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INTRODUCTION

0.1 MOTIVATION AND SUMMARY OF RESULTS

The preprojective algebra is ubiquitous in geometry. A few different guises of these
algebras include:

(1) (Symplectic Geometry / Quiver Varieties) an algebra associated to a quiver whose
modules naturally correspond to symplectic reduction on the tangent space to the

moduli space of representations of the quiver,

(2) (Algebraic Geometry) a non-commutative (crepant) resolution of Kleinian singular-

ities!®,
(3) (Homological Algebra) an explicit description of any graded 2-Calabi-Yau algebra®,

(4) (Quantum Groups) an algebra whose irreducible representations correspond to Lusztig’s

semicanonical basis for certain quantum enveloping algebras*,

(5) (Linear Algebra) an algebra with deformations whose irreducible representations

give solutions to the additive Deligne-Simpson problem '3,

(6) (Historical) and an algebra containing each irreducible preprojective module for the

path algebra exactly once, as a summand®”.

Preprojective algebras are often studied through their variety of representations and as

an intermediary for more geometric explorations, such as Nakajima quiver varieties, ALE



4742 or semicanonical bases**. However, even in the pursuit of geometry, one often

spaces
needs to answer more fundamental algebraic questions. For instance, Crawley-Boevey and
Holland realized the preprojective algebra of a cycle as a resolution of the type A Kleinian
singularity via an identification of algebras TI1(A,) = C[z,y|#Z/(n+ 1)Z". Additionally,
one can study the category (or variety) of modules of an algebra via additional structures
on the algebra. For instance, a Poisson structure on the moduli space of representations
of the preprojective algebra, is determined by a double Poisson bracket the preprojective
algebra itself,®*. Therefore, in this thesis we embark on a largely algebraic study of the

preprojective algebra and its variants, following®%-2%7,20,16,52,36,21

One explanation for the diversity of the preprojective algebra in geometry is the large ex-
tent to which its behavior depends on the quiver. There is a natural trichotomy of quivers
into ADE Dynkin, extended ADE Dynkin, and other quivers. Their sets of indecompos-
able representations are respectively: finite, in finitely many one-parameter families, and
containing a 2-parameter family. Notice that the representations of a subquiver Q' < @
can be identified with the representations of () that are supported on )’. In this way, one
can see that ADE Dynkin quivers are the smallest, with every subquiver ADE Dynkin.
Extended ADE Dynkin are larger, in fact with all strict subquivers ADE Dynkin. And
every other quiver contains an extended ADE Dynkin subquiver. See Figure 1 for illus-

trations of all Dynkin and extended Dynkin quivers.

O—0-—0------ 00 @ 0 000 @00 8=0
Q gl A = "
o) n F, G, A,
O----- - --0=0
G H]i E
e—0—0 o—0—0
@20--------0=<0 -3
q Cu O0—0—0—0—0
Fq
O Dﬁn_o_o_o_i_o_ch
@ D, O Eg

Figure 1: Extended Dynkin diagrams, with the Dynkin diagrams obtained by removing the green vertex.

Revisiting (1)-(6) with this trichotomy in mind, one notices that only (1) and (6) are
general descriptions. Indeed (2) is specific to the extended Dynkin case, (3) does not
hold in the Dynkin setting, (4) requires the connection to Kac-Moody Lie algebras, and
(5) concerns star-shaped quivers. Therefore, we view (1) as the fundamental geometric

property of the preprojective algebra, proven in the next section.

We proceed by considering two variants of the preprojective algebra, both satisfying some
form of (1), with the hope of establishing some of the other connections. That is, we have

the guiding meta-result:



Property P, which holds for the preprojective algebra of a quiver, also holds

for M, a modified version of the preprojective algebra.

Indeed, in Chapter 1, P is the Hilbert series (and the Frobenius property) and M is
certain degenerations. In Chapter 2, P is the Calabi-Yau property and M is the multi-

plicative preprojective algebra.

In Chapter 1, we study a generalization of the usual notion of a representation of a
quiver to an algebra-valued representation of a quiver. Using this notion, and a sym-
metric Frobenius form on the algebras, one can define a notion of preprojective algebra,
which we denote I1(Q, Dg),****. Examples of these algebras appear in a series of papers
by GeiB, Leclerc, and Schroer who establish a version of (1) in Proposition 5.2 of*® and a
version of (4) as the main result in®>. We introduce the perspective that these algebras
can be viewed as degenerations of ordinary preprojective algebras. Using this approach,
one can compute the Hilbert series of such algebras using the Hilbert series of ordinary

preprojective algebras as a lower bound and directly establishing an upper bound.

In more detail, we conjecture:

Conjecture 0.1.1 (1.4.21). The Hilbert-Poincaré series of II(Q, Dg), with Dg = (A;, M%)

1S given by,

(I +tm=2P)D(1 — At + %)~ if (Q, Dg) is Dynkin

hri@.nq) () =
¢ D(1 — At + )71 otherwise

where, in the Dynkin case, mazx; is the mazximum path length of a non-zero homoge-
neous element in I1(Q, Do) and P is the permutation matriz for the permutation of
the set {14,}ieq, given by the Nakayama automorphism. Here A = [a;j] with a;; =
Za:iﬁj dimAi(MO‘) and D = [dl]] with dij = 61‘]’ dlmk(Al)

And we prove this conjecture in the Dynkin case:

Theorem 0.1.2 (1.4.26). The Hilbert-Poincaré series of II(Q), Do), with (Q), Dg) Dynkin
(i.e. 21 — A positive-definite) is given by,

hi1(Q,p)(t) = (I +t"***P)D(1 — At + t*)~ .

In Chapter 2, we study a multiplicative version of the preprojective algebra, denoted
AY(@). Tt was first defined by Crawley-Boevey and Shaw in light of (5): its indecomposable

3



representations give solutions to the multiplicative Delgne-Simpson problem!®. Van den
Bergh showed that these algebras satisfy a version of (1), where the symplectic reduction
is replaced by a quasi-Hamiltonian reduction for the group-valued moment map,>. We
shift attention to (3) conjecturing these algebras are 2-Calabi-Yau, and (2) conjecturing
they are non-commutative resolutions in the extended Dynkin cases. We prove these
conjectures in the case of a cycle and use an induction to show the 2-Calabi-Yau property
for quivers containing a cycle. Moreover, we view these properties as consequences of a

decomposition, we call the strong free product property.
In more detail, or at least more notation, we conjecture:

Conjecture 0.1.3 (2.0.1). AY(Q) is 2-Calabi—Yau and prime for all ¢ € (k)90 and all
Q connected and not ADE. If Q) is furthermore not extended ADE, then Z(A1(Q)) = k,

and the Calabi—Yau structure is unique.

And we prove this conjecture in the case of quivers containing a cycle:

Theorem 0.1.4 (2.0.2). AY(Q) is 2-Calabi-Yau and prime for any q € (K*)?°, and
@ connected and containing an unoriented cycle. If the containment is proper, then
Z(A(Q)) =k, and the Calabi-Yau structure is unique.

0.2 BACKGROUND

0.2.1 REPRESENTATIONS OF (QUIVERS

For completeness of exposition and to fix notation, we recall the definition of a represen-
tation of a quiver, then show how the theory is subsumed by the representation theory of

associative algebras.

Fix a ground field k.

Definition 0.2.1. A quiver is a quadruple Q = (Qo, @1, s,t) where s,t : Q1 — Qo are

the source and target maps respectively from the set of arrows, ()1, to the set of vertices,

Qo-

A quiver is merely a directed graph, but the terminology comes from Gabriel, who con-

sidered representations of such graphs, defined as follows:

Definition 0.2.2. A representation of a quiver @ is p = (Vi, pa)ieQo.acq, Where p, :

Vista) = Vi(a) 1s a k-linear map of vector spaces, for each o € ().

4



We consider exclusively quivers with finitely many vertices and arrows and representations
with each vector space finite-dimensional. The function dim(V{_)) : Qo — N defines an

N@_grading on the set of representations. Fixing d = (d;) € N¥° we define

Repy(Q) := {p = (K", pa)} = @ Hom(k? o).
acQ1

Rep,(Q) is a finite-dimensional vector space with an action of G4 := [ [, GLa4, (k) given
by
(gi)iGQo ’ (%,pa)ier,ate = <V27 Ji(a) © Pa © g;(i))'

One says two representations are isomorphic if they lie in the same G g4-orbit.

Alternatively, one can collectively study representations of () by considering the category
R(Q) whose objects are representations of () and morphisms are commuting diagrams
between representations. Invertible morphisms are given by |Qg|-tuples of (compatible)
invertible linear maps. Hence, for the full subcategory R4(Q) < R(Q) whose objects are
d-dimensional representations, one has a natural identification between the moduli space

of isomorphism classes of semisimple representations in R4(Q) and the GIT quotient

Repy(Q)//G.
The category R(Q) is equivalent to the category of finitely-generated modules over an

algebra, as we now explain.

Definition 0.2.3. The path algebra Py(Q) for a fixed quiver Q = (Qo, Q1, $,t) is defined
to be

Pk(Q) = Tk@o (kQ1)>

where kS denotes the k-vector space with basis S and k@), is made into a kQ)y-bimodule

by k-linear extension of the action
€ 0 €5 = Oig(a)0¢(a);-

Here ey : Qo — P,(Q) regards a vertex as a length zero path. We will usually write
P(Q) := P(Q) suppressing the dependence on the field.

Remark 0.2.4. As defined above, multiplication in P(Q) is identified with concatenation
of tensors in Tjq, (k@) and hence is read left to right. This choice is convenient when
performing computations with long paths, but requires considering right modules, as

explained below.

The path algebra is graded with nth graded piece given by k-linear combinations of

5



paths of length n, i.e. n-tuples of composable arrows in the quiver. Since vertices are
idempotents in P(()) summing to the identity element, there is a further decomposition

of the path algebra by source and target vertices,

P(Q) =1P(Q)1 = (Z ei> P(Q) (Z 6;’) = @ eP(Qe;.

i€Qo j€Qo 1,J€Qo

Representations of ) can be identified with right modules for the path algebra, P(Q).
Explicitly, if V' is a right P(Q)-module then one can form the representation p = (V;, ps)
where V; := V - ¢; and p, is the right action by «, a linear map V) — V(). Conversely,
if (Vi,pa) is a representation of @) one can form the right module V' := @, Vi with
length one paths « acting by p, and paths v =ay - -+ - o, acting by pa,, © - 0 pa,-

To describe equivalence classes of representations one needs to compute the orbit space
of the action of G on Rep,(Q).

0.2.2 PREPROJECTIVE ALGEBRAS

Given a quiver Q = (Qo,Q1,s,t) one can define the opposite quiver to be Q% :=
(Qo, @Q1,t,s), which has the same vertices but with all arrows reversed. From this the
double quiver is Q := (Qy, Q1 LQ1, s Ut, tLs), which has the same vertices as @ but with
both the arrows and the inverted arrows and consequently is insensitive to the orientation

of the quiver Q. If o € @1, we write a* for the corresponding arrow in Q7”, and vice versa.

The representation theory of the double quiver can be described in terms of the represen-
tation theory of the original quiver. Fix a dimension vector d and denote by Rep,(Q) the

vector space of representations of () with dimension vector d. Then

Repd(@) — Rep,(Q) @ Rep,(Q)
pr—p o ®p lqer -

One has the non-degenerate pairing

Rep,(Q) x Repy(Q”) — k () = 3 tr(pla) o p'(a®))

a€Q1



which induces a k-linear isomorphism

Repy(Q”) = Repy(Q)* (Vis pa) — <¢ — > tr((a¥) Opa(a))> '

a€Q1

We conclude that,

Repd(@) = Rep,(Q) @ Repy(Q”) = Rep,(Q) @ Repy(Q)* =: T*(Repy(Q)).

For any finite-dimensional vector space V', the vector space V @ V* =~ T*(V) carries a

canonical symplectic form. Taking V' := Rep,(Q), the symplectic form on Rep,(Q) =
T*(Rep,(Q)) is explicitly given by:

Wq : Repd(@) x Repd(@) — k

walp, p) = D tr(p(a®)p' (@) — tr(p(a)p'(a®))

ate

where tr : Endg(®ieq, k‘di) — k is the usual trace of matrices.

The action of G4 = [[,.,. GLa, (k) on Rep,(Q) is extended to Rep,(Q) by,

1€Qo
g-(2,0) = (93,00 (dopy) ")

where d,p, is the differential of the action map. This action is Hamiltonian with Gg-

equivariant moment map g4 : Rep,(Q) — g} given by

nalp)(x) = gz p) = 5 3 trlp(a)e - pla) — - pla)ola))
aeQq
=2 3 (e o[ a')),
aEQq

where g, := Lie(G4). We view the moment map as valued in g4 by post-composing with

twice the trace form,

p & Repy(@) — 317 (= - Yoeq, £[0:07]) € 87— e, pllas0”]) € @

Since the second map is an isomorphism, we can identify the moment map with evaluation
at 1= 3, 00, la, ).

Returning to the algebraic setting, representations of () are right modules over the path



algebra

P(Q) = Trq, (k1 ® kQT").

The condition that a representation, p, is in the zero fiber of the moment map is precisely
the condition that p(r) = 0, i.e. the module descends to a module for the quotient
algebra P(Q)/{r), where (r) denotes the two-sided ideal generated by r. This algebra
was originally defined and studied by Gelfand and Ponomarev, prior to the moment map
perspective, since in the Dynkin case it contains the path algebra as a subalgebra as well

as all indecomposable preprojective modules for the path algebra®”.
Summarizing this discussion:

Definition 0.2.5. The preprojective algebra associated to a quiver ) and a field k is
Mi(Q) == P@Q)/ )] [04,04*]>-
aeQ1

We will usually write I1(Q) := IIx(Q) suppressing the dependence on the field.

Proposition 0.2.6. With the identifications induced from the non-degenerate pairings,

Repy(Q) ® Repy(Q7) — k (p:p) = Y tr(ple) o pl(a®))

agQq

and

gd@gd_’k (X,Y)Ht’l“(XY)

the following diagram commutes,

T* Repy(Q) ——— g,

e
I1e

— P=p(Xaeq, [:*])

Repy(Q) 9a

and hence one can view the moment map as evaluation on the element Zate[a, a*].

Corollary 0.2.7. The set of representations of dimension vector d in I1(Q) is the zero

fiber of the moment map .

Remark 0.2.8. Crucially, one needs to identify Rep,(Q) = T*Rep,(Q) as symplectic

representations of G4. The symplectic structure on Rep,(Q) is defined through the equiv-
alence. The preservation of the Gy-action follows since Gy acts on Rep,(Q) by conjugation
and the pairing uses the trace, which is conjugation-invariant. Additionally, g; = g} as

G g4-representations with the adjoint and coadjoint actions.

8



Example 0.2.9. We conclude this section with a computation of a basis for Il¢(Dy),

where

le
Y
D4— %<a—3.3
e
20

Ic(Dy) is a quotient of the path algebra Pc(Ds) = Ttfe, e0,e5,e4} (Clou, aF, o, a3, a3, af })
by the two-sided ideal generated by the relation

R = 2 ol — ol a;.

i=1,2,3

.. . . . B N
This ideal contains e;R = ofoy; for i = 1,2,3 and e, R = 21:1,2,3 ;.

Notice any path of length > 1 must pass through vertex 4, and hence we first com-
pute all paths starting and ending at vertex 4. Such a path is equal to one avoiding
vertex 3 as

az = —oa) — asad

and cannot revisit the same vertex twice as
E3 % * *
(i) (i) = ai(af o) =0,

for © = 1,2,3. Rewriting the condition that visiting vertex 3 twice is zero gives the

relation,
0 = (a303)(azad) = (o] + aead)(al + aal) = aajsa; + asasagof.
So there is a single path of length 4 and none of greater length. In particular,
eqllc(Dy)ey = Span{ey, ajaf, asas, ol asad }

Now, to obtain all paths from 1 to 2 one applies a3 (-)a; to eylc(Dy)ey, and all terms
vanish except ajesaq. For paths from 1 to 4, eqaq and asalay are both non-zero from

which one can determine the only path from 1 to 1, besides ey, is afasaday. By symmetry,



both in the quiver and by reversing paths, one can compute the full matrix-valued Hilbert-

Poincaré series to be,

1+t t? t2 t(1+ ¢?)
t2 1+t t2 t(1+ ¢2)
t2 t2 1+tt t(1+1¢?)

2

tH1+t2) t(1+t2) t(1+t*) (1+1¢?)

where the (7, j)th entry is the polynomial he, 1. (p,)e, (t) whose t™ coefficient is dime (e; 1T (Dy)e;).

The four maximum length paths,

afapasa; = —ajazasoy
asonafag = —ah s oe
asonafas = —aiasos o
Q5000 = —asasal = e e = —Qeaiasas = aaalaran = —sanos,
gives rise to a Frobenius form
A H(c(D4) - C

v = [(afaasan)” + (@Ganaias)” + (@anaias)” + (uazasal) ] ()
where oV denotes the dual of «.

This is well-defined since each cycle lies in a one-dimensional graded component of the
algebra. One needs to choose this sum of cycles, as opposed to any path, to get non-
degeneracy of the form.

0.2.3 CALABI-YAU ALGEBRAS

Calabi-Yau algebras were defined by Kontsevich and Soibelman*! and studied by Ginzburg?®

Here we provide a terse treatment containing mainly ideas needed in the rest of the thesis.

Definition 0.2.10. An algebra A is d-Calabi- Yau if A is homologically smooth (i.e. A has

a finite length resolution by finitely-generated projective A-bimodules) and there exists

quasi-iso

7 : RHomae (A, A%) =: A Al—d]

where A° := A® A is an algebra whose left modules are naturally A-bimodules.

10



We motivate this definition by relation to other fields in the next two remarks.

Remark 0.2.11. If A is a Calabi-Yau algebra, then the bounded derived category of
finite-dimensional left A-modules, D*(A — mod/?), is a Calabi- Yau category, meaning it
has a Serre functor* given by a shift. Calabi-Yau categories arise in algebraic geometry
as the bounded derived category of coherent sheaves on a Calabi-Yau manifold. In this
case, the Calabi-Yau structure is thought of as a trivialization of the canonical bundle,
and the Serre functor is tensoring by the canonical bundle. Calabi-Yau categories arise

in symplectic topology as the wrapped Fukaya category of a Liouville manifold 3.

Remark 0.2.12. A d-Calabi-Yau algebra induces a (2 — d)-shifted symplectic structure
on the moduli space of finite-dimensional representations of the algebra®. In particular,

2-Calabi-Yau algebras induce ordinary symplectic structures.

A large class of Calabi-Yau algebras arise from a superpotential, including all complete
Calabi-Yau algebras®. We recall the construction here. Consider the path algebra of a
quiver, k@), and the quotient kQcyaic 1= kQ/[kQ, kQ]. Notice if p = ajas - - - a, is a path
in kQ with different source and target, written s(p) # t(p), then p = s(p)p = [s(p), p] is
zero in kQeycic. Next notice that for any path [aq,asas---a,] = p — az---ayay is zero
in kQcyclic, S0 kQcyciic is the vector space of cyclic paths in @), up to cyclic permutation.
Given w € kQqyeic, we can regard it as an element w € k@ by summing over all cyclic
permutations of w. That is, p := ajas---a, + asas---ay + -+ + a,ay - - - a,_1. Therefore,
given an element w € kQcyaic := kQ/[kQ, kQ], called a superpotential, one can define the

JQ.w) = kQ/ ({%}Q>

where S—Z = b if p = ab and zero otherwise. The Jacobi algebra, denoted A for brevity

Jacobi algebra to be,

below, has a natural self-dual complex:

a®1—1®a)qe
EI—) eZ-A ® Aei ( —>) o @ €S(a)A (9] Aet(a)
1€Q0 acQn

C I 0®1-180) 0c
’ aL:) o @ €s(a)A ® Aet(a) ( —>) 9 @ eiA ® Aei.
ac@Q i€Qo

If this complex is a resolution, then one can use it to show A is 3-Calabi-Yau. That is,
one can show Extf)’@ or (A, AR A%) =~ A[—3] by using this projective resolution to resolve

A on both sides, together with the observation that this resolution is self-dual.

*A Serre functor on a category C is an autoequivalence, S, on objects of C defined such that
Home (X,Y) = Home (Y, S(X))*.
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Example 0.2.13. If () is the quiver with a single vertex and three arrows, z,vy, z, then
kQ = k(x,y,z). Let w = zyz —yrz so © = xyz + zxy + yzo — yxz — zyx — xzy. The
partial derivatives are:

0w 0w 0w

— =yz— 2y — =zr — 2 — =2y —yx

ox 0z
so the Jacobi algebra J(Q,w) = k[z,y, z], the polynomial algebra in three variables. The

self-dual complex in this case agrees with a bimodule version of the Koszul complex:

x 0 —2 v
z —T
z -y 0 <:L‘yz>

klz,y, 2] > k[z,y,2]® > klx,y, 2]® > klx,y, 2]

obtained by tensoring the Koszul complex by — ®y, k[x,y, z]. From this perspective, the
self-duality of the bimodule resolution comes from a Frobenius structure on the Koszul

dual algebra A°* (k3

I?y?'z :

Davison showed that the group algebra of the fundamental group of a hyperbolic manifold
of dimension at least two is Calabi-Yau but does not arise from a superpotential, see'.
His key observation is that Calabi-Yau algebras coming from a superpotential satisfy a
stronger condition, called exact Calabi-Yau, which implies the map 7 which can be viewed

as an element of HHy(A, A) lies in the image of the Connes map from cyclic homology.

Theorem 0.2.14. I1(Q) is 2-Calabi- Yau for Q) non-Dynkin.

Proof. (Sketch, see Etingof and Eu’s paper for a complete proof*®)
Define V' := kQ; and R := Span{}; ., [a,a*]}, so I(Q) = Tiq,(V)/(R). Then one has
an I1(Q)-bimodule complex' given by

Q) ® R®TI(Q) - T(Q) ® V @ TI(Q) - (Q) @ TI(Q) - TI(Q)

where

« (m@ 2 [a,a*]@y) = Z 2a®a* Ry —rRa®@a*y —rxa*®aRQy+ xR a* ® ay
ae@Q1 aeQ1

fThis complex is the Koszul complex, a subcomplex of the bar resolution, which is itself a resolution
precisely for Koszul algebras.
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and

Plr@v@y) =rv@y —rQuy wz®y) = xy,

and all tensor products are taken over k()y. This complex is a resolution, i.e. exact, if and
only if « is injective. And this complex is clearly self-dual, so the 2-Calabi-Yau property

follows from the injectivity of «.

This boils down to an elementary but difficult question about non-trivial elements of the
preprojective algebra: can they be extended to longer non-trivial elements. A path that
cannot be extended necessarily lies in the kernel of a. So in the Dynkin case « is not
injective as I1(Q) is finite-dimensional, see Theorem 0.3.6. Conversely, if @) is non-Dynkin

then we claim « is injective and will outline an inductive proof given in Etingof and Eu?®.

Crucially, any non-Dynkin quiver, (), contains an extended Dynkin quiver, (Jg, from
which one gets a decomposition kQ = kQg #1g, kK(Q\Qg). But already in the example of
the Jordan quiver sitting inside the two-loop quiver, one can see the relationship on the
level of preprojective algebras is more subtle: II(Qg) is not a subspace of I1(Q)) but rather
a subquotient. Define a filtration on I1(Q) by putting arrows in @ in degree one and all

other arrows in degree zero. Then the associated graded with respect to this filtration:

gr(I1(Q))

lle

I(QE) *1q, I(Q\QE, 0)

where ¢ © (Qg)o is the vertices in Qg that have an outgoing arrow to Q\@Q g or an incoming

arrow from Q\Qg. Here I1(Q, J) for a set J < Qg denotes the partial preprojective algebra

Q) :=kQ/ | (), e)- D [a,a*]

1€Qo\J aeQ

with the usual preprojective relations at the vertices in (Qp\J but no relations at vertices
in J. Now one can establish the injectivity of o (and the 2-Calabi-Yau property) for
any quiver, using exclusively information about extended Dynkin quivers, which are well
studied, and partial preprojective algebras, which are simpler. In more detail, the pre-
projective algebra for extended Dynkin quivers can be described as skew group algebras
using the McKay correspondence!®, from which one can produce a basis (or write down
a Hilbert series) and check that « is injective. Heuristically, « is injective for partial
preprojective algebras since any path can be extended to one starting at a vertex with
no relation, by taking the direct path. We conclude that « is injective on gr(I1(Q)) and
hence on I1(Q). O

Remark 0.2.15. The contrast between the Dynkin and non-Dynkin cases dissipates if
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one considers a suitable dg-replacement of the preprojective algebra, which is always 2-
Calabi-Yau. The general idea here is to consider the semi-free algebra kQ 10, k[t] with
t in degree one and the differential defined on generators by d(t) = >}, [a,a*] and
d(a) = 0 = d(a*). It is easy to see that the homology of this algebra is the ordinary
preprojective algebra, as ker(d) = kQ and im(d) = (3. _, [a,a*]), the two-sided ideal

generated by the preprojective relation.

aeQ1

0.3 TECHNIQUES

Our main theorems involve computing bases for both multiplicative and degenerate pre-
projective algebras. In this pursuit, we employ two main techniques liberally: the Dia-

mond Lemma and the upper-semicontinuity of deformations.

0.3.1 DiaMOND LEMMA

Algebras often arise in practice through presentations, i.e. quotients of a free algebra
T (V)/(R) with generators in V' and relations in R, or representations, i.e. as subsets of
Endy (V) for some V. For instance, the universal enveloping algebra of a Lie algebra g is

defined to be a quotient

Ug) :=T(9)/(z@y—y®z—[z,y] |2,y €g).

The Weyl algebra, denoted Weyl(A}), is often defined through an action of k{z, y) on the
vector space of polynomials k[x], with x acting by left multiplication by x and y acting
by differentiation d/0x. The power rule says d/0x o x — x o d/0x acts as the identity, so
one obtains a presentation Weyl(A}) =~ k(z,y)/(xy — yx — 1).

While presentations and representations provide an explicit description of an algebra,
often faithful to its geometric origins, certain properties are harder to ascertain. For
example, how does one determine when such an algebra is the zero algebra? A more

refined question, at the heart of this thesis, is the following:

Given an presentation of an algebra A =~ T, (V)/(R), how does one compute

In practice, our algebras will come equipped with an additional grading, A =~ ®,enA,, in
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which case one would like to compute the Hilbert series, defined by

he(A) := ) dim(A, )"

n=0

In the presence of additional decompositions, such as A = . i e;Aej, as is the case for
algebras arising from quivers, one can define a matrix-valued Hilbert series, where the
(¢, j)th-entry is the Hilbert series h:(e; Ae;).

The key idea is the Diamond Lemma for ring theory,?, which produces a k-linear decom-
position:

by identifying A =~ T (V)i < T(V) as a k-linear subset rather than a quotient of T'(V).

Before explaining the general theory, here are a few examples of this procedure in practice:

Example 0.3.1. (1) k[z]/(z%) can be viewed as the subset of linear polynomials in
k[x]. The multiplication of two such polynomials is again a linear polynomial after
truncating the quadratic term. This realizes k[z] =~ k[z]/(z?) @ (2?), p(x) —
(q(z),p(z) — q(x)) where q(x) = p(x) modulo (z?). In general, in the one-variable

case k[z]/(p(x)), one can perform the Euclidean algorithm to rewrite any a(z) € k[z]

as a(x) = p()q(x) + r(x) € (p(a)) @ klx]/(p(2)).

(2) The polynomial algebra k[x1, xs, ..., z,] can be viewed as a subset of non-commutative
polynomials k{xq,xs,...,r,y where each monomial occurs “in order” z; < zy <

T3 < -+ < Ty. S0,
k’<3§'1,$2, cee ,an> = [1'1,372, CI axn] @ (xlx] - xjxi ’ 1 < Z?J < n)
where xoxq is sent to x5 + (2221 — x119), for instance.

Roughly speaking, in these examples we define an ordering on the set of non-commutative
monomials in 7j(V). Then we read the relation as a prescription to rewrite the leading
monomial of the relation in terms of strictly smaller monomials. Then we extend this to be
the identity on all other monomials to get a reduction: (&1, za, ..., T,y — k{x1,Ta, ..., Tp).
Now an element is irreducible if every reduction acts as the identity and we write Ti(V )ir
for the k-linear subspace of k-linear combinations of irreducible monomials in T (V). The
map red : Ti(V) — Tp(V )iy is the one realizing Ty (V )i, as a retract, and hence a direct
summand, of Ty (V). It is defined by taking any (finite) sequence of reductions resulting
in an irreducible polynomial. We now see, by example, that we need not have existence

nor uniqueness of such an irreducible polynomial.
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Example 0.3.2. (Existence of an irreducible polynomial)

Consider k[z] with the ordering on monomials 1 > z > z* > - and the relation 2? —
viewed as a reduction by z — z?. The expression z can be reduced to z* then to 2% (in
two ways) then to z?, etc. But it will never be irreducible. One can instead consider the
order 1 < o < 2? < ---, which satisfies the descending chain condition, and hence every

polynomial f(x) is irreducible after applying deg(f(x)) — 1 reductions.

Example 0.3.3. (Uniqueness of an irreducible polynomial)

Consider the algebra k(x,y, z)/(x?, zy, vy — yx). Order the monomials in k({x,y, z) by
rT<y<z<ri<ay<rz<yr <y <yr<zr<---

The leading terms of the relations are z?, zy, and yx, giving reductions r; : 2% +— 0,
ry : zy — 0 and 73 : yr — xy. Now one has two choices for how to reduce the term zyz.
Unlike for the term zyx?, which also can be reduced in two ways, the reductions overlap
so one cannot apply both reductions. Indeed the two reductions give rise to different
irreducible expressions: 0 and zzxy. The map red : {(z,y,z) — k{x,y, 2)i is not well-
defined. Fortunately, one can correct this problem by adding an additional reduction.
One should think of this reduction as prioritizing r, over rs in this instance, by further
reducing zxy to zero. In the presence of this new reduction, r4 : zzy — 0, one has an
additional ambiguity, since the term zzyzr can be reduced in two overlapping ways. But
the reduction r; ensures both ways further reduce to zero, so the ambiguity did not persist

to the reduced form. In this case, we say the ambiguity resolves.

The Diamond Lemma says that red : (V') — T'(V);, is well-defined if (1) every monomial
reduces to an irreducible polynomial after applying finitely many reductions and (2) every

overlapping ambiguity resolves.

In practice, we will define an ordering on monomials in 7'(V') through a disorder function
taking values in N” for some n. In this case, the descending chain condition on N” with
the lexicographical ordering (i.e. (a,b) < (¢,d) if @ < ¢ or a = ¢ and b < d), ensures
that (1) is satsified. Even restricting to lexicographical orderings on n letters, one has n!

choices, and some choices are better than others, as we now demonstrate.

Example 0.3.4. Consider a modification of the above example where A = k{z,y, 2)/(zy, xy—

yx), with again the ordering x < y < z and the reductions:
ro:2y—0 ry3iyr—ay ry:zey— 0
Now the overlap ambiguity zzyx — 0 under r4 and the irreducible monomial zz%y under
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r3. So one defines an additional reduction r5 : zz%y ~— 0 so that zzyzr now uniquely
reduces to zero. But rs creates the overlap zz?yx which maps to zero under 75 but za3y
under r3. Now you probably see the pattern. One needs to introduce the reduction
Tnas @ 22"y — 0. And indeed after appending infinitely many new reductions, now every
expression uniquely reduces. However, as we move to more complicated examples, we
need these calculations to be as efficient as possible in order to stay manageable. So in
this case, one can simply change the order to z < y < x, so that the relation xy — yx
now has leading term xy and hence the reduction r3 : xy — yx. In this case zz"y can be
unambiguously reduced to zyx™ and then to zero. So now the reductions r, and r3 are

sufficient for each monomial to reduce to a unique irreducible polynomial.

Throughout this thesis we will continue to refine this technique: using it in the setting
of modules, using it in tandem with deformation theoretic techniques, and using it in
the presence of additional decompositions. But for the reader uninterested in our chosen
applications, we wish to emphasize that this is a powerful tool. As a proof of concept, we
prove the PBW theorem.

Theorem 0.3.5. (Poincaré-Birkoff- Witt)

Let g be a k-vector space with bilinear form [—,—] : g® g — k. Define the universal
enveloping algebra (g) to be the quotient (g) :=T(9)/(z @y —y Rz — [z,y] | x,y € g).
Then the Hilbert series hgym(g)(t) and hgnsg))(t) agree in the linear term if and only if

[—,—] is a Lie bracket, in which case

1
hsym(g) () = 01— pdme hgru(e) (1)-

Proof. We can rephrase the above theorem to say that the PBW map, defined by the
factoring of the quotient map through Sym(g):

T'(g) —— Wo) gr(t(g))
\ PBW
Sym(g)
is surjective and an isomorphism if [—, —] is a Lie bracket on g.

First notice that for any pair z,y € g,
[z, y] + [y 2] == (2 @y —y®z) + (@2 —2Qy) =0
so either [—, —] is skew-symmetric or every element of g that can be written as a sum
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[z,y] + [y, z] is zero in LU(g).

Next pick a basis {z1,23,...,2,} of g and consider the lexicographical ordering with

z; < x; if i < j. Then each relation z; ® x; — z; ® x; = [z, ;] is read as a reduction,
Tji : SL’j@SL’i —> xi®$j — [SL’J’,LCZ']

for 1 <i < j < n. Now observe that given ¢ < j < k, one can consider the cubic term
x, ® x; @ x;, which can be reduced using either r;; or r;. Performing each reduction and

then further reducing gives the polynomials,

T @T; Q@ = 2 Q (1 @y + [2,23]) = (2 @ + [T, 75]) @ 25 + 23 ® |25, 24]
=2; @ (2 @@k + [zh, 5]) + [0, 2:] @ ) + 24 @ [, 2]
=2, Qx; @xp + x; @ [wk, )] + [xh, 2] @ 2 + 21 ® [75, 7]

and

T, @x; = (2 Q@ + [Tk, 25]) @ i = x5(z; @ gy + |2k, 74]) + |24, 7] @ 24
= (z; @ + [z, 7)) @z + 7 @ [wk, Ti]) + [2h, ] @ x4
=2, Qx; Qx) + [, ;]| @ i + ; ® [xg, | + |2k, 7] @ 4,

which differ by [z;, [z}, k]| + [@k, [z, z;]] + [z, [Tk, z:]]. In the presence of the Jacobi
identity, this term is zero, and the two ways of reducing z;, ® z; ® x; agree. This implies
any reordering of higher order polynomials produces the same result, and the PBW map
is an isomorphism. And ${(g) has a basis {z7" 25" --- 20" | m; € N}. Without the Jacobi
identity, this quotient kills any element in the Lie algebra of the form [z, [z, zx]] +
[z, [@i, 25]] + [%), [Tk, x:]] and so g no longer sits inside (g). O

Theorem 0.3.6. 11(Q) is finite-dimensional for Q ADE Dynkin.

Proof. Write ), 4, for the quiver with three branches of length p —1,¢ — 1, and r — 1
with p < ¢ < r. Notice that the Dynkin quivers satisfy 1/p + 1/¢ + 1/r > 1 and hence
include two infinite families (1, ¢q,7), type Agir—1, (2,2,7), type D, 4o, and (2,3,r) with
r=3,4,5, types Fg, F7, and FEg.

Since there are finitely many paths of each length, it suffices to show that arbitrary large
paths are zero. Such paths are equal to paths passing through the central vertex twice
and hence can be written as a composition afy with § € ,I1(Qp .)€, With v central. So

it suffices to show e, 1= (Qp.qr)ey = 0 for some large N. Next observe that the relations
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in the preprojective algebras in for @, ,, imply

AI%%T = GUH(QP#LT’)GU = ]{?<{L‘, Y, Z>/(l‘p7 yq7 Zra T+ Yy + Z) = k?<f17, y>/(l.p’ yq, (l‘ + y)r)

If p =1, then x = 0 and so A;,, = k[z]/(2?) is ¢-dimensional. If p = 2 and ¢ = 2
then Ass, is a quotient of the algebra of alternating words k{(z,y)/(z?, y*), where the
two words of length r are equal. Hence this algebra is 2r-dimensional. Since dim Ay 33 <

dim Ay 34 < dim Ay 35, it suffices to show A 3 5 is finite-dimensional.

We have the system of reductions for A, 3 5 under the lexicographical ordering with z < y:

r(z®) =0, r(y’) =0, r3(y’zy’) = —zyryr —zyzy’ — xy’zy — yryzy — yry’s — yiryx
ra(y’ryzy) = —yry’ry — yryzy® + zyrys + vytzyr,  rs((yr)iy) = (vy)’e.

Reductions 1 and 2 say that reduced words are alternating in z and either y or y?.
Reductions 3 and 4 say that y* can only appear in the last 6 letters of a reduced word,
and consequently Aj 35 is finite-dimensional over the subspace of alternating words in
x and y. Finally, Reduction 5 says that this subspace of alternating words is at most

22-dimensional since (yx)® = 0 = (zy)®. This completes the proof. O

Remark 0.3.7. II(Q) is infinite-dimensional for all connected non-Dynkin quivers. The
key idea is that any larger quiver contains an extended Dynkin subquiver, so it suffices to
show TI(Q) is infinite-dimensional in the extended Dynkin setting. In the three (or more)
branch case, the length four path xy is not nilpotent while in the cycle (i.e /Nln) case, no

clockwise cycle is nilpotent.

0.3.2 DEFORMATION THEORY AND FROBENIUS ALGEBRAS

The second technique exploited throughout the thesis is the deformation theory of as-
sociative algebras, and the corresponding theory for algebras with additional structures.
The fundamental idea here is introduce a topology to the (usually discrete) set of n-
dimensional k-algebras. After which, one can speak of the notion of limits of algebras and

exploit relationships among algebras and their limits.

As a first pass (and computationally manageable entry point) we will consider filtered
deformations. Recall an N-graded algebra A is one with a vector space decomposition
A = @penA,, such that A;- A; < AH]-.i A filtered algebra A is an algebra equipped with a

tOne often speaks of an algebra as graded, without specifying the grading. Indeed given two choices
of N-gradings ®A,, = A = ®B,,, then A = @, ., A, N By, is an N?-grading, so either one grading is a

19



sequence of inclusions Acg € Ay € Ay © -+~ < Ag,, © -+ such that Ac, Acn © Acpiim.

A graded algebra A = @, A, has the natural filtration Ag,, := ®,<mA<n. Conversely,

given a filtered algebra A with filtration F = A¢g < Ay < --- A<, © -+ one can form
the associated graded algebra
Acn
gr(A) = -
( ) neN Agnfl

where Ac_; = 0. We will refer to A as a filtered deformation of gr(A). There is a
natural surjection, A — gr(A), which implies, if A is finite-dimensional, that dimg(A) >
dim(gr(A)). This idea is essential to this thesis: we can bound the dimension of an algebra
from below using the dimension of its associated graded algebra. If the dimensions are

equal, then we say A is a flat filtered deformation of gr(A).

An algebra can have many (non-isomorphic) filtrations, which give rise to (non-isomorphic)

deformations, as we now show.

Example 0.3.8. Consider the following filtrations of the algebra C* (with pointwise
multiplication) where () denotes the C-span of x € C*, 1 denotes the unit (1,1,1,1) € C*,

and (,, denotes a primitive nth root of unity:

(1) F = {0} = C*

(2) Fo= {0} = (D)= (1, (1,-1,1,1)) = €

(3) Fy = {0) = (1) = (1, (G B 1 1) = (L, (6, B, 1, 1), (G Gou 1,1) = €
(4) Fo={0} 1) c1,(1,-1,1,1),(1,1,1,-1)) = C4

(5) Fs = {0} = (1) = 1, (G 2. G, 1)) = €

(6) Fs = {0} = (1) = {(z:) € C*: T, = 0} = C*

(7) Fr={0} = (1)cC*
Now,

(1) gr(C4 F) = C*
(2) gr(Ch, 7o) = C?@Clx]/(2?)

(3) gr(Ch, Fs) = C Clx]/(2”)

refinement of the other, or both are refinable.
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(4) gr(Ch, Fu) = Clz]/(=*) @ Cly]/(y*)
Clz] /(=)
(6) gr(C*, F6) = Clz, y]/(«?, %)

(7) gr(C4?"T_-7) = C[:U>y7 z]/(x,y,z)Q

(5) gr(C, F5)

e

The main difficulty in constructing these examples lies in the identification, C[z]/(z" —

.....

In Chapter 1, we will largely work in the setting of Frobenius algebras.

Definition 0.3.9. A Frobenius algebra is a triple (A, u, A) where A is a vector space,
p:A® A — Ais alinear map making (A, ) an associative algebras, and A: A — k is a
non-degenerate form, in the sense that if ker(\) < I a left ideal, then I = {0} is the zero
ideal.

Proposition 0.3.10. The following data are equivalent:

(1) (A, p, \) a Frobenius algebra

(2) (A, p, (—,—)) with (—,—) a non-degenerate bilinear form satisfying associativity,
i.e. (ab,c) = (a,bc) for all a,b,ce A

(3) (A, p, ®) with ® : A — Homg(A, k) an isomorphism of left A-modules

Proof. (1) <= (2) Given a Frobenius algebra build the form (a,b) := (Ao pu)(a,b) for all
a,be A. We need to show this form is associative and non-degenerate. Using associativity

of the multiplication,
(ab,c) := Ao p(p(a,b),c) = Ao ul(a, u(b, c)) =: (a,be).
If (a,b) = 0 is zero for all a € A, then
0= (a,b) = (1,ab) = A(ab)

and hence A vanishes on the left ideal generated by b, which implies b = 0, and hence

(—, —) is right non-degenerate. Left non-degeneracy follows similarly from the fact that A
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doesn’t vanish on non-trivial right ideals. Since if A vanished on the right ideal generated
by b € A then,

0= A(ba) = (1,ba) = (b,a) = (a,n(b)) = (an(b),1) = Aan(b))

so A vanishes on the left ideal generated by n(b) € A. Here n : A — A is the algebra
automorphism defined through the equality of linear functionals (b, —) = (—, n(b)), known

as the Nakayama automorphism. Conversely, one can show that A\ := (—,1) is non-
degenerate following from the non-degeneracy of (—, —).
(1) <= (3)

Given @ define A := ®(1), and assume it vanishes on a right ideal I. If a € I then

hence the injectivity of ® implies that I = {0} and A is (right) non-degenerate. Conversely,
one can build ® uniquely from the conditions that ®(1) = A and ® is a left A-module
map. ]

Definition 0.3.11. A symmetric Frobenius algebra is a Frobenius algebra (A, A, 1) such
that
Ao p(a,b) = Ao (b, a)

for all a,b e A.

Remark 0.3.12. In terms of the equivalent structures (—,—) and ® from Proposi-
tion 0.3.10, symmetric Frobenius algebras have (—,—) symmetric and ® a bimodule-
isomorphism.

Remark 0.3.13. If there is ever a time to listen to the homotopy theorists, it is with
the careful distinction between a structure and a condition. The unit in an algebra is
a structure, while associativity is a condition. For the homotopy theorists everything is
thought of as a structure and if morphisms don’t preserve a given structure then the choice
is irrelevant, and the ”structure” plays more like the existence of such a structure, which is
a condition. For our purposes, the key point here is that the functor Forget : F'rob — Ass
taking a Frobenius algebra (with structure A) (A, u, A\) — (A, 1) to an associative algebra
possessing a Frobenius form is an equivalence of categories. So it is purely stylistic to

think about A\ as a fixed structure when the morphisms are not altered to preserve it.

Example 0.3.14. Here are my five favorite classes of examples of Frobenius algebras:
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(1)

(2)

Given a group G with identity e € G, the group algebra k[G] is a Frobenius k-algebra
with Frobenius form A(}]a,9) = a..

Given a compact oriented manifold M, the cohomology H*(M,Q) with the cup
product is a Frobenius Q-algebra with Frobenius form given by projecting onto
HImOD (M, Q) = Q- Using Z/2Z instead of Q (or taking values in the orientation

sheaf instead of the constant sheaf) allows one to drop the oriented assumption.

Any matrix algebra can be made into a Frobenius algebra using the usual trace.
Since a sum of Frobenius algebras is a Frobenius algebra by adding the forms and fi-
nite products agree with finite sums, every finite product of matrix algebras is Frobe-
nius. In particular, by the Artin-Wedderburn theorem, every finite-dimensional

semisimple algebra over an algebraically closed field is Frobenius.

Given an ADE quiver, @), one can form the preprojective algebra as a quotient

kQ/ D o o).

aEQq

These algebras are finite-dimensional and in fact Frobenius, with form given by

projecting onto a sum of maximum length paths.

Given a vector space V' and a non-degenerate bilinear form (—,—) : V@V — k,
one can encode this form as an algebra on the underlying vector space V @ k. That
is, define A(V,(—,—)) := k®V @ k with multiplication

(a,b,c)- (d',V,) = (ad',ab’ + bd',ac’ + 'a + (b, 1))

and form given by projecting onto the second factor of k.

How many Frobenius forms can one put on an associative algebra? The set of Frobenius
forms is a subset of the dual space Homy (A, k) and when A has only the left ideals {0}

and A, e.g. if A is a field extension of k, then the Frobenius condition on the form is

vacuous and every element of Homy (A, k) is a Frobenius form.

At the other extreme, many associative algebras have no Frobenius forms. Forgetting the

algebra structure, the existence of an isomorphism A =~ Homy (A, k) in definition (3) im-

plies that A is finite-dimensional. Remembering the algebra structure, since every algebra

A is self-projective (i.e. projective as an A-module) one has that Frobenius algebras are

self-injective (i.e. injective as an A-module.) This can be expressed as the vanishing of

ExtYy(—, A) = 0 for i > 0, and hence includes semisimple algebras.
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Provided (A, ) has a single Frobenius form A : A — k, then precomposition by R,,
i.e. right multiplication by a unit u € A*, produces another Frobenius form Ao R,. In
fact, every two Frobenius forms can be related in this way. Using definition (3) one can
relate ®; and ®, by observing ®, o ®;' : A — A is determined by the image of 1, which
lies in A*. The (non-empty) set of Frobenius forms is an A*-torsor. Note that non-
invertible elements a € A satisfy det(L,) = 0 and hence form a closed subset of A. Over
a field of characteristic zero, one has a large supply of invertible elements by taking a
neighborhood around the identity element, and consequently a large supply of Frobenius
forms. However, as the next example illustrates, there exists an algebras with only one

or two Frobenius forms.

Example 0.3.15. Consider the two algebras: Fy[z]/(z?) and Fy @ Fs.

e Fy[x]/(z*) has non-trivial left ideal (x) = {0,x} and hence any Frobenius form,
A, determined by its value on {1,z}, must have A\(z) # 0 and hence A(z) = 1.
Therefore, such a form is determined by its value on 1, and hence the space of
Frobenius forms can be identified with Fy by the map A — A(1). Notice that the
two forms differ by right multiplication by the unit 1 + z.

o [\, ®F, has non-trivial left ideals generated by the elements (1,0) and (0,1). Hence
there is a unique Frobenius form, taking (0,1) and (1,0) to one and (0,0) and (1, 1)

to zero. The only unit here is the identity.

A large source of Frobenius algebras arise as filtered deformations of Frobenius algebras.
Indeed if B is a filtered deformation of a finite-dimensional algebra A = @' ;A;, then a
Frobenius form on A induces a Frobenius form on B. To see this, observe A\ : A — k
non-degenerate implies ker(\) ¢ A, = B/B¢,—1). Hence the lift A:B — ktoB by
defining \(B<(,_1y) = 0 is non-degenerate.

Example 0.3.16. To illustrate the utility of this point, consider the Frobenius form on
C[z]/(x") given by projecting onto the cubic term of any polynomial. This algebra deforms
to C*,C* @ C[z]/(2?),C @ C[z]/(2?), and C[x]/(z*) & C[y]/(y*) as associative algebras
and hence each of these algebras inherits a Frobenius form, and is therefore Frobenius.
This seems to be a somewhat new perspective on Frobenius algebras, all arise as filtered
deformations of the algebras A(V,(—,—)) in (5). This is explained in detail in Section 4
of Chapter 1.
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FROBENIUS DEGENERATIONS OF
PREPROJECTIVE ALGEBRAS

1.1 INTRODUCTION

A quiver, coined by Peter Gabriel, is a directed graph, whose representations are defined
by placing a vector space at each vertex and a linear transformation at each arrow. Gabriel
classified connected quivers with finite representation type: these are the quivers whose
underlying graph is given by the simply-laced Dynkin diagrams, two infinite families
A, ;mn > 1and D,,n > 4, and three exceptions Fg, F7, E3s??. Subsequently, Dlab and
Ringel proved a more general result for “species”, quivers labelled with a division ring
at each vertex and a bimodule at each edge. They extended Gabriel’s classification by
showing that species with finite representation type are precisely the Dynkin ones?!. This
chapter explores a further generalization to decorated quivers — quivers with vertices
labelled by k-algebras and arrows labelled by bimodules. An original motivation for this
work is?°, which in our language considers the affine D, case, while we focus on the Dynkin

case.

One approach to representations of quivers involves studying the variety of all such repre-
sentations and considering its cotangent bundle. More precisely, fixing a field k, a quiver
() with vertices )y and arrows ()1, and a dimension vector d = (d;)icq, € N define
Rep,(Q) to be the vector space of k-representations of ) with vertex i labelled by the
vector space k%. There is a natural action of the group GL4(k) := [[;cq, GLa,(k) on
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Rep,(Q). Letting gly(k) := ®ieq,08la; (k) denote the Lie algebra of GLg4(k), one studies

the moduli space

Ma = T*Repy(Q)/)/GLa(k) := 11~ (0)//G La(k)

where p: T*Rep,(Q) — gly(k)* is the moment map for the associated action.

The preprojective algebra gives an algebraic construction of M. First, one defines the
double quiver @ to have the same vertices as ) but with a reverse arrow o* € @, for each

a € Q1. Then the preprojective algebra, I1((Q)) is defined as the quotient

Q) == P@)/{ 3 aa” - a*a>

ae@Qq

where P(Q) is the path algebra of @3". Then we recover My as the moduli space of

representations of I1(Q)) with dimension vector d:

My = Rep,I1(Q) /G La(k). (1.1.1)

Anachronistically, one can view this as a litmus test for a correct definition of a prepro-
jective algebra. For a quiver () together with a decoration D¢, consisting of a k-algebra at
each vertex and a bimodule at each arrow, we would like a notion of preprojective algebra
I1(Q, Dg) such that the analogue of (1.1.1) holds:

Rep,I1(Q, Dq)//Ga = p(0)//Ga. (1.1.2)

We will define an algebra II(Q, Dg) and a group G, such that (1.1.2) holds in the presence

of certain restrictions on the representations and the decorations.

Remark 1.1.1. A definition of II(Q, D) was recently given in*®*. Thanks to Kiilshammer
for pointing this out. Under condition (F) below this recovers our definition. Note that
in“?, the viewpoint of representation varieties was not considered and it’s an open question
to what extent condition (F') can be relaxed while retaining a moment map interpretation.

See Remark 1.3.14 for a more precise discussion.
In more detail, a decoration D¢, consists of

o {A;}icq, with each A; a k-algebra and

o {M}oeq, with M an (A;, Aj)-bimodule, if v is an arrow from 4 to j.
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A decoration satisfies condition (F) if each A; is symmetric Frobenius and, for every «,

M< is either A; @ A;, or M = A; = A;.

A representation of a decorated quiver (Q, Dg) with D¢ = (A;, M*) consists of

o {Vi}ieq, with each V; a right A;-module and

o {po: M* — Homy(Vi, V})}aimsjegr.ijeq, With each p, an (A;, A;)-bimodule map.

We fix a dimension vector d = (d;) € N9 and restrict to representations where V; = A%

for each i € ()y. Denote this vector space by Rep,(Q, Dg).
We define the decorated path algebra to be P(Q, Dg) := Tg,a,(@aM*), so modules for

the decorated path algebra are representations of the decorated quiver. We then double
the quiver by adding an arrow a* : 7 — ¢ for each o : © — j € (); and decorate the new

arrow o : j — ¢ with the bimodule dual,
M®" := Homu,ga,(M®, A; ® Aj).

A decorated preprojective algebra satisfying (1.1.2) cannot be defined in this level of
generality. Hence we restrict to decorations satisfying condition (F) and representations
with V; = Af" for each ¢ € Qy. The decorated preprojective algebra II(Q, Dg) is the
quotient of the path algebra for the double quiver by the two-sided ideal generated by
the element r = >} ., 7. Here r, for a i — j is a commutator [1yra, 1)+ ] in the case
M*=A; =4, and Xl ®1® ff — >, €, ®1® fI in the case M* = A; ® A;, where
{ei} and {f/} are dual bases of A; under the Frobenius form, for all i € Q. See Definition

1.3.2 for more detail and Remark 1.3.3 for independence on the choice of basis.

There is a natural action of Gy := [ [, GL4,(V;) = [, GLa,(A¥) on TI(Q, Dg). Denoting
the corresponding Lie algebra by gq = ®;gl4, (A;) one can again consider the moment map

pa : T*Repy(Q, Do) — g. Finally, we can state (1.1.2) precisely as a theorem.

Theorem 1.1.2. Rep,(II(Q, Dg)) is the zero fiber of the moment map

pa : T* Repy(Q, D) — 93

Moreover, the coarse moduli space of representations of I1(Q, Dg) of dimension vector d

is given by the Hamiltonian reduction u;"'(0)//Gq.

This theorem follows from a more precise statement, Theorem 1.3.6, given in Section 3.
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A second goal of this chapter is to study 1-parameter families of decorated preprojective
algebras whose generic fibers are ordinary preprojective algebras. In this sense, decorated
preprojective algebras are often (formal) degenerations of preprojective algebras, another

motivation for their study.

This perspective is best understood in a simple example. Consider the decorated quiver
(Q,Dg) =k <Lk 2 k.

Since right k-modules are vector spaces and k-bimodule maps are linear transformations,
Rep,(@, Dg) = Repy(As) and II(Q, Dg) = II(A3) is an ordinary preprojective algebra.
View these two arrows as a single arrow into the direct sum, folding the decorated quiver
as follows:
N R e

Folding the decorated quiver does not change the decorated preprojective algebra, IT1(Aj3).
Furthermore, k£ @ k can be viewed as a 2-dimensional k-algebra with pointwise multipli-
cation where it has a non-trivial flat degeneration to the k-algebra S = k[z]/(z*). Hence
one can degenerate the decoration

d
kS ek ARy L5, g

which induces a degeneration of II(A3) = II(k 25 k @ k) to T(k =, S). We denote this
degeneration by II(Bs) since the By quiver is obtained from Az by folding the arrows as
above.

Both the formal and filtered perspectives of this degeneration prove fruitful. In the for-
mal setting, k[[¢]][x]/(z* — t) is an explicit formal degeneration from k @ k to S. The

corresponding formal degeneration of decorated quivers is

(R[] D) 2 — 1)

L t=0

(k5 ko k) (k-2 9),
which in turn gives a formal degeneration Iy (k[[¢]] — E[z][[t]]/(z* —t)) from II(Aj)
to II(k — S). Alternatively, viewing k ® k =~ k[z]/(z* — 1) as a filtered algebra with
associated graded algebra S, realizes II(Aj3) as a filtered algebra with associated graded
algebra II(k — S). The filtration on II(Aj3) is given by {0} < II(A43)® < II(A3) where
® : A3 — Aj is the graph automorphism exchanging the outer vertices and IT(A3)? is the

28



subspace of ®-invariant elements.

This motivates the study of decorated quivers as a means of interpreting a large class of
degenerations of preprojective algebras. But one should not conflate these notions. The
decorated preprojective algebra II(k — Maty(k)) is not a degeneration of I1(D,), where
D, is the affine D, quiver. Conversely, II(A;) has a flat Frobenius degeneration to A (k?),
see Example 1.4.14, which is not a decorated preprojective algebra for any decorated
quiver except @ = A; and Dg = (A(k?)).

Most of the decorated quivers appearing in this chapter arise as degenerations of ordinary
quivers by folding vertices and then degenerating, as we now explain. In general, a group
H acts on a quiver () if H acts on the sets (01 and () such that the source and target maps
are H-equivariant. In this case, the source and target maps descend to the quotient quiver
Q/H = (Qo/H,Q1/H, s,t). In the case H = Aut(Q) is the group of graph automorphisms
of the underlying undirected graph of @), we call the quotient QQ/Aut(Q) the folding of @

by automorphisms.

If Dg = (A;, M®) is a decoration of () then one can decorate QQ/Aut(Q) by Dgo/Aut(Q) =
(Bj, N?) defined by:

Bj:= P 4 and  N’:= P M
ieAut(Q)-j acAut(Q)-B
In this case, we say (Q, Dg) folds to (Q/Aut(Q), Dg/Aut(Q))). Notice that a folding of

decorated quivers induces an equivalence

Rep(Q, Dq) = Rep(Q/Aut(Q), Do/Aut(Q))

and an isomorphism

(@, Dg) = TI(Q/Aut(Q), Do/Aut(Q)).

The second aspect of this procedure is degenerating the decoration, which amounts to
degenerating the algebras at each vertex and the bimodules at each arrow. Since the
definition of the preprojective algebra requires each algebra to be Frobenius, one needs to
degenerate the algebras in a way that preserves a Frobenius form, see Section 4 for more
detail.

We suspect that these degenerations of preprojective algebras are always flat. In other

words, we present the following conjecture in Section 4.
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Conjecture 1.4.20. Suppose D flatly Frobenius deforms to Dg,. Then with respect to
the path length grading,

hi1(@,pg) () = hrq,py)(1).
Remark 1.1.3. The conjecture was proven in the case () = D, for commutative Frobenius

algebras A; in?’, by computing an explicit basis for the maximally folded and maximally

degenerated decoration

k
fold deg
k k P — ko ko~rs klxyl/(ey, 2 — y?) — k.
k

This work may be considered a sequel, in that we generalize their statement to arbitrary

Frobenius decorated quivers. Moreover, we prove the conjecture in the Dynkin case.

In fact, we suspect that the existence of a deformation, while crucial for our techniques,
may be an artifact of the proof style and unnecessary for the result. That is, assuming
condition (F), the Hilbert—Poincaré series of the decorated preprojective algebra may
depend purely combinatorially on the dimensions of the algebras and bimodules in the
decoration.

One can define a (not-necessarily symmetric) Cartan matrix 2/ — A where A = [a;5] is a

Qo x (o matrix with entries

We say (@, Dg) is Dynkin if the Cartan matrix 2] — A is positive-definite, which implies
that 21 — A is a Cartan matrix for a Dynkin diagram.

Observe, that if D = [d;;] with d;; := §;; dimg(A;) then DA is symmetric as

(DA); = > dimp(M®) = > dimg(M*") = (DA);;,

ai—] a*:j—i
and therefore, from the perspective of*°, A is a Cartan matrix with symmetrizer D.

Conjecture 1.4.21. The Hilbert-Poincaré series of I1(Q, Dg), with Dg = (A;, M®) is
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given by,

(I +tm=2PYD(1 — At + %)~ if (Q, Dg) is Dynkin

hii@,pe) (t) =
© D(1— At +¢*)~! otherwise

where, in the Dynkin case, max; is the maximum path length of a non-zero homogeneous
element in II(Q, Dg) and P is the permutation matrix for the permutation of the set

{14, }icq, given by the Nakayama automorphism.

Moreover, we will often have an additional grading on the decorated path algebra coming
from placing a graded algebra at one or more vertices. Throughout the chapter we call
this the x-grading defined as the number of occurrences of x in the path, since the graded
algebras we consider at the vertices are of the form k[z]/(z™) for some n € N. The z-
grading descends from the decorated path algebra to the decorated preprojective algebra
in the C),, G2, and Bj cases. The z-grading can be adjusted to descend in the B, with
n > 3, and Fy cases. With respect to path length and an additional x-grading the

Hilbert—Poincaré series is conjecturally given by

(1 4 smaxsgmaxt 2PV (1 — At + Bt*)™! if (Q, Dg) is Dynkin

hH(Q,D )(t, S) =
¢ D(1— At + Bt*)™! otherwise

where max; is the maximum z-graded of a non-zero homogeneous element of I1(Q), D),

A = lag], ai; = Z Fag=(5)

i—j hAi (S)

and
B = [bi], bij = 0i5hpa, (5).

Here we say (Q, Dg) is Dynkin if, as before, the Cartan matrix 2/ — A |,_; is positive-
definite.

In Sections 4 and 5 we prove the conjecture in the Dynkin case and show that the Frobe-
nius form on the preprojective algebra degenerates to one on the decorated preprojective

algebras. More precisely, we prove

Theorem 1.4.26. Let (Q), Dg) be Dynkin. Suppose D¢ Frobenius degenerates flatly to
Dfy. Then, II(Q, Dg) and TI(Q, Dg,) are both Frobenius algebras and I1(Q, Dg) Frobenius
degenerates flatly to II(Q, Dy,).
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Moreover, letting S := k[z]/(z?) and S’ := k[z]/(z®), the most degenerate decorated

non-simply laced Dynkin quivers are:

B, = (Ani1, ({k, S, ..., S}, {xSs,5 S5, .. .,555})), n=2
Con = (Anpr, ({k, - K, S} ik, - kbr, £Ss))), n=4
Fy:= (A4, ({k, k, S, S}, {kkk, kks, sSs}))

Gy := (Aa, ({k, S}, {kSs1)).

The (path, x)-bigraded Hilbert—Poincaré series of the corresponding decorated preprojec-

tive algebras are:

Pe,1(B,)e, (5,1) = t\i—jlsli—j\ﬂ(l + t2min{i,j}_gsmin{i’j}_l)(l 5
(14 st 4§27 - 4 grmadial2n=2maxdiglhy g s 9
heti(Buye; (5:1) = Rejti(Boyes (5, 1) = 7107021 4 5)
R ) T )

Reiti(Byer (8:1) = 1+ st + 8%th + - g7 142072

Resti(Crye; (8, 8) = (1 + st?rmmaxailhi=il(] 442 4 ¢4 4 .. 4 ¢2mintia)=2)

hH(F4)<S7t) = (1 + t48>‘

(1+1Cs) t(1+t2s+t1s®) t2(1+5)(1+t%s) t351/2(145)
t(1+t2s+14s2) (1+t2)(1+t2s+tts) t(1+s)(1+t2s) t2512(1+5)(1412)
2(1+8)(1+1%s)  t(14+s)(1+t2s)  (14+s)(A+2+t1)(1+12s) tsV/2(1+5)(1+12+14)

t3s12(1+s) 25121 +s)(1+t2)  ts¥/2(1+s)(1+t2+t4) (1+5)(1+t%s)
1+ t%s? (1+ s+ s%)t
h s,t) = (1 +ts
m(a) (5, 8) = ( ) (1+s+sHt (1+s+s%)(1+1t2)

For more detail, see Section 5.

Example 1.1.4. We conclude the introduction by returning to our simple yet illustrative
B, example, i.e., the Ay quiver with vertices labelled by the k-algebras k and S = k[x]/(z?)
and the arrow labelled by S viewed as a (k, S)-bimodule,

S
k— 8.

S has Frobenius form A : S — k given by s + tx — t, which is non-degenerate since the
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kernel is the subspace of constant polynomials, which does not contain any non-trivial
left ideals. With respect to this form, the basis {1, z} has dual basis {z, 1} giving rise to

the non-degenerate, S-central element * ®; 1 + 1 ®y .

Using this structure, the decorated preprojective algebra is defined as

H(Q, DQ) = Tk@s(s@ S)/<1 ®S 17 1 ®k T+ ®k 1>

where S@® S is made into a (k@ S)-bimodule by viewing one S as an (S, k)-bimodule and
the other a (k, S)-bimodule, and defining all other actions to be zero. More explicitly, one
can see that I173(Q, Dg) = 0 and compute,

T(Q, Dg) = TI*(Q, D) © IT(Q, Do) © I1*(Q, D)
- SOk @S @S D(SDk)

where the second graded piece is computed using the identifications
S®s S/1®s 1) =S/K1) =k

as vector spaces and

SR S/{(1Qpr+r®; L, z®pz)y =S5

as S-bimodules. Consequently, the matrix-valued Hilbert—Poincaré series in variables ¢

and s corresponding to path length and z-grading respectively is given by

1+t%s t(1+s) )

t(1+s) (1+t3)(1+s)

by (t, 5) = (

This agrees with the formula in Conjecture 1.4.21.

1.2 REPRESENTATIONS OF DECORATED (QUIVERS

Definition 1.2.1. A decorated quiver is a pair (@, Dg) where @ = (Qo, @1, s,t) is a

quiver and
Dq = (A, Ma)i€Q07a€Q1

where A; is a k-algebra and M® is an (Ay(a), Aya))-bimodule. Fixing @, a decoration is a
choice of Dg. The decoration Dy, is finite if each A, is a finitely-generated k-algebra and
each M is finitely generated as a left Ay,)-module and as a right A,)-module.
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Remark 1.2.2. This notion appears in the literature under the names k-species or modu-
lated graph when each A4; is a division ring?!. One can alternatively choose a presentation
for each A; and instead consider the quiver with relations where a loop is added for each
generator of each algebra and relations are imposed to capture identical information: see>°

and its sequels.

Remark 1.2.3. One can take a categorical perspective by viewing () as a category where:

e objects are vertices (g,
e morphisms are paths, and

e composition is given by concatenation of paths, when possible, and zero otherwise.

We denote this category by F(Q) to emphasize the structural differences from the orig-
inal quiver Q). Using this language, a decoration is a functor D_y : F(Q) — Alg into
the Morita category of algebras, objects are k-algebras, morphisms are bimodules, and
composition of morphisms is given by the tensor product. This is the approach taken in*3
under the name prospecies of algebras, in the case where the bimodule is projective as a

left module and as a right module.
We now proceed to develop all of the notions in the previous section for decorated quivers.
The original source for much of this material in the setting of species is Dlab and Ringel?!.

Definition 1.2.4. A representation of a decorated quiver (@, Dg) is

p = (V@, ,Oa)ier,aEQl

where V; is a right A;-module and p, : M* — Homy(Vya), Vi) is an (Aya), Aua))-

bimodule map.

Note that Homy,(Vy(a), V;(a)) has a right Ay)-action by postcomposition and a left A-
action by precomposition.

Remark 1.2.5. This definition reduces to the ordinary definition of a representation of
an (undecorated) quiver when each A; = k and M® = ki, in which case each p, is

determined by a single linear map pa(r1x) : Via) = Vi(a)-

Fixing a quiver and a finite decoration (@), Dg), we denote by R(Q, Dg) the category of
representations of finite type: each V; is finitely generated as a right A;-module. Mor-

phisms from p to p’ in this category are given by a collection of right A;-module maps
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(fi = Vi > V/) such that for all & € @ and for all m € M®, the diagram of right
(As() @ Atofa))—modules

lfs(a) ft(a)
v/ P (m) v/
s(a) t(a)

commutes. As in the undecorated case, for a fixed d € N?0 we consider the full sub-

category of “locally free” representations R4(Q, Dg) whose objects are representations

p = (Vi, M®) with V; = A% for all i € Qy.

As before, one can compute equivalence classes of objects in R4(Q, Dg) as orbits under
a group action on the vector space of all representations with V; = Afi for all i € Qo,
denoted Rep,(Q, Dg). In more detail, there is an action of Gq = [ [, GL 4, (A%) on

Rep,(Q, Dg) by
(90)icqo * (Vi pa) = (Vi, Gt() Pasqa))-

One says two representations are isomorphic if they lie in the same G4-orbit. Isomorphism
classes of semisimple objects in R4(Q, Dg) can be identified with Rep,(Q, Dg)//Ga-

The category Rq(Q, Dg) is equivalent to a category of modules for an algebra, generalizing

the path algebra in the previous subsection.

Definition 1.2.6. The decorated path algebra P,(Q, Dg) for Dg = (A;, M®) is the tensor
algebra Tig, 4, (B M) where each M® is viewed as an (®;A;, ®;A;)-bimodule by defining

(Z ai) “My, - (Z a;) 1= As(a) T Ma * Qy(a)

for a;,a; € A; and m® € M*. We will usually write P(Q, Dg) := Py(Q, Dg) suppressing
the dependence on the field.

Proposition 1.2.7. The category of representations of the decorated quiver (Q), Dg) is
equivalent to the category of right modules over the path algebra P(Q, Dg).

Proof. Given a representation p = (V;, po) of the decorated quiver Dy = (A;, M) one
can form a right module V' := @,cq,V; of P(Q), Dg) with the action defined on generators
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(Z Ui>‘ajI:Uj'CLj CLjEAj,’UZ‘E‘/;

iEQQ

<Z vi> -m® 1= pa(m®)(Vs(a)) m® e M?.

’iEQo

By the universal property of the tensor algebra, this extends to a right module over
all of P(Q, Dq) since p, is an (As(a), Ai(a))-bimodule map, which can be viewed as an
@; A;-bimodule map.

One can upgrade this map of objects to a functor defined by taking p to V as above
and by taking a morphism (f; : V; — V/) from p to p’ to the map ®,f; : ®V; — &;V/.
The condition that the diagrams commutes (i.e. pl, © fsa) = fi(a) © Pa) implies that @; f;,
apriori a @;A;-module map, is a right P(Q, Dg)-module map. We now construct the
inverse functor on objects, which in fact gives an isomorphism of categories in the sense
that the compositions equal the identity functor, as opposed to merely being naturally

isomorphic.

A right module for the decorated path algebra is a map ¢ : T, 4,(Ba M) — Endg(V),

which is determined by its restriction to generators
L (@,%) = D A o DM

Then one defines p := (¢(14,)V, ¢ |me) where ¢(14,)V is given a right A;-module structure
by
p(1a,)(v) - ai := p(a;)(v)

for v e V,a; € A;. Clearly ¢ |y is an (Aga), Aya))-bimodule map since ¢ is an (®;4;)-

bimodule map.

]

As in the undecorated case, one would like to study the quotient Rep,(Q, Dg)//G4. In
the next section we consider the symplectic action of G on the cotangent bundle to
Rep,(@, Dg), but in order to describe the moment map we need to impose restrictions
on the decoration. This definition will be justified a posteriori by our study of the zero

fiber of the moment map.

Definition 1.2.8. A decoration Dg = (A;. M) satisfies condition (F) if
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e A; is symmetric Frobenius (i.e. A; = Homy(A;, k) as A;-bimodules) or all i € Q.

o M*=A;Q®;Ajor M* = A, = Aj, for all « € Q; with o : 7 — j.

We will have occasional need to distinguish between the two allowable bimodule decora-
tions in condition (F) and hence write Q1 = Q) L Q7 where the decorations for Q)] are of
the form A; ®; A; and the decorations for )] are of the form A; = A;.

Remark 1.2.9. In subsection 1.3, we explain why the Frobenius condition is necessary
to define a preprojective algebra satisfying Theorem 1.1.2. One can alternatively consider
additional structure on the bimodules instead of the algebras, as is done in?'. Symmetry
of the Frobenius form is needed to identify the moment map with an evaluation map

equivariantly, see Remark 1.3.15.

1.3 REPRESENTATIONS OF DECORATED PREPROJECTIVE ALCEBRAS

In this section we extend the definition of the preprojective algebra of a quiver to the
decorated setting. We justify the term preprojective algebra using the moment map for the
action of G' = @je,GL4,(V;) on the cotangent bundle of the space of all representations.
Namely, we show that the set of representations of the decorated preprojective algebra is

the zero fiber of the moment map.

Recall the decorated path algebra for a decorated quiver (Q), Dg) with decoration D¢ =
(A;, M) is P(Q, Dg) = Tea,(@aM*). The decorated preprojective algebra is a quotient

of the decorated path algebra for the double decorated quiver, which we define now.
Definition 1.3.1. Given a decorated quiver (@, Dg), the opposite decorated quiver
(QP, Dgy) is defined by

Dg)p = (AZ, M ), M = HOIHAS(Q)(@At(a)(Ma,As(a) ®At(a))

and the double decorated quiver (Q, Dg) is defined by Dg := Dg U Do, D3 -

Suppose D, satisfies condition (F) and partition the arrows into @] L Q7 where the former
has label M* = A ) ® Ayq) and the latter has label M = Ay,) = Ayq). Additionally,
pick a basis {e}}; for A; as a vector space and use the Frobenius form A; : A; — k to build
a dual basis {f/}; such that (e’ f}) = d;;, for all i € Qy.

Definition 1.3.2. Using notation from the previous paragraph, the decorated preprojec-
tive algebra 11,(Q, Dg) is defined to be the quotient of the decorated path algebra of the
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double P(Q, Dg) by the two-sided ideal generated by

re= Yy (Zef(“)@al@ff(“) —Zei(“)®1®ff(a)) + 2 [are Tyyoe .

aeQ’ i J aeQy

We will usually write II(Q, Dg) := I1;(Q, Dg), suppressing the dependence on the field.

The usual preprojective relation in kQ, Rk, kQ, is kQo-central, since it is concentrated on
the diagonal. Similarly, we want r to be an (@A;)-central element of @M * ®@ga,) @M *, so
we choose for each i, the dual element to the Frobenius pairing, k — A; ® A;, which when
written in bases {e}} and dual bases {f;} is the A;-central element ¢} ®;, f;. For arrows
in Q7, M*“®4 M* ~ A®4 A =~ A has the A-central element Lyjagyare* = Lae @ 1ypax,
so one need not use the Frobenius form in the definition of the decorated preprojective
algebras, yet we still require the existence of such a form for desirable properties, see
Remark 1.3.15.

Remark 1.3.3. The above definition depends only on the decorated quiver (Q,Dg)
and the field k. To see this, observe that for each a : i — j € ()} the summand of r

corresponding to « lies in
A1®AZ = Al®k’®Al (- A1®AJ®AZ = (A1®AJ) ®Aj (A]®AZ) ~ M ®Aj Ma*

and hence it suffices to show that, in any Frobenius algebra A with basis {e;} and dual
basis {f;}, the ideal generated by ¢ := >} e; ® f; doesn’t depend on the choice of basis
nor the form. For independence of basis, notice that ¢ can be represented canonically as
the comultiplication of the unit. Next, observe that a Frobenius form can be viewed as
the image of 14 under a left A-module isomorphism ¢ : A — A*. Hence, two Frobenius
forms A, Ay : A — k each give rise to 1,92 : A — A* such that go;l op; : A— Ais
a left A-module isomorphism. Such a map is determined by u := ;' o ¢;(14), which is

invertible. Hence
A= @i(1) = pa(u) = Ao o R,

where R, is right multiplication by u € A*. We conclude that the canonical sums ¢; and

co satisfy ¢; = cou and hence generate the same two-sided ideal in A ®; A.

Example 1.3.4. This phenomenon is already visible in the setting of the four element
algebra A = Fy[x]/(2?). Here \ : A — Fy is Frobenius if (z) ¢ ker()\) or equivalently if
A(z) # 0 and hence is 1. So there are two Frobenius forms: (1) = 0 and A\y(1) = 1.
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They are related by the invertible element 1 + 2 € A as A\j(1) = 0 = A(1(1 + x)) and
M(z) =1 = A(xz(1 + x)). The basis {1,x} has dual basis {z, 1} under A\; and dual basis
{1,1 + z} under A\y. Hence ¢; = 1 ® 2z + z® 1 and

=1+ (1+2)=10z(1+2)+2®1(1+z) =c(1 +2)

both generate the ideal (¢1) = {¢1,¢2,¢1 + 2} € A® A.

Remark 1.3.5. This explains the reason for the dichotomy between types of arrows and

the resulting asymmetry in the definition. Namely, it’s an artifact of the identifications,
Enda(A) = A= M*®4 M id—1—1®41

as k-bimodules for M® = 4A4 ~ M*" and

Endk(A);A®kA*;M°‘®kMa* Zd'—>C:2€l®ku'—>Z€z®1®fl

as A-bimodules for M* = 4 A, an (A, k)-bimodule.

The key result motivating the definition is the following. Recall fixing (@, Dg) and a
dimension vector d, we have the action of Gy = [[;c, GLa, (A%) on Rep,(Q, Dg) with
Lie algebra gq = ®ieq, 04, (A%). Let pg : T*(Rep,y(Q, Dg) — g denote the moment map
corresponding to the Hamiltonian action on the cotangent space coming from the action

on the base. In this setting, we can generalize Proposition 0.2.6 as follows:

Theorem 1.3.6. With the identifications induced from the non-degenerate pairings,

Repd(Q, DQ) ® Repd(QOp, Dzzp) —> k gd ® gd —> k
(p7 Z )‘A( ) OtrA( )(p(lMa)opl(lM”*)) (X,Y) = Z )‘iotTAz'(XY)
ae@q 1€Q0

the following diagram commutes,

Rep,(Q, DQ) He o

7

and hence one can view the moment map as evaluation on the element r.

lle

(P(1a10).p(1 o ))>p(r)

Rep,(Q, hy

Note that p(r) is, a priori, an element of @eq,8lk(A%), but in fact is DA;-linear since e;r
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is A;-central, hence an element of g4. Additionally, since each pairing is G4-invariant, we

have identified the moment map with evaluation on r, G -equivariantly

Remark 1.3.7. For each A;, to apply tra, : Maty, (A4;) — A; one needs to precompose
with an identification gls, (A%) =~ Matg, (4;). Although tr,, depends on the choice of

identification, A4, o tra, does not, as A4, is symmetric.

Corollary 1.3.8. The set of representations of dimension vector d in II(Q, Dg) is the

zero fiber of the moment map pg.

The remainder of this section is dedicated to a proof of the above theorem, justifying the

terminology preprojective algebra in a geometric context.

Since @ is a finite quiver, r = Zz‘er e;r can be computed locally at each vertex, where it
is given by a sum over all incoming arrows. Hence it suffices to prove the above result in
the context of a quiver with a single decorated arrow. Such decorated quivers satisfying
condition (F) take the form,

(1) A 242 4, ) A—A4 A
) A—224  4  (IV) ACA (V) ACA®; A

where A, Ay, and A, are symmetric Frobenius algebras. The formula for the moment map
in cases (IV) and (V) follow from the (II) and (III) cases, respectively, by post-composing
with the map dA* : g @ g — ¢, induced from the diagonal map A : Gy — G4 x Gg.
Next notice (IIT) is a special case of (I), when A; = Ay = A. Moreover the definition of
e1r uses only the unit £ Ay and hence one can further reduce to verifying the theorem

in the two cases:

Q= A2 or  Qli=A—A A

In these cases, representations of the double decorated quiver have a concrete description,
owing to the cyclicity of the bimodules. That is, if d = (dy, dz), then

Repy (@)
= Hom o (4 Ak, Homy (A%, k%)) @ Homyeq— a(xAa, Homy (A% k%))
= HOIHk(Adl, k}d2) @ Homk(kd"’, Adl)
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and

Repy (@)
= Homa_pimod(aAa, Homy(AM, A%)) @ Hom g pimeda(4Aa, Homy (A%, A%))
~ Homu (A%, A%) @ Hom 4 (A%, A%).

In each case, the theorem reduces to much more concrete statements, given respectively

by Proposition 1.3.9 and Proposition 1.3.13.

Proposition 1.3.9. With the identifications induced from the non-degenerate pairings,

Homy,(A™ k™) @ Homy (K™, A") -k (f,g) = tr(fog)
Ends(A") @ End(A") — k (X,Y) = Agotra(X oY)
End (k*) ® Endy (k%) — k (X,Y) —tr(XoY)

the following diagram commutes:

Homy, (A%, k%) @ Homy (A%, k%)* X% End 4 (A%)* @ End, (k%)*

/ \

Homg(A%, k%) @ Homy (k2, A4 AP0 G (A4) @ Endy (k%)
where r =1®a1— > e; ® fi-

Roughly speaking, in the ordinary case two applications of the trace pairing cancel, yield-
ing a simplified expression for the moment map. From this perspective, the main technical
difficulty arises from the need to relate the trace of an A-linear map (regarded as a k-linear

map) with the Frobenius form.

More precisely, if (f, g) € Homy (A%, k%) @ Homy,(k92, A%) and
(p,7) € Enda(A%) @ Endy, (k%) then in the above diagram,

(ftr(ge—)) tr(fogo—)+tr(=gofo—)
Il
Aaotra(po—) +ir(po—)

(f,9) (¢, )

In our setting, f = p(alx) and g = p(r14) and so we need to find ¢ € Ends(A%) and
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¥ € Endg (k%) such that,

tr(p(=al @ 1a) o =) = Aaotra(po—)
and
tr(p(xl®a 1) 0o —) = tr(p o —).

Clearly, ©» = p(x1 ®4 1;) and hence the moment map at the vertex decorated with k is

evaluation at ;1 ®4 1, playing the role of o @* in the ordinary case.

However, ¢ # p(—1®j 1), which need not be A-linear in general. To remedy the situation,
we will define a map ® : Endg(A) — Enda(A) such that

¢ = Maty(P)(p(—1®r 1)) =p <_Z€i ®fi) )

completing the proof of the proposition.

We now present a series of lemmas about Frobenius algebras. Since the subject matter is
classical and the proofs are elementary, the following is probably well known. Nonetheless

we provide short proofs for completeness of exposition.

Lemma 1.3.10. Let A be a Frobenius algebra with multiplication o and form X : A — k.
Define ® : Endi(A) — Enda(A) by ®(¢)(a) = >, ¢(e;) fia, where {e;} is a basis for A
over k with dual basis {f;}. Then

End,(A) ud k

I

AQ; A* Endu(A)

% -|

A A——— A

commutes. In particular, tr(¢) = A(P(¢p)(1)) for ¢ € Endi(A).
Proof. ® is defined so the diagram commutes. In more detail,

Endp(A) — s A@ A* —— s A A—— 5 A

pr———20(e;) @k Ao pl—, fi) —— 25 de) ® fir———— 25 0(ei) i
Since ®(¢)(1) := >, ¢(e;) fi the lower left half of the diagram commutes.
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For the rest of the diagram, compute tr using the basis {e;}. If ¢(e;) is expanded as
Zj Q€54 then,
iy = Ao M(Z agieg, fi) = Ao p(d(es), fi).
J

and hence tr(¢) = Ao u(D, ¢(e;), fi) = A(P(¢)(1)) as desired. O

Lemma 1.3.11. The following diagram commutes:

Endk (Ad)

Matg(tr)

Matd(Endk(A))
lMatd(q))
Maty(End s (A)) ———=—— Maty(A) A

Proof. Applying Maty(—) to the commutative diagram in Lemma 1.3.10 gives commu-
tativity of the lower left trapezoid. The commutativity of the upper triangle is the fact
that the trace of a block matrix is the sum of the traces of the diagonal blocks. The final

quadrilateral commutes since if M = (a;;) € Maty(A) then
Notra(M) = Z)\(am) = tr((Ma;;))) = tr o Maty(\)(M). O

Lemma 1.3.12. The following diagram commutes:

Endk (Ad) —g> Endk (Ad)*

lMatd(q)) lrest.

Endy(A%) —— End 4 (A%)*
where the horizontal identifications are given by the non-degenerate pairings,
Endp(AY) ® Endi(A7) =k (61 ® h2) — tr(¢1 0 )
Ends(AY) ® Enda(AY) — k (Y1 @ 1hy) — Ao tra(ahy o ahy).
Proof. Commutativity amounts to the equivalence

tr(¢ o) = Aotra(Maty(®)(p) o )
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for all ¢ € Endg(A?) and ¢ € End4(A¢). By Lemma 1.3.11, one can factor trace as,
tr = X otra o Maty(P)

and hence it suffices to show Maty(®)(¢po1)) = Maty(P)(¢)o1). By comparing components
of the mappings, one reduces to the case d = 1, where the result follows from the fact

that ® is an A-bimodule map and 1 can be viewed as an element of A. n

Note that this completes the proof of Proposition 1.3.9, since

Maty(®)p(1 ®x 1) = p(P(1® 1)) = p (Z ei Ok fz) :

Proposition 1.3.13. With the identifications induced from the non-degenerate pairings,

Homy (A", A%) @ Homa (A%, A") -k Enda(A%) @ Enda(AY) — k

(p.0) = >, Aaotralp(lae) o pf(1yex)) (X, Y) = > Aaotra(XY)
a1 i€Qo

for j € {1,2}, the following diagram commutes:

Homa (A% A2) @ Homu (A%, A%)*"S End 4 (A%)* @ End 4 (A%)*

/ \

Homa(A%, A%) @ Hom (A%, ARYIPAIAZRE 4 (Ad) @ End 4 (A®)

where r = e;r + ear = 1@% 1 — 1 @Y 1 = [4la,a 14] where the labels 1 and 2 are used to

distinguish between the two copies of A, one at each vertex.

The difficulty in the previous proposition was relating, for a given « : @ — j, the expres-
sions Ay, otra, and Ag; otra;. In this case, A; = A = A; and hence that issue is not

present.

Proof. The result follows from showing that the moment map still has the same form as
before. Whenever G acts on a vector space V', the moment map for the action of G on
T*(V) =V @ V*is given by

pTHV) = ¢* p((v, 9))(X) = p(X - v).

In this case g = g1@g> is a sum and the action X = (X, X5) on v defined by differentiating
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the conjugation action is
X -v=X9-v—v-X.

Therefore,

(f,Aaotra(go =) ———Asotra(—go fo—)+ Agotra(fogo—)

/

(f.9) (—gof+fog)

and hence the composition is giving by commutator and plugging in f = p(4la) and
g = p(aly) gives the desired result. O

This completes the proof of Theorem 1.3.6.

Remark 1.3.14. A more general definition of preprojective algebra appears in??, which
puts a weaker restriction on the decorations than condition (F), although the Frobenius
condition still arises naturally as we explain below. When can the representations of such

algebras be identified with the zero fiber of a moment map, as in Theorem 1.3.67

In more detail, in*?, decorations are required instead to have the property that each M® is
projective as a left Ay,)-module and a projective as a right A)-module. In this setting,
M*® has both left and right duals, and it is further required that these duals agree,

HOmAZ{’M (Ma7 As(a)) = HomAt(a) (Mav At(a)>

as (Aya), As(a))-bimodules. One says M* is dualizable in this case, and one says Dg is
dualizable if each M® is dualizable.

Notice that if a quiver has an arrow labelled with M := 4 A, then dualizability at that

arrow says,

A =~ Homy (M, A) = Homy (M, k) = Homy (A, k)

as an (k, A)-bimodule, and hence A is Frobenius. More generally, if M := 4Ar where R

is a k-algebra and A is an algebra over R then dualizability says
A =~ Hompg(A, R)

and hence A is Frobenius relative to R, the assumption used in?".

Remark 1.3.15. In the case M = 4A4 dualizability is vacuous, yet we still need A to
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be Frobenius in order to have a non-degenerate pairing
Hom (A%, A%) ® Hom (A%, A%) -2 End,(A%) 24 4 25 k.

Further, for the pairing to be GL (A% )-invariant then A needs to be symmetric. This

justifies the assumption that the algebra at each vertex be symmetric Frobenius.

Remark 1.3.16. If a : i — j is decorated with M® an (A;, A;)-bimodule, then
RHOHlA@kA;’P(Ma, Homy,(V;, V) = HOmA@kA;?P(Ma, Homy (V;, V;))

if M* is a projective (A;, A;)-bimodule or Homy(V;, V;) is an injective (A;, A;)-bimodule.
Hence the restriction to free A;-modules, V;, implies that the underived representation
spaces are actually derived, hence well-behaved and natural to study. One could alter-
natively consider M perfect and remove restrictions on the representations. Since our

main objective is to study preprojective algebras, we prefer to allow for general M®.

1.4 DECORATED PREPROJECTIVE ALGEBRAS AS DEGENERATIONS

Many of the examples of decorated quivers in this thesis have an interpretation as degen-
erations of ordinary quivers. In this section we explain this interpretation by first defining
a notion of Frobenius deformation and proving that every finite-dimensional Frobenius
algebra degenerates to a Frobenius algebra determined by a vector space with a non-
degenerate bilinear form. In the commutative case, over an algebraically closed field of
characteristic not two, there is a unique such degenerate algebra. Then we define a notion
of Frobenius deformation for decorated quivers and use this to realize decorated prepro-
jective algebras as degenerations. Finally, we conjecture that these degenerations are flat,
and use upper semi-continuity of dimension under deformations to reduce the conjecture

to a single verification for each quiver.

1.4.1 FROBENIUS DEGENERATIONS

We want to degenerate (or deform) a decoration by degenerating both the k-algebras
labelling each vertex and the bimodules labelling each edge. In the presence of condition
(F), the degeneration of the decoration is determined by the degeneration of the algebras at
the vertices. Moreover, to ensure condition (F) is satisfied when degenerating a decoration
satisfying condition (F) we need to ensure each symmetric Frobenius algebra degenerates

to a symmetric Frobenius algebra.
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We first recall the notions of formal and filtered deformations of associative algebras and

bimodules.

Definition 1.4.1. Let A and B be unital associative algebras over a field k. One says B is
a formal deformation of A and A is a formal degeneration of B if there is a k[[t]]-algebra
D such that

e D/Dt ~ A as k-algebras and
o D[t7'] = B((t)) as k((t))-algebras.

Moreover, one says a formal deformation is flat if D =~ A[[t]] as left k[[t]]-modules.

Definition 1.4.2. Let A and B be unital associative k-algebras. One says B is a filtered

deformation of A and A is a filtered degeneration of B if there exists:

e a filtration By € B¢y € By € -+ < B, = B,
e agrading A =~ @, A;, and

e an isomorphism of graded algebras,
g?"(B) = @Bsi/Bs(i—l) = An ~ A.
i=0 ;

Any filtered deformation B with gr(B) = A gives rise to a formal deformation,

RB := Zbiti :b; € Bg; ¢,
i=0
called the Rees algebra. We present theory in the more general setting of formal deforma-

tions, but strengthen results by presenting proofs in the more specific setting of filtered

deformations.

Since our objective is to degenerate decorated quivers, we want to consider degenera-
tions preserving condition (F). Notice that a (symmetric) Frobenius algebra can degen-
erate to a non-Frobenius algebra, e.g k[[t]][x,y]/(z? — t,y* — t,zy) degenerates k93 to
K[z, y]/(x*, y*, xy), which is not Frobenius as it is not self-injective since tA — A sending
x — y does not extend to all of A.

Hence, at each vertex we need to degenerate the symmetric Frobenius algebra to another

symmetric Frobenius algebra.
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Definition 1.4.3. Let D be a formal deformation of associative k-algebras from A to B.
We say the deformation is Frobenius if D is Frobenius as a k[[t]]-algebra and A and B
are Frobenius as k-algebras. Further we say the deformation is symmetric Frobenius if D,

A, and B are all symmetric Frobenius.

Remark 1.4.4. This definition appears in?’ and the notion was studied in'?, where it is
shown that the cohomology of the dg-Lie algebra controlling Frobenius deformations of a
fixed Frobenius algebra (A, \) is the cyclic cohomology of A, see'?.

Notice that we do not require that the isomorphisms A =~ D/tD or B((t)) =~ D[t™']
preserve the Frobenius forms. This added flexibility is convenient and innocuous for
our purposes since different Frobenius forms on the same decoration yield isomorphic
preprojective algebras, as explained in Remark 1.3.3. However, one should be mindful

about some non-intuitive consequences of not fixing Frobenius forms, as explained in
Example 1.4.7 (4).

Remark 1.4.5. A Frobenius form A : D — k[[t]] on D gives rise to Frobenius forms \g
on the k-algebra A =~ D/tD and \; on the k((t))-algebra B((t)) =~ D[t™'] defined so that

the following diagram commutes:

D/tD 2> |,
mod t
mod t

D<k[[t]]\

D[] —— k().

Remark 1.4.6. If B is a filtered deformation of a finite-dimensional algebra A = @' ;A;,
then a Frobenius form on A induces a Frobenius form on B. To see this, observe A : A — k
non-degenerate implies ker(\) ¢ A, = B/B¢,—1). Hence the lift A:B — ktoB by
defining A(B<(,_1y) = 0 is non-degenerate.

Example 1.4.7.

(1) Assume k contains nth roots of unity, write ¢ for a primitive nth root of unity, and

define the surjective algebra homomorphism

klz] = k& p(z) = (p(C),p(¢?); ..., p(C™))

with kernel (z" — 1). Using this map one can view k®" =~ k[x]/(z" — 1) as a
filtered deformation of k[x]/(z"). The Frobenius form A : k[x]/(z") — k given by
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A2, aa?) = any lifts to S\(Z] a;x’) = a,_1. Precomposing with k®" ~ k[z]/(z" —
1) gives the Frobenius form

S|

ko -k (a1, a9, ...,a,) —

n
2. ¢
j=1

Fix a field k£ of characteristic not two, a k-vector space V', and a quadratic form
Q@ : V — k. Then define the Clifford algebra by

Clp(V,Q) :=Tp(V)/{v ® v — Q(v)yyey.

This is a filtered algebra with associated graded algebra given by the exterior al-
gebra, A(V) = Clx(V,0). The Frobenius form on the exterior algebra given by
projecting onto the top wedge power remains non-degenerate when viewed as a

form on CI(V, Q).

A = Matsyo(k) is separable as an algebra over k so
HH?*(A, A) := Ext%ig por_moa(A, A) = 0.

We conclude that A has no deformations as a (symmetric Frobenius) algebra. In
particular, A does not deform to £* and more generally in all dimensions n > 4,
A@ k™ does not deform to k™.

Maty (k) can be viewed as a Clifford algebra, and hence has a degeneration to the
exterior algebra. However, it does not degenerate as a Frobenius algebra using the

trace form, and in fact does not degenerate as a symmetric Frobenius algebra.

In more detail, if k is a field of characteristic not two and containing ¢ := 4/—1, then

one realizes Matyyo(k) as a Clifford algebra using the surjective algebra map

0 —1 0
¢ : k{x,yy — Maty(k) given by z — y ! ,
1 0 0 —i

with kernel (22 + 1,3* + 1,2y + yz). Therefore,
Matao(k) = k(z,y)/(2* + 1,y° + 1,2y + yx) = CL(V,Q)

where V' =~ k% with basis {x,y} and Q : V — k is determined by Q(z) = Q(y) =
Q(x +1y)/2 = —1. Hence Matyyo(k) degenerates as an associative algebra to A (V).
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Consider two Frobenius forms A1, Ay : Matayo(k) — k given by,

b b
Al —a+d A “ —b+te
c d c d

Observe A; is the usual trace and hence symmetric, but A\ (z) = A;(xy) = 0 implies
it degenerates to a form on (V) whose kernel contains the left ideal generated
by . Therefore, the degeneration as associative algebras from Maty(k) to A(V)
cannot be made into a Frobenius degeneration when Maty(k) is given the Frobenius
form A\;. In fact, one can show that there is no associative algebra degeneration

taking A\; to a non-degenerate form on A (V).

However, Ay degenerates to 72 : A(V) — A*(V) = k, the usual Frobenius form on
A(V). We conclude that (Maty(k), A2) Frobenius degenerates to (A(V), 72).

In the remainder of this subsection we address the following questions:

Consider the directed graph G, for each n € N and field £ with a vertex for
each isomorphism class of n-dimensional Frobenius k-algebra and an arrow
from A to B if A deforms to B as a Frobenius k-algebra, with some choice
of forms. What is the shape of G,, ;7 More specifically, viewed as a partially
ordered set, does it have a greatest and least element? If not, what are the

minimal and maximal elements?

Example 1.4.8. The subgraph of commutative Frobenius algebras, denoted G{3" <

Gy, for k algebraically closed appears in®’. G{%" has least element k[xz,y]/(z* — y?, zy)
and greatest element k%4, and hence, by composing deformations, every four-dimensional
commutative Frobenius k-algebra deforms to A®* and degenerates to k[x,y]/(x* — y?, y).

See Example 1.4.14 for the entire Gy, with characteristic of k£ not two.

By Remark 1.4.4, if an algebra has vanishing second cyclic cohomology, then it has no
deformations as a Frobenius algebra, and hence is maximal. Any Frobenius deformation
gives rise to a deformation of associative algebras by forgetting the Frobenius form and

hence rigid algebras are maximal. In particular, this includes all semisimple algebras.

A commutative n-dimensional algebra is called smoothable if it deforms to k®". The

smallest non-smoothable commutative algebra is 8-dimensional, e.g.
k[x7 y’ 27 w]/('rQ? xy? y27 227 Zw7 w27 mw - yz)7
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see?®. The smallest non-smoothable commutative Frobenius algebra is 14-dimensional,

see'’. Said differently, k®" is the unique n-dimensional, rigid commutative algebra if
n < 8 and the unique n-dimensional rigid commutative Frobenius algebra if n < 14.
Classifying rigid algebras becomes intractable in higher dimensions. For a nice survey of
the techniques used and difficulties encountered, see'®, where 8-dimensional rigid algebras

are classified.

One can generalize this notion to the non-commutative case by asking when an algebra de-
forms to a semisimple algebra. The smallest non-smoothable algebra is the 3-dimensional
path algebra P(As). The smallest non-smoothable Frobenius algebras are 4-dimensional,

e.g. k(z,y)/(x% y? xy — 2yx), see Example 1.4.14.

We now classify minimal elements in G,, j, i.e. most degenerate Frobenius algebras. Ad-
ditionally, we characterize Frobenius algebras among associative algebras, as filtered de-

formations of this class of algebras.

One can view a finite-dimensional vector space V' with a bilinear form (—,—) : VxV — k
as a multiplication p on the graded vector space V @k with V' in degree 1 and £ in degree
2. The multiplication is trivially associative since po (u® 1) = 0 = po (1 ® u) and
commutative if (—, —) is symmetric. One can add a unit, a copy of the ground field in

degree 0, to obtain a dim(V') + 2 dimensional algebra,
AV, (=, —)) =k V @k
as a graded vector space with multiplication,
(a,b,¢) - (a',b',¢) = (ad',abl + bd’, (b,V') + ac’ + ca’).

Moreover, if (—, —) is non-degenerate, then projecting onto the copy of k in the second
graded piece is a Frobenius form. These algebras are the only candidates for the most

degenerate Frobenius algebras, as made precise in the following proposition.

Proposition 1.4.9. Let A be a Frobenius algebra of dimension n > 1 over any field k.
Then there exists a Frobenius form A on A such that A degenerates as a Frobenius algebra
to A(V,(—,—)) for some non-degenerate, bilinear form (—,—): VQV — k.

How general is this class of algebras? If V' is finite-dimensional then choose a basis {e;}
for V' and write the bilinear form (—, —) as a matrix M with (¢, j)th entry m;; := (e;, ;).
Over a field of characteristic different from 2, if (—, —) is symmetric then one can change

bases so that M is diagonal. Moreover, if all square roots of the diagonal entries are
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contained in the field, then one can rescale any element a to a/ \/m so that the matrix
is given by the identity. Hence A(V, (—,—)) = A(k", (e;,e;) = 0;;) as Frobenius algebras
over an algebraically closed field of characteristic not two. To condense notation we write
Z, = A(k", (ei,e;) = 9; ;) and note that,

Zn = k[l ®k[z1,...,T02] ® k[w] -y =0w, xi-w=0  \:Z,— klw].

for n > 2 and we define Z; := k. Therefore, in the commutative case, over an algebraically

closed field of characteristic not two, there is a single most degenerate Frobenius algebra.

Corollary 1.4.10. Fvery n-dimensional commutative Frobenius algebra over an alge-
braically closed field k with characteristic not two Frobenius degenerates, with some choice
of form, to Z,.

The idea of the proof of the proposition is to write down an explicit 3-term filtration on

the Frobenius algebra A with form \ by,
k1l c ker(\) < A

whose associated graded algebra is of the form A(V, A o u). Therefore, we first establish
a technical lemma that says one can always find a Frobenius form such that k1 < ker()).

Lemma 1.4.11. Let A be a Frobenius algebra with form X over k # Fy. Then either
A =k or there exists a unit u € A* such that AM(u) = 0. Consequently, there exists a
Frobenius form X' on A such that N'(1) = 0.

Proof. If A vanishes on a unit u € A* then define \' := X o L, where L, is left multipli-
cation by u € A, so N'(1) = A(u) = 0 as desired.

Suppose A is non-zero on every unit. Notice that each element x € A with 2™ = 0

gives rise to a unit 1 + z € A* as

n—1
(1+x) <Z(—x)j> — (142" =1.
j=0

Then A(1-A(z) —A(1)-x) = 0 implies 1-A(x) —A(1)-2 is not a unit and hence A(z) = 0. We
conclude that A vanishes on all nilpotent elements and hence A\ vanishes on the Jacobson
radical, J(A). Non-degeneracy of A implies J(A) = 0. The vanishing of the Jacobson
radical and the fact that A is Artinian together imply that A is semisimple. By the
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Artin-Wedderburn Theorem, A =~ [, Mat,,(D;) is a product of matrix algebras over

division algebras over k.

Therefore, A has a subalgebra k2i=1" of diagonal matrices with coefficients in k. Splitting

the inclusion of this subalgebra and summing the components gives a Frobenius form
N Ax ] [Mat,, (D) — k=" — k,
i=1

which by construction agrees with the usual trace for matrices in [ [, Mat,, (k). In partic-
ular, \ vanishes on the units given by products of diagonal matrices with non-zero entries
summing to zero. Such entries can be found since k£ # Fy. As any two Frobenius forms
differ by multiplication by a unit, see Remark 1.3.3, we have \' = Ao L,, for some u € A*.
In particular, A vanishes on a unit if and only if X' does. So we conclude that m = 1 and

n1=1.

Now A~ D; and X\ : A — k doesn’t vanish on a unit only if A is injective. Hence A = k,

completing the proof. O

Remark 1.4.12. If & = F,, the above proof holds for m even, and for m odd can
be modified to show A = F7', a product of copies of Fy with pointwise multiplication.
Non-degeneracy of a form A : A — Fy implies A(1,0,...,0) = A(0,1,0,...,0) = --- =
A0,...,0,1) = 1, in which case A(1,1,...,1) = m =1 (mod 2). Hence A has a unique
Frobenius form, which takes the unit to one. Therefore, the assumption that k # Fy in
Lemma 1.4.11 is necessary. However, if m > 3 is odd, then FJ* =~ F2 ® F5* 2 Frobenius
degenerates to Fy[z]/(2%) @ F3'~2, which has Frobenius form A(b; + box, a1, ..., am_2) =
by + by + ay + -+ + a,_o sending the unit to zero. Therefore, every Frobenius algebra

Frobenius degenerates to a one whose form vanishes on a unit.

Proof. (of Prop 1.4.9) If k # Fo, then by Lemma 1.4.11 A has a Frobenius form which
vanishes on the unit. If k& = Fy then A either has such a form, or can be Frobenius
degenerated to an algebra B with form A satisfying A(1) = 0, by Remark 1.4.12. Then
the filtration,

k1l < ker(\) < B

has associated graded algebra
gr(B) = k1 @ker(\)/k1® B/ ker(\).

Define V' := ker(\)/k1 and observe B/ker(\) = im(\) = k, so gr(B) = k®V @k as a
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graded vector space. A is still a well-defined Frobenius form on gr(B). And multiplication
is defined on gr(B) so that (1,0,0) is the unit and (0, v,0) - (0,w,0) = A(u(v,w)). Hence
A degenerates as a Frobenius algebra to A(V, Ao pu). O

The upshot is that every n-dimensional Frobenius algebra has a filtered Frobenius degen-

eration to some A(V, (—,—)). In the commutative case, over an algebraically closed field
of characteristic not two, A(V, (-, —)) = Z,. Conversely, Frobenius algebras are charac-
terized among associative algebras as being filtered deformations of some A(V,(—,—)),

which necessarily preserves the Frobenius form by Remark 1.4.5.

Remark 1.4.13. Frobenius degenerations from A(V, (—, —)) to A(V, (—, —)’) by definition
preserve the unit and top-graded piece and hence necessarily arise as degenerations of the
underlying bilinear form. In terms of the corresponding matrices M and M’ of the forms,

one must have M’ in the closure of the congruence class of M, i.e.
M = lin(%NtMNJ,
t—

for some N; € Mat(k((t))). For instance,

0 1) _, o1t 0 I 1\[(t 0
1 0) o\ -1 0 ) o\ o 1 -1 0 0 1/t

realizes the skew-symmetric bilinear form as a degeneration of the form on kiy given by
(z,x) = (z,y) = —(y,z) = 1+ (y,y) = 1. This is the only non-trivial deformation among
non-degenerate bilinear forms on k2, see?>. The question of determining the closures of
congruence classes of matrices is studied in*®, by first establishing a canonical form for

every congruence class of matrices.

Example 1.4.14. Here is G4, for characteristic of k& not 2, where we have omitted arrows

that can be obtained as a composition of the given arrows. The commutative component
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appeared in?’, and is classical.

)
K[,y ke) —
(2% =y, zy) (%) ~

@ )
a 00 0
0 a 0 d
k) —— ca,b,e,dek
/\( ) c 0b 0
\ 000 b
Kz, y)
(y%, 2% + yx, zy + yx)
I R

(1'2, y27 xry — )\yl')

(27)
Wle] Ky —

T ]

x—@k’@k—>k®4

~ [1(As) — Maty (k)

Notice that the algebras on the far left are of the form A(k? (—,—)):

2 L0 - 2 _ 2 o
AR )) = kla,y]/(@” =y, 2y)
2 0 1 ~ 2
g () 0)>=/\<k>
g )) = o)/, 4P, 7y — D)
AU, 1 1
-1 0

The deformation of TI(Ay) = k[e, ea] ® k[a, a*] to the matrix algebra is given by de-
forming the preprojective relation [, a*] = t(e; — e3). The degeneration to A (k?) is the
filtered Frobenius degeneration produced in the proof of Proposition 1.4.9, with A given
by summing the non-diagonal entries, which vanishes on the identity. The deformation

from A (k?) to k(z,y)/(y*, x* + yx,ry + yz) comes from a deformation of the underlying

bilinear forms, as explained in Remark 1.4.13.
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1.4.2 DEGENERATIONS OF PREPROJECTIVE ALGEBRAS

We define a notion of degeneration of decorations, which gives rise to degenerations at the
level of decorated path and preprojective algebras. We use this notion to view decorated

preprojective algebras as degenerations of ordinary preprojective algebras.

We want to deform pairs (A, M) where A is a k-algebra and M is an A-bimodule.

Definition 1.4.15. Let A, B be associative algebras and M an A-bimodule and N a
B-bimodule. One says (A, M) deforms to (B, N) if there exists a pair (D, P) where D is
a k[[t]]-module deforming A to B and P is a D-bimodule such that,

e P/tP =~ M as A-bimodules

o P[t7!] = N((t)) as B((t))-bimodules
Moreover, one says the deformation is flat if (D, P) = (A[[t]], M[[t]]) as k[[t]]-modules.

One can modify this definition to work for left or right modules as well. Additionally,
if D is a symmetric Frobenius deformation then we say the pair (D, P) is a symmetric

Frobenius deformation.

Remark 1.4.16. In the presence of condition (F), one only needs to degenerate A as an
(A, k)-bimodule, (k, A)-bimodule, or (A, A)-bimodule. All such degenerations come from
degenerations of A as an algebra over k. Moreover, flatness of the module deformation is

precisely flatness of the algebra deformation.

Hence, we arrive at the notion of degeneration of a decoration (@), Dg) by degenerating

each k-algebra and bimodule.

Definition 1.4.17. Let Dy = (A;, M) and Dy, = (B;, N¥) be decorations of Q. One
says Dq deforms to Dg if the pair (@i, Ai, Pacq, M) deforms to (Dicq, Bi, Pacq, V).

Notice that degenerations of decorated quivers need not preserve condition (F), even for
the quiver with a single vertex and no arrows, see Example 1.4.7. Consequently, we
exclusively consider symmetric Frobenius degenerations of decorations, which do preserve
condition (F).

Conceptually, one can view the pair (Bieq,Di, Pacq, P) as a decoration for () by symmet-
ric Frobenius k[[t]]-algebras. Now the path algebra, Pypp(Q, (D;, P%)), is a deformation
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from Py(Q, (A;, M®)) to Pe(Q, (B;, N%)). And, using the Frobenius form on the deforma-
tion, the preprojective algebra Iy (@, (D;, P*)) is a deformation from II;(@Q, (A;, M?))
to Hk<Q7 (Bzu Na))'

Having defined degenerations of decorations we now define foldings of decorations. If @)

is a quiver with graph automorphisms Aut(Q), then one can form the quotient quiver

Q/Aut(Q) and decorate it with decoration Dg/Aut(Q) = (B;, N?) defined by:

Bi:= @ A and N:i= P M~
i€Aut(Q)-j acAut(Q)-B

In this case, we say (@, Dg) folds to (Q/Aut(Q), Dg/Aut(Q)).

Consider () a quiver with the decoration
Co :={A; =k, M* =k},

known as the constant k-decoration. With this decoration, one recovers the classical

notions,

Rep(Q, C) = Rep(Q) P(Q,Cq) = P(Q) (@, Cq) = T(Q).

Next suppose ) has non-trivial graph automorphisms and fold (@, Cg) to
(Q/Aut(Q), Co/Aut(Q)), so the decoration consists of sums of copies of k at each vertex.

Notice,

Rep(Q) = Rep(Q, Co) = Rep(Q/Aut(Q), Cp/Aut(Q))
P(Q) = P(Q,Cq) = P(Q/Aut(Q), Co/Aut(Q))
(Q) = T(Q, Cq) = I(Q/Aut(Q), Co/Aut(Q))

so we've built a decorated quiver with (1) the same preprojective algebra as an ordi-
nary quiver and (2) a non-trivial degeneration to a decorated quiver for each symmetric

Frobenius degeneration at each folded vertex.

It is natural to ask which decorated quivers, and hence decorated preprojective algebras,
arise from ordinary quivers, and hence ordinary preprojective algebras, in this way. In the
case of a quiver with no arrows, this is the class of Frobenius algebras with a Frobenius
deformation to k%", denoted F,,. More generally, any decorated quiver (Q, Dg) satisfying
condition (F) with @;A; € Fs.. dimy(4;) deforms to an ordinary quiver. Consequently, a

large class of decorated preprojective algebras deform to ordinary preprojective algebras,

o7



including many in*°.

Example 1.4.18. For any dimension vector d = (d;) € N, and choice of Frobenius
algebra F; € Fy, for i € {1,...,n} can obtain a decorated A,, quiver with the k-algebras
given by F;, and the arrows decorated by F; ® F;,, as a degeneration of the k-constant

decoration of the quiver,

with d; vertices in the 7th column.

1.4.3 FLATNESS CONJECTURE

In this subsection, we conjecture that all flat Frobenius degenerations of decorations

induce flat degenerations of the preprojective algebras.

Recall that a deformation of associative algebras D deforming A to B is flat if D =~ A[[t]]
as k[[t]]-modules. If D is finitely-generated over k[[t]] then flatness is equivalent to
dimy(A) = dimg(B). In the absence of flatness, the vector space underlying B is no
larger than that of A.

Proposition 1.4.19. Let A and B be finite-dimensional k-algebras. If A deforms to B
as k-algebras, then dimy(A) = dimg(B).

This Proposition is a special case of the upper semicontinuity of the fiber, see Theorem
12.8 in*?

In all of the cases where we use this inequality one has a finite filtration on B, B¢y <
B¢y < -+ < Bg,, = B such that A is the associated graded algebra and hence there is a

surjection, ¢, : A, — B<,/B<,_1 for each n and hence,

dim(A Z dim(A 2 dim(B<,/B<n-1) Z dim(Bg,) — dim(B<,_1)

n=0 n=0

= dim(Bg,,) — dim(B<_1) = dim(B).

o8



In general, the inequality can be strict, e.g. k[[t]][z]/(zt, 2?) deforms k[z]/(z?) to k.

Additionally, in our set-up A and B both have N-gradings, distinct from the grading
already on A as a filtered degeneration, by path length. The deformation preserves the
length of each element and so we will have the more refined inequality on the level of

Hilbert—Poincaré series

ha(t) := Z dim(A;)t"

given by ha(t) = hp(t) in the sense that the difference h4(t) — hp(t) has non-negative

coeflicients.

In the interest of computing the Hilbert—Poincaré series of decoration preprojective al-
gebras, we would like to know when the degeneration from the ordinary preprojective
algebra, defined in the previous section, is flat. Flatness of the length zero and one paths
says the algebras and the bimodules in the decoration have the same dimension. We

conjecture that this is all that is needed to ensure flatness in any length.

Conjecture 1.4.20. Suppose Dq flatly Frobenius deforms to Dg. Then with respect to
the path length grading,

h1i(Q,0) (t) = hr@.o)(t)-

For ordinary preprojective algebras of Dynkin quivers, one can use the Euler-Poincaré
principle applied to the Schofield resolution to get a formula for the Hilbert—Poincaré

series:

1 _ PtmaX
@) = T e

where A is the adjacency matrix for (), and P is the permutation matrix of the vertices
induced from the Nakayama automorphism, see*’. In the non-Dynkin case, one can again
use the Euler-Poincaré principle, now applied to the Koszul resolution, to get a formula

for the Hilbert—Poincaré series:

1
h )= ——.
1) = T e
If we assume the Schofield and Koszul resolutions degenerate to resolutions in the deco-
rated setting, then the same analysis produces the following formula. Let A = (a; ;) be a
|Qo| x |Qo| matrix with coefficients in Z defined by

dimy (M)
2 dinfk(Ai) ‘

Qij ==

a:i—jEQ1
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Let D = (d;;) be a diagonal matrix defined by d,; = §;; dimg(A;). We conjecture the

following formula holds:

Conjecture 1.4.21. The Hilbert-Poincaré series of 11(Q, Dg), with Dg = (A;, M*) is
given by,

(I +tm = 2P)D(1— At +t*)~' if (Q, Dg) is Dynkin

hri(@,nq)(t) =
© D(1— At +t*)71 otherwise

where, in the Dynkin case, maz; is the maximum path length of a non-zero homogeneous
element in 11(Q, Dg) and P is the permutation matriz for the permutation of the set

{14, }icq, given by the Nakayama automorphism.

By Proposition 1.4.19, it suffices to prove Conjecture 1.4.20, at the extremes. That is,
for a fixed quiver @, it suffices to prove the conjecture for Dg = (A;, M) with each A; a
most degenerate Frobenius algebra and with each A; a most deformed Frobenius algebra.
By Proposition 1.4.9 and Remark 1.4.13, the most degenerate Frobenius algebras are
given by a vector space with a non-degnerate billinear form without degenerations to an

inequivalent non-degenerate bilinear form.

In the commutative case, if k is algebraically closed and characteristic zero, with n < 14,
kE®" is the unique most deformed Frobenius algebra and Z,, is the unique most degenerate
Frobenius algebra, by'® and Corollary 1.4.10. Therefore, to prove the conjecture for
commutative decorations of total dimension less than 14, one only needs to establish a
single equality of Hilbert—Poincaré series. Additionally, one Hilbert—Poincaré series is
equal to an ordinary preprojective algebra and hence is known and the other cannot have
any smaller coefficients. Therefore, the conjecture reduces to finding a spanning set (of a

specified size) for a single algebra.

In particular, in the Dynkin setting, the automorphism groups of the underlying diagrams
are: (1) trivial in types B,C, F,G, (2) Z/2Z in types A, D, E except D, and (3) the
symmetric group on the three valence one vertices in type D,. Therefore, by folding
the constant decoration at these vertices, one gets the Frobenius algebras k, k2, k93,
Consequently, in the Dynkin setting, we only need to consider the maximal Frobenius
degeneration of decorations k, k%2 k®® to k, k[z]/(x?), and k[x]/(x®) respectively. In

Section 5, we exploit these observations to prove the conjecture in the Dynkin case.

Remark 1.4.22. By generalizing a result of Etingof and Eu, in?’, we believe that the
conjecture can be reduced to the Dynkin and extended Dynkin cases. In more detail,

for any connected non-Dynkin quiver () there exists an extended Dynkin subquiver Qg.
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Filter T1(Q) by giving arrows in Qg degree one, while all others are degree zero. For any

subquiver of ' < (), denote by @\’ the quiver with arrow set Q] but vertex set (Jg. Then,

gr(1(Q)) = T(Qr) * (Q\Qr, (Qr)o)

where H(Q/\Q\E, (QE)o) is the algebra obtained from II(Q\Qg) by deleting the relation at
each vertex in QQg. This determines the Hilbert—Poincaré series of II(Q) in terms of the
known polynomial for ()g and a partial preprojective algebra. Future work will attempt

to generalize this argument to the decorated setting.
Evidence for Conjecture 1.4.20 consists of the following:

(1) a proof of the conjecture in the case @ is Dynkin, see Theorem 1.4.26,

(2) a proof of the conjecture in the case Q = D, with commutative algebras at the ver-

tices see?’, and computer evidence suggesting that commutativity can be removed,

(3) and computer evidence in the case

Q=L np{on, - ana}, s(aq) = i, t(aq) = n)
for n < 50, in low path-graded pieces.

Here we present computations in Magma providing evidence for the conjecture.

Let ,+1 be a quiver with n + 1 vertices, n sources and one sink. @),,11 can be folded to
Ay with decoration k®" and k at the vertices. Then one can maximally degenerate the
decoration to Z, and k. Denote the decorated preprojective algebra by I1(Z,,) and its
j-path graded piece by I17(Z,).

Using Magma we’ve shown,

Proposition 1.4.23.
dim IV (Q,41) = dim IV (Z,)

for (j,n) e {1,...,10} x {1,...,10} u {1,...,5} x {11,...50}.

Corollary 1.4.24. Every degeneration of 11(Q,,) by degenerating the decoration is flat in
the jth graded piece, for 7 <5 and n < 50.

Additionally, we computed the dimension of the decorated preprojective algebra of the
Ay quiver, with labels k& and Mat, (k), denoted II(Mat,, (k)).
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Proposition 1.4.25.
dim IV (Mat, (k)) = dim I/ (Z,,2)

for (j,n)e{1,...,10} x {1,2,3} U {1,...,5} x {4,5,6,7}.
Combining the propositions, one has
dim IV (Mat, (k) = dim I (Qp241)

despite there being no deformation of k — Mat,, (k) to k — k@

This suggests that Theorem 3.8 in?°] giving the dimensions dim I/ (F') for all j € N and for
any I, a four-dimensional commutative Frobenius algebra, may hold for non-commutative
Frobenius algebras as well.

In the next section we prove the conjecture in the case of degenerations of Dynkin quivers.

Theorem 1.4.26. Let (Q, Dg) be Dynkin. Suppose Dg Frobenius degenerates flatly to
Dgy. Then, I(Q, Dg) and II(Q, Dg) are both Frobenius algebras and 11(Q, Dg) Frobenius
degenerates flatly to TI(Q, Dg)).

Remark 1.4.27. Theorem 1.4.26 only addresses Frobenius degenerations of preprojective
algebras coming from degenerations of decorated quivers. This does not include, for
instance, the degeneration of II(A;) to /A (k?) from Example 1.4.14, which in degree zero
degenerates ke; @ kes to k.

Proof. For each non-simply laced Dynkin diagram X obtained by folding () denote by
I1(X) the quiver obtained in the statement above with the most degenerate decorations.
To show flatness it suffices to compute the dimension of II(X'), apriori no smaller than

the dimension of I1(Q) by Proposition 1.4.19. Hence we need to show:
o dim(II(G,)) < dim(II(Dy)) = 28
o dim(II(B,)) < dim(TI(Az,—1)) = gn(2n —1)(2n + 1)

o dim(TI(C,)) < dim(II(Dy11)) = 3n(n +1)(2n + 1)

This is done in each subsection of Section 5.
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In each case, the Frobenius structure on II(X) can be viewed as a composition:

™

A TI(X) 5 ™ (X)) =~ T10(X) &% &,

where 7 is the projection to the maximum length paths and @;)\; is the Frobenius form
on the sum of the decorations at the vertices. Since @)\; is non-degenerate by assumption,
it suffices to show 7 is non-degenerate. In other words, we need to show any path can
be extended to a maximum length path, i.e. for all ¢ € TI(X) there exists p € II(X) such
that pg € II™*¢(X). This is apparent in the explicit bases we produce, where each basis
element is visibly a subpath of a maximum length basis element. From this perspective
the deformation to an ordinary preprojective algebra is a Frobenius deformation, coming

from the Frobenius deformations of the decorations at the vertices. O]

Remark 1.4.28. These arguments hold over any field, as the classification of 3-dimensional
Frobenius algebras over k is independent of k, and the calculations do not involve dividing

by integers.

1.5 THE DYNKIN CASE

This section is dedicated to a proof of Theorem 1.4.26, which proves Conjecture 1.4.20 in
the case of () Dynkin. In the previous section, we reduced Theorem 1.4.26 to computing

spanning sets for the decorated quivers,
I1(B,), Il(Cyp ), 11(Fy), I1(G2)

for n > 2 and m > 4, defined by folding and maximally degenerating (@), Cg) with @

respectively As,_1, Dyi1, Fg, and Dy. In diagrams,

ke —— k

/ fold eg

d
A1 =k - k—k®k— - -—k®k ~» B,=k—S—.-.-—8

N

ke ——k

k

/ fold deg

Dpi1=k— - —k — k— - —k—k®k ~» C,=k—---—k—S

N\

k
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k
/ fold deg

Eﬁzk:—ﬂc\ — k—k—k®k—k®dk ~» Fi=k—k—S—S
k\

/ fold eg

d
D,= k—k — k—k®kdk ANY Gy =k— 5

where S := k[z]/(2?) and S’ := k[z]/(x®) are the most degenerate Frobenius algebras of

dimension 2 and 3, respectively. Now,

(B,) =Mk — S — - — S) (F,) :=1(k —> k — S — S)
(C,) =k — - — k — S) 1(Gy) := II(k — )

We present these examples in a pedagogical order. The first example, II(G3) can be
carefully worked out by hand without machinery and mirrors the computations of I1(Dy).

The second example, [1(F}) requires more knowledge of preprojective algebras and is more
difficult. The third and fourth examples, I1(B,) and II(C},) use Grobner bases.

Remark 1.5.1. The B, and C), examples are long since we provide the reader with the
additional information of how to arrive at a basis, instead of merely checking a set is a
basis, in order to demystify the computation. We also give a proof of linear independence
by applying the Buchberger’s algorithm and showing that all ambiguities are resolvable.
In light of the inequality in Proposition 1.4.19 this is not strictly necessary, but highlights
a technique available for computing the Hilbert—Poincaré series of decorated quivers not
arising as degenerations. The reader can distill each subsection to half a page by first
listing the Grobner basis of the ideal (r) < P(Q, Dg) and the proposed spanning set.
Then one can verify that the elements of the Grobner basis lie in the ideal generated by
the relations and show that the proposed set spans modulo (multiples of) leading terms
of the Grébner basis.

Remark 1.5.2. Recall that flipping the orientation of an arrow « € 1 in a quiver @)

gives a new quiver, denote it Q®, with the same double Q = Q®. Moreover, one can
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identify the path algebras

by sending

Now let ) be a bipartite graph and fix a decomposition @)y = @ 1 Qf. By applying
orientation flips, one can arrange for each source to lie in Q) and each target in (). Such
flips give equivalences on the path algebras of the doubled quivers, described above. Then

observe for any arrow « € 1, one has

Z ¢ — Z ¢’ | (aa® — a*a) = aa™ + o*a

e'eQy e’eQyf
and

Z e — 2 " | (aa® + a*a) = aa™ — a*a.

e'eQ) e"eQy
Therefore, the two-sided ideal generated by (aa™* — a*«a) equals that generated by (aa* +
a*a), and consequently one can drop the signs in the definition of the preprojective
algebra. This argument applies equally well in the setting of decorated bipartite quivers,

which includes all examples in the next section. Therefore, for computations in Section 5

we will drop all minus signs in the relations for convenience.

1.5.1 Casg: II(G,)

Let Q = Ay with Dg = ({k, S := k[x]/(2®)}, {¢Ss}), visualized as

k®rS
VR
k S.

To compute the preprojective algebra one doubles the quiver and doubles the decoration
by adding the bimodule Homy(Ss, k) = 5Sk.

We will begin by describing an explicit basis for the algebra II(G2) := II(Q, Dg). Since a

degeneration cannot have smaller dimension, we have

dim I1(G,) > dim I1(Dy) = 28
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So we will produce a spanning set with 28 elements, which is automatically linearly

independent by the above discussion on degenerations.

Remark 1.5.3. To distinguish between the length zero paths 1 € k and 1 € S as well as
the length one paths 1 € ¢S and 1 € 1.Ss we use subscripts: p1x, 51k, klg, s1g. Often, the

path v will be written 47, to delineate its location.
Proposition 1.5.4. The following set is a basis of the algebra
I1(G2) = Tsanr(1Ss ® sSk)/ k1l ®s Lk + 1 Qi 2° + 2 @ x + 2° @ 1)

as a vector space over k, presented by length with o := ;1 ®g xy, B = 1 ®s 73 and
B:={1,z,2%} = S a basis for S over k:

Length 0: B, 1, Length 3: a®, 1-B, B-1®; «
Length 1: B - gly,xls - B Length 4: a®, B, 1Qra®,1-8B
Length 2: o, B, 1®c1-B, x®;1-B.

Corollary 1.5.5. slg - II(G3) is a free left S-module and TI(Gs) - slg is a free right

S-module
Corollary 1.5.6. The Hilbert-Poincaré series for I1(Gs) is

hriy)(t) = 4 + 6t + 8> + 6t° + 4t

where the coefficient of t* is the dimension 11'(Gy), the subspace spanned by length i
paths.  Using the bigrading (t,s) by path length and x-degree, one obtains the matriz-
valued Hilbert—Poincaré series

) 1+ t%s? (1+ s+ s%)t
(1”S>((1+s+52)t (1—1—5—1—52)(1—1—152))

where enumerating the vertices the (i, j)th entry is the Hilbert-Poincaré series he,mi(ay)e, (t, 5).-

Define M := S as a (k, S)-bimodule and N := S as a (5, k)-bimodule. Before presenting

a proof, we make a few useful observations. Notice that in length 2,
Teen(M®N) = (M&N)Qser (MON) =M ®@s NON @, M

and similarly for higher length terms: the two non-vanishing tensor products alternate in
M and N.
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Moreover, in odd length the two non-zero tensor products are isomorphic via a map
reading each tensor product from right to left. In even length 2m, the term starting with
M is a vector space generated by applying 1 ®g — to paths of length 2m — 1. The term
starting with NV is an S-bimodule generated as left S-module by applying 1 &, — to paths
of length 2m — 1 and hence generated as a vector space by left multiplication by g1, sk,

and g3.

Finally, notice that the tensor algebra Tsqr(M @ N) has a decomposition

Ts@k(M(—BN) = (1k + 1S)Ts@k(M@N)(1k + 15)
= 1 Lsgr(M ® N) ® 1 Tser(M ® N)s
D sTsar(M DN)r® sTser(M @D N)s

and an N-grading given by the number of times x appears in a monomial expression. Since
the relations 1 ®g 1 and Rel := 1 ®j, 2% + 2 @ 2 + 22 ®y, 1 are homogeneous with respect
to this grading and respect the above decomposition, the quotient II(G,) inherits both.
We conclude that all relations are generated by relations involving only paths with the
same starting and ending vertex of the same length and z-degree. We write 4,11%(G5) A;
for the subspace of linear combinations of length d paths starting at vertex ¢ and ending

at vertex j.

Proof of Proposition 1.5.4. Once we show that the given set spans, then linear inde-
pendence will follow from Proposition 1.4.19 together with the fact that II(D,) is 28-

dimensional. So we will only need to show the spanning property.

For lengths 0 and 1, it is clear that these elements span. For higher lengths we now
explain how any tensor product of lower length basis elements can be realized in the span

of our given basis.

In length 2, M ®¢s N =~ S is three dimensional generated by 1®gs 1, «, and §. Since 1 ®g 1
is a relation in I1(Gy), it follows that « and 3 generate ;I1?(Gs). N ®p M is generated
by 1 ®; 1 as an S-bimodule and hence is 9-dimensional as a vector space, generated by
the six elements 1 ®; 1 - B and x ®;. 1 - B together with the elements

Rel = 1@, 22+ 2 Qpz + 22 ®y 1
z-Rel =2Qp2?+ 22 Qp

2 - Rel = 2% ®y 22
all relations in II(Gs).
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In length 3, both direct summands have the same dimension, and applying — ®; M to
the 2-dimensional vector space Span{a, 8} = M ®g N /{1 ®g 1) yields the spanning set,

(67 ®k By ﬂ ®k B.
For each n € {2, 3,4}, if we sum all of the above elements of z-degree equal to n, we obtain

the relation 2" 2 ®g Rel. Hence the smaller set a @, B spans kH?’(Gg) s, as desired.

In length 4, first notice that the quotient xI1*(Gs)x of M ®5 N ®x M ®s N has a spanning

set

04®k6®8 17

the image of the spanning set a®;, B under the surjective map —®g1. The term a®;,1&®g1

is zero in the quotient, as is the term
a®RrRsl=1Rg Rel ®g 1 mod 1Rg 1.
Next the quotient ¢II*(Gs)y, of N ®x M ®g N ®; M is generated as a left S-module by
1 ®k 1 ®s x @y B.
But, this set also generates as a vector space since,
T (10 1Qs2®@1) — (1% 1®s2@i 1) 2=1Q; 1 ®s Rel — Rel ®5 1@, 1

are congruent modulo 1 ®g 1, so the left action is equivalent to a right action, which

produces no new terms as S ®g S =~ S.

To show T17%(Gy) = 0, it suffices to show that II°(Gy) = 0, and by the isomorphism
between the direct summands, it suffices to show that ,II°(Gg)s is zero. As a right S-

module ;IT°(G3)s is generated by the element,
1®s 7 Q1 Qs 2° @ 1,

which is the relation 1®gr®; 1Qs Rel + 1 Qg Rel ®51 &y x modulo 1®g 1, and hence zero

in II(G5). We conclude that our given set spans and hence forms a basis for I[I(Gy). O

Remark 1.5.7. Here is an alternative proof of linear independence that does not appeal
to degeneration arguments, but rather examines the relations carefully. The technical

computations are left to the reader.

Notice any two basis elements are in different bigradings or start at different vertices and
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hence are linearly independent with the following exceptions
r@rl, 1Q,x and T @ T, 1 ®p 22

which can be seen to be linearly independent directly from the definition. To see that all
listed paths are non-zero observe each is a subpath of 1®gsz®;1®s2? or 1@ 1 Qg2 Xy, 22,
which can be shown non-zero by writing out the length four elements in the two-sided

idea generated by the relations.

Next notice that II(Gy) is Frobenius with the form given by projecting to the one-

dimensional space, spanned by the element,

1®s 2@ 1 ®s 2 +1Q 1 Qg = Q) 22

summing over both cycles of maximal bigrading (4, 3). Non-degeneracy of this form
amounts to the fact that every path is a subpath of a maximal length cycle, which can
be checked by hand. This Frobenius form deforms to the usual one on II(Dy).

Corollary 1.5.8. II(G») is a flat Frobenius degeneration of I1(Dy).

Restricting to the above basis, the Frobenius pairing, given by first multiplying and then
applying the Frobenius form, takes values in {—1,0,1} with the —1 values given by the
pairs:

1®sz, 1®s2?) (1&z, 1Q2?) (@1, 2@ )

(521, 1 Qs 2 @ ) (2%, s1 @ 1®s ) (r2s, 57 Qk 1 Qs )

(kls, s7° @) 1 ®s )

The Nakayama automorphism is given by a — —a on the elements appearing in the above

pairings and is the identity on all other basis elements, and hence squares to the identity.

Using computations from the proof of Proposition 1.5.4, it is not hard to compute the
center, Z(II(Gs)).

Proposition 1.5.9. Z(I1(G)) = k- 1@ IY(G,) = k[0] ® (k® S)[4].
Proof. The Frobenius structure allows one to identify IT(Gy) with TI*7/(Gy)* for i €

{0,1,2,3,4}. In particular, the Frobenius pairing identifies I1*(G5) with S @k, explaining

the second isomorphism.

[1*(Gy) < Z(II(G3)) as one only needs to check that the commutator [szg, 1®k 1®s 1@y 1]

vanishes, which is done in the proof of Proposition 1.5.4 above. Conversely, Z(I1(G3) <
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k[0]®k[4] @ S[4] as the centralizer of 1, excludes all paths of odd length, the centralizer
of 11g excludes all paths of even length less than 4 except the the span of the identity
and the span of {1 ®j, Y},e(1,0,02)- The latter span is not in the centralizer of ,xg. O

1.5.2  Case: II(Fy)

Now we consider the example () = A4 with decoration

Do = ({k,k, S, S}, {k,k ®; S, S}). The doubled decorated quiver is,

k k®pS S
R U

k k S S
R~ R~ N~
k SQrk S

We want to compute a basis for the decorated preprojective algebra
II(Fy) :=II(Q, Dg). The length zero paths

er =111, ex:=2ly, e3:=3ls, eq4:=41l4, 373, 474

and length one paths

1127 2117 2137 312a 3147 413

form a generating set. The quadratic relation R can be multiplied by the length zero path

e; to get a relation Ri at each vertex ¢, given by,

le =11y Qg 214 at vertex 1
R2 := 911 ® 211 + 213 ®g 319 at vertex 2
R3 := 315 ®j, 273 + 372 ®, 213 + 314 ®g 413 at vertex 3

\R4 =413 Qg 314 at vertex 4.

Appealing directly to the definition, the relations at vertices 1, 2, and 4 are the usual
commutators, ignoring signs in light of Remark 1.5.2. At vertex 3, one needs to use the
Frobenius form \ : S = k[z]/(z?) — k by Ma + bx) := b to get the dual basis {z,1} to

the basis {1, z}, and hence the canonical element 315 ®y 223 + 372 ®p 213.

Remark 1.5.10. Consider 31, and 413 to have z-grading 1/2, so that the relation at vertex
3 is homogeneous in the x-grading. We make this choice so the x-grading is symmetric,
but if one would like to realize this algebra as a filtered degeneration of II(Eg) then one

needs to choose integral z-gradings, such as |314|, = 1 and |413|, = 0.
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Here we explain the methodology to compute a basis for this algebra, leaving the details
to the reader. Recall it suffices to provide a spanning set with exactly dim(II(Eg)) = 156

elements.

Remark 1.5.11. To simplify notation for longer paths we define

a]-a-i-l ) a+11a+2 T b—llb ifa<bd
Yap ‘= 1 ala ifa=1»5

alafl ’ a711a72 T b+11b ifa>"b

using an ordering on the vertices ()y. Then define

Yitsizyeoin + = Vit Vinsizs * " Vip—1,in

where if i; < 941 < tj49 OF 45 > 441 > ;42 then we remove 4,1 from the notation in

order to solely delineate changes in direction.

Observe that every path is equivalent to one passing through vertex 3 except those be-
longing to X := {111,212,414, 474,112,211 }. Exploiting this observation, for any pair of

vertices ¢ and j the map,
O, esll(Fy)es — e;Il(Fy)e;/k - e, Xe; Q= Y 30073,
is surjective, where k - ¢;Xe; denotes the k-span of paths in X from ¢ to j. Therefore,
ell(Fy)e; = @, ;(esll(Fy)es) Dk - e; Xe;
as k-vector spaces and we have the equality

dim(TI(Fy)) = Zdim(eiH(F4)ej)
= d:m ke X+ dim(@;(esTI(Fy)es))
= dimk- X + ZJ dim(e3IT(Fy)es) — dim(ker(®; ;))
=6+ 16 dim(e:i_[(lﬂ)eg) — > dim(ker(®; ;)).

i,J

Since dim(ker(®,;)) = dim(ker(®; ;)), we've reduced showing the inequality dim(II(F})) <

156 to computing a spanning set for esII(Fy)es and linearly independent subsets for ten
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subspaces, ker(®; ;) for i < j.

We compute a spanning set for e3I1( Fy)es by building a surjection q : k{c, 5) — e3ll(F}y)es,
and then reducing the spanning set by identifying elements in the kernel of ¢q. Every path
in e3ll(Fy)es is equivalent to one avoiding vertex 1 and vertex 4, using the relations at
vertex 2 and 3, respectively. Therefore, e3I1(F))es is generated by g(a) := 315 ®y 213 and
q(B) := 3x3. They satisfy the relations:

q(a)® = 315 ®p 213 Rs 312 R 213 Vs 312 R 213
& 31o @k 211 Rk 110 Qp 211 P 112 Rk 213

&,
qlaB + Ba)? i3 (314 ® 413)* 0, and q(B%*) = 2*> = 0. Hence ¢ factors through the

quotient,
/- ke, B)
(a?, 8%, (B + Ba)?)
Let C denote k{c, 3)/(a?, 32, (a3 + Ba)?). We find a k-basis for C in Example 1.5.16,
after introducing the Diamond Lemma, given by:

- €3H(F4)€3.

0) 1,

(2) a, af, Ba, o

(4) o o?B, aBa, aBaf, Ba?, Ba’p

(6) @*Ba, a?Baf, afa®, afa’B, fa*fa, fa’faf
(8) a2Ba?, a?Ba2B, a2Ba?8, afa’Ba, afa?Baf
(10) a2BaBa, a2Ba?Bap.

Here we have ordered the elements first by number of occurrences of o and then by
alphabetical order. We conclude that C'is a free rank 12 right S-module and has dimension

24 as a k-module. This shows ¢’ is an isomorphism since,
24 = dim((es + e5)[1(Es)(es3 + e5)) < dim(e3I(Fy)es) < dim(C) = 24.

The first inequality is a refinement of dim(I1(Eg)) < dim(II(F})) formed by keeping track
of the decomposition of paths by starting and ending vertices. Here Fg is folded to Fy by

72



identifying vertices 3 and 5 and vertices 4 and 6. In particular,
dim(II(Fy)) < 6 + 16(24) — ) dim(ker(®;;)) = 390 — Y dim(ker(®;;))
i3 i,J
and it remains to bound the dimension of the kernel of each map ®; ; from below.
Observe that y3 jad = 0 = aly;3 for all j € {1,2,3} and y34(a8+Ba) = 0 = (af+Ba)y3.4.
Hence we have the following containment,
ker(q)i,j> = ker<q)i,3 © q)3,j) = ker(L%,:s © R’Ys,j) = ker(R’Ys,j © L’st)

S ker(R,, ;) U ker(L,,,)

- <ai7 (Ofﬂ + ﬁa)S_i>R o <ajv (Ozﬁ + BO‘)B_j)>L7
where (s)g and {s);, denote the right and left ideals in C' generated by s and L, and Rj
denote left and right multiplication by s € C.

For each 7, j, one can find linearly independent elements of the above ideals such that the

total number of elements is 390-156. For instance, if @ = 4 and j = 3, then ker(®,3) o
(@, (af + Ba) Hrulad,af + Ba)’ ) = {(af + fayg.
Using a basis for (', it is not hard to find a basis for this ideal, given by

{af + Bayr = Span{af + fa, faf, o’ + afa, afaf, o?fa, o?Baf, fa’fa,
ozﬂofﬁoz, aBa’Bag, ozﬁonBozﬁ, a26a2ﬂa, a25a2ﬁaﬂ}

which is 12-dimensional. Hence ®,3(C) is at most 12-dimensional.

Note that the number of linearly independent elements needed for each i, j is

dimC' — > Y dim(exTI(Eg)ey) — dim(exT1(Eg\{3,5}))e;)

i jl—g

where the sum is taken over all vertices i and j' that fold to i and j, respectively. So
Es\{3,5} = A; 1 Ay L Ay is the disconnected quiver obtained by discarding vertices 3 and

5 and all arrows with either 3 or 5 as source or target. If © = 4 and j = 3 this is precisely
24 — 2dim(e3ll(Eg)es) — 2 dim(egll(Eg)eg) = 12,

as desired.

The remaining computations are done similarly and are left to the reader. The upshot is
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that the 4 x 4 matrix with (4, j)th entry given by e,I1(F})e; is

4 6 8 4
6 12 16 8
8§ 16 24 12
4 8 12 8

For each entry of this matrix, we compute the Hilbert—Poincaré series, a polynomial in
variables s and t defined so the coefficient of t"s™ is dimension of II™™(F}), i.e. the path

length n and z-grading m component of TI(F}). That is,

Proposition 1.5.12. hyg(s,t) = (1 + t1s)-

(1+1%s) t(1+t2s+11s%) t2(1+4s)(1+t2%s) t351/2(145)
t(1+t2s+t1s2)  (1+2)(1+t2s+ts) t(1+3s)(1+12s) 2512 (145)(1+t2)
2(1+s)(1+t2s)  t(1+s)(1+t2s)  (1+s)(1+2+tY)(1+12s) tsY?(1+5)(1+12+14)

3s12(14s)  2sY2(14+s)(14+t2)  ts¥2(1+s)(1+12+14) (1+5)(1+t5s)

and
hiiry (t, 1) = 6 + 10t + 146 + 18t + 20t* + 20¢° + 20¢° + 18¢" + 141 + 10t + 61

where the coefficient in front of t™ is the dimension of the vector space of paths of length
n in I1(Fy).

As before, the Frobenius pairing is defined by projecting onto the (10, 3)-bigraded piece
and adding the coefficients. In more detail, if B is a basis of II(Fy) with dual basis
BY = {y" :~v € B}, then

(@, 8) = >, 7"(aB)

'Y \Y EY v
where

Y = {ilafaffely, apffaB, slofaBBals, als-sloaffals - sla}

is the set of paths of (10,3)-bidegree in the basis for II(F,). This Frobenius pairing

deforms to the usual one in TI(Ej), defined analogously.

Corollary 1.5.13. TI(F}) is a flat Frobenius degeneration of T1(Es).
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1.5.3 Case: II(B,)

Consider the decorated double quiver

L kSs 5 sS85 4 sSs ., s5s
° e o T "o
— — — —

sk sSs sSs sSg

The relations in the preprojective algebra are

rRl =11 ®g 214 at vertex 1

) R2 =911 ®p 129 + 2001 Qi 112 + 2135 ®g 319  at vertex 2
Rj = ;1;11®s j+11; + 1,21 ®g j_11; at vertex j € {3,4,...,n— 1}
Rn:=,1,1®gn-11, at vertex n.

\

These relations are homogeneous in path length and can be made homogeneous in x-
degree by declaring the z-grading of ;1;,; and ;;11; to be 1/2 for i > 1. Therefore, the
preprojective algebra inherits both gradings from the the path algebra.

The idea is to produce a basis for II(B,) by realizing it as a subalgebra of P(Q, Dg),
denoted P(Q, Dg)ir- The key ingredient is an algebra map

r: P(Q,Dg) — P(Q,Dg)i

satisfying:
(1) ker(r) = ker(P(Q, Dg) — II(B,)) and (2) roi=1idpQ Do)

where i : P(Q,Dg)ir — P(Q,Dg) is the natural inclusion. The first condition says r
descends to II(B,) and the second condition implies r is surjective. Therefore r induces
an identification I1(B,) = P(Q, Dg)u: as algebras.

To define r, we choose a partial ordering < on paths in P(B,,). This gives rise to a notion
of leading term, for any linear combination of paths, denoted 1t. Then, for each relation
Rj inII(B,), define a k-linear map r; which is the identity on all monomials except taking
the leading term 1t(Rj) to the strictly smaller element 1t(Rj) — Rj. This map is called a
reduction and informally it imposes the relation Rj only in the direction that makes the

path smaller with respect to the partial order.

Remark 1.5.14. For any pair of monomials A, B € P(Q, Dg), ARjB is also a relation
and hence one defines the reduction 74,5 taking A(lt(Rj))B to A(lt(Rj) — Rj)B. Since A
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and B will be clear in context, we simplify but abuse notation and write r; for any such

reduction.

One would like to define r to be any finite composition of these reductions such that the
resulting expression is irreducible, i.e. every reduction acts as the identity. The existence
of r will be clear in our context since each path will have a finite disorder index. This
index is a natural number measuring the failure of a path to be irreducible and it strictly
decreases under reductions, and hence is eventually zero. However, 1 is, in general, not

well-defined, as it depends on the order that the reductions are applied.

The Diamond Lemma in? says that r is well-defined, if whenever a product of monomials
af~ is reduced by r and 75 to elements ri(af)y and ary(57), each further reduces to
the same irreducible element. Such a 5-tuple (a, 3,7, 71, 7r2) where af is the leading term
for r; and (7 is the leading term for 79, is called an ambiguity. And we say the ambiguity

resolves if ri(af)y and ary(S7y) have the same reduced form.

Theorem 1.5.15 (Theorem 1.2 in®). Let P(Q, Dg) be the decorated path algebra and
consider an ordering < on path in P(Q, Dg) that satisfies the descending chain condition
(i.e every sequence of paths p1 = ps = -+ = p, = -+ eventually stabilizes to some path
pn.) Suppose {r;} is a set of kQo-linear reductions compatible with the ordering (i.e.
ri(p) < p for all p and all i.) Then every path reduces uniquely to normal form (i.e.
a sum of irreducible paths) after applying finitely many reductions if and only if every

ambiguity resolves.

The name Diamond Lemma comes from the visual that every diagram

afy
ri(aB)y ars(fBy)

called an ambiguity, can be completed to a diagram,

/ afy \
ri(aB)y ary(8y)

ri(ri(af)y) = ry(ar(fy))
for some composition of reductions, ] and 74, called a resolution.
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If every ambiguity is resolvable then r is well-defined and clearly satisfies (1) and (2)

above. Hence i is a splitting for r and realizes,
P(Q7 DQ) = P(Qa DQ)irr @ 1

the decorated preprojective algebras as a subalgebra, as opposed to a quotient, of the
decorated path algebra. From this perspective a basis for the decorated preprojective

algebras is given by a basis for the irreducible paths.

Example 1.5.16. Consider C' = ka, 8)/(a?, 5%, (a8 + Sa)?) from the previous section.
One defines a partial order on monomials in k{a, 5) by v < ' if the length of ~ is less
than the length of +" or they have the same length but ~ is first alphabetically. Then the

three relations are viewed as reductions:

r(a®) =0, r5(8%) =0, ry(Bapa) = —afaf — faaf.

Reducing BaBaa? using r, gives zero and using rsorsors gives fa?Ba’ —a?Ba’ f+aBa’fa.
And hence we add the reduction, ry(Ba?B8a?) = a?Ba?B — aBa’Ba, and the remaining
ambiguities, 38a%Ba? and Ba?Ba’a, are resolvable. We conclude that a word is reduced

if it has no occurrences of a3, 32, faa, or fa?Ba?.

Reductions r; and 75 reduce any word to one alternating between 3 and either a or o?.

The reduction r3 says a reduced word has only a single Sa, which necessarily occurs at
the end. The reduction r4 says any reduced word starting with # cannot have repeating
a?. Hence the longest reduced word is a?3a? a3 and it is not hard to realize all 24 basis

elements of C' as subwords.
Define the following ordering of the generators at each vertex ¢
iTim1 > T > il > il

with 1 < ¢ < n and ,x,_1 > ,1,_1 and extend this to a partial ordering on all paths
lexicographically. That is, view each path v of length [ as a product of length one paths
Y= -7 -7 and define o > [ for paths a and g if

(I) « is longer than § or
(IT) they are the same length with « having the larger x-grading or

(III) they have the same length and z-grading with «; > (; for the smallest i where
a; # B
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To make this definition well-defined one should write the any subpath z ®s 1 as 1 ®g =,
always moving the x’s towards the end of the path.

The relations R1, R2,--- Rn give rise to a system of reductions, with respect to the lexi-
cographical ordering.

Upward Reductions: Integral Reductions:
o (1,21 ®s5115) = 101 ®s il e ri(215415) = 2814
for3<j<n-—1 for2<j<n-—1
e "V(,1®s51,) =0 Death Reductions:
X-Reductions: . T{?j (Yin—j+i+11,5) =0
o 73 (22 @ 12) = 21 @) z2 + 21 R 1o for2<i<j<n
. 7“5{1 (211 ®k 112 ®s 271) = Y231 Mound Reductions:

o 1 (y151) =0, for2<j<n

where we use the notation v;, ;, ., with ¢1,...,7, € )y introduced in Remark 1.5.11.

n

Upward Reductions pull paths towards vertex n and realize paths visiting vertex n con-
secutively to be zero, see Figure 1.4. The X-reductions remove occurrences of x when
possible and moves them to the end of the path otherwise, see Figure 1.3. The Integral
Reductions straighten paths after visiting vertex 1, thus removing any instances of the
shape |, see Figure 1.1. The Death Reductions identify when paths visiting vertex 1 are
too long and hence zero and the Mound Reductions identify paths of the shape n starting
and ending at vertex 1 to be zero, see Figure 1.2.

One reads these figures as reductions according to the following rules:

— The paths are depicted in two dimensions with integer vertical component indicating
the vertices of the quiver and the horizontal component increases when the path

changes directions, for visualization.

— Unbroken paths are products of the generators ;1;,1,;411; for i € {1,...,n — 1}.
Paths involving generators ;x; for i € {2,3,...,n} are broken by z at vertex i, i.e.

—x— indicates an insertion of the length zero path ;x; at this vertex.
— Caution: Signs are not depicted.

Remark 1.5.17. Starting from the relations of the preprojective algebra, viewed as re-
ductions r3",r3", 7Y, rl] one realizes the need for the remaining reductions in light of the

following ambiguities.
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Figure 1.1: Integral Reduction 7] for 2 < j <n—1
e R2®g 21y reduces to zero under 75 and to Y1 2071 — V2,31 under 7 giving rise to

the additional reduction rgfl sending v2.1.2271 t0 Y2.3.1-

o 1, ®s R2R®s - ®g R2®g 21, (with j — 2 copies of R2) reduces to zero under 73

. U U U . .
and to 7151 under the Upward Reductions r;_; o7/ 50---ory and hence give rise

to the Mound Reduction 7" taking v, ;1 to zero,

o (R2®s 2l; ® 1l — 211 ®k 112 ®s R2) ®g 72,; reduces to zero under r3 and to
V2,31, = V2,1,4+1, under ¥ o---orf and so we add the Integral Reduction r; sending

V2,1,5+1,5 1O Y2,3.1,5-

e The path 7i1; ®s (j1;41 ®g j411;)" 7! is sent to zero by 7l or jo---orl, and

iterated applications of the Integral Reduction r] gives i ®g (213 ®g312)" 7151 5
from which applying the Upper Reductions rg_jHH o---orforl gives v, jrit1.1-

Hence we add the Death Reduction ril?j taking this term to zero to resolve the

ambiguity.

Proposition 1.5.18. The following is a basis for e;,11(B,)e;:

( . .
Vik,gs Vi max{i,j} <k <n
Yimji Yimi T t<m<n—j+i ifi,5 =2

3 Vikgs VT j<k<n ifi=1,7>2
Vik, s TVik,1 i<k<n ifj=1,1>2
Y1,6T k15 11 I1<k<n ifi=7=1
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Figure 1.4: Upward Reduction 7§ for 3<j <n—1and rf
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Corollary 1.5.19. The bigraded Hilbert—Poincaré series are:

Reiti(Byye; (5, 1) = t71sl=I12(1 + 5)
(14 st 2 g g maxtiagn2max{igly gy g > 9
202 )
(L4 st? + St g
herti(Baye; (8,1) = he,ni(Boyer (8:1) = 71U D2(1 4 5)
(14 st 4+ 2t ST =2

heiti(Byyer (:1) = 1+ st + §°t4 + - + s" 71272
and the x-degree of ;1,11 and ;411; are 1/2 to ensure the relations R2, R3,... R(n—1) are
homogeneous in the x-degree.
Proof. We first show that any path can be reduced to a linear combination of paths in

the proposed basis. Let o be a path from 7 to j.

Case: o doesn’t visit vertex 1

If o does not contain any occurrences of = then applying the Upward Reductions r¥ or? ;o

---ory is either zero or ;. ; for k = max{i, j}. Any occurrence of x can be moved to the

end as all tensor products in the path are over S and hence two such occurrences gives zero.

Case: « visits vertex 1 once

If @ doesn’t contain an occurrence of x then by the above the subpaths before and after
vertex 1 can be reduced to the form v; ;2 and ~,; ; and hence o can be reduced to v 1.,
If i = 1 then such a path has the form 7, ; for [ > j. Similarly, if j = 1 reading the path
backward must have this form.

If 4,5 > 1 then applying the Integral Reductions 7§ o r{,, o---or[ gives ;1 ;, where
the path is now direct after visiting vertex 1. Finally, applying the Death Reductions r; ;
gives zero unless m <n — j + 1.

If x occurs in «a before visiting vertex 1, then one can arrange for the path to contain
o1, since all tensor products are over S before 1. The X-Reduction ry gives a linear
combination of paths where x occurs after vertex 1. So the x can be taken to occur at

the end, giving the desired form.

Case: « visits vertex 1 at least twice
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If 7 > 1 then by applying the X-reductions rgfl o 13 successively one can ensure the z’s

appear at the end and so the Mound Reductions r™ o - .- o r) send the subpath starting
and ending at vertex 1 to zero. So the path must end at vertex 1 and cannot visit vertex
1 more than twice. Consequently, the path is concatenation of a path in the previous
case ending at vertex 2 (i.e. Vim12, Vim.1.2T, V1.2, V1.k22) With 217 and therefore, after

Mo cord orM is zero or of the form 7, 12071 or

applying the Mound Reductions r
M,k Ye1- The X-Reduction 7“5{1 sends 7, m,1,2271 to a path visiting vertex 1 a single time

and hence any path visiting vertex 1 twice is of the form 7 yzvi 1, for k£ > 1.

This shows that the above set is a spanning set. It follows from the Diamond Lemma

that for linear independence one only needs to show that all ambiguities are resolvable.

The family of Integral Reductions, Mound Reductions, and Death Reductions all arise as
ambiguities with Upward Reductions. Moreover, Upward Reductions cannot overlap with
X-Reductions nor with other Upward Reductions and hence there are no overlap ambigu-
ities involving them. Clearly their are no ambiguities among two reductions sending the

path to zero and so it remains to check Integral Reductions and X-reductions.

Moreover, Integral Reductions overlap with Mound and Death Reductions in the same
way that Upward Reductions do, with the resolution given by other Mound and Death
Reductions. Integral Reductions cannot self overlap and the only ambiguity with X-
reductions is 7"5( and 7’5 applied to z72,1 3.2 which both further reduce to 72 3122 + ¥2,4.2 by
applying 7§ o3 orj. The final ambiguity to resolve is r3* and 73| applied to Y21,22721,2,

with each term further resolving to zero by ri o rit. O

Remark 1.5.20. Carefully reading the above argument, and defining;:

U — U PR U M ] M PR M I = I PR I
r =71, 0 org, r* =7, o ory, ri =1, 40 oy,
D — D o . D D — D P D
r”i=r 0 oy where Ty =T 0 oT,

one can define r : P(Q, Dg) — P(Q, Dg)inr to be the composition

r:=r"orPorlorlorto(rs ory))™

That is, one can first reduce a path by moving the x’s to the end then pushing upward
until Integral Reductions arise and then further pushing upward until Mound or Death

Reductions arise.

As before, the functional giving the sum of the coefficients of all the maximum length

cycles containing an x gives a Frobenius form.
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Corollary 1.5.21. II(B,,) is a flat Frobenius degeneration of I1(Aa,—1).

1.5.4 Casg: II(C,)

Consider the decorated quiver

1 Kk 9 9 Kk 1 kSs
o7 ‘e cee "o e e
—— — —
kk kk 55k

The goal of this section is to compute a basis for the decorated preprojective algebra using

the Diamond Lemma for rings, developed in® and explained in the previous subsection.
Proposition 1.5.22. A basis for e,I1(C),)e; is given by
{’Yi,m,j; YilnnTnVn,j | m < mm{z,j},z = [ > max{z - j7 0}}

and hence dim(e,I1(Cy)e;) = 2min{i, j}. In particular, II(C,,) is a flat degeneration of

The relations in the preprojective algebra are

(11, ®y, 214 at vertex 1
) j1j+1 (A j+1]-j + j]-j—l Rk j—llj at vertex j € {2, 3,4,...,n— 1}

n—1 ]-n ®S n]-n—l + n—lln—2 ®k n—21n—1 at vertex n — 1

\nlnfl ®k n—1Tn + nTn-1 ®k nflln at vertex n.

One views each relation as a reduction reducing the length or the number of times a path
changes direction by pulling all paths towards vertex 1. More formally, one defines a

partial order, determined on length one paths by
iTi-1 > iTiy1 > ilio1 > ilig

and extended to all paths lexicographically, as described in the previous subsection. Hence
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the reductions are determined by:

71(112 ®p, 211) = 0
Tj(j1j+1 ®k j+11j> = _jlj—l ®k j—llj for j € {2, e, — 2}
7nnfl(nflln ®S nlnfl) = _n711n72 ®k n721n71

Tn(nxn—l ®k n—lln) = *nln—l ®k’ n—1Tn.

With this set of reductions there are unresolvable ambiguities and hence we introduce
additional reductions:

Downward Reductions

o (115 ®g211) =0
© 7(j 11 @k ju1ly) = =1 @ jaljfor l < j <n—1

L4 Tn—l(n—l]-n ®S nln—l) = _n—lln—Q ®k n—21n—1

X-Reductions

X _
® 7 (nxn’)/n,k—l,k) = Tnn—-1nnTnVnk for1 <k <n

Death Reductions

D . .
¢ ri,j(’yi,ifj,nnxn’)/n,j) = 0 for i > j.

Visually, Figures 1.5, 1.6, and 1.7 provide schematics for the reductions, where paths
are depicted with vertical position giving the vertex of the quiver and the horizontal

component is strictly for visualization, as explained in the previous subsection.

Remark 1.5.23. The X-reductions are introduced to resolve the ambiguity created by
reducing , T, Yn,n—1nk USING r30- - -0r,_g07,_1 as opposed to r,. The Death Reductions are
then introduced to resolve the ambiguity created by reducing i nZn(Vnn—1.)"7n; using

Ti j+10Ti_jr20 - 0m, 0 (rx)) as opposed to 71 0T 007y,

All ambiguities are resolvable:
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Figure 1.6: X-Reductions

Figure 1.7: Death Reductions
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(I) The ambiguity giving rise to additional X-reductions:

X X
7 =1 07 1(nTn Yng-1,4j-1) =0

(IT) The ambiguity giving rise to the Death reductions:

X X
r =715 o (wnYn121) = 0

(III) The Downward-Death ambiguity:

D D

Tij —Ti—1,;°Ti—5© 0720 7’2’—1(’Yi—l,i,i—j,nnxn%,i—j) =0

(IV) The X-Death ambiguity:

D D

X _
Tij —Vij4197Ti—j O O0Tp-20Tp 10 7"j+1(’Ym—j,nnivn%,j,jﬂ) =0

(V) The Double X-Death ambiguity:

D X X X _
g Tn-1°Tp—o0 " "0Tj (nTnYnimj—1,nn%n Ynj) =0

r
With these reductions one can put any path in normal form. According to the Downward
Reductions such a path cannot go from increasing to decreasing, except at vertex n.
Consequently, paths not containing  must be of the from ~; ,, ; for m < min{i, j}, where
equality gives the direct path. Moreover, no path can visit vertex n more than once since
between the final two such visits the path can be reduced to v, , at which point iterated

application of the X-reductions collides the two x’s giving zero.

Applying the X-reductions to a path with one instance of x allows for the path after x to
be direct. Therefore, every such path can be reduced to one of the form 7;; nn2n7vy,,; and
the Death Reductions say that these are non-zero if [ > ¢ — j. This proves Proposition
1.5.22.

Corollary 1.5.24. The matriz-valued Hilbert—Poincaré series of 11(C,,) is of the form,

2 2 2 2
2 4 4 4
2 46 6
2 46 - 2n

The bigraded Hilbert—Poincaré series

where d(a,b) = |a — b| is the distance between the vertices a and b.
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As above, one can define a Frobenius form on the degenerate preprojective algebra using

the cycles of maximal length, v; nnzna’™ v, for each i € {1,...,n}.

Corollary 1.5.25. II(C,) is a flat Frobenius degeneration of I1(D,1).

This is the final case of maximal degenerations of folding ADE quivers and hence we’ve

completed the proof of Theorem 1.4.26.
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THE 2-CALABI-YAU PROPERTY FOR
MULTIPLICATIVE PREPROJECTIVE
ALGEBRAS

Multiplicative preprojective algebras have recently gained attention in geometry and
topology. These algebras appear in the study of certain wrapped Fukaya categories,

see?0.?° in the study of microlocal sheaves on rational curves, see?, and in the study

of generalized affine Hecke algebras, see Appendix 1 in3!.

Their moduli spaces of rep-
resentations are called multiplicative quiver varieties, an analogue of Nakajima’s quiver
varieties, which includes character varieties of rank n local systems on closed Riemann

surfaces, or on open Riemann surfaces with punctures and monodromy conditions %57,

Multiplicative quiver varieties have also been studied from various viewpoints in®?,° 4,

and''. A quantization was defined in* and further studied in3*.

Historically, the multiplicative preprojective algebra was defined by Crawley-Boevey and
Shaw, in'f, to view solutions of the Deligne-Simpson problem as irreducible representa-
tions of multiplicative preprojective algebras of certain star-shaped quivers. Their paper
establishes the foundations for much of this work. For a fixed field k£ and a quiver ) with
vertex set Qy and arrow set 1 and ¢ € (k*)%°, Crawley-Boevey and Shaw define

_Lo _ QI + aa*) ™ ,eq

AfQ) = Jo <r 1= [laeq, (1 + aa*)(1 + a*a)~t — q)

?
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a quotient of the localized path algebra of the double quiver, Lg, by the two-sided ideal

Jg generated by a single relation, r.

In section 7.5 of®°, Tirelli and the second author conjecture that multiplicative preprojec-
tive algebras of connected, non-ADE quivers are 2-Calabi-Yau. They observe, following®,
that the 2-Calabi—Yau property would determine the (formal) local structure of the mod-
uli space of representations. Namely, any formal neighborhood can be identified with the
formal neighborhood of the zero representation of the moduli space of representations of
some (additive) preprojective algebra. Among other applications mentioned in®’, it would
follow that multiplicative quiver varieties are normal. In light of these applications, and
others mentioned below, the goal of this paper is to work towards a proof of the following

conjecture:

Conjecture 2.0.1. A(Q) is 2-Calabi-Yau for all ¢ € (k*)9° and all Q connected and
not ADE; moreover, it is a prime ring.* If Q) is furthermore not extended ADE, then
Z(A1(Q)) = k, and the Calabi-Yau structure is unique.

We explain how one can reduce these conjectures to the extended ADE cases below, see
Section 2.5.4 for more detail. We carry this procedure out for ) = A\,;, thereby proving

the conjecture for all connected quivers containing it:

Theorem 2.0.2. AY(Q) is 2-Calabi-Yau and prime for any q € (k*)?° and any k a field,
and ) connected and containing an unoriented cycle. If the containment is proper, then
Z(A(Q)) = k, and the Calabi-Yau structure is unique.

As observed, it follows the multiplicative quiver varieties for quivers containing cycles are
formally locally isomorphic to ordinary quiver varieties, and in particular are normal. This
includes (as an open subset) character varieties of Riemann surfaces of positive genus with
punctures and prescribed monodromy conditions, as explained in®" §3 (following'%7). (In
the case of closed Riemann surfaces, as observed in? Remark 8.8, this statement does not

require our result, since the group algebra C[m;(X)] is well-known to be 2-Calabi—Yau.)

In addition to the above perspective of giving a (formal) local description of multiplicative
quiver varieties, there are various other perspectives on this work. Namely, multiplicative
preprojective algebras arise from studying certain wrapped Fukaya categories. If X is a

plumbing of cotangent bundles according to the graph I', then Ekholm and Lekili?* and

*Recall that a prime ring is a noncommutative analogue of an integral domain, being a ring R in which
aRb =0 impliesa =0 or b =0.
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Etgii and Lekili?®,? produced quasi-isomorphisms,

24 26 25

W(Xr) Br Lr

I1e
lle] -

where W(Xr) denotes the partially wrapped Fukaya category of Xr, Br denotes the
Chekanov and Eliashberg dg-algebra and £r is a derived multiplicative preprojective
algebra. It follows from Ganatra’s thesis®® that £ is 2-Calabi-Yau, as a dg-algebra. We

establish this result purely algebraically, in the case I' contains a cycle. We show that

H* (SF) Sectiin 2.3 HO (21“) _ Al (F)
and hence £r is formal. Note that for the ordinary preprojective algebra, II(Q), the
Ginzburg dg-algebra has homology concentrated in degree zero: II(Q) has a length two
bimodule resolution (see®“° for the characteristic zero case, and?® in general) which Anick
shows is equivalent for graded connected algebras in' Theorems 2.6 & 2.9, and® observes

this extends to the quiver case.

Consequently, deformations of the wrapped Fukaya category W(Xr) as an A, (respec-
tively A, Calabi—Yau) category over a degree zero base are given by deformations of A'(T")
as an associative (respectively Calabi-Yau) algebra. The infinitesimal deformations can
be identified with HH?(A'(T")), which by Van den Bergh duality assuming Conjecture
2.0.1 is isomorphic to HHy(A}(T")). The techniques in?” can likely be adapted to compute
the zeroth Hochschild homology using an explicit basis for A%(Q) computed here. Fur-
thermore, by the 2-Calabi-Yau property, HH?>(A9(Q)) = 0, so there are no obstructions
to extending to infinite order deformations. We conjecture that the same holds for every

connected, non-ADE quiver. More precisely:

Conjecture 2.0.3. If Q is connected and not ADE, then the dg multiplicative preprojec-

tive algebra A%94(Q) is quasi-isomorphic to AY(Q), in degree zero.

We give the precise definitions and details, as well as proof in the case () contains a cycle

in Section 2.3.

Another perspective on this work involves specializing to Q) an extended ADE quiver and
g = 1. In Shaw’s thesis,”, he shows that for the extended vertex v, in analogy with the
additive case, the subalgebra e,A'(Qg)e, is commutative of dimension 2 and is smooth

away from the origin. In further analogy, it is reasonable to pose the following conjecture:

Conjecture 2.0.4. The algebra AY(Qg) is a 2-dimensional NCCR (non-commutative
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crepant resolution) over its center, Z(A*(Qg)). The Satake map' Z(AY(QE)) — e,AY(QE)e,, 2 —
evZ, 1S an wsomorphism.

~

For Qg = A,, our results imply the conjecture as follows: One can identify

N(E) = Bud, 1 1 (eod (A1),
by identifying eoA!(A,)eo = k[X,Y, Z]/(Z""! + XY + XY Z) as an algebra (which is
commutative) and egA'(A,)e; = M; := (Z',Y), the ideal. The isomorphism is then

explicitly given:

e on vertices by ¢ — id : M; — M;;
e on arrows by a; — Z : M; — M;, fori <n and a, — Z/(1 +Y)Z : M, — Mo;

e on reverse arrows by a; — inc: M; <— M,_; for i > 0 and af — Y : My — M,,.

The surjectivity follows from the observation that every eOAl(Z,;)eo—module map of ideals
is given by left multiplication by some element of the field of fractions of egAl(Z;)eo.
The injectivity follows from the fact that AI(Z;) is prime (see Proposition 2.5.3) and

injectivity on egA!(A,)eo.

Now, to prove the second statement, generally, if A is an algebra and e an idempotent,
then Endop(eA) = eAe. In the case Endea.(eA) = A°P also, we obtain an identification
Z(eAe) = End.acgaor(eA) = Z(A). Explicitly, the map Z(A) — Z(eAe) is given by
z — ez. If in addition, as here, eAe is commutative, we obtain Z(A) =~ eAe, via the

Satake map.

Finally, to complete the proof of the first statement, the computation above shows that

~ ~

HomeOAl(&)eo(Mi, M;) = eiAl(Z;)ej ~ M;_; as amodule over egA*(A,)eg = Z(AY(A,)) =

eiAl(Z;)ei, so in particular eoAl(Z;) is self-dual and hence reflexive as a eOAl(Z;)eO—
module. Since furthermore AI(Z;) is 2-Calabi-Yau (by Theorem 2.0.2) and eOAl(AA;)eO
is Gorenstein (as it is a hypersurface in A3), it follows that Al(;l\;) is an NCCR over

€0A1 (Z;)eo.
Note that A'(Qg) can only be an NCCR in the extended ADE case, as in the ADE case it

has infinite global dimension, and in the non-ADE, non-extended ADE case it is expected

to have trivial center (by Conjecture 2.0.1); see Section 2.4.

tWe use the terminology “Satake” following the analogous one for symplectic reflection algebras at
t = 0 of Etingof-Ginzburg, itself coming from the map for affine Hecke algebras proposed by Lusztig.
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A final perspective on this work involves the Kontsevich-Rosenberg Principle which says:
a non-commutative geometric structure on an associative algebra A should induce a geo-
metric structure on the representation spaces Rep,,(A), for all n = 1. This principle needs
adjusting for structures living in the derived category of A-modules, as the representa-
tion functor is not exact. For a d-Calabi-Yau structure on A, it is shown in® and®® that
the derived moduli stack of perfect complexes of A-modules, RPerf(A), has a canonical
(2 — d)-shifted symplectic structure. Since the dg Ginzburg algebra is 2-Calabi—Yau, this
implies that its moduli stack of representations has a 0-shifted symplectic structure. By
Conjecture 2.0.1, it is the same as the moduli stack of representations of A?(Q) itself.
Note that the multiplicative quiver variety can be viewed as a coarse moduli space of
stemistable representations; so the aforementioned result that this variety locally has the
structure of an ordinary quiver variety is a singular analogue of the statement on the

moduli stack.

We prove Theorem 2.0.2 using a complex:

P, := A(Q) @rqy kQo Bray A(Q) — A(Q) gy k1 Bkq, A(Q) = A(Q) ® A1(Q)

defined originally in'® and shown to resolve A(Q), except for the injectivity of the map a.
We show « is injective and then show the dual complex P, is a resolution of AY(Q)[—2],
which implies A?(Q) is 2-Calabi—Yau.

First, we establish a chain of implications to reduce the proof to a presentation of the
localization Lg that we call the strong free product property. (The strong free product
property is a version of Anick’s weak summand property in the ungraded case, see'.)
We explain a procedure to show that the strong free product property holds for any
connected quiver containing a subquiver where the strong free product property holds.
Then we establish the strong free product property explicitly using the Diamond Lemma

in the case ) = ;4\,; and carry out the procedure in this case.

To prove the 2-Calabi—Yau property from the strong free product property we establish
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the chain of implications:

Strong Free Product Property for @ :
o' A(Q) =k, kQolt, (¢ +1)~'] = Lg is a linear isomorphism
| Section 2.2.1
Weak Free Product Property for @ :
gr(o’) : gr(AYQ) *ro, kQo[t]) — gr(Lg) is an algebra isomorphism
| Prop 2.2.11
gr(o”)1 : AQ) ®rq, kQolt] ®rg, A(Q) — Jo/J3 is an isomorphism of A%(Q)-bimodules
| Prop 2.2.10 & Prop 2.2.11
P, is a length two projective A?(@Q)-bimodule resolution of A?(Q)
| Thm 2.2.13
A9(Q) is 2-Calabi-Yau

Here the isomorphism ¢’ is determined by a choice of kQo-bimodule section A%(Q) — Lg
of the quotient map Lg — A%(Q), but gr(¢’) is independent of this choice. The element
t maps to the relation, and the filtrations used are the t-adic one on the source and the

Jg-adic filtration on L.

Remark 2.0.5. Note that for ordinary preprojective algebras, the free product prop-

erty was observed in*’.

In fact, as these algebras are nonnegatively graded augmented
with positively graded augmentation ideal, the strong and weak free product properties
are equivalent (and independent of the choice of graded section o), and equivalent to
the condition that the algebra has a projective bimodule resolution of length two, as was
already observed by Anick in'. Such algebras were called noncommutative complete inter-
sections in*? due to their close relationship to the condition that representation varieties

be complete intersections.

However, in the ungraded case, we only have the implication above, that the free product
property implies the existence of a length-two projective bimodule resolution. Indeed, as
we see above, the latter property only depends on a piece of the associated graded algebra
with respect to the (r)-adic filtration, and in the ungraded case this filtration need not
even be Hausdorff. In contrast, the strong free product property implies the Hausdorff

condition and gives information about the algebra itself.

Motivated by this, we believe that the strong free product property can be viewed as
an ungraded analogue of the noncommutative complete intersection property. Follow-
ing?®, it makes sense to ask if the strong free product property can be used to show that

representation varieties are (asymptotic) complete intersections under certain conditions.
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In Section 2.3, we show that the strong free product property implies that the dg multi-
plicative preprojective algebra A% is formal. Therefore, by the results of this chapter,
both Conjectures 2.0.1 and 2.0.3 would follow from the following more general statement

(see Section 2.5 for precise details):

Conjecture 2.0.6. If QQ is a connected and not ADE quiver, then o' as above is a linear

isomorphism ((Lg,r,0,kQo[t, (t + q)7']) satisfies the strong free product property).

Let us outline an inductive strategy to prove the strong free product property. Let ) =
Q" U Q" be a connected quiver containing @'. (" is chosen so that Q] N Q] = & and
define W := Q) n Qf. Assume we have the strong free product property for @’. Filter
A?%(Q) by the descending filtration given by powers of the ideal generated by those arrows
in Q" incident to W. We expect that this filtration is Hausdorff and that the associated
graded algebra with respect to this filtration is isomorphic to a free product A%(Q’) 1 Q)
AYQ",W). Here AY(Q", W) is the partial preprojective algebra with no relations at the
vertices in W < Q)y. We prove the strong free product property for partial multiplicative

preprojective algebras with Q" # . Put together we obtain linear isomorphisms

LQ = LQ/ *kQ6 LQ//
= AYQ") #rqy kQolt, (g + )71 gy AUQ", W) wagy kQG[E, (g + 1) 7]
> gr AY(Q) #xq, kQolt, (g + )],

and since the filtration is Hausdorff we can also pick a section, eliminating the gr.

In Section 2.5, we prove the strong free product property when Q = A, is a cycle. That

~

is, we build a section A?(A4,) <> Lz and hence obtain a map

~

v : A(A,) LA k(An)olt, (¢ + t)_l] - LANn‘

We show that ¢ is an isomorphism with a carefully chosen basis for L, whose linear
independence and spanning are proven with the Diamond Lemma. Putting this together
with the strong free product property for partial multiplicative preprojective algebras,

we obtain the strong free product property, and hence the 2-Calabi-Yau property, for all
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connected quivers () containing @' = A,. As a schematic,

Strong Free Product Property for A, (Prop 2.5.1) :

~

o A AR) *4 10, k(z;)(][t, (¢ +1t)~"] = Lz is a linear isomorphism

k(A
&
Strong Free Product Property for partial multiplicative preprojective algebras (Prop 2.5.4) :
Ohartial * N(Q, W) #1q, kQolt, (¢ +t)™'] — L is a linear isomorphism
| Prop 2.5.5

Strong Free Product Property for Q) o :4\; :
o' A(Q) *ko, kQolt, (¢ +t)~'] = Lo is a linear isomorphism

This is the technical heart of the chapter.

2.1 THE MULTIPLICATIVE PREPROJECTIVE ALGEBRA

2.1.1 DEFINITIONS

Throughout the chapter we fix an arbitrary field k. For each quiver (i.e. directed graph)
Q, let Qg be the vertex set, ()1 be the arrow set, and h,t : Q1 — Qo the head and
tail maps, respectively. We will assume that )y and (), are finite for convenience, but
really only need finitely many arrows incident to each vertex. QQ°P denotes the quiver with
the same underlying graph of vertices and arrows, but with every arrow in the opposite
direction. () denotes the quiver with the same vertex set as Q and Q% and with arrow set
Q1 U Q. For each arrow a € 1, we write a* for the corresponding arrow in Q7" and vice
versa. In @ we distinguish between arrows in @ and Q° using a function € : Q, — {+1}

defined by €(a) = 1 if a € Q; and €(a) = —1 if a € Q7".

Next define g, := 1 + aa*, viewed as elements in the algebra of paths, kQ, and consider
the localization Lg := kQ[g; acg,- We write L := Lg, when the quiver is clear from

context. Notice, for all a € Q;:
Gal = a + aa®a = agqs. (2.1.1)

This implies:

* 1

* — —1 —1 % * —1
Jaxa@™ = a"g, Gy @ = Qgx Gor @ = Q" g, .

Fixing a total ordering < on the set of arrows @Q,, one can make sense of a product over
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(subsets of) the arrow set. Using < and e we define:

pi= o = ] " o= ]

ae@ be@,b<a be@,b>a

When we need to make the role of the total ordering < more explicit, we write p<, [, <,
and r, < for p,l,, and r, respectively. By definition, [, and r, are truncations of p to the

right and left of a, respectively. Therefore,
p=logt@r, (2.1.2)

for all a € Q.

Definition 2.1.1. Let k be a field, Q a quiver, and ¢ € (k*)%. Fixing an ordering < on

the arrows of ) and e as defined above, the multiplicative preprojective algebra, A(Q), is

defined to be
N(Q) = LT

where L = kQ[g; 1]%@1 is the localization and J is the two-sided ideal generated by the
element p — q.

Note that ¢ is viewed as an element of kQ via Zier gie; € kQo < kQ, and as p is invertible
we need ¢; # 0 so ¢;A%(Q) # 0, for all i.

Remark 2.1.2. The isomorphism class of A%(Q) is independent of both the orientation

of the quiver and the choice of an ordering on the arrows, by Section 2 in .

Example 2.1.3. (ADE Case)

If k = C, Crawley-Boevey non-constructively showed that A'(Q) = I1°(Q) := kQ/(Xc0, [a, a*])
for @ ADE, ! Corollary 1. This implies, viewing A?(Q) as a filtered deformation of A(Q)
under the path-length filtration, that

AY(Q) = TINQ) = kQ / (Z [a,a%] = )] )\iei>
ace@Q 1€Qo

for some A = ()\;) € k9°, by* Proposition 5.0.2. In type A, this isomorphism holds
over any field k, and is achieved by a change of variables. Namely, identifying (A,)o =

{1,2,...,n} and (A,)1 = {a1,as,...,a,_1} the isomorphism is given by,

A(A,) = TIMNA,) e — e, a; — a;, aj — <H qj> al

7>t
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where \; := (¢;—1) [ [,., ¢;. In particular, since IT*(A,,) is non-zero if and only if >,/ | \; =
0, it follows that A?(A,) is non-zero if and only if [ [, ¢ = 1. In the D4 case — with

arrows a, b, ¢ all pointing towards the central vertex — Shaw constructions an isomorphism,

a — (1 — %bb*) a, a* — a* (1 + %bb*)

a' — a for a' € {e;,b,b* ¢, c*}ic1934

A(Dy) = T1°(Dy)

which holds over any field of characteristic not 2. Additionally, he proves that no such

isomorphism exists over any field of characteristic 2,°? Lemma 5.2.1.

In the multiplicative preprojective algebra, (2.1.2) becomes the identity:

e(a)

laga Ta = q

Hence:
Tola = qg, . (2.1.3)

2.1.2 THE MAP 0

In'6, the important map 6 : Q, — A%(Q) is defined by 6(a) = ¢~ 'l,ar,+ and extended to
kQ by the identity on @, and by requiring 6 to be an algebra map. Then Lemma 3.3 in'°
shows that

e(ga) = lagal;1 (214)
=7, gaTa (2.1.5)

is invertible, and hence @ factors through the localization L := kQ[g, 1]a€@1. We will show
0 descends to the quotient AY(Q), with the ordering of the arrows reversed, using the

following result.

Lemma 2.1.4. Let < denote a total order on Q, and let > denote its opposite ordering,

i.e. a = b ifb<a. Such an order fires a bijection Q, = {a1, as, . .. ,a@ll}. Then
0(ra;>) = laj< =1 la, and 0(la; =) = Ta;< =174
for any a; € Q,.

Proof. We prove 0(r,,~) = l,; by induction on j, where j = 1 is the identity (1) = 1.
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Then,

0(ra;.,.2) = 0(gil)0(ra, =)
IH clas
(:) e(g ( J))laj

a;
(2.1.4) cla)1—1
= lajg ( ])laj laj

a;j
= l a; gzga])
=

Aj+1°

The second identity is similar and one can formally obtain a proof from the above by
exchanging the symbols r and [, the identity 2.1.4 for 2.1.5, and the order of the multi-
plication. [

Corollary 2.1.5. 0(p=) = p.

This corollary implies 6 descends to a map AY(Q, >) — A%(Q,<). Notice that we can
similarly define 05 : A1(Q, <) — A1(Q, =).

Proposition 2.1.6. 0> 00 = Idyeg <)-
Proof. Tt suffices to check 6 o @ is the identity on arrows in (); and indeed:

0> (0(a)) = 0(q laary+)
= ¢ '0>(1a)0> ()0 (rox)
(2.1.4) = ¢ 'r 05 (a)l,x
= q 'ra(q Haares )l
(2.1.3) = g;e(“)ag;,f(a*)
(2.1.1) = ag <@ g @)

=a

2.2 THE 2-CALABI-YAU PROPERTY

The goal of this section is to prove that AY(Q) is 2-Calabi—Yau for () containing an unori-
ented cycle. We do so by exhibiting a length two, projective, A?(Q)-bimodule resolution
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P, of A1(Q), whose bimodule dual complex P’ is quasi-isomorphic to A?(Q). This resolu-
tion is due to Crawley-Boevey and Shaw, but they don’t state nor prove that it is exact.
The main new ingredient we provide is the injectivity of a which relies on the weak free
product property. Hence we begin this section with a short digression explaining the

strong and weak free product properties.

2.2.1 FREE PRODUCT PROPERTIES

Generally, if A is an algebra over a semisimple ring S and J = (r) an ideal generated by

a single relation r, we can form a canonical algebra map,
QAT xg S[t] > gr; A, @lay =1d,0(t) =1, (2.2.1)

where gr; means the associated graded algebra with respect to the J-adic filtration.

Definition 2.2.1. The pair (A,r) satisfies the weak free product property if ® is an

isomorphism.

We abuse notion and say the quotient A/.J satisfies the weak free product property when
r is clear from context and (A, r) satisfies the weak free product property.

Next, given an S-bimodule section o : A/J — A of the quotient map that is the identity
on S, we can form an associated linear map,

o: A/ S[t] > A, (apt™at™ - t"a,) — o(ag)r™o(a)r™ - r"o(ay), (2.2.2)

for m; > 0, for all 7.

By construction, this is S[t]-bilinear, where ¢ acts on A by multiplication by r. It also
reduces to the identity modulo (¢) on the source and J on the target. If (A,r) satisfies

the weak free product property, then moreover the completion

5 AJJ xg S[t] — A, (2.2.3)

with respect to the t-adic and J-adic filtrations, is an isomorphism.

In nice cases we can identify a subalgebra on the left-hand side mapping isomorphically
to A (which is a subalgebra of A under the Hausdorff condition N~ ™ ={0}):

m=0

Definition 2.2.2. (A, r, o) satisfies the strong free product property it G : A/J+gS[t] > A

is an S-bimodule isomorphism.
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Since the t-adic filtration on S[t] is Hausdorff and o(t) = r it follows that the J-adic
filtration on A is Hausdorff if (A, r, o) satisfies the strong free product property.

Remark 2.2.3. The choice of o is important. Let A = k{z,y) and J = (y) so A/J = k[z].

Consider two different choices

01,09 : k[z] = kx,y) o(x + (y) =z, oa(x+ (y)) =2 — yz.

Then o is a linear isomorphism while ¢} is not surjective as

x=o0y(x+ (y)(1—y) " = oo(x+ (y))Zyl ¢ 0o (k[x] = k[t]).

120

Remark 2.2.4. The strong free product property has already appeared, albeit in the
graded context working over a field, in': Anick defines a notion of weak summand B <
A, meaning there exists a linear isomorphism A =~ B x A/(B), where B := ®;=(B; is
the augmentation ideal. In the graded setting he observes that the strong free product
property does not depend on the choice of o and it is easy to see it is implied by the weak

free product property.

Next, let B be a localization of S[t] obtained by inverting finitely many elements of
S* + (t), such that S[t] — A extends (uniquely) to an algebra map 7 : B — A. Let
B := tB, so that we have an S-bimodule decomposition B = S @ B. Then & extends to
amap o’ : A/J =g B — A, which has the form

agbray - - - bpay, — o(ag)T(by) - 7(bp)o(ay),a; € A/J by € B. (2.2.4)

Definition 2.2.5. The data (A, r, o, B) satisfies the strong free product property if o’ is

a linear isomorphism.

This definition generalizes the above definition of the strong free product property for
(A, r, o), which is the special case B = S[t], 7(t) = r.

In this case, it follows by taking associated graded algebras that (A, r) satisfies the weak
free product property. Moreover, A is Hausdorff in the J-adic filtration (because the

source of ¢’ is Hausdorff in the t-adic filtration), and ¢’ is indeed a restriction of 5.

Remark 2.2.6. The definition of ¢/ in (2.2.4) depends on the choice B = tB of comple-
ment. In fact the property of being an isomorphism, i.e. the strong free product property,

depends on this choice.
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To see this return to the example of (A = k{z,y),r = y,09(x + (y)) = 2 — yx) in Remark
2.2.3. Let B = k[t,(1 —t)7!] with By := tB and By := (1 —t)"'B. Then ¢} as defined
using B is not surjective, as x ¢ o (k[z] = k[t, (1 — t)7']), as before. But o} as defined

using B, is an isomorphism. See Remark 2.5.2 for another example.

Now back to the setup of @ a connected, non-ADE quiver and ¢ = (k*)?. Let B :=
kQolt, (¢ +t)7'] and B := tB = Span(t™, (t)™ | m = 1}, for ' := (¢ + )L —¢~'. We
conjecture that, for every connected, non-ADE quiver Q, there exists o such that the
quadruple (Lg,r, 0, B) satisfies the strong free product property. Moreover, in Section

2.5 we prove this conjecture in the case of quivers containing a cycle:

Theorem 2.2.7 (Proposition 2.5.5 in Section 2.5). Let Q) be a connected quiver contain-
ing an unoriented cycle. Let B = kQo[t, (¢ + t)~'] and let r denote the multiplicative
preprojective relation. There exists a section o such that (Lg,r, 0, B) satisfies the strong

free product property.

Remark 2.2.8. The connectedness assumption can be weakened as follows. If Q) =
Q L Q" then Ly = Lo @ Lo and AY(Q) = AY(Q') @ AY(Q") and so by adding sections,
the strong free product property for

(LQ/ @LQ//,T’ + T”,O'/ + O'”, B,@B”) = (LQ,T7 o, B)

follows from the strong free properties for (Lg,1’,0’, B') and (Lgr,r",0”, B"). So one
only needs the weaker assumption that () is a quiver with each component containing an

unoriented cycle. But we state results in the connected setting to simplify the hypotheses.

Corollary 2.2.9. Let (Q be a connected quiver containing an unoriented cycle. Then
AY(Q) satisfies the weak free product property. In particular, there ezists an isomorphism

of graded algebras:
D i gr(A(Q) #hoq kQolt]) — gx(Lo)
where the associated graded algebras are taken with respect to the t-adic and Jg-adic

filtrations on A%(Q) #rq, kQo[t] and Lq respectively.

2.2.2 A BIMODULE RESOLUTION OF A

In this subsection, we show that for any quiver, the weak free product property for A?(Q)
implies A?(Q) has a length two projective bimodule resolution. Consequently, since we

establish the weak free product property for connected quivers containing a cycle, we
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prove AY(Q) has Hochschild dimension at most two for connected quivers containing a

cycle.

Crawley-Boevey and Shaw build a chain complex of A-bimodules P, = P, % P, LA P

where,

Py = By := A ®rqy kQo ®rgo A = (Mu)veqo Py = A @i KQy ®kgy A = (Mayacy,

and

La* + an, ifae
Z l,A,r, where A, = " o @

acQ; t(a)=v _g(;l(naa* + ana*)g(;l ifae Q?p'
B(Na) 1= aNi(a) — Mh(a)C-

We claim that it is a resolution of A. To see this, following'®, we first write down an
explicit chain map of A-bimodule complexes ¢ : P, — @,, where @), is quasi-isomorphic
to A; we then prove it is an isomorphism. (), is the cotangent exact sequence in Corollary
2.11 in'") but in this context it was defined earlier (and shown quasi-isomorphic to A) by
Schofield in®'. So we have the maps:

[ q.i.
Po - Qo I
CBS Schofield

Proposition 2.2.10 (Lemma 3.1 in'%). For any quiver Q, the following diagram com-

mutes:
«a B Y
PO Pl Po A
lwz ;le El% =J/id
J/J?— s A®p Qg (A) @ A —2—— A ®pg, A —E—— A

where the vertical maps are A-bimodule maps defined on generators by,

77Z)2(77v) = PEy — (€y ¢1(77a) =1®L [a ®on 1-1 ®kQ0 a] ®r 1 ¢0(77v) = e, ® e,
and the horizontal maps are defined by,

Kz +J)=1Q.0(x)®1 forzeJ whered(z)=2®@1—-1Qx
M1 ®y [ab®rg, ¢ — a ®rg, be) ®r 1) = ab ®yrg, ¢ — a Qrg, bc  for a,b,ce L
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and p is the multiplication map in A.

Since g and v; are A-bimodule isomorphisms, it remains to show 1, is a A-bimodule

isomorphism. We show this using the weak free product property.

Proposition 2.2.11. Suppose A satisfies the weak free product property. Then P, is a

bimodule resolution of A.

Proof. Taking the ¢ = 1 piece of the graded isomorphism
gr() = > @it gr(A srq, kQolt, (t + q)™']) — gr(Lq)
gives an isomorphism of A-bimodules,

011 A @iy kQo - t ®ugo A — Jo/ I}

Since ¢ sends t — r, it sends te, — re, = (p — q)e, and hence ¢, = 5. We conclude
that 15 is an isomorphism of A-bimodules and hence v, : P, — @), is an isomorphism of

A-bimodule complexes. In particular, P, is a resolution since (), is a resolution. [

Therefore, A has Hochschild dimension two. Every left A-module, M, has a length two
projective left A-module resolution P, ®, M, and hence A has global dimension at most

two.

Example 2.2.12. Note that the inequality may be strict, since if () is the Jordan quiver

(i.e the quiver with one vertex with a loop) then
A(Q) = kla,a”)[(1 + a”a)*]/(aa” — ga”a — (¢ — 1)).

The change of variables z := a and y := a*/(¢ — 1) when ¢ # 1, identifies A%(Q) with a
localization of the first quantum Weyl algebra, k(x,y)/(xy — qyx — 1), which has global

dimension one.

2.2.3 THE DUAL COMPLEX

In this subsection, we show for any quiver that if P, is a resolution of A%(Q), then A?(Q) is
2-Calabi-Yau. Combining this with the previous subsection, we get that if A?(Q)) satisfies
the weak free product property then A?Q) is 2-Calabi—Yau. In particular, this shows that

AY(@) is 2-Calabi-Yau for connected quivers containing a cycle.
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Recall that a d-Calabi—Yau structure is an A-bimodule isomorphism
/’7 : A —> EXti@Aop (A, A ® Aop).

One can view such an 7 as an element of HH,(A, A) by taking M = N = A in the

quasi-isomorphism,
RHom g 400 (M, N) —> Homagaer (M, A® A) @5 40 N.

For dg-algebras, one further equips this structure with a class in negative cyclic homology
that lifts the Hochschild homology class of the isomorphism. But, as shown in Propo-
sition 5.7 and explained in Definition 5.9 of*®, for ordinary algebras this requirement is

automatic.

We have established P, as a A-bimodule resolution of A, if () is connected and contains a

cycle. To show A is 2-Calabi—Yau, it suffices to show that its dual complex
RHomAfbimod(Av A & A) = HomAfbimod(Pn A ® A) = P.v
is quasi-isomorphic to A[—2].

Define 7" € Homp _pimod (Po, A ® A) and 7 € Homp _pimoa (P1, A ® A) by,

y e, ®e, fv=w . €i(a) D €nay if b=a*
Ny (M) 1= . Na (M) 1= _
0 otherwise 0 otherwise .

These are generators of Fy” and P, respectively and give isomorphisms,

Py = A ®uiq, kQo Bk, A = <77vv>a P = A®iq, kal ®rqo A = <77av>'

Rather than directly study the dual complex P,”, we modify the formulas for a¥ and 3

using the map 6, in a way that doesn’t affect the homology of the complex. Namely, after

choosing generators {&,} for Py and {{,} for PY, defined below, one can expand:

av(ga) = Z a;fvaz Bv(fv) = Z b;éabg,

vEQo aeQ,
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for some o', a”. b . b" € A and then define

v v Yat Ya

oy (&) = Y 0@)eb(ay) By (&)=, 0(b)&0(0,).

veQo a0,
With this choice of generators

af = (0®1R0)oa™ a’ = (0®1R60)oa, By = (0®1R0)05" BY = (01R0)05)
and therefore,

ker(aj) —ker(a”)  im(ay) —im(a¥)  ker(8) = ker(8Y)  im(gy) — im(8").
It suffices to show that

\4
—By Qg

(Po\/)a = POV

is quasi-isomorphic to A[—2].

We prove this by establishing an isomorphism of A-bimodule complexes ¢, : P,[2] —
(P, )g following Crawley-Boevey and Shaw, so

! )e[2] uasi-iso
(PY)o —"—— P.[2] ———Q.[2] — Al2].
Theorem 2.2.13. The following diagram commutes:
v _Bé/ v aev’ v 'yO(po_l

SDOTE (I1) tp1T; ) SOOTE z‘dT=

Py o P, B Py— A

where the vertical maps are A-bimodule isomorphisms defined on generators by,

lans la_*1 if a e Q7

()00(77’0) = é"U = q771:/ (pl(’r]a) = ga* = o .
T nc\L/*Tll ZfCL € Ql-

Note that ¢y is an invertible map since r, and [, are invertible elements of A for all a € @1.
The commuting of the above diagram becomes clear once we compute the maps ¥ and

£ explicitly, the content of the next two lemmas.
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Lemma 2.2.14 (Lemma 3.2 in'%).

o’ () = a*raly gyl — 9;*17"a*77t\2a)la*9;*1a* if a € Qy
TaxNygylara® — a*ga_lran,j(a)laga_l if ae QY

a” (&) = 0(a”)Euar) — Enar)0(a™)

ay (§ax) = a&pa) — En(a)

B=ypy oagop
So square (I) in Theorem 2.2.13 commutes.

Proof. The first two equalities are shown directly in'® and the last two are clear from the

definitions together with Proposition 2.1.6. O

Theorem 2.2.153. By Lemma 2.2.14, it suffices to show that (ITI) commutes. While one can
similarly compute 3V directly, such a calculation is unnecessary as the commuting of (II) follows
from that of (I).

Indeed, dualizing and applying (—)g to the maps in (I), produces a still commuting diagram:

(g )y o
PPe——hH P——h
(e01)gvl @ l(@o)g = —wll (Mg l‘/’o
Pl\/(ﬂ—vpov Pl\/(B—VPOV
(2 6
which indeed shows @1 0 a = =8, o g, i.e. (II) commutes.

The equality of maps (ay )y = « follows from Proposition 2.1.6, and (o)) = ¢ = o follows
)o

from the definitions. For (¢1)y = —¢1, observe that it suffices to show (p1)s = (1)¥ and

indeed,

o feemyearty  ife(a) =1
(901)0(77(1*) - (ga)é = _0(74;*1)17;9(7”0 " 6(@) _1

rasnyret if e(a) =1
—dnyl, ife(a) = —1

= —(1)" (1ax)- O

So without conditions on the quiver, we have established:

Corollary 2.2.15. If P, — A is exact then (P))s — A[—2] is exact and P — A[—2] is
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exact.

Therefore, the 2-CY property for A follows from the — apriori weaker — homological
dimension two property. In the previous subsection, we showed that A has homological

dimension two for () connected and containing a cycle.

Corollary 2.2.16. If Q) is connected and contains a cycle then A(Q) is 2-Calabi-Yau.

2.3 FORMALITY OF THE MULTIPLICATIVE GINZBURG DG-ALGEBRAS

In this section we show that if ) satisfies the strong free product property, then the
multiplicative Ginzburg dg-algebra is formal. In particular this proves Conjecture 2.0.3
in the case () is connected and contains a cycle. Moreover, it reduces the conjecture to

the remaining extended ADE cases and Conjecture 2.0.6.

If one views the dg multiplicative preprojective algebra as the central object of study, as

in?® and?®, then we are showing one can formally replace it by the non-dg version.

We begin with an elementary lemma.

Lemma 2.3.1. Let k be a commutative ring. Let A be the dg-algebra defined as a graded
algebra to be k[r]=k[s] with |r| = 0 and |s| = —1, product given by concatenation of words,
and differential extended as a derivation from the generators d(s) = r and d(r) = 0. Then
A is quasi-isomorphic (in fact chain homotopy equivalent) to its cohomology H*(A) = k

concentrated in degree zero.

Proof. Let h : A — A[—1] be the homotopy with the property h(rf) = sf and h(sf) =0
for all fe€ A, and h(k) = 0. Then hod + doh — 14 is the projection with kernel k to the

augmentation ideal of A. Therefore, it defines a contracting homotopy from A to k. [

In other words, the lemma is observing that A, as the tensor algebra on an acyclic complex
kr @ ks, is itself quasi-isomorphic to k.

Corollary 2.3.2. The dg-algebra A given by
AY(Q) #1rg, kQo[r, (r + @) ] *kgo kQo[s]  with |r] =0 and |s| = 1

and with differential determined by d(s) = r is quasi-isomorphic to A1(Q) concentrated in

degree zero.
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Proof. Define a homotopy by, for f,g € A%(Q):

h(frg) = fsg. h(fsg) =0, h(f(r+q)~'g)=q 'h(fg)—q 'fs(r+q)'g

where the definition of h(f(r + ¢)~'g) is chosen to match the formula for i(frg) in
the r-adic completion. There is an augmentation A — A9(Q) with kernel (r,s,r’" :=
(r+¢q)~' —¢'). Notice that hod + d o h is a homotopy from the identity on A to the
augmentation A?(Q), as it annihilates A?(Q) and is the identity on s, r, and 7. ]

Definition 2.3.3. The Ginzburg dg-algebra A%94(Q) is defined to be

A%9(Q) = (Lo #rgy ¥Quls], d(s) = p—q).

Proposition 2.3.4. If A9(Q) satisfies the strong free product property (meaning Lo, r, o, kQo[t, (t+
q) ') satisfies the strong free product property for some choice of o) then

H,(A%(Q)) = Ho(A""(Q)) = A*(Q)

so in particular A994(Q) is formal.

Proof. The strong free product property yields an isomorphism of graded vector spaces,

LQ = Aq(@) *LQo k@o[?", (T’ + Q)il].

Hence, as complexes

A(Q) = Lq *rq, kQols] = A*(Q) #qy kQo[r, (r + ) '] g, kQols],

which by Corollary 2.3.2 is quasi-isomorphic to A?(Q), concentrated in degree zero. It
follows that,
A(Q) = H,(A(Q) = Hy(A"(Q) = A"(Q)

as dg-algebras. O]

Remark 2.3.5. In the presence of Conjecture 2.0.1, formality of A%9(Q) implies A%9(Q)
is 2-Calabi-Yau. Hence by Theorem 2.0.2, we have shown that A994(Q) is 2-Calabi—Yau,
when (@ is connected and contains a cycle. One may be able to adapt the techniques in
Section 2.2 to prove that A%9(Q) is 2-Calabi—Yau, in general. In more detail, the role of
the AY(Q)-bimodule resolution, P,, should now be played by the A%-dg-bimodule given
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by the total complex of:

dg
A% Rpa, k- 5 Rrg, AY oY, A ®r0y kQ1 Org, AY L A% Ry, A%,
T ORQo ML SRGQe T T

d
By’

where f1(a®s®b) =as®b—a®sband fp(a®xr®b) = ar @b — a® xb.

2.4 THE CENTER AND PRIMALITY OF MULTIPLICATIVE PREPROJECTIVE ALGEBRAS

In the ADE case, for ¢ = 1 and k characteristic zero, one can compute the center using the
isomorphism A'(Q) = I1°(Q) first established in'*. Conjecture 2.0.4 predicts Z(AY(Q)) =
e, A (Q)e, for Q extended ADE and g = 1 (proved in the case Q = 2{\;) In the remaining
cases, Conjecture 2.0.1 predicts Z(A%(Q) = k for @) non-ADE and non-extended ADE.
The goal of this section is to establish the conjecture in the case ) contains a cycle. We

begin with a general discussion of the center of free products.

2.4.1 THE CENTER OF FREE PRODUCTS

Let R and S be rings containing B = k! as not-necessarily unital subrings. Write e; for
0;j: 1 —>keB. Let A:= R+ S:=Tg(R®S) be the free product over B Notice that

A can have non-trivial central elements:

Example 2.4.1.

(1) (trivial product: S = B) Let R = C[z] be a one-dimensional polynomial algebra
and take S = B = C- 1g, so A = R = C[x] is commutative.

(2) (dimension 2) Let R = R[z]/(z* + 1), S = R[y]|/(y* + 1) and B = R1z = Rlg then
xy + yx € Z(A)

(3) (matrix exception) Let R = S = Maty(k). Let B = k* be diagonal matrices in
each. Writing r for a strictly upper triangular matrix in R and s for a strictly lower

triangular matrix in S, we have rs + sr e Z(A).

(4) (disconnected piece) Write k@ for the path algebra of the quiver @ over a field
k. Let R = k(e; e3), S = k(ey — e3), and B = k(ey) be path algebras so
A= R+ S =k(e; o3 — e3). A has the non-trivial central element e¢; = 1z — 15,

since this piece is disconnected from the rest of the algebra.
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(5) (preprojective algebra example) Let S = II(e; > e, £ e3) be be the preprojective
algebra of the Az quiver. Let R = II(e; > oy & o5, {2}) be the partial preprojective
algebra of the A3 quiver, where recall we don’t enforce the relation at vertex 2. Let
B = k(e3). Notice that A = R +g S is the associated graded algebra to H(B;) with
descending filtration F, defined by FS" is the subspace of sum of paths with at

most n occurrences of v or §. So,
Z(gr(A)) = Z(1(Dy)) = eiT1(Dy))er 3 af*Ba*
from which we conclude that Z(A) o Z(gr(A)) # k.
In this section we ask and answer the question:

When is the center of a free product trivial? What conditions on
R, S, and B ensure R+ S has center given by scalar multiples of the
identity?

In order to rule out the first example we require R # B and S # B. Examples (2) and (3)
are regarded as low-dimensional exceptions, so we rule them out individually. To exclude

examples (4) and (5), we require certain connectivity assumptions.

Definition 2.4.2. Let R be a ring. We say r € R is a non-commutative non-zero divisor
if for all v’ € R, we have rRr’ # 0 and ' Rr # 0. We say R is prime if rRr’ = 0 implies

r=0orr =0.

Note that a ring is prime if and only if every nonzero element is a non-commutative

non-zero divisor.

We rule out Examples (4) and (5) by requiring that R be prime and 1p be a non-
commutative non-zero divisor in S. Notice in Example (4) that 15Re; = 0 so R is not

prime and in Example (5) that 155(a5*) = 0 so 15 is a non-commutative zero divisor in

S.

Finally, note that R prime is a stronger condition than needed for triviality of the center
(e.g., Clz]/(23) *c C[y]/(y?).) So see Lemma 2.4.5 for weaker conditions, that only require
the prime condition on elements in B together with some size constraints to avoid low-

dimensional counterexamples, which we introduce now.

Definition 2.4.3. We say i € [ is a source (respectively sink) for a vector subspace
V < Aif e,V # 0 (respectively Ve; # 0.) We say i € I is a double source (respectively
double sink) if dimg(e;V') > 1 (respectively dimg(Ve;) > 1).
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Lemma 2.4.4. Let R be a prime ring with B = k! a not-necessarily unital subring and
a decomposition R = R® B. Then, every e; is both a source and a sink for R. Moreover,
if R % Maty(k) and R is not a degree two field extension of k, then I has a double source

and a double sink.

Proof. If e; = 1 then ;R = R = Re; is non-zero by assumption. Otherwise, 1z —e; # 0

and

eiR(lR — Gi) = eiR(lR — 61') 7'5 0 (13 — 62')}_%62' = (1R — ei)Rei 7'5 0

since R is prime. In either case, i is both a source and a sink for R.

Case: |I| =3
Pick 1,2,3 € I and R prime implies

e1Res = e1Res # 0 e1Res = ey Res # 0.

So dimy (e R) = 2 and 1 is a double source for R. Similarly 1 is a double sink for R.

Case: |I]| =2

R prime implies each d; ; := dim(e;Re;) # 0 for 4, j € I. If any pair (4, ) has d; ; > 1 then
d;; > 1 for some j' # i. So 2 < dim(e; Re;) = dim(e; Re;) and i is a double source and
4" is a double sink for R. Otherwise each d; ; = 1 and pick a € e; Rey and 3 € eaRey both
non-zero. Notice aff € e;Re; = ey Be; = key implies aff = cie; and similarly fa = cyes.
R prime implies c;a = afa = acy is non-zero and so ¢; = ¢ # 0. We conclude that the
map

"2 Matz(k‘) - R €11 — €1, €22 /> €2, €12 > &, €31 — 5/01
is an isomorphism.
Case: |I| =1

If e; # 1 then ey := 1 — €7 is an idempotent and R prime forces the isomorphism
Maty (k) = R as above.

If e; = 1 then 1 is both a double source and double sink for R unless dimy(R) = 2, in
which case R prime implies R is the splitting field for some quadratic polynomial over
k. m

Lemma 2.4.5. Define J := {i € I : ¢; is a non-commutative non-zero divisor in R} As-

sume:
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(a) J has a source or sink for S
(b) J has a double source and double sink for R

(c) Bveryie I is a source or sink for R

Then Z(A) € k14 ® K where K := ker(1p - — : Z(A) — klpg). In particular, if 15 is a

non-commutative non-zero divisor in both S and R, then K =0 and Z(A) = k is trivial.

Proof. Fix z € Z(A) and write z = zp+ 2gr+ 25+ 2rs + 2sr according to the decomposition

of the free product into pieces:

A=BOAR®PAsD Aps ® Agr

We first show 15z € B by showing it individually for each term in the decomposition.

1BZR eB
Suppose j € J is a source for S. So there exists s € S such that ejs # 0. Then

Ars @ As® B 3 z(e;s) = (ejs)z € Asp @ As ® B

so this element is in the intersection Ag @ B. Hence e;jzr € B, so e;jzg = ae; for a € k.
Since e; is a non-commutative non-zero divisor in R, for all ¢ € I, there exists ; € R such
that

0 # e;ri(2re;) = (ejzgr)rie; = arie; = ez € B
for all i € 1. Hence 1z = >, €;2r € B.
1325 eB

Fix i € I, necessarily a source or sink for R. Without loss of generality, suppose i is a

source. So there exists € R such that e;r # 0. Then
ASR &) AR &) B> (eir)z = Z(eﬂ’) € ASR @ AR &) B

soerz € Ap@®B and e;zg = zge; € B. This holds for all ¢ € I and hence the sum 1525 € B.

112



leRS eB
Write Apg = RAg and Asg = AsR. Pick a basis for Ag, {fm}men such that each
fm € enAgen. Here i’ i" € I L {0} where e¢p := 1z — 15. Write

/ / )
ZRs = ) Tmfm 258 = D, fmThn Tm, T € R

Suppose i € I is a double source for R and zrge; ¢ B. Then there exists n € M such that
Tnfuei ¢ B. Pick 1" € e;R\{ar’ }qer not a scalar multiple of /. This ensures that the

sums,

B(—BARac—FZrmfmr;’n = zr! =r;’n2=c'+2rzlfmrgleB@AR
m m

disagree on Rf,R (i.e. rpfur” # 7" f.r"). Hence we've contradicted the assumption
Zrsei & B.

1BZSR eB

This argument is identical by examining zgg instead of zgg.

Next notice that 1gz € B implies 1gz = alp for a € k. To see this, pick ¢« € I and
define o € k such that ae; = ze;. For j € I, write 8 for the scalar such that gje; = ze;.
Then, since e; is a non-commutative non-zero divisor in R, there exists » € R such that
e;re; # 0. Hence

aere; = zeire; = e;rze; = fBere;
so a = and 1gz = alpg, as desired.

Finally, for z € Z(A) pick a € k such that 15(z — ) = 0. Since 1p is non-commutative

non-zero divisor in both R and S, and for all »r € R and all s € 5,
lpr(z—a)=1p(z—a)r =0 and lps(z—a)=1g(z—a)s=0 = z—a=0,
completing the proof. O]

Combining Lemma 2.4.5 and Lemma 2.4.4

Corollary 2.4.6. Let R be a prime ring, R % Maty(k) nor a degree two field extension

of k. Let 15 be a non-commutative non-zero divisor in S. Then Z(A) = k.
Proof. Notice that .JJ = I since R is prime and I has a source for S since

158 #0 = ¢;S # 0 for some i € I.
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So condition (a) is satisfied. Condition (b) follows from Lemma 2.4.4, which applies as
we have assumed R is prime and not Maty(k) nor a degree two field extension of k.
Condition (c) follows from R prime. Finally, 15 is a non-commutative non-zero divisor in

S by assumption and in R since R is prime. We conclude that Z(A) = k. O

Notice that under the hypotheses R prime and 1 a non-commutative non-zero divisor in
S, one has that A is prime. That is, given non-zero words wq, wy € A one can find v’ € A
such that wywwy # 0. In the case that w; ends in S and w, starts in S one has s,s' € S
such that w;slp # 0 and 1gs’wy # 0. Then using R prime, one can choose r € R and
there exists r’, " € R such that wyslgr'rr”1gs'wy # 0. The other cases are easier and we

leave them to the reader.

Lemma 2.4.7. If R is prime and 1 a two-sided non-commutative non-zero divisor in
S, then A = R = S is prime.

2.4.2 'THE CENTER IS TRIVIAL FOR QUIVERS CONTAINING A CYCLE

Using a decomposition for AY(Q) as a free product from Corollary 2.5.6 together with
Corollary 2.4.6 we get:

Corollary 2.4.8. If Q) is connected and contains an unoriented cycle, then A%(Q) is

prime. If the containment is proper, then Z(A1(Q)) = k.

Proof. Suppose Z; < Q. By Corollary 2.5.6, one has a decomposition,
gr A%(Q) = A (A,) kg, AT (Q\An, (A0)o),

where ¢ = (¢n,q) and A%(Q) is s given the descending filtration by powers of the ideal

generated by those arrows in Q\A, which are incident to (;1\,;)0. Therefore

gr(Z(A1(Q))) < Z(gr(A(Q)) = Z(A™ (A,) *1qy AT (Q\Ar, (42)0)),

and so to show gr(Z(A%(Q))) = k, it remains to check the hypotheses of Corollary 2.4.6,

~ ~

with R = A% (A,), S = A(Q\A,, (A,)0)) and B = kQq. Indeed,

e A% (A,) is prime by Proposition 2.5.3, and clearly A% (A,,) # kQo.

e AY(A,), being infinite-dimensional, is not isomorphic to Maty(k), nor k[z]/(x? +
bx + c).

114



o A(Q\A,, (A,)0)) # kQy is the statement that the containment A, < @ is proper.

e 1,0, is a non-commutative non-zero divisor in AY(Q\A,, (A,)o)) since Q is connnected,

so every vertex in Q\A4,, is connected to some vertex in (4, )o.

So gr(Z(A1(Q))) = k. And by Lemma 2.4.7, gr(Z(A%(Q))) is prime. Since the filtration
is Hausdorff (again by Corollary 2.5.6), we conclude also that Z(A%(Q)) = k and AY(Q)

is prime. O

Corollary 2.4.9. If Q is connected and properly contains a non-oriented cycle, then

AYQ) has a unique, up to scaling, Calabi-Yau structure.

Proof. Any two Calabi—Yau structures differ by an invertible map Homp _pimoa(A, A),
which is determined by the image of the unit, a central invertible element. So the set of
Calabi—Yau structures, when non-empty, forms a Z(A)*-torsor, which in this case is k*.

So any two Calabi—Yau structures differ by an invertible scalar. m

2.5 THE STRONG FREE PRODUCT PROPERTY

The goal of this section is to prove the strong free product property for connected quivers
containing a cycle. We first establish the strong free product property for the quivers
Z; for n > 0 using the Diamond Lemma to build a section of the quotient map = :
L — AQ(Z;L). Then we establish the more general result using the corresponding result
for partial multiplicative preprojective algebras. See Subsection 2.2.1 for the prerequisite

definitions.

As results in Sections 3, 4, and 5 rely on results established in this section, the reader

should note that we do not use any results from previous sections.

2.5.1 THE CASE OF CYCLES

Consider the quiver A,_;: with vertex set (A,_1)o := {0,1,...n — 1} and arrow set
(Ap1)1 = {ag, a8, a1,af,... an—1,a’_;} with s(a;) = ¢ and t(a;) = i + 1 (mod n). The
multiplicative preprojective algebra for this quiver is defined, with respect to the ordering
given by a; < a1 < aj <aj,, foralli,je {0,1,...,n—2}, to be

kﬁn—l[(l +a;af) " (1 +afa;) ico,. 1

T+ @) TS (1 + afan) ™ — S0, qees)

~ L
Aq<An,1) : = j
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143 F— I * _ 3
Writing a := Y, a;, a* := ), af, and ¢ = ), g;e; since

—_

n—

l+aa* =1+ 2 ﬁl—i—al 1+a*a=1+2a§kai=n(1+a§kai)
i=0 [

% =0

we have, B
(A, ) = kA, 1[(1+ aa®)™, (1 - ata)']
(1+aa*)(1+a*a)t —q)
We write r := (1 + aa*)(1 + a*a)™! — ¢ for this relation, S for the degree zero piece
k(An_1)o of A(A,_1). As before let B := kQqlt, (¢ + t)™'] and B = ¢B, spanned over
kQo by t™, ()", m =1, for t' := (q+ ) — ¢~ Let 7' := (g +7r)t — ¢!

We construct o : L/(r) #xq, B — L so that (L,r, o', B) satisfies the strong free product

property using an explicit basis:

Proposition 2.5.1. L is a free left kQo-module with basis consisting of 1 together with

all alternating products of elements of the following two sets, for x := (1 + aa*):
B = {z"a a*)' |meZ eN}, R={" ()" | meN}

In particular, B forms a basis for N9(A,_y) = L/(r), and (L, 7,0, B) satisfies the strong

free product property, with o induced from the inclusion of B into L.

Proof. Note that, for every vertex ¢, we have e;a = ae; for a unique j, and similarly for
the elements a*, z,y := (1 + a*a)~!, 27!, y~1, and by definition, e;r = re;. Therefore L is
spanned as a left S-module by words in a,a*, z,y, 27!, y~1, and r,r’ (of course, this set is

redundant, but we will need it this way to obtain the desired basis). The relations are:

et =1=a"l2, yyl=1=yly, z=14aa"*y=1+a*q, (2.5.1)

r=axy t—qr =yr ' —q . (2.5.2)
The first step is to show that we can get into a normal form in finitely many steps.

Afterwards, we will show that this form is unique. We can form the following system of

reductions which implement these relations:

e Inverse Reductions: zz™ !, o7 o, yy= 1, vy~ 1y — 1.

e Short Cycle Reductions: aa* — x — 1,a%a — y — 1.

e Reordering Reductions: a*z*! — ytla*, ay*! — ztla.
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e Substitution Reductions: y~ +— 271 (r + q),y — (' + ¢~ )z (if not preceded by a);

1

ar — a(r + q)y,ax™ — ay ' (r' + ¢7).

e Reductions in B: rr',r'r — —qr’ — ¢~ 'r.

Observe that we can apply a reduction to a monomial unless the monomial has the form

WU Ws - - - UpWyyq fOr some £ € Z~y where u; € R and w; € B.

We can form an ordering on monomials such that these reductions always replace monomi-
als with a linear combination of smaller monomials. The ordering is as follows. For every
generator or word in generators z, let n,(w) denote the number of occurrences of z in w.
For every pair of generators (or words in generators) z, 2/, let n, . (w) denote the number
of pairs of occurrences of z and 2’ in w with z appearing to the left of z’. For subsets of

generators (or words in generators) Z, Z' let ny 1=, ,m, and nzz 1= 3, 1y Nz

For a word w in the generators, define the function
N(w) := (na(w), g ey foa-1 513 (W)s Nazae—1} (W), Mgy 13 (W), Ny (W) € N, (2.5.3)

Now we say that w’ < w if N(w') < N(w) in the lexicographical ordering on N°. Observe
that, if w’ is obtained from w by applying a reduction, then N(w') < N(w). This implies

that any sequence of reductions terminates in finitely many steps.

It remains to show that the procedure above produces a unique result. More precisely,
we wish to show that any nontrivial linear combination of monomials in normal form
is nonzero. First note that, because the generators y*!' are nonreduced, they can be
substituted out everywhere (except in the substitution reductions for y*! themselves). As
long as we check that the defining relations are still satisfied, this will produce another

valid reduction system. The result is:

Inverse Reductions: Reordering Reductions: 9) y~L > 27 (r + q)
r ko T5 (! A
(1) zo~t &1 (5) a*z (r'+q Hzxa (10) 5 — (' + g )a
(2) 7tz 31 (6) azx % qra — qar'z
(7) ar—! % Reductions in B:

Short Cycle Reductions: e la(r’ + qY)

(11) rr' — —qr’ — ¢ 'r

(3) aa* = x —1 (8) a*z™t S a7 (r + q)a*
(4) a*a+ (r' + ¢ )x —1 Substitution Reductions: (12) r'r— —qr' —q7'r

117



It is clear that this still implies all of the defining relations: for instance, (1 + aa™) still

reduces to x and the relations for r and " are implied by substitution.

The advantage of doing it this way is that the final reductions (substitution and B) don’t
overlap with any others, so the only overlaps between the nonreduced words above are
amongst the (1)-(8), involving the generators a,a*, z,x~! only. (As we stated, such a

procedure works in general, whenever some generators are nonreduced.)

To prove uniqueness, we apply the Diamond Lemma (see®). The Diamond Lemma says
it suffices to check overlap ambiguities, i.e., where two non-reduced subwords overlap in a
larger word. In this case, it suffices to show that the 12 cubic terms formed by overlapping

the leading terms of the quadratic reductions uniquely resolve. These terms are:

(I) zz~ 1 (IV) a*aa* (VID) a*z 'z (X) a*ax
(1) o~ tza™! (V) a*xz™! (VII) az~ 'z (XI) aa*z™!
(III) aa*a (VI) axz™! (IX) aa*z (XII) a*az™'.

The resolution of (I) and (II) are immediate (and are completely general, having to do

with a basis for k[z,z71]). Here is a summary of the remaining resolutions of ambiguities:

VII) (rgory —rg)(az™tz) =0

IX) (r3 —rzorgors)(aa*zr) =0

=
~—
—~
=
o

|

<
ot

O
<
W
~— —~ — ~—

(
(
(X) (rg4 —ryorgorsorg)(a*ax) =0
(XT) (r3 —r3oryorg)(aa*z™t) =0
(XII

XII) (ry —ryorgory)(a*ax) = 0.
We explicitly demonstrate (X), one of the more involved resolutions.

a*ar = (a*a)z > [(F+ ¢ De -1z = (" +q¢ )2° -z
and

a*ar = a*(ax) % a*(qra — qar'z)

T40T5

S (' + ¢ Hza q((r' + ¢ Nz — Dr'z

*(l _
g g Da((r ¢ e —1) —q((" + ¢ D — 'z
=q(r +q (gl —1) + gl ="+ q¢ )2 -

118



Remark 2.5.2. The choice of B was important here. If we instead had defined it so that
(g +1t)~t e B, ie., if we replace 7' = (¢ +7)"t — ¢ ' € R by (¢ + r)~}, then our desired
basis would no longer be linearly independent. Indeed, reducing aa*a one way, we get
(r—1)a = wa—a, which is reduced, whereas the other way we get a(y—1) = a(q+r) 'z —a,
also reduced. That is, za = a(q + r) "'z, an equality of two distinct reduced elements.

~

Proposition 2.5.3. AY(A,) is prime for alln = 0 and all ¢ € (k*)"*!.

~

Proof. We need to show, for every pair f,g € A%(A,), both nonzero, there exists some
h € A1(A,) such that fhg # 0. It suffices to take f and g to be linear combinations
of basis elements that all begin at some vertex i and end at some vertex j. By right
multiplication by a™ 7 or (a*)?, one can take f and g to be linear combinations of basis

n—i

elements ending at vertex 0. By left multiplication by a’ or (a*)"~* and then applying

Reordering reductions, one can take f or g to be linear combinations of basis elements
starting and ending at vertex 0. In fact by doing this we can assume that f is of the form
eofi(z, z71) fo(a™™), where f; # 0 and f, has nonzero constant term, and similarly for g.

Then their product is of the same form, and hence is nonzero.

]

2.5.2 PARTIAL MULTIPLICATIVE PREPROJECTIVE ALGEBRAS

Generally, for any quiver ), let W < )y be a nonempty subset of white vertices, and
B := Qo\W the black vertices. Then the partial multiplicative preprojective algebras of
(@, W) is A1(Q, W) := L/(rp), where rg = lprlg, for 1z := > ; ze;. This algebra
interpolates between A%(Q, Qo) = L and AY(Q, ) = AY(Q). Let B := B[t,(t + ¢)7'] =
1kQolt. (¢ + )71

Proposition 2.5.4. Let () be a connected quiver and Qo = B LW a decomposition into
black and white vertices with W # &. Then (L, rp, 0, B) satisfies the strong free product

property for some choice of o.

In more detail, let F < Q be a union of trees rooted at the vertices of W with:

L FO = Q07
e no arrows between vertices in W, and

o arrows directed towards the roots.

119



SNy Oy
ONZ, ONE, N

O O O

Figure 2.1: The quiver on the left is a doubled quiver, obtained by adding the grey arrows. It has three
white vertices and three black vertices. The middle and right diagrams show two inequivalent spanning
forests, in green, with roots at the white vertices.

We call such an F a spanning forest, see Figure 2.1. For convenience we assume (up to
reorienting the arrows of @) that Fy < Q.

A basis for L is given by concatenable words in the arrows a € Ql, the elements rrl =

(1 + aa*)*! for a € Q,\F1, and the elements rg, vy = (q + 15)"" — ¢!, such that the
following subwords do not occur:

-1

-1 * +1 ol —1 2
Lo, , T, Tq, AG°, AT i, for a € Q; T,x, Texa, Tk, for ae Fi. (2.5.4)

The words in which rg do not occur form a basis for A1(Q, W) = L/(rg), and the section

o 1s given by the inclusion of these elements.

Proof of Proposition 2.5.4. The proof parallels that of Proposition 2.5.1.

Note that L is spanned by concatenable words in a,z, := (1 + aa*),z; ', r,7’ subject to

the following relations, depending on the choice of ordering < on the arrows a € Q;:

Tor,t =1=a"2, x,=1+aa*, (2.5.5)

r= Ha: —q, r'= Hm;e(“) —q! (2.5.6)
a,=

rr’ =1r'r = —qr/ — qilr. (2-5-7)

e(b e(b
Recall [, := Hbe@,b<a gb( ) and Tq - HbeQ b>a Ib @ S0

la(l + aa*)e(“)ra —r+q — xz(a) = (1 + aa*)e(a) _ 1;1(7“ + q)rgl

So define red® = I-1(r 4+ ¢)r;'. We implement the above relations with the following
reductions:

1

e Inverse Reductions: x,z- :r;_ Ty 1 for ae Q.

a )
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Short Cycle Reductions: aa* — z, — 1 for a € Q.

Reordering Reductions: a*z} — x5.a* for a € Q.

. . . + _ _
Substitution Reductions: 2 + red>, z.i — 1 — a*red,'a,
T2, > Tax + a*red,a,

Toxa® — a*red,, for a € F}

Reductions in B: rr',7'r — —qr’ — ¢~ 'r.
For each monomial in L, define a weighted size,

3
Pa = Naq,a*} + En{xmxa*} + Sn{xﬂ 1

a 7xa*}
for each a € ;. From this, one can define a notion of size among monomials in (x*,a |
a € Q,), by first defining a total ordering on the arrows (Q,, <) such that,
a<adifaeF,ad e Q\F,

or if a,a’ € Fy with o’ disconnected from W in F;\{a}.

Intuitively, we are saying that arrows in the spanning forest come before the rest in the
ordering, with arrows closer to the white vertices coming first. Using <, define

N':(xE a,r, 1" |ae Q) — NO x N?
N'(w) :=(20a(W), Najacq,}, (walac,} (W) Rrery (W),
from which we say w < w’ if N(w') < N(w') in the lexicographical ordering on NIQi+2,

Notice, as in Proposition 2.5.1, that N'(r;(w)) < N'(w) for any word w and reduction r;

with r;(w) # w. First notice that, by design, ¢, decreases under the following reductions:

e Inverse Reductions: ¢,(z,2,") = wa(r;'2,) =3 +3/2 >0 = p,(1)

e Short Cycle Reductions: ¢,(aa*) =2 > 3/2 = ¢,(x,)

e Substitution Reductions: ¢, (z,) = 3/2 > 0 = p,(red,),

a(z7) =3>0=p4(red; ), p(,4) =3>2 = p,(a*red,  a),
o(22) = 3> 2 = p,(a*red,a) and p(22,) = 3 > 3/2 = Q. (Tax),
Ya(Tera®) =5/2 > 1 = @,(a*red,).

For the Substitution Reductions observe that red, for a € F; has subwords z;, zy« for

only a single b € F} which is necessarily farther from the root than a and the remaining
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arrows are not in the spanning forest. Consequently, ¢, decreasing, despite ¢} increasing
for larger b, implies that N decreases. The Reordering Reductions preserve all ¢, but
decrease 1,,c5, 1, (zalaco,} (W) by definition, and hence decrease N'. The reductions in B

preserve all 0, and 1y, ,c5. ) (zajaca,; (W) but decrease ng. . (w).

We conclude that every monomial in L reduces to a linear combination of monomials

without subwords in
-1 -1 * -1 ol —1 2
{Tox, 2, Tq, 00", axex,ax ;| a € Q) U{x,, xexa, 50k | a € F1}

after applying finitely many reductions.

Note that some generators are nonreduced: w,, z,!, and :1:;*1 for a € F. Therefore, we

a
can put in reductions for each of these and throw out all other reductions involving these
generators, provided we check that all the defining relations still reduce to zero. We have

the reductions:

(1) zer;t ¥ 1 forae Q, (5) axh > afaforag¢ F,

(2) z;'z, 2> 1forae @, (6) azqx > redga for a € Fy

(3) aa* ¥% red, — 1 for a € Fy (7) 22 ¥5 x0x + a*redga for a € Fy
(4) aa* ™ 2, —1fora ¢ F (8) waxa* ©> a*red, for a € F

which don’t overlap with the remaining reductions:

. . . n _ _
Substitution reductions: zX! — redX' 2} — 1 —a*z;ta, ae€ Fy;

Reductions in B: r7/,7'r v —qr’ — g~ 'r.

As before, reductions (3) and (4) imply the relations x, = 1+aa*, whereas the substitution

reductions imply the defining relations for r,7’. So this is a valid reduction system.

This reduction system has thirteen ambiguities:

(1) 207 w, for a¢ Fy (V) az?s for a e Fy (IX) a*azyx for a e Fy
(1) a;tw,z;t for a ¢ Fy (VD) 22.a* for ae Fy (X) a*azqx for a € Q\Fy
(I) az.+x,4 for a ¢ Fy (VIT) x4xa*a for a € Fy (XI) aa*a for a € Q,\F;
(IV) azixex fora¢ Fy  (VII) axgxa* for a € F (XII) aa*a for a € Fy
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(XIII) aa*a for a* € Fy

which all resolve by the resolutions
(D) (r1 —r2)(Ter; 'wy) =0 (VIID) (r3org—r307rs)(azxexa*) =0

(D) (ry = 1) (e ey t) = 0 (IX) (17014 — 76)(a*azqx) = 0
(II) (r1—riorsors)(azesa,y) =0 (X) (r4 075 075 — 1) (@*ae) = 0
(IV) (ro —r9 075 075)(am 4 ax) = 0 *

(V) (ry org o rr — 10 10){azly) = 0 (XI) (ry —r5074)(aa*a) =0

(
(

(VI) (rzorgor; —rgorg)(z.a*) =0 (XII) (r¢ ory —73)(aa*a) =0

(VII) (r7ory —rg)(xexa*a) =0 (XIII) (rgory —rs)(aa*a) = 0.

The resolutions of the ambiguities (I)—(IV) and (X)—(XIII) are quick, leaving the com-
putational heart of the calculations with the five resolutions (V)—(IX). Note that the
resolutions for (V) and (VI) are identical after swapping the roles of reductions 74 and g,
and similarly for (IX) and (VII), leaving three calculations: (V), (VIII), and (IX). These
ambiguities express the overlap of rg with r7, rg, and r4 respectively and further reduce

uniquely to red?a, red,(red, — 1), and a*red,a. O

2.5.3 A CONVENIENT SUBSTITUTION

It will be convenient for us to make the substitutions:
rii=af 1 (2.5.8)

The motivation for this is as follows: let A be either a multiplicative preprojective algebra
or a partial version for a connected quiver (). Let I be the ideal generated by all paths
beginning and ending at vertices having either ¢ = 1 or the color white (the latter applies
only to the setting of partial multiplicative preprojective algebras). Then A/I is nonzero,
and we can make use of the I-adic filtration. The modified generators zZ, for a an arrow
in I, have the advantage of lying in the ideal I. As we will see, at least in the case where
() either contains a cycle or there is a white vertex, the I-adic filtration is Hausdorff.
Thus, we get an embedding of A into the completion ﬁ;, realising zF as power series

with zero constant term. In the special case where ¢ = 1 (at all black vertices), this
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completion means we are working with noncommutative power series in arrows, and all
of the modified generators have zero constant term. This completion is closely related to
the completion of (partial) additive preprojective algebras at A = 0 (at all black vertices).

Practically speaking, we only require the above substitution in the next subsection in the
partial case, at white vertices, for the purpose of obtaining a basis for quivers containing
cycles. But the substitution probably is worth making as well at any vertex where we

want to think of ¢ as a deformation parameter based at ¢ = 1.

Let us explain how this substitution works in the case of the cycle ;4\; (although we do
not strictly need it in that case). We formally set 2+ := ' — 1 and y* := y*' — 1; then

the modified reductions from Section 2.5.1 are the following ones:

Inverse Reductions: z+z—,z—x+ — —z+ — 2~ and yryT,yTyt — —y_Jr - y_‘

Short Cycle Reductions: aa* — x+,a*a — y.

Reordering Reductions: a*x* — xta*, ay* — y*a.

Substitution Reductions: y= +> x~(r+q)+r+(g—1), y* — (r'+q Hazt+r'+(g"1-1)

(if not preceded by a);
art = a(r+q)yT +ar+ (¢ —1)a, ax= — ay= (' + ¢ 1)+ ar’ + (¢! — 1)a.

This produces the same ambiguities as before, which resolve in the same way after elimi-
nating the nonreduced generators y* (another way to say this is that the reductions are
the same up to the change of variables, so ambiguities resolve if and only if they did

before). The modified ordering function,

N*(w) := (na(w)an{a,a*},{ﬁ,xf—,fr,yf—}(w)an{aF,aF}(w)7n{y?,yT}(w))a

is strictly decreasing under applications of reductions and hence every term reduces after
applying finitely many reductions. The new left free kQ)g-module basis, as in Proposition

2.5.1, is given by alternating words in R and
B = {(z%)d’, (zF)™(a*)" | me N, e N}.

In the case of the partial multiplicative preprojective algebra, the modified reductions are

as follows:

1

o Inverse Reductions: zfx,, 2, v, — —x} — 2z, for a e Q.
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e Short Cycle Reductions: aa* — @, for a € Q.
e Reordering Reductions: a*zF — %a* for a € Q.

. . —_— + — _
e Substitution Reductions: zF +— redX — 1, 2, — —a*red,'q,

Tae? > —Tgx +a*red,a, Tera* — a*(red, —1), for a € F}.

Again, the same ordering function applies here and strictly decreases under these reduc-
tions. The ambiguities must resolve since they did before. Note that, for the following
subsection, we only require the substitutions 7, in the case where the arrow a begins at a
white vertex (which in particular implies that a ¢ F}, although it could be that a* € F}).
If we only make these substitutions, it is similarly easy to write the above reductions in
the case where for certain arrows T, appears and for others x, appears; we leave this to

the reader.

The only thing that we require from the above in the next subsection is the following ob-
servation: reductions on lyyLglyy preserve the augmentation ideal, that is to say, the ideal
generated by the generators. In other words, any monomial of positive length beginning
and ending at white vertices reduces to a linear combination of other such monomials.

This was not true with the original generators (e.g., looking at the inverse reductions).

2.5.4 QUIVERS CONTAINING CYCLES

Finally, we prove the strong free product property for a connected quiver containing a
cycle, along with providing a natural decomposition and basis for its multiplicative pre-
projective algebra. The technique involves showing that, in these cases, the multiplicative
preprojective algebra decomposes (as a vector space) into a free product of the multiplica-
tive preprojective algebra for the cycle and a partial multiplicative preprojective algebra
for the complement of the cycle, where “partial” means that we turn off the relations at
the vertices of the cycle. This technique should extend to the case of general extended

ADE quivers, hence reducing Conjecture 2.0.1 to the extended ADE case.

We will show furthermore that, if ) is a connected quiver containing a cycle Qg, with
Q' = Q\Qg, then there is a linear isomorphism, for W := (Qg)o:

A2(Qp) kg, AT (Q, W) — AY(Q). (2.5.9)

Let us explain how such an isomorphism arises. Let Q)] < @} be the subset of arrows
incident to W. Consider the (Q”,)-adic filtration on both sides. Then the associated
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Figure 2.2: This quiver, @), contains the cycle Qp = ;{\; in blue, with complement, Q" — a quiver with
underlying graph Bg — in black and red. The red arrows are the arrows in @’ with either head or tail on the
cycle. After doubling the quiver, one considers the descending filtration by the red arrows and their ~oppo-
sites on the multiplicative preprojective algebra, A?(Q), whose associated graded is A% (Ag) *LQ A7 Q@ W).

graded relation to rq is the sum rg, + r¢/ 5. As a result, there is a canonical surjection

A (Qp) ko AT (R W) = grgr,) M(Q), (2.5.10)

see Figure 2.2.

The isomorphism (2.5.9) is filtered and induces the surjection 2.5.10 on associated graded
algebras, which is hence also an isomorphism. We note that, in the additive case, the
isomorphism (2.5.9) follows from the proof of*® Theorem 3.4.2 (see also’ Section 5, par-
ticularly Corollary 5.2.9.(ii)). Also, note that the fact that the associated graded of (2.5.9)
is an isomorphism does not imply that the original map is an isomorphism (there would
be no way to deduce surjectivity, since the descending filtration is not finite; if we knew
a priori that the filtration were Hausdorff then we could deduce injectivity, although we

only know this as a consequence of the proof of the isomorphism (2.5.9)).

As before, let B := kQq[t,(¢ + t)7'] and B = tB, which is spanned by elements
t™ ()™, m =1 where t/ := (¢+ 1)t — ¢ L.

Proposition 2.5.5. Let Q) be a connected quiver containing a cycle Qp < Q (Qp = ﬁn_l).
Then a k-linear basis for L is obtained by concatenable products of arrows a and elements
Ta, for a € (Qp)1, and Ty, for a € Q'y, and the elements r,r' := (¢ + r)~' — ¢, such
that mazimal subwords in a, ', a € (Qg)1 are basis elements for N(Qg), and mazimal

subwords in a,rr, a € Q) are basis elements of A1(Q', W).

In particular, the inclusion on basis elements not containing r,r’ defines a filtered iso-
morphism (2.5.9), as well as a section o : A(Q) — L, such that (L,r,o, B) satisfies the
strong free product property.
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Note in the proposition that we only need the elements 7, instead of x, for a € @',
beginning at a vertex of Qg (and making this change to the statement does not affect the
proof). On the other hand, we could freely replace all generators by the modified ones

Ta, even for a € (Qg)1, again without changing the proof.

Corollary 2.5.6. The filtration on A1(Q) generated by arrows in Q\Qg incident to (Qr)o
is Hausdor(f, and the associated graded map of (2.5.9) (using the same filtration on the

LHS) is an algebra isomorphism,

A% (Qi) #1g0 A7 (@ (Qi)o) — er AY(Q). (2.5.11)

Proof of Corollary 2.5.6. Let X < Q\Qp, be the set of arrows incident to (Qg)o not in
Qg itself. Note that gr AY(Q', (Qg)o) = AY(Q', (Qg)o), since there are no relations at
(Qr)o; also the filtration in A% (Qg) #ro, A? (Q', (QE)o) is entirely induced by the second

factor, so the associated graded algebra of the free product is again the free product itself.

Next, observe that the filtration on A7 (Q’, (Qg)o) is Hausdorff, as again there are no
relations at (Qg)o. So the filtration is Hausdorff on the source of (2.5.9), hence also on

the target, as the isomorphism is filtered. This yields the desired statement. O

Proof of Proposition 2.5.5. Using the strong free product properties for L(Qg) and L(Q'),
we obtain the strong free product property for (L, r(Qg) + r(Q)5, 0, B), with o defined
by extending the sections o(Qg),o(Q’). In more detail, combining the reduction systems
for Lq, in Proposition 2.5.1 and for L in Proposition 2.5.4, one gets a reduction system
for Lo = Lg, *kg, Lo However, A(Q) = L/(p(Qr)p(Q’) — q) is not the quotient
L/(p(Qr) + p(Q")s — q). So we need to perturb the relation to r = p(Q")p(Qr) — q.

First observe that this change does nothing to the reductions for L¢, since there the
relation r is unchanged. For Lg,, this change perturbs only the substitution reductions,
which become the following (applying a reordering relation as well for clarity). For con-
venience we use the original generators x,y, a,a™ for Qg but the modified ones 7, for [/Q

(we only need this for a beginning at a vertex of Qg):

oyl =2 (p(@) = Dr+ g+ (r+0),
y— (" +q¢ ") (p@)— 1)z + (r'+ g "z (if not preceded by a);

o ax — a(p(Q) ' = 1)(r + q)y + ary + qya,
ax™l = ay (" + ¢ ) (p(Q) = 1) +ay ' + ¢ 'y a.
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The reason why we wrote these relations as above is because, at every vertex v € (Qg)o,
e,(p(Q')*! — 1) is a linear combination of positive-length monomials in the generators
¥, a, a e Q' (in fact we only need the x7F).

Combining these systems of reductions one gets a system of reductions for L = Lg, *1g,
Lg. Order monomials in L lexicographically in the orderings N and N’ of Propositions
2.5.1 and 2.5.4. Then the above reductions strictly decrease the ordering (we use here
the fact that the ideal of positive-length monomials beginning and ending at vertices of
(QE)o is preserved under reductions). All ambiguities lie either entirely in Lg,, or entirely

in Lo and hence they all resolve.

We conclude that the strong free product property holds for (L, o, p(Qg)p(Q’) — ¢, B) and
hence 2.5.9 is an isomorphism. O
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