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IBSTRACT

A study of demodulation technigques in T

pulse compression communicabions systems,

with emphasis on size/weight cCcornomy

by
M.L.Rance

The investigations undertaken were into mcans of significantly
reducing the physical size of the dispersive network used in the
demodulation process in a chirp satellite communications system.
Non-linear FM waveforms were examined and their performance assessed
in terms of compressed and dispersed pulse responses. A novel tech—
nique for using a cascade arrangement of identical passive networks
to more efficiently use the delay characteristic of such networks
was studied both theoretically and by means of a practical

demonstration.

Digital filter techniques were also studied. In particular,
and by extension of the passive network ideas, a cascade arrange-—
ment of identical first order digital all-pass filters was proposed.
Performance characteristics such as compressed and dispersed pulse
shapes and error rate performance in the presence of noise were
examined. The effects of quantization of input data, coefficients
and multiplier outputs were studied and the differences between
truncation and rounding in multi-section cascaded all-pass filters

examined.

A practical simulation of pulse compression using a 42 section
digital filter employing signal recirculation was undertaken and
exact agreement was obtained with computer simulations employing

2%s complement arithmetic and multiplier output truncation.

Finally a highly simplified digital filter solution was proposed
which could be realised using a minimum number of MOS IC ehips. The
significant advance was to remove the necessity for complex digital

multipliers and replace them with a simple interconnection scheme.
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Chapter 1

CHIRP MODULATTION

1.1 Introduction

The concept of pulse compression occurred to several independent
workers during the course of World War II as a means of overcoming
transmitter power limitations in radar systems. Furthermore, the wide-
band signals envisaged improved both range and velocity resolution as

well as reducing the effects of many types of interference.

Development of the ideas continued after the war until the
techniques began to be applied in many types of radar, especially where
transmitters were peak power limited. Most of the early work concentra-
ted on the linearly swept FM signalt and most new work uses it as a means
of comparison. The word 'chirp' was coined by B M Oliverz, as a des—
cription of the linear FM signal. The practical methods have for the
most part centred on linear FM, and it is a part of the purpose of this
work to investigate other waveforms, and to show how practical comnsidera-
tions can influence signal design in cases where optimum signals based on

radar criteria are not necessary.

However, first we shall examine chirp modulation and pulse com-
pression, leaving practical matters until the next chapter. For the
purposes of illustration, signal parameters where quoted will refer to work
pérformed3 in Radio Department at the Royal Aircrafit Bstablishment,

Farnborough which has been aimed at an airborne communications application.

1.2 The chirp signal

The chirp signal is a swept FM waveform in which the instantaneous

frequency sweeps linearly with time between frequency limits f] Hz and

f2 Hz, during a time period T seconds. So, the instantaneous

frequency, £(t) , may be expressed as:

£, = %
f(t) = f1+(~—_T_— t os<t<rT . (1-1)

The difference ]fz - fll Hz will be referred to as the nominal

sweep bandwidth, F Hz. The chirp signal, s(t) , is then expressed as:



s(t) = a(t) sinn{e(t) + Bc} oste<rT, (1-2)

where a(t) is the time dependent amplitude function, here considercd

to be a constant equel to unity,

2

8(+) is the time dependent phase function,

and. BC is a constant phase angle.

The time dependent phase, or instantaneous phase angle is related

to the instantaneous frequency by the relation:

2ne(e) = 428 (1-3)

which gives the following on substitution in equation (1-2):
2
s(t) = ({sin 2m|f,t + e l+0 (1-4)
] 27 c i

General signal and frequency functions are illustrated in Fig.l.l
for an‘upward going sweep (i.e. f2 >'f]). In radar applications the
above equations are sufficient to define the chirp signal, but for
communications it should be mentioned that a similar signal is defined
when f2 <:f1 . This is a downward sweep within the same nominal sweep
bandwidth and of the same duration; a binary scheme is achieved with an
upward sweep representing a one, and a downward sweep representing a

Z€ro.

1.3 The spectrum of a chirp signal

It will be necessary at a later stage to have expressions available
for the spectrum of chirp signals, and of other swept FM waveforms as

4

they arise. An exact derivation has been published elsewhere®, but for
completeness, some details are given in Appendix A. The spectrum S(f) ,

_of a time limited signal, s(t) , is given by the Fourier integral:

T
S(f) = [s(t)e"jz“ftdc . (1-5)
0



As Appendix A shows, exact solutions of the integral take the form
of tabulated functions;‘no analytic solution is possible, and the
expressions do not allow easily for further manipulation. However, for
many purposes, including the design of new signals, there exists a useful
approximation to the problem of spectrum calculations. This is the
principle of stationary phase5 (explained briefly in Appendix B) which
gives approximate formulae for the spectra of signals which have large
values of the time-bandwidth product, FT . The larger the value of

FT , the better is the approximation.

With this approximation, the power spectrum of a chirp signal is
rectangular between the frequency limits fl and f2 . This is obviously
a simplification, since time limited functions cannot have frequency
limited spectra, but comparison with the exact spectrum as derived in
Appendix A, (see Fig.l.2) shows that the approximation is likely to be

valid for practical purposes.

Thus:

1 [T
Eji: R

|sce)| £
0 elsewhere .

Similarly, the phase spectrum &¢(f), is given approximately, by:

. ©T 2
o) s - - (£, - D), (1-6)

where f0 = (fl + fz)/§ is the centre frequency of the sweep. Fig.l.3is
the difference between the exact phase spectrum and this approximate

expression; the difference is essentially a constant phase angle.

Both Figs.l.2 and 1.3 illustrate spectra of a chirp signal with

FT = 33.3, which is the value used in the Royal Aircrafit Establishment work.

1.4 The concept of pulse compression

Pulse compression can only occur when the waveform to be compressed
has phase dispersion, defined as the part of its phase spectrum which
varies non-linearly with frequency. To understand this, consider two
pulses having identical amplitude spectra, one with phase dispersion and
the other without. The pulse with no phase dispersion has all frequency
components of the same phase, and so the magnitude of its envelope, being

the vector sum of all components, cannot be greater. However, since the



frequency components of the phase dispersed pulse are not all the same,
the magnitude of its envelope must be smaller than the magnitude of the
other pulse. It follows that, removal of the phase dispersion from a

pulse increcases its amplitude, and consequently decreases its duration,

by conservation of energy.

The chirp signal, with an approximately parabolic phase spectrum,
evidently fulfils the condition for a signal to be pulse compressed.
Since the phase dispersion of the output of a network is the sum of the
dispersion of the network and the input waveform, it follows that a pulse
compression network must have a phase dispersion equal and opposite in

sign to that of the pulse.

The amplitude response of the network, for optimum signal-to-noise

ratio, must be equal to the magnitude of the spectrum of the pulse.

These conditions, describing a matched filter, were first derived
6 . . - . . .
by North~ as the properties of the optimum receiver in a white Gaussian

noise environment.

Mathematically, the respunse of the matched filter, H(w) , to a

signal with a spectrum, S(w) 1is:

H(w) = kS*(w)

where the asterisk denotes the complex conjugate and the factor k 1is a

normalizing constant. Thus if:

I

S () s (w)]eI?®

then

-390 (w)

H(w) k|S(w)|e .

I

The spectrum of the output waveform, G(w) , is

]

G(w) H{w)S(w)

kls(w)12 ,

i.e. the phase dispersion ®¢(w) has been removed.

The output signal, given by the inverse Fourier transform of the

output spectrum is:

———

H
1~
£
18




H

g{t)

kf Is<w)|ze_]wt %:_

o

k.[ Is(ry |23 %™ s (1-7)

-t

In particular, the network matched to the chirp signal described

above has an amplitude response

|H(£)| = x|s(f)|
k /T
- 5]4% fl< f < f2 (1-8a)
0 elsewhere .
Setting k=2/§ , lugy| = ;’ fpo £ <fy
0 elsewvhere .
Its phase response, arg {H(f)} = 0(f) , is:
T 2
o) = + (£, - £) (1-8b)
and its group delay response, <T(f) is:
__doe(s)
) = - TaE
T
= F-(fo - f) . (1-8c)

To achieve a realisable delay function a constant delay t. (equi-
valent to a non-distorting linear phase function) must be added to this

expression, giving a linear delay/frequency response as shown in Fig.l.4,

Thus, a 'long' signal with phase varying nonlinearly with time will
be compressed in time and increased in amplitude by a network with the
properties of a matched filter as defined above. For radar purposes, the
i design problem is to define the amplitude and phase characteristics of a
waveform and its associated filter in order to achieve the best output
pulse for the particular purpose. In general, the criteria used in this
design process are minimisation of both the time width and the sidelobe

5

level of the compressed pulse”, together with optimum unambiguous perform-
ance in the presence of Doppler shifted signals. The next section examines
the output pulse in a chirp system, and outlines the techniques used to

obtain optimum waveforms.



1.5 Matched filter responses

1.5.1 Exact response

The time domain relationship, corresponding to the matched filter

frequency domain defining equation:
H(w) = S*(w)
states that the impulse response of the matched filter is a replica of

the time inverse of the signal. Thus, the impulse response, h(t) , of

a filter matched to a signal s(t) is:
h(t) = ks(-t) .

The output signal is given by the convolution integral:

t
g(t) = kfs(r)s(t-f)dr
0

which is the autocorrelation function of s(t)

Evaluation of this integral gives the following result:

o [ (2 - 101)
= /}E Sin cos wyt (1-9)

the envelope of which (Fig.1.5) closely resembles the (sin x/x)

function.

Equation (1-9) represents the output waveform resulting from the
application of a chirp signal (equation (1-4)) to a network which is
perfectly matched to it. The following points concerning Fig.l.5 are

worth noting:

(a) There are nulls at multiples of 2/F seconds, the first nulls

being separated by about 2/F seconds.
(b) The peak amplitude is YEFT .
(c) The pulse width at -4 dB from the peak is 2/F seconds.

(d) The main lobe of the envelope (between the first nulls) con-

tains 2 fO/F cycles of carrier (frequency £, Hz)

0
. 6



1.5.2 Practical filter response

A truly matched filter would have to match both the exact amplitude
spectrum and the exact phase spectrum as given in Appendix A. This is
evidently impractical. The most reasonable practical approximation is the
response obtained using the simplifying principle of stationary phase: a
rectangular amplitude response, ignoring the Fresnel ripples shown in
Fig.1.2,and a parabolic phase response ignoring the residual phase angle

Fig.l.3.

Forgan7 has made a detailed analysis of the effect of using a
practically realisable dispersive network as an approximation to a matched
filter. Tor the parameters used in the RAE system, there is a reduction
in peak amplitude of 0.35 dB, together with a slight broadening of the

main lobe.

1.5.3 Response to a mismatched signal

For the purpose of a communication system two waveforms are
required to represent the two binary states, and in chirp these two
waveforms are defined by the direction of frequency sweep. Therefore,

a mismatched signal is one whose sweep direction is opposite to that of
the signal to which a network is matched. In a system using orthogonal
signals, there would be no output when a mismatched signal is applied to
a network. However, an output is obtained in chirp, and its form is

calculated in a similar manner to the matched response.

Again, Forgan7 has derived exact expressions for the mismatched
output. In essence, the signal is dispersed over two pulse periods,
2T seconds, and has a mean amplitude of 1/V¥2Z of the input amplitude.
At the decision making stage in the demodulation process, the mismatched
output or dispersed pulse, effectively adds to the existing noise in the
zeros channel, and consequently degrades the error rate as compared to

a system employing orthogonal signals.

1.6 Chirp communications

With the signals and responses so far defined, we are now in a
position to describe a complete chirp-communication system. The trans-
mitted signal is a series of chirp signals with the direction of sweep
depending upon the binary value of the data. Each sweep has a duration
of T seconds, and a nominal sweep bandwidth of F Hz. The data rate
is 1/T baud and consequently there is no pause between successive
sweeps. The centre frequency of the transmitted signal will naturally
depend upon the frequency band being used. As far as the RAL experiments

are concerned, the VHF, UHF and L-bands have so far been used; L-band
k]

7



trials are in progress. Whatever radio frequency is chosen, frequency
translation is required at the receiver to enable the pulse compression

networks to operate in the optimum practicable frequency range.

The transmitted signal is at a constant amplitude level during
transmission of a message, and so optimum use is made of any power
limitation in the transmitters or relays envisaged in a complete two-—

way system (e.g. aircraft or satellites).

There are several methods by which the chirp signals can be
generated; they are well described elsewhere1. The RAE system so far
tested employs gated voltage ramps modulating a frequency synthesiser,
on a ground to air link. An air to ground link would require special

purpose frequency modulators for use in the aircraft.

A typical chirp demodulator is illustrated in block diagram form
in Fig.1.6. The receiver output is fed to a pair of frequency changers
each of which has a different frequency applied to it; the frequencies
of the two oscillators are arranged such that the mixer output in ome
channel has its sweep direction reversed, whereas the sweep direction in

the other channel is left unaltered.

If the centre frequency of the receiver output is fC and the
required centre frequency after mixing is fO then the two oscillator
frequencies are (fC + fo) and (fC - fo). The sweep direction of the
difference signal is inverted in the first case, and unaltered in the

second case.

This technique enables identical pulse compression networks to be
used in each channel; in particular, it is easier to design a network
whose delay function has a megative slope than one with a positive slope.
The output of each dispersive network will consist of a sequence of
compressed and dispersed pulses, and it is the purpose of the following

circuits to determine which has occurred in which channel.

. Amplitude clipping circuits followed by Schmitt trigger and mond—
stable circuits complete the functions of each channel (in the RAE scheme),
and a bistable circuit driven by the two monostables, reconstitutes the
data. Other alternatives, such as peak-read and store modules after the
dispersive networks, have been suggested7; they are refinements to the’

basic system and are not discussed any further here.

‘s



1.6.1 RAL system paramcters

The chirp system being studied in Radio Department, RAE was designed
to operate in the VHF/UNF frequency bands at a data rate of 1200 baud.
The nominal sweep bandwidth is 40 kHz, which was choscn to be well within
the then extant channel spacing of 50 kllz. The centre frequency, fO of
the signal during compression and therefore of the dispersive network,
was 108 kHz; the reason for this choice will be explained in the next

chapter.

A summary of the RAE system parameters is given below.

Data rate 1200 baud
Pulse length T 833.3 yus
Nominal sweep bandwidth F 40 kHz
Centre frequency fo 108 kHz
Dispersion factor FT | 33 1/3

No. of cycles within Zfo 5.4

main lobe o

1.6.2 Multipath interference effects

Multipath interference occurs when more than one signal path exists
between the transmitter and the receiver. In airborne communications
using satellite relays the most significant multipath effect is on the
aircraft/satellite link where in addition to the direct path, the signal
can be reflected from the surface of the earth. The time delay of the
reflected signal relative to the direct signal depends on the position of

the aircraft relative to the satellite.

On North Atlaﬁfic routes this delay varies from 30 to 60 micro-
seconds for typical aircraft altitudes (25000 to 50000 ft), with a geo-
stationary satellite statiomed at 30° W. The strength of the reflected
signal will vary according to the sea state condition, and will in
general be less than the direct signal strength. A reflected signal will
give rise to a compressed pulse at the appropriate dispersive network
output (and a dispersed pulse in the other channel). Significant inter-
ference will occur if the main lobe overlaps the main lobe of the diredt
pulse; that is, if the delay time is less than 2/F seconds. Less inter-

ference occurs for longer delays.

\O



To prevent intersymbol interference, the data period, T , should

be large compared with the expected multipath delays.

Since the half-width 2/F is 25 us and the data period is 833 us,

the RAE system meets both conditions for multipath immunity.

1.6.3 Doppler shift cffects

The received signal will suffer a Doppler frequency shift dependent
upon the relative velocity of the aircraft with respect to the satellite.

T . . . .
It can be shown that a chirp pulse Doppler shifted by f. Hz is equi-

d
V&lent?ﬁn unshifted pulse displaced by (fd/F) T seconds and of duration

[1 - [fd/FllT seconds.

This has the effect of reducing the dispersion factor in a system

which expects a standard signal. The effective dispersion factor becomes

£
to= - =4t
FT)' = {1 l - I} FT

and the peak amplitude of the compressed pulse is then:

o

th

peak amplitude = .{l - Léi

As long as the nominal sweep bandwidth, F Hz, is large compared

with the expected Doppler shifts, then the effect is small.

In practice, the maximum Doppler shifts are as follows, for air-

craft flying at Mach 2.2:

At VHF 330 Hz
At UHF 880 Hz
At L-band 3500 Hz .

Thus, even at L-band, the maximum loss in peak amplitude is only
0.8 dB. There are plans to increase the bandwidth for L-band operation

to 80 kHz, in which case the maximum loss will be less than 0.4 dB.
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1.7 Error rates in the presence of noise

Multipath interference and Doppler frequency shifts are cffects
which a modulation system must bhe able to cope with on airborne communica-
tion links. However, comparison of modulation systems is usually made on
the basis of their performance in the presence of noise alone. Conven-—
tionally the measure of performance is the probability of error when

Gaussian noise 1s added before the receiver.

Forgan7 has analysed the chirp system with Gaussian noise. The
results are given in Fig.l.7 which compares the chirp results with
standard curves, obtained by other workers8, for the more common binary

modulation methods.

For the purposes of the analysis the significant factor determining
the error probability is the ratio of compressed pulse peak amplitude
to dispersed pulse amplitude. (Appendix C gives a brief description of

the relevant expressions in the error rate analysis.)

For a small change in the dispersion factor, results show that the
signal to noise ratio required for a given error rate changes by the
same amount, in dB. Thus, a reduction of 0.5 dB in the compressed/
dispersed pulse ratio yields a corresponding 0.5dB degradation in the
signal-to-noise ratio required for a given error rate. This is not true
for all dispersion factors, but in the regions of interest it is sub-
stantially true. Advantage is taken of this factor in the work described

in a later chapter.

The apparently inferior performance of chirp systems compared with
other binary schemes perhaps requires further comment. The most signifi-
cant factor is the non-orthogonality of the signals used to represent
a one and a zero, as evidenced by the presence of a dispersed pulse the
equivalent of which is not present in an orthogonal system. Second, a
truly orthogonal system would be coherent, which the chirp system is not.

And third, truly matched filters are impossible to manufacture.

However, accepting this inferior performance in the presence of
white noise, it should be noted that performance in the presence of
multipath signals and large Doppler shifts were dominant reasons for the

choice of chirp for airborne communications studies.

Although detailed comparisons in this environment have not been
performed (to the author's knowledge) for the required system parameters,
it is generally accepted that most systems are seriously degraded by
multipath propagation and large Doppler shifts which vary with time.

Chirp modulation offers a solution in such cases.

11



Chapter 2

DESCRIPTION OF THE PROBLEM WITH POSSIBLE SOLUTIONS

2.1 Introduction

The central problem in the design of chirp communications equip-
ment is the synthesis and implementation of the dispersive network,
which performs the compression process on the chirp signal, converting
it into a narrow pulse of increased amplitude. The basic response is

shownn in Fig.l.4 1In the radar applications of chirp, many techniques

9

have been developed over the years. These include ultrasonic devices”,

10,11 12,13 14

diffraction gratings , tapped-delay lines , microwave waveguides

15,16

and, more recently, acoustic— and elastic—surface waves

17

methods '. In general these techniques were designed with radar

and optical

applications in mind where bandwidths of several MHz are required.

However, perhaps the most common technique is equally applicable
at 100 kHz as at 100 MHz, in fact in any frequency range where wire-
wound inductors are practicable. The technique employs lumped constant
filters based on the bridged-T equivalent of the all-pass constant
resistance lattice network. Although the other techniques are
supplanting the inductor/capacitor (LC) methods in radar, the first
attempts in communications have used these ideas, which were originally
developed for radar matched filters. In particular, the RAE system

. . . . .1
uses a design which was frequency scaled from an original radar design

This chapter examines the conventional passive LC filter
methods, and the problems of practical implementation; it then summarises
the possible alternative approaches indicating the most promising

solutions.

2.2 The all-pass time delay network

2.2.1 The second order all-pass lattice

The basic building block of lumped constant dispersive filters is
the second order all-pass lattice section shown in Fig.2.la. The image

. impedance of the network is

12



and the transfer function is

V2 _ 1 - Za/Lb

i
1 1 + Za/Zb

If 272 =1, then Z. =1 and
ab 1
v i - 2Z
2 a

v, 1 +2z (2-1)
] a

Further, if Za is a pure reactance, z, = an , then

v, - 5%
VT. = T_:—jig- = exp{- j2 arctan LN

So, under these conditions the network is all-pass (i.e. the

magnitude of V2/Vl is unity), and the phase response function, £ 1is

B = - 2arctan X_ . (2-2)

This type of network is called a constant resistance (Zi = 1)

all-pass delay network.

If the impedance Za is a parallel tuned circuit with an induct-

ance, L_, in parallel with a capacitance, C _ , then
a P P s a

: sLa
’ 2,(8) = .
1 + sL C
aa
. . 2 2 . . . . .
With s = jw and s” =-w~ , substituting in equation (2-1),

the transfer function becomes



With the following designations,

£
O
i
!_

aa 52 and Ca B i&g
0
this function becomes
s2 - 20.8 + 52 (s = s . )(s = s,)
0 0 1 3
H(s) = 2 (s - s )(s - s,) (2-3)
s” + 20,8 + 0 2 4
0 0
2 .
= + = +
where 51’3 Oy ¥ /Zwo oy ¥ ju, are the zeros of H(s) , and
s = =g, * -mz =-0, * jw, are the poles of H(s)
2,4 0 0 0o~ 1% :
Also
2 _ 2 2 _
By = W, + Oy * (2-4)

Fig.2.1b illustrates a pole-zero plot on the complex frequency plane.

The reactance, Xa , of the tuned circult is

and substituting in equation (2-2), the phase response, R(w) , becomes

B(w) = =2 arctan {——- . (2-5)
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Finally, the time delay function (&) 1is obtained as

Tw) = -S= = 0 : (2-6)

This function is illustrated in Fig.2.2 for typical combinations

of 00 and wO .

2.2.2 The unbalanced bridged-T form

The lattice is an unsatisfactory practical form since it is
unbalanced with respect to ground. A more useful form is the unbalanced
equivalent shown in Fig.2.3a. The conversion from lattice to bridged-T

takes the form of the following relations:

L SR .
ZZa ZA ZZB
, (2-7)
E.p. == z +?§
2 C 2
One form of the unbalanced bridged-T equivalent is shown in
Fig.2.3b
where ZA is a parallel LC combination (LA and CA)
ZB is a capacitance (CB)
ZC is an inductance (LB)
and
L, = 2L, Ly = Lb/2
. (2-8)
.cA = (¢, -¢)/2 cg = C

There are several other possible versions of this network; in
particular, one has the capacitorsarranged in star form instead of

delta form.

S

The condition for realisability is that C,>C,»or 60 > 200 R

and it will become evident that this condition is easily met for all

useful delay functions.



The arrangement shown in Fig.2.3b was the one chosen for the

RAE system.

2.3  Conventional dispersive network design

The common method of obtaining a linear delay/frequency responsz
is to add together the responses of cascaded bridged-T networks such
that the resultant is an approximation to the required linear function.
Fig.2.4a 1llustrates the technique. There is an infinite number of
solutions to the problem depending upon the required tolerance of the
delay characteristic, and the constraints imposed on the individual
responses by practical considerations. No analytic solution to the
delay approximation problem is known, but many authors19_25 have
examined the general problem of phase and delay equalisation with the
aim of obtaining the best approximation either of the maximally flat
or equal ripple type. The purpose of these approximations has
generally been to minimise the number of poles, but usually practical
considerations have provided no constraints on the positions of the

singularities.

This section describes the techniques used to design the RAE net-—
work, and possible limits to the improvement of the design are

indicated.

Considetr first the area under the delay function given by

equation 2-6.

[s2]

area = j T(w)dw = [—B(w)]o_ooo
20 .0 ©
- = |- 2 arctan 0 .
)
0 o
First consider the integral in the range - to ﬁo . Then
o
20,0 0
rea = =~ 2 tarctan 0
ared) 2 2
O~ - w

~=00

~ 2 [arctan (0) - arctan (=)]
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Similarly area., 1in the range w, to =

2 0
we measure frequency in Hz (f = w/2m)

is also

7 ; therefore, if

and delay in seconds, the area

under one second-order all-pass delay response is unity.

Examination of the basic linear response to be synthesised shows

that the total essential area is

FI/2 = 16.66 (RAE system paramcters).

Tt follows that this is the baslic number of second-order sections

required, if all the available delay could be packed into the frequency

| < f < f2 .

impossibility; all sections have some delay down

range f
frequencies. Therefore more than 16.66 sections
problem is to use as few as possible to give the

and to keep within practical limits of component

Obviously this is a practical (and theoretical)

to de and up to high
are necessary. The
required tolerance,

realisability. For

example, if the range of inductor values is too large, the physical

size of the inductors may have to vary, and overall construction

becomes difficult.

large enough Q factor

Furthermore, it may not be possible to achieve a

for all values of inductance.

At this stage it is convenient to introduce a parameter which

more readily describes the shape of the delay response of the second-

order network.
as follows:
0

Qe - 26 '

o

The delay function, t(w) , then becomes

_2
Q w
2—=2 11 + —é}
®0 w
T(w) = — 5
w
2 w
- SRR e

0

Since the delay function is the sum of two

It is an effective Q factor, Qe

, which is defined

. (2-9)

curves centred at

positive and negative frequencies, the frequency at which maximum delay-

occurs, Wy

l.e.

17

is not in general equal to the resonant frequency 50 >



wo = UJO"OO
L.e.
W2 ooo22
o "o 2]
4Q;

lHovever, for Q > 2 , the frequencies are approximately the same, and
e

in that case, Qe may be expressed in terms of the' delay response as:

where Aw 1is the half delay frequency separation. (This ‘definition'
explains the choice of symbol since it is a similar term to that which

describes the shape of a power resonance function.)

The term is useful for describing the delay function, and for

obtaining practical guide lines for component design.

2.3.1 Optimisation of the response

The inductor Q factor has a low order effect on the delay
response but it has been shown that the higher the required delay

factor Qe » the higher does the inductor Q factor have to be.

A high inductor Q factor means less overall attenuation (which
follows a curve rather similar in shape to the overall delay response)

and hence less need for an attenuation equalizer.

Work at RAE showed that in order to maintain the input resistance
as constant as possible at 600Q over the frequency range of interest
(a requirement which was found to be essential when using a hybrid
network to halve the size and weight - see section 2.4.1) the Q/Qe

ratio should be more than 50.

Similarly, stray capacitances cause frequency sensitive distor-
tion of the response which cause more significant effects at higher

" frequencies.

Thus, practical considerations put limits on the values of Qe
and the centre frequency of the response. The next step is to
position the second-order sections such as to give a resultant linear
response. Since it is obviously impossible to obtain linearity of

response down to zero delay, the linear portion must be raised on a

18



delay pedestal to account for the delay of sections above f2 (see
Fig.2.4). Then, a first approximation may be obtained by placing
sections at unit area intervals along the frequency axis, starting

o}
from the high frequency end at one half unit area from f21u (Fig.2.5).

The resultant is then calculated by summing the responses of the
sections at a set of frequencies within the band. This first attempt
will undoubtedly not coincide with the specification; the next step is
to modify the specification and divide this predistorted function again
into unit areas. Then the new response is computed, compared with the
original specification, and a new predistorted specification calculated.
After several such successive approximations, the process is stopped

when the required delay tolerance is achileved.

This technique was used in the original design of the networks
which were scaled to give the RAE values. TFull details may be found

elsewhere18.

Today, there exist sophisticated computer programs which can
perform circuit analysis and optimisation of component values with
respect to a desired response. It is likely that these techniques can
improve upon the original design, by using fewer sections to achieve
the same delay tolerance. However, the practical constraints described

above will define a limit to the improvement.

The RAE network consists of 48 bridged-T networks, divided into
four identical groups, each with twelve sections. The average Qe

value is 5.6 and the range of component values is as follows:

Minimum inductance 0.279 nmH

Maximum inductance 3.16 mH 1:11.3

Minimum capacitance 388 pF 1:21.9
Maximum capacitance 8510 pIF e

2.4 Construction of dispersive network

P

The RAE design was constructed from standard ranges of ferrite
core inductors and polystyrene capacitors. The inductors were l4mm
Mullard Vinkor assemblies, wound with multistrand wire to obtain the
maximum possible Q , as required by the constraints in section 2.3.1.
The capacitors were Suflex polystyrene type, ordered as matched pairs
to meet a tolerance of }%. Each group of twelvé sections was mounted

on a printed circuit board, with side supports to carry the Vinkors,
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and a complete two channel dispersive network therefore comprised eight

of these boards, four for each channel.

2.4.1 A hybrid method of size reduction

A practical reduction in size was achieved, however, by the use
of a hybrid technique to enable one half of a complete dispersive net-
work to be used twice. The operation of a resistive hybrid is
illustrated in Fig.2.6. The input signal path is split between a resist-
ive load and the network input; the signal is then reflected at a short
circuit at the end of a one half network, and is operated upon by the
network in the reverse direction before being split by the hybrid into
two directions, one of which is completely separated from the input.

By this means, 24 sections can be made to do the work of 48.

An analysis by Forgan7 has shown that the action of an ideal
hybrid is identical to a complete dispersive network. However, in
practice the performance is degraded by impedance mismatches between
the actual impedance of a real network and the resistive hybrid.
Signal break through occurs between the input and output causing some
distortion of the compressed pulse, but the effects can be tolerated
in view of the 507 size reduction achieved. Therefore, instead of

eight groups, a complete system requires four groups plus two hybrids.

2.4.2 Compensation for stray capacitance

The use of }% tolerance capacitors is hardly justified when there
exist stray capacitances associated with every inductor. In fact,
uncompensated component values with stray capacitances cause compres$sed
pulse distortion, amounting to a time shift and a small amplitude
reduction (about 0.3 dB). Therefore, it is important to compensate in

some way for these extra unwanted capacitances.

The strays associated with a Vinkor assembly are a winding
capacitance in parallel with the inductance of about 10 pF (CO) s
and a capacitance of about 4 pF (Ca) between each end of the winding
and the outer can. Since the cans were all earthed, the overall

circuit for a bridged-T network including strays is as shown in Fig.2.7.

Using a compensation technique developed by Marconi and expanded:

at RAE, the compensated component values are:
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(500 + Ca)

>
) —

[
I
=
1
@]
Il
-
+

(CO + Ca) .

=
=
(@
=
rof —

These expressions are obtained assuming that C. and Cq are
[&

0

both very much less than CB and CA ; they are calculated at the

centre frequency, w,. , of each section, but analysis has shown that

0
compensation is adequate across the whole frequency range of interest.

2.4.3 Alignoment procedure

Simply putting together an LC circuit, which relies on accurate
components, seldom guarantees an accurate response. Such circuits
required fine tuning for optimum performance., In this case, as in
most similar networks, the capacitors are most easily made accurately,
and least easily tuned. Therefore, }7 capacitors are used, with the

inductors variable by means of a ferrite tuning slug.

The technique adopted for the RAE system involved tuning both

inductors in situ, with all strays present.

With the network open circuited, the effective impedance 1is Z
in series with an impedance kYp , where ZS is the impedance of a

series tuned circuit comprising L, and 2CB , and Yp is the admit-

B
tance of a parallel tuned circuit comprising LA and (CA + CB/Z).
This impedance is a minimum when LB is tuned at the centre frequency,
w3 the impedance when short circuited is a parallel combination of

Yp and %ZS . This is a maximum when LA is tuned to W (see
Fig.2.8).

2.4.4 TInductor losses

The RAE network with Qe ~ 5.6 requires inductor Q factors
greater than 300 to minimise distortion. Multistrand wire with as
many strands as possible was found to be essential to achieve such
high values and care was necessary to make the windings even. Two
types of wire were required, one type for L, and another for L_ ;

A B
Q values of 325 were obtained for each inductor.

2.4.,5 Conclusions .

The problems of large scale manufacture of passive dispersive
networks are evident. Ideally, all stray capacitances should be
measured and individually compensated; low inductor losses are neces-—

sary together with fine tuning of the inductors at accurately determined
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frequencies, which are different for each section. Finally, the size
and weight of the networks are a large proportion of the overall size

and weight of the demodulator,

A reduction of the size of the network would be highly desirable
for an airborne application. Furthermore, an improvement in the align-
ment procedure, preferably none at all, would be an advantage. Passive
LC networks would almost certainly require re-tuning at intervals

which makes maintenance a further problem.

All these factors point inevitably to an active solution if one
can be found. In particular, a digital method would require no tuning
and therefore no maintenance problems, since the response cannot drift
with time or temperature. Some specific solutions to the problem will
be investigated in detail in later sections. Meanwhile, various solu-

tions developed by other authors are examined.

2.5 Linear delay approximation methods

Many authors have approached the problem of obtaining approxima-
tions to the constant delay function, and more recently, the approxima-
tion of arbitrary delay functions has received attention. Since no
analytic solution to the problem has been found, the most efficient
solutions have generally involved the estimation of a first set of poles
followed by a perturbation technique to minimise the departure of the

achieved phase or delay functions from the specification.

In general the problem becomes one of devising the most efficient
perturbation algorithm having decided upon the number of delay sections
to be used and an initial 'guess' for their poles. Specifically with
regard to linear delay approximations the following work is represented
in the literature.

26

0'Meara“” has used graphical approximation methods to arrive at a
set of initial pole locations. Ward27 employed a potential analogue
technique (an electrolytic tank) followed by a computer perturbation.
Véland28 obtained an initial guess by constraining the phase angle to
fit the ideal at a set of points equally spaced in phase angle, and
by introducing a variable factor in the denominator of the transfer
function; again a computer perturbation technique was required to

minimise the final errors.
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The most complete.description of a practical delay approximation
technique is given by Crane29. The first step is to determine an
approximation that coincides with the desired delay on a specified set
of points. The second step consists of perturbing these points in an

attempt to find an equal ripple solution.

These methods are all basically means of refining an initial
estimate to obtain a close fit to a linear delay function. In principle
an optimum design for a given network complexity can be obtained. How-
ever, none can provide more than a small size reduction compared with
the original RAE design. All will require many sections of bridged-T
network, some of which will have large Qe factors, unless the pole
locations are constrained in the design process as in the Marconi work,
in which case optimum designs (from a delay error viewpoint) cannot be
achieved. This practical constraint has not been considered in any of
the above methods, but in a system which demands a relatively high

centre frequency/bandwidth ratio, it must be an important consideration.

Therefore it was decided not to approach the problem by looking
for a more efficient initial choice of pole locations and minimum delay
errors, but to attempt more extensive departures from the original

design concept in order to find more significant gains.

2.6 All pass active networks

30-36

Many authors have described active filter configurations

which realise the second order all-pass transfer function, equation (2-3).
Essentially there are two main approaches: one uses an infinite gain
'computing' amplifier or inverting operational amplifier as the active
element (high input impedance low output impedance) while the other
employs fixed gain amplifiers in Sallen Key or similar configurations.
There are other active network elements often discussed (current

amplifiers, negative impedance converters, gyrators) but practically the

elements most often used for all-pass network synthesis are amplifiers.

The most promising networks discovered in the literature employ
only one differential input operational amplifier. The circuit due to

30

Holt and Gray” is shown in Fig.2.9a. It requires five resistors and

three capacitors in addition to the differential amplifier.
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To realise the transfer function

H(s) = 2T oas 2

the following identifications are made (R1 = 1):
2 2 - 2 .
R, = 1+(a"/b)y R, = & /bh: ¢ = afb; C = (a8~ + Dd)/ab;
2 3 { 2
C3 = a/b; K = 1/a
and the transfer function becomes
32 - sl(c,+cC,-C, -K)/KC] + 1/KC
2 3 1 i 1 ]
H(s) = —
s” + sl(~ C, +Cy+ G+ K)/KCI] + 1/KC,

Both the poles and zeros depend on differences between component
values such that a small percentage error in a component results in a
large percentage error in the difference, and hence a component sensitiv-
ity problem. However in an application where many sections, tuned to
different frequencies are arranged in cascade, the delay error from any
one section could be considered as only a small perturbation on the

overall response.

3

Another differential amplifier circuit was described by Deliyannis
(Fig.2.9b). This circuit which requires only four resistors and two
capacitors has a transfer function given by:

g, * 8 g 8,8
2, ( i %2 _l) M
€

| C
I +X 2, (BT 8 818
c, ST TC

H(s) =

Its sensitivity characteristics are better than the Holt and
Gray circuit but it realises H(s) only to within a constant multiplier
l/ﬁ + K). In a multi-section cascade this is obviously a disadvantage
. since separate amplifier sections would be necessary to maintain a given

signal level.
Many other realisations have been published. )

At the time when these possibilities were being considered the
major impediment to active filter realisations was the frequency limita-

tions of the integrated circuit operational amplifiers. The application
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requires accurate opervation, up to frequencies around 100 kilz. Yor
a network (such as that duc to Deliyannis) to operate satisfactorily

at a frequency of w, the following expression must be satisfied

0
(Budak and Pete1a37):

wOQek

AOu

<

where the gain of the operational amplifier is

- Aou/(s + o)

and k =(C1 + CZ)/C2 in Fig.2.9b.

Thus for wy = 211105 s Qe ~5, Aou = 107 (roughly typical of

present day IC operational amplifiers) we find that
k<3,

A further limitation in Deliyannis's circuit is that

vk = 2

This requires a value of k ~ 100 which is entirely incon-

sistent with the frequency limitation (setting k < 3).

This kind of problem is encountered with all active filter
realisations at frequencies ~ 100 kHz, although some are better than
others., Furthermore, it is unlikely that these realisations can be
easily cascaded without intermediate buffer stages which mean a further

increase in complexity, unreliability and power consumption.

A solution to the problem using active filters awaits suitable
wideband integrated circuit operational amplifiers which will be able
to provide repeatable responses (not requiring tuning) with easily
manufactured components (tolerances not better than 1Z) at frequencies:

around 100 kHz.
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Active filters were not considered further for these reasons.

2.7 Digital filter methods

Digital filter methods have the potential for reducing the size
and weight of many complex filter applications such as dispersive
filters. Chapters 6, 7 and 8 describe a technique which is capable of

being implemented on only a few MOS/LSI chips.

A digital filter operates arithmetically (by multiplication,
addition and pure delay) on sampled and quantized versions of a signal.
Thus, the first obvious requirement is an analogue to digital converter
(ADC) to sample the incoming signal at the required rate and to convert

the samples intoc n-bit numbers for manipulation by the filter.

Digital all-pass sections could be used to build up a desired
delay response in a similar manner to that already described for passive
sections. A technique like that described by Kise138 could be employed
which matches the response of a digital filter to the required phase or
delay function at a set of equally spaced frequencies. The delay
response of a digital filter is examined in detail in Chapter 5; one
of the results is the phase response of an Nth order all-pass digital

filter, which is given by

. w
N

Zak sin kpAt

¢ (w) = - NwAt + 2 arctan 41‘:1 L .
N N
1 + j{: ak cos kwAt
k=1
| )

a, are the so-called coefficients (or constant multipliers);
they are in effect the 'component values' of a digital filter which,
once having been chosen, determine its response; At 1is the delay
time or sampling interval. The ak can be chosen such that QN(m)
matches the required delay, at least at given frequencies, in the

following manner.

The nonlinear part of @N(m) is a(w) y Say

@N(m) = - NwAt + a(w) .
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The delay ¢f an Nth order filter is

da (w)
dw

TN(m) = + NAt -

The delay function we intend to obtain is given by

() = FEy - D)+ T, = —§f+1~0+£§£
thus
$(fy = - ZWJ.T(f)df + constant
Integrating and setting ¢(0) = 0 we get
$(£) = 7;,—Tf2—-2'nf|i’]b+ f‘?ﬁJ
0(5) = TLE(E-2£) - 2T = Y (E) -y (D) .

If we match wl(f) with a(f) and choose N and At such that

NAt = T0 we have synthesised a suitable network. First we choose a

set of N frequencies W, (= 2ﬂfi) (i =0,1,...,N) such that

N
E a, sin kw.At
k 1
— k=0
¢](wi) = 2 arctan <
I + a, cos kw.At
k 1

which transforms into the system of equations

N .

) o _ o1 .
zizak sin [kwiAL 5 wl(wi)] = sin 3 wl(wi) i=1, 2, ...n .
k=1

the solution of which gives the required a

k
This method gives an economic solution in the frequency range

O0<f < F where F = 1/2At .

Such a solution is theoretically possible but requires a complex -
recursive structure which is extremely sensitive to round off noise
effects in the multipliers requiring high coefficient accuracy and

should ideally be factorised into smaller units.
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A further digital solution cwpleys a transverse or uon-recursive
structure similar to a tapped delay line. After sampling and encoding
in an A to D converter, the samples are transferred successively to
delay elements in series. The outputs from cach delay element are
multiplied by a constant multiplier and the results of each multi-
plication are added to produce the output. The values of the multi-
plier coefficients are equivalent to samples of the time inverse of

the input signal.

Thus the output sequence y(nT) is the discrete convolution of
the input sequence x(nT) and the impulse response sequence
a

a ...aN formed by the multiplier constants, i.e.

O’ ]’

N
y(nT) = j{: akx[(n - )T .
k=0

For adequate resolution of the output compressed pulse, many
sections of delay are required (probably up to 600 for the RAE para-

meters). Thus the filter is extremely complex.

Ash39 has demonstrated a modified digital transversal solutionm,
employing a delta modulated input signal and resistor implementation
of multipliers at outputs of a shift register. Promising results

were obtained.

All the above digital methods hold promise for significant
weight reduction yet none possess the simplicity which is desirable on

the basis of reliability and cost.

2.8 Summary of proposed investigations

2.8.1 The linear delay function has been exhaustively examined
by various authors, basically because it is an optimum signal in its
class (i.e. optimum from consideration of the ratio of compressed pulse
peak to main lobe time width). The class of signals defined by
C£(t) = function (t) T/2 < t < T/2) are all candidates for a pulse
compression system, but have not been examined in detail unless in
classified work. The next chapter looks at some possible nonlinear
FM signals and computes compressed pulse envelopes for comparison with
the sin X/X shape obtained with linear FM. Tﬁe aim is to discover if
a significant size/weight advantage can be achieved at the expense of

only small performance degradation.
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2.8.2 Anticipating for a moment the conclusions of the following
chapters, the arguments surrounding nonlinear FM signals directed the
work along a different route. 1Instead of looking for nonlinear signals
which gave acceptable results and then having to synthesise the delay
required (section 2.5), easily realisable delay functions were examined
for their acceptability in pulse compression - a reversal of the usual
design process. Chapter 4 describes a system which follows this

principle.

2.8.3 A digital filter solution would appear to have the most
promising impact on the size and weight of a pulse compression network.
Chapters 6, 7 and 8 develop and demonstrate ideas conceived in Chapter 4
in a digital realization and conclude with an extremely simple, small

and reliable digital solution for future applications.



Chapter 3

NONLINEAR FM SYSTEMS

3.1 Introduction

Arising cut of the previous chapter, a technique for reducing the
complexity of a dispersive network could be to design the system around
a nonlincar delay responsc, which has a gsmaller areca and thus requires
fever delay sections. This is not a great departure from the existing
system, cxcept that the signal required to match the response is inevit-—
ably nonlinear (i.e. its frequency varies nonlineariy with time).

Unless this implies an unacceptable loss in terms to be discussed, the
size advantage to be gained from such a departure may be a significant

factor.

This chapter examines the techniques for evaluating departures
from linear FM and looks at some typical signals and their corresponding

filter responses.

3.2 Design criteria

In Appendix B some expressions are derived for signals and spectra
with large time-bandwidth products, and methods of obtaining matched
filter responses. The usual application of these methods is to specify
signal frequency vs. time such that the magnitude of the signal spectrum
assumes a specified form. In this section a particular signal function
will be assumed, and its spectrum obtained; then the compressed pulse

shape can be found using the inverse Fourier transform.
The conditions on the signal are:

(1) frequency limits, fl and f2 , such that the spectrum is

effectively contained within 40 kHz,
(2) its envelope must be rectangular in order to make optimum use of

transmitter power.

Otherwise, the criteria refer to the shape of the compressed and dis-
persed pulses. These criteria are difficult to specify quantitatively;
but, in general, as long as the compreésed pulse is not too much wider
than the 'ideal' sin x/x,and the peak amplitude is not degraded to a
great extent the change is acceptable. Nominal values of say 107 and
0.5 dB could be placed on these parameters for the purposes of

evaluation.
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If small size is the aim, with fewer all-pass scctions, a smaller
total area under the group delay vs. frequency curve must be achicved.
The kind of response necessary is illustrated in TFig.3.1. The smaller
the shaded avea can be made, the fewer sections of delay network are
required to synthesise it. Some practical problems may be created by
the necessity for a larger range of delay/frequency slope, and less

stringent restrictions on component values may be required.

The effects on the response of reducing the area to be synthesised
will be investigated by reference to some particular analytic

nonlinearities.

3.3 Pover law frequency functions

3.3.1 Signals and spectra

These functions provide a simple method of demonstrating the
effect of varying the nonlinearity of the frequency function in a

systematic manner. The signals have instantaneous frequency given by

F(E) = £, 4+ (t+ T/, (3-1)
1 n
T
Here we make the limits of the sweep fl and fl + F as before,
and refer to the functions as linear, quadratic, cubic and quartic

FM (n =1, 2, 3, 4). The functions are illustrated in Fig.3.2.

Using the principle of stationary phase, we can obtain approximate
expressions for spectra and delay functions, remembering the restric-
tions on FT product and centre frequency. From equation (B-2), the

instantaneous radian frequency is
. ' - F n
w o= 8'(t) = 2n{f + = (¢t + T/2)
1 !

and the second derivative, 6"(t) 1is

o"(t) = 2m - (e + T/2)™)
Tn

Substituting from equation (3-1) to remove the t-dependence:

oo
T (f - fl) .

e"(t) = 2mn

el
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Then, an approximate spectrum magnitude function is obtained using

equation (B-5) thus:

v 2n
‘ . T 1 ¥
!S(f)ni - q\/;‘—',z (f - fl) ) (3-2)

Using a similar procedure to remove t—dependence the phase function,

©(f) , is found to be:

n+l

VIS 3 n £-f .
@(f) = = 27TT o F 1 T + TFT '—F—— + —8- . (3—3)

Then the group delay function of the signal £(t) 1is

_da(E)

T(£) 7mdE

I

!
o3

o+
=3

(3-4)

This can be obtained direct from equation (3-1) using the stationary
phase relationship, equation (B-7). The group delay of the filter

matched to this function must be the negative of equation (3-4). Thus

Obviously, to make this function realisable, an extra constant
delay, greater than T/2 seconds, must be added, but for the purpose of

~

analysis the expression is adequate.

The magnitude spectra of these signals are shown in Fig.3.3.

They have been normalised with respect to the linear case for which
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I

‘S(f)‘]l

=i

So the functions plotted are

2n
1 F
lS(f)n{‘ = T/—H—(—f_:—f_]) : (3-5)

The alarming feature of these spectra is that

lS(f) I > o
Hless

]
which poses a serious realisation problem for the matched filter.
Since such infinities are unlikely in practice, it is to be expected
that a more exact analysis will yield non-infinite spectrum magni-
tudes. An exact computation of the spectrum of a quadratic signal is
shown in Fig.3.4, and compared with the stationary phase spectrum.
Although, as expected, the spectrum is finite the nonlinearity is such
that there is a range of about 5:1 between the magnitude of the
response required at 80 klz and 120 kHz. This in itself poses a

practical problem of amplitude equalisation.

The familiar ripples on the magnitude response are evident; their
magnitude is largest near the band edges and smallest near the centre.
In this case the minimum occurs near 95 kHz. TFurther, it may be noted
that the ripples have approximately equal positive and negative

departures from the stationary phase approximation.

3.3.2 Output signals

The output signals from a matched filter are obtained in
approximate form by assuming that the nonlinear part of the phase
-response is cancelled exactly by the filter phase response, and apply-
ing the inverse Fourier transform to the output magnitude spectrum; the
response function is given by equation (3-5) (normalised to the n = |

spectrum). Thus
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. n
Ig(t)l dﬁ@ '[eJZﬂPtx s (3-6)

0
1/4

f-f
here x = — !
W = T .

The only signals in this set which yield relatively simple expressions
are the linear and quadratic types (n = 1, 2). The linear case is
well-known as chirp, described in Chapter 1, The quadratic case may

be expressed in terms of the Fresnel integral.

£(y)

1 4 e—-jX
_— f dx
V21 5 Vx

Cz(y) - jSZ(y)

Noting that fG—y) = E(y) , we obtain the following expression for

the output envelope for quadratic TFM:

) '
g6 = %E\[{czm v s2) (3-7)

where y = 2nFt .

In general, the output envelopes are given by the magnitude of

equation (3-6); they are shown in Fig.3.5.

Although the peak amplitude of the compressed pulse 1is the
"same for all values of n , there is a successive broadening of the
main lobe, and an increase in sidelobe level as the input waveform

departs from the linear.

The peak level is determined solely by the FT product of

the signal, i.e.

lg)| ., = YFT  for all n .



Any waveform with the same FT' product gives the seme peak compressed
pulse amplitude when operated upon by a truly matched filter in the

mamer outlined above.

However, the pulse broadening, with an apparent increase in output
signal energy for move nonlinear waveforms, deserves further explanation.
The phencmenon occurs due to the necessity for a matched filter to
emphasise those parts of the spectrum having higher signal-to-noise
ratios (or spectrum amplitude), and to place less weight on the parts

having lower signal-to-noise ratios.

Consider, for example, a simple spectrum with a normalised squared

magnitude function

2
IS.(f)l = 2.5-f .
i ;

The power within this spectrum, band limited to the region

1 < f < 2

Z 2
“s.(f)l aF = 1 .
1
i

The squared magnitude response of a filter matched to this
function is identical, which means in this case that frequencies
below 1.5 are emphasised more than frequencies above 1.5 in a linear
fashion. The spectrum function of the outputis the product of the

input spectrum and the magnitude response of the filter, i.e.
2 T
ol - o)

and the power in the output signal is

2 2
“si(f)\"df = [(Z.S—f)zdf = 1.0833 .

1
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So the power in the output signal is 1/12 greater than in the input.
This general argument applies to all nonlinear signals having the same
gross properties (bandwidth and FT product). The greater the non-
linearity, the more pronounced is the difference in the power distribu-
tion at various frequencies acrcoss the band, and the greater is the

total power within the compressed pulse envelope.

The preceding discussion indicates a special problem which scts a
limit to the acceptable degreec of nonlinearity. We cannot put a limit
on the total output power since functional differences produce different
powver distributions; limits must be placed on sidelobe level as well as
main lobe broadening and peak amplitude loss. These factors will be

brought together in a comparison towards the end of this chapter.

3.4 Modified power law functions

The major disadvantage of the nonlinear functions above was felt
to be the infinite spectrum magnitude at f = f1 , caused by the fact
that the derivative of the instantaneous frequency is zero at
fl(t = -~ T/2) . A function having df/dt = 0 outside f] < f < f] + F
does not have this disadvantage. Such a function can be derived from the
power law relation by changing the time scale by a factor 2, and using

the middle time portion.

The following instantaneous frequency function is suggested.

£(t) = £, - + L (3-8)

The modification, though arbitrary, will serve to demonstrate the
effect of having df/dt # 0 ; the signals in equation (3-8) are
illustrated in Fig.3.6.

Stationary phase analysis gives the following expression for the

spectrum magnitude:

_ T 1 n _ 'f.\ 1 _
|s(E)| _/;—/Zzn(s 1) a7 (3-9).
n
fx + 1/(3" - D} ?
f -
vhere x = f]
F
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These speckm are
A illustrated in Fig.3.7. Exact computation again givezs the Fresuel

ripples

about the average stationary phase approximation; the output

pulse, using equation (3-9), illustrated in Fig.3.8, is

8

Thus:

f1+F
j2nft
N o _ [T 1 o _ .y 1/n [ e’ -
() = j; o (3 1) . T df
f] £ - f] ] n
= +
3" - 1.
n 1/n : j2nftx
lg(t)] = VFT 59——2L{fL——- ‘[ ° — dx|. (3-10)
2 0

{x + 1/(3n - 1)} n

As before

lg()] .y = AT

A different arrangement of this expression yields the following form

in terms

where x

and

of the Fresnel integral, as in section (3.3.2)
1 T (= -
g(t) = 5]; () - £}

207t/ (3" - 1)

] =
5 = anre3”/ 3% - 1)

1 2 2
lg(e)| = ~2-E ﬁCz(x?_) - Cz(x])} + {SZ(X?_) - Sz(xl)} .o

The group delay function of the matched filter is
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£-f
T(F) = T—%{@“—l)( St \)E

Although the amplitude response required at £ = f  has been
reduced, the compressed pulse shapes are gencrally similar to the true
powver law outputs. However, the table belcw, giving the area under
the delay response as a percentage of FT/2 , shows that for similar
gains, a modified cubic or even quartic is necessary to be equivalent

to the true quadratic.

Type % area of FT/2
Quadratic 66.7
Cubic 50.0
Quartic 40.0
Modified quadratic 83.3
Modified cubic 69.2
Modified quartic 58.0

The cubic and quartic matched responses still require careful
tailoring with the response at 82 kHz more than twice the response at
118 kHz., The simplification achieved by the reduced area of delay is
partially offset by the need for a tailored amplitude response, which
could demand several amplitude equalising sections, each of which ‘

contributes an unwanted distorting phase function.

A possible route avoiding this difficulty is to depart from the
theoretical matched filter which matches both the phase and amplitude

spectrum, and to use an all-pass network. The response in this case is

1e3w(w) instead of ]S(w)|e3¢(w)

3.5 Power lav functions with all-pass filter

Using the same signals, the spectra are as before but the out-

put signal becomes
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T n J2nft
g(t) = [z =T 2 f —E — df
Vi

|
= j2nFEx
H .[ © dx (3-11)

n n—1
o (&)
x

where x = —/—— .

Comparison of equations (3-11) and (3-6) shows important functional
differences, and it should not be surprising if the envelope shapes

are also different, in important respects. TFig.3.9 shows the compressed
pulse outputs of the all-pass filter for the signals given by

equation (3-1).

In particular the peak amplitude of the compressed pulse is

reduced to

-
[g(e) | - 2 T
t=0

Similarly, the modified power law functions give rise to the

following output signals (ef. equation (3-10))

1
N (n j2rFtx
lz(e)] = fl%-(3n -1y [ — —7 dx| . (3-12)
2 0 {X + 1/(3 - l)}‘z_n

The peak amplitude is

s = |27 (ko e
£=0 RN

These are shown in Fig.3.10. The notable features of the all-pass

filter outputs, compared with matched outputs, are
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(1) reduced peak amplitude, the amount depending on the degree of

nonlinearity;
(2) deeper nulls;
(3) reduced absolute amplitude at all times.
These items are quantified in a summary at the end of the chapter.

3.6 Logarithmic phase signalsg

For a more complete picture of the effect of nonlinear frequency
functions, some more cxamples were examined. Firstly, the logarithmic
phase function which has an instantaneous frequency of the form (see

Fig.3.11):

f(e) = £, + ——— - T/2 ¢t < T/2 . (3-13)

The shape of this function can be altered in a controllable manner
by, say, specifying the point at which it crosses the frequency axis

as a function of the full sweep, F ; let the curve cross the frequency

axis (t = 0) at f = fl + F/A , where 2 < A < ® ., Then the parameters
fO , k and T1 are:
-
F
fo = 5 "33
ko= pridz o
(» = 2)
T A
T 20 -2D )

Once again, the stationary phase approximation may be used to

obtain the following spectrum function:

vk

£ - fo

Is(e)| =

T Va—- 1
F)l+ (A= 2)(f - fl)/F
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which is shown in Fig.3.12 for various values of A . As befove, the

matched filter output is obtained with an amplitude responsc:

e | - IS(f)[//% .

Then
£ +F
‘ 2
e(t) = [ |SC(E)| ™ J2rfe, .
{0
therefore
XZ x R
g(t) = ji ked "0 0ne & ax
T 2
% X
1
_ _ _ 2nf 1
where X, = Zﬂ(f] fo)t = T3 t F (3-14)
x, = 2n(f, = £. + F)t = 2 F + Fi t
2 ] 0 A -2 ‘

This may also be expressed in terms of tabulated functions, as follows.

Consider

2 %
= e r
L [ 5 dx
x X
1
3%y 3%y ix
e e e
= - + 3 —X-dX .
% *
X
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An alternative formulation is

eJZWth

s = o - | [  d
0 [1+ (x - 2)x]

where x =

The logarithmic phase function is of particular interest since
it has been shown to be optimum for the purpose of minimising signal
degradation resulting from Doppler distortion effects4o. It is
interesting to note that certain kinds of bats are known to use this
optimum nonlinear modulation in their 'somar'. Although this property
has potential for radar signals, the improvement attainable in a
communications application is insignificant, especially when the
effects of Doppler are so small. In fact, all FM signals with accept-

able gross parameters provide sufficient immunity against Doppler

effects.

The output pulses for matched and all-pass filters are shown in

Figs.3.13 and 3.14. 1In the all-pass filter case the peak amplitude is

le() ] o = /ﬁ——-————’;:;_ O - 1) .

3.7 Exponential phase signals

A final class of nonlinear signals, called exponential phase,

is defined by the rélationship (see Fig.3.15):

£(t) = ce®t g (3-15)

Applying the same factor A to vary the depth of the waveform,

we obtain the following identifications: .
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— N U
fo = (A - 2)

- D
¢ = Fya T >
a = %-1n(k - 1) )

Substituting these expressions in equation (3-15) we get:

£(8) = £+ i (A = 1) -1

The spectrum modulus (by stationary phase) is (see Fig.3.16):

1

Ja(f - fa)

i £- £
2In(A - 1) NCS) + %

1]

|s(e)]

- /L
F

The output signal is

"

lg ()] dx (3-16)

1 .
JFT eJZﬂFXt
2ln(A —~ 1)

0 S tX

where x = — and kO = XTX_:_ET

or
Y & iy
FT e
6] = o= f &
¥ .

where ¥, = 2nFtk and Yo =¥, * 21Ft .

0
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These outputs are illustrated in Fig.3.17; the equivalent all-pass

filter outputs are

dx

| B
/TT j2n¥Fxt
ls(o)] = — [ -

V21n(x = 1) 3 /ko + x

which are illustrated in Fig.3.18. The peak amplitude at the output

of the all-pass filter 1is

_ 2(x = 2)
lg(] ., = ‘/ﬁj%“l) '

3.8 Dispersed pulses for nonlinear FM signals

In order to describe completely the performance of nonlinear FM
signals it is necessary to exsmine the response of a filter to a mis-
matched signal; that is one whose direction of sweep is opposite to

the signal to which the filter is matched.

Expressions for the dispersed pulse envelope obtained from the
various types of nonlinear waveform considered in this chapter are
derived in Appendix D. 1In all cases numerical integration using a
computer was required. The rapidly oscillatory nature of the argument
within the integral means that a large number of integration steps is
necessary and hence a rather lengthy computer processor time. For,
this reason the whole of each signal was not computed but a complete
computation for a selection was performed in order to examine the

trends as described below.

In fact all the dispersed pulses are similar in character, but
their magnitudes vary slightly and of course it is the magnitude of
the dispersed pulse at its centre point in time (corresponding to the
compressed pulse instant in the other channel) which is the
parameter of interest. Fig.3.19 illustrates a typical dispersed

pulse for log phase signals.
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3.9  Comparison of nenlinear funclions

None of the waveforms examincd exhibit properties with outstanding
advantages in a pulse compression communications system. In fact, as
indicated in Chapter 2, it is difficult to define strictly quantitatively
those properties which are desireble. Although certain parameters are
important, a trade-off between them to determine an overall formula for
assessment is at best a subjective task. Therefore, the simplest way to
compare the possibilities is to construct a table in which all measur-—
able quantities are listed, and from this, if desired, a reasonable

choice might be made.
The parameters chosen for the comparison (see Fig.3.23, were

(i) Peak amplitude of compressed pulse, A (wrt unity input amplitude)
(ii) Depth of first null in relation to central peak (in dB)

(iii) First sidelobe in relation to central peak (in dB)

(iv) -4 aB central pulse width (in ps)

(v) Average amplitude of dispersed pulse over central 50 us.

Table 3.1 below makes the comparison for (i) to (iv).

Table 3.1
COMPARISON OF HONLINEAR Fi COMPRESSED PUISES
PEAK DEPTH OF PIRST PUISE
| awPLTTUDE | PIRST WULL | STIDELOBE WIDTH
TYPE / dB dB |18
w | oap | Ap | e AP | WP AP
n
2 | 5771 5.44 ] 10.93 | 19.44| 8.78] 11.67] 25.00| 24.30
POWER LAW | 5 |5 7715.00| 7.02| 15.92] 6.31]10.75] 27.50 | 24.25
4 15.771 2.62 s5.20]12.25| 4.85] 10.47| 31.80| 24.25
n
MODIFIED o 1 5.7715.741 16.24 | 22.71] 11.53 | 12.57 | 25.25 | 25.00
POWER LAW | 3 | 5.7715.56| 11.03 ] 17.75) 9.29| 11.61| 25.88 | 25.20
4 | 5.77) 545 T:91| 15.741 7T.551 11.09] 27.00 { 25.75
> 6
e | 205 | 577 | 572 { 1761 | 24.02 | 12.55 | 13.00 | 25.75 | 25.25
LOGARTTHMIC | y"5 1 5 771 5.58 | 11.09| 16.87] 9.83 | 12.20 | 27.25 | 25.25
2.515.771 5.1 8.78| 14.24| 8.66 11.44 | 28.75 | 25.25
1 2.5 5,771 5272 17.96 | 24.27 | 12.36 | 12.94 | 25.50 | 25.25
EXPONENTIAL | 5°2 1 5 771 5.58 | 11.25 | 17.43 | 9.93| 11.95 | 26.50 | 25.25
2.5 1 5.771 5.22] 8.86| 15.22| 8.38| 11.22] 27.75 | 25.25
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Time and compubing finance did  wt pevmit  the
Compavisen  of  dispersed pulses o be complerd. During
the period of study the prisary offort wes applied to the study of
the compressed pulses. Any extension of fthese studies should examine
the compressed—to-dispersed pulse ratio of the contending systeus in

morc detail. An oplimum is howcver unlikely as suggested above.

Another aspect of further study should be a comparison of likely
systems having ecqual delay areas. This implies non~integral pouer
functions, or non-integral values of A ; Figure 3.20 illustrates.

To obtain a response having-a delay arceca to be synthesised equal to
60%, say, of the chirp linear response requires a power law response
with n = 2.33, a modified power law response with n = 3.92, a
logarithmic response with A = 4.52 and an exponential response with
A = 4.81. This direct comparison technique was not employed in the

work reported on.



Chapter 4

IDENTICAL SECTION PASETVE FILTHER METHOD

4.1 Introduction

The previous chapter examined sowe nonlinear FM waveforms in
order to discover the effect of nonlinearity on the output pulse shapes.
For the purposcs of reducing the network complexity within certain con-
straints the effects are all similar in kind but problems of synthesis

mean that the apparent advantages are partly illusory.

At this stage in the project, before further work towards choosing
and implementing a nonlinéar design, as in Chapter 3, was attempted, a
new approach was made to the problem. Instead of choosing a nonlinear
waveform, only to be confronted with the same synthesis problems as
before (Chapter 2), it was considered that the problem could be tackled
from the opposite end of the usual design process. By taking a network
which is trivial to synthesise and simple to construct and maintain,
could its response be used to derive a waveform suitable for the purpose?
This essential reversal of the traditional design process would in
general lead to inadequate signals for performance reasons but in this
case when (as indicated in Chapter 3) performance is relatively insensi-

tive to wave shape it turned out to yield satisfactory performance.
4.2 Basic ideas

The philosophy which gave rise to this system is that the final
communications equipment shoul’d be as simple as possible to manufacture
and maintain, while avoiding any significant loss of performance. The
size and weight should be much less than the existing design. One of the
disadvantages of the existing design is that 12 different bridged-T
sections are required, each of which has to be separately tuned to a
different frequency; in addition there are 24 different inductors and
24 different capacitors, the total design requiring four of each inductor,
four of one type of capacitor and eight of the other type: in all,

240 components.

If for example a system could be devised which used only one type
of bridged-T network, a considerable practical simplification would be
achieved. Several identical sections would be needed, but perhaps not

as many as 48.
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Consider again the sccond-order delay response examined in
Chapter 2, and illustrated in Fig.2.2. In general, this delay/
frequency curve is not symmetrical about the centre frequency owing to
the contribution from the tail of the predominantly negative frequency
response. However, it has been shown that, under the following

conditions;

wO )
— > 3 and w, - wl < 0.3w
00 0 0

equation (2-6) may be approximated by a symmetrical response, given by

' (w) = 5 . (4-12)

Alternatively, this may be expressed in terms of the effective Q factor,

Qe
W
Q. = Ega
i.e.
(W) = 4(22e/m0 : (4-1b)
1 + %;?—(w - wo)
0

This relationship is plotted in Fig.4.1 for some typical Qe values and
.. for fo = 100kHz (wo = 2nf0).

A symmetrical response makes the following ideas possible. It is
proposed to use the second-order delay response as the basis for a )

complete two-channel dispersive network, able to compress both upward

and downward sweeps (ones and zeros).



A cascade arrangement of n  identical networks has an overall
group delay equal to n times the delay of one section, given by
equation (4~1). If the parameters n and Qe are chosen carefully,

a differential delay of T seconds can be obtained between frequencies
fO and (f0 + F)liz, and this nonlinear response, viewed separately fronm
the other half of the curve, may be considered as a dispersive delay
function. Then, a swept frequency signal is envisaged (whose character-
istic is derivable from the delay curve) with a frequency/time relation-

ship which exactly matches this n-section response. This signal is non-

linearly swept upwards from fo to (f0 + F)Hz in T seconds.

Similarly a downward sweep from fO to (fO ~ F)Hz in T seconds
is arranged to match the lower half of the frequency response.

The attractive feature of the proposal is that the arrangement
makes use of the maximum possible amount of delay available, with the
synthesised delay not directly usable confined to the area under the
pedestal, height t seconds (Fig.4.2), and the tails at lfo - f] >F .
At this stage, it is evident ihat as Qe increases, so the usable delay
area increases, but, at the same time, the response departs further from
a linear delay function. Therefore, a compromise is necessary between
the number of sections and the Qe value, but a choice should be made

only when pulse responses have been examined.

The basic philosophy will be expanded into a complete demodulator
scheme in a later section. Meanwhile, it will be demonstrated how

explicit relationships for signals and spectra may be derived.

4.3 Signal design

Introducing a new parameter, a , defined as

~the (approximate) delay response of n identical sections in cascade
is

n/ra

T;(f) = . (4-2)

<f—fo>2
I + \——
a
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For a given value of fO , there is a unique relationship betwaen
n and a . To find this relation, the following conditions arc required

(refer Fig.4.2):

i
=
4
ot
£
ot
Fh
I
h

(1) (D)

It
ct
a5
ol
h

|
h
+
3

(i) 7 ()

Eliminating € from the two equations obtained, we find

n = gaT(l + a2/F2) . (4-3)

Once again, the stationary phase principle is invoked in order to

obtain the time/frequency characteristic of the matched input signal

t(f) = - T&(f) e

After substitution and rearrangement, the instantaneous frequency

of the matched signal becomes

2
f(l)(t) =f0+a%(1+32-)—1} 0 <t<T. (4~3a)

Similarly, the signal matched to the low frequency half of the symmetri-

cal response is
, -
£o(t) = £ a{=(1+&)- 0<t<T. (4-3b)
(0) 0 t 2 y

0 0

'zero' signal, f(O)(t) in f0 ~F < f< fo . In practice the signals

will have to be transmitted within the same bandwidth F and so a means

The 'one' signal, f(])(t), occurs in f. < £ < £. + F and the

. of separating the signals will have to be devised. A typical transmitted
signal of a {1,0} pattern is illustrated in Fig.4.3, and compared with

the equivalent chirp signal.

-~

The (n,Qe) relationship, obtained from equation (4-3), is shown in

Fig.4.4. On this curve the number of sections should be compared with

50



the total number in a two~channel chirp svstem, since the n sections
perform the operations of both chaunels, as will be demonstrated in the
next section. Thus, 30 sections each with a QC of 4.7 could do the
job of 96 sections in the existing design, if the performance is satis-
factory. The qualifying statement about performance must be examined in
detail, since as shown in Chapter 3 the performance will degrade as the

FM waveform becomes more nonlinear.

In order to obtain manageable expressions for spectra, and to cal-
culate output pulse shapes, the stationary phase approximation is again
used. The spectrum magnitude function in its approximate form requires
an expression for the first time derivative of the instantaneous frequency

function, i.e.

2 (m 2 B3
df(t) _ u - al a \)1 a
27 —d‘E-— = 6 (t) = 27 -2—;2- (1 + 2){? (l + —2) - % . (4—4)

Making t the subject in equation (4-3a) and substituting in equation
(4-4) to remove the t-dependence, the expression for 6"(t) obtained is

substituted in equation (B~5), giving:

.
/5 1 1
3
M (£ - £)? £ 2

1 < : )
1t [
2\T - 1
4Q2 0

_ [/ Z2an 1 1
T

To(f - £ )3 (a )2
0 1 + [ ————
. f - f0

5,01

&. fO < f < fO + F ,

ceeene (4-5)

These stationary phase spectra are drawn in Fig.4.5; the important
differences to note between these spectra and the uni-directional FM
spectra in the previous chapter (Fig.3.3 for example) are that the peak
power occurs at a frequency greater than 100kHz (fl) and that the power
at 100kHz is zero, caused by df/dt being infinite at this frequency.
The smooth functions appear more readily realisable with simple amplitude
equalisers than the sharp transitions encountered before. This could be

an advantage if a truly matched filter is found to be necessary.
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As before the compressad pulse is obtained from the inverse Fourier

transform of the output spectrum. With a matched filter, the output

6(E)yp = |S(f)|2/.%- .

With an all-pass filter the output spectrum is

spectrum 18

6(f),p = Is(f) |

assuming, in accordance with the stationary phase approximation, that the
phase spectrum of the input is exactly matched by the phase response of
the filter. The matched filter outputs are given in Fig.4.6 and the
all-pass outputs in Fig.4.7. The matched outputs are significantly wider
than those derived in Chapter 3, and the nulls are very shallow or, for
most n < 60, even non-existent. The nulls, when they do occur, appear
to exist at times up to 5Sus later than those previously studied. These
phenomena would intuitively imply a reduced bandwidth; examination of the
spectra in Fig.4.5, compared with Fig.3.3 say, reveals that the tendency
to zero power at f1 is likely to have this effect on the effective

bandwidth. The signal power has been redistributed from the sidelobes

to the main lobe which is wider, though still equal to VFT at its peak.

The all-pass output is also wider by about 2us, again with deeper
nulls than the matched outputs but overall lower sidelobe levels. As a
response suitable for the present purpose, the all-pass network would
appear preferable as a compromise between peak loss and pulse width.
(For example, with n = 48 the loss is only 0.39dB and the -3dB pulse
width 97 greater than the chirp system; the matched pulse has a width

. 247 greater, and would require an amplitude equaliser.)

The dispersed pulse is obtained when the upward swept signal is

operated upon by the left-half response. The output is:

[ o, (£)-0 ()} . |
g(t) = /_% f s, | Isogle O 1 I s



1n the matched case and

j{éo(f)—Ql(f)}ejZth

g(t) = j lS(f)lle df (4=6b)

—_—00

in the all-pass case.

The matched system gives a symmetrical dispersed pulse (see Fig.4.8)
which has a maximum amplitude at its centre, whereas the all-pass system
gives a non-symmetrical dispersed pulse falling in amplitude with time
(see Figs.4.9 and 4.10). If the compression gain is defined as the ratio
of the peak amplitude of the compressed pulse to the amplitude of the dis-
persed pulse at its mid point the difference between the matched and all-

pass schemes for n = 48 1is 0.14dB in favour of the all~pass scheme.

4.4  Complete demodulator

A complete demodulator scheme (Fig.4.11) employing the signals
described above begins by accepting a sequence of swept FM signals at
the receiver output, centred on an intermediate frequency, say fC . The

upward sweep representing a one is defined by

F
f(t)] = fC -5 + p(t) (0 <t <T)
and a zero by
f(t) = f +£— (t) (0 <t <T)
0 2 P

+

c
1
2 =2
where p(t) = a{-T— G _a_) - 1}
t F2

In the chirp system, the two channels are separated using two
frequency changers whose attendant oscillator frequencies are arranged
such that the sweep direction is inverted in one channel but unaltered
in" the other, in order that networks of identical design can be used in
the two channels. In this proposal, a single network is able to perform
the pulse compression required in both chamnels; however, the signals
must be separated in frequency such that the ones are compressed by the

response above fo , and the zeros by the response below fO . After
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frequeney changing, without inversion, the signals, in adjacent bands,
are added together and passed through the n-section network. The
oscillator frequencies which drive the frequency changers are

(fc - fO + ¥/2) and (fc - fO - F/2). The two chanuels must be separated
again after the network, and this may be achieved with two filters, each
having a cut-off frequency fy » one high-pass for the one's channel,

the other low-pass for the zero's channel.

The rest of the detection system can be the same as for chirp, the
data being recovered by rectifying, clipping and triggering digital

decision circults.

4.5 Implications and discussions

4.5.1 Signal generation

In chirp the FM modulating function is a linear ramp, for which
several circuits have been developed for many purposes. In this proposal,
the modulating function is unique; certainly there exist no circuits to
generate it. Therefore, a special part of the design includes the
generation of the nonlinear modulating function, as shown in Fig.4.3.
Experience in Radio Department, RAE has shown that for communications
purposes the most reliable signal generation technique is to produce a
voltage waveform and to modulate a signal source, such as a Schlumberger
synthesiser. This is particularly useful in the development phase, and
even in practice on the ground-satellite-air link, but a more compact

system is essential for the air-ground link.

An elegant standard technique is to use the dispersive network to
generate the swept signal, by exciting it with an impulse. This technique
is designated passive generation. If the impulse is of the right form a

good approximation to the required signal is obtained.

For the purposes of this exercise, a controllable method of
generation was required, and in view of the lack of success with the
passive method at RAE, an active method was chosen. Practical details
will be given in the next chapter. In essence the technique involves
- approximating the required waveform by adding the weighted outputs of a
long shift register which shifts a single pulse along its whole length
during each period T seconds. The length (i.e. number of bits) of the
shift register and hence the clock rate will depend upon the accuracy to

which the waveform must be approximated.
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4.5.2 The channel filters

The filters required to separate the twe channels after the dis-—
persive network are an added complication to the proposed system compared
with standard chirp. Their performance is vital to its successful
operatiou. The overall spectrum of a sequence of upward and downward
sweeps presented to the input terminals of each channel filter has a sharp
minimum at the centre frequency fO . This gives some help to the filter-
ing process, since, at 100kHz the spectra are already 12dB down compared
with 90kHz and 110kHz. The contribution to the output pulse shape from
the spectra in this interval is likely to be smaller than the remainder,
as shown by the apparently smaller effective bandwidth in the output
pulse (see section 4.3). Therefore the cut-off frequency of the channel

filters can be placed either side of £, , such that a less complex

filter may be possible than would be negessary if the spectra were more
closely spaced near fO . A guard band between the two channels was not
included since the maximum delay of the bridged-T network occurs at the
centre frequency, and a large proportion of the delay would have to be
wasted if the centre of the response were not utilised for pulse

compression,

To achieve satisfactory channel separation sharp cut-off filters
are essential (e.g. elliptic function or Chebyshev types) but it is
well-known that such filters exhibit poor phase linearity. This fact is
demonstrated in Fig.4.12 which gives the amplitude and time delay response
of a seventh order low-pass elliptic funection filter (three inductors and
seven capacitors) which, while providing good rejection, has an unwanted
peak in the delay response near cut-off. As discussed above, the filter
response can be so placed as to approximately match (in this case) the
high frequency end of the spectrum of a zero. This in conjunction with a
second-order low-pass filter (see later) can approximately match the

amplitude spectrum, but the delay response is unsatisfactory.

,e

Without unacceptable further complexity which would be necessary if
an attempt were made to equalise this undesirable nonlinear delay, the

following courses of action are available.

(1) Incorporate the delay response of the channel filter into the
matched filter delay response, and modify the signal to match the result-

ant delay, thus making the best use of a troublesome effect. Since the



signal function can be tailored ecasily using the tapped shift registoer
teelnique, this solution is promising In the long run as a mcans of
overcoming delay distortion problems. The distortion is small enoupgh
that the output should not be significantly modified by including it

in the signal.

(2) Usc a higher order but still less discriminating filter (such
as a Butterworth or Gaussian type) with better phase linearity but added
co-channel interference. The trade-off calculation betwecn phase
linearity and amplitude rejection is complicated by a complexity con-
straint. Any degree of matching can be achileved in theory but must be
paid for by added size and weight. Since this constraint is the principle

purpose of the project, this solution was not followed up in detail.

(3) The simplest course of action is to ignore the delay perturba-
tion, and accept some degradation of performance, In the short term,
and for the purposes of the practical investigation described in a later
chapter, this route is recommended, although the first solution above

should be adopted in any further development of the system.

4.5.3 Number of sections

Table 4.1 summarises the performance of a likely range of (n,Qe)
combinations, in terms of compression gain, compressed pulse width and
a measure of complexity expressed as a percentage of the size of the
chirp system. 1Included in the complexity is an amount for the channel
filters, assumed to be equivalent to four bridged-T sections. The high
values of compression gain in the matched filter column should be
weighed against the increased width of the compressed pulse. It is
interesting to note that the width of the all-pass compressed pulse is
constant for the range of n values examined. The value chosen will
ultimately depend on the relative weights placed on the variocus perform—
ance measures. Size and weight reduction at any cost probably implies
an approximately matched system with n less than 40, but a pulse width
increase of more than 307; or an all-pass system with only 10% pulse

width increase, but more than 3dB loss in compression gain.

The first column is headed n/2 because the hybrid technique
explained in chapter 2 is equally applicable to this system, allowing .
half the design number of sections to be used twice over, with a short

circuit after n/2 sections.
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Another important input to the decision on the uumber of sections

is the value of Qe required for each sub-uetwork,

For small Qe values, the symmetrical approximation to the group
delay is less accurate. Fig.4.13 shows how the difference between the
approximate and exact delay responses varies over the frequency range
of interest for Qe from 2 to 4. The two delay curves equatioas (2-9)

and (4-1b) are compared strictly: i.e.

2 =2 2
Wy = g (1 1/4Qe)
where 0y = 2nfO and fO , the maximum delay frequency, is 100kHz.

Furthermore, the practical problems described in Chapter 2 dictate
that Qe should neither be small nor large; all the values in Table 4.1

are acceptable, so this factor has only a small effect on the choice.

The above factors point to an acceptable value in the range 45 to
55; a value of 48 was chosen for the practical work, to emphasise the
point that the network complexity had been effectively halved compared
with the RAE system. This corresponds to a Qe value of 3.155 which
poses no practical difficulties. Inductor Q values need be no greater

than. 200.

4.6  Further developments

A further improvement, which has not been investigated practically
can be achieved by taking advantage of a reduction in the effective
transmitted bandwidth due to df/dt of the signal being infinite at
fO . The effective bandwidth can be variously defined, but assume
arbitrarily that it should be between those frequencies at which the
power spectrum of the signal is the same as the power spectrum of the

equivalent chirp waveform at + F/2 . Comparing Figs.l.2 and 4.14

f
0
(the exact spectrum for n = 48) this means that the effective bandwidth
of the n = 48 system is only 0.85F = F' . Thus if the value of F

is increased (to say F/0.85) better use can be made of the available

bandwidth.

A test case simulation was run with the following parameters :—
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Ol

unchanged (=3.155)

=

increased to 46.666kHz
Q) increased to 116.666kilz
n

increased to 56 .
Fig.4.15 shows the exact spectrum magnitude function of this signal.

It may be scen by comparisen with Fig.l.Z that the spectrum magni-
tudes are similar at f0 * 20kHz such that roughly equal powers are
contained between these limits. (A complete comparison by numerical
integration between these limits has not been performed but an approx—
imate 'square counting' process has confirmed this statement.) The

compressed pulse is as shown in Fig.4.6 (for n = 48) with the time axis

contracted by a factor 6/7 and the peak amplitude increased by a

factor V776 .

Since this improvement was not made till a later stage in the
project it was not investigated experimentally. However, it is suggested
that in any further work on this topic the question of effective band-

width is carefully considered since beneficial gains can be made.



Table 4,1
COMPARISON BETWEEN POSSIBLE (n,Qe) COMBINATIONS

65

Peak amplitude of Matched Compression -3dB pulse Size and
compressed pulse filter gain width weight
(input amplitude = 1 peak/ (dB) us saving
o Q all-pass %
2 e
MF AP (dB) MF AP MF AP MF AP
20 3.66 5,77 5.44 0.52 18.32 17.57 | 29.8 24.5 46.0 50.0
22 3.38 5.77 5.48 0.44 18.10 17.63 28.8 24,5 41.5 46.0
24 3,16 5.77 5.52 0.39 17.84 17.69 28.0 | 24.5 37.5 41,5
26 2.97 5.77 5,55 0.34 17.60 17.74 27.5 24,5 33.0 37.5
30 2,66 5.77 5.59 0.27 17.38 17.80 27.0 24.5 25.0 29.0
35 2.38 5,77 5.63 0.23 17.16 17.86 26.5 24.5 14.5 19.0
Linear FM 5.77 5.77 0.0 18.23 | 18.23 | 22.5 | 22.5 | o 0
(chirp)




Chapter 3

AW FXPERIMENTAL TDENTICAL STICTION 1O FILTER PULSEE COMPRESSION SYSTLIM

5.1 Introduction

This chapter describes briefly an experimental demonsiration of
the non—linear T1 principles which were introduvced in Chapter 4. The
major tasks were to construct the filters and associated hybrid signal
splitting circuit, and to find a suitable method of synthesising the
required non-linearly swept input signal. These signals were examined
for comparison of their spectra with theoretical calculations. The
signals were then applied to the networks and output pulse shapes

similarly examined.

5.2 Bridged—? network design

The design chosen Tor the study was the 48 section design where
each section has a Qg value equal to 3.155. The filters are required

to have their maximum delay at a fregquency of 100 kHz.

. _ 5 _ o
i.e. w0y = 2x 107 = 2%10 .
'The frequency %b at which the lattice arms resonate is given

by

= 2

fy = fo// 1= 110,

= 1.014 fo

i.e. T, = 101.4 xHz .

0

Using the expressions given in equation (2.8) the component values

for the chosen bridged-T realisation (Figure 2.3b) are

) L, = 0.5978 mH C, = 3718 pF
Ly = 1.4879 nH Cp = 830 pF .

The inductors were constructed from 14 mm Mullard Vinkor assemblies
and multistrand copper wire (40/48 gauge for LA and 16/48 for LB). The
capacitors were purchased from Suflex as matched pairs to 4% tolerance;

quantities sufficient for 24 complete sections were obtained.
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The circuits were assembled on two special purpose printed circuiid
boards which had been designed for the previous RAE chirp experiments,

each of which holds 12 scctions.

Each scction was adjusted by the method described in section 2.4.3

at the frequency ?6 before they were connected together.

The phase response of the 12 sections was then measured using a
Wiltron phase meter; the delay response derived from these phase require-

ments is shown in Fig.5.1, and compared with the theorstical responsec.

5.3 Signal generation

Synthesis of the non-linearly swept FM signal which must match the
response as closely as possible was an important aspect of the experi-
ment. The technique chosen is illustrated in IMig.5.2. It consisted of
talloring a stepped voltage ramp waveform which was then applied to a
frequency modulator. The stepped ramp was made to approximate as
closely as possible to the required continuous waveform, and the size
of the step was chosen to minimise the error at each sample consistent

with a reasonable 1limit on the circuit complexity.

It was decided to divide the 833.3 ps data bit period into 64
samples, requiring a basic clock rate of 76.8 kHz. The clock was
divided down to give a pulse of duration one clock period every 64
clock periods which was then applied to the input of a 64 bit shift
register (serial in, parallel out) driven by the same basic clock.
The registers were 13 SN 7496 5 bit devices.

The 64 parallel outputs were connected via 64 specially selected
resistors to the inverting input of a summing amplifier (UA702). The
resistor values were chosen such that the gain of the amplifier was
proportional to the required amplitude at 64 points on the waveform.

Mig.5.3 is an oscilloscope photograph of the resulting waveform.

To obtain a (1,0) data pattern a downward sweep was regquired to
alternate with the upward sweep. The modulating waveform for this
signal was obtained as shown in Fig.5.4. A gating waveform was
“obtained from the shift register input signal by dividing by 2; this
square wave and its inversion (between +5v and Ov) were modified to
MOS levels (- 10v, Ov) in a TTL/MOS interface circult and applied to
the gates of a pair of MOS analogue switches (Plessey ML150 series).
The signals to be switched were the sampled ramp and its inverted
replica. The switched outputs were summed at the summing junction
of a 702 wideband amplifier. The resulting (1,0) modulating signal
is shown in Fig.5.5.

61

BN P L i T

v



5.4 Demenztration of mulse compression

The object of this experiment was to demonsirate the characteristics
of pulse compression signals and spectra. The experimental systas iz

illustrated in Fig.5.6.

5.4.1 Hybrid signal splitiing nctwork

As in the RAR chirp system a hybrid network was used to halve the
size of the dispersive filter. The network consisted of three 600
resistors and a difference amplifier connected as shown in Fig.2.6.
The dispersive network with 24 identical. sections in series was short

circuited at the end.

5.4.2 Output signals

Fig.5.7 shows oscilloscope photographs of compressed pulses
obtained when a continuous sequence of unidirectional swept waveforms
was applied to the network. The sequence of upward sweeps in
100 kXHz < £ <€ 140 kHz gave rise to the output in Fig.5.7.a and the
dowvnward sweeps in 60 < £ < 100 kH{z gave the output in Pig.5.7.b.

Fig.5.7.c is an expanded version of the low fregquency output.

There are four cycles of carrier within the main lobe

(= 2f,/F = 2x80/40).

Clearly the signals in the two cases are not identical. This is
due to practical alignment problems which make it difficult to produce
exactly matched input signals. The factors which affect the shape of

the compressed pulse most significantly are:

(a) data rate: this can be controlled by fregquency counting

either the original clock or the derived ramp waveform

(b) centre frequency: using the Schlumberger waveform
synthesiser a centre fregquency can be set very accurately
but the centre frequency of its output also depends on
the symmetry about zero potential of the modulating

waveform

(c) bandwidth: this can be adjusted either by varying the
amplitude of the ramp cr by an adjustment for T deviation
on the Schlumberger front panel. Calibration of the input
spectrum is extremely difficult ﬁowever go it is practi--
cally more convenient, as was found in development of the
RAE chirp system, to adjust the sﬁeep bandwidth and centre
frequency in combination to obtain the "best" compressed

pulse shape.
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5.5 Complete system

5.5.1 HNetwork response

Fig.5.8 illustrates in block diagram form the cxperimental
arrangement which was used to demonstrate the signals which would be
produced in a complete 48 scction demodulator utilising high pass and

low pass filters at the network output to separate the channels.

Fig.5.9.a shows the signals obtained at the input and output of
the dispersive network. The signals contain two sequences of upward/
downward sweeps (one centred on 80 kHz and the other on 120 kl{z) which
were summed before the dispersive network. The output is a continuous
sequence of compressed pulses combined with a continuous sequence of

dispersed pulses..

Fig.5.9.b shows the spectra of these two signals as measured and
displayed on a Tektronix spectrum analyser plugin to the oscilloscope.
Some distortion of the magnitude spectrum is evident: some loss
(equivalent to about 1.5dB) is occurring near the centre frequency
together with a distortion around 82 kllz. The effects are attributed
to

(1) the hybrid network and the necessary short circuit at

the output of 24 sections
(2) the loss characteristic of the network
(3) the imperfect match between the signal and the network

(4) the difference amplifier at the output of the hybrid

network.

5.5.2 PFilter networks

The filters chosen for the channel separation were Tth order
elliptic function filters with cut—off frequencies of 101.4 kHz. They
were constructed from 14 mm Vinkor assemblies and selected Suflex

capacitors.

5.5.3 PFilter outputs

Fig.5.10.a shows the spectra at the outputs of the high pass and
low pass filters and Fig.5.10.b shows these signals.

Clearly there has been some loss of signal within the pass—band,
particularly for the lower frequency signal near 100 kHz. In addition

the dispersed pulse in the higher frecquency channel is somewhat larger
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in amplitude than lhe dispersed pulse in the low freguoncy channel.
The best measured compressed to dispersed pulse ratios that were

obtained by the procesz of adjustient described in 5.4.2 were
high frequency channel : 15.5 dB
low frequency channel : 16.2 4B.

The theoretical figure for a correctly matched system given perfect
channel filtering (i.e. sharp cut—of'f, linear phase) is 17.7 4B in

each case based on the results in Chapter 4.

The effect of the network and the high pass filter on the spectra
is illustrated in Fig.5.11 which shows the spectra at the input and the
outputs for a continuous sequence of upward sweeps. The losses due 1o
the dispersive network are clearly shown as well as the effect of the

high pass filter at the low frequency end of the spectrum.

5.6  Summary and discussion

The ability of an identical section passive dispersive network to
operate on a sequence of upward and downward frequency sweeps

approximately matched to its response has been demonstrated.

The advantage of the system has been explained in Chapter 4,

namely the reduction in size of the network itself by a factor 2.

The weaknesses and difficulties of the system became clearer

during the experimental study.

(2) First it is essential that a good match between the input
waveform and the delay response of the network is obtained.
Further refinements to the non~linear voltage ramp are
obviously possible. A step-wise approximation using 64
gamples was simple in concept from an experimental view~
point but further modifications were clearly, needed to
obtain a closer match, as evidenced by the approximate

nature of Fig.5.3.

(b) The channel separation filters are clearly a cause of
distortions. Some effect is inevitable since the two
channels have no deadband between and co-channel inter—
ference to some degree is unavoidable. As suggested in
section 4.5.2 the optimum solutioﬁ is to choose a sharp

cut—off filter for the channel separation, determine its
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phase and hence delay response, add this to the dela&

responsc of the dispersive network and modify the input
waveform to match this swmmed response. Optimum benefit
would then be gained from the necessary introduction of

the channel filters.

(c) A closer approximatior to a matched filter could be made
by introducing a low crder filter whosc magnitude response
matches the spectrum of the input signal. Again the phase
response could be added into the dispersive network
response and the modulating waveform slightly modified
accordingly. This would have the primary effect of
reducing the level of the dispersed pulse whilst at the
same time slightly increasing the compressed pulse peak
amplitude, widening the main lobe and reducing the null
depth.

5.7 Conclusions

5:T«1 A novel technique for using the response obtained from a
cascade of identical all-pass networks as a dispersive network has been
demonstrated. Signals which approximately match the response have been

generated and compressed and dispersed pulses examined.

5.7.2 In the experimental study a shortfall in performance
(compressed to dispersed pulse ratio) was apparent compared to the
theoretical predictions. This was attributed to approximations in the
modulating waveform and imperfect channel filters. Improvements which
should largely overcome this problem have been suggested for any future

development of the system.

5.7.3 In.comparison with the existing chirp system the technique
investigated here possesses many advantages but although the dis-
advantages can be quite simply overcome it is unlikely that for the
given application the size reduction is significant enough to warrant
é‘change. Therefore digital techniques were investigated more

thoroughly and the following chapters describe the work undertaken.



A DICYITAL FILTER TECHNIQUL THPLOYTHG CASCADED IDWETICAL SECTIONS

6.1 Intreduction

Previous chapters have described scme methods which are in essence
modifications of established design technigues which enable more economic
use to be made of traditionally synthesised delay. However, by retaining
passive networks as building blocks an irreducible size 1limit is reached,
at least until a major breakthrough is made in the design of inductors
and capacitors of the required range of values. Therefore, alternative
techniques were sought in the field of active circuits in the light of
ever increasing interest in the development and application of integrated

circuits for both linear active filters and digital systems.

In recent years many authors have described active filter realisa—
tions of all-pass networks using various types of frequency selective
feedback schemes and relying for the gain element upon commonly
available linear integrated circuit operational amplifiers such as
Fairchild[1A7O9 and pA741. Such an approach to the present problem is
possible as discussed in chapter 2 but would primarily involve implementa—
tion in the form of say a thick or thin film circuit which was considered

to be outside the terms of reference of this study.

Therefore it was decided to consider the prob;ems of dispersive
network synthesis using digital filter techniques, which, although
unlikely to provide a cheap short term answer, would if successful hold
promise for long term integrated circuit development. This chapter deals
briefly with general digital filter topics, particularly the all-pass
realization, and goes on to develop some ideas already considered in an
earlier chapter for use with digital filters. Brror probabilities iﬂ a
communications system employing digital dispersive filters are also

derived.

6.2 State of the art

The recent rapid developments in large-scale integration (LSI) of
digital circuits has greatly increased the possibility of implementing
digital filters directly into hardware. For several years mathemati—~
cians and engineers have examined in detail the theoretical aspects of
digital filters until the stage has been reached when theory is ready
and waiting for a suitable realization technique to appear. To realise

the full potential of digital filtering a fast, reliable, inexpcnsive

66



form of integraled circuii is required, and only recently has MO3
technology rcached the slage where all three reguircments are becoming
available. Custom design of MOS circuits, with the aid of advanced
computer aided design technigues at all stages is falling within the
scope of many firms who do not even possess their own IC manufacturing

capability.

Therefore, the time has come when certain special kinds of filter-
ing operation are ideally suited for implementation in digital form; in
particular applications which requirc banks of filters or multiplexed
operations are highly suitable. In due course, even single filter func-
tions will be included, particularly as part of an otherwise entirely

digital application.

The solution proposed in this chapter is just such a suitable
application since the signal is recirculated through the same hardware
several times in different time slots and full use is made of all

availlable circuit speed and maximum packing density.

6.3 Brief summary of digital filter theory

6.3.1 General digital filters

A digital filter is the implementation of a linear constant co—
efficient difference equation. To realise a linear difference equation
the input signal must consist of discrete samples, and it is usual to
‘consider only uniformly spaced samples. The sample amplitudes are
quantized and processed by logic circuits and delay elements which

perform the required numerical operations.

A linear difference equation with constant coefficients relates
the sequence of input samples u, to the sequence of output samples

v as follows:
n

M ) N
v, = :E: a - ji: bV - (6-1)
k=0 k=1

Thus the output sample v is computed from the current input -
u, and a linear combination of past inputs and outputs. The choice
of the coefficients 2y and b determines the performance of the

k
digital filter.,
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The o—btransform of equation (6-1) nay be written:

o3
V(z) = vnz—]
n=0
o M N ']
- ' -\ . _~n
T L T ), Wy
n=0 § k=0 k=1
M N
= j{: akz—kU(z) - j{: byz_kV(z) .
k=0 k=1
Thus, the z-transform of the transfer function is
M
-~k
),
3 Viz k=0
H(Z) = U Z = N . (6"'2)
-k
1+ j{: bkz
k=1

If the sampling interval is At +the unit delay operator z—1

can be replaced by exp{-jwAt] to determine the frequency response
of a system with z-transfer function H(z). Thus the frequency
response of a digital filter is determined by the values of its
transfer function on the unit circle (lz] = 1) just as the frequency
response of a continuous—time filter is determined by its values on

the imaginary axis.

Fig.6.1 represents a machine which implements the linear
difference equation (6-1). A circle describing a constant represents
multiplication of a variable by a constant and a rectangle with At
inscribed represents a one—sample delay. A triangle with a summation
inscribed is a summing point. All input and output samples Wt Ve
are delayed and are available for computation of ¥, at any given

~

sample instant.

Equation (6-1) is not the only way of realizing the function H(z).

Consider the introduction of an intermediate variable W
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W= o ou - b
n n k n-k
N
v = E a, v
n Kk -k

k=0

This system may be represented in a different form shown in Fig.6.2
which requires only N or M delay elements (depending on which is

the larger).

For high order functions accuracy considerations lead to the need
to express H(z) either as a partial fraction expansion leading to a

parallel form of representation (Fig.6.3a) with

H(z) = H1(z) + Hz(z) 4 oaes

or as a cascade of factored functions each of which includes a subset of

the poles and zeros of H(z), (Fig.6.3b), i.e.
H(z) = H1(z) x H2(z) X HS(Z) X ees  »

6.3.2 All-pass digital Tilters

Consider the special case where the numerator and denominator

coefficients are related as follows:

. (6=3)

Then H(z) may be written

N-1 N
N 1 + A2t oeee t 2,z + ayz
H(z) = =z — e —
’ 1 +a. .2 ! + ees +a,z (3-1) + a.z N
N-1 ’ 1 0

and replacing z-1 by exp{- jwAt}] to obtain the frequency response,

we obtain

Joont 3 (=1 )wAt JNwdt
e"ijAt 1 + aN;1e + ess o+ a1e + aoe
~ jwAt =3 (N=1)wAt - jlwAt

_ ~iNest P(oAt)
P*( wAb

where P¥(wAt) is the complex conjugate of P(wAt).
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Since (by definition) !P(mﬁt)[ = IP*(wﬁt)} then !H(w&t)} = 1. Thus

the coefficients (6—3) defince an all-pacs filter function, TIurthermore,

since arg{P*(wét)} = = arng(wAt)} then
argfH(wAt)} = — Nwat + 2 arg! P(wAt)}
thus
4 S
il
}: 2y sin kmAt
g(®) = = Nest + 2 arctan > (6-4)

N
1 + Z a, cos kwAt
k
. =1

Equation (6-4) is the phase response of H(z) to a signal of

-t

frequency w sampled at intervals of At.

Now consider a first order system (N = 1; 89 = 1j a; =D, = a):
)
Aa) - Tt (6-5)
1 + az
The phase response is
a sin oAt
@1(00) = — wht + 2 arctan<1 — s wAt> (6-5)
ag, (w)
and the group delay T1(w) == is
2
At(1 —
7y (0) = (-2 . (6~7)

1 4+ a2 + 2a cos WAt

This group delay response is plotted in Fig.6.4 for some typical
values of the coefficient a , both positive and negative. The response
rgpeats at frequency intervals equal to the sampling frequency, fs = 1/At .
and is even with respect to frequencies f = nfs/2 . (Similarly the phase
function @1(w) , in fact @n(w) in general, is an odd function with
respect to frequencies f = nfs/2 .)

~

The difference equation for the first order all-pass section is
V. = au_ +u_ , - av (6-8)
n 1 n

i.e.

. (6-9)



The direcct realisation of this eyuation is shown in Fig.6.%a
which reguires two mulbipliers, one delsy clcment and two summing points.
Equation (G-8) suggests a different realisation shown in Mig.6.5b
requiring two delays, two adders and one multiplier while IFig.6.5c shows
2 third possibility (iwo delays, two adders and two nultipliers), and

Fig.6.54 a fourth (two delays, onc adder, two multiplicrs).

For practical recasons Fig.6.5b iz preferred since only one multi-
plier is needed and the multiplier is the largest part of the filter in
terms of circuit complexity. This arrangement is only possible for all--
pass functions (where the coefficients in the numerator of H(z) are
the same magnitude as those in the denominator) such that the multiplica—

tion can occur after the summation of two numbers.

Since the delay response of a single all-pass delay section will be
directly used in what follows it is worth taking a closer look at its

characteristics.

(a) 71(w) is an even function with respect to the

frequencies o = nws/z (u)S = 2n/At)

(b) j 'r1(c0)dw = 2nm
0]

(&) = =<1 : :i:)m

(d) in 0< f < fs/2 the response is a mirror image about

fs/4 for coefficient values of opposite sign, i.e.

7(w)

a positive T(ws/z - w)a negative °

This property will be used at a later stage.

It should be emphasised that input signals to digital filters
must be band-limited in order %o eliminate or at least reduce aliasing
effects. That is, the sampling frequency must be at least twice the
highest frequency present in the waveform. For example, a signal in
the frequency range fs <f < 3fs/2 (say) when sampled at fs and
passed through a digital filter will be delayed according to the
response in 0 < f < fs/2 and will appear at the output as a signal

in this range.
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Ilaving deccribed a building block Tor digitsl all-pass netuctk
ezirn which holds a similar pogition in digital systems ag the all-pass
d g which hold similar position in digital systems 3 11l-pa
lattice network in continuwows Tilter systens, the next section suggests
J '
how it may be used in a very simple fashion to obtain a useful dispersive

delay response.

6.4 Princinles of pulse compression system using digital all-pass

gectiong

The ideas developed in Chapter 4 for passive all-pass networks may
be transferred in principle to the sampled signal domain using digital
networks. It is proposed that the non-linear delay/frequency response
of the first order digital section, as described in 6.3.2, be used as

the basis of a pulse compression dispersive network.

Consider, in particular, a cascade of several identical sections.
The overall delay of the cascade is simply the delay of one section
multiplied by the number of cascaded units. The requirement (see Chapter
2) is for a delay differential of T seconds over a bandwidth of F Hz;
for a given number of sections, the magnitude of the coefficient, a , can
be arranged such that this delay difference is achieved between dc and
half the sampling fregquency, which is equated to F. (The implications
of this 'low pass' type system, with the centre frequency equal to half
the bandwidth, will be discussed later.)

The signal, which is arranged to match this response, is inevitably
non~linear, and, as in the equivalent passive system, must be carefully
tailored. In choosing an optimum system, the number of sections N,
say, is a variable which can be minimised according to complexity
constraints, but compatible with adequate performance. For a given N
there is a unique value for the coefficient, a , in order to meet the

requirements for frequency and delay difference.

Before continuing to describe the complete system, and to discuss

the associated problems, the mathematical basis will be presented.

6.5 Signals, spectra and conditions

Once again, the principle of stationary phase is invoked to obtain

approximations for signals and responses.

The group delay of N identical first order delay sections is
t(w) = NT1(w)

where T1(w) is as given in equation (6~7). The time frequency relation-—

ship of a matched signal is (by stationary phase)

A
ty = — T(®w) + constant .
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The constant is chesen such that the signal has zero frequency at
time t = 0 ; we are considering here an upward swoep to match a

response with a negative coefficient, a . Thus:
t = N{to - 11(m)z

where to is the delay at zero frequency of a first order section,

T1(O) . Therefore:

2
+ -
t o= W{t, - Aé(1 a”)
1 4+ a~ + 2a cos wAt

On rearranging and making ® the subject, we get:

1 TO + ct
w(t) = Tf arccos Tgf:—{— 0<t<T® (6~10)

where TO Nt

0]
(1 +a2)/2a.

]

and c

Equation (6-10) is the instantaneous frequency of the signal
matched to the delay response of N sections each with a coefficient
of a. (As yet we have made no statement concerning the magnitude

response required.)

The relationship between N and a 1is obtained as follows. The
difference in delay between dc and fs/2 =F Hz is T seconds, i.c.

between ® = 0 and w = ws/2 = /bt .

Thus @
T1(O) = At(%—{%{;) is the delay at zero frequency
. 1 4+ a .
T1QK/At) = A%:T1:1;> is the delay at frequency fs/2
and
- N{T1(O) - t1(ﬂ/At)} = T
therefore
1-a 1+4+a
A {1 +a 1 - a}' =T

This equation solves for the coefficient, a , to give:

2
At /M
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Since fq = 2" then:

R R R §
T - fST TO2FRT T 2D

where D is the dispergsion factor (time—bandwidth produot) then

2
N N
a = -]—)- - |1 +<"ﬁ> . (6—11)

The present system, for which an alternative design is being sought, has

D = 33.33 and so
a = 0.01 <3N - f’ao4 + 9N2> i

This relationship is illustrated in Fig.6.6.

The input signal which matches the response of N identical

sections is obtained from equation (6-10). The unit amplitude continuous

signal is
£(t) = sin[6(s) + 4]
t
G
where o(t) = [ w(t)dat { (6-12)
0

with w(t) as given in equation (6—10). The input to the network is of
course a sampled version of this signal, with a sampling fregquency of

In order to obtain samples of f(%) for simulation purposes, the
expression (6~12) has to be integrated numerically on the computer, in
the absence of an analytical solution. The samples obtained can then be
operated upon by a tsoftware! digital filter in a simulation study to
determine pulse shapes and to examine quantisation effects (see sections

6.8 and 6.9).

6.6 Centre frequency of signal

In general, from considerations of compressed pulse definition, i
the centre frequency of a swept FM pulse compression system should be as
high as possible compared with the sweep bandwidth. This is because the
envelope of the compressed pulse is better defined by a high rather than
by a low frequency carrier, since there are more cycles of carrier within

the main lobe of the pulse. This effect is illustrated in Fig.6.7.

<€
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Instantancouvsly, the carrier phase can be such that the nmaximum amplituvde

of the carricr (after rectification) occurs at equal times either side of

the envelope1 peak (Fig.6.7a). At other times the phase can be such thai

the peaks coincide (I'ig.6.7b), and of course in a random phase situztion,

the peak of the compressed pulse will "jitter® between these two exiremes,
from pulse to pulse. The higher the carrier frequency (i.e. centre

fregquency of the sweep) the smaller 1s the jitter obtained.

However, in the digital system under consideration, the centre

frequency, [ is exactly half the sweep bandwidth, T, and so the

b4
number of cycges of fcarrier! within the main lobe is just one (= 2fO/F).
Since the sampling frequency is 2F Hz, it follows that within the main
lobe of the compressed pulse there are only four samples. Under the
random input—phase condition, these four samples can be anywhere between
the extremes indicated in Fig.6.8, which imply a possible maximum
departure of 6 dB from the nominal peak envelope value, which will only

rarely be attained itself by a single sample.

This amount of jitter is intolerable; a possible solution, énd the
one suggested here, is to process another input, obtained as the
quadrature of the original (i.e. 90° out of phase with it), in a separate
filter, and to obtain a sampled version of the true envelope by squaring,
and adding the two outputs. Fig.6.9 illustrates the process and the
technique for obtaining the two guadrature signals. The output com—
pressed pulses will still jitter due to random phase inputs, but the

magnitude of the jitter is reduced from 6 4B to 0.8 dB.

The input signal is applied to two frequency changers which are
driven by oscillators, 900 out of phase. The 'upper side band?! can be
easily filtered out, and with appropriate choice of oscillator frequency

the signals obtained are 900 out of phase in the range C < f < F.

The extra complexity is unfortunate, but the overall advantage of
a digital system in terms of size and weight will still outweigh this

drawback.

Expressions for the spectrum and compressed pulse envelope are

derived in Appendix E.

6.7 The complete system

A complete demodulator must be able to deal with bhoth upward and
dowvnward sweeps, representing ones and zeros. The downward sweep 18
designed to match the response of a filter which is identical to the
ones filter in all respects, except the sign of the coefficient, a .

A block diagram of the proposed demodulator is shown in Fig.6.10.
15



Two freguency changers and two analogue—to-digilal convertcrs (AICs)
feed four sets of digital filters. The squaring and adding circuiis in
ecach channcl can be purely digital, since the operations are simply multi-
plication and addition, and the decision circuit to decide which chznnel

produced the compressed signal can likewise be digital.

Thus ; all operations after the ATC can be consildered as arithmetic
manipulation of n—bit binary numbers. Potentially therefore, the de-

modulator can be realised entirely with digital integrated circuits.

6.8 Quantization and word length

Having 'designed' a digital filter (i.e. calculated the values of
its coefficients), the next problem is the hardware implementation. The
problem is analogous to realisation of an IC passive filter from an S—
plane transfer function, bul much easier. The structure of a digital
filter is determined simply by the z—plane transfer function, apart from
decisions concerning factorisation into cascaded or paralleled sub-units,

which do not affect this particular application.

The problems which remain are hardware oriented, by virtue of
their impact on circuit complexity, but alsc have effects on accuracy
and stability. Such a problem is the choice of word length, and the

kind of arithmetic to be used.

Since the final manufactured demodulator would contain a large
number of units, it is vital to mainfain the complexity of each unit at
a minimum compatible with satisfactory operation. Therefore, a careful

study of word length effects is desirable.
In any digital filter, there are three basic sources of error:

(i) inexact values of coefficients, caused by the necessary
word length limitation, or gquantization, of the stored

coefficient;

(i1) gquantization of the input samples, which usually manifests
itself as noise, and is caused by approximation as trunca-

tion or rounding in the ADC;

(iii) quantization of the results of mulitiplications, again by -
truncation or rounding at the output of each multiplier

prior to the next operation.

These three effects are analysed now in more detail, with

particular reference to a cascaded first—order all-pass configuration.
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6.8.1 TInexact values of coefficients

The realisation chosen for investigation, Fig.6.5b uses only one
multiplier per section, which ensures that, given a particular co-
efficient in error, the pole and zero of the network remain recivrocals,
and only the phase response is affected. In other words, the same multi-
plier gives rise to both the pole and the zero, which in a first order

arrangement ensures the exactly all-pass nature of the response.

Assuming a small coefficient error, Aa , the phase error may be

approximated by

ol e
l
g
o

Ap
From equation (6-6)

2 sin wAt

sl&
!

1 + a2 + 2a cos wAt

For example, with N = 42, a = (%)0.3486, then

Ap = - 2 sin wAt Aa
T 1.1215 * 0.6972 cos wAt °

This has a maximum value of . Ad = 2.28Aa when:
_J®=0.9 . positive
wht = { 0.9 } radians for a { negative
In the proposed system, it can be assumed that the coefficient of
each section will be stored as exactly the same digits, unless there is
a special reason otherwise, in which case, the maximum overall phase

error for a 1% error in a is about 190 (i.e. accumulated over 42

sections).

The peculiarity of a digital method is that the value of the
coefficients, being generally hardwired, is known exactly to the
designer at the outset and the errors can therefore either be designed
out or accepted as known but insignificant overall. As an example,
Fig.6.11 shows the phase error for a 42 section filter with coefficiept
word lengths as stated. The maximum delay error is 23.6 us (5 bit),
4.5 ps (8 bit) and 2.7 ps (11 bit). These values must be weighed
against the overall delay across the band (833 ps) and against the
effect on the compressed pulse of an inaccurate filter. This effect
is illustrated in Fig.6.12 for 5 bit, 8 bit and 10 bit coefficients
(0.01011, 0.01011001, and 0.0101100101 respectively).
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6.8.2 Ouantization of inpul samples

The analogue~to-digital converter quantizes samples of the inputb
waveform in steps equal to the smallest‘possible non-~-zero number, € ,
Say; in an n—-bit fractional number the slep size € is o™, o
gquantization methods can be distinguished: rounding, where the sample
is approximated to the nearest guantization level, and truncation,
where the sample is approximated to the highest level that is not
greater than the sample. The two methods have different probability
density distributions but have the same variance. A uniform statistical

distribution is assumed and the error quantities IEn 1lie in the

interval

[m] < e/2 .

For rounding, the distribution has zero mean and variance 82/12.
Thus , the steady state output component due toc En 1is a zero—-mean

sequence with power spectral density given by

o = H(z)H(-l)?—z- _ (6-120))

4

where H(z) is the transfer function of the filter. Here the effect on
the output of coefficient inaccuracy and round—off accumulation has been
ignored. For an all-pass filter H(z)H(1/z) = 1 and so the power
spectral density is the same at the output as at the input, which is as
expected for all-pass functions. This effect is illustrated in Fig.6.13
which shows typical output errors for two input word lengths, assuming
an ideal filter (i.e. no quantization of coefficients or multiplier out-

puts). The inputs were rounded.

6.8.3 Multiplicative round—off error

In general, the errors caused by rounding or truncating the products
at each multiplication are the most difficult to analyse. Fortunately,
however, the analysis is simplified for all-pass networks. Use is made of
the result that the output variance of a network subject to a white noise

input with a uniform probability density is

2

-2}
2 _ e_ 2
a = 73 j{: h“(m)
- m=0 )
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where h{m) 1is the network impulse response. (This IPression is

equivalent to equalion (6—\1q)since

5%3 96 H(Z)H<%> e . j;: |1(m)]®
0

‘zl=1

where H(z) is the z—transform of the sequence h(m).)

It is assumed that the white noise is introduced at each multiplier
which is considered as a noise generator. Each noise sample is filtered
by a cascade combination of the pole of the section in which the noise

is generated, and the following all—pass network.

The impulse response of the pole at 2z = - a 1is

h(m) = (- a)m .

So
[+ (=}
zhz(m) =Za2m= .
2
1 —-a
m=0 m=0

In a cascade of N identical sections, there are N noise
generators and the total variance due to multiplication round off

error 1is

G2 Mt

12(1 = a°)
When N = 42, Ial = 0.3486 and so
o ~ 2 .

That is, the rms noise generated by round—off at the multipliers
is equivalent to two quantization levels. TFig.6.14 shows two typical
computed output error signals (for N = 50) caused by multiplicative
round—off (all other arithmetic processes were exact) and indicates the

close agreement between the theoretical rms noise figure and computer

simulated output errors.
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. . 2 .
The table beleow comparcs the computbod values of o with the

theoretical value above for N = 50.

Wo. of bits | —mNEo From sinulations
12(1 = a°)
5 4.48 1073 3.57 1072
7 2.80 1074 3.08 1074
9 1.75 1077 1.55 1072
11 1.09 1070 1.04 107°

Fig.6.15 plots o/e =«/N/12(1 - a2) to show how the multiplicative
round-off noise increases almost linearly with the number of identical
sections in the filter, but for typical values of N only varies between

1.8 and 2.4.

The table below gives the signal to noise ratio for various
possible word lengths and numbers of sections, (the figure quoted is
the ratio of peak input signal to rms output noise including the effect
of scaling the input signal by a factor 1/7 to prevent multiplier

overflow).

No. of S/N ratio (dB)

Sections | ¢ yit | 7 bit | 8 bit | 9 bit | 10 bit | 11 bit
30 14.2 | 20.2 | 26.2 | 32.2 38.2 44.2
40 13.4 | 19.4 | 25.4 | 31.4 37.4 43.4
50 12.6 18.6 24.6 30.6 36.6 42.6
60 11.9 | 17.9 | 23.9 | 29.9 35.9 41.9
70 1.3 | 17.3 | 23.3 | 29.3 35.3 41.3

Although it is naturally desirable to minimise quantization noise
to a negligible level, a balance must be found between complexity and
performance. Since the system is expected to operate at signal to noise
ratios as low as O dB (peak signal to mean noise) it 1s considered
Justifiable to assume that a quantization effect of 30 dB would have a

negligible effect on the performance of the system.



6.9 Computer simulabions

s indicated in the previous sections computations were performed
to estimate the errcrs which were to be expected in a practical realiza-
tion from thc various sources. The computations involved a numerical
integration of equation (6—12) to obtain the sampled input signals,
followed by a simple implementation of the difference equation (6-9).
The signal was 'recirculated® N +times (in a program 1oop), vhere I
is the chosen number of sections, and the constdnt a 1is given by
equation (6-11). The sources of error can all be simply modelled and

their effects computed indepcndently or simultaneously.

During the early stages of this study the effects mentioned above
were the only ones considered and as a result a suitable word length of
9 bits (plus sign) and a two's complement realisation were chosen.
During design of the hardware (see Chapter 7) the multiplier output
quantization method was chosen, for simplicity, to be truncation as
opposed to rounding. It was not until the experimental results were
seen that the differences between truncation and rounding became
apparent. These effects are described in Chapter 7 and in Appendix ¥
which examines the problem from the particular viewpoint of a multi-

section cascaded network.

Figs 6.16 and 6.17 illustrate some typical compressed pulses
calculated as indicated above, for identical section cascades with 42,
47, 52 and 60 sections. The input waveforms were calculated such that
the phase angle was zero and 90O at t =0 - +that is, random phase
simulations were not performed. The number of sections for simulation
was chosen such that the compressed pulse peak occurred near an integer
number of sampling intervals. Thus N = 42, 47, 52 and 60 show the
compressed pulse tc best advantage with the maximum sample occurring

near the envelope peak.

_ Fig.6.18 illustrates just one example of a dispersed pulse, in
fact for a N = 34 system. The characteristics are similar to those

of the identical section passive system discussed in chapter 4 and
illustrated in Figs 4.9 and 4.10. A curious and anomalous discontinuity
is apparent near the centre of the dispersed pulse. This is believed -to
be due to the fact that the sampled input contains only 66 samples,
whereas with FT = 33.33 there should be 66.666 samples. Thus the

sampled input waveform is not as good a match to the response as it
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mizht be. A slight adjustment of the sampling rate from 80 kHz to
80.4 ¥Hz weuld correct this allowing then 67.00 samples per bit period.
Bowever in the simulation studies and in the practical work the RAR
chirp parameters were strictly adhered to although in any further

development they could guite casily be modificd slightly.

6.10 Probability of error

In spite of special problems such as multipath propagation and
Doppler effects which often affect an airborne communications system,
one fairly reliable and often used measure of performance; for
comparison purposes, is the probability of error in a noisy environment.
The system as described in this chapler will be considered, assuming
that a Gaussian noise component is presented at the input in addition

to the signal.

6.10.1 A model for the signal plus noise

A representation of a band limited noise process suitable for
manipulation in a sampled system is illustrated in Fig.6.19, which shows
a typical noise waveform containing no frequencies higher than FHz, the
bandwidth of the system. This is a series of random Gaussian numbers,
mean value zero, separated in time by 1/2F seconds , the rest of the

waveform interpolated by means of the temporal sampling theorem.
In addition, the following assumptions will be made:

(1) The effect of an all-pass filter on noise samples obeying
a Gaussian distribution leaves the distribution unaltered;

i.e. the output noise distribution is Gaussian.

(ii) The noise samples at the output of the two quadrature

paths are independent.

(iii) The noise samples at the output of the ones and zero

channels are independent.

First we consider the samples at a time corresponding to the peak
amplitude, RO ;s of the compressed pulse. In the ones channel the noisy
output is represented by one sample from the two quadrature paths, each
including an additive independent Gaussian noise variable. In the zeros
channel, the signal envelope value, RZ , 1s taken as the average value

over the 1two bit periods containing the dispersed pulse.
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Let the two samples at the quadrature outputs in the ones chanmel

be u and v ; the corresponding values in the zeros channel are p

and q .
Then
u2+v2 = R?
and
2 2 2
P +q = Ro .

At points U and V (Fig.6.10) the amplitude distributions of
the two samples coinciding with the compressed pulse peak are
2 2
1 ~{x-u 0
px) = b )Y
QKUZ

and

1 ~(yv)?/eo

Jer?

where (Te is the wvariance of the Gaussian process and x and y are

o(y) =

the output random variables in the two paths. In practice the samples
are squared and summed, so we must find the probability distribution

2

functions (pdfs) of x~ and y2 . From the theory of functions of a

random variable:

p(x) p(x)

p(x*) = p(X) T +EX‘T .
dx x';;fi dx X'_-"‘ﬁ

Therefore
N
p, (X) +
o 2 K 2 [X
_ u2 2 .
= 1 e (x+ )/QG cosh <B-?X-> . (6-13)
2no" Nﬁz o
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Similarly, for the zeros channel:

2 2
] - (Y+v°)/ 20" -
cosh (6-14)

2 }Y o
2)\(} A
WheI‘e Y =

The pdf of the sum of two randem variables X and Y with
individual pdfs p1(X) and p2(Y) is obtained as the convolution of
p,(X) and p,(Y) :

p(@) = p(X +7¥) = p (X) *p,(¥) .

The convolution integral is

p0) = [ p0)pylo - M)
0

dl L

1
27:02

Ao = )

e"(u2+v2+w)/ 26° ]w ot <§£> ot <:K>
0

Unfortunately, an analytic evaluation of this integral is not
possible, but it can be rearranged into a form more suitable for

numerical integration on the computer using the following substitution:

w sin26 .

A =
Then
d\ = 2w sin 6 cos 6 d8
and
/AMw -A) = o sin 8 cos 6 .
Then

g
B
n
o=
o
I
TN
g
)

+ w)/&rz}j'/z cosh (%"21-’ sin e)
0

o

cosh(—z— cos 6)(16 '
o

> (6-15)

-

where the suffix 1 refers to the ones channel. (0 will refer to the

zeros channel.)
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A gimilar expression is obtained for the pafl of the synared and

summed ouftput of the zeros channel:

FINPR B -
1 2 fn 2 P i
po(w') = 3 exp{~<l?o + w')//Zo’ Jl- j CoSh(% sin U>
pite) (o)
0

I \
cosh <219 cos O)de

o

L (6-16)

6.10.2 Error probability computation

The probability of bit error is now the probability that the

zeros channel output (®') exceeds the ones channel output (®):

P(error) = P = Plw' > w) = j fpo(w')dw' p1(w)dw . (6-17)
0 w

The numerical evaluation of these integrals with infinite limits

poses some difficulties. However, if we consider finite limits RF

and wO such that the integrals

11 = j- p1(w)dw ’ and IO = j' po(w')dw'
0 ' 0

are very nearly unity (which they must be by definition), then the
values of p1(w) and po(w') may be normalised to yield exactly unity
"~ values integrals, and then the evaluation of equation (6-17) can proceed
with negligible error. These normalised expressions for p1(m) and

po(w') , indicated by a bar, are obtained as follows

D, (w)
py(0) = T
—_— (wt) .
pylwt) = 'p-o‘fa'— .



Next we note that

0 0
f po(m')dm' = 1 - j POQJT;ﬂU'
w 0
and so
wq ®
P, = f 1 — j‘ po(w')dw'> p1(w)dm
0 0 J
o I ) ]
- 1-—[ f pylw*)de’y p, (w)aw .
0 1lo J

The numerical evaluation of this expression using equations (6-15)
and (6-16) is a lengthy process, which has to be repeated for various
values of o, (equal to the rms noise voltage) and the results are
shown in Fig.6.20 which gives P. against mean signal to noise power

ratio, S where

mean signal power

5 = 10 10g1o dB

mean noise power

10 log,,, (1/25°)

therefore

S

- 20 log1o o-3dB .

It is interesting that the result obtained for a sampled system
using the above technique should be identical to that obtained for
linear systems with an entirely different approach by Forgan,
(Appendix C) when the same compressed and dispersed pulse amplitudes
were used. The Forgan approach was to cbtain expressions for the pdf
of the envelope of a sine wave plus gaussian noise and to integrate
the appropriate expressions for errcr rate. The mathematics were
entirely different being relevant to a continuous system. The digital
computation confirms our knowledge that there should be no difference’
between sampled and continuous systems, given certain conditions of

equivalence.
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In practice it in difficult to attein and maintain synchronication
well enough to enable only one cample per channel to he compared. It

implies a gate time of 12.5 ps which is only 1.5% of the data bit period.

A 10% gating time which covers most of the main lobe of the
compressed pulse would be more realistic. A simple extension of the
results already obtained can predict erreor probabilities for various

gating times, under certain simplifying assumptions:

(a) during the gating time the nominal amplitude of the

dispersed pulse samples (without noise) is constant;

(b) the largest sample in the compressed pulse channel will
be the peak amplitude. The first assumption is more
realistic than the second; however, the second errs on
the side of pessimism, since it is quite likely that
when a noise pulse reduces the peak sample amplitude,

another sample in the compressed channel will exceed it.

Under these assumptions, the error rate can be obtained by simply
multiplying the Yone sample' result (Fig.6.20) by the number of samples
taken in the gating time. Fig.6.21 shows these answers for various

gating times, which also compare well with Forgans.
6.11 Discussion

All the simulations and experimental work have examined the
response of all-pass digital networks. For a truly matched response
the spectrum magnitude as calculated in Appendix E and shown in Fig.E.1
would have to be approximated by a digital filter to match the amplitude

response as well as the delay response.

Similar effedts to those shown in Chapter 4 are aﬁtioipated°
Since the spectrum magnitude is zero at dc and at fg/2 (= F) the
"effective" bandwidth of the signal, as discussed in section 4, is
significantly less than F . Thus an improvement could be achieved
by increasing the frequency spread of the signal, increasing the
sampling rate accordingly and achieving a larger compressed pulse
whilst still retaining a 40 kHz effective signal bandwidth - i.e.

similar energy outside i?O kHz of the rf carrier fregquency compared

with the chirp system.
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IT a magnitude spectrum matching filter were required additionsl
complexity would be introduced as well as an additional delay dislor—
tion. The latter could be overcome by adding the extra delay to that
produced by the delay network itself and modifying the modulating

waveform to match the overall delay characteristic so produced.

By thesc measures small bul possibly significant improvements te

the compression gain could be achieved.

The next chapter describes the practical demonstration of a
single section digital delay filter and its use in a pulse compression

simulation.
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Chapter 7

AN EXPEE;MWNTAL ALT—~PASS DIGIT " FITTER AND
DEMOSSTRATION QI PULSE CONi . mSSION

7.1 Introduction

In order to demonstrate the ideas described in Chapter 6, a
practical investigation of digital filter techniques was undertaken,
with the aim of demonstrating that pulse compression with non—linear
sweeps and digital matched filters was possible and to discover some

of the practical problems involved.

It was soon appreciated that it was not feasible to build a
complete network using TTL components in the laboratory, since the size
and cost are prohibitive, but by constructing a building block and using
a recirculation technique, a non-=real-time simulation can be achieved.
Throughout the study a final realization using MOS/LSI was borne in mind,
and methods applicable to that technique were used where possible. The
first job was to develop suitable practical realizations for the multi-—

plier and adder, and then to build up a first—order all-pass section.

T.2 Serial arithmetic

The choice between serial and parallel arithmetic for hardware
digital filters using IST depends upon several factors. Circuit
complexity is the most important in this application, combined with
interconnection problems. Parallel multipliers require more complex
circuitry than serial multipliers and need many more interconnections.
It is vital in IST realizations to minimise the number of connections
between circuits, since the intercomnection network is a primary cause

of faillures.

In parallel multipliers the processing rate is limited by carry-—
propagation times but with serial arithmetic the rate is limited only

by the speed of the basic digital circuits.

Delays are realized simply as single input single output shift

registers compared with multi—input/output latches in parallel arithmetic.

The simplicity of the circuitry and the ease with which the units
can be multiplexed (by sharing adders and multipliers) are further
factors in favour of serial methods. A modular approach is simpler with
gerial arithmetic and there is more flexibility in the choice of word

lengths. TFor these reasons a serial method was chosen.
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7.2.1 Two's complement representation

Hith serial arithmetic the binary numbers are best representcd in
wit~
twofs complement form; in contrast the one's complement representation,

additions and multiplications can proceed with no prior knowledge of the
signs of the numbers, and with no corrections to the results. (This
decision led to some quantisation problems which are fully discussed
later.)

An n-bit-plus—~sign number in two's complement form is written as

XOX1X2X3 sea Xn

which represents a number, X, having a value of:
n
—-i
X = —x02xi2
i=1

where each x, 1is either O or 1. Thus, the binary word, X, is assumned

to lie in the interval

- 1< X <1

with the sign of the number given by the last bit in time, Xq o

7.3 Arithmetic units

Having chosen the type of arithmetic to be realized and the word
length (9 bits plus sign), the next step was to design the individuél
elements which make up a filter section. With reference to Fig.6.5.b
the elements are an adder, a multiplier and a delay element (The
circuits described use TTL components rezdily available in RAE during
1971. Other more complex components in TTL/MSI were becoming generally

available, but were not easily obtainable in RAE.)

T.3.1 Serial adder

A serial adder for two's complement addition is very simple. The
IC modules used were an SN7480 gated full adder and an SN7474 dual edge—
triggered D-type flip—flop. Fig.7.1 illustrates the arrangement used:
The simplicity of the unit emphasises the overall simplicity of serial
arithmetic., Addition of two numbers in two's complement form proceeds
sequentially from least significant bit (ISB) %o most significant bit

(MSB), no sign correction being necessary.
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e.gl
1.0110 - 0.0111

1.1101

- 0.625 + 0.4375 - 0.9875

7.3.2 Two's complementer

Used to form the negative of V[(m — 1)At] in the first-order
filter, the two's complementer was implemented with a circuit as shown
in Fig.7.2. All initial (least significant) bits up to and including
the first £1' are passed through, and all succeeding bits are inverted.

An SW7472 JK flip—flop with NOR gates and inverters were used.

Thus , to obtain the two's complement of 0.011011100, the first
3 1SBs (100) are unchanged while the remaining digits (0.011011) are
inverted (1.100100), giving the result 1.100100100.

7.3.3 Multiplier

The multiplier scheme chosen (perhaps strictly called a serial/
parallel multiplier) is shown in Fig.7.3. It is the most complex and

important unit in the filter and deserves a detailed description.

The multiplication of the incoming serial word ('multiplier') by
the stored coefficient (fmultiplicand!) is performed by successive
addition and shifting. If the specific multiplier bit is a 1, the
multiplicand is added to the sum of the previous partial products which
igs present at the B inputs of the adders; if the muliiplier bit is 0, no
addition is performed. At the next clock pulse the sum is shifted one
position to the right and the next multiplier bat is operated upon.

Each multiplier stage consists of a serial adder as described above,

followed by a flip—flop to shift the sum digit to the next stage.

The multiplier can deal with an input word of any length as long
as a control bit on a separate control line is present to signify the
start of the word, and a second pulse is present to indicate the loca-
tion of the sign bit. With these restrictions, the multiplier can have
positive or negative numbers on either input; furthermore, sign correc—
tion is performed automatically as long as both inputs are scaled in

~

magnitude to be either less than or greater than unity.
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(a) Theory

The theory of the serial/parallel multiplier is as follows.
Pirstly, it is realized that in the two's complement recpresenta—
tion of a fractional binary number; the iruc value i$ given if the

sign bit is considered equal to -1, i.e.

1.1011 - 1.0000 + 0.1011

~(1.0000 - 0.1011)

~ 0.0101

which is the actual value of the number represented in two's
complement form as 1.1011. Thus, direct multiplication with the

sign bit considered negative gives the correct result.

Consider the two numbers X = - Xy t X¥ and Y = - Yo + Y*

where Xq and yo are the sign bits (O positive, 1 negative) and

X*, Y* are the fractional parts, with

m
X* = :E: xie"i for positive X
i=1
and
m
X% = :E: Eie"i for negative X
i=1

(similar expression for Y¥).
The multiplication of X and Y gives:
=  X¥T¥% — - -
XY X*Y xOY yOX XV 1

so that the result of the multiplication of the fractional parts
X* and Y¥* requires up to three correction terms, depending on

the signs of X and Y.

(1) If X is negative (xo 1), subtract XY (or add _

the two's complement of Y).

(2) If Y is negative (yo 1), subtract yoX (or add

the two's complement of X).

(3) If both X and Y are negative subtract %Yo
(add 1.0000).

92



As an example, congider the multiplication of the two
numbers X = 1.0111 (= = 9/16) and Y = 1.0110 (= = 10/16).
The desired result is XY = 0.01011010 (= 90/256).

First, the fractional parts .0111 and .0110 are multiplied
to give X*Y* = 0.00101010.

Since (1) Xg = 1, we must add the two's complement of Y = 0.1010
(2) Yo = 1, we must add the two's complement of X = 0.1001

(3) both x; =y, =1 wemust add xgy, = 1.0000.

Then, XY = 0.00101010 + 0.1010 + 0.1001 + 1.000

It

0.01011010, the correct result.
(b) Hardware

In practice, these correction terms are implemented with

the following modifications to the basic multiplier circuit.

(1) Circuit E produces the two's complement of X when
Yo = 1. The function of circuit E is to locate and detect
the sign bit of the multiplier (Y) and, if it is 1, to
provide a sequence of ones following it, until the sign
bit has been produced at the multiplier output; if the
sign bit of Y is zero, then a sequence of zeros is
produced to gate the multiplicand. Multiplication by a
sequence of ones gives the two's complement of a number;
therefore, a sequence of ones following a sign bit of ones

gives the two's complement of the multiplicand.

(2) The inverter before the first adder, together with the
circuit constraining the B input to the first adder to be 1
during the first clock pulse, produce the two's complement
of Y when the multiplicand is negative. The inverted
input word appears at the B input to the first adder if the
multiplicand sign bit is 1; the two's complement is then
formed by adding 1 at the ISB of the input word (equivalent
to two ones at the B and Cn inpuls of the first adder,
during the first digit of the input word).

(3) Perhaps more by accident than design, the combination
of methods (1) and (2) automatically adds XV = 1.000

when both numbers are negative.



In this case, the practical circuitry is less complex than

a written description.

(c) I1lustration

A final illustration may clarify the process. The multi-
plication of 1.0111 by 1.0110 is illusitrated below; the step--by—

step addition is omitted, only the final sum is shown.

Sequence of ones produced

by circuit E:

1 . multiplicand X
T
1151,

[
T 4 (Q multiplier Y

F-—-—)—

)

- .3 O ONO

=)
S
N
-1 -

o
-l sl o=tn
- - s ONO
Q

"™

- O O

o-—b—ﬂ-“

90101 fOiO Result

(1) Box A is simply X¥Y* (the product of the fractional
parts), formed by standard addition and shifting on the

clock transition.

(2) Boxes B+ D + F are the two's complement of Y
(i.e. Y + .00001 + .00001) with the two digits produced
at the first digit of the input word

© 94




(3) Boxes C + D is the two's complement of X

(4) When X is negative and Y positive, D is 1
When X is positive and Y positive, D is 1
When X 1is positive and Y negative, D is 1
When X and Y are negative, D is O.

In effect D dis the sum of two ones when both numbers are

negative, hence the zero and automatic sign correction.

(a) Timing

If the input data word is M + 1 bits long, and the
coefficient has N + 1 bits, the output of the last adder is
M + N + 1 bits long; this number will have to be rounded or
truncated before passing to the next operation, and since the
ISB of the full product appears at the first clock period, there
is necessarily a delay of N bits before the most significant M
bits appear. This delay must be deducted from the delay which
follows the multiplier so that the next operation (addition) is

synchronised. This is illustrated in Fig.7.4.

T.3.4 Delay element

The delay required is nominally one period of the sampling
frequency, and is realized using single input single output static shift
registers (SN7491 8 bit shift registers and some SN7496 5 Dbit registers

were used).

7.4 Multiplexing

In order to make optimum use of the maximum speed available from
the cifﬁuits, the multipliers and adders can be multiplexed to handle
several operations within the basic sampling period, 1/fs « The factors
which 1imit the number of channels which can be multiplexed within
T - 1/fS are the speed of the circuits and the time needed to multiply.
Fiz.T.4 shows that 20 clock periods are required to perform multiplica-
tion of a 9 bit + sign number by a 9 bit + sign coefficient, allowing
one clock period to clear all flip-flops. That is, 20 clock periods
must be allowed between the LSB of successive data words; the minimum-
nominal delay time allowable is then 20 clock periods. The present
application requires a delay time of At = 12.5 seconds and the

required clock rate is therefore fc = 20 x 80 kHz = 1.6 MHz. At the
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time of wriling, MOS/LSI techniques can provide clock rates up to threc
times this figure, but achievable clock rates are expected to increase

significantly over the next few years. Although TTL can operate faster
than this, it was decided to limit the practical demonstration to a

three~way multiplex, using a 4.8 MHz clock.

Since we require a cascade of identical scctions in this applica-—
tion multiplexing was used to recirculate the signal which had been
operated upon once and to reinsert it during the next sub~interval of
the basic sampling period. A second reinsertion during the third sub-
interval gives an output signal which has been processed three times by

the same transfer function.

Fig.7.5 is a block diagram showing the way in which a first order
delay section can be arranged 1o process one sequence of input words
three times. The nominal shift register delay is 12.5 us at 4.8 MHz,
i.e. 60 bits. The 69 bit register allows synchronous addition at adder
P while the 11 + 40 = 51 bit register allows synchronous addition at
adder Q, the deviations from the nominal 60 bits being caused by the
9 bit delay in the multiplier. The gates at the output of the 11 bit
register feed back the output (delayed by At/3 = 20 bits) to the input
for the first 24t/3 , and give an output during the final At/3.

7.5 Additional circuits

Apart from the basic multiplier, adder, complementer and shift

register, other circuiis are needed to complete the filter.

T.5.1 Truncation circuit

The output of the multiplier was truncated from 18 bits plus sign
to 9 bits plus sign before being applied to the adder P. The circuit
used is shown in Fig.7.6 with associated control waveforms. The output
is zero (low) until the start of the sign bit signifier control pulse,
after which the word is allowed through unaltered. An interesting
consequence of the use of this technique arose during the final stages

of the investigation (see section 7.7.3).
7.5.2 Circwit E

Fig.7.7 shows the circuit used to perform the sign function
required by the multiplier. If the sign bit of the incoming word is 1,
all succeeding output bits are 1 until the clear pulse arrives; if the

sign bit is 0, all succeeding bits are O.

¥ 96



-~

7.5.3 Control waveforms

A1l sub—units of the filter require control signals to operate

properly. These are:

(a) clock waveform, C and occasionally C

(b) word start signifier, P and occasionally P
(c) sign bit signifier, S and occasionally S
(a) clear pulse, T and occasionally 7.

These waveforms are shown in Fig.7.7. In an engineered version of the
digital filter technique, the control waveforms would be derived from
a basic clock in conjunction with the analogue~to-digital converter and

appropriate divider circuits.

In the laboratory model the control waveforms were generated in
circuits which were performing the more complex task of providing test

signals for the filter.

7.6 TFilter testing

In the early stages of practical digital filter work it is
essential to be able to test each function in detail before connecting
it all together. Even then, a means of response measurement is required,
and for these reasons it is useful to have controllable test signal
generator so that the progress of each digit can be followed through
the various circuits. DNo such item of test gear was available and so
va special purpose signal generator was designed, such that detailed

fault—-finding could be performed.

7.6.1 Amplitude scaling

At no stage must a word be allowed to exceed unity magnitude for
correct functioning of the multipliers. Therefore the amplitude of all
input signals must be scaled such that the probability of any word
exceeding unity magnitude is extremely small. With no noise at the
input, the maximum value of the signal through the compression filter
is 5.5 times the input magnitude (at the peak of the compressed pulse).
Allowing a reasonable extra 1.5 for possible noise amplitude at this

instant, the input amplitude was scaled to a maximum value of 1/7.

T.6.2 Test signals

In order to measure the frequency response of the filter over the
required frequency range (0 < f < fs/2) a set of constant frequency

signals was synthesised. Nine frequencies were used, and were formed
N
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by suitably gating (and complementing) six stored samples of one quarter
cycle of a sine wave. FLach stored word was of length 9 bits + sign, and
the maximum value (= sin x/2) was scaled to 1/7. Thus the maximum
valued word is 0.001001001. Table 7.1 below gives the binary valuc of

all six stored words.

Table T.1

n nﬁ/10 Stored word = (sin nﬂ/10)/7 Name
0 0 0.000000000 g
1 O0.1m 0.000010111 8,
2 0.2xn 0.000101011 8,
3 0.3m 0.000111011 Sy
4 0.4w 0.001000110 Sy
5 0.5m 0.001001001 S5

As an example, a signal of frequency fS/S is synthesised by
gating the samples 8o 1 S5 and s4 and complementing alternate half

cycles to produce the following sequence of numbers:

ceeee =35 ,8,.8,8

4 0 4 2—82—8450 vese

Table 7.2 gives the complete list of sample sequences to synthesise

nine frequencies from O.1(fs/2) to O.9(fs/2).

Table 7.2
Fregquency Sequence of stored words
O.1(fs/2) S0 1808385585355 80=6 75y 8 575 =5 =85 y=8 ;=5 ...
0,2 soszs4s4szso—sz—s4—s4—s2 cuee
-0.3 sos3s4s1—s2—55—s231343330—33—34—s1s23532—s1—s4fs3 cees
0.4 503432—32—34 sene
0.5 SOSSSO—SS L I ]
0.6 sos4—sz—szs4so—s4szsz—s4 e
0.7 sos3—s4sssz—35s2~s1—s4s3so—s3s4—s1—szs5—s2—s1s4—s3 csee
0.8 3032—3454—s2 cees
0.9 sos1—szs3—s4s5—s4s3—szs1so—s152—3354—3554—s3sz—s1 cove

and Fig.7.8 illustrates the sampled waveforms represented by the sequences.

¥
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7.6.3 Test signal generator

In practice the signal generator turned out to be more complex
than the filter itself. T'ig.7.9 is a block diagram. The clock generator
feeds a network of dividers which provides the control waveforms. Five
10 bit shift registers hold the samples 8, to s5 \which are clocked
out when the appropriate gated clock is applicd. These gating waveforms
are obtained from the word selector circuit which selects the required
words as determined by a selector switch for the desired frequency.
Similarly, the sign selector circuit provides waveforms which contrel
the two's complementer. The word gating waveforms are shown in Fig.7.10,
and the sign control waveforms in Fig.7.11. The circuit diagrams of the
main blocks are given in Fig.7.12 to Fig.7.16. The timing is designed
such that one 10 bit word is followed by 50 zeros, giving an interval of

60 clock periods between successive ISBs, as required for recirculation.

An extra board was required to derive all the control waveforms
required by the filter and to perform the recirculation gating as shown
in Fig.7.5. TEssentially, the signal generator with control circuitry
filled 6 printed circuit boards each carrying 15 dual-in-line ICs,
while the filter itself went on 3 boards. During development and fault
finding some changes were required which necessitated using parts of

another bhoard.

T.6.4 Digital to analogue converter

The first stage of filter testing involves counting pulses on an
oscilloscope screen to discover if the component parts are working
correctly. Though essential during development this technigque loses its
value when further performance investigations are necessary. Furthermore,
it is difficult to prove to an observer that digital circuits can indeed
filter unless sine waves are displayed. Therefore, special purpose
digital to analogue converters were designed and constructed each using

13" TTL circuits and 2uA702 wideband amplifiers (sce Fig.7.17).

Fig.T7.18 shows some typical input/output waveforms ag displayed on
a dual trace oscilloscope and photographed with a scope camera. They
clearly demonstrate the delaying action of the filter, and close inspec—

tion of the outputs confirm the predicted delay/frequency response.

The coefficient 'a' was chosen to be =0.3486 corresponding to a
system with 42 such identical sections. The coefficient in binary form

'is 1.101001110 (9 bits plus sign).
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T.7 Demonstration of pulse compression

The initial aim of construciting a digital filter was simply o
assess the difficulties and provide some expericnce for any MOS/LSI
developments which might follow. However, having bullt a working filter
some means were sought to demonstrate the pulse compression capability
of a multi-section filter. It was clearly impractical on a cost and
time basis to build a complecte 42 section network, since 14 more units
were needed identical to the one already made. Therefore a less direct

method was required.

T.7-1 Approximation of input signal

First, an approximation to the matched sweep was needed. The
simplest way found was to synthesise samples of an ideal waveform in
the correct sequence. The test signal generator already developed was
useful for this purpose. The ideal signal was obtained by integration
of equation (6~6) as described in section 6.4; sample amplitudes at
intervals of At = 12.5 pus were divided by 7 (amplitude scaling) and
the stored level (so to s5) nearest to this ideal value chosen. The

66 samples chosen are given in Table 7.3.

Table 7.3

1 5o 18 84 35 5, 52 Sg
2 s, 19 8y 36 s4 53 5o
3 s, 20 s5 37 s3 54 —s5
4 5, 21 s4 38 s, 55 S0
5 84 22 S, 39 —s4 56 s5
6 Sy 23 =S, 40 -85 57 =S,
7 s5 24 =55 41 8, 58 =S,
8 s5 25 —55 42 s4 59 S,
9 84 26 -S3 43 s, 60 s,
10 S, 27 o 44 =S, 61 g
11 o 28 s, 45 ~Sg 62 84
12 =S, 29 s5 46 -5 63 S,
13 —s3 30 s3 A7 s3 64 —s5
14 -5, 31 5o 48 84 65 54 )
15 —s5 32 —53 49 -S5 66 =S,
16 —S5 33 S5 50 —,
17 -8, 34 =S5 51 =Sy
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Fig.T7.19 illustrates this synthesised input waveform which is a
good approximation to the required matched signal. Suitable gating and
sign control waveforms were obtained in a manner similar to before using
divider circuits derived from the basic clock and an appropriate arrange—

ment of gates.

T.7.-2 Simulation of multi—-section response

The 66 sample words were each separated by 50 clock periods to-
allow for recirculation within the filter three times. The output
sequence obtained during the third subinterval At/3 was then fed to
the input of a shift register which was long enough to store all 66 words.
In fact the register needs to be longer since the filter response of
interest is the non—linear portion which is set upon a fixed standing
delay; this constant delay must be allowed for, since the compressed
pulse will appear during this extra time the sweep is delayed such that
the compressed pulse is produced after all components of the input
signal. A sufficient time in this case is equivalent to 32 extra words.
Thus to handle the complete signal, the shift register needs to be of
length (66 + 32) x 10 = 980 bits, and clocked only during the times when
the required signal is present (i.e. 10 clock pulses every 60 clock
periods). Relative to the previous set of input data the delayed set
was fed back to the input exactly 100 words later, (since there is
already a two word delay inherent in the recirculation system). The

shift registers were General Instrument MTNS static.

FPig.7.20 is a breakdown of the timing system. The above process
is repeated 14 times; during the 14th cycle the shift register output

is not fed back, since a new 66 word input is being fed in.

The overall system is then a 1/14 real time simulation of a pulse

compression system.

Te7+3 Results and discussion

The major difficulty in testing the system with the above arrange—
ment was observing the signals on the oscilloscope and providing

4 appropriate trigger sources so that different parts of the output could

be examined. Although it was not possible with the equipment available

to examine every word of output at every stage of the compression, some

parts could be observed. Computer simulations of the filter with the

approximated input waveform were performed in order to check the practical

results and an interesting difference came to light. Although the filter

compressed the sweep, the shape of the output was not as predicted by

the computer simulation. This*difference had not been picked up in the
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earlier testing phase and was obviously an crror which accumulated

during the signal's passage through 42 identical seclions.

Detailed investigation suggested that the truncation process was
the cause of the difference. In the compulter simmnlation the truncation
was towards zero; that is, the magnitude of each number at the output
of the multiplier was truncated to its 9 bit equivalent. Thus, a
negative number was treated as its positive magnitude with an assumed

negative sign.

For example, the 18 bit plus sign product of 1.101001110 and
0.000101100 is:

1.111110011101101000 .
Truncation as in the hardware gives the 9 bit answer:

1.111110011

= -0.000001101 = ~0.025390625 (decimal) .

However, truncation as in the original computer simulation operates

on the positive equivalent of the 18 bit product:

—0.000001100010011000

giving

—0.000001100 = ~0.0234375 .

Since this difference only occurs during truncation of negative
numbers there is an imbalance causing accumulation of errors which

become significant after 42 sections.

In the time available, a modification to the hardware was not
feasible but a programming change to simulate the existing practical
conditions was made, and the resulting output pulse was as observed in
pfactice. Fig.7.21 is the computed output pulse and Fig.7.22 are
photographs of three signals observed in practice. The input waveform
is the observed version of Fig.7.19; the middle photograph is the out-
put of 21 sections showing partial compression of the signal and the
lower photograph shows the compressed pulse, the observed version of
Fig.T.21.

The effect of the small modification of the truncation circuit
can be seen by comparing Fig.T7.21 with Fig.7.23 which is the pulse shape
assuming that truncation was performed as in the computer simulation.

¢
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This exercise proved that great care is needed over the details
of digital filter design, particularly rcgarding quantization. The
theory developed in Chapter 6 was not strictly correct when applied to
the experimental version since the truncation method realized by the
hardware involved a bias towards more negative numbers, which introduced
an extraneous low frequency component or dc drift towards negative
values. This effect can be observed in the photographs of the filter
outputs, Fig.7.22. '

This effect would usuvally be negligible in typically complex
filters (up to say 10th order).

The effects of truncation and rounding are examined in more detail

in Appendix F.
7.8 Conclusions

The practical study undertaken has demonstrated the feasibility
of the ideas developed in Chapter 6 for pulse compression using non—
linearly swept FM signals and digital dispersive filters. It is clearly
not possible or even necessary to demonstrate the complete system with
TTL circuits in the laboratory since the demonstration as above is
sufficient to solve the basic problems. The practical difficulty lies
in the implementation of the technique in integrated circuit form using
MOS/LSI. This part of the problem was outside the scope of the present
project, although it is believed that the existing state—~of—the-art is
perfectly capable of converting the circuitry into MOS/LSI. Many
companies in the USA and several in the UK are able to do the job with-—
out difficulty. The most important advantage of the technique describes
here is that only a very small number of different components is
required, where a 'component'! is considered to be one type of chip.
A common method of constructing practical digital filters is to inter-
conmmect standard chips (multiplier chips , register chips, adder chips
etp) in the desired pattern. However, in the present application, it
would probably be more convenient to construct one chip to contain as
" many complete first order sections as the clock rate, chip size and
technology will allow; this reduces to a minimum the number of inter—
connections and the number of different chip types required. A single\
control chip to provide control waveforms and recirculation gating wave—

forms would complete a very simple system.
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Chapter 8

SUMMARY , CONCLUSIONS AND FUTURE DEVELOPMENTS

8.1 Summary of achievements

The work reported thus far has covered a variety of solutions to
the problem specified in Chapter 2, from a novel adaptation of passive
inductor/capacitor delay network techniques with a practical demonstration,
to a logical progression of the same ideas into digital techniques and a
practical implementation, along with a theoretical examination of non-

linear FM signals and their possible application.
The main points to be noted as a result of this work arc as follows.

(1)  Non-linear FMper se does not give rise to significant
advantages on size/weight criteriaj; nor are there any
system performance gains to be made. In fact, any solution
employing non-linearly swept signals and non—linear delay
dispersive networks inevitably involves compromising on
somc aspects of system performance, however marginally
(Chapter 3).

(ii) If for traditional reasons a passive network LC realisation
is desirable then the technique described using cascaded
identical bridged-T sections (Chapters 4 and 5) provides a
solution which performs slightly less well than the linear
chirp baseline solution but which employs far fewer elements

and a higher degree of manufacturing and tuning simplicity.

(iii) Digital filter methods promise to make the most significant
impact on the size and weight, as well as the cost and
necessary maintenance effort of future dispersive network
applications. The feasibility of a digital filter solution
has been demonstrated by theory and in the laboratory.
Section 8.2 below outlines a possible extension of these
ideas which holds the greatest promise of fulfilling minimum

size requirements.

Other more detailed matters investigated include the following.

ki 1 04



(iv)

(v)

(vi)

(vii)

Various non—linear FM waveforms were examined with
emphasis given to the nature of the compressed and
dispersed pulses obtained in truly matched and phase
matched configurations. The detailed results should
provide useful reference material for any future work

on non-linear chirp-like signals.

Theoretical work on the use of the passive bridged-T
second order delay network as a building block for
identical section cascaded filters has been performed,
and could be applied to other systems requiring different
dispersion factors and frequency ranges. The use of the
two halves of an easily realisable symmebrical delay

function for compression of different signals is novel.

Error probabilities in a system employing sampled data
have been calculated and show good agreement with other
work performed on linear systems with the same dispersion

factors.

Detailed simulation and theoretical explanation of
truncation effects in multisection cascaded digital delay
networks successfully described a practically observed
result. The conclusion was that, in multisection cascaded
networks ; the cunulative effect of multiplier output trunca-—
tion using two's complement arithmetic is too serious and
that, to reduce output errors, quantisation of multiplier

outputs should be by rounding.

Further developments

At a stage in the project which left no time for experimental

solution.

work, an extension of the above ideas was conceived which could make

dramatic improvements to the size and complexity of %heAdigital filter

As a basis the previous theoretical work remains valid. In other-

words & number N of identical digital filter sections is again used
to match the frequency/time relationship of the hmatched signal as
described in Chapter 4.
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It is clear from the preceding chapter that in the practical
realizalion the multiplier is the most complex component in the Filter,
and thus any reduction in the multiplier complexity will have a signifi-—

cant effect on the overall sige of the dizpersive network.

8.2.1 Simplest conceivoble multiplier

The route followed in the previous chapter was to choose a value of
N which gave reasonable performance and to accept the coefficient, a ,
as haviﬁg to be realized as an n~bit word (9 bits + sign was felt to give
sufficient accuracy). However, due to the unigue relationship between
N. and a , and since the performance is not strongly dependent on N,
it is clearly feasible to reverse the process and to choose a value of
the coefficient which gives a simple realization and accept the value of

N which is uniquely determined.

In barticular, consider a value of the coefficient equal to 0.25
(0.01 in binary). With N = 63 we obtain a value for the dispersion
factor D (equation (6-5)) of 33.60. The design figure established
in Chapter 2 was 33.33 corresponding to a data rate of 1200 baud and a
bandwidth of 40 kHz. If there is any flexibility in these numbers it
must be in the bandwidth which is after all a nominal figure correspond—
ing approximately to a channel allocation of 50 kHz; a small increase in

the fregquency sweep has very little effect on this parameter.

Taking advantage therefore of a slight change from 40 kHz to
40.32 kHz a system with N = 63 and a = 0.25 should be acceptable.

Immediately it is seen that multiplication by (binary) 0.01

consists simply of a shift in the position of the binary point, i.e.

0.01011 x 0.01
1.11001 x 0.01

0.0001011
1.1111001 .

1l

Thus, the complicated shift—add procedure normally required for
a multiplier is avoided, and replaced by simple arrangement of input/
output connections. A parallel multiplier (by 0.01) is then described

below (a 5 bit + sign input word is used for illustration purposes):
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X 0,01 Multiplier

Sign bit 1

Input word (5 bit + sign) 0 O | 0 [ [

= 1 ]
0
J

Output word (7 bit + sign)

Sign bit

Truncation yields 0.00010, rounding yields 0.00011; simplicity
suggests that truncation should be chosen since the least significant

two digits of the input word are simply ignored.

8.2.2 Complete first order section

Parallel arithmetic is preferred for such a simple system. All
delays can be realized by simple flip—-flop or latches. The adders are
simply realized. The *end—around~carry! required in ones—complement
addition is achieved by connecting the output carry bit of the most
significant adder stage to the input carry of the least significant
bit (see Fig.8.1).

A block diagram of a single first order delay section is shown
in Fig.8.2. The arrangement of modules is the same as was used before;

the difference equation which it realizes is (see equation (6~1))

n n-1 T a(un - Vn-1) *

8.2.3 Operating speed

The speed of operation of this circuit is determined exclusively
by the speed of the logic. Even assuming a relatively slow cycle time

of 1 us it will be clear that a single section with a word sampling
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rate of ~40 kHz is capable of being mulbtiplexed more than 12 times.
It is considered a simple task to realize seven such sections (say)
on one MOS chip; thus recirculation only nine times will provide 63
first order delay functions on one chip. A clock rate of only

9 x 80.64 = 725.8 kHz with seven first order sections on one chip and
recirculating nine times achieves the rcguired result — a complete

dispersive network on a single integrated circuit.

A proposed recirculation scheme is shown in Fig.8.3. It is
conceivable that two complete networks could be realized on one chip.
Whatever final complexity can be achieved, it is clear that this system

has immense advantages in terms of size and weight.

8.2.4 Performance aspects

An additional advantage of this system is that one source of
error usually associated with digital filters -~ coefficient error -
is eliminated. The system is designed around the multiplier coefficient

and the fact that its value is 0.25 exactly.

As before the compression process can be simulated on the computer.
The results are given in Fig.8.4 which shows a compressed pulse envelope
for an N = 63, a = 0.25 system. Since we are using significantly more
sections and the coefficient is smaller than before, the delay response
is less non-linear and the compressed pulse more nearly
approaches the ideal sin x/x envelope. Furthermore there is probably
room for increasing the input word length beyond 9 bits + sign to a
level which makes performance less sensitive to word length quantization
and which reduces the consequent noise to an entirely negligible level,
as opposed to a just tolerable level; although total complexity depends
still on word length, the overall size is now so small that it is no
longer necessary to prune the word length to 'minimum acceptable!

proportions.

As before all succeeding circuitry — square and add, detector and
decision circuits - can be entirely digital employing simple arithmetic

functions (add, subtract and multiply).

8.2.5 Summary .

The solution described in this section would have a great impact
on the size and weight of dispersive delay networks, as long as a degree
of sweep non-linearity is acceptable. To achieve the full benefit of

the proposed system all filters and assoclated detection and decision
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circuitry should be fully integrated in MOS/LSI, but since the circuitls
themselves are conceptually and practically simple therc should he f{ew

problems in implementation by these means.

It is unfortunate that time did not allow this system to be
demonstrated in hardware. However the practical system described in
Chapter 7 demonstrated the essential features of a multi-section digital
filter approach; the practical problems solved in performing that
demonstration were more complex than would be the case in a 63 section
system with a = 0.25. Therefore it is considered that the case for

such a system has been adequately demonstrated.
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Appendix A

THE SPECTRUM OF A CHIRP PULSE

The spectrum of a chirp signal has been derived by GottA. Using the
2 . . .
parameter u = —%E , the complete double sided spectrum (Ze both negative

and positive frequencies) is

S(u],uz)

=
N
e
(@)
™M
=
e
p—

S(w) = |Z(u],u2)| exp j {— ————— + arctan 9

)|
= —_—
2 C(ul,uz) c

(wo + m)2 S(v

’Vz)
+ arctan
2u

1
—t 4
C(v],vz) c

==

|Z(v],v2)| exp j<&-

Nof—

cee (A-T)

Z(x],xz), C(x],xz) and S(x],xz) are the modified Fresnel integrals given

by

Z(x],xz) = C(XI’XZ) + jS(X],Xz)
*2
= .[ exp j %-xz dx
1
and
u

o
N
!
=
——
e
o
=10
e
1+
N3
e —

If the contribution from the negative frequency spectrum is small at
positive frequencies then the spectrum is given to a good approximation, by
the first term in equation (A-1). This condition is substantially true for

fO>F.
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Appendix A

Using this approximation, the amplitude spectrum [S(w)l , 1s given by
_lﬁ
|S(w)| 2J IZ(UI’UZ)I
_lI ‘F< <-F
sz; IS
since the mean value of lS(ul,uz)[ is V2 , for fl < f < f2 .

This approximate result is obtained by very different means using the

principle of stationary phase, which is outlined in Appendix B.

The phase spectrum (positive frequencies) is given by

(wo - m)z S(u],uz)

®(w) = - ———— + arctan

7 6 .

———ﬂ_.——.-—+
C(u,,u c
(@ >u,)
Within the nominal sweep bandwidth, the predominant term is the
quadratic component. The second term is known as the residual phase

spectrum, since it is usually ignored for the purpose of matched filter

design.

Fig 1.2 gives the result of a numerical calculation of [S(m)| and

Fig 1.3 is the same for ¢(w)

Strict band-limiting to fl < f < f2 gives rise to a 0.2 dB energy

loss compared with an unlimited signal.

M
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Appendix B

THE PRINCIPLE OF STATIONARY PHASE

It is convenient to use the equivalent complex representation of a

signal

u(t) = a(t) exp [jo(u)]
The Fourier transform of this function is

oo

U(w) = f a(t) exp [j{— wt + B(t)}]dt . (B-1)

-0

The stationary phase principle states that the major portion of the
integral of a rapidly oscillating function is obtained in a region where

the phase 1s stationary, Ze where

d =
-a-E [wt - B(t)] = 0
or

w o= 8'(t) . (B-2)

Expanding the difference wkt - @(t) about a time tk we get the following,

ignoring terms of higher order than the second:

e"(tk) 2
-— = -— —_ 1 — - ——— -—
w t = 6(E) w b~ 8(E) + [wk 6' (£ )](t - £) T (6 -6 .
oo (B-3)
Since w, ~ 6'(tk) = 0 (equation (B-2)), this reduces to
ell(tk) 2
wkt - 8(t) = wktk - e(tk) - (t-tk) .
If a(t) 1is constant in relation to 8'(t) at tk then the spectrum,
equation (B-1) becomes:
t 48 -
k
Bll(tk)
U(wk) = a(%? [ exp -J{pktk - e(tk) - ——-§~—-(t —tk) dt
tk—G
since t — t =+ 8§ (8§ small).



Appendix B

The spectrum of a chirp signal (equation (1.1)) can be expressed in complex
terms as

[>o]

S(w) = 1 .[ a(t) exp j[(wo - wt + B(t)]dt

-0

[>o]

[ a(t) exp j[— (wo + w)t - B(t)]dt

-0

+
Nile=

= S+(w) + S_(w)

where S+ and S_  refer to the positive and negative frequency spectra.

If the overlap is small, the signal is called narrow band and the

complex representation is useful

D(w) = 25+(w + wo) .
The parameter e is effectively constant and so we may write:
t, +6
k e"(tk) 2
U(w) = a(tk) exp [J{- wty + e(tk)}] -[ exp [J —5 (t - tk) dt
tk—d
8" (t, ) 2
. . k 2 _ my
Writing 5 § = 5
-1
we get d§ = Vm [8"(tk)] ? gy
and
sToreplfr
a(tk) T 2
U(w) = 2/7 ——— exp [j{— wt. + 8(t )}] exp | ] Iy dy
1" k k 2
./e (tk) 0

The integral is another form of the Fresnel integral which, for ££nge

values of the upper limit, is approximated by
1 exp [J' F_}
V2 4
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Appendix B -

Thus:

a(tk)

e exp [j(— mtk + e(tk) +'%] . (B-4)
Jlotep]

Ulw) = V2

If the Fresnel approximation holds for all €

2
|U(mt)|2 = 27 _E_iil_ . (B-5)

|6"(t) l
Similarly, the phase spectrum ®&(w) 1is obtained from equation (B-4)
d(w) = -t + 8(t) + /4 . (B-6)

Differentiating with respect to w , we get:

de\ dt
! -t - - - — —m——
o' (w) = t (m dt) dw

Applying condition (B-2):
o'(w) = -t
which is an equivalent relation to equation (B-2) in terms of the phase

spectrum rather than the signal phase function. It follows from this (but

may also be derived by other means) that:

2
az(tw) = _L.Jlﬂﬂll_ (B-7)

21 Jorqwy|

Equations (B-§) and (B-6) may be used to obtain approximate expressions
for IU(w)I (and hence |S(w)|) and &(w) when the signal function is

given, or a(t) and 6(t) when the spectrum is given.

In addition, consider the two stationary phase conditions

w = 0'(t) -t = o'(w) .
Now ©'(t) is recognised as the instantaneous frequency, w(t) : )
w(t) = 8'(t)
and - ¢'(w) as the group'delay function, T(w)
(w) = - 3" (w) .
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Then o = w(t) and t = E(w)

Thus:
-1
w = T () = w(t) . (B-8)
So, the instantaneous frequency w(t) 1is the inverse of the group
delay function. This gives a simple method of determining the group delay
function which must be synthesised in order to match a signal of given phase

function.

The stationary phase conditions and the results given above are used
in the main text to obtain approximate expressions for spectra, and ultimately

for output signals in proposed nonlinear frequency modulation systems.
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Appendix C

ERROR RATE FOR CHIRP SYSTIEM EMPLOYING
AN IDEAL SYNCHRONISED DEMODULATOR

In an ideal demodulator the output envelopes of the two channels are
compared at the instant of peak compression gain when each output consists

of a sinewave of frequency fO plus bandlimited whitenoise.

With a matched signal the output from the dispersive network is
Sm(t) = VD cos (wot + em) + 1 nm(t)
where nm(t) is a noise signal with unity rms amplitude Ze
8,(8) = R cos (wyt +8 +op)
The probability distribution of the envelope Rm is
p () = PR =K = Rz’ I (CRZ’) exp {- L@+ Rz)Zz}
where Z is the signal to noise ratio Ze

peak input signal voltage
rms noise voltage

and where IO is the modified Bessel function of the first kind and order

zero for imaginary argument

T

=
Io(u) = 5 ./ exp (M cos o) aa

=T

The dispersed pulse amplitude is approximately 1/¥2 and so the

probability distribution of the output envelope of the mismatched network is

pS(R) = P(RS = R) = R22 I0 (;%:RZZ> exp {— b ¢ o+ RZ)ZZ}

The probability of error is the probability that the mismatched output

exceeds the matched output at the decision instant
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Appendix C

P(error) = P(RS

|

This integral may be expressed in terms of the

P(error) =

(X1

(o]

where Q(A,B) = _/WIO(AW)
B

> = N R =
R ) [ P(R, > R) P(R_
0

o

[ ps(r)dr pm(R)dR
R

TR

exp {- 1A%+ wz)}dw
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NONLINEAR FM - DERIVATION OF DISPERSED PULSE EXPRESSIONS

D.1 General

The output of a filter with response function given by
H(E), = IH(f)F[ exp j @(f),
when subjected to an input signal with a spectrum given by

s(f), = IS(f)sl exp j o(f)

1s
g(t) = f IS(f)SHH(f)FI exp J'Ei>(f)s + @(f)F] exp j2nft df (D-1)

For dispersed pulses S(f)S is the spectrum of (say) a downward
directed sweep and H(f)F is the response of filter matched to an upward

directed sweep.

D.2 Power law signals

As described in Chapter 3,

] F \2n
[H(f)sl = 7: (E—:7E7> (D-2)

o(£). = + 2qFT [—2 ARy ————f-fl T -3
F- T o+ 1 = - aFT T —_8" (D)

with the parameters as defined in section 3.3.1.

The spectrum of the downward sweep is

n—1
= |1 F 2n -
Ise)| = j;/r_l(fl+F_f> (D-4)
n+l
n fI+F—fn 'f]+F-f -
@(f)F = + 27FT (n + ]) ( F = 7FT (—.—1‘:_—)*-5 . (D"S)
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Thus the phase term in equation (C-1) is

tb(f)S + cI)(f)F + 2nft

n+l n+]
= 27FT (n 2 l) (1 =-x) ™ +x T > qFT + 2nxFt + 2nf]t (D-6)
To determine the envelope of g(t) the constant phase term =~ 7FT

and the constant carrier frequency term 2vf1t can be ignored. The

resultant integral is then

]

/T i
lg(t)l = a -y
MF 0 {x(l - x)}—ﬁl—
n+1 n+1
x exp jorFT{—2— |1 =) ™ +x® +% dx (D-7)

the limits being equivalent to f = fl -+ fl + F .

With an all pass filter the magnitude response is unity instead of

equation (C-2) and the output dispersed pulse envelope is

_ VFT i
lg(t)l - /o n-—1
AF 0 (1 -x)2n
n+l n+l
X exp j2 FT 3] (1 -x)" +x7 +X—Tt— dx (D-8)

D.3 Modified power law signals

The expressions equivalent to equations (D-2) to (D-8) for the modified

power law signals described in section 3.4 are

n-1
2
| = 3" - 2"r/(3" - 1) !
2" |f - £+ F/(3" - 1)
1
= . n X 4+ A\
(£), = 20FT(x + A) ACE)) ( . ) !

119



Appendix D

-1 1
where x = —— and A =
F n
37 -1
n—1
F n2" £+ 3'F/3N - 1) - £
L
o 1
d(£) = 2rFT (1 + A - x)¥{ L L+ 2 - x)" —']
s 2(n + 1) A

;

1

1
= n I+ A -x\" x+ )"
<1>(f)F + <1>(f)S + 2nft = 7FT ) ( T ‘) + ( S )

= 2nFT (1 + 2)) + 2nFxt + Zﬂflt

N';q'
3

ey =
Y

(x + M) + A - x)} 2n

(oo | | I
!

n+l n+l

. n I +A-x)" x + Ay " xt
X exp j2wFT ICEE) ( 3 ‘) + < 3 ) +'3? dx

D.4 Logarithmic phase signals

From section 3.6 the response of a filter matched to an upward sweep

lHe)| = \/éé (3?%£%i£>

is

- - k k
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The spectrum of a downward swecep, defined by the frequency function

k

B®) = fgp - T -t
_ A~ 1
where f01 = f] +F <A — 2)
is
vk
[stH)] = +——¢
0]
_ ~ _ k k
<I>(f)s = 2'7T(f01 f) T, ~F—=F( +21kln (—-——-——f — f)
01 0l
The phase term in equation (C-1) is
@(f)s + <I>(f)F + 2nft
= = 27 E{ln(f - fO) (foI - £f) + 2k - T](f()] - fO) - 2klnk - ft:|
Substituting for A , defined in section 3.6, and putting
L
X = —3— wve get:

- 21T|E<1n{x)\ —xz()\ - 2)} +k1n>\F_ 3

+ 2k(1 =Ink) -~ Tl(fOI - fO) - Ftx - fot} .

Again to determine the envelope all terms not including x can be

ignéred, and finally we get for the dispersed pulse envelope

1

A
A=2

1 .
[ x{A - x(A - 2)}
1
-2

sl - /(=)

X exp j2nFT | - -—>-‘————%1nx{k -x(A ~ 2)} + %t- dx
A= 2
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With an all pass filter the dispersed pulse envelope is

A1

A-2
HOINENC = |
1

AP A—X(A—Z)

A=

X exp j2mFT |- _Sl_:_lli ln}c{k - x(A - 2)} + %;— dx
(A - 2)

D.5 Exponential phase signals

The expressions equivalent to those above in this case are

i
F o
lB®| = f; Va(f - £)

ch—f f—-f 2 f - f
o(f). = TE |l — %) g <______E) - <fic <:_____9>
F a c c a C

S(f) =
l | Va(fs - f)
f -1 f, - f f, - £
o) = g_<_e__) m(e _) _2__(_.8___)
s a c c a c
F FOA - 1)2
where fa = f1 - X?X_:_ET H fB = f] + "xzx—:—jj"
¢(f), + (f) + 2uft = 2nc X + 1 1n -1 vy = %x) In (y - %)
F ) s a Y Y
+ 20 (f - £y + 2mext + 2nf, ¢t
a a B 1
f - f
where x = — and y = A -1

122



Appendix D

vy
JET 1
211’1‘{ 1
0 \/@*‘7)(1"?“)
xexp_]w—{(x’r%)lﬂ(l’*—)*'@—X>1“Q"-X)
+ax;}dx
L
>
el
J2 Iy 2 IR

X exp j _—-21;0 (x + -:—,—) in (x + -:-;)

+ (y = x) In (y - %) +axt1dx
J
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Appendix E
ENVELOPE OF COMPRESSED PULSE IN DIGITAL FILTER SYSTEM

As described in section 5.5 the instantaneous radian frequency of the
(continuous) upward swept signal matched to the delay response of N

identical digital filter sections in

1 TO + ct
1 - = —_— —_—
8'(t) = w(t) Ap arccos To —

1 - a
1l + a

where T, = Nt and t. = At ( (a negative) .

0 0 0

To obtain the compressed pulse shape, first the spectrum modulus

function must be calculated; by stationary phase,

]S(m)lz - 2

Ien (t) I

Differentiating equation (F-1) and substituting back to remove the

t—-dependence, we find

1 1 (1 + a2 + 2a cos mAt)2

le"(t) I - 1 .
- At | sin wht 2aNAE(] - a2)
Thus,
[s)| = 2Atjw(l - a4 LT .

1 + a3~ + 2a cos wAt

In the system described in Chapters 6 and 7, an all pass filter is
used, no attempt being made to implement a true matched filter with a

response identical to lS(m)I and a linear phase response.

The compressed pulse output envelope is then

21F
lg(t)| = [ lS(w)lert% .
0
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Appendix E

Substituting x = wAt this expression becomes

m
Ig(t)l =jN(1—a)ki f SlnX
o a + 2a cos X
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Appendix T

COMPARTSON BETWEEN TRUNCATION AND ROUNDING IN THE
MULTI-SECTION DIGITAL FILTER SOLUTION

1 In the experimental demonsiration of pulse compression using an
identicai section digital filter dispersive network (Chapter 6) a
significant degradation of the output from the ideal situation,
effectively a negative dc shift,was discovered if the multiplier out-—

puts were truncated rather than rounded.

It became apparent that similar effects had been predicted by
various authors but that only in multi-section cascaded networks were
the differences significant. Practically of course the simple solution
to the problem is to quantize by rounding rather than truncation when
the mean error is zero. However it is of interest to examine exactly
how serious the apparently trivial difference can be by comparing

results in the two cases.

2 It has been found convenient to analyse the effect of quantization
by representing the error statistically. For fixed point arithmetic and
rounding the error e. 1s represented as a random variable with a
probability density shown in Fig.F.la. For two's complement truncation
the probability density is shown in Fig.F.1b. For rounding the mean

error is zero with a variance given by

2 _ &
°r T 32
where e = 2—n and n is the number of fractional bits in the fixed

point realization.

3 For truncation the variance is the same (0% = o}) but the mean
error is - 8/2 ; the truncation is negative and satisfies
-n -n
ozetz-(z 2. 1)'

where n1 and n2 are the number of bits before and after truncation.

The multiplier output after truncation can be considered as the
sum of the true exact number and the error, e, - The error is then
effectively filtered by the pole of the section containing that multi=

plier and the following cascade of all-pass sections.

4 The impulse response of the pole is h(m) = (- a)".
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Appendix F

The output error at a given instant is the error for the given
input sample plus the sum of the previous errors propagated successively
through the pole at z = — a. If the mean of each multiplier error is

- 8/2 then the mean output error at a given instant is

CYR ”%Zh(m) = "2_(1_?:'5)‘

The error has a mean value -~ 8/2(1 +a) and a variance

€
82/12(1 - a2?1. The error at the output of the second section has the
same properties. The total mean error at the output of the second
section is 2'501 thus after N such sections the overall mean error
is

Ng

ow T~ o(1 +a) °

This parameter is tabulated below for various values of N and

word lengths, n (e = oy .

Table F.1
N
n 40 50 60 70
5 0.9797 1.1205 1.2654 1.4130
7 0.2449 0.2801 0.3163 0.3533
9 0.0612 0.0700 0.0791 0.0883
11 0.0153 0.0175 0.0198 0.0221

Overall mean output error (NEGATIVE) due to

two's complement truncation

5 Clearly this effect is highly significant when compared with a
peak input level of 0.14 and expected peak compressed pulse levels of

0.75.

The choice of a 9 bit realization for the practical demonstration
was obviously just acceptable — a 7 bit realization would have run the
risk of overflow occurring. But if this negative bias or dc shift of
the outputs - all outputs — is tolerable then the system can operate

~

normally.

6 Once the practical observations had been explained a computer
simulation was run in which a 50 section response was examined with

two's complement truncation and with rounding.

« 127



Appendix F

Fig.F'.2 shows the computed compressed pulses (two inputs in
quadrature, two outputs squared and added) for 7 and 11 bit realizations
and for rounding and truncation. Clearly the 7 bit realization for
truncation is unacceptable; the mean output error after squaring and
adding becomes 0.396 which is far too large as a proportion of the
signal. An 11 bit realization gives rise to 2 mean output error of

only 0.025 but rounding is still preferable.

Table F'.2 compares the computed mean errors with the data for
50 sections in Table F.1.

Table F.2
n Theoretical Computed
5 1.1205 1.018
0.2801 0.2506
9 0.0700 0.0628
11 0.0175 0.0158
T It is interesting to note that the mean output error in this

system depends upon the sign of the multiplier coefficient

ioeo e oc

Thus for N = 50 (a = 40.36205) :

ooy © 1-5676 a negative
-ESN « 0.7342 a positive

Thus the output signals in the two channels are shifted in amplitude by

different amounts if two's complement truncation is employed.
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input to digital pulse compression filter
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