4.2.9)
j=1 i=1

where L, is the line bundle on X \ {p} associated to the periodic Dirac monopole
of Definition

Consider the reducible SO(3)-bundle R @& M. Its isomorphism class is easy
to calculate: wo(R & M) = ¢;(M) modulo 2, so that w, evaluated on the torus at
infinity is 2k — n (mod 2), 1 on a small sphere enclosing one of the n singularities
and it vanishes on spheres enclosing each of the % points.

As usual we denote by ¢ the trivialising section of the first factor in R & M.

Multiplying by &, Pex, (4.2.2)) defines a Higgs field on R & M. Fix a connection

k n
Ao = (b dt+2> Ay =) Am> G (4.2.10)
j=1 i=1
on R & M, where A, is the connection on L,, of Definition Lemma and
yield asymptotic expansions of representatives of Ay close to p; and ¢; and
at infinity similar to (#.2.3), (¢.2.4) and (4.2.6). For example, as |z| — 00 Ay is

gauge equivalent to:
B ~ 1 1 Iz 2y 4
Aot = ((Qk: —n)A% +bdt + —(n7 — a)df + _—Im (Z) dt + O(|z| )) o

Now, given data v, b, S as above we define boundary conditions as in Defini-
tion 2.2.1t Let V be the SO(3)-bundle on X* with w, (V) - [S2] = 1 for each
pi € S. Notice that V' ~ R & M over X* \ {q1,...,qx}. Define the space
C = C(p1,---,Pn, koo, v,b,q) of smooth pairs of a connection and a Higgs field
as in Definition 2.2.1] where koo = 2k — n and kooq = —(p, ). In view of Lemma
3.4.2) we require there be no subset of S of length k£ with centre of mass at the
origin. Thus there are no reducible monopoles in C.

The reducible pair Cex; := (Aext, Pext) satisfies the Bogomolny equation (1.2.1))
and has the correct boundary behaviour at infinity and around points of .S, meaning
that it satisfies the same boundary conditions as pairs in C. However, it has “conical

singularities” at the additional & points ¢, . . ., qx. Our next task is to desingularise
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Cext SO to obtain a smooth configuration ¢ = (A, ®) € C. There are no topological
obstructions because wy(R @ M) vanishes when evaluated on a small 2-sphere

centred at the point g;.

Remark. We can define a U (2)-bundle M; &M, on X*\{q, . .., g} endowed with
a reducible monopole in a similar way. For each i = 1,...,n choose ¢; € {£1}.
By relabelling the p;’s we can assume that e, = —1 fori = 1,...,n_. Choose

v1,v9 € Rand by, by € R/Z such that v; — vy = v and b; — by = b modulo Z. Set

k n— k n
My = Loy, @R Ly @ R Ly My=Lup, QL' @ X)Ly,
j=1 i=1 j=1

i=n_—+1

4.2.11)
Since M1 @ My = Ly, vy 44, ® @iy L% and My ® My " = M, the reducible
SO(3)—pair (Aext, Pext) and

((b1 +ba)dt+ Y €A, vt vt Y eiGpi> id (4.2.12)

i=1 =1

define the trace-free and central part of a reducible monopole over X*\{q1, ..., g}

4.3 Charge 1 monopoles on R?

In this section we introduce the “asymptotically conical” solutions to the Bogo-
molny equation that will be used to resolve the singularities of (Aex, Pext)-

In 1975 Prasad and Sommerfield [88] found an explicit smooth finite energy
solution to the Bogomolny equation on R? with structure group SU(2). By transla-
tions and scaling, this explicit solution accounts for all SU(2) Euclidean monopoles
of charge 1. We collect the main properties of the Prasad—Sommerfield monopole
following Atiyah—Hitchin [7]], Taubes [60] and Shnir [92].

The Prasad—Sommerfield monopole. We are going to use the notation p = |z|,
t=plreS?CRand 0 = (01,09,03) € R® ® suy, where {0}, 09,03} is the
orthonormal basis of suy defined in (1.1.1]).

The Prasad—Sommerfield (PS) monopole cps = (Aps, Pps) is given by the ex-
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plicit formula, cf. [60, IV.1, Equation 1.15]:

Buala) (ﬁ _ %) Poo Awle) = (ﬁ ) %) () (ff31)

Here - and x are the scalar and vector product in R3, respectively. To simplify
the notation we will often drop the subscript PS throughout this section.
In formula (4.3.1) we fixed the mass v = 1. A monopole with arbitrary mass

v > 0 is obtained by scaling. The following properties of the PS monopole follow
directly from (4.3.1)), ¢f. [60, SIV.1].

Lemma 4.3.1. The pair (Aps, ®ps) is a solution of the Bogomolny equation m

with finite energy.

(i) (Aps, Pps) has charge k = 1 and centre q¢ = 0. The charge and the centre of
an SU(2) Euclidean monopole were defined in Section and respect-
ively.

(ii) ® has exactly one zero, ®(0) = 0.
(iii) |P(z)| < 1.
(iv) 1= |®(x)| =, + O(e™?).

(v) By (ii), over R®\ {0} we can decompose each suy—valued form v into diag-
onal and off-diagonal part v = up + ur, where up = |®|7?{u, ®)®. Then
(da®)p| = O(p~?) and |(da®)zr| = O(e™").

The asymptotically abelian gauge. As in Lemma [4.3.1}(v), over R? \ {0} the
(trivial) rank 2 complex vector bundle E splits as a sum H @ H ! of eigenspaces
of ®. By Lemma[4.3.1](i) H is the radial extension of the inverse of the Hopf line
bundle. The adjoint bundle (R?\ {0}) x su, splits as a sum R & H?. We refer to
such a gauge over R?\ {0} as to the asymptotically abelian gauge because it yields
an asymptotic isomorphism between the PS monopole and a charge 1 Euclidean
Dirac monopole.

We can describe such an isomorphism n: £ — H @& H~! explicitly, cf. [60,
§IV.7, 7.1 and 7.2]: Let U be the standard cover of S, Uy = S*\ {(0,0,F1)}. In
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spherical coordinates centred at the origin, define 74 : (0, 4+00) x Ur — SU(2) by

[ —i0 i @

cos e "sin %

2 2
77+(P»¢a9): 0 ¢ é
—e"sin 5 COS 5

and n_ = e%731, . In this gauge n(A, ®) = (nAn=' — (dn)n=t,n®n~1) is

(4) = (1 d ! 0 =) 0 e\ e
77+ - — COS ¢)O_3 + 2 Sinh (p) eie O p ¢ + ieie O pSln ¢

1
ny®nt = (cotanh (p) — —) o3
p
(4.3.2)
and similar expressions hold when 7)_ replaces 7.

Let (A%, ®°) be the Euclidean Dirac monopole on H of Definition 2.1.1]
Lemma 4.3.2. Let (A, ®) be the PS monopole defined in (4.3.1).

(i) There exists an isomorphismn : E — H & H' over R?\ {0}, given by 1.
above, such that n(A, ®) = (A%, ®°) o3+ (a, ), with a and ) a 1 and O—form
with values in the SO(3)-bundle R & H>.

(ii) (a,) satisfies d'y,, a = 0 = [®°03,1)] and 9, 1a = 0. Moreover, as p — oo:
lal + [] + daosal + |[2003, a]| + |daog, )| = O(e™")

Therefore 1 puts (A4, ®) in “Coulomb gauge” with respect to (A°, ®°) o3. The
second statement of the Lemma follows by a direct computation.

Without altering the properties stated in Lemma [4.3.2] we have the freedom
to change 7 by composing with an element in the stabiliser of (A% @) 03, i.e. a
constant diagonal gauge transformation ™%, 7 € R/27Z. By abuse of notation,
we won’t distinguish between 7 and the induced isomorphism of SO(3)-bundles
(R3\ {0}) x suy ~ R @& H? As an isomorphism of SO(3)-bundles, we have
the freedom to compose 7 with an element of U(1)/+, where U(1) — U(1)/+£ is
induced by the adjoint representation SU(2) — SO(3).

The moduli space of charge 1 monopoles on R?. In Section and
we discussed the deformation theory of SU(2) monopoles on R?. The situation is

particularly simple when the charge k£ = 1.



120 4.3 Charge 1 monopoles on R?

Let D = D, be the Dirac operator (1.3.3) twisted by the PS monopole. The

L?—kernel of D is 4—dimensional, spanned over H by the vector (d4®, 0), i.e.
ker D = ((da®,0),v(dzy) (da®,0),h = 1,2, 3 )R,

where v(dz;,) denotes the Clifford multiplication.

We can explicitly integrate these infinitesimal deformations. Choose z, € R?
and let T, be the translation x — = —xo. Then T’ cps is still a solution to the Bogo-
molny equation. The corresponding infinitesimal deformation is —y(z) (d4®,0) =
—x0 3 (Fa,ds®). On the other hand, (d4®,0) is the infinitesimal action of the
gauge transformation exp (—®).

In the next lemma, we put 77 cps in “Coulomb gauge” with respect to cps and

derive some useful estimates.

Lemma 4.3.3. There exists x,C and py > 0 such that the following holds. For any
rg € R3 with || < k there exists a solution (A,,, ®,,) to the Bogomolny equation

which can be written
(A-TO7 ®$0) = <A7 q)> - 1;0 .| (FAJ qu)> + (axoa wmo)7

where df(ay,,Vz,) = 0. Here dy is the linearisation at cps = (A, ®) of the action

(g iy )| < C20

03

| 2

of gauge transformations. Moreover, forall p > po.

Proof. We give a sketch of the proof; it seems to us that the statement should be

well-known.

Step 1. We will prove later, ¢f. Lemma , that the operator D D*: Wi?s — wa 5—9
is an isomorphism for all § € (—1,0). Here the spaces W;’:‘f are defined as

in Definition [3.2.1] replacing the distance p with the weight function w =

1+ p? cf. Deﬁnitionm

Using Lemma (v) to estimate the size of d4P in Wul)f;_l one then shows
that DD* — 29 4 (F4,ds®) - D* remains an isomorphism if « is sufficiently
small. The Implicit Function Theorem (c¢f. Lemma implies that there

exists a unique solution u € Wig to the equation

DD*u+ ( =z (Fa,da®) + D*u) - (= 292 (Fa,da®) + D*u) = 0,
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i.e. such that (A, ®)—xq 4 (F4, daP)+D*u satisfies the Bogomolny equation.
Moreover, one has HD*uHW:J,zéi1 < C|xo|? and the map z¢ — u € Wi?; is

smooth.

Step 2. It remains to show that D*u = O(p~?3). Consider the equation DE +&-£ =0
for § € Wi}f;_l.

By Lemma[4.3.2] in the asymptotically abelian gauge we write

Dog +2(a, ) - §+&- £ =0,

where (a,1)) is exponentially decaying and D is the Dirac operator twisted
by the Dirac monopole (A%, ®°). One can argue as in Lemma m to show
that &0 = O(p™#) = A¢p forall € R.

Now apply the result to £ = —xz¢ 4 (F4,da®) + D*u. It follows that we can
write

D*u = x{ 1 (Fa,da®) + 7 (da®,0) + O(p~?)

for some z, € R® and 7 € R. However, since u € W3 and § € (—1,0), an
integration by parts shows that D*u is L?~orthogonal to ker D and therefore
ry=0=r1. O

Remark. There must exist a gauge transformation such that g( A, ®.,) = T} (A, ®).
Indeed, there must exists xj, € R® and g € G such that g(A,,, P.,) = T;‘G(A, D).
On the other hand, comparing |®,, | with |T;6<I>

, one concludes that xj, = .

4.4 The initial approximate solution

Having introduced the necessary background, we devote this section to the con-
struction of an initial approximate solution to the Bogomolny equation (I.2.1)) on
X*. We will desingularise the reducible solution c. of Section by gluing res-
caled PS monopoles in small balls centred at the & points ¢, ..., g.. When the PS
monopoles are centred at ¢y, . .., q; themselves the construction is straightforward
and involves the choice of a phase factor for each j = 1, ..., k determining a gluing
map. Since the singular solution c., is reducible, its stabiliser I' ~ U(1)/=+ acts
on the space of such gluing maps and any two choices yield gauge equivalent pairs

if and only if they lie in the same ['—orbit. In a second step we will also vary the
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centres of the PS monopoles to obtain a family of configurations ¢(xo, 7) on X*.
In this case some care is needed to arrange for the initial error to be sufficiently
small. Moreover, the given boundary conditions are satisfied only if the centres of
the PS monopoles have a fixed barycentre ¢ = 0. Hence we will obtain a (4k — 1)-
parameter family of inequivalent smooth pairs c¢(zg, 7) € C, in agreement with the
expected dimension of the moduli space, c¢f. Conjecture[3.4.9] In fact, in the next
section we will see that, since we are fixing the decay of the solutions to the Bogo-
molny equation, the gluing problem is obstructed. As usual in such cases, it will
then be necessary to consider ( as a free parameter to be fixed only at the end of the
construction. The final part of the section is devoted to the estimate of the error and
other geometric quantities related to the pairs ¢(xg, 7).

By (4.2.6)), in a neighbourhood of ¢; the pair cex = (Aexi, Pex) coincides at lead-
ing order with a Dirac monopole of charge 2 and mass \; {#.2.7). More precisely,
in the ball Bz (q;) we write

Cext = ( Wiexts wext) (441)

where:

(i) (z) = (A% \;@°)(\;z) ® 26. Here, (A°, ®°) is an Euclidean Dirac mono-

pole of charge 1 and mass %
(i) ‘(agxn ngt)l = O(d_lpj + 932) and (vagxta v¢gxt) = O(d_l + pj)-
We assume that we have chosen (), 5, K')—admissible data as in Definition

4.2.1|with )\ large enough so that Lemma holds.

We define gluing regions and adapted cut-off functions.

-

Definition 4.4.1. 1. Let N > 2 be a number to be fixed later and set ; = )\ 2,
Taking A, larger if necessary, we assume that 2NJ; < 3 and J > = for all
j=1,... k.

Write X ™ as the union of open sets

Uj:BNgj(q]')fOI'j:L...,k ext_X* (UBN 15, QJ>

Finally, let A;, A exi, Ajine be the annuli U; N Uex, Bans,(q5) \ Bws;(g;) and
Bn-15,(q5) \ Bany-15,(q;). respectively.
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Figure 4.1: Gluing regions

2. Foreach j = 1,..., k, fix smooth cut-off functions Xijm, ngt such that

j 1 in B(QN)—lgj (Qj) 0 in BNEJ- ((Jj)
Xint = Xext =

0 inX* \BN—I(;j(q]') 1 in X" \BQ}\MJ.(Qj)

We assume that 7, xZ are radial and satisfy |Vx7, | < 8 Vx| < ot
J J

Now forall j = 1,...,k let h; and 7; be defined as follows:
hj: X* D Bx(g;) — BAJT.W(O) CR? (4.4.2)
is the homothety ¢; + = — \;z;
ni: Ay xsu(2) > ROH 2RO M (4.4.3)

is the bundle isomorphism obtained by composing the gauge transformation 7 of
Lemma with a fixed isomorphism H? ~ M. We have the freedom to compose
n; with a constant diagonal gauge transformation €77,

We have all the ingredients for the definition of a desingularisation of cey. First,
the bundle: Given a k—tuple 7 = (e™%, ... ™) € (U(1)/+)", define an SO(3)—
bundle V' = V(1) over X* by identifying (U, U; x su(2)) and (Uex, R & M) over
Aj; using exp (7;6) o ;. Notice that wy(V') - [S] | = 1 and the isomorphism class of

V(7) does not depend on the choice of 7. Next we define a pair ¢(7) on V(7):
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e Working on the reducible bundle R & M over Uy, modify cey to
C:acnt - C(]) + ngt(agxta ¢gxt)
on each annulus A; U A ox.

e Set ¢; = h}(Aps, Pps). On the annulus A;;, U A; we write €77n;(c;) =
)+ (. ) asin Lemmafi3]

Define a pair ¢; on U; X su, by
eTjC}nj(C;') = C(j) + Xijnt(ai];m 1]nt)
Then ¢ = c¢; on B(an)-15,(q;) and e7n;(c}) = ¢} over the annulus A;.

Now define a smooth pair ¢(7) = (A(7), ®(7)) on V(7) by

/
c; onUj,

c(r)=¢" (4.4.4)

/
Coxt  ON Uyt

It will be more convenient to fix a base point 75 = (id,...,id) and regard
the configurations ¢(7) as a family of configurations on the fixed SO(3)-bundle
V = V(7). As in [38, Lemma 7.2.46], we are going to define a pair on V'
gauge equivalent to ¢(7). Let 71,...,Vk, Yext De a partition of unity subordinate
to the cover Uy, ..., Uy, Uy of X*. Define gauge transformations g; on U; by
1; © g; © 77;1 = exP (TjVext0) and gexy ON Uexe BY gext = exp (—7;7;0) on A; and
gext = 1 on the complement of A; U ... U Ay. Then 7 g; nj_l Gt = €717 over A

/
ext

and therefore 7; g;(c}) = gexi(Chy). We define a pair on V' by

gj(C;-) on Uj,

gext (Céxt) on Uext .

Then (g1, ..., gk, gext) defines an isomorphism g: V(7) = V such that g(c(7))
coincides with the newly defined pair.

Let I' be the stabiliser of ce, i.e. I' is the group of constant diagonal gauge
transformations of R & M. I' acts diagonally on 7 by composition on the left. Since

the Prasad—Sommerfield monopole is irreducible it is not difficult to prove that ¢(7)
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and ¢(7’) are gauge equivalent if and only if 7/ belongs to the I" orbit of 7.

The pre-gluing map. The fact that c.,, is reducible has another important con-
sequence. In view of the proof of Lemma [3.4.4] the linearisation of the Bogo-
molny equation ds at cex has a 3—dimensional cokernel as an operator between the
weighted Sobolev spaces of Section [3.4] This is due to the parabolicity of X: If
Au = f e C§°(X), then u grows logarithmically at infinity unless f has mean

value zero. There are two ways of solving this problem:

(i) We can enlarge the Banach spaces in which we solve the Bogomolny equa-
tion by allowing the appropriate changes of the asymptotics at infinity. More
precisely, we have to allow the possibility to vary the centre ¢ in Definition
[2.2.1] If one’s unique goal were to prove that the moduli spaces of peri-
odic monopoles (with singularities) are non-empty, this would seem the most

straightforward way to proceed.

(i1) Ifinstead one wants to construct a family of solutions to the Bogomolny equa-
tion with the aim to construct coordinates on the end of a fixed moduli space,
a change of the asymptotics is not allowed. We regard the gluing problem as
obstructed and in order to compensate for the obstructions we have to intro-
duce a family of initial approximate solutions depending on parameters: It is

necessary to vary the centre of mass of the points ¢y, . . ., qx.

We are going to follow the second approach. We begin with the definition of the

space P of gluing parameters.

Definition 4.4.2. Fix x € (0, 1) so that Lemma holds. Consider the product
of k balls B, (0) C R®. By the homothethy /; (.4.2) identify the jth copy of B, (0)
with By-1,(q;) C X. Let P = P, be the trivial T"~bundle over B, (0)X...x B,(0).
We denc])te points in P by k—tuples (z, 7) of points (z,e¢™?) € B,(0) x U(1)/=+.

We think of 2/ € B,(0) as parametrising the charge 1 monopole (Axg : (I)l%-) on
R3 of Lemma4.3.3| while the k—tuple 7 corresponds to the choice of isomorphisms
eTj&OT]jZ A] X 5Uy %K@M,] = 1,...,k.

Remark. In order to work with structure group U(2) it is necessary to introduce
the finite cover P of P defined by taking the double cover U(1) — U(1)/+ of each
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phase factor. A point in P corresponds to the choice of k charge 1 monopoles on R?
together with lifts of exp (776) o 7, to isomorphisms of U(2)-bundles A; x C? ~
M, & M, where M, M, are defined in (4.2.11)).

Given (zo,7) € P, we want to define a smooth configuration ¢(x,7) € C on
the SO(3)-bundle V' = V(1) — X*: We are going to replace ¢; with ¢;(zg) =
hj(Ax,é, @, ) in (4.4.4)), but some care is needed to implement the construction.

First, notice that

Tr XT ’d.flf z,T A~ _SE ’
—20 3 (Fapg, dapsPps) = — (< p; >’ < p30>) ({#,0)+0 (‘ /)03’ )

in the notation of (4.3.1). When we rescale and introduce cut-off functions, such a

term yields a contribution to the initial error of order /\_Lpg: With our choice §; =
TP

_1
A; ?, this term blows up as A\; — +oco. Because of the obstructions, choosing
d; = A;* for some 0 < o < % would still not be a solution. It is necessary to refine

the construction of ¢(xg, 7) so that ¢/

ext and ¢ (o) match at a higher order.

There is a simple way of achieving this: Given (zq, 7) € P, we modify cex by

k J
Cent(0) = Ceoxe — 2 % 4 (#dG,,,dG,) ® 6. (4.4.5)

j=1""

By Lemma2.1.3|and 2.1.6, on Bz (q;) we have:

Aip; Aip; d Aj

J

(z0) = & — <<x X o da). <x,$6>> 5.0} 40 (& e i) 44.6)

Now proceed with the construction (#.4.4) replacing the Dirac monopole ¢, with

- g (x xxé,dx) (x,x@ )

In other words, by using cut-off functions, we define pairs ¢/ () and ¢ (o) such

ext

that 7;(c;(x0)) and ¢, (o) both coincide with cj(zo) over A;. Notice that the
1

ext

choice §; = A, * now minimises the size of ; (¢ (zo)) —c)(0) and cex (0) — ) (20).

Remark. In fact, if n < 2(k—1) and we let d — oo there is margin of improvement:
2
5

A better choice would be ; = X; °. This is because the term of order d~'p; in

Cext (o) — ¢} () is exponential decaying in \; by {#.2.8).
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We denote by ¢(xg, 7) the smooth pair on V' obtained in this way. By Lemmas

2.1.3][2.1.5/and 2.1.6|the pair c(zo, 7) ¢ C, in the sense that the boundary conditions

at infinity are not met, unless (¢, 7) satisfies the “balancing” condition

ko
0
— =0. 448
E: ¥ (4.4.8)
Notice that the necessity of this constraint and the action of the stabiliser I' of
Cext(T0) on the family {c(xo, 7) | (zo,7) € P} agree with Conjecture on the

dimension of the moduli space.

Since we are fixing the asymptotic behaviour at infinity and therefore expect

the presence of obstructions, however, we have to allow the freedom not to satisfy
1 k

(4.4.8) at the beginning and fix the centre of mass of i—?, e f\—i only at the end of

the construction. We make the following definition.

Definition 4.4.3. For h = 1, 2, 3 define

k
ﬂ (Xext dCJqJ ) 0)

j=1

k
1 .
=57 E da:h Xext dqu,O) R b 04 = —

where (dG,,,0) € QR ® M), duy = dx, duy = dy, dvs = dt and, as usual,

v(dzy) (a,0) = Oy, 1 (*a, a) for every 1-form a .

In order to motivate this definition, we mention that d>o,, h = 1,2, 3, define a
lift of coker ds to (R & M), ¢f. Lemmaf4.6.1] Another useful way to understand
Definition 4.4.3] is to observe that o, is the derivative of cex With respect to the
translation ¢; — ¢; + 0, forall j = 1,..., k. Notice that by Lemmas and
[2.1.6]and Definition #.4.1}(2) there exists a constant C' > 0 such that:

low] < Cp;? in Bi(g;) \ Bus, (45) [Vou| < Cp;® in Bi(q;) \ By, (q;)
lon] < C on X"\ Uj_, Bi(q;) [Von| <C on X"\ Uj_, B1(g))
4.4.9)

Now, for all (zq, 7) € P we replace

3
c(x, ) ~ c(x, T) + 47k Z G on (4.4.10)
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1 k
where ( is the centre of mass of %7 A A2

ko g
T
¢ = —ZA—j. (4.4.11)
Jj=1

By Lemmas [2.1.3} [2.1.5|and [2.1.6| this final modification guarantees that ¢(z, 7) €
C for all (zg,7) € P. By abuse of notation, we take (#.4.10) as the definition of
c(xo, 7).

Fix a base point (0,79) € P and let (A, ®) = ¢(0,79). As in Section |3.4 we

can take (A, ®) as a background pair for the definition of a space Cj, 5, of pairs on

V = V(7). Here we choose §; € (0,1) and 85 € (dy,0), where &, is given by
Proposition [3.3.11]

Lemma 4.4.4. There exists \g and k such that the following holds. Suppose that
v, S, q1, ..., qp are (N, 5, K)—admissible and let P = P,.

The construction of c(xo, T) in (¢.4.10) defines a smooth map, the pre-gluing
map,

c: P— 651752.

Moreover, I' >~ U(1) /% acts on P and c(xq, T) and c(x{, 7') are gauge equivalent

if and only if (z(,, 7') belongs to the I'—orbit of (o, T).

Estimate of the error and the geometry of ¢(z(,7). Fix a point (zo,7) € P
and let ¢ = (A, ®) = c(x, 7). We want to estimate how far ¢ is from a solution
to the Bogomolny equation, i.e. we want to control W(zg,7) = xF4 — daP. For
later use it is also necessary to estimate the size of ¢ and of the “curvature” d4® =
x«Fy — U(xo, 7).

Lemma 4.4.5. We extend c, (zo) to X* \ {q1,...,qx} as the reducible pair on
R & M defined by:

c(xo,7) over U,
Co(T0) = ( 7 ’ (4.4.12)

cp(zo)  over U; \ {g;}

Taking )\ larger and k smaller if necessary, we can make sure that there exists

)\ij < () < /\%2 such that

(D) (x0),6) > (4.4.13)

DN —
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over X\ U_, Bson (7).

Proof. First, from the definition (4.4.5) of cex (o) it follows that (®ex (), d) is a
harmonic function on X* \ {q1,...,q} for all zy. Then one can use and
20| < & to argue as in Lemma[4.2.2} There exists A > 0 such that if A; > A then
(Pea(20), 5) = Lon X"\ UL, Bygay) (7). with = < 5(3;) < 5%,

Secondly, picking A even larger if necessary (depending on N), one can make
sure that the term of order O (% + ,0? + %) that is multiplied by the cut-off func-
tion xZ in the definition of ¢(z, 7) is no bigger than 1 in absolute value.

Finally, by (4.4.9), Definition (iii) and the fact that |¢| < £, we deduce
that we can choose x small enough (depending on K of Definition 4.2.1)) so that

> 1
4k Ch Op, S Z O
h=1
Lemma 4.4.6. There exist constants Cy, Cy > 0 such that if \g > C{N? then
(A2 +07) [da®| < Cy (4.4.14)

over By(q;) forall j =1,... k.
Proof. We derive the estimate separately in different regions.

e In the ball p; < 25—]{,, c(xo, T) is gauge equivalent to 7 cps rescaled by ;.
Zo
Since (1 + p?)|da®| is a scale invariant quantity, we can use Lemma
and the fact that |2}| < 1 to deduce the statement.

e On the annulus A;, ¢(xg, 7) = ¢} (). By a direct calculation using (@.4.7)

(2 4+ 42) [da®] < C (14 N2 2.

e We deduce the estimate on the annulus A;;, from the previous two and
Lemmam We write ¢(xo, 7) = ) (20) + XM(a, 1), where

(a,9) = ¢j(x0) — (o) = O (A72p7%).

In Lemma 4.3.3] we didn’t calculate the decay of the covariant derivative of
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(a,), but we can argue as follows. Observe that

dA+xa (CI) + X,@Z)) = qu) + XdA-i-a(CI) + w) + dX A ¢ + X(X - 1)[@,77/}]

where (A, ®) = ¢} (x) and x = x/.. Since (A + a, ® + v)) is a translation of

the Prasad—Sommerfield monopole, we deduce as above that

pilda®| < C(14 N2ATH+ N1AT?).
e Finally, on the annulus B;(g;) \ Bys, write

3
C(:L'(b T) = C(]](IO) + ngt(av ¢> + Ak Z Ch Oh,s
h=1

where (a,1) = O(p; + A;') and (Va, Vi) = O(1). A direct computation
using @AD) yields p2|da®| = O(1+ A; ?). 0

The error W(zy, 7) is supported in the annuli A, and A; .. We mentioned that
the span of dyo0,, h = 1,2, 3, will play the role of the space of obstructions. It is

then natural to set

3
Ve = dnk dy (Z Ch oh) (4.4.15)

h=1

and estimate W (zo, 7) — .. Now observe that:

(o, 7) = c)(x0) + X, O(X;%p;?) over Ajin
3
c(x0,7) = (o) + XL O\ + pj) + 4k Z Chon over Ajey
h=1
We make use of the following remark: If (A, &) and (A, ) + (a, 1) both solve the

Bogomolny equation and y is a smooth function, then

*Fatxa = dagxa(® + x¥0) = #(dx A a) — (dx)¥ + x(x — 1)(x[a, a] — [a,9)).
A direct computation using Definition #.4.1](2) yields:

|W (20, 7)] < CN* over A; i
(4.4.16)
|U(xg,7) — W] <C over Ajex.



Chapter 4. A gluing construction 131

We summarise some of the properties of the family ¢(zg, 7) of Lemma[4.4.4]

Proposition 4.4.7. There exists \g and k such that the following holds. Suppose
thatv, S, q1, ..., q are (N, 5, K)—admissible and let P = P,.
Then there exists C' > (0 with the following significance. Let c: P — Cs, 5, be

the pre-gluing map of Lemma Then:

(i) Given (xo,7) € P let ¢ be defined by @.4.11)) and set (A, ®) = c(xg, 7).
Then U = xFy —ds® = (V — V) + V¢, where U, is defined by (4.4.15) and
U — T | <C.

(ii) Still denoting c(xo,7) by (A, ®), (A7 4 p?) |da®| < C over Bi(q;) for all
j=1,...,kand|®| > %overUex,.

4.5 The linearised equation: The local models

We work with the pair ¢ = ¢(zg,7) on the SO(3)-bundle V' = V(7y) for some
(x9,7) € P. The goal is to find £ = {(xg,7) € Q(X*; V) with the appropriate
decay at infinity and at the singularities p; € S such that ¢(xg, 7) 4 £ is a solution
to the Bogomolny equation (1.2.1)), i.e.

Here dy: Q(X*; V) — QY (X*; V) is the linearisation of (T.2.1)) at ¢(zo, 7).

In this section we begin the study of the linearised equation d2& = f. This is the
crucial step to solve (4.5.1)). The strategy we are going to follow to understand the
invertibility properties of d, is standard: We first solve the equation on U; and U;.
In Section we explained that, due to the gauge invariance of the Bogomolny
equation, its linearisation dy: Q(X*; V) — QY(X*; V) is not elliptic. We will look
for a solution of the form £ = diu with u € Q'(X*; V). From Lemma we

have a Weitzenbock formula
dodiu = V4V qu — ad®(®)u + *[U, u], (4.5.2)

where ¥ = W(xy, 7). We will adapt the weighted analysis of Chapter [3| to the
present situation. When studying the equation dydyu = f over Uey,, we will have to

distinguish the large mass and large distance limit.



132 4.5 The linearised equation: The local models

Remark 4.5.1. Sometimes it will be convenient to think of a V—valued 1-form u as
a section (u,0) € Q(X*; V). Then dju = D*(u,0) and a computation shows that
the equation dydiu = f is equivalent to DD*(u, 0) = (f, %[V, *u).

4.5.1 The linearised equation on U;

Over the region U there are no obstructions to the invertibility of the operator dads.
The major issue is instead the fact that by (4.4.14)) the curvature term d,P blows
up as \; — oo. In view of the Weitzenbock formula Lemma for D* D, this
implies that the norm of the inverse of the operator dody: W*? — L? between
standard Sobolev spaces is not uniformly bounded. This is completely analogous to
Taubes’s existence result for ASD connections on 4-manifolds [97,99]], where the
smallness of the initial error guarantees that the equation can still be solved. Ex-
ploiting the conformal invariance of the ASD equations, Freed and Uhlenbeck [42]
gave a different argument using Sobolev spaces with respect to the conformal cyl-
indrical metric: With respect to this metric, the curvature of the initial approximate
solution is uniformly bounded. In situations where the problem is not conformally
invariant, a standard approach is to use weighted Sobolev spaces.

For each j = 1,. ..,k define a weight function w; = /A;? + p?. By abuse of
notation, we won’t distinguish between the globally defined function w; on R?* and

a fixed smooth increasing function on X with the properties w; < 1 and:

VAR p? ifp <
w; = roo (4.5.3)

D=

By scaling, we will work on R? endowed with the weight function w = \/sz .
On the trivial SO(3)-bundle R? x su(2) we fix a pair (A, ®) which coincides with
the monopole (A,,, P,,) of Lemma if p < (2N)7'\/A; and with the re-
ducible pair induced by a charge 1 Euclidean Dirac monopole of mass 1 when
p > N~'\/A;; in other words we work with the pair obtained from c;(zo) by scal-
ing. In fact, the only properties of (A, ®) that will be used are @.4.14)), i.e. w?|d 4P|
is uniformly bounded, and the fact that A is a metric connection.

The following Hardy-type inequality on R? is analogous to Lemma it is

proved in a similar way by integration by parts.
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Lemma 4.5.2. Forall § € (—1,0) and u € C$°(R3; suy)

Y 1 a5
/w 20 3|u|2§§/w 20 1|VAU|2.

Proof. By Kato’s inequality, the Lemma reduces to the same estimate for scalar
functions. As observed in [51} §3.5], a uniform way to obtain these estimates is to

use the inequality [[73, Lemma 2]

QA 4 v 2|v¢|2
v <a [waplSt]

valid for any function ¢) with no-where vanishing Laplacian and all u € C§°(IR3).
Pick ¢ = logw if § = 1 and ¢ = w™*~! otherwise. O

Remark 4.5.3. By scaling, the Lemma holds with the same constant if w is replaced

by w;.

Definition 4.5.4. For all § € R and all smooth sections u € Q(R3; su,) with com-

pact support define:

_5-3
lallzz, = o™ Bule s =l + IVaulle | +1@,d)2:

Define spaces Lfm s and Wig as the completion of C§° with respect to these norms.

Finally, we say that u € WUZJ? if u € W, and

w,

IVaD w2, + @, (D*W)][|zz ,, < o0

w,5—2

Lemma 4.5.5. For all —1 < § < 0 there exist (0) > 0 and C' = Cs > 0 such that
if |w¥|| s < (9) then the following holds. For all f € L, ;_, there exists a unique
solution u € Wig to dydiu = [ and moreover

lullwzz < Cllfll2

w,0—2 '

Proof. We assume wlog that f € C§°. The solution u can be found by direct

minimisation of the functional

1
5, Wl )
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Indeed, by (#.3.2) we write dydiu = V4V qu — ad*(®)u + *[¥,u]. By Holder’s
inequality,

([, ], u) | < (o palfw™ ] paful] o

Lemma with 6 = —% and the Sobolev inequality imply that ||d}u|| ;2 is a norm

on Wul}i if [[wW¥| s < Tlsb Since f € C§°, the functional (f, u) 2 is continuous
19 O

on W;zl and a unique solution u € W;i exists. Moreover, v is a smooth strong

2 2
solution and we have to prove the estimate in weighted spaces.

! and dodiu = f € C§°, we have |u| = O(p™!'). Indeed,

Since u € sz% NnCr
(A, ®) is reducible outside of a compact set and we can write u = ur + up in such

exterior region, where we also assume f = 0. Then up is harmonic and therefore
lup| < Cp~t. On the other hand, since |®| — 1 as p — +00, one can argue as in
Lemma (and Remark ii) to show that |ur| = O(p~*) for all 4 > 0. In

particular, the integrations by parts below are justified:

sz ISz o> [ 4 w70 = [ oty

—|—/(\VAu|2—|—|[<I>,u]\2)w_25_1—|—(1+25)]5|/|u|2w2§_3
As before, by Holder’s inequality

26— _5—1
| ([, 1], uw™ ) | < e flull gz, ™ 2ul .

Since u € Wuljf;fl = VA(w_‘S_%u) € L2, the Sobolev inequality and Lemma4.5.2

yield

[ullwrz < Coll £l 2

w,6—2

if ||w¥| ;s is sufficiently small.

Set & = dsu = D*(u,0). In order to estimate ||(V A&, [@,5])HL37§72 we make
use of the Weitzenbock formula for D* D¢ and the Bochner-type identity (3.3.7).
Indeed, by Remark[4.5.1| D¢ = (f, *[U, xu]). Then

_5—1
[ [, ] < JJw®| s Jw™ "2l o

|12
Lw,5—2

and the Sobolev inequality together with the control of ||u| w2 just obtained imply

1Dz, , < Cllflz2

w,6—2 w,672.
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Integrating (3.3.7) against w2 yields

/<|VA§|2+H(I)7€H2) w—26+1 §01/|§|2w_26_1+02/<Df,§> w—26
+/w25+1|D£‘2+/w26+1“I,| ‘€|2
+ [uwrnidaale

using |Vw| < 1. Estimate the term involving W as before using ||wWV||;s < &(d).
Finally, observe that w?|d,®| is uniformly bounded by #.4.14). O

l9]

2v2C 501 and

Remark. One can pick ¢(9) =

2

12 <
Hu“Ww’(S = 18](L +9)

1z,

which shows that § = 0, —1 are exceptional weights for the Laplacian on R3.

4.5.2 The linearised equation on U: The high mass case

We move on to study the equation dydiu = f over Uey: We work on the reducible
SO(3)-bundle R® M of (#.2.9) endowed with the pair ,,(x¢) of @#.4.12), which is
an exact solution to the Bogomolny equation on the complement of U§:1 Bons; ()
We will make use of the decomposition u = Igup + I up + up into S'—invariant,
oscillatory and off-diagonal components as in Section With respect to the de-

composition R & M, the equation dyd;u = f can be written:

Aup = fp
VZVAUT + ‘@‘2UT + . ur = fT

Weight functions and weighted Sobolev spaces. We start with the definition of
weight functions and weighted Sobolev spaces. The novelty with respect to the
setting of Section[3.3]is the choice of weight spaces on the big end of X *. In Chapter
we defined weighted Sobolev spaces using the weight function y/1 + |z|2. Now
we have to face two distinct situations: If we are constructing monopoles in the large
mass limit v — +o0c and qi, . . ., qx, S are contained in a fixed set B, x S! C X*,
we can take w = \/m and let all constants depend on R, without further
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notice. Then the analysis of Section [3.3] applies and some care is needed only to
check that the constants remain uniformly bounded.

If instead n < 2(k — 1) and we allow d — oo major changes are needed: The
error is concentrated around £ points ¢y, . . . , ¢z moving off to infinity and we would
like to replace \/T|z|2 with a weight function which is uniformly bounded above
and below in a neighbourhood of each ¢; but maintains the same behaviour O(|z|)
at large distances.

We begin with the high mass case and in a second step we will explain how to
extend the results to the large distance limit.

Setw = \/TLZP and introduce weight functions p;, p; in a neighbourhood of
the points ¢i, ..., g, and p; € S. p; is a fixed smooth increasing function with the

properties p; < 1 and:

IN

: 1
) pi ifp; <3
pj = ? (4.5.4)

pi 1s defined in a similar way, but the transition between p; and 1 takes place on the

annulus Bs,(p;) \ B, (p;), where o > 0 is chosen so that the balls B, (p;) are all

disjoint. Constants will be allowed to depend on o without further notice.

Definition 4.5.6. Given a triple (4, 2, d3) € R? and a smooth compactly supported

section u € Q(R & M) define ||ul| L3 5,88 the maximum of the semi-norms:
1,92»

3)

o™l oo,y 1 Pl e oy 12, *ull2my )

Here 2, = X \ U, B5(p:) UU)_, By (4;).
Given § > 0, set 0 = (—0d,d, —0) and for each m € Z let 0 — m denote the triple
0 — (m, m,m). For smooth compactly supported f, &, u € Q(R @ M) we say that

1. f € L§_, if the corresponding norm is finite;
2. £ e Wy ifE € L3 and Vag, [®,€] € L3 ,;
3. ue Wp?if D'u e Wy andu € L 5 5.

Finally, define spaces 17} . as the completions of C§® with respect to the corres-

ponding norm.

Remark. As in Definition |3.2.5| and |3.3.7|, ifue Wg 2 then ur € Lg. The reason

for the odd definition of W% is to include diagonal constant sections.
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Existence of weak solutions. Recall that by (4.4.13)) there exists J(\;) such that
2|0| > 1 outside of (J_; Bsx,)(q))-

We have the following Poincaré inequality.

Lemma 4.5.7. Given 0 > 0 there exists a constant C' = Cs > 0 such that

<C [ 1Vl + @)
)

2
Julls

1_
=3

forallu € C*(R & M) satisfying [ (u,5) w20+ = 0.

Proof. First set B = Bi(q;) and let x be a smooth cut-off function supported in B
with y =11n %B. Applying Lemma to yu with § = —% we obtain

155 ull 215y < C (HVAUHL2 + ”“HLQ(B\éB))

1
2

with a uniform constant C' > 0. A similar estimate holds for ||5; 'u|p, )

L2 with

aconstant C' = C'(¢) > 0. Hence we reduced to prove that
/w—2(5+1)‘u’2 < C’/]VAu\z + H(I)au”Q'

Since w > 1, the estimate for I, up follows from (3.3.3)). It is also easy to prove
the estimate for uy: Write ur = yur + (1 — x)ur, where x is a smooth cut-off
function with y = 1 in By(g;), say, so that V is supported in the region where
2|®| > 1. Then, by the Poincaré inequality for compactly supported functions,

Kato’s inequality and (4.4.13),
lurllez < C(IValcur)lez + 1@, ulll2) < C(IVaulrz + [[[®; u]l|z2)

Finally, if u = Iyup € C°(R?) and [ uw=20+) = 0 apply Lemmam O

As a corollary we obtain the existence of weak solutions to the inhomogeneous
equation dsdyu = f under suitable conditions on the RHS. Recall that the error

U = W(xg, 7) is supported on Ujf:l Bons,; (q;)-

Lemma 4.5.8. For all § > 0 > 0 there exists ¢ = £(8) > 0 and C = Cj such that
the following holds.

Suppose that ||p;¥||s < ecforallj =1,... k. Let f € LE_Q bea (R® M)-
valued 1—form satisfying [ (f,o @ dxp,) = 0 for h = 1,2,3. Then there exists a
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unique weak solution u to dadiu = f with [ (u,6 ® dzy,) w20 = 0 and

lullzs, , -+ Mdiulle < g,
Proof. First notice that L] , — L' (it would be enough ¢ € (0,1) for this), so
the quantity [ (f,5 ® dxy) is well defined. A second consequence of Holder’s

inequality is that LE_Q is contained in the dual of L? (because 0 < 2)

63
The solution u can be found by direct minimisation of the functional

3 [ 1dsul = (w. p)ro

To justify this claim, introduce the Hilbert space [ defined as the closure of C§°

with respect to the norm ||u|| 12 + ||dsul|z2. Arguing as in the proof of

1)
Lemma we deduce from Lemma [4.5.7) that ||d5ul|r2 is an equivalent norm
on the Lz(w (3+1) dvol)—orthogonal complement Hj of the linear span of & ® dzy,,
h = 1,2,3, provided ||p;¥||s is sufficiently small. More precisely, we require
19;Y||zs < € for an € > 0 which depends only on the Sobolev constant of R?* and
the constant C' of Lemma Since [ (f,6 ® dxp,) = 0 and dj(dz;, ® 6) = 0,
a weak solution u € Hj to dydju = f exists by direct minimisation of the func-

tional. ]

A priori estimates. With the next three lemmas we prove uniform a priori estim-
ates for solutions to dodju = f with f € L§72. Using a partition of unity, the three
lemmas imply that the weak solution of Lemma actually lies in Wf’z. The
implication dodju € L 9 > U € W5 follows from the analysis introduced in

Chapter 3] but we have to make sure that the estimates hold with uniform constants.

Lemma 4.5.9. For all 0 < § < 1 there exists €(§) > 0 and C' = Cs such that if
1p; V]| 13 < &(0) then for all uw € C'*° compactly supported in Bi(q;)

lullyze < Clldsdsullzs

Proof. The Lemma is proved in the same way as Lemma [4.5.5] using (4.4.14) to
show that /%|d®| is uniformly bounded. O

The reader will have noticed that in Definition 4.5.6|we used different powers of
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the weight function in a neighbourhood of the singularities and close to the points
q;j. In particular, u € Wf 2 is forced to have stronger decay at each singularity p;.
This will be necessary to estimate the quadratic term of (4.5.1). Stronger estimates

require a bit more work.

Lemma 4.5.10. Forall 0 < § < % there exists 0 < o9 < o and C' = Cs > 0 such
that
Jullyze < Clldadiul .

forall u € C™ compactly supported in Boy,(p;).

Proof. In a neighbourhood of p;, the Wg’Q—norm is equivalent to the WZf—norm of
Definition The statement follows from Corollary [3.2.13| for some ¢, C' > 0

/
ext

depending on the size of the deviation of ¢, () from an Euclidean Dirac monopole

of charge 1 and mass 0. By (4.2.4)) and the fact that the modification ceyx ~~ ¢, (o)

ext

introduces only bounded terms in a neighbourhood of p;, in By, (p;) we write

k
1 1 . .
‘I’ém:(A;‘FQM+U+§;10g\zj—mi!>o+¢, A=A +a
where A, depends only on S and |(a, )|, |(Va, V)| < C. This is not uniformly
bounded because of the large positive constant v+ % 2521 log |z; — m;|. However,

we are going to show that this term does not actually influence the estimates.

/
ext

Since the pair ¢, () is reducible, the Lemma holds (for any oy > 0) on the
diagonal component by Proposition[3.2.12] Therefore assume that u = ur.
As in the proof of Lemma §.5.5| we are going to derive a priori estimates by

integrations by parts. First,

/<d2d§u,u> Pl = /(|VAu|2 +|[®,u])?)p;r P — (1+ 2(5)5/ 257263
(4.5.5)

Set ®° = ﬁ By Lemmas |3.2.4| and|3.2.1 1|

25— 3 25—
/(|VAou]2 + |[@°, u]|?) 201> (52 + é_l) /|u|2pi 23,

Using |(a,v)| < C and (P, (x¢), ) > P + i 4 1, we deduce

25— 3 25—
[ (a4 i) 7 = (45 - e ) [par
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Provided oy is sufficiently small, plug this estimate back into (4.5.5)):
R REE 5 o
19: *ullez + llp; *dullz < Cllp; * dadyul| 2

for a constant C' = Cs > 0.
Finally, to estimate the Wélfl—norm of dju, integrate the Bochner identity (3.3.7)
against p; 241 45 in the proof of Lemma The error ¥ = 0 on the support of

dju and the curvature term p?|d 4P| is bounded. The latter claim follows from the

/
ext

expression for ¢, () on Ba,(p;) given above. O

Lemma 4.5.11. Forall 6 € (0, 1) there exists C = Cs > 0 such that if u € C3° is
supported on the complement Q),, C X of U§:1 B (¢;) UUi—, Bo,(pi), then

2z < © (Idadgullzz., + ko™ Dl 2 + ldgullsz )

Proof. On the diagonal component, the Lemma can be deduced combining Lemma
[3.3.6and standard elliptic regularity on a compact set.

On the off-diagonal component, the estimate can be shown by integrations by
parts as in Proposition using the fact that 2|®| > 1 on the support of u and
that d5u € L?. Indeed, from the equality

/w%(dgd;u,u) = /(,‘)2‘5|d§u|2 +25/w25_1<d§u,dw )

we deduce

o’ dull 2 < C (|’ dadgull 2 + [l 2)

Now notice that ||w’~tul[z2 < |Jul|z2 < 2||d5ul|z2 because § < 1 and u = ur-.
As many times before, the second order estimates follows by integrating by parts
the Bochner identity (3.3.7)), provided w|d 4 ®| is uniformly bounded on the support

of u. Now, @ () is a sum of Green’s functions and their derivatives. By Lemma

(if). for any p = (z0,to) € X

|VGP| + |z — 20| |V2Gp’ <

|z — 20|

for all (z,t) such that |z — 29| > 2. Therefore there exists a constant C' depending
on 0y and R, such that w|d,®| < C. O
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Corollary 4.5.12. For all 0 < § < 3 there exists € = £(8) and C' = Cs with the

following significance.

Suppose that ||p;¥||s < e forall j = 1,... k. Then for all f € Lj_, such
that [ (f,6 @ dxy) = 0 for h = 1,2, 3 there exists a unique solution u € Wg’z to
dodiu = f with [ (u,6 ® dzp,) w20t = 0. Moreover,

lullwze < Cllfllz_,-

Proof. Lemma[4.5.§]yields the existence of a weak solution u with

5—2°

Jullz,_, |+ Idullzz < CfIL
Choose a partition of unity subordinate to the cover Ba,, (p;), B1(g;) and €. The
derivatives of the cut-off functions are supported in regions where the weight func-
tions are uniformly bounded above and below. Thus from Lemmas {.5.9] 4.5.10|
and we deduce

1
» TG

lellze <€ (Iflig , + ol + sule)

1
2

for a constant C' = C'(4) > 0 and the Lemma is proved. O

4.5.3 The linearised equation on Ue,: The large distance case

We come to the task of adapting the analysis to deal with the situation in which the

points ¢, . . ., g move off to infinity.

By the assumption d > dy = 5 of Definition[4.2.1] the set By(z;) x S! does not
contain any of the points ¢i,...,qx,p1,-..,py other than ¢;. By taking d, larger,
we can also assume that there exists Ry > 0 such that that the ball Bg,(0) C R? is
disjoint from By(z;) forall j = 1,...,kand S C Bg, x S'. Set z; = 0.

We are going to make the following additional assumption.

Assumption 4.5.13. There exists K' > 0 such that

d=max{|z; — 21|, |z; — my| forall j,h=1,...k,j#hi=1,...n} <K'd.
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Now, fix a cover {€2; }?:o of X such that €2; is an open neighbourhood of the set
{(z,t) € X suchthat |z — z;| < |z — 2| forall h =0, ..., k} (4.5.6)

forall j =0,...,k. Let xo, ..., x% be a partition of unity subordinate to this cover.

Set w;(z,t) = /14 |z —z;|?> forall j = 0,1,..., k. It will be convenient to

define a smooth global weight function w with the following properties:

1
a wj <w < Crw;j  on w < Ciw;  everywhere (4.5.7a)

IVW| < CQ, |w ACL)| < Cg (457b)

In order to justify the existence of the constants C; and C5, consider the following
procedure to define w. Given zq,..., 2, € C, rescale by d around zy = 0. By As-
sumption|4.5.13| 21, . . ., 2, get mapped to a collection of k points in C such that the
maximum and the minimum of the mutual distances are uniformly bounded above
outside of zp, ..., 2. Since the distance function on R? satisfies |Vr| = 1 and

r/Ar = —1 outside of the origin, | V7| 1~ and ||7/A7||;~ are bounded. Now define

w(z,t) = /1 +d272(d12)

and check that (4.5.7p) holds with constants depending on || V7| and ||[FAF|| .

Now proceed to define weighted Sobolev spaces ng; m>m = 0,1,2, as in
Definition using weight functions p;, p; and w. Notice that if f & LE_Q then
Xjf € L 5; by ). Here the subscript ; indicates that we use the weight

function w; instead of w in the definition of the norm.

Analysis on the off-diagonal component. We study the equation dd5u = f in
these newly defined spaces. When we restrict to the off-diagonal component, only
minor modifications to the proof of Corollary 4.5.12] are necessary to show that

2,2 : : .
dody: W5~ — L2, is an isomorphism.

Lemma 4.5.14. For all 0 < § < 5 there exists ¢ = €(0) and C = Cj with the
following significance.

Suppose that ||p;V| s < € forall j = 1,... k. Then forall f = fr € Lj_,
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. . . 2,2
there exists a unique solution u = up € Wy'* to dodiu = f. Moreover,

lullyzs < Clfllzz .

Proof. Lemma[4.5.8]yields the existence of a weak solution u with

s, , , + Mdiulle < Clflzy,
Indeed, since 2|®| > 1 outside of U?:l Bs(x;)(g;) and w > 1, the weight function
w doesn’t play any role at this stage.
The Lemma follows once we prove uniform weighted elliptic estimates. In a
neighbourhood of p; and ¢; these are given by Lemma.5.9/and [4.5.10}]
As in Lemma 4.5.11} on the set Q,, = X \ U§:1 Bi(g;) U Ui, Boo(p:) the
estimate is obtained by integrations by parts. One has to use (4.5.7b) to control

terms involving the derivatives of the weight function w. Moreover, the constant in

the estimate depends on ||wd 4P || . In order to show that this quantity is uniformly

bounded, observe that by Lemma [2.1.3](ii) and (4.5.7p)

w([VGy| + V3G, |) < C—2— < C
|2 = 2
wldG,,| < C—2 <,
' |z — m,] '

if |2 — z;| > 2 and |z —m;| > 2, respectively, for a constant C,,, depending on |m;|.
On the other hand, if |z — z;| < 2and p; > % or |z — m;| < 2 and p; > 0y, then
both w and d 4P are bounded (depending on o and Rj). O

Analysis on the diagonal component. On the diagonal component there is an

additional technical difficulty. Consider the following definition.

Definition 4.5.15. Forall j = 0,1,..., k definev; = —ﬁ%’ log |z — z;|, where 1);

is a smooth cut-off function with ¢; = 0if |z — z;| < land ¢; = 1if |z — z;| > 2.
Important properties of v; are:

(i) There exists a constant C' > 0 such that ||Vv; ||~ + || V0] 1= < C;

(i) [ Avy= 1.
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The special role of the functions v; is explained by the following fact. Given h # j,
set u = v; — vy, Then A has mean value zero and ||Aul|zz < C for a uniform

constant C'. However, restricting to the annulus 2 < |z — z;| < %|z] — znl,

/|Vu|2 > ¢y log |z — zn| — © 17 o
|25 — 2n/?

for constants ¢y, ¢y > 0.

Definition 4.5.16. (i) Let IV be the finite dimensional subspace of 1-forms with
values in R ¢ M defined by:

3k k

W = {Z ay,; dy (v; 6 ® dxy,) such that Z ap,; =0forall h =1,2, 3}

h=1 j=0 =0
Define a norm on W by declaring d} (v; & ® dxj,) an orthonormal system.

(ii) Given f € LE_Q with [ (f, 0 ® dx;,) = 0, denote by a(f) the element of TV

defined by o, ; = [ (x;f, 6 ® dxp,) forallh =1,2,3and j = 0,..., k. Here
X; is the partition of unity subordinate to the covering {Q;}*_ of @#3.6).

Notice that since 0 < § < % the inclusion Lj , < L' is continuous. For this,

use (4.5.7p) to deduce

k
/w_Q(‘S“) <Oy Z/wj_%s“) < 400.
§=0

Thus there exists a constant C' > 0 such that
a(f)] < Clflgz,- (4.5.8)

Lemma 4.5.17. For all 0 < § < 5 there exists ¢ = £(0) and C = Cj with the
following significance.

Suppose that ||p;V||s < € forall j = 1,... k. Then forall f = fp € L§72
such that f (f,0 @dxp) = 0for h = 1,2,3 there exists £ = {p € Wélfl such that
dyé = f — dea( f). Moreover,

l€llwaz, < Cllflzz



Chapter 4. A gluing construction 145

Proof. Write f = Z?:o X; f using the partition of unity subordinate to the covering
{9} Setan; = [ (x;f,6 ® dan); lan;| < Cllfl 2, by GESS).
Now fj = X;f — Sop_y i dods (v; @ day,) satisfies [ (fj, 6 @ day) = 0 for

all h = 1,2,3. Moreover, || fillz2 , < C|[fllz2 , by ).
Now apply Corollary #.5.12} There exists u;, unique up to the addition of a

constant, with the following properties:
(i) w;is definedon X* = X \ Sif j = 0and on X \ {¢;} otherwise;

(iii) Forall j =0,....k

lwjdusllre + lwy 'V (dzug)llze < Cllfllrz,

(iv) If j = 0

15| Boo (1) w22 < Cllfllx

8—2

forall s = 1,...,n and otherwise

1l Baan llwze < Clifllzz,

Set ¢ = Z?:o d%u;. It remains to show that £ € Wélfl.

First, on the exterior domain §2, = X \ U§:1 Bi (¢;) UUi_, B»(pi), we use the
fact that w < Cw, forall j = 0,. ..,k and (iii) above.

In particular, djus|p,(q,) € Wh* if h # j # 0 and djup|,,p,) € W' if
h # j = 0 because w > 1. Then the Sobolev embedding W12 — L° yields:

o1 O+
1 dzunlBuan llwrz < 165 *lles ldzunlsigpllze + 1105 [l [V (dzun)| s (gl 2

A similar estimate holds on By, (p;) changing ¢ into —d. The norms of the weight

functions are uniformly bounded because 0 < § < % [

4.6 Solving the linearised equation modulo obstructions

With these technical details out of the way, we combine Lemma #.5.5] Corollary
4.5.12] and Lemmas [4.5.14] and 4.5.17| to solve the equation d>{ = f modulo ob-
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structions.

Fix 0 < 0 < % We define weighted Sobolev spaces as in Definition m
with the difference that over B (q;) we replace p; of (4.5.4) with the smooth weight
function w; of (4.5.3). Moreover, the weight function w is defined differently in the

two situations:
(A) S, {q1,...,qx} C Bg, x S* for some Ry > 0;
(B) d — ccand S, q, ..., q satisfy Assumption 4.5.13[for some K’ > 0.

With these modifications and distinctions understood, the Wg’lﬁl_Q—norm coin-

. . m,2 .. . m,2
cides with the W, 5’ —norm of Definition over Uj; over U, the spaces W Y2
are equivalent to the ones used in Section4.5.2]in case (A) and to those introduced
in Section 4.5.3]in case (B). In the latter case, it is also necessary to consider the

finite dimensional space W of Definition4.5.16

Cut-off functions. We are going to define cut-off functions 7;, Yext, 5;, Bext With
some specific properties. As in [38, Lemma 7.2.10], the freedom to choose the
parameter N in Definition 4.4.2] plays an important role.

Let 7; be a smooth function supported in Bys,(g;) and such that 7; = 1 on
Bs; (g;). We require that |V;| < 5%' Define 7y by

°J
2

Yext =
1 otherwise.

The definition of 3; requires more care. Suppose that N > 2. Let 3 be a smooth
function R — R such that 3 = 1 on (—00,0] and 5 = 0 on [1,+00). Define
Bip;) = Bla + blog p;) if 20; < p; < N9, where

_ log2;
log N — log 2
1

b= ——————
log N —log 2
and 8; = 1 on Bys,(q;), B; = 0if p; > N§;. Then

C 1
log & p;

V35| < (4.6.1)
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for a constant C' depending on ||3]|c:. In a similar way, define a cut-off function
Bext such that B, = 1 on the complement of U?:l Bs;(¢;), Bext = 0 0n By-1 5, (g5)
2

and
c 1

log § pj

lvﬂext’ S

Obstructions. In Definition we distinguished smooth sections o, € Q(V).

They are supported on Uy, and under the identification V|, ~ R & M have only
diagonal component. The crucial property of o5, h = 1,2, 3, is given by the follow-

ing lemma.
Lemma 4.6.1. Forall h,l = 1,2,3, (dyop,6 @ dx;)r2 = Op-

Proof. Since c(zg,7) is abelian in U.y, dyoy ® dio, = Doy, where I is the Dirac
operator of X. Since the Clifford multiplication by dz; commutes with D, it is

enough to prove that

<lD04, 0 @dxp)z =0, <lDO4, o)r2 = 1.

Recall that o4 = —ﬁ Z?Zl (ngt dGy,, O)&. Drop the index j and calculate:

—(P(xdG.0),6) 12 = /

B

d(xdG) N dxy, = / dG Ndzxy =0

0B

d(x * dQ) :/ *dG = 2m

0B

(D(xdG,0),6 @ dzy) 2 = /

B

Here B = Byys;, (q;)- O

Definition 4.6.2. We refer to span{dyo, |h = 1,2,3} C Lj_, as the space of

obstructions. Define amap 7: L3 , — L} , by

4
T(f)=f =D (f Ve @ day) 2 dyoy,. (4.6.2)

h=1

Lemma 4.6.3. There exists a constant C' such that

Im(Plzz, < C (V2N T 1Lz,

If f is supported on the union of the annuli A;;,, U A; U A; . for j = 1,... k then
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the estimate can be improved to

I (Nllzz_, < ClifllL

s—2"

Proof. We have already observed (just before (#.5.8)) that L} , — L' is continu-
ous. Moreover, if f is supported in Ule (Ajine UA; U Ajey) then

1
£l < C(NT2A) 2 (1 f e,

It is enough to estimate ||d>04 |12 . From Definition m

k
|daon| < C Y p? |V xhl.

=1

Since V2, is supported in the region where the w; ~ p; uniformly we conclude

Id20nll 2, < C (N72X) 2. (4.6.3)
O

Solving the linearised equation. We can finally solve the inhomogeneous equa-

tion d>§ = f modulo obstructions.
Proposition 4.6.4. Fix 0 < § < 1.
(A) Fix Ry > 0 such that S,{qi,...,q.} C Br, X S'. There exist e = £(5) > 0,

Ny > 2 and C = Cs > 0 with the following significance.

Suppose that ||w;V||s < e(0) forallj =1,...,k and N > Ny. Then there
existsamap (Q: im 7 C L§—2 — Wélfl such that o doQ(f) = f and

1Qfllwze < Cll Nz

—1 s—2"

(B) Inthe large distance case, suppose that S, q1, . . . , qx, satisfy Assumption|d.5.13]
for some K' > 0. There existe = €(0) > 0, Ny > 2 and C = Cs5 > 0 with

the following significance.

Suppose that ||w;¥| s < €(6) forall j = 1,...,k and N > Ny. Then
there exist a map QQ = (Q1,Q2), where QQ1: im7m C LE_Q — I/Vél’_21 and
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Q2: imm C L3_, — W, such that w o dyQ1(f) + 7 0 da(Bexs Q2(f)) = .

Moreover,

1@ (N lwe +1Q2()] < Cll fllz

2.

Proof. We prove the statement in (B). The statement in (A) follows in a similar way

using Corollary instead of Lemmas [4.5.14]and 4.5.17}

By abuse of notation, regard d; as the operator ds : Wélfl oW — Lgfz

d2<£7 77) = d2<§ + Bext 77)

Given f € Lgi2 such that f = 7(f), write f = Z§:1 v;if + Yexef and define
maps (}: im7T — Wél’_Q1 and Q5: im7m — W as follows: Q5(f) = a(Vext f),
where « is the map of Definition [4.5.16](ii).

k
= Z Bj gj + ﬂext fexta

j=1

where §; = d;uy; for the solution u; to dydju; = v, f of Lemma4.5.5/and &, is the

solution to daext = Yext./ — @(7Vexef) Obtained combining Lemmas|4.5.14|and4.5.17|

From the estimates in those lemmas, (4.5.8) and (.6.1)) we deduce the existence of
C > 0 such that

QY (Pl +1Q2(H < Cllfllzz_,-

Moreover, if we set Q' = (Q, Q%),

2"

k
f - dQQ,(f) - Z VB] : fj + vBext : fext + Vﬁext . O[('Vextf)-
j=1

It follows from (4.6.1) and Holder’s inequality that

1+5
AT

C
NHQ1( >||W12 +C N ||Q2( )

lgN

1f = d2Q' ()l , < 11z,

~ log

because ||n||L~ < C|n| for all n € W. Since f — doQ'(f) is supported in Ule A
Lemma yields

IU—WO@Q(W@Q_I MWW%Q
2
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If N is sufficiently large we can iterate:

Q:=Qo) (d-modoQ)" O

m=0
4.7 Deformation

In this section we are going to complete the construction of a family of solutions to
the non-linear equation (4.5.1). Using the projection 7 of Definition
can be split into an infinite dimensional and a finite dimensional equation. We
solve the infinite dimensional equation by means of the Implicit Function Theorem.
We state a version adapted to the statement of Proposition 4.6.4] in case (B). The
statement in case (A) is obtained by setting W = {0}.

Lemma 4.7.1. Given ¢ = ¢(xo,7), let V: Wélfl ® W — Lj_, be the smooth map

\D(Sa 77) - dg(f + /86)(177) + (5 + ﬂexln) ' (6 + Bextn) + \Ij<x0a 7—)'

Suppose that the following conditions hold:

(i) There exists a projection T : Lgi2 — Lgfz such that the map
Tody: V[/él’_z1 eW —wimn C LéQ

admits a right inverse Q = (Q1, Q) with

0—2

1Q1(Dllwz2 +1@2(1] < CIF I
forall f € Li_, withw(f) = f.
(ii) There exists ¢ > 0 such that:

7 ((&m) - (&m) = (&) - (€ n) 2, <

a (g + €Nz +n+ 1) (1€ = €z, +In =)
Here (§,1) - (§1) = (§ + Bexn) - (§ + Pexn)-

(iii) |7 (W (0, 7)) |2, < omm-



Chapter 4. A gluing construction 151

Then there exists a unique (£,n) € im ) C Wél’_Ql & W, with

I€llw2 + Il < 2C 7 (U (0, 7)) 122,

and such that w(¥ (£, 1)) = 0.

Proof. The Lemma is an immediate consequence of the contraction mapping prin-

ciple. [

Proposition shows that the condition in (i) is satisfied if ¥ = U(z, 7) is
sufficiently small, in the sense that ||w;V(xo, 7)||ps < eforall j =1,... k. We are
going to show that the conditions (ii) and (iii) are also satisfied if A is sufficiently

large.

The quadratic term. As a preliminary remark, observe that the product - is com-
mutative and therefore (§,7)-(§,n)— (&', 7')- (£, 1) = (§+& n+n)-(E—&,n—n").
In view of Lemma[4.6.3] in order to verify condition (ii) it is enough to show that
the product - defines a continuous map <Wé1;21 @b W) X <Wé1;21 @ W) — Lgﬁ.
Notice that this property also justifies the claim that the map ¥ of Lemma[{.7.1] is
smooth.

Since the product - is induced by the Lie bracket on su(2), with respect to
the decomposition V' ~ R @ M over U, there is no & - £}, term in the product.
Moreover, recall that S.n for n € W has only diagonal component.

As in Lemma [3.2.7] and [3.3.9] the statement follows from the Holder inequality
and the Sobolev embedding W12 — LS:

e On the ball By(g;),if ¢ € W% andnp € W

[ e ol < Cllwgnlie [ 6P < Clallhgs
1 :

B1

because w; < 1 and ||n||~ < C|n| by Definition

51
On the other hand, we have a continuous embedding Wélfl = w, 726 (Bi(g))-
In order to estimate the norm [|€ - &'|| 2 for &,¢' € Wél’_Ql, by the Holder in-

equality it is enough to observe that

5—1 5+
[ et < el el < OBl

Bi
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The factor of \; is due to w; > A}

e On the ball By, (p;) the same calculations with —¢ in place of § yield

1Em) - €z o) < CNE M e €Dl car

with a uniform constant C.

e Finally, on the set {2, = X \ Ule B%(qj) UUL, By(pi) write £ = &p + &r
with respect to the decomposition V ~ R & M.

Because of the properties of the weight function w, if £ € Wélfl then
W€, Wt € Wh2 s [P for all 2 < p < 6. Therefore

1€ - €) lze < NN ol pllze + 1€ | s

(& )|z < lmllzeelle’ e,

In conclusion, combining these estimates and using Definition {.2.1](iii), we

proved that there exists a uniform constant C' > 0 such that

1(&;m) - (5/777/)HL§72 < CXSH(&77)”W§1’_21@W”(€I777/)HW§1’_21@W' (4.7.1)

Together with Lemma [4.6.3] this implies that condition (ii) of Lemma holds
with a constant

146

g=C\7. 4.7.2)

The error. It remains to show that the error W(xg,7) can be made as small as
required by taking A sufficiently large, uniformly for all (z,, 7) € P.

By Definition and Lemma.6.1|7(¥¢) = 0. Here W is the component of
U (zg, 7) defined by (#.4.15]). We need to show that:

(@) |lw;¥| s < e(0), where £(8) > 0 is given in Proposition[4.6.4|

(b) (¥ — U,) satisfies the smallness condition in Lemma (iii).

e By (4.4.16)
W (20, 7) — el , < OA75 (4.7.3)
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Now use the last statement in Lemma 4.6.3|to deduce

||7T(\IJ($07 T)) ||L§_2 = O(/\_l_g). (4.7.4)
e Similarly,
[w; (W (zo,7) — W) [|s < CAT".

On the other hand, the definition (4.4.15)) of W, the fact that { = — Z?Zl i—é
and |dyop| < Z§:1 pj_2|ngxt| yield

lw; Uelzs < CA2.

Existence results. We have all the ingredients to prove the main result of this
chapter, an existence theorem for periodic monopoles (with singularities). We begin
with a rewriting of the pregluing map of Lemma[#.4.4]

Fix dy > 5, K > 1, parameters v, b, the set .S of singularities and the centres

of non-abelian monopoles ¢, . .., gx. For all N > 2 we fix A\o(/N) sufficiently large
and assume that v, S, q1, . .., g are (Ao, dy, K')—admissible. Moreover, we assume
that either:

(A) There exists Ry > 0 such that S, {qi,...,q} C Bg, X S'; or

(B) There exist Ry, K’ > 0 such that S C Br, xS', q1,...,qx € X\ (Bg, x S')
and Assumption 4.5.13|is satisfied.

Finally, for k € (0,1) sufficiently small, let P = P, be the set of gluing data of
Definition 4.4.2

Consider the family ¢(xg,7) of Lemma If x is sufficiently small and
Xo(V) sufficiently large, we can assume that (4.4.13), (4.4.14) and (@.4.16) are

satisfied, uniformly for all (zq, 7) € P.

Fix a base point (0,75) € P and 6 > 0 sufficiently small. Then we can consider
the affine space Cs = c(0,70) + (Wélfl &) W) For notational convenience, here
and in the rest of the section we set W = {0} when condition (A) above holds.
Notice that, once ¢, . . ., g, are fixed, the weighted Sobolev norms used to define Cs
are equivalent to those used in Section [3.4|to construct the affine space Cjs, 5, with

01 = 0 = —d,. Then the pregluing map of Lemma can be considered as a
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smooth map

c: P—=Cs.

Smoothness follows from Lemma[4.3.3|and the explicit construction of ¢(xzo, 7).
The group I' ~ U(1)/+ acts on P by €** - (z9,7) = (29,7 + s) and on C;s as

the gauge transformation exp (s7ex0); the map ¢ is I'—equivariant.

Theorem 4.7.2. Fix data as above and N > Ny, where Ny is given by Proposition
Then there exists N\, > \o(N) such that if v, S, qu,...,q. are (N, do, K)—
admissible then the following holds.

(i) There exists a smooth I'—equivariant map
ci: P—=Cs
of the form c1(xy, 7) = c(xo, T) + (0, T), where &(xq, T) € Wélfl @& W and

1€(zo, T )HWl?@W <O 1_7

(ii) There exist smooth U—invariant maps H,h: P — R3 with

M -
> |5

||
o
Ay

an

and |h(zo,7)| = O(AN"3), such that ¢, (o, 7) is a solution to the Bogomolny

equation if and only if H (o, T) + h(zo,7) = 0.

(iii) Given (zg,7) € P and ( € R?, let xy + ( denote the k—tuple xo + (C, ..., ().

For all (wo, ) € Px such that H(xo,T) = 0 there exists ( € R® such that
<l =0(\"2) and

H(zg+(,7)+h(zg+¢,7)=0

Proof. (i) First of all, the map

moW: Px (WA aW) - I,
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defined by
o U(xg,T,§) = W(d2§ +&- &+ \Ij(%ﬂ'))

is smooth because of the smoothness of ¢: P — C;, Lemma and the
continuity of the product (V(/'él’_Q1 @ W) X <Wé1’_21 @ W> — Lg_z.

Choosing Ao(/V) larger if necessary, we can assume that ||w;V(xo, 7)||s =
O(A2) < &, where ¢ is given by Proposition Now fix N > Nj so that
Proposition holds. Finally, we can choose \{, > \¢(/V) so that

1

_1-9 _1_
I (¥ D)z , = 078 < 5 = OO

[SI[-9)

)

whenever A > \{. Here ¢ and C' are given by (4.7.2) and Proposition {4.6.4]
respectively, and we used (4.7.4).

Lemma now yields the existence of the map ¢;. The fact that ¢; is

smooth follows from the fact that the family of right inverses () of Proposition

depends smoothly on (zg, 7).

(i1)) We are left with the three equations
<d§§([[‘0, T) + f(l’o, T) ' f(x07 T) + \Il(x07 T)? Vext o X dxh>L2 - 07

for h = 1,2,3. We write {(zo, 7) = & + Pext), With ' € Wélfl andn e W.

= (dol', Yext 0 @ dxp) 12 = O(/\*%). Indeed, integrating by parts

3
2

. —6+1 _
(d2’, Yext & @ dap) 2] < ||§,||W§;21 ||wj *Vextl[ 12 = O(A

).

— (do(Bext) s Yext 0 @dxp) 12 = 0, because Yexy = 0 on the support of V Bex,
Bext = 1 = 7Yext On the support of dyn and (don, 6 @ dxp) 2 = 0 by the
definition of WW.

— By the continuity of the embedding Lj_, — L' and @.7.1)

|<€(x07 7—) ' g(an 7_)7 “Yext o X dxh>L2| S C)\(SHg(an T)H[%vélfléew = O()\_2)
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— Finally, as in the proof of Lemma4.6.3]

1—

. _1=s
[(W(x0,7) = Ve, Yen0 ® divp) 2] < CA™ 2 [[W (o, )=Vl

8—2

because V(zo, 7) — U, is supported on Ule (Ajine UA; UAjex).

On the other hand, by Lemma[4.6.1]

oS,

k
S X
<\I[C7’76xt0' X d$h>L2 = — g 1 /\_]
]:

(iii) The claim follows from Brouwer’s Fixed Point Theorem by writing

_ hlzo+ (1) _ 1
(= Yo O(A™2).

In the last equality we used Definition [4.2.1] (iii). O

4.8 Directions of future work

In this final section we return to the questions posed at the end of Chapter 1. We are
not yet in the position to answer those questions definitively, but we want to discuss
in what sense the results of this thesis represent a step in the direction of a rigorous
understanding of Cherkis and Kapustin’s predictions of [29,33,34]. We also want

to present broader perspectives on related future directions of work.

Existence. Theorems|3.4.8/and 4.7.2{show that, for generic choices of parameters

and if the mass v is sufficiently large when n > 2(k — 1), the moduli space M,,
of charge k SO(3) periodic monopoles with n singularities is a non-empty smooth
hyperkihler manifold. Questions that remain open are a rigorous calculation of the
dimension of M,, ;, an understanding of the compactness properties of sequences of
periodic monopoles and the related question of the completeness of the L?—metric
on M,, .

It is interesting to specialise the existence result of Theorem[4.7.2]to low charge
k = 1and k = 2. Note that in these cases both the condition in Definition 4.2.1] (iii)
and Assumption 4.5.13]are automatically satisfied.

= O\~

3
2

)
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In the charge 1 case, Theorem yields the existence of periodic monopoles
with n = 0,1 or 2 singularities and large mass. More precisely, if (m;,a;) € X,
i = 1,2, are two distinct points and (zo, o) € X satisfies |zo —m;| > 5, there exists
vo > 0 such that a charge 1 SO(3) periodic monopole with n singularities, mass v
and centre (zg, t) exists, provided v > vy if n =0, v — % log |29 — m1| > vo when
n=1orv— 5log|z —mi| — 5 log|z — ma| > vo if n = 2.

It would be interesting to have a direct proof of the existence of charge 1 periodic
monopoles for an arbitrary value of the mass v. So far, the only argument for the
existence of charge 1 periodic monopoles for any v € R goes through the Nahm
Transform (see below). It should be noted that an explicit formula is probably
difficult to obtain, because no continuous symmetries are expected.

Moreover, one would like to obtain as much information as possible on the be-
haviour of periodic charge 1 monopoles as the mass varies. In particular, it seems
interesting to complement the numerical simulations of Ward [[107] with detailed
quantitative estimates. If enough information is obtained, one can imagine extend-
ing the gluing construction to arbitrary configurations of well-separated points, with

no restriction on the mass in the case 2(k — 1) < n < 2k.

Asymptotics of the metric. Theorem yields the existence of charge 2 peri-

odic monopoles in three different cases:

(1) If n = 0 or 1 then we can choose the mass v € R arbitrarily and pick two

points q1, g2 such that d > d, for d sufficiently large.

(ii)) If n = 2 we can still let d — oo. However, by (#.2.8) it is necessary to
assume that the mass v > v, for v, sufficiently large in order to guarantee

that the data are admissible.

(iii) In view of (#.2.8)), when n = 3 or 4 we have to constrain the points g1, ¢2 to
lie in a fixed compact set of X. Then Theorem implies that there exists
vp > 0 such that charge 2 periodic monopoles localised around ¢; and g» exist

whenever the mass v > vy.

Conjecture 4.8.1. For generic choices of parameters, the moduli space of charge 2
SO(3) periodic monopoles with n singularities is a smooth complete hyperkdiihler
4—manifold with only one end corresponding to the region in the moduli space in

which charge 2 monopoles break into charge 1 components.
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Since X is parabolic the mass of these charge 1 components varies as their
centres move off to infinity. In case (i) and (ii) above (under the assumption that the
mass is sufficiently large in the latter case), the charge 1 components are close to the
high mass limit in the “moduli space” of charge 1 monopoles, i.e. they are close to
“bubbling off” as d — oo. Therefore in these cases we expect that Theorem 4.7.2
could be enhanced to give a complete description of the end of the moduli space.
Notice that, at a rough heuristic level, the expected geometry agrees with Cherkis
and Kapustin’s predictions: The end of the moduli space admits a double cover
(monopoles are indistinguishable) which is a circle bundle (the fibres correspond
to the choice of gluing map) over an exterior domain in R? x S!, in agreement
with (1.6.3)). Part of the work to be done is not only to prove the surjectivity of the
gluing construction, but also to understand the exact topology of this circle bundle
depending on the number of singularities.

Finally, with additional work one could hope to derive a rigorous asymptotic
formula for the L?*~metric on the moduli space in the coordinates provided by the
gluing construction. It is perhaps instructive to recall what is known in the case
of Euclidean monopoles beyond the explicit Atiyah—Hitchin metric. In [44] Gib-
bons and Manton conjectured that, in the region of the moduli space where charge
k monopoles break into & charge 1 components, the L?—metric on the moduli space
of uncentred charge k SU(2) monopoles on R? without singularities is exponen-
tially close to an explicit T*—invariant hyperkihler metric on a T*~bundle over the
configuration space of k well-separated points in R?. The asymptotic metric on the
moduli space of centred monopoles is then obtained as the hyperkihler quotient by
the diagonal fibre-wise action of the circle. In [13] Bielawski confirmed this con-
jecture, using the Nahm Transform to pass to moduli spaces of solutions to Nahm’s
equations and construct the Gibbons—Manton metric in terms of these and twistor
theory. It seems likely that the result can be recovered directly from Taubes’s gluing
construction: Gibbons—Manton’s T*—bundle over the configuration space of k well-

separated points in R3 is naturally identified with the space of gluing parameters.

Rational elliptic surfaces and the Hitchin—-Kobayashi correspondence. In [29,
34] Cherkis and Kapustin show how to adapt Hitchin’s definition of the scattering
map [55] for Euclidean monopoles to the periodic (singular) case. In Donaldson’s

Theorem [1.6.1] on the identification of monopoles with rational maps one has to
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choose a direction in R?, corresponding to the choice of a complex structure on the
moduli space. In the periodic case, we have a preferred direction corresponding
to the circle factor: Cherkis and Kapustin consider the holonomy / of the (non-

unitary) connection A; — i® dt along circles 7. (t) = (z,e') € C x S'.

To describe the construction in slightly more details, it is convenient to pick
structure group U(2). Then if F is the rank 2 complex vector bundle on which
the monopole (A, @) is defined, set £ = FE|cx o}, assuming that none of the sin-
gularities p; = (m;, a;) has a; = 0 (mod 27). We consider £ as a holomorphic
bundle endowed with the complex structure induced by the connection A. Then
the Bogomolny equation implies that the holonomy A is a holomorphic section of
End(€) which is an isomorphism outside of my, ..., m, € C. In the simple case

of a periodic Dirac monopole of charge k£ with singularity at (zo, %) and twisted

1

27 (v+ib) (z—z_o)k . In

by the flat abelian monopole (ibdt, iv), one computes h(z) =
the non-abelian case, the z—coordinates of the singularities and of the centre of
the monopole determine the asymptotic behaviour of the eigenvalues of A at infin-
ity and at the singularities. The R/27Z-valued t—coordinates of the singularities
and the centre should instead be used to define a stability condition. The Hitchin—
Kobayashi correspondence for periodic monopoles should then identify the moduli

space of periodic monopoles (with singularities) with that of stable pairs (&, h).

Charbonneau and Hurtubise [27] studied the analogous question for singular
monopoles on the product of a Riemann surface with a circle. Working on a com-
pact base space, they were able to appeal to existent analytic results of Simpson [94]
for the construction of the map (£, h) — (A, ®). In comparison with Charbonneau
and Hurtubise’s result, not only are periodic monopoles defined over a non-compact
base manifold, but they also have infinite energy. In particular, it is not immediately
clear how to formulate the stability condition for pairs (£, k) corresponding to peri-

odic monopoles.

Assuming that a form of the Hitchin—Kobayashi correspondence holds for peri-
odic monopoles, the connection with rational elliptic surfaces goes through the
spectral data: By a standard construction, to the pair (£, k) one associates the spec-
tral curve S of equation det (wid — h(z)) = 0, (z,w) € C x P!, together with
a line bundle (in the generic case when S is smooth) L. — S. For example, the

spectral curve of a charge 2 SU (2) periodic monopole with no singularities has the
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form

Su : w2 . 627r(1)+ib) ((Z . M)Q . U) w4+ 1= 0’

where v, b, 1 € R X R/Z x C are the parameters defining the boundary conditions
satisfied by the monopole and u € C is a free parameter. It is easy to see that S, is
a curve of genus 1, a double cover of P! branched at 4 points, smooth except when
u = £2 (in this case 2 branch points coalesce). The family {S,, | u € P'} is a pencil
of cubics such that the corresponding rational elliptic surface has a singular fibre of

Kodaira type I over u = oo.

The Nahm Transform and Higgs bundles on P! with punctures. In [29,[34]
Cherkis and Kapustin show (modulo analytic technicalities) that there exists a bijec-
tion between moduli spaces of periodic monopoles (with singularities) and those of
solutions to Hitchin’s equations on C* (with punctures). The correspondence is an
incarnation of the Nahm Transform, a non-linear Fourier transform for anti-self-

dual connections on R* invariant under a group of translations. Hitchin’s equations

FB+[¢a¢*]:Oa

B 4.8.1)
aB¢ = Oa

where B is a unitary connection and ¢, the Higgs field, a (1, 0)-form with values
in the complexified adjoint bundle, are the dimensional reduction of the anti-self-
duality equations on a Riemann surface [57]]. The solutions to Hitchin’s equations
corresponding to periodic monopoles have both logarithmic (or parabolic) and ir-
regular singularities, meaning that the Higgs field has simple or multiple poles at
the punctures. The framework to study the former case was introduced by Simpson
in [95]]. Under certain conditions on the irregular part of the fields, moduli spaces of
solutions to Hitchin’s equations with irregular singularities on a compact Riemann
surface are studied by Biquard and Boalch in [17]. When smooth, these moduli
spaces are shown to carry complete hyperkihler metrics.

In analogy with other known cases (e.g. Braam—van Baal [24] for ASD connec-
tions on T* and Nakajima [82]] in the case of Euclidean monopoles without singu-
larities), it is expected but not yet proved that the Nahm transform is an isometry
between moduli spaces of periodic monopoles (with singularities) and those of solu-

tions to Hitchin’s equations on the cylinder.
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In fact, one can think of C* as P! minus two points and consider solutions to
Hitchin’s equations on the Riemann sphere with more general configurations of sin-
gularities, both in terms of number of punctures and pole order. When the moduli
space of solutions to Hitchin’s equations is 4—dimensional, the natural hyperkihler
L2-metric is expected to be of type ALG. The main reason for this is that in the com-
plex structure in which the moduli space parametrises Higgs bundles the Hitchin
map exhibits the moduli space as an elliptic fibration over C. Here, in the context of
the Hitchin—Kobayashi correspondence, one splits Hitchin’s equations into a com-
plex and real one: Higgs bundles are solutions to the complex equation, i.e. to the
second equation in (4.8.1).

In [20] Boalch proposes a realisation of each rational elliptic surface as a moduli
space of solutions to Hitchin’s equations on P! with certain rank and configuration
of singularities (not all of these satisfying the hypothesis of [17]). The cases best
understood from the algebraic point of view are those in which the singularities
are all parabolic: Let E be an elliptic curve with Z,, r = 2,3,4 or 6, acting by
automorphisms. Then we can regard P! with 4 (if = 2) or 3 (otherwise) punctures
as the orbifold F/Z,. Groechenig [49] showed that the moduli space of stable
parabolic Higgs bundles on £//Z, is isomorphic to the Z,—Hilbert scheme of T*FE
(the fixed locus of the Z,—action on the Hilbert scheme of r points on T*FE). In
particular, it is a crepant resolution of 7*FE /Z, and an isotrivial rational elliptic
surface. However, nothing is known about the hyperkihler L?—metric on the moduli

space.
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