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ABSTRACT

Non-equilibrium systems, which usually involve a large number of interacting parti-
cles, are ubiquitous in nature and society. Interactions, such as volume exclusion or
branching, induce correlations in the system and often translate into emergent collec-
tive behaviour at macroscopic scales. This is the case, for instance, in active matter,
where particles are subject to local non-thermal forces that are transformed into me-
chanical work. Establishing the relationship between macroscopic patterns and micro-
scopic dynamics analytically is a challenge that has motivated different approaches in

the community.

In this thesis I have focused on some statistical properties with an emphasis on cor-
relations, both spatial and temporal, of six different non-equilibrium particle systems:
the Oslo rice pile model, branching processes and applications, the voter model, and
run-and-tumble motion. The first three systems display critical phenomena and the

last one is an instance of active motility.

The approaches that I have followed are, on the one hand, one-to-one mappings between
different, known, stochastic processes and, on the other hand, the Doi-Peliti field theory
formalism. The point in common between both approaches is the ability to retain the
particle entity, which proves essential when tackling observables that strongly depend
on the microscopic dynamics of the system, such as correlation functions. However,
the field-theoretic approach is much more systematic, as it becomes apparent in the

applicability of this route to different kinds of reaction-diffusion particle systems.
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Distinct sites visited on regular lattices. Scaling of the moments
of the numbers of distinct sites visited in time (left) and system size
(right) for a, 1d, b, 2d, ¢, 3d, and d 5d regular lattices. Solid black lines
represent the theoretical exponents given by Eq. (4.2) for d < 4, and
Eq. (4.3) for d > 4. Simulations parameters: H = 0.1, s = ¢ = 0.45,
€ =0,and ¥y —00. . . ...
Probability distribution of the number of visited sites, a for reg-
ular lattices of dimensions d = 1, 2,3 and 5, and for b Sierpinski carpet,
random tree, and a preferential attachment (scale-free) networks. The
solid black lines represent the predicted scaling given by Eq. (4.4). Sim-
ulations parameters: H = 0.1, s = e =0.45, ¢ =0, and v — oo.

Scaling on general graphs on a, the Sierpinski carpet, b, random tree
and, c, preferential attachment networks. The top row shows represen-
tative states (full Sierpinski carpet shown on inset), indicating walkers
(red), visited sites (grey) and non-visited sites (black). The bottom row
shows the scaling of moments of the number of distinct sites visited as
a function of time, and linear system size (inset), or number of nodes,
in the case of networks. The solid black lines represent the predicted
scaling from Eqs. (4.5). Simulation parameters: H = 0.1, s = e = 0.45,
€ =0,andy—00. . ...
Probability distribution of number of distinct sites visited P(a),
for the Facebook network (L = 63730 nodes) [198|, and yeast protein
interaction networks with L = 1870 [106], and L = 2559 nodes [74]. The
data was obtained from simulations of the BRW on each graph, with
parameters H = 0.1, s=e =045, =0,and y —>o00. . ... .....
Degree distribution of the preferential attachment networks
used for the simulations presented in Sec. 4.4 . . . . . . . .. .. .. ..
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5.1

5.2

5.3

5.4

6.1

6.2

Relations between different physical processes and models, with
abbreviations RW (random walk), BP (Galton-Watson branching pro-
cess), SOC (self-organized critical phenomena) [34, 105, 202|. BP with
geometric and binomial offspring distribution share the same critical
properties due to universality. . . . . . . .. ... o000

Distribution of sizes in the geometric Galton-Watson process
in the three regimes: subcritical (P, = —2.5, top), critical (P, = 0,
middle), and supercritical (P, = 2.5, bottom), together with theoretical
predictions from the first-passage times of a diffusion process (numerical
inversion of the Laplace transform is done by the Talbot method using
the routine in [139]). Plots on the left show the full distribution. Plots
on the right show the distribution decomposed into its percolating and
non-percolating contributions. In the critical regime, the complete dis-
tribution f(S) (middle left) shows a small bump for large sizes, which
is much more pronounced in the supercritical regime. The subcritical
distribution, having no bump (top left), can be visually confused with a
critical distribution. Logarithmic binning has been applied [34, 46].

Rescaled average avalanche size (simulations, 10° realisations, mark-
ers) and rescaled first-passage times (theory, solid lines) as a function
of the Péclet number for different systems sizes L. . . . . . . . . .. ..

Harris map. Correspondence between trees and positive walks (excur-
sions), known as a Harris walk [98]. A walker starts at the root of the
tree (the vertex at the bottom) and follows each branch in turn to its
end, starting with the left-most branch. If the tree is generated from a
geometric offspring distribution, the resulting path is a simple random
walk. .o

The voter model (opinions are represented by circles and empty spaces).

(a) Sample of a particle configuration in the VM in d = 2. (b) The pro-
cess of copying at the cluster boundary. . . . . . . . ... ... ... ..

The concealed voter model (opinions in the outer layer are repre-
sented by circles and empty spaces, and, in the inner layer, by solid disks
and empty spaces). (a) Sample of a particle configuration in the CVM
in d = 2. (b) Externalisation process between the two layers. (c) Inter-
nalisation process between the two layers. The process of copying in the
outer layer is represented in Fig. 6.1b. . . . . . . .. ... ..o
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7.1

7.2

Stationary distribution p(z) of a run-and-tumble particle in a
harmonic potential, according to Eqgs. (7.42) and (7.43), with 7 =1
and a range of values for w, k and D. To ease comparison, we chose
w = k so that the limits of the space explored by the confined particle
in the diffusionless case are zp; = £1. In (a), where £ > 7, the active
behaviour of the particle is manifested for increasing velocity w in the
pronounced presence of the particle around the limits x,;, which appear
diffuse whenever D > 0. In (b), where k < 7, the activity of the particle
is less prominent and the behaviour of the particle resembles that of a
passive particle as the velocity w decreases. In fact, for w = 0, the parti-
cle is simply a diffusive particle confined in a harmonic potential, which
is known as Ornstein-Uhlenbeck process [194]. Our implementation is
based on [73,69]. . . . . . ..
Two types of numerical error encountered when implementing
p(x) in Eq. (7.42) with parameters 7 = 0.2, k = 1, w = 5, D = 0.3
and truncation point 2n = 412. In (a), there is a visible error at z = 0,
where the evaluation of Hs, (0) as a double factorial fails. In (b), the
roughness of the curve around = = 0 indicates its lack of precision.

21

218

234



22



1.1

2.1

4.1

LIST OF TABLES

Summary of chapters in this thesis, specifying its publication status
(published, submitted, accepted or in preparation), reference, whether I
wrote the main body of the paper (first author), and the type of repro-
duction (verbatim, minor modifications, and new sections). . . . . . . .
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The world, in case you haven’t

noticed, is currently on fire.

G. Thunberg [191]

Introduction

Equilibrium thermodynamics was largely developed during the 17th to the 19th century
[1]. However, systems at equilibrium are rather exceptional in our quotidian experience.
The generic term for systems that are not at equilibrium is, short of being redundant,
non-equilibrium systems and are characterised for being permeable to their environ-

ment, often through the exchange of energy (or, equivalently, matter).

Consider, for instance, the Earth. Planet Earth is constantly receiving solar energy,
most of which is reflected into space and a small part of which is absorbed by the
atmosphere eventually reaching other, internal, layers of the Earth. Simultaneously,
since the Earth has a positive temperature, it emits energy into space in the form of
radiation, which, as a first approximation, is given by the blackbody radiation. This flow
of energy between the Earth and its surroundings makes the Earth a non-equilibrium
system. Equilibrium is not to be confused with energy balance: even if the influx
equals the outflow, the flow of energy implies the permeability of the system with its

environment [34, 114].

Non-equilibrium systems fall in two main categories: out of equilibrium, where a sys-
tem initially at equilibrium is pushed away from it by a small perturbation; and far
from equilibrium, where there is a perpetual flux of energy or matter between system
and environment. The notion of detail balance in equilibrium systems does not ap-
ply to non-equilibrium systems, which implies the breaking time-reversal symmetry.
In other words, while future and past are indistinguishable in systems at equilibrium,
non-equilibrium systems do manifest an arrow of time. This is captured, for example,

by a non-zero entropy production rate [67].

In this thesis, I focus on non-equilibrium particle systems far from equilibrium where
particles may decay, diffuse or move ballistically and interact with each other via branch-
ing, volume-excluded interactions, transmutation or deposition. The reaction-diffusion
particle systems in this thesis are: the Oslo rice pile model (Chapter 1) [33], branching
processes with variations (Chapters 2 to 5) [99], the voter model (Chapter 6) [124] and
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run-and-tumble motion (Chapter 7) [187].

For instance, ballistic motion and the creation of new particles through branching or
other interactions are indicative of non-equilibrium processes because the particle den-
sity at stationarity does not obey a Boltzmann distribution [1, 67|. Pairwise interactions
between particles play an important role in the microscopic dynamics of the system.
An immediate consequence of interactions is the emergence of correlations between par-
ticles, which are visible in their state (particle numbers, position, velocity, etc.). For
example, suppose that a mobile particle deposits immobile tracer particles at a cer-
tain rate. It is clear that finding one such tracer particle in a particular position is
indicative of the presence of the mobile particle in that position at an earlier time, as
discussed in Chapters 4 and 6. For this reason, interactions and correlations are closely
related, where the former refers to the microscopic dynamics and the latter refers to an

observable in the form of an expectation.

Another important consequence of interactions in reaction-diffusion particle systems
is the emergence of collective behaviour. For instance, it is the case of an avalanche
model in granular media, such as the Oslo model, where a local instability makes a
particle topple to its neighbouring site, which, as a result, may become unstable as
well, triggering an avalanche of a large number of particles, see Chapter 1. This is an

example of a macroscopic phenomenon that has its origin in the microscopic dynamics.

Then, accounting for interactions in the microscopic dynamics of particle systems be-
comes crucial to discover and analyse the origin of fascinating emergent patterns and
phenomena at large scales. This is often an arduous task and may even not be feasible.
In some cases, the system can be mapped to another stochastic process which is already
known and this allows to extend the properties of one system to the other. It is the case
of the map between the Oslo model and the quenched Edwards-Wilkinson equation in
Chapter 1 [140, 161] and the map between branching processes and Harris walks in
Chapter 5 [98|. Given a system, however, there is no guarantee that a one-to-one map
can be found with an already studied process. Instead, one can follow a path-integral
approach, which is much more systematic. In this thesis I use the Doi-Peliti field theory
[189], which is able to capture the particle entity and therefore it is adequate to account

for interactions, see Chapters 2, 3, 4, 6 and 7.
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OUTLINE OF THE THESIS

The underlying theme of most chapters in this thesis is avalanches and spreading.
Chapter 1 is devoted to studying the temporal correlations in a model of granular media,
the Oslo model. Next comes a module of four chapters that study different aspects of
branching processes: a field theory of branching processes and universality class in
Chapter 2, an extension of branching process with time-dependent extinction rate to
model neuronal avalanches in Chapter 3, the spatial embedding of diffusive branching
particles to model epidemic spreading in Chapter 4, and phase transition and finite-
size scaling of the branching process avalanche size in Chapter 5. This is followed by
Chapter 6, where I show that the Voter Model and the Concealed Voter Model belong to
the same universality class and, finally, Chapter 7 contains the characterisation of run-
and-tumble motion confined in a harmonic potential. In this thesis, the use of Doi-Peliti
field theory as a tool is very prominent, since it is used in five out of seven chapters.
In the other two chapters, 1 and 5, I use other methods based on stochastic theory
and scaling theory. Most chapters present Monte Carlo simulations that support the
analytical predictions. In Chapter 7, numerical results are based on the implementation

of Hermite polynomials.

Each chapter starts with its title and list of authors. If the chapter corresponds to a
paper that has been published or is publicly available, it follows its full reference citation
and credit line. At the beginning of the chapter I have included a brief overview to
contextualise it in the whole of this thesis. Throughout, I use the word I whenever I
refer to work I have done. I use the word we almost always to refer to "the reader an 1",
but I also use we in collaborations to refer to "my collaborators and 1", the distinction

should be clear by the context.
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OVERVIEW The Oslo rice pile model is a stochastic model of avalanches in granular
media, where a new grain is added at each macroscopic time step triggering an avalanche
that unfolds in the microscopic time scale [33]. The Oslo model is a non-equilibrium
system in the class of Self-Organised Criticality. In this work we characterise the tempo-
ral correlations in the sequence of avalanche sizes and prove analytically that, although
temporal correlations are short-ranged, the existence of a particular conservation law
in the microscopic dynamics of this particle system gives rise to temporal long-range
order. Surprisingly, this long-range order manifests in a change of exponent in the
variance of the avalanche size, which corresponds to a phenomenon observed in spatial

point patterns, known as hyperuniformity [193].
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ABSTRACT

Certain random processes display anticorrelations resulting in local Poisson-like disorder
and global order, where correlations suppress fluctuations. Such processes are called
hyperuniform. Using a map to an interface picture we show via analytic calculations
that a sequence of avalanche sizes of the Oslo model is hyperuniform in the temporal
domain with the minimal exponent A = 0. We identify the conserved quantity in the
interface picture that gives rise to the hyperuniformity in the avalanche size. We further
discuss the fluctuations of the avalanche size in two variants of the Oslo model. We

support our findings with numerical results.

1.1 INTRODUCTION

We study the fluctuations of the avalanche size s of the Oslo rice pile model [33], a
paradigmatic example of a non-equilibrium system that evolves spontaneously into a
scale-invariant state thus considered a representative case of Self-Organised Criticality
[33, 140, 161, 92, 162, 36, 52]. Because of the complexity of the model and the num-
ber of random variables involved, little is understood about the correlations between
avalanches. For example, when supposed asymptotics of moments are studied, often
probability density functions are sampled by deliberately generating effectively inde-
pendent samples [137]. As we show in the present work, correlations in the avalanche
size of the Oslo model suppress fluctuations giving rise to a phenomenon that has been

dubbed hyperuniformity, briefly outlined below.

The fluctuations in a time series of random variables s;, t € N, may be characterised

by the variance
o*(S(M)) = (S*(M)) — (S(M))* o« M*, (1.1)

where (o) denotes an expectation, S is the sum S(M) = s; + ...+ sy and A is an
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exponent to be determined. The variance of the unbiased [23| estimator s = S(M)/M
of the mean (s) is 0% (5(M)) = o2(S(M))/M? o M*~2.

If s; are independent and identically distributed, then A = 1 [196], but in general,
in the presence of correlations, A is not known [144, 79, 84|. Nevertheless, in some
particular stochastic processes [207| and one-dimensional point patterns [193, 101] it
has been proved that anticorrelations suppress fluctuations in such a way that A € [0, 1).
Such processes are called hyperuniform [193, 101] or superhomogeneous |72, and their
fingerprint is the suppression of fluctuations on large scales, manifesting a regularity
that is not apparent on short scales [207, 219, 193, 101, 100, 72, 17, 71].

In this Letter, we demonstrate that the variance o2 (5(M)) of the estimator of the mean
avalanche size 5 in the one-dimensional boundary driven Oslo model decays quadrati-
cally in M, hence showing that the avalanche size is hyperuniform with exponent A = 0.
To our knowledge, this is the first time that hyperuniformity in the temporal domain has
been identified and proven in a well-known interacting particle system. Because of the
intermittent nature of the dynamics of the Oslo model, the temporal anti-correlations
are communicated from event to event via its configuration in space, rather than by
direct interaction as is expected for purely spatial patterns [108]. We further show that
the temporal correlations reduce the fluctuations in the estimates s of the moments
(s™). Consequently, our results imply that we obtain more precise estimates from a set
of correlated avalanches than from a set of independent avalanches. We support our an-
alytical findings with numerical results and we further explore two variants of the model,

namely external drive uniformly distributed on the lattice and the two-dimensional pile.

In our numerical simulations, we compute the variance o2 (s"(M)) from a sample of
@ independent estimates {s7(M),...,sg(M)} of (s), where each s7(M) is computed
from M consecutive avalanches, sT(M) = (s?, + ...+ 7)) /M. All our measurements
have been taken once the pile is in a recurrent configuration, that is when its statistical
properties are stationary [52, 141, 36, 20, 140, 162].

Our proof of 2 (5(M)) oc M~2 has the following structure: starting from the descrip-
tion of the Oslo model [33] in an interface picture [140, 161] we are able to write the
sum S(M) of the sizes sq,...,sy of M consecutive avalanches as the sum (1.4) of a
deterministic term and a bounded noise asymptotically independent of M (1.5), so that

the variance of the sum converges in large M. It follows that the avalanche size s is
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hyperuniform for large M with A = 0. Although our proof of hyperuniformity does
not draw on scaling arguments, for the sake of completeness, we study the scaling form
of 0% (5(M)) in the entire domain of M and show that it displays a crossover from
Poisson-like behaviour (i.e. A = 1) to hyperuniformity (with A = 0). For simplicity, our

argument is applied to d = 1 although it can be generalised to higher dimensions.

1.2 THE OSLO MODEL

In the Oslo model [33] n, particles reside on site z € {1,..., L} of a one-dimensional
lattice of size L and its configuration is described by the set of local slopes z, = n,—n, 11
with ny.1 = 0. Each site has associated with it a randomly chosen critical slope
z¢ € {1,2}. Given z, < z¢ for all z, which is called a stable or quiescent configuration,
the evolution of the pile follows the steps (i) drive, a grain is dropped at site z = 1 so
that z; — 21 + 1; (ii) relazation, every unstable site x, i.e. with z, > z¢, is relaxed in
parallel with all other unstable sites by toppling one grain to the neighbouring site on
its right, resulting in the update rules z, — 2, — 2 and 2,47 — 2,41 + 1 in the bulk.
The update rules that apply to the boundaries are z; — 2z — 2, 25 — 29 + 1 (open)
and zp, — zp, — 1, 21 — 211 + 1 (closed). After every toppling, z¢ is redrawn to be
either 1 or 2 with equal probability. The relaxation process is repeated until the entire
pile is in a stable configuration. The totality of the relaxations constitute an avalanche.
We distinguish between the macroscopic timescale denoted by integer ¢, where the pile
evolves from one stable configuration to another as t increases by 1, and a much smaller

microscopic timescale in which the avalanches unfold.

The avalanche size s is defined as the total number of topplings that occur between
two consecutive quiescent states. We find numerically that the temporal correlations
between avalanches Cov(s;,s;) = (s;s;) — (s;) (s;) are negative for i # j and decay
approximately exponentially (see App. 1.A), with a correlation time that is a power
law in L. In that sense, s; has short-ranged correlations. As we will show in the
following, the anticorrelations exactly cancel the first term of order 1/M in the variance

02 (5(M)) = o%(s) /M + Z;?;ftﬂ#j Cov(si, s;)/M? so that o2 (5(M)) ~ M~2 in large
M.
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Figure 1.1: Oslo model interface picture. Example of the interface H(z,t) of a one-dimensional
boundary driven pile of size L = 8 with initial state z, = 1 and z¢ initially chosen at random for all .
In this realisation of the process, the series of avalanche sizes is {1,2,9,0,1,0,2,0,1,11,0,1,...}, consis-
tent with Eq. (1.2). The avalanche sizes are exactly the area between consecutive interface configurations
if the interfaces are drawn using bars. Inset: ¢ € [0, 65].

1.3 THE INTERFACE PICTURE

The dynamics of the pile can equivalently be described by the function H(z,t), which
gives the total number of topplings at site x up to time ¢ [140, 161]. In this picture, the
avalanche size s is equal to the area enclosed between two consecutive stable interface

configurations,
L

si=> (H(x,t+1) - H(x,t)), (1.2)

=1

as illustrated in Fig. 1.1.

The temporal evolution of H(x,t) was set out in [161] for one particular choice of the
initial condition of the pile and two open boundaries. Here we use a generalised version
for an arbitrary stable initial condition and one open and one closed boundary, see
App. 1.B. In this setup, the spatial fluctuations of the interface H(x,t) are confined
because its curvature is bounded, Eq. (1.14).

t+M

We define the multiple drive avalanche size S as the sum S(¢, M) = > .71,

s;, based
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Figure 1.2: Variance of the estimated mean avalanche size. Data collapse of o2 (5) across many
orders of magnitude as a function of M/LP("=1) according to Eq. (1.7). The variance is compared to
plain power laws, shown as straight lines, in the two regimes M < LP~1 and M > LP(—1 with
M € [1,10°]. Inset: unscaled 0% (5) as a function of M.

on M consecutive avalanche sizes s;, and the estimator s of (s) as s = S(¢t,M)/M.
By the Abelianess of the Oslo model [52], the total avalanche size triggered by M
simultaneous charges is identical to the sum of M consecutive avalanche sizes. Since
the macroscopic timescale is measured in units of the number of grains added to the

pile, M is simultaneously a measure of time, drive size and sample size of s.

Using Eq. (1.2), the multiple drive avalanche size S is equal to the area enclosed by the
interfaces H(x,t + M) and H(x,t),

St M)=> " (H(z,t + M) — H(x,t)).

1

(1.3)

xT

The function H(x,t) can be determined in closed form in terms of the random variable
ne+ € {—1,0,1} [161], which encodes the configuration of the pile via the relation
Ne+ = 1 — z, at each time ¢, see App. 1.B. We find that S(¢, M) can be expressed in
closed form as the sum of a deterministic term and a noise

S(t, M) =ML+ &(t, M), (1.4)
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Figure 1.3: Moments of the multiple drive avalanche size. Data collapse of the moments

(8™(M; L)) across many orders of magnitude according to Eq. (1.6) with n € {1,...,8} as a function

of M/LP(=1 for the system sizes L € {64,128,256,512} and M € [1, 106]. The collapsed curves for

n > 2 have been shifted vertically for better visibility. The full line, with slope 1, is shown to emphasise

the linearity of (S™) in small M; the dashed line, with slope 8 shows the proportionality ($%) o (ML)®
in large M.

where £(t, M) can be written in the form Eq. (1.5),

L
1 1
§(t, M) = 92 Z { (x(L +1-12)+ §$(9‘3 - 1)> (Ne—1,0400 + Mot 1440 — Ne—1,t — Nat1,t)

r=1

+ Na M — nx,tl (1.5)

which is, in fact, a finite sum of bounded random variables. The strict bounds of
¢ are + [2L(L+1)(L +2) — L*] € Z and, asymptotically, it is easy to see that the
distribution of ¢ neither depends on M nor on t. In other words, the values that & can
take do not scale with M for large M. From Eq. (1.5) we deduce that (£) =0, as it is
the difference of two stationary expectations, and therefore (S(¢t, M)) = M L. Moreover,
Eq. (1.4) further implies the estimate of the mean is (M) = L + £/M. Crucially, (£?)
does not scale in M, so that the variance of 5, which is 02 (5(M)) = (£2) /M?, decays
quadratically in the limit of large M, proving that s is hyperuniform in this limit (see

inset of Fig. 1.2) with exponent A = 0, the fingerprint of enhanced hyperuniformity
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[100].

1.3.1 SCALING OF c?(3)

In the following, we derive the scaling of the moments (S™) of the total avalanche size
S resulting from M drives and show that the hyperuniformity of s is consistent with

its established scaling.

The single drive avalanche size s, which is S with M = 1, is power-law distributed
[33, 92, 141, 162] and its moments are (s") ~ LP0+"=7) where D = 2.250 + 0.002
is the avalanche dimension and 7 = 1.5556 £ 0.0005 [33, 92, 141] is the avalanche size
exponent. The characteristic avalanche size is L”. Since (s) = L, the critical exponents
satisfy D(2 — 1) = 1.

Another characteristic scale entering the scaling of (S™), and the n-point correlation
function of H below, is the drive size M™* after which two interface configurations
are effectively independent. The interfaces H(xz,t;) and H(x,t3) can be considered
independent if they are completely detached, i.e. H(x,t2) > H(x,t;) for all . This is
typically the case when their separation exceeds the characteristic vertical fluctuations
of the interface, which scale with LX [140, 162], so that M* o LX, where x is the
roughness exponent. Using D = x + d [141, 140] and D(2 — 7) = d in the case of
boundary driving, we have x = D(17 — 1).

In App. 1.C we discuss why the scale M* is a necessary argument in the n-point correla-
tion function of H. Assuming that the n-point correlation of H displays standard gap-
scaling, e.g. (H(21,t1)... H(zp, tn)) o< L™C,, (..., [ta — t1]/aLPT7D ), Eq. (1.21),

where the scale LP("=1) enters explicitly and a is a metric factor, it follows that
(S™) = </ddx1 o d%, (H(zy, t+ M) — H(z1,1)) ... (H(2p, t + M) — H(:):n,t))>

M M
__7nd+n __1tnD
—L Xgn <LD(T_1)) - L gn <LD(T_1)) 9 (16)

with G, a scaling function. The scaling of (S™) is compatible with the case M = 1,
(s") ~ LPU+n=7) only if the scaling functions G, are linear for small arguments (see
Fig. 1.3), so that (S™) oc M LP(+7=7) in small M for all n > 7—1. For large arguments,
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(S™) o< (ML)"™ from Eq. (1.4), as £ does not scale in M.

Writing D(z) = 272 (Go(z) — G2(x)), the scaling form of o2 (5) is thus

o, 02 (S(t,M 9 M
5= P (MY .

where D is a scaling function whose asymptotes we characterise in the following (see
Fig. 1.2). Firstly, D(z) ~ 27! for z < 1, as G, (z) o< = for small z. For large M > M*,
on the other hand, the boundedness of £ = S — ML, Eq. (1.4), implies finite 02(S)
and thus hyperuniformity of s with exponent A = 0, so D(z) ~ 272 for z > 1. The

(r—1

crossover of the scaling takes place at M* oc LP(=Y . This concludes our derivation of

the scaling of the variance o2 ().

1.4 HIGHER MOMENTS

In the following, we investigate the fluctuations of higher moments. The estimator of
(s™) is s"(t, M) = (ZHM 3”) /M. Fig. 1.4 shows the quantity

1— M (o? (s7(t, M))) / (¢ (57(t, 1)) , (1.8)

which tends to 1 if s is hyperuniform, lies in (0, 1) if there is suppression of fluctuations
(in amplitude but not in rate of convergence) and tends to 0 if it shows Poisson-like
behaviour. Although the random variables s with n > 1 are not hyperuniform, our re-
sults show that the correlations among consecutive avalanches still suppress fluctuations

even in higher moments.

1.5 DISCUSSION

Our results show that the avalanche size of the Oslo model has the typical behaviour
of hyperuniform systems [193, 101, 219, 17|: apparent Poison-like disorder on short
scales and suppression of fluctuations on large scales. The suppression of fluctuations
is due to the negative correlations between consecutive avalanches that die off on the
scale of M* o< LPU=1 _which is precisely proportional to the correlation time. We have

identified the key ingredients of hyperuniformity in the Oslo model on the basis of the
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Figure 1.4: Comparison of the fluctuation scaling between independent and correlated samples.
Quantity 1 — M (02 (s7(t, M))) / (02 (s7(t,1))) that compares o2 (s7(t, M)) with o2 (s™(t,1)) /M,
which corresponds to the variance of the estimate s™ calculated from M independent samples, for the
system size L = 128 and M € [1,10°].

interface picture (Fig. 1.1), namely the conservation of the area M L between interfaces,
which is due to (a) the boundedness of the curvature of the interfaces and (b) the drive

fixed on one site.

The boundedness of the curvature of the interfaces is explained by the stochastic dy-
namics that governs H(z,t) (App. 1.B, in particular Eq. (1.14)) which encodes the
distribution rule of slope units during the relaxation (z, — z, —2 and 2,41 — zp41+1).
Further analysis shows that hyperuniformity is found provided only that the driving
site is fixed and that at least one boundary is open, which is a necessary condition for
stationarity. Regarding the numerical aspects of the Oslo model, the rapid convergence
of § means that for a fixed sample size M, more precise statistics are obtained when

the samples are taken sequentially rather than independently.

One may ask to what extent hyperuniformity is a particular feature of the Oslo model
or a generic property of Self-Organised Criticality. To this end, we have studied the
Oslo model in two other settings, namely the bulk-driven Oslo model and the two-

dimensional Oslo model.

Firstly, we have derived the multiple drive avalanche size S(M) for the bulk-driven
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Oslo model [20, 162| in closed form, see App. 1.D. We find that the fluctuations due to
the random drive (uniformly distributed in the bulk), whose variance can be calculated
exactly, prevent hyperuniformity in the avalanche size. Because of this driving, the
curvature of the interfaces is not bounded, so the area between them is no longer
conserved. Asymptotically in large M, the variance of 5 is ¢(5) oc L*M~1; numerically
we find its scaling form is ¢%(5) = L3%D (M/L%%), with D(z) ™! as  — oo (see
Tab. 1.1 and Fig. 1.7).

Secondly, we have studied numerically the two-dimensional Oslo model with fixed driv-
ing position (corner) and with uniformly distributed driving (bulk drive), see Tab. 1.1
and App. 1.E. In the former case, we recover hyperuniformity for the same reasons as

in 1D and in the latter we find Poisson-like behaviour for the same reasons as in 1D.

Table 1.1: Summary of our results for each of the settings studied: the exponent oy of (s) ~ L7,
the crossover point M* of o2(5) and its scaling behaviour for large M.

d Drive o1 M Large M behaviour

corner 1 LP-D =[x  ~ M2, hyperuniform
uniform bulk 2 L03 ~ M, Poisson-like

corner 0 LPU-D =[x¥2 ~ M2 hyperuniform
uniform bulk 2 LS ~ M1, Poisson-like

These results, summarised in Tab. 1.1, answer the question of whether hyperuniformity
is a particular or a generic feature. We have found two instances of the Oslo model,
the 1D and the 2D Oslo model with bulk drive, that do not display hyperuniformity.
In these cases, the Poisson-like fluctuations introduced by the randomness of the drive
dominate over the suppression of fluctuations in the avalanches. The mechanism that
causes the anomalous suppression of fluctuations is thus not present in all instances of
Self-Organised Criticality.

In conclusion, we have proven hyperuniformity in the time series of avalanche sizes of
the boundary-driven Oslo model. Its presence is a specific feature of the dynamics of
this model. Identifying hyperuniformity in other models, such as the Manna model,
will elucidate its role in interacting particle systems and advance our understanding of
Self-Organised Criticality.
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1.A TEMPORAL CORRELATIONS BETWEEN AVALANCHES

Our numerical results, Fig. 1.5, show that the temporal correlations between consecutive

avalanches scale in
C()V IM == - - LQ.; —M ]. 9

which we have fitted against F(z) = Az~Pe~2/C. We find that the exponent B is very
small. It decreases with L, taking values B = 0.083 at L = 64 and B = 0.059 at
L = 512, which suggests that it may vanish in large L and the L-dependent deviation
of F from a pure exponential may thus be regarded as a logarithmic correction. We
therefore approximate that F(z) = Ae™"/¢ with A ~ 0.36 and C ~ 0.30. Therefore, the

correlation time is CLP("=Y which is further discussed in this Letter and in App. 1.C.

To derive Eq. (1.9) we consider the correlation function
c(z, o' t,t') = (H(z,t)H(2't")) — (H(z,t)) (H(2"t")), (1.10)

whose scaling form follows Eq. (1.21) discussed further below. From Eq. (1.3) the corre-
lation function between avalanches is calculated as in Egs. (1.11a) to (1.11b) using that
c(z,2',t,t') is uniform in ¢ and defining L?*°D (|t — ¢'|/LPT) = [[ ¢(x, 2, ¢t,t')dzda’
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Figure 1.5: Rescaled correlation function Cov(M) = (ststyar) — (st) (sera) Eq. (1.9) obtained
numerically for M > 0, where s; is taken when the pile is in the stationary regime. The correlations
decay exponentially, the dashed line is the function 0.36¢=%/%3 with z = M/LP("=1)_ Inset: same data
but shown with linear axes, showing that the correlations are negative.

from Eq. (1.21).
Cov(M) = (sysenr) — (Se) (Seanr) (1.11a)
<// (x,t+1 H(a:,t))(H(a:',t+M+1)—H(x’,t+M))d$dx’>
— </ (H(z,t+1) —H(x,t))d:v> </ (H(z',t + M +1) — H(w’,t+M))dx’>
:// [2¢(z, 2’ t,t + M) — c(z, 2’ t + 1,t + M) — c(z, o', t,t + M + 1)]dzda’
=al?P [21) (%) -D (%) -D (%)} : (1.11b)
Now, using € = 1/L”~1 and expanding about x = M/LP~1 we have
2D(x) — D(x — €) — D(x + ) = —*D"(x) + O(c*). (1.12)
Using the relation D(2 — 7) = 1, we obtain Eq. (1.9) with aD(x) = F(z).

43



1.B INTERFACE PICTURE

In this section we demonstrate how the Oslo model is mapped to an interface depinning
model in a generalisation of [161, 140], and solve the stochastic equation of motion to
obtain the interfaces H(z,t) (Fig. 1.1 and Fig. 1.6), which is needed to derive the exact

form of the multiple drive avalanche size as given in Eqs. (1.4) and (1.5).

Let h(z,t) count the number of slope units that fall on site x up to time ¢. The function
h(z,t) thus counts the number of times the slope z, is incremented by 1 as the model
evolves, as opposed to H(z,t), which counts the number of times site x has toppled.
Let n(z, h(z,t)) be a quenched noise that takes values 0 if h(x,t) is even, and 1 or —1
with equal probability if h(z,t) is odd [161]. Although 7 is therefore not explicitly a
function of ¢, to ease notation we write 7,, = n(z, h(x,t)), as for each x and ¢ there
is a unique value of h(z,t). The configuration of the pile in terms of local slopes z,
(we drop its time dependence solely to ease notation) can be read from 7 through the
relation 1, = 1 — z,. Given that {z,} is Markovian by definition of the model, it is

clear that {n,.} is Markovian as well.

For a given arbitrary initial configuration of the pile {z,}, equivalently {n.0}, the

microscopic temporal evolution of A(x,t) in a microscopic time step of length §t < 1 is

[161]

h(z,t + 0t)—h(z,t) = [h(x 1, )= 2h(x, t)+h(z + 1, t)+nx_17t+nz+1,t—nx_170—nﬁm} .
(1.13)

The boundary conditions that reproduce the original Oslo model [33] are: open on the

left with an external source h(0,¢) = 2 |t] € N that accounts for the drive; and closed

DN —

on the right h(L,t) = h(L+1,t), giving the boundary conditions of 7, ;, namely 7y, = 0

and 7+ = np41, for all ¢.

When the pile is in a quiescent state, the left-hand side of Eq. (1.13) vanishes for all z,

which gives the expression that governs the function h(x,t)|,eny we are interested in,
Ah(z,t)|ien = az0 — ., (1.14)

where Ah(z,t) denotes the discrete Laplacian and a,; = Mp—1¢ + Nus1s- AS Ggy 18

bounded, Eq. (1.14) implies that h(x,t) has finite curvature, which is, of course, con-
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Figure 1.6: Interface picture with open and closed boundaries. Examples of the interfaces H(x,t)
on a one-dimensional boundary-driven pile of size L = 16 with ¢ € [0,250]. In (a) the initial configuration
is z; = 1 and random z¢ for all z and in (b) the initial state is a recurrent configuration taken at random
(more specifically, the configuration of the pile after driving 1000 times the pile with z, = 1 and random
initial 2¢).

sistent with our numerical simulations, where the spatial average of 7 in the recurrent
state at quiescence is finite and negative. The solution of Eq. (1.14) with the boundary

conditions as stated above is

T L
h(x,t)|ien = 2t — h(x,0) + Z Yay, + x Z Ay, (1.15)
y=1 y=z+1

where h(z,0) = > 1 Yayo + T Z;;Hl ay,o is the shift in h(z,t) that accounts for the
initial state of the pile. If the initial condition is {z, = 1} for all =, then {1, = 0} and
hence h(z,0) = 0, which is the case studied in [161] (see Fig. 1.6a).

In [161] it is shown that h(z,t) and H(z,t) are related by

Hr 1) = & (h(e,) + 1es). (1.16)

The boundary conditions of h and 1 imply correspondingly H(0,t) = |¢t]| and H(L,t) =
H(L+ 1,t) for all ¢ [140] (see Fig. 1.6).

Using Egs. (1.15) and (1.16) we have
1 ~ T L
H(z,t)|ten =1t + 5 |t — h(x,0) + Zl Yay s + Zrl Ay (1.17)
y= y=c
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and with Eq. (1.3) we obtain the expression of S(¢t, M) in Eqgs. (1.4) and (1.5).

1.C HIGHER CORRELATION FUNCTIONS OF THE INTERFACE

As discussed in [162], the scaling in system size L of the moments (s™) of the avalanche
size of the one-dimensional boundary-driven Oslo model is (s") o« L°* with o, =
D(1+n —7) and L the linear extent of the system. This scaling is a straightforward

consequence of the power-law distribution of the avalanche size,

P(s) =as™"G <bLiD) ) (1.18)

which applies to all s beyond a lower cutoff so. Here, a and b are metric factors and G is
a scaling function [33, 92, 162]. However, as we show here, the scaling form stated above
is not enough to characterise the moments of the multiple drive avalanche size S(t, M).
The scaling argument M /L1 is essential for the scaling functions considered in our
Letter. The scale L1 is a correlation time as introduced in Eq. (1.9). We will
demonstrate its necessity by firstly attempting to derive the moments of the multiple
drive avalanches from the correlation function of the interface without this additional
scale, then introduce it and show how it reconciles the interfacial correlation functions,

the moments of S and the established scaling of s.

Firstly, we assume that the two-point, two-time connected correlation function of H

has the usual (stationary) scaling form [115, §|

(H(z, ) H (2, ¥)), = a' L*XC, ('t_” z x—) (1.19)

where Cy is a scaling function, a’ and o' are metric factors, y is the roughness exponent
and z is the dynamical exponent which gives rise to the characteristic avalanche duration

~ L# in units of microscopic time steps.

Using Eq. (1.3), we derive that the scaling of the second moment (S?(¢, M)) can be
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calculated as
(S7(t, M)) = // (H(x,t + M) — H(z,t)) (H(@,t + M) — H(z',1))) dada’ (1.20)
:2//((H(x,t)H(x’,t)> (H(z,)H(2',t + M)) )duda’ (1.20b)

using uniformity at stationarity in the form (H(z,t)) = (H(x,t + M)) and (H (x,t)H(2',t)) =
(H(x,t+ M)H(2',t + M)). Further using Eq. (1.19) and the relation D = x +d we ob-
tain the scaling (S*(t, M)) = 2a/L*? (C2(0) — Co(M/(V'L?))) with Co(7) = [dydy’ Co(T,y, /).
The difference between the two scaling functions, C»(0) — Co(M/(V'L?)), is, in fact, in-
dependent of M. This is, firstly, because b/L? is the characteristic duration of the
avalanches. This is a microscopic time and therefore a multiple of 0t < 1 and thus well
separated from M which is a macroscopic, integer time. On that timescale, the pile is no
longer evolving and the interface is no longer relaxing, so that C, has converged in that
argument. In other words, Co(M/(b/L?)) should be considered as the limit 7 — oo of
Cy(7) irrespective of M, provided M is a positive integer. Secondly, but closely related,
L7 governs the relaxation process, ¢.e. the avalanching, not the time M that passes
between drives. We conclude that (S?(¢, M)) = 2a’L*P (C2(0) — lim,_, Co(7)) o L?P.

This result is in contradiction with oo = D(3 — 7) showing that the assumed scaling
function in Eq. (1.19) is, at least, incomplete. To cure this contradiction, we need to
consider the scaling of correlations on the macroscopic timescale. Its value M* ~ LX is
given by the characteristic number of avalanches needed to make interface configurations
uncorrelated. In other words, M™* is proportional to the characteristic scale of the
vertical fluctuations of the interfaces H(z,t) [140]. Using D = x+d and 01 = D(2—7) =
d for d = 1, we have y = D(7 — 1). Hence, we amend the scaling function in (1.19) to

obtain

t—t| |t—t| =z o
(H(a:,t)H(x/Jt/»C:a/L2xC2( e T ) (1.21)

with ¢ a metric factor. The two timescales L* and LP~V are proportional to the
microscopic and the macroscopic timescale respectively. As we consider |t — /| = M in

the following, which is large compared to the microscopic timescale b’ L* as discussed

above, we will drop this argument in what follows.
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Figure 1.7: One-dimensional bulk driven Oslo model with open boundary conditions. (a) Typical
interface configurations of topplings H(x,t) in a system of size L = 16 with ¢ € [0,90] and initial con-
dition z, = 1 for all ; (b) The scaling of the variance 0%(5) is asymptotically proportional to M ~!L*
(measurements have been taken starting from recurrent configurations).

After performing the spatial integral (1.20b), the scaling of the second moment is
(S2(t, M)) = a' 2P (62(0) —Cy (M) (c’LD(T_l)))> , (1.22)

where Cy (') = [dydy' Co(7,7',y,y'). Eq. (1.22) can be reconciled with the scaling
of (S2(t,1)) = (s?) o< LPG~ only if Cy(0) — Cy (7') is linear for small arguments
7 = 1/(¢LPT=Y). Therefore, the scaling of the second moment is (S?(t, M)) o
MLPB-C, (M) LPT-V) with Cy (') = (ég (0) = Cy (T’)) /7' convergent in small ar-

guments 7.

Indeed, applying this argument to the nth moment, we obtain the scaling (S™ (¢, M))
MLPO+n=7)¢ (M/dLP=Y), which is consistent with the established exponents o,
see . Moreover, the numerics are consistent with that (S™(¢, M)) oc M for small M and

all n, as shown in .

1.D UNIFORM DRIVE IN THE BULK

In this section we derive the equations of motion of h(x,t) and H(x,t) and the multiple
drive avalanche size S(t, M) for the one-dimensional bulk driven Oslo model on a lattice
with open boundaries [20, 162|, along the lines of App. 1.B. The boundaries are now
both open, i.e. h(0,t) = h(L+1,t) = 0 for all £ and the equation of motion has a source
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term given by E(z,t) =S¢, 0(t — J)0u.2;, where 0(t) is the Heaviside step function,

7=1
sy 1s the Kronecker delta and z; € {1,..., L} accounts for the randomly chosen site
for driving the pile at each time step j = 1,...,t. Hence, the source function E(z,t)

counts the number of external grains that have been dropped by the external drive at

2 up to time t. The equation of motion now reads

1
h(xz,t + o0t) — h(x,t) =E(z,t) + 3 [h(z —1,t) — 2h(z,t) + h(z + 1,1)
F Ne—1t + Nat1t — Na—1,0 — 7)x+1,0]- (1.23)

At quiescence, Eq. (1.23) with boundary conditions as stated above has the solution

h(z,t) = (Lﬂ_x) Zy vt T Z(L+1—y)by7t—fz(x,0), (1.24)

L+1

where
bey = —Ah(x, t)\tez =2E(x,t) + Ne—1t + Nat1ss (1.25)

and
- L+1
.0 = L+1)§ij+ E}L+1—W%m (1.26)

accounting for the initialisation. From Egs. (1.16) and (1.24) we can write H(x,t) in
closed form, see Fig. 1.7a, and further using Eq. (1.3) we derive the multiple drive
avalanche size (c¢f. Eq. (1.4))

S(t, M) = A(t, M) + €/(t, M), (1.27)
where the random variable
1L
5295 (L+1—2)(E(x,t+ M) — E(z,t)) (1.28)
=1

is due to the drive and

L
1 x
=3 ; ['flz,t+M — Nt + §(L+ 1—=2) (Me—1,t40 + Mot 140 — No—1,t — Net1,t) ]
(1.29)
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is the new noise term. The difference between ¢’ in (1.29) and the noise £ in Eq. (1.5) is
exclusively due to the different boundary conditions applied to the interfaces. It turns
out that &' is also a finite sum of bounded random variables and thus £’ is bounded
itself. Therefore, ¢ is asymptotically independent of ¢ and M implying that o2 (£')

tends to a constant as M — oco.

From Eq. (1.27) we have that o?(S(t, M)) = 0% (A)+0? (£') +2Cov(A, ¢’). The variance
of A(t, M) can be calculated using the fact that the vector of random variables E(t 4+
M) — E(t) has a multinomial distribution independent of ¢ with probabilities p, = 1/L

for all x and M trials, which gives

1
o (A(t, M)) = =M (L*—5L% +4). (1.30)
Owing to the form of A and &', it follows that Cov(A,¢’) is subleading in M compared
to 0?(A) as M — co. As 0?(¢) converges in M, the variance o?(S(t, M)) oc M L* so
that 02(5) o« M~1L*, implying that the avalanche size of the uniformly driven Oslo

model does not display hyperuniformity, but rather Poisson-like behaviour.

Our numerical results, Fig. 1.7b, show that the variance follows the asymptotic scaling
form ¢2(5) = L¥%D (M/L%), with D(z) < 7! as © — oo. That is, asymptotically,
02(5) o« M~1L*. In fact, at large M the scaling is solely due to Eq. (1.30) as ?(3) is
dominated entirely by o*(A)/M?. The interfaces detach dominantly due to the noise
in the driving rather than the relaxation dynamics of the interface in response to the

boundary driving.

In general, if the driving position z is fixed, then A(t, M) = s2(L + 1 — )M becomes
deterministic so that ¢*(A) = 0 and the results for the boundary-driven Oslo model
generalise to the Oslo model driven at a fixed (bulk) site. In this case, the avalanche
size is hyperuniform on long timescales regardless of the driving position x and the
boundary conditions. In particular, if the drive is located at the boundary x = 1 then
A(t,M) = 1LM, where the difference in the factor 1/2 in comparison to Eq. (1.4) is

due to the different boundary conditions.
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Figure 1.8: Scaling of ¢%(5) in the two-dimensional Oslo model with (a) two open and two

closed boundaries and the drive located at the intersection of the two open boundaries (corner drive, cf.
Fig. 1.2) and (b) four open boundaries with drive uniformly distributed in the bulk (see Fig. 1.7b). In all
cases, the pile is initialised in a recurrent configuration. Similarly to the one-dimensional cases, in (a) the
fluctuations o2(3) have two scaling regimes, displaying hyperuniformity for M > L7, and in (b) o2(5)
is asymptotically proportional to M~ L* indicating the absence of hyperuniformity.

1.E TwWO-DIMENSIONAL OSLO MODEL

We have also studied the fluctuations in the avalanche size in the two following settings
on a square lattice: (a) two open and two closed boundaries with the drive located at
the intersection of two open boundaries (corner drive) and (b) four open boundaries
and uniformly distributed drive on the lattice (bulk drive). These two settings resemble

the one-dimensional cases studied in this Letter.

Our numerical results for setting (a) are shown in Fig. 1.8a. The variance has the

scaling form

0*(5) =D <L]¥75) , (1.31)

with D(x) ~ 27! for z < 1 and D(z) ~ 272 for x > 1. The exponent 2.75 is in
fact the avalanche dimension D = 2.75 4+ 0.01 [162, 20, 125, 141], which enters into the

(7=1) Since the average avalanche size

characteristic number of driving steps, M* ~ L
diverges only logarithmically [162], 01 = D(2 — 7) = 0, in the case of corner drive with
boundary conditions as described above, it follows that 7 = 2, hence D(r — 1) = D

rather than D(7 — 1) = x as in the one-dimensional case. Further, the second moment
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of S scales like MLPG—") = MLP = M? (M/LD)fl, so that

o2(5) o % (S°(t,M)) = D (L—]‘@ | (1.32)

In setting (b), Fig. 1.8b, we find numerically that the variance has the scaling form
0%(5) = L**D (M/L"9), with D(z) ~ 2! as 2 — oo, following the same scaling as
the one-dimensional bulk driven Oslo model. We obtain 02(5) oc M~'L* in large M,
as, again, fluctuations of § are dominated by the driving rather than the interface

roughness.
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OVERVIEW A branching process is a simple model of population dynamics with plenty
of applications in biological physics, social sciences, statistical mechanics, and other
fields. Starting from one single individual, the population of a branching process grows
stochastically, where each individual produces a random number of offspring. The
interaction between particles is minimal, namely only that of creation (or lineage), but
it is enough to induce correlations. This basic type of interaction appears in other,
more complex, systems as in Chapters 3, 4 and 6, which are related to spreading and
avalanching. In this work we study the universality class of branching processes and
we characterise its statistical properties by calculating an extended list of observables,
which illustrates the versatility and scope of Doi-Peliti field theory. In particular, the

average temporal profile and the two-point temporal correlation function are observables
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whose derivation becomes cumbersome through other methods.

Author contributions: All authors: derived the master equation, action and field
theory of the continuous-time branching process. RGM & BW: estimated the two-
point connected correlation function numerically. RGM & GP: calculated the expected
avalanche shape. RGM: solved the recurrence relation that leads to the asymptotes
of the moments; estimated the expected avalanche duration, and the distribution of
the avalanche size numerically; did the literature review; made the figures; and wrote
the body of the manuscript. JP: calculated the probability distribution of the particle
number as a function of time, the expected avalanche duration, the two-point connected
correlation function, and the distribution of the total avalanche size. GP: discussed the
universality of branching processes based on a dimensional analysis argument; and
supervised the work.

ABSTRACT

Branching processes are widely used to model phenomena from networks to neuronal
avalanching. In a large class of continuous-time branching processes, we study the
temporal scaling of the moments of the instant population size, the survival probability,
expected avalanche duration, the so-called avalanche shape, the n-point correlation
function and the probability density function of the total avalanche size. Previous
studies have shown universality in certain observables of branching processes using
probabilistic arguments, however, a comprehensive description is lacking. We derive the
field theory that describes the process and demonstrate how to use it to calculate the
relevant observables and their scaling to leading order in time, revealing the universality
of the moments of the population size. Our results explain why the first and second
moment of the offspring distribution are sufficient to fully characterise the process in the
vicinity of criticality, regardless of the underlying offspring distribution. This finding
implies that branching processes are universal. We illustrate our analytical results with

computer simulations.

2.1 INTRODUCTION

Branching processes [99] are widely used for modelling phenomena in many different
subject areas, such as avalanches [220, 123, 87|, networks [85, 87, 123, 62|, earthquakes
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[132, 38], family names [165], populations of bacteria and cells [110, 63], nuclear reac-
tions [209, 149], cultural evolution [167] and neuronal avalanches [174, 11]. Because of
their mathematical simplicity they play an important role in statistical mechanics [189]

and the theory of complex systems [38].

Branching processes are a paradigmatic example of a system displaying a second-order
phase transition between extinction (absorbing state) with probability one and non-
zero probability of survival (non-absorbing state) in the infinite time limit. The critical
point in the parameter region at which this transition occurs is where branching and
extinction rates exactly balance, namely when the expected number of offspring per
particle is exactly unity [99, 38].

In the present work we study the continuous-time version of the Galton-Watson branch-
ing process [99], which is a generalisation of the birth-death process |80, 94|. In the
continuous-time branching process, particles go extinct or replicate into a number of
identical offspring at random and with constant Poissonian rates. Each of the new
particles follows the same process. The difference between the original Galton-Watson
branching process and the continuous-time branching process we consider here, lies in
the waiting times between events. In the original Galton-Watson branching process,
updates occur in discrete time steps, while in the continuous-time process we consider,
waiting times follow a Poisson process [80, 94|. However, both processes share many
asymptotics [99, 189, and therefore we regard the continuous-time branching process

as the continuum limit of the Galton-Watson branching process.

By using field-theoretic methods, we provide a general framework to determine uni-
versal, finite-time scaling properties of a wide range of branching processes close to
the critical point. The main advantages of this versatile approach are, on the one
hand, the ease with which observables are calculated and, on the other hand, the use
of diagrammatic language, which allows us to manipulate the sometimes cumbersome
expressions in a neat and compact way. Other methods in the literature developed
to study problems related to branching processes, in particular relating branching pro-
cesses to different forms of motion, include the formalism based on the Pal-Bell equation
[142, 13, 112].

Moreover, our framework allows us to determine systematically observables that are

otherwise complicated to manipulate if possible at all. To illustrate this point, we have
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calculated in closed form a number of observables that describe different aspects of the
process in the vicinity of the critical point: we have calculated the moments of the
population size as a function of time, the probability distribution of the population
size as a function of time, the avalanche shape, the two-time and n-time correlation

functions, and the total avalanche size and its moments.

Our results show that branching processes are universal in the vicinity of the critical
point [119, 3] in the sense that exactly three quantities (the Poissonian rate and the
first and second moments of the offspring distribution) are sufficient to describe the

asymptotics of the process regardless of the underlying offspring distribution.

The contents of this paper are organised as follows. In Sec. 2.2 we derive the field theory
of the continuous-time branching process. In Sec. 2.3 we use our formalism to calculate
a number of observables in closed form, and in Sec. 2.4 we discuss our results and our

conclusions. Further details of the calculations can be found in the appendices.

2.2 FIELD THEORY OF THE CONTINUOUS-TIME BRANCHING PROCESS

The continuous-time branching process is defined as follows. We consider a population
of N(t) identical particles at time ¢ > 0 with initial condition N(0) = 1. Each particle
is allowed to branch independently into x offspring with Poissonian rate s > 0, where
k € {0} UN is a random variable with probability distribution P(x = k) = py € [0, 1]
[80], Fig. 2.1. In the language of chemical reactions, this can be written as the reaction
A — KA.

To derive the field theory of this process following the methods by Doi and Peliti
[57, 150, 54, 189], we first write the master equation of the probability P(N,t) to find

N particles at time ¢,

dP(N,t

%:szpk(N—kH)P(N—kH,t)—sNP(N,t), (2.1)
k

with initial condition P(N,0) = dy;. Following work by Doi [57], we cast the master

equation in a second quantised form. A system with N particles is represented by a

Fock-space vector |N). We use the ladder operators a' (creation) and a (annihilation),

which act on |N) such that a|N) = N|N — 1) and a' |[N) = |N + 1), and satisfy the
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commutation relation [a,a'] = aa’ — a'a = 1. The probabilistic state of the system is
given by

[W(t)) =) P(N.#)|N), (2.2)
N
and its time evolution is determined by Eq. (2.1),

d|w(t))
dt

=s(f(a') —a")al¥(t)), (2.3)

using the probability generating function of x,
f(2) =) " = ("), (2.4)
k=0

where (o) denotes expectation. We define the mass r as the difference between the

extinction and the net branching rates,

r:spo—sZ(k:—l)pk:s(l— (K)), (2.5)

k>2

() T

where fU)(1) denotes the jth derivative of the probability generating function Eq. (2.4)

and the rates g; as

evaluated at z = 1. We assume that the rates g; are finite. In this notation, the time

evolution in Eq. (2.3) can be written as

AlU(t)) = % |W(t)) and thus |U(t)) = At | (0)), (2.7)
where A is the operator
A=Y "gdla— raa, (2.8)
Jj=2

and a denotes the Doi-shifted creation operator, a' = 1 + a.

The sign of the mass r, Eq. (2.5), determines in which regime a particular branching

process is in; if » = 0 the process is at the critical point, if » > 0 the process is in the
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Figure 2.1: Typical avalanche profiles N (t) of a binary branching process (blue) and a branching
process with geometric distribution of the number of offspring (orange), both at criticality » = 0, and
with Poissonian rate s = 1.

subcritical regime and if » < 0 the process is in the supercritical regime. Subcritical and
critical processes are bound to go extinct in finite time, whereas supercritical process

have a positive probability of survival [99].

Following the work by Peliti [150], Eq. (2.3) can be cast in path integral form. Here,
the creation and annihilation operators a' and a are transformed to time-dependent
creation and annihilation fields ¢'(t) and ¢(t) respectively. Similarly, the Doi-shifted
operator @ is transformed to the time-dependent Doi-shifted field ¢(t) = ¢'(t) — 1. The

action functional of the resulting field theory is given by
-4 7 . - (d
Afé.0] = [at {quww(t) —a(t) (a*) ¢<t>} . (2.9)
I

Using the Fourier transform

o(t) :/dw p(w)e ™" with  dw = o (2.10a)

p(w) = / dt p(t)e™, (2.10b)
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Table 2.1: Summary of observables including their equation number and what cases and limits are
exact. The expressions referred to are, in the limit » — 0, either: exact, exact for binary branching pro-
cesses (i.e. for other branching process, our result is the leading order in go/r for small r at fixed rt), or
provide exact asymptotes (that is, our result is the leading order for any kind of branching process). The
regime of validity near criticality is either critical and subcritical (r > 0) or all encompassing (r € R).

Observable Symbol Eq. Expression Regime Fig.
Moments of the number of particles N(t) (N™(t)) (2.35), (2.36) exact asymptote relR 2.2
Moments of the number of particles N(¢) (N"(t)), n € {1,2,3} (2.64a) exact relR 2.2
Moment generating function of N (t) My (2) (2.38) exact asymptote relR
Probability distribution of N (¢) P(N,t) (2.41) exact for binary bp r€R
Probability of survival Py(t) (2.42), (2.43)  exact for binary bp reR 2.3
Distribution of the avalanche duration T Pr(t) (2.44), (2.45)  exact for binary bp >0 24
Expected avalanche duration (1) (2.46) exact for binary bp r >0
Avalanche shape V(t,T) (2.52), (2.53)  exact for binary bp reR 2.5a
Averaged avalanche shape (V(T)r (2.71) exact for binary bp r€R 2.5b
Two-point connected correlation function — Cov (N(t1), N(t2)) (2.56) exact reR 2.6
Three-point correlation function (N(t1)N(t2)N(t3)) (2.66) exact relR
Moments of the total avalanche size S (S™) (2.59b), (2.60c)  exact asymptote r>0
Moment generating function of § Mg (%) (2.62) exact asymptote r>0
Distribution of S Ps (x) (2.63) exact asymptote r>0 2.7

and identically for ¢(t), the action Eq. (2.9) becomes local in w and the bilinear, i.e.

the Gaussian part

Ao [3.6] = - / dw (=) (—it + 7)6(w) (2.11)

of the path integral can be determined in closed form. The Gaussian path integral is
well-defined only when the mass is positive, » > 0. The non-linear terms, j > 2 in
Eq. (2.9) are then treated as a perturbation about the Gaussian part, as commonly
done in field theory [189, 190].

2.3 OBSERVABLES

We use the field theory described above to calculate a number of observables that have
received attention in the literature in various settings. In Table 2.1 we list all the
observables that we have calculated in closed form and the degree of approximation
of our analytical result. Some results are exact for any kind of branching process and

other results are only exact for binary branching processes. Those results that are an
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approximation have the exact asymptotic behaviour.

All observables are constructed on the basis of the probability vector |W(¢)) which
evolves according to Eq. (2.7). If the initial state, ¢ = 0, consists of a single particle,
then |¥(0)) = a' |0) and |¥(t)) = exp (flt) a' |0). Probing the particle number requires
the action of the operator a'a, whose eigenvectors are the pure states | V), such that
a'a|N) = N|N). The components of the vector a'a exp (.[lt) a' |0) are thus the proba-
bility that the process has generated N particles weighted by N. To sum over all states,

we further need the projection state

w=Y (N =3 % 0] a™ = (0] ¢ (2.12)

The expected particle number at time ¢ may thus be written as
(N()) = (3| a'aeral |0) . (2.13)

More complicated observables and intermediate temporal evolution can be compiled
following the same pattern [190]. To perform any calculations, the operators need to
be normal ordered and then mapped to fields as suggested above, a’ — ¢T(t) = 1+ qg(t)
and a — ¢(t), where the time ¢ corresponds to the total time the system has evolved

for, Eq. (2.7). The expectation in Eq. (2.13) can thus be written as

(N(1)) = (¢! (t)o(t) ¢1(0)), (2.14)

where (O) denotes the path integral
(0) = / D [03, ¢] e (2.15)

The resulting expressions are most elegantly expressed in terms of Feynman diagrams
[189]. The bare propagator of the field ¢ is read off from the bilinear part of the action

which, in Fourier space, is

(s)de)) = 2D (2.16)
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where §(w + ') = 27m0(w + ') denotes the scaled Dirac-d function. Diagrammatically,
the bare propagator is represented by a straight directed line. The directedness of the
propagator reflects the causality (see Eq. (2.17)) of the process in the time domain as a
particle has to be created before it can be annihilated but not vice versa. By convention,

in our Feynman diagrams time proceeds from right to left.

Using the fact that the mass r is strictly positive for the Gaussian path integral to

converge, we write the propagator in real time by Fourier transforming,

<¢(t)¢§<t')> - /_ " dwaw ST ot it _ g _ gy, (2.17)

oo —w+r

where O is the Heaviside step function. If r < 0, the integral in Eq. (2.17) is only
convergent for t < t’, which violates causality and therefore yields an unphysical result.
For this reason, we will assume r > 0 and we will take the limit » — 0 where possible.
Therefore, in this paper, the analytical results obtained through this field theory hold for
the critical and subcritical regimes only (r > 0). However, in some cases we may be able
to use probabilistic arguments that allow us to extend our results to the supercritical
case (r < 0), see Section 2.3.2. Furthermore, we will drop the cumbersome Heaviside

O functions, assuming suitable choices for the times, such as t > t' above.

Each of the interaction terms of the form aj ¢ with 7 > 2 in the non-linear part of the
action Eq. (2.8) come with individual couplings ¢;, Eq. (2.6). These are to be expanded
perturbatively in. Following the canonical field theoretic procedure [190, 189, 150], they

are represented by (tree-like) amputated vertices such as

>(12_, %q?’_ §4_ (2.18)

These vertices are not to be confused with the underlying branching process, because
after the Doi-shift, lines are not representative of particles, but of their correlations.
For example, the vertex with coupling ¢, in Eq. (2.18), accounts for density-density
correlations due to any branching or extinction, just like the propagator Eq. (2.16)
accounts for all particle density due to any branching or extinction. After Fourier

transforming, these processes are accounted for regardless of when they take place.

The directionality of the diagrams allows us to define incoming legs and outgoing legs of

a vertex [189]. In the present branching process, all vertices have one incoming leg and
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7 outgoing legs. We will refer to diagrams that are constructed solely from ¢y vertices

as binary tree diagrams. The most basic such diagram is >—, which in real time reads

(2(1)6'(0)) =2y~

:2q2/(iw1 d—Wi (TLUQ d'wé du.)g d’wg e*i(ygtef{wgt

J (w1 +wy) d (wo + wh) § (w3 + wj)
—w + 1 —wy+ T —lwg+T

X 0 (w1 +wy+ws)

— @ —rt _ -t
—2Te (1—e), (2.19)

where the pre-factor 2 is the combinatorial factor of this diagram.

The various observables that we calculate in the following are illustrated by numerics
for two different kinds of continuous-time branching processes. Firstly, the binary
branching process with probabilities pg, p2 > 0 such that pg+ py = 1, and secondly, the
branching process with geometric offspring distribution p, = p(1 — p)* with p € [0, 1].

The mass r (2.5) and the rates of the couplings g; (2.6) are, in each case,

S—17TRp
2 )

(binary) 75 =s(1—2ps), qpa = sp2 = ggj =0 for j >3, (2.20a)

2p — 1 1-p\’ j
(geometric) rg =5 pp . qoj =S8 (Tp) =s (1 - T?G) . (2.20b)

Fig. 2.1 shows typical trajectories for each case.

2.3.1 MOMENTS (N"(t)) AND THEIR UNIVERSALITY

In the following we will calculate the moments of the number of particles N(t), which
can be determined using the particle number operator a'a, as introduced above. The

nth moment of N(¢) can be expressed as
(V@) = (] (ala) |0 ())
= > {g} (sea‘w(t)) =
=0
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where Z denotes the Stirling number of the second kind for ¢ out of n *. We define

the dimensionless function g,(t) as the expectation

3.(1) = (9" (09(0) =, TSO—. (2.2

with go(t) = <£5(o>> — 0 and §i(t) = <¢<t)25(0)> — . The black circle in the
diagram of Eq. (2.22) represents the sum of all possible intermediate nodes, allowing

for internal lines. For instance,

at)=—0O—= —, (2.23a)

92(t)= >O— =2 >— , (2.23b)

where the coefficient in front of each diagram is its symmetry factor, which is included

in the representation involving the black circle, Eq. (2.22).

The tree diagrams follow a pattern, whereby g, involves all g, with m < n. For n > 2

this can be expressed as the recurrence relation

(2.24)

.....

*The Stirling numbers of the second kind can be calculated using the expression

(i} =axe ()

63



...+ my = n. Including §,(¢) from Egs. (2.23a) and (2.17), this may be written as

n n
A~ t — —rt
=5 (S0 S (")
k=2 mMy,y...,ME
t ’
/ At e G ()i () G () ) . (2.25)
0

where the integral accounts for the propagation up until time ¢t — ¢’ € [0,¢] when a
branching into (at least) k particles takes place, each of which will branch into (at

least) my, particles at some later time within [t — ¢/, ¢].

We proceed by determining the leading order behaviour of g, in small r, starting with

a dimensional argument. Since

(N () = {Z} 20 (2.26)

=0

from Egs. (2.21) and (2.22), (N™(t)) being dimensionless implies the same for g, (¢).
Our notation for the latter obscures the fact that g,(¢) is also a function of r and all
q¢;, which, by virtue of s, are rates and thus have the inverse dimension of t. We may

therefore write

where q; = ¢;/r are dimensionless couplings. Dividing ¢; by any rate renders the result
dimensionless, but only the particular choice of dividing by r ensures that all couplings
only ever enter multiplicatively (and never as an inverse), thereby enabling us to extract

the asymptote of §,(¢) in the limit of small r, as we will see in the following.
Writing Eq. (2.25) as

n v ’
7 A e~ =)
3 (0 ") fave

=2 mi,...,myg

?n(y;q%q?ﬂ e ) - 5n,16_y + (
k

><ﬁml(z/;ﬁz,---)Emz(y’;---)--ﬂmk(y’;.--)) , (2.28)

the dominant terms in small r and fixed y = rt are those that contain products involving
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the largest number of factors of g; o r—t.

Since each g; corresponds to a branching,
diagrammatically these terms are those that contain the largest number of vertices,
i.e. those that are entirely made up of binary branching vertices ¢s. This coupling,
¢z = (k(k — 1)) /2 , cannot possibly vanish if there is any branching taking place at all.
From Egs. (2.27) and (2.28) it follows that §,(t) o< (g2/7)™ ™Y to leading order in small r
at fixed y = rt. Terms of that order are due to binary tree diagrams, whose contribution

we denote by ¢, (t) in the following. For instance, g;(t) = ¢1(t), g2(t) = g2(1),

g3(t) = 12>7—, (2.29a)
gt = 24 ;} +96 >77— (2.20b)

To summarise, §,(t) is dominated by those terms that correspond to binary tree dia-

>

grams, which are the trees g, that have the largest number of vertices for any fixed n,
i.€.
(6"(18(0)) = 4ult) = gu(®) + O (1= (=) "), (2.30)

where the correction in fact vanishes for n < 3.

As far as the asymptote in small r is concerned, we may thus replace g, in Eq. (2.26)
by ¢ge. Among the g, ~ r~~1 with ¢ = 0,1,,...,n, the dominating term is g, so that

the nth moment of the particle number N is, to leading order,

(N (t)) =~ gn(2), (2.31)

although exact results, as shown in Eq. (2.64a), are easily derived using Eqs. (2.21),
(2.22), (2.23), and (2.25). On the basis of (2.25) the recurrence relation of g, is give by

n—1 t
n ’
9u(l) = 00ne " + 02 Y (m> [t 0,05, (0), (2.32)

m=1 0

whose exact solution is

gn(t) = nle™" (@ (1- e”))n_1 . (2.33)

r

We draw two main conclusions from our results. Firstly, that near the critical point
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r = 0, the branching process is solely characterised by the two parameters r and ¢qo. We
therefore conclude that this process displays universality, in the sense that its asymp-
totia is exactly the same for any given r and ¢y regardless of the underlying offspring
distribution. In particular, certain ratios of the moments of the particle number are

universal constants (they do not depend on any parameters nor variables). For k,¢ € N

and m € 0,...,k — 1, we find the constant ratios
(N¥(t)) (N“(t)) _ k0! . (2.34)
(NF (1)) (N7 (k= m)l(E + m)!
Secondly, our results show that the scaling form of the moments is
(N"(1)) = (g21)" "G (1), (2.35)

where G, is the scaling function

Gn(y) = nle™ (1 _ye_y>n_1 : (2.36)

and the argument y = 7t is the rescaled time, Fig. 2.2. The asymptotes of G,(y)

characterise the behaviour of the branching process in each regime,

n! for y = 0,
Gn(y) ~ { Aly==De  for y o 0o, (2.37)

Moreover, from Eq. (2.35), we find that the moment generating function My (z) =

(eN7) is
Ze—rt

My (2) =1+ BT (2.38)

66



10! .

o =t
/T\ 10~1 L
E/ _2 E— 7”,t”””,,”,,m,,,,,,
S0,
T o "
S 10_4 geometric
E 107 binay
~ 2 oo 1071 :
10_6 ; r = 10*2
: r = ]_0—3
1077 ‘ o ‘ )# | B ‘ -
o 107 10! 10° 10!
rt

Figure 2.2: Data collapse of the moments (N(t)), (N?(t)) and (N3(t)), as a function of rescaled
time 7t as of Eq. (2.35). Symbols show results for the binary branching process (blue) and the branching
process with geometric distribution of offspring (orange), both with r € {1073,1072,10~!} and s =

1. Solid lines indicate the exact solution in Eq. (2.64a) and dashed lines indicate our approximation in
Eq. (2.31).

2.3.2 PROBABILITY DISTRIBUTION OF N(¢), PROBABILITY OF SURVIVAL Ps(t) AND
EXPECTED AVALANCHE DURATION (7'

Using Eq. (2.21) and the identity T of Stirling numbers of the second kind, we deduce
that the falling factorial moments of N(t) are

(6" (H3(0)) = (NN () = 1) ... (N(t) = £+ 1)) . (2.39)

"The Stirling numbers of the second kind satisfy the identity

n

N":Z{Z}N(N_n...(zv—eu).

£=0
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Therefore, the probability generating function of N(¢) is

<N(t)(N(t)—1)...(N(t)_g+1)>%

NE

Prna (2) =

=0

(1)
(o)) EH (2.40)

NE

~
Il

0

and the probability distribution of N(t) is, using Eqgs. (2.30) and (2.33),

1 a¥
P(N,t) = NN (PN(t) (2)) ‘z:o (2.41a)
[0\ (=D)N
~ Y (N) =D 2| 0 (2.41D)
(=N '
]_ - #ﬁt(”) lf N - O,
- et 22 T—e_” Nt 2.41c
(20) N>, (2:41c)

(1+%2(1—e=1))

which satisfies the initial condition P(NN,0) = dy; and is an exact result for binary

branching processes, consistent with [149].

It is straightforward to check that Eq. (2.41) satisfies the master equation (2.1) and the
initial condition in the binary branching case. Due to the uniqueness of solutions of a
system of coupled linear ordinary differential equations, the solution in Eq. (2.41) is the
only solution. In particular, this solution holds in the supercritical case, r < 0. Recon-
structing back the path that has lead us here, we find that g,(¢) is the ¢th falling factorial
moment of N(t), (N(t)(N(t) —1)...(N(t) — £+ 1)), for binary branching processes in-
cluding the supercritical case and, therefore, most expressions derived from g¢,(t) can
be extended to r < 0. In what follows, we will specify which expressions hold in the
supercritical case.

The probability of survival Py(t) is the probability that there is at least one particle at
time t, i.e. Py(t) = P(N(t) > 1). Therefore, from Eq. (2.41),
—rt

(&
P0) =1~ POL1) = {5 Ty

(2.42)
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Figure 2.3: Probability of survival as a function of rescaled time rt as of Eq. (2.42). Symbols show
numerical results for the binary branching process (blue) and the branching process with geometric dis-
tribution of offspring (orange), both with » € {1073,1072,107'} and s = 1. Lines indicate the re-

sult in Eq. (2.42), which is exact for binary branching (solid lines) and approximate otherwise (dashed
lines). As r gets closer to the critical value, r = 0, the curves Ps(t) flatten and resemble the power law in
Eq. (2.43), which has exponent —1.

and at the critical point,

1
lim Py(t) >~ ———, 2.43
Tl_I)I(l) ( ) 1+ qot ( )

which is consistent with |76, 204, 39, 103], Fig. 2.3.

We define the avalanche duration 7' as the exact time where an avalanche dies, i.e.
the time ¢ when the process reaches the absorbing state, T = min{¢|N(¢) = 0}. The
probability of survival Pi(t) gives the probability that T > ¢. Thus, 1 — Py(t) is the

cumulative distribution function of the time of death and its probability density function

is
dP,(t re™ (1+ 2
b (Bt (1))
and at the critical point,
. az
1 )~ ————— 2.45
poPr () = T e (2.45)
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Figure 2.4: Probability density function of the avalanche duration Pr (t) for the binary branching
process with » € {0,1073,1072,10!} and s = 1. Solid lines represent our result in Eqgs. (2.44) and
(2.45), which is exact for binary branching. Symbols show numerical results.

see Fig. 2.4. It follows from (2.44) that the expected avalanche duration is

1

<T> q2

bg@f%@). (2.46)
r
Because the derivation of Eq. (2.44) relies on a finite termination time, we cannot

assume that it remains valid in the supercritical case, and similarly for (2.46).

2.3.3 AVALANCHE SHAPE V (¢,T)

The avalanche shape V' (¢,T') is defined as the average of the temporal profiles N ()
conditioned to extinction at time 7' [87, 56, 177, 143, 5, 211, 117]. Closed form expres-
sions of the avalanche shape have been calculated in other models such as avalanches in
elastic interfaces [56], the Barkhausen noise [143], the discrete-time Ornstein-Uhlenbeck
process [5]. An implicit expression of avalanche shape of branching processes is given
in [87].

To produce an explicit expression we first calculate the joint expectation of number

of particles at time ¢ and the event that a branching process is extinct by time T,
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<N(t), N(T) = 0>. In terms of ladder operators,

(N (1), N(T) = 0) = <O’6A(T’t)aT@eAtaT)0>, (2.47)

which means that a particle is created from the vacuum, the system is allowed to evolve
for time ¢, the number of particles is measured, and the system evolves further for time
T —t. Finally, all possible trajectories are "sieved" so that only those avalanches whose

number of particles is 0 at time 7" are taken into account. The path integral expression
of Eq. (2.47) is

(N(1), N(T) = 0) = (=Ml (1) (1)6'(0))

The two terms in the bracket have asymptotes

(ormoa) =3 5 (" a0 g (T - a0
(2.49)

(omioms) =X 5 (") im0 g T
(2.50)

with the constraint m, +...+mg = n in both cases. Both expressions are exact in case
of binary branching. Their diagrammatic representation and closed form expressions
can be found in App. 2.B. Using the expression of g,(¢) in Eq. (2.33) and the number

of combinations of n legs into k groups, we have

<N(t), N(T) = 0> — e~ — P(T) [1 + % (1—e) (2 - PS(T))} . (250)

where Pi(t) is given in Eq. (2.42).

In order to account solely for those instances that become extinct exactly at time T,
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the joint expectation <N(t), N(T) = O> is to be differentiated with respect to 7', and
in order to have a conditional expectation instead of a joint expectation, we need to
divide the result by —diTPS(T), yielding,

V(tT) = i
~ 14 2% (1—e) (1 - ]JDDSS((Z)) : (2.52)

Fig. 2.5a. Since the observable V (t,T) suitably incorporates the condition N(T') = 0,
the result in Eq. (2.52) holds for the supercritical case as well. At criticality, the
avalanche shape is the parabola [87, 143, 5, 211]

, (2 T)? t\ t
1 T)~1+2-22 (11— =) —. 2.
BV (6 T) =1+ 2077 T)T (2:53)

The avalanche shape V (¢,T) in Eq. (2.52) is a symmetric function with its maximum

at t = T'/2, which is bounded [5] by

T
lim V (E,T) ~1+2% (2.54)

T—o00 r

2.3.4 CONNECTED CORRELATION FUNCTION CoV (N(t1), N(t2))

To calculate the expectation (N(t1)N(t2)) we assume 0 < ¢; < ty without loss of
generality,

atae—Alt2—t) ot g o= At T

(N(EN(E) = (= 0) (2.554)
(p(t2)0" (t1)d(t1) 81 (0)) (2.55b)
= (0(t)3(1)6(11)6(0) )+($(t2)6(11)6(0) )

SR — +2>—. (2.55¢)

The diagram on the left consists of two separate components. We refer to diagrams

of that kind as disconnected diagrams, in contrast to connected diagrams that only
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Figure 2.5: Average temporal profile. In (a), avalanche shape V with rescaled time 7 = ¢/T for
different times of extinction T, 7 = 10~ ! and g2 = 0.45 as of Eq. (2.52). The shapes are symmetric and
flatten as T increases with the upper bound given in Eq. (2.54). However, this observable is numerically
unaccessible because it is computationally unfeasible to obtain a large enough sample of avalanches in the
subcritical regime conditioned to extinction at large times. Instead, in (b) we show an observable that is
accessible both numerically and analytically, the averaged avalanche shape (V(7)),, that is for each r,
avalanches are rescaled in time to the interval [0, 1], their shapes are averaged and normalised regardless
of their extinction times 7. Numerical results shown as symbols are for the binary branching process with
r € {1074,1073,1072,107} and s = 1, and are in agreement with Eq. (2.71) (solid lines), which

is an exact expression for binary branching processes. We find that the shape tends to a parabola as r
approaches the critical point.

consist of one component as the one appearing on the right. The connected correlation

function is

Cov (N(t1), N(t2)) = (N(t1)N(t2)) — (N(t1)) (N(t2))
— (2% + 1) e*T(t1+t2) (€Tt1 _ 1) (256)

which is an exact result independent of the type of branching process, (i.e. irrespective
of the offspring distribution), Fig. 2.6. In particular, the variance is Var (N(t)) =
Cov (N(t), N(t)) [189].

2.3.5 n-POINT CORRELATION FUNCTION

We call (,(t1,...,t,), with 0 < t1,...,¢, (not necessarily in order), the contribution of

all binary, and therefore connected, diagrams to the n-point correlation function, where
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Cov(N (tq), N(tp))

Figure 2.6: Two-point correlation function Cov (N(t,), N(t;)) of the binary continuous-time branch-
ing process with 7 = 10! and s = 1. Our numerical results shown as symbols are in perfect agreement
with the exact expression in Eq. (2.56) with ¢1 = min(¢,, %) and t2 = max(ts, %) (solid lines). We also
show Var(N(t)) = Cov (N(t), N(t)), which is the envelope.

the error term is controlled as

(N(t) ... N(t2)) = Caltr, - ) + O ((1 - </<¢>)*<”*2>) . (2.57)

The leading order contribution (,, satisfies the following recurrence relation,

o
Galtr,otn) =Y Y (2.58a)
m=1oC{t1,....tn}
lo|=m pee
n—1 tmin
= Q2 Z Z / gm (ta(l) - tla s ata(m) - t,)
X Coem (tocimit)y = oo o tpey — ) et (2.58b)

with {;, = 0 and (1(t) = e, and t,;, = min{ty,...,t,}. Here, o is a subset of the

set of times {t1,...,t,}, whose size is |o|, and o(1),...,0(m) is a list of its distinct
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elements. Its complementary set is 0¢ = {t1,...,t,}\o, which contains the elements
o’(m+1),...,0%n). Eq. (2.58b) is symmetric under exchange of any permutation of

the times tq,...,t,, see the 3-point correlation function in App. 2.A.

This approximation is two-fold. First, it neglects higher order branching vertices pro-
portional to ¢;>3, and secondly, it neglects contributions from disconnected diagrams,
cf. Eq. (2.55). Latter contributions are dominant only when t., = max{t,...,t,}
is smaller than s~!. For times in (0,s7!), the branching process has typically not yet

undergone a change in the particle number.

2.3.6 DISTRIBUTION OF THE TOTAL AVALANCHE SIZE S

We define the total avalanche size as the time-integrated activity S = s [ d¢N(t). Using
(N(t)) = e " and Eq. (2.56), the first and second moments of the total avalanche size
[38, 40] (Chapter 5) read

(S) :s/dt (N(H) =2 = 1_#@ (2.59)
(9%) = sz/dtldtg (N(t1)N(ty)) = j—z (% + 1> : (2.59b)

To calculate (S™) close to criticality, we use the approximation to the n-point correlation

function defined in Eq. (2.57) and find the following recurrence relation,

(S™) ~ 5" / dty .. Aty Coltr, 1) (2.60a)
n—1
N% n m n—m
o~ = mZ:l (m> (™) {Smmy (2.60b)
n, n—1
s"q e
~ 2 (2n =3, (2.60c)

see App. 2.D for a proof by induction of Eq. (2.60c). Similarly to Eq. (2.34), we find

the universal constant ratios of the moments of S,

(SFy (s (2k — 3)11(20 — 3)I
(Sk=m) (SemY — (2(k —m) — 3)1(2(0 + m) — 3)!!

(2.61)
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with k,¢ € Nand m € {0,...,k — 1}. The moment generating function of S is

_ 2 __
M(z) ~ 14 TV 452 (2.62)

2(]2 ’

and its probability density function Pg (z) is the inverse Laplace transform of Mg(—z2),

]_ _ r2z
Ps (x) ~ 21 /qziﬂxge dags (2.63)

which is a power law with exponent —3/2 with exponential decay, Fig. 2.7. At criticality,

this distribution is a pure power law.

The approximation used to derive these results, Eq. (2.57), consists in neglecting contri-
butions of disconnected diagrams to the n-point correlation function. This approxima-
tion is unjustified for total avalanche sizes corresponding those realisations of branch-
ing processes that underwent no branching but a single extinction event, and whose
sizes are therefore typically smaller than 1, because their n-point correlation functions
(N(t1)...N(t,)) vanish for ¢y, = s~'. Consequently, the n-point correlation functions
are dominated by purely disconnected diagrams (cf. Sec. 2.3.5). We therefore expect
a breakdown of our approximation around x = 1. All three features of the distribu-
tion of the total avalanche size, the power-law behaviour, the exponential cutoff, and
the breakdown of the approximation for z < 1, are in good agreement with numerical

simulations as shown in Fig. 2.7.

2.4 DISCUSSION AND CONCLUSIONS

In this paper we study the continuous-time branching process following a field-theoretic
approach. We build on the wealth of existing results in the literature obtained through
other methods. Here, we demonstrate that the Doi-Peliti field theory provides an ele-

gant, intuitive, and seemingly natural language for continuous-time branching processes.

We illustrate how to use the field theory to calculate a number of relevant observables,
listed in Table 2.1. Our results are valid for any offspring distribution in the vicinity
of the critical point and at large times. However, many of the results are exact for the

binary branching process and others are exact for any branching process. In princi-
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Figure 2.7: Probability density function of the total avalanche size Pg (z) for the binary branch-
ing process (blue) and the branching process with geometric distribution of offspring (orange), with

r € {O, 1073,1072, 10’1} and s = 1. Dashed lines indicate our approximation in Eq. (2.63). This

approximation is not valid for small times, which explains the disagreement between the numerical results
and the dashed lines for small values of x.

ple, many observables can be calculated systematically using the field theory for any
offspring distribution, for any time and any parameter set.

In this paper, we extend the existing results in the literature by finding explicit scaling
functions and universal moment ratios for any offspring distribution. We find that
all the scaling laws derived above depend on two parameters only, namely r and gs.
Therefore, one may argue that the master equation of any branching process close to

the critical point and asymptotically in large times is captured by the action Eq. (2.8)
with couplings r and ¢y only.

Having established the field-theoretic ground work, in particular the basic formalism
and range of relevant observables, we may now proceed by extending the basic branch-
ing process into more sophisticated models of natural phenomena. We hope that the

methods established in this paper will help reaching new boughs, branches, and twigs
of the many offspring of branching processes.
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2.A EXACT EXPRESSIONS

The continuous-time branching process is exactly solvable, that is, in principle, all
moments and correlation functions can be calculated in exact form if all the terms in the
(possibly infinite) sums are taken into account. Here we show some exact expressions.

The exact first three moments of N(t) are
(N(t))y =e", (2.64a)
2
(N2 (1)) = (1 L2 ert)) , (2.64D)
r

6q3 3 12¢3 6 6g2 3 6
<N3(t)> :@_37"15(& - ﬂ) _6—2”( B + 2) +€—Tt(ﬁ+ﬂ+ﬂ+ 1)7

72 r 72 r 72 r r
(2.64c)
and therefore the variance is
Var (N(t)) = (1 + 2@) e (1—e ), (2.65)
T

which is consistent with Eq. (2.56) and [54, 189, 204, 99, 149|. The three-point corre-
lation function is, assuming 0 < #; < ¢y < t3 and using Eq. (2.58b),

(N(t1)N(t2)N(ts)) ~((t1,t2,13)

_9 (@)2 e—r(t1+t2+t3) ((ertl . 1) <2€rt1 + ertg) - g (62”1 o 1)) ]

(2.66)
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2.B DIAGRAMMATIC REPRESENTATION AND CLOSED FORM EXPRESSIONS OF EQS. (2.49)
AND (2.50)

Definin
g . exp(—r(T —t)) — exp(—rT)
1 —exp(—r(T —1t)) ’

we have, firstly (2.49),

(0030 =3 X (" ) FIm T 0 g a0

(ormanomim) =3 ¥ (" ) gy (= 0T = D)

(>
™
—

3
-
E
N———

2.C AVERAGED AVALANCHE SHAPE

In Section 2.3.3, we derive analytically the expected avalanche shape V(¢,7T) for a
specific time of death 7. However, direct comparison with numerics is computationally

very expensive as specific large times of death occur rarely for subcritical branching
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processes. Here we describe an observable that is accessible both analytically and
numerically: the averaged avalanche shape (V(7)),. For a fixed parameter set, we first
rescale time 7 = t/T and then average all the avalanche profiles irrespectively of T.
Finally, to achieve convergence to a shape comparable across parameter settings, we

normalise the result by area [211],

o

V() _Niv / ATP(T)V (+T, ), (2.70a)
Ny = / / drdTPH(T)V (T, T). (2.70D)

The result [216] can be expressed with the Gaussian hypergeometric function o F'; (a, b, ¢, z),

1 q2 F(Tv q2, 7”)
V = — —1)— " 2.71
V(o = 5+ rlr -2l 2.11)
where
Fi(L2-73-722) F (1147247 2

RCYSEE — - — (272)

Both F' and Ny diverge at the critical point with the limit

F

lim % —6. (2.73)

2.D  PRrOOF OF EQ. (2.60¢C)

Eq. (2.60c) can be proved by induction. In Eq. (2.59b) we see that it applies to (S).
The approximation of binary tree diagrams of (N (t1)N(t2)) gives (S?) = s%gy/r®, which
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also satisfies Eq. (2.60c). The induction step is verified by

gy = 2 - ST Lom L (2 — 31 [ s igneme WQOI m) - 3)!
= Z F2m—1 r2(n—m)-1

2:1( ) (2m — 3N (2(n —m) — 3)I. (2.74)

This sum is equivalent to

n—1

n—1
Z( ) (2m — 3)11(2(n —m) — 3)!! = ( ) (2m — 3)!1(2(n — m) — 1)!!
=1 1m:1
_ L5 (2k — DI(2(n — k) — 3)!! (2.75a)
n—1 — k+1
=2(2n — 3)!, (2.75b)
where we have used the identity [28],
n—1
(2k — D)IN2(n — k) — 3)1 = (2n — DL, 2.
> () Drem =k == en - (270

Using Eq. (2.75b) in Eq. (2.74) reproduces Eq. (2.60c), thereby completing the proof.
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OVERVIEW Branching processes are very widely used to model neuronal avalanches
given that both have some statistical properties in common. It has long been debated
whether the spreading of electrical signals in the brain is in fact captured by a branch-
ing process at criticality [11]. Recent experimental studies on the temporal profile of
neuronal avalanches show the fingerprint of oscillations [134]. In this work we study a
branching process with oscillatory extinction rate and calculate the average temporal
profile based on a perturbative expansion of the Doi-Peliti field theory in Chapter 2.
We show qualitatively that our model approximates the experimental findings. We also

calculate the two-point correlation function.
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ABSTRACT

Recently, neuronal avalanches have been observed to display oscillations, a phenomenon
regarded as the co-existence of a scale-free behaviour (the avalanches close to criticality)
and scale-dependent dynamics (the oscillations). Ordinary continuous-time branching
processes with constant extinction and branching rates are commonly used as models
of neuronal activity, yet they lack any such time-dependence. In the present work, we
extend a basic branching process by allowing the extinction rate to oscillate in time as
a new model to describe cortical dynamics. By means of a perturbative field theory,
we derive relevant observables in closed form. We support our findings by quantative

comparison to numerics and qualitative comparison to available experimental results.

3.1 INTRODUCTION

In the brain, electrical signals propagate between neurons of the cortical network
through action potentials, which are spikes of polarisation in the membrane of the
neuron’s axon. These spikes have an amplitude of about 100mV, typically last about
1ms [45] and can be recorded using micro-electrodes [154, 155]. In order to study the
signaling in larger regions of neurons, multielectrode arrays, comprising about 60 elec-
trodes spread across ~ 4mm?, are used to capture the collective occurrence of spikes as
local field potentials (LFPs). In this setting, the electrodes are extracellular and each

is sensitive to electrical signals from several surrounding neurons [109, 11, 12, 158, 159].

The data of the LFP recordings are processed by putting them into time bins of a few
milliseconds length and by introducing a voltage threshold. In addition, a refractory pe-
riod is imposed to avoid counting large voltage excursions more than once. The details
of processing can differ slightly between experiments |11, 12, 199, 158, 159]. However,

after processing, the data is a time series of two values for each electrode: on (detected
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signal above threshold) and off (no detected signal or signal below threshold). A neu-
ronal avalanche is then defined as a set of uninterrupted signals detected across the
micro-electrode array. Each avalanche is both preceded and succeeded by at least one
time bin where none of the electrodes detected a signal, defining the avalanche duration
as the number of time bins where avalanche unfolds. Which and how many electrodes
detect a signal varies during the avalanche [11, 12]. The duration of avalanches typi-
cally ranges between a few milliseconds and 30ms [10]. A prominent observable is the
avalanche size, which is the total number of recorded signals during the avalanche. If
there is only one electrode detecting a signal in each time bin of an avalanche, its size
and duration are equal. However, the size of an avalanche is usually larger than its du-
ration due to the simultaneous detection of signals by different electrodes. Histograms
of the avalanche size show an apparent power-law distribution of sizes, with common
small avalanches and rare large avalanches [11, 12|, the fingerprint of scale-free phe-
nomena. The exponent of the power law was observed to be —3/2 in [11|. However, its
exact value was found to be significantly sensitive to the choice of time bin size [159]

and spatial sub-sampling of the neural network [158].

The observation of this power-law distribution led to the hypothesis that neuronal
avalanches can be modelled adequately by models in the class of Self-Organised Crit-
icality (SOC) [11, 159, 24] or models of critical branching processes [11, 96, 210, 215],
because both are avalanche models showing power-law distribution of the avalanche
size [162, 77| (Chapter 2). In this article, we focus on modelling neuronal avalanches as

branching processes.

A branching process is a stochastic process in which a particle can either randomly create
identical copies of itself or spontaneously go extinct, triggering an avalanche of particles
[203, 99, 4, 149, 209, 132, 123, 179, 209, 63, 87, 174, 77| (Chapter 2). The particle number
N in the branching process is interpreted as the number of electrodes that detect a
signal. The creation of a new particle is interpreted as the change of an electrode
from no detection to the detection of a signal [11|, while the extinction of a particle
corresponds to the change from detection to no detection [156, 159, 215]. Branching
processes display a phase transition from asymptotic extinction with probability 1 to
asymptotic survival with a positive probability, depending on the average number of
created particles. At the critical point, the avalanche size of a branching process is
power-law distributed [77| (Chapter 2).
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Recently, there has been evidence that neuronal activity, when compared to branching
processes, is not at criticality but in a reverberating regime close to criticality [212,
213, 215]. The reason for the strong interest in the system’s distance to a critical
point is the criticality hypothesis, which states that information processing in the brain
might be optimized by the cortical network being close to a critical point [96, 10,
210, 192, 215|. However, fitting power laws is notoriously difficult [88, 213] and other
means of verifying the criticality of the neuronal avalanches are essential. For this
reason, the avalanche shape, defined as the average temporal profile of the avalanches,
has received more attention in recent years. It is debated whether, at criticality, the
neuronal avalanche shape takes the universal form of an inverse parabola [143, 70, 117,
169, 87, 77, 134] (Chapter 2), which is the case of a critical branching process. The
universality of this shape has been particularly challenged in [134] by observations of
oscillations that modulate the avalanche shape. In [134], the oscillations are identified
as ~y-oscillations, which are a particular frequency band of brain waves between 30
and 100Hz. Brain waves are electric oscillations spanning the entire brain that can be
recorded using electroencephalography (EEG) [16, 26]. The oscillations are organized
into bands covering frequencies between 0.05Hz (slow 4 band) and 500Hz (ultra fast
band). Their power spectrum follows approximately a 1/f distribution [152].

The observation of oscillations in the EEG activity on the one hand, and the observation
of scale-free avalanches of LFP activity on the other hand raises the question of how
these two seemingly incompatible descriptions of the same phenomena can be reconciled.
The experimental data in [134] indicates that y-oscillations modulate the avalanche
shape. Can branching processes incorporate oscillations as well? Will those oscillations

modulate the avalanche shape, widely regarded as a universal feature?

To answer these questions, we extend in this paper the field theory in [77] (Chapter 2)
by incorporating oscillatory extinction rates, Sec. 3.2. We then calculate observables
such as moments of the particle number, Sec. 3.3, its covariance, Sec. 3.4.1, survival
probability, Sec. 3.4.2, and the avalanche shape (or temporal profile), Sec. 3.4.3 and

compare them qualitatively to experimental results from [134]. We conclude in Sec. 3.5.
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Figure 3.1: Two example trajectories of the number of particles N (t) (purple, left ordinate) of
branching processes with » = 0 and periodically varying extinction rate €(t) = s(py — Asin(vt)),
Eq. (3.4). Both trajectories were initialized with one particle at ¢y = 0. The perturbation of the extinc-
tion rate, —Asin(vt) with v/s € {n/4,7/2}, A = 0.5 is shown in green (right ordinate). When the
extinction rate is lower, branching is effectively promoted.

3.2 MODEL

A branching process in continuous time ¢ can be regarded as a reaction of a single

particle type B that splits into K € Ny copies of itself,
B> KB, (3.1)

with Poissonian rate s |99, 4, 149|. The particle number at time ¢, which is also called
population size, is denoted by N(t). In the event of a reaction, the population size
increases by K — 1 particles. The waiting time for an individual particle to undergo
any such reaction is exponentially distributed with rate s. The number of offspring
K may be a random variable itself, with probability distribution P(K = k) = py.
We call the reaction in (3.1) a branching event if K > 1 and an extinction event if
K = 0. Throughout the present work we initialize the process with one particle at
time ¢y = 0, so that N(0) = 1. The totality of a realisation of a branching process,
from the initialization until the termination after which the population size remains 0

indefinitely is referred to as an avalanche.

In [77] (Chapter 2), we introduced a Doi-Peliti field theory for the continuous-time
branching process with time-independent but arbitrary offspring distribution p. We

refer to such a branching process as standard branching process. The action functional
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of this field theory is

Adfo, =/{¢7(—%—r)¢+§jqj$j¢} i, 3.2

with

r=s(1—-E[K]) and ¢; = SZ (];)pk : (3.3)

and time-dependent Doi-shifted annihilation and creation fields ¢(t) and ¢(t) respec-
tively. The parameter r is called the mass in the context of field theories and is,
according to Eq. (3.3), closely linked to the first moment of the offspring distribution
E[K]. Traditionally [99], the branching process is called sub-critical if E[K] < 1 (and
thus r > 0), it is called critical if E[K] = 1 (and thus r = 0), and super-critical if
E[K] > 1 (and thus r < 0).

The time-scale of this branching process is set by s, the rate with which any single-
particle event takes place. The rate with which any particle spontaneously disappears,

the extinction rate, is thus € = spy.

In the following we will focus on binary branching processes, i.e. p, = 0 for all k
except k = 0 and k& = 2, so that ps and pp = 1 — py in Eq. (3.3) are determined by
r/s =1 — 2py. The rest of parameters follow then immediately, such as E[K]| = 2p,,
q2/s =p2 =1/2(1 —r/s) and ¢; = 0 for j > 3, as well as bounds such as s > r 4 ¢, >
0. In particular r = € — ¢, so that the branching process is critical if ¢, balances
the extinction rate. Extensions to branching processes with other time-independent
offspring distributions are straight forward [77] (Chapter 2).

Our extension to this model (3.2) consists of a time-dependent, oscillating extinction

rate

e(t) = s(po — Asin(vt)), (3.4)

where v is the frequency of the oscillations. The dimensionless amplitude A is the small
parameter of the field theoretic perturbation theory about A = 0. In the following,
r > 0 is considered. The magnitude |A| is bounded by py because €(t), as an extinction
rate, has to be non-negative at all times. If the amplitude A is positive, then the

extinction rate is initially suppressed, favouring more branching events. In the field
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theory, this extension amounts to adding the term (details in App. 3.A),

As / [300(t)sin(vn) yat (3.5)

to the original action Ay, Eq. (3.2), where r = spy — sps is still the "bare mass". Our
extension can be summarised as a standard branching process where binary branching
takes place with rate ¢o = spe and extinction with rate €(t), Eq. (3.4). We retain the
parameterisation pg + py = 1.

It will turn out that the perturbation remains noticeable at all times in the process in
all observables considered. In particular, even at criticality, the shape of the avalanche,
Sec. 3.4.3, carries a clear signature of the oscillations despite its expected universality
[143]. The model and the analysis in the present work therefore provide an explanation
for the shape of the temporal profile of neuronal avalanches recently reported by Miller
et al. [134].

Figure 3.1 shows two example trajectories of the population size N(t), together with the
perturbation of the extinction rate, €(t)/s — py = —Asin(vt). In all figures, the latter
is shown in green with the ordinate on the right. All data in this work is presented in

dimensionless form, in particular time as st.

In the following, we state the central results, whose field-theoretic derivation is relegated
to the Appendix. In particular, we consider the avalanche shape at criticality, Sec. 3.4.3,
which is a common observable in LEP recordings of the brain [11, 12, 158, 159] and the
covariance, Sec. 3.4.1, which recently gained more attention in neuroscience as a tool

to estimate the system’s distance to the critical point [212, 213, 215].
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Figure 3.2: First and second moment of particle number for A € {0.01,0.02,0.05}, v/s = 7/4
and » = 0. The system was initialized with a single particle at ¢o = 0. Symbols: simulation results. Left:
First moment (109 realizations). Right: Rescaled second moment (107 realizations). Full blue lines: exact
analytic predictions, Eq. (3.6b) (left), Eq. (3.7) (right). Dashed black lines: analytic approximation, see
Egs. (3.10), (3.12), (3.16a), and Eq. (3.16b). The perturbation of the extinction rate, Eq. (3.4), is shown
in green (right ordinate).

3.3 MOMENTS

3.3.1 FIRST MOMENT

Since the extinction rate varies periodically, we expect that the first moment varies

accordingly. As shown in appendix 3.B.1, the expected particle number is,

t

E[N(t)] = O(t)exp | —rt + /As sin(vt)dt’ (3.6a)
= O(t)exp (—rt — %(cos(yt) - 1)> , (3.6b)

where ©(t) is the Heaviside function reflecting the initialization at t, = 0, henceforth
dropped from all expressions. This result is consistent with the known result of an

inhomogenous Poisson process with a time-dependent event rate [111].

Fig. 3.2 shows an estimate of the first moment based on Monte-Carlo simulations
together with the analytical result Eq. (3.6b) for » = 0. In addition to this exact
result, the dashed line in Figure 3.2 shows the first order approximation E[N(t)] =
g%o)((), t)+ Agg)(O, t) + O(A?%), Eq. (3.10), which is discussed below in Sec. 3.B.3.
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Because the extinction rate is reduced during the first half-period, Eq. (3.4), branching
dominates the process and the population size increases at first. During the second half-
period, extinction dominates and the population size decreases, perfectly balancing, on
average, the creation of particles in the first half of the period. According to Eq. (3.6b)
and Figure 3.2, the expected population size E[N(¢)] at » = 0 is always equal or larger
than unity, which is the expected number of particles of a standard branching process
at criticality. Thus, while the extinction rate is not shifted on average, the expected

particle number is on average larger than in the process without oscillations.

Just like in a standard branching process, E[N(t)] converges to 0 for r > 0 and diverges
for r < 0, indicating that the present process is critical at r = 0. However, unlike a
standard branching process, the expected population size never converges for r = 0 as
the oscillations never cease. It will turn out that the effective mass acquires no shift

due to the perturbation.

3.3.2 SECOND MOMENT

The second moment can be calculated in closed form from a convolution integral in-
volving the first moment only, App. 3.B.2. From Egs. (3.31b), (3.32) and (3.34),

E[N2(t)] = exp(—rt - %(Cos(mf) - 1))

x |1+ 2q, /exp(—r(t —t) — ﬁ(cos(ut) - cos(ut’))) dt'| . (3.7)

v

At 7 = 0 the second moment is to first order in A
9 As 2(]2 . 2
E[N2()] = 1 + 2t + — [1 4 20t + 22 in(wt) — (1 + 4gt) cos(yt)] +0(42) (3.8)
v v

which diverges asymptotically linear in t. Because E[N(¢)] is bounded, the variance also
diverges linearly in ¢. Figure 3.2 shows the ratio E[N?(t)]/(1 + 2¢ot), which illustrates
the deviation of the second moment at A > 0 from that at A = 0. For large ¢, the
second moment shows a linear increase with an amplitude that oscillates mildly with
period v, so that E[N?(t)] oscillates around the A = 0 behaviour. For large got the ratio
E[N%(t)]/(1 + 2got) is to leading order 1 — (As/v)(2cos(vt) — 1).
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Although the extinction is not shifted on average, the second moment is shifted on

average due to the oscillations, see Fig. 3.2.

3.3.3 N-TH MOMENT

In principle, all moments of N(¢) can be calculated exactly, following the same lines
as in the previous Sec. 3.3.2 and in App. 3.B.2. However, even the second moment
involves an integral that cannot be carried out in closed form and, for higher moments,
the procedure quickly becomes unpleasantly complicated. To calculate higher moments
of the population size E[N"(t)], we resort to a perturbative expansion in powers of the
amplitude A, which can be systematically expressed in terms of diagrams shown in the

appendix.

Following [77] (Chapter 2), all moments can be written in terms of factorial moments,
which are naturally produced by the diagrammatics of the field theory. We denote the
n-th factorial moment by g, (to,t), so that

“n

E[N"()|N(to) = 1] =) {g} gelto,t) (3.9)
=0

where {Z} are the Stirling numbers of the second kind. In the following, the factorial

moments are expressed in orders of A,
gnlto,t) = g0 (to, 1) + AgV (o, 1) + O(A?). (3.10)
The n-th factorial moment at A = 0, given by

n—1
g,(lo) (to,t) = nlert—t0) <@ (1 — e_r(t_to))> ; (3.11)
r

was calculated in closed form from the diagrams as a matter of combinatorics [77]
(Chapter 2). ¢ is dominated by (q2(t — to))"~! for small r(t — ty) < 1, while it
is exponentially decaying for large r(t — ty) > 1. In the present work, the factorial
moments acquire a dependence on the initial time t;, when N(¢y) = 1. Only to zeroth

order in A, at A = 0, do the factorial moments in the present work become time-
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homogeneous and reduce to those calculated in [77] (Chapter 2), g\ (to, t) = gff)(o, t—

to). The next order term in the small-A expansion equals

—rt’ _ efr(tfto)

t—to
i (t0.0) = g0 lto,t)s [ sinlu(t 1) <1+<n— D )dtt (3.12)
0 —e

whose derivation is explained in Appendix 3.B.3.

In the subcritical regime r > 0, in large r(t —t5) > 1 all moments vanish exponentially,

because gv) vanishes exponentially, see Eq. (3.11). For small r(t — tg) < 1 and large

q2(t — to) > 1, the moments are dominated by the largest factorial moment,

forrt < 1: limM

=1. 3.13
t—00 gn(07t) ( )

This can be seen by expanding E[N"(¢)] in terms of the factorial moments which are

asymptotically dominated by g, (to,t) ~ O ((g2t)" 1),

E[N"(t)] = gn(0,t) + {Z} gn1(0,1) + ... (3.14)

~O((q2t)"2)

Within the small-A expansion of the n-th factorial moment, the terms 97(10) and gg)

dominate E[N"(t)], such that

E[N™(t)] = gi2(0,t) + AgP(0,8) + O (A*(q2t)™ ) + O ((g2t)"?) (3.15)

However, from Eq. (3.12) it can be seen that the oscillations in the amplitude of g (to, 1)
in g,(ll)(tg, t) will never cease, so that the limit tlim E[N™(t)]/(q2(t — to))" ! strictly does
not exist. In other words, g,(to,t) captures ?hog leading order of E[N"(¢)] in ¢, but
(q2(t — o))" does not.

The first two moments at 7 = 0 can be approximated to first order in A by

E[N(t)] =1— % (cos(vt) — 1) + O(A4?) (3.16a)

E[N?(t)] = 2got (1 + % (1 —2cos(vt)) + O(A2)> + O((g2t)°) (3.16Dh)
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on the basis of Eq. (3.12) and Eq. (3.15). The expressions are consistent with the ex-
act expressions Eq. (3.6b) and Eq. (3.7) (as given in Eq. (3.8)) respectively. Fig. 3.2
shows a comparison between the exact expressions (solid blue lines) and the approxi-
mation Eq. (3.16) (black dashed lines). Deviations are clearly noticeable only for large
amplitudes A.

3.4 FURTHER OBSERVABLES

In the following, we analyse observables that are somewhat more involved to derive
in the present framework. In particular, the avalanche shape and covariance are more
of immediate interest to experimentalists because these are more accessible from LFP
recordings of the brain [11, 12, 158, 159, 212, 213, 215|.

3.4.1 COVARIANCE

The autocorrelation function
Cov(N(t1), N(t2)) = E[N(t1)N(t2)] — E[N(t1)|E[N (¢2)] (3.17)

is the covariance of N(t;) and N(¢y) and a common way to quantify how strongly
correlated data are at different points in time. If the population size at different times
was independent, the autocorrelation function at times ¢; and ts, t; # t5, would be zero

(the converse does not hold in general [145]).

As shown in App. 3.C.1 the covariance can be calculated in closed form up to an integral,

Cov(N(t1),N(t2)) = exp<—rtmax + % (cos(Vtmax) — 1)>

tmin
X |1+ 2g9 / exp (r(t' — toin) + As (cos(Viyin) — cos(z/t’))) dt’
v
As
— exp (—’I"(tl +t2) + ~ (cos(vty) + cos(vta) — 2)) : (3.18)

where i, = min{ty, o} and ¢, = max{t;, to}.
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Figure 3.3: Covariance Cov(N(t1), N(t2)) Eq. (3.17) for r/s = 0.01, v/s = ©/4, A = 0.05 and
a st = 5,10,15,...,30, b sto = 40,80, 100, 160, 320. The system was initialized with a single parti-
cle at time ¢y = 0. Symbols: Simulations results from 10° trajectories. Full lines: Analytic expression,
Eq. (3.18). The perturbation of the extinction rate, Eq. (3.4), is shown in green at the bottom of the
figure (right ordinate).

Simulation results and analytical expression Eq. (3.18) are shown together in Fig. 3.3a
and Fig. 3.3b. For A = 0, the maximum of Cov (N (t1), N(t3)) occurs at t; =ty =t and
equals (2¢2/r + 1)(exp(—rt) — exp(—2rt)) |[77] (Chapter 2). Furthermore, its maximum
rises with increasing ¢, provided that rt < log(2). When A # 0, these results are
only approximations and the exact position of the maximum depends on the phase and
amplitude of the oscillations. In Figure 3.3a, all sty are chosen to fulfil that condition,
while in Figure 3.3b, the larger st; don’t meet this condition and show a decreasing

maximum.

As an autocorrelation function, the covariance quantifies how the activity in the system
at one instance influences the system at later instances. This has recently proven to
be a valuable tool for determining the distance of neural networks from the critical
point [212, 213, 215]. What the imposed oscillations imply for this tool is discussed in
Sec. 3.5.

3.4.2 SURVIVAL PROBABILITY

The first moment, Sec. 3.3.1, shows that the expected number of particles is on average
larger if A > 0, i.e. if the extinction rate drops before growing in every period, compared

to the case without oscillations or reversed order of rise and fall of extinction, A <
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0. As noted in Sec. 3.3.1, the sign of the mass r still determines whether E[N(?)]
ultimately vanishes or diverges, even when E[N(t)] oscillates indefinitely for r» = 0.
This observation raises the question whether the survival probability Pj(to,t), that
is the probability of N(t) > 0 at a given time ¢ after initialization at ¢y, displays a

corresponding behaviour.

Based on the derivation in App. 3.C.2, to leading order in A we find

lim P, (tg = 0, 1) =
s (fo ) 1+ gt v

1 As ( 1 cos(vt) + % sm(ut)) Lo, (3.19)
L+ got (14 gat)?
The first term, which is independent of A, is the probability of survival of the critical
branching process with constant extinction rate [77] (Chapter 2), Figure 3.4. The second
term is the first-order correction and indicates a shift of the probability of survival. For
positive A (leading to an initial decrease of the extinction rate) the survival probability
increases compared to the system without oscillations. For negative A (corresponding
to an initial increase of the extinction rate) it decreases. For A > 0, the initial push into
the supercritical phase seems to dominate the entire survival probability, even many

oscillations later, see Fig. 3.4.

Despite the shifted survival probabilities, Fig. 3.4, and shifted average number of par-
ticles, Fig. 3.2, the avalanches do not survive indefinitely. They die eventually with
probability 1 at » = 0. To appreciate better the effect of the extinction oscillations on

the ultimate survival, we also consider the asymptotics of large ¢ for » > 0 or equiva-

lently po > p2,

_exp(—rt) As o\ ) t—oo
for rt > 1 Py(0,1)|,50 = Tt (1 +- (1 —cos(vt))+ O(A%) | — 0 (3.20)

to leading order.

For r < 0, or equivalently py < po, the limit is positive,

r Asv
lim P;(to,t = (14— A? 21
Sm s(to, t)|r<o @ ( + T VQ) +O(4%), (3.21)

r2

where we have to rely on Eq. (3.55) being the analytic continuation for the result ob-

tained at positive mass r. Eq. (3.20) implies that Py(to,t), with or without oscillations,
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vanishes in the limit of large times as extinction prevails, since r > 0. Eq. (3.21) indi-
cates that the linear increase in —r of the ultimate survival probability is present with
or without oscillations, however, that the amplitude of that increase depends on A. As
far as the frequency v is concerned, the effect of the oscillations on the ultimate survival

is most pronounced for v = =£r,

) r  As 9
tllglo P5<t0, t>|7~<0 = —g + 2—q2 + O(A ), (322)
with the minimum attained if v = r and the maximum for v = —r. It is noteworthy

that Eq. (3.22) no longer vanishes as 7 — 0. The constraints mentioned above, such as

As < r+qy, do not affect this result, as As = ¢o/2 still produces lim tlim Py(to,t)]r<0 =
r—0~ t—00

1/4. Together with Eq. (3.19) this seems to suggest the possibility of a sudden onset

survival, whereby tlim P (to,t) jumps from 0 at 7 — 0 to a finite value.
—00

However, it is crucial in which order limits are taken. Eq. (3.19) remains valid if
r — 0 (tying v = £r) before t — oco. When taken in this order, the ultimate survival

probability is zero at the critical point.

We therefore conclude that the ultimate survival increases linearly and continuously
from 0 for » > 0, Egs. (3.19) and (3.20), to a finite value at r < 0, Eq. (3.21). If the
critical point of the present process is defined as the onset of ultimate survival, then it is
not shifted by the oscillations. Fig. 3.4 shows a comparison of the first-order corrected

survival probability Eq. (3.19) as a function of time to simulation results.

3.4.3 AVALANCHE SHAPE
SHAPE DEPENDING ON TIME OF DEATH T

The (temporal) shape of the avalanche V' (¢,T') is the expectation of N(t) conditioned
to the branching process going spontaneously extinct at some fixed termination time
t =T, ie for all small § > 0, N(T'—6) > 0 and N(T + 6) = 0. Typically, time is
rescaled to 7 =t/T [116].

After suitable normalisation [77| (Chapter 2) the time-homogeneous version of the pro-
cess processes displays a universal, parabolic shape. Not least because of its universality,

the shape has gained some popularity to serve as a fingerprint of a process [56, 143, 5.
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Figure 3.4: Difference between the probability of survival P,(0,¢) at » = 0, Eq. (3.19) with and
without oscillations, for v/s = 7/4 and A € {0.01,0.02,0.05}. The system was initialized with one
particle at time ¢y = 0. Symbols: Simulations results using 3 - 107 trajectories for A = 0.01 and 107
otherwise. Full blue lines: Analytic prediction to first order in A. Full green lines: Perturbation of the
extinction rate, Eq. (3.4) (right ordinate).

As shown in Figure 3.5, the periodic extinction imposes characteristic humps on the
shape. They are of course rooted in the periodic extinction, as an analytical calculation
shows, App. 3.C.3. These oscillations remain visible in the shape V'(¢,7) at all T" and
all ¢, but become particularly vivid whenever the termination time 7' is commensurate
with the period of the oscillations, 27 /v. As we have used our field-theoretic scheme
only to first order, the slight mismatch with simulation results at larger A, such as those
shown in Figure 3.5b, is not surprising. However, at such large amplitudes, the resulting
shape resembles that of recent experimental results, where y-oscillation modulated the
average shape of neuronal avalanches [134]. Furthermore, for larger amplitudes A, the
avalanche shapes are asymmetric, which can be seen particularly well in Fig. 3.5b for
sT = 16.

COMPARISON TO EXPERIMENTS

The mean avalanche shapes, such as in Figure 3.5 can be qualitatively compared to

avalanche profiles recorded in the brain. We reproduce in Fig. 3.6 plots from Miller, Yu
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Figure 3.5: Area-normalised expected avalanche shapes V;(¢,T), Eq. (3.66), for r =0, v/s = 7/4,
(a) sT € {8,16,24} for A € {0.01,0.02,0.05} and (b) sT € {8,16,24,32} for A € {0.1,0.3,0.5}. The
time is rescaled by the termination time 7. The system was initialized with one particle at time ¢ty = 0.
Symbols: Simulation results obtained by averaging over 10% trajectories N(t) with a termination time

sT £ 0.2. Full blue lines: Analytic prediction to first order in A. Full green lines: Perturbation of the
extinction rate, Eq. (3.4) (right ordinate).

and Plenz (2019) (Figure 4(a) in reference [134]), and adapt it by overlaying our ana-
lytical plots from Fig. 3.5b, in accordance with the Creative Commons Attribution 4.0
International License. The data was collected through multielectrode arrays implanted

in three adult nonhuman primates (see [134] for details).

The plots show qualitatively a good agreement between the data and our model. The
general shape and periodicity is captured extremely well. Small qualitative disagree-
ment occurs in the third and fourth plot in the relative heights of consecutive maxima
and minima. This disagreement may be down to higher order correction terms in the
amplitude A.

The figure illustrates that branching processes, which are commonly used to explain

the statistical properties of avalanches recorded in the brain, can be extended to also
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Figure 3.6: Comparison of model to experimental data. Underlying figure (grey, black and red col-
ors) from Miller, Yu and Plenz (2019) [134] , Fig. 4(a), reproduced and adapted under Creative Com-
mons Attribution 4.0 International License. Adaptation: Overlay of blue colors: analytical results from
Fig. 3.5b above. On y-axis, (s) is the mean profile in [134], corresponding to our V(¢,T); on z-axis, du-
ration T from [134] is denoted by time ¢ in our article. Data was collected through multielectrode arrays
implanted in adult nonhuman primates (see [134] for details). Grey lines, single electrode data, black line
mean of array, red mean size-per-timestep.

incorporate neuronal oscillations. Although the observation of non-universal avalanche
shapes questioned the criticality hypothesis of the brain [10, 214, 134], our analyti-
cal results clearly show that criticality is compatible with avalanche profiles that are

modulated by oscillations.

UNIVERSAL PARABOLIC SHAPE

The universal parabolic shape may be recovered by suitably averaging across different
termination times 7. Devising such a scheme in a given numerical or experimental
setting may not always be feasible [211]. Figure 3.7 shows the T-averaged and T-

rescaled expected avalanche shape,

V(r) = S5 Pr(T)V (rT, T)dT
v fol fooo Pr(TV (7T, T)deT'

(3.23)

Varying small amplitudes do not seem to alter this shape and appear to converge to

the universal parabola shape when criticality is approached r — 0.

3.5 DiscussiON AND CONCLUSION

Our discussion is two-fold: First, we focus on aspects of interest to research in stochastic

processes. We then follow with a discussion on the implications for research in the area
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Figure 3.7: Area-normalized expected avalanche shapes averaged over time of death T, V(7),
Eq. (3.23), for r € {107%,1073,1072,107 !}, v/s = 7/4 and A € {0.01,0.02,0.05}. Before averaging,
the time of each avalanche is rescaled by its termination time T". The system was initialized with one
particle at time tg = 0. Symbols: Simulations results obtained by averaging over 107 trajectories N (t).
Full lines: Analytic prediction to first order in A.

of neuronal avalanches.

In this paper, we extend the standard branching process by including time-dependent,
deterministic variations of a reaction rate. While we focus on varying the extinction

rate only, our approach is applicable to any reaction rate in a Doi-Peliti field theory.

Neuronal avalanches can show oscillating behaviour, which we capture with a branching
process model with oscillating extinction rate. These oscillations can be observed in
any moment, of which we present the zeroth (the survival probability), first and second,
and in any correlation function, of which we present the two-time covariance. All of
these observables are calculated exactly. Furthermore, we introduce an approximation
scheme for factorial moments to first order in the amplitude of the extinction rate oscil-
lations. This allows approximating more complicated observables such as the survival

probability and the avalanche shape in the limit of small oscillation amplitudes.

All analytically calculated observables are compared with simulation results from Monte
Carlo simulations. While the exact analytic results match perfectly, we also evaluate

the first-order approximation scheme and find good agreement in the limit of small
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oscillation amplitudes.

Although the extinction rate is unchanged on average, its oscillation leads on average
to a shift in the moments. For example, if the oscillations start with a decrease of the
extinction rate, the expected particle number is always greater compared to the process
without oscillations. Conversely, if the oscillations start by increasing the extinction
rate, the expected number of particles is always lower than without oscillations. Despite
the average shift of particle numbers, the onset of indefinite survival is not shifted by

the oscillations. We therefore conclude that the critical point remains unchanged.

Both subcritical branching processes and neuronal activity show exponentially decaying
auto-correlation functions whose decay rate is independent of the spatial sub-sampling
of the neural network [215]. In particular, if the neural system is close to the critical
point, in the reverberating regime, the exponential decay is slow and can be observed
over more than 100ms even in a single neuron’s activity [215]. As the oscillations in the
neuronal activity can have periods well below 100ms (e.g. in the spindle band), they
should be visible in the data.

Similarly, both the oscillating branching process presented here and recordings of neu-
ronal avalanches show oscillating avalanche shapes [134]. In our model and in the data,
the oscillations modulate the shape and are most pronounced when the avalanche length
is an integer multiple of the period of the oscillations. Surprisingly, these results defy
the assumption that the avalanche shape is universal at criticality. However, when
the shapes are also rescaled and averaged over the avalanche duration, our simulations

indicate that the universal parabola shape is recovered.

In future research, the oscillating branching process should be compared quantitatively
to local field potential recordings of oscillating neuronal avalanches. Thus, the presented
model can contribute to the understanding of neuronal avalanches by rejecting or sup-
porting the branching process picture of signal propagation in the brain. Furthermore,
it would be interesting to find out whether other types of variation of the extinctions

rate, such as random fluctuations, result in similar behaviour.
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3.A EXTENSION OF THE ACTION

The extension of the model consists of making the extinction rate time-dependent.
Hence, in the following derivation, we focus on introducing the new extinction rate and

ignore the branching process.

Let P(n,t) be the probability that there are n particles in the system at time ¢, i.e.

N(t) = n. Then, the master equation for the extinction process only is

%P(n, t)=e(t)((n+1)P(n+1,t) —nP(n,t)). (3.24)
The first step in the derivation of the field theory is the introduction of bra-ket vectors
(n] and |n), respectively, and ladder operators a and a'. The ket vector |n) represents
that there are n particles in the system, while the bra vector (n| project out the state
of n particles, (n|m) = d, ., the Kronecker function. The ladder operator a' creates an
additional particle, i.e. a'|n) = |n + 1), and the operator a annihilates a particle (with
the additional prefactor n) a|n) = n|n — 1). Thus, the entire, probabilistic state of the
system at time ¢ can be represented by a ket vector |M(t)),

(M(1)) = Pn,t)n), (3.25)

which is nothing else than a representation of the probability generating function.

In the next step, following [57], the master equation (3.24) is used to derive a corre-
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sponding equation for the state vector |M(t)),
d T
E‘M(t» = (t) (a — a'a) JM(1)). (3.26)

In the final step, based on work by Peliti [150], equations such as (3.26) can be solved by
a path integral with an action A., where in every normal-ordered compound operator,
a is replaced by a field ¢(¢) and a' is replaced by a field ¢'(), and where an additional
time-derivative term is added:

A= fleo -1 (- 500) + €00 - dwew . G

In general, it is useful to shift the creation field ¢! = 5 + 1. An explanation of impli-
cations of the shift, as well as a more detailed derivation of the path integral can be

found in [147]. Thus, a simpler action is obtained

A= ¢ (—% - e(t)) o(t)dt . (3.28)

The total action

A= / {5 (—% - e(t)) o(t) + iqﬁ%} dt (3.29)

enters the path integral in the form exp(.A) so that field theoretic expectations become

(o) = / exp(A) e DD (3.30)

and are calculated by performing the path integral over the bilinear part of the action
Ao, Eq. (3.2), and expanding perturbatively for the term with coupling spy—€(t), which
is unaccounted for in Ay. In connection with the observation of oscillating neuronal
avalanches, we choose €(t) = spy — Assin(vt) and the perturbative part of the action

becomes Eq. (3.5), giving rise to a perturbation theory in small A.
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3.B  DERIVATION OF MOMENTS

In order to keep a readable, consistent notation, we use the mathematical notation,
e.g. E[N(t)], when we characterize the statistical properties of N(¢). When referring to
field-theoretic calculations, we use the notation common in physics, i.e. (O) for the ex-
pectation of an observable O. Of course, the two are closely related, e.g. {¢(t)¢!(ty)) =
E[N(t)|N(to) = 1] but (6*(t)6'(to)) + (o(t)¢'(to)) = E[N*(t)|N(to) = 1], Eq. (3.32).
Unless stated otherwise, observables are conditioned to the initialization of the branch-
ing process with one particle at time ¢y = 0, i.e. N(0) = 1, routinely omitted in the
mathematical notation. For example, E[N(t)] is short for E[N(¢)|N(0) = 1].

3.B.1 FIRST MOMENT

In the field theoretic calculation, the first moment is calculated as the propagator.

Due to the varying extinction rate the propagator acquires corrections which schemat-

t
ically depicted as diagrams. The red, full lines 2 ! represent the bare propagator
~ /
(d(t2)d(t1))o, while the black dashed lines ending in circles ---o represent correction

terms, where to > t' > t1. In a Doi-Peliti field theory, these diagrams are by convention

read from right to left. The first moment is thus written as follows:

E[N(IN(to) = 1] = (6()6 (o)) = (6(t)6(to))

S gt g T (3.31a)
t

= O(t)e " 1+/5As1n (vt') dt’—i—/sAsm (vt /sAsin(ut”)dt"dt’—i-...

to to

= O(t)e ™" Zﬁ‘ /sAsm (vt
—0

s
4

= O(t)exp —r—l— SAsm vt')

to

(3.31b)
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exactly as expected for an inhomogeneous Poisson process with time-varying intensity
that governs the extinction [111]. For t; = 0, this reproduces the result for E[N ()],
Eq. (3.6b).

3.B.2 SECOND MOMENT

The second moment E[N?(t)] is determined field-theoretically on the basis of the square
of the particle number operator, (a'a)? = (aT)2 a® + a'a, which is easily expressed in

terms of fields ¢! and ¢ once in normal-ordered form,

E[N*(t)] = (¢*(£)6(0)) + ((t)$(0)) . (3.32)
N———

Diagrammatically, the first term is

(6 (1)9(0))= >— (3.33)

which is a convolution in direct time,

(6 (1)5(0)) = 20 / ) (6()6(0)) dr’ (3.34)

0

that can be calculated with the help of Eq. (3.31b) to produce Eq. (3.7).

3.B.3 n-TH FACTORIAL MOMENT TO FIRST ORDER

We define the n-th factorial moment of N(¢) [77] (Chapter 2) as the function

galto ) = (6(8)'0(ts) ) = 910 (to.1) + Ag(to. 1) + A%D(t0, ) +...  (3:39)

where the additional extinction —Asin(vt), Eq. (3.4), is dealt with perturbatively about
A = 0. The zeroth-order correction 97(10) (to,t) corresponds to the sum of binary tree
diagrams with one in-coming leg and n out-going legs. Since the zeroth-order correction
does not include any perturbation in the extinction rate, the process is homogeneous in

time and, therefore, it does not depend on the initial time ¢y, but rather on the amount
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of time t — .

In [77] (Chapter 2), the function gt (to,t) was derived from the following forest (mean-

ing it contains a sum of tree-like diagrams)

n mas
(0) -~ n -
ot )=y Y ( ) 2 (3.36a)
=1 ml,--.,mz:l m1, P 7mf
my
n—1
£Tl!eiT(t*tO) <% (1 . efr(tfto))) ) (336b)

This zeroth-order correction satisfies the identity

u n
" (10,1 zg;» S T S G R LI

' mi1=1,....mpy=1

which can be obtained by choosing an arbitrary time ¢ € [to,t] when a diagram has
¢ legs, cf. Eq. (3.39a), and reconstructing the entire forest. As the left-hand side of
Eq. (3.37) does not depend on ¢’ it might be tempting to differentiate with respect to

', but for our purposes the sum
Y n 0 / 0 /
to’ Z&t K' Z <m1 me)‘q?(nz@o’t)”'g?(nz(to’t)
mi=1,....,my=1 ’ ’
(3.38)

will prove particularly useful.

We proceed with the construction of the first order correction qu(zl)(t) of g,(t). This
correction contains the external perturbation dt’Assin(vt’) once in each diagram. It

needs to be attached to every tree diagram at time t’, as indicated by the vertical dotted
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line in the diagram below,

n (0) t" t" dt//
(" )20 500.07
(3.39b)

where the last identity is obtained by the substitution ¢” = ¢ — ¢’ and using the time-
homogeneity géo) (to,t) = géo)(O, t —ty). Defining the sum

n
S(t—to, ") Zégg (0 t=to=t")5 <m1 W)gﬁ,i)i(o,t”>---gﬁﬁ(o,t”),
N\

(3.40)
the first order perturbation can be written as
t—to
g (Lo, t) = s/ sin(v(t —t))S(t — to, t")dt" . (3.41)
0

The sum S(t —ty,t"), Eq. (3.40), would be equal to g )(to, t), Eq. (3.37), was it not for
the factor £ in front of géo)(O, t —to—t"), corresponding to the ¢ legs at time ¢’ to choose
from to insert the external perturbation. Nevertheless, the summation Eq. (3.40) can
be carried out by using g,go) of Eq. (3.36b) as a generating function. The term égéo) (to,t)

can be obtained from the time-derivative of the function g’ (to,t) in Eq. (3.36),

0 (0) fe(t—to) _ |

_ .0
Egﬂ (to, t) = Tgé (to, t) m s (342)
which produces the identity
(0) T(t*to) (0) 1 *'f'(t*to) a (0)
lg,” (to,t) =€ g, (to,t) + . (1 —e ) Egﬁ (to,t) | - (3.43)
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Rewriting Egéo)((), t—ty—t") = Egéo) (to+1t",t) in Eq. (3.40) in terms of %géo) (to,t) and
multiples of géo) (to, t) according to Eq. (3.43) allows the summation to be carried out,
using Eq. (3.37) and Eq. (3.38), which eventually gives

" (0) e_TtH — et
St — to, ") = g0, — o) (1 =D ) , (3.44)

and therefore Eq. (3.12). For what follows, this is best re-written as

9 (to,t) = 9 (t0,) (ulto, ) + (n = Lyo(to, 1)) (3.45)
with
u(t, t) = 8/0 ) Osin(l/(t —t'))dt’ = ;(cos(mfo) — cos(vt)) (3.46a)

tfto‘ , efrt’ _ efr(tfto) ,
v(tg, t) = 5/0 sin(v(t —t')) = dt

S 1
= m [;6 (t to)(COS(Vt) — COS(Vto))
: —r(t—t :
e (r sin(vt) — v cos(vt) + e ") (1 cos(vtg) — rsm(ut@))] :
(3.46b)

3.C FURTHER OBSERVABLES
3.C.1 COVARIANCE
The covariance is defined as

Cov(N(t1), N(t2)) = E[N(t1)N(t2)] — E[N(t1)|E[N(t2)], (3.47)
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where all expectations are conditioned to N(0) = 1. In the field theory, the term
E[N(t1)N(t2)] is calculated as

E[N ()N (t2)] = (¢(tmax)® (tmin) S (tmin) 6 (0))
(6 (tinae) D (tinin) D(0)) + (D (tinase) D (timin) D (tmin ) (0)), (3.48)

where tya. = max{ty,to} and ty;, = min{ti,fp}. The first term of Eq. (3.48) is a
convolution similar to Egs. (3.33) and (3.34),

tmax

(Dl ai)FO)= >

tmin

=20, [ (6ltmad0)) (Sltain)(®)) (6050 ) a8, (309

>

while the second term is a product of two first moments,

<¢(tmax)¢(tmin)¢<tmin>§b(0)>£ tmax tmin 0
- <¢(tma")$(tmm)> <¢(tmin>5(0)> : (3.50)

At t; = t5, when <¢(tmax)¢(tmin)> =1, Eq. (3.48) recovers Eq. (3.32).

3.C.2 PROBABILITY OF SURVIVAL TO FIRST ORDER

The survival probability Ps(to, ) is determined via the probability P(N(t) = 0|N () =
1) = 1 — Ps(to,t) that the system contains no particles at time ¢. Field-theoretically
that is (exp(—¢(t)) ¢'(to)) [77, 147] (Chapter 2) so that

Py(to, t) =1 — (e7Og1 (1))

s waten)

n!

NE

(=)

n!

gn(to,1) . (3.51)

(e .

1

3
Il
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To zeroth order the summation is easily carried out, since g (to,t), Eq. (3.36b),
may be written as g,(to,t) = nlaf" ! with a = exp(—r(t —ty)) and S = ¢2(1 —

exp(=r(t —t0)))/r,

(T, 1) = «v A 3.52

(tot) =a 39" +04) = 5 +0(4). (352
as shown in Eq. (42) in [77] (Chapter 2). Using the first-order corrected g, (to,1),
Eq. (3.45), the summation does not change significantly as far as the term Au(to, 1)
is concerned, but A(n — 1)v(ty,t) requires some additional work. Recognising that
Eq. (3.52) is effectively a generating function, the required sum is easily obtained from
Eq. (3.52),

Py(to, 1) = ﬁ(l + Au(to,t)> 8% ko) (3.53)

opl1+p
To reduce clutter, we expand u(ty,t) and v(to,t) only for the specific case of t, = 0.

Using
exp(—rt)

PO0,t) = 1+ 2(1 — exp(—rt))

(3.54)

for the zeroth order approximation, the survival probability to first order reads

1 gar
Z 4 PO H—2
, T (’)(r2+v2)y

— cos(vt) G + P(0, t)% G - exp(—rt)y(r2 + lﬂ)))

— sin(vt) <P§O>(o,t) © ) } +0O(4?) . (3.55)

exp(—rt) (r2 + v?)

P,(0,t) =P9(0, t){l + As

3.C.3 AVALANCHE SHAPE TO FIRST ORDER

In |77, 147] (Chapter 2), it is shown that the avalanche shape (temporal profile) of a

branching process can be related to the incompletely normalised average

E[N(t); N(T) = 0[N (to) = 1] ZNP = N,N(T)=0[N(ty) =1), (3.56)
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which is the average population size N at time t taken over the joint probability
P(N(t) = N,N(T) = 0|N(to) = 1) of having size N at time ¢t and size 0 at time
T, conditioned to having size 1 at time ty,. This quantity is easily captured in the field
theory,

E[N(t); N(T) = 0[N (to) = 1 (3.57)
— (Mg} (1)6(1)6 (t0))

= (omat)) + 3 < (6(@)6(0310)) + (6" MIDGD10)) ) .

n=1

Using identities (B2) and (B3) of [77] (Chapter 2) in the form

<¢"<T>¢<t>5<to>>:2 > ) (mnm)

1
X 9m, (t, T) RN gmk (t, T)gk+1(t0, t)g (358)

(6" (D)3(1)6()d (ko) ) = > (ml, N ,mk)

X Gmy (tv T) <o Gmy, (ta T)gk (to, t)

i ! G (359

and writing g, (to,t) = nlaf" ! and g,(t,T) = nlab"™!, Eq. (3.57) can be written at

A = 0 after some tedious algebra

S =E[N(t); N(T) = 0[N (to) = 1

a(l+5)
SOTAREEIL] [

To zeroth order in A, we recover the result in [77] (Chapter 2) with o« = exp(—r(t — to)),
f=2(1—exp(—r(t—ty))), as used in Sec. 3.C.2, as well as a = exp(—r(T" —t)) and
b= 2 (1—exp(—r(T —1t))). To incorporate the first-order correction, we adjust o, /3,
a and b so that g,(to,t) and (N(t), N(tp) =1, N(T') = 0) can be calculated order by

_ ax
1+b(1+ %)
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order via generating functions. Defining

a=e TN (1+ Ay, (3.61a)
8= % (1- e_"(t_t‘))) 21, (3.61b)
a=e"T(1 4 Ay), (3.61c)
b= (1T (3.61d)

r

and the generating function G = nla" !, we recover g,(to,t) to first order according
to Eq. (3.45) in the form

gnlto, 1) = {9’ +A< o)y + “O’”gzgl)}

and using the generating function S as defined in Eq. (3.60), similarly for the avalanche

O (A2 3.62
A1=0,21=1 * ( ) ’ ( )
shape,

25 05 08
aa, Tt Dgg +ultet)5—

+0 (A% . (3.63)

E[N (£): N(T) = 0[N(to) = 1] = {s A ( (t0.1) 25

roe )5 ) |

At this point, it is worth noting that Eq. (3.63) is a general expression whose depen-

A1=0,21=1,A2=0,22=1

dence on the time-dependent extinction rate lies in the functions u and v. Hence, this
expression of the avalanche shape holds for different time-dependent extinction rates
as long as u and v are calculated along the lines of Eq. (3.46) As indicated earlier, the
expression in Eq. (3.63) is the expectation of N over the joint probability of N(t) = N
and N(7T') = 0. This includes all trajectories that become extinct before time 7. To
calculate the avalanche shape of those instances that become extinct exactly at time T,
we need the expectation of N(t) conditioned to N(T) =0 and N(t) >0 for t < T,

V(t,T) = E[N@t)|N(T >t > to) > 0, N(T) = 0, N(t,) = 1]. (3.64)

Assuming d7" > 0, those trajectories that have N(7 + d7T") = 0 but N(T') # 0, have
the desired feature of going extinct precisely at time 7". Since N(7') = 0 implies N (T +
dT") = 0, the shape V(¢,T) is equal to the expectation E[N(t); N(T) = 0|N(ty) = 1]
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differentiated with respect to T', and normalised by the probability density of extinction

at exactly time 7T,

arBIN (1) N(T) = 0[N (to) = 1]
—4p(0,7) ’

V(t,T) = (3.65)

which can be calculated to first order in A by using Egs. (3.55) and (3.63). However,
numerically it is much easier to normalise the avalanche shape V' (¢,T") by the area under
its curve

V(t,T)

hieT) = fol V (T, T)dr (3.66)

which is what is shown in the plots in Figure 3.5.
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OVERVIEW The branching random walk is a branching process embedded in space,
where each particle diffuses following a random walk. This process models for instance,
the spreading of an infection in space [61]. We are interested in questions such as
how does the volume explored by the infection evolve in time, or whether it is affected
by finite-size effects, and how it depends on the topology of the embedding space.
Since a diffusive particle may visit the same site infinitely many times, calculating the
explored volume can be very challenging. To avoid double-counting, we introduce a new
species: immobile tracer particles. These are deposited by diffusive particles whenever
they visit a site for the first time. Because each site can be occupied by at most one

tracer particle, these interact with each other through volume-exclusion interactions.
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The explored volume and higher moments are then equivalent to correlation functions

between mobile particles and immobile tracer particles.

Author contributions: IB and GP wrote the paper. SA wrote the algorithms for
lattices of dimensions 2, 3, and 5, and networks. RGM wrote the algorithm for the 1
dimensional lattice. RGM and BW wrote the fitting routines. SA, RGM, BW and IB
analysed the numerical results with support of GP NW contributed to the extension of
the theory to general graphs. All authors worked on the theory, read and approved the
manuscript.

ABSTRACT

Branching processes are used to model diverse social and physical scenarios, from ex-
tinction of family names to nuclear fission. However, for a better description of natural
phenomena, such as viral epidemics in cellular tissues, animal populations and so-
cial networks, a spatial embedding—the branching random walk (BRW)—is required.
Despite its wide range of applications, the properties of the volume explored by the
BRW so far remained elusive, with exact results limited to one dimension. Here we
present analytical results, supported by numerical simulations, on the scaling of the
volume explored by a BRW in the critical regime, the onset of epidemics, in general
environments. Our results characterise the spreading dynamics on regular lattices and
general graphs, such as fractals, random trees and scale-free networks, revealing the
direct relation between the graphs’ dimensionality and the rate of propagation of the
viral process. Furthermore, we use the BRW to determine the spectral properties of
real social and metabolic networks, where we observe that a lack of information of the
network structure can lead to differences in the observed behaviour of the spreading
process. Our results provide observables of broad interest for the characterisation of

real world lattices, tissues, and networks.

4.1 INTRODUCTION

Modern models of disease propagation incorporate spatial interaction by allowing a
pathogen to be passed on only to the neighbours of an infected host [64, 146]. A virus

may multiply at a host cell and then infect any of the neighbouring ones at random
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Figure 4.1: Tracing the path. a, The active walkers, Hansel and Gretel, leave a trace of bread-
crumbs along their way to mark the path they have taken. Birds slowly remove the breadcrumbs, as if
they were subject to decay (regularisation, see main text). b, Time evolution of branching random walk-
ers (red) and the cloud of visited sites on a 3d regular lattice at times t; ~ 102, to ~ 10, and t3 ~ 10%.
Scale bars are equal for all time points.

[171]. The total number of infected cells therefore corresponds to the number of distinct
sites visited by a branching random walk (BRW) [61], also referred to as the Branching
Wiener Sausage [138, 15]. In this process active random walkers spontaneously produce
descendants that carry on hopping from site to site. At the same time, the walkers are
subject to spontaneous extinction, for example, by immune-response, healing or decay.
The average number of descendants produced during any of these events, branching
and extinction, is known to control a transition from a subcritical phase, where the
disease ultimately infects only a finite number of sites, to a supercritical phase, where
the exponential growth of the virus eventually engulfs almost all available tissue [99].
The expected fraction of distinct sites visited or the size of the epidemic outbreak can

be seen as the order parameter of the process.

The characterisation of the distribution of distinct sites visited by a BRW is a long-
standing problem of branching processes and random walk theory [172, 61, 163]. Exact
results have been obtained for one-dimensional systems [163]. However, extending such
results to higher dimensional lattices and networks is met with major technical obsta-

cles, some of which have been addressed over the past decade [61, 120, 121].

In the present work, we characterise analytically and, to confirm our findings, numer-
ically the epidemic spreading in general graphs, including regular lattices, fractal, and
artificial and real complex networks, at the onset of epidemics. At this point fluctuations

are of crucial importance, dominating the dynamics.
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4.2 'THE MODEL

We model the epidemic as a Poisson process by considering a reaction-diffusion system
of a population of active (mobile, branching, spawning) walkers that hop from their
current location x on a graph to any adjacent site y with rate H, and have occupa-
tion numbers ny. Walkers are further subject to two concurrent Poisson processes,
namely extinction with rate e and binary branching with rate s, thereby producing

descendants, which are indistinguishable from their ancestors.

To extract the number of distinct sites visited, we introduce an immobile tracer particle
species with occupation numbers my. They are spawned as offspring by the active
walkers with rate v at the sites they are visiting, thereby leaving a trail of tracers
behind, similar to the breadcrumbs left by Hénsel and Gretel [93], Fig. 4.1la. We
impose the constraint that at most a single tracer can reside at any given site, which
means that the spawning of a tracer is suppressed in the presence of another tracer. It
is that suppression that generates significant complications from the point of view of
the stochastic process. Yet, only with this restriction in place is the number of tracers a
measure of the number of distinct sites visited by the walkers, as pictured by the cloud
of visited sites in Fig. 4.1b.

There is no interaction between active and tracer particles, other than at the spawning
of immobile tracers by active walkers. In principle, the spawning (attempt) rate v has
to diverge in order to mark every single site visited by the walkers. However, it turns
out that this limit is irrelevant as far as the asymptotic features of this process at large

system sizes and long times are concerned [138].

By definition, the sets {n} and {m} of occupation numbers n, and my, respectively,
for each site x of a given graph, are Markovian and a master equation can be written
for the joint probability P({n}, {m};t) to find the graph in a certain configuration of

occupation numbers at time ¢
P =Ps+ P+ Po+Pu+P,, (4.1)

where P corresponds to the time derivative of the (joint) probability P({n}, {m};t),
and the terms on the right-hand side, P, = P,({n}, {m};t), indicate the contributions

from branching s, extinction of active walkers e and tracer particles €', hopping H and
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Figure 4.2: Distinct sites visited on regular lattices. Scaling of the moments of the numbers
of distinct sites visited in time (left) and system size (right) for a, 1d, b, 2d, ¢, 3d, and d 5d regular
lattices. Solid black lines represent the theoretical exponents given by Eq. (4.2) for d < 4, and Eq. (4.3)
for d > 4. Simulations parameters: H = 0.1, s = e = 0.45, ¢ =0, and v — co.
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deposition ~, respectively (see Sec. 4.A for details). We constructed a statistical field
theory from the master Eq. (4.1) using the ladder operators introduced by Doi [57]
and Peliti [150] (methods Sec. 4.6.1). To regularise the propagators of the immobile
particles in the field theory, we allow for the extinction of immobile particles with rate €
in Eq. (4.1), not dissimilar to the birds that foiled Hansel and Gretel’s plans (Fig. 4.1a).
The propagators for active and tracer particles do not renormalise, and the limit ¢ — 0
is taken before any observable is evaluated. Through field-theoretic renormalisation in
dimensions d = 4 — ¢ we can then determine the exact scaling behaviour of the number

of distinct sites visited by the walkers.

The branching process described by Eq. (4.1) has three regimes, as becomes evident
in the field-theoretic formulation, where a net extinction rate r = e — s appears. This
net extinction rate is not renormalised in the field-theory and therefore no mass shift
appears. The BRW is subcritical for » > 0, critical for » = 0 (onset of epidemics)
and supercritical for » < 0. Hereafter, we focus on the critical case, where fluctuations
dominate the dynamics, and the behaviour becomes unpredictable and highly volatile.
Furthermore, for both analytical and numerical computations we consider the initial
condition of a single walker at ¢ = 0. Extensions to different initial conditions are

straight-forward.

4.3 RESULTS FOR REGULAR LATTICES

Following the field theoretic approach (details in Secs. 4.6.1 and 4.B) of the bulk critical
behaviour in the continuum limit, where hopping is replaced by diffusion by introducing
a diffusion constant D, we find that in the thermodynamic limit at long times ¢, the
expected number of distinct sites visited or the volume explored, (a) (¢, L), scales like
(@=2)/2 in dimensions d < 4. In dimensions d < 2 this volume remains finite in large ¢.

The scaling of the p-th moment of the number of distinct sites visited follows,

(aP) (t,L) < t®P=2/2 for Dt < L? (4.2a)
(aP) (t,L) oc L2 for Dt > L? (4.2b)

in d < 4 provided that pd — 2 > 0. The gap-exponent [153] of (a?*!) /(a?) for the

scaling in L, which can be thought of as the effective dimension of the cluster of visited
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parameters: H = 0.1, s=e =0.45, ¢ =0, and v — cc.

sites, is therefore d in dimensions less than d. = 4. These results describe the numerical
observations on regular lattices in dimensions d = 1,2, and 3 (see Sec. 4.6.2, as shown
in Figs. 4.2a, 4.2b, and 4.2c, respectively, where, after an initial transient, the moments
scale according to Eq. (4.2) in time and system size (see Tabs. 4.1 and 4.2). The
process is free beyond d. = 4 dimensions, where the probability of any walker or any
of its ancestors or descendants ever to return to a previously visited site drops below

unity, and the scaling becomes independent of the dimension,

(aP) (t,L) o< t**~' for Dt < L? (4.3a)
a’) (t, L) B or t> .
PY(t,L) oc L**"? for Dt>> L 4.3b

with logarithmic corrections in d = d. = 4. The gap-exponent in dimensions greater
than d. = 4 is thus 4, as confirmed by numerical observations in dimension d = 5

(see Fig. 4.2d and Tab. 4.2). As correlations become irrelevant, this is usually referred
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to as mean-field behaviour. The set of sites visited may thus be regarded as a four-
dimensional object, projected into the d-dimensional lattice considered. Focusing on
dimensions below d. = 4, the distribution of the number of distinct sites visited, a,

follows a power law,

P(a) = Aa~ Y9G (a/a,) (4.4)

with metric factor A and cutoff a, ~ (Dt)¥? for Dt < L? and a. ~ L? otherwise. These
results show how increasing the dimensionality of the lattice promotes the appearance

of larger events, evidencing the relevance of dimension on the spreading.

In dimensions d > d. = 4 the resulting scaling of the distribution is that of Eq. (4.4) at
d = 4, where the probability distribution decays like a=%/2. Numerically, we recorded,
for each realisation, the total number of distinct sites visited by the process in order to
construct the distribution, P(a), of sites visited. The numerical results coincide with

our theoretical predictions, as shown in Fig. 4.3a.

The exponents found above for d = 1 are in agreement with the exact solution by
Ramola et al. [163], where P(a) decays as a=>. In two dimensions the power-law tail

2

decays as a—*, which coincides with the decay of the 2d convex hull area distribution

[61].

4.4 EXTENSION TO GENERAL GRAPHS

In the field theoretic approach followed to find the scaling in Sec. 4.3 the spatial di-
mension of the lattice enters only in as far as its spectral dimension is concerned, which
characterises the density of eigenvalues of the Laplace operator on the graph given. Our
results extend naturally to all translational invariant lattices and graphs, by replacing
the dimension d of the lattice in Egs. (4.2), (4.3) and (4.4) by the spectral dimension d;
of the graph, as detailed in Sec. 4.E. This holds true more generally as long as the lattice
Laplacian itself does not undergo renormalisation, i.e. in the absence of an anomalous
dimension [25]. In the study of networks the number of nodes N, is a more natural

measure of the size of the network than the linear size L. Using L ~ N'/% we can write
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Figure 4.4: Scaling on general graphs on a, the Sierpinski carpet, b, random tree and, c, preferen-
tial attachment networks. The top row shows representative states (full Sierpinski carpet shown on inset),
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scaling of moments of the number of distinct sites visited as a function of time, and linear system size
(inset), or number of nodes, in the case of networks. The solid black lines represent the predicted scaling
from Egs. (4.5). Simulation parameters: H = 0.1, s = e = 0.45, ¢ =0, and v — .

the scaling of the BRW in time and number of nodes as

(aP) (t,N) oc t®P==2/2 for Dt < N (4.5a)
(aP) (t,N) oc NP=2/4) for Dt > N2/ (4.5b)

Here, the gap-exponent for the scaling in number of nodes is always unity. This ex-
tension to graphs allowed us to predict the behaviour of the BRW spreading in both
artificial networks relevant for social and biological sciences, and complex systems in
general [7, 2, 146, 200], as well as real networks. To illustrate this, we considered first
the Sierpinski carpet (SCs) (Fig. 4.4a, methods Sec. 4.6.2), and random trees (RTs)
(Fig. 4.4b and methods Sec. 4.6.2). Both of these graphs are widely applied in the
context of porous media [218] and percolation [126], and have known spectral dimen-
sion: ds ~ 1.86 for the SC [201], and ds = 4/3 for RTs [49]. Considering Eq. (4.2)
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with d = d;, for the SC, and (4.5) for the RT we obtain accurate predictions for the
spreading dynamics as confirmed by numerical simulations, Figs. 4.4d and 4.4e. These
theoretical predictions extend also to the distribution of visited sites (see Fig. 4.3b), by
setting d = d; in (4.4).

Furthermore, we studied the BRW behaviour on a class of scale free networks [6].
Since their introduction, scale free graphs have been observed to describe a plethora
of natural phenomena, including the World-Wide-Web [7], transportation [95], and
metabolic networks [107], to name but a few. We considered a preferential attachment
scheme 6] (Fig. 4.4c, see methods Sec. 4.6.2), to construct networks with power-law
degree distribution (Fig. 4.6). The existence of a finite spectral gap in these networks,
which indicates slow decay of return times [170, 133], suggested that the BRW process
is bound to exhibit mean-field behaviour, i.e. d; > 4. This was confirmed by numerical
simulations, where the probability distribution of visited sites (Fig. 4.3b) has a power-
law decay with exponent —1.52(2) ~ —3/2, and the scaling in time and system size
(Fig. 4.4f and Tab. 4.1) follow mean-field behaviour as predicted by (4.5) for ds = 4.

The spectral dimension gives information on the behaviour of dynamical processes on
graphs. Here we use the BRW to characterise real-world networks through the power-
law decay of the distribution of visited sites P(a), which according to Eq. (4.4) is
a~(1+2/ds) provided dy < 4. For example, the BRW exhibits near mean field-behaviour
on a subset of the Facebook network, which has been characterised as scale-free [198].
Hence, we derived a large effective (spectral) dimension, d; = 3.9(1), indicating a fast

spreading of the viral process in this network (see Fig. 4.5).

We should emphasize that the spectral dimension is sensitive to changes in network
topology and connectivity. To exemplify this we have considered two publicly available
datasets for the yeast protein interaction network (see Fig. 4.5). We found that even
though both network describe subsets of the same biochemical network, namely the
complete yeast protein interactome, the spectral dimensions in both cases are signifi-
cantly different, d; = 3.0(1) for the network with N' = 1870 nodes [106], and ds = 3.8(1)
for the larger network of N = 2559 nodes [74], leading to differences in properties of
the spreading process among the two. The discrepancy points to differences in the con-
nectivities of both networks and shows the importance of having access to the complete
network in order provide a reliable analysis of its properties, which may have biological
implications [97, 186].
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Figure 4.5: Probability distribution of number of distinct sites visited P(a), for the Face-
book network (L = 63730 nodes) [198], and yeast protein interaction networks with L = 1870 [106],
and L = 2559 nodes [74]. The data was obtained from simulations of the BRW on each graph, with

parameters H = 0.1, s = e =0.45, ¢ =0, and v — co.

4.5 OUTLOOK

The results presented above for the binary branching process, where walkers branch
into exactly two new walkers, apply equally to more general branching processes, where
the number of offspring in each birth event is given by a distribution (for details see
Sec. 4.D). This can be seen, for example, in real-world scenarios where a single infected
individual or device infects a whole neighbourhood around them, or in the case of signal
propagation in protein networks, where the activation of one node (or chemical reaction)

can in trun activate a whole fraction of its neighboring nodes.

While the scaling behaviour does not depend on the initial position xy of a walker,
provided it is located in the bulk and remains there as the thermodynamic limit is
taken, the field theory has to be adjusted to account for more complicated boundary
conditions [138| or the walker starting close to any such boundary. It may also be
interesting to consider the case of initialising each site with an independent Poisson
distributions of walkers [29].

The approach followed in the present work provides a quantitative measure to explore
and determine the spectral dimension of artificial and real networks. This is of particular
interest when the spectral dimension is greater or equal to 2, where the traditional

approach of exploring graphs, based on simple random walks [180, 133], fails. When
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simulating the BRW we made the observation that robust scaling is more easily obtained
on small lattices if the hopping rate H is clearly smaller than the rates of branching s
and extinction e. For large values of the hopping rate particles leave the system during
the initial transient, as seen in Fig. 4.2, thus boundary effects appear before any robust
scaling can be observed. In graphs such as the PA network (Fig. 4.4), that does not
have any boundaries, these artefacts are much less pronounced. In summary our results
shed new light on the properties of spatial branching processes on general graphs, and
their applicability in the study of real complex networks, and provide observables of

broad interest for the characterisation of real world lattices, tissues, and networks.

4.6 METHODS

4.6.1 FIELD THEORY OF THE BRW

In order to derive the main results for the scaling of distinct sites visited by the BRW
(Sec. 4.3) we work along established lines [190], casting the master equation in a field
theory of the annihilation fields ¢(x,t) and 1 (x,t) for the active and the immobile

particles, respectively, and of the corresponding (Doi-shifted) creation fields ¢(x, t) and

¥ (x,t). The governing Liouvillian £ = Ly + £, consists of a harmonic part,

Lo(¢,%, 9, 0) = =D + DIV2 — 1o — Y — €9ip + T, (4.6)

and a non-linear part,
L1(,%, 9, 0) = 5020 + 0dd — Mbd — EP* b — rhibdd — X2, (4.7)

where we have taken the continuum limit. The space and time integrated Liouvillian
produces the field-theoretic action A = [ d?zdt £, whose exponential e enters into
the path integral formulation. The couplings in the Liouvillian are related to the rates
in the master equation as follows: D is a diffusion constant D = HAz? where Ax

is the lattice spacing, and H oc Az~2

when the limit Az — 0 is taken, in order to
maintain finite diffusivity. At bare level the non-linear couplings, with the exception of
the branching rate s, are equal to spawning rate v, ie. T=0=A=§ =Kk = x = 7.

This follows from translating the master Eq. (4.1) into field-theoretic language (see
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Sec. 4.A for details).

At the same time the net extinction rate r = e—s, the field-theoretic mass of the walkers,
has to be kept finite. In this parameterisation, there are three regimes, as described in
the main text: a subcritical one for r > 0, a critical for » = 0 and a supercritical for
r < 0. In the field theory, all large scale (infrared) phenomena will be controlled by
r — 07, which corresponds to the onset of epidemics, the limit studied in this work. The
mass of the tracers, ¢/, serves merely as a regularisation, and is removed by taking the
limit ¢ — 0. The bare transmutation rate 7, corresponding to 7 on the lattice, and the
bare branching rate s of the active particles (s on the lattice) are the two processes that
we expect will govern all infrared behaviour in all dimensions and are therefore assumed
to be dimensionless. These two choices determine the engineering dimension [189] of all
other bare couplings, resulting in &, k and x being infrared irrelevant. Together with A,
these four couplings are due to the suppression of the spawning of tracers when a site is
occupied already. At the upper critical dimension, d. = 4, the coupling A is marginally
relevant, being infrared irrelevant above and relevant below. The minimal subtraction

scheme [189] we have used will produce results in terms of ¢ =4 — d.

The Liouvillian constructed above is the object that allows the exact calculation of the
scaling exponents of the p-th moment of the volume explored by a branching random
walk (aP) (t, L), in time ¢, and linear system size L. Initialising the system at time
to = 0 with a single active walker at position x, field-theoretically implemented by the
creation field ¢(xo,0), the ensemble average (a) (¢, L) of the volume explored by the
BRW is determined by

@ t.L) = [l (vx.030x0,0). (43

where the density of tracers particles at position x and time ¢ > 0 is measured by
(x,t) and integrated over all space. Similarly [138], higher moments are dominated

by integrals of the form

(@) (1, L) ~ / A, %y (0.1) . 01, D3(x00) ) (4.9)

or equivalently, by evaluating the Fourier transform at spatial momentum k = 0. These

are functions of the couplings introduced above, but to leading order not of the walker’s
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initial position xg, provided it is located in the bulk. We implement this numerically
by always placing the walker initially at the centre site of odd-sized regular lattices, see
Sec. 4.6.2. The average (e) introduced on the right hand side of Eq. (4.8) correspond
to the path integral

(%) (1, 1)(x0, 0) ) = / DII (4, 1) . . . (%1, 1) p(x0, 0)) /=€ (4.10)

which measures the p-point correlation function of tracers at (x;,t), ¢ = 1,2,...,p in
response to the creation of a walker at (xq,¢ = 0). Here, the integration measure is
DIl = D¢ Dg Dy D@Z . Field theoretic renormalisation in dimensions d = 4 — ¢ then
allows us to derive the scaling of the number of distinct sites visited (see Sec. 4.B for

more details).

4.6.2 NUMERICAL IMPLEMENTATION

In the numerical implementation, an active particle is allowed to diffuse by hopping
from the site it resides on to a nearest neighbouring site with rate H, branch with rate
s by placing an identical offspring at the present site or become extinct with rate e.
Each distinct site visited is recorded, equivalent to taking the limit v — oo in the theory.
The instantaneous number a(t, L) of distinct sites visited up to time ¢ is therefore the
number of sites recorded. Parameters were chosen such that H + s +e =1, H was set
to 0.1, and e = s = 0.45. If M walkers are present in the system at a given time the
waiting time for the next event (hopping, branching or extinction) is determined by
—1In(1 — w)/M where [0,1) > u ~ U(0, 1) is a uniformly distributed random variable.

For every lattice size we performed 10° — 10 realisations of the process.

REGULAR, INTEGER-DIMENSIONAL LATTICES

The regular lattices studied here are hypercubic d-dimensional lattices, characterised
by their linear size L = 2™ — 1, m > 4, which is chosen to be odd so that it contains a
well-defined centre site, on which the single active walker is initially placed. To study
finite-size scaling, absorbing boundary conditions were applied. However, we observed
that the boundary conditions have no effect on the scaling (data not shown). The

numerical results were fitted to a power-law as described in Sec. 4.F, to obtain the
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values in Tabs. 4.1 and 4.2.

SIERPINSKI CARPET

The Sierpinski carpets were constructed from two dimensional lattices of linear dimen-
sion 3™, m > 2. The lattice was divided into 32 equal sub-squares each of size 37!,
the central square was removed, leaving 32 — 1 sub-squares. The procedure is iterated
over the remaining sub-squares. The spectral dimension of the Sierpinski carpet has
been estimated to be ds = 1.86 [201, 43]. A random point around the central hole of

the fractal was used as the initial location of the walker in every realisation.

RANDOM TREES

The critical random tree networks [48] were constructed as a critical Galton-Watson
process, where every node has either 0, 1, or 2 descendants, such that the mean degree
of the network is 2. We generated networks with 26 — 2!2 nodes. These graphs have
no closed loops. The spectral dimension of the random tree ensemble is ds = 4/3 [49].
For every realisation of the process, a new random tree was generated, and a node was

selected at random as the starting location of the initial walker.

PREFERENTIAL-ATTACHMENT NETWORK

A preferential attachment (PA) network is a class of scale-free networks, characterised
by a power-law degree distribution. We followed the Barabasi—Albert model of prefer-
ential attachment |6] initialised with a single node to generate networks with 212 — 219
nodes. The networks have power-law degree distribution with exponent —2.9 and mean
degree (k) = 6.3 (see Fig. 4.6). For every realisation of the process, a new network was
constructed, and a node was selected at random as the starting location of the initial

walker.
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4.A  MASTER EQUATION FOR THE BRANCHING RANDOM WALK

In the following we describe the contributions to the master Eq. (4.1) from each of
the processes the branching random walk comprises. The contribution to the master
equation for the joint probability P({n}, {m};t) from the spawning of immobile tracer
particles by active walkers must take into account the finite carrying capacity mq of
each lattice site. To account for a finite carrying capacity an effective deposition rate
is introduced that decays linearly with the number of tracer particles already present
at the site of interest [138], B

et = ymom—;"". (4.11)
To study the number of distinct sites visited myg is set to 1. With this constraint in
place, each site visited is marked with a tracer particle at most once, so that their total
number is that of distinct sites visited by the BRW. With these considerations, the

contributions to the master equation from deposition of tracer particles read
Py({n}, {mbst) =2 > (1= (me = D)nP({n} £ omo = 1, }i)
— (1= mancP({n}, {m}; 1)), (4.12)

where n, and my correspond to the number of active and immobile particles at site

x. The sum > _ runs over all lattice sites. The contribution from branching of active
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walkers reads

Pul{n} m};t) = s> ((nx —D)P{...,nx—1,.. .}, {m};t) — nP({n}, {m}; t)).
) (4.13)

The contributions from extinction are

P.({n},{m};t) = ez ((nx +DPH....,nx +1,...},{m};t) — nxP({n}, {m}; t)>

(4.14)
for active particles, and

Po({n}, {m};t) = ¢ Z ((mx + 1DP({n}, {....,mx+1,...};t) — mxP({n}, {m};t))

(4.15)
for immobile particles. Finally, the contribution to the joint probability from the hop-

ping of active walkers reads

Pu({n}, {m}:1) = ZZ(ny—i—l e — 1, ny +1,..), {m)i )

X y.nn.x

— e P({n}, {m}; t)>, (4.16)

where the sum ) runs over all ¢ nearest neighbouring (nn) sites y of x.

y.nn.x

Combining the contributions from all the subprocesses, the master equation for the
joint probability P = P({n}, {m};t) reads

7j:7js+7jg+7je’+7jH+7j'y (4]‘7)

as shown in Eq. (4.1).

4.B FIELD-THEORY OF THE BRW

In the following, we show the details of the field-theoretical calculations performed to
obtain the main results of the article, Egs. (4.2), (4.4), and (4.3). In Sec. 4.B.1 we
describe the dimensional analysis of the bare couplings. In Sec. 4.B.3, we introduce

a diagrammatic representation of the propagators and couplings, and in Sec. 4.B.4 we
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determine the relevant interactions. In Sec. 4.B.5, we perform the renormalisation of
the couplings, and finally calculate the higher order correlations that give rise to the

scaling of the moments of the number of distinct sites visited in Sec. 4.B.7.

4.B.1 DIMENSIONAL ANALYSIS OF THE BARE COUPLINGS

To compute the critical dimension of the process described by the Liouvillian £ =
Lo+ Ly, Egs. (4.6) and (4.7), and to extract the relevant interactions, i.e the couplings
that remain relevant in every spatial dimension, we study the engineering dimensions
(here, represented by [-]) of every coupling in the action. We expect that the long range
physics in time and space is governed by three processes: diffusion with constant D,
branching with rate s, and transmutation with rate 7. Introducing three independent

dimensions, namely A, B and C, we impose
[7] =4, [s]=B, and [D]=C. (4.18)

With [x] =L, [t] = T, and [9,] = [DV?] it follows that T = CL? is not an independent
dimension. As the action, A = [d%zdt £, itself must be dimensionless, i.e. [A] = 1, we
obtain [r] = T™! = CL™2 and

[(Z] —BlcL 2, [¢] = BC'L*>, [J] — A BT 2, ] = ABC2L,
(4.19)
for the fields in real time and space, such that [$¢] = [@Zzﬁ] = L™% The engineering

dimensions of the couplings follow:

[\] =B7'c?L*)  [o] = ABCT'L?, [x] = ALY, [x] = CLY?  [¢] = ABCT'L4TE
(4.20)

Setting A = B = C = 1, we find a critical dimension d. = 4, above which all of these
interactions become irrelevant. At the critical dimension d = d. = 4 the couplings o,
X, k, and £ remain irrelevant, while A becomes marginal. To regularise the ultraviolet

we work in dimensions d =4 — € < 4.

As a point of discussion, we note that other choices of independent dimensions are
possible, limited only by the symmetries to be preserved. Initially we considered o,

rather than 7 to have an independent dimension. The resulting (very messy) field
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theory depends on the non-universal, bare value of s and produces no renormalisation
of 7, which, however, must renormalise as (a) (t,L) ~ 7.gL? (see Section 4.B.5) and

cannot scale faster than the volume of the system, L9.

A coupling with independent dimension is saved from changing relevance and thus from
possible irrelevance in the infrared limit of large space and long time. The choice of
dimensions is therefore a choice of interactions that ultimately govern the infrared.
If the stochastic process under consideration takes place on the lattice, this may be
determined by taking the continuum limit, provided the process does not possess any
competing scales, in which case the continuum limit coincides with the thermodynamic
limit of infinite system size. However, as soon as different processes and scales compete,
such as hopping, branching, spawning and extinction rates in the present case, the
continuum limit is a mere approximation of the original process on the lattice and the
choice of (independent) dimensions becomes a claim about which interactions govern
the infrared. For example, considering a biased random walk, letting space scale linear
in time preserves a drift but removes diffusion, while letting space scale quadratically

in time preserves the latter, while the drift velocity diverges.

4.B.2 FOURIER TRANSFORM

Throughout the manuscript, we denote the Fourier transform F|[f(x,?)] of a function
f(x,t) in space x and time ¢ simply as f(k,w), where the spatial momentum k is the
conjugate of the position x, and the frequency w is the conjugate of time t. The direct

Fourier transform is defined as
fk,w) = / etmilex £ (x 1)d%xdt, (4.21)
so that the inverse Fourier transform is
f(x,t) = / e~ Wk £ )d%kdw, (4.22)

where d%k = (1/27)%dk, dw = (1/27)dw, and d is the spatial dimension.
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4.B.3 PROPAGATORS AND COUPLINGS

We begin by considering the field-theoretic action A = — [d?xzdt £, where the terms in
the Liouvillian £ = £y + £, are given by Egs. (4.6) and (4.7), respectively. In order
to render the Laplacian term local the action is rewritten in Fourier space, where the
momentum K is the conjugate of position x and the frequency w is the conjugate of time
t (as defined in Sec. 4.B.2). The perturbative renormalisation scheme starts by reading
off the propagators from the bilinear part, introducing a diagrammatic language as we

proceed. For the walkers the bare propagator reads

< ~ > Gk K)5(w + )

d(k, w)o(k', W' Ry, TOR = 7 (4.23)

where §(k + k') = (27)?5(k + k') denotes a scaled d-dimensional Dirac-d function, and
correspondingly for §(w + w’). Diagrammatically, the bare propagator is shown as a
straight line. For the tracers the bare propagator becomes

d(k+Kk)d(w+ )
—iw + €

ERVIIS (4.24)

Y

(b)) =

diagrammatically shown as a wavy line. Both bare propagators carry a positive mass,
r =e—sin Eq. (4.23) and ¢ in Eq. (4.24), which guarantees causality as the in-
verse Fourier transform will generate a Heaviside-0 function in time. Both propagators
Eqgs. (4.23) and (4.24) do not undergo renormalisation. Finally, the transmutation

vertex features in

(o) Iz

and signals the appearance of a tracer in response to the presence of a walker, as time
is to be read from right to left. The non-linear part of the Liouvillian, £, contributes

with six interaction vertices, which diagrammatically read
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Finally, the observables of the form of Eq. (4.10) have the diagrammatic structure

p{%— . (4.27)

Their scaling in time and finite-size can be extracted from the scaling of the vertex
generating function, which is the standard object of field-theoretic renormalisation. In

the next section we describe all possible infrared-relevant interactions.

4.B.4 RELEVANT INTERACTIONS

Whether a particular interaction is allowed by the basic process introduces above is a
matter of some topological constraints, which we will discuss in the first part of this
section. Whether it is infrared-relevant is determined by its engineering dimension,
which we discuss in the second part of this section. Combining topological and engi-
neering constraints will then produce a finite number of interaction vertices to consider.
Constraints that avoid certain, otherwise relevant vertices from being generated are

preserved under renormalisation.

The general proper vertex

Tl (4.28)
are the one-particle irreducible graphs of the amputated correlation function
G[ P q] (7”, D> T,Ss,0, )\7 Ry X, 57 {kla cety km+n+p+q; Wi, 7wm+n+p+q})
—{ B(k1,w1) - Oy ) . VG ST D (4.29)
h tor a t t
m terms p terms nn terms ¢ terms

Denoting, where applicable, terms of higher order in non-linear couplings by h.o.t., the

bare couplings are the tree-level contributions to the proper vertices:

T:F[?U] + h.o.t. S:F[%

o=

] A=Tl 1 +not. (4.30a)
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o=Tldl+hot.  y=rl+not. w=rll4hot. e=rB1fhot

(4.30b)
Every proper vertex has a number of topological constraints, since any such term needs
to arise from the perturbative expansion of the action as a one-particle irreducible
(connected, amputated) diagram made from the bare vertices available in the theory.
By inspection, we found the following constraints, which we will use to determine all
relevant, possible couplings below: Firstly, all non-linear vertices in the field theory (all
diagrams except the bare propagator of the tracer particles) have at least one straight
leg coming in, n > 1. Secondly, all vertices have at least as many wavy legs coming out,
as come in, p > ¢. Thirdly, there are at least as many outgoing legs (wavy or straight),

as there are incoming straight legs, m 4+ p > n.

The engineering dimension of the general proper vertex can be determined from the
considerations at the beginning of Section 4.B.1, using the fact that each proper vertex
may be seen as an effective coupling, which, after integration over real time and space,
gives rise to a dimensionless contribution to the action, LdT[Fm1 mgqupgzﬁ”d}q] =1, so

that

[F[T[f Z]] — Ldntg=1)+2(m—n+2p=2¢—1) pp—ggm—nt+p—qan—m—2p+2q+1 (4.31)
Demanding that (effective) transmutation 7, branching s and diffusion D may re-
main relevant at any scale (which amounts to a suitable continuum limit), we set
the independent dimensions A, B and C, respectively, to unity A = B = C = 1.
The (marginally) infrared-relevant couplings are those whose engineering dimension
(in L) is non-positive. At the upper critical dimension d = d. = 4, the inequality
dn+qg—1)+2(m—n+2p—2¢—1) <0 gives

m+n+2p < 3. (4.32)

The field theory needs to include all vertices 7 4] with (non-negative) integers m, n,
p and ¢ that fulfill Eq. (4.32) together with the topological constraints n > 1, p > ¢
and m + p > n. To find them, we distinguish two cases for Eq. (4.32):

e p=20 g q = 0, then m +n < 3. Under the topological constraint m +p > n

there are only two viable solutions: m = n = 1, or m = 2 and n = 1, that
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correspond to

— and >9_ (4.33)

the bare propagator for active walkers, and branching of active walkers, respec-

tively.

e p=1 = m+n < 1. Only the propagator of the immobile particles allows for
n = 0. Otherwise, n > 1 requires m = 0. The constraint p > ¢ leaves only ¢ = 0
and ¢ = 1. As a result, there are three viable combinations: Firstly, m =n =0
and ¢ = 1, secondly, m = ¢ = 0 and n = 1, thirdly, m = 0 and n = ¢ = 1, which
correspond to

-
WV W\T— and vvw_’T, (4.34)
the bare propagator of immobile tracer particles, the transmutation vertex and

hindrance of spawning, respectively.

Together with the propagators, the vertices in (4.33) and (4.34) represent all (marginally)
relevant couplings at d = d. = 4, consisting of the (bilinear) transmutation, 7, and the

interaction vertices s of branching and —\ of suppression of spawning.

In the following we perform the renormalisation of the couplings 7 and —A.

4.B.5 RENORMALISATION OF THE COUPLINGS

As far as the observables in the present work are concerned, the only couplings to

consider are 7 and A. Both are renormalised by the same set of loops

TRéﬁ:T+Q+@+@+...QD+... (4.35)
4#@:—A+Q+@+@+...QB+... (4.36)

where all diagrams are amputated. The subscript R indicates a renormalised quantity,

and

which may still be dimensionfull as in the expression above. Only the non-crossing
loop diagrams, such as the first three in Eqgs. (4.35) and (4.36), are easily calculated
(see Sec. 4.C for details). Of the diagrams in Eqgs. (4.35) and (4.36), the non-crossing
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ones are summed over by virtue of field-theoretic renormalisation. The last diagram in
both Eq. (4.35) and Eq. (4.36), on the other hand, require further explicit calculation
and subsequent summation. The same applies to an infinite number of further crossing
diagrams. And yet, because of the Ward-identity (Sec. 4.B.6)

aTR o )\R

all exponents can be determined without calculating any of the diagrams explicitly.

As usual in perturbative field theory [189, 118|, the governing non-linearity, here A,
becomes spatially dimensionless by multiplying it by p~¢, where p is an arbitrary in-
verse length scale. In fact, any dimensionless coupling involving A, 7, s, D and p is
proportional to a power of AsD~2u~¢. Introducing g = Astdpu~D~2I'(¢/2) with suitable

numerical factor U, both couplings A and 7 renormalise identically
TR = 72Z(9) and Ar = AZ(g) (4.38)

with Z(g) governing the renormalisation of both A and 7. To one loop and with suitable
U, the Z-factor becomes Z(g) = 1—g, see Egs. (4.35) and (4.36), and Sec. 4.C. However,
there is no need to determine the precise dependence of Z on g as far as scaling is

concerned. It suffices to know that the renormalised, dimensionless

gr = )\RSZ/{/LieD72F(€/2)

= ZAsUp~*D?T'(e/2) (4.39)
has g-function
dgr dlnZ
_ — 4.4
B9 = qmp = ~9r T IR, (4.40)

which implies dln Z/dlnpu = € at the root f,(g = ¢*) = 0, irrespective of U and
therefore irrespective of the presence or absence of the crossing diagrams. It follows
that Z ~ pf in d < 4 and therefore the effective transmutation rate is 7.q ~ 72 ~ uc.
In the limit of ¢ — oo, for systems of linear size L, the characteristic scale is u ~ L™!
and thus 7.g ~ L=¢. With open boundary conditions, the branching walkers visit ~ L?
sites during the course of their lifetimes, leaving behind ~ 7.gL? ~ L?~¢ immobile

tracer particles in dimensions greater than 2, so that (a) (¢, L) ~ L4"2. This average
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is bounded from below by a constant, as at least one site is always visited, so that
(a) (t, L) approaches a constant below 2 dimensions. As for the time-dependence, the
characteristic inverse scale p is proportional to t~'/2 because the dynamical exponent

1/z d-2)/2.

z =21in p ~ t~'/% remains unchanged. It follows that (a) (¢, L) ~ t{

In the following section, the mean (a) (¢, L) and higher moments are calculated in greater
detail.

4.B.6 WARD IDENTITY
To identify the Ward-identity, we first state the action

A <[¢7 wv ;57 QZ]? DJ T, 6/7 7,8, )‘) = /ddﬂfdt <_g58t¢ + D(EV2¢ - T(g(b - {Eatw - El{/zw
1700 + 56°6 — Mo (4.41)
after having removed the irrelevant couplings from the Liouvillian £ = Ly + L4,

Egs. (4.6) and (4.7). The Ward-identity Eq. (4.37) is rooted in a symmetry of the
action under shifting ¢ (x,t) by a constant X,

A <[¢,¢ + 3,6, IZ], D,r,é, s, /\> =A ([gzﬁ, 0, 0, {ﬂ, D,r,e, 7 — A%, s, A)

+3 / dzdt (—€)(x,t) , (4.42)

where the last term amounts to a source term, which maintains a density of X of
immobile particles throughout time and space, as they are subject to continuous decay

with (matching) rate €. To ease notation we write

A= A([6,0.0.0): D¢ 7.5,)) (4.438)
A = A (166 + .6, D€ 7.5,)) (4.43D)
A=A ([gb, 0, o, ibv], D,r, e, 7 —\%,s, )\) (4.43c)
so that
A =A"—€x / Ad%adt (x, 1) | (4.44)
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as well as
(o) 4= /DH o, (4.45)

and similarly for the actions A’ and A”. Since 1) is only a dummy variable in this path
integral, any expectation over the action A of an observable involving the field v, is
identical to the expectation of an observable involving the shifted field 1) + ¥ over the

action A’, for example

<¢(X3,t3)¢(X2,t2)¢(xl,t1)¢(xo,to)>A = <(¢(X3,t3) + E) (1/1(X2,t2) + E)¢(X17t1)¢(xo,to)>A

(4.46)
To derive the Ward-identity (4.37), we consider
(Ve )dx0,t0)) = ((0x8) + D)dlxoto))
= <@/J(Xa £ (o, to)>A, + X <5(X0, to)>A,
— (0, ), to)e™ Aty (4.47)

using <$(X0,t0)>A = 0 and Eq. (4.44) in the last line. Differentiation with respect to
3} and evaluating at ¥ = 0 then gives

0= )0, <¢(x, £)é(xo, t0)>A _¢ / et <¢(X, 1) (%o, to)lz(x/,t’)> (4.48)

as A” = A at ¥ = 0 and the left-hand side of Eq. (4.47) is independent of ¥. The

integral is most efficiently evaluated after Fourier-transforming, as [d?/dt’ ¢ (x/,¢') =
(k = 0,w = 0) and noting that

(0K, )k = 0.0 = 0)) = Z5()5(K) (4.49)

€

whenever {E(k = 0,w = 0) is paired up with any internal field ¢ (k’,w’). Dividing
out two bare propagators, the right-hand side of Eq. (4.48) consists of the amputated
diagrams shown in Eq. (4.35) and Eq. (4.36), so that

/
0= —\d7g + %)\R , (4.50)
the desired identity Eq. (4.37).
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4.B.7 CALCULATING SCALING OF HIGHER-ORDER CORRELATION FUNCTIONS

The scaling of higher-order correlation functions is derived, within the field theory,
from the solution of the Callan-Symanzik equation [189] for the general proper vertex
Eq. (4.28), from which the scaling of the moments of the total number of distinct sites
visited follow, Eq. (4.2). From dimensional analysis (Sec. 4.B.1), and by introducing
a bare scale py, related to u by p = pol, the general proper vertex, Eq. (4.28), then
satisfies

mmn

F[!’ q](r,D,T, s,0,\ K, X, & {kwh)

_ p—d(ntq—1)—2(m—n+2p—2q—1)+p—q)v-p| 5 2] [ T Sk ow
=/ q p—2q p=a)r-1| /](E,D,T,S,U,)\ﬂ{,x,f,{Z,E—Q}>, (4.51)
asymptotically in small ¢ and provided that r is close enough to the critical point,
r. = 0. For the transmutation vertex, where p =n =1 and ¢ = m = 0, we find
0
F[l — ——
2’ 002
(4.52)
with v, = e = 4 — d. Generally, for observables of the form Eq. (4.27), where n = 1

k
M(T,D,T,S,O‘,/\,R,X,f;{k;w}) = WTI‘[? o] <T D,7,s,0,)\, /i,x,ﬁ;{ o }) ,

and ¢ = m = 0 we have

r xw
2 N
(4.53)

The scaling of the first moment of the number of distinct sites visited, (a(t)), as function

01 01 k
t0 e p.rss ot o)) = 000t (L Do i} )

of time, t, can be obtained by analysing the scaling of

(a(t) = [ ax (0(x03(x0.0))

= /C’[wdwoewwo—

k=

:/dwe_;wt;r[? (] 1

—w + € —iw+r

=]

(4.54)
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According to Eq. (4.52), T[7 0] scales like

01
1

L2 D, 75,00 kv, 6 {kiw}) = LT

Vol (l,D,T,S,U, AR, X & {kL;sz}) ,
(4.55)

if we identify r ~ L™2 and ¢ ~ L~!, which means that the effective transmutation rate

Tl

scales like L~° in large linear system size L, as 7, = € = 4 — d. In long time ¢, the

integral over w in Eq. (4.54) has the effect of evaluating Tl o] ﬁ at w = 0, because

o 1

: : —iwt —
tin ti [~ e fw) = £10) (456)
provided f(w) has no pole at 0.
It follows that
tlim {a(t)) o< L*~. (4.57)
—00

For higher moments, on the basis of Eq. (4.53) we find

01
lim (a”(t)) o 2l o) (1,D,7,5,0,\ K, X,&{0,0}). (4.58)
—00

We thus recover the finite-size scaling results Eqgs. (4.2b) and (4.3b) of Section 4.3 for

the p-th moment of the volume explored by a branching random walk

L2 ife >0
lim (a”(t)) o (4.59)
fro0 L2 ife <0

where € > 0 and € < 0 separate regions below and above the upper critical dimension,
d. = 4, respectively. The dimensionality of the embedding space enters only below
the upper critical dimension. Above the upper critical dimension, fluctuations and
interactions become asymptotically irrelevant and the process can be considered as

free.

z

The above analysis is easily extended to scaling in time, using t o< p=* with z = 2 as

the relevant scale, thereby reproducing Eqs. (4.2a) and (4.3a).
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4.C LOOP INTEGRALS

The non-crossing diagrams, such as the first three in Eqgs. (4.35) and (4.36), are calcu-
lated through the integral

- S d T 1 1 7”_8/2
I, = = [d%d —7———T(¢/2), (4.60
D / Y et e+ (D2 1)’ 2(4xD) (5/2), (4.60)
T

and (essentially identical)

- s p - 1 1 /2
A D / Yt w? + (DK% +1)? 2 (4w D)%/? (5/2)
—A

(4.61)

where the lower part of the loop carries the coupling 7 in case of contributing to 7 or
the coupling —\ and an incoming wavy leg in case of contributing to A. The integration

measure is d%kdw =d%kdw /(27)%.

4.D GENERALISATION TO k OFFSPRING

In this section we extend the field-theoretic results presented above to the case where
the offspring number is a random number and show that it lies in the same universality
class as binary branching [3, 119]. Instead of two distinct processes for branching into
two active walkers (with rate s above) and getting extinguished (with rate e above)
we consider the latter as branching into £ = 0 walkers and generalise the former to
branching into any number k of walkers. Each of these processes may occur with rate
0k, which can always be written as o, = op, with p, the normalised probability for

branching into k£ walkers and ¢ the rate with which any such processes take place.

The two contributions Ps, Eq. (4.13), and P., Eq. (4.14), are thus subsumed and
generalised by

P.({n} {m}it) =0y Zpk((nx—k+1)73({. ek, dmd ) —nP({n), {m): t)),
- (4.62)
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which allows for p;, but the process of branching into a single particle has no bearing

on the master equation.

In the field theory, the mass of the bare propagator for active walkers becomes [77]
(Chapter 2)

r=—0Y p(k—1)=0(1—k), (4.63)

where k = Y reo Prk is the average offspring number, which again, defines a subcritical

(r > 0), a critical (r = 0), and a supercritical (r < 0) regime.

In the case of generalised branching, the non-linear part of the action contains con-
tributions of the form ¢*¢ for all k& > 2 as soon as there is any k¥ > 2 with p, > 0
[77]. Terms with k& > 2, however, turn out to be infrared irrelevant, as their couplings

Bk*lc2ka2(k72

have dimension ). The field theoretic results above for binary branching

therefore govern also branching processes with generalised offspring distribution.

4. FE EXTENSION TO GENERAL GRAPHS

In this section we provide further details about the extension of our results to general
graphs. The loops integrated over in Eqs. (4.60) and (4.61) are in fact integrals over
the spectrum of the Laplacian accounting for the diffusion on the graph considered.
Generalising to arbitrary graphs, the Laplacian is to be replaced by a lattice-Laplacian
and the integral in Eqgs. (4.60) and (4.61) by a suitable sum or, equivalently, an integral
with suitable spectral density. In fact, the d-dimensional integral in Eqgs. (4.60) and
(4.61) can be seen as an integral over all distinct eigenvalues k? of the Laplacian enter-
ing with weight w(k\k = Szk9~'dk with Sy = 27%2/T(d/2). On regular lattices, their
Hausdorff dimension d coincides with the spectral dimension d, characteristing, in par-
ticular, the small k asymptote of w(k) ~ k%~'. Replacing [dk by [dkw(k) suggests
that the results derived above remain valid by replacing d by dg, in order to recover the
scaling of the various observables in arbitrary graphs with spectral dimension d;. The
replacement d — d, hinges crucially on the fact that d, characterises the scaling of the
spectral density of the Laplacian. If this operator itself renormalises, then a different
spectral density may be needed. In other words, d, may not be the correct dimension

if the Laplacian renormalises, i.e. if the anomalous dimension does not vanish, n # 0
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[25]. This argument relies on the assumption that vertices such as Eq. (4.28) preserve

momentum, that is integrals of the form
Iy(ki, ko, ..., k) = /dd$ Uk, ()i, (T) - - - g, () (4.64)

over eigenfunctions uy(z) of the Laplacian with eigenvalue k - k vanish for off-diagonal
terms, i.e. whenever k; + ks + ... + k,, # 0. This condition can be further relaxed by
demanding merely that off-diagonal terms are sub-leading as observed in the presence
of boundaries [55, 138|.

Considering only graphs which are translationally invariant such that the indices j,, of
the ¢ neighbours m =1, ..., ¢ of any node i can be determined by adding the same set
of translational lattice vectors, dy,...,d,, such that j,, =i+ d,,, it is easy to show
that the Laplacian has exponential eigenfunctions and any of their products are an
eigenfunction as well, so that I,,(ki, ko, ..., k,) = Ir(ki, ks + ... + k;,), which vanishes
by orthogonality for any k; + ks + ... + k,, # 0, i.e. the assumption of momentum

conservation mentioned above is fulfilled.

4.F NUMERICS FOR THE SCALING OF MOMENTS

The scaling of the moments (a?) (¢, L) for p =1,2,3,...,5, as function of time ¢ in the
limit L — oo, and as function of the system size L in the limit ¢ — oo were obtained

from numerical Monte Carlo simulations and fitted against a power-law
f(z) = Ax®P (4.65)
and a power-law with corrections of the form
g(z) = Az® 4+ C2P71/2, (4.66)

The fitting parameter B in Egs. (4.65) and (4.66) provides the estimates of the expo-
nents that characterise the scaling of the moments in time ¢ and sistem size L (or IV, see
main text), by fitting the numerical estimates against f(x) and g(z), with x replaced by
t and L, respectively. At large times the moments display plateauing due to finite-size

effects.
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For the scaling in system size L, we fitted the data for the latest time point available
against Eq. (4.65) and used the estimates of A and B as the initial values for a fit

against Eq. (4.66), which gave the final estimates of the finite-size scaling exponents.

For the scaling in time ¢, we fitted data for the largest system, of size L = L.
The fitting range in ¢ for each moment was determined systematically as follows. To
remove the time-point affected by the finite-size effects, we defined the upper bound
of the fitting range as the time ¢"P for which the lowest moment displaying algebraic
divergence (p = piow) reached a value of half the maximum value in the plateau, i.e.
(aPo) (t"P Lipax) = max ((aPov) (t, Limax)) /2. For the preferential attachment network
the plateau was observed to occur at an earlier time point than ", probably due to the
high connectivity of the networks, so we set the upper bound to #)? = (1/5) max < k >

in this case.

To find the lower bound t),,, of the fitting range in t we ﬁtted both equations, (4.65) and
(4.66), to the data for L. We define f[t*’tup () and a[t* up)(t) as the values and errors,
respectively, of fitting Eq. (4.65) to the data in the range t € [t*,t"P], and gy ur)(?)
and o7 it tup]( ) as the values and errors, respectively, of fitting Eq. (4.66) to the same
data set and range. Further, we define N ) as the number of data points within the
fitting interval [t*,¢"P]. The lower bound for the time range t,, is the earliest time at
which both fitting models (4.65) and (4.66) agree within errors, that is

liow = min {t* : |f[t*7tup} (%) = Gpe= 4w (1) ] < \/mmaX (a[{*’tup} (t"), U[gt*,tup] (t*)) }
(4.67)
Where we account for correlations between estimates of moments by rescaling the error
by the square root of the number of data points in the fitting range, Np- ). The
exponents characterising the time depenence of the moments are determined by fitting
the data in the range [t*,"P] against Eq. (4.66).

The fitting of the power laws, Eqs. (4.65) and (4.66), was done by means of the
Levenberg-Marquardt algorithm [157]. In table 4.1 and 4.2 we report the numerical re-
sults for the asymptotic scaling in time, (a?) (t) ~ t*, and in system size, {(a) (t) ~ L,

provided these observables display an algebraic divergence.
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Table 4.1: Scaling of visited sites in time. Scaling in time, (a?) (t) ~ t®», of the p-th moment of
the number of distinct sites visited for regular lattices of integer dimension, d, as indicated, and for the
Sierpinski carpet (S.C., ds; =~ 1.86), the random tree (R.T., d; = 4/3), and preferential attachment (P.A.,
ds > 4) networks. The columns marked num shows the numerical results, the columns marked theo show
theoretical results according to Egs. (4.2a) with d replaced by the spectral dimension ds where applicable.
The row marked mean gap show the average gap-exponent, (1/p) >-"_, (41— ), for the corresponding
lattice.

Exponent d=1 d=2 d=3 d=2>5 S.C. R.T. P.A.
P num theo  num theo  num theo num theo num theo num theo num theo
o 047( ) 1/2 10(2) 1 1.0(1) 1
Qo 0.98(3) 1 2.0(1) 2 2.9(3) 3 0.81(5) 0.86 0.35(7) 1/3 2.8(2) 3
Qs 0.48(4) 1/2  2.0(1) 2 3.5(1) 7/2 48( )5 L.71(7) 1.79 0.9(1) 1 4.8(4) 5
Qy 1.0(1) 1 29(1) 3 5.0(2) 5 6.7(7) 7 2.62(10) 2.72 1.6(2) 5/3 6.6(5) 7
Qs 1.5(1) 3/2 3.9(1) 4 6.4(2) 13/2 9(1) 9 3.54(14) 3.66 2.2(4) 7/3 8.5(9) 9

Mean gap 0.5(1) 1/2  1.0(1) 1 1.5(2) 3/2 2.0(5) 2 0.91(9) 0.93 0.6(2) 2/3 1.9(4) 2

Table 4.2: Scaling of visited sites by a BRW as function of the system size. Scaling,

(aP) (t) ~ LP», of the p-th moment of the number of distinct sites visited as function of the system size
L, for regular lattices of integer dimension d as indicated and for the Sierpinski carpet (S.C., d; ~ 1.86).
The columns marked num show the numerical results, the columns marked theo show theoretical results
according to Eq. (4.2b), for regular lattices, and S.C. (with d replaced by the spectral dimension d;), and
according to Eq. (4.5) for random tree (R.T.) and preferential attachment (P.A.) The row marked mean
gap shows the average gap-exponent, (1/p) >-%_, (Bi+1 — i), for the corresponding lattice. *Goodness of

fit < 0.05.

Exponent d=1 d=2 d=3 d=2>5 S.C. R.T. P.A.
P num theo num theo num theo num theo num theo num theo num theo
b1 0.97(4) 1 1.9(2)* 2 0.49(1) 1/2
B 2.1(2) 2 3.9(1)* 4 57(5) 6 (1) 1.72 0.58(6) 1/2 1.49(1) 3/2
B3 0.96(4) 1 4.2(3) 4 6.8(2)* 7 10(1) 1 8(2) 3.59 1.6(1) 3/2 2.49(2) 5/2
By 1.93(7) 2 6.1(3) 6 9.8(3)* 10 14(2) 1 5.7(3) 5.45 2.6(2) 5/2 3.49(2) 7/2
Bs 2.93(8) 3 8.1(4) 8 12.7(4)* 13 17(3) 1 (4) 7.31 3.7(2) 7/2  4.49(2) 9/2

Mean gap 0.9(1) 1 2.0(3) 2 2.9(2) 3 4(1) 4 1.9(3) 1.86 1.0(1) 1 1.00(2) 1

Fit range [255, 4095| [15, 127] |7, 127] [7, 31| [9, 243] [26 — 1,22 —1] [2'4 1, 2" — 1]
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Figure 4.6: Degree distribution of the preferential attachment networks used for the simula-
tions presented in Sec. 4.4
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OVERVIEW A Galton-Watson branching process (which is a branching process in dis-
crete time) displays finite-size effects if it is stopped at generation L. This process
is equivalent to a (biased) random walk through the Harris map [98]. At the same
time, in the continuum limit, the random walk can be approximated by diffusive mo-
tion (with drift). Then, making use of these relations, the link between the avalanche
size of the Galton-Watson branching process and the first-passage time of a diffusive

particle is established [68]. We use this map to study the distribution, first and second
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moments of the avalanche size in each regime (ciritical, subcritical and supercritical) of
the branching process phase transition. We further study the finite-size scaling of the

size moments in the three regimes.

Author contributions: AC wrote the paper. AC conceived the idea of using the
Harris map to characterise branching processes in the continuum limit and derived the
analytical results; RGM did the numerical simulations and data analysis; NM gave
background on first-passage times; FFC advised about the numerical inversion of the
Laplace transform and first-passage times.

ABSTRACT

We revisit the problem of Brownian diffusion with drift in order to study finite-size ef-
fects in the geometric Galton-Watson branching process. This is possible because of an
exact mapping between one-dimensional random walks and geometric branching pro-
cesses, known as the Harris walk. In this way, first-passage times of Brownian particles
are equivalent to sizes of trees in the branching process (up to a factor of proportion-
ality). Brownian particles that reach a distant boundary correspond to percolating
trees, and those that do not reach the boundary correspond to non-percolating trees.
In fact, both systems display a second-order phase transition between “insulating” and
“conducting” phases, controlled by the drift velocity in the Brownian system. In the
limit of large system size, we obtain exact expressions for the Laplace transforms of the
probability distributions and their first and second moments. We also show that these

quantities obey finite-size scaling laws.

5.1 INTRODUCTION

Random walks and rooted trees are important models in probability theory and statisti-
cal physics [98]. Random walks [113, 205, 206] provide a microscopic model for diffusion
processes [42], and rooted trees are the geometric representation of branching processes
[99, 110]. The Galton-Watson process, which is the simplest branching process and
is at the heart of self-organized-critical behaviour 38, 220], is essentially the same as
mean-field percolation [34, 185] when the offspring distribution of the former is bino-

mial. Percolation, meanwhile, is one of the simplest examples of a second-order phase
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transition [135, 184, 217|. Moreover, important characteristics of phase transitions also
show up in bifurcations in low-dimensional dynamical systems [41]. An exact, purely
geometric mapping between walks and rooted trees was presented in [98], thereby con-
necting results from random walks to branching processes and beyond [68|. Fig. 5.1

offers a scheme for these relations.

This mapping, known as the Harris walk, implies that a realization of a finite-size geo-
metric Galton-Watson branching process with no more than L generations corresponds
(exactly) to a random walker confined between absorbing and reflecting boundaries (at
X = 0and X = L, respectively). Recently, Font-Clos and Moloney [68]| applied this
mapping to derive the distribution of the size of the percolating clusters in a finite
Bethe lattice, by using the first-passage time to the origin of a Brownian particle condi-
tioned to first reach L. In the critical case (unbiased diffusion), a Kolmogorov-Smirnov
distribution is obtained (as in [22]). In the subcritical case (diffusion with negative
drift) these authors find that the size of the percolating cluster follows Gaussian statis-
tics, whereas in the supercritical case (diffusion with positive drift), an exponential-like

distribution is reported.

In this work we follow the approach of [68] and use the first-passage time in a diffusion
process to calculate the size distribution of both percolating and non-percolating clusters
in a geometric Galton-Watson process with a finite number of generations. First, we
solve the corresponding diffusion problem and derive analytical expressions and scaling
laws (Sec. 5.2); then we translate the results to the random-walk picture (Sec. 5.3); and
finally, by means of the mapping from trees to walks [98], we obtain the properties of
the associated branching process. A discussion about the most appropriate definition
of an order parameter in these systems is also provided. Our main focus is the size
distribution of all clusters (whether they percolate or not). Given that the percolating
case was thoroughly studied in [68], we will only provide details for the non-percolating

case.
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1d diffusion < 1d RW «— geometric BP

. [ mean-field 2nd order bifurcations in
binomial BP «— . e e — .
ercolation phase transitions  dynamical systems

L
SOC

Figure 5.1: Relations between different physical processes and models, with abbreviations RW
(random walk), BP (Galton-Watson branching process), SOC (self-organized critical phenomena) [34,
105, 202]. BP with geometric and binomial offspring distribution share the same critical properties due to
universality.

5.2 FIRST-PASSAGE TIMES VIA THE DIFFUSION EQUATION

Consider the one-dimensional diffusion equation with drift,

de | oe_pPe (5.1)
ot o Ox?
which describes the evolution of the concentration c(x,t) of particles at position x
and time ¢, with drift velocity v and diffusion constant D. Both position and time
are continuous. We will work in a finite interval, 0 < x < ¢, with ¢ playing the role of
system size (X and L mentioned in the introduction are dimensionless versions of = and
¢). Following Redner [164] ﬁrst—passage times are most readily obtained by applying

—st

the Laplace transform c(z, s) fo c(x,t)dt to the diffusion equation, yielding
sc(x,s) —c(x,t = 0) +vd(x,s) = D" (x, ), (5.2)

where the prime denotes a derivative with respect to z.

5.2.1 ABSORBING BOUNDARIES

First-passage time probability densities f(t) are obtained from spatial concentration

gradients at absorbing boundaries [164]|. To see this, we track the rate of particle loss
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from the interval 0 < x </,

d [* £ 9% £ oc Oc
f(t)__E/o c(m,t)dx——/o D@dx—i— i v%dx——D%

Oc

D2t
+ ox

)
=0

(5.3)
where we have made use of the normalization of ¢(x,t) for t = 0 and of the absorbing

=0

boundary conditions at x = 0 and = = ¢,
clx =0,t) =clx=1{,t) =0. (5.4)

Note that the terms in the sum above are not probability densities themselves (because
they are not normalized). Rather, they are the net outflux of particles at each boundary,
so that f(t) = ji(t) + jo(t). The Laplace transform of the probability density can
therefore be written as

f(s) = ju(s) + jo(s) = =D (x = £,s) + D' (x = 0, 5). (5.5)

With Dirac-¢ initial condition centered at x,
c(z,t =0) =0(z — x9), (5.6)

the solution of the Laplace-transformed diffusion equation with two absorbing bound-

aries is [164]

el@/t=w)Pe sinh(Rx_ /f) sinh[R({ — x+.) /(]
DRsinh(R)/( ’

c(x,s) = (5.7)

where P, is a dimensionless parameter known as the Péclet number (up to a factor of

1/2 according to convention),

fv
P=— .
=2 53

ug is the dimensionless initial position and 7 a diffusion time,

Zo 52
_ 20 - 5.9
Uo / ) T D’ ( )
and, for convenience of notation,
R= /P2 + s, and T = min(x, xg), x> = max(z, o). (5.10)
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5.2.2 ABSORPTION AT z =0

Using the above formalism, Redner [164| examines the driftless case, v = 0, in full detail.
For completeness, we provide the calculation for v # 0 in App. 5.A. In summary, the
Laplace transform of the first-passage time density, fy(s), for absorption at x = 0 can

be expanded in powers of ug as

R P.
—1- —
Jols) <tanh R tanh P,

) uy + O(ug?). (5.11)

A numerical inversion of fy(s) is shown in Fig. 5.2.

The first two moments can be similarly expanded as

1
t) = ———— (1+ P tanh P, — —°— O(up?), 5.12
(to) 2P6tanhPe< e tan tanhPe) o + Oluo’) (5.12a)
1 1 Ptanh P P p?
t2 B € € € P2_—e 2 O 2 )
) = Spitanh P, <2 > " 2tammp, ¢ tanh2Pe)TuO+ (")

(5.12b)

A plot of (ty) as a function of P, is shown in Fig. 5.3.

Note that these expressions are even in P,. The expansions are valid in the limit of
small ug, that is zy < ¢ (more precisely, upP. < 1 and uyR < 1). See Egs. (5.66),
(5.67), and (5.68) in App. 5.A for their full derivation.

5.2.3 CRITICAL POINT

The critical point corresponds to diffusion with no drift, P, = 0 (i.e. v = 0). Using the
results of App. 5.A, the exact distribution reads

oo Snbf(1 = ug) /73]
fols) = (1 — ug) sinh /75’ (5.13)

where the asterisk denotes the critical point. To first order in wug

fols)=1- (% - 1) uy + O(ug?). (5.14)
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Figure 5.2: Distribution of sizes in the geometric Galton-Watson process in the three regimes:
subcritical (P, = —2.5, top), critical (P, = 0, middle), and supercritical (P, = 2.5, bottom), together
with theoretical predictions from the first-passage times of a diffusion process (numerical inversion of
the Laplace transform is done by the Talbot method using the routine in [139]). Plots on the left show
the full distribution. Plots on the right show the distribution decomposed into its percolating and non-
percolating contributions. In the critical regime, the complete distribution f(.S) (middle left) shows a
small bump for large sizes, which is much more pronounced in the supercritical regime. The subcritical
distribution, having no bump (top left), can be visually confused with a critical distribution. Logarithmic
binning has been applied [34, 46].
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Figure 5.3: Rescaled average avalanche size (simulations, 10° realisations, markers) and rescaled
first-passage times (theory, solid lines) as a function of the Péclet number for different systems sizes L.

Fig. 5.2 shows a plot of the numerical inverse Laplace transform of fj(s). The case

P. =0 and ¢ infinite corresponds to 7s > 1, for which
fi(s) = jo(s) = 1 —ugy/7s + O(up?). (5.15)

After inverting the Laplace transform (see for instance Eq. (4.6.23) of [19]),

fo(t) = jg(t) ~ %\/;+ O(up?), (5.16)

for P, = 0 and t < 7 = (?/D, thereby recovering the well-known ¢=3/2 behaviour of

first-passage to the origin in an infinite system.

To lowest order in ug, the moments are given by

TUO Qiog

(to) = (5.17a)

* 272 Uo 2$0€3
oy =~/ (t3) \/ = \/45D2’ (5.17Db)

expanding Eq. (5.14) for small \/7s = {+/s/D.
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5.2.4 ABSORBING BOUNDARY AT x = ¢ AND SPLITTING PROBABILITY

Although already studied in [68], for completeness we summarize the results for absorp-
tion at = £. In the notation of this article, we extract from Eq. (5.7) the expansion
ell7u0)Pe sinh(ugR)  ef* Rug

Jo(s) = =Dd(x =1, s) = e = LR + O(up?), (5.18)

valid for ug < 1. For z = 7s/P? <« 1,

efe Py P, z
i(s) = 1— (=1 hd
Jels) sinh P, [ < + tanh Pe) 2

1 2P? P 2
— e - e . P2 - 1 - O 3 O 2 519
2 (tamh2 P. tanhP, ¢ ) 1 (2 )} +0(uo’) (5.19)

So, to zeroth order in uy,

T P,
<tg> = 2Pe2 (tanh Pe — 1) + O(Uo), (520&)
T2 2P2 P
t2) = ¢ _ < __p2_1 . .20b
(te) APA (tanh2 P. tanh P, ¢ )+O(“°) (5.20D)

Note that the common multiplying factor in Eq. (5.19),

e(lmwlPesinh(ugP,) el Pug 9
= = = = < 21
Ce = 30) sinh P, sinh P, + Oluo”) (5:21)

gives the ratio between the outflux of particles at ¢, denoted by j,(¢), and the probability
density fy(t) of the first-passage time to the boundary at x = ¢; i.e. jy(t) = Cyfo(t), so

that,
~ Je(s)  sinh P, sinh(ugR)  Rsinh P,

C;,  sinh R sinh(ugP.)  P.sinh R
Cy is known as the splitting probability [65, 164]. Note that (¢), (t7), and fi(s) (and
therefore fy(t)) are even for P, (but not j,(s) and C;). For P, = 0 (at the critical

point) one has that f;(s), to first order in wy, is the Laplace transform of the celebrated

fo(s)

+ O(up). (5.22)
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Kolmogorov-Smirnov distribution [22, 68|,

.\ sinh(ugy/Ts)  \/Ts
Jes) = i s~ smh s T Oo)

(5.23)

The factor C, is also the probability that a particle is absorbed at x = ¢. Eq. (5.21) is
the same scaling law found in [39, 76], as explained in the next section. A formula for C,
also appears in [65, 68, 164], but without expanding in u, therefore hiding its finite-size
scaling. The probability that a particle is instead absorbed at t =0is Cy =1—-C, ~ 1

(to zeroth order in wy).

Combining the results for ¢, with those obtained previously for ¢, we have the solution
of one-dimensional diffusion between two absorbing boundaries. In App. 5.B, we show
that it displays a phase transition with finite-size scaling when zy < ¢ [65].

5.2.5 REFLECTING BOUNDARY AT x =/

We now consider first-passage times to x = 0, starting from a reflecting boundary at
x = ¢. The initial condition is most conveniently handled by injecting into an empty
interval a single particle at x = ¢. Together with a zero flux condition at this boundary
for ¢ > 0, this stipulates that

Oc(z,t)
Ox

Jere(t) = |ve(x,t) — D = —0(1), (5.24)

=0

where the —4(¢) term ensures that the injection (hence minus sign) occurs at t = 0. In

Laplace space, this boundary condition reads
ve(x =4,s) — Dl (x =1, s) = —1. (5.25)

Note that in this case there is no dependence on g, since the particle is injected precisely

at x = (. The absorbing boundary condition at = 0 remains unchanged.

The solution of the diffusion equation Eq. (5.2) with these boundary conditions is
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provided in detail in [68, 164]. The outflux at the absorbing boundary is

e PR

By - D / == =
ftr(s) ]t’rO(S) ¢ (Qf O’ S) Rcosh R — Pe sinh R’

(5.26)

where the subscript tr denotes transmission from the reflecting to the absorbing bound-
ary [164]. In contrast to the case of two absorbing boundaries, this Laplace transform

is not even in P,. The exact moments are given by

]
(tr) = (e — 2P, = 1), (5.27a)

e
2

(#2) = 8;4 4P 4+ (1 — 6P)e? +2(P% — 1)], (5.27b)

e

see [164]. For the critical case (P. = 0), we recover

1

[ (8) = ji(s) = cosh 75

(5.28)

as in [68].

Since t;, and t;. are independent random variables, the total time ¢y, = t, + t; until

absorption, having first reached x = ¢ from the origin, Laplace transforms as 68|

B R?eFesinh P,
~ P.Rsinh Rcosh R — P2sinh® R

feer(s) = fe(s) fir(5) + O(uy). (5.29)
The average first-passage time (ty,) and the inverse Laplace transforms of fy,.(s) and
£, (s) are shown in Figs. 5.2 and 5.3.

5.2.6 ENTIRE DIFFUSION PROBLEM: MOMENTS

We are now in a position to study the entire diffusion problem. The quantity of primary
interest is the first-passage time to x = 0, denoted t,, where the subscript r refers to the
so-called reflection mode [164]. This time is a mixture of two times: ¢y (for realizations
that do not reach x = ¢ before absorption at x = 0), and ¢4, = t; + t;. (for realizations
that do reach x = ¢ before absorption at x = 0). The weight of each time is given by 1
(to zeroth order in ug) and Cy (from Eq. (5.21)), respectively. Thus, to lowest order in
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ug, the expected value of ¢, is

(tr)

{to) + Cu({te) + (tir))

P
=q——— |1+ P.tanh P, — -
{2Pe tanh P, ( T Fetanh fe tanh Pe)
ele P, 1 P, e?Pe —2p, — 1 9
Y] {2133 (tanh P ) AP? ]}mo +Ouo),  (5:30)
see Fig. 5.3. For the second moment we find
(tr) = (to) + Co({t) + (1) + 2(te) (tur), (5.31)

to lowest order in ug. This result is due to the fact that the moments of any order (with
respect to the origin ¢ = 0) are additive in a mixture of random variables (including
the corresponding weights), but not for the sum of independent random variables (¢,
and ty,), for which only the variances are additive. The particular form of (t?) can be
obtained directly from Eqgs. (5.12b), (5.20b), and (5.27b). To first order in ug, 02 = (t2).

5.2.7 POSSIBLE ORDER PARAMETERS

Asymptotically, the first moment of ¢,, Eq. (5.30), behaves as

TUgQ Zo
~Y N — = — f P - . 2

<t7'> <t0> 2’Pe‘ |U| or e — OO, (5 3 a)
1 1 1 14

<t:> = [g +1- (6 + §>:| TUy = % for Pe = 07 (532[))
2P tv/D

TUpE . To€
(ty) ~ Cylty) ~ YR for P, — oo, (5.32¢)
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as obtained immediately from Eqgs. (5.12a), (5.20a), (5.21), and (5.27a)e. On the other

hand, the order parameter considered in [22, 68|, g, = t; + t4., behaves as

T 20
(togr) ~ = — for P, — —o0, (5.33a)

[Pel ol

. 11 202
<t€tr> = (6 + 5) T = 3__D for Pe = 0, (533b)
Te2Pe Deév/D
(torr) ~ (ti) ~ 1P = for P. — oo. (5.33¢)
Finally, the order parameter in [39, 76] behaves as

Cy ~ 2ug| Pe 2Pl = %Meem/p for P, — —o0, (5.34a)
Cy =upg = % for P, =0, (5.34b)
Cy ~ 2uoP, = x—g} for P, — oc. (5.34c)

All three quantities, (t,), (tu), and Cy, are reasonable candidates for order parameters
— finding the order parameter of a phase transition is often not obvious [66]: citing

J. P. Sethna, “there is often more than one sensible choice” [175].

Typically, one expects that in the thermodynamic limit (¢ — oo) the order parameter
goes to zero for P, < 0 and scales with a power of ¢ for P, > 0 (if the order parameter
is extensive). This is not the case for (t,) or (ts.), and there is no simple rescaling to
bring about the desired behaviour. Instead, one could redefine the order parameters
somewhat artificially as ¢~ In(|v|(¢,) /zo) and £~ In(v?(t,.) /D), which below and above
the critical point behave as intensive order parameters — but they are not well defined
at the critical point. C,, meanwhile, undergoes a transcritical bifurcation at the critical
point [41], but below the transition it goes to zero exponentially rather than as a power
law of 1/¢. A drawback of all three order parameters is the lack of an associated variance

that diverges at the critical point.
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5.2.8 FINITE-SIZE SCALING FOR THE MOMENTS OF THE DISTRIBUTIONS

The equations in the previous subsections show that, when wug is small, all the first-
passage times (to, tg, Ly, tor, and t,) obey finite-size scaling laws [160]. Indeed, starting
with tg,

72 1
(t) =7Gn () = EGél <%) ; (5.35a)
4
(t7) = 7°CGea (P) = %Gm (%) : (5.35b)

to zeroth order in ug, where Gy (P,.) and Gyp(P,) are scaling functions completely de-
termined by Egs. (5.20a) and (5.20b). The same scaling holds for t;. and ts, (but with
different scaling functions). In contrast, from Eqgs. (5.30) and (5.31),

(tr) = uotGp (Pe) = %Gm (%) : (5.36a)
3
(2) = ugr2Gho (P) = mloj—l;Gﬂ (2%) : (5.36b)

to first order in ug. The moments of ¢, share the same scaling (but with different scaling

functions). For further comparison,

Cp = uyG, (P,) = %Gc (6—“) , (5.37)

to lowest order in ug. Note that the position of the critical point does not shift with ¢:

it remains at P, = 0 (or v = 0) for finite /.

5.2.9 ENTIRE DIFFUSION PROBLEM: DISTRIBUTION

The Laplace transform of the probability density of the first-passage time ¢,, can be

written as the weighted sum

fr(s) = (1= Cp) fo(s) + Cofe(s) fir(5) = Jo(s) + Je(8) fir () (5.38)
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From Egs. (5.62), (5.18), and (5.26), we thus obtain

e~ Teuo sinh[(1 — ug) R] 2e~v0fe Rsinh(ugR)
sinh R Rsinh(2R) — 2P, sinh® R’

fr(8) = Jo(s) +e(s) fir(s) = (5.39)

which, at the critical point P, = 0, reduces to

Expanding in ug, we find (see Egs. (5.64), (5.18), and (5.26))

R e’ R e TR 9
Jrls) =1~ (Pe * tanhR) ¥ (sinhR) (RcoshR ~ P.sinh R) to + Ouo’)

1 (p+ B 21 uo + O(up?) (5.41)
- " tanh R Rsinh(2R) — 2P.sinh’R) 0 '

valid for ugR < 1. At the critical point (P, = 0),

=1- ( Vs Virs > uo + O(ug). (5.42)

tanh /75  sinh v/47s
Plots of the inverse Laplace transforms of f,.(s) and f(s) are shown in Fig. 5.2. Note

that all the results presented here for diffusion processes are valid for xq < £.

5.2.10 FINITE-SIZE SCALING FOR THE DISTRIBUTIONS

The Laplace transforms of the probability densities of t,, t;,., and 4, obey simple finite-

size scaling laws (to zeroth order in ug),

R R 2
fo(s) = Fy(1s, P.) = Fy (%, ;—Z) , (5.43)

from Eq. (5.23), where the scaling function F} is exactly known. Again, f,(s) and
for(8) scale in the same way as fy(s) (with different scaling functions). Inverting the

Laplace transforms, we see that the probability densities also obey simple finite-size
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scaling laws for fixed P.,

1 t D Dt v
ff(t) - ;Ff (;7Pe) - €_2F€ (£_27 E) > (544>
with f,-(t) and fg,(t) scaling in the same way.

In contrast, the Laplace transforms associated with ¢, and ty obey
~ ~ (s 1y lv
fT(S) :Fr (TS,UO,Pe) :Fr (3,70,%) y (545)

to first order in ug, from Eq. (5.41). This is not finite-size scaling for fixed z, due to

the dependence on wug; fp obeys an analogous equation. The corresponding densities

fo(t) = lFr (é,uO,Pe) -Dp (Dt #y b ) : (5.46)

obey

T 2"\ 2 (2D
with fy(t) scaling in the same way, but with its own scaling function. However, as the

moments of ¢, and ¢y have an extra factor ug in comparison with ¢, and t;,., this suggests

that the densities and their transforms can be written with an extra factor ug as well,

£ =2F, G,Pe) _ Dnop (Dt t ) , (5.47)

ie.,

T ¢\ 22D
where in a slight abuse of notation we have recycled the symbol F,., which now refers
to a different scaling function. The first-passage time t3 obeys an analogous equation

(now truly a finite-size scaling law). The scaling law for f,(¢) is compatible with the

rt=—(")'F <§ Pe) (5.48)

(and similarly for fy(¢)) with the new scaling function F' going to a constant for small

form

arguments and decaying very fast for large arguments, and with a = 3/2 and m = ug*r
the minimum value of ¢ (that is, for t < m the probability density fy(¢) can be considered
as zero). This is in agreement with the power-law behaviour shown in Eq. (5.16). An

alternative way to write the scaling law (5.48) is

f(t) = % <T>a F (37 Pe> : (5.49)



with the scaling function F absorbing the power-law part with exponent a = 3 /2. For
P. = 0 this leads to the same scaling law as in [37]. In fact, that reference gives a more
direct derivation of the scaling laws (5.48) and (5.49), but only for fy(t) with P. = 0.

5.3 BRANCHING PROCESS AND SIZE DISTRIBUTIONS

5.3.1 DIFFUSION AND RANDOM WALKS

First, we recall the connection between diffusion and random walks. Consider a random
walk described by a position X at time 7', which are both discrete and dimensionless. At
each time step 7', the position X increases by one unit with probability ¢, or decreases
by one unit with probability 1 — ¢. The continuum limit of the random walk is a
diffusion process, with x = X0, and t = T'd;, where J, and J; are elementary space and
time units, which tend to zero [164]. The limiting process is described by the diffusion
equation, Eq. (5.1), with v = (2¢ — 1)8,/6; and D = 2q(1 — ¢)62/6;. In this limit, the
results obtained for moments and probability densities of diffusion processes are also
valid for random walks [164]. Since all the relevant equations of the previous section

can be written in terms of dimensionless quantities, we can make the substitutions

1 L?
v — 2 (q—ﬁ) : D — 2q(1 —q), and T — 500 —q) (5.50)
g\l —q

together with ug = Xo/L, with Xy = /6, and L = ¢/d,; in particular

Lig—1/2)
b= =g 5.51
2¢(1 - q) (5.51)
As an illustration, Eq. (5.30) becomes
1 63Pe 1 X()L
= - ) 5 o) 0)- 52
) 4P, (Sinh P, tanh P, 3) 2¢(1 —¢q) + O(ug) (5.52)

Care is required approximating the (dimensionless) probability mass functions of ran-
dom walk times T', with the probability densities for diffusion times ¢, which have the
dimensions of inverse time. Note that, in the former case, first-passage times are dis-

cretised in steps of 2 (since boundaries can only be reached in either an odd or even
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number of steps). Thus, the two functions are related via

fr(T) =26, f,(T0), (5.53)

where fr denotes the probability mass function for the random walk and f; the probabil-
ity density for the diffusion process. The extra factor 2 with respect a standard change
of variables comes from the discretization of T'. In this way, rewriting Eqgs. (5.44) and

(5.47) for random walk scaling laws, we obtain

F(T) = 4Q(1LQ_ q)F/Z <2q(1L—2 Q)T,Pe> N iFf( T P> | (5.54)

with an analogous expression for frg(7'), while

4q(1 = ¢)Xo , (29(1 = )T Xo T
T)= F, ) P. ) ~ —F, YR P, ) :
fa(T) I3 12 377\ 212 (5.55)

where we have used g ~ 1/2 close to the critical point. The scaling functions Fy and F,

are the same as for the diffusion process of the previous section.

5.3.2 BRANCHING PROCESSES

We now consider the Galton-Watson branching process associated with the random
walk. The branching process starts with one single member (also known as the root),
defining the first generation. It produces a random number of offspring drawn from a
geometric distribution, i.e. the probability of k offspring is (1 — ¢)¢*, k = 0,1,2,...,
where 1—q is the success probability. Each of these second generation offspring produce
their own (third generation) offspring, and so on, independently and identically. The
process can be visualised as a rooted tree. In principle, ¢ is the only parameter of the
model, but one can introduce finite-size effects by stopping the branching process at

generation L.

The size S of the branching process, or the size of the tree or cluster, is given by its total
population (total number of offspring plus root, or, equivalently, the total number of
vertices in the tree) [38, 99]. In a finite system, clusters can be classified into two types:

percolating clusters, which reach generation L, and non-percolating clusters, which do
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not reach L. We denote the size of each of these by the random variables S, (for
percolating) and S;,; (internal, for non-percolating). Overall, S is a mixture of Spe,.
and Sfmt.

5.3.3 MAPPING FROM BRANCHING PROCESSES TO RANDOM WALKS

Harris’ mapping from trees to walks proceeds as follows (for complete details see [39,
50, 68, 98], for a visual explanation, see Fig. 5.4). A (deterministic) walker is placed
at the root of the tree and carries out a so-called depth-first search by traversing each
branch in turn to its very end, starting with the leftmost branch. Whenever a choice of
unvisited branches presents itself, the walker traverses them in the order left to right.
Eventually, the walker will return to the root, having traversed all branches. In doing
so, the walker will have visited each member of the tree twice. To define a positive
walk, it is convenient to append a final step to a “generation zero”, see Fig. 5.4. In this
way, one obtains a one-dimensional, positive walk (or excursion), starting at X = 1
and ending at X = 0, where X corresponds to the generation number as the walker
traverses the tree. The size of the tree S is then seen to be the duration of the walk
(plus one) divided by two — the division by two takes care of the fact that each member

of the tree is visited twice.

In addition, a probability measure over the set of all positive walks is inherited from
the probability measure over the set of rooted trees. When the tree is generated with
a geometric offspring distribution with success probability p, one obtains the standard
random walk, where X — X + 1 with probability ¢ = 1 — p, and X — X — 1 with
probability p.

In this way, a realization of a Galton-Watson process with geometric offspring distri-
bution is equivalent to a realization of a random walk that starts at X = 1 and ends
at X = 0, staying positive in between. The stipulation that a branching process can-
not exceed L generations is effected, in the random walk, by a reflecting boundary at
X =L.
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Figure 5.4: Harris map. Correspondence between trees and positive walks (excursions), known as a
Harris walk [98]. A walker starts at the root of the tree (the vertex at the bottom) and follows each
branch in turn to its end, starting with the left-most branch. If the tree is generated from a geometric
offspring distribution, the resulting path is a simple random walk.

5.3.4 MOMENTS AND SPLITTING PROBABILITY

One can calculate the avalanche size of percolating clusters S, from the first-passage
time of a diffusing particle that first reaches © = ¢, before being absorbed at z = 0
(as in [68]). The total time is the sum of two independent times: the first, ¢,, is the
time to reach x = ¢ starting from = = 2z (and not touch x = 0), and the second, t;.,
is the time to reach = = 0 starting from x = ¢, see [68]. Thus, in terms of a random
walk, Spere = (T + Ty + 1) /2, where the discrete and dimensionless times 77, and T,
are analogs of t, and t;. for the diffusion process. Similarly, S;,; is obtained from the
first-passage time to x = 0 of a diffusing particle that does not reach x = ¢, denoted
to. Thus, Sy = (To + 1)/2, with Ty = to/0;. The total size S (percolating or not)
can be obtained directly from the total first-passage time ¢,, via S = (T, + 1)/2, with
T, = t,/0;. The moments of S are

(5) = —5— = %, (5.56a)
(5% = T AL Ef(s; , (5.56D)



for L > 1. Thus, from Eq. (5.52)

5 = (< L g)opad (5.57)
~ 8P, \sinh P, tanhP, 2’ ‘
where we have used the fact that, close to the critical point, ¢ ~ 0.5. In the limit of large

system size, the moments of S obey the same scaling laws as those of ¢,, Eqgs. (5.36a)

and (5.36b), i.e.

~ 4q(1—q) 2q(1 —q)

) ~ LGy (2L(g — 1/2)), (5.58)

Fig. 5.3 shows good agreement between theory and realizations of branching processes

from computer simulations.

Note that the scaling law for Cy, Eq. (5.21), derived in the diffusion framework, is the
same as that obtained for branching processes in [39, 76|. Indeed, transcribing ¢, D and

v into their discrete versions, Eq. (5.50), we get

_Kv

2P, = 4L (q - %) ~ L((k) — 1) (5.59)

to first order in ¢ — 1/2, with (k) = ¢/p ~ 1+ 4(q —1/2) for the geometric distribution.
Substituting the previous expression for 2P, into Eq. (5.21), with x¢/¢ = 1/L, leads to
the result in [39, 76].

5.3.5 DISTRIBUTION OF SIZES

The distributions of sizes fg(.S) (for Sint, Sperc OF total S) are related to the distributions

of first-passage times in the random walk fr(7") and in the diffusion process f;(t) via

fs(S) = fr(2S —1) = 26, £,((25 — 1)dy), (5.60)

using Eq. (5.53). While we do not have explicit formulas for fr(7') and f;(t), we do
have their Laplace transforms f;(s). Thus, given a finite-size Galton-Watson branching
process, with parameters ¢ and L, we can calculate 7, P,, and ug for the equivalent

diffusion process, using Egs. (5.50) and (5.51), and then perform the numerical inversion
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of the Laplace-transformed expressions (5.11), (5.29), and (5.41). This yields a nearly
perfect agreement between computer simulations of the Galton-Watson process and

theory, based on diffusion processes, as Fig. 5.2 illustrates.

Note from the figure that the critical case, P, = 0, displays a bump before the expo-
nential decay at large sizes, which comes from the Kolmogorov-Smirnov distribution
associated with percolating clusters. Similar bumps have been observed in paradig-
matic models of critical phenomena, such as the Oslo sandpile model [35]. Therefore,
although deviations from criticality (P, # 0) in infinite systems lead to a f(S) given
by a power-law multiplied by an exponential tail (f(S) oc e™5/¢/S3/2  see [38]), this
parameterization is not valid for finite-size effects at the critical point, since it does not
reproduce the bump for large S. A much larger bump is present in the supercritical

regime.

This behaviour can be taken as an instance of the so-called dragon-king effect [183],
in which events at the tail of a distribution have a much larger probability than that
given by the extrapolation of a power-law central part. This would correspond to
the so-called characteristic-earthquake scenario in statistical seismology [14], although
from our results and those in [68] it seems clear that the bump cannot be described by
Gaussian-like statistics (which is only applicable in the subcritical regime, where the

bump is negligible or very small, depending on P,), contrary to the statement in [14].

Finally, from Egs. (5.44) and (5.47), the scaling laws for the size distributions can be

written as
foere(S) = éFm (% Pe) : (5.61a)
fim(S) = %Fo (2“;7_21,136) : (5.61b)
f(8) = %F (Q‘ZT_Zl Pe) : (5.61c)

where, again, ¢ >~ 1/2 close the the critical point. The scaling functions Fy, Fy, and F,

are the same as for the diffusion process.
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5.4 SUMMARY AND CONCLUSIONS

The Harris walk mapping establishes a direct correspondence between finite-size branch-
ing processes (in which the number of generations cannot exceed L) and one-dimensional
random walks between X = 0 and X = L. By approximating random walks with dif-
fusions, techniques from the latter can be applied to branching processes, such that
first-passage times of Brownian particles with drift correspond to sizes of trees gener-

ated by the branching process (up to a proportionality factor).

We solved the ensuing diffusion equations, arriving, in the limit of large system size, at
exact expressions for the Laplace transforms of the probability densities of first-passage
times. The drift term is a control parameter, bringing about a second-order phase
transition as it changes sign. This transition separates a regime in which diffusing
particles (starting at the origin) barely reach the distant boundary, from a regime
in which particles reach the boundary with non-zero probability. In the context of
branching processes, the transition separates subcritical and supercritical phases. In
the latter case, trees percolate (i.e. reach generation L) with non-zero probability. In
the limit of infinite system size, these transitions are sharp. We obtained finite-size

scaling laws for probability densities, and discussed possible choices of order parameter.

Our approach allows us to treat separately the contribution from particles that do reach
the further boundary (corresponding to percolating trees) and particles that do not. In
the latter case, the distribution is governed by a power law with exponent 3/2 (except
for very large and very short times), whereas in the former case we recover the results

in [68], which give a Kolmogorov-Smirnov distribution in the critical case.

An important lesson from this study is that truncated gamma distributions [173] (power
laws multiplied by an exponential decay term), although valid for modeling off-critical
effects in infinite systems, are not appropriate for modeling finite-size effects in critical
systems, due to a large-size bump in the distribution coming from system-spanning
clusters. Another point to bear in mind is that the existence of finite-size scaling in the
distributions of some observable is not a guarantee that the system under consideration
is at a critical point. It could be that the system is simply close to but not at the
critical point, in such a way that the rescaled control parameter (P, in our case) takes

a constant value.
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5.A  FIRST-PASSAGE TIME t

We provide details of the calculation of the outflux at x = 0 in a system with two
absorbing boundaries, see Egs. (5.1), (5.4), and (5.6). From Eq. (5.7), we arrive at the

exact expression

e~ Teuo sinh[(1 — ug) R]

Jo(s) = D (x=0,s) = “oh B ,

(5.62)

from which o(5) inh[(1 )R] sinh P
_ Jols _sin — ug)R| sinh P,
Jols) = = =07 ~ Smb[(1 =) P.]sinh R (5.63)

We are interested in particles starting very close to the x = 0 boundary, i.e. zo < ¢ and
uy < 1. Expanding Eq. (5.62) to first order in wy,

R
tanh R

Jo(s) =1— <Pe + ) ug + O(ug?) (5.64)
(in fact, we require ugP, < 1 and ugR < 1). The properties of the first-passage time
to x = 0 will arise from the Taylor expansion of jy(s) around s = 0. If we write
R = P,\/1+ z with z = 75/ P?, then, to second order in z,

e

P P P
o(s)=1—(P.+ —— )ug— ———— 1+ P.tanh P — —
Jols) ( et tanhPe> o 2tanh P, (  Fetanh Fe tanhPe) to=
P 1 P.tanh P, P P2 Up2>
BT Y- G R mi vove -l 3 ey O(=*)ug + O(u?) .
2tanhPe< 2 2 2tanh P, 6+tanthDe> 2 + O uo + O(uo”)

(5.65)
Since j(s) is the moment generating function for first passage times, i.e. j(s) = C(1 —
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(t)s+ (t?)s? /24 O(s?)), for some normalization constant C', we read off from the above

expansion
(to) ! 1+ P,tanh P, - + O(up?) (5.66)
T = »tanh P, — —— | Tu up”), )
"~ 2P tanh P, tanh 7, ) " 0
1 1 P.tanh P, P P?
£2) — - Te e e P2 _ e 2 O(un?
KU TEIIYD <2 2 2tanhF ¢ and? Pe) 7o+ O,
(5.67)

where the subscript 0 in ¢ denotes first-passage to the boundary at x = 0. To first order

in ug, the variance coincides with the second moment, i.e. 02 = (t2) — (to)? ~ (13).

The zeroth-order term in s (namely the constant C' = Cy = jo(s = 0)) is only one in
the limit ug — 0. To first order in ug, the coefficients in the expansion of jy(s) yield

the moments of ¢y. Using Eq. (5.64), the Laplace-transformed probability density is

j[)(S) . R Pe
Jols) = —s—oy ~ 1~ (tanhR ~ tanh Pe) to + O(uo”), (5.68)

to first order in wuyg.

5.B  FIRST-PASSAGE TIME tq

The problem of one-dimensional diffusion between two absorbing boundaries (analysed
in [65]) displays a phase transition in the same way as diffusion between absorbing and
reflecting boundaries. The calculation of first-passage times is analogous to that of the

absorbing-reflecting system, but with the contribution from ¢, excluded.

The exact Laplace-transformed probability density for tq,, the first-passage time to

either boundary, reads

e~ Pevosinh[(1 — ug)R] et~ sinh(ugR)

Joe(s) = oL 7 S : (5.69)
which, at the critical point (P, = 0), reduces to
. sinh|(1 — wug)+/7s| + sinh(ug/7s
firs) = 2B °)Smh N ovTs), (5.70)
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These expressions may be expanded in ug as

furs) = dos) 4 duls) = 1= o (Pt = Y o), s
0e(S) = Jo(8) 4+ Je(s) = o { Le tanh R sinh R o/ '

and, at the critical point,

/TS \/TS
tanh\/7s sinh+/7s

in which the Kolmogorov-Smirnov distribution again appears (corresponding to parti-

fits) = 1= ( )+ o) (5.72)

cles that reach x = ¢). Note that ¢y, scales in the same way as ¢, and ¢, (but with
different scaling functions). Thus, the scaling laws in the core of the paper also apply
here (but with different scaling functions).

To first order in ug, we have (tos) = (to) + Ci(ts), where C; is the same as in the

absorbing-reflecting system. Thus, the first moment is given by

_ Tug 1 1
(toe) = 5 (1 - ) Pe) , (5.73)

which is the expansion to first order in uy of Eq. (2.3.10) in [164], equivalently Eq. (6)
in [65].
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OVERVIEW The Voter Model is a simple stochastic process motivated by the dynamics
of public opinion formation, where two complementary opinions compete for space
until the system reaches consensus [124|. The competition happens locally through the
interaction between neighbouring sites. The Concealed Voter Model is an extension of
the Voter Model, where there is an additional layer of private opinions that interact
locally with the external layer of public opinions [82]. In this work I show that the
fundamental interactions in both processes are effective branching and volume-exclusion

interactions, and that both models belong to the same universality class.
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ABSTRACT

The Concealed Voter Model (CVM) is an extension of the original Voter Model, where
two different opinions compete until consensus is reached. In the CVM, agents express
an opinion not only publicly, they also hold a private opinion, which they may disclose
or change. In this paper I derive the critical exponents of both models via renormalised
field theory and show that both belong to the compact directed percolation universality

class.

6.1 INTRODUCTION

The Concealed Voter Model (CVM) is a simple agent-based model of opinion formation
in social networks that takes into account the consistency or the lack thereof between
a voter’s private and publicly expressed opinions [82, 83|. In the original Voter Model
(VM), agents adopt the expressed opinion of one of their neighbours at random until
the system reaches consensus [124]. Modelling the private opinion of agents in the CVM

is introduced as an extension to the VM in [82].

The VM is a special case of the Domany-Kinzel cellular automaton, which is in the
universality class of compact directed percolation, also known as the VM universality
class [58, 53, 60]. To determine whether the CVM belongs to the same universality
class, I calculate the critical exponents characterising the spreading of an opinion from
a localised source via a path integral approach. In [102], a path-integral method was

used to compute the persistence probability on a slight variation of the VM.

In the VM, each agent expresses one of two opinions, which may be thought of as
particles and empty sites on a d-dimensional lattice, Fig. 6.1. At rate a > 0, every
agent copies the opinion expressed by one of their randomly chosen neighbours. The
system is initialised with a single particle, and the process of copying is repeated until
the system reaches one of the two absorbing states: all sites either empty or occupied.
In the VM, activity only happens at the boundaries between clusters of empty and
occupied sites. The critical point of the VM separates the two phases where, in the
thermodynamic limit, particles are subject to extinction with probability 1 and where

there is a positive probability of indefinite survival. Microscopically, the VM is at
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Figure 6.1: The voter model (opinions are represented by circles and empty spaces). (a) Sample of a
particle configuration in the VM in d = 2. (b) The process of copying at the cluster boundary.

criticality if given a pair of neighbours at the interface between clusters A + (), the two
possible outcomes after copying, § + () and A + A, are equally likely. If, for instance,
the former is more likely, then, on average, there is a net loss of particles that gives rise
to the mass in the field theory. The VM at criticality is also known as unbiased voter

[53] and it is representative of so-called neutral theories [130].

Observables commonly considered to characterise such critical processes are [91, 136]:
the expected number of particles n(t) at time ¢, the mean square spread of particles
R%(t) (or radius of gyration), and the survival probability Ps(¢), namely, the probability
that there is at least one particle in the system. At criticality, these three observables

have an asymptotic algebraic scaling in time,
(n(t)) oc t7, R*(t) < t?, Py(t) xt™°, (6.1)

whose exponents 7, z and 0 characterise the VM universality class. The critical exponent
z is closely related to the dynamical critical exponent 2, defined as 7 o< &7, where 7,

and & are temporal and spatial correlation lengths, via the relation z = 2/2 [90].

Due to the duality between the VM and coalescent random walks [53, 60, 136], it is
known that 7 = 0 and z = 1 in all dimensions, and § = 1/2 at dimension d = 1 and

d =1 for dimensions d > 2, satisfying the hyperscaling relation [53|
1

in dimensions d < 2.

In Sec. 6.2, I derive the field theory of the VM and calculate the critical exponents; in
Sec. 6.3, I incorporate the dynamics of the CVM in the field theory and calculate the
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critical exponents. Finally, I discuss the results in Sec. 6.4.

6.2 CRITICAL EXPONENTS OF THE VOTER MODEL

The critical exponents of the VM are well understood [53, 136]. Nevertheless, in this
section, the exponents of the VM are derived via a path integral approach to lay the

foundations of the derivation of the critical exponents of the CVM in Sec. 6.3.

The configuration of the system is given by the set {m} of occupation numbers my,
which is the number of particles at lattice site x. The dynamics of the VM are condensed

in the following master equation,

P({m};t) = Z {a (mx +1) (1 - &> P(mx +1,my;t)

c
x)y
My — 1

+amy <1— . )P(mx—l,my;t)
My

-« [mx ( - T> + my <1 — %)} P(mx,my;t)} , (6.3)

where P({m};t) is the probability of finding the system in microstate {m} at time ¢, x
and y are nearest neighbours, and c is the local carrying capacity, the maximum number
of particles allowed in each site. This carrying capacity implements the fermionic nature
of opinions and may be set to ¢ = 1. However, it is useful to parametrise this excluded
volume constraint as it is the only interaction that keeps the spreading of particles at
bay [138, 21, 208| (Chapter 4). The first term in Eq. (6.3) describes the elimination of
a particle at x by an empty space at y; and the second, the production of a particle at
x by a particle at y. Initially, at time ¢y = 0, a single particle is placed at xq. Following
the Doi-Peliti formalism, the master equation in (6.3) is cast in path integral form [189].
After taking the continuum limit and introducing the annihilation field ¢(x,t¢) and the
Doi-shifted creation field a(x, t), the action functional of the resulting field theory is
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Ao + A, where

Ay = / ddxdt{$8t¢ — DoV2¢ + n}s’gb} : (6.4a)

A = [ e = 536 436 + i (V6) & - a6 (V20) P+ wade?)}
(6.4b)

D = « is the effective diffusion constant, s = ad is the effective branching rate, and the
other non-linearities are x = ad/c, w1 = a, wey = o/c and w3 = ad. The mass r > 0 of
the particles is added to regularise the infrared, ensuring causality in the time domain
t > tg, and is later removed by taking the limit » — 0 at criticality. In fact, if the two
processes A — A+ A and A — ) in Fig. 6.1b are set to happen at rates a; and ay
respectively, with oy # s, a mass term (g — ozl)d%gb emerges in the action naturally.

The action functional allows the calculation of an observable O, via the path integral
(©) = [ Dip.d O Hhrm, (6.5

which satisfies the normalisation condition (1) = 1.

The long-range behaviour in space and time of the spreading of particles in the VM is
governed by the processes of effective branching and effective diffusion. Consequently, I
demand that s and D have independent dimensions, [s] = A and [D] = B. This choice of
engineering dimensions is ultimately a decision about how the continuum limit is taken,
which, in the present case, is done by demanding that neither branching nor diffusion
are irrelevant in any dimension. Along with [x] = L and the dimensionlessness of the
action functional, [Ay + Ajn] = 1, it follows that

¢ =L7aB~, [§]=L%'B, []=L7B",

[r] =L72B, [x]=L%"?B, [wi]=L% [|wy]=L"2A [w;] =L, (6.6)

implying that the couplings wy, wy and w3 are irrelevant, which yields the action func-
tional in Eq. (6.4) consistent with [53, 136]. Moreover, the action of the VM is equiva-

lent to the action of the diffusion-limited pair annihilation process [151] under rapidity
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reversal [189], that is under time inversion and the exchange of fields

Oz, 1) < —d(z, —t). (6.7)

As a result, the renormalisations of both field theories are intimately related. The
choice of engineering dimensions above is not unique. An alternative choice [151] is, for

example, [s] = [x].

The coupling x has critical dimension d. = 2 such that y is relevant for d < d., marginal
at d = d. and irrelevant for d > d.. The fact that, in terms of the original parameters,
the coupling y is inversely proportional to the carrying capacity ¢ indicates that y
arises from the excluded-volume interactions between particles, which, according to the

critical dimension d. become irrelevant for dimensions d > d..

The Fourier transform is defined, by convention, as

bk, w) = / dixdt 1% (x 1) (6.8)

P(x,t) = / d%kdw e ok, W), (6.8b)

where the spatial momentum k is conjugate of the position x, the frequency w is con-
jugate of time ¢, d%k = dk/(27)? and dw = dw/27. The same convention applies to

¢(x,t). It is often convenient to use Feynman diagrams to express lengthy expressions
[189]. In the diagrams, time, or the direction of causality as implemented by the posi-
tive mass r, is read from right to left. The bare propagator of the ¢ field is then, from
Eq. (6.4a),

T = (6.

S(wHw)ik+ k)
- —iw+ DK+ (6.9)

where §(w + w') = §(w +w')/(27), §(k + K') = §(k + k') /(27)? and §(z) is the Dirac §

function.
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6.2.1 EXPONENTS 77 AND 2

The expected number of particles in the system is

n(t) / A% (6(x, 0)3(x0.10) ) = Ot — 1g)e™ ), (6.10)

where © is the Heaviside step function and r > 0. At criticality, » = 0, the expected
number of particles is n(t) = 1, so that n = 0 according to Eq. (6.1). The mean square

spread of particles is

R2(t) = / A%(ox — x0)” (6%, )3 (0. )

dQ / ! —iwt+ikx  —iw'tg+ik’xo 2 AN
=~ qe </ dk'dwdw'e e <¢(k,w)¢(k W )> ‘k:o

=2dDte ™" (6.11)

where ty = 0 and r > 0. At the critical point, R?(t) « t, so that z = 1. The reason why
both exponents, n and z, attain their trivial values is the non-renormalisation of the
propagator and the absence of a temporal singularity at time ¢t = to that would require
an independent renormalisation constant [189, 104].

6.2.2 EXPONENT §

According to [103, 104, 77| (Chapter 2), the survival probability is given by

Py(r,D, s, x;t) = — <e‘f A0 g(x, to)> (6.12a)
—— i:: = <( [ ol t))n 3o, t0)> (6.12D)

~_ i (_nll)n n{ (6.12¢)

where the hatched circle in Eq. (6.12¢) indicates the sum over all diagrams that have

one incoming leg and n outgoing legs. For instance, the two tree-level contributions to
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n =4 are

;>_, >_ (6.13)

At tree level, the sum (6.12c¢) is easily performed to produce

exp(—rt)
P(r,D,s,x;t) = , 6.14
(D50 = T3 0~ () (6:-14)

which becomes .

:1—|—st

in the limit of » — 0. However, in d < 2, where Yy is relevant, loop diagrams contribute

P(0,D, s, x;t) (6.15)

to the survival probability, whose effect is captured by replacing the bare s in (6.14) by
an effective (renormalised) coupling. This non-linearity renormalises under dimensional
regularisation at d = 2—e¢, by means of the governing non-linearity y, which renormalises
itself.

The effective, renormalised, couplings g and seg are, diagrammatically,

)S-ei=>s—+§08—+m+... (6.16b)

which can be summed exactly,

€ = ) 6.17
Xeff 1+ Jx ( a)
S
off = , 6.17b
St = T3 7x ( )

taking into account that s enters in the expansion of the exponential of the action in

Eq. (6.5) with a positive sign and y with a negative sign, and where J is the loop
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integral
J :O (6.184)
=9 / A%k, Ak d ks d kg door dwsdwsdes 3 (ks -+ ka) (k + k)
X 6 (w2 + wa)d(wi + ws) <¢(k2, w) (ki W1)> <¢(k4a w4)$(k3»w3)>

d_q _€

2

= dr(1—ﬁl>:r—2d, (6.18b)
(4w D)z 2 e(4mD)2

with d =2 —e.

Defining the Z-factors such that xer = xZ, and sex = sZ;, from Eq. (6.17a) it follows
that the two Z-factors are equal, Z, = Z;, yielding the renormalisation of the coupling
s entirely driven by the renormalisation of y. It is noteworthy that the renormalisation
of this pair of couplings satisfies the Ward identity [21] (Chapter 4)

dseff _ Xeft
ds X

(6.19)

derived in 6.A.

The renormalisation of the dimensionless coupling xyg = = U xefr, where p = /r/D is
an arbitrary inverse length scale and U = 2/ (D(4m)%?), is, using Eqs. (6.17a), (6.18a)
and the identity = = y/(1 + ay) = y(1 — ax), exactly

1
xR = pUX (1 - gXR) : (6.20)

The [-function of the renormalised governing coupling yr is

d
By = M@XR = —eXR + XR (6.21)

whose infrared-stable fixed point is x% = € since df, (xx = €)/dxr = € > 0. Since both
Z-factors are identical, Z, = Z; = 1 — xr /€, the Wilson ~-functions of the couplings

are then identical as well,

d —1 .
Vs = Vx = /l@ log Z, = zﬁx =XR 7 XRr - (6.22)

X
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Then, the anomalous dimensions of s and x are 75 = v, = € for € > 0. For € < 0, the
infrared-stable fixed point of 5, is x* = 0 as dfy(xx = 0)/dxr = —e > 0, and therefore
vs = Yy = 0. As a result, in dimensions d > 2 the anomalous dimensions of s and x
vanishes and the process exhibits mean-field behaviour as correlations due to volume

exclusion become irrelevant.

Dimensional consistency in Eq. (6.14) requires [s] = [r] and therefore A = L™2B. As
[P,] =1 it follows that

r D s X t
Pu(r, D, s, x:1) = P, =~ : 2
(. D:5,X:t) S(L—2B’B’L—2B’L—eB’L?B—l)’ (6.23)

for any positive, real L, B. A similar expression can be found for all vertex functions.
Following the usual process [189] of using (6.23) with B = D and L = v/ Dt in con-
junction with the solution of the Callan-Symanzik equation on the basis of the Wilson

v-functions (6.22) produces

N Gl
Py(r,D,s,x;t) = P, (rt, 1, stl? ,W; 1) , (6.24)

with a dimensionless, small scale parameter ¢, which one may choose to be
0= (D/x - (Dt)y=/2)"/™ (6.25)
such that at € > 0, when v, = v, = ¢,
Pi(r,D,s,x;t) = P (rt,l, i(Dt)l‘g, 1; 1) : (6.26)

As the accounts for the effect of the interaction that takes hold at large times by
adjusting parameters in an expression involving (arbitrarily) short times, when the

tree-level theory applies, the survival probability at criticality (6.15) is expected to be

1
Ps 07D7 ) at = £ - 6.27
(0.0.%1) = [ s (6:27)
X
Asymptotically in ¢,
P(0,D,5,x;t) oc t~(175), (6.28)
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Figure 6.2: The concealed voter model (opinions in the outer layer are represented by circles and
empty spaces, and, in the inner layer, by solid disks and empty spaces). (a) Sample of a particle config-
uration in the CVM in d = 2. (b) Externalisation process between the two layers. (c) Internalisation
process between the two layers. The process of copying in the outer layer is represented in Fig. 6.1b.

which implies by Eq. (6.1) that 6 = 1 —¢€/2 for d < 2. For d > 2 the 7-functions vanish

so that 0 = 1, with logarithmic corrections at d = d. = 2, recovering the results in [53].

6.3 CRITICAL EXPONENTS OF THE CONCEALED VOTER MODEL

In addition to the lattice (outer layer) of the voter model above, where opinions are
copied to nearest neighbours with rate o, the CVM has an inner layer, that represents
the private opinion of each agent, which may equal or differ from the expressed opinion
in the outer layer, Fig. 6.2. The private and publicly expressed opinions interact via
two new processes: an agent may externalise their private opinion with rate 3 (the
opinion in the inner layer is copied into the outer layer) and internalise their expressed
opinion with rate v (the opinion in the outer layer is copied into the inner layer). In
total, there are three concurrent Poisson processes: copying at rate a, externalisation

at rate 0 and internalisation at rate . The original VM is recovered if 5 = 0 [82].

As in the VM, the interaction between two competing opinions can be represented by
the interactions between particles and empty spaces. The particles in the two layers may
be considered two distinct species, namely, mobile particles with occupation numbers

{m} and immobile particles with occupation numbers {n} [138, 21| (Chapter 4).

The master equation of the CVM comprises in addition to Eq. (6.3) for the process of
copying (the left-hand side of the equation becomes P, ({m};t)) the following contribu-
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tion

Py{m}, {n}it) = 30 {80me+1) (1= 22) Pl my+131)

C

My — 1

) P(nx,myx — 1;t)

-3 |:mx (1 — &> + Ny (1 — %ﬂ P(nx,mx;t)}, (6.29)

C C

for the process of externalisation with rate 5, and a symmetric transformation of the
above for the process of internalisation obtained by swapping my for ny, the rate 8
for . Hence, the time evolution of the microstate probability is P({m},{n};t) =
P.,({m};t)+ Ps({m}, {n};t) + P,({m}, {n};t). At time to = 0, the system is initialised
with one particle of either species with equal probability at xq.

It follows that the action functional Ajf, + Al of the CVM is

Ay = [ a'xat{@0.6 — DOV26 -+ 1166+ U0+ radb — b - 0T} (6300
Ay = / a'xdt{ — s6%6 — 0100 — 02000 + XG? + m G + radU Y
w16 (V26) & — w36 (V20) 66 + wsd* 6 + witp?6 + wsdo)™v |

where ¢ is the annihilation and zz is the Doi-shifted creation field of the immobile
species, and where, in terms of the model parameters, 1 = 7 = o7 = [ (associated
with externalisation), ro = 79 = 09 =  (associated with internalisation), k1 = wy = /¢
and kg = ws = 7/c. The mass terms r; and 7o emerge from the microscopic dynamics
of the process: r; derives from the depletion of mobile particles due to externalisation
(Fig. 6.2b bottom) and ry from the depletion of immobile particles due to internalisation
(Fig. 6.2¢c up). The couplings 71 and 75 are commonly referred to as transmutations
[138, 21] (Chapter 4), as they provide causal correlations between fields of different
species (Fig. 6.2b up and Fig. 6.2c bottom, respectively). This terminology may lead
to confusion, though, if one thinks of particles in one species changing into the other
species. In the CVM it is more accurate to say that immobile particles deposit mobile
particles with rate 5 and mobile particles deposit immobile particles with rate . As-
suming that L, A and B are independent dimensions, and that the two fields ¢ and ¥

have the same dimensions, [¢] = [1)] = L=9*2AB~!, the dimensions of the new couplings
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[r1] = [r2] =[] =[] =BL™?, [o1] = [02] = A,

[/fl] = [/432] = Ld_zB, [w4] = [w5] = LdA. (631)

This implies that w, and ws are irrelevant non-linearities, while all the others are either

relevant or marginal.

The couplings s and x stay as in the VM, but the new couplings o1, 02, k1 and ko
couple the new 1, 1 fields to the old ¢, ¢. Diagrammatically,

01 02 K1 Ko
N ‘
/ ) ) >/7 \7 (632>
where represents the propagator <WZ> This set of mixed couplings encode cor-

relations between the two species due to transmutation and volume exclusion. From

Eq. (6.30a), the four response propagators (¢¢), (), (¢)) and (@) are determined,
6.B8.

In fact, all six s-like couplings (one incoming leg and two outgoing legs) are effectively
available by combining s, o, or o, with suitable propagators, and are denoted by o3,

.., 05. Similarly, the nine x-like couplings (two incoming and two outgoing legs) are
available, by combining vy, 1 or ko with the propagators, and are denoted by k3, ...,
kg. Therefore, the one-loop renormalisation of each of the available couplings may
need to consider sixteen loop integrals, which are reduced to ten integrals due to their

symmetries, 6.C.

However, to define the observables n(t), R*(t) and Py(¢) in the CVM, it is convenient to
consider the total number of particles, irrespectively of their species. Indeed, the system
will reach an absorbing state whenever the total population is zero. This motivates the
definition of the annihilation density field p = ¢ + 1 (and the Doi-shifted creation
density field p = 5 + @Z), whose propagator is, using the propagators in 6.B,

—2iw + DK* 4+ 711 + 1o+ T1 + T2

—5 5 (k + K -
(w+w)ok + )(—i’w—l—Dk2+r1)(—iw+r2)—7172

(6.33)

187



The critical point of the CVM happens when particles, i.e. one of the two opinions, are
no longer subject to spontaneous extinction, r;, = 71 and ro = 75. That is, when the
gain and loss of particles due to deposition and decay are balanced: immobile particles
through the internalisation process, and mobile particles through the externalisation
process. To deal with the infrared divergence at criticality, it can be assumed that
ry = 1 +r and ro = T» + r, taking the limit »r — 0 to reach the critical point. This
parametrisation of r; and 79 is allowed because the critical point » — 0 of the CVM is

unique, as shown in 6.D.

The loop integrals in 6.C contain two infrared divergencies, r — 0 and 71+715 — 0, where
the second one corresponds to the original VM at criticality. Henceforth, I assume 7 +
79 > 0 and refer to r — 0 as the critical point of the CVM. Moreover, the loop integral
Lo in Eq. (6.58j) has a quadratic divergence that results from taking the continuum
limit. Since the process is originally defined on the lattice, this divergence can be
regularised by introducing an ultraviolet cutoff. Usually, such a quadratic divergence
can be absorbed into a fluctuation-induced shift of the critical point by means of additive
renormalisation. However, in this case the quadratic divergence is associated with an

infrared divergence in 7y, i.e. the critical point of the original VM within the CVM.

6.3.1 EXPONENTS 77 AND 2z

The expected number of particles is

n(t) = 1/ddx (p(x,1)p(x0, t0)) = O(t — tg)e ") (6.34)

2
where the factor of 1/2 accounts for a particle of either species being created with equal
probability. At r = 0, i.e. at the critical point n(¢) = 1, and the critical exponent in
Eq. (6.1) is n = 0. The mean square spread of mobile particles is

1 N
12(t) = 5 [ el =) (ol )70x0.t0)
dD ot T — T2 _
- 9ot 1 — e (mtm)t 6.35
7‘1—1—7'26 [TQ+71+72< € >]’ ( )

where to = 0. At the critical point R?(t) o t, so the critical exponent is z = 1.
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Eq. (6.35) recovers the behaviour of the original voter model, Eq. (6.11), for vanishing
transmutation, depending on how this limit is taken. For 71 = 0, 7, — 0 and 7 = 0,
71 — 0 the mean square spread is half of that of Eq. (6.11), as the spread is zero if the

initial particle happens to be immobile.

6.3.2 EXPONENT §

The survival probability in the CVM is

1
Py(r,m1,79,D,8,01,...,05,X,K1,---,Ks;t) = —3 <e—fddxp(x,t)ﬁ(x(), t0)> (6.36a)
1 (—1)" e
=-3 z% ( n!) <(/ dxp(x, t)) p(XO,t0)>
! i Gt D Dy (6.36b)
Z n=0 n! ;’,’, |

where the sum contains all binary tree diagrams with one incoming p field and n out-
going p fields.

To account for the transmutations between the ¢ and v fields in the sum in Eq. (6.36a),
the density field p alone is not enough. To make use of the symmetries that will later
allow for simplifications, I consider the polarity fields v = ¢p—1 and v = (7 5—7'2{/;) NGRS
T3). The fields ¢, gg, P, 1; are then mapped to the fields p, p, v, v, by means of linear
combinations. As will become clearer, this a particularly simple mapping that allows
the loop correction analysis. The propagators (vv), (pv) and (vp) are stated explicitly
in 6.E. Similarly, the couplings involving p, p, v, v, are weighted linear combinations of
S, 01, ..., 05, X, K1, - .., kg and all observables may be parametrised in terms of these
linear combinations weighted by powers of 71/(m1 + 72) and 75/(71 + 72) as they enter
v. Eq. (6.36a) is thus simply a reparametrisation of the survival probability in terms
of linear combinations of couplings. Consider, for example, the branching non-linearity
involving only p and p fields

$=== (6.37)
with ¢ = 7 (s +71(01+02))/ (2(11 + 72)?), and the four-legged non-linearity involving
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only p and p fields
W3¢ (6.38)
with X = (72(x + k1) + 72ka) / (4(11 + 1)?).

For example, for n = 3, the sum in Eq. (6.36a) has contributions from diagrams such

as
.~ g ~ .~
.~ -~ -~
¢‘s &‘% l“s
¢" Ttmmm ¢ Gumm ¢ Qoomm (6 39)
) . ) o0 ’ .
’ 4 ®©
. . .’
. . .

where eeceeeee represents the propagator (vv).

In what follows I show that any addend in Eq. (6.36a) containing a v or a v field is
asymptotically sub-leading and, therefore, its contribution can be neglected. From the

propagators in 6.E, it follows that the propagators in real time, integrated over all space,

are
/ A (v(x, )7 (x0, To)) = — e~ (6.40)
/ A (p(x, 1) (o, to)) =2 e~ (rtmAnt, (6.40D)
T -+ T2

/ dix (v (x, )5 (%o, ) =0, (6.40¢)

which decay exponentially faster in time ¢ than [ d%x (p(x,t)p(x0,%0)) = 2¢ " in
Eq. (6.34), since r — 0 while 71,75 > 0. Hence, only binary tree diagrams contain-
ing p and p asymptotically contribute to the sum in Eq. (6.36a), which gives

exp(—rt)

Py(r,m,m70,D,5,01,...,05,X,K1,...,kg;t) >~ : 6.41
(r.71, 7 ! R 1) 2(1—{—%(1—exp(—rt))) (6.41)

Further, the fields v and v are also present in the renormalisation of the non-linearities.

For example, ( is renormalised diagrammatically by

- C - - 000, O Om'
‘\C’R AN C s>\,' S e Sa o & 0, NS
Bom = 3a-- S LLIE D U TEIE i S TR R/ A PR S (6.42)
* AR o AN K RN !
. k4 2 ©0000° 00009 Cuw?

and similarly for the four-legged diagrams, which are, in fact, the governing non-
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linearities. However, the choice of mapping between fields suitably fits the underlying
symmetries of the original loops, Eqs. (6.58a)—(6.58;j), and one can show that, crucially,
any loops containing v or v are ultraviolet convergent as far as the phase transition at
r — 0 is concerned. Expressing the loops formed with p, p, v, v as linear combinations
of the loops formed with ¢, (E, ), J in Appendix 6.C (derived in Appendix 6.F), and
assuming 7 + 7o > 0, it follows that the only ultraviolet divergence to be taken into

account is

Pl

K=+ (6.43a)

A
Vuw?

=2 /ddklddkgddkgddk4dwldWQdW3dW4 5(1{2 + k4)5(k1 + kg)

X §(wy + wq)d (w1 + ws) (p(ka, wa)p(ke, wr)) (p(ka, wa)p(ks, ws3))

d
1+ T 2 d_q d

=4 I'il1-- 6.43b

(7'247rD> " ( 2) ’ ( )

whereas all the other loop integrals are ultraviolet convergent,

LIS

" 0000, + =0, 000w ¢ ™00, 0% ~ + =00, LN ,-o%°

°
. ° 0 ’ 0 P Y ’ °, ’ o ’
iy 4 — 8 °© __ ° __ & _ S _ & _ o __ & * °
0=4 r=4 §=4 r=4 r=4 ¥=4 pr=4 =4 F=4 F.
J 5 %, o° “ ’ AJ ’ %, o %0000 ~ ° 0, U %,
00!

C)
%0000 90000 - Ve 0000° ~00° ©00m * %0m

(6.44)
In conclusion, the renormalisation of the reparametrised non-linearities is solely run by
A, in the same way that, in the VM, x is the governing non-linearity. It follows that
the arguments in Sec. 6.2.2 for the VM apply equally to the CVM, producing the same
result for the critical exponent ¢ in the CVM as in the VM.

6.4 DISCUSSION AND CONCLUSIONS

In summary, the CVM has the same asymptotic behaviour as the VM at criticality
and, therefore, the CVM belongs to the VM universality class. The addition of the
inner layer and the new interactions with the external layer introduce changes in the
short-term dynamics of the process, where the inner layer acts as an internal memory
of previous states. However, the new interactions are not strong enough to significantly

change the long-range and long-term behaviour of the process.

Yet, the interactions in the CVM manage to cause havoc to the renormalisation cal-
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culation and require linear combinations of fields and couplings to be considered. The
field theory encounters a range of interesting technical challenges. For example, since
the VM at criticality is a particular case of the CVM, the loop integrals involved in the
CVM present multiple infrared divergencies. Moreover, the renormalisation of the field
theory in ¢ and ¢ involves ten loop integrals for a set of fifteen coupled non-linearities.
Nevertheless, the renormalisation scheme greatly simplifies by reparametrising the non-
linearities by suitable linear transformations of the fields that make use of the intrinsic
symmetries of the field theory of the CVM.
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6.A WARD IDENTITY

In this section I adapt the derivation of the Ward identity in [21] (Chapter 4) to the
Voter Model. The action of the VM without irrelevant terms is, from Egs. (6.4) and
(6.4D),

A (163 D.ros.x) = / A%t 30, ~ DV + 7)o — 530 + 00} (6.45)

The Ward identity, Eq. (6.19), has its origin in a symmetry of the action when shifting
the field ¢(x,t) by a constant X,

A ([qb + 3, 25]7 D,r,s, X) =A ([925, (Z], D,r s — 2x2,x> +/ ddxdt{r25—5252+x22$2} .
(6.46)
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To simplify the notation, let

A= A([6,3]: D,r.5,X) (6.472)
A = A([6+ 3,8 D7, 5,x) (6.47b)
A" = A ([gzﬁ, 5], D,r,s —2xX, X) (6.47¢)
so that Eq. (6.46) reads
A=A+ / ddxdt{rzgz? N e x2252} , (6.48)
and define the path integral
O [ Dlo.doe, (6.49)

and equivalently for the actions A" and A”, for any observable O. To derive the Ward

identity, consider the observable <gb(xQ,t2)¢(xl,t1)¢(xo,to)> . Since ¢ is a dummy
variable in the path integral, the integral is invariant under a shift of the field by a
constant X3,

(@2, ta)oxr t)dlxo,to) ) = ( (@02, t2) + ) (601, 1) + 2)dlxar o)) |
= (62, )0 (x1,11)0(x0 ) ) + 2 (i, )b (xo0,t) )
+ 2 (62, t2)6 (%0, t0)>AI + 32 (3(x0, t0)>A/ | (6.50)
Differentiating Eq. (6.50) with respect to ¥ and evaluating at ¥ = 0 gives
0= — 20, (Bl t2)(x1, 1) (0 t0) )
—r [t (ot o, )30k, )oK 1)) |
w5 [ atxar (o6 t)olx, 1o, o) (1)) |

+ <¢(X1at1)¢(X0>t0)>A + <¢(X27t2)¢;(X0at0)>A ) (6.51)
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since A" = A at ¥ = 0. The path integral in the first term of the right-hand side of
Eq. (6.51) is

(ofxa. )il )90, ) = 2 et

= 25 / d%kod?k)d 'k, d 7k, d ko d k) dwodw)dw dw] dwsdw
X B(wh + W)+ Wh)B() + K+ k) e ntorunttusta)+ilkoxo e lea)
x (@lwhs k) (wo, ko) ) (o, k)(wh, ki) ) ( Blen, o) (), Ky) )
— s / ey @y ey iy €11 (1 —10)Fea(t2—10)) ik (1 =320) +kz (x20))
X <¢(w1 +wn Ky 4 ko) (—wi — wa, —k; — k2)>
X <¢(w1,k1)5(—w1, —k1)> <¢(w2,k2)5(—w2, —k2)> . (6.52)

The second path integral in Eq. (6.51) has three contributions,

/ddxldt’ <¢(x2,t2)¢(x1, t1)$(Xo,to)G§(X/at/)>A

1 0
= [atwar{
2 7

= % <¢(x1,t1)¢(xo7t0)> + % <¢(x2, t2)$(x0>t0)>

. 4Xeff /ddklddkgdwldWQ e—i(m(t1—t0)+w2(t2—to))+i(k1(X1—X0)+k2(x2—x0))
T

X <¢(w1 -+ Wa, k1 -+ kg)(g(—wl — Wa, —k1 — k2)>

X <¢(w1,k1)¢(—w1, —k1)> <¢(W2ak2)$(—w27 —k2)> ; (6.53)

where integrating over space and time amounts to evaluating the propagator in Fourier

space at w' =0 and k' = 0,

/ ddx'dt’ <¢(x, t)%(x’,t’)> - / dkdw <¢(w,k)$(w’ —0,K = 0)> _ !

r

(6.54)
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The third term in Eq. (6.51), with coupling s, vanishes because the action does not
provide any vertex that allows to pair each creator field with an annihilator field. Sub-
stituting Eqgs. (6.52) and (6.53) in Eq. (6.51), and dividing out the common integral,

which amounts to amputating diagrams, gives the Ward identity,
0= _Xasseff + Xeff 5 (655)

which is a generalisation of the VM Lagrangian invariance in [136].

The Ward identity in Eq. (6.55) also holds in the diffusion-limited pair annihilation
process field theory [151] by virtue of the rapidity reversal of the VM field theory,
Eq. (6.7). In this case, the origin of the Ward identity lies in the symmetry of the
action under a shift of the creation field by a constant (instead of the annihilation

field).

6.B  PROPAGATORS INVOLVING ¢ AND ¥

From Eq. (6.30a), the four response propagators <¢<Z>, <1/11$>, <¢{bv>, <¢<Z>, are read
off from the inverse of the bilinear interaction matrix as follows:

v _ F e e
= <¢(k,w)$(k’,w')> (6.56a)
B d(w~+w)dk+ k) (—iw+ rs)
(—iw + DK2 +11) (—iw +19) — 7172
LA F o e b
= <¢(k, w)J(k',w’)> (6.56b)

_ d(w+w)i(k+K) (—iw+ DK + 1)
N (—iw + Dk2 + 7”1) (—iw + 7"2) — T172 ’
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T = —wn + == F A L
=~ <¢(k,w)"$(k/,w/)> (6.560)
B w4+ w)ik+k)m
~ (—iw+ DK+ 1) (—iw +12) — T2
¢_¢: — 4+ mv—an— + Aaaa- L
£<@Z)(k, w)5<k/’w/)> (656d)

B d(w+w)ok+k)n
"~ (—iw + DK 4 1) (—iw + ry) — TiTy

6.C LOOP INTEGRALS WITH ¢ AND

The derivation of the loop integrals with ¢ and ¢ is in Appendix 6.F. The loops in
Eq. (6.58) are written by substituting r; = 7, +r, i € {1,2}, in Eq. (6.79), to leading
order (assuming 0 < r < 7;). Let

o (7’1 +7'2)%_2 d
U=y (173) (6.57)

then the loop integrals involving the fields ¢, 5, WY, IZ, are

41
hz@éﬁ (7'17'2 + 72 (1) ) , (6.584)
T2
4
~ r 2
[QZ.CJgu 71Ty + T T (—) ) : (6.58b)
T2
4
~ r 2
Igzdéu 2 (—) ) , (6.58¢)
T2

_ o
14: m éu T1T2 + 27’22 —+ T1T2 <i) ) s (658d>

41
15_< =i (—Tf 42 (;) ) , (6.58¢)
2

196




o= f/ ~ 1, (6.58f)

Ir= =13, (6.58g)

- §-1
Iy= =U (7’22 + 717y (i> > , (6.58h)

41
L={"tzu (mﬁrf (1> > , (6.58i)

Ad
L= =—+ 1y, (6.58))
279
where A < 0o is an ultraviolet cutoff to regularise the quadratic divergence of I, at
d = d. as |k| — oo. The loop Ig is UV finite with a quadratic divergence entering
only as the internal layer becomes inert in the absence of internalisation, 7 — 0. All
loops above have the same divergence as » — 0, the critical point of the CVM, up
to an amplitude in powers of 71 and 7, that is effectively accounted for by the linear
combination of fields introduced with v. In any loops that contain v and v fields, which
are constructed by subtracting fields ¢, v and (Z, J respectively, UV divergencies will
therefore by symmetry vanish.

6.D UNIQUENESS OF THE CRITICAL POINT OF THE CVM

The critical point is found in the divergence of the loop integrals. For example, the

integral I; in Eq. (6.58a) is, assuming 7,79, 71, 72 > 0,

-3

[, =
! 2(r3 + 1172) (4 D)4/2

o\ 421
7'17'2(’/“1 + Tz)d/Q_l + 7“3 (7“1 — %) ] . (659)
2

This indicates the presence of two divergencies: r + 19 — 0, which recovers the original
VM, and &€ = r; — my7y/ry — 0, which defines the parameter regime of the CVM at
criticality. Let the masses m and ry be parametrised by r; = 7, + 6; with ¢ € {1, 2}.
The distance to the critical point £ reads

T1T2 . 917’2 + 927’1 + 91‘92
7'2+92 7'2+(92 .

(6.60)



Taking the limit §; — 0 while keeping 6, > 0, with j € {1,2} and j # i, gives
. (6.61)

Since it is necessary to take both limits, 6; — 0 and 6, — 0, simultaneously in order to
find the critical point,
lim lim €=0, (6.62)

01—062—0
the critical point of the CVM is unique and therefore r; can be parametrised by r; =

T+

6.FE  PROPAGATORS INVOLVING p AND v

The propagators (vv), (pv), (vp), are

eooooooooe = <V(k’ a});(k/’ Q_}/)> (663&)
(11 + 7o) (—iw) + 72 DK% + Ty79 + Tory — 27179

= ke ) i 1 DI 4 ) (i £ 72) — 7]
e 2 (p(k, ) DK, o)) (6.63b)

B e e e ]
YoV 2 (w(k,w)pK, W) (6.63c)

—Dk2—|-’f’2—7“1—|—7'1 — To
(—iw + DK2 +11) (—iw + 1r9) — 1172

=0(w+w)d(k + k)

6.F CALCULATION OF THE LOOPS WITH ¢ AND %

This Appendix contains the calculation of the loop integrals that are listed in Appendix

6.C. First, a clarification is needed about the symmetry factors of the loops and their
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diagrammatic representation. In Eq. (6.18), the loop diagram represent the integral J

Oﬁ / Ak d ko wrdws {6(ks, )6 ko, —2)0(kt, 1) ki, 1)) (6.64a)
—2 / dkdw <¢(k, W)(—k, —w)> <¢(—k, —w)p(k, w)> (6.64b)

and similarly in Eq. (6.43) for the field p. Eq. (6.64b) derives from (6.64a) by applying
Wick’s Theorem [189] and realising that one of the dummy variables can be transformed
so that the two terms in the sum are equal, and hence the origin of symmetry factor 2 in
(6.64b). This convention eases the notation in equations involving the renormalisation
group such as (6.16) and (6.17), however it may lead to confusion when new fields are

introduced. Consider, for instance, the integral

/ dk, A%y dw, dw, <¢(k2, w2 ) (—Ka, —wn)(ky, w1 (K1, —w1)> (6.65a)
- / d¥kdw <¢(k, W)d(—k, —w)> <¢(—k, —w){/?(k,w)> (6.65b)
+ / d%kdw <¢(k,w){z7(_k, —w)> <¢(—k, —0)d(k, w)> . (6.65¢)

Clearly, the proper diagrammatic representation of Eq. (6.65a) is

{y+4 %, (6.66)

namely, after applying Wick’s theorem. Henceforth, when combining more than one
field, I use the diagrammatic representation of the loops after applying Wick’s theorem,
although to be clear of any ambiguity, each diagram is defined when introduced for the

first time.

Using the four propagators in Eq. (6.56), the loop integrals are then,

[:O&/ddkdw A ERaE
! (—iw + Dk? —+ 7”1) (—iw -+ 7’2) — T1T2 (iw + Dk? + Tl) (iw + 7’2) — T1T2 ’
(6.67a)

L= CJ = / d'kdw —w ¥ T
2 (—iw + DK? + 1) (—iw + 1r2) — 7173 (iw + DK? +11) (iw + 1) — 7170
(6.67b)
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= O - / d'kdw Bk ik
3 (—iw + DK2 + 1) (—iw + r9) — 117 (iw + DK2 +71) (iw + 19) — 1170

(6.67¢)
1_4:@&/(?[1{&&) —iw+ DK% + 1y W + 19
(—iw + DK + 1) (—iw + r9) — 1172 (iw + DK 4+ r1) (iw + 19) — 772
(6.67d)

A 1 1
Is= = [ d%kd
° -(’\\,} / w(—iw + Dk2 + 7’1) (—i’w + 7”2) — T1T2 (iw + Dk2 + 7”1) (iw + 7”2) — T1T2 ’
(6.67e)

=1 5= [ a'a & &
0 {} / w(—iw + DK% + 1) (—iw + 19) — 17 (1w + DK% 4+ 1) (tw + 1) — 7172
(6.67f)

- T2 T2
I= = [ d'kd
T {) / w(—iw—FDkQ—FTl) (—§w+r2) — T172 (§W+Dk2+7’1) (%CU—FTQ) — T172 ’

(6.67g)
Is= {V} = / d'kdw —iw+ DK &
(—iw + DK% + 1) (—iw + r2) — 17 (iw + DK? 4+ 11) (iw + 12) — 1172
(6.67h)
Iy= {:} - / d%kdw “iw+ DI+ 1y £
(—iw + DK2 +11) (—iw + 1r9) — 117 (iw + DK2 4+ 71) (iw +19) — 7170
(6.671)

I _{::}L/‘idk&w —fw + Dk* + 1y —iw + Dk* + 1,
10— N <—§W+Dk2+7’1) (—iw—l-?“g) — T1T2 (iw+Dk2+r1) (iw—|—7“2) — T1T2 ’

(6.67j)

Some of the integrals are proportional to others, which brings down to six the number

of integrals to be calculated,

L_L 5 Iy

Is I Is
1 T2 7'12 T1T2 7'22 T2 T1

(6.68)

To calculate the integrals, it seems more convenient to first integrate over w using the
Residue Theorem and then integrate over k. All integrands have the same denominator

so that, when integrating over w, all have the same four poles,

w = :l:% (Dk2 +r + TQ) + %\/(Dk2 +r 4+ 7“2)2 —4((DK24+11)re — T472) . (6.69)
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To simplify the notation, let A and B such that the poles are w = %(j:A +

B). Closing

the contour of the contour integral in the complex upper half-plane encloses the poles

w=1(A£B).

Starting from the simplest integral over w and progressing towards the most complex,

the integrals read

1

Iy =717 / d%kdw

_ Q/ddk /22 1 + 1

=7 AB\A+B "B—-A
1

2 d

—7'12/6{ k—A(AQ—Bz)’

0 1 1
_ PR 5(A+B)+1ry 5(A=DB)+r
h_ﬁ/&kAB( A+B T B-4

1
_ d
=2 [ a “Aar- )

Dk? +r
d 1
Ig —_TQQ/& k—( 2 2)

1 1
_ d
_T22/d k<A2—B2_T2A(A2—BZ))’

(w=3(A4+B)) (w=35(A=B)) (w=35(-A4+B)) (w—3

AB A+ B
(A—BF—aA—BﬂDH+ﬁ—m}HﬂDw+mU
B— A

]_ Dk2—|—7"1
I — 4 2rg—————
(51 it )

I /d_dk 52 (%(A—FB)Q—%<A+B)(Dk2+7’1—T2)+T2<Dk2—|—7”1)
4:

°2

i

1 1 1

_ d - - 2 -
_/dk(2A+2T2A2_B2 27’2A(A2_B2>>,
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(6.70c)

(6.70d)

(6.70e)



1 (DK &)
T = <ﬂk(——+2( +“)>

24 " “A(A2 - B?)
(Dk2 + 7“1)2 + (Dk2 + 7’1)7“2 — T1T2
2A(A2 — B?)
(l)k2 + ™ + 7’2>2 — (Dk2 =+ (&1 + TQ)TQ — T1T2
2A(A2 — B?)

/ddk Dk2+7’1+7’2_ T2 B TIT2
A2 — B2 A2 — B2 A(A? - B?)

/ddk (Dk2+T1 _ T1T2 )
A2 B2 A(A’ - B?)
1 (Dk2+7“1)7’2—7'17'2+7'172 T17T2
/‘ (E A2 - B? '7MM—B%)

1 1 T1T2 1 T17T2
=— [ da% (= — . 70f
2/1 (m*‘r2A2—BQ IMA2—BQ) (6.708)

d9%

d%

I
— — —

NI~ N~ N~
oy

u

=

After integrating over w, the integrals have reduced to linear combinations of a handful

of integrals in k, namely

1 1 1
dy, — d, - d d
/dkA, /dKM_W, /dkmﬁtﬁa, and /dkL (6.71)

To calculate the first three integrals in (6.71), the following identities are useful [127],

- S, 27Td/2

dk = / k d—1 _ d _2mE | 2

/d Si : dk k7, & —(27r)d . Sy T(d2) (6.72a)
00 xr¢ _ F(ﬂ - — ]_)F(a + 1)

" - ’ 6.72b
o o) (6.720)
I1)=1, T(n+1)=nl(n), (6.72¢)
i B /1 dz (Feynman parametrisation) (6.724d)
ab  Jy (ax+b(1—2))2 eynman parametrisation). '

202




Firstly,

1 1 1 1 S [ k41
- — [ q9%k—— —  — — [gqdg— ~ = dk—"

S [, xS, (r1+r2>d/2_1 I'(1—d/2)[(d/2)

")y Yermm T\ r(1)
I(1—d/2
_—((47@) d//z) (ry + )70 (6.73)

And secondly,

1 1 1 1
d?k = [ a% = / d?k
/ A2 — B2 / A4(DK?2 +71)rg — 7o) 41 Dk2? 4+ r, o

~T(1-4d/2) nr\ 77 .
dry(4nD)7/2 e Ty . o)

To calculate the third integral in (6.71),

1 1 1
ddg—— - / ddk ,
/ A<A2 — BQ) 47"2 (Dk2 +r + TZ) (Dk2 +r 7'1;'2>

(6.75)

consider

1 1
d9% /ddk/ dz
/ (Dk2 +¢) (Dk2 + 0) (Dk2 + 5)36 + (DK2 + o) (1 — x))

/adk/ dz ! = /ddk/ dp—
(e — o)z + Dk2+0)* (e —0)? x+Dk2+o)

B 1 /d—d 1 1 B (1_d/2 d/2 1 _ d/2 1
e-o Dk2+o Dk2+e)  (4nD)d/2 eE—0 ‘

(6.76)

Then, Eq. (6.75) is,

1 T(1—d/2 4/2-1
A(A?2 — B?)  4(47D)¥2 (r3 + 1172) o
(6.77)
Finally, the integral [ d?k 1 is ultraviolet divergent, however, this divergence can be
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regularised by setting an ultraviolet cutoff A < oo, so that
/ d¥%k1 = A7, (6.78)

which is justified by the finiteness of the lattice spacing. Combining Eqs. (6.68), (6.70),
(6.73), (6.74), (6.77) and (6.78), the loop integrals I, ..., I1o are

h _2(4w£()}l/2_(;l§/—23 T7) ( ( - Ti—f)d/Q_l +rimy(r+ )Y ) , (6.79a)
& :2<47r£§2/2_<f§/-23 ) (T ( - %)dm_l —ram(ry+ra)” ) . (6.79b)
& :2<4w£§i/2_<f§/-23 ) (T ( B T;_f)d/z_l = ram{rs 4 )Y ) . (6.790)
8 2(%12522(2/_? i) ( ( ) _)/ + (2 + mim) (n + r2>d/2—1> ,
(6.79d)
s _2(47r1F) 11/2_(%/3) a0 (“ B %2)“_1 =i (r +r2)" 2‘1) : (6.79¢)

18:

Ig:

A? F(l — d/2) T1T2 ? T1T2 4/2-1 d
[in=— e /2-1]
o, * 2(47 D)2 (r2 + 171712) To " o +nm(r )

(6.79j)
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Run-and-tumble motion: microscopic

dynamics and entropy production

Rosalba Garcia-Millan, Gunnar Pruessner

OVERVIEW Run-and-tumble motion is an example of active motility, where particles
move at constant speed and change direction at random times [187]. In one dimension,
this process can be represented by the interaction between right- and left-moving par-
ticles, which transmutate into one another following a Poisson process. In this work
we characterise run-and-tumble motion in one dimension both in free space and in a
harmonic potential. In the second case, we also add diffusion. By means of a Doi-Peliti
field theory, we calculate a list of observables in closed form, of which the mean square
displacement, the stationary distribution, the two-point correlation function and the

entropy production are particularly relevant. All our results are exact.

7.1 INTRODUCTION

Active matter has a research focus in statistical mechanics over recent years. Active

matter refers to reaction-diffusion systems out of equilibrium where particles are subject
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to local non-thermal forces [67]. Examples are active nematics [131], active emulsions
[122], and active motility [44, 18|, amongst many others. Among an extraordinary
large number of examples of active matter, self-propelled particles have received a lot

of attention.

One type of self-propelled particles are motile bacteria such as FEscherichia coli, which
move in a sequence of runs at constant speed w interrupted by sudden changes in
the orientation of motion that happen at rate 7, the tumbles [181, 166, 176, 182, 129,
178]. This motion pattern is known as run-and-tumble motion, and one of its main
characteristic features is that it resembles ballistic motion at the microscopic scale, but

diffusive motion at the large scale.

In the present work we study a run-and-tumble particle in one dimension via a path
integral approach [166] in two different settings, where (i) the particle is unconstrained
on the real line and (ii) the particle is confined by an external harmonic potential and
is subject to diffusion. The first setting is presented for illustration purposes and as a
basis for the second setting, which requires a technically more involved derivation due to
the external potential. In each case, we calculate a number of observables in closed form,
such as the mean square displacement, the expected velocity, the particle distribution at
stationarity, the two-point correlation function, and the entropy production. The results
we provide are exact. In particular, we calculate the entropy production drawing on the

microscopic dynamics of the stochastic process without resorting to coarse-graining.

The contents are organised as follows: in Sec. 7.2, we derive the field theory of a free run-
and-tumble particle in one dimension; in Sec. 7.3, we introduce the harmonic potential
and add the diffusion, we also derive the field theory and calculate the observables in

closed form. Finally, in Sec. 7.4, we discuss the main results of this work.

7.2 FIELD THEORY OF RUN-AND-TUMBLE MOTION

A particle undergoing run-and-tumble motion moves at constant speed w (the run)
during a random lapse of time, of Poissonian distributed length. At the end of the
run, the particle changes the direction of motion to a new random direction, uniformly
distributed amongst all the available directions of motion (the tumble). The particle

then initiates the following run, which is followed by a tumble, and so on. The tumbling
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events constitute a Poisson process in time with tumbling rate 7. In one dimension, the

particle can only move in two directions: rightwards and leftwards.

To study this process analytically, it is convenient to consider two species of parti-
cles, right-moving particles and left-moving particles, which transmute into one another
whenever a tumbling event happens. The Langevin equations of these two types of mo-
tion are g = w and & = —w, where £ and & are the velocities of a right-moving
and a left-moving particle respectively. The transmutation of either species into the

other at rate 7 turns into the coupling of their respective Fokker-Planck equations,

BtPR:—w8$PR—TPR+TPL, (71&)
8tPL:w8mPL—TPL+TPR, (71b)

where Pgr(z,t) and Pp(z,t) are the probability function of finding a right-moving and
a left-moving particle respectively at position x at time ¢. It follows that the action

functional [189] of this process is

A,9,0.9) = [ ot {306+ wd,0) + T (@ — wo0) +7(5-7) (6-0)
(7.2)
where 5 is the Doi-shifted creation field ¢' of right-moving particles, ¢! = 5 +1; ¢ is
the annihilation field of right-moving particles; @Z is the Doi-shifted creation field 9" of
left-moving particles, ¥ = QZ +1; and % is the annihilation field of left-moving particles.

The action functional allows to calculate an observable e via the path integral

(o) = / Dlb, 8,0, 3] 0 cABIHT. (73)

The action in Eq. (7.2) contains only bilinear terms, where the only interaction between
particles is due to the tumbling events. This action does not have any non-linear

couplings.

The Fourier transform is defined, by convention, as

o(k,w) = / dixdt =" p(x, 1), (7.4a)

o(x,t) = / d%kdw e ok, w) (7.4b)
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where the spatial momentum k is conjugate of the position x, the frequency w is con-
jugate of time ¢, d%k = dk/(27)? and dw = dw/27. The same convention applies to
o(x,t), ¥(x,t) and ¥ (x,t). In Fourier space, the action functional is

A([p, 6,1, 9]) = /dkdw {(—ito + ikw + 7) 6 + (—iew — ikw + 7) § — 7 ($w + 90) }

(7.5)
which is local in both k and w. Then, the propagator matrix reads from the inverse of
the action (7.5) in matrix form [189],

( (0, )oK, W) (Bl w)i(K ) )
Uk, w)o(k', o)) (b(k,w)i(K, W)
 (wHW)k+K) [ —iw—ikw+T T
C —w? — 2iTw + (kw)? ( T —iw + tkw + T ) ' (7.6)

7.2.1 MEAN SQUARE DISPLACEMENT

Suppose that the system is initialised with one right-moving particle at position x and

time ¢ty = 0. To calculate the mean square displacement,

R2(t) = ((x(t) — 20)*) , (7.7)

we need the first and second moments of the position of particles,
(@(t) = [ o ((00a,t) + ¥l 1)w0,t0) (7.80)
(w20)) = [ dra ((0le.0) + 0 0)3a0.10)) (7.5b)

which derive from the first and second moments of right- and left-moving particles

separately,

(xy(t)) = /dxw<¢(m,t)5(xo,to)> , <$12/J(t)> = /dxx2 <¢(x,t)$(xo,to)> , (7.9a)

(@o®) = [ doz (vle, 00 t0) . (x20) = [ do® (8(,03mt)) . (7.9b)
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The expressions in Eq. (7.9) derive from the joint probability that the run-and-tumble
particle is of either type and it is found at position x at time ¢, the expressions do not de-

rive from the conditional probability. The difference between the two is a normalisation
factor (either fda:(gb(x,t)g(xo,to» or fdx(@/)(x,t);g(xo,to))).
Following the method in App. 7.A, the expected position of right-moving particles is

_3 d / 1 —i(wttw'to) ik’ zo ro
(xe(t)) =ioe /dwdw dk'e e <¢>(k,w)¢(k W )> ‘k:o

Zo

T (1) 4o (L= (7.10)

as expected and, similarly,

_29 d / 1 —i(wt+w'ty) ik'zo 02 AN
(wy(2)) —Z@/dwﬂw dk'e e <1/1(k,w)(;5(k W )> ‘k:o

T —27
=T (1=, (7.11)

so the overall expected position is

(x(t)) = (ws(1)) + (xy(t)) = w0 + % (1—e). (7.12)

The second moment of the position of right-moving particles is

d2 ° ’ 1./ ~
(x3(t)) = — 5] /&wdw'dk’e‘l(“tw to) gik’zo <¢(k, w)¢(k’,w/)> ‘
k=0
2 2
Lo —27t wt Low —27t
2(+6 )+(27_ 7_)( e’ | (7.13)
and similarly,
d2 ° ’ 1/ ~
(@) = 0 / dwdw ke iwtte'to) gik'zo <¢(k, w)¢(k’,w’)> ‘k:o
w?t e 1 w? o
:§(1+62t)+§(x§—§)(1—e2t), (7.14)
then, the second moment of the overall position is,
w?t Tow  w? o
(@*(t)) = (x3(t)) + (25,(t)) = § + — - (OT + 2—72) (1—e™). (7.15)
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The mean square displacement is therefore

R(t) = —— — 2 (1—e2) (7.16)

which is consistent with [128] and only differs by a factor 2 from the mean square

displacement in two dimensions [197].

EFFECTIVE DIFFUSION AND BALLISTIC MOTION

On the short time scale, typically before the particle tumbles for the first time 7¢ < 1,

expanding the mean square displacement gives
R*(t) ~ (wt)?, (7.17)

which corresponds to ballistic motion. On the other hand, on the long time scale
7t > 1, R?(t) scales linearly in time, implying that the particle moves effectively
diffusively. Defining the effective diffusion constant D.g such that R?(t) ~ 2tD.g, the

effective diffusion constant of a run-and-tumble particle is

Do = — (7.18)

consistent with [128, 31, 197, 9, 187|.

7.3 FIELD THEORY OF RUN-AND-TUMBLE MOTION WITH DIFFUSION IN A HAR-
MONIC POTENTIAL

In this section we consider a run-and-tumble particle confined in a harmonic potential

V(z) = %kxz and subject to thermal noise. The Langevin equations are then zp =
w— 0,V (z)+n(t) and &, = —w — 9,V (x) + n(t), where n is a Gaussian white noise
with mean (n(t)) = 0 and correlation function (n(t)n(t')) = 2D4(t — t'), and where D

is the diffusion constant. Therefore, the Fokker-Planck equations read

8tPR:—am[(w—kx)PR]+D8§PR—TPR+TPL, (719&)
P, = —0, [(—w—k$)PL]+D83PL—TPL+TPR, (719]3)
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(cf. Eq. (7.1)) and so, the action functional is

A(lg, 6,4, 4]) = / dadt{¢ (0 + 0, [(w — kx)¢] — DO29)

0 (8 + 8, [(—w — kx)p] — DY)
+7(6 — )¢ — ¥}, (7.20)

where ¢, 5, 1 and 1; are defined as in Sec. 7.2. In Fourier space, the action functional
(cf. Eq. (7.5)) reads

A([¢, 6,0, 9]) = /Jkdw{q’g(—%wmkwwkaﬁpk?+7)¢

+) (—iw — ikw + kkd + DK* +7)
—7(¢v + v9)}, (7.21)

which has two terms that are not local in the spatial momentum component, namely
Ok¢ and Oxtp. All terms are local in the frequency w. As a consequence, this action
written in Fourier space cannot be used to calculate the path integral that gives the
propagators. To do this, we need to find a representation of the action where all terms
included in the Gaussian integral are in local form. Any other term that is not in
local form, may be dealt with perturbatively. Finding such a representation of the
fields is equivalent to solving an eigenvalue problem L[u] = Au, where the operator
L[u] is derived from the diagonal terms of the action. However, as the action stands,
Egs. (7.20) and (7.21), this would mean to solve different eigenvalue problems for ¢ and
1 and therefore having to handle different representations for each of the four fields.
Instead, we can introduce a rotation of the fields, where we reparametrise the fields and
consider the density field @ = \/Li(gb + ) and the polarity field 5 = \/Li(qb — ). The
action is then,

A([a,&,ﬁ,g}) = /dxdw{ — iwaa — kad,(za) — Dada

+(27 — iw) B — kBO.(x8) — DBI2B
+wdd, B+ whdal, (7.22)
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which has the same operator structure for o as it does for 4. The set of orthogonal
functions that make the diagonal terms local in space x solve the eigenvalue problem
Llu] =u" + (zu)'/L* = M, with L = \/D/k. The solution to this eigenvalue problem

is the set of Hermite functions

un () = 6_% H, <%> : (7.23)

with \, = —n/L? where H, (z) is the n-th Hermite polynomial (Sec. 7.C, which also

contains a list of useful properties of Hermite polynomials). Defining the set of functions

onl() = ﬁ]{" (7). (7.24)

it follows from the orthogonality of Hermite polynomials in Eq. (7.93), the orthogonality

relation between w,(z) and v,,(x),

/_OO U () V() dz = L 6y, (7.25)

o0

where d,, ., is the Kronecker . We can now use the eigenfunctions u,(z) and v,,(x) as

a basis for the fields «, a, § and 6,

az,t) = /dwem% Zan(w)un(x), alz,t) = /&wei”t% Z&n(w)vn(:ﬁ) :
(7.26a)

Blx,t) = /dweim% Zﬁn(w)un(a:) . Blx,t) = /dwem% Zﬁn(w)vn(:ﬁ) :

(7.26b)
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Using the orthogonality relation in Eq. (7.25), the action is then,

A([am, Gy b, Br]) = /dwdw'ﬁ(w—i—w')

X % Z {Ldn,m [(—iw + kn) ap (W) am (W) + (—iw + kn + 27) Bn(w’)ﬁm(w)
. %Lan_l,m (&n(w’)ﬁm(u}) + Bn(w/)ocm(w)) } , (7.27)

whose diagonal terms are in local form both in the frequency w as in the index n, whereas
the off-diagonal terms are not. We can deal with the off-diagonal terms perturbatively
in w by splitting the action in A = Ay + A, where Ay is the harmonic part and A; is

the perturbation,
Ay :/dwdw’ﬁ(w + )

% S Lo [(—ito + k) ('t () + (—io + hn +27) o) Bn()]

(7.284a)
Ay :/dwdw’é(w + w’)% Z <—%> Lop—1m (&n(w’)ﬁm(w) + Bn(w’)am(w)> :
| (7.28b)
The bare propagators then read
an(w) Gy (W' L6y md (w +
() () =y (W) am, (W) = —iéu +(kn++ r) , (7.29a)
Bu(w)  Bm(w') (B () (o = Lm0 (w +w') (7.29)

—iw+kn+1r+27°

where r is a mass term added to regularise the infrared divergence and that is to be

taken to 0 after calculating any observable, whereas

<O‘n(w)6m( Vo =0, (7.30a)
d 0=0, (7.30b)
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whenever n = m.

7.3.1 FULL PROPAGATOR

Before diving into calculating any observables, it is worth analysing the four full prop-

agators. Consider, for instance,

{ap (W), (W) = <an(w)&m(w’)6_“41>0 = Z % <an(w)&m(w')(—A1)N>0 . (7.31)

N

The zeroth order N = 0 of this expansion is clearly Eq. (7.29a). The first order term,
N=1,is

<Oén(CU)dm(w/)(—A1)>0 :% Z5i_17j/dw1dw'1 5((&)1 + (JJll)

(0 e)ne) (@018 1) + Bebs o)) )
. (7.32)

which does not contribute to the full propagator because there is no way to arrange
the fields such that « is paired with & and J is paired with 3, which is imposed by
Egs. (7.30a) and (7.30b). The second order term is,

]' ~ / 1 w2 / / / /
5 {atn (W) (w )(—A1)2>0 =571 Z 51»_17]-5,{3_175/dwldwldeJwQ J (w1 + wp)d (we + wh)

i7j7k7€

(@)@ (@) (@), (wn) + Bilwh)ay(wn) ) (an(wh)Bilewn) + Bulwh)ar(en) ) )
:%i Y 10 <an(w)@z’(—w1)5j(wl)Bk(—w)Oéz(wz)@m(w/)>0

,L'7.j7k7e

U)2

:ﬁén,m-&-? <CVN(W)5‘m+2(_W1)>0 <5m+1(wl)5m+l(_w2)>0 <am(w2)dm(w/)>0

w? Onm20 (w + w')
_w n, : . (7.33)
L (—iw+km+2)+r)(—w+Ek(m+1)+r+27)(—w+km+71)
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It is then easy to see that any term of odd order N vanishes because the «, &, § and

B cannot be paired appropriately. The terms of even order N are

1

7 {@n(@)am (W) (= AD)™),
a (g)N Lénmind(w+ ) le—/f 1
AL —wtkmtr 1 (—iw A k(m+2j — 1) 7+ 27) (—iw + k(m + 2)) + 1)
(7.34)

Following a similar argument, the contributions to the full propagator < Bn(w) B (W )> =
SN <Bn(w)ﬁ~m(w’)(—A1)N> are 0 if N is odd, and
: 0

7 BB (@) (=AY

<w)N Lépmin0(w+ w') H 1
—w+km+r+2r td (—iw+k(m+2j—1)+7r)(—iw+k(m+2j) +r+27)°

L o
(7.35)

N/2

if N is even. The contributions to the full propagator <Ozn (W) B (W )> are 0 if N is even
and

7 (@) () (A

N (N+1)/2 1
_(Z Lénm 5 / S B )
<L) 0+ 7) ]Ho (—iw + k(m +2j) + 1 +27) (~iw + k(m + 2j + 1) + 1)

(7.36)

if N is odd. Similarly, the contributions to the full propagator (5, (w)d&,,(w')) are 0 if
N is even and

1 ~ I N
N <ﬁn(w)am(w )(—A1) >0

(N+1)/2 1

(—w+k(m+2j)+r)(mw+k(m+2j+1)+r+27)’
(7.37)

- (%)N Loumind(w+uw) ]
=0
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if N is odd. Diagrammatically, the four full propagators are

/ / / /

nvw m;w 1’L7w m7w n7w m;w n;w mJW
° — + —— 4+ —a—a— ..., (7.38a)
w w’' w w’ w W’ w w'
ns my mnH my ns my mny my
° = + — + —n— +..., (7.38b)
/ / / /
'rL7w maw n7w maw nvw maw TLJw maw
o — 4+ + —A—a— +..., (7.38¢)
w w’ w w’ w W’ w W'
mn»y moy ns my mn»y mo mny my
o — + —— + —n—ne oo (7.38d)

Some of these propagators are calculated in closed form in App. 7.E.

7.3.2 STATIONARY DISTRIBUTION

Assuming that the system is initialised with a right-moving particle at position

at time ¢ty = 0, the particle distribution p(z,t) can be calculated via the observable

pla,t) = (0, 1) + (e, ) dlwo. o) ) = {alz, )d(zo,t0)) + (a(z,1)B(x0, ) ). From
Eq. (7.26a),

(a(z, t)a(xg, b)) = /dwdw’eme%‘“ltO%Zun(Q;)vm(aﬁo) {an (W), (W), (7.39)

n,m

and using Eqgs. (7.31) and (7.34), we see that the poles of the propagator {a,,(w)da,,(w'))

when integrating over w are of the form
w; =1(kj+r) if j even, (7.40a)
wj =1(kj+r+2r) if j odd, (7.40b)
where m < j < n in Eq. (7.39). Using the Residue Theorem to integrate the right-
hand side of Eq. (7.39) over w, we find that there are different contributions with the

prefactor exp(iw;t). The stationary distribution lim; . p(x,t) will be given by those
contributions such that Sfw;] — 0 as r — 0. From Eq. (7.40), this is only the case for
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wo = tr. This fixes j = m = 0 in Eq. (7.39). Then, in the limit ¢t — oo,

lim (a(z, t)a(xg, t)) = lim &wc’[w'eimeiwltoé Z Un (2)vo () {tn(w)dp(w'))

t—o00 t—o00

7t 7t 7t 7t 7t 7t
_ i 22(%0) (0_” wo(@) + T2 () + P2 U4<x>+...>

t—o0 L2
) w w(n) (wy? ual2)
—1 0 — — R
P © () + T 55 27) (z) TE(3k + 2r)2k(k + 27) |

(7.41)

On the other hand, we can see from Eq. (7.36) that the contribution from <a(w, £)B(o, t0)>
will vanish as ¢ — 0o because the pole with smallest imaginary part is w = i(r + 27)
for finite transmutation rate 7 > 0. In summary, the stationary particle distribution is,

from Eq. (7.41),

_ ko k2 = wr\" k u 1
fim ol t) =\ rpe (”;(@) Han (\/;I>H2j<<2j—1>+2r/ks>>’

—1 j=1
(7.42)
see Fig. 7.1. In the case where the particle is not subject to diffusion, D = 0, the

stationary distribution can be derived from the coupled Fokker-Planck equations in
Eq. (7.19) [47, 51] and is

9 T7/k—1
tin (e, 1) = kT (1/2 4 7/k) (1 B </f_x) > | (7.43)

VTwT(7/k) w

where = € [—w/k, w/k], see Fig. 7.1 [187, 188, 30, 9].

NUMERICAL IMPLEMENTATION

The numerical implementation of Eq. (7.42) is not straightforward because the diver-
gence in n of some of the terms in its summands is balanced by the faster convergence
to zero by others. The divergent terms are, for instance, any fraction with D in the
denominator, whose limit D — 0 we are interested in. Hermite polynomials are also

divergent at x — +o00, and Hermite polynomials of even order are increasingly large
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1.4

D=0,w=3
E D=00L,w=3 .
1.2 + - D=01w=3 |
P D=0w=2 ------ 3
'; D=00l,w=2 — — %
1L : D=01l,w=2 —— i
. D=0w=1------ .
A D=00L,w=1 — — /
0.8 iy D=0l,w=1 —— \
<
(a)
0
<
x
(b)

Figure 7.1: Stationary distribution p(x) of a run-and-tumble particle in a harmonic potential,
according to Egs. (7.42) and (7.43), with 7 = 1 and a range of values for w, k£ and D. To ease compar-
ison, we chose w = k so that the limits of the space explored by the confined particle in the diffusionless
case are 3y = £1. In (a), where k > 7, the active behaviour of the particle is manifested for increasing
velocity w in the pronounced presence of the particle around the limits z;, which appear diffuse when-
ever D > 0. In (b), where k < 7, the activity of the particle is less prominent and the behaviour of the
particle resembles that of a passive particle as the velocity w decreases. In fact, for w = 0, the parti-
cle is simply a diffusive particle confined in a harmonic potential, which is known as Ornstein-Uhlenbeck
process [194]. Our implementation is based on [73, 69].
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at © = 0 because they involve the double factorial, Hs, (0) = (—1)"(2n — 1)!l. These
divergences are compensated by the weight exp(—kx?/(2D)) as well as by the prod-
uct F, = [[7_,1/[25 k((2j — 1) k + 27)], which is bounded by F, < 1/[k*"(2n)!] and
therefore has the limit F,, — 0 as n — oo. Furthermore, the sum over n needs to be
truncated at some n such that the desired accuracy is achieved. Although Eq. (7.42)
poses no formal challenge, when it comes to its numerical implementation the contribu-
tions in higher n entail products of very large numbers and very small numbers, which,
at some point, exceed the numerical precision at either end and introduce errors due to

rounding.

At first, we used the open source implementation of Hermite polynomials in the GNU
Scientific Library (GSL) on Hermite Polynomials and Functions [73]. However, it
showed that for relatively small values of D, even long double precision was not enough,
see Fig. 7.2. Moreover, the use of the double factorial in the library is limited to 298!!.

See App. 7.D for a discussion on the technical challenges.

To solve the problem on the numerical convergence of Eq. (7.42), we implemented the
Hermite polynomials using multiple-precision floating-point arithmetic [69] based on the
GSL implementation [73]. Following this route, we can reach an arbitrary truncation
point. In Fig. 7.1, the truncation point is n = 5000 for all curves (this means, the

highest-order polynomial has order 2n = 10%).

7.3.3 EXPECTED POSITION

The expected position in Eq. (7.8a) is (z(t)) = [dzz <a(x,t)(&(xo,tg) + g(xo,to))> :
Since x is itself a Hermite polynomial, H; (x) = z, and we are integrating over space,
the contributions to this expression are determined by the orthogonality relation in
(7.25). In particular, using a(z,t) = [dwexp(—iwt) > an(w)u,(x)/L, the orthogo-
nality relation

/dx Yoz, <f> — V21 Lo, nl, (7.44)
L L ’
fixes n = 1. Therefore, there are only two contributions to (z(t)),

1,t 1,20 Zo 1! 1,1 OatO To :
= H(-)— S H(—)—, 4
(z(t)) (7))t o\ 7 ) i (7.45)
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which give,

(z(t)) = zoe ™ + # (72 — e H) | (7.46)

using Eqgs. (7.95b) and (7.95g), and letting » — 0 and ¢, = 0.

Due to the completeness of Hermite polynomials [127], any observable that is a poly-
nomial in x can be written as a linear combination of Hermite polynomials and, due
to the orthogonality relation, this turns out to be very advantageous because we can
determine from the observable which of the infinitely many terms in the full propagator
contribute. When integrating over space, we are making a projection of the full propa-
gator into a finite number of modes. The expressions are further simplified by the use

of Feynman diagrams.

7.3.4 EXPECTED VELOCITY

To calculate the expected velocity, one could naively differentiate the expected position
(x(t)) in Eq. (7.46) with respect to time. However, analysing it with more detail we see
that

0, ((t)) = / dz 20, P(z.1), (7.47)

which will be 0 in the limit ¢ — oo because the distribution P(z,t) at stationarity does
not depend on t. Moreover, the expected position (z(t)) also tends to 0 due to the

symmetry between right-moving and left-moving particles.

Instead, the expected velocity (V(t)) derives from the Langevin equation, which gives
V(z) = fw — 9,V (z). To obtain a meaningful expression, we calculate the expected

velocity of a right-moving particle, which is the conditional expectation

_ [ du(w — k) (6,130, t)
[ da'{(a’, )90, o))
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where the probability that the particle is a right-moving particle is

[ e (6. 03(an,t0)) = [ de ((@(w,0) + 5, 1) @lao o) + oo, t0))

1 [ ot 05 Lo zo\ 0! o, 0s o zo\ 0!
() ()
2L< o) " \Z /o

=5 (L em) (7.49)

and the expected position of right-moving particles is

(24(1)) :% / dw o ((a(z,t) + Bz, 1)(@(z0, to) + Blwo,t0)) )

1 1t 1, to zo\ 1! 1,t 05 to zo\ 1!
(e )
2( \z)u " o\Z) o

1,1 0, o 2o\ 1! 1,1t 1, to o\ 1!
() et (5)1
+ o\z) o " \Z)1

1 w W gy w _kt w —(k+27)t
_2(k+27+k—276 +<3’° k—QT)e T\ T2 )¢ |

(7.50)

Then, the expected velocity in Eq. (7.48) at stationarity is, using Eqgs. (7.49) and (7.50),

27w
lim = )
Jim (Vy(t)) = o

(7.51)

This means that in the presence of the potential, the velocity of a particle is on average
lower than the in-built velocity w. If the tumbling rate is low, then the particle spends
a lot of time stuck running against the potential walls. But if the tumbling rate is high,
then the particle does not explore the steepest regions of the potential and runs almost

as fast as its in-built velocity.
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7.3.5 SECOND MOMENT OF THE POSITION z(t)

To calculate the second moment, (z%(t)) = [dxa? <oc(x,t)(&(x0, to) + B(zo, to))>, we
represent 2 in the basis of the Hermite polynomials, 2 = Hy (z) + H, (), so that

/daz <%>262IL22H,L (%) Z\/%L((So,n + do.n)n! (7.52)

and thus, the allowed modes are n = 0 and n = 2. Then,

~ 0,1 0; to To 0! 2,1 2, o X0 2!
= (T () ()G

27t 17t0 .TO 2‘ 27t 07t0 .TO 2'
S H‘Q—)— AR H‘Q—)— .
* \z)ut AT (7.53a)
D
—yZe 2 4 " (1- 6—2kt) I 2};_0“;7_ (e—(k+27')t _ e—2kt)
1 1 1
2) 2 —2kt —(k+27)t
e G3 ek —2m) € it 2n) @2 —k) T 2k(it2n))
(7.53)

letting tg = 0 and » — 0. See in App. 7.E the contributions in Eq. (7.53a) in closed

form.

7.3.6 MEAN SQUARE DISPLACEMENT

The mean square displacement R?(¢) defined in Eq. (7.7), can be calculated using
Egs. (7.46) and (7.53b). In the limit ¢ — oo, the mean square displacement is
w? D

lim R2(t) = a2 + —— 4

— .54
t—o0 ]{(]{;_1_27) kL’ (75 )

a constant that shows the confinement of the particle in the potential. In the short

time scale, the diffusive behaviour of the particle is captured by

1
lim - 0,R*(t) = D, (7.55)

t—to
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which shows that there is no additional factor that contributes to the diffusive behaviour
of the particle other than the diffusion itself.

7.3.7 'THE TWO-POINT CORRELATION FUNCTION

The correlation function (z(¢)z(t')), with to < ¢’ < t, is given by the observable

(w(t)olt) = [ dods’z o' ([o(a.t) + vla,t)[5' )00 #) + G0l #)] 0. t0)
(7.56)

In words, this expression means that the system is initialised with a right-moving parti-

cle at time ty and position x, and it is let to evolve by an interval of time ¢’ —ty. At time

t', the expression measures the presence of a particle, which involves its annihilation,

and recreates it. The system is then let to evolve an interval of time ¢ — ¢/, at which

point the presence of either species is measured again. xThe propagator is integrated

over x and 2’ to obtain the two-point correlation function. In terms of the density and

polarity fields,

(D) (t))) = / deds’ z 7' {a(z, )a(z', ) <a(x',t'>(az(a;0,t0)+B’(x0,t0))> (7.57a)
+ / deds’ z 2’ <a(x,t>§<x',t')> <B(x’,t’)(&(aco,to) + B’(:co,to))> (7.57b)

Starting with the term in Eq. (7.57a), the integral over x fixes the indices of the propa-

/
gator (ay,(w)a, (W) of {(a(z, t)a(z',t')) to H, (z'/L) via Eq. (7.44). Using
the result in Eq. (7.52), the propagator («(z’,t')a(xg, 1)) has the contributions

17t 17t

L

o!

L

0,1 0, to H, (:1:0> 0! 9,1 2, to H, (5170> 2! 9, 0, to (32)> 2!

ot T T
(7.58)
~ ot 1, %o
and the propagator <a(x’, t)B(xo, t0)> has the sole contribution =~ —— Hy (zo/L)2!/1V.
On the other hand, in the term in Eq. (7.57b), the propagator <a(x,t)§(:ﬁ’,t’)> has
it 4
a contribution from —— . H ('/L), which turns the integral over 2’ into an

expression like the one in Eq. (7.44). The propagator (5(2’,t")a(xg,to)) has a contri-
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) t/ ) t Y
bution from ' 2 m, (xo/L)1!/0! and the propagator <ﬂ(x’,t’)ﬁ(w0, t0)> from

b ,
' 20 H, (xo/L) 11/11. Therefore, the two-point correlation function reads

7t Jt/ 7t/ 7t ' 7t/ 7t 2'
(Bl =" [0_—0 (D) g m ()5

1 Jt 2! t Jt 2
+2 1, to H1(@> 2 050 H()(x())

L/ 1! L/ o
1,t Oat/ 17t/ 0s o Zo 1! lat/ latO i) 1!
T L
- [ \T)o L/
(7.59a)

— k(=) xgef%t’ I Q (1 72kt’> 4 g oW ToW <€—(k+2~r)t’ _ 672kt’)
k k— 27

, 1 1
ow? [ =2kt —(k+27)
e (e (ke —27) € (k+27)27 =) | 2k(k+27)

w / w / /
. o (1 _ o (kt2m)(t—t )) [m <1 _ o (kt2m)t > + $06(k+27)t:| 7
(7.59b)

see App. 7.E. It is easy to see that limy_; (x(t)z(t)) = (2(t)) in Eq. (7.53b) since

’)
limyy (o0 ()@ () = L and limt/_,t< () Bolt )> 0.

7.3.8 ENTROPY PRODUCTION

The entropy production [81] is defined as

11 1
2A—> At

S = W(r —y; At)P(a:)) 7

daedy (W(x — y; At)P(z) — Wy — x; At)P(y))1

[ oy (0¥ = 35 80P (@) = Wy > a5 80P tog (LT
(7.60)

where W (z — y; At) is the transition rate of a particle to go from x to y in an interval

of time At. The following expressions are useful to simplify Eq. (7.60). First, for any

Markov process at stationarity we have
/de(x — y; At)P(x) = P(y), (7.61)
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and second, integrating the transition rate W(y — x; At) over z gives
/de(y — x; At) = 1. (7.62)

Using Egs. (7.61) and (7.62), we find that Eq. (7.60) simplifies to

S; = E lim € /dxdy (W(x — y; At)P(z) — W(y — x; At)P(y)) log (

W(x — y; At)
2 At—0 At '

W(y — x; At)
(7.63)

On the other hand, when taking the limit At — 0 in Eq. (7.60) we have the term

lim é / dady (W(z — y: A P(x) — W(y — z: A P(y)) (7.64a)

At—0

= lim it /dxdy (W(z — y; At)P(x) — W(z — y;0)P(x) + W(x — y;0)P(z)

At—0

Wy = z;At)P(y) + W(y — 2;0)P(y) — W(y — z;0)P(y))
= [ dady (Wi > 5:0)P(a) = Wy > 5:0)Pl) + 3z~ ) (Pla) - ()

:/mm&Wm%%mmw—Ww%ammw) (7.64b)

using W(y — z;0) = 6(x — y). Since the entropy production draws on the microscopic
dynamics, namely for At — 0, we can approximate the transition rate W (zx — y; At)
of a run-and-tumble particle by that of a drift-diffusion particle, where the drift is
modulated by the potential V' (z),

]_ y—x—(w—kx)At

WR<£L' — VY, At) :m€< 47<'DA11 20 , (765)
1 _ (y—z—(—w—kz)At)

WL(ZE — Y, At) :me 4n DAt . (766)

The transition rates that involve a transmutation of a right-moving particle into a left-
moving particle and the converse, are of higher order in At because both the rate of
transmutation and the rate of translation from one position to another are proportional
to At. Namely, the overall transition rate is quadratic in At, W(z — y, R — L; At) «
At?) and similarly, W(y — z,L — R;At), W(x — y,L — R;At), W(y — z,R —
L; At). Therefore none of these state transitions contribute when taking the limit
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At — 0 in Eq. (7.63). Given the symmetry between right-moving and left-moving
particles, we can first calculate the entropy production of a right-moving particle. The
logarithm in Eq. (7.63) is then

_ Wr(z — y; At) 1 T4y
lim 1 =—(y— —k . 7.67
Atsp 8 (WR(y — x; At) D(y T\ w 2 (7.67)
The time derivative of
P(z,t+ At) = /dyW(y — z; At)P(y), (7.68)
reads 5
@PR(L t+ At) Ny /dyWR(y — x;0)Pr(y), (7.69)

where 0; Pr on the left-hands side satisfies the Fokker-Planck Eq. (7.19a). Also, Eq. (7.19a)

can be written as
Oy Pr(z,1) = /dyé(z — ) (Dé?; — Oy(w — ky)) Pr(y,t) (7.70)
and by integration by parts as
OPu(z.7) = [ dy("(w ~ )D  (w k)6 (z — 9)) Puly.
— [ dWaly = 5:0)Puty). (7.71)

It follows that the kernel Wy is Wg(y — 2;0) = D&"(z —y) — (w — ky)&'(z — y). Then
the entropy production S; in Eq. (7.63) for right-moving particles only is

5= 5p [ ddu{ @~ 9)D = (0~ k)8 (@ ~ ) Pa)

~ 6" =)D = (= )3z = ) Pl 0} = ) (10— 5

:/deR(x) (%(w — kz)? — k;) . (7.72)
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By symmetry, the total entropy production of right-moving and left-moving particles is

. 1
S; =2 / dzPr(x) (B(w — kx)* — k‘) (7.73)
From Eq. (7.49),
. 1
lim [ dePgr(z,t) = =, (7.74)
t—o0 2
and from Eq. (7.50),
lim (a(t)) = 5 (7.75)
im (z = .
100 7 2(k + 27)
The second moment of the position of a right-moving particle at stationarity is
lim (a2(1)) = lim / e ? ( (. )30, 1) (7.76a)
1 N _
= lim 5 [ dwa? ((ala. 1) + 8. )@@, 10) + Blao,t0))
. L[ ot 0; o 20\ 0! 2,1 2, Lo Zg\ 2!
i (T ()G ()
2,1 1, lo T\ 2! 2t 0, %o 70\ 2!
F et () g+ T ()
0, ¢ 0; to zo\ 0! 2,1 2, %o To\ 2!
* m ()G + ()5
2,1 1, %0 zo\ 2! 2t 0, Lo zo\ 2!
e () T HO(I)@)
L , T , T , b , T
:llm—<0 AT 0—0>
t—o0 2
L? w?
=— 4+ — 7.76b
> 2k 1 27) (7.76b)
Then, the entropy production in Eq. (7.73) is
. 27w?
Si= ———m—. .77
D(k + 27) ( )
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7.4 DISCUSSION AND CONCLUSIONS

The main contribution of this work is the derivation of the field theory of a diffusive
run-and-tumble in a harmonic potential. This is an example of how to introduce an
external potential in the field theory and how to deal with it given that, in this case,
the potential rendered the action functional semi-local. By means of a Doi-Peliti field
theory, we calculated the first and second moments of the position of the particle as
a function of time, its mean square displacement, the expected velocity, the two-point
correlation function and, most importantly, the entropy production. In this work,
entropy production is derived from the microscopic dynamics of the system without
resorting to coarse-graining, nor to an effective theory. On the contrary, the expression

we provide is an exact result.
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7.A  DERIVING THE nTH MOMENT OF X

The Fourier transform can be used as a generating function to calculate the moments
of x. Let G(k,w; k’,w’) be the propagator of a process in Fourier space. Then, the nth

moment of the position x is
(x"(t)) = / d¥xdkd K dwdw’ x™ e~ wi-wtotiloctikxo G - K W), (7.78)
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which, defining F(k) = [d%k'dwdw’ exp(—iwt — iw'ty + ik'xg) G(k,w; k', w’), reduces
to
(x"(t)) = / dxd?k x" e** F (k). (7.79)

The nth power of x can be obtained by taking n times the gradient of exp(tkx) with
respect to k,

(x"(t)) =i™" / d"xdk (Vie™™) F(k), (7.80)

and, using integration by parts,
(1)) = i / dxdk ¢ (VI F(K)) . (7.81)
The integral over x gives a Dirac § function,

() =" [ 'k 5(k) (VEF(R) (7.82)
which, integrating over k, gives

(x"(t)) = i* vmk)) . (7.83)

k=0

7.B  MEAN SQUARE DISPLACEMENT OF A DIFFUSIVE PARTICLE

The effective diffusion constant of a process in the large time limit is calculated from
the linear term that governs the mean square displacement. A purely diffusive process
has a mean square displacement linear in time. Since the diffusion process is simple and

very well understood it is often used as a benchmark for other less-known processes.

The Fokker-Planck equation of the diffusion process in R¢ is

O P(x,t) =DO*P(x,1), (7.84a)
P(x,ty) =d(x — Xq) , (7.84Db)

where P(x,t) is the probability of finding a particle at position x and time ¢, D is the

diffusion constant, ¢y = 0 is the initial time and x; is the initial position of the particle.
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The solution to this partial differential equation is the Gaussian distribution,

1 _ (x=xg)?

e 4Dt s 785
VA Dt ( )

which can be used to calculate the mean square displacement R?(t) = ((x(t) — x¢)?).

P(x,t) =

Alternatively, using the method outlined in App. 7.A, and knowing that the propagator

in Fourier space is, from Eq. (7.84a),

d(k+k)o(w+ w)
—iw + Dk2 +1r

Gk, w; k' W) = , (7.86)

where r is a mass term to regularise the infrared divergence, and which is to be taken
to 0. Then,
F(k) = e oo P (7.87)

so the first and second moments of the position are

(x(t)) =i ka(k)] ~ X, (7.88)

(x2(t)) = — V2F(K) ‘k = x2 +2dDt, (7.88h)

0

and the mean square displacement, Eq. (7.7), is
R*(t) = ((x(t) — x9)*) = 2dDt. (7.89)

Taking a diffusive particle as reference, the effective diffusion constant for any process
is thus sensibly defined as

1
D = —O.R*(1)| . 7.90
= 0 (t)| (7.90)
7.C  HERMITE POLYNOMIALS
The definition of Hermite polynomials [127] used in this chapter is
H,(z) = (—1)"eT O" (eﬁ) , (7.91)

230



so that the first few Hermite polynomials are

Hy (z) =1, (7.92a)
H (z) =x, (7.92b)
Hy (7) =2* — 1, (7.92¢)
Hj (r) =2° — 3z, (7.92d)
Hy(v) =2* — 62° + 3, (7.92¢)
Hs (r) =2° — 102 + 15z, (7.92f)
Hg (1) =2° — 152" + 452% — 15, (7.92g)
H; (x) =2" — 212° + 1052° — 105z, (7.92h)
Hg (v) =2® — 282° + 2102* — 4202% + 105. (7.92i)

The Hermite polynomials are orthogonal with respect to the weight function w(z) =
exp(—2?%/2), that is,

/ ¢~ H, (2) Hy, (z) da = V27 16y (7.93)

where 9,, ., is the Kronecker delta.

Hermite polynomials H, () are eigenfunctions of the differential operator
Llu] =" —zu' = —pu, (7.94)

also known as Hermite’s differential equation, for non-negative integer eigenvalue u,, =
n. Using this equation, it is possible to show that the solution to the eigenvalue problem
Llu] = u” + (zu)’/L? = M in Sec. 7.3 are the rescaled Hermite polynomials multiplied
by the weight function w(x), namely u,(r) = exp(—2?/(2L?)) H,, (x/L), with eigenval-
ues \, = —u,/L* = —n/L* [168§].

7.D  NUMERICAL ERROR IN THE IMPLEMENTATION OF p(z)

As mentioned in Sec. 7.3.2 the numerical implementation of the higher-order Hermite

polynomials presented some technical challenges, which we mention here briefly. First,
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the GSL library dedicated to Hermite polynomials uses double precision throughout, so
we changed it to long double [73|. Second, the GSL deals with Hy, (0) = (—1)"(2n—1)!!
as a special case, where the double factorials are drawn from a table where 298!! is
the largest number available. We then extended the table to 500!! but still failed to
obtain an accurate result, see Fig. 7.2a. The origin of the bug was the compiler, which
read the numbers in the table in double precision (instead of long double) and the
rounding applied by the compiler, which is platform dependent, was producing an
error. We found that even if Hs, (0) was not dealt with as a special case, the numerical
precision long double was not enough, see Fig. 7.2b. We then decided to implement
Hermite polynomials using multiple-precision floating-point arithmetic based on the
GSL implementation [69].

7.E  SOME PROPAGATORS IN CLOSED FORM USED ABOVE

The propagators used above to calculate the different observables of a run-and-tumble

particle in a harmonic potential with diffusion are listed here.

t A ,

O Y7 2 lag(t)dn(t)) = Le ) (7.95a)
t A :

e 2@ (t) = Le ) (7.95D)
t A ,

P27 2 ay(t)ay(t)) = Le @) (7.95¢)

Oat 05 t/ ~

= Le~(r+n(t=t) (7.95d)

_ Le—(k+27'+1“)(t—t’) (7956)

lat Oat/

_ W e (672T(t7t’) _ e%(ht’)) (7.95g)

27t 1at/

{ )
{ )
O L < (1) (t’)> _ [ kt2rn)(-t) (7.95f)
{ )
{ )

_ W e (efmzf)(tft')_ef%(tft/)) (7.95h)
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k+ 276 € ( i)

w It / !
— ) (HO) g laka2n-0)) 7.95)
k+or ‘ ’ (7%
_2 ) e 2k(t—t) . e~ (k+27)(t—t") N 1 (7.95K)
2k(k —27)  (k+27)21 — k) 2k(k+27)
o~ (2k427)(t—t") e~ k(t—t") e~ 2r(t=t)

ok(kt21) (kr2n)@r—k)  2kk— 27)> (7.951)
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Figure 7.2: Two types of numerical error encountered when implementing p(z) in Eq. (7.42) with
parameters 7 = 0.2, k = 1, w = 5, D = 0.3 and truncation point 2n = 412. In (a), there is a visible
error at = 0, where the evaluation of Ha, (0) as a double factorial fails. In (b), the roughness of the
curve around x = 0 indicates its lack of precision.
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Discussion and outlook

The abundance of non-equilibrium systems in nature and society makes our study
and understanding of such systems vitally important. Non-equilibrium systems are
so prevalent that systems naturally at equilibrium are actually the exception. Often we
find ourselves perplexed by the drastic, far-reaching effects of small actions, apparently
innocent, of millions and billions of people in a short period of time. Choose your
favourite economic example — the most immediate example that comes to my mind is

the repeatedly reported panic buying during the COVID-19 pandemic [195].

Reality is far too complex to be studied as a whole and this is why understanding much
smaller, simple and accessible systems is so necessary. This is the main motivation of
statistical mechanics, where systems involve a large collection of particles that move
and interact following the same, very simple, rules. The collective behaviour of these
particles results in emergent phenomena and patterns in the system as a whole. Es-
tablishing the link between the microscopic dynamics, at the particle level, and the
macroscopic features, say at the level of pattern formation, remains an open problem

that has motivated a huge variety of approaches and methods in statistical mechanics.

In this thesis, the non-equilibrium systems that I have studied are: the Oslo model
(Chapter 1), branching processes and applications (Chapters 2 to 5), the voter model
(Chapter 6) and run-and-tumble motion (Chapter 7). The analytical tools that I have
used are a one-to-one map between two different systems (Chapters 1 and 5) and Doi-
Peliti field theory (DPFT) (all other chapters). I have also performed computer simu-

lations and numerical fittings to support the analytical findings.

The path integral approach based on DPFT has proven to be a hugely versatile and
systematic tool. Despite its achievements (see for instance the average temporal profile
of a time-dependent branching process in Chapter 3, or the scaling of visited sites by a
branching random walk in Chapter 4), DPFT can present some major challenges that
require a sense of perspective — and much thinking and trying very many different

routes — to be solved (see the parametrisation of fields in the concealed voter model
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in Chapter 6, or the diagonalisation of the action functional in Chapter 7 to write it in

local form).

Since DPFT retains the particle entity through the second quantised form, where the
ladder operators are then transformed into creation and annihilation fields, it is the
ideal tool to tackle new, complex, problems in statistical mechanics. There are fas-
cinating open question in active matter that are attracting a lot of attention. As an
example, many efforts are being devoted to understanding motility-induced phase sep-
aration (MIPS) in many-particle systems with active motility and volume-excluded
interactions [89]. MIPS is one of the most fascinating emergent phenomena [32] as,
counter-intuitively, particles collect and separate due to their ability to move away
without the apparent need of attractive forces. Active matter depends heavily on the
microscopic dynamics of the system and therefore effective theories, which do not retain

the particle entity, have a limited scope.

An illustrative example of active matter is active nematics [86], where self-driven rods
are in constant motion on 2D interfaces. The interplay between interaction-induced
alignment of motile particles and their self-propulsion gives rise to so-called comet-like
and trefoil-like topological defects with topological charges +1/2 and —1/2 respectively
[59]. Experimentally, active nematics have been observed in the interactions between
microtubules and kinesin molecular motors in liquid crystals, generating intricate pat-

terns such as active turbulence [131]. This instance of collective motion displays MIPS.

An interesting problem for future research is to use DPFT as a framework to describe the
dynamics of topological defects in active nematics. There are primarily two antagonistic
types of topological defects involved, which may be thought of as particles with equal
topological charges but opposed sign. Defects create and annihilate in antagonistic
pairs, so that there is no net gain nor loss of topological charge. Due to their shape, the
two types of defects obey different motility patterns: active Brownian motion (41/2)
and plain diffusion (—1/2). A field-theoretic description of this process constructed
from first principles would, in principle, allow us to calculate characteristic correlation
lengths, the active length scale, velocity fields and entropy production. The two types
of defects can be dealt with in the field theory as two interacting species of particles,
as Chapters 4 and 6.

Another open problem is to understand and calculate the entropy production, which
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is indicative of how far from equilibrium the system is, at different levels of coarse
graining. In the absence of an exact solution, many approaches make use of an effective
theory to calculate the entropy production [27|. However, as seen in Chapter 7, the
entropy production is an expression of the microscopic dynamics and therefore any
coarse-graining results in a loss of information. Trivially, if we represent the system by
one state, the maximum coarse-graining possible, then the entropy production will be

zero because the system cannot flow between different states.

In conclusion, retaining the particle entity is crucial in the study of non-equilibrium
systems, in particular when analysing correlations and collective behaviour. This has
been central in the different statistical properties and aspects of the six different systems
that I have presented in this thesis. The methods shown here lay the foundations of

future research.
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