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ABSTRACT 

The current procedure employed in industry to estimate 

rocket engine reliability is based entirely on discrete, 

success-failure, variables. The precision of this method 

is inadequate at high levels of reliability; large 

changes in reliability cannot be detected. A new method 

is developed based on treating the performance parameters 

as continuous, measured variables and the mechanical • 

characteristics as discrete variables. The new method 

is more precise, more accurate, and has wider applica-

tion to the complex problems of estimating vehicle and 

mission reliability. Procedures are provided for frequen-

tist, likelihood and Bayesian reliability estimates. 

Estimates of the proportion of a normal distribution 

exceeding or satisfying a limit, or limits, are treated 

in detail and tables of these estimates are tabulated. 

Monte Carlo simulation is used to verify analytical results. 

Computer programs in Extended Mercury-Atlas Autocode 

and Fortran IV languages are included with typical com-

puter output for the estimates developed. 
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CHAPTER I 

OBJECTIVE 

1.a. Requirements for Reliability Estimates  

The first American space vehicles and military 

missiles were both costly and unreliable. The most 

unreliable component systems were propulsion and elec-

tronics and as a result the electronics and rocket engine 

industries were the first to be required by contract to 

monitor and report estimates of reliability. The stati-

stical methods developed are reminiscent of early quality 

control methods; they are based on discrete random 

variables and generally suffer from poor precision. 

Although these methods were satisfactory at low levels 

of reliability, better methods are required at the current 

higher levels of reliability (Abernethy 1963 (b) ). 

In addition to production control, there are other 

requirements for rocket engine reliability estimates. 

The design of vehicle engine failure detection systems 

and abort systems and the use of redundant engines are 

based on engine reliability estimates. (Abernethy 1963 

(a)). Many advanced missions involve multiple launches; 

the number of vehicles needed to complete the mission is 

a random variable that is dependent on engine reliability. 
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The optimum single engine thrust size for multi-engine 

vehicles is a function of total thrust required, reliability 

and cost: the smaller the engine, the more development 

tests can be made for a fixed cost and therefore, the 

higher reliability, but in production the cost per pound 

thrust favors larger engines. It follows that there is 

an optimum size single engine for each vehicle as a func-

tion of reliability, total cost and total thrust required. 

(Muiready et al ) 

1.b. Rocket Engine Project Life Span  

The lifespan of a rocket engine project may be 

divided into three overlapping periods: design, develop- 

ment and production. 

THE LIFESPAN OF A ROCKET ENGINE PROJECT  

PRODUCTION 	 

ADVANCE MODEL 4 DEVELOPMENT 

DESIGN ---- 

--,.-PRODUCTION FLIGHT TEST 

DEVELOPMENT' 

DESIGN 

0 	1 	2 	3 	4 
YEARS -- 

FIGURE. 1.1 
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In the design period there are no full scale engine test 

data available for reliability estimation. In the same 

period with electronic systems it is common practice to 

make system reliability estimates based on component 

test data, but with rocket engines analogous methods 

have failed; the mechanical and .thRrmodynamic interactions 

between components'are significant and the engine 

environment of vibration, cryogenic and combustion 

temperatures, and transient shock is virtually impossible 

to simulate on a component test stand. Therefore, rocket 

engine reliability estimates in the design period will be 

largely guesses. Historically the best guess has been 

the reliability of the last engine produced by the same 

engineering team. 

The production-flight test period is characterized 

by reasonably large quantities of valid data from flight 

tests and from production engine ground test. 	The 

statistical problems of making estimates in this period 

are trivial and the need for estimates is less than during 

the development program. The development period is the 

critical period for reliability estimates for two r.easons: 

the need for reliability estimates is most acute at this 

time because the vehicle design and mission analysis is 

done concurrently and the quantity of reliability data 
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available is small and it is of poor quality. 

1.c. Development Program Data  

Development period data consists of the results of 

full scale tests of experimental engines constructed of 

the following types of components: 

a. Experimental: untested new designs 

b. Obsolete: inferior designs that have been 

replaced in the bill of materials 

c. Overage: parts with test exposure exceeding 

ten or fifteen times the design life 

d. Damaged or repaired parts 

e. Green run parts - untested parts 

f. Standard bill7of-materials parts. 

Flight engines consist of bill-of-materials parts only. 

Reliability estimates for flight engines based on devel-

opment data must utilize data from experimental, non-

homogeneous engines as it is the only data available. 

Further, the test programs and test objectives of 

experimental engines test conflict with the objectives 

of reliability demonstration. A good development program 

will uncover as many weaknesses and failure modes as 

possible; failure should often be a test objective, either 

directly or indirectly. The tests that are particularly 
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dangerous must be excluded from the reliability evaluation 

as non-representative of a mission firing. The test 

firing duration may be l'ess than or greater than a 

mission firing and therefore a system of weighting test 

data by test duration is required; a successful short 

duration test should not count as much as a successful 

long duration test.• The weighting factors for short and 

long runs are added together to determine the number of 

equivalent full duration runs. 

The statistical parameter to be estimated, reli-

ability, is not constant during the development program 

but should increase in discrete steps as engineering 

changes are made to the engine. The growth of reliability 

is a measure of the success of the development program 

which in turn is a function of total test firing duration, 

the number of test firings, engineering proficiency, the 

state-of-the-art of the engine (very advanced versus 

similar to last engine produced), the initial design, 

and perhaps the total time allowed. (Figure 1.2) For 

a given engineet'ing team, the total number of firings 

appears to be the most significant factor for rocket 

engines. 
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THE GROWTH OF RELIABILITY  

1.0 

• 

DEVELOPMENT SUCCESS 

FIGuiZE. 1.2 
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There are also problems related to the performance 

parameters: specific impulse, propellant mixture ratio 

and thrust. The reliability estimate required is for a 

mission firing. The number of firings per engine will 

be determined by the mission requirements and will usually 

be one. The population sampled, ground test firings of 

experimental engines, will often consist of more than 

one firing per engine and may be as high as ten firings 

per engine. The variances of the performance parameters 

are composed of components of engine-to-engine variation 

and run-to-run variation. It follows that the ground 

test population may have different performance variances 

from the mission population.' 

Further, the propellant mixture ratio and thrust 

are usually controlled by hydro-mechanical controllers 

which are adjusted on flight engines during production 

acceptance testing. One or two firings are required to 

adjust or 'trim' the engine and the engine is not con-

sidered 'trimmed' until the trimming firings are completed. 

Most experimental engines are not trimmed for various 

reasons. The experimental engine which is not trimmed 

must be excluded from satisfying the propellant mixture 

ratio and thrust requirements. Even on trimmed engines-

the instrumentation will sometimes fail which also leads 
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to exclusion of one or all of the performance parameters. 

As a result the sample size associated with each performance 

parameter will usually be different and this problem 

should be reflected in the precision of the reliability 

estimates. 

In view of these major problems it would seem appro- 

priate to conduct reliability demonstration firings 

separate from development firings. Although it would be 

highly desirable and has often been suggested, it has 

rarely been done because of the enormous cost of rocket 

engine testing and because the correlation between devel-

opment reliability estimates and later flight test results 

has been quite good. 

1.d. Objective  

The objective of the research project reported 

herein is to develop a statistical method to measure the 

reliability of rocket engines during the development . 

program of the engine which will overcome the deficiencies 

associated with the current method. A single firing 

mission will be assumed as it has the widest application. 

1.e. Organization  

This thesis is divided into two volumes, the second 

containing computer programs and results. The first 

volume is subdivided into four major parts indicated by•  
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Roman numerals. Each chapter is further divided into 

sections indicated by lower case English letters. For 

example the third section in Chapter 13 is indicated by 

(13c). Computer programs, equations, tables, and figures 

are numbered within chapters. For example, the second 

equation in Chapter 13 would be referred to as (13.2). 

References are listed in the appendix and are referenced 

by the surname of the author with the year indicated if 

there is more than one reference to the author. An 

effort has been made to use standard notation: a list 

of notation and definitions is provided in the appendix. 

The next chapter is devoted to a critical description 

of the current industry method. 
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CHAPTER 2 

THE CURRENT METHOD 

The method currently employed throughout the American 

rocket industry was devloped in the late 1950's for 

application to intercontinental ballistic missile rocket 

engines. It appears to have been jointly developed at 

North American Aviation Rocketdyne Division and Aerojet-• 

General Corporation. It is described in detail in Chapter 

16 of (Lloyd and Lipow 1962). The treatment of the 

method here is intended to indicate the solutions to 

problems described earlier and the areas of similarity 

.and difference between the current system and the new 

system. 

The statistics of the current system would be simple 

if good valid data were available. A sample of full 

duration firings, one each on bill-of-materials, trimmed, 

engines would be used. Each firing would be classified 

a success if the engine started, ran for a full duration, 

provided specific impulse, propellant mixture ratio and 

thrust with specification limits and shutdown without 

incident; otherwise it would be classified a failure. 

Point estimates and interval estimates of reliability 

would be obtained using the binomial probability distribu-

tion. 



The ratio of the number of successful firings to 

the total firings will be an unbiased, maximum likelihood, 

estimate of the true reliability, Ti, equivalent to the 

binomial parameter p. 

A lower, one-sided, 900/0 confidence bound he  for 

the true reliability, 11, may be obtained from the binomial 

relation: 

F,  

c
N-r 

0.10 =   h 	(1-h0)r 	(2.1) 

r=o 

where N = number of firings, FE number failures 

The complexity of the current method is due to the modi-

fications required to treat the following problems. 

2.a. Reliability Growth 

If all the development data available is utilized 

the lower reliability of earlier times will bias the 

estimate of current reliability. A moving average is 

employed to minimize the bias. One hundred equivalent 

full duration runs appears to be a good compromise between 

the large variance of smaller samples and the bias of 

larger samples. In a typical program, a sample of one 

hundred equivalent runs will extend over about three or 

four months. In the late portion of the develdpment 
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program when the rate of change of reliability is small, 

larger sizes are advisable, perhaps 500 equivalent full 

duration runs. 

2.b. High Failure Rate Components  

Up to three minor and one major non-bill-of-material 

components may be pre-declared as dangerous components. 

If the firing is a success it is so classified; if a 

failure, it is excluded if the failure is due to the 

dangerous condition pre-declared and otherwise, it is 

classified a failure. If the engine contains more than 

the allowable number, the firing may or may not be a 

pre-test exclusion at the option of the engineer in-

charge. If it is not excluded before the test, no more 

than allowable number of components may be pre-declared. 

2.c. Dangerous•Test Objectives 

If the Pre-Test Declaration includes any of the 

following test objectives, the firing is automatically 

excluded before the test begins: 

l. first firing of a newly assembled engine 

2. test duration less than ten seconds 

3. a test to probe the limits of operation 

4, accelerated testing outside the design range 

of operation. 
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2.d. Variable Firing Duration 

A short duration successful firing should not be 

credited as much'as a long duration test. If the hazard 

rate were constant throughout the firing, weighting 

factors based on the exponential probability distribution 

could be employed; the weighting factors would be the 

ratio of the intended run duration to a full duration. 

Unfortunately rocket engine failure rates are not even 

approximately constant. More than half of all failures 

occur in the first ten seconds due to the combined effect 

of start transient shock and infant mortality. The 

failure rate continues to decrease for the first two 

minutes of operation. It increases again during the 

shutdown transient. A mathematical model to describe 

this complex mortality function might be difficult to 

treat. The method employed is related to actuarial 

insurance statistics. The shape of the mortality curve 

is estimated from a very large sample of past data. 

For this purpose the full duration is divided into twenty 

or thirty intervals. 
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pi  is an estimate of the probability of start or steady 

state failure for runs with intended firing duration 

within interval (Ti  - Ti-l).. 

If the full duration falls in interval k, the weighting 

factor for interval i is defined as: 

pi  + (1-pi)E 

- Pk 	(1-Pk)E  

where E is an estimate of the probability of a shutdown 

failure. The sampling characteristics of w1 are described 

in (Lloyd and Lipow1962). p1 and C are maximum likelihood 

estimates.• 

(2.2) 
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2.e. Ground Test versus Mission Populations  

The use of a binomial model for reliability implies 

that the binomial parameter, Ti, is constant for each 

trial. The ground test data may consist of five to ten 

firings per engine assembly with extreme cases up to 

about one hundred firings per assembly while the'mission 

consists of a single firing per assembly. This difference 

produces two problems: 

(1) If we omit the performance requirements from 

the definition of reliability, the remainder, the prob-

ability that the engine when operated in the manner and 

environment intended, will start, run fora full duration, 

and shutdown without incident, will be referred to as 

functional reliabilityx. If there is a run-to-run effect 

on functional reliability in ground test data, it must 

be eliminated before the ground test data is employed 

to estimate mission functional reliability. There are 

failure modes that occur during, the shutdown transient 

which do not affect the firing just completed but would 

degrade the functional reliability Of succeeding firings. 

Every attempt is made to eliminate the effect of these 

failures,by rigid inspection between ground test firings, 

conducted exactly like the pre-launch, countdown inspec-

tion. The mortality curve as a function of firing number 

This definition will be treated in more detail in. Chapter 11. 
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per engine assembly must be constant. 

The first firing of a new engine called the green run, 

has a very high failure rate (infant mortality), perhaps 

twenty to thirty times that of succeeding firings and 

therefore, it is excluded from the ground test data. 

As all production engines are fired several times before 

leaving the production facility, green run mortality 

should not be experienced in the mission population. 

With some engines, the second firing may also be excluded 

due to infant mortality. 

(2) The second problem is that of the performance 

parameter variances. In the mission population, the 

total variance is the sum of the engine-to-engine and 

run-to-run variances. If there is more than one.firing 

per engine the ground test population variances will be 
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less than the mission variances because of a reduction 

in the engine-to-engine component; in the limit if all 

the firings in a sample were conducted on one engine 

assembly, the total variance would be the same as the 

run-to-run variance. In the current method, this problem 

is not treated statistically; instead a contractual clause 

is added to require that either the number of engine 

assemblies tested within the sample must exceed some 

value, say five, or the number of firings per engine 

assembly must not exceed some value, say twenty. With 

regard to the assumption that the mission environment 

consists of single firings on each production engine, 

the current method cannot be applied to multi-firing 

missions, nor was it intended.to, without serious modi-

fication. Multi-firi4g missions will- be discussed as 

an application of the proposed method in Chapter 16. 

2.f. Trimming Propellant Mixture Ratio and Thrust Controls 

An untrimmed engine is excluded from meeting the 

thrust and mixture ratio limits. In the current system 

there is usually a requirement that an arbitrary minimum 

number of firings must be trimmed, say 1022 or 20aZD. 

Even such a low minimum cannot always be achieved during 

development programs; there have been times when the 
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entire reliability system was obstructed by this require-

ment. 

2.g. Documentation 

The accuracy and precision of statistical estimates 

is limited by the accuracy, validity and completeness 

of the data availa,ble. Large quantities of reliability 

data are required for both the current and the proposed 

methods. The data processing system used at Pratt and 

Whitney Aircraft for the current system (developed by 

the author) is based on the following documents: 

1. Pre-Test Declaration. A description of the engine 

parts and components that are non-bill-of-materials, 

test objectives, trim condition, intended test 

duration and any unusual:aspects of the firing, 

completed by the testengineer and filed prior to 

the automatic countdown sequence..  

2. Post-Test Report. This is a report of the results 

available immediately after the firing as filed by 

the test engineer. 

3. Failure Report. This is a report that some type of 

failure has occurred. The failure may be minor, 

major, quality control, instrumentation, facilities, 

design, performance or even human. 
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4. Failure Analysis. An analysis of the failure (reported 

by (3) ) completed by the Project Engineer responsible 

for the failure, describing the cause, the analysis, 

and if possible, the corrective action taken to 

prevent repetition of the failure. 

5. Serialized Parts History. The critical parts in 

an engine are. marked with serial numbers and the 

complete history of their test exposure on rigs and 

engines is maintained for failure analysis. 

6. Performance Analysis Report. The final detailed 

performance analysis of the engine is reported by 

the Performance Analysis Group. The report is used 

.for both firing classification and failure analysis. 

The documentation system utilizes IBM 1401 and IBM 7090 

computers. Monthly reliability reports are produced 

entirely on the IBM 7090 computer and consist of the 

following sections: 

1. Statistical Estimates of Reliability: current point 

estimates, lower one-sided 90c29 confidence bounds, 

sample sizes of success, failure, pre-test and post 

test exclusions, corresponding statistics for the 

previous month. 

2. Firing summary: a chronological summary of all 

firings included in the span of one hundred equivalent 
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full duration runs with pertinent results and cross-

referenced to the'failure reports submitted. 

3. Failure Summary: a summary of all failures and 

analysis by component, cross referenced to the 

firing summary. 

4. Weighting Factors: the weighting factors by time 

interval. , 

The reliability documentation system is a basic engineering 

record and is employed for many services other than 

reliability estimation. Duplicate information systems 

for other purposes are not maintained. 

2.h. Criticism 

The success of the current method as measured by 

the good correlation between reliability estimates and 

flight results is,noteworthy and certainly encouraging 

to applied statisticians when they consider the complexity 

of this system. The modifications included in the 

proposed method are required, at least partially, because 

of the increase in rocket engine reliability level; at 

reliabilities above 95°21, the precision of the current 

method is inadequate.  A study of this specific problem 

is contained in (Abernethy 1963b), and inspired the project 

reported herein. With most of the current engines well 
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above 99"/0 reliability, this problem is acute. For 

example, if the sample size is one hundred, and, the• 

true reliability, 11, is 0.99, the standard deviation 

of the estimate h is: 

= V0.99(.01)  t 0.01 
100 

(2.3) 

The unreliability (1-11) and one standard deviation of 

the estimate of reliability are approximately equal. 

It follows that significant improvements in reliability 

above 990/0 will be totally obscured by the poor precision 

of the estimate. In the new system it is proposed to 

improve the precision by treating the three performance 

parameters as continuous measured variables rather than 

discrete (success-failure) variables. Precise and 

accurate measurements are available for these parameters 

but to date this information has not been utilized for 

reliability etimates except in a discrete sense. 

When the performance parameters are treated as 

discrete variables there is no known way of adjusting 
• 

the data from the ground test population to the mission 

population to properly account for the differences. For 

example, if the performance parameters have large engine-

to-engine variances, reliability estimates based on 

several firings per engine will be biased higher than 
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the true reliability of the single-firing mission popula-

tion. (This will be demonstrated in Chapter 15). By 

treating the performance parameters as variables, it is 

possible to make separate independent estimates of engine-

to-engine and 'run-to-run variance and recombine these 

estimates in the correct proportion to estimate the 

mission variances. Although the poor precision of the 

current method at high reliability is well recognized, 

this improper treatment of variation is a more subtle 

criticism which is not widely understood. 

The untrimmed engine performance exclusion also 

contributes bias to the current estimates. For example, 

if thrust reliability is 990/0 we would expect one-thrust 

failure on the average in a sample of one hundred firings, 

but if ninety of the firings are excluded as untrimmed, 

the expectation would only be one tenth of a failure. 

Here again, by treating the thrust and propellant mixture 

ratio parameters as measured variables, this bias can 

be eliminated. The degrees of freedom of estimates of 

the performance variances will reflect the number of 

trimmed firings included in the sample. 

The current method cannot be applied to multi-firing 

missions as there is no measure of the interaction between 

firings and as mentioned above, no method for adjusting 
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the data for the differenCes between the population sampled 

and the mission population. As the space projects become 

more complex, upper stage engines will have many require-

ments for multi-firing missions. The proposed method 

can be used to estimate multi-firing reliability. A 

new statistic, the multi-firing factor, will be described 

in Chapter 16; it is used to measure the conditional 

probability that given the engine has fired successfuly, 

that it is capable of firing again. However, the preci-

sion of multi-firing estimates will be, less than single-

firing estimates because certain errors will be compounded. 
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. CHAPTER 3 

THE PROPOSED METHOD 

•94a 	P~oc~e 	 (' kook-0 

The math model for the new method is a product 

of four factors. 

= nfu TIISP TIFN 'firm 	
(3.1) 

where: 110 s overall reliability, the probability 

that the engine when operated in the manner and environ-

ment intended will start, run for a full duration, provide 

specification levels of specific impulse, propellant 

mixture ratio, and thrust, and shutdown without incident. 

.11fu mi functional reliability, the probability 

that the engine when operated in the manner and environ-

ment intended will start, run for a full duration with 

performance parameters within functional limits, and 

shutdown without incident. Functional limits of per-

formance are arbitrary limits, considerably wider than 

specification limits. Functional limits correspond to 

an easy mission, a mission with relaxed engine require-

ments. The concept of functional reliability was 

originated by the author in response to numerous requests 

from mission analysts. It is now in general industry 

use. It has been monitored and reported since 1961 at 



- 35- 

Pratt and Whitney Aircraft. 

L
ISP — specific impulse reliability, the condi-

tional probability, given functional success, that the 

steady state specific impulse corrected to nominal mixture 

ratio and thrust, equals or exceeds the specification 

minimum. Specific impulse is the ratio of thrust produced 

to the weight of propellant consumed per second. It has 

the units of seconds and for a given propellant combina-

tion, it is a measure of overall efficiency. 

TIFNE. thrust reliability, the conditional prob-

ability, given functional success, that the steady state 

thrust is within the specification limits. The units 

are pounds-force. 

arm E- propellant mixture ratio reliability, the 

conditional probability, given functional success, that 

the steady state propellant mixture ratio is within 

the specification limits. The ratio is pounds of oxidizer 

per unit time to pounds of fuel per unit time; it is 

dimensionless. 

If the four factors, 11fu' 	T1FN' 	are replaced. 

by the sample estimates hfu, hIsp, hFN'  hrm, then the 

product, ho, will be an estimate of 'lo. If the sample 

estimates are independentx  and unbiased, then 110  will 

be an unbiased estimate of flo. The proof of the following 

next 'page 
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statement is shown in (Cramer, page 173): 'the mean 

value of a product of independent random variables is 

equal to the product of the mean values of the factors, 

provided that the latter mean values exist.' 

Given that the more general condition that no relationship 

exists between the factors 11 fu' LISP' T1FN' arm it may  
be shown that ho will be an unbiased estimate of 110, 

if and only if, the sample estimates are unbiased: 

Suppose Eho  = E(hfuhisphFNhrm) = ilfullISPTIFOrm = TIo (37 2)  

As the estimates are independent, the expectation of the 

product equals the product of the expectations: 

E(hfuhisphrNh'In) 	(Ehfu)(Ehisp )(Ehrx )(Ehrm) 

fn(flfu)fn(flisp)fn(11FN) fn(lIrm) 

= Tlfu flISP 11FN T1rm 	 (3.3) 

Now unless fn(flfu) = Tlfu,(3.) fn(TIISP )  = 

fn(TIFN)  = TIFN' fn(TIrm)  = Tim 	 (3.5) 

the above would constitute a relationship between the 

factors. 
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3.b. Overall Reliability Estimates  

The current method was designed to produce unbiased 

point estimates and one-sided lower 900/0 confidence 

interval estimates of overall reliability. Current 

American rocket engine contracts contain requirements 

to compute and report these statistics monthly and the 

new method must have the same capability to satisfy these 

requirements. However, the choice of the type of esti-

mate depends on the data available and on the application, 

and even then it is controversial; unbiased point esti-

mates and confidence interval estimates are certainly 

not optimum for all applications. The chapters following 

will describe the application of the new math model to 

point and confidence interval estimates of flo; other 

types of estimates will be discussed in. Chapters 8 and 
14. 

3.c. Independence and Normality 

If there is no physical relationship between the 

performance variables, they will be both functionally 

and statistically independent. The physical relation-

ship between the performance parameters depends on the 

mechanics and thermodynamics of the particular engine 

model. In most engines mixture ratio and thrust will 
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be independently adjustable and controlled. . These two 

parameters have precise double specification limits; 

interacting controls would make the production adjust-

ment or 'trimming' very difficult. In addition; there 

are often vehicle requirements for independent controls. 

For example, it may be desired to vary mixture ratio 

during the mission firing so that the Oxidizer and fuel 

tanks empty simultaneously. Thrust must be almost con-

stant during this operation or the problem of predicting 

vehicle trajectory becomes impossible. 

The relation between thrust and specific impulse 

is weak;-  a very large change in thrust is required to 

produce a small change in specific impulse. In general, 

mixture ratio and specific impulse are more strongly 

related but fortunately, rocket engines are designed 

to run at the maximum value of specific impulse and the 

peak is broad and flat. Therefore, over the operating 

range of the engine, specific impulse will be almost 

constant as a function of mixture ratio: ,  it is not a 

coincidence that these relations are weak; if they were 

strong, a change in mixture ratio or thrust would have 

a severe effect on vehicle performance. 

Even if.a small residual correlation remains between 
• 

the parameters on a series of firings on the same engine, 
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the correlation tends to disappear when each firing is 

made on a different engine because the engine-to-engine 

variances mask the relationship as illustrated in Figure 

3.1. 

FN LOWE le 	Fos/ aPPE-12 
L/MITS 

..MML•MMO 0.1•10., ilIMMIN d•M.M• 0 mom= .m.1•• e•••••• ,h1I0 	 ... Pin UPPER 
I 	 ,ti ENGINE 1 A1  

'C' 

FIGUME 3.1 

Performance data on the Pratt and Whitney Aircraft 

RL-10 rocket engine cannot be presented here as it has 

a security classification: however sample correlation 

coefficients for the three parameters taken in all pairs 

have been calculated for this study for several groups 

of single firings from single engines (the sample included 

93 engines) and none of the coefficients was significantly 

different from zero at 0.05 level of significance. The 
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groups were determined by engine model. The estimates 

h rm 
 are each functions of samples of their hISP' hFN'  

respective performance parameters. If the performance 

parameters are mutually independent, the estimates must . 

also be mutually independent. It is concluded that for 

single firing missions, the three performance parameters 

may be considered. statistically independent. Routine 

checks should be made on this assumption by correlation 

analysis prior to calculating reliability estimates. 

All three performance parameters appear to be 

normally distributed; repeated tests of non-normality 

on large samples of data have failed to reject the null 

hypothesis that"the data are normal. 

3.d. Data Description  

The data consist of a chronological record of all 

firings attempted documented on the records described 

in Chapter 1. In general the following numerical data 

are relevant to the problem of estimating reliability: 

1. Engine assembly number. 

2. Firing number per assembly 

3. Date, time 

4. Intended firing duration 

5. Actual firing duration 

6. Functional Run Classification 

a. Success 

b. Failure 
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c. Exclusion 

7. Trimmed or untrimmed status of mixture ratio 

and thrust controls 

8. Specific Impulse (ISP) corrected to nominal 

mixture ratio and thrust 

9. Mixture Ratio (rm) 

10. Thrust (Fn) 

Any of the performance parameters may be missing due to 

instrumentation malfunctions. The conversion of these 

data into estimates of reliability occupies the remainder 

of this thesis; Part II is devoted to the estimates 

based on the three normal variables, Part III treats the 

proposed method in terms of a simple model, and Part IV, 

more complex models. 
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PART II  

ESTIMATES OF THE PROPORTION OF A NORMAL DISIRIBUTION 

DEFINED BY A FIXED LIMIT OR LIMITS  
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CHAPTER 4 

INTRODUCTION 

4.a. Required Estimates  

The reliability of a normally distributed parameter, 

Ti, is the proportion which satisfies the specification 

limits. For specific impulse reliability, TIISP,  this 

is the proportion exceeding the guaranteed minimum limit. 

(See Figure 12.1). For mixture ratio and thrust, Tirm 

and 71TN'  it is the proportion of the distribution between 

the lower limit and the upper limit. (See Figure 12.2). 

The English letter h will be used to indicate an esti-

mate of reliability, Ti,  in conformance with current 

statistical practice. Part II of this thesis is devoted 

to the problem of estimating these proportions. 
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4.b. Current Estimates  

One unbiased point estimate of these proportions 

is the ratio of the number of successes to the number 

of attempts, h; this is the estimate used in the 

current system described in (Lloyd and Lipow). Given 

the measured data and the distribution of the data, 

it is an inefficient estimate; otherwise, it is a most 

efficient, best, unbiased point estimate. It is often 

referred to in industry by this latter term, the best 

unbiased point estimate. The confidence interval esti-

mate of overall reliability in the current system is 

determined using the binomial distribution. 

4.c. Point Estimates  

Given that the performance parameter distributions 

are normal, and given the specified limits, three cases 

are of intereSt: 

(1) known mean and known variance  

The interest here is academic as this case has little 

practical significance. The solution is to calculate 

the standard normal deviate:Z 	which. 	is exceeded — 	 

with probability TI. The probability T1 may be determined 

from T1 = Q (Z11) 	 (4.2) 

where Q (X) is the cumulative normal distribution 
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evaluated at X. 

(2) unknown mean and unknown variance  

It is logical in this case to replace µ and a by the 

sample estimates, X and s: 

N 
' 	X. 

	 N 
	(4.3 

i=1 

 

(1f.5) 

  

It will be shown that k is a biased estimate of Z and II' 

is a biased estimate of 71. Chapters 5, 6 and 7 are 

devoted to this problem. 

(3) 	unknown mean and known. variance  

This situation exists when the variance of a process is 

constant but changes in the mean are expected. It is 

an easier problem than (2) and will be left to Chapter 9. 

The case of known mean and unknown variance has 

neither practical nor academic interest and will not be 

treated in this study. 

4.d. Interval Estimates  

In addition to unbiased estimates of the proportions 

and reliabilities, a measure of the precision of these 
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estimates should be produced to reflect their validity. 

As the distributions of both k and h are generally 

skewed, it is more appropriate to employ confidence 

intervals as this gauge than to estimate the correspond-

ing variances. 

4.e. Likelihood Estimates 

Chapter 8 will be devoted to estimates based on 

the likelihood function. The results will be used in 

Chapter 14 for both likelihood and Bayesian estimates 

of overall reliability. 



(X;L)  -1/1\T+ 	Z a (5.2) 

-• 	- 

CHAPTER 5 

THE DISTRIBUTION OF k - X-L 

5.a. Sampling Distribution 

Consider the random variable, 

 

k- 5c-L (5.1) 
N 

  

   

X 

N where X 

  

 

i=1 

 

s 

i=1 

L E. a point in the scale of X, a limit, 

and the Xi are independent and normally distributed 

(µ,a2, both unknown). Multiplying by -\/N on both 

sides, and dividing numerator and.denominator of the 

right side by the true, but unknown, standard deviation 

a: 

where 	, the standard deviate exceeded with 
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probability 71 and N/F a ) is a standard normal variate. 

s2/a2  is distributed x2.(1\1._1  )/(N 1). For the normal 

distribution it is well established that s is independent 

of X. A statistic of the form: 

t 
	(y+6) 
	

(5.3) 
-VW 

where Y is a standard normal variate and W is an inde-

pendent variate.distributed as X2A with f degrees of 

freedom, and 5 is a constant, is distributed as the non-

central t with 5 as non-centrality parameter. Therefore, 

k%/R is distributed as the non-central t with N-1 degrees 

	

of freedom and non-centrality S = 	Z . 

5.b. Tables  

Seventeen percentiles of the sampling distribution 

of k were determined from the non-central t distribution 

.using the above parameters and the method suggested by 

Resnikoff (1962) and due originally to (Johnson and 

Welch). Using their notation, the method is to calculate 

	

r = 5/\/27 and T) = r/N/1+R2 	(5.20 

where 5 is the noncentrality and f is the degrees of 

freedom (usually f = N-1). In their notation 

	

Pr (t > tE  I f,5) = E 	 (5.5) 
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The (Resnikoff) paper contains a triple entry table 

(f,5,t) which provide values of X. The required value 

of tE is determined from X by the relation: 

t 5 +-11+r2  - N2/(2f  (5.6) 

  

1 - X2Y(2f) 

The calculations were originally done on an IBM 7090 • 

computer at the Pratt and Whitney Aircraft, Florida 

Research and Development Center in July 1963 by the 

author. At that time the author was registered at 

Imperial College under program supervised by Professor 

G. A. Barnard. The results were published by Pratt 

and Whitney Aircraft in the author's name as Table III 

of report TWA FR 781, 'One Sided Statistical Tolerance 

Factors' and it is reproduced at the end of this Chapter. 

The body of Table III contains values of the statistic 

k and it is also a triple entry tabulation: 

(1) The nine sections correspond to the percentiles 

(labelled Confidence Level): 50°D, 60°D, 70°  Lo, 80(750, 

90(7D, 95°Z-0, 97.5°D, 99°7_9, 99.5°29. 

(2) The rows are sample size (N). 

( 3) The columns indicate the noncentrality and are 

labelled with the corresponding value of 11 (returning. 

to our notation). Interpolation on noncentrality should 
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be based on Z11  rather than 11. 

The fourth decimal place is usually not significant. 

To obtain values at the complementary percentiles (50°D, 

40°2-o, 30°2,  207D, le29, 5°29, 2.5°29, 1729, 0.5°29), 

the following identity is useful and is taken from 

(Resnikoff 1962): 

kc(71) 	- kl_c  (1-71) 	(5.7) 

where C F-_ percentile/100. In (Resnikoff) notation 

the relation is t1-E.  (5) = - t
c  (-s) 	(5.8) 

Two examples of the application of the Table III 

are: 

(1) Given a sample of the data from a normal 

distribution with unknown variance and unknown mean, 

what is the lower 90o/o confidence bound (one-sided) 

on the proportion of the distribution, exceeding a 

limit L? 
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Data from 

Deviates 

Given L = 

7 

s = 

k 

(Dixon and Massey, Table II), 

(11 	0.0, 	a2 	= 	1.0) 	: 

- 1.2816 

Random Normal 

- 0.329 

0.085 

0.130 

- 0.244 

- 0.882 

+ 0.472 

+ 0.039 

1.420 

- 1.033 

1.807 

0.1465 

i=1 

x.-7)2 
1 _ 0.9022 N-1 

i=1 

7 	L 1.582 — 

From Table III (90°/o confidence): 

0.80, k  = 1'474' Z0.80 = 0.8416 

= 0.85, k = 1_733, 20.85  = 1.0364 

By interpolation on ZT1  

h,'= 0,822 
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(2) What is the sampling distribution of k for 

sample size ten and noncentrality b = N/T1-5 x 1.2816? 

In this example N = 10, 71 = .90. Values at the 

following percentiles can be read directly from 

the tables. 

Percentile 

.50 1.3241 

6o 1.4449 

70 1.5862 

8o 1.7701 

go 2.0656 (The last 

95 2.3547 digit is 

97.5 2.6480 not signi- 

99 3.0482 ficant.) 

99.5 3.3685, 

To obtain the loWer percentiles, the identity from 

Resnikoff (1962) is used: 

kc(71) 	-ki_c  (1-11) 

For example, to obtain the tenth percentile for N = 10, 

= .90 

k.10 (0.9) = - 
• 

	(0.10) = 0.8284 
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The lower percentiles: 

percentile 

• 5 .4358 
1.0 .5075 

2.5 .6152 

5.0 .7115 

10.0 .8284 

20. .9812 

30. 1.1012 

40. 1.2122 

The distribution of k, deScribed by the seventeen 

percentiles illustrated above, was required at several 

stages of this project and therefore, the Resnikoff 

procedure was programmed in both Extended Mercury-Atlas 

Autocode and in IBM 7090 Fortran IV languages. The 

- Autocode program is Program 5.1 which is illustrated in 

Volume II of thiS thesis. The Fortran IV compilation 

was constructed as an independent subprogram of Program 

13.2 so that it may be incorporated in other Fortran 

programs without modification. 

5.c. Simulation 

To verify that the above solution provides the 

sampling distribution of k, a Monte Carlo simulation 
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was done on the University of London Mercury computer. 

Random normal samples of size ten were generated 

L 5T- 
(µ = 0.0, u2  = 1.0) and the value of k --- was 

computed. The limit L was taken as L = - 1.2816. 

(71 = 0.90) The process was repeated 100 times and 

the ranked results are shown as Table 5.1. 

Limit L = -1,2816, 

TABLE 5.1 • 

simulation trials 

Simulation of k = (X-L)/s 

sample size 10. 

0.2130 0.5456 0.6428 0.6574 0.7190 0.7314 

0.7700 .0.7734 0.8124 0.8181 0.8572 0.8575 

0.8667 0.8687 0.9256 0.9430 0.9446 0.9775 

0.9813 0.9922 1.0093 1.0204 1.0596 1.0671 

1.0985 1.1240 1.1268 1.1317 1.1453 1.1548 

1.1580 1.1906 1.2006 1.2028 1.2124 1.2127 

1.2136 1.2150 1.2159 1.2171 1.2310 1.2458 

1.2523 1.2686 1.2752 1.2810 1.3071 1.3302 

1.3886 1.3911 1.4217 1.4262 1.4271 1.4342 

1.4369 1.4485 1.4500 1.4791 1.4835 1.4902 

1.5069 1.5176 1.5431 1.5683 1.5817 1.6202 

1.6232 1.6345 1.6462 1.6486 1.6619 1.6637 

1.6914 1.7597 1.7807 1.7989 1.8289 1.8470 

1.8478 1.8766 1.8857 1.8957 1.9304 1.9775 

2.0113 2.0759 2.0807 2.1295 2.1932 2.2115 

2.2130 2.3047.  2.3269 2.3343 2.3496 2.4075 

2.4215 2.4755 2.7625 3.4190 

100 
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A plot of the results, (every sixth point), on normal 

probability paper is shown as Figure 5.1. The plotting 

position (21-1)2N was used. There is no significance 

in the use of normal probability paper except to provide 

a convenient scale (the distribution is non-central t). 

The comparison of the simulation results with the 

calculated results is quite good. 

The distribution of k is skewed for all values of 

other than 0, 0.5 and 1.0. Several transforms of k 

were investigated and the results will be discussed 

in Chapter 6. 
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5.d. Expectation of k 

An expression for the expectation of k and also 

the variance of k was derived without using the non-

central t probability distribution or density function: 

E(.)= 	(ER- 	a-Ey))) E 

(--1±-1  42-  = X 2-04-6 

= -\171-71E  34. 

E (-k) = 11_•._17. E 

E 	=  r (1%+.9 	 (I-4ALO PAGE Z99) 

E 	(N12-)  

E.. (K.) 	(h.& cs-zri  -"A.) x E 

Zr)  

( N 
	ii )  

5.e. VARIANCE OF K  
= E(141) -(E041)2.• 

E(K2) = 

= (eR2-- z LES( +21 E(_) 

= E:(7(4) —6E01 3 (LR)2-=)-12-  
E 	) 	 = 7-• 

W J4A. 
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(-kt) • -= (2-17L-I) 
)41-Z- 	 • 

E 	r C2;2)  _ (tV — )  
26 	- 	r (1•12.-1) 	(N — I ) 

_ z _ 
z. cp4--5)  — 

	

C S1 	(N-1) 
(N_3) Gz 

E(KZ) =(E5c2- -2LE)C-1- L1- ) EC Sz) 
• + 	 Lz) (Nr;23) c. 7- 

= (44  +. 	Ly-) 

(W7.3.) 

= E Cicz) (E 14.) 

= (T4 + Z17)(7--A;--3) 	CE- K)z- 

EXAMPLE_: 

	

	 1=0.90)  

= +1.281(0V 9  r (4)  
r (.1) 

= +1.4025 

CV,e_ = (47) 	I.21, (49 
	

— 

=.2.723 

0-k A Lo) 

= 1.2816 

(Cie- "4"- -\57727:5 = 0.522 
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5.f. Comparison  

The simulation results shown in Table 5.2 have 

the same noncentrality and sample size as the example 

above and therefore, the average value of the 100 times 

may be compared with the calculated expectation. 

From Table 5.1: 

100 
' k. 

1 - 1.454 kaverage 	100 

i=1 
From above: ak = 0.522 

ak average gkR/T55 ,= 0.052 

1.454-1.4025  24_ 1.0 .052 

5.g. Higher Moments  

Higher moments were not required in this study. 

However, if required, the third and fourth moments can 

be approximated using the methods in (Hogben et al, 

1961 and 1964). 

5.h. Median 

The median value of k is by definition the 50°/o 

confidence tolerance factor Table 11. 



TABLE III 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.5000 

SIZE 
	 PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) x MINUS (PLUS) Ks 

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 0.20000 0.25000 0.30000 0.35000 0.40000 

5.  -3.3626 -2.7989 -2.5254 -1.7784 -1.3817 -1.1144 -0.9028 -0.7221 -0.5603 -0.4108 -0.2695 
6.  -3.3036 -2.7503 -2.4824 -1.7505 -1.3605 -1.0977 -0.8898 -0.7121 -0.5527 -0.4057 -0.2666 
7.  -3.2663 -2.7197 -2.4547 -1.7314 -1.3466 -1.0868 -0.8814 -0.7058 -0.5483 -0.4024 -0.2643 
8.  -3.2395 -2.6978 -2.4354 -1.7188 -1.3369 -1.0799 -0.8758 -0.7010 -0.5444 -0.3998 -0.2628 
9.  -3.2200 -2.6820 -2.4212 -1.7091 -1.3299 -1.0739 -0.8712 -0.6977 -0.5420 -0.3979 -0.2615 
10.  -3.2053 -2.6699 -2.4103 -1.7016 -1.3241 -1.0697 -0.8678 -0.6950 -0.5399 -0.3965 -0.2606 
11.  -3.1934 -2.6601 -2.4016 -1.6957 -1.3197 -1.0662 -0.8652 -0.6929 -0.5383 -0.3954 -0.2598 
12.  -3.1838 -2.6522 -2.3945 -1.6910 -1.3162 -1.0635 -0.8630 -0.6912 -0.5371 -0.3944 -0.2592 
13.  -3.1758 -2.6457 -2.3887 -1.6870 -1.3132 -1.0611 -0.8612 -0.6898 -0.5360 -0.3937 -0.2588 
14.  -3.1691. -2.6402 -2.3837 -1.6837 -1.3107 -1.0592 -0.8596 -0.6886 -0.5351 -0.3930 -0.2583 
15.  -3.1633 -2.6355 -2.3795 -1.6808 -1.3085 -1.0575 -0.8583 -0.6875 -0.5343 -0.3925 -0.2580 
16.  -3.1584 -2.6314 -2.3759 -1.6784 -1.3067 -1.0561 -0.8572 -0.6867 -0.5336 -0.3920 -0.2577 
17.  -3.1541 -2.6278 -2.3727 -1.6762 -1.3051 -1.0548 -0.8562 -0.6859 -0.5331 -0.3916 -0.2574 
18.  -3.1503 -2.6247 -2.3699 -1.6744 -1.3037 -1.0537 -0.8553 -0.6852 -0.5325 -0.3912 -0.2572 
19.  -3.1469 -2.6220 -2.3675 -1.6727 -1.3024 -1.0528 -0.8545 -0.6846 -0.5321 -0.3909 -0.2569 
20.  -3.1439 -2.6195 -2.3652 -1.6712 -1.3013 -1.0519 -0.8539 -0.6841 -0.5317 -0.3906 -0.2568 
21.  -3.1412 -2.6173 -2.3633 -1.6699 -1.3003 -1.0511 -0.8532 -0.6836 -0.5313 -0.3903 -0.2566 
22.  -3.1387 -2.6153 -2.3615 -1.6686 -1.2994 -1.0504 -0.8527' -0.6831 -0.5310 -0.3901 -0.2564 
23.  -3.1365 -2.6135 -2.3599 -1.6675 -1.2986 -1.0498 -0.8522 -0.6827 -0.5307 -0.3898 -0.2563 
24.  -3.1345 -2.6118 -2.3584 -1.6665 -1.2978 -1.0492 -0.8517 -0.6824 -0.5304 -0.3896 -0.2562 
25.  -3.1327 -2.6103 -2.3570 -1.6656 -1.2971 -1.0486 -0.8513 -0.6821 -0.5302 -0.3895 -0.2560 
26.  -3.1310 -2.6089 -2.3558 -1'.6648 -1.2965 -1.0481 -0.8509 -0.6817 -0.5299 -0.3893 -0.2559 
27.  -3.1294 -2.6076 -2.3546 '-1.6640 -1.2959 -1.0477 -0.8505 -0.6815 -0.5297 -0.3891 -0.2558 
28.  -3.1280 -2.6064 -2.3536 -1.6633 -1.2954 -1.0473 -0.8502 -0.6812 -0.5295 -0.3890 -0.2557 
29.  -3.1266 -2.6053 -2.3526 -1.6626 -1.2949 -1.0469 -0.8499 -0.6810 -0.5293 -0.3889 -0.2557 
30.  -3.1254 -2.6043 -2.3517 -1.6620 -1.2944 -1.0465 -0.8496 -0.6807 -0.5292 -0.3887 -0.2556 
35. -3.1202 -2.6001 -2.3479 -1.6594 -1.2925 -1.0450 -0.8484 -0.6798 -0.5284 -0.3882 -0.2552 
40. -3.1164 -2.5970 -2.3451 -1.6576 -1.2911 -1.0439 -0.8475 -0.6791 -0.5279 -0.3879 -0.2550 
45. -3.1135 -2.5946 -2.3430 -1.6561 -1.2900 -1.0431 -0.8469 -0.6786 -0.5275 -0.3876 -0.2548 
50. -3.1112 -2.5927 -2.3412 -1.6550 -1.2891 -1.0424 -0.8463 -0.6782 -0.5272 -0.3873 -0.2547 
60. -3.1077 -2.5898 -2.3387 -1.6532 -1.2878 -1.0414 -0.8455 -0.6775 -0.5267 -0.3870 -0.2544 
70. -3.1053 -2.5878 -2.3369 -1.6520 -1.2869 -1.0406 -0.8449 -0.6771 -0.5264 -0.3868 -0.2543 
80. -3.1034 -2.5863 -2.3356 -1.6511 -1.2862 -1.0401 -0.8445 -0.6768 -0.5261 -0.3866 -0.2542 
90. -3.1020 -2.5851 -2.3345 -1.6504 -1.2857 -1.0397 -0.8442 -0.6765 -0.5259 -0.3864 -0.2541 
100. -3.1009 -2.5842 -2.3337 -1.6498 -1.2853 -1.0394 -0.6439 -0.6763 -0.5258 -0.3863 -0.2540 
150. -3.0975 -2.5815 -2.3312 -1.6482 -1.2840 -1.0384 -0.8432 -0.6757 -0.5253 -0.3860 -0.2538 
200. -3.0959 -2.5801 -2.3300 -1.6473 -1.2834 -1.0379 -0.8428 -0.6754 -0.5251 -0.3858 -0.2537 
250. -3.0949 -2.5793 -2.3293 -1.6468 -1.2830 -1.0376 -0.8425 -0.6752 -0.5249 -0.3857 -0.2536 
300. -3.0942 -2.5787 -2.3288 -1.6465 -1.2828 -1.0374 -0.8424 -0.6751 -0.5249 -0.3857 -0.2536 
350. -3.0937 -2.5783 -2.3284 -1.6463 -1.2826 -1.037 3 -0.8423 -0.6750 -0.5248 -0.3856 -0.2535 
400. -3.0934 -2.5780 -2.3282 -1.6461 -1.2825 -1.0372 -0.8422 -0.6749 -0.5247 -0.3856 -0.2535 
450. -3.0931 -2.5778 -2.3280 -1.6459 -1.2824 -1.0371 -0.8421 -0.6749 -0.5247 -0.3855 -0.2535 
500. -3.0929 -2.5776 -2.3278 -1.6458 -1.2823 -1.0370 -0.8421 -0.6748 -0.5247 -0.3855 -0.2535 
1000. -3.0919 -2.5768 -2.3271 -1.6453 -1.2819 -1.0367 -0.8418 -0.6747 -0.5245 -0.3854 -0.2534 



SAMPLE 
SIZE 

TABLE INCONTIWUED) 
STATISTICAL TOLERANCE FACTORS 

CONFIDENCE LEVEL = 0.5000 
PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS. THAN) X  MINUS (PLUS) Ks 

0.50000 0.60000 0.70000 0.75000-- 0.80000 0.85000 0.87500 	0.90000 0.91000 0.92000 0.93000 

5.  O. 0.2695 0.5603 0.7221. 0.9028 1.1144 1.2386 .3817 1.4463 1.5166 1.5938 
6.  O. 0.2666 0.5527 0.7121 0.8898 1.0977 1.2198 .3605 1.4241 1.4931 1.5691 
T. O. 0.2643 0.5483 0.7058 0.8814 1.0868 1.2075 .3466 1.4093 1.4774 1.5523 
8.  O. 0.2628 0.5444 0.7010 0.8758 1.0799 1.1993 .3369 1.3992 1.4668 1.5411 
9.  O. 0.2615 0.5420 0.6977 0.8712 1.0739 1.1929 .3299 ,  1.3917 1.4588 1.5327 
10.  O. 0.2606 0.5399 0.6950 0.8678 1.0697 1.1879 .3241 1.3856 1.4525 1.5260 
11.  O. 0.2598 0.5383 0.6929 0.8652 1.0662 1.1841 .3197 1.3810 1.4476 1.5208 
12.  O. 0.2592 0.5371 0.6912 0.8630 1.0635 1.1809 .3162 1.3772 1.4436 1.5166 
13.  O. 0.2588 0.5360 0.6898 0.8612 1.0611 1.1783 .3132 1.3741 1.4403 1.5131 
14.  O. 0.2583 0.5351 0.6886 0.8596 1.0592 1.1761 .3107 1.3714 1.4375 1.5101 
15.  O. 0.2580 0.5343 0.6875 0.8583 1.0575 1.1742 .3085 1.3692 1.4351 1.5076 
16.  O. 6.2577 0.5336 0.6867 0.8572 1.0561 1.1726 .3067 1.3672 1.4330 1.5054 
17.  O. 0.2574 0.5331 0.6859 0.8562 1.0548 1.1711 .3051 1.3655 1.4312 1.5035 
18.  O. 0.2572 0.5325 0.6852 0.8553 1.0537 1.1699 .3037 1.3640 1.4297 1.5018 
19.  O. 0.2569 0.532 1 0.6846 0.8545 1.0528 1.1688 .3024 1.3627 1.4283 1.5004 
20.  O. 0.2568 0.5317 0.6841 0.8539 1.0519 1.1678 .3013 1.3615 1.4270 1.4991 
21.  0. 0.2566 0.5313 0.6836 0.8532 1.0511 1.1669 .3003 1.3605 1.4259 1.4979 
22.  O. 0.2564 0.5310 0.6831 0.8527 1.0504 1.166 1 .2994 1.3595 1.4249 1.4968 
23.  O. 0.2563 0.5307 0.6827 0.8522 1.0498 1.1654 .2986 1.3587 1.4240 1.4958 
24.  O. 0.2562 0.5304 0.6824 0.8517 1.0492 1.1647 .2978 1.3579 1.4232 1.4949 
25.  O. 0.2560 0.5302 0.6821 0.8513 1.0486 1.1641 .2971 1.3572 1.4224 1.4941 
26.  O. 0.2559 0.5299 0.6817 0.8509 1.0481 1.1636 .2965 1.3565 1.4217 1.4934 
27.  O. 0.2558 0.5297 i' 	0.6815 0.8505 1.0477 1.1631 .2959 1.3559 1.4210 1.4927 
28.  O. 0.2557 0.5295 0.6812 0.8502 1.0473 1.1626 .2954 1.3553 1.•4204 1.4921 
29.  O. 0.2557 0.5293 0.6810 0.8499 1.0469 1.1621 .2949 1.3548 1.4199 1.4915 
30.  O. 0.2556 0.5292 0.6807 0.8496 1.0465 1.1617 .2944 1.3543 1.4194 1.4909 
35. O. 0.2552 0.5284 0.6798 0.8484 1.0450 1.1600 .2925 1.3523 1.4172 1.4887 
40. O. 0.2550 0.5279 0.6791 0.8475 1.0439 1.1588 .2911 1.3508 1.4157 1.4870 
45. O. 0.2548 0.5275 0.6786 0.8469 1.0431 1.1578 .2900 1.3496 1.4145 1.4857 
50. 0. 0.2547 0.5272 0.6782 0.8463 1.0424 1.1571 .2891 1.3487 1.4135 1.4847 
60. O. 0.2544 0.5267 0.6775 0.8455 1.0414 1.1559 .2878 1.3474 1.4121 1.4832 
70. O. 0.2543 0.5264 0.6771 0.8449 1.0406 1.1551 .2869 1.3464 1.4110 1.4821 
80. O. 0.2542 0.5261 0.6768 0.8445 1.0401 1.1545 .2862 1.3457 1.4103 1.4813 
90. O. 0.2541 0.5259 0.6765 0.8442 1.0397 1.1540 .2857 1.3451 1.4097 1.4807 
100. O. 0.2540 0.5258 0.6763 0.8439 1.0394 1.1537 .2853 1.3447 1.4092 1.4802 
150. O. 0.2538 0.5253 0.6757 0.8432 1.0384 1.1525 .2840 1.3434 1.4078 1.478T 
200. O. 0.2537 0.5251 0.6754 0.8428 1.0379 1.1520 .2834 1.3427 1.4071 1.4780 
250. O. 0.2536 0.5249 0.6752 0.8425 1.0376 1.1517 .2830 1.3423 1.4067 1.4775 
300. O. 0.2536 0.5249 0.6751 0.8424 1.0374 1.1514 .2828 1.3421 1.4064 1.4772 
350. O. 0.2535 0.5248 0.6750 0.8423 1.0373 1.1513 .2826 1.3419 1.4062 1.4770 
400. O. 0.2535 0.5247 0.6749 0.8422 1.0372 1.1512 .2825 1.3417 1.4061 1.4769 
450. O. 0.2535 0.5247 0.6749 0.8421 1.0371 1.151 1 .2824 1.3416 1.4060 1.4768 
500. O. 0.2535 0.5247 0.6748 0.8421 1.0370 1.1510 .2823 1.3415 1.4059 1.4767 
1000. 0. 0.2534 0.5245 0.6747 0.8418 1.0367 1.1507 .2819 1.3411 1.4055 1.4762 



TABLE III (CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 	 CONFIDENCE LEVEL = 0.5000 

SIZE 	 PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.94000 0.95000 0.96000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 0.99950 0.99990 

5.  1.6800 1.7784 1.8943 2.0370 2.2266 2.5254 2.7989 2.9874 3.3626 3.5842 4.0535 
6.  1.6539 1.7505 1.8642 2.0039 2.1897 2.4824 2.7503 2.9352 3.3036 3.5211 3.9818 
7.  1.6360 1.7314 1.8435 1.9817 2.1654 2.4547 2.7197 2.9023 3.2663 3.4812 3.9364 
8.  1.6242 1.7188 1.8301 1.9669 2.1488 2.4354 2.6978 2.8787 3.2395 3.4525 3.9037 
9.  1.6151 1.7091 1.8196 1.9555 2.1363 2.4212 2.6820 2.8617 3.2200 3.4317 3.8799 
10.  1.6080 1.7016 1.8116 1.9469 2.1268 2.4103 2.6699 2.8488 3.2053 3.4159 3.8620 
11.  1.6025 1.6958 1.8053 1.9401 2.1193 2.4016 2.6602 2.8383 3.1935 3.4032 3.8475 
12.  1.5981 1.6910 1.8002 1.9345 2.1131 2.3945 2.6522 2.8299 3.1838 3.3929 3.8357 
13.  1.5943 1.6870 1.7959 1.9299 2.1080 2.3887 2.6457 2.8228 3.1758 3.3844 3.8260 
14.  1.5912 1.6837 1.7924 1.9260 2.1037 2.3837 2.6402 2.8169 3.1691 3.3771 3.8178 
15.  1.5885 J.6808 1.7893 1.9227 2.1000 2.3795 2.6355 2.8118 3.1633 3.3710 3.8108 
16.  1.5862 1.6784 1.7867 1.9198 2.0969 2.3759 2.6314 2.8075 3.1584 3.3657 3.8047 
17.  1.5842 1.6762 1.7844 1.9173 2.0941 2.3727 2.6278 2.8037 3.1541 3.3610 3.7995 
18.  1.5824 1.6744 1.7823 1.9151 2.0917 2.3699 2.6247 2.8003 3.1503 3.3570 3.7948 
19.  1.5809 1.6727 1.7805 1.9132 2.0895 2.3675 2.6220 2.7974 3.1469 3.3534 3.7907 
20.  1.5795 1.6712 1.7.790 1.9114 2.0876 2.3652 2.6195 2.7947 3.1439 3.3502 3.7870 
21.  1.5782 1.6699 1.7775 1.9099 2.0859 2.3633 2.6173 2.7924 3.1412 3.3473 3.7838 
22.  1.5771 1.6686 1.7762 1.9085 2.0843 2.3615 2.6153 2.7902 3.1387 3.3447 3.7808 
23.  1.5761 1.6675 1.7750 1.9072 2.0829 2.3599 2.6135 2.7883 3.1365 3.3423 3.7781 
24.  1.5751 1.6665 1.7740 1.9060 2.0816 2.3584 2.6118 2.7865 3.1345 3.3401 3.7756 
25.  1.5743 1.6656 1.7730 1.9050 2.0805 2.3570 2.6103 2.7849 3.1327 3.3381 3.7734 
26.  1.5735 1.6648 1.7721 1'.9040 2.0794 2.3558 2.6089 2.7834 3.1310 3.3363 3.7713 
27.  1.5727 1.6640 1.7712 , 	1.9031 2.0784 2.3546 2.6076 2.7820 3.1294 3.3347 3.7694 
28.  1.5721 1.6633 1.7705 1.9022 2.0774 2.3536 2.6064 2.7807 3.1280 3.3331 3.7676 
29.  1.5714 1.6626 1.7698 1.9015 2.0766 2.3526 2.6053 2.7795 3.1266 3.3317 3.7660 
30.  1.5709 1.6620 1.7691 1.9007 2.0758 2.3517 2.6043 2.7784 3.1254 3.3303 3.7645 
35. 1.5685 1.6594 1.7663 1.8978 2.0725 2.3479 2.6001 2.7739 3.1202 3.3248 3.7582 
40. 1.5667 1.6576 1.7643 1.8956 2.0701 2.3451 2.5970 2.7706 3.1164 3.3208 3.7536 
45. 1.5653 1.6561 1.7628 1.8939 2.0682 2.3430 2.5946 2.7680 3.1135 3.3176 3.7500 
50. 1.5642 1.6550 1.7615 1.8925 2.0667 2.3412 2.5927 2.7660 3.1112 3.3151 3.7471 
60. 1.5626 1.6532 1.7597 1.8905 2.0645 2.3387 2.5898 2.7629 3.1077 3.3114 3.7429 
70. 1.5615 1.6520 1.7584 1.8891 2.0629 2.3369 2.5878 2.7607 3.1053 3.3088 3.7399 
80. 1.5606 1.6511 1.7574 1.8881 2.0618 2.3356 2.5863 2.7591 3.1034 3.3069 3.7377 
90. 1.5600 1.6504 1.7566 1.8872 2.0609 2.3345 2.5851 2.7579 3.1020 3.3053 3.7360 
100. 1.5594 1.6498 1.7560 1.8866 2.0602 2.3337 2.5842 2.7569 3.1009 3.3041 3.7346 
150. 1.5579 1.6482 1.7542 1.8846 2.0580 2.3312 2.5815 2.7539 3.0975 3.3005 3.7305 
200. 1.5571 1.6473 1.7533 1.8837 2.0569 2.3300 2.5801 2.7525 3.0959 3.2987 3.7285 
250. 1.5566 1.6468 1.7528 1.8831 2.0563 2.3293 2.5793 2.7516 3.0949 3.2977 3.7272 
300. 1.5563 1.6465 1.7525 1.8827 2.0559 2.3288 2.5787 2.7510 3.0942 3.2970 3.7264 
350. 1.5561 1.6463 1.7522 1.8824 2.0556 2.3284 2.5783 2.7506 3.0937 3.2965 3.7259 
400. 1.5559 1.6461 1.7520 1.8822 2.0553 2.3282 2.5780 2.7503 3.0934 3.2961 3.7254 
450. 1.5558 1.6459 1.7519 1.8821 2.0552 2.3280 2.5778 2.7500 3.0931 3.2958 3.7251 
500. 1.5557 1.6458 1.7517 1.8819 2.0550 2.327C 2.5776 2..7498 3.0929 3.2956 3.7248 
1000. 1.5552 1.6453 1.7512 1.8814 2.0544 2.3271 2.5768 2.7490 3.0919 3.2945 3.7236 

6) 



TABLE HI(CONTINUED) 

STATISTICAL TOLERANCE FACTORS 

SAMPLE 
SIZE 

0.00100 

CONFIDENCE LEVEL = 0.6000 

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.00500 	0.01000 	0.05000 	0.10000 	0.15000 	0.20000 	0.25000 	0.30000 0.35000 0.40000 

5.' -3.0419 -2.5243 -2.2727 -1.5824 -1.2120 -0.9609 -0.7605 -0.5878 -0.4320 -0.2869 -0.1481 
6. -3.0226 -2.5093 -2.2602 -1.5767 -1.2095 -0.9609 -0.7625 -0.5917 -0.4375 -0.2939 -0.1570 
T. -3.0122 -2.5016 -2.2536 -1.5737 -1.2090 -0.9621 -0.7651 -0.5954 -0.4423 -0.2997 -0.1636 
8.  -3.0060 -2.4971 -2.2501 -1.5730 -1.2098 -0.9640 -0.7679 -0.5989 -0.4464 -0.3044 -0.1690 
9.  -3.0027 -2.4949 -2.2483 -1.5728 -1.2107 -0.9658 -0.7703 -0.6018 -0.4498 -0.3084 -0.1738 
10.  -3.0011 -2.4941 -2.2479 -1.5736 -1.2122 -0.9676 -0.7725 -0.6044 -0.4528 -0.3119 -0.1775 
11.  -3.0003 -2.4938 -2.2479 -1.5744 -1.2135 -0.9694 -0.7745 -0.6068 -0.4555 -0.3149 -0.1808 
12.  -3.0001 -2.4939 -2.2482 -1.5753 -1.2149 -0.9710 -0.7764 -0.6089 -0.4579 -0.3175 -0.1837 
13.  -3.0002 -2.4944 -2.2488 -1.5764 -1.2163 -0.9726 -0.7782 -0.6109 -0.4601 -0.3199 -0.1863 
14.  -3.0007 -2.4950 -2.2495 -1.5774 -1.2176 -0.9741 -0.7799 -0.6127 -0.4621 -0.3220 -0.1886 
15.  -3.0012 -2.4957 -2.2502 -1.5784 -1.2188 -0.9754 -0.7814 -0.6144 -0.4639 -0.3240 -0.1907 
16.  -3.0019 -2.4965 -2.2511 -1.5795 -1.2200 -0.9768 -0.7828 -0.6159 -0.4655 -0.3257 -0.1926 
17.  -3.0027 -2.4973 -2.2519 -1.5805 -1.2211 -0.9780 -0.7841 -0.6173 -0.4671 -0.3274 -0.1943 
18.  -3.0035 -2.4981 -2.2528 -1.5815 -1.2222 -0.9791 -0.7854 -0.6186 -0.4684 -0.3288 -0.1959 
19.  -3.0044 -2.4990 -2.2537 -1.5824 -1.2232 -0.9802 -0.7865 -0.6198 -0.4697 -0.3302 -0.1974 
20.  -3.0052 -2.4998 -2.2545 -1.5833 -1.2242 -0.9812 -0.7876 -0.6210 -0.4709 -0.3315 -0.1987 
21.  -3.0061 -2.5007 -2.2554 -1.5842 -1.2251 -0.9822 -0.7886 -0.6221 -0.4721 -0.3327 -0.2000 
22.  -3.0070 -2.5015 -2.2562 -1.5851 -1.2260 -0.9831 -0.7896 -0.6231 -0.4731 -0.3338 -0.2012 
23.  -3.0078 -2.5024 -2.2570 -1.5859 -1.2269 -0.9840 -0.7905 -0.6240 -0.4741 -0.3348 -0.2023 
24.  -3.0087 -2.5032 -2.2578 -1.5867 -1.2277 -0.9849 -0.7914 -0.6249 -0.4751 -0.3358 -0.2033 
25.  -3.0095 -2.5040 -2.2586 -1.5874 -1.2285 -0.9857 -0.7922 -0.6258 -0.4760 -0.3367 -0.2043 
26.  -3.0103 -2.5047 -2.2593 -1.5862 -1.2292 -0.9864 -0.7930 -0.6266 -0.4768 -0.3376 -0.2052 
27.  -3.0111 -2.5055 -2.2601 f -1.5889 -1.2299 -0.9871 -0.7937 -0.6274 -0.4776 -0.3384 -0.2060 
28.  -3.0119 -2.5062 -2.2608 -1.5895 -1.2306 -0.9878 -0.7944 -0.6281 -0.4783 -0.3392 -0.2069 
29.  -3.0127 -2.5069 -2.2615 -1.5902 -1.2313 -0.9885 -0.7951 -0.6288 -0.4791 -0.3400 -0.2076 
30.  -3.0134 -2.5076 -2.2621 -1.5908 -1.2319 -0.9891 -0.7958 -0.6295 -0.4798 -0.3407 -0.2084 
35. -3.0169 -2.5108 -2.2652 -1.5937 -1.2347 -0.9920 -0.7986 -0.6324 -0.4828 -0.3438 -0.2116 
40. -3.0200 -2.5136 -2.2679 -1.5961 -1.2371 -0.9943 -0.8010 -0.6348 -0.4852 -0.3463 -0.2142 
45. -3.0227 -2.5161 -2.2703 -1.5982 -1.2391 -0.9963 -0.8030 -0.6368 -0.4873 -0.3484 -0.2164 
50. -3.0251 -2.5183 -2.2724 -1.6001 -1.2409 -0.9981 -0.8047 -0.6386 -0.4890 -0.3502 -0.2182 
60. -3.0293 -2.5220 -2.2759 -1.6032 -1.2438 -1.0010 -0.8076 -0.6414 -0.4919 -0.3531 -0.2212 
-70. -3.0327 -2.5251 -2.2788 -1.6057 -1.2462 -1.0033 -0.8098 -0.6436 -0.4942 -0.3554 -0.2235 
80. -3.0356 -2.5277 -2.2812 -1.6078 -1.2482 -1.0051 -0.8117 -0.6455 -0.4960 -0.3572 -0.2254 
90. -3.0381 -2.5299 -2.2833 -1.6096 -1.2498 -1.0067 -0.8132 -0.6470 -0.4975 -0.3588 -0.2269 
100. -3.0403 -2.5318 -2.2851 -1.6111 -1.2513 -1.0081 -0.8146 -0.6483 -0.4988 -0.3601 -0.2283 
ISO. -3.0481 -2.5387 -2.2916 -1.6166 -1.2562 -1.0129 -0.8192 -0.6529 -0.5033 -0.3646 -0.2328 
200. -3.0530 -2.5430 -2.2957 -1.6200 -1.2593 -1.0158 -0.8220 -0.6556 -0.5060 -0.3673 -0.2355 
250. -3.0566 -2.5461 -2.2986 -1.6224 -1.2615 -1.0178 -0.8240 -0.6575 -0.5079 -0.3691 -0.2373 
300. -3.0592 -2.5485 -2.3008 -1.6242 -1.2631 -1.0193 -0.8254 -0.6589 -0.5093 -0.3705 -0.2387 
350. -3.0613 -2.5503 -2.3025 -1.6256 -1.2644 -1.0205 -0.8266 -0.6600 -0.5104 -0.3716 -0.2398 
400. -3.0631 -2.5518 -2.3039 -1.6267 -1.2654 -1.0215 -0.8275 -0.6609 -0.5113 -0.3725 -0.2406 
450. -3.0645 -2.5531 -2.3051 -1.6277 -1.2663 -1.0223 -0.8283 -0.6617 -0.5120 -0.3732 -0.2414 
500. -3.0658 -2.5542 -2.3061 -1.6285 -1.2671 -1.0230 -0.8289 -0.6623 -0.5126 -0.3738 -0.2420 
1000. -3.0727 -2.5602 -2.3117 -1.6331 -1.2711 -1.0268 -0.8325 -0.6658 -0.5160 -0.3771 -0.2453 

• 

• 



TABLE III (CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.6000 

SIZE 
	

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.50000 0.60000 0.70000 0.75000 0.80000 0.85000 0.87500 0.99000 	0.91000 0.92000 0.93000 

5.  0.1208 0.3960 0.6979 0.8686 1.0603 1,2863 1.4198 1.5740 .6438 1.7198 1.8034 
6.  0.1090 0.3797 0.6759 0.8420 1.0289 1.2492 1.3790 1.5289 .5968 1.6706 1.7518 
7.  0.1001 0.3678 0.6597 0.8236 1.0076 1.2237 1.3510 1.4980 .5646 1.6370 1.7168 
8.  0.0929 0.3590 0.6481 0.8101 0.9918 1.2052 1.3307 1.4756 .5412 1.6126 1.6913 
9.  0.0872 0.3517 0.6387 0.7993 0.9794 1.1907 1.3149 1.4583 .5233 1.5940 1.6718 
10.  0.0825 0.3457 0.6310 0.7907 0.9695 1.1792 1.3025 1.4449 .5093 1.5794 1.6565 
11.  0.0785 0.3407 0.6248 0.7836 0.9614 1.1698 1.2924 1.4339 .4978 1.5674 1.6440 
12.  0.0749 0.3364 0.6194 0.7775 0.9546 1.1620 1.2839 1.4246 .4882 1.5574 1.6335 
13.  0.0719 0.3327 0.6148 0.7724 0.9487 1.1552 1.2766 1.4167 .4800 1.5489 1.6247 
14.  0.0691 0.3294 0.6108 0.7679 0.9436 1.1494 1.2703 1.4099 .4729 1.5415 1.6170 
15.  0.0667 0.3265 0.6073 0.7639 0.9391 1.1443 1.2648 1.4039 .4667 1.5351 1.6103 
16.  0.0645 0.3239 0.6041 0.7604 0.9352 1.1398 1.2600 1.3987 .4613 1.5294 1.6044 
17.  0.0625 0.3215 0.6012 0.7572 0.9316 1.1358 1.2557 1.3940 .4564 1.5244 1.5992 
18.  0.0607 0.3194 0.5987 0.7544 0.9285 1.1322 1.2518 1.3898 .4521 1.5199 1.5945 
19.  0.0590 0.3174 0.5964 0.7518 0.9256 1.1289 1.2483 1.3860 .4482 1.5158 1.5903 
20.  0.0575 0.3157 0.5942 0.7494 0.9230 1.1260 1.2451 1.3825 .4446 1.5121 1.5864 
21.  0.0560 0.3140 0.5923 0.7473 0.9205 1.1232 1.2422 1.3794 .4414 1.5088 1.5829 
22.  0.0547 0.3125 0.5905 0.7453 0.9183 1.1207 1.2395 1.3765 .4384 1.5057 1.5797 
23.  0.0535 0.3111 0.5888 0.7434 0.9163 1.1184 1.2370 1.3738 .4356 1.5028 1.5767 
24.  0.0523 0.3098 0.5872 0.7417 0.9144 1.1163 1.2347 1.3714 .4331 1.5002 1.5740 
25.  0.0513 0.3085 0.5858 0.7401 0.9126 1.1143 1.2326 1.3691 .4307 1.4977 1.5715 
26.  0.0502 0.3074 0.5844 0.7386 0.9110 1.1124 1.2306 1.3669 .4285 1.4954 1.5691 
27.  0.0493 0.3063 0.5831 , 	0.7372 0.9094 1.1107 1.2288 1.3649 .4264 1.4933 1.5669 
28.  0.0484 0.3052 0.5819 0.7359 0.9079 1.1091 1.2270 1.3630 .4245 1.4/13 1.5648 
29.  0.0475 0.3043 0.5808 0.7347 0.9066 1.1075 1.2254 1.3613 .4227 1.4894 1.5628 
30.  0.0467 0.3033 0.5797 0.7335 0.9053 1.1061 1.2238 1.3596 .4210 1.4876 1.5610 
35. 0.0432 0.2994 0.5751 0.7285 0.8998 1.0999 1.2173 1.3526 .4137 1.4801 1.5532 
40. 0.0403 0.2962 0.5715 0.7246 0.8954 1.0951 1.2121 1.3471 .4080 1.4742 1.5471 
45. 0.0380 0.2936 0.5685 0.7213 0.8919 1.0912 1.2080 1.3426 .4034 1.4695 1.5422 
50. 0.0360 0.2915 0.5661 0.7187 0.8890 1.0880 1.2045 1.3389 .3996 1.4656 1.5382 
60. 0.0329 0.2880 0.5621 0.7144 0.8844 1.0828 1.1991 1.3331 .3937 1.4594 1.5318 
70. 0.0304 0.285 3 0.5591 0.7112 0.8808 1.0790 1.1950 1.3287 .3891 1.4548 1.5270 
80. 0.0284 0.2832 0.5567 0.7086 0.8780 1.0759 1.1917 1.3253 .3856 1.4511 1.5232 
90. 0.0268 0.2814 0.5547 0.7065 0.8758 1.0734 1.1891 1.3225 .3827 1.4481 1.5201 
100. 0.0254 0.2799 0.5531 0.7047 0.8738 1.0713 1.1869 1.3201 .3802 1.4456 1.5175 
150. 0.0207 0.2749 0.5476 0.6988 0.8675 1.0643 1.1795 1.3123 .3723 1.4374 1.5090 
200. 0.0179 0.2719 0.5443 0.6954 0.8638 1.0603 1.1753 1.3079 .3677 1.4327 1.5042 
250. 0.0160 0.2699 0.5421 0.6931 0.8613 1.0576 1.1725 1.3049 .3646 1.4295 1.5009 
300. 0.0146 0.2685 0.5405 0.6914 0.8595 1.0557 1.1705 1.3027 .3624 1.4272 1.4986 
350. 0.0136 0.2673 0.5393 0.6901 0.8581 1.0542 1.1689 1.3010 .3607 1.4255 1.4968 
400. 0.0127 0.2664 0.5383 0.6890 0.8570 1.0530 1.1676 1.2997 .3593 1.4241 1.4953 
450. 0.0120 0.2657 0.5375 0.6882 0.8561 1.0520 1.1666 1.2986 .3582 1.4229 1.4941 
500. 0.0113 0.2650 0.5368 0.6875 0.8553 1.0511 1.1657 1.2977 .3572 1.4220 1.4931 
1000. 0.0080 0.2616 0.5331 0.6836 0.8512 1.0467 1.1610 1.2928 .3522 1.4168 1.4879 



TABLE 111(CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 	 CONFIDENCE LEVEL = 0.6000 

- - SIZE 	 PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) 57 MINUS (PLUS) Ks 

0.94000 0.95000 0.96000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 0.99950 0.99990 

5.  1.8969 2.0037 2.1297 2.2850 2.4918 2.8183 3.1177 3.3243 3.7361 3.9795 4.4954 
6.  1.8426 1.9463 2.0684 2.2190 2.4195 2.7359 3.0261 3.2264 3.6258 3.8619 4.3622 
7.  1.8059 1.9077 2.0274 2.1749 2.3713 2.6812 2.9655 3.1617 3.5531 3.7844 4.2747 
8.  1.7792 1.8795 1.9976 2.1430 2.3366 2.6421 2.9223 3.1156 3.5011 3.7290 4.2119 
9.  1.7587 1.8580 1.9748 2.1186 2.3101 2.6122 2.8892 3.0804 3.4615 3.6868 4.1643 
10.  1.7427 1.8411 1.9568 2.0993 2.2891 2.5886 2.8632 3.0526 3.4304 3.6537 4.1269 
11.  1.7296 1.8273 1.9422 2.0837 2.2722 2.5695 2.8421 3.0302 3.4052 3.6268 4.0966 
12.  1.7186 1.8158 1.9301 2.0708 2.2581 2.5536 2.8246 3.0116 3.3843 3.6046 4.0715 
13.  1.7094 1.8061 1.9198 2.0598 2.2461 2.5402 2.8098 2.9958 3.3667 3.5859 4.0504 
14.  1.7014 1.7977 1.9109 2.0503 2.2359 2.5287 2.7972 2.9823 3.3515 3.5698 4.0323 
15.  1.6944 1.7903 1.9032 2.0421 2.2270 2.5187 2.7861 2.9706 3.3384 3.5558 4.0165 
16.  1.6882 1.7839 1.8964 2.0348 2.2191 2.5099 2.7764 2.9603 3.3269 3.5436 4.0027 
17.  1.6828 1.7782 1.8903 2.0284 2.2121 2.5021 2.7679 2.9512 3.3167 3.5327 3.9905 
18.  1.6779 1.7730 1.8849 2.0226 2.2059 2.4951 2.7602 2.9430 3.3075 3.5230 3.9796 
19.  1.6735 1.7684 1.8801 2.0174 2.2003 2.4888 2.7533 2.9357 3.2994 3.5143 3.9698 
20.  1.6695 1.7642 1.8756 2.0127 2.1952 2.4831 2.7470 2.9291 3.2919 3.5064 3.9609 
21.  1.6658 1.7604 1.8716 2.0084 2.1906 2.4779 2.7414 2.9230 3.2852 3.4992 3.9528 
22.  1.6625 1.7569 1.8679 2.0045 2.1864 2.4732 2.7361 2.9175 3.2790 3.4927 3.9454 
23.  1.6594 1.7537 1.8645 2.0009 2.1825 2.4688 2.7314 2.9124 3.2733 3.4866 3.9387 
24.  1.6565 1.7507 1.8614 1.9976 2.1788 2.4648 2.7269 2.9077 3.2681 3.4811 3.9324 
25.  1.6539 1.7479 1.8584 1.9945 2.1755 2.4611 2.7228 2.9034 3.2632 3.4759 3.9266 
26.  1.6514 1.7453 1.8557 1.9916 2.1724 2.4576 2.7190 2.8993 3.2587 3.4711 3.9212 
27.  1.6491 1.7429 1.8532 0 	1.9889 2.1695 2.4543 2.7155 2.8955 3.2545 3.4666 3.9162 
28.  1.6469 1.7406 1.8508 1.9864 2.1668 2.4513 2.7121 2.8920 3.2505 3.4625 3.9115 
29.  1.6449 1.7385 1.8486 1.9840 2.1642 2.4485 2.7090 2.8887 3.2469 3.4585 3.9071 
30.  1.6430 1.7365 1.8465 1.9818 2.1618 2.4458 2.7061 2.8856 3.2434 3.4549 3.9030 
35. 1.6349 1.7280 1.8376 1.9723 2.1517 2.4345 2.6937 2.8725 3.2287 3.4393 3.8855 
40. 1.6285 1.7214 1.8307 1.9650 2.1438 2.4257 2.6641 2.8623 3.2174 3.4273 3.8720 
45. 1.6234 1.7161 1.8251 1.9591 2.1374 2.4187 2.6764 2.8541 3.2083 3.4176 3.8612 
50. 1.6192 1.7118 1.8205 1.9542 2.1322 2.4128 2.6700 2.8474 3.2008 3.4097 3.8523 
60. 1.6126 1.7049 1.8133 1.9466 2.1240 2.4038 2.6601 2.8369 3.1891 3.3973 3.8384 
70. 1.6076 1.6997 1.8078 1.9409 2.1179 2.3969 2.6526 2.8290 3.1803 3.3880 3.8280 
80. 1.6037 1.6956 1.8036 1.9364 2.1130 2.3915 2.6468 2.8228 3.1735 3.3807 3.8198 
90. 1.6005 1.6922 1.8001 1.9327 2.1091 2.3872 2.6420 2.8177 3.1679 3.3748 3.8132 
100. 1.5978 1.6895 1.7972 1.9296 2.1058 2.3836 2.6381 2.8136 3.1633 3.3699 3.8077 
150. 1.5891 1.6804 1.7877 1.9196 2.0951 2.3717 2.6252 2.7999 3.1482 3.3539 3.7898 
200. 1.5840 1.6752 1.7822 1.9139 2.0890 2.3650 2.6178 2.7922 3.1396 3.3448 3.7797 
250. 1.5807 1.6717 1.7786 1.9101 2.0849 2.3605 2.6130 2.7871 3.1339 3.3388 3.7729 
300. 1.5783 1.6692 1.7760 1.9073 2.0819 2.3572 2.6095 2.7833 3.1298 3.3345 3.7681 
350. 1.5764 1.6672 1.7739 1.9052 2.0797 2.3548 2.6068 2.7805 3.1266 3.3311 3.7644 
400. 1.5749 1.6657 1.7723 1.9035 2.0779 2.3528 2.6046 2.7782 3.1241 3.3285 3.7614 
450. 1.5737 1.6644 1.7710 1.9021 2.0764 2.3511 2.6028 2.7764 3.1221 3.3263 3.7590 
500. 1.5727 1.6633 1.7699 1.9009 2.0752 2.3498 2.6014 2.7748 3.1203 3.3245 3.7570 
1000. 1.5672 1.6577 1.7640 1.8948 2.0686 2.3426 2.5936 2.7666 3.1113 3.3149 3.710.1 



TABLE III(CONTINUED) 

STATISTICAL TOLERANCE FACTORS 

SAMPLE 	 CONFIDENCE LEVEL = 0.7000 

SIZE 	 PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) 5Z MINUS (PLUS) Ks 

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 0.20000 0.25000 0.30000 0.35000 0.40000 

5.  -2.7461 -2.2702 -2.0382 -1.3980 -1.0507 -0.8134 -0.6217 -0.4544 -0.3021 -0.1587 -0.0200 
6.  -2.7582 -2.2818 -2.0498 -1.4103 -1.0638 -0.8276 -0.6370 -0.4712 -0.3201 -0.1779 -0.0413 
T. -2.7707 -2.2936 -2.0613 -1.4214 -1.0751 -0.8395 -0.6492 -0.4841 -0.3340 -0.1929 -0.0576 
8.  -2.7823 -2.3042 -2.0715 -1.4310 -1.0854 -0.8493 -0.6597 -0.4951 -0.3453 -0.2051 -0.0704 
9.  -2.7933 -2.3144 -2.0812 -1.4399 -1.0939 -0.8579 -0.6683 -0.5039 -0.3548 -0.2151 -0.0808 
10.  -2.8029 -2.3230 -2.0895 -1.4475 -1.1012 -0.8654 -0.6760 -0.5119 -0.3629 -0.2235 -0.0896 
11.  -2.8118 -2.3311 -2.0972 -1.4544 -1.1079 -0.8720 -0.6826 -0.5186 -0.3699 -0.2307 -0.0972 
12.  -2.8200 -2.3384 -2.1042 -1.4606 -1.1138 -0.8778 -0.6885 -0.5246 -0.3760 -0.2370 -0.1038 
13.  -2.8275 -2.3451 -2.1105 -1.4662 -1.1192 -0.8831 -0.6937 -0.5299 -0.3814 -0.2426 -0.1097 
14.  -2.8344 -2.3513 -2.1164 -1.4713 -1.1240 -0.8878 -0.6984 -0.5347 -0.3863 -0.2476 -0.1149 
15.  -2.8407 -2.3570 -2.1217 -1.4760 -1.1285 -0.8921 -0.7027 -0.5390 -0.3907 -0.2522 -0.1195 
16.  -2.8466 -2.3622 -2.1267 -1.4803 -1.1325 -0.8961 -0.7067 -0.5429 -0.3947 -0.2563 -0.1238 
17.  -2.8521 -2.3671 -2.1313 -1.4843 -1.1363 -0.8997 -0.7103 -0.5465 -0.3984 -0.2600 -0.1276 
18.  -2.8572 -2.3716 -2.1356 -1.4879 -1.1397 -0.9031 -0.7136 -0.5498 -0.4017 -0.2634 -0.1311 
19.  -2.8619 -2.3759 -2.1396 -1.4913 -1.1429 -0.9061 -0.7166 -0.5529 -0.4048 -0.2665 -0.1343 
20.  -,2.8664 -2.3798 -2.1433 -1.4945 -1.1459 -0.9090 -0.7194 -0.5557 -0.4076 -0.2694 -0.1373 
21.  -2.8706 -2.3836 -2.1468 -1.4975 -1.1487 -0.9117 -0.7221 -0.5583 -0.4103 -0.2721 -0.1400 
22.  -2.8746 -2.3871 -2.1501 -1.5004 -1.1513 -0.9142 -0.7246 -0.5608 -0.4127 -0.2746 -0.1426 
23.  -2.8784 -2.3904 -2.1533 -1.5030 -1.1538 -0.9166 -0.7269 -0.5631 -0.4151 -0.2770 -0.1450 
24.  -2.8819 -2.3935 -2.1562 -1.5055 -1.1561 -0.9188 -0.7291 -0.5653 -0.4172 -0.2792 -0.1473 
25.  -2.8853 -2.3965 -2.1590 -1.5079 -1.1583 -0.9210 -0.7311 -0.5673 -0.4193 -0.2812 -0.1494 
26.  -2.8885 -2.3994 -2.1617 -1-.5102 -1.1604 -0.9229 -0.7331 -0.5693 -0.4212 -0.2832 -0.1514 
27.  -2.8915 -2.4021 -2.1642 ,-1.5123 -1.1623 -0.9248 -0.7349 -0.5711 -0.4231 -0.2850 -0.1533 
28.  -2.8944 -2.4046 -2.1666 -1.5143 -1.1642 -0.9266 -0.7367 -0.5728 -0.4248 -0.2868 -0.1550 
29.  -2.8972 -2.4071 -2.1689 -1.5163 -1.1660 -0.9284 -0.7384 -0.5745 -0.4264 -0.2885 -0.1567 
30.  -2.8999 -2.4094 -2.1711 -1.5181 -1.1677 -0.9300 -0.7400 -0.5760 -0.4280 -0.2900 -0.1583 
35. -2.9116 -2.4198 -2.1809 -1.5263 -1.1752 -0.9371 -0.7469 -0.5829 -0.4348 -0.2969 -0.1653 
40. -2.9214 -2.4284 -2.1889 -1.5330 -1.1814 -0.9430 -0.7526 -0.5885 -0.4404 -0.3024 -0.1709 
45. -2.9296 -2.4356 -2.1957 -1.5386 -1.1865 -0.9479 -0.7573 -0.5931 -0.4450 -0.3070 -0.1755 
50. -2.9367 -2.4418 -2.2015 -1.5435 -1.1909 -0.9520 -0.7613 -0.5970 -0.4489 -0.3109 -0.1795 
60. -2.9484 -2.4521 -2.2111 -1.5514 -1.1981 -0.9588 -0.7679 -0.6034 -0.4552 -0.3173 -0.1858 
70. -2.9577 -2.4602 -2.2187 -1.5577 -1.2038 -0.9642 -0.7730 -0.6085 -0.4601 -0.3222 -0.1908 
80. -2.9654 -2.4669 -2.2249 -1.5628 -1.2085 -0.9686 -0.7772 -0.6125 -0.4642 -0.3262 -0.1948 
90. -2.9718 -2.4725 -2.2301 -1.5671 -1.2123 -0.9722 -0.7807 -0.6159 -0.4675 -0.3295 -0.1981 
100. -2.9773 -2.4773 -2.2346 -1.5708 -1.2151 -0.9753 -0.7837 -0.6188 -0.4703 -0.3323 -0.2009 
150. -2.9964 -2.4940 -2.2502 -1.5835 -1.2271 -0.9860 -0.7939 -0.6287 -0.4800 -0.3418 -0.2104 
200. -3.0081 -2.5042 -2.2597 -1.5912 -1.2340 -0.9924 -0.8001 -0.6347 -0.4858 -0.3476 -0.2161 
250. -3.0163 -2.5113 -2.2663 -1.5966 -1.2388 -0.9969 -0.8043 -0.6387 -0.4898 -0.3515 -0.2200 
300. -3.0224 -2.5166 -2.2712 -1.6006 -1.2424 -1.0002 -0.8075 -0.6418 -0.4927 -0.3544 -0.2229 
350. -3.0272 -2.5208 -2.2751 -1.6037 -1.2452 -1.0028 -0.8099 -0.6442 -0.4951 -0.3567 -0.2251 
400. -3.0311 -2.5242 -2.2783 -1.6063 -1.2474 -1.0049 -0.8119 -0.6461 -0.4969 -0.3585 -0.2269 
450. -3.0344 -2.5270 -2.2809 -1.6064 -1.2493 -1.0067 -0.8136 -0.6477 -0.4985 -0.3600 -0.2284 
500. -3.037 1 -2.5294 -2.2831 -1.6102 -1.2509 -1.0082 -0.8150 -0.6490 -0.4998 -0.3613 -0.2297 
1000. -3.0524 -2.5426 -2.2954 -1.6201 -1.2597 -1.0163 -0.8226 -0.6564 -0.5069 -0.3683 -0.2366 



TABLE III (CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.7000 

SIZE 
	

PROPORTION OF-THE DISTRIBUTION GREATER THAN (LESS THAN) 3 MINUS (PLUS) Ks 

0.50000 0.60000 0.70000 0.75000 0.80000 0.85000 0.87500 0.90000 0.91000 0.92000 0.93000 

5.  0.2545 0.5405 0.8609 1.0438 1.2512 1.4973 1.6431 1.8122 1.8888 1.9724 2.0644 
6.  0.2284 0.5082 0.8185 0.9948 1.1947 1.4315 1.5712 1.7331 1.8066 1.8867 1.9749 
T. 0.2090 0.4845 0.7887 0.9610 1.1558 1.3861 1.5222 1.6799 1.7512 1.8289 1.9145 
8.  0.1940 0.4664 0.7661 0.9359 1.1274 1.3531 1.4860 1.6400 1.7098 1.7859 1.8698 
9.  0.1820 0.4516 0.7484 0.9158 1.1045 1.3270 1.4583 1.6103 1.6791 1.7540 1.8366 
10.  0.1719 0.4400 0.7341 0.8998 1.0865 1.3065 1.4361 1.5862 1.6542 1.7282 1.8097 
11.  0.1633 0.4300 0.7221 0.8866 1.0716 1.2895 1.4180 1.5666 1.6338 1.7071 1.7878 
12.  0.1559 0.4215 0.7119 0.8753 1.0591 1.2753 1.4027 1.5501 1.6168 1.6894 1.7694 
13.  0.1494 0.4140 0.7031 0.8656 1.0483 1.2631 1.3896 1.5360 1.6022 1.6743 1.7538 
14.  0.1437 0.4075 0.6954 0.8571 1.0389 1.2525 1.3783 1.5238 1.5896 1.6613 1.7402 
15.  0.1386 0.4017 0.6886 0.8497 1.0306 1.2432 1.3684 1.5131 1.5786 1.6499 1.7284 
16.  0.1339 0:3964 0.6825 0.8430 1.0232 1.2349 1.3596 1.5037 1.5688 1.6398 1.7179 
17.  0.1298 0.3917 0.6770 0.8370 1.0167 1.2276 1.3517 1.4952 1.5601 1.6308 1.7086 
18.  0.1260 0.3875 0.6721 0.8317 1.0107 1.2209 1.3447 1.4876 1.5523 1.6227 1.7002 
19.  0.1225 0.3836 0.6676 0.8268 1.0053 1.2149 1.3383 1.4808 1.5452 1.6154 1.6926 
20.  0.1193 0.3800 0.6635 0.8223 1.0004 1.2095 1.3324 1.4745 1.5388 1.6087 1.6857 
21.  0.1163 0.3767 0.6597 0.8182 0.9959 1.2044 1.3271 1.4688 1.5329 1.6026 1.6794 
22.  0.1136 0.3737 0.6562 0.8144 0.9917 1.1998 1.3222 1.4635 1.5274 1.5970 1.6736 
23.  0.1110 0.3708 0.6530 0.8109 0.9879 1.1955 1.3176 1.4586 1.5224 1.5918 1.6682 
24.  0.1086 0.3682 0.6499 0.8076 0.9843 1.1915 1.3134 1.4541 1.5178 1.5870 1.6632 
25.  0.1063 0.3657 0.64171 0.8045 0.9810 1.1878 1.3095 1.4499 1.5134 1.5825 1.6586 
26.  0.1042 0.3633 0.6445 0.8017 0.9778 1.1844 1.3058 1.4460 1.5094 1.5784 1.6543 
27.  0.1022 0.3611 .0.6420 e0.7990 0.9749 1.1811 1.3023 1.4423 1.5056 1.5745 1.6503 
28.  0.1003 0.3591 0.6396 0.7964 0.9721 1.1781 1.2991 1.4389 1.5021 1.5708 1.6465 
29.  0.0985 0.3571 0.6374 0.7941 0.9695 1.1752 1.2961 1.4356 1.4987 1.5674 1.6429 
30.  0.0968 0.3553 0.6353 0.7918 0.9671 1.1725 1.2932 1.4326 1.4956 1.5641 1.6396 
35. 0.0895 0.3473 0.6263 0.7821 0.9566 1.1609 1.2809 1.4195 1.4822 1.5503 1.6253 
40. 0.0836 0.3409 0.6192 0.7745 0.9483 1.1518 1.2713 1.4093 1.4716 1.5394 1.6141 
45. 0.0788 0.3357 0.6134 0.7683 0.9415 1.1444 1.2635 1.4010 1.4631 1.5306 1.6050 
50. 0.0747 0.3313 0.6085 0.7630 0.9359 1.1383 1.2570 1.3940 1.4560 1.5233 1.5974 
60. 0.068 1 0.3242 0.6007 0.7547 0.9270 1.1285 1.2467 1.3831 1.4447 1.5118 1.5855 
70. 0.0630 0.3188 0.5947 0.7484 0.9201 1.1210 1.2388 1.3748 1.4362 1.5030 1.5764 
80. 0.0589 0.3144 0.5899 0.7433 0.9147 1.1151 1.2326 1.3682 1.4294 1.4960 1.5692 
90. 0.0555 0.3109 0.5860 0.7391 0.9102 1.1102 1.2275 1.3628 1.4239 1.4903 1.5634 
100. 0.0526 0.3078 0.5827 0.7356 0.9064 1.1062 1.2232 1.3582 1.4192 1.4855 1.5585 
150. 0.0429 0.2976 0.5716 0.7239 0.8939 1.0926 1.2090 1.3432 1.4038 1.4697 1.5422 
200. 0.0371 0.2916 0.5651 0.7170 0.8866 1.0847 1.2007 1.3345 1.3949 1.4605 1.5327 
250. 0.0332 0.2875 0.5607 0.7124 0.8817 1.0794 1.1951 1.3286 1.3888 1.4543 1.5264 
300. 0.0303 0.2845 0.5574 0.7090 0.8781 1.0755 1.1911 1.3243 1.3845 1.4498 1.5217 
350. 0.0281 0.2821 0.5549 0.7064 0.8753 1.0725 1.1879 1.3210 1.3811 1.4464 1.5182 
400. 0.0263 0.2803 0.5529 0.7043 0.8730 1.0701 1.1854 1.3183 1.3784 1.4436 1.5153 
450. 0.0247 0.2787 0.5513 0.7025 0.8712 1.0681 1.1833 1.3162 1.3761 1.4413 1.5130 
500. 0.0235 0.2774 0.5499 0.7010 0.8696 1.0664 1.1816 1.3143 1.3742 1.4394 1.5110 
1000. 0.0166 0.2703 0.5423 0.6931 0.8613 1.0574 1.1722 1.3045 1.3642 1.4291 1.5004 



" 

TABLE IH(CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.7000 

SIZE 
	 PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.94000 0.95000 0.96000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 0.99950 0.99990 

5.  2.1676 2.2855 2.4245 2.5958 2.8243 3.1857 3.5178 3.7475 4.2060 4.4773 5.0526 
6.  2.0737 2.1867 2.3197 2.4838 2.7025 3.0483 3.3660 3.5856 4.0238 4.2831 4.8330 
7.  2.0103 2.1198 2.2488 2.4082 2.6207 2.9566 3.2651 3.4781 3.9033 4.1548 4.6883 8.  1.9637 2.0710 2.1974 2.3533 2.5611 2.8895 3.1912 3.3995 3.8154 4.0614 4.5832 
9.  1.9289 2.0345 2.1588 2.3121 2.5164 2.8393 3.1359 3.3407 3.7494 3.9912 4.5041 

10.  1.9009 2.0052 2.1279 2.2792 2.4808 2.7995 3.0921 3.2941 3.6974 3.9359 4.4417 
11.  1.8781 1.9812 2.1027 2.2523 2.4518 2.1670 3.0564 3.2562 3.6549 3.8908 4.3909 
12.  1.8589 1.9612 2.0815 2.2299 2.4275 2.7399 3.0266 3.2246 3.6196 3.8533 4.3487 
13.  1.8426 1.9441 2.0636 2.2108 2.4069 2.7169 3.0014 3.1978 3.5897 3.8215 4.3130 
14.  1.8285 1.9294 2.048 1 2.1943 2.3892 2.6971 2.9797 3.1748 3.5640 3.7942 4.2824 
15.  1.8162 1.9165 2.0345 2.1799 2.3737 2.6798 2.9608 3.1547 3.5416 3.7705 4.2557 
16.  1.8053 1.9051 2.0226 2.1673 2.3601 2.6646 2.9441 3.1370 3.5219 3.7495 4.2322 
17.  1.7956 1.8950 2.0119 2.1560 2.3479 2.6510 2.9293 3.1213 3.5044 3.7310 4.2114 
18.  1.7869 1.8859 2.0024 2.1458 2.3370 2.6389 2.9160 3.1072 3.4887 3.7143 4.1927 
19.  1.7790 1.8776 1.9937 2.1367 2.3272 2.6280 2.9040 3.0945 3.4745 3.6993 4.1758 
20.  1.7718 1.8702 1.9859 2.1284 2.3182 2.6180 2.8931 3.0830 3.4617 3.6857 4.1605 
21.  1.7652 1.8633 1.9787 2.1208 2.3100 2.6089 2.8832 3.0725 3.4500 3.6732 4.1466 
22.  1.7592 1.8570 1.9721 2.1138 2.3025 2.6006 2.8741 3.0628 3.4392 3.6619 4.1338 
23.  1.7537 1.8512 1.9660 2.1074 2.2956 2.5929 2.8657 3.0539 3.4293 3.6514 4.1220 
24.  1.7485 1.8458 1.9604 2.1014 2.2892 2.5858 2.8579 3.0457 3.4202 3.6417 4.1112 
25.  1.7437 1.8408 1.9551 2.0958 2.2833 2.5792 2.8507 3.0380 3.4117 3.6327 4.1011 
26.  1.7392 1.8362 1.9502 2.0907 2.2777 2.5730 2.8440 3.0309 3.4038 3.6243 4.0917 
27.  1.7350 1.8318 1.9457 2.0859 2.2725 2.5673 2.8377 3.0243 3.3964 3.6164 4.0829 
28.  1.7311 1.8277 1.9414 2.0813 2.2677 2.5619 2.8318 3.0180 3.3895 3.6091 4.0747 
29.  1.7274 1.8239 1.9374 2.0771 2.2631 2.5568 2.8263 3.0122 3.3830 3.6022 4.0670 
30.  1.7239 1.8203 1.9336 2.0731 2.2588 2.5521 2.8211 3.0067 3.3769 3.5957 4.0597 
35. 1.7091 1.8048 1.9174 2.0560 2.2405 2.5318 2.7990 2.9833 3.3509 3.5683 4.0290 
40. 1.6975 1.7927 1.9048 2.0427 2.2262 2.5160 2.7817 2.9651 3.3307 3.5468 4.0050 
45. 1.6881 1.7830 1.8945 2.0319 2.2147 2.5032 2.7678 2.9504 3.3144 3.5296 3.9857 
50. 1.6803 1.7748 1.8860 2.0229 2.2051 2.4926 2.7563 2.9382 3.3008 3.5152 3.9697 
60. 1.6679 1.7620 1.8727 2.0088 2.1900 2.4760 2.7382 2.9190 3.2796 3.4928 3.9446 
70. 1.6586 1.7523 1.8625 1.9981 2.1786 2.4633 2.7244 2.9045 3.2636 3.4758 3.9256 
80. 1.6511 1.7446 1.8544 1.9896 2.1695 2.4534 2.7136 2.8931 3.2509 3.4624 3.9106 
90. 1.6451 1.7383 1.8479 1.9827 2.1622 2.4452 2.7048 2.8838 3.2406 3.4515 3.8984 

100. 1.6400 1.7330 1.8424 1.9770 2.1560 2.4385 2.6974 2.8760 3.2320 3.4424 3.8883 
150. 1.6232 1.7156 1.8242 1.9578 2.1356 2.4161 2.6731 2.8503 3.2036 3.4124 3.8549 
200. 1.6134 1.7055 1.8137 1.9468 2.1239 2.4031 2.6591 2.8356 3.1873 3.3952 3.8356 
250. 1.6069 1.6987 1.8066 1.9394 2.1160 2.3945 2.6497 2.8257 3.1764 3.3836 3.8228 
300. 1.6021 1.6938 1.8015 1.9340 2.1103 2.3882 2.6429 2.8185 3.1685 3.3753 3.8134 
350. 1.5984 1.6899 1.7975 1.9299 2.1058 2.3833 2.6376 2.8130 3.1624 3.3688 3.8063 
400. 1.5955 1.6869 1.7944 1.9265 2.1023 2.3795 2.6334 2.8085 3.1575 3.3637 3.8005 
450. 1.5930 1.6844 1.7918 1.9238 2.0994 2.3763 2.6300 2.8049 3.1535 3.3594 3.7958 
500. 1.5910 1.6823 1.7896 1.9215 2.0970 2.3736 2.6271 2.8019 3.1501 3.3559 3.7919 

1000. 1.5801 1.6710 1.7778 1.9092 2.0839 2.3593 2.6116 2.7856 3.1322 3.3370 3.7708 



TABLE III (CONTINUED) 

STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.8000 

SIZE 
	

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) )7 MINUS (PLUS) Ks 

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 0.20000 0.25000 0.30000 0.35000 0.40000 

5.  -2.4489 -2.0137 -1.8009 -1.2091 -0.8828 -0.6561 -0.4705 -0.3065 -0.1550 -0.0094 0.1328 
6.  -2.4888 -2.0492 -1.8343 -1.2378 -0.9105 -0.6838 -0.4992 -0.3367 -0.1867 -0.0436 0.0959 
7.  -2.5214 -2.0781 -1.8616 -1.2616 -0.9334 -0.7065 -0.5220 -0.3600 -0.2109 -0.0697 0.0681 
8.  -2.5489 -2.1024 -1.8843 -1.2809 -0.9515 -0.7246 -0.5403 -0.3787 -0.2306 -0.0904 0.0462 
9.  -2.5729 -2.1236 -1.9043 -1.2980 -0.9676 -0.7401 -0.5559 -0.3947 -0.2471 -01.10.73 0.0283 
10.  -2.5936 -2.1419 -1.9215 -1.3126 -0.9812 -0.7534 -0.5690 -0.4080 -0.2606 -0.1215 0.0131 
11.  -2.6119 -2.1580 -1.9366 -1.3254 -0.9931 -0.7649 -0.5804 -0.4195 -0.2724 -0.1336 0.0005 
12.  -2.6281 -2.1723 -1.9500 -1.3367 -1.0036 -0.7751 -0.5905 -0.4296 -0.2826 -0.1442 -0.0105 
13.  -2.6427 -2.1851 -1.9620 -1.3468 -1.0130 -0.7841 -0.5994 -0.4385 -0.2917 -0.1535 -0.0202 
14.  -2.6558 -2.1967 -1.9729 -1.3560 -1.0215 -0.7923 -0.6075 -0.4466 -0.2999 -0.1619 -0.0288 
15.  -2.6679 -2.2072 -1.9828 -1.3643 -1.0291 -0.7997 -0.6147 -0.4538 -0.3072 -0.1693 -0.0366 
16.  -2.6789 -2.2169 -1.9919 -1.3719 -1.0361 -0.8064 -0.6213 -0.4604 -0.3138 -0.1161 -0.0435 
17.  -2.6890 -2.2258 -2.0002 -1.3789 -1.0426 -0.8126 -0.6274 -0.4664 -0.3199 -0.1823 -0.0499 
18.  -2.6984 -2.2341 -2.0079 -1.3853 -1.0485 -0.8182 -0.6329 -0.4719 -0.3254 -0.1.879 -0.0556 
19.  -2.707 1 -2.2417 -2.0151 -1.3913 -1.0540 -0.8235 -0.6380 -0.4769 -0.3305 -0.1930 -0.0609 
20.  -2.7152 -2.2488 -2.0217 -1.3968 -1.0591 -0.8283 -0.6427 -0.4816 -0.3352 -0.1978 -0.0658 
21.  -2.7228 -2.2555 -2.0280 -1.4020 -1.0638 -0.8329 -0.6472 -0.4860 -0.3395 -0.2022 -0.0703 
22.  -2.7299 -2.2617 -2.0338 -1.4069 -1.0682 -0.8371 -0.6513 -0.4900 -0.3436 -0.2063 -0.0745 
23.  -2.7366 -2.2676 -2.0393 -1.4115 -1.0724 -0.8411 -0.6551 -0.4939 -0.3474 -0.2102 -0.0784 
24.  -2.7429 -2.2731 -2.0445 -1.4158 -1.0764 -0.8448 -0.6588 -0.4974 -0.3510 -0.2138 -0.0821 
25.  -2.7489 -2.2784 -2.0494 -1.4198 -1.0801 -0.8483 -0.6622 -0.5008 -0.3544 -0.2112 -0.0855 
26.  -2.7546 -2.2833 -2.0540 -1.4237 -1.0836 -0.8517 -0.6654 -0.5040 -0.3575 -0.2204 -0.0888 
27.  -2.7599 -2.2880 -2.0584 -1.4273 -1.0869 -0.8548 -0.6685 -0.5070 -0.3605 -0.2234 -0.0919 
28.  -2.7650 -2.2925 -2.0626 -1.4308 -1.0901 -0.8578 -0.6714 -0.5099 -0.3634 -0.2262 -0.0948 
29.  -2.7699 -2.2968 -2.0666 -1.4341 -1.0931 -0.8607 -0.6741 -0.5126 -0.3661 -0.2289 -0.0975 
30.  -2.7745 -2.3008 -2.0704 -1.4372 -1.0959 -0.8634 -0.6768 -0.5152 -0.3686 -0.2315 -0.1001 
35. -2.7949 -2.3187 -2.0871 -1.4510 -1.1084 -0.8752 -0.6882 -0.5264 -0.3798 -4.242T -0.1114 
40. -2.8117 -2.3333 -2.1007 -1.4623 -1.1186 -0.8848 -0.6975 -0.5355 -0.3888 -0.2517 -0.1205 
45. -2.8258 -2.3457 -2.1122 -1.4717 -1.1272 -0.8929 -0.7052 -0.5430 -0.3963 -0.2592 -0.1281 
50. -2.8379 -2.3562 -2.1220 -1.4798 -1.1345 -0.8997 -0.7118 -0.5495 -0.4026 -0.2655 -0.1344 
60. -2.8576 -2.3734 -2.1381 -1.4929 -1.1463 -0.9109 -0.7225 -0.5599 -0.4129 -0.2757 -0.1447 
70. -2.8733 -2.3871 -2.1508 -1.5033 -1.1557 -0.9196 -0.7309 -0.5681 -0.4209 -0.2837 -0.1527 
80. -2.8860 -2.3982 -2.1612 -1.5118 -1.1633 -0.9268 -0.7377 -0.5747 -0.4274 -0.2901 -0.1591 
90. -2.8967 -2.4075 -2.1699 -1.5188 -1.1696 -0.9327 -0.7434 -0.5802 -0.4328 -0.2955 -0.1645 
100. -2.9059 -2.4155 -2.1773 -1.5249 -1.1750 -0.9378 -0.7482 -0.5848 -0.4374 -0.3000 -0.1690 
150. -2.9375 -2.4430 -2.2029 -1.5456 -1.1936 -0.9551 -0.7648 -0.6008 -0.4530 -0.3154 -0.1844 
200. -2.9568 -2.4597 -2.2185 -1.5583 -1.2048 -0.9653 -0.7747 -0.6104 -0.4624 -0.3247 -0.1935 
250. -2.9701 -2.4714 -2.2293 -1.5670 -1.2125 -0.9725 -0.7815 -0.6170 -0.4688 -0.3310 -0.1998 
300. -2.9801 -2.4800 -2.2373 -1.5735 -1.2183 -0.9778 -0.7866 -0.6219 -0.4735 -0.3356 -0.2044 
350. -2.9880 -2.4868 -2.2436 -1.5786 -1.2228 -0.9819 -0.7906 -0.6257 -0.4772 -0.33.93 -0.2080 
400. -2.9943 -2.4924 -2.2488 -1.5827 -1.2265 -0.9853 -0.7938 -0.6288 -0.4802 -0.31422 -0.2109 
450. -2.9996 -2.4969 -2.2530 -1.5861 -1.2295 -0.9881 -0.7965 -0.6314 -0.4827 -0.3447 -0.2133 
500. -3.0041 -2.5009 -2.2566 -1.5890 -1.2321 -0.9905 -0.7987 -0.6336 -0.4848 -0.3467 -0.2154 
1000. -3.0288 -2.5223 -2.2765 -1.6050 -1.2462 -1.0036 -0.8111 -0.6454 -0.4963 -0.3579 -0.2264 



TABLE III (CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.8000 

SIZE 
	 PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) Te MINUS (PLUS) Ks 

0.50000 0.60000 0.70000 0.75000 0.80000 0.85000 0.87500 0.90000 0.91000 0.92000 	0.93000 

5.  0.4204 0.7284 1.0795 1.2823 1.5140 1.7903 1.9545 2.1456 2.2322 2.3267 	2.4310 
6.  0.3754 0.6717 1.0059 1.1984 1.4173 1.6776 1.8324 2.0122 2.0937 2.1826 	2.2807 
7.  0.3422 0.6313 0.9549 1.1403 1.3514 1.6021 1.7505 1.9228 2.0011 2.0864 	2.1805 
8.  0.3166 0.6003 0.9171 1.0978 1.3030 1.5464 1.6906 1.8579 1.9339 2.0167 	2.1080 
9.  0.2964 0.5760 0.8879 1.0651 1.2661 1.5045 1.6456 1.8093 1.8835 .9643 	2.0535 

10.  0.2793 0.5563 0.8639 1.0387 1.2365 1.4708 1.6094 1.7701 1.8430 .9224 	2.0099 
11.  0.2651 0.5397 0.8441 1.0168 1.2120 1.4432 1.5797 1.7381 1.8099 .888 1 	1.9744 
12.  0.2528 0.5256 0.8273 0.9983 1.1915 1.4200 1.5549 1.7114 1.7823 .8595 	1.9447 
13.  0.2421 0.5133 0.8129 0.9824 1.1739 1.4002 1.5338 1.6886 1.7588 .8352 	1.9195 
14.  0.2326 0.5025 0.8003 0.9686 1.1586 1.3830 1.5154 1.6689 1.7385 .8142 	1.8977 
15.  0.2242 0.4930 0.7891 0.9564 1.1452 1.3680 1.4994 1.6517 1.7207 .7959 	1.8787 
16.  0.2166 0.4844 0.7792 0.9456 1.1332 1.3546 1.4852 1.6365 1.7051 .7797 	1.8619 
17.  0.2097 0.4767 0.7703 0.9359 1.1226 1.3427 1.4726 1.6230 1.6911 .7652 	1.8470 
18.  0.2035 0.4698 0.7622 0.9272 1.1130 1.3321 1.4612 1.6108 1.6785 .7523 	1.8336 
19.  0.1978 0.4634 0.7549 0.9192 1.1043 1.3224 1.4509 1.5998 1.6672 .7406 	1.8214 
20.  0.1926 0.4576 0.7483 0.9120 1.0963 1.3135 1.4416 1.5897 1.6568 .7299 	1.8104 
21.  0.1877 0.4522 0.7421 0.9053 1.0891 1.3055 1.4330 1.5806 1.6474 .7202 	1.8003 
22.  0.1832 0.4472 0.7364 0.8992 1.0823 1.2980 1.4251 1.5721 1.6387 .7112 	1.7911 
23.  0.1790 0.4426 0.7312 0.8935 1.0761 1.2911 1.4178 1.5643 1.6307 .7029 	1.7825 
24.  0.1751 0.4383 0.7262 0.8882 1.0704 1.2847 1.4110 1.5571 1.6233 .6953 	1.7746 
25.  0.1714 0.4343 0.7217 0.8833 1.0650 1.2788 1.4047 1.5504 1.6163 .6881 	1.7672 
26.  0.1680 0.4305 0.7174 0.8786 1.0599 1.2732 1.3988 1.5441 1.6099 .6815 	1.7603 
27.  0.1647 0.4269 0.7134 r  0.8743 1.0552 1.2680 1.3933 1.5382 1.6038 .6752 	1.7539 
28.  0.1617 0.4236 0.7096 0.8702 1.0508 1.2631 1.3881 1.5327 1.5982 .6694 	1.7479 
29.  0.1588 0.4204 0.7060 0.8664 1.0466 1.2585 1.3833 1.5276 1.5929 .6639 	1.7422 
30.  0.1560 0.4174 0.7026 0.8628 1.0427 1.2542 1.3787 1.5227 1.5878 .6587 	1.7369 
35. 0.1441 0.4044 0.6881 0.8472 1.0258 1.2357 1.3591 1.5018 1.5664 .6367 	1.7141 
40. 0.1346 0.3941 0.6766 0.8349 1.0125 1.2211 1.3437 1.4855 1.5496 .6194 	1.6962 
45. 0.1267 0.3857 0.6672 0.8249 1.0017 1.2092 1.3312 1.4722 1.5360 .6054 	1.6818 
50. 0.1201 0.3786 0.6594 0.8165 0.9927 1.1993 1.3208 1.4612 1.5247 .5937 	1.6698 
60. 0.1095 0.3673 0.6468 0.8032 0.9783 1.1837 1.3044 1.4437 1.5068 .5753 	1.6508 
70. 0.1013 0.3585 0.6372 0.7929 0.9673 1.1718 1.2918 1.4305 1.4931 .5613 	1.6364 
80. 0.0946 0.3515 0.6295 0.7848 0.9586 1.1623 1.2818 1.4199 1.4823 .5502 	1.6249 
90. 0.0892 0.3457 0.6232 0.7781 0.9515 1.1545 1.2737 1.4113 1.4735 .5411 	1.6156 

100. 0.0846 0.3408 0.6179 0.7725 0.9455 1.1480 1.2669 1.4041 1.4661 .5335 	1.6078 
150. 0.0689 0.3244 0.6001 0.7537 0.9254 1.1263 1.2441 1.3801 1.4415 .5083 	1.5818 
200. 0.0597 0.3147 0.5897 0.7427 0.9137 1.1137 1.2309 1.3662 1.4273 .4937 	1.5668 
250. 0.0533 0.3082 0.5826 0.7353 0.9058 1.1052 1.2220 1.3568 1.4177 .4839 	1.5567 
300. 0.0487 0.3033 0.5774 0.7298 0.9000 1.0990 1.2155 1.3500 1.4107 .4767 	1.5493 
350. 0.0451 0.2996 0.5734 0.7256 0.8956 1.0942 1.2105 1.3447 1.4053 .4711 	1.5436 
400. 0.0421 0.2965 0.5702 0.7222 0.8920 1.0903 1.2065 1.3404 1.4009 .4667 	1.5390 
450. 0.0397 0.2941 0.5675 0.7194 0.8890 1.0871 1.2032 1.3370 1.3974 .4630 	1.5353 
500. 0.0377 0.2919 0.5652 0.7171 0.8865 1.0844 1.2004 1.3340 1.3944 .4600 	1.5321 

1000. 0.0266 0.2806 0.5531 0.7044 0.8731 1.0701 1.1854 1.3183 1.3783 .4435 	1.5152 



TABLE III (CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.8000 

SIZE 
	

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) 7 MINUS (PLUS) Ks 

0.94000 0.95000 0.96000 0.97090 0.98000 0.99000 0.99500 0.99700 0.99900 0.99950 0.99990 

5.  2.5480 2.6820 2.8402 3.0357 3.2968 3.7104 4.0911 4.3543 4.8801 5.1914 5.8523 
6.  2.3907 2.5166 2.6651 2.8484 3.0932 3.4809 3.8378 4.0845 4.5777 4.8697 5.4895 T. 2.2860 2.4067 2.5490 2.7247 2.9592 3.3307 3.6724 3.9087 4.3809 4.6604 5.2538 
8.  2.2103 2.3274 2.4654 2.6357 2.8630 3.2229 3.5540 3.7829 4.2402 4.5110 5.0856 
9.  2.1533 2.2676 2.4023 2.5685 2.7905 3.1419 3.4650 3.6884 4.1344 4.3984 4.9588 
10.  2.1080 2.2202 2.3524 2.5155 2.7332 3.0776 3.3944 3.6133 4.0506 4.3095 4.8588 
11.  2.0710 2.1814 2.3116 2.4722 2.6864 3.0255 3.3372 3.5526 3.9828 4.2375 4.7779 
12.  2.0401 2.1491 2.2777 2.4362 2.6476 2.9822 3.2897 3.5023 3.9267 4.1779 4.7110 
13.  2.0138 2.1217 2.2489 2.4056 2.6147 2.9455 3.2496 3.4597 3.8792 4.1276 4.6545 
14.  1.9912 2.0981 2.2240 2.3793 2.5864 2.9140 3.2151 3.4232 3.8385 4.0844 4.6060 
15.  1.9714 2.0775 2.2024 2.3564 2.5617 2.8866 3.1851 3.3914 3.8031 4.0468 4.5639 
16.  1.9540 2.0593 2.1833 2.3362 2.5400 2.8624 3.1587 3.3634 3.7720 4.0138 4.5269 
IT. 1.9385 2.0431 2.1663 2.3182 2.5207 2.8410 3.1353 3.3386 3.7444 3.9845 4.4941 

.18. 1.9246 2.0286 2.1511 2.3021 2.5034 2.8217 3.1143 3.3163 3.7196 3.9583 4.4646 
19.  1.9120 2.0154 2.1373 2.2875 2.4877 2.8044 3.0953 3.2962 3.6973 3.9346 4.4380 
20.  1.9005 2.0035 2.1248 2.2743 2.4735 2.7886 3.0781 3.2780 3.6770 3.9131 4.4140 
21.  1.8900 1.9926 2.1134 2.2622 2.4606 2.7742 3.0624 3.2614 3.6585 3.8935 4.3921 
22.  1.8804 1.9826 2.1029 2.2511 2.4487 2.7610 3.0480 3.2461 3.6416 3.8756 4.3720 
23.  1.8716 1.9733 2.0932 2.2409 2.4377 2.7489 3.0347 3.2321 3.6260 3.8591 4.3535 
24.  1.8633 1.9648 2.0842 2.2314 2.4276 2.7376 3.0224 3.2191 3.6116 3.8438 4.3364 
25.  1.8557 1.9568 2.0759 2.2226 2.4181 2.7272 3.0111 3.2071 3.5982 3.8297 4.3205 
26.  1.8486 1.9494 2.0681 2.2144 2.4094 2.7175 3.0005 3.1959 3.5858 3.8165 4.3058 
27.  1.8419 1.9425 2.0609 2.2067 2.4011 2.7084 2.9906 3.1854 3.5742 3.8042 4.2920 
28.  1.8357 1.9360 2.0541 2.1996 2.3935 2.6999 2.9813 3.1756 3.5633 3.7926 4.2791 
29.  1.8298 1.9299 2.0477 2.1928 2.3862 2.6919 2.9726 3.1664 3.5531 3.7818 4.2670 
30.  1.8243 1.9241 2.0417 2.1865 2.3794 2.6844 2.9644 3.1577 3.5434 3.7716 4.2556 
35. 1.8007 1.8996 2.0160 2.1594 2.3505 2.6524 2.9296 3.1209 3.5026 3.7284 4.2073 
40. 1.7822 1.8804 1.9960 2.1383 2.3279 2.6274 2.9024 3.0922 3.4708 3.6947 4.1696 
45. 1.7672 1.8649 1.9797 2.1212 2.3096 2.6072 2.8804 3.0689 3.4451 3.6675 4.1392 
50. 1.7548 1.8519 1.9662 2.1070 2.2944 2.5905 2.8622 3.0497 3.4238 3.6450 4.1140 
60. 1.7352 1.8316 1.9450 2.0846 2.2705 2.5641 2.8336 3.0195 3.3903 3.6096 4.0745 
70. 1.7203 1.8161 1.9289 2.0676 2.2524 2.5442 2.8119 2.9966 3.3650 3.5828 4.0447 
80. --- 1.7085 1.8039 1.9161 2.0542 2.2381 2.5284 2.7948 2.9785 3.3450 3.5617 4.0211 
90. 1.6988 1.7939 1.9057 2.0432 2.2264 2.5156 2.7808 2.9638 3.3288 3.5445 4.0019 
100. 1.6908 1.7855 1.8969 2.0341 2.2167 2.5048 2.7692 2.9515 3.3152 3.5302 3.9859 
150. 1.6640 1.7578 1.8680 2.0037 2.1843 2.4693 2.7307 2.9110 3.2704 3.4828 3.9331 
200. ...4 	1.6485 1.7417 1.8513 1.9862 2.1657 2.4488 2.7084 2.8875 3.2445 3.4555 3.9027 
250. 1.6380 1.7309 1.8401 1.9744 2.1531 2.4351 2.6936 2.8718 3.2272 3.4372 3.8824 
300. 1.6304 1.7230 1.8319 1.9658 2.1440 2.4251 2.6827 2.8604 3.2146 3.4240 3.8676 
350. ' 	1.6246 1.7170 1.8256 1.9592 2.1370 2.4174 2.6744 2.8516 3.2049 3.4137 3.8562 
400. 1.6199 1.7121 1.8205 1.9539 2.1313 2.4112 2.6677 2.8446 3.1972 3.4056 3.8471 
450. -,1.6160 1.7081 1.8164 1.9496 2.1267 2.4061 2.6622 2.8388 3.1908 3.3988 3.8396 
500. '1.6127 1.7047 1.8129 1.9459 2.1228 2.4019 2.6576 2.8340 3.1855 3.3932 3.8333 
1000. 1.5953 1.6867 1.7942 1.9263 2.1020 2.3791 2.6330 2.8080 3.1569 3.3630 3.7998 



TABLE HI (CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.9000 

SIZE 
	

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) 5c MINUS (PLUS) Ks 

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 0.20000 0.25000 0.30000 0.35000 0.40000 

5.  -2.1065 -1.7168 -1.5242 -0.9818 -0.6751 -0.4562 -0.2726 -0.1060 0.0524 0.2072 0.3623 
6.  -2.1716 -1.7737 -1.5778 -1.0279 -0.7194 -0.5008 -0.3189 -0.1554 -0.0011 0.1485 0.2967 
T. -2.2246 -1.8202 -1.6213 -1.0648 -0.7545 -0.5357 -0.3547 -0.1930 -0.0415 0.1048 0.2493 
8.  -2.2682 -1.8585 -1.6573 -1.0954 -0.7832 -0.5645 -0.3838 -0.2230 -0.0732 0.0709 0.2124 
9.  -2.3055 -1.8912 -1.6879 -1.1214 -0.8076 -0.5881 -0.4079 -0.2479 -0.0991 0.0435 0.1833 

10.  -2.3375 -1.9193 -1.7143 -1.1436 -0.8284 -0.6085 -0.4283 -0.2687 -0.1209 0.0205 0.1590 
11.  -2.3656 -1.9439 -1.7374 -1.1630 -0.8464 -0.6261 -0.4458 -0.2866 -0.1393 0.0012 0.1385 
12.  -2.3906 -1.9658 -1.7579 -1.1802 -0.8624 -0.6416 -0.4613 -0.3022 -0.1554 -0.0156 0.1209 
13.  -2.4129 -1.9854 -1.7762 -1.1956 -0.8766 -0.6554 -0.4749 -0.3161 -0.1696 -0.0303 0.1054 
14.  -2.4330 -2.0031 -1.7928 -1.2095 -0.8894 -0.6678 -0.4872 -0.3284 -0.1822 -0.0433 0.0918 
15.  -2.4513 -2.0191 -1.8078 -1.2220 -0.9010 -0.6790 -0.4983 -0.3396 -0.1936 -0.0551 0.0796 
16.  -2.4681 -2.0338 -1.8216 -1.2335 -0.9116 -0.6892 -0.5083 -0.3497 -0.2039 -0.0656 0.0686 
17.  -2.4835 -2.0473 -1.8342 -1.2441 -0.9213 -0.6985 -0.5175 -0.3589 -0.2132 -0.0752 0.0587 
18.  -2.4977 -2.0597 -1.8458 -1.2537 -0.9302 -0.7071 -0.5259 -0.3672 -0.2217 -0.0839 0.0497 
19.  -2.5109 -2.0713 -1.8566 -1.2627 -0.9385 -0.7150 -0.5337 -0.3749 -0.2295 -0.0919 0.0414 
20.  -2.5232 -2.0821 -1.8667 -1.2711 -0.9461 -0.7223 -0.5408 -0.3821 -0.2367 -0.0992 0.0338 
21.  -2.5347 -2.0921 -1.8761 -1.2789 -0.9533 -0.7291 -0.5475 -0.3887 -0.2434 -0.1061 0.0268 
22.  -2.5455 -2.1016 -1.8849 -1.2862 -0.9600 -0.7355 -0.5538 -0.3949 -0.2496 -0.1124 0.0203 
23.  -2.5556 -2.1104 -1.8932 -1.2930 -0.9662 -0.7415 -0.5596 -0.4007 -0.2555 -0.1184 0.0142 
24.  -2.5652 -2.1188 -1.9010 -1.2995 -0.9721 -0.7411 -0.5651 -0.4062 -0.2609 -0.1239 0.0085 
25.  -2.5742 -2.1267 -1.9084 -1.3056 -0.9777 -0.7524 -0.5703 -0.4113 -0.2661 -0.1291 0.0031 
26.  -2.5828 -2.1341 -1.9153 -1.3114 -0.9830 -0.7575 -0.5752 -0.4162 -0.2709 -0.1341 -0.0019 
27.  -2.5909 -2.1412 -1.9220 •-1.3168 -0.9880 -0.7622 -0.5798 -0.4207 -0.2755 -0.1387 -0.0067 
28.  -2.5986 -2.1480 -1.9283 -1.3220 -0.9927 -0.7667 -0.5842 -0.4251 -0.2799 -0.1431 -0.0112 
29.  -2.6059 -2.1544 -1.9342 -1.3270 -0.9972 -0.7710 -0.5883 -0.4292 -0.2840 -0.1473 -0.0154 
30.  -2.6129 -2.1605 -1.9400 -1.3317 -1.0015 -0.7751 -0.5923 -0.4331 -0.2879 -0.1512 -0.0194 
35. -2.6437 -2.1874 -1.9650 -1.3524 -1.0203 -0.7929 -0.6096 -0.4501 -0.3049 -0.1684 -0.0369 
40. -2.6689 -2.2094 -1.9856 -1.3693 -1.0356 -0.8074 -0.6236 -0.4639 -0.3186 -0.1821 -0.0509 
45. -2.6902 -2.2280 -2.0029 -1.3834 -1.0484 -0.8195 -0.6353 -0.4754 -0.3299 -0.1935 -0.0624 
50. -2.7084 -2.2438 -2.0177 -1.3955 -1.0594 -0.8298 -0.6453 -0.4851 -0.3396 -0.2032 -0.0722 
60. -2.7381 -2.2698 -2.0418 -1.4153 -1.0772 -0.8466 -0.6614 -0.5008 -0.3552 -0.2187 -0.0879 
70. -2.7617 -2.2903 -2.0609 -1.4309 -1.0913 -0.8598 -0.6741 -0.5132 -0.3673 -0.2309 -0.1001 
80. -2.7809 -2.3070 -2.0765 -1.4436 -1.1027 -0.8705 -0.6843 -0.5232 -0.3772 -0.2407 -0.1099 
90. -2.7970 -2.3211 -2.0896 -1.4543 -1.1122 -0.8795 -0.6929 -0.5315 -0.3854 -0.2488 -0.1181 

100. -2.8108 -2.3330 -2.1007 -1.4633 -1.1204 -0.8871 -0.7002 -0.5386 -0.3923 -0.2557 -0.1250 
150. -2.8584 -2.3745 -2.1393 -1.4946 -1.1484 -0.9132 -0.7251 -0.5627 -0.4160 -0.2791 -0.1484 
200. -2.8876 -2.3998 -2.1628 -1.5136 -1.1654 -0.9290 -0.7402 -0.5773 -0.4302 -0.2931 -0.1623 
250. --2.9078 -2.4174 -2.1792 -1.5268 -1.1771 -0.9399 -0.7505 -0.5873 -0.4399 -0.3027 -0.1718 
300. -2.9229 -2.4305 -2.1913 -1.5366 -1.1858 -0.9480 -0.7582 -0.5947 -0.4471 -0.3098 -0.1789 
350. -2.9347 -2.4407 -2.2009 -1.5443 -1.1927 -0.9544 -0.7642 -0.6005 -0.4528 -0.3153 -0.1844 
400. -2.9443 -2.4491 -2.2086 -1.5506 -1.1982 -0.9595 -0.7691 -0.6051 -0.4573 -0.3198 -0.1888 
450. -2.9523 -2.4560 -2.2151 -1.5558 -1.2028 -0.9638 -0.7731 -0.6090 -0.4611 -0.3235 -0.1925 
500. -2.9592 -2.4619 -2.2205 -1.5602 -1.2067 -0.9674 -0.7766 -0.6123 -0.4643 -0.3266 -0.1956 

1000. -2.9966 -2.4944 -2.2506 -1.5843 -1.2281 -0.9872 -0.7953 -0.6303 -0.4817 -0.3437 -0.2124 



SAMPLE 
SIZE 

 

TABLE III(CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

CONFIDENCE LEVEL = 0.9000 

PROPORTION OF THE DISTRIBUTION GREATER THAN. (LESS THAN). MINUS (PLUS) Ks 

 

0.50000 0.60000 0.70000 0.75000 0.80000 0.85000 0.87500 0.90000 0.91000 	0.92000 0.93000 

5.  0.6857 1.0409 1.4554 1.6974 1.9760 2.3109 2.5109 2.7440 2.8499 	2.9656 3.0934 
6.  0.6023 0.9345 1.3172 1.5393 1.7943 2.0999 2.2817 2.4937 2.5902 	2.6955 2.8119 
7.  0.5439 0.8621 1.2247 1.4346 1.6753 1.9629 2.1336 2.3324 2.4229 	2.5216 2.6307 
S. 0.5001 0.8077 1.1580 1.3598 1.5899 1.8647 2.0284 2.2191 2.3056 	2.3998 2.5039 
9.  0.4657 0.7662 1.1064 1.3021 1.5254 1.7914 1.9492 2.1329 2.2164 	2.3075 2.4081 

10.  0.4373 0.7325 1.0654 1.2565 1.4742 1.7332 1.8668 2.0656 2.1468 	2.2353 2.3331 
11.  0.4138 0.7046 1.0317 1.2192 1.4324 1.6859 1.8362 2.0110 2.0904 	2.1770 2.2725 
12.  0.3937 0.6811 1.0036 1.1880 1.3977 1.6467 1.7943 1.9659 2.0438 	2.1287 2.2225 
13.  0.3763 0.6608 0.9795 1.1615 1.3681 1.6135 1.7589 1.9278 2.0045 	2.0880 2.1803 
14.  0.3609 0.6431 0.9586 1.1385 1.3427 1.5850 1.7284 1.8951 .9707 	2.0532 2.1441 
15.  0.3473 0.6276 0.9403 1.1185 1.3205 1.5601 1.7019 1.8666 .9414 	2.0229 2.1127 
16.  0.3352 0.6137 0.9240 1.1007 1.3009 1.5382 1.6786 1.8416 .9156 	1.9962 2.0851 
17.  0.3242 0.6012 0.9095 1.0848 1.2834 1.5187 1.6579 1.8194 .8927 	1.9726 2.0607 
18.  0.3143 0.5900 0.8964 1.0706 1.2677 1.5012 1.6392 1.7994 .8721 	1.9513 2.0387 
19.  0.3053 0.5798 0.8846 1.0576 1.2535 1.4853 1.6224 1.7814 .8536 	1.9321 2.0188 
20.  0.2970 0.5704 0.8737 1.0458 1.2405 1.4709 1.6071 1.7651 .8367 	1.9148 2.0008 
21.  0.2893 0.5618 0.8638 1.0351 1.2287 1.4578 1.5931 1.7501 .8214 	1.8989 1.9845 
22.  0.2822 0.5539 0.8546 1.0251 1.2178 1.4457 1.5603 1.7365 .8073 	1.8844 1.9694 
23.  0.2756 0.5465 0.8462 1.0160 1.2078 1.4346 1.5685 1.7239 .7943 	1.8710 1.9556 
24.  0.2694 0.5396 0.8383 1.0074 1.1985 1.4243 1.5576 1.7122 .7823 	1.8586 1.9428 
25.  0.2637 0.5332 0.8310 0.9995 1.1898 1.4147 1.5475 1.7014 .7712 	1.8472 1.9310 
26.  0.2582 0.5272 0.8241 0.9921 1.1818 1.4058 1.5380 1.6913 .7608 	1.8365 1.9199 
27.  0.2531 0.5216 0.8177 ' 	0.9852 1.1742 1.3974 1.5292 1.6819 .7511 	1.8265 1.9096 
28.  0.2483 0.5162 0.8117 0.9787 1.1671 1.3896 1.5209 1.6731 .7420 	1.8171 1.8999 
29.  0.2438 0.5112 0.8060 0.9725 1.1604 1.3822 1.5131 1.6648 .7335 	1.8084 1.8909 
30.  0.2395 0.5065 0.8006 0.9668 1.1541 1.3753 1.5058 1.6570 .7255 	1.8001 1.8823 
35. 0.2209 0.4861 0.7776 0.9421 1.1273 1.3458 1.4746 1.6238 .6914 	1.7650 1.8461 
40. 0.2061 0.4700 0.7595 0.9226 1.1063 1.3227 1.4502 1.5978 .6647 	1.7375 1.8177 
45. 0.1940 0.4568 0.7447 0.9068 1.0892 1.3039 1.4304 1.5768 .6431 	1.7153 1.7948 
50. 0.1838 0.4458 0.7324 0.8936 1.0749 1.2883 1.4140 1.5594 .6253 	1.6969 1.7759 
60. 0.1674 0.4281 0.7128 0.8727 1.0524 1.2637 1.3881 1.5320 .5971 	1.6680 1.7460 
70. 0.1547 0.4146 0.6978 0.8568 1.0353 1.2451 1.3685 1.5112 .5758 	1.6460 1.7234 
80. 0.1445 0.4037 0.6859 0.8441 1.0217 1.2302 1.3529 1.4947 .5589 	1.6287 1.7056 
90. 0.1361 0.3948 0.6761 0.8337 1.0105 1.2181 1.3402 1.4813 .5451 	•1.6145 1.6910 

100. 0.1291 0.3872 0.6679 0.8250 1.0012 1.2080 1.3296 1.4700 .5336 	1.6027 1.6788 
150. 0.1051 0.3620 0.6403 0.7959 0.9701 1.1744 1.2943 1.4328 .4955 	1.5636 1.6386 
200. 0.0909 0.3471 0.6243 0.7789 0.9520 1.1548 1.2739 1.4113 .4734 	1.5409 1.6153 
250. 0.0813 0.3370 0.6134 0.7675 0.9399 1.1417 1.2601 1.3968 .4586 	1.5258 1.5997 
300. 0.0742 0.3296 0.6054 0.7591 0.9310 1.1321 1.2501 1.3863 .4478 	1.5147 1.5883 
350. 0.0687 0.3239 0.5992 0.7526 0.9241 1.1247 1.2424 1.3781 .4395 	1.5062 1.5795 
400. 0.0642 0.3193 0.5943 0.7474 0.9186 1.1188 1.2362 1.3716 .4328 	1.4993 1.5725 
450. 0.0605 0.3154 0.5902 0.7432 0.9141 1.1139 1.2311 1.3663 .4273 	1.4937 1.5668 
500. 0.0574 0.3122 0.5868 0.7395 0.9102 1.1098 1.2268 1.3618 .4227 	1.4890 1.5619 

1000. 0.0406 0.2948 0.5682 0.7202 0.8897 1.0878 1.2039 1.3376 .3981 	1.4637 1.5360 



SAMPLE 

- 	SIZE 

 

TABLE III (CONTINUED) 

STATISTICAL TOLERANCE FACTORS 

CONFIDENCE LEVEL = 0.9000 

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

 

• 

0.94000 0.95000 0.96000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 0.99950 0.99990 

5.  3.2368 3.4013 3.5958 3.8364 4.1583 4.6690 5.1398 5.4653 6.1160 6.5017 7.3210 
6.  2.9425 3.0922 3.2690 3.4875 3.7796 4.2433 4.6707 4.9665 5.5579 5.9084 6.6530 
7.  2.7531 2.8933 3.0589 3.2636 3.5372 3.9713 4.3714 4.6482 5.2018 5.5299 6.2268 
8.  2.6207 2.7546 2.9125 3.1077 3.3686 3.7825 4.1639 4.4278 4.9554 5.2681 5.9323 
9.  2.5210 2.6502 2.8028 2.9911 3.2427 3.6417 4.0093 4.2636 4.7721 5.0734 5.7133 
10.  2.4427 2.5683 2.7165 2.8995 3.1440 3.5316 3.8887 4.1357 4.6294 4.9220 5.5434 
11.  2.3796 2.5023 2.6471 2.8258 3.0645 3.4430 3.7916 4.0327 4.5146 4.8001 5.4065 
12.  2.3276 2.4479 2.5899 2.7651 2.9992 3.3702 3.7118 3.9481 4.4203 4.7001 5.2942 
13.  2.2837 2.4021 2.5417 2.7141 2.9442 3.3090 3.6448 3.8771 4.3413 4.6162 5.2001 
14.  2.2461 2.3628 2.5005 2.6704 2.8973 3.2568 3.5877 3.8165 4.2738 4.5447 5.1199 
IS. 2.2135 2.3288 2.4647 2.6325 2.8566 3.2115 3.5382 3.7641 4.2155 4.4829 5.0506 
16.  2.1848 2.2989 2.4334 2.5993 2.8209 3.1719 3.4949 3.7182 4.1645 4.4288 4.9899 
17.  2.1594 2.2724 2.4056 2.5699 2.7893 3.1368 3.4566 3.6777 4.1194 4.3810 4.9363 
18.  2.1365 2.2485 2.3806 2.5435 2.7609 3.1053 3.4221 3.6412 4.0788 4.3380 4.8882 
19.  2.1159 2.2271 2.3581 2.5197 2.735. 3.0770 3.3912 3.6085 4.0425 4.2995 4.8450 
20.  2.0973 2.2076 2.3377 2.4982 2.7123 3.0513 3.3632 3.5789 4.0096 4.2646 4.8060 
21.  2.0803 2.1899 2.3191 2.4785 2.6912 3.0280 3.3378 3.5519 3.9796 4.2329 4.7705 
22.  2.0647 2.1737 2.3021 2.4606 2.6720 3.0067 3.3145 3.5273 3.9523 4.2039 4.7381 
23.  2.0503 2.1587 2.2865 2.4440 2.6542 2.9870 3.2931 3.5047 3.9272 4.1773 4.7083 
24.  2.0371 2.1449 2.2720 2.4288 2.6379 2.9689 3.2734 3.4838 3.9040 4.1528 4.6808 
25.  2.0248 2.1321 2.2586 2.4146 2.6227 2.9521 3.2551 3.4644 3.8825 4.1300 4.6553 
26.  2.0133 2.1202 2.2462 2.4015 2.6086 2.9365 3.2381 3.4464 3.8625 4.1089 4.6317 
27.  2.0027 2.1091 2.2345 2.3892 2.5955 2.9220 3.2222 3.4297 3.8439 4.0892 4.6097 
28.  1.9926 2.0987 2.2236 2.3777 2.5832 2.9084 3.2074 3.4140 3.8265 4.0708 4.5891 
29.  1.9832 2.0889 2.2134 2.3669 2.5716 2.8956 3.1934 3.3993 3.8102 4.0535 4.5697 
30.  1.9744 2.0797 2.2038 2.3567 2.5608 2.8836 3.1804 3.3854 3.7949 4.0373 4.5516 
35. 1.9369 2.0407 2.1630 2.3137 2.5147 2.8327 3.1250 3.3269 3.7300 3.9686 4.4749 
40. 1.9075 2.0102 2.1311 2.2802 2.4789 2.7931 3.0819 3.2814 3.6796 3.9153 4.4152 
45. 1.8839 1.9856 2.1054 2.2531 2.4499 2.7612 3.0472 3.2447 3.6390 3.8723 4.3672 
50. 1.8642 1.9652 2.0841 2.2307 2.4260 2.7348 3.0185 3.2144 3.6054 3.8368 4.3276 
60. 1.8334 1.9332 2.0507 2.1955 2.3885 2.6934 2.9735 3.1670 3.5529 3.7813 4.2657 
70. 1.8100 1.9090 2.0254 2.1689 2.3601 2.6622 2.9396 3.1312 3.5134 3.7395 4.2190 
80. 1.7916 1.8898 2.0055 2.1479 2.3377 2.6376 2.9129 3.1030 3.4822 3.7065 4.1822 
90. 1.7765 1.8742 1.9892 2.1309 2.3195 2.6176 2.8912 3.0801 3.4569 3.6797 4.1524 
100. 1.7640 1.8612 1.9757 2.1166 2.3043 2.6009 2.8731 3.0610 3.4358 3.6574 4.1275 
150. 1.7224 1.8182 1.9308 2.0695 2.2542 2.5458 2.8134 2.9980 3.3663 3.5840 4.0457 
200. 1.6984 1.7933 1.9049 2.0424 2.2253 2.5141 2.7790 2.9618 3.3263 3.5418 3.9987 
250. 1.6823 1.7767 1.8876 2.0242 2.2060 2.4929 2.7561 2.9376 3.2996 3.5137 3.9673 
300. 1.6706 1.7645 1.8750 2.0110 2.1919 2.4775 2.7394 2.9200 3.2802 3.4932 3.9445 
350. 1.6616 1.7552 1.8653 2.0008 2.1811 2.4656 2.7265 2.9065 3.2653 3.4775 3.9270 
400. 1.6543 1.7477 1.8575 1.9926 2.1724 2.4561 2.7163 2.8957 3.2534 3.4649 3.9130 
450. 1.6484 1.7416 1.8511 1.9859 2.1653 2.4483 2.7078 2.8868 3.2436 3.4546 3.9016 
500. 1.6434 1.7364 1.8458 1.9803 2.1593 2.4418 2.7008 2.8794 3.2354 3.4459 3.8919 
1000. 1.6167 1.7088 1.8171 1.9503 2.1274 2.4069 2.6630 2.8396 3.1916 3.3997 3.8405 



TABLE III (CONTINUED) 

STATISTICAL TOLERANCE FACTORS 

CONFIDENCE LEVEL = 0.9500 

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) TC MINUS (PLUS) Ks 

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 0.20000 0.25000 0.30000 0.35000 0.40000 

5.  -1.8697 .-1.5096 -1.3300 -0.817.7 -0.5187 -0.2994 -0.1102 0.0658 0.2368 0.4083 0.5828 
6.  -1.9495 -1.5794 -1.3957 -0.8746 -0.5750 -0.3578 -0.1729 -0.0033 - 	0.1594 0.3204 0.4826 
7.  -2.0139 -1.6360 -.1.4489 -0.9202 -0.6189 -0.4025 -0.2205 -0.0549 0.1030 0.2577 0.4128 
8.  -2.0669 -1.6825 -1.4926 -0.9577 -0.6551 -0.4393 -0.2583 -0.0949 0.0597 0.2106 0.3605 
9.  -2.1122 -1.7222 -1.5300 -0.9897 -0.6855 -0.4694 -0.2896 -0.1277 0.0247 0.1726 0.3195 

10.  -2.1512 -1.7565 -1.5621 -1.0170 -0.7115 -0.4955 -0.3160 -0.1552 -0.0044 0.1414 0.2857 
11.  -2.1855 -1.7866 -1.5904 -1.0410 -0.7340 -0.5177 -0.3386 -0.1786 -0.0290 0.1153 0.2576 
12.  -2.2160 -1.8133 -1.6155 -.1.0622 -0.7539 -0.5373 -0.3583 -0.1989 -0.0502 0.0928 0.2336 
13.  -2.2432 -1.8373 -1.6379 -1.0811 -0.7717 -0.5547 -0.3759 -0.2168 -0.0689 0.0732 0.2127 
14.  -2.2679 -1.8589 -1.6582 -1.0982 -0.7877 -0.5703 -0.3915 -0.2328 -0.0854 0.0558 0.1943 
15.  -2.2903 -'1.8785 -1.6766 -1.1137 -0.8021 -0.5844 -0.4056 -0.2472 -0.1002 0.0404 0.1780 
16.  -2.3108 -1.8965 -1.6935 -1.1279 -0.8153 -0.5973 -0.4184 -0.2602 -0.1136 0.0264 0:1634 
17.  -2.3296 -1.9131 -1.7090 -1.1410 -0.8274 -0.6090 -0.4301 -0.2720 -0.1258 0.0138 0.1502 
18.  -2.3471 -1.9284 -1.7233 -1.1529 -0.8385 -0.6198 -0.4408 -0.2828 -0.1368 0.0024 0.1383.  
19.  -2.3633 -1.9426 -1.7366 -1.1641 -0.8488 -0.6297 -0.4506 -0.2927 -0.1469 -0.0080 0.1274 
20.  -2.3785 -1.9559 -1.7490 -1.1744 -0.8583 -0.6389 -0.4597 -0.3018 -0.1562 -0.0176 0.1174 
21.  -2.3926 -1.9683 -1.7606 -1.1841 -0.8673 -0.6475 -0.4682 -0.3103 -0.1648 -0.0265 0.1081 
22.  -2.4059 -1.9799 -1.7715 -1.1932 -0.8756 -0.6555 -0.4761 -0.3182 -0.1729 -0.0348 0.0995 
23.  -2.4184 -1.9908 -1.7817 -1.2017 -0.8834 -0.6630 -0.4835 -0.3257 -0.1804 -0.0425 0.0915 
24.  -2.4302 -2.0011 -1.7914 -1.2097 -0.8908 -0.6701 -0.4904 -0.3326 -0.1875 -0.0497 0.0840 
25.  -2.4413 -2.0109 -1.8005 -1.2173 -0.8978 -0.6768 -0.4970 -0.3392 -0.1941 -0.0565 0.0770 
26.  -2.4518 -2.0201 -1.8091 1.2244 -0.9043 -0.6831 -0.5032 -0.3453 -0.2003 -0.0629 0.0705 
27.  -2.4618. -2.0289 -1.8173 -1.2312 -0.9106 .1.6891 -0.5090 -0.3512 -0.2062 -0.0689 0.0643 
28.  -2.4714 -2.0372 -1.8251 -1.2377 -0.9165 -0.6947 -0.5146 -0.3567 -0.2118 -0.0746 0.0584 
29.  -2.4804 -2.0451 -1.8325 -1.2438 -0.9221 -0.7001 -0.5199 -0.3619 -0.2171 -0.0800 0.0529 
30.  -2.4891 -2.0527 -1.8396 -1.2497 -0.9275 -0.7052 -0.5249 -0.3669 -0.2221 -0.0851 0.0476 
35. -2.5272 -2.0860 -1.8707 -1.2754 -0.9510 -0.7277 -0.5468 -0.3886 -0.2439 -0.1072 0.0249 
40. -2.5585 -2.1134 -1.8962 -1.2965 -0.9702 -0.7459 -0.5645 -0.4062 -0.2614 -0.1250 0.0068 
45. -2.5849 -2.1364 -1.9177 -1.3142 -0.9863 -0.7611 -0.5793 -0.4207 -0.2760 -0.1396 -0.0081 
50. -2.6075 -2.1562 -1.9361 -1.3293 -1.0000 -0.7741 -0.5918 -0.4331 -0.2883 -0.1520 -0.0207 
60. -2.6446 -2.1885 -1.9663 -1.3541 =1.0224 -0.7953 -0.6123 0.4531 -0.3082 -0.1720 -0.0410 
70. -2.6740 -2.2141 -1.9902 -1.3736 -1.0400 -0.8119 -0.6283 -0.4688 -0.3237 -0.1876 -0.0567 
80. -2.6981 -2.2351 -2.0097 -1.3896 -1.0544 -0.8254 -0.6413 -.0.4815 -0.3363 -0.2001 ...0.0694 
90. -2.7182 -2.2527 -2.0261 -1.4029 -1.0664 -0.8367 -0.6521 -0.4921 -0.3467 -0.2105 -0.0799 

100. -2.7355 -2.2677 -2.0401 -1.4143 -1.0766 -0.8463 -0.6614 -0.5011 -0.3556 -0.2194 -0.0887 
150. -2.7954 -2.3198 -2.0885 -1.4537 -1.1120 -0.8794 -0.6930 -0.5318 -0.3858 -0.2493 -0.1188 
200. -2.8321 -2.3517 -2.1182 -1.4778 -1.1335 -0.8994 -0.7121 -0.5503 -0.4039 -0.2673 -0.1366 
250. -2.8577 -2.3739 -2.1388 -1.4944 -1.1483 -0.9133 -0.7253 -0.5630 -0.4163 -0.2795 -0.1489 
300. -2.8768 -2.3905 -2.1543 -1.5069 -1.1594 -0.9236 -0.7351 -0.5724 -0.4255 -0.2886 -0.1579 
350. -2.8918 -2.4035 -2.1663 -.1.5166 -1.1681 -0.9317 -0.7427 -0.5798 -0.4327 -0.2957 -0.1649 
400. -2.9040 -2.4141 -2.1762 -1.5245 -1.1751 -0.9382 -0.7489 -0.5858 -0.4385 -0.3014 -0.1706 
450. -2.9141 -2.4229 -2.1843 -.1.5311 -1.1810 -0.9436 -0.7541 -0.5907 -0.4433 -0.3061 -0.1753 
500. -2.9227 -2.4304 -2.1913 -.1.5367 -1.1860 -0.9482 -0.7584 -0.5949 .1.4474 -0.3101 -0.1793 

1000. -2.9703 -2.4716 -2.2296 -1.5675 -1.2132 -0.9735 -0.7823 -0.6178 -0.4697 -0.3320 -0.2008 



SAMPLE 
SIZE 

TABLE III (CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

CONFIDENCE LEVEL = 0.9500 

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) R MINUS (PLUS) Ks 

   

   

0.50000 0.60000 0.70000 0.75000 0.80000 0.85000 0.87500 0.90000 0.91000 0.92000 	0.93000 

0.9539 1.3693 1.8615 2.1519 2.4865 2.8694 3.1308 3.4127 3.5411 3.6813 	3.8364 
6. 0.8224 1.1981 1.6377 1.8950 2.1907 2.5463 2.7592 3.0076 3.1205 3.2438 	3.3801 
T. 0.7340 1.0863 1.4943 1.7319 2.0050 2.3329 2.5281 2.7561 2.8599 2.9732 	3.0985 
8.  0.6697 1.0062 1.3924 1.6173 1.8752 2.1835 2.3674 2.5820 2.6797 2.7e64 	2.9042 
9.  0.6197 0.9448 1.3168 1.5321 1.7783 2.0732 2.2490 2.4541 2.5473 2.6489 	2.7613 

10.  0.5797 0.8957 1.2566 1.4650 1.7033 1.9880 2.1573 2.3547 2.4444 2.5423 	2.6505 
11.  0.5465 0.8558 1.2077 1.4106 1.6423 1.9189 2.0833 2.2748 2.3619 2.4568 	2.5617 
12.  0.5185 0.8224 1.1672 1.3657 1.5922 1.8622 2.0226 2.2094 2.2944 2.3870 	2.4892 
13.  0.4943 0.7939 1.1329 1.3279 1.5500 1.8147 1.9718 2.1547 2.2379 2.3286 	2.4287 
14.  0.4733 0.7693 1.1035 1.2954 1.5139 1.7741 1.9285 2.1082 2.1899 2.2789 	2.3772 
15.  0.4548 0.7477 1.0779 1.2672 1.4826 1.7390 1.8910 2.0679 2.1483 2.2360 	2.3327 
16.  0.4383 0.7286 1.0553 1.2424 1.4552 1.7082 1.8582 2.0327 2.1121 2.1985 	2.2938 
17.  0.4234 0.7115 1.0352 1.2203 1.4308 1.6810 1.8292 2.0016 2.0800 2.1653 	2.2595 
18.  0.4101 0.6961 1.0170 1.2004 1.4089 1.6564 1.8031 1.9736 2.0511 2.1355 	2.2286 
19.  0.3979 0.6822 1.0006 1.1825 1.3891 1.6343 1.7796 1.9484 2.0251 2.1087 	2.2009 
20.  0.3867 0.6694 0.9857 1.1662 1.3711 1.6143 1.7583 1.9257 2.0017 2.0845 	2.1759 
21.  0.3764 0.6577 0.9721 1.1514 1.3548 1.5961 1.7390 1.9050 1.9804 2.0625 	2.1531 
22.  0.3669 0.6470 0.9595 1.1377 1.3398 1.5794 1.7213 1.8861 1.9609 2.0424 	2.1323 
23.  0.3581 0.6370 0.9480 1.1251 1.3260 1.5641 1.7050 1.8687 1.9430 2.0239 	2.1132 
24.  0.3499 0.6277 0.9373 1.1135 1.3132 1.5500 1.6900 1.8526 1.9265 2.0069 	2.0956 
25.  0.3423 0.6191 0.9273 1.1027 1.3014 1.5368 1.6761 1.8378 1.9112 .9911 	2.0793 
26.  0.3351 0.6110 0.9180 1.0926 1.2904 1.5246 1.6631 1.8240 1.8970 .9765 	2.0642 
27.  0.3283 0.6035 0.9094 1.0832 1.2801 1.5132 1.6511 1.8111 1.8837 .9628 	2.0500 
28.  0.3220 0.5964 0.9012 1.0744 1.2704 1.5026 1.6398 1.7991 1.8713 .9500 	2.0368 
29.  0.3160 0.5897 0.8935 1.0661 1.2614 1.4926 1.6292 1.7878 1.8597 .9381 	2.0245 
30.  0.3103 0.5834 0.8863 1.0583 1.2529 1.4832 1.6192 1.7771 1.8488 .9268 	2.0128 
35. 0.2858 0.5563 0.8555 1.0251 1.2167 1.4432 1.5770 1.7322 1.8025 .8792 	1.9637 
40. 0.2664 0.5349 0.8313 0.9990 1.1883 1.4120 1.5440 1.6971 1.7665 .8421 	1.9254 
45. 0.2505 0.5175 0.8116.  0.9778 1.1654 1.3868 1.5174 1.6688 1.7374 .8122 	1.8945 
50. 0.2372 0.5029 0.7952 0.9603 1.1464 1.3660 1.4954 1.6454 1.7134 .7875 	1.8690 
60. 0.2158 0.4797 0.7693 0.9325 1.1164 1.3332 1.4609 1.6088 1.6758 .7487 	1.8291 
70. 0.1993 0.4619 0.7495 0.9115 1.0937 1.3083 1.4348 1.5811 1.6474 .7195 	1.7990 
80. 0.1861 0.4477 0.7338 0.8947 1.0757 1.2887 1.4141 1.5593 1.6250 .6965 	1.7753 
90. 0.1753 0.4360 0.7210 0.8811 1.0610 1.2727 1.3973 1.5415 1.6068 .6778 	1.7560 

100. 0.1661 0.4262 0.7102 0.8696 1.0487 1.2594 1.3833 1.5267 1.5916 .6622 	1.7400 
150. 0.135) 0.3934 0.6743 0.8316 1.0080 1.2152 1.3370 1.4778 1.5414 .6107 	1.6870 
200. 0.1169 0.3741 0.6533 0.8094 0.9844 1.1897 1.3102 1.4495 1.5125 .5810 	1.6565 
250. 0.1045 0.3611 0.6392 0.7945 0.9686 1.1725 1.2923 1.4306 1.4932 .5612 	1.6361 
300. 0.0953 0.3515 0.6288 0.7837 0.9570 1.1601 1.2793 1.4169 1.4791 .5468 	1.6213 
350. 0.0882 0.3441 0.6209 0.7753 0.9481 1.1504 1.2692 1.4063 1.4683 .5357 	1.6098 
400. 0.0825 0.3381 0.6144 0.7685 0.9409 1.1428 1.2612 1.3979 1.4596 .5268 	1.6007 
450. 0.0777 0.3332 0.6092 0.7630 0.9350 1.1364 1.2545 1.3909 1.4525 .5195 	1.5932 
500. 0.0737 0.3291 0.6047 0.7583 0.9301 1.1311 1.2490 1.3850 1.4465 .5134 	1.5869 

1000. 0.0521 0.3067 0.5808 0.7333. 0.9035 1.1026 1.2193 1.3538 1.4146 .4806 	1.5533 



TABLE Ill (CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

CONFIDENCE LEVEL = 0.9500 

-- PROPORTION OF THE-DISTRIBUTION GREATER THAN (LESS THAN) X.MINUS (PLUS) Ks 	--- 

0.94000 0.95000 0.96000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 0.99950 0.99990 

5.  4.0105 4.2101 4.4461 4.7379 5.1284 5.7487 6.3210 6.7172 7.5101 7.9802 8.9794 
6.  3.5331 3.7087 3.9162 4.1733 4.5174 5.0639 5.5680 5.9170 6.6147 7.0285 7.9079 
7.  3.2392 3.4005 3.5912 3.8269 4.1424 4.6434 5.1056 5.4256 6.0654 6.4448 7.2512 
8.  3.0366 3.1883 3.3676 3.5889 3.8850 4.3553 4.7891 5.0894 5.6903 6.0467 6.8039 
9.  2.8874 3.0320 3.2027 3.4139 3.6963 4.1448 4.5584 4.8448 5.4167 5.7559 6.4767 
10.  2.7719 2.9110 3.0754 3.2785 3.5501 3.9813 4.3790 4.6542 5.2047 5.5310 6.2246 
11.  2.6795 2.8144 2.9737 3.1706 3.4338 3.8517 4.2369 4.5035 5.0367 5.3528 6.0245 
12.  2.6040 2.7355 2.8908 3.0826 3.3391 3.7461 4.1213 4.3810 4.9002 5.2080 5.8619 
13.  2.5410 2.6697 2.8216 3.0093 3.2602 3.6582 4.0251 4.2790 4.7867 5.0875 5.7268 
14.  2.4874 2.6137 2.7629 2.9470 3.1932 3.5837 3.9436 4.1926 4.6905 4.9855 5.6124 
15.  2.4412 2.5655 2.7122 2.8934 3.1355 3.5196 3.8734 4.1183 4.6078 4.8979 5.5141 
16.  2.4008 2.5234 2.6680 2.8466 3.0852 3.4636 3.8123 4.0535 4.5357 4.8215 5.4285 
17.  2.3652 2.4862 2.6290 2.8053 3.0408 3.4144 3.7584 3.9965 4.4723 4.7543 5.3532 
18.  2.3331 2.4527 2.5939 2.7682 3.0010 3.3701 3.7101 3.9453 4.4154 4.6940 5.2856 
19.  2.3043 2.4227 2.5624 2.7349 2.9652 3.3305 3.6668 3.8995 4.3645 4.6400 5.2252 
20.  2.2783 2.3956 2.5340 2.7049 2.9330 3.2947 3.6278 3.8582 4.3186 4.5914 5.1707 
21.  2.2547 2.3710 2.5082 2.6776 2.9038 3.2623 3.5924 3.8207 4.2770 4.5473 5.1214 
22.  2.2331 2.3485 2.4847 2.6527 2.8771 3.2327 3.5601 3.7866 4.2391 4.5071 5.0764 
23.  2.2133 2.3279 2.4631 2.6299 2.8526 3.2056 3.5305 3.7552 4.2043 4.4703 5.0352 
24.  2.1951 2.3089 2.4431 2.6088 2.8300 3.1806 3.5033 3.7264 4.1723 4.4364 4.9973 
25.  2.1782 2.2913 2.4247 2.5894 2.8092 3.1575 3.4781 3.6998 4.1427 4.4051 4.9622 
26.  2.1625 2.2749 2.4076 2.5713 2.7898 3.1360 3.4547 3.6751 4.1153 4.3761 4.9297 
27.  2.1478 2.2597 2.3916 2.5545 2.7718 3.1161 3.4329 3.6521 4.0898 4.3490 4.8995 
28.. 2.1341 2.2455 2.3767 2.5387 2.7549 3.0974 3.4126 3.6306 4.0660 4.3238 4.8713 
29.  2.1213 2.2321 2.3628 2.5240 2.7392 3.0800 3.3936 3.6105 4.0436 4.3002 4.8449 
30.  2.1093 2.2196 2.3497 2.5102 2.7243 3.0636 3.3758 3.5916 4.0227 4.2780 4.8201 
35. 2.0583 2.1666 2.2943 2.4517 2.6618 2.9945 3.3005 3.5120 3.9345 4.1847 4.7157 
40. 2.0187 2.1254 2.2512 2.4063 2.6132 2.9408 3.2421 3.4503 3.8662 4.1124 4.6349 
45..  1.9867 2.0922 2.2165 2.3698 2.5742 2.8977 3.1952 3.4008 3.8113 4.0543 4.5701 
50. 1.9604 2.0648 2.1879 2.3397 2.5420 2.8622 3.1566 3.3601 3.7662 4.0066 4.5168 
60. 1.9191 2.0220 2.1432 2.2926 2.4918 2.8068 3.0964 3.2965 3.6959 3.9323 4.4338 
70. 1.8880 1.9897 2.1095 2.2572 2.4540 2.7652 3.0512 3.2488 3.6431 3.8764 4.3715 
80. 1.8635 1.9643 2.0830 2.2293 2.4242 2.7325 3.0157 3.2113 3.6017 3.8326 4.3227 
90. 1.8436 1.9437 2.0615 2.2067 2.4001 2.7059 2.9869 3.1809 3.5681 3.7971 4.2831 
100. 1.8270 1.9265 2.0435 2.1878 2.3800 2.6839 2.9629 3.1556 3.5401 3.7676 4.2502 
150. 1.7723 1.8698 1.9845 2.1258 2.3140 2.6113 2.8843 3.0727 3.4486 3.6709 4.1424 
200. 1.7408 1.8372 1.9506 2.0902 2.2761 2.5697 2.8392 3.0251 3.3961 3.6155 4.0806 
250. 1.7198 1.8154 1.9279 2.0664 2.2508 2.5420 2.8091 2.9935 3.3612 3.5786 4.0396 
300. 1.7045 1.7996 1.9115 2.0491 2.2324 2.5218 2.7873 2.9705 3.3359 3.5519 4.0098 
350. 1.6928 1.7874 1.8988 2.0359 2.2183 2.5064 2.7706 2.9529 3.3164 3.5314 3.9870 
400. 1.6834 1.7777 1.8887 2.0253 2.2071 2.4941 2.7573 2.9389 3.3009 3.5150 3.9688 
450. 1.6757 1.7697 1.8804 2.0166 2.1978 2.4839 2.7463 2.9273 3.2882 3.5016 3.9538 
500. 1.6692 1.7630 1.8734 2.0093 2.1901 2.4754 2.7371 2.9176 3.2775 3.4903 3.9413 
1000. 1.6346 1.7272 1.8362 1.9703 2.1487 2.4301 2.6881 2.8661 3.2207 3.4304 3.8746 

"4 



TABLE III (CONTINUED) 

STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.9750 

SIZE 
	

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 0.20000 0.25000 0.30000 0.35000 0.40000 

5.  -1.6911 -1.3523 -1.1811 -0.6862 -0.3883. -0.1631 0.0368 0.2278 0.4176 0.6108 0.8103 
6.  -1.7795 -1.4299 -1.2546 -0.7516 -0.4552 -0.2350 -0.0434 0.1360 .0.3112 0.4873 0.6676 
7.  -1.8509 -1.4926 -1.3140 -0.8042 -0.5070 -0.2896 -0.1030 0.0698 0.2369 0.4029 0.5710 
8.  -1.9104 -1.5449 -1.3633 -0.8472 -0.5496 -0.3336 -0.1496 0a1191 0.1809 0.3403 0.5007 
9.  -1.9608 -1.5892 -1.4051 -0.8836 -0.5851 -0.3697 -0.1877 -0.0218 0.1363 0.2914 0.4468 
10.  -2.0048 -1.6279 -1.4415 -0.9149 -0.6152 -0.4001 -0.2197 -0.0558 0.0997 0.2515 0.4030 
11.  -2.0435 -1.6619 -1.4735 -0.9422 -0.6414 -0.4265 -0.2468 -0.0844 0.0691 0.2184 0.3669 
12.  -2.0778 -1.6921 -1.5018 -0.9665 -0.6645 -0.4496 -0.2705 -0.1092 0.0428 0.1902 0.3363 
13.  -2.1085 -1.7192 -1.5273 -0.9882 -0.6850 -0.4701 -0.2914 -0.1309 0.0198 0.1657 0.3099 
14.  -2.1364 -1.7436 -1.5503 -1.0078 -0.7036 -0.4885 -0.3100 -0.1502 -0.0004 0.1442 0.2869 
15.  -2.1617 -1.7659 -1.5712 -1.0256 -0.7203 -0.5050 -0.3268 -0.1675 -0.0185 0.1251 0.2666 
16.  -2.1849 -1.7863 -1.5904 -1.0418 -0.7357 -0.5201 -0.3420 -0.1831 -0.0348 0.1080 0.2484 
17.  -2.2063 -1.8051 -1.6080 -1.0568 -0.7497 -0.5339 -0.3559 -0.1973 -0.0495 0.0925 0.2320 
18.  -2.2262 -1.8226 -1.6243 -1.0705 -0.7625 -0.5465 -0.3685 -0.2102 -0.0628 0.0786 0.2173 
19.  -2.2446 -1.8388 -1.6395 -1.0833 -0.7745 -0.5581 -0.3801 -0.2220 -0.0750 0.0658 0.2039 
20.  -2.2618 -1.8539 -1.6537 -1.0952 -0.7855 -0.5689 -0.3909 -0.2329 -0.0863 0.0541 0.1916 
21.  -2.2779 -1.8680 -1.6669 -1.1064 -0.7959 -0.5790 -0.4009 -0.2431 -0.0967 0.0433 0.1802 
22.  -2.2930 -1.8813 -1.6793 -1.1)68 -0.8055 -0.5884 -0.4102 -0.2525 -0.1064 0.0332 0.1697 
23.  -2.3073 -1.8937 -1.6910 -1.1266 -0.8146 -0.5972 -0.4190 -0.2614 -0.1155 0.0239 0.1599 
24.  -2.3207 -1.9055 -1.7021 -1.1358 -0.8232 -0.6054 -0.4272 -0.2696 -0.1239 0.0151 0.1508 
25.  -2.3334 -1.9167 -1.7125 -1.1445 -0.8313 -0.6132 -0.4349 -0.2774 -0.1319 0.0069 0.1423 
26.  -2.3455 -1.9272 -1.7224 -1.1528 -0.8389 -0.6206 -0.4422 -0.2848 -0.1393 -0.0008 0.1343 
27.  -2.3569 -1.9373 -1.7318 -1.1606 -0.8461 -0.6276 -0.4491 -0.2917 -0.1464 -0.0080 0.1267 
28.  -2.3678 -1.9468 -1.7407 -1.1681 -0.8530 -0.6342 -0.4556 -0.2983 -0.1531 -0.0149 0.1196 
29.  -2.3782 -1.9559 -1.7492 -1.1752 -0.8595 -0.6405 -0.4619 -0.3045 -0.1594 -0.0214 0.1129 
30.  -2.3881 -1.9646 -1.7573 -1.1819 -0.8658 -0.6465 -0.4678 -0.3104 -0.1654 -0.0275 0.1066 
35. -2.4317 -2.0028 -1.7930 -1.2117 -0.8931 -0.6727 -0.4935 -0.3361 -0.1914 -0.0541 0.0791 
40. -2.4677 -2.0343 -1.8225 -1.2360 -0.9154 -0.6941 -0.5144 -0.3569 -0.2123 -0.0754 0.0573 
45. -2.4981 -2.0608 -1.8473 -1.2566 -0.9341 -0.7119 -0.5317 -0.3741 -0.2296 -0.0930 0.0393 
50. -2.5242 -2.0837 -1.8686 -1.2741 -0.9501 -0.7271 -0.5465 -0.3887 -0.2442 -0.1078 0.0241 
60. -2.5671 -2.1211 -1.9035 -1.3029 -0.9762 -0.7519 -0.5705 -0.4123 -0.2678 -0.1316 -0.0002 
70. -2.6011 -2.1508 -1.9312 -1.3256 -0.9968 -0.7714 -0.5894 -0.4308 -0.2863 -0.1502 -0.0190 
80. -2.6290 -2.1751 -1.9539 -1.3442 -1.0136 -0.7872 -0.6047 -0.4458 -0.3011 -0.1651 -0.0342 
90. -2.6525 -2.1955 -1.9729 -1.3598 -1.0277 -0.8005 -0.6174 -0.4583 -0.3135 -0.1775 -0.0467 
100. -2.6725 -2.2130 -1.9892 -1.3731 -1.0397 -0.8118 -0.6283 -0.4689 -0.3240 -0.1880 -0.0573 
150. -2.7423 -2.2738 -2.0457 -1.4191 -1.0811 -0.8506 -0.6656 -0.5052 -0.3598 -0.2237 -0.0932 
200. -2.7853 -2.3111 -2.0805 -1.4473 -1.1063 -0.8742 -0.6881 -0.5271 -0.3813 -0.2450 -0.1144 
250. -2.8152 -2.3371 -2.1047 -1.4669 -1.1238 -0.8905 -0.7037 -0.5421 -0.3960 -0.2595 -0.1290 
300. -2.8376 -2.3566 -2.1228 -1.4815 -1.1369 -0.9027 -0.7152 -0.5533 -0.4069 -0.2703 -0.1397 
350. -2.8553 -2.3719 -2.1370 -1.4930 -1.1471 -0.9122 -0.7243 -0.5620 -0.4154 -0.2787 -0.1481 
400. -2.8696 -2.3843 -2.1485 -1.5023 -1.1554 -0.9199 -0.7316 -0.5691 -0.4223 -0.2855 -0.1548 
450. -2.8815 -2.3947 -2.1582 -1.5101 -1.1623 -0.9263 -0.7377 -0.5750 -0.4281 -0.2911 -0.1604 
500. -2.8917 -2.4035 -2.1663 -1.5167 -1.1682 -0.9318 -0.7429 -0.5800 -0.4329 -0.2959 -0.1652 
1000. -2.9478 -2.4521 -2.2115 -1.5530 -1.2004 -0.9616 -0.7712 -0.6071 -0.4593 -0.3218 -0.1908 
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TABLE III(CONTINUED) 

STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	

CONFIDENCE LEVEL = 0.9750 

SIZE  	PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.50000 0.60000 0.70000 0.75000 0.80000 0.85000 0.87500 0.90000 0.91000 0.92000 0.93000 

5.  1.2412 1.7329 2.3167 2.6621 3.0631 3.5469 3.8356 4.1738 4.3287 4.4979 4.6850 
6.  1.0488 1.4774 1.9826 2.2801 2.6233 3.0365 3.2841 3.5733 3.7050 3.8489 4.0080 
7.  0.9244 1.3168 1.7750 2.0435 2.3527 2.7245 2.9466 3.2061 3.3242 3.4534 3.5961 
8.  0.8361 1.2042 1.6324 1.8826 2.1698 2.5141 2.7201 2.9607 3.0703 3.1900 3.3224 
9.  0.7688 1.1200 1.5273 1.7644 2.0363 2.3617 2.5564 2.7837 2.8871 2.9999 3.1246 
10.  0.7148 1.0548 1.4458 1.6727 1.9333 2.2453 2.4311 2.6480 2.7466 2.8542 2.9732 
H. 0.6712 1.0014- 1.3798 1.5991 1.8505 2.1513 2.3304 2.5392 2.6342 2.7378 2.8524 
12.  0.6348 0.9573 1.3258 1.5391 1.7833 2.0752 2.2488 2.4513 2.5434 2.6438 2.7548 
13.  0.6039 0.9201 1.2807 1.4890 1.7273 2.0119 2.1811 2.3784 2.4682 2.5659 2.6740 
14.  0.5771 0.8882 1.2422 1.4465 1.6799 1.9583 2.1239 2.3168 2.4046 2.5002 2.6058 
15.  0.5536 0.8604 1.2089 1.4097 1.6389 1.9123 2.0747 2.2639 2.3500 2.4437 2.5473 
16.  0.5328 0.8360 1.1797 1.3775 1.6032 1.8721 2.0319 2.2179 2.3026 2.3947 2.4965 
17.  0.5)41 0.8143 1.1539 1.3491 1.5717 1.8368 1.9942 2.1775 2.2608 2.3516 2.4518 
18.  0.4973 0.7946 1.1304 1.3233 1.5432 1.8048 1.9601 2.1409 2.2231 2.3126 2.4114 
19.  0.4820 0.7768 1.1094 1.3002 1.5176 1.7762 1.9296 2.1082 2.1894 2.2778 2.3754 
20.  0.4680 0.7606 1.0903 1.2793 1.4945 1.7504 1.9021 2.0787 2.1590 2.2464 2.3430 
21.  0.4552 0.7458 1.0729' 1.2603 1.4735 1.7270 1.8772 2.0520 2.1315 2.2181 2.3136 
22.  0.4433 0.7323 1.0570 1.2428 1.4543 1.7056 1.8545 2.0277 2.1064 2.1922 2.2869 
23.  0.4324 0.7198 1.0424 1.2269 1.4367 1.6860 1.8337 2.0054 2.0835 2.1685 2.2624 
24.  0.4222 0.7081 1.0288 1.2121 1.4205 1.6680 1.8145 1.9849 2.0623 2.1467 2.2398 
25.  0.4127 0.6974 1.0163 1.1984 1.4054 1.6513 1.7968 1.9660 2.0428 2.1266 2.2190 
26.  0.4039 0.6873 1.0046 1.1857 1.3915 1.6358 1.7803 1.9484 2.0247 2.1079 2.1997 
27.  0.3955 0.6779 0.9937 1.1738 1.3784 1.6213 1.7650 1.9320 2.0078 2.0905 2.1817 
28.  0.3877 0.6690 0.9834 1.1627 1.3663 1.6079 1.7507 1.9167 1.9921 2.0743 2.1650 
29.  0.3803 0.6607 0.9738 1.1523 1.3549 1.5952 1.7373 1.9024 1.9774 2.0591 2.1493 
30.  0.3734 0.6529 0.9648 1.1425 1.3441 1.5833 1.7247 1.8890 1.9636 2.0449 2.1346 
35. 0.3434 0.6194 0.9264 1.1010 1.2988 1.5332 1.6716 1.8324 1.9053 1.9849 2.0726 
40. 0.3198 0.5930 0.8964 1.0685 1.2634 1.4941 1.6303 1.7884 1.8601 1.9383 2.0245 
45. 0.3004 0.5716 0.8720 1.0422 1.2348 1.4626 1.5971 1.7531 1.8238 1.9009 1.9859 
50. 0.2842 0.5537 0.8518 1.0205 1.2112 1.4367 1.5697 1.7240 1.7939 1.8701 1.9542 
60. 0.2584 0.5254 0.8199 0.9863 1.1742 1.3960 1.5269 1.6785 1.7473 1.8221 1.9047 
70. 0.2385 0.5038 0.7957 0.9605 1.1463 1.3654 1.4946 1.6443 1.7122 1.7861 1.8675 
80. 0.2226 0.4866 0.7766 0.9400 1.1242 1.3413 1.4693 1.6175 1.6846 1.7577 1.8383 
90. 0.2095 0.4725 0.7609 0.9233 1.1062 1.3217 1.4487 1.5957 1.6623 1.7348 1.8146 
100. 0.1984 0.4606 0.7478 0.9094 1.0912 1.3054 1.4315 1.5775 1.6436 1.7156 1.7949 
150. 0.1613 0.4210 0.7042 0.8632 1.0417 1.2515 1.3750 1.5178 1.5825 1.6528 1.7303 
200. 0.1394 0.3978 0.6789 0.8364 1.0131 1.2205 1.3425 1.4835 1.5473 1.6167 1.6931 
250. 0.1246 0.3821 0.6619 0.8184 0.9939 1.1998 1.3208 1.4606 1.5238 1.5926 1.6684 
300. 0.1136 0.3707 0.6494 0.8053 0.9799 1.1847 1.3050 1.4439 1.5068 1.5751 1.6504 
350. 0.1052 0.3618 0.6398 0.7952 0.9691 1.1731 1.2928 1.4312 1.4937 1.5617 1.6366 
400. 0.0983 0.3546 0.6321 0.7871 0.9605 1.1638 1.2831 1.4210 1.4833 1.5510 1.6256 
450. 0.0927 0.3487 0.6258 0.7804 0.9534 1.1562 1.2752 1.4126 1.4747 1.5422 1.6166 
500. 0.0879 0.3437 0.6204 0.7748 0.9475 1.1498 1.2685 1.4055 1.4675 1.5348 1.6089 
1000. 0.0621 0.3170 0.5917 0.7447 0.9156 1.1155 1.2327 1.3680 1.4290 •  1.4955 1.5685 

.4 



TABLE III(CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 	 CONFIDENCE LEVEL = 0.9750 
SIZE 	 PROPORTION. OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.94000 0.95000 0.96000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 0.99950 0.99990 

5.  4.8950 5.1359 5.4212 5.7745 6.2474 6.9986 7.6918 8.1704 9.1278 9.6957 10.9032 
6.  4.1867 4.3917 4.6340 4.9338 5.3352 5.9730 6.5619 6.9698 7.7863 8.2707 9.3006 
7.  3.7565 3.9404 4.1578 4.4274 4.7883 5.3618 5.8912 6.2578 6.9910 7.4260 8.3508 
8.  3.4710 3.6415 3.8431 4.0924 4.4262 4.9566 5.4462 5.7853 6.4634 6.8657 7.7210 
9.  3.2647 3.4253 3.6151 3.8500 4.1643 4.6639 5.1249 5.4442 6.0828 6.4616 7.2670 
10.  3.1067 3.2599 3.4409 3.6649 3.9645 4.4407 4.8801 5.1844 5.7935 6.1547 6.9227 
11.  2.9809 3.1283 3.3025 3.5180 3.8063 4.2642 4.6868 4.9795 5.5650 5.9123 6.6506 
12.  2.8793 3.0221 3.1909 3.3995 3.6787 4.1221 4.5312 4.8145 5.3812 5.7173 6.4317 
13.  2.7953 2.9343 3.0985 3.3016 3.5733 4.0048 4.4028 4.6784 5.2296 5.5565 6.2513 
14.  2.7243 2.8602 3.0207 3.2191 3.4845 3.9060 4.2947 4.5638 5.1021 5.4212 6.0996 
15.  2.6635 2.7967 2.9540 3.1484 3.4085 3.8215 4.2022 4.4659 4.9931 5.3056 5.9699 
16.  2.6107 2.7415 2.8961 3.0871 3.3426 3.7482 4.1221 4.3810 4.8986 5.2055 5.8576 
17.  2.5642 2.6931 2.8452 3.0333 3.2847 3.6839 4.0518 4.3065 4.8158 5.1177 5.7592 
18.  2.5223 2.6494 2.7994 2.9848 3.2327 3.6261 3.9887 4.2397 4.7416 5.0390 5.6711 
19.  2.4849 2.6104 2.7586 2.9416 3.1863 3.5746 3.9325 4.1802 4.6754 4.9689 5.5925 
20.  2.4513 2.5753 2.7218 2.9027 3.1446 3.5283 3.8819 4.1267 4.6159 4.9059 5.5220 
21.  2.4208 2.5436 2.6885 2.8675 3.1068 3.4864 3.8362 4.0783 4.5622 4.8490 5.4582 
22.  2.3930 2.5147 2.6582 2.8355 3.0725 3.4483 3.7947 4.0343 4.5133 4.7972 5.4003 03 
23.  2.3676 2.4882 2.6305 2.8062 3.0410 3.4135 3.7567 3.9941 4.4687 4.7499 5.3473 0 
24.  2.3442 2.4638 2.6050 2.7793 3.0122 3.3815 3.7217 3.9572 4.4277 4.7065 5.2987 1 
25.  2.3227 2.4414 2.5814 2.7544 2.9855 3.3520 3.6895 3.9231 4.3899 4.6664 5.2539 
26.  2.3026 2.4205 2.5596 2.7314 2.9608 3.3246 3.6597 3.8916 4.3548 4.6293 5.2124 
27.  2.2840 2.4011 2.5393 , 	2.7100 2.9379 3.2992 3.6320 3.8622 4.3223 4.5949 5.1738 
28.  2.2666 2.3831 2.5204 2.6900 2.9165 3.2755 3.6062 3.8349 4.2920 4.5628 5.1379 
29.  2.2504 2.3661 2.5027 2.6713 2.8964 3.2533 3.5820 3.8094 4.2637 4.5328 5.1044 
30.  2.2351 2.3503 2.4861 2.6538 2.8777 3.2326 3.5594 3.7854 4.2371 4.5047 5.0729 
35. 2.1709 2.2835 2.4162 2.5801 2.7988 3.1453 3.4643 3.6849 4.1257 4.3867 4.9410 
40. 2.1211 2.2317 2.3621 2.5230 2.7377 3.0778 3.3909 3.6073 4.0396 4.2957 4.8393 
45. 2.0812 2.1902 2.3187 2.4772 2.6888 3.0238 3.3321 3.5452 3.9709 4.2229 4.7580 
50. 2.0483 2.1561 2.2830 2.4397 2.6486 2.9795 3.2839 3.4943 3.9145 4.1633 4.6914 
60. 1.9971 2.1029 2.2275 2.3812 2.5861 2.9106 3.2090 3.4152 3.8269 4.0707 4.5880 
70. 1.9587 2.0630 2.1858 2.3373 2.5394 2.8590 3.1529 3.3560 3.7615 4.0015 4.5108 
80. 1.9285 2.0317 2.1532 2.3030 2.5027 2.8186 3.1091 3.3097 3.7103 3.9474 4.4504 
90. 1.9041 2.0063 2.1267 2.2751 2.4730 2.7860 3.0736 3.2723 3.6689 3.9036 4.4016 
100. 1.8837 1.9852 2.1047 2.2520 2.4483 2.7588 3.0441 3.2412 3.6346 3.8673 4.3612 
150. 1.8169 1.9160 2.0326 2.1762 2.3676 2.6701 2.9479 3.1397 3.5224 3.7489 4.2291 
200. 1.7786 1.8763 1.9912 2.1328 2.3214 2.6193 2.8929 3.0817 3.4584 3.6813 4.1538 
250. 1.7531 1.8498 1.9637 2.1039 2.2906 2.5856 2.8564 3.0432 3.4160 3.6364 4.1039 
300. 1.7346 1.8307 1.9437 2.0830 2.2684 2.5612 2.8299 3.0154 3.3853 3.6040 4.0678 
350. 1.7203 1.8160 1.9284 2.0669 2.2513 2.5425 2.8097 2.9940 3.3617 3.5792 4.0401 
400. 1.7090 1.8042 1.9162 2.0541 2.2377 2.5276 2.7935 2.9770 3.3430 3.5594 4.0181 
450. 1.6997 1.7946 1.9062 2.0436 2.2265 2.5153 2.7803 2.9631 3.3276 3.5431 4.0000 
500. 1.6918 1.7865 1.8978 2.0348 2.2172 2.5050 2.7691 2.9514 3.3147 3.5295 3.9849 
1000. 1.6502 1.7434 1.8530 1.9879 2.1674 2.4505 2.7102 2.8893 3.2463 3.4573 3.9046 



%321,ABLE-1111CONTINUED) 

STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.9900 

SIZE 
	

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 0.20000 0.25000 0.30000 0.35000 0.40000 

5.  -1.5077 -1.1889 -1.0253 -0.5434 -0.2372 0.0040 0.2255 0.4441 0.6685 0.9060_ 1.1461 
6.  -1.6040 -1.2742 -1.1070 -0.6196 -0.3191 -0.0873 0.1180 0.3145 0.512/ 0.7156 0.9270 
7.  -1.6817 -1.3423 -1.1715 -0.6774 -0.3802 -0.1585 0.0386 0.2263 0.4104 0.5942 0.7862 
8.  -1.7482 -1.4016 -1.2269 -0.7248 -0.4299 -0.2106 -0.0203 0.1584 0.3336 0.5086 0.6861 
9.  -1.7992 -1.4462 -1:2704 -0.7671 -0.4716 -0.2562 -0.0673 0.1080 0.2755 0.4404 0.6117 

10.  -1.8504 -1.4916 -1.3129 -0.8032 -0.5075 -0.2914 -0.1066 0.0635 0.2270 0.3888 0.5519 
11.  -1.8929 -1.5291 -1.3484 -0.8343 -0.5379 -0.3227 -0.1396 0.0278 0.1880 0.3456 0.5039 
12.  -1.9308 -1.5626 -1.3799 -0.8618 -0.5646 -0.3500 -0.1683 -0.0028 0.1548 0.3093 0.4639 
13.  -1.9648 -1.5926 -1.4083 -0.8865 -0.5884 -0.3742 -0.1934 -0.0295 0.1261 0.2782 0.4300 
14.  -1.9956 -1.6198 -1.4339 -0.9087 -0.6098 -0.3957 -0.2158 -0.0531 0.1009 0.2511 0.4006 
15.  -2.0237 -1.6446 -1.4573 -0.9289 -0.6292 -0.4152 -0.2358 -0.0741 0.0786 0.2272 0.3748 
16.. -2.0495 -1.6673 -1.4787 -0.9473 -0.6468 -0.4329 -0.2540 -0.0930 0.0587 0.2059 0.3520 
17.  -2.0733 -1.6883 -1.4984 -0.9643 -0.6630 -0.4490 -0.2705 -0.1101 0.0406 0.1868 0.3315 
18.  -2.0955 -1.7078 -1.5168 -0.9800 -0.6778 -0.4637 -0.2854 -0.1256 0.0244 0.1695 0.3130 
19.  -2.1161 -1.7260 -1.5339 -0.9945 -0.6916 -0.4773 -0.2992 -0.1398 0.0095 0.1538 0.2962 
20.  -2.1354 -1.7429 -1.5498 -1.0080 -0.7043 -0.4899 -0.3119 -0.1529 -0.0041 0.1394 0.2808 
21.  -2.1534 -1.7588 -1.5647 -1.0207 -0.7162 -0.5016 -0.3237 -0.1650 -0.0168 0.1261 0.2667 
22.  -2.1704 -1.7737 -1.5787 -1.0325 -0.7274 -0.5125 -0.3348 -0.1763 -0.0285 0.1138 0.2537 
23.  -2.1863 -1.7878 -1.5919 -1.0437 -0.7378 -0.5228 -0.3451 -0.1869 -0.0394 0.1023 0.2416 
24.  -2.2014 -1.8010 -1.6043 -1.0542 -0.7477 -0.5324 -0.3547 -0.1967 -0.0496 0.0917 0.2304 
25.  -2.2157 -1.8136 -1.6161 -1.0642 -0.7570 -0.5415 -0.3638 -0.2060 -0.0591 0.0817 0.2199 
26.  -2.2293 -1.8255 -1.6272 -1.0736 -0.7658 -0.5501 -0.3724 -0.2147 -0.0681 0.0724 0.2101 
27.  -2.2422 -1.8368 -1.6379 ,-1.0825 -0.7741 -0.5582 -0.3805 -0.2229 -0.0766 0.0636 0.2009 
28.  -2.2544 -1.8476 -1.6480 -1.0910 -0.7820 -0.5659 -0.3882 -0.2307 -0.0846 0.0553 0.1922 
29.  -2.2661 -1.8578 -1.6576 -1.0991 -0.7896 -0.5733 -0.3955 -0.2381 -0.0921 0.0474 0.1840 
30.  -2.2773 -1.8676 -1.6668 -1.1068 -0.7967 -0.5802 -0.4025 -0.2451 -0.0993 0.0400 0.1762 
35. -2.3266 -1.9109 -1.7073 -1.1408 -0.8282 -0.6107 -0.4327 -0.2756 -0.1304 0.0080 0.1429 
40. -2.3675 -1.9467 -1.7408 -1.1687 -0.8540 -0.6355 -0.4572 -0.3001 -0.1553 -0.0176 0.1165 
45. -2.4021 -1.9770 -1.7691 -1.1922 -0.8755 -0.6562 -0.4775 -0.3204 -0.1758 -0.0385 0.0948 
50. -2.4318 -2.0030 -1.7934 -1.2124 -0.8940 -0.6739 -0.4948 -0.3376 -0.1931 -0.0562 0.0766 
60. -2.4808 -2.0458 -1.8334 -1.2454 -0.9242 -0.7027 -0.5229 -0.3654 -0.2211 -0.0847 0.0474 
70. -2.5197 -2.0798 -1.8651 -1.2716 -0.9480 -0.7253 -0.5449 -0.3872 -0.2429 -0.1067 0.0249 
80. -2.5517 -2.1078 -1.8912 -1.2930 -0.9675 -0.7438 -0.5628 -0.4049 -0.2605 -0.1245 0.0068 
90. -2.5786 -2.1312 -1.9131 -1.3110 -0.9838 -0.7592 -0.5778 -0.4196 -0.2752 -0.1392 -0.0081 

100. -2.6017 -2.1514 -1.9318 -1.3264 -0.9977 -0.7724 -0.5905 -0.4320 -0.2876 -0.1516 -0.0207 
150. -2.6823 -2.2216 -1.9972 -1.3798 -1.0459 -0.8177 -0.6342 -0.4747 -0.3298 -0.1939 -0.0633 
200. -2.7322 -2.2650 -2.0376 -1.4126 -1.0754 -0.8453 -0.6606 -0.5005 -0.3551 -0.2191 -0.0886 
250. -2.7670 -2.2952 -2.0657 -1.4355 -1.0958 -0.8644 -0.6789 -0.5182 -0.3725 -0.2363 -0.1059 
300. -2.7931 -2.3179 -2.0668 -1.4525 -1.1111 -0.8787 -0.6924 -0.5313 -0.3854 -0.2491 -0.1186 
350. -2.8136 -2.3357 -2.1034 -1.4660 -1.1231 -0.8698 -0.7031 -0.5416 -0.3955 -0.2590 -0.1285 
400. -2.8303 -2.3503 -2.1169 -1.4769 -1.1328 -0.8989 -0.7117 -0.5499 -0.4036 -0.2671 -0.1365 
450. -2.8443 -2.3624 -2.1282 -1.4860 -1.1409 -0.9064 -0.7189 -0.5568 -0.4104 -0.2737 -0.1432 
500. -2.8562 -2.3727 -2.1378 -1.4937 -1.1478 -0.9128 -0.7249 -0.5627 -0.4161 -0.2794 -0.1488 

1000. -2.9220 -2.4298 -2.1907 -1.5363 -1.1857 -0.9480 -0.7583 -0.5948 -0.4473 -0.3101 -0.1792 



SAMPLE 

SIZE 

TABallaCONTINUED) 
STATISTICAL TOLERANCE FACTORS 

CONFIDENCE LEVEL = 0.9900 

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.50000 0.60000 0.70000 0.75000 0.80000 0.85000 0.87500 0.90000 0.91000 0.92000 0.93000 

5.  1.6809 2.2875 3.0106 3.4478 3.9473 4.5635 4.9448 5.3895 	5.5918 	5.8127 6.0568 
6.  1.3682 1.8742 2.4867 2.8462 3.2590 3.7541 4.0493 4.3957-'4:5593644,7385' 4.9363 
7.  1.1901 1.6438 2.1806 2.4955 2.8578 3.2930 3.5529 3.6563 3.9992 4.1555 4.3284 
8.  1.0602 1.4791 1.9660 2.2509 2.5788 2.9760 3.2197 3.5044 3.6314 3.7691 3.9214 
9.  0.9617 1.3577 1.8198 2.0850 2.3902 2.7591 2.9849 3.2487 3.3672 3.4952 3.6368 
10.  0.8915 1.2664 1.7006 1.9539 2.2455 2.5957 2.8044 3.0462 3.1594 3.2810 3.4155 
11.  0.8320 1.1922 1.6084 1.8508 2.1293 2.4637 2.6630 2.8956 3.0016 3.1175 3.2457 
12.  0.7833 1.1322 1.5343 1.7681 2.0365 2.3584 2.550 1 2.7740 2.8759 2.9873 3.1105 
13.  0.7424 1.0823 1.4732 1.7001 1.9602 2.2720 2.4576 2.6743 2.7730 2.8808 2.9999 
14.  0.7075 1.0400 1.4216 1.6429 1.8962 2.1996 2.3802 2.5910 2.6869 2.7917 2.9075 
15.  0.6771 1.0036 1.3774 1.5939 1.8415 2.1378 2.3142 2.5200 2.6136 2.7158 2.8288 
16.  0.6503 0.9717 1.3390 1.5514 1.7941 2.0844 2.2572 2.4586 2.5503 2.6504 2.7609 
17.  0.6266 0.9436 1.3052 1.5141 1.7526 2.0377 2.2072 2.4050 2.4950 2.593 1 2.7016 
18.  0.6050 0.9179 1.2744 1.4801 1.7148 1.9953 2.1620 2.3564 2.4449 2.5413 2.6479 
19.  0.5854 0.8949 1.2468 1.4497 1.6812 1.9575 2.1218 2.3132 2.4003 2.4953 2.6002 
20.  0.5677 0.8741 1.2220 1.4224 1.6509 1.9237 2.0857 2.2745 2.3604 2.4541 2.5575 
21.  0.5515 0.8552 1.1995 1.3977 1.6236 1.8931 2.0531 2.2396 2.3244 2.4169 2.5190 
22.  0.5366 0.8378 1.1790 1.3752 1.5987 1.8653 2.0235 2.2078 2.2917 2.3831 2.4840 
23.  0.5229 0.8219 1.1602 1.3546 1.5760 1.8399 1.9965 2.1789 2.2618 2.3523 2.4521 
24.  0.5101 0.8072 1.1428 1.3356 1.5551 1.8165 1.9717 2.1523 2.2344 2.3240 2.4229 
25.  0.4983 0.7935 1.1268 1.3181 1.5358 1.7950 1.9488 2.1278 2.2092 2.2980 2.3960 
26.  0.4872 0.7808 1.1119 1.3018 1.5179 1.7751 1.9276 2.1052 2.1859 2.2739 2.3711 
27.  0.4769 0.7690 1.0981 1.2867 1.5013 1.7566 1.9080 2.0841 2.1642 2.2515 2.3479 
28.  0.4672 0.7579 1.0851 1.2726 1.4858 1.7393 1.8896 2.0646 2.1441 2.2307 2.3264 
29.  0.4580 0.7475 1.0730 1.2594 1.4713 1.7232 1.8725 2.0463 2.1252 2.2113 2.3063 
30.  0.4494 0.7377 1.0616 1.2470 1.4576 1.7081 1.8565 2.0291 2.1076 2.1931 2.2875 
35. 0.4126 0.6960 1.0134 1.1946 1.4003 1.6445 1.7891 1.9572 2.0335 2.1167 2.2086 
40. 0.3836 0.6633 0.9758 1.1538 1.3557 1.5952 1.7369 1.9015 1.9763 2.0577 2.1476 
45. 0.3599 0.6368 0.9454 1.1209 1.3198 1.5555 1.6950 1.8569 1.9304 2.0105 2.0989 
50. 0.3401 0.6148 0.9202 1.0938 1.2903 1.5230 1.6606 1.8204 1.8929 1.9718 2.0590 
60. 0.3087 0.5801 0.8809 1.0514 1.2443 1.4724 1.6072 1.7636 1.8346 1.9118 1.9971 
70. 0.2847 0.5537 0.8511 1.0195 1.2097 1.4345 1.5672 1.7212 1.7910 1.8670 1.9508 
80. 0.2655 0.5328 0.8276 0.9944 1.1826 1.4047 1.5359 1.6880 1.7569 1.8320 1.9147 
90. 0.2497 0.5156 0.8085 0.9739 1.1605 1.3806 1.5105 1.6611 1.7293 1.8036 1.8855 
100. 0.2365 0.5013 0.7925 0.9569 1.1422 1.3606 1.4895 1.6388 1.7064 1.7801 1.8612 
150. 0.1920 0.4535 0.7397 0.9007 1.0818 1.2949 1.4204 1.5658 1.6316 1.7032 1.7820 
200. 0.1658 0.4256 0.7091 0.8682 1.0470 1.2572 1.3808 1.5239 1.5887 1.6591 1.7367 
250. 0.1481 0.4068 0.6886 0.8465 1.0238 1.2320 1.3545 1.4961 1.5602 1.6299 1.706? 
300. 0.1351 0.3931 0.6736 0.8307 1.0069 1.2138 1.3354 1.4760 1.5396 1.6088 1.6849 
350. 0.1250 0.3824 0.6621 0.8185 0.9940 1.1998 1.3208 1.4606 1.5238 1.5926 1.6683 
400. 0.1168 0.3739 0.6528 0.8088 0.9836 1.1886 1.3091 1.4482 1.5112 1.5796 1.6550 
450. 0.1101 0.3668 0.6452 0.8008 0.9751 1.1795 1.2995 1.4381 1.5008 1.5690 1.6441 
500. 0.1044 0.3609 0.6388 0.7941 0.9679 1.1717 1.2914 1.4296 1.4921 1.5601 1.6349 
1000. 0.0737 0.3290 0.6045 0.7561 0.9298 1.1307 1.2486 1.3846 1.4460 1.5128 1.5864 



0.94000 0.95000 0.96000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 0.99950 0.99990 

5.  6.3307 6.6448 7.0157 7.4743 8.0878 9.0621 9.9607 10.5712 11.7883 12.5111 14.0490 
6.  5.1585 5.4132 5.7142 6.0866 6.5849 7.3765 8.1069 8.6086 9.6042 10.1953 11.4528 
7.  4.5225 4.7451 5.0079 5.3253 5.7505 6.4269 7.0517 7.4864 8.3656 8.8871 9.9958 
8.  4.0924 4.2887 4.5208 4.8136 5.2064 5.8307 6.4069 6.8056 7.5956 8.0645 9.0619 
9.  3.7959 3.9785 4.1943 4.4614 4.8192 5.3883 5.9139 6.2783 7.0150 7.4521 8.3813 

10.  3.5665 3.7398 3.9446 4.1978 4.5367 5.0755 5.5731 5.9179 6.6083 7.0179 7.8891 
11.  3.3896 3.5548 3.7500 3.9912 4.3142 4.8275 5.3015 5.6300 6.2873 6.6774 7.5068 
12.  3.2489 3.4075 3.5951 3.8270 4.1373 4.6305 5.0858 5.4012 6.0325 6.4070 7.2033 
13.  3.1337 3.2872 3.4685 3.6928 3.9927 4.4695 4.9096 5.2145 5.8245 6.1864 6.9558 
14.  3.0375 3.1866 3.3628 3.5807 3.8721 4.3352 4.7627 5.0588 5.6511 6.0024 6.7494 
15.  2.9556 3.1011 3.2729 3.4854 3.7696 4.2212 4.6379 4.9266 5.5040 5.8464 6.5744 
16.  2.8850 3.0273 3.1954 3.4033 3.6813 4.1230 4.5305 4.8128 5.3773 5.7121 6.4238 
17.  2.8233 2.9629 3.1278 3.3316 3.6042 4.0373 4.4368 4.7136 5.2669 5.5950 6.2926 
18.  2.7675 2.9047 3.0667 3.2670 3.5348 3.9601 4.3525 4.6243 5.1677 5.4899 6.1748 
19.  2.7180 2.8530 3.0125 3.2096 3.4731 3.8917 4.2777 4.5451 5.0796 5.3966 6.0704 
20.  2.6736 2.8067 2.9640 3.1583 3.4180 3.8304 4.2108 4.4742 5.0010 5.3133 5.9771 
21.  2.6336 2.7650 2.9202 3.1120 3.3683 3.7753 4.1506 4.4105 4.9301 5.2382 5.8931 
22.  2.5973 2.7272 2.8805 3.0700 3.3232 3.7253 4.0960 4.3527 4.8660 5.1703 5.8170 
23.  2.5642 2.6927 2.8443 3.0317 3.2822 3.6797 4.0463 4.3001 4.8075 5.1084 5.7477 
24.  2.5339 2.6610 2.8112 2.9967 3.2446 3.6380 4.0008 4.2519 4.7540 5.0517 5.6842 
25.  2.5059 2.6319 2.7806 2.9644 3.2099 3.5996 3.9589 4.2076 4.7048 4.9996 5.6259 
26.  2.4801 2.6050 2.7524 2.9346 3.1780 3.5642 3.9202 4.1666 4.6594 4.9514 5.5721 
27.  2.4561 2.5800 2.7262 t 2.9069 3.1483 3.5313 3.8843 4.1287 4.6173 4.9069 5.5222 
28.  2.4338 2.5567 2.7019 2.8812 3.1207. 3.5007 3.8510 4.0934 4.5781 4.8654 5.4758 
29.  2.4129 2.5350 2.6791 2.8572 3.0949 3.4722 3.8199 4.0605 4.5416 4.8267 5.4326 
30.  2.3934 2.5147 2.6578 2.8347 3.0708 3.4455 3.7908 4.0297 4.5074 4.7906 5.3921 
35. 2.3116 2.4295 2.5687 2.7406 2.9700 3.3339 3.6692 3.9011 4.3648 4.6396 5.2232 
40. 2.2484 2.3638 2.5000 2.6680 2.8924 3.2481 3.5757 3.8023 4.2553 4.5237 5.0937 
45. 2.1979 2.3113 2.4451 2.6102 2.8305 3.1797 3.5013 3.7237 4.1681 4.4315 4.9907 
50. 2.1566 2.2684. 2.4002 2.5628 2.7799 3.1239 3.4405 3.6595 4.0971 4.3563 4.9067 
60. 2.0925 2.2018 2.3306 2.4896 2.7016 3.0375 3.3466 3.5603 3.9873 4.2401 4.7770 
70. 2.0447 2.1522 2.2788 2.4350 2.6433 2.9732 3.2768 3.4866 3.9057 4.1539 4.6807.  
80. 2.0074 2.1134 2.2383 2.3924 2.5979 2.9231 3.2223 3.4291 3.8421 4.0867 4.6057 
90. 1.9772 2.0820 2.2056 2.3580 2.5612 2.8827 3.1784 3.3828 3.7909 4.0325 4.5453 

100. 1.9521 2.0560 2.1785 2.3295 2.5307 2.8493 3.1421 3.3445 3.7485 3.9877 4.4953 
150. 1.8703 1.9712 2.0901 2.2365 2.4317 2.7404 3.0240 3.2198 3.6108 3.8422 4.3331 
200. 1.8236 1.9228 2.0396 2.1836 2.3753 2.6784 2.9568 3.1491 3.5327 3.7597 4.2411 
250. 1.7926 1.8907 2.0062 2.1485 2.3380 2.6374 2.9124 3.1023 3.4811 3.7052 4.1804 
300. 1.7701 1.8675 1.9820 2.1231 2.3110 2.6078 2.8804 3.0685 3.4438 3.6658 4.1366 
350. 1.7530 1.8497 1.9635 2.1037 2.2903 2.5852 2.8559 3.0427 3.4153 3.6358 4.1031 
400. 1.7393 1.8355 1.9488 2.0882 2.2739 2.5672 2.8364 3.0221 3.3927 3.6118 4.0765 
450. 1.7280 1.8239 1.9367 2.0755 2.2604 2.5524 2.8204 3.0053 3.3741 3.5922 4.0547 
500. 1.7186 1.8141 1.9265 2.0649 2.2491 2.5400 2.8069 2.9912 3.3585 3.5758 4.0364 

1000. 1.6686 1.7624 1.8727 2.0085 2.1893 2.4745 2.7361 2.9165 3.2763 3.4890 3.9398 

00 

TABLE III(CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.9900 

- ------- SIZE 	 PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) 3C MINUS (PLUS) Ks 



TABLE 111(CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 
	 CONFIDENCE LEVEL = 0.9950 

SIZE 
	

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 	' 0.20000.  0.25000 0.30000 	0.35000 0.40000 

5.  -1.3957 -1.0889 -0.9284 -0.4477 -0.1289 0.1277 0.3727 0.6242 0.8841 	1.1445 1.4386 
6.  -1.4937 -1.1747 -1.0116 -0.5308 -0.2253 0.0168 0.2380 0.4554 0.6745 	048936 1.1277 
7.  -1.5770 -1.2494 -1.0822 -0.5935 -0.2937 -0.0625 0.1439 0.3430 0.5422 	0.7431 0.9509 
8.  -1.6441 -1.3088 -1.1394 -0.6480 -0.3518 -0.1255 0.0729 0.2604 0.4456 	0.6341 0.8313 
9.  -1.7009 -1.3592 -1.1878 -0.6934 -0.3976 -0.1766 0.0184 0.2002 0.37610.5529 0.7361 
10.  -1.7530 -1.4051 -1.2309 -0.7306 -0.4358 -0.2170 -0.0278 0.1485 0.3197 	0.4903 0.6635 
11.  -1.7978 -1.4448 -1.2685 -0.7640 -0.4691 -0.2520 -0.0655 0.1070 0.2735 	0.4385 0.6052 
12.  -1.8378 -1.4802 -1.3020 -0.7936 -0.4984 -0.2825 -0.0980 0.0717 0.2347 	0.3554 0.5574 
13.  -1.8738 -1.5120 -1.3321 -0.8201 -0.5244 -0.3094 -0.1264 0.0412 0.2014 	0.3589 0.5172 
14.  -1.9064 -1.5409 -1.3594 -0.8440 -0.5478 -0.3333 -0.1516 0.0144 0.1724 	0.3274 0.4827 
15.  -1.9361 -1.5672 -1.3843 -0.8657 -0.5689 -0.3549 -0.1740 -0.0095 0.1469 	0.2997 0.4526 
16.  -1.9635 -1.5913 -1.4071 -0.8856 -0.5881 -0.3744 -0.1943 -0.0308 0.1241 	0.2752 0.4261 
17.  
18.  

-1.9887 
-2.0122 

-1.6136 
-1.6344 

-1.4281 
-1.4477 

-0.9038 
-0.9207 

-0.6057 
-0.6219 

-0.3922 
-0.4084 

-0.2127 
-0.2293 

-0.0501 
-0.0675 

0.1036 0.4024 0.2532 
0.0851 	0.2334 0.3810 

19.  -2.0341 -1.6537 -1.4659 -0.9364 -0.6368 -0.4233 -0.2446 -0.0834 0.0682 	0.2154 0.3616 
20.  -2.0546 -1.6718 -1.4829 -0.9509 -0.6506 -0.4371 -0.2587 -0.0981 0.0528 	0.1989 0.3439 
21.  -2.0738 -1.6887 -1.4988 -0.9646 -0.6636 -0.4499 -0.2718 -0.1117 0.0385 	0.1838 0.3277 1 
22.  -2.0918 -1.7046 -1.5137 -0.9774 -0.6757 -0.4619 -0.2839 -0.1243 0.0253 	0.1698 0.3128 CO 
23.  -2.1088 -1.7196 -1.5278 -0.9894 -0.6871 -0.4732 -0.2953 -0.1361 0.0130 	0.1569 0.2990 -14 
24.  -2.1249 -1.7337 -1.5411 -1.0007 -0.6977 -0.4837 -0.3060 -0.1471 0.0016 	0.1448 0.2862 i 
25.  -2.1401 -1.7471 -1.5537 -1.0115 -0.7078 -0.4937 -0.3161 -0.1574 -0.0092 	0.1336 0.2742 
26.  -2.1546 -1.7598 -1.5657 -1.0216 -0.7174 -0.5031 -0.3255 -0.1671 -0.0192 	0.1230 0.2631 
27.  -2.1683 -1.7719 -1.5770 ,-1.0313 -0.7265 -0.5120 -0.3345 -0.1762 -0.0287 	0.1131 0.2526 
28.  -2.1814 -1.7835 -1.5878 -1.0404 -0.7351 -0.5204 -0.3429 -0.1849 -0.0377 	0.1038 0.2428 
29.  -2.1939 -1.7944 -1.5982 -1.0492 -0.7432 -0.5284 -0.3510 -0.1931 -0.04610.0949 0.2335 
30.  -2.2058 -1.8049 -1.6080 -1.0575 -0.7510 -0.5361 -0.3586 -0.2009 -0.0541 	0.0866 0.2247 
35. -2.2586 -1.8513 -1.6515 -1.0942 -0.7852 -0.5694 -0.3919 -0.2346 -0.0888 	0.0507 0.1871 
40. -2.3024 -1.8897 -1.6875 -1.1243 -0.8132 -0.5965 -0.4187 -0.2617 -0.1164 	0.0221 0.1574 
45. -2.3395 -1.9223 -1.7179 -1.1498 -0.8367 -0.6191 -0.4411 -0.2841 -0.1392 	-0.0013 0.1331 
50. -2.3715 -1.9503 -1.7442 -1.1716 -0.8568 -0.6384 -0.4601 -0.3031 -0.1585 	-0.0210 0.1127 
60. -2.4242 -1.9964 -1.7873 -1.2075 -0.8896 -0.6698 -0.4909 -0.3338 -0.1895 	-0.0527 0.0801 
70. -2.4662 -2.0332 -1.8216 -1.2359 -0.9156 -0.6946 -0.5151 -0.3578 -0.2136 	-0.0772 0.0550 
80. -2.5008 -2.0634 -1.8498 -1.2591 -0.9368 -0.7148 -0.5348 -0.3773 -0.2331 	-0.0969 0.0349 
90. -2.5300 -2.0888 -1.8735 -1.2787 -0.9546 -0.7316 -0.5512 -0.3934 -0.2492 	-0.1132 0.0183 
100. -2.5550 -2.1107 -1.8939 -1.2954 -0.9698 -0.7460 -0.5651 -0.4072 -0.2629 	-0.1270 0.0043 
150. -2.6424 -2.1869 -1.9650 -1.3536 -1.0224 -0.7957 -0.6130 -0.4542 -0.3095 	-0.1737 -0.0430 
200. -2.6967 -2.2342 -2.0090 -1.3894 -1.0546 -0.8259 -0.6421 -0.4825 -0.3375 	-0.2016 -0.0710 
250. -2.7347 -2.2672 -2.0397 -1.4144 -1.0770 -0.8469 -0.6621 -0.5020 -0.3567 	-0.2206 -0.0901 
300. -2.7632 -2.2920 -2.0628 -1.4331 -1.0938 -0.8625 -0.6771 -0.5165 -0.3709 	-0.2347 -0.1043 
350. -2.7857 -2.3115 -2.0809 -1.4478 -1.1069 -0.8748 -0.6888 -0.5278 -0.3820 	-0.2457 -0.1152 
400. -2.8040 -2.3274 -2.0957 -1.4598 -1.1176 -0.8847 -0.6982 -0.5369 -0.3909 	-0.2546 -0.1241 
450. -2.8193 -2.3407 -2.1080 -1.4697 -1.1265 -0.8930 -0.7061 -0.5446 -0.3984 	-0.2619 -0.1314 
500. -2.8323 -2.3520 -2.1185 -1.4782 -1.1340 -0.9001 -0.7128 -0.5510 -0.4047 	-0.2682 -0.1376 
1000. -2.9045 -2.4146 -2.1767 -1.5251 -1.1757 -0.9388. -0.7495 -0.5864 -0.4392 	-0.3021 -0.1713 



TABLE III (CONTINUED) 
STATISTICAL TOLERANCE FACTORS 

SAMPLE 
SIZE 

CONFIDENCE LEVEL = 0.9950 

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) iMINUS (PLUS) Ks ---- 

0.50000 0.60000 0.70000 0.75000 0.80000 0.85000 0.87500 0.90000 	0.91000 0.92000 0.93000 

5.  2.0590 2.7854 3.6302 4.1505 4.7523 5.4964 5.9595 6.4987 	6.7438 7.0113 7.3068 
6.  1.6491 2.2213 2.9262 3.3528 3.8413 4.4255 4.7734 5.1790 	5.3636 5.5651 5.7880 
7.  1.3999 1.9015 2.5074 2.8637 3.2804 3.7802 4.0784 4.4265 	4.5850 4.7582 4.9496 
8.  1.2320 1.6887 2.2380 2.5517 2.9133 3.3577 3.6231 3.9330 	4.0777 4.2370 4.4131 
9.  1.1179 1.5460 2.0390 2.3343 2.6744 3.0832 3.3274 3.6127 	3.7427 3.8847 4.0417 
10.  1.0277 1.4307 1.9011 2.1769 2.4939 2.8750 3.1026 3.3685 	3.4898 3.6225 3.7692 
11.  0.9541 1.3384 1.7859 2.0476 2.3484 2.7095 2.9251 3.1769 	3.2917 3.4173 3.5561 
12.  0.8947 1.2648 1.6946 1.9454 2.2334 2.5789 2.7851 3.0259 	3.1357 3.2557 3.3884 
13.  0.8454 1.2044 1.6200 1.8621 2.1399 2.4729 2.6715 2.9034 	3.0091 3.1246 3.2523 
14.  0.8036 1.1535 1.5576 1.7926 2.0620 2.3847 2.5770 2.8016 	2.9039 3.0157 3.1393 
15.  0.7676 1.1100 1.5045 1.7335 1.9959 2.3099 2.4970 2.7155 	2.8150 2.9237 3.0438 
16.  0.7361 1.0723 1.4585 1.6825 1.9389 2.2456 2.4283 2.6415 	2.7385 2.8446 2.9618 
17.  0.7083 1.0390 1.4183 1.6380 1.8892 2.1696 2.3684 2.5770 	2.6720 2.7758 2.8905 
18.  0.6829 1.0085 1.3814 1.5971 1.8438 2.1385 2.3140 2.5186 	2.6118 2.7136 2.8260 
19.  0.6600 0.9813 1.3485 1.5608 1.8035 2.0933 2.2658 2.4670 	2.5585 2.6585 2.7689 
20.  0.6393 0.9568 1.3190 1.5283 1.7674 2.0529 2.2227 2.4208 	2.5109 2.6093 2.7180 
21.  0.6205 0.9345 1.2924 1.4989 1.7349 2.0165 2.1840 2.3793 	2.4681 2.5651 2.6722 
22.  0.6032 0.9142 1.2681 1.4723 1.7054 1.9835 2.1489 2.3417 	2.4294 2.5250 2.6307 
23.  0.5874 0.8956 1.2460 1.4480 1.6786 1.9535 2.1169 2.3074 	2.3941 2.4886 2.5930 
24.  0.5727 0.8785 1.2257 1.4257 1.6539 1.9259 2.0876 2.2761 	2.3618 2.4552 2.5585 
25.  0.5591 0.8627 1.2069 1.4051 1.6312 1.9006 2.0607 2.2472 	2.3321 2.4246 2.5267 
26.  0.5464 0.8480 1.1896 1.3861 1.6103 1.8772 2.0358 2.2206 	2.3047 2.3963 2.4974 
27.  0.5345 0.8343 1.1734 ' 	1.3684 1.5908 1.8555 2.0128 2.1960 	2.2793 2.3701 2.4703 
28.  0.5234 0.8214 1.1583 1.3520 1.5727 1.8353 1.9913 2.1730 	2.2557 2.3457 2.4451 
29.  0.5129 0.8094 1.1442 1.3366 1.5557 1.8165 1.9713 2.1516 	2.2336 2.3230 2.4216 
30.  0.503 1 0.7981 1.1310 1.3222 1.5399 1.7988 1.9526 2.1316 	2.2130 2.3017 2.3996 
35. 0.4612 0.7504 1.0754 1.2616 1.4734 1.7250 1.8742 2.0479 	2.1269 2.2129 2.3077 
40. 0.4282 0.7130 1.0321 1.2145 1.4218 1.6678 1.8137 .9833 	2.0603 2.1443 2.2369 
45. 0.4014 0.6827 0.9972 1.1767 1.3804 1.6220 1.7652 .9316 	2.0072 2.0895 2.1803 
50. 0.3791 0.6576 0.9685 1.1456 1.3465 1.5846 1.7256 .8894 	1.9638 2.0449 2.1342 
60. 0.3437 0.6183 0.9236 1.0973 1.2939 1.5266 1.6643 .8242 	1.8968 1.9758 2.0630 
70. 0.3167 0.5884 0.8899 1.0610 1.2545 1.4833 1.6186 .7757 	1.8469 1.9245 2.0100 
80. 0.2951 0.5648 0.8633 1.0325 1.2236 1.4495 1.5829 .7378 	1.8080 1.8845 1.9688 
90. 0.2775 0.5456 0.8417 1.0093 1.1966 1.4221 1.5541 .7072 	1.7766 1.8522 1.9355 
100. 0.2627 0.5294 0.6237 0.9901 1.1779 1.3994 1.5302 .6818 	1.7506 1.8254 1.9079 
150. 0.2130 0.4759 0.7644 0.9268 1.1098 1.3252 1.4521 .5992 	1.6658 1.7383 1.8182 
200. 0.1839 0.4448 0.7300 0.8903 1.0706 1.2827 1.4075 .5520 	1.6175 1.6887 1.7671 
250. 0.1642 0.4238 0.7070 0.8660 1.0446 1.2544 1.3779 .5208 	1.5855 1.6558 1.7333 
300. 0.1497 0.4085 0.6903 0.8483 1.0257 1.2340 1.3565 .4982 	1.5623 1.6321 1.7089 
350. 0.1385 0.3966 0.6774 0.8347 1.0112 1.2183 1.3401 .4809 	1.5446 1.6139 1.6902 
400. 0.1295 0.3871 0.6671 0.8238 0.9996 1.2058 1.3270 .4671 	1.5305 1.5994 1.6753 
450. 0.1220 0.3793 0.6586 0.8149 0.9901 1.1955 1.3163 .4558 	1.5189 1.5875 1.6631 
500. 0.1157 0.3727 0.6515 0.8074 0.9821 1.1869 1.3073 .4463 	1.5092 1.5776 1.6529 
1000. 0.0816 0.3372 0.6133 0.7673 0.9395 1.1411 1.2594 .3960 	1.4577 1.5248 1.5987 



.TABLE III(CONTINUED) 

STATISTICAL TOLERANCE FACTORS 

SAMPLE 	 CONFIDENCE LEVEL = 0.9950 

SIZE 	 PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks 

0.94000 0.95000 0.96000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 0,99950 0.99990 

5.  7.6382 8.0181 8.4523 8.9781 9.6824 10.8031 11.8390 12.5740 14.0532 14.9304 16.7948 
6.  6.0382 6.3252 6.6681 7.1037 7.6865 8.6121 9.4660 10.0515 11.2118 11.9006 13.3663 
7.  5.1647 5.4114 5.7030 6.0640 6.5475 7.3165 8.0269 8.5193 9.5058 10.0913 11.3370 
8.  4.6110 4.8379 5.1062 5.4240 5.8480 6.5230 7.1473 7.5815 8.4718 8.9999 10.1225 
9.  4.2181 4.4206. 4.6599 4.9562 5.3530 5.9842 6.5672 6.9714 7.7808 8.2612 9.2831 

10.  3.9341 4.1233 4.3469 4.6234 4.9936 5.5824 6.1263 6.5033 7.2597 7.7087 8.6637 
11.  3.7122 3.8912 4.1028 4.3645 4.7148 5.2718 5.7864 6.1430 6.8580 7.2824 8.1850 
12.  3.5374 3.7085 3.9107 4.1607 4.4953 5.0275 5.5190 5.8596 6.5421 6.9472 7.8087 
13.  3.3958 3.5604 3.7549 3.9956 4.3176 4.8296 5.3025 5.6301 6.2864 6.6/59 7.5041 
14.  3.2782 3.4375 3.6258 3.8586 4.1702 4.6656 5.1230 5.4399 6.0746 6.4511 7.2519 
15.  3.1788 3.3336. 3.5166 3.7429 4.0457 4.5271 4.9715 5.2794 5.8958 6.2615 7.0392 
16.  3.0935 3.2445 3.4230 3.6437 3.9390 4.4083 4.8416 5.1418 5.7426 6.0990 6.8570 
17.  3.0193 3.1670 3.3416 3.5574 3.8462 4.3052 4.7288 5.0223 5.6096 5.9580 6.6988 
18.  2.9522 3.097Q 3.2681 3.4797 3.7626 4.2124 4.6274 4.9149 5.4902 5.11315 6.5570 
19.  2.8929 3.0351 3.2031 3.4109 3.6888 4.1303 4.5378 4.8200 5.3847 5.7196 6.4317 
20.  2.8400 2.9794 3.1452 3.3496 3.6229 4.0572 4.4579 4.7355 5.2907 5.6200 6.3200 1 
21.  2.7924 2.9302 3.0931 3.2944 3.5637 3.9915 4.3862 4.6595 5.2063 5.5305 6.2198 
22.  2.7493 2.8853 3.0460 3.2446 3.5102 3.9321 4.3213 4.5909 5.1300 5.4497 6.1293 6` 
23.  2.7101 2.8445 3.0031 3.1993 3.4616 3.8781 4.2624 4.5285 5.0607 5.3763 6.0471 1 
24.  2.6743 2.8071 2.9639 3.1578 3.4171 3.8288 4.2085 4.4715 4.9974 5.3092 5.9720 
25.  2.6414 2.7728 2.9279 3.1198 3.3762 3.7835 4.1591 4.4192 4.9393 5.2476 5.9030 
26.  2.6110 2.7411 2.8947 3.0847 3.3386 3.7417 4.1135 4.3709 4.8857 5.1909 5.8395 
2T. 2.5828 2.7117 2.8640 3.0521 3.3037 3.7030 4.0713 4.3263 4.8361 5.1384 5.7807 
28.  2.5566 2.6845 2.8354 3.0219 3.2713 3.6671 4.0322 4.2849 4.7901 5.0896 5.7262 
29.  2.5322 2.6590 2.8088 2.9938 3.2411 3.6337 3.9957 4.2463 4.7473 5.0443 5.6754 
30.  2.5094 2.6353 2.7839 2.9675 3.2129 3.6024 3.9616 4.2102 4.7073 5.0019 5.6280 
35. 2.4141 2.5360 2.6799 2.8577 3.0953 3.4722 3.8196 4.0600 4.5406 4.8254 5.4306 
40. 2.3407 2.4596. 2.6000 2.7734 3.0049 3.3723 3.7108 3.9450 4.4131 4.6904 5.2796 
45. 2.2821 2.3987' 2.5363 2.7062 2.9331 3.2929 3.6243 3.8536 4.3118 4.5833 5.1599 
50. 2.2344 2.3491 2.4844 2.6515 2.8746 3.2282 3.5540 3.7793 4.2295 4.4962 5.0627 
60. 2.1607 2.2725 2.4043 2.5671 2.7844 3.1287 3.4457 3.6649 4.1029 4.3623 4.9131 
70. 2.1059 2.2156. 2.3449 2.5045 2.7175 3.0550 3.3655 3.5803 4.0092 4.2632 4.8025 
80. 2.0632 2.1715 2.2986 2.4558 2.6655 2.9976 3.3032 3.5145 3.9364 4.1863 4.7166 
90. 2.0288 2.1355 2.2614 2.4166 2.6236 2.9515 3.2531 3.4616 3.8779 4.1244 4.6476 

100. 2.0003 2.1060 2.2305 2.3841 2.5890 2.9134 3.2117 3.4179 3.8296 4.0734 4.5907 
150. 1.9077 2.0094 2.1303 2.2788 2.4767 2.7899 3.0776 3.2765 3.6733 3.9082 4.4065 
200. 1.8549 1.9552 2.0734 2.2190 2.4130 2.7198 3.0017 3.1964 3.5849 3.8148 4.3024 
250. - 1.8200 1.9191 2.0357 2.1795 2.3710 2.6737 2.9517 3.1436 3.5267 3.7533 4.2340 
300. 1.7948 1.8930 2.0086 2.1510 2.3406 2.6404 2.9156 3.1056 3.4847 3.7090 4.1846 
350. 1.7755 1.8731 1.9878 2.1292 2.3174 2.6149 2.8881 3.0766 3.4527 3.6752 4.1470 
400. 1.7602 1.8572 1.9713 2.1118 2.2990 2.5947 2.8662 3.0535 3.4273 3.6484 4.1171 
450. 1.7476 1.8441 1.9577 2.0976 2.2839 2.5782 2.8482 3.0346 3.4065 3.6264 4.0926 
500. -1.7371 1.8332 1.9464 2.0857 2.2712 2.5643 2.8332 3.0188 3.3890 3.6079 4.0721 

1000. 1.6812 1.7755 1.8863 2.0228 2.2044 2.4910 2.7539 2.9353 3.2970 3.5108 3.9641 
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CHAPTER '6 

THE DISTRIBUTION OF h = (k) 

6.a. SamiDling Distribution 

The popular method of estimating 71 is to employ 

h = Q (k)5  the cumulative normal distribution with 

argument k. Given the sampling distribution of k (from 

the previous chapter), the sampling distribution of 

h can be obtained directly. See Table 6.1. Sketches 

of the probability density functions for k and h are 

shown in Figure 6.1 for the same noncentrality and 

sample size used in Table 6.1. The function is the 

noncentral t density which is tabulated in (Resnikoff 

and Lieberman, 1957). 
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TABLE 6.1 

Sampling Distribution of h = Q (k), 	N = 

Percentiles 	 k 	h = 

10, 	1 = 

0 (k) 

0.0050 0.4358 o.6688 

0.0100 0.5075 0.6942 

0.0250 0.6152 0.7309 

0.0500 0.7115 0.7617 

0.1000 0.8284 0.7964 

0.2000 0.9812 0.8368 

0.3000 1.1012 0.8646 

0.4000 1.2122 0.8873 

0.5000 1.3241 0.9073 

0.6000 1.4449 0.9258 

0.7000 1.5862 0.9437 

0.8000 1.7701 0.9617 

0.9000 2.0656 0.9806 

0.9500 2.3547 0.9907 

0.9700 2.6480 0.9958 

0.9900 3.0482 0.9988 

0.9950 3.3685 0.9996 

0.90 



17=0.90 	N=10 

2.5 	3.0 1.0 	1.5 	2.0 
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FIGURE 6.1  
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6.b. Transformations  

The effect of the transformation of k to h is to 

convert a right skewed distribution to a left skewed 

distribution. See Figures 6.1 and 6.2. Several 

_ additional transformations of both k and h were studied 

with the objective of finding a symmetrical sampling 

distribution. For k, the most effective transformation 

roughly linear when plotted on normal 

See Figure 6.3. For h, the trans- 

h - ) produces a distribution 

was log k which is 

probability paper. 

forMation to (log log 
1-h 

which is approximately normal and also appears to 

stabilize the variance of h, at least in the range 

from 11 = .9 to 71 = .999. See Figure 6.4. Note that 

this transformation is related to the Fisher-Yates 

'Logit' which is 1/2 log —11— ; it is the equivalent of 
1-5 

the log 'Logit'. 

6.c. Expectation of h 

The expected value of h was obtained by numerical 

integration from'Table 6.1 over the range available, 

0.5°/o to 99.50/o. In the interval from 10°/o to 90 / , 

Simpson's Rule was employed; from .5°/o to 100/0 and 

from 900/0 to 99.50/0 the trapezoidal rule was required 

due to the unequal spacing of the percentiles. The 
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average obtained was divided by 0.99 to account for 

the missing 1°/o. 

6.d. Bias  

The bias b of W. was determined by the above 

procedure for sample size ten for eight values of T1 

and is plotted as Figure 6.5. 
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FIGURE 6.5  
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CHAPTER 7 

THE DISTRIBUTION OF h, AN UNBIASED ESTIMATE OF Ti 

7.a. An Iterative Method  

If the bias in the estimate h were constant over 

the sampling distribution, an unbiased estimate could 

be produced by correcting h for its bias, b. Unfortu-

nately, the bias is not constant (Figure 6.5). The 

author experimented with iterative computer methods 

with the hope that there exists a bias function which 

could. be used to correct h to an unbiased estimate, and 

.that if the function does exist, a computer program 

could be made to converge to it. The following method• 

was successful and the results are shown in Volume II 

as Program 7.1. 

(1) Select a. range of values of 71 between 0.5 

and 1.0. See for example those indicated in 

Figure.6 5. • 

(2) For each value of Ti,  generate the distribution 

of k. 

(3) First trial. Transform the k values to h as 

illustrated in Chapter 6. (k). Determine 

  

the.bias b in estimating. 11 and plot l/2b versus 

Tl + 	Let 17 = lb Connect these points 2 
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with straight lines. See Figure 7.1. 

(4) Second trial. Transform each k distribution 

to a distribution of h, where the bar indicates 

interim 

E 

and the 

values less biased than h. 

- (lc) 	15  

(7.1)  interim_bias function, b, is read 

from the dotted line in Figure 7.1. Determine 

the new bias in the distribution of T by 

numerical integration and plot the sum of b 

and one half of the bias as the second trial 

in Figure 7.1. 

(5) Repeat (4) until the maximum (absolute) bias 

is less than any required small tolerance; 

The value 0.0001 was used in Program 7.1 and 

the 'function converged in twenty trials as 

shown in Figure 7.1. The final result is a 

correction bias function (Figure 7.1) which 

results in an unbiased estimate, h, (within 

0.0001) when employed in the relation: 

(k) - b 	(7.2) h= 
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The use of one-half the indicated bias instead of 

the entire bias avoided interim values of h greater 

than one and may have improved the stability of con-

vergence. Additional accuracy could be obtained by 

refining the normal table approximation and using more 

values of 7) in step (1). However at this point the• 

paper by (Lieberman and Resnikoff, 1955) was discovered.  

7.b. Exact Method  

This paper contains a formulation for exact values 

of h. 

It is shown that if: 

1 - h 

T  (N-2 N-2) 

2 ' 2  for 0 < Z < 1 

0 	for Z < 0 

1 	 for Z > 1 

(7.3) 

and Iz  (a,b) is the Incomplete Beta Function ratio 

with parameters a, and b, then (1-h) is a uniformly 

minimum variance unbiased estimator. The proof is 

based on the Blackwell-Rao theorem extended by (Lehman 

and Scheffe) and uses the fact that another unbiased 

estimator exists, h, which is not a function of the 

normal' sufficient statistics, while h is a function of 

the sufficient statistics. In this case the attribute 
v. 

ratio, h, of the number of number values exceeding the 
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limit L, to the sample size, N, is an unbiased estimate 

(binomial) which is not a function of the sufficient 

statistics of the normal distribution. (Lehman and 

Scheffe) have further shown that if the sufficient 

statistic is complete, the unbiased estimate which is 

a function of this statistic will have uniformly smallest 

variance. The remainder of the derivation consists 

of evaluating the expression 

1 - h = 	I 5.,$) 	(7.4) 

using the joint density of X and s, and transforming 

the result to the density of the symmetrical aeta dis-

tribution. Tables of values of (1-h) are given in 

(Lieberman and Resnikoff, 1955) and more completely in 

(Bowker and Lieberman, 1959). .The excellent agreement 

between the results from the iterative procedure and 

the referenced tables is illustrated in Figure 7.2. 

It is stated in (Lieberman and Resnikoff, 1957) that ?id  

and h are asymptotically equivalent and asymptotically 

efficient. It is also mentioned that for small sample 

sizes, the minimum mean square error, E(h-Y1)2  versus 
.- 

E(h-11)`, depends on 11 and that neither h nor 	is clearly 

'best' in this sense, although h is 'best' among unbiased 

estimators. Throughout the referenced texts, (1-h) is 
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FIGUR.E 7.1 
A COMPARISON OF TI-4E  

AND EXACT METi-40DS  
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the estimator rather than h as the parameter is per 

cent defective rather than reliability which is the ' 

complement of per cent defective. However, the methods 

are directly applicable as an unbiased estimate of (1-h) 

immediately gives an unbiased estimate of h. 

7.c. Interval Estimates of 71  

The sampling distribution of h is skewed for all 

values of 11 except 0, 0..5, and 1.0. Although it is 

possible to estimate the variance of h, this measure 

of variability has less significance with a skewed 

distribution than with a symmetric distribution and a 

confidence interval estimate is a more meaningful measure 

of precision. An analogy can be made with the problem 

of estimating the binomial parameter p, where the usual 

measure of precision is a confidence interval. 	For 

very small or very large p, the limiting value of zero 

and one are used for the one bound of the interval and 

the other bound is determined from sampling distribution. 

The interval determined by these confidence bounds has 

the characteristic that if an infinite number of samples 

were drawn, and an interval calculated from each sample, 

'then a proportion a of the intervals would contain the 

true value being estimated. 
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7.d. Sides and Limits  

If one of the confidence interval bounds is set 

equal to the maximum or minimum value possible, the 

interval is described as one-sided. This is equivalent 

to stating that the parameter being estimated is greater 

than (less than) the lower (upper) one-sided bound with 

confidence a. 

If the interval is not bounded by a maximum or 

minimum value, it is said to be two-sided. The risk 

of error may be partitioned in any manner between the 

upper and lower sides, but the most popular split is 

-x 
even, (12

a) above and below. ` 

The study reported herein involves fixed limits 

on the scale of measured variables.' There may be single 

or double limits and there may be one-sided or two-sided 

confidence intervals; all four combinations are possible. 

To avoid confusion full nomenclature such as, one-sided,, 

double limit, confidence interval, will be maintained 

hereafter, even though it is awkward. 

7.e. Examples  

Example (1) of. Chapter 5 illustrates the method 

for determining a lower, one-sided, single limit, con-

fidence bound, the upper bound taken as one. Another 
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example will illustrate the application of the method 

to reliability analysis: 

(1) Assume the specific impulse reliability of 

a rocket engine is defined as the probability that the 

specific impulse, on any randomly selected firing, will 

exceed or equal the guaranteed value. Specific impulse 

is a measure of efficiency and is defined as pounds of 

thrust produced per pound of propellant per second. 

Given: (1) a. guaranteed limit of 400 seconds, 

(2) that specific impulse data are normally 

distributed. 

(3) a sample of ten firings with an average of 

410.0 seconds and a sample standard devia-

tion of 4.29 seconds. What is an unbiased 

estimate and a one-sided, single limit 

90°/o confidence bound for impulse reli-

ability? 

X-L 410 - 400  
k = 4.29 	— 2'33  

From Table III 

hC.90o/0 = 93.0°/0 

From (Resnikoff and Lieberman, 1957) 1-h = 0.00189 

h = 99.811°/o 
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An exact solution for the one-sided, double limit, 

confidence interval is not available but (Resnikoff 

and Lieberman, 1955) state: 'For the case where there 

is a double specification limit one of the authors made 

numerical investigations of the OC curves for various 

divisions of the per cent defective. It was evident 

that the band was so narrow that for all practical 

purposes it can be assumed to be a single OC curve, i.e. 

the OC of the one-sided plan.' Their discussion is in 

terms of a double limit test of significance but it is 

applicable to the problem of a one-sided, double limit 

confidence interval. The investigation referred to 

in the quotation is (Resnikoff, 1952). The method is 

also described under variablessampling plans in (Bowker 

and Lieberman, 1959); * it is stated that the operating 

characteristic curve for the equivalent single limit 

is contained within the narrow bound of the various 

possible double limits. The procedure is as follows: 

(1) Given a sample of size N from a normal dis- 

tribution, an upper limit U, and a lower 

- limit L, calculate ku  USX , kL = 

(2) Determine hu  and hL  from (Bowker and Lieberman, 

1959) and sum h = hu  + hL  - 1. 
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(3) Determine the equivalent one-sided k from 

the same table entering with h 

(4) From Table III determine the lower confidence 

bound. (The upper bound is 1.0) 

To illustrate assume in example (1) 

that h hL + hu  - 1 = 99.8110/0 

then k = 2.33 

and the rest of the solution is identical to (1). 

To verify that this approximation is accurate, 

a Monte Carlo simulation was conducted using a repli-

cated, two factor, three level factorial. (Program 

7.2). The factors were the partition and the magni-

tude of T. The required levels of both factors were 

obtained by selecting the limits, L and U, from a table 

of the cumulative probability distribution of the normal 

distribution. A comparison between the ranked, nine-

tieth observations from 100 trials is shown in Table 

7.1. All of the 1800 trials are'shown in Volume II, 

Program 7.2. It may be concluded from these results, 

that the Resnikoff and Lieberman conclusion is also 

correct for confidence intervals; the approximation 

is good, particularly at high reliability, the area of 

interest, and the error appears to be conservative, 
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that is the one-sided, single limit confidence interval 

is longer than the one-sided, double interval. For 

the single limit case, column three in Table'7.1, the 

upper ninetieth percentile of distribution from Table 

III is indicated for comparison. (Unfortunately, it 

is an approximate comparison as the expected value of 

the ninetieth ranked observation in 100 trials is only 

approximately the ninetieth percentile of the distribution) 

TABLR 7.1 

PARTITION OF TAIL AREAS • 

11 1-111,  = 	1-1 9(1- L) 	= 1-1 

k .  h k h k h 

1.98 .9873 2.17 .9948 2.28 .99733 
0.90 

. 2.07 .9914 1.92 .9838 2.00 .9983 

(2.07) (.9914) 

2.66 .99996 2.45 .99931 2.61 .99991 
0.95 

2.48 .99949 2.44 .99924 2.63 .99993 

(2.57) (.99983) 

2.75 1.0 2.75 1.0 2.75 1.0 
0.99 

2.75 1.0 2.75 .  1.0 2.75 1.0 

(3.53)(1.0) 

€Because the last step in the procedure is an inverse 
table 'lookup', the equivalent k < 2.75 for N = 10. 
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With regard to the effect of the double-single 

limit procedure on point estimates, the analysis is 

easier. Both hL  and hu  are unbiased point estimates 

(single limits) and therefore, their sum is also an 

unbiased estimate even though ht,  and hu  are negatively 

correlated. 



tion is well known: 

Ns6  Vc,$) 	( 	) e 

[(N-1)s2+N(7-µ)2) 

(8.1) 
1 	2 a 2 N 
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CHAPTER 8 

LIKELIHOOD ESTIMATES  

8.a. Likelihood Function  

Given observations X1, X2, X3,....,XN  from a normal 

distribution with unknown mean, µ, and variance, a2, the 

joint likelihood function of the mean and standard devia- 

A plot of the likelihood contours for a typical sample of 

data is shown as Figure 8.1. These results were calculated 

in Program 8.1. 

Given a limit L, taken as the origin without loss of 

generality, the parameter of interest is the ratio µ/a, 

because the proportion of the distribution exceeding the 

limit is the value of the cumulative probability distri-

bution of the normal distribution with argument, µ/a. 

A joint likelihood function involing the ratio may be 

obtained from the equation (8.1) by substituting: 

4 = (4/a) a • 
(Z.11) a 

(14)-1(11)) a 
	(8.2) 
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CO,a0:,$) 	1  IN 

1E0- 1 

(N-1)s2+N(R-00-1(.0)  

e 	262 
 (8.3) 

A contour plot of this function for the same data is shown 

as Figure 8.2 and was also calculated in Program 8.1. 

Unfortunately, this likelihood function is a joint ex-

pression for the likelihood of the reliability, Ti, which 

is of interest and the standard deviation a, which is 

irrelevant to the problem at hand. The latter parameter 

has been called a nuisance parameter by R. A. Fisher for 

obvious reasons; it is not clear how the standard devia-

tion, a, should be dealt with. At least three treatments 

seem to have some merit: 

(1) If in the future, knowledge of the standard 

deviation may be available, perhaps from further experi-

mentation, then the best course of action is probably 

to retain the entire joint likelihood function. 

When the standard deviation is known, the likelihood 

function of q is obtained from Equation (8.3) by substi-

tution. See Figure 8.3 (bottom) which represents cross-

sections of Figure 8.2 at constant a. A consid.erable 

improvement in the precision of estimating the ratio 

might be obtained by this method. 
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FIGURE 	8.Z 
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(2) The standard deviation may be taken as the 

maximum likelihood value. Although this procedure has some 

justification, if the true value is significantly different 

from the maximum likelihood estimate, the likelihood func-

tion may be grossly in error as shown by Figure 8.3. . 

(3) The standard deviation may be integrated out 

using a weighting function. The problem here is to select 

the correct weighting. (Jeffries) suggests the reciprocal 

of the standard deviation. This function is equivalent 

to uniform weighting for the logarithm of the standard 

deviation. Note that although the weighting function 

has been taken from Bayesian literature, the result is 

a likelihood function rather than a posterior distribution 

because the likelihood of 71 has not been weighted. 
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(8.4) 
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It will be shown that this likelihood function, 

Equation (8.4), is related to the noncentral t density 

in the same sense that the joint likelihood function, 

Equation (8.3), is related to the normal density. This 

link between the likelihood, Baye0.an and frequentist 

methods was found through analys$s of the likelihood 

function, Figure 8.2. 

Joint Density of )7 s: 

2710.). 	2  1  N ( 	exp ( 	20, 	) sN -2 
 

K N 

where PCN is a function of N. 

Joint Density of t 4  

(tIs 

Density of t: 

(t) exp- 
a le- 



(8.5 

using: 1_1=-- 	au = a2 55 6 ) 	CS 
5  14  'oes 	u w' Ge u c5-4 

g 	= (-* 

Equations (8.4+) and (8.5) are of the same form. 

To illustrate the effect of integrating out the 

standard deviation, the resulting likelihood function, 

Equation (8.4), has been evaluated for the sample data 

and is plotted on Figure 8.3 (labelled '4ingle limit') 

for comparison with the joint likelihood function, Figure 

8.2. 

The three treatments of the joint likelihood function 

are not equivalent, For example, in general the maximum 
A 

likelihood estimates h, of 11, will be different for each 

of the three methods. The choice is controversial; the 

authorls recommendation is to first plot the contours 

of the joint likelihood function as this was most enlight-

ening with the sample data, and to employ the other two 

methods *only:if necessary, that is, if:the true value 

of the standard deviation will remain unknown.. The second 

.method is not recommended unless:the variance can be 
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estimated with considerable prdcision; that is a sharp, 

peaked likelihood curve must result from sectioning the 

joint likelihood at constant 11. 

8.b. Maximum Likelihood Estimates  

As previously mentioned, in general the three pro-

cedures for treating the likelihood function lead to 

different maximum likelihood estimates although they 

will be approximately equal. The maximum likelihood 

estimate for methods (1) and (2) are determined by sub-

stituting the value of a in the joint normal likelihood 

expression, Equation (8.2) and determining the value 

of I] that maximizes the function. For method (3), the 

estimate is determined from the noncentral t likelihood, 

Equation (8,4) or' the, following equivalent expression. 
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The noncentrality parameter that maximizes this expression 

for a given sample may be found by trial and error using .  

the (Mathematical. Tables) of Airey's function However, 

it is not.an easy task. In the section Nritten by R. A. 

Fisher, a large, sample approximation forJkireyis functiont 

is given and it is shown that. for a given noncentrality 

using the approximation, the modal valup.of-the noncentral 

t density occurs at' 

X-L X-L 
A 	S • 
s. 

(8.7) 

The modal value,  was obtained by setting the first deri 

vative equal to zero. The author repeated the derivation 

holding k constant and taking the derivative with respect 

to noncentrality. The result is a large sample approxi-

mation for the maximum likelihood estimate of 1] 

(8.8) 

Comparing the exact trial and error results with this 

approximation, it appears to be reasonably accurate for. 

sample sizes as 
	

teri. 
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8.c. Bayesian Estimates  

Within. this thesis .there is no requireMent for 

Bayesian estimates of the performance reliabilities but 

Chapter 14 is devoted to.Bayesian estimates of overall 

reliability and, as an interim step in the procedure, 

the performance reliability functions are weighted with 

prior probability functions. Discussionwill therefore 

be postponed until Chapter 14. Here it is sufficient 

to indicate that, the posterior probability of a perfor-

mance reliability is proportional to the product of its 

likelihood and,prior probability. 'Thedifficultieswith 

the procedure are associated with selecting the correct 

prior distribution; the integration of the likelihood 

function and the prior, probability is fairly easy. 

In, Chapter, 7 the problem of double limits was dis-

cussed and in summary, the procedure adopted was to esti-

mate the areas in the tails of the distribution below 

the lower limit and above the upper limit and add these 

estimates together. The sum and the' corresponding 

equivalent, single limit k, are then treated as single 

limit results. It was shown by simulation Program 7.2 

that single limit and,double limit performance parameters 
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with the same reliability have similar sampling distri-

butions under this treatment and therefore it was confirmed 

that the procedure is approximately valid as reported by 

(Resnikoff and Lieberman '1955  and 1957). 

It is interesting to re-examine this approximation 

using the likelihood function. Under the general likeli-

hood principle'(Barnard et al), two experiments which 

produce equivalent likelihood functions are equivalent 

with regard to inference. The double limit procedure 

leads to the same inference if the sum .of the estimates 

of the tail areas in.the double limit case is the same as 

the estimates of, the tail area in the single limit case.'  

The joint likelihood of a givenpand a imply the likeli-

hood of both tail areas as well as the single tail area. 

The double limits were determined, given X and s, so that 

the estimate h would be the same as the single limit 

estimate. The joint likelihood pInction, Equation (8.2), 

was used to produce the plot shown as Figure 8.4. Three 

different partitions of,the estimates of tail areas were 

calculated: 100°  /o:00/0 (single 	50°/o:50°/o, 

and 90°/o:100/0. The symMetric split (X.= IV) represents 

one extreme while the single limit is the other extreme. 

The three dimensional' figure that represents the likelihood 

function changes from a teardrop Shaped hill (single limit) 
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to a curved plane (symmetric limits). In the transition, 

illustrated by the 90°/o 100/o split, the function has 

the curious property of two likelihood values for each 

value of 71. The explanation is that there are two values 

of µ for each a that produce the same value of 71 with 

different likelihoods. The symmetric split also has 

this property but, fortunately the dUal likelihood values 

are equal. Therefore.the analysis, which follows, was 

conducted, on the symmetric split as the limiting case 

of the double limit procedure.  Methods for dealing with, 

a nonsymmetric split, dual valued, likelihood function 

are not known to the author. 

The standard deviation was integrated Out with the 

reciprocal weighting previously described. Trapezoidal 

numerical integration-  was used based on the additional 

contours,produced by Program 8.1 but not plotted in-Figure 

8.4, The results.are shown in Figure 8.3 (labelled 'Double 

Limit') 	The two likelihood fUnctions, single and double 

limit, are equivalent in..an approximate sense: If the 

single limit likelihood funCtion is used for a double 

limit inference the results would be optimistic. For 7] 

Values less than the maximum likelihood:values, the double 

limit likelihobd is greatenthan the single limit likelihood' 
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(when both likelihood functions are normalized by ratio 

to their maximum value). Given double limits and a normal 

sample, the choice between using a single limit or a. 

symmetric double limit likelihood function will depend 

on the degree of offset of the sample mean. 

It should. be  noted that the double limit problem 

presented in Chapter 7 is not exactly equivalent to the 

problem analyzed here.. In Chapter 7 the sampling distri-, 

butions of double.and single limit variables with the 

same .11 were compared while in,this,chapter. the sample 

estimates were taken as equal and the inferences about 

1] compared. 
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CHAPTER 9 

THE DISTRIBUTION OF h', KNOWN VARIANCE  

If variations in production processes are likely 

to cause changes in the level of a, normally distributed 

parameter, but not affect the variance of the parameter, 

and if historical data verify this hypothesis, the,  

variance may be assumed known. The accumulated data 

should be quite large, at least fifty to one hundred 

observations spaced over a fairly long period of time 

and a large number of batches. 

The problem,of making an unbiased estimate of the 

proportion Ti less than, greater than, or between limits 

is considerably reduced as the statistic kl  — a can 

be estimated with greater precision 	s . The 

primed superscript indicates known variance: 

9.a. The Estimate h'  

Again the ratio of the nuMber of observations 

satisfying the limit (s) to the total observations is 

an unbiased (but inefficient) estimate. (Resnikoff 

and Lieberman, 1955) show that given the above unbiased 

estimator not dependent on the sufficient statistic, 

X, that a uniformly. Minimum variance unbiased estimator, 



1 -t2/2  
v2n  e 	dt  

(u-Y)  
VN-1 

-t2/2  
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h t , exists by using the Blackwell-Rao theorem. The 

probability that any single observation y, in the random 

sample X1, X2, X3,....,XN  satisfies the specification 

limits is h'. If g(y,X) is the joint density of y and 

X, and h(X) is 'the density of X, 

U. 

I 
g(Y,Y)  
h(X) 

dY 	(9.1) 

where U and L are the upper and the lower limits as 

before. By substituting the appropriate density functions 

and using a transformation, (Resnikoff and Lieberman, 

1955) derive the following expression: 

U 

N (L-57) 
— a. 	0 

+cn 

     

     

Therefore if C - L 	
3f6L 	

N- 
N 
 1 -N  N-1 
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Single lower limit: h'L = (CL) (9.5) 

Single upper limit: h'u  = (Cu) (9.6) 

Double limit: h' 	= h'L 	h'u-1 (9.7) 

In summary, to make an unbiased estimate of h'given a 

sample of normal data with known variance, o2, and a 

fixed limit (s), calculate CL  and/or Cu  as appropriate, 

and using a table of the cumulative normal distribution 

determine h'L and/or h'u. For the two-sided limit, 

h' = h' 	h'U 
 -1 
	 (9.8) 

9.b. :The Distribution of h  

To illustrate the improvement in precision due 

to the known variance, Table 9.1 has been constructed. 

It shows the sampling percentiles of kL, hL, 

and h' for 11 	0..'.90 and N = 10. 



- 127 - 

TABLE 9.1  

THE SAMPLING DISTRIBUTIONS OF k, h,VOT  k', h' 

Percentiles 

= 

Unknown Variance 

k 	h 

0.90, 	N = 10 

Knowt.Variance 

h' N k, 
N-1 

.5 .4358 .6636 .4924 .4924 .6888 

1.0 .5075 .6889 .5755 .7175 

2.5 .6152 .7256 .6976 .7573 

5.0 .7115 .7569 8026 .7889 

10.0 .8284 .7927 .9237 .8222 

20.0 .9814 .8355 1.0704 .8578 

30.0 1.1012 .8653 1.1762 .8802 

40.0 1.2122. .8893 1.267 .8975 

50.0 1.3241 .9123 1.351 .9118 

60.0 1.4449 .9330 1.435 .9244 

70.0 1.5862 .9529 1.526 .9361 

80.0 1.7701 .9726 1.631 .9485 

90.0 2.0656 .9912 1,778 .9623 

95.0 2.3547 .99843 1.899 .9720 

97.5 2.6480 .99995 2.004 .9793 

99.0 3.0482 1.00000 2.126 .9833 

99.5 3.3685 1.00000 2.209 .9864 
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9.c. Interval Estimates  

A procedure for determining confidence intervals 

was developed as follows: 

(A) One sided-single limit: The subscript c 

implies the lower one sided confidelice bound 

while the subscript o is used to indicate 

the. observed value. The subscript L (or U) 

is omitted throughout. 

Pr(h1 c  < 	< 1.0 I h(13) = a 

Pr(h' > h'0  111 = h'e) = 1-a = 

Pr(Y Rok = Pc) 
	

1 - 	(Za) 

 

C = 

 

a + z 
o 	o  

(4 + Z a a vff 

a 	 

4 -L ( c 	) _ 
Q N 

- Z Riff a 

- ZakOT 
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Example: Given h'L  = 0.99, N = 10 

o = 1.0, 	L = 100 

what is h0=90
o
/0 

= ? 

 

• 

1(.99) = 2.326 Z 90 = 1.2816, 

 

   

h
c 	= 0 f 2.3 6 -2  - •2816/V7 = 0.9641 10  

(B) One-sided-double limit. The discussion in 

(Resnikoff and Lieberman, 1955 and 1957) and 

also in (Bowker and Lieberman, 1959), although 

not intended for confidence intervals, implies 

that the errors in treating h' = 	hu-1 

as a one-sided, single limit problem are 

small. Further, the 1955 paper comments that 

treating the double limit result as, a single 

limit' is a conservative procedure for quality 

control, accept-reject, problems; with quality 

better than the AQL the double limit material 

has a greater chance of acceptance than the 

single limit and at inferior quality levels 

there is almost no difference between the two 

results. To study this curious comment in 

its relation to confidence intervals, Figure 

9.1 was constructed. This is analogous to the 
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simulation Program 7.2 except that with the 

variance known, the sampling distributions 

may be calculated. 

Analysis of Figure 9.1 supports the (Resnikoff and 

Lieberman, 1955) conclusions; if the single limit 

distribution is used to calculate a lower confidence 

bound for a double limit variable, the answer will be 

conservative, and over most of the range, even at this 

small sample size, the distributions are similar. It 

should be noted that the upper bound of the one-sided 

interval in this case is not 1.0, but rather 

Amax = 2x 	-11-11) - 1.0 with µ = 	• L+U.  The maximum -7-  

proportion of the normal distribution is limited by 

the known variance and the limits, L and U, and occurs 

when the distribution is located symmetrically between 

the limits. This limit does not exist when the variance 

is unknown. However, point estimates may exceed Timax 

if X falls close to (L+U)/2.+ htlj-lwill exceed the 

V maximum. TI possiblebecause RLa  --- N > 	aL  , where N
1  

µ - L+U. There is no way of avoiding this paradox, 
2 

known to the author, without destroying the unbiased 

characteristic of h'.. 
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CHAPTER 10 

A RELATED PROBLEM-VARIANCE LIMITS  

10.a. The Variable Limit  

There is a related probleM which is easily confused 

with the problem discussed previously in this report. ' 

Given sample data from a normal distribution, what is 

the value fX , such that 	s defines the lower bound 

of an interval, bounded by plus infinity above, which 

will include on the average a proportion, 71, of the 

normal distribution? Note that the lower limit is a 

variable here and is not fixed as in the other problem. 

Pr(X - Xi  < ° s) 	 (10.1) 

where X. is any randomly selected future observation 

distributed N(µ,02). 

10.b. The Distribution  

It will be shown that fk is distributed as the 

central t distribution with N-1 degrees of freedom times 

VN+1 If U is normally distributed with zero mean N • 

and unit variance and v has a X2  distribution with f 

degrees of freedom and U and v are independently dis- 

U• 
tributed, then the variable t - 	has a central t 

(Student's) distribution. 
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Variance of k _ 
1 N E f. + 6g (T) 0.2 

let U -a 	NN1 	r‘d N(0,1) + 

 

  

V — 
(N-1) s2 

a a 

  

 

f = N-1 

U   lt N 
V s 	N+1 N  t(f 

X1 	N+1 t(.c)• 

 

  

  

t(#) 	N 
N+1 

 

(10.2) 

10.c. References  

The original derivation is shown in (Fisher, 1935), 

again in (Wilks, 1941) and more completely in (Proschan, 

1953). This latter paper contains an excellent summary 

of this type with various combinations of known and 

unknown, variance and mean. It also includes tables of 

values of 	. (Fraser and Guttman, 1956) and (Guttman, 

1957) obtain similar results using measure theory notation 

and discuss the optimum characteristics of these inter-

vals. 
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10.d. Discussion 

The distinction between these two problems is 

subtle and is illustrated in Figure 10.1. 

The double variable limit estimate is easily 

obtained because the central t distribution is symmetric. 

The interval 	s where X 	N+1 t 	(two- 
(N-1,11p ) 

sided t) which contain .a proportion of the normal 

distribution on the average. 
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F-IGURE 10.1  

VARIABLE LIMITS  VERSUS FIXED LIMITS  

LIMIT 

4 

SAMPLE. 

3 

4 

a)  1 2 h3 h4 

b) The expected area to 

the right of Li  is 71 

c) X is a constant for 
a. given 11 4 n 

d) As a function of 1.) 	n, 

5L is distributed as 

the central t x --\)/n+1  

a)  1 	2 	3 / h 

b) The expected value of 

h is 71 

k is a random variable 

for a given L 4 n 

As a function of L 	n, 

k is distribution as 

the non-central t/\/-ii 
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Part III 

THE SIMPLE MODEL 

Statistical inference usually involves making esti-

mates in a parameter space from observations in a sample 

space where both spaces are based on the same distribu-

tion. Within the problem treated here there are two 

sample spaces and two parameter zpaces, one of each for 

the population of ground test firings and for the popu-

lation of mission firings. These two populations differ 

for all the reasons stated in Part I including the fact 

that several firings may be made on each ground test 

engines and the thrust and mixture ratio controls may 

not be trimmed properly. The mission model is defined 

as a single trimmed firing made on each of the flight 

engines. If the ground test data are similar to the extent 

that only one firing is made per engine and some or all 

engines are trimmed, they will be referred to as the 

simple model and will be treated in this part. Fortunately, 

this simple• model is often realistic: if the data consist 

of the final acceptance firing of each production engine 

these conditions will be satisfied. Functional, perfor-

mance and overall reliabilities will be treated in succes-

sion. 
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CHAPTER 11 

FUNCTIONAL RELIABILITY 

11.a. Definition 

Functional reliability is a measure of the mecha-

nical perfection of the engine. From inspection of the 

definition in Chapter 3, functional reliability may be 

divided into three faCtors for discussion:.  

Tifu = start 	ilsteady state 	Tishutdown 	(11.1) 

Start reliability "start)  may be defined as the prob-

ability that the engine, when operated in the manner 

and environment intended, will start and run for ten 

seconds: The start transient exposes the engine to 

severe thermal and mechanical shock; a typical transient 

from zero to maximum thrust takes about one second. 'As 

a result of this shock, more than half of all rocket 

engine failures occur during the start transient. Shut- 

down 	 ( ' reliability 71shutdown)  may be defined as the con-

ditional probability that given the engine has started 

and satisfied steady state functional requirements, that 

it will shutdown without damage to the vehicle or abnormal 

loss of propellants. 

Steady state 	 (steady state)  reliability 	is the condi- 

tional

'  

probability that the engine will run for the 
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intended run duration or longer with performance parameters 

within functional limits, given that the engine has 

started. 

11.b. Functional Performance Limits  

The requirements for satisfying performance limits 

within, the definition of functional reliability may 

appear strange and warrants additional explanation. 

There are two reasons for functional performance limits, 

one physical, the other statistical: 

1. There are many missions which do not require 

the tight, difficult specification performance limits. 

The functional limits correspond to these easy missions; 

the functional reliability estimate will be used as the 

overall reliability estimate for these missions. 

2. The performance reliability estimates are based 

on the assumption of normally distributed data. If a 

functional failure occurs, the result will often be an 

outlier among the performance variables: that is, a 

performance value at an abnormal deviation from the mean. 

If rocket engine failure analysis were an exact science, 

the analysis would establish the difference between 

random and causal dispersions. Unfortunately, failure,  

analysis is often a vain effort: many times the only 
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indication of functional failure will be an unusual 

performance datum and there is a mass of evidence to 

indicate that even when failure analysis produces a 

plausible hypothesis, the hypothesis will later be 

proved false. The functional performance limits lie 

outside the specification performance limits and there-

fore, should be at least four or five standard deviations 

from the population mean as the alternative would imply 

that overall reliability would be very low indeed. It 

is therefore proposed that the functional performance 

limits be employed as the criteria for outliers. If one 

or more of the performance values lies outside the 

functional limits, the firing will be classified as a 

functional failure. Note that this procedure does not 

discard outliers (the usual practice) but rather treats 

them as functional failures rather than including them 

in the performance sample. This. is an arbitrary decision 

but so is the use of a t statistic as suggested by 

(W. R. Thompson) which requires an arbitrary selection 

of the level of significance. ,Another procedure which'  

eliminates outliers is that proposed by (Tukey 1965) 

Who suggests routine elimination or 'trimming' of the 

largest and smallest values in every sample. In the 

author's opinion the loss of information would be too 
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severe to use this procedure here and it is at least 

as arbitrary as the procedure recommended. 

11.c. Weighting Factors  

The system of weighting factors briefly described 

in Chapter 2 and in detail in Chapter 16 of (Lloyd and 

Lipow) appears to be the best method for determining 

the equivalence of short and long duration firings. 

Serious consideration was given to the alternative: the 

assumption of a constant hazard rate. The simplicity 

that this assumption allows is very attractive as the 

weighting factor calculation is both complex and labo-

rious: the many advocates of the assumption provide 

support by arguing that as the reliability approaches 

unity, the hazard rate must approach a constant value. 

The author cannot subscribe to this argument because: 

(1) it is not intuitively clear why a very small 

hazard rate implies a constant hazard rate 

(2) the early portion of the firing follows the 

shock of the start transient and will often be affected 

by control and combustion instability for as long as two 

minutes after the start transient. To assume the hazard 

rate is Constant throughout the firing is contrary to 

this knowledge. 



Therefore, although it would be mathematically convenient 

to assume a constant hazard rate, the assumption does 

not appear to be justified. 

(Lloyd and Lipow) suggest using the previous nine 

months data including a minimum of thirty failures to 

establish the weighting factors. At high levels of 

reliability, failures are rare events, and thirty failures 

may.require several years of firing data; such data 

are still applicable and should be used regardless of, 

their calendar age because as the reliability approaches 

one, its growth rate must decrease and therefore, two 

year old data may be as applicable to the current engine 

as nine month old data are at lower levels. The criterion 

is not one of calend'ar age but rather the change in the 

shape of the engine mortality curve as a function of 

engine development. If the level of reliability has 

changed little it is probably safe to assume the shape 

of the mortality curve. has also changed little and, 

further, there seems to be no alternative. 

11.d. Estimates  

The application of the weighting factors, Wi  (where 

i indicates the time interval) to estimate functional 

reliability, uses the model: 
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hfu = 1.0 - (Total number.Of failures/( 	
N.1W.1)) 

i=1 
(11.2) 

where NI =2 the number of firings with intended 

duration within interval i 

k E the interval which includes the full 

duration 

It is shown in (Lloyd and Lipow) that hfu  is an unbiased 

estimate of flfu  if the weighting factors are known; 

actually the weighting factors are estimated from very 

large samples of data, perhaps two or three thousand 

firings, and so the estimate hfu  is approximately, if 

not absolutely, unbiased. The weighting factors are 

functions of maximum likelihood estimates of the prob-

ability of a shutdown failure and the joint probability 

ofastartandsteadystatefailure. hfu  will be dis- 

a.binomial 	parameters variable with tributed as 

'= Tlfu' 	1\T  N.W. 1 a. The summation, NiWi  

i=1 i=1 

is the number of equivalent fall duration firings: it 

is usually fixed by contract as a moving average of one 

hundred during the development period and perhaps five 

hundred equivalent full duration firings during the 
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production period, when more data are available and 

reliability growth has slowed down. An interval estimate 

of Tifu  may be obtained in the same manner as an interval 

estimate of the binomial parameter. One-sided intervals, 

bounded above by unity, are standard in the rocket engine 

industry with the confidence coefficient set at 0.90. 

The following relationship may be used to determine the 

lower, one-sided, confidence bound, hc: 

1.0 - 0.90 = 

 

N-r h 	) ‘r r:(N-r). 	c 	(1-hc  (11.3) 

r=o 

where: F E observed number of failures 

N = equivalent full duration firings 

The estimate hfu is a maximum likelihood estimate of 

flru  for the same reasons that the ratio of observed events 

to total events is a maximum likelihood estimate of the 

binomial p. The likelihood function and Bayesian estimates 

will' be discussed in Chapter 14. 
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CHAPTER 12 

PERFORMANCE RELIABILITIES 

The three performance parameters are assumed to be 

independently and normally distributed for the reasons 

presented in Chapter 3. Reliability estimates derived 

from these data will also be independent. Part II is 

devoted to this problem; the following is a summary of . 

the results. 

12.a. Specific Impulse  

The problem of estimating specific impulse relia- 

bility,nISP'  is equivalent to estimating the shaded ''  

area in the following figure: 

SPECIFICATION 
umrr (L) 1 

1):::-'5HADED ACEA 

ISP 

The statistical methods for determining hIsp, a minimum 

FIGURE 12.1 
/-4 	NOI2MAL DISTRIBUTION 

OF SPECIFIC IMPULSE. 
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variance, unbiased, point estimate offlISP'  are developed 

in Part II of this thesis in detail; one-sided, lower 

confidence bounds for 	are also described. 

A summary of the procedure follows: 

(1) From the sample values, (X1,X20X30....,XN) of 

specific impulse calculate: 

N X. 

L 
i=1 

(x.-) 2  
1. 	1 R  
N - 1 

(2) calculate k - 7L'where L is the specification' 

minimum limit. The statistic k Affis distri-

buted as the non-central t with (N-1) degrees 

of freedom and non-centrality 6 = Z /R 

(3) Transform k to a point estimate hip  of nISP 

by entering Table 13.16 of (Bowker and Lieberman). 

hISP will be a minimum unbiased estimate. 

(4) Transform k to a one-sided, 90°/o confidence 

interval estimate of Tlisp  using Table III of 

this thesis. 

Example: Given limit L = 400 seconds 

402.036 seconds, S = 1.00 seconds 

N = 10 

ISP 	
f 5-  -L - Enter Table 13.16 with k = 	2.0 	N = 10 

Read p = 1.000/0, hISP = 0.99 



LOWER LIMIT L.) UPPE2 LIMIT (U) 

70. SHADED AREA 

standard normal deviate Z rather than p = 

-146 

hISPc Enter Table III with k = 2.036, N = 10 
Interpolate for hISPc =  0.896 

[where p hISPc < TIISP < 1*() 	= 0.90 

12.b. Mixture Ratio and Thrust 

Compared with specific impulse these parameters 

arp more complex because of their double limits. Both 

reliability estimates are obtained with the same proce-

dure; thrust will, be used to illustrate: 

FIGURE 12.Z.. 
NORMAL.DISTRIBUTION OF 'THRUST (FN) 

p 

Z ) 

THRUST 

Again the statistical methods are described in detail 

in Part II and will only be summarized here: . 

*Interpolation in Table III should be based on the 



X .N   1 
N ' 
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(1) From the sample values, (X1,X2,X3,....,XN) 

of thrust calculate: 

1=1 	1=1 

(2) Calculate: 

(3) Transform KL  and Ku  to pL  and pu  by entering 

Table 13.16 of (Bowker and Lieberman). 

hFN = 1.0 - pL  - pu  

(4) Determine an equivalent single limit K, say 

KEQ'by entering the body of Table 13.16 with 

(1.0 - hFN),  and N. Enter Table III with 

Kal  and N, and interpolate (on Zp) for a lower, 

one-sided, 90°/o confidence bound.• 

Example: Limits: L = 14700 pounds, U = 15300 pounds 

Data: 	X = 15020 pounds, S = 120 pounds 

N = 10 

15020 - 14700- 
120 

2.66 	= 2.33 

Table 13.16: p = 0.00004 	pu  = 0.00189 

15300 - 15020  
120 



=O(CL) 

= 0.9975 

Unbiased point estimate: 

(Cu )  
= 0.9930 

hFN 	hL + hu - 1.0 

. 0.9905 
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Unbiased point estimate: hFN 	1.0 - 0.00193 

= 0.99807 

KEQ = 2.327 

Table III Lower 90°/o confidence bound 

hFNC = 0.929 

12.c. Known Variance - 

If the data, past history and engineering knowledge 

support the assumption of a known, constant variance, 

the problem is considerably reduced and the precision 

improved as shown in Chapter 9. 

Example: Repeating the previous example but assuming 

the standard deviation is known rather than estimated: 

X-L 
	

t-57 
a 	 a 

	

= 2.66 	 2.33 

V(14 -1 KL' 
	

Cu 
	N 
—A/ 	

w  
N-1 "u 

	

2.805 	 = 2.458 



- 149 - 

CEQ = 	
-1

(hFN') 

• 

Q-1  (0.9905) 

• 2.3455 

- 
a CEQ:\/

N1  
171 . Za(ArN— 	• 

• 2.3455V10 -  1.2816/3.1623 

▪ 1.820 

Lower 90°/o confidence bound: hFN'C= O (1.820) 

0.9656 



- 150 - 

CHAPTER 13 . 

OVERALL RELIABILITY 

13.a. Point Estimate  

The product of the four reliability estimates• will 

be an unbiased point estimate of overall reliability, 

given that the estimates are independent and unbiased. 

ho 	hfu hISP hFN hrm 	(13.1) 

The precision of the estimate h0  may be measured by an 

interval estimate of 110. An estimate of the variance 

of h
o 
has less significance as a measure of precision 

because the distribution is highly skewed; it is useful, 

however, for computing the efficiency of the proposed 

method compared to the current method. Both interval 

and variance estimates will be treated. 

13.b. Interval Estimate  

The distribution of h0, given 110, may be used to 

establish a lower, one sided, 900/0 confidence bound. 

The distribution is complex, a hybrid product of one 

binomial and three beta transforms of non-central t 

variables. Further, the relationship between the dis-

tribution of h
0 
 and the distributiOns of the factors, 
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hfu' hISP' hFN' hrm' 
was not obvious to the author. 

It was helpful to consider the problem in two parts: 

n 1. Given values of II-11H  r ' LISP' "FN ' hrm (the 
asterisks are used to indicate this particular 

set) and their respective sample sizes, what 

is the distribution of hoH? 

2. What is the appropriate relationship between 

the observed point estimates, hfu, hIsp, hFN, hrm  

n
K 	K H H  and hfu ' n " 	n 

ISP ' "FN ' 11rm ' such that the 

ninetieth percentile of the distribution of 

h
o 

equals the observed ho? 

With the solutions to these problems, the desired 

lower, one-sided, 90°/o confidence bound, hoc  will be 

the product (flfuISP TIFNK  hrm) and will satisfy 

the relationship P  hoc < 110  < 1.0 	= 0.90 	(13.2) 

where the interval, hoc  to 1.0, is considered a random 

variable. 

13.c. Overall Reliability Distribution 

The variable ho  is the product of the four factors: 

HH H 3€ X ho  . hfu hISP 
h
FN 

h
rm 	

(13.3) 

The distribution of hox  may be obtained from the distri- 

X 	X 	3E butions of: hfu' hISP hFN ' hrm • 
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= P  [(hfu his; hFNx  hrmx) 	(13.4) N] P [h x  

hfu
H  is a discrete variable with the binomial distribu- 

tion: 

hfu r\) binomial (P =fu' N N u) 

is a continuous variable which is a beta trans- hISP 

formation of a. variable distributed as the non-central 

t times the square root of NIsi). Methods for determining 

seventeen percentiles of the distribution of hISPH are 

illustrated in Chapter 7. 

The distributions of hFNx  and hrm 
 are obtained 

X  in the same manner as hISP  but represent approximate 

rather than exact solutions because the double limit is 

treated as the equivalent single limit. The accuracy 

of this approximation is discussed in Chapters 7 and 8. 

A good approximation to the distribution of hox  

was obtained by considering the three performance reli- 

abilities to be discrete rather than continuous variables. 

Further, the error in the discrete approximation is 

bounded and may be determined. Consider the seventeen 

percentiles of hispx, given LISP = 0.90, n = 10, (from  

Table 9.1) in the following Table 13.1. 
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TABLE 13.1 

DISCRETIZED PERFORMANCE RELIABILITY DISTRIBUTION 

ISP 
/1- 

BOUNDS 

0.0 0.0 .005 0.0 0.6636 

1.  .5 0.6636 .005 0.6636 0.6889 

2.  1.0 0.6889 .015 0.6889 0.7256 

3.  2.5 0.7256 .025 0.7256 0.7569 

4.  5.o 0.7569 .05 0.7569 0.7927 

5.  10.0 0.7927 .10 0.7927 0.8355 

6.  20.0 0.8355 .10 0.8355 0.8653 

7.  30.0 0.8653 .10 0.8653 0.8893 

8.  40.0 0.8893 .10 0.8893 0.9123 

9.  50.0 0.9123 .10 0.9123 0.9330 

10.  60.0 0.9330 .10 0.9330 0.9529 

11.  70.0 0.9529 .10 0.9529 0.9726 

12.  , 	80.0 0.9726 .10 0.9726 0.9912 

13.  90.o 0.9912 .05 0.9912 0.99843 

14.  95.0 0.99843 .025 0.99843 0.99995 

15.  97.5 0.99995 .015 0.99995 1.0000 

16.  99.0 1.00000 .005 1.0000 1.0000 

17.  99.5 1.00000 .005 1.0000 1.0000 

100.0 1.00000 • 
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As indicated in Table 13.1, the variable hispx  is bounded 

below by zero and above by one. The distribution may 

be 'discretized' by considering the eighteen intervals 

between zero and one as eighteen probabilities associated 

with eighteen values of hisp
x, each value typical within 

its corresponding interval. The bounds of the typical 

values are'indicated as h and E.' Mixture ratio and 

thrust are treated similarly. The result is four discrete 

distributions. The bounds of the distribution of ho 

are determined by taking all combinations of the factors 

and their corresponding probabilities: 

Upper bound EoN(ioki)  = hfuix  EISPj hFNk  hrm2 

(13.5) 
H Lower bound LIow  (ijki) = 	 hFNk  

(13.6) 

Probability ho
x 
(ijki) = Pi Pj Pk Pi 	(13.7) 

of 

where: Pi  E: probability of hfuix  

Pj E. P  LISPj I hISPx  < 1:1ISPj 
[ 

P 	P = Pk — 	[—h  Ft& < hFNN  < TiFNk] 

1., H < 
71 

Pi ----E P  lirm/. I "rm 	"rmi 
[ 

i = 1,2,3,....,Nfu  (N+1)fu  

k 



-155- 

j-= 

2 =.1,2,3,....,18 

If the typical values of the three performance 

reliabilities are taken as the lower bounds, the values, 

ho will be lower bounds and similarly for upper bounds. 

The average value holljki  = (ho + hdijk2/2 	(13.8) 

will have a maximum error C = - h ) 	/2 
o —o ijk/ 

The cumulative distribution of ho
m may be determined 

by ranking the values hoijk/  and summing their respective 

probabilities. 

Although eighteen discrete values of each perfor-

mance reliability may appear to be a crude division, 

the distribution of hox  will have thousands of discrete 

values, say m values. 

where m = 183  

= 5832 

,the maximum P 

x (Nfu + 

x (Nfu  

poijki] 

1) 

+ 1) 

= 

= 

(0.1)3x 

0.001 P. 

i max 

max • 

(13.10) 

(13.11) 

From a practical standpoint a discrete distribution 

with this fine division of probability approaches a 

continuous distribution. 

(13.9) 
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13.d. Simulation and Discretized Results  

The results of a sample calculation of the distri-

bution of overall reliability are plotted as Figure 13.1. 

The calculation was done on an IBM 7090 computer as 

part of Program 13.2 which will be described at the end 

of this chapter. 

For comparison and as a check on the method, a 

Monte Carlo simulation Of the same test case was prOgrammed 

on the ICT Atlas Computer, Program 13.1. The program is 

shown (EMA Autocode) with the results in Volume II. The 

functional data were simulated by generating twenty 

random numbers in the range from zero to one; if the 

random number exceeded the functional reliability, Tlfux, 

a failure was indicated, otherwise a success was counted. 

The performance data were simulated by taking samples 

of size ten from a normal random number generator for 

each of the three performance variables. The performance 

reliabilities were calculated from the non-central t 

variable, K, transformed to an unbiased estimate of the 

true reliability using (Table 13.16 Bowker and Lieberman). 

Standard.  normal distributions, mean zero, variance one, 

were used and the specification limits were located such 

that the proportion of the normal satisfying the limit 
. 

equalled the desired true reliability, Tr. The overall 
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reliability estimate was taken as the product of the 

estimates. The entire process was repeated 1000 times 

to simulate 1000 estimates. The ranked results are 

shown as Prograth 13.1 in Volume II. To provide a rough 

estimate of experimental simulation precision, each run 

is repeated as shown in Figure 13.1. 



- 159 - 

13.e. Confidence Interval  

A one-dimensional confidence interval for overall 

reliability, no, represents a complex region in eight 

/1rm' Crr2m dimensions: T1 	 and 
Tu' /11SP' (11SP' /1FN' 

11g. The price paid for this simplification is a loss 

of information and some arbitrariness. The transition 

from eight dimensions to five is accomplished by inte-

grating out the three variances, a process described 

in Chapter 8. The results of this reduction are the 

five dimensions; n Tu' 5ISP' 5FN' orm  and 710, where 6 

is the noncentrality parameter of the non-central t 

distribution. To reduce these five dimensions to one, 

an arbitrary relationship between the observed point 

n 	 x estimates and the values 11-11R  LISP' "FN
X  
' arm may 

be employed. Arguments may be stated against this 

reduction but the confidence interval must be understood.  

by non-statisticians: engineers, management and customer 

representatives. A multi-dimensional representation of 

even four dimensions seems to be well beyond the present 

state-of-the-art of graphic display, so there appears 

to be no alternative to a one-dimensional solution at 

this time. 

The only arbitrary relationship that seems defen-

sible is the following: 



P [hfu > hfu n  
"fu 	= P h -ISP "ISP 

[1.1FN "FN Ti "FN 
x 	m] = P [h 	hrri; rm 
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LISPN  

x] 1Irm 	= A  

(13.12) 

The set of four Ti values are selected such that the 

observations are equally likely. Any other relationship 

is weakened by the fact that the variances of the four 

distributions are unequal; the producer would favoura 

large value of A for the performance variables which 

have small variances and a small value of A for func-

tional reliability as the result would be to increase 

the confidence bound. The customer might have a contra-

dictory preference. Further, the rule does seem to bear 

an intuitive relation to the one parameter, two-sided 

procedure of splitting the probability area equally 

between the tails of the distribution. This procedure 

is also arbitrary in the general case but it is widely 

accepted. 

'The additional requirement 

P [11 	< hol llfux 	Tirmx  

is sufficient to determine the constant A and the desired 

lower, one sided 90°/o confidence bound: 

= 0.90 	(13.13) 
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= fi = 	
X 	H 	K  hoc 	o • fu LISP FN arm 

• 
(13.14) 

The random interval bounded by hoc  and unity is not 

the shortest (or the longest) possible interval. It 

may be considered to be a representative section from 

the higher dimensional region, a section such that the 

observations are equally likely. 

The calculations required to solve the above rela-

tionship are tedious and could not be considered without 

a high speed digital computer. The procedure is a trial 

and error: calculation based on assuming the constant A, 

calculating the distribution of overall reliability and 

comparing the upper ninetieth percentile with observed 

overall reliability, selecting a new value of A based 

on the error and repeating. Computer Program 13.2 

accomplishes this task and will be described in detail 

at the end of this chapter. 

The lower confidence bound marks the bottom of a 

wide interval and as such the precision provided by this 

method is more than adequate. Further, the error is 

bounded and known. 

13.g. Efficiency 

If the performance and functional sample sizes are 

equal, the ratio of the variance of 110  to the variance 



1000 1000 

h 2  - 	h. 

] 

1000 

i=1 	i=1 s2  (13.15) 
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of the binomial estimate of the current method will be 

a measure of the relative improvement in precision, a 

measure sometimes called efficiency. 

Unfortunately the discretized distribution cannot 

be used to estimate the variance of ho because the variance 

estimates from the upper and lower bounds will not neces-

sarily bracket the true variance. However, the one 

thousand values of ho. from each simulation (Program 13.1) 

provide a good alternative. The following relation was 

employed: 

999 

If hb is the binomial estimate of 'no  using the current 

method, the variance of hbwill be 

ab2 = 110  (1-11 )/N, where N =sample size (13.16) 

An estimate of efficiency will be the ratio, (S2/ab  ). 

A plcit of .efficiency is shown as Table 13.2. These 

results were calculated using Prsogram 13.1. 
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TABLE. 13.2 

EFFICIENCY eE.SULTS  

N=10 

= 
.90 .99 .999 

.90 

(170=.656) 

.631 

.617 

C873) 

.844 

.782. 

(E191) 

.983 

.918 

09 

(722.) 

.584 

.568 

L.96I) 

.503 

.465 

6981) 

.843 

.1304 

.999 

U728) 

.559  

.565 

(.969) 

.321 

.337 

(.896) 

.399 
.45Z. 
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13.h. Summary 

Having attacked the problems of the simple model 

one at a time some clarity may be achieved by summari-

zing the procedure for obtaining point and interval 

,estimates of overall reliability and illustrating the 

application oftthe procedure to an example. 

Step 1. Functional data. Calculate weighting 

factors from several years of previous data including 

at least thirty failures. Assign these weighting factors 

by actual firing duration to each firing in this period. 

Sum the weighting factors in reverse chronological order 

until the desired number of equivalent full duration 

firings is reached. This defines the sample of both 

functional and performance data. The number of func-

tional failures observed in the sample divided by the 

number of equivalent full duration firings (the sum of 

the weighting factors) is best unbiased, maximum like-

lihood estimate of functional reliability. Refer Sections 

11.c. and 11.d. 

Step 2. For each performance variable : Calculate 

the average, X, and the square root of the unbiased 

estimate of the variance, S. Refer Section 12.a. For 

specific impulse, calculate k15p 	L)/S. 

Step 3. For mixture ratio and thrust: Using the 



-165- 

lower, L, and upper, U, specification limits, determine 

the lower and upper values of the statistic k. 

X - L 	U -  
L 	S ku  - s  

Using (Table 13.16 of,BoWker and Lieberman) transform, 

these k values to unbiased point estimates of hi  and 

h. 
h = 	+ hu  - 1 
	

(13.18) 

Interpolate in Table 13.16 again, to determine the 

equivalent, one-sided, k. Refer Section 12.b. 

Step 4. The remaining steps are also illustrated 

by computer Program 13.2 in Fortran IV language, pre-

pared for an IBM 7090 computer. The step numbers are 

indicated on the flow diagram, Figure 13.2. Program 

13.2 in Fortran IV language with 	a sample printout 

of results is contained in Volume II. ,The following 

sample data'will be used to illustrate the'procedure 

and the program: 

Functional reliability:' 0 'failures 

20 equivalent full duration 

firings 

h
fu 

= 1.0 

(13.17) 

--- 
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Performance reliabilities: NISP =  NFN Nrm = 10 

kISP = kFN = krm = 2.036 

hISP = hFN = 
hrm = 0.99 

Overall reliability: 	ho = 0.9703 

Begin an iterative calculation by assuming a value 

of the constant A. It is *convenient to select the com-

plement of one of the seventeen percentiles used to  

calculate the k distributions in Section 5.a. The value 

flfuR  16 obtained from the cumulative form of the binomial 

r=o 

Step 5. The value TIISP  is obtained from the non-

centrality of the noncentral t distribution. Using 

Table III, entering with confidence level set equal to 

the complement of A and the observed k, determine LISP 
from the noncentrality of the distribution that satisfies 

the relationship: 

= A = 	(13.21) P  [hI P 	h15p  TIISP1 

P kx kISP 1 5  = 11 - ZPI 



hfu 	r/N , ' (hfum  = r/N) — N: 
	N-r 

N-r 1-flfum) 
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LISP = O (Zp) 
	

(13.22) 

FN 	and T1rmX  are,  obtained similarly. 

Step 60 Performance reliability distributions. 

x 	• 3f 
Given the parameters is'  'FN , rm. determine seven- 

. 
. teen perbentiles of the distribution of the corresponding 

k values from the noncentral t distribution as tabulated 

in Table III. Refer Chapter 5. 

Step 7. Transform the k distribution from Step 6 

to reliability values using Table 13.16 of (Bowker and 

Lieberman). Refer Chapter 7.. The results of steps 5, 

6 and 7 applied . to the sample data with A = 0.3000 are 

shown in Program 13.2 Volume II 

Step 8. Functional Reliability Distribution. 

Determine the distribution of functional reliability 

using the non-cumulative form of the binomial distri-

bution. Refer Chapter 11. 

(13.23) 

Step 9. Consider the performance reliability 

distributiaas as discrete with eighteen values. Assign 

the upper bound value for interval as shown in Table 
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13.1. Take the produCt of every combination, of one 

value from each of the four distributions and rank the 

results to obtain the overall reliability distribution. 

Refer Sections 13.c. Computer program results for the 

sample data are shown for A = 0.40 in Volume II.' There 

is an option in the program at this point that prints 

the cumulative distribution using 1001 increments from 

zero to one if desired. 

Step 10. From the' ranked distribution determine 

the ninetieth percentile of overall reliability and the 

fractile of the observed overall reliability. Refer 

Sections 13.d and 13.g. 

Step 11. Repeat steps 9 and 10 for the lower bounds 

of the eighteen intervals of the performance reliabilities • 

Step 12. Determine, the mean of the lower and upper 

values of statistics in Step 10 and the maximum error 

as half the difference between the lower and upper. 

Arrange the answers on the ninetieth percentile, fractile, 

as n x 4 matrices where the columns are lower, upper, 

mean, maximum error and the rows correspond to values 

A n A of the constant A. Store the values 71- iu ' LISP'   "FN ' 
A 

Tirm  and 110A  as a m x 5 matrix; where m is the jth 

value of the constant A. 

Step 13. If steps 4 - 12 have been repeated sufficient 
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times so that there are at least two values of the fractile 

(Step 10) above and below 0.90, continue on to Step 14. 

Otherwise increase the constant A and return to Step 4. 

A summary of the results of Steps 10, 11 and 12 for the 

sample data is shown in Volume II. 

Step 14. The final answer, the lower 90°/o conf i- 

dence bound for overall reliability, may be obtained by 

two different methods: both are illustrated in Figure 

13.3. One method is to interpolate on the upper and 

lower bounds of the fractile of observed overall reli- 

ability, entering with the value 0.90; the other. method 

is to interpolate on the bounds of the ninetieth per- 

centile of the distribution of overall reliability. 

In both methods the answer is the midvalue of the inter- 

polations. Both methods were programmed. The percentile 

method appears to be superior at low levels reliability, 

as 11o is almost a linear function of percentile while 

the fractile function is better at high reliability 

(hip  > 0.99). Lagrange third order interpolation is 

employed in the program to determine the final results 

shown in Volume II. The value 0.884 is the required 

lower 90°/o confidence bound for overall reliability 

for the sample data. 

It should be mentioned that the mean value of the 



rai 

7 

14-7 I ; .„ 
411 t  



- 172 - 

expectations of the lower and upper distributions does 

not equal Tiox. The difference is a measure of the bias 

in the method of using the midvalue of the upper and 

lower bounds. Some consideration was given to applying 

the bias as a correction to the'distribution of overall 

reliability but the idea was rejected because there is 

no reason to believe the bias is constant over the range 

of the distribution. The expectation may be calculated 

using a modification of Program 13.2. 

A tabulation of typical computer results is shown 

in Table 13.3. 

The solution to the known variance problem was not 

programmed but may be obtained by a simple modification 

of Program 13.2; instead of using the non-central t 

subroutine to obtain the performance reliability dis-

tributions a cumulative normal subroutine is required.' 

Both subroutines are available in Program 13.2. 
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he  
A 

O 	2.o 	1.0 .8.54 	oloB 

O 	10 1.0 .56-7 	028E3 
.90 .49 	t .02.52. 

O 1.0 .851 	.0'34 
.90 .7\4 ± .0\41 

.0 1.o .9t3 	.0114. 
.90 s 	.0099 
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.906 t .008.9 
.952 :a--  .0043 

100 .676 t .0006 
.952 	. 0 o ZS" 
.987 	.00t4 

PERs'ORAniktaCE_. 

10 0.99 

0.90 

0.99 

0.999 

0.90 
0.99 
0.999 

  

100 

1 	 • 

0.90 
0.e9 
0.999 

TABLE.. 13.3  
LOWER 90% r REQUENTIST CONFIDENCE_ BOUND  
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CHAPTER 14 

LIKELIHOOD AND BAYESIAN ESTIMATES  

Two estimates of overall reliability have been 

developed; an unbiased point estimate and a.,lower, 

one-sided, confidence interval. These estimates are 

required by most rocket engine contracts and they pro-

vide a means of comparison between the proposed method 

and the current method. However, whether these are the 

optimum type of estimates for this problem is question-

able and it is appropriate that other estimates should 

be treated here. 

14.a. Likelihood Function 

It is usually informative to plot the likelihood 

function but unfortunately the function for overall 

reliability involves seven Parameters and therefore, 

the plot requires eight dimensional space. Using Method ,  

(3) of Section 8.a. (integrating out the standard devia-

tion with reciprocal weighting) the, seven parameters• 

may be reduced to four but a five dimensional plot is 

still too complex to be easily understood. The problem 

is analogous to that of the confidence interval discussed 

in Chapter 13; a further simplification is required. 
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Program 14.1 was developed to investigate several 

alternative solutions. The objective was to produce a 

two dimensional plot of a representative likelihood 

function of overall reliability. 

The following method was used. The interval from 

zero to one was divided into 1001 intervals or 

cells. The likelihood function of each of the four rel-

iabilities was represented by twenty more values between 

reliabilities of zero to one. All combinations (about 

a quarter of a million) of the likelihood functions were 

calculated and stored in the appropriate cell determined 

by the corresponding value of overall reliability. The 

result was a sample of likelihood values, an average 

of several hundred, in each cell. The problem was then 

to select a representative value; although both the 

maximum and the midrange have some merit, the author 

believes the average Value is the beet choice, The latter 

is plotted in Figure 14.1 for the assumed sample data. 

If the average value curve is taken as typical or repre-

sentative, the ratio of likelihood values from the curve.  

may be used as an estimate of the odds in favour of one 

value over another value of overall reliability. The 

average value will be affected by the choice and number 
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FIGLME 14.1 

RESULTS FROhA PROGF.AM 14. 

DATA FROM SECTION 13 h 
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of values for the four likelihood functions; there should 

be a sufficient number to define each curve, particularly 

in areas where the slope changes rapidly. Values of the 

non-central t probability density function were taken 

from two different tables for the example illustrated,  

(Resnikoff and Lieberman 1957) and (Owens). Fortanately 

these tables have different increments of the argument 

of the function. 

This approach is equally applicable to Method (1) 

and (2) likelihood functions of Section.8.a. 

14.b. Maximum Likelihood Estimate  
A 

The maximum likelihood estimate of 71o  is ho. 	As 

the factors in the product ho  are independent, the maximum 

likelihood estimate is the product of the maximum likeli- 

hood estimates of the factors 

A A A A A 

h0 = hfu  hIsp  hFN  hrm  

The estimate h defined in Chapter 11 is a maximum 

likelihood estimate. The maximum likelihood estimates 

of the three performance reliabilities are based on the 

non-central t, density function as described in Chapter 8. 

Example: For the same assumed data used in the previous 

chapter; 
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Unbiased point estimates: 

hfU =_1.0,  hISP  = hfN  = hrm  = 0.99 

NfU = 20, NISP  = NfN  = Nrm  = 10 

A A A A A 
h = h h 	h h o fU ISP fU rm 

= 1.0 (0.9825)3  

= 0.9484 

14.c. Bayesian Confidence Interval  

The Bayesian posterior probability is proportional 

to the product of the likelihood function, X Old, and 

the Bayesian prior probability density, b(110). There 

appeared to be two different approaches to developing a 

lower. 900/0 Bayesian confidence interval for overall 

reliability, each with advantages over the other, and 

therefore both were developed. 

14.d. Simple Method  

A simple but approximate solution may be obtained 

from the representative likelihood function for overall 

reliability developed previously (Section 14.a). The 

following equation is used. 
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1.0 
ZN0) b No) d T1o 

0.90 - c  
1.0 

 

(14.2) 

 

fo 
t(flo) b No  

The best choice for the prior distribution, b (7lo), 

is one established from past data, but lacking this, the 

most popular choice is the uniform distribution in the 

interval zero to one. It is used herein as a means of.  

developing a Bayesian procedure but it is not supported 

by the author as a logical distribution assumption for 

this application; if it may be assumed that the overall 

reliability is equally likely to lie anywhere in the in-

terval, zero to one, consideration should probably be  

given to cancelling the engine contract. 

Based on the uniform prior distribution, zero to 

one, solution of Bquation (14.2) is simple; the 1001 

cells. of Program 14.1 are summed, cumulatively, and the 

one-sided 900/0- Bayesian confidence interval is bounded 

above by 1.0 and below by the cell containing the first 

decile of the cumulative distribution. For the same 

assumed sample data used in the previous example, and the 

likelihood function from the non-central t, (1v4ethod 3),. 

the value 0.804 was determined by Program 14.1 using the 

average likelihood. It is interesting to note that the 
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three methods, average, maximum and midrange likelihood 

functions, give approximately the same answer. 

The advantage of this solution is its simplicity; 

any prior distribution may be easily combined with the 

two-dimensional likelihood function. For example, if 

a uniform priOr distribution in the interval 0.80 to 

1.0 is assumed the one-sided lower 900/0 confidence bound 

is 0.844. The disadvantage is that the answer is approxi-

mate because a two-dimensional likelihood function is 

used to represent an eight dimensional function. However, 

the results are'encouraging when compared with the more 

exact solution that follows. 

14.e. Complex Method  

A much more precise solution is obtained by consi-

dering the product of the likelihood functions and the 

prior distributions of the four independent reliability 

faatof2, 

dr ficOh.),tcyksp)(7)F.)Z0)r.) bOV b 	) b 	b (7), ) rh„ Y/z3ppe 

0.90 Cv);."r6p17c.")).,„> h.)  

LicX ( 	g 	Cr) 	(7);fri) b (Te) b (Y)1:50 b09  -4) 6  (ir4c014.44 ')2xspee72,4 ce lirm 

(ALL 19073:5p 7)p-. 

(14.3) 

r^ 
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Each of the four likelihood functions is deScribed 

by twenty to thirty intervals covering the range of reli-

ability from zero to one. In the manner of trapezoidal 

'integration, the likelihood value for each'interval is 

taken as the average of the likelihood at the two extremes 

of the interval. The prior probability of the interval. 

is obtained as the difference between cumulative prior 

probability evaluated..  at the extremes of the interval. 

Each interval is indexed by reliability; to obtain a 

solution with bounded error the calculation is done twice, 

first using.the reliability at the upper bound of the 

interval and then the lower bound. For each combination 

of the four reliabilities; a weight is determined as the 

product of the four likelihoods and the four prior prob-

abilitieS. (Again there are about a quarter of a million 

combinations). The weights are accumulated in 1001 cells 

of reliability between zero and one. The cumulative sum 

of there aells ig uged to find tho ooll oontaining tho 

first decile; then the values within that cell are ranked 

to find the exact combination that determines the tenth 

decile. The average of the upper and lower bound solutions 

will have an error bounded by half the difference between 

the solutions. The method is illustrated by Program 14:2. 

The first case investigated was based on assuming 
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a uniform prior distribution in the interval zero to 'one, 

for the four reliability factors. The result was a lower 

900/0 bound of 0.613 ± .046 for the same data used with 

the simple method. The explanation for this surprisingly 

low result is that the assumption of uniform prior distri-

butions for the four reliability factors is not equivalent 

to a uniform prior distribution for overall reliability. 

If t1,t2,t3,t4 are independent random variables with 

identical uniform distributions in the interval zero-one, 

the product t = t1  x t2  x t3  x t4  will have expectation: 

E (to) . E (t1) x E (t2) x E (t3) x E  (t4) 

(0.5) = 0.0625 
	(14.4) 

This pessimistic weight function is reflected in the 

very low 900/o Bayesian confidence bound obtained above. 

Therefore, to use this method, it is necessary to 

relate the factor prior distributions to the equivalent 

prior distribution for the product. Starting with a 

given prior for the product, overall reliability, it is 

an interesting problem in inverse convolution to determine 

the prior distribution of the independent and identically 

distributed factors. (The identically distributed charac-

teristic is assumed here but may not be required). 
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The following solution was suggested by Professor 

G. A. Barnard for the case of the uniform distribution 

of the product and it will be useful in a more general 

sense: 

If the prior distribution of 110  = /1fu TlISP TIFN TIrm 
is uniform in the interval zero to one, with 

prior density: b(110) = 1.0, 	0 < 110  < 1.0 

0, 	otherwise 	(14.5) 

and if G °— -2 log 11o' the transformed variable 9 will = 

have prior density: 

1 TgO/2  b(Gc;) 	exp 	0 < Go < oo (14.6) 

This is the exponential density function with parameter, 
1 X = -f and expectation  =;2. It is, also the X2  density 

function with two degrees of freedom. 

G I-7_ -2 log Ti = -2 log(11,, 11 iu 	TIFN T1rm 

-2 log Tifu  -2 log 71Isp  - 2 'log T1FN -2 log Ilrm' 

G 	+ G 	+ G fu ISP FN Grm (1) .7) 

If the four variables on the right Side of Equation '(14.7) 

are independent and identically distributed as X2  with 

degrees of freedom f = 1/2, Go  will be distributed as X2 
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with two degrees of freedom because of the additive 

characteristic of independent X2  distributions. 

The results of applying this solution to the sample 

data are illustrated in Volume II as Program 14.2, and 

in Table 14.1, a summary of results. The agreement with 

the simple method is reasonable. 

This method may be employed with other degrees of 

freedom to simulate prior distributions for overall 

reliability over the wide range of X2  distributions. The 

Russian tables by (Sluckii, E.E.) provide a simple, 

accurate method of generating X2  distributions with 

fractional degrees of freedom. Further the value 2 in 

the transformation from 11 to G may also be varied. 



185 - 

TABLE 14.1 

SUMMARY OF RELIABILITY ESTIMATES  

ASSUMED DATA 

Functional: 	20 tests 	0 failures 

Performance: 	N 	N 	N 	10 ISP FN rm 

;SP = 2FN = Xrm = 2.036 

sISP = sFN = srm = 1.0 .  

LISP = (LEQ)FN = (LE  )rm  = 0.0  

T1FN' arm  

(A) Unbiased Point Estimates (Chapters 11, 12) 

h 	1., fu 	0hISP = hFN = hrm = 0.99  

(B) Maximum Likelihood Estimates (Chapters 8, 11, 14) 

hfu 	
1,0, h 	h

FN 	
h 	0 .9825 

(C) Frequency Interval Estimates (Chapters 7, 11, 12) 

90°/o confidence: hfuc  = 0.891 
hISPc hFNc h  rmc = 0.896 
,  

(D) Likelihood Functions (Chapters 8, 14) 

See Figures 	Chapter 8 Programs 14.1, 

14.2 
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(A) Unbiased Point Estimate (Chapter 13) 

hov = 0.9703 

(B) Maximum Likelihood Estimate (Chapter 14) 

hov = 0.9484 

(C) FreqUency Interval Estimate (Chapter 13) 

hove = 0.884 + 0.011 

(D) Likelihood Function (Chapter 14) 

Figure 14.1 

(E) Bayesian Interval Estimates (Chapter 14) 

METHOD 

90°/o Confidence 

PERFORMANCE PRIOR DISTRIBUTION LIKELIHOOD 
LOWER 

. BOUND 

Simple (14d) Method (3)(8a) 110  uniform 0-1.0 0.804 

Simple 	(14d) Method (3)(8a) 	7],0  uniform 0.8-1.0 0.844 

Complex(14e) Method (3)(8a  ) 
uniform 0-1.0 0.613+.046 

Complex(14e).  Method (3)(8a) 	T)0 uniform 0-1.0 o.776+.05 

Complex(14e) Method (2) (8a) 710  uniform 0-1.0 0.873+.025 
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14.f. Choice of Estimates  

Methods for estimating overall reliability and its 

components have been developed under the three schools of 

inference: frequentist, likelihood and Bayesian. This 

might have, been avoided if the author believed that one 

of these approaches is clearly superior to the other 

two; all three have advantages and disadvantages. 

The final choice will be made by the customer, 

probably in a written contract, after considering the 

producer's recommendations. The choice should be based 

on the requirements of the application and the quality 

of the data, The requirements might be defined as: 

(1) a need for a point estimate to indicate the 

level'Of reliability achieved 

(2) some measure of uncertainty as a gauge of 

precision 

(3) 4 method. a Qmparing the estimate with rp1i-

ability requirements or goals. 

(4) a means of combining engine estimates with 

other system estimates to estimate vehicle 

reliability. 

(5) perhaps most important, the estimates must be 

readily- understood by a large audience of non-' 

statisticians. 
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The point estimate employed in the current method 

is both unbiased and also a maximum likelihood estimate. 

The point estimate of overall reliability developed in 

Chapter 13 is unbiased, but it is not a maximum likelihood 

estimate, while the maximum likelihood estimate developed 

in this chapter is not unbiased. The choice between the 

two is difficult. The good statistical characteristics 

of maximum likelihood'estimates are well known to stati-

sticians and in general, they are better than unbiased 

estimates; unbiased estimates are more popular with non-

statisticians and some education would be required to 

change to maximum likelihood estimates. 

As a measure of precision the competitors are the 

(1) frequentist and (2) Bayesian confidence intervals 

and (3) the likelihood function. A great deal has been. 

said and written about this choice based on theoretical 

considerations. The author's experience is entirely 

with the frequentist approach; it is a subtle concept 

which is both popular and generally misunderstood by 

project engineers and managers. This last is a serious 

drawback and it is sufficient to inspire consideration 

of alternatives. 
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14.g. Conclusion  

For a trial period, the author proposes to conduct 

a competition between the methods. The criteria will 

be the reaction and comprehension of the producer and 

customer project engineers and management. These are the 

people who take action on the estimates and they are 

not statisticians. It is intended to publish both: 

(1) unbiased point estimates and a frequentist 

confidence interval, and 

(2) the maximum likelihood estimate with the 

likelihood function, or if a good prior dis-

tribution exists, a Bayesian confidence interval..  

The likelihood function will be presented as 

a means of evaluating progress toward reli-

ability objectives, in its relation to the 

maximum likelihood estimate, and as a measure 

of precision. 
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PART IV 

COMPLEX MODELS 

The simple model described in Part III will often 

be appropriate. There are several other situations 

however, which occur often enough to warrant consideration 

even though they are much more complex: a sample space 

in which there is more than one firing per engine assembly, 

the partition of the sample space due to trimming, a 

mission space with multiple firings and multiple engines, 

and the effect of'instrumentation precision. All of 

these cases share the common problem of dissimilar mission 

and sample populations. 
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CHAPTER 15 

MULTIFIRING SAMPLE SPACE AND TRIMMING 

15.a. Complex Versus Simple Models  

Experimental engine assemblies are usually fired 

more than once; the cost of installing and removing 

engines from a test stand expressed in money and time 

is large and multiple' firings may expose wearout failure 

modes to correction. It is in the best interest of reli-

ability improvement to encourage this form of accelerated 

testing even though it makes reliability estimation more 

.difficult. Similar reasoning follows for untrimmed 

firings; intentionally probing the limits of engine 

operation by running at extreme values of thrust and 

mixture ratio produces both performance and failure in-

formation that is invaluable for improving the engine. 

Unfortunately, this type of data does not provide 

as much information for reliability estimates as the 

simple model data described in Part III and the solutions 

which follow are more complex and more approximate than 

the simple model solution described in Part III. Fortu-

nately multifiring data can always be reduced to simple 

model data by randomly selecting a single firing from each 
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engine and discarding the remaining firings. The decision 

to either (1) discard data and use the simple, more.exact, 

methods or (2) use the complex models with more approxi-

mate methods should be based on the improvement in pre-

cision versus the improvement in accuracy. Two guide-

lines may be suggested. If the number of engines in the 

sample is large, say fifty or more, the precision of 

the proposed method will be improved very little by 

larger performance samples and therefore, the simple 

model should be used. If the run-to-run (within engine) 

variance, 6R2, is extremely small, compared to the engine-

to-engine variance, aE2, the gain in precision obtained 

by considering more than one firing per engine will, be 

very small and again, the simple model should be used. 

Otherwise, the decrease in the length of the confidence 

.interval is recommended as a guide, perhaps 50/0. What-

ever criteria are employed it should be clearly understood. 

between producer and consumer prior to its appl,ication. 

In general, each performance parameter will have different 

degrees of freedom and variances and therefore, three 

decisiOnS will be required, one for each parameter. 
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15.b. The Complex Model  

Assume the data sample consists of r firings (runs) 

made on each of e engines and the mission consists of a 

single firing. The standard Model II analysis of 

variance may be used to describe the sample data. The 

following procedures are structurally based on the 

literature available on the Model II ANOVA particularly 

(Davies), (Keeping), (Owens), and (Brownlee); however 

the application is different from the usual one described 

in the references. Consider the model: 

Xii  = µ + Ei  + Ri  

where µ is a constant 

Einv N(0, aE2) 

(15.1) 

R Wo, aR2) 

i = 1,2,3,....,e 

j = 1,203,....,r 

15.c. 'Engine-to-Engine Variation 

.The grand mean of all engines is µ. The mean value 

of engine assembly i is µ + El  with variance aE2. .The 

magnitude of the engine-to-engine variance, aE2, is a 

Measure of quality control; with perfect quality control 

and ideal raw materials this variance would tend to small 
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values. This is particularly true of specific impulse, 

which is independent of trimming but the mean values of 

mixture ratio and thrust are determined by adjusting or, 

trimming their respective controls. The trimming pro-

cedure is part of the production quality control but 

even under ideal conditions the variances of these two 

parameters will not vanish as they are also a function 

of the run-to-run variance. If the trimming is done on 

the first firing, the procedure would be to observe the 

value, 

XIil  -'+ w' E  i Ril (where primes indicate 

before trimming) and adjust the control during 

the firing until the observed value 

Xil 	4 µ + Ei  + R il 
	 (15.2) 

which implies that Ei  = -Ril. It follows that for mixture 

-ratio and thrust the minimum value of the variance a 2  

will be aR2  unless a more complex' trimming prOcedure is 

employed. 

15.d. Run-to-Run Variation 

The run-to-run or within engine variance, aR  will 

be.a funCtion of engine'repeatability and instrumentation 

precision. The problem of true versus indicated estimates 
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TABLE 15.1 

ANALYSIS OF VARIANCE 

Source 

Engine-

to-

Engine 

Within 
Engine 
(Run-to-
Run) 

Sum-of-Squares D.F. 	E (Mean Square) 

(e-1) 

1=1 j=1 

(A dot subscript indicates an average over that subscript) 
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will be discussed in the next chapter. Here it will 

be assumed that. either the instrumentation precision 

is small or unknown or.that the required mission estimate 

is to be based on indicated values (including instrumen-

tation precision) in contrast to true values. The 

variances, a 2  and 6E  2,are usually referred to as com-

ponents of variance. Estimates of the components of 

variance may be obtained from the following table: 



LIMIT 

6 r'= noncentrality = )N1N- 

Returning to the statistic k treated previously in Part 
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15.e. Non Central t  

The variance of the firing in the mission population 

is the sum of the engine-to-engine variance and the run- 

to-run variance. 

Xij  = + Ei  + Rij  

j = 1.0 

Xil = µ + Ei  + Ril 
	 (15.3) 

a2 = (YE 	aR
2 
 

The problem of estimating the shaded area in the figure 

below is equivalent to estimating the noncentrality of 

the corresponding noncentral.t distribution. 
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a1  
Define a1

2 such that X ti N(µ, N  ) 

fs2  such that --72  	Xf2  
a2 

Then the following variable is distributed as a non-

central t: 

a 	0* 	 a 
al 	1 	2 	(15.4) 

Q2 

a2 

If 1 	11  -Li= J., -1 

a 	`I) 	(T)) 

(15.5) 

(15.6) 

(15.7) 

(15.8) 

tru Noncentral t (noncentrality 5 
	a 

Degrees of freedom = 

With three, unknown parameters aR2, aE2  and µ there 

does not appear to be an exact. solution. The problem 

2 

t= 
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is related to the celebrated Fisher-Behrens problem. 

If the past history of the engines shows that the ratio 

aR2/aE2  is reasonably stable, the same large batch of 

data that is used to estimate weighting factors may be 

used to establish the ratio. 'Methods of judging stability 

will be discussed later. Two different approximate 

solutions will be presented, both based on a known 

ratio, aR2/aE2; if the ratio is not known or unstable, 

the problem appears to be impossible and the data should 

be reduced to single firing per engine data by random 

trimming. 

15. f . 	Small Compared to a 

If aR  is extremely small compared to aE  there will 

be little to be gained by considering the replication 

firings on each engine and as suggested in Section 15.a, 

the simple model should be used. However, if the number 

of engines is small' the number of firings per engine 

is large and a'R  is small compared to aE, the improvement 

in precision may be significant' and the-following method 

will be appropriate. 

The best estimate of µ is the grand average of all 

the data, X 	the improved precision of X over X 
OS 	 *0 	01 



(e-1) s2 - X2(e-1) 
a2
2 

ao  
t = 	er 

with noncentrality 6 = 

Procedure: Calculate 

j=1 

X.. 
13,  
er (15.16) 
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is the reason for following this alternative to .the 

simple model. 
+ a 

N(//' 	
E
2  
) 

. a  2 + 
 r  , 2 

N(µ,  r re 
-E  ) 

• 

therefore: a12  = aR2 	r aE2 	 (15.9) 

The mean square on the first line of the ANOVA, 

divided by r, is attractive as a choice for s2  because 

it leads to simple noncentral t distribution and its 

expectation approximates _ a  2 	2 a2 R + E 
aR
2 

E (s2) 	r 	
+ 0. 2 + aE

2 if a <<a E 

= 

a 2 

2  2 
	1 
= 

k 

(15.10) 

(15.11) 

(15.12) 

(15.13).  

(15.14) 
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P- 

I El CROSS HATCHED 

t• 
1E.- SINGLE + CROSS 

HATCHED AREA 

-1 
( 

Xij 

Estimate of 71" 

- L 

N/6 R2+r 6E2  

h = Estimate of 11 

,/a  2+a  2 
v  R E 

2 r 6E2 

2 + 

(zil/V0 ?) 

TV 

h = 

(15.21) 

(15.22) 

.(15.23) 



.
8+'r 	, 
9 + 11 

-1 
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(X 	_ y )2 1 
S = 	

e 7

.

1 	

PO 	

(15017) 

- L• 
k = . 

s 	
, f.... e-1 	(15.18) 

From (Bowker and Lieberman) and Table III, Part II, 

determine an unbiased point estimate, h" and a lower 

one-sided 900/0 confidence bound, lac", using k and 

the degrees of freedom (e-1). Transform these estimates 

to the required estimates using the following relation-

ship: 

where 9 = a 2/a  2  R E 

An illustration may be helpful to demOnstrate 

the effect of the above transformations. 



Table, computations are considerably reduced. (See 

15.2). 

- 202 - 

The accuracy of this approximation will increase 

as the ratio 8 approaches zero and as the proportion, 

approaches one. Given values of r, 8 and fl, the 

bias in the estimate h may be determined by numerical 

integration as illustrated below. Given r, 9, and h'' 

the bias in h may be estimated by assuming that 11" = h" 

Program 13.2 was used to obtain eleven percentiles of 

the distribution of k", given 11". These eleven were 

selected as they are typical (median) values within 

the ranges indicated. If we treat the distribution 

as discrete with these eleven values, the results will 

be sufficiently, accurate for estimating error and the 



TABLE I 5. 2 	CALCULATIONOF S% AS 

ASSUME 111= h" •=- O. 98U° 	‘o 1  -V 	= 1.4 

.1.• ..k,.• hi, Pr (VIP) We* Pr (K) 1-30.0444:-.17 I611 1-1 VI it92. (h)  

2.5" 1.279 0.9037 .05 .04518 I.3029 1.824 .91059 . 0482.9 
10.0 1.537 0.9464 . I 0 . 09464 1.6108 11_55 .9879 .0 9879 
Zo. 0 I. 731 0.9499 .1O .09689 (. 6650 2.611 .9955 .09955 
30.0 1.8813 0.9E01 . 10 .098 17 2..0903. 2.926 .9983 .09983 
40.0 2.034, 0.9900 . 10 . 09900 2. 3263 3.257 .99942. , 099942 
50.0 2,.18 7 0.9953 , 10 . 099 53 2.5972 343(0 .99985 . 0999 se, 
60.0 2.353 0.9984 . 	10 . 09984 2.9478 4.127 .99998 .099991 
70.0 2.549 0.99977 . 10 . 0999 77 151 4914 1.0 	. . 10 
80.0 2.806 1.0 . 10 . 10 gpo 00 1.0 . 1 0 
90.0 3.22 6 1.0 . JO . to 00 00 1.0 . 1 o 
975 , 4066 1.0 	_ . 05 . 05 co  oo 1.0 . 05.  

Yr= 0.9824 
	

(h",  PrCh")) = 0.9332, 

111) = 	e 	-I(9")1 = 	2- 1011 = 0.9984 

E 	Pr (V))) = 0.9964 

ESTIMATE OF 13 Lks = 0.9944 - 0.9984- 
= - 0.0020 



2 = 
(a 	a +. r..2). +.  (r-1 

- 	Cf 2 • + CT 2   - R E 

e r 

r. 
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The advantage of this method over the next method is 

that the distribution is exact, even though the variance 

is only approximately the correct variance and that a 

good estimate of the error or bias can be determined. 

If this method is used frequently, it may be possible 

to develop an unbiased estimate by iterative correction 

of the bias as illustrated in Chapter 7. 

15.g. aR Not Small Compared to a 

The required variance, 62, may be estimated as 

a linear combination of the two independent mean squares 

in the ANOVA table: 

2 
Unfortunately, the variable 

fs 
 ) is only approximately 

0.2 

a Xf2  variable and therefore, the degrees of freedom 

cannot be determined exactly. The approximation in this 

method is to assume the above variable is distributed 

as a Xf2. Based on this assumption, two solutions for 

the degrees of freedom appear in current literature, 



e - 

2 
(S
A 	sB 

2) 
2 	2 s

A 	
sB  

e-1 

e-1, 	(15.28) 

e(r-l) (15.29) 

15.30) 
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the more popular is due to (Welch and Satterthwaite), 

the other is due to (Dixon and Massey). A detailed 

discussion of these estimates will be postponed until 

later; it is sufficient hereto state that the Welch-

Satterthwaite solution appears to be superior. 

Welch-Satterthwaite estimate: 

if s2  = a 'S 2  + 	s A 	id B
2 

f -Le 
(aA  sA2.1- - ait. sh2)2  

aA2.(sA2)2 ai2(sB2)2 

fA 	fB  

(15.27) 



t = 	5-Lt - al 
(12 Z =  al 1 	al 

N 

2 	2 a22  = a = 	+ E
2 

(15.31) 

(15.32) 

(15.33) 
XQ 	

• cr• • Z • 1 	1 

N = er 

a 

Calculate X 

j 1.  
e - 1 	er 

2 2 sB  ) 

2 	2 
A 	B 

e -1 grii7-i) 

2 
1
/a V 

 G + 
=, 9 

 1 
r • • a   

relA 	+' 1 
G r 

  

), degrees of freedom = f 

  

. i 

(15.39) 

Procedure: 
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Returning to the general formula for a non central t 

used earlier: 



he= 
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Read h''' and hc''' from (Bowker and Lieberman) and 

Table III interpolating on both le t and f. (f will 
• 

not necessarily be an integer). 

(+ 
	r 
+ 1 d r (h'")) 	(15.40) 

(hem ) (15.41) 

solution is based on two approximations: the 

sum of mean squares is only approximately a X2  variable 

and the approximation that h'", an unbiased estimate 

of 11'", may be transformed to an unbiased estimate of 

11. The error introduced in the latter assumption may be 

estimated by the same procedure used in the previous 

section, but the error from the former is unknown. 

This solution is therefore less attractive than the 

first solution (given ar  small compared to QE) which 

is based on a single assumption with a good estimate 

of error available. 

It may be noted that if aE is small compared to 

aR a method very similar to first approximation may 

be developed. Under, these conditions the mean square 

on the first line of the ANOVA table has expectation: 

This 
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2 	
(YE

2 
R
2 	r aE = aR + 	if aE < < aR 

• 
This method is not presented because it would be unusual 

with rocket engine performance parameters to find 

aE < < aR. 

15.h. Trimming 

As mentioned previously, mixture ratio and. thrust 

share a special problem that does not affect specific 

impulse. If an engine has not been trimmed, mixture 

ratio and thrust are not required to fall within speci-

fication limits. Under the current method, the data 

-on thrust and mixture ratio are discarded but if these 

untrimmed engines are fired several times the data can 

contribute to estimating the run-to-run .variance, aR21  

even though it contributes nothing to the estimate of 

aE2  because aR2  is independent of the control settings. 

This information may be utilized if the components of 

variance are estimated separately as in the second 

method above, but not otherwise. A decision will have 

to be made to use the untrimmed data with the more 

approximate methods of this chapter or to discard it 

and use the simple model. The same criteria discussed 

in Section 15.a are applicable here. 



e - 1 
1=1 

2 -  
r 	E 

(15.42) 

For the untrimmed data: 

( rr_1) E  
i=e+l 

E (15,43) 1=1  p j=1 . e 

(xTRi..)1 
, ) 

1 j=1 
(x.ij -R. ) 2 
(g-e)(r-1) 

fr1\ 0R2  (15.44) - 

PoOling sums of squares, trimmed and untrimmed: 
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If it is decided to incorporate the untrimmed data 

the second method above must be modified to accommodate 

the additional information by pooling untrimmed and 

trimmed run-to-run data. Two modifications are required: 

Assume the untrimmed engines are numbered e+1, 

with r runs on each engine. 

[For the trimmed data: E 



. q 
2 S = B 
 E 

-7 )2  
- 1 

1=1 

where sot  = 

- 210 - 

2 
(s

A
2 + s

B
2) 

Degrees of freedom, f 
2 sA

2 	sB. 
e-1 (71771.) 

(15.47) 

(15.48) 

(15.49) 

15.i. Stability of Variance Ratio  

The ratio of variances aR2/aE2  must be known and 

stable to provide the key to the solutions suggested 

in this chapter. If the ANOVA table mean square which 

has expectation aR2  + r aE2  is designated sA
2
' and 

the mean square with expectation aR2  is designated 

sB
2
' an exact confidence interval for the ratio 

aR2/0E2  can be determined from the F statistic. The 

derivation is shown in (Brownlee); If the data used 

to calculate the weighting factors are divided up 

into equal sized samples and intervals calculated, 

confidence (a), approximately (a) fraction of the 

intervals should include the ratio aR2/aE2. If the 

fraction of intervals is much less than (a), the 

assumption that the ratio is.constant is questionable. 



It would also be advisable to plot the sample ratios 

in chronological order to detect time trends. 

15.j. Approximate Degrees of Freedom  

The Welch-Satterthwaite estimate employed in Section 

15.g is derived in (Kendall and Stuart pp.146) and 

(Brownlee pg.235). It is also discussed in (Davies a. 

pp.5k). The derivation is based on equating expressions 

for the variance of, the sum of sample variances and 

the variance of the equivalent variable and substituting 

sample estimates. 

If a1s12 + a2 

 

(15.50) 

 

2 
(a1  2 	2 a s22).  

(15.51) 

 

2 2 	a  2,s  al2(s, ) 	2  k 2  

fl 	f2 

 

    

For the application herein, al  = a2 	but the usual. 

appliCation is to estimate the degrees of freedom of the 

variance of the difference between two sample means. 

1/, In that case 4 	/N1 	= /1\1 
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and f  

s12 	
s2

2 

(15.53) 
N1 . 	N2 

(s12/N1)2 (s22/N2) 

N1 - 1 	
+ 	

N2 - 1  

A different approximation for this latter problem 

was originally published in (Dixon and Massey) and is 

also given in (Hoel) and (Resnikoff and Lieberman 1959). 
2 

s1
2 	S22 

N1 	N2 (15.54) 
(s12/N1)2 (s22/N2  

N1  + 1 	N2+1 

(Anderson and Bancroft) give both approximations. Un-

fortunately the derivation of the (Dixon and Massey) 

relation is not available and therefore, a comparison 

of the two estimates was made (Program 15.1) as a basis 

for selecting one in preference to the other. Monte 

Carlo simulation was employed; for each trial samples 

of random normal numbers, size N1  and N2)  were generated 

using variances ai2  and a22. The following statistics 

were calculated from the simulated data: 

1. Unbiased estimates of the variances s12  an 

2. An estimate of total variance s2  = s12  s 

3. The ratio s2/a2  where a2  = al  + a22. 

4. Both approximations Satterthwaite-Welch and 

Dixon-Massey. 
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From the results of fifty trials, the average and 

variance of the statistics calculated in steps 2, 3 and 

4 were calculated and printed. The entire program was 

repeated (Case 2) to obtain a measure of simulation 

precision. A summary of typical results is shown in 

Table 15.3. The value f' was obtained by substituting 

the true value (the input to the simulator) in the 

expression: 

(15.55) 

The Welch-Satterthwaite estimate is obtained from this 

expression by substituting sample values for the true 

values. If the value f' is taken as the true value 

(which is equivalent to assuming the sum of variances 

is distributed as the X2) the Welch-Satterthwaite approx-

imation is less biased, at least for the cases investi-

gated and the variance of the Welch-Satterthwaite estimate 

is less than the Dixon-Massey estimate. For these two 

reasons, less bias and smaller'variance, the Welch-

Satterthwaite estimate is recommended in preference to 

the Dixon-Massey estimate. There may be other inference 

criteria that would favour the Dixon Massey estimate. 
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TABLE 15.3 DEGREES OF FREEDOM 

Results from Program 15.1 

N1  5 10 10. 5 5 10 

N2 10 10 10 15 15 10 

61/02  2 2 1.0 1.0 3.0 3.0 

f' .5.05 13.2 18.0 6.9 4.3 11.0 

c 
a 
s 
e 

Welch-Satterthwaite Estimate 

Mean 
1 

2 

5.7 

5.6 

13.6 

13.3 

16.5 

16.9 

9.2 

8.4 

4.7 

4.5 

11.6 

11.5 

Variance 1 

2 

3.7 

2.9 

5.1 

3.6 

1.9 

2.2 

13. 

11.2 

0.60 

0.24 

2.9 

2.0 

Dixon-Massey Estimate 

Mean 1 

2 

6.4 

6.2 

14.7 

14.2 

18.3 

18.6 

11.0 

10.0 

5.0 

4.8 

12.1 

12.0 

Variance 1 

2  

6.6 

5.2 

7.6 

5.4 

2.9 

3.2 

19.0 

18.0 

1.3 

0.51 

4.4 

3.0 
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The simulation results are based on the formulae 

applicable to the difference between two means rather 

than the problem contained in this thesis because 

without the derivation of the Dixon-Massey estimate, 

it is not known how to modify the expression to solve 

the problem herein. 

15.k. Current Method  

The problem of multiple firings per engine intro-

duces much complexity in the proposed method. In con-

trast given the same data the current method is attract-

ively simple. The only recognition of this problem is 

the restriction on the maximum number of firings per 

engine assembly sometimes present in the 'ground rules'. 

It is appropriate to reflect on whether or not the com-

plexity is required. There are two reasons to support 

it. 
,There is a loss of information from discarding 

untrimmed mixture ratio and thrust data in the current 

method. If the sample sizes are small, this loss could 

be serious. 

More significant is the error introduced by assum-

ing,. the firings are equivalent to single-firing-per-

engine data. If the same assumption were made in the 

proposed method.it would be equivalent to assuming 



(e-1)( 2 + r 6E2) + e(r-1) 

E(s (15.56) 
(e-1)(6R2 + r 6E2) + e(r-1) 

e r 1 

i=1 

1=1 

E  (62 )  = 

= 

 

(15.57) 
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that the expectation of the mean square on the last 

line of the ANOVA table equals 62  = 6E2  aR2. 

The correct expectation: 

r(e-1) 	2 	2 
er 1 aE +6R  

(
Ratio correct E(s2)/incorrect . E(s 

r(e-l)  g 
er - 1  
1 + 9 

The result is to underestimate the variance and 

therefore, overestimate the reliability. This last 

error applies to all three performance parameters and 



- 217 - 

therefore, it is compounded in the estimate of overall 

reliability. The error depends on r, e and 9; the 

largest error occurs as 9 	0 and r is large, when 

the ratio above tends to 1/r. 
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CHAPTER 16 

PROBLEMS FOR FUTURE RESEARCH 

There are several rocket engine reliability problems'  

which have not been solved with the current method but 

which may possibly be solved with the new proposed 

method treated in this thesis. It is the author's 

intention to proceed with his research on these problems 

as soon as possible. The purpose of this chapter is to 

present these problems and the work completed towards 

their solution. 

16.a. Muitifiring-Multiengine Vehicles  

Perhaps the most important is the multifiring, 

multiengine mission space. From studies of optimizing 

cost, performance and reliability of advanced vehicles, 

it appears that the current trend toward clusters of 

small engines rather than a single large engine will 

increase during the next decade. Vehicles with thirty 

or forty engines per stage are predicted. (Mulready 

et al). Further, as the design chamber pressure in-

creases there will be less reason to design vehicles 

with single-firing, multiple stages and more reason to 
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support multiple-firing, single stage vehicles. Several 

current liquid rocket engines already have multiple 

firing capability (the Pratt and Whitney Aircraft RL-10 

and the Bell Aircraft Agena rocket engines are two 

examples). In addition, as space missions increase in 

complexity there is no alternative to multifiring missions; 

to inject a communication satellite in a 'stationary' 

orbit or to impact an instrumented vehicle within. a 

small radius on,the surface of Mars requires very accurate, 

reliable rocket engines with multiple firing capability. 

There are several problems which must be treated 

to obtain a,reliability estimate for the multifiring 

rocket cluster. The first is the interaction between 

firings on a single, engine. Functional' reliability will 

be degraded by failures which do not affect single firing 

reliability but would affect multifiring reliability. 

For example if an igniter burns out after an engine has 

started, it will not affect that firing but would prevent 

any additional firings. Another example might be a stress 

failure in a turbopump casting during the shutdown trans-

ient. Neither of these events would be treated as failures 

when computing a single firing reliability estimate but 

they must be 'accounted for when estimating multifiring 
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reliability. In anticipation of this problem, the author 

redesigned the reliability data system at Pratt and 

Whitney Aircraft several years ago to gather data to 

make estimates of a new parameter, the multifiring factor. 

This parameter is defined as the conditional probability, 

given the engine has fired successfully during the mission, 

that no failure has occurred prior to the next firing 

which degrades the reliability of the engine on that 

firing. Rocket engines are rigorously inspected before 

and after every ground test firing and a considerable 

volume of data should be available to estimate this 

factor. The multifiring factor may also be a function 

of the duration and path of the coast periods; meteorite 

damage, vacuum welding, and vacuum aging are examples 

of failure modes which cannot be estimated from ground 

test data: Some coast periods may be measured in years. 

If the mission is such that the6e effects are significant, 

the multifiring factor will have to be modified in some 

way to account for them. The multifiring factor will be 

included in the mathematical model as a product term 

once for each period between firings: for example, it 

would be used three times on a four firing mission. 

The interaction between firings for performance 
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reliabilities will depend on the definition of performance 

requirements for the mission: difficult missions will 

require the performance parameter to satisfy the limits 

on every firing while easier missions will only require 

the average performance to satisfy the limits. In either 

case it• should be possible, although perhaps difficult, 

to build an appropriate model based on ANOVA methods. 

Particular attention must be paid to correlation between 

performance parameters on firings made on the same engine. 

The best ground test data (the simple model in this 

situation) will have the same number of multiple firings 

per engine as the mission: 'given these data and well 

defined performance-functional requirements, the problem 

should be no more difficult than the single'firing mission 

treated in this thesis. 

There will also be an interaction between engines; 

given an engine fails it may or, may not affect the other 

engines. If there are no redundant engines and no separate,  

abort systems, single engine failure implies vehicle 

failure and the interaction is irrelevant: otherwise, 

it will be significant. One approach to this problem 

that appears promising is to classify single engine 

failures into two groups; those that will affect the 



customer:Andproducer before their application to data. 
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other engines (catastrophic failures) and those that 

will not. From this classification a multiengine factor 

might be estimated as the conditional probability, given 

a failure has occurred, that the other engines will not 

be affected. The application of this factor will be 

largely determined by vehicle design and the reliability 

and response of the engine failure detection system. 

(Abernethy 1963 A) 

With all of these estimates, careful study must be 

made of the applicability of the ground test data to 

the mission environment. There are failure modes in 

both environments that do not exist in the other; only 

the best combined engineering and statistical analysis 

can hope to produce valid estimates. As the model becomes 

more and more complex, the precision will be degraded 

and this should be reflected in the size of the confidence 

interval and the shape of the likelihogd function. Every 

effort must be made to keep the system simple. All 

procedures -should be well defined and understood betweeh 
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16.b. Variable Firings per Engine  

If the number of firings per engine is a variable, 

several methods appear to have some merit and unfortunately 

some deficiencies. In this case the model is still more 

complex than that treated in Chapter 15. 

.(a) Combined Estimates. Perhaps the best solution 

is to group the data by the number of firing8 per engine 

and obtain separate, independent, unbiased point estimates 

from each group. These estimates may be weighted and 

summed to provide the required point estimate. The choice 

of weights is discussed in (Brownlee Section 2.4) as 

well as other texts. The drawback is the interval esti-

mate. The confidence bound from the largest group should 

be a conservative estimate on the average; however, in 

a specific case, if the point estimate from the largest 

group is greater than the combined point estimate this 

procedure may be optimistic. Perhaps with more complex 

model building it will be possible to estimate a lower 

bound based on all the data. 

(b) 	Equivalent Firing per Engine. Equilialent 

sample sizes for balanced data may be developed using 

ANOVA methods described by (Brownlee, Davies et al and 

other). The algebra here is tedious complex and approxi-

mate; if the components of variance have to be estimated 
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separately the results,will have doubtful value. (Brownlee) 

says of the analogous.  Model II ANOVA, 'This is clearly 

an awkward business of unknown aocuracy.. All this trouble 

can be avoided by the use of equal sample sizes.' The 

author is. in accord with Brownlee; it is most desirable 

to remain on the firm ground of valid statistics. 

(c) Trimming. If most of the data is of one constant 

(j) number of firings per engine, random trimming of 

firings from engines with more than (j) firings, and 

elimination of engines with less than (j), may be the 

best course of action. This is particularly true if 

there is a fair size sample of data left after the 

ming. 

16.c. True Versus Indicated Reliability 

The sample estimates of the performance parameter 

variances include the effect of instrumentation precision 

errors. The mission variances do not include instrumen-

tation error; during the mission performance parameters 

are usually not measured and even if they are measured, 

flight instrumentation is quite different from Aground 

test instrumentation. Customers have sometimes requested 

reliability estimates based on true rather than indicated 

values. In the past the request could not be satisfied 
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as there was no known method for Modifying the current 

method but the proposed method may be developed to have 

this capabilit3r. If all pertinent ground test instru-

mentation is duplicated using independently calibrated 

and installed measuring 'devices, a statistical estimate 
of instrumentation precision may be produced. If this 

instrumentation variance is stable, it may be accurately 

estimated from the same large batch of data used to 

estimate the weighting factors and treated as a known 

constant. The true variance is equal to the indicated 

variance minus the known instrumentation variance for 

the simple model (single firing per engine); the reduc-

tion is more complicated for the models in Part IV. 

A word of caution about bias error is in order 

here. It is quite common to assume that instrumentation 

bias errors are zero because all known bias errors are 

calibrated out and because there is no method of estima-

ting instrumentation bias. This assumption is not con-

servative, although it is widely employed. If indicated 

variances are reduced by precision variances, the author 

recommends adding some variance to the result in recog-

nition of the unknown bias errors. It is very difficult, 
if not impossible, to even make an intelligent guess 
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at the size of bias errors; perhaps a collection of 

engineering guesses could be obtained by survey and the 

most pessimistic employed. Alternatively, if the bias 

errors are expected (guessed) to be of the same magni-

tude as precision errors, it may be wise to use the 

indicated variances (reduced by the precision and in-

creased by the same amount for bias errors) as the true 

variances. 

16.d. Likelihood-Bayesian Estimates  

Likelihood and Bayesian estimates were developed 

for the simple model in this thesis. The results were 

informative and competitive with the frequentist esti-

mates for the author's recommendation. Analogous methods 

should be developed for the complex model. This has not 

been attempted and it is possible that some simplification 

and other advantages would result. The customer, parti-

cularly, should be interested in these methods as•they 

provide a means for including a statistical expression 

for the customer's evaluation of the producer's.  capa-

bility. This is extremely important: one of the primary 

considerations in predicting the 'reliability of a new 

engine is the quality and maturity of the design develop-

ment engineering team. Only very large expenditures of 
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money and time in testing can overcome deficiencies 

in experience. In the early development period a Bayesian 

analysis is probably the only quantitative way that the 

customer can evaluate competitive engines incorporating 

his opinion of the quality of engineering. 
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