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Abstract

The results from the Kepler space observatory have revealed a wealth of planets with small sizes
and small orbital separations, referred to as “super-Earths” or “sub-Neptunes”. This thesis will
focus on such planets.

Atmospheres of super-Earths/sub-Neptunes are vulnerable to hydrodynamic escape due to the
proximity to their host stars. I begin by comparing two mechanisms by which this can occur:
photoevaporation, which is caused by high energy radiation from the host star; and core-powered
mass-loss, which relies on the stellar bolometric luminosity in conjunction with the cooling
luminosity from the planetary core. I construct a robust statistical test that can be performed
on future exoplanet surveys in order to determine which of these mechanisms is dominant.

I then go on to show that if one takes the population of exoplanets observed today, one can
rewind the clock on atmospheric evolution to infer the planet properties at birth. I perform this
with photoevaporation models to place constraints on planetary properties that are currently
unobservable with standard techniques. I find that a typical super-Earth/sub-Neptune has a
core mass of ~ 4 My, a core composition consistent with that of Earth and an initial atmospheric
mass fraction after protoplanetary disc dispersal of ~ 2%.

This latter result highlights a discrepancy between atmospheric mass-loss and gas accretion
models, the latter of which predicts initial atmospheric masses 2 10%. I perform sophisticated
evolution models of planets immersed in protoplanetary discs that self-consistently model gas
accretion and mass-loss induced by rapid disc dispersal. I find that this mechanism efficiently
removes atmospheric mass and provides a robust solution to the aforementioned discrepancy.
This mass-loss phase induces rapid contraction and advection of high entropy material into the
escaping atmosphere. This process, which I find is strongly controlled by the disc dispersal rate,
produces a planet that has prematurely cooled, given its age.
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Chapter 1

Introduction

Until recently, planet formation has been poorly understood. For centuries astronomers could
only build a picture of planet formation by looking at the other celestial bodies in our own Solar
System. At the time, it would not have been inconceivable to think that the Solar system and
its abundance of planets was unique. However, in 1995, this restricted view was opened up with
the first detection of a planet orbiting another Sun-like star, referred to as an exoplanet.

Exoplanets allow us to understand planet formation and evolution on a population level, instead
of just relying on the planets in our own Solar System. Nowadays, exoplanets are found around
stars of different ages, masses, metallicities and in different regions of the Galaxy, allowing us
to piece together the story of planet formation on a broader scale. The general picture that
has built up since the first exoplanet detection is that our Solar System is not unique in its
abundance of planets. However, it is the differences between these systems and our own that
are perhaps the most striking. Indeed, in early planet formation models, most systems were
predicted to mimic that of our own: with small, terrestrial planets; Mercury, Venus, Earth and
Mars interior to the giant planets; Jupiter and Saturn, followed by the ice giants; Uranus and
Neptune (Boss, 1995)). To our surprise however, some of the first planets to be detected were
giant and found closer to their star than Mercury is to the Sun. In light of this, formation
models were constructed which relied on rapid growth of giant planets and orbital migration
to bring them close to their host stars (e.g. Ida and Lin, 2004, 2005)). Although these models
were able to explain the newly observed population, they also predicted a scarcity of close-in,
intermediate mass planets i.e. between the mass of Earth and Jupiter since planet growth was
expected to be such an efficient process. However, the observed planet population subverted
expectations again, with a large sample of planets detected in precisely this intermediate mass
range.

Surprising results that contradict theoretical prejudice have been a common theme in the field
of exoplanets thus far. However, our understanding is still, broadly speaking, in its infancy.
Although great leaps in knowledge have been made as to the diversity and architecture of
planetary systems, the connection between formation and the population of planets that we
observe (including our own) still remains a mystery. As with the first formation models, it
is still true today that the observations (almost always) drive theoretical development and
understanding. Therefore, the key to gaining a more complete picture of planet formation and
where our Solar System fits in, is to perform large-scale demographic surveys which deeply probe
all of parameter space. Of course, there is always a limit as to how effective an instrument can be,
meaning that another crucial aspect of demographic surveys is to understand the completeness
of these surveys i.e. which type of planets are physically detectable. This then allows one to
determine the underlying population of planets, given the observed sample.
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20 CHAPTER 1. INTRODUCTION

In this thesis, I use recent demographic surveys as a tool to understand planet formation and
evolution. One of the essential themes I emphasise is that the key to understanding the origin
of exoplanets is to understand their evolution. If one can ‘rewind the clock’ on the processes
that have controlled them, then it allows us to understand the conditions in which they formed.
To begin, I discuss the various exoplanet detection methods that have revolutionised our view
of planets in our galaxy, before discussing demographic surveys and the processes which govern
exoplanet evolution.

1.1 Exoplanet Detection

There are multiple ways of detecting exoplanets, each with its own advantages and limitations.
In general, they work by measuring observables from stellar system such as flux, spectra etc.
which are then used to infer planetary properties. Among these methods are radial velocity,
transit, microlensing and direct imaging. This latter technique, being the easiest to conceptually
understand, aims to directly image a planet by resolving it from its host star. These are typically
young (and hence self-luminous in infra-red) massive planets that are found at large orbital
separation (e.g. |Chauvin et al) 2004; [Kalas et al., 2008; |Marois et al., [2008; Chauvin et al.,
2017; |Currie et al.l 2022). The benefit of this method is the ability to look at the emission
spectrum of such planets, which will give insight into their chemical inventories. However,
resolving a planet from its star is an extremely challenging task, meaning that this method has
only yielded ~ 60 planets to-date.

A different approach to direct imaging is gravitational microlensing, which exploits the lensing
of light from a background source as it passes through the warped spacetime around a massive
foreground object, such as a planet-hosting star. As this foreground object passes through
the line of sight of an observer with the background source, the image of the background
source will be magnified in brightness. If the foreground source does indeed host a planet, a
characteristic spike in brightness will be detected on top of this magnification. From this, the
mass ratio between host star and planet can be calculated. With suitable follow-up observations
of the host star, planet mass and orbital separation can be calculated (e.g. Bond et al., [2004;
Bennett et al., 2006} [Beaulieu et al., 2006; (Gaudi et al., 2008} [Mro6z et al.l [2020). The benefit
of this technique is that it can probe exoplanets at large orbital separations and low masses.
The upcoming Nancy Grace Roman Space Telescope will utilise microlensing events to detect
exoplanets and is expected to be one of first surveys to successfully probe planets smaller than
Earth at large orbital distances 2 1 AU (Green et al., [2012).

Chronologically speaking, the majority of the first exoplanets were discovered using the radial
velocity method, which seeks to detect the Doppler shift in a host star’s spectrum due the
barycentric movement caused by an orbiting planet. For a given orbit inclination ¢, the projected
stellar radial velocity can be determined which in-turn allows one to place an upper limit on
planet mass i.e. M} sin4, where M, is planet masﬂ Indeed the first exoplanet to be discovered
around a solar-type star, 51 Pegasi b, was detected in 1995 with this method (Mayor and Queloz,
1995)), which was found to be ~ 0.5Mj at an orbital distance of ~ 0.05AU. This discovery came
as a surprise since, clearly, we have no analogue for such a planet in our own Solar System.
Nonetheless, in the following years, high-precision radial velocity surveys were established, such
as HARPS (Mayor et al., 2003), which found many planets similar to 51 Pegasi b, which were
labelled as ‘hot-Jupiters’.

The proximity of such planets led many to the conclusion that another observational method,
known as the transit method may be employed to corroborate the existence of such planets. In

!Note that if a transit observation is also detected, then the inclination is inherently known, meaning that the
upper limit is indeed the actual planet mass.
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the transit method, one performs photometry of a potential planet-hosting star for given period
of time. If a planet orbits the star and also transits i.e. blocks some of the stellar light received
by the observer, then one can infer its size relative to its host. In the following toy-model, a
planet is referred to as ‘in-transit’ as it transits the star and ‘out-of-transit’” when not. For a
flux received out-of-transit, Fyy;, and flux received in-transit, Fi,, the transit depth § scales as
the fraction of the stellar disc area that is covered by the planet:

E *Fout R 2
b= ———— " 1.1.1
Fout > (R*> ( )

Hence, in order to calculate the planet’s size, one requires knowledge of the stellar radius. In
practise, this is calculated from photometric observations of the host star, which allow one to
calculate its effective temperature; the stellar radius then comes from the Stefan-Boltzmann
law.

One of the core themes of this thesis is the importance of large-scale demographic surveys. As
discussed, the goal for such a survey is not simply to find as many exoplanets as possible, but to
also understand the observational biases. It is only then that one can understand the underlying
population of exoplanets. In the case of transit observations, there are two important sources of
bias: firstly a simple geometric argument states that there is a small probability that a planet
will transit i.e. its orbital plane will be such that it blocks stellar light incident to an observer. If
one assumes that orbital plane inclinations are randomly orientated and also make a small-angle
approximation, the probability of transit, P, is:

R,
P, = 1.1.2
tr = (1.1.2)

where a is the planet’s semi-major axis. This result shows that planets around small stars and
with large orbital distances will have a very low transit probability. For reference, the transit
probability for Jupiter at its current orbital distance ~ 0.1%, whereas a typical hot-Jupiter will
have a transit probability of ~ 10%. Since the early radial velocity measurements revealed a
population of massive close-in planets, the transit method thus became viable. The other source
of bias is from a signal-to-noise ratio (SNR) argument. Following Wright et al. (2011)); Kipping
and Sandford| (2016)), assuming the transit can be modelled as a rectangular box function, the
incident intensity in and out-of-transit can be modelled as:

_ {Iout =T out-of-transit (1.1.3)

Iip, =T(1—-¢) in-transit,

where I' is the normalised average photon collection rate of the host star. The signal, S, is the
fractional change in photon count, which is equivalent to the transit depth:

I —
S=§=-1_"on (1.1.4)
Iout
The uncertainty in the signal i.e. the noise og, is calculated in quadrature:

2 2 2 2
Iouta-[in + Iinalout
I4

out

02 = (1.1.5)

For a perfect detector, the photon-count can be modelled as a Poisson process, the uncertainty

in Iy and [, is an integrated average:
te
\/ Ji—p L dt
A (1.1.6)

t
Jito di

g] =
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In this simple model, we observe a star for a given amount of time 7,5 and the transit duration
is Ti;. We therefore integrate to t¢ = T, in-transit and ¢y = Tops out-of-transit. Substituting

Eq. into the above, one finds from Eq. that:
1
o5~ , 1.1.7
T (1.1.7)

where I have assumed that T, > Tt and § < 1. As such, the SNR for a single transit is:

S
SNR = — = §/I'T};. (1.1.8)
o
Naturally, detecting multiple transits of the same planet will increase the signal-to-noise, which
we can account for with the following:

R\ ? Tir
SNR = <RP> ,/rTobS?j, (1.1.9)

where P is the orbital period of the planet. Note that in order to use the transit method to
detect a planet and measure its orbital period, one typically requires > 3 transits to make a
statistically significant detection. Furthermore, any instrument that performs photometry will
have an SNR threshold below which transits cannot be detected. As such, this additional bias
is introduced which preferentially favours planets with small orbital periods and large transit
depths. Note that this means that planets of a given size are easier to detect around smaller
mass, and therefore smaller size stars. Note also that in this toy-model, I have assumed a box
function for the transit. In reality, transits are more accurately modelled with a trapezoidal
function (e.g. Mandel and Agol, 2002} Kipping and Sandford), 2016) which accounts for ingress
and egress of the planet onto the stellar disc, which will be effected by limb-darkening. In
addition, one should also account for the impact parameter b, which is a measure of how close
the transit trajectory is to the stellar disc mid-plane. These effects will change the shape
of the transit and are therefore taken into account for actual planet detection pipelines (e.g.
Christiansen et al., 2012; |Fulton et al., 2017)).

The first planet to be detected transiting a Sun-like star was HD 209458b from |[Charbonneau
et al.| (2000)), which was found to be 1.3Ryy, at an orbital period of 3.5 days. In the proceeding
years, various transit surveys such as HATnet (Bakos et al., 2004)), SuperWasp (Pollacco et al.,
2006), KELT (Pepper et all 2007) and CoRoT (Auvergne et al.l 2009) were established to
perform photometry on wide-field searches of large populations of prospective host stars. Whilst
the first results from these surveys were typically follow-up observations of planets detected with
radial velocity measurements, they quickly began detecting new exoplanets, many of which were
also hot-Jupiters. However, it wasn’t long before a new class of exoplanet was also detected
by radial velocity and transit surveys, namely super-Farths or sub-Neptunes. The first of such
planets discovered around a main sequence star, Gliese 876d, had a mass of ~ 8.5 Mg, and orbital
period of ~ 3 days (Rivera et al., 2005). Other detections confirmed that such planets had radii
and masses between Earth and Neptune, and typical orbital periods between 1 and 100 days
(e.g. Mayor et al.,|2009, 2011)). Like with hot-Jupiters, there are no analogues of such planets in
our own Solar System and hence the emerging picture was that our Solar System may not be the
ordinary. However, to answer this question rigorously requires a more complete picture of the
exoplanet population, often referred to as demographic survey, which must take into account
the biases of the adopted detection method. One of the key ingredients for a demographic
survey is a well-defined sample of stars e.g. volume-limited, magnitude-limited etc., that are
homogeneously observed by the instrument. This in-turn allows one to quantify the biases of
the survey i.e. the probability of detecting a planet given its size, mass, orbital parameters
which also include instrumental bias. Largely speaking, however, this is more observational
challenging for a radial velocity survey versus a transit survey.
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1.2 Demographic Surveys

As discussed, one of the ultimate goals in exoplanet detection is a demographic survey. The key
question one can ask for a demographic survey is, given the sample of detected planets, what
is the underlying distribution? The simplest example of such a demographic calculation is the
occurrence rate i.e how many planets of a certain type exist given the observed sample?

With regards to demographic surveys, the issue with radial velocity measurements is that,
for a statistically significant detection for a single star, long observations with very stable
spectrometers are required. For reference, the radial velocity of the Sun due to Earth’s orbit
is ~ 10 cm s~ !, which is only now a possibility in the near-future with next generation high-
precision radial velocity instruments. As a result, observational targets are typically chosen a
priori such that they are high signal-to-noise and likely to yield radial velocity signatures. Note
that one cannot simply combine all historic radial velocity measurements performed by a given
instrument to create an ad hoc demographic survey, since then one would need to quantify the
probability of a team being granted observational time for a given planet, which is of course not
possible. Even so, successful demographic RV surveys were performed in a hand full of cases
(e.g. Howard et al., [2010; Mayor et al.,[2011) which suggested that, although more hot-Jupiters
had been detected, they were in-fact far less common when compared to smaller mass planets.
Nonetheless, it was the transit survey performed by Kepler that would truly shed light on this
topic, owing to the benefits of a dedicated exoplanet transit survey.

Kepler was the first (and only, to-date) large-scale demographic survey of its kind with the
precision capable of detecting an Earth-like planet around a Sun-like star (Borucki et al., [2010).
The space-based telescope stared at a 115 square-degree field-of-view and collected continu-
ous optical photometry for ~ 150,000 stars simultaneously (Borucki et al., 2011). The stars
were picked with a well defined magnitude-limited selection-function implying that biases were
quantifiable (e.g. |Christiansen et al., 2012; Fulton et al.l 2017)). In Howard et al. (2012), the
first calculation of occurrence rate from the first 16 months of data (from [Batalha et al., 2013)
confirmed that super-Earths and sub-Neptunes were in-fact more populous that hot-Jupiters.
Further demographics analysis by |Fressin et al.| (2013)); |[Petigura et al. (2013)) would refine these
calculations to account for false-positive events. Transit surveys are, by nature, searching for
transient astrophysical events and are therefore prone to incorrectly identify objects such as
eclipsing binaries as transiting exoplanets. To remedy this, works by [Fressin et al.| (2013)); Pe-
tigura et al. (2013) performed simulations of Kepler targets with injected false positives and
fed those simulations into the Kepler detection pipeline to determine if this could mimic the
transit that was actually detected. As such, they determined that the overall false-positive rate
of Kepler detections was ~ 10%. A similar technique was also used to accurately quantify
survey biases. By injecting modelled transit signatures into the data, one can determine if the
Kepler pipeline would be able to detect the given planet around a given star. This technique,
often referred to as pipeline injection recovery, is hence a way to measure the signal-to-noise
threshold (see Eq. and overall detection efficiency. The injection recovery fraction for
the Kepler pipeline is shown in Figure which shows that a SNR ~ 10 was required for
a probable detection. Over the course of the Kepler mission, pipeline injection recovery was
performed rigorously in the works of |Christiansen et al.| (2012} 2015} 2016)), allowing the early
demographic results of |[Fressin et al.| (2013); Petigura et al.| (2013)) to be performed. In addition,
later demographic analyses have considered the effect of planet multiplicity on occurrence rates
(e.g. Mulders et al., 2015; |Zhu et al., 2018; Mulders et al., 2018; Zink et al., 2019). These works
have shown that the occurrence rates of giant planets and super-Earth/sub-Neptunes are ~ 5%
and ~ 40% respectively. In particular, it is expected that at least ~ 40% of Sun-like stars have
nearly co-planar planetary systems with seven or more exoplanets.

Throughout its life, Kepler discovered over 2500 transiting exoplanets, leading to an unprece-
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Figure 1.1: The injection recovery for the Kepler pipeline is shown as function of signal-to-noise ratio
(SNR), which represents the probability of a planet being detected. One can see that planets have a
higher probability of being detected for an SNR 2 10. In green is an analytic fit for injection recovery
from |Christiansen et al| (2015, |2016). Figure taken from |Fulton et al| (2017).
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Figure 1.2: Orbital separations and size are shown for exoplanets detected by Kepler space-mission. The
magority have sizes between 1 —4Rg and orbits of ~ 0.1AU, providing a stark difference to the planets in
our own Solar System. Note however that is an incomplete view of the underlying population i.e. transit
survey such as Kepler preferentially detect large planets at short orbital periods. Kepler required typical
signal-to-noise ratio of ~ 10 which is shown in blue from FEjq. for a typical photometric precision
and observation times. Data taken from NASA exoplanet archive, accessed 25/05/22.

dented view of planets in our galaxy, which is shown in Figure [I.2l One can clearly see two
populations of planets: the first being the hot-Jupiters, which are ~ 10Rg in size and within
0.1 AU (e.g. Fischer and Valenti, 2005; [Winn et al., 2010; Wright et al.l 2012)), and the other
being the population of super-Earths and sub-Neptunes (within 0.01 — 1AU and < 4Rg). It is
this latter population of planets which are the focus of this thesis, which is inspired by one of
the key questions to come from the Kepler survey: how did these planets form, and why were
they so common?

1.3 Mass-Radius Diagrams

As discussed, transit observations provide planet sizes. If one is to move forward in under-
standing the nature of super-Earths and sub-Neptunes, one must obtain mass measurements.
Although the radial velocity method was originally used to detect planets, more recently it is
predominantly used as a tool for follow-up observations i.e. finding the mass of a transiting
exoplanet detected by missions such as Kepler or TESS (Ricker et all) 2015). In addition, one
can use transit-timing variations i.e. small changes in transit periodicity in multi-planet systems
to also infer planet masses (e.g. Agol et al., |2005; Holman and Murray, |2005). From mass and
radius, one can calculate the bulk density.

It is worth noting that during a transit observation, the orbiting planet travels across the face of
the star in chord-like trajectory, with the width (and hence the transit depth) according to the
optical depth of the planet. For a naked coreE| a transit simply probes the core radius, but for
a planet with a sufficiently large atmosphere, it measures the radius at which the atmosphere

2For the entirety of this thesis, ‘core’ refers to the non-gaseous portion of a planet, as opposed to the geological
interpretation which refers to the iron core at the centre of terrestrial planets.
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Figure 1.3: In the left-hand panel, measured masses and radii are shown for small close-in exoplanets.
Composition curves from|Fortney et al| (2007) are shown for bodies of pure iron, silicate and ice compo-
sitions. In the right-hand panel, planets sizes are shown relative to how large they would be, given their
mass, if made of pure silicate rock. This is shown as a function of incident flux, which also colour-codes
all points in both panels. In the right-hand panel, lines of constant composition are shown for silicates and
ice in brown and blue respectively. Planet above this latter line must host significant H/He atmospheres
to explain their underdensities. Figure taken with permission from|Jontof-Hutter et al.| (2016).

becomes optically thick - typically near the photosphere of the planetEl (]Rogers and SeagerL
2010l see also Chapter 2). One can confirm this with a simple calculation: assuming Rayleigh
scattering, the photon cross-section for molecular hydrogen at a given wavelength, A, is (e.g.

Vardyal [1062):

A _4
— -5 -2
oH, = 6.6 x 107° cm (600 nm> . (1.3.1)

In order for an isothermal hydrogen-dominated atmosphere to be optically thick within a single
scale height, the number density of molecular hydrogen required is:

M Re \ 2/ Twa \ '/ A !
~3.2x10* em™3 P = °d 1.3.2
"HH; oA om <5M@) (1.53@) <5OOK 600 nm ) (1:32)

where R. is the core radius and Ty is the planetary equilibrium temperature. This shows
that a very small amount of molecular hydrogen is required in order to be optically thick.
It also suggests that a very small amount of mass is needed to increase the size of a planet
significantly. Note that this is explored in Chapter 2. As a consequence, the measured radii in
transit observations probe the atmosphere (if one is present) and not just the core radius. In
this case, one would expect the bulk density of the planet to be reduced compared to the case
of a bare core.

A mass-radius relation seeks to quantify how the size of a planet varies with mass and is therefore
a function of planet composition i.e. bulk density. In early work from Wu and Lithwick]| (2013)
and [Weiss and Marcy| (2014), the mass and radii for samples of exoplanets were investigated
to reveal that the bulk density of super-Earths/sub-Neptunes decreases with increasing radii.
They found a joint relation, which was consistent with an Earth-like density ~ 5.5 g cm ™3 for
planets < 1.5Rg and significantly less dense for larger planets. In addition, they found that the
bulk density decreases for planets with a higher incident stellar flux. Since then, many works
have corroborated this finding (e.g. [Hadden and Lithwick]| [2014; Rogers, 2015} Dressing et al.,
2015; [Wolfgang et al., [2016; |Chen and Kipping, [2017). A summary of these findings is shown
in Figure [1.3] in which planets with mass and radii measurements are shown in the left-hand
mass-radius plane. In addition, the right-hand panel shows the size of these planets relative to

3This is the case for an atmosphere in which the scale height is far smaller than the photospheric radius.
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the size of body made of pure rock given their mass. In other words, planets with a composition
consistent with pure silicate rock will have a value of 1, whilst over-dense/under-dense planets
will sit below/above this line respectively. This metric is shown as a function of incident flux.
One can clearly see that a large population of planets are under-dense, which suggests that the
planets host volatiles which reduce their bulk density. One possibility for this is the presence
of water-ice, a so-called ‘water-world’” (Valencia et al., [2007; Zeng et al., |2019)). For reference,
Figure also shows a horizontal line which is corresponds to bodies made of pure water-ice.
One can see that even this scenario is not consistent with many of the planets. One finds that
the only way to construct a planet with such a reduced bulk-density is with the presence of
an extended H/He atmosphere (e.g. |Adams et al., [2008; Wu and Lithwick, 2013; |Rogers and
Seager, [2010).

As discussed, a mass-radius relation allows one to begin to place constraints on planet formation
and evolution. In general, planets will form whilst immersed in a protoplanetary disc which
surrounds its young protostar and provides the solid material to form a solid core. The fact that
many detected planets required large H/He dominated atmospheres fits with the core-nucleated
gas accretion model (e.g. Perri and Cameron, 1974; [Mizuno, 1980; [Pollack et al., 1996). In this
scenario, planets that have grown a solid core of sufficient mass will start to accrete gaseous
material from the local protoplanetary disc. As this atmosphere cools, it contracts, which
allows more material to in-fall onto the planet, increasing the mass of the atmosphere. Since
the molecular cloud that collapsed to form the protostar and disc is H/He dominated, it follows
that the primordial atmospheres of such planets should be the same. Note that the physics of
gas accretion is explored in detail in Chapter 5. Another proponent in favour of large extended
atmospheres comes from the incident flux trend that can also be seen in the right-hand panel
of Figure One can see that planets at high-incident flux tend to be consistent with a rocky
body, which fits the hypothesis that the atmospheres of such planets are not stable to the high
levels of irradiation, potentially inducing atmospheric escape. In addition, it is worth noting the
work of (Ciardi et al.| (2013), in which it was noted that in many Kepler systems with multiple
super-Earth/sub-Neptunes, planets at shorter orbital periods were smaller than counterparts
further out from the host star. This ordering was not present for pairs of planets < 3Rg. Again,
this is suggestive of particularly close-in planets being unable to host large atmospheres.

Although insightful, mass-radius relations are limited by degeneracy. For a planet with a given
mass and radius, there are many internal compositions e.g. rock mass-fractions, ice mass-
fractions, atmospheric mass-fractions that are consistent with these observations (e.g. [Rogers
and Seager, [2010). Ultimately, gaining an understanding in the composition of these planets is
crucial as it will place constraints on planet-formation models. One approach is the migration
model (e.g.|Ida and Lin| 2005, |2010; Bodenheimer and Lissauer, 2014; |Raymond and Cossoul,
2014; Bitsch et al.| 2018; Raymond et al., [2018]), in which planets form in the outer disc whilst
immersed in a solid-enhanced region beyond the point where water exists as ice, instead of
vapour. This point is often referred to as the ice-line and is typically at ~ 5AU for a protoplan-
etary disc around a solar-mass star. The planets that form beyond the ice-line then migrate
inwards to the orbital period we observe them at today and will therefore have core compositions
consistent with one rich in water/ice. Another popular approach however, that was developed
in response to the ubiquity of close-in exoplanets, is the in-situ model (e.g. Hansen and Murray),
2012; |Chiang and Laughlin, 2013), in which planetary embryos form in the inner disc, close to
the location we observe them at today. As a result, the constituents that accreted to build up
their cores are the silicate materials that drift into the inner-disc (Chatterjee and Tan, 2014;
Jankovic et al., [2019). One would thus predict a core composition of such planets to be similar
to that of Earth. In reality, core formation may draw upon physics from both schemes as it is
well established that solids must migrate towards the star in the form of pebbles or embryos
(e.g. Weidenschilling, [1977; Pani¢ et al., 2009; Andrews et al., 2012; Isella et al., 2012; Powell
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et al., [2017). What is not clear, even from mass-radius relations, is which of the models is the
main driver of core formation.

The composition degeneracies are deepened when considering gas accretion. As discussed in[Lee
et al.| (2014)); [Lee and Chiang (2015al), gas accretion plays a more important role in the outer
disc since equilibrium temperatures are lower, meaning cooling is more efficient. Therefore,
planets that form in the outer disc should accrete significant atmospheric mass fractions before
migrating inwards. In the inner disc, planets still accrete atmospheres, albeit at a slower rate.
It was noted that even planets forming at ~ 0.1AU would undergo accretion so efficiently that
they should grow into hot-Jupiters. To explain the abundance of close-in super-Earths/sub-
Neptunes, which clearly do not host atmospheres that dominate their mass, [Lee et al.| (2014);
Lee and Chiang (2015a)) argue that accretion may be delayed via dynamical friction. Note that
I discuss this issue in-depth in Chapter 5. Nonetheless, the addition of an atmospheric-mass
fraction to the problem of internal structure of exoplanets only compounds the degeneracy at
hand.

Despite the aforementioned problems of internal planet structure, one can theoretically break
the degeneracies if the evolution of the planet in known. This allows one to ‘rewind the clock’
on evolution and find the planet properties, and therefore histories, that are consistent with
the observations. This concept is a strong theme in this thesis. Atmospheric evolution provides
one such opportunity for this idea, particularly atmospheric escape. As discussed, there is
strong observational evidence to support that highly irradiated planets tend to have higher
bulk-densities and therefore are not likely to host large atmospheres. This suggests that the
trends seen in exoplanet demographics are largely imprints of evolution, instead of formation.
However, understanding evolution of observed planets is difficult since typical system ages for
surveys such as Kepler are ~ 5 Gyr. Nonetheless, observational evidence does exist for escaping
atmospheres.

1.4 Escaping Exoplanet Atmospheres

Direct observational evidence for escaping atmospheres has come from transit spectroscopy. In
this technique, stellar light is absorbed by certain atomic lines which are used to probe the
presence of extended/escaping atmospheres. The most popular of these is the Lyman-« line,
which has a cross-section at line-centre of opy, = 5.9 X 107 cm? at 10* K gas (e.g. [Hansen
and Oh| [2006). Following |[Owen| (2019), in order to provide unity optical depth, the number
density of neutral hydrogen required in a transit is:

1 -1
ny & = 2.4 x 10? cm_3<Rp> : (1.4.1)
OLya{vp Ry

where Ry is Jupiter’s radius. Thus, a very small amount of neutral hydrogen is required to
produce a large transit depth, particularly at large distances from the planet. One of the best
examples of such an observation is for the warm sub-Neptune GJ436b from [Ehrenreich et al.
(2015), in which a 56% transit depth was detected in Ly-a when compared to the 0.69% in
a standard broadband optical transit. The evolution of the Ly-a line for GJ436b is shown in
Figure The first feature to notice is the large absorption in the Ly-a line-core which is
due to the interstellar medium. Despite this hindrance, there is still information that remains
in the line-wings. In particular, one can see an additional absorption in the blue-wing of the
Ly-a line when measured in-transit and post-transit (red and green lines respectively). This is
indicative of a comet-like tail trailing the planet, with material moving towards the observer at
speeds of up to 100km s~!. This confirms that hydrogen gas is escaping beyond the planet’s
Roche lobe. This observation, amongst many others of hot Jupiters and sub-Neptunes (e.g.
Vidal-Madjar et al., 2003; [Lecavelier Des Etangs, 2007; [Kulow et al., [2014} Lavie et al., 2017}
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Figure 1.4: Flux for the Ly-a transit spectroscopy of GJ436b shown against wavelength and velocity. Av-
eraged transits are shown in black, blue, red and green for out-of-transit, pre-transit, during-transit and
post-transit respectively with 1o uncertainties shown. The line core, shown in hatched region, demon-
strates severe absorption due to the interstellar medium. The blue-wing however demonstrates an excess
absorption during and post-transit which is suggestive of material escaping the planet (towards the ob-
server) in a comet-like tail, absorbing Ly-cv in the process. Figure taken from|Ehrenreich et al| (2015).

Bourrier et al.,|2018; [dos Santos et al., 2020; |Zhang et al 2022) demonstrate a large absorption
post optical-transit i.e. after the planet has left the stellar disc. Other lines can also be used
to probe atmospheric escape such as Ha (e.g. | Jensen et al., 2012; Yan and Henning), 2018), He
1083 nm (e.g. |Spake et al.,|2018; Ninan et al., [2020) or other UV metal lines (e.g.|Vidal-Madjar
let al., [2004; Loyd and France, [2014} dos Santos et al., 2019). It is therefore in no doubt, that
many close-in planets are undergoing atmospheric escape.

What is causing atmospheres of such planets to escape? To understand this, one can compare
the ratio, A, of gravitational binding energy of a gas particle to its thermal energy:

_ GMppmp

A= 1.4.2
kTR, (142)

When this ratio is large i.e. for high mass, small and cold planets, material is tightly bound
to the planet and can only escape via a process referred to as Jeans escape . In
this process, gas particles escape in the upper regions of the atmosphere, which are so under-
dense that particles no-longer collide with each other. If a particle has sufficient thermal energy
such that it exceeds the escape velocity, it can leave the gravitational influence of the planet
unhindered. On the other hand, if an atmosphere is less bound and, more specifically, the gas
particles undergo many collisions over one scale height, then the atmosphere can be treated as
a fluid and material is lost via a hydrodynamic outflow. When compared to Jeans escape, this
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form of mass-loss yields much higher mass-loss rates due to the bulk flow of material. For the
case of close-in exoplanets, the intense UV radiation from the host star is capable of dissociating
the molecular hydrogen. As a result, the upper atmosphere is dominated by atomic hydrogen
which is heated to typical temperatures of 10* K and therefore weakly bound to the planet.
Since the atmosphere can be treated as collisional, the resulting mass-loss is hydrodynamic,
yielding high mass-loss rates when compared to Jeans escape. This is explored in-detail in
Chapter 2.

Hydrodynamic mass-loss takes the form of a transonic wind. Originally, this was applied to the
stellar wind in [Parker| (1958), in which the isothermal fluid equations of motions were solved
in non-hydrostatic equilibrium to show that the only physical solution is one in which the fluid
velocity increases with distance, often referred to as a ‘Parker wind’. The point at which the
flow becomes supersonic is referred to as the sonic (or Bondi) radius and is controlled by the
mass of the planet and the temperature of the outflow. Although originally utilised to describe
the stellar wind, this solution is in-fact more appropriate to planetary outflow since strong
magnetic fields have an important effect on the stellar wind. The theory of transonic winds is
covered in Chapters 2 and 5. In order to launch a transonic wind from a planet, heating from
high energy flux is required. Furthermore, in order to understand the dynamics of such a wind,
hydrodynamic simulations are required.

In an attempt to understand UV-driven atmospheric loss, Watson et al.| (1981) presented the
notion of ‘energy-limited’ mass-loss, which at the time was applied to the hydrodynamic atmo-
spheric escape of Earth and Venus. In this prescription, high-energy UV radiation is absorbed
in a thin layer corresponding to the point where the gas becomes optically thick i.e. opaque
to such photons. |Watson et al.| (1981) argued that, instead of adiabatically expanding and
cooling, the material rising towards this point was heated by conduction. The mass-loss rate
is thus ‘energy-limited’ by the balance between conductive heating and adiabatic cooling. In
Lammer et al.| (2003), this prescription was used to estimate the hydrodynamic escape rates
for hot Jupiters. Later however, works from Waite et al.| (1983)); Yelle| (2004)) showed that
the conduction invoked in Watson et al.| (1981) provided a very small contribution to the heat
flux of the problem, particularly for highly irradiated planets. As a result, the mass-loss rate
estimates from Watson et al.| (1981)); Lammer et al.| (2003) were overestimates. Importantly,
one must consider a more accurate picture of radiative transfer to understand the problem.
Indeed the works that followed, including |Yelle (2004); Tian et al.| (2005)) and Garcia Munoz
(2007), considered this to arrive at more sensible mass-loss estimates. In Murray-Clay et al.
(2009), a coupled radiative-transfer and hydrodynamic scheme was used to show that radiative
recombination of hydrogen i.e. protons capturing electrons, has an important role in mass-loss.
During electron capture, UV photons are produced which act to cool the hydrogen gas, however
these UV photons can also go on to ionise other hydrogen atoms. As such, for high-fluxes, the
ionisation structure of the atmosphere can be altered. Murray-Clay et al.| (2009)) and subsequent
works by (Bear and Soker, 2011) and (Owen and Alvarez, 2016) have shown that the outflow
can be recombination-limited if the recombination timescale is shorter than the flow timescale,
or energy-limited if this is not the case. In the former case, mass-loss rate scales approximately
with square root of UV flux, whilst in the latter it scales linearly with UV flux.

Nowadays, the aforementioned energy-limited mass-loss prescription is removed from the origi-
nal definition from Watson et al. (1981) that described the balance between conductive heating
and adiabatic cooling. It now refers to high-energy flux doing work to remove atmospheric mass.
In time At, one can assume that high-energy stellar flux Fyyg removes an amount of mass, AM,
to infinity i.e does work of GM,AM/R,, at some efficiency, n. Since the flux is received over an
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area of Tng, one can rearrange to show that mass-loss rate, M =AM /At, is therefore:

ﬁR?)FHE

— T HE 1.4.3
nGMpKeff’ (1.4.3)

where Kog is a factor introduced by [Erkaev et al. (2007)) to account for the fact the material
need not be removed to infinity, but only to the Roche radius in order to completely escape
the planet’s gravitational influence. In order to use this formalism, one must understand the
full extent of Fyg i.e. which wavelengths are appropriate for atmospheric escape, as well as
understand the nature of the escape efficiency 7.

In the literature discussed thus far, the high-energy flux was only considered to be the extreme
ultra-violet (EUV), which has typical energies of hv 2 13.6eV. X-rays however, which are
generated in the stellar corona, are also capable of ionising hydrogen atoms, with typical energies
of hv =~ 0.1 — 10keV (e.g. Erkaev et al., 2007; Lopez and Fortney, [2013). For a star on the
main-sequence, X-rays contribute a negligible fraction to a star’s bolometric output, however
for young stars < 100 Myrs, this is not the case. As shown in Figure observations from
multiple works (e.g. Ribas et all 2005; |Jackson et al., 2012} Shkolnik and Barman, 2014} |Tu
et al., [2015; McDonald et al.,|[2019; Johnstone et al.,2021) have shown that high-energy photon
production is at its highest whilst the star is young with the its highest rotation period. During
this phase, referred to as the saturation period, stars have a typical ratio of X-ray and EUV
(XUV) to bolometric luminosity of Lxuv/Lpel ~ 1073 (e.g. Giidel, 2004). Beyond ~ 100 Myr
however, the star’s rotation begins to slow as material is removed in the form of a stellar wind,
causing angular momentum loss (e.g. [Hempelmann et al., [1995; Wright et all [2011). During
this spin-down period, the mechanism that generates high-energy photons becomes less efficient
and Lxuv/Lye rapidly falls on a timescale that is quicker than 1/age. This stellar evolution
suggests that the mass-loss history, particularly for low-mass planets, may be dictated by the
XUV flux in the first ~ 100 Myr (Garcia Munoz, |2007; Lammer et al., |2013} 2014} |2016} [Erkaev
et al., 2013, 2016). Note that recent work from [King and Wheatley| (2021) has suggested that
EUV flux may decay slower than X-ray flux, meaning it may be important for planet evolution
on Gyr timescales. I address this in Chapter 6.

In light of the potential high-impact of X-ray flux for planets around young stars, [Owen
and Jackson (2012) performed hydrodynamic simulations to differentiate between the X-ray-
dominated and EUV-dominated regime of mass-loss. As discussed, EUV heating occurs via
ionisation of atomic hydrogen, and cooling is controlled by hydrogen recombination which also
produces further EUV photons. As such, EUV heated hydrogen gas thermostats to ~ 10 K.
In the X-ray regime however, heating is controlled by photo-electron generation by the K-shells
of metals such as carbon and oxygen. The heating timescale for this is much quicker than EUV
since the photo-electrons are typically at ~ 109 K. Cooling in X-ray heated gas is also controlled
by the metals, specifically through line-cooling. Since X-rays are more energetic, they will tend
to penetrate, and thus heat, further into the atmosphere. |Owen and Jackson (2012)) showed
that X-ray dominated escape is relevant in the case where the sonic point is within the inner
X-ray heated region, whilst EUV dominated escape occurs when the sonic point lies in the outer
EUV heated region. They also showed that as a host star spins down and generates less X-rays,
the outflow will transition from X-ray to EUV dominated. Regardless, it is the X-ray driven
outflow that dominates the atmospheric evolution due to its higher mass-loss rates.

As discussed, another important aspect of the energy-limited mass-loss formalism is the escape
efficiency 7. Based on their hydrodynamic models, |Owen and Jackson (2012) provided calcula-
tions of this by comparing the energy input by X-ray heating with the mechanical luminosity
of the wind. They found that the efficiency is far from constant, and varies for planets of dif-
ferent masses and sizes with an upper limit of ~ 20%. As such, results that assume a constant
mass-loss efficiency are to be taken with caution.



32 CHAPTER 1. INTRODUCTION

10734
10—4_
g
P 131-1598 Mg
\>< 112 - 131 Mg
0.89 - 0.988 Mg
10764 0.803 - 0.89 Mg
—— 0687 - 0803 Ms
— 0587 - 0687 My
— 03-065Mg
1077-||||| T T T T TTT] T T T T TT1TT] T T T T 177177
107 10° 109 1010

age (yr)

Figure 1.5: The evolution of X-ray to bolometric luminosity ratio is shown for different stellar types.
For the first ~ 100 Myr, stars begin with a high rotation period and a ‘saturated’ X-ray output, which is
generated in the stellar corona. However, beyond this point, strong magnetic stellar winds cause the star
to spin-down, which dramatically reduces the X-ray output. Figure taken from |McDonald et all| (2019)
with data from|Jackson et al| (2012) and |Shkolnik and Barman| (2014).

With regards to the hydrodynamic simulations, only studies involving one-dimensional calcu-
lations have been discussed thus far. In reality, most of the small, close-in exoplanets will be
tidally locked i.e. with a permanent day and night-side. Dramatic temperature and pressure
gradients may cause rapid day-to-night flow that affect the outflow structure. Indeed this was
confirmed in two and three-dimensional calculations from [Stone and Progal (2009); |Owen and|
|Adams| (2014); [Tripathi et al.| (2015)), although it was noted that the average mass-loss rates
were similar to that of one-dimensional simulations. This is not the case for planets with signif-
icant magnetic fields however, as shown in works from |Adams| (2011)); Trammell et al.| (2011));
|Owen and Adams (2014); Khodachenko et al. (2015); Arakcheev et al. (2017)). In this case, the
ionised outflow is strongly coupled to the planetary dipole field, resulting in reduced mass-loss,
particularly near the closed field lines near the planet equator. Mass-loss is possible however
towards the poles since thermal pressure opens the field lines. Nonetheless, in the case of a
field strength of ~ 5 Gauss, these works have shown that mass-loss can be reduced by up to an
order of magnitude. Currently, there are no observational constraints on the magnetic fields of
small, close-in exoplanets, hence work on this particular topic is still in its infancy. Nonetheless,
provided that magnetic fields are not strong, one can safely assume that 1D models provide a
good description for mass-loss of exoplanets.

1.5 The Radius Gap

One of the most significant theoretical predictions from atmospheric escape studies came from
the works of Owen and Wu| (2013) and Lopez and Fortney| (2013)), in which the long-term
evolution for populations of small, close-in exoplanets were considered in the X-ray dominated
mass-loss regime. Previous studies into atmospheric escape had only considered short-term evo-
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Figure 1.6: Predictions of the radius gap from |Owen and Wul (2015) (left) and |Lopez and Fortney
(right). Both studied the long-term thermal and mass-loss atmospheric evolution of small, close-
in exoplanets to reveal a dearth of planets in the orbital separation-radius plane or, equivalently, the
flux-radius plane. This arises since planets with low core mass and high irradiation will be completely
lose their atmosphere through photoevaporation, whilst others will maintain a atmospheric mass fraction

of ~1%.

lution, in-part because numerical hydrodynamic simulations are computationally expensive to
run over long timescales. However, the evolution of such close-in exoplanets over Gyr timescales
undergoing dramatic atmospheric escape had not been fully modelled. To overcome this,
used a grid of mass-loss rates and hence accurate photoevaporation efficiencies
from the hydrodynamic models of (Owen and Jackson| (2012), which were implemented in the
stellar evolution code MESA (Paxton et al.) 2011, 2013, 2015 2018) to perform long models
which couple thermal and mass-loss evolution for multiple close-in planets. In Lopez and Fort-|
(2013)), a simpler energy-limited approach was adopted, building upon previous work in
Lopez et al.| (2012) in which long-term evolution calculations were performed for the Kepler-11
system. Despite different methodologies, both of these works considered the evolution starting
in the saturation phase of young stars, ranging to typical ages of Kepler targets ~ 5 Gyr. At
the beginning of the evolution, the planets are young and high in entropy, thus beginning life
with inflated atmospheres. This increased cross-sectional area, coupled with the high levels
of X-rays generated by the host stars, suggested that the mass-loss history for such planets is
dominated during the first ~ 100 Myr. The first conclusive result from these studies was that
photoevaporation had little effect on the evolution of hot-Jupiters, owing to their massive and
self-gravitating atmospheres. However, for super-Earths and sub-Neptunes, there were certain
cases in which atmospheres could be completely stripped from the planet. Both works pre-
dicted the existence of a critical area of parameter space, specifically planets with low core mass
and high irradiation, in which planets could not maintain an atmosphere during the first 100
Myr. The subsequent prediction from this were two populations of planets: those which could
maintain atmospheres and those which could not. In between these two populations was an
area that was devoid of planets at ~ 2Rg,, which is shown in Figure [I.6] for both studies. This
predicted sparsity of planets was referred to as the ‘photoevaporation valley’ or ‘radius gap’.
This prediction was corroborated by subsequent works of Jin et al. (2014); Howe and Burrows
(2015); |Chen and Rogers| (2016]).

At the time, Kepler had only revealed a peak in planet occurrence at radii ~ 2Rg (Fressin et al.,
2013; [Petigura et al., 2013). Note however that the typical radii measurement uncertainties were
~ 40%, meaning that the radius gap, present or not, could not be resolved. As shown in Eq.
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Figure 1.7: The radius distribution of small, close-in exoplanets taken from |Fulton et al.| (2017). A
bimodal distribution around ~ 1.8Rg, provides a clear distinction between super-Earths which lie on the
left (shaded in red) and sub-Neptunes on the right of the radius gap (shaded in blue).

recall that the signal-to-noise ratio of a transit detection scales with the ratio of planet-
to-stellar radius squared. As such, the uncertainty in stellar radius propagates forward to the
uncertainty in planet size. For the first Kepler data releases, stellar radii were calculated from
the Kepler Input Catalogue (KIC) which measured the stellar effective temperature through
photometric surveys of host stars to an accuracy of ~ 30%, which was then used in stellar models
to calculate their size (Brown et al., |2011). To remedy this statistical constraint however, the
California Kepler Survey (CKS) was established, which performed high-resolution spectroscopy
of 1305 planet-hosting Kepler stars (Petigura et al., |2017; Johnson et al.l 2017a). This added
spectroscopic constraints to stellar parameters, meaning that typical stellar radii uncertainties
dropped to ~ 10%. In [Fulton et al. (2017), these updated stellar parameters were used to
perform a new demographic analysis of 900 small, close-in exoplanets, which now had typical
radii measurement uncertainty of ~ 12%. In this study, a bimodal distribution in the radii of
planets was indeed observed with peaks at ~ 1.3Rg and ~ 2.4Rg. A dearth of planets was
observed in-between these populations at ~ 1.8Rg, which was consistent with the predictions
from photoevaporation. This result is shown in Figure Note that the two populations at
1.3Rg (shown in red) and 2.4Rg (shown in blue) additionally provided a convenient way to
distinguish super-Earths from sub-Neptunes, which is used as nomenclature for the remainder
of this thesis. The result from [Fulton et al.| (2017)) also demonstrated a negative slope in the
period-radius plane (or equivalently a positive slope in the incident flux-radius plane) which
additionally supported the atmospheric escape scenario shown in Figure [1.6

In subsequent work from Van Eylen et al.| (2018)), the radius gap was again resolved, however
with a smaller sample of Kepler planets for which the host stars had undergone asteroseismic
follow-up to further constrain the stellar radius. Asteroseismology is the study of stellar os-
cillations, which for high-cadence and sufficient signal-to-noise ratio observations can lead to
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exceptionally good inferences on properties such as stellar size and mass (Chaplin and Miglio,
2013)). As a result, the typical planet size uncertainty for this sample was ~ 3%, which yielded a
radius gap that was completely devoid of planets when shown in the period-radius plane. When
considering the gap as a power law, the slope in this study was found to have a gradient of
dlog R,/dlog P = _0~09J—r8:8421- In addition, the CKS collaboration further refined their data set
in [Fulton and Petigura (2018) by incorporating Gaia DR2 parallax measurements (Gaia Col-
laboration et al., 2018]), allowing radii measurement uncertainty to reduce from ~ 10% to ~ 5%.
This further refined the radius gap, increasing its statistical significance. The Gaia stellar pa-
rameter constraints were also applied to the entire Kepler sample in Berger et al.| (2020a)), which
showed tentative evidence for the fact that the ratio of super-Earths to sub-Neptunes increased
with time, supporting the notion that planets evolve from atmosphere-hosting to stripped. This
is also reinforced by the work of |[Van Eylen et al.| (2021]), in which masses and radii were con-
sidered for planets around M-dwarfs: they found that planets below the gap were consistent
with a rocky composition, whilst planets above were consistent with hosting a ~ 1 — 2% H/He
atmosphere.

1.6 CKS-Cool

The observational confirmation of the radius gap in [Fulton et al. (2017) then allowed the in-
troduction of comparisons between atmospheric escape models and the exoplanet population.
In Owen and Wu| (2017)), a simple analytic model for XUV photoevaporation was shown to
accurately reproduce the results from evolution models from Owen and Wu (2013). Using this
analytic model, they provided predictions for the slope of the radius gap to be dlog R,,/dlog P ~
—0.16, however noting that this slope depended on many model parameters. In addition, |(Owen
and Wu (2017)) also provided analytic arguments to suggest that the radius gap should move
to larger sizes around smaller mass stars when keeping incident flux constant. Note that the
physics behind the radius gap slope is explored in-detail in Chapter 3. At the time however,
the CKS result was only presented for a very narrow range in stellar mass 0.8 — 1.4M, (Fulton
et al., 2017).

To explore how the radius gap changed as a function of stellar mass, the CKS collaboration
endeavoured to extend their sample to cooler host stars and thus extended their stellar range
down to 0.5Mg. As part of this collaboration, hereafter referred to as CKS-Cool, I performed
demographic analyses on the new data-set to understand how the radius gap changed under
various conditions (Petigura et al., [2022). As part of the CKS-Cool collaboration, I developed
a tool to characterise the position and slope of the radius gap in an robust manner. Note that
in the study by Van Eylen et al.| (2018]), the radius gap was quantified using a Support Vector
Machine (SVM) algorithm which classified the population of super-Earths from sub-Neptunes.
This method was appropriate since the radius gap in this sample was devoid of planets and as
such the algorithm could successfully classify the two populations in the period-radius plane.
In the CKS sample however, the gap is not completely devoid of planets and instead presents
as a significant reduction in planet detection/occurrence, due to statistical scatter caused by
larger radii measurement uncertainties. As SVM algorithms were clearly not appropriate for the
new CKS-Cool data release, I developed an algorithm which takes sequential slices at constant
orbital period and finds the radius which minimises the planet detection/occurrence probability.
These values therefore approximate the location of the gap as a function of orbital period (or
other variables such as incident flux, stellar mass etc.), meaning a power law of the following
form can be fit:

P m
P = 1.6.1
() = oo (15 ) (16.0)

where R, o and m = dlog R,,/dlog P are free parameters. As shown in Figure I find that
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the slope has a value of dlog R,,/dlog P = —0.10 £ 0.03 and does not change as a function of
stellar mass. This is consistent with the prediction of XUV photoevaporation from (Owen and
Wul (2017), confirming that planets at further orbital separations experience less irradiation,
meaning that the maximum size of stripped cores decreases. As with orbital period, the slope
of the radius gap can be determined with respect to other variables, which are also shown in
Figure I find that the slope with incident flux, S, is dlog R,,/dlog S = —0.06 & 0.01, with
tentative evidence that the location of the radius gap decreases in size for larger stellar masses.
As discussed previously, this is also consistent with photoevaporation, although a more rigorous
analysis of this trend is presented in Chapter 3. With stellar mass, the slope is found to be
dlog Ry, /dlog M, = 0.18+0.08. This positive slope is indicative of the fact that larger stars will
have larger luminosities, meaning that more massive planets can be stripped. However, it is
interesting to note that the average sizes of sub-Neptunes increases with stellar mass, yet stays
constant for super-Earths. This can be explained with a correlation between core mass and
stellar mass, and is discussed in-detail in Chapter 3. Finally, the slope with respect to stellar
metallicity, [Fe/H], is found to be dR,/d[Fe/H] = 0.01 & 0.06. Theoretically, if one assumes
that stellar metallicity is correlated with planet metallicity (since they both formed from the
same circumstellar disc), then planetary atmospheres should therefore have higher opacity. Such
atmospheres will cool less efficiently, meaning that one might expect sub-Neptunes to be more
inflated around high metallicity stars. This appears not to the be the case, as shown in Figure
Note that Owen and Murray-Clay| (2018) also highlight that metals such as carbon and
oxygen allow efficient radiative line-cooling for hydrogen-dominated gas heated to ~ 10% K,
which may inhibit mass-loss around higher metallicity stars. This is all, however, complicated
by the fact that Kepler was a magnitude-limited survey, meaning that stellar mass, metallicity
and age are heavily correlated. Thus, interpretation of results is non-trivial. I comment on
these correlations in Chapter 3.

Despite the huge advances that have come since the first demographic studies from Kepler, there
is a limit as to how much one can learn in simply comparing predictions of models, such as radius
gap slope, with the population of observed exoplanets. The more exciting prospect is the ability
to do physics-based inference, in which one exploits a physical process, in this case atmospheric
escape, to break the degeneracy in internal structure of exoplanets. This is akin to studies in the
field of cosmology, in which models such as A-CDM are used in physics-based inferences with
the cosmic microwave background data to place constraints on parameters that are known to
control our Universe; such as the Hubble constant, Hy, and cosmological parameters for matter
and dark energy, Q,, Q. The question is, instead of these variables, what do we learn from
physics-based inference on exoplanet populations?

1.7 Physics-Based Inference

As discussed, the distribution of small, close-in exoplanets is successfully explained by XUV
photoevaporation. The presence of a demographic feature and a robust evolutionary model
opens up the exciting possibility of breaking the degeneracy in the mass-radius diagram using
physics-based inference. One of the first attempts to perform this was in-fact applied to the
Kepler-36 system in|Owen and Morton| (2016). This system contains two planets at very similar
orbital periods (~ 14 and ~ 16 days) yet very different bulk densities (~ 7.5 g cm™3 and
~ 0.9 g cm™3). As shown previously in [Lopez and Fortney| (2013), this system architecture
can be explained under the photoevaporation model if the inner planet, that receives more
irradiation, has a smaller core mass which causes the atmosphere to be removed from the
planet. In Owen and Morton| (2016]), a grid of MESA models, similar to that of Owen and Wu
(2013) was calculated for the Kepler-36 system to find which initial conditions were required
to fit the planets that are observed today. In doing so, they used the accurate TTV mass
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Figure 1.8: Planet sizes are shown as a function of orbital period, incident fluz, stellar mass and metal-
licity in panels a-d from the CKS-Cool data release in|Petigura et al| (2022). Orange contours show a
Gaussian Kernel Density Estimation for number density of exoplanet detections. As part of the CKS-
Cool collaboration, I calculated the position and slope of the radius gap, with results shown in blue.
Uncertainties are calculated by bootstrapping over the planet detections and shown to lo.
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Figure 1.9: Planets from|Wolfgang et al.| (2016) are shown in the radius-mass plane for varying orbital
period ranges. Yellow and light-yellow regions represent the predicted minimum and maximum atmo-
spheric sizes of planets from |Jankovic et al| (2019), assuming they go through in-situ formation, gas
accretion and XUV photoevaporation. For many planets, their size is smaller than the minimum value,
suggesting that their predicted atmospheric mass fraction is over-predicted by gas accretion. Figure taken
from |Jankovic et al| (2019).

measurements from |Carter et al. (2012) to place constraints on the core mass, core composition
and initial atmospheric mass of the two planets, since these parameters are required to set the
atmospheric evolution of the planet. Firstly, the core mass sets the gravitational potential and
so controls atmospheric contraction and also mass-loss rates; the core composition sets the size
of stripped cores; and finally the initial atmospheric mass fraction sets the initial size of the
atmosphere and hence cross-section to incoming XUV radiation. Note that these parameters
are not observable using standard techniques and so constraints on them are invaluable in
breaking the internal structure degeneracy in the mass-radius diagram. |Owen and Morton
(2016)) performed a Bayesian inference model which suggested that both planet cores were
consistent with an Earth-like composition and also both started with a significant atmospheric
mass fraction, however the closer of the two planets with a smaller core mass, was completely
stripped to become a super-Earth.

Another example of physics-based inference comes from Thorngren and Fortney| (2018), in which
interiors models were applied to a population of hot-Jupiters to determine the cause of their
inflation (e.g. Miller and Fortney, [2011; Laughlin et al., |2011). They showed that the results
were consistent with Ohmic dissipation (e.g. |Batygin and Stevenson, 2010), which transfers
magnetic energy from the atmosphere of the planet into the interior. Although not applicable
to the super-Earths and sub-Neptunes which are the focus of this thesis, this study was the first
example of physics-based inference being applied to a population of exoplanets to understand
the physics that controls them.

As discussed, an analytic model for XUV photoevaporation and thermal evolution was developed
in |Owen and Wu| (2017)). The benefit of this simple model, which is presented in Chapter 2, is
that it is computationally cheap to evaluate and can therefore be used to perform demographic
comparisons. Similar to Kepler-36, (Owen and Wu (2017) showed that the core composition of
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all super-Earths and sub-Neptunes must be approximately the same as Earth. This is since
ice/iron rich cores are less/more compressed and therefore have larger/smaller radii for a given
mass. In order for the population of super-Earths to be consistent with the data from [Fulton
et al. (2017)), they found (by eye) that this particular Earth-like composition was required. In
Wul (2019), the same analytic model was used in a x2-minimisation study, to fit the planet sizes
of the XUV photoevaporation model to the CKS data (Fulton et all 2017). In the process,
they placed constrains on the core mass and initial atmospheric mass fraction distributions,
further confirming that physics-based inference was key to understanding the internal structure
of such exoplanets. However, these works were heuristic in nature, and not statistically rigorous.
Firstly, in order to compare models with data, one must properly incorporate the incompleteness
of survey into the models. Statistically speaking, the correct way to do this is with a Bayesian
hierarchical model. Additionally, Wu| (2019) only used the radii of planets in their comparison.
In reality, there is a wealth of information stored in the orbital periods of such planets, since the
proximity to the host star plays a key role in determining atmospheric evolution. Finally, the
distributions for core mass and initial atmospheric mass fraction were constrained to a specific
functional form (in this case a log-Gaussian). Since we have no other constraints on these
distributions, this may have not been an applicable model for the data.

In light of this, one of the main goals for this thesis is to perform the inference problem in-full:
a Bayesian hierarchical model to infer the internal structure of small, close-in exoplanet by
exploiting XUV photoevaporation. This is presented in Chapter 4, where statistically rigorous
constraints are placed on the core mass, core composition and initial atmospheric mass fraction
distributions. I discuss the implications these have on planet formation and evolution.

It is worth noting that, although the XUV photoevaporation model does an excellent job in
explaining the origin and structure of the exoplanetary distribution we see today, it is in tension
with core-nucleated accretion theory (e.g. Perri and Cameron, |1974;|Mizuno, [1980; Pollack et al.,
1996). In|Jankovic et al.| (2019), this was demonstrated by simulating the formation of planetary
cores, followed by core-nucleated accretion and finally photoevaporation. The final mass and
radii of these planets were then compared to current observational data to show that these
values do not agree, with the model producing a higher atmospheric mass fraction than is
observed. This is shown in Figure in which minimum and maximum planet sizes are shown
for planets in the radius-mass diagram. One can see that many detected planets (taken from
the Wolfgang et al.| (2016]) sample) have radii smaller than the predicted minimum values from
Jankovic et al.| (2019). In summary, core-nucleated gas accretion theory predicts an excess
of mass that photoevaporation cannot remove in order to fit the data we see today. There
are three possibilities for a solution: classical core accretion over-predicts atmospheric mass;
photoevaporation underestimates atmospheric mass-loss; or there is an intermediary mass-loss
mechanism that brings the two models into alignment. With regards to the first option, |Lee
et al. (2014) suggested that gas accretion may be delayed due to dynamical friction, meaning
that significant accretion can only occur as the disc is dispersing. As a result, planets will
host a smaller atmospheric mass than in the standard formalism. In Chapter 5 however, I
explore the last of these three options: that there is an intermediary mass-loss mechanism that
removes mass prior to the onset of XUV photoevaporation. In |Owen and Wu| (2016)), a mass-
loss mechanism was proposed that occurs during protoplanetary disc dispersal, referred to as
“boil-off”. Although discs survive for ~ 3 — 10 Myr, the inner disc disperses in ~ 10° yrs (e.g.
Kenyon and Hartmann, [1995; [Ercolano et al., [2011; Koepferl et al., 2013). As a result, the
confining pressure that once held the planet’s atmosphere in equilibrium is quickly removed,
inducing rapid mass-loss since the planet cannot remain in hydrostatic equilibrium. In [Owen
and Wu| (2016), evolutionary models were performed with MESA that showed that up to an order
of magnitude in atmospheric mass can be removed. However, two important assumptions were
made that I address in Chapter 5: firstly the disc was assumed to disperse instantaneously; and
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Figure 1.10: Relative occurrence of planets shown with the orbital period and planet size for the core-
powered mass-loss model of |Ginzburg et al.| (2018); |Gupta and Schlichting (2019). Similar to XUV
photoevaporation, this model can accurately reproduce the radius gap as observed in multiple works (e.g.
|Fulton et al.,|2017; |Van Eylen et all, 2018). Figure taken from |Gupta and Schlichting (2019).

secondly the planet began in a maximal entropy state. These assumptions are discussed in-
detail in Chapter 5, however imply that the mass-loss rates determined in |Owen and Wu/ (2016)
were upper limits. I remedy these assumptions by self-consistently modelling the gas accretion
and mass-loss of the planet through the lifetime of the disc in order to determine whether the
discrepancy between photoevaporation and core-nucleated gas accretion can be resolved.

However, prior to physics-based inference in Chapter 3 and boil-off models in Chapter 4, I
first focus on a complication on the topic of atmospheric escape. In the work from
et al.| (2018); |Gupta and Schlichting| (2019), an alternative model to XUV driven mass-loss was
presented. They argue that high-energy flux is in-fact not required to form the radius gap, but
instead the remnant energy from formation stored in the solid core inflates the atmosphere. This
heating, catalysed by the stellar bolometric irradiation, was shown to be capable of inducing
mass-loss and reproducing the radius gap, as shown in Figure This model is referred to as
‘core-powered mass-loss’. Since one of the main goals of this thesis is to perform physics-based
inference with atmospheric escape, the first step is to determine which of these mechanisms is
dominant in atmospheric evolution. To do this, observational tests must be performed that can
easily distinguish between these two models. In Chapter 2, I present a theoretical discussion of
atmospheric structure and mass-loss, including a comparison between XUV photoevaporation
and core-powered mass-loss. Then, in Chapter 3, I present an observational test which can be
used to distinguish between the two models, which utilises how the XUV flux from host stars

varies with stellar mass.



Chapter 2

The Theory of Atmospheric
Mass-Loss and the Origin of the
Radius Gap

As discussed in Chapter 1, atmospheric escape is likely sculpting the distributions we see in
current exoplanet surveys. In this chapter I shall provide a theoretical overview of atmospheric
structure relevant to super-Earth and sub-Neptunes. In addition, I shall discuss how mass-loss is
modelled in more detail, before discussing how the aforementioned ‘radius-gap’ can be sculpted
by XUV photoevaporation or core-powered mass-loss.

2.1 Collisional Fluids

I begin by discussing the atmospheric structure of a small planet with a solid core and hydrogen
dominated atmosphere, which is thought to be typical of the majority of Kepler planets (e.g.
Rogers, 2015; Wolfgang and Lopez, 2015} |Jontof-Hutter et al., 2016). It is first convenient to
define some important length scales for an atmosphere. The pressure scale-height H is the
change in altitude required to decrease the pressure by a factor of e. For the simple case of an
isothermal atmosphere, as discussed in Section this can be shown to be:

kT

H= ,
pmug

(2.1.1)

where kp is Boltzmann’s constant, 7' is the temperature, p is the mean molecular weight, equal
to 2.35 for molecular hydrogen of solar abundance, my is the mass of a hydrogen atom and
g=GM,/ r2 is the local gravitational acceleration at a radius of  for planet of mass M.

The planet’s Hill radius Ry is defined as the point away from a planet at which the gravitational
force becomes dominated by another astronomical object. For a planet of mass M, that orbits
a star of mass M, at a semi-major axis of a, the Hill radius is defined as:

(2.1.2)

Finally, the Bondi radius, Rp, is the point at which atmospheric gas has sufficient thermal
kinetic energy to escape the planet’s gravitational influence:

GM
Rg = — 2.1.3
B 203 ) ( )
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where ¢4 is the gas sound-speed. The first step in understanding the physical properties of an
atmosphere is to determine whether the gas is collisional. This is quantified via the collisional
mean-free-path [, defined as the average distance a particle travels between two consecutive
collisions. The exobase of an atmosphere is then defined as the radius at which the mean-free-
path is equal to one pressure scale-height. Above this radius, the collisions are so infrequent that
gas with sufficient kinetic energy to exceed the escape velocity i.e. at the high-end tail of the
Maxwell velocity distribution, can leave the gravitational influence of an atmosphere without
collisions hindering its outward trajectory. This form of mass-loss is referred to as Jeans escape
(e.g. [Jeans| [1925} [Tian et al., 2005; |Volkov et al., 2011; Owen, |2019)). If however, we wish to
model an atmosphere as a fluid, and hence governed by fluid equations of motion, we must
ensure it is collisional up to the Bondi radius. As we shall see in Section this is because
the Bondi radius also holds a strong importance for hydrodynamic outflow; it is the point at
which atmospheric gas will become supersonic and thus causally disconnected to the base of
the atmosphere.

Before continuing, let us confirm that the atmosphere is indeed collisional up to the Bondi
radius. The mean-free path is given by:

Iy = —, (2.1.4)

where n is the number density and o is the scattering cross section. For a typical super-Earth
at an equilibrium temperature of 1000K, the atmosphere has the following properties at the
Bondi radius: n ~ 10! ¢cm™ and o ~ 1071 c¢m?, hence I, ~ 100 cm. From Eq. a typical
scale height for such an atmosphere H ~ 10® cm, which is far greater than the mean-free path
and hence a collisional fluid is a good approximation for an atmosphere up to the Bondi radius.

2.2 Fluid Equations and Hydrostatic Equilibrium

Since we now know that our atmosphere can be treated as a collisional fluid, let us now consider
the fluid equations. First, we have the mass continuity equation:

dp
Fivy. =0 2.2.1
4T (pu) =0, (22.1)
where p is the mass density and u is the velocity. In addition, we have momentum conservation:
ou 1
- -V)u=—-—-VP 2.2.2
5 T (- Vu VPt (2.2.2)

where P is the gas pressure and g is the gravitational force on a parcel of gas. We can instantly
begin to simplify these equations with the statement of hydrostatic equilibrium. In this scenario
the atmosphere is in force balance, with gas pressure resisting gravitational collapse, requiring
u = 0 and time derivatives equal to zero. This is a good approximation for planets which are not
subject to strong forces that may introduce inflow or outflow (u # 0) such as photoevaporative
winds (as discussed in , Roche overflow (e.g. [Ford and Rasiol 2006} [Valsecchi et al.l 2014}
Jackson et al., 2016) or giant impacts (e.g. Genda and Abe, 2003} [2005; |Schlichting et al., 2015)).
Following works such as [Piso and Youdin| (2014)); Lee et al.| (2014)), in the case of hydrostatic
equilibrium and spherical symmetry, it is convenient to rewrite the mass continuity equation in
terms of mass:

0

(TT: = 4712, (2.2.3)
and the momentum equation becomes:

oP G

@, (2.2.4)

or r2



2.2. FLUID EQUATIONS AND HYDROSTATIC EQUILIBRIUM 43

where m refers to the mass enclosed in a sphere of radius 7. In addition, we require an equation
to describe how temperature varies with altitude:

T TP

o 2.2.5
or Por "’ ( )
where V is the temperature gradient, defined as:
OlnT
= ) 2.2.6
Oln P ( )
Finally, an equation is needed to determine the luminosity structure of the planet:
oL
5 = Amr?p(e + €g), (2.2.7)
where the gas is heated due to gravitational contraction at a rate of e, = —T'dS/dt per unit

mass, where S is the specific entropy. The internal heat per unit mass on the other hand, such
as that generated by radionuclides, is generated at a rate of €. These four equations i.e. Eqgs.
[2.2.3} [2.2.4] [2.2.5| and [2.2.7] in combination with an equation of state (EOS), can be solved to
find the full structure of a planet in hydrostatic equilibrium and are often referred to as the
stellar structure equations since they apply to stars as well.

The form of V is crucially important with regards to atmospheric structure and depends on
how energy is transported i.e. radiation or convection. We will revisit this in detail in Section
2.4 and however for now we employ an isothermal ideal gas equation of state, which greatly
simplifies the problem:

P =¢p. (2.2.8)
As a result, the temperature is trivially solved for all 7 and we can separate and solve Eq.
Pdpt  GM (" dp

. p/ SR (229)

2
CS 70 p

where our boundary condition is set by p = pg at ro. Finally, our density profile solution for
isothermal hydrostatic equilibrium is:

e {1 1)) 2210

S r To

Assuming an isothermal ideal gas equation of state, the sound speed ¢ is given by:

| ksT
¢ =BT (2.2.11)
pnmpy

and from inspection of the hydrostatic equilibrium density profile, we see that the value of r
required to reduce the density by a factor of e is indeed the scale-height H of Eq.

This case of isothermal hydrostatic equilibrium is a good place to start. However, as we shall
see in Section the assumption of an isothermal temperature profile is only valid in certain
atmospheric regimes. In addition, the effect of stellar heating can induce mass-loss, often
referred to as a wind, which means that our initial assumption of zero velocity in the momentum
equation must be reassessed.
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2.3 Isothermal Parker Wind

Before diving into a more accurate picture of atmospheric structure, let us go off on a short
tangent and solve the isothermal fluid equations without assuming hydrostatic equilibrium i.e.
solving for a non-zero velocity w. This analysis was first proposed by the late, great Eugene
Parker (Parker, [1958), when considering the dynamics of the solar corona. This gave rise to
the concept of the stellar wind, which we may use as an analogy to a planetary wind. In order
to solve analytically, we will again set time derivatives to zero, meaning we will arrive at a
steady-state solution. Following |Cranmer| (2004) and assuming 1D spherically-symmetric flow,
the mass conservation equation of Eq. now takes the form:

lg(pmﬂ) =0, (2.3.1)

which boils down to the statement that mass-loss rate is constant with radius:
M = 4mpur? = const. (2.3.2)

Momentum conservation on the other hand now takes the form:

ou 10P GM
S 72 pum—

U 0. (2.3.3)

-+
p or r
As before, we use an isothermal ideal gas equation of state to eliminate P and also note that

from mass conservation: ) : 3
20p 20U _
2 <ur ar + pr 5 + 2pur> =0. (2.3.4)

Hence we have that: L8 5 18
I U
—— == 2.3.5
p or ro ouor’ ( )
which is substituted into Eq. to find the equation of motion for a steady state flow:
< c§> ou 22 GM

—_— = = —. 2.3.6
u ) Or r r2 ( )
Note that this equation has a trivial solution where u = c¢;. In this case, the left-hand side
becomes zero, allowing us to solve for the location of this solution. We find that the flow

velocity is equal to the sound speed when:

GM
2¢2”’

S

r=Rp = (2.3.7)

which is the same definition of the Bondi radius as in Eq. Rewriting the equation of
motion in terms of the Bondi radius yields:

c2\ ou 1 R

Whilst this can be solved numerically, it can also be separated and integrated by-hand to find
a transcendental equation in the following way:

/ (u — CE) du = 2c§/ C - f’f)dr (2.3.9)

which evaluates and rearranges to:

u\?  [u)? R
ln() — <> — Alnr—428 _1n cg +C (2.3.10)
r

Cs
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Figure 2.1: Solutions to the isothermal wind problem, presented in Section . Transonic solutions in
red and blue represent an out-flowing wind and an in-flowing accretion solution respectively. In addition,
breeze solutions are those that remain subsonic for all radii. Non-physical solutions are also shown, such
as those that are multi-valued for a given radii, or those that are supersonic for all radii.

where we set the integration constant C' with the boundary condition ©v = ugs at r = Rp.
Solutions to this equation can be written down in closed-form with the use of Lambert W
functions (Cranmer, 2004), which are the multi-valued inversions to ze”. There are an infinite
many branches to the Lambert W function, satisfying:

Wi(2)eVr(® = 2, (2.3.11)

where z is some arbitrary complex number and k is the branch label. If we require z to be real
however, then the only branches that exist are k = —1,0. The power of Lambert W functions
become apparent when noting that the solutions to:

In(A+ Bz)+Cx =1nD, (2.3.12)
can be written as: oD AC N
1

Since the transcendental equation of motion for the flow is of this form, we may write the
solutions as follows:
u(r) = csn/—Wi(=D(r)), (2.3.14)

where D(r) is the exponential of the right-hand side of Eq. [2.3.10

D(r):exp{—4lnr—4]iB—lncg—l—C}. (2.3.15)

Different choices of branch k and boundary condition at r = Rp determine the nature of the
solutions, which are shown in Figure For example, the transonic solution is shown in red
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and is subsonic at small radii and supersonic above Rp uses the £k = 0 branch for r < Rp
and k£ = —1 for r > Rg. This solution represents a hydrodynamic outflow and is crucial for
understanding exoplanet mass-loss. The counter-part to this solution is the accretion solution,
as shown in blue, which accelerates as it approaches the planet, also becoming supersonic at
the Bondi radius. This solution uses the £ = —1 branch for r < Rg and k = 0 for » > Rg. The
other set of physical solutions are those that remain subsonic for all radii, known as breezes.
These solutions are valid for systems with a sufficient pressure at infinity, which the transonic
solutions do not require. For a planet in a vacuum this is appropriate, however this is not
the case for planets immersed in a gaseous protoplanetary disc. These breeze solutions will
be explored in detail in Chapter 5. All other solutions are unphysical, since they are either
multi-valued for a given radius or supersonic for all radii.

The transonic outflow solution however, often referred to as a Parker wind (Parker} 1958)), sheds
light on outflow from planets and stars alike. We can see now, why we must ensure that the
atmosphere is collisional up to Bondi radius, since if we are to model the outflow using fluid
equations as we have done here, this condition must be met. In addition, beyond this altitude
the flow becomes supersonic and is causally disconnected from the base of the flow. Since mass-
loss rate is constant with radius, we therefore do not need to model the flow beyond this point
and can assume the material is removed from the planet’s gravitational influence. The case of
Parker winds and non-hydrostatic equilibrium outflow in general will be revisited in detail in
Chapter 5.

2.4 Radiation Transport

Let us now return to the case of hydrostatic equilibrium and therefore in the absence of mass-
loss. Thus far, we have only considered an isothermal atmosphere. In reality however, we know
that atmospheres are not exclusively isothermal e.g. Earth’s atmospheric temperature drops
with altitude near it’s surfaceﬂ Since the temperature profile will have a strong influence on
the atmospheric structure, we must take a closer look at the energy transport mechanisms that
determine temperature.

The two mechanisms that are relevant to this problem are convection and radiatiorﬂ In general,
the dominant mechanism is determined by the opacity of the material of interest. As we shall
see, convection is a far more efficient method for energy transport but is only viable under
certain conditions. To understand these conditions, I first present the formalism of opacity and
radiation transport in general.

Radiative energy transport is the consideration of the interactions of photons with matter. The
first place to start is with the photon mean-free path I}, not to be confused with the mean-free
path [, of gas particles in Section In general, the photon mean-free path is a function
of radiation frequency and position, since the material of interest may change properties in
different locations. The optical depth T can be thought of as the number of mean-free paths a
photon travels whilst traversing a medium. If this number is very large i.e. 7 > 1, then the
photon has undergone many interactions with the medium, which is thus described as optically
thick. On the other hand, if 7 < 1 then the material is said to be optically thin.

We may define the optical depth between two locations sg and s; more rigorously with the
extinction coeflicient a,, = 1/l for a given radiation frequency v. Consider photons passing

Note however that Earth’s atmosphere is optically thin, whereas this is not the case for the majority of
exoplanets that will be discussed in this thesis.

2Conduction is more appropriate for solids (such as Earth’s core) and quantum-degenerate material (such as
the interiors of white dwarfs).
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through a gas cloud of density p(s), the optical depth is given as:

81 S1
Ty —/ a,(s) ds —/ p(s)ky(s) ds, (2.4.1)
S0 S0

where k), is the gas opacity, defined as k, = 0, /m where o, is the cross-section for a photon
interacting with a gas atom/molecule and m is the atom/molecule mass. Intuitively, the opacity
is a measure of how easily photons can pass through a material. The higher the opacity, the
harder it is for photons to pass through. Determining opacity is notoriously difficult since
it requires full quantum mechanical calculations and/or laboratory experiments to determine
the interaction of photons with atomic, molecular or ionic electron configurations. Although
practically challenging, determining opacities is crucial as it encodes how much radiative energy
is deposited in a layer of atmosphere. If more energy is absorbed in a given layer, it will be
heated and increase in pressure. The resulting expansion is what determines the structure of
an atmosphere.

In practise, opacities are integrated across all frequencies and presented in tables as a function
of temperature and pressure for planetary material (e.g. Ferguson et al., [2005; Freedman et al.,
2008]). These are known as Planck or Rosseland opacities. For analytic models, it is convenient
to fit power laws to these tables in the form of:

a2V (1) pan

where kg, Py and T are the opacity, pressure and temperature of the gas at an outer boundary
at Rout-

The value of opacity of an atmosphere depends on the contributions from different photon
absorption processes. In general, there are three types of interaction: bound-bound, bound-free
and free-free. For bound-bound interactions, a photon excites a bound electron to a higher
energy state. The absorption thus occurs at very specific frequencies due to the quantum
nature of the transitions. Bound-free transitions on the other hand occur when a photon ionises
a bound electron. In this case, the absorption can occur at any frequency above the critical
ionisation level and the electron leaves with the excess kinetic energy. As a result, bound-free
absorptions can increase the opacity dramatically below a certain wavelength (this is the cause
of Lyman or Balmer breaks). Finally, free-free interactions occur when an electron absorbs a
photon when interacting with an ion. This only becomes important at very high temperatures
as it requires a high ionisation fraction.

In the case of super-Earth atmospheres, the upper atmosphere has low pressures and tempera-
tures, meaning that free-free absorptions have a small contribution to the opacity. As a result,
bound-free and bound-bound interactions play an important role in the overall opacity, as well
as atomic/molecular rotation or vibrations modes (e.g. |[Ferguson et al., 2005; Freedman et al.,
2008)). Note however that dust species, if present, can play a important contribution to the
opacity since they have broadband absorption features, whilst bound-bound interactions only
absorb photons as specific wavelengths. For a highly irradiated, low-mass and solar metallicity
H/He atmosphere, Rogers and Seager| (2010) fitted the opacity tables of [Freedman et al.| (2008)
to determine that o = 0.68 and S = 0.45. Note that the opacity tables of [Freedman et al.
(2008)) consider a dust-free atmosphere.

In the deep atmosphere, dust species are in the gas-phase so that the opacity is dominated by
bound-free and free-free absorptions of H™ ions which are produced due to thermal ionisation
at the high temperatures and pressures. In this case, Lee et al. (2014]) extrapolated the opacity
tables of [Ferguson et al. (2005) to find that a ~ 0.50 and 5 ~ 3.80E]

3Note that, in order to determine values for a and 8 from [Lee et al. (2014), I have used an ideal gas equation
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Now that we have an analytic form to the opacity laws, let us use them to determine whether
an atmosphere is convective or radiative. To do so we must consider the convection instability
and radiative-convective equilibrium.

2.5 Radiative-Convective Equilibrium

To determine which parts of the atmosphere are convective or radiative, let us follow Kippenhahn
and Weigert| (1994) and consider a parcel of gas inside an atmosphere. We assume that this
parcel can move and hence have different thermodynamic properties to its surroundings. The
difference in some property X between the parcel and its surroundings is DX = X, — X where
subscripts refer to the parcel and surroundings respectively. We can assume that the parcel
remains in pressure balance with the surroundings, hence DP = 0. If the temperature of the
parcel is greater than surroundings, we expect DT > 0. For an ideal gas, T" < 1/p, hence this
implies that Dp < 0. As a result, the parcel is less dense that its surroundings and a buoyancy
force will push the parcel upwards. In other words, it is convectively unstable.

For a parcel at a given radius r, we can test for convective stability by perturbing its location
upwards by Ar. As such, the change in density is now:

o (), (2))

This expression gives the difference in density per volume of a parcel and its surroundings. The
buoyancy force is thus:
Fouoy = —[g|Dp. (2.5.2)

We see that the buoyancy force will be upward if Dp < 0, meaning that the parcel will continue
upwards, resulting in an growing perturbation i.e. the convective instability. If Dp > 0 on the
other hand, the the parcel will sink in the atmosphere, resulting in a stable equilibrium. As
such, we can write the criterion for convective stability as:

(), (2).

This criterion is illuminating, however not practical, so we aim to rewrite in terms of the
temperature gradient V introduced in Eq.

The first law of thermodynamics is written as:
dq = du + Pdv, (2.5.4)

where ¢, u and v refer to heat, internal energy and volume per unit mass. From this and an
equation of state p = p(P, T, ) and u = u(p,T), we may define derivatives:

v = Olnp __B @
“\OlP T’#— v \ OP T,;j
Jlnp T (0w
_<81nT>p’H =2 <3T>p,u’ (2.5.5)
- Olnp
¢:_<8lnu>RT’

of state. Despite not being a perfect description of the atmosphere at these depths, it is still illuminating when
considering the convective stability in these regions (see Section .

]
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where 1 is mean molecular weight and its derivatives refer to composition gradients. Note that
for an ideal gas p o Pu/T, ¥ = § = ¢ = 1. Using these definitions, we can rewrite the equation

of state in differential form: p ip 0T p
p [
_ _ 2.5.
P b =+ ¢ o (2.5.6)

and hence rewrite the criterion for convective stability as:

¥ dP § dT o du Y dP § dT b du
(Pdr>p - (M)p+ (m); (Pdr)s* (m)s - (Mdr)s >0 (@257)

Since we assume that the mean molecular weight will not change radially within the parcel of
gas, the second term is ignored. Additionally, as we assume DP = 0, the first and third terms
cancel. We now utilise a more general definition of the pressure scale height:

A _pdr
dlnP  ~ dP’
Note that applying this to the isothermal solution to hydrostatic equilibrium yields the same

result as in Eq. 2.1.1] showing that H > 0. As a result, it may be used to rewrite the condition
for stability as:

H =

(2.5.8)

InT InT In
<ZlnP>S< <ZlnP>p+(§(cchlnlli)s' (2:5.9)
Defining derivatives as:
dlnT dInT dln
V= <dlnp)s, V, = (dlnp>p, V, = <d1n]li>s’ (2.5.10)
we can write the stability condition for convection as:
V<V, + ?VM. (2.5.11)

If we assume that the parcel exchanges no thermal energy with its surroundings, we may state
that V), = V,q where V4 is the temperature gradient for an adiabatic gas. We finally arrive
at the Ledouz criterion for convective stability:

V < Vaa + ?vu. (2.5.12)
For an ideal gas we have that P'=YT7 = constant, where 7 is the adiabatic index and hence
Vaa = (7 —1)/v. We see that if heavier elements exist at lower radii, then V,, > 0 which tends
to suppress convection since the right-hand side of Eq. [2.5.12] increases. However, under the
assumption of a homogeneous composition profile, this condition becomes:

1
V < Vo = VT (2.5.13)

which is referred to as the Schwarzschild criterion for convection stability. Our goal now is to
determine V for the atmosphere and test whether it is stable to the convection instability.

As shown in Figure consider an inert planetary core of radius R. surrounded by a H/He
atmosphere of photospheric radius Rpp,. By definition, below R, the photon mean free path is
much smaller than the atmospheric scale height, and hence behaves as an optically thick gas.
The appropriate timescales to consider for energy transport are the cooling timescale, often
referred to as the Kelvin-Helmholtz timescale:

G My M/ Ry

2.5.14
. (25.14)

tku
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H/He Atmosphere

Convective

Radiative

Figure 2.2: Schematic of a planet with inert core of radius R., a H/He dominated atmosphere with inner
convective layer and outer radiative layer. The boundary between the these two layers, referred to as the
radiative-convective boundary, has radius of Rycy. The photospheric radius Ry, is the point at which the
atmosphere becomes optically thick to outgoing radiation.
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where L is the internal cooling luminosity of the planet which arises due to contraction. This
timescale increases with with planet age, simply because planets cool and contract, resulting in a
reduced radius and luminosity. Typically, for the planets of interest, it has a value tgg > 10° yrs
(see discussion in Section [2.6). Radiation transport on the other hand will act on timescales
according to photon mean-free path [, from Section Near the photosphere of a planet,
typical densities are ~ 1076 g em™3. Typical opacities are of order x ~ 1 cm? g~!. The mean
free path is hence I, = (pr)~! ~ 10%m. Finally, the photon collision timescale is tph ~ 1074 s.
Hence we can safely state that:

tkH > tph- (2.5.15)

This means that the planet does not have time to thermally react to the incoming radiation
and is instead in radiative equilibrium with the incoming stellar irradiation. As a result, the
temperature of the photosphere is set by the equilibrium temperature caused by the host star
(see Section for derivation of equilibrium temperature). We can also see that the photon
mean-free path is much shorter than the characteristic length scale of the atmosphere, which is
Ry — Reore ~ 10 cm. This implies that we can also assume that the energy transport occurs
as a diffusion process. Following again from |[Kippenhahn and Weigert| (1994) and by analogy of
particle diffusion, the diffusive flux J is given by:

J =—-DVn, (2.5.16)

where n is the particle number density and D is the diffusion coefficient:

D= %vlp, (2.5.17)
which is the standard result for particle diffusion and where v is mean velocity and [, is the
particle mean-free path. For photons, we replace v with ¢ and [, with [,. The diffusive flux
of radiative energy F' is obtained by replacing the number density n with energy density U,
defined as:

4o, 4

U=-T" (2.5.18)

Furthermore, we invoke the spherical symmetry of the problem which reduces the equation to:

oUu 160, 30T
—=—T3—. 2.5.1

or c or (2:5.19)
Using definitions for diffusion coefficient and photon mean-free path, we thus find the radiative

flux is:

160 T3 0T
F=——"=-—"=- 2.5.20
3 kpOr ( )

Rearranging and substituting the flux F = L/(4mrr?):

or  3kp L

—_—=—— 2.5.21
or 160713 4mr2’ ( )

where the luminosity L arises due to the thermal contraction of the atmosphere. This equation
is typically referred to as the diffusion approximation. Note that we can assume hydrostatic
equilibrium from Eq. and take the derivative of Eq. [2.5.21]to find the radiative temperature

gradient:
3 kLP

4moG mT*
This approximation is only valid in the optically thick regime however, meaning that beyond
the photosphere, a different approach must be taken. As we shall see in Chapter 5, this is par-
ticularly important when considering outflows that extend beyond the photosphere. For now

Viad = (2.5.22)
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however, we restrict ourselves to the conditions of the optically thick atmosphere. Now, follow-
ing from [Rafikov| (2006) and combining the diffusion approximation with that of hydrostatic
equilibrium in Eq. an opacity scaling relation from Eq. and integrating from (P,T")
to (Po,Tp), we find that the P-T profile for a radiative atmosphere is as follows:

P a+1 T 4-p
<) _1= P fisk [() . 1], (2.5.23)
P 3 R’ |\ Ty

where Vg = (1 +a)/(4 — ), Mo = (kopo) ™!, R = GM,./2c¢? is the Bondi radius and Ry, =
(L/167oT, 61)1/ 2 is the luminosity radius, which is the radius of a radiating body with luminosity
L and effective temperature Tp. In this optically thick case, we have that A\g < Rp and
R? < M\Rg.

We may now calculate the temperature gradient V from Eq. [2.5.23] as follows:

3 R [T\ P\®
V(P,T)_8RB)\O<TO> ) (2.5.24)

Then, substituting Eq. [2.5.23| back in, we obtain V as a function of T
To\*™" 3 R}
V(T)=Voql—| = 1—— .
(T) 0{ (T) [ 8V RpAo

(@)

where we have utilised the assumption that R% < MRp in an optically thick atmosphere.
Hence, as we travel deeper into the atmosphere, T" will increase above Ty meaning that V
will become closer and closer to V. The hydrogen dominated atmosphere of concern will
mostly consist of dissociated hydrogen atoms meaning that v = 5/3 and hence V,q = 0.40. As
discussed in Section the deep atmosphere’s opacity is dominated by H™ ions, resulting in
a =~ 0.5 and § ~ 3.8 (Lee et al) 2014). As a result, V &~ 7.50, implying that V > V,q and
is hence convectively unstable. In the upper atmosphere however, where T = Tj, we see from
Eq. that the temperature gradient will be very small and hence V < V,q, implying the
upper atmosphere is convectively stable. In summary, the deep atmosphere is convective whilst
the upper layer is not. The boundary between the two regions is referred to as the radiative-
convective boundary (RCB). Note that here we have assumed an ideal equation of state and
simple opacity scaling relations, which has revealed that that the inner atmosphere is convective,
whilst the outer layer is radiative. Full treatment of this problem, involving numerically solving
the stellar structure equations with tabulated equations of state and opacity tables, also confirm
this result. An example of this from Piso et al. (2015) is shown in Figure however this has
been shown in multiple other works (e.g.|Chabrier and Baraffe], 1997; Baraffe et al., 2003 Fortney
et al.,2007; Rogers et al.,|2011}; |Lee et al.,[2014; Piso and Youdin), [2014}; |Lee and Chiang), 2015al).

(2.5.25)

The next question is how does temperature vary in these two layers? Inspection of Eq. 2.5.23
reveals the nature of the upper, convectively stable atmosphere i.e. above the RCB. One can
see that the coefficient of the right-hand side is very large in the optically thick case, and hence
a large change in pressure results in a small change in temperature. For the upper atmosphere,
where T'— Ty < Tp, this suggests that despite a large change in pressure, the outer atmosphere
is approximately isothermal (Mizuno et al., [1978), with the temperature set by the incoming
stellar irradiation.

The temperature structure beneath the RCB requires a little more thought. Since the atmo-
sphere is convective, we have that parcels of fluid are rising due to perturbations in density,
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Figure 2.3: Pressure and temperature profiles for a giant planet with core of mass 10Mg at 5AU for
different equations of state, taken from |Piso et al| (2015). Green dashed is an ideal gas equation of
state, whilst solid blue is a realistic equation of state taken from |Saumon et al| (1995). Dashed light-
blue and dot-dashed red represent hybrid equations of state where an ideal gas was used below and above
500K respectively. Coloured circles represent the location of the radiative-convective boundary in these
four cases. All models demonstrate an internal convective zone which approximately follows an adiabat.
An outer radiative zone exhibits an approximately isothermal temperature profile with a rapid drop in
pressure.
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exchanging energy with surroundings, before finally becoming indistinguishable from the sur-
roundings. Typically in stellar and planetary evolution numerical schemes, mizing length theory
is implemented to model convection, which is a local theory that treats small parcels of gas as
they rise over a characteristic ‘mixing length’ due to fluctuations in density. The mixing length
encodes our ignorance of the details of convection (e.g. Bohm-Vitense, [1958; Henyey et al.l [1965;
Cox and Giuli, [1968).

In general, the total energy flux is the sum of radiative flux and convective flux. Following again
from |Kippenhahn and Weigert| (1994), their sum is the gradient required to transport the whole

flux via radiation:
160G T*m

T3 Rp
where m refers to the mass enclosed at radius r. However, in this case, some of the flux is
transported via convection. As a result, the temperature gradient V is altered and at this
point, remains unknown. In this case, the radiative flux is:

Frad + Fcon = (2526)

160G T*m

Fog=——= 2.5.27
ad 3 kPr? ( )
To evaluate the convective flux, we must consider again a parcel of fluid with DP = 0 and

DT > 0 with respect to its surroundings. It will ascend at a velocity of v, providing a flux of:
Feon = pvep DT, (2.5.28)

where cp is the heat capacity of the gas at fixed pressure. In mixing length theory, we state that
the parcel travels a distance of [, before mixing completely with its surroundings. However,
different parcels passing through a radius r will have different values of v and DT, hence we
average the mixing length to be l,/2. As a result:

DT _ 19(DT) Im
r T or 2 (2.5.29)

Im 1
=(V- V)QH

where H is the pressure scale height and V, is the temperature gradient for the parcel. Similarly,
from Eqs. and the density difference is:

Dp DT
— =—0—. 2.5.
P T (2.5.30)
Then, for a radial buoyancy force per unit mass of knuoy = —gDp/p, the work done to move
the parcel upwards by I, /2 is:
1 I 12
—k— = 2.5.31
2k go(V — V)= I (2.5.31)

Assuming that half of this work goes into kinetic energy i.e. v?/2 and the other is is used to
displace the surroundings, then the average velocity of parcels passing through a layer of radius
r is:

2

Iz
v? = gd(V -V )8H

Now inserting this back into the equation for convective flux yields:

(2.5.32)

Feon = pepT/g0—2= H3/2(V — v,,)%/2, (2.5.33)
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Since DT > 0 for the parcel, it will radiate away energy with a local flux f. According to the
radiative flux of Eq. [2.5.20, we have that:

_ 16073
~ 3kp

oT
or
where 0/0r refers to change in temperature from parcel to surroundings. If we assume the parcel

is spherical with diameter d, then the temperature gradient is approximately d/0r ~ 2DT/d.
As such, the radiative loss A per unit time from the surface area of the parcel S is:

32073 S
DT—. (2.5.35)
3Kkp d
We may finally use this relation to consider the change in temperature of the parcel as it
rises. Contributions for this will come from adiabatic expansion and radiative exchange with
surroundings. From the above, the change in temperature per unit length as the parcel rises is

A/pVepv, where V' is the parcel volume. Hence:

T T
(%) = (%) -~ (2.5:36)
dr J, dr ) .4 pVcpu

Then, multiplying by H/T, we get:

; (2.5.34)

A=Sf=

AH
pVepuT”
Combining the above with the definition of A from Eq. [2.5.35| and the average DT from Eq.
2.5.29] we find that:

Vp — Vaa = (2.5.37)

Vp—Vad 24013
V-V,  kp2cplyv’

(2.5.38)

where we have used the literature value for the factor 1,,S/Vd ~ 9/2l,, (e.g. see Bohm-Vitense,
1958; (Cox and Giuli, [1968)). We now have have five equations: [2.5.26] [2.5.27] [2.5.32] [2.5.33|
and that can be solved to determine the quantities Fiaq, Feon, v, Vp and V. Once V is
determined, it can be used in the stellar structure equations, particularly in:

or TopP v

ar  Por
to determine the atmospheric temperature structure in the convective regions. The term (V —
Vad) is referred to as the super-adiabaticity and refers to how much the temperature gradient
increases above the that of an adiabat. As an order of magnitude estimate as to how large
the adiabaticity is, one can assume that V|, ~ V,q, replace Feon = L/47r? in Eq.
and rearrange for the adiabaticity. This is then the adiabaticity required for convection to
transport the entire radiative flux of the planet. In the deep atmospheres of typical super-
Earths we have that L ~ 10?° erg s~! (Lopez and Fortney, [2014) and inserting this and other
appropriate values shows that (V — V,q)/Vaq = 107%, meaning that convection is very efficient
at transporting radiative energy i.e. only a very small adiabaticity is required. In the deep
convective atmosphere, it is then safe to assume that V = V,4. In the top layers of the convective
zone i.e. approaching the RCB, the play-off between convection and radiative transport becomes
more important. Firstly, the local gravitational acceleration becomes weaker further out of the
potential-well, which increases the local scale height. As a result, the diffusion process becomes
more efficient (recall that diffusion works due to the fact that the scale-height is much larger
than the photon mean-free path). In addition, opacity decreases as we move to larger radii
since temperatures and pressures are smaller. Hence, as the opacity decreases as we approach
the RCB, it becomes easier to transport luminosity via radiative diffusion. As a result, the
atmosphere becomes more stable to convection until eventually we pass through the RCB and
the atmosphere is completely radiative. Mixing length theory provides the corrections to the
temperature gradient near the RCB that address these effects.

(2.5.39)
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2.6 An analytic model for atmospheric structure

Thus far, we have taken a deep dive into the structure of an optically thick atmosphere in
hydrostatic equilibrium. I have presented an analytic formalism to determine which regions are
convectively unstable and additionally a way to determine the resulting temperature structure.
However, I have intentionally over-simplified the analysis with approximations such as an ideal
gas equation of state. As discussed, one should solve the stellar structure equations with suitable
equations of state for for all species present in a hydrogen dominated atmosphere (e.g. |[Saumon
et al., [1995; [Ferguson et al., 2005|) (see Figure . To go further than this however, one can
solve the full hydrodynamic problem (i.e. not assume hydrostatic equilibrium) with correct
equations of state and include additional physics such as mixing length theory (e.g. |Chabrier
and Baraffe, 1997; Owen and Wu, 2013, 2016). This is indeed performed in Chapter 5 using
Modules for Experiments in Stellar Astrophysics, MESA (Paxton et al., [2011} 2013, [2015|, 2018)).
However, for a large portion of this thesis, one of the key tools is a simple analytic model
for atmospheric structure which can be coupled to mass-loss and is computationally cheap to
evaluate. This comes from |Owen and Wu (2017) and is presented in the following.

We begin by making assumptions of the atmospheric structure in light of the previous discussion.
The atmosphere is split into two layers: the upper layer is in radiative equilibrium with the
incoming stellar irradiation and assumed to be isothermal with the photospheric equilibrium
temperature set by the stellar insolation. To find this temperature, we can consider a planet-
hosting star of mass M, with luminosity L.. The flux received at an orbital separation of a
is F, = L,/4wa®. Then, assuming the planet re-emits all the radiation is absorbs i.e. it is a
perfect black-body, we may use the Stefan-Boltzmann law to show that:

F

o= oTo,, (2.6.1)

where Tt is the planet’s equilibrium temperature and the factor of 1/4 comes from the fact
that the planet is exposed to 1/2 of the stellar surface and is irradiated on 1/2 of the its own
surface i.e. the day-side. As such, we set the equilibrium temperature as:

I 1/4
Tog = | —— , 2.6.2
4 <160’7T(L2> (262)

where we find the stellar luminosity from a mass-luminosity relation:

L, = Lg < M, )C, (2.6.3)

Mg

where ¢ > 0 and ¢ =~ 3.2 for main-sequence stars (e.g. Cox, 2000)). Note that the influence of
the value of ( is discussed in Chapter 3. Below this radiative layer, we assume a fully convective
layer which is modelled as adiabatic. In this sense, we ignore the effects of super-adiabaticity
near the RCB at R,., and do not invoke mixing length theory, which provides a considerable
simplification. We are able to do this since the specific luminosity of the planet is very small with
typical effective temperatures of ~ 50K (e.g. see Figure 5 of |Lopez and Fortney, |2014). From
the diffusion approximation, we see that the radiative flux is proportional to the temperature
gradient, which will be very small as a result. The small corrections of mixing length theory
will have a very small effect of the flux transported through the RCB. Hence, solving Eq.
with an adiabatic equation of state:

P=Kp", (2.6.4)

where K is a positive constant, one arrives at the density profile for the convective layer of the

atmosphere:
1
GM, Ricp -1
= preb |1 ad | —— -1 , 2.6.
P=r b[ +Vd<C§chb>< L4 >} (26:5)




2.6. AN ANALYTIC MODEL FOR ATMOSPHERIC STRUCTURE o7

T T ] 6 x 100F T T T
1071k =
4 x 100F
107?F E
3 x 10°}
-
1073 3 ~
T 2x 100
1074k =
1075k mm  Numerically integrated _
=== Polynomial Fit ol i
Il Il L] 10 Il Il Il
107! 10! 103 1071 10! 103
AR / R, AR / R,

Figure 2.4: The integrals Iy and I /Is required for the analytic model of Owen and Wu (2017) are shown
in the left and right-hand panel respectively. These come from Egs. [2.6.8 and [2.6.15. These integrals
are evaluated numerically using scipy.integrate.quad in black and fit with an exponential analytic form
for computational speed in red dashed.

where the isothermal sound speed for an ideal gas ¢2 = OP/dp|r = P/p is evaluated at the
RCB. Here, the boundary condition is such that p = py, at r = Ryep. For atmospheres that
are gravitationally bound, we expect the sound speed to be much less than the escape velocity
(i.e. vi, ~ GM./R, > c%). As a result, the unity term in the previous equation can be ignored
when compared to the second term. Hence, we may approximate the density profile as:

1
GMC chb 7-1
~ 0o —_—— — =1 . 2.6.
p= e aa (G ) (1) (2.6.6)

This expression may now be used to evaluate the atmospheric mass fraction X = Mgy, /M.,
which is the ratio of atmospheric mass M, to core mass M.. Since the density profile for an
isothermal atmosphere falls exponentially, one can assume that the mass of the atmosphere is
dominated by the convective region. As such, we can calculate the atmospheric mass and hence
atmospheric mass fraction by integrating the above expression from the core to the RCB:

chb
Motm = / 47rr2p dr.
¢ (2.6.7)
GM,

1/(v=1)
o I C TCDh) ’
adcher> 2(Re/Ryeb, )

~ 47rR§Cbper <V

where the dimensionless integral I is as follows:

1 1 e
12(R0/chba 7) = / a? < - 1> dr, (2'6'8)

R./Rp T

which is shown in Figure This integral was fit with a exponential analytic formula, since
this is computationally cheaper to evaluate than a numerical integral. The final expression for
atmospheric mass fraction will depend on p.}, which still needs to be calculated. This is done
by matching the temperature gradient from both sides of the RCB. In the adiabatic layer this
is given by V.q. From the stellar structure equations i.e. Eq. we thus have that:

dinT dinP G M,

= ad——  — — — ad 72 2"
dr dr R L cs

(2.6.9)
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From the radiative layer however, the gradient is given by radiative diffusion. From Eq. [2.5.21]

it follows that:
dinT L 3Kpreh

dr—  4rRZ%, 160T4’
where it is assumed that the temperature at the RCB are the same as the surface i.e. Ty, = Teg.
Matching these two gradients allows us to calculate pyc, and hence Myt from Eq. 2.6.7 The
final variable required to close these equations is the cooling luminosity L, which controls how
quickly the atmosphere contracts. In essence, this contraction is a change in the atmospheric

binding energy,

d 1 Be G Meore

WYy (/ CMeorep 2 dr>, (2.6.11)
dt tKH tKH T

where txy is the Kelvin-Helmholtz cooling timescale, defined as

|E|  GMoMapm
ey A ) = e atm 2.6.12
KH ™7 R,L (2.6.12)

(2.6.10)

C

The value of tky is typically of order the age of the planet. The heuristic argument for this is
because if the cooling timescale of a planet was significantly shorter than its own age, it would
rapidly cool, resulting in an increased cooling timescale. This argument naturally implies that
the cooling timescale must be approximately the planet’s age. However, this is not the case
after rapid mass-loss processes such as during a ‘boil-off” phase, which increases the cooling
timescale of a young planet beyond its age (Owen and Wu, [2016; |Ginzburg et al., [2016). This
concept is explored in detail in Chapter 5. For now however, we follow that of [Owen and Wu
(2017) and assume that the cooling timescale behaves as follows:

108 for t < 108
tKH:{ yi e (2.6.13)

t for t > 108.

With the use of Eq. and the internal luminosity can hence be approximated as:

I~ i GM: M im Il(RC/Rp)
tKH Rp I (RC/Rp) ’

(2.6.14)

where an additional dimensionless integral I;, shown in Figure [2.4] is given as:

Il(RC/Rp,'y):/l x(i— )”ildr. (2.6.15)

R¢/Rp

To summarise, this prescription can provide a planet’s atmospheric mass fraction X as a function
of (Meore, Teq, Rp,t). In practise however, this model is used for the inverse problem i.e. finding
the radius of a planet for a given (Mcore, Teq, X, t). Since there is a small radiative (and hence
isothermal) outer layer to the atmosphere, we add an isothermal density profile to the top
of the convective zone, such as that in Eq. [2:2.10] with Royt = Rych and pp = preb. An
important question to answer is: what defines the planet radius? Thus far, I have referred to
the photospheric radius Ry}, as the point where the atmosphere becomes optically thick. But
how do we actually locate the photosphere?

Following |Carroll and Ostlie| (2006) and assuming that the opacity and temperature of the

atmosphere are constant in the upper layers, as well as taking the plane-parallel approximation

i.e. considering radiation to travel perpendicular to the atmosphere (valid since the planet’s

radius of curvature is far larger than the thickness of the thin radiative layer), one can arrive

at the following expression for temperature variation very near to the top of the atmosphere:
43 2

T = STy (r+ 3)-

. (2.6.16)
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Note that in this calculation, one must assume that opacity is independent of wavelength (re-
ferred to as a gray atmosphere) and also assume that radiation field is split into independent
inward and outward travelling fields (referred to as the Eddington approzimation). One can see
that if 7 = 2/3, then T' = T¢q. In other words, the surface of the planet that emits black-body
radiation at Teq is at an optical depth of 2/3, which we define to be the photosphereﬁ Hence,

we have that:
o oo 2
Tph = / kpdr = R/ pdr = —, (2.6.17)
Ron Ron 3

where K is the averaged opacity for the atmosphere above photosphere. We may integrate the
equation of hydrostatic equilibrium from Eq. [2.:2.4] to show that the pressure at the photosphere
is:
o0 o0
Pon = / gpdr = go/ pdr, (2.6.18)
Rph Rph
where g is the gravitational acceleration and is assumed to be constant i.e. g ~ go = GM,/ Rfcb

since the majority of the mass is below the RCB and hence g will not vary considerably above
this altitude. We can replace the integral in Eq. [2.6.18| with that of Eq. to show that:

2 g0

Py, === 2.6.19
ph 3Rk ( )
This specific pressure is located using the isothermal radiative atmosphere structure to finally

locate the photospheric radius.

2.7 An analytic model for atmospheric mass-loss

Thus far, this model addresses contraction of a planet purely due to thermal cooling. However,
the effect of XUV photoevaporation is the removal of mass via a hydrodynamic outflow, which
changes the radius evolution of the planet. Asshown in Section[2.3] a transonic outflow describes
the physics of this problem. Furthermore, as discussed in Chapter 5, a non-zero flow velocity at
a radius r requires a reduced density profile for a constant mass-loss i.e. to satisfy conservation
of mass. However, in this simple analytic model, we do not need to address this, since below
the photosphere, the Mach number would be very small and hence the advection term in Eq.
2.2.2] is very small. It is only once you approach the Bondi radius, that these effects must
be addressed. Hence, in the simple analytic model of (Owen and Wu| (2017), we may consider
‘snapshots’ of the atmospheric structure that are in hydrostatic equilibrium. To address the
change in mass in between these snapshots, the mass-loss timescale is defined as

{ - Matm
X Matm’

ty (2.7.1)

where the mass-loss rate Mgy is calculated by assuming that XUV flux goes into doing PdV

work at some efficiency n:

Lxuv WR;% _ Lxuv Ri’;
dra? GMy/R, | 4a? GM,’

Mot =1 (2.7.2)

where a is the planet semi-major axis and Lxyy is the luminosity in X-ray (hv ~ 0.1 — 10keV)
and EUV (hr 2 13.6eV) wavelengths (e.g. Erkaev et al., 2007; [Lopez and Fortney, 2013)).
These high-energy photons are produced in the stellar corona and all have sufficient energy to

4Note that this derivation, as shown in |Carroll and Ostlie| (2006), assumes that the planet is not irradiated,
which is not the case for the planets of interest. Nevertheless, the actual value of optical depth at the photosphere
is ~ 2/3 and any correction would be negligible when compared to total planet size.
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photo-ionise hydrogen atoms, resulting in gas temperature of a few hundred K to ~ 10* K (e.g.
Glassgold et al.,|2004; Owen and Jackson, 2012). This in turn induces an outflow as summarised
in Section [2.3] This ‘energy-limited’” mass-loss formalism is discussed in Section [2.9

As discussed in Chapter 1, the stellar XUV luminosity Lxyy is measured and quantified via
its ratio with bolometric luminosity Lyo). As shown in multiple observational works (e.g. Ribas
et al., [2005; |Jackson et al. [2012; Wright et al., 2011; Tu et al., 2015; [McDonald et al., 2019),
this ratio demonstrates an evolution as follows:

Lxuv for t <t
sat
Lxuv _ ( Lbal )sat

T -1
bol Lxuv t >
< Ly tsat fOI' t - tsat’
sat

where ag = 0.5 is a positive constant and tg, represents the time at which the star begins to spin
down and X-ray generating mechanisms in the corona begin to diminish. The time-integrated
luminosity is thus dominated by contributions before 45, which is typically ~ 100Myr, implying
that any mass loss experienced by a planet occurs in this same time frame. The dependence of
tsat and (Lxuv/Lbol)sat on stellar mass is in fact imprinted on the exoplanet population under
this model and is explored in Chapter 3.

(2.7.3)

Finally, the ordinary differential equation to find X (¢) is thus

ax = —i. (2.7.4)
dt ty
By solving this ODE numerically (as described in Chapter 3), one can determine the mass
and radii evolution of a planet undergoing mass-loss via XUV photoevaporation. Example
evolution tracks are shown in Figure for a 5Mg core planet around a solar mass star at a
10 day orbital period. From this, we can start to see why the radius gap naturally emerges as
result of mass-loss, as is explained in the following discussion.

2.8 Carving the Radius Gap

Figure demonstrates the atmospheric evaporation of a 5Mg, core orbiting at 0.1AU around a
solar-mass star for varying initial atmospheric mass fraction. From this Figure, it is evident that
planets either have their atmosphere completely stripped and thus evolve into super-Earths, or
they are shepherded to X ~ 0.01 and form sub-Neptunes. |(Owen and Wul (2017) showed that
this mass fraction corresponds to an atmosphere that approximately doubles the radius of the
planet with respect the core. The first takeaway here is that the relation between photospheric
radius and atmospheric mass is highly non-linear; a small amount of mass can highly inflate the
planet, as shown in Figure Crucially, it is no coincidence that a mass fraction that doubles
the core radius results in a maximum mass-loss timescale for the planet. To understand this,
let us find the dependencies of mass-loss timescale from Eqs. and

_ 4AGMZaX

= edn 2.8.1
nLxuv i3 (28.1)

X
where we have assumed that M, ~ M.. Now consider a planet with a large inflated atmosphere
that dominates its radius; due to its increased cross-sectional area, it will receive more flux
from the host star and thus undergo rapid mass-loss with a short mass-loss timescale. This can
be seen with the strong dependency of mass-loss timescale with planet size ¢y oc R, 3. As the
size of the planet consequently decreases, the mass-loss timescale will increase until the point
where the atmosphere no longer dominates the size of the planet i.e. a mass fraction such that
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Figure 2.5: Solid lines show the evolution of varying initial atmospheric mass fractions for a 5Mg core,
orbiting a solar mass star at 10 day orbital period. Calculations are performed using the analytic model
of |Owen and Wu (2017). The dashed line tracks an atmospheric mass fraction required to double the
core radius.

R, ~ 2R.. If the mass-loss timescale at this point is longer than tg, (the time at which XUV
luminosity rapidly shuts off) then the planet will retain its atmosphere. If this is not the case
however, mass-loss timescale will continue to decrease, simply since there is less material to
remove. Again, this is apparent since ¢y oc X and so a smaller atmospheric mass results in a
shorter mass-loss timescale. As a result, planets are most stable to photoevaporation with an
atmospheric mass that doubles its size. This timescale argument is demonstrated in Figure [2.6

From this argument, we see that the radius gap is a natural outcome of atmospheric mass-loss.
Sub-Neptunes form if a initially large planet, undergoes mass-loss to a point of stability in which
its radius is doubled by its atmosphere, typically X ~ 0.01. If the mass-loss timescale at this
point is greater than tg,, then the planet will maintain this atmospheric mass. Super-Earths
on the other hand will form if this timescale is shorter than t¢g,, which is the case for shorter
orbital periods or smaller core masses. This results in continuing mass-loss until the planet loses
its primordial atmosphere. These two end results in planet radii correspond to the peaks on
either side of the radius gap. Under this model we expect a clean gap i.e. an area of parameter
space devoid of planets around evolved systems since after ~ 100 Myr, the vast majority of
mass-loss has already occurred. Thus the only way to observe a planet in the gap around an
evolved star would be if its orbital and planetary parameters (e.g. semi-major axis and core
mass) were finely tuned to mean mass-loss is still ongoing. This can be seen in Figure with
very few planets evolving to an atmospheric mass fraction 10™* < X < 0.01, corresponding to
planets in the gap.

The radius gap is, of course, a demographic feature and depends on the distributions that
underlay the planet population, such as that of the core masses or initial atmospheric masses.
In Chapter 4, this analytic model is fit to the data in a rigorous statistical framework, resulting
in constraints with regards to planet formation and evolution.
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Figure 2.6: Left: Planet size is shown as a function of atmospheric mass fraction for a planet of 2Mg
core, around a solar-mass star. Red, green and blue curves represent planets at an orbital period of 2, 5
and 10 days respectively. The addition of a small amount of atmosphere shows the non-linear increase in
planet size. Planets closer to their host star are more inflated due to a higher equilibrium temperature.
Right: the mass-loss timescale is shown for the same planets. As atmospheric mass is removed (moving
right to left), the mass-loss timescale increases since the size of the planet decreases (see Eq. .
For planets at larger orbital separations, this timescale eventually grows larger than 100 Myr, which is
the typical saturation time tsq; of stellar X-ray luminosity evolution. As a result, mass-loss stalls and
the planet maintains X ~ 0.01. Planets closer to the host star do not enter this region of stability and
continue to lose their entire atmosphere.
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2.9 Model Limitations

The presented analytic model is exceptionally useful for population modelling as it is simple
and therefore computationally cheap to evaluate. However, this benefit does come at a cost
in terms of accuracy. In reality, one should perform numerical models with realistic equations
of state and energy transport to understand this planetary evolution (e.g. |Owen and Jackson,
2012; Owen and Wu, 2013; Lopez and Fortney, [2013). One major limitation in the model is
the ‘energy-limited’ approach to mass-loss i.e. the mass-loss rate calculated in Eq. The
efficiency factor 1 has been shown to be non-constant in multiple works (Murray-Clay et al.),
2009; Owen and Jacksonl [2012; |Salz et al., 2016; Caldiroli et al.l |2021]) meaning that, again, full
hydrodynamic simulations are required to model this physics. Nonetheless, in this model, we
upgrade to a non-constant n by adopting a scaling relation from Owen and Wu| (2017) for n as

follows:
Ve ) 2.9.1
7]_7]0<25km S_1> ’ ( e )

where vese = \/2G M, /7 is the escape velocity of the planet and 7y and o, are positive constants.
This form comes from Owen and Wul (2017)), who fit mass-loss rates of Owen and Jackson| (2012)),
however the numerical values of 19 and «,, are discussed and constrained in Chapter 4.

2.10 Core-Powered Mass-Loss

As shown in previous discussion, the radius gap in a natural outcome of atmospheric mass-loss.
However, this is not exclusive to XUV photoevaporation. An alternative model is also able
to reproduce the observed demographics, namely core-powered mass-loss (e.g. (Ginzburg et al.,
2018; \Gupta and Schlichting), 2019). The principle behind this mechanism is that the hydrody-
namic outflow is not due to high energy flux, but instead a result of bolometric luminosity of
the host star in conjunction with accretion luminosity from the core. This energy reserve builds
during core formation - as solid material falls onto the forming protoplanet, binding energy
is released in the form of heat. As this luminosity is slowly released into the atmosphere, it
heats the gas from below and inflates the planet. If left in isolation, this heating would not
be enough to drive an outflow i.e. the planet will remain in hydrostatic equilibrium with an
increased altitude for the RCB. However, when this inflation is coupled with bolometric lumi-
nosity from the host star, a parcel of gas in the upper atmosphere has sufficient kinetic energy
to overcome the gravitational potential of a planet. Similarly to photoevaporation, this then
induces a hydrodynamic wind. A similar analytic model has been put forward in [Gupta and
Schlichting| (2019)) which is effective in demonstrating the validity of this mechanism. It relies on
an identical treatment of atmospheric structure i.e. radiative convective equilibrium, however
the mass-loss rates are adapted for the differing physics at play. I present this model here, since
it is utilised in Chapter 3.

According to Gupta and Schlichting| (2019), the mass-loss rate Mgy in the core-powered mass-
loss mechanism is given by:

atm = mlnlmum{Matm, Matm}. (2.10.1)
where Mfgm is the energy-limited rate i.e. the maximum mass-loss rate achievable assuming all
cooling luminosity from the planet goes into driving atmospheric mass-loss,

. Ly (t)Re
atm GM,

where L., is the luminosity of the planet at the radiative-convective boundary. Whereas the
origin of this luminosity in photoevaporation is due to a change in binding energy e.g. Eq.

(2.10.2)
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[2.6.12] in this case a second contribution comes from the core, meaning the total thermal and
gravitational energy available for cooling is as follows:

GM. < gl ly—=1up >
E = ——AR| ——— Muytm + — —M. |, 2.10.3
cool Rg 27 1 atm 7 Ve — 1 lle c ( )

where AR = R, — R is the radial depth of the atmosphere, ~. is the adiabatic index for
the convective core and p and p. are the mean molecular weights for the atmosphere and core
respectively. In this case, the first term represents energy from the atmosphere and the second
from the core. Alternatively, MZ  is the Bondi-limited rate i.e. the maximum mass-loss rate
that is physically achievable given the thermal energy of the escaping gas molecules,

. GM
Maﬁm = 47TRQBCsper exp <_ 3 P ) . (2.10.4)
Cs Rer

Following \Gupta and Schlichting (2019), the energy required to lose the entire atmosphere
is Floss & gMutmRe. Comparing this to available cooling energy from Eq. we see
that Feool S Eloss for X > p/pue ~ 5% i.e. heavy atmospheres, whereas Ecoo 2 Eloss for
X < p/pe ~ 5% i.e. light atmospheres. Note that we have ignored v and ~. for simplicity.
The radius gap in this picture is then a natural outcome of energetics and directly related
to the initial atmospheric mass fraction after disc dispersal. For planets with a large initial
atmosphere, there is insufficient energy to remove the atmosphere and since R, will be large,
the exponential term in the Bondi-limited mass-loss rate of Eq. will remain very small
for these planets. In addition, the dependence in this equation of isothermal sound speed also
introduces a dependency of incident stellar flux from the host star. On the other hand, planets
with an initially small atmospheric mass-fraction will, from an energy point of view, continue
to lose mass in a runaway process since, like photoevaporation, it is easier to remove a smaller
amount of atmosphere.

Similar to photoevaporation, this model can reproduce the radius gap as seen in exoplanet
surveys as shown in Figure One major difference between the two models is the timescale
on mass-loss occurs. Whereas the majority of photoevaporation is achieved in the first 100Myrs,
core-powered mass-loss works over Gyr timescales (Gupta and Schlichting, 2019, 2020). This
may prove to be key in determining which of these mechanisms is dominant. In Chapter 3, I
present an additional way of distinguishing these models and lay out a path forward to answering
this fundamental question.



Chapter 3

Photoevaporation Vs. Core-Powered
Mass-Loss: Model Comparison with

the 3D Radius Gap

3.1 Introduction

This chapter focuses on the comparison between XUV photoevaporation and core-powered mass-
loss. Despite the difference of energy source for each mechanism, the two models predict very
similar observable signatures in the exoplanet demographics. As shown in multiple works, both
models predict that the core compositions of super-Earths and sub-Neptunes are Earth-like
(e.g. Owen and Wu, 2017; |Jin and Mordasinil, [2018; |Wul, |2019; Gupta and Schlichting, 2019}
see Chapter 4). They also predict similar slopes to the radius valley as a function of orbital
period and incident bolometric flux. Additionally, inference analysis suggests that the core
mass distribution of small, close-in exoplanets should be peaked at a few Earth masses for both
models (Gupta and Schlichting, 2019, see Chapter 4); however, it should be noted that the
core-mass function derived from these models are different, as discussed in Section More
detailed information as to how these predictions are made can be found in Chapter 4.

If one is to determine which mechanism (if indeed there is one) drives the evolution of close-in
exoplanets, one must focus on predictions that differ between the models. One possible avenue
is the temporal evolution of the radius distribution of super-Earths and sub-Neptunes. Whilst
photoevaporation predicts that the majority of mass-loss occurs in the first few 100 Myrs after
disc dispersal when the X-ray flux is stronger, core-powered mass-loss predicts this to occur on
~ Gyr timescales. It follows that one would expect to observe stripped cores (i.e. super-Earths)
around stars ~ 100 Myrs old if photoevaporation is taking place, but only after billions of years
for core-powered mass-loss (Gupta and Schlichting) 2020, see Chapter 4). Recent attempts to
constrain the evolution of the radius gap have found that results are currently consistent with
both models, in part because there is a significant lack of planets observed around young stars
(Berger et al., [2020a; Sandoval et al., [2020). With surveys such as THYME (Newton et al.,
2019; |Rizzuto et al., [2020; Mann et al., |2020; Newton et al., 2021) additional young planetary
systems will be revealed, allowing these predictions to be investigated further. Note that recent
work from King and Wheatley| (2021) suggests that EUV stellar flux may subside slower than
stellar X-ray flux, meaning that it may cause photoevaporative mass-loss on ~ Gyr timescales.
I address this point in Chapter 6.

In this chapter, I present a new method for model comparison, which utilises a key difference
between the two models. As discussed in Chapter 2, the energy source for photoevaporation

65



66 CHAPTER 3. PHOTOEVAPORATION VS. CORE-POWERED MASS-LOSS

stems from the host star, specifically from EUV /X-rays. Crucially, and as shown in Figure
the time-integrated X-ray exposure of a planet at a fixed incident bolometric flux decreases with
increasing stellar mass (e.g. McDonald et al., 2019; |Johnstone et al., |2021). This relationship
arises due a combination of negative trends in stellar saturation time (i.e. the time at which
stars’ ratio of high-energy to bolometric output begins to decline) with stellar mass, as well as
in the ratio of X-ray-to-bolometric luminosity also with stellar mass (Ribas et al., 2005; |Wright
et al., 2011; |Jackson et al., [2012; Tu et al., 2015; Lopez and Ricel, 2018; McDonald et al., [2019).
As a result, photoevaporation predicts that lower mass stars will be able to strip larger planets
at fixed incident flux. Core-powered mass-loss on the other hand does not predict a trend in
stellar mass at constant incident flux, providing a useful difference in demographic predictions.
Note that since transit surveys like Kepler and TFESS typically search for planets over a fixed
range in orbital period, care must be taken to work at constant incident flux, not fixed orbital
period, or orbital period ranges for this analysis to work correctly.

This chapter begins with a formalism to describe this new method of model comparison in
Section followed by a proposed method of extracting such trends from data in Section
Results from synthetic and real surveys are presented in Section

3.2 Method

3.2.1 The Radius Gap in 3D

As discussed in Chapter 2 and shown in Figure the models for photoevaporation and
core-powered mass-loss are both capable of reproducing the general demographics of close-in
exoplanets. Determining a method for model comparison therefore depends on finding observ-
able signatures that are predicted to differ substantially from one model to another. In previous
works, the radius gap has been quantified as a line in 2D parameter space (e.g. as a function of
orbital period P, stellar mass, M,, or incident bolometric flux, S [Fulton et al.[2017; Van Eylen
et al. 2018 Berger et al.|2020a). However, both models predict the slopes in these planes to be
very similar, and essentially indistinguishable with current and near-future exoplanet surveys
(Loyd et al., [2020). Crucially this is not the case when looking at the radius gap in higher
dimensions, i.e. a plane as a function of stellar mass and incident bolometric flux. As discussed,
this arises because the models disagree on how the radius gap behaves as a function of stel-
lar mass at fixed incident bolometric flux. In order to quantify this, I define the position of
the radius gap Rya as the size of the largest super-Earths. This choice is made as this is the
fundamental quantity that can be theoretically calculated from mass-loss models: namely, the
largest core that can be entirely stripped at a given position in parameter space{ﬂ Thus, for an
arbitrary evolutionary model, one can describe the 3D radius gap as a joint power law of the
form:

Ryal < S MP, (3.2.1)

where o and 3 are crucial mass-loss parameters and can be used to distinguish between photo-
evaporation and core-powered mass-loss. Specifically they are defined as:

o= (8longa1>
dlogS ) .

. 810nga1
B_<aIOgM*)S‘

From theoretical predictions (discussed in Section [3.2.3)) one would expect « to be similar for
both models, however one would expect 5 to be negative for photoevaporation and zero for core-

(3.2.2)

! Although as described later, this quantity cannot always be extracted from a noisy exoplanet population in
an unbiased way.
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Figure 3.1: The radius gap is shown as function of incident bolometric flux (top row) and host stellar
mass (bottom row). Here, green contours represent relative occurrence of the observed CKS planets (e.g.
[Fulton et all, |2017). Black points represent forward modelled planets from the photoevaporation model
(e.g. Owen and W, |2013) (left) and core-powered mass-loss model (e.g.|Ginzburg et al., |2016) (right),
the latter of which were provided by A. Gupta (private communication). Note that modelled planets have
appropriate bias and noise added such that they are representative of CKS data. Clearly, both models
can reproduce the distribution of observed planets with the radius gap in the correct location and similar
slopes. In order to determine which of the two models best describes the data, one must look to 3D
representations of the radius gap, as laid out in Section [3.2.1 Details of prescriptions for each model

are presented in Section [3.2.7,
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powered mass-loss. This is because the high-energy exposure at fixed bolometric flux decreases
as function of stellar mass, which means that smaller stars will be able to strip larger cores at
fixed incident bolometric flux in the photoevaporation model, thus implying a negative value of
(8. This crucial fact allows one to differentiate between the evolutionary histories, and use it as
a tool to find signatures in the data.

Before I use analytic models to predict theoretical values of a and f, I first address the radius
gap in the M,-R, plane. Specifically, I wish to show why using this plane to perform model
comparisons is extremely difficult due to strong degeneracies in the models. I justify this claim
with a simplistic approach. I start with the joint power law of Eq. in an inequality form,
defining the maximum size of super-Earths for a given model, at that position in parameter
space:

Rval < A S ME; (323)

where A is some arbitrary constant. Next I aim to eliminate S such that one can find the slope
in the M,-R, plane. To do so, I use that S oc L,/ a® where L, is the bolometric luminosity,
and utilise a stellar luminosity relation (L./Lg) o< (M,/Mg)S as well as Kepler’s third law
a® oc P2M, to find:

C-2)+8

Ry < A’ M pP3, (3.2.4)

where A’ is a re-scaled constant. Noting that the period distribution of close-in exoplanets is
approximately independent as a function of stellar mass (Fressin et al., 2013; Dressing et al.,
2015; |Lee and Chiang} 2017; Petigura et al., 2018)) and then differentiating one can derive the
radius gap slope in the P-R, plane as:

d log Rval ~ _4£

~ 2.
dlog P 3 (3:25)

Similarly, and more pertinent to this work, one can derive the radius gap slope in the M,-R,

plane as:

dlog Ryal 2
~alc— 248 3.2.6
dlog M, a(—3)+P (3.2.6)

Inspection of this result shows that the slope is not only controlled by « and § but also ¢ and
hence the stellar luminosity relation. Since ¢ > |3| and ¢ > « for both models (as shown in
Sections [3.2.3| and |3.2.3) the value of this slope is heavily controlled by the stellar luminosity
relation (Gupta and Schlichting, 2020; Loyd et al., 2020)).

As an additional complication and as explored first by |[Wu/ (2019), one can invoke a core mass
scaling with stellar mass which further contributes to the degeneracy in this result (see also
Gupta and Schlichting|2020). Although difficult to incorporate into Eq. the introduction
of such scaling means that multiple combinations of «, 5, ¢ and the unknown core-mass—stellar-
mass scaling can yield the same value of the slope in the M,-R, plane. To illuminate the effect
of such a core-mass-stellar-mass scaling, Figure [3:2] shows planet distributions of the photoevap-
oration and core-powered mass-loss models, calculated using the models presented in Section
Core-powered mass-loss models were provided by A. Gupta (private communication). In
the top row, I show a set of planets for each model with a core-mass function that is indepen-
dent of stellar mass, which clearly shows a positive slope in the M,-R;, plane. However, in the
middle and bottom rows, I introduce core mass scalings M. oc M2 with the positive scaling
in the middle row and negative in the bottom row. Clearly, the slope of the radius-gap in this
plane can be altered dramatically with the inclusion of such scalings, further contributing to
the degeneracy in the slope. One should note however that the magnitudes of the scalings cho-
sen/implemented here are not consistent with the current observations and are used to simply
demonstrate how correlations between stellar and planet masses can affect the slope.



3.2. METHOD 69

Photoevaporation Core-Powered Mass-Loss
I I I 30 I I I I -1

3.0

5
o
(0]
N
(V)]
B 0.96
C
©
[a
0.80
3 3
© 0.64 5
o 5
& S
- O
e 0.48 o
T =
a ke
(D]
1{
0.32
= 1]
o 0.16
(0] i
N
(Vp]
= 4
= L0.00
[g0) | | .
£13 13 ‘
1.0 ‘1.0 L L

1 | | 1 1
0.6 0.8 1.0 1.4 0.6 0.8 1.0 1.4
Host Stellar Mass [Mz]  Host Stellar Mass [M)]

Figure 3.2: The radius gap is shown as a function of host stellar mass for the photoevaporation models
(left) and core-powered mass-loss models (right). Here, contours represent relative occurrence and each
slice in stellar mass is normalised to unity to better highlight the location of the radius gap. In the top row,
I present the models for each of the two mass-loss schemes, where the core-mass function is independent of
stellar mass. Both models predict a positive slope, however the exact value of slope is strongly controlled
by the stellar mass-luminosity relation (see Section specifically Eq. . In the middle and
bottom rows, I incorporate scalings of core mass to stellar mass into the models M, oc M2, with positive
and negative scalings in the middle and bottom row respectively. This clearly demonstrates that the radius
gap slope can be fundamentally altered by the inclusion of such scalings. Although I do not argue scalings
of these magnitudes are physical, I stress that attempting model comparisons and indeed demographic
inferences in this parameter space are fraught with degeneracies. All core-powered mass-loss models were
provided by A. Gupta (private communication,).
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Indeed the analysis of Wu (2019), in which demographic inferences were performed in the M,-
R, plane using the photoevaporation model, with the added introduction of a core mass scaling
with stellar mass, argued for a linear relation between core-mass and stellar mass. However,
note that the implemented bolometric luminosity relation (i.e. ¢ in Eq. was weaker
than used in this work (and implemented in Figure . I choose to adopt a value of ( = 4.5
due to the fact that the CKS and GKS dataset are a magnitude-limited rather than a volume-
limited sample, thereby including more high luminosity/mass stars (Petigura et al., 2017; |Gupta
and Schlichting, 2020). In addition, there exists a correlation between stellar mass and stellar
metallicity in the Kepler data (e.g. Eker et al., 2018; |Owen and Murray-Clay, |2018; |Petigura
et al., 2018; |(Gupta and Schlichting, 2020)) which, in combination with the latter, increases the
value of ¢ in the stellar luminosity relation from the standard empirical relation of L, oc M3
(e.g. |Cox, 2000) that was adopted in [Wu| (2019). Since a lower value of ¢ yields a shallower
radius gap slope in the M,-R, plane (see Eq. , the analysis of Wu| (2019)) required a
stronger core mass scaling in order to match the the observed value, compared to what one
would infer from my implementation. Thus, if this analysis were repeated with a larger value
of ¢, one can speculate that the inferred stellar-to-core-mass scaling from the photoevaporation
model would be weaker. Nevertheless, this type of inference will be useful in the future once
constraints are placed as to which mechanism dominates atmospheric mass-loss, which I discuss
in Section [3.4

Thus, the clear benefit of analysing the radius gap in 3D is that in determining « and 3, one
does not integrate through S or M, axes (as in the derivation for Eq. and hence avoids
many of the degeneracies produced as a result. Additionally, the slopes « and 8 are, to the
first-order, independent of any stellar mass scalings. This is because the plane is defined as
the maximum size of stripped cores for a given incident flux S and stellar mass M,. Hence,
at constant S and M,, the only way that core mass to stellar mass scalings can manifest in
the data is if there is an upper limit on the sizes of cores for a given stellar mass (i.e. higher
mass stars can host planets up to a higher mass cutoff). If this were the case, super-Earths
simply would not exist at certain stellar masses. Nonetheless, for scaling relations such as those
considered in Figure this 3D method provides a way of circumventing the effects of such
scalings. I discuss this claim in Section [3.4.4]

3.2.2 The Models

In order to explore these effects, I use modelled populations of planets from the analytic models
for XUV photoevaporation from |Owen and Wu| (2017)) and core-powered mass—lossﬂ from |Gupta
and Schlichting| (2019) as described in Chapter 2. In order to do so, I require underlying planet
distributions for the following properties: orbital period P, stellar mass M,, core density p, core
mass M. and initial atmospheric mass fraction X. An in-depth discussion of these distributions
and how to determine them is provided in Chapter 4.

Following previous observational studies (e.g. [Fressin et al. [2013; Petigura et al., |2018), both
photoevaporation and core-powered mass-loss models assume that planets have the following
underlying period distribution:

p? P d d
dN { , < 8 days, an (3.2.7)

x
dlog P constant, P > 8 days.

In addition, both models assume that the cores are Earth-like in composition. On the other
hand, the models use different core mass distributions and initial atmospheric mass fraction
distributions, which were determined through inference work focused on planets around a narrow

2Note that all core-powered mass-loss models were provided by A. Gupta (private communication).
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Figure 3.3: The core mass distributions are shown for the photoevaporation model (solid line) and core-
powered mass-loss model (dashed line). These are taken from the inference analyses of (Gupta and
Schlichting, |2019) and that of Chapter 4, in which the respective models were fit to the CKS data (Fulton
et al., |2017).

range of Sun-like stars (Gupta and Schlichting, [2020; Rogers and Owen, 2021, see Chapter 4).
As a result, both models represent current best-fits to exoplanet observations. I show the core
mass distributions of both models in Figure [3.3] and note that both distributions are consistent
with current data. I stress that that there would be little point performing this analysis with
identical initial distributions as it would require at least one model to be inconsistent with the
observations. Rather, this difference makes clear the importance of determining the dominant
mass-loss model, as the inferred core-mass functions differ. In other words, if the observational
tests proposed in this Chapter reveal that one mechanism dominates the planet evolution over
the other mechanism, there will be little room to question such a conclusion as the models are
already optimised to the observations. Further details of these distributions are discussed in
the subsequent sections.

EUV /X-ray Photoevaporation Model

For the photoevaporation model, I make small improvements upon that which is presented in
Chapter 2. Specifically, to address the aforementioned effect of stellar mass on stellar high
energy evolution, I assume that the ratio of XUV to bolometric luminosity follows a broken

—0.5
Lxuy M. for t <t
Lxuv _ < Foor )sat <M®> . " (3.2.8)

Lb | —0.5 —1—ag
o Lxuv M, t
( Lol > t <M®> (tsat> for 2 fuar.
Sa

where ag = 0.5 and (Lxuv/Lpol)sat = 10725 (Wright et al.l 2011} Jackson et al., [2012). The
saturation time tg,; follows:

power law:

M* —-1.0
toar = 102 (> Myr. (3.2.9)
sa’ M@

Note the departure from Eq. with the introduction of negative stellar mass scalings in
Eq. and Eq. which is motivated by observational studies of (Jackson et al., 2012}
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Shkolnik and Barman, 2014) and (McDonald et al., |2019; |Johnstone et al., [2021). I do not
at this stage, however, incorporate the observed spread in Lxyvy/Lpo (e.g. [Tu et all 2015}
Johnstone et al., 2021). This is instead discussed in Chapter 6. Finally, in order to calculate
Lxuvy, I use MIST stellar evolution tracks (Dotter, 2016; |Choi et al., 2016) to accurately model
the pre-main sequence and main-sequence evolution of the host star bolometric luminosity L.
As discussed in Section I eventually aim to simulate populations of planets that are akin
to those in either the California-Kepler Survey (CKS) (Petigura et al. [2017; Fulton et al., 2017;
Fulton and Petigura, 2018; |[Petigura et al., 2022) or Gaia-Kepler Survey (GKS) (Berger et al.,
2020a). As the CKS sample is a subset of the GKS sample with spectroscopic follow-up, I take
the metallicities and masses of 100 randomly sampled host stars from this survey and model
them through MIST evolution tracks. I then interpolate Ly evolution on a regular grid of
time and stellar mass which is used in simulations of exoplanet photoevaporation. Not only
does this improve the computational speed (instead of having to individually evolve each host
star), but also means one naturally incorporates the intrinsic stellar luminosity relation into
the simulations. For completeness, I also simulated a set of planets through photoevaporation
in which the stellar luminosity evolution was taken from Baraffe et al.| (1998). This yielded
a difference in final planetary radii of < 0.2%, which is much less than typical measurement
uncertainties.

The chosen core mass distribution and initial atmospheric mass fraction for photoevaporated
planets comes from the inference analysis presented in Chapter 4, in which 5*"-order Bernstein
polynomials are used to constrain their functional forms. The best fit distribution for core
mass is peaked at ~ 4 Mg with sharp drops in occurrence towards higher and lower mass cores.
Similarly, the initial atmospheric mass fraction distribution is sharply peaked at ~ 2%. Note
that these two distributions are independent of each other i.e. initial atmospheric mass fraction
is independent of core mass, which is not the case for the core-powered mass-loss model.

For a given planet, I solve the ODE evolution equation of with an RK45 adaptive-step
numerical integrator with a error tolerance of 107> for 3 Gyrs, which is typical of the Kepler
planet population. This provides a population of evolved planets which can be used to produce
synthetic transit surveys (see Section .

Core-Powered Mass-Loss Model

In the core-powered mass-loss mechanism, models are based on the from the work of Gupta
and Schlichting (2019). These were performed by A. Gupta (private communication, see Rogers
et al.| (2021) for details). The core mass distribution peaks at ~ 4Mg and can be expressed as

AN M?2 ~M2/(20% M. <5 M
{ ¢ exp (—MZ2/(203,)) <0 Mo (3.2.10)

dlog M. Mt M. > 5 Mg,

where o7, ~ 3Mg. Following |Ginzburg et al. (2016), in which gas accretion and subsequent
mass-loss are modelled during disc dispersal (see Chapter 5 for a discussion of this), I assume
that a planet’s initial atmospheric mass fraction follows:

X ~ 0.05(M,/Mg)"/?. (3.2.11)

3.2.3 Model Predictions
Photoevaporation Predictions

For photoevaporation, I derive o and f in a similar manner to the work of Owen and Wul (2017)),
in which a scaling of the radius gap was determined as a function of orbital period and mean
core density. In this case however, I aim to find a joint power-law of the form of Eq.
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To begin, one can state that for a given core mass, the longest evaporation timescale t?ax is
approximately equal to the stellar saturation time tg, i.e. the largest cores to be stripped are
those which take the longest time, approximately equal to the saturation time of the host star
(see Figure[2.6)in Chapter 2). As argued by Owen and Wu/ (2017)) and [Mordasini| (2020) planets
that have not lost their atmosphere entirely by the end of the saturation period, retain them
for the remainder of their lifetime. Combining definitions from Eq. with Eq. and
discarding order-unity constants, one can write the longest evaporation timescale as:

2772
pmax a“M5Xs

~N— 3.2.12
X nR3Lxuy’ ( )

where I set X = X3, which is the atmospheric mass-fraction required to double a planet’s core
radius, and therefore yields the longest evaporation timescale (Owen and Wu, [2017)). Equating
this relation to tsyy and rearranging, one finds a condition for the location of the radius gap:

M2 X L
;2#312 ~ ntsat%. (3.2.13)
val

I now incorporate all the necessary scaling of these variables with R, S and M, such that one
can find a joint power law of the form of Eq. From its definition in Eq. 17 in [Owen and
Wu| (2017), I write X5 as:

Xy oc T2t M oc 57000 R)O®, (3.2.14)

where I have implemented a mass-radius relationship M. Rf) (Valencia et al., [2006|) for bare
cores. I take the photoevaporation efficiency 1 to scale with escape velocity, as in Eq.

and hence:
no RS, (3.2.15)

Combining these relations with the scaling of Lxuv/Lpol and tsae with stellar mass (Eq.
and respectively), one finds that:

Ruyal o 8012 ), 7017, (3.2.16)
Finally, one finds « and f3:
o= (218 Ral) 4o
dlogS /)y,
. (3.2.17)
B: (810nga1> ~ 017
Olog M, ) ¢

Putting these values into the prediction for the slope of the radius gap in the M,-R,, plane from
Eq. [3:2.6] one finds a predicted value of:

d log Rval

~ 0.2 2.1
QgL ~ 02 (3.2.18)

where I have assumed a stellar luminosity relation (L./Le) o< (My/Mg)¢ with ¢ = 4.5 consistent
with the CKS data set (Petigura et al.|[2017; Gupta and Schlichting [2020, see Section |3.2.1)).
Additionally, and as shown in (Owen and Wu, 2017), the value of the slope in the P-R, plane

from Eq. [3.2.18]is predicted to be:

~ —0.16, (3.2.19)

Note that the assumptions made in this photoevaporation model, particularly the scaling of tgt
and Lxuyv/Lpo with stellar mass, as well as the efficiency scaling were chosen to yield the most
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conservative estimate of 8. This is because I wish to create a scenario in which differentiating
between the two models is as challenging as reasonably possible. Changing these scalings to
produce a more extreme value of 5 may falsely suggest that the models differ more substantially.
As the evolution of high energy stellar luminosity still remains uncertain, I choose to adopt values
that produce a prediction of 8 that is conservative, whilst still physically justifiable. I discuss
these assumptions in Section

Core-Powered Mass-Loss Predictions

To determine a joint power-law of the form Eq. [3.:2.T]and hence derive a and 3 for core-powered
mass-loss, I appeal to the argument previously presented by |Gupta and Schlichting (2019) in
which the slope of the radius valley in the planet distribution is set by the condition when
the cooling timescale equals the mass-loss timescale, t¢oo1 = t. (Gupta and Schlichting, 2019)
showed that because ty has an exponential dependence whereas f.,o doesn’t, this equality
can be approximated to GM./ cher = constant. If one then substitutes for ¢s and uses the
mass-radius relation M. o Rf) (Valencia et al., [2006) and approximates Ry, ~ R, ~ 2R., this
relation reduces to R3T-! ~ constant. Changing variables from equilibrium temperature to

p~eq
incident bolometric flux yields:

Rf’,alTe?ll ~ R3 571/ ~ constant. (3.2.20)
Hence the predictions of a and S for core-powered mass-loss are as follows:

]
_ (Qlog R g
dlogS ) .

6log Rval
= ——— ~ 0.00
b ( 0log M, )S ’

Note that due to lack of a stellar mass term in Eq. [3.2.20] the predicted value of S is zero.
As with photoevaporation in Eq. [3.2.18] one can use these values to predict the slopes of the

radius gap in the M,-R, and P-R, planes from Egs. and yielding:
d log Rval

(3.2.21)

~ 0.32,
dlog M, (3.2.22)
leg Rval ~ —0.11
dlogP ~ 7

which are consistent with the analytical and numerical results of (Gupta and Schlichting, 2020),
with the slope in M,-R, plane arising simply as a by-product of the stellar mass-luminosity
correlation. Comparing these predictions to values of 0.29 and -0.16 for photoevaporation (Egs.
[3.2.18 and [3.2.19)) further demonstrates that performing model comparisons in either of these
2D parameter spaces is extremely challenging.

3.2.4 Synthetic Transit Surveys

Before attempting to measure a and S from the real data, I first seek to determine whether
they can be measured from synthetic surveys created using either the photoevaporation or
core-powered mass-loss models. Evidently, the larger the survey i.e. the more planets that are
observed, the better the constraints on a and § are likely to be. However, unlike with analysis
of the radius gap in 2D (e.g. [Fulton et all 2017; [Van Eylen et al., |2018; Berger et al.l 2020a)),
more planets are needed to analyse the gap in 3D due to geometric scaling of the statistical
problem. Additionally, effects such as the stellar mass distribution, measurement uncertainty
and false positive contamination will also have an effect on the extraction of v and .
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In order to understand all these effects, I produce synthetic transit surveys which model the
completeness and noise of such an observation. By controlling the number of planets that are
observed, I therefore also control the Poisson noise. To do this, I model 100,000 planets and
follow a similar prescription to Chapter 4, in which a high accuracy probability density function
(PDF) for planet occurrence is calculated from each model in S-M,-R,, space using a Kernel
Density Estimation. I create the PDF using the kernel density estimator fastKDFE of |(O’Brien
et al. (2014, 2016) as this is computationally faster than standard techniques such as using a
Gaussian kernel.

I adopt an underlying stellar mass distribution as a Gaussian of mean pys, and standard de-
viation ops,. 1 investigate the effect of changing this distribution in Section The PDF
for planet occurrence is then multiplied by the completeness map for the Kepler survey taken
from (Fulton et al., 2017), but now extended to 3D space to match the domain of the planet
occurrence PDF (see Chapter 4 for details on this calculation). Note that in doing so, I have
assumed completeness is approximately constant as a function of stellar mass in the range
0.5My < M, < 1.5Mg. This multiplication has the effect of biasing the synthetic survey to
preferentially observe planets with large radii and high incident bolometric flux. The new PDF
is therefore a high accuracy representation of planet detection for a Kepler-like transit survey.
The final task is to draw a desired number of planets N, from this 3D PDF and incorporate
measurement uncertainty. These are incorporated by adding a random Gaussian perturbation
to planet parameters with zero mean and standard deviation equal to the associated error. Fi-
nally, I take these synthetically observed planets and measure o and § as laid out in Section
In Section I aim to quantify how measurement uncertainty, false positive contami-
nation and Poisson noise effect results of a and 8. Hence to quantify this, I repeat the above
process 10,000 times to produce joint-posterior distributions for « and § for a given survey
setup.

3.2.5 Gradient Calculation

Determining the position and slopes of a radius gap in real data is an ill-defined statistical
problem. Whereas one typically wishes to find where data trends exist, I now aim to quantify
a trend in the absence of data. Here I present a methodology for isolating and extracting «
and § from data in the 3D space of S-M,-R,. This builds upon work performed as part of
the CKS-Cool collaboration, as discussed in Chapter 1. Instead of a line, the valley is now
characterised as a plane in log-space in the following manner:

0 log Rval 0 log Rval
log Ryl = | ———— log S —=—= ) log M, + log Ry, 2.
0g [tyal ( ologs ), ogS + Dlog M, ) 4 og + log Ro (3.2.23)
where log Ry is the normalisation of the plane and a nuisance parameter in this problem. One
can then use definitions of o and S from Eq. to simplify:

log Rya1 = alog S + Blog M, + log Ry. (3.2.24)

As one would expect the radius valley to be flat in log-space, I expect a and 3 to be constants
and can therefore extract them to quantify the slope for a given set of planets. The methodology
for this fitting is as follows: I first use a population of observed planets (such as those produced
from the synthetic surveys in Section to calculate a PDF for planet detection in S-M,-R,,
space. As with Section I create the PDF using fastKDE of (O’Brien et al. (2014} 2016)).
I label this PDF as A(S, M,, Rp). I then take slices at constant stellar mass M, ; through this
PDF and locate the radius gap in the S-R, plane for each 2D slice. To do this, I define the
radius gap at slice 7 as:

log Rya = @ (log S — 2) + log Rp71007i (3.2.25)
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Figure 3.4: The underlying planet distributions for photoevaporation (left) and core-powered mass-loss
(right) in the M.- R, plane at constant incident flur S = 50Sg. By holding incident flux constant,
the radius gap slope is representative of 3. Here contours show relative occurrence. Dashed lines show
theoretical predictions of 8 from Sections [3.2.3 and [3.2.3, whilst solid lines show values of 3 measured
using method described in Section [3.2.5 These two lines are offset because the theoretical radius gap
defines the size of the largest super-Earths and hence is at lower radii than gap measured by the proposed
algorithm. Individual super-Earths are plotted for each model in black i.e. those with no atmosphere
present after 3 Gyrs of evolution, in the incident flux range 45 Sq < S < 55 Sg. Core-powered mass-loss
models are provided by A. Gupta (private communication, see|Rogers et al| (2021)) for details).

where log R, 100, is the intercept at S = 100Sg. I extract parameters «; and log Ry, 100, for
each slice by evaluating the line integral Z through A(S, My, Rp,):

7- / (S, M., Ry) dS. (3.2.26)
C

where C is the path defined by the line in Eq. The exact parameters are determined
by minimising Z using scipy.optimize, which provide «; and log Ry, 100,; for each slice. The final
value of « is calculated as the mean «; for all slices, whilst the value for 3 is determined by
fitting a straight line through the values of log R}, 100,; as a function of stellar mass M, ;. The
slope of this line provides a value for 8. In the event that this method misidentifies the radius
gap for a given slice, the value of o; or log R, 100,; Will be an outlier compared to those of other
slices in the same PDF'. I employ a simple outlier detection scheme to remove these erroneous
values, by removing any «; or log R, 100, that lies 20 away from the mean value, where o is
the standard deviation of {a;} or {log Ry 100,i}. I choose N = 15, with slices logarithmically
spaced between 1 — oy, and 1+ oy, where oy, is the standard deviation of the stellar mass
distribution. It was determined that extracted values of o and 8 converged with N 2> 10, which
is reflected in the choice of V.

Although in this work I apply this method to the 3D space of S-M,-R,, it can be used to
locate the radius gap in any chosen parameter space. To demonstrate its effectiveness and
also its limitations, Figure shows the gradients calculated in the 2D M,-R, plane at a
constant incident flux for photoevaporation and core-powered mass-loss models. Note that by
holding incident flux constant the radius gap slope is representative of 3, not that of Eq.
and those shown in Figure Solid lines show the slopes extracted by minimising the PDF
integral through the M,-R,, plane, whilst dashed lines represent the theoretical predictions of 3
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for the respective models. This highlights a limitation of the methodology, which is particularly
visible for the photoevaporation data. Note that whilst the predicted and measured slopes
are equal for core-powered mass-loss data, they differ for photoevaporation, with the measured
value being shallower than theoretically predicted. This issue arises because the numerical
method for determining the slope locates the line that bisects the two populations of super-
Earths and sub-Neptunes, whilst the theoretical predictions are determined by finding the size
of the largest super-Earths. This subtle distinction implies that the one expects the extracted
value of 8 to be shallowelﬂ than the theoretical prediction of § = —0.17. The implications
of this effect are discussed in Section I emphasise that in this work I present a possible
method for extracting the values of @ and B from an observed population of exoplanets that
successfully works on real data, albeit in a biased fashion. Therefore, while the theoretical ideas
underpinning the observational test are independent of the method used, the accuracy and
precision to which these values can be extracted from the same data-set is method dependent.
Since my best method is biased, I encourage further work to develop a precise and unbiased
method.

3.3 Results

The goal of this work is to determine the qualities of a hypothetical transit survey suitable for
determining which model best describes the exoplanet data. Therefore, I wish to ascertain ap-
proximate values for the required number of detected planets < 4Rg, measurement uncertainty
threshold, false positive contamination level and also the host stellar mass distribution for such
a survey. To begin, I reproduce a CKS (Fulton and Petigura, 2018; Petigura et al., [2022) or
GKS (Berger et al., [2020a) style survey which both benefit from stellar radii constraints from
Gaia (Gaia Collaboration et al. [2018). As a result, I model the typical measurement uncer-
tainties of 5% for planet radius, 5% for stellar mass and 8% for incident bolometric flux. I
perform surveys with a host stellar mass distribution approximated as a Gaussian function with
mean gy, = 1.0Mg and varying standard deviation oy, = {0.1,0.2,0.3,0.4} M. Initially I
also assume that there are no false positives in the survey. Recall that the two parameters of
interest are o = (0log Rya1/0log S)p, and f = (0log Rya/0log My)s. As [ is the parameter
expected to differ the most between the two models and quantifies how the radius gap behaves
as a function of stellar mass, it follows that the wider the stellar mass distribution, the better
the constraint. Recall that for a survey of size N, planets, I quantify the uncertainty in these
parameters by redrawing IV, planets and extracting o and 8 10,000 times. This is performed
twice: once for planets modelled using the photoevaporation scheme and again for planets
modelled using the core-powered mass-loss scheme.

Figure shows a summary of posteriors of a and (8 for varying size of survey and host
stellar mass distribution width. Red contours represent the 1o and 20 bounds for synthetic
surveys with photoevaporated planets, whilst blue contours show the same for planets that
have undergone core-powered mass-loss. Black crosses represent the theoretical values expected
from the each model, given by Eq. for photoevaporation and Eq. for core-powered
mass-loss. As expected, the size of the posteriors reduces as the size of the survey increases (i.e.
moving right in the figure). This can be understood because the increase in detected planets
results in the Poisson noise having less of an effect on the planet distribution. Additionally,
as the width of the stellar mass distribution is increased (i.e. moving down in the figure), the
contours move closer to the theoretical predictions of o and 8. Again, this is expected, as
a wider distribution provides more information on how the radius gap changes as function of

3Note that if the line of smallest sub-Neptunes is parallel to the line of largest super-Earths then the measured
value will be approximately equal to that which is theoretically predicted. This is the case for & and ( in the
core-powered mass-loss model but only « for photoevaporation.
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Figure 3.5: Posterior distributions are shown of key radius gap parameters a and 3 for synthetic transit
surveys with planets modelled through photoevaporation evolution in red and core-powered mass-loss evo-
lution in blue. Contours represent the 1o and 20 levels, with expected values from theoretical predictions
shown as a 4+’ for core-powered mass-loss and a ‘X’ for photoevaporation. One can see that o and (8
are better constrained for larger surveys (moving from left to right) and wider stellar mass distribution
widths (moving from top to bottom). Note that the posteriors are not always consistent with theoretical
predictions due to limitations in the gradient extraction method (see Sections and .
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Figure 3.6: The overall limitations of extracting radius gap parameters « and 8 for synthetic transit
surveys are demonstrated with the overlap integral between posteriors of Figure[3.5] as function of survey
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and prevent separation of models. Essentially this is a measure of the probability that one would fail to
distinguish between the models in a given experiment. Different coloured lines show the overlap integral
for varying widths in stellar mass distribution.
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stellar mass. Note how the posteriors for photoevaporation are consistently finding a shallower
value for 8 than theoretically predicted, as discussed in Section due to the inherent bias
in extracting these slopes; see Section for further discussion.

To quantify the effectiveness of the proposed statistical method of extracting o and 5, I deter-
mine the overlap integral of the posteriors shown in Figure The overlap integral assesses
the “precision” of the method i.e. how well can photoevaporation be distinguished from core-
powered mass-loss. This is shown in Figure [3.6] as a function of survey size and stellar mass
distribution width. It can be seen that the overlap decreases with increasing size of survey as
well as increasing stellar mass distribution width, confirming the general trends seen in Figure
Additionally, the overlap integral estimates the significance level at which the two posteri-
ors can be distinguished. As an example, for the survey with stellar mass width o7, = 0.3Mg),
one can differentiate between the two models 90% of the time with a survey of 2 5000 planets.

3.3.1 Measurement Uncertainty

An important question is at what threshold of measurement uncertainty can a and g8 be suffi-
ciently extracted from a given survey. In order to do this, I take a baseline survey with a stellar
mass distribution of a Gaussian function, centred at 1M with a standard deviation of 0.3Mg
and then vary the fractional measurement uncertainty to see how this effects the analysis. I con-
sider three scenarios: the first in which percentage errors for each of the quantities (S, M., Ry)
are (4%,2%,2%), a second scenario with (8%, 5%, 5%) and finally a third with (12%, 8%, 8%).
Note that uncertainties in incident flux S from transit surveys are typically larger as this quan-
tity is determined via stellar modelling which is used to calculate the bolometric luminosity and
hence incident flux.

Figure demonstrates the effect of changing the measurement uncertainties of a survey by
considering the overlap integral. In green, it shows that reducing percentage uncertainties to
(4%,2%,2%) can dramatically improve the distinction between photoevaporation and core-
powered mass-loss models by up to ~ 50%. Increasing the uncertainties on the other hand, to
(12%, 8%, 8%), has the opposite effect with a larger overlap between the two posteriors shown
in red. The result can be understood because measurement uncertainty can stochastically shift
planets into the radius gap and thus mask the underlying values of o and 5.

3.3.2 False Positives

Similar to measurement uncertainty, the presence of false positives in a sample can place data
points into the radius gap, and thus reduce a survey’s purity. To investigate this effect, I
model false positive contamination as data points randomly drawn within S € [107!,10%]Sg,
M, € [0.5,1.5]M and R, € [1.0,4.0]Rg. For a given survey of size Ny, I remove a fraction
of these planets and replace them with false positives. I show the results for a 5% and 10%
contamination in dashed and dot-dashed lines respectively in Figure [3.7] Interestingly, the
injection of false positives has little, to no effect on the the ability to extract o and 5 and thus
on the distinction between photoevaporation and core-powered mass-loss. One can understand
this as follows: whereas measurement uncertainty effects every data point in the survey and
crucially those near the radius gap, false positives are injected randomly across the whole
domain, meaning a large number of false positives will be placed far from the gap. Thus, up to
at least a 10% contamination level, any false positives found in the gap will not prevent v and
B from being extracted accurately.
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Figure 3.7: Same as Figure whereas here the overlap integral is calculated for varying survey quality
as a function of survey size. Here, o; refers to the percentage errors in each of three measurements
required for this statistical analysis (S, M., R,), whilst FP represents the percentage of false positives
present in the survey. The baseline survey (black solid line) has a stellar mass distribution standard
deviation of 0.3Mg (same as green line in Figure @) Dashed and dot-dashed lines represent the baseline
survey with a 5% and 10% false positive contamination. Red and green lines represent the baseline survey
with measurement uncertainties of (4%,2%,2%) and (12%,8%,8%) respectively.
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3.3.3 Changing the Stellar Mass Distribution

So far in this study, I have restricted the stellar mass distribution to be centred at 1My, as this
is typical of the CKS or GKS datasets (Fulton et al., [2017; Berger et al., [2020a; Petigura et al.,
2022)). Further improvements can be made in our ability to distinguish between the two models
if the stellar mass distribution shifts to lower masses. To understand this, one must take a closer
look at the radius gap. As seen in models of photoevaporation and core-powered mass-loss in
Figure the radius gap extends to high incident flux, whereupon it opens into a large sparsity
of planets referred to as the “Neptune-desert”. When « and f are being extracted from the
3D data (as in Section , this wedge-shaped feature frequently causes the extracted value
of B to be diminished. However, as incident flux is strongly correlated with stellar mass, if one
moves to lower mass stars, the Neptune-desert becomes less prevalent in the data. As a result,
the algorithm can determine 8 more accurately.

To demonstrate this, Figure|3.8|shows the overlap integrals of a selection of the baseline surveys
in Figure [3.6] compared with surveys in which the stellar mass distribution is shifted to a Gaus-
sian function centred at 0.75Mg. One clearly sees that shifting the distributions to lower stellar
masses reduces the overlap integral and thus improves ability to distinguish photoevaporation
from core-powered mass-loss. For a survey with stellar mass distribution centred at 0.75Mg
and width 0.2Mg, photoevaporation can be distinguished from core-powered mass-loss with a
survey of 2 3000 planets 90% of the time. I also include a survey centred at 1.0M with a large
width of 0.4M¢ to show that one can achieve the same, if not a better, result if one surveys a
narrow mass range of stars but biased to lower masses.

3.3.4 Changing Model Parameters
Photoevaporation

As discussed in Section the predicted value of 8 can be altered if one assumes different
model parameters for the high-energy stellar evolution in the photoevaporation model. As a
result, I intentionally designed the model such that the predicted value of 8 was as small in
magnitude (and therefore closest to the value predicted by core-powered mass-loss) as possible,
whilst still being physically justified. This results in shifting the posterior of photoevaporation
closer to that of core-powered mass-loss, and hence systematically increases the overlap integral.
By presenting a conservative model for photoevaporation, I make the task of performing this
statistical analysis more challenging, but can state more securely that if this were done on real
data, any definitive result cannot be negated by large changes in the models of photoevaporation.

With that in mind however, if photoevaporation is the driving mechanism of atmospheric mass-
loss, it may in reality result in a larger magnitude of 8. To demonstrate the effect this would
have, Figure [3.9] shows the overlap integral calculated for two surveys: one in which the pho-
toevaporation model is the conservative one presented in Section with 8 = —0.17, whilst
the other is a more extreme model, where 8 = —0.23 is the new predicted value. To do this, I
change the stellar mass scalings of X-ray to bolometric luminosity Lxuv /Lol to be:

—1.0
Lxuy M. for ¢ <t
Lxuv < Lol )sat <M®> =t

Lb ) - —1.0 —1—agp
o Lxuv M, t
< Lol ) t <M®> <tsat) for 12 fuac
sa’

Note that before (as in Eq. , the index on stellar mass was —0.5 as opposed to —1.0 in
this case. As is clear in Figure the overlap decreases assuming this form of photoevapora-
tion is taking place, meaning that distinguishing between it and core-powered mass-loss could
potentially occur for a smaller survey.

(3.3.1)
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Figure 3.8: Same as Figures and whereas here the overlap integral is calculated for different
stellar mass distribution means pys, and standard deviations oy, . Dashed lines represent surveys where
the stellar mass distribution is centred at lower masses, which has the effect of reducing the overlap
integral for the same distribution width. A survey with a distribution centred at 1.0Mg and large width
of 0.4Mg, is shown in blue for comparison.
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Figure 3.9: Same as Figures and whereas here the overlap integral is calculated under
different assumptions for the photoevaporation model. Both surveys have a stellar mass distribution

centred at 1.0Mg and width of 0.3Mg. The conservative model (i.e. as presented in Section 18
shown in the solid black line, whereas a more extreme model with a larger magnitude of predicted [ is

shown in the dashed line.
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Figure 8.10: Posteriors for a and B are shown in green for CKS (data-release 1), which has 921 planets
(Fulton et all, [2017; [Fulton and Petigurd, [2018) (left), GKS survey with 3760 planets (Berger et al),
2020a) (centre) and CKS-Cool (CKS data-release 2) (Petigura et al., |2022) (right), with contours rep-
resenting lo and 20 confidence levels. Red and blue contours represent synthetic surveys using the
photoevaporation model and core-powered mass-loss model respectively. The synthetic surveys match the
number of detected planets and assume a stellar mass distribution centred at 1 Mg, with widths of 0.15Mq,
0.2Mg and 0.3Mg for CKS, GKS and CKS-Cool respectively. Note that I assume measurement uncer-
tainties in incident fluz, stellar mass and planet size as (8%,5%,5%) and adopt the completeness map
from the CKS survey.

Core-Powered Mass-Loss

Unlike photoevaporation, the predicted values of a and S for core-powered mass-loss are more
certain. One possible avenue to consider however, is the metallicity trend of host stars (Gupta
land Schlichting, 2020). Let us suppose that host star metallicities and masses are positively
correlated: Z, o M? where a > 0 is some constant. In addition, following (Gupta and Schlicht-|
, one can assume that the metallicities of primordial planet atmospheres follow that of
their host stars such that [Fe/H] ~ [Z,/Z], which is not unreasonable because metal-rich stars
are expected to have metal-rich discs. It then follows that more massive stars will host planets
with metal enhanced atmospheres. Furthermore, assuming that metal-rich atmospheres have
higher opacities (k) such that x o Z,, implies that more massive or metal-rich stars are likely
to host planets with higher opacity atmospheres. Consequently, more massive stars are likely
to host planets that are inflated in sizes for their age because of their longer cooling timescales.

For planets hosting significant H/He atmospheres i.e. sub-Neptunes, this will result in a positive
slope in their size as a function of stellar mass. Recall however, that o and g are defined as slopes
in the maximum size of stripped cores i.e. super-Earths, as a function of S and M,. Therefore,
a slope in the sizes of sub-Neptunes will not effect either parameter. This is true in practise as
well, I find that the extracted values of o and 3 are consistent and independent of metallicity
trends. Figure [3.4) demonstrates that the gradient extraction method, when applied to core-
powered mass-loss, follows the trends in the sizes of super-Earths. If one were to incorporate
metallicity trends, the sub-Neptune slope would change but this would only negligibly effect
the slope of super-Earths and hence the extracted values of o« and S. Note that since both
models incorporate atmospheric cooling, this conclusion also likely holds for photoevaporation
but is less certain due to the critical role of metals in the absorbing of high-energy radiation and
in regulating cooling when in the escaping layers of the atmosphere (Owen and Murray-Clay,

2018).
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3.3.5 Results for Existing Surveys

To test the methodology, I perform the analysis on three surveys which both derive from Kepler
data. The first data-release of the CKS dataset (Petigura et al., 2017} |[Fulton et al. [2017; Fulton
and Petigura, [2018) is a sample of 921 planets with high purity (i.e. low levels of false positive
contamination with further cuts on effective temperature, impact parameter and removal of
giant stars, see |[Fulton et al.| (2017) for details). I model it’s stellar mass distribution as a
Gaussian function centred at 1My and width of 0.15M¢ (see Chapter 4). The GKS survey
on the other hand (Berger et al.. 2020a) has a sample of 3760 planets but includes planet
candidates which are (as of yet) not confirmed, even after the appropriate cuts. As a result, the
level of false positive contamination may be significantly larger than that of CKS. This survey
has a slightly broader stellar mass distribution, which I model as being Gaussian with centre
of 1My and width of 0.2Mg. Finally, I perform tha analyis on the second data-release of the
CKS dataset, hereafter CKS-Cool, which extends the original sample to planets around smaller
mass stars (Petigura et al., 2022). This sample has a very high purity level due to stringent
cuts and as such contains 970 planets. The stellar mass distribution is modelled with centre of
1M and width of 0.3Mg,. I construct synthetic transit survey with photoevaporation and core-
powered mass-loss models assuming the same number of planets as the individual surveys and
the appropriate stellar mass distributions. Note that, as shown in Section false positive
contamination has little effect on determining o and S, hence I do not include them in the
synthetic surveys. In addition, all surveys benefit from Gaia stellar mass constraints and thus
I model the measurement uncertainty in incident flux, stellar mass and planet size as {8%, 5%,
5%} for both synthetic surveys. One caveat is that the completeness map from the CKS data
is used for all synthetic surveys. However, as the data-sets derive from the same underlying
planet population and were observed using the same telescope, this is a fair approximation to
make.

Figure shows the posteriors for the CKS (left), GKS (centre) and CKS-Cool (right) data-
sets alongside the appropriate synthetic surveys. As expected, the posterior for GKS is signif-
icantly smaller than CKS, owing to its larger survey size and wider stellar mass distribution.
Despite CKS-Cool’s small survey size however, its posterior is similar in size to GKS, in part
due to it’s very wide stellar mass range and higher purity. Extending this latter style of survey
to larger numbers is the ideal goal for the future, as discussed in Section I measure
o= 0.13+8:83 and 8 = —O.21J_r8:§g for the CKS data, o = 0.1OJ_F8:8§ and 8 = —0.03f8:%g for the

GKS data and @ = 0.097053 and 8 = —0.017) ¢ with all uncertainties quoted as 20. All surveys
are consistent with each other, and also consistent with synthetic surveys for photoevaporation
and core-powered mass-loss. As a result, one can not conclude the data favours one model over

the other at this stage.

3.4 Discussion

In this work I have analysed the radius gap in 3D parameter space of incident flux, stellar mass
and planet size. I have shown that it is suitable for model comparisons, particularly because
B = (0log Rya1/0log M,)s is predicted to be significantly different between the two models.
Comparing this to model comparisons made in the M,-R, plane, in which the slope of the
radius valley is fraught with degeneracies of «, 5 as well as any scaling between core mass and
stellar mass, it follows that the adopted 3D method far outperforms the 2D equivalent.

3.4.1 The Perfect Survey

From the results presented, the hypothetical perfect survey to understand which of photoevap-
oration or core-powered mass-loss is the driving mechanism in exoplanet evolution would have
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the following traits:

e Biased towards host stellar masses < 1.0M,, but with a typical spread of > 0.2M,.

e Emphasis on reducing measurement uncertainty, with typical percentage errors < 8% for
incident flux, < 5% for stellar mass and < 5% for planet radius.

e A false positive contamination of < 10%.

In this scenario, core-powered mass-loss may be distinguished from a conservative model of
photoevaporation 90% of the time with a survey of 2 3000 planets. However, given that the
majority of currently observed planets are centred around ~ 1.0My, a more realistic survey
which includes these may be able to achieve this goal with = 5000 planets.

For future surveys, I propose the following process. Determine a and ( in a similar manner to
that of Section and repeat by re-sampling planet measurements within the associated error
range. The priority is that the adopted method must be robust i.e. it consistently extracts o and
B for any resample of the data and the values appear to be correct by-eye. Then, a hypothesis
test should be performed, with the null hypothesis being that 8 = 0.0 (i.e. consistent with core-
powered mass-loss). This can then be rejected in favour of the alternative hypothesis 8 < 0.0
(i.e. favouring photoevaporation) if the data suggests so, to some significance level. Note that
the posteriors presented in this work from synthetic models will differ from real surveys, since
in this work I am determining the uncertainty in « and g by performing 10,000 individual
surveys to understand the Poisson error. For real data however, uncertainties in o and 3 are
determined by resampling over the individual planet measurements.

3.4.2 The Effect of Survey Completeness

All surveys, including transit surveys, have inherent bias folded into the data. In this case, the
bias arises due to the geometric probability of transit and also pipeline efficiency for a given
exoplanet. As a result, detections are biased to be at short orbital periods (large incident flux)
and large planet radii. Although this is unavoidable, it is worth noting that this does have
an effect on the values of a and 8 that can be extracted from data. Figure shows poste-
riors in colour for photoevaporation and core-powered mass-loss for a survey of 5000 planets,
measurement uncertainty in (S, My, Rp,) of (8%,5%,5%) and a stellar mass distribution of a
Gaussian function centred at 1.0M with a width of 0.3M. Recall that in order for a synthetic
transit survey to be produced, the underlying planet distribution is biased with the CKS com-
pleteness map i.e. all radius gap analysis thus far has been performed in detection space (see
Section . To demonstrate the effect of bias, I also show the posteriors in solid black and
dashed contours for o and 8 extracted from the underlying distributions i.e. no bias and no
measurement uncertainty, labelled as the occurrence. The effect is clearly seen for core-powered
mass-loss: the posterior for the occurrence is centred correctly on the theoretically predicted
value, whereas the posterior for the biased and noisy data is larger and shifted to larger values
of a and smaller values of 5. The increase in posterior size is due to measurement uncertainty
(also demonstrated in Figure , whereas the shift in position arises due to survey bias. As
survey incompleteness is not uniform i.e. it preferentially biases towards larger S and larger
Ry, it introduces biases in the slope of the radius gap. This is similar to photoevaporation (left
panel of Figure in that the posterior of the biased survey is shifted to larger values of «
and smaller values of 5. The difference however, is that the posterior distribution in fact gets
closer to the theoretically predicted values. This is due to an unrelated but inherent limitation
of the gradient extraction method that is further discussed in Section [3.4.3

Despite the introduction of systematic errors and as further argued in Chapter 4, it is important
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Figure 3.11: Posteriors for a and [ are shown for photoevaporation and core-powered mass-loss for a
survey with host stellar mass distribution centred at 1.0Mq with a width of 0.3Mg. Coloured contours
represent the synthetic survey measurements for photoevaporation (red) and core-powered mass-loss (blue)
with observational bias, selection effects and measurement uncertainty incorporated. Black contours
represent the posteriors when a and 3 are extracted from the underlying planet distributions provided by
the models, referred to as the occurrence, with solid lines representing photoevaporation and dashed lines
for core-powered mass-loss. Black markers represent the theoretical predictions for each model.
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to do this analysis in detection space as opposed to performing completeness corrections and
performing analysis in occurrence space. This is because planets detected with low complete-
ness (i.e. low probability of being detected such as those with large orbital periods), are given
large weights and significantly increase the inferred occurrence in that region. Instead, statis-
tical analysis should be done in detection space, whilst predictions from the models should be
calculated by forward modelling planets through a synthetic transit survey so that they can be
compared. Note that this then requires completeness maps to be calculated for a given survey
so that they can be used with the theoretical models.

3.4.3 Limitations of the Statistical Analysis

One of the main drawbacks of this method is its partial ineffectiveness in extracting the correct
value of 8 from the photoevaporation models. This is discussed in Section and can be seen
in Figures and in the left side of Figure [3.11], in which the posterior distributions for
photoevaporation are inconsistent with the theoretical predictions. The cause of this limitation
originates from a subtle difference in the definition of the radius gap between the models and the
data. In the analytic models, the valley slope is defined by locating the size of the largest super-
Earths as a function of either orbital period, incident flux or stellar mass (see Sections and
. The adopted computational method of extracting these slopes however is to find a plane
in the three-dimensional space of incident flux, stellar mass and planet size which intersects
with the fewest number of planets and tends to bisect the two populations of super-Earths and
sub-Neptunes (see Section . Whilst these two definitions are similar, the theoretical value
is consistently steeper for photoevaporation. As a result, the value extracted is shallower in 3
than the predicted values. Overall, this issue stems from the fact that characterising the radius
gap is an ill-posed statistical problem. Note that this also holds true for other methods of radius
gap characterisation, such as gapfit from (Loyd et al.| |[2020). When performing this analysis on
future surveys, other, potentially more sophisticated statistical frameworks may be set up in
order to extract o and §. This new framework should, as done in this work, be implemented
on modelled data as well as surveys such that observational data is not directly compared to
theoretical predictions, but synthetic surveys instead. For now though, this is beyond the scope
of this work.

3.4.4 Independence of Core Mass Scaling

As discussed in Section [3.2.1] analysing the gap in 3D is independent of scalings of core mass
with stellar mass. This is contrary to the M,-R,, plane, in which scalings can alter the slope
of the radius gap (e.g. Wu, |2019) and further increase the degeneracy in its physical origin
(i.e. Figure . Whilst in theory this claim is true when applied to the analytic models,
in practise the applied method of gradient extraction suffers from small systematic shifts in
measured 8 when scalings of core mass to stellar mass are introduced. This originates from
the same issues discussed in Section [3.4.3] in which the theoretically predicted radius gap is
not what is extracted from the survey data. This is therefore further evidence that refining the
statistical method of radius gap detection to be closer to the theoretical definitions will improve
future analysis.

3.4.5 A Route Forward

Eventually, determining which of photoevaporation or core-powered mass-loss determines exo-
planet evolution will become a multi-faceted endeavour. In this Chapter, I have presented a new
avenue to explore, in which the radius gap is extended to 3D space and mass-loss parameters «
and [ are extracted. This method should be combined with other techniques capable of differ-
entiating between the models, such as radius gap evolution (e.g. Berger et all 2020a; Sandoval
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et al., 2020)) and direct observation of atmospheric mass-loss through transit spectroscopy (e.g.
Gupta and Schlichting, 2021)) of Lyman-a (e.g. [Vidal-Madjar et al., |2003; |Ehrenreich et al.,
2015)), Ha (e.g. [Yan and Henning, 2018)), He 1083 nm (e.g. Spake et al.l 2018; |[Ninan et al.,
2020)) or other metal lines (e.g. |Vidal-Madjar et al., [2004).

In addition, further observational work is needed in order to constrain the X-ray evolution of
stars, particularly how X-ray exposure changes with stellar mass (e.g. McDonald et al., 2019),
in addition to the level of intrinsic scatter of X-ray exposure for a given stellar mass (e.g. Tu
et al., [2015)), as discussed in Chapter 6. This has a direct effect on the predicted value of 3 for
photoevaporation, hence further constraints will aid in making model predictions.

Finally, further theoretical work is needed to construct a combined model of photoevaporation
and core-powered mass-loss. A major assumption in this work is that the physics of the two
models are mutually exclusive. However, in reality, it is likely that both mechanisms have a
part to play in exoplanet evolution. Constructing a joint model which encapsulates the physics
of both mechanisms would therefore be of great value and is also discussed in Chapter 6.

Once knowledge is gained as to which mechanism dominates the evolution of close-in exoplanets,
one can exploit the evolutionary process to ‘rewind the clock’ and infer underlying demographic
distributions that are hidden in standard surveys, which is the focus of Chapter 4.

3.5 Conclusions

In this work, I have presented a new method of differentiating between the atmospheric mass-
loss models of EUV /X-ray photoevaporation (e.g. Owen and Wu, 2013, 2017) and core-powered
mass-loss (e.g. Ginzburg et al., 2016} |Gupta and Schlichting), [2019)) using exoplanet demograph-
ics. This involves analysing the radius gap in demographic data in the 3D parameter space
of incident flux S, host stellar mass M, and planet size R,. I define two new parameters,
a = (0log Rya/0log S)pr, and S = (0log Rya/0log M,)s and a statistical method of extract-
ing them from transit data. I have shown that performing model comparisons in this 3D space
is superior to considering the gap in 2D (such as the M,-R,, plane) as it avoids degeneracies of
a, [ as well as scalings of core mass with stellar mass (e.g. 'Wu, 2019; Gupta and Schlichting],
2020)). I have performed synthetic transit surveys for both models of varying size and quality in
order to determine the best route forward to determine which of the two models best describes
the observed exoplanet population. The main conclusions are as follows:

e The predicted values of a are ~ 0.08 and ~ 0.12 for core-powered mass-loss and photoe-
vaporation respectively. The predicted values of 8 are ~ 0.00 and ~ —0.17 respectively.
This difference arises because the energy source for photoevaporation originates from the
high energy flux exposure from the star. At fixed incident bolometric flux, this has been
shown to decrease with host stellar mass (McDonald et al.l 2019; |Johnstone et al., [2021]),
resulting in a negative value of 5. On the other hand, the energy source for the core-
powered mass-loss is a combination of core luminosity and stellar bolometric luminosity,
implying § is predicted to be zero, from its definition.

e I predict that transit surveys with = 5000 planets will have the statistical power necessary
to extract a and S such that one can begin to determine which model best describes the
data. This applies to a transit survey with a stellar mass distribution centred at 1.0M
and standard deviation of 0.3Mg, as well as typical measurement uncertainties of < 8%
for incident flux, < 5% for stellar mass and < 5% for planet radius.

e I find that false positive contamination of up to 10% does not effect the ability to perform
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this analysis on a given transit survey, whereas reducing the measurement uncertainty has
a major positive impact. Additionally, emphasis should be put on increasing the width of
the host stellar mass distribution, as this provides greater statistical power to determine
5. Biasing towards host stellar masses < 1M also reduces the negative impact of the
Neptune-desert on the analysis.

e This analysis was performed on three existing surveys: the CKS data-set (Fulton and
Petigura, 2018)), the GKS data-set (Berger et al., 2020a)) and CKS-Cool data-set (Petigura
et al., 2022)). I find that the extracted values for a and 3 from these surveys are consistent
with each other and also consistent with both photoevaporation and core-powered mass-
loss synthetic surveys.

e Additionally, I show that performing model comparisons in the M,-R,, plane is fraught
with degeneracies between «, 5 and the presence of any stellar mass-core mass scalings.
This motivates the analysis to be performed in 3D S-M,-R,, space, as performed in this
work, in order to break these degeneracies.

e Finally, and as argued in Chapter 4, I further stress that comparisons between data
and models should be performed in detection space as opposed to completeness-corrected
occurrence space, which can bias results due to planets in low-completeness regions being
given large weights.

Looking forward to new surveys, the introduction of data from missions such as K2 (e.g. Howell
et al., 2014; |Zink et al. 2020) and TESS (e.g. Ricker et al., [2015) are encouraging for this
avenue of model comparison. In addition, future survey missions such as PLATO (Rauer et al.,
2014)) will provide observations of thousands of additional exoplanets. In light of these results,
I would encourage future demographic missions to put emphasis on sampling a broad range
of host stellar masses and utilising high accuracy planetary radii and age determination (e.g.
asteroseismology) for planets near or inside the radius gap. For now however, the fundamental
question still remains: what caused close-in exoplanets to lose their atmospheres? To answer
this, we will require further work to be done on both observational and theoretical sides of
the field. Besides the demand for larger surveys, further constraints are needed on the X-
ray evolution of young stars, which will aid in the understanding of the photoevaporation
models. Additionally, pursuing other model comparison avenues such as transit spectroscopy
and radius gap time evolution will aid in answering this question. Finally, theoretical work is
needed to further develop both evolutionary models. Both of the adopted formalisms include
a series of theoretical assumptions that require further investigation. In addition it is unclear
how photoevaporation and core-powered mass-loss compete and which, if any, dominates under
varying conditions.
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Chapter 4

Unveiling the Planet Population at
Birth

4.1 Introduction

In this chapter I present a novel physics-based inference formalism that uses atmospheric evo-
lution to infer underlying planet properties of Kepler planets. I show that one can rewind the
clock on planet evolution to place constraints on their initial conditions and how these link to
planet formation models. This method is thus a way of breaking the degeneracies in the mass-
radius plane, as discussed in Chaper 1. Unlike the previous Chapter in which models were used
to make predictions, here I adopt the XUV photoevaporation model and fit it to the observed
data. Note that this inherently assumes that photoevaporation is dominant over its competing
mechanism, namely core-powered mass-loss.

As discussed in Chapter 1, previous works of [Owen and Wu| (2017)) and Wu| (2019) have heuris-
tically made inferences of planet properties, such as core composition, core mass and initial
atmospheric mass fractions required to be consistent with the data. In this work, I construct a
rigorous statistical approach that is able to make meaningful constraints on planet formation.

4.2 Method

This study invokes the photoevaporation process to infer properties of Kepler planets that
are undetectable from standard survey techniques. Specifically, I wish to infer the following
population demographics: core-mass distribution, f(Mcee), initial atmospheric mass fraction
distributio FXIt = Ao /Meore), and core density distribution, f(peore). Whilst directly
computing exact synthetic populations of planets from these distributions is impossible, one
can sample from the distributions and thus synthesise planet populations and compare with
real data. To this end, I forward model an ensemble of planets, each with a separate core
mass, (Mcore), initial atmospheric mass fraction (XMt) and core density (peore) drawn from
the above distributions. By then performing a synthetic transit survey on the evolved planets
and comparing to real Kepler data, I determine how well the population distributions can
reproduce the data. As with Chapter 3, one crucial philosophy I adopt in this work is that any
inference of demographic properties should be done by comparing synthetic measurements with
real observations, as opposed to completeness corrected data compared directly to the models.

As discussed, completeness corrections are performed by assigning a weight to individual planet

T.e. the atmospheric mass fraction distribution at the start of the photoevaporation process, typically after
protoplanetary disc dispersal.
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Figure 4.1: Flowchart to demonstrate the hierarchical inference process. Fach MCMC iteration involves
the construction of planetary distributions from model parameters, from which 5000 planets are evolved
through EUV/X-ray photoevaporation and used to calculate a PDF for planet detection in the orbital

period - radius plane. Finally, a likelihood is calculated between the synthetic data and the CKS data set.
Each of these five-steps are described separately in Sections - @

observations based on their probability of occurring. However, for transit surveys, planets
at large orbital periods and small sizes can be given very large weights, which can skew the
occurrence calculations. In my adopted methodology however, I accurately incorporate the
noise and biases inherent in the data directly into a model and hence have a better handle on
the urﬁerlying property of question. The adopted method is thus akin to Bayesian Hierarchical
Mode

The natural choice for the data set comes from the California Kepler Survey (CKS, |Petigura
et al. 2017; |Johnson et al./2017b) - the sample is large, with well defined cuts and is of high
purity. Additionally, the derived planetary radii are sufficiently accurate to resolve a bimodality
in planet sizes between ~ 1 — 4Rg (Fulton et al., [2017)). T discuss how additional data sets,
particularly RV/TTV mass measurements could be incorporated into the model in Section
One advance over the study of Wu/ (2019), which only used the planetary radius distribution in
their inference method, is that I choose to compare my models with data in the orbital period
- radius plane, which provides far greater leverage on the data. Photoevaporation is after all
a period dependent process. Figure shows a schematic outline of the inference problem,
which is split into five sections; (1) Constructing the distributions, (2) Drawing the planets, (3)
Evolving the planets, (4) Observing the planets and (5) Calculating a likelihood. I will now
follow the order of this outline and describe each of these individual processes in the following
sections.

Constructing the Distributions

In order to forward model exoplanets in this framework, I require distributions for core mass,
initial atmospheric mass fraction and bulk core density. For the latter, I choose to quantify this
by adopting the approach from Owen and Morton| (2016)), whereby core density is interpreted

2 Although it is technically not a Bayesian Hierarchical Model: this is because the model of the underlying
exoplanet population cannot be computed explicitly, and is thus generated by random sampling (as discussed in
the following sections).
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by a single parameter p € [—1, 1], which tracks the linear fraction of ice, rock and iron as used in
mass-radius relationships from [Fortney et al.| (2007). A composition of p < 0 signifies a ice-rock
mixture, with p = —1 implying a 100% ice core, ranging to p = 0 implying a 100% rocky core.
Similarly, p > 0 relates to a rock-iron mixture, with p = 1 resulting in a 100% iron core. In this
parameterisation the Earth has a value of 1/3 implying a 1/3 iron, 2/3 rock mass fraction in the
(Fortney et al.,|2007) mass-radius relations. This parameterisation allows a single parameter to
specify the core density. I emphasise that the actual quantity I am constraining is the bulk core
density, yet I choose to interpret this density in terms of a composition according to a specific
mass-radius relationship. In Section I expand this parameterisation and constrain the full
water /rock/iron distribution of the cores.

Choosing a functional form for these planet properties, namely core mass, initial atmospheric
mass fraction and core density is a challenge as there is insufficient observational or theoretical
information to make an informed choice for any distribution. In Wu/(2019), the functional forms
for core mass and initial atmospheric mass fraction are log-Gaussians, and all planets share the
same mean core composition. In the first part of this work, I aim to perform a similar analysis
to Wu (2019), but comparing with the data in both radius and period, rather than radius alone.

Thus the distributions for M qre and X;‘tlifl are set to be log-Gaussians:

dN (log Mecore — lOg HM)2

———— xexp|— ,

d log Mcore 20']2\4 (4 9 1)
N (log X3 — log jux)?

—————— xexp| — 5 .

dlog Xt 20%

The model parameters for these distributions are thus the means and standard deviations for
each respective function (e.g {uar, oar, tix,0x }). Thus, with regards to the planet distributions,
the model parameters I wish to infer are 8 = {p, par, onr, ix,0x }. 1 label this simulation as
MODEL L.

I then go on to relax the constraint of a specific functional form for core mass and initial at-
mospheric mass fraction to allow these distributions to be completely arbitrary. Despite being
a more challenging inference problem, this choice is necessary as one can now infer new and
unexplored features in the distributions of interest, e.g. are the distributions truly peaked, are
they skewed? To do so, I employ Bernstein polynomials to define non-parametric distributions
for Meore and XMt Similar to other expansions, Bernstein polynomials are capable of ap-
proximating any well-behaved function and are an attractive choice as they have convenient
degree reduction properties that simplify inference problems. They are formed as an n'”* order

expansion of Bernstein basis polynomials:
n
Bn(:C) = Z 51/,71 bu,n(x)7 (4.2.2)
v=0

where 3, are the Bernstein coefficients and the basis functions b, ,(z) are given by:

by (2) = <n> 2 (1 —z)"v. (4.2.3)

v
For a given function f(z) to be approximated, the Bernstein coefficients are calculated by:

v

Bun = f() (4.2.4)

n

hence, combing Eqs. [4.2.2] [4.2.3| |4.2.4|leads to an approximation of f(z) to n*? order:

Bn(f)(z) = i) f(Z) (Z) 2 (1 — z)"v. (4.2.5)
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More information about Bernstein polynomials can be found in Farouki| (2012) or Ning et al.
(2018).

In this relaxed inference problem problem, I use Bernstein polynomials to model the initial
atmospheric mass fraction distribution f(Xjnit) and core mass distribution f(Mcere). For the
latter, the Bernstein coefficients simply control the PDF of log M.y in the chosen domain
between 0.6Mg and 100Mg. The lower limit was chosen such that a pure ice composition
would be at the current detection limit. The upper limit on the other hand was required
to be sufficiently large to avoid boundary issues with the Bernstein polynomials. Whilst the
coefficients for core mass control a PDF, the coefficients for log X% control an inverse CDF.
In other words, I construct a Bernstein polynomial function in the domain [0, 1] and range
[log Xmin,log Xmax].- By drawing a random number x € [0, 1], I can therefore read-off an initial
atmospheric mass fraction according to the desired distribution. By adapting I can

approximate the desired inverse CDF C(x) as:

~ Ymax — Ymin
o) | 5

() ()

where B(0) and B(1) are Eq. evaluated at x = 0,1 for the Bernstein coeflicients 3, =
C(v/n) to be determined in the inference problem. The choice of PDF vs. CDF between f(Xinit)
and f(Mcore) came about due to convergence issues of MCMC chains (see Section with
both distributions controlled by a CDF or both with a PDF. I found that the core mass and
initial atmospheric mass fraction distributions were effectively constrained if they were fit with
a PDF and CDF respectively.

(4.2.6)

Thus, in addition to a mean core composition p, I now include model parameters for the Bern-
stein polynomial coefficients that define the probability density functions for log Mo and
log X1t T assume uniform priors on these coefficients in the domain [0, 1], which thus leads
to a log-uniform prior on the core mass and atmosphere mass fraction distributions. The re-
laxed inference problem thus has the following parameters to fit: Nj; coefficients for the core
mass PDF, Nx coefficients for initial atmospheric mass fraction PDF and one value for the
mean core composition. While their is a strong theoretical prejudice to suspect the initial at-
mospheric mass fraction correlates with core mass (e.g. Ginzburg et al., [2016), I choose not to
implement this coupling here. This correlation will be explored in future work, see Chapter 6.
This simulation is labelled as MODEL I1.

The third and final model is similar to MODEL II in that I use Bernstein polynomials to constrain
the core mass and initial atmospheric mass fraction distribution. However, unlike MODEL 11,
I also attempt to fit the core composition distribution with a Gaussian function. As shown
in Owen and Wu| (2017), the core density of a planet controls the maximum size at which it
can be stripped (at a given core mass and orbital period) and therefore strongly controls the
location of the radius gap. The effect of allowing a range of core densities in a given population
is to ‘smear’ out the radius gap and thus reduce its depth. In order to maintain the observed
sparsity of planets ~ 1.8 Rg in my model, I expect the width of this Gaussian function to be
very narrow (Owen and Wul 2017; Van Eylen et al., 2018); however it is yet to be quantified.
The final simulation, including the Bernstein polynomials for core mass and initial atmospheric
mass fraction, as well as a Gaussian distribution for core composition is labelled as MODEL I11.

Note that, for all three models, I additionally require distributions for orbital period and host
stellar mass. These are determined in separate inference problems, as described in Section
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4.2.1 Evolving the Planets

The evolution of the planets is determined with the analytic model for XUV photoevaporation
from Owen and Wu (2017); |Owen and Campos Estradal (2020) as described in Section
of Chapter 2. As with Chapter 3, I solve the ODE evolution equation with an RK45
adaptive-step numerical integrator with a error tolerance of 1072, which can handle the sharp
changes in X as seen in Figure Note that I assume a planet has been completely stripped
when it’s atmospheric mass fraction falls below 107%, a value at which the planet’s radius is
indistinguishable from the core’s radius in transit observations. In this model, each planet is
evolved for 3 Gyr to match the typical ages of Kepler systems. Recall from Section that
the majority of mass-loss occurs during the first few 100 Myr, so changing the total evolution
time by even Gyrs has little to no effect on the final size distribution of the simulated planets
as seen in Figure [2.5

Like with the Chapter 3, I introduce some changes to the model which are appropriate for this
problem. Firstly, I adopt the mass-loss efficiency from Section i.e. an approximate fit to
mass-loss simulations from (Owen and Jackson| (2012), as used in Owen and Wu (2017); Wu

(2019)1
Vesc o
= [ — 4.2.7
n o <25k Sl> ( )

where ves is the escape velocity of the planet, 7y is the normalisation and «,, is the power-law
index. Whilst the value for 7 is taken to be 0.17; motivated by hydrodynamic simulations (Owen
and Jackson, [2012), I choose to add «,, to the inference parameters in MODEL III. The reason
for not incorporating 7y is due to a strong degeneracy shared with core composition (Owen
and Adams|, 2019), which would require either perfect numerical photoevaporation models, or
planet mass data (either RV or TTV) in order to break. Therefore, as described in (Owen and
Adams, [2019; Mordasini, |2020), my constraints on core-composition are completely dependent
on the accuracy of photoevaporation simulations; as discussed further in Section

With regards to XUV luminosity evolution, I take a simpler approach to Chapter 3, particularly
in the dependence with stellar mass which was crucial for that work. In this model, I take the
Lxyy magnitude and evolution from |Owen and Wul (2017)):

Lot for t < tgat,
Lxyv = —1-ao (4.2.8)
Lsat <t:at> for t Z tsatv

where ag = 0.5, tgat = 100 Myr and the saturation luminosity follows

Leat = 10735 L <Aj\j®> (4.2.9)
which is motivated from both observational and theoretical studies (e.g. |Gudel et al., |1997;
Ribas et al., |2005; |[Wright et al., |2011; Jackson et al., [2012; Tu et al., 2015; McDonald et al.,
2019). This simpler approach is suitable for this inference problem, since the CKS data from
Fulton et al.|(2017)); Fulton and Petigural (2018]) has a narrow range in stellar mass ~ 0.15M¢,
meaning that the effects of stellar mass will be negligible. In future work however, where surveys
with large ranges in stellar mass (e.g. Petigura et al., |2022) are implemented, more accurate
XUV evolution models will be utilised.

4.2.2 Detecting the Planets

Once the planets have been evolved through 3 Gyr of photoevaporation, I perform a synthetic
Kepler transit survey with the intention of then comparing it with real CKS data. As with
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Figure 4.2: The left-hand panel shows an example PDF for synthetic occurrence of exoplanets in the
orbital period - radius plane. This is produced by forward-modelling an ensemble of planets through
photoevaporation, producing the bimodal distribution of super-Earths and sub-Neptunes. The central
panel shows the completeness of the Kepler survey in the same domain. Contours represents the product
of Diransit* Pdet, Which is increased for close-in, large planets and reduced for far-out, small planets. In the
right-hand panel I show the synthetic detection PDF X(P, Ry), which is the product of the the occurrence
and the completeness and represents the planet occurrence weighted by the Kepler survey biases. One
can see that planets with a large orbital period and hence a small Piransic are heavily disfavoured to be
detected.

Chapter 3, I add errors to the simulated photospheric radii of the evolved planets as well as
introduce observational biases that match the real data. To quantify the radii errors of the real
data, I take the typical fractional error of the CKS planets (~ 6%) and add a similar fractional
error to the evolved planet radii by adding a random Gaussian perturbation with zero-mean
and standard deviation of ¢ = 0.06. This has the effect of adding noise to the data - which
shifts some planets into the radius valley, as opposed to a clean valley as seen in asteroseismic
surveys (Van Eylen et all 2018), see Petigural (2020). I choose not to add fractional errors
to the orbital period measurements as these were measured with extreme precision by Kepler,
typically ~ 1076, As a result, the main source of noise in the CKS data set is from the planet
size measurements, as well as sampling uncertainty (Poisson shot noise).

I now introduce the biases associated with the Kepler survey. The most rigorous method
to achieve this would be to directly inject the modelled planets into the Kepler pipeline and
determine whether they would have been detected around the CKS stars. However, this task
is computationally unfeasible for a large hierarchical model such as this. I therefore decide to
take an average approach, following the prescription from [Fulton et al. (2017)), in which forward
models of planets are biased by their associated probability of being detected. As discussed in
Chapter 1, the first contribution to this derives from the geometric probability of transit:

R,
Dtransit = beut 77 (4210)

where beyt, = 0.7 represents the cutoff in transit impact parameter chosen in [Fulton et al.| (2017)
to avoid grazing transits. The second contribution to the completeness is the probability of
detection, resulting from the Kepler pipeline efficiency:

N
1
Pae = 3 Z C(m;) (4.2.11)

where N, = 36,075 is the number of stars in the Stellarl7 catalogue (Mathur et al., [2017) that
pass the Kepler pipeline (Christiansen et al., [2012, 2015, 2016|) as well as CKS filters. The
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fraction of injections C recovered in the Kepler pipeline is a function of injected signal-to-noise
m;. As in [Fulton et al.| (2017)), I choose the pipeline efficiency C(m;) to be a I' cumulative
distribution function of form,

m;—l

0

th=1 et dt, (4.2.12)

Clmask, 0,1) = F(k)/

0

with £ = 17.56, [ = 1.00 and 8 = —0.49. The product of piransit - Pdet is calculated to produce a
mean completeness map for the entire CKS sample (similar to Figure 6 in [Fulton et al., [2017)
that captures the completeness probability of the survey for a given Py, and Ry,. This is shown
in the centre panel of Figure 4.2

In order to introduce the completeness map to the evolved and noisy (i.e. including Ry, errors)
synthetic planet data, I adopt the following process: first I perform a 2D Gaussian Kernel
Density Estimation (KDE) on the synthetic planet population in Pyy-Ry, space. Crucially, the
bandwidth of the KDE generator oxpg = 0.05 is chosen to be less than typical planet radii
uncertainty, as this ensures the behaviour of the function is set by the planet distribution and
not numerical effects from the construction of the KDE (discussed in Section see Figure
. This KDE can be thought to be an approximation to the PDF for planet occurrence. I
then bias this PDF with the Kepler completeness map and normalise to unity, which results
in a PDF for planet detections, which I label A\(P,p,, Rp). In other words, this PDF represents
the probability of detecting a planet at a given orbital period and planet radius, given a set
of model parameters. An example of synthetic occurrence and synthetic detection PDFs are
shown in Figure This PDF is then used as the basis for the likelihood calculation.

4.2.3 Likelihood Calculation

The final step in the inference problem is to compare the real CKS data to the noisy, incomplete
synthetic data. As used in previous works (e.g. Foreman-Mackey et al., [2014; Hsu et al., [2018;
Bryson et al., 2020), I assume that the detection of an exoplanet is an independent process.
The appropriate statistical framework of this inference problem is based on that of an inhomo-
geneous point Poisson process. 1 therefore provide an overview, before discussing how they are
implemented. In a typical homogeneous point Poisson process i.e. random and independent
events, the Poisson rate A is assumed to be constant. As such, the probability of n events
occurring is then:

A"
= e _—

nl’

P(n) (4.2.13)
An inhomogeneous process is one in which A is not constant. In this case, I implement an
inhomogeneous process to describe the detection of a planet at a given orbital period and
planet radius, given a set of model parameters. As such, I calculate the total occurrence factor

A:
A=N,f.- // A(P,Rp) dPdR,, (4.2.14)

where N, = 36,075 is again the number of stars in the filtered Stellarl7 catalogue (Mathur
et al., 2017) and f, is the mean number of planets per star in the Kepler field. T allow f, to
vary as a model parameter in all simulations in the aim of inferring its value. Whilst in my
model, f. is a nuisance parameter, other works have derived this value in far more detail (e.g.
Howard et al. [2012; [Fulton et al. |2017; |Zhu et al.l [2018; Zink et al., [2019; [Hsu et al., 2019)).
The probability of detecting n planets is:

An
= eiA

nl’

P(n) (4.2.15)
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whereas the probability density of observing a planet at (P, Ry ;) is:

)‘(Piv Rp,i)

p(P’i7RP1i> = A

. (4.2.16)

Assuming that all observations are independentEL the probability of detecting an ensemble of
planets at m = {(P1, Rp1), ..., (Pn, Rpn)} is:

Pmp{lMﬁﬁW. (4.2.17)

i

The likelihood of observing this sample is thus:

A" 1+ MPi, Ry,)
L(m) = P(n)- P(n) = e — [[ =22, 4.2.18
() = Pl P = 5 TT 55 (12.18)
In this hierarchical inference model, I wish to sample a posterior with the assumption that the
ensemble of planets 7 is the CKS sample, whilst the detection rate A(P, R},) is calculated using a
forward modelled sample of planets drawn from distributions defined by the model parameters
0. As a result, the final likelihood is:

L(ncks) = P(Ncks) - P(mcks)

_ A ADNcks Ncks A(P;, Ry, (4.2.19)
N Neks! 4 A '

where Ncks is the number of planets in the CKS sample and wckg is the set of values of
(Porb, Rp) for all CKS planets within the chosen domain. Similarly to Fulton et al.| (2017)), I
restrict the orbital period to lie between 1 and 100 days, whilst the planet size at 3 Gyr can vary
between 0.95Rg and 6Rg. The lower bound here is chosen to avoid areas of low-completeness
which are almost devoid of planetsﬂ whilst the upper bound is chosen to avoid modelling large
planets hosting self-gravitating atmospheres which are not accounted for in the evolution model
and may form in a different way (e.g. Owen and Lai, 2018). The likelihood function (Equation
can be interpreted in two parts: the Poisson pre-factor is maximised when the number
of synthetically observed planets from the model matches the number observed in the CKS
data set. Therefore this factor allows us to put realistic uncertainties on the distribution of
interest due to the finite sampling of the exoplanet data. The product factor on the other hand
is maximised when the shape of the modelled planet distribution in Fy,-R;, space matches that
of the CKS planets. One therefore finds a high likelihood when the number of observed planets
and shape of the planet distribution match the CKS data.

In order to sample from the posterior, the log-likelihood (i.e. In L(mwcks)) is fed into a Monte
Carlo Markov chain (MCMC) algorithm, specifically the EMCEE Python implementation (Foreman-
Mackey et al., 2013)) of the affine-invariant ensemble sampler from |Goodman and Weare, (2010).

I run with 150 walkers and a sufficient number of iterations required for chain convergence,
which varies for each of the models.

The end result of this MCMC inference problem are the constrained core mass, initial atmo-
spheric mass fraction and composition distributions. However, as discussed in Section T also
require distributions for the host stellar mass M, and orbital period P, in order to model the

3In this calculation, I am thus assuming single and multiple transiting systems are implicitly drawn from the
same formation model. As a result this ignores the detection bias that occurs in multi systems (Zink et al., 2019).
“More specifically, this lower limit of 0.95Rg is chosen as a compromise between inferring the core mass
distribution to smaller masses whilst still allowing smaller cores to have an icy composition and still be detected.
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atmospheric evolution for populations of planets. Whilst, strictly speaking, these distributions
should be inferred as part of the full hierarchical model, I choose not to include them for a vari-
ety of reasons. Firstly, stellar mass measurements are essentially decoupled as they are directly
measured as part of the CKS program. One can therefore fit this distribution independently
without affecting the other distributions. The orbital period distribution on the other hand
is coupled, albeit weakly, with the other model parameters, meaning it is more important to
include in the full inference problem. However, when this was attempted, the MCMC chain be-
came stuck in local minima, resulting in uninformative posteriors and computationally infeasible
run-times. As this removed the possibility of fitting the period distribution in the full model,
I choose to fit it independently, drawing upon multiple previous works that achieve the same
task (e.g. Fressin et al.l 2013; [Howard et al.l 2012; |[Petigura et al., [2018). The added benefit of
not including the fit of either stellar mass of orbital period distributions is that is it reduces the
number of model parameters and hence simplifies the inference problem. As previously stated,
I choose to infer exoplanet demographic properties by comparing synthetic measurements with
real observations. To this end, I fit the stellar mass and orbital period distribution by forward
modelling the detections of such quantities, given an underlying population. For the orbital
period, motivated by previous works (e.g. [Fressin et al., 2013; Howard et al., 2012; Dressing and
Charbonneau, [2015; [Petigura et al., 2018), I choose the underlying distribution to be a smooth

broken power law:
dN 1

R TR
Once normalised as a PDF, I bias this function with a 1D integral of the completeness map of
the CKS data set (i.e. integrate middle panel of Figure along the R-direction). In this way,
I calculate the probability of detecting a planet for a given orbital period, which I label A(P).
As with the likelihood for the main inference problem (Equation I construct a likelihood
from an inhomogeneous point Poisson process, now in 1D,

L(ncks) = P(Ncks) - P(mcks)
A ANexs ek 3 (py (4.2.21)

= e
Ncks! 4 A
7

(4.2.20)

where,

A=N,f.- / A(P) dP, (4.2.22)

is the total number of planets expected to be detected and mcks is the population of CKS
planets. This likelihood is given to the affine invariant MCMC of |(Goodman and Weare| (2010)
from the EMCEE package (Foreman-Mackey et al., [2013)) with 500 walkers in order to infer Py, k;
and ko from Equation [£.2.20| where I find the power law break at Py = 5.75 days, with k1 = 2.31
and ko = —0.08, as shown in Figure Whilst completeness effects are included in this fitting,
I choose not to add noise to the modelled orbital periods as the fractional error from Kepler is
typically ~ 1076 and hence negligible.

Similar to the orbital period distribution, I fit the stellar mass distribution of Kepler planets
using an inhomogeneous point Poisson process. I do not, however, quantify the selection biases
and instead choose to simply infer the underlying distribution as Gaussian function:

dN — (M, — pa)?

4.2.23
dM, 20%4* ( )

where pys, and oy, are the mean and standard deviation. In order to forward model the stellar
mass errors, 1 take the typical fractional uncertainties from the CKS catalogue (typically ~
4%) and add them to a population of stellar masses drawn from a Gaussian function. I then
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Figure 4.3: Best fit orbital period distribution when fit to the CKS planets, parameterised by a smooth
broken power law (Equation|4.2.20)). Shaded region shows lo uncertainties.
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Figure 4.4: A histogram of CKS host stellar masses is plotted with best fit Gaussian distribution on top.
This has mean py, = 1.04Mg and standard deviation oy, = 0.15Mg. The width of the best-fit line
represents 1o uncertainties.

calculate a PDF from this new distribution of noisy stellar masses A(M,) and, as with Equation
4.2.21] measure a likelihood by taking the value of this PDF for each of the CKS stellar mass
measurements. I provide this likelihood function to EMCEE (Foreman-Mackey et al., [2013)) in
order to infer the mean and standard deviation of the underlying stellar mass distribution from
the CKS catalogue. I find that uy;, = 1.04Mg and oy, = 0.15M, which is shown in Figure
Now, including these fits into the planet evolution models allows one to evolve each planet
with a core mass, initial atmospheric mass fraction, core density, host stellar mass and orbital
period drawn from their respective distributions.

Likelihood Convergence

In order to ensure the planet occurrence PDF A(P, R;,), and hence likelihood is accurate and
converged, I require a suitably large number of planets to be simulated for each iteration of
the MCMC. This is so that the planet radii errors that I add in the synthetic detection process
are integrated over and the PDF for planet occurrence/detections are controlled by the planet
distribution shape, and not subject to sampling noise. On the other hand however, simulating
a large number of planets (albeit semi-analytically) can become a computationally expensive
process. I therefore wish to find a compromise. Figure .5 shows convergence tests for MODEL
II. This is done by calculating the percentage difference of the likelihood from the ‘true’ value
for a range of simulated planets. I approximate the true likelihood by evaluating the likelihood
(Equation with 100,000 planets and thus achieving an extremely high accuracy. The
error in the log-likelihood changes as a power-law with increasing number of planets indicating
convergence. I choose to use 5000 planets as this provides an error of < 0.3% and provides a
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Figure 4.5: Percentage error in log-likelihood is plotted as a function of number of planets simulated for
MODEL II. The stochastic nature of the model introduces noise into error calculations, which is quantified
by repeating each simulation 100 times and determining the standard deviation for each value of simulated
planets. Dotted lines represents the adopted compromise between likelihood accuracy and computational
speed, with a percentage error of 0.3%, achieved by simulating 5000 planets per MCMC iteration.

balance between accuracy and computational efficiency.

4.3 Results

4.3.1 Model I

MODEL [ is designed to test the effect of moving from the work Wu (2019) to the inference
models presented in this work. I choose to adopt the same parametric forms for core mass, initial
atmospheric mass fraction and core composition as in Wu/ (2019)), with my new and improved
inference methodology. 1 place flat priors on all parameters, with the exception of the log-
Gaussian mean-values, which have log-flat priors. Values compared with that of Wul (2019) are
shown in Table [I.I] Note that whilst the adopted methodologies are similar, there are distinct
differences, hence one would expect to see difference in the results. I have therefore included
this comparison to demonstrate how different results are found with different methodologies.
One of the main differences which likely has the largest effect is that the model infers a 2D
planet distribution, as opposed to a 1D radius histogram, which likely widens the constrained
distributions. In addition, I adopt a more accurate completeness model and hence allow a larger
fraction of smaller planets to be detected - which results in a lower mean core mass. Finally,
in Wu (2019)), core masses were scaled with stellar mass (see Chapter 3) which will also act to
narrow constrained distributions (further discussed in Section [3.4). This comparison indicates
that performing this inference in the 2D planet distribution is important.
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Table 4.1: Comparing constrained parameters from MODEL 1 and |Wu (2019), in which core mass and
initial atmospheric mass fraction are restricted to be log-Gaussian. Here, py and oy are mean and
standard deviation for core mass distribution, whilst ux and ox are mean and standard deviation for
ingtial atmospheric mass fraction distribution (Equation . Quoted errors for MODEL I are the Io
percentiles calculated from marginalised posteriors.

Parameter ~ MODEL I |Wu (2019)

pu [Me] 3727055 0T
oM 0.4415:08 0.2910-68
nx 0.040%5515  0.02675:6og
ox 0.5170% 0.297008

4.3.2 Model I1

MODEL II relaxes the condition of a specific functional form for the core masses and initial
atmospheric mass fractions. For both distributions, I use a 5*-order Bernstein polynomial
expansion with model parameters being the 5 polynomial coefficients. As with MODEL I, I also
constrain a single value for core composition, and the mean number of planets per star. The
left hand panel of Figure [1.7 demonstrates a good agreement of model and data by comparing
radius histograms. This is produced by resampling 1000 sets of model parameters from the
MCMC chain and evolving 5000 planets for each sample. By then calculating a PDF for planet
detection (as laid out in Section , one can determine the observed radius distribution and
thus 1o errors across the resampled models. MODEL II can be seen to reproduce the bimodal
distribution with peaks and gap in the correct positions.

The best fit core mass and initial atmospheric mass fraction distributions, produced from their
associated Bernstein polynomial are shown in the middle and right-hand panel of Figure [4.7]
Similar to Wu| (2019), I find a peaked core mass distribution with most planets hosting a
core of a few earth masses. Crucially, one can see this distribution is not symmetric, unlike
a log-Gaussian, with a positive skewness of 0.04 £+ 0.01 and kurtosis of 0.15f8:8?,’. This result
thus confirms the requirement of relaxing assumptions from MODEL I. Similarly, and starkly
different to the latter, the initial atmospheric mass fraction distribution is asymmetric and
strongly peaked at ~ 1072, implying that the majority of Kepler planets were born with a
significant H/He atmosphere of ~ 1% mass, instead of being born with a negligible atmosphere.

The skewness and kurtosis of this distribution are —0.16+8:(1)3 and 1.45“8:% respectively.

In addition to core mass and initial atmospheric mass fraction, I also constrain the mean number
of planets per star to be f, = 0.72 + 0.03 and the core composition to be p = 0.18 + 0.09. This
composition equates to a bulk density for a 1Mg core of ppr, = 4.741'8:;18 g cm ™3, pertaining to

a slightly lower density to that of Earth.

4.3.3 Model 111

MODEL III is the most ambitious of the inference problems. I retain the fitting of core mass
and initial atmospheric mass fraction distributions with 5" order Bernstein polynomials, but
additionally choose to infer the index of photoevaporation efficiency scaling a;, (Equation
assuming a uniform prior, as well as the core composition distribution with a Gaussian function
(also assuming uniform prior on mean and standard deviation). I show the detection PDF
A(P, R) for best fit parameters alongside the real CKS planets in Figure which demonstrates
that the adopted likelihood is effective in capturing the shape of the planet distribution. As
before, the best fit radius distribution for MODEL III is shown in the left hand panel of Figure[4.7]
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Figure 4.6: Synthetic detection PDF is shown in orange contours for best fit parameters from MODEL
I11. CKS planets from [Fulton et al| (2017) are also shown to demonstrate the goodness of fit of model
and data.

Parameter MODEL I MODEL IT MODEL III
Mean Number of Planets per Star (f.) 0.7075:03  0.727508 0.707003
Composition Mean O.27J_r8:8§ 0.18f8:83 0.26:“8:88
Composition Standard Deviation - - < 0.16

Table 4.2: Comparison of constrained parameters from MODELS 1, 11 and 111 for core composition and
mean number of planets per star in the domain of 1 < P < 100 days and 0.95 < R, < 6 Rg. Note
that MODEL 111 is the only model which attempts to fit composition with a Gaussian function and hence
constrains a value for composition distribution standard deviation.
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Figure 4.7: Left hand panel shows radius histogram comparison of CKS data with best fit from MODEL
IT and MODEL III. The shaded line represents 1o errors of 1000 forward-models resampled from the
MCMC chains, whilst grey histogram bins are the CKS data from |Fulton et al| (2017). Middle and right
panels show constrained core mass and initial atmospheric mass fraction distribution for MODEL II and
MODEL 111, both of which are described by 5™-order Bernstein polynomial expansions. Shaded regions
are representative of a 1o confidence interval, calculated from 1000 resamples from the MCMC' chains.
Grey region in core mass distribution represents masses < 1Mg and hence under the current detection
limst.
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Figure 4.8: Marginalised posteriors from MODEL I11. Left-hand panel shows the mean p, for the Gaussian
function used to fit the core composition distribution, with 1o uncertainties quoted. The area p, < 0
represents the region of parameter space corresponding to ice rich cores, whilst j1, > 0 corresponds to iron
rich cores. Middle panel shows posterior for Gaussian composition distribution standard deviation, whilst
right-hand panel shows posterior for photoevaporation mass-loss index from Equation [[.2.7. Note that
due to uniform priors on core composition and mass-loss index, I am only able to place 20 upper-bounds
on quantities of interest.



108 CHAPTER 4. UNVEILING THE PLANET POPULATION AT BIRTH

Similar to MODEL 11, I get excellent agreement of model and data. As well as a mean number
of planets per star of f, = 0.70+0.03, the Bernstein coefficients (and hence distribution shape)
for core mass and initial atmospheric mass fraction are consistent to 1o between MODEL II and
MODEL III. In particular, I find the skewness and kurtosis of the core mass distribution to be
0.04+8:8% and 0.14 £0.02 respectively, and —O.23f8:[1)g and 1.52+8:‘;’g for initial atmospheric mass

fraction, consistent within 1o of those derived in MODEL II.

Figure [£.8] shows marginalised posteriors for three model parameters of interest. The left and
middle panel show constraints I place on the mean and standard deviation of the composition
distribution, under the assumption that it follows a Gaussian function. Consistent with MODEL I
and II, I find a mean composition of p = O.26J_r8:83, which is iron-rich /water-poor and consistent
with that of Earth (which has a value ~ 0.33). As predicted in Section and shown in Table
I also find an extremely narrow standard deviation of the core composition distribution
with 20 upper-limit of o5 < 0.16, which is evidently consistent with zero. This points towards
a singular formation pathway for small, close-in exoplanets, which is discussed in Section
Finally, as shown in the right-hand panel of Figure I place a 20 upper limit on the index
for the photoevaporative mass-loss efficiency scaling a,, < 1.36, which is consistent with the
findings of [Wul (2019)).

4.4 Convergence and full posteriors

Convergence of MCMC chains is notoriously difficult to prove (e.g. Christian and Georgel, 2010).
At best one can demonstrate that there is no evidence that MCMC chains are not converged.
I find justifying convergence based on the integrated auto-correlation time (e.g. Goodman and
Weare, [2010) to be computational infeasible given the size of the inference problem.

Therefore, first I justify convergence by ensuring the auto-correlation tends to zero as a function
of lag. I show the full posteriors and auto-correlation against lag plots in Figures &
for moDEL I, [I.17] & [4.12) for MODEL II, and [£.13] & [£.14] for MODEL III. These Figures indicate
that the posteriors appear well sampled and the auto-correlation against lag tends to zero.

In addition I perform the Gelman-Rubin diagnostic (Gelman and Rubin) 1992) on MODEL III
and find a value of 1.01, which is sufficiently close to unity. This is computed by running two
independent MCMCs with different initial positions for the emcee walkers (Foreman-Mackey
et al., 2013). Furthermore, these two independent chains give the same results for the model
parameters. Thus the tests with the Gelman-Rubin diagnostics and auto-correlation trends
provide confidence that the MCMC chains are converged.

Finally I note that a copy of MODEL III was performed with 8*"-order Bernstein polynomials to

investigate whether higher order approximations to the distributions of interest could capture
more information from the data. I performed similar tests to justify convergence and, upon
inspection, found the there was no benefit of increasing the order of the polynomials. I can
therefore conclude that the results of MODEL III are independent of polynomial order and that
the Bayesian hierarchical model is currently limited by the data.

4.5 Discussion

The analysis provides an illuminating view of the exoplanet population at birth. I have used the
photoevaporation model to undo the billions of years of evolution experienced by the observed
exoplanet population. While photoevaporation has evidently sculpted the exoplanet population
and hidden its initial conditions, they have not been destroyed. In fact I have been able to
leverage the photoevaporation model to uncover the “birth” properties of the close-in, low-mass
exoplanet population. According to my results as shown in Figures [£.7] and the population
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Figure 4.10: Autocorrelation p as a function of lag for MODEL 1. Coloured lines represent the different
model parameters being inferred. One can see convergence (i.e. p ~0) at ~ 103 iterations.



4.5. DISCUSSION 111

f.=0.7279%

¥
J&n =013

Y :I'rh'_ll'”l':

18L = 0131928

0.0 0
0 %

1%

0.14
B, = 007783

m Biy = 0‘84+g 5%

75%6%6°0 76700 Yo% Yo Yo% %% 0 Yo% e “o%% 6 e 0 % %6 s 0 Yo e "D s
BT q CTETTTAE g

0.0.0,05,0.00,05 1 050,05 050,0,05¢0 050,0,00 952,2,05¢ 022605 252,950,

N 7
S '
o0 1
o0 z ]
> g5 = +0.05
% g - 4 185, = 0.043%3
© = 1AMk A e e
Ry ]
>
N ) g 1
& 1
N
N = W { L"s.L
o it N a “i| = PSP B\ gl P il P it = T N
A u VX b< b< 3 WS 3 3 N &
Qb"’g \QQ”\"’Q‘?JQ Q_QDQ\Q’Q@D‘;" NSRS I N NS NI N N N S N SRS RN RN N RN NN NEINSRSINICNNA IS QNO’Q@QV"’Q@ IENENINEN

Figure 4.11: Corner plot for MODEL II. Constrained parameters are the mean number of planets per
star f., core composition p, coefficients By and B, for the 5"-order Bernstein polynomials describ-
ing the initial atmospheric mass fraction distribution and core mass distribution respectively. Quoted
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Figure 4.12: Autocorrelation p as a function of lag for MODEL 11. Coloured lines represent the different
model parameters being inferred. One can see convergence (i.e. p ~0) at ~ 3 x 103 iterations.



4.5. DISCUSSION 113

22:%6%7%0 %%%%  2P%6%%0%%5%6%"0 %P2% 0w oo 0 %%

50 5%

0,000

259,%59592.2:05 92,2257

5 _ +0.04
" Bjy = 0.03%55;

T AL U g
L -
b
N Th A

© & O NV A

7 S oY oY o?

B5EL

000,00

TN

x 3 » 2 VX K * IR
R I R R A RO
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atmospheric mass fraction distribution and core mass distribution respectively. Quoted uncertainties are
representative of 1o from the MCMC chain.
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Figure 4.14: Autocorrelation p as a function of lag for MODEL II1. Coloured lines represent the different
model parameters being inferred. One can see convergence (i.e. p ~0) at ~ 4 x 103 iterations.
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Figure 4.15: Ewvolution of atmospheric mass fractions from MODEL 1II. Initial mass fractions shown
in blue come from the constrained distribution shown in Figure [[.7, whilst final mass fractions have
been evolved through 8 Gyrs of photoevaporation. Error bars come from resampling from MCMC' chain.
The final distribution shows a large spike at X = 10~*, which corresponds to planets which have been
completely stripped of their H/He atmospheres.

of planets typically have cores ~ 4Mg and began with an atmospheric mass fraction of ~ 1%.
The core compositions are decidedly terrestrial, with a ratio of silicates to iron consistent with
Earth’s, and inconsistent with a significant amount of water. I now discuss the implication of
such findings.

4.5.1 Atmospheric Mass Fraction Distribution

The inferred atmospheric mass fraction distribution is strongly peaked at ~ 4%. Unlike the
previous results in Owen and Wu/ (2017)) who only put weak constraints on the initial mass frac-
tion, I am able to constrain a precise distribution. This is due to the fact that photoevaporation
becomes ineffective at longer orbital periods. Hence, the larger observed sub-Neptunes at longer
periods in the CKS sample provide upper limits on the atmospheric mass fraction distribution.
This result is further evidence that fitting the planet population in the period-radius plane (as
opposed to the 1D radius distribution) is crucial in order to reveal more information of the
underlying demographics.

Furthermore, the atmospheric mass fraction distribution points heavily towards the fact that the
majority of Kepler planets were not “born terrestrial” i.e. with negligible atmosphere. Figure
demonstrates the evolution of atmospheric mass fractions according to MODEL III, with
initial and final populations represented in blue and red respectively. As found in [Wolfgang
and Lopez (2015)), the final distribution shows a peak at a few percent, as this corresponds to
the population of sub-Neptunes, i.e. those with large extended H/He atmospheres that double
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their core radius. On the other hand, the large spike of evolved planets with an atmospheric
mass fraction of X = 10~ indicates that these planets have been stripped of their natal H/He
atmosphere. As a result, these bare rocky cores form the large population of super-Earths that
we observe today. In order to quantify this, I estimate the ratio between number of planets that
were born rocky, and number of planets that evolved to become so. By integrating the initial
and final distribution below X = 1073, I find that ~ 4 times as many planets evolved to become
super-Earths as a result of photoevaporation, rather than be born with negligible atmosphere.
Note that these results do indicate that at least some of the super-Earth’s formed without
a significant H/He atmosphere; however it is clearly a sub-dominant mode. One therefore
gains insight into the origin of super-Earths and sub-Neptunes and can state that they both
predominantly evolved from the same initial population. These results are consistent with [Neil
and Rogers| (2020)); Neil et al.| (2022), in which three sub-populations of small, close-in exoplanets
are identified: sub-Neptunes, super-Earths that were photoevaporated and super-Earths that
were born terrestrial. Although each of the sub-populations was identified with a separate
mass function, as opposed to my method which used a common function for all cores, both
inference problems find a best fit to the data arises with when all three populations are present.
Owen and Murray-Clay (2018)) found evidence that the population of born terrestrial planets
was common around lower-mass or lower-metallicity stars and speculated that the transition
between accreting or not accreting a large H/He atmosphere was related to the supply of solids
to the inner disc. It is worth emphasising that core accretion models (e.g. Lee and Chiang;,
2015b) indicated a 1 Mg, core will accrete a 1% H/He atmosphere by mass under typical nebula
conditions. Therefore, while we see these born terrestrial planets with radii and masses above
Earth’s today, they must have been significantly less massive at the time of gas disc dispersal
and continued accretion after disc dispersal, akin to the standard model for terrestrial planet
formation in the Solar System.

4.5.2 Core Mass Distribution

The core mass distribution, shown in Figure indicates a strong peak at ~ 4Mg, additionally
confirming previous works which required a peaked distribution to fit data (e.g.|(Owen and Wu,
2017; Wul 2019). This feature implies that a common core mass and thus formation pathway
is favoured in planetary systems. In addition, the steeper slope beyond ~ 20Mg, indicates that
very few cores are produced beyond this range. This result confirms the predictions that cores
growing to this size will begin to host self-gravitating atmospheres and undergo runaway gas
accretion (Pollack et al., [1996). As these planets grow towards Jovian masses, they reach the
“thermal mass” and may carve gaps in their protoplanetary discs, perhaps slowing accretion.
This idea was put forward by [Wu (2019) as to the origin of the peak, which was strengthened by
the fact they found this peak mass became smaller at lower-stellar mass. This trend is something
that can be investigated within this inference framework, potentially with new surveys with
wider stellar mass distributions such as Petigura et al. (2022). Nevertheless, I do require a
non-zero fraction of cores 2 20 Mg to explain the data. This appears consistent with recent
NGTS and TESS detections that have discovered a number of 30-40 Mg, planets residing in
the desert (West et al.l 2019; Jenkins, 2019; Armstrong et al., |2020). While these planets are
certainly consistent with photoevaporation, how they formed and why they did not accrete a
massive H/He envelope remains a mystery. One recent suggestion from Ali-Dib et al.| (2022) is
that late-time collisions of giant planets could be sufficient to remove the atmospheres of such
planets.

One benefit of the adopted EUV /X-ray photoevaporation evolution model is that it is capable of
providing core mass, final atmospheric mass and photospheric radius for an ensemble of planets.
Thus, one can produce a synthetic mass-radius diagram as shown in the left-hand panel of Figure
4.17, Here I have added 6% fractional errors to planet radii and 20% errors to planet masses.
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Figure 4.16: Comparison of inferred initial atmospheric mass fraction from MODEL III (shown in blue)
with core accretion model from |Lee and Chiang (2015b), adapted in |Jankovic et al| (2019) (Equation
. Red region shows the predicted atmospheric mass accreted, assuming the core mass distribution
found in MODEL 1I1. Grey region represents accreted atmospheric mass fractions calculated by extrapo-
lating the constrained core mass distribution to smaller cores masses (< 0.6Mg ).
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Figure 4.17: Left hand panel shows mass-radius plot for forward modelled planets from MODEL III for
which RV semi-amplitude is > 1ms~'. Whilst I have added 6% fractional errors to planet radii and
20% errors to planet masses, I have not included survey biases similar to those in the main inference
problem. In addition, planet mass PDFs are also provided for super-FEarths and Sub-Neptunes, defined by
R, < 1.8Rg and R, > 1.8Rg respectively with minimum RV semi-amplitude of 1ms~! (solid and dashed
respectively) as well as 30cms™! (dash-dotted and dotted respectively). Black points represent confirmed
planets taken from the NASA Exoplanet Archive, for which mass and radius measurement uncertainty is
< 20%. In addition I do not include biases of surveys, hence this should be interpreted as an underlying
mass-radius distribution.



4.5. DISCUSSION 119

In addition I have limited planets to have an RV semi-amplitude of > Ims~!, which represents
current detection limits. Note however, that I have not included survey biases (as performed
in the inference model) as these are currently not quantifiable for mass measurements. As a
result, the mass-radius plot I provide should be interpreted as an underlying distribution with
added noise. As observed in multiple works (e.g.|Weiss and Marcy|, 2014; Hadden and Lithwick,
2014; Dressing et al., 2015; Jontof-Hutter et al., 2016; |[Dorn et al., |2019), one can see a large
population on a single composition line (i.e. super-Earths with terrestrial cores) and another
population at a larger radius for a similar mass. This latter group corresponds to the sub-
Neptune population, harbouring extended H/He atmospheres that approximately double their
observed radius. As a result, the mass distribution, as observed with RV or TTV surveys, for
super-Earths and sub-Neptunes will be different. This is demonstrated in the left-hand panel of
Figure in which the relative occurrence for super-Earths (R, < 1.8Rg) and sub-Neptunes
(R, < 1.8Rg) is separated and plotted as PDFs, with sub-Neptunes typically occurring at
larger masses. I also plot the same PDFs for a minimum RV semi-amplitude of 30cms™! which
represents the precision of next-generation RV instruments. One sees that by improving this
minimum value allows smaller planets to be detected and thus both distributions extend further
to lower mass. In addition I also take planets from the NASA FEzxoplanet ArchiveE] with mass
and radius measurement uncertainty < 20% and plot them on top of the expected occurrence.
In the right-hand panel of Figure I show the bulk density for the same population of
modelled planets as a function of planet size. A clear bimodality is observed, with super-Earths
centred at ~ 7 g cm ™3, owing to their terrestrial composition, whilst sub-Neptunes lie at a
lower bulk-density ~ 2 g cm™3 as a small increase in H/He atmosphere increases the planet’s
photospheric radius non-linearly.

An interesting question one can pose is, given the inferred core mass distribution, how much
H/He should the cores accrete whilst immersed in a protoplanetary disc? Taking this further,
I can determine if the constrained core mass distribution can predict the constrained initial
atmospheric mass fraction distribution. To do so, I employ a core accretion scaling relation
from Lee and Chiang| (2015b) for a dust-free H/He atmosphere in order to calculate the accreted
mass fraction for a given core massﬂ As used in |Jankovic et al.| (2019)), the scaling relation is
adapted for varying gas surface density (Lee et al., [2018; Fung and Lee, 2018):

0.4 0.4 3.3
t 0.02

X(t) = 0.18 = P

1 Myr Z 2.37
1.6 1.9 0.12 (4.5.1)

Mcore . 1600 K ' fE '

SMg Tich 0.1
where Z is atmospheric metallicity, u is mean molecular weight, T}., is the temperature at
the radiative-convective boundary inside the atmosphere and fy; is the ratio of gas surface
density to that of the minimum mass solar nebula (Hayashi, [1981). Figure shows the
inferred initial atmospheric mass fraction distribution (from MODEL III) in blue, whilst the
accreted mass fraction (according to Equation [4.5.1]) in red. In order to produce a full range
of atmospheric masses, the constrained core mass distribution is extrapolated below the range
used in the inference model - this untrustworthy region of parameter space is shown in grey.

One can see clearly that the atmospheric mass predicted by core accretion is ~ 5 times larger
than the constrained distribution.

This discrepancy has been found in other previous works. As discussed in Chapter 1, in|Jankovic
et al| (2019), magneto-rotational instability (MRI) simulations were performed to reveal that
the masses of cores forming in the inner disc would result in atmospheres that were too large to

% Accessed on 04/04,/2020.
5 Although, as shown by (Jankovic et al.| [2019) choosing this specific model over others makes little difference
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Figure 4.18: Mass fractions of iron and silicate as a function of ice mass fraction for a 4Mg, planet
according to core interior models from |Zeng and Seager| (2008). I fix the core radius to be ~ 1.63Rg in
this calculation as this requires that an ice-free core has a silicate-to-iron composition ratio of ~ 3:1 and
hence aligns with the constrained distributions.

be photoevaporated and thus evolve into the typical size of planet we observe today. Possible
mechanisms to resolve this tension include forming the planets at the very end of the disc life-
time (Ikoma and Hori, 2012; Lee and Chiang, 2016)), or alternatively improving the accuracy
of gas accretion models to include the effects of giant mergers (Liu et al., 2015; Inamdar and
Schlichting), |2016) which would result in potentially significant atmospheric mass-loss and the
production of heat which would take typically kyrs to disperse. The inclusion of 3D simulations
has additionally shown that recycling of high-entropy gas during the accretion phase can act to
reduce the final atmospheric mass of the planet (Ormel et al.| 2015; Fung et al., 2015} |Cimerman
et al., [2017; |Ali-Dib et al., 2020 Chen et al., 2020)).

Finally, a different approach is the hypothesised ‘boil-off” mechanism (Owen and Wu, 2016) in
which, during protoplanetary disc dispersal, low-mass exoplanets may launch a Parker wind
(Parker, [1958]) due to the quick reduction in confining gas pressure. This rapid mass-loss mech-
anism may account for the disagreement between the constrained atmospheric mass fraction
distribution and that provided by core accretion theory. This is the focus of the work presented
in the Chapter 5.

4.5.3 Core Composition

As with all models presented in this work, the inferred mean core composition is found in
a silicate/iron dominated regime. Taking the value from MODEL III, I find a mean value of
p = 0.26f8:8§, which is equal to a bulk core density for a 1Mg core of p = 5.10f8:ig g cm ™3,

Interpreting this composition using the Fortney et al. (2007) mass-radius relations, suggests
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that cores of this nature would have a silicate-to-iron ratio of ~3:1, which is consistent with
that of Earth and confirms findings of previous works (e.g. |Owen and Wu, [2017; 'Wul, [2019).
Additionally, the typical bulk core density of observed planets beneath the gap (and hence host
negligible atmosphere) are consistent with this value (Dressing et al.l 2015; Dorn et al., |2019).
Taking this interpretation of the core composition further, it follows that in order to form cores
dominated by silicate material and absent of ices, it is necessary to build them interior to the
water-ice line (Chatterjee and Tanl [2014; |[Jankovic et al., 2019). A possible restriction in the
adopted methodology is that the core composition analysis has implemented the [Fortney et al.
(2007) mass-radius relationships, which only allow two species to be present in a core at one
time: either an ice-silicate mixture or a silicate-iron mixture. In reality, all three species are
likely to coexist in cores and hence I use the exoplanet interior model from [Zeng and Seager
(2008) to calculate the allowed composition fractions for a planet with the inferred bulk core
density ~ 5g cm™3. Figure shows the iron and silicate mass fractions as a function of
ice mass fraction for a 4Mg planet with a ~ 1.63Rg core radius. This combination ensures
matching bulk core densities with the inferred distributions and also produces a typical mass
and radius for a super-Earth. Omne can see that in order to increase the ice mass fraction
by a small amount, the iron content must increase dramatically. Furthermore, if one wishes to
match ice mass fractions predicted by formation models beyond the water-ice line, the iron mass
fraction must rise to unphysical levels and remove the vast majority of the silicate mass. I thus
conclude that, although the adopted composition interpretation is limited to two species, only
a negligible ice content would be introduced with more sophisticated interior models. Although
this points towards the in-situ formation pathways, additional physics such as the presence of
planetary magnetic fields (Owen and Adams, [2019) can act to suppress atmospheric mass-loss,
leading to a lower inferred core density and hence ice-rich cores. This would, however, result in
an inconsistency between inferred planet masses and those observed with RV or TTV surveys.
Therefore, this result robustly points towards in-situ formation pathways for small, close-in
planets.

4.5.4 Core Composition Spread

In fitting a Gaussian function to core compositions, MODEL III not only provides a mean-value,
but also a width to the core composition distribution. As shown in Figure [4.8] one can only
place a 20 upper limit on this width to be o; < 0.16, which is evidently consistent with zero.
This composition spread corresponds to 20 upper limit in the variation of the density of an
Earth-mass core of < 1.5 g cm™3. It was shown in [Owen and Wu| (2017) that for a decrease in
bulk core density for constant mass, a planetary core expands to a larger radius. As a result,
a larger atmosphere can be stripped and thus the location of the radius gap moves to a larger
value. To produce a clean gap i.e. one with a greater sparsity of planets, such as that found
in Van Eylen et al.| (2018]), the spread in bulk core densities must be very narrow. As this
has now been quantified in MODEL III, it suggests that, despite different host stars and stellar
neighbourhoods, small, close-in exoplanet cores all attain a very similar core density. Whilst
there exist strong degeneracies in core composition, which allow different fractions to equate to
the same bulk core density, it still raises the question of why such fine-tuning of bulk density
would arise in a stochastic core assembly process (Michel et al., 2020)).

It is worth noting that whilst the cleaner gap found in the asteroseismic sample of [Van Eylen
et al.| (2018) is more accurate and therefore desirable (Petigura, [2020), the survey is currently not
large enough to yield meaningful results if included in this forward modelling methodology. In
addition, in order for the model to be computationally efficient, a completeness map is required
in order to calculate synthetic planet detections, which is not available for the [Van Eylen et al.
(2018)) sample.

To check whether the model can produce a clean gap in the absence of radius errors, Figure
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Figure 4.19: As a comparison to the asteroseismic survey of |Van Eylen et al| (2018), here I show 117
forward modelled planets randomly selected from MODEL IlI. Blue crosses are planets where no radii
errors are added, hence I produce a clean gap. Black dots represents the same planets with typical CKS
errors added instead, which can shift some planets into the gap. Hence, despite using a data set with
larger radii uncertainties, I still predict a clean gap in the underling planet distribution.
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Figure 4.20: Planet size distribution as a function of orbital period for best fit MODEL 111 parameters
under the assumption that the inferred period distribution (Equation|.2.2()) extends beyond 100 days.

shows a random draw of 117 planets (the same as the [Van Eylen et al|2018| sample)
forward modelled using MODEL III with and without radius errors included. This shows that
the underlying distribution of planets produces a clean radius gap, and it is the uncertainty in
planetary radii that pushes planets into the valley.

4.5.5 Planet Distribution Beyond 100 day Orbital Period

Whilst current detection limits prevent surveys probing exoplanet distributions at larger orbital
periods, one can postulate as to whether the distribution we observe today extends beyond 100
days. Asshown in Figure extrapolating the period distribution used in this work (Equation
4.2.20) and modelling planets according to MODEL III demonstrates that the sub-Neptune
population would in-fact be far greater in number than that of the super-Earths. This is because
planets at greater orbital separations are less prone to atmospheric mass-loss and therefore retain
a few percent mass atmosphere. If, on the other hand, one were to observe a distribution in
which the relative occurrence of super-Earths and sub-Neptunes remains approximately equal
beyond 100 days, it would suggest that the number of planets that were born terrestrial might
increase with orbital period. Future transit surveys such as PLATO (Rauer et all 2014) may
be able to probe to such orbital distances, which may shed light on this.

4.5.6 Changing the Evolution Model

As discussed in Section all results presented in this Chapter hinge on the EUV/X-ray
photoevaporation model and accurate photoevaporation rates, which forms a strong prior on on

all constrained quantities. As discussed in Chapters 2 and 3, core-powered mass-loss is similarly
capable of reproducing the observed data (Gupta and Schlichting, 2019, 2020)). Whilst both
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Figure 4.21: Planet size distribution as a function of time (or similarly host star age). The bimodality
can be seen to emerge after 100 Myrs, typically when the star begins to spin down and the XUV lumi-
nosity drops off precipitously. When compared to core-powered mass-loss (i.e. Figure 10 in
\Schlichting (2020)) one can see the timescale for radius gap emergence is of order Gyrs.

models have similar dependencies and hence inferred quantities (e.g. core composition), they
differ in some regards, particularly in planet radius evolution. As the majority of the mass-
loss in photoevaporation occurs during the first few 100 Myrs before the host star begins to
spin down, the radius gap is predominantly formed at the end of this stage (see Figure .
Core-powered mass-loss on the other hand invokes the core’s accretion luminosity to provide
the energy source required to induce atmospheric mass-loss. As the time scales for this energy-
transfer are far greater than that of EUV/X-ray photoevaporation, the radius gap takes far
longer to form, typically of order Gyrs. This difference in evolution may lead to different inferred
demographics, especially initial atmospheric mass fraction. I therefore suggest that comparisons
of inferred quantities from both models can act as further tests between the two mechanisms.
As a very basic statistic, I measure the occurrence ratio of super-Earths to sub-Neptunes defined
by number of planets with R, < 1.8Rg and R, > 1.8Rg respectively. I find ratio values of
0.77 £ 0.08 for stellar ages t. < 1 Gyr and 0.95 £+ 0.08 for ¢, > 1 Gyr. This indicates that,
while the majority of planets cross the gap on 100 Myr time-scales, there are a minority that
do so at later times (as can be seen in Figure [£.21]). Works are beginning to constrain the time-
dependence of the exoplanet population (such as Berger et al., 2020aj Fernandes et al. 2022)),
but a single cut at a specific time is particularly sensitive to the underlying age distribution
either side of this cut. However, trying to constrain the evolution of the ratio of super-Earths
to sub-Neptunes as a function of time will provide a constraint on the driving mass-loss model.
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4.5.7 Improving the Model

In general, this work has been a proof of concept that observationally unobtainable demographic
quantities can be inferred from pre-existing data by utilising an evolutionary model. One key
limitation is the amount of data included. As new transit surveys such as TESS (Ricker et al.,
2015)) begin to reveal a myriad of small, close-in exoplanets, the inclusion of the such data
will only increase the constraining power of the model. Despite what I have shown is possible,
the limited CKS sample (~ 900 planets) meant that the non-parametric Bernstein polynomial
approximations of core mass and initial atmospheric mass fraction distributions had to be
limited to 5*"-order. As discussed in Section an 8-order model was also performed which
yielded results that were consistent with the three models presented here. This confirms that the
analysis is currently limited by the data. In addition to more transit data, mass measurements
may be included such as from RV or TTVs, again improving the constraining ability of the
model. I do note however, that the observational biases of any new data must be quantifiable
in order to include it in the inference model.

In the presence of more data, more complex trends can be explored. One such trend that was
probed in [Wu| (2019)) was the dependency of core mass with stellar mass i.e. do larger stars
host larger planets? In future work, I therefore aim to determine whether the peak of the
inferred core mass distribution increases for larger host stars. Furthermore, one might expect
the core mass and initial atmospheric mass fraction distributions to be correlated due to the
fact that larger cores are able to accrete larger atmospheres. Furthermore, more data could be
used to determine dependencies of core mass or initial atmospheric mass fraction distributions
with stellar mass or orbital period, the latter of which might aid in placing constraints on core
formation pathways, atmospheric accretion rates or ‘boil-off’ style mass-loss mechanisms.

A final note is that the success of this inference model is pivotal on the fact that the analytic
model from |Owen and Wul (2017)), as described in Chapter 2, is capable of rapidly calculating
planetary evolution due to photoevaporation. The down-side of this however, is that this is
an approximation of full numerical simulations, such as those from Owen and Jackson| (2012);
Owen and Wu| (2013). As a result, accurately modelling aspects such as mass-loss efficiency,
atmospheric opacity and envelope equation of state is limited. More accurate simulations of
atmospheric mass-loss are considered in Chapter 5. I also demonstrate how machine-learnt em-
ulators may be used to incorporate accurate hydrodynamic models into physics-based inference
in Chapter 6.

4.6 Conclusion

In this Chapter I have used an evolutionary model for EUV /X-ray photoevaporation and the
California Kepler Survey (CKS) data to infer the core mass distribution, the initial atmospheric
mass fraction distribution and the core composition distribution for small close-in exoplanets.
This is achieved by invoking the photoevaporation model to evolve populations of exoplanets
and then synthetically observe them with the observational biases and noise of the Kepler Space
Telescope. By then comparing the modelled detections with the real CKS data, I infer which
underlying planet demographics are required to match the model with the data. My main
conclusions are as follows:

e The core mass distribution is peaked at ~ 4Myg,, with a steep decline of occurrence towards
higher masses. This points towards a singular formation pathway of planetary cores,
preferentially produced at a few earth masses.

e The core composition distribution is centred at a bulk core density for an Earth mass core

of p1 Ma ~ 5.1 gecm™3. This corresponds to 4:1 to 3:1 silicate iron composition ratio,
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which is consistent with Earth and heavily favours forming cores interior to the water
ice-line.

e The core composition distribution has an extremely narrow width, which is consistent
with zero. This suggests a fine tuning of bulk core density, despite difference in host stars
and stellar neighbourhoods.

e The initial atmospheric mass fraction distribution is strongly peaked at ~ 4%. Evolving
this forward in time shows that approximately four times as many planets evolved to
become stripped rocky cores, than those that were born rocky with no extended H/He
atmosphere.

e Core accretion models over-predict the initial atmospheric masses of small exoplanets
when compared to that which photoevaporation can strip. To resolve this tension, more
sophisticated simulations of core accretion are needed. Alternatively, additional mass-loss
mechanisms such as late-stage giant mergers or ‘boil-off’ phases may further reduce the
atmospheric mass and hence bring these models into agreement. This latter scenario is
discussed in Chapter 5.

These conclusions are all dependant on the fact that one assumes the main driver of small,
close-in exoplanet evolution is EUV /X-ray photoevaporation. Changing the adopted evolution
model to alternative theories, such as core-powered mass-loss may result in differing constrained
distributions, which may provide tests between the models.



Chapter 5

Under the Light of a New Star:
Evolution of Planets through Disc
Dispersal and Boil-Off

5.1 Introduction

In this Chapter I discuss the atmospheric evolution of small, close-in exoplanets that are im-
mersed in a protoplanetary disc. As the disc disperses, the young and inflated planet is irradiated
by its star for the first time and rapid mass-loss can ensue, which is referred to as the ‘boil-off’
phase (Owen and Wu, [2016). This event has large implications for a planet’s future evolution
and as such it is an important process to understand. As discussed in the previous Chapter, it
may also provide a solution to the discrepancy between core-nucleated gas accretion and XUV
photoevaporation. This tension arises since core accretion models over-predict the amount of
atmospheric mass that XUV photoevaporation strip in order to be consistent with the exoplanet
population observed today. The boil-off phase is a mass-loss process that occurs in between gas
accretion and XUV photoevaporation and hence may be able to bring these two mechanisms
into alignment. To understand this, I first provide a brief overview of protoplanetary discs and
planet formation, before discussing boil-off and its implications.

5.1.1 Protoplanetary Discs

Planets form as a natural consequence of stellar evolution. A gravitationally collapsing molec-
ular cloud will have a finite angular momentum about some axis. As it continues to collapse
and forms a central protostar, this angular momentum is conserved such that the material in
the cloud spins up into a circumstellar disc perpendicular to the rotation axis (also known as
a protoplanetary disc). To prevent rotational break-up of the star, magnetic braking removes
angular momentum via a stellar wind (e.g. |Bouvier et al., 2007; [Li et al. 2014)). Although
the collapse of the system is halted due the balance of centrifugal and gravitational forces, the
combination of gas (primarily molecular hydrogen/helium) and dust (silicates, ices etc.) slowly
accretes onto the central star via angular momentum transport. In forming a disc and not
spherically accreting onto the star, the dust is provided extra time to locally collapse inside
the disc to form planets and eventually accrete atmospheres via core accretion. Observations
suggest that after a few million years the gas in the disc disperses or is completely accreted onto
the star (e.g. [Haisch et al., 2001; Hernandez et al., 2007; Mamajek, 2009; Richert et al., 2018),
leaving behind one or more orbiting planets. As a result of this time line, understanding the
nature of protoplanetary discs is of great importance to understanding planet formation.
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Accretion discs are a family of astrophysical structures, of which the protoplanetary disc is
a member, that are ubiquitous in our Universe; from planetary rings to quasars and even
galactic discs. As discussed, they naturally form from material collapsing with a finite angular
momentum around a deep gravitational well. Following from [Pringle| (1981)); |Ogilvie (2005);
Armitage (2015), for a non-self-gravitating disc around a star Mg;sc < My, the potential felt by
a test particle in cylindrical coordinates (r, ¢, z) is:

o = —%. (5.1.1)

(r2 4 22)1/2

The orbits for this potential are hence Keplerian, with azimuthal velocity vk and angular
frequency Qx:

VK = GM*, (5.1.2)
T
G M,

The main principle of an accretion disc is that energy is released by moving angular momentum
outwards and mass inwards. Although the majority of the mass moves radially inwards, the
angular momentum is in-fact transported to large radii via a small amount of mass. Put another
way, there must be a dissipative mechanism which allows mass to be transported inwards,
allowing it to eventually accrete onto the star. To investigate this, consider the simple case of
vertical hydrostatic equilibrium for a steady-state, inviscid disc of density p:

1dP  d®

PR (5.1.4)

where P is the gas pressure. For a thin disc i.e. 2z < r, one can show that d®/dz ~ Q2z.
Examining Eq. in this new regime, one finds that

1P | P
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where H is the scale-height of the disc and ¢ is the isothermal sound speed. The dimensions
of dynamical viscosity p are identical to that of P/, hence we can state that

p
—al 1.
p=ag, (5.1.6)

where « is the dimensionless viscosity parameter as introduced by |[Shakura and Sunyaev| (1973)
in a way to bypass the need for any physical explanation for the source for this viscosity, which
is still an ongoing mystery today (e.g. Turner et al., [2014). The kinematic viscosity v for the

disc is thus: )

M Cs
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We may now define two important timescales for disc evolution. The dynamic timescale is the
time in which bodies orbit the central star
t ! (5.1.8)
dyn Q’ A

whilst the viscous timescale is the time in which material accretes radially onto the star and
therefore represents an estimate of the disc lifetime

2 4 (H —2
bvise ~ — ~ @ ! <> tdyn- (5.1.9)

r



5.1. INTRODUCTION 129

For a thin disc H/r < 1 with a < 1, we find that
75dyn K tvise, (5110)

which is indicative of the fact that the lifetime of the disc is far greater than the length of a
single orbit. Finally, one can examine the azimuthal velocity of gas in the disc to show that it
travels sub-Keplerian, meaning vy < vkg. Consider the radial force balance in a smooth disc:

2
v 1dP
Y L X 5.1.11
r p dT’ + K’ ( e )
where terms on the right-hand side represent gas pressure and gravity. On dimensional grounds,
dP/dr ~ —P/r (pressure is a decreasing function with radius) and since P ~ ¢2p we may rewrite
this as: )
v 2
¢ 2 Cs
— = Q5r — —. 5.1.12
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Using equation [5.1.5] we finally arrive at

v3 = vk <1 - O<7)2> (5.1.13)

which confirms that the gas in the disc orbits the central star at a sub-Keplerian velocity. The
origin of this behaviour is due the gas pressure which acts to oppose the gravitational force.

Now consider the dust in the disc - it has sufficient inertia (when compared to the gas) to not feel
a noticeable acceleration due to gas pressure and thus orbits at a higher azimuthal velocity than
the gas. As a result, the dust experiences a gas headwind and thus loses angular momentum
and slowly spirals in towards the star (Weidenschilling} [1977)). The behaviour is referred to as
radial drift and has been observationally confirmed on multiple occasions (Panié¢ et al., |2009;
Andrews et al., 2012 [Isella et al., |2012; Powell et al., [2017). The net movement of dust is
of crucial importance when considering planet formation, as it is the dust that gravitationally
collapses to form planetesimals and eventually planetary cores.

Finally, it is convenient to define the gas surface density X, for the disc:

+oo
Ye(r) = / p(r)dz, (5.1.14)

—00

where p is the gas density. The surface density arises when solving for vertical hydrostatic
equilibrium for a vertically isothermal disc from Eq. (see Ogilvie, 2005) and is related to
the mid-plane density pmiq as follows:

oy Sel) _ B) [COL,
Pmid — T?TH — Cs 277'(13,

where in the last step I have used relations for the vertical scale height H from Eq. and
Keplerian angular frequency Qg from Note that the surface density can also refer to the
dust density ¥4, as opposed to gas. If one assumes that a planet orbits in the mid-plane of a
disc, this relation allows one to determine the local density/pressure a planet is subject to in
the presence of a protoplanetary disc.

(5.1.15)

5.1.2 Atmospheric Accretion

If a planetary core becomes sufficiently large before the disc disperses, surrounding gas is drawn
in to form an atmosphere. Specifically, one requires the Bondi radius of the planet to extend
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beyond the core radius (e.g. |Ginzburg et al.l 2016; |[Massol et al., [2016)), since accreted material
is only thermally bound to the planet within the Bondi sphere (Pollack et al.l [1996). Early
works also suggested that once a planet’s mass is dominated by its atmosphere, it becomes self-
gravitating and triggers a runaway accretion process (Perri and Cameron), |1974; Mizunol |1980).
One can understand the rate of accretion by examining the thermodynamics of the system.
Consider a parcel of fluid in-falling onto the planet - as it approaches the planet it releases
binding energy, which in turn heats the system and causes a finite expansion of the surrounding
gas. To accrete more gas, the atmosphere must cool and contract before any gas can fit inside
the Bondi radius. As a result, a planet can only accrete as quick as its atmosphere can cool. The
relevant timescale for cooling and therefore accretion is thus the Kelvin-Helmholtz timescale of

Eq. 2.6.12

Since gas accretion can only occur if the planet can cool, this raises the question of what controls
cooling? The internal luminosity of a small mass planet arises due to change in gravitational
binding energy, as discussed in Chapter 2. The associated temperatures are thus very small,
typically ~ 50K (Lopez and Fortneyl, 2014)) meaning that this source does not prevent cooling.
However, during solid core accretion, an additional source of luminosity L,.. is present that
arises due to in-falling solid material releasing binding energy. This luminosity keeps the atmo-
sphere heated and slows/prevents gas accretion. If this is the case, how then do planets build
atmospheres?

A key fact for planets in the inner disc is that core formation via either pebble or planetesimal
accretion occurs on very short timescales (Hansen and Murray, [2012; (Chiang and Laughlin,
2013; |Jankovic et al., 2019). Following a simple argument from |Lee et al.[ (2014), if one assumes
the disc produces a planetary core within an annulus at orbital separation of a, then the local
dust surface density must be ¥q ~ M./ a®. As such, the coagulation timescale teoag, 1.€. the
time taken to build the planet is:

2 3.5 2
1.6R
teong ~ <;C> Q! ~ 10% yr (0.1aAU> ( Rc@) . (5.1.16)

This timescale is much shorter than the disc lifetime t4is., meaning planet formation in the
inner disc happens rapidly. The main implication of this statement is that any luminosity
produced as a result of solid core accretion i.e. binding energy released, Lacc, will quickly shut
off once the planet forms. As such, once a planet has been built, one may assume Ly, = 0
and gas accretion may ensue until the disc disperses, or the local gas reservoir is depleted.
Indeed, if accretion luminosity was thermodynamically important for the entire disc lifetime,
then planetary cores would subsequently grow to be much larger and inconsistent with the
observed masses of super-Earths (Lee and Chiang), [2015a). Note however that t..e increases
strongly with orbital separation, implying that L,.. # 0 for a considerable portion of the disc
lifetime in the outer disc. As such, when modelling planet formation at large orbital separations,
one should assume that both solid and gas accretion may occur at the same time.

5.1.3 Disc Dispersal

Disc dispersal is the process by which gas in a protoplanetary disc is removed. It can either
accrete onto the central star or be blown off via high-energy irradiation of the gas. This latter
process is similar to that of atmospheric photoevaporation, such as that covered in previous
chapters, but now relates to removal of material from the disc. As discussed, a disc evolves on
the viscous timescale ty;s. (see Equation which is typically of order 106 yrs. Through pop-
ulation studies, it was observed that roughly two populations existed in colour-colour diagrams,
such as that shown for Taurus in Figure from Luhman et al.| (2010). In this Figure, the ratio
in infrared emission for protostars is measured for K — [24] and K — [8]. Stars that host a pro-
toplanetary disc are expected to emit an excess in infrared due to the dust. Once this disperses
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Figure 5.1: Colour-colour diagram for protostars in Taurus, with typical ages of ~ 1Myr, for different
spectral types. Dashed lines represent the boundary between primordial and dispersing discs. Figure taken

from |Luhman et al| (2010).

however, one would expect this excess to subside and the spectral energy distribution to be
consistent with simply the photosphere of the star. Indeed, the values of K — [24] and K — [§]
in Figure [5.1] are normalised to the expected values for a Rayleigh-Jeans stellar photosphere of
a given spectral type. One can see that there are two populations of young stars: those that
host discs (upper right) and those that don’t (bottom left). Since we observe very few stars in
the intermediate regime, one can make a timescale argument to suggest that disc dispersal must
occur very rapidly. Multiple works have shown that the dispersal timescale, 7qisp, is typically
an order of magnitude quicker than the disc lifetime 7qis, ~ 10* — 10%yrs (Kenyon and Hart-
mann, |1995} |Ercolano et al. [2011; Luhman et al., 2010; |Koepferl et al., [2013). This spawned
the family of “two-timescale” dispersion models, of which the “photoevaporative switch” model
successfully describes how the disc disperses on a much shorter timescale than its lifetime (e.g.
Clarke et al., 2001)).

This mechanism relies on the trade-off between gas accretion onto the central star, and gas being
driven away vertically via photoevaporative winds generated by the high-energy flux from the
star. As disc mass and therefore accretion rate drop towards the end of the disc lifetime, there
will come a point where gas has a larger probability of being blown away than accreted. As a
result, a gap is opened at this radius, typically ~ 1AU, which disconnects an inner and outer
disc - causing the two to evolve separately. Noting that as the viscous timescale (Equation
scales linearly with radiusE]7 it is apparent that the inner disc evolves on a much shorter
time period. This is understood by recalling that, in order for accretion to occur, angular
momentum must be transported to the edge of the disc with a small amount of mass. Before
the gap opened, angular momentum had to be transported hundreds of AU away from the
star in order for accretion to occur. Now, however, the inner and outer discs are disconnected,
and angular momentum need only be transported to the inner disc edge in order for gas to be
accreted onto the star. As a result, the inner disc quickly drains onto the star - the disc is now
referred to as a transition disc due to the hole that has formed where the inner disc used to be.
Finally, the hole provides a clear path for X-rays to reach the outer disc, which is then quickly

'For a constant a, the kinematic viscosity v ~ 7 and hence the viscous timescale tyise ~ ~ scales linearly
with radius.
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Figure 5.2: Schematic demonstrating disc dispersal (not to scale). In step 1, high energy stellar fluz
induces a wind that removes gas from the disc. As a result a gap is opened at ~ 1AU, separating an
inner and outer disc. The inner disc quickly drains onto the central star (step 2) which allows stellar
flux to reach the outer disc (step 3) causing it to evaporate (step 4).
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evaporated. This process is outlined in Figure [5.2

5.1.4 Boil-Off

Disc dispersal has strong implications for the atmospheric evolution of close-in exoplanets. At
the point of disc dispersal tqis, ~ 3 — 10 Myrs, the cooling timescales for a planet will have
an upper limit of txkg ~ tgisp ~ 3 — 10 Myrs since cooling timescales approximately track
a planet’s age (see Chapter 2) and planets can form at any point during the disc’s lifetime.
From observational studies, the disc disperses on timescales Tgisp ~ 10% — 10° yrs (Kenyon and
Hartmann, {1995; |[Ercolano et all 2011 Koepferl et al. 2013)), which suggests that txy may
be greater than 7gisp. If this is the case, a planet cannot thermally respond to any changes in
external pressure, such as the disc dispersing, and will undergo adiabatic expansion on timescales
of Tgisp- Since the stellar irradiation will heat the expanding material, atmospheric escape may
occur via a rapid hydrodynamic outflow. The ensuing mass-loss is referred to as ‘boil-off’ (Owen
and Wu, 2016).

In Ikoma and Hori (2012), gas accretion and mass-loss were self-consistently modelled for rocky
cores surrounded by H/He atmospheres. They modelled disc dispersal as a continuous process,
however assumed that the planet’s atmosphere and surrounding gaseous disc remained in hy-
drostatic equilibrium for the entire process. As a result, they found that planets can lose their
entire atmospheric mass, which is no surprise because the only way to remain in hydrostatic
equilibrium with a vanishing disc is to host a vanishing atmosphere. As discussed however, this
assumption may not be valid since the cooling timescale of the planet can be longer than the
disc dispersal timescale. In |Owen and Wu (2016)), boil-off evolution models were performed
using Modules for Experiments in Stellar Astrophysics, MESA (Paxton et al., 2011} [2013] 2015,
2018]), which is described in-detail in Section Instead of assuming hydrostatic equilibrium
as is the case in lkoma and Hori| (2012), these models assumed the planet undergoes mass-loss
via a hydrodynamic isothermal Parker wind. These models did not, however, self-consistently
model the gas accretion phase prior to disc dispersal or a continuous disc dispersal process.
Instead, planets were modelled from an initial inflated state in which Ry, ~ Rp. This can
be thought of as a young planet that is inflated due to an accretion luminosity Lac.. At the
start of the evolution, this luminosity is switched off L,.. = 0 (as argued in Section and
the outer boundary was exposed to stellar radiation at an equilibrium temperature T, associ-
ated with the planet’s orbital separation. The results of Owen and Wu| (2016) demonstrated
that the planet’s atmosphere will contract, lose mass and cool on a timescale ~ 10° yrs. The
rapid contraction of the atmosphere provides sufficient luminosity to replenish the mass that
has been lost in the upper atmosphere, resulting in continued mass-loss. This shuts off however
once the photospheric radius shrinks to Rp,/Rp ~ 0.1. One can see this from Figure in
which the Mach number, and hence mass-loss rate, of a Parker wind falls to very small values
for Rpn/Rp < 0.1. As a result, even small mass planets in the inner disc did not have their
atmospheres completely removed, as was the case in hydrostatic equilibrium from |[[koma and
Hori| (2012).

It is worth noting that in |Ginzburg et al.| (2018), analytic arguments were made to suggest that
in the presence of a sufficient core luminosity, planets can continue to lose mass after the boil-off
phase since this energy keeps the atmosphere inflated. The bolometric luminosity then removes
the outer layers of the atmosphere in a hydrodynamic outflow. This was in-fact the precursor
to the theoretical prediction of core-powered mass-loss from |Ginzburg et al.| (2018); |Gupta and
Schlichting (2019), as discussed in Chapter 2. I discuss this in Section

Another key finding from Owen and Wu (2016) was that advection of atmospheric material
played a key role in cooling the planet. In the standard picture of an optically thick atmosphere,
as presented in Chapter 2, it is the upper radiative zone that limits the cooling of the planet.
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Although the models of Owen and Wu| (2016]) began with a fully convective atmosphere (an
assumption that is addressed in this chapter), the planets cool and develop upper radiative
layers, which would normally stifle further thermal contraction. In this case however, the
planet is not in hydrostatic equilibrium and advection of material from the upper atmosphere
removes energy, bypassing the standard radiative bottleneck. The internal luminosity, which
had previously been converted into PdV work, drops substantially once mass-loss shuts off.
Combining this with a extreme radial contraction results in a Kelvin-Helmholtz timescale that
is much longer than the age of the planet, typically txy ~ 10® yrs. Thermodynamically speaking,
planets therefore appear older than their actual age after the boil-off phase due to premature
cooling. Note that this explains the relation of Eq. adopted in Chapters 2, 3 and 4. [Owen
(2020) argued that this result could be used to constrain the initial entropy of young planets:
for a given measured mass, radius and age, an inferred smaller entropy (or equivalently larger
cooling timescale) would suggest that planets did or did not go through a boil-off phase.

In this Chapter, I build upon the models of Owen and Wu (2016)). Specifically, I wish to address
two assumptions that were made to simplify their approach. The first was the adoption of an
instantaneous disc dispersal, which was inherently assumed when exposing the highly inflated
atmosphere to irradiation and vacuum boundary condition at the start of the simulation. Whilst
the disc dispersal timescale is much shorter than the disc lifetime, the disc will require a finite
time to reduce it’s gas surface density such that the planet is exposed to a vacuum. A gradual
reduction in confining pressure will make the boil-off process less extreme, since the planet has
more time to thermodynamically respond. This in-turn means that the planet may be able to
remain in a quasi-hydrostatic equilibrium with the disc i.e. an instantaneous pressure balance,
as was assumed in [Tkoma and Hori| (2012), for at least part of the planet’s evolution.

The second assumption in [Owen and Wu| (2016)) that I will address is that the atmospheres
began in a maximally entropic state i.e. heated with an artificial accretion luminosity such
that R, ~ Rp. It is only once this is turned off (at the start of the simulation) that the
combination of thermal cooling and irradiation from the host star forms an upper radiative
zone with a characteristic isothermal temperature profile. In reality however, a planet’s core
will form and then, since any accretion luminosity quickly tends to zero in the inner disc, cooling
will take place leading to atmospheric accretion. This cooling also leads to a radiative upper
zone. As discussed, radiative zones tend to limit cooling (especially in the absence of advection),
and so will also act to reduce the mass-loss. Crucially I intend to self-consistently model the
gas accretion phase whilst immersed in the disc as well as the subsequent boil-off.

The combination of these two assumptions imply that the mass-loss rates in |(Owen and Wu
(2016)) were likely upper limits. The presence of an upper radiative zone and a non-instantaneous
disc dispersal will act to reduce the mass-loss, hence they must be addressed to gain a better
understanding of this evolution period. In this chapter I present new, more sophisticated sim-
ulations of the boil-off phase and discuss their implications for planet evolution.

5.2 Method

Similar to [Owen and Wu (2016), the simulations in this Chapter are performed using MESA
(Paxton et al.l 2011} [2013) 2015, 2018|). To begin, I provide an overview of this code and then
discuss how it is modified for boil-off simulations.

5.2.1 MESA

Modules for Ezxperiments in Stellar Astrophysics, MESA (Paxton et al., |2011, 2013} 2015, 2018])
is an open source one-dimensional fluid code that originates in stellar evolution modelling.
More recently however, it has been used to understand planet evolution (e.g. Owen and Wu,
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2013, 2016; Chen and Rogers|, 2016} [Kubyshkina et al., 2020). The code solves the stellar
structure equations as presented in Chapter 2 by implementing a Henyey style implicit numerical
scheme (Henyey et al., [1965). A solution to the equations at a given time is found with a
Newton-Raphson iterative method, which yields the radius, density, luminosity, temperature
and composition structure of a stellar/planetary envelope as a function of mass. In addition,
one has the option of including hydrodynamic terms into the stellar structure equations, which
allows the study of advection and non-hydrostatic systems. In this sense, MESA is a fully implicit
Lagrangian fluid solver i.e. it follows fluid elements with time, as opposed to an Eulerian solver
which discretises space and tracks fluxes in and out of cells as a function of time. The benefit of
an implicit numerical scheme is that large timesteps can be taken in order to model evolution
on long timescales, which is not the case for an explicit scheme which will become numerically
unstable for a large timestep. For each timestep in MESA, the total mass in the simulation
domain is adjusted in accordance with any mass-loss/accretion. The system then relaxes by
re-solving the stellar structure equations as described above. Timesteps are chosen based on a
number of different criteria, but reflect the ability to make large jumps in time whilst still being
able to converge to a solution is relatively few iterations.

MESA can accommodate studies of material spanning a very wide range in temperatures and
densities. For a small mass exoplanet with H/He dominated atmosphere, it uses the SCVH
equation of state from Saumon et al.| (1995)) and opacity tables from |[Freedman et al.| (2008). If,
however, one considers a system which is not covered by this combination of EOS and opacity
tables, blending options are available to transition to other tables. As such, the thermodynamic
state of the atmosphere is accurately modelled, particularly in finding the temperature gradient
and its implication on the transition between convective and radiative zones. In addition,
mixing-length theory is used to adjust the temperature profile in accordance with convection
as discussed in Chapter 2.

An important limitation of MESA is that it performs radiative transfer using the diffusion ap-
proximation (see Chapter 2), which requires that the atmosphere be locally optically thick in
the entire domain. Specifically, this requires that the photon mean-free path is much shorter
than the pressure scale height for the entire domain. Additionally, the code is only able to solve
the stellar structure equations in sub-sonic flow. This is because the implicit scheme can not
resolve the necessary sound waves with respect to time, in order to accurately model shocks
and super-sonic flow. A Parker wind, being the adopted model for mass-loss, is a transonic
solution which also spans both optically thin and thick regimes i.e. the flow is launched in an
optically thick region but extends beyond the photosphere. This poses a severe challenge to
modelling mass-loss. A solution exists however, if one carefully considers where to place the
outer boundary condition of the MESA model.

5.2.2 Outer Boundary Condition

When modelling boil-off and hydrodynamic escape in general, one must consider supersonic flow.
As discussed, MESA sets two constraints that determine where the simulation outer boundary
can be. Namely, the atmosphere below this point should be locally optically thick and subsonic.
As described in the next Section, I choose to model the mass-loss in this problem via an
isothermal Parker wind beyond this boundary, which adds a third constraint, which is that the
atmosphere above the boundary should be isothermal. To satisfy these constraints, I position the
outer boundary condition at a fixed pressure Py and temperature Ty. The choice in pressure is
arbitrary, although is chosen to ensure the gas is locally optically thick and in the upper radiative
(and therefore isothermal) layer. To ensure that this pressure satisfies these conditions, I show
that the corresponding boundary condition radius Rpc at (Py,Tp) is beneath the Bondi radius
(subsonic), in the radiative layer (isothermal) and that the photon mean-free path is much
shorter than the pressure scale height for the entire domain (locally optically thick) in Figure
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Figure 5.3: In the left-hand panel, a temperature-pressure profile is shown for an atmospheric model with
5Mg, core and atmospheric mass fraction of ~ 10%. The boundary condition is set with Py = 0.1bar and
To = 1000K, as shown in blue. One can see that the temperature in the inner atmosphere is approximately
adiabatic, but flattens out in the outer radiative zone. Beyond this, the atmosphere can be assumed to
isothermal. In addition the location of the Bondi sphere is shown in grey dot-dashed. This implies
that MESA boundary condition is in an isothermal (radiative) and subsonic (interior to Bondi sphere)
region. The right-hand panel shows the photon mean-free path, App, = 1/(kp) (shown in black-solid) is
much shorter than the pressure scale height (black-dashed) for the entire domain, meaning that the entire
MESA domain is locally optically thick.

0.0

The outer boundary temperature, which is in the outer radiative layer of the atmosphere, is
set to a constant equilibrium temperature Tp = Teq, since it is in radiative equilibrium with
the host star/disc (see Eq. . In addition to a fixed temperature and pressure, MESA also
requires the optical depth to out-going radiation at this boundary. This relies on knowing the
density structure above Rpc, which is determined by the mass-loss/accretion. This is discussed
in the next Section.

5.2.3 Accretion and Mass-Loss

In order to model gas accretion and boil-off for a planet immersed in an protoplanetary disc, I
require the ability to model both accretion and mass-loss self-consistently. As discussed, mass-
loss in MESA is treated by adding/removing mass to the domainﬂ and then allowing the system
to relax. If one knows the mass-flux due to accretion/mass-loss then this can be prescribed at
the outer boundary condition at Rpc discussed in the previous Section. The question is, how
to determine the mass-flux?

The distinction between mass-loss and accretion will depend on the physics of the disc. If the
planet is pressure-supported by the disc and the planet can cool, then mass should flow onto
the planet. On the other hand, if the pressure-support is not sufficient, the upper atmosphere
should expand and undergo mass-loss. To quantify this, I model the atmosphere above the
boundary condition with an isothermal layer, also set to Ttq. As such, I can solve the fluid
equations from Section [2.3]in Chapter 2 to determine the fluid flow structure and hence mass-

2In practise this mass-change is spread across a portion of the domain, predominantly in the upper atmosphere.
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flux into/out of the MESA domain. The problem is set up as follows. For a given density, ppc, at
Rpc, which now acts as the inner boundary condition for the isothermal layer, one must solve
the steady-state momentum equation in the case of non-hydrostatic equilibrium:

c2\ ou 1 R

subject to an outer boundary condition which is controlled by the local gas density of the disc,
Pdisc- Strictly speaking, the location of this boundary condition should be min(Rp, Ryy) since
these are the points where gas dynamics are controlled by the disc (and therefore the host
star) and not the planet. Following Rafikov| (2006)); Ginzburg et al.|(2016]), one can show that
Rp < Rgjy for small mass planets close to their star. As such, the density at the outer boundary
for this isothermal layer is set to pgisc at Rg. One can then relate pgisc to the gas surface density
Y, with Eq. which will incorporate the physics of disc dispersal. As shown in Chapter
2, Eq. can be solved with Lambert W functions:

u(r) = esn/—Wi(=D(r)), (5.2.2)

where k is the function-branch and D(r) is:
D(r) =expq —4lnr—4— —Inc +C . (5.2.3)
T

Here, C' = 4In R + 2In terit — (Uerit/cs)? + 4 is a constant and controlled by the fluid velocity,
Ucrit, at the critical point, Rp. If |ucrit| < ¢s then the solution is a subsonic breeze, whereas if
|uerit| = cs, then the solution corresponds to transonic Bondi accretion (Bondi, [1952)) or mass-
loss i.e. the classic Parker wind solution Parker| (1958). In Figure I show example solutions
with varying critical velocity, ucit. Breeze solutions are those that remain subsonic for all radii,
whilst transonic solutions are those that exceed the sound speed beyond/interior to Rp. Note
that for the transonic accretion solution, the velocity increases in magnitude as one approaches
the planet and would eventually become supersonic and shock inside the MESA domain. As
discussed, MESA is not capable of treating a supersonic fluid. However, I find that the accretion
occurs via breeze solutions that are sufficiently subsonic to not be of concern in the accretion
regime.

The difference between requiring a breeze solution or a transonic solution depends on the fluid
pressure at the outer boundary. In |Owen and Wu| (2016)), only the transonic solution was con-
sidered due to the vacuum boundary condition and the inherent assumption of an instantaneous
disc dispersal. In reality, the flow will increase in launch velocity and transition from breeze
solutions to the transonic wind as the disc gradually disperses. The faster this process happens,
the quicker outflow will tend to the transonic solution. In order to model this self-consistently,
consider the density profile pgsg in the case of hydrostatic equilibrium from Eq. if
applied to the isothermal layer beyond the MESA domain:

GM /1 1
= _—-—-— . 2.4
PHSE = PBC €XP { 2 <r RBC> } (5.2.4)

Strictly speaking, this is a solution to the fluid equations if uci = 0. Now, if one manually
decreases the density at the Bondi radius such that p(Rg) < pusg(Rp) (which in this problem
is akin to reducing the gas density of the disc) then wcyi will increase in an attempt to return
to equilibrium. As shown in Figure if exp(—0.5) < p(Rp)/puse(RB) < 1, then the solution
will remain as a subsonic breeze (Lamers and Cassinelli, |1999)). If the density is reduced below
this value however, the flow is no longer pressure-supported and the only viable solution is
transonic wind/accretion.
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Figure 5.4: Velocity profiles for physical solutions to the isothermal fluid equations in mon-hydrostatic
equilibrium are shown with radius. Here, the siz breeze solutions are those that remain subsonic at all
positions i.e. v/c. < 1 for all R/Rp. Positive and negative velocities correspond to mass-loss and
accretion respectively. The two transonic solutions are those that exceed the sound speed above/below the
Bondi radius Rg. In the simulations discussed in this Chapter, planets can accrete/lose mass via any of
these solutions.
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Figure 5.5: In the top panel, the dashed line shows Mach number for the transonic wind solution as a
function of distance, relative to the sonic point (rs = Rp). The solid line shows a critical breeze solution,
for which the Mach number M = 0.99. In the middle panel, the density profile for this critical breeze
solution is shown in solid black, as well as the density profile for the case of hydrostatic equilibrium in
red. One can see that density is reduced for the breeze solution. The bottom panel shows the ratio for
these two quantities, which falls to a value of exp(—0.5) at the Bondi radius. If the ratio drops below this
point, the breeze solution will transition into the transonic solution and is no longer pressure-supported.



140 CHAPTER 5. DISC DISPERSAL AND BOIL-OFF

For this problem, it follows that for a given ratio of ppc/pdisc there exists a solution to the fluid
equations in non-hydrostatic equilibrium with a specific Uit € [—cs, +¢s]. From mass-continuity
at the two boundaries we have that:

RIQSC PBC UBC = R]23 Pdisc Ucrit (525)

Recall that there is only one solution to the isothermal fluid equations for a given wuc.t i.e.
solutions are unique, hence one can calculate ugc for a given ueit. Rearranging:

2
UBC _ Pdisc < Rp )
ucrit  pBC \ BBC

we may now solve this equation to find ugc. Since upc is a function of uct, this equation must
be solved numerically, in this case with Brent’s method (Press et al., [1992)). Finally, the mass-
flux Mp due to Parker-type solutions (including subsonic breezes) at the MESA outer boundary
is:

(5.2.6)

Mp = 4ﬁrﬁBchuBc. (5.2.7)

Naively, one can adopt this value for each timestep of the simulation, however this results in
large, unstable oscillations in planet mass. This is because the value calculated for Mp in Eq.
is an instantaneous mass-loss rate that is only appropriate for a set of boundary conditions
at a given time. Recall however that MESA is an implicit numerical scheme, meaning that it takes
large steps in time. The value of Mp at the beginning of this timestep may therefore be very
different to that at the end, particularly when noting that it is very sensitive to ppc/pdisc. In
fact, this sensitivity means that the value is a dramatic over-estimate, meaning that the planet
loses too much mass and then requires accretion to return to pressure support. This unstable
oscillation continues, resulting in meaningless results. To remedy this, I adapt MESA with the
following implicit mass-loss scheme.

Firstly, MESA takes a step forward in time with M = 0. The state of the system at the end of
this timestep is then used to calculate Mp, which represents the mass-loss that the Parker-type
solutions can provideﬂ Then, MESA goes back and repeats the same timestep with different
values of M until it converges on a value such that the system has returned to quasi-hydrostatic
equilibrium i.e. |(p(RB)/paisc) — 1| < €, where € = 1073 is the numerical tolerance. This mass-
loss rate is labelled as Mysg. Finally, MESA performs the timestep one more time adopting the

following mass-loss rate: . . .
|M| = min{|Mp|, | Musg|}- (5.2.8)

In other words, if the Parker-type solutions can provide enough mass-flux to return to quasi-
hydrostatic equilibrium, then MESA adopts Mygg. If this is not the case, then the system cannot
return to equilibrium and Mp is adopted. Although being more computationally expensive i.e.
multiple evaluations are required for a single timestep, this scheme provides a stable numerical
approach to self-consistent accretion and mass-loss. Note that once the threshold of \Mp| <
\MHSE| is crossed, typically in the latter stages of disc dispersal, then one need not calculate
Mg, which reduces the computationally cost of each timestep.

Now that mass-loss rate is determined for each timestep, the density structure beyond the MESA
domain can be calculated, allowing one to evaluate the optical depth to outgoing radiation as
required in the MESA outer boundary condition (see Section . For each evaluation of the
model at a given timestep, the adopted value of M provides ugc. Therefore, one can calculate
the density profile in the isothermal layer from mass continuity:

RBC>2UBC (5.2.9)
.

u(r)’

3This value is in-fact averaged with that of the previous timestep so as to better estimate how M evolves with
time.

p(r) = ch<
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where u(r) is calculated using Lambert W function for a given upc. The optical depth contri-
bution from this isothermal layer is thus:

Rp
Tiso=/ p(r) K(r)dr, (5.2.10)

Rpc

where I also adopt the dust-free opacities from Freedman et al.| (2008)) evaluated at Teq and p(r).
The contribution to optical depth from the the disc is approximated to be Tqisc = Kdisc2g/2
where Kgise = 1 cm? g1 (e.g. [D’Alessio et al., [2001). Note that this choice in disc opacity has
little effect on the evolution. Finally, the total optical depth to outgoing radiation beyond the
MESA boundary is:

_ - Kdisc2g Re
TBC = Tdisc T Tiso = 5 + p(r) k(r) dr. (5.2.11)
Rpc

In addition to a contribution to optical depth, the isothermal layer also adds a contribution to
the atmospheric mass. Recall that the outer boundary Rpc for the MESA domain is defined at a
fixed temperature and pressure, rendering it meaningless in terms of a physical radius or mass
of the planet. The true mass is calculated as the sum of the mass inside the MESA domain and
the mass in the isothermal layer out to the Bondi radius. The planet radius is approximated
by the photospheric radius, which is determined in the same way as in Section i.e. locating
the pressure such that P = 2¢g/3k, as derived in Chapter 2. Note that whilst the planet is
immersed in the protoplanetary disc, this radius is also physically meaningless since the disc is
also optically thick to out-going radiation.

In all of this argument, I have assumed that the outflow beyond Rpc is isothermal and constant
with time. As argued in Owen and Wul (2016]), this is likely to be (at least approximately) true
since the flow will be heated up to T,q by the stellar heating if exposed, or to the disc mid-plane
temperature if not. I comment on this approximation in Section

5.2.4 Building Planets

Constructing initial models in MESA for young planetary atmospheres is a non-trivial process.
Since the original design of the code is for stellar structure, the routines for building models are
designed for such a purpose. Constructing a low-mass, low-luminosity and yet highly inflated
body with a solid core therefore requires multiple steps, which are outlined below and follows
previous works of |Owen and Wu (2013, [2016]); Chen and Rogers| (2016)); [Kubyshkina et al.
(2020).

1. Initial model: To begin, the create_initial_model routine is used to produce an initial
H/He dominated model of 2My,, and 6Ryyp. I choose a hydrogen mass fraction of 0.74,
helium mass-fraction of 0.24 and metal mass-fraction of 0.02 to reflect typical nebular
conditions. This model is evolved for 102 yrs for model stability and to ensure that mass
can be easily removed in the Step 3 to produce a small mass planet.

2. Add core: Next, the relax_core routine is used to add an inert core of mass M. I
adopt a bulk core density for a 1 Mg, core of 5.0 g cm ™3 to reflect the findings of Chapter 4
and use the mass-radius relationships of Fortney et al. (2007)) to determine the core radius
R.. Note that MESA treats the core as inert and does not model its interior.

3. Choose initial atmospheric mass fraction: To choose an atmospheric mass fraction
X, the relax_mass routine is used to reduce the initial 2Mj,, model to a desired value.
Note however, that this value is arbitrary at this point, since I later allow the system to
come into equilibrium with the disc and then accrete material prior to disc dispersal. It
is the atmospheric mass fraction at this point that is of physical interest to the problem.
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4. Impose outer boundary condition: At this point, I switch from the standard photo-
spheric boundary condition implemented in MESA (see Paxton et al., [2011) to one with a
fixed pressure and temperature as described in Section This is prescribed with the
other_surface_PT routine. At this point I also perform tests to ensure this boundary is
in an optically thick, subsonic and isothermal region (see Figure .

5. Inflate and irradiate: To simulate a young planet, one must now increase the model
entropy from the value determined in Step 1. To do so, I use the other_energy routine
to introduce a core luminosity that acts to inflate the planet. This can be interpreted as
the accretion luminosity, Lacc, that would have been present during core formation (see
Section [5.1.2)). Since the planet will come into equilibrium with the disc in the next step,
I choose this luminosity such that p(Rp) in the isothermal layer beyond the MESA domain
is close to pqisc. In addition, I also irradiate the planet at a temperature of Tiq. To do so,
I follow |Owen and Wul (2016|) and implement the set_irradiation Fi — ¥ routine which
deposits a total irradiation of F /4 through a column density of ¥ = 250 g cm~2 which is
appropriate for an opacity of x =4 x 1072 cm? g~! to the incoming stellar flux, the value
suggested by (Guillot| (2010) for sun-like stars. Note that, in reality, I need not irradiate
the planet at the beginning of the evolution since the disc is optically thick to incoming
stellar irradiation. Instead, the thermal energy from the disc is inherently modelled via
the temperature imposed at the outer boundary. However, note that the majority of
mass-loss occurs once the disc becomes optically thin. Hence, as a simplification of the
model, I assume the planet is irradiated for the entire simulation.

6. Turn on accretion/mass-loss: The model must now come into equilibrium with the
disc via accretion/mass-loss. The routine, as described in Section is implemented
in the extras_check_model since multiple evaluations of the model are required before
continuing to the next timestep. I additionally switch on the hydrodynamic fluid terms
with change_v_flag to allow advection. During this step, p(Rp) in the isothermal layer
beyond the MESA domain is equalised to pgisc, which in turn is determined by the disc

parameters from Eq. [5.1.15

7. Turn off core luminosity and accrete: The final preparation step is to switch off the
core luminosity from Step 5 and to allow gas accretion to commence. This is allowed to
happen for at least one cooling timescale txy before disc dispersal begins such that the
planet ‘forgets’ its initial conditions. The disc begins to disperse at t4isp, at which point
the model can self-consistently switch from accretion to mass-loss.

The resulting model is representative of a young planet that has formed and accreted a H/He
dominated atmosphere whilst immersed in a protoplanetary disc. The planet parameters at
this point are the core mass, M., initial atmospheric mass-fraction, Xjui, cooling timescale
tkH, equilibrium temperature, Ty, semi-major axis, a, and planet age t;,). Note that this latter
variable is in-fact a crude estimate of the actual planet age, but instead represents the point
at which the accretion process begins. In essence then, it is a variable that controls the initial
atmospheric mass-fraction for a planet before dispersal begins. Finally, the disc parameters for
each model are the initial gas surface density, ¥, o, the time at which the disc starts to disperse,
taisp, and the dispersal timescale, 7qisp. The gas surface density is modelled as follows:

) t < ta;
S =4 2" ) disp (5.2.12)
Ye0 eXp{ﬁ(tdisp —t)} t> taisp,

which was chosen so as to approximately follow the disc dispersal models of |Owen et al.| (2010).
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Figure 5.6: Accretion and boil-off evolution are shown for a planet with a 5Mg core at 0.1AU, with
equilibrium temperature of 1000K. The disc disperses at tgisp = 3 X 108 yrs with a dispersal timescale
of Taisp = 10° yrs. The planet is allowed to accrete for the entire disc lifetime i.e. t, = 3 x 10° at
the onset of disc dispersal. The left-hand panel shows the atmospheric mass fraction, whilst right-hand
panel shows the cooling timescale. During disc dispersal, the cooling timescale drops, although is not an
accurate measure of the planet’s entropy at this time since it is not in equilibrium.

5.3 Results

Figure demonstrates the effectiveness of the model, applied to a 5Mg core at 0.1AU, with
an equilibrium temperature of 1000K. The disc disperses at tgisp = 3 ¥ 108 yrs with a dispersal
timescale of 7gisp = 105 yrs. The planet is allowed to accrete for the entire disc lifetime i.e.
tp1 = 3 X 109 at the onset of disc dispersal. One can see that the planet accretes an atmospheric
mass fraction of ~ 20%, before undergoing significant mass-loss as a result of the surrounding
disc accreting onto the host star. The final atmospheric mass-fraction is ~ 2%, which is in good
agreement with the peak in Figure from Chapter 4 i.e. the atmospheric masses inferred
from the XUV photoevaporation model. I comment on this in Section [5.4.3]

As noted by Owen and Wu (2016)); Owen (2020)), the cooling timescale is a useful and intuitive
measure of a planet’s entropy: the longer this timescale, the more the planet has cooled and
therefore implies a lower entropy. Figure|5.6|shows this timescale as a function of time. Overall,
it increases as the planet cools, as one would expect. However, one can see that, during disc
dispersal, this timescale in-fact decreases. Note that during this period, the atmosphere is not
in equilibrium and undergoes dramatic advection, which changes the luminosity structure of the
planet. Since there is an inherent assumption of hydrostatic equilibrium in the calculation of
cooling timescale, its value at this time should not be trusted, since there is no way of calculating
it at this time. To avoid this complication, I choose to interpret the thermodynamic state of
the atmosphere based on the actual entropy at the base of the atmosphere for the remainder of
this Chapter. Nonetheless, after this period, the cooling timescale is ~ 10® yrs within ~ 10° yrs
after disc dispersal, which is in good agreement with |Owen and Wu| (2016), and confirms that
planets will have prematurely cooled during disc-dispersal.
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Figure 5.7: Accretion and boil-off are shown for a planet with core mass of 5Mg core at 0.1AU, with an
equilibrium temperature of 1000K. The disc disperses at tgsp = 3 x 109 yrs, with time prior to this in
left-hand panels, and time since dispersal begins in right-hand panels. Top panels show the atmospheric
mass fraction, with planets forming at 10 yrs, 3 x 10° yrs and 10° yrs prior to disc dispersal shown in
blue, orange and green respectively. Solid and dashed lines are for disc dispersal timescales of 10° yrs
and 10* yrs respectively, with disc gas surface density shown in lower panels.

5.3.1 Formation time vs. disc dispersal timescale

Intuitively, it makes sense that the disc dispersal timescale will control the amount of atmo-
spheric mass that will be lost during disc dispersal. To investigate this, Figure [5.7] shows the
evolution of a 5Mg core at 0.1AU, with an equilibrium temperature of 1000K. The disc dis-
perses at tqisp = 3 X 105 yrs, but with two separate timescales: Tdisp = 104 yrs and 10° yrs. In
addition, the planet is formed at different times: 10 yrs, 3 x 10° yrs and 10° yrs prior to disc
dispersal. As a result, these planets have a range in initial atmospheric mass fractions since
they have had different amount of time to cool and accrete. Figure reveals that, despite
having initial atmospheric mass-fractions of ~ 10%, 15% and 20%, the final atmospheric mass
fraction is determined by the disc dispersal timescale and not by the atmospheric mass prior
to disc dispersal. Planets that undergo dispersal timescales of 7gisp = 10* yrs and 10° yrs are
left with 1% and 2% atmospheric mass fractions respectively. Thus, for a given core mass and
dispersal timescale, planets will all end with approximately the same atmospheric mass fraction.
This in-turn will produce a peaked distribution in atmospheric mass fraction, such as that seen
in Figure from Chapter 4. Note however, that planets undergoing a quicker dispersal also
present themselves with a larger dispersion in atmospheric mass fractions, which I comment on

in Section (.4.3]

The previous result suggests that formation history of the planet may be removed during disc
dispersal, whereas the disc history, specifically its dispersal timescale, may be imprinted upon
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the planet instead. To investigate this claim, Figure [5.§ shows the evolution for Mach number
at the Bondi radius and entropy at the base of the atmosphere i.e. at the core radius, for the
same planets in Figure The Mach number evolution demonstrates how the disc dispersal
timescale controls the boil-off process. Note that bold lines represent the case in which the
planet can maintain quasi-hydrostatic equilibrium with the disc via mass-loss. As the disc
begins to disperse, the outflow presents as low Mach number breeze solutions, with initial values
dependent on dispersal timescale and, to a smaller degree, initial atmospheric mass fraction.
However, as the disc density drops further, the Mach number must increase to maintain pressure
support at a rate that is completely controlled by dispersal timescale i.e. the Mach number
converges to values only dependent on disc dispersal timescales. Eventually, the Mach number
must rise so high that equilibrium cannot be maintained, which is represented by thin lines in
Figure Note that this switch occurs close to, but not exactly, at the point when the the
outflow changes to the transonic solution with unity Mach number at the Bondi radius.

Intuitively, the disc dispersal rate must control the outflow speed since the ratio of planet density
and disc density controls the Mach number and therefore mass-loss rate (see Eq. [5.2.6). If a
planet were to have too much mass removed at a given time, then mass-loss would slow until
the disc disperses to a sufficient level. Mass-loss would then resume at the rate determined by
disc dispersal. This therefore highlights an important result from this work, that the breeze
solutions allow the planet to remain in quasi-hydrostatic equilibrium and also allow the disc
to dictate the final atmospheric mass fraction. In essence this then builds upon the separate
effects from [Tkoma and Hori (2012) and [Owen and Wu| (2016)), which I discuss in Section [5.4.2]

Figure [5.8] also shows the entropy at the base of the atmosphere as a function of time after disc
dispersal begins. Planets with an initially larger atmospheric mass fraction have been accreting,
and therefore cooling for longer, meaning that their initial entropy is lower. However, planets
that are subject to a quicker disc dispersal also cool quicker since the boil-off process requires
advection to remove material upwards, which in turn removes energy from the atmosphere. As
a result, planets undergoing a quicker disc dispersal converge to a smaller value in entropy.
Although being a very small effect, it is also interesting to note that, for a given disc dispersal
timescale, planets with the initially largest entropy (and therefore smallest initial atmospheric
mass fractions) evolve to have the smallest entropy i.e. the ordering of entropy switches before
and after boil-off. This can be understood since planets with the smallest atmospheric masses
will be the most efficient at cooling, meaning that they will end up with a smaller entropy than
those with a larger atmospheric mass. Note the absolute differences in entropy between models
of different disc dispersal timescales and initial atmospheric mass fractions are very small, which
is unsurprising since entropy is a logarithmic variable S = kplog (2, where €2 is the number of
available microstates of the system. Nonetheless, when considering the cooling timescale, which
is a proxy for planet entropy, the final value for all models in Figure is txg ~ 10% yrs after
3 x 10% yrs after disc dispersal, consistent with |(Owen and Wul (2016)).

To further understand how mass-loss ensues in the boil-off regime, Figure shows the mass-
loss rate as a function of planet size, specifically the location of the MESA outer boundary relative
to the Bondi radius. Although this radius is defined at a fixed pressure and temperature, and
does not represent a physical size of the planet (see Sectionfor details), it is a good measure
of how the atmospheric structure and physical size changes with time. This is shown for the
same fiducial models shown in Figures and As also found in (Owen and Wu/ (2016)), one
can see that the mass-loss quickly shuts off once the planet shrinks to ~ 0.1Rp. As discussed,
this is understood since the Mach number at ~ 0.1 Rp for any hydrodynamic outflow solution is
very small, as shown in see Figure One can also see that, as confirmed in Figure[5.8] planets
with a faster disc dispersal undergo a faster mass-loss rate. In addition, while the planet is still
large, planets with an initially larger atmospheric mass fraction experience a larger mass-loss
rate, before converging to a rate determined by the disc dispersal rate. Note that there is a
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Figure 5.8: Accretion and boil-off are shown for a planet with core mass of 5Mg core at 0.1AU, with an
equilibrium temperature of 1000K. The disc disperses at tgisp = 3 X 108 yrs, with time measured since
this point. Upper-left and upper-right panels are the same as upper-right and lower-right from Figure[5.7
The lower-left panels shows the Mach number at the Bondi radius of the outflow as a function of time,
whilst the lower-right shows the entropy at the base of the atmosphere i.e. at the core radius. Planets
forming at 10% yrs, 3 x 10° yrs and 10° yrs prior to disc dispersal are shown in blue, orange and green
respectively. Solid and dashed lines are for disc dispersal timescales of 10° yrs and 10* yrs respectively.
In addition, thick lines show where the atmosphere is able to maintain quasi-hydrostatic equilibrium with
the disc, whereas thin lines show the opposite.
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Figure 5.9: Mass-loss rate is shown as a function of planet size in units of Bondi radius, for a planet
with core mass of 5Mg core at 0.1AU, with an equilibrium temperature of 1000K. Planets forming at
105 yrs, 3 x 10° yrs and 10° yrs prior to disc dispersal are shown in blue, orange and green respectively.
Solid and dashed lines are for disc dispersal timescales of 10° yrs and 10* yrs respectively.

small, yet sudden drop in mass-loss rate at exactly 0.1Rg. Although this has little effect on the
overall evolution, this arises due to a numerical limitation, which is discussed in Section [5.4.4

5.3.2 Orbital separation vs. Core mass

Thermodynamically speaking, planets further out in the disc will be at lower equilibrium tem-
peratures and can therefore cool more efficiently, allowing accretion to occur at a quicker rate.
In the same vain, a boil-off process will be less important further out in the disc since it is
the irradiation from the host star, and therefore also the equilibrium temperature, that actu-
ally removes the material from the planet’s influence. However, both accretion and boil-off are
also strongly controlled by the core mass, since this sets the gravitational potential and thus
the ease with which mass can enter/leave the planet. To investigate this, I perform a small
parameter study for planets with core masses of 3Mg, 5Mg and 10Mg, in two locations in
the disc: 0.1 AU with equilibrium temperature of 1000 K and initial disc gas surface density
of 3 x 10* g cm™2; and 0.3 AU with equilibrium temperature of 500 K and initial disc gas
surface density of 1 x 10* g cm™2. Results are shown in Figure Note that I have chosen
to form the 3Mg, 5Mg and 10Mg core mass planets at 108 yrs, 10° yrs and 10* yrs prior to
disc dispersal respectively, so that the initial atmospheric mass fractions are comparable. In
reality, if all planets were formed at the same time, the planet with the largest core would
accrete a significantly larger atmospheric mass fraction. A clear trend can be seen that planets
in the outer, and therefore cooler, disc accrete an atmospheric mass fraction that is ~ 50% more
massive than their hotter counterpart in the inner disc. Indeed, one can see the 10Mg core
at 0.3AU eventually undergoes runaway accretion before the disc has dispersed significantly, at
which point the simulation is stopped. As summarised in Figure higher mass cores lose
a smaller fraction of their atmospheric mass due to their deep gravitational wells. In addition,
planets at further orbital separations lose a smaller fraction of their atmospheric mass since
they are subject to lower temperatures/irradiation at such distances. For comparison, I also
include results from |Owen and Wu| (2016)). Note that these models were performed at 500 K
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Figure 5.10: In the upper-panel, the evolution of atmospheric mass fraction is shown for planets with
core masses of 3Mg,, 5Mg and 10Mg in blue, orange and green respectively, which are formed at 10° yrs,
10° yrs and 10* yrs prior to disc disc dispersal respectively. Solid lines represent planets at 0.1 AU with
equilibrium temperature of 1000 K and initial disc gas surface density of 3 x 10* g cm™2, whereas dashed
lines represent planets at 0.3 AU with equilibrium temperature of 500 K and initial disc gas surface
density of 1 x 10* g em™2. The disc surface density evolution at these two locations is shown in the
lower-panel.

and 900 K, as opposed to 500 K and 1000 K in this study. Nonetheless, one can see that the new
models confirm the prediction that the mass-loss rates from Owen and Wul (2016) were indeed
upper-limits, due to the assumptions of instantaneous disc dispersal and maximally entropic
initial conditions.

5.4 Discussion

These models highlight the importance of disc dispersal in setting the initial conditions for planet
evolution. They also demonstrate the need for self-consistent modelling: from gas accretion all
the way to irradiation from the host star. I have shown that planets will typically accrete
2 10% in atmospheric mass before disc dispersal begins, although this exact value depends
on core mass, orbital separation and the time at which the planet formed. This is consistent
with previous works on gas accretion (e.g. Ikoma and Hori, [2012; Lee et al., 2014; [Lee and
|Chiang, 2015a; \Ginzburg et al.,[2016). In addition, the time at which the planet forms also sets
the initial entropy (and therefore cooling timescale) of the planet. However, one of the major
results of this study is that, despite different initial entropies and atmospheric mass fractions,
this information is almost completely removed during disc dispersal. In these models, it is the
disc dispersal rate that is imprinted on the final atmospheric mass fraction of the planet, with
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Figure 5.11: The percentage difference in atmospheric mass due to boil-off is shown for varying core
masses. Filled makers refer to models performed in this study, whereas open markers refer to results
from |Owen and Wu (2016). Blue circles represent planets at 0.1AU with equilibrium temperature of
1000K (900K for|Owen and Wul (2016])) and initial disc gas surface density of 3 x 10* g em™2, whereas
orange diamonds represent planets at 0.3AU with equilibrium temperature of 500K and initial disc gas
surface density of 1 x 10* g em™2. Note that there is no value for 10Mg at 500K since this model
underwent runaway accretion before disc dispersal.
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quicker dispersal times inducing a larger atmospheric mass change. I now discuss the implication
of these findings.

5.4.1 Boil-off sets the initial conditions for photoevaporation

One of the major motivations of this work was the discrepancy between core accretion models
(e.g. [Lee and Chiang, 2015b; [Lee et al. 2018; Fung and Lee, 2018) and photoevaporation, as
shown in Figure from Chapter 4. As initially found by Jankovic et al.| (2019), core accre-
tion predicts that planets should accrete 2 10% in atmospheric mass during the disc lifetime,
whereas the amount of mass that XUV photoevaporation can strip in order to be consistent
with the Kepler data is ~ 2%. Note that this discrepancy is likely not an indication that XUV
photoevaporation underestimates mass-loss rates, since planets beyond orbital periods of ~ 30
days (which are not strongly effected by photoevaporation) have mass and radii measurements
consistent with hosting a few percent in H/He mass, instead of = 10% (e.g. Weiss and Marcy,
2014; Jontof-Hutter et al., 2016; Wolfgang et al., 2016]). As I have previously discussed, possible
mechanisms to resolve this tension include forming the planets at the very end of the disc life-
time (Ikoma and Hori, 2012; Lee and Chiang, 2016)), or alternatively improving the accuracy
of gas accretion models to include the effects of giant mergers (Liu et al., 2015; Inamdar and
Schlichting), |2016) which would result in potentially significant atmospheric mass-loss and the
production of heat which would take typically kyrs to disperse. The inclusion of 3D simulations
has additionally shown that recycling of high-entropy gas during the accretion phase can act to
reduce the final atmospheric mass of the planet (Ormel et al.l 2015; Fung et al., 2015} |Cimerman
et al., [2017; |Ali-Dib et al., 2020 Chen et al., 2020)).

In this Chapter however, I have taken a different approach, which is to consider the mass-loss
that is initiated by the rapid dispersal of the protoplanetary disc. Figures and
highlight that boil-off can offer a resolution to this discrepancy. Whilst planets are seen to
accrete 2 10% in atmospheric mass, they rapidly lose this mass during disc dispersal to a value
of ~ 1%, which is consistent with the results from Chapter 4. This offers a potential for future
physics-based inference, in which populations of planets can be modelled through the boil-off
process in order to find the disc dispersal timescales and core masses required to fit the initial
population of planets inferred from XUV photoevaporation in Chapter 4. This would be a key
step in connecting planet formation models to the exoplanet population that we observe today.
For now however, this is left for future work.

5.4.2 A Gentle Breeze

Previous studies that have considered mass-loss during disc dispersal have taken different ap-
proaches which yielded different results. In Tkoma and Hori (2012), accretion and mass-loss
were considered in a hydrostatic equilibrium regime. They found that planets will continue to
lose their entire atmospheric masses as the disc disperses, in order to maintain this equilib-
rium. |Owen and Wu (2016)), on the other hand, took a different approach. By considering the
timescales of the problem, they argued that the planet will not be able to stay in hydrostatic
equilibrium with the disc, since dispersal occurs on timescales of 10* — 10° yrs (Kenyon and
Hartmann, {1995 Ercolano et al., [2011; Koepferl et al.l 2013), whereas the cooling timescale
of a planet has upper limits of txg ~ 10 — 107 yrs. In the case that hydrostatic equilibrium
cannot be maintained, mass-loss will ensue via a hydrodynamic wind. (Owen and Wu/ (2016])
modelled this process in MESA (Paxton et al., 2011} 2013|2015} |2018) and assumed an isothermal
Parker wind Parker| (1958]), as well as an instantaneous disc dispersal. They also assumed the
planet began in a maximally entropic state i.e. fully convective. Unlike Ikoma and Hori| (2012),
they found that planets do not lose all of their mass, since mass-loss shuts-off once the planets
shrink to small sizes ~ 0.1Rp. They also found the planet prematurely cooled due to advection



5.4. DISCUSSION 151

removing high entropy material from the depths of the atmosphere. However, the assumptions
that they made implied that their mass-loss rates were likely upper limits.

In this study, I have built upon the models of [koma and Hori| (2012)) and |Owen and Wul (2016)),
by self-consistently modelling the planet through gas accretion and disc dispersal. Importantly,
the planet is allowed to remain in a quasi-hydrostatic equilibrium with the disc via isothermal
breeze solutions, as well as non-hydrostatic equilibrium if this is not physically possible. I find
that the planets require physics from both Tkoma and Hori (2012) and Owen and Wu| (2016)
when introducing this self-consistent approach. Planets begin by cooling and accreting, before
losing mass via breeze solutions, which allow the planet to sustain pressure support with the
disc as it begins to disperse. Eventually however, the mass-loss that a breeze can provide is
not sufficient to remain in equilibrium, so the planet quickly transitions to mass-loss via the
transonic wind from [Parker| (1958) as the disc continues to completely disperse. Similar to
Owen and Wu (2016|) however, I find this mass-loss quickly shuts off once the planet has shrunk
to ~ 0.1Rp. However, the mass-loss rates that I calculate are significantly lower than that of
Owen and Wu/ (2016). As shown in Figure the change in atmospheric mass is consistently
lower for the models presented in this study, when compared to those of Owen and Wul (2016).
This is especially noticeable for higher mass cores. Nonetheless, I also find that planets undergo
premature cooling as a result of contraction and advection. As also found by |[Owen and Wu
(2016), the typical cooling timescales for planets are txy ~ 10° yrs after 3 x 106 yrs after
disc dispersal. As shown in |Owen| (2020), this means that observations of young planets with
measured masses, radii and ages may allow us to constrain their initial entropies and therefore
determine whether they did in-fact undergo a boil-off phase.

5.4.3 Planet formation history is removed

One of the key findings from this study has been the impact of disc dispersal timescale. Despite
planets forming at different times in the disc lifetime and therefore accreting different atmo-
spheric mass fractions, the final state of the planet is predominantly controlled by the speed
at which the disc density drops. This is because the speed at which this happens determines
how much mass needs to be removed via a breeze in order to stay maintain quasi-hydrostatic
equilibrium. Nonetheless, planets that start with a larger initial atmospheric mass fraction do
experience a higher initial mass-loss rate. I find that the quicker the dispersal timescale, the
more impact this has on the final state of the atmosphere (see upper left-hand panel of Figure
5.8). In the limit that the dispersal becomes instantaneous, it follows that planets with an
initially larger atmospheric mass fraction should evolve to a larger final atmospheric mass frac-
tion. This is indeed the conclusion that |Owen and Wul (2016) came to under their assumptions,
suggesting that my models are consistent with theirs.

In the realistic case however of a non-instantaneous disc dispersal based on observed timescales
of 10* — 10° yrs (Kenyon and Hartmann, 1995; Ercolano et al., [2011; Koepferl et al.| 2013)),
these results suggest that the history of the planet i.e. the point at which it formed in the disc
lifetime is removed. Instead, information about the rate of disc dispersal is imprinted, which
will affect the distribution of atmospheric mass fractions that planets host after disc dispersal.
As discussed in , this opens up the possibility of using demographic surveys of exoplanets to
perform physics-based inference with boil-off and XUV photoevaporation / core-powered mass-
loss models to place constraints on disc dispersal timescales.

5.4.4 Model Improvements

I have shown that self-consistent modelling of gas accretion and mass-loss can shed light on
the atmospheric evolution of exoplanets during disc dispersal. However, there is one major
assumption that I have made which limits this analysis: an isothermal outflow. This has been
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assumed since the flow will be heated to Ty by the stellar heating if exposed, or to the disc mid-
plane temperature if not. As shown in Figure the assumption of isothermality is valid in
the radiative zone of the planet, however this may not be the case, particularly in optically thin
regions at large distances from the planet. In assuming an isothermal outflow, I am inherently
assuming that energy is inserted into the flow to keep is heated to Teq and thus remove it from
the planet’s Hill sphere. I have also assumed that the planet is irradiated by the host star for
the entire of the planet lifetime. Since most of the mass-loss occurs at the point when the disc
becomes optically thin, this assumption is not a bad one. However, in reality, irradiation will
increase as the disc disperses which may affect the mass-loss rates. These effects combine to
imply that I am not considering another mechanism by which mass-loss may shut-off: that the
flow cannot be heated to sufficient temperatures to leave the planet’s influence. As discussed
in mass-loss in the current models shuts off due to the planet cooling and contracting.
However, this effect may be compounded when considering non-isothermal outflows, to further
reduce the effectiveness of the boil-off process. To remedy this, one potential option is to use
hydrodynamic models that consider the radiative transfer and subsequent mass-loss in the upper
atmosphere. These models can then be used to construct a grid of mass-loss rates, which can be
then be implemented in MESA. This was indeed the approach of (Owen and Wul (2013)), applied
to XUV photoevaporation, in using the mass-loss rates from hydrodynamic models from |Owen
and Jackson| (2012)). For now however, this is beyond the scope of this study, but is planned for
future work.

In addition, this latter approach would fix a current numerical limitation of the adopted numeri-
cal scheme, as highlighted in Figure Currently, mass-loss rates are calculated with Lambert
W functions (e.g. Cranmer, |2004). However, these non-analytic functions are calculated with a
Taylor expansion for small values of Rpc/Rp < 0.1. As a result, a small drop in mass-loss rate
is seen in Figure that is caused by the numerical scheme transitioning to this approxima-
tion. If one were to calculate mass-loss rates in the non-isothermal case, this problem would be
bypassed, since Lambert W functions would no longer be appropriate.

Another simplification in this model was the simple analytic expression for disc dispersal (see
Eq. , which assumes a constant dispersal rate as a function of time for all distances from
the host star. In reality this is not the case since dispersal in the inner disc begins near the gap
that is opened at ~ 1AU due to the balance between stellar accretion and photoevaporation
(see Section . As such, another future improvement to the model is to use hydrodynamic
simulations of photoevaporative driven disc dispersal from works such as |Owen et al.| (2010);
Winter et al.| (2018);|Coleman and Haworth (2022) to accurately model this process as a function
of time and orbital separation.

Finally, an important effect that has been neglected is that of dust. Thus far, only dust-free
gas has been considered, by-way of the opacity tables from Freedman et al.| (2008). In reality,
dust is also present in the protoplanetary disc and therefore the atmosphere of the planet. One
can argue that for late stages of disc evolution the dust is not important since it will rapidly
drain onto the host star once the inner and outer disc have been disconnected (e.g. Alexander
and Armitagel 2007; Owen and Kollmeier, 2019). However, if dust is present, it will have two
important effects of the atmospheric evolution: firstly dust acts to increase the efficiency of
cooling of an optically thin outflow, hence decreasing the mass-loss rate; on the other hand
it also prevents cooling of the optically thick atmosphere, meaning that planet contraction is
slowed and mass-loss rates will increase. What is not clear, is which of these two competing
effects will dominate. Thus, future work will also incorporate dust opacities in the atmosphere
and outflow to investigate its importance.
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5.4.5 Future direction

Once model refinements have been made, a full grid of models is required to truly understand
how variables such a core mass, orbital separation and disc dispersal rate control the atmospheric
properties of the planets after disc dispersal. After this, there are many avenues to explore in
future work.

One such example is to note that, as discussed in Section the boil-off process is in fact the
precursor to core-powered mass-loss (Ginzburg et al.| (2016, 2018]). Whilst the disc is dispersing,
mass-loss can ensue because rapid contraction of the core provides the luminosity to advect
material into the upper atmosphere such that it can be removed via bolometric irradiation.
After this period however, mass-loss can continue if a core luminosity can sufficiently inflate the
atmosphere, albeit on a much longer timescale of order ~Gyrs (see Chapter 2). As such, core-
powered mass-loss can be self-consistently modelled under the presented framework. In addition,
if one were to incorporate XUV heating into the mass-loss rates, one could self-consistently
model boil-off, core-powered mass-loss and photoevaporation. The interplay between these
mechanisms could then be investigated to place theoretical constraints as to which is dominant.
Comparisons can then be made between models and demographic surveys, as highlighted in
Chapters 3 and 4.

5.5 Conclusion

In this Chapter I have constructed simulations of atmospheric evolution that self-consistently
models gas accretion and mass-loss during protoplanetary disc dispersal. These models build
upon previous attempts to understand the so-called ‘boil-off” phase from Ikoma and Hori (2012)
and (Owen and Wu, [2016), which assumed hydrostatic equilibrium and non-hydrostatic equi-
librium with the disc respectively. In the models presented here, I combine both of these effects
to better understand the boil-off process. My main conclusions are as follows::

e The boil-off phase is a viable solution to the discrepancy between gas core accretion and
XUV photoevaporation. Despite planets accreting 2 10% in atmospheric mass before disc
dispersal begins, the ensuing mass-loss removes a significant fraction of this, to typical
values of ~ 1%, which is in agreement with the results of Chapter 4.

e Planets remain in a quasi-hydrostatic equilibrium with the disc for most of the disc disper-
sal process and lose mass via subsonic breeze solutions. However, they eventually cannot
maintain this equilibrium and mass-loss ensues via a hydrodynamic wind. Eventually,
mass-loss shuts off once the planet has cooled and contracted to ~ 0.1Rp.

e The final atmospheric mass fraction of a planet is strongly controlled by the rate of disc
dispersal since this informs how much mass should be lost to maintain quasi-hydrostatic
equilibrium. As such, information on the initial properties of the planet, such as initial
entropy and atmospheric mass fraction are lost.

e Planets of larger core masses will lose less atmospheric mass, owing to their deeper gravita-
tional wells. In addition, planets at larger orbital separations exist at a lower equilibrium
temperature and therefore will not lose as much mass during the boil-off phase.

One of the major assumptions made in this work was that of an isothermal, dust-free outflow.
In reality, this may not be the case and material may significantly cool as it leaves the planet’s
atmosphere, which will reduce mass-loss rates. Future work will therefore address this assump-
tion by accurately modelling the heating in the outflow region using hydrodynamic simulations.
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A large parameter study will then allow one to fully understand the physics that goes into
the initial conditions of planets after disc dispersal. In addition, this will allow self-consistent
models of boil-off, core-powered mass-loss and XUV photoevaporation to be performed, yielding
theoretical constraints on which mechanisms dominate atmospheric evolution.



Chapter 6

Summary and Outlook

In this thesis I have investigated the atmospheric evolution of small, close-in exoplanets and
its consequences on planet formation. One of the key features in the exoplanet demographics
is the radius gap found at ~ 1.8Rg (e.g. Fulton et all 2017; Van Eylen et al., 2018} Berger
et all [2020a). I have considered how one might observationally distinguish between different
sculptors of the radius gap, namely XUV photoevaporation (e.g. Owen and Wul, 2013} Lopez and
Fortney, [2013) and core-powered mass-loss (e.g. \Ginzburg et al., 2018; Gupta and Schlichting,
2019)), as well as shown that atmospheric escape can be used to break the degeneracies of planet
structure in the mass-radius plane. In addition, I have also shown that atmospheric mass-loss
during protoplanetary disc dispersal may play a pivotal role in setting up the conditions of
planets before undergoing late-stage mass-loss (e.g.|Owen and Wu, [2016; |Ginzburg et al., |2016).
In this Chapter, I provide a brief summary of the findings from this thesis, as well as an outlook
on the field with areas that warrant future thought.

6.1 Summary

In Chapter 2, I discussed the structure of small mass planets that host large H/He dominated
atmospheres. I showed that, in the optically thick case, the atmosphere is separated into an
inner convective region and an outer radiative layer. Since these atmospheres are collisional and
subject to extreme irradiation from their host stars, they can undergo hydrodynamic mass-loss
resulting in dramatic changes in their size. I presented the analytic model for XUV driven
escape from Owen and Wu (2017) and core-powered mass-loss from |Gupta and Schlichting
(2019). These have been shown to accurately reproduce the results of the radius gap and
provide a computationally cheap way of generating synthetic populations of planets which can
be compared with demographic surveys, such as Kepler.

Next, in Chapter 3, I used these analytic models of mass-loss to present a new method of
differentiating between these mechanisms. This arises due the fact that, at fixed bolometric
flux, planets will receive more X-rays around lower mass stars under the XUV-driven model
and hence the radius gap will systematically shift to larger radii. In the core-powered mass-loss
model, mass-loss relies on the bolometric flux from the host star, meaning that this shift should
not be present as fixed incident flux. To resolve the presence, or absence, of this feature in the
data, one must analyse the radius gap in 3D parameter space, specifically with incident flux,
stellar mass and planet size. I used synthetic populations from both models to create mock
observations from the Kepler survey to show that surveys of 2 5000 planets were required
to differentiate the models to a high statistical significance. I also showed that the presented
methodology is robust to moderate false positive contamination of < 10%, whilst reducing the
measurement uncertainty and widening the stellar mass range of the survey have positive effects
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on the analysis. I also performed the experiment on three existing subsets of the Kepler survey:
CKS (Fulton et al., [2017), GKS (Berger et al., 2020b) and CKS-Cool ([Petigura et al., [2022), all
of which are consistent with both models. With future demographic surveys such as PLATO
(Rauer et al., 2014)) on the horizon, this model comparison can be used to determine which
of these mechanisms is dominant. As shown in Chapter 3, reducing measurement uncertainty
is key to extracting information from planet distributions. This is all the more important for
planets found near or within the radius gap. I would therefore recommend future surveys to
perform asteroseismic follow-up on such planets to allow analyses, such as that presented in
Chapter 3, to yield a higher statistical significance.

In Chapter 4 I showed that atmospheric escape can be used to break the degeneracies of internal
composition of small, close-in exoplanets. Under the assumption that XUV driven atmospheric
escape is the dominant driver of mass-loss, I constructed a sophisticated Bayesian hierarchical
inference model to infer the core mass, core composition and initial atmospheric mass fraction
distributions of small, close-in exoplanets from the CKS sample, all three of which are hidden
from standard survey techniques. The core mass function was shown to be peaked at ~ 4Mg,
hinting towards a planet formation mechanism that is preferentially forming planets this mass.
The core composition distribution was shown to be extremely narrow and centred around an
Earth-like silicate/iron composition. This provides hints that such planets form in the inner
disc and not exterior to the water snow-line as is suggested in migration models. Finally, the
initial atmospheric mass-fraction distribution was shown to strongly peak at ~ 2%, which is
typical for sub-Neptunes that host atmospheres that typically double their core size. This
suggests that the radius gap forms via evolution and that planets are ~ 5 times more likely
to evolve to a terrestrial nature i.e. negligible atmospheric mass fraction, than form in such
a way. Finally, when considering the atmospheric mass that is accreted by planets given the
inferred core mass distribution, I find that this is ~ 5 times larger than the inferred initial
atmospheric mass fraction from this work. This suggests that either models for core accretion
or photoevaporation need adjusting, or there is another mass-loss mechanism that occurs after
gas accretion but before XUV-driven mass-loss to bring these two distributions into alignment.

Finally, in Chapter 5, I consider such a mass-loss mechanism which occurs during disc dispersal,
referred to as ‘boil-off’. I built upon evolution models from Ikoma and Hori| (2012); |Owen and
Wul (2016) to show that planets may remain in a quasi-hydrostatic equilibrium with the disc
as it begins to disperse. Eventually, the disc density drops to a level where the planet leaves
equilibrium and loses mass via a hydrodynamic wind. This mass-loss quickly shuts off however,
once the planet has contracted to 0.1Rp. I showed that the final atmospheric mass fraction
of the planet is strongly controlled by core mass, orbital separation and disc dispersal rate.
It is not, however, controlled by the time at which the planet formed within the disc. This
latter statement suggests that the history of planet formation is removed during disc dispersal.
Nonetheless, I confirm the findings of|(Owen and Wu| (2016) and show that a planet prematurely
cools during the boil-off phase due to rapid contraction and subsequent advection of high entropy
material to the escaping upper atmosphere. Typical cooling timescale of such planets are found
to be txy ~ 10% yrs after 3 x 108 yrs after disc dispersal.

6.2 Outlook

In this Section, I discuss future avenues of research, in-light of the findings in this thesis. I also
explore areas which need addressing if we are to gain a better understanding of atmospheric
evolution.
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6.2.1 Rapid Evaluation of Exoplanet Evolution Models

One of the main results from this thesis is the potential of physics-based inference analyses of
exoplanet demographics. In Chapter 4, I exploited XUV photoevaporation to place constraints
on the internal structure and evolutionary history of small, close-in exoplanets. However, this
was an extremely computationally challenging task due to the number of models that need to
be evaluated. For example, the results in Chapter 4 required the evaluation of ~ 10'° planetary
evolution models, consuming ~ 1 million CPU-hrs. To make this computationally feasible, the
simplified, analytic evolutionary model from (Owen and Wu (2017)) was used. However, even in
this work, it could only be applied over a narrow range of stellar mass and expected correlations
(for example between core-mass and initial atmospheric mass) were not taken into account.

Thus, if one desires to use evolutionary models for large-scale population level statistical infer-
ences, a new, more computationally efficient approach is required. This is all the more pertinent
if one wishes to use accurate evolution models that include, for example a realistic equation of
state, radiative transfer and self-gravity. Fortunately, machine-learning may provide an an-
swer. Instead of solving the planetary structure and evolution equations for each planetary
model, one can use a machine-learnt model to emulate the planet’s evolution. Here I present a
proof-of-concept machine-learnt emulator, trained on analytic models of XUV photoevaporation
from (Owen and Wul 2017)), which demonstrate high accuracy and considerable computational
speed-up.

The overall goal here is to predict the photospheric radius and atmospheric mass fraction X =
Matm/Meore after billions of years of evolution, without computing evolutionary tracks. I wish
to predict this “final” evolutionary state of a planet as a function of core mass M o, initial
atmospheric mass fraction Xy, orbital period P, host stellar mass M, and core density peore-

The design of the emulator, as shown schematically in Figure [6.1] is a two pronged-approach
with all adopted algorithms taken from scikit-learn (Pedregosa et al., 2011)). In the pho-
toevaporation model, the transition from a sub-Neptune to a super-Earth is quick since the
mass-loss timescale drops rapidly for atmospheric mass fractions < 1% (see Chapter 2). Thus,
the outcome of exoplanetary evolution is bimodal. This bimodality motivates the two-pronged
approach: I begin by implementing a random forest classifier to determine whether a given
planet will evolve to become a super-Earth or a sub-Neptune. Since the planets that become
super-Earths have a negligible atmospheric mass fraction, the final radius for these is simply
given by the mass-radius relation of the stripped cores. For the sub-Neptunes I employ a sec-
ond machine learnt algorithm, in this case a random forest regressor, to predict the final radius
and atmospheric mass fraction of a sub-Neptune. Note that random forests were chosen over
other machine learning algorithms such as support-vector machines and gradient-boosted linear
regression. These alternative algorithms yielded inferior performance or required more training
to achieve the same accuracy as the random forest approach.

To train the machine learning models, 10 planets were simulated to 5 Gyr with the analytic
photoevaporation model of Owen and Wu| (2017)), with input parameters of P, M, Mcore, Pcore
and Xjn;¢ uniformly drawn such as to sample parameter space evenly. In this case, the bounds
were as follows: P € [1,100] days, M, € [0.5,1.5] Mg, Mcore € [0.6,20.0] Mg, p € [—1.0,1.0]
and log Xiniy € [—4,0]. Random cross-validation was used to optimise the performance of the
random forest classifier and regressor, which yielded highest accuracy when both contained 19
decision trees.

Swapping a physical model for a machine learning emulator will dramatically decrease the com-
putational expense of calculations. In this case, I found that for an equivalent set of planets, the
emulator has a computational speedup factor of ~ 400. This speed-up is all the more impres-
sive as the standard evolutionary model was heavily optimised, whereas no such optimisation
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Figure 6.1: Flowchart to demonstrate the atmospheric evolution emulator. For a given set of parameters,
an initial random forest classifier determines whether a planet will be stripped of its primordial H/He
atmosphere. If so, the standard mass-radius relation of |[Fortney et al.| (2007) is used to provide the final
radius. If the initial classifier predicts an atmosphere is retained, a random forest regressor predicts its
final radius and atmospheric mass fraction.
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Figure 6.2: Left: The radius gap computed with the semi-analytic model of XUV photoevaporation (or-
ange) and with the evolution emulator (blue). Contours represent relative occurrence and individual
planets are plotted in black. Right: A population of planets are shown with their periods and final radii
according to the analytic model, with arrows pointing to this position as predicted with evolution emu-
lator. They hence represent the error between physical model and emulator for each planet. Note that
the majority of planets do not have arrows since the error is negligible. Colours represent the initial
atmospheric mass fraction. Whilst the average RMS error for the emulator is 1% (as most planets have
radii of either 1.8 or 2.5 Rg ), the right-hand histogram shows this error as a function of radius. A typical
radius measurement uncertainty is shown in black, taken from the value in the CKS catalogue
land Petigura, 2018).

was undertaken on the evaluation of the emulator. This indicates that speedups of 2 1000 are
potentially achievable.

However, the trade-off for an improved speed is the introduction of output error. Overall, the
accuracy of the classifier was found to be 99.98%, with very occasional planets being misclassified
as sub-Neptunes when they should be super-Earths. The RMS fractional error for the sub-
Neptune regressor was 1%. This value is significantly smaller than typical radii measurement
uncertainties of ~ 5% (Fulton and Petigura, |2018), implying that it is suitable for use in
comparing large number of evolutionary models to the observed properties of bulk exoplanets.
The RMS fractional error in final atmospheric mass fraction was found to be 0.5% and since the
mass of a planet is dominated by the core, this introduces a negligible error in final mass. In
Figure[6.2] I show planets in the radius-period plane evolved using the analytic photoevaporation
model in orange and evolution emulator in blue. Omne can see that the occurrence is near-
indistinguishable. I also show the errors of the emulator in Figure which are largest for
larger planets with higher initial atmospheric mass-fraction. Despite constructing a training
sample with uniformly drawn parameters, this does not evenly sample R, or Xg,,1 space. Since
the majority of planets evolve to smaller radii, this area of parameter space is more sparsely
populated in the training data and hence accuracy is lower here.

In conclusion, this proof-of-concept machine-learnt emulator is exceptionally fast to evaluate
at a very small penalty in accuracy. In the future, sophisticated numerical simulations with
higher accuracy should be used for training, instead of simple evolutionary models adopted
here. Furthermore, other parameters such as system age and initial cooling timescale may be
used as inputs. This will allow physics-based inference, such as that presented in Chapter 4,
to investigate the trends between core mass and initial atmospheric mass fraction distributions
i.e. probing how gas accretion and the boil-off phase present in the data, as well correlations of
core mass with stellar mass, such as that proposed .
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Figure 6.3: In the left-hand panel, the ratio of X-ray to bolometric luminosity is shown as a function of
time for a Solar mass star in magenta dashed, with artificial offsets of 1 dex in blue dashed and red
solid lines, to model the potential intrinsic scatter in high energy fluz from host stars. In the right-hand
panel, the corresponding radius evolution is shown for a 5Mg core with initial 1% atmospheric mass-
fraction at a 10 day orbital period for the different X-ray evolutions. One can see that the outcomes can
be dramatically different, with the planet experiencing the highest X-ray flux being completely stripped,
whereas the others do mot. Thus for a given planet, the X-ray history can determine which side of the
radius gap the planet will sit. Note however, that an order of magnitude scatter in Lxyy/Lpo for a
given stellar type may be an extreme interpretation of the results from|Tu et ol (2015);|Johnstone et al.
(2021).

6.2.2 Variable Stellar X-ray Luminosity

One important point that has been overlooked in the work presented in this thesis, and the
field in general, is the role of variability in stellar X-ray on the population of close-in exoplanets
undergoing photoevaporation. As discussed in Chapters 1 and 2, surveys of stellar clusters at
different ages reveal that solar-type stars emit a high energy luminosity with (Lxuv/Lpol)sat ~
10735, before spinning down at ~ 100 Myr due to magnetic braking (e.g. |Giidel et al., [1997;
Ribas et al., [2005; |Wright et al., 2011; |Claire et al., 2012; |Jackson et all [2012). However,
it has also been shown that there is up to an order of magnitude of scatter in exact value
of Lxuv/Lpol, even for stars of the same mass (Johnstone et al.l [2015). In [Tu et al.| (2015),
simple energy-limited mass-loss calculations were performed to show that this scatter can have
a dramatic effect on the outcome of atmospheric evolution of small, close-in exoplanets.

The source of this intrinsic scatter comes from the initial rotation period distribution of young
stars. X-ray generation in the corona of stellar atmospheres is strongly coupled to their ro-
tation period via a magnetic dynamo. Therefore stars of a given mass with an faster initial
rotation period will generate a larger X-ray luminosity, before spinning down to a unique mass-
dependent value (Soderblom et al.,|1995). In Figure I model this order-of-magnitude scatter
in (Lxuv/Lpol)sat with the analytic XUV photoevaporation model of Owen and Wul (2017) to
confirm the findings of|Tu et al.| (2015)). It demonstrates that a 5Mg core with initial atmospheric
mass fraction of 1% around a solar-mass star at 10 day orbital period can have dramatically
different evolutionary outcomes with different values of (Lxuv/Luol)sat- In the case where the
scatter increases this ratio an order of magnitude, the planet is completely stripped and becomes
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Figure 6.4: The radius gap is shown as a function of orbital period, as produced by the analytic model
of |Owen and Wu (2017). In the left-hand panel, no scatter is modelled in the X-ray luminosity of host
stars, yielding a radius gap devoid of planets. In the right-hand panel, an order of magnitude scatter is
added to (Lxuv/Leot)sat for a given stellar mass, which scatters planets into the gap, reducing its purity.

a super-Earth, which is not the case for lower luminosities.

Additionally, in Figure I demonstrate the effect this scatter has on a population level,
specifically the appearance of the radius gap. In the left-hand panel, I show a population of
planets evolved through the analytic XUV photoevaporation model of Owen and Wu (2017)
(specifically MODEL II from Chapter 4), which clearly shows a radius gap that is devoid of
planets. However, in the right-hand panel, I add an order-of-magnitude scatter in the values
of (Lxuv/Lpol)sat for a given mass star. As shown in Figure this changes the evolutionary
outcome of planets, meaning that the radius gap becomes significantly filled-in. Upon inspec-
tion, the planets that are shifted into the gap are super-Earths that would have remained as
sub-Neptunes if they has received less XUV flux.

Upon first inspection, this result may cause concern as to the efficacy of the photoevaporation
model. X-ray scatter shifts planets into the radius gap, meaning that it becomes degenerate with
planet radii measurement uncertainty, destroying information that is stored in the radius gap
distribution. This all implies that physics-based inference may become even more statistically
challenging to perform. In addition, with regards to the model comparison performed in Chapter
3, it also removes information imprinted by any stellar mass trend, since stars of a given mass do
not produce a unique value of (Lxuv/Lpol)sat- However, recall that in the asteroseismic planet
sample of [Van Eylen et al.| (2018]), which has the smallest radii measurement uncertainties of
any survey, the radius gap is completely devoid of planets. This implies that there is very little,
or even no scatter in the X-ray luminosities of young host stars. How can this be the case?

As discussed in [Johnstone et al. (2021), there are in-fact three sources of scatter that con-
tribute to X-ray observations of host stars: the first is the aforementioned intrinsic scatter in
(Lxuv/Lpol)sat for stars of a given mass; the second comes from observing stars at different
points in their variability cycles; and finally there is the measurement uncertainty in the X-ray
photon detection count from telescopes such as Finstein (Giacconi et al |[1979), ROSAT (Voges
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et al., (1999), and XMM-Newton (Jansen et al., 2001)). |[Johnstone et al. (2021) investigated the
observed activity cycles of young stars to show that stellar variability on timescales of decades
or longer is likely the dominant cause of the spread in (Lxuv/Lbol)sat- If this is assumed to be
true, they showed that stars have Lx values greater than twice the average 20% of the time,
greater than three times the average 9% of the time, and greater than five times the average
3% of the time. With regards to exoplanet atmospheric evolution, the cyclic variability of host
stars on these timescales will have little effect since it is the integrated high-energy flux that
controls the outcome of photoevaporation. Hence, if stars of a given mass have similar activity
cycles and similar (Lxuv/Lbol)sat, the integrated XUV flux will produce a radius gap devoid
of planets, as observed in [Van Eylen et al. (2018). Nonetheless, it is interesting to note that
physics-based inference may be used in the future to place constraints on the intrinsic scatter
in (Lxuv/Lbol)sat for stars of a given mass. One could use a similar methodology to that in
Chapter 4 to find the intrinsic X-ray scatter required to reproduce the radius gap ‘filling-factor’.

In general, this area of research will benefit from future observational efforts to characterise the
evolution of high-energy flux from host stars. In particular, more work is needed to understand
how X-ray scatter may change as a function of stellar mass, as well as how different initial
rotation periods may effect the length of the saturation regime (e.g. Tu et al.l 2015; |Johnstone
et al., 2015).

6.2.3 X-ray vs. EUV dominated mass-loss

One of the main focuses of this thesis has been the atmospheric evolution of small, close-
in exoplanets undergoing XUV photoevaporation. Based on the work of |Owen and Jackson
(2012), I have assumed throughout that it is the X-rays that dictate the atmospheric escape,
as opposed to the EUV photons. However, a recent study from King and Wheatley (2021)
suggested that the EUV flux may persist on Gyr timescales, potentially inducing mass-loss far
beyond the canonical X-ray saturation time of ~ 100 Myr.

To quantify the difference between X-ray and EUV luminosities, King and Wheatley| (2021)) used
archival EUV data from Woods et al. (2005)) to derive an empirical relation for the evolution of
Lyuv/ Lo, as well as the well-documented evolution of Lx /Ly (e.g. Ribas et al., 2005; Claire
et al.l 2012; |Jackson et al., [2012):

I (LLt;) for t < tgat,
7 = = sat a (6.2.1)
bol ([{&) (tstat> for t > tsat,
sat

where L, can refer to Lgyy or Lx. King and Wheatley| (2021)) find that (Lguv/ Lol )sat ~ 10740
and (Lx /Lol )sat ~ 10727, However, their key result is that a ~ —0.65 for EUV evolution and
a ~ —1.30 for X-ray, implying that EUV luminosity decays slower that X-ray. This difference
in evolution is shown in the upper panel of Figure Additionally, the bottom panel also
shows the integrated cumulative energy of the two contributions. Note that, despite the EUV
luminosity rising above X-ray at ~ 500 Myr, the cumulative energy is only dominated by EUV
beyond ~ 4 Gyr.

To investigate the effects of this differing high-energy evolution, I perform simple calculations
using the analytic model of photoevaporation from Owen and Wu| (2017). To differentiate be-
tween X-ray dominated and EUV-dominated escape, one must consider the differences between
the two regimes. X-rays will tend to penetrate further into an atmosphere, due to their smaller
collisional cross-section. However, as discussed in Chapter 1 and demonstrated by |Owen and
Jackson (2012), an X-ray regime is one in which the outflow sonic point exists above the X-ray
heated layer. In this case, material is heated by X-rays deep in the atmosphere, which then
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Figure 6.5: In the upper panel, evolution of X-ray (blue dashed) and EUV (orange dot-dashed) luminosi-
ties are shown relative to bolometric luminosity. The combined XUV is also shown in green. In the lower
panel, the normalised cumulative energy is shown as a function of time. One can see that Lgyvy/ Lo
rises above that of X-ray at ~ 500 Myr in the upper panel, and becomes energetically dominant at ~ 4
Gyr in the lower panel. Figure taken from |King and Wheatley (2021)).
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accelerate to up to sonic point. Beyond this, the material may shock before reaching an ionisa-
tion front which marks the boundary between X-ray and EUV heated material. Since the sonic
point exists below this ionisation front, the outflow is controlled by the X-ray flux. In the EUV
regime however, the X-ray heated material is still subsonic as it passes through the ionisation
front. As a result, it is the EUV heating that dictates the outflow structure. The position of
the ionisation front is set by the balance of hydrogen recombination and ionisation. |Owen and
Jackson| (2012]) derived an analytic expression for the critical EUV luminosity, Lguv crit, above
which the atmospheric escape is EUV dominatedlﬂ

L 2 10%rg st () (o Mx N R N (6.2.2)
rit A erg s , 2.
EUV crit & 0.1A0) \102gs1) \10Rs

where My is the mass-loss rate due to X-ray heating, in this case given by the energy-limited
formalism presented in Chapters 1 and 2:
TR3L

<= nrﬁpaé. (6.2.3)
As a result of these scalings, one would expect planets in the EUV-dominated regime to be at
large orbital distances and small in size. Thus, I incorporate both EUV and X-ray dominated
regimes by performing this check, given Lgyyv and Lx at a given time. If the flow is found
to be EUV-dominated, I recalculate the mass-loss rate from Eq. [6.2.3] using Lryy. In Figure
I show the regimes in which a planet around a solar-mass star with an initial atmospheric
mass fraction of 1% would be observed undergoing X-ray dominated escape or EUV dominated
escape at 5 Gyr. Since planets that are highly irradiated and low in mass would be completely
stripped, I also highlight this area of parameter space. Omne can see that planets at large
separations and with large core masses (and therefore small, gravitationally contracted sizes)
are in the EUV-dominated regime at 5 Gyr, as predicted by Eq. It is interesting to note
that planets observed with transit spectroscopy in different areas of such parameter space may
be found in different escape regimes, which will change their outflow structure. To probe this
difference, one would need to use an atomic line that probes the outflow near the ionisation
front. As a result, Ly-a is not suitable since interstellar medium absorption removes line-core
information, which stores the detail of low velocity flow and thus the location at which the
escape in launched. On the other hand, the He 1083 nm line (e.g. |Spake et al., 2018} Ninan
et al., 2020) may be appropriate since it is populated by recombinations and therefore dominated
near the KUV ionisation depth. However, transit spectroscopy is difficult for planets as large
orbital distances, meaning that observing planets that are in EUV dominated regime would be
technically challenging with current technology. Note also that planets at such large orbital
separations at 5 Gyr may have cooled to such an extend that mass-loss no longer occurs via a
hydrodynamic regime, but instead by Jeans escape. In this case, the mass-loss rate would be
significantly lower and even harder (if not impossible) to observe.

These results suggest that some planets may evolve into an EUV-dominated escape regime, due
to its prolonged luminosity found by King et al.| (2018]). In spite of this however, I find that
this introduces a negligible effect on the atmospheric evolution for all planets of varying masses
and orbital separations. For planets of sufficient mass and orbital separation, the transition to
EUV dominated escape happens on Gyr timescales (see Figure , by which time the planet
has cooled and contracted significantly. Despite being greater than its X-ray counterpart, the
EUV luminosity has also dramatically fallen from its saturated value at this point, implying
that any mass-loss is negligible. Even for a 10Mg planet at 1000 day orbital period i.e. upper-
right hand corner of Figure I calculate a difference in planet size at 10 Gyr of ~ 0.1%

Note that I have neglected order unity factors that account for the density drop-off in ionised flow, and the
relation between the planet radius and sonic point (see |(Owen and Jackson} 2012, for details).
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Figure 6.6: Different regimes of mass-loss are shown as a function of orbital period and core mass for
planets around a solar-mass star and initial atmospheric mass-fraction of 1%. Planets with low-mass
and small orbital separation are completely stripped (left-hand region), planets with sufficiently large mass
and orbital separation transition to the EUV dominated escape regime (right-hand region). In between,
there is a population of planets that remain in the X-ray dominated regime, even after 5 Gyr of evolution.
Despite this difference, I find a negligible effect on the evolution of all planets, since the transition to EUV
dominated escape happens on ~ Gyr timescales, by which time the planets have cooled and contracted,
meaning that photoevaporation becomes inefficient.
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when only considering the X-ray dominated phase instead of both regimes. In conclusion, these
simple calculations have shown that, although some high mass and large separation planets may
evolve into the EUV dominated escape regime, this has a negligible effect on their evolution. As
a result, the radius gap is unaffected and one can safely assume that the majority of mass-loss
under the XUV photoevaporation model does indeed occur in the first ~ 100 Myr.

6.2.4 Closing Remarks

In this thesis I have focused on using our knowledge of exoplanet evolution to better understand
exoplanet formation. It is therefore no surprise that, in order for this field to progress, further
work is needed on evolution theory and observations.

A key aspect that is missing from the majority of theoretical studies is the evolution of planetary
cores and how it might effect atmospheric structure and subsequent mass-loss. Super-Earths
and sub-Neptunes are likely to have molten silicate surfaces for their early evolution, which can
introduce silicate vapour atmospheres. These high mean molecular weight atmosphere compo-
nents may inhibit convection and early studies of this suggest that it may significantly effect
atmospheric structure and evolution (e.g.|Ormel et al., 2021} [Schlichting and Young}, [2022; Mis-
ener and Schlichting, 2022). Indeed, as with all the calculations in this thesis, complex chemistry
has not been considered in the atmospheres of close-in exoplanets. As the field progresses, 1
believe that we must consider the important effects of chemistry in escaping atmospheres.

Observationally speaking, a common idiom used in the field is ‘know thy star, know thy planet’.
With regards to atmospheric escape, this is especially pertinent since without constraints on the
high-energy luminosity of host stars, we would not be able to understand XUV photoevapora-
tion. Nevertheless, further observations of stellar evolution is paramount to understand planet
evolution. In particular, observational efforts are required to understand how X-ray/EUV emis-
sion changes with stellar mass. In addition, constraints are required as to how intrinsic scatter of
high energy emission may effect the evolution of exoplanet atmospheres for a given stellar type.
An exciting prospect that is recently becoming a reality is detecting transiting planets around
young stars (e.g. [Newton et all 2019; Rizzuto et al., [2020). Although observationally chal-
lenging due to their high-levels of stellar activity, such observations will be key to constraining
exoplanet evolution at early time. Recent demographic results for small planets around young
stars show tentative evidence that sub-Neptunes reduce in size with time, providing further
evidence of thermal cooling and contraction in the presence of a H/He dominated atmospheres
Fernandes et al.| (2022).

As future large-scale surveys come online, such as PLATO and Nancy Grace Roman, we will
be able to probe the distributions of exoplanets to smaller sizes and larger orbital distances.
With a solid understanding of exoplanet evolution, we will then be able to rewind the clock, to
understand the connection between planet formation and the population we observe today.
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