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ABSTRACT

The current procedure empldyed'in industry to estimate
rocket engine réliabilit& is based entirely on discrete,
success-failure, variables. The precision of this method
is inadequate at high levels of reliability; large
changes in reliaﬁiiity cannot be detected. A new method
is developed based on tfeating the performance parameters
as continuous, measured variables and the:mechanical
characteristics as discrete variables. The new method
is more’preciée, more accurate, and has wider applica-
tion to the complex problems of estimating vehicle and
mission reliability. 'Prbcedures are provided for ffequen-
tist, likelihood and Bayesian reliability estimates. |
Estimates of the proportion of a normél distribution
exceeding or satisfying a limit, or limits, are treated
in detail and tables of these estimates are tabulated.
'Monte Carlo simulation is used to verify analytical results.
Computer programs in Extended Mercury-Atlas Autocode
. and Fortran IV languages are includéd with typical cbm-

puter output for the estimates developed.
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CHAPTER I

OBJECTIVE

1.2. Requirements for Reliability Estimates

The first American space vehicles and military

issiles were both costly and unrellable. The most
unreliable component systems were propulsion and elec—
tronics and as a result the electronics and rocket engine
industries were the first to be required by contract to
monitor and report estimates of‘reliability. The Statieb
stical methods developed are reminiscent of early quality
control methods; they are based.on discrete random
variables and generally suffer from poor precision.
Although these methods Were’satisfactory at low levels
| of feliability,mbetter methodsvare required at the-ourfent
higher levels of reliability (Abefnethy 1963 (b) ).

'In addition tovproduction‘oontrol, there are other
requirements for rooketkengihedreiiability estimates. |
The design of thiclebengine failure‘detection systems -
and abort systems and the use. of redandant engines are
'based on engine reliability estimates. (Abernethy 1963
(a2)). Many advanoed missions involve multiple launches;
the number of vehicles needed to complete the mission is

a random variable that 1is dependent on engine reliability.
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The thimum single engine thrust size for multi-engine
vehicles is a function of total thrust required, reliability
and cost: ‘the,smaller the engine, the more develdpment
tests can be madé for a fixed coét and therefore, the

higher réliability, but in production the cost per pbund
fhrust favors lgrger ehgines.- It follows that there is
’an optimum.size single engine for each vehiéle as a func-
tion of reliability; total cost and total thrust required.

(Mulready et al )

1.b. Rocket Engine Project Life Span

The lifespan of a rocket engine project may be
- divided into three overlapping periods: ‘design, dévelop—

ment and production.

THE LIFESPAN OF A ROCKET ENGINE PROJECT
OOA| . | ~ PRODUCTION ——

IA ) - ADVANCE AMODEL ——— DEVELOPMENT —

4 IA ~—DESIGN —=

w__

R ~<PRODUCTION ¢ FLIGHT TEST—
I

g IT ~——DEVELOPMENT —>

I =—DESIGN—>

° ‘ 2 3 4 G 7
' YEARS - '

FIGURE .|
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In the design period there are no full'séale engine test
data available for reliability estimation. In the same
period with electronic systems 1t is common practice to
make system reliability estimates based on component
test data, but_with rocket .engines analogous methods
have‘failed; the mechanical and thermodynamic interactions
be tween components’ are significant and the engine
environment of vibration, cryogenic and combustion
temperaturés, and transient shock is virtually impossible
to simulate'on-a ¢pmponent test stand. Therefore, rocket
engine réliability estimates in the design period will be
largely guesses.: Historically the best guess has been
the reliability of the last engine produced by the same
engineering team. | |

The production—flight test period is characterized
by reasonably large éuantities of valid data from flight
"~ tests and frbm.production engine'ground test. The
statistical prleems of making estimates in tThis period
are trivial and the need for estimates is less than during
the development program. The development period 1s the
critical period for reliability estimates for two neasohs:
the need for reliability.estimates is most acute at this
time because the vehicle design and mission analysis is

done concurrently and the quantity of rellability data
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-available is small and 1t is of poor quality.

l.c. Development Program Data

Development périod data consists of the results of
.full scale tésts of experimental engines construgted of
the following types of components:
va. ‘Experimental: untested new designs
‘b. Obsoleﬁé: inferior designs that have been
replaced in the biil of materials
c. Overage: parts‘with test exposure exceeding
ten or fifteen times the design life
d. Damaged or repaired parts
e. Qreen run parts - untested parts
- f. Standard bill-of-materials parts.
Flight engines consist of bill-of-materials parts only.
Reliability estimates for flight engines based on devel-
opment data mustvutilize déta_from experimental, non- - -
homogeneous engines as it‘is the only data available.
Further, the test programs and test objectives of
experiméntal engines test conflict with the objectives
of reliability demonstration. A good development program
" will uncover as many weaknesses and'failure modes as
possible; failure should often‘be a test objeéﬁive, either

directly or indirectly. The tests that are particularly
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dangerous must be excluded from the reliability evaluation
- as non-representative of a mission firiﬁg. The test
firing duration may be léss than or greater than a
mission firing and therefore a'system of Weighting test
data by test duration is required; a successful short
duration test should hdf count as much as a succeésful
long duration test.. The welghting factors for shorﬁ and
long runs aré'added together to determine the number of
equivalent full'duration runs. |

Thé statistical parameter to be estimated, reli-
ability; is not constant‘during the development program
but should increase in diécrete steps as engineéring
changes are made t¢ the engine; The growth of reliability
is a measurevof the success of the development program
which in turn is a function of total test firing duration,
the number of tést firings, éngineering proficiency, the
sfate—of-the—art of the engine (very advanced versus
similar to last engine produced), the initial désign,
and perhaps the total time allowed. (Figure 1.2) For
a given enéineering team, the total number of firings

appears to be the most significant factor for rocket

engines.
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There are also problems related to the performance
parameters: specific impulse, propellant mixture ratio
énd thrust. The reliability estimate required is for a
mission firing. The number of firings per engine wili'
be determined by the mission requirements and will usually
be one. The‘populatién sampled, ground test firings of
experimental engines, willvoften consist of more than
one firing per eﬁgine and may be as high as ten firings
per engine. The variances of the performance parametefs
are composed of components of engine-to-engine variation
and run-to-run variation. It follows that the ground
test population may have different performance yariances
from the mission population.

Further, the'propellant mixture ratio and thrusét
are usually controlled by hydro-mgchanical controllers
which are adjusted on flight engines during production
aéceptance testing; 'One or two firings are required to
adjust or 'trim' the'engine and the»engine is not con-
sidered ’trimmed{ until'the trimming firings are completed.
Most experimental engines are not trimmed for various
reaéons. The experimental engine which is not trimmed
must be excluded from satisfying the propellant mixture

ratio and thrust requirements. Even on trimmed engines

the instrumentation will sometimes fail which also leads
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to exciusion of one or all of the performance parameters.

As a result the sample size associated with each performance
parameter will usually be different and this problem

" should be reflected in the précision of the reliability
estimates.

In view of these major problems it would seem appro-
priate to conduét-reliability demonstration firings
separate from development fifings. Although it would be
highly desirable and has often béen suggested, it haé
rarely been done because of the enormous cost of rocket
engine testing énd because the correlation between devel-

opment reliability estimates and later flight test results

.  has been quite good.

~1l.d. Objective

The objective of the research project reported
“herein is to develop a %tatistical.method to measure the
reliability of rocket engines during the development.
program of the engine whiéh‘will overcome the deficiencies
associated With the current method. A single firing |

mission will be assumed as it has the»widest app1icatian.

l.é. Organization
This thesis is divided into two volumes, the second
containing computer brograms.and-results. The first

volume is subdivided iﬁto four major parts indicated by
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Roman numerals. ' Each chapter is.further-divided into
sections indicated by lower case English letters. For
example the third section in Chapter 13 is indicated by
(13c). Computer prégrams, equationé, tables, and figures
.are numbered within chapters. For ekample, the secon@
equatioﬁ in Chapter-lj would be referred to as (13.2).
References afe listed in the appendix and are,referenced-
by the surname of the author with the year indicated if
there is more than one reference to the author. An
effort has been made to use standafd notation: a list
of notation and definitions is provided in the appendix.
The next chapter is devoted to a critical describtion

of the current industry methodl
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CHAPTER 2

THE CURRENT METHOD

The methoa currently employed throughout the American
rocket industry was developed in the late 1950's for
aﬁplication to intercontinental ballistic missile rocket
engines. It appeafs to have been Jointly developed at
North American Aviation Rocketdyne Di&ision and Aerojet--
General Corporation. ’It-is.described in detail in Chapter
16 of (Lloyd and Lipow 1962). The treatment of the
method here is intended to indicate the solutions to
_ problems‘described earlier and the areas of similarity
.and difference between the current system and the new
system.

The statistics of the current system would be simple
if good valid data were available. A Sample of full
duration firingé, one eachvon bill—of—materials, trimmed,
engines would be used. Each firing would be classified
a success if the engine started, ran for a full duration,
provided specific impulse, propellant mixture ratio and
thrust with specification limits and shutdown without
incident; otherwise it would be classified a failure.
Poinﬁ estimates and interval estimates of reliability

would be obtained uSing the binomial probability distribu-

tion.
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‘The ratio of thé number of successful firings to
the total firings will be an unbiased, maximum likelihood,
estimate of the true reliability, T, equivalent to the-

binomial parameter p.
A lower, one-sided, 90°/o confidence bound h, for

the true reliability, T, may be obtained from the binomial

.relation:

F , o
' - N! N-r T
0.10 = Z FHGEOM hc (l-hc), (2.1?
r=0 ‘
where N = number of firings, F= number failures

The complexity of the current method is due to the modi-

fications required to treat the following problems.

‘2.a. Reliability Growth

| If all the development data available is utilized
the lower reliability of earlief times will bias the
estimate of currentvreliability. A ﬁoving average 1is
employed to minimize the bilas. One hundred'equivalent
full duration runé appears to be a good compromise between
the iarge variance of sﬁailer samples and the bias 6f
larger samples. In a typical program, a‘sample of one
hundred equivalent runs will extend over about three or

four months. In the late portion of the development
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program when the rate of change of reliability is small,
larger sizes are advisable, perhaps 500 equivalent full

duration runs.

2.b. High Failure Rate Components

Up to three minor and one major non-bill-of-material
components may be pre-declared as dangerous components.
If:the firing is a succeés'it is so classified; 1if a
fallure, it 1is excluded if the faillure is due to the
dangerous condition pre—declared'and otherwise, it is
classified a failure. If the engine contains more than
the aliowable'number, the firing may or may not be a
pre-test exclusion at the option bf the engineer in-
charge. 1If 1t is not excluded before the test, no more

than allowable nﬁmber of components may be pre-declared.

2.¢c. Dangerous. Test Objectives

If the PréiTest Declaration includes any of the
following test objectives, the firing is automatically
~excluded before the test begins: |
1. first firing of a newly assembled engine
2. test duration less than ten seconds
3. a test to probe the limits of operation
4, acceleéatéd testing outside thé'design range

of operation.



-2% -

2.d. Variable Firing Duration

A short duration sucéeésful firing should not be
credited as muéhfas-a.long duration test. If the hazard
. -rate were constant throughout the firing, weighting
factors based on the exponential probability distribution
could be employed; the weighting‘facfors would be the
ratio of the inftended run duration to a full duration.
Unfortunately rocket engine failure rates are not even
approximately constant. More than half of all failures
occur in the first ten seconds due to the combiﬁea:effect
of start transient sho@k and infant mortality. The
failure rate continueé to decrease fof the first two
minutes of operation. - It increases again during the
shufdown transient; A‘mathematical model to describe
this complex_mortality function might be difficult to
treat. The method employed is related to actuarial
insurance sbatistics. ~The shape of the mortality‘curve
is estimated from a very large sample of past dafa.
For ,this purpose the full duration is divided into twenty

or thifty intervals,
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;pi/iS‘an estimate of the probability of start or éteady
state failure’for runs. with inténded fifing duration
within interval (T - T, . l)

“If the full duratlon falls in 1nterval k, the welghtlng
. factor for 1nterval i is defined as:

| _py + (1-p,)¢

i S Pt (l-pk)e

w (2.2)

where € 'is an estimate of the probability of a shutdown
failure. The Sampling ohafactefisbios of w, are described
in (Lloyd and Lipowl962). p. and € are maximum likelihood

estimates.
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2.e. Ground Test versus Miséion Populations
- The use of a binomial model for reliability implies
that the binomial parameter, T, is constant for each’
trial. The ground test data may consist of five to ten
firings per engine assembly with extreme cases up to
about one hundred firings pefaassembly while the mission
consists of a single firing per assembly. This difference
produces two problems: | |
(l) If we omit the performance requirements from
the definition of reliability, the remainder, the prob—
v ability that the engine when operated in the manner and
environment intended; will start, run for a full duration,
and shutdown without incident, will be referred to as
functional reliability™. If there is.avrun—to—run effect
on,fﬁﬁctioﬁal‘reliability in ground test data, it must
be eliminated before the ground test data is employed
to estimate mission functional_reliability; There are.
failureymodeé"that oceur during;the'shutdown transient'
which do not afféct the firingijust'Completed'but-would‘
degrade the functional reliability‘bf'succeeding firings.
Every attempt is‘made to eliminate the,effeqt of these
failures by rigid inspection betweenlground test firings,
conducted eXactly like the pre—laungn, countdoWn ihspec~

tion. The mortality curve as a function of firing number

*Ihis definition will be treated in more detail in Chapter 11. -

.
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per -engine assembly must be constant.

FIGURE 2.2

u_ .

0* ~€ azEEN RUN
MORTALITY

> u

o

33

<5

o I T A

| 2. 3 4 &5 & 7 & 9
CFIRING NUMBER ——

The first firing of a new engine called the green run,
has a Qery high failure rate (infant mortality), perhaps
twenty to thirty times that of succeeding firings and
therefore, 1t is excluded from the grbund test data.
‘As all production engines are fired several times before
leaving the production facility, green run mortality
should not be experienced in thé mission population.
With some enginés; the second firing may -also be excluded
due to infant mértality. ’

(2) The second problem is that of the performance
parameter variances. In thé mission pépulation, the
total variance is thevsum of the engine-~to-engine and
run-to-run variances. If there is more than one firing

per engine thé ground test population variances will be
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less than the mission variances because of a reduction

in the engine-to-enéine»component; in the limit if all
the firings in a sample were conducted on one engine
assembly, the totel.variance would be the same as the
ruﬁ-to-run Vafiance. In the cprfent method, this problem
is not treated statistically; instead a contractual clause
is added to require that either the number of engine
assemblies tested within the sample must exceed some
‘value, say five, or the number of firings per engine
assembly must not exceed some value, say twenty. With
regard to the assumption that—the mission environment
consists of Singie firings on.eech production engine,

the current method cannot be applied to multi-firing
missions, no} was it intended . to, without serious modi-
ficaﬁion, Multi-firing missions will be discussed as

an application of the proposed method in Chapter 16.

2.f. Trimming Propellant Mixture Ratio and Thrust Controls

An untrimmed engine 1s ekcluded from meeting the
thrust and mixture ratio limits. 1In the current system
there is esually a requirement that an arbitrary'minimum'
number of firings must be trimmed, say 10€Zb or 20?29.
Even such a low minimum cannot always bevachieved during

development programs; there have been times when the
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entire reliability system was obstructed by this require-

ment.

2.2. Documentation

The accuracy ahd precision of statistical estimates
is limited by the acéuracy,-validity and chpieteness
“of the d;ta ayailable. Large quantities of réliability
’ daté are required for both the current and the proposed
methods. The data processing systém used at Pratt and
Whitney Aircraft for the current system (developed by

the author) is based on the following documents:

1. Pre-Test Declaration. A description of the engine

~parts and components that are non-bill-of-materials,
test objectives, trim condition, intended test
duration,and any unusual:aspects of the firing,
completed by the test;engineer and filed prior té
__the automatic countdown sequence.

2. Post-Test Report. This is a report of the results

available immediately after the firing as filed by
the test engineer. |

%. Failure Report. This is a report that some type of

failure has occurred. The failure may be minor,
major, quality control, instrumentation, facilities,

design, performance or even human.
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4, TFailure Analysis. An analysis of the failure (reported

by (3) ) completed by the Project Engineer responsible
for the failure, describing the cause, the analysis,
and if possible, the corrective action taken to
prevent repetition of the failure.

5. Serialized Parts History. The critical parts in

an engine are marked with serial numbers and the
complete history of their test exposure on rigs and
éngines is maintained for failure analysis.

6. Performance Analysis Report. The final detailed

performance analysis of the engine is reported by

the Performance Analysis Group. The report is used

.for'both‘firing élassification‘and failure analysis.
The documentation'system utilizes IBM 1401 and IBM 7096
cdmpﬁters. Monthly'reliability'reports.are produced
entirely on the IBM 7090 computer and consist of the
following sections: |

1. Statistical Estimates of Reliability: current point

estimates, lower one-sided 90%/o confidence bounds,
sample sizes of success, failure, pre-test and post
test exclusions, corresponding statistics for the

previous month.

2. Firing summary: a chronological summary of all

firing s included in the span of one hundred equivalent
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full duration runs with pertinent results and cross-
referenced to the failure reports submitted.

3. Failure Summary: a summary of all failures and

analysis by component, Ccross referenéed to the

firing summary.

4. Weighting Factors: the weighting factors by time

interval. .
The reliabiiity documentation system is a basic engineering
record and is empioyed for many services other than
reliability estimation. Duplicéte information‘systems

for other purposes are not maintained.

2.h. Criticism

The success of the current method as measured by
the good correlation between reliability estimates and
flight_results,is,noteworthy and certainly encouraging
to ﬁpplied stétisticians when they consider the complexity
of this system. The‘modificaéions ingluded in the
‘proposed'methbd.are réquired, at least partially, because
of the increase in rocket engine reliability level; at
reliabilities above 95°/0, the precision of the current
method is inadequate. A study of this specific problem
is contained in (Abernethy 1963%b), and inspired the project

reported herein. - With most of the current éngines well
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above 99°/o reliability, this problem is acute. For
example, if the sample size is one hundred, and the-
true reliability, T, is 0.99, the standard deviation-

of the estimate h is:

, L [099(-01] « . .
o= VIELD - /SHE ¢ 0.0 (2.5)

The unreliébility'(l-ﬂ) and one standard deviation of

. the estiﬁéte»of‘reliability are approximately equal.

It follows that significant impfdﬁements in reliability
above 990/0 will be totally obscured by the poor precision
of the estimate. In the new system it is proposed to
imprbve the precision by treating the three performance
parameters as continuous measured variables rather than
disérete‘(sucoess—failure) variables. Precise and
accurate measurements are avaiiéble for these parameters
‘but to date this information has not been utilized for
}reliability eétimates except ig‘a disérete sense.

When the performa?ce parameters are treatéd as
’discrete Qariables there 1s no known way of adjusting

the data from the ground test population to the missioﬂ'
popﬁlation to properly account for the differences. For
example, if the pérformance parameters have largevengine—'
to-engine variancés, reliability estimates based on

several firings per engine will be biased higher than
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the true reliability éf thersihgle-firing mission.populé-A
tion. (This will be demonstrated in Chapter 15). By
treating the performance parameters as Vafiables, it is
‘possible to make separate independent estimates of engine—\
to-engine and run-to-run variance and recombine thése.
esfimates in the correct proportion to estimate the
bmission‘variances. ,A;though the poof preéision of the
current method at high reliability is well reecognized,
this improper treatment of variation is a more subtle
criticism which is not widely understood.

The uﬁtrimmed engine performance exclusion also
contributesibias to the éurrent estimates. For example,
if thrust reliability is 990/0 we would expect one.thrust
failure on the average in a sample of one hundred firings,
but 1if ninety of the firingg are excludéd as untrimmed,
the expectation would only be one tenth of a féilure.

Here again, by treating the thrust and propellant mixtﬁre
ratio paraméters as measured variables, this bias can

be eliminateﬁ. Tﬂe degrees of freedom of-estimates of
the performance variances will reflect the number of
trimmed firings included in the samplé.

The current method cannot be applied to multi-firing

missions as there is no measure of the interaction between

firings and as mentioned above, no method for adjusting
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the data for the differences between the population sampled
and the mission population. As the'épace projects become
more complex,.upper‘stage engines-will have many requiré—
ments for multi—firing missions. The proposed method

can be used to estimate multi-firing reliability. A

néw statistic, the multi-firing factor, will be described
in Chapter 16; it i5 used to measure the conditional
probability that given the engine has fired successfuly,
that it is capable of firing again. However, the preci-
sion of multi-firing estimates will be. less than single-

firing estimates because certain errors will be compounded.
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. CHAPTER 3

THE PROPOSED METHOD

-

1a.awuum&an¢memﬁwkgﬁ Moole?

The math model for the new method is a product

of four factors.

No = Tew Trsp Mew Mem (5.1)

~ where: TN_= overall reliability, the probability
that the engine when operated in the manner and environ-
ment infended will staft, run for a full duration, provide
specifioation 1evgls of specific impulse, propellant
mixture ratip, and thrust, and shutdown without incident.

Ty = functional reliability, the probability

fhat theléngine when Operated in the manner and environ-
- ment Intended will Start, run for a full duration with
performance parametérs within functional limits, and
shutdown without incident. Functional limits of per-
formance are arbitrary‘limits, considerably widef than
speoification 1imits. Funcfional limits correépond to
an easy mission,;a mission with relaxed engine require-
ments.  The concept.of functional reliability was
originated‘by the author invfespoﬁse £o numerous requests
from mission analysts. It is now in general industry

use. It has been monitored and reported since 1961 at
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Pratt and Whitney Aircraft.

'nISPEE Specific impulse feliability, the condi-
tional probability, gi;en functional success, that the
steady state.specific impulse corrected to nominal mixture
ratio and thrust, equals or exceeds the specification
'-minimum; Specific impulse 1is the ratio of thrust produced
to the weight of propellant consumed'per second. It has
the units of seconds and for a given propellant combina-
tion, it is a measure of overall efficiency. |

nﬁNE thrust reliability, the conditional prob-
ability, given fuhctional success, that the steady state
thrust is within the specification limits. The units
are pounds-force, '

| ﬂrmI—E propellant mixtufe ratio reliability, fthe
~conditional probability, given functional success, that
the steady state propellant mixture ratio is within
the specification limits. The ratio is pounds of oxidizer
per unit time to pounds of fuel per unit time; it is
dimensionless.

If the four factors, nfu’ nISP’ hFN? nrm’ are replaced-
by the sample estimates hfu’ hISP’ hFN’ hrm’ then the
product, ho, will be an eetimate of ﬂo. If the sample

estimates are independent:‘E and unbiased, then hO will

be an unbiased estimate of ﬂo. The proof of the following

k. S
next ‘page
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' statement is shown in (Cramer, page 173): 'the mean
value of a product of independent random variébles is
equal to the product of the meen values of the factors,

provided that the latter mean values exist.'

®Given that the-more general condition that no relationship
exists between the factors nfu’ nISP’ nFN’ ﬂ it may
be shown that h will be an unblased estimate of n R

1f and only if, the sample estimates are unblased:
Suppose Eh = E(hphrgphpyhyg) = Moy Nrgplenfey = Mo (3-2)
As the estimates are independent, the expectation of the

product equals the'product>of the expectations:

E(hg hrgphpybiyn) = (Bhpy) (Bhpgp) (Bhpy) (Bh, )

= fn(nfu)fn(nISP)fn(nFN) n(Nyy,)

| = Ney Nrsp ey Nem | (3.3)
Now unless fn(nfu) = nfu"fn(nISP) =‘nISP’ (3.4)
fn(nFN) = nFN: fn(nrm) = nrm (3'5)

the above would constitute a relationship between the

factors.
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3.b. Overall Reliability Estimates

The current method was designed to produce unblased
point estimates and oﬂe-sided lower 900/0 confidence
interval estimates of overall reliability. Current
American rocket engine contracts contain requirements
to compute and report these statistics monthly and the
new method must have the same capability to satisfy these
requirements. However, the choice of the type of esti-
mate depends on the data available and on the application,
and even then it is controversial; unbiased point esti-
mates and confidence interval estimates are certainly
not optimum for all applications. The chapters following
will deseribe the application of the new math model to
poiﬁt and confidence interVal estimetes of ﬂo; othef

types of estimates will be discussed in Chapters 8 and

14,

3.c. Independence and Normality

If there is no physical relationship between the
performance variables, they will be both functionally
and statistically independent. The physical relation-
ship between the performance parameters depends on the
mechanics and thermodynamics of the particular engine

model., In most engines mixture ratio and thrust will
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be iﬁdependéntly adjustable and controlied. - These two
- parameters have precise double specification limits;
interacting controié would make thelproduction adjusté
ment or 'trimmingf very difficult. In addition; there
are often vehicle requirements for'independent controls.
For examplé, it may be desired to vary mixture ratio
'during the mission firing so that the:dxidizer and fuel
tanks empty simultaneously. Thrust must be almost con-
sﬁant during this‘operation or the problem of pfedicting
vehicle'trajectory becomes impossible.

The relation betweeﬁ thrust and specificlimpulse
1s weak; a Qery 1arge change in thrusﬁ ié reQuired to
produce a small change in specific impulse. In generai,
mixture ratio andAspedific impulse are more Strongly
related but fortunately, rocket epgines are désigned
to run at the maximum value of specific impulse and the
peak is broad and flat.‘ Therefore, over the opergting
range of the engine, specific 1mpulse will be alszt
constant as a‘function of mixture ratio: it is not a
coincidence that tﬁese_relations are weak; 1if they were
strong, a change in mixture ratio or thrust wguld have
a severe effect on vehicle performance.

"Even if a small residual correlation remains between

the parameters on a series of firings on the same engine,
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" the corrélation tends to disappear when each firing is
 made on a different engine becdusé the engine-to-engine

variances mask the relationship as illustrated in Figure

Btlo
| rowere FN UPPER
f J- ’ ’ . LIMITS
V—h———————— e L i PPER
0 WENGWE A
E 8
o ?:g:i:;?“+iﬂﬁkT—~—f
wl | ; 2.
= e
F ONE. FIRING PER ENGINE
g_,._:.__.__._._______%_ rm LOWER

THRUST (FN)

FWGHJEZEZJS\

Performance data on the Pratt and Whitney Aircraft
RL-10 rocket ehgine cahnot be presented here as it has
a secufity plassifiéation: however sample correlation
coefficients for the three parameteré'taken in all pairs.
have been calculated for this study for several groups
of 51ngle flrlngs from single engines (the sample 1noluded

9% engines) and none of the coefficients was significantly -

different from zero at 0.05 level of significance. The



- 40 -

'groups were determined by engine model. The estimates
higps Dpys Bpy @F€ each functions of samples of their
fespective performance parameters. If the performance
parameters are mutually independent, the estimates must
also be mutually independent. It isvconcluded that for
single firing“missions, the three performance parameters
may be considered.statistically independent. - Routine |
checks should be made on this assumption by correlation
analysis prior to calculating reliability estimates.

All three performance parameters appear to be
normally distributed; repeated tests of non-normality
on 1arge samples of data have failed to reject the null
hYpothesis that the data are normal.

3.d. Data Description

The data‘consist of a chronological record of all
firings attempted documented on the records described
in Chapter 1. In general the following numerical data
are relevant to the pfoblem of estimating reliability:

1. Engine assembly number

2; Firing number per assembly

3. Date,.fime

4. Intended firing duration
5. Actual firing duration
6. Functional Run Classification’
a. -Success

b. Failure
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¢. Execlusion

Trimmed or untrimmed status of mixture ratio

and thrust controls

' Specifie Impulse (ISP) corrected to nominal

mixture ratio and thrust
Mixture Ratio (rm)
Thrust (Fn)

‘Any of the performance parameters may be missing due to

instrumentation malfunctions. The conversion of these

 data into estimates of reliability occupies the remainder

of this thesis; Part II is devoted to the estimates

" based on the three normal variables, Part IiI treats the

proposed method in terms of a simpie model, and Part IV,

more complex models.
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PART IT

ESTIMATES OF THE PROPORTION OF A NORMAL DISTRIBUTION

DEFINED BY A FIXED LIMIT OR LIMITS
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CHAPTER 4

INTRODUCTION

" U4.a. Reguired Estimates

‘The reliability of a normally distributed parameter,
"M, is the proportion which satisfies the specification
limits. For specific impulse reliability, T gp, this

is the proportion exceeding the guaranteed minimum limit,
(See FigureAIQ.l). For mixture ratio and thrust, 7

and nFN’ it.is the proportion of the distribution between
the lower limit and the upper limit. (See Figure 12.2).
The English letter h will be used to indicate an esti-
mate of reliability, ﬂ, in conformance with current
statistical practice. Part II of this thesis is devoted

fo the problem of estimating these proportions.
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4.b. Current Estimates

One unbiased point estimate of these proportions
is the ratio of the number of successes to the number
of attempts, K; this is the estimate used in - the
current system described in (Lloyd and Lipow): Given
the measured data and the distribution of the data,
it is an inefficient estimate;' otherwisé, it is a most
efficient, best, unbiased point estimate. It is often
referred to in industry by this latter term, the best
unbiased point estimate. The confidence interval esti-
mate of overall reliability in the current system is

determined using the binomlal distribution.

4.,ec. Point Estimates

Given that the performance parameter distributions
are normal, and given the specified limits, three cases
are of interest:

(1) known mean and known variance

The interest here is academic as this case has littlel
practical significance. The solution 1s to calculate

the standard normal deviate: Zn = Eéé which is e#ceeded
with probability 7). The probability T may be determined
rrom 1 = (D (Zq) | (4.2)

where <b (X) is the cumulative normal distribution
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evaluated at X.

(2) unknown mean and unknown variance

It is logical in this case to replace p and o by the

sample estimates, X and s:

N ' N '
_ X. (x.-X)2
X= Z -N—l- (4.3) s= Z _—§_1 (4.4)
i=1 | i=1
K= X;L (4.5) b= & k) (4.6)

It will be shown that k is a blased estimate of Znand h
is a bilased estimate of 7). Chapters 5, 6 and 7 are
devoted to this problem.

1

(3) unknown mean and known.variance

Tﬁis situation exists when the variance of a process 1s
cénstant but changes in the mean are expected. It is
-an easier problem than (2) and will be left to Chapter 9.
The case of known mean and unknown varlance has
neithef practical nor academic interest and will not be

treated in this study.

4.d. Interval Estimates

In addition to unbiased estimates of the proportions

and reliabilities, a measure of the precision of these
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estimates should be produced to reflect their validity.
As the distributions of both k and B are generally
skewed, 1t 1s more appropriate to employ confidence

intervals as this gauge than to estimate the correspond-

ing varilances.

4,e, ILikelihood Estimates

Chapter 8 will be devoted To estimates based on
the likelihood function. The results will be used in
Chapter 14 for both likelihood and Bayesian estimates

of overall reliability.
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CHAPTER 5
X-L
THE DISTRIBUTION OF k = -
5.a. Sampling Distribution
Consider the random variable,
X-L ‘
1{ = "‘—‘—v S (5'1)
N
— X'
where X = ;{j ﬁi
i=1 :
N iz
o = (Xi—X)
- N-1- .
’ i=1
L= a point in the scale of X, a limit,

and the Xi are independent and normally distributed
(w,0®, both unknown). Multiplying by ~/N on both
sides, and dividing numerator and.denominator of the

right side by the true, but unknown, standard deviation

g:

A ED &) v A7y

K VR = — = (5.2)

o]

5
()]
3
[¢)]
N
=
11
N;
g

, the standard deviate exceeded with
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i

probability T and /N (zéL) is a standard normal variate.
s?_/a2 is distributed XZEN_l)/(N-l). For the normal
distribution it is well established that s 1is independent
of X. A statistic of the form:

Y46 V_ - (5.3)

where Y is a standard normal variate and W is an inde-
pendent variate_distribgted as X2/f with f degrees of
freedom, and 6_is'a constant, is distributed as the non-
“central t with & as non—centrality.parameter. Therefore,
k\/ﬁ is disfributed as the non-central t with N-1 degrees -

of freedom and non-centrality & = \/ﬁ Zﬂ

5.b. Tables

‘Seventeen pércentiles of the sampling distribution
of k were determined from the non-central € distribution
ausing the above paraméters and the method suggested by
Resnikoff (1962) and due originally to (Johnson and

Wélch). Using their notation, the method is to calculate

r = 8/~/2F and T = r/~/1+R2 (5.4)
where & is the noncentrality and f.is the degrees of
freedom (usually f = N-1). -In their notation -

Pr (t > t | £,6) =€ | - (5.5)
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The (Resnikoff) paper contains a triple entry table
(r,5,t) which provide values of A. The required value

of te¢ 1s determinéd from A by the relation:

v =98 +\/&+r2 - AB/(2f) - (5;6)
1 - AZ/(er)

The calculations were originally done on an IBM 7090

'computer at the Pratt and Whitney Aircraft, Florida
Research and Development Center in July 1963 by the
author. At that time the author was registered at

- Imperial College under program supervised by Professor
G. A. Barnard. The results were published by Pratt
and Whitney Aircraft in the author's name as Table III
of report PWA FR 781, 'One Sided Statistical Tolerance
Factors' and it is reproduced at the end of this Chapter;
The body of Table III contains values of the étatistic
k aﬁd it is also a triple entry tabulation:

(1) The nine sections correspond to the percéntiles
(1abelled Confidence Level): 500, 60%/0, 70%/0, 80%/0,
90%/o, 95%/0, 97.5%0, 9970, 99.5%/o.

(2) The rows are sample size (N).

(3) The columns indicate the noncentrality and are
labelled with the corresponding value of ﬁ (returning.

to our notation). Interpolation on noncentrality should
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be based on Zn rather than mn.
The fourth decimal place is usually not significant.
To obtain values at the complementary percentiles (SOGZQ,
40%7o, 300, 20770, 10770, 570, 2.5%/0, 1[0, 0.5%0),
the following identity is useful and 1is taken from
(Resnikoff 1962):

k(M) = = kq_g (1-M) (5.7

where C = percentile/100. In (Resnikoff) notation
the relation is t, (5) = - te (-8) (5.8)
Two examples of the application of the Table III
are: |
(1) Given a<sample of the data from a normal
distribution with unknown variance and unknown mean,
what is the lower 90°/0 confidence bound (one-sided)
on the proportion of the distribution, exceeding a

limit L?
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Data from (Dixon and Massey, Table II), Random Normal

Deviates (b = 0.0, o = 1.0) : - 0.329
Given L = - 1.2816 + 0.085
N + 0.130
X x5 - 0.244

X = = = 0.1465 .
i=1 - 0.882
: _ + 0.472

N ] .
\/ (X.-X)2 + 0.039
1

= :{: N1~ 0-90=2 + 1.420
i=1 | 1033
k=2 Lo 1580 L+ 1.807

From Table III (90°/0 confidence):

n

It

0.80, k = 1.474, Z, g4y = 0.8%16

1

0.85, kv 1.733, Zy gg = 1f0364

By interpolation on Z

n

hC-= 0.822
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_ (2) What is the sampling distribution of k for
sample size ten and noncentrality 8 = /10 * 1.28167?
In this example N = 10, T} = .90. Values at the

"following percentiles can be read directly from

the tables.

Percentile k

. 50 : B S 132k

60 1. 4449

70 - | 1.5862

80 1.7701

90 2.0656 (The last

95 2, 3547 digigiis

97.5 2.6480 not signi-

99 3.0482 ficant.)
3.3%685.

99.5

‘To obtain the lower percenﬁiles, the ldentity from
Resnikoff (1962) is used:
k(M) = ko (M)
For ‘example, to obtain the tenth pércentile for N = 10,
N = .90 |
k10 (0.9) = -k o (0.10) = 0.828%4
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The lower percentiles:

percentile k
.5 | A358
1.0 .5075
a5 . L6152
5.0 y .T115
10.0 .8284
20. | .9812
30. | 1.1012
40. 1.2122

The distribution of k, deScfibed by the seventeen
percentiles illustrated above, was required at several
stages of this project and therefore, the Resnikoff
procedure was programmed in boéh Extended Mercury-Atlas

" Autocode and in IBM 70§O Fortran IV languages. The

- Autocode program . is Program 5.1 which is illustrated in
Volume II of this thesis. The Fortran IV compilation
was constructed as an independent_subprogram of Program
13.2 so that it may be incorporated in other Fortran

programs without modification.

5.¢. Simulation

To verify that the above'solution provides the

sampling distribution of k, a Monte Carlo simulation
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was done.on.the University of London Mercury computer.
Random normal samples of size ﬁen-were generated

(b = 0.0, 6 = 1.0) and the value of k =‘X§L was
computed. The limit L was taken as L = - 1.2816.

(N = 0.90) The process was repeated 100 times and

the ranked results are shown as Table 5.1.

TABLE 5.1 -

Simulation of k = (X-L)/s

Limit L = -1.2816, sample size 10. simulation trials 100
0.2130 0.5456  0.6428 0.6574 0.7190 0.7314 |
0.7700  0.7734% 0.814 0.8181 0.8572  0.8575
0.8667 0.8687 0.9256 0.9430  0.9446  0.9775
0.981% 0.9922 1.009% 1.0204  1.0596 1.0671
1.0985 1.1240 1.1268 1.1317 1.1453 1.1548
1.1580 1.1906 1.2006 1.2028 1.2124 1.2127
1.213%6 1.2150 1.2159 1.2171  1.2310 1.2458
1.252% 1.2686  1.2752  1.2810 1.3071 1.3302
1.3886  1.3911  1l.4217 1.4262 @ 1l.4271 @ 1.4342
1.4269  1.4485  1.4500  1.4791  1.4835  1.4902
1.5069 1.5176 ' 1.5431 1.5683% 1.5817  1.6202
1.6232 1.6345 1.6462 1.6486. 1.6619  1.6637
1.6914  1.7597 1.7807  1.7989 1.8289  1.8470
1.8478  1.8766  1.8857  1.8957  1.9304  1.9775
2.0113 2.0759 2.0807 2.1295 @ 2.1932 2.2115
2.2130 2.3047  2.3269 2.3343 2.3496 2.4075
2.4215 2.4755 2.7625  3.4190
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A plot of the results, (every sixth point), on normal
probability paper 1s shown as Figure 5.1. .Thefplotting
position (21-1)2N was used. There is no significance
in the use of normal probability paper except to provide
a convenient scale (the distribution is non-central t).
The comparison of the simulation results with the
calculated results is quite good.

‘The distribution of k is skewed for all values of
other than 0, 0.5 and 1.0. Several transforms of e
were investigated and the results will be discussed

in Chapter 6.
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5.d. Expectation of k

An expression for the expectation of k and also
the variance of k was derived withcut using the non-

cehtral t probability distribution or density function:

= ()= £ (%) (E%- (- o Zy) £ ()

E X =4 '
: O:J-_G‘-)TSL = X?N"l)
L=
=(5)- 4 = (%)
E(.i_) = (EJ'Z%' (HALb PAGE 283)
VZ T (%) | |
E_(.L. =~/ [0 Cgé&
V2 [ (8

5. @, VARIANICE OF k
ol = E(K?) ~(EKYV

e = e (E=g)
| =(EF<’-—2L_E_>‘<+L_")E(—'5—,_)
Ty =&Y - ,ERN=UE

b 2

ERN=cg+ > = + g

2



N3 wes )1
E(-'_z)=_l- rﬂcL) L 0 1)) (RALD)
Z r G Z(&;_\_Ul
- 2 _
T2 (N-3) T ON-T
E(s =((T,'_‘5\~‘§‘a

E(K*) = (Ei‘-zu—:i 17V E(5:)
_(§_.+/,L -ZL fa -s-L.1 (N-g E“?—
_(N * (’M"s-‘[:) ) ('ﬁ:%
= () (8
S = E(xY) -(E*™
=(F+EZ7)(L) ~ E”
EXAMPLE: N=10, \t=0, V)= oso, Zy=1.2816

XK= +\28!Co"\/ [-l(

(2)
2
= +1.4025
- (L *)s . N
= (Ta + l2ale )__.7_ (+14025)
= 2723 |

Tw=1.2725 = 0.522
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5.f. Comparison

The simulation results shown in Table 5.2 have
the same noncentrality and sample size as the example
above and therefore, the average value of the 100 times

may be compared with the calculated expectation.

Prom Table 5.1:
100

k.
_ § i
kaverage B 100 1.454
i=1

From above: Op = 0.522

= gk/\/lOO_= 0.052

o
k average

1.454-1.4025
050 =1.0

.

5,g. Higher Moments

Highef moments were not required in this study.
However, if required, the third and fourth‘moments can
be approximated using the methods in (Hogben et al,

1961 and 1964).

5.h. Median

The median value of k is by definition the 50%/0

confidence tolerance factor Table IL.



. TABLE 11
STATISTICAL TOLERANCE FACTORS

SAMPLE CONFIDENCE LEVEL = 0.5000
SIZE E - PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) x MINUS (PLUS) Ks i

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 . 0.20000 0.25000 0.30000 0.35000 0.40000

S. -3.3626 -2.7989 =2.5254 ~=1.7784 =1,3817 -1.1144 -0.9028 -0.7221 ~0.5603 -0.4108 -0.2695

8. -3.3036 -2.7503 -2.u4824 -1.7505 -1.3605 -1,0977 -0.8898 -0.7121 = =0.5527 -0.4057 =0.2666
Te -3.2663 ~2.T7T197  =2.454T7 -~-1.7318 —T1.3466 -1.08468 -0.881n -0.7058 ~0.5483  ~0.4024 -0.2643
8. . ~3,2395 -2.6978 =2.4354 -1.7188 ~-1.3369 -1.0799 -0.8758 -0.7010 -0.5444  -0.3998 -0.2628
9. -3.2200 -2.6820 =-2.4212 -1.7091 -1.3299 -1.0739 =0.8712 -0.6977 -0.5420 -0.3979 -0.2615
10.  -3.2053 -2.6699 -2.4%103 -1.7016 -—1.321} ~1.0697 ~-0.8678 -0.46950 ~0.5399 -0.3965 -0.2606
11. -3.1934 . -2,6601 =2.4016 - =1.46957 -1.3197 -1.0662 -0.8652 -0.6929 -0.5383 -0.395% -0.2598
12. -3.1838 =2.6522 -2.3945 -1.6910 ~-1.3162 -1.0635 -0.8630 -0.6912 -0.5371 -0.39u4  -0.2592
13. -3:1758 =-2.6457 -2.3887 ~—1.6870 -1.3132 =1.0611Y -0.8612 -0.6898 -0.5360 -0.3937 -0.2588
.o 14. -3.1691. -2.,6402 -2.3837 -1.6837 -1.3107 -1.0592 7 -0.8596 -0.6886 ~0.5351 -0.3930 -0.2583
’ 15. -3.1633 -2.6355 -2.3795 -~1.6808 -1.3085 -1.0575 -0.8583 -0.6875 -0.5343 -0.3925 -0.2580
.16, -3,1584 -2.6314% ~2.3759 -~1.678% -1,3067 -1.0561 -0.8572 -0.6867 -0.5336 -0.3920 -0.2577
17. -3.1541 -2.6278  =2.3727 =1.46762 -1,3051 -1.0548 -0.8562 -0.6859 -0.5331 -0.3916 =0.257%
18e -0 =3.1503 -2.6247  «2.3699 ~1.6Tun -1.3037 -1.0537 -0.8553 -0.6852 -0.5325 -0.36912 -0.2572
19. ~3. 14469 =2.6220 -~2.3675 -1.6727 -1.3024 -1.0528 -0.8545 ~0.6846 -0.5321 -0.3909 -0.2569
20. -3.1439 -2.6195 ~2,3652 ~1.6712 -1,3013 -1.0519 -0.8539 ~0.6811 -0.5317 -0.3906 -0.2568
2% =3.1412 © =2,8173 -2.3633  -~1.6699 -1.3003 -1.051 -0.8532 -0.6836 -0.5313 -0.3903  -0.2566
.22 -3.1387 =2.6153 -2.3615 -T.6686 ~-1.2994 -1.0504 -0.8527 -0.4683) -0.5310 -0.3%01 ~0,2564
23. . -3,1365 =2.6135 =2.3599 -1.6875 -1.2986 -1.0498 -0.8522 -0.682T7 -0.5307 -0.3898 -0.25643
24, -3.1345 -2.6118 -2.3588 -1.6665 ~-1,2978 -1.0492 -0.8517 -0.6824 -0.5304% -0.3896 -0.2562
- 254 -3.1327 =2.6103 -2.357T0 -1.46656 =1.2971 -1.0u486 -0.8513 -0.6821 -0.5302  -0.3895 -0.2560
26. =3.1310 -2.6089 -2.3558 ~T.4648 -1.2965 =1.0u81 -0.8509 ~0.6817 -0.5299. -0.3893 =0.2559
27. - ~-3.1294% -2.6074 ~2.3546 ‘=1.6640 -1.2959 -1.0477 -0.8505 -0.6815 -0.5297 -0.3891 -0.2558
28. -3.1280 -2.6064  =~2,35346 ~1.6633 -1.2954 ~1.0473 -0.8502 -0.6812 -0.5295 -0.3890 -0.2557
29. -3.12686 =2.6053 -2.3526 -1.6626 -1.2949 ~1.0469 ~0.8499 -0.6810 -0.5293 -0.3889 -0.2557
_30. -3.1254  =2.6043 -2.3517 ~1.6620 -1.2944 -1.0465 -0.84956 -0.6807 -0.5292 -0.3887 - -0.2554
3s. -3.1202 -2.6001 -2.3479  -1.46594  -1.2925 -1.0450 -0.8484 -0.6798 -0.5284 -0.3882 -0.2552
. 4Q. -3.1164 =2.5970 -2.3u451 -1.6576 —-1.2911 -1.0439 -0.847S -0.6791 -0.5279 -0.3879 -0.2550
. . 45, . =3.1135 ~2.59446 -~2.3430 -1.6561 -1.2900 -1.013} ~-0.8449 -0.6786 -0.5275 -0.3876 -0.25u8
50. -3.1112 =2.5927 -=2.3412 -1.6550 -1.289 -1.0u424% -0.8u463 -0.6782 -0.5272 -0.3873 -0.2547
60. -3.1077 -2.5898 ~-2.3387 -1.46532 -1.2878 -1.0414  -0,.8u55 =0.6775 -0.5267 ~0.3870 - -0.2544
70.  -3.1053 =-2.5878 -2.3369 -1.46520 -1.2849 -1.0406 -0.8449 -0.4677 -0.5264 -0.3868 -0.25u43
80. -3.1034 -2.5863 -2.3356 -1.65W1 -1.,2862 -1.0401 -0.84145 ~0.6768 -0.5261 ~0.3866 -0.2542
Q0. -3.1020 ~2.5851 -2.3345 -1.6504% -1.2857 ~1.0397 -0.8442 -0.6765 -0.5259 -0.3864  -0.2541
100. -3.1009 -2.5842 ~-2.3337 ~-1.6498 -1.2853 -1.039% . ~0.8u39 -0.6763 -0.5258 -0.3863 -0.2540
150. = =3.0975 -2.5815 -2.3312 -1.6u82 -1.2840 -1.0384 -0.8432 -0.6757 -0.5253 ~0.3860 -0.2538
200. . -3.0959 ~2.5801 ~2.3300 -1.6473 -1.2834 ' -1.0379 -0.8u428 -0.6754% ~0.5251 -0.3858  =0.2537
250. =3.0949 -2.5793 -2.3293 -1.6468 ~1.2830 -1,037% -0.8425 -0.6752 -0.5249 -0.3857 -0.25346
300. -3.0942 -2.5787 -~2.3288 —1.6465 ~1.2828 ~1.0374 -0.8u24 -0.6751 -0.52u9 -0.3857 -0.25346
350. -3.0937 -2.5783 -2.3284 -1.6463 -1.2826 -1.0373 -0.8423 -0.6750 -0.5248 -0.3856 -0.2535
400. -3.0934 =2.5780 -2.3282 -1l.6461 -1.2825 -1.0372 -0.8422 -0.6749 -0.5247 -0.38546 -0.2535
450, -3.0931 ° -2,5778 -2,3280 -1.,6459 -~1.282n -1.037% -0.8421 -0.6749  -0.5247 -0.3855 -0.2535 -
500. -3.0929 -2.5776 =2.3278 ~“-1.6458 -1.2823 -1.0370 -0.8421 -0.67u48 -0.5247 -0.3855 -0.2535

. 1000. -3.0919  -2,5768 ~-2.3271 = -1.6453  -1.2819 -1.0367 -0.8u418 ~0.67T47  -0.52u45 -0.385% -0.253u

\

-09-



TABLE II{CONTINUED)
STATISTICAL TOLERANCE FACTORS

SAMPLE : ) CONFIDENCE LEVEL = 0.5000 A . L
SiZe PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS.-THAN) X -MINUS (PLUS) Ks . o

0.50000 0.60000 0.70000 0.75000---0.80000 0.85000 0.87500 0.90000 0.91000 - 0.92000 0.93000

5. 0. 0.2695 0.5603  0.722}, 0.9028  1.1184  1.2386 1.3817 Touué3 1.5166 1.5938

6. 0. 0.2666 0.5527 0.7121 0.8898 1.0977 1.2198 1.3605 - 1424 1.4931 1.5691
7. 0. 0.2643 0.5483 0.7058 0.8814 1.0868 1.2075 1.3466 1.4093 14774 1.5523
8. 0. 0.2628 0.5u44 0.7010 0.8758 1.079¢ 1.1993 1.3369 1.3992 1.4668 1.5411
P 0. 0.2615 0.5420 0.6977 0.8712 1.0739 1. 1929 1.3299 1.3917 1.4588 1.5327
10. 0. 0.2606 0.5399 0.6950 0.8678 1.0697  1.1879 1.3241 1.3856 1.4525 1.5260
‘1la 0. 0.2598 0.5383 0.6929 0.8652 1.0662 1.1841 1.3197 1.3810 14476 1.5208
12. 0. 0.2592 0.5371 0.6912 0.8630 1.0635 1.1809 1.3162 1.3772 Tohtu36 1.5166 |,
13. 0. 0.2588 0.5360 0.6898 0.8612 1.0611 1.1783 1.3132 1.3741 t.u403 1.5131
A 14, o. 0.2583 0.5351 0.6886 0.8596 1.0592 1.176) t.3107 .37 1.84375 1.5101
15. Q. 0.2580 0.5343 0.64875 0.8583 1.0575 11762 1.3085 1.3692 1.4351 1.5076
1. 0. 6.2577 0.5336 0.6867 0.8572 1.0561 - 1.1726 1.3067 1.3672 1.4330 1.5054
17. 0. 0.2574 045331 0.6859 0.8562 1.0548 1.1711 1.3051 1.3655 1,432 1.5035
18. 0. 0.2572 0.5325 0.6852 0.8553 1.0537 1.1699 1.3037 1.3640 1.4297 1.5018
19. 0. 0.2569 0.5321- 0.56846 0.8545 1.0528 1.1688 1.302y 1.3627 1.4283 1.5004 -
20. 0. 0.2568 0.5317 0.6841 0.853¢9 1.0519 1,1678 1.3013 1.3615 1.4270 1.4991
21. 0. 0.2566 0.5313 0.6836 0.8532 1.0511 1. 1669 1.3003 1.3605 1,259 . 1.,4979 = 1
22. 0. 0.2564 0.531¢ 0.6831 0.8527 1.0504 1.16461° 1.2994 1.3595 L4249 1.4968 ()
23. - 0. 0.2563 0.5307 0.6827 0.8522 - 1.0u498 1.1654 1.2986 1.3587 14240 1.4958 -
24, Q. 0.2562 0.5304 0.6824 0.8517 1.0492 1.1647 1.2978 1.3579 14232 1.49u9 !
25. . 0. 0.2560 0.5302 0.6821 0.8513 1.0486 1.1641 1.2971 1.3572 14224 o494l
26. Q. 0.2559 0.5299 0.6817 0.8509 1.0u81 1.1636 1.2965 13565  1.4217 1.4934
27. 0. . 0.2558 0.5297 / 0.6815 0.8505 1.0477 1.1631 1.2959 1.3559 - 14210 1.4927
28. 0. 0.2557 0.5295 0.6812 0.8502 1.0u73 1.1626 1.2954 1.3553 ~Ta4208 1.492)
29. 0. 0.2557 0.5293 0.6810 0.8499 1.0u69 1.1621 1.29u49 1.3548 14199 1.4915
30. 9. 0.2556 0.5292 0.6807 0.8496 1. 0465 1.1617 1.2944 1.3543 Tl 194 1.4909
35. Q. 0.2552, 0.528u 0.6798 0.8u8Yy 1.0u50 1.1600 1.2925 1.3523 1.4172 1.4887
. 40. 0. . 0.2550 0.5279 0.6791 0.8475 1.0439 1.1588 1.2911 1.3508 14157 1.4870
. 45, 0. 0.2548 0.5275. 0.4786 0.84469 1.0431 1,1578 1.2900 1.3u96 tolius 1.4857
50. 0. Q.25u7 0.5272 0.6782 0.8ub3 1.0424 1.1571 1.2891 1.3487 1.6135 1.48u47
40. 0. 0.2544 0.52487 0.46775 0.8u55 10414 1.1559 1.2878 1.3u74 lou121 T.4832
70. Q. 0.2543 0.526u4 0.6771 0.8449 1.0406 1.1551 1.286¢9 1.3464 1.4110 1.4821
80. Q. - 0.25u42 0.5261 0.6768 0.8u445 1.0401% 1.1545 1.2862 1.3457 1.4103 1.4813
90. 0. 0.25u1 0.5259 0.6765 0.8442 1.0397 1.1540 1.2857 1.3451 1.4097 V1.4807
100. a. . 0.2540 0.5258 0.6T63 0.8u39 1.0394 1.1537 1.2853 1.3u47 1.4092 1.4802
150, 0. 0.2538 0.5253 0.6757 0.8432 1.0384 1.1525 1.2840 o343y 1.4078 1.4787
200, 0. 0.2537. 0.5251 0.6754 0.8428 1.0379 1.1520 1.2834 1.3427 1.4071 1.4780
250. 0. 0.2536 0.5249 0.6752 0.8425 1.0376 1.1517 1.2830 1.3423 1.4067 1.4775
300, 0. . 042536 0.5249 0.6751 0.8u24 1.0374 1.1514 1.2828 1.3421 1.4064 14772
350. Q. 0.2535 0.5248 0.6750 0.8423 1.0373 1.1513 1.2826 1.3419 1.4062 1.4770
400, 0. 0.2535 0.52u7 0.6749 0.8u422 1.0372 1.1512  1.2825 13417 1.4061 ~ 1.4769
450, 0. 0.2535 0.5247 0.6749 0.8421 1.0371 1.1511 1.2824 1.3u16 1.u060 1.4768
500. 0. . 0.2535 0.52u7 0.67u8 0.8421 1.0370 1.1510 1.2823 1.3415 1.L4059 1.4767

1000. - 0. - 0.253% 0.5245 0.6747 0.84518  1.03s7 1.1507 1.2819 - 1.341 1. 4055 1.4762



S Tt

SAMPLE
SIZE

1

21,

28.

3s.
uo.
45.
50.
60.
70.
80.
90'
100.
150.
200.
250.
300.
350.
Q0.
uso'
500.
000.

0.94000

1.6800
1.6539
1.6360
1.6242
1.6151
1.6080
1.6025
1.5981
1.5943
1.5912
1.5885
1.5862
- 145842
1.5824
1.5809
1.5795
"1.5782
1.5771
1.5761
1.5751

1.5743 .

1.5735
1.5727
1.5721

1.57 14 -

1.5709
1.5685
1.5667
1.5653
1.5642
1.5626
1.5615
1.5606
1.5600
15594
1.5579
145571
1.5566
1.5563
1.5561
1.5559
1.5558
1.5557
1.5552

\

0.95000

1.7784
1.7505
1.7314
1.7188
1.7091
1.7016
1.6958

1.6910

1.6870
1.6837
}.6808
1.6784
1.6762
1.67uy
1.6727
1.6712
1.6699
1.6686
1.6675
1.6665
1.6656
1.6648
1.6640
1.6633
1.6626
1.6620
1.6594
1.6576
1.6561
1.6550
1.6532
1.6520
1.6511
1.6504
1.6498
1.6482
1.6473
1.6468
1.6465
1.6L63
1.6461
1.6459
1.6458
1.6453

0.96000

1.89u43
1.8642
1.8435
1.8301
1.8196
1.8116
1.8053
1.8002
1.7959
t.792u4
1.7893
1.7867
1.7844
1.7823
1.7805
1.7790
1.7775
1.7762
12750
1.7740
1.7730
1.7721
1.7712
1.7705
1.74698
1.7691
1.7663
1.7643
1.7628
1.7615
1.7597
1.758u
1.7574
1.7566
1.7560
17542
1.7533
1.7528
§.7525
1.7522
1.7520
1.7519
1.7517
1.7512

‘TABLE Il (CONTINUED)
STATISTICAL TOLERANCE FACTORS

0.97000

2.04370
2.0039
1.9817
1.9669
1.9555
1.9469
1.9401
1.9345
1.9299

1.9260°

1.9227
1.9198
1.9173
1.9151
1.9132
19114
1.9099
1.9085
1.9072
1.9060
1.9050
 F.9040
¥ 1.9031
1.9022
1.9015
1.9007
1.8978
1.8956
1.8939
1.8925
1.8905
1.8891
1.8881

1.8872

1.8866
1.88Uu6
1.8837
1.8831
1.8827
1.8824
1.8822
1.8821
1.8819

t.8814

CONFIDENCE LEVEL = 0.5000

0.98000

2.2266
2.1897
2.1654
2. 1488
2.1363
2.1268
2.1193
2.1131
2.1080
2.1037
2.1000
2.0969
2.0941
2.007
2.0895
2.0876
2.0859
2.0843
2,0829
2.0816
-2.0805
2.0794
2.0784
2.077u
2.0766
2.0758
2.0725
2.070)
2.0682
2.0667
2.06u45
2.0629
2.0618
2.0609
2.0602
2.0580
2.0569
2.0563
2.0559
2.0556
2.0553

2.0552

2.0550

2.05ky

0.99000

" 2.5254
2.4824
2.4547
2.435y
2.4212
2.4103
2.4016
2.3945
2.3887
2.3837
2.3795
2.3759
2.3727
2.3699
2.3675
2.3652
2.3633
2.3615
2.3599
2.3584
2.3570
2.3558
2.35u6
2.3536
2.3526
2.3517
2.3479
2.3451
2.3430
2.3412
2.3387
2.3369
2.3356
2.33u5
2.3337
2.3312
2.3300
2.3293
2.3288
2.3284
2.3282

" 2.3280
2.327¢

2.3271

0.99500

2.7989
2.7503
2.7197
2.6978
2.6820
2.6699
2.6602
2.6522
2.6457
2.6402
2.6355
2.6314
26278
2.6287
246220
2.6195
2.6173
2.6153
2.6135
2.6118
2.6103
2.6089
2.6076
2.6064
2.6053
2.6043
2.6001
2.5970
2.5946
2.5927
2.5898
2.5878
2.5863
2.5851
2.5842
2.5815
2.5801
2.5793
2.5787
2.5783
2.5780
2.5778
2.5776
2.5768

0.99700

2.987u
2.9352
2.9023
2.8787
2.8617
2.8u88
2.8383
2.8299
2.8228
2.8169
2.8118
2.8075
2.8037
2.8003
2.797
2.7947
2.7924
2.7902
2.7883
2.7865
2.7849
2.783u
2.7820
2.7807
2.7795
2,778
2.7739
2.7706

2.7680

2.7660
2.7629
2.7607
2.7591
2.7579
2.7569
2.7539
2.7525
2.7516
2.7510
2.7506
2.7503
2.7500
2.7u98
2.7u90

-~ PROPORTION OF THE DISTRIBUTION GREATER-THAN (LESS THAN) X MINUS (PLUS) Ks

0.99900

3.3626
- 3.3036
3.2663
3.2395
3.2200
3.2053
3.1935
3.1838
3.1758
3.1691
3.1633
3.1584
3. 1541
3.1503
3. 1469

3.1439

3.1412
3.1387
3.1365
3.1345
3,1327
3.1310
3.1294
3.1280
3.1266
3.1254
3.1202
3.1164
3.1135
3.1112
3.1077
3.1053
3,103
3.1020
3.1009
3.0975
3.0959
3,0949
3,0942
3,0937
3.0934
3.0931
3.0929
3.0919

0.99950

3.5842
3.5211
3.4812
3.u525
3.u317
3.4159
3.u032
3.3929
3.3844
3.377
3.3710
3.3657

3.3610

3.3570
'3.3534
3.3502
3.3u73
3.3u47
3.3u23
3.3401
3,338)
3.3363
3.3347
3.333)
3.3317
3.3303
3.3248
3.3208
3.3176
3.3151
3,311
3.3088
3.3069
3.3053
3.3041
3.3005
3.2987

3.2977 .

3.2970
3.2965
3.2961
3.2958
3.2956
3.2945

0.99990

4.0535
3.9818
3.936M4
3.9037
3.8799
3.8620
3.8475
3.8357
3.8260
3.8178
3.8108
3.8047
3.7995
3.79u8
3.7907
3.7870
3.7838
3.7808
3.7781
3.7756
3.7734
3.7713
3.769
3.7676
3.7660
3.7645
3.7582
3.7536
3.7500
3.7u71
3.7u29
3.7399
3.7377
3.7360
3.7346
3.7305
3.7285
3.7272
3.7264
3.7259
3.7254
3.7251
3.7248
3.7236

2o~



SAMPLE
SIZE

5.
Se
Te
8.

10.
1.
12.
13.

| RUPR

15.
16,
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.°
35.
L0.
45,
50.
60.
.‘JOO
80.
90.
100.
150.
200.
250.
300.
350.
400.
450.
500.
1000.

0.00100

-3.0419
-3.0226
~3.0122
~-3.0060
-3.0027
-3.0011
-3.0003
-3.0001
-3.0002
-3.0007
-3.0012
-3.0019
-3.0027
-3.0035
-3.00b4
-3.0052
-30006‘
-3.0070
-3.,0078
-3.0087
‘3-0095

- =-3.0103

=-3.01
-3.0119
-3.0127
-3.0134
-3.0169
-3.0200
-3.0227
-3.0251
'300293
-3.0327
‘3-0356
~3.0381
-3.0403
-3.0L81
-3.0530
-3.0566
-3.0592
-3.0613
~-3.0631
=-3.0645
-3.0658
-3.0727

AN

4

0.00500

‘2-52“3
-2.5093
-2.5016
~2.4971
=-2.4949
-2.49M7
-2.4938
-2.4939
-2.b944
-2.4950
-2.4957
-2.4965
-2.4973
-2.4981
-2.&990
-2.4998
-2.5007
-2.5015
‘2-502“
-2.5032
-2.,50u40
=2.5047
-2.5055
-2.5062
-2.5069
-2.5076
‘205‘08
-2.5136
-2.5]6|
‘205‘83

-2.5220

-2.5251
-2.5277
-2.5299
-2.5318
~-2.5387
-2.5430
~-2.5h6]
=2.5485
-2.5503
-2.5518
-2.,5531%
-2.5542
-2.5602

TABLE 11l (CONTINUED)
STATISTICAL TOLERANCE FACTORS

0.01000 0.05000

-2.2727
-2.2602
-2.2536
-2.2501
~2.2483
-2.2479
=2,2u479
-2.2482
-2.2488
‘2-2“95
-2.2502
-2-25‘1
-2-25‘9
-2.2528
-2.2537
-2,2545
-2.2554
-2.2562
=2.2570
-2.2578
-2.2584
-2.2593
~2.2601
-2.2608
-2.2615
-2.2621
- =2.2652
~-2.2679
-2.2703
-2.2724
-2.2759
~2.2788
-2.2812
-2.2833
-2.2851
=2.2916
-2.2957
-2.2986
-2.30048
-2.3025
-2.3039
-2.3051
-2.306‘
-2.30117

- —1.5824

=1.5767
-1.5737
-1.5730
-1.5728
-]‘5736
=1.574h
—1.5753
-1.5764
~1.5774
=1.5784
=1.5795
-1.5805
-1.5815
-1.5824
-1.5833
-1.5842
-1.5851
=1.5859
-105867
~1.5871
~1.5882
f-1.5889
-1.5895
-1.5902
-1.5908
-1.5937
-1.5961
-1.5982
-1.6001
-1.6032
-1.6057
-1.6078

-1.6096

=-1.6111
=i.6166
-1.6200
-t.6224
-1.6242
-1.4256
-1.6267
-1.6277
-1.6285
-10633]

CONFIDENCE LEVEL = 0.6000

0.10000

-1.2120
-1.2095
-1.2090
-1.2098
-102]07
-1.2122
-1.2135
-1.2149
~1.2163
".2'76
-1.2188
-1.2200
-1.2211
-1.2222
-1.2232
-1.2242
-1.2251
-1.2260
-1.2269
-1.2277
-1.2285
-1.2292
-1.2299
~1.2306
-1.2313
-‘-23‘9
-1.2347

-1.2371 _

-1.237M
~-1.2409
-1.2438
~T.2162
-1.2482
~l1.2u98
-1.2513
-‘-2562
-1.2593
-1.2615
-1.2631
~1.2644
-1.2654
~1.2663
-1.2671
-1.2711

0.15000

~0.9609
-0.9609
-0.9621
-0.9640
-0.9658
-0.9676
-0.9694
-0.9710
-0.9726
-0.9741
-0.9754
-0.9768
-0.9780
-0.9791
-0.9802
-0.9812
-0.9822
-0.9831
-0.9840
-0.9849
-0.9857
-0.9864
-0.9871
-0.9878
-0.9885
-0.9891
-0.9920
-0.9943
-0.9963
-0.9981
=1.0010
-1.0033
-1.0051
-1.0067
-1.0081
—|.0|29
-1.0158
-1.0178
-]-0193
-1.0205
-1.0215
-1.0223
-1.0230
-1.0268

0.20000 -

-0.7605
-0.7625
-0.7651
-0.7679
-0.7703
-0.7725
—OOTTuS
-0.7764
-0.7782
-0.7799
-0.7814
-0.7828
-0.7811
-0.7854
-0.78645
-0.7876
-0¢7886
-0.7896
-0.7905
-0.7914
-0.7922
‘007930
-0.7937
-0.79h4
=0.7951
-0.7958
-0.7984
-0.8010
-0.8030
-0.8047
-0.8076
-0.8098
-0.8117
-0.8132
-0.8146
=-0.8192
-0.8220
-0.8240
-0.8254
-0.8266
-0.8275
-0.8283
-0.8289
-0.8325

0.25000

‘0-5878
-0.5917
~0.5954
-0.5989
~-0.6018
-0.60uh
-0.6068
-0.6089
-0.6109
-0.6127
-0.6144
-0.6159
-0.6173
-0.6186
-0.6198
-0.6210
-0.6221
-0.6231
-0.6240
-0.6249
-0.6258
-0.6266
'0-627h
-0.6281
-0.6288
~0.6295
-0.632“
-0-63&8
-0.6368
-0.6386
-0.641N4
-0.6436
-0-6h55
-0.6470
-0.6483
-0.6529
-0.6556
-0.6575
-006589
-0.6600
-006609
~-0.6617
-0.6623
-0.6658

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

0.30000

-0.u320
~0.4375
-0.u423
-0. 4460
-0.%U98
~0.4528
=0.4555
-0.h57°
-0.u4601
-0.4621
"=0.u639
~-0.4655
-0.h67]
-0.4684
-0.u697
-0.4709
-0.4721
-0.4731
-0.&7&‘
-0.4751
-0.4760
-0.4768
-0.“776
-0.4783
-0.4791
-0.4798
-0.4828
-0.4852
-0.4873
-0.4890
-0-“9]9
-00h°h2
-0.4960
-0.4975
-0.4988

-0.5033 -

-0.5060
-0.5079
-0.5093
‘0.5‘0“
-0.5113
-0.5120
-0.5126
~-0.5%160

0.35000

'002869
-0.2939
°0c2°°7
-0.30hh
-0.3084
-0.3119
-0.3149
-0.3175
-0.3199
-0.3220

. -0.32“0

-0.3257
-0.3274
-003288
-0-3302
-0.3315
-0.3327
-0.3338
-0.33u8
'003358

: -0-3367

-0.3376
-0.33Bh
-0.3392
-0.3400
~0.3407
'003“38

-0.3463

‘0.3“8“
-0.3502
-0.3531
-0.3551
-0.3572
-0.3588
-0.3601
-0.36h6
-0.3673
~-0.3691
-0.3705
-0.3716
-0.3725
-0.3732
-0.3738
~0.3771

0.40000

‘0.‘“8]
-0.1570
-0.1636
-0.1690
-0.1738
~0.1775
-0.1808
-0.1837
-0.1863
-0.1886
-=0.1907
‘0.]926
‘0.‘9“3
-0.1959
~0.197h
-=0.1987
-0.2000
-0.2012
-0.2023
-0.2033
‘0.20“3
-0.2052
-0.2060
-0.2069
-0.2076
-0.2084
~0.2116
-0.2142
-0.2161
‘0.2‘82
-0.2212
=0.2235
~0.2254
-0.2269
-0.2283
-0.2328
-0.2355
-0.2373
-0.2387
-0.2398
-0.2u406
-0.2414
-0.2420

-0.2453

-0 -



SAMPLE
- SIZE

5.

7.
8.
9.
10.
1.
12.
13.
14,
15,
16.
17.
18,
19.
20.
2" »
22.
23.
24,
25.
26.
27.
28,
29.
30.
35.
uol-
4s,
50.
60.
70‘
80.
90.
100.
150.
zool-
250.
300.
350.
400.
450,
500.
1000.

0.50000

0.1208
0.1090
- 01001
0.0929
0.0872
0.0825
0.0785
0.0749
0.0719
0.069%
0.0667
0.0645
0.0625
0.0607
0.0590

" . 0.0575

0.0560
- 0.0547
0.0535
0.0523
0.0513
0.0502
0.0493
0.0ugy
0.0475
0.0467
0.0432
-0.0403
0.0380
0.0360
0.0329
0.0304
0.028y%
0.0268
0.0254
0.0207
0.0179
0.0160
0.0146
0.0136
0.0127
0.0120
0.0113
0.0080

-

I

0.60000

0.3960
0.3797
0.3678
0.35%0
0.3517
0.3457

0.3407

0.3364
0.3327
0.3294
0.3265
0.3239
0.3215
0.319y
0.3174
0.3157
0.3140
0.3125
0.3111
0.3098
0.3085
0.3074
0.3063
0.3052
0.3043
0.3033
0.2994
0.2962
0.2936
0.2915
0.2880
0.2853
0.2832
0.2814
0.2799
0.2749
0.2719
0.2699
0.2685
0.2673
0.2664
0.2657
0.2650
0.2616

0.70000

0.6979
0.6759
0.6597
0.6u81
0.6387
0.6310
0.6218
0.6198
0.6148
0.6108
0.6073
0.6041
0.6012
0.5987
0.5964
0.5942

0.5923

0.5905
0.5888
0.5872
0.5858
0.58bY
0.5831

 0.5819
0.5808
0.5797
0.5751
0.5715
0.5685
0.5661
0.5621
0.5591
0.5567
0.5547
0.5531
0.5476
0.5443

. 0.5421
0.5405
0.5393
0.5383
0.5375
0.5368
0.5331

 TABLE 111 {CONTINUED)
; STATISTICAL TOLERANCE FACTORS

0.75000

0.8686

0.8420
0.8236
0.81010
0.7993
0.7907
0.7836
0.7775
0.7721
0.7679
0.7639
0.7604
0.7572
0.7544
0.7518
0. 749y
0.7473

0.7453

0.7u34
0.7417
0.7401
0.7386

¢ 07372

0.7359
0.73u7
0.7335
0.7285
0.72u6
0.7213
0.7187
0. 714y
0.7112
0.7086
0.7065
0.7047
0.6988
0.6954
0.6931
0.6911
0.6901
0.6890
0.6882
0.6875
0.6836

CONFIDENCE LEVEL = 0.6000
PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

0.80000

1.0603
1.0289
1. 0076
0.9918
0.979u
0.9695

0.961u

0.9546
0.94587
0.9u36
0.939
0.9352
0.9316
0.9285
0.9256
0.9230
0.9205
0.9183
0.9163
0.914y
- 0.9126
0.9110
0.9094%
0.9079
0.9066
0.9053
0.8998
0.8954
0.8919
0.8890
0.88u4
0.8808
0.8780
0.8758
0.8738
0.8675
0.8638
0.8613
0.8595
0.8581

0.8570

0.8561
0.8553

0.8512

0.85000

1.2863
1.2492
1.2237
1.2052
1.1907
1.1792
1.1698
1.1620
1.1552
o149y
T.1443
1.1398
1.1358
1.1322
1.1289
1.1260
1.1232
1.1207
1.1184
1.1163
1.1143
1.112y
1.

1.0880
1.0828
1.0790
1.0759
1.0734
1.0713
1.0643
1.0603
1.05746
1.0557
1,0542
1.0530
V.0520
1.0511

1. 0467

0.87500

“lek198
1.3790
1.3510
1.3307
1.3149
1.3025
1.2924
1.2839
1.2766
1.2703
1.2618
1.2600
1. 2557
1.2518
1.2483
12451
1.2422
1.2395

1.2370°

12347
1.2326
1.2306
1.2288
1.2270
1.2254
1.2238
1.2173
1.2121
1.2080
12045
1.1991
1. 1950
1.1917
1.1891
1. 1869
1.1795
1. 1753
1.1725
1. 1705
1.1689
1.1676
1. 1666
Ve 1657
- 1.1610

0.90000

1.5T7u40
1.5289
1.4980
14756
1.4583
14849
1.4339
T.4246
1.45167
1.4099
1.4039
1.3987
1.3940
1.3898
1.3860
1.3825
1.3794
1.3765
1.3738
1.3714
1.3691
1.3669
13649
1.3630
1.3613
1.3596
1.3526
1.3471
1.3826
1.3389
1.3331
1.3287
1.3253
1.3225
1.3201

1.3123

1.3079
1.3049
1.3027
1.3010
1.2997
1.2986
11,2977
1.2928

0.91000

1.6438
- 1.5968
1.5646
1.5233
1.5093
1.4978
1.u882
1.4800
1.4729
14667
1.4613
1.u564
1.u521
1.u4482
Tohubé
Tohuiy
1.5384
1.u356
Y.4331
1.4307
1.u4285
1.4264
Tou245
1.4227
1.4210
1.45137
1.4080
V.4034
1.3996
V.3937
1.3891
V.3856
¥.3827
1,3802
V.3723
1.3677
V. 3646
1.3624
1.3607
1.3593
V.3582
V.3572
1.3522

0.92000

1.7198
1.6706
1.6370
1.6126
1.5940
1.5794
1.56Tu
1.5574
1.5489
1.5415
1.5351
1.529%
1.5244
1.5199

1.5158°

1.5121
1.5088
1.5057
1.5028
1.5002
1.8977
1.4954
1.0933
14913
T.4894
1.u876
1.4801
Y uTu2
1.4695
1.4656
1.45%
1.45u8
1.4511
. 4u81
1.u456
T.u37n
V.u327
1.4295
1.4272
F.4255
T.u241
1.4229
1.5220
1.4168

0.93000

1.8034
1.7518
1.7168
1.6913

1.6718

1.6565
1.6440
1.6335
1.6247
1.6170
1.6103
1.604Y
1.5992
1.5945
1.5903
1.5864
1.5829
1.5797
1.5767
1.57u0
1.5715
1.5691
1.5669
1.5648
1.5428
1.5610
1.5532
1.5471
1.5422
1.5382
1.5318
1.5270
1.5232
1.5201
1.5175
1.5090
1.5042
1.5009
1.u968
1.4953
1941
14931
1.u879

-¥9 -



SAMPLE
SIZE

5-‘
6.
Te
8.
9.
10,
il.
12,
13.
4.
15.
16,
17T.
"~ 18.

19.

20.
21.
22.'
23.
2L,
25.
26.
27.
28.
29.
30.
35.
40.
4S.
50.
60.
70.
80.
90.
100.
150.
200.
250.
300.
350.
400.
450.
500.
1000.

TABLE HHI{CONTINUED)
STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.6000

e PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS IHAN) X MINUS (PLUS) Ks

3

0.94000 0.95000 0.96000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 . 0.99950 0.99990

1.89489
1.8u426
1.8059
¥.7792
1.7587
17827
1.7296
1.7186
1.7094
1.701%
1.6944
1.6882
1.6828
1.6779
1.6735
1.6695
1.6658
1.6625
1.6594
1.6565
1.6539
1.8514
16491
1.6L69

16449

- 1.6430
1.6349
1.6285
1.6234
1.6192
1.6126
1.6076
1.6037
1.6005
1.5978
1.5891
1.5840
1.5807
1.5783
1.5764
1.57u49
1.5737
1.5727
1.5672

N

2.0037
1.9463
1.9077
1.8795
1.8580
1.8411
1.8273
1.8158
1.8061
1.7977
1.7903
1.7839
1.7782
1.7730
1.768%
1.7642
1.7604
1.7569
1.7537
1.7507

17479 .

1.7453
1.7429
1.7406
1.7385

1.7365

1.7280
1.7214

1.7161

1.7118
1.7049
1.8997
1.6956
1.6922
1.6895
1.6804
1.6752
1.67T17
1.6692
1.6672
1.6657
1.66u4
1.6633
1.657%

2.1297
2.0684
2.0274
1.9976
1.9748
1.9568
1.9422
1.9301
1.9198
1.9109
1.9032
1.8964
1.8903
1.8849
1.8801
1.8756
1.8716
1.8679
1.8645
1.8614
1.8584
1.8557
1.8532
1.8508
1.8u86
1.8465
1.8376
1.8307
1.8251
1.8205
1.8133
1.8078
1.8036
1.8001
1.7972
1.7877
1.7822
1.7786
1.7760
1.7739

1.7723

1.7710
1.7699
1.7640

2.2850
2.2190
2.1749
2.1430

2.1186

2.0993
2.0837
2.0708
2.0598
2.0503
2.0421
2.03u48
2.0284
2.0226
2.0174
2.0127
2.0084
2.0045
2.0009
1.9976
1.99u45
1.9916
1.9889
1.9864
1.9840
1.9818

1.9723

1.9650
1.9591
1.9542
1.9466
1.9409
1.9364
1.9327
1.9296
1.9196
1.9139
1.9101
1.9073
1.9052
1.9035
1.9021
1.9009
1.8948

2.4918
2.4195
2.3713
2.3366
2.3101
2.2891
2.2722
2.2581
2.2u61
2.2359
2.2270
2.2191
2.2121
2.2059
2.2003

12.1952

2.1906
2.1864
2.1825
2.1788

-2.1755
2.1724

2.1695
2.1668
2.1642
2.1618
2.1517
2.1438
2.1374
2.1322
2.1240
2.1179
2.1130
2.1091
2.1058
2.0951
2.0890
2.0849
2.0819
2.0797
2.0779
2.0764
2.0752

2.0686

2.8183
2.7359
2.6812
2.6421
2.6122
2.5886
2.5695
2.5536
2.5402
2.5287
2.5187
2.5099
2.5021
2.4951
2.4888
2.4831
2.4779
2.4732
2.4688
2.4648
2.4611
2.4576
2.4543
2.4513
2.4485
2.4458
2.4345
2.4257
2.4187
2.4128
2.4038
2.3969
2.3915
2.3872
2.3836
2.3717
2.3650
2.3605
2.3572
2.3548
2.3528
2.3511
2.3498

2.3426

3.nmr
3.0261
2.9655
2.9223
2.8892

. 2.8632

2.8421
2.8246
2.8098
2.7972
2.7861
2.7764
2.7679
2.7602
2.7533
2.7470
2.7414
2.7361

2.731y

2.7269
2.7228
2.7190
2.7155
2.7121
2.7090
2.7061
2.6937
2.6841
2.6764
2.6700
2.6601
2.6526
2.6468
2.6420
2.6381
2,6252
2.6178
2.6130
2.6095
2.6068
2.6046
2.6028
2.601n
2.5936

3.2264
3.1617

- 3.1156

3.0804
3.0526
3.0302
3.0116
2.9958
2.9823
2.9706
2.9603
2.9512
2.9u430
2.9357
2.9291
2.9230
2.9175
2.9124
2.9077
2.9034
2.8993
2.8955
2.8920
2.8887
2.8856
2.8725
2.8623
2.8541
2.8474
2.8369
2.8290
2.8228
2.8177
2.8136
2.7999
2.7922
2.7871
2.7833
2.7805
2.7782
2.7764
2.77u48
2.7666

3.7361
3.6258
3.5531
3.5011
3.u4615
3.4304
3.4052
3.3843
3.3667
3.3515
3.3384
3.3269
3.3167
3.3075
3.2919
3.2852
3.2790
3.2733
3.2681
3.2632
3.2587
3.2545
3.2505
3.2L69

3.2434

3.2287
3.2174
3.2083
3.2008
3. 1891
3.1803
3. 1735
3.1679
3.1633
3. 1482
3.1396
3.1339
3.1298
3.1266
3.1241
3.1221
3.1203
3.1113

3.9795
3.8619
3.7844
3.7290
3.6868
3.6537
3.6268
3.60u6

© 3.5859

3.5698
3.5558
3.5436
3.5327
3.5230
3.5143
3.5064
3.4992
3.4927

3.4866°

3.u811
3.4759
3.4711
3.4666
3.4625
3.4585

-3.4549

3.4393
3.4273
3.4176
3.4097
3.3973
3.3880
3.3807
3.3748
3.3699
3.3539
3.3448
3.3388
3.3345
3.3311
3.3285
3.3263
3.3245

4. 495,
4.3622
h.2747
4.,2119
4.1643
4.1269
4.0966
4.0T1S
4.050u4
4.0323
L.0165
4.0027
3.9905
3.9796
3.9698
3.9609
3.9528
3.9u454
3.9387
3.9324
3.9266
3.9212
3.9162
3.9115
3.907%
3.9030
3.8855
3.8720
3.8612
3.8523
3.8384
3.8280
3.8198
3.8132
3.8077
3.7898
3.7797
3.7729
3.7681
3.76u4%
3.7614
3.7590
3.7570
3,.7uA

-G~



SAMPLE
SIZE

30. .

70.

100.
150.
200,
250.
300.
350.
400,
450.
500.
1000.

TABLE 111 (CONTINUED)
- STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.7000

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000  0.20000 0.25000 0.30000 0.35000 0.40000

-2.7461
-2.7582
-2.770?
-2.7823
~2,7933
-2.8029
-2.8118
~2.8200
-2.8275

 =2.8344

—2.8"07
-2.8466
-2.8521

‘-208572

-2.8619
~2.8664
-2.8706
-2.8746
-2-878"
-2‘88‘9
-2.8853
-2.8885
-2.8915
‘2.89“"
-2.8972
-2.8999
=-2.9116
-2.9214
-2.9296
-2.9367
~2.9484
-2,9577
~2,9654
-2.9718
~2.9773
-2,9964
-3.0081
-3.0163
-3.0224
~3.0272
-3.0311
-3.0344

-3.037

-3.0524

N

-2.2702
-2.2818
-2.2936
-2.3042
-2.3144

-2.3230

-2.331
-2-338h
~2.3451
‘2.35‘3
“2o3570
-2.3622
-2.3671
-2,3716
-203759
~2.3798
-2.3836
-2.38?‘
-2.3904
-2.3935
~2.3965
-2,3994
=-2.4021

~2.4046

-2,4071
=24094
~2.4198
-2.4284

‘=2.8356

-2.,4418
~2.4521
=-2.4602
-2.4669
-2-&725
-2.4773
~2.4940
-2.5042
~2.5113
-2.5166
-2,5208
-2.5242
-2.5270
-2.5294
~2.5426

-2.0382
-2.0498
~2.0613
-2.0715
-2.0812
-2.0895
-2.0972
-2.1042
-2.1105
-2.1164
=-2.9217
-2.1267
-2.1313
-2.1356
-2.1396
-2.1"33
-2.1468
-2.1501
-2.1533
-2.1562
~2.1590
-2.1617
-2.1642
-2.1666
=2.1689
-2.1711
-2.1809
~2.1889
-241957
-2.2015
=2.2111
-2.2187
-2.2249
-2.2301
-2.2346
=-2.2502
=2.2597
-202663
-2.2712
=2.2751
-2.2783
-2.2809
-2.2831
-2.295&

-1.3980

T =1.4103

~T.4214
-1.4310
-1.4399
=1.4475
=1.4544
~-l.4606
~-la 4662

=1.4713

-1.4760
-1.4803
-1.4843
~1.4879
-1.4913
~ 14945
-1.4975
-1.5004
-1.5030
-1.5055
~1.5079
-t.5102
f=1.5123
~1.5143
-1.5143
-1.5181
-1.5263
~1.5330
-|c5386
-1.5435
-l.SS!h
-1.5577
~1.5628
=1.5671
-1.5708
-1.5835
-1.5912
- 1.5966
-1.6006
-1.6037
-1.6063
-1.6084
-1.6102
-l.6201

. =1.0507

-1.0638
~1.075?
-I.OBSQ
~1.0939
°‘o‘0‘2
-1.1079
-1.1138
-1.1192
—1.12“0
-1.1285
-1.1325
~1.1363
-1.1397
-1.1429
-1.1459
-1.1487
-1.1513
-1.1538
-1.1561
-1.1583
-|n|b°u
-1.1623
-1.1642
-1.1660
-1.1677
-1.1752
=-1.1814
=-1.1865
‘101909
-1.1981
-1.2038
-1.2085
-1.2123
-1.2157
-1.2271
-1.2340
-1.2388
=T.2024
-1.2452
-1.2474
-1.2493
-|.2509
‘102597

~0.8134

~0.8276
-0.8395
‘0.8“93
-0.8579%
~0.8654
-0.8720
~0.8778
-0.8831

- -0.8878

-0.8921
-0.8961
-0.8997
-0.9031
‘0.906‘
~0.9090
~0.9117
-0.9142
~0.9166
-0.9188
-0.9210
-0.9229
-0.92u48
=0.9266
-0.9284
-0.9300
-0.9371
-0-9“30
‘0.9"79
~0.9520
-0.9588
~0.9642
-0.9686
-0.9722
~0.9753
-0.9860
-0.9924
-0.9969
-1.0002

- =1.0028

-1.00h9

- =1.0067

-1.0082
-1.0163

-0.6217
-0.6370
-0.6"92
-0.6597
-0.6683
-0.6760
-0.6826
-0.6885
~0.6937
-0.6984
~-0.7027
~0.7067
-0.7103
-007136
-0.7166
-0.7194
-0.7221
-0.7246
-007269
-0.7291
-0.7311
~0.7331
-0.7349
-0.7367
-0.7384
-0.7400
-0.7469
~0.7526
~0.7573
‘0076‘3
-0.7679
‘0.7?30
~0.7772
~0.7807
-0.7837
-0.7939
~0.8001
-0.8043
-0.8075
~0.8099
-0.8119
-0.8136
-0.8150
-0.8226

fO.hShH
~0.4712
~0.u841
-0.4951

-0.5039

~0.5119
-0.5186

“=0.5246

-0.5299
~0.5347
-0.5390
~0.5429
-0.5465
~-0.5498
‘0.5529
‘0.5557
-0.5583
-0.5608
-0.5631
-0.5653
~0.5673
-0.5693
~0.5711
~0.5728
-0.5745
-0.5760
-0.5829
-0.5885
-0.5931
-0.5970
‘0-603“
-0.6085
-0.6125
-0.6159
~-0.6188
-0.6287
-0.6347
-0.6387
~0.6418
-0.6u42
-0.6461
“0.6u4T7
~-0.6490
-0.46564

-0.3021
-0.3201
~0.3340
-0.3"53
-0-35u8
-0.3629
-0.3499
-0.37460
-0.3814
-0.3863
-0.3907
~0.3947
~0.3984
-0.4017
~0.4048
~0.4076
-0.4103
~0.u4127
~0.48151
-0.u172
-0.u193
-0.4212
~0.4231
-0.4248
-0.4264
-0.4280
-0.4348
-0.440%
-0.4450

-0.4489°

-0.4552
-0.4601
-0.8642
‘o-u675
-0.4703
-0.4800
-0.&858
-0.48¢98
~0.4927
-0.4951
-0.49569
-0.4985
-0.4998
-0.5069

-0.1587
~0.1779
=-0.1929
~0.2051
-0.2151
‘0{2235
~0.2307
‘002370
-0.2426
-0.2476
-0.2522
-0.2563
-0.2600
-0.2634
-0.2665
-0.269h
-0.2721
-0.2746
-0-2770
~0.2792
-0.2812
-0.2832
~0.2850
-0.2868
-0.2885
-0.2900
-0.296%
-0.302&
-0.3070
-0.3109
-0.3173
~0,.3222
~0.3262
-0.3295
~0.3323
-0.3418
~0.3476
-0.3515
-0.35uk
-0,3547
-0.3585
-0.3600
-0.3613
-0.3683

-0.0200
-0.0413
-0.0576
-0.0704
-0.0808
-0.089¢6
‘000972
-0.1038
-0.1097
-0.1149
-0.1195
-0.1238
-0.1276
-0.1311
=-0.1343
-0.1373
-0.1400
-0.1426
-0.1450
-0.1473
-0. 1494
=-0.1514
-0.1533
-0.1550
-0.1567
-001583
-0.1653
~0.170%
-0.‘755
-001795
-0.1858
~0.1908
~0.1948
~0.1981
-0.2009
-0.2104
'0-2]6‘
-0.2200
-0.2229
-0.2251
'002269
-~0.2284
-002297
'0-2366

..99'-



SAMPLE
SIZE

100.
150,
200.
250.
300‘
350,
400.
450.
S00.
1000,

P

TABLE Il (CONTINUED)

STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.7000
~- PROPORTION .OF-THE DISTRIBUTIQN GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

@.50000 0.60000 0.70000 0.75000' 0. 80000 0.85000 0.8?550 0.90000 0.91000 0.92000 0.93000

0.2545
0.2284
0.2090
0.1940
0.1820
0.171¢9
0.1633
0.1559
0. 1494
0.1437
0.1386
0.133¢9
0.1298
0.1260
0.1225
0.1193
0.1163
0.1136
0.1110
0.1086
0.1063
0.1042
0.1022
0.1003
0.0985
0.0968
0.0895
0.0836
0.0788
0.07u7

0.0681"

0.0630
0.0589
0.0555
0.0526
0.0429
0.037}
0.0332
0.0303
0.0281
0.0263
0.02u47
0.0235
0.0166

S

0.5405
0.5082
0.4845
O.ub6k
0.u4516

0.4400

0.%300
0.4215
0.4140
0.4075
0.4017
043964
0.3917
0.3875
0.3836
0.3800
0.3767
0.3737
0.3708
0.3682
0.3657
0.3633
0.3611
0.3591
0.3571
0.3553
0.3473
0.3409
0.3357
0.3313
0.3242
0.3188
0.314k
0.3109
0.3078
0.2976
0.2916
0.2875
0.2845
0.2821
0.2803
0.2787
0.277%
0.2703

0.8609
0.8185
0.7887
0.7661
0.7u84
0.7341
0.7221
0.7119
0.7031
0.6954
0.6886
0.6825
0.6770
0.6721
0.6676
0.6635
0.6597
0.6562
0.4530
0.6499
0.&h71
0.6u845

.0.6420
0.6396

0.6374

' 0.6353

0.6263
0.6192
0.6134
0.6085
0.6007
0.5947
0.5899
0.5860
0.5827
0.5716
0.5651
0.5607
0.5574
0.5549
0.5529
0.5513
0.5499
0.5423

~

1.0438

© 0.9948

0.9610
0.9359
0.9158
0.8998
0.8866
0.8753
0.8656

0.8571

0.8497

0.8430

0.8370
0.8317
0.8268
0.8223
0.8182
0.81uy
0.8109
0.8076
0.80u5
0.8017

0.7990
0.7964
0.7941

0.7918
0.7821

07745
0.7683

0.7630 .

0.7547
0.7u484
0.7u433
0.7391
0.7356
0.7239
0.7170
0.7124
0.7090
0.7064
0.7043
0.7025
g.7010
0.6931

1.2512

1.1947
1.1558
1.1274
1. 1045
1.0865
1.0716
1.0591
1.0483
1.0389
1.0306
1.0232

- 1.0%67

1.0107
1.0053
1.000k
0.9959
0.9917
0.9879
0.9843
0.9810
0.9778
0.9749
0.9721
0.9695
0.9671
0.9566
0.9u483
0.9315
0.9359
0.9270
0.9201
0.9147
0.9102
0.9064
0.8939
0.B8866
0.8817
0.8781
0.8753
0.8730
0.8712
0.8696

0.8613

1.4973

1.4315
1.3861
1.353
1.3270
1.3065
1.2895
1.2753
1.2631
1.2525
1.2432
1.2349
1.2276
1.2209

1.2149

1.2095
1.2044
1.1998
1.1955
1.1915
1.1878
te 1844
1.1811
1.1781
1.1752
1.1725
1.1609
1.1518
Toilkl
1.,1383
1.1285

- 1.1210

1.1151
1.1102
1.1062
1.0926
1.0847
1.0794
1.0755
1.0725
1.0701
1.0681
1.0664

1.0574

1.6u31
1.5712
1.5222
1.4860
1.4583
1.4361
1.4180
T.u027
1.3896
1.3783
1.3684
1.3596
1.3517
1.3u47
1.3383
1.3324
1.3271
1.3222
13176
13134
1.3095
1.3058
1.3023
1.2991
1.2961
1.2932
1.2809
1.2713
1.2635
1.2570
1.2467
1.2388
1.2326
1.2275
1.2232
1.2090
1.2007
1.1951
1.1911
1.1879
1.1854
1.1833

1.1816

1.1722

1.8122
1.7331
1.6799
1.6400
1.6103
1.5862
1.5666
1.5501
1.5360
1.5238
1.5131
1.5037
1.4952
1.4876
1.4808
1.4745
1.4688
1.4635
1.4586
l.4541
1.4499
1.4L460
1.4389
1.4356
1.4326
1.4195
1.4093
1.4010
1.3940
1.3831
1.37u8
1.3682
1.3628
1.3582
1.3432
1.33%5
1.3286
1.3243
1.3210
1.3183
1.3162
1.3143
~ l.3045

1.8888
1.8066
1.7512
1.7098
1.6791
1.6542
1.6338
1.6168
1.6022
1.5896
1.5786
1.5688
1.5601
1.5523
145452
1.5388
1.5329
1.5274
1.5224
1.5178
1.5134
1.5094
1.5056
1.5021
1.4987
1.4956
1.4822
1.4716
1.4631
1.4560
1.45447
1.4362
1.4294
1.4239
14192
1.4038
1.3949
1.3888
1.3845
1.381
1.3784
1.3761
1.3742
1.3842

1.9724
1.8867
1.8289
1.7859
1.7540
1.7282
1.707M
1.689%
1.6743
1.6613

1.6499 -

1.4398
1.6308
1.6227
1.6154

1.6087 .

1.6026
1.5970
1.5918
1.5870
1.5825
1.5784
1.5745
1.5708
1.5674
1.5641
1.5503
1.539%
1.5306
1.5233
1.5118
1.5030
1.4960
1.4903
1.4855
1.4697
1.4605
1.u543
1.4498
1.6460
1.4436
1.8413

L 1e4394
1.4291

2.06u44
1.9749
1.9145
1.8698
1.8366
1.8097
1.7878
1.7694
1.7538
1.7402
1.7284
1.7179
1.7086
1.7002
1.6926
1.6857
1.6794
1.6736
1.6682
1.6632
1.6586
1.6543
1.6503
1.6465
1.6429

1.6396 -

1.6253

1.6141

1.6050
1.597u4
1.5855
1.5764
1.5692
1.5634
1.5585
1.5422
1.5327
1.5264
1.5217
1.5182
1.5153
1.5130
1.5110
1.5004

-l9-



SAMPI.E
ﬂZE

24,

28.

35.

50.

100.

150.
200.

‘250,

‘300,
350.
400.
550,
500.

1000.

0.94000

2.1676
2.0737
2.0103
1.9637
1.9289
1.9009
1.8781
1.8589
1.8426
1.8285
1.8162
1.8053
1.7956
1.7869
-1.7790
© 1.7718
‘1e7652
1.7592
1. 7537
T 1.7485
1.7437
1.7392
1.7350
1.731
1.7274
1.7239
1.7091
1.6975
1.6881
1.6803
1,6679
1.6586
“l.651
1.6451
1. 6400
1,6232
1.6134
1.6069
1.6021
1.598%
1.5955
1.5930
1.5910
1.5801

N

TABLE llIl{CONTINUED) .
STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.7000

I’ROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MlNUS (PLUS) Ks

0.95000

2.2855
2.1867
2.1198
2.0710
2.03u5

2.0052 -

1.9812
1.9612
1.9u4 1
1.9294
1.9165
1.9051
1.8950
1.8859
1.8776
1.8702
1.8633
1.8570
1.8512
1.8458
1.8408
1.8362
1.8318
1.8277
1.8239
1.8203
1.8048
1.7927
1.7830
1.77u8
1.7620
1.7523
17446
1.7383
1.7330
1.7156

1.7055
1.6987 -

1.46938
1.6899
1.6869
1.6844
1.6823
1.6710

0.96000

2.4245
2.3197
2.2488
2.1974
2.1588
2.1279
2.1027
2.0815
2.0636
2.0481
2.0345
2.0226
2.0119
2.0024
1.9937
1.9859
1.9787
1.9721
1.9660
1.9604
1.9551%
1.9502
1.9457
19414
1.9374
1.9336

1.9174

1.90u8
1.8945
1.8860
1.8727
1.8625
1.8544
1.8479
1.8424
1.82u2
1.8137
1.8066
1.8015
1.7975
1.7944
1.7918
1.7896
1.7778

0.97000

2.5958

2.4838
2.4082
2.3533
2.3121
2.2792
"2.2523
2.2299
2.2108
2.1943
2.1799
2.1673
2.1560
2.1458
2.1367
2.1284
2.1208
2.1138
2.1074
2.1014
2.0958
. 2.0907
¥ 2.0859
©2.0813
2.077V
2.0731t
2.05460
2.0427
2.0319
2.0229
2.0088
1.9981
1.9896
1.9827
1.9770
1.9578
1.9468
1.9394
1.9340
1.9299
1.9265

1.9238

1.9215

1.9092°

0.98000

2.8243
2.7025
2.6207
2.5611
2.5164
2.4808
2.4518
2.4275
2.4069
2.3892
2.3737
2.3601
2.3479
2.3370
2.3272
2,3182
2.3100
2,3025
2.2956
2,2892
" 2.2833
2.2777
2,2725
2.2677
2.2631
2.2588
2.2405
2.2262
2.2W47
2.2051
2.1900
2.1786
2. 1695
2.1622
2.1560
2.1356
2.1239
2.1160
2.1103
2.1058
2.1023
2.0994
2.0970
2,0839

0.99000

3.1857
3.0u83
2.9566
2.8895
2.8393
2.7995
2.7670
2.7399
2.7169
2.6971
2.6798
2.6646
2.6510
2.6389
2.6280
2.6180
2.6089
2.6006
2.5929
2.5858
2.5792
2.5730
2.5673
2.5619
2.5568
2.5521
2.5318
2.5160
2.5032
2.4926
2.8760
2.4633
2.4534
2.4452
2.4385
2.4161
2.4031
2.3945
2.3882

2.3833

2.3795
2.3763
2.3736
2.3593

o.9950q

3.5178
3.3640
3.2651
3.1912
3.1359
3.0921
3.056u4
3.0266
3.0014
2.9797
2.9608
2.9uy1
2.9293
2.9160
2.9040
2.8931
2.8832
2.87ul
2.8657
2.857¢9
2.8507
2.8440
2.8377
2.8318
2.8263
2.821
2.7990
2.7817
2.7678
2.7563
2.7382
2.7244
2.7136
2.7048
2,697k
2.6731
2.6591
2.6497
2.6429
2.6376
2,6334
2.6300
2.6271
2.6116

0.99700

3.7475
3.5856
3.u4781
3.3995
3.3407
3.2941
3.2562
3.2246
3.1978
3.1748
3.1547
3.1370
3.1213
3.1072
3.0945
3.0830
3.0725
3.0628
3.0539
3.0457
3.0380
3.0309
3.0243
3.0180
3.0122
3.0067
2.9833
2.9651
2.9504
2.9382
2.9190
2.90u5
2.8931
2.8838
2.8760
2.8503
2.8356
2.8257
2.8185
2.8130
2.8085
2.8049
2.8019
2.7856

‘0.

99900

4,2060
4.0238
3.9033
3.8154
3.7494
3.6974
3.6549
3.6196
3.5897
3.5640
3.5416
3.5219
3.50uy
3.4887
3.4745
3.4617
3.u392
3 k293
3.u202
3.4038
J.3964
3.3895
3.3830
3.3769
3.3509
3.3307
3.314y
3.3008
3.2796
3.2636
3.2509
3.2406
3.2320
3.2036
3.1873
3.176u
3.1685
3.1624
3.1575
3.1535
3.1501
3.1322

0.99950

L. 4773
4.2831
4.1548
b.0614
3.9912
3.9359
3.8908
3.8533
3.8215
3.7942
3.7705
3.7310
3.7143
3.6993
3.6857
3.6732
3.6619
3.6514
3.6417
3.6327
. 3.6243
3.6164
3.6091
3.6022
3.5957
3.5683
3.5u468
3.5296
3.5152
3.u4928
3.u4758
3.4624
3.4515
3.4124
3.3952
3.3836
3.3753
- 3.36488
3.3637
3.3594
3.355¢9
3.3370

0.99990

5.0526
4.8330
4.6883
4.5832
4.5041
B.uk17
4,3909
4.3487
4.3130
4,.2824
4.2557
4.2322
4.2114
bo1927
4.1758
k.1605
b, 1466
4.1338
4.1220
4.1112
41011
4.0917
4.0829
4.0747
4.0670
4.0597
4.0290
4.0050
3.9857
3.9697
3.9446
3.9256
3.9106
3.8984
3.8883
3.8549
3.8356
3.8228
3.8134
3.8063
3.8005
3.7958
3.7919
3.7708
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TABLE Hll (CONTINUED)

STATISTICAL TOLERANCE FACTORS

SAMPLE o " CONFIDENCE LEVEL = 0.8000 : -
size ~ = PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

0.00100 ' 0.00500 0.01000 0.05000 0.10000 0.15000 0.20000 0.25000 0.30000 0.35000 0.40000

Se -2.4489 ~2.0137 -1.8009  ~-1.2091 ~0.8828 -0.656) -0.4705 -0.3065 -0.1550 ° -0.009% 0.1328

6. -2.48B88 =-2.0492 -1.8343 -1.2378 ~0.9105 -0.6838 ~0.4992 =0.3367 ~0.1867 ~-0.0u36 0.0959

B ~2.5214 -2.0781 -1.8616 -1,2616 ~-0.9334 -0.7065 ~0.5220 =-0.3600 -0.2109 ~D.0697 0.068%

8. -2.5489 -2.1024 -1.8843 -1.2809 -0.9515 ~0.7246 -0.5403 -0.3787 -0.2306 ~0.0904 0.0462

?. -2.5729 ~2.1236 =1.9043 -1.2980 ~0.9676 -0.7401 ~-0.5559 ~0.3947  -0.2471 -8.1073 0.0283

10. =2.5936 ~2.1419° -=1.9215 -1.3126 -0.9812 -0.7534 -0.5690 -0.4080 -0.2606 -B.121S 0.0131

1. -2,6119 =2.1580 ~1.9366 ~-1.3254 -0.9931 -0.7649  -0.580%4 -0.4195 -0.,2724 -0.1336 0.0005

12. -2.6281 -2.1723  -1.9500 -~1.3367 -1.0036 =0.7751 -0.5905 -0.4296- -0.2826 -0.1u42 -0.0105

13. -2.6427 -2. 1851 -1.9620 -1.3u68 -1.0130 =-0.78u1 -0.5994 - -Q.4385 -0.2917 -2.¥535 -0.02Q02

. . ~2.8558 =2.1967 ~-1.9729 ~-1.3560 ~1.0215 -0.7923 -0.6075 -0.4466 ~0.2999 -0 U819 -0.028B8
15. =2.6679 ~2.2072 -1.9828 -1,36u43 -1.0291 -0.7997 ~0.6147 ~0.4538 -0.3072 -0.1493 -0.0366

. 16. -2.6789 =2.2169 =1.9919  -1.3719  -1.0361 -0.8064 -0.6213 ~0.46048 -0.3138 -0.176%F -0.0u35
P 17. -2.46890 -2.2258 -2.0002 -1.3789 —1.0426 -0.8126 -0.6274 -0.4664 ~0.3199 -0.1823 -0.0499
Fow 4 18. -2.6984 ~2.2341 ~2.0079 -1.3853 -1.0485 -0.8182 -0.6329 -0.4719 ~-0.3254 -0.¥879 =-0.0556
R 19. ~2.7071.  =2.2417 -2.0151 -1.3913  -1.0540 -0.8235 -0.6380 -0.4769 ~-0.3305 -0.1930 -0.0609
j:F} 20. -2.T152 -2.2488 -2.0217 -1.3968 -1.0591 -0.8283 -0.6427 -0.4816 -0.3352 -0.1978 -0.0658
Lo - 21. -2,7228 -2.2555 =-2.0280 -1.4020 -1.0638 ~-0.8329 ~0.6472 -0.4B60 ~0.3395 -0.2022 ~(0.0703
T 22, -2.7299 =-2.2617 ~2.0338 -1.4069 ~1.0682 -0.8371 -0.6513 -0.4900 ~0.34386 -0.2063 ~0.0745
o 23. ~2,7366 =2.2676 =2.0393 -1.4115 -1.0724 -~0.8ul} -0.6551 -0.4939 ~0.347H  -0.2102 -0.078%4
24, -2.7429 -2.273% -2.0445 -1.48158 ~1.0764 -0.B8u448 ~-0.6588 -0.4974 -0.3510 -0.2138 -0.082%

25, ~2.7489 -2.2784 -2.049Y4 -1.4198 -1.0801 -0.8483 -0.6622 -0.5008 ~0.354% -0.2172 -0.0855

26. -2.7546 -2.2833 ~2.0540 | -1.4237 -1.0836 -0.8517 -0.6654 -0.5040 ~-0.3575 -0.2204% -Q.0888

27. -2.7599 ~-2.2880 -2.0584 ‘-1,4273 -1.,0869 ~0.8548 -0.6685 -0.5070 -0.3605 ~-0.2234 -0.0919

28. -2.7650 =2.2925 -2.0626 -1.4308 -1.0901 -0.8578 -0.6714 -0.5099 -0.3634 -0.2262 ~0.0948

29. ~2.7699 ~2.2968 =2.0666 ~1.4341 -1.0931 -0.8607 -0.6741 ~0.5126 ~0.3661 -2.2289 -0.0975

-30. -2.7745 -2.3008 -2.0704 ~l.l372 -1.0959 ~0.B634 -0.6768 -0.5152 -0.3686 =0.2315 -0.1001

3s5. -2.7949 -2.3187 -2.0871 -1.4510 - -71.1084 -0.8752 -0.6882 -0.5264 ~0.3798 -Q.2427 -~0.1114

. 0. ~2.8117 -=-2,3333 -2.1007 -1.4623 -1.1186 ~0.BB4B =-0.6975" -0.5355 ~-0.3888 =0.2517 -0.1205

. : 45, -2.8258 =2.3457 =2.1122 -1.47\7 -1.1272 -0.8B929 -0.7052 ~-0.5430 ~0.3963 -0.2592 ~Q.1281
50. -2.8379 -2.3562 =2.1220 -1l.u4798 -1.1385 ~0.8997 -0.7118 =0.5495 ~Q.4026 ~-0.2655 -0.1344

60. -2.8576 ~2.3734 -2.1381 -1.4929 ~1.1463 =0.9109 =0.7225 -0.5599 -0.4129 =0.2757 -0.1447

70. -2.8733  -2.3871 -2.1508 =-1.5033 =1,1557 ~=0.9196 -0.7309 -0.568) ~0.4209 -0.2837 ~-0.1527

80. -2.8860 =-2.3982 ~2.1612 ~-1.5118 ~1.1633 =0.9268B . -0.7377 -0.5747 -0.4278 =0.2901 -0.1591

90. -2.8967 -2.4075 =-2.1699 ~-i.5188 -1.1696 -0.9327 =0.7u434 ~0.5802 -0.4328 ~0.2955 ~0.1645

100. -2.9059 ~2.4155 =2.1773 -1.5249 -1.1750 =0.9378 -0.7u82 ~0.5848 ~0.4374 ~0.3000 -0.1690

“150. =2.9375 -=2.4430 -2,2029 ~—1l.5456 ~-1.1936 -0.9551 -0.7648 -0.6008 -0.4530 -0.3154 ~-0.18uk4

200. ~2.9568 ~2.4597 -2.2185 -1.5583 -1.2048 -0.94653 -0.7747 -0.61048 -0.4624 -0.3247 -0.1935

250. -2.9701 =2.4718 =2.2293 =1.5670 ~1.2125 -0.9725 -0.7815 -0.6170 -0.4688 ~-0.3310 ~0.1998

300. -2.9801 -2.4800 -2.2373 -1.5735 ~1.2183 ~0.9778 =0.7B46 ~0.56219 -0.4735 -0.3356 -~-0.20u4

350. -2.9880 -2.,4B68 ~2.2u35 -1.5786 -1.,2228 ~0.98B19 -0.7906 ~0.56257 -0.4772 -0.3393 -0.2080

400, -2.9943  -2.4924 -2.24B8 -1.5827 ~1.2265 =0.9853 -0.7938 ~-0.6288 -0.4802 -0.3822 -0.2109

450. ~2.9996 =2.u4969  ~2.2530 -1.5861 -1.2295 -0.9881 ~0.7965 ~0.6314 -0.4827 -0.3447 -0.2133

500. . =3.004) -2.5009 =-2.2566 -1.5890 ~1.2321 . =0.9905 -0.7987 -0.6336 ~Q.u4Bu8 ~0.3867 -0.2154

1000. -3.,0288 =2.5223 =2.2765 -1.6050 -1.2462 ~-1.0036 -0.811 -0.56u454 ~0.4963 -0.357% -0.2264

\
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SAMPLE
SIZe

{

 TABLE HHI(CONTINUED)
. STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.8000

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks -

0.50000 0.60000 0.70000 0.75000 0.80000 0.85000 0.87500  0.90000 0.91000 0.92000 0.93000

0.4204
0.3754
0.3422
0.3166
0.2964
0.2793
0.2651
0.2528
0.2521
0.2326
0.2242
0.2166
0.2097
0.2035
0.1978
0.1926
Q.1877
0.1832
0.1790
0.1751
0.1714
0.14680
0.1647
0.1617
0.1588
0.1560
0. 1541
0.1346
0.1267
0.1201
0.1095
0.1013
0.09468
0.0892
0.0846
0.0689
0.0597
0.0533

0.0u87

0.0u51
0.0u421
0.0397
0.0377
0.0266

AN

0.7284
Q.6717
0.6313
0.6003
0.5760

0.5563 -

0.5397
0.5256
0.5133
0.5025
0.u4930
O.u8u44
Q. 4767
0.4698
0.4634
0.u576
0.4522
O.uuT2
0.uk268
0.4383
0.4343
0.4305
Q.u269
0.4236
0.4204
0.ul74
0.u04y
0.3941
0.3857
0.3786
0.3673
0.3585
0.3515
0.3457
0.3408
0.324y
0.31u7
0.3082
0.3033
0.2996
0.2965
0.2941
0.2919
0.2806

1.0795
1.0059
0.9549
Q.9171
0.8879
0.8639
Q.8u4u1
0.8273
0.8129
0.8003
0.7891
0.7792

Q0.7703

0.7622
0.7549
0.7483
0.7821
0.7364
0.7312
0.7262
0.7217
0.7174
0.7134

-0.7096

0.7060
0.7026
0.6881
0.6766
0.6672
0.6594
0.6u68
0.6372
0.6295
0.6232
0.6179
0.6001
0.5897
0.58246
0.5774
0.5734
0.5702
0.5675
0.5652
0.5531

1.2823 1.5140  1.7903 1.9545  2.1456  2.2322

1.1984 1.4173 1.6776 1.8324 2.0122 - 2.0937

1.1403 1.3514 1.6021 1.7505 1.9228 2.0011
1.0978 1.3030 1.5464 1.6906 1.8579 1.9339
1.0651 1.2661 1.5045 1.6456 1.8093 1.8835
1.0387 1.2365 1.4708 1.6094 1.7701 1.8430
1.0168 1.2120 Toliy32 1.5797 1.7381 1. 8099
0.9983 1.1915 1.4200 1.5549 1.7114 1.7823
0.9824 1.1739 1.4002 1.5338 " 1.6B86 1.7588
0.9486 1.1586 1.3830 1.5154 1.6689 1.7385
0.9564 1. 1452 1.3680 1.4994 1.6517 1.7207
0.9u56 1.1332 1.3546 1.4852 1.6345 1.7051
0.9359 1.1226 1.3427 1.4726 1.6230 1.6911
0.9272 1.1130 1.3321 1.4612 1.46108 1.6785
0.9192 1.1043 1.3224 1.4509 1.5998 1.6672
0.9120 1.0963 1.3135 T1.ub16 1.5897 1.8568
0.9053 1.089 1.3055 1.4330 1.5806 1.647Y
0.8992 1.0823 1.2980 1.4251 1.5721 1.6387
0.8935 1.0761 1.2911 t.4178 1.5643 1.6307
0.8882 1.0704 1.2847 1.4110 1.5571 1.6233
0.8833 " 1.0650 1.2788 1.4047 1.5504 1.6163
0.8786 1.0599 1.2732 1.3988 1.5u41 1.6099
0.8743 1.0552 1.2680 1.3933 1.5382 1.6038
0.8702 1.0508 1.2631 1.3881 1.5327 1.5982
0.84664 1.0466 1.2585 1.3833 1.5276 1.5929
0.86428 1.0427 1.2542 1.3787 1.5227 1.5878
0.8472 1.0258 1.2357 1.3591 t.5018 1.5664
0.8349 1.0125 1.2211 1.3437 1.4855 1.5494
0.82u49 1.0017 1.2092 1.3312 14722 1.5360
0.8165 0.9927 1.1993 1.3208 1.4612 1.5247
0.8032 0.9783  1.1837 1.30u44 T.u437 1.5068
0.7929 0.9673 1.1718 1.2918 1.4305 1.4931
0.7848 0.9586 1.1623 1.2818 1.4199 1.4823
0.7781 0.9515 1.1545 1.2737 Telil13 1.4735
0.7725 0.9455 1.1480 1.26469 1.4041 14661
0.7537 0.9254 1.1263 Te2441 1.3801 14415
0.7u27 0.9137 1.1137 1.2309 1.3662 1.4273
0.7353 ° 0.9058 1.1052 1.2220 1.3568 1.8177
0.7298  0.9000 .1.0990 1.2155 1.3500 teu 107
0.7256 0.8956 1.09u42 1.2105 1.3u47 1.4053
0. 7222 0.8920 1.0903 1.2065 1.3404 1.4009
0.7T194 0.8890 1.0871 1.2032 1.3370 1.3974

0.7171 0.8865 1.0844 1.2004 1.3340 1.3944

0. 7044 0.8731.  1.0701 ‘11854 1.3183 °  1.3783

f

2.3267
2.1826
2.0868
2.0167

1.9613

1.9224

1.8881

1.8595
1.8352
18142
1.7959
17797
1.7652
1.7523
1.7406
1.7299
1.7202
1.7112
1.7029
1.6953
1.6881
1.6815
1.6752
1.669%
1.6639
1.6587
1.6367
T1.6194
1.6054
1.5937
1.5753
1.5613
1.5502
1.5411
1.5335
1.5083
1.4937
1.4839
14767
o711
14667
1.4630
1.4600
1.4435

2.4310

2.2807"

2.1805
2.1080
2.0535
2.0099
1.97u4
T.9uu7
1.9195
1.8977
1.8787
1.8619
1.8470
1.8336
1.8214
1.8104
1.8003

“leT91)

1.7825
1.7746

1.7672

1.7603
1.7539
1.7479
V1oT422
1.7369

Cle7141

1.6962
1.6818
1.6698
1.6508
1.6364
1.6249
1.6156
1.6078
1.5818
1.5668
1.5567
1.5493
1.5436
1.5390
1.5353
1.5321
1.5152

'
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SAMPLE
SIZE

i 25.

80.

90.
100,
150.
200.
250.
300.
350.
400.
450,
500.

o IOOO.

0.94000

2.5480
2.3907
2.2860
2.2103
2.1533
2.1080
2.0710
2.0401
2.0138
1.9912
1.9714
1.9540
1.9385
1.9246
1.9120
1.9005
1.8900
1.8804
1.8716
1.8633
1.8557
1.8uB6
1.8419
1.8357
1.8298
1.8243
1.8007
1.7822
1.7672
1.75u48
1.7352
1.7203
-+ 1, 7085
1.56988
1.6908
V1.66%0

=~ 16485

1.6380
1.6304
1.6246
1.6199
._1.6160
~1.6127
1.5953

'o.osooo

2.6820
2.5166
2.40647
2.327u
2.24676
2.2202
2.181y
2.1491
2.12V7
2.0981
2.0775
2.0593
2.0431
2.0286
2.015%
2.0035
1.9926
1.9826
1.9733
1.94u8
1.9568
1.9494
1.91825
1.9360
1.9299
1.9241
1.8996
1.8801
1.8649
1.8519
1.8316
1.81581
1.8039
1.7939
1.7855
1.7578
1.7417
1.7309
1.7230
1.7170
1.7121
1.7081
1.7047

1.6867

0.96000

2.8402

2.6651
'2.5490
2.5654
2.u023
2.352y
2.3116
2.277T7
2.2u89
2.2240
2.202y
2.1833
2.1663
2.151
2.1373
2.12u8
2.1134
2.1029
2.0932
2.08u2
2.0759
2.0681
2.0609
2.0541
2.0477
2.0417
2.0140
1.9960
1.9797
1.9662
1.9uS0
1.9289
1.9161
1.9057
1.8969
1.8680
1.8513
1.8401
1.8319
1.8256
1.8205
t.gton
1.8129
1.7942

TABLE It (CONTINUED)
STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.8000
'PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

. 0.97000

3.0357
2.848y
2.7247

2.6357

2.5685
2.5155
2.u722
2.4362
2.4056
2.3793
2.3564
2.3362
2.3182
2.3021
2.2875
2.2743
2.2622
2.251
2.2409
2.2314
2.2226
2.2144
2.2067
2.1998
2.1928
2.1865
2.1594
2.1383
2.1212
2.1070
2.0844
2.0676
2.0542
2.0432
2.03u41
2.0037
1.9862
1.97u1
1.9658
19592
1.9539
1.9496
1.9459
1.92463

0.98000.

3.2968
3.0932

2.9592

2.8630
2.7905
2.7332
2. 6865
2.6476
2.6147
2.5864
2.5617
2.5500
2.5207
2.5034
2.4877
2.4735
2.5606
2.5487
2.4377
2.4276
2.4181
2.409y
2.4011
2.3935
2.3862
2.3798
2.3505
2.3279
2.3096
2,294
2.2705
2.252u
2.2381
2.2264
2.2167
2.1843
2.1657
2.1531
2.1u40
2.1370
2.1313

2.1267°

2.1228
2.1020

0.99000

3.7104
3.4809
3.3307
3.2229
3.1419
3.0776
3.0255
2.9822
2.9455
2.9140
2.8B866
2.862y
2.8410
2.8217
2.80u4y
2.7886
2.7742
2.7610
2.7u89
2.7376
2.7272
2.7175
2.708y
2.6999
2.652y
2.627u

2.6072

2.5905
2.5611
2.,5u42
2.5284
2.5156
2.5048
2.4693
2.u488
2.4351
2.4251
2.417u4
2.4112
2.4061
2.4019
2.3791

0.99500

4,091
3.8378
3.6724
3.5540
3.4650
3.39uy
3.3372
3.2897
3.2496
3.2151
3.1851
3.1587
3.1353
3.1143
3.0953
3.0781
3.062y
3.0480
3.03u7
3.0224
3.0
3.0005
2.9906
2.9813
2.9726
2.964Y
2.9294
2.9024
2.8804
2.8622
2.8336
2.8119
2.79u8
2.7808
2.7692
2.7307
2.7084
2.6936
2.6827
2.67uy
2.6677
2.6622
2.6576
2.6330

0.99700

4.3543
4.0845
3.9087
3.7829
- 3.6884
3.6133
3.5526
3.5023
3.4597
3.4232
3.3914
3.3634
3.3386
3.3163
3.2962
3.2780
3.2614
3.2u81
3.2321
3.2191
3.2071
3.1959
3.1854
3.1756
3.1660
3.1577
3.1209
3.0922
3.0689
3.0u497
3.0195
2.9966
2.9785
2.9638
2.9515
2.9110
2.8875
- 2.8718
2.8604
2.8516
2.8446
2.8388
2.8340
2.8080

0.99900

4.8801
.57
4k.380¢
4.2u02
4, 13uy
4.0506

3.9828

3.9267
3.8792
3.8385
3.8031
3.7720
3.7uuy
3.7196
3.6973
3.6770
3.6585
3.6u16
3.6260
3.6114
3.5982
3.5858
3.57u2
3.5633
3.5531
3.5u34
3.5026
J.u708
3.uu51
3.4238
3.3903
3.3650
3.3u50
3.3288
3.3152
3.2704
3.2445
3.2272
3.2146
3.204¢9
3.1972
3.1908
3.1855
3.1569

0.99950

5.1914
4.8697
b.660y
4.5110
4.3984
4.3095
4.2375
4. 1779
L.1276
4.08uy
b.04u68
4.0138
3.9845
3.9583
-3.9346
3.9131
3.8935
3.8754
3.8591
3.8438
3.8297
3.8165
3.8082
3.7928
3.7818
3.7718
3.7284
3.6675
3.6450
3.6098

3.5828. -

3.5617
3.54%u5
3.5302
3.1828
3.u555
3.5372
3.4240
3.u137

3.4056 .

3.3988
3.3932
3.3430

0.99990

5.8523
5.4895
5.2538
5.0856
4.9588
4.8588
4. 7779
4.7110
4.6545
4.6060
4.5639
4.5269
B.494)
U 4646
4.4380
44140
4.3921
4.3720
4.3535
4.336y
4.3205
4.3058
4.2920
4.2791
4.2670
4.2073
4.1696
4.1392
4.11%0
4.0745
§.0uy7
4.0211
4.0019
3.9859
3.9331
3.9027
3.882u
3.8676
3.8562
3.8471
3.8396
3.8333

3.7998
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SAMPLE
SIZE

5.

6.
7.
8.

0.
11.
12.
13.
14,
15.
16,
17.
t8.
19.
20.
21.
22.
23.
24,
25.
26,
27.
28.
29.
30.
35.
LQ.
45,
50.
40.
70.
80.
90.
100.
150.
200.
250.
300.
© 350.
400.
450.
) 500.
. 1000,

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS T_HAN) X MINUS (PLUS) Ks - -

TABLE Il (CONTINUED)
STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.9000

0.00100 0.00500 0.01000 6.05000 0-10000 0.15000 0.20000 0.25000 0.30000 0.35000 0.40000

-2.1065
=2.1716
~2.2246
-2.2682
-2.3055
-2.3375
~2.3656
-2.3906
-2.u129
-2,4330
~2.u4513
-=2.4681
~2.4835
-2.u977
-2.5109
-2.5232
-2.53u7
-2.5455

- =245556

-2.5652
-2.5742
-2.5828
-2.5909
~2.5986
-2.6059
-2.4129
-2.6437
-2.6689
~2.6902
-2.7084
-2.7381
~2.7617
=2.7809
-2.7970
~2.8108
-2,.858y
-2.8876
~2.9078
-—249229
~2.9347
~2.9443
-2.9523
=2.9592
~2.9966

~-1.7168
-1.7737
-1.8202
~-1.8585
-1.8912
~1.9193
~1.9439
~1.9658
“.985“
-2.0031
-2.0191
~2.0338
~2.0473
-2.0597
-2.0713
~2.0821
-2.0921
~2.1016
~2.1104%
-2.1188
~2.1267
~2.1341%
-2.1412
~2.1480
-Z-ISHh
-2.1605
—2.'87“
-2.2094
-202280
~2.2438
~2.2698
-2.2903
-2.3070
~2.3211
-2.3330
~-2.3745
-2.3998
-2.4174
~2.4305
‘2-&&07
~-2.4491
~2.4560
-2.4619
~2.404Y

~1.52u42
~1.5778
-1.6213
-1.6573
-1.46879
=1.7143
~-1.7374
-1.7579
-1.7762
~1.7928
~1.8078
-1.8216
-1.8342
-1.8458
-1.8566
~1.8667
-1.8761
-1.8849
-1.8932
-1.,9010
-1.9084
-1.9153
-1.9220
~1.9283
~1.9342
-1.9400
~1.94650
-1.9856
-2.0029
-2.0177
~2.0418
~2.0609
-2.0765
-2.089%
-2.1007
~2.1393
-2.1628

=~2.1792

-2.1913
-2.2009
-2.2086
-2.2151
~2.2205
-2.2506

-0.9818

C=1.0279

~1.0648
-1.0954
~-1.1214
-1. 1436
-1.1630
~1.1802
-1.1956
-1.2095
-1.2220
-1.2335
-1.2u441
-1.2537
-1.2627
-1.2711
-1.2789
~1.2862
-1.2930
=1.2995
-1.3056
-1.3114

--1.3168

-1.,3220
-1,3270
-1.3317
~1.3524
~1.3693
-1.3834
-1.3955
~1.4153
-1.4309
-3.4u436
- 1.4543
-1.4633
-1, 4946
-1.5136
-1.5268
-1.5366
~7.5u43
-1.5506
-1.5558
-1.5602

~-1.5843

C =0.4751
-0.7194
-0.7545
~-0.7832
-0.8076
-0.8284
-0.8L464
~-0.8624
-0.8766
-0.8894
-0.9010
-0.911%
-0.9213
-0.9302
-0.9385
-0.9461
-0.9533
-0.9600
~0.9662
-0.9721
~0.9777
-0.9830
-0.9880
-0.9927
-0.9972
~1.0015
-1.0203
-1.0356
-1.0u484
-1.0594
-1.0772
-1.0913
-1.1027
-1.1122
-1.1204
-1.1484
~1.1654

=TT
-1.1858
=1.1927
-1.1982
-1.2028
-1.2067
-1.2281

~0.4562

-0.5008
~0.5357
=0.5645
-0.5881
-0.6085
-0.6261
~0.6416
~0.46554
-0.6678
~0.6790
-0.6892
-0.6985
-0.7071
-0.7150
~0.7223
-0.7291
-0.7355
~0.7415
-0-7"7,
-0.752y
-0,.7575
~0.7622
~0.7667
-0.7710
-0.7751
-0.7929

-0.8074

~0.8195
-0.8298
~0.8466
~-0.8598
-0.870°%
-0.8795
-0.8871
-0.9132
-0.9290

- ~0.9399

-0.9480

"~0.9544

-0.9595
-0.9438
-0.9674

-0.9872

- -0.2726

-0.3189
~0.35u7
-0.3838
-0.4079
-0.4283
-0.4458
~0.4613
~Q.4749
-0.4872
-0.4983

© =0.5083

-0.5175
-0.5259
~0.5337
-0.5408
=0.5475
~0.5538
=0.559¢6
-0.5651
~0.5703
~0.5752
-0.5798
-0.58u42
-0.5883
-0.5923
-0.6096
-0.6236
-0.6353
-0.46453
~0.6614
~0.6741
-0.46843
~0.46929
~0.7002
-0.7251
-0.7402
*0.7505
-0.7582
~0.76L2
-0.,7691
-0.7731
~0.7766
-0.7953

-0. 1060
~0.1554
~0.1930
-0.2230
-0.2479
~0.24687
~0,286%
~0.3022
-0.3161
-0.3284
-0.3396
-0.3497
-0.3589
-0.34672
~0.3749
-0.3821
-0.3887
~-0.3949
-0.4007
-0.4062
-0.4113
~0. 4162
-0.4207
-0.4251
~0.4292
-0.4331
~0.4501
-0.4639
-0,u754
~0.4851
~0.5008

. =0.5132

-0.5232
-0.5315
-0.5386
-0.5627
-0.5773
-0.5873
-0.5947
-0.6005
_0.605‘
-0.4090
-0.6123

~0.6303

0.052%

"~0.0011

-0.0415
~0.0732
-0.0991
-0.1209
~0.1393
«0.1554
-0.1696
~0.1822
~0.1936
-0.2039
~0.2132
=0.2217
-0.2295
~0.2367
~0.2u434
~0.249¢4
-0.2555
-0.2609
-0.2661
~0.2709
-0.2755
-0.2799
-0.2840

- =0.2879

-0.3049

-0.3186 -

‘0.3299

"~0.3396

-0.3552
-0.3673
~0.3772
~0.3854
-0.3923
-0.4160
-0.u4302
~0.4399
~0.uu71
-0,u528

-0.,4573

-0.ust11
‘00“6“3
~0.u4817

0.2072
0.1485

0.1048.

0.0709

0.0435

0.0205

0.0012
-0.0156
-0.0303
-0.0433
-0.0551
-0.0656
-0.0752
-0.0839
-0.0919
-0.0992
-0.1061
-0.1124
-0.1184
-0.1239

=0.127

~0.134)
-0.1387
-0.183
-0.1473
-0.1512
~0.1684
-0.1821
-0.1935
-0.2032
-0.2187
-0.2309
-0.2407
~-0.2488
-0.2557
=0.2791
~0.2931
~0.3027
-0.3098
-0.3153
-0.3198
-003235
-0.3266
~0.3437

0.3623
0.2967
0.2493
0.2124
0.1833
0.159%0
0.1385
0.1209

0.1054°

0.0918
.0.0796
0.0686
0.0587
0.0u497
0.0414
0.0338
0.0268
0.0203

. 0.0142

0,0085
0.0031
-0.0019
~0.0067

=0.0112

-0.0154
-0.019y
-0.0369
-0.0509
~0.0624
-0.0722
-0.0879
~0.1001
-0.1099
-0.1181
-0.1250
-0. 1484
-0.1623
-0.1718
-0.1789
~-0. 1844
-0, 1888
-0.1925
‘00‘956
-0.2124

-ZL—



SAMPLE

T 7 1

S.
6.
“Te
8.

10..
".
12.
13.
.
15.
16.
17.
18.
19.
20.
21.
22.
23.
zl‘.
25.
26,
27.
28.
29.
30.
35'
l‘o.
45.
50.
60.
T0.
80.
90.
100.
150.
200.
250.
300.
350.
400.
450.
500.
1000.

TABLE Il (CONTINUED)
STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.9000

~ ~PROPORTION OF THE DISTRIBUTION GREATER THAN. (LESS-»THAN) X MINUS (PLUS) Ks

¥

0.50000 0.60000 0.70000 0.75000 O.éOOOO 0.85000 = 0.87500 0.90000 0.91000 0.92000 0.93000

0.6857

0.6023
0.5439
0.5001
0.4657
0.u373
0.4138
0.3937

0.3763

0.3609
0.3u473
0.3352
0.32u2
0.3143
-0.3053
0.2970
0.2893
0.2822
0.2756
0.2694
0.2637
0.2582
042531
0.2u83
0.2u38
0.2395
0.2209
0.2061
0. 1940
0.1838
0.1674
0.1547
0. 1445
0.1361
0.1291
0.1051
0.0909
0.0813
0.0742
0.0687
0.0642
0.0605
0.057u
0.0406

N

1.0u09
0.93u45
“0.8621
0.8077
0.7662
0.7325
0.70u6
0.6811
" 0.6608
0.6u31
0.6276
0.6137
0.6012
0.5900
0.5798
0.570u4
0.5618
0.5539
0.5465
" 0.5396
0.5332
0.5272
0.5216
0.5162
0.5112
0.5045
0.u861
0.4700
0.4568
0.uus8
0.4281
O.u1u6
0.4037
0.3948
0.3872
0.3620
0.3471
0.3370
0.3296
0.3239
0.3193
0.315%
0.3122
0.2948

1.455L
1.3172
1.2247
1.1580
1.1064
1.0654
1.0317
1.0036
0.9795
0.9586
0.9403
0.9240
0.9095
0.896k4
0.8846
0.8737
0.8638
0.8546
0.8462
0.8383
0.8310
0.8241
0.8177
0.8117
0.8060
0.8006
0.7776
0.7595
0.7uu7
0.7324
0.7128
0.6978
0.6859
0.6761
0.6679
0.6403
0.62L3
0.613y

- 0.4605%

0.5992
0.5943
0.5902
0.5868

0.5682

1.6974
1.5393
1.43u46
1.3598
1.3021
1.2565
1.2192
1.1880
1.1615
1.1385
1.1185
1.1007
1.08u8
1.0706
1.0576
1.0u58
1.0351
1.0251
1.0160
1.0074
0.9995

- 0.9921

0.9852
0.9787
0.9725
0.9668
0.9421
0.9226
0.9068
0.8936
0.8727
0.8568
0.8u41
0.8337
0.8250
0.7959
0.7789
0.7675
0.7591
0.7526
0.7u7u
0.7432
0.7395
0.7202

1.9760
1.7943
1.6753
1.5899
1.5254%

14782

t.u32y
1.3977
1.3481
1.3427
1.3205
1.3009
1.2834
1.2677
1.2535
1.2405
1.2287
1.2178
1.2078
1.1985

-1.1898

1.1818
1.1742
1.1671
1.1608
1.15%1
1.1273
1.1063
1.0892
1.0749
1.0524
1.0353
1.0217
1.0105
1.0012
0.9701
0.9520
0.9399
0.9310
0.9241
0.9186
0.9141
0.9102

0.8897

T 2.3109

2.0999
1.9629
1.8647
1.7914
1.7332
1.6859
1.6467
1.6135
1.5850

- 1.5601

1.5382
1.5187
1.5012
1.u4853
1.4709
1.4578
1.u457
1.u3k46
1.4243
tollu?
1.4058
1.397u
1.3896
1.3822
1.3753
1.3458
1.3227
1.3039
1.2883
1.2637
1.2u51
1.2302
1.2181
1.2080
VolTuy
1.1548

11817

1.1321
1. 1247
1.1188

Ve 1139

1.1098
1.0878

2.5109
2.2817
2.1336
2.0284
1.9592
1.8868

1.8362

1.7943
1.7589

1.7284

1.7019
1.6786
1.6579
1.6392

- la6224

1.6071
1.5931
1.5803
1.5685
1.5576
1.5475
1.5380
1.5292
1.5209

© o 1.513)

1.5058
1.4746
1.4502
1.4304
1.4140
1.3881
1.3685
1.3529
1.3u02
1.3296
1.2943
1.2739
1.2601
1.2501
1.2L24
1.2362
1.2311
1.2248
1.2039

2.7440
2.4937
2.3324
2.2191
2.132¢9
2.0656
2.0110
1.9659
1.9278
1.8951
1.8666
1.8416
1.8194
1.7994
1.7814
1.7651
1.7501
1.7365
1.7239
1.7122
1.7014
1.6913
1.6819
1.6731
Y.486u8
1.6570
1.6238
1.5978
1.5768
1.5594
1.5320
1.5112
T.u9u7
1.4813
1.4700
1.u328
14113
1.3968
1.3863
1.3781
1.3716
1.3663
1.3618
1.3376

2.8u99

- 2.5902

2.4229
2.30546
2.2164
2.1448
2,090u
2.0u38
2.00u45
1.9707
1.9414
1.9156
1.8927
1.8721
1.8536
1.8367
1.8214
1.8073
1.7943
1.7823
1.7712
1.7608
1.7511
1.7420
1.7335
1.7255
1.691y
1.6647
1.6431
1.6253
1.5971
1.5758
1.5589
1.5451
1.5336
1.4955
Tou73y
1.u586
1.4478
1.4395
1.4328
1.4273
1.4227
1.3981

2.9656
2.6955
2.5216
2.3998
2.3075
2.2353
2.1770
2.1287
2.0880
2.0532
2.0229
1.9942
1.9726
1.9513
1.9321
1.9148
1.8989
1.88u4y
1.8710
1.8586
1.8472
1.8365
1.8265
1.8171
1.808y
1.8001
1.7650
1.7375
1.7153
1.6969
1.6680
1.6u60
1.6287

*1.61u45

1.6027
1.5636
1.5409

1.5258

.57
1.5062
1.4993
1.4937
1.4890
T 4637

3.0934
2.8119
2.46307
2.5039
2.4081
2.33n
2.2725
2.2225
2.1803
2.1441
2. 1127

+ 2.0851

2.0607
2.0387
2.0188
2.0008
1.98u8
1.9694
1.9556
1.9u28
1.9310
1.9199
1.9096
1.8999
1.8909
1.8823
1.8461
1.8177
1.7948
1.7759
1.7460
1.7234
1.7056
1.6910
1.46788
1.46386
1.6153
1.5997
1.5883
1.5795
1.5725
1.5668
1.5619
1.5360

-q:l:_



"SAMPLE

e GIZE

21.

23.
24, -
25.
26.
27.
28.
29.
30.
35.
0.
u5.
S0.
60.
70.
80.
90.
100.
150.
200.
250.
300.
350.
400.
450.
500.
1000.

~ . TABLE Il (CONTINUED)
STATISTICAL TOLERA}N CE FACTORS

) ~ CONFIDENCE I.EVE‘. = 0.9000 -
=" "PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS] Ks

0.9uodo 0.95000 0.96000 0.97000 O.bBOOO‘ 0.99000 0.99500 0.99700 0.99900 . 0.99950 0.99990

3.2368
2.9425
2.7531
2.6207
2.5210
2.4427
2.379¢6
2.3276
2.2837
2.2461
2.2135
2.18u8
2.1594
2.1365
2. 1159
2.0973
2.0803
2.06uL47
2.0503
2.03M
2.0248
2.0133
2.0027
1.9926
1.9832
1.9744
1.9369
1.9075
1.8839
1.86u42
1.8334
1.8100
1.7916
1.7765
1.7640
1.7224
1.6984
1.6823
1.6706
1.6616
1.6543
1.6u48Y4
lo6U43Y
1.6167

N

3.4013
3.0922
2.8933
2.7546
2.6502
2.5683
2.5023
2.4479
2.4021
2.3628
2.3288
2.2989
2.2724
2.2485
2.2271
2.2076
2.1899
2.1737
2.1587
2.1449
2.1321
2.1202
2.1091
2.0987
2.0889
2.0797
2.0407
2.0102
1.9856
1.9652
1.9332
1.9090
1.8898
1.8742
1.8612
1.8182
1.7933
1.7767
1.7645
1.7552
1.7477
1.7416
1.7364
1.7088

3.5958
3.2690
3.0589
2.,9125
2.8028
2.7165
2.6471
2.5899
2.5417
2.5005
2.46u47
2.433Yy
2.4056
2.3806
2.3581
2.3377
2.3191
2.3021
2.2865
2.2720
2.2586
2.2462
2.2345
2.2236
2,213y
2.2038
2.1630
2.1311
2.1054
2,08u1
2.0507
2.0254
2.0055
1.9892
1.9757
1.9308
1.9049
1.8876
1.8750

1.8653°

1.8575
1.8511
1,8458

“1.8171

3.8364

3,4875
3.2636
3.1077
2.991
2.8995
2.8258
2.7651
2.7141

2.6704

2.6325
2.5993
2.5699
2.5435
2.5197
2.4982
2.4785
2.4606
2.4440
2.4288
2.4146
2.4015
2.3892
2.3777
2.3669
2.3567
2.3137
2.2802
2.253
2.2307
2.1955
2.1589
2.1479
2.1309
2.1166
2.0695
2.0u2y
2.0242
2.0110
2.0008
1.9926
1.9859
1.9803

1.9503

4.1583
3.7796
3.5372
3.3686
3.2427
3. 1440
3.06u5
2.9992
2.9442
2.8973
2.8566
2.8209
2.7893
2.7609
2.735%
2.7123
2.6912
2.6720

2.6542
2.6379
' 2.6227

2.6086
2.5955
2.5832

-2.5716

2.5608
2.5147
2.4789
2.4499
2.4260
2.3885
2.3601
2.3377
2.3195
2.3043
2.2542
2.2253
2.2060

2.1919.

2.1811
2.1724
2.1453
2.1593

- 21274

T 4.6690

4,2433
3.9713
3.7825
3.6u417
3.5316
3.4430

‘3.3702

3.3090

© 3.25688

3.2115
3.1719
3.1368
3.1053
3.0770
3.0513
3.0280
3.0067
2.9870
2.9689
2.9521
2.9365
2.9220
2.9084
2.8956
2.8836
2.8327
2.7931
2.7612
2.7348
2.6934
2.6622
2.6376
2.6176
2.6009
2.5458

C2.5141
2.4929

2.4775
2.4656
2.4561
2.4483
2.u418
2.4046%

5.1398

4.6707
4.3714
4.1639
4,0093
3.8887
3.7916
3.7118
3.6u48
3.5877
3.5382
3.4949
3.u566
3.4221
3.3912
3.3632
3.3378
3.3145
3.2931
3.2734
3.2551
3.2381
3.2222
3.2074
3.1934
3.1804
3.1250
3.0819
3.0472
3.0185
2.9735
2.939¢6
2.9129
2.8912
2.8731
2.8134
2.7790
2.7561
2.73%4
2.72465
2.7163
2.7078
2.7008
2.6630

5.44653
4.9665
4.6u82
4.4278
4.2636
4.1357
4.0327
3.9481
3.8771
3.8165
3.7641
3.7182
3.6777
3.6412
3.6085
3.5789
3.5519
3.5273
3.5047
3.4838
3.6l
J.uh6Y
3.4297
3.4140
3.3993
3.3854
3.3269
3.2814
3.2u47
3.2141
3.1670
3.1312
3.1030
3.0801
3.0610
2.9980

. 2.9618

2.9376
2.9200
2.9065
2.8957
2.8868

2.879u

2.8396

6.1160

- 5.5579

5.2018
4,9554
4.7721
4.56294
4,5146
4.4203
4.3413
4,2738
4,2155
L.1645
L1194
4.0788
4,025
4.0096
3.9796
3.9523
3.9272
3.90u0
3.8825
3.8625
3.8439
3.8265
3.8102
3.7949
3.7300
3.6796
3.6390
3.6054
3.5529
3.5134
3.4822
3. 4569
3.4358
3.3663
3.3263
3.2996
3.2802
3.2653
3.2534
3.2436
3.2354
3.1918

6.5017

5.9084 .

5.5299
5.2681
5.0734
4,9220
4.8001
4,.7G01
4.6162
L.5u47
44,4829
4.4288
4.3810
4.3380
4,.2995
4.,2646
4.2329
4.2039
4,1773
4.1528
4.1300
4.1089
4.0892
4.0708
4.0535
4,0373
3.9686
3.9153
3.8723
3.8368
3.7813
3.7395
3.7065
3.6797
3.65T4
3.58u0
3.5418
3.5137
3.4932
3.4775
3.u46L9
3.4546
3.4459
3.3997

T.3210

6.6530
6.2248
5.9323
5.7133
5.5434
5.4065
5.2942
5.2001
5.1199
5.0506
4.9899
4,9363
4.8882
4.8450
4.8060
4.7705
4.7381
4.7083
4.6808
4.6553
4.6317
4.46097
4.5891
4.5697
4.5516
B.u749
h.yl152
4.3672
4.3276
4.2657
4.2190
4.1822
4.1524
h.1275
4.0us7
3.9987
3.9673
3.94u5
3.9270
3.9130
3.9016
3.8919
3.8405

-X/ -



17.
i8.
19.

20.

21.
22.
23,
24,
25.
26,
27.
28.
29'
30.
35.
h0.
us.
50.
60.
70.
80.
90.
100.
150.
200.
250.
300.
350.
400.
450.
500.
1000,

0.00100

-1.8697
-1.9495
-2.0139
-2.0669
-2.1122
-2.1512
-2.1855
-2.21460
-2.2432
-2.2679
-2.2903
~-2.3108

-2.3296

-2.3u71
-2.3633
-2.3785
-2.3926
-2.4059

-2.4184

-2.4302
-2.4413
-2.4518

-2.4618 .

-2.471y
-2.4804
-2.4891
-2.5272
-2.5585
-2.5849
-2.6075
-2.6uU46
-2.6740
-2.46981
~2.7182
~2.7355
-2.7954
-2.8321
~2.8577
-2.8768
-2.8918
-2.2040
-2.9141
-2.9227
-2:9703

X

t

0.00500

=1.5096
-1.579h
-1.6360
fl.6825
-1.7222

~1.7565°

-1.7846
-1.8133
-1.8373
-1.858¢%9
-1.8785
-1.8965
~1.79131
-1.9284
-1.9426
-1.9559
~1.94683
-1.9799
-1.9908
-2.0011
-2.0109
-2.0201
-2.0289
-2.0372
~2.0u451
-2.0527
-2.0860
-2. 1134
‘20‘36”
-2.1562
-2.1885
-2.2141
-2.2351
-2.2527
-2.2677
-2.3198
-2.3517
-2.3739
-2.3905
-2.4035
-2.4141
-2.4229
-2.4304
-2.4716

0.01000

-1.3300 -0.8177
~1.3957 =0.8746
~1.3489 -0.9202
-1.u4926 -0.9577
-1.5300 ~0.9897
~1.5621 =1.0170
-1.5904  ~1.0410
~1.6155 =1.0622
~1.6379 =1,0811
-1.6582 -1.0982
-1.6766 —1.1137
-1.6935 =1.1279
-1.7090 -1.1410
-1.7233  -1.152¢%
—1.7366  ~1.1641
~1.7490  =1.174%
-1.7606 =1.1841
-1.7715  -1.1932
~1.7817  -1.2017
“1.7914  -1.2097
-1.8005 ~-1.2173
-1.8091 ~'1.2244
~1.8173 ¢/ -1.2312
-1.8251 -1.2377
-1.8325 -1.2u38
-1.8394 ~ —1.2497
~1.8767 =1.2754
-1.8962 -1.2965
=1.9177  =1.3142
~1.9361 -1.3293
-1.9663 -1.3541
~1.9902 -1.3736
-2.0097 ~1.3896
~2.0261  ~1.4029
-2.0401 -1.u143
-2.0885 =1,4537
-2.1182 -1.4778
~2.1388  -1.4944
~2.1543  -1.5049
-2.1683  =-1,5166
~2.1762  -1.5245
-2.1843  ~1.531}
~2.1913  -1.5367
-2,2296

TABLE 111 (CONTINUED)
STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.9500

-0.05000

-1.5675

0.10000

-0.5187
-0.5750
-0.618¢9
=0.6551
-0.46855
-0.7115
-0.7340
-0.7539
-0.7717
-0.7877
-0.8021
-0.8153
-0.8274
-0.8385
-0.8488
-0.8583
~0.8673
-0.8756
-0.8834
-0.8908
-°¢8978
-0.9043
-0.9106
-009165
-0.9221
-0.9275
-0.9510
~0.9702
~0.9863
-1.0000
~1.0224
'I.OMOO
-I.OSkk
-1.0664
-1.0766
-1.1120
-1. 1335
-7.1483
-1.1594
-1-1681

=115

-1.1810
-1.1860

-1.2132

0.15000

-0.2994

-0.3578
-0.4025
-0.4393
-0.u694
-0.u4955
-0.5177
-0.5373
-0.55“7
-0.5703
-0.5844
-005973
-0.6090
-0.6198
=0.6297
-0.6389
-0.6&75
-0.6555
-0.6630
-0.6701
-0.6768
-0.6831
-0.6891
-0.6947
-0.7001
-0.7052
-0.7277
-0.7u59
~0.7611
“0.TTul
-0.7953
-0.81192
-0.8254
-0.8367
~0.8h643
-0.879u
-0.8994
-0.9133
-0.9238
-0.9317
-0.9382
-0.9u36
-0.9482
-0.9735

0.20000

-0.1102
-0.1729
-0.2205
-0.2583
-0.2896
-0.3160
-0.3386
'003583
-0.3759
-0.3915
-0.4056
-O.NIBH
-0.4301
-0.4408
-0.4506
-0.4597
-0.4682
~0.u4761
-0.4835
-0.4904
-0.4970
-0.5032
‘005090
-0.51u6
«0.5199
~0.5249
-0.5u468
-0.5645
-0.5793
-0.5918
-0.6123
-0.6283
-0.6413
-0.6521
~0.6614
-0.6930
-0.7121
-0.7253
-0.7351
-0.7427
-0.7489
-0.754]
-0.758%
-0.7823

0.25000

0.0658
-0.0033
-0.05u4¢9
f0.0?D?
-0.1277
-0.1552
-0.1786
-0.'989
~-0.2168
-0.2328
-0.2472
~0.2602
-0.2720
'0.2828
-0.2927
-0.3018
-0.3103
-0.3182
-0.3257
-0.332¢6
-0.3392
‘003“53
-0.3512
-0.3567
-0.3619
-0.3669
-0.3886
-0.4062
-0.4207
‘0«“33'
-0.4531
-0.u688
-0.u4815
-0.4921
-0.5011%
-0.5318
-0.5503
-0.5630
-0.5724
-0.5798
-0.5858
-0.5907
=0.5949
~0.46178

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

0.30000 0.35000

0.2348
- 0.1594

0.1030

0.0597

0.02u7
-0.00uu
-0.02%0
-0.0502
-0,0689
-0.0854
-0.1002
-0.1136
-0.1258
-0.1348
-0. 1449
-0, 1562
~0.1648
-0.1729
-0.1804
-0.1875
-0. 1941
-0.2003
-0.2062
~0.2118
-0.2171
-0,2221
-0.24 3¢9
-0.2614
-0.2760
-0,2883
-0.3082
-0.3237
~-0.3363
~0.3067
-0.3556
-0,3858
-0.403¢9
~0.4163
-0.4255
-0.4327
-0.4385
~0.4433
~0.u474
-0.u4627

0.4083
0.3204
0.2577
0.2106
0.1726
O.lull
0.t153
0.0928
0.0732
0.0558

0.0404

0.0264
0.0138
0.0024
-0.0080
-0.0176
-0.0265
-0.03u48
-0.0425

=0.0497

-0.0565
-0.0629
-0.0689
-0.Q746
-0.9800
-00085'
-0.1072
-0.1250
-0.1396
-0.1520
-0.1720

-0.1876

~0.2001
-0.2105
-0.2194
-0.2493
-0.2673
-0.2795
-0.2886
-0.2957

.~0.3014

-0.3061
-0.310}
-0.3320

0.40000

0.5828
0.4826
0.4128

0.3605

0.3195
0.2857
0.2576
0.2336
0.2127
0.1943
0.1780
0.1634
0.1502
0.1383
0.1274
0.1174
0.1081
0.0995
0.0915
0.0840
0.0770
0.0705
0.0643
0.058u
0.0529
0.0476
0.02u9
0.0068
-0.0081
-0.0207
-0.0410
-0.0567
-0.0694
-0.0799
-0.0887
-0.1188
-0.1366
-0.1u89
-0.157¢9
-0.1649
-0.1706
-0.1753
-0.1793
-0.2008
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SAMPLE
SIZE

‘.6.
T
8.

10.
1t.
12.
13.
Tu.
1.
16.
7.
18.
19.
20.
21.
22.
23.
24,
25.
26.
27.
28.
29.
30.
3s.
40.
45.
"50.
60.
70.
80.
90.
100.
150.
200.
250.
300.
350.
400.
450.
© 500,

Ry

TABLE [l (CONTINUED).
STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.9500

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS {PLUS) Ks

0.50000 6.60000 0.70000 0.75000 0.80000 0.85000 0.87500 0.90000 0.91000 0.92000

0.9539

0.8224
0.7340

0.6697

0.6197
0.5797
0.5465
0.5185

0.u943 -

0.4733
0.14548
0.4383
0.4234
0.45101
0.3979
0.3867
0.3764
0.3669
0.3581
0.3499
0.3423
0.3351
0.3283
0.3220
0.3160
0.3103
0.2858
0.2664
0.2505
0.2372
0.2158
0.1993
0. 1861
0.1753
0.1661
0.1351
0.1169
0.1045
0.0953
0.0882
0.0825
0.0777
0.0737
0.0521

\

1,3693
1.1981
1.0863
1.00562
0.9uu48
0.8957
0.8558
0.822y4
0.7939
0.7693
0.7477
0.7286
0.7115
0.6961
0.6822
0.6694
0.6577
0.6470
0.46370
0,6277
0.6191
0.6110
0.6035
0.5964
0.5897
0.5834
0.5563

.0.5349

0.5175
0.5029
Q.u797
0.4619
Q.uu77
00,4360
0.4262
0.3934
0.3741
0.3611
0.3515
0.3uu41
0.3381
0.3332
0.3291
0.3067

1.8615
1.6377
T1a4943
1.3924
1.3148
1.2566
1.2077
1.1672
1.1329
1.1035
1.0779
1.0553
1.0352
1.0170
1.0006
0.9857
0.9721
0.9595
0.9480
0.9373
0.9273
0.9180
0.9094
0.9012
0.8935
0.8863
0.8555
0.8313

0.8116.

0.7952
0.7693
0.7495
0.7338

- 0.7210

0.7102
0.6743
0.6533
0.6392
0.6288
0.6209
0.6144
0.6092
0.6047
0.5808

2.1519 .

1.8950
1.7319
1.6173
1.5321
1.4650
1.4106
1.3657
1.3279
1.2954
1.2672
1.2u24
1.2203
1.2004
1.1825
1. 1662
1.151%
1.1377
1.1251
1.1135
1.1027
1.0926
1.0832
1.07uy
1.0661
1.0583
1.0251
0.9990
0.9778
0.9603
0.9325
0.9115
0.8947
0.8811
0.8696
0.8316
0.8094
0.7945
0.7837
0.7753
0.7685
0.7630

0.7583
0.7333.

2.u4865
2.1907
2.0050
1.8752
1.7783
1.7033
1.6423
1.5922
1.5500
1.5139
1.4826
1.4552
1.4308
1.u089
1.389]
1.3711
1.35u8
1.3398
1.3260
1.3132
1.3014

1.2904

1.2801
1.270%
1.2614
1.2529
1.2167
1,1883
T.1654
1o 1464
1164
1.0937
1.0757
1.0610
1.0487
1.0080
0.98LY4
0.9686
0.9570

0.9481

0.9409

- 0.9350

0.9301

0.9035

2.8894
2.5463
2.3329
2.1835
2.0732
1.9880
1.9189
1.8622
1.8147
1.7741
1.7390
1.7082
1.6810
1.6564
1.6343
1.6143
1.5961
1.5794
1.56841
1.5500
1.5368
1.5246
1.5132
1.5026
1.4926
1.4832
1.4432
1.4120
1.3868
1.3660
1.3332
1.3083
1.2887
1.2727
1.2594
1.2152
1.1897
1. 1725
1.1601

“1.1504

1.1428
1.136u4
1.1311
1.1026

3.1308
2.7592
2.5281
2.367u
2.2490
2.1573
2.0833
2.0226
1.9718
1.9285
1.8910
1.8582
1.8292
1.8031

1.7796
1.7583
1.7390
1.7213
1.7050
1.6900
1.6761

1.6631

1.6511}

1.6398
1.6292
1.6192
1.5770
1.5440
1.5174
1.4954
1.4609
1.43u8
la414]

1.3973
1.3833
1.3370
1.3102
1.2923

1.2793 -

1.2692
1.2612
1.2545
1.2490

1.2193

3.u127
3.0076
2.7561
2.5820
2.4541
2.35u47
2.2748
2.2094
2.1547
2.1082
2.0679
2.0327
2.0016
1.9736
1.948y
1.9257
1.9050
1.8841
1.8687
1.8526
1.8378
1.8240
1.8111
1.7991
1.7878
1.7771
1.7322
1.6971
1.6688
V.6454
1.6088
1.5811
1.5593
1.5415
1.5267
1.4778
t.uk495
1.4306
1.4169
1.u063
1.3979
1.3909
1.3850
1.3538

3.5411

. 3.1205

2.8599
2.6797
2.5473
2.uh44Y
2.3619
2.2944
2,2379
2.1899
2.1483
2.1121
2.0800
2.0s1
2.0251
2.0017
1.9804
1.9609
1.9430
1.9265
1.9112
1.8970
1.8837
1.8713
1.8597
1.8u488
1.8025
1.7665
1.7374
1.7134
1.6758
1.6474
1.6250
1.6068
1.5916
1.5414
1.5125
1.4932
.u79!
1.4683
1.4596
1.4525
T1.4465
T.ulb6

3.4813
3.2438
2.9732
2.7864
2.6189
2.5423
2.4568
2.3870
2.3286
2.2789
2.2360
2.1985
2.14653
2.1355
2.1087
2.0845
2.0625
2.0524
2.023¢9
2.0069
1.9911
19165
1.9628
1.9500
1.9381
1.9268
1.8792
1.8521
1.8122
1.7875
1.7u87
1.7195
1.6965
1.6778
1.6622
1.6107
1.5810
1.5612
¥.5u68
1.5357
1.5268
1.5195
15134
t.4806

0.93000

3-836“
‘3-380]
3.0985
2,90u2
2.7613

2. 6505 -

2.5617
2.4892
2.4287
2.3772
2.3327
2.2938
2.2595
2.2286
2.2009
2.1759
2.1531
2.1323
2.1132
2.0956
2.0793
2.0642
2.0500
2.0368
2.0245
2.0128
1.9637
1.9254
1.8945
1.8690
1.8291
1.7990
1.7753
1.7560
1.7400
1.6870
1.6565
1.6361
1.6213
1.6098
1. 6007
1.5932
1.5869
1.5533

-qu..



27,

-

30.
35.
Lo,

45,

50.
60,
70.
80.
90.
100.
150.
200.
250.
300.
350.
400.
450.
500.
1000.

TABLE HI(CONTINUED)
STATISTICAL TOLERANCE FACTORS

, CONFIDENCE LEVEL = 0.9500
-~~~ PROPORTION OF THE DISTRIBUTION GREATER THAN {LESS THAN) X.MINUS (PLUS) Ks =~ —~--

0.94000  0.95000 0.946000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 0.99950 0.99990

4,0105
3.5331
3.2392
3.0366
2.8874
2.1719
2.6795

2.60u40

2.5410
2.4874
2.4412
2.4008
2.3652
2.3331
2.3043
2.2183
2.25u47
2.233
2.2133
2.1951
2.1782
2. 1625
2.1478
2. 134
2.1213
2.1093
2.0583
2.0187
1.9867
1.9604

1.9191

1.8880
1.8635
1.8436
1.8270
1.7723
1.7408
1.7198
1.7045

1.6928

1.6834
1.6757
1.6692
1.63u46

N

4.2101
3.7087
3.4005
3.1883
3.0320
2.9110
2.8144
2.7355
2,.64697
2.6137
2.5655
2.5234
2.4862
2.48527
2.4227
2.3956
2.3710
2.3485
2.3279
2.3089
2.2913
2.2749
2.2597
2.2455
2.2321
2.2196
2.14666
2. 1254
2.0922
2.0648
2.0220
. 1.9897
1.9643
1.9437
1.9265
1.8698
1.8372
1.8154
1.7996
1.7874
17777
1.7697
1.7630
1.7272

B.Lubl
3.9162
3.5912
3.3676
3.2027
3.0754
2.9737
2.8908
2.8216
2.7629
2.7122
2.6680
2.6290
2.5939
2.5624
2.53u40
2.5082
2.4847
2.44631
2.4431
2.4247
2.4076
2.3916
2.37867
2.3628
2.3497
2.2943
2.2512
2.2165
2.1879
2.1432
2.1095
2.0830
2.0615
2.0435
1.9845
1.9506
1.9279
1.9115

- 1.8988

1.8887
1.8804
1.873y
1.8362

41379

4.1733
3.8269
3.5889
3.4139
3.2785
3.1706
3.0826
3.0093

2.9u70

2.8934

" 2.8U66

2.8053
2.7682
2.7349
2.7049
2.6776
2.46527
2.6299
2.6088
2.58%94

2.5713

2.5545
2.5387
2.5240
2.5102

- 2.4517

2.4063
2.3698
2.3397
2.2926
2.2572
2.2293
2.2067
2.1878
2.1258
2.0902
2.0664
2.0491
2.0359
2.0253
2.0166
2.0093
19703

S.1284
4.5174
L4.342y
3.8850
3.6963
3.5501
3.4338
3.3391
3.2602

3.1932 -

3.1355
3.0852
3.0408
3.0010
2.9652
2.9330
2.9038
2.8771
2.8526
2.8300
2.8092
2.7898
2.71718
2.7549
2.7392
2.7243
2.6618
2.6132
2.5T42
2.5420
2.4918
2.4540
2.4242
2.4001
2.3800
2.3140
2.2761
2.2508
2.2324
2.2183
2.2071
2.1978
2.1901
2. 1487

" 5.7487

5.0639
bo6434
4.3553
hol4lh8
3.9813

3.8517

3.7u461
3.6582
3.5837
3.5196
3.u636
3.414y
3.3701
3.3305
3.2947
3.2623
3.2327
3.2056
3.1806
3.1575
3.1360
3.1161

- 3.0974

3.0800
3.0636
2.9945
2.9408
2.8977
2.8622
2.8068
2.7652
2.7325
2.7059
2.6839
2.6113
2.5697
2.5420
2.5218
2.5064
2.4917
2.4839
2.4754

- 244301

6.3210
5.5680

15,1056

L.7891
4.558y
4.3790
h.2369
5.1213

4.0251°

3.9436
3.873u
3.8123
3.7584
3.7101
3.6668
3.6278
3.5924
3.5601
3.5305
3.5033
3.4781
3.4547
3.4329
3.u126
3.3936
3.3758
3.3005
3.2021
3.1952
3.1566
3.096%
3.0512
3.0157
2.9869
2.9629
2.8843
2.8392
2.809
2.7873
2.7706
2.75713
2.7463
2.737)
2.6881

6.7172
S.9170
5.4256
5.08%4
h.8448
L.65u42
4.5035
4.3810
4.2790
4,1926
4.1183
4.0535
3.9965
3.9453
3.8995
3.8582
3.8207
3.7866
3.7552
3.7264
3.6998
3.6751
3.6521
3.6306
3.6105
3.5916
3.5120
3.4503
3.4008
3.3601
3.2965
3.2488
3.2113
3.1809
3.1556
3.0727
3.0251
2.9935
2.9705
2.9529
2.9389
2.9273
2.9176
2.868661

T7.5101

- 6.6147

6.0654
5.6903

5.4167

5.20u7

" 85.0367

4,9002
4.7867
4,6905
4.6078
4,5357
L.u4723
L4154
4.36u45
4.3186
4,2770
4,2391
4,2043
L,1723
4,827
4.1153
L4,0898
L4.0660

4.0436

5.0227
3.9345
3.8662
3.8113
3.7662
3.6959
3.6431
3.6017
3.5681
3.5401
3.4486
3.3961
3.3612
3.3359
3.3164
3.3009
3.2882
3.2775

3.2207

7.9802
7.0285
balshu8
6.0u67
5.7559
5.5310
5.3528
5.2080
5.0875
4,9855
4.8979
4.8215
4,7543
4.6940
4.6u400
4.5914
L.5u73
4.5071
4.4703
L.u364
L4.4051)
L.3761
L4,3u90
L4.3238
4,.3002
4.2780
L1847
L1124
L.0543
L4.0066
3.9323
3.87464
3.8326
3.7971
3.7676
3.6709
3.6155
3.5786
3.5519
3.5314
3.5150
3.5016
3.4903
3.4304

8.9794
7.9079
7.2512
6.8039
6.4767
6.2246
6.0245

5.8619

5.7268
5.6124
5.5141

544285

5.3532
5.2856
5.2252
S.1707
S.1214%
5.0764
5.0352
4.9973
4.9622
L.9297
L4.8995
L.8713
L.B8uYy9
4.8201
L.7157
4.6349
4.5701
L.5168
L.4338
4.3715
4.3227

L4.2831

4.2502
L.l42y
4.0806
4.0396
4.0098
3.9870
3.9688
3.9538
3.9413
3.8748

_Z“L_



SAMPLE
SIZE

5.
6.
7.
8.

" 9.
10.
11.
'2.
13.
fu.
‘50
'6'
‘7.
18.
. '9-
20.
21.
22.
23.
24,
25.
26.
27.
28,
29.
30.
3s5.
uo.
45,
50.
40.
70.
80.
90.
100.
150.
200.
250.
300.
350.
u00.
450.
500.
1000.

TABLE 1l {CONTINUED)
STATISTICAL TOLERANCE FACTORS

. ] . . CONFIDENCE LEVEL = 0.9750 )
_..PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks .

0.00100 0.00500 0.01000 0.05000 ~0.10000 0. 15000 0.20000 0.25000 0.30000

L =1.6911

-1.7795
~1.8509
~T1.9104
-1.9408

~2.00u8 .

—20°u35
-2.0778
-2.1085
-2.1364
-2.1617
~2.16849
-2.2063
-2.2262
- =2.2u16
-2.2618
-2.2779
-2.2930
-2.3073
-2.3207
-2.3334
-2.3455
-2.35469
-2-3678
-2.3782
-2.3881

. =2.4317

-2.44677
-2.4981
-2.5242
-2¢567'
-2.6011
-2.56290
-2.4525
-2.6725
-2,7423
-2.7853
-2.8152
-2.8376
~2.8553
~2.8696
~2.8815
-2.8917
-209u78

N

-1.3523
-1.4299
-1.4926

c=1.5449

~1.5892
-1.6279
-1.6619
~1.46921
-1.7192
-1, 7436
-1,74659
-1.7863
-1.8051
-1.8226
-1.8388
~1.8539
-1.8680
-1.8813
-1.8937
~-1,9055
-1.9167
~1.9272
-1.9373
-1.91468
~1.9559
-1.9646
-2.0028
-2.03143
-2.0608
-2.0837
~2.121
-2.1508
-2.1751
~2.1955
-2.2130
-2.2738

C=2.3110

-2.3371
-2.3566
=2.3719
-2.3843
-2.39u7
-2.4035
-2,4521

-1.1811
-1.2546
-1.310
-1.3633
-1.4051
=-t.uuls
~-1.4735
-1.5018
-1.,5273
-1.5503
-1.5712
-1.5904
-1.6080
-1.6243
-1.6395
~1.6537

—'-6669

-1.6793
-1.6910
-1.7021
-1.7125
-1.722)
-1.7318
-1.7407
~|.7H92
=-1.7573
-1.7930
-1.8225
-1.8473
-1.84686
-1.9035
-1.9312
-1.9539
-1.9729
-1.9892
-2.0u457
-2.0805

. '2-|0H7

-2.1228
-2.1370
-2.1485
-2.1582
‘2-]663
-202‘15

-0.46862

- =0.7516

-0.8042
-0.8u72
~0.8836
-0.9149

-0.9422

-0.9645
-0.9882

-1.0078"

-1.0256
-1.0%18
-1.0568
-1.0705
-1.0833
-1.,0952
-1.106%
~-1.1168
-1.1266
-1.1358
=l. 1445
-1.1528

,~1.1606

-1.14681
-'¢‘752
-1.1819
-t.2117
-1.2360
-1.2566
-t.2741
-1.3029
-1.3256
— 13842
-1.3598
-1.3731
-l.hl?l
~1.uu73
-l-h669
-1.4815
-1.4930
-1.5023
~1.5101
~1.5167

~1.5530

-0.3883

-0,4552
-0.5070
=0.5496
-0.5851
-0.46152
-0.6u14
-0.6645
-0.6850
~-0.7036
-0.7203
-0.7357
-0.7497
-0.7625
-0.77&5
-0.7855
-0.7959
-0.8055
~0.8146
-0.8232
-0.8313
-0.8389
-0.8461
-0.8530
-0.8595
-0.84658
-0.8931
-0.9154
-0.9341
-0.9501
-0.97462
-0.9948
-1.0136
-1.0277
-1.0397
—'.Oall
-1.1063
-1.1238
-1.1349
-l 471
~1.1554
-1.1623
-1.1482
~1.200%

~0.1831

-0.2350
—002896
~0.3336
~0.3697
-0.4001
-0.u265
=0.44956
-0.4701

~0.4885

-0.5050
-0.5201
~-0.5339
-0.5445
~0.5581
-0.5689
-0.5790
-0.5884
~-D.5972
~0.46054
-0.6132
-0.46206
-0.6276
-0.6342
-0.6405
-0.6465
-0.6727
-0.69u1
-0.7119
~0.7271
-0.7519
-0.7714
~0.7872
-0.8005

-0.8118"

-0.8506
-0.8742
-0.8905
-0.9027
-0.9122
-0.9199
~0.9263
-0.9318

~0.9616

0.0348
-0.0u34
=0.1030
-0.1494
-0.1877
—002‘97
-0.2u568
-0.2705
-0.2914
-0.3100
-0.3248
-0.3420

"=0.3559

-0.3685
-0.3801
-0.3909
-OUHOOQ
-0.4102
-0.4190
-0.4272
-0.4349
-0.u422
-0.4491
-0.4556
-0.4619
-0.4578
-0.4935
-0-5|HH
-0.5317
-0.5L465
-005705
-0.589y
-0.6047
-0.6174
-0.6283
-0.6556
-0.6881
-0.7037
-0.7152
~0,72u3
-0.7316
~0.7377
-0.7429

=0.7712

0.2278
0.1340

0.0698..

00191
-0.0218
-0.0558
-0.084n
-0.1092
-0.1309
-0.1502
-0.14675
-0.1831
-0.1973
-0.2102
-0.2220
-0.2329
~0.2431
-0.2525
-0.2611
-0.25696
-0.277y
-0.2848
-002917
-0.2983
-0.3045
-0.3104
-0.33561
-0.35469
-0.37u1
-0.3887
-0.4123
-0.14308
-0.&“58
-0.4583
-0.4489
-0.5052
-0.5271
-0.5421
-0.5533
-0.5620
-0.5691
-0.5750
-0.5800
-0.6071

0.4176
0.3112
0.23469
0.1809
0.13463
0.0997
0.0691
0.0u428
0.0198
-0.000u
-0.0185
-0.0348
-0.0u95
-0.0428
-0.0750
-0.08463
-0.0967
-0. 1064
-0.1155
-0.1239
-0.1319
-0.1393
=0. 1464
-0.1531
-0.159%

-0. 1654

~0. 1914
-0.2123
-0.22946
-0.2442
-0.2678
-0.2863
-0.3011
-0.3135
-0.32“0
-0.3598
~-0.3813
-0.39460
~0.4069
-0.4154
~-0.4223
-0.4281
-0.4329
-0.4593

0.35000 0.40000

0.46108
0.u873
0.u029
0.3403
0.2914
0.2515
0.218u
" 0.1902
0.1657
0. 1442
0.1251
0.1080
0.0925
0.0786
0.0458
0.05u41
0.0433
0.0332
0.0239
0.0151
0.0069
-0.0008
-0.0080
-0.0149
-0.0214
-0-0275
-0.0541
-0.075%
-0.0930
-0.1078
-0.13156
-0.1502
-0.1551
-0.1775
-0.1880
-0.2237
-OQZHSO
-0.2595
-0.2703
-0.2787
~0.2855
-0.2911
‘002959
-0.3218

0.8103
0.64678
0.5710
0.5007
O.uub8
0.4030
0.3649
0.33463
0.3099
0.2869
0.2666
0.2u84
0.2320
0.2173
0.2039
0.19156
0.1802
0.1897
0.1599
0.1508
0.1423
0.1343
0. 12467
0.1196
0.1129
0.1066
0.0791
0.0573
0.0393
0.0241
-0.0002
-0.0190
-0.0342
-0.0467
-0.0573
-0.0932
-0. 1144
-0.1290
-0.1397
-0. 1481
-0.1548
-0.1604
-0.1452
-0.1908

"8[.'



TABLE HII(CONTINUED)
STATISTICAL TOLERANCE FACTORS

SAMPLE o © CONFIDENCE LEVEL = 0.9750
SIZE______________PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

' -

0.50000 0.60000 0.70000 0.75000 0.80000 0.85000 0.87500 0.90000 0.91000 0.92000 0.93000

S. T.2412 1.7329 - 2.3167 2.6621 - 3.0631 - 3.5469 3.8356 4.1738 4.3287 44979 4.6850

be 1.0488 1.4774 1.982¢6 2.2801 2.6233 3.0365 3.2841 3.5733  3.7050 3.8u89 4.0080
Te 0.92u4 1.3168 1.7750 "2.0uU35 2.3527 2.7245 2.9u66 3.2061 "3.3242 3.453Y4 3.5961
8. 0.8361 1.2042 1.6324 1.8826 2.1698 2.5141 2.7201 2.9607 3.0703 3.1900 3.3224
9. 0.7688 1.1200 1.5273 1.76u4Y 2.0363 2.3617 2.5564 2.7837 2.8871 2.999¢9 3.1246
10. 0.7148 1.0548  1.4458 1.6727 1.9333 . 2,2453 2.4311 -2.6480 2.T466 2.8542 2.97132
ti. 0.6712 1,001y 1.3798 1.5991 1.8505 2.1513 2.3304 2.5392 2.6342 2,7378 2.8524
12. 0.63u8 0.9573 1.3258 1.5391 1.7833 2.0752 2.2488 2.4513 2.5434 2.6u38 2.7548
13. 0.6039 0.9201 1.2807 1.4890 1.7273 2.0119 2.1811 2.3784 2.4682 2.5659 2.6T40
Tge - 0.5771 0.8882 T1.2422 1.4465 1.6799 1.9583 2.1239 2.3168 2.4046 2.5002 2.6058
15. 0.5536 0.8604 1.2089 L.4097 1.6389 1.9123 2.0747 2.2639 2.3500 2.4437 2.5473
16. - 0.5328 0.8360 1.1797 1.3775 1.6032 1.8721 2.0319 2.2179 2.3026 2.3947 2.4965
7. 0.5141 0.8143 1.1539 1.3491 1.57T17 1.8368 1.99u42 2.1775 2.2608 2.3516 2.4518
18. 0.4973 0.7946 1.1304 1.3233 1.5432 1.80u48 1.9601 2.1409 2.2231 2.3126 2.4114
19. 0.4820 0.7768 1.109y 1.3002 1.5176 1.T7762 1.9296 2.1082 2,189y 2.2778 2.3754
20. 0.4680 0.7606 1.0903 1.2793 1.49uU5 1.7504 1.9021 2.0787 2. 1590 2.2464 2.3430
21. 0.u4552 0.7458 1.0729" 1.2603 1.4735 1.7270 1.8772 2.0520 2.1315 2.,2181 2.3136
22. 0.u433 0.7323 1.0570 1.2u28 T.U543 1.7056 1.8545 2.0277 2.1064 2.1922 2.2869
23. 0.4324 0.7198 1.0u24 122269 1.4367 1.6860 1.8337 2.0054 2.0835 2.1685 2.2624
2y, 0.4222 0.7081 1.0288 1.212} 1.4205 1.6680 1.8145 1.9849 2.0623 2.1467 2.2398
25. - Q.4127 0.6974 1.0163. 1.1984 1.4054 1.6513 1.7968 1.9660 2.0u28 2.1266 2.2190
26. 0.u4039 0.6873 1.0046 1. 1857 1.3915 1.6358 1.7803 1.9484 2.0247 2.1079 2.1997
27. 0.3955 0.6779 0.9937 , 1.1738 1.3784 1.6213 1.7650 1.9320 2.0078 2.0905 2.1817
28. 0.3877 0.6690 0.983u 11627 1.3663  1.6079 1.7507 1.9167 1.9921 2.0743 2.1650
29. ¢ 0.3803 0.6607 0.9738 1.1523 13549 1.5952 1.7373 1.9024 1.9774 2.0591 2.1493
30. 0.3734 0.6529 0.9648 1. 1425 1.3441 1.5833 1.7247 1.8B90 1.9636 2.0u49 2.13ub
3S. 0.3434 0.6194 0.9264 1.1010 1.2988 1.5332 1.6716 1.8324 1.9053 1.9849 2.0726
40. 0.3198 0.5930 - 0.8964 1.0685 1.2634 T.49ul 1.6303 1.7884 1.8601 1.9383 2.0245
45, 0.300u 0.5716 0.8720 1.0422 1.2348 1.l 626 1.5971 1.7531 1.8238 1.9009 1.9859
S0. . 0.2842 0.5537 0.8518 1.0205 1.2112 1.4367 1.5697 1.7240 1.7939 1.8701 1.9542
60. 0.2584 0.5254 0.8199 0.9863 T 1742 1.3960 1.5269 1.678S 1.7473 1.8221% 1.9047
70. 0.2385 0.5038 0.7957 0.9605 Vo 1463 1.3654 1. 4946 1.6443 1.7122 1.7861 1.8675
80. 0.2226 0.4866 0.7766 0.9400 t.1242 1.3413 1.4693 1.617S 1.6846 1.7577 1.8383
20. 0.2095 0.4725 0.7609 0.9233 1.1062 1.3217 1.4u487 1.5957 1.6623 1.7348 1.8146
100. 0. 1984 0.4606 0.7478 0.9094 1.0912 1.3054 1.4315 ~1.5775 1.6436 1.7156 1.7949
150. 01613 0.4210 0.70uL2 0.8632 1.0u17 1.2515 1.3750 1.5178 . 1.5825 1.6528 1.7303
200. 0.1394 0.3978 0.6789 0.8364 1.0131 1.2205 1.3425 1.4835 1.5473 1.6167 S 1.6931
250. 0.1246 0.3821 0.6619 0.8184 0.993¢9 1.1998 1.3208 1.4606 1.5238 1.5926 - T1e668Y
300. 0.113% 0.3707 0.6uU9L 0.8053 0.9799 J.18u7 1.3050 14439 1.5068 1.575) 1.6504
350. 0.1052 0.3618 0.6398 0.7952 0.9691 1.1731 1.2928 1.4312 1.4937 1.5617 1.6366
400. 0.0983 0.3546 0.6321 0.7871 0.9605 1.1638 1.2831 1.4210 1.4833 1.5510 1.6256
450. 0.0927 0.3u87 0.6258 0.7804 0.9534 1.1562 1.2752 1.4126 lautu? 1.5422 1.6166
500. 0.0879 0.3437 0.620u 0.77u8 0.9475 1.1498 1.2685 1.4055 1. 4675 1.53u8 1.6089

1000. 0.0621 0.3170 0.5N7 0.7uy7? 0.9156 1.1155 1.2327 1.3680 1.4290 1.4955 1.5685

\
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SAMPLE
SIZE

6.
7'

9.
10.
1.
12,
13,
""
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
3s.

U0.-

"5.
So.
60.
70.
80.
90.
100.

150. .

200.
250.
300.
350.
400.
450.
S040.
1000.

TABLE IHI(CONTINUED).
STATISTICAL TOLERANCE FACTORS

. CONFIDENCE LEVEL = 0.9750 ‘ -
PROPORTION. OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS)Ks .. . . .

0.94000 0.95000 0.96000 0.97000 0.98000 0.99000 0.99500 0.99700 0.99900 0.99950 0.99990

4.8950
b.1867
3.7565
3.4710
3.2647
3.1067
2.9809
2.8793
2.7953
2,7243
2.6635
2.6107
2.5642
2.5223
2.48u49
2.4513
2.4208
2.3930
2.3676
2.3442
2.3227
2.3026
2.2840
2.2666
2.2504
2.2351
2.1709
2.121)
2.0812
2.0u83
1.9971
1.9587
1.9285
1.9041
1.8837
1.8169
1.7786
1.7531
1.73u46
1.7203

1.7090-

1.6997
1.4%18
1.6502

\

5.1359
h.3917
3.9404
3.6415
3.4253
3.2599
3.1283
3.0221
2.9343
2.8602
2.7967
2.7415
2.6931
2.6u49Y
2.6104
2.5753
2.54346
2.5147
2.4882
2.4638
2.441TY4
2.4205
2.4011
2.383)

. 23661

2.3503
2.2835
2.2317
2.1902
2.1561
2.102¢9
2.0630
2.0317
2.0063
1.9852
1.9160
1.8763
1.8u98
1.8307
1.81560
1.80u2
1.7946
1.7865
toTu3y

5.u212
h.6340
4.1578
3.8u31
3.6151
3.4409
3.3025
3.1909
3.0985
3.0207
2.9540
2.8961
2.8u452
2.7994
2.7586
2,7218
2.6885
2.6582
2.6305
2.6050
2.5814
2.5596
2.5393
2.5204
2.5027
2.u861
2.4162

1243621

2.3187
2.2830
2.2275
2.1858
2.1532
2.1267
2.1047
2.0326
1.9912
1.9637
Y.9u37
1.9284
1.9162
1.9062
1.8978
1.8530

5.7745
4.9338
L. u27y
4.0924
3.8500
3.6649
3.5180
3.3995
3.3016
3.2191
3.1484
3.0871
3.0333
2.98u8
2.9416
2.9027
2.8675
2.8355
2.8062
2.7793
2.75u4y
2.7314
2.7100
2.6900
2.6713
2.6538
2.5801
2.5230
2.4772
2.4397
2.3812
2.3373
2.3030
2.2751
2.2520
2.1762
2.1328
2.1039
2.0830
2.0646%
2.05u41
2.0u36
2.0348
1.9879

6.247TL
5.3352
L.7883
h.u262
4.1643
3.9645
3.8063
3.6787
3.5733
3.48u45
3.4085
3.3u426
3.28u47
3.2327
3.1863
3.1446
3.1068
3.0725
3.0u410
3.0122
2.9855
2.9608

2.9379

2.9165
2.8964
2.8777
2.7988
2.7377
2.4888
2.6486
2.5861
2.5394
2.5027
2.4730
2.4483
23676
2.3214
2.2906
2.2684
2.2513
2.2377
2.2265
2.2172
2.1674

6.9986

5.9730
5.3618
44,9566
4,6639
4.4407
4,26u42
4.122)
4.0048
3.9060
3.8215
3.7482
3.6839

3.6261

3.5746
3.5283
3.4483
3.4135
3.3815
3.3520
3.3246
3.2992
3,2755
3.2533
3.2326
3.1453
3.0778
3.0238
2.7795
2.9106
2.8590
2.8186
2.7840
2.7588
2.6701
2.6193
2.5856
2.5612
2.5425
2.5276
2.5153
2.5050
2.4505

T7.46918

6.5619
5.8912
5.4462
S.12u9
4.8801)
4.6868
4.5312
4.4028
4.2947
4.2022
4.1221
4.0518
3.9887
3.9325
3.881¢9
3.8362
3.7947
3.7567
3.7217
3.6895
3.6597
3.6320
3.6062
3.5820
3.5594
3.4643
3.3909
3.332%
3.2839
3.2090
3.1529
3.1091
3.0736
3.0u41
2.9479
2.8929
2.856u4
2.8299
2.8097
2.7935
2.7803
2.7691
2.7102

8.1704
6.9698
6.2578
5.7853
5.1844
4.9795
L.B145
4.678Y4
4,5638
4.4659
4.3810
4.3065
4.2397
4.1802
4.1267
4.0783

: u.03u3

3.9941
3.9572
3.9231
3.8916
3.8622
3.83u49
31,8094
3.7854
3.6849
3.6073
3.5u52
3.4943
3.43152
3.3560
3.3097
3.2723
3.2412
3.1397
3.0817
3.0u32
3.0154
2.9940
2.9770
2.9631
2.951%
2.8893

9.1278

7.7863
4.9910
5.4634
4.0828
5.7935
5.5650
5.3812
5.2296
5.1021
4,9931

4.8986-

4.8158
B.7416
4.6754
4,615¢9
44,5622
4.5133
4.4687
4.4277
u.3899
4.3548
k.3223
4.2920
4,2637
4.2371
4.1257
4.0396
3.9709
3.9145
3.8269
3.7615
3.7103
3.6689
3.46346
3.5224
3.4584%
3.4160
3.3853
3.3617
3.3430
3.3276
3.3147
3.2u63

?.6957
8.2707
7.4260
6.8657
6.4616
6.15u7
5.9123
S.773
5.5565
5.8212
5.3056
5.2055
S.1177
5.0390
4.9689
4.9059
4.8490
4.7972
4. 7499
4.7065
Lb.8464
4.56293
4.5949
4.5628
4.5328
4.50u7

4.3867-

4.2957
4.2229
4.1633
4.0707
4.0015
3.9u474
3.9036
3.8673
3.7489
3.6813
3.6364
3.60u40
3.5792
3.5594
3.5431
3.5295
3.4573

"10.9032
9.3006
8.3508
7.7210
7.2670
6.9227
6.6506
6.4317
6.2513
6.0996
5.9699
5.8576
5.7592
5.6711
$.5925
5.5220
5.4582
5.4003
5.3u73
$.2987
5.2539
Se2124
5.1738
5.1379
5. 1044
5.0729
4.9410
4.8393
4,7580
4.6914
4.5880
4.5108
44504
4,4016
43612
¥,2291
4.1538
4.1039
4.0678
4.0401
¥,0181
4.0000
3.9849
3.9046

_08‘



TABLE-NH{CONTINUED)
STATISTICAL TOLERANCE FACTORS |

SAMPLE o - : CONFIDENCE LEVEL = 0.9900 —
Sl SIZE - - PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 0.20000 . 0.25000 0.30000 0.35000 0.40000

5: -1.5077 -1.1889 -1.0253 -0.5434 ° -0.2372 ~ 0.0040 0.2255 O.ttiiyl 0.6685 0.9060  1.1u461

6. . -=1.6040 -1.2742 -1.1070 -0.6196 -0.3191 -0.0873 0.1180 Q.31u45 .0.5121. .. -0:7158 0.9270

T. = ~l.6817 -1.3u23 -1.1715 -0.677T4  -0.3802 -0.1585 0.0386 0.2263 0.4104 0.5942 0.7862

8. ~1.7u82 -1.4018 ~-1.2269 -0.72u48 =-0.u4299 ~-0.2106 -0.0203 0.1584 0.3336 0.5086 0.6861

. -1.7992  -t.4u62 -1.2704 -0.7671 -0.u471s -0.2562 -0.0673 0.1080 0.2755 0.4u404 0.6117

10. -1.8504 -1.4916 - -1.3129 -0.8032 -0.5075 -0.2914 -0.1066 0.0635 0.2270 0.3888 0.5519

1. ~1.8929 -1.5291 ~-1.3u48y -0.8343 -0.5379 -0.3227 -0.1396 0.0278 0.1880 0.3456 0.5039

12. -1.9308 -1.5626 -1.3799 ~-0.8618 =0.56u6 -0.3500 -0.1683 -0.0028 0.1548 0.3093 0.4639

“13. -1.9648 -1.5926 -1.4083 -0.8865 -0.5884 -0.37u42 -0.1934 -0.0295 0.1261 0.2782 0.u4300

14, -1.995%6 -1.6198 -1.4339 -0.9087 -0.6098 =~ -~0.3957 -0.2158 -0.0531 0.1009 0.2511 0.4006

15. -2.0237 ~1.6L4ub -1.4573 -0.9289 -0.6292 -0.u4152 -0.2358 -0.07u1} 0.0786 ~ 0.2272 0.37u48

16.. =-2.0u95 -1.6673 -1.4787 -0,9u73 -0.6u68 -0.4329 -0.2540 -0.0930 0.0587 0.2059 0.3520

’ 17. -2.0733 -1.5883 -1.4984 -0.9643 -0.6630 =-0.4490 -0.2705 -0.1101 0.0u0s 0. 1868 0.3315
7 18. -2.0955 -1.7078 -1.5148 -0.9800 -0.6778 -0.u4637 -0.2854 -0.1256 Q.0244L. 0.1695 0.3130
! 19. © =2.1161 -1.7260 -1.5339 -0.99u5 =0.6916 -0.4773 -0.2992 -0.1398 0.0095 0.1538 0.2962
A 20. -2.1354 -1.7429 -1.5498 -1.0080 -0.7043 -0.u4899 -0.3119 -0.1529 -0.00u1 0. 1394 0.2808
. 21. ~2.153y -1.7588 -1.5647 -1.0207 -0.7162 -0.5016 -0.3237 -0.1650 -0.0168 0. 1261 0.2667
L 22. -2.1704 -1.7737 -1.5787 -1.0325 -0.7274 -0.5125 -0.33u8 -0.1763 -0.0285 0.1138 0.2537
23. -2.1863 -1.7878 =1.5919 -1.0437 -0.7378 -0.5228 -0.3451 -0.1869 ~0.0394 0.1023 0.2416

2u., -2.2014 -1.8010 -1.60u43 -1.0542 -0.7u77 -0.5324 -0.35u47 -0.1967 -0.0u96 0.0917 0.2304-

25. ~2.2157 -1.8136 -1.61561 -1.0642 -0.7570 -0.5415 -0.3638 -0.2060 -0.0591 0.0817 0.2199

26. -2.2293 -1.8255 -1.6272 -1.0736 -0.7658 -0.5501 -0.3724 -0.2147 -0.0681 0.072y 0.210]

27. -2.2422 -1.8368 -1.6379 -1.0825 -0.7741 -0.5582 -0.3805 -0.2229 -0.0766 0.0636 0.2009

28, =2.25u4Yy -1.8476 -1.6u80 -1.0910 -0.7820 -0.5659 -0.3882 -0.2307 -0.08u6 0.0553 0.1922

29. =2.2661 -1.8578 -1.6576 -1.099] -0.7896 -0.5733 -0.3955 -0.2381 -0.0921 0.047y 0.1840

30. -2.2773 ~1.8676  —1.66468 ~1.1068 -0.7967 -0.5802 -0.u4025 -0.2u451 -0.0993 0.0400 0.1762

35. -2.3266 -1.9109 -1.7073 -1. 1408 -0.8282 -0.6107 -0.4327 -0.27546 -0.1304 0.0080 0.1u429

40. -2.3675 -1.9467 -1.7u408 -1.1687 -0.8540 -0.6355 -0.u572 -0.3001 -0.1553 -0.0176 0.1165

45. ~2.4021 -1.9770 -1.7691 -1.1922 -0.8755 -0.,6562 -0.u775 -0.3204 -0.1758 -0.0385 0.09u8

50. -2.4318 -2.0030 -1.7934 -1.2124 -0.89u40 -0.6739 -0.u9u8 -0.3376 -0.1931 -0.0562 0.0764

60. -2.4808 -2.0u58 -1.833y -1.245Y4 -0.92u2 -0.7027 -0.5229 -0.3654 -0.2211 -0.0847 0.0u7y

70. -2.5197 -2.0798 -1.8651 -1.2716 -0.9480 -0.7253 -0.5449 -0.3872 -0.2429  -0.1067 0.0249

80. -2.5517 -2.1078 -1.8912 -1.2930 -0.9675 -0.7438 -0.5628 -0.u0u9 -0.2605 -0.1245 0.0068

90. -2.5786 -2.1312  -1.9131 -1.3110 -0.9838 -0.7592 -0.5778 -0.u196 -0.2752 -0.1392 -0.0081

. 100. ~2.6017 -2.1514 -1.9318 -1.3264 -0.9977 -0.7724 -0.5905 -0.4320 -0.2876 -0.1516 —-0.0207

. 150, -2.6823 -2.2216 -1.9972 —-1.3798 -1.0459 -0.8177 -0.6342 -0.4747 -0.3298 -0.1939 -0.0633
200. -2.7322 -2.2650 -2.0376 -1, 4126 -1.0754 ~0.8u453 -0.6606 -0.5005 -0.3551 -0.2191 -0.088%

250. ~2.7670 -2.2952 -2.0657 ~1.u4355 -1.0958 -0.86uYy -0.6789 -0.5182 -0.3725 -0.2363 -0.1059

300. ~-2.7931 -2.3179 -2.0868 -1.u4525 1.1t -0.8787 -0.6924 -0.5313 -0.3854 -0.2u91 -0.1186

350. -2.8136 -2.3357 -2.1034 =1.4660 -1.1231 -0.8898 -0.7031 -0.5416 -0.3955 -0.2590 -0.1285

400. -2.8303 -2.3503 -2.11569 -1.4769 -1.1328 -0.8989 -0.7117 -0.5u99 -0.4036 -0.2671 -0.13565

450. ~2.8u43 -2.3624 -2.1282 -1.4860 ~1.1409 -0,9064 -0.7189 -0.5568 -0.4104 -0.2737 -0.1432

500. -2.8562 -2.3727 -2.1378 -1.u937 -1.1478 -0.9128 -0.72u49 -0.5627 -0.4161 -0.2794 ~-0.1488

1000. -2.9220 -2.4298 -2.1907 -1.5363 -1.1857 -0.9480 -0.7583 -0.5948 -0.uu73 -0.3101 -0.1792

N

- \53-



SAMPLE
. SIZE

S.
be
Te
8.
9.
‘o.
‘I.
12.
'3.
4.
15.
16.
‘7.
]8.
19.
20,
2"
22.
23.
24,
25.
26.
27.
28.
29.
30.
35.
40.
45.
50.
60.
70.
80.
90.
100.
150.
200.
250.
300.
350.
400.
450.
500.
‘ooo.

1.6809
1.3682
11901
1.0602
0.9617
0.8915
0.8320
0.7833
0.742Y
0.7075
0.6771
- 0.6503
0.6266
0.6050
0.5854
0.5677
0.5515
0.5366
0.5229
0.5101
0.4983
0.4872
0.L4769
0.45672
0.4580
0.4494
0.4126
0.3836
0.3599
0.3401
0.3087
0.2847
0.2655
0.2497
0.2365
0.1920
0.1658
0.1u481
0.1351
0.1250
0.1148
0.1101
0.10uy
0.0737

N

2.2875
1.8742
1.6438
Tal791
1.3577
1.2664
1. 1922
1.1322
1.0823
1.0400
1.0036
0.9717
0.9436
0.9179
0.8949
0.87y1
0.8552
0.8378
0.8219
0.8072
0.7935
0.7808
0.7690
0.7579
0.7475
0.7377
0.6960
0.6633
0.6368
0.61u8
0.580!
0.5537
0.5328
0.5156
0.5013
0.4256
0.4068
0.3931
0.3824
0.3739
0.3648
0.3609
0.3290

3.0106
2.4867
2.1806
1.9660
1.8198
1.7006
1.608Y4
1.5343
1.4732
1.4216
1.3778
1.3390
1.3052
1.278y
1.2u68
1.2220
1.1995
1.1790
1.1602
1.1428
1.1268
1.1119
1.0981

1.0851

1.0730
1.0616
1.0134
0.9758
0.945y
0.9202
0.8809
0.8511
0.8276
0.8085
0.7925
0.7397
0.7091
0.6886
0.6736
0.6621
0.6528
0.6u452
0.46388
0.6045

TABLEAH [CONTINUED) - i
" STATISTICAL TOLERANCE FACTORS

, CONFIDENCE LEVEL = 0.9900
_..PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN]) X MINUS (PLUS) Ks _

2.8462
2.4955
2.2509
2.0850
1.9539
1.8508
1.7681
1.7001

1.6429.

1.5939
1.5514
1.51u1
1.4801
1.4497
1.4224
1.3977
1.3752
1.3546
1.3356
1.3181
1.3018
1.2867
1.2726
1.259%
1.2470
1. 1946
1.1538
1.1209
1.0938
1.051%
1.0195
0.99uy
0.9739
0.9569
0.9007
0.8682
0.8465
0.8307
0.8185
0.8088
0.8008
0.79%1
0.7581

3.9473

3.2590
2.8578
2.5788
2.3902
2.2455
2.1293
2.0365
1.9602
1.8962
1.8415
1.7941
1.7526
1.7148
1.6812
1.6509
1.6236
1.5987
1.5760
1.5551
1.5358

"1.517¢9

1.5013
1.4858
1a4713
1.4576
1.4003
1.3557
1.3198
1.2903
1.2443
1.2097
1.1826
1.1605
1.1422
1.0818
1.0470
1.0238
1. 0069
0.9940
0.9836
0.9751

- 0.9679
0.92%8

- k5635

3.7501
3.2930
2.9760
2.75%1
2.5957
2.4637
2.358y
2.2720
2.1996
2.1378
2.084y
2.0377
1.9953
1.9575
1.9237
1.8931
1.8653
1.8399
1.8185
1.7950
17751
1.7566
1.7393
1.7232
1.7081
1.6445
1.5952
1.5555
1.5230
1.472y
14345
14047
1.3806
1.3606
1.294¢9
1.2572
1.2320
1.2138
1.1998
1.1886
1.1795
1.1717

1.1307

4.9448

4.0493
3.5529
3.2197
2.9849
2.80uL
2.6630
2.5501
2.4576
2.3802
2.3142
2.2572
2.2072
2.1620
2.1218
2.0857
2.0531
2.0235
1.9965
1.9717
1.9488
1.9276
1.9080
1.8896
1.8725
1.8565
1.7891
1.7369
1.6950
1.6606
1.6072
1.5672
1.535%
1.5105
1.4895
4204
1.3808

"1.3545

1.3354
1.3208
1.3091
1.2995
172914
1.2486

5.3895
4.3957
3.8543
3.5044
3.2487
3.0482
2.8956

2.7740

2.6743
2.5910
2.5200
2.4586
2.4050
2.356%
2.3132
2.2745
2.2396
2.2078
2.1789
2.1523
2.1278
2.1052
2.0841
2.06u6
2.0463
2.0291
1.9572
1.9015
1.8569
1.8204

1.7636

1.7212
1.6880
1.6611
1.6388
1.5658
1.5239
1.4961
1.4760
1.u606
1.4482
1.4381
1.4296
1.3846

. 5.5918 5.8127
TR TS 5080 ke T 385"
" 3.9992 4.1555
3.6314 3.7691%
3.3672 3.4952
3. 1594 3.2810
3.0016 3.1175
2.8759 2.9873
2.7730 2.8808
2.6869 2.7917
2.6136 2.7158
2.5503 2.6504
2.4950 2.5931
2.4449 2.5413
2.4003 2.4953
2.3604 2.454)
2.3244 2.4169
2.2917 2.3831
2.2618 2.3523
2.234y 2.32u40
2.2092 2.2980
2.1859 2.2739
2. 1642 2.2515.
2. 1441 '2.2307
2.1252 2.2113
2.1076 2.1931
2.0335 2. 1167
1.9763 2.0577
1.9304 2.0105
1.892¢ 1.9718
1.83L6 1.9118
1.7910 1.8670
1.7569 1.8320
1.7293 1.8036
1.7064 1.7801
1.6318 1.7032
1.5887 1.6591
1.5602 1.6299
1.5394 1.6088
1.5238 1.5926
1.5112 1.5796
1.5008 1.5490
1.4921 1.5601
1. Uk 60 1.5128

' 0.50000 0;60000 0;70000 0.75000 0.80000 0.85000 0.87500 0.90000 0.91000 0.92000 0.93000

6.0568
4.93643
h.3284
3.9214
3.6368
3.4155
3.2457

- 3.1105

2.9999
2.9075
2.8288
2.T609
2.7016
2.6479
2.6002
2.5575
2.5190
2.4840
2.4521
2.4229
2.3960
2.3711
2.3479
2.3264
2.3063
2.2875
2.2086
2.1476
2.0989
2.0590
1.997
1.9508
1.9147
1.8855
1.8612
1.7820
1.7367
1.7067
1.6849
1.6683
1.6550
1. 6441
1.6349

.'.zs-



SAMPLE

e - SIZE - -

5.
6.
8.
P
10.
11.
12.
13.
14,

o 16.
ey 17.
b 18.
By 19.
20.

PR 22.
Lo 23.
24,
25.
26,
27.
28.
29.
30.
35.
ua.
45,
50.
60.
70.
80.
90,
100.
150.
200.
250.
300.
350.
400,
450.
500.
1000.

0.95000

6.3307
5.1585
4.5225
L.0924
3.7959
3.5665
3.3896
3.2u89
3.1337
3.0375
2.9556
2.8850
2.8233
2.7675
2.7180
2.6736

2.6336

2.5973
2.5642
2.5339
2.5059
2.4801
2.u561
2.4338
2.4129
2.393u
2.3116
2.25484
2.1979
2.1566
2.0925
2.0u47
2.007y
1.9772
1.9521
1.8703
1.8236
1.7926
1.7701
1.7530
1.7393
1.7280
1.7186
1.6686

N\

i

0.95000

6.6uL8
 5.4132
L. 7451
4.2887
3.9785
3.7398
3.5548
3,4075
3.2872
3.1866
3.1011
3.0273
2.9629
2.9047
2.8530
2.8067
" 2.7650
2.7272
2.6927
2.6610
2.6319
2.6050
2.5800
2.5567
2.5350
2.5147
2.4295
2.3638
2.3113

2.2684.

2.2018
2.1522
2.1134
2.0820
2.0560
1.9712
1.9228
1.8907
1.8675
1.8497
1.8355
1.823¢9
1.81L41
1.7624

0.926000

7.0157
5.7142
5.0079
4.5208
4.19u43
3.9u6
3.7500
3.5951
3.44685
3.3628
3.272¢9
3.1958
3.1278
3.0667
3.0125
2.9640
2.9202
2.8805
2.8443
2.8112
2.7806
2.7524
2,7262
2.7019
2.6791
2.6578
2.5687

2.5000 _

2.445]
2.4002
2.3306
2.2788
2.2383
2.2056
2.1785
2.0901
2.0396
2.0062
1.9820
1.9635
1.9488
1.9367,
1.9265
1.8727

TABLE 11I{CONTINUED)
STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.9900

0.97600

T 4743
6.0866
5.3253
5.8136
L.LoTY
L.1978
3.9912
3.8270
3.6928
3.5807
3.4854
3.4033
3.3316
3.2670
3.2096
3.1583
3.1120
3.0700
3.0317
2.9967
2.96uY
2. 9346
i 29069
2.8812
2.8572
2.8347
2.7406
2.6680
2.6102
2.5628
2.4896
2.4350
2.3924
2.3580
2.3295
2.2365
2. 1836
2.1485
2.1231
2.1037
2.0882
2.0755
2.06u49

2.0085

0.98000

8.0878
6.5849
5.7505
5.2064
L.B192
4.5367
L.3142
4.1373
3.9927
2.8721

3.7696
3.6813
3.6042
3.53u8
3.473%

3.4180
3.3683
3.3232
3.2822
3.24u6
3.2099
3.1780
3.1483
3.1207
3.0949
3.0708
2.9700
2.8924
2.8305
2.7799
2.7016
2.6433
2.5979
2.5612
2.5307
2.4317
2.3753
2.3380

2.3110°

2.2903
2.,2739
2.2604
2:.2491

2.1893

0.99000

©9.0621
7.37565
6.4269
$.8307
5.3883
$5.0755
4L.8275
L.6305
5.4695
4L.3352
§.2212
4.1230
uL.0373
3.9501
3.8917
3.8304
3.7753
3.7253
3.6797
3.6380
3.5996
3.5642
3.5313
3.5007
3.u722
3.4455
3.3339
3.2u481
3.1797
3.1239
3.0375
2.9732
2.9231
2.8827
2.8493
2.740u
2.6784
2.6374
2.6078
2.5852
2.5672
245524
2.5400
2.4745

0.99500  0.99700

9.9607
8.1069
7.0517
6.4069
5.9139
5.5731
5.3015
5.0858
4.9096
4.7627
4.6379
- 4.5305
L.u368
4.3525
4.2777
4.2108
L.1506
4.0960
L.0US3
4.0008
3.9589
3.9202
3.8843
3.8510
3.8199
3.7908
3.6692
3.5757
3.5013
3.4405
3.3466
3.2768
3.2223
3.1784
31821
3.0250
2.9568

2.9124

2.8804
2.8559
2.8364
2.8204
2.8069
2.7361

10.5712
8.6086
T.4864
6.8056
6.2783
5.9179
$.6300

C 5.4012

5.2145
5.0588
4.9266
5.8128
b.7136
4.6243
5.5451
Bo4752
44105
4.3527
4.3001
4.2519
5.2076
41666
4.1287
4.093L
4.0605
14,0297
3.9011
3.8023
3.7237
3.6595
3.5603
3.4866
3.4291
3.3828
3.34145
3.2198
3.1491
3.1023
3.0685
3.0427
3.0221
3.0053
2.9912
2.9165

- PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

0.99900

11.7883
- 9.6042
8.3656
1.5956
7.0150
6.6083
6.2873
6. 0325
5.8245
5.6511
5.5040
5.3773
5.2669
5.1677
$.0796
5.0010
4.9301
4.8660
4.8075
4. 7540
4.7048
4.6594
4.6173
4.5781
4.5416
4.5074
4.3648
4.2553
4. 1681
4.0971
3.9873
3.9057
3.8421
3.7909
3.7u85
3.6108
3.5327
3.4811
3.4438
3.4153
3.3927
3.37u1
3.3585
3.2763

0.99950

12.5111
10.1953
8.8871
8.06u45
7.45521
7.0179
6.6774
6.4070
6. 1864
6.0024
5.846L
“5.7121
5.5950
5.489¢9
5.3966
5.3133
5.2382
5.1703
S. 1084
5.0517
H.9996
4.951L
4.9069
4L.8654
4.8267
4.7906
4.6396
4.5237
L.4315
4.3563
4.2401
4.1539
4.0867
4.0325
3.9877
3.8422
3.7597
3.7052
3.6658
3.6358
3.6118
3.5922
3.51758
3.4890

0.99990

14.0490

11.4528
9.9958
9.0619
8.3813
7.8891
7.5068
7.2033
6.9558
6.749n
6.5744
6.4238
6.2926
6.17u8
6.0704
5.9771
5.8931
5.8170
S.7477
5.6842
5.6259
5.5721
5.5222
5.4758
5.4326
5.3921
5.2232
5.0937
4.9907
4.9067
4.7770
4L.6807
4.6057
4.5453
4L,4953
4.3331
B.2411
4.1804
4.1366
4.1031
4.0765
4.0547
4.0364
3.9398

~£3~



SAMPLE
SIZE

5.
-
T.
8-
9.
10.
1.
12,
13.
14,
15.
16.
17.
18.
19.
20.
21.
22.
23,
2y,
25.
26.
27.
28.
29.
30.
35,
40.
45,
50.
60,
To‘
80.
90.
100,
150.
200.
250.
300,
350.
400.
'450-
500.
1000.

- TABLE HHI(CONTINUED)
STATISTICAL TOLERANCE FACTORS

v ' CONFIDENCE LEVEL = 0.9950 :
_ PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

0.00100 0.00500 0.01000 0.05000 0.10000 0.15000 ° 0.20000 0.25000 O.SOQOO

-1.3957
-1.4937
-1.5770
-1.6441
-1.7009
-1.7530
-1.7978
-1.8378
-1.8738
-1.9064
-1.9361
-1.9635
-1.9887
‘200]22
-2.0341
-2.0546
-2.0738
-2.0918
-2.1088
-2.1249
-2.1401
-2.1546
-2.1683
-2.1814
-2.1939
-2.2058
-2.2586
~2.3024
-2.3395
-2.3715
-2.4242
~2.4662
-2.5008
-2.5300
-2.5550
’206“2“
-2.6967
-2.7347
‘2.7632
-2.7857
~2.8040
-2.8193
-2.8323
=2.9045

X

-1.0889
~1.1747
-1.2u94
-1.3088
-1.3592
=1.4051
-lehlh8
-1.4802
-1.5120
-1.5u409
-1.5672
-t.5913
-1.6136
-1.6344
-1.6537
-1.6718
-1.6887
~-1.7046
-1.7196
-‘o7337
“-7“7]
-1.7598
-1.7719
-1.7835
-1.79u4y
-1.80u49
-1.8513
-1.8897
-1.9223
-1.9503
~1.9964
-2.0332
-2.0634
-2.0888
-2.1107
-2.1869
-2.2342
~2.2672
-2.2920
-2.3115
-2.3274
-2.3407
-2.3520
-2.4146

-0.9284%
-1.0116
-1.0822
-1.1394
-1.1878
-1.2309
-1.2685
-1.3020
-1.3321
~1.35%94
-1.3843
~1.4071
-1.4281
-1.4477
-1.4659
-1.u4829
-1.4988
-1.5137
-1.5278
~T.5411
-1.5537
-1.5657
-1.5770
-1.5878
-1.5982
-1.6080
~1.6515
-1.6875
~1.7179
~1.7442
-1.7873
-1.82146
-1.8u498
~-1.8735
—‘.8939
-1.9650
-2.0090
-2.0397
-2.0828
~2.0809
-2.0957
‘2.‘080
-2.1185
~2.1767

-0.4477
~0.5308

-0.5935

-0.6u480
~-0.693Yy
-0.7306
~0.75640
-0.7936
-0.8201
-0.8440
-0.8657
~0.8856
-0.9038
-0.9207
~-0.9364
-0.9509
-0.96u46
-0.9774
-0.9894
-1.0007
-1.0115
-1.0216
-1.0313
-1.0404
-1.0u92
-1.0575

=1.0942

-lo‘2u3
~1.1498
~-1.1716
-1.2075
-1.2359
-1.2591
~1.2787
-1.2954
-1.3536
-1.3894
~lelillhy
~-1.4331
-1.4478
-1.4598
~-1.4697
-1.4782

-1.5251

. -0.1289

-0.2253
-0.2937
-0.3518
-0.3976
-0.4358
-0.4691
-0.4984
-0.5244
-0.5478
-0.5689
-0.5881
-0.6057
-0.6219
-0.6368
-0.6506
-0.6636
-0.6757
-0.6871
-0.6977
-0.7078
20,7174
-0.7265
-0.7351
-0.7432
-0.7510
-0.7852
-0.8132
-0.8367
-0.8568
-0.8896
-0.9156
-0.9368
-0.9546
-0.9698
-1.0224
~1.0546
-1.0770
-1.0938
-1.1069
-1.1176
-1.1265
-1.1340

-1.1757

- 01277

0.0168
-0.0625
-0. 1255
~0. 1766
-0.2170

=0.2520

-0.2825
-0.3094
-0.3333
~0.3549
-0.37u4k
-0.3922
-~0. 4084
-0.4233
-0.4371
~0. 4499
-0.4619
-0.4732
-0.4837
-0.4937
-0.5031
-0.5120
‘0.520“
~0.5284
-0.5361
-0.54694
-0.5965
-0.6191
~0.6384
-0.6698

. =0.6946

-0.7148

=0.7316

-0.7460
~0.7957

- =0.8259

-0.8169
-0.8625
-0.8748
~0.8847
-0.8930

©=0.9001
~0.9388 .

. 0.3727

0.2380

0.1439

0.0729

0.0184
-0.0278
-0.0655
-0.0980
-0.1264
-0.1516
-0.17u0
-0.1943
-0.2127
-0.2293
-0.2u446
-0.2587
-0.2718
-0.2839
-0.2953
-0.3060
-0.3161
_003255
-0.3345
-0.3429
-0.3510
-0.3586
-0.3919
-0.4187
-0.u4k411
-0.4601
-0.4909
-0.5151
-0.53u8
-0.5512
-0.5651
-0.6130
“0.6“2‘
-0.6621
-0.6771
-0.4888
-0.6982
-0.7061
-0.7128

~0.7495

0.6242
0.4554
0.3430
0.2604
0.2002
0.1485
0.1070
0.0717
0.0412
0.07u4Y
-0.0095
-0.0308
-0.0501
-0.0675
-0.0834
-0.0981
-0.1117
-0-12&3
-0.1361
=0. 1471
-0.1574
-0.1671
-0.1762
-0.1849
-0.1931
-0.2009
-0.2346
-0.2617
-0.2841
-0.3031
~-0.3338
-0.3578
-0.3773
-0.3934
-0.4072
-0.k542
-0.4825
-0.5020
-0.5145
-0.5278
-0.5349
~0.54k46
-0.5510
-0.58684

0.8841

0.6745

“0.5422
0.uk56
0.3761
0.3197
0.2735
0.2347
0.2014
0.1724
0.1469
0.1241)
0.1036
0.0851
0.0682
0.0528
0.0385
0.0253
0.0130
0.0018

-0.0092

-0.0192

-0.0287

-0.0377

-0.0u61

‘0005“‘

-0.0888

-0.1164

-0.1392

-0.1585

-0.1895

-0.2136

-0.2331

-0.2492

-0.2629

-0.3095

-0.3375

-0.3567

-0.3709

-0.3820

-0. 3909

~0.3984

~-0.4047

-0.4392

0.35000

1.1445

0.8936
0.7431
0.46341
0.5529
Q.4903
0.4385
0.3954
0.3589
0.3274
0.2997
0.2752
0.2532
0.2334
0.2154
0.1989
0.1838
0.1498
0.1569
0.1uu8
0.1336
0.1230
0.1131
0.1038
0.0949
0.0866
0.0507
0.0221

-0.0013
-0.0210
-0.0527
-0.0772
-0.0969
-0.1132
-0.1270
-0.1737
-0.2016
~-0.2206
-0.2347
-0.2457
-0.25&6
-0.2619
-0.2682
-0.3021%

0,40000

1.4386
1.1277
0.9509
0.8313
0.7361
0.6635
0.46052
0.5574
0.5172
0.u827
0.4526
0.4261
0.4024
0.3810
0.3616
0.3439
0.3277
0.3128
0.2990
0.2862
0.2742
0.2631
0.25246
0.2428
0.2335
0.22u47
0.1871
0.1574
0.1331
a.1127
0.0801
0.0550
0.03u9
0.0183
0.0043
-0.0430
-0.0710
-0.0901
~0.1043
-0.1152
-0.1241
-0.1314
-0.1376
-0.1713

]
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SAMPLE
SIZE

S.
6.
7.
8.

to.
.
12.
13.
14,
15.
16,
17.
18.
19.
20.
21.
22.
23.
2y,
25.
26.
27.
28.
29.
30.
35.
uo.
us.
50.
60,
70.
80.
90.
100.
150.
200.
250.
300.
350.
400.
550.
500.
1000.

0.50000

2.0590
1.6491
1.3999
1.2320
1.1179
1.0277
0.9541
0.8947
0.8u454
0.8036
0.7676
0.7361
0.7083
0.6829
0.6600
0.6393
0.6205
0.6032
0.5874
0.5727
0.5591
0.5u64
0.5345
0.523Yy
0.5129

0.5031

0.4612
0.4282
0.4014
0.3791
0.3u37
0.3167
0.2951
0.2775
0.2627
0.2130
0.1839
0.1642
0.14597
0.1385
0.1295
0.1220
0.1157
0.0816

AN

TABLE 111 (CONTINUED)
STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.9950

PROPORTION OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks ———

0.60000

2.7854
2.2213
1.9015
1.6887
1.5460
1.4307
1.3384
1.2648
1.2044
1.1535
1.1100
1.0723
1.0390

1.0085

0.9813
0.9568
0.9345
0.9142
0.8956
0.8785
0.8627
0.8480
0.8343
0.821y
0.809u
0.7981
0.7504
0.7130
0.6827
0.6576
0.6183
0.5884
0.56u8
0.5u456
0.529u4
0.4759
0.hu48
0.u238
0.4085
0.3966
0.3871
0.3793
0.3727
0.3372

0.70000

3.6302
2.9262
2.507y
2.2380
2.0390
1.901
1.7859
1.6946
1.6200
1.5576
1.5045
1.4585
1.4183
1.3814
1.3u85
1.3190
1.292%
1.2681
1.2460
1.2257

1.2069

1.1896
1.1734
1.1583
IFRLLY:
t.1310
1.075%
1.0321
0.9972
0.9485
0.9236
0.8899
0.8633
0.8417
0.B237
0.76uy
Q.7300
0.7070
0.6903
0.6771
0.46671
0.6586
0.6515
0.6133

0.75000 0.80000

4.1505

3.3528
2.8637
2.5517
2.33u43
2.1769
2.0476
1.9u5y
1.8621

1.7926

1.7335
1.6825
1.6380
1.5971
1.5608
1.5283
1.4989
1.4723
1.4480
1.4257
1.%051
1.3861

! 1.3684
1.3520
1.3366
1.3222
1.2616
1.2145
1.1767
1. 1456
1.0973
1.0610
1.0325
1.0093
0.9901
0.9268
0.8903
0.8660
0.8483
0.83u7
0.8238
0.8149
0.807u
0.7673

¥.7523
3.8413
3.2804
2.9133
2,67y
2.4939
2.3484
2.2334
2.1399
2.0620
1.9959
1.9389
1.8892
1.8438

1.8035

1.76TH
1.7349
1.7054
1.6786
16539
1.6312
1.6103
1.5908
t.5727
1.5557
1.5399
1.4734
1.45218
1.3804
1.3u65
1.2939
1.2545
1.2236
1.1986
11779
1.1098
1.0706
1.0u46
1.0257
1.0112
0.9996
0.9901
0.9821

0.9395

0.85000

S.4964
4.4255
3.7802
3.3577
3.0832
2.8750
2.7095
2.5789
2.4729
2.3847
2.3099
2.2456
2.18%96
2.1385
2.0933
2,0529
2.0165
1.9835
1.9535
1.9259
1.9006
1.8772
1.8555%5
1.8353
1.8165
1.7988
1.7250
1.6678
1.6220
1.58u46
1.5266
1.4833
14195
1.4221
1.3994
1.3252
1.2827
1.25uL
1.2340
1.2183
1.2058
11955
1..1869
1oyl

0.87500

5.9595
h.7734
4.0784
3.6231
3.3274
3.1026
2.9251
2.7851
2.6715
2.5770
2.4970
2.4283
2.3684
2.3140
2.2658
2.2227
2.18u0
2. 1489
2.1189
2.0876
2.0607
2.0358
2.0128
1.9913
1.9713
1.9526
1.B742
1.8137
1.7652
1.7256
1.6643
1.6186
1.5829
1.5541
1.5302
1.4521
1.4075
1.3779
1.3565
1.3401
1.3270
1.3163
1.3073
1.2594

0.90000

6.4987
5.1790
4,4285
3.9330
3.6127
3.3685
3.1769
3.0259
2.9034
2.8016

2.7155

2.6415
2.5770
2.5186
2.4670
2.4208
2.3793
2.3417
2.3074
2.27461
2.2u72
2.2206
2.1960
2.1730
2.1516
2.1316
2.0479
1.9833
1.9316
1.8894
1.8242
1.7757
1.7378
1.7072
1.6818
1.5992
1.5520
1.5208
1.u982
1.4809
1.4671
1.4558
V. 4463
1.3960

0.91000

6.7T438
- 5.3636
4.5850
4.0777
3.7427
3.4898
3.2917
3.1357
3.0091
2.9039
2.8150
2.7385
2.6720
2.6118
2.5585
2.5109
2.u681
2.4294
2.39m1
2.3618
2.3321
2.30u7
2.2793
2.2557

2.2336

2.2130
2.1269
2.0603
2.0072
1.9638
1.89468
1.8469
1.8080
1.7764&
1.7506
1.6658
1.6175
1.5855
1.5623
1.5446
1.5305
1.5189
1.5092
1.4577

0.92000

T.0113
5.5651
4,7582
4,2370
3.aent
3.6225
. 3.4173
3.2557
3.12u6
3.0157
2.9237
2.8446
2.7758
2.7136
2.6585
2.6093
2.5651
2.5250
2.4886
2.u4552
2.4246
2.3963
2.3701
2.3457
2.3230
2.3017
2.2129
2. 1443
2.0895
2.0u49
1.9758
1.9245
1.8845
1.8522
1.8254%
1.7383
1.6887
1.6558
1.6321
1.6139
1.5994
1.5875
1.5776
1.5248

0.93000

7.3068
5.7880
B.9496
L.yt3t
L.0417
3.7692
3.5561
3.3884
3.2523
3.1393
3.0u438
2.9618
2.8905
2.8260
2.7689
2.7180
2.6722
2.6307
2.5930
2.5585
2.5267
2.497y
2.4703
2.4u51
2.4216
2.399%
2.3077
2.2369
2.1803
2,132
2.0630
2.0100
1.9688
1.9355
1.9079
1.8182
1.7671
1.7333
1.7089
1.6902
1.6753
1.64631
1.6529
1.5987

-S538 -



SAMPLE

C SIZE

6'
7.
8'
9.
‘0'
1.
12.
13'
.
15.
I6.
17.
‘8.
19.
20.
2“
22.
23.
24,
25.
26,
27.
28.
29.
30‘
35.
40.
us.
50.
80.
70.
80.
90.
100.
‘50.
200.
250.
300.
350,
400,
450.
500,
. 1000.

0.94000

7.6382
6.0382
5.1647
4.6110
4.2181
3.9341
3,7122
3.5374
3.3958
3.2782
3.1788
3.0935
3.0193
2.9522
2.8929
2.3400
2,792y
2,793
2.7101
2.6743
2.6414
2.6110
2.5g28
2.5566
2.5322
2.5094
2.u141
2.3407
2.2821
2.23u4
2.1607
2.1059

..2.0632
2.0288
2.0003
1.9077

1.8549
“1.8200
~ 1.7948
. 1.7755
1.7602
1.7u76
=¥, 7371
1.6812

0.95000

8.018%
6.3252
S.utis
4.8379
¥, 4206
4.1233
3.8912
3.7085
3.5604
3.4375
3.3336
3.244S
3. 1867C
3.0970
3.0351
2.9719%
2.9302
2.885%
2.8445
2,807%
2.7728
27413
2.1r
2.6845
2.6590
2.6353
2.5360C
2.45%6
2.3987
2.349¢
2.2725
2.2156:
2.171%
2.1355
2.1060
2.009%
1.9552
1.9191
1.893CG
1.873¢
1.8572
1.8441T
1.8332
1.775%

0.96000

8.4523
6.6681
5.7030
5.1062
4,6599
b.3469
4.1028
3.9107
3.7549
3.6258
3.5166
3.4230
3.3416
3.2681
3.2031
3.1452
3.0931

3.0450

3.0031
2.9639
2.9279
2.8947
2.8640
2.8354
2.8088
2.7839
2.6799
2.6000
2.5343
2.484Y
2.4043
2.3u49
2.2986
2.261%
2.2305
2.1303
2.0734
2.0357
2.0084
1.9878
1.9713
1.9577
1.946N
1.8863

.TABLE HI{CONTINUED)
STATISTICAL TOLERANCE FACTORS

CONFIDENCE LEVEL = 0.9950 .
PROPORTION ‘OF THE DISTRIBUTION GREATER THAN (LESS THAN) X MINUS (PLUS) Ks

0.97000

8.9781
7.1037
6.0640
5.4240
4. 9562
8.6234
4.3645
4.1607
3.9956
3.8586
3.7429
3.6437
3.557y
3.4797
3.4109
3.3496
3,294y
3.2446
3.1993
3.1578
3.1198
3.0847
. 3.0521
3.0219
2.9938
2.9675
2.8577
2.7734
2.7062
2.6515
2.5671
2.5045
2.4558
2.4186
2.2788
2.2190
2.1795
2.1510
2.1292
2.1118
2.0976
2.0857
2.0228

0.98000

9.6824
T7.6865
6.5475
5.8480
5.3530
4.9936
4. 7148
4.4953
4.3176
4¥.1702
5.0457
3.9390
3.8Y462
3.7626
3.6888
3.6229
3.5637
3.5102
3.1616
3.4171
3.3762
3.3386
3.3037
3.2713
3.2411
3.2129
3.0953
3.0049
2.9331
2.8746
2.78u4
2.7175
2.6655
2.6236
12.5890
2.4767
2.4130
“2.3710
2.3406
2.3174
2.2990
2.2839

2.2712

2,204y

0.99000

'10.8031

8.6121
7.3165
6.5230
5.98u42
5.5824
5.2718
5.0275
4.8296

L.6656 .

4,527
4.4083

4.3052

4.2124
‘u.1303
4.0572
3.9915
3.9321
3.8781
3.8288
3.7835
3.7417
3.7030
3.6671
3.6337
3.602u
3.4722
3.3723
3.2929
3.2282
3.1287
3.0550
2.9976
2.9515
2.9134
2.7899
2.7198
2.6737
2.6404
2.6149
2.5947
2.5782
2.5643
2.4910

0.99500

11.8390
9.4660
8.0269
7.1473
6.5672
6.1263
5.7864
5.5190
5.3025
5.71230
4.9715
4.8416
4.7288
4.6274
4.5378
4.4579
4.3862
43,3213
Lh.262Y4
4.2085
4.1591
4.1135
4,073
4.0322
3.9957
3.96156
3.8196
3.7108
3.6243
3.55u0
3.4457
3.3455
3.3032
3.2531
3.2817
3.0776
3.0017
2.9517
2.9156
2.8881
2.8662

- 2.8u482
2.8332
2.7539

0.99700

12.5740
10.0515
8.5193
7.5815
6.97 14
6.5033
6.1430
5.85%96
5.6301
5.4399
5.2794
S.1418
5.0223
4.91u9
4.8200
4.7355
4.6595
4.5909
4.5285
K715
Lol 192
4.3709
4.3263
4,2849
4.2463
4.2102
4.0600
3.9450
3.8536
3.7793
3.66u49
3.5803
3.5145
3.u618
3.4179
3.2765
3.1964
3.1436
3.1055
3.0766
3.0535
3.03u8
3.0188
2.9353

0.99900

14,0532
11.2118
9.5058
8.u4718
7.7808
7.2597
6.8580
6.5421
6.2864
6.07us
5.8958
S.Tu26
5.6096
5.4902
5.3847
5.2907
5.2063
5.1300
5.0607
L.997y
4.9393
4.8857
4.83561
L.7901
4.7473
L.7073
4.5406
L4131
4.3118
4.2295
4.1029
4.0092
3.9364
3.8779
3.8296
3.6733
3.5849
3.5267
3.484T
3.4527
3.4273
3.4065
3.3890
3.2970

0..99950

Th.9304
11.9006
16.0913
8.9999
8.2612
7.7087
7.2824
6.9572
6.6159
6.%511
6.2615
6.0990
5.9580
5.8315
5.7196
5.6200
5.5305
S. 4497
5.3743
5.3092
5.2476
5.1909
5. 1384
$.08%
5.0u43
5.0019
4.8254
4.56904
4.5833
h.4962
4.3623
4.2632
L.1863
h.l244
4.0734
3.9082
3.8148
3.7533
3.7090
3.48752
3.6u84
3.6264
3.6079
3.5108

0.99990

16.7948
13.3663
11.3370
. 10.1225
9.283)
8.6637
8.1850
7.8087
7.5041
7.2519
7.0392
6.8570
6.69€8
6.5570
6.4317
4.3200
6.2198
6.1293
6.0471
5.9720
5.9030
5.8395
5.7807
5.7262
5.6754
5.6280
5.4306
5.2796
5.1599
5.0627
%9131
x.8025
8. 7166
4,6476
.5907
4.4065
5.3024
4.2340
5.1846
41470
41170
4.0926
4.0721
3.9641

-og-
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CHAPTER 6

THE DISTRIBUTION OF h :ti)(k)

6.a. Sampling Distribution

The popular method of estimating>ﬂ is to employ
h =<p (k); the cumulative normal distribution with |
argument k. ‘Given the sampling-diétribution of k¥ (from
the previous chapter), the sampling distribution of
R can be obtained directly. See Table 6.1. Sketches
of the probébility density functlons for k and % are
shown in Figure 6.1 for the same noncentrality and
sample size used in Table 6.1. The function is the
noncentral t density which is tabulated in (Resnikoff

and Liebérman, 1957).

¢
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TABLE 6.1
Sampling Distribution of h = q>(k); N = 10,
Percentiles k q) (k)
0.0050 0.4358 0.6688
0.0100 0.5075 0.6942
0.0250 0.6152 0.7309
0.0500 0.7115 | 0.7617
0.1000 10.8284 0.7964
0.2000 0.9812 0.8368
0.3000 1.1012 0.8646
0.4000 1.2122 0.8873
0.5000 1.3241 0.9073
0.6000 14449 0.9258
0.7000 1.5862 0.9437
0.8000 1.7701 0.9617
0.9060 ‘2.0656 0.9806
0.9500 2.3547 0.9907
0.9700 2.6480 0.9958
0.9900 3.0482 0.9988
10.9950 3.3685 0.9996
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FIGURE &.1

PROBABILITY DENSITY FUNCTIONS OF _2 AND A

h=0.20 N=10
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6.b. Transformations

The effect of the transformation of k td it is to
convert a right skewed distribution to a left skewed
distribution. See Figures 6.1 and 6.2. Several
_.additional transformations of both k and h were studied
with the objective of finding a symmetrical sampling
distribuﬁion. For k, the most effective transformation
was log k which is‘roughly linear when plotted on normal
probability paper. See Figure 6.3%. For ﬁ, the trans-
formation to (log log —Eﬁ ) produces a distribution
which 1s approximately i;?mal and alsb appears to
stabilize the &ariance of ﬁ; at least in the range
from M = .9 to N = .999. See Figure 6.4. Note that
this transformation is related to the Fisher-Yates

~

'"Loglt' which is 1/2 log —PE ; it is the equivalent of
-8
the log 'Logit'.

6.c. Expectation of h

nThe expectéd value of h was Obtainéd by numerical
integration from: Table 6.1 over the range available,
0.5%/0 to 99;50/0. In the interval from lOO/o‘to 900/0,
Simpson's Rule was employed; from .5°/0 to 10°/0 and
from 900/0 to 99.50/0 the trapezéidal rule was required

due fo the unequal spacing of the percentiles. The
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average'obtained was divided by 0.99 to account for

the missing 1°%/0.

6.d. Bias

The blas b of B was determined by the above
procedure for sample size ten for eight values of T

and 1s plotted as Figure 6.5.
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FIGURE 6.5

THE BIAS IN THE ESTIMATE h
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CHAPTER 7

THE DISTRIBUTION OF h, AN UNBIASED ESTIMATE OF T

7.a. An TIterative Method

- If the bias in the estimate h were constant over
the sampling distribution, an unbiased estimate could
be produced by correcting R for its bias, b. Unfortu-
nately, the bias is not constant‘(Figure 6.5). The
author éxperimenteq with iterative computer methods .
with the hope that there exiéts a bias function which
could. be used to oorféct'ﬁ to én'unbiqged estimate, aﬁd
that if the function dbes exist, a computer program
could be made to converge to it. The following method-
was successful and the results are shown in Volume II
as Program 7.1.
(1) Select a ranée of values of T between 0.5
and 1.0, See for example those indicated in
Figure 6.5. .
(2) TFor each vélue of T, generate the distribution
of k.
(3) First trial. Transform the k values to h as
i1lustrated in Chapter 6. h = (D (k). Determine
the_bias b in estimating T and plot l/Eb versus

lb. Connect these points

1 —_
n+'2-b. Letb=-2-

¢



with straight lines. See Figure 7.1.

(4) Second trial. Transform each k distribution
to a distribution of h, where the bar indicates
interim values less biased than h.

A=) -5 | (7.1)
and the interim bias function, 3, is read
from the dotted line in Figure 7.l. Determine
the new bias in the distribution of h by
numerical integration and plot the sum of b
and one half of the bias as the second trial
in Figure 7.1.

(5) Repeat (4) until the maximum (absolute) bias
is less than any required small tolerance;

The Value 0.0001 was used in Program 7.1 and
the‘function converged in twenty trials as

shown in Figure 7.1l. The final resulé is a
correction bias function (Figure 7.l1) which
results‘in an unbiased estimate, h, (within

0.0001) when employed in the relation:

n= Qo) -5 o (1.2)



~0lo

. ,006

o0
L o8

e

04

~.008

FIGURE 7.\

- THE. BIAS . CORRECTION FUNCTION

2 - TWENTIETH TRIAL

SECOND TRIAL

‘ ﬂ\ .
FIEST -rzlAt_—é’ N\

EREDE

RESULTS F'lZON\ PROGRAM 7.\

8 7 8 8 10
P+E =

IR .

S 0 S U P



_99_

The use of one-half the indicated bias instead of
the entire bias avoided interim values of h greater
than one and may have improved the stability of con-
vergence. Additional accuracy could be obtained by
refining the normal table approximation and using more
values of N in step (1). However at this point the:

paper by (Lieberman and Resnikoff, 1955) was discovered.

7.b. Exact Method

This paper contains a formulation for exact values .

of h.
Tt is shown that if: 1, 2,88 roroczc
l1~-h-= 0 for Z < O
1 - for 2 > 1
' ' (7.3)

.

'and I, (a,b) is the Incomplete Beta Function ratio
with parameters a, and b, then (1-h) is a uniformly
minimum variance unbiased estimator. Thé proof is
based on the Blackwell—Rao theorem extehded by (Lehman
and Scheffe) and uses thé fact that another unbiased
estimator exists; K, which is not a function of the
normal‘sufficieht stétistics, while h is a function of

the suffiecient statistics. In this case the attribute

. V.
ratio, h, of the number of number values exceeding the
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limit L, to the.sample size, N, is an unbiased estimate
(binomial) which is not a function of the sufficient
statistics of the normal distribution. (Lehman and
Sdheffe) have further shown that if the sufficient.
statistic is complete, the unbiased estimate which is

a function of this statistic will have uniformly smallest
variance. The remainder of the derivation consists

of evaluating the expression

1-h= E(Q-}]|X,s) (7.4)

using the Jjoint density of X and s, and transforming

the result to the density of the symmetrical Beta dis-
tribution. Tables of values of (1-h) are given in
(Lieberman and Resnikoff, 1955)vand more completely in
(Bowker and Lieberman, 1959). -‘The excellent agreement
between the results from the iterative procedure and

- the referenced tables is illustrated in Figure 7.2.

It is stated in (Lieberman and Resnikoff, 1957) that b
and h are asymptotically equivalent and‘asymptoticélly
efficient. It is also mentioned that for small sample
sizes, the minimum mean square.error, E(h-T)2 versus
E(ﬁiﬂ)a; depends on 7 and that neither h nor B is clearly
'best' in this sense, although h is 'best' among unbiased

estimators. Throughout the referenced texts, (1-h) is
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F\GUE.E 7.2
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the estimator rather than h as the parameter is per
cent defective rather than reliability which is the
complement of per cent defective. However, the methods :
are directly applicable as an unbiased estimate of (1-h)

immediately gives an unbiased estimate of h.

7.c. Interval Estimates of N

The sampling distribution of h is skewed for all
values of T except 0, 0.5, and 1.0. Although it is
possible to estimate the variance of h,-this measure
of variability has less significance with a skewed
distribution than with a symmetric distribution and a
confidence interval estimate is a more meaningful measure
of precision. An analogy can be made with the problem
of estimating the binomialiparameter p, where the usual
measure of precision is a confidénce interval. For
very small or very large p, the.limibing vaiue of zero
and one are used for the one bound of the interval and
the other bouﬁd is determined from sampling‘distribution.'
The interval detefmined by these confidence bounds has
the'characteristic that‘if an infinite number of sahples
were drawn, and an interval calculated from each sample,

"then a proportion a of the intervals would contain the

true valﬁe being estimatéd.
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7.4. Sides and Limits

If one of the confidehce interval bounds ié‘set
equal to the maximﬁm or minimum value possible, the
iﬁterval is described as one-sided. This 1s equivalent
to stating that the barameter being estimated 1is greater
than (less than) the l§wer‘(upper) ons~-sided bound with
confidence a.

If the interval is not bounded by a maximum or
minimum value, it is said to be two-sided. The risk
of error may be partitioned in any manner between the
upper and iower sides, but the most popular éplit is
even, (lég) above and below.

The study reported herein involves fixed limits
on the scale of measured varlables. There may be single
or double limits and there may‘be one-sided or two-sided
confidence intefvals; all four combinations are possible.
To avoia confusion full nomenclature such as, one-sided, .
double limit, confidence interval, will be maintained

hereafter, even though it is awkward.

7.2. Examples

Example (1) of Chapter 5 illustrates the method
for detebmining a lower, one-sided, single limit, con-

fidence bound, the upper bound taken as one. Another
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example will iliustrate the application of fthe method
to reliability analysis: |
(1) Assume the specific impulse reliability of
a rocket engine is defined as thé probability that the
specific impulse, on any randomly selected firing, will
exceed or equal the guarénteed yalue. Specific impulse
is a measure of efficiéncy and is definéd as pounds of
thrust produCed‘per pound of propellant per second.
Given: (1) a guaranteed limit of 400 seconds,
(2) that specific impulse data are normally
distributed. |
(3) a saméle of ten firings with an average ofr
410.0 seconds and a sample standard devia-
tion of 4.29 seconds. What is an unbiased
estimate and a one-sided, single limit
90°/0 confidence bound for impulse reli-
ability?

%-L _ 410 - 400 |
k=—%"="1x35 =22

From Table III

o
Bo_90%/0 = 93.07 /0

From (Resnikoff and Lieberman, 1957) 1l-h = 0.00189

h = 99.811°%0
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An exact solution for the one-sided, double limit,
confldence interval is not available-but (Resnikoff
and Lieberman, 1955) state: 'For the case where there
is a double‘specifioation 1limit one of the authors made
numerical investigations of thé OC curves for various
divisions of the per cent defective. It was evident
that the band was so narrow that for all practical
purposes it can be assumed to be a single OC curve, i.e.
the 0C of the one—sidea plan.' -Their discussion ié in
terms of a double limit test of significance but it is
applicable to the problem of a»dne—sided, double limit
confidence interva;. The investigation referred to
in the quotation is (Resnikoff, 1952). The method is
also described under variables'sampling plans in (Bowker
and Lieberman, 1959); it is stated that the operating
characteristic curve for the equivalent single limit
is contained within the narrow bound of the various
possible double limits. The procedure is as follows:

(1) Given a sahpie of size N from a normal dis-

ftribution, an upper 1limit U, and a lower
‘ U-X X-L

- k. = &2°=

s ’ L s

limig L, calculate kU

(2) Determine hy and h. from (Bowker and Lieberman,

L
1959) and sum h = by + B - 1.
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(3) Determine the equivalent one-sided k from
the same table entering with h
(4) From Table III determihe the lower confidence
bound. (The upper bound is 1.0)

To illustrate assume in example (1)
that h = hy + by - 1 = 9958110/0 -
then k = 2.33 |
and the rest of the solution is identical to (1).

To verify that this approximaﬁion is accurate,
a Monte Carlo simulation was conducted using a repli-
cated, two factor, three level factorial. (Program
7.2). The faectors were the partition and the magni-
tude of M. The required levels of both factors were
~obtained by selecting the limits, L and U, from a table
of the cumulative probability distribution of the normal
distribution. A comparison between the ranked, nine-
tieth observations from 100 trials is shown in Table
7.1. All of the 1800 trials are shown in Volume IT,
Program 7.2; It may be concluded from these resulfts,
that the Resnikoff and Lieberman conclusion is also
correct for confidence intefvals; the approximétion
is good, particularly at high reliability, the area.of

interest, and the error appears to be conservative,
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that 1s the one-sided, single 1iﬁit confidence interval
is longer than the ohe—sided, double interval. For

the single limit case, column thrée in Table'7.1, the
upper ninetietﬁ percentile of'dispribution from Table
III 1is indicated for comparison. (Unfortunately, it

is an approximate comparison as the expected value of
the ninetieth ranked observation in 100 trials is only

approximately the ninetleth percentile of the distribution).

TABLE 7.1
PARTITION OF TAIL AREAS

T] l'ﬂL = l—'nU 9(l-nL) = 1"T1U TIU = T]
k| n Kk h - Kk h
0.5 1.98]. .9873| 2.17 | .9948 2.28 | .99733
o 2.07| .9914 | 1.92 | .9838 | 2.00| .9983
(2.07)f (.9914)
0.05 2.66| .99994 2.45 | .999%1 2.61 | .99991
| 2.48| .9994d 2.44 | .99924 | 2.6% | .99993
| (2.57)| (.99983)
2.75(1.0 2.75 |1.0 2.75 1 1.0
0.99 ' ®
| 2.75[1.0 2.75 |1.0 2.75 1.0
(3.53)((1.0)

*¥Because the last step in the procedure is an inverse
table 'lookup', the equivalent k < 2.75 for N = 10.
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With regard to the effect of the double-single
limit pfooedure on point estimates, the analysis is
easier. Both hL and hU are unbiased point estimates
(single 1limits) and therefore, their sum is also an
unbiased estimate even though hL and hU are negatively

correlated.



- 109 -

CHAPTER 8

LIKELTHOOD ESTIMATES

8.a. Likelihood Function
Given obse?vatlons Xl’ Xe,—XB,....,XN from a normal
distribution with unknown mean, p, and variance, g2, the

Jjoint 1ikelihood function of the mean and standard devia-

tion is well known:

" _ ((N—1)52+N(f-u)2
1) e 207 (8.1)

\;Enc

" A plot of the likelihood contours for a typical sample of

L

L,o i,s) =

data is shown as Eigure 8.1. These results were calculated
in Program 8.1.

Given a 1imit L, taken as the origin without loss of
generality, the parameter of interest is the fatio w/o,
becaqse the proportion of the distribution exceeding the
1imit is the value of the cumulative probability distri-
bution of the normal distribution with argument, u/a.

A joint likelihood function involving the ratio may be
obtained from the equation (8.1) by substltutlng

(u/c) o

= (Zn)_o

Gt (8.2)

W
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) ((N-l)s2+N(i-o<I>'1<m)
e 2 o (8.3)

£ (ﬂ,OIfJS) =( - .)N
Vono
A contour plot of'this function for the same data is shown
as Figure 8.2 and was also calculated in Program 8.1.
Unfortunately, this likelihood fﬁnction_is a joiﬂt ex-
pression for the likelihood of the reliability, T, which
is of interést-and the standard deviation o, which is
irrelevant to the problem at hand; The latter parameter
j has been called a nuisance parameter by R. A. Fisher for‘
obvious reasons; it is not clear how the standard devia-
tion, d, should be dealt with. At least three treatments
seem to have some merit:

(1) If in the future, knowledge of the standard
deviation may be available, perhaps from further experi-
mentation, then the best course of action is probably
to retain the entire joint likelihood funetion. |

When the standard deviation is known, the 1likelihood
function of T is obtained from Equation (8.3) by substi-
tution, See Figure 8.3 (bottom) which represents cross-
sections of Figure 8.2 at constant o. A considerablé
‘ improvement in the precision ofvestimating the ratio

might be obtained by this method.
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(2) The standard deviation may be taken as the
maximum likelihood value. Although this procedure has some
- justification, if the true value is significantly different
from the maximum 1ikelihood estimate, the likelihood func-
tion may bé grossly in error as shown by Figure 8.3.

(3) The standard deviation may be integrated out
using a weighting function. The problem here is to select
theyéorrect weighting.A'(Jefffies) suggests the reciprocal
of the standard deviation. This function is equivalent
to uniform Weighting fbr the logarithm of the standard
deviation. Note.that although the weighting function
has been taken from Bayesian literature, the result is
a likelihood function rather than a posterior distribution

because the likelihood of T has not been weighted.

| S £ (Ms|%,3) %_2 - USING TRANSFTORMATIONS
Uz%—)s'-'%s &U="65—‘=- &67 4_39. = —%‘__9;
t= 7—;/5. =AVN ,(L=0.0) , *+ ~NONCENTRAL ¢ (Szz")ﬁ);"‘\“‘)
. W N
[Emslns) a5 - (% oixs) s -

kS

-t + = N({st - Z9S E-(N—OSL
) [Ty o S 000

I

(Vz_f? 3) f ™ e.XP%: {}N G\J/_Kt— - 2’7)7-'*' (N")Ufgk oQ‘u =

s g S Ur(teNa)-2ut gV +NEn']
(V.;_ﬂ_sffu‘expﬁiu b 17.{
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It will be shown that this likelinood function,

- Equation (8.4),‘is_related_to-the noncentral t.density::

- in the same sense that the joint likelihood function, |
 Equation (8.3), is related to the normal density. This
~ link between the 1ikelihood,‘Bayesian and fréquén§ist
methods was found through énain;s“Qf‘thé likelihood 

function, Figure 8.2.
' Joint Density of X ¢ s:

1o\ N ‘(N‘i)‘sm(xu)a S8 0
- s T e Ky

8(X,s) =
| 'wherévPCN is a function of N;'t

- Joint Density of t é St

exp ((N l)s +21;x (%},? ch) )

g(t 5)

,N‘~
1<’N

 Density of t:

s [T e;p-(«* Z*’”")

x S ‘ :
RO Znﬁ k:y a;G:
. ! 0
R N ,UN
B i A e“P

i T s A o e g s s st om0 Ay e et
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(-}

-using: U=—g’_— S, AU = c_%s_ | , ‘.SN,-‘oQ,g = UM Ly
£ (£) ;Qt = (—l— N—l—, f:" éx‘, z(u € +er> Zutzw)wf‘afwzq, Au
e Ko ]

(8.5)

JEquatlons (8.4) andh(8.5)‘are»of'the same form.
| To»illustrate'the effect of-integrating out the
"standafd deviation, the resulting likelihood function,
eEquatlon (8 4), has. been evaluated for the sample data
f:and is plotted on- Flgure 8 3 (labelled alngle limit')
i  for comparlson w1th the JOlnt 1lkellhOOd functlon, Flgure: L
g2, - | | )
| 'The three‘treatmentsof‘the joint llkelihoed funotien
- are nOthequivalent, ‘Fergexamble,lin general the maximum .
f,likelihood estimates;'h, of n, will be different fof'eaeh.
‘tOf'the three metheds.d The éheiee is'controvensial; the
fauthor s reoommendatlon is to flrst plot the Qontours 7
- of the Joint llkellhood funotlon as this was most enllght-'
efenlng w1th the sample data. and- to employ the other two"'d

fmethods":vonly 1f necessary, that 1s,‘1f the true value |

d;~of the standard dev1at10n Wlll remaln unknown The second'_itl’

R method is not recommended unless the varlance can be
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‘estimated w1th con51derable prec131on, " that is a sharp,‘

'peaked llkellhood curve ‘must result from sectlonlng the

'301nt llkellhood at constant 7.

8.b. Maximum leellhood EstimateS»i

As prev1ously mentloned, in general, the three pro- .

~cedures for. treatlng the llkellhood functlon lead to
‘different maximum llkellhood estimates although they

| will be approx1mately equal. The max;mumvllkellhood

estimate for methods (l) and.(é) are.deﬁermined by‘sub_'
‘stltutlng the valuevof c«ln»the joint normal likelihodd‘

expre551on, Equatlon (8.2), and - determlnlng the value '

' ;of 1M that max1mlzes the functlon ‘ For method (3) ﬁhe
eestlmate 1s determlned from the noncentral t 11ke11hood

iquuatlon (8 4) or the follow1ng equlvalent expre551on.

oo £} S0 2 THER
g(f,ﬁ,t,) = TFT [ exp - -7 . Hh
’ 2= (=) » 2 R R f
O Br@vE eed T
where;’ife=vN-1- TR
Cs=zp WAL o
T >>oovf -,%(v+y)2‘ RS S
Hhe(y) = T exp ° . dv (Airey's function)
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The nonoentrallty parameter that max1mlzes this expresslon
 for a given sample may be found by trlal and error using -
"~ the (Mathematical Tables) of Alrey s funotion.- However,
- it is not_an easy task., ‘In the section written by R. A.‘
Fisher, a large\sample approximation foriAireyﬂs fanctiop(
is given and it is-showngthatefpr a gitendnqhoehtfality'
~ using the approkimation;_the modal value.ofsthe noncentral

t density occurs at’

(8.7)

The modal vaiue‘was_ottained by setting the first deri-

- .vative equal to zero. | The authOr'repeated the derivation
“f holdlng k constant and taklng the derlvatlve w1th respect
ad:to noncentrallty The result 1s a large sample approx1-_; d

"matlon for the max1mum llkellhOOd estlmate of” ﬂ

oA s

Comparlng the exact trlal and’ error. results w1th this

S

"approx1mation, it appears to ‘be reasonably accurate for.

.sample s1zes as small as ten.rﬂzsl;s e
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8.c. Bayesian Estimates

Within, this ‘thesis ‘there is no requirement for.
‘ Bayeslan est1mates of the performance rellabllltles but
Chapter 14 is devoted to Bayeslan estlmates of overall

~ reliability and, as an interim step in the_procedure,

‘h’the performance reliability functions are weighted’Withh

priorlprobability functionsi‘vDiscussion;will therefore

‘rfbe postponed until Chapter 14%. Here it is sufficient

~ to indicate that the posterior'probability of a perfor-

mance rellablllty is proportlonal to the product of 1ts

’,llkellhOOd and prior probablllty. The d1ff1cult1es ‘with -

- the procedure are . assoclated w1th selecting the correct
';prlor.dlstribution,h_the;integratlon‘of~the likelihood

lefunction and:the‘priorﬁprobability_is~fairly easy. .

' 8.d.‘ Double L1m1ts

' ‘InWChapter,Z, the problem of double limlts was dis-

..eussged and“in summary, the procedura adopted was to esti-‘

_‘mate the . areas in the talls of the distrlbutlon below S

‘fthe lower limlt and above the upper llmlt and add these
'pestlmates together .. The sum and_the correspondlng
lfequlvalent 51ngle:llmit ~k are'thenatreatedpas single

bmllmlt results. It was shown by s1mulatlon Program 7 2

. that slngle llmit and double limit performance parameters
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‘with the same reliability have similar sampling distri-
butions under this treatment and therefore,it was confirmed
that the procedure is approximately valid as reported by
(Resnikoff and Lieberman 1955 and 1957). |

It is'interesting.to re-eﬁaminehthis approximation
using theilikélihood funetionl_.Under the general likeli- .
‘hood principle’ (Barnard et al), two eXperiments which
produce equivalent likelihoodffunetiens arevequivalent
‘with regard to inference.; The double iimit procedure

' leads to the same inference”ifithe sum}eftthe eStimatee‘
1‘of the tail,areaé'inathe double’iimit.caee is the same as
‘the.estimates pfﬂthe{tailAarea;in the single limit case.’
-,V'The joint likelihoed of a givenpand o imply the likeli-

hood of both tail areas as well as the single tall area

rThe double llmlts were determlned, glven X and s, so that

ihthe estlmate h would be the same as the single 11m1t

;restlmate  The JOlnt llkellhood function, Equation (8 2),‘,

. was used to. produce the plot ShOWn as Flgure 8. 4 Three
h:edlfferent partltlons of . the estimates of ‘fail areas were

‘galculated: 100 /o 0 /o (51ngle llmlt), 50 ©/0:50 /o,

~ and 90 °/o: lO /o ~The symmetrlc Spllt (X = Li—) represents

e'one extreme whlle the single. 11m1t is the other extreme

- The three dlmen51onal figure that represents the llkellhood ‘t

functlon changes from a teardrop shaped hill (single llmit)
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‘to a curved plane (syﬁmetric 1imits);' In the tfansition,
~illustrated by the 909/0 100/0 split,_the function has
the curious prdperty of two,likeiihdod'ﬁaiues for eachv'
 value of 7). The explanation is that there are two values
of  for each o tﬁat produce the same vélue of 1T with
 different likelihoods. The symmétric split also has
this property but.fdrtunately the duél likelihood wvalues |
'_are équal. Therefdre~the analysis, which follows, Was
conducted on the symmetric split as the limiting case
~of the double 1imit‘pfoceduré;: Méthods for dealing withi_
a ﬁonsymmetric'split,_dua11valuéd, likelihood fﬁnction; o
are not knowh to the author. | .' |

bThé étandard,deviétion,was integfatedeut with the
i{reciprocalfweighting‘previously described. »Tfapezoidal
anumerical integratioh'ﬁaS'used based'on thé @gditionai
contdursiproduced bjiProgram"B;i‘but noﬁ‘plotted‘in»Eigure'
f,8.4, The results.afe‘shown ih-Figufe 8.3 (1aﬁe;ied 'Double
Limit‘), The;two;iikelihdod functibns, singie:and dotible
- 1imit, are equivalént'in.an‘aﬁprokimatezéense; If the
_ single limit likelihood funétion is used for a double
-1imitbinférence thefresui%s woﬁld,be optimiSfic; kFor M
°‘valueé‘less than'phe ﬁaximum_1ikeiihobd_vaiu§s;-the ddublé

© 1imit likelihood is greater than the single.limit likelihood
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- (when both likelihood_funétions are normalized by ratio
té their maximum»value).v Given double limits and alnormal
sample, the choice betWeén using a single limit or a.
symmetric,double,;imit likelihdod fﬁngtion will depend
on the degree of offset of the sample mean.’ |

It Should.be‘noted that the double limit probiem
- presented in Chapter 7 is not exactly equivalent to the .
- problem analyzed here. In Chapter 7 the-sampling distri-
“butions of doﬁble:and single limit'Qariables with the -
| same T Weré compared_whilé invthis;éhaptef;the sample
estimates were‘taken~as}eQQal,éndfﬁhé inferences ébdut

 ﬂ compared.
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CHAPTER 9

THE DISTRIBUTION OF h', KNOWN VARTIANCE

If variations in produotibnvproceéses-are,likely
to cause changes in the level of a normally distributed o
parameter, but not affect ﬁhe variance of the ﬁérameter,
and if historical data verify-this hypothesis, the-
variance may‘be'assumed known;v The_aoéumulated data
should be quite large,’at least fifty.to one hundred
obsérvations Spaoed,over affairly long'périod'of time
and a large hﬁmber,of baﬁohes:.~

The problem of making énxunbiased estimaté of the

‘proportion 7 less than;;gréater‘than,for between limits
is oonsiderably;reduoédIas the "statistic k' = XL can
v v %

be estimated with greater preoision'thanIk.= == . The

B a

primed superscript indicates known variance.

9.a. The Estimate h'

Again the ratio of the nuhber of observations
satisfying the limit (s) to the to;al_bbservatibms is
an unbiaséd-(but inefficient) estimate. (Resnikoff
and Lieberman,Al955) show that giVen'the above unbiased
estimaton:npt dependentvon the sﬁﬂficient.statistic,

X, that a uniformly minimum variance unbiased estimator,
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h', exists by using the Blackwell-Rao theorem. The
probability that any single observation y, in the'random
sample Xl’ XE"XB"""XN' satisfies‘the specif;cation
limits is h'. If g(y.,X) is the joint density of y and

X, and n(X) is ‘the density of X,

n' o= [ aLX) 4y (9.1)

where U and L .are the upper and the lower limits as
before. By substituting the appropriate density functions
and using a transfprmation,y(Resnikoff and Lieberman,

1955)_derive the following expression:

| U S '
‘ N3 -N(Y-X)®/20%(N-1)
B T N/2mno S ,

IR V-N‘-—lf”' =

-0

e W X-L N ..~/ X
Thetefore‘lf‘QL =5 NoT “~kL,_ o1 : <9f3)
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Single lower limit: h’L d> (CL) : (9.5)

Single upper limit: h}U =’<® (CU)' - (9.6)
Double limit: h' = h's + h'y-1 - (9.7)

. ' . . ' .
summary, to make an unbiased estimate of h given a

sample of normal data with known variance, ¢®, and a

fixed limit (s), calculate Cp and/or Cy as appropriate,

and using a table of the cumulative normal distribution

hl

=h'_ + h'

‘determine h'L and/or hfﬁ. For the two-sided limit,

u-

0 1. | f B - (9.8)

- 9.b. :The Distribution of h'

to
It

To illustrate the improvement in precision due

'the known'vafiance; Table 9}l'has been constructed.

shows5the samplingfperoéntiles-of,ki, hL,

;;._4E—'k',and n'

e L»for N = 0.90 and N = 10.



THE SAMPLING DISTRIBUTIONS OF k, h,"\/:

Percentiles

lOO

5
0
5
0
0
0
30.0
40.0
50.0 |
60.0
70.0
~80.0
1 90.0
s
5
0
5

. 0.
99.

S R e I T T ™ R TP S
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TABLE 9.1

N =0.90, N =10

" Unknown Variance

k

L4358
5075
6152
L7115
8284

.1012
2122

4449

L9814

L3241

.5862
.770l :
L0656
L3547
6480
0482

3.3685

h

.6636

.6889
‘.7é56v
7569

L7927

8653
8893
.0123
19330
9529
.9726
- .9912
99843

1.00000
1.00000

.8355

.99995 |

S R S A e e e T = S B E R

Known. Variance

L4924
.5755
.6976

.8026

L9237
.267 :
.526

631

899
004

.209

0704
1762

351
435

778

L1260

h:

.6888
7175
L7573
.7889
.8222
.8578
.8802
.8975
.9118
.9244
9361 |
_’».9485 
9623
.9720
9793
.9833
.9864
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Interval Eétimates

A procedure for determining confidence intervals

was developed as follows:

(A) One sided~-single limit: The subscript c
implies the lower one sided confidence bound
while the subscript o is used to indicate

* the observed value. The subsecript L (or U)

is omitted fthroughout.

|
Q

Pr(h' <M< 1.0 | )

? t — ' — - —
Pr(h' > h O‘,n =hn')) = 1-a =

o) c a '\/1_\1-
) W+ 4, —— =1L
c o\ /X c @ VN -
7 VWN-1 o
c _ N-1
( g =¢ N Za/\/ﬁ
= k' - Za/\/ﬁb
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Example: Given h'L = 0.99, N = 10
| ¢ =1.0, L = 100
what is hc=9oo/o = 9
- -1
Z g0 = 1.2816, Cp _<i1 (.99) = 2.3026

(B)

n ! =(i) (2.326 i% - 1.2816/+/10} = 0.9641

One-sided-double limit. The discussion in
(Resnikoff and Lieberman, 1955 and 1957) and
also in (Bowker.and Lieberman, 1959), although
not intended‘for confidence intervals, implies
that the errors in treating h' = hL' + -1

as a one-sided, single limit problem are

'small. Further, the 1955 paper comments that

treating the double limit result as a single
limit is a conservative procedure for quality
confrol, accept-reject, broblems; with quality
better than the AQL fthe double limit material
has a greater chance of acceptance than the
single limit and at inferior quality levels
there is almost no difference between the two
results. To study this curious comment in

its relatioﬁ to confidence intervals, Figuré

9.1 was constructed. This is analogous to the



- 130~

simulation Program 7.2 except that with the -
variance known, the sampling distributions'
may be calculatgd.

Analysis of Figuré 9.i supports the (Résnikoff and
Lieberman, 1955) conclusions; if the single limit
distripution is used to calculate a lower confidence
bound for a double limit variable, the answer will be
conservative, and over most of the fange, even at this
small sample size, the distributiéns are similar. It
should be noted that the upper bound of the one-sided

interval in this case is not 1.0, but rather

Nnax =v2x<b

proportion of the normal distribution is limited by

n-L

e

- 1.0 with p = L‘éﬁ . The maximum

the known variance and the limits, L and U, and occurs
when the distribution is located‘symmetrically between
the limits. This 1imit does not exist when the variance

is unknown. However, point estimates may exceed,ﬂmax

if X falls close to (L+U)/2. hp' + hi-lwill exceed the

—

X-L ./ N s w-L

maximum possible 7] because = N1 5 where
T L%H . There is no way of avoiding this paradox,

known to.the author, without destroying the unbiased

characteristic of h'.
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CHAPTER 10

A RELATED PROBLEM-VARIANCE LIMITS

10.a. THe Variable Limit

There is a related problem which is easily confused
with the problem discussed previously in this report. '
Givenvsample data from a normal distribution, what is
the value ¥ , such that X -%¥ s defines the lower bound
of an interval, bounded by plus infinity above, which
will include on the average a proportion, T, of the
normal distribution? Note that the lower limit is a

variable here and is not fixed as in the other problem.
Pr(¥ - X, < X s) =1 | (10.1)
where'Xi‘is any randomly selected future observation

distributed N(u,o2).

10.b. The Distribution -

| It will be shown that X is distributed as the

central ¢t distributién ﬁith N-1 degrees of freedom times
H%l . If U is normally distributed with zero mean-

and unit variandé and v has a X® distribution with

degrees of freedom aﬁd U‘and‘v are independehtly dis-

tributed, then the variable t = H;éf has a central t

(Student's) distribution.
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: ¥ 62 2 - (N+ly 2
Variance of {X - Xi)— Nt o = (—N—) o
X, N
Jlet U = — T N(0,1)
2 .
v = N=1) s ~ X2
52 : £
_ £ o=N-1 -
. - .
U~V i -/ N .
v - s N+1 ~ t({)
Xy oA/l
) - N ()
v N+1 ' ’
‘X Nt(” N N (10.2)

10.c. Referencés

The original derivation is shown in (Fisher, 1935),
again in (Wilks, 1941).and more completely in (Proscﬁan,
1953). This latter paper contains an excellent summary
of this type with various combinations of known and
unknown, variance and mean. It also includes tables of
valués of X ; . (Fraser and Guttman; 1956) and (Guttman,
1957) obtain similar results using measure theory notation

‘and discuss the optimum characteristics of these inter-

‘vals.
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10.d. Discussion

The distinction between these two problems is
subtle and is illustrated in Figure 10.1.
The double variable limit estimate is easily

obtained because the central t distribution is symmetric.
The interval X +“X s where X =\/1-\I—;l\-}i ot 1.m. (two-
, (N-1,57)

sided t) which qontain‘a“proportion 7 of the normal

distribution on the average.
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FIGURE 101

VARIABLE LIMITS VERSUS FIXED LIMITS

LIMITS

i
/|
i”L“*&"l SAA?PLE
XSz — 2
Irr_ *XS3 3
X 54 4
| ,

a) hy =h, = h, = hy,

2 3
b) The expected area to

1

‘the right of L, is ll

¢) ¥ is a constant for

a given T 4 n

d) As a function of M ¢ n,

% is distributed as

the central t x \/Eil

SAmﬁf’LEL

Mo

a) 'hl‘# h, # h3 # hy

b) The expected value of
hiis T

c¢) k is a random variable

for a given L. 4 n

d) As a function of L ¢ n,
k is distribution as

the non-central t/\/n
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- Part III

' THE SIMPLE MODEL

Statistical inference usually involves making esti-
mates in a parameter space from observatlons in a sample
space where both spaces are based on the same dilstribu-
tion. ‘Within the problem treated here there are two
‘sample spaces and two parameter -spaces, one of each for
the population of ground test firings_and for the popu-
latidh of mission firings. These two populations differ
for all the éeasons stated in Part I including the fact
that éeveral firings may be made on each ground test
éngines and the thrust and mixture ratio controls may
not be trimmed properly. The mission model is defined
as a single trimmed fifing made on each of the flight
engines. If the ground test data are similar to the extent
that only one firing is made per engine and some or all
engines are trimmed, they will be referred to as the
simple model and‘will be treated in this part. Fortunately,
this simple model is often realistic: if the data consist
of the finél acceptance firing of each production engine
these conditions will be satisfied. Functional, perfor-

mance and overall reliabilities will be treated in succes-

sion.
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CHAPTER 11 -

FUNCTIONAL RELIABILITY

ll.a. Definition

Funotional reliability is a measure of the mecha-
nical perfection of the engine. From inspection of the
‘definition in Chapter 3, functional reliability may be
divided into three factors for discussion:

Meu = Nstart * Tsteady state ¥ nshutdown‘ (ll'l)

Start reliability (nstart) may be defined as the prob-
ability that the engine; when operated in-the'manner

and ehvironment intended, will start'and rﬁn for ten
seconds. The start transient exposes the engine to
severe thermal and mechanical ‘shock; a typical transient
from zero to maximum thrust takes about one second. As

a result of this shock, more than half of all rocket

engine failures occur during the start transient. Shut-

» shutdown
ditional probability that given the engine has started

down reliability (T ) may be defined as the con-

and satisfied steady state funcfional requirements, ﬁhat

it wili shutdown Without damage to the vehicle or abnormal

‘loss of propellants.

steady state
. tional probability that the engine will run for the

Steady state reliability (7 ) is the condi-
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intended run duration or longer with performance parameters

within functional limits, given that the engine has

started.

11.b. PFunctional Performance Limits-

The requirements for satisfying performance‘limits
within - the definitionrof functional reliability may
appear strange and warrants additional éxplanation.
"There are two reasons for functional performance limits,
one physical, the other statisfical:

1. There are many missions which do not require
the tight, difficult specification performance limits.
The functional iimits correspond to thése easy missions;
the functional reliability estimate will be used as the
overall reliability estimate for these missions.

2. The performance reliabilify éstimates are based
on the assumption of normally diétributed déta. If a
functional failure occurs, the result will often be an
outlier among. the performance variables: that ié, a
performance value at an abnormai deviation from the.mean.
If rocket engine failufe analysis were an exaét science,
the analysis would establish’the difference between
random and causal dispersions. Unfortunately, failure

analysis is often a vain effort: many times the only
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indication of functional failure will be an unusual
performance datum and there is a mass of evidence to

- indicate that even when failure analysis produces a
plausible hypothesis, the hypothesis will later be
proved false. The functional performance limits lie
outside the specification performance limits and there-
fore, should be at least four or five standard deviations
" from the population‘mean as the alternative would imply
that overall reliability would be very low indeed. It
is there?ore proposéd that the functional performance
limits be empioyed as the criteria for outliers. If one
or more of the performance values lies outside the
functional limits, the firing will be classified as a
functional failure. Note that this proéedure does not
discérd outliers (the usual practice) but rather treats
them as functional fallures rather than including them
in ﬁhe performancé sample; This. is an arbitrary decision
‘but so is the use of a & statiétic as suggested by

’(W. R. Thompson) which requires an arbitrary selection
of the level of significance.  Another procedure which'
eliminates outliers is,that proposed by (Tukey 1965)

Who suggests routine elimination or 'trimming' of the
largest and smallest values in every sample. In the

author's opinion the loss of information would be too
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severe to use this procedure here and it is at least

as arbitrary as the procedure recommended.

ll.c. Welghting Factors

The system of weighting féctors briefly described
in Chapter-2 and in detail in Chapter 16 of (Lloyd and
Lipow) appears to be the best method for determining
the equivélence of short and long duration firings.'
Serious consideration Was given to the alternative: the
assumption of a constant hazard rate. The simplicity
that this assumption allows is very attractive as the
weighting factor calculation is both compléx and labo-
rious: the many advodates of thé assumption provide
support by arguing that as the reliability approaches
unity, the hazaré rate must approach a constant value.

» The author cannot subscribe to this argument because:

(l) it is not intuitively clear why a very small
hazard rate implies a coﬁstant hazard rate |

‘(2) the early portion of the firing follows the
shockvof the start transient and will often be affected
- by control and combustion instability for és 1bng as two
minutes after thé start transient. To assume the hazard

rate is donstant throughout the firing is contrary to

this knowledge.
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Therefore, althoﬁgh it would be mathematically convenient
to assuﬁe a constant hazard rate, the assumption does
not appear to be justified.

(Lloyd and Lipow) suggest using the previous nine
months data including a minimum of thirty failures to
 establish the weighting factors. At -high levels of
reliability, failures are rare events, and thirty failures
may_require'séveral years of firing data; such data
are still applicable and should be used regardless of,
their calendaf age because as the reliability approaches
- one, its growth rate must decrease and therefore, two
year old data may be as.applicable to the current engine
as nine month old data are at lower levels. The criterion
is not one of calendar age but rather the change in the
shape of the engine mortality curve as a function of
engine development: If the level of reliability has
changed littie it is probably safe to assume the shape
of thé mortality curve, has also changed little and,

'further, there seems to be no alternative.

11.d. Estimates

The application.of the weighting factors, wi (where
i indicates the time intérval) to estimate functional

- reliability, uses the model:
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k

hy = 1.0 - (Total number. of failures/( }: Niwi))
. i=1
(11.2)

where Ni::: the number of firings with intended
duration witﬂin'intenval i
k = the ihterval which includes the full
duration |
It is shown in (Lloyd and Lipow) that hp, is an unbiased
estimate of nfu if the'weighting factors .are knownj;
actually the weighting factors are estimated from very
large samples of data, perhaps two or three thousand
firings, and so the'estimate hfu is approximately, 1if
not abSolupely, unbiased. The weighting factors are
functions of maximum likelihood estimates of the prob-
ability of a shutdown failure and the Jjoint probability
of a start and steady state failure. hg. will be dis-

tributed as a.binomial variable with parameters
k k

p = nfu’ N = zz: Niwi ‘ The summation, ZZ: Niwi

i=1 i=1
is the number of equivalent fall duration firings: it'
is usually fixed by contract as a moving average of one
hundred during the development period and perhaps five.

hundred equivalent full duration firings during the
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production period, when more data are available and
reliability growth has slowed down. An intervai estimate
of nfu may be obtaihed in the same manner as anh interval
estimate of the binomial parameter. One-sided intervals,
~ bounded above by unity, are standard in the rocket engine
1ndustry w1th the confldence coefflclent set at 0.90.

The following relatlonshlp may be used to determlne the

~lower, one-sided, confidence bound, hc

1.0 - 0.90 = Z W th’r (1-n,)" (11.3)

- where: F= observed number of failures

N = equivalent full duration firings

~The estimate hfu is a maximum likelihood estimate of
nfu for the same reasons that the ratio of‘observed events
to total events is a maximum likelihood estimate of the

binemial p. The 11ke11hood functlon and Bayesian estlmates

- will be discussed in Chapter 14,
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CHAPTER 12

PERFORMANCE RELIABILITIES

Tﬂe three performance parameters are assumed tb be
 independently_§nd normally distributed for the reasons
presented in Chaptef 3. »Reliability estimates derived
from these data will also be independent. Part Ii is

devoted to this problem; the following is a summary of

the fesults}

l2.a. Specifiic Impulse

The problem of estimating specific impulse relia-
bility, nISP’ is equivalent to estimating the shaded

area in the following figure: '
FIGURE. 12.1

M NORMAL DISTRIBUTION

SPECIFICATION OF SPECIFIC IMPULSE

CLMIT (L) |

7= SHADED AREA

The statistical methods for détermining hISP’ a mihimuh'
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variance, unbiased, point estimate Of'nISP’ are developed
in Part II of this thesis in detail; one-sided, lower
confidence bounds for ﬁISP are also described.

A summary of the procedure follows:

(1) From the sample'values,-(Xl,Xe,XB,....,XN) of

specific impulse calculate:

N N =\ 2
K—Z}—(i s = iy 054 7%)
X = N o S=\"wm-1
1=1 -
(2) calculate k = %2l where L is the specification

minimum 1limit. The statistic k \/N is distri-
 buted as the non-central t with (N-1) degrees
of freedom and non-centrality & = Zﬂ /N
(3) Transform k teo a point estimate higp of Ty
by entering Table 13.16 of (Bowker and Lieberman).
hISP will be a minimum unbiased éstimate.
(4) Transform K to a one-sided, 9OO/Q‘coqfidence
interval estimate of T g, using Table ITT of
_this thesis. “

Example: Given limit L = 400 seconds

402.036 seconds, S = 1.00 seconds

X =
N = 10
h Enter Table 1%.16 with k = zéé = 2.0%, N = 10

ISP
Read p = 1.00%0, hrgp = 0.99
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hISPc Enter Table III with k = 2.036, N = 10

* .
Interpolate  for hISPC = 0.896

where p hISPC £ nISP < 1.0 = 0.90

12.b. Mixture Ratio and Thrust

Compared with specific impulse these parameters
are more complex because of their double limits. Both
reliability estimates are obtained with the same proce-

dure; thrust will.be used to illustrate:

)

. FIGURE 122.
NORMAL .DISTRIBUTION OF THRUST (FN)

M

LOWER LIMIT (L) UPPEE LIMIT (u)

i

I .
I ')')F SHADED AREA
l o

=/- AN, =

THRUST —

Again the statistical methods are described in detail

in Part IT and will only be summarized here:

*Interpolatlon 1n Table III should be based on the

standard normal deviate Z rather than p = (I)(Z ).
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(1) From the sample values, (X XE’Xj ....,XN)

of thrust calculate:

i=1 i=1

N

2l><
s

(2) Calculate:

(3)‘7Transform K; and K to p and p, by entering
Table 13.16 of (Bowker and Lieberman).

bpy = 1.0 = pp, - By

(4) Determine an equivalent single limit K, say

KEQ,by entering the body of Table 13.16 with
- (1.0 - h and N. Enter Table III with
EQ

K_.. and N, and interpolate (on Zp) for a lower,
one-sided, 90°/0 confidence bound. |

14700 pounds, U = 15300 pounds

Example: Limits: L

Data: X = 15020 pounds, S = 120 pounds
N = 10 -
x - 15020 - 14700 k _ 15300 - 15020
L 120 My 120 B
= 2.66 . 2,33'

Table 13.16: py, = 0.00004 .p, = 0.00189
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Unbiased point estimate: hFN -~ 1.0 - 0.0019%

= 0.99807
KEQ = 2.327
Table III Lower'900/o confidence bound
hFNC = 0.929

12.c. Known Variance

If the data, past history and ehgineering knowledge
support.the assumption of a known, constant variance,
the problemlis considerably reduced and the precision
-improved as shown'in Chapter 9. - ’
AExamplezi,Repéating.the previous example but assuming

the standard deviation is known rather than estimated:

v X-L » o - v U-X
K, =% - | Ky =75
Y S T /W \
CL -1 K Ca -1 Ku
= 2.805 = 2,458

il
O
\O
O
3
U

i

O
O
\O
W

@]

Unbiased point estimate: hFNr‘= hL' +,hﬁ' - 1.0

I
o
"0
0
O
U



‘_ A -1 i
CEQ = (I) (hFN )
= O (0.9905)
= 2.3455
oL ~/N-1

5 =C VW - %/
- 2.3455\ /18 - 1
= 1.820

.2816/3%.1623

It
(@)
\O
(0)8
N
(0)
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CHAPTER 13 .
OVERALL RELIABILITY

13.a. Point Estimate

The product of the four reliability estimates will
be an unbiased point estimate of overall reliability,

given that the estimates are independent and unbiased.

hy = hey brgp My Dy (13.1)

The precision of the estimate ho may be measured by an
interval estimate of ﬂo. An éstimate-of the variance.

of ho has less significance as‘a measure of precision
because the distribution is highly_skewed; it is useful,
however, for computing the efficiency of the proposed
method compared to the current method. Both interval

and variance estimates will be treated.

13.,b, Interval Estimate

* The distribﬁtion.of h_, given ﬂo, may be used tov
. establish a,lower,'one sided, 90o/o confidence bound.
The distribution is complex, a hybrid product of one.
binomial and three beta transforms of non-central t
variables. Further, the relationship between the dis-

tribution Qf ho'and the distributions of the factors,
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h,. , h h , was not obvious to the author.

ru’ P1spr PEne Pon
It was~helpful to consider the problem in two parts:
s ’ ¥ * ® #®
1. Given valuyes of M, =, nISP s Nen o Top (the
asterisks are used to indicate this particular
set) and their respective sample sizes, what
'is the distribution of h_?
2, What is the appropriate relatioﬁship'between )
the observed poipt estimates, hfu’ hISP’ hFN’ hrm
*® ¥ '3 *
and nfu s nISP s nFN ) nrm s such that the
ninetieth percentile of the distribution of
hox equals the observed h ?
With the SOlutiQnS to these problems, the desired
lower, one-sided, 90°/o confidence bound, h_, will be
x '3 ¥ . X . .
the product (nfu Nisp "on  Mpm ) and will satisfy |
<N, <1.0 =0.9 (13.2)

the relationship P hoo

" where the interval, h to 1.0, 1s considered a random

oeC

variable.

13.c. Overall Reliability Distribution

The variable hox is the product of the four factors:

® *® £ * * v
by =he, hrgp by b o (13.3)

The distribution of hb*' may be obtained from the distri-

. o * * x X,
butions of: hp,ws Brgp's Bpy s by
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* . . * * * *
P [ho < A} =P [(hfu Nogp Dpy oo ) < A] (13.4)

hfu3€ is a discrete variable with the binomial distribu-

tion:

k3

* AU binomial (p = N, N =N, )

hfu

h #® is a continuous variable which is a beta trans-

ISP
formation of a variable distributed as the non-central
t times the square root of N;gp. Methods for determining
seventeen percentiles of the distribution of hiSPK are

illustrated in Chapter 7.

_The distributions of hy, ™ and hrmxlére obtained
in the same manner as hISPK but represent approximéte
rather than éXact solutions because the double limit is
treated as the equivalent single limit. The accuracy
of this'approximat?on is discussed in Chapters 7 and 8.

A good approximation to thevdistribution of hoK
was obtained‘by‘considering thé three performance reli;
gbilities-to be discrete rather than continuoﬁs variables.
Further, the error in the discrete approximation is
bounded and may be determined. Consider the seventeen
percentiles of hISPK’ given nISPK = 0.90, n = 10, (from
Table 9.1) in thezfoiloWing Table 13.1.
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10.
11.
12,
13,
14,
15.
16.
17.

10,

- 50.

- 70.
. 80.
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TABLE 1%.1

DISCRETIZED PERFORMANCE RELIABILITY DISTRIBUTION

O/O

0.0

W5

o]
o

20.

30.
40.

60.

90,
95.
97.
99.
99.
100.

O O O O O O O O 0 8 b6 o o un

o

H P O O O O © O © O © O © 0o © o o o

‘_l

ISP

(@)

6636
.6889
7256
. 7569.
L7927
.8355
8653
.8893
.9123
. 9330
.9529
.9726
.9912
.99843
-99995 -
.00000
.00000

P(hrgp )
005
.005
.015
.025

.05
.10
.10

.10
.10
.10
.10
.10
.05
.025
.015
.005
.005 °

.00000

- P O O O © © O 0O © . 0 O © O O o o o

BOUNDS

I

.6636
.6889
7256
7569
7927
.8355
.8653
.8893
.9123
L9330
.9529
9726
L9912
.9984%
.99995
.0000
.0000 '

H H H O O O O O O © © O © o o o o o

=l

6636
.6889
L7256
.T569
7927
8355
8653
.8893.
.9123
19330
.9529
.9726
.9912'
.99843
.99995
. 0000 |
. 0000
. 0000
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As indicated in Table 13.1, the variable higp" is bounded
below by zero and above by one. The distribution may

be 'discretized' by considering the eighﬁeen intervals
between zero and one as eighteen probabilities associated
with eighteen values qf hISPX’ each value typical within
its correspondiné interval. The bounds Qf the typical
values are indicated as h and h.' Mixture ratio and

thruét are treated similarly. The result is four discrete
distributions. The bounds of the distribution of h_*

Lare-determined by taking all.cdmbinations of the factors

and their corresponding probabilities:

Upper bound — h "y 5y = Npyyt Brgpy By Brgyg

(13.5)
* ® '

Lower bound  B."(350) = Prui Brspy Bewke Lrms

(13.6)
s * _
Probiglllty ho‘(ijkﬂ) =P, EJ P P, (;}.7)
where: P, = probability of hfui’E

Fy= F [213-93 < hIst < EISPJ]
| Be= P [bpy < hFN,xV < bpygy]
| PE = P '[-tl-rmg- S hr~m3E < Er'mﬂ]
i= -l,é,},....,Nfu,(N+l)fu~
ko= 1,2,3,....,18
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3= 1,2,3,.0..,18
£ =1,2,3,....,18
I? the typical values of the three performance
reliabilities are taken as the lower bounds, the values,
hox, will be lower bounds and similarly for upper bounds.

x ——
The average value h i ., = (ho<+ Eo)ijkz/e. (13.8)

will havg a max1mpm‘error €= (h, - Eo)ijkz/e (13.9)

The cumulative distribution of hox‘may‘be determined
by ranking the‘vélueshoijkz and summing their respective
probabilities; |

Although eighteen discrete va}ues of each perfor-
mance reliability may éppear to'be a crude division,
the distribution oflhbx will hafe‘thousands‘of discrete
values, say m values..

‘where m = 18° x (Nfﬁ + 1) ; - (13.10)

I

5832 x (Np, + 1)

\the,max?mum>P [hoijkz] = (Ofl) * Py max (13.11)

0.001 Py poo

From a practical standpoint a discrete distribution '
with this fine division of probability approaches a

continuous distribution.
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13.d. Simulation and Discretized Results

- The results of a sample calculation of~the distri-
bution of overall reliability are plotted as Figure 13.1.
The calculation was done on an IBM 7090 computer as
part of Program 13.2 which will be described at the end
of this chapter. '

For'comparison and as a check on the‘method, a
Monte Carlo simulation of the same test case was programmed
on the ICT Atlas Computer, Program 13.1. The program 1is
shown (EMA Autocode)jwith the results in Volume II. The
functional data were similated by generating twenty
random numbers in the range from zero to one; 1if the
random.nUmber exceeded the functional}reliability, ﬂfux,
a failure was indicated, otherwise a success was counted.
The‘performahce data were simulated by taking samples
of size ten from a normal random number generator for
each of the three performance‘variables.v The performance
reliapilities were calculated from the non-central &
variable, K, transformed to an unbiased estimate of the
true reliability'osing (Table 13.16 Bowker and Lieberman).
Standard - normal distributions, mean zero, variance one, |
were used and the specification~limits were located such

}

that the proportion of the normal satisfying the limit

equalled the de51red true reliability, ﬂx. - The overall
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reliability estimate was taken as the product of the
estimates.- The entire procesé was repeated 1000 times
to simulate 1000 estimates. The ranked results are
shown as Prograﬁ 13.1 in Volume II. To provide a rough
estimate of experimental simulatioﬂ precision, each run

is repeated as shown in Figure 13.1.
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13.e. Confidence Interval

A one-dimensional confidence interval for overall

reliability, no’ represents a complex region in eight
dimensions; Tpys Higps O7gps Mmys 9FN’ Hpm Orm

no‘ The price paid for this simplification is a loss

of information and Some arblitrariness. The transition

and

from elght dimensions to five 1is accompiished“by inte-

grating out the three variances,_a process described

in Chapter 8. The results of this reduction -are the

five dimensions;} nfu’iGISP’ BFN’ 6rm and ﬂo, where 6

is the noncentrality parameter of the non-central ¢

distribution. To reduce these five dimensions to one,

an arbitrary relationship between ﬁhe observed point

estimates and the values nfu#"nISPx’ nFNx’ ﬂfmx may

be employed. Arguments may be stated against this

reduction but the confidence inﬁerval must be underssood

by non-statisticians: 5engineers, management and customer

representatives. A multi-dimensional representation of

even.four dimensions seems to be well beyond the present

'nstate of the-art of graphlc d1splay, so there appears v

to be no alternative to a one-dimensional solution at

this time. _ oL ‘
The only arbitrary relationship that seems defene

sible is the following: '
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®
nfu

3 ney e

u

o
Iv

. Dy lnFN

o
=z
I

(13.12)
The set of four T values are selected sﬁCh that the.
observations are equally likely. Any other relationship
is weakened by‘thg fact that the variances of the four
distributions are unequal; the producer would favogra
large value_of A for therberformance variables which
have sméll variances and a small value of A for func-
tional reliability as the result would be tq increase
the confidence bound. The customer might have.a contra-

dictory preference. Further, the rule does seem to bear:

an intuiéive relation to: the one parameter, two-sided

procedure of‘splitting~the probability area equally

between the tails of the distribution.. This procedure

is also arbitrary in the general case but it is widely
accepted.

'The additional requirement

is sufficiént to determine the constant A and the desired

' lower, one sided 960/0 eonfideﬁee’bound:

Y S S S S S St
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Boe = nox =‘nfux niSPx nFNx nrmx (13.14)
The random interval bounded by hoc and unity is not
the shortest (or the longest) possible interval. It
ﬁay be consideredito be a representative section from

the higher dimensional reglon, a section such that the

'observations are equally likely.

The calculations required to solve the above rela-
tionship are tedious and could not be considered without

a high speed digital computer. The procedure is a trial

" and error calculation based on assuming the constant A,

calculating the distributioh of overall reliability and
comparing the upper ninetieth percentile with observed

overall reliability, selecting a new value of A based

- on the error and repeating. Computer Program 13.2

accomplishes this task and will be described in detail

-at the end of this chapter.

The lower confidence bound marks the bottom of a:
wide. interval and as such the precision provided by this
method is more than adequate. Further, the error is

bounded and known.

i}.g. Efficiency

If the perfbrmance and functional sample sizes are

equal, the ratio of the variance of'hO to the variance
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of the binomial estimate of the current method will be
a measure of the relativg'improvement in precision, a
measure sometimes called efficiency.

Unfortunately the discretized distribution cannot
be used to estimate the variance of ho because the variance
estimates from the upper and lower bounds will not neces-
sarily bracket thé true variance. However, the one
thousand values of ho,frbm each simulation (Prégram 13.1)
provide a good alternative. The following felation was

employed: _ :
1000 : 1000
hiz - h, 1000
. . l ’
S ——— i=1 , (13.15)
: 999

Iflﬁ)is the binomial estimate of ﬂo using the current

method, the variance of hy will be

%

2 = Ny (l-ﬂo)/N, where N = sample size . (13.16)
An estimate of efficiency will be the ratio, (s2/0,2).
A plét of .efficiency is shown as Table 13.2. These

results wefe’calculated using Program 13.1.
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TABLE 13.2

_EFFICIENCY RESULTS

: N=10
<N NeuF Py ——————
o 20 99 999
b7 eesey | Ca73) (:897)
90 631 844 883
6IT 782 18
'(.72?.) (%l (:987
M., so| S84 503 | @43
| .568 465 .804
(128) (969) -~ (.990)
o0g| 559 [ 321 399
% _ - .55 | .357 B 452



- 164 -

13.h. Summary

Having attacked the problems of the simple mcdel
one at a time some clarity may be achieved by summari-
zing the procedure for obtaining point aud interval
estimates of overall reliability and 1llustrat1ng the
_appllcatlon of'.the procedure to an example

Step 1. Functional data. Calculate weighting
factors from Several years of prev1ous data includlng
at least thlrty fallures. . Assign these weighting factors
by actual flrlng duration to each flrlng in this period.
Sum the weighting factors in reverse chronologlcal order
until the desired number of equivalent full duration
firings is reached. This definesjthe sample of both
functional and performance data. The humber of funec-
tional failures observed in the sample divided by the
number of equivalent full duration fifings (the sum of
b'the weighting factors) is best unbiased; maximum like-

lihood estimate of functional reliability.f Refer Sections

" 1l.c. and 11.d.

Step 2. For each performance variable : ' Calculate
: the}average, i, and the sduare rootlof thefunbiased
Aaestimate-of the variance, S. Refer Section 12.a. For
~ specific. impulse, calculate kIS (X\- L)/S. |

Step 3. For mixture ratio and thrust: Using the
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lower, L, and upper, U, specification limits, determine

-the lower and upper values of the statistic k.

K =2E g ST E (13.17)

Using (Table 13.16 of Bowker and Lieberman) transform

these k values to unbiased point estimates of hi and

By

h = hL

+hn -1 T (13.18)
vInterpdlate in Table 13.16 again,'to determine the
equivalent, one-sided, k. Refer Sectibn 12.b.
| Step 4.. The remaining steps are also illustrated
by computer Program l13%.2 in Fortran iV>language, pre-
pared for an IBM 7090 computer. The step numbers are
indicated on the flowvdiagram, Figure 13.2. Program
\‘13.2 in Fortran IV language with é_sample printout
of results 1s'dontained'ih Volume II. ;The following
'samplevdgté‘will be used to illustrateithe'procedure
and’fhéfprogram: ‘ |
Fﬁnctional reliabilitys o‘railﬁres
: | 20 equivalent full duration
firings  :l |

By = 1.9
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Performance reliabilities: Nygp = Npy = N,, =10

kygp = Kpy = Kpp = 2.036

hygp = ?FN = h,, = 0.99

Overall reliability: h = 0.9703

Begin an iteratiye calcﬁlation by assuming a value
of the constant A. It is convenient to select the com-
plement of one ofvthe seventeeh percehtiles used to
calculate the k distributions in Section 5.a. The value

nfu¥ is obtained from the cumulative form of the binomial

distribﬁtiop: | _ \ | |
F [C LF nfux] =A . (13.19)
P o | o
- : ' N-r Tr.
A= Z TTIN-T) T ﬁir r (Ne,™) (1-Np, ™) (13.20)

Step 5. Thé value nIéP* is obtained from the non-
centrality of the noncentral t distribution. Using
Table IIL, entering with confidencé level setVequal to
the comp;ement of A and the obsered K, detefmihe nISPx
from thevnoncentralityrof the distributioh that satisfies
~the relationship: ;

P [hIéPx 2 hygp | nISPx] -A= - (13.21)

R kasplaf\/_N__Zp)




Mep = P (Z) (13.22)

T]FNX aﬁd nrmx arelobtained similarly.

Step 6. Performance rellability distributions.
Given the parameters nISPX’ nﬁNx;.nrm? determine seveh-
-teen percentiles of tﬁe distribution of the corresponding
k™ values from the noncentral t distribution as tabulated

in Table III. Refer Chapter 5.

Step 7. Transform the k distribution from Step 6
to reliability values using Table 13%.16 of (Bowker and
Lieberman). Refer Chapter 7. The results of steps 5,
6 and 7 applied to the sample data with A = 0.3000 are
shown in Proeram 13 2 Volume IT '

Step 8. Functional Reliability Distribution.
'Determine the distribution of functional reliability
?using the non cumulative form of the binomial distri-

butionf Refer Chapter 11. |

T R
ey = r/N s Plhpy™ = v/N) = gyt (Mey ) (Mg

Step 9. Consider the performance reliability ’
distri’butims as discrete with eighteen'values. Ass1gn

the upper bound value for interval as shown in Table
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as n x 4 matrices where the columns are lower, upper, -

.

¥ ¢va1ue of the constant A.
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1%3.1. Take the product of every combination.of one

“value from each of the four distributions and rank the

results to obtain the overall reliability distribution. '
Refer Sectiens 13.c. Computer program results for the
sample data are shown for A = 0.40 dn Volume II." There

is an option in fthe program at thls p01nt that prlnts

the cumulatlve distribution using 1001'1ncrements from

zero to one if desired.

Step 10. From the ranked distribution determine
the ninetieth percentile of overall rellabllity and the
fractile of the observed overall rellablllty. Refer

Sections 13.d and lj.g.
Step 11, Repeat steps 9 and 10 for the lower bounds

of the eighteen intervals of the performance rellabllltles.r
Step-12. Determlnevthe mean of the lower and upper
values of statistics in Step lOJand the maximum error‘

as half the difference between the lower and upper.

Arrange the answers on the ninetieth percentile, fractile,

‘mean, maximum error and the rows correspond to values -

of the constant A. Store the values ﬂfux, nISPx’ ﬂFNK,

x

o and ﬂ ®asamx 5 matrix;_ where m_is‘the_jth

Step 13. If steps 4 -'12 have been repeated suff1c1ent
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times so that there.are at least two values of the fractile
(Step 10) above and below 0.90, continue on to Step 14.
Otherwise increase the constant A and return to Step 4.

A summary of the results of Steps 10, 11 and 12 for the
sample data is shown in Volume II.

Step 14. The final answer, ﬁhe lower 90°/0 confi-
dence bound fof overall reliability, may be obtained by
two different methods: both are illustrated in Figurev
13.3. One method is to interpolate on the upper and
lower bounds of the fractile of‘observed overall reli-
ability, entering with'the'value 0.90; the other'method

is to interpolate on the bounds of the ninetieth per-

centile of the distribution of overall rellability. .

In both methods the answer is the midvalue of the inter-

polations} Both methods were programmed. The percentile
methéd appears to be superior at low levels reliability;‘
as ﬂO¥ is almost a linear function of percentile while
the ﬂraétileifunctién is better at high reliability“ |
(hO >'O.99).i Lagrange third order interpolation i$
employed in the program fto deﬁermine'the finai nesultsi
shown in Volume II. - The value 0.884 is thevfequiréd' |

lower 90°/o confidence bound for overall reliability

for the sample data.

It should be mentioned that the mean value of the

R PR N P O N T PRI A RS
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expectations of the lower and upper distributions does
not equal ﬂox. The difference is a measure of ‘the bias
in the method of using the midvalue of the upper and
~ lower bounds. -Some consideration was given to applying
' the bias as a correction to the distribution of overall
reliability but the idea was rejected because there is
no reason to believe the bias is constant oveﬁ the range
of the distribution. The expectation may be caléulated
using a modification of Program 13.2. '

" A tabulation of typical computer results is shown
in Table”13.3. |

The so1ution to the known variance problem was not

programmed but;may be obtained by a simple modification
of Program 13.éj instead:of using the non-central t |
Subroutiné,to obﬂain tﬁeAperformance"reliability dis-
,‘tributions'a.cumulative normal Subfoutine is required. -
‘Bothyéubroutines‘are available/in‘Prbgram413.2. |

Pl
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CHAPTER 14 S

LIKELIHOOD AND BAYESIAN ESTIMATES

Two'estimates of overall reliahility have been .
developed;h an‘uhbiased point estiﬁate and a;lower,
oheesided, confidence:interval. These estimates are
o required'by’most rocket,engine.cohtracts ahd they pro-

Cvide a means‘ef cemparison'between-the proposed method_

' and the eurrent method;;:Howevergbwhethef these are the
. optimum type of estimateefferhthis pfobiem‘is~question-hv

“able and it is approprlate that other estlmates shouldv

fbe treated here

f14 a.\ leellhood Functlon |

' it is usually 1nformat1ve to plot the llkellhood
functlon but unfortunately the function for overall
'reliablllty involves seven parameters and therefore,-
the plet requlresAeight~d1mensional space. Using Method
:~_(5)_btheetion 8 aln(integratingfeutvthe'standard deV1aa:
tlon W1th rec1procal welghtlng) the seven‘parameters-f g
may be reduced to four but a flve dlmen51onal plot 1s_,
‘stlllvtoQ complex to. he easlly understood. The problem,
isyahalogous tbjthat ofithe}ebhfidenceihtervalfdiseussedt'

in Chapter 13;  a further simplification is required.
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Program 14.1 was'developed'to investigate several
" alternative solutions;~ Thevobjective Was to produce a
- two dlmen51ona1 plot of a representatlve 11ke11hood
functlon of overall rellablllty
The following method was used. Thevinterval from
lzero to one was divided ihto 10011intervals or |
| cells. The likelihood function of}each"of the four rel-
5 iabilities was represented by twenty‘more values between |
”kreliabilities of.zere‘to one., All combinatieﬁs (about |
Ca quartervof a.miliion) of the likelihood functions were
"calculated ahd stored inethe'apprepriatebceli determined'
1'by the'eorresponding value efkoverall'reliability. Ther.
‘- resu1t waS‘a'eample of likelihood'Values, an average |
ZOfeSeveralbhﬁndfed;'in each cellf}‘The'prOblem was then
'; to select a representative-value; althOugh both‘the v’ 
maximum and’thejmidrange:have some.merit, the author-
;‘believee the‘average value is the best choice, {The'l@ttér
‘is plbtted.in;Figure 14.1 for'the assumed sample data.jf
If the avefagevvalae.curve isltaken as typical 6rvrepre-
v'sentatlve, the ratio of likelihbod values from the curve
’may be used as an estlmate of the odds in favour of one :}L'
value over another value of overall rellablllty 'The;_;' 

average value w1ll be affeoted by the choice and number



EUNCTION




_177_

of values»for the four likelihood functionsgv there should
be a sufficient number to define each curve, particularly
in areas whéré;the~slope changes rapidly. Values of the
“non-central t probability density fuﬁction were tékeﬁ
from two different tables for the éxample illustrated,
 (Resnikoff and Liebermah 1957) and'(OwenS). Forhlﬁately
’-these tables haﬁe different incrementsbof the argumeﬁt |
1 of the function.‘.- _

This approach is equally appllcable to Method (1)

and (2) likelihood functions of Section: 8.a.

‘:14.b. Max1mum Likelihood Estlmate

A
The max1mum 11kellhood estimate of ﬂ : ho. - As

;the factors in the product h are 1ndependent the maximum  ‘.'

- likelihood estimate is the product of the maximum likeli-

hood estimates of. the factors

A AN AN A A

: hohzith hrgp hFN L (14'1)

The estlmate Ney defir’led'in”Ch'apter' 11 is a maximum
“11ke11hood estlmate - The maximum 1ikelihobd‘estimate$v

of the three.performance yeliabilitiesvare based on‘the
~non-central t‘densiﬁy function as described .in Chapter 8.
"Example:  For the same assumed data used»in.@he:prévipus;

‘chapter;»
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Unbiased point estimates:

hoy =-1.0 h = th~= h

p s hrgp 0.99

rm

Ney = 20, Npgp = Npp =N =10

‘A AN A AN A
by = Bey Brsp Pey Brg

1.0 (0.9825)3-‘
0.9484

1k .. Bayesian Confldenoe Interval

The Bayeélan posterlor probabllity is proportional
to the prdduct of the:1ikelihood’funotion,;t (no), and

_ the Bayesian prior probabilityfdensity,‘b(ﬂo). There
‘appeared to be two different approaohes to developing a
,lowerv900/o BayeSieﬁ confidenoe ih@erdal'for overa;ld'
,rellabllity, each'with ad#antages’ovef the'other,vand,

therefore both were developed

1.4, Simple Nethod

A simple but approximate eoiution}may be obtainedv
from'the'representetive 1ikelihood fdnction fofiovefell-_
'rellablllty developed prev1ously (Sectlon 14.@) The‘

follow1ng equatlon is used
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f o‘i(n)b(n)dn

0.90 = (14.2)

f X(n)b(n an
(@] )

The best choice for the prior distribution, b (no),

is one established from past data, but lacking this, the
most populaf choice is the uniform distributiqn in the
k.interval zero to one. It is‘ﬁsed herein as a means of-
developing a Bayesian‘pPOCedure_butvit is not supported
by the author as.a iogicai distribution assumption for
- this application; if it may be assumed?that the overall
‘reliability is equally likely to lie anywhere in the in-
tervai' Zero to'6ne, considératibn shoﬁld prbbably be
'glven to cancelllng the engine contract. |
- Based on the uniform prlor dlstrlbutlon, Zero to
one, solutlon_of Equat;on (14.2) is simple; the 1001
kcells of Program 14.1 are summed , 'cumulatlvely, and the’
one-sided 9O /o Baye51an confldence interval is bounded
above by l.O and below by,the qellzcontalnlng the flrst’
*‘decile of the_dumulétive distribution. Fof thé same
‘assumed saﬁple_data used invthe ﬁrevious éxamplé, and the
likelihood function from bthe ndn—central t, (Method 3),:
‘the Valué O.804-wés]determined_by;Pngram 14.1 using the

averége 1ikelihood. It is interesting to note that the
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three methods, average, maximum and midrange likelihood

functions, giﬁe_approximately the same answer. .
The_advantage of this solutibn is its simplicity;"

any prior distribution may be easily combined with- the

two—dimensionalblikeiihood function. For example{ if'

a uniform prior distribution‘in the interval O.80‘to

1.0 is assumed the one-sided lower 900/6 confidence bound

is 0.84L4. The disadvantage is that the answer is approxi-

mate because a.two{dimensiqnal likelihood function is

- used to répresent an eight dimensional function. However,

the results are'encouraging when'compéred with the'more

| exact solution. that follows.

14.e. Complex‘Méthbd

A much”ﬁore precise solution is obtained by consi-
o dering the product.of.the likelihood functians and the
prior distributions of the four independent reliability
fagtors. e | |
LS 2O (M) LY b (1) e b1 »)oamuoe ook wmm
(774«7}:507')=~7')rm> he) - ,

f m /x(maﬁ(n@z(ncoimm) bma b 0)3.9 b('nm) b (7’)%}017); ow)maenm e
(ALL ’néuntsp 7):~ ’hrm)

(14.3)
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Each of the four likelihood functions is described
by twenty to thirty intervals covering the range of feli-A
‘ability from zero to one. In the manner of trapezoidal
‘integration, the likelihood value for each' interval is
taken aslthe average of the likelihood at the two extremes.
of the interval. The prior probability of the inteérval
is obtained as the difference between cumulative prior
probability evaluated at the extremes of the interval.
‘Each interval.is'indexed.by reliability; to obtain a
solution with bounded error the calculation is done twice,
first using the reliability at'the.upper bound of the
~ interval and then the‘lower_bpund; For each combination
of the four reliabilities; a weight is determined as the -
product of thevfourwlikelihoodsland'the four prior prob-
abilities. (Again'there are abont a quarter'of a million
‘combinations).. The weights are accumulated in 1001 cells
of reliability between Zero and one. The cumulative‘sum
| 6f “hess eells 15 used te find the'eeii eenbaining the
first‘decile- then the values within that cell are'ranked
~to find the exact combination that determines the tenth
deCile. The average of “ the upper and lower bound solutions‘
Wlll have- an error bounded by half the difference between
‘the solutions. The method is illustrated by Program 14.2.

The first case Investigated was based on assuming
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a uniform prior distribution in the interval zero to one,
for the four reliability factoré. ‘The result was a lower
90°/0 bound of 0.613% + .046 for the same data used with
the simple method. The explanatlon for this surprlslngly
low result is that the assumptlon of unlform prlor dlstrl—

Vbutlons for the four rellablllty factors is not equlvalent
to a uniform prior distrlbutlon for overall reliability.
If tl,t2,t3,t4 are independegt random variables with

" identical uniform distributions}in‘the interval zero—one,

the product to‘=»?l X t2 X t5 x t4 will‘havelexpectation:-

E(5,) £ (5y) x E (t,) x € (t5) x E ()

i

(0.5)4 = 0.0625 ‘ (14.4)
This pessimistic weight function is reflected in the
~very low 90°%/o Bayesién confidencebbound obtained above.
Therefore, to use this method, it is necessary to

- relate the factor prior distributions to the equivélent

Ckprior distribution for thefproduct.k Starting with a

given prior for the product, bVerali reliability, it is
. an interesting,prqbiem iniinvefse(convolution to determine
the prior distribution’of‘the independentyand identically
 ‘distribuﬁed factors. (The ideﬁtidaily‘distributed charac--

teristic is assumed here but may not be required).
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VThe following'solution was suggesfted by Professor
G. A. Barnard for the case of the uniform distribution
of the product and it will be useful in a more general
sense: | | | .

If the prior distribution of M = T, hIsP’nFN {1
is uniform in The interval zero to one, with

prior density: b(ﬂo) = 1.0, 0 < Ny < 1.0

= 0,  otherwise - (14.5)
and if 6 = -2 log 7, the transformed variable 0 will
have prior,density:

» ' 1' ,—90/2 o ‘ ‘ ¢
b(ed) =5 exp. s Q <6, < @ . - (14.6)

This is the exponential density function with parameter
A= % and expectation"% = 2. It is also the X? density
function with:two’degrees of'fréedom.‘

QE_ -2 log no -2 log(ﬂfu ISP ﬂFN nrm)

-2 log nfu -2 log nISP -2 log nFN -2 log ﬂ

°ru * C1sp T Opn t Cym (k)

If the four variables on'the right side of Equation (14. 7)
are 1ndependent and 1dentlcally distrlbuted as X2 with

 degrees of freedom f = 1/2 e will be dlstrlbuted as X2
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with twé degrees of freedom because of the additive
'characteristic'of.independent X2 distributions.
The results of applying_this.solution to the sample
'data are illustrated in Volume II as Program 1L4.2, and
in Table 14.1, a summary of results. The agreement with
the simple method 1is reasonable. |
This method may be employed with other degrees of
freedom to simulate prior distribﬁtions for overall
reliability over the wide range of X* distributions. The
Russian tables by (Sluckii, E.E.) provide a simple,
accurate method of'géneratingvX?’diStributions with
ractional'degfees of freedom. Further the value 2 in

the transformation‘fromvﬂ ﬁo © may also be varied.
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TABLE 14.1

SUMMARY OF RELTIABILITY ESTIMATES

ASSUMED DATA

Functional: 20 tests 0 failures

Performance: NISP = Ngy = N, = 10
X1ap = Xpy = Xy = 2036
S1sp = SFy = Spem = 10

0

I

LISP (LEQ>FN =-(LEQ)rm = Oi

nfu’ nISP’ nFN’ nrm

(A) Unbiased Point Estimates (Chapters 11, 12)

by = 1.0, hISP,= Dpy = By = 9'99_‘
(B) Maximum Likelihood Estimates (Chapters 8, 11, 1%4)

By = 140+ Dygp = By = By = 0.9925

(C) Frequency Tnterval Estimates (Chapters 7, 11, 12) °
‘909/0 éonfidence: Belo = 0*89l‘ | ,
"’;, Brspe = Bpwe = Prme T 0.896
'(D) LikelihoodvFunctions (Chaptefs 8, 14)
| See Figures, "Chéptér:S % Programs 14.1,
' . o . 14.2
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7

ov

Unbiased Point Estimate (Chapter 13)
h_, = 0.9703 |
Maximum Likelihood Estimate (Chapter 14)

A
ho, = 0.9484

Frequency Interval Estimate (Chapter 13)

hoyo = 0.884% + 0.011

Likelihood Functlon (Chapter 14)

Figure 14.1
(E) Bayesian Interval Estimates (Chapter 14)
90°/0 Confidence
| - PERFORMANCE .
‘ METHOD LIKELIHOOD | PRIOR DISTRIBUTION

- LOWER
. BOUND

Simple (14d) Method (3)(8a) Ny uniform O—l.O‘

Simple (14d) Method (3)(8a) 7, wniform 0.8-1.0

Complex(lhe) Method (3)(8a) TygpsTaysNpys N,

uniform 0-1.0

Complex(lle). Method (3)(8a) ﬂé-uniform 0-1.0

| Complex(1le) Method (2)(8a) N, uniform 0-1.0

0.804

0.8}

- 0.613+.046

0.776+.05

0.873+.025
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14.f. Choice of Estimates

Methods for estimating 0verall'reliability and its
components have been developed under the three schools of
inference: frequentist, likelihood and Bayesian. This
might have,been avoided if the author believed that one
of these approaches is clearly superior to the otﬁer
two; all three have advantages and disadvantagés;-

The final choiceIWill be made by ﬁhe customer,
probably in a Writtenkcontract,.after considering the
pfoducer‘s recommendations. The choice shouid~5e based
on the'reQuiréménts of the application and the quality -
of the data, The requirements might be defined as:

(1) a need for‘a point estimate to indicate the
. leVel'Of reliability échieved

(2) ‘SOMe meaSure‘of unceftaiﬁty as a gaﬁgé of

pfecision | ‘

(3) a method of gcmp@ring'the estimate with reli-

| 'abiiity requirements or goals; |
(4) vaAmeans'of combining éngine estimates with-
other system estimates‘to estimate vehicle
; reliability. ﬁ | |
(5) perhaps'most importént; the'éstimates must be
readily.ﬁnderstoéd’by'a lérge_audience of non;:

statisticians.
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The point estimate employed in the current method

is both unbiased and also a maximum likelihood estimate.

" The point estimate of overall reliability developed in
Chapter 13 is unbiased, bub it is not a maximum likelihood
estimate, while the maximum likeiihood estimate deyeloped
in this chapter is not unbiased. The choice between the
two is.difficult. The good statlistical characteristics
of maximum likelihood estimates are well known to stabi-
'sticians and in general, they are better than unbiaéed
estimates; unbiased estimates are more‘popularvwith-npn—
statisticians and some education would be fequired to
~change to maximum likelihocd estimates.

* As a measure of precision the competitérs are the
(1) frequentist and (2) Bayesian confidence intervals

- and (3) the likelihood function. 'A.gréat deal has been
said and written about this Choice,based on theoretical
considerations. The'éuthor’s experience 1s entirely

., with the fréquentist approach; it is a subtle concept

| whiéh is both popular and~generaily'misunderstood by
project engineers and managers; 7Thi$ last is a seriéus
drawback and it is sufficient to inspire consideration

of alternatives.'
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14.g. Conclusion

For a trial period, the author proposes to conduct
a competition between the methods. The criteria will
e the reaction and éomprehension of the producer and
customer project engineers and management. These ‘are the
people who take action on the estimates and they are
not statisticians. It is intended fTo publish both:
(1) unbiased point estimates and a frequentist
| confidence interval, and
(2) the maximum likelihood estimate with the
likelihood function, or if a good prior dis-
" bribution exists, a Bayesian confidence interval.,
The likelihood functlon will be presented as |
a means of evaluating progréss toward reli-
'ability'objectiVes; in its relation to the
'maximﬁm likelihood estimgte, and as a meésure

of precision.’
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PART IV

COMPLEX MODELS

The simple model described in Part III will often
be appropriate. There are several other situations

however, which occur often enough tQ warrant consideration

. even though they are much more complex: a sample space

in which there is more than one firing per enginé assembly,
the partition of the sample space due»to trimming, a
mission space with‘muitiple firings and hultiple engines,
and the‘effect of=instrumenﬁation preéision;_ All of

these cases share the common prdbiem of dissimilar mission

and sample populations.
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CHAPTER 15

.MULTIFIRING SAMPLE SPACE AND TRIMMING

" 15.a. Complex Versus Simple Models

Experimental engine assemblles are usually fired

. more than once; the cost of installing and removing

- engines from a test stand expressed in money and time

is large and multiple firings may expose wearout failure

modes to correction. It 1s in the best interest of reli-

L ability improvement to encourage this form of accelerated

_ testing even though it makes reliability estimation more

i difficult. Similar reasoning follows for untrimmed

;‘firings; intentionally probing the limits of engine
'operation by running at extreme values of thrust and

? mixture ratio produces both performance'and failure in-

3lformation that is invaluable for improving the engine.

Unfortunately, this type of data does not provide

' as much- 1nformatlon for reliability estlmates as the
df[51mple model data. described in Part III and the solutlons
} which follow are more complex and more approxamate than
f.the simple/ﬁedel solution described in Part ITI. Fortu-

; nately multifiring data can always be reduced to 51mp1e

- model" data by randomly selecting a 51ngle firing from each

ki s b i ok 3 m s
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engine and discarding the remaining firiﬁgs. The decision
to eiﬁher (1) discard data and.use the simple, more exact,
methods or (2) use the complex models'with more approxi-
'mate‘methods shoula be based on the improvement in pre-
cision versus the improvement iﬁ accuracy. Two guide-
lines may be suggested. If the number of engines in the
sample 1is lerge, say fifty or more, the precision of
the prdposed method will be improved very little by
1érger performance samples and ﬁherefore, the simple
"model should be used. If the run-to-run (within enginej
variance, cRa, is extremely small, compared to the engine-
to-engine Qarianceg GEZ,-the gain in precision obtained |
"by considering more than one firing per engine will be
3 very small and again, the simple model should be used.
Otherwise, the deefease‘in the length of the confidence
.interval is recommended as a guide,'pefhaps 50/0. that-
ever criteria are employed it Should be‘qlearly understood .
between producer and consumer prior to its application; |

In'general, each performance parameter will have different

‘ji degrees of freedom and variances and'therefore,vthree_'

B decisibns will.be required, one for each parameter.
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15.b. The Complex Model

Assume the data sample consists of r firings (runs)
made on each of e engines and the mission consists of a
single firing. The standard Model II analysis of
variance may be used to describe the sample data. The
following procedures are structurally based on the
literature available on the Model IT ANOVA particularly
(Davies), (Keeping), (Owens), and (Brownlee); however
the application is different from the usual one described
in the references. Consider the model:

Xij = U+ By o+ Rij _i »f R (15.1)

where | is a constant |

E

2
im N(O, GE )

R, N(Q, 05”)

14
i = 1’2:,3,..'..,e_

J = 1,2,3,....,1'

- 15,c. ‘Engine—to-Engine Variation

The grand mean of all engines isuu. The mean value
of engine assembly i is p + E, with variance GEE. ‘The

magnitude of the englne to engine variance, E s is a

l‘~measure of quality control, w1th perfect quality control_

- and ideal raw materials this variance would tend to small
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yalues. This is particularly true of specific impulse,
which is independent of trimming but the mean values of
mixture ratio.and thrust are determined by adjusting or.
trimming their respective controls. The_trimning pro-
cedure is part of the production quality control but .

even under ideal conditions the variances of these two

. parameters will not vanish as they are also a function

of the runfto—run variance. If the trimming is done on

* the first firing, the procedure would be to observe the

value,

X'il.= W+ E'S + Ry ,(where.primes indicate

before trimming) and adjust the control during

the firing until the observed value

il 1 il

which implies that E; = -Ry;. It follOws that for mixture

~ratio and thrust the minimum value of the variance CE

‘will be @ unless a more complex trimming procedure is

, R
employed.

‘ l5.d.'\Run—to¥Run Variation

" The run-to-run or within engine variance, RZ’ will .

‘fbe ‘a function of engine repeatability and 1nstrumentation

precision. The problem of true versus indicated estimates

X, =4 =@ +E, +R - (15.2)
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will be discussed in the next chapter. Here it will

be assumed:thatueither the instrumentation'precision

is small or unknown or that the required mission estimate
is to be based on indicated wvalues (including'instrumen-
tation precisidn) in contrast to true vaiues. The
variahces, oﬁz and UE s, are usually referred to as com-
ponents of variance. Estimates of the componehts of

variance may be obtained from the following table:

TABLE 15.1 ‘
- ANALYSIS OF VARIANCE

Source Sum-of—Squéres', | D.F. = E(Mean Square)
Engine—i‘ ‘ SRR . '
_ _ 7 T > _ 2 2

to | rzg: (xi. x._) Sl »(e 1), 0" + T O
Engine - i _ B S
Within . , | |
Engine - . o g ' ‘
" (Run-to- }E: (X. J-X 2 e(r-1) ' °R2
’Run) ' SRR S
TOTAL EE:(X —x )2-;  (ep-1)

=1 j=l

 (A dot subscript indicates an,average'over that subscript)
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15.e., Non Central t

The variance of the firing in the mission population
is the sum of the engine-to-engine variance and the run-

to-run variance.

. Xij =P+ E; + Ri‘j
j=1.0 . SR
i aw | (15.3)
xil = U + Ei + Ril _
2 _ 2 2
G__UE +0’R,

The problem of éstimating the shadéd area in the figure

below is equivalent to estimating the noncentrality of

the corresponding noncentral -t distribution.

.

_ Returning ﬁo-the statistic k treatéd,breviously3in Part
E— . el .
VI k= VE (32D

Vi ()

el :

“Qla}
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: 2
) : o
Define 0,2 such that X~ N(u, -—I},—)

2 fs2 ‘2
0,% such that = )(f
‘ ‘ 0.22 -

Then the following variable is distributed as a non-

central ¢:

X _ p-L y o
VN 5y VN (2= )"1 o,
s oq
Op ,
. ‘
If 2= -‘%‘ECID (n)
_X:& - o : R
; S VN Gy ~/N o Zﬂ , o, L
b —2 N F2k O (15.5)
T 5 ' ; S 1 L
9
:whep§: '32 %'URE +-°E2‘ “ 'i’  f  » ‘ (15.6)‘

‘1612,?, "+ roa 2\‘ : “ ' - (15.7)

PRI s/ "’\/Xf /f | (15.8)
-‘t’U-Noncehtral t,(noncentrality‘s = \/er'%—'zn ’
| ‘ ‘ VERE T

Degrees of freedom = f)

,‘fWith'ﬁhreevunknowh parameters o ZQ‘GEE and | there

does not appéarlto be an exact,éolutioﬁ., The problem
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is related to the celebrated Fisher-Behrens problém.
If the past history of the engines shows that the ratio

%R

data ‘that is used to estimate weighting factors may be

E/GEZ is reasonably stable, the same large batch of

used to establish the ratio. : Methods of judging stability
will be discussed later. Two different approximate
solutions will be presented, both based on a known

ratio, GRa/GEa; if the ratio is not known or unstable,
the problem appears to be impossible and the data should

‘be reduced to single firing per engine data by random

trimming. -
15.1. GR Small Compared t0'qE
If OR 1s extremely small eompared tO'GE there will

be little to be gained by considering the replication

firihgs on each engine and as suggested in Section 15.a,

. the simple model should be used. However, if the number

of engines is smally; the number of firings per ehgine_
is large and ch is small compared to Ops the improvement
in pre01sion may be s1gn1ficant and the follow1ng method
w1ll be approprlate o
The best estlmate of u is the grand average of all

the data,vil"; the improved precision of X over X 1
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is the reason for following this alternative to -the

simple hodel.

' 2 .
0.2 + o
R - E
X.lm N(U-’ e )
g2+ 1ra
. r K
X ~ N, Te
oiz = GRZ +r oEz ' | (15.9)

therefore:

The mean square on the first line of the ANOVA,

divided by r,

is attractive as a choice for s® because

simple noncentral t distribution and its

it leads to
expectation appréximat?s 02 = 0R2_+’0E2
_ o ‘ |
e (e2Y 9% 2 2 2 £ (1
E (s23) =0 t g _ 0" +0p, if ooy _ 5f10)
oiz '
= 0,% = — (15.11)
S 9y/0 = 1//T (15.12)
- 2 |
el s pe(enn) (15.13)
t = \/er'~I \/— k (15.14)
with noncentrality 5 \/ Ty / = (15.15)'
‘ | r x. s ,
Procedure: Calculate X = EE: E%J' (15.16)
J=1
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L N = CROSS HATCHED

e
'n = SINGLE + CR0sSSs
HATCHED AREA

AREA
Xi;
'h'' = Estimate of T''

ﬂ"==4§("::£t£:§&:) S ~ (15.21)
\/0R'2+r.aE2 g s S -

. h = Estimate of 1) | :_" s :
| 0R“+0g LR B |

- ey _ R '
AN e

h‘ (b ( (ZT}/Z")# h”)) , (15'24)



(15.17)
K = —2on0 |, f=e-1 o (15.18)

From (Bowker and Lieberman) and Table III, Part II,
determine an unbiased point estimate, h'' and a lower
one-sided 90°/0 confidence bound, hc"; using k and

the degrees of freedom (e-1). Transform these estimates

to the‘fequired estimates using the following relation-

shipi"

’ 0.2 +r o2 [ -1
h=(1) \/ R E <{> (h'')
A IERYA 2 2 . , o

O'R OE

- ‘2 2 -
where 6 = op /GE

S SRR o 7 i ,. o
R D, {8 +'r . ' P o R
e hc,’éb e+ 1 '45 ~ (hc' )'v L e (;5320>L.‘-

An illustration may be helpfui_to‘demOnstrate 

 the effect of the above transformations. -

R e, NG TSRS R S 6 S B Y
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The accuracy of this approximation will increage
as the ratio © approaches zero and as the proportion,
T, approaches one. GiVeﬂ values of r, © and T, the
bias in the estimate h may be determined by numerical
integration as illustrated below. Given r, 6, and h''
the bias in h may be estimated by assuming that N'' = h''.
‘Program 13.2 was used to obtain eleven percentiles of
the distribution of k'', given N''. These eleven were
selected as they are typical (median) valﬁes within
the ranges indicated. If we tfeat the distribution
as discrete with these eleven valueé,-the results will
be sufficiently;accurate for estimating error and the
'computations are éonsiderabiy‘reduced.‘l(Seé Table» |

 15.‘2‘).‘ -



 TABLE

. 10.0

ESTIMATE OF BIAS =

Z (hxPr(n))= 09964

= -0.0020

0.99264 — 09984

1S.2 CAL.CUL.AT\ON _OF B\AS
ASSUME Y) h'= 0.9826 , N =0 ‘\/eﬂ = \-4
% £ W e | Wit |8 WEE TG h | hePe(ln)
25 1.279 | 0,9037 .05 04518 | 1.3029 1.824 9659 | .04329
| 1.537 | 0.9464 | .10 .09464 | 1.6108| 2.155 9879 | 09879
20.0 L731 | 09689 |.10 09689 | [.8650| 2.6\ .9955 | ,09955
. 30.0 1.8%8 | 0.9817 .10 .09817 | 2.0902f 2925 .9983 | .09983
40.0 2,03 09900 |.10 . 09900 1 2.3263| 3,257 .99942| -, 099942
50.0 2.187 | 0.9953 |, 10 . 09953 | 25972 3.636 .99985| ,099985
0.0 | 2.353|0.9984 |. 10 . 09984 | 2.8478| 4127 99998 | ,099998
70.0 | 2.549 [0.99977 |. 10 . 099977| 351 4.9\¢ 1.0 1T .\o0
800 | 2806 | LO . 1o .10 &0 oo 1.0 .10
800 | 3226 1.0 . 10 . 1o oo o 1.O .10
975 | 4.066| 1.0 . 05 . 05 o) o0 1.0 . 05
9= o9s26 2'.‘. (W (W) = 09832
n
Y= §{-\/ = 37 ( )§ {u.A-xz.um} = 0.9984

- ¢02 -
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The . advantage of thls method over the next method is

that the distribution is exact, even fhough the variance
- is only approximately the correct variance and that a

good estimate of the error or bilas can be dete?mined.

If this method is used frequently, it may be possible |

to develop an unbiaéed estimate by iterative correction

of the bias as illustrated in Chapter 7.

15.8. or Not Small'Compared‘tO'oE

The required variance, o®, may be estimated as
a linear combination of the fwo independent mean squares

in the ANOVA table:

| (04274-r-oA2)-+1(r-1)'c 2 TR
S 0®= ot 4 g = . E = B - (15.25)
 ‘5,. e X £z e r ( . )2
5 “,SZ _ lé . 1.- + Z ‘ ij = é—- : (15.26)
o i=1 i=1 J=1

Unfortunately, the variable (£§§) is only approximately
a sz variable and therefore, gﬁé degrees of freedpm-
cannot be determined exactly. The approximation in this
‘method is to assume the above variable is distributed
as a Xfa; " Based on this assumption,‘two solutions for -

the degrées Of.fréedom appear in current literature,
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the more popular is due to (Welch and Satterthwaite),

the other is due to (Dixon and Massey). A detailed

discussion of these estimates will be postponed until

later; it is sufficient here to state that the Welch-

Satterthwaite solution appears to be
Welch-Satterthwaite estimate:

2 _ . a2 2
if s = aASA + gB SB

2. . .. .2\2
(a, s, + ag sp®)

superior.

[

‘(15,27)

r s _
. 2. . 2)y2 .2 2)2 :
2y (5,7) ap®(sp®)
T + T |
A o B
In our case, §,° = ( — l") , T, = e-1, (15.28)
' ‘ i=1 . ‘
e r (__ L )2.
I = (X - X, ’
e fig Tt |
and “sgt = ) er 1 Lo
i=1 - j=1 £y = e(r-1) (15.29)
' r
ap = aB‘= 1
) B ( .2'. 2)2‘ ) :
i s +° 8 r ST
fe A B (15.30)
s 2 o .g2 o i
A + B :
e~-1 e
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Returning to the general formula for a non central %

used earlier:

£ =N zéE - VN < Zy = VN Eg
1 1

S
0o

%R
T . ogo
t=.,\/1\—].- Gl.\/ﬁ-dz =\/N-%—

qln

N = er :
e
 Procedure: ' Calculate X = = EE:

e e

.
(15.31)

S e - L
f'sz _ ,(Xi-'_ X..).,;%_ e
[ T e-1. . T/, .

2 2°
B )

2
B

(8,2 4 s
r = A2 ‘
e-1 " e(r-1I)

= 2 2 . ~f/e8+r
;,;ife—,°h/%:’,%/¢‘\/e-y;
} *_\/8 1'i (,"S )3-degrees of freedom = f

"
[

CoGsoe) -

- (15.39)



- 207 -

Read h''' and hc"f from (Bowker and Lieberman) and
Table III interpolating on both k''' and f. (f will

not necessarily be an integer). - ; :
( \/ db (h''') ) (15.40)

- — ‘ E |

-p (VST 0] we

This solution is based on.two approximations: the

sum of mean squares is only approximately a X% variable

" and the approximation that h''', an unbiased estimate

of N''', may be transformed to an'unbiaSed,estimate of
7. The error introduced in the latter assumption may be
‘i.estimated by the same procedure used'in the previoue |
section, but the error from the former is unknown. .'
fhis solution is therefore less attractive than the
lfiret solution (given o, small compared to GE) which
is based on a.single assumption Wifh a good estimaten:
of error avallable. |
It may be noted that if oy is small compared toaf:gfi~ 
| R’ a method very simllar to first approx1mat10n may
‘be developed Under these conditions the mean square

[

on the first line of the ANOVA table has expectation
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2 2 2 2 :
oR .+ r UEA - 9% t og :filf OR < <oR

- This method is not presented because it would be unusual
with rocket engine performance parameters to find
<<og

o R"

B

15.h. Trimming

As mentioned previously; mikture ratio and_thrust
share a special problem that does not affect specific
impuise. If an_engine has not been'trimmed,,mixture'
ratio and thrust are not required to fall within speci-
fication limits. Under the current method, the data

-on thrust and mixture ratio are discarded but if these

,3‘, untrimmed engines are fired several times the data can

- contribute to estimating the run-toerun-variance,‘oRz,
even though 1t contributes nothing to the estimate of

~;°E2 because oRa is independent of the control'settings;V'

x "7n This information may be utilized if the components of

; -;variance are estimated separately as in the second

S - method above, but not otherwise. A decision will have"

to be made to use the untrimmed data w1th ‘the more
1“approx1mate methods of this chapter or to discard it
‘and use the simple model. The same criteria discussed

‘in Section 15 a are applicable here. 1
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If it 1s decidéd to incorporate the untrimmed data
the second method above must be modified to accommodate
the additional infofmation by pooling untrimmed and
trimmed run-to-run data. Two modifications are required:

Assume the untrimmed engines are numbered e+l, e+2,.. Y 3

with r runs on each engine.

e

, (X, -X )2 0,2
. . i- X . . R 2
“For the trimmed data: E E: P— =5 *t.0p
] i=1 ‘
(15.42)
e L :
(X, .-X, )2
£ j(x=1 i . - (Bt 2
( T j;_ ; | e(r._vl) ( T ) Or (15 43)
" For the untrimhed'data'
. '2' ' L S :
‘_ E:_ 2 R
£ Z Z (g e)(r |7 GF) T (154
L 1 e+l : : .
y f“ Pod1ing suméiof squares, trimmed éhd‘untrimmedé
o : N (X -X )2 ' _ ' ' .
K ( Z Z g?r_l) o= (%—)uRa - (15.45)
, o4 ‘_1 : , L e
EZ(??)‘ =;E 3 E: o e - 1 :'+ 22

e IR B (15 46
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: 2
: (sA2 + sBz) o :
Degrees of freedom, f ~ (15.47)

LTS

vy a(r-1)
, (X X )® :
where s5,% = r—— P (15.48)
i=1 ' '
. q r (x _ —X- 52 . . ) v .
2 _ ij i. ' '

552 = Z Z = | | ~ (15.49)

i=l j=1 o

~15.i. .Stability of‘Variancé Ratio

The ratio of’variancés oRz/bE2 must be known and

stable to provide the key to the solutions;suggested
in this chapter; If the ANOVA table ﬁean squéré which;
has expectation oh? + r 0% is designated s,%, and
the mean square with expec,tkationk'oR2 is designated
>3 :'sB2, an exact confidencé interval for the ratio

| URZ/GE2 can be determined‘from the F statistic. The '
?!v derivation is shown in (Brownlee). If the data used
" to calculate the weighting factors are divided‘up |
‘ int§ equal sized samples and intervals calculated,}at&.*
 confidence (a), approximately (a).fractibn of the
_ intervals shouldvinclude the raﬁio‘URa/dEZ. If the

, fractioh,bf“intervals is much less than (a), the

'assumption that the ratio is constant is questionable.

i e, v o0 G 8 e e B8 18 5
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Tt would also be advisable to plot the sample ratios

in chronological order to detect time trends.

15.3. Approximate Degrees of Freedom

The Welch-Satterthwaite estimate employed in Section
15.g is derived<iﬂ (Kendall and Stuart pp.146) and

- (Brownlee pp.235). It is also discussed in (Davies a.

o pp.54). The derivation is based on equating expressions

for the variance of. the sum of sample variances and

the variance of the equivaleht variabie"and substituting

‘_ sample estimates.

| 2 _ 2 , 2 | ’.;;:. o o
| Ifksir_‘alsl + a, s, | e (15.50)’_
. : 2 2 : e
cgan ) o)
ay (sl ) . an (52 )2 :
f ' f

1 2

. For the application herein, 8y = aé'=tlv05 but the usual

g 541 0 e e

application is to estimate the degrees of freedom of the

’variance of the difference between two sample means.:"

In that case. al l/N Cay = 1/N2'>’f. | fvﬁ‘ (15 52)f..7

-

isw i Ve smm e st < a0



s, 2 5,2 :
and = L. 2 | (15.53)
(s,2/N,)® . (s,%/N,) ‘
N, -1 N, -1 <

‘A different approximation for this latter problem
was originally published in (Dixon and Massey) and is

also given in (Hoel) and (Resnikoff and Lieberman 1959).

o2 g2 2
1 .. o2 :
N ' N . : . -
P 1 2 Lo (15.54)
: = - 2 2 : 2/ ) : ’
Nl + 1 , ,N2+1

(Anderson and Bancroft) give both approx1mations. Un-

: fortunately the derivation of .the (Dixon and Massey)
‘relation‘is not available and therefore, a comparison

. of the two estimatesfwasvmade (Program 15;1) as a basis -

~ for selecting one in preference to the'other._ Monte

‘Carlo simulation was employed; for each trial samples

'offrandom”normal’numbers, size Nl and Nz,were generated

'~lvusing variances 012 and 022 The following statistics ,“

37,;were calculated from the simulated data:

S Unbiased estimates- of the variances sl2 and-SE?{l"ﬁ'

, V-‘2,,:An estimate of total variance s2 = s; +'82 '.151‘“
ni]ﬁj.i The ratio s2/0® »Where - ‘_‘Uia + 02
- 4. Both approximations, Satterthwaite-Welch and

Dixon-Massey.
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From thé results of fifty‘trials; the average and

variance of the statistics‘calculated in steps 2, 3 and

Y} were calculated and printed. The éntire program was  E 

repeated (Case 2) to obtain a measure of simulation e

precision. A summary bf typical results is shown in

Table 15.3. The value f' was obtained by substituting
 the true,QalueS’(the input to thevsimulator) in the
expression: |
0,2 022

‘ i
2 - 2 -1
NlA(Nl 1) N, (N2 1)

| (15.55)
The Welch-Satterthwaite estimate is obtained from this
‘éxpression by substituting samﬁle'values for the true
values. If the value ff‘is taken as the true value

-;(which is equiValéht to aésuming the sum of variances
;f ’isvdistributed as the X2) thé Welch-Satterthwaite approx-
f’imation is less biased, at least for the cases inveéti-¥ 

gated and the variance Qf the Welch-Satterthwaite eStimateg

is less than the Dixon-Massey estimate. For these two
i'reasons,'less bias and smaller'Variénce, the Welch- |
 ;  Satterthwaite esﬁimate is recommended in~préference to
n the Dixon-Massey estimate. There méy~be,othérfinferencé: ~"

criteria that would___favour the Dixon-Massey estimate.

e
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TABLE 15.3 DEGREES OF FREEDOM

Results from Program 15.1

N, 5 10 10 5 5 10
N, 10 10 10 15 15 10
| 01/95 2 2 1.0 1.0 3.0 3.0
£ | | -5.05 | 13.2 | 18.0 | 6.9 4.3 | 11.0
C .
:- Welch-Satterthwaite Estimate
el . ‘ '
y . 1| 5.7 13.6 16.5 | 9.2 4.7 11.6
Mean 1 -
2] 5.6 13.3 16.9 8.4 | 4.5 11.5
Variance | 1| 3.7 | 51 ;.9 13. 0.60. 2.9
2.9 3.6 2.2 |11.2 | o0.241] 2.0
Dixon-Massej Estiméte
N wean || 6% 4.7 18.3 [11.0 | 5.0 | 12.1|
| 2| 6.2 | 142 | 18.6 |10.0 | 4.8 | 12,0/
JVarianoe ¥; :6'5 7.6 ‘g.gl ‘19.9,' 13 4oy
| 2| 5.2 5.4 | 3.2 | 18.0 0.51 | 3.0
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The simulétion results are based on the formulae
applicable to thebdifference between two means rather"
than the problem contaihed in this thesis because
" without the derivation of thebDixon-Massey‘estimate,

it is not known’how to modify the expression to solve -

the problem herein.

15.k. Current Method

The problem of multiple firings per engine intro-
duces much complexity iﬁ fhe proposed method. In con-
trast given the same data the current method is attract-
‘ively simple. The oniy recognition of this problem is
the restriction on the maximum number of firings per
engine assembly sometimes present in the 'ground rules'.
It is appropriate to reflect_on whether or not the com-
plexity is required. There aré two‘reasbné'to support
it. B | |

.There is ailoss of information from discardihg

~ untrimmed mixtuﬁe_ratio and thrust dafta in the current

‘:' ~method. If the sample sizes are small, this loss could

be serious.

More significant is the error introduced by aSSum-?l
ing;the firings are equivalent to single-firing-per-
engine data. If the same assumption were made in the -

proposedxmethpd.it_would be equivalent to assuming




- 216 -

that the expectation of the mean square on the last
line of the ANOVA table equals o® = g% + opZ.

The correct expectation:

e <ff S

(e-l)(a 2 4 r.GEa) +he(r-l) cRé

R
(e-1)(0 2 + r 0 2) + e(r-i) o2 e
E(s?) = —— & ———F —~ - (15.56)
‘rfe-ll .2 - ';
“er -1 % *t %
fRatie correct E (s2)/incorrect . E(sa) =
o p(en1) L |
o = o - (15.57)

1l + 96
L The result is to underestimate the variance and
therefore, overestimate the reliability. This last

- error applies to all three performance parameters and

.
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therefore, it is compounded in the estimate of overall
‘reliability; The error depends on r, e.and'e; the
largest error occurs as © = 0 and r is large, when

‘the ratio above tends to 1/r.
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CHAPTER 16

PROBLEMS FOR FUTURE RESEARCH

There are_several rocket engine reliability'problems'
which have not been solved with the current method but
which may possibly be solved with the new proposed
method treated in this thesis. It is the author's
inteﬁtion to proceed with his research on these problems
as soon as possible.’ The purpose of this chapter is to
present these‘problems and the work completed towards |

. their solution.

16.a. Multifiring-Multiengine Vehicles

| Perhaps the most important is the multifiring,
. multiengine missidn space. From sfudies of optimizing
E cost, performancevand-reliabil;ty of advanced vehicies,-
_it_appears that the current tfend toward clusters of  L

small engines rather than a single large engine will_>

-~ or forty engines per stage are predicted. (Mulready
et al). Further, as the design‘éhamber pressure in- |
‘creases there will .be less reason to désign vehicles

with single-firing, multiple stages and more reason to

ke S st v i e e e e s

increase during the next decade. Vehicles with thirty _f.f '
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support multiple-firing, single'stage vehicles. Several

current liquid rocket engines already have multiple

firing capability (the Pratt and Whitney Aircraft RL-10

and the Bell Aircraft Agena rocket engines are two

. examples). In addition, as Spacevmissions increase in

complexit& there is no alternative to multifiring missions;

to inject a communication satellite in a 'stationary'

orbit or to impact an instrumented vehicle within a

small radius on the surface of Mars requires very accurate,

reliable rocket englnes with multlple firing capablllty.
There are several Problems whlch must be treated |

‘to obtain a,reliabillty estimate for the multifiring

Jbrocket cluster. The firstsis the interaction between |

| firings on a single engine. Functional'reliability will

 be degraded by failures which do not affect single firing

ureliability but would affect multifiring reliability.

For example,;if an igniter burns out after an engine has

started, it will not affect that firing but would prevent

8 ‘vany additional firings. Another example might be a stress:e

Mf“,‘failure in a turbopump casting during the shutdown trans-

'ientﬂ Neitner of these events wouldfbe treated as failuresu
fwhen computing a s1ngle firing reliabillty estimate but .

they must be accounted for when estimatmg multifiring
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reliability. In anticipation of this problem, the author
redesigned the reliability data system at Pratt and
Whitney Aircraft several years ago to gather data to

make estimates of a new parameter, the multifiring factor.

‘This parameter is defined as the conditional probability,

given the engine has_fired successfully‘during the mission,
that no failure has occurred prior to the next firing',
which degrades the reliability of the engine on that

firing. Rocket engines are rigorously inspected before

and after every ground test firing and a con31derab1e

volume of data should be avallable to estimate this

factor. The multifiring factor may also be a function

~ of the duration'and path of the coast periods; meteorite

damage, -vacuum welding, and vaecuum aging are examples

of failure. modes which cannot be estimated from ground

-~ test data. ;Some coast periods may be measured in years.‘

If the mission 1s such that these effects are significant,

the multifiring factor willvhave to be modified in some
way to account for them. The multlfiring factor w111 be
included in the mathematical model as a product term

once for each period between firings' for example, itf g

would be used three. times on a four firing mission.

The interaction between firings for. performance
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reliabilities will depend on the definition of performance ‘.*"

requirements-for the mission: difficult miésions will
require the ﬁerformance parameter to Satisfy the limits
on every firing while easier missiens will only require
the average'performance to satisfy the limits. In'either
case it should be possible, although perhaps difficult; |
to build an appropriate model based on:ANOVA methods.
Particular attention must be paid to correlation between‘
w performance parameters on firings made on the same englne.'f
The best ground test data (the simple model in this |
situation) will have the same number of multiple firings
per engine'as the mission:‘?given.these‘data and well
defined‘performance-fuhctional requirements, the probiemlli
'should be no more difficult than the singleffiring mission
treated in this thesis. | |
There wili also be ‘an iateraction between engines;

glven an englne fails it may or may not affect the other

engines. If there are no redundant englnes and no separate

abort syatems, single engine fa11ure 1mplies vehicle
fallure and the interaction is irrelevant: otherwise,a,

it will be significant. One approach‘to,this problem~ et
4that appears premising is to classify,single engine :

‘failures into two groups: those that will affect the
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.other engines (catastrophic failures) and those that
will not. From this classification a multiengine factor
might be estimated as the conditional probability, -given

a failure has occurréd, that the other engines will not

be affected. The application of this factor wiil be
largely .determined by vehicle design and the reliability
~and reSponse,of the engine’failure detection system.
(Abernethy 1963 A)
- With all of these estimates, careful study must be

made of the appllcabillty‘of the ground test data to

the mission environment. There are failure modes in
‘both environments that'do not exist in the other; only
the best comblned engineering and statlstical analysis
can hOpe to produce valid estimates As the model becomes
| more and more_complex, the preclslon will be degraded

~and this should be reflected in the size of the confidence
 interval and the shape of the likelihood function. Every

effort must be made to keep the syStem simple., @ All

"-'procedures should be well defined and understood be tweeh

customer and producer before their applicatlon to data.ee
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16.b. Variable Firings per Engine

If the number of firings per engine is a variable,
- several methods appear to have some merit and unfortunately
some deficiencies. In this case the model is still more

‘complex than that treated in Chapter 15.

.,(a) Combined Estimates. Perhaps the best solution
is to group the data bv the number of firings per engine
and obtain separate; independent, unbiased point estimates
from each group. These estimates may be weighted and '
summed to provide the required point estimate. The choice
of weights is discussed in (Brownlee Section 2.4%) as
well as other texts; The drawback is the interval esti-
mate. The confidence bound from the largest group should
- be a conservative estimate on the'average; however, in .
a specific case,'if the.point estimate from the largest

} group 1is greater than the combined point estimate this
procedure may be optimistic._ Perhaps with more complex}

 model building it will be possible.to estimate a lower

.~ bound based on all the data.

(b)i Equivalent Firing,per Engine. Equivalent

sample. sizes for. .balanced data may be developed u51ng
ANOVA methods described by (Brownlee, Davies et al and
other). The algebra here is tedlous, complex and approx1-"

mate; 1f the components ‘of variance have to be estimated .
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sepérately the résults.will have doubtful value. (Brownlee)
says of the analogous Model II{ANOVA, '"This is clearly
an awkward business of unknown aécuracy.i All this trouble
can be évoided‘by the use of equal sample sizes.' The
'author is. in aqcordeith Brownlee; bit is most desirable
to remain on ﬁhé firm ground of valid statistics. '

(¢) Trimming. If most of the data is of one constant
(3) number of firings per engine, random trimming of
firings from engines with more than (j) firings, and
elimination of gngines With less than (j), maj be the
best course,ofﬁaction;_ This is particularly true if
‘there is a fair sizé_sample of data left after the trim-;
B ming, |

The samble estimates of the performance parameter
variances’include the effect of instrumentation precision
_‘errops. The mission vériénces do not include instrumen-
~tation erfor; during the mission performanée parameters
~are uéuélly'notrMeasured ahd even if they aré meésured5
flight iqstrumentation is Quite different from;ground
test’ingtrumentation.’ Customers'have’sometimes reQuestéd
reliability estimates based on true rather than indicated

values. In the past the request could not be satisfied
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as there was no known method’for.modifying the current
method buf the proposed method may be developed to have
this capability. If all pertinent ground test instru-
mentation is duplicated usiﬁg independently calibrated
and installed measuring devices, a statiétical estimate
 _of instrumentation precision may’be produced. If this
instrumentation variance is étable, i£ may be accurately
estimated from the same 1afge batch of data used to
estimate the weighting.féctors and treated as a known
éonstant, The true variance is equal to the indicated
variance minus the;known instrumehtation variance for
!" the simple model (siﬁgle firing per engine); the reduc;
'tionyis,mbfe'complicated’for the models in Part IV. |
A word of caution about bias error is in order
here. It is quite common to assume that instrumentation

/. bias errors are zero because all known bias errors are

calibrated out and because there is no method of estima-‘:

ting instrumentation bias. This assumption is nof con-
| Servative, alﬁhough.it is.widely emplo&ed. ir iﬁdicated
Qariances,are~reduced by precision'variances, the author
recommends ddding,SOme variance‘to ﬁhe result in fecogr‘;m
_nitioﬁ of‘the‘unkhéwn bias errors;‘ It is’véry difficult,

-, 1if not impossible; to evenfméke,én intélligent guess

vt ey i st s oo
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at the size of bies errors; perhaps a collection of
engineering guesses could be obtained by survey and the
most pessimistic employed. Alternatively, if the bias
errors are expected (guessed) to be of the same magni-
tude as preoisionienrors, it may be wise to use the

indicated variances (reduced by the precision and in-

'creased by the same amount for bias errors) as the true

variances.

16.d. leelihood-Bayesian Estimates

leelihooq and Bayeslian estimates were deVeloped

for the simpieimodel.in-this thesis. The results were

" informative and competitive with tne frequentist esti—'

mates for the author's recommendation. - Analogous me thods

should be developed for the complex model. This has not

been attempted and it is possible that some simplification,.

7\ and other advantages would result. The customer, parti-

- cularly, should be interested'in these methods as:they

proVide a means for ineluding a statistical expression

~for the customer's evaluation of the producer's capa- -

bility. This is extremely important: one of the primaryi

considefations in predieting the reliability of a new

‘engine is the quality and maturity of the design develop-

ment engineering team. Only very 1arge expenditures of

AN A o AR 5§yt ot o 50+ m et e
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money and time in testing can overcome deficiencies
in experiencé. In the early development period a Bayesian

analysis is prébably the only quantitative way that the

- - customer can evaluate competitive engines incorporating

his Opinion:of the quality of engineering.
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APPENBIX IL

NOTATION

—- GENERAL. -—-

RELIABILITY, THE PROBABILITY OF A
SUCCESSFUL. EVENT

AN UNBIASED EST!MATE'_ O QEL\AE(L!TY ‘T)
DISTR\RBUTED ASDS

APPROXIMATELY EQUALS

DEFSINED AS O EQUIWALENT TO

CUMULATIWE. NORMAL PROBABILITY W\IVTH
STANDARDIZED ARGUMENT
LIKELIHOOD FUNCTION

FPROBABILITY
SAMPLE SIZ2E EXCEPT FoOLLOWIWG N
WHEN N INDICATES NORMMAL DISTRIBLITION

THE NONCENTRALITY PARAMETERZ OF THE

NON CENTRAL. t
DEGREES OF FREZDOM

THE GAMAMA  FLNCTION

LOWER ,UPPER LIMITS, FIXED KNOWN
POINTS ON A cow—r—mous SCALE.
FUNCTION -
EXPECTATION OF A RBRANDOM VAP\ABLE_
MEAN

VARIANCE. '
STANDARD NORMAL DEVIATE EXCEEDED
WITH PROBABILITY (1-7) _
A BIASED ESTIMATE. OF Z—q, £, = E=
SaULRE ESCT @%:? AN UNEBIASED
ESTIMATE OF %

THE AVERAGE VALUE OF X WITHIN

A GIVEN SAMPLE.
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——  SUPERSCRIPTSR -—-

THE BIASED ESTIMATE OF 7), R=Qe)

THE UPPER BOUND OF AN INTERVAL IN
THE SCALE OF hj IN CHAPTER 7 AN |
INTERIM VALUE OF h IN THE \TERNTIVE
METHOD | |

7 PRIME INDICATES KNOWN VARIANCE
A A MAXIMUAM LIKELIHOOD VALUE
- INVERSE. FUNCTION

P4 AN ESTIMATE OF 7)) TAKEN AS THE RATIO
OF CESERVED SUCCESSES TO. ATTEMPTS

o =9

~—- _SUBSCRIPTS -—-

h THE LOWER BOUND OF AN INTERVAL.

fu FUNCTIONAL

ISP SPECIFIC IMPULSE

FN THRUST |

rm  PROPELLANT MIXTURE RATIO
o = OVERALL ~

c THE LOWER RBOUND OF A ONE SIDED
UPPEQ CONF’!DENCE lNTEE—VAL- ESTIMATE
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