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ABSTRACT
s

An experimental relationship betveen the ﬁelting temperature of g
small crystal and its size is presented for each of the metals lead,
bismuth and indium. The results are compared with theoretical predictions
based on a thermodynemic model, and values for the crystal-liquid -
interfacial free energies are inferred.

Aggregates of small metallic crystals were prepared under vacuum in
an electron diffraction camera by condensation from a molecular beam on |
to thin, amorphous substrate films. The melting températures of these
deposits were determined by transmission electron diffraction = the )
melting being associated with the disappearance of the concentric sharp
ring patterns characteristic of polycrystalline deposits. An electron
microscdpe was used to obtain micrographs of each deposit, from which the
size distribution of the crystallites could be obtained. Using thece
results in conjunction with the results of subsidiary experiments, it was
possible to associate the melting temperature of a deposit with a
particular crystallite size.

The solidification of a number of the deposits of lead and bismuth
was also observed, and an experimental relationship between the
solidification temperature of a crystallite and its size, for each of
these metals, is compared with the predictions of nucleation theory.

The melting and solidification of deposits of lead and bismuth
wvere investigated on two different amorphous substrates = carbon and
silicon monoxide. Very similar results were obtained on the two

substrates.
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CHAPTER 1
INTRODUCTION

1.1 Historical review of the size dependence of the melting and
solidification temperatures of small crystals

The present thesis concerns the size dependence of the melting
temperature of small crystals. The history of interest in this phenomenon
is intimately bound up with developments in the broader context of the
influence of surface on the physical properties of a material, and in
particular with the dependence of the equilibrium vapour pressure on
surface curvature. Some allusicn to progress in this wider sphere is thus
desirable.

From observations of capillary phenomena, Sir William Thomson
(later Lord Kelvin) — see Thomson (1870) = deduced that the pressure of a
vapour in equilibrium with its liquid, at é liquid surface concave with
respect to the vapour, is less than that in equilibrium with a plane
liquid surface at the same temperature. Using as a basis the work of
Laplace, Thomson obtained the following expression for this difference:

P, ~ P, = ~ "EEBL*- (1/r + 1/r") (1-1)

dp = dy

where ‘pl is the pressure of the vapour at the curved liquid surface
P, is the pressure of the vapour at the plane liquid surface
.dV is the density of the vapour
dL is the density of the liquid
1/r and 1/r' are the curvatures in the principle sections of the
surface bounding liquid and vapour, reckoned positive when
concave towards the vapour
and T is the "cohesive tension of the free surface, per unit of
breadth”.
The equation still bears his name.
In a classic work "On the Equilibrium of Heterogeneous Substances",
Josiah Willard Gibbs (1876 —~ 1878) provided a framework for the
thermodynamic study of the influence of surfaces on the equilibrium of e

system.



J.J. Thomson (1888) considered the effect of surface tension on
chemical equilibrium, upon solubility, end upon the freezing point.
Although -his examination of the effect of surface tension on the freezing
point was purely qualitative and was made in ignorance of the vital role
kinetic effects play in the phenomenon of freezing (see below), his work
on the effect of surface tension upon the solubility was of importance
both to problems on the influence of surface on melting and to the problem
of freezing. Thomson investigated the equilibrium of a solution containing
undissolved salt, and ascribed a surface tension T to the surface of the
solution, and T' to the surface of the salt in contact with the solution.
He then derived several equations for the increase 89 in the temperature
vhich would produce the same effect as the surface tension. For instance,
assuming the solution to be in the form of a spherical drop of radius a,
and neglecting the surface tencsion of the salt in contact with the

solution, he obtained

where 1i and q are the increase in volume and heat absorbed, respectively,
when unit mass of the salt dissclves
and 6 1is the absolute temperature.

The lowering of the melting point of a material as a consequence of
the reduction of the grain size was predicted by F.W. Kirster (1906), and
following from Kirster's idea, Pawlow (1908, 1909a, 1910a) obtained an
expression for the temperature at which a solid and liquid sphere of the
same material and having identical masses, would be in equilibrium with
the same vapour: Pawlow then attempted to observe the size dependence of
the melting temperaturé of grains of salol - Pawlow (1910b), see also
Pawlow (1909b) = though his findings.have been discredited after the
adverse criticism of Meissner (1920). An account of this early work on the

influence of surface on melting has been given by Freundlich (1930), pgs.
1hh-145,

Using an elegant procedure propcsed by Tarmann, Meissner (op. cit.)
observed the melting of thin lamellae of five low melting point organic
compounds - azcobenzene, myristic acid, tristearine, stearic acid, and

p-chloreniline = which were sandwiched in the wedge—shaped space betveen a



flat metal bar and a convex cylindrical lens. With the axis of the lens
parallel to the fbng axis of the bar, a known tgmperature gradient was
established along the bar (and thus along the axis of the lens). This
should, under ideal experimental conditions, produce isothermals
perpendicular to the axis. If the melting point does not depend on
thickness, the solid-liquid melting line should also be straight, —
perpendicular to the axis, and coinciding with the bulk melting point
isothermal. If there is a dependence of the melting point on thickness,
the melting line should deviate from the isothermal line, the deviation .
increasing with the decreasing thickness of the layer. The theoretical
formula derived by Meissner to interpret his results has been criticised
by Reiss and Wilson (1948), and the technique he employed has been
greatly improved in the investigations made by Siil and Skapski (1956)
on stearinand myristic436ids. b

Palatnik and Komnik (1960) investigated the melting points of thin
condensed layers of tin and bismuth. A molecular beam of metal was
condensed, under vacuum, onto a glass plate; and a screen, placed between
the evaporator and the glass plate, was moved periodically during the
condensation, producing steps in the deposit thickness. Then, without

_destroying the vacuum, the glass plate was heated from one end, and a
stationary temperature gradient was obtained on it: the isctherms being
almost straight lines intersecting the condensate perpendicularly to the
steps. After cooling, the fusion boundary on each step was clearly visible
as a result of a jump in the optical density of the condensate. However,
in these experiments, no attempt was made to examine the actual nature of
the deposit using replica or stripping techniques and electron microscopy;
rather the size of the crystallites was inferred from the mean thickness
of the deposit and certain doubtful assumptions concerning the mode of
growth of the films. The interpretation of the jump in the optical
density as representing the fusion boundary is also open to objection -
see Fisher (1967) and Fisher and Anderson (1968).

A very important development in the investigation of the size
dependence of the melting temperature of solids was the use of electron
diffraction techniques to detect the melfing of small crystalline
particles. In the case ¢f a polycrystglline deﬁosit, the sharp ring

diffraction pattern which is a maznifestation of the long-range order of



the solid, gives way on heating to a diffuse halo pattern characteristic
of the liquid = see § 4.2 - and the disappearanpe of the sharp ring pattern
may be taken as a criterion of melting. Although several earlier
observations of the fusion of vacuum condensed metallic deposits had been
made using electron diffraction techniques, it was Takagi's investigations
- see Takagi (195L4) - on tin, lead and bismuth which first established
that the melting temperature of a thin metallic deposit is substantially
below the bulk melting temperature, and decreases as the mean thickness of
the deposit decreases. Certain experimental deficiencies rendered Takagi's
results unsuitable as a basis for detailed theoretical interpretation, and
these deficiencies have been well indicated by Curzon (1960).

Blackman and Curzon (1959) - see also Curzon (op. cit.) - determined,
from transmission electron diffraction observations, the melting
temperatures of aggregates of very small crystallites'of tin prepared by
condensation in a vacuum. The aggregates were afterwards examined by means
of an electron microscope and the size distribution of the crystallites
of each deposit was found. A particular crystallite size, calculated from
the size distribution, was then associated with the melting temperature of
each deposit, though the criterion used to calculate the sppropriate
crystallite size was somewhat arbitrary. Wronski (1963, 1967) continued
the work of Curzon on tin, and developed a sound criterion for the
calculation of the crystallite size to be associated with the melting
temperature of a deposit. The criterion was based on the results of
subsidiary experiments, in each of which the electron diffraction patterns
produced by a wholly-crystalline tin deposit end a wholly-molten tin .
deposit, having a known weight ratio, were superposed. That the results of
Wronski's subsidiary experiments on tin were substantially different from
the findings of the present investigations on lead and bismuth, may be a
consequence of Wronski's technique of superposing the individually
obtained diffraction patterns, rather than superposing the patterns on the
same photographic emulsion as was done in the present work. Wronskil
further established that the melting temperature of tin crystallites is
the same on both carbon and silicon monoxide substrates, within the limits
of experimental error; as described below this was also found to be the

case for deposilts of lead and bismuth.



Gladkich, Niedermayer and Spiegel (1966) - see also Gladkich and
Niedermayer (1965) and Gladkich, Hillecke and Niedermayer (1965) -
investigated the structure of thin films of silver, copper, aluminium

9

and germanium by means of transmission electron diffraction at 10 7 torr.
The films were deposited on to carbon substrates suspended on a fine.
copper gauze, the gauze being welded over a 2 mm. diameter hole in a —
tantalum foil which could be heated electrically, the temperature of the
tantalum foil in the neighbourhood of the 2 mm. hole Leing measured by a
thermocouple. An observation of the melting of a silver film of thickness
800 X, made with a view to calibrating the thermccouple, yielded a
melting temperature, as measured by the thermocouple, within 10 °c of'the
bulk melting point of silver: this is surprising, since theoretical
considerations - see below § 2.9 - indicate that with such an arrangement
very larée temperature differences are to be expected between the
substrate and the thermocouple. The rate of evaporation of the metal from
a U-shaped tungsten filament was measured by means of a quartz oscillator,
and the deposit thickness on the carbon substrate was calculated by
multiplying the evaporation rate by the time. As the authors point out,
the fact that the condensation coefficient of metals is dependent on the
temperature may result in the actual film thicknesses being less than
quoted, in those cases where the substrate temperature was sufficiently
high during the deposition.

Niedermayer et al. found that deposits of aluminium and germanium
. reacted with the carbon substrates on heating. Films of silver and copper
condensed on to carbon substrates at 200 °c gave rise immediately to
diffraction patterns consistent with a polycrystalline aggregate. The
dependence of the melting temperature of these films on the mean deposit
thickness was investigated and the curves obtained. were extrapolated to
obtain a minimum melting temperature for the thinnest films: 550 °c for
silver and 670 °c for copper. However, since the metallic deposits were
not examined by electron microscopy, a correlation of the melting
temperature with ecrystallite size was not possible. Moreover, the very
high rate of evaporation of both the silver and copper deposits and the
consequent uncertainty in the film thicknéss on melting, renders the

validity of any extrapolation to¢ small film thicknesses doubtful.



Measurements of the rate of evaporation of silver crystallites by
Blackman, Lisgarteén and Skinner (1968) indicate that at a pressure of
lO—5 torr and a temperature of 772 OC a 200 K cfystallite completely
evaporates in 30 sec.

Niedermayer et al. found that for a particular thickness of deposit,
d, as measured by the quartz oscillator, the melting temperature, ts, of
films of silver was strongly dependent on the substrate temperature during
depeosition, tu. However, it is difficult to evaluate the significance of
their plots of ts against tu in view of the dependence of the condensation
coefficient on the temperature. The condensation (or sticking) coefficient
is a crude parameter which reflects poorly the complex processes of |
continuous nucleation and growth characteristic of the condensation of
thin films from the vapour phase. It is not only dependent on the
substraﬁe temperature, but is alsc, under certain;conditions, heavily
dependent on the incident flux and the time which has elapsed since
condensation commenced = see Hirth and Pound (1963), pg. 54 and pgs. 57 -
69. The sudden decrease in ts for wvalues of tu above some 550 °C has been
interpreted by Niedermayer et al. as resulting from a retarded
condensation at these substrate temperatures; and the gradual falling off
of ts for values of tu below some 150 °c as resulting from & decline in
the crystallite size at these temperatures, presumably as a result of a
decrease in the mobility of the atoms diffusing across the substrate
surface. .

The structure of layers of bismuth 150 i thick and produced by
vacuum condensation on to carbon substrates, has been investigated by
Hanszen (1966) in the electron microscope at lO_h torr. The carbon
substrate films were spread over a small hole in a tantalum strip which
could be heated electrically, the experimental arrangement thus being
similar to that used by Niedermayer et al. (op. cit.). As a technique for
maintaining a thin film specimen at a known temperature, an arrangement
of this kind in which the specimen is free to exchange radiation over a
wide solid angle with material surroundings at room temperature is open
to criticism. In addition, because of the relatively high electron beam
currents, beam heating effects are likely to be large in the electron
microscope. For deposits condensed at various substrate

temperatures between 100 and 180 °c and then coocled to 20 OC, the
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temperatures at which the deposits melted and resolidified during the
(first) subsequent heating and cooling showed no apparent dependence on
the substrate temperature during condensation and lay respectively in the
ranges 230 - 250 oC and 90 - T0 oC. The deposits were observed to melt
over a finite interval of temperature and Hanszen attributed this to the
size distribution of the particles in the layers. On remelting a deposit
the melting temperature was found to be appreciably lower than on the
first melting, lying in the range 180 - 220 °C, while solidification
occurred again in the range 90 ~ T0 OC, the melting and solidification
temperatures remaining unchanged on further heatings and coolings.
Hanszen associated the change in the melting temperature with structural
changes found to have occurred in the deposit after the first melting
and resolidification. These structural changes were most marked for those
deposits condensed at a low substrate temperature.

Recent theoretical investigations of the influence of surface on
the melting of small crystallites have been made by Hanszen (1960) and
Lacmann (1962) using a thermodynamic approach, and by Hill - see HEill
(1963), pgs. 114 - 132 -~ from a thermodynamic and statistical viewpoint.
Expressions for the dependence of the melting temperature of thin films
on their thickness have been obtained by Weil (1964) thermodynamically,
and by Wojtezek (1967) using a criterion for melting of vibrational

instability similar to that of Lindemann (1910).

During the course of the present experiments, observations were
made of the solidification temperatures of metallic deposits. In order to
put this work into context, it is necessary to trace the events leading
up to the present theory of nucleation in condensed systems.

The foundations for an understanding of the process of freezing and
its associated supercooling phenomena (and also of crystallisation from
solution and its associated supersaturation phenomena) were laid by
de Coppet (1875) in terms of the kinetic theory of heat established by
Clausius, Pfaundler, Dossios and Naumann. De Coppet cxplained spontaneous
crystallisation of a liquid in the following manner:

"Considérons maintenant un liquide cristallisable refroidi jusqu'a

son point de solidification. Si le liquide se trouve en présence d'un
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cristal de la méme substance, les molécules liquides de température
suffisamment basse qui rencontreront le cristal déja formé seront, en
général, retenues par lui, et se déposeront a sa surface; mais, si le
liquide n'est pas en contact avec un cristal de méme espece chimique, les
choses pourront se passer tout autrement. Dans ce cas, la formation du
premier elément cristallin exige la rencontre simultanée de plusiers
molécules liquides dans des conditions de mouvement toutes particuligres

"

*PerePsRTEIELTENE S

In a later paper de Coppet (1907) presented further experimental
evidence and extended his ideas in response to the criticisms of Ostwald
and others.

The supercooling of alloys of gold in the form of small metallic
beads was reported by Van Riemsdyk (1880), who described the flash of
light accompanying solidification and attributed it to the liberation of
the latent heat of fusion. The paper contains many references to earlier
work on supercooling, though there is no reference to the work of
de Coppet. Unaware of the work of Van Riemsdyk, Mendenhall and Ingersoll
- (1908) observed the supercooling of particles of gold, palladium,
platinum, éilicon, rhodium and iridium. "Undercooling" of as much as
370 °C was observed with rhodium and platinum drops of 50 to 100 y
diameter, and the conspicuous "flashing" of the drops on solidification
wvas again noted.

The ideas of de Coppet were further developed by Tammann (1903,
1922), Volmer and Weber (1926), Volmer (1929), Becker and Doring (1935),
Becker (1938), and others. For an account of the early work see also
Freundlich (1930), pgs. 457 - 463. Turnbull and Fisher (194%9) derivea an
expression for the absolute rate of nucleation in condensed systems, by
making use of the theory of absolute reaction rates. The evaluation by
Turnbull and Fisher of the undetermined constant in Becker's equation for
the rate of nucleation in condensed systems (i.e. liguid-solid or
solid-solid transformations), coincided with the publication of a
considerable amount of experimental work on nucleation in the freezing
process. Vonnegut (1948) described the supercooling of aggregates of fine
droplets of liquid tin, using originally X-ray diffraction and later a

dilatometric method to detect the phase change. Schaefer (1949) gave an
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account of the nucleation of aggregates of small droplets of water,
Turnbull (1949) of mercury and gallium, and Turnbull (1950b) of mercury.
Turnbull and Cech (1950) described the microscopic observation of the
solidification of individual droplets (10 to 100 u diameter) of a large
number of different metals, including lead and bismuthj; in the case of
the higher melting point metals a sudden brightening ('"blick") was used
as the criterion of solidification. The available experimental results
were discussed and interpreted in terms of homogeneous nucleation theory
by Turnbull (1950c, 19504) and a formulation fcr the frequency of
heterogeneous nucleation was also discussed — Turnbull (1950a, 19504).
Further publications followed -~ see, for example, Pound and La Mer (1952),
Turnbull (1952a, 1952b) =~ and the field was reviewed by Holloman and
Turnbull (1953) and by Turnbull (1956).

Takagi (op. cit.) determined the solidification temperatures of her
thin metallic deposits of tin, lead and bismuth and found appreciable
supercooling. She calculated the solidification temperatures to be
.expected on the basis of the homogeneous nucleation thecry of Turnbull
&na Fisher and their quoted data, and obtained higher values than those
observed experimentally, though the discrepancy was small for lead.
Blackmzn and Curzon (1959) made observations of the supercocling of
aggregates of very small droplets (v 100 X) of liquid tin using electron
diffraction techniques. Curzon showed that the results could be
adequately interpreted either in terms of homogeneous nucleation theory
or of heterogeneous nucleation theory. However certain corrections to
the free energy of formation of a critical nucleus within a droplet whose
dimensions are comparable with the size of the critical nucleus - see
Lacmann (1962) - were not considered by Takagi and Curzen.

Problems in both theoretical and experimental aspects of nucleation
in the freezing process have latterly been discussed by Colligan, Loomis
and Surprenant (1965), Gomersall, Shiraishi and Ward (1965), and at the
Eighteenth Annual Conference of the Australian Institute of Metals ~ see
Discussion (1965). In a number of instances supercoolings appreciably
greater than those taken by Turnbull as representing the maximum degree
of supercooling have been observed, and new (higher) values of the solid-

liguid interfacial energies have been calculated from these on the basis
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of homogeneous nucleation theory. Mannchen and Schuster (1966) - see also
Mannchen (1964) -~ have recorded the supercoolings of bulk samples of high-
purity bismuth and lead, and Frawley and Childs (1968a, 1968b) have
investigated the influence of vibrations on the supercooling of pure
bismuth and bismuth-tin alloys. Hanszen (1966) observed the solidification
temperatures of vacuum condensed bismuth deposits, though no quantitative
interpretation of the results was made and the actual deposit thicknesses
or crystallite sizes were not stated. The solidification of thin films of
silver condensed under vacuum at 10—9 torr has been observed by
Niedermayer et al. (op. cit.), both during cooling, and at constant
temperature during continuous condensation: a single curve was presented
for the dependence of the solidification temperature on the (nominal)
mean thickness of deposit, though certain difficulties exist concerning
the actual deposit thicknesses (see above).

Recent theoretical work on nucleation in condensed systems includes

the paper by Gindt and Kern (1968) where further references may be found.

1.2 Allied probleﬁs: experimental

The important parameter which may be estimated from the present
experimental data on the size dependence of the melting and
solidification temperatures of small metallic crystallites is the

crystal-liquid interfacial free energy, o, =— see chapter 7. (For the

purposes of the present discussion, the aggsotropy of the crystal-liquid
and crys#al-vapour specific surface free energies — see § 6.3.1 = will be
ignored.) '

Solid~liquid interfacial energies in polyphase alloys have been

measured relative to random, high—angle grain boundary energies, ¢ by

>
dihedral angle measurement, and plots of GCL/GGB against compositigﬁ
allow the solid~liquid interfacial energies of pure metals to be inferred
under certain assumptions. Values of Oar, for aluminium and zinc derived
in this way by lMiller and Chadwick (1967) are greater by a factor of
about 3/2 than the values obtained from meximum supercoolings by Turnbull
on the basis of homogeneous nucleation theory.

The crystal-liquid, crystal-vapour and liquid-vapour specific

surface free energles (at the melting point) - o o, and oO_,

CL’ °C
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respectively =~ are related by the inequality

o < o0,-0 (1~2)

vhich is a consequence of the observation that every solid is completely
wetted (contact angle zero) by its own liquid at the melting point - see
Turnbull (1956), pg. 292 and Chadwick in Discussion (1965). Precise

and o have been deduced on

o
cL’> "¢ L
theoretical grounds by Reiss and Wilson (1948), Skapski (1956) and

relationships between the quantities o

Lacmann (1962), though it is the view of the present writer that in each
case there are unjustified assumptions in the derivations.

Reliable experimental values of the liquid-vapour interfacial
energies, o> are available for most metallic melts - see, for example,
Smithells (1967) and the review article by .Flint (1965). The upper limit

set to the solid-liquid interfacial energy, o, , by the inequality (1-2)

CL

thus provides a check on the experimental estimates of o,.., when vaiues
P L

C

for the solid=-vapour interfacial energies, o,, have been obtained.

C
Determinations of o, for metals have been made by Udin and others using

the "wire-pulling" gechnique due originally to6 Berggren (1926) - for a
review of this and other methods for measuring the surface energy of
solid metals, see Greenough (1965). In recent observations of the rate
of evaporation of small crystallites of silver by Blackman, Lisgarten and
Skinner (1968), an appreciable increase of the vapour pressure was in
evidence for crystallite radii less than 200 X, in accordance with the
predictions of W. Thomson (1870): good agreement was obtained with theory
with UC = 1,130 ergs cm.“2 - the value obtained for silver by Udin (1952).
The influence of surface energy effects on the structure of the
solid phase has been reported by Bublik and Pines (1952). They observed
the structure of unsupported thin films of the metals beryllium, chromium,
cobalt, nickel and vanadium by transmission electron diffraction.
Vanadium films of 60 - T0O X mean thickness yielded a polycrystalline ring
pattern characteristic of a face-centred-cubic structure, though when the
vanadium films were about 100 X thick, the diffraction rings of the

normel body-centred~cubic structure of vanadium were obtained. The

structure of thin films of beryllium, chromium, cobalt and nickel were



also found to depend on the mean thicknesses of the films. Recently
Denbigh and Marcus (1966) have obtained molybdenum deposits having a fcc
rather than the normal bee structure, and Grigsén and Dove (1966) using
the scanning~electron~diffraction technique and filtered electrons have
reported the formation of amorphous deposits of iron and germanium in the

initial stages of growth.

1.3 Allied problems: theoretical

Most theoretical investigations of the influence of crystallite
size on the temperature at which a crystallite melts have been made from
a thermodynamic standpoint, and the thermodynamic approach is discussed
in detail in chapter 6. However, a full insight into the process of fusion
of a very small crystallite will only be possible when mechanisms of
fusion in bulk materials are much better understood, and this itself will
necessitate a more detailed knowledge of ﬁhe structure of melts than ve
have at present. Statistical theories of liguids and statistical
approaches to the melting problem are considered further in § 6.1.

Closely allied to the problem of applying statistical ideas to the
nelting of a small crystallite is recent statistical work on solid and .
ligquid surfaces. Theories of the surface energy and surface tension of
non-metallic crystalline solids have been reviewed by Benson and Yun
(1967), and statistical theories of liquid surfaces by Ono and Kondo
(1960).

:It may be mentioned here that one of the most promising theories of
melting is that due to Lennard-Jones and Devonshire (19392, 1939b) based
on the order-disorder theory of Bragg and Williams (1934, 1935a, 1935b)
and Bethe (1935). The application of such a model to the melting of a
small crystallite would involve an examination of disordering processes
at the crystallite surface, and would thus be intimately bound up with
the so—called "surface roughening" phenomenon. This problem has been
treated by Burton, Cabrera and Frank (1951), Mullins (1959), Jackson
(1959), Valenta and Sukiennicki (1966), and Karge, Héyer and Pound (1967T).

The experiments described in this thesis concern the size
dependence of the melting temperature of metallic crystallites. The
pbssibility of formulating a mechanism of fusion Tor metals in terms of

order~disorder processes is discussed in § 6.1. A consideration of the
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properties of metal surfaces is complicated by the presence of conduction
electrons, and here attention may be drawn to the extensive literature
dealing with contributions to the surface energy. of solid and liquid
metals arising from the conduction electrons. A separate bibliography to
this work is given in Appendix 3, and includes the papers by Stratton
(1953a), Dupuis, Mazo and Onsager (1960) and Stratton (1962). These three
papers on the surface specific heat of solids are relevant to the

calculation of the total surface energy of a crystalline metal.
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CHAPTER 2
DESCRIPTION OF THE APPARATUS

2.1 The electron diffraction camera

The diffraction of electrons by metallic deposits consisting of -
small crystals was observed during heating and cooling in a vertical
electron diffraction camera. The camera was designed by Kehoe and Newman
(1956) and part of it is shown schematically in figure 1.

The camera was pumped by a two inch diffusion pump backed by a
rotary pump. A large vapour trap, cooled by liquid nitrogen and situated
immediately above the diffusion pump, served to remove the considerable
amounts of water vapour from the photographic film or plates used for
recording. After completely dismantling, cleaning énd reassembling the
camera, it was possible to attain a pressure of 5 x 10—6 torr or better,
after some eight hours pumping with ten feet or so of recording film in
the film chamber. The pressure in the camera was measured by a Penning
gauge situated immediately above the vapour trap: in this position the
gauge was sufficiently far from the electron beam for its magnetic field
not to distort the electron diffraction pattern. A "cold-finger" vepour
trap made from a length of 3-inch, German-silver tube was fitted in the
specimen chamber itself, and when filled with liquid oxygen this served
to further reduce the water vapour in the immediate vicinity of the
- gpecimen - see figure 3.

In the electron gun, electrons drevm from an electrically=heated,
tungsten, "hair-pin" filament were accelerated to LO kilovolts, and those
passing through a fine pin-hole in the anode were focussed on to a
fluorescent screen by a magnetic lens. The specimen was situated
approximately mid-way between the magnetic lens and the fluorescent
screen. The screen could be raised to allow the electrons to pass into
the film chamber below, patterns being recorded either on TO mnm. film, or
plates. The electron beam intensity could be varied by varying the
temperature of the tungsten filament and also by varying the bias on a
cylinder situasted between the filament and the anocde. In the experiments

here described, beam currents of 0.006 pA or less were employed to avoid
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heating the specimen by the beam. The beam diameter in the plane of the

6

specimen was 0.6 mm., so that the current flux was about 2 x 10~

2
amp. cm. or less.

2.2 Measurement of the electron beam current

Except for the experiments described in § 3.4, the beam intensity
was measured by inserting a Faraday cage (Curzon 1960) mounted on a
sliding vacuum seal in the path of the beam immediately above the
specimen = see figure 3, The current from the Faraday cage was fed
directly into the input of a "Pye'" D.C. amplifier of input impedance
3500 ohms, and the voltage developed across the input was observed, after
amplification, on the meter of the amplifier. When the Faraday cage was
correctly positioned, the reading on the meter was a maximum and remained
unaltered by small adjustments of the Faraday cage in two perpendicular
directions. '

The Faraday cage behaves as a current source of very high impedance
so that the current it delivers to the input of the amplifier should
depend very little on the actual value of the input impedance provided
this is small by comparison. BExperimentally it was found that if a
15,000 ohm resistor was suddenly inserted in series with the input to the
amplifier from the Faraday cage, the amplified voltage registered on the
meter did not alter visibly indicating that the input current had not
changed. The input current calculated from the voltage developed across
the input of the amplifier was clearly a proper measure of the electron
beam current, and (for example) an input of 35 uV corresponded to a beam
current of 0.01 pA. The actual value of the input impedance of the
amplifier on the range used was checked and found to be 3500 ohms to
within 37%.

2.3 The specimen furnace

Bach deposit of small crystals was prepared under vacuum inside the
diffraction camera by horizontal evaporation on to a thin substrate film
of carbon or silicon monoxide suspended on a copper electron microscope
grid. The grid was held in a cylindrical cavity in a block of

spectroscopically pure copper by means of a screw cap also of
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spectroscopically~pure copper - see figure 2. The block could be heated
by passing a current through a nichrome wire coil wound on a mica former,
and insulated electrically from the block by a sheet of mica. Electrical
and thermal insulation from the "specimen manivulator" on which the block
was mounted was achieved by means of mica sheets (thickness ~ L mm.) -
see figure 3.

The temperature of the copper block was measured at two points
close to the position of the specimen by means of two copper-constanton
thermocouples of identical material and total resistance (thermocouple I
and thermocouple II - see figure 2), which had their hot junctions 'hard
soldered" into the bottam of two 1 mm. holes in the furnace. Very fine
insulated vire was chosen (0.1 mm. diameter copper and 0.1l mm. diameter
constanton) and was led out unbroken through vacuum seals in the
"specimen manipulator'. The cold junctions of these two thermocouples,
together with the cold junction of a third thermocouple (thermocouple III)
also of identical material, could be surrounded with a mixture of melting
ice and water in the same beaker. The hot junction of thermocouple III
was soft soldered onto the copper tag of a switch outside the camera. An
all-copper switching system (to avoid additional thermoelectric e.m.f.s)
made possible the connection of any of these three thermocouples across a
"Unipivot" microammeter (f.s.d. 120 pA). During the experiments the
temperatures recorded by thermocouples I and II differed by no more than
1.5 ®k. Such differences as arose were always consistent: with the
furnace at room temperature the thermocouples read identically, but on
heatiné the furnace, thermocouple I registered a slightly greater
temperature than thermocouple II. This difference was independent of the
rates of heating employed during the experiments, and depended solely on
the temperature of the furnace, becoming ncticeable at about 400 °k and
increesing to some 1.5 °K at 600 °K.

The maximum permissable current through the nichrome heating coil
was about 3 amp., and a current of 1.4 amp. yielded an equilibrium
furnace temperature of almost 450 °c. An analysis of the cooling curve of
the furnace in vacuum showed that above 200 °C more heat was lost by
radiation than by conduction.

A detailed discussion of the design features which made the furnace
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suitable for maintaining a thin film (under vacuum) at a known
temperature of some 600 °K is given in § 2.9. .
2.4 The mounting of the furnace

The furnace was mounted - see figures 3 and 4 - on a specimen
manipulator which has been described by Kehoe, Newman and Pashley (1954).
This provided a lateral displacement of the furnace in the x~direction
(in the present experiments this was only used once - in the initial
positioning of the furnace) and rotations about the perpendicular axes
xvand y - see figure 3(b). At the start of each experiment - see
§ 3.2(ii) - the rotations about both axes were used to align the axis of
the furnace and grid with the evaporating filament, an accuracy of * 1/20
radian being obtained by observations down the axis of the evaporating
chamber. Once this alignment had been made and the camera pumped down,
' the rotation about the y~axis only was used - this rotation being
obtained by turhing the whole specimen manipulator about a greased 'O’
ring vacuum seal. The axis of the furnace (and grid) could then be made
to coincide accurately with either the evaporating filament or the
electron beam, by means of a pointer on the outside of the specimen

manipulator.

2.5 The cooling device

A second (see § 2.1) "cold finger" in the specimen chamber carried
a length of thick copper wire and could be rotated gbout an 'O' ring
vacuum seal to bring the wire firmly into contact with the furnace =~ see
figure 3. By filling the cold finger with liquid oxygen, furnace
" temperatures down to ~50 OC could be attained under vacuum, because of
the good thermal insulation of the copper block. This device made
poésible the determination of the melting temperatures of deposits of
indium which melted considerably below room temperature. It also made it
possible to cool the furnace rapidly from any temperature, after the
completion of a melting temperature determination, while maintaining the
high vacuum: this saved time and reduced the risk of oxidation of the
deposit particularly in experiments in which the same deposit was melted

several times.
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2.6 The evaporator

This is sho%n in figures 1 and 3. Each metallic deposit was
prepared under vacuum by the complete evaporation (horizontally) of a
known weight of metal from a tungsten filament housed in the charber of
the evaporator, on to a carbon or silicon monoxide substrate film in the
furnace at a fixed distance of 12.4 cm. -

Provided certain precautions were taken (see below), the nature of
the deposit depended only on the weight of metal evaporated and the
substrate used (i.e. carbon or silicon monoxide); a particular weight of
metal giving a deposit‘of definite meaﬁ thickness and consisting of spall -
crystals of various sizes but having a definite size distribution. By
varying the weight of metal evaporated, a series of deposits were obtained
each of predictable mean thickness and size distribution of crystallites:
weights from 0.4 mg. to 20 mg. were employed. :

,Thelprecautions involved were:
(1) melting‘the known weight of metal under vacuum into a small bead,
which adhered to the filament, by passing a short current pulse through
the filement. This was done prior to the alignment of the substrate with
the filament.
(ii) the careful choice of the evaporating filament. Two different
tightly-wound tungsten filaments were used: a cylindrical one blanked at
one end by means of a molybdenum sheet, for the evaporation of weights of
2 mg. or more; and a flat spiral one for the evaporation of weights of

less than 2 mg. - see figures T(a) and T(b).

2.7 Details of the apparatus used for the experiments described in § 3.k

The experiments described in § 3.4 involved exposing a photographic
emulsion to the electrons scattered from a specimen when a known electron
beam was incident on the specimen for a known time. The experimental
arrangement, with which this exposure time could be accurately measured
and controlled within the limits 25 to 1/40 sec. and the beam current
could be monitored immediately before and immediately after an exposure,
is shown schematically in figure 5.

The electron beam was deflected from the centre of the specimen

into the Faraday cage by pessing a current through a pair of deflecting
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coils. This current passed through one (break-contact I) of two
break-contacts of a relay, so that when the relay was energised, the
current to the deflecting coil was switched off and the electron beam
was then 'incident upon the specimen. On throwing the two-way switch S,
the relay could be energised for any period between 25 and 1/40 sec. by
suitable choice of the values of the capacitér C and the variable
resistor R in the transistor biasing circuit. Any one of a number of
capacitors, and any one of a number of variable resistors, could be
switched into the bilasing circuit of the transistor. By presetting the
values of these capacitors and resistors it was possible to do an
experiment which involved making several exposures of different,
preselected times in a very short period. In this way the risk of
oxidising a hot specimen was reduced.

The operation of the other break-contact (break-contact II) on the
relay caused a counter to count the pulses from a 1000 c.p.s., maintained-
tuning-fork oscillator. The time for which brezk-contact II was open vas
registered on the counter in thousandths of a second. The arrangement of
double-pole, double-throw (D.P.D.T.) switches permitted oreak-contact I
to be used to operate the counter instead bf break-contact II (but not
break-contact II to operate the deflecting current), so that the time for
which the two sets of contacts were open, for a given setting of the
transistor circuit, could be compared periodically. It was found that
break-contact II consistently remained open for 5 thousandths of a second
longer than break-contact I, no matter what the overall times involved,
so this time was substracted from the times recorded by the counter to
obtain the exposure times of the specimen to the electron beam.

The output of the Faraday cage was fed directly into the Pye
amplifier (see § 2.2), the output of vhich (up to 10 volts D.C.) was
used to operate a "Unipivot" galvanometer (f.s.d. 120 pA). The series
resistor Rs was chosen to give a galvanometer deflection of 100 pA for an
input voltage to the amplifier of 20 yV, that is for an electron beam
current of 0.0057 pA. When the Faraday cage was correctly positioned, the
reading on the galvanometer was a maximum and remained unaltered by small

adjustments of the Faraday cage in two .perpendicular directions.
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2.8 The electron microscope

The metallic deposits investigated in these experiments were
examined in a J.E.M.-6A electron microscope. A ray diagram illustrating
image formation in the electron microscope at high magnification is shown

in figure 6.

2.9 The désign features of a suitable furnace

Three furnaces were constructed during the course of these
experiments - see figure 8 and § 2.9.2 - of which the second and third
vere of identical design. The first two were in stainless steel, chosen
with a view to avoiding contaminating the films, and the third (the one
finally used) was of "spec.-pure'' copper, chosen both to avoid

contamination and to attain a uniform furnace temperature.

2.9.1 The fﬁctors which &etermine the temperature of a thin film

The design features of a furnacec suitable for maintaining a thin
film (under vacuum) at a known temperature of scme 600 %k are
investigated by examining the factors which determine the temperature of
a non-volatile, thin film under the three headings (i) radiation
(ii) conduction and (iii) electron-beam heating.

(i) Radiation

Consider a thin film supported on & microscope grid in a hot
furnace within the evacuated electron diffraction camera. Suppose that
the microscope grid and the furnace are both at a uniform temperature of
TF %K and that the camera is at & uniform temperature of TC k.

We suppose that the design of the furnace is similar to those shown
in figure 8 (a) and (b), so that the film "sees" the walls of the camera
at room temperature through the ends of two cylindrical holes one above
and one below the film. Consider a small element Af the film of area 6A,
and let Xy and X, be the fractions of the total solid angles of
21 steradians above and below the element, which the outer ends of the
two cylinders subtend at the element. If the temperature of the element,
T OK, is solely dete;mined by radiative heat transfTer, thep in

ER
equilibrium
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oy _ k4 h
2 edAoTER = (r - xl)eéAoiF + xleaAoTC (2-1)

R o b L
+ (1 - xe)edAoTF + x2e6AoTC

vhere e is the emissivity of the (two) surfaces of the film
and o is Stefan's constant.
If x is the fraction of the total solid angle of Urn steradians
above and below the element, which the outer ends of the cylinders

together subtend at the element, then

x = —t4 eg (2-2)
' 2 2
and equation (2}1) becomes
Lo h h
Tep = (1 -,x)TF + xT, (2-3)
Referring to figure 8, purely geometrical considerations lead to
1xl = 1 - cos 81 and x2 = 1 - cos 02
so that, for the first furnace
1 %o
X = —~+-— = 0,012 + 0.086 = 0.098 (2-4)
2 2
and for the second and third furnaces
x = 0.0070 » , (2-5)

Using (now) the subscript 1 to refer to the first furnace and the
subscript 2,3 to refer to the second and third furnaces, we may calculate

the radiative-equilibrium temperature of a thin film:

When T, = 600 %k and T, = 293 %k, from equation (2-3)

(T..) 586.2v 600 - 13.8 % (2-6)

ER'1

(o]

600 - 1.0 K (2-7)

(TER)Z,B = 599.0
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Figure 10. Conduction of heat in a radiating metal block



(ii) Ccnduction

When the camera is evacuated to 5 x 10“6 torr, loss of heat by the
film to the residual gases in the vacuum is negligible. The effect of
conducticn of heat through the film is, hovever, important in determining
the temperature of the thin film, as is shown below.

Let the thickness of the film (assumed uniform) be h, its thermal
conductivity be K, and the radius of the hole (assumed circular) in the
coprer electron microscope grid an vhich the film is suspended be R.

Consider an element of the filmhat a temperature T °k in the form
of an annulus having internal radius r and external radius r + §r - see

figure‘9(a). The total heat lost by the annulus due to radiation exchange

- 18

2 e(21rr6r)o[‘l’h - (1 - x)TFh - xTCh]

The heat conducted into the annulus is

K[E-rr('r + ér)h:l [%IT—‘]H&

and the heat conducted out of the annulus is

<lene] ).

Thermal equilibrium requires

2e(21rr6r)o[‘l‘h - (1- x)T b xTCh]

F
(
ar ar aT
o< {8 ose = {5 ¢ 65 (e

2
. . it ¥ a°T 14T
i.e. 2eo[‘1‘ - (J.—X)TF —xTC] = Kh[*é'*"r"é?]
dr
ie T , 14T 2eqf h (1 yo LI ] B (2-8)
e R T e c -
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with boundary conditions r=R, T= TF
. (2-9)
- 4ar _
r = 0, i = 0

The value of T in equation (2-8) always lies between the values

Tpg and Ty, where T is defined by equation (2-3). An analytic solution

ER ER .
of equation (2-8) is, to the knowledge of this writer, unobtainable; but

provided the temperature T._ defined by equation (2-3) does not differ

ER

from TF by more than a few percent (say some 10 OK), an approximate

solution may be obtained as follows:.

Put | - T = Ty, + AT - (2-10)

Then from equations (2-8) and (2-3) we obtain, approximately,

3
2 8eoT _
2,2 B o= o0 (2-11)
dr roar Kh
with boundary conditions r =R, AT = Ty - Tpo (2-12)
aaT _
r 0, pradie 0 (2-13)
As a solution of equation (2-11) try
AT = rc(ao +ar+ a2r2 + ... to infinity) {2-14)
: aAT  _ c-1 c . c+l
so that == = ager + al(c+l)r + ag(c+2)r + aes
d2AT c-2 c-1 c
and = a.cle-1)r + a_ (c+l)er + a, (ct2)(ctl)r + ...
2 0 1 2

Substituting into equation (2-11)

aoc(c—l)rc_2 + e.l(c+1)crc-1 + ag(c+2)(c+l)rC + a3(0+3)(0+2)rC+1 + eee
+ aocrc—g + al(c-a-l)rc'l + ae(c+2)rc + a3(c+3)rc+l + oue.
3 3
Beolpp’ BeoTpg c+l =0
- agr - - ayr -

 Kh Kh
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Equating coefficients of r°? o zero
cle-<1) ¥+e=0 =+ =0 s =0
Equating coefficients of r°71 to zero

(c+l)e + (e+l) = 0 > (c+l)2 =0 - c = -1

Equating further coefficients

3
8eoT._
a2(c+2)2 - ER ag = O
: Kh
8eqT 3
a3(c+3)2— ER a; = 0
Kh -
3
BegT .
a(ev)? - —F a0 = o
Kh
etc.
If ¢ = 0, then from equation (2-1L), AT = aq + ar+ a2r2 + +.., and the
boundary condition (2-13) requires
al = 0 and hence a3 =0 = a5 = aT = s
so that AT = &a. + a r2 + a;r + ..
0 2 e *
2
8egT 3 . BeoT 3
2 Kh 25 4 Kh

If ¢ = ~1, the boundary condition (2-13) leads to an expression identical
to (2-15) except that ag is replaced by a, -

The required solution to equation (2-11) is therefore (2-15) which

may be written - o QeoTE 3yn o
aT = ag|1+ ] L —ER ) n=1,2,3... (2-16)
n=1|"" Kh

with a, given by r=R, AT = T - Tpp (2-17)
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To obtain an idea of the magnitude of AT for each of the two
designs of furnace and each of the substrates employed, appropriate
‘figures will be taken for the quantities appearing in equations (2-16)
and (2-17)

Stefan's constant, g = 0.567 x J.O—h erg em.”? OK"h sec.”t
= 0.567 x 10 cal. em.7? OK--h sec. T
h.18 Carbon Silicon monoxide
Emissivity, e v 0.95 0.70
Conductivity, K (cal. see.”™ %% em.™')  o0.01 0.0026

(The figure taken for the thermal cohducfivity of silicon monoxide is
that for fused silica.)

Let T, = 600 °k, T, = 293 °K, and h = 200 A

The holes in the copper microscope grids on which the films were
suspended were 0.010 em. square, so take R = 0.005 ‘cm.

Making use of equations (2-6) and (2-7), the boundary condition (2-17)

becames for the first furnace

r = 0.005 cm., AT = 13.8 K
and for the second and third furnaces
r = 0.005 em., AT = 1.0 °K

' Using subseripts 1 and 2,3 to denote the furnaces and superscripts
C and SiO to denote the nature of the substrate, the expression (2-16)

for AT becames, in the four cases to be considered:

o0 2 i
(AT)(JJ_ = T7.83{1+ ) &TJ (2.597 x 101‘)“r2n
n=1 \°°
. o 2 ]
(AT)?_IO = 3.56/1+ ] [‘rlf"J (7.356 x 10°)"r2"
n=1 U°
C 2 (1)? Lyn_2n
(AT)2 3 = 0.55|1+ ) [;,—} (2.770 x 107) '~
’ n=1 '
: © 2
(AT)glg = 0.24{1 + § [—i—. (7.849 x 10%)7,2"
i n=1 \°
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The approximate solutions of equation (2-8), in the four cases

considered, may be written

© 2n
P(r)S = 586.2 + 7.8{1 + b Qé1r) (2-18)
1 n=1 (n!)2
. © 2n
()50 = 586.2 + 3.6]1 + ) {emar) ™ (2-19)
1 n=1 (n!)?
® 2n
()¢ = 599.0 + 0.5[1 + ) {266r) " (2-20)
2,3 n=1 (n!)2
. © 2n
7(r)510 = 599.0 + 0.2|1 + ) {(280r)7" (2-21)
2,3 n=1 (n!)?

In each of these last four equations, the first term on the R.H.S.
represents the equilibrium temperature of an element of a film when only
radiative heat exchange is considered. As can be seen (by putting r = 0)

- from equation (2-18), the actual temperature difference between the film
and the furnace may be less than half that estimated when only radiative
heat exchange is considered. The temperatures of a film in the first

(Tpg)y
equation (2-18), are shown in figure 9(b).

according to equation (2-6) and T(r)C according to

furnace, 1

The calculations show that both conduction and radiation are
important in determining the temperatufe of & thin film, and that it is
impossible to estimate the temperature accurately without a knowledge of
the thickness and emissivity of the film. It may be concluded that in
order to minimise the uncertainty in the temperature of the film, the
furnace should be designed so that the radiative-equilibrium temperature,
TER’ is as close as possible to the fgrnace temperature, TF' It is thus
desirable that the solid angle over which the film "sees" the walls of
the diffraction camera should be very small.

(iii) Electron-beam heating

An experimental method was employed to ascertain the importance of

beam heating in these experiments, and the findings are discussed in

§ 5.2.2.
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The variation in temperature of a thin film under the influence of
electron-beam heating has been examined by von Borries and Glaser (1943),
Winkelmann (1956), and Gale and Hale (1961).

2.9.2 The three furnaces constructed

From the foregoing it is clear that a suitable furnace must have
the following features: _

1) The thin film should be able to "see" the diffraction camera over only
a very small solid angle. |
2) The thermal contact between the copper grid and the furnace should be
good to minimise temperature differences between the grid and the
furnace. |

3) The temperature of all parts of the furnace "seen" by the film must be
uniform and should be accurately measurable.

The first furnace constructed - see figure 8(a) ~ was such that the
solid angle over which the film "saw" the diffraction camera was 1/10 of
the total solid angle, yielding a radiative-equilibrium temperature some
"1k %K below the furnace temperature at 600 °K as shown above..This meant
that there was a comparatively large, unknown (temperature-dependent)
difference in temperature between the film and the furnace. The specimen
was held in a ecylindriecal cavity in the furnace bj means of a press-fit
cap which was later clamped: it is probable that the thermal contact
between the copper microscope grid and the furnace was adeguate, at least.
vhen the press-fit cap was clamped. The temperature of the furnace was
measured by two thermocouples firmly clamped into the bottom of a 1 mm.
diameter hole, and so placed as to be within 2 mm. of the specimen
position. Continual checks were made to see that the thermocouples were
firmly clamped into the hole, and further evidence of their good thermal
contact with the furnace was provided by theé identity of their readings.
The copper and constanton wires used.were extremely fine insulated wires
and heat losses along the wires should have been small. However, it was
found impossible to obtain even consistent results with this furnace
(discounting the uncertainty in the absolute value of the temperature) in
that apperently similar lead devposits consisting of fairly large

crystallites (some 200 R radius) shoved melting temperature discrepancies
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of some 15 %K. It was also found that the thermocouples recorded lower
melting temperatures, though still unreproducible, if the press-fit cap
was clamped down, indicating that this reduced the temmerature difference
between the thermocouples and the deposit. The lack of reproducibility
experienced with the first furnace probably arose from differences in
temperature between the cap and the rest of the furnace. The press-fit
cap had a large radiating area in the form of a lip - see figure 8(a) -
and the whole furnace was constructed in stainless steel, a relatively
poor conductor of heat.

The second furnace constructed was identicel in design to that
finally used - see figures 2 and 8(b) - but was in stainless steel., The
solid angle of camera "seen" by the film was cut down to 7/1000 of the
total solid angle, yielding a radiative-equilibrium temperature only 1 %
below the furnace temperature at 600 °k. A screw cap was introduced and
the bottom of the cap was shaped - as shown in figure 2(d) - to "bite"
the copper grid, thus ensuring good thermal contact between the copper
grid and the furnace. The possibility of the cap being at a different
temperature from the rest of the furnace was minimised by having a large
aréa of screw thread in firm contact with the furnace block, and reducing
the area of the cap from which heaf is lost by radiation. There were two
thermocouples (of fine copper and constanton wire) "hard soldered" into
holes close to the specimen position, and separated by a distance of
0.7 cm. It was found that on heating the furnace to 600 OK, a temperature .
difference of 15 %k developed between these two thermocouples under
conditions of thermal equilibrium; and that a rate of heating of 10 °k
per minute produced an additional difference of 1.5 %k, The calculations
below substantiate these findings. The furnace was therefore regarded as
unsuitable in that feature 3) enumerated above was not realised.

The third furnace Ecnstructed, which was the one used for the
experiments described here, was made éntirely from "spec.—pure" copper.
As described in § 2.3 above, thermocouple I registered a slightly greater
temperature than thermocouple II, which difference was independent of the
rates of heating employed during the experiments, and depended solely on
the temperature of the furnace, becoming noticeable at about 400 °k ana

increasing to some 1.5 %K at 600 °K. Insofar as features 2) and 3) above
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vere realised for this furnace, equations (2-20) and (2-21) show that the
temperature of a tpin film should differ from the recorded furnace
temperature by less than 1%. Co-

It can be shown that under the conditions prevailing in the present
experiments, latent-heat losses arising from the evaporation of the
metallic deposits are negligible compared with the quantities of heat
exchanged by radiation and ccnduction., -

The findings indicated above concerning differences between the
temperatures registered by thermocouples I and II may be understood
semi-quantitatively in terms of a simplified model, in which the second
and third furnaces are represented as solid blocks heated from one end,
PQRS, as shown in figure 10:

We first estimate the temperature differences to be expected
between thermocouples I and II when the second andithird furnaces are
maintained in thermal equilibrium at 600 k. Suppoée the temperature,
TII’ at the position of thermocouple II is 600 OK, and that the

temperature, TI, at the position of thermocouple I does not differ from
this by more than a few degrees. The net heat lost from the surfaces of
the block above the section ABCD is, neglecting radiative heat gains,
approximately

4

e(l.3x 0.7T+2x 1.3x0.2+ 2 x0.7x o.e)oTII

where e is the emissivity of the surface

~ and o is Stefan's constant.

In equilibrium, this must be equal to the heat conducted upwards through
the section ABCD, and assuming that the temperature gradient, g%, is

uniform over the section ABCD, we obtain

4

dTJ ) e(1.3x0.T+2x 1.3x0.2+2x0.7Tx 0.2)0TII

[dz ABCD K x 1.3 x 0.7

where K is the thermal conductivity of the block.
Similarly, in equilibrium, the temperature gradient over the section EFGH,

assumed uniform, is approximately

. )
aT ) e(l.3x 0.7+ 2 x 1.3 x0.9+2x 0.7 x O.9)0TII

[&Z]EFGH, -

Kx 1.3 x 0.7
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Taking TII - TI t o be equal to the average value of these temperature

gradients multiplied by the separation (0.7 cm.) of the thermocouples in

the z-direction, we cbtain

3.11 ec L

-7 = 22==2F §op

1~ TIx 1.3 X (2-22)

Using the following values for the thysical constants appearing in
equation (2-22):
Stefan's constant, o = 5.67 x 10712 joule cm,” % OK"h sec.”t

stainless steel copper

thermal conductivity, K (watts em.” L QK_l) 0.15 3.89
emissivity, e 0.8 " 0.8
we find, for the second furnace: Ty - TII = 9.4 %
and for the third furnace: TI - TII = 0.36 %

We secondly estimate the temperature aifferences to be expected
. between thermocouples I and II when the temperatures of the furnaces are
increasing at a rate of w %k per minute, Under these circumstances, the
heat absorbed by the metal lying above a section mid-way between ABCD and
EFGH is

(1.3 x 0.7 x 0.55)pC ¥=  cal. sec.™

where p is the density of the metal in gm. em.”3

oK-l gm.-l

is uniform over the section

and C is its specific heat in cal.

Assuming that the temperature gradient, oL

considered, and ignoring radiative heat losses, we obtain

ar !

dz

- x (1.3 x 0.7 x 0.55)pC %6 % cm.”t

so that, approximately,

_ 1 pC
T =T = g g @ % (2-23)

Using the following values for the physical constants appearing in

equation (2-23):



stalnless steel

density, p (gnm. cm.—3) 7.81
specific heat, C (cal. og-1 gm.—l) 0.13
thermal conductivity, K (cal. sec.”t cm.-l'oK-l) 0.036

when w = 10 (°K per minute), then

for the second furnace:

P -7 _ = 1,80 °

I I1 K

and for the third furnace: TI - TII« = 0.060 %k

Lo

copper
8.93
0.098
0.931

The agreement between the figures estimated and those observed may

be regarded as satisfactary in view of the approximate nature of the

calculations.
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CHAPTER 3

B

DETAILS OF EXPERIMENTAL PROCEDURES

3.1 Preparation of the substrate films

The vacuum deposits of lead, bismuth and indium, whose melting and
solidification temperatures were determined, were made onto thin, -
continuous films of carbon or silicon monoxide supported by ccpper
electron microscope grids.

The silicon monoxide films were prepared as follows: 3 mgm. of
silicon monoxide (the ''Select Grade" manufactured by "Kemet") were
evaporated upwards from a.cylindrical filament onto cleaved mica surfaces
at a distance of 12 cm. The evaporation was carried out in a

p

conventional evaporation plant at a pressure of some 4 x 10 ° torr, and
with the filament at a yellowish-red heat (the optgmum temperature for
the evaporaﬁion is some 1200 °C - see Holland (1956), pg. 487). A
number of 3;05 mm. diameter, ccpver microscone grids were placed with
the poliéhed_side of each grid uppermost on a piece of copper mesh
immersed beneath the surface of distilled water in a petry dish, and a
silicon monoxide film was "floated off" from the mica substrate onto the
surface of the water by immersing the mica obliquely. The mesh was raised,
thus supporting film across the mesh and grids, and covered until dry.
The grids were afterwards transferred to numbered positions in dust-proof
boxes for storage.

Carbon films were prepared by the deposition, under vacuum, of
carbon - fram a carbon arc between "spec.-pure" carbon electrodes - onto
cleaved mica surfaces at a distance of 14 cm. Short current pulses (from
a relay) vere passed through the carbon electrodes, so that by counting
the number of pulses, the same thickness of film could always be produced.
Carbon substrates were prepared from the films as described above.

The thicknesses of both the carbon and silicon monoxide films
obtained in this (controlled) way should not have varied appreciably over
the course of the experiments, and were the minimum which would withstand
the effects of the electron beam in the electron microscope without

breaking up. By keeping the thicknesses of the substrates to a minimum, it
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was found possible to detectkthe sharp-ring, electron-diffraction
patterns of crystalline deposits having mean thicknesses of as little as
1 A against the d{ffuse, "halo" patterns produced by the amorrthous carbem
and silicen monoxide films. However, with these very thin deposits, only
the halo patterns could be seen on examining the fluorescent screen and
so the success or otherwise of an attemyt to determine the melting yoint

-

was not known until after the photogravhic record had been examined. -

3.2 Determination of the melting temperature

In the course of each determination of the melting and
solidification temperaturés of a metﬁllic deposit the following
bperati ons were performed: |
(i) A chip of the metal:being investigated was cut from a "spec.-pure"
rod to the required weight, and was melted into a small, shiny bead on
one of the two tunsgten filaments described in § 2.6, This was done in
the evaporating chamber of the electron diffraction camera, at a pressure
of some 2 x 10—5 torr and with the axis of the filament vertical, by
raising the temperature of the filament to a dull-red heat and allowing
it to cool ihmediately. Time was allowed for the filament to beccme quite
cold, and dry nitrogen was admitted into the camera.
(ii) A copper grid with a substrate film susyended on it was tken
inserted into the cylinder of. the furnace with the substrate film
uppermost (i.e. with the polished side of the grid uppermost - c.f. § 3.1)
and the furnace cap was screwed down onto the grid until just tight. The
axis of the evaporating filament was set horizontal and the axis of the
furnace aligned with it as described in § é.h. The orientation of the
specimen manipulator (as registered by the pointer) was noted, so that
the alignment could later be reprcduced perfectly when the camera was
under vacuum - see (vii) below.
(1ii) The camera was pumped down with several feet of photograrhic
recording film in the film chamber, wound loosely to allow the free
escape of water vapour from the emulsion, to a pressure of 5 x 10_6 torr.
The pressure was monitored throughout the experiment and did not change
appreciably on heating the furnace. As the removal of water vapour from

the film required some eight hours of pumping with liquid nitrogen in the
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large vapour trap ebove the diffusion pump, it was found convenient to
pump overnight on sufficient film for two or three melting point
determinations. The film was maintained dry by admnitting only dry
nitrogen into the camera between experimenfs: this reduced the pumping
time required to attain 5 x 10_6 torr to only 1 or 2 hours.

(iv) The specimen manipulator was rotated to align the sxis of the
substrate with the electron beam, and three diffraction patterns of the
substrate were taken. The appearance of any sharp rings on these patterné
would indicate contamination of the substrate prior to the experiment,
but in general only the diffuse halos of the substrate were to be seen.
(v) The cold junctions of the three copper-constanton thérmocouples ~ see
§ 2.3 - were surrounded with a mixture of pure melting ice and water, and
it was checked that the reading of thermocouple III was consistent with
room temperature. At this stage thermocouples I and II always read
identically and registered a temperature close to room temperature.

(vi) The furnace was heated to some 350 °C to evaporate any volatile
impurities from the surface of the substrate.

“(vii) After cooling to the required temperature for the evaporation, the
specimen manipulator was rotated into the orientation previously noted
(see (ii) above) to bring the substrate axis into coincidence with the
evaporating filament. The "cold-finger" vapour trap in the specimen
chamber was filled with liquid oxygen in order to further reduce the
rartial pressure of water vapour in the neighbourhood of the specimen,
and thus to reduce oxidation during and after the formétion of the
metallic deposit. The evaporation of the whole of the investigated
meterial was then achieved rapidly by passing a fixed current through the
tungsten filament which attained a steady white heat very quickly. During
the evaporation, the residual pressure in the camera ( 5 x 10-6 torr or
better, as registéred on the Penning gauge) was observed, and usually
there was no visible change. If the evaporation was made with the substr
substrate at a temperature above rocm temperature, the substrate and
deposit were afterwards cooled to room temperature (or below) using the
cooling device described in § 2.5.

(viii).The electron beam vas switched qn-and stabllised at about

5 x 10_9 ampn., and the suvply current resistered by the H.T. generator
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was noted. This current was monitored throughout the melting, and
provided a sensitive check on the constancy of the beam current. The
furnace axis was aligned with the beam, and the diffraction pattern
photographed. The pressure was noted. _

(ix) The furnace was heated until the crystalline ring pattern (initially
clearly visible on the fluorescent screen for all but the thinnest films)
had almost disappeared - indicating that a large part of the depcsit was
molten and giving rise only to the diffuse halos characteristic of the
liquid metal. Photographs were then taken at temperature increments of
either 2.4 ¢ or 1.2 0C, the current to the furnace heater being
adjusted to give a convenient, steady rate of heating of some 3 °c per
minute or 1.5 °c per minute, respectively. The larger temperature
increment and faster rate of heating were used when a -depression of the
melting point of more than about 20 0C was expected. The length of each
exposure was normally 30 sec. Thermocouple I was used to ﬁeasure these
temperatures, but two or three checks of the "simultaneous readings"
(observed in quick succession) of thermocouples I, II, and III were made.
Photograrhs were taken until it was thought that the ring pattern from
the'crystalline material should have completely disappeared; the pressure
was then noted and the beam current measured - see § 2.2.

(x) If the solidification temperature was to be determined, the furnace
was allowed to ccol naturally, photographs being taken at intervals of
13 °C in most cases. Otherwise, to minimise oxidation, the furnace was
cooled rapidly to room temperature or below, using the cooling device
described in § 2.5. )

(xi) The diffraction pattern of the solidified deposit was photographed
at room temperature.

(xii) In cases where more than one determination of the melting -
temperature of a particuiaf deposit was to be made, the operations

described from (ix) to (xi) were reveated.

3.3 The admission of hydrogen
Having in mind the possibility of the reduction of any surface
layer of oxide on the metallic crystallites, the influence of a small

partial pressure of hydrogen cn the melting and solidification
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temperatures of metallic deposits was investigated.

The hydrogen used was supplied in a 1 litre flask as "Grade X" by
the British Oxygen Co. Ltd. Several hours before. an experiment, a small
quantity was released from the flask into a pyrex U-tube which had
previously been evacuated by direct connection to the camera. The U-tube
vas surrounded by liquid nitrogen, and the hydrogen left to dry. The pure,
dry hydrogen was admitted into the specimen chamber of the cemera through
a needle valve, prior to the formation of a deposit by evaporation; and
the pressure was maintained constant to within 10 % for the duration of
the experiment. The pressures of hydrogen employed (as registered on the
Penning gauge) were between twice and ten times the pressure of the
residual gases in the camera. Larger pressures were not tried, because of
the possibility of a temperature difference developing between the
deposit and the furnace as a ccnsequence of the conduction of heat by the

hydrogen.

3.k Suyerpositibn of the electron diffraction patterns obtained from a
metallic derosit when it is wholly crystalline and when it is wholly
liquid
The diffracticn patterns from a metallic deposit (and its substrate)

when the denosit was wholly ecrystalline and from the same deposit when
it was wholly molten, were superposed in various proportions on
thot cgraphic emulsion, in order to find the proyortion in which the
crystalline, sharp-ring pattern could only just be detected on the
develoyed plate. In order to interpret the melting experiments, this
proportion was taken to be equal to the proyrortion by weight of solid
crystallites in a partially-molten deposit of the same mean thickness
" when the crystalline pattern cculd only just be detected. A full
discussion of this interpretation is given in § L.k,

| In the course of each determination of the proportion of the
crystalline pattern which could just be detected in superposition with
the liquid pattern from the same deposit, the following cperations were
performed (for details of the ayparatus see § 2.7) :
(1) As in (i) of § 3.2
(i1) As in (ii) of § 3.2
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(a) Exyosure times and beam currents chcsen prior to the exyeriment:

Solid pattern exposure| Liquid pattern exposure | Exposure to
Exposure | Amplified * | Exyosure |Amplified ¥ |solid rattern
time beam current| time bean current |as a % of the
(secs.) (uA) (sees.) (uA) total exposure

Plate 1| 0.125 25 225 (24.97) 100 ~0.125 (0.125)

Plate 2| 0.25 25 ~25 (24.94) 100 ~0.25 (0.25)

Plate 3 0.125 100 25 (24.88) 100 ~0.50 (0.50)

Plate 4 | 0.25 100 25 (24.75) 100 ~1.00 (1.00)

Plate 5| 0.75 100 25 (24.25) 100 13.00 (3.00)

(b) Actual experimental record:

Exposure to solid rattern Exposure
Before exposure i Exposure After exposure to solid
Unipivot [ Amplified | time¥*¥* as | Amnlified | Unipivot | pattern
"zero beam registered | beam "zero as a % of
reading" | current ¥ | on counter | current ¥ | reading' | the total

(uA) (un) (secs.) (pa) (nA) exposure

Plate 1 0 243 0.123 25 0 0.120

Plate 2 1 25 0.251 25 0 0.24€

Plate 3 3 993 0.122 993 1 0.L€T

Plate L 0 99 0.252 100 0 0.985

Plate 5 0 101 0.759 100 0 2.88

Exposure to liquid pattern

Plate 1 3 99 2L.96 97 0

Plate 2 0 99 24,94 98 1

Plate 3 1 100 2k .90 100 1

Plate L 3 101. 2L .94 103 3

Plate 5 1 103 24.80 10k 0

¥ As rezistered on Unipivot: 100 yA = an electron beam current of

0.0057 uA - see § 2.7.

##* Note that 0.005 secs. must be subtracted from the times shown, to

’obtain the actual exposure times - see § 2.7.

Table

1. Data from a superpositicn exyeriment
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(iii) Five Kodak N50 quarter plates were mounted in the plate holder in
the electron-diffraction camera, and the camera was pumped down for
several hours with liquid nitrogen in the large vapour trap above the
diffusion- pump until a pressure of 5 x 10. torr vas attained.

(iv) As in (v) of § 3.2, or scmetimes the cold junctions of the three
thermocouples were immersed in weter at room temperature.

(v) As in (vi) of § 3.2

(vi) The particular exposure times to be used were chosen -~ see

table 1{a) ~ and preset as described in § 2.7.

(vii) As in (vii) of § 3.2 _

(viii) The electron beam was switched on, the furnace axis was aligned
with the beam, and the beam was centred on the specimen. The set zero of
the Pye amplifier was adjusted so that the Unipivot galvanameter
registering the output read zero. The current to the deflecting coils was
switched on, and the position of the Faraday cage adjuéted so that the
electron beam fell centrally into the Faraday cage. The temperature of

the furnace (room temperature or below), as recorded on thermocouple I,
vas noted.

'(ix) The resistor and caracitor appro;miatelto the first exposure time
were switched into the transistor biasing circuit. The electron bean was
stabilised so that the Unipivot galvanometer read 100 uA (or sanmetimes
33 uA, 25 uA, 20 pA) corresponding to a beam current of 0.0057 uA.

The deflecting current was switched off, the centring of the
electron beam on the specimen checked, and the "zero reading' of the
Unipivot galvanometer noted (scme small departure from zero was often
noticable as a result of amplifier drift). The deflecting current was
switched on again, the fluorescent screen raised, the beam current as
registered on the Unipivot noted, and the switch S - see figure 5 -
thrown to make the first exposure. After the exposure the beam current
was noted, the fluorescent screen lowered, and the time registered on the
counter recorded- The deflecting current was switched off, the "zero
reading' of the Unipivot noted, and the beam centring checked. The next
thotographic plate was rotated into the exposure position.

(x) The operations described in (ix) were repeated until al1 the five

piates had been exposed - typical data are shown in table 1(b).
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(x1) The furnace was heated to somewhat above.the melting point of the
bulk metal: the heater current was adjusted to maintain a constant
temperature, and the temperature noted. Each of the five plates was
exposed a second time (to the diffraction pattern from the wholly-molten
deposit) using the same procedure as in (ix) - typical data are shown in
table 1(b).

In same instances, the photographic plates were first exposed to
the diffraction pattern from the wholly-molten deposit, and then (after
cooling the deposit again) to the diffraction pattern from the wholly-
crystalline deposit. :

3.5 Observation of the crystallites

After examining the melting and solidification of a deposit, or
after a superposition experiment, the spécimen was transferred as quickly
as possible to the J.E.M.-6A electron microscope to be photographéd.

In mounting the specimen in the electron microscope care was taken
to see that its distance from the objective lens was always the same.
Thfoughout the experiments an accelerating voltage of 80 kV was employed.
The intermediate lens current was always set to the same value for each
micrograph, and then cycled from zero to this value four times so as to
arrive at a definate point in the hysteresis cycle of the lens. In this
way the micrographs were taken at a reproducible magnification, and this
magnification (approximately x 50,000 on the plate) was determined
periodically using the method described by Skinner (1967, 1969).

Several micrograrhs (usually eight) were taken of each deposit, and
these were equally spaced over the whole circular area ( 1 mm. in diameter)
covered by the deposit. For each deposit two, three or four (usually
three) of these micrograﬁhs, well spaced out, were chosen and
enlargements of these were printed on 15" x 12", Grade IV, "Kodak"
bromide paper. The enlargements were made at linear masgnifications of
precisely x 16, x 10, x 8, or x 6 (corresponding to overall
magnifications of approximately 800,000; 500,000; etc.), the smaller

magnifications being used for the deposits having the larger crystallites.
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3.6 Measurement of the crystallite sizes

The images of the crystallites on the enlargements (see § 3.5) were
measured using cne or other of two transparent, -perspex stencils. One
steneil, manufactured by Faber-Castell, had a series of circular holes
drilled in it with diameters (nominally) from 1 to 35 mm. in 1 mm.
intervals. The other stencil, used only to measure the deposits
consisting of very small crystallites, was syecially prepared, and had a
series of circular holes with diameters (nominally) from 1 to 16 mm. in
2 mm. intervals. The mean of two perpendicular diameters was found for
each hole, from measurements taken with a travelling microscope: these
means were used in all calculations.

On each enlargement a continuous thin red line was drawn backwards
and forwards, so as to joln together all of the crystallites visible; the
order in which the crystallites were joined being unimportant, so long as
the line passed only once through each crystallite. The size of each
crystallite was then measured in turn, by mo&ing along the line with one
of the stencils, and the sizes were recorded immediately o a tape
recorder. The recording was then played back, and a histogram of the
cerystallite diameters was castructed directly by recording each size in
the appropriate column. The above methods were found to be extremely
valuable in reducing the strain involved in making measurcments on some

200,000 individual ecrystallites.
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CHAPTER 4
EXPERIMENTALADATA OBTAINED.

4.1 Size and volume distributions of the crystallites in the deposits
and the mean thicknesses of the deposits

Sane typical micrographs of metallic deposits whose melting was
coserved are shown in figures 11 to 18. Histograms showing the size
distributions, n(R), of the crystallites of these specimens and obtained
as indicated in § 3.6, are shown in figures 11(a) to 18(a).

Each of these histograms is the sum of two, three or four
histograms representing the distribution of crystallites on two, three or
four equal, but widely separated, areas of the deposit. To illustrate
this, two other widely separated areas of the deposit shown in figure 15
are shown in figure 19, and histograms of the size distributions of the
crystallites on these three areas taken separately are shown in figure
19(a). The sum of these three histograms is the histogram shown in figure

15(a). Except in a few instances, the histograms obtained from different
areas of the same specimen were very similar.

As can be seen from the micrographs, most of the érystallites
appear circular when viewed pervendicular to the substrate. However, by
breaking the substrate carrying the deposit, before its insertion into
the electron microscope, in such a way as to produce folds, it was
possible to observe the profiles of the crystallites viewed parallel to
the substrate, For those crystallites sufficlently large for their
profiles to be clearly seen (those greater than same 100 K radius), it
was found that (at room temperature) the forms of the profiles of both
Jarge and small crystallites of the same material were similar. The
profiles suggested that the crystallites approximated to segments of
spheres, with the flat surfaces on theé substrate. This wetting of the
substrate by the metals, producing cap-like structures, is discussed
further and illustrated in § 5.3. It is assuued here that the
crystallites approximate to segments of spheres having a constant contact
angle with the substrate independent of the erystallite size and

dependent only on the particular metal and substrate employed.
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Figure 11 (a) and (b). Histograms Figure 12 (a) and (b). Histograms
of the size distribution, n(R), and of the size distribution, n(R), and
volume distribution, v(R), of the volume distribution, v(R), of the

o

<b

0
33.3 x 106 A2 area
of the deposit shown in figure 11.
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of the deposit shown in figure 12.
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Figure 13 (a) and (b). Histograms of the size distribution, n(R), and volume
o
distribution, v(R), of the crystals from a 18.2 x lO8 A? area of the deposit

showvn in Tigure 13.
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Figure 14 (a) and (b). Histograms

of the size distribution, n(R), and

volume distribution, v(R), of the

6 2
crystals from a 23.8 x 10° A" area

of the deposit shown in figure 1kL.

Figure 15 (2) and (b). Histograms
of the size distribution, n(R), and
volume distribution, v(R), of the
crystals from a 49.8 x 10 32 area

of the deposit shown in figure 15.
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Figure 16 (a) and (b). Histograms of the size distribution, n(R), and
o
volume distribution, v(R), of the crystals from a 14.2 x 108 A2 area

of the deposit shown in figure 16.
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of the size distribution, n{R), and
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crystals from & 12.0 x lO6 KQ area
of the deposit shown in figure 18.
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Figure 19(a). The size distributions, n(R), of the crystals from three,
widely-separated, equal areas (each of 16.6 x 106 ?2) of a bismuth
deposit. Portions of these three areas are shown in figures 15 and 19, and

the sum of the three histograms is the histogram shown in figure 15(a).



For the canbinations of materials investigated it was found
exrerimentally that a contact angle, 6 > 90° was aprropriate. For such e
spherical, cap-shayed crystallite having contact.angle, 8, with the

substrate - see figure 20

R + R sin(6 - 90°)

(o
[}

i

R(1 - cos 8)

so that the volume of the cap is

i

3 R3(l ~ cos 6)2(2 + cos @)

2
mh“(R - %)
where R 1is the observed radius of the crystallite when viewed
reryendicular to the substrate.
Consider a size-distribution histopram of all the crystallites
occupying an area A of a metallic deposit, the number of crystallites
having a radius equal to R (within the limits of one interval of the

histogram) being n(R). Then the distribution function

V(R) = kRS n{R) (4-1)
where k = %(l ~ cos 8)°(2 + cos 0) (4-2)

is a histogram representing the volume distribution of the crystallites.

Further the total volume of all the erystallites is

7 kB> n(R)
R=0

and therefore the mean thickness of the deposit is
k o
*A- z R3 n(R)
R=0

In the particular case when the contact-angle 0 = 180° (no wetting), so

that the crystallites are spherical, then k = %ﬂ .

From each size-distribution histogram, n(R), & histogram
v(R) = R n(R) (4-3)

‘which is proporticnal to the actual volume distribution, was camputed. In
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Figure 20 (2) and (b). A spherical, cap-shaped crystallite

having contact angle 6 (> 90°) with the substrate
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addition the area A was determined accurately, and the quantity

VA =

sl 7 ¥ (4-)
R=0 . ‘

was calculated. This last guantity, which will be referred to as the

"ncminal mean thickness", rerresents the mean thickness of the depecsit o

the assumption that the crystallites were spherical.

The size distributie, n(R), volume distributiem, v(R), and nominal
mean thickness, z, were found far every depcsit whose melting was
cbserved or on which surerposition experiments were made. The
distributicns v(R) canputed fram the histcgrams of figures 11(a) to 18(a)

are shown in figures 11(b) to 18(b).

4.2 The melting and solidification temyreratures

The amarthous carbon and silicon monoxide films, used as substrates,
gave rise to diffuse, "halo', electron-diffraction patterns - see figure
21. Immediately after deyrcsition onto a substrate at (or in sme instances
below) rocm teﬁperature, each of the three metals investigated in these
experiments - lead, bismuth and indium - gave rise to a sharp-ring,
electron-diffraction yattern characteristic of a randamly-oriented,
polycrystalline depcsit - see figures 22(a) to 26(a). Every exreriment in
which the melting and solidification of a metallic derocsit were observed
yielded a phctographic record, which consisted of a series of electron-
diffractien patterns of the deposit (and its substrate) taken at small
increments of temperature during heating and cooling.

On heating a deposit, the sharp-ring pattern gradually gave way to
a diffuse, "halo" pattern as the deposit melted. However, the rings
visible in the initial rattern did not all disaprear at the same time: in

" high index" (large radius) rings disappeared first, and

general, the
before the erystalline yattern disappeared altozether, only one or two of
the rings in the original rattern could be detected. The disappearance of
these last rings was used as the criterion of the melting of the derosit.
The photograrhic record was examined and two patterns were chosen, one of
which was the last pattern on which a ring (or rings) of the crystalline

rattern cculd be detected, and the other (in many instances the same

pattern) was the first pattern which could be distinguished fram the





















T3

diffuse patterns obtained at higher temperatures. The "melting
temperature of the deposit" was taken to be the mean of the two
temperatures at which these exposures were made - see further § 5.2.3.

On cooling a mclten deposit, solidification did not occur until a
temperature was reached appreciably below that at which the deposit had
melted. The reappearance of the complete crystalline pattern on
solidification occurred over a smaller tempersture interval than its
disappearance on melting; nevertheless, the last rings of the crystalline
pattern to disappear on melting were the first rings to reappear on
solidification. The reappearance of these first rings was used as the
eriterion of solidification. The "sclidification temperature of the
deposit" was considered to be that temperature at which rings of the
crystalline pattern first became detectable.

On examining the photographic record of solidification, there was,
in most instances, little doubt between which two (successive)
diffraction patterns solidification had begun {this was a conseauence of
the relatively large temperature intervals between successive exposures =—
‘see § 3.2(x)). In these instances, a particular solidification
temperature was not assigned; rather the solidification temperature was
regarded as lying within a temperature interval - that defined by the
temperatures at which the two exposures werec made. However, in a few
instances, a diffraction pattern was found on which rings of the
erystalline pattern could only just be detected: in these instances the
. solidification temperature was taken to be the temperature at which that
particular exposure vas made.

The melting and solidification temperatures ascribed to the lead,
bismuth arnd indium depcsits are shown in tables 2, 3 and 4 (pgs. 94-98).
A number of the deposits of lead and bismuth were melted and resolidified
twice or three times. The first—-, second— and third-melting temperatures
are indicated by the Roman numerals I, II and III, and the first-, second-
and third-sclidification temperétures (vhere observed) by SI, SII snd SIII.
The melting and solidification temperatures pertaining to each deposit
are presented in the order in which they, were observed.

(i) Lead

The polycrystalline ring pabtbterns obtained from the lead deposits
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were consistent with the accepted face-centred-cubic structure of
crystalline lead - see appendix 1. On heating a deposit, the last rings
to disappear were the (111), the (220) and the (311), and the
disappearance of these last two (the Y8 and-vil rings) was used as the
criterion of melting. On resolidification, the (220) and (311) were
amongst the first rings to appear. Typical patterns from the melting and
solidification of a lead film are shown in figure 22. The (220) and (311)
reflections are, respectively, the rings ~ 2.6 cm. and v 3.] ecm. diameter
visible in figure 22. After depositing a lead film at room temperature,
melting it, and cocling again to roan temperature, the final rattern was
indistinguishable fram the initial yattern.

It was found that if a derosit was melted twice cr three times, the
me lting temyeratures were in close agreement - see table 2., The melting
temperature decreased with the mean thickness of the depcsit: a deyosit
having a (nominal) mean thickness ~ 100 X melted only a few degrees below
the melting point of bulk lead (327.4 ), whereas a derosit of (naminal)
mean thickness v 2 X melted 150-200 °C below the bulk me lting paint. The
uncertainty in the melting temyerature increased as the film thickness
decreased, both because the disappearance of the crystalline pattern
occurred over a larger temperature interval, and because the crystalline
rattern cbtained became less sharp and less intense.

(ii) Bismuth

The polyerystalline ring patterns obtained from the bismuth
deposits were consistent with the accepted rhambchedral structure of the
solid phase of bismuth which is stable (in bulk form) at ordinary
pressures - see appendix l. However, the ring patterns produced by a
bismuth deposit immediately after condensation and by the same deposit
after melting and resolidification, exhibited scme differences in the
relative intensities of the rings. These are illustrated for a deposit
of bismuth oh carbon in fipure Al.3 of anrendix 1 (comrvare also patterns
(a) and (d) of figure 23). Differences were also evident between the
relative intensities of the diffraction rings obtained, immediately after
deposition, from deposits {of comparable thickness) of bismuth on carben
and of bismuth on silicon moncxide - cecnrare figures 23(a) and 24(a).

These variations must have reflected structural differences in the
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deposits - see § 5.4.1.

Notwithstanding these variations in the diffrection patterns
produced by the bismuth deposits, on heating crystalline bismuth deposits
the last ring to disappear was the (110), except for the very thinnest
films when the (110) could still be detected after the disappearance of
the (110). (The indices employed are those of the rhombohedral system -
see arpendix 1.) On solidification, the (110) and the (110) were always
amongst the first rings to appear. Typical patterns from the melting and
solidification of bismuth deposits are shown in figures 23 to 25. The ‘
(110) is the ring ~ 2.0 cm. diemeter visible ir figures 23 and 24, and
the (110) is the ring ~ 1.4 cm. dismeter visible in figures 2k and 25.

If a bismuth deposit was melted twice or three times, the melting
temperatures decreased on successive meltings (with the exception of
three of the thinnest deposits), typically by some 10 °¢ - see table 3.
For those bismuth devosits having a nominal mean thickﬁess less than some
15 g, the first-melting temperature was found to decrease with the mean
thickness of the deposit: a deposit having a (ncminal) mean thickness
15 X melted within a few deprees of the melting point of bulk bismuth
l(271.3 °c), whereas a deposit having a (nominal) mean thickness ~ 1 X
melted some 100-150 °c below the bulk melting temperature. Eleven of the
twelve first-melting temperatures, ascribed to the twelve denosits
examined having a nminal mean thickness > 15 X, vere a few degrees above
the melting temperature of bulk bismuth.

(iii) Indium _

The polycrystalline ring patterns obtained from the indium deposits
wvere consistent with the accepted body-centred-tetragonal structure of
crystalline indium - see appendix l. On heating a deposit, the last rings
to disappear were the (101), the (200) and the (211), and the
disappearance of these last two was used as the criterion of melting.
Ty@ical patterns from the melting of an indium film are shown in figure
26. The (200) and (211) reflections are, respectively, the rings ~ 2.8 cm.
and v 3.3 cm. diameter visible in figure 26. On heating deposits of
indium it was found that a polycrystalline ring pattern, identified as
that of indium sesquioxide - see avpendix 1, began to anpear at some

100 °c. Further heating up to the melting point of bulk indium (157 0C)
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resulted in the complete oxidation of even relatively thick deposits.
Below 85 OC, however, no evidence of the formation of indium sesquioxide
was cbtained, and the melting temperatures ascribed to the deposits in
table 4 are all below this temperature. Attémpts to provoke the
resolidification of deposits of indium, which had melted below 85 Ob, by
cooling to - 50 °c for up to 30 minutes (using the cooling device)
failed: however, the vpresence of the liguid-indium halos on the final
pattern (at - 50 °C) was quite evident on comparison with the pattern
produced by the carben substrate before deposition.

Over the range of deposit thicknesses investigated -~ (ncminal) mean
thicknesses from 1 to 4 X - the melting temperature decreased with the

mean thickness of the deposit from same TO °¢ to some 0 °C.

4.3 Superposition expveriments and the limiting detectable exposure to the
crystalline pattern as a percentage of the total exposure

Each superposition experiment, conducted as described in § 3.4,
yielded a set of five diffraction patterns, the exposure to the
crystalline pattern as a percentage of the overall exposure, denocted
below by P, changing by a factor of 2 or 3 from one plate to the next -
compare table 1. Prints of typical camposite patterns are shown in
figures 27 to 29. For deposits of lead and bismuth, the gradual
disappearance of the rings of the crystalline pattern on progressing to
smaller values of P was similar to the disappearance of the pattern on
melting: in particular, the last rings of the crystalline pattern to
disappear were the same. The rings ~ 2.6 cm. and ~ 3.1 cm. diameter
visible in figure 27(b) are, respectively, the (220) and (311)
reflections of crystalline lead. The ring v~ 2.0 cm. diameter visible in
figure 28 (a) and (b) (and also in figure 29(a)) is the (110) reflection
of crystalline bismuth. The ring v 1.4 cm. diameter visible in figure
29 (a) and (b) is the (110) reflection of erystalline bismuth. No attempt
was made to obtain sumerposition results for indium, because it had been
previously found that films of indium of any thickness oxidised rapidly
when heated up to the bulk melting yoint (under the vacuum conditions
prevailing in these experiments).

The exposure of a rhotographic emulsion to the diffraction pattern
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from a wholly-crystalline deposit and its substrate, as a percentage of
the overall exposure of the emulsion to the patterns from the wholly-
crystalline and whollyv-liquid devosit, which renders the crystalline
sharp-ring‘rattern only just detectable on the develoned emulsion, will
be denoted by Pop 2nd referred to as the "1imiting detectable exyosure".
The limiting detectable exnosure will clearly depend upon the thickness
of the deposit, the thickness of the substrate, the nature of the
emulsion, the overall exposure and the degree of development. The
accelerating voltage on the electron gun (40 kV) and the geometrical
arrangement of the electron diffraction camera ('"cemera length" ~ 40 cm.)
were the same throughout the experiments. A "Kodak" N50 photograrhic
plate was found to be suitably exposed, if subjected forr25 sec. to the
electrons scattered from a spscimen upon which the beam current of
0.0057 pA indicated in § 2.7 was incident; this same overall exposure was
employed for all the superposition experiments.

A series of superposition experiments were carried out with lead
deposits of different thicknesses on carbon substrates. Each set of five
plates was examined on either three or four separate occasions: upon each
examination two consecutive plates were chosen from each set, such that
rings of the crystalline pattern could be detected upon the first but not
on the second. If the crystalline pattern could only just be detected on
the first, then a weight of 2 was ascribed to the percentage, P,
corresponding to this plate; whereas if the crystalline pattern was
clearly detectable on the first, then a weight of 1 was ascribed to each
of the two percentages corresponding to the two plates. When all of the
examinations, which were spaced over an interval of sane three months,
had been coupleted, the weights ascribed to each of the discrete
percehtages, P, of a particular set of plates were added up and reduced
to their simplest ratio. A plot of these discrete percentages (excluding
the unweighted ones), together with théir weightings, against the nominal
mean thickness of the deposit, z, on a log-log scale is shown for lead on
carbon in figure 30. Each vertical group of points corresponds to one
deposit, and the numbers beside the points indicate the weight to be
given to each point within its own group. The “centre of gravity' of each

group of points was considered to be the best value obtainable for the
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limiting detectable exposure, PCE’ for that experiment.
The centre of gravity, PCE’ of each group of points was found and
plotted ageinst the nominal meean thickress, z, on & log-log scale - sce

figure 31. It was found that the dependence of log P on log z could

be represented well by a straight line, and a least—ggan—square straight
line was fitted to the data. Also shown in figure 31 are results for
bismuth ca carbon, bismuth on silicon monoxide and lead on silicon
monoxide.

The points in figures 30 and 31 marked with the letter L are
results of experiments in which the emulsion was exposed to the pattern
fron the wholly-molten deposit first, and to the pattern from the
resolidified deposit afterwards. All other points refer to experiments in
which the emulsion was first exposed to the pattern from the crystalline
deposit (immediately after its deposition). In the case of lead on carbonm,
the two "L-results" are in close agreement with the other results, and
were included in the calculation of the least-mean-souare fit. However,
the results of two "L-experiments! with bismuth on carbon (only one is
shown, as no crystalline pattern could be detected on any of the five
plates of the other) suggest that if the emulsion is exrosed to the
pattern from the resolidified deposit, a longer exposure to the solid
pattern is required to render it detectable. This is in accord with the
qualitative observation that the intensity of a number of the strongest
rings in the pattern from an unmelted deposit of bismuth cn carbon is
greater than their intensity in the pattern from the resolidified deposit
- compare patterns (a) and (d) of figure 23.

A least-mean-square straight line was fitted to the five results
(excluding the result marked L) for bismuth on carbon. A straight line
was drawn through the two results obtained for bismuth on silicon
monoxide. For lead on silicon monoxide, a line was drawn through the one
result obtained parallel to the line for lead on carbon. _

The extent of each continuous line in figure 31 corresvonds to the
range of z-values over which melting-temperature determinations were made
(with that particular cambination of materials).

Superpositicn experiments were performed in which one of the five

plates was exposed only to the pattern from the wholly-molten deposit,
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but for such a time as to receive the same overall exposure as the other
four: in each case it was found that no difference could be detected
between the pattern on this plate and one of the -camposite patterns on
vhich the crystalline pattern could not be detected. In other experiments,
one plate was exposed only to the pattern from the wholly-crystalline
deposit, and for a time equal to, or samevhat shorter than, the shortest
crystalline exposure employed for the composite patterns. It was found,
in each case, that rings of the crystallire pattern could be detected on
this plate, whereas longer crystalline exposures could nct be detected
when part of a cemposite pattern. For example: a limiting detectable
exposure, PCE’ of 0.087 % was ascribed to the deposit of bismuth of
nominal mean thickness 28.6 A from which composite vatterns are shown
in figure 28. One plate was exposed only to the electrons scattered from
this unmelted, crystalline deposit, when a beam current of
. 0.0057 x 0.195 pA was incident on it for a time 0.033 séc. It was found
that rings of the crystalline pattern could be detected on this develoved
plate, although this solid exmosure, if part-of a comyosite pattern,
would correspond to a value of P of 0.026 %. This finding indicates that
the disappearance of the crystalline pattern - see fipure 28 - was not

due to a failure to expose the plates.

4.4 The association of a perticular crystallite radius with the melting

temperature of a deposit

It was cobserved - compare § 4.2 -~ that when a metallic deposit,
consisting of crystallites of varying radii, was heated, the crystalline
diffraction pattern did not disaypear suddenly at a definite temperature,
but gradually over a finite interval of temperature. Further, the
canplete disappearance of the crystalline pattern occurred at ever lower
temperatures, as the sizes of the crystallites composing the deposit
decreased. These findings can be explained on the assumption that the
melting temperature of a crystallite decreases (monotonically) with
decreasing crystallite size; moreover, this assumption can be justified
theoretically by the application of thermodynamics to & model of a
crystallite melting -~ see & €.3.

This leads to the following picture of the melting of a metallic
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deposit: as the deposit is heated, the smallest crystallites melt first,
and as the temperature is increased, so larger and larger crystallites
melt. At any given temperature, all the original crystallites which were
greater than a certain size - the size which melts at this temperature -
remain solid. Eventually a temperature is reached at which the
crystallites which remain only just diffract sufficient electrons for the
crystalline pattern to be detectable {(on a photographic emulsion): the
radius of the crystallites which are melting at this temperature will be
denoted by R and referred to as the ‘melting radius", and the volume of
the crystallites remaining at this temperature, as a percentage of the
volume of all the original crystallites, will be denocted by PCV and
referred to as the "limiting detectable volume".

With this picture of the melting of a deposit, if the 'melting
temperature"” has been determined aﬁd the volume distribution of the
crystallites composing the deposit has been found, then a knowledge of

the limiting detectable volume, P v is sufficient to determine the size

(the melting raaius, Rm) of the cgystallites‘which were melting at this

temperature - for further details see § 5.1. Because the thickness of the
substrates was kept constant throughout the experiments - see § 2.1 -~ and
the emulsion used for the superposition experiments was similar to that -

of the recording film, the limiting detectable exposure, for any

P
deposit can be inferred from the nominal mean thickness ofcihe deyosit
and the data of figure 31. If the two percentages PCV and PCE can be

identified, then each melting experiment yields a crystallite size and
its melting temperature. The remainder of this section is devoted to a

justification for identifying these two percentages.

In order to investigate the factors which affect the visual
detectability of a "sharp ring"” on a developed emulsion, certain facts
concerning the physiology of the eye and the resvonse of vhotograrhic

emulsions to electrons must be examined.

The optical density, D, of a processed emulsion is defined as

1
D = logy, [T]

where T is the fraction of incident light transmitted by the emulsion

(its "transmission')



86

It is a physiolégical fact that over the range of tones conveniently
viewved by the eye, differences in density are perceived and interpreted
as proportional differences in centrast. i
It has been established - see Valentine (1966), and Hall (1966),
rgs. 171-17€ - that for a wide variety of vhotographic emulsions, the
response to electrons in the energy range L40-120 kV is consonant with a
"single-hit" process of latent image formation. For a particular emulsion,
degree of development and electron energy, the density of the processed
emulsion, D, is directly proportional to the exposure (over the range of
densities usually employed - more syecifically, the arproximation is good
up to densities of %Ds where D_ is the saturation density). It is
implied also, of course, that the reciprocity law holds - i.e. the

density is dependent only on the product of the exposure time, t (sec.),

and the intensity of exposure, I (amp./sq. cm.). We may write
D = kIt

vhere k is a constant depending upon the emulsion, the degree of
development and the electron energy.

If, for a particular emulsion, degree of develoovment and electron energy,

D1 and D2 are the densities corresyonding to exposures Iltl and 12 5
then Igtp - Iltl
D, - D, = D, —F——= (4-5)
2 1 1 I ¢
171

This important result means that the density difference, and
therefore contrast, of the processed emulsion is dependent only cn the
ratio of the exposures and the density of the processed emulsion - it
does not depend exvlicitly on the actual exnosures or degree of
develooment (within broad limits), nor on the particular emulsion
employed. Moreover, the contrast of an emulsion exposed to a single
electron image depends only on the relative intensities of the various
parts of the image and on the final processed density; and when exrosed
and processed to the same final density, all emulsions will have exactly

the same contrast - see Valentine (1966), pg. 190.

Consider a specimen consisting of an amorphous substrate of uniform
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thickness and mass ver unit area m, on which is deposited an aggregate

of metallic crystgllites having a mean mass per unit area of M.

(a) Suppose this épecimen is at & temperature T pK, and that the devosit

is partially molten such that a proportion 12 b& weight of the whole

still remains solid. Suppose that a photograrhiec emulsion is exposed for

a time t sec. to the electrons scattered from the specimen when an _

electron beam of i amp. is incident on a uniform area of the specimen. -
In accordance with kinematic theory, we may represent the total

flux of electrons per unit ares per second at any point of the emulsion -

the electron intensity, IC(G,T), in emp./sq. cm. - arising from

scattering by the polycrystalline metal, by an expression of the form ,

IC(B,T) = Kg FC(G,T) paMl

where Ké is a geometrical constant depending on the distance of the
emulsion from the specimen
6 is the scattering angle corresronding to the point in question

and FC(G,T) is a function cheracteristic of the particular metal and

its temperature, T, and largely independent of the distribution
and sizes of the crystallites provided they are small enough for
the kinematic approximation to hold.

In a similar way, the electron intensities IL(G,T) and IS(G,T) arising

from scattering by the liquid metal and by the substrate, respectively,

may be represented by expressions of the form

IL(e,T) Kg FL(G,T) (1 - pa)Ml
and

IS(G,T) = Kg FS(G,T) mi

The total flux of electrons per unit area scattered from the
specimen as a vhole to any point on the emulsion - the exposure, Ea(e),

in coulombs/sa. em. -~ is thus

(6,7) (1 - pa)M + F_(0,T) mjit

s

Ea(e) = Kg FC(G,T) pM + Fp

Discounting the demendence of the functions P FL and Fq on the
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temperature, we may write

E (8) = K, {F,(0) - FL(e)}M p, + F (68) M+ F.(6) mjit (4-€)

L S

(b) Suprose that a vhotograrhic emulsion is exposed, successively, to the

electrons scattered when an electron beam of il amp. falls on the wholly-

crystalline specimen at a temperature Tl °k for a time tl sec., and then
an electron beam of i2 amp. falls on the wholly-molten specimen at a
temperature T2 °k for a time t, sec.

The overall exposure, Eb(e), is

it

Y miigty

Eb(e) = Kg’FC(e’Tl) M+ FS(e,TJL

it

+ Kg’FL(e,Te) M+ FS(G,TE) miit,

Defining B, by
114y

pb lltl + 12t2

and discounting the dependence of the functions FC, FL and FS on the

temperature, we may write

E (8) = K, | (Fo(0) - F (6)M p + F (8) M+ F(6) m)(it,

+ 12t2) (h—T).
Comparison of equations (4-6) and (4-T) shows that if

iltl + 12t2 = it (4-8)

and

then the photograrhic emulsions in the two cases (a) and (b) receive
identical overall exyosures. Moreover, if the emulsions are similar, and
provided that the reciprocity law holds, they will have identical latent

images.

Surnose that two emulsions are exrosed as indicated in (a) and (b),
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and that on processing them, it is found that rings of the crystalline
pattern can just be detected on each, then
PCV pCE )
p, = = and P, = (4-9)
100 100
(i) Suppose that the emulsions are similar, that they were similarly
processed, and that the exposures were such as to satisfy equation (4-8),

then we may infer
P = P (L-10)

(ii) It is now shown that equation (4-10) is a good approximation,
provided the processed emulsions have the same "backround" density in the
neighbourhood of the last ring to disappear, even if the emulsions A
themselves and their processing are not similar, and the exposures do not
(necessarily) satisfy equation (4-8):

Supnose that the scattering anele corresvonding to a point on the
centre of the last sharp ring to disapnear is GR, and that the scattering
angle corresponding to a neighbouring voint on the "backround" cleose to

this ring is 6.. Then, from equation (4-5), the densities, Dy and Dy, of

B
the processed emulsion at these two points will be related in case (a) by

Ea(eR) - Ea(GB)

)

B'a (Dg)

(bp - D B'a

and in case (b) by - (e,) - E (0
(DR - D) i i

B’ B'b

Assuming that the ring will be only just detectable when

where AD is some critical density difference, we obtain in case (a)

E (eR) AD
v..ai._,--«- = 14 ———— ( h— 11 )

Ea(eB) (DB)a
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and in case (b)

E (6,) AD
LN S (4-12)
: E, (85) (Dg)y
If the processed emulsions have the same backround density in the
neighbourhood of the last ring to disappear, i.e.
(g), = (Dg)y,
then
EE(GR) _ E (6.)
CE_(85) E (6;)
It may now be demonstrated, using equations (4-6) and (L4-T), that
By = Py
(since {FC(GR) - FL(BR)}{FL(GB) M+ FS(GB) m}
{Folo,) = FL(o)HF (8.) M + Fo(o.) m} )

and we may infer, using equations (4-9), that

(iii) One further approximate. result will now be obtained, which will be
' made use of in the discussion of errors in § 5.2.8.

Provided that the functions FL(G) and Fs(e) vary slowly with the
scattering angle, 6, in the neighbourhoed of the last crystalline ring to

disappear, we may assume
Fleg) = Fo(eg) and F (o) = F.(8,)

and neglecting the scattering from the crystalline metal at the

scattering angle 9., we have

B
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so that equations (4-11) and (4-12) becme, with reference to eguations

(4-6) ana (4-71),

F.(e_ ) Mp AD
C_R a = (4-13)
FL(OB) M(1 - pa) + FS(BB) n (DB)a
and
F.(e ) M AD
c’rR’ " M - (4-1k)
FL(BB) M(1 ~ n,) + FS(eB) m (Dy)y,

Suppose that the "backround" densities of the two processed emulsions, in
the neighbourhood of the last ring to disappear, differ by a factor of
two: say

(D = 2(D

B)a B)b

then, from equations (4-13) and (k-14),

F (8.) M(1 -~ p ) + F (6. ) m
b, = 2p L''B b S''B (4-15)
FL(OB) M(1 - pa) + FS(BB) m

From equation (4-15), it is clear that the proportions p, and p, differ
by a factor which is somewhat less than two.

We may conclude, with reference to equation (4-9), that if the
"backroﬁnd" densities of the two processed emulsions, in the neighbourhood
of the last ring to disappear, differ by a factor of two; then the
limiting:detectable vqlume, PbV’ and the limiting detectable exposure,
PCE’ differ by a factor which is samewhat less than two.



CHAPTER 5
REGULTS DEDUCED FROM THE EXPERIMENTAL DATA

5.1 The results

Insofar as the crystallites situated on an area A of a substrate,
and having a size distribution.n(R), arproximate to a proup of spherical
caps having the same contact angle 6 with the substrate, the actual

volume distribution of these crystallites is represented by the histogram

V(R) = k v(R)
where
' T 2
k = §(1 - cos 8)°(2 + cos 6)
and
v(R) = RS n(R)

as indicated in § 4.1 - compare equations (4-1) to (4=3). The total

volume of the crystallites is

«© [ -]

) kv(R) = k J v(R)

R=0 R=0

The volume of all the crystallites havine a radius pgreater than some
particular value r is

k E v(R)
R=r

and this constitutes a percentage

2 v(R)
p. = B 4 100

\Y ©
Z v(R)
R=0

of the total volume. Provided that the crystallites situated on the area
A are representative of the deposit as a whole, it follows from the
discussicn in § L.k that the radius, Rn. of the crvstallites which are

just melting at the "melting temrerature" of the denosit, is eiven by



x 100 (5-1)

where Pup is the limiting detectable exyosure. A
- —
For ecach deposit whose melting temperature was determined, the

limiting detectable exposure, P was obtained from the nominal mean

)
thickness of the deposit and tthdata of fipure 31. The "melting radius",

Rm’ vas then calculated fram equation (5-1). Thus each melting experiment

yielded a crystallite radius and its associated melting temperature -.see

tables 2, 3 and L.

As mentioned in § 4.3 (reg. 76), no suverposition experiments were
attempted with indium deposits, so in order to inﬁerpret the melting
experiments‘with indium 6n carbon, values of PCE were obtained frem the
superrosition data for lead on carbon. As the radii of the last rings to
disappegr on melting are similar for lead and indium, and therefore fall
in the same repgion of the diffuse "halos'" due to the substrate, it was
considered to be more aypropriate to employ the data for lead on carbon
than for bismuth on carbon.

It was observed - compare § 4.2 - that when a molten deyosit of
lead or bismuth, consisting of droplets of varying radii, was cooled, the
crystalline diffraction pattern did not appear suddenly at a definite
temperature, but gradually over a finite interval of temperature. Further,
the appearance of the first rings of the crystalline pattern occurred at
a teﬁperature which decreased as the sizes of the droplets camposing the
deyposit decreased. These findings can be explained on the assumption that
the solidification of a droplet occurs at a temperature which decreases
with decrcasing droplet size. The arpuments of § ﬁ.h can be invoked to
identify the "solidification temperature' of a deposit with the
solidification of those drovlets which solidfv into erystallites of
radius R+ Thus each solidification experiment yields a crystallite
radius and its associated solidification temverature - see tables 2 and 3.

It should be noted that the nicture of a rartizllv-molten or

partiallv-solidified devosit, in which a definite radius divides the



Subs- Substrate Partial A P Radius Errors in radius* Melting and solidification temperatures¥**
trate temmperature pressure R R R

on derosition of hydrogen ' m lwr. upr.
_ o - :
(°c) (x 107 @ ¢ @ (R) (®) (°c)
torr)

C 22.0 2.20 5.4 29.2 21.8 36.6 133.5%11 I
Sio0 25.5 1.23 10.9 32.1 23.9 39.8  147.7#11 I .
8i0 21.6 2.15 7.3 34.3 27.3 hil.2 161.5+11 I ’
o 22.0 3.82 3.6 ho.2 3k.5 50.3 237.9#8 I
Sio 21.3 3.40 5.2 45,2 36.9 53.1 233.6:5 I
Si0 21.6 b.ho 4.3 48.3 Lo.7 55.6 250.2+5 I
Si0 22.3 3.41 . 5.2 . L8.7 Li.2 56.0 243.8+¢5 I
Si0 22.7 L.s0 4.3 51.2 2.3 59.7 237.hL+8 I
810 21.6 3.38 5.3 52.5 Lh.1 60.3 273.4+5 I

C 26.9 9.58 1.9 53.8 L6.9 60.5 266.3+5 I
Sio - 21.6 2.28 T.0 55.4 5.4 65.3 . 271.7T+5 I
Si0 22.0 3.48 5.2 59.7 51.2 67.4  279.8+2.5 T
Sio 178.8 3.46 5.2 62.2 51.2 72.2 258.2%#5 I

C 22.7 11.9 1.6 63.5 55.6 71.0 281.5%2.5 I
Sio 25.1 T7-7T 2.9 63.7 s5h. L 72.7 273.hk+7 I
sio 183.3 1.94  T.9 6h.0 LE.1 80.9 2Th. .kl T

C 21.6 13.6 1.4 eh.1 56.2 71.5 290.6x2.4 I

C 22.3 12.6 1.5 66.1 57.2 74.8  263.9%2.5 I 217.5-222.1 SI
Si0 22.7 8.67 2.7 73.2 65.1 81.6 291.8x2.L 1

C 21.6 2.0 20.8 1.1 80.7 71.3 90.5 282.5#5 I 283.545 II 219.1-232.3 SII
C 22.0 22.7 0.99 81.6 73.5 89.5 299.8+2.4 I
Sio 23.0 10.0 2.4 82.6 73.6 91.1 297.hk+2.4L I 29Lk.5+2.4 II

o 2Ll 26.2 0.90 92.5 83.9 101.3 307.1*l.2 I

510 178.2 12.8 2.0 102 92 112 306.1+1.2 T 222.6-235.4 SI

c 21.6 2.0 28.7 0.84 102 oL 111 302.7+2.4 T 229.&7236.7 SI 300.3:2.k II

228.5-236.7 8II
Table 2 - coatinued overpage v

—~—
Nad



continued from previous page

Sio 178.1 11.h4 2.2 110 99 1ok 309.0%+1.2 I 222.6-235.4 SI
Si0 178.2 13.5 1.9 112 08 130 306.142.4 I 222.6-235.L4 SI
Si0 179.6 17.7 1.6 113 100 122 307.1#2.4 I
Sio " 175.5 20.0 1.5 118 106 128 308.0+1.2 I
Si0 177.9 1ik.5 1.8 121 10k 15 307.822.4 I
C 26.9 hi.s 0.64 126 116 135 31h.2+1.2 I
Sio 176.8 24,5 1.3 127 111 10 309.7+1.2 I
C 25.5 : 55.2  0.52 160 148 171 317.8*1.2 I
C 24.8 ' €8.9 0.bs5 224 186 257 321.4+1.2 I
C 13.2 109 0.32 240 226 254 315.4+1.2 I 236, T¥e* SI 316.h+1.2 II
229.0-236.7 SII 31k.9*1.2 III
C 20.6 5.0 115 0.31 255 2ko 269 320.4+1.2 I 229.0-236.7 SI 319.2#2.4 II
229.0-236.7 SII
sio 178.2 . 92.2 0.48 260 240 279 322.8+1.2 I
sio 180.7 82.6 0.52 282 234 329 321.6+1.2 I
Si0 180.k 129 0.38 313 291 333 327.0%1.2 I '
Si0 178.1 ) 150 0.34 323 302 34k 325.9+1.2 I 322.3#1.2 II 235.h*x* SII
C 20.6 173 0.23 436 Lo9 L éo 393.7+1.2 I
C 20.9 181 0.22 L89 oLy 534 324 41,2 T 23h, 1%ux SI 322.5+1.2 II
C 23.4 325 0.15 1089 995 1183 328.5+#1.2 I 327.3#1.2 II
*R,. end R are, respectively, the "prcbable lower limit of Rm" and the "probable upper limit of Rm" - see § 5.2.7

## The first-, second- and third-melting temreratures are indicated by the Roman numerals I, II and III; the first-,

second- and third-solidification temperatures (where observed) by SI, SII snd SIII - see § 4.2 (pg. T73)

" #¥¥ The crvstalline rattern could only just be detected on this exyosure - see § 4.2 (pg. 73)

g6

Table 2. The results for lead
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Si0
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sio

Substrate

temnerature

on deposition
40
("c)

22.0
25.1
21.3
24.8
23.7

25.5
24.8
21.3
152.9
24 .8

2buk
. 22.0
22.0
21.3
17.8
25.5

19.9
2h .4

21‘ 3
19.5

Partial
Dressure
of hydrogen

(x 1072
torr)

1.0

2.0

2.0

(2)

0.86
0.95
0.47
1.61
0.89

1.48
1.83
3.68
2.44
3.32

6.00

5.12
6.47
6.61
7.71

8.73

9.7
15.8

15.9
19.5

CE
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N

N = NN W
. L)

o
OO

o
9, ]
o

0.58
0.46

0.20
0.17 1
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(O3] N

R
upr.

(8)

28.4
29.5
33.7
35.8
37.5

Lo.7
45.3
45.8
51.8
55.0

€2.0

6303
62.2
66.4

67.7
73.8

TT.5
92.1

99.1
113

90.0+15

113.
134
1k7.
137.

20k,
222.
230.
221.
242,

243,

243,
243.
253.
260.

264,

2

1

8+6
h+2.6

9

L6

+8

o B B o B o |

=

=

—

(°c)

126.9+6
121.9+6
124 .0+6
1C0.1+Q%¥*
156.0+1k

201..8+2.6
11200_12008

114.6-117.6

234.1+2.5
240.245

112.3-130.1

241.8+2.5
129.2-132.1

256.4+1.3
Wh2.1-156.0

IT
1T
1T
SI
1T

1T

ST

II
I1

SI

11
Sh

P Radius Errors in radius* Melting and solidification temperatures®*

81.6-96.9 SII
82.5-106.1 SII

119
131

215
201
117

12T

231

24 €
135
1ko
258
140
154

.0+6 IIT
.5+6 11
245 1T
9+2.6 II
LEEE*¥¥%  STT
.8-142.1 SIT
.648 111
142,55  IT
.542 Q¥ ¥*¥3TT
.7-154.6 SII
24+2.5 1T
.T-154.6 SIT
.6-168.3 SIT

96



continued from previous page

Sio 25.8 27.0 0.74 148 128 168 284.5+1,2 I 171.1-173.8 SI
C 2h.1 29.3 0.12 167 150 184 275.h#1.2 T 265.3x1.2 II
Sio 54,7 50.4 0.37 175 163 187 27€.6%1.2 I- 270.7+5 11
C 26.2 29.0 0.12 176 16 189 280.3+1.2 I 269.5+1.2 II
C 156.0 h6.4 0.076 177 160 194 275.4+1.2 T
C 156.0 50.4 0.070 197 184 211 278.1%+1.2 I
c 23.4 34.0 0.10 219 199 240 280.3%1.2 I, 270.7+l.2 II
C 23.0 36.1 0.096 232 217 248 280.3+1.2 I 272.0%1.2 II
C 21.3 75.6 0.048 T1T 673 761 275.9+1.2 I 270.5+2.4 II
* Ry and Rupr. are, respectively, the "probable lower limit of R " and the "probable upper limit of R " -

271.0+2.5 II
168.3-182.0 SII

168.3-182.0 SIT

182.0-195.2 SII
260.7+2.5 III
182.0-195.2 SIII
182.0-195.2 SIT

see § 5.2.7

*¥¥ The first-, second- and third-melting temperatures are indicated by the Roman numerals I, II and III; the first-,

secend- and third-solidification temperatures (where observed) by SI, SII and SIII

*¥¥¥* The crystalline pattern could only just be detected on these exposures

Table 3.

- see § 4.2 (pg. 73)

The results for bismuth.

- see § 4.2 {(rg. T3)

L6



Subs~ Substrate Partial z PCE- Radius Errors in radius® Melting temperature¥**
trate temperature pressure

on deposition of hydrogen Rm ler. Rupr.
(°c) (x 107 @ 2 ® (8) (R) (°c)
torr) :
c -h2.1 1.13 8.7 19.5 13.1 25.7 b L+ T I
C k6.2 1.21 8.3 20.7 13. 27.3 7.2+ 7 1
c 25.5 1.3 1.60 6.5 23.3 17.0 29.6 38.Lh + 7 I
C 0.0 1.2 1.75 6.3 23.3 17.0 29.9 36,0+ 7 I
C 1.1 1.3 3.95 3.5 344 27.9 Lko.7 54L.5 + 6 I
C -1.8 3.46 3.9 37.1 29.2 45,3 Th b+ 6 I
C ~T.4 L.o6 3.5 37.2 ©  30.5 k3.7 7T1.3 + 6 I
C -14.9 1.1 3.82 . 3.6 '37.9 - 31.1 Lk .5 6h.h + 6 1
* R,.- and R are, respectively, the "probable lower limit of R_" and the "probable uypper
lwr. upr. m

limit of Rm" ~ see § 5.2.7

** The melting temperature shown is, in each case, the first-melting temperature {indicated vy I)

Table 4. The results for indium

26
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. erystallites from the molten droplets, can only be justified
approximately on statistical grounds. Moreover, statistical
considerations are all impertant in the theoretical interpretetion of the
results of experiments on the solidification of metallic droplets = see

§ 6.4,

Plots of the melting and solidilication tempsratures against the
radius Rm are shown for lead, bismuth and indium in figures 32-34. The

continuous curves represent theoretical fits to the daeta — see chapter T.



Notes to figure 32:

100

In cases where more than one melting or solidification temperature

*

were determined for e particuler lead deposit, only the first temperature

determined is plotted.

Key:
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Notes to figure 33:
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Figure 32. The results for lead

(a) melting temperature according to equation (7-1)

(b) solidification temperature deduced from cquation (7-13} (homogeneous nucleation)
(

\

¢) solidification temperature deduced from eguatior (7-1%) (heterogeneous nucleation)
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(a) melting temperature according to equation (7-3)
(b) solidification temperature from equation (7-18) (homogeneous nucleation)

(c) solidification temperature from equation (7-20) (heterogeneous nucleaticn)
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5.2 Estimation of errors
Sources of error are considered, broadly, in terms of errors in the
melting temrerature - § 5.2.1to § 5.2.3 - and errors in the melting

radius, R s associated with it - § 5.2.4 to § 5.2.7.

5.2.1 The temyerature of the furnace

After the comrletion of the experiments, thermocouple I was
calibrated by filling the cylindrical cavity of the furnace with lead,
bismuth and tin, in turn, and noting-the melting roint of each as
recorded on the Unipivot micrcemmeter. This was achieved either by
observing the arrest point on heating, or (with the cylinder of the
furnace horizontal) by cbserving the drovring of a horizontal steel pin
whose point was embedded sane 1 mm. into the surface of the metal. The
furnace was carefully cleaned between each melting roint determinatiem.

The results were found to be consistent with the corper-constanton
thermocourle calibration of Roeser and Wensel (National Bureau of
Standards) nivén cn rvage 2631 of the "Handbock of Chemistrv and FPhvsies”
(1959-€0}. Intermediate temreratures were therefore interrolated on the
basis of their more detailed calibration. The temrerature of the furnace,
as estimated fran the current registered by the Unirivot microammeter,

should not be in error by more then 2 %.

5.2.2 The temrerature difference between a derosit and the furhace

As indicated in § 2.9.2 (pg. LO), any temperature difference
between a deposit and the furnace should not exceed 1 °k in the absence
of electron-beam heating.

Tt was ascertained — see § L.2(i) (pg. T4) - that the melting
temrerature of a derosit of lead was rerrcducible on a seccnd meltings to
wifhin 3 %K. The possibility of substantial heating of a depcsit by the
electron beam was investirated bv melting a devosit of lead, consistinge
of crystallites of some 200 X radius, twice; the beam current beins
increased for the second melting temrerature determination to same three
times the value usually emrloyed. Arpreciable beam heating would be
exrected to manifest itself in en arrarent lovering of the melting

temperature (as registered by thermocounle I) on the second meltins:
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however, the melting temvmeratures were found to coincide within the
degree of rerroducibility indicated. It is therefore concluded that any
temyerature difference between a depcsit and the furnace arising from

beam heating did not exceed same 13 %k at the beam currents emploved.

5.2.3 The photograrthic record

In determining the melting and solidification temreratures of a
devrosit, the diffractim rattern was recorded at temperature intervals of
either 2.4 %K or 1.2 % o heating, &nd of scme 13 K on cooling - see
§ 3.2.

Three separate examinations (which were spaced over a reriod of
some months) made of each vhotoesrarhic record, vielded three melting
temperatures, each one inferred fram the vhotograrhic record in the
manner described in § 4.2. The mean of these was taken to be the melting
temperature of the deposit. For the thinner deposits investisated, the
three melting temreratures often exhibited a'spread considerably larcer
than the temyerature interval between successive diffraction ratterns.
This was a cmsequence of the low intensity and diffuse nature of the
rings of the crystalline diffraction pattern, and of the slow variation
of the pattern with temperature.

An error was estimated in each melting temperature based on the
clarity of the diffractiocn record and the stread of the three melting
temperatures. This error which was, of course, never less than the
temperature interval between successive diffraction patterns, is that
shown dgainst the melting temreratures in tables 2-4 and shown in figures
32-34, It may be emrhasised that this error does.not include the possible
systematic errors discussed in § 5.2.1 and § 5.2.2.

On examining the vhotographic record of solidification there was,
in almest every instance, little doubt between which two successive
diffraction ratterns solidificaticn had bepun, and a smaller temrerature
interval between successive diffracfion ratterns would undouvbtedly have
made possible a better estimate of the solidification temmerature. The
uncertainty in the solidification temrerature of a derosit is therefore
rerresented in tables 2~L and fipures 32-3k by indicatine the temrverature

interval within which solidification beran - c.f. § 4.2 {(ye. T3).



106

5.2.4 Two sources of error in the radius R

In this section it is assumed that tﬁe limiting detectable volume,
FbV’ is knewn accurately as o function of the nominal mean thickness of a
derosit, z, and two rossible sources of error in the radius, Rm, which is
associated with the melting temrerature of a dencsit, are discussed. For
convenience it is assumed that tne limiting detectable volume is

jidentical to the limitine detectable exvnosure, , and that its

PFE
deyendence on the deposit thickness is given exactly by the four straight
lines in figure 31.

The limiting detectable exposure, determined from the

Fep?
superposition exyeriments was surprisingly small for the thicker deposits:
as a consequence the melting radius, Rm, evaluated from equation (5-1),
was located extremely clecse to the upper 1limit of the size-distribution
histogram. Even when the total number of crystallites of such & deposit
measured was several hundred, the statistical significancg of Rm seemed
in doubt, because of the relativelv small number of crystallites having
radii preater than Rm.

Little evidence of contamination of the substrate was observed,
either on the diffraction ratterns taken of the substrate prior to
evaporafion - see § 3.2(iv) - or in the formation of the deposits
examined in the electrom micrescore, which arreared verv wniform. However,
even if the surface of a substrate film was clean, any derarture of the
suspended film from perfect flatness would resuit in a spatial variation
in the size distribution of the crystallites formed on evaporation onto
" the substrate, since the mass of metal impinging on unit area of the
substrate is derendent on the angle of incidence of the metallic varour
on the substrate. As was remarked in § 4.1 (pg. 52), the histograms
obtained from different areas of the same stecimen were, in general, very
similar: however, the more discriminating test of the uniformity of the
deposit provided bv comparins the firures for the nominal mean thickness
of the devosit evaluated for different areas of the same deposit,
indicated same lack of uniformity.

In order to obtain a quantitative impression of the uncértainty in
Rm resultins from variaticn in the size distribution of the erystallites

over the denosit, and also an idea of the statistical sisnificance of Rm
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particularly for the thicker derosits, the following procedure was
adorted:

For each derosit, n histcrrams were censtructed (where
n=2,30orhk - see s 4.1 (pr. 52)), revresenting the size distributien
of the crystallites on n equal, but widely serarated, areas of the
deposit. The volume-distribution histogram v(R) - see equation (k-3) -

and the noninal nmean thickness were computed for each of the n areas

(taken separately). The percentare, PbF’ fer each of the n areas was then

obtained from the data of figure 31. The values of the "melting radius"

for the n areas (taken separately) - le, ey Rmn say - were calculated.
1 n

The deviations of the radii RTn s eees Rm from the value Rm coemputed for

4

the data as a whole, were then evaluated as rercentaces of Rm, and the
root-mean-saquare yercentase deviation, ros calculsted:

1 2

. n 22
-R)+ ...+ (R -R)

m n

Of 42 depcsits of lead whose melting temreratures vere investirated,
only cne shoved a deviation p, greater than 20 %, four showed a deviation
r, between 10 % and 20 %, eisht between 5 % and 10 %. and the remainine
29 less than 5 %. Comrarable results were obtained for bismuth and indium.

.The lack of any aprarent correlation between the percentage
deviation, pg» and the melting radius, Rm (in particular there was no
appare@t tendency for 18 to increase for the thicker deposits), allayed
the fears indicated above concerning the statistical significance of Rm
for the thicker deposits. It is felt that the numbers of crystallites
measured constituted adequate samnles for the statistical calculations.

There was, not surrrisingly, a marked correlation between the
- percentage deviation, Pgs and the variation of the ncminal mean thickness
from area to area of a derosit: i beine lar~er for the less uniform
derosits. In order to weisht the results in favour of those derosits
which vere seemingly (from the areas examined) more wniform, the
percentape deviation, D,y Was incoryorated into the estimation of the
overall vercenta~e error in ench individunl meltins radins, Qm - ape

§ 5.2,7.
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5.2.5 The uncertainty in Rm consequent upon an imrerfect knowledge of the
1imiting detectable volume, PCV

In this secticn it is assumed that the limitine detectable volume
may be identified with the limitine detectable exnosure, PCE

Any error in the empirical relationshin between PCE and the derosit

thickness, z, will result in an error in the radius, Rm, assoclated with

"

the meltiné temrerature of a devosit. To obtain a nuantitative imvmressien
of the uncertainty in Rm, it is necessary to examine the exrerimental
results shown in fipure 31:

For derosits of lead on carbon, the scatter of the exrerimental

roints about the straipht line fitted to the plot of leg apainst .

IEE

log z suggests that the vercentape P, corresronding to any particular

film thickness z is probabiy in errorcgy less than a factor of 2. (The
portion of the rlot corresfonding to the ranpe of film thicknesses over
which meltiné temperatureé were investigated is-indicated by a continuous
line.)

Thé»sunerrosition results for bismuth on carbon are less
satisfactory, though only one of the experimental points shows a scatter
fram the straight line fitted, representing more than a factor of two in
the percentage PbE'

The results for lead on silicon monoxide and bismuth on silicon
monoxide are not conclusive. The single result for lead on silicon
monoxide is close to the plot for lead on carbon, which is to be expected
if the diffuse scattering of electrens from a silicon monoxide substrate
.in the directions of the last rings to disaprear (the V8 and V11 rings in
the case of lead) does not differ much from the scattering of a carbon
substrate in these directions. The scatterineg of both substrates in these
directions is indeed comparitively weak and not marked by any dense halos.

The two results for bismuth on silicon moncmiﬁe are bhoth disvlaced
arrreciably froan the plot for bismuth on carbon. This is rrobably a
consequence of the markedly higher scattering of the silicon monoxide
substrates over that of the carbens, at the much smaller angle
corresronding to the direction of the last bismuth ring to disarpear.

It is felt that the straisht lines in firure 31, fitted to the

superposition results, probably revresent the limiting detectable
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exposure, PCE’ for any particular deyosit thickness, z, to the degree of
“accuracy represented by a factor of 2 in the limiting detectable exyosure,
Pog- The uncertainty in R resulting from this uncertainty in the
limiting detectable exrosure, was estimated in the following way:

Suprpose z is the pominal mean thickness of a deposit, Pop the
corresponding limiting detectable exrosure read from the ayprorriate plot
in figure 31, and Rm the melting radius evaluated from equation (5-1).
The radii R 5 (less than Rm) and Rm% (greater than Rm), obtained from
equation (5-1) by taking the limiting detectable exrosure to be 2P, and

E

%PCE respectively, were computed. The deviations of the radii Rm and Rm

2 3

from Rm vere expressed as percentages p, and p% of Rm.

The values of 1 and L3} for a parficular derosit were in most cases
similar, and together they showed an increasing trend as the deposit
thickness decreased (from some 1 % to same 6 % over the range of derosit
thicknesses investipated for lead and bismuth). They were incorrorated
into the estimate of the overall percentare error in each individual

melting radius - sce § 5.2.7.

‘5.2.6 Electron microscopy and errors in Rm

The radius of a crystallite, calculated from a measurement made of
the diameter of its image on an enlarged print of an electron-micrograph,
may be in error both because fhe overall magnification of the print is
not known accurately, and because the quality of the image of the
.erystallite is limited by the.resolution of the electron microscope. Poor
adjustment of the instrument, resulting in astigmatism or improper
focusing, may further impair the quality of the image. (Errors in the
diameters of the images of the crystallites arising from the build up of
hydrocarbons on the deposits should have been small, as the time for
which the electron beam was incident on a srecimen, prior to the exrosure
of the microrsrarhs, was reduced to a minirmum,)

A ray diarram illustratineg imape formation in the electron
microscope at high magnification is shown in figure 6 (pg. 28). In the
present experiments, the intermediate and projector lens currents had
fixed values, so that the imare distance, v, for the obiective lens was

constant. Foecusine was achieved bv varvine the focal lencth of the
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objective lens, by adjustment of the objective lens current. Under these
circumstances, a variation of 5 % in the distance, u, of the srecimen
from the objective lens results in a variation of 5 4 in the
marnification v/u  of the cbjective lens, and thus in a variation of 5 &
in the mapnification of the final imare on the rthctcprarhic rlate. The
dject distance, u, for the cbjective lens was arrrcximately 5 mm., so
that a chanre in the rositicn of the srecimen of seme & mm. corresnmded
to a variation of 5 % in the coverall maernificatiom of the instrument. The
constructicn of the srecimen holder and its mountins was such, that an
uncertainty of this crder in the pesitioning of the syecimen  its
insertion into the electron micresceore was pessible.

Accurate determinations of the magnification of the electron
micrcscoye - see § 3.5 - exhibited a srread of somewhat less than 5 %
abcut the mean; ‘presumably attributable tc variatiens in the rositioning-
of the syecimen, since the accuracy of each individual determinaticn
should have been rather better than 2 %. The magnification of the ortical
enlarrer employed to nrint the micrerrarhs was determined by conventional
nmethods, and should be in error by less than 1 %. It is cencluded that
the overall magnification of the final rrints should not be in error by
more than 5 %, and sn error from this source of 5 % was associated with
the ealculated radius of every crvstallite measured.

. The astipmatism of the electron micrcscore was checked, and if
necessary corrected, before almost every set of microerarhs taken:; by
cbserving the imaces of circular holes in a syecially rrevmared thick
carbon film. Before taking each micrceraph, the image was focused
carefully: the ontical microscore attached to the instrument enabled the
image on the flourescent screen to be observed in detail. However, in
some cases, the nuality of the final vprints sueseested that the limit of
resolution of the electron microscope - same 12 X - had not been attained.,
An error cof from 12 K to 16 X was associated with the calculated
diameters of the crvstallites, depending uyon the auality of the final
enlarged rrints.

The uncertainty in the melting radius, Rm, which results from the
was taken to bhe 5 % from the uncertaintvy in the

sources indieated abrve,

. s . o o .. .
overall marnification and from € A to 8 A consequent upon the limitations
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of the image. This latter error was evaluated as a percentage P, of Rm.
It was considered unnecessary to postulate any uncertsinty in Rm
arising from the measurement of the diesmeters of the images of the
crystallites in 1 mm. or 3 mm. increments - see § 3.6. These increments
are somewhat smaller than the uncertainty in any particular crystallite
diameter resulting from the limitations of the image (with the print at

an overall magnification of 800,000).

5.2.7 Overall error in R

Referring to § 5.2. h to § 5.2.6, the overall percentage error,
Py, or Pupr.’ in each individuel melting radius, Rm, was taken to be
the root of the sum of the squares of the percentage errors P > Do 5 and
pr; or p_s p%, 5 and pr; respectively: the former representing the
probable lower limit of Rm and the latter the probable upper limit. These
two percentages were used to calculate the probable lower limit, ler.’
and probasble upper limit, Roor.® ©f Rm shown in figures 32-34 and

Y.
tables 2-k.

5.2.8 Other sources of error

Although the processing of the photographic emulsions was not %N;£J3
standardised in the present experiments, the densities of the processed
emulsions in the neighbourhood of the last ring to disappear (for a
particuler metal and substrate), did not vary by a factor as great as two.
We may therefore conclude from the approximate result obtained in
§ 4.h(iii) (pgs. 90-91), that any errors in the melting radii resulting
from this lack of standardisation were less than those corresponding to a
change in the limiting detectable exposure of a factor of two. The errors
were therefore less than the percentage errors p, or p% estimated in
§ 5.2.5.

One further possible‘source of error arose from the occasional use
of Farmer's solution to reduce negatives that had been accidently
overdeveloped and were too dense to be examined conveniently. Councerning
the action of this reducer, the Ilford Mamial of Photography (1958) may
beAquoted {pg. 459):

"In theory a reducer of %this kiad does not affect the contrast of a

negative except that the faintest densities may be entirely removed, oL
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The affect of reducticn by Farmer's sclution o the melting
temrerature ascribed to a rarticular theterrathic record was tested by
cemparing the meltine temreratures ascribed before and after reductia.

It was concluded that errors fre this source could be neglected.

The detectebility of a rine is not derendent on the exncsure as
such, but onlvy on the final rrccessed densitv of the emulsien (e.f.
equations (4-13) and (k-14)). Slipsht breakare of the substrate film will
therefore not affect the results of the melting temyerature exreriments,
rrovided that the final densities of the nepatives do not vary
aprreciably. Similarly, it will not affect the results of the
superrcsition exreriments, unless breakage occurs between the making of
the two exrcsures. Some damace to the substréte fiIm in the form cf tears
was often observed when a dercsit was examined in the electron microscore,
but it was not in reneral exiensive cncurh to have materially influencad

the results.

It wvill be noted that the conclusion

arrived at in § 4.4 is a fundamental link in the association of a
particula} radius, Rm,'with the meltinp temrerature of a metallic derosit.
The validity of this conclusion rests, amonpst other things, upen the
assumrtien that "FC(B\T) is ... larpely inderendent of the distribution
and sizes of the crvstallites nrovided they are small enourh for the
kinematic arrroximation to hold" (see ng. 87). Whilst the exrerimental
evidence adduced below does not constitute a rroof of the validitv of the
kinematic arrraximaticn over the ranre of crvstallite radiil investirated
in the rresent experiments; it does show that the complete breakdown of
the kinematic aprroximation remnresented by onacity of a crvstallite to
the electron beam. deas nat ocer» even for the lareeat erratnllites
investicrsted in the nresent evrerimentea,

A rortien of the nevt-to-thirkecst demsit cf lead irvestirated. is

shown in firure 35. The venetration of the crvstallites by the 80 kV
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electron beam is evident from the.faults visible in the interiors of even
the larger crystallites (some 350 R radius). Similar effects were
observed on the micrographs of all but the thinnest denosits (they are
not visible on the rrints in fipures 11-19 hecause of the relatively
longer exposures of these prints and the hiegh contrast parer used).
Further evidence of penetration of the larger crvstallites by the 80 kV
beam of the electron microscore was obtained by selected area diffraction,
though the results were less conclusive because of the possibility that
the diffraction arose only fram the edges of the crystallites.

Althourh the accelerating voltare in the-electron diffraction
camera was only half that employed in the electron microsccpe, it is felt
that over most of the range of crystallite radii investigated, the

kinematic ayproximation of § 4.4 is probably good.

5.3 Observations of the profiles of crystallites viewed.parallel to the
substrate

By scratching a specimen with the roint of a pin before its
insertion into the electron microscore, tears may be produced in the
substrate film, the edges of vwhich have a teﬁdency to curl under the
influence of the electron beam. The rrofiles of the crystallites, as
viewed parallel to the substrate, mayv be exsmined on these edres - see
fipure 36. At scme distance frem an edse the crystallites have - -
aprroximately circular imares, but as the curved edpe is avproached the
profiles of the crystallites show a cap-like structure similar to
figure 20 (b) or (a) (rg. 65).

Let h be the height of such a crystallite, R its radius, and
D (= 2R) its diameper; where D is the diameter which would be observed on
viewing the crystallite rerrendicular to the substrate - see figure 20.
If the crystallite has the form of a segment of a srhere, the volume of
the erystallite is

The "eauivalent radius", R, of the comnléte srhere whese volume is enual
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to that of the crystallite is therefore

wvhere

h D
K='5{3:H—2} (5-2)

As here defined, X is the factor by which the observed crystallite radius
must be multiplied in order to get the radius of a {hyrotheticel)
spherical ecrystallite havinz the same'ﬁolume as the actual crystallite.
For crystallites having the form of spherica]rcaps, we may
calculate the contact ansle, 6, for a rarticular value of the ratio h/d

using the formula

=
]
g

sin (8 - 90°) = (5-3)

AV Lo
n
%
o=
!
-t

For dercsits of lead en carben, bismuth on carbon and bismuth on
silicon monoxide, micrograrhs were obtained showing the profiles of the
crystallites viewed rerallel to the substrate. Measurements were made of
the diameters, D, and heirhts, h, of a number éf erystallites: in the
case of the thicker derosits, enlargements of the micrograrhs were
printed and the measurements taken with a ruler from the prints, though
for the thinner deyosits the measurements were taken directly from the
micrographs using a travelling microscope. '

Measurements were made on 31 comparitively large (v 4L4O A radius)
crystallites of lead on carbon, and the ratio h/d was canputed for each.
.The averaere value of h/d was found tc be 0.73, with 2?2 values lvine
within 10 % of the mean (i.e. between 0.€6 and 0.80). The values of
6 and K, calculated from the mean value of h/dé and ecuaticns (5-3) and
(5-2), were 117.4° and 0.93 resrectivelv. These results are summarised.

torether with the other results obt=mined, in table 5.



Metal Substrates Number of Mean radius of Averame Number of crystallites Contact * K *%

ervstallites cerystallites value having h/d within 10 # angle, 8

measured (X) of h/d of average value (%)
Trndd Carbon 31 439 0.73 22 J17.k 0.93
Innd Corben 5 117 - 0.77 5 122.7 0.95%
Biswuth Carben 28 379 0. €k 15 106.3 0.89
Bismuth Carbon 6 134 0.8 i 128.3 . 0.97
Bismuth Silicen 10 109 0.78 9 17k 0.96

mrnovide

Cnlculated from the averase value of h/d and equation (5-3)

52 A-
o

Jaleculated from the average value -of h/A and equation (5—2)

T~hle 5. Data from measurements of the profiles of crystallites viewed parallel to the substrate.

Lt
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5.4 Discussicn of the factors which may influence the melting tempersture
of a crystallite
5.4.1 The form of the crystallite, the nature of the substrate, and
crystal defects

It 1is to be exrected that the substrate will exert an influence on
the melting of a crystallite which has a canparitively large area of
contact with the substrate. The free enerpy of the crystal-substrate
interface will be an important contribution to the free enerpgies involved
in the melting of the crystallite. The free enersy per unit area of this
interface will depend, in the absence of contamination, on the particular
metal and substrate: for a given metal, the nature of the substrate
should therefore effect the melting temrerature of a small crystallite.

The melting and solidification of metallic derosits of lead and
bismuth were investigated on two different substrates ~ carbon and
silicon monoxide. Observations of the profiles of crystallites viewed
parallel to the substrate (see § 5.3) were made at room temperature,
after the comnletion of melting and solidification exreriments. They
.shOWed that, on both substrates, each crystallite has an area of contact
with the substrate comparable with the overall area of the crystallite.
However, the vnlots of the results of the meltine and salidifiention
experiments on the resrective substrates (see fipures 32 and 33) suspest
that there 1s no sipnificant difference either between the melting
temperatures of crystallites (of eaual radius) on the two substrates, or
between the solidification temperatures. These Tindings do not constitute
a proof that the substrate has a neslisible influence on the meltine and
solidification of the crystallites - the problem is discussed in
§ 6.3.1(v) with reference to specific medels of meltins - thev mav be =z
consequence of the similar natures of the two amorrthous substrates. It
would be interesting to examine the meltine and solidification of
crvstallites on a crystalline substrate on vhich the crvstals could be
grown epitaxially.

The shane of a crystallite which minimises the free enevrey of the

1

system "crvstallite nlus local substrate’ is referred to as its

"equilibrium form" - see § 6.3.1(i). After the condensation of a metallicz
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varour onto a substrate at room temrerature., the forms of the
cerystallites may well derart aprreciably from their eauilibriwm forms -
for examrle, thev mavy have a larrer sren of eontact with the substrate
than the eanuilibriwn ferms. Once a crystallite has been melted, hewever,
its form after solidification may be exrected to reflect its eouilibrium
form at the temrerature of solidificaticn or rossibly the eauilibrium
form of the liaquid dronlet fram vhich it ervstallised. Thus there nmay
well be s difference between the morthclopy of = derosit after its
condensatim, and that after it has been melted and resolidified: this
difference cculd result in a difference betiween the melting temyerature
aseribed to the deposit on its first melting and on subsequent meltings.

On raising the temyerature of a crystallite, a change in the fom
of the crystallite micht occur by volume or surface diffusiocn pricer to
the actual meltine of the erystallite. A mctivation for this rrccess
weuld only exist, however, insofar ss the final form of the crystallite
arproximated more closely to its "eauilibrium form' ot the temrerature in
mieaticen. Sneh 47 #fusimel mechenisms weuld tend to reduce anv diffarence

“between the first- =nd second-melting temreratures of a derosit, arisine
from structural chanees in the denosit durine the first meltings. An
cbservation of pre-melting struecturzl chanres in the denosits, made by
heatinr dereosits in the electron mierescore, wenld raise the rrehlem of
the influence of the relativelr much hirher level of carbonaceous
contamination in the electron microscore, on the diffusional mechanisms
involved.

It was observed that the aprearance of a lead deposit after melting
and resolidification was very similar to that of the initial derosit
produced by condensation onto 2 substrate at rom temyerature; morecver,
the meltine temrerature of a resolidified deposit was found to be
extremely close to that of the initielly condensed derosit. In the case
of bismuth, however, the armearance of the initially coendensed derosit
was markedlv altered on meltinn‘and resolidification, the chanres beine

similar to these revorted by Hanszen (108€).

A thenrry of maltine besed on the crntention that meltine cceonrs

when the free enerry of formation of plide dislocation cores becomes
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negative, has been develoved.by ¥uhlmann-Wilsdorf (1965) - see also § 6.1.
Such theories focus attentiecn cn the role of crystal defects in the
‘meltine process. The rresent exreriments suspest certain interesting
develomments, whereby the devendence of the melting temrerature of a
crystallite on the rresence of dislocutions in the erystallite mirht be
investipated:

As wes mentioned in § 5.2.8, the resolidified ervstallites -~
rhotograrhed in the electron microscore showed an amreciable density of
dislocations. Dislocations were also observed in vacuum condensed
deposits which had not been melted, thourh no systematic attemrt was made
to compare the densities of dislocations‘in the two cases. The first-
melting temrerature of a vacuum condensed derosit of lead was found to‘be
closely rerroducible on further meltings, so that any marked difference
in the density of dislocations in an unmelted deposit of lead and in &
resolidified deposit would be interesting. It is pdésible that on hesating
a metallic derosit there would be a tendency for the dislocations to
misrate out of the crvstallites, so that reveated heating and cooline
over a temrerature interval below the meltings temrerature of the
crystallites hight well produce an appregate of crystallites relatively

free from dislocations. The melting temperature of such a deposit might

differ arnreciably from that of an untemrercd denosit.

5.4.2 Oxidation

The partial pressure of pxveen which will exist in equilibrium with
"a mixture of crystalline lead and red lead oxide (Pb0) at any particular
temperature, may be caleculated from availabie thermodynamic data - see

5

aprendix 2. It is apnrroximately Z!.O_2 torr at the melting temrerature of
bulk lead (227.4 °C). The corresnonding firures for the vartial pressure
of oxypen in equilibrium with a mixture of crystalline bismuth and
bismuth sesauioxide (Bi?OB) at 15 °C, and with a mixture of indiwm and
indium sesquioxide (In903) at the melting roint of bulk indium, are beth
anpreciably smaller than this. Since, in the present exreriments, the
vartial pressure of oxyren in the diffraction cemera was some 10_6 torr,
all of the metallic devosits investircated would have a tendency to

oxidise, both durine the vacuun deposition and during the observation of
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the melting and solidification. The rate at which oxidation occurred
"would be likely to increase as the temperature of the deposit increased.
The extent of oxidation can only be assessed froﬁ experimental evidence.
The oxidation of indium has already been described — see § 4.2(iii)
(pgs 75-76). A
No evidence of oxidation was found on the photographic records of.-
the melting and solidification of bismuth deposits. The bismuth deposits
would be expected to oxidise to bismuth sesquioxide - see Hapase, Tare
and Biswas (1967). The oxidation of bismuth has been observed, using
electron-diffraction techniques, by Zar'yalova, Imamov and Pinsker (1965).
Faint, unidentified rings were observed on the photographic records
of the melting and solidification of a few (at most 7) of the thicker
deposits_of lead. On three of the recordle the three on which
unidentified rings were most clearly visible - the''same three rings could
be seen. The rings were not visible on the diffraction patterns of the
substrates before deposition, nor on the patterns of the deposits
immediately after deposition; they became visible only after heating the
deposits. The diameters of the rings corresponded to reflections from
crystal planes having reciprocal plane spacings, 1/d, of 0.420, 0.552 and
0.587 K—l. These rings cannot be satisfactorarily identified as belonging
to any of the common oxides of lead, or to crystalline copper = compare
the reciprocal plane spacings of the common oxides of lead and of
crystalline copper given in appendix 1. -
It is possible that the crystallites might first oxidise at their
surfaces, and that the resulting thin layer of oxide might then protect
the crystallites from further oxidation. If this happened, little or no
evidence of this oxidation might result from the diffraction of electrouns.
It was therefore decided to investigate whether the presence of a small
partial pressure of hydrogen, which might reduce such a layer, had any
influence on the melting temperature of the deposits - see § 3.3.
The ratio of the partial pressure of hydrogen, by » to that of water

Vapour, Py q» which can exist in equilibrium with a 2 mixture of lead
2
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and lead mecnoxide, may be caleculated from available thermodynamic data -
see appendix 2. At the melting yoint of bulk lead (327 °C), we find

-5
ny /v v 10

and the ratio varies by a2 factor of only 100 or so over the temnerature
range 15 °¢ to 307 °c. The corresronding ratio for enuilibrium with a
mixture of bismuth snd bismuth sesquipxide at 15 °c (suitable firures
were not readily available fTor a calculation at the meltine yoint of bulk

bismuth) is

_and for a nixture of indium and indium sesouioxide at the melting point

of bulk indium (157 °0)

4
P, /D v 10
Hy' TH,0

The martial rressure of water varour in the residual rases in the
. . -€ .
electron diffraction camera was probably some 10 = torr. The nartial

5

pressures of hydrogen - scme 10 ° torr, see tables 2-4 - maintained
during the deposition and meltineg of the derosits would therefore have
had a tendency to reduce any lead or bismuth oxide formed on the metallic
deyosits, though reduction of indium sesauioxide was not to be exvected.
Experimentally it was found that the admission of hydregen had no
"apparent influence on the melting temrerature of derosits of lead,
bismuth or indium. It was also found that it did not exert any inhibiting

influence on the oxidation of indium deposits at temveratures above some

100 °c.
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5.%.3 Adscrrtion and ellcering

During the exreriments described here, the pressure of the residual

gases in the electron diffraction camera was measured bv a Pennine rause
‘which was situated immedistelv above the larpe vapour tran - see § 2,1
(pe. 17). At the completion of these experiments, the camera was Tummned
down to simulate the conditions during an actual experiment, but with the
Fenning gaure sttached directly to the srecimen chamber: the rressure
reristered by the pauge - 5 x 1O~6 torr - supgeested that the rressures
measured during the actual exreriments should not differ greatly from the
pressures in the srecimen chamber itself.

The effect of varying the residual pmas vpressure uren the melting
temrerature of metallic dencsits was not investirated: this could provide
a basis for further exrerimentation. However, it is auite rossible that
the partial pressures of the residual pases present (say ~ 10—6 torr for-
oxysen and v b x 10—6 torr for nitropen) misht have an aprrecisble
influence on the melting temmeratures. Aside from actual oxidation, the
adsorrtion of fhese rases at the surfaces of the crystallites would have
the effect of lowering the smecific surface free enerpy. This rroblem can
be arrrcached via the Gibbs adsorntion equation - -see § 6.3.1(vi).
Interesting work on the effect of the residual gases present during
condensation. en the electricrs] rrorerties of indiwm derosits has been

done by Caswell (1961).

The possibility that. the metallic depeosits investigated might alloy
with foreign materials requires investigation:
The "srectroscomrically-rure" metals used, were supplied by Johnson

Matthey Chemicals Ltd. with the following specifications:

total metallic impurity
(rarts rer millicn)

not exceeding

Lead 10
Bismuth 10
Indiunm 5

0
On the basis of these firures, for lead crystallites of radius 100 A, one
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would expect not more than 1.3 metallic impurity atoms per crystallite.
Cléarly this level of impurity would not materiglly affect the results.

We may consider whether copper atoms mighf diffuse across the
substrate and either be adsorpted at the surfaces of the crystallites,
lowering the specific surface free energy, or alloy with the material of
the crystallites. The solid-solubilities of copper in lead, bismuth and
indium are, nevertheless, very small; moreover, the eutectic temperatures
lie only 1 OC, 1 °Cc and 2.4 OC, respectively, belov the melting points of
the pure metals - see Hansen and Anderko (1958), pgs. 609, 308 and 590.
Thus the alloying of copper with the material of the crystallites should
not affect their melting temperatures greatly. No evidence of the
electron diffraction pattern of crystalline copper was found on any of
the photographic records - the reciprocal plane spacings of crystalline
copper are given in appendix 1. .

Another possibility is that the metallic crystallites might alloy
by dissolving the residual gases in the vacuum. However, the solubility
of oxygen in liqguid lead at 350 °Cc is small (0.0017-0.0078 atomic %
oxygen), and nifrogen ana hydrogen are insoluble — see Hansen and Anderko
(1958), pgs. 1064, 985 and 789. The solubility of oxygen in liguid
bismuth at 400 °C is 0.0003k weight % oxygen, and nitrogen and hydrogen
are insoluble - see Hansen and Anderko (1958), pgs. 324, 321 and 312.
Indium forms a nitride, InN, having a structure of the wurtzite type -

see Hansen and Anderko (1958), pg. 852 = no evidence of this was found.
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CHAPTER 6

THEORETICAT, CONSIDERATIONS ON THE MELTING AND SOLIDIFICATION OF METALLIC
CRYSTALLITES

6.1 Discussion

The exreriments described concern the influence of the size of a
metallic crystallite on the temverature at which it melts and solidifies.

The structures of liguids are at present still very imperfectly
understood, and the problems of relatine their nrorerties to their
interatomic or intermolecular forces are formidable. Various models have
contributed to a valuable physical insight into the structure of liquids
and liquid surfaces, and amone these may be mentioned the "hole" model,
the "cell"” model, and the "significant structure" or "eybotactic" model
- see, for examnle, Hill (195€), Green (19€0), Levelt and Cohen (196k4)

Pryde (1966), Symprosium (1963), and Symposium (1967).

Since the concert of the radial distribution function of the
molecules of a liquid came into being as a result of X-rav studies of
liquids in the nineteen twenties, considerable yrogress has been made 1in
relating this tec intermolecular forces, ot least for a "simple" liquigd
like areon whese melecnles can be ceonsidered to be stheres interactine
with central forces. Very wide use is beins made of radial distribution
functions, obtained from data on X-ray and neutron scattering, in )
studying the intermoiecular forces, enuations of state, and prorerties of
liguids. Machine calculations have made availsble the eocuaticns of state
of assemhlies of rarticles interactinr with chesen rair yetentials: these
assemblies resemhle real liquids and yrovide a check on the theoretical
methods being emnloved.

In the case of liouid metals the yproblems are further comrlicated
by the rresence of cenduction electrens. Parallel to the current werk -
see, e.r., Harrison (196€) - on crystalline metals usine screened-icn
medel retentinla, extensions of this methed te lieuid metals sre bein~

made - see, e.r., Ballentine (196€). Althourh the interacticns between

ions in 2 1l anid metal have usualiv hean sesimed to he of the "manvohody!

tvre, recent work by March and his cellenrues ~ see Jehnsen and
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March (19€3) and Johnsen, Hutchinsen and March (106h) - has made use of
pair rotentianls, Tn this work, rair netertials between the ions in 1inuid
netals, derived en the basis of the Born-Green or Percus-Yevick theories
frem radial distribution functions, were used to calculate viscosities
and surface tensions: the results chtained were in send apreement with
experiment . The arrroximate validity of‘such methods has orened up
important new avenues in the studv of the meltine and ervstallisatiem oé
metals.

Because of the difficulties associated with the structures of
liquids, there are inevitablv difficulties in understandine the
mechanisms of melting. Excellent reviews of the variocus theories of
fusion have been written by Temperley (1956), vp. 97, and Ubbelchde
(1965), vg. b3. | |

Many of the models emrlcyed for studying fusion have not involved a
detailed characterisation of the linuid strueture, but have niveted on
- the consideration that a crystalline structure becames mechanically
uﬁstable at a certain temrerature. An early examrle of such an ides is
due to Lindemann (1910). Using the Finstein model of a vibrating solid,
Tindemann rroresed that as the temmerature rose, and the vibratiors of
the ateoms about their equilibrium positions in the lattice increased
progressively in amplitude, a2 temrerature would be reached at which the
atomic vibrations interfered mutually to such an extent that the crystal
became mechanically unstable. He suprosed that this weculd occur, when the -
amplitude of movement of an atom attained a eritical fraction of the
distance between the equilibrium nositions of neiphbours. From this he

deduced the melting roint formula

= Cu 4
T Ve Vs

vhere v, 1s the characteristic freqﬁency of the Einstein solid
V., is the molar volume
M is the atomiec weirht
and C 1is a constant devendineg on the crystal structure
Later attempts to demonstrate that a crvstal structure will become

unstable at a certein temrerature have been made bv Herzfeld and
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Geoprert-Mayer (1934), who considered the temmerature at which the bulk
modulus of' a Debye lattice would vanish; by Born (1939), who investirated
the temnerature at which the shear modulns of a ervstal would beceme zero:
b BonfiéJinli. Porra and Montalenti (1052) and MeTachlan and Chamberlain
(196L), in both cases returnine tc a criterion of vibrational instabilityv:
and by Brout (1965) using molecular field theorv.

It should be mentioned that the abcove models, which have often been
termed one--vhase models, anply to ideal crvstal structures. Moreover,
they rerpresent an urrer limit to the melting temrerature, as theyv do nof
involve the evaluation of the partition functions of both the solid and
the liquid state, and sc cannot take account of the nossibility that the
1iouid phase mirht become comretitive at a lower fempérature. The
importance of crvstal defects, both point defects and dislocations, in
the melting rrocess has alse been discussed: a theory of melting due to
Kuhlmann-Wilsdorf (1965) is based on the contention that melting occurs
vhen the free enersy of formation of elide dislocation cores becones
nerative, and Gibbs (106h4) has investicated the asswmtion that the solid-
liquid phase chanre occurs when a certain fraction of lattice sites are
vacant .

We may now turn our attention to the theories of fusion which
attempt to deseribe both the snlid sand the 1liouid phases. Amonrs these is
that due to Fowler and Guerenheim (1939), who emnloyed the Finstein medel
of a erystalline solid and the related simnle-harmonic-cscillator model
of a linuid. Another such theory, which characterises the solid and
the liquid phases by two distinct but closely related
models, is the "eybotactic” theory of meltins. Very considerable interest
has centred around the work of Lennard-Jones and Devonshire (1930a, 1930b)
- sece also Lennérd—Jones (lQhO , Rowlinson and Curtiss (1951), de Poer

(1052) and Barkar (105A)., Tn this, hrth vhages »re vernresented hv a

sinrle model, and the solid is nictured as meltine inte 2 nuasid
crystalline 1ismid by a (rositional) order-discrder transition.

The mcdel of melting of ILennard-Jones =and Devonshire has lately
been disenssed by Ubbelohde (19€5), mes., 192-2123. The characterisation of
the 1inuid state in the work of Taennnrd-Tenrs snd Devarshive iz nsualle

reterred to sa the "ee11' madel. This medel was earlv extended to a
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consideration of the proverties of linuid surfaces - see Lennard-Jones
and Corner (19Lh0), Corner (1048), the aymendix to the narer bv Hill
(1952), and Prirorine and Sarara (1052) - for a recent commentarv see
Defay, Prirorine, Rellemans snd Everett (106A), nrs, 1h5-153, With so
much work already done, there should be no real difficulty in obtainine
an expression for the size denendence of the meltine temrerature of =
small, inert-ras crystallite, on the basis of the Lennard-Jones and
Devonshire arnroach, The arnlication of these ideas to the meltineg of a
small metallic crystallite is demendent unon the rossibility of
representing the interactions between metallic ions by pair-central
potentials. The work of March et al. (on. cit.) suprests that this can be
done, though the influence of surface on the pair notential between
metallic ions is still under investipation - March (private
communication).

‘ A formulation of the melting mechanism of metals in terms of order-
disorder vrocesses 1s likelv to evolve 1n the near future. Work on the
meltine of close-racked metals by Fnderbv and March (19€6a, 1966b, 19€T)
- see also March (1966, 19€8) - has vizlded an exnrression for the
cbnstant (the constant C above) in the Lindemann melting relationshin, so
that wve already have a semi-nuantitative understanding of this law for
metals., Wowever, st the nresent tire, = thewardynamic interrrotstion of
the results of the nresent evrerirents on the meltine of small metallic
erystallites is felt to be the most mertinent: the remainder of this

chapter is therefore devoted to such an arproach.
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6.2 Camillaritv theory A .

The branch cof thermedynamices which deals with interfaces between
Thases and their role in determining ecuilibrium in a system, is kncwn as
carvillarity theory. Because of its impertance in such fields as
nucleation theory, adsorrtion, sintering, and the behavicur of small
drorlets, there has been ccnsiderable interest in carillarity theory in
recent years rarticularly in its applicetion to crystalline surfaces:
this has resulted both in a deerer understanding of the sipnificance of
the various superficial thermecdynamic quantities in terms of the detailed
atamic structure of surfaces, and in a derivation of new results.
Hevertheless, the methods which will he used here ave essentially these
established by Gibbs (1876-31878), which are still found to be of
sufficient rigour and generality.

Refore discussine sreeific thermedvnamic models resemblineg the
meltine of a small metallic ervetallite, 1t will he econvenient to derive
some ceneral resnlts arrertainine to irterfares zerarating homoreneons
rhases. In doing this, the Tramevork censtructed by Gibbs for the
treatment of fluid-fluid interfaces (its suitahility has been Aiscussed
br Totmen (10hARYY wil1 ve At 1inead; the rainte ot whiech i+ hecomer
msatisfartory for the treatmant of errstalline-fInid interfaces noted.
and an aprroach lersely due to Gibbs aryroyriate to erystalline-fluid

interfaces will be indicated,

€.2.1 Desirnation of surerfiecisl nuantities

The term "surface of discontinuity" was coined by Gidbbs to denote
the non-hemoreneous film which serarates homepencous or nearly-
hanoreneocus masses, for which the mere rocent term "carillary lsrer' due
te P.S, Fratein ie new in cemmen use. Gibhs algse intradneed the term
"dividine gurfaece’ : b this he understcood n recmetrical surfeee  in ow
very near to the vhysicnl surface of dizcontirmity, rrssing throurh 211
roint~"eimilarly sitnated with resmcet to the conditim of the ndincert
mettan Thava m;m Alaarde an Infinitn nimhan Af swvah A Aine guefanec
(for‘a vertienley surface of disceontinuity), 211 parallel to cne ancthor
and sensibly ccoincident with the vhesienl surfaee -of dicerntinnider, T

1_,7“? Tl b mcmrsomad hava Flhat Fhasva a0 nea A7 FES A dee S Arrenat ey atine gueh oo



120

surface for a crystalline-fluid interface. )

Censider a clesed surface which contains a pnortion s of area s of a
particular dividine surface, and extends on eit@er side of it into the
repions of henorencity of the two vhases; that rortien of the closed
surface vhich lies in the inhciosenecus film beins evervwhere normal to
the dividing surface. The dimensions of s are censidered to be small
compared with the lecal radii of curvature of s. Snynose that the cloceg
surface contains a tctal mess M having an enersvy ¢ (now referred to as
the "internal ensrrv") and entronv n : Gibbs arpues with delicacy the
auestion of the avrorticnment of crnersvy betveen the material on either
side of the imaginary closed surface - see Gibbs (1928), re. 220,

Consider the hyrothetical situation in which the two rnhases extend
homomeneously rirht ur to the dividing surface (in the case of a
crystalline rvhase, the shear strain is reerarded as extendine unchansed up
to the dividine surface). Surnose that in this hypothefical system, the
two volumes v' and v'', into which the volume within our closed surface
is serarated by the Aividine surface, contain masses M!' nnd M'' hoving
enerries €' and ¢'' and entrories n' and n'' - see firnre 37(a). Tn

“order to make the total mess, enersy and enfrcpy within the closed
surface identical in this hyrothetical svstem and in the actual systen,

. s s s . ..
ve ascribe a mass M ererev £ and entrorvy n to the dividins surface

b3

(in the hyrothetical system) such that

M o= M 4+ M M : (6-1)
s
e = el + ' 4+ ¢ (6-2)
and n = n'"+n''+ nS' (6-3)

Suppose that the mass M is made up of masses m., n «e. etc, of

1 2’

the various comronents contained within the svstem of which we are

considerins a rart, and that the masses M!' and M'' are comrosed nf masses

AN mp', vee 1 and m]"f m?"\ +v+ « Then wve ascrihe mageneg
s s P
M My s e ete. to the dividing surface such that
= et 1t =
Vﬂ] _‘ + M_‘ 4+ m
My T -‘"’19' + mp” + o (6=k)
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Interface between two phases
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. ' : oL 3 s S S s
It 1s clear that the auantities ¥, m} T s ese, £ , and n ',

vhich are referred to as the suverficial masses, enerry and entropv, are
derendent on the particvlar dividine surface chosen.

We mav further define the nusntitijes I', T r

1> Toe eees €, and n_,

I

wvhich are termed the svrerficial densities of mass, enerpv and entrony,

by the eauations

‘.&S m s ES nS .
r:.‘__ = emlie v, = ewe a? = - (6—
il Fl = ete., €, i and nS = (6-5)

6.2.2 Conditions of local enquilibriuwm of an interface derivable from,
consideraticn of local mass and entrony variations (c.f. § 6.2.3)

Certain relationships inveolvins the surerficial nuantities defined
above mav be obtained as criteria of the local equilibrium of a portion
of an interface. The infinitesimal reversible vafiations, by a
consideration of which the relationsbirs are obtained, involve entrony,
mass of the various emmronents, and feorm of the dividine surface - this
last is discussed in & 6.2.3.

For a crystalline-fluid interface, if the crystalline material is
rerarded as dislocstion free, such variations must be ccnsistent with the
-meintensnes of the eontiruitv of the lattice. The entrorr variatiens mey
be regarded as unaffected by this constraint, and lend, both for a fluid-
fluid and for a crystalline-fluid interface, to the local uniformity of
the termmerature in eauilibrium. The sirnificance of this ceonstraint vhern
considering mass variations, devends unon vhether the crystalline
material is resarded as ideal or ouasi-ideal (wvhere the latter term
admits of the existence of point defects in the material). Whereas in the
case of a fluid-fluid interface, the mass variations implv the local
uniformity of the chemical notentials of the various comronents; for a
ervstalline—fInid interface the chemieal natential (as most conveniently
defined) of the substance of the sclid is, in reneral, not uniferm in
eauilibrium (for a full understanding of the intention of this remark,
rlease read to the end of § 6.2.3).

Thoa Tarnl uniPar=ity Af the chasiesl »atentislg for n fInid-fnid

interface in ecuilibrium is demonstrated (see below for details) by
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censidering a small envelore which embraces a rortion of the interfrce,
and is itself divided into » number of (contipvous) rericons. Variations
in the masses contained in these severnl resions are surmosed to be
constrained onlvy by the condition that the totnl mass (of each comnorent)
within the envelonn shall be constant. However, for a crvstalline-fluid
interface, any mass varistion ir such a vholelv- or martinlly-crrstalline
resion which altered the associated lattice varameter, wonld, because of
the Jonr-ranre order, imnly derendent mass variations in adjacent
crystalline remions. The demonstration of the local unifermity of the
chemical votentials revolves around the independence of the mrss
variations. Such indenendence can only be achieved for o crystalline
region, for variations in the mass of the substance of the solid which do
not alter the asscciated lattice parameter, and this means in the case of
a quasi-ideal ecrystalline repgion, variations in the mass resultine from
the movement of noint defects (interstitials or vacancies) across its
surfaces. A chemical potential mav be associsted with such mass
variations - éﬂe Forrine (1052), r7. 37 = #nd its value will be esval tn
the chenical votential of the substence of the solid in tha fluid phase -
see Herring (1952), ver. 40, and Herring (1949), ng. 150,

~

For the murnose of invastiratine the local eanilibrimm of a fTuid-
f1uid interface in detsil, it is convenient to examine the internal

equi librium of the mass M - see § 6,2.1 - within the closed surface.
Consider the volume within our closed surface to he divided into three
regions a, F and B -~ see fipure 37(b) - having volumes va, vF and VB, by
two surfaces close to the dividings surface (and on either side of it)
lying within the regions of haogeneity of the two phases. Ve suppose
that the mobility of the comronents within the closed surfece is not
1imited, and that no one component can be formed out of the others.

Sunnose that the masses contained within the three rersions a, F and R are

a F . . 0 F 8 . a F s
M7, M and MB having enevries € . ¢ and g and entrories n , n and n .
: A ,
Surnose that the masses i Mooand MB are comnosed of masses
Jas b -
a a F F B R : .
m.l s m? L oes e 3 m] R m? , «e«s 3 and ml s My s ees (respect1v0]y) of

the A1 fforent camranents,



13k
. . . . [A) . - .
The internal enuilitrium of the mass M (constrained within the
. o . . . «
fixed volume v ) necessitates for reversible variations

sc® = t%n* + Z'uiaﬁm @ (6~ €
i

.
3
4

wvhere t% is the absolute temyerature cf the nass u®
i refers to the ith conronent

and the enqunticon is rerarded as defininge the auantities u;a which are
termed the chemical pctentials of the varicus canrcnents in the mass M,

Referring to equation (6-€), it may be noted that the enererv of the
mass M® after the variation, ¢ + 8™, is srecified 2s beins that which
wvculd rertain to the mass Ma, if there were no discentinvity at the
surface bounding M® after the variation. As has beer indicated by Gibbs
(1928), re. 220, the arrorticonment of enerpy on this basis dees nct
affect the teotal amount of enerecv, and th2 mass u% may be rerarded os
isclnted,

An equation exactly analorcus to equation (6-€) rertains to the

mass MB:

g@w.' (€73

. ) caag s : . F
Turthermore, the internal eouvilibrium of the lamelliform mess M |

vhen its boundaries are fixed, necessitates for infinitesimal reversible.

variaticns

F F.F F F
= . . } -8
de t &n 4 Z by éml (6-8)

1

P T
where t° 1s the absclute temrerature of the mass M

hnl

. 1]
and the eaunaticon defines the auantities My which are termed, by an

extension of the terminclery for hemeorsenecus theses, the chemical
=

rrtentinla o the wariene crrvrenents 7 the mnage M
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It is necessary for the internal equilibrium of the vhole mass M,

when the various ;surfaces are censidered to he fixed, that

o, o o o B. R R R ®OF F F
+ Y « F . . Am, + t, = o]
t 6n Lovg Sml + t76n" + X My oemy +t &n + Z M ij 0 {£-0)
i i i
for a1l reversible variations subiect (~nlv) to the snuatiens of
conditien
sn® + 60+ 60’ =0 (6-10)

and for each carmonent i _

sm.% + 6m.® 4+ m.F =0 (6-11)

R 1 1

To satisfy the abtcve condition, it is necessary and sufficient that: the
temperaturas of the two homcpeneous regions o and'B and of the
inhomerenecus Tilm F be the same — t say; and that inscfar as any
correnent. i mav be foind in the three reerions and its chemical mtentials
uia, “is and uip in these recicns may thus he defined, they are subject
to the condition

U:a = u.B = uip = ui say (6-17)

Followine frem the above, the definition of the chemics] netentinl

of the conronent 1 in the mess U may he written
a o
ale - tn .
b = a.-__.)_. (6-13)
anm. t, m. @ v
J#FEi

We may extend these results for a fluid-fluid interface to the case
of 2 arrstalline-FInid interface in the fﬁ]]rwin; wayr:

Then the »ecicn g is port of a quasi-idn~l ecryetnl ond the rersicn 8
is £Iuid, enuations (6-€) and (6-8) will enlv renresent the (internal)
ererey variatims adennately 1f the shear strain of the ervetalline
materinl is srecified. Tn addition, it is necessnarr to stimilate thet the

™

. . o . . .
mace vawyats g A anAd g, An anaty A ((\__ﬂ) An vwot altor +tha Tottana
b Bl

maremetar assncinted with the crmrstalline materinl, otherwise enuation(s)



(6-11) is not the onlvy constraint on the mass variations.
For the crvstalline-fluid interfare, ennation (6-32) may be
rerlacad by -

' F
11_0({‘) = “]_8 = u-i ((‘\" = u; sav (6”7)4)

. . a . . . »
where the chemical rotential ui (e) 1s defined snbject to the constraints

~ . . . . (s 1
that the nurber of unit cells i1in the crwstalline rerion o, Np , shall
remain constant and the shear strain uwnchanced:
o o
o ale” - tn) :
" . 3le - tnl) (6-15)
i (e) am. @ o o a )
"1 t, m. ., N 7, v, shear strain
JFi e -

® . - . . . ..
and Uik(cﬁ 1s similarly defined, insofar as the film F containing the

inhamoreneous laver may be rerarded as rartially crystalline in nature,

Comrare Ferrine (1052)) res. 27 and L0, =nd Herrine (10h0), ne. 150,

For s reversible variation of the mass M, when
1) the surface enclcesine M is rernarded as fived, and
2) the variation Amrg ned alter the. Jattine (either its rarameter or its
shear) associated with any crrstalline material,

we mav novw write

¢ = tén + Z u.ém, . (6-16)
i1
i
If, in addition,
2} this variation does neot chanee the form § of the dividine surface

("similarly situated with resyect to the condition of the adiacent
matter" in secerdance with some nreviomslv-chesen eriterion),
ve have for the (heroseneous) messes M' and M'' in our hvrothetiecal

svaten (whose volimes are unchar~ed by the variation)

Se!' = +8n! +.E u{ﬁm{' (A7)

1.

and Se'' = L&n'' + Z padm (6-18)

1
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Subtractine eauations {€~17) and (6-18) frem (6-1€), we have

§e - e’ ~ Se'' = t(én - 8n' - n'") + 7§ uo (g = §mo ! - gm )

i
and hence, with reference to enuations (6-2) to (6-4), we obtain

s = tén° + (6-19)

e T~
=
>
3

n

Equation (6-19) is valid for any reversible varistion of the mass ¥
(initially in equilibrium) subject to the constraints 1) to 3} emumerated
above.

At this juncture it is convenient to define a new quantity, o, by
the eguation ' .
o = e - tns - Z uiTi (6-20)

1

The auantitv ¢ will be termed, after a suseestion by Mullins - see
Mullins (1963), per. 18, the “srecific surface work™.

Tt is. verhars, helnful to observe that emnations ((-16) te (6-20)
are arnlicable beoth to a fluid-fluid interface =2nd to a crystalline-fluvid
interface, nnd that u, is considered to be defined by enuation (6-12) or
(6-14), whichever is anrronriate. _

The quantity o (vhich clearly depends uron the martieular dividing
surface chosen) becomes, in the case of a sincle-comronent system in
which the dividine surface is chosen to make the surerficial density of
mass vanish, the srecific surface Helmholtz free ensrpy; sand in the case
of a fluid-fluid interface when the dividing surface chosen is the
isurface of tensien" (see § 6.2.3), the surface tension. On account of
this latter nrovertvy ¢ is still most commonly referred to as the surface

tension.
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Referring to equation (6-19), we may distinguish the case when bcth
the initial and the final states of the mass M are equilibrium states by
writing '

S S s
= + . dm. -2
de tdn Z uldml _ (6-21)

i
from vhich, with reference to eauations (6-5), we obtain

= D
de tan_ + J w.ar, (6-22)

i
Differentiation of eauation (6-20) vields

do = .de_ - tdn_ - n_dt - § u.dr; - J T.du, (6-23)

1 1

From equations (6-22) and (6-23) we find
do = - nat -} I du (6-24)

1

: This equation is the Gibbs adsorption equation, and is valid for

" any variation iﬁ the mass M from an initial to a final equilibrium state,
-which satisfies the conditions 2) and 3) enumersated above. In the case of
a fluid-fluid interface, it cah_be shown that the equation remains valid
for a variation in which the orientation and area s of the surface s
chanpe, provided the curvaﬁurevis unaltered: correction terms must be
added if‘the curvature of- the surface chanres - see Buff (1951) - unless
the dividing surface ghosén is the surface of tension. For a crystalline-
fluid interface, the Gibbs adsorption equgtion remains valid for a
variation which changeé the area s of the surface s without altering the

orientation or curvature of s.
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6.2.3 Conditions of local equilibrium of an interface derivable from
consideration of local variaticns in the form of the interface
(c.f. 5 6.2.2)
We now cconsifer terms which shall rerresent the varistion, under
the constraints of constant temrerature and chemical rotentials in our

mass M, of the quantity

se° - tén° - ¥ uiﬁmis c¢.f. eguation (6€-19) .

~
-

1

due to variation in the form of s : under these constraints we may write
s s s s S s
s - tén - ) o dm.” = §(c¢” = tn -} wime )

i i

= 6(so) (6-25)

When the interface is between two fluid phases, we may represent

6(so) quite generally by an expression of the form - see Gibbs (1928),
pg. 225

a(go) = y8s + C;8c, + C 8¢,

where v, C1 and C, dencte quantities which are determined by the initial

2
state of the system P
'Y

and ¢ and ¢, denote the principde curvatures of the surface s

When the thickness of the inhcnogenéous film is small compared with the
radii of curvature of the surface s, the dividing surface may be chcsen
such that C; +C, =0 - this dividing surface is termed the "surface of
tension". If we assume, with Gibbs, that terms in C, - C, may be

neglected for the surface of tension, we obtain
6§(sc) = yés
so that the exrlicit dependence of ¢ on curvature disaprears, and

§(sg) = o6s (o0 = ¥) (6-26)
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The result (6-2€) is an apyroximation in the general case when oy %=c2
- see Buff (1951) - but is exactly true for a srherical interface.

For a cryvstalline-fluid interface, no such simrle exrression may be
cbtained for the variation of sg with the ferm of s, and it is crnvenient
to consider possible variations in the form of s under two distinct sets
of constraints. These two sets of canstraints correspond to the
distinction made by Gibbs between "formine" a new surface which is
identical in nature with the original, and "stretching" the existing
surface and thereby altering its state of strain: compare Benson and Yun
(1967), rg. 207.

We therefore cecnsider firstlv variations at constant temrerature
and chemical votentials in the mass M, which do not alter the state of
strain (dilation and shear) of the crystalline material. We assume that
the variation &(so) due to a variation in the form of s may be cmvletely
characterised, for a srherical interface of curvature ¢, in terms of §s,
§c and 629, vhere g? is a unit vecter (having comronents n, where
u = 1,2,3) svecifying (in any convenient way) the orientation of s
relative to the underlying crystal lattice in the repgien o. (The rresent
treatment is valid, with slight modifications, for a faceted interface,
That smoothly-curved surface regions, such as the one considered here,
actually exist on crystalline masses in equilibrium, has been argued
thecretically by Herring - see Herring (1949), pg. 152, and Herring (1951)
- and rerorted by Sundquist (19€4a, 19€kb).) We may write

8(so) = Aés + Béc + ] C én * u=1,2,3
u H
3s(n%, ) 3s(n”%, ¢)
= c(g?, c) 6s + § ————— Sc + 5 ) ———— $n @ (6-27)
ac u anua ¥

or for a variation in which &8¢ = O and 63? =0

§(ss) = o(n%, ¢) &8s (6-28)

Fquation (6-28) represents a variation of the type "forming" a new
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surface which is identical in nature with the oripinal, and the equation
shows that o is a measure of the work required ner unit area to form new
surface in this wav (hence the term "srecific surface work").

The derendence of g on the curvature may be expected to he small,
when the radii of curvature of the surface are large commared with the
thickness of the inhomogeneous layer, and (without reference to the
choice of a dividing surface) we shall neslect it from here on, which
brings this treatment into line with Herring (1952). With this
ayproximation, equation (6-27) becomes, for a variation in the form of s

in which its orientation is unchanged (GEF = 0)
§(sog) = a(g?) 8s ' (€-29)

Morcover, if we also neglect the derendence of ¢ on the orientation of

the surface, equation (6-27) becomes

§(sg) = o &s (6-30)

We consider secondly a variation at constant temperature and
" chemical potentials in the mass M, which does not alter the curvature or
orientation of the surface s. The state of strain (dilation and shear) of
the crystalline material in the mass M is considered to vary, and any
change in the area s is suprosed to be entirely due to this strain. Ve
may write

8(sg) = a8s + séo

= osJou, + s ] 83" su (6-31)

where Guuv (= 1,2 5 v=1,2,3) is the strain tensor of the
deformation

Compare Herring (1949), re. 165, and Herring (1952), pg. 1bh.
For a crystal surface having a threefold (or greater) axis of

rotational symmetry, or for any crystal surface for which the strain is
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a uniform surface dilataticn, equaticn (6-31) takes a simpler form, and

we may write - see Shuttleworth (1950), pg. Lk9

§(so) = ¢g8s + s 39 4
os
= (g + s 30 8s (6-32)
9s

An investigaticn of the internal equilibrium of the mass M with
resvect to the variations in the form of E.which ve have heen cmsidering,
leads to imrortant relationships invelvine the surerficial auantities.

Of the three relationshirs obtained here, the first two have been
discussed extensively in the literature. The third hes, to this writer's
knewledre, onlv been derived exrlicitly by C.R.M. Wronski (19€63), thcuch
it is implicit in Gibbs' treatment of a solid-fluid interface.

Consider a_srhericél fluid-fluid interface of curvature ¢, when the
aividing surface chosen is the surface of tension. If we consider a
variation sﬁch'as-is rerresented by equation (6-26), the internal
equilibrium of the mass M requires
p' - p'' = 20c » (6-33)
\i‘ . '

’ whe}e p' and p;f are the pressures in the regions a and B.
- Equation (6-33) is the Gibbs-Kelvin equation: the quantity o here behaves
as a "surface tension". ._

For a spherical crystalline-fluid interface of curvature c, on
censidering a variation for which eauaticon (6-32) is valid, the internal

equilibrium of the mass M necessitates

o' = pt = 2[0 + 8 -g-‘sl}c (6-34)
vhere p' and p'' are the Tressures in the repsions o and B,
Equation (6-2h) was first derived br Shuttleworth - see Shuttleworth

(1950), pg. 450, equation (k) - who identified the quantity o + s 22
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as the "surface stress". The surface stress is here denoted by g, so that

g = o+sgl (6-35)

A more generalised formulation of the relationshin (6-35) was cbtained
independéntly by Herring (1949) - see also the interesting treatment by
Benson and Yun (1967).

The similarity of equations (6-26) and (6-30) makes it appear tha
an equation identical to equation (6-33) must hold for a crystalline-
fluid interface, and indeed extensive use has been made of such an
equation (as apprlied to a crystalline-fluid interface) in the literature.
Héwever, as can be seen from equation (6-34), the use of such an eauation
implies the identity of the syecific surface work ¢ and the surface
stress g. The equation which is rreoverly derived from equation (6-30), as
a conditibn-of thé local eguilibrium of a crystalline-fluid interface, is
leéuation (6-42) {derived here for a single-comyonent system).

'~ Consider oufﬁhass M, and supncse that the surface s is a srherical
poftion_pf curvatﬁre c of a crystalline-fluid interface in a single-
componeqtléystem,uwith the dividing surface located so as to make the
éuperficial'denéity of mass vanish. Consider an infinitesimal variatien

 in’the form of s, for which equation (6-30) is valid. The variation may
) be considered to result in the formation of an infinitesimal hump, whose
volume, §v', is related to the increase, 8s, in the dividing surface area
‘by the équgtion , . o
' ' o 8s "= 2cév! | (6-3€)

to first order - see Herring (1949), pg. 152, and pg. 175 equation (33).
From equations (6-25) andd(6—30), we have (since the dividing surface is
chosen to make the superficial density of mass vanish)

S 8(e% - tn°) = og6s | (6-37)

We may vrite for the crystalline mass M' (c.f. equation (6-1T))

§(e' —tn') = p'sm' - p'EV! (6-38)
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For a variation for which equaticn (€-30) is valid, the mass variation,

'

gm', 2nd the volume varintion, &8v', in equntion (6-38) sre nct

inderendent: they a2re related hv the enuation

dm' = p'év! (6-39)

' is the density of the crystalline mass M'.

vhere p
Moreover, the chemical potential pu', which we may repard ss being defined
by equation (6-28), is not, in reneral, enual to the chemical rotential
u'(c), vhich may be defined after the manner of equation (6-15).

We may write for the fluid mass M'' (c.f. emuatien (6-18))
Sle' — tn'') = y'tent' - p' v (6-10)

vhere u'' is the chemical rotential in the fluid mass M'! {p'! = u'(o)).
From equations (6-37), (6-38) and (6-40), the variation in the Helmholtz

free enerpy of the mass M may be written
8(e — tn) = p'ém' - p'ovV' + p''em'! -~ p''EV'! + o8s (6-k1)
The internal equilibriumvof the mass M requires for reversible variatioms
8(e —tn) = 0
subject tﬁ the equations cf condition
§v! + &v'' =0 and dm' + m'' =0
and to the constraints (6-36) and (6-39). We obtain as our condition of .

equilibrium _
1 L}
ptt -t o= _-5'—+L+g£-o (6-k2)

p' p'

Equation (6-42) may be written, with reference to equations (6-34) and
(6-35)
ptt -t o= %—f—(o-g) (6-43)
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Equation (6-43) has been derived explicitly by Wronski (1963), pg. 126,
from consideraticn of the equilibrium of a particular thermodynemic model,
though 1t clearly has a more general applicatioh. It may Dbe deduced
immediately from Gibbs (1928), pg. 317 equation (661), and pg. 318.

It may be noted that for a variation at a fluid-fluid interface
to which equation (6-26) pertsins, there is no constraint corresponding
to equation (6-39): without this cornstraint, eguation (6~33) is cobtained

as a condition of the local equilibrium of the interface.

6.2.t A condition of equilibrium of a spherical, crystalline-liquid
interface in a single—component system

The implications of equation (6-42) for the equilibrium of a
(spherical) crystalline-liquid interface in a single-component system
will noﬁ be investigated. ¥

The chemical potential of the crystalline phase, uC(pC,t), at the
pressure pC‘and temperature t may be written in terms of the chemical
potentiel at a pressure, Py of one atmosphere and at the bulk meliing
temperature, to’ by a Taylor's expansion about po’to : defining the

operator DC by

ve may write to second order

2
R = + + 3

nalpg:t) (1 + Dy + 2D, )ug .
Ports

o) o) 1 2 _ o, 0

= £ + - - - + 51— - V.
Uc(poa o) (pc po)vC (t to)nc 2 |~{pg po) 7 KC
o © Cp °
- - - - + ) =
+ 2(pC p)(t t )ve o (t - t) tC (6-4Y)
o)

o] o] o] .
where v, , Moo KC > Cp and C_ are, respectively, the volume per gram,

“C
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entropy per gram, compressibility, coefficient of cubical
expansion;'and gpecific heat at constant pressure of the solid

at po,to.

In a similar vay we may write for the liquid phase

: o o 2 0.0
= . - -— - FLAN -— (
uL(pL,t) uL(po,to) r (pL po)vL (t to)nL + 3 (pL po) vy K
‘ o O 2 Cp °
+ 2(pL - po)(t - #O)VL ap” - (t - to) tL (6=k5)
. _ 5

vhere the subscript I refers to the liquid phase.

The chemical potentials appearing in equations (6-L4) and (6-L5) are
regarded as defined by equations having the form of equation (6-38). For
a bulk system {(c = 0) at the bulk nelting temperature, to’ and at the

pressure o, we have from equation (6-k3):

ualpgst,) = u (st ) (6-46)
We also have
o o) Lo
- = L A
ﬂL nC to (6 hl,

vhere LO is the latent heat of fusion per gram.

Substracting equation (6=4L) from equation (6-45) and making use of

equations (6-46) and (6~L4T), we have to first order

up (pst) = uylpgst) = (pp = p)vy = (py = p )vg +

=

VO"" VO
P, T Pele o ¢ L .

For the materials investigated, the second order terms in equation (6-48)

nay be shcwvn te be small. The pressures pL and pC are typically much
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greater than an atmosphere for the crystallite sizes investigated in

these experimentgg so the term in P, is conveniently neglected. Writing

o 1 o 1
VI, = and Vo = -
P, Pu
where o1, and pC are the densities of the liquid and crystal (at a

pressure and temperature which need not be specified to the order
of accuracy employed)

we may write equation (6-48) in the form

| (3, Lo B, (6-k
(e ot) = uglpg,t) = '5; - ”pg + ;jo'(t - t) 9)

From equations (6-42) and (6-49), denoting the specific surface

work by 6., We obtailn

CL
- .Iig- + .IiL. + E.-C.- GCL = E.]_:J. - Eg. + %’_O_ (t - t)
Pe Pa Pe L Pe o °
sc that

2c L
1 1 e]

— 0 = p[——-—}+——-(t -t) (6-50)

pC CL L pL pC to o

Equation (6-50) is a condition for the equilibrium of a (spherical)

erystalline-liquid interface in a single—component system.
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6.3 The application of thermodynamics to models resembling the melting of

a metallic crystallite

6.3.1 General considerations
(1) Anisotropy of the specific surface work, ¢, and the equilibrium form
The crystalline-liquid and crystalline-vapour specific surface free
energlies, I and I respectively, are both functions of the orientation
of the surface with respect to the underlying crystal lattice. As a
consequence of this, a small crystal must assume a unique shape = the
"equilibrium form" = if its surface free energy is to be a minimum for a
given volume. The construction which gives this equilibrium form is due
to Wulff (1901) - see also the theoretical examination of this problem by
Herring (1951). A number of experimental investigations of the dependence
of the crystalline-vapour specific surface free energy, d,, on
orientation have been made - see the accounts by Shewmon ;nd Robertson
(1963); Defay, Prigogine, Bellemans and Everett (1966), pg. 306; and
Dunning (1967), pgs. 285-289. Sundauist (196ha, 1964b) has attempted to
prepare small crystals having the equilibrium form and examine them
directly.

It is likely that small crystals of the maferials investigated in
the present experiments undergo appreciable changes of shape when heated
to temperatures a little below their melting temperatures, as a
consequence of volume~diffusion or surface-migration mechanisms of the
type envisaged by Herring (1949, 1950a, 1950b, 1952). Surface energies
would be the motivation for such changes, and the crystals might even
attain an equilibrium form before melting. Moreover, the form of any
crystalline-liquid interface existing during the actual melting of a
crystallite, may be expected to reflect the anisotropy of the

crystalline-liguid specific surface free energy, o In the absence of

detailed information on the dependence of 9. and cgi on orientation, no
account can be taken of these effects, and the anisobtropy is ignored in
the present considerations. Recent theoretical work, taking account of
anisotropic surface energies in dealing.with problems concerning the
influence of surface on the physical properties of a material, may be

seen in the generalisation of the Gibbs-Thomson equation by Johnson (1965)
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and in the work of Lacmann (1962).
(ii) Temperature dependence of the specific surface wvork, o

The crystalline-liquid, crystalline-vapour and liquid~vapour
o1’ OC and Or,: respectively, ars
temperature dependent quantities. Experimental ceterminations of the

gspecific surface fres energies, o

temperature dependence'have cnly been made for the last of these - see,
for example, the work on lead. tin and indium by Melford and Hoar
(1956-5T7). Even these determinations are fraught with difficulties, as
may be seen from the comparison by Cahill and Kirshenbaum (19€L) of the
data of a dozen different workers (including Melford and Hoar) on the V
surface tension of liquid tin. Cahill and Kirshenbaum suggest the .
following formula for the temperature dependence of the surface tension
of liquid tin:

2

op = 581.2 - T.hek x 10 “T dyne/cm.

where T is the absolute temperature.

Theoretically, the temperature dependence of ¢ may be approached
through the Gibbs adsorption equation - see equation (6~24) = by
calcwlating the surface entropy. An empirical relationship between the
surface tension, molar volume and the temperature due to Ectvos (1886)
has attracted much theoretical attention - see Defay, Prigogine,
Bellemans and Everett (1966), pg. 153. Work on the disordering of crystal
surfaces and the surface modification of thermal vibrations has mede
available theoretical estimates of the teﬁperature dependence of the
crystalline-vapour (or strictly crystalline-vacuum) specific surface free

energy, G, — see Dunning {(1967), pgs. 294-299; and see especially Karge,

Heyer andCPound (1967). A discussion of the roughening of a crystalline-
liquid interface has been given by Jackson (1957) = see also Jackson
(1959).

The available work may be briefly summarised by saying that for a
particular material the crystalline-vapour and ligquid-vapour specific

surface free energies show comparable temperature devendences, which for

o

the materials investigated in the present experiments may be expeeted to

: o - O .
amount to an increase of 1 — 3 % for .every 100 C decrease in
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temperature.

(iii) Curvature dépendence of the specific surface work, o

oL? UC and 015 &s defined by equation
(6-20) in terms of the superficial quantities defined in § 6.2.1, are

The specific surface works ¢

"excess" energies introduced to permit the convenience of a hypothetical
system in which the inhomogeneous capillary layer is replaced by "
homogeneous extensions of the bulk phases on either side of the inbterface.
As thus defined they may be expected to be dependent on the curvature of
the interface, and this curvature dependence will itself be effected by
the choice of the dividing surface fo wvhich the excess energies are
referred -~ see Buff (1951), pg. 1593.

The liquid—-vapour specific surface vwork, o., when referred to the

surface of tension is called the surface tension%‘Extensive theoretical
investigations have been made to determine the dependence of the surface
tension oh.the curvature of the surface: see Tolman (19&9); Kirkwood and
Buff (1949); Koenig (1950); Buff and Kirkwood (1950); Buff (1951, 1952);
McLellan (1953); Buff (1955); Turnbull (1956), pgs. 260-261; Bellemans
(1963); Defay, Prigogine, Bellemans and Everett (1966), pgs. 256-258; and
Flood (1967), pgs. 46=54. The order of magnitude of the dependence may be
gauged from the estimated figures for water quoted in Defay, Prigogine,
Bellemans and Everett (op. cit.): these show a 3 % decrease in the
surface tension for a droplet of 100 K radius, and a 24 % decrease for a
droplet of 10 X radius.

The crystalline-liquid and crystalline-vapour specific surface

works, and 0y» are usually referred to the dividing surface for which

g
CL
the superficial density of mass of the principle constituent of the
crystal is zero (the "I' = O surface"). Some indication of the
difficulties of evaluating the curvature dependence of these guantities

may be obtained by considering the size dependence of o, (assumed

C
isotropic) for a spherical crystallite of a pure metal having a very low
vapour pressure (the vapour phase is ignored).

For a small metallic crystallite at O OK, omitting zero point

energy, we may write
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where s is the area of the T = O surface
GC(O) is the specific surface free energy et 0 K
and A® 1s the difference between the binding crnergy of the crystallite
and the binding energy associated with the same metallic mass when
it is part of an extended crystal.
The binding energy is defined as the increase in potential energy when-
the atoms, initially at rest in their mean positions in the crystal, are
dispersed to infinite separation. Clearly, if the difference between the
tinding energies is not prcportional to the area s, then the specific
surface free energy at O OK, GC(O),Fis'size dependent. The connection
between the binding energy of a crystal and its surface energy is
discussed by ﬁunning (1967), pgs. 27L4-282,
In the pseudo-potential formalism as developed by Harrison (1966),
the cohesive energy of a metal appears as the sum of three terms: a
contribution due to a pair-central interaction between the metallic iocns
which is evaluated by a lattice—summation procedure, a conduction-
electron contribution which is dependent on the position of the metallic
ions and is related to the band structure, and a conduction-electron
contribution which is independent of the location of the metallic ions
being dependent only on the total volume occcupied by the ions. However,
.theoretical estimates of the surface energy of metals = see appendix 3
for a bibliography — have mostly been made on the basis of the simpler
Sommerfeld model. In this, a metal is represented as a medium with a
uniform distribution of positive charge and a compensating number of
electrons: this model has been referred to by Herring (1952) - see
appendix 3 = as the "jellium model" of a metal. Probably the best
calculations on this basis are those by Stratton (1953) - see appendix 3
- in which the surface free energy of a metal ih the normal state at O OK,
4] (O), is obtained as the sum of three terms:

c

g (0 = g, +0. +o0

where 01 and g, are the electron kinetic energy contributions for an

infinite surface barrier, and the correction for a finite barrier,

respectively
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and 0q is a small potential energy contribution arising from the
surface electric double layer.
In the earlier treatment by Huang and Wyllie (1949) - see appendix 3 -

a further contribution to the surface energy o.(0), arising from the

repulsive interaction of the metal ions, is dizcussed. Both Stratton, and
Huang and Wyllie consider that the change in 9 due to a finite
temperature will be due in the main to the thermal excitation of the
lattice vaves.

On the basis of the "jellium ﬁbdel", Sugiyama (1960), pg. 9T4 - see
appendix 3 - has discussed the "dependence of spherical surface energy on
its radius" for "a spherical metal with a given radius Ro". He obtained

the following expression for the surface energy at O K, 0.(0) (excluding

C
ion-ion interaction)

th
0,{0) = B—— =.Bo0
_ ¢ 1607w &
th
vhere o = — 1s curvature independent
1607

kF is the Fermi momentum
and for large Ro, B = 1, nearly independently of RO.
For small radii, B may depend on RO: Sugiyama's estimate of the radius at
which this could become significant is Ehrs, vhere r is the Wigner-Seitz
radius. A comparison of this estimate with the figures quoted above for
the surface tension of water droplets suggests that the dependences of
95 and o, on curvatﬁre become important at similar radii. Moreover, in

order to examine the curvature dependence of o, for a metallic droplet,

L
electron contributions of the type discussed above must be considered.

To compliment the work of Sugiyama, many additional factors require
iﬁvestigation. For instance, relaxation of the crystal surface may

"Jellium model"

distort the entire lattice for a very small crystal. The
takes no account of ilon—ion interactions. Furthermore, at finite
temperatures, surface roughening and modification of the thermal
vibrational modes influence surface energles - see (ii) above. The
results of the present work will be interpreted on the assumption that

the various excess energies are independent of temperature and curvature,
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though the limitations of such an'approadh should be kept in mind.
(iv) Bquilibrium considerations

An eggregate of metallic crystallites vhich is melted under the
conditions prevailing in the experiments described here, is never in
equilibrium with respect to the transfer of material through the vapour
phase. There is a continuous loss of metal through the vapour phase, botih
by adsorption onto the cold surfaces of the diffraction camera and by
removal through the pumping system. The existence of crystallites of
varying sizes in close proximity, after a melting observation, indicates
that even very locally the crystalliites and vapour phase cannct be
regarded as constituting a system in thermodynamic equilibrium: the °
highering of the vapour pressure according to the Kelvin equation
precludes the existence of small crystallites of differing radii in
equilibrium} _ '

As has been observed by Hanszen (1960), the equilibrium of a system
consisting of an aggregate of small crystallites and their vapour
requires that all the crystallites be of equal size, and cven then the
equilibrium is not a stable one. Melting considerations bvased on a model
such as that employed by Hanszen, in which the melting temperature of a
crystallite was identified as that temperature at which an aggregate of
crystallites and droplets of identical mass can exist in metastable
equilibriun with its vapour (éssentially the same model as was employed
by Pawlow - see § 1.1 (pg. 5) ), are not applicable to the melting of an
aggregate under the conditions preveiling in the present experiments.

Calculstions based on the known equilibrium vapour pressures of
lead, bismuth and indium, even allowing for such higherings of the vapour
pressure which occur, in accordance with the Kelvin equation, as a result
of the small size of the crystallites, indicate that the time taken for
any appreciable change in the size of a crystallite will be large
compared with the duration of a melting temperature determination: this
is true even for the smallest crystallites examined in the present
experiments. The time taken for the melting of an individual crystallite
is clearly very small compared with the times involved in the attailnment
of equilibrium by the aggregate as a whole, by the transfer of material

through the vapour phase. It is therefore aporopriate when considering



the melting of such an aggregate, to investigate the equilibrium of the
system contained within a small envelope enclesing an individual
rystallite and a portion of its surrcunding vaﬁour rhase. Because of the
low vapour rressures of lead, bicmuth and indium, end the low pressure cf
the residual goses, 1t is possible to neglect the nass and energy
associated with the vapour phase. Moreover, we msy regard the metallic
mass of such a system as constant, and the chemical potentials of the
residual gases in the vapour phase as invariant insofar as thsy may be
adsorbed at the crystallite surface. Assuming that the free exchange of
heat between such a system and its surroundings constrains a uniform
temperature t throughout the system, a necessary and sufficient condition

for equilibrium is

1
o

8(e = tn.) (6~51)

T T

for all reversible variations of the system contained within the fixed
envelope (see Gibbs (1028), pg. 90), where e and g are the total energy
and entropy of the system.
(v) Influence of the substrate on the melting of a small crystallite

Tnis has been discussed qualitatively in § 5.4.1. A guantitative
expression Tor the influence of the substrate on the mwelting temperature
of a smell crystallite could be cblained by cxamining the possible modes
of melting of a crystallite having the form of a spherical cap (as is
done in § 6.3.3 and § 6.3.4 for a spherical crystallite), but this will
not be attempted here. However, such a model will later be examined - see
§ 6.4.2 and figure 42 - in conmection with heterogeneous nucleastion of a
cap-shaped liquid droplet. As may be seen from tadle 5 (pg. 117), the
factor K, by which the observed crystallite radius must be multiplied in
order to get the radius of a (hypothetical) spherical crystallite having
the same volume as the actual crystallite, does not differ appreciably
from unity. The experimental results have been interpreted on the

aszcumption that the crystallites are

ui

pheres having radii ejual to the
observed crystallite radii. ‘
vi)

Influence of the recidual gases on the melting cof a small

This has teen discussed qualitatively in § 5.4.3. Tf it is assumed
t

thiat the gases are merely adsorbed at the crystallite surfacze, their



influence can be estimated quantitatively via the Gibbs adsorption
equation =~ see Flbod (1967), pg. 26. Such considerations have been made

by Hanszen (1960). Only single-component systems will be examined here.

6.3.2 The "two-state" model

Consider a one-component system having a fixed volume and -
consisting of a single spherical crystallite completely surrounded by its
vapour. Suppose the system is of comparable size with the crystallite,
and is completely isolated except with respect to the free exchange of
heat with its surroundings, which constrains a uniform temperature t
throughout. The equilibrium of the system requires — c¢.f. equation (6L51)'

~ that for all possible variations

6(€T - tnT) > 0 Z- (6-52)

vhere ET and nT

If the process of melting is envisaged as the spread of a liguid-

are the total energy and entropy of the systen.

solid interface through the crystal, there will in general be an energy
barrier (consequent upon the energy associated with the interface) to thsz

melting of a crystallite vhen it is at the temperature, t.., at which ite

Helmholtz free energy is equal to that of a liquid droplezsof the same
mass. In the present state of knowledge of melting mechanisms, it is not
possible to say whether the molten state could be attained by a process
of disordering vhich did not involve the movement of such an interface.
If it is assumed that the melting of the crystallite to a liquid droplet
does not involve the surmounting of an appreciable energy barrier -~ that
is any bearrier can be overcome by statistical fluctuations — then the

crystallite will melt at the temperature t,.. As will be seen, for the

mode of melting envisaged in § 6.3.3, such in assunption can only be
justified for a very small crystallite. The "two-state' model is thus not
strictly a model of melting, but rather an analysis of the consequences
of an assumption which can only be justified by an appeal to statistical
mechanics. The assumption is essentially that described by T.L. Hill - -
see Hill (1963), pg. 115 - as the "two-state" approximation, and the

results of the analysis here are in agreement with those obtained by Hill.
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We will now calculate the total Helmholtz free energies of our

system, (e and (e - tnT)LIQUID’ in the two cases when

T tnT})CRYSTALLINE T
the condensed metallic mass is vwholely crystalline and when it is vholely
molten, The dividing surface which makes the superficial density of mass

vanish (the "

I = 0 surface") will be employed for the crystal-vapour
interface, and the surface of tension Tor the liquid-vapour interface.
Referred to these dividing surfaces, we define the quantities:

8as Lo ECS, ncs and 0, T area, radius, superficial energy, superficial
entropy and specific surface work, respectively, of the crystal-

vapour dividing surface (0, is assumed to be independent of the

C
radius and orientation of the surface) .
€a> N> s Vas Do and Hg (internal) energy, entropy, mass, volume,

pressure and chemical potential, respectively, of the homogeneous
éfyspalline region extending up to the dividing surface

Sp Ty ELS, nLS, mLS and o, = area, radius, superficial energy,
superficial entropy, superficial mass and surface tension,
respectively, of the ligquid-vapour dividing surface

€2 N mL, VL, pL and By T (internal) energy, entropy, mass, volume,
pressure and chemical potential, respectively, of the homogeneous
liquid phase extending up to the dividing surface.
Neglecting the energy associated with the vapour phase, we may

write '

8

- tn, + ¢ 5 - tn

(e C C C

e 7 8 epvsranine < Sc

But for the homogeneous crystalline region - see Gibbs (1928), pg. 77 -
we have
€

¢~ g T T PeVg tum

and from equations (6-5) and (6-20), we have for the I = 0 surface
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therefore .
(e = *ng)opysmarimme = 7 PoVe * Lcm T 9% (6-53)
Similarly 3y
(eq = tng)irqurp = = Py¥y ¥ Mgy *ougm * opsy
But, neglecting the massvassociated'with the vapour phase, we have
mo= om o+m® (6-5k)
therefore i
(ep = ®ngdyrqurp = 7 BpVp t MRt oLy (6-55)

The "two-state" melting temperature, T is the temperature at

which

(eq = tnp) opyemarpmie = (6p ~ o)1 1quID
2. - = - -+ -
i.e (uL uc)m PoVo * PV 0.8 0.8

L ccC L'L

But, from equation (6~49), we have to first order

D P L
= - e 2y - )
Py, Po o

Ve = mp |1+ ;%?- = prvp |l + (6-56)
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therefore

*

S

=

S (t =t

— g5, = 0
T o TS
o}

Pe¥e T %S¢ T 9%SL T PV m

But, from equation (6~33), if we neglect the pressure of the vapour, ve

may write

L rL
and S: o s s .
pv oo o, 2 T
LL mL rL L mL 3 LL m
therefore ‘ , %
pCLO Ems
EN (b, = tqg)ve = vesg = op|l* sy, (6-5T)

In equaﬁion (6~5T7), the term in mLs/mL is curvature dependent, and as
it appears here may be envisaged as a curvature dependent correction to
the surface tension. It will be neglected, which approximation may be
Justified in view of the lack of an adequate framework to examine the
assertion that o, is independent of curvature for the I' = O surface. This

C
yields

—= (t =t )v, = 0.8, 0.8 (6-58)

To the same degree of approximation we have from (6-56)

e T OPLVL
so that, from (6~58), we may deduce
t, {300' 30,
to = tpg T T (6~59)

o |Tefe 1Py
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Hill - see Hill (1963), pgs. 1, 41, and 129-132 ~ assumes a
surface contribution to the total Gibbs free energy of a spherical
crystallite, of the forn

alp,m) ¥2/3 = y(o,m) A

where p 1s the pressure exerted by an inert fluid reservoir in which the
crystallite i1s considered to be immersed -
T 1s the absolute temperature
N is the number of molecules in the crystallite
A is the surface area of the crystallite

and a and y are functions independent of Nj; y being a specific surface

free energy.

Hill has derived the following equation for the "two~state" melting

temperature, - see Hill (1963), pgs. 114-132; and pg. 131,

Tpg
equation (5-151)

N1/3 pa(p_,T )
T = T 4+ (6~60)
Asco

where p, and Tw are the values of p and T at which the two macroscopic
phases are in equilibrium, and may be taken to be 1 and to as
defined in § 6.2.4

and Aa(pw,Tm) and As_ are given by the equations

—2/3[

balp,, ) = WAy - YSAS}

and

where the subscripts L and S denote liquid and solid

Yy, and Yg are the specific surface free energies at p_, T

and Sy and 54 are the entropies per molecule at D> TOO .

If ve write
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vhere mn is the mass of a molecule in grams

and L_ 18 the dlatent heat of fusion per gram

equation (6~60) can be written

L'L
Nm

P e el
L

[ee]

Employing rgs Trs Pg and o1, to denote the radii and densities of the

solid crystallite and liquid droplet (both assumed spherical), we cbtain

; 3% 03 34 3
7 Ysr 35 Lr 3L .
T o-m o= — 2 L
@ Tms T L_ .
T |3y 3y
= = S _ - L (6-61)
© [TsPs LPL

Equation (6-61) may be compared with equation (6-59).

6.3.3 The "liquid-shell" model (refer to figure 38 pg. 131)
(i) Derivation of pertinent relationships

The system considered in § 6.3.2 will now be investigated when the
crystallite is partially melted: the system is regarded as consisting of
a spherical crystalline core enclosed in a concentric liquid shell and
complefely surrounded by its vapour. The dividing surface which makes the
superficial density of mass vanish will be employed for the crystal-
liquid interface, and the surface of tension for the liquid=-vapour
interface. Referred to these dividing surfaces, we define the quantities:
a1, oL and Onp, ° area, radius and specific surface work, respectively,

of the crystal-liquid dividing surface (OCL is assumed to be

independent of the radius and orientation of the surface)

sL', rL' and mLS' - area, radius and superficial mass, respectively, of
the liquid~vapour dividing surface

m. ', v

c ! '""and u.,' =~ mass, volume, pressure and chemical potential,

¢ C
respectively, of the homogeneous crystalline reglon extending up to

the dividing surface
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1] 1]
o, s vy,

respectively, of the homogeneous liguid shell extending up to the

. pL' and uL‘ - mass, volume, pressure and chemical potential,

dividing surfaces. _

Other quantities used below are as dcfined on pg. 156.

A consideration of the equilibrium of the system in accordance with
equation (6-52), leads only to relationships already derived in § 6.2.
Distinguishing quantities which refer to an equilibrium state of the
system by a double prime, we may write eguation (6-50) in particular

2 1 1 L

" o)
6. = p"l—<—| +-2 (¢ -1
CL L Pr, Pa to o) .

n
Yen Pe
Making use of equation (6-33), and neglecting the pressure of the vapour,

we obtain

20 20 o} p. L
CL 1, Pe

T oS oW L= (8 - %) (6~62)
CL L {PL o

To arrive at a better understanding of the nature of this
equilibrium and its relevance to the melting of a spherical crystallite
and to the solidification of a spherical droplet, it will prove
convenient to write the total Helmholtz free energy of the system, not

necessarily in equilibrium, (e = tn_ ) , in the two forms

T T rCL
(e - tnT)rCL = (eq - t”T)CRYSTALLINE AL (6-63)
and .
- = - ~Eh
(eq, tnT)rCL (ern ) L 1quIn + AR (6-6M)

The gquantities Afm and Afs are the free energies of Formation of a liquid
shell on a crystallite, and of a crystalline core in a liquid droplet,

respéctively.
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Ve may write, compare equation (6-53),

(;T

I
1
(*}

- tnT) v.' o+ uC'mC' + ¢S (6-65)

oL

+ by 14 o S !
| RS PR A oL

Neglecting, as before, the mass of the vapour phase, we have

- ' 1 5y
n Mo vomp tomp
m_s'
L
= nm.' + L —em
C mL mL

Neglecting mLS'/mL' compared with unity, we obtain

= 1 1 -
m mC + mL (6 66)
From equations (6-63), (6-65), (6-53) and (6-66), we have
- - o1 Fap ’ . . T <
Ay Po Ve TP Yy Y PeVe T %rSen S T 9%Sc (6-67)
n - mC'
| - ) ] | R d
+ (g e dmy !+ (g uC) or
I,
But from equation (6~kl) we have, to first order,
w ' (pt.t) = plp t ) + (pa' - p)v ° . (t =t )In © (6-68)
c ‘Fo oo cPors Pe o’'c o’ e
and
o o .
= - - (4 = -6
o 1
where vC = —



Subtracting equation (6-69) from (6-68)

Vo' T Mg T Ekl7iljiz~ (6-10)
C
Further, from eguation (6~49), we have
up'toug = i—il - -Ei— + -,E-‘j(to—t) (6-7;)
Moreover
m= PeVe me' = eevg m = ey (6-72)

From equations (6-67), (6-70), (6-71) and (6~72), we fiﬁd

= - Ty 1 - o4 + + [~ + (- 1
A Pe'Ve' TRV PeVe * OprSer * oSy T %S¢ * (Bg' T Re)vg
p; ' P L
L ' c o]
———pv'+ |- == + —(t =-t)|plv,=v,")
pp 'L'L Pe t, o cVe T Ve
pCLo
= + '~ + - t) (v, = v.' -
OorSer, T OLST S8 o (to t)(rC vC ) (6=73)
From equations (6~64), (6-65) and (6~55), we may show in a similar
way ’
' pCLo
A = + | B — - 1 —
Ts %cren T L%L T LSL t . (t, = thvg (6-74)
The quantities Afm and Afs,muSt, clearly, have stationary values
for r "

— 1 . . . . . . . .
oL rCL » Where Toq, 1s the equilibrium radius given in equation
(6=62): this mey be demonstrated by differentiation. The stationary

values are maxima, and will be denoted by Afm" and Afs".
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It will prove convenient to introduce at this point the quantity §,

defined by the equation

§ = — -1 (6-753)

This quantity is (discounting any temperature dependence of the densities)

identical to the volume change on melting

AV

Viiquia ~ Vsolia
. ,

Vsolid

tabulated in Smithells' "Metals Reference Book" (1967).
From equations (6-66) and (6~72), we deduce

e 2 B COL I T (6-76)

(r CL c L

°L
From equation (6-T76) we may derive, to first order in 6,
3
2 2 2 o
r'S = r°l1+ S8 - (6-77)

which is a good approximation for the metals lead, bismuth and indium for
which |&] ~ 0.03 .
Further, defining the gquantity X by the equation

pCLo
K = -z;— (to - t) ' (6-78)

we may now write equations (6-73) and (6~-TL4) in the forms

. 20
I
= + - + — - ! -
BE SarSer (OL OC)SC + K . ) (VC L ) (6-79)
and 20L )
= — ! =
Afs ScrSar K+ —=3§ Ve ‘ (6-80)

o



to first order in 6.
Equation (6-62) ﬁéy be written, to first order in &,
20 20

—LL - g 2 8 (6-81)
r. " Ta

and hence the following expressions may be obtained for Afm" and Afs"

1 20
" ___]é 3 __._I_J_ - -
Afm = 5 "o, 20L 5+ [K + : G]VC + (OL oc)sc (6~82)
-
- C *
and
1
1 '_'2-_6_ 3 ’ -
pE " = =S omoy 2o, 12 o (6-83)
. (K+ '—;—6]
C

The fqrmulae for Afm and Afs in equations (6-73) and (6-Tk4), cor in
equations (6-79) and (6-80), cannot be expected to properly represent the
true free energies of formation, unless the thickness df the liquid shell
is sufficiently large for its properties to approximate to those within a
bulk liquid phase. Although equation (6~79) implies that the energy of

o

on ¥ 9L T %3¢
it is assumed here that equations (6-73) and (6-T4) only become valid for

formation of a very thin liquid shell is approximately (o

ry ~ rCL > X , where X 1is some critical. thickness of the order of a few
tens of ﬁngstrom units.

The free energy of formetion of a liquid shell of critical
thickness (such that r, = r., = X ) on a spherical crystallite is, from

¢~ Ton
equation (6-79)

(Afm)A = O, Yr(r, =~ 2

which may be written
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== + - ¢ -8
(Af‘)x (OCL oL OC)sC (6-84)
P L 20 1 2 20 vy 7
R R Rt | ot/ e (R
0 C C rq c ' ¢/
If tx is the temperature at which the equilibrium radius is rey = X,
we obtain from equation (6-81)
p, L 20 20
Co CL
= (t_-t,) = — - -——23 (6-85)
to o A ro A To
which may be written
2t g o
b=, = oo = 2 (6-86)
Pce Ve C
When X is.smell compared with s SO that terms in A/rC may be
neglected, reference to equation (6-85) shows that the term ksc[ 1] in
equation (6-84) is positive or negative deperding upon whether the
temperature t is less than or greater than tA’ and vanishes vhen t =t
A
The condition that (Afm)x = 0 may be written
2t o 25y=1 o v
g-t = 2 gL[l_gg](l_§_+%_Aé} - L (6-87)
: Peol| ! C C ro e
3 OCL+0L-0C[1_L+;L_ )‘QJ-]_
r 3.2
2X C o
and when X is small compared with rns We may write this conditicn
approximately
2% o o + o0 -0 -J]
b=t = pz' T . L o L L C[l—'}—} | (6-88)
A r - :
Clo| r, - C 2) ¢
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(ii) The melting temperature of a small crystallite
The way in which the total Helmholtz free energy of the system

varies with the radius, r.. ., of the crystalline’ccre is represented

CL
schematically in figure 30 for six discrete values of the temperature:

four of these temperatures — including the two designated as tl and ty -
are not specifically defined. The values of (Afm)x have been taken to be

positive at the twc temperatures t and t, and the free energy has been
[

TS

dotted in the region To T A< Top, < re ¢ it has been assumed that the

free energy is a smooth function of T,

temperatures considered, tl is the lowest and tx the highest.

in this region. Of the six

It is seen from figure 39, that if the system is in the liquid

state (r = 0) at the relatively low temperature t., then only a small

CL 1
free energy barrier Afs” separates the system from the sttainment of the

much lower energy level represented by complete solidification. If the

system is in the liquid state at the temperature t., then as the

temperature is lowered towards tl, the system moveg up the line o =0
until a temperature is reached at which the energy barrier becomes smal
enough for theré to be ah appreciable probability of its being surmounted
by a statistical fluctuation. Such ideas form the basis of nucleation

theory, and are discussed quantitively in § 6.4,

it the'system is in the crystalline state ( r.) at the

Top, = T

relatively high temperature ., then only & small free energy barrier

2
Afm" separates the system from the attalnment of the much lower energy
level represented by complete melting. If the system is in the
crystailine state at the temperature tl, then as the temperature is

X Tar = Tg (provided
(Afm)x repmains positive) until a temperature is reached at which the

increased towards t,, the system moves down the line
energy barrier becomes small enough for there to be an appreciable
probability of its being surmounted by a statistical fluctuation. An
estimate of the height of the barrier at which this probability may be
expected to become appreciable mey be made on the basis of absolute raté%
theory; a figure of some 35kt being appropriate to a crystallite of
radius 25 X and L0kt to a crystallite of radius 500 K, where k 1is
Boltzmann's constant and t the sbsolute temperaturg. For the larger

erystallites this energy is certainly small, so for the larger

¥ Ser Tamdoll o Fidhe 1949
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Figure 39. The "liquid-shell" model: the dependence of the total Helmholtz

free energy of the system on the radius, r L? of the crystalline core

o
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crystallites we may assume that for melting to take place the free energy
barrier must vanish. In applying this criterion toc cbtaln an expression
for the melting temperature of a crystallite we may distinguish two
possible cases.

(a) The free energy of formation of the liquid shell of critical
thickness X (see equation (6~84) ) is zeroc or negative at the temperature

t i.e.

)\3

[kAfm)i] h < 0 (6~89)
t

In this case we may identify the melting temperature of the crystallite

with the temperature t. defined by equatiocn (6-85) or (6-86) - see also

A
figure 39.

As indicated above, if A is small compared with r., the term

CS
ASCL, ] in equation (6-84) is approximately zeroc when t = b therefore
equation (6-89) will appertain provided

-0 > o +o0 _ (6=90)

since this makes the term (o, + o, = ¢ )s. in equation (6-84) zerc or.

] CL L c'C
negative.

Equation (6-90) may be compared with the criterion for complete
wetting discussed in § 1.2 = see equation (1-2). Turnbull has stated -
see Turnbull (1956), pg. 292
"... the magnitude ... of the overheating, required for sensible
nucleation of liquid droplets in perfect crystals, should be only a
1little less than that of the undercocling which causes sensible
hbmogeneous nucleation of crystals, In ordinary experience, crystals do

not overheat perceptibly because, as a consequence of the relation

o _+o0 . (6-91)

o
av aB

Bv

v

(wvhere B, v and o dencte, respectively, crystal, vapour and liquid),

there is nc thermodynamic barrier tc liquid nucleation at the external
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clean surface of the crystal."
It should be noted that equation (6~91) applies to the values of
the guantities o at the bulk melting point.

Iif

ag and ¢
ov o

Rv? B

G, > O. +g¢ (6-92)

then (Afm) will become negative at a temperature below t., so that there

)

CL
o, = Yo X . This implies that as the temperature is
raised, a stable liquid layer will form on the crystallite while the bulk

A

will be 2 minimum of the free energy of the system, as r ., varies, in the

vicinity of »r

of the crystallite remains solid until the temperature tk is reached.

Under these circumstances, t, may properly be regarded as the melting

temperature of the crystalliie. However, we are drawn to the conclusion
(if equation (6-92) pertains) that even the bulk material should exhibit
a very great ”éurface roughening" at temperatures a little below the
melting point. It may be noted that calculations of the degree of surface
roughening as a function of the temperature have been made, from-a
statistical mechanical viewpoint, by a number of authors - see, for
example, Burton, Cabrers and Frank (1951); Mullins (1959); and Valenta
and Sukiennicki (1966). The surface roughening of face~centred-cubic
metals has recently been investigated by Karge, Heyer and Pound (1967).
(b) There is still a free energy barrier to the formation of a liquid
shell of critical thickness, on raising the temperature of the

crystallite to tk’ i.e.

[(Afm))\:]t_ > 0 (6-93)
A

Under these circumstances we may expect the criterion

(s£), = © | (6-9L)

to yield an appropriate expression for the meltingvtemperature. Thus for
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crystallites for which r., is large compared with A, equation (6-88)

C
should yield the proper melting temperature.
When terms in x/rC may be neglected, reference to equation {(6-84)

indicates that eguation (6-93) requires

c < o. + 0 (6-95)

The condition (6-95) might come about as a result of a lowering of the

values of o, and © due to the adsorption at the surface of a

>
crystallitecof theLresidual gases in the vacuum. In this connection, the
interesting proposal of Holloman and Turnbull (1953) that "it should be
possible to substantially superheat tiny ice crystals covered with a
coherent coating of silver iodide" may be noted - c.f. Powell and
Fletcher in "Discussion (1965)". In view of the rather small dependence
@» 0p, and o, on the temperature - see § 6.3.1(ii) (pg. 149) = the
influence of temperature on the relative va}ues of 9 and (UL + Oc1,

likely to be slight.

of o

} is

The conclusions concerning the melting temperature of a small
crystallite arrived at in (a) and (b) above would have to be rejected, if
it could be shown that an asymmetric mechanism of melting allowed the
attainment of the molten state at a temperature lower than is predicted
by equation (6-86) or (6-88). Such an asymmetric model of melting is
invesﬁigated in § 6.3.k,

The dependencé of the Helmholtz free energy of the system on the

radius, r.., of the crystalline core at the two—-state melting temperature,

CL

Topg s is indicated in figure 39. For a crystallite that is small enough

il
for there to be an appreciable probability per4éesoaé that the energy

) . " . " D
barrier (Afm )TS (Afs )TS will be surmounted as a result of a

statistical fluctuation, its melting and solidification temperatures may

both be taken to be t. .. At a temperature slightly greater than t the

T3 TS’
crystallite will spend the majority of its time in the liquid state; and

at a temperature slightly below t it will spend the majority of its

TS?
time in the crystalline state. It thus appears that the melting and

golidification temperatures of a large crystallite should differ
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appreciably, but that this difference should become smaller and
eventually disappear as the crystallite radius decreases.
6.3.4 The "asymmetric-melting" model

Consider the system examined in § 6.3.2 and § 6.3.3 : suppose that
the crystallite is partially melted as shown in figure 40(a), with
spherical interfaces separating the various regions. For the crystal-
liquid and crystal-vapour interfaces, we will employ the dividing
surfaces which make the superficial aensity of mass vanish: for the
liquid=vapour interface we will employ the surface of tension. Of the
quantities defined gbove in § 6.3.2 and § 6.3.3, the quantities s

s t r t Sl
L L™
pages 160 and 161, are now regarded as applying to this new partially-

cr® Yer?
> mC" VC', pc', “C" mL', VL', pL', uL' and Af defined on

melted configuration: other quantities are as defined previously. We

define the additional quantities:
!
C

- : (a).
hys by and hCL see figure 40(a)

The total Helmholtz free energy of the system, not necessarily in

s - area of ‘the crystal-vapour dividing surface

equilibrium, (eT - tnT)h , may be written in the two forms

c*Ten

o tnT)hC,rCL (ep = g opvaparzmg + An (6-96)

L]

- YI_I_ I|+ |+
Fo Vo Ho Bo’ ™ 965 ™ 9015,

S
o 1 1] + ] 1] 1 1] 1]
Pr, Ve T mp Foupmy R opsy

where Afm is (now) the free energy of formation of a liquid cap on a

spherical crystallite.

With the same approximaticns as were made in § 6.3.3(1), we may obtain

m o= m, +mL' (6~98)

n = p.v m,' = p,v.' mL' = oV ' (6-99)
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radius o , radius r '
_______ L
radius Yar,
VAPOUR CRYSTAL
(a)
radius r .
¢ ’ ~ - T-__\ “//’ radius rL'
] ~
| ~N
hc :hL
[}
LIQUID li________ﬁ___--
h
i
radius rCL
VAPOUR
(rCL and h,  are

considered to be
negative wvhen the
curvature is in

this sense)

Figure 40 (a) and (b). The "asymmetric-melting" model



and

BTy = oorSer *onSL T %lse T S¢') ¢ pi:o (%,

compare equations (6-66), (6-72) and (6-T3).

We also have
Sc, — 2™erle
sL' = 21rrL'hL

8, ~ sC‘ = 2nrchc

Ve T Ve T TThcz(rc B % h) = TThCLg(rCL : %.hCL)
X, = hC(2rC - hC) - hCL(erL - hCL) = 0
X, = _hL(2rL' - hL) - hCL(2rCL - hCL) = 0
X3 = epmhy(xpt - % hp) = ey (rg = % hg)

* og - pL)“hCLg(rCL - % h
where +the functions Xl, X2 and X3

equations (6-105), (6=106) and (6-107).
The functions Xl and 5
function X

3
and (6-99).

X, are zero by geometrical necessity; and the

17h

(6~101)
(6-102)
(6-103)
(6-10L)
(6-105)

(6-106)

(6-107)

are defined by the identities in

is also zero, as may be demonstrated from equations (€-98)

With reference to equations (6-101) to (6-104) and equation (6-78), we

may write equation (6-100) in the form



(.. -Ln )| (6-108)

In order to identify the melting temperature which may properly be
ascribed to the asymmetric-melting model, we now turn our attention to a
consideration of the equilibrium of the system. Whereas the conditions
for thermodynamic equilibrium of the ligquid-shell model comprised only
relationships previously derived in § 6.2, we shall see that one
relationship in addition to those of § 6.2 must be satisfied, to secure
the equilibrium of the asymmetric-melting configuration. This
relationship = equation (6-115) below - may be regarded as defining the
value of hC at equilibrium.

The equilibrium of the system reguires that the total Helmholtz
free energy of the system heve a stationary value with respect to all
infinitesimal reversible variations of the system containsd within the
fixed envelope ~ sece page 154. When the temperature of the system is
regarded as fixed, reference to equation (6=06) shows that the total
Helmholtz free energy of the system will be stationary with respect to
infinitesimal variations of the crystal-liquid interface, when Afm is
stationary with respect to such variztions. An investigation of the
equilibrium of the system with respect to variations of the crystal-
liguid interface may ‘herefore take the form of an examination of the
stationarity of Afmvwith respect to such variations. It will be
instructive to consider first the stationarity of Afm with respect to
variations in the crystal-liquid interface Tor which T, variec while hC
is regarded as fixed: this leads once again to the equation which defines
the value of r. . at equilibrium. We will afterwards examine the

CL
stationarity of Afm with respect to the wvariation of h

C
Tmploying Lagrange's wmethod of multipliers, snd considering the

stationarity of the quantity

J o= AT b A XK, 4 ALK, A
U AT 4 MKy ARy + gy
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we obtain as the condition for the stationarity of Afﬁ on varying o

, . 3
r.'s hyp and hy (one independent), the four equations

SAF 5% 3. 8%
B4 LA T A S (6-109)
ou ou o ou ’

= ' 1
for u rCL’ rL . hCL’ hL in turn

Here Tas Oaps Op Opo K and hC are regarded as constant. On eliminating
Al’ A2 and A3, we obtain
20 20 p v
<L . L 'p—c—l + K (6-110)
n 1 .
Tor, T L

where the values of o and rL' for which Afm is stationary are '

distinguished by a double prime. Equation (6-110) is a condition for
thermodynamic equilibrium which we have already encountered - compare

equations (6-50) and (6-62). Let t o denote the temperature at which the

C
radius rCL" is equal to the crystallite radius, Ty
Suppose hC < Ty Then it follows as a geometrical necessity that

r.. >r, (or -r, <r, <O, see below). If the temperature, t, is

CL C C CL

less than trC’ there is no stationary value of Afm as T varies:

Af decreases monotonically as r. decreases towards r.. If t > t , it
m CL o rC

may be demonstrated (most simply by reglecting terms of the order of the
density difference between the solid and the liguid) that the stationary
value of Afm for Top = rCL" is, in fact, a minimum for both positive

| (ive. t < to) and negative (i.e. t > to) values of K, provided that

negative values of r, are interpreted as indicating that the curvature

of the crystal—liquigLinterface is in the opposite sense — see
figure Lofb).

We may conclude that, at any perticular temperature, the asymmetric—
melting mechanism which represents the lowest free energy path between
the wholly-crystalline and wholly-liquid states of the system, is that

involving the passage through the crystallite of a crystal-liquid

*
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interface of (fixed) radius rCL". In order to investigate the nature of

any free energy barrier to the melting of the crystallite in this meanner,

we nov exemine how Afm varies with h, at constant temperature,
. ' ~

— 11
when rCL = rCL

distinguish equilibrium values is now dropped.

. For simplicity, the double prime which has been used to

The condition for the stationarity of Afm on varying hC’ rL" hCL

L CL
in turn, in equation (6~109): hence, on eliminating Ay Ao and AB, we

and h. (one independent) is obtained by putting u = hp, rL', el and hL’

obtain
20L .
200 Ter, T KhorTor T EZ?;T'(pc - OL)hCLrCL](rC - ) (6-111)

* 20, (r = By Mxg = hy) = 200 (ry; = hyp)
o _ - R P _
+ “LAC(er hC) hCL(lC hb'}(lCL hCL)
écI
- - + - - - - h =
oty prhy(re = Bo) + (o = pp ) (re = hy) = by (2rg = )| (rey = By) =0

The application of equation (6-110) enables us to divide equation
(6-111) through immediately by a factor (rCL - hC')' On rearranging, the
equation may be written

2(oy + 0 = o )r, = 20, h, + h{hcrc + (g, - hCL)(rC - hc)) (6-112)
p.r 20 .
¢'c L )
- 20 h [1 - ,] - ,Ip he + (p, = p Jh; —p b i(r, ~n,) = 0
Lc pLTL prrp (LD ¢ L’7CL cejrre c

Substituting for 26, from equation (£-110) in the second term of

. » YA - . N .
equation (6=112), znd rearranging, we obiain



+ - + { - -h (r - + - 6-113
2(oCL o oC)rC KL(hC hCL)rC holryr ot hg hCL)] (6-113)
20, if ’
- —= Cm o h, - (v, =1
oz nelerry T oegrg) * (ophy = oghe)(ry = hy)
'L |
+ (py = p )[h (r, - h,) +hzr -1 = 0
¢ 7 Prf{fen e T el T Reten

form
20L ]
+ + + + —= - - r. - -
2(ogy, + o, + o) {K r | GJ[(hC hop)Te = Bolreg, = o * g h”L))
201 ] )
- —=th (r. ' = r} - n3(r, = = -
T ‘C(‘ - ro) * (hu C)( - 1C)J 0 (6-11k)

Making use of the equation

- = L
h(2x h.,) h_(er h)

C C L'TL

~ compare equations (6-1C5) and (6-106) - we ray write the last term in

equation (€-11k) in the form

200 (. o
1 é(hT_“ hC) - (hL - h
L .

e, ' =)

r ¢’ ML c ]

which term is of second order in &. To first order in 8, equation (6-114)

may be wriltten



Jr. - ne (x - r,+h, - h’ )) = 0

This is a necessary condition for the egquilibrium of the asymmetric—

melting configuraticn: it may be regarded as defining the value of hC for
which AfIr is a maximum. We may write equation (6-115) in a more ‘
L
illuminating form if we introduce the thickness of the liguid cap, A',
defined by the equation
| I - -
A hy = Dy (6-116)
We deduce, from equation (6~105), the relationships
M{er o+ ') AM(2r - )
ny = g CL > end n,. = ¢ , (6-117)
2 - + L - +
C 2(rep, = 1o * X CL 2(rCL L At)

Employing equations (6-116) znd (6-117), equation (6~115) may be written

= 2oL ) A
+ - r,+ A + - lr | = R~ S
2(0CL o cc)rc A [K o d)trc Tor, 5 J = 0
and making use of equation (6-110), we obtain
' 20 20

! 1 T
o +0—0+%—’>K~+ Lol - 2 - L& o (6-118)
CL L C P r 2y T,

L L C C

Rearranging equation (6-118), and making use of the definition of K
in equation (6-78), we obtain

-

1
pCLO r., - %‘
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We may expect that equation (6-108) will not properly represent the
free energy of formation of the liquid cap, unless the thickness of the
liguid ecgp is sufficient for its properties to épproximate to those
within a bulk 1ligquid phase. It 1s assumed here “hat eguation (6-108) is
only valid for A' 2 A , where X is the critical thickness of the order
of a few tens of ingstrom units referred to in § 6.3.3.

If T, is the temperature at which A' = A , then from equation

A
(6-119) we obtain, to first order in §,

P =2to__o.;(;.];’__i_6_
o) A pCLO Ta __% o A

I CL L'Gc[l_ .AJ"l

We may introduce the thickness of the crystalline material, x,

defined by the eguaticn

x = er, - (6-121)

The way in which the total Helmholtz free energy of the system varies

with the thickness of the crystalline material, x, is represented

schematically in figure 41 for three discrete values of the temperature.
Vie see that if the free energy of formation of the liquid cap cf ‘

ritical thickness A is zerc or negative at the temperature T., i.e.

A

[(Afm)x]t—m < 0 (6-122)
=T,

then we may identify the melting temperature of the crystallite with the

temperature TA defined by equation (6“120).
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" tny) cRysTALLINE

(eq =

A4

Figure 41. The "asymmetric-melting" model: the dependence of the total
Helmholtz free energy of the system on the thickness, x, of the

crystalline material



182

For a particular crysitallite radius rC, the temperature trC defined
on page 176 is somevhat greater than the temperature tk defined on
page 166. When t, mey be identified as the melting temperature of the
liguid=shell model {i.c. when case (a) on page 169 pertains), it follows
from the observations on page 176 that the asymmetric—melting model
cannot bte .regarded as & competitive mechanism of melting. Turthermore,

on comparing equations (6-120) and (6-88), we see that vhen o, < 0, + 0o

( C I CL’
the temperature TA is greater than the tempecrature t defined by equation
(6-88). We may therefore conclude that the asyrmetric-melting mechanism
is not competitive with the liquid-shell model even when case (b) on

page 170 pertains.
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6.4 Nucleation theory and solidification
6.4.1 Homogeneous nucleation theory

In the theory of homogeneous nucleation in condensed systems as
developed by Turnbull and Fisher (19L49), the local free energy change,
AT, , associated with the formation of & region of i atoms of a new phase

B in a parent phase a, is taken to have the form

= Ad - Bi (6-123)

where k 1s Boltzmann's constant
t is the absclute temperature
‘A is proportional to the interfacial free energy per unit area
of o~B interface -
and B is proportional to the bulk free energy difference between
B and o in the absence of surfaces.
The theory of Turnbull and Fisher leads to tke following expression for
the frequency of formation, I, of stable ecrystal nuclei per volume of

supercooled 1liquid

(6-12k)

vhere n* is the nurber of atoms in the surface of a nucleus of critical
size
n is the npumber of atoms per volume of liquid
k is Boltzmann's constant
h i1s Planck's coastant
AFA is the free cnergy of activation per atom for transport across
che liquid-crystal interface

I
(a8

and AF¥ is the free energy for formation of a critical nucleus, and is

given by

AT = Rt — (€-125)
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Turnbull and Fisher's expression for the local free energy change,
AFi’ associated with the formation of a spherical crystalline nucleus,

may bs written

N 2 4 3 ~12
LF, = hvrCL O * 3 ep AT, (6-126)

g

where Top, is the radius of the nucleus

%L
interface

is the interfacial free energy per unit area of crystal-liguid

and AFV is the free energy change per volume for the transition .
liquid + crystal.

By writing equation (€-126) in the form of equation (6~123), we may infer

: (o]
L 1 PR
A = i%- (36n92) /3 (6=127)
and AFV

vhere § is the volume per atom in the crystal.

—~ M

Vith reference to equation (6-125), the free enerey of formation of a
2 (&

eritical nucleus, AF#, may now be written

3
[o o
ATF = _l_gl___Qb_.g_ (6-129)
(AFV)

Turnbull - see Turnbull (1950) - takes the following (approximate)

expression for oF

AT = (6-132)

AL

£

o
wnere X is the heat of fusicn per urit velume of the sclid

o
t is the absolute temperature



and to is the bulk melbting temperature.

Turnbull's expression for AFV in equation (6~130) is identical, apars
from & difference in sign, with the definition of K in equation (6-78).
Comparison of equations (6~126) and (6-80) shows that there is an
additional term in equation (6~80) of the order of the density difference
between the solid and the liguid: this term may be regarded as arising
from the change in the liguid~vapour surface area consequent upon the
formation of the crystalline nucleus. When equation (6~80) is written in

the form of equation (6-123), we obtain

ag

_ _CL 2,1/3 -
A = PR (36m07) (6-131)
and
B = Llg . 2 § | (6~132)
kt rc

Because the free energy of forrmaticn of a crystailine core, 4T, given by

“equation (6~80) can be writtern in the form of equation (6-123) {i.e. as

o . . .2/3
the sun of two parts, one of which is proportional to 1 / a

nd the other
to 1), it follows that the arguments developed by Turnbull and Fisher
(1949) remain valid for a system in which the term in 6 in equaticn
(6~80) is not negligible. In particular, the nucleation frequency, I,
will still be given.by equation (6-124), where AF* is, from equations

(6~125), (6~131) and (6-132), given by

3
) o
AF* = lg” cgo 5 (6-133)
L } :
K+ — 86
o j

The expression for AF* in equation (6-133) is, of course, jdentical with
the expression for Afs" in equation (6-83).
An equation which is formally equivelent to equation (6-133) has

. - . . L. t o o
been obtained by Lacmann — see Lacmenn (1962}, pg. 811 eguation (16) - as

the free energy of formation of a critical nucleus appropriate to the
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theory of Turnbull and Fisher. In view of the wide use which has been
made of equation (6-129), we may at once point out that for a supercocled
liguid droplet of some 25 microns radius (typical of the droplet sizes
investigated by Turmbull et al.), the term involving § in equation
(6-132) is extremely small, compared with the value of K at the
temperature at which homogeneous nuclestion occurs. The term involving §
does, however, become important for the very much smaller droplet radii
investigated in the present experiments.

From equations (6-124) and (6'133), we obtain

3
3 AF 16m0
2
I = n*%%;} E%E exp[ - EEA} exp| = ng 5 (6~13L)
3kt [K . = 6)
I'C

Following Turnbull and Tisher ~ see Turnbull and Fisher (1949), pg. 73 -

we teke

n* {—] © | (6-135)

Following Turnbull = see Turnbull (1950), pgs. 1022 and 1026 - we take

AFA

exp[ - E’] v 1077 (6-136)
Equation (6-~13k) may therefore be written, approximately
16no
nkt -2 CL
I = 1 > - -137
N 0 7 exp ( ZOL N (6-137)
kLK + —— ch
\ “C
Here ve may rccall that I is the frequency of Formation of critical

nuclei per volume of supercocled liguid.
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The frequency of nucleaticn, I¥, in our liquid droplet of radius rp

is

¥ = L3 e 3 T (6-138)

From egquations (6-137) and (6-138), we may write, since T

. 3
- 3 16TT0CL

107 17t expl - 2o, 12
3kt[K + - ;j'“ 6}
C

(6~135)

I# = %ﬂ-n

i
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6.4.2 Heterogeneous nucleation

Figure 42 shows a liquid droplet, naving a contact angle 6, with
(4

e

the (plane} surface of the substrate on which the dropiet rests, and
containing a crystalline core (a nucleus) which has a contact angle 6]
with the substrate: toth the droplet and its crystalline core are
supposed to have the form of a segment of a sphere. Our considerstions
here pertain to the system contalined within a Tixed envelope asncompassing
the droplet, a portion of its surrounding vapour phase, and part of the
substrate on which the drcplet rests. The system nay be regerded as
completely isolated, except with respect to the free exchange of heat
with its surroundings, vhich constrains a uniform temperature t '
throughecut.

For the crystal-substrate, crystal-liquid, substrate-liquid and
substraée-vapour interfaces, we choose the dividihg surfaces which make
the superficial density of mass of the componant of the dropiet vanish.
For the liouid-vapour interface, we choose the surface of tension.
Referred to these dividing surfaces, we define the guantities:
spe T and op T~ area, radius and surface tension, respectively, of the

liquid~vapour dividing surface
sL0 and rLO —~ area and radius, respectively, of the liguid-vapour

dividing surface when the crystalline core is completely melted
mps Vi and P, T mass, volume and density, respectively, of the

homogenecus liquid phase extending up to the dividing surfaces

o 0 . : ..

mL and VL - mass and volume, respectively, of the homogeneous liguid
phase when the crystalline core is completely melted

SCL, rCL and OCL - area, radius and specific surface work, respectively,

of the erystal-liquid dividing surface

n v, and Po T mass, volume and density, respectively, of the

¢’ c
homogeneous crystalline region extending up to the dividing
surfaces

Scg and Ong T Bree and specifle surface work, respectively, of ths

crystal=substrate dividing surface
oI, and Og, = area and specific surface work, respectively, of the
o PN}

substrate-liquid 4dividing surfacs

s

o T oerea of the substrate-liquid dividing surfzce when the crystalline
fw) N

6]



_~  VAPOUR ~ 189

LIQUID

SUBSTRATE  — envelope

delimiting system

" Figure 42. Model considered in connection with heterogeneous

nucleation of & liquid droplet

4

£(8) 4.

frt = = - = —— -

[<>h 4

Figure 43. The function f(f), defined by equation (6-1L0), for

values of 6 between 0° and 180°
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~ specific surface work of the substrate-vapour dividing surface.

Other thermodynamic quantities appearing below are as previcusly

defined.

It is convenient to define the functions £(0), g(6) and h(6) by the

equations

Hy
—
[er)
~—r
m

o)}
—~
<D
~—
m

a3
—~
<D
~—
1

The functions £(8), g(8) and h(e) are related by the identity

hg(o) -

(1 ~ cos 6)2(2 + cos 9)

(1 = cos 9)

sin28

cos 6 he) 4r(e)

(6-1k0)
(6~1h1§

(6-142)

(6=1L3)

The relationships cbtained immediately below, as far as equation

(6-159), are merely preliminaries to deriving the free energy expressions

‘which follow egquaticn (6-159).

We may write

w =
[mp

1
w |
=3
I
+
o
{an]
p—

It
Wl
=3
a
'_b
~—
<

(6-14k)

(6-1h5)

(6-146)

(6=1h7)

(6-1L8)

(6-1L9)
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- ] - . o2 - N
Ser = Mrp h(ez) (6-150)
s, + s = Tqr 2 h(e6.) (6-251)
SL CcS L 2
s = gy 2 n(e_) (6~152)
CS CL 1

From equations (6-149), (6-152) and (6~143), we deduce

2
— g = ] C3
SCL‘ cos 01 S.q hﬂrCL‘ f(el) (6-153)

From equations (6-~1LT), (6-148), (6-150), (6-151) and (6-143), we deduce

~cos B, (s +g_ -5

L LO) 5 = &n(r - Oe)f(e ) (6=15L)

Heglecting the superficial mass associated with the liguid-vapour

interface, and any change in the mass of the vapour phase, we may write
o]
m = +m
'L L T e
from which we deduce

0O _
- - + - -l
PV, PV, ™ PeVg (6-155)

With reference to equation (€6~75), equation (6-155) may be written

= + L { £ 7N
T, v, T Ve oV (6-156)

From equations (6-156), (6-1k4), (6-145) and (6-146), we obtain

3

ro7 £e,) = 7 £(,) + ery f(el)
r 3 £(6.)
i.e. rL3 = rL03 1 -8 *Q%S L (€-157)
re f(ez)
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From equation (6-157) we obtein, to first order in 6,
q

S-S I rop” T08))
L L 3 - 03 p(q \
L 1 02/
3
5 T £(0.)
i.e. r - - 0z _ . 2’6 ¢L .1 (6~158)
L L 3 e} ;
Ty, f(eg) ‘

From equations (6-154), (6-158) and (6-146), we obtain

. O
(s =8, 7) =cos 0, (s + 50q = sgp 5 %

The increase, Afs, in the total delmholtz free encrgy of the system,

when the crystalline core is formed inside the liguid droplet, is

. ) o )
L OorSor * (Oeg T Tgp)Ses * oplsy sp) (6-160)
p. L
0 C o
* (og —ogdlsgp + s = 55 7) e (b = tlvg

We may assume that the conditions for equilibrium at the two three~phase

boundaries are satisfied, i.e.
9

Oug ™ Og, = = Oup C€OS 81 (6-161)
and ,
Og;, © Oy = ~ O cos b, (6-162)

The equations (6-161) and {6~162), which may be derived as conditions for
the equilibrium of the system, play a role comparable with that of
equation (6-110) in § 6.3.4. They may be regarded as ensuring that the

energy of formation of a critical nucleus (derived below) is, indeed, the



minimum free cenergy of formation.

From equations (6-160), (6-161), (6-162), (6-153) and (6-159), we obtain

p. L
¢o (6-163)

Af = 0 Lhﬂr 2 £ (t - t)v

s C CL

—
.
—
Q
ct
o]
(]

o

Suppose o is the radius of the crystallite into which the liquid droplet
will solidify: then, to a good approximation, we may substitute r, for

rIO in equetion (6-163). Introducing the quantity K defined by equetion

(6~78), and employing equation (6~146), we may write equation (6-163) in

the form -
20
. 2 I b 3
= £ ) - K + =— - ~164)
AT 0a, £(6;) T {h T 5]f(el)_3 o, (6~16k4)
By differentisting equation (6-16L) w.r.t. Tops Ve find that the
maximum value, AF¥, of AT _, as ron varies, is
3
o £(e.)
167w CL 1 .
% = -
AF 3 Zo, 2 (6-165)
v 24
C

However, it is more important to observe that equation (6~16L) may be
written in the form of equation (6-123). To do this, we note that

4 3. . |

3 e, L(el) = 1iQ (6~16¢€)
where 1 is the number of atoms in the crystalline phase

and Q is the volume per atom in the crystal.

From equation (6-166), we have

2/3 '
2L (3 _2 )33 i
Yoo T [hw f(eﬁ)} . (6-167)
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We obtain

o, [£(0 )]l/3 .
A= SR (36r02) L3 (6-168)
Kt
and oG
p o= Slg . Ly (6-169)
kL{ T

which may be compared with equations (6-131) and (6-132). From equations
(6~125), (6~168) and (6-169) we may now derive equation (6~165).
Parallel to equation {6~134), we may write for the freguency, T

of formation of stable crystal nuclel per area of substrate-liquid

interface
‘ 3
5 n.kt AF 1670 £(0.)
A 2 ns \ LN
I, = n*{g;] exp[ - ;%éJ exp| - CL P L 5 (6~170)
h 3kt [v . —-1-51 5}
C

where n¥ is the number of atoms in the crystal-liquid interface of a
nucleus of critical size
ng is the number of atoms in the substrate-liquid interface per
unit area
A is given by equation (6-168)
and ‘other quentities are as previously defined.
Equation (6-170) is identical, apart from the term in §, with the
expressions for the frequency of heterogeneous nucleation derived by
Turnbull = see Turnbull (1952), pg. 4113 =nd Turnbull (1956), pg. 277.
This was not, necessarily, to be expected, as the geometrical
configuration of the model considered here differs from that employed by
Turnbull: nothing corresponding to the corntact angle between the liguid
droplet and the substrate appears in Turnbull's work, as he assumes that
nucleation occurs on inclusions (impurities) contained within the droplet

surface.
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With approximations similar to those leading to equation (6-137),

we obtain - c¢.f. Turnbull (1950), pg. 1023

:

3

n kt 1€no f(e.)
« - ;
Ig = 2 10 © exp| - cL L (6-171)
h 20L 2
: 3kt|K + — ]
T

. .. . s . o]
The nucleation frequency, I ¥, in our ligquid drcoplet of radius r

"y .
is
1% = 7 % n(o)) 1 (6-172)
) L e S5
From equaticns (6-171) and (6~172), we may write,. since rLO = T
k-5 o l6ﬂ0013 f(el)
IS’ = m, o 10 7 r, h(eg) t exp| - - (6-173)

20 2
3kt [’{ + "'I':'];L G]
C
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CHAPTER 7

EXAMINATION OF THE EXPERIMEUTAL RESULTS IN THE LIGHT OF THEORY, AND
CONCLUSIONS

In applying the mecroscopic concepts of thermodynamics to systems
representing very small crystals, it may be observed that the larger the
system, the more likely it is that theorectical predictions will be valid.
It follows that, in chcosing the Valﬁes of parameters to accord the
predictions of theory.with the experimental results, those fits are to be
preferred which agreéhthe experimental results for large crystallite

sizes.

T.1 Melting

It was concluded in § 6.3.4 (sce pg. 182) thet the asymmetric-
melting model is not competitive with the liguid—shell model as a
mechanism of melting. Without a full analysis of the modes of melting of
a model of the kind examined in § 6.4.2, it is deemed most expedient to
interpret the experimental results on the melting of small metallic _
crystals in terms of the liguid-shell model - see § 5.3.3. With regerd to
this model, it will be noted thet two cases are distinguished - (a) and
(b) o § 6.3.3(ii) ~ depending upon the relative magnitudes of the
guantities 9. and o + O, The melting temperature, tA’ which pertains
to case (a) is given by equation (6-86); and the melting temperature, t,
which bertains to case (b) is given by equation (6-87). Without reference
to the experimental results, there is no criterion for deciding whether
case (a) or case (b) may be expected to apply. The choice between the
melting point formulae (6~86) and (6-87) has therefore been made,
Aaécording to which gives the more satisfactory fit to the experimental
results.
(i) Lead

In comparing the predictions of the liquid—-shell model with the
experimental results for the melting temperature of small lead crystals,
it was found that the more satisfactory fit is obtained from equation

(6-86). Making use of the date given in table 6, equation ((-86) becomes
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i,1855 erg/cal.15

Lead Bismuth Indium
327.4 271.3 156.4
600.6 54L.5 Log.6 -
10.97 9.72 7.7
1.19 2.60 0.78 °
2h.0h x 107 52.of-x 107 28.43 x 107

4.555 x 107 2.152 % 1071 4.215 x 1077

0.035 - 0.0335 *0.020
L80 350 259
16.8 - 13.065 11.18

%¥ Tgken or derived from Smithells' "Metals Reference Book'" (1967)

Table 6.

Data used in interpreting the experimental results on the

melting of small metallic crystals.
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for lead

where to °k is the melting temperature of bulk lead
XA 1s a critical liquid-shell thickness, of the order of a few tens
o
of Angstrom units

tk °k is the melting temperature of a crystallite of radius r

2 . L coe e .
Oog, €78 cm. 1s the crystal-liquid specific interfacial free

energy

C

. O
and . and A are measured in A.
A fit to the experimental results on the basis of equation (7-1) is

. . o -2
shown 1n figure 32. The values X = 30 A and o = 40 erg cm. have been

chosen. As may be seen, the equation represengg the experimental results
well over a wide range of crystallite radii. Somewhat less satisfactory
fits may be obtained with values of A of 25 X or 35 X and corresponding
 values of Ter, of 47 and 36 erg cm.'z, respectively. It is ccneluded that,
for all but the smallest lead crystals examined, the experimental results
for the melting temperature of small lead crystals may be understood by
the application of thermodynamics to a model representing the melting of
a small crystal. The following value is inferred for the erystal-liquid
interfacial free energy, oo

oo, = o + 7 erg cm. 2 (1-2)

(ii) Bismuth _

The experiméntal results for the melting temperatures of small
bismuth crystals may be better repreéented on the basis of the liguid-
shell model, if it is assumed that case (p) pertains. From the data of

table 6, equation (6-87) may be written for bismuth

-1

. g
£ -+ = 21.52 —9—1—‘{1 -
r 2

o r

P t3 Tt
C T,

L]__g_q A1
¢ C
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vhere to °k is the melting tempefature of bulk bismuth

t °K is the melting temperature of a crystallite of radius T,
A is & critical liquid-shell thickness, of the order of a few tens
of' Xngstrom units

e}
r. and X are neasured in A

C

Ao = 0np, ¥ o T 9 }

Onp, OTE cm.-—2 is the crystal-liquid specific interfacial free

energy

o erg cm.ZE is the liguid-vapour specific interfacial free energy
and 0y erg cm. is the crystal—vapour specific interfacial free .

energy.

A it to the experimental results on the basis of equation (7-3) is

o) =
shown in figure 33. The values A = 30 A, o, = 55 erg cm. 2 and

CL
, -2 : } .
Ao = 39 erg cn. have been chosen. It will be seen that the theoretical

curve represents the experimental plots of the first—melting temperature
adequately down to crystallite radii of some 60 K. It is to be expected
that the eritical thickness, A, will be sensibly the same for the three
metals investigated; the value of A quoted (30 X) was chosen to be
consisﬁent with that inferred from the lead results, though somewhat
closer fits may be obtained with a slightly larger value of A. For the
value of A chosen, plausible fits to the experimental results may also be

obtained with rather larger values of ¢ (and correspondingly larger

CL

values of A¢), up to a value of o of some 80 erg cm.—

CL
It is concluded that the experimental results for the melting

temperature of small bismuth crystals may be interpreted in terms of the
liguid—-shell model, if it is assumed that o, < 0. + © . On this basis

C L CL
the following values are inferred for the crystal-liquid interfacial free

energy, Oy, and for what may be termed "the change in superficial free

C
energy assoclated with surface melting', Ao,

o = 55 erg cm. (7=k)

and
: -2
= + — = e . 7 -
Aa Our, o T 9, 39 erg cm ) (7-5)
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. -2 .
Taking the value of oy, to be 390 erg cm. , as quoted 1n table 6, we may
also infer

9y = 406G erg cm. 2 (7-6)

(i11) Indium

An investigation of the melting of thin condensed films of indium
has recently been made by Boiko, Pugachev and Bratsykhin (1969). They
found that the melting temperature of an aggregate of indium crystallites
having a "most probable" diameter, L, of L0OO _?\ is some 1L0O oc, and that
the melting temperature of an aggregate decreases with L to a value of
some 64 °C when L = 100 2. These results do not accord very well with the
present findings, though they do suggest that in interpreting the
experimental results on the melting of small crystals of indium in terms
of the liquid—-shell model, case (a) may be assumed to pertain. From the
data of table 6, we may write equation (6-86) for indium

t -t, = h2.15 ;—f-gl’— - 31’18

¢~ * “a

(1-7)

where to °k is the melting temperature of bulk indium
X i1s & critical liquid—-shell thickness, of the order of a few tens
o .
of Angstrom units

tA °k is the melting temperature of & crystallite of radius r

2 . .. cae s .
OCL erg cm. 1s the crystal=liguid specific 1nterfacial free

energy

C

and o and A are measured 1n K.

It is felt that a fit to the experimental results for the melting
temperature of small crystals of indium on the basis of eguation (7~7)
would not be pertinent, however, as equation (7=7) cannot be expected to
properly represent the melting temperature of the very small crystals for
which melting temperatures were obtained experimentally. If a value
A= 30 ﬁ is assumed For indium (in line.with the value used to interpret

the results for lead), then this critical thickness is only a little less
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than the greatest - -tallite radius (38 A) for which a melting

temperature has bec: determined.

It will be observed that the experimental results for the melting
temperatures of small crystals of lead and bismuth are not adequately
described theoretically for the smallest crystallites investigated. It is
therefore worthvhile to re—examine certain limitations in our theoretical
approach, already alluded to in the text. The introduction of a critical
thickness for the liguid shell may be seen as the recognition of a
limitation in applying the macroscopic concepbs of thermodynamics to a
small system. By this device, the possibility of evaluating the free
energy of the system, when the thickness of the liquid shell is
insufficient for its properties at any point to approximate to those of a
bulk phase, 1s precluded. Moreover, it would clearly be unphysical to
assume that the generation of a liquid shell no matter how thin, is

associated with a discrete free energy change of o, = UC per unit

% * L
area. In considering the initial generation or final disappearance of the
crystalline core, this latter difficulty of a sudden discrete change in
the free energy of the system does not arise. It has therefore been felt
that, in line with current treatments of nucleation problems, it is
unnecessary to place a specific restriction on the size of the
crystalline phase; though results inferred when the crystalline core is
very small should be approached with caution.

In this context we may note, that if we assume that the macroscopic
concepts of thermodynamics may properly be applied within the framework ‘
constructed, then there is the possibility of refining our theoretical
approach by taking account of the kinetic effects discussed in
§ 6.3.3(1i1) (pg. 167). Instead of assuming that the Helmholtz free energy
barrier to melting must vanish at the melting temperature, we may assume
that it 1s only necessary that the barrier be reduced to a value at which
there is an appreciable probability of its being surmounted as a result
of a statistical fluctuation. The consequences of such an assumption are
to lower the predicted melting temperature by an amount which increases
rapidly with decreasing crystallite size, so that the melting temperature

o
falls nore sharply for crystallite radii less than. some G0 A,
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T.2 Solidification

Two mechanisms for the solidification of a small liquid droplet
were considered theoretically in § 6.4. The freéuency, I*, of homogeneous
nucleation of a liquid droplet is given by equation (6-139) of § 6.4.1,

B2
O

The frequency, I, *, of droplet nucleation by the heterogeneous mechanism

examined in § 6.2.2, is given by equation (6-173). In order to associate
a solidification temperature with a liquid droplet on the basis of
nucleation theory, it 1s necessary to make some assumption concerning the
value of the nucleation frequency I¥* (or IS*) at which the probability of
nucleation may be regarded as "appreciable". In interpreting the results
of the present experiments on the solidification of small metallic
droplets, it has been (somewhat arbitrarily) assumed that the
solidification temperature of a liquid droplet may be identified with
that temperature for which the nucleation frequency 1is lO—l per sec. The
appropriate choice clearly depends on the time scale of the experiment:
if a ligquid droplet is cooled sufficiently slowly, there may be an
appreciable probability of nucleation occuring even at temperatures for
which the nucleation frequency is relatively small. The rate of cooling
in the present experiments was some O.1 OK per second.

It is, perhaps, worthwhile to indicate briefly how a precise
criterion for choosing I¥ may be arrived at. For a particular liquid
droplet and a given rate of cooling, it is possible to derive an
expression for the temperature <t0.8’ say) at which the probability that
the droplet will have solidified attains a value of 0.8 (say). Suppose
that the droplet is-cooled from the bulk melting'temperature, to, at a
constant rate of k OK per second. Then after a time t see., the

temperature, t, is given by

t = + -kt (7-8)

We may now write for the nucleation frequency, I%

I* = I*(q) (7-9)
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Suppose P(1) is the probability that the droplet has not solidified after

a time 7T sec.; then considering a small interval of time &1, we may write

P(t) - P(t + 81)

= I¥(1) &t (7-10)
P(1) :

-

From equation (7-10), on proceeding to the limit &t - O and integrating,

we obtain

T
log P(t) = -~ { I*(71) dt (Te11)
e
0
When P(%) = 0.2, we obtain from equation (7-11)
T
j I%(7) dt = 1.6 (7-12)
0

Equation (7-12) may be used to determine the temperature t, g and the

corresponding frequency.

(1) Lead
Employing the data in tables 6 and T, equation (6-139) may be

written for lead

3
CL

t(o.h39o{to -t} + 336/rc)

7 1213.7 ©

I¥ = 2.689 x 10 rc3 t exp| - 5 (T7-13)

where I¥ per sec. is the fregquency of homogeneous nucleation of a liguid
droplet
s X is the radius of the crystallite into which the droplet
solidifies

K is the temperaturc of the 1icuid droplet

ct

t K is the melting temperature of bulk lead
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Boltzmarn's constant, k = 1.3805 x lO_16 erg/OK
Planck's constant, h = 6.6254 x lOnET erg sec.
Avogadro's number, N, o= 6.0208 x 1073 per mole
16n 1.2137 x 1077 erg * %k
3k
Lead Bismuth
P L - -
f: © (k1 em.”3 erg) 4390 x 10° 9.295 % 10°
o}
Density of liquid at 10.60 10.06
melting point, or (gm./cc.)
Atomic weight, W 207.21 209.00
Number of atoms per o N 3.081 x lO22 2.899 x lO22
volume of liquid, n = g S
hr kL - ]
—53—' n -1}% 102 2.689 x 107 2,530 x 105+
. .. 1k 1k
Number_of atoms 1n substrate-liguid 9.828 x 10 9.M3T x 10
interface per sqg. cm., ng = n2/3
AT 2
g 3 10 2 6.433 x 10 3 6.178 x 1073

¥ Taken or derived from Smithells' "Metals Reference Book" (1967)

Table 7. Data used in interpreting the exverimental results on

solidificetion of small metallic droplets.

the
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and Oy, SF8 cm. 2 is the crystal-liquid specific interfacial free

energy.
A fit to the experimental results on the basis of equation (7-13)
is shown in figure 32. The values I¥ = lO—l per sec. and

Onp, = 31.45 erg cm. 2 have been chosen. As will be seen, the expression
(7-13) for the frequency of homogeneous nucleation, predicts a gradual
increase in the solidification temperature as droplet radius decreases,
in contrast to the trend of the experimental results. However, insofar as
equation (7-13) predicts that the solidification temperature is sensibly
independent of droplet radius over a wide range of droplet radii, the
agreement between theory and experiment may be regarded as satisfactory.

To obtain an impression of the error which should be associated

with the value of o inferred, we suppose firstly that the value assumed

CL
for I* may be in error by as much as a factor of 10. With the values
. ={1% . . ) .
I%¥ = 10 (221) per sec., 1t 1s found that the values of GCL which must be
chosen, in order that the solidification temperature predicted for (say) a

O .
droplet of radius 300 A shall remain unchanged (at 235 OC), are

31.45 * 0.56 erg em. °. Ve suppose secondly that, whereas the value of
Oor, chosen pregicts a solidification temperature of 235 °c for a droplet
of radius 300 A, the actuasl solidification temperature of such a droplet
may differ from this by as much as 3 ®¢. It is found that the values of
Oar, which must be chosen, in order thag the solidificatiog temperatures
predicted for a droplet of radius 300 A shall be 235 * 3 “C, are
31.Lh45 ; 0.60 erg em. ° (with I* = 107+ per sec.). We may combine these
two possible sources of error, to obtain an’ error in Oar, of some
0.8 erg cm.

If the term 336/rC in equation (7~13), which arises from the change
in the surface area of the droplet consequent upon the formation of a
critical nucleus, is discarded; then equation (7-13) predicts a gradual
decrease 1n the solidification tcmperature as droplet radius decreases
(from 235 OC vhen o = 300 X, to 227 °C when T, = 40 ?\; with

T# = 10 © per sec. and o, = 30.88 erg cm.—2). There 1s little comfort in

CL
thls from a theoretical viewpoint, however, partly because it is quite
arbitrary, and pzrtly because the agreement hetween theory and experiment

is only warginally improved. Although precise determinations were not
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made, it was observed that the solidification temperatures of even the
thinnest films investigated were several degrees below their melting
temperatures: thus a very sharp decrease in the solidification
temperature occurs on approaching very smail droplet radii.

It 1s concluded that homogeneous nucleation theory provides a
satisfactory interpretation of the experimental results on the
solidification of small lead droplets, for all but the smallest droplets
examined. The following value is inferred for the crystal-liquid

interfacial free energy, S,

o = 31.5 * 0.8 erg cm. 2 ' (7-14)

From the date in tables 6 and T, the expression (6-173) for the
frequency, IS*, of droplet nucleation by the heterogeneous mechanisn

examined in § 6.4.2, may be written for lead

3

- 1213.7 o £(e,) 1

IS* = 6.433 x 10T rc2 sin282 t exp CL L 5 (7-15)
t(o.h39o{to -t} + 336/rc)‘

where SJ per sec. is the frequency of heterogeneous nucleation of a
llquld droplet
o A is the radius of the crystallite into which the droplet
SOlldlfleS
82 is the contact angle between the lead droplet and the substrate
on which it rests
t °K is the temperature of the droplet
to °k is thegmelting temperature of bulk lead
O, €¥6 cm. 1s the crystal-liquid specific interfacial free
ensrgy
81 is the contact angle of a crystalline nucleus with the
substrate

“and f 1s a function defined by equation {(6-1h0).
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A fit to the experimental results on the basis of equation (7-15)
is shown in figure 32. The values’IS* = 10* per sec., sin282 = 1 and
GCL3 f(el) = 27590 erg3 cm.h6 have been chosen. As may be seen, for a
suitable choice of parameters, the expression (7-15) for the frequency of
heterogeneous nucleation, predicts a dependence of the solidification
temperature on droplet radius which is very similar to that obtained from
homogeneous nucleation theory. Insofar as equation (7-15) predicts that
the solidification temperature is sensibly independent of droplet radius
over a wide range of droplet radii, the agreement between theory and
experiment may be regarded as satisfactory.

The value of sin282 chosen, assumes that the contact angle, 82,
between a lead droplet and the substrate on which it rests is 900. Some
idea of the contact angle to be expected between a lead droplet and the
substrate, may be obtained from the measurements of the contact angles
between resolidified lead crystallites and their substrates described in
§ 5.3 = see table 5 (pg. 117). The contact angle between ligquid lead znd

graphite at 800 OC, calculated from data gquoted by Munson (13967), is 139°:

with this value for 82, we would have sin292 = 0.k, To obtain an
impression of the error which may be associated with the value of
GCL3 f(el) inferred, as a consequence ¢f the uncertainty as to the

precise value of the contact angle 62, we suppose that the value

sin292 = 1 assumed is in error, and that a value sin282 = 0.1 is
appropriate. The value sin282 = 0.1 corresponds to a contact angle, 82,
of 1620, and it 1s considered most unlikely that the actual value of 8

2

3 f(el) which must

CL
be chosen, in order that the solidification temperature predicted for (say) a

is larger than this. It is found that the value of o

» O . -
droplet of radius 300 A shall remain unchanged (at 235 OC), is

3 -6 3

25920 erg” cm. . It is also found that with this value of ¢ £(6._),

CL 1

and the value sin282 = 0.1, the solidification temperature predicted for

o
a droplet of radius 60 A is changed (lowered) by only 0.3 °C. Thus the
uncertainty as to the precise value of the contact angle 82 nakes very
1ittle difference to the quality of the theoretical fit to the

experimental results. A change in the value of sinzeg from 1 to 0.1 is

<

C . . - o . L AL
equivalent to a chiange in the value of-iS* from 10 to 1, so far as the

solidification temperatures inferred from egquation {7-15) are concernec.
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Thus we may conclude, that the uncertainty as to the precise value of IS*
which 1s appropriate, makes very little difference to the quality of the
theoretical fit to the experimental results. )

To obtain an impression of the error which should be associated

with the value GCL3 f(el) = 27590 erg3 cn. inferred, we suppose Tirstly

that the value assumed for I, ¥ may be in error by as much as a factor

S =(1#1)

of 10. With the values IS* = 10 per sec., it is found that the

values of GCLB f(Bl) which must be chosen, in order that the

o
solidification temperature predicted for (say) a droplet cof radius 300 A
shall remain unchanged (at 235 OC), are 27590 + 1670 erg3 cm._6. We
3 f(8,) chosen predicts a

cL 1 o
solidification temperature of 235 °¢ for & droplet of radius 300 A, the

suppose secondly that, whereas the value of o

actual solidification temperature of such a droplet may differ from this .
3
4 cL
be chosen, in order that the solidification temperatures predicted for =

o - -
droplet of radius 300 A shall be 235 & 3 OC, are 27590 + 1560 erg3 cm. 6.

by as nmuch as 3 °c. It is found that the values of ¢ f(el) which must

If we combine the error arising from the wuicertainty in the value of the
contact angle 82, with the errors arising from the uncertainty in IS* and

the uncertainty in the actual solidification temperature of (say) 2

-6

o
droplet of radius 300 A, we may obtain a value of some 2800 erg3 cm.

. 3
f -h vera, .
or the overall error in Oar, f(el)

It is concluded that heterogeneous nucleation theory provides a
satisfactory interpretation of the experimental results on the
solidification of small lead droplets, for all but the smallest drcplets

3 f(e.)

examined. The following value is inferred ‘for the gquantity e, 1

°CL3 £(o;) = 27600 + 2800 erg> em. (7-16)

The functilon f(Bl) has a maximum value of unity ~ see figure 43 -

when the contact angle, 6,, of a crystalline nucleus with the substrate
£

is 180°. When 61 = 180°, we obtain from equation (7-16)

o = 30.2 * 1.0 erg cm. e (7-17)



For a contact angle 81 of 1800, the free energy of formation of a
critical nucleus in the heterogeneous model of nucleation examined in

§ 6.4.2, becomes iderntical to the free energy of formetion of a critical
nucleus in the homogencous model of nucleation considered in § 6.L4.1.
Nevertheless, the two modelé remain distinct, as & conseguence of the
differing underlying assumptions concerning possible sites for nucleztion:
in the heterogeneous model, nucleation is supposed to cccur only at the
substrate-liquid interface, whereas in the homogeneous model it may occur
anywhere within the droplet. It is for this reason that the value of O,
in equation (7-17) is lower than that in equation (7-1l4).

There is a value of the contact angle 6., for which the values of

lS
OCL inferred from homogeneous and heterogeneous nucleation theory are

identical. If we denote this angle by ¢, then from equations (7-16) and
(7-14) we obtain ' :

27600
= 31,55

£(y)

so that, with reference to equation (6-1L0), we obtain

v o= 125°

If the contact angle, 6., between a crystalline nucleus and the
substrate is greater than ¢, then the interpretation of the experimental
results on the basis of heterogeneous nucleation theory is unacceptable:

it requires a value of o, less than that given by eguation (7-1L4), which

CL
implies that the Treguency, I¥, of homogeneous nucleation exceeds the

....l .
frequency, I_¥ = 10 *, of heterogeneous nucleation. We may conclude that

5

if 61 > 15 then the experimental results should be interpreted on the

basis of homogeneous nucleation theory; whereas if Bl < w,'then they
should be interpreted on the basis of heterogeneous nucleation theory. It

follows that the value GCL = 31.5 erg cm.—2, inferred from homogeneous

nucleation theory, represents the smallest value of GCL compatible with

both homogeneous and heterogeneous nucleation theory.



(ii) Bismuth
Employing the data in tables 6 and T, the expression (6~139) for
the frequency, I¥*, of homogeneous nucleation may be written for bismuth

3
1213.7 Oaq,

t exp| - 5 (7=18)
t(O.9295{tO - £} - 261.3/rc)

I%# = 2.530 x 100 rC3

where I¥* per sec. is the freguency of homogeneous nucleation of a liguid
droplet ’

o X is the radius of the crystallite into which the droplet

solidifies

t K is the temperature of the droplet

to °k is the nmelting temperature of.bulk bismuth

and O ©rg cm. 2 is the crystal-liquid specific interfacial free

erergy.

A fit to the experimental results on the basis of equation (7-18)
is shown in figﬁre 33. The values I¥ = lO—l per sec. and
Oup, = 46.00 erg em. 2 have been chosen. As will be seen, the expression.
(7-18) for the frequency of homogeneous nucleation predicts that the
solidification temperature is sensibly independent of droplet radius over
s wide range of droplet radii: this finding is not unsatisfactory in the
light of the single experimental result obtained for a droplet radius of
some TéO K. However, the gradual decrease in the solidification
temperature predictéd, as droplet radius decreases, 1s not sufficient to
accomodate the much steeper trend of the experimental results. This is
despite the term 261.3/rC in equation (7-18), which arises from the
chenge in the surface area of the droplet consequent upon the formation
of a criticél nucleus: this term tends to progressively lower the
predicted sclidification temperature, as droplet radius decreases.

To obtain an impression of the error which may be associated with
the value of Opr, inferred, we suppose firstly that the value assumed for
I* may be in error by as much as a factor of 10, and secondly that the
actual sclidification temperature of (say) a droplet of radius LT0C R nay

. . . o . . o .
differ from that predicted (183.6 7C) by as much as 6 C. We may ccombine
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the error (v 0.8 erg cm. 2) arising from the uncertainty in I¥, with the

error (v 2.0 erg cm.~2) arising from the uncertainty in the actual

s . , . : 2
solidification temperature, to obtain a value of some 2.2 erg cm. for

the N ] .
e overall error 1in GCL

When the experimental results for the solidification temperatures
of small droplets of bismuth are interpreted on the basis of homogeneous
nucleation theory, the following value is inferred for the ecrystal-liquid

interfacial free energy, Oug,

Opp, = 46.0 + 2.2 erg cn. 2 (7-19)

From the data in tables 6 and T, the expression (6-173) for the

frequency, I ¥, of droplet nucleation by the heterogeneous mechanism

S
examined in § 6.4.2, may be written for bismuth

r 3.
1213.7 Oor I(el)

I%=6,178 x 107 r 2 sin26 t exp (7-20)

8 ¢ 2 t(0.9295{to -t} - 261.3/rc)éJ

where IS* per sec. 1s the frequency of heterocgeneous nucleation of a

liquid droplet

re K is the radius of the crystallite into which the droplet
golidifies

62 is the contact angle between the bismuth droplet and the
substrate on which it rests

t K is the temperature of the droplet

t, °k is the melting temperature of bulk bismuth

Onp, S¥E cm. 2 is the crystal-liquid specific interfacial free
energy
81 is the contact angle of a crystalline nucleus with the
substrate ,
and f is a function defined by equation (6-140).
A fit to the experimental results on the basis of equ
is shown in figure 33. The values IS* = lO—l DET SeC. , sin28 = 1 and
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GCLB f(el) = 85710 erg3 cm._6 have been chosen. As may be seen, for a
suitable choice of parameters, the expression (7=20) for the frequency of
heterogeneous nucleation predicts a Qdependence of the solidification
temperatﬁre on droplet radius which is ver& similar to that obtained from
homogeneous nuclestion theory.

The value of sin262 chosen assumes that the contact angle, 62,
between a bismuth droplet and the substrate on which it rests is 900.
Some idea of the contact angle to be expected between a bismuth droplet
and the substrate, may be obtained from the measurements of the contact
angles between resolidified bismuth crystallites and their substrates
described in § 5.3 - see table 5 (pg. 117). To obtain aﬁ impression of
CL3 f(el) inferred,
as a consequence of the uncertainty as to the precise value of the

the error which may be associated with the value of ¢

contact angle 62, we suppose that the value sin262 = 1 assumed is in

. . . 2
error, and that a value of 0.1 is appropriate. The value sin 82 = 0.1

corresponds to a contact angle, 6, , of 1620, and it is considered most

2
unlikely that the actuzl value of 62
- that the value of OCL3 f(el) which must be chosen, in order that the

o
solidification temperature predicted for (say) a droplet of radius 470 A

shall remain unchanged (at 188.6 OC), is 80600 erg3 cm._6. It is also

3 . Lo
oL f(el) and the value sin 82 0.1, the

o
solidification temperature predicted for (say) a droplet of radius 30 A

is larger than this. It is found

found that with this value of o

is changed {(lowered) by only 0.5 oC. Thus the uncertainty as to the

precise value of the contact angle 6, makes very little difference to the

2
guality of the theoretical fit to the experimental results. A change in
the value of Sin262 from 1 to 0.1 is equivalent to a change in the value
of IS* from lO-l to 1, so far as the solidification temperatures inferred

from equation (7-20) are concerned. Thus we may conclude, that the
uncertainty as to the precise value of IS* vhich is appropriate, makes
very little difference to the gquality of the theoretical fit to the
experimental results.

To obtain an impression of the error which should be associatled

with the value ¢ 3 £(6,) = 85710 erg3 cm.—6 inferred, we suppose firstly

H

that the value assumed for IS* mey be in error by as much as a factor
L. ‘ =-(1x1
of 10. With the values Io* = 10 ( )

per sec., it 1s found that the
[w] .



213

3

values of o, f(el) which must be chosen, in order that the
o
solidification temperature predicted for (say) a droplet of radius ¥70 A
. P . -6
shall remain unchanged (at 188.6 OC), are 95710 % 5110 erg3 cm. . We

CL3 f(el) chosen predigts )

solidification temperature of 188.6 °c for a droplet of radius 470 A, the

suppose secondly that, whereas the value of o

actual solidification temperature of such a droplet may differ from this

by as much as 6 °¢. It is found that the values of o 3 f(Sl) which must

CL
be chosen, in order that the solidification temperatures predicted for a

o) -
droplet of radius 470 A shall be 188.6 + 6 OC= are 85710 + 11100 erg3cm. .

We may combine the error (5110 erg3 cm._6) arising from the uncertainty

in the value of the contact angle 62, with the error (5110 erg3 cm. )

3 -6)

arising from the uncertainty in I_¥ and the error (11100 erg” cm.

S
arising from the uncertainty in the actual solidification temperature, to
obtain a value of some 13000 erg3 cm.-6 for the overall error in
3
a1, f(el).

When the experimental results for the solidification temperatures
of small droplets of bismuth are interpreted on the basis of
heterogeneous nucleation theory, the following value is inferred for the

3 £(e.)

quantity UCL 1

OCL3 f(Sl) = 86000 * 13000 erg3 cm._6 (7-21)

The function f(el) has a maximum value of unity - see figure 43 -

when the contact angle, 8_, of the crystalline nucleus with the substrate

1
is 180°. Wnen 6, = 180°, we obtain from equation (7-21)

= l + —
O, hh,1 o+ 2.3 erg cm. (7-22)

For a contact angle Gl of 1800, the free energy of formation of a
critical nucleus in the heterogenecous model of nucleation examined in

§ 6.4.2, becomes identical to the free energy of formation of & critical
nucleus in the homogencous model of nucleation considered in § 6.k4.1.

Nevertheless, the two models remain distinct, as a consequence of the
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differing underlying assumptions concerning possible sites for nucleation:
in the heterogeneous model, nucleation is suprosed to occur only at the
substrate~liquid interface, whereas in the homogeneous model it may occur

enywhere within the droplet. It is for this resson that the value of Oe1,

in equatiorn (7-22) is lower than that in equation (7-19).

There is a value of the contact angle el, for which the values of
CCL inferred from homogeneous and heterogeneous nucleation theory are
identical. If we denote this angle by ¢, then from equaticns (7-21) and

(7-19) we obtain

so that, with reference to equation (6-1L40), we obtain

¢ = 125°

If the contact angle, 6 between a crystalline nucleus and the

1’ . .
substrate is greater than ¢, then the interpretation of the experimental

results on the basis of heterogeneous nucleation theory is unacceptable:

it requires a value of o© less than that given by equation (7-19), which

CL
implies that the frequency, I¥*, of homogeneous nucleation exceeds the

1

frequehcy, I ¥ = 10 » of heterogeneous nucleation. Ve may conclude that

if el > 4, tien the experimental results should be interpreted on the
basis of homogeneous nucleation theory; whereas if el < ¢, then they
should be interpreted on the basis of heterogeneous nucleation theory. It
follows that the value Our, = 46.0 erg cm._g, inferred from homogeneous

nucleation theory, represents the smallest value of ¢ compatible with

CL
both homogeneous and heterogeneous nucleation theory.

Our comparison of the experimental results on the solidification of
small metallic droplets with predictions based on nucleation theory shows,
that whilst the trend of the exverinental results for the melting

temperatures of the larger dronlets may be accorded with current ideas in
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nucleation theory, the agreement between theory and experiment is most
unsatisfactory for the smaller droplets investigated. In applying
homogeneous nucleation theory to a small liquid“droplet, 1t has here been
implicitly assumed that any position (any atom) in the droplet is as
suitable as any other, as a site for the formation of & critical nucleus:
however, the position of an atom with respect to the droplet surface may
well influence its suitability as a nucleation centre, and this
consideration becomes important as soon as the size of the critical
nucleus is comparable with the size of the droplet. (Quite equivalent
remarks may be made concerning heterogeneous nucleation, in that the
location of a nucleation site on the substrate-~liquid interface with
respect to the liquid-vapour interface, may well effect its suitability

. as a nucleation centre.) It is therefore pertinent to calculate the size

. * } .
of a critical nucleus. From equations (6~81) and (6~78), we may derive

1

oL ? of a eritical nucleus

the following equation for the radius, r

r "= e (7-23)
CL pCLO EGL
(t =-t) + — 5
t o] r
o} - 7 C

From equation (7-23) and the data in tables 6 and T, we obtain for a lead

o
droplet of radius 200 A at 235 °c.

(o]
" —
ro = 0.h47hh Oar, A
o . -2
= 14.91 A with o, = 31.5 erg cm.
‘ 0
and for a bismuth droplet of radius 200 A at 188.6 °c:
r." = 0.2652 0 A
CL ’ CL
o . -2
= 12.18 A vith o, = 46.0 erg cn.

* %Jg{m o dage 193
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It should be borne in mind that the question of the "suitability" of a
gite as a nucleation centre does not necessarily involve only s
consideration of the free energy of formation oé e critical nucleus at
that site, but may also involve a consideration of the rates of all the
reversible reactions (involving the gain and loss of atoms by nuclei
smaller than the critical nucleus) as a consequence of which a critical
nucleus is supposed to be formed ~ see Turnbull and Fisher (194%9). It is
clear that a careful examination of the statistical assumptions
underlying equations (6-134) and (6-170) of § 6.4 must be undertaken,
before a successful interpretation of the size dependence of the

gsolidification temperature of very small droplets can be expected.

7.3 Discussion

The important parameter which may be estimated from the present
experimental data on the size dependence of the melting and
solidification temperatures of small metallic particles, is the
crystel~liquid interfacial free energy, GCL;
(i) Lead

In the course of the theoretical examination of the experimental
results in § 7.1 and § 7.2, the following imputations were made:
From the results on the melting of small lead crystals:

Our, = ho + 7 erg cm. e (7-2)

From the results on the solidification of small lead droplets:

homogeneous nucleation o = 31.5 + 0.8 erg cm.—e (7-114)

heterogeneous nucleation OCLSf(el) = 27600 + 2800 erg3 cm.—é (7-16)

where 61 is the contact angle between a crystalline nucleus and the
substrate.
If it is assum=d that the solidification results are properly

interpreted in terms of heterogeneous nucleation theory, and that the
¢ &
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contact angle, 6., between a crystalline nucleus and the substrate is

13

. . -2 .
some 857, then from equation (7-16) we find o, = 4O erg cm. ~, in close

agreement, with the value inferred fron the'meiiing temperature results.
The above values of the crystal-liquid interfacial free energy, Oup,?
for lead, may be compared with the value 33.3 erg cm.—z estimated by
Turnbull (19504). Turnbull's estimate was obtained, on the basis of
homogeneous nucleation theory, from data on the maximum supercocling of
pure-lead droplets some 25 microns in radius.
(ii) Bismuth
In interpreting the experimental'results on the melting and
solidification of small particles of bismuth in § 7.1 and § 7.2, the
following imputations were made:

From the results on the melting of small bismuth crystals:

-2
= -]
S, 55 erg cm. (7-)
g, +o ~-o0, = 39 ergcm 2 (7-5)
CL L C h i
. -2 -2
and (with o, = 390 erg cm. ) Oq = 406 erg cm. (7-6)

where % and o, are, respectively, the crystal-vapour and liguid-vapour .

interfacial free energies
and an impression of the uncertainty in the value of o, is given in

§ 7.1(ii).

CL

- From the results on the solidification of small bismuth droplets:

homogenecus nucleation Ogr, = 4.0 + 2.2 erg cm. 2 (7-19)
. 3 v oy 3 -6
heterogeneous nucleation OaL, f(el) = 86000 + 13000 erg cm. (7-21)

where | Gl is the contact angle between a crystalline nucleus and the

substrate.
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If it is assumed that the solidification results are properly
interpreted in terms of heterogeneous nucleation theory, and that the
contact angle, 61, between a crystalline nucleué and the substrate is
some 910, then from equation (7-21) we find O, = 55 erg cm.—g, in close
agreement with the value inferred from the melting temperature results.

The above values of the crystal-liquid interfacial free energy, Oar,>
for bismuth, may be compared with the value 54.4 erg cm."2 estimated by
Turnbull (1950d). Turnbull's estimate was obtained, on the basis of
homogeneous nucleation theory, from datz on the maximum supercooling of

pure-bismuth droplets some 25 microns in radius.

The materials selected for investigation irn the present experiments
=~ lead, bismuth and indium - vere chosen because of their comparitively

low melting points, and low vapour pressures in the crystalline state:

Melting point : Vapour pressure ¥
(OC) (torr)
-0 o
Lead : 327.4 h,2 x 10 7 at 327.4 C
Bismmith 271.3 2.1 x 10719 &t 271.3 °c
Tndium 156.4 1.0 x 10 M at 640 °c

¥ The data is teken from "Vapour Pressure curves of the Elements",

prepared by R.E. Honig (R.C.A. Laboratories: Princeton, N.J.).

The selection of materials having comparitively low melting
temperatures, minimised the risks of contamination by volatile impurities
contained in the furnace or of contamination by the materiazl of the
furnace itself - c.f. § 5.4.3 (pg. 123). Low temperatures are also easier
to attain and measure accurately. It would be interesting to conduct a
similar investigation to that reported here, on the same materials, under
conditions of ultra~high vacuum. The effect of introducing a controlled
partial pressure of (say) argon or oxygen could then be studied.

The present investigations on the size dependence of the melting
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and solidification temperatures of small particles were restricted to
materials having very low vapour pressures in the crystalline state, in
order tovavoid excessive evaporation of the depdsits. However, a grecat
range of materials, both elements and compéunds, having somewhat higher
vapour pressures could be studied, 1f thelr evaporation from thin
deposits could be prevented. A technique which might achieve this, would
be to condense a thin deposit of the material to be investigated on to
(say) a carbon substrate under vacuum, and then to condense a thin film .
of carbon on top of the deposit, so as to sandwich the deposit between
two layers of carbon. The technique might be tried, firstly, with the
materials investigated here; and the results could be cémpared with those
presented here, in order to ascertain whether imbedding the particles in

carbon had any influence on the melting and solidification phenomena.

7.4 Conclusions

Observations of the melting and solidification of aggregates of
metallic particles vere made, under vacuuwn, using electron diffrsection
" techniques. The residual gas pressures prevailing during the experiments

6

were in the range 5 x 107 to 10_6 torr (except in those instances wvhere
hydrogen vwas admitted). No systematic attempt was made to investigate the
influence of the residual gases on the melting and solidification
temperatures determined, and it should not be assumed that similar
results would necessarily be obtained under higher vacuum conditions.

An experimental relationship between the melting temperature of a
small crystal and its size is inferred for each of the metals lead,
bismuth and indium. The findings are compared with theoretical
predictions based on a thermodynamic model - the "liquid-shell" model.
The model incorporates a critical liquid—-shell thickness, A, tc which =z
value of 30 X has been assigned in interpreting the experimental results.
The model is so conceived as to render i1t inapplicable to a crystallite
vhose radius is less than A, indeed it may be regarded as unsuitable for
estimating the melting temperature of a crystallite whose radius is less
than some 50 E. For larger crystallite yadii, hovever, the model is
capable of providing a satisfactory interpretation of the experimental

results. It is to be expected that in the near future it will be possible



- 220

to approach the melting of a small metallic crystal from a statistical
viewpoint, along the lines indicated in § 6.1. A better understanding of
the melting of a very small crystal should then.be attainable, perhags
using e model based on the work of Lennard=-Jones and Devonshire.

An experimental relationship between the solidification temperature
of a small droplet and its radius is inferred for the metals lead and
bismuth. The findings are compared with predictions based on nucleation
theory. Whilst the trend of the experimental results for the larger
droplet radii may be accorded with current ideas in nucleation theory,
the agreement between theory and experiment is most unsatisfactory for
the smaller droplet radii investigated. It is clear that a more careful
examination of the underlying statistical assumptions than that made here
will be required, before nucleation theory can be successfully applied to
predicting the solidification temperature of a very small droplet.

Values of the crystal-liquid specific'interfacial free energies
have been imputed to lead and bismuth. For each metal, the agreement
between the separate values inferred, respeétively, from the melting
temperature resﬁlts and from the solidification temperature results,
is fair. The values also compare quite well with those derived by
Turnbull, from observations on the maximum supercooling of much larger

droplets.
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APPERDIX 1

THE CRYSTAL STRUCTURES OF LEAD, BISMUTH, INDIUM AND INDIUM SESQUIOXIDE, OF
THE COMMON OXIDES OF LEAD, AKD OF COPPIR (see § 4.2, § 5.4.2 snd § 5.4.3)

The recivrocals of the plane spacings of lead, bismuth, indium and
indium sesouioxide, are calculated from published data on their
crystalline structures. Cemparisons are made with values inferred fram
measurements of the sharp-ring, electron-diffraction patterns obtained
from the polycrystalline aggregates investigated in the present
experiments.

The reciprocals of the crystal plane spacings of the cammon oxides
of lead, and of metallic corper, calculated from published data, are also
rresented (see § 5.4.2 and § 5.4.3). '

The diameter, D, of a ring in the electron-diffraction yattern from
a polycrystalline derosit, and the plane épacing, d, of the crystal

planes from which the ring arises, are related by the ecuation
Dd = 2211 (A1-1)

where A is the wavelength associasted with the monochromatic electron
beam

and L is the distance of the photograthic emulsion from the specimen.

(1) Léad
Crystalline lead has a face-centred-cubic structure, with four

atoms per cell, and cell side
0
a (=b=2c) = L.9505 A

The data is taken fram Wyckoff (1963), Volume I, rg. 10.

For a cubic system, the plane spacing, 4, of planes having the

hkl’
Miller indices (hk1l) is given by

ey
Vo
i
N
——

1 )
e = = {h" o+ kT + 17)° i (A
&



.l.

With

From data of Vvckoeff Present exteriments
Miller indices 1/4d Rine diameters 1/4d
(hk1) (A~ D (cm.) (2~
11 0.3499 1.60 0.352
200 0.4oko 1.8k 0.404
220 0.5713 2.60 0.572
311 0.67090 3.05 0.670
222 0.6997 3.17 0.697
Loo 0.8080 o
331 0.8805 L.o1 0.881
k20 0.903% 1,13 0.908
Lo 0.9896 .50 0.989
oML = .55 x 1070 em.?

.Table Al.l. The reciprocals of the plane svacings of lead.

223






225

Structure facter considerations limit vossible diffractions to
those for which h, k and 1 are either all odd integers or all even
integers.

The recinrocals of the plane spacings of lead, calculated from the
data of Vyckoff, are shown in table Al.l for theze vlanes rivines rise to
the first 9 diffraction rings of polycrystalline lead: alensside are
shown the values calculated using equation (Al-1) from ring diameters
measured in the present exreriments. The electron-diffraction rattern

arising from polycrystalline lead is shown (enlarged) in figure Al.1l.

(2) Bismuth

There is evidence for the existence of eight solid thases of
bismuth - see Strong (19€0), ras. €9 and T4 - but the only one stable in
bulk form at pressures below scame 18,500 atmospheres has a rhombohedral

structure, with two atoms per cell, and cell parameters {(at 25 OC)

h.7h59 g

cell side a({=0b=c¢)

57° 142"

interaxial angle a {=8=y)

The structure mayv ecually well be represented as hexagonal, with six

atoms per cell, end cell sides (at 25 C)

(o]
4.5h590 A

o]
—~
]
[«2
i

11.86225 X

The data is taken from Wyckoff (19€3), Volume I, pe. 32.

For a rhombchedral structure, the plane syacing in real snace, d

hkl’
of the vwlanes having the Miller indices (hkl) is - see Vainshtein (1964),
Avvendix 1, ng. 393 - piven bv
A
{ 2
1 ) 1 ) 1l + cos « .
dhk1 & 11 - cos a)(1 + 2cos a)
o :
o ) P IC(‘S o - 05 O
x | h" + k" + 1" + 2(hk + k1 + 1h) 5
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For the equivalent hexagonal structure, the plane smacing in real space,
dy 11 qrs ©f planes having the Miller indices (h'k'1') is
\
2

~ 2
0?4k w nkro+ 10”32

2
h'kt1? /3 a hc2

The Miller indices of correspcnding planes in the two systems are related

by the equations

h' = 1 -k
k' "= h-1
1' = h+k+ 1
The bismuth structure is develored fram the ng space group - see

"Internatical Tables for X-ray Crystal lcgraphy" (1952), pgs. 272-3.
Structure factor considerations in the rhombchedral system of bismuth do
not give rise to any forbidden diffracti cns: however. the structure is
close to bedv-centred, so the volveryvstalline diffraction rings arisine

from plenes whose Miller indices (hkl1) satisfv the equation
h+k+1 = 2n+ 1 n an inteper

may be exrected to be weak. In the eouivalent hexagonal system, structure

factor consideratiens limit possible diffractions to those for which
-h'+ k'"+ 1' = 3n n an integer

The reciprecals: of the plane spacings of crystalline bismuth,
calculated fram the data of Wyckoff given sbove, are shown in table Al.2
for those vlares piving rise to the first 42 diffracticn rinss of
rolvervstalline bismuth; they are indexed in beth the rhoibohedral and
hexaronal systems. Aloneside are shown the 1/d values calculated from the
ring pattern of one of the bismuth dencsits examined in the rresent
exreriments, as it apreared after condensation of the dercsit, snd after
cne meltine and resolidificntion. The letters beside the rines diemeters

pive an indication of the relative intensities of the rines:



From data of Wyckoff

Rhembchedral

indices

E3

A T RVIRF )
IR AR I )
WO N

a2

)
-

£

200
22T nnd 300%

100

ho¥

Hexagonal

indices
(h'k'1")

003
101
102
10k
110

105
006
113
201
202

20k
107
205
116
211

212
108
21k
009
300

207
215
303
208
119

1/4
(2~

.2529
L2676
. 3049
Lipo2
.4399

QOO0 O0

.ho21
.5058
.507h
.51k49
.5352

[oNeNeNoNe)

. 6007
L6Lol
L6601
.670h
L6773

oo NoNe N

. 6928
.T207
.T519
.T587
L7620

OO OO0

L1786
L7933
L8029
LBuk3
.BT7T70

[oBoleReNe]

Present experiments

Initial pattern
Ring diamcters 1/4 T Ring diameters
o_
D (em.) (A l) D (em.)
1.168 M
1.211 M 0.2667
1.389 vs 0.3059 1.391 S
1.886. u 0.4154 1.919 8
2,005 VS 0.4416 2.010 8
2.231 VW 0.4914 2.2b0 M
2,268 W 0.5062 2.314 S
2.431 Vs 0.5355 2.hho’ 3
2.759 S .-0.6077 2.777 M
- 2.928 MW
3.017 W 0.6645 3.054 S
3.147 VS 0.6932 3.155 S
3.28L MW
3.4L03 S 0.7h496 3.421 S
3.460 8 0.7641 3.473 8
3.5k W
3.600 W 0.7949 3.618 W

Table Al.2

- continued overnage

[oNeNe]

(e N o]

After melting once

.5363

. 6092

. €k35

.693)
L7218
L7519

. 7633

.T789
L7952

6712

L2z
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133
yo1¥
330 and 411%
311%

oD1¥
310
431
Lk 3%
321

kLo
li10%
Ll
420
311

207
533

220
1010
217
306
223

311
312
218
1011
31k

2 0 10
315
00 12
226
Lo1

ho2
2011

continued from previous page

0.8799 1 \
0.880n | | 4-001
0.8943
O.91h6}
0.9155

[
\O
-3

OOOOO
\O\O\O\O\O

—] NN L

AN
DO =N

0.9842
1.0081
1.0116
1.0149 b, 602 M
1.0195

1.0299 " 4,683 .M
1.0573

T Y G

0.8813

0.913k

0.9333

0.9767

1.0137

1.0315

3.999
L.OoT1
h.165

h.oLh6
k.336

L. hhh

L.6p2

L.692

M

W

o
\O
tad
[WV]
N

1.0158

1.0312

[

t With 2)AL = L.sk x 10'8 cm.

T+

The diffraction rings which are expected to be weak are marked with an asterisk

With PAL =

4,55 x 10'8

Table Al.2.

2

2
em.

The recinrocals of the plane Snacings of bismuth

Qce






VS - very stroneg; S - strone; i - medium; W - wesk; VW - very weak. The
electron-diffraction ratterns s=ve shown (with identical eniarrements) in
fipure Al.3.

In the yrecent exvperinents, nene of the nﬁotocrarhic records

. “

obtained of the diiflraction of bismuth derasits ahoved evicdence of the
rrescrnce of any solid thase of bismuth other than the phase stable, in

bulk, at ordinary nressures.
(3) Indiunm

The structure of crvstalline indium is tetraronal, with tve atoms
rer cell in the body-centred positions, @nd cell varameters

o]
a ( =b) = 3.24h A

1.938 &

0
il

The dats is tuken from Wvekoff (1963), Volume I, pr. 108.
For a tetrarconal system, the vlane spacine, ahPT' of planes haviag
the Miller indices (hk1) is piven ~ see Vainshtein (1964), Appendix 1,

393 - by

gl
oy}

i ] o 2 P

dh-- o h o+ k7 + 1 ”-;)-J (£1-~3)
k1 ) B

,__
e

Structure factor censiderations limit rossible diffracticns to
those for which

h+k+1 = 2n n an integer

The recinrocals of the nlane syreings of crvstalline indium,

caleulnted from the data of Wvekoff, are shoun in table Al.2 for these

-y

0

rlanes siving rise to the first 17 @ifrroction rines of nolvervstnlli
indium: aloneside nre shovm the values calenlated ueine coustion (AL-1)
from ring diameters measured in the »nresent experiments. The electron-
diffraction mattern arising from polycrvstalline indium is shawm

{enlarred) in ficure AL.D.
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Fron date of Wyckeflf

Present exroriments

Miller indices 1/4 Rines dismeters 1/d4

(kx1) (21 D (em.) (i
101 0.30628 1. €8 0.369
002 0. 4050

110 0.4359 1.98 0.435
112 0.5951 2.71 0.59¢€
200 0.61€5 2.81 0.€18
103 0.€813 3.11 0.684
213 0.718) 3,07 0.719
ely2) 0.7377 3.35 0.73€
00k 0.8170 '

220 0.8719

213 0.9188 } b1 0.921
11k 0.9100

201 0.94€7 L.3? 0.950
Ppo 0.961k h.38 0.9¢2
310 0.9748 I 0.976¢
20k 1.0180 L. €5 1.022
312 1.055¢ 4,80 - 1.055

AL = h.55 x 1070 cn.?

Table Al.3. The reciprocals of the plane spacings of indiun.
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(4) Indium sesquioxide, InPO3

ndium sesauioxide has a cubic structure of the bixbylte tyne, with
Indium sesauloxide h T t 1 £ the bixbyit yI £l

1€ molecules wer cell, wnd cell dimensions
o
a{=b=¢) = 10.118 A

The data it taken from Wyckoff (12€3), Volume IT, per. 5.

For a cubic svstem, the rlane svracing, of nlanes having the

il
hkl®
Miller indices (hkl) is riven by equation (A1-2).

7,

The structure of indium sesouioxide is develored from the soace
T . . . . - .
group Th . Structure factor considerations limit rossible diffractions -
i

see "International Tables for X-ray Crystallosraphy' (1952), pg. 315 -

to those satisfTying the conditions

"hkl

e

h+k+ 1 = 2n ‘ n an integer

Okl kK = 2n (and also 1 = 2n)

ROl W = 2n (and alse 1 = 2n)

hkO : h = 2n (and also k = 2n)

The recivrecals of the vnlane snacings of indium sesauioxide,
calculated from the dats of Wyekoff, avre shown in tahle A1.8 for those
planes givine rise to the Tirst 20 diffraction rings of pelverystalline
indiun sesnuioxide: alcneside are shown the values calculsted usine
equation (Al-1) from ring diameters measured in the present experiments.
The letters beside the rins diameters ~ive an indication of the relative
intensities of the rines: VS ~ vervy strong; S ~ stronr; M - medium:

w1 1, . b4 | P
W - weal; VW - verv veak.

(5) Lead oxide., Fb, 0
Lead oxide, Pb 0, has a cubic structure of the cunrite tyye., with

two molecules per cell, and cell side
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Fran data of VWyekofi Present exvorimants
¥iller indices 1/4 Rins diameters 1/4d i

(hk1) (A% D (em.) (i
200 0.1977

211 . 0.2421 1.10 M 0.2h2
220 0.2795

222 0.3k2k 1.56 VS 0.3kk

321 0.3698 1.68 VW 0.370

400 0.3953 1.80 M 0.396

k11 0.4193 1.895 W 0.417
‘hqm 0. 4h20

332 4 0.402€ 2,10 M 0.4¢3
L2 0. h8k2

k31 0.5040 2.28 - M (. 502

521 0.5133 o 7 vy 0.5k

Yho 0.55G61 2.535 VS 0.558

433 0.5763 2.59 Vi 0.570
L2 and 600 0.5930

532 and 611 0.6093 2.77 W 0.610
620 0. €251

5h1 0.6405 2.90 W 0.6¢39

S 0.6556 2.97 S 0.654

631 0.6703 3.03 v 0.667

?

T witn  oan = hush x 1078 e

Table Al.h. The recivrocals of the nlane syacines of indivm sesnulovids,
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Miller indices 1/d | M1ller irndices /4
(h11) (A1) (hk1) (i)
1io¥ 0.2€r9 331 0.8102
111 0.3220 h20 0.8312
200 C.3717 ' 330 0.8718
211% 0.4553 Loo " 0.9106
220 0.5257 431#% anad 510* 0.9478
310% 0.5878 333 and 511 0.9658
311 0.6165 521% 1.0181
202 0.€439 Lko 1.0515
321 0.6955 L33¥ and 530% 1.0828
h0O 0.7435 5321 1.0996

330% and hll® 0.7886 bh2  znd 6C0 1.1152

3

The rings due exclusively to the oxypgen atams, vhich are exrected to be
very weak, are marked with an asterisk.

Tab le Al1.5. The reciprocals of the plane svacings of Pb 0, ralculated

)
frem the data or Wyckoff.
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. _ ' 101 1 = R
With oripin 2t 23, 2t & & ¢ from centre (3), the lead atoms ars locataod
in the rositions

L T T R B
L T T N T F F

and the oxveen atoms in the positions

L
000 ; ¢33
The dats is teken from Wvekoff (19€3), Volure T. mne, 331.
For a cubic system, the mnlane swacing, 4 of planes having the

h¥1’
Miller indices (hk1l) is piven by eauation (A1-2).

The structure of Pb?O is develoyed from the srace group Ti .
Electron scattering is predaninantly from the lead atams, and for this,
structuré factor considerations limit possible diffractions - see
"Internatioral Tables for Y-ray Crystallosrarhv' (1952), vr. 309 - to

those satisfyine the cenditions
h+k = 2n and k+ 1 = 2nm n and m integers

This wvields the usual face-centred, volvervstalline rines scouence.
Structure factor considerations limit diffractions frem the oxyren atons
to those for which

h+k+1 = 2n n an integer

and the oxveen atoms should vield a relatiﬁe]y—week, bodyv~centred,
rolyervstalline ring seauence.

The recivrecals of the nlane sracines of b0, calculated from the
data of Wyckeff, are shcewn in table Al.L4 for those plenes piving rise to
the first 22 diffraction rinrs of molyvervstalline Fh,,0. The rines due
exclusivelv to the oxveren atons, which are exnected te be very weak, arc

noarxed with sn asterisk.

(6) Red lead oxide, b0

PRO (red) hins o bimelecenlar Ledroconnl struveture, with coll sides
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Miller indices 1/4 Miller indices 1/a
(hk1) (i (hk1) (i h
001, 0.1991 203 0.7800
101 0.23708 210 0.795%
110 0.3558 o0k 0.7963
002 1 0.3982 202 0.8154
111 . 0. LO7T 311 0.8201
1 0.4710 213 0.8205
200 0.5031 w04 0.8351
112 1 0.5240 302 0.8533
201 0.5411 11k 0.8702
211 0.59€7 312 0.085¢
03 0.5973 321 0.928C
202 0.6416 223 0.9290
103 0. 6481 204 0.9420
212 0. (892 303 0.9(25
113 0. (952 21h 0.9750
220 0.7116 302 0.9%0¢
°21 0.7389 313 0.0048
301 0.7805 - koo 1.0063

Toble Al.€. The recivrceals of the nlane svacings of PhO (yed),

coleulated from tho dota of Wyckoff.



o
3.975 A

o

~—~
i
o’

N
I

o)
c = 5.023 A

. . . T 101 . ~ .
With oriegin at m2, at 5 £ 0O from centre (2/nm), the lead atoms occuny

the vositions

0Ofuy 20w with u = 0.2385%

and the best available evidence indicates that the oxvpen atoms rrobably

occuny the nositions
0003 330

The date is taken from Wyckoff (1963), Volume T, vpm. 13k,

For a tetrarcnal system, the vlane svacine, d of planes having

hkl’
the Miller indices (hkl) is riven by enuation (A1-3).

The structure of red lead oxide is develorad from the svace rproun
DZh . Electron scatterine is nredominantly fran the lead atoms, and
structure facter considerations limit such diffractions - see

"Tnternational Tehles for X-rav Crvstailosranhw’ (1052). pe. 223 -~ to

those satisfving the conditions

hk1l : ne ccnditions
hkO h+4k = 2n n an integer
0kl : no conditicons

hhl : no ccnditions
The recimrceeals of the rvlane sracines cof red lead oxide., calculated
fron the data of Wvekoeff, are shown in table A1.5 for these vlanes siving

- <

.1 line red Jead oxide.

rise to the first 3C diffraction rings of yclyery

{(7) Yeller lead oxide. ThO

pie structurs, wiith four rmolecules ror

50 (vellcw; has on



Miller indices

(hx1)

100
001
oLe
101
110
011
111
200
002

201

210
102
020
012
211
120
112
021
121
202
300
220

1/a

O
A 1

0.1€98
0.1822
0.2094
0.2490
0.2€9¢6
0.2776
0.3254
0.3395
0.3640
0.3853
0.3989
0.4020
0.4188
0.4203
0.4385
0.4519
0.4533
0.4568
0.4873
0.4980
0.5093

0.5392

Yiller indices

(hk1)

212
301
003
310
022
221
103
311
172
013
113
302
030
203
222
130
031
320
312
131
213

koo

1/a

(A

0.5403
0.5409
0.54¢€5
0.5506
0.5552
0.5691
0.5723
0.5800
0.5805
0.5853
0. €00
0.62€2
0.€283
0.6h73
0.6507
0. 6508
0.65h2
0.659h
0. 6603
0.6758
0.6T7€6
0.6790

Table AL.T.

caleulated frem the datze of VyekofT.

Tha recinrocals of the nlane sracines of Pb0 (vellaow).

238
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cell, and cell dimensions (st 27 C)
o
a = 5,801 4
o
b= W75 A

5. 430 A

0
il

The dnte 1s taken fraw Wrekoff (1903). Volume T, vr. 137.
For an orthorhombic struetnre, the plene srtacing, dhk]’ of rlancs
'] .

having the Miller indices (hkl) is riven hv

Fol—s

The recinrocals of the rlane snacings of yellow plumbous oxide,
ealeulated from the data of Wyckoff, are shown in table Al.C for those
) 1] -

rlanes givine rise to the first Wi diffraction rinrs of rolyerystalline

velloy lead oxide,

(8) Iead dicxide, TO,
[
The comm Torm of lead dioxide has a tetraromal structure, theourh

v -
e

a - i . wWn
2«

pa

chh can te rrodueed by electrnlvsis. has a tetremclecnlar
orthorhcanbic struecture. The tetrarmal form has two molecules ner cell,
and cell dimensimng

. O
a ( =b) = Lok A

0
3.379 A

(2}
i

With oriein at centre (mmm), the lead atoms are in the rvositions

)
)
O
ko

and the oxveen satems in the resitions

et T im 1w Doy lag Ol



Miller indices

(hk1)

119
101
200
11*
210%
211
220
on2
310

0.2859
0. 3584
0. hohk
0.4218
0.4521
0.540%3
0.5719
0.5919
0.639L

Miller indices

{(rk1)

ot N
N
N

=

300%
212%

321
koo

0.6h30
0.6573
0.67h0
0.70k5
0.7168
0.7200
0. 7TUh8
0.7868
0.8087

240

*
The rinrs due exclusively to the oxveen stems, which ere exnected to be

very wens.,

are marved vith an

asterisk.

" Table A).B. The recivrocals of the nlane snpacinss of Pho,, caleulated
o

from the data of Wrcekef?,

Miller indices

(hx1)

111
200

1/4

o_
(a?

)

0.4801
0.55hk
0.78%0
0.0103

0.9602

Miller indices

(hic))

400
331
hon

Loo

1/4

0_1)

L1086
L2082
2306
1.3579

=

—

e recr vreeals of fthe nlane srocines oof

~~~~~ bl

Conmer,
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For a tetraponal system, the plarne smacine, d of planes havine

hi-1°
the Miller indices (hk1l) is piven bv enuation {(A1-3).
The structure cof tetrapcnal lesd dioxide is develored from the
e . . - .
th . Blectren sentterine 13 vredominantlv fraa the lesd

atemg, nnd structure foetor ceneideorntinng 1ivnit §iLffrootions - sen

arace grour

"Internationnl Tablus for Y-ray Crystallesrathy’ (1952), pr. 236 - to

“r
those for which

h+k+ 1 = 2n n an integer

Diffracticns erising fraa the relatively wesk scattering of the oxyren

atoms are limited by the conditions

hkl : no cenditions
hkO : ne cenditions
k1l : k+1 = 2n n an integer

hhl : no conditions

The recinrocals of the plane spacines of tetrasconal lead dioride,
calenleted from the deta of Wwekoff, nre shovn in table Al.T for thrse
rlanes rivins rise to the first 18 diffracticn rinrs of volvervstalline
lead dlexide. The wings due exclusivelv to the oxvpen atoms, which are

exrected to be very wesk, are marked with an asterisk.

(9) Correr

Crystalline coprer has a face-centred-cubic structure, with cell

o
2.608 4

0
~~
f
o
i
0
-
il

For & cubic svstem, the nlune sracing, 4 . of nlanes having the

hk 1
Miller indices (hkl) is siven by esuation {(A1-2).
Strmictrre factor congldersticns limit roseible diffractions to
those for which h, k¥ and 1 are either &1l cdd integers or all even
interers.
The recivrocsls of the vlsne croeiness of cerrer npee shown in tsehle
. » Fal

I < A et wWleres ot vire a4 thpn Piywct O 2A{PPyraptian rirnea of
S Y TR0 v lanen YT 186 .o th Tirst ! roaguion rat a1

rolvervztal line correr,



ohp

APPENDIX 2

THE \OXIDATION OF LEAD, BISMUTE AND INDIUM AND THE REDUCTION OF THETR
OYIDES BY HYDROGEHN (sec § 5.4.92)

The Lav of Mass Action is applied to the oxidstion of deyosits of
lead, bismuth and indiwm at lov rartial nressures of oxvegen, and to the
reduction of certain of their oxides by gascous hydrogen. In the case of
oxidation, the partial vressure of oxygen, which will be in equilibrium
with a mixture of the metal and cne cf its oxides at scne srtecified
temperature, 1s calculated for each of the three metals. In the case of
reduction by hydrezen, the ratio of the partial pressure of hydrogen to
that of water vayour, which will exist in equilibrium with a mixture of
the metal and its oxide at some srecified temperature, is calculated.

It may be noted that the Law of Mass Action only furnishes
information on the equilibrium state of a reaction, and not on the syeed
with which that eoullibrivn is attained.

The nass action constant, KD, is related to the standard free

enersy of a reaction, AG; , et temperature T OK, by
o
NG = = RT log KX
P'T R1 CER 5
= _).l‘) : ¥ 2-1
1574 T logy Yp (A2-1)

vhere R 1s the gas costant per mole.
The thermodvnamic data required for the calculations is taken from
Kubaschewski, Evans and Alcock (1967), and is summarised in tables A2.1

and AR.2. The calculations are sumarised in teble A2.3.



' . 0 . 0
cat of Tormat A Standard entrony, ¢ 2h3
Hoat of formation, AH?QB tandard entronr, 3298
(cal. / mole) (cal. / %K / mole)
<Bi203> : -137,200 36.2
2<Bi> 27.1
12(0,) 73.5
Table A2.1l. The heats of formation and standard entropies of soliid -~
bismuth sesauioxide, solid bismuth and gaseous oxveen, at 298 s
Reaction Symbol .Standard free energy of Ranpe of
| reaction at T OK, AG; walidity
(@] .
(cal. / mole) ("K)

<Pb0D> = <Pb> + %(op) o 52,850 + 3.45T loglOT - 34,437 298-£00
(Hg) + %(Qé) = (HQO) ' B -5T7,250 + i 48T log, 0 ~ 2.21T 298-2500
a)
<Po0> + (ii,) = <Pb> + (W,0) Y =l b0+ T.G3T Lea, T - 36,647 2980-€CD
N ) b)
=Ty 4. 3 o9 » \ o X - 2 { 2G5
2<RBi> + 42(02) = ~b1203- 8 56298(0) = «J18.000 (296)
3(m,) + 1%(09) = 3(H?0) e ~171,750 + 13.UAT oz, T - 6,637 298-2500
. . " ) . o) 9)
<B1203> + S(H?) = D<Bi> + 3(h20) n AG298(n) = =45,800 (P08}
-% = 2{1 - i Q60 + 3,357 ! T ~ 49,637 420-1123
<In, 0> 3(H2) {In} + 3(h20) 6 4k, o€0 3.357 logy, : 6_;) 120-11
2{In} + 1%(0?) = <In903> kK -216,710 + 10.09T loz, (T + 43.007 h30-1127

Table A2.2. Standard free energies of reaction

MNotes to tables A2.1 and A2.2:
lixcett where indicated - see a), b), ¢) and d) below - all data is taken
dlrectly from Kubasechewski, Fvans and Alcock (1067)

The braockets around asvibols denctine molar ocuantiities have the Tolleowins

sirmificance: ( ) caseous { } liauiag < > solid
o o) a
(a) Caleulated from 4G, (y) = AGT(a) + AGT(B)
! 5 v 170 e + TR, o)
(b) Taleulatad from Mo = /sz,Dm? Mo .o and the data of toble AR.D
7250 200 281
. 0 o) o)
{e) Calenloted from rloadn) = o ornl (8 + AG o (e)
‘ 200 24 2046

: . e e .m0
(@) Caleuleted {renm Ahm(<) = - ACC(0) oA (e)



Reaction Temperature Mass actien
(°x) constant®, K
D
Oxidation: N, (atmestheres) *®¥
)
2
o (lead) 298 7.6 x 107" =X ? =5.8x 10'67,
' -1k P 8~
600 1.5 x 10~ = 2.2 x 10~
§ (bismuth) 208 3.8 x 10°0 = Kn—2/3 = 1.9 x 10708
.. - -6
« (indiun) } 430 9.3 x 109h = Kp 2/3 4.9 x 10 &
Reduction: Py /D #a
- Hy'"HNO0 ¥
vy (Jead) 298 8.9 x 106 = Kh_l = 1.1 x 1077
’J H I,
€00 €.2 x 10 = 1,6 x 107
) 3 - -12
n (bismuth) 293 4.0 x 1053 = KD /3 £.3 x 10 12
. -1 -1/ y
o (3ndium) 130 1.1 x 107 =X Y3 .5 x 10

¥ Calculated from eauation (A2-1) &nd the data of table AR.7

®% o is the partial pressure of oxypgen in equilibrium
2

BR% p  fp is the ratio of the partial pressure of hydrogen, p., , to
H? HQO Hp

that of water vapour, . in cquilibrium

hgo‘

Table A2.3. Ioullibriumn sas rressures



APPERDIX 3

SPECIAL BIRLIOGRAPHY TC WORK ON THE SURFACE ENERGY OF METALS

(see § 1.3 znd § €.3.1(iii) )
Skapzki, A.S., 1946, JT Chem. Phys., 16, Fo. L, 389
Huang, K., and Wyllie, G., 1949, Proec. Phys. Soc., A €2, 180
Huntington, H.B., 1951, Phys. Rev., &1, 1035

Herring, C., 1952, in 'Metal Interfaces" (A.S.M., Metals Park, Cleveland,

Ohio, 1952)
Baldock,'c.ﬁ., 1953, Proc. Fays. Soc., A 66, 2
Stratton, R., 1953z, Phil. Mag., Uk, 519
Stratton, R., 1953b, Phil. Mag., 4k, 1236

Fwald, P.P., and Juretsche, H., 1953, in "Structure and Properties of
Solid¢ Surtaces (eds. R. Gemer and €.S. Smith, Univ. of Chicago

Press, Chicago, 1953)
 Zedumkin, S.N., 1953, Dokl. Akad. Nauk SSSR, 92, 115

Zadumkin, S.N., 1955, Dokl. Akad. Fauk SSSR, 101, 507; English
translation - A.E.R.E. Lib/transleticn 697, 1956

Skapski, A.S., 1956, fcta Met., U, 576

Semenchenio. V.K., 1957, "Poverkhnostnyye vavleniya v metellakh 3
splavakh" (Moscow, 1957); translated as "Surface Phencmena in
Metals and Alloys'" by N.G. Anderson (ed. R. Kennedy, Pergemon,

Oxferd, 1961)



McLachlan, D., 1957, Acta Met., 5, 111

Zyrianov, P.S., 1957, Fiz. metal. metalloved., 5, No. 3, 545; Fhys.

Metals Metzilog., 5, NHo. 3, 149 (1957)

Zadwakin, S.N., 1959, Zhur. fiz. khim., 33, 260%; Russian J. Phys. Chen.,

33, Wo. 11, 539 (1959) -
Zadunkin, S.N., 1960, Inzheverno - fiz. zh., 3, Lo. 10, 63

Dupuis, M., Mazo, R., and Onsager, L., 1960, J. Chem. Phys., 33, No. 5,
1452 )

Sugiyama, A., 1960, J. Phys. Soc. Japan, 15, o. 6, 965

Zadumkin, S.¥W., 1961, Fiz., metal. metalloved., 11, Fo. 3, 331; Phys.

Metals Metallog., 11, lio. 3, 11 (1961)
Stretton, R., 19€2, J. Chem. Phys., 37, 2972

Demchenko, V.V., 1962, Zhur. fiz. khim., 36, No. 7, 1544 ; Russian J. Phys.

Chem., 36, Fo. 7, 828 (19€2)
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Phys. Chem., 36, No. 11, 1373 (19&)

Zadumkin, S.N., 1964, Fiz. metal. metalloved., 17, Ho. 3, 476; Phys.
Metals Metallog., 17, Wo. 3, 147 (196k)

Wojciechowski, K.F., 196k, Acta Phys. Polon., 26, 185

Smizh, B.G., 1965, Phvs. Letters, 18, 210
b b) b . s :

et

Zadurkin, S.H., and Yegiyev, V.G., 1966, Fiz. metal. metalloved., 22,

T

; - 1 v (X3 3
No. 1, 121; Phys. Motals letallop., 22, Ho. 1, 123 (1266)



okt
Nedorezov, S.5., 1966, J. Exptl. Theorat. Phys. (USSR), 51, 868; Soviet
Physies JETP, 24, No. 3, 578 (1966)
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