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Abstract

The preprojective algebra, defined by Gelfand and Ponomarev, is the algebraic precursor

to the study of Nakajima quiver varieties, which are pervasive in geometric representation

theory. Examples of such varieties include flag varieties (for the type A quivers) and the

Hilbert schemes of points in the plane (for the Jordan quiver.) In this thesis, we take the

algebra as the fundamental object of study. We produce interesting flat degenerations

of the preprojective algebra, in the direction of Geiß, Leclerc, and Schröer following de

Thanhoffer de Völcsey and Presotto. Additionally, we study a multiplicative analog of

the preprojective algebra, and prove that a large class of such algebras are 2-Calabi-Yau.
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0
Introduction

0.1 Motivation and Summary of Results

The preprojective algebra is ubiquitous in geometry. A few different guises of these

algebras include:

(1) (Symplectic Geometry / Quiver Varieties) an algebra associated to a quiver whose

modules naturally correspond to symplectic reduction on the tangent space to the

moduli space of representations of the quiver,

(2) (Algebraic Geometry) a non-commutative (crepant) resolution of Kleinian singular-

ities15,

(3) (Homological Algebra) an explicit description of any graded 2-Calabi-Yau algebra6,

(4) (Quantum Groups) an algebra whose irreducible representations correspond to Lusztig’s

semicanonical basis for certain quantum enveloping algebras44,

(5) (Linear Algebra) an algebra with deformations whose irreducible representations

give solutions to the additive Deligne-Simpson problem13,

(6) (Historical) and an algebra containing each irreducible preprojective module for the

path algebra exactly once, as a summand37.

Preprojective algebras are often studied through their variety of representations and as

an intermediary for more geometric explorations, such as Nakajima quiver varieties, ALE
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spaces47,42, or semicanonical bases44. However, even in the pursuit of geometry, one often

needs to answer more fundamental algebraic questions. For instance, Crawley-Boevey and

Holland realized the preprojective algebra of a cycle as a resolution of the type A Kleinian

singularity via an identification of algebras ΠpÃnq – Crx, ys#Z{pn` 1qZ15. Additionally,

one can study the category (or variety) of modules of an algebra via additional structures

on the algebra. For instance, a Poisson structure on the moduli space of representations

of the preprojective algebra, is determined by a double Poisson bracket the preprojective

algebra itself,54. Therefore, in this thesis we embark on a largely algebraic study of the

preprojective algebra and its variants, following50,28,7,20,16,52,36,21.

One explanation for the diversity of the preprojective algebra in geometry is the large ex-

tent to which its behavior depends on the quiver. There is a natural trichotomy of quivers

into ADE Dynkin, extended ADE Dynkin, and other quivers. Their sets of indecompos-

able representations are respectively: finite, in finitely many one-parameter families, and

containing a 2-parameter family. Notice that the representations of a subquiver Q1 Ă Q

can be identified with the representations of Q that are supported on Q1. In this way, one

can see that ADE Dynkin quivers are the smallest, with every subquiver ADE Dynkin.

Extended ADE Dynkin are larger, in fact with all strict subquivers ADE Dynkin. And

every other quiver contains an extended ADE Dynkin subquiver. See Figure 1 for illus-

trations of all Dynkin and extended Dynkin quivers.

Figure 1: Extended Dynkin diagrams, with the Dynkin diagrams obtained by removing the green vertex.

Revisiting (1)-(6) with this trichotomy in mind, one notices that only (1) and (6) are

general descriptions. Indeed (2) is specific to the extended Dynkin case, (3) does not

hold in the Dynkin setting, (4) requires the connection to Kac-Moody Lie algebras, and

(5) concerns star-shaped quivers. Therefore, we view (1) as the fundamental geometric

property of the preprojective algebra, proven in the next section.

We proceed by considering two variants of the preprojective algebra, both satisfying some

form of (1), with the hope of establishing some of the other connections. That is, we have

the guiding meta-result:

2



Property P , which holds for the preprojective algebra of a quiver, also holds

for M, a modified version of the preprojective algebra.

Indeed, in Chapter 1, P is the Hilbert series (and the Frobenius property) and M is

certain degenerations. In Chapter 2, P is the Calabi-Yau property and M is the multi-

plicative preprojective algebra.

In Chapter 1, we study a generalization of the usual notion of a representation of a

quiver to an algebra-valued representation of a quiver. Using this notion, and a sym-

metric Frobenius form on the algebras, one can define a notion of preprojective algebra,

which we denote ΠpQ,DQq,
36,43. Examples of these algebras appear in a series of papers

by Geiß, Leclerc, and Schröer who establish a version of (1) in Proposition 5.2 of36 and a

version of (4) as the main result in35. We introduce the perspective that these algebras

can be viewed as degenerations of ordinary preprojective algebras. Using this approach,

one can compute the Hilbert series of such algebras using the Hilbert series of ordinary

preprojective algebras as a lower bound and directly establishing an upper bound.

In more detail, we conjecture:

Conjecture 0.1.1 (1.4.21). The Hilbert–Poincaré series of ΠpQ,DQq, with DQ “ pAi,M
αq

is given by,

hΠpQ,DQqptq “

$

&

%

pI ` tmaxt`2P qDp1´ At` t2q´1 if pQ,DQq is Dynkin

Dp1´ At` t2q´1 otherwise

where, in the Dynkin case, maxt is the maximum path length of a non-zero homoge-

neous element in ΠpQ,DQq and P is the permutation matrix for the permutation of

the set t1AiuiPQ0 given by the Nakayama automorphism. Here A “ raijs with aij :“
ř

α:iÑj dimAipM
αq and D “ rdijs with dij :“ δij dimkpAiq

And we prove this conjecture in the Dynkin case:

Theorem 0.1.2 (1.4.26). The Hilbert–Poincaré series of ΠpQ,DQq, with pQ,DQq Dynkin

(i.e. 2I ´ A positive-definite) is given by,

hΠpQ,DQqptq “ pI ` t
maxt`2P qDp1´ At` t2q´1.

In Chapter 2, we study a multiplicative version of the preprojective algebra, denoted

ΛqpQq. It was first defined by Crawley-Boevey and Shaw in light of (5): its indecomposable
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representations give solutions to the multiplicative Delgne-Simpson problem16. Van den

Bergh showed that these algebras satisfy a version of (1), where the symplectic reduction

is replaced by a quasi-Hamiltonian reduction for the group-valued moment map,53. We

shift attention to (3) conjecturing these algebras are 2-Calabi-Yau, and (2) conjecturing

they are non-commutative resolutions in the extended Dynkin cases. We prove these

conjectures in the case of a cycle and use an induction to show the 2-Calabi-Yau property

for quivers containing a cycle. Moreover, we view these properties as consequences of a

decomposition, we call the strong free product property.

In more detail, or at least more notation, we conjecture:

Conjecture 0.1.3 (2.0.1). ΛqpQq is 2-Calabi–Yau and prime for all q P pkˆqQ0 and all

Q connected and not ADE. If Q is furthermore not extended ADE, then ZpΛqpQqq “ k,

and the Calabi–Yau structure is unique.

And we prove this conjecture in the case of quivers containing a cycle:

Theorem 0.1.4 (2.0.2). ΛqpQq is 2-Calabi–Yau and prime for any q P pkˆqQ0, and

Q connected and containing an unoriented cycle. If the containment is proper, then

ZpΛqpQqq “ k, and the Calabi–Yau structure is unique.

0.2 Background

0.2.1 Representations of Quivers

For completeness of exposition and to fix notation, we recall the definition of a represen-

tation of a quiver, then show how the theory is subsumed by the representation theory of

associative algebras.

Fix a ground field k.

Definition 0.2.1. A quiver is a quadruple Q “ pQ0, Q1, s, tq where s, t : Q1 Ñ Q0 are

the source and target maps respectively from the set of arrows, Q1, to the set of vertices,

Q0.

A quiver is merely a directed graph, but the terminology comes from Gabriel, who con-

sidered representations of such graphs, defined as follows:

Definition 0.2.2. A representation of a quiver Q is ρ “ pVi, ραqiPQ0,αPQ1 where ρα :

Vspαq Ñ Vtpαq is a k-linear map of vector spaces, for each α P Q1.
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We consider exclusively quivers with finitely many vertices and arrows and representations

with each vector space finite-dimensional. The function dimpVp´qq : Q0 Ñ N defines an

NQ0-grading on the set of representations. Fixing d “ pdiq P NQ0 we define

RepdpQq :“ tρ “ pkdi , ραqu “
à

αPQ1

Hompkdspαq , kdtpαqq.

RepdpQq is a finite-dimensional vector space with an action of Gd :“
ś

iPQ0
GLdipkq given

by

pgiqiPQ0 ¨ pVi, ραqiPQ0,αPQ1 “ pVi, gtpαq ˝ ρα ˝ g
´1
spαqq.

One says two representations are isomorphic if they lie in the same Gd-orbit.

Alternatively, one can collectively study representations of Q by considering the category

RpQq whose objects are representations of Q and morphisms are commuting diagrams

between representations. Invertible morphisms are given by |Q0|-tuples of (compatible)

invertible linear maps. Hence, for the full subcategory RdpQq Ă RpQq whose objects are

d-dimensional representations, one has a natural identification between the moduli space

of isomorphism classes of semisimple representations in RdpQq and the GIT quotient

RepdpQq{{G.

The category RpQq is equivalent to the category of finitely-generated modules over an

algebra, as we now explain.

Definition 0.2.3. The path algebra PkpQq for a fixed quiver Q “ pQ0, Q1, s, tq is defined

to be

PkpQq :“ TkQ0pkQ1q,

where kS denotes the k-vector space with basis S and kQ1 is made into a kQ0-bimodule

by k-linear extension of the action

ei ¨ α ¨ ej :“ δispαqαδtpαqj.

Here ep¨q : Q0 Ñ PkpQq regards a vertex as a length zero path. We will usually write

P pQq :“ PkpQq suppressing the dependence on the field.

Remark 0.2.4. As defined above, multiplication in P pQq is identified with concatenation

of tensors in TkQ0pkQ1q and hence is read left to right. This choice is convenient when

performing computations with long paths, but requires considering right modules, as

explained below.

The path algebra is graded with nth graded piece given by k-linear combinations of
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paths of length n, i.e. n-tuples of composable arrows in the quiver. Since vertices are

idempotents in P pQq summing to the identity element, there is a further decomposition

of the path algebra by source and target vertices,

P pQq “ 1P pQq1 “

˜

ÿ

iPQ0

ei

¸

P pQq

˜

ÿ

jPQ0

ej

¸

“
à

i,jPQ0

eiP pQqej.

Representations of Q can be identified with right modules for the path algebra, P pQq.

Explicitly, if V is a right P pQq-module then one can form the representation ρ “ pVi, ραq

where Vi :“ V ¨ ei and ρα is the right action by α, a linear map Vspαq Ñ Vtpαq. Conversely,

if pVi, ραq is a representation of Q one can form the right module V :“
À

iPQ0
Vi with

length one paths α acting by ρα and paths γ “ α1 ¨ ¨ ¨ ¨ ¨ αn acting by ραn ˝ ¨ ¨ ¨ ˝ ρα1 .

To describe equivalence classes of representations one needs to compute the orbit space

of the action of G on RepdpQq.

0.2.2 Preprojective Algebras

Given a quiver Q “ pQ0, Q1, s, tq one can define the opposite quiver to be Qop :“

pQ0, Q1, t, sq, which has the same vertices but with all arrows reversed. From this the

double quiver is Q :“ pQ0, Q1\Q1, s\ t, t\sq, which has the same vertices as Q but with

both the arrows and the inverted arrows and consequently is insensitive to the orientation

of the quiver Q. If α P Q1, we write α˚ for the corresponding arrow in Qop
1 , and vice versa.

The representation theory of the double quiver can be described in terms of the represen-

tation theory of the original quiver. Fix a dimension vector d and denote by RepdpQq the

vector space of representations of Q with dimension vector d. Then

RepdpQq
–
ÝÑ RepdpQq ‘ RepdpQ

op
q

ρ ÞÝÑ ρ |Q ‘ρ |Qop .

One has the non-degenerate pairing

RepdpQq ˆ RepdpQ
op
q Ñ k pρ, ρ1q ÞÑ

ÿ

αPQ1

trpρpαq ˝ ρ1pα˚qq

6



which induces a k-linear isomorphism

RepdpQ
op
q – RepdpQq

˚
pVi, ραq ÞÑ

˜

ψ ÞÑ
ÿ

αPQ1

trpψpα˚q ˝ ραpαqq

¸

.

We conclude that,

RepdpQq – RepdpQq ‘ RepdpQ
op
q – RepdpQq ‘ RepdpQq

˚
“: T ˚pRepdpQqq.

For any finite-dimensional vector space V , the vector space V ‘ V ˚ – T ˚pV q carries a

canonical symplectic form. Taking V :“ RepdpQq, the symplectic form on RepdpQq –

T ˚pRepdpQqq is explicitly given by:

ωd : RepdpQq ˆ RepdpQq Ñ k

ωdpρ, ρ
1
q “

ÿ

αPQ1

trpρpα˚qρ1pαqq ´ trpρpαqρ1pα˚qq

where tr : Endkp‘iPQ0k
diq Ñ k is the usual trace of matrices.

The action of Gd “
ś

iPQ0
GLdipkq on RepdpQq is extended to RepdpQq by,

g ¨ px, φq “ pg ¨ x, φ ˝ pdxϕgq
´1
q

where dxϕg is the differential of the action map. This action is Hamiltonian with Gd-

equivariant moment map µd : RepdpQq Ñ g˚d given by

µdpρqpxq “
1

2
ωpρ, x ¨ ρq “

1

2

ÿ

αPQ1

trpρpα˚qx ¨ ρpαq ´ x ¨ ρpαqρpα˚qq

“
1

2

ÿ

αPQ1

trpx ¨ ρprα, α˚sqq,

where gd :“ LiepGdq. We view the moment map as valued in gd by post-composing with

twice the trace form,

ρ P RepdpQq // 1
2
tr
´

´ ¨
ř

αPQ1
ρprα, α˚s

¯

P g˚ //
ř

αPQ1
ρprα, α˚sq P g

Since the second map is an isomorphism, we can identify the moment map with evaluation

at r :“
ř

αPQ1
rα, α˚s.

Returning to the algebraic setting, representations of Q are right modules over the path

7



algebra

P pQq “ TkQ0pkQ1 ‘ kQ
op
1 q.

The condition that a representation, ρ, is in the zero fiber of the moment map is precisely

the condition that ρprq “ 0, i.e. the module descends to a module for the quotient

algebra P pQq{xry, where xry denotes the two-sided ideal generated by r. This algebra

was originally defined and studied by Gelfand and Ponomarev, prior to the moment map

perspective, since in the Dynkin case it contains the path algebra as a subalgebra as well

as all indecomposable preprojective modules for the path algebra37.

Summarizing this discussion:

Definition 0.2.5. The preprojective algebra associated to a quiver Q and a field k is

ΠkpQq :“ P pQq{

C

ÿ

αPQ1

rα, α˚s

G

.

We will usually write ΠpQq :“ ΠkpQq suppressing the dependence on the field.

Proposition 0.2.6. With the identifications induced from the non-degenerate pairings,

RepdpQq b RepdpQ
op
q Ñ k pρ, ρ1q ÞÑ

ÿ

αPQ1

trpρpαq ˝ ρ1pα˚qq

and

gd b gd Ñ k pX, Y q ÞÑ trpXY q

the following diagram commutes,

T ˚RepdpQq
µd // g˚d

–

%%
RepdpQq

–

88

ρ ÞÑρp
ř

αPQ1
rα,α˚sq

// gd

and hence one can view the moment map as evaluation on the element
ř

αPQ1
rα, α˚s.

Corollary 0.2.7. The set of representations of dimension vector d in ΠpQq is the zero

fiber of the moment map µd.

Remark 0.2.8. Crucially, one needs to identify RepdpQq – T ˚RepdpQq as symplectic

representations of Gd. The symplectic structure on RepdpQq is defined through the equiv-

alence. The preservation of the Gd-action follows since Gd acts on RepdpQq by conjugation

and the pairing uses the trace, which is conjugation-invariant. Additionally, gd – g˚d as

Gd-representations with the adjoint and coadjoint actions.
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Example 0.2.9. We conclude this section with a computation of a basis for ΠCpD4q,

where

1

2

4
3

α1

α2

α3
D4 “

ΠCpD4q is a quotient of the path algebra PCpD4q “ TCte1,e2,e3,e4upCtα1, α
˚
1 , α2, α

˚
2 , α3, α

˚
3uq

by the two-sided ideal generated by the relation

R “
ÿ

i“1,2,3

αiα
˚
i ´ α

˚
i αi.

This ideal contains eiR “ α˚i αi for i “ 1, 2, 3 and e4R “
ř

i“1,2,3 αiα
˚
i .

Notice any path of length ě 1 must pass through vertex 4, and hence we first com-

pute all paths starting and ending at vertex 4. Such a path is equal to one avoiding

vertex 3 as

α3α
˚
3 “ ´α1α

˚
1 ´ α2α

˚
2

and cannot revisit the same vertex twice as

pαiα
˚
i qpαiα

˚
i q “ αipα

˚
i αiqα

˚
i “ 0,

for i “ 1, 2, 3. Rewriting the condition that visiting vertex 3 twice is zero gives the

relation,

0 “ pα3α
˚
3qpα3α

˚
3q “ pα1α

˚
1 ` α2α

˚
2qpα1α

˚
1 ` α2α

˚
2q “ α1α

˚
1α2α

˚
2 ` α2α

˚
2α1α

˚
1 .

So there is a single path of length 4 and none of greater length. In particular,

e4ΠCpD4qe4 “ Spante4, α1α
˚
1 , α2α

˚
2 , α1α

˚
1α2α

˚
2u

Now, to obtain all paths from 1 to 2 one applies α˚2p¨qα1 to e4ΠCpD4qe4, and all terms

vanish except α˚2e4α1. For paths from 1 to 4, e4α1 and α2α
˚
2α1 are both non-zero from

which one can determine the only path from 1 to 1, besides e1, is α˚1α2α
˚
2α1. By symmetry,
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both in the quiver and by reversing paths, one can compute the full matrix-valued Hilbert-

Poincaré series to be,

¨

˚

˚

˚

˝

1` t4 t2 t2 tp1` t2q

t2 1` t4 t2 tp1` t2q

t2 t2 1` t4 tp1` t2q

tp1` t2q tp1` t2q tp1` t2q p1` t2q2

˛

‹

‹

‹

‚

where the pi, jqth entry is the polynomial heiΠCpD4qejptq whose tm coefficient is dimCpeiΠ
m
C pD4qejq.

The four maximum length paths,

α˚1α2α
˚
2α1 “ ´α

˚
1α3α

˚
3α1

α˚2α1α
˚
1α2 “ ´α

˚
2α3α

˚
3α2

α˚3α1α
˚
1α3 “ ´α

˚
3α2α

˚
2α3

α1α
˚
2α2α

˚
1 “ ´α1α

˚
3α3α

˚
1 “ α2α

˚
1α1α

˚
2 “ ´α2α

˚
3α3α

˚
2 “ α3α

˚
1α1α

˚
3 “ ´α3α

˚
2α2α

˚
3 ,

gives rise to a Frobenius form

λ : ΠCpD4q Ñ C

γ ÞÑ rpα˚1α2α
˚
2α1q

_
` pα˚2α1α

˚
1α2q

_
` pα˚3α1α

˚
1α3q

_
` pα1α

˚
2α2α

˚
1q
_
spγq

where α_ denotes the dual of α.

This is well-defined since each cycle lies in a one-dimensional graded component of the

algebra. One needs to choose this sum of cycles, as opposed to any path, to get non-

degeneracy of the form.

0.2.3 Calabi-Yau algebras

Calabi-Yau algebras were defined by Kontsevich and Soibelman41 and studied by Ginzburg38.

Here we provide a terse treatment containing mainly ideas needed in the rest of the thesis.

Definition 0.2.10. An algebra A is d-Calabi-Yau if A is homologically smooth (i.e. A has

a finite length resolution by finitely-generated projective A-bimodules) and there exists

η : RHomAepA,A
eq “: A_

quasi-iso
// Ar´ds

where Ae :“ Ab Aop is an algebra whose left modules are naturally A-bimodules.
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We motivate this definition by relation to other fields in the next two remarks.

Remark 0.2.11. If A is a Calabi-Yau algebra, then the bounded derived category of

finite-dimensional left A-modules, DbpA ´modfdq, is a Calabi-Yau category, meaning it

has a Serre functor∗ given by a shift. Calabi-Yau categories arise in algebraic geometry

as the bounded derived category of coherent sheaves on a Calabi-Yau manifold. In this

case, the Calabi-Yau structure is thought of as a trivialization of the canonical bundle,

and the Serre functor is tensoring by the canonical bundle. Calabi-Yau categories arise

in symplectic topology as the wrapped Fukaya category of a Liouville manifold33.

Remark 0.2.12. A d-Calabi-Yau algebra induces a p2 ´ dq-shifted symplectic structure

on the moduli space of finite-dimensional representations of the algebra8. In particular,

2-Calabi-Yau algebras induce ordinary symplectic structures.

A large class of Calabi-Yau algebras arise from a superpotential, including all complete

Calabi-Yau algebras55. We recall the construction here. Consider the path algebra of a

quiver, kQ, and the quotient kQcyclic :“ kQ{rkQ, kQs. Notice if p “ a1a2 ¨ ¨ ¨ an is a path

in kQ with different source and target, written sppq ‰ tppq, then p “ sppqp “ rsppq, ps is

zero in kQcyclic. Next notice that for any path ra1, a2a3 ¨ ¨ ¨ ans “ p ´ a2 ¨ ¨ ¨ ana1 is zero

in kQcyclic, so kQcyclic is the vector space of cyclic paths in Q, up to cyclic permutation.

Given ω P kQcyclic, we can regard it as an element ω̃ P kQ by summing over all cyclic

permutations of ω. That is, p̃ :“ a1a2 ¨ ¨ ¨ an ` a2a3 ¨ ¨ ¨ a1 ` ¨ ¨ ¨ ` ana1 ¨ ¨ ¨ an´1. Therefore,

given an element ω P kQcyclic :“ kQ{rkQ, kQs, called a superpotential, one can define the

Jacobi algebra to be,

JpQ,ωq :“ kQ{
˜

"

Bω̃

Ba

*

aPQ1

¸

where Bp
Ba
“ b if p “ ab and zero otherwise. The Jacobi algebra, denoted A for brevity

below, has a natural self-dual complex:

à

iPQ0

eiAb Aei
pab1´1baqaPQ1

ÝÑ
à

aPQ1

espaqAb Aetpaq

p Bω̃BaBbqa,bPQ1
ÝÑ

à

aPQ1

espaqAb Aetpaq
pab1´1baqaPQ1

ÝÑ
à

iPQ0

eiAb Aei.

If this complex is a resolution, then one can use it to show A is 3-Calabi-Yau. That is,

one can show Ext3
AbAoppA,AbA

opq – Ar´3s by using this projective resolution to resolve

A on both sides, together with the observation that this resolution is self-dual.

∗A Serre functor on a category C is an autoequivalence, S, on objects of C defined such that
HomCpX,Y q – HomCpY, SpXqq

˚.
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Example 0.2.13. If Q is the quiver with a single vertex and three arrows, x, y, z, then

kQ “ kxx, y, zy. Let ω “ xyz ´ yxz so ω̃ “ xyz ` zxy ` yzx ´ yxz ´ zyx ´ xzy. The

partial derivatives are:

Bω̃

Bx
“ yz ´ zy

Bω̃

By
“ zx´ xz

Bω̃

Bz
“ xy ´ yx

so the Jacobi algebra JpQ,ωq “ krx, y, zs, the polynomial algebra in three variables. The

self-dual complex in this case agrees with a bimodule version of the Koszul complex:

krx, y, zs

¨

˚

˚

˚

˚

˝

x

y

z

˛

‹

‹

‹

‹

‚

ÝÑ krx, y, zs‘3

¨

˚

˚

˚

˚

˝

0 ´z y

z 0 ´x

´y x 0

˛

‹

‹

‹

‹

‚

ÝÑ krx, y, zs‘3

ˆ

x y z
˙

ÝÑ krx, y, zs

obtained by tensoring the Koszul complex by ´ bk krx, y, zs. From this perspective, the

self-duality of the bimodule resolution comes from a Frobenius structure on the Koszul

dual algebra
Ź‚
pk3
x,y,zq.

Davison showed that the group algebra of the fundamental group of a hyperbolic manifold

of dimension at least two is Calabi-Yau but does not arise from a superpotential, see19.

His key observation is that Calabi-Yau algebras coming from a superpotential satisfy a

stronger condition, called exact Calabi-Yau, which implies the map η which can be viewed

as an element of HHdpA,Aq lies in the image of the Connes map from cyclic homology.

Theorem 0.2.14. ΠpQq is 2-Calabi-Yau for Q non-Dynkin.

Proof. (Sketch, see Etingof and Eu’s paper for a complete proof28)

Define V :“ kQ1 and R :“ Spant
ř

aPQ1
ra, a˚su, so ΠpQq “ TkQ0pV q{pRq. Then one has

an ΠpQq-bimodule complex† given by

ΠpQq bR b ΠpQq
α
ÝÑ ΠpQq b V b ΠpQq

β
ÝÑ ΠpQq b ΠpQq

µ
ÝÑ ΠpQq

where

α

˜

xb
ÿ

aPQ1

ra, a˚s b y

¸

“
ÿ

aPQ1

xab a˚ b y ´ xb ab a˚y ´ xa˚ b ab y ` xb a˚ b ay

†This complex is the Koszul complex, a subcomplex of the bar resolution, which is itself a resolution
precisely for Koszul algebras.
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and

βpxb v b yq “ xv b y ´ xb vy µpxb yq “ xy,

and all tensor products are taken over kQ0. This complex is a resolution, i.e. exact, if and

only if α is injective. And this complex is clearly self-dual, so the 2-Calabi-Yau property

follows from the injectivity of α.

This boils down to an elementary but difficult question about non-trivial elements of the

preprojective algebra: can they be extended to longer non-trivial elements. A path that

cannot be extended necessarily lies in the kernel of α. So in the Dynkin case α is not

injective as ΠpQq is finite-dimensional, see Theorem 0.3.6. Conversely, if Q is non-Dynkin

then we claim α is injective and will outline an inductive proof given in Etingof and Eu28.

Crucially, any non-Dynkin quiver, Q, contains an extended Dynkin quiver, QE, from

which one gets a decomposition kQ – kQE ˚kQ0 kpQzQEq. But already in the example of

the Jordan quiver sitting inside the two-loop quiver, one can see the relationship on the

level of preprojective algebras is more subtle: ΠpQEq is not a subspace of ΠpQq but rather

a subquotient. Define a filtration on ΠpQq by putting arrows in QE in degree one and all

other arrows in degree zero. Then the associated graded with respect to this filtration:

grpΠpQqq – ΠpQEq ˚kQ0 ΠpQzQE, Bq

where B Ă pQEq0 is the vertices inQE that have an outgoing arrow toQzQE or an incoming

arrow from QzQE. Here ΠpQ, Jq for a set J Ă Q0 denotes the partial preprojective algebra

ΠpQ, Jq :“ kQ{

¨

˝p
ÿ

iPQ0zJ

eiq ¨
ÿ

aPQ1

ra, a˚s

˛

‚

with the usual preprojective relations at the vertices in Q0zJ but no relations at vertices

in J . Now one can establish the injectivity of α (and the 2-Calabi-Yau property) for

any quiver, using exclusively information about extended Dynkin quivers, which are well

studied, and partial preprojective algebras, which are simpler. In more detail, the pre-

projective algebra for extended Dynkin quivers can be described as skew group algebras

using the McKay correspondence15, from which one can produce a basis (or write down

a Hilbert series) and check that α is injective. Heuristically, α is injective for partial

preprojective algebras since any path can be extended to one starting at a vertex with

no relation, by taking the direct path. We conclude that α is injective on grpΠpQqq and

hence on ΠpQq.

Remark 0.2.15. The contrast between the Dynkin and non-Dynkin cases dissipates if
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one considers a suitable dg-replacement of the preprojective algebra, which is always 2-

Calabi-Yau. The general idea here is to consider the semi-free algebra kQ ˚kQ0 krts with

t in degree one and the differential defined on generators by dptq “
ř

aPQ1
ra, a˚s and

dpaq “ 0 “ dpa˚q. It is easy to see that the homology of this algebra is the ordinary

preprojective algebra, as kerpdq “ kQ and impdq “ p
ř

aPQ1
ra, a˚sq, the two-sided ideal

generated by the preprojective relation.

0.3 Techniques

Our main theorems involve computing bases for both multiplicative and degenerate pre-

projective algebras. In this pursuit, we employ two main techniques liberally: the Dia-

mond Lemma and the upper-semicontinuity of deformations.

0.3.1 Diamond Lemma

Algebras often arise in practice through presentations, i.e. quotients of a free algebra

TkpV q{pRq with generators in V and relations in R, or representations, i.e. as subsets of

EndkpV q for some V . For instance, the universal enveloping algebra of a Lie algebra g is

defined to be a quotient

Upgq :“ T pgq{pxb y ´ y b x´ rx, ys | x, y P gq.

The Weyl algebra, denoted WeylpA1
kq, is often defined through an action of kxx, yy on the

vector space of polynomials krxs, with x acting by left multiplication by x and y acting

by differentiation B{Bx. The power rule says B{Bx ˝ x ´ x ˝ B{Bx acts as the identity, so

one obtains a presentation WeylpA1
kq – kxx, yy{pxy ´ yx´ 1q.

While presentations and representations provide an explicit description of an algebra,

often faithful to its geometric origins, certain properties are harder to ascertain. For

example, how does one determine when such an algebra is the zero algebra? A more

refined question, at the heart of this thesis, is the following:

Given an presentation of an algebra A – TkpV q{pRq, how does one compute

dimkpAq?

In practice, our algebras will come equipped with an additional grading, A – ‘nPNAn, in

14



which case one would like to compute the Hilbert series, defined by

htpAq :“
ÿ

ně0

dimpAnqt
n.

In the presence of additional decompositions, such as A “
ř

i,j eiAej, as is the case for

algebras arising from quivers, one can define a matrix-valued Hilbert series, where the

pi, jqth-entry is the Hilbert series htpeiAejq.

The key idea is the Diamond Lemma for ring theory,3, which produces a k-linear decom-

position:

TkpV q – A‘ pRq

by identifying A – T pV qirr Ă T pV q as a k-linear subset rather than a quotient of T pV q.

Before explaining the general theory, here are a few examples of this procedure in practice:

Example 0.3.1. (1) krxs{px2q can be viewed as the subset of linear polynomials in

krxs. The multiplication of two such polynomials is again a linear polynomial after

truncating the quadratic term. This realizes krxs – krxs{px2q ‘ px2q, ppxq ÞÑ

pqpxq, ppxq ´ qpxqq where qpxq ” ppxq modulo px2q. In general, in the one-variable

case krxs{pppxqq, one can perform the Euclidean algorithm to rewrite any apxq P krxs

as apxq “ ppxqqpxq ` rpxq P pppxqq ‘ krxs{pppxqq.

(2) The polynomial algebra krx1, x2, . . . , xns can be viewed as a subset of non-commutative

polynomials kxx1, x2, . . . , xny where each monomial occurs “in order” x1 ă x2 ă

x3 ă ¨ ¨ ¨ ă xn. So,

kxx1, x2, . . . , xny – rx1, x2, . . . , xns ‘ pxixj ´ xjxi | 1 ď i, j ď nq

where x2x1 is sent to x1x2 ` px2x1 ´ x1x2q, for instance.

Roughly speaking, in these examples we define an ordering on the set of non-commutative

monomials in TkpV q. Then we read the relation as a prescription to rewrite the leading

monomial of the relation in terms of strictly smaller monomials. Then we extend this to be

the identity on all other monomials to get a reduction: xx1, x2, . . . , xny Ñ kxx1, x2, . . . , xny.

Now an element is irreducible if every reduction acts as the identity and we write TkpV qirr

for the k-linear subspace of k-linear combinations of irreducible monomials in TkpV q. The

map red : TkpV q Ñ TkpV qirr is the one realizing TkpV qirr as a retract, and hence a direct

summand, of TkpV q. It is defined by taking any (finite) sequence of reductions resulting

in an irreducible polynomial. We now see, by example, that we need not have existence

nor uniqueness of such an irreducible polynomial.
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Example 0.3.2. (Existence of an irreducible polynomial)

Consider krxs with the ordering on monomials 1 ą x ą x2 ą ¨ ¨ ¨ and the relation x2 ´ x

viewed as a reduction by x ÞÑ x2. The expression x can be reduced to x2 then to x3 (in

two ways) then to x4, etc. But it will never be irreducible. One can instead consider the

order 1 ă x ă x2 ă ¨ ¨ ¨ , which satisfies the descending chain condition, and hence every

polynomial fpxq is irreducible after applying degpfpxqq ´ 1 reductions.

Example 0.3.3. (Uniqueness of an irreducible polynomial)

Consider the algebra kxx, y, zy{px2, zy, xy ´ yxq. Order the monomials in kxx, y, zy by

x ă y ă z ă x2
ă xy ă xz ă yx ă y2

ă yz ă zx ă ¨ ¨ ¨

The leading terms of the relations are x2, zy, and yx, giving reductions r1 : x2 ÞÑ 0,

r2 : zy ÞÑ 0 and r3 : yx ÞÑ xy. Now one has two choices for how to reduce the term zyx.

Unlike for the term zyx2, which also can be reduced in two ways, the reductions overlap

so one cannot apply both reductions. Indeed the two reductions give rise to different

irreducible expressions: 0 and zxy. The map red : xx, y, zy Ñ kxx, y, zyirr is not well-

defined. Fortunately, one can correct this problem by adding an additional reduction.

One should think of this reduction as prioritizing r2 over r3 in this instance, by further

reducing zxy to zero. In the presence of this new reduction, r4 : zxy ÞÑ 0, one has an

additional ambiguity, since the term zxyx can be reduced in two overlapping ways. But

the reduction r1 ensures both ways further reduce to zero, so the ambiguity did not persist

to the reduced form. In this case, we say the ambiguity resolves.

The Diamond Lemma says that red : T pV q Ñ T pV qirr is well-defined if (1) every monomial

reduces to an irreducible polynomial after applying finitely many reductions and (2) every

overlapping ambiguity resolves.

In practice, we will define an ordering on monomials in T pV q through a disorder function

taking values in Nn for some n. In this case, the descending chain condition on Nn with

the lexicographical ordering (i.e. pa, bq ă pc, dq if a ă c or a “ c and b ă d), ensures

that (1) is satsified. Even restricting to lexicographical orderings on n letters, one has n!

choices, and some choices are better than others, as we now demonstrate.

Example 0.3.4. Consider a modification of the above example whereA “ kxx, y, zy{pzy, xy´

yxq, with again the ordering x ă y ă z and the reductions:

r2 : zy ÞÑ 0 r3 : yx ÞÑ xy r4 : zxy ÞÑ 0

Now the overlap ambiguity zxyx ÞÑ 0 under r4 and the irreducible monomial zx2y under
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r3. So one defines an additional reduction r5 : zx2y ÞÑ 0 so that zxyx now uniquely

reduces to zero. But r5 creates the overlap zx2yx which maps to zero under r5 but zx3y

under r3. Now you probably see the pattern. One needs to introduce the reduction

rn`3 : zxny ÞÑ 0. And indeed after appending infinitely many new reductions, now every

expression uniquely reduces. However, as we move to more complicated examples, we

need these calculations to be as efficient as possible in order to stay manageable. So in

this case, one can simply change the order to z ă y ă x, so that the relation xy ´ yx

now has leading term xy and hence the reduction r3 : xy ÞÑ yx. In this case zxny can be

unambiguously reduced to zyxn and then to zero. So now the reductions r2 and r3 are

sufficient for each monomial to reduce to a unique irreducible polynomial.

Throughout this thesis we will continue to refine this technique: using it in the setting

of modules, using it in tandem with deformation theoretic techniques, and using it in

the presence of additional decompositions. But for the reader uninterested in our chosen

applications, we wish to emphasize that this is a powerful tool. As a proof of concept, we

prove the PBW theorem.

Theorem 0.3.5. (Poincaré-Birkoff-Witt)

Let g be a k-vector space with bilinear form r´,´s : g b g Ñ k. Define the universal

enveloping algebra Upgq to be the quotient Upgq :“ T pgq{pxb y´ yb x´ rx, ys | x, y P gq.

Then the Hilbert series hSympgqptq and hgrpUpgqqptq agree in the linear term if and only if

r´,´s is a Lie bracket, in which case

hSympgqptq “
1

p1´ tqdimpgq
“ hgrpUpgqqptq.

Proof. We can rephrase the above theorem to say that the PBW map, defined by the

factoring of the quotient map through Sympgq:

T pgq π //

$$

Upgq // grpUpgqq

Sympgq

PBW

99

is surjective and an isomorphism if r´,´s is a Lie bracket on g.

First notice that for any pair x, y P g,

rx, ys ` ry, xs :“ pxb y ´ y b xq ` py b x´ xb yq “ 0

so either r´,´s is skew-symmetric or every element of g that can be written as a sum
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rx, ys ` ry, xs is zero in Upgq.

Next pick a basis tx1, x2, . . . , xnu of g and consider the lexicographical ordering with

xi ď xj if i ď j. Then each relation xj b xi ´ xi b xj “ rxj, xis is read as a reduction,

rji : xj b xi ÞÑ xi b xj ´ rxj, xis

for 1 ď i ă j ď n. Now observe that given i ă j ă k, one can consider the cubic term

xk b xj b xi, which can be reduced using either rji or rkj. Performing each reduction and

then further reducing gives the polynomials,

xk b xj b xi “ xk b pxi b xj ` rxj, xisq “ pxi b xk ` rxk, xisq b xj ` xk b rxj, xis

“ xi b pxj b xk ` rxk, xjsq ` rxk, xis b xj ` xk b rxj, xis

“ xi b xj b xk ` xi b rxk, xjs ` rxk, xis b xj ` xk b rxj, xis

and

xk b xj b xi “ pxj b xk ` rxk, xjsq b xi “ xjpxi b xk ` rxk, xisq ` rxk, xjs b xi

“ pxi b xj ` rxj, xisq b xk ` xj b rxk, xisq ` rxk, xjs b xi

“ xi b xj b xk ` rxj, xis b xk ` xj b rxk, xis ` rxk, xjs b xi,

which differ by rxi, rxj, xkss ` rxk, rxi, xjss ` rxj, rxk, xiss. In the presence of the Jacobi

identity, this term is zero, and the two ways of reducing xk b xj b xi agree. This implies

any reordering of higher order polynomials produces the same result, and the PBW map

is an isomorphism. And Upgq has a basis txm1
1 xm2

2 ¨ ¨ ¨ xmnn | mi P Nu. Without the Jacobi

identity, this quotient kills any element in the Lie algebra of the form rxi, rxj, xkss `

rxk, rxi, xjss ` rxj, rxk, xiss and so g no longer sits inside Upgq.

Theorem 0.3.6. ΠpQq is finite-dimensional for Q ADE Dynkin.

Proof. Write Qp,q,r for the quiver with three branches of length p ´ 1, q ´ 1, and r ´ 1

with p ď q ď r. Notice that the Dynkin quivers satisfy 1{p ` 1{q ` 1{r ą 1 and hence

include two infinite families p1, q, rq, type Aq`r´1, p2, 2, rq, type Dr`2, and p2, 3, rq with

r “ 3, 4, 5, types E6, E7, and E8.

Since there are finitely many paths of each length, it suffices to show that arbitrary large

paths are zero. Such paths are equal to paths passing through the central vertex twice

and hence can be written as a composition αβγ with β P evΠpQp,q,rqev with v central. So

it suffices to show evΠ
ěNpQp,q,rqev “ 0 for some large N . Next observe that the relations
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in the preprojective algebras in for Qp,q,r imply

Ap,q,r :“ evΠpQp,q,rqev – kxx, y, zy{pxp, yq, zr, x` y ` zq – kxx, yy{pxp, yq, px` yqrq.

If p “ 1, then x “ 0 and so A1,q,r – krxs{pxqq is q-dimensional. If p “ 2 and q “ 2

then A2,2,r is a quotient of the algebra of alternating words kxx, yy{px2, y2q, where the

two words of length r are equal. Hence this algebra is 2r-dimensional. Since dimA2,3,3 ă

dimA2,3,4 ă dimA2,3,5, it suffices to show A2,3,5 is finite-dimensional.

We have the system of reductions for A2,3,5 under the lexicographical ordering with x ă y:

r1px
2
q “ 0, r2py

3
q “ 0, r3py

2xy2
q “ ´xyxyx´xyxy2

´xy2xy´yxyxy´yxy2x´y2xyx

r4py
2xyxyq “ ´yxy2xy ´ yxyxy2

` xyxy2x` xy2xyx, r5ppyxq
5yq “ pxyq5x.

Reductions 1 and 2 say that reduced words are alternating in x and either y or y2.

Reductions 3 and 4 say that y2 can only appear in the last 6 letters of a reduced word,

and consequently A2,3,5 is finite-dimensional over the subspace of alternating words in

x and y. Finally, Reduction 5 says that this subspace of alternating words is at most

22-dimensional since pyxq6 “ 0 “ pxyq6. This completes the proof.

Remark 0.3.7. ΠpQq is infinite-dimensional for all connected non-Dynkin quivers. The

key idea is that any larger quiver contains an extended Dynkin subquiver, so it suffices to

show ΠpQq is infinite-dimensional in the extended Dynkin setting. In the three (or more)

branch case, the length four path xy is not nilpotent while in the cycle (i.e Ãn) case, no

clockwise cycle is nilpotent.

0.3.2 Deformation Theory and Frobenius Algebras

The second technique exploited throughout the thesis is the deformation theory of as-

sociative algebras, and the corresponding theory for algebras with additional structures.

The fundamental idea here is introduce a topology to the (usually discrete) set of n-

dimensional k-algebras. After which, one can speak of the notion of limits of algebras and

exploit relationships among algebras and their limits.

As a first pass (and computationally manageable entry point) we will consider filtered

deformations. Recall an N-graded algebra A is one with a vector space decomposition

A “ ‘nPNAn such that Ai ¨Aj Ă Ai`j.
‡ A filtered algebra A is an algebra equipped with a

‡One often speaks of an algebra as graded, without specifying the grading. Indeed given two choices
of N-gradings ‘An “ A “ ‘Bm, then A “ ‘n,mAn X Bm is an N2-grading, so either one grading is a
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sequence of inclusions Aď0 Ă Aď1 Ă Aď2 Ă ¨ ¨ ¨ Ă Aďn Ă ¨ ¨ ¨ such that AďnAďm Ă Aďn`m.

A graded algebra A “ ‘nAn has the natural filtration Aďm :“ ‘nďmAďn. Conversely,

given a filtered algebra A with filtration F “ Aď0 Ă Aď1 Ă ¨ ¨ ¨Aďn Ă ¨ ¨ ¨ one can form

the associated graded algebra

grpAq :“
à

nPN

Aďn
Aďn´1

where Aď´1 “ 0. We will refer to A as a filtered deformation of grpAq. There is a

natural surjection, A Ñ grpAq, which implies, if A is finite-dimensional, that dimkpAq ě

dimpgrpAqq. This idea is essential to this thesis: we can bound the dimension of an algebra

from below using the dimension of its associated graded algebra. If the dimensions are

equal, then we say A is a flat filtered deformation of grpAq.

An algebra can have many (non-isomorphic) filtrations, which give rise to (non-isomorphic)

deformations, as we now show.

Example 0.3.8. Consider the following filtrations of the algebra C4 (with pointwise

multiplication) where xxy denotes the C-span of x P C4, 1 denotes the unit p1, 1, 1, 1q P C4,

and ζn denotes a primitive nth root of unity:

(1) F1 “ t0u Ă C4

(2) F2 “ t0u Ă x1y Ă x1, p1,´1, 1, 1qy Ă C4

(3) F3 “ t0u Ă x1y Ă x1, pζ3, ζ
2
3 , 1, 1qy Ă x1, pζ3, ζ

2
3 , 1, 1q, pζ

2
3 , ζ3, 1, 1qy Ă C4

(4) F4 “ t0u Ă x1y Ă x1, p1,´1, 1, 1q, p1, 1, 1,´1qy Ă C4

(5) F5 “ t0u Ă x1y Ă x1, pζ4, ζ
2
4 , ζ

3
4 , 1qy Ă C4

(6) F6 “ t0u Ă x1y Ă tpxiq P C4 :
ř

xi “ 0u Ă C4

(7) F7 “ t0u Ă x1y Ă C4

Now,

(1) grpC4,F1q – C4

(2) grpC4,F2q – C2 ‘ Crxs{px2q

(3) grpC4,F3q – C‘ Crxs{px3q

refinement of the other, or both are refinable.

20



(4) grpC4,F4q – Crxs{px2q ‘ Crys{py2q

(5) grpC4,F5q – Crxs{px4q

(6) grpC4,F6q – Crx, ys{px2, y2q

(7) grpC4,F7q – Crx, y, zs{px, y, zq2

The main difficulty in constructing these examples lies in the identification, Crxs{pxn ´
1q – Cn sending x to pζ inqi“1,...,n, for n “ 2, 3, 4.

In Chapter 1, we will largely work in the setting of Frobenius algebras.

Definition 0.3.9. A Frobenius algebra is a triple pA, µ, λq where A is a vector space,

µ : Ab AÑ A is a linear map making pA, µq an associative algebras, and λ : AÑ k is a

non-degenerate form, in the sense that if kerpλq Ă I a left ideal, then I “ t0u is the zero

ideal.

Proposition 0.3.10. The following data are equivalent:

(1) pA, µ, λq a Frobenius algebra

(2) pA, µ, p´,´qq with p´,´q a non-degenerate bilinear form satisfying associativity,

i.e. pab, cq “ pa, bcq for all a, b, c P A

(3) pA, µ,Φq with Φ : AÑ HomkpA, kq an isomorphism of left A-modules

Proof. p1q ðñ p2q Given a Frobenius algebra build the form pa, bq :“ pλ ˝µqpa, bq for all

a, b P A. We need to show this form is associative and non-degenerate. Using associativity

of the multiplication,

pab, cq :“ λ ˝ µpµpa, bq, cq “ λ ˝ µpa, µpb, cqq “: pa, bcq.

If pa, bq “ 0 is zero for all a P A, then

0 “ pa, bq “ p1, abq “ λpabq

and hence λ vanishes on the left ideal generated by b, which implies b “ 0, and hence

p´,´q is right non-degenerate. Left non-degeneracy follows similarly from the fact that λ
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doesn’t vanish on non-trivial right ideals. Since if λ vanished on the right ideal generated

by b P A then,

0 “ λpbaq “ p1, baq “ pb, aq “ pa, ηpbqq “ paηpbq, 1q “ λpaηpbqq

so λ vanishes on the left ideal generated by ηpbq P A. Here η : A Ñ A is the algebra

automorphism defined through the equality of linear functionals pb,´q ” p´, ηpbqq, known

as the Nakayama automorphism. Conversely, one can show that λ :“ p´, 1q is non-

degenerate following from the non-degeneracy of p´,´q.

p1q ðñ p3q

Given Φ define λ :“ Φp1q, and assume it vanishes on a right ideal I. If a P I then

0 “ λpa ¨ ´q “ a ¨ λp´q “ a ¨ Φp1q “ Φpaq

hence the injectivity of Φ implies that I “ t0u and λ is (right) non-degenerate. Conversely,

one can build Φ uniquely from the conditions that Φp1q “ λ and Φ is a left A-module

map.

Definition 0.3.11. A symmetric Frobenius algebra is a Frobenius algebra pA, λ, µq such

that

λ ˝ µpa, bq “ λ ˝ µpb, aq

for all a, b P A.

Remark 0.3.12. In terms of the equivalent structures p´,´q and Φ from Proposi-

tion 0.3.10, symmetric Frobenius algebras have p´,´q symmetric and Φ a bimodule-

isomorphism.

Remark 0.3.13. If there is ever a time to listen to the homotopy theorists, it is with

the careful distinction between a structure and a condition. The unit in an algebra is

a structure, while associativity is a condition. For the homotopy theorists everything is

thought of as a structure and if morphisms don’t preserve a given structure then the choice

is irrelevant, and the ”structure” plays more like the existence of such a structure, which is

a condition. For our purposes, the key point here is that the functor Forget : FrobÑ Ass

taking a Frobenius algebra (with structure λ) pA, µ, λq Ñ pA, µq to an associative algebra

possessing a Frobenius form is an equivalence of categories. So it is purely stylistic to

think about λ as a fixed structure when the morphisms are not altered to preserve it.

Example 0.3.14. Here are my five favorite classes of examples of Frobenius algebras:
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(1) Given a group G with identity e P G, the group algebra krGs is a Frobenius k-algebra

with Frobenius form λp
ř

αggq “ αe.

(2) Given a compact oriented manifold M , the cohomology H˚pM,Qq with the cup

product is a Frobenius Q-algebra with Frobenius form given by projecting onto

HdimpMqpM,Qq – QrMs. Using Z{2Z instead of Q (or taking values in the orientation

sheaf instead of the constant sheaf) allows one to drop the oriented assumption.

(3) Any matrix algebra can be made into a Frobenius algebra using the usual trace.

Since a sum of Frobenius algebras is a Frobenius algebra by adding the forms and fi-

nite products agree with finite sums, every finite product of matrix algebras is Frobe-

nius. In particular, by the Artin-Wedderburn theorem, every finite-dimensional

semisimple algebra over an algebraically closed field is Frobenius.

(4) Given an ADE quiver, Q, one can form the preprojective algebra as a quotient

kQ{
ÿ

αPQ1

rα, α˚s.

These algebras are finite-dimensional and in fact Frobenius, with form given by

projecting onto a sum of maximum length paths.

(5) Given a vector space V and a non-degenerate bilinear form p´,´q : V b V Ñ k,

one can encode this form as an algebra on the underlying vector space V ‘ k. That

is, define ApV, p´,´qq :“ k ‘ V ‘ k with multiplication

pa, b, cq ¨ pa1, b1, c1q “ paa1, ab1 ` ba1, ac1 ` c1a` pb, b1qq

and form given by projecting onto the second factor of k.

How many Frobenius forms can one put on an associative algebra? The set of Frobenius

forms is a subset of the dual space HomkpA, kq and when A has only the left ideals t0u

and A, e.g. if A is a field extension of k, then the Frobenius condition on the form is

vacuous and every element of HomkpA, kq is a Frobenius form.

At the other extreme, many associative algebras have no Frobenius forms. Forgetting the

algebra structure, the existence of an isomorphism A – HomkpA, kq in definition (3) im-

plies that A is finite-dimensional. Remembering the algebra structure, since every algebra

A is self-projective (i.e. projective as an A-module) one has that Frobenius algebras are

self-injective (i.e. injective as an A-module.) This can be expressed as the vanishing of

ExtiAp´, Aq “ 0 for i ě 0, and hence includes semisimple algebras.
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Provided pA, µq has a single Frobenius form λ : A Ñ k, then precomposition by Ru,

i.e. right multiplication by a unit u P Aˆ, produces another Frobenius form λ ˝ Ru. In

fact, every two Frobenius forms can be related in this way. Using definition (3) one can

relate Φ1 and Φ2 by observing Φ1 ˝ Φ´1
2 : A Ñ A is determined by the image of 1, which

lies in Aˆ. The (non-empty) set of Frobenius forms is an Aˆ-torsor. Note that non-

invertible elements a P A satisfy detpLaq “ 0 and hence form a closed subset of A. Over

a field of characteristic zero, one has a large supply of invertible elements by taking a

neighborhood around the identity element, and consequently a large supply of Frobenius

forms. However, as the next example illustrates, there exists an algebras with only one

or two Frobenius forms.

Example 0.3.15. Consider the two algebras: F2rxs{px
2q and F2 ‘ F2.

• F2rxs{px
2q has non-trivial left ideal pxq “ t0, xu and hence any Frobenius form,

λ, determined by its value on t1, xu, must have λpxq ‰ 0 and hence λpxq “ 1.

Therefore, such a form is determined by its value on 1, and hence the space of

Frobenius forms can be identified with F2 by the map λ ÞÑ λp1q. Notice that the

two forms differ by right multiplication by the unit 1` x.

• F2‘F2 has non-trivial left ideals generated by the elements p1, 0q and p0, 1q. Hence

there is a unique Frobenius form, taking p0, 1q and p1, 0q to one and p0, 0q and p1, 1q

to zero. The only unit here is the identity.

A large source of Frobenius algebras arise as filtered deformations of Frobenius algebras.

Indeed if B is a filtered deformation of a finite-dimensional algebra A “ ‘ni“0Ai, then a

Frobenius form on A induces a Frobenius form on B. To see this, observe λ : A Ñ k

non-degenerate implies kerpλq Ć An – B{Bďpn´1q. Hence the lift λ̃ : B Ñ k to B by

defining λ̃pBďpn´1qq “ 0 is non-degenerate.

Example 0.3.16. To illustrate the utility of this point, consider the Frobenius form on

Crxs{px4q given by projecting onto the cubic term of any polynomial. This algebra deforms

to C4,C2 ‘ Crxs{px2q,C ‘ Crxs{px3q, and Crxs{px2q ‘ Crys{py2q as associative algebras

and hence each of these algebras inherits a Frobenius form, and is therefore Frobenius.

This seems to be a somewhat new perspective on Frobenius algebras, all arise as filtered

deformations of the algebras ApV, p´,´qq in (5). This is explained in detail in Section 4

of Chapter 1.
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1
Frobenius degenerations of

preprojective algebras

1.1 Introduction

A quiver, coined by Peter Gabriel, is a directed graph, whose representations are defined

by placing a vector space at each vertex and a linear transformation at each arrow. Gabriel

classified connected quivers with finite representation type: these are the quivers whose

underlying graph is given by the simply-laced Dynkin diagrams, two infinite families

An, n ě 1 and Dn, n ě 4, and three exceptions E6, E7, E8
32. Subsequently, Dlab and

Ringel proved a more general result for “species”, quivers labelled with a division ring

at each vertex and a bimodule at each edge. They extended Gabriel’s classification by

showing that species with finite representation type are precisely the Dynkin ones21. This

chapter explores a further generalization to decorated quivers – quivers with vertices

labelled by k-algebras and arrows labelled by bimodules. An original motivation for this

work is20, which in our language considers the affine D4 case, while we focus on the Dynkin

case.

One approach to representations of quivers involves studying the variety of all such repre-

sentations and considering its cotangent bundle. More precisely, fixing a field k, a quiver

Q with vertices Q0 and arrows Q1, and a dimension vector d “ pdiqiPQ0 P NQ0 , define

RepdpQq to be the vector space of k-representations of Q with vertex i labelled by the

vector space kdi . There is a natural action of the group GLdpkq :“
ś

iPQ0
GLdipkq on
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RepdpQq. Letting gldpkq :“ ‘iPQ0gldipkq denote the Lie algebra of GLdpkq, one studies

the moduli space

Md :“ T ˚RepdpQq{{{GLdpkq :“ µ´1
p0q{{GLdpkq

where µ : T ˚RepdpQq Ñ gldpkq
˚ is the moment map for the associated action.

The preprojective algebra gives an algebraic construction of Md. First, one defines the

double quiver Q to have the same vertices as Q but with a reverse arrow α˚ P Q1 for each

α P Q1. Then the preprojective algebra, ΠpQq is defined as the quotient

ΠpQq :“ P pQq{

C

ÿ

αPQ1

αα˚ ´ α˚α

G

where P pQq is the path algebra of Q37. Then we recover Md as the moduli space of

representations of ΠpQq with dimension vector d:

Md – RepdΠpQq{{GLdpkq. (1.1.1)

Anachronistically, one can view this as a litmus test for a correct definition of a prepro-

jective algebra. For a quiver Q together with a decoration DQ consisting of a k-algebra at

each vertex and a bimodule at each arrow, we would like a notion of preprojective algebra

ΠpQ,DQq such that the analogue of (1.1.1) holds:

RepdΠpQ,DQq{{Gd – µ´1
p0q{{Gd. (1.1.2)

We will define an algebra ΠpQ,DQq and a group Gd such that (1.1.2) holds in the presence

of certain restrictions on the representations and the decorations.

Remark 1.1.1. A definition of ΠpQ,DQq was recently given in43. Thanks to Külshammer

for pointing this out. Under condition (F) below this recovers our definition. Note that

in43, the viewpoint of representation varieties was not considered and it’s an open question

to what extent condition (F) can be relaxed while retaining a moment map interpretation.

See Remark 1.3.14 for a more precise discussion.

In more detail, a decoration DQ consists of

• tAiuiPQ0 with each Ai a k-algebra and

• tMαuαPQ1 with Mα an pAi, Ajq-bimodule, if α is an arrow from i to j.
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A decoration satisfies condition (F) if each Ai is symmetric Frobenius and, for every α,

Mα is either Ai bk Aj, or Mα “ Ai “ Aj.

A representation of a decorated quiver pQ,DQq with DQ “ pAi,M
αq consists of

• tViuiPQ0 with each Vi a right Ai-module and

• tρα : Mα Ñ HomkpVi, Vjquα:iÑjPQ1,i,jPQ0 with each ρα an pAi, Ajq-bimodule map.

We fix a dimension vector d “ pdiq P NQ0 and restrict to representations where Vi “ Adii
for each i P Q0. Denote this vector space by RepdpQ,DQq.

We define the decorated path algebra to be P pQ,DQq :“ T‘iAip‘αM
αq, so modules for

the decorated path algebra are representations of the decorated quiver. We then double

the quiver by adding an arrow α˚ : j Ñ i for each α : i Ñ j P Q1 and decorate the new

arrow α˚ : j Ñ i with the bimodule dual,

Mα˚ :“ HomAibAjpM
α, Ai b Ajq.

A decorated preprojective algebra satisfying (1.1.2) cannot be defined in this level of

generality. Hence we restrict to decorations satisfying condition (F) and representations

with Vi :“ Adii for each i P Q0. The decorated preprojective algebra ΠpQ,DQq is the

quotient of the path algebra for the double quiver by the two-sided ideal generated by

the element r “
ř

αPQ1
rα. Here rα for α : iÑ j is a commutator r1Mα , 1Mα˚ s in the case

Mα “ Ai “ Aj, and
ř

l e
i
l b 1 b f il ´

ř

m e
j
m b 1 b f jm in the case Mα “ Ai b Aj, where

teilu and tf il u are dual bases of Ai under the Frobenius form, for all i P Q0. See Definition

1.3.2 for more detail and Remark 1.3.3 for independence on the choice of basis.

There is a natural action of Gd :“
ś

iGLAipViq –
ś

iGLAipA
di
i q on ΠpQ,DQq. Denoting

the corresponding Lie algebra by gd “ ‘igldipAiq one can again consider the moment map

µd : T ˚RepdpQ,DQq Ñ g˚d. Finally, we can state (1.1.2) precisely as a theorem.

Theorem 1.1.2. RepdpΠpQ,DQqq is the zero fiber of the moment map

µd : T ˚RepdpQ,DQq Ñ g˚d.

Moreover, the coarse moduli space of representations of ΠpQ,DQq of dimension vector d

is given by the Hamiltonian reduction µ´1
d p0q{{Gd.

This theorem follows from a more precise statement, Theorem 1.3.6, given in Section 3.
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A second goal of this chapter is to study 1-parameter families of decorated preprojective

algebras whose generic fibers are ordinary preprojective algebras. In this sense, decorated

preprojective algebras are often (formal) degenerations of preprojective algebras, another

motivation for their study.

This perspective is best understood in a simple example. Consider the decorated quiver

pQ,DQq “ k
k
ÐÝ k

k
ÝÑ k.

Since right k-modules are vector spaces and k-bimodule maps are linear transformations,

RepdpQ,DQq – RepdpA3q and ΠpQ,DQq “ ΠpA3q is an ordinary preprojective algebra.

View these two arrows as a single arrow into the direct sum, folding the decorated quiver

as follows:

k
k
ÐÝ k

k
ÝÑ k

fold

ùñ k
k‘k
ÝÑ k ‘ k.

Folding the decorated quiver does not change the decorated preprojective algebra, ΠpA3q.

Furthermore, k ‘ k can be viewed as a 2-dimensional k-algebra with pointwise multipli-

cation where it has a non-trivial flat degeneration to the k-algebra S “ krxs{px2q. Hence

one can degenerate the decoration

k
k‘k
ÝÑ k ‘ k

deg
k

S
ÝÑ S

which induces a degeneration of ΠpA3q “ Πpk
k‘k
ÝÑ k ‘ kq to Πpk

S
ÝÑ Sq. We denote this

degeneration by ΠpB2q since the B2 quiver is obtained from A3 by folding the arrows as

above.

Both the formal and filtered perspectives of this degeneration prove fruitful. In the for-

mal setting, krrtssrxs{px2 ´ tq is an explicit formal degeneration from k ‘ k to S. The

corresponding formal degeneration of decorated quivers is

pkrrtss
krxsrrtss{px2´tq

//

“t“1”

xx

krxsrrtss{px2 ´ tqq

t“0

((

pk
k‘k
ÝÑ k ‘ kq pk

S
ÝÑ Sq,

which in turn gives a formal degeneration Πkrrtsspkrrtss ÝÑ krxsrrtss{px2 ´ tqq from ΠpA3q

to Πpk Ñ Sq. Alternatively, viewing k ‘ k – krxs{px2 ´ 1q as a filtered algebra with

associated graded algebra S, realizes ΠpA3q as a filtered algebra with associated graded

algebra Πpk Ñ Sq. The filtration on ΠpA3q is given by t0u Ă ΠpA3q
Φ Ă ΠpA3q where

Φ : A3 Ñ A3 is the graph automorphism exchanging the outer vertices and ΠpA3q
Φ is the
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subspace of Φ-invariant elements.

This motivates the study of decorated quivers as a means of interpreting a large class of

degenerations of preprojective algebras. But one should not conflate these notions. The

decorated preprojective algebra Πpk Ñ Mat2pkqq is not a degeneration of ΠpD̃4q, where

D̃4 is the affine D4 quiver. Conversely, ΠpA2q has a flat Frobenius degeneration to
Ź

pk2q,

see Example 1.4.14, which is not a decorated preprojective algebra for any decorated

quiver except Q “ A1 and DQ “ p
Ź

pk2qq.

Most of the decorated quivers appearing in this chapter arise as degenerations of ordinary

quivers by folding vertices and then degenerating, as we now explain. In general, a group

H acts on a quiver Q if H acts on the sets Q1 and Q0 such that the source and target maps

are H-equivariant. In this case, the source and target maps descend to the quotient quiver

Q{H :“ pQ0{H,Q1{H, s, tq. In the case H “ AutpQq is the group of graph automorphisms

of the underlying undirected graph of Q, we call the quotient Q{AutpQq the folding of Q

by automorphisms.

If DQ “ pAi,M
αq is a decoration of Q then one can decorate Q{AutpQq by DQ{AutpQq “

pBj, N
βq defined by:

Bj :“
à

iPAutpQq¨j

Ai and Nβ :“
à

αPAutpQq¨β

Mα.

In this case, we say pQ,DQq folds to pQ{AutpQq, DQ{AutpQqq. Notice that a folding of

decorated quivers induces an equivalence

ReppQ,DQq – ReppQ{AutpQq, DQ{AutpQqq

and an isomorphism

ΠpQ,DQq – ΠpQ{AutpQq, DQ{AutpQqq.

The second aspect of this procedure is degenerating the decoration, which amounts to

degenerating the algebras at each vertex and the bimodules at each arrow. Since the

definition of the preprojective algebra requires each algebra to be Frobenius, one needs to

degenerate the algebras in a way that preserves a Frobenius form, see Section 4 for more

detail.

We suspect that these degenerations of preprojective algebras are always flat. In other

words, we present the following conjecture in Section 4.
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Conjecture 1.4.20. Suppose DQ flatly Frobenius deforms to D1Q. Then with respect to

the path length grading,

hΠpQ,DQqptq “ hΠpQ,D1Qq
ptq.

Remark 1.1.3. The conjecture was proven in the case Q “ D̃4 for commutative Frobenius

algebras Ai in20, by computing an explicit basis for the maximally folded and maximally

degenerated decoration

k

��

k // k k
fold

ùñ k‘4oo // k
deg

krx, ys{pxy, x2 ´ y2q // k.

k

OO

This work may be considered a sequel, in that we generalize their statement to arbitrary

Frobenius decorated quivers. Moreover, we prove the conjecture in the Dynkin case.

In fact, we suspect that the existence of a deformation, while crucial for our techniques,

may be an artifact of the proof style and unnecessary for the result. That is, assuming

condition (F), the Hilbert–Poincaré series of the decorated preprojective algebra may

depend purely combinatorially on the dimensions of the algebras and bimodules in the

decoration.

One can define a (not-necessarily symmetric) Cartan matrix 2I ´ A where A “ raijs is a

Q0 ˆQ0 matrix with entries

aij :“
ÿ

α:iÑj

dimkpM
αq

dimkpAiq
“

ÿ

α:iÑj

dimAipM
α
q P Z.

We say pQ,DQq is Dynkin if the Cartan matrix 2I ´A is positive-definite, which implies

that 2I ´ A is a Cartan matrix for a Dynkin diagram.

Observe, that if D “ rdijs with dij :“ δij dimkpAiq then DA is symmetric as

pDAqij “
ÿ

α:iÑj

dimkpM
α
q “

ÿ

α˚:jÑi

dimkpM
α˚
q “ pDAqji,

and therefore, from the perspective of36, A is a Cartan matrix with symmetrizer D.

Conjecture 1.4.21. The Hilbert–Poincaré series of ΠpQ,DQq, with DQ “ pAi,M
αq is
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given by,

hΠpQ,DQqptq “

$

&

%

pI ` tmaxt`2P qDp1´ At` t2q´1 if pQ,DQq is Dynkin

Dp1´ At` t2q´1 otherwise

where, in the Dynkin case, maxt is the maximum path length of a non-zero homogeneous

element in ΠpQ,DQq and P is the permutation matrix for the permutation of the set

t1AiuiPQ0 given by the Nakayama automorphism.

Moreover, we will often have an additional grading on the decorated path algebra coming

from placing a graded algebra at one or more vertices. Throughout the chapter we call

this the x-grading defined as the number of occurrences of x in the path, since the graded

algebras we consider at the vertices are of the form krxs{pxnq for some n P N. The x-

grading descends from the decorated path algebra to the decorated preprojective algebra

in the Cn, G2, and B2 cases. The x-grading can be adjusted to descend in the Bn with

n ě 3, and F4 cases. With respect to path length and an additional x-grading the

Hilbert–Poincaré series is conjecturally given by

hΠpQ,DQqpt, sq “

$

&

%

p1` smaxstmaxt`2P qDp1´ At`Bt2q´1 if pQ,DQq is Dynkin

Dp1´ At`Bt2q´1 otherwise

where maxs is the maximum x-graded of a non-zero homogeneous element of ΠpQ,DQq,

A “ raijs, aij :“
ÿ

α:iÑj

hMαpsq

hAipsq
,

and

B “ rbijs, bij :“ δijhk¨1Airpsq.

Here we say pQ,DQq is Dynkin if, as before, the Cartan matrix 2I ´ A |s“1 is positive-

definite.

In Sections 4 and 5 we prove the conjecture in the Dynkin case and show that the Frobe-

nius form on the preprojective algebra degenerates to one on the decorated preprojective

algebras. More precisely, we prove

Theorem 1.4.26. Let pQ,DQq be Dynkin. Suppose DQ Frobenius degenerates flatly to

D1Q. Then, ΠpQ,DQq and ΠpQ,D1Qq are both Frobenius algebras and ΠpQ,DQq Frobenius

degenerates flatly to ΠpQ,D1Qq.
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Moreover, letting S :“ krxs{px2q and S 1 :“ krxs{px3q, the most degenerate decorated

non-simply laced Dynkin quivers are:

Bn :“ pAn`1, ptk, S, . . . , Su, tkSS,S SS, . . . ,S SSuqq, n ě 2

Cn :“ pAn`1, ptk, . . . , k, Su, tkkk, . . . , kkk, kSSuqq, n ě 4

F4 :“ pA4, ptk, k, S, Su, tkkk, kkS, SSSuqq

G2 :“ pA2, ptk, S
1
u, tkS

1
S1uqq.

The (path, x)-bigraded Hilbert–Poincaré series of the corresponding decorated preprojec-

tive algebras are:

heiΠpBnqejps, tq “ t|i´j|s|i´j|{2p1` t2 minti,ju´2sminti,ju´1
qp1` sq

¨ p1` st2 ` s2t4 ` ¨ ¨ ¨ ` sn´maxti,jut2n´2 maxti,ju
q, i, j ě 2

he1ΠpBnqejps, tq “ hejΠpBnqe1ps, tq “ tj´1spj´1q{2
p1` sq

¨ p1` st2 ` s2t4 ` ¨ ¨ ¨ ` sn´jt2n´2j
q, j ě 2

he1ΠpBnqe1ps, tq “ 1` st2 ` s2t4 ` ¨ ¨ ¨ ` sn´1t2n´2

heiΠpCnqejps, tq “ p1` st
2|n´maxti,ju|qt|i´j|p1` t2 ` t4 ` ¨ ¨ ¨ ` t2 minti,ju´2q

hΠpF4qps, tq “ p1` t
4sq¨

¨

˚

˚

˝

p1`t6sq tp1`t2s`t4ssq t2p1`sqp1`t2sq t3s1{2p1`sq

tp1`t2s`t4s2q p1`t2qp1`t2s`t4sq tp1`sqp1`t2sq t2s1{2p1`sqp1`t2q

t2p1`sqp1`t2sq tp1`sqp1`t2sq p1`sqp1`t2`t4qp1`t2sq ts1{2p1`sqp1`t2`t4q

t3s1{2p1`sq t2s1{2p1`sqp1`t2q ts1{2p1`sqp1`t2`t4q p1`sqp1`t6sq

˛

‹

‹

‚

hΠpG2qps, tq “ p1` t
2sq

˜

1` t2s2 p1` s` s2qt

p1` s` s2qt p1` s` s2qp1` t2q

¸

For more detail, see Section 5.

Example 1.1.4. We conclude the introduction by returning to our simple yet illustrative

B2 example, i.e., the A2 quiver with vertices labelled by the k-algebras k and S “ krxs{px2q

and the arrow labelled by S viewed as a pk, Sq-bimodule,

k
S

,, S.

S has Frobenius form λ : S Ñ k given by s ` tx ÞÑ t, which is non-degenerate since the
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kernel is the subspace of constant polynomials, which does not contain any non-trivial

left ideals. With respect to this form, the basis t1, xu has dual basis tx, 1u giving rise to

the non-degenerate, S-central element xbk 1` 1bk x.

Using this structure, the decorated preprojective algebra is defined as

ΠpQ,DQq :“ Tk‘SpS ‘ Sq{x1bS 1, 1bk x` xbk 1y

where S‘S is made into a pk‘Sq-bimodule by viewing one S as an pS, kq-bimodule and

the other a pk, Sq-bimodule, and defining all other actions to be zero. More explicitly, one

can see that Πě3pQ,DQq “ 0 and compute,

ΠpQ,DQq “ Π0
pQ,DQq ‘ Π1

pQ,DQq ‘ Π2
pQ,DQq

“ pS ‘ kq ‘ pS ‘ Sq ‘ pS ‘ kq

where the second graded piece is computed using the identifications

S bS S{x1bS 1y – S{x1y – k

as vector spaces and

S bk S{x1bk x` xbk 1, xbk xy – S

as S-bimodules. Consequently, the matrix-valued Hilbert–Poincaré series in variables t

and s corresponding to path length and x-grading respectively is given by

hΠpB2qpt, sq “

˜

1` t2s tp1` sq

tp1` sq p1` t2qp1` sq

¸

.

This agrees with the formula in Conjecture 1.4.21.

1.2 Representations of Decorated Quivers

Definition 1.2.1. A decorated quiver is a pair pQ,DQq where Q “ pQ0, Q1, s, tq is a

quiver and

DQ “ pAi,M
α
qiPQ0,αPQ1

where Ai is a k-algebra and Mα is an pAspαq, Atpαqq-bimodule. Fixing Q, a decoration is a

choice of DQ. The decoration DQ is finite if each Ai is a finitely-generated k-algebra and

each Mα is finitely generated as a left Aspαq-module and as a right Atpαq-module.
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Remark 1.2.2. This notion appears in the literature under the names k-species or modu-

lated graph when each Ai is a division ring21. One can alternatively choose a presentation

for each Ai and instead consider the quiver with relations where a loop is added for each

generator of each algebra and relations are imposed to capture identical information: see36

and its sequels.

Remark 1.2.3. One can take a categorical perspective by viewing Q as a category where:

• objects are vertices Q0,

• morphisms are paths, and

• composition is given by concatenation of paths, when possible, and zero otherwise.

We denote this category by F pQq to emphasize the structural differences from the orig-

inal quiver Q. Using this language, a decoration is a functor Dp´q : F pQq Ñ Alg into

the Morita category of algebras, objects are k-algebras, morphisms are bimodules, and

composition of morphisms is given by the tensor product. This is the approach taken in43

under the name prospecies of algebras, in the case where the bimodule is projective as a

left module and as a right module.

We now proceed to develop all of the notions in the previous section for decorated quivers.

The original source for much of this material in the setting of species is Dlab and Ringel21.

Definition 1.2.4. A representation of a decorated quiver pQ,DQq is

ρ “ pVi, ραqiPQ0,αPQ1

where Vi is a right Ai-module and ρα : Mα Ñ HomkpVspαq, Vtpαqq is an pAspαq, Atpαqq-

bimodule map.

Note that HomkpVspαq, Vtpαqq has a right Atpαq-action by postcomposition and a left Aspαq-

action by precomposition.

Remark 1.2.5. This definition reduces to the ordinary definition of a representation of

an (undecorated) quiver when each Ai “ k and Mα “ kkk, in which case each ρα is

determined by a single linear map ραpk1kq : Vspαq Ñ Vtpαq.

Fixing a quiver and a finite decoration pQ,DQq, we denote by RpQ,DQq the category of

representations of finite type: each Vi is finitely generated as a right Ai-module. Mor-

phisms from ρ to ρ1 in this category are given by a collection of right Ai-module maps
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pfi : Vi Ñ V 1i q such that for all α P Q1 and for all m P Mα, the diagram of right

pAspαq ‘ A
op
tpαqq-modules

Vspαq
ραpmq

//

fspαq
��

Vtpαq

ftpαq
��

V 1spαq
ρ1αpmq // V 1tpαq

commutes. As in the undecorated case, for a fixed d P NQ0 , we consider the full sub-

category of “locally free” representations RdpQ,DQq whose objects are representations

ρ “ pVi,M
αq with Vi “ Adii for all i P Q0.

As before, one can compute equivalence classes of objects in RdpQ,DQq as orbits under

a group action on the vector space of all representations with Vi “ Adii for all i P Q0,

denoted RepdpQ,DQq. In more detail, there is an action of Gd “
ś

iPQ0
GLAipA

di
i q on

RepdpQ,DQq by

pgiqiPQ0 ¨ pVi, ραq “ pVi, gtpαqραg
´1
spαqq.

One says two representations are isomorphic if they lie in the same Gd-orbit. Isomorphism

classes of semisimple objects in RdpQ,DQq can be identified with RepdpQ,DQq{{Gd.

The categoryRdpQ,DQq is equivalent to a category of modules for an algebra, generalizing

the path algebra in the previous subsection.

Definition 1.2.6. The decorated path algebra PkpQ,DQq for DQ “ pAi,M
αq is the tensor

algebra T‘iAip‘αM
αq where each Mα is viewed as an p‘iAi,‘iAiq-bimodule by defining

˜

ÿ

i

ai

¸

¨mα ¨

˜

ÿ

i

a1i

¸

:“ aspαq ¨mα ¨ a
1
tpαq

for ai, a
1
i P Ai and mα P Mα. We will usually write P pQ,DQq :“ PkpQ,DQq suppressing

the dependence on the field.

Proposition 1.2.7. The category of representations of the decorated quiver pQ,DQq is

equivalent to the category of right modules over the path algebra P pQ,DQq.

Proof. Given a representation ρ “ pVi, ραq of the decorated quiver DQ “ pAi,M
αq one

can form a right module V :“ ‘iPQ0Vi of P pQ,DQq with the action defined on generators
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by

˜

ÿ

iPQ0

vi

¸

¨ aj :“ vj ¨ aj aj P Aj, vi P Vi

˜

ÿ

iPQ0

vi

¸

¨mα :“ ραpm
α
qpvspαqq mα

PMα.

By the universal property of the tensor algebra, this extends to a right module over

all of P pQ,DQq since ρα is an pAspαq, Atpαqq-bimodule map, which can be viewed as an

‘iAi-bimodule map.

One can upgrade this map of objects to a functor defined by taking ρ to V as above

and by taking a morphism pfi : Vi Ñ V 1i q from ρ to ρ1 to the map ‘ifi : ‘Vi Ñ ‘iV
1
i .

The condition that the diagrams commutes (i.e. ρ1α ˝ fspαq “ ftpαq ˝ ρα) implies that ‘ifi,

apriori a ‘iAi-module map, is a right P pQ,DQq-module map. We now construct the

inverse functor on objects, which in fact gives an isomorphism of categories in the sense

that the compositions equal the identity functor, as opposed to merely being naturally

isomorphic.

A right module for the decorated path algebra is a map ϕ : T‘iAip‘αM
αq Ñ EndkpV q,

which is determined by its restriction to generators

Tď1
‘iAi

p‘αM
α
q “

à

i

Ai ‘
à

α

Mα.

Then one defines ρ :“ pϕp1AiqV, ϕ |Mαq where ϕp1AiqV is given a right Ai-module structure

by

ϕp1Aiqpvq ¨ ai :“ ϕpaiqpvq

for v P V, ai P Ai. Clearly ϕ |Mα is an pAspαq, Atpαqq-bimodule map since ϕ is an p‘iAiq-

bimodule map.

As in the undecorated case, one would like to study the quotient RepdpQ,DQq{{Gd. In

the next section we consider the symplectic action of G on the cotangent bundle to

RepdpQ,DQq, but in order to describe the moment map we need to impose restrictions

on the decoration. This definition will be justified a posteriori by our study of the zero

fiber of the moment map.

Definition 1.2.8. A decoration DQ “ pAi.M
αq satisfies condition (F) if

36



• Ai is symmetric Frobenius (i.e. Ai – HomkpAi, kq as Ai-bimodules) or all i P Q0.

• Mα “ Ai bk Aj or Mα “ Ai “ Aj, for all α P Q1 with α : iÑ j.

We will have occasional need to distinguish between the two allowable bimodule decora-

tions in condition (F) and hence write Q1 “ Q11 \Q
2
1 where the decorations for Q11 are of

the form Aj bk Ai and the decorations for Q21 are of the form Ai “ Aj.

Remark 1.2.9. In subsection 1.3, we explain why the Frobenius condition is necessary

to define a preprojective algebra satisfying Theorem 1.1.2. One can alternatively consider

additional structure on the bimodules instead of the algebras, as is done in21. Symmetry

of the Frobenius form is needed to identify the moment map with an evaluation map

equivariantly, see Remark 1.3.15.

1.3 Representations of Decorated Preprojective Algebras

In this section we extend the definition of the preprojective algebra of a quiver to the

decorated setting. We justify the term preprojective algebra using the moment map for the

action of G “ ‘iPQ0GLAipViq on the cotangent bundle of the space of all representations.

Namely, we show that the set of representations of the decorated preprojective algebra is

the zero fiber of the moment map.

Recall the decorated path algebra for a decorated quiver pQ,DQq with decoration DQ “

pAi,M
αq is P pQ,DQq “ T‘Aip‘αM

αq. The decorated preprojective algebra is a quotient

of the decorated path algebra for the double decorated quiver, which we define now.

Definition 1.3.1. Given a decorated quiver pQ,DQq, the opposite decorated quiver

pQop, Dop
Q q is defined by

Dop
Q :“ pAi,M

α˚
q, Mα˚ :“ HomAspαqbAtpαqpM

α, Aspαq b Atpαqq

and the double decorated quiver pQ,DQq is defined by DQ :“ DQ YDQ0
Dop
Q .

Suppose DQ satisfies condition (F) and partition the arrows into Q11\Q
2
1 where the former

has label Mα “ Aspαq b Atpαq and the latter has label Mα “ Aspαq “ Atpαq. Additionally,

pick a basis teijuj for Ai as a vector space and use the Frobenius form λi : Ai Ñ k to build

a dual basis tf il ul such that λipe
i
jf

i
l q “ δj,l, for all i P Q0.

Definition 1.3.2. Using notation from the previous paragraph, the decorated preprojec-

tive algebra ΠkpQ,DQq is defined to be the quotient of the decorated path algebra of the
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double P pQ,DQq by the two-sided ideal generated by

r :“
ÿ

αPQ11

˜

ÿ

i

e
spαq
i b 1b f

spαq
i ´

ÿ

j

e
tpαq
j b 1b f

tpαq
j

¸

`
ÿ

αPQ21

r1Mα , 1Mα˚ s.

We will usually write ΠpQ,DQq :“ ΠkpQ,DQq, suppressing the dependence on the field.

The usual preprojective relation in kQ1bkQ0kQ0 is kQ0-central, since it is concentrated on

the diagonal. Similarly, we want r to be an p‘Aiq-central element of ‘Mαbp‘Aiq‘M
α, so

we choose for each i, the dual element to the Frobenius pairing, k Ñ AibAi, which when

written in bases teiju and dual bases tf iju is the Ai-central element
ř

j e
i
jbk f

i
j . For arrows

in Q21, Mα bAM
α˚ – A bA A – A has the A-central element 1MαbAMα˚ “ 1Mα b 1Mα˚ ,

so one need not use the Frobenius form in the definition of the decorated preprojective

algebras, yet we still require the existence of such a form for desirable properties, see

Remark 1.3.15.

Remark 1.3.3. The above definition depends only on the decorated quiver pQ,DQq

and the field k. To see this, observe that for each α : i Ñ j P Q11 the summand of r

corresponding to α lies in

Ai b Ai – Ai b k b Ai Ă Ai b Aj b Ai – pAi b Ajq bAj pAj b Aiq –Mα
bAj M

α˚

and hence it suffices to show that, in any Frobenius algebra A with basis teiu and dual

basis tfiu, the ideal generated by c :“
ř

i ei b fi doesn’t depend on the choice of basis

nor the form. For independence of basis, notice that c can be represented canonically as

the comultiplication of the unit. Next, observe that a Frobenius form can be viewed as

the image of 1A under a left A-module isomorphism ϕ : A Ñ A˚. Hence, two Frobenius

forms λ1, λ2 : A Ñ k each give rise to ϕ1, ϕ2 : A Ñ A˚ such that ϕ´1
2 ˝ ϕ1 : A Ñ A is

a left A-module isomorphism. Such a map is determined by u :“ ϕ´1
2 ˝ ϕ1p1Aq, which is

invertible. Hence

λ1 “ ϕ1p1q “ ϕ2puq “ λ2 ˝Ru

where Ru is right multiplication by u P Aˆ. We conclude that the canonical sums c1 and

c2 satisfy c1 “ c2u and hence generate the same two-sided ideal in Abk A.

Example 1.3.4. This phenomenon is already visible in the setting of the four element

algebra A “ F2rxs{px
2q. Here λ : A Ñ F2 is Frobenius if pxq Ć kerpλq or equivalently if

λpxq ‰ 0 and hence is 1. So there are two Frobenius forms: λ1p1q “ 0 and λ2p1q “ 1.
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They are related by the invertible element 1 ` x P A as λ1p1q “ 0 “ λ2p1p1 ` xqq and

λ1pxq “ 1 “ λ2pxp1` xqq. The basis t1, xu has dual basis tx, 1u under λ1 and dual basis

t1, 1` xu under λ2. Hence c1 “ 1b x` xb 1 and

c2 “ 1b x` xb p1` xq “ 1b xp1` xq ` xb 1p1` xq “ c1p1` xq

both generate the ideal pc1q “ tc1, c2, c1 ` c2u Ă Ab A.

Remark 1.3.5. This explains the reason for the dichotomy between types of arrows and

the resulting asymmetry in the definition. Namely, it’s an artifact of the identifications,

EndApAq – A –Mα
bAM

α˚ id ÞÑ 1 ÞÑ 1bA 1

as k-bimodules for Mα “ AAA –Mα˚ and

EndkpAq – Abk A
˚
–Mα

bk M
α˚ id ÞÑ c “

ÿ

i

ei bk fi ÞÑ
ÿ

i

ei b 1b fi

as A-bimodules for Mα “ AAk an pA, kq-bimodule.

The key result motivating the definition is the following. Recall fixing pQ,DQq and a

dimension vector d, we have the action of Gd “
ś

iPQ0
GLAipA

di
i q on RepdpQ,DQq with

Lie algebra gd “ ‘iPQ0glAipA
di
i q. Let µd : T ˚pRepdpQ,DQq Ñ g˚d denote the moment map

corresponding to the Hamiltonian action on the cotangent space coming from the action

on the base. In this setting, we can generalize Proposition 0.2.6 as follows:

Theorem 1.3.6. With the identifications induced from the non-degenerate pairings,

RepdpQ,DQq b RepdpQ
op, Dop

Q q Ñ k gd b gd Ñ k

pρ, ρ1q ÞÑ
ÿ

αPQ1

λAspαq ˝ trAspαqpρp1Mαq ˝ ρ1p1Mα˚ qq pX, Y q ÞÑ
ÿ

iPQ0

λi ˝ trAipXY q

the following diagram commutes,

T ˚RepdpQ,DQq g˚d

RepdpQ,DQq gd

µd //

–

;;

–

##pρp1Mα q,ρp1
Mα˚ qqÞÑρprq

//

and hence one can view the moment map as evaluation on the element r.

Note that ρprq is, a priori, an element of ‘iPQ0glkpA
di
i q, but in fact is ‘Ai-linear since eir
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is Ai-central, hence an element of gd. Additionally, since each pairing is Gd-invariant, we

have identified the moment map with evaluation on r, Gd-equivariantly

Remark 1.3.7. For each Ai, to apply trAi : MatdipAiq Ñ Ai one needs to precompose

with an identification glAipA
di
i q – MatdipAiq. Although trAi depends on the choice of

identification, λAi ˝ trAi does not, as λAi is symmetric.

Corollary 1.3.8. The set of representations of dimension vector d in ΠpQ,DQq is the

zero fiber of the moment map µd.

The remainder of this section is dedicated to a proof of the above theorem, justifying the

terminology preprojective algebra in a geometric context.

Since Q is a finite quiver, r “
ř

iPQ0
eir can be computed locally at each vertex, where it

is given by a sum over all incoming arrows. Hence it suffices to prove the above result in

the context of a quiver with a single decorated arrow. Such decorated quivers satisfying

condition (F) take the form,

(I) A1
A1bkA2 // A2 (II) A

A // A

(III) A
AbkA // A (IV) A ö A (V) A ö Abk A

where A,A1, and A2 are symmetric Frobenius algebras. The formula for the moment map

in cases (IV) and (V) follow from the (II) and (III) cases, respectively, by post-composing

with the map d∆˚ : g˚d ‘ g˚d Ñ g˚d, induced from the diagonal map ∆ : Gd Ñ Gd ˆ Gd.

Next notice (III) is a special case of (I), when A1 “ A2 “ A. Moreover the definition of

e1r uses only the unit k Ă A2 and hence one can further reduce to verifying the theorem

in the two cases:

Q1 :“ A
AAk // k or Q2 :“ A

A // A.

In these cases, representations of the double decorated quiver have a concrete description,

owing to the cyclicity of the bimodules. That is, if d “ pd1, d2q, then

RepdpQ
1q

“ HomA´modpAAk,HomkpA
d1 , kd2qq ‘ Hommod´ApkAA,HomkpA

d1 , kd2qq

– HomkpA
d1 , kd2q ‘ Homkpk

d2 , Ad1q
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and

RepdpQ
2q

“ HomA´bimodpAAA,HomkpA
d1 , Ad2qq ‘ HomA´bimodpAAA,HomkpA

d2 , Ad1qq

– HomApA
d1 , Ad2q ‘ HomApA

d2 , Ad1q.

In each case, the theorem reduces to much more concrete statements, given respectively

by Proposition 1.3.9 and Proposition 1.3.13.

Proposition 1.3.9. With the identifications induced from the non-degenerate pairings,

HomkpA
d1 , kd2q b Homkpk

d2 , Ad1q Ñ k pf, gq ÞÑ trpf ˝ gq

EndApA
d1q b EndApA

d1q Ñ k pX, Y q ÞÑ λA ˝ trApX ˝ Y q

Endkpk
d2q b Endkpk

d2q Ñ k pX, Y q ÞÑ trpX ˝ Y q

the following diagram commutes:

HomkpA
d1 , kd2q ‘ HomkpA

d1 , kd2q˚ EndApA
d1q˚ ‘ Endkpk

d2q˚

HomkpA
d1 , kd2q ‘ Homkpk

d2 , Ad1q EndApA
d1q ‘ Endkpk

d2q

µd //

–

FF

–

XX

pρpA1kq,ρpk1AqqÞÑρprq
//

where r “ 1bA 1´
ř

ei bk fi.

Roughly speaking, in the ordinary case two applications of the trace pairing cancel, yield-

ing a simplified expression for the moment map. From this perspective, the main technical

difficulty arises from the need to relate the trace of an A-linear map (regarded as a k-linear

map) with the Frobenius form.

More precisely, if pf, gq P HomkpA
d1 , kd2q ‘ Homkpk

d2 , Ad1q and

pϕ, ψq P EndApA
d1q ‘ Endkpk

d2q then in the above diagram,

pf, trpg ˝ ´qq trpf ˝ g ˝ ´q ` trp´g ˝ f ˝ ´q

λA ˝ trApϕ ˝ ´q ` trpψ ˝ ´q

=

pf, gq pϕ, ψq

� //

R

II

t

ZZ

� ? //

In our setting, f “ ρpA1kq and g “ ρpk1Aq and so we need to find ϕ P EndApA
d1q and
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ψ P Endkpk
d2q such that,

trpρp´A1bk 1Aq ˝ ´q “ λA ˝ trApϕ ˝ ´q

and

trpρpk1bA 1kq ˝ ´q “ trpψ ˝ ´q.

Clearly, ψ “ ρpk1 bA 1kq and hence the moment map at the vertex decorated with k is

evaluation at k1bA 1k, playing the role of α ˝ α˚ in the ordinary case.

However, ϕ ‰ ρp´1bk 1q, which need not be A-linear in general. To remedy the situation,

we will define a map Φ : EndkpAq Ñ EndApAq such that

ϕ “ MatdpΦqpρp´1bk 1qq “ ρ
´

´
ÿ

ei b fi

¯

,

completing the proof of the proposition.

We now present a series of lemmas about Frobenius algebras. Since the subject matter is

classical and the proofs are elementary, the following is probably well known. Nonetheless

we provide short proofs for completeness of exposition.

Lemma 1.3.10. Let A be a Frobenius algebra with multiplication µ and form λ : AÑ k.

Define Φ : EndkpAq Ñ EndApAq by Φpφqpaq “
ř

i φpeiqfia, where teiu is a basis for A

over k with dual basis tfiu. Then

EndkpAq

–

��

Φ

&&

tr // k

Abk A
˚

–

��

EndApAq

–

��

Abk A
µ

// A

λ

>>

commutes. In particular, trpφq “ λpΦpφqp1qq for φ P EndkpAq.

Proof. Φ is defined so the diagram commutes. In more detail,

EndkpAq // Abk A
˚ // Abk A // A

φ � //
ř

i φpeiq bk λ ˝ µp´, fiq
� //

ř

i φpeiq bk fi
� //

ř

i φpeiqfi

Since Φpφqp1q :“
ř

i φpeiqfi the lower left half of the diagram commutes.
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For the rest of the diagram, compute tr using the basis teiu. If φpeiq is expanded as
ř

j αijej then,

αii “ λ ˝ µp
ÿ

j

αijej, fiq “ λ ˝ µpφpeiq, fiq.

and hence trpφq “ λ ˝ µp
ř

i φpeiq, fiq “ λpΦpφqp1qq as desired.

Lemma 1.3.11. The following diagram commutes:

EndkpA
dq

–

��

tr

''
MatdpEndkpAqq

MatdpΦq

��

Matdptrq
//Matdpkq

tr // k

MatdpEndApAqq –
//MatdpAq

Matdpλq
55

trA
// A

λ

55

Proof. Applying Matdp´q to the commutative diagram in Lemma 1.3.10 gives commu-

tativity of the lower left trapezoid. The commutativity of the upper triangle is the fact

that the trace of a block matrix is the sum of the traces of the diagonal blocks. The final

quadrilateral commutes since if M “ pai,jq PMatdpAq then

λ ˝ trApMq “
ÿ

i

λpai,iq “ trppλpai,jqqq “ tr ˝MatdpλqpMq.

Lemma 1.3.12. The following diagram commutes:

EndkpA
dq

MatdpΦq
��

– // EndkpA
dq˚

rest.
��

EndApA
dq

– // EndApA
dq˚

where the horizontal identifications are given by the non-degenerate pairings,

EndkpA
d
q b EndkpA

d
q Ñ k pφ1 b φ2q ÞÑ trpφ1 ˝ φ2q

EndApA
d
q b EndApA

d
q Ñ k pψ1 b ψ2q ÞÑ λ ˝ trApψ1 ˝ ψ2q.

Proof. Commutativity amounts to the equivalence

trpφ ˝ ψq “ λ ˝ trApMatdpΦqpϕq ˝ ψq
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for all φ P EndkpA
dq and ψ P EndApA

dq. By Lemma 1.3.11, one can factor trace as,

tr “ λ ˝ trA ˝MatdpΦq

and hence it suffices to show MatdpΦqpφ˝ψq “ MatdpΦqpφq˝ψ. By comparing components

of the mappings, one reduces to the case d “ 1, where the result follows from the fact

that Φ is an A-bimodule map and ψ can be viewed as an element of A.

Note that this completes the proof of Proposition 1.3.9, since

MatdpΦqρp1bk 1q “ ρpΦp1bk 1qq “ ρ
´

ÿ

ei bk fi

¯

.

Proposition 1.3.13. With the identifications induced from the non-degenerate pairings,

HomApA
d1 , Ad2q b HomApA

d2 , Ad1q Ñ k EndApA
djq b EndApA

djq Ñ k

pρ, ρ1q ÞÑ
ÿ

αPQ1

λA ˝ trApρp1Mαq ˝ ρ1p1Mα˚ qq pX, Y q ÞÑ
ÿ

iPQ0

λA ˝ trApXY q

for j P t1, 2u, the following diagram commutes:

HomApA
d1 , Ad2q ‘ HomApA

d1 , Ad2q˚ EndApA
d1q˚ ‘ EndApA

d2q˚

HomApA
d1 , Ad2q ‘ HomApA

d2 , Ad1q EndApA
d1q ‘ EndApA

d2q

µd//

–

FF

–

XX

pρpA1Aq,ρpA1AqqÞÑρprq
//

where r “ e1r ` e2r “ 1 b2
A 1 ´ 1 b1

A 1 “ rA1A,A 1As where the labels 1 and 2 are used to

distinguish between the two copies of A, one at each vertex.

The difficulty in the previous proposition was relating, for a given α : i Ñ j, the expres-

sions λAi ˝ trAi and λAj ˝ trAj . In this case, Ai “ A “ Aj and hence that issue is not

present.

Proof. The result follows from showing that the moment map still has the same form as

before. Whenever G acts on a vector space V , the moment map for the action of G on

T ˚pV q “ V ‘ V ˚ is given by

µ : T ˚pV q Ñ g˚ µppv, ϕqqpXq “ ϕpX ¨ vq.

In this case g “ g1‘g2 is a sum and the action X “ pX1, X2q on v defined by differentiating
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the conjugation action is

X ¨ v “ X2 ¨ v ´ v ¨X1.

Therefore,

pf, λA ˝ trApg ˝ ´qq λA ˝ trAp´g ˝ f ˝ ´q ` λA ˝ trApf ˝ g ˝ ´q

pf, gq p´g ˝ f ` f ˝ gq

� //

J

DD

t

ZZ

and hence the composition is giving by commutator and plugging in f “ ρpA1Aq and

g “ ρpA1Aq gives the desired result.

This completes the proof of Theorem 1.3.6.

Remark 1.3.14. A more general definition of preprojective algebra appears in43, which

puts a weaker restriction on the decorations than condition (F), although the Frobenius

condition still arises naturally as we explain below. When can the representations of such

algebras be identified with the zero fiber of a moment map, as in Theorem 1.3.6?

In more detail, in43, decorations are required instead to have the property that each Mα is

projective as a left Atpαq-module and a projective as a right Aspαq-module. In this setting,

Mα has both left and right duals, and it is further required that these duals agree,

HomAop
spαq
pMα, Aspαqq – HomAtpαqpM

α, Atpαqq

as pAtpαq, Aspαqq-bimodules. One says Mα is dualizable in this case, and one says DQ is

dualizable if each Mα is dualizable.

Notice that if a quiver has an arrow labelled with M :“ AAk then dualizability at that

arrow says,

A – HomApM,Aq – HomkpM,kq – HomkpA, kq

as an pk,Aq-bimodule, and hence A is Frobenius. More generally, if M :“ AAR where R

is a k-algebra and A is an algebra over R then dualizability says

A – HomRpA,Rq

and hence A is Frobenius relative to R, the assumption used in20.

Remark 1.3.15. In the case M “ AAA dualizability is vacuous, yet we still need A to

45



be Frobenius in order to have a non-degenerate pairing

HomApA
d1 , Ad2q b HomApA

d2 , Ad1q
˝
ÝÑ EndApA

d1q
trA
ÝÑ A

λ
ÝÑ k.

Further, for the pairing to be GLApA
d1q-invariant then λ needs to be symmetric. This

justifies the assumption that the algebra at each vertex be symmetric Frobenius.

Remark 1.3.16. If α : iÑ j is decorated with Mα an pAi, Ajq-bimodule, then

RHomAibkA
op
j
pMα,HomkpVi, Vjqq – HomAibkA

op
j
pMα,HomkpVi, Vjqq

if Mα is a projective pAi, Ajq-bimodule or HomkpVi, Vjq is an injective pAi, Ajq-bimodule.

Hence the restriction to free Ai-modules, Vi, implies that the underived representation

spaces are actually derived, hence well-behaved and natural to study. One could alter-

natively consider Mα perfect and remove restrictions on the representations. Since our

main objective is to study preprojective algebras, we prefer to allow for general Mα.

1.4 Decorated Preprojective Algebras as Degenerations

Many of the examples of decorated quivers in this thesis have an interpretation as degen-

erations of ordinary quivers. In this section we explain this interpretation by first defining

a notion of Frobenius deformation and proving that every finite-dimensional Frobenius

algebra degenerates to a Frobenius algebra determined by a vector space with a non-

degenerate bilinear form. In the commutative case, over an algebraically closed field of

characteristic not two, there is a unique such degenerate algebra. Then we define a notion

of Frobenius deformation for decorated quivers and use this to realize decorated prepro-

jective algebras as degenerations. Finally, we conjecture that these degenerations are flat,

and use upper semi-continuity of dimension under deformations to reduce the conjecture

to a single verification for each quiver.

1.4.1 Frobenius Degenerations

We want to degenerate (or deform) a decoration by degenerating both the k-algebras

labelling each vertex and the bimodules labelling each edge. In the presence of condition

(F), the degeneration of the decoration is determined by the degeneration of the algebras at

the vertices. Moreover, to ensure condition (F) is satisfied when degenerating a decoration

satisfying condition (F) we need to ensure each symmetric Frobenius algebra degenerates

to a symmetric Frobenius algebra.
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We first recall the notions of formal and filtered deformations of associative algebras and

bimodules.

Definition 1.4.1. Let A and B be unital associative algebras over a field k. One says B is

a formal deformation of A and A is a formal degeneration of B if there is a krrtss-algebra

D such that

• D{Dt – A as k-algebras and

• Drt´1s – Bpptqq as kpptqq-algebras.

Moreover, one says a formal deformation is flat if D – Arrtss as left krrtss-modules.

Definition 1.4.2. Let A and B be unital associative k-algebras. One says B is a filtered

deformation of A and A is a filtered degeneration of B if there exists:

• a filtration B0 Ă Bď1 Ă Bď2 Ă ¨ ¨ ¨ Ă Bďn “ B,

• a grading A –
Àn

i“0Ai, and

• an isomorphism of graded algebras,

grpBq :“
n
à

i“0

Bďi{Bďpi´1q –

n
à

i“0

An – A.

Any filtered deformation B with grpBq – A gives rise to a formal deformation,

pRB :“

#

ÿ

iě0

bit
i : bi P Bďi

+

,

called the Rees algebra. We present theory in the more general setting of formal deforma-

tions, but strengthen results by presenting proofs in the more specific setting of filtered

deformations.

Since our objective is to degenerate decorated quivers, we want to consider degenera-

tions preserving condition (F). Notice that a (symmetric) Frobenius algebra can degen-

erate to a non-Frobenius algebra, e.g krrtssrx, ys{px2 ´ t, y2 ´ t, xyq degenerates k‘3 to

krx, ys{px2, y2, xyq, which is not Frobenius as it is not self-injective since xAÑ A sending

x ÞÑ y does not extend to all of A.

Hence, at each vertex we need to degenerate the symmetric Frobenius algebra to another

symmetric Frobenius algebra.

47



Definition 1.4.3. Let D be a formal deformation of associative k-algebras from A to B.

We say the deformation is Frobenius if D is Frobenius as a krrtss-algebra and A and B

are Frobenius as k-algebras. Further we say the deformation is symmetric Frobenius if D,

A, and B are all symmetric Frobenius.

Remark 1.4.4. This definition appears in20 and the notion was studied in12, where it is

shown that the cohomology of the dg-Lie algebra controlling Frobenius deformations of a

fixed Frobenius algebra pA, λq is the cyclic cohomology of A, see12.

Notice that we do not require that the isomorphisms A – D{tD or Bpptqq – Drt´1s

preserve the Frobenius forms. This added flexibility is convenient and innocuous for

our purposes since different Frobenius forms on the same decoration yield isomorphic

preprojective algebras, as explained in Remark 1.3.3. However, one should be mindful

about some non-intuitive consequences of not fixing Frobenius forms, as explained in

Example 1.4.7 (4).

Remark 1.4.5. A Frobenius form λ : D Ñ krrtss on D gives rise to Frobenius forms λ0

on the k-algebra A – D{tD and λ1 on the kpptqq-algebra Bpptqq – Drt´1s defined so that

the following diagram commutes:

D{tD
λ0 // k

D λ //

mod t
<<

� q

""

krrtss

mod t

::

� r

$$

Drt´1s
λ1
// kpptqq.

Remark 1.4.6. If B is a filtered deformation of a finite-dimensional algebra A “ ‘ni“0Ai,

then a Frobenius form on A induces a Frobenius form on B. To see this, observe λ : AÑ k

non-degenerate implies kerpλq Ć An – B{Bďpn´1q. Hence the lift λ̃ : B Ñ k to B by

defining λ̃pBďpn´1qq “ 0 is non-degenerate.

Example 1.4.7.

(1) Assume k contains nth roots of unity, write ζ for a primitive nth root of unity, and

define the surjective algebra homomorphism

krxs Ñ k‘n ppxq ÞÑ pppζq, ppζ2
q, . . . , ppζnqq

with kernel pxn ´ 1q. Using this map one can view k‘n – krxs{pxn ´ 1q as a

filtered deformation of krxs{pxnq. The Frobenius form λ : krxs{pxnq Ñ k given by
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λp
ř

j ajx
jq “ an´1 lifts to λ̃p

ř

j ajx
jq “ an´1. Precomposing with k‘n – krxs{pxn´

1q gives the Frobenius form

k‘n Ñ k pa1, a2, . . . , anq ÞÑ
1

n

n
ÿ

j“1

ζjaj

(2) Fix a field k of characteristic not two, a k-vector space V , and a quadratic form

Q : V Ñ k. Then define the Clifford algebra by

ClkpV,Qq :“ TkpV q{xv bk v ´Qpvq1yvPV .

This is a filtered algebra with associated graded algebra given by the exterior al-

gebra,
Ź

pV q “ ClkpV, 0q. The Frobenius form on the exterior algebra given by

projecting onto the top wedge power remains non-degenerate when viewed as a

form on ClpV,Qq.

(3) A –Mat2ˆ2pkq is separable as an algebra over k so

HH2
pA,Aq :“ Ext2AbAop´modpA,Aq “ 0.

We conclude that A has no deformations as a (symmetric Frobenius) algebra. In

particular, A does not deform to k4 and more generally in all dimensions n ě 4,

A‘ kn´4 does not deform to kn.

(4) Mat2ˆ2pkq can be viewed as a Clifford algebra, and hence has a degeneration to the

exterior algebra. However, it does not degenerate as a Frobenius algebra using the

trace form, and in fact does not degenerate as a symmetric Frobenius algebra.

In more detail, if k is a field of characteristic not two and containing i :“
?
´1, then

one realizes Mat2ˆ2pkq as a Clifford algebra using the surjective algebra map

ϕ : kxx, yy Ñ Mat2pkq given by x ÞÑ

˜

0 ´1

1 0

¸

y ÞÑ

˜

i 0

0 ´i

¸

with kernel px2 ` 1, y2 ` 1, xy ` yxq. Therefore,

Mat2ˆ2pkq – kxx, yy{px2
` 1, y2

` 1, xy ` yxq – ClpV,Qq

where V – k2 with basis tx, yu and Q : V Ñ k is determined by Qpxq “ Qpyq “

Qpx` yq{2 “ ´1. Hence Mat2ˆ2pkq degenerates as an associative algebra to
Ź

pV q.
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Consider two Frobenius forms λ1, λ2 : Mat2ˆ2pkq Ñ k given by,

λ1

˜

a b

c d

¸

“ a` d λ2

˜

a b

c d

¸

“ b` c.

Observe λ1 is the usual trace and hence symmetric, but λ1pxq “ λ1pxyq “ 0 implies

it degenerates to a form on
Ź

pV q whose kernel contains the left ideal generated

by x. Therefore, the degeneration as associative algebras from Mat2pkq to
Ź

pV q

cannot be made into a Frobenius degeneration when Mat2pkq is given the Frobenius

form λ1. In fact, one can show that there is no associative algebra degeneration

taking λ1 to a non-degenerate form on
Ź

pV q.

However, λ2 degenerates to π2 :
Ź

pV q Ñ
Ź2
pV q – k, the usual Frobenius form on

Ź

pV q. We conclude that pMat2pkq, λ2q Frobenius degenerates to p
Ź

pV q, π2q.

In the remainder of this subsection we address the following questions:

Consider the directed graph Gn,k for each n P N and field k with a vertex for

each isomorphism class of n-dimensional Frobenius k-algebra and an arrow

from A to B if A deforms to B as a Frobenius k-algebra, with some choice

of forms. What is the shape of Gn,k? More specifically, viewed as a partially

ordered set, does it have a greatest and least element? If not, what are the

minimal and maximal elements?

Example 1.4.8. The subgraph of commutative Frobenius algebras, denoted Gcom
4,k Ă

G4,k, for k algebraically closed appears in20. Gcom
4,k has least element krx, ys{px2 ´ y2, xyq

and greatest element k‘4, and hence, by composing deformations, every four-dimensional

commutative Frobenius k-algebra deforms to k‘4 and degenerates to krx, ys{px2´y2, xyq.

See Example 1.4.14 for the entire G4,k, with characteristic of k not two.

By Remark 1.4.4, if an algebra has vanishing second cyclic cohomology, then it has no

deformations as a Frobenius algebra, and hence is maximal. Any Frobenius deformation

gives rise to a deformation of associative algebras by forgetting the Frobenius form and

hence rigid algebras are maximal. In particular, this includes all semisimple algebras.

A commutative n-dimensional algebra is called smoothable if it deforms to k‘n. The

smallest non-smoothable commutative algebra is 8-dimensional, e.g.

krx, y, z, ws{px2, xy, y2, z2, zw, w2, xw ´ yzq,
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see48. The smallest non-smoothable commutative Frobenius algebra is 14-dimensional,

see10. Said differently, k‘n is the unique n-dimensional, rigid commutative algebra if

n ă 8 and the unique n-dimensional rigid commutative Frobenius algebra if n ă 14.

Classifying rigid algebras becomes intractable in higher dimensions. For a nice survey of

the techniques used and difficulties encountered, see18, where 8-dimensional rigid algebras

are classified.

One can generalize this notion to the non-commutative case by asking when an algebra de-

forms to a semisimple algebra. The smallest non-smoothable algebra is the 3-dimensional

path algebra P pA2q. The smallest non-smoothable Frobenius algebras are 4-dimensional,

e.g. kxx, yy{px2, y2, xy ´ 2yxq, see Example 1.4.14.

We now classify minimal elements in Gn,k, i.e. most degenerate Frobenius algebras. Ad-

ditionally, we characterize Frobenius algebras among associative algebras, as filtered de-

formations of this class of algebras.

One can view a finite-dimensional vector space V with a bilinear form p´,´q : V ˆV Ñ k

as a multiplication µ on the graded vector space V ‘k with V in degree 1 and k in degree

2. The multiplication is trivially associative since µ ˝ pµ b 1q “ 0 “ µ ˝ p1 b µq and

commutative if p´,´q is symmetric. One can add a unit, a copy of the ground field in

degree 0, to obtain a dimpV q ` 2 dimensional algebra,

ApV, p´,´qq :“ k ‘ V ‘ k

as a graded vector space with multiplication,

pa, b, cq ¨ pa1, b1, c1q :“ paa1, ab1 ` ba1, pb, b1q ` ac1 ` ca1q.

Moreover, if p´,´q is non-degenerate, then projecting onto the copy of k in the second

graded piece is a Frobenius form. These algebras are the only candidates for the most

degenerate Frobenius algebras, as made precise in the following proposition.

Proposition 1.4.9. Let A be a Frobenius algebra of dimension n ą 1 over any field k.

Then there exists a Frobenius form λ on A such that A degenerates as a Frobenius algebra

to ApV, p´,´qq for some non-degenerate, bilinear form p´,´q : V b V Ñ k.

How general is this class of algebras? If V is finite-dimensional then choose a basis teiu

for V and write the bilinear form p´,´q as a matrix M with pi, jqth entry mij :“ pei, ejq.

Over a field of characteristic different from 2, if p´,´q is symmetric then one can change

bases so that M is diagonal. Moreover, if all square roots of the diagonal entries are
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contained in the field, then one can rescale any element a to a{
a

pa, aq so that the matrix

is given by the identity. Hence ApV, p´,´qq – Apkn, pei, ejq “ δi,jq as Frobenius algebras

over an algebraically closed field of characteristic not two. To condense notation we write

Zn :“ Apkn, pei, ejq “ δi,jq and note that,

Zn :“ kr1s ‘ krx1, . . . , xn´2s ‘ krws xi ¨ xj “ δijw, xi ¨ w “ 0 λ : Zn Ñ krws.

for n ě 2 and we define Z1 :“ k. Therefore, in the commutative case, over an algebraically

closed field of characteristic not two, there is a single most degenerate Frobenius algebra.

Corollary 1.4.10. Every n-dimensional commutative Frobenius algebra over an alge-

braically closed field k with characteristic not two Frobenius degenerates, with some choice

of form, to Zn.

The idea of the proof of the proposition is to write down an explicit 3-term filtration on

the Frobenius algebra A with form λ by,

k1 Ă kerpλq Ă A

whose associated graded algebra is of the form ApV, λ ˝ µq. Therefore, we first establish

a technical lemma that says one can always find a Frobenius form such that k1 Ă kerpλq.

Lemma 1.4.11. Let A be a Frobenius algebra with form λ over k ‰ F2. Then either

A “ k or there exists a unit u P Aˆ such that λpuq “ 0. Consequently, there exists a

Frobenius form λ1 on A such that λ1p1q “ 0.

Proof. If λ vanishes on a unit u P Aˆ then define λ1 :“ λ ˝ Lu where Lu is left multipli-

cation by u P A, so λ1p1q “ λpuq “ 0 as desired.

Suppose λ is non-zero on every unit. Notice that each element x P A with xn “ 0

gives rise to a unit 1` x P Aˆ as

p1` xq

˜

n´1
ÿ

j“0

p´xqj

¸

“ p1˘ xnq “ 1.

Then λp1¨λpxq´λp1q¨xq “ 0 implies 1¨λpxq´λp1q¨x is not a unit and hence λpxq “ 0. We

conclude that λ vanishes on all nilpotent elements and hence λ vanishes on the Jacobson

radical, JpAq. Non-degeneracy of λ implies JpAq “ 0. The vanishing of the Jacobson

radical and the fact that A is Artinian together imply that A is semisimple. By the
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Artin-Wedderburn Theorem, A –
śm

i“1 MatnipDiq is a product of matrix algebras over

division algebras over k.

Therefore, A has a subalgebra k
řm
i“1 ni of diagonal matrices with coefficients in k. Splitting

the inclusion of this subalgebra and summing the components gives a Frobenius form

λ1 : A –
m
ź

i“1

MatnipDiq ÝÑ k
ř

ni ÝÑ k,

which by construction agrees with the usual trace for matrices in
ś

i Matnipkq. In partic-

ular, λ1 vanishes on the units given by products of diagonal matrices with non-zero entries

summing to zero. Such entries can be found since k ‰ F2. As any two Frobenius forms

differ by multiplication by a unit, see Remark 1.3.3, we have λ1 “ λ ˝Lu for some u P Aˆ.

In particular, λ vanishes on a unit if and only if λ1 does. So we conclude that m “ 1 and

n1 “ 1.

Now A – D1 and λ : AÑ k doesn’t vanish on a unit only if λ is injective. Hence A “ k,

completing the proof.

Remark 1.4.12. If k “ F2, the above proof holds for m even, and for m odd can

be modified to show A “ Fm2 , a product of copies of F2 with pointwise multiplication.

Non-degeneracy of a form λ : A Ñ F2 implies λp1, 0, . . . , 0q “ λp0, 1, 0, . . . , 0q “ ¨ ¨ ¨ “

λp0, . . . , 0, 1q “ 1, in which case λp1, 1, . . . , 1q “ m ” 1 (mod 2). Hence A has a unique

Frobenius form, which takes the unit to one. Therefore, the assumption that k ‰ F2 in

Lemma 1.4.11 is necessary. However, if m ě 3 is odd, then Fm2 – F2
2 ‘ Fm´2

2 Frobenius

degenerates to F2rxs{px
2q ‘ Fm´2

2 , which has Frobenius form λpb1 ` b2x, a1, . . . , am´2q “

b1 ` b2 ` a1 ` ¨ ¨ ¨ ` am´2 sending the unit to zero. Therefore, every Frobenius algebra

Frobenius degenerates to a one whose form vanishes on a unit.

Proof. (of Prop 1.4.9) If k ‰ F2, then by Lemma 1.4.11 A has a Frobenius form which

vanishes on the unit. If k “ F2 then A either has such a form, or can be Frobenius

degenerated to an algebra B with form λ satisfying λp1q “ 0, by Remark 1.4.12. Then

the filtration,

k1 Ă kerpλq Ă B

has associated graded algebra

grpBq “ k1‘ kerpλq{k1‘B{ kerpλq.

Define V :“ kerpλq{k1 and observe B{ kerpλq – impλq – k, so grpBq “ k ‘ V ‘ k as a
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graded vector space. λ is still a well-defined Frobenius form on grpBq. And multiplication

is defined on grpBq so that p1, 0, 0q is the unit and p0, v, 0q ¨ p0, w, 0q “ λpµpv, wqq. Hence

A degenerates as a Frobenius algebra to ApV, λ ˝ µq.

The upshot is that every n-dimensional Frobenius algebra has a filtered Frobenius degen-

eration to some ApV, p´,´qq. In the commutative case, over an algebraically closed field

of characteristic not two, ApV, p´,´qq – Zn. Conversely, Frobenius algebras are charac-

terized among associative algebras as being filtered deformations of some ApV, p´,´qq,

which necessarily preserves the Frobenius form by Remark 1.4.5.

Remark 1.4.13. Frobenius degenerations from ApV, p´,´qq to ApV, p´,´q1q by definition

preserve the unit and top-graded piece and hence necessarily arise as degenerations of the

underlying bilinear form. In terms of the corresponding matrices M and M 1 of the forms,

one must have M 1 in the closure of the congruence class of M , i.e.

M 1
“ lim

tÑ0
NtMNᵀt ,

for some Nt PMat|V |pkpptqqq. For instance,

˜

0 1

´1 0

¸

“ lim
tÑ0

˜

t2 1

´1 0

¸

“ lim
tÑ0

˜

t 0

0 1{t

¸˜

1 1

´1 0

¸˜

t 0

0 1{t

¸

realizes the skew-symmetric bilinear form as a degeneration of the form on k2
x,y given by

px, xq “ px, yq “ ´py, xq “ 1` py, yq “ 1. This is the only non-trivial deformation among

non-degenerate bilinear forms on k2, see22. The question of determining the closures of

congruence classes of matrices is studied in23, by first establishing a canonical form for

every congruence class of matrices.

Example 1.4.14. Here is G4,k for characteristic of k not 2, where we have omitted arrows

that can be obtained as a composition of the given arrows. The commutative component
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appeared in20, and is classical.

krx, ys

px2 ´ y2, xyq

krxs

px4q

krxs

px3q
‘ k

krxs

px2q
‘
krys

py2q

krxs

px2q
‘ k ‘ k k‘4

Ź

pk2q Mat2pkq

$

’

’

’

’

&

’

’

’

’

%

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a 0 0 0

0 a 0 d

c 0 b 0

0 0 0 b

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

: a, b, c, d P k

,

/

/

/

/

.

/

/

/

/

-

– ΠpA2q

kxx, yy

px2, y2, xy ´ λyxq
,

kxx, yy

py2, x2 ` yx, xy ` yxq

λ P kzt´1, 0, 1u

//
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//

// //

��

Notice that the algebras on the far left are of the form Apk2, p´,´qq:

Apk2,

˜

1 0

0 1

¸

q – krx, ys{px2
´ y2, xyq

Apk2,

˜

0 1

´1 0

¸

q –
ľ

pk2
q

Apk2,

˜

0 1

λ 0

¸

q – kxx, yy{px2, y2, xy ´ λyxq

Apk2,

˜

1 1

´1 0

¸

q – kxx, yy{py2, x2
` yx, xy ` yxq.

The deformation of ΠpA2q “ kre1, e2s ‘ krα, α˚s to the matrix algebra is given by de-

forming the preprojective relation rα, α˚s “ tpe1 ´ e2q. The degeneration to
Ź

pk2q is the

filtered Frobenius degeneration produced in the proof of Proposition 1.4.9, with λ given

by summing the non-diagonal entries, which vanishes on the identity. The deformation

from
Ź

pk2q to kxx, yy{py2, x2 ` yx, xy ` yxq comes from a deformation of the underlying

bilinear forms, as explained in Remark 1.4.13.
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1.4.2 Degenerations of Preprojective Algebras

We define a notion of degeneration of decorations, which gives rise to degenerations at the

level of decorated path and preprojective algebras. We use this notion to view decorated

preprojective algebras as degenerations of ordinary preprojective algebras.

We want to deform pairs pA,Mq where A is a k-algebra and M is an A-bimodule.

Definition 1.4.15. Let A, B be associative algebras and M an A-bimodule and N a

B-bimodule. One says pA,Mq deforms to pB,Nq if there exists a pair pD,P q where D is

a krrtss-module deforming A to B and P is a D-bimodule such that,

• P {tP –M as A-bimodules

• P rt´1s – Npptqq as Bpptqq-bimodules

Moreover, one says the deformation is flat if pD,P q – pArrtss,M rrtssq as krrtss-modules.

One can modify this definition to work for left or right modules as well. Additionally,

if D is a symmetric Frobenius deformation then we say the pair pD,P q is a symmetric

Frobenius deformation.

Remark 1.4.16. In the presence of condition (F), one only needs to degenerate A as an

pA, kq-bimodule, pk,Aq-bimodule, or pA,Aq-bimodule. All such degenerations come from

degenerations of A as an algebra over k. Moreover, flatness of the module deformation is

precisely flatness of the algebra deformation.

Hence, we arrive at the notion of degeneration of a decoration pQ,DQq by degenerating

each k-algebra and bimodule.

Definition 1.4.17. Let DQ “ pAi,M
αq and D1Q “ pBi, N

αq be decorations of Q. One

says DQ deforms to D1Q if the pair p‘iPQ0Ai,‘αPQ1M
αq deforms to p‘iPQ0Bi,‘αPQ1N

αq.

Notice that degenerations of decorated quivers need not preserve condition (F), even for

the quiver with a single vertex and no arrows, see Example 1.4.7. Consequently, we

exclusively consider symmetric Frobenius degenerations of decorations, which do preserve

condition (F).

Conceptually, one can view the pair p‘iPQ0Di,‘αPQ1P
αq as a decoration for Q by symmet-

ric Frobenius krrtss-algebras. Now the path algebra, PkrrtsspQ, pDi, P
αqq, is a deformation
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from PkpQ, pAi,M
αqq to PkpQ, pBi, N

αqq. And, using the Frobenius form on the deforma-

tion, the preprojective algebra ΠkrrtsspQ, pDi, P
αqq is a deformation from ΠkpQ, pAi,M

αqq

to ΠkpQ, pBi, N
αqq.

Having defined degenerations of decorations we now define foldings of decorations. If Q

is a quiver with graph automorphisms AutpQq, then one can form the quotient quiver

Q{AutpQq and decorate it with decoration DQ{AutpQq “ pBj, N
βq defined by:

Bj :“
à

iPAutpQq¨j

Ai and Nβ :“
à

αPAutpQq¨β

Mα.

In this case, we say pQ,DQq folds to pQ{AutpQq, DQ{AutpQqq.

Consider Q a quiver with the decoration

CQ :“ tAi “ k,Mα
“ ku,

known as the constant k-decoration. With this decoration, one recovers the classical

notions,

ReppQ,CQq – ReppQq P pQ,CQq “ P pQq ΠpQ,CQq “ ΠpQq.

Next suppose Q has non-trivial graph automorphisms and fold pQ,CQq to

pQ{AutpQq, CQ{AutpQqq, so the decoration consists of sums of copies of k at each vertex.

Notice,

ReppQq – ReppQ,CQq – ReppQ{AutpQq, CQ{AutpQqq

P pQq “ P pQ,CQq – P pQ{AutpQq, CQ{AutpQqq

ΠpQq “ ΠpQ,CQq – ΠpQ{AutpQq, CQ{AutpQqq

so we’ve built a decorated quiver with (1) the same preprojective algebra as an ordi-

nary quiver and (2) a non-trivial degeneration to a decorated quiver for each symmetric

Frobenius degeneration at each folded vertex.

It is natural to ask which decorated quivers, and hence decorated preprojective algebras,

arise from ordinary quivers, and hence ordinary preprojective algebras, in this way. In the

case of a quiver with no arrows, this is the class of Frobenius algebras with a Frobenius

deformation to k‘n, denoted Fn. More generally, any decorated quiver pQ,DQq satisfying

condition (F) with ‘iAi P Fř

i dimkpAiq deforms to an ordinary quiver. Consequently, a

large class of decorated preprojective algebras deform to ordinary preprojective algebras,
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including many in36.

Example 1.4.18. For any dimension vector d “ pdiq P Nn, and choice of Frobenius

algebra Fi P Fdi for i P t1, . . . , nu can obtain a decorated An quiver with the k-algebras

given by Fi, and the arrows decorated by Fi b Fi`1 as a degeneration of the k-constant

decoration of the quiver,

‚ //

��

��

‚ //

��

��

‚ //

((

��

¨ ¨ ¨ ‚

‚

??

//

��

‚

??

//

��

‚

66

//

��

¨ ¨ ¨ ‚

...
...

... ¨ ¨ ¨
...

‚ //

HH

JJ

‚ //

HH

JJ

‚ //

??

DD

¨ ¨ ¨ ‚

with di vertices in the ith column.

1.4.3 Flatness Conjecture

In this subsection, we conjecture that all flat Frobenius degenerations of decorations

induce flat degenerations of the preprojective algebras.

Recall that a deformation of associative algebras D deforming A to B is flat if D – Arrtss

as krrtss-modules. If D is finitely-generated over krrtss then flatness is equivalent to

dimkpAq “ dimkpBq. In the absence of flatness, the vector space underlying B is no

larger than that of A.

Proposition 1.4.19. Let A and B be finite-dimensional k-algebras. If A deforms to B

as k-algebras, then dimkpAq ě dimkpBq.

This Proposition is a special case of the upper semicontinuity of the fiber, see Theorem

12.8 in39.

In all of the cases where we use this inequality one has a finite filtration on B, Bď0 Ă

Bď1 Ă ¨ ¨ ¨ Ă Bďm “ B such that A is the associated graded algebra and hence there is a

surjection, ϕn : An Ñ Bďn{Bďn´1 for each n and hence,

dimpAq “
m
ÿ

n“0

dimpAnq ě
m
ÿ

n“0

dimpBďn{Bďn´1q “

m
ÿ

n“0

dimpBďnq ´ dimpBďn´1q

“ dimpBďmq ´ dimpBď´1q “ dimpBq.
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In general, the inequality can be strict, e.g. krrtssrxs{pxt, x2q deforms krxs{px2q to k.

Additionally, in our set-up A and B both have N-gradings, distinct from the grading

already on A as a filtered degeneration, by path length. The deformation preserves the

length of each element and so we will have the more refined inequality on the level of

Hilbert–Poincaré series

hAptq :“
ÿ

jPN

dimpAjqt
n

given by hAptq ě hBptq in the sense that the difference hAptq ´ hBptq has non-negative

coefficients.

In the interest of computing the Hilbert–Poincaré series of decoration preprojective al-

gebras, we would like to know when the degeneration from the ordinary preprojective

algebra, defined in the previous section, is flat. Flatness of the length zero and one paths

says the algebras and the bimodules in the decoration have the same dimension. We

conjecture that this is all that is needed to ensure flatness in any length.

Conjecture 1.4.20. Suppose DQ flatly Frobenius deforms to D1Q. Then with respect to

the path length grading,

hΠpQ,DQqptq “ hΠpQ,D1Qq
ptq.

For ordinary preprojective algebras of Dynkin quivers, one can use the Euler-Poincaré

principle applied to the Schofield resolution to get a formula for the Hilbert–Poincaré

series:

hΠpQqptq “
1´ Ptmax

1´ At` t2

where A is the adjacency matrix for Q, and P is the permutation matrix of the vertices

induced from the Nakayama automorphism, see45. In the non-Dynkin case, one can again

use the Euler-Poincaré principle, now applied to the Koszul resolution, to get a formula

for the Hilbert–Poincaré series:

hΠpQqptq “
1

1´ At` t2
.

If we assume the Schofield and Koszul resolutions degenerate to resolutions in the deco-

rated setting, then the same analysis produces the following formula. Let A “ pai,jq be a

|Q0| ˆ |Q0| matrix with coefficients in Z defined by

ai,j :“
ÿ

α:iÑjPQ1

dimkpM
αq

dimkpAiq
.
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Let D “ pdi,jq be a diagonal matrix defined by di,j “ δij dimkpAiq. We conjecture the

following formula holds:

Conjecture 1.4.21. The Hilbert–Poincaré series of ΠpQ,DQq, with DQ “ pAi,M
αq is

given by,

hΠpQ,DQqptq “

$

&

%

pI ` tmaxt`2P qDp1´ At` t2q´1 if pQ,DQq is Dynkin

Dp1´ At` t2q´1 otherwise

where, in the Dynkin case, maxt is the maximum path length of a non-zero homogeneous

element in ΠpQ,DQq and P is the permutation matrix for the permutation of the set

t1AiuiPQ0 given by the Nakayama automorphism.

By Proposition 1.4.19, it suffices to prove Conjecture 1.4.20, at the extremes. That is,

for a fixed quiver Q, it suffices to prove the conjecture for DQ “ pAi,M
αq with each Ai a

most degenerate Frobenius algebra and with each Ai a most deformed Frobenius algebra.

By Proposition 1.4.9 and Remark 1.4.13, the most degenerate Frobenius algebras are

given by a vector space with a non-degnerate billinear form without degenerations to an

inequivalent non-degenerate bilinear form.

In the commutative case, if k is algebraically closed and characteristic zero, with n ă 14,

k‘n is the unique most deformed Frobenius algebra and Zn is the unique most degenerate

Frobenius algebra, by10 and Corollary 1.4.10. Therefore, to prove the conjecture for

commutative decorations of total dimension less than 14, one only needs to establish a

single equality of Hilbert–Poincaré series. Additionally, one Hilbert–Poincaré series is

equal to an ordinary preprojective algebra and hence is known and the other cannot have

any smaller coefficients. Therefore, the conjecture reduces to finding a spanning set (of a

specified size) for a single algebra.

In particular, in the Dynkin setting, the automorphism groups of the underlying diagrams

are: (1) trivial in types B,C, F,G, (2) Z{2Z in types A,D,E except D4 and (3) the

symmetric group on the three valence one vertices in type D4. Therefore, by folding

the constant decoration at these vertices, one gets the Frobenius algebras k, k‘2, k‘3.

Consequently, in the Dynkin setting, we only need to consider the maximal Frobenius

degeneration of decorations k, k‘2, k‘3 to k, krxs{px2q, and krxs{px3q respectively. In

Section 5, we exploit these observations to prove the conjecture in the Dynkin case.

Remark 1.4.22. By generalizing a result of Etingof and Eu, in29, we believe that the

conjecture can be reduced to the Dynkin and extended Dynkin cases. In more detail,

for any connected non-Dynkin quiver Q there exists an extended Dynkin subquiver QE.
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Filter ΠpQq by giving arrows in QE degree one, while all others are degree zero. For any

subquiver of Q1 Ă Q, denote by xQ1 the quiver with arrow set Q11 but vertex set Q0. Then,

grpΠpQqq “ ΠpxQEq ˚ Πp{QzQE, pQEq0q

where Πp{QzQE, pQEq0q is the algebra obtained from Πp{QzQEq by deleting the relation at

each vertex in QE. This determines the Hilbert–Poincaré series of ΠpQq in terms of the

known polynomial for QE and a partial preprojective algebra. Future work will attempt

to generalize this argument to the decorated setting.

Evidence for Conjecture 1.4.20 consists of the following:

(1) a proof of the conjecture in the case Q is Dynkin, see Theorem 1.4.26,

(2) a proof of the conjecture in the case Q “ D̃4 with commutative algebras at the ver-

tices see20, and computer evidence suggesting that commutativity can be removed,

(3) and computer evidence in the case

Q “ pt1, ¨ ¨ ¨ , nu, tα1, ¨ ¨ ¨ , αn´1u, spαiq “ i, tpαiq “ nq

for n ď 50, in low path-graded pieces.

Here we present computations in Magma providing evidence for the conjecture.

Let Qn`1 be a quiver with n` 1 vertices, n sources and one sink. Qn`1 can be folded to

A2 with decoration k‘n and k at the vertices. Then one can maximally degenerate the

decoration to Zn and k. Denote the decorated preprojective algebra by ΠpZnq and its

j-path graded piece by ΠjpZnq.

Using Magma we’ve shown,

Proposition 1.4.23.

dim Πj
pQn`1q “ dim Πj

pZnq

for pj, nq P t1, . . . , 10u ˆ t1, . . . , 10u Y t1, . . . , 5u ˆ t11, . . . 50u.

Corollary 1.4.24. Every degeneration of ΠpQnq by degenerating the decoration is flat in

the jth graded piece, for j ď 5 and n ď 50.

Additionally, we computed the dimension of the decorated preprojective algebra of the

A2 quiver, with labels k and Matnpkq, denoted ΠpMatnpkqq.
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Proposition 1.4.25.

dim Πj
pMatnpkqq “ dim Πj

pZn2q

for pj, nq P t1, . . . , 10u ˆ t1, 2, 3u Y t1, . . . , 5u ˆ t4, 5, 6, 7u.

Combining the propositions, one has

dim Πj
pMatnpkqq “ dim Πj

pQn2`1q

despite there being no deformation of k Ñ Matnpkq to k Ñ k‘n
2
.

This suggests that Theorem 3.8 in20, giving the dimensions dim ΠjpF q for all j P N and for

any F , a four-dimensional commutative Frobenius algebra, may hold for non-commutative

Frobenius algebras as well.

In the next section we prove the conjecture in the case of degenerations of Dynkin quivers.

Theorem 1.4.26. Let pQ,DQq be Dynkin. Suppose DQ Frobenius degenerates flatly to

D1Q. Then, ΠpQ,DQq and ΠpQ,D1Qq are both Frobenius algebras and ΠpQ,DQq Frobenius

degenerates flatly to ΠpQ,D1Qq.

Remark 1.4.27. Theorem 1.4.26 only addresses Frobenius degenerations of preprojective

algebras coming from degenerations of decorated quivers. This does not include, for

instance, the degeneration of ΠpA2q to
Ź

pk2q from Example 1.4.14, which in degree zero

degenerates ke1 ‘ ke2 to k.

Proof. For each non-simply laced Dynkin diagram X obtained by folding Q denote by

ΠpXq the quiver obtained in the statement above with the most degenerate decorations.

To show flatness it suffices to compute the dimension of ΠpXq, apriori no smaller than

the dimension of ΠpQq by Proposition 1.4.19. Hence we need to show:

• dimpΠpG2qq ď dimpΠpD4qq “ 28

• dimpΠpF4qq ď dimpΠpE6qq “ 156

• dimpΠpBnqq ď dimpΠpA2n´1qq “
1
3
np2n´ 1qp2n` 1q

• dimpΠpCnqq ď dimpΠpDn`1qq “
1
3
npn` 1qp2n` 1q

This is done in each subsection of Section 5.

62



In each case, the Frobenius structure on ΠpXq can be viewed as a composition:

λ : ΠpXq
π
� ΠmaxtpXq – Π0

pXq
‘λi
ÝÑ k,

where π is the projection to the maximum length paths and ‘iλi is the Frobenius form

on the sum of the decorations at the vertices. Since ‘λi is non-degenerate by assumption,

it suffices to show π is non-degenerate. In other words, we need to show any path can

be extended to a maximum length path, i.e. for all q P ΠpXq there exists p P ΠpXq such

that pq P ΠmaxtpXq. This is apparent in the explicit bases we produce, where each basis

element is visibly a subpath of a maximum length basis element. From this perspective

the deformation to an ordinary preprojective algebra is a Frobenius deformation, coming

from the Frobenius deformations of the decorations at the vertices.

Remark 1.4.28. These arguments hold over any field, as the classification of 3-dimensional

Frobenius algebras over k is independent of k, and the calculations do not involve dividing

by integers.

1.5 The Dynkin Case

This section is dedicated to a proof of Theorem 1.4.26, which proves Conjecture 1.4.20 in

the case of Q Dynkin. In the previous section, we reduced Theorem 1.4.26 to computing

spanning sets for the decorated quivers,

ΠpBnq,ΠpCmq,ΠpF4q,ΠpG2q

for n ě 2 and m ě 4, defined by folding and maximally degenerating pQ,CQq with Q

respectively A2n´1, Dm`1, E6, and D4. In diagrams,

k // ¨ ¨ ¨ // k

A2n´1 “ k

AA

��

fold

ùñ k // k ‘ k // ¨ ¨ ¨ // k ‘ k
deg

Bn “ k // S // ¨ ¨ ¨ // S

k // ¨ ¨ ¨ // k

k

Dm`1 “ k // ¨ ¨ ¨ // k

>>

  

fold

ùñ k // ¨ ¨ ¨ // k // k ‘ k
deg

Cm “ k // ¨ ¨ ¨ // k // S

k
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k

k

;;

E6 “ k // k

CC

��

fold

ùñ k // k // k ‘ k // k ‘ k
deg

F4 “ k // k // S // S

k

##
k

k

D4 “ k //

CC

��

k
fold

ùñ k // k ‘ k ‘ k
deg

G2 “ k // S 1

k

where S :“ krxs{px2q and S 1 :“ krxs{px3q are the most degenerate Frobenius algebras of

dimension 2 and 3, respectively. Now,

ΠpBnq :“ Πpk Ñ S Ñ ¨ ¨ ¨ Ñ Sq ΠpF4q :“ Πpk Ñ k Ñ S Ñ Sq

ΠpCnq :“ Πpk Ñ ¨ ¨ ¨ Ñ k Ñ Sq ΠpG2q :“ Πpk Ñ S 1q

We present these examples in a pedagogical order. The first example, ΠpG2q can be

carefully worked out by hand without machinery and mirrors the computations of ΠpD4q.

The second example, ΠpF4q requires more knowledge of preprojective algebras and is more

difficult. The third and fourth examples, ΠpBnq and ΠpCnq use Gröbner bases.

Remark 1.5.1. The Bn and Cn examples are long since we provide the reader with the

additional information of how to arrive at a basis, instead of merely checking a set is a

basis, in order to demystify the computation. We also give a proof of linear independence

by applying the Buchberger’s algorithm and showing that all ambiguities are resolvable.

In light of the inequality in Proposition 1.4.19 this is not strictly necessary, but highlights

a technique available for computing the Hilbert–Poincaré series of decorated quivers not

arising as degenerations. The reader can distill each subsection to half a page by first

listing the Gröbner basis of the ideal prq Ă P pQ,DQq and the proposed spanning set.

Then one can verify that the elements of the Gröbner basis lie in the ideal generated by

the relations and show that the proposed set spans modulo (multiples of) leading terms

of the Gröbner basis.

Remark 1.5.2. Recall that flipping the orientation of an arrow α P Q1 in a quiver Q

gives a new quiver, denote it Qα, with the same double Q “ Qα. Moreover, one can
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identify the path algebras

P pQq Ñ P pQαq

by sending

α ÞÑ α˚ α˚ ÞÑ ´α.

Now let Q be a bipartite graph and fix a decomposition Q0 “ Q10 \ Q20. By applying

orientation flips, one can arrange for each source to lie in Q10 and each target in Q20. Such

flips give equivalences on the path algebras of the doubled quivers, described above. Then

observe for any arrow α P Q1, one has

¨

˝

ÿ

e1PQ10

e1 ´
ÿ

e2PQ20

e2

˛

‚pαα˚ ´ α˚αq “ αα˚ ` α˚α

and
¨

˝

ÿ

e1PQ10

e1 ´
ÿ

e2PQ20

e2

˛

‚pαα˚ ` α˚αq “ αα˚ ´ α˚α.

Therefore, the two-sided ideal generated by pαα˚´α˚αq equals that generated by pαα˚`

α˚αq, and consequently one can drop the signs in the definition of the preprojective

algebra. This argument applies equally well in the setting of decorated bipartite quivers,

which includes all examples in the next section. Therefore, for computations in Section 5

we will drop all minus signs in the relations for convenience.

1.5.1 Case: ΠpG2q

Let Q “ A2 with DQ “ ptk, S :“ krxs{px3qu, tkSSuq, visualized as

k

kbkS
##

S.

To compute the preprojective algebra one doubles the quiver and doubles the decoration

by adding the bimodule HomkpkSS, kq – SSk.

We will begin by describing an explicit basis for the algebra ΠpG2q :“ ΠpQ,DQq. Since a

degeneration cannot have smaller dimension, we have

dim ΠpG2q ě dim ΠpD4q “ 28
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So we will produce a spanning set with 28 elements, which is automatically linearly

independent by the above discussion on degenerations.

Remark 1.5.3. To distinguish between the length zero paths 1 P k and 1 P S as well as

the length one paths 1 P SSk and 1 P kSS we use subscripts: k1k, S1k, k1S, S1S. Often, the

path γ will be written spγqγtpγq, to delineate its location.

Proposition 1.5.4. The following set is a basis of the algebra

ΠpG2q “ TS‘kpkSS ‘ SSkq{xk1bS 1k ` 1bk x
2
` xbk x` x

2
bk 1y

as a vector space over k, presented by length with α :“ k1 bS xk, β :“ k1 bS x
2
k and

B :“ t1, x, x2u Ă S a basis for S over k:

Length 0: B, k1k Length 3: α bk 1 ¨ B, B ¨ 1bk α
Length 1: B ¨ S1k, k1S ¨ B Length 4: α bk β, 1bk α bk 1 ¨ B
Length 2: α, β, 1bk 1 ¨ B, xbk 1 ¨ B.

Corollary 1.5.5. S1S ¨ ΠpG2q is a free left S-module and ΠpG2q ¨ S1S is a free right

S-module

Corollary 1.5.6. The Hilbert–Poincaré series for ΠpG2q is

hΠpG2qptq “ 4` 6t` 8t2 ` 6t3 ` 4t4

where the coefficient of ti is the dimension ΠipG2q, the subspace spanned by length i

paths. Using the bigrading pt, sq by path length and x-degree, one obtains the matrix-

valued Hilbert–Poincaré series

p1` t2sq

˜

1` t2s2 p1` s` s2qt

p1` s` s2qt p1` s` s2qp1` t2q

¸

where enumerating the vertices the pi, jqth entry is the Hilbert–Poincaré series heiΠpG2qejpt, sq.

Define M :“ S as a pk, Sq-bimodule and N :“ S as a pS, kq-bimodule. Before presenting

a proof, we make a few useful observations. Notice that in length 2,

T 2
S‘kpM ‘Nq “ pM ‘Nq bS‘k pM ‘Nq “M bS N ‘N bk M

and similarly for higher length terms: the two non-vanishing tensor products alternate in

M and N .
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Moreover, in odd length the two non-zero tensor products are isomorphic via a map

reading each tensor product from right to left. In even length 2m, the term starting with

M is a vector space generated by applying 1 bS ´ to paths of length 2m ´ 1. The term

starting with N is an S-bimodule generated as left S-module by applying 1bk´ to paths

of length 2m´ 1 and hence generated as a vector space by left multiplication by S1k, Sxk,

and Sx
2
k.

Finally, notice that the tensor algebra TS‘kpM ‘Nq has a decomposition

TS‘kpM ‘Nq “ p1k ` 1SqTS‘kpM ‘Nqp1k ` 1Sq

“ kTS‘kpM ‘Nqk ‘ kTS‘kpM ‘NqS

‘ STS‘kpM ‘Nqk ‘ STS‘kpM ‘NqS

and an N-grading given by the number of times x appears in a monomial expression. Since

the relations 1bS 1 and Rel :“ 1bk x
2 ` xbk x` x

2 bk 1 are homogeneous with respect

to this grading and respect the above decomposition, the quotient ΠpG2q inherits both.

We conclude that all relations are generated by relations involving only paths with the

same starting and ending vertex of the same length and x-degree. We write AiΠ
dpG2qAj

for the subspace of linear combinations of length d paths starting at vertex i and ending

at vertex j.

Proof of Proposition 1.5.4. Once we show that the given set spans, then linear inde-

pendence will follow from Proposition 1.4.19 together with the fact that ΠpD4q is 28-

dimensional. So we will only need to show the spanning property.

For lengths 0 and 1, it is clear that these elements span. For higher lengths we now

explain how any tensor product of lower length basis elements can be realized in the span

of our given basis.

In length 2, M bSN – S is three dimensional generated by 1bS 1, α, and β. Since 1bS 1

is a relation in ΠpG2q, it follows that α and β generate kΠ
2pG2qk. N bk M is generated

by 1 bk 1 as an S-bimodule and hence is 9-dimensional as a vector space, generated by

the six elements 1bk 1 ¨ B and xbk 1 ¨ B together with the elements

Rel :“ 1bk x
2
` xbk x` x

2
bk 1

x ¨Rel “ xbk x
2
` x2

bk x

x2
¨Rel “ x2

bk x
2

all relations in ΠpG2q.
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In length 3, both direct summands have the same dimension, and applying ´ bk M to

the 2-dimensional vector space Spantα, βu “M bS N{x1bS 1y yields the spanning set,

α bk B Y β bk B.

For each n P t2, 3, 4u, if we sum all of the above elements of x-degree equal to n, we obtain

the relation xn´2 bS Rel. Hence the smaller set α bk B spans kΠ
3pG2qS, as desired.

In length 4, first notice that the quotient kΠ
4pG2qk of M bSN bkM bSN has a spanning

set

α bk B bS 1,

the image of the spanning set αbkB under the surjective map ´bS1. The term αbk1bS1

is zero in the quotient, as is the term

α b xbS 1 ” 1bS Rel bS 1 mod 1bS 1.

Next the quotient SΠ4pG2qk of N bk M bS N bk M is generated as a left S-module by

1bk 1bS xbk B.

But, this set also generates as a vector space since,

x ¨ p1bk 1bS xbk 1q ´ p1bk 1bS xbk 1q ¨ x ” 1bk 1bS Rel ´Rel bS 1bk 1

are congruent modulo 1 bS 1, so the left action is equivalent to a right action, which

produces no new terms as S bS S – S.

To show Πě5pG2q “ 0, it suffices to show that Π5pG2q “ 0, and by the isomorphism

between the direct summands, it suffices to show that kΠ
5pG2qS is zero. As a right S-

module kΠ
5pG2qS is generated by the element,

1bS xbk 1bS x
2
bk 1,

which is the relation 1bS xbk 1bSRel`1bSRelbS 1bk x modulo 1bS 1, and hence zero

in ΠpG2q. We conclude that our given set spans and hence forms a basis for ΠpG2q.

Remark 1.5.7. Here is an alternative proof of linear independence that does not appeal

to degeneration arguments, but rather examines the relations carefully. The technical

computations are left to the reader.

Notice any two basis elements are in different bigradings or start at different vertices and
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hence are linearly independent with the following exceptions

xbk 1, 1bk x and xbk x, 1bk x
2

which can be seen to be linearly independent directly from the definition. To see that all

listed paths are non-zero observe each is a subpath of 1bS xbk 1bS x
2 or 1bk 1bS xbkx

2,

which can be shown non-zero by writing out the length four elements in the two-sided

idea generated by the relations.

Next notice that ΠpG2q is Frobenius with the form given by projecting to the one-

dimensional space, spanned by the element,

1bS xbk 1bS x
2
` 1bk 1bS xbk x

2

summing over both cycles of maximal bigrading (4, 3). Non-degeneracy of this form

amounts to the fact that every path is a subpath of a maximal length cycle, which can

be checked by hand. This Frobenius form deforms to the usual one on ΠpD4q.

Corollary 1.5.8. ΠpG2q is a flat Frobenius degeneration of ΠpD4q.

Restricting to the above basis, the Frobenius pairing, given by first multiplying and then

applying the Frobenius form, takes values in t´1, 0, 1u with the ´1 values given by the

pairs:

p1bS x, 1bS x
2q p1bk x, 1bk x

2q pxbk 1, xbk xq

pSxk, 1bS xbk xq pkx
2
S, S1bk 1bS xq pkxS, Sxbk 1bS xq

pk1S, Sx
2 bk 1bS xq

The Nakayama automorphism is given by a ÞÑ ´a on the elements appearing in the above

pairings and is the identity on all other basis elements, and hence squares to the identity.

Using computations from the proof of Proposition 1.5.4, it is not hard to compute the

center, ZpΠpG2qq.

Proposition 1.5.9. ZpΠpG2qq “ k ¨ 1‘ Π4pG2q – kr0s ‘ pk ‘ Sqr4s.

Proof. The Frobenius structure allows one to identify ΠipG2q with Π4´ipG2q
˚ for i P

t0, 1, 2, 3, 4u. In particular, the Frobenius pairing identifies Π4pG2q with S‘k, explaining

the second isomorphism.

Π4pG2q Ă ZpΠpG2qq as one only needs to check that the commutator rSxS, 1bk1bSxbk1s

vanishes, which is done in the proof of Proposition 1.5.4 above. Conversely, ZpΠpG2q Ă
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kr0s‘kr4s‘Sr4s as the centralizer of k1k excludes all paths of odd length, the centralizer

of k1S excludes all paths of even length less than 4 except the the span of the identity

and the span of t1bk γuγPt1,x,x2u. The latter span is not in the centralizer of kxS.

1.5.2 Case: ΠpF4q

Now we consider the example Q “ A4 with decoration

DQ “ ptk, k, S, Su, tk, k bk S, Suq. The doubled decorated quiver is,

k

k
!!

k

k

``

kbkS
""

S

Sbkk

``

S
""

S

S

aa

We want to compute a basis for the decorated preprojective algebra

ΠpF4q :“ ΠpQ,DQq. The length zero paths

e1 :“ 111, e2 :“ 212, e3 :“ 313, e4 :“ 414, 3x3, 4x4

and length one paths

112, 211, 213, 312, 314, 413

form a generating set. The quadratic relation R can be multiplied by the length zero path

ei to get a relation Ri at each vertex i, given by,

$

’

’

’

’

’

&

’

’

’

’

’

%

R1 :“ 112 bk 211 at vertex 1

R2 :“ 211 bk 211 ` 213 bS 312 at vertex 2

R3 :“ 312 bk 2x3 ` 3x2 bk 213 ` 314 bS 413 at vertex 3

R4 :“ 413 bS 314 at vertex 4.

Appealing directly to the definition, the relations at vertices 1, 2, and 4 are the usual

commutators, ignoring signs in light of Remark 1.5.2. At vertex 3, one needs to use the

Frobenius form λ : S “ krxs{px2q Ñ k by λpa ` bxq :“ b to get the dual basis tx, 1u to

the basis t1, xu, and hence the canonical element 312 bk 2x3 ` 3x2 bk 213.

Remark 1.5.10. Consider 314 and 413 to have x-grading 1{2, so that the relation at vertex

3 is homogeneous in the x-grading. We make this choice so the x-grading is symmetric,

but if one would like to realize this algebra as a filtered degeneration of ΠpE6q then one

needs to choose integral x-gradings, such as |314|x “ 1 and |413|x “ 0.
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Here we explain the methodology to compute a basis for this algebra, leaving the details

to the reader. Recall it suffices to provide a spanning set with exactly dim(ΠpE6q) = 156

elements.

Remark 1.5.11. To simplify notation for longer paths we define

γa,b :“

$

’

’

’

&

’

’

’

%

a1a`1 ¨ a`11a`2 ¨ ¨ ¨ b´11b if a ă b

a1a if a “ b

a1a´1 ¨ a´11a´2 ¨ ¨ ¨ b`11b if a ą b

using an ordering on the vertices Q0. Then define

γi1,i2,...,in :“ γi1,i2γi2,i3 ¨ ¨ ¨ γin´1,in

where if ij ă ij`1 ă ij`2 or ij ą ij`1 ą ij`2 then we remove ij`1 from the notation in

order to solely delineate changes in direction.

Observe that every path is equivalent to one passing through vertex 3 except those be-

longing to X :“ t111, 212, 414, 4x4, 112, 211u. Exploiting this observation, for any pair of

vertices i and j the map,

Φi,j : e3ΠpF4qe3 ÞÑ eiΠpF4qej{k ¨ eiXej α ÞÑ γi,3αγ3,j

is surjective, where k ¨ eiXej denotes the k-span of paths in X from i to j. Therefore,

eiΠpF4qej – Φi,jpe3ΠpF4qe3q ‘ k ¨ eiXej

as k-vector spaces and we have the equality

dimpΠpF4qq “
ÿ

i,j

dimpeiΠpF4qejq

“ dim k ¨X `
ÿ

i,j

dimpΦi,jpe3ΠpF4qe3qq

“ dim k ¨X `
ÿ

i,j

dimpe3ΠpF4qe3q ´ dimpkerpΦi,jqq

“ 6` 16 dimpe3ΠpF4qe3q ´
ÿ

i,j

dimpkerpΦi,jqq.

Since dimpkerpΦj,iqq “ dimpkerpΦi,jqq, we’ve reduced showing the inequality dimpΠpF4qq ď

156 to computing a spanning set for e3ΠpF4qe3 and linearly independent subsets for ten
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subspaces, kerpΦi,jq for i ď j.

We compute a spanning set for e3ΠpF4qe3 by building a surjection q : kxα, βy� e3ΠpF4qe3,

and then reducing the spanning set by identifying elements in the kernel of q. Every path

in e3ΠpF4qe3 is equivalent to one avoiding vertex 1 and vertex 4, using the relations at

vertex 2 and 3, respectively. Therefore, e3ΠpF4qe3 is generated by qpαq :“ 312 bk 213 and

qpβq :“ 3x3. They satisfy the relations:

qpαq3 “ 312 bk 213 bS 312 bk 213 bS 312 bk 213

R2
“ 312 bk 211 bk 112 bk 211 bk 112 bk 213

R1
“ 0,

qpαβ ` βαq2
R3
“ p314 b 413q

2 R4
“ 0, and qpβ2q “ x2 “ 0. Hence q factors through the

quotient,

q1 :
kxα, βy

pα3, β2, pαβ ` βαq2q
� e3ΠpF4qe3.

Let C denote kxα, βy{pα3, β2, pαβ ` βαq2q. We find a k-basis for C in Example 1.5.16,

after introducing the Diamond Lemma, given by:

(0) 1, β

(2) α, αβ, βα, βαβ

(4) α2, α2β, αβα, αβαβ, βα2, βα2β

(6) α2βα, α2βαβ, αβα2, αβα2β, βα2βα, βα2βαβ

(8) α2βα2, α2βα2β, α2βα2β, αβα2βα, αβα2βαβ

(10) α2βα2βα, α2βα2βαβ.

Here we have ordered the elements first by number of occurrences of α and then by

alphabetical order. We conclude that C is a free rank 12 right S-module and has dimension

24 as a k-module. This shows q1 is an isomorphism since,

24 “ dimppe3 ` e5qΠpE6qpe3 ` e5qq ď dimpe3ΠpF4qe3q ď dimpCq “ 24.

The first inequality is a refinement of dimpΠpE6qq ď dimpΠpF4qq formed by keeping track

of the decomposition of paths by starting and ending vertices. Here E6 is folded to F4 by
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identifying vertices 3 and 5 and vertices 4 and 6. In particular,

dimpΠpF4qq ď 6` 16p24q ´
ÿ

i,j

dimpkerpΦi,jqq “ 390´
ÿ

i,j

dimpkerpΦi,jqq

and it remains to bound the dimension of the kernel of each map Φi,j from below.

Observe that γ3,jα
j “ 0 “ αjγj,3 for all j P t1, 2, 3u and γ3,4pαβ`βαq “ 0 “ pαβ`βαqγ3,4.

Hence we have the following containment,

kerpΦi,jq “ kerpΦi,3 ˝ Φ3,jq “ kerpLγi,3 ˝Rγ3,jq “ kerpRγ3,j ˝ Lγi,3q

Ą kerpRγ3,jq Y kerpLγi,3q

Ą xαi, pαβ ` βαq5´iyR Y xα
j, pαβ ` βαq5´jqyL,

where xsyR and xsyL denote the right and left ideals in C generated by s and Ls and Rs

denote left and right multiplication by s P C.

For each i, j, one can find linearly independent elements of the above ideals such that the

total number of elements is 390-156. For instance, if i “ 4 and j “ 3, then kerpΦ4,3q Ą

xαi, pαβ ` βαq5´iyR Y xα
j, αβ ` βαq5´jyL “ xαβ ` βαyR.

Using a basis for C, it is not hard to find a basis for this ideal, given by

xαβ ` βαyR “ Spantαβ ` βα, βαβ, α2β ` αβα, αβαβ, α2βα, α2βαβ, βα2βα,

αβα2βα, αβα2βαβ, αβα2βαβ, α2βα2βα, α2βα2βαβu

which is 12-dimensional. Hence Φ4,3pCq is at most 12-dimensional.

Note that the number of linearly independent elements needed for each i, j is

dimC ´
ÿ

i1 ÞÑi

ÿ

j1 ÞÑj

dimpei1ΠpE6qej1q ´ dimpei1ΠpE6zt3, 5uqqej1q

where the sum is taken over all vertices i1 and j1 that fold to i and j, respectively. So

E6zt3, 5u “ A1\A1\A2 is the disconnected quiver obtained by discarding vertices 3 and

5 and all arrows with either 3 or 5 as source or target. If i “ 4 and j “ 3 this is precisely

24´ 2 dimpe3ΠpE6qe4q ´ 2 dimpe3ΠpE6qe6q “ 12,

as desired.

The remaining computations are done similarly and are left to the reader. The upshot is
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that the 4ˆ 4 matrix with pi, jqth entry given by eiΠpF4qej is

¨

˚

˚

˚

˝

4 6 8 4

6 12 16 8

8 16 24 12

4 8 12 8

˛

‹

‹

‹

‚

.

For each entry of this matrix, we compute the Hilbert–Poincaré series, a polynomial in

variables s and t defined so the coefficient of tnsm is dimension of Πpn,mqpF4q, i.e. the path

length n and x-grading m component of ΠpF4q. That is,

Proposition 1.5.12. hΠpF4qps, tq “ p1` t
4sq¨

¨

˚

˚

˝

p1`t6sq tp1`t2s`t4ssq t2p1`sqp1`t2sq t3s1{2p1`sq

tp1`t2s`t4s2q p1`t2qp1`t2s`t4sq tp1`sqp1`t2sq t2s1{2p1`sqp1`t2q

t2p1`sqp1`t2sq tp1`sqp1`t2sq p1`sqp1`t2`t4qp1`t2sq ts1{2p1`sqp1`t2`t4q

t3s1{2p1`sq t2s1{2p1`sqp1`t2q ts1{2p1`sqp1`t2`t4q p1`sqp1`t6sq

˛

‹

‹

‚

and

hΠpF4qpt, 1q “ 6` 10t` 14t2 ` 18t3 ` 20t4 ` 20t5 ` 20t6 ` 18t7 ` 14t8 ` 10t9 ` 6t10

where the coefficient in front of tn is the dimension of the vector space of paths of length

n in ΠpF4q.

As before, the Frobenius pairing is defined by projecting onto the (10, 3)-bigraded piece

and adding the coefficients. In more detail, if B is a basis of ΠpF4q with dual basis

B_ “ tγ_ : γ P Bu, then

pα, βq :“
ÿ

γ_PY _

γ_pαβq

where

Y :“ t112βαββ211, αββαβ, 312βαββ213, 413 ¨ 312αββ213 ¨ 314u

is the set of paths of p10, 3q-bidegree in the basis for ΠpF4q. This Frobenius pairing

deforms to the usual one in ΠpE6q, defined analogously.

Corollary 1.5.13. ΠpF4q is a flat Frobenius degeneration of ΠpE6q.
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1.5.3 Case: ΠpBnq

Consider the decorated double quiver

1
‚

kSS
(( 2
‚

SSk

hh

SSS
(( 3
‚

SSS

hh ¨ ¨ ¨
SSS
++ n´1
‚

SSS

jj

SSS
)) n
‚.

SSS

kk

The relations in the preprojective algebra are

$

’

’

’

’

’

&

’

’

’

’

’

%

R1 :“ 112 bS 211 at vertex 1

R2 :“ 211 bk 1x2 ` 2x1 bk 112 ` 213 bS 312 at vertex 2

Rj :“ j1j`1 bS j`11j ` j1j´1 bS j´11j at vertex j P t3, 4, . . . , n´ 1u

Rn :“ n1n´1 bS n´11n at vertex n.

These relations are homogeneous in path length and can be made homogeneous in x-

degree by declaring the x-grading of i1i`1 and i`11i to be 1/2 for i ą 1. Therefore, the

preprojective algebra inherits both gradings from the the path algebra.

The idea is to produce a basis for ΠpBnq by realizing it as a subalgebra of P pQ,DQq,

denoted P pQ,DQqirr. The key ingredient is an algebra map

r : P pQ,DQq Ñ P pQ,DQqirr

satisfying:

p1q kerprq “ kerpP pQ,DQq Ñ ΠpBnqq and p2q r ˝i “ idP pQ,DQqirr ,

where i : P pQ,DQqirr Ñ P pQ,DQq is the natural inclusion. The first condition says r

descends to ΠpBnq and the second condition implies r is surjective. Therefore r induces

an identification ΠpBnq – P pQ,DQqirr as algebras.

To define r, we choose a partial ordering ď on paths in P pBnq. This gives rise to a notion

of leading term, for any linear combination of paths, denoted lt. Then, for each relation

Rj in ΠpBnq, define a k-linear map rj which is the identity on all monomials except taking

the leading term ltpRjq to the strictly smaller element ltpRjq ´Rj. This map is called a

reduction and informally it imposes the relation Rj only in the direction that makes the

path smaller with respect to the partial order.

Remark 1.5.14. For any pair of monomials A,B P P pQ,DQq, ARjB is also a relation

and hence one defines the reduction rAjB taking ApltpRjqqB to ApltpRjq´RjqB. Since A
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and B will be clear in context, we simplify but abuse notation and write rj for any such

reduction.

One would like to define r to be any finite composition of these reductions such that the

resulting expression is irreducible, i.e. every reduction acts as the identity. The existence

of r will be clear in our context since each path will have a finite disorder index. This

index is a natural number measuring the failure of a path to be irreducible and it strictly

decreases under reductions, and hence is eventually zero. However, r is, in general, not

well-defined, as it depends on the order that the reductions are applied.

The Diamond Lemma in3 says that r is well-defined, if whenever a product of monomials

αβγ is reduced by r1 and r2 to elements r1pαβqγ and αr2pβγq, each further reduces to

the same irreducible element. Such a 5-tuple pα, β, γ, r1, r2q where αβ is the leading term

for r1 and βγ is the leading term for r2, is called an ambiguity. And we say the ambiguity

resolves if r1pαβqγ and αr2pβγq have the same reduced form.

Theorem 1.5.15 (Theorem 1.2 in3). Let P pQ,DQq be the decorated path algebra and

consider an ordering ď on path in P pQ,DQq that satisfies the descending chain condition

(i.e every sequence of paths p1 ě p2 ě ¨ ¨ ¨ ě pn ě ¨ ¨ ¨ eventually stabilizes to some path

pN .) Suppose triu is a set of kQ0-linear reductions compatible with the ordering (i.e.

rippq ď p for all p and all i.) Then every path reduces uniquely to normal form (i.e.

a sum of irreducible paths) after applying finitely many reductions if and only if every

ambiguity resolves.

The name Diamond Lemma comes from the visual that every diagram

αβγ
r2

$$

r1

zz

r1pαβqγ αr2pβγq

called an ambiguity, can be completed to a diagram,

αβγ
r2

))

r1

uu

r1pαβqγ
r11

))

αr2pβγq
r12

uu

r11pr1pαβqγq “ r12pαr2pβγqq

for some composition of reductions, r11 and r12, called a resolution.
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If every ambiguity is resolvable then r is well-defined and clearly satisfies (1) and (2)

above. Hence i is a splitting for r and realizes,

P pQ,DQq – P pQ,DQqirr ‘ I

the decorated preprojective algebras as a subalgebra, as opposed to a quotient, of the

decorated path algebra. From this perspective a basis for the decorated preprojective

algebras is given by a basis for the irreducible paths.

Example 1.5.16. Consider C “ kxα, βy{pα3, β2, pαβ ` βαq2q from the previous section.

One defines a partial order on monomials in kxα, βy by γ ď γ1 if the length of γ is less

than the length of γ1 or they have the same length but γ is first alphabetically. Then the

three relations are viewed as reductions:

r1pα
3
q “ 0, r2pβ

2
q “ 0, r3pβαβαq “ ´αβαβ ´ βααβ.

Reducing βαβαα2 using r1 gives zero and using r3˝r3˝r3 gives βα2βα2´α2βα2β`αβα2βα.

And hence we add the reduction, r4pβα
2βα2q “ α2βα2β ´ αβα2βα, and the remaining

ambiguities, ββα2βα2 and βα2βα2α, are resolvable. We conclude that a word is reduced

if it has no occurrences of α3, β2, βαβα, or βα2βα2.

Reductions r1 and r2 reduce any word to one alternating between β and either α or α2.

The reduction r3 says a reduced word has only a single βα, which necessarily occurs at

the end. The reduction r4 says any reduced word starting with β cannot have repeating

α2. Hence the longest reduced word is α2βα2βαβ and it is not hard to realize all 24 basis

elements of C as subwords.

Define the following ordering of the generators at each vertex i

ixi´1 ą ixi`1 ą i1i´1 ą i1i`1

with 1 ă i ă n and nxn´1 ą n1n´1 and extend this to a partial ordering on all paths

lexicographically. That is, view each path γ of length l as a product of length one paths

γ “ γ1 ¨ γ2 ¨ ¨ ¨ ¨ ¨ γl and define α ą β for paths α and β if

(I) α is longer than β or

(II) they are the same length with α having the larger x-grading or

(III) they have the same length and x-grading with αi ą βi for the smallest i where

αi ‰ βi.
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To make this definition well-defined one should write the any subpath x bS 1 as 1 bS x,

always moving the x’s towards the end of the path.

The relations R1, R2, ¨ ¨ ¨Rn give rise to a system of reductions, with respect to the lexi-

cographical ordering.

Upward Reductions: Integral Reductions:

‚ rUj pj1j´1 bS j´11jq “ j1j`1 bS j`11j ‚ rIj pγ2,1,j`1,jq “ γ2,3,1,j

for 3 ď j ď n´ 1 for 2 ď j ď n´ 1

‚ rUn pn1bS 1nq “ 0 Death Reductions:

X-Reductions: ‚ rDi,jpγi,n´j`i`1,1,jq “ 0

‚ rX2 p2xbk 12q “ 21bk x2 ` 21bS 12 for 2 ď i ă j ď n

‚ rX2,1p211 bk 112 bS 2x1q “ γ2,3,1 Mound Reductions:

‚ rMj pγ1,j,1q “ 0, for 2 ď j ď n

where we use the notation γi1,i2,...,in with i1, . . . , in P Q0 introduced in Remark 1.5.11.

Upward Reductions pull paths towards vertex n and realize paths visiting vertex n con-

secutively to be zero, see Figure 1.4. The X-reductions remove occurrences of x when

possible and moves them to the end of the path otherwise, see Figure 1.3. The Integral

Reductions straighten paths after visiting vertex 1, thus removing any instances of the

shape
ş

, see Figure 1.1. The Death Reductions identify when paths visiting vertex 1 are

too long and hence zero and the Mound Reductions identify paths of the shape X starting

and ending at vertex 1 to be zero, see Figure 1.2.

One reads these figures as reductions according to the following rules:

– The paths are depicted in two dimensions with integer vertical component indicating

the vertices of the quiver and the horizontal component increases when the path

changes directions, for visualization.

– Unbroken paths are products of the generators i1i`1, i`11i for i P t1, . . . , n ´ 1u.

Paths involving generators ixi for i P t2, 3, . . . , nu are broken by x at vertex i, i.e.

´x´ indicates an insertion of the length zero path ixi at this vertex.

– Caution: Signs are not depicted.

Remark 1.5.17. Starting from the relations of the preprojective algebra, viewed as re-

ductions rM2 , r
X
2 , r

U
j , r

U
n one realizes the need for the remaining reductions in light of the

following ambiguities.
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j ` 1

j

3

2

1

rIj

Figure 1.1: Integral Reduction rIj for 2 ď j ď n´ 1

• R2bS 211 reduces to zero under rX2 and to γ2,1,22x1 ´ γ2,3,1 under rM2 giving rise to

the additional reduction rX2,1 sending γ2,1,22x1 to γ2,3,1.

• 112 bS R2 bS ¨ ¨ ¨ bS R2 bS 211 (with j ´ 2 copies of R2) reduces to zero under rX2
and to γ1,j,1 under the Upward Reductions rUj´1 ˝ r

U
j´2 ˝ ¨ ¨ ¨ ˝ r

U
3 and hence give rise

to the Mound Reduction rMj taking γ1,j,1 to zero.

• pR2 bS 211 bk 112 ´ 211 bk 112 bS R2q bS γ2,j reduces to zero under rX2 and to

γ2,3,1,j´γ2,1,j`1,j under rUj ˝ ¨ ¨ ¨ ˝r
U
3 and so we add the Integral Reduction rIj sending

γ2,1,j`1,j to γ2,3,1,j.

• The path γi,1,j bS pj1j`1 bS j`11jq
n´j`1 is sent to zero by rUn ˝ r

U
n´1 ˝ ¨ ¨ ¨ ˝ r

U
j`1 and

iterated applications of the Integral Reduction rIj gives γi,2bS p213bS 312q
n´j`1γ2,1,j

from which applying the Upper Reductions rUn´j`i`1 ˝ ¨ ¨ ¨ ˝r
U
4 ˝r

U
3 gives γi,n´j`i`1,1,j.

Hence we add the Death Reduction rDi,j taking this term to zero to resolve the

ambiguity.

Proposition 1.5.18. The following is a basis for eiΠpBnqej:

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

γi,k,j; γi,k,jx; maxti, ju ď k ď n

γi,m,1,j; γi,m,1,jx i ď m ď n´ j ` i if i, j ě 2

γ1,k,j; γ1,k,jx j ď k ď n if i “ 1, j ě 2

γi,k,1; xγi,k,1 i ď k ď n if j “ 1, i ě 2

γ1,kxγk,1; 111 1 ď k ď n if i “ j “ 1.
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j

2

1

rMj
0

n

n´ j ` i` 1

j

i

2

1

rDi,j
0

Figure 1.2: Mound Reduction rMj for 1 ď j ď n on the left and Death Reduction rDi,j on the right

3

3

2

2

1

1

x
rX2,1

x
rX2

x +

Figure 1.3: X-reductions rX2,1 and rX2

j ` 1

j

j ´ 1

rUj

n

n´ 1

rUn
0

Figure 1.4: Upward Reduction rUj for 3 ď j ď n´ 1 and rUn
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Corollary 1.5.19. The bigraded Hilbert–Poincaré series are:

heiΠpBnqejps, tq “ t|i´j|s|i´j|{2p1` sq

¨ p1` st2 ` s2t4 ` ¨ ¨ ¨ ` sn´maxti,jut2n´2 maxti,ju
q if i, j ě 2

` ti`j´2spi`j´4q{2
p1` sq

¨ p1` st2 ` s2t4 ` ¨ ¨ ¨ ` spn´j´1q{2tn´j´1
q

he1ΠpBnqejps, tq “ hejΠpBnqe1ps, tq “ tj´1spj´1q{2
p1` sq

¨ p1` st2 ` s2t4 ` ¨ ¨ ¨ ` sn´jt2n´2j
q if j ě 2

he1ΠpBnqe1ps, tq “ 1` st2 ` s2t4 ` ¨ ¨ ¨ ` sn´1t2n´2

and the x-degree of i1i`1 and i`11i are 1{2 to ensure the relations R2, R3, . . . Rpn´ 1q are

homogeneous in the x-degree.

Proof. We first show that any path can be reduced to a linear combination of paths in

the proposed basis. Let α be a path from i to j.

Case: α doesn’t visit vertex 1

If α does not contain any occurrences of x then applying the Upward Reductions rUn ˝r
U
n´1˝

¨ ¨ ¨ ˝ rU3 is either zero or γi,k,j for k ě maxti, ju. Any occurrence of x can be moved to the

end as all tensor products in the path are over S and hence two such occurrences gives zero.

Case: α visits vertex 1 once

If α doesn’t contain an occurrence of x then by the above the subpaths before and after

vertex 1 can be reduced to the form γi,k,2 and γ2,l,j and hence α can be reduced to γi,k,1,l,j.

If i “ 1 then such a path has the form γ1,l,j for l ě j. Similarly, if j “ 1 reading the path

backward must have this form.

If i, j ą 1 then applying the Integral Reductions rIj ˝ r
I
j`1 ˝ ¨ ¨ ¨ ˝ r

I
l´1 gives γi,m,1,j, where

the path is now direct after visiting vertex 1. Finally, applying the Death Reductions ri,j

gives zero unless m ď n´ j ` i.

If x occurs in α before visiting vertex 1, then one can arrange for the path to contain

2x1, since all tensor products are over S before 1. The X-Reduction rX2 gives a linear

combination of paths where x occurs after vertex 1. So the x can be taken to occur at

the end, giving the desired form.

Case: α visits vertex 1 at least twice
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If j ą 1 then by applying the X-reductions rX2,1 ˝ r
X
2 successively one can ensure the x’s

appear at the end and so the Mound Reductions rMn ˝ ¨ ¨ ¨ ˝ r
M
2 send the subpath starting

and ending at vertex 1 to zero. So the path must end at vertex 1 and cannot visit vertex

1 more than twice. Consequently, the path is concatenation of a path in the previous

case ending at vertex 2 (i.e. γi,m,1,2, γi,m,1,2x, γ1,k,2, γ1,k,2xq with 211 and therefore, after

applying the Mound Reductions rMn ˝ ¨ ¨ ¨ ˝ rM3 ˝ rM2 , is zero or of the form γi,m,1,22x1 or

γ1,kxγk,1. The X-Reduction rX2,1 sends γi,m,1,22x1 to a path visiting vertex 1 a single time

and hence any path visiting vertex 1 twice is of the form γ1,kxγk,1, for k ą 1.

This shows that the above set is a spanning set. It follows from the Diamond Lemma

that for linear independence one only needs to show that all ambiguities are resolvable.

The family of Integral Reductions, Mound Reductions, and Death Reductions all arise as

ambiguities with Upward Reductions. Moreover, Upward Reductions cannot overlap with

X-Reductions nor with other Upward Reductions and hence there are no overlap ambigu-

ities involving them. Clearly their are no ambiguities among two reductions sending the

path to zero and so it remains to check Integral Reductions and X-reductions.

Moreover, Integral Reductions overlap with Mound and Death Reductions in the same

way that Upward Reductions do, with the resolution given by other Mound and Death

Reductions. Integral Reductions cannot self overlap and the only ambiguity with X-

reductions is rX2 and rI2 applied to xγ2,1,3,2 which both further reduce to γ2,3,1,2x`γ2,4,2 by

applying rU3 ˝ r
X
2 ˝ r

I
2. The final ambiguity to resolve is rX2 and rX2,1 applied to γ2,1,2xγ2,1,2,

with each term further resolving to zero by rM2 ˝ rM3 .

Remark 1.5.20. Carefully reading the above argument, and defining:

rU :“ rUn ˝ ¨ ¨ ¨ ˝ r
U
3 , rM :“ rMn ˝ ¨ ¨ ¨ ˝ r

M
2 , rI :“ rIn´1 ˝ ¨ ¨ ¨ ˝ r

I
2,

rD :“ rDn´1 ˝ ¨ ¨ ¨ ˝ r
D
2 where rDi :“ rDi,i`1 ˝ ¨ ¨ ¨ ˝ r

D
i,n

one can define r : P pQ,DQq Ñ P pQ,DQqirr to be the composition

r :“ rM ˝ rD ˝ rU ˝ rI ˝ rU ˝ prX2 ˝ r
X
2,1q

n.

That is, one can first reduce a path by moving the x’s to the end then pushing upward

until Integral Reductions arise and then further pushing upward until Mound or Death

Reductions arise.

As before, the functional giving the sum of the coefficients of all the maximum length

cycles containing an x gives a Frobenius form.
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Corollary 1.5.21. ΠpBnq is a flat Frobenius degeneration of ΠpA2n´1q.

1.5.4 Case: ΠpCnq

Consider the decorated quiver

1
‚

kkk
(( 2
‚

kkk

hh ¨ ¨ ¨
n´2
‚

kkk
++ n´1
‚

kkk

kk

kSS
(( n
‚

SSk

kk

The goal of this section is to compute a basis for the decorated preprojective algebra using

the Diamond Lemma for rings, developed in3 and explained in the previous subsection.

Proposition 1.5.22. A basis for eiΠpCnqej is given by

tγi,m,j; γi,l,nnxnγn,j | m ď minti, ju, i ě l ą maxti´ j, 0uu

and hence dimpeiΠpCnqejq “ 2minti, ju. In particular, ΠpCnq is a flat degeneration of

ΠpDn`1q.

The relations in the preprojective algebra are

$

’

’

’

’

’

&

’

’

’

’

’

%

112 bk2 211 at vertex 1

j1j`1 bk j`11j ` j1j´1 bk j´11j at vertex j P t2, 3, 4, . . . , n´ 1u

n´11n bS n1n´1 ` n´11n´2 bk n´21n´1 at vertex n´ 1

n1n´1 bk n´1xn ` nxn´1 bk n´11n at vertex n.

One views each relation as a reduction reducing the length or the number of times a path

changes direction by pulling all paths towards vertex 1. More formally, one defines a

partial order, determined on length one paths by

ixi´1 ą ixi`1 ą i1i´1 ą i1i`1

and extended to all paths lexicographically, as described in the previous subsection. Hence
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the reductions are determined by:

r1p112 bk2 211q “ 0

rjpj1j`1 bk j`11jq “ ´j1j´1 bk j´11j for j P t2, . . . , n´ 2u

rn´1pn´11n bS n1n´1q “ ´n´11n´2 bk n´21n´1

rnpnxn´1 bk n´11nq “ ´n1n´1 bk n´1xn.

With this set of reductions there are unresolvable ambiguities and hence we introduce

additional reductions:

Downward Reductions

• r1p112 bk 211q “ 0

• rjpj1j`1 bk j`11jq “ ´j1j´1 bk j´11j for l ă j ă n´ 1

• rn´1pn´11n bS n1n´1q “ ´n´11n´2 bk n´21n´1

X-Reductions

• rXk pnxnγn,k´1,kq “ γn,n´1,nnxnγn,k for 1 ă k ď n

Death Reductions

• rDi,jpγi,i´j,nnxnγn,jq “ 0 for i ą j.

Visually, Figures 1.5, 1.6, and 1.7 provide schematics for the reductions, where paths

are depicted with vertical position giving the vertex of the quiver and the horizontal

component is strictly for visualization, as explained in the previous subsection.

Remark 1.5.23. The X-reductions are introduced to resolve the ambiguity created by

reducing nxnγn,n´1,n,k using rk˝¨ ¨ ¨˝rn´2˝rn´1 as opposed to rn. The Death Reductions are

then introduced to resolve the ambiguity created by reducing γi,nxnpγn,n´1,nq
jγn,j using

ri´j`1 ˝ ri´j`2 ˝ ¨ ¨ ¨ ˝ rn ˝ pr
X
n q

j as opposed to r1 ˝ r2 ˝ ¨ ¨ ¨ ˝ rn.

All ambiguities are resolvable:
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j ´ 1

j

j ` 1

i

rj

1

2

r1
0

Figure 1.5: Downward Reductions

n

n´ 1

j

j ´ 1

x x

rn,j

Figure 1.6: X-Reductions

n

i

i´ j

j

x

r1i,j
0

Figure 1.7: Death Reductions
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(I) The ambiguity giving rise to additional X-reductions:

rXj ´ r
X
j´1 ˝ rj´1pnxn γn,j´1,j,j´1q “ 0

(II) The ambiguity giving rise to the Death reductions:

r1 ´ r
X
2 ˝ r

X
1 pnxnγn,1,2,1q “ 0

(III) The Downward-Death ambiguity:

rDi,j ´ r
D
i´1,j ˝ ri´j ˝ ¨ ¨ ¨ ˝ ri´2 ˝ ri´1pγi´1,i,i´j,nnxnγn,i´jq “ 0

(IV) The X-Death ambiguity:

rDi,j ´ r
D
i,j`1 ˝ ri´j ˝ ¨ ¨ ¨ ˝ rn´2 ˝ rn´1 ˝ r

X
j`1pγi,i´j,nnxnγn,j,j`1q “ 0

(V) The Double X-Death ambiguity:

rDi,j ´ r
X
n´1 ˝ r

X
n´2 ˝ ¨ ¨ ¨ ˝ r

X
j pnxnγn,i´j´1,nnxn γn,jq “ 0

With these reductions one can put any path in normal form. According to the Downward

Reductions such a path cannot go from increasing to decreasing, except at vertex n.

Consequently, paths not containing x must be of the from γi,m,j for m ď minti, ju, where

equality gives the direct path. Moreover, no path can visit vertex n more than once since

between the final two such visits the path can be reduced to γn,m,n at which point iterated

application of the X-reductions collides the two x’s giving zero.

Applying the X-reductions to a path with one instance of x allows for the path after x to

be direct. Therefore, every such path can be reduced to one of the form γi,l,nnxnγn,j and

the Death Reductions say that these are non-zero if l ą i ´ j. This proves Proposition

1.5.22.

Corollary 1.5.24. The matrix-valued Hilbert–Poincaré series of ΠpCnq is of the form,

¨

˚

˚

˚

˚

˚

˚

˝

2 2 2 ¨ ¨ ¨ 2

2 4 4 ¨ ¨ ¨ 4

2 4 6 ¨ ¨ ¨ 6
...

...
...

. . .
...

2 4 6 ¨ ¨ ¨ 2n

˛

‹

‹

‹

‹

‹

‹

‚

The bigraded Hilbert–Poincaré series

heiΠpCnqejps, tq “ tdpi,jqp1` t2 ` t4 ` ¨ ¨ ¨ ` t2 minti,ju´2
qp1` st2dpmaxti,ju,nq

q

where dpa, bq “ |a´ b| is the distance between the vertices a and b.
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As above, one can define a Frobenius form on the degenerate preprojective algebra using

the cycles of maximal length, γi,nnxnα
i´1γn,i for each i P t1, . . . , nu.

Corollary 1.5.25. ΠpCnq is a flat Frobenius degeneration of ΠpDn`1q.

This is the final case of maximal degenerations of folding ADE quivers and hence we’ve

completed the proof of Theorem 1.4.26.
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2
The 2-Calabi-Yau property for

multiplicative preprojective

algebras

Multiplicative preprojective algebras have recently gained attention in geometry and

topology. These algebras appear in the study of certain wrapped Fukaya categories,

see26,25, in the study of microlocal sheaves on rational curves, see4, and in the study

of generalized affine Hecke algebras, see Appendix 1 in31. Their moduli spaces of rep-

resentations are called multiplicative quiver varieties, an analogue of Nakajima’s quiver

varieties, which includes character varieties of rank n local systems on closed Riemann

surfaces, or on open Riemann surfaces with punctures and monodromy conditions16,57,50.

Multiplicative quiver varieties have also been studied from various viewpoints in53,5,14,

and11. A quantization was defined in40 and further studied in34.

Historically, the multiplicative preprojective algebra was defined by Crawley-Boevey and

Shaw, in16, to view solutions of the Deligne–Simpson problem as irreducible representa-

tions of multiplicative preprojective algebras of certain star-shaped quivers. Their paper

establishes the foundations for much of this work. For a fixed field k and a quiver Q with

vertex set Q0 and arrow set Q1 and q P pkˆqQ0 , Crawley-Boevey and Shaw define

Λq
pQq :“

LQ
JQ

:“
kQrp1` aa˚q´1saPQ

´

r :“
ś

aPQ1
p1` aa˚qp1` a˚aq´1 ´ q

¯ ,
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a quotient of the localized path algebra of the double quiver, LQ, by the two-sided ideal

JQ generated by a single relation, r.

In section 7.5 of50, Tirelli and the second author conjecture that multiplicative preprojec-

tive algebras of connected, non-ADE quivers are 2-Calabi–Yau. They observe, following6,

that the 2-Calabi–Yau property would determine the (formal) local structure of the mod-

uli space of representations. Namely, any formal neighborhood can be identified with the

formal neighborhood of the zero representation of the moduli space of representations of

some (additive) preprojective algebra. Among other applications mentioned in50, it would

follow that multiplicative quiver varieties are normal. In light of these applications, and

others mentioned below, the goal of this paper is to work towards a proof of the following

conjecture:

Conjecture 2.0.1. ΛqpQq is 2-Calabi–Yau for all q P pkˆqQ0 and all Q connected and

not ADE; moreover, it is a prime ring.∗ If Q is furthermore not extended ADE, then

ZpΛqpQqq “ k, and the Calabi–Yau structure is unique.

We explain how one can reduce these conjectures to the extended ADE cases below, see

Section 2.5.4 for more detail. We carry this procedure out for Q “ ĂAn, thereby proving

the conjecture for all connected quivers containing it:

Theorem 2.0.2. ΛqpQq is 2-Calabi–Yau and prime for any q P pkˆqQ0 and any k a field,

and Q connected and containing an unoriented cycle. If the containment is proper, then

ZpΛqpQqq “ k, and the Calabi–Yau structure is unique.

As observed, it follows the multiplicative quiver varieties for quivers containing cycles are

formally locally isomorphic to ordinary quiver varieties, and in particular are normal. This

includes (as an open subset) character varieties of Riemann surfaces of positive genus with

punctures and prescribed monodromy conditions, as explained in50 §3 (following16,57). (In

the case of closed Riemann surfaces, as observed in2 Remark 8.8, this statement does not

require our result, since the group algebra Crπ1pΣqs is well-known to be 2-Calabi–Yau.)

In addition to the above perspective of giving a (formal) local description of multiplicative

quiver varieties, there are various other perspectives on this work. Namely, multiplicative

preprojective algebras arise from studying certain wrapped Fukaya categories. If XΓ is a

plumbing of cotangent bundles according to the graph Γ, then Ekholm and Lekili24 and

∗Recall that a prime ring is a noncommutative analogue of an integral domain, being a ring R in which
aRb “ 0 implies a “ 0 or b “ 0.
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Etgü and Lekili26,25 produced quasi-isomorphisms,

WpXΓq
24

–
//BΓ

26,25

–
// LΓ

where WpXΓq denotes the partially wrapped Fukaya category of XΓ, BΓ denotes the

Chekanov and Eliashberg dg-algebra and LΓ is a derived multiplicative preprojective

algebra. It follows from Ganatra’s thesis33 that LΓ is 2-Calabi–Yau, as a dg-algebra. We

establish this result purely algebraically, in the case Γ contains a cycle. We show that

H˚pLΓq
Section 2.3

“
// H0pLΓq “ Λ1pΓq

and hence LΓ is formal. Note that for the ordinary preprojective algebra, ΠpQq, the

Ginzburg dg-algebra has homology concentrated in degree zero: ΠpQq has a length two

bimodule resolution (see9,46 for the characteristic zero case, and28 in general) which Anick

shows is equivalent for graded connected algebras in1 Theorems 2.6 & 2.9, and30 observes

this extends to the quiver case.

Consequently, deformations of the wrapped Fukaya category WpXΓq as an A8 (respec-

tively A8 Calabi–Yau) category over a degree zero base are given by deformations of Λ1pΓq

as an associative (respectively Calabi–Yau) algebra. The infinitesimal deformations can

be identified with HH2
pΛ1pΓqq, which by Van den Bergh duality assuming Conjecture

2.0.1 is isomorphic to HH0pΛ
1pΓqq. The techniques in49 can likely be adapted to compute

the zeroth Hochschild homology using an explicit basis for ΛqpQq computed here. Fur-

thermore, by the 2-Calabi–Yau property, HH3
pΛqpQqq “ 0, so there are no obstructions

to extending to infinite order deformations. We conjecture that the same holds for every

connected, non-ADE quiver. More precisely:

Conjecture 2.0.3. If Q is connected and not ADE, then the dg multiplicative preprojec-

tive algebra Λdg,qpQq is quasi-isomorphic to ΛqpQq, in degree zero.

We give the precise definitions and details, as well as proof in the case Q contains a cycle

in Section 2.3.

Another perspective on this work involves specializing to QE an extended ADE quiver and

q “ 1. In Shaw’s thesis,52, he shows that for the extended vertex v, in analogy with the

additive case, the subalgebra evΛ
1pQEqev is commutative of dimension 2 and is smooth

away from the origin. In further analogy, it is reasonable to pose the following conjecture:

Conjecture 2.0.4. The algebra Λ1pQEq is a 2-dimensional NCCR (non-commutative
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crepant resolution) over its center, ZpΛ1pQEqq. The Satake map† ZpΛ1pQEqq Ñ evΛ
1pQEqev, z ÞÑ

evz, is an isomorphism.

For QE “ ĂAn, our results imply the conjecture as follows: One can identify

Λ1
pĂAnq

–
ÝÑ Ende0Λ1pĂAnqe0

pe0Λ1
pĂAnqq,

by identifying e0Λ1pĂAnqe0 – krX, Y, Zs{pZn`1 ` XY ` XY Zq as an algebra (which is

commutative) and e0Λ1pÃnqei – Mi :“ pZi, Y q, the ideal. The isomorphism is then

explicitly given:

• on vertices by i ÞÑ id : Mi ÑMi;

• on arrows by ai ÞÑ Z : Mi ÑMi`1 for i ă n and an ÞÑ Z{p1` Y qZ : Mn ÑM0;

• on reverse arrows by a˚i ÞÑ inc : Mi ãÑMi´1 for i ą 0 and a˚0 ÞÑ Y : M0 ÑMn.

The surjectivity follows from the observation that every e0Λ1pĂAnqe0-module map of ideals

is given by left multiplication by some element of the field of fractions of e0Λ1pĂAnqe0.

The injectivity follows from the fact that Λ1pĂAnq is prime (see Proposition 2.5.3) and

injectivity on e0Λ1pĂAnqe0.

Now, to prove the second statement, generally, if A is an algebra and e an idempotent,

then EndAoppeAq – eAe. In the case EndeAepeAq – Aop also, we obtain an identification

ZpeAeq – EndeAebAoppeAq – ZpAq. Explicitly, the map ZpAq Ñ ZpeAeq is given by

z ÞÑ ez. If in addition, as here, eAe is commutative, we obtain ZpAq – eAe, via the

Satake map.

Finally, to complete the proof of the first statement, the computation above shows that

Home0Λ1pĂAnqe0
pMi,Mjq – eiΛ

1pĂAnqej –Mj´i as a module over e0Λ1pÃnqe0 – ZpΛ1pĂAnqq –

eiΛ
1pĂAnqei, so in particular e0Λ1pĂAnq is self-dual and hence reflexive as a e0Λ1pĂAnqe0-

module. Since furthermore Λ1pĂAnq is 2-Calabi–Yau (by Theorem 2.0.2) and e0Λ1pĂAnqe0

is Gorenstein (as it is a hypersurface in A3), it follows that Λ1pĂAnq is an NCCR over

e0Λ1pĂAnqe0.

Note that Λ1pQEq can only be an NCCR in the extended ADE case, as in the ADE case it

has infinite global dimension, and in the non-ADE, non-extended ADE case it is expected

to have trivial center (by Conjecture 2.0.1); see Section 2.4.

†We use the terminology “Satake” following the analogous one for symplectic reflection algebras at
t “ 0 of Etingof–Ginzburg, itself coming from the map for affine Hecke algebras proposed by Lusztig.
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A final perspective on this work involves the Kontsevich-Rosenberg Principle which says:

a non-commutative geometric structure on an associative algebra A should induce a geo-

metric structure on the representation spaces RepnpAq, for all n ě 1. This principle needs

adjusting for structures living in the derived category of A-modules, as the representa-

tion functor is not exact. For a d-Calabi–Yau structure on A, it is shown in8 and58 that

the derived moduli stack of perfect complexes of A-modules, RPerfpAq, has a canonical

p2´ dq-shifted symplectic structure. Since the dg Ginzburg algebra is 2-Calabi–Yau, this

implies that its moduli stack of representations has a 0-shifted symplectic structure. By

Conjecture 2.0.1, it is the same as the moduli stack of representations of ΛqpQq itself.

Note that the multiplicative quiver variety can be viewed as a coarse moduli space of

stemistable representations; so the aforementioned result that this variety locally has the

structure of an ordinary quiver variety is a singular analogue of the statement on the

moduli stack.

We prove Theorem 2.0.2 using a complex:

P‚ :“ Λq
pQq bkQ0 kQ0 bkQ0 Λq

pQq
α
ÝÑ Λq

pQq bkQ0 kQ1 bkQ0 Λq
pQq

β
ÝÑ Λq

pQq b Λq
pQq

defined originally in16 and shown to resolve ΛqpQq, except for the injectivity of the map α.

We show α is injective and then show the dual complex P_‚ is a resolution of ΛqpQqr´2s,

which implies ΛqpQq is 2-Calabi–Yau.

First, we establish a chain of implications to reduce the proof to a presentation of the

localization LQ that we call the strong free product property. (The strong free product

property is a version of Anick’s weak summand property in the ungraded case, see1.)

We explain a procedure to show that the strong free product property holds for any

connected quiver containing a subquiver where the strong free product property holds.

Then we establish the strong free product property explicitly using the Diamond Lemma

in the case Q “ ĂAn and carry out the procedure in this case.

To prove the 2-Calabi–Yau property from the strong free product property we establish
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the chain of implications:

Strong Free Product Property for Q :

σ1 : ΛqpQq ˚kQ0 kQ0rt, pq ` tq
´1s Ñ LQ is a linear isomorphism

Section6.1 ó Section 2.2.1

Weak Free Product Property for Q :

grpσ1q : grpΛqpQq ˚kQ0 kQ0rtsq Ñ grpLQq is an algebra isomorphism

Prop3.3 ó Prop 2.2.11

grpσ1q1 : ΛqpQq bkQ0 kQ0rts bkQ0 ΛqpQq Ñ JQ{J
2
Q is an isomorphism of ΛqpQq-bimodules

Prop3.3&Prop3.3.3. ó Prop 2.2.10 & Prop 2.2.11

P‚ is a length two projective ΛqpQq-bimodule resolution of ΛqpQq

Prop3.3.3 ó Thm 2.2.13

ΛqpQq is 2-Calabi–Yau

Here the isomorphism σ1 is determined by a choice of kQ0-bimodule section ΛqpQq Ñ LQ

of the quotient map LQ � ΛqpQq, but grpσ1q is independent of this choice. The element

t maps to the relation, and the filtrations used are the t-adic one on the source and the

JQ-adic filtration on LQ.

Remark 2.0.5. Note that for ordinary preprojective algebras, the free product prop-

erty was observed in49. In fact, as these algebras are nonnegatively graded augmented

with positively graded augmentation ideal, the strong and weak free product properties

are equivalent (and independent of the choice of graded section σ), and equivalent to

the condition that the algebra has a projective bimodule resolution of length two, as was

already observed by Anick in1. Such algebras were called noncommutative complete inter-

sections in30 due to their close relationship to the condition that representation varieties

be complete intersections.

However, in the ungraded case, we only have the implication above, that the free product

property implies the existence of a length-two projective bimodule resolution. Indeed, as

we see above, the latter property only depends on a piece of the associated graded algebra

with respect to the prq-adic filtration, and in the ungraded case this filtration need not

even be Hausdorff. In contrast, the strong free product property implies the Hausdorff

condition and gives information about the algebra itself.

Motivated by this, we believe that the strong free product property can be viewed as

an ungraded analogue of the noncommutative complete intersection property. Follow-

ing30, it makes sense to ask if the strong free product property can be used to show that

representation varieties are (asymptotic) complete intersections under certain conditions.
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In Section 2.3, we show that the strong free product property implies that the dg multi-

plicative preprojective algebra Λdg,q is formal. Therefore, by the results of this chapter,

both Conjectures 2.0.1 and 2.0.3 would follow from the following more general statement

(see Section 2.5 for precise details):

Conjecture 2.0.6. If Q is a connected and not ADE quiver, then σ1 as above is a linear

isomorphism (pLQ, r, σ, kQ0rt, pt` qq
´1sq satisfies the strong free product property).

Let us outline an inductive strategy to prove the strong free product property. Let Q “

Q1 Y Q2 be a connected quiver containing Q1. Q2 is chosen so that Q11 X Q21 “ H and

define W :“ Q10 X Q20. Assume we have the strong free product property for Q1. Filter

ΛqpQq by the descending filtration given by powers of the ideal generated by those arrows

in Q2 incident to W . We expect that this filtration is Hausdorff and that the associated

graded algebra with respect to this filtration is isomorphic to a free product ΛqpQ1q ˚kQ10
ΛqpQ2,Wq. Here ΛqpQ2,Wq is the partial preprojective algebra with no relations at the

vertices in W Ă Q0. We prove the strong free product property for partial multiplicative

preprojective algebras with Q2 ‰ H. Put together we obtain linear isomorphisms

LQ – LQ1 ˚kQ10 LQ2

– Λq
pQ1q ˚kQ10 kQ

1
0rt, pq ` tq

´1
s ˚kQ0 Λq

pQ2,Wq ˚kQ20 kQ
2
0rt, pq ` tq

´1
s

– gr Λq
pQq ˚kQ0 kQ0rt, pq ` tq

´1
s,

and since the filtration is Hausdorff we can also pick a section, eliminating the gr.

In Section 2.5, we prove the strong free product property when Q “ Ãn is a cycle. That

is, we build a section ΛqpĂAnq ãÑ L
ĂAn

and hence obtain a map

ϕ : Λq
pĂAnq ˚kpĂAnq0 kp

ĂAnq0rt, pq ` tq
´1
s Ñ L

ĂAn
.

We show that ϕ is an isomorphism with a carefully chosen basis for L
ĂAn

, whose linear

independence and spanning are proven with the Diamond Lemma. Putting this together

with the strong free product property for partial multiplicative preprojective algebras,

we obtain the strong free product property, and hence the 2-Calabi-Yau property, for all
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connected quivers Q containing Q1 “ ĂAn. As a schematic,

Strong Free Product Property for ĂAn pProp 2.5.1q :

σ1n : ΛqpĂAnq ˚kpĂAnq0 kp
ĂAnq0rt, pq ` tq

´1s Ñ L
ĂAn

is a linear isomorphism

&

Strong Free Product Property for partial multiplicative preprojective algebras pProp 2.5.4q :

σ1partial : ΛqpQ,Wq ˚kQ0 kQ0rt, pq ` tq
´1s Ñ LQ is a linear isomorphism

Prop6.10 ó Prop 2.5.5

Strong Free Product Property for Q Ą ĂAn :

σ1 : ΛqpQq ˚kQ0 kQ0rt, pq ` tq
´1s Ñ LQ is a linear isomorphism

This is the technical heart of the chapter.

2.1 The multiplicative preprojective algebra

2.1.1 Definitions

Throughout the chapter we fix an arbitrary field k. For each quiver (i.e. directed graph)

Q, let Q0 be the vertex set, Q1 be the arrow set, and h, t : Q1 Ñ Q0 the head and

tail maps, respectively. We will assume that Q0 and Q1 are finite for convenience, but

really only need finitely many arrows incident to each vertex. Qop denotes the quiver with

the same underlying graph of vertices and arrows, but with every arrow in the opposite

direction. Q denotes the quiver with the same vertex set as Q and Qop and with arrow set

Q1\Q
op
1 . For each arrow a P Q1, we write a˚ for the corresponding arrow in Qop

1 , and vice

versa. In Q we distinguish between arrows in Q and Qop using a function ε : Q1 Ñ t˘1u

defined by εpaq “ 1 if a P Q1 and εpaq “ ´1 if a P Qop
1 .

Next define ga :“ 1 ` aa˚, viewed as elements in the algebra of paths, kQ, and consider

the localization LQ :“ kQrg´1
a saPQ1

. We write L :“ LQ, when the quiver is clear from

context. Notice, for all a P Q1:

gaa “ a` aa˚a “ aga˚ . (2.1.1)

This implies:

ga˚a
˚
“ a˚ga g´1

a a “ ag´1
a˚ g´1

a˚ a
˚
“ a˚g´1

a .

Fixing a total ordering ď on the set of arrows Q1, one can make sense of a product over
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(subsets of) the arrow set. Using ď and ε we define:

ρ :“
ź

aPQ

gεpaqa la :“
ź

bPQ,băa

g
εpbq
b ra :“

ź

bPQ,bąa

g
εpbq
b .

When we need to make the role of the total ordering ď more explicit, we write ρď, la,ď,

and ra,ď for ρ, la, and ra respectively. By definition, la and ra are truncations of ρ to the

right and left of a, respectively. Therefore,

ρ “ lag
εpaq
a ra (2.1.2)

for all a P Q1.

Definition 2.1.1. Let k be a field, Q a quiver, and q P pkˆqQ0 . Fixing an ordering ď on

the arrows of Q and ε as defined above, the multiplicative preprojective algebra, ΛqpQq, is

defined to be

Λq
pQq :“ L{J

where L “ kQrg´1
a saPQ1

is the localization and J is the two-sided ideal generated by the

element ρ´ q.

Note that q is viewed as an element of kQ via
ř

iPQ0
qiei P kQ0 Ă kQ, and as ρ is invertible

we need qi ‰ 0 so eiΛ
qpQq ‰ 0, for all i.

Remark 2.1.2. The isomorphism class of ΛqpQq is independent of both the orientation

of the quiver and the choice of an ordering on the arrows, by Section 2 in16.

Example 2.1.3. (ADE Case)

If k “ C, Crawley-Boevey non-constructively showed that Λ1pQq – Π0pQq :“ kQ{p
ř

aPQ1
ra, a˚sq

for Q ADE,14 Corollary 1. This implies, viewing ΛqpQq as a filtered deformation of Λ1pQq

under the path-length filtration, that

Λq
pQq – Πλ

pQq :“ kQ

O˜

ÿ

aPQ1

ra, a˚s ´
ÿ

iPQ0

λiei

¸

for some λ “ pλiq P kQ0 , by28 Proposition 5.0.2. In type A, this isomorphism holds

over any field k, and is achieved by a change of variables. Namely, identifying pAnq0 “

t1, 2, . . . , nu and pAnq1 “ ta1, a2, . . . , an´1u the isomorphism is given by,

Λq
pAnq – Πλ

pAnq ei ÞÑ ei, ai ÞÑ ai, a
˚
i ÞÑ

˜

ź

jąi

qj

¸

a˚i
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where λi :“ pqi´1q
ś

jąi qj. In particular, since ΠλpAnq is non-zero if and only if
řn
i“1 λi “

0, it follows that ΛqpAnq is non-zero if and only if
śn

i“1 qi “ 1. In the D4 case – with

arrows a, b, c all pointing towards the central vertex – Shaw constructions an isomorphism,

Λ1
pD4q – Π0

pD4q
a ÞÑ

`

1´ 1
2
bb˚

˘

a, a˚ ÞÑ a˚
`

1` 1
2
bb˚

˘

a1 ÞÑ a1 for a1 P tei, b, b
˚, c, c˚ui“1,2,3,4

which holds over any field of characteristic not 2. Additionally, he proves that no such

isomorphism exists over any field of characteristic 2,52 Lemma 5.2.1.

In the multiplicative preprojective algebra, (2.1.2) becomes the identity:

lag
εpaq
a ra “ q.

Hence:

rala “ qg´εpaqa . (2.1.3)

2.1.2 The map θ

In16, the important map θ : Q1 Ñ ΛqpQq is defined by θpaq “ q´1laara˚ and extended to

kQ by the identity on Q0 and by requiring θ to be an algebra map. Then Lemma 3.3 in16

shows that

θpgaq “ lagal
´1
a (2.1.4)

“ r´1
a gara (2.1.5)

is invertible, and hence θ factors through the localization L :“ kQrg´1
a saPQ1

. We will show

θ descends to the quotient ΛqpQq, with the ordering of the arrows reversed, using the

following result.

Lemma 2.1.4. Let ď denote a total order on Q1 and let ě denote its opposite ordering,

i.e. a ě b if b ď a. Such an order fixes a bijection Q1 – ta1, a2, . . . , a|Q1|
u. Then

θpraj ,ěq “ laj ,ď “: laj and θplaj ,ěq “ raj ,ď “: raj

for any aj P Q1.

Proof. We prove θpraj ,ěq “ laj by induction on j, where j “ 1 is the identity θp1q “ 1.
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Then,

θpraj`1,ěq “ θpgεpajqaj
qθpraj ,ěq

(IH)
“ θpgεpajqaj

qlaj
p2.1.4q
“ lajg

εpajq
aj

l´1
aj
laj

“ lajg
εpajq
aj

“ laj`1
.

The second identity is similar and one can formally obtain a proof from the above by

exchanging the symbols r and l, the identity 2.1.4 for 2.1.5, and the order of the multi-

plication.

Corollary 2.1.5. θpρěq “ ρ.

This corollary implies θ descends to a map ΛqpQ,ěq Ñ ΛqpQ,ďq. Notice that we can

similarly define θě : ΛqpQ,ďq Ñ ΛqpQ,ěq.

Proposition 2.1.6. θě ˝ θ “ IdΛqpQ,ďq.

Proof. It suffices to check θě ˝ θ is the identity on arrows in Q1 and indeed:

θěpθpaqq “ θpq´1laara˚q

“ q´1θěplaqθěpaqθěpra˚q

p2.1.4q “ q´1raθěpaqla˚

“ q´1rapq
´1laara˚qla˚

p2.1.3q “ g´εpaqa ag
´εpa˚q
a˚

p2.1.1q “ ag
´εpaq
a˚ g

´εpa˚q
a˚

“ a

2.2 The 2-Calabi–Yau property

The goal of this section is to prove that ΛqpQq is 2-Calabi–Yau for Q containing an unori-

ented cycle. We do so by exhibiting a length two, projective, ΛqpQq-bimodule resolution
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P‚ of ΛqpQq, whose bimodule dual complex P_‚ is quasi-isomorphic to ΛqpQq. This resolu-

tion is due to Crawley-Boevey and Shaw, but they don’t state nor prove that it is exact.

The main new ingredient we provide is the injectivity of α which relies on the weak free

product property. Hence we begin this section with a short digression explaining the

strong and weak free product properties.

2.2.1 Free product properties

Generally, if A is an algebra over a semisimple ring S and J “ prq an ideal generated by

a single relation r, we can form a canonical algebra map,

Φ : A{J ˚S Srts Ñ grJ A, Φ|A{J “ Id,Φptq “ r, (2.2.1)

where grJ means the associated graded algebra with respect to the J-adic filtration.

Definition 2.2.1. The pair pA, rq satisfies the weak free product property if Φ is an

isomorphism.

We abuse notion and say the quotient A{J satisfies the weak free product property when

r is clear from context and pA, rq satisfies the weak free product property.

Next, given an S-bimodule section σ : A{J Ñ A of the quotient map that is the identity

on S, we can form an associated linear map,

rσ : A{J ˚S Srts Ñ A, pa0t
m1a1t

m2 ¨ ¨ ¨ tmnanq ÞÑ σpa0qr
m1σpa1qr

m2 ¨ ¨ ¨ rmnσpanq, (2.2.2)

for mi ą 0, for all i.

By construction, this is Srts-bilinear, where t acts on A by multiplication by r. It also

reduces to the identity modulo ptq on the source and J on the target. If pA, rq satisfies

the weak free product property, then moreover the completion

p

rσ : {A{J ˚S Srts Ñ pA, (2.2.3)

with respect to the t-adic and J-adic filtrations, is an isomorphism.

In nice cases we can identify a subalgebra on the left-hand side mapping isomorphically

to A (which is a subalgebra of pA under the Hausdorff condition
Ş

mě0 J
m “ t0u):

Definition 2.2.2. pA, r, σq satisfies the strong free product property if rσ : A{J ˚SSrts Ñ A

is an S-bimodule isomorphism.
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Since the t-adic filtration on Srts is Hausdorff and σptq “ r it follows that the J-adic

filtration on A is Hausdorff if pA, r, σq satisfies the strong free product property.

Remark 2.2.3. The choice of σ is important. Let A “ kxx, yy and J “ pyq so A{J – krxs.

Consider two different choices

σ1, σ2 : krxs Ñ kxx, yy σ1px` pyqq “ x, σ2px` pyqq “ x´ yx.

Then σ11 is a linear isomorphism while σ12 is not surjective as

x “ σ2px` pyqqp1´ yq
´1
“ σ2px` pyqq

ÿ

iě0

yi R rσ2pkrxs ˚k krtsq.

Remark 2.2.4. The strong free product property has already appeared, albeit in the

graded context working over a field, in1: Anick defines a notion of weak summand B Ă

A, meaning there exists a linear isomorphism A – B ˚ A{pBq, where B :“ ‘ią0Bi is

the augmentation ideal. In the graded setting he observes that the strong free product

property does not depend on the choice of σ and it is easy to see it is implied by the weak

free product property.

Next, let B be a localization of Srts obtained by inverting finitely many elements of

Sˆ ` ptq, such that Srts Ñ A extends (uniquely) to an algebra map τ : B Ñ A. Let

B :“ tB, so that we have an S-bimodule decomposition B “ S ‘ B. Then rσ extends to

a map σ1 : A{J ˚S B Ñ A, which has the form

a0b1a1 ¨ ¨ ¨ bnan ÞÑ σpa0qτpb1q ¨ ¨ ¨ τpbnqσpanq, ai P A{J, bi P B. (2.2.4)

Definition 2.2.5. The data pA, r, σ,Bq satisfies the strong free product property if σ1 is

a linear isomorphism.

This definition generalizes the above definition of the strong free product property for

pA, r, σq, which is the special case B “ Srts, τptq “ r.

In this case, it follows by taking associated graded algebras that pA, rq satisfies the weak

free product property. Moreover, A is Hausdorff in the J-adic filtration (because the

source of σ1 is Hausdorff in the t-adic filtration), and σ1 is indeed a restriction of prσ.

Remark 2.2.6. The definition of σ1 in (2.2.4) depends on the choice B “ tB of comple-

ment. In fact the property of being an isomorphism, i.e. the strong free product property,

depends on this choice.
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To see this return to the example of pA “ kxx, yy, r “ y, σ2px` pyqq “ x´ yxq in Remark

2.2.3. Let B “ krt, p1 ´ tq´1s with B1 :“ tB and B2 :“ p1 ´ tq´1B. Then σ12 as defined

using B1 is not surjective, as x R σ12pkrxs ˚ krt, p1 ´ tq´1sq, as before. But σ12 as defined

using B2 is an isomorphism. See Remark 2.5.2 for another example.

Now back to the setup of Q a connected, non-ADE quiver and q “ pkˆqQ0 . Let B :“

kQ0rt, pq ` tq´1s and B :“ tB “ Spanptm, pt1qm | m ě 1u, for t1 :“ pq ` tq´1 ´ q´1. We

conjecture that, for every connected, non-ADE quiver Q, there exists σ such that the

quadruple pLQ, r, σ, Bq satisfies the strong free product property. Moreover, in Section

2.5 we prove this conjecture in the case of quivers containing a cycle:

Theorem 2.2.7 (Proposition 2.5.5 in Section 2.5). Let Q be a connected quiver contain-

ing an unoriented cycle. Let B “ kQ0rt, pq ` tq´1s and let r denote the multiplicative

preprojective relation. There exists a section σ such that pLQ, r, σ, Bq satisfies the strong

free product property.

Remark 2.2.8. The connectedness assumption can be weakened as follows. If Q “

Q1 \ Q2 then LQ “ LQ1 ‘ LQ2 and ΛqpQq “ ΛqpQ1q ‘ ΛqpQ2q and so by adding sections,

the strong free product property for

pLQ1 ‘ LQ2 , r
1
` r2, σ1 ` σ2, B1 ‘B2q “ pLQ, r, σ, Bq

follows from the strong free properties for pLQ1 , r
1, σ1, B1q and pLQ2 , r

2, σ2, B2q. So one

only needs the weaker assumption that Q is a quiver with each component containing an

unoriented cycle. But we state results in the connected setting to simplify the hypotheses.

Corollary 2.2.9. Let Q be a connected quiver containing an unoriented cycle. Then

ΛqpQq satisfies the weak free product property. In particular, there exists an isomorphism

of graded algebras:
ÿ

i

ϕi : grpΛq
pQq ˚kQ0 kQ0rtsq Ñ grpLQq

where the associated graded algebras are taken with respect to the t-adic and JQ-adic

filtrations on ΛqpQq ˚kQ0 kQ0rts and LQ respectively.

2.2.2 A bimodule resolution of Λ

In this subsection, we show that for any quiver, the weak free product property for ΛqpQq

implies ΛqpQq has a length two projective bimodule resolution. Consequently, since we

establish the weak free product property for connected quivers containing a cycle, we
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prove ΛqpQq has Hochschild dimension at most two for connected quivers containing a

cycle.

Crawley-Boevey and Shaw build a chain complex of Λ-bimodules P‚ “ P2
α
Ñ P1

β
Ñ P0

where,

P2 “ P0 :“ ΛbkQ0 kQ0 bkQ0 Λ “ xηvyvPQ0 P1 :“ ΛbkQ0 kQ1 bkQ0 Λ “ xηayaPQ1

and

αpηvq :“
ÿ

aPQ1:tpaq“v

la∆ara where ∆a “

$

&

%

ηaa
˚ ` aηa˚ if a P Q1

´g´1
a pηaa

˚ ` aηa˚qg
´1
a if a P Qop

1 .

βpηaq :“ aηtpaq ´ ηhpaqa.

We claim that it is a resolution of Λ. To see this, following16, we first write down an

explicit chain map of Λ-bimodule complexes ψ : P‚ Ñ Q‚, where Q‚ is quasi-isomorphic

to Λ; we then prove it is an isomorphism. Q‚ is the cotangent exact sequence in Corollary

2.11 in17, but in this context it was defined earlier (and shown quasi-isomorphic to Λ) by

Schofield in51. So we have the maps:

P‚
ψ
ÝÑ
CBS

Q‚
q.i.
ÝÑ

Schofield
Λ.

Proposition 2.2.10 (Lemma 3.1 in16). For any quiver Q, the following diagram com-

mutes:

P0
α //

ψ2

��

P1
β

//

ψ1–

��

P0
γ

//

ψ0–

��

Λ

id“

��

J{J2 κ // ΛbL ΩkQ0pΛq bL Λ λ // ΛbkQ0 Λ
µ

// Λ

where the vertical maps are Λ-bimodule maps defined on generators by,

ψ2pηvq :“ ρev ´ qev ψ1pηaq :“ 1bL rabkQ0 1´ 1bkQ0 as bL 1 ψ0pηvq “ ev b ev

and the horizontal maps are defined by,

κpx` J2
q “ 1bL δpxq b 1 for x P J where δpxq “ xb 1´ 1b x

λp1bL rabbkQ0 c´ abkQ0 bcs bL 1q “ abbkQ0 c´ abkQ0 bc for a, b, c P L
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and µ is the multiplication map in Λ.

Since ψ0 and ψ1 are Λ-bimodule isomorphisms, it remains to show ψ2 is a Λ-bimodule

isomorphism. We show this using the weak free product property.

Proposition 2.2.11. Suppose Λ satisfies the weak free product property. Then P‚ is a

bimodule resolution of Λ.

Proof. Taking the i “ 1 piece of the graded isomorphism

grpϕq “
ÿ

i

ϕi : grpΛ ˚kQ0 kQ0rt, pt` qq
´1
sq ÝÑ grpLQq

gives an isomorphism of Λ-bimodules,

ϕ1 : ΛbkQ0 kQ0 ¨ tbkQ0 Λ Ñ JQ{J
2
Q.

Since ϕ1 sends t ÞÑ r, it sends tev ÞÑ rev “ pρ ´ qqev and hence ϕ1 “ ψ2. We conclude

that ψ2 is an isomorphism of Λ-bimodules and hence ψ‚ : P‚ Ñ Q‚ is an isomorphism of

Λ-bimodule complexes. In particular, P‚ is a resolution since Q‚ is a resolution.

Therefore, Λ has Hochschild dimension two. Every left Λ-module, M , has a length two

projective left Λ-module resolution P‚ bΛ M , and hence Λ has global dimension at most

two.

Example 2.2.12. Note that the inequality may be strict, since if Q is the Jordan quiver

(i.e the quiver with one vertex with a loop) then

Λq
pQq – kxa, a˚yrp1` a˚aq´1

s{paa˚ ´ qa˚a´ pq ´ 1qq.

The change of variables x :“ a and y :“ a˚{pq ´ 1q when q ‰ 1, identifies ΛqpQq with a

localization of the first quantum Weyl algebra, kxx, yy{pxy ´ qyx ´ 1q, which has global

dimension one.

2.2.3 The dual complex

In this subsection, we show for any quiver that if P‚ is a resolution of ΛqpQq, then ΛqpQq is

2-Calabi–Yau. Combining this with the previous subsection, we get that if ΛqpQq satisfies

the weak free product property then ΛqQ is 2-Calabi–Yau. In particular, this shows that

ΛqpQq is 2-Calabi–Yau for connected quivers containing a cycle.
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Recall that a d-Calabi–Yau structure is an A-bimodule isomorphism

η : AÑ ExtdAbAoppA,Ab Aop
q.

One can view such an η as an element of HHdpA,Aq by taking M “ N “ A in the

quasi-isomorphism,

RHomAbAoppM,Nq
–
ÝÑ HomAbAoppM,Ab Aq bLAbAop N.

For dg-algebras, one further equips this structure with a class in negative cyclic homology

that lifts the Hochschild homology class of the isomorphism. But, as shown in Propo-

sition 5.7 and explained in Definition 5.9 of56, for ordinary algebras this requirement is

automatic.

We have established P‚ as a Λ-bimodule resolution of Λ, if Q is connected and contains a

cycle. To show Λ is 2-Calabi–Yau, it suffices to show that its dual complex

RHomΛ´bimodpΛ,Λb Λq :“ HomΛ´bimodpP‚,Λb Λq “: P_‚

is quasi-isomorphic to Λr´2s.

Define η_v P HomΛ´bimodpP0,Λb Λq and η_a P HomΛ´bimodpP1,Λb Λq by,

η_v pηwq :“

$

&

%

ev b ev if v “ w

0 otherwise
η_a pηbq :“

$

&

%

etpaq b ehpaq if b “ a˚

0 otherwise .

These are generators of P_0 and P_1 respectively and give isomorphisms,

P_0 – ΛbkQ0 kQ0 bkQ0 Λ “ xη_v y, P_1 – ΛbkQ0 kQ1 bkQ0 Λ “ xη_a y.

Rather than directly study the dual complex P_‚ , we modify the formulas for α_ and β_

using the map θ, in a way that doesn’t affect the homology of the complex. Namely, after

choosing generators tξvu for P_0 and tξau for P_1 , defined below, one can expand:

α_pξaq “
ÿ

vPQ0

a1vξva
2
v β_pξvq “

ÿ

aPQ1

b1aξab
2
a,
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for some a1v, a
2
v, b

1
a, b

2
a P Λ and then define

α_θ pξaq :“
ÿ

vPQ0

θpa1vqξvθpa
2
vq β_θ pξvq :“

ÿ

aPQ1

θpb1aqξaθpb
2
aq.

With this choice of generators

α_θ “ pθb1bθq˝α_ α_ “ pθb1bθq˝α_θ β_θ “ pθb1bθq˝β_ β_ “ pθb1bθq˝β_θ

and therefore,

kerpα_θ q “ kerpα_q impα_θ q “ impα_q kerpβ_θ q “ kerpβ_q impβ_θ q “ impβ_q.

It suffices to show that

pP_‚ qθ :“ P_0
´β_θ // P_1

α_θ // P_0

is quasi-isomorphic to Λr´2s.

We prove this by establishing an isomorphism of Λ-bimodule complexes ϕ‚ : P‚r2s Ñ

pP_‚ qθ following Crawley-Boevey and Shaw, so

pP_‚ qθ
ϕ´1
‚ // P‚r2s

ψ‚r2s
// Q‚r2s

quasi-iso
// Λr2s.

Theorem 2.2.13. The following diagram commutes:

P_0
´β_θ //

(II)

P_1
α_θ //

(I)

P_0
γ˝ϕ´1

0 // Λ

P0
α //

ϕ0 –

OO

P1
β

//

ϕ1 –

OO

P0
γ

//

ϕ0 –

OO

Λ

id “

OO

where the vertical maps are Λ-bimodule isomorphisms defined on generators by,

ϕ0pηvq :“ ξv :“ qη_v ϕ1pηaq :“ ξa˚ :“

$

&

%

laη
_
a˚l

´1
a˚ if a P Qop

1

´r´1
a˚ η

_
a˚ra if a P Q1.

Note that ϕ1 is an invertible map since ra and la are invertible elements of Λ for all a P Q1.

The commuting of the above diagram becomes clear once we compute the maps α_ and

β_ explicitly, the content of the next two lemmas.
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Lemma 2.2.14 (Lemma 3.2 in16).

α_pη_a q “

$

&

%

a˚raη
_
hpaqla ´ g

´1
a˚ ra˚η

_
tpaqla˚g

´1
a˚ a

˚ if a P Q1

ra˚η
_
tpaqla˚a

˚ ´ a˚g´1
a raη

_
hpaqlag

´1
a if a P Qop

1

α_pξaq “ θpa˚qξtpa˚q ´ ξhpa˚qθpa
˚
q

α_θ pξa˚q “ aξtpaq ´ ξhpaqa

β “ ϕ´1
0 ˝ α_θ ˝ ϕ1

So square (I) in Theorem 2.2.13 commutes.

Proof. The first two equalities are shown directly in16 and the last two are clear from the

definitions together with Proposition 2.1.6.

Theorem 2.2.13. By Lemma 2.2.14, it suffices to show that (II) commutes. While one can

similarly compute β_ directly, such a calculation is unnecessary as the commuting of (II) follows

from that of (I).

Indeed, dualizing and applying p´qθ to the maps in (I), produces a still commuting diagram:

P1

pϕ1q
_
θ

��

(I)_θ

P0

pα_θ q
_
θoo

pϕ0q
_
θ

��

=

P1

´ϕ1

��

(I)_θ

P0
αoo

ϕ0

��

P_1 P_0β_θ

oo P_1 P_0β_θ

oo

which indeed shows ϕ1 ˝ α “ ´β
_
θ ˝ ϕ0, i.e. (II) commutes.

The equality of maps pα_θ q
_
θ “ α follows from Proposition 2.1.6, and pϕ0q

_
θ “ ϕ_0 “ ϕ0 follows

from the definitions. For pϕ1q
_
θ “ ´ϕ1, observe that it suffices to show pϕ1qθ “ pϕ1q

_ and

indeed,

pϕ1qθpηa˚q “ pξaqθ “

$

&

%

θpla˚qη
_
a θpl

´1
a q if εpaq “ 1

´θpr´1
a˚ qη

_
a θpraq if εpaq “ 1

“

$

&

%

ra˚η
_
a r
´1
a if εpaq “ 1

´l´1
a˚ η

_
a la if εpaq “ ´1

“ ´pϕ1q
_pηa˚q.

So without conditions on the quiver, we have established:

Corollary 2.2.15. If P‚ Ñ Λ is exact then pP_‚ qθ Ñ Λr´2s is exact and P_‚ Ñ Λr´2s is
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exact.

Therefore, the 2-CY property for Λ follows from the – apriori weaker – homological

dimension two property. In the previous subsection, we showed that Λ has homological

dimension two for Q connected and containing a cycle.

Corollary 2.2.16. If Q is connected and contains a cycle then ΛqpQq is 2-Calabi–Yau.

2.3 Formality of the multiplicative Ginzburg dg-algebras

In this section we show that if Q satisfies the strong free product property, then the

multiplicative Ginzburg dg-algebra is formal. In particular this proves Conjecture 2.0.3

in the case Q is connected and contains a cycle. Moreover, it reduces the conjecture to

the remaining extended ADE cases and Conjecture 2.0.6.

If one views the dg multiplicative preprojective algebra as the central object of study, as

in26 and25, then we are showing one can formally replace it by the non-dg version.

We begin with an elementary lemma.

Lemma 2.3.1. Let k be a commutative ring. Let A be the dg-algebra defined as a graded

algebra to be krrs˚krss with |r| “ 0 and |s| “ ´1, product given by concatenation of words,

and differential extended as a derivation from the generators dpsq “ r and dprq “ 0. Then

A is quasi-isomorphic (in fact chain homotopy equivalent) to its cohomology H˚pAq “ k

concentrated in degree zero.

Proof. Let h : AÑ Ar´1s be the homotopy with the property hprfq “ sf and hpsfq “ 0

for all f P A, and hpkq “ 0. Then h ˝ d` d ˝ h´ 1A is the projection with kernel k to the

augmentation ideal of A. Therefore, it defines a contracting homotopy from A to k.

In other words, the lemma is observing that A, as the tensor algebra on an acyclic complex

kr ‘ ks, is itself quasi-isomorphic to k.

Corollary 2.3.2. The dg-algebra A given by

Λq
pQq ˚kQ0 kQ0rr, pr ` qq

´1
s ˚kQ0 kQ0rss with |r| “ 0 and |s| “ 1

and with differential determined by dpsq “ r is quasi-isomorphic to ΛqpQq concentrated in

degree zero.
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Proof. Define a homotopy by, for f, g P ΛqpQq:

hpfrgq “ fsg, hpfsgq “ 0, hpfpr ` qq´1gq “ q´1hpfgq ´ q´1fspr ` qq´1g

where the definition of hpfpr ` qq´1gq is chosen to match the formula for hpfrgq in

the r-adic completion. There is an augmentation A � ΛqpQq with kernel pr, s, r1 :“

pr ` qq´1 ´ q´1q. Notice that h ˝ d ` d ˝ h is a homotopy from the identity on A to the

augmentation ΛqpQq, as it annihilates ΛqpQq and is the identity on s, r, and r1.

Definition 2.3.3. The Ginzburg dg-algebra Λdg,qpQq is defined to be

Λdg,q
pQq :“ pLQ ˚kQ0 kQ0rss, dpsq “ ρ´ qq .

Proposition 2.3.4. If ΛqpQq satisfies the strong free product property (meaning LQ, r, σ, kQ0rt, pt`

qq´1sq satisfies the strong free product property for some choice of σ) then

H˚pΛ
dg,q
pQqq “ H0pΛ

dg,q
pQqq – Λq

pQq

so in particular Λdg,qpQq is formal.

Proof. The strong free product property yields an isomorphism of graded vector spaces,

LQ – Λq
pQq ˚kQ0 kQ0rr, pr ` qq

´1
s.

Hence, as complexes

Λdg,q
pQq – LQ ˚kQ0 kQ0rss – Λq

pQq ˚kQ0 kQ0rr, pr ` qq
´1
s ˚kQ0 kQ0rss,

which by Corollary 2.3.2 is quasi-isomorphic to ΛqpQq, concentrated in degree zero. It

follows that,

Λdg,q
pQq – H˚pΛ

dg,q
pQqq – H0pΛ

dg,q
pQq – Λq

pQq

as dg-algebras.

Remark 2.3.5. In the presence of Conjecture 2.0.1, formality of Λdg,qpQq implies Λdg,qpQq

is 2-Calabi–Yau. Hence by Theorem 2.0.2, we have shown that Λdg,qpQq is 2-Calabi–Yau,

when Q is connected and contains a cycle. One may be able to adapt the techniques in

Section 2.2 to prove that Λdq,qpQq is 2-Calabi–Yau, in general. In more detail, the role of

the ΛqpQq-bimodule resolution, P‚, should now be played by the Λdg-dg-bimodule given
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by the total complex of:

Λdg bkQ0 k ¨ sbkQ0 Λdg αdg //

βdg1

11Λdg bkQ0 kQ1 bkQ0 Λdg
βdg0 // Λdg bkQ0 Λdg,

where β1pab sb bq “ asb b´ ab sb and β0pab xb bq “ axb b´ ab xb.

2.4 The center and primality of multiplicative preprojective algebras

In the ADE case, for q “ 1 and k characteristic zero, one can compute the center using the

isomorphism Λ1pQq – Π0pQq first established in14. Conjecture 2.0.4 predicts ZpΛ1pQqq –

evΛ
1pQqev for Q extended ADE and q “ 1 (proved in the case Q “ ĂAn). In the remaining

cases, Conjecture 2.0.1 predicts ZpΛqpQq “ k for Q non-ADE and non-extended ADE.

The goal of this section is to establish the conjecture in the case Q contains a cycle. We

begin with a general discussion of the center of free products.

2.4.1 The center of free products

Let R and S be rings containing B “ kI as not-necessarily unital subrings. Write ei for

δi,j : I Ñ k P B. Let A :“ R ˚B S :“ TBpR ‘ Sq be the free product over B Notice that

A can have non-trivial central elements:

Example 2.4.1.

(1) (trivial product: S “ B) Let R “ Crxs be a one-dimensional polynomial algebra

and take S “ B “ C ¨ 1R, so A “ R “ Crxs is commutative.

(2) (dimension 2) Let R “ Rrxs{px2 ` 1q, S “ Rrys{py2 ` 1q and B “ R1R “ R1S then

xy ` yx P ZpAq

(3) (matrix exception) Let R “ S “ Mat2pkq. Let B “ k2 be diagonal matrices in

each. Writing r for a strictly upper triangular matrix in R and s for a strictly lower

triangular matrix in S, we have rs` sr P ZpAq.

(4) (disconnected piece) Write kQ for the path algebra of the quiver Q over a field

k. Let R “ kp‚1 ‚2q, S “ kp‚2 Ñ ‚3q, and B “ kp‚2q be path algebras so

A “ R ˚B S “ kp‚1 ‚2 Ñ ‚3q. A has the non-trivial central element e1 “ 1R ´ 1B,

since this piece is disconnected from the rest of the algebra.
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(5) (preprojective algebra example) Let S “ Πp‚1
α
Ñ ‚2

β
Ð ‚3q be be the preprojective

algebra of the A3 quiver. Let R “ Πp‚4
γ
Ñ ‚2

δ
Ð ‚5, t2uq be the partial preprojective

algebra of the A3 quiver, where recall we don’t enforce the relation at vertex 2. Let

B “ kp‚2q. Notice that A “ R ˚B S is the associated graded algebra to ΠpĂD4q with

descending filtration F , defined by Fďn is the subspace of sum of paths with at

most n occurrences of γ or δ. So,

ZpgrpAqq “ ZpΠpĂD4qq – e1ΠpĂD4qqe1 Q αβ
˚βα˚

from which we conclude that ZpAq Ą ZpgrpAqq ‰ k.

In this section we ask and answer the question:

When is the center of a free product trivial? What conditions on

R, S, and B ensure R ˚B S has center given by scalar multiples of the

identity?

In order to rule out the first example we require R ‰ B and S ‰ B. Examples (2) and (3)

are regarded as low-dimensional exceptions, so we rule them out individually. To exclude

examples (4) and (5), we require certain connectivity assumptions.

Definition 2.4.2. Let R be a ring. We say r P R is a non-commutative non-zero divisor

if for all r1 P R, we have rRr1 ‰ 0 and r1Rr ‰ 0. We say R is prime if rRr1 “ 0 implies

r “ 0 or r1 “ 0.

Note that a ring is prime if and only if every nonzero element is a non-commutative

non-zero divisor.

We rule out Examples (4) and (5) by requiring that R be prime and 1B be a non-

commutative non-zero divisor in S. Notice in Example (4) that 1BRe1 “ 0 so R is not

prime and in Example (5) that 1BSpαβ
˚q “ 0 so 1B is a non-commutative zero divisor in

S.

Finally, note that R prime is a stronger condition than needed for triviality of the center

(e.g., Crxs{px3q ˚CCrys{py2q.q So see Lemma 2.4.5 for weaker conditions, that only require

the prime condition on elements in B together with some size constraints to avoid low-

dimensional counterexamples, which we introduce now.

Definition 2.4.3. We say i P I is a source (respectively sink) for a vector subspace

V Ă A if eiV ‰ 0 (respectively V ei ‰ 0.q We say i P I is a double source (respectively

double sink) if dimkpeiV q ą 1 (respectively dimkpV eiq ą 1).
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Lemma 2.4.4. Let R be a prime ring with B “ kI a not-necessarily unital subring and

a decomposition R “ R‘B. Then, every ei is both a source and a sink for R. Moreover,

if R flMat2pkq and R is not a degree two field extension of k, then I has a double source

and a double sink.

Proof. If ei “ 1R then eiR “ R “ Rei is non-zero by assumption. Otherwise, 1R ´ ei ‰ 0

and

eiRp1R ´ eiq “ eiRp1R ´ eiq ‰ 0 p1R ´ eiqRei “ p1R ´ eiqRei ‰ 0

since R is prime. In either case, i is both a source and a sink for R.

Case: |I| ě 3

Pick 1, 2, 3 P I and R prime implies

e1Re2 “ e1Re2 ‰ 0 e1Re3 “ e1Re3 ‰ 0.

So dimkpe1Rq ě 2 and 1 is a double source for R. Similarly 1 is a double sink for R.

Case: |I| “ 2

R prime implies each di,j :“ dimpeiRejq ‰ 0 for i, j P I. If any pair pi, jq has di,j ą 1 then

di,j1 ą 1 for some j1 ‰ i. So 2 ď dimpeiRej1q “ dimpeiRej1q and i is a double source and

j1 is a double sink for R. Otherwise each di,j “ 1 and pick α P e1Re2 and β P e2Re1 both

non-zero. Notice αβ P e1Re1 “ e1Be1 “ ke1 implies αβ “ c1e1 and similarly βα “ c2e2.

R prime implies c1α “ αβα “ αc2 is non-zero and so c1 “ c2 ‰ 0. We conclude that the

map

ϕ : Mat2pkq Ñ R e11 ÞÑ e1, e22 ÞÑ e2, e12 ÞÑ α, e21 ÞÑ β{c1

is an isomorphism.

Case: |I| “ 1

If e1 ‰ 1R then e2 :“ 1R ´ e1 is an idempotent and R prime forces the isomorphism

Mat2pkq – R as above.

If e1 “ 1R then 1 is both a double source and double sink for R unless dimkpRq “ 2, in

which case R prime implies R is the splitting field for some quadratic polynomial over

k.

Lemma 2.4.5. Define J :“ ti P I : ei is a non-commutative non-zero divisor in Ru As-

sume:
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(a) J has a source or sink for S

(b) J has a double source and double sink for R

(c) Every i P I is a source or sink for R

Then ZpAq Ă k1A ‘K where K :“ kerp1B ¨ ´ : ZpAq Ñ k1Bq. In particular, if 1B is a

non-commutative non-zero divisor in both S and R, then K “ 0 and ZpAq “ k is trivial.

Proof. Fix z P ZpAq and write z “ zB`zR`zS`zRS`zSR according to the decomposition

of the free product into pieces:

A “ B ‘ AR ‘ AS ‘ ARS ‘ ASR

where

ARS :“
ÿ

mě1

pRSqm, ASR :“
ÿ

mě1

pSRqm, AR :“ R ‘R ¨ ASR, AS :“ S ‘ S ¨ ARS.

We first show 1Bz P B by showing it individually for each term in the decomposition.

1BzR P B

Suppose j P J is a source for S. So there exists s P S such that ejs ‰ 0. Then

ARS ‘ AS ‘B Q zpejsq “ pejsqz P ASR ‘ AS ‘B

so this element is in the intersection AS ‘ B. Hence ejzR P B, so ejzR “ αej for α P k.

Since ej is a non-commutative non-zero divisor in R, for all i P I, there exists ri P R such

that

0 ‰ ejripzReiq “ pejzRqriei “ αriei ùñ eizR P B

for all i P I. Hence 1BzR “
ř

i eizR P B.

1BzS P B

Fix i P I, necessarily a source or sink for R. Without loss of generality, suppose i is a

source. So there exists r P R such that eir ‰ 0. Then

ASR ‘ AR ‘B Q peirqz “ zpeirq P ASR ‘ AR ‘B

so eirz P AR‘B and eizS “ zSei P B. This holds for all i P I and hence the sum 1BzS P B.
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1BzRS P B

Write ARS “ RAS and ASR “ ASR. Pick a basis for AS, tfmumPM such that each

fm P ei1ASei2 . Here i1, i2 P I \ t0u where e0 :“ 1R ´ 1B. Write

zRS “
ÿ

rmfm zSR “
ÿ

fmr
1
m rm, r

1
m P R.

Suppose i P I is a double source for R and zRSei R B. Then there exists n PM such that

rnfnei R B. Pick r2n P eiRztαr
1
nuαPk not a scalar multiple of r1n. This ensures that the

sums,

B ‘ AR Q c`
ÿ

m

rmfmr
2
m “ zr2m “ r2mz “ c1 `

ÿ

m

r2mfmr
1
m P B ‘ AR

disagree on RfnR (i.e. rnfnr
2
n ‰ r2nfnr

1
n). Hence we’ve contradicted the assumption

zRSei R B.

1BzSR P B

This argument is identical by examining zSR instead of zRS.

Next notice that 1Bz P B implies 1Bz “ α1B for α P k. To see this, pick i P I and

define α P k such that αei “ zei. For j P I, write β for the scalar such that βjej “ zej.

Then, since ei is a non-commutative non-zero divisor in R, there exists r P R such that

eirej ‰ 0. Hence

αeirej “ zeirej “ eirzej “ βeirej

so α “ β and 1Bz “ α1B, as desired.

Finally, for z P ZpAq pick α P k such that 1Bpz ´ αq “ 0. Since 1B is non-commutative

non-zero divisor in both R and S, and for all r P R and all s P S,

1Brpz ´ αq “ 1Bpz ´ αqr “ 0 and 1Bspz ´ αq “ 1Bpz ´ αqs “ 0 ùñ z ´ α “ 0,

completing the proof.

Combining Lemma 2.4.5 and Lemma 2.4.4

Corollary 2.4.6. Let R be a prime ring, R fl Mat2pkq nor a degree two field extension

of k. Let 1B be a non-commutative non-zero divisor in S. Then ZpAq “ k.

Proof. Notice that J “ I since R is prime and I has a source for S since

1BS ‰ 0 ùñ eiS ‰ 0 for some i P I.
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So condition (a) is satisfied. Condition (b) follows from Lemma 2.4.4, which applies as

we have assumed R is prime and not Mat2pkq nor a degree two field extension of k.

Condition (c) follows from R prime. Finally, 1B is a non-commutative non-zero divisor in

S by assumption and in R since R is prime. We conclude that ZpAq “ k.

Notice that under the hypotheses R prime and 1B a non-commutative non-zero divisor in

S, one has that A is prime. That is, given non-zero words w1, w2 P A one can find w1 P A

such that w1ww2 ‰ 0. In the case that w1 ends in S and w2 starts in S one has s, s1 P S

such that w1s1B ‰ 0 and 1Bs
1w2 ‰ 0. Then using R prime, one can choose r P R and

there exists r1, r2 P R such that w1s1Br
1rr21Bs

1w2 ‰ 0. The other cases are easier and we

leave them to the reader.

Lemma 2.4.7. If R is prime and 1B a two-sided non-commutative non-zero divisor in

S, then A “ R ˚B S is prime.

2.4.2 The center is trivial for quivers containing a cycle

Using a decomposition for ΛqpQq as a free product from Corollary 2.5.6 together with

Corollary 2.4.6 we get:

Corollary 2.4.8. If Q is connected and contains an unoriented cycle, then ΛqpQq is

prime. If the containment is proper, then ZpΛqpQqq “ k.

Proof. Suppose ĂAn Ĺ Q. By Corollary 2.5.6, one has a decomposition,

gr Λq
pQq – ΛqnpĂAnq ˚kQ0 Λq1

pQzĂAn, pĂAnq0q,

where q “ pqn, q
1q and ΛqpQq is given the descending filtration by powers of the ideal

generated by those arrows in QzÃn which are incident to pĂAnq0. Therefore

grpZpΛq
pQqqq Ď ZpgrpΛq

pQqq “ ZpΛqnpĂAnq ˚kQ0 Λq1
pQzĂAn, pĂAnq0qq,

and so to show grpZpΛqpQqqq “ k, it remains to check the hypotheses of Corollary 2.4.6,

with R “ ΛqnpĂAnq, S “ ΛqpQzĂAn, pĂAnq0qq and B “ kQ0. Indeed,

• ΛqnpÃnq is prime by Proposition 2.5.3, and clearly ΛqnpÃnq ‰ kQ0.

• ΛqpÃnq, being infinite-dimensional, is not isomorphic to Mat2pkq, nor krxs{px2 `

bx` cq.
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• ΛqpQzĂAn, pĂAnq0qq ‰ kQ0 is the statement that the containment ĂAn Ĺ Q is proper.

• 1kQ0 is a non-commutative non-zero divisor in ΛqpQzĂAn, pĂAnq0qq sinceQ is connnected,

so every vertex in QzĂAn is connected to some vertex in pĂAnq0.

So grpZpΛqpQqqq “ k. And by Lemma 2.4.7, grpZpΛqpQqqq is prime. Since the filtration

is Hausdorff (again by Corollary 2.5.6), we conclude also that ZpΛqpQqq “ k and ΛqpQq

is prime.

Corollary 2.4.9. If Q is connected and properly contains a non-oriented cycle, then

ΛqpQq has a unique, up to scaling, Calabi–Yau structure.

Proof. Any two Calabi–Yau structures differ by an invertible map HomΛ´bimodpΛ,Λq,

which is determined by the image of the unit, a central invertible element. So the set of

Calabi–Yau structures, when non-empty, forms a ZpΛqˆ-torsor, which in this case is kˆ.

So any two Calabi–Yau structures differ by an invertible scalar.

2.5 The strong free product property

The goal of this section is to prove the strong free product property for connected quivers

containing a cycle. We first establish the strong free product property for the quivers
ĂAn for n ě 0 using the Diamond Lemma to build a section of the quotient map π :

L Ñ ΛqpĂAnq. Then we establish the more general result using the corresponding result

for partial multiplicative preprojective algebras. See Subsection 2.2.1 for the prerequisite

definitions.

As results in Sections 3, 4, and 5 rely on results established in this section, the reader

should note that we do not use any results from previous sections.

2.5.1 The case of cycles

Consider the quiver rAn´1: with vertex set p rAn´1q0 :“ t0, 1, . . . n ´ 1u and arrow set

p rAn´1q1 “ ta0, a
˚
0 , a1, a

˚
1 , . . . , an´1, a

˚
n´1u with spaiq “ i and tpaiq “ i ` 1 (mod nq. The

multiplicative preprojective algebra for this quiver is defined, with respect to the ordering

given by ai ă ai`1 ă a˚j ă a˚j`1 for all i, j P t0, 1, . . . , n´ 2u, to be

Λq
p rAn´1q :“

k rAn´1rp1` aia
˚
i q
´1, p1` a˚i aiq

´1si“0,...,n´1
@
śn

i“0p1` aia
˚
i q
śn´1

i“0 p1` a
˚
i aiq

´1 ´
řn
i“1 qiei

D “:
L

J
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Writing a :“
ř

i ai, a
˚ :“

ř

i a
˚
i , and q “

ř

i qiei since

1` aa˚ “ 1`
ÿ

i

aia
˚
i “

n´1
ź

i“0

p1` aia
˚
i q 1` a˚a “ 1`

ÿ

i

a˚i ai “
n´1
ź

i“0

p1` a˚i aiq

we have,

Λq
p rAn´1q :“

k rAn´1rp1` aa
˚q´1, p1` a˚aq´1s

xp1` aa˚qp1` a˚aq´1 ´ qy
.

We write r :“ p1 ` aa˚qp1 ` a˚aq´1 ´ q for this relation, S for the degree zero piece

kp rAn´1q0 of Λqp rAn´1q. As before let B :“ kQ0rt, pq ` tq´1s and B “ tB, spanned over

kQ0 by tm, pt1qm,m ě 1, for t1 :“ pq ` tq´1 ´ q´1. Let r1 :“ pq ` rq´1 ´ q´1.

We construct σ : L{prq ˚kQ0 B Ñ L so that pL, r, σ1, Bq satisfies the strong free product

property using an explicit basis:

Proposition 2.5.1. L is a free left kQ0-module with basis consisting of 1 together with

all alternating products of elements of the following two sets, for x :“ p1` aa˚q:

B :“
 

xma`, xmpa˚q` | m P Z, ` P N
(

, R :“ trm, pr1qm | m P Nu.

In particular, B forms a basis for Λqp rAn´1q “ L{prq, and pL, r, σ,Bq satisfies the strong

free product property, with σ induced from the inclusion of B into L.

Proof. Note that, for every vertex i, we have eia “ aej for a unique j, and similarly for

the elements a˚, x, y :“ p1` a˚aq´1, x´1, y´1, and by definition, eir “ rei. Therefore L is

spanned as a left S-module by words in a, a˚, x, y, x´1, y´1, and r, r1 (of course, this set is

redundant, but we will need it this way to obtain the desired basis). The relations are:

xx´1
“ 1 “ x´1x, yy´1

“ 1 “ y´1y, x “ 1` aa˚, y “ 1` a˚a, (2.5.1)

r “ xy´1
´ q, r1 “ yx´1

´ q´1. (2.5.2)

The first step is to show that we can get into a normal form in finitely many steps.

Afterwards, we will show that this form is unique. We can form the following system of

reductions which implement these relations:

• Inverse Reductions: xx´1, x´1x, yy´1, y´1y ÞÑ 1.

• Short Cycle Reductions: aa˚ ÞÑ x´ 1, a˚a ÞÑ y ´ 1.

• Reordering Reductions: a˚x˘1 ÞÑ y˘1a˚, ay˘1 ÞÑ x˘1a.
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• Substitution Reductions: y´1 ÞÑ x´1pr ` qq, y ÞÑ pr1 ` q´1qx (if not preceded by a);

ax ÞÑ apr ` qqy, ax´1 ÞÑ ay´1pr1 ` q´1q.

• Reductions in B: rr1, r1r ÞÑ ´qr1 ´ q´1r.

Observe that we can apply a reduction to a monomial unless the monomial has the form

w1u1w2 ¨ ¨ ¨unw``1 for some ` P Zě0 where ui P R and wi P B.

We can form an ordering on monomials such that these reductions always replace monomi-

als with a linear combination of smaller monomials. The ordering is as follows. For every

generator or word in generators z, let nzpwq denote the number of occurrences of z in w.

For every pair of generators (or words in generators) z, z1, let nz,z1pwq denote the number

of pairs of occurrences of z and z1 in w with z appearing to the left of z1. For subsets of

generators (or words in generators) Z,Z 1 let nZ :“
ř

zPZ nz and nZ,Z1 :“
ř

zPZ,z1PZ1 nz,z1 .

For a word w in the generators, define the function

Npwq :“ pnapwq, nta,a˚u,tx,x´1,y,y´1upwq, ntax,ax´1upwq, nty,y´1upwq, ntr,r1upwqq P N5. (2.5.3)

Now we say that w1 ă w if Npw1q ă Npwq in the lexicographical ordering on N5. Observe

that, if w1 is obtained from w by applying a reduction, then Npw1q ă Npwq. This implies

that any sequence of reductions terminates in finitely many steps.

It remains to show that the procedure above produces a unique result. More precisely,

we wish to show that any nontrivial linear combination of monomials in normal form

is nonzero. First note that, because the generators y˘1 are nonreduced, they can be

substituted out everywhere (except in the substitution reductions for y˘1 themselves). As

long as we check that the defining relations are still satisfied, this will produce another

valid reduction system. The result is:

Inverse Reductions:

(1) xx´1 r1
ÞÝÑ 1

(2) x´1x
r2
ÞÝÑ 1

Short Cycle Reductions:

(3) aa˚
r3
ÞÝÑ x´ 1

(4) a˚a
r4
ÞÝÑ pr1 ` q´1qx´ 1

Reordering Reductions:

(5) a˚x
r5
ÞÝÑ pr1 ` q´1qxa˚

(6) ax
r6
ÞÝÑ qxa´ qar1x

(7) ax´1 r7
ÞÝÑ

ax´ 1x´1apr1 ` q´1q

(8) a˚x´1 r8
ÞÝÑ x´1pr ` qqa˚

Substitution Reductions:

(9) y´1 ÞÑ x´1pr ` qq

(10) y ÞÑ pr1 ` q´1qx

Reductions in B:

(11) rr1 ÞÑ ´qr1 ´ q´1r

(12) r1r ÞÑ ´qr1 ´ q´1r

117



It is clear that this still implies all of the defining relations: for instance, p1 ` aa˚q still

reduces to x and the relations for r and r1 are implied by substitution.

The advantage of doing it this way is that the final reductions (substitution and B) don’t

overlap with any others, so the only overlaps between the nonreduced words above are

amongst the (1)–(8), involving the generators a, a˚, x, x´1 only. (As we stated, such a

procedure works in general, whenever some generators are nonreduced.)

To prove uniqueness, we apply the Diamond Lemma (see3). The Diamond Lemma says

it suffices to check overlap ambiguities, i.e., where two non-reduced subwords overlap in a

larger word. In this case, it suffices to show that the 12 cubic terms formed by overlapping

the leading terms of the quadratic reductions uniquely resolve. These terms are:

(I) xx´1x

(II) x´1xx´1

(III) aa˚a

(IV) a˚aa˚

(V) a˚xx´1

(VI) axx´1

(VII) a˚x´1x

(VIII) ax´1x

(IX) aa˚x

(X) a˚ax

(XI) aa˚x´1

(XII) a˚ax´1.

The resolution of (I) and (II) are immediate (and are completely general, having to do

with a basis for krx, x´1s). Here is a summary of the remaining resolutions of ambiguities:

(III) pr3 ´ r6 ˝ r4qpaa
˚aq “ 0 (VIII) pr8 ˝ r7 ´ r2qpax

´1xq “ 0

(IV) pr4 ´ r5 ˝ r3qpa
˚aa˚q “ 0 (IX) pr3 ´ r3 ˝ r6 ˝ r5qpaa

˚xq “ 0

(V) pr8 ˝ r5 ´ r1qpa
˚xx´1q “ 0 (X) pr4 ´ r4 ˝ r4 ˝ r5 ˝ r6qpa

˚axq “ 0

(VI) pr7 ˝ r6 ´ r1qpaxx
´1q “ 0 (XI) pr3 ´ r3 ˝ r7 ˝ r8qpaa

˚x´1q “ 0

(VII) pr5 ˝ r8 ´ r2qpa
˚x´1xq “ 0 (XII) pr4 ´ r4 ˝ r8 ˝ r7qpa

˚ax´1q “ 0.

We explicitly demonstrate (X), one of the more involved resolutions.

a˚ax “ pa˚aqx
r4
ÞÝÑ rpr1 ` q´1

qx´ 1sx “ pr1 ` q´1
qx2

´ x

and

a˚ax “ a˚paxq
r6
ÞÝÑ a˚pqxa´ qar1xq

r4˝r5
ÞÝÝÝÑ qpr1 ` q´1

qxa˚a´ qppr1 ` q´1
qx´ 1qr1x

r4
ÞÝÑ qpr1 ` q´1

qxppr1 ` q´1
qx´ 1q ´ qppr1 ` q´1

qx´ 1qr1x

“ qpr1 ` q´1
qxpq´1x´ 1q ` qr1x “ pr1 ` q´1

qx2
´ x.
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Remark 2.5.2. The choice of B was important here. If we instead had defined it so that

pq ` tq´1 P B, i.e., if we replace r1 “ pq ` rq´1 ´ q´1 P R by pq ` rq´1, then our desired

basis would no longer be linearly independent. Indeed, reducing aa˚a one way, we get

px´1qa “ xa´a, which is reduced, whereas the other way we get apy´1q “ apq`rq´1x´a,

also reduced. That is, xa “ apq ` rq´1x, an equality of two distinct reduced elements.

Proposition 2.5.3. ΛqpĂAnq is prime for all n ě 0 and all q P pkˆqn`1.

Proof. We need to show, for every pair f, g P ΛqpĂAnq, both nonzero, there exists some

h P ΛqpĂAnq such that fhg ‰ 0. It suffices to take f and g to be linear combinations

of basis elements that all begin at some vertex i and end at some vertex j. By right

multiplication by an´j or pa˚qj, one can take f and g to be linear combinations of basis

elements ending at vertex 0. By left multiplication by ai or pa˚qn´i and then applying

Reordering reductions, one can take f or g to be linear combinations of basis elements

starting and ending at vertex 0. In fact by doing this we can assume that f is of the form

e0f1px, x
´1qf2pa

n`1q, where f1 ‰ 0 and f2 has nonzero constant term, and similarly for g.

Then their product is of the same form, and hence is nonzero.

2.5.2 Partial multiplicative preprojective algebras

Generally, for any quiver Q, let W Ď Q0 be a nonempty subset of white vertices, and

B :“ Q0zW the black vertices. Then the partial multiplicative preprojective algebras of

pQ,Wq is ΛqpQ,Wq :“ L{prBq, where rB “ 1Br1B, for 1B :“
ř

jPB ej. This algebra

interpolates between ΛqpQ,Q0q “ L and ΛqpQ,Hq “ ΛqpQq. Let B :“ Brt, pt ` qq´1s “

1BkQ0rt, pq ` tq
´1s.

Proposition 2.5.4. Let Q be a connected quiver and Q0 “ B \W a decomposition into

black and white vertices with W ‰ H. Then pL, rB, σ, Bq satisfies the strong free product

property for some choice of σ.

In more detail, let F Ď Q be a union of trees rooted at the vertices of W with:

• F0 “ Q0,

• no arrows between vertices in W, and

• arrows directed towards the roots.
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Figure 2.1: The quiver on the left is a doubled quiver, obtained by adding the grey arrows. It has three
white vertices and three black vertices. The middle and right diagrams show two inequivalent spanning
forests, in green, with roots at the white vertices.

We call such an F a spanning forest, see Figure 2.1. For convenience we assume (up to

reorienting the arrows of Q) that F1 Ď Q1.

A basis for L is given by concatenable words in the arrows a P Q1, the elements x˘1
a :“

p1 ` aa˚q˘1 for a P Q1zF 1, and the elements rB, r
1
B :“ pq ` rBq

´1 ´ q´1, such that the

following subwords do not occur:

xax
´1
a , x´1

a xa, aa
˚, ax˘1

a˚ , for a P Q1; x´1
a˚ , xa˚a, x

2
a˚ , for a P F1. (2.5.4)

The words in which rB do not occur form a basis for ΛqpQ,Wq “ L{prBq, and the section

σ is given by the inclusion of these elements.

Proof of Proposition 2.5.4. The proof parallels that of Proposition 2.5.1.

Note that L is spanned by concatenable words in a, xa :“ p1 ` aa˚q, x´1
a , r, r1 subject to

the following relations, depending on the choice of ordering ď on the arrows a P Q1:

xax
´1
a “ 1 “ x´1

a xa, xa “ 1` aa˚, (2.5.5)

r “
ź

ď

xεpaqa ´ q, r1 “
ź

a,ě

x´εpaqa ´ q´1 (2.5.6)

rr1 “ r1r “ ´qr1 ´ q´1r. (2.5.7)

Recall la :“
ś

bPQ,băa g
εpbq
b and ra :“

ś

bPQ,bąa g
εpbq
b . So

lap1` aa
˚
q
εpaqra “ r ` q ùñ xεpaqa :“ p1` aa˚qεpaq “ l´1

a pr ` qqr
´1
a .

So define redεpaqa “ l´1
a pr ` qqr´1

a . We implement the above relations with the following

reductions:

• Inverse Reductions: xax
´1
a , x´1

a xa ÞÑ 1 for a P Q1.
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• Short Cycle Reductions: aa˚ ÞÑ xa ´ 1 for a P Q1.

• Reordering Reductions: a˚x˘a ÞÑ x˘a˚a
˚ for a P Q1.

• Substitution Reductions: x˘a ÞÑ red˘a , x´1
a˚ ÞÑ 1´ a˚red´1

a a,

Substitution Reductions: x2
a˚ ÞÑ xa˚ ` a

˚redaa, xa˚a
˚ ÞÑ a˚reda, for a P F1

• Reductions in B: rr1, r1r ÞÑ ´qr1 ´ q´1r.

For each monomial in L, define a weighted size,

ϕa :“ nta,a˚u `
3

2
ntxa,xa˚u ` 3ntx´1

a ,x´1
a˚
u

for each a P Q1. From this, one can define a notion of size among monomials in xx˘a , a |

a P Q1y, by first defining a total ordering on the arrows pQ1,ăq such that,

a ă a1 if a P F1, a
1
P Q1zF1,

or if a, a1 P F1 with a1 disconnected from W in F1ztau.

Intuitively, we are saying that arrows in the spanning forest come before the rest in the

ordering, with arrows closer to the white vertices coming first. Using ă, define

N 1 : xx˘a , a, r, r
1
| a P Qy Ñ NpQ1,ăq ˆ N2

N 1
pwq :“p2ϕapwq, nta|aPQ1u,txa|aPQ1u

pwq, ntr,r1upwqq,

from which we say w ă w1 if Npw1q ă Npw1q in the lexicographical ordering on N|Q1|`2.

Notice, as in Proposition 2.5.1, that N 1pripwqq ă N 1pwq for any word w and reduction ri

with ripwq ‰ w. First notice that, by design, ϕa decreases under the following reductions:

• Inverse Reductions: ϕapxax
´1
a q “ ϕapx

´1
a xaq “ 3` 3{2 ą 0 “ ϕap1q

• Short Cycle Reductions: ϕapaa
˚q “ 2 ą 3{2 “ ϕapxaq

• Substitution Reductions: ϕapxaq “ 3{2 ą 0 “ ϕapredaq,

Substitution: ϕapx
´1
a q “ 3 ą 0 “ ϕapred´1

a q, ϕpx´1
a˚ q “ 3 ą 2 “ ϕapa

˚red´1
a aq,

Substitution: ϕpx2
a˚q “ 3 ą 2 “ ϕapa

˚redaaq and ϕpx2
a˚q “ 3 ą 3{2 “ ϕapxa˚q,

Substitution: ϕapxa˚a
˚q “ 5{2 ą 1 “ ϕapa

˚redaq.

For the Substitution Reductions observe that reda for a P F1 has subwords xb, xb˚ for

only a single b P F1 which is necessarily farther from the root than a and the remaining
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arrows are not in the spanning forest. Consequently, ϕa decreasing, despite ϕb increasing

for larger b, implies that N decreases. The Reordering Reductions preserve all ϕa but

decrease nta|aPQ1u,txa|aPQ1u
pwq by definition, and hence decrease N 1. The reductions in B

preserve all ϕa and nta|aPQ1u,txa|aPQ1u
pwq but decrease ntr,r1upwq.

We conclude that every monomial in L reduces to a linear combination of monomials

without subwords in

txax
´1
a , x´1

a xa, aa
˚, axa˚ , ax

´1
a˚ | a P Q1u Y tx

´1
a˚ , xa˚a, x

2
a˚ | a P F1u

after applying finitely many reductions.

Note that some generators are nonreduced: xa, x
´1
a , and x´1

a˚ for a P F1. Therefore, we

can put in reductions for each of these and throw out all other reductions involving these

generators, provided we check that all the defining relations still reduce to zero. We have

the reductions:

(1) xax
´1
a

r1
ÞÝÑ 1 for a P Q1

(2) x´1
a xa

r2
ÞÝÑ 1 for a P Q1

(3) aa˚
r3
ÞÝÑ reda ´ 1 for a P F1

(4) aa˚
r4
ÞÝÑ xa ´ 1 for a R F1

(5) ax˘a˚
r5
ÞÝÑ x˘a a for a R F 1

(6) axa˚
r6
ÞÝÑ redaa for a P F1

(7) x2
a˚

r7
ÞÝÑ xa˚ ` a

˚redaa for a P F1

(8) xa˚a
˚ r8
ÞÝÑ a˚reda for a P F1

which don’t overlap with the remaining reductions:

Substitution reductions: x˘1
a ÞÑ red˘1

a , x´1
a˚ ÞÑ 1´ a˚x´1

a a, a P F1;

Reductions in B: rr1, r1r ÞÑ ´qr1 ´ q´1r.

As before, reductions (3) and (4) imply the relations xa “ 1`aa˚, whereas the substitution

reductions imply the defining relations for r, r1. So this is a valid reduction system.

This reduction system has thirteen ambiguities:

(I) xax
´1
a xa for a R F 1

(II) x´1
a xax

´1
a for a R F 1

(III) axa˚x
´1
a˚ for a R F 1

(IV) ax´1
a˚ xa˚ for a R F 1

(V) ax2
a˚ for a P F1

(VI) x2
a˚a

˚ for a P F1

(VII) xa˚a
˚a for a P F1

(VIII) axa˚a
˚ for a P F1

(IX) a˚axa˚ for a P F1

(X) a˚axa˚ for a P QzF1

(XI) aa˚a for a P Q1zF 1

(XII) aa˚a for a P F1
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(XIII) aa˚a for a˚ P F1

which all resolve by the resolutions

(I) pr1 ´ r2qpxax
´1
a xaq “ 0

(II) pr2 ´ r1qpx
´1
a xax

´1
a q “ 0

(III) pr1 ´ r1 ˝ r5 ˝ r5qpaxa˚x
´1
a˚ q “ 0

(IV) pr2 ´ r2 ˝ r5 ˝ r5qpax
´1
a˚ xa˚q “ 0

(V) pr3 ˝ r6 ˝ r7 ´ r6 ˝ r6qpax
2
a˚q “ 0

(VI) pr3 ˝ r8 ˝ r7 ´ r8 ˝ r8qpx
2
a˚a

˚q “ 0

(VII) pr7 ˝ r4 ´ r8qpxa˚a
˚aq “ 0

(VIII) pr3 ˝ r6 ´ r3 ˝ r8qpaxa˚a
˚q “ 0

(IX) pr7 ˝ r4 ´ r6qpa
˚axa˚q “ 0

(X) pr4 ˝ r5 ˝ r5 ´ r4qpa
˚axa˚q “ 0

(XI) pr4 ´ r5 ˝ r4qpaa
˚aq “ 0

(XII) pr6 ˝ r4 ´ r3qpaa
˚aq “ 0

(XIII) pr8 ˝ r4 ´ r3qpaa
˚aq “ 0.

The resolutions of the ambiguities (I)–(IV) and (X)–(XIII) are quick, leaving the com-

putational heart of the calculations with the five resolutions (V)–(IX). Note that the

resolutions for (V) and (VI) are identical after swapping the roles of reductions r6 and r8,

and similarly for (IX) and (VII), leaving three calculations: (V), (VIII), and (IX). These

ambiguities express the overlap of r6 with r7, r8, and r4 respectively and further reduce

uniquely to red2
aa, redapreda ´ 1q, and a˚redaa.

2.5.3 A convenient substitution

It will be convenient for us to make the substitutions:

x˘a :“ x˘1
a ´ 1. (2.5.8)

The motivation for this is as follows: let A be either a multiplicative preprojective algebra

or a partial version for a connected quiver Q. Let I be the ideal generated by all paths

beginning and ending at vertices having either q “ 1 or the color white (the latter applies

only to the setting of partial multiplicative preprojective algebras). Then A{I is nonzero,

and we can make use of the I-adic filtration. The modified generators x˘a , for a an arrow

in I, have the advantage of lying in the ideal I. As we will see, at least in the case where

Q either contains a cycle or there is a white vertex, the I-adic filtration is Hausdorff.

Thus, we get an embedding of A into the completion pAI , realising x˘a as power series

with zero constant term. In the special case where q “ 1 (at all black vertices), this
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completion means we are working with noncommutative power series in arrows, and all

of the modified generators have zero constant term. This completion is closely related to

the completion of (partial) additive preprojective algebras at λ “ 0 (at all black vertices).

Practically speaking, we only require the above substitution in the next subsection in the

partial case, at white vertices, for the purpose of obtaining a basis for quivers containing

cycles. But the substitution probably is worth making as well at any vertex where we

want to think of q as a deformation parameter based at q “ 1.

Let us explain how this substitution works in the case of the cycle ĂAn (although we do

not strictly need it in that case). We formally set x˘ :“ x˘1 ´ 1 and y˘ :“ y˘1 ´ 1; then

the modified reductions from Section 2.5.1 are the following ones:

• Inverse Reductions: x`x´, x´x` ÞÑ ´x` ´ x´ and y`y´, y´y` ÞÑ ´y` ´ y´

• Short Cycle Reductions: aa˚ ÞÑ x`, a˚a ÞÑ y`.

• Reordering Reductions: a˚x˘ ÞÑ x˘a˚, ay˘ ÞÑ y˘a.

• Substitution Reductions: y´ ÞÑ x´pr`qq`r`pq´1q, y` ÞÑ pr1`q´1qx``r1`pq´1´1q

(if not preceded by a);

ax` ÞÑ apr ` qqy` ` ar ` pq ´ 1qa, ax´ ÞÑ ay´pr1 ` q´1q ` ar1 ` pq´1 ´ 1qa.

This produces the same ambiguities as before, which resolve in the same way after elimi-

nating the nonreduced generators y˘ (another way to say this is that the reductions are

the same up to the change of variables, so ambiguities resolve if and only if they did

before). The modified ordering function,

N z
pwq :“ pnapwq, nta,a˚u,tx`,x´,y`,y´upwq, ntax`,ax´upwq, nty`,y´upwqq,

is strictly decreasing under applications of reductions and hence every term reduces after

applying finitely many reductions. The new left free kQ0-module basis, as in Proposition

2.5.1, is given by alternating words in R and

B1 :“ tpx˘qma`, px˘qmpa˚q` | m P N, ` P Nu.

In the case of the partial multiplicative preprojective algebra, the modified reductions are

as follows:

• Inverse Reductions: x`a x
´
a , x

´1
a xa ÞÑ ´x`a ´ x

´
a for a P Q1.
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• Short Cycle Reductions: aa˚ ÞÑ xa for a P Q1.

• Reordering Reductions: a˚x˘a ÞÑ x˘a˚a
˚ for a P Q1.

• Substitution Reductions: x˘a ÞÑ red˘a ´ 1, x´a˚ ÞÑ ´a˚red´1
a a,

Substitution Reductions: xa˚
2 ÞÑ ´xa˚`a

˚redaa, xa˚a
˚ ÞÑ a˚preda´1q, for a P F1.

Again, the same ordering function applies here and strictly decreases under these reduc-

tions. The ambiguities must resolve since they did before. Note that, for the following

subsection, we only require the substitutions xa in the case where the arrow a begins at a

white vertex (which in particular implies that a R F1, although it could be that a˚ P F1).

If we only make these substitutions, it is similarly easy to write the above reductions in

the case where for certain arrows xa appears and for others xa appears; we leave this to

the reader.

The only thing that we require from the above in the next subsection is the following ob-

servation: reductions on 1WLQ1W preserve the augmentation ideal, that is to say, the ideal

generated by the generators. In other words, any monomial of positive length beginning

and ending at white vertices reduces to a linear combination of other such monomials.

This was not true with the original generators (e.g., looking at the inverse reductions).

2.5.4 Quivers containing cycles

Finally, we prove the strong free product property for a connected quiver containing a

cycle, along with providing a natural decomposition and basis for its multiplicative pre-

projective algebra. The technique involves showing that, in these cases, the multiplicative

preprojective algebra decomposes (as a vector space) into a free product of the multiplica-

tive preprojective algebra for the cycle and a partial multiplicative preprojective algebra

for the complement of the cycle, where “partial” means that we turn off the relations at

the vertices of the cycle. This technique should extend to the case of general extended

ADE quivers, hence reducing Conjecture 2.0.1 to the extended ADE case.

We will show furthermore that, if Q is a connected quiver containing a cycle QE, with

Q1 :“ QzQE, then there is a linear isomorphism, for W :“ pQEq0:

ΛqEpQEq ˚kQ0 Λq1
pQ1,Wq Ñ Λq

pQq. (2.5.9)

Let us explain how such an isomorphism arises. Let Q21 Ď Q11 be the subset of arrows

incident to W . Consider the pQ21q-adic filtration on both sides. Then the associated
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Figure 2.2: This quiver, Q, contains the cycle QE “ ĂA2, in blue, with complement, Q1 – a quiver with
underlying graph B6 – in black and red. The red arrows are the arrows in Q1 with either head or tail on the
cycle. After doubling the quiver, one considers the descending filtration by the red arrows and their oppo-
sites on the multiplicative preprojective algebra, ΛqpQq, whose associated graded is Λq2pĂA2q ˚kQ Λq1

pQ1,Wq.

graded relation to rQ is the sum rQE ` rQ1,B. As a result, there is a canonical surjection

ΛqEpQEq ˚kQ0 Λq1
pQ1,Wq� grpQ21q Λq

pQq, (2.5.10)

see Figure 2.2.

The isomorphism (2.5.9) is filtered and induces the surjection 2.5.10 on associated graded

algebras, which is hence also an isomorphism. We note that, in the additive case, the

isomorphism (2.5.9) follows from the proof of28 Theorem 3.4.2 (see also49 Section 5, par-

ticularly Corollary 5.2.9.(ii)). Also, note that the fact that the associated graded of (2.5.9)

is an isomorphism does not imply that the original map is an isomorphism (there would

be no way to deduce surjectivity, since the descending filtration is not finite; if we knew

a priori that the filtration were Hausdorff then we could deduce injectivity, although we

only know this as a consequence of the proof of the isomorphism (2.5.9)).

As before, let B :“ kQ0rt, pq ` tq´1s and B “ tB, which is spanned by elements

tm, pt1qm,m ě 1 where t1 :“ pq ` tq´1 ´ q´1.

Proposition 2.5.5. Let Q be a connected quiver containing a cycle QE Ď Q (QE – rAn´1).

Then a k-linear basis for L is obtained by concatenable products of arrows a and elements

xa, for a P pQEq1, and xa, for a P Q11, and the elements r, r1 :“ pq ` rq´1 ´ q´1, such

that maximal subwords in a, x˘1
a , a P pQEq1 are basis elements for ΛqEpQEq, and maximal

subwords in a, x˘a , a P Q
1
1 are basis elements of ΛqpQ1,Wq.

In particular, the inclusion on basis elements not containing r, r1 defines a filtered iso-

morphism (2.5.9), as well as a section σ : ΛqpQq Ñ L, such that pL, r, σ,Bq satisfies the

strong free product property.
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Note in the proposition that we only need the elements xa instead of xa for a P Q11
beginning at a vertex of QE (and making this change to the statement does not affect the

proof). On the other hand, we could freely replace all generators by the modified ones

xa, even for a P pQEq1, again without changing the proof.

Corollary 2.5.6. The filtration on ΛqpQq generated by arrows in QzQE incident to pQEq0

is Hausdorff, and the associated graded map of (2.5.9) (using the same filtration on the

LHS) is an algebra isomorphism,

ΛqEpQEq ˚kQ0 Λq1
pQ1, pQEq0q Ñ gr Λq

pQq. (2.5.11)

Proof of Corollary 2.5.6. Let X Ď QzQE1 be the set of arrows incident to pQEq0 not in

QE itself. Note that gr Λq1pQ1, pQEq0q – Λq1pQ1, pQEq0q, since there are no relations at

pQEq0; also the filtration in ΛqEpQEq ˚kQ0 Λq1pQ1, pQEq0q is entirely induced by the second

factor, so the associated graded algebra of the free product is again the free product itself.

Next, observe that the filtration on Λq1pQ1, pQEq0q is Hausdorff, as again there are no

relations at pQEq0. So the filtration is Hausdorff on the source of (2.5.9), hence also on

the target, as the isomorphism is filtered. This yields the desired statement.

Proof of Proposition 2.5.5. Using the strong free product properties for LpQEq and LpQ1q,

we obtain the strong free product property for pL, rpQEq ` rpQ1qB, σ, Bq, with σ defined

by extending the sections σpQEq, σpQ
1q. In more detail, combining the reduction systems

for LQE in Proposition 2.5.1 and for LQ1 in Proposition 2.5.4, one gets a reduction system

for LQ – LQE ˚kQ0 LQ1 . However, ΛqpQq “ L{pρpQEqρpQ
1q ´ qq is not the quotient

L{pρpQEq ` ρpQ
1qB ´ qq. So we need to perturb the relation to r “ ρpQ1qρpQEq ´ q.

First observe that this change does nothing to the reductions for LQ1 , since there the

relation r is unchanged. For LQE , this change perturbs only the substitution reductions,

which become the following (applying a reordering relation as well for clarity). For con-

venience we use the original generators x, y, a, a˚ for QE but the modified ones xa for L1Q
(we only need this for a beginning at a vertex of QE):

• y´1 ÞÑ x´1pρpQ1q´1 ´ 1qpr ` qq ` x´1pr ` qq,

y ÞÑ pr1 ` q´1qpρpQ1q ´ 1qx` pr1 ` q´1qx (if not preceded by a);

• ax ÞÑ apρpQ1q´1 ´ 1qpr ` qqy ` ary ` qya,

ax´1 ÞÑ ay´1pr1 ` q´1qpρpQ1q ´ 1q ` ay´1r1 ` q´1y´1a.
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The reason why we wrote these relations as above is because, at every vertex v P pQEq0,

evpρpQ
1q˘1 ´ 1q is a linear combination of positive-length monomials in the generators

x˘a , a, a P Q1 (in fact we only need the x˘a ).

Combining these systems of reductions one gets a system of reductions for L “ LQE ˚kQ0

LQ1 . Order monomials in L lexicographically in the orderings N and N 1 of Propositions

2.5.1 and 2.5.4. Then the above reductions strictly decrease the ordering (we use here

the fact that the ideal of positive-length monomials beginning and ending at vertices of

pQEq0 is preserved under reductions). All ambiguities lie either entirely in LQE or entirely

in LQ1 and hence they all resolve.

We conclude that the strong free product property holds for pL, σ, ρpQEqρpQ
1q´q, Bq and

hence 2.5.9 is an isomorphism.
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[25] T. Etgü and Y. Lekili. Fukaya categories of plumbings and multiplicative preprojec-

tive algebras. arXiv, March 2017.

130
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