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Abstract

Let G be a transitive permutation group acting on a finite set X. Recall
that G is primitive if there are no non-trivial equivalence relations on X
which are preserved by G. An orbital graph of G is a graph with vertex
set X and edges {z,y}, where (z,y) belongs to a fixed orbit of the natural
action of GG on the set X x X. A well-known result by D.G. Higman asserts
that G is primitive if and only if all the orbital graphs are connected. For a
primitive group G, we define the orbital diameter of G' to be the maximum
of the diameters of all orbital graphs of G. Let C be an infinite class of finite
primitive permutation groups. This gives rise to an infinite family of orbital
graphs. It may be that the diameters of these orbital graphs tend to infinity.
More interestingly, it may be that the diameters of all the orbital graphs
are bounded above by some fixed constant; if this is the case, then we say
that C is bounded. Previous results by M. W. Liebeck, D. Macpherson and
K. Tent focus attention on classes of almost simple primitive permutation
groups which are bounded.

In the thesis we analyse the orbital diameters of three families of groups,
as follows. Firstly, we analyse the alternating and symmetric groups. For the
primitive actions of these groups, we give necessary numerical conditions for
the orbital diameter to be bounded above by some constant ¢ and we make
the result precise for ¢ = 5. For each primitive action, we also describe either

all or an infinite family of orbital graphs of diameter 2.



Then we analyse the almost simple groups with socle isomorphic to the
projective special linear group PSLy(q). For the primitive actions of these
groups we give necessary conditions for the orbital diameter to be bounded
above by 2 and we also give information about orbital graphs of diameter 2.

Lastly, we analyse a large family of simple groups known as the simple
groups of Lie type which consist of the simple classical groups and excep-
tional groups. In particular, we analyse a class of primitive actions known as
parabolic actions, giving a precise description of the actions for which the or-
bital diameter is at most 2. For the simple classical groups, we also describe

infinite families of orbital graphs of diameter 2.
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Notation

Let G and H be groups, 2 a set, n a positive integer and ¢ a prime power.

We will use the following notation throughout this text.

le

(G: H)

H <pax G
Ne(H)

G = N.Q (or n.Q)
Fy

F

I,

MT

dij

Xﬂ

C

diamep (G, Q)

Cyclic group of order n

Dihedral group of order n

Symmetric group of degree n

Alternating group of degree n

The identity element in G

The set of right cosets of H in G

H is a maximal subgroup of G

The normaliser of H in G

Extension of N (or C,,) by @, i.e. G/N = Q

Field of g elements

Non-zero elements of the field IF,

n X n identity matrix

Transpose of the matrix M

Kronecker delta

The set of n-tuples with entries in X

Appears as the first letter of any computer program
The orbital diameter of the permutation group (G, 2)
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Chapter 1

Introduction

1.1 Fundamental concepts

Throughout this text, a permutation group will be denoted by a pair (G, X),
where G is a group with a right action on a set X. For z,y € X, the stabiliser
in G of z will be denoted by G, and the stabiliser in G of x and y will be
denoted by G,,. If the cardinality of X is finite, then (G, X) is called finite.
All permutation groups in this text will be assumed finite.

Let n be a positive integer. Recall that a permutation group (G, X) is
called n-transitive if for any two n-tuples (ay,...,a,) and (f1,..., 5,) each
consisting of n distinct elements of X, there exists g € G such that of =
for all 7. We say that (G, X) is transitive if it is 1-transitive. A transitive
permutation group (G, X) is called primitive if there is no non-trivial equiv-
alence relation on X which is preserved by G.

The main objects of focus in the thesis will be a certain class of graphs

called orbital graphs, which we now define.
Definition 1.1.1. Let (G, X) be a transitive permutation group.

1. An orbital of (G, X) is an orbit of the natural action of G on X?2. The
number of orbitals is called the rank of (G, X). The diagonal orbital is

11



the orbital
Ag:={(z,z):x € X}.

2. For a non-diagonal orbital A, the orbital graph of A is the undirected
graph with vertex set X and edges {x,y} where (z,y) € A.

The orbital graphs of a primitive permutation group are all connected;

the following well-known result justifies this.

Proposition 1.1.2. Let (G, X) be a transitive permutation group where

| X | > 2. The following are equivalent:
1. (G, X) is primitive;
2. The point stabiliser G is a maximal subgroup of G, for all x € X;
3. All the orbital graphs of (G, X) are connected.

Proof. The implication (1) < (2) can be found as Corollary 1.5A in [9], and
the implication (1) < (3) can be found as Theorem 3.2A in [9]. O

Since the orbital graphs of a primitive permutation group are all con-
nected, we can define a quantity called the orbital diameter of the permuta-

tion group as follows.

Definition 1.1.3. Let (G, X) be a primitive permutation group and I' be
an orbital graph of (G, X).

1. For two vertices a # b of I, the distance between a and b is the length

of a shortest path between a and b.

2. The diameter of I' is the maximum of the distances between a and b

over all pairs of vertices a # b of T.

3. The orbital diameter of (G, X) is defined to be the maximum of the di-
ameters of all orbital graphs of (G, X), and is denoted by diamo (G, X).

12



In the thesis we will be focusing on the orbital diameters of particular
types of primitive permutation groups, namely almost simple primitive per-
mutation groups; we now define these.

For a group G, we will denote by Aut(G) the group of all automorphisms
of G, and we will denote by Inn(G) the (normal) subgroup of Aut(G) con-
sisting of inner automorphisms of G, i.e. the automorphisms of G which
are conjugation by elements of G. We will denote by Out(G) the quotient
group Aut(G)/Inn(G). It is an easy to prove fact that Inn(G) = G, for a
non-abelian simple group G; henceforth, in this case we will write GG in place

of Inn(G) when it is convenient.

Definition 1.1.4. A group G is called almost simple if it satisfies
Inn(7T") < G < Aut(7),

for some non-abelian simple group 7.
Definition 1.1.5. Let G be a non-trivial group.

1. A minimal normal subgroup of G is a non-trivial normal subgroup of G

which does not contain properly any other non-trivial normal subgroup

of GG.

2. The socle of G is the subgroup generated by all the minimal normal

subgroups of GG, and is denoted by soc(G).

In the following, for a group G and subgroup H, we denote by Cq(H),
the centraliser of H in G, i.e. the set of elements of G which commute with

every element of H.

Proposition 1.1.6. Let T be a non-abelian simple group and let G be an
almost simple group with Inn(T) < G < Aut(T'). Then soc(G) = Inn(T).

Proof. Firstly, since T' is a non-abelian simple group we have Inn(7") = T

Y

and thus Inn(7") is a minimal normal subgroup of G; we will show that it is

13



the unique one and thus equal to the socle of G. Now suppose M # Inn(7)
is another minimal normal subgroup of G. It is a fact that any two ele-
ments from different minimal normal subgroups commute with each other
(see Theorem 4.3A(i) in [9]), and thus M C Cg(Inn(7)). We claim that
Ce(Inn(7T)) = 1, which would imply the contradiction that M = 1, and com-
plete the proof. To prove the claim, let ¢ € Co(Inn(7")) and let =, : T'— T
denote the map which is conjugation by t € T. Then z; = gx,9~! = Tg(p)
for all ¢ € T, where the last equality is straightforward to show. Thus g(t)
and t induce the same inner automorphism of 7. This implies g(t)~'¢ is in
the centre of T, which is trivial as it is a proper normal subgroup of the
non-abelian simple group 7. Hence g(t) =t for all t € T, i.e. ¢ = 1. This

proves the claim. O

1.2 Motivation

Let C be an infinite class of finite primitive permutation groups. This gives
rise to an infinite family of orbital graphs. It may be that the diameters of
these orbital graphs tend to infinity. More interestingly, it may be that the

diameters of all the orbital graphs are bounded above by some fixed constant.

Definition 1.2.1. Let C be an infinite class of finite primitive permutation
groups. We say that C is bounded if there exists a constant d such that the
diameters of all the orbital graphs of groups in C are bounded above by d.

The motivation behind the main results in the thesis is a result by M.W.
Liebeck, D. Macpherson and K. Tent which gives structural information
about the infinite classes of finite primitive permutation groups which are
bounded. The finite primitive permutation groups can be split into five cat-
egories by the O’Nan-Scott theorem [17]; one category amongst these is the
category of almost simple primitive permutation groups. The main result by
Liebeck, Macpherson and Tent deals with all five classes of primitive permu-

tation groups (see Theorem 1.1 in [15]), however we will only state the result
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concerning almost simple groups as these are the groups we focus on in the
thesis. We now make some definitions which are needed to state the result.

We begin with the classification of the finite simple groups. For the
following result, see Section 1.2 in [24]. In the result, we shall use terms
which we have not yet defined; we shall define the terms which are necessary

as the need arises.

Theorem 1.2.2. Every finite simple group is isomorphic to one of the fol-

lowing groups:
1. a cyclic group of prime order;
2. an alternating group of degree at least 5;
3. a group of Lie type
4. one of 26 sporadic groups;

In fact, the majority of the groups in Theorem 1.2.2 (except for finitely
many cases) are simple.

The main theorem in [15] deals with two categories of almost simple prim-
itive permutation groups. To define these categories we make the following
definition; again we use undefined terms which shall be defined in later chap-

ters if needed.

Definition 1.2.3. Let G be an almost simple group with socle Gy. We define
a quantity called the L-rank of G when Gy is one of the groups in Table 1.1.

Go L-rank
(A) A, n
(B) PSL,(q), P$y,(q) n—1
(C) | PSU2u(q), PSUsn11(q), PSPa,(9); PQ2n+1(q), P$23,(q) n
(D) Eﬁ(q)v E7(q)7 E8(q)> F4<Q): GQ(Q) 6,7,8,4,2
(E) 3D4(q)7 QEG((D’ QBZ(Q)v 2GQ(q)u 2F4(Q>/ 4,6,2,2,4

Table 1.1: L-ranks of the alternating groups and groups of Lie type

15



Remark 1.2.4. The groups excluding A, in Table 1.1, comprise the groups
of Lie type which are defined with respect to a finite field F,; we will denote
by G(q) a group of Lie type. The groups of Lie type are simple excluding
finitely many cases (see [24, p. 3] for the precise result); the simple ones are
collectively referred to as the simple groups of Lie type. In particular, the
groups in rows (B) and (C) which are simple are known collectively as the
simple classical groups; roughly speaking these are quotients of subgroups
of the special linear group SL,(¢) (with coefficients in F,) by their centres
(see Chapter 2 for detailed definitions). The simple groups containing the
symbol  will be referred to as the simple orthogonal groups. The groups in
rows (D) and (E) will be referred to as the exceptional groups (of Lie type).
Note that the final three groups in row (E) are each defined with respect
to a finite field F, of a certain characteristic. In particular 2F;(g)’ (which
denotes the commutator subgroup of 2Fy(q)) is defined for ¢ = 22"+ (n > 0)
and 2Fy (221 = 2Fy (22" for n > 1 since 2F;(2*"*1) is simple for n > 1

(see Section 1.2 in [24]).

Definition 1.2.5. Let n > 1 be an integer. The group PSL,(¢q) is defined
to be the quotient of the group SL,(q) by its centre. The map A — (A~1)T

for A € SL,(q), is called the graph automorphism of SL,(q).

We now define some particular actions of almost simple groups; again we

use undefined terms which shall be defined in later chapters if needed.

Definition 1.2.6. Let (G, X) be an almost simple finite primitive permuta-
tion group with socle Gy, and let ¢ > 1 be an integer. We say that (G, X)

has a standard t-action if one of the following holds:

1. Gy = A, and X is the set of t-subsets of {1,...,n} with the natural

action of A,;

2. G is a simple classical group (acting naturally on the subspaces of the

underlying vector space V') and X is an orbit of subspaces of dimension

16



or codimension t; the subspaces are arbitrary if Go = PSL,(¢), and are
otherwise totally singular, non-degenerate, or, if GGy is a simple orthogo-
nal group in characteristic 2, are non-singular subspaces of dimension 1

(in which case t = 1);

3. Go = PSL,(q), G contains an element from the coset in Out(Gy) of the
graph automorphism, and X is an orbit of pairs of subspaces {U, W'}
of the underlying vector space V', where either U C W or V =U & W,

and U has dimension ¢ and W has dimension n — t;

4. Gy = PSp,,,(q), q is even, and the stabiliser in G of a point is isomor-
phic to PO3, (¢) (here we take ¢ = 1).

We make one final definition before we state the main result by Liebeck,

Macpherson and Tent.

Definition 1.2.7. Let G := G(q) be a group of Lie type. A subfield subgroup
of G is defined to be a group Ng(G(qo)), where G(qp) is embedded naturally
in G and F, is a subfield of IF,.

Theorem 1.2.8 (Theorem 1.1(2) and (3) in [15]). Let C be an infinite class
of almost simple finite primitive permutation groups whose socle is either
an alternating group or a group of Lie type, and suppose that C is bounded

(say all the orbital diameters are bounded above by d). The following hold:

1. If the groups in C have unbounded L-ranks, then the socles of groups
of sufficiently large L-rank are alternating or simple classical groups in

standard t-actions, where t is bounded (in terms of d);

2. If the groups G in C have bounded L-rank, then the point stabilisers
G, have unbounded orders; moreover, if G has socle G(q) of Lie type
and G, is a subfield subgroup Ng(G(qo)), then |F, : Fy| is bounded
(in terms of d).

17



In fact the converse of Theorem 1.2.8 also holds (see Proposition 4.1(ii)
and Theorem 1.2 in [15]). It can be seen that Theorem 1.2.8 gives structural
information about classes of primitive permutation groups that are bounded,
however it doesn’t give explicit descriptions of classes for which the orbital
diameters are bounded above by a given constant d. This brings us to the

two broad aims of the thesis, which are as follows:

1. Given a constant d, to find all the almost simple finite primitive per-
mutation groups (G, X) with diamp (G, X) < d;

2. To find all the almost simple finite primitive permutation groups for

which there exists an orbital graph of diameter d, for small values of d.

Note that aim 1 also involves analysing infinite classes of primitive per-
mutation groups which are not bounded; a class which is not bounded can
give rise to finitely many permutation groups whose orbital diameters are
bounded above by a fixed constant. The motivation behind the second aim
is the fact that orbital graphs belong to a wider, extensively studied family
of graphs, namely edge-transitve graphs (a graph I is called edge-transitive
if for any two edges e; and e, of I', there exists an automorphism of I' that
maps e; to eg). Thus finding families of orbital graphs of small diameter
amounts to producing edge-transitive graphs of small diameter.

In the thesis, we work on aims 1 and 2 for some values of d < 5, with
almost simple groups whose socle is either an alternating group or a group
of Lie type. Let us discuss what Theorem 1.2.8 tells us in each case. Let C
be an infinite class of finite primitive permutation groups (G, X).

Firstly, we analyse the case where G := S, or A, for n > 5; it is a
well-known that for n # 6, Aut(A,) = S, (see Theorem 2.3 in [24]) and
thus S,, and A,, are the only almost simple groups with socle equal to A,,.
We shall see later that there are three different types of primitive actions
of G; Theorem 1.2.8(1) and its converse tells us that if we let n tend to

infinity, then the only primitive action of G which will give rise to a bounded

18



class, is the action on t-subsets of {1,...,n} where t is bounded. For the
remaining two types of actions, we find necessary numerical conditions for
the orbital diameter to be bounded above by some constant ¢, and give
precise descriptions of the actions for which the orbital diameters are bounded
by 5. For each primitive action, we also either determine all orbital graphs
of diameter 2 or give descriptions of infinite families of orbital graphs of
diameter 2. In fact, for the action of GG on t-subsets, we give explicit formulas
for the diameters of all orbital graphs. The main results of the chapter are
Theorems 3.2.5, 3.2.6 and 3.2.8.

Secondly, we analyse almost simple groups G where soc(G) = PSLs(q)
and ¢ is odd. In this case we shall see that there are eight different types of
primitive actions; Theorem 1.2.8(2) and its converse tells us that if we let ¢
tend to infinity then four of these will give rise to bounded classes and the
other four will not. In the thesis, we find the possible primitive actions of
G for which the orbital diameter is at most 2 and also give descriptions of
orbital graphs of diameter 2. The main result of the chapter is Theorem 4.2.1.

Lastly, we analyse the simple groups of Lie type which form a large pro-
portion of the finite simple groups (see Theorem 1.2.2); we analyse a partic-
ular class of primitive actions known as the parabolic actions. For the simple
classical groups, we shall see later that the parabolic actions are standard
t-actions for some ¢, and thus Theorem 1.2.8(1) and its converse tells us that
if we let the L-rank tend to infinity then this will give rise to a bounded
class provided that t is bounded. In the thesis, we find the parabolic actions
of the simple classical groups for which the orbital diameter is at most 2
and also give descriptions of orbital graphs of diameter 2; the main result is
Theorem 6.2.1. For the exceptional groups, the stabilisers of the parabolic
actions have unbounded orders as ¢ tends to infinity (see Chapter 4 in [24] for
the orders) and thus by Theorem 1.2.8, this case also gives rise to a bounded
class. In the thesis, we find the parabolic actions of the exceptional groups

for which the orbital diameter is at most 2; the main result is Theorem 6.2.5.
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The structure of the thesis is as follows. We start by gathering together
some preliminary material which is needed throughout the thesis in Chap-
ter 2. In Chapter 3 we analyse the orbital diameters of primitive actions of
the alternating and symmetric groups. In Chapter 4 we analyse the orbital
diameters of primitive permutation groups whose socle is the group PSLy(q)
where ¢ is odd. The proofs of some of the results in Chapters 3 and 4 involve
computations done using a computer; we explain the computer programs
that we have written for these computations in Chapter 5. In Chapter 6, we
analyse the orbital diameters of the parabolic actions of the simple groups of
Lie type. We conclude the thesis with Chapter 7 which has a brief discussion

of possible open problems which arise from the work done in the thesis.
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Chapter 2

Preliminary theory

In this chapter we detail the preliminary theory which will be needed through-
out the thesis.

2.1 Permutation groups

For a permutation group (G, X), the orbit of z € X under G will be denoted
by ¢ and the action of ¢ € G on z € X will be denoted by z9. We recall a

few definitions below.
Definition 2.1.1. Let (G, X) be a transitive permutation group.

1. An orbital of (G, X) is an orbit of the natural action of G on X?. The
number of orbitals is called the rank of (G, X). The diagonal orbital is
the orbital

Ag:={(z,z):x € X}

2. For an orbital A, we define the paired orbital
A* = {(y,x) € X*: (x,y) € A}.
If A = A*, then we say that A is self-paired.

21



3. For a non-diagonal orbital A, the orbital graph of A is the undirected
graph with vertex set X and edges {x,y} where (z,y) € A.

4. If (G, X) is primitive, then the orbital diameter of (G, X) is the max-
imum of the diameters of all orbital graphs of (G, X), and is denoted
by diamo (G, X).

5. Fix x € X. A suborbit of (G, X) (with respect to z) is an orbit of G,
on X. The trivial suborbit is {x}.

Remark 2.1.2.

1. It is straightforward to see that a permutation group (G, X) which has
rank equal to 2 has only one orbital graph of diameter 1 and hence has
orbital diameter equal to 1. Similarly, a permutation group which has
rank equal to 3 has either only one orbital graph of diameter 1 or two
orbital graphs both of diameter 2, and hence in this case the orbital

diameter is either 1 or 2, respectively.

2. We will use the notation dr(a, ) to denote the distance between two
vertices o # f of a graph I', and we will omit I" from the notation if
the graph in question is clear. If d(«, 5) = 1, i.e. {«, 8} is an edge,
then we may write o — . When computing the diameter of an orbital
graph of a primitive permutation group (G, X), it is useful to note that
since G acts transitively on each orbital, if («, ) and (7,0) are in the
same orbital, then d(«, 8) = d(7,9).

When analysing the orbitals of a transitive permutation group, we will of-
ten use the well-known correspondence between orbitals and suborbits which

can be found in [9, p. 67 and is as follows.

Proposition 2.1.3. Let (G, X) be a transitive permutation group and let
x € X. There is a one-to-one correspondence between orbitals of (G, X) and
suborbits of (G, X), where the suborbit y©= corresponds to the orbital (x,y)¢
and an orbital A corresponds to the suborbit A(zx) :={y € X : (x,y) € A}.
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In light of Proposition 2.1.3, we say that a suborbit is self-paired if the
corresponding orbital is self-paired.

In various chapters of the thesis, we will need to work out the sizes of
stabilisers of points in certain actions, or justify that a particular permutation

group is transitive; we do these using the following well-known result.

Proposition 2.1.4 (Orbit-Stabiliser property, [9, Theorem 1.4A(iii)]). Let
(G, X) be a permutation group. Then |x¢| = |G : G| for all x € X. Thus if
|G : G| = |X|, then (G, X) is transitive.

When analysing the primitive actions of a group, we will sometimes also
need to analyse the restriction of the action to a subgroup of index 2. For

this purpose we state and prove the following result.

Proposition 2.1.5. Let (G, X) and (H, X) be transitive permutation groups.
Suppose H < G is a subgroup of index 2. Let A := y% be a non-trivial
suborbit of (G, X). Then either |G,y : Gy N H| =1, in which case A splits
into 2 suborbits of (H, X) of equal size, or |Gy : Gy, N H| = 2, in which case
A remains a suborbit of (H, X).

Proof. Firstly note that using the Orbit-Stabiliser property we have

G N H| = |H,| = |G.]/2. (2.1)
Secondly note that
|Gyl Gy | _ |G|
|Gey : Goy N H| = = < —— =2
o |Gay N H] |H| | H|

Suppose |Gy : Gy N H| = 1. Then G,y = G,, N H and hence using the
Orbit-Stabiliser property and (2.1) we obtain

(AN
2|Gyyl 2’

™| =y = |G N H 2 Gyl =
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ie. A splits into two suborbits of (H,X) of equal size. Now suppose
|Gyy © Gay N H| = 2. Then again using the Orbit-Stabiliser property and
(2.1) we obtain

|G
|ny|

™| =y = |G, N H : Gy N H| = = Al

i.e. A is a suborbit of (H, X). O

Remark 2.1.6. Let (G,X) and (H,X) be as in Proposition 2.1.5, and let
A := (o, 8)% be an orbital of (G, X). Then |[A| = |G : Gup| = |X||8%].
Thus, A splits into 2 orbitals of (H, X) if and only if the corresponding
suborbit A% does.

There are certain classes of primitive permutation groups for which the
sets of diameters of all orbital graphs are equal, and therefore to study the
orbital diameters of these permutation groups, it would suffice to analyse the
most convenient permutation group out of the class. Below we make this

notion more precise.

Definition 2.1.7. Let (G, X) and (H,Y) be two permutation groups. We
say that (G, X) and (H,Y) are (permutation) isomorphic if there exists an
isomorphism ¢ : G — H and a bijection f : X — Y such that

f(@9) = f(x)*9, Vee X, ged.

If G = H and ¢ = 1¢, then we say that (G, X) and (H,Y") are (permutation)

equivalent.

We now state a result summarising some facts which are either straight-
forward to prove or can be found in an introductory text on permutation

groups such as [9].
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Proposition 2.1.8.

1. Every primitive action of a group G on a set X is equivalent to the
natural action (of right multiplication) of G on the set (G : H) of right
cosets of H in G, where H := G, (a € X)) is a mazximal subgroup of G.

2. For a group G and subgroups H and K, the natural transitive actions
of G on (G : H) and (G : K) are equivalent if and only if H and K

are conjugate in G.

3. The set of diameters of all orbital graphs of a primitive permutation

group s preserved under permutation isomorphisms.

To summarise, Proposition 2.1.8 justifies the following: in order to study
the orbital diameters of the primitive actions of a group G, it suffices to study
the natural actions of G on right cosets of conjugacy class representatives of

maximal subgroups of G.

2.2 Bounds on diameters of orbital graphs

In this section we state and prove two results which are bounds involving the
diameter of an orbital graph. These results will be used in various chapters
to narrow down possibilities for permutation groups whose orbital diameters

are bounded above by some fixed constant.

Lemma 2.2.1. Let (G, X) be a primitive permutation group where X :=
(G: H) and |H| > 1. Let T be an orbital graph of (G, X) with diameter d.
Then T' is reqular of valency k < 2|H| and

|G H| < 1+2/H|+2|H|2|H| - 1)+ +2[H|2|H| - 1) (2.2)
|H|
[H| -1

< (2|H| — 1)< (2.3)
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Proof. The regularity of I" follows from the transitivity of G on X. Let
A = (a, 8)¢ be the orbital corresponding to I'. Recall that the vertex set
of I'is X. Let k be the valency of a € X. We have (y,«) € A for some 7.
Then {«,d} is an edge if and only if § € 3% or § € y“. Now these two
suborbits are equal if and only if A is self-paired, therefore either k = |3
or k = |B%| + |y%|. In either case, k < |3%| + |[y%| < 2|G,| = 2|H|. This
proves the upper bound on the valency. To prove the last assertion observe
that,
IX|<1+k+k(k—1)+-+k(k—1)""

Now k < 2|H| and using this in the above inequality we obtain

G H| < 1+ 2|H| 4+ 2H|IH| ~ 1) + - - + 2 H|(2|H]| - 1)

(2/H| - 1) -1
2[H| -2 )

:1+mﬂw<

|H|

<
[H| -1

(2|H| — 1)<

]

Proposition 2.2.2. Let (G, X) be a primitive permutation group where X :=
(G : H). Suppose there exists a subgroup Y < H such that Ng(Y) > Ny (Y).
If No(Y)\ Ny (Y) contains an element of order 2, then define a := 1, other-

wise define a := 2. There exists an orbital graph of diameter d, where

log(|X1)

1> fog(alH]) —log(IV])

-1

Proof. Pick g € Ng(Y) \ Ny(Y). Define o := H, 3 := Hg, and k := |3%]|.
Let T' be the orbital graph corresponding to the orbital A := (o, 3)¢ and
define d := diam(I"). If g has order 2, then g swaps o and /3, and hence A is
self-paired, i.e. I' has valency k. Otherwise [' has valency 2k. By the proof
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of Lemma 2.2.1 we have that
|G : H| <14 ak +ak(ak —1) + -+ ak(ak — )" < (ak)*,

where a is as in the statement of the lemma. Rearranging for d, this implies

log(|G : H|)
d>———=—1. 2.4
log(ak) 24)
By the Orbit-Stabiliser property, we have k = |G, : Gop|. Moreover, since
Gs = g 'Gug, we thus have k = |G, : G, Ng'Guyg|. Now Y < H = G, and
Y =¢7'Yg < ¢g7'Gag imply |Y] < |G, N g7 Gyygl, and hence k < |H|/|Y].
Using this in (2.4), we obtain the result. O

2.3 Classical groups

In this section, we define a family of groups known as the classical groups.
These give rise to the simple classical groups which will be the main groups
we study in Chapters 4 and 6.

Henceforth, all vector spaces mentioned will be over a finite field F,.
We will denote by GL(V'), the general linear group of all invertible linear
transformations of a vector space V', and by SL(V'), the special linear group
of elements of GL(V') with determinant 1. The classical groups are defined as
particular subgroups of SL(V') and they arise from various maps on V' which

we describe next.
Definition 2.3.1. Let V' be a vector space.
1. Amap f:V xV = T, is called a

(a) symplectic form if it is alternating, bilinear, and f(v,v) = 0 for
allv e V;
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(b) wnitary form if it is left-linear and f(v,w) = o(f(w,v)), where
q¢=¢é and o : F, — F, given by z — z% is an automorphism of
[F, of order 2.

2. Amap Q : V — F, is called a quadratic form if
(a) Q(A\v) = Nv, for all v € V and A € F,, and

(b) the map f:V x V — F, defined by

flo,w) = Qv +w)— Q) — Q(w)
is bilinear.

In cases la and 1b, we refer to (V) f) as a symplectic space or unitary space,

respectively, and in case 2, we refer to (V, Q) as a quadratic space.

Remark 2.3.2. Let ) : V — F, be a quadratic from and let f be the corre-
sponding bilinear form. Then () determines f but the converse only holds if
q is odd.

Henceforth, for the maps f as in Definition 2.3.1, we will write (v, w)
instead of f(v,w).

Definition 2.3.3. Let V' be a vector space and let f : V x V — F, be a
symplectic or unitary form, or the symmetric bilinear form associated to a

quadratic form.

1. For a subspace W C V| define

WH={veV:(v,w)=0, YwecW}

2. We say that V (or the form) is non-degenerate if V+ = 0.

3. We say that a subspace W C V is non-degenerate if W N W+ = 0.
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Remark 2.3.4. Let V and W be as in Definition 2.3.3. If W is non-degenerate
and V. = W + W+, we write V. = W L W'. We have that W is non-
degenerate if and only if V. =W L W+ (see Lemma 2.1.5(v) in [14]).

We will need the following definition before we can define the classical
groups. Henceforth, we will use the term (V| k) to collectively denote the
structures (V, f) and (V, Q) appearing in Definition 2.3.1, where x : V! — F,
and [ := 1if (V, Q) is a quadratic space, and [ := 2 if (V| f) is a symplectic or
unitary space. Furthermore, we will omit the use of x when it is clear from

the context what & is.

Definition 2.3.5. Let (V,k) be a non-degenerate symplectic, unitary or

quadratic space. We define
I(V,5) == {g € GL(V) : 5(g(v)) = &(v), VveV'},

and
S(V,k) :=SL(V)NI(V, k).
We say that I(V, k) stabilises k.
Definition 2.3.6. The classical groups consist of the following groups:

e Linear groups: These are the groups GL(V') and SL(V);

e Symplectic groups: These are the groups Sp(V') := I(V f), where (V, f)

is a non-degenerate symplectic space;

e Unitary groups: These are the groups U(V) := I(V, f) and SU(V) :=
S(V, f), where (V, f) is a non-degenerate unitary space;

e Orthogonal groups: These are the groups O(V) := I(V, Q) and SO(V) :
S(V,Q), where (V,Q) is a non-degenerate quadratic space, and the
commutator subgroup of SO(V'), denoted (V).
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When analysing actions of the classical groups, it will not be necessary
to consider each possibility for (V) k) separately. To explain precisely which

(V, k) we need to consider, we make the following definition and remark.

Definition 2.3.7. Let (V, k) and (V’, k') be two spaces of the same dimen-

sion, which are both symplectic, both unitary or both quadratic.

1. An isometry is a linear map g : V' — V' such that
K (g(v)) = K(v), VYveVl

If the above holds, then we say that (V, k) and (V', k") are isometric.

2. A similarity is a linear map g : V' — V' such that
R (9(v)) = As(v), VveV

for some A € F,. If the above holds, then we say that (V, k) and (V’, /)

are similar.

Remark 2.3.8. If (V, k) and (V', k') are isometric or similar, and [ := I(V, k)
and I’ :== I(V', k'), then there exists an F -linear homomorphism g : V. — V'
such that gI¢g~! = I’, and hence there is a one-to-one correspondence between
the actions of I and I’, where the corresponding actions are permutation
isomorphic. Also note that a form x on a vector space V is determined by
the values it takes on a basis of V; in the case where V' = V', by the above, it
does not matter which values are chosen as long as all sets of values determine

isometric or similar forms.

We now detail the number of isometry and similarity classes of non-

degenerate symplectic, unitary and orthogonal spaces.
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Proposition 2.3.9. (Proposition 2.4.1in [14]). Let (V, f) be a non-degenerate
symplectic space. Then the dimension n of V is even (n =2m) and (V, f) is
unique up to isometry. Furthermore, V has a basis {e1,... em, f1,..., fm}
such that

(67;,6]‘): (fwf]) :07 (627f]):51j7 VZ,]
Proposition 2.3.10. (Propositions 2.3.1 and 2.53.2 in [14]). Let (V, f) be

a non-degenerate unitary space. Then (V) f) is unique up to isometry. Fur-

thermore, V' has a basis
1. {e1,....em, f1,- -, [m}, if n=2m;

2. {e1, o velm, fiy oo fmy ), if n=2m+1,

where (x,x) =1, and
(ei>€j>:(fi7fj):()7 (e’hfj) :(Sija (eiam):(fhx):()a VZ,]

Proposition 2.3.11. (Propositions 2.5.3 and 2.5.4 in [14]). For each n,
there are precisely two isometry classes of non-degenerate quadratic spaces
(V,Q) of dimension n. If n is odd, then all the spaces are similar. Further-

more, V has a basis of one of the following forms:

1o {etse o em fraee s o} (withn = 2m), where
Qe:) = Q(fi) =0, (e, fj) = b5 Vi
2 {er, o emns fireees sy} (with n = 2m), such that
Qe:) = Q(fi) =0, (e, f3) = 0y,

(ehx) = (ei>y) = (fl,(l?) = (flay) =0,

for all i,j, and (Q(z),Q(y), (z,y)) = (1,¢,1), where the polynomial
t2 + ¢ + C is irreducible over F,;
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3. ety elm, fise o fmyx} (with n = 2m + 1), where
Qe:) = Q(fi) =0, (e, fj) = 05, (es,w) = (fi,x) =0, Vi, j,

and Q(x) # 0.
The bases described in Propositions 2.3.9, 2.3.10 and 2.3.11 will be re-

ferred to as standard bases.

Definition 2.3.12. Let (V,Q) be a non-degenerate quadratic space. Let
W C V be a non-degenerate subspace and let QQyy denote the restriction of
Q to W. We define

o, if (V, Q) has a basis as in Proposition 2.3.11(3)
sgn(Q) := < +, if (V,Q) has a basis as in Proposition 2.3.11(1)
—, if (V, @) has a basis as in Proposition 2.3.11(2),

and sgn(W) := sgn(Qw).

To distinguish between the orthogonal groups corresponding to the three
different types of quadratic spaces (V, Q) in Proposition 2.3.11, we will write
Yen(@)(V) instead of Y(V) for Y € {0, SO, Q}; if sgn(Q) = o, we may omit
the o. In order to determine sgn(Q®) in later chapters, it will be helpful to
define the following types of subspaces of V.

Definition 2.3.13. Let (V, Q) be a quadratic space. A subspace W <V is
called totally singular if Q(w) =0 for all w € W.

We conclude this chapter by defining the simple classical groups. It turns
out that the classical groups themselves are not usually simple groups, but

modulo their centres become simple in many cases.

Definition 2.3.14. Let X € {GL,SL,Sp,U,SU, O,S0, 0%, SO*, Q°, O*}.
The projective group PX(V) is defined to be the group X (V)/Z(X(V)),
where Z(X(V)) denotes the centre of X (V).
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Remark 2.3.15. Let V' be a vector space of dimension n over [F,. By fixing
a basis of V' we have that GL(V) = GL,(¢). Under this isomorphism, the
groups X (V) for X € {GL,SL,Sp,U,SU, 0, SO, 0* SO*, Q°,Q*} will be
denoted by X, (q). The corresponding projective groups will be denoted by
PX.,.(¢q). We will refer to n as the dimension of X,,(q) and PX,,(q).

The following is a concatenation of Theorems 4.5, 8.8, 10.20 and 11.48
from [23].

Theorem 2.3.16. Let X € {SL,Sp,SU,Q°, O*}. The groups PX,(q) are

simple in the following cases:
1. n>2 and (n,q) # (2,2),(2,3), for X = SL;
2. n>2and (n,q) # (2,2),(2,3),(4,2), for X = Sp;
3. n>2and (n,q) # (2,2),(2,3),(3,2), for X =SU;
4. m>1(n=2m+1) and (n,q) # (3,3), for X =Q°;
5. m>3 (m=2m), for X =QF;
6. m>2 (n=2m), for X =Q".

The groups PX,,(¢) in Theorem 2.3.16 will be referred to as the simple

classical groups.
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Chapter 3

The alternating groups

In this chapter we study the orbital diameters of the primitive actions of the
symmetric and alternating groups .S,, and A,,. We give necessary conditions
for the orbital diameters to be bounded above by some constant ¢ and give
precise descriptions of the actions for which the orbital diameters are bounded
above by 5. For each primitive action, we also either determine all orbital
graphs of diameters 2 or give descriptions of infinite families of orbital graphs
of diameter 2. Throughout the chapter will we assume that n > 5.

The chapter is split into five sections. We shall see later that the primitive
actions of S,, and A,, can be analysed in three cases. In Section 3.1, we state
the preliminary results we will need. In Section 3.2, we state the main results
of the chapter, and in Sections 3.3, 3.4 and 3.5, we prove the main results
by analysing the orbital graphs for each of the three cases of the primitive
action of S,, and A,,.

The majority of the material in this chapter can be found in the form of a
paper by the author in [21]. A few minor errors have been found in the paper
after publication, which have been corrected in this chapter; the main error
is in Theorem 1.3(2) in [21], which has been corrected in Theorem 3.2.8(2) of
the chapter. Also, the notation for the graph I'’? from [21] has been changed

to I',, .i, and some text has been updated to improve readability.
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3.1 Preliminary theory

In this section we present the background material which will be needed
throughout the chapter.

Given groups G and H and a map ¢ : H — Aut(G), we will denote by
G x4 H, the semi-direct product of G and H with respect to ¢. If the map
¢ is not specified, then we will write G : H. For groups A and B where B
acts on the set {1,...,n}, we will denote by A B, the wreath product of
A and B, i.e. the semi-direct product A" x, B, where ¢ : B — Aut(A")
is given by ¢(7) : (a1,...,a,) — (@y-1,...,a,.-1). Recall that in order
to study the primitive actions of S,, and A,,, we need to know about their
maximal subgroups. The following result splits the maximal subgroups of 5,

and A,, into three classes.

Theorem 3.1.1. If H # A, is a maximal subgroup of S,, then one of the
following holds:

1. H> S, x Sy, where 1 <k <n/2;
2. H= 5,195, wheren=~kl and k > 1,1>1;
3. H is primitive on {1,...,n}.

Conversely, let H be as in (1) or (2). Then H is a mazimal subgroup of S,
and HN A, is a mazimal subgroup of A,, provided H 2 S3154.

Proof. If H is not transitive on {1,...n}, then H fixes set-wise a set of size
k for some k > 1, and thus H < §; X S,_;. Since H is maximal in S,, we
have H = Si x S,,_. Without loss of generality, we may suppose k < n/2
(if & > n/2, then n — k < n/2). Moreover, observe that Sy x Sy < Sk 1Sa,
and thus H is not maximal if n = 2k. If H is transitive but not primitive
on {1,...,n}, then n = ki, for some k > 1, [ > 1 and H fixes a partition of
{1,...,n}into [ sets each of size k. Thus H < Si15; and by the maximality of
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H, we have H = S0 S;. In the remaining cases, H is primitive on {1,... ,n}.

For the converse, see the main theorem in [16]. O

3.2 Statements of the main results

In order to state the main results, we will need to describe the orbital graphs
of the primitive actions of S,, and A,, and thus we begin by doing this.
Throughout this chapter I will denote the set {1,...,n}. We will denote
by 1%} the set of k-subsets of I. If n = ki, then we will denote by %4 the
set of (k,l)-partitions of I (a (k,l)-partition of I is a partition of I into I
sets, each of size k), and we will write A = A;|...|A; to mean that A is the
(k,l)-partition of I into the [ disjoint k-subsets A;. For two (k,[)-partitions
A=A|...|Ajand B = By|...|B; of I, we will denote by I4p the [ x [ matrix
with entries (Iap),; := |A; N Bj|. Note that the row and column sums of the
matrix I4p are k. Let A/ denote the set of all [ x [ matrices with non-negative
integer entries, and row and column sums equal to k. Define an equivalence
relation ~ on N, where M ~ M’ if and only if there exist permutation
matrices P and @) such that M’ = PMQ), i.e. M’ can be obtained from M
by a permutation of rows and columns. The equivalence class of M € N will
be denoted by [M]. The groups S, and A, act naturally on I{* and 1V

and we now determine the orbitals of these actions.
Proposition 3.2.1. Let G :=S,, and 1 < k <n/2.
1. G acts transitively on I and for A € I'"} | we have G4 = Sy X Sp_.

2. The non-diagonal orbitals of (G, I*}) are

Apri ={(A,B) e I™ x ™ 1AnB| =i}, ie{0,...,k—1}.

Proof. The transitivity is clear. Let A € I™¥} and let H and K be the sub-
groups of G4 fixing I\ A and A pointwise, respectively. It is easy to see that
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Gy = (H,K). Now H= S, and K = S,,_;, and H and K commute, hence
(H,K) = S;xS,_. This proves part 1. Clearly the sets A,, ; are non-empty,
disjoint and their union (together with the diagonal orbital) is T x Itk},
Now suppose (4, B) and (C, D) are in the same orbital. Then there exists
g € G such that (C, D) = (A, B)Y and thus |AN B| = |C' N D|. It remains
to show that for a given 4, G is transitive on A, ;. Indeed, given (A, B)
and (C, D) in A, x; with A ={ay,...,ar}, B={a1,...,a;,Qk41,. .., 00—},
C={by,...,bx} and D = {by,..., b, bps1,...,bas_;}, any permutation map-
ping a; to b; for all j, is in G. This proves part 2. O]

Remark 3.2.2.

1. The proof of Theorem 3.1.1 asserts that every maximal subgroup of
S, which is not transitive is the stabiliser of a k-subset and thus by
Proposition 3.2.1(1), for a fixed k, all such maximal subgroups are

conjugate in .S,,.

2. The natural action of H := A,, on It*} is transitive and for A € I*}
we have H4 = G4 N H where G := S,,. The orbitals of this action are
again the sets A, j; from Proposition 3.2.1. This follows from the fact
that if (A, B) and (C, D) are in A, 5, and g € G such that A9 = C and
B9 = D, then either g € H or else g can be multiplied by a suitable
transposition so that the resulting permutation h is in H and satisfies
APV = C and B" = D.

3. The orbital A, ;; from Proposition 3.2.1 is self-paired; the correspond-
ing orbital graph will be denoted by I',, ;. ;, and is the graph with vertex
set 1%} and edges {A, B} where |AN B| = .

4. For n > 2k, the orbital graphs I', j; are connected. If n = 2k, then
I, 1 is connected for all 7 # 0. We will use results about the graphs
Ior s when analysing case 2 of Theorem 3.1.1; in all such results, we

will assume ¢ # 0.
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Proposition 3.2.3. Let k,l > 1, n:=kl and G := S,,.
1. G acts transitively on IV and for A € I®D | we have G4 = Sp 1 S;.

2. The orbitals of (G, 1*) are

Apg = {(A,B) € 1™ x I8 [,p € [M]}, MeEN.

Proof. The transitivity is clear. For A € I®) write A = A,|...|A;. For
1 <i < let H; & Sk be the subgroup of all permutations on {1,...,n}
which fix A; setwise and fix A; pointwise for j # ¢. Let K be the subgroup of
all permutations on {1, ..., n} which permute the set of subscripts {1, ...,[}.
Then G4 = (Hi, K : 1 < i <) = S5, This proves part 1. Now
note that the sets Ay are non-empty; indeed given M := (m;;) € N, the
set Apy) contains the pair of (k,[)-partitions (A, B), where A = A;|...|A,,
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B = By|...|B; and,

A1l A1z
N\ o\

N 7 N
Al :z{l,...,mll,m11+1,...,m11+m12,

éy
m11—I—---+m15_1+1,---7m11+""le;}
Az
A, ;:{7%11+-~+mll+1,...,m11+'~~m1z+m21:

Azo
7\

7 N
myp + - omy +mor + 1,00 mayg 4 Mg + Moy + Mg,

Az
N\

?7111—|—---+m15+m21+---+m271_1—|—1?

ey My Mgy 4 My}

An
Ar={(mu +-+mu)+ 4 (Mo + - Fmeg) 1,0
(may + -+ may) + -+ (Mg + o) +

A”
AN
- ~

(may +---+my)+-+ (g1 + - +m_1g) + (mp + - +my—1) + 1,
s (man ) 4 (man + o mgg) o () b
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and,

B, 2:{A117 A217 cee ;Au}
By :={A, Asa, ..., A}

By :={Au, Ay, ..., Ay}

Clearly the sets Apy are disjoint and their union is I®0 x I*®D_ " Note
that the condition that 45 € [M] is equivalent to the existence of [ x [
permutation matrices P and () such that I,g = PM({. Thus to prove
part 2, it remains to show that the pairs (A, B) and (C, D) lie in the same
orbital if and only if there exist [ x [ permutation matrices P and () such that
Iep = PIap@Q. Write A = Ay|...|A;, B=By|...|B;, C =(C4|...|C), and
D = Dy|...|D,. Suppose (A, B) and (C, D) lie in the same orbital. Then
there exists g € S,, such that A9 = C and BY = D. Let C' = C{|...|C] be
the partition C' but with the components C; permuted in such a way that
A? = (€. Similarly, let D’ be the partition D = Dj|...|D; but with the
components D; permuted in such a way that By = D]. Then there exist
permutation matrices P! and Q7! such that Iorp = P ' opQ~!. Now
for any i,j € {1,...,l}, we have that |C] N D}| = |4; N By, and hence
Iecp = Ploip@QQ = PIag@. For the converse, suppose Icp = Pl Q@ for
some [ x [ permutation matrices P and (). Then after permuting the A;’s
and Bj’s suitably we may suppose /45 = Icp. Now since S, is n-transitive,
we can pick g € S, such that (4; N B;)9 = C; N D; for all 4,5 € {1,...,1}

.....

and (C, D) lie in the same orbital. This proves part 2. O

Remark 3.2.4.

1. Again, the proof of Theorem 3.1.1 asserts that every maximal subgroup

of Sy, which is transitive but not primitive is the stabiliser of a (k,1)-
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partition of {1,...,kl} and thus by Proposition 3.2.3(1), for fixed k

and [, all such maximal subgroups are conjugate in Sy;.

For Ay as in Proposition 3.2.3, the paired orbital is Ap,r, and hence
Ay is self-paired if and only if [M] = [M7], which is not always the
case. If it is the case, then the corresponding orbital graph will be
denoted by I'[yy, and is the graph that has vertex set [ (kD and edges
{A, B} where 145 € [M].

The natural action of H := Ay on I*) is also transitive and for
A e I®D wehave Hy = G4NH where G := S);. Since H 4 is not max-
imal in H for (k,l) = (2,4) (see Theorem 3.1.1), when analysing this
case, we will assume that (k, 1) # (2,4). Note that Ay, is not necessarily
transitive on all the orbitals Ay of (S, I*Y) (see Lemma 3.4.22(2)

for an example).

We point out that in the case where H <. S, and H is primitive on I,
we will assume that H # A, since diamp(G, (G : A4,,)) = 1, for any n. All
groups appearing in Tables 3.2, 3.3, 3.9 and 3.10 have been denoted using

standard notation; definitions of specific groups can be found in texts such
as [24] or [9].

We now state the main results of the chapter.

Theorem 3.2.5. Let (G,Q) be a finite primitive permutation group where

G o=

S, or G = A,. Suppose there exists an integer ¢ > 1 such that

diamo (G, Q) < c.

1.

2.

If Q = I where 1 < k < n/2, then k < c.

If Q = I*D where n = kl with 1 > 1 and k > 1, then | < 2¢ and
k <2c+1, and in particular, n < 2¢(2c+ 1).

If Q= (G : H), where H # A, is primitive on I, then n < 2¢(¢t)+3
with € := 1.04.
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For particular values of the bound c it is possible to be more specific
about the precise actions that occur in Theorem 3.2.5. Here is such a result

where ¢ = 5.

Theorem 3.2.6. Let (G,Q) be a finite primitive permutation group where
G:=5,orG:=A,.

1 IfQ = I% where 1 < k < n/2, then diamo(G, Q) < 5 if and only if
k<5.

2. If Q = I"™0  where n = kl with | > 1 and k > 1, then diamp (G, Q) < 5
if and only if (k,1) are given in Table 3.1.

| 2 3 | 4 [5]6
k1 <11 <5 <322

Table 3.1: Pairs (k, ) with diamo (G, I*D) <5

3. IfQ=(G: H), where H # A,, is primitive on I, then diamp(G,Q2) <5
if and only if the values of n and H are given in Tables 3.2 and 3.3;

where the ‘if’ direction is only known to hold for wvalues of n < 12
(see Remark 3.2.7(1)).
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n H Rank | Diameters of | Valencies of
orbital graphs | orbital graphs

5 | AGL;(5) 2 1 5

6 | PGL2(5) 2 1 5

7 | AGL,(7) 7 13,3,3,2,2,2 7,14, 14, 21,21, 42

8 | PGLy(7) 5 3,222 14,21, 28, 56

9 | AGLy(3) 9 5,3,3,3,3,2, 8,27,36,48, 144,
2,2 216, 216

10 | PT'Ly(9) 10 4,4,3,3,3,2 20, 45,90, 144, 180, 240
2,2,2 360, 720, 720

14 | PGL2(13) | 19299 | ? ?

18 | PGL9(17) ? ? ?

Table 3.2: Pairs (n, H) with diamp(S,,2) <5, where Q := (S, : H) and H

is primitive

n H Rank | Diameters of Valencies of
orbital graphs | orbital graphs

5 Dy 2 1 5

6 | PSLa(5) 2 1 5

7 | PSL3(2) 2 1 14

8 | ASL3(2) 2 1 14

9 | ASLy(3) 12 5,3,3,3,3,2 8,48,27,36,72,144,
3,2,2 72,216,216

9 | PI'Ly(8) 3 2,2 56, 63

10 Mg 12 4,4,3,3,3,3 20, 45,90, 90,90, 144,
2,2,2,2 240, 360, 720, 720

11 My 5 2,2,2,2 110, 330,495, 1584

12 Mo 4 2,2,2 440,495, 1584

14 | PSLo(13) ? ? ?

17 | PT'Ly(16) ? ? ?

23 Mos ? ? ?

24 Moy ? ? ?

Table 3.3: Pairs (n, H) with diamp(A,, 2) <5, where 2 := (A,, : H) and H

is primitive
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Remark 3.2.7.

1. Tables 3.2 and 3.3 contain six cases with n = 14, 17, 18, 23 or 24,
marked with question marks, where we have been unable to compute

the diameters of any orbital graphs.

2. The groups appearing in the rows corresponding to n = 5, 6, 9 (first
row), 10 and 14 in Table 3.3 are just the intersections of the corre-
sponding groups appearing in Table 3.2 with A,,, in other words, these
groups extend to maximal subgroups of S,,. The groups appearing in

the remaining rows of Table 3.3 do not extend to maximal subgroups
of S,.

We also analyse orbital graphs of diameter 2 of the primitive permutations
groups (S,, Q) and (A,, Q). For the case where Q # I*!)we find all orbital
graphs of diameter 2. For Q = I*! we find an example of an infinite family
of orbital graphs of diameter 2; there could be more infinite families of orbital
graphs of diameter 2, but classifying all of them could take significantly

more effort.

Theorem 3.2.8. Let (G,Q2) be a finite primitive permutation group where
G:=85, orG:=A,.

1. If Q = I" where 1 < k < n/2, then diam(T,, ;) = 2 if and only if
one of the following holds:
e i=0andn >3k —1;
eic{l,...,|k/2|} and n > 3k — 2i.

2. If Q = I®M withn = k> > 9 and G = S, let Ty be the orbital
graph where M s the k X k matriz with all entries equal to 1. Then
diam(I'py) = 2. If G = Ay2 and either k is odd, or k is even and k/2
is odd, then I'ny is also an orbital graph of (G, TR,
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3. IfQ = (G : H), where H is primitive on I, then Tables 3.4 and 3.5 spec-
ify the values of n and H for which (G, ) has an orbital graph of diam-
eter 2 (the case n = 24 is still just a possibility; see Remark 3.2.9(1)).

n H Rank | |D2| | Valencies of orbital
graphs of diameter 2

7 |AGL(T) | 7 |3 21,21, 42

8 | PGLy(7) 5 3 21,28, 56

9 |AGL.(3)| 9 |3 144,216, 216

10 | PT'Ly(9) 10 |4 240, 360, 720, 720

Table 3.4: Pairs (n, H) such that (S,,€2) has an orbital graph of diameter 2,
where Q := (S, : H) and H is primitive

n H Rank | |D2| | Valencies of orbital
graphs of diameter 2

9 | ASLy(3) 12 |3 144,216,216

9 | PI'Ly(8) 3 |2 56, 63

10 Mo 12 |4 240, 360, 720, 720

11 M, 5 |4 110, 330, 495, 1584

12 M, 4 |3 440, 495, 1584

13| PSL3(3) 126 | 28 | 56160, 1123207

15 | PSL4(2) | 1687 | >8 | 403208, ...

16 | 24.PSLy(2) | 151 |79 | 403200, 80640,
537601, 6451201,
16128007, 10752003,
322560139 64512025

24 Moy 7|7 ?

Table 3.5: Pairs (n, H) such that (A,, ) has an orbital graph of diameter 2,

where Q := (A,, : H) and H is primitive

Remark 3.2.9.

1. In Table 3.5, Dy denotes the set of orbital graphs of diameter 2. In

the ‘valencies’ column of the table, the notation z¥ has been used to
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denote that the valency x appears y times. This table contains the
case n = 24 which is marked with a question mark since we have been
unable to determine or disprove the existence of an orbital graph of

diameter 2 for this case.

2. The groups appearing in the rows corresponding to n = 9 (first row)
and n = 10 in Table 3.5 are just the intersections of the corresponding
groups appearing in Table 3.4 with A,. The groups appearing in the

remaining rows of Table 3.5 do not extend to maximal subgroups of 5,,.

3.3 Action of S, on I/

In this section we prove Theorems 3.2.5(1), 3.2.6(1) and 3.2.8(1). Recall that
the orbital graph I', ;. ; has vertices which are the k-subsets of {1,...,n} and
edges {A, B} where |[ANB| = i. The methods used to prove Theorem 3.2.8(1)
can be extended to find the diameters of all of the graphs I', . ;, and so we
also prove a result on this (see Theorem 3.3.1). Some work has already been
done in [7] on finding the diameters of the graphs I',, ;. ;. However, we believe

that the main result in [7] has an error, and state the correct result below.

Theorem 3.3.1. Let k> 1 and n > 2k 4+ 1 be integers.

1. diam(Tp ) = [=51].

2. Forie{l,...,|k/2]},

(a) diam(T',, ;) =2 < n > 3k — 21,
(b) diam(T, ;) = 3 & 2020 < < 3k — 2i.

(c) diam(T,, ;) = mj’gzgﬂ >3en< %

3. Fori> |k/2], diam(T, ;) = [ ].

k—i
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The error occurs in line 2 on p. 6648 of [7]. According to [7], the orbital
graph I';, x; has diameter 3 for any ¢ > |k/2], and Theorem 7 specifies a
construction of a path of length 3 between any two vertices A and B with
m = |AN B| < 2i — k. This involves constructing a set Z = Z(n, k,i,m)
which is however impossible to construct for many values of n, k,i and m;
for example, let (n,k,i,m) := (2k + 1,k,k — 1,0), where k& > 4, then
|Z| =2k —3i+m =3 —k < —1. In fact it can be observed that in the par-
ticular case where i = k — 1, we have diam(I',,  x—1) = k.

We now state and prove a result from which Theorems 3.2.5(1) and
3.2.6(1) will follow.

Proposition 3.3.2. Let (G, ) be a finite primitive permutation group where
G =S, or Ay, and let Q = I™* with 1 <k < n/2. Then diamp(G,Q) < ¢
of and only if k < c.

Proof. Suppose diamp(G,Q2) < c. Recall that in the orbital graph I'; j 1,
two k-subsets are joined by an edge if they intersect in £ — 1 points. Observe
that this graph has diameter k, and so k < diamp(G,2) < ¢. Conversely,
suppose k < ¢ and let I" be an orbital graph of (G, ). For a k-subset A and
an integer 7 > 1 define

Aj(A) = {B: d(A,B) = j}.

If Be Aj(A) and g € G4, then BY € Aj(A), hence B94 C A;(A). Therefore
A;(A) is a union of non-trivial orbits of G4 on 2. The number of non-
trivial orbits of G4 on € is the number of non-diagonal orbitals, which is
k by Proposition 3.2.1(2), and therefore diam(I') < k£ < ¢. This implies
diamp(G,Q) < c. O

Proof of Theorems 3.2.5(1) and 3.2.6(1). Theorem 3.2.5(1) is the ‘only if’
implication of Proposition 3.3.2, and Theorem 3.2.6(1) is the ¢ = 5 case of
Proposition 3.3.2. O
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We now work towards proving Theorem 3.2.8(1). Henceforth, for a graph
I', we will use V(I') to denote the vertex-set of I".  The following lemma
follows from Lemmas 1 and 2 from [8] and the fact that I, x; is a subgraph
of the graph K(n,k, i) from [8].

Lemma 3.3.3. Let n > 2k, i € {0,....,k —1} and A,B € V(I'sx:). Let

r>1.

1. If A and B are connected by a path of length 2r, then

|ANB| > (2r + 1)k —rn — 2ri,

2. If A and B are connected by a path of length 2r + 1, then

|[ANB| <rn —2rk+ (2r + 1)i.

Lemma 3.3.4. Let n > 2k, i € {0,...,|k/2]|}, and A, B € V(I x;) with
m = |ANB| #i. Then

d(A,B)=2<m>3k—n—2i.

In particular, if n > 3k — 2i, then d(A, B) = 2.

Proof. If d(A, B) = 2, then by Lemma 3.3.3(1) we have m > 3k —n — 2i.
Conversely, suppose m > 3k—n—2i. Recall that [ = {1,...,n}. Ifi < k—m,
then choose a k-subset C' consisting of i elements from A\ B, i elements from
B\ A, and k — 2i elements from I\ (AU B) (note that |1\ (AU B)| > k — 2i,
since n > 3k —m — 2i). If i > k —m, then choose a k-subset C' consisting of
i—k+m elements from ANB, k—m elements from A\ B, k—m elements from
B\ A, and m—i elements from I'\ (AUB) (note that |1\ (AUB)| > m—i since
n > 2k —1i). Then A — C — B is a path of length 2, and hence d(A, B) = 2.
Now suppose n > 3k — 2i. Then m > 0 > 3k —n — 2i. Hence d(A, B) = 2
by the first part. O
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Corollary 3.3.5. Let n > 2k and i € {0,...,|k/2|}. Suppose we have
that diam(T',, ;) > 3. Then n < 3k — 2i and for A,B € V(I'y ;) with
m:=|ANB|#1,

d(A,B)>2&m<3k—n—2i.

Proof of Theorem 3.2.8(1) and Theorem 3.3.1(2a). Note that diam(I',, x;) =
2 if and only if for all A # B € V([ ;) such that |[A N B| # 4, it
holds that d(A, B) = 2. Hence by Lemma 3.3.4, diam(I',, ;o) = 2 if and
only if either n > 3k or 3k —n = 1, and if i € {1,...,[k/2]}, then
diam(T,, ;) = 2 if and only if n > 3k — 2i. Now suppose i > |k/2] and
let A,B € V(I ;) with |[AN B| = 0. If C' is a common neighbour of A
and B, then |C| > 2i > k which contradicts the fact that |C| = k. Hence
d(A, B) > 2 and diam(I', ;) > 3. O

We now continue proving the rest of Theorem 3.3.1. To do so, we will

need the following result.

Lemma 3.3.6. Let n > 2k, i € {0,...,[k/2|} and d = diam(I', x;).
Suppose d > 3. Let A,B € V([ ;) with m = |[AN B| # i. Then for
ve{3,...,d},

Pw): d(A,B)=v< f(nk,i,v) <m<g(n,k,iv),

where f and g are as in Tables 3.6 and 3.7, for v even and v odd respectively.

n
P (21;71]17)(1k7i) > (21;;17)(11@71')
fl@r+Dk—rn—=2ri|(r—1n—2r—2)k+2r—1)i+1
g 2r—1k—(r—1)n—(2r—2)i—1

Table 3.6: Criterion for distance v = 2r in the graph I'), ;. ;, where r > 2
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(2v—1)(k—1) (2v—1)(k—1i)
< v—1 Z v—1

f 0,r=1
(r—1n—Q2r—2)k+@2r—1)i+1,r>2
g|m—2rk+2r+1)i | 2r+1)k—rn—2ri—1

Table 3.7: Criterion for distance v = 2r + 1 in the graph I'), ;. ;, where r > 1
In order to prove Lemma 3.3.6, we now prove the following sequence
of results.

Lemma 3.3.7. Let n > 2k, i € {0,...,|k/2|} and t > 3. Suppose the

following conditions hold:

1. diam(T'), ;) >t +1,

(2t—1)(k—1)

2. n< P

3. P(v) holds for allv € {3,...,t}.

Let A, B € V(I'y ki) with m :=|AN B| #i. Then fort even (t =2r),
dA,B)>2re (r—1)n—2r—2)k+2r—1)yi <m < (2r+1)k —rn — 2ri,
and fort odd (t =2r +1),

d(A,B)>2r+1<rm—2rk+ 2r+1)i <m < (2r+ 1)k — rn — 2ri.

Remark 3.3.8. By Lemma 3.3.9 (see below), if (1) and (3) of Lemma 3.3.7
hold then so does (2), hence after Lemma 3.3.9 has been proved we may
omit (2) from the statement of Lemma 3.3.7. Similarly, after Lemma 3.3.6

has been proved, we may also omit (3).

Proof of Lemma 3.3.7. We proceed by induction on t. For the base case
suppose the conditions of the lemma hold for ¢ = 3. Then by Corollary 3.3.5
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and P(3),
d(A,B)=3<0<m<n-—2k+ 3i,

d(A,B) =2< m >3k —n — 2i,
from which the result for t = 3 follows. Now let t = 2r > 3 and suppose the
lemma holds for t — 1. Suppose also that the conditions of the lemma hold

for t. Then the conditions of the lemma also hold for ¢ — 1, and so by the

inductive assumption,

dA,B)>2r—1< (r—1)n—2r—-2)k+2r—1)i<m (3.1)
< (2r—1k—(r—1)n—(2r—2)i.

Now by P(2r), we have that

d(A,B)=2r< 2r+1)k—rn—2ri <m (3.2)
<@2r—-1Dk—(r—-1)n—-(2r—2)i—1

We obtain the result for t = 2r by combining (3.1) and (3.2). To complete
the induction, it remains to show the result for t + 1 = 2r 4+ 1 which can be

done using similar arguments to the above and is left to the reader. O

Lemma 3.3.9. Let n > 2k, i € {0,...,|k/2]|} and t > 3. Suppose P(v)
holds for all v € {3, ...t} and diam(T',, ;) > t+ 1. Then

(2t — 1)(k — i)
< P .
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Proof. We proceed by induction on . For the base case, assume P(3) holds

and diam(I',,x;) > 4. Suppose n > @ Then using Corollary 3.3.5 and

P(3) we see that d(A, B) < 3 for all A, B e V(Fnk ;), which contradicts the
fact that diam(I', ;;) > 4. Hence n < ( . This completes the base case.
Now let ¢t = 2r > 4 and assume the 1emma holds for ¢ — 1. Suppose P(v)
holds for all v € {3,...t} and diam(I',x;,) > ¢t + 1. Then P(v) holds for
allve {3...,t—1} and diam(I',, ;) > ¢, hence by the inductive assump-

tion we have n < % Thus (3.1) holds by Lemma 3.3.7. Suppose

n > (2t+)(1k*l) Then using (3.1) and P(2r) we see that d(A, B) < 2r, for

all A,B € V(I',, ), which contradicts the fact that diam(L', ;) > 2r + 1.

(2t—1)(k—i)
t—1

result for t + 1 = 2r 4+ 1 which can be done using similar arguments to the

Hence n < . To complete the induction, it remains to show the

above and is left to the reader. OJ

Lemma 3.3.10. Letn > 2k, i € {0,...and |k/2]} and suppose that we have
diam(T,, ;) > 3. Let A, B € V() with m = |ANB| #i. Ifn < 220
then

d(A,B)=3<0<m<n-—2k+ 3i,

and if n > 5(k2_i), then
d(A,B)=3<0<m<3k—n—2i—1.

Proof. Suppose n < 2229 If d(A, B) = 3, then by Lemma 3.3.3(2) we have
m < n—2k—+3:. For the converse, assume m < n —2k+3i. Since n < @,
we have that m < 3k —n—2i, and so by Corollary 3.3.5 we have d(A, B) > 2.
Choose a neighbour A; of A such that |A; N B| is maximal. If i < m, then
|AyN Bl =i+ k—m, and if i > m, then |A; N B| = m + k —i. In both
cases (for i < m use m < n — 2k + 3i, and for ¢ > m use m > 0) we have
|A; N B| > 3k —2i —n. Hence by Lemma 3.3.4 we have d(A;, B) = 2, and so
d(A, B) = 3. Now suppose n > 2229 If d(A, B) = 3, then by Corollary 3.3.5

we have m < 3k —n — 2:. For the converse, assume m < 3k —n — 2. Then
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by Corollary 3.3.5 we have d(A, B) > 2, and using the fact that n > @,
we see that m < n—2k+3i. Now, we show that d(A, B) = 3 by constructing
a path of length 3 between A and B, as above. n
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Corollary 3.3.11. Let n > 2k. We have

-1
diam(T', 4 0) =3 & ok <n<3k-1,
and fori € {1,...,|k/2|}, we have
=1
diam(Ty ) = 3 < % <n < 3k— 2.

Proof. Suppose diam(I';, x0) = 3. By Theorem 3.2.8(1) we have n < 3k — 1.
By Corollary 3.3.5, for A, B € V(L' o) with m :=|AN B| # 0, we have

d(A,B) >2 < m < 3k —n. (3.3)

Now diam(I',, x0) = 3 implies that for all A, B € V(I',, 1) with d(A, B) > 2,
we must have d(A,B) = 3. Thus using Lemma 3.3.10, we deduce that

either n > % or 3k —n—1=n-—2k, ie n > L;l Conversely, suppose

L;l < n < 3k — 1. Then by Theorem 3.2.8(1) we have diam(I', ;o) > 3.
Hence by Corollary 3.3.5, for A, B € V(I',, o) with m := |ANB| # 0, we have
(3.3). Now Lemma 3.3.10 and the fact that n > 21 imply d(A, B) < 3 for
all A, B € V(I', 0). Hence diam(I',, o) = 3. This proves the first statement.

The second statement can be proved similarly and is left to the reader. [
Proof of Theorem 3.3.1(2b). See Corollary 3.3.11. ]
We need one final result before we can prove Lemma 3.3.6.

Lemma 3.3.12. Let n > 2k, i € {0,...,|k/2]} and r > 2. Let A,B €
V(L ii) where m :=|AN B # 1.

1. Suppose d(A, B) > 2r, P(v) holds forv € {3,...,2r — 1}, and
Cr+Dk—m—=2ri<m< 2r—1)k—(r—1n—(2r—2)i. (3.4)
Then d(A, B) = 2r.
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2. Suppose d(A, B) > 2r + 1, P(v) holds for v € {3,...,2r}, and
(r—=n—02r—2k+2r—1)i<m<rn—2rk+ 2r+1)i. (3.5)

Then d(A, B) = 2r + 1.

Proof. Suppose the conditions in part 1 of the lemma hold. If £ —m < 1,
then m > 3k —n — 2i and so by Lemma 3.3.4 we have d(A, B) = 2 which
is not possible since d(A, B) > 2r > 4. Therefore k — m > i. Choose a
neighbour A; of A such that |A; N B| is minimal. Since kK —m > i, we have
|A; N B| = 3k —i—n — m. Now rearranging (3.4) gives

(2r—=3)i+(r—2)n—2r—4)k < |AiNB| < (2r—1)i+(r—1)n—(2r —2)k.

Therefore using Lemma 3.3.9 (with ¢ = 2r — 1) and P(2r — 1) we have
d(Ay, B) = 2r — 1, and hence d(A, B) = 2r. This proves the first part of the
lemma. Now suppose the conditions in part 2 of the lemma hold. Choose a
neighbour A; of A such that |A; N BJ is maximal. Then (3.5) implies m > i,
and so |A; N B| =i+ k — m. Now rearranging (3.5) implies

Cr+Dk—m—-2ri<|AiNB|<2r—1k—(2r—2)i—(r—1n.

Therefore using Lemma 3.3.9 (with ¢ = 2r) and P(2r) we have d(A;, B) = 2r,
and hence d(A, B) = 2r + 1. O

Proof of Lemma 3.5.6. For v = 3, the result is proved in Lemma 3.3.10. For
v > 4, we proceed by induction on v. Here d = diam(I',, ;) > v. Firstly,
we prove the base case v = 4. Suppose n < @ If d(A, B) = 4, then
by Lemma 3.3.3(1) we have m > 5k — 2n — 4i. Since d(A,B) > 2, by
Corollary 3.3.5 we also have m < 3k —n — 2¢. For the converse, assume
bk —2n — 4i < m < 3k —n — 2i. Note that since P(3) already holds,
by Remark 3.3.8, in order to use Lemma 3.3.7 (with ¢ = 3), we only need

to ensure that diam(I', ;) > 4, which is true by assumption. Now using

95



Lemma 3.3.7 and the fact that n < @, we see that d(A, B) > 3, and
so by Lemma 3.3.12 we have d(A, B) = 4. Now suppose n > @ If
d(A, B) = 4, then using Lemma 3.3.7 (with ¢t = 3) we have m > n — 2k + 3i.
Also d(A, B) > 2, so by Corollary 3.3.5 we have m < 3k —n — 2i. For the
converse, assume n — 2k + 31 < m < 3k —n — 2i. Then using Lemma 3.3.7
we see that d(A,B) > 3. Now using the fact that n > @
Sk—2n—4i < m < 3k—n—2i, and so by Lemma 3.3.12 we have d(A, B) = 4.
This completes the base case.

Now let r > 2 and assume that P(v) holds for all v € {3,...,2r}. We will
show that P(2r+1) holds. Suppose n < W. If d(A, B) = 2r+1, then
by Lemma 3.3.3(2) we have m < rn—2rk+(2r+1)i. Since d(A, B) > 2r—1,
by Lemma 3.3.7 we also have m > (r — 1)n — (2r — 2)k + (2r — 1)i. For the

converse, assume that

we have

(r—=1n—2r—2)k+ 2r—1i<m<rn—2rk+ (2r +1)i. (3.6)

W we have that

Then using Lemma 3.3.7 and the fact that n <
d(A,B) > 2r, and so by Lemma 3.3.12 we have d(A,B) = 2r + 1. Now
suppose that n > %. If d(A, B) = 2r + 1, then using Lemma 3.3.7
(with ¢ = 2r) we have m < (2r + 1)k — rn — 2ri. Since d(A, B) > 2r — 1,
by Lemma 3.3.7 we also have m > (r — 1)n — (2r — 2)k + (2r — 1)i. For the

converse, assume that
(r—1n—02r—2)k+ 2r—1)i<m< 2r+ 1)k —rn—2ri.

Then using Lemma 3.3.7 we have d(A, B) > 2r. Now using the fact that
n > % we see that (3.6) holds, and so by Lemma 3.3.12 we have
d(A,B) = 2r + 1. This shows P(2r + 1). To complete the induction, it
remains to show P(2r + 2) which can be done using similar arguments to the

above and is left to the reader. O
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Proof of Theorem 3.3.1(1) and (2¢). 1t follows from Theorem 3.2.8(1) and
Corollary 3.3.11, that Theorem 3.3.1(1) holds when diam(I', x) is 2 or 3.
For t > 4, an equivalent restatement of Theorem 3.3.1(1) and (2c) is that for

i€ {0,....[k/2]},

R(t): diam(Dy.) =t < (2t —1)(k—i)—1 <n< (275—3)(16—2')—1.

t—1 - t—2
(3.7)
We prove (3.7) by induction on ¢. The base case will be to show that
T(k—1)—1 5(k—1)—1
diam(Ty ;) = 4 % <n< % (3.8)

Suppose diam(I',, ;) = 4. Then by Theorem 3.2.8(1) and Corollary 3.3.11,
n < % By Lemma 3.3.7, for A, B € V(I',, ;) with m := |AN B| # 1,
we have

d(A,B) >3 < n—2k+3i <m<3k—n—2i. (3.9)

Now diam(I', ;) = 4 implies that for all A, B € V(I',,x;) with d(A, B) > 3,
we must have d(A, B) = 4. Thus since P(4) holds by Lemma 3.3.6, using
P(4) we obtain that either n > ™% or n — 2k + 3i + 1 = 5k — 2n — 43,
ie. n > % Conversely, suppose that the right hand side of (3.8)
holds. Since n < %, by Theorem 3.2.8(1) and Corollary 3.3.11 we have
diam(I',, ;) > 4, and by Lemma 3.3.7 we see that (3.9) holds. Now using
(3.9), P(4) and the fact that n > %, we obtain that for all A, B €
V(T ki) with d(A, B) > 3, we have d(A, B) = 4, and thus diam(T',, ;) = 4.
This completes the base case.

Now let r > 3 and suppose R(t) holds for all ¢ € {4,...,2r — 2}. We
will show that R(2r — 1) holds. Suppose diam(I', x;) = 2r — 1. Then by
Theorem 3.2.8(1), Corollary 3.3.11 and the inductive assumption, we have

n < %. Now by Lemma 3.3.7, for A,B € V(I', ;) with m :=
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|AN B| # i, we have

d(A,B)>2r—2< (r—=2)n— (2r—4)k+ (2r —3)i <m (3.10)
<@2r—-1k—(r—1)n—(2r—2)i.

Now diam(I',, 5 ;) = 2r—1 implies that for all A, B € V(I',, ;) with d(A, B) >
2r — 2, we must have d(A, B) = 2r — 1. Hence using P(2r — 1), we obtain
that either (2r —2)n > (4r — 3)(k — 1), or

Cr—Dk—(r—-1n—-02r—=2)yi—1=(r—-1n—2r—-2)k+ (2r —1)i.

Conversely, suppose that the right hand side of (3.7) holds with ¢t = 2r — 1.
Since n < %, using Theorem 3.2.8(1), Corollary 3.3.11 and the
inductive assumption we have diam(I', ;;) > 2r — 1, and by Lemma 3.3.7
we see that (3.10) holds. Now using (3.10), P(2r — 1) and the fact that
n > WDl we obtain that for all A, B € V(T',;) with d(A, B) >
2r — 2, we have d(A, B) = 2r — 1, and thus diam(I',, ;) = 2r — 1. This shows
R(2r — 1). To complete the induction, it remains to show R(2r) which can

be shown using similar arguments to the above and is left to the reader. [
We now prove some results required to prove Theorem 3.3.1(3).

Lemma 3.3.13. Let n > 2k and i € {|k/2] +1,...,k — 1}, and suppose
A, B € V(L) with |ANB| =:m >1i. Then d(A,B) = 2.

Proof. Since m > i, we can choose a k-subset C' containing ¢ elements from
AN B, and since ¢ > k/2 implies |[I\ (AUB)| =n—2k+m >m > i >k —1,
we can also choose C to contain k—i elements from I\ (AUB). Then |C| =k
and A — C' — B is a path of length 2, and hence d(A, B) = 2. ]

Now let n > 2k and ¢ € {|k/2] + 1,...,k — 1}, and suppose that
AB € V(I'hg) with |[AN Bl = m < i. Let j, be the least positive
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integer such that j,,(k — 1) + m > i, ie. j, =

—=|. Construct a path

A—A - =4, (3.11)
where we define Ag := A, and for [ € {1,...,4,}, A is chosen so that
| A1 N Ayl =i and |A; N B| is maximal.

Lemma 3.3.14. Let n > 2k and i € {|k/2] +1,...,k — 1}, and suppose

A,B € V(Dy ;) with |[ANB| =:m <i. Then d(A, B) < j,, + 1 = [E=2].

Proof. Consider the path in (3.11) and observe that |4, N B| = |A,-1 N B| +
(k—1i) =m+1l(k—1), forany [ € {1,...,4m}. If jm(k — i) +m = i, then
|A; N B| =14 Hence A— A, —---—Aj — B is a path of length j,, + 1.
Now, if |Aj,, N B| = jm(k — i) + m > 1, then let a := j,,(k —i) +m —i > 0.
Since ¢ > k/2, this implies |A;,,_1 U B| + a = 3k — 2i < 2k < n, and hence
we can choose a vertex A} = which is the vertex A; but with o elements
from (A;, N B)\ (A4,,, N A;, _1) replaced with o elements which are not in
Aj,1UB. Then A— Ay —---—A; 1 — A’ — Bis apath of length j,, + 1.
Thus d(A, B) < j, + 1. O

We will now show that the inequality in Lemma 3.3.14 is in fact an

equality.

Lemma 3.3.15. Letn > 2k, i € {|k/2]+1,...,k—1} and A,B € V(L' k)
with |AN Bl =t m. Then d(A, B) > [£=2].

Proof. Suppose d(A, B) =1+1and A—C,—---—C;— B is a shortest path. It
can be seen using a short inductive argument that C; can differ from A by at
most [(k—1i) points. This and the fact that |C;NB| < |[ANB|+|C;\ A| imply
|Cy N Bl <m+1(k—1). On the other hand |C; N B| =i soi < m+I(k—1).
This implies

m
141>
Ry

from which the claim follows. O
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Remark 3.3.16.

1. If m > 4, then 0 < kk_T": < 1, so Lemma 3.3.15 just states that
d(A,B) > 1. However if m < 4, then £ > 1 and so Lemma 3.3.15

provides useful information about d(A, B).

2. Lemma 3.3.15 also holds for i < |[k/2]|. For m > i this is obvious by
part 1 of the remark. For m < 4, this can be seen as follows. Since
m < i, we have d(A, B) > 2. Also, k — ¢ > k/2 which implies that

e

from which the claim follows.

k—m
Hence d(A,B) > 2 > ==,

The following corollary is a consequence of Lemmas 3.3.14 and 3.3.15.

Corollary 3.3.17. Let n > 2k and i € {|k/2] +1,... .k — 1}, and suppose
A,B € V(D) with |[AN B| :=m <i. Then d(A, B) = [£=2].

2

We now prove the last result of this section, namely Theorem 3.3.1(3).

Proof of Theorem 3.3.1(3). Suppose A, B € V(I',, ;) with [ANB| =m > 0.
If m < ¢, then by Corollary 3.3.17, d(A, B) = (%1 > 2, and if m > i, then
by Lemma 3.3.13, d(A, B) = 2. As m increases, the value of the function
[%} decreases. Hence the diameter of Iy, 1, ; is the value of this function at

m =0, ie. [Z]. O

3.4 Action of S, on %!

In this section we prove Theorems 3.2.5(2), 3.2.6(2) and 3.2.8(2). To do this,
we will need Theorem 3.3.1(2) as well as the following results, which we shall

also prove in this section.
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Recall that for an [ x [ integer matrix M whose row and columns sums
are k and for which [M] = [M7], the graph 'y is the graph whose vertices
are the kl-partitions of {1,...,kl} and edges are {A, B} where I45 € [M].

Theorem 3.4.1. Let G := S,, or A,, and Q = IV where n = kl with

k>1andl>1. Then diamo(G,Q) > L |£].

Theorem 3.4.2. Suppose n = 2k with k > 1. Fori € {1,...,|k/2]}, define

? k—1
Mi:: .
(k:—i l >

1. For k =2,3, diam(I';yp)) = 1;
2. Fork >4,

(a) diam(T'ay)) = 2 if and only if *5+ < i < §;

(b) if diam(T|pr) # 2, then diam(Tpg) = [551].

To prove Theorem 3.4.1, we will prove the existence of an orbital graph
whose diameter is at least % L%J . We now define and analyse one such orbital

graph.
Definition 3.4.3. Suppose n = ki, where k,[ > 1. We define the [ x [ matrix
Khia| 0 0

My, = 0 1 k—1
0 kE—1 1

Remark 3.4.4. Observe that if A, B € V(') are adjacent, then there
exists a transposition in Sy; mapping A to B (where we are considering the
natural action of S; on (k,)-partitions). Hence every path between A and B
can be represented by a sequence of transpositions and the number of trans-
positions is the length of the path. For a path P between A and B, we will

use op to denote the product of the corresponding sequence of transpositions.
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Henceforth, for a permutation o € S,,, we will denote by supp(c), the
support of o, i.e. the set {z € {1,...,n}: 2% # z} (again, we are considering

the natural action of S, on {1,...,n} here).

Proposition 3.4.5. For k,l > 1, we have diam(I'[y,,) > % LgJ

Proof. Let A and B be two (k,[)-partitions such that

5] [5] 0 0 0
0 [5] [5] 0
Lap ~ | (3.12)
0 0 [5] [5]
5] 0 0 |3]

Write A = A;|...|4; and B = By|...|B;. Let r := d(A, B) and let P be
a path of length r between A and B. Then op maps A to B and for each
i€ {1,...,1} there exists j € {1,...,l} such that op maps A; to B;. Now
|A; N B;| < [%] and hence op moves at least k — [£] = |£] elements from
each A;. Therefore |supp(cop)| is at least [ |%]|. Any permutation whose
support is at least z cannot be expressed as a product of fewer than x/2
transpositions. Therefore, op is a product of at least % ng transpositions.
By Remark 3.4.4, we have that r is greater than or equal to the minimal
length of a factorisation of op by transpositions, and thus r > % LgJ, from

which the result follows. O]

Proof of Theorem 3.4.1. If (k,1) = (2,2), then diamo(G,I1*V) > 1 =1L]%].
Suppose (k,1) # (2,2). Then Ay, is an orbital of (Sg, I*®D), and we
claim that it is also an orbital of (A, I*). Indeed, by Proposition 2.1.5
either Ajyy,,) remains an orbital of (A,, I*V) or splits into two orbitals. We

will show that the former holds by showing that Ay is transitive on Apy,,).
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Let (A, B) and (C, D) be two elements of Ajyy,j, and write C' = C4 ... |C;
and D = Dy|...|D;. Since Sy is transitive on Apy,,), there exists g € Sk
such that (A, B)? = (C, D). Suppose g € Sk \ Ax. Now Iop ~ My, implies
that there exist ¢,j such that |C; N D;| > 2. Pick two distinct elements
a,b € C; N D; and let h := g(ab). Then h € Ay and (A, B)" = (C, D).
This proves the claim and thus I'fy,, is also an orbital graph of (A, I (kD))
Finally diamo (G, I*™) > diam(I'y,,;) > L [£| by Proposition 3.4.5. O

We now use Theorem 3.4.1 to prove Theorem 3.2.5(2).

Proof of Theorem 3.2.5(2). Suppose diamp (G, Q) < c. If (k,1) # (2,2), then
the proof of Theorem 3.4.1 shows that I'[y,,) is an orbital graph of (G,€2).

Hence in particular, we have diam(I'ss,,)) < ¢. Thus by Theorem 3.4.1, we

é EJ <ec. (3.13)

Note that (3.13) also holds for (k,l) = (2,2). Now since |%]| > 1, (3.13)

implies | < 2¢, and since [ > 2 it also implies £ < 2¢ + 1, and hence
n =kl <2c¢(2c+1). O

have

We believe that the lower bound in Proposition 3.4.5 (and hence also the
lower bound in Theorem 3.4.1) can be improved. To be precise, we conjecture

the following.
Conjecture 3.4.6. For k,| > 1, we have diam(I'5r,,)) > [£] (1 - 1).

The [ = 3 case of Conjecture 3.4.6 is proved as Proposition 3.4.8 (see
below). In general, if A and B are as in the proof of Proposition 3.4.5, then
it seems that a shortest path between A and B can be obtained by fixing (%W
elements from each A; and permuting the rest of the elements in ng cycles
each of length [. Note that verification of the conjecture would allow one
to prove results like Theorem 3.2.6(2) for values higher than 5; to prove the

converse implication in the result, we use a computer which has limitations
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as the values of k and [ become large, but the improved lower bound would
reduce the number of cases which need to be dealt with using a computer.

We now work towards proving Theorem 3.2.6(2).

Proposition 3.4.7. Let G := S, or A, and 2 := I*D wheren = ki, k > 1,
[ > 1, and suppose that (k,l) is not in Table 3.8. Then diamp(G,2) > 6.

IT 2 [ 3] 475 [6,780910
k| <11|<7[<5|<5 <3

Table 3.8: Possible pairs (k,1) with diamo(G,I*V) <5

Proof. 1t suffices to show that if diamo (G, Q) < 5, then (k, 1) is in Table 3.8.
Suppose diamg (G, §2) < 5. Then by Theorem 3.2.5(2) we must have [ < 10.
We obtain the values for k by using (3.13) with each [ < 10 and ¢ =5. [

In order to prove Theorem 3.2.6(2), for each pair (k,l) in Table 3.8, we
must either determine that the diameters of all orbital graphs are bounded
above by 5 or find an orbital graph of diameter greater than 5, for (S, [ (k1))
and (A, I®D). To do this, for most cases of (k,l) we shall use one of two
computer programs. However, these programs turn out not to be so efficient
for large values of n = kl; to deal with these cases, we prove the following
results. Henceforth we use the notation A LI B to mean the disjoint union of
the two sets A and B.

For | = 3, we prove the following.
Proposition 3.4.8. For all k > 2, we have diam(I'[p,,)) > 2 ng

Proof. Let A = A;1|A2|As and B = By|Bs|Bs be two (k, 3)-partitions with

B
L= | [5] 15 o
o T 14



Let r := d(A, B) and suppose that P is a path of length r between A and B.

k
2

each A;. If there exists i such that op moves all k£ elements from A;, then
op moves at least k + 2 \_%J elements in total, and hence r > (% + \_%H =
k> 2 LSJ Now assume that op fixes at least one element from each A;.

Define X7 := A1 N By, Y; := AyN By and Z; := A3 N Bs, and let X5, Y5 and
Zy be their complements in Ay, A; and Aj respectively. Then the following

As in the proof of Proposition 3.4.5, 0 p must move at least L J elements from

information can be read off I45:

k k
Xl = 14l = |l = 5] Xl = vl = |20 = |5,

A =X UXo, Ay =Y UY5, A = Z) U Zs,
By =X1UY5, By =Y, UZy, By = Z; U Xs.

Now either A;°? = B; or A;°? = Bs. Suppose A;°? = B;. Then A;°" = B;
for all i. Now if & € X5 and 5 := a°?, then g € X; U Y5, so B # «a. Also, if
B € Yy then 877 € Y U Zy, so 8P # «, and if § € Xy, then 77 € X Y5,
so again ?? # «. Hence in the cycle decomposition of op, a is contained
in a cycle of length at least 3. Repeating similar arguments we see that
the same holds if & € Y5 or a € Z5. Now r is greater than or equal to the
minimal length of a factorisation of op by transpositions. Using the fact that
the minimal length of a factorisation of a permutation ¢ by transpositions
is |supp(o)| — ¢, where ¢, is the number of non-trivial cycles in the disjoint
cycle decomposition of o, we have r > |supp(op)| — ¢;p. Suppose that there
are s disjoint cycles of length at least 3 in the disjoint cycle decomposition
of op. Let J C {1,...,n} be the union of the supports of these cycles.
Then [supp(op)| — ¢op, > |J| — s (this is because ¢,, — s is the number of
2-cycles in the cycle decomposition of op, whereas |supp(op)| — |J| is twice
this number). Furthermore, s < £|J| and hence 7 > 2]J|. On the other hand,
the preceding discussion implies |J| > [X,UY>U Zo| = 3 [£]. Combining the
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two we obtain r > 2 (%W >2 ng Now suppose A17” = Bs. Then Ay°" = B
and A3°" = By. Repeating similar arguments to the above we can see that
every element of X;UY;UZ; must be contained in a cycle of length at least 3,

and so as above we have that

r > g3 E =2 ﬁ .
3 |2 2
Therefore d(A, B) > 2 | 4], from which the result follows. O
For k = 3, we have the following result.

Proposition 3.4.9. For all | > 4, we have diam(Tpr,,;) > [£] + 1.

Proof. Let A and B be two (3, [)-partitions with

1 2 0 0
0 1 2 0 0
Isp =
0
0 0 1 2
2 0 0 1

as in (3.12). By the proof of Proposition 3.4.5, d(4,B) > [L]. We will
prove the result by showing that d(A, B) > [4]. Assume by contradiction
that P is a path of length [é} between A and B. Write op = ay - - -a(ﬂ,
where each a; is a transposition, and write A = A;|...|A;. Asin the proof of
Proposition 3.4.5, op moves at least one element from each A;. It follows that
if [ is even, then |supp(op)| = [ and if [ is odd, then |supp(op)| € {I,{ + 1}.
In all cases supp(op) = Uijl supp(a;), and now a careful analysis, whose
details are left to the reader, shows that in all cases there exists 1 <1 < (ﬂ

and 1 < r # s < [ such that a; = (zy) for some x € A, and y € Aj;
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moreover, the supports of a; and a; are disjoint for all 1 < j < %L Jj # 1,
and [supp(cp) N A,| = |supp(op) N As] = 1. In particular, a; commutes
with every other transposition a; and so we can write op = a;0p where
Op 1= Q1"+ Qi_1Git1 " - ariy- Thus op maps A, to (A, \{z}) U{y} and A,

to (As\{y}) U{z}. Therefore I45 ~ N, where N is the [ x [ matrix

M 0
0 X
with
2 1
M =
1 2

and X a (I —2) x (I —2) matrix. Thus there exist permutation matrices
P and Q such that P7'I,5 = N@Q. Recall that multiplication by P~! on
the left permutes the rows of I,p, and multiplication by ) on the right
permutes the columns of N. Now the entries of P~'I45 = NQ take val-
ues from the set {0,1,2}. Firstly, suppose (NQ)11 = 2. Then the first
and second rows of P~'I,p must be (2,0,...,0,1) and (1,2,0,...,0), re-
spectively. This implies that (NQ)12 = 0 and (NQ)s2 = 2, which is not
possible since N does not contain a column of the form (0,2,...)". Now
suppose that (NQ);; = 1. Then the first and second rows of P~ 1I,p
must be (1,2,0,...,0) and (2,0,...,0,1) respectively. This implies that
(NQ)12 = 2 and (NQ)22 = 0, which is again not possible. Finally suppose
that (NQ@);1 = 0. Then (NQ)s1 = 0 and there exist ¢ € {2,...,[} such
that (NQ)y;; = 1 and (NQ)2; = 2. However this is a contradiction since the
matrix /4p has the property that if (Iap)m = ({ap)st = 0 and (Iap)q = 1,
then (Iap)st = 0, where t € {2,...,1}. Therefore d(A, B) > (éw + 1. O

We also have a small improvement to the lower bound in Proposition 3.4.5

which is obtained as follows.
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Proposition 3.4.10. Let A, B € V(I'py,)) with Tap as in (3.12). If P is a
path between A and B and op € Sy moves exactly | LgJ points from A, then
d(A,B) > |£| (1 - 1), and hence diam(T'py,,)) > |5 (1 - 1).

Proof. Write A = Ay|...|A; and B = By|...|B;,. Since I4p is given by
(3.12) we can write 4; = X; UY; for all ¢ € {1,...,1}, where |X;| = [£],
By =XjUY, and B, = X; UY;; for all ¢ € {2,...,1}. As in the proof
of Proposition 3.4.5, op moves at least ng elements from each A;. Hence
by the assumption exactly LgJ elements are moved from each A;. Therefore
A;°? = By, for all 4. In particular, X% = X4, for i € {1,...,1 — 1},
and X" = X;. Hence writing op = C - - - C,, where the C; are non-trivial
disjoint cycles, we conclude that each C; has length which is a multiple of [,
k

say t;l, and r < bj Then Y/, t;l = LgJ [ and op cannot be expressed as

a product of fewer than

T

Z(til—l):EJl—r

i=1
transpositions. The expression on the right hand side is minimal when

r= [gJ and hence d(A, B) > L%J (I—1). =

Corollary 3.4.11. For all k,1 > 2, we have

sty min{[5]£] + . o).

In particular, for k> 2 and | > 3, we have diam(F[Mkl]) > (é ng + %W

Proof. Let A,B € V(') with I4p as in (3.12) and let P be a path
between A and B. Then op moves at least [ LSJ points from A. Now if
op moves exactly [ [£]| points then diam(I',,;) > |%] (I — 1) by Proposi-

tion 3.4.10. Otherwise op moves at least [ L%J + 1 points and hence can-
1

[5]+

2

[ME

not be expressed as a product of fewer than transpositions. Thus
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diam(F[Mm) Z
123 [z 5] +3l <5

For the case [ = 2, we find the diameters of all orbital graphs of (S, I*:))
as stated in Theorem 3.4.2. Recall that for [ = 2 the orbital graphs are Iy,
where i € {1,...,|k/2]} and

i k—i
M; = .
(k—z’ i )

Note that the matrix M; is determined by (M;)1, and if A, B € V(I'ny),

then the matrix [4p is determined by (/4p)11. In order to prove Theorem

(- 1). O

3.4.2 we will need to prove the following criterion which relates distances in
the graphs I'jj,) to distances in the graphs I'pyx; from Section 3.3. In what
follows, for a k-subset X of I = {1,...,2k}, we will use the notation X¢ to
refer to 1\ X.

Lemma 3.4.12. Leti € {1,...,|k/2]}, r > 2, and A, B € V(I'jps,)) where
A = A1|Ay, B = By|By and (M;)11 := i. Suppose dp[Mi](A,B) > r.
Then dr, (A, B) = r if and only if there exvist I, m € {1,2} such that
dry, ,.(Ai, Bm) = 7. In particular, we have diam(I'(n)) > 7 if and only
if diam(Tog ) > 7.

Proof. Suppose dr,, | (A)B) = randlet A—C; —---—C,_1 — B be a
shortest path, where C; := X;|Y;. Then there exist {l,m} € {1,2}, and
Z; e {X;,Y;}fori e {1,...,r—1}, such that |A,NZ| =i, |ZiNZ;i11| =i for
ied{l,...,r—2},and |Z,_1NB,,| = i. Hence A;—Z,—---—Z,_1—B,, isapath
of length 7 in Ty . If dr,, (A, B) =it <rand Ay — Dy —...Dy_y — By,
is a shortest path, then

A= AAS — Dy|DE — - — D, | DS, — By|BS, = B
is a path of length ¢ in I'y,), contradicting the fact that dr,, , (A,B)=r>t.
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Hence dr.,, , ,(Ai, Byn) = r. Conversely, suppose there exist [, m € {1,2} such
that dr,, , ,(A;, Byn) = 7. Let Ay — X1 —--- — X, — B,, be a shortest path

in I'gp ;. Then
A=AlA] - X4 | X7 - — X, 1| X, — Bn|B, =B

is a path of length 7 in T'py), and since dr,, (A, B) > r, we have that
dF[Mi] (A, B) =T. L]

The following lemma follows directly from Lemmas 3.3.4 and 3.3.6.

Lemma 3.4.13. Let i € {1,...,|k/2]} and let A,B € V(I'axr:) where
m :=|AN B| #i. Suppose d := diam(I'yy ;) > 2. Then

d(A,B) =2 m >k — 2i.

In particular, if 20 > k, then d(A,B) = 2. Now suppose d > 3 and let
ve{3.....d}. If (2v—1)i <k, then

dA,B)=vek—vi<m<k—(v—2)i, v even
d(A,B) =v < (v—2)i <m < i, v odd,

and if (2v —1)i > k, then
dA,B)=ve (v—1i<m<k—(v—2)i, v even

dAB)=ve (v=2)i<m<k—(v—1), v odd

Proof of Theorem 3.4.2(1) and (2a). 1t is straightforward to verify that for
k < 4, all orbital graphs have diameter 1. Suppose k > 4 and let A, B €
V(L) with (Iap)11 = j, where j € {1,...,|k/2]} and j # i,k —i. Then
dr iy, (A, B) > 2 and by Lemma 3.4.12, dr (A, B) = 2 if and only if there
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exist [,m € {1,2} such that dr,, , ,(A;, B,,) = 2. Hence by Lemma 3.4.13,
dp[M_](A, B) =2 & either j > k — 2i or j < 2i. (3.14)

Therefore diam(I'5;) = 2 if and only if 2i > k — 20 — 1, i.e. ¢ > &1, O

Lemma 3.4.14. Let i € {1,...,[k/2]} and let A,B € V(') where
(Iag)11 == j for some j € {1,...,|k/2]} and j # i,k —i. Suppose that
dr, (A, B) = 3. If 5i <k, then

dri, (A, B) =3 & either 20 < j <3i or k —3i < j <k —2i, (3.15)
and if 5t > k, then
dry (A, B) =3 & 20 < j <k —2i. (3.16)

Proof. Note that since dr,, (A, B) > 3, (3.14) implies 2 < j < k — 2.
We detail the proof for the case where 57 < k; the proof for the case where
5i > k, can be done analogously. Suppose 5i < k. If dr,, | (A, B) = 3, then
by Lemma 3.4.12 there exist k-subsets Aj, By with [A; N By| = j or k —
such that dr,, , (A1, B1) = 3. Then by Lemma 3.4.13 we have that either
1< j<3iork—3i <j<k—1i Combining these with 2: < j < k — 2¢
gives the result in one direction. The converse implication follows directly
by using Lemmas 3.4.12 and 3.4.13. [

Lemma 3.4.15. Let t > 2 and suppose diam(I'jy) >t + 1. Ift = 2, then
2i <k, and if t > 3, then (2t — 1)i < k.

Proof. Note that we have 2i < k. If 20 = k, then diam(I';ys,)) = 2 by Theo-
rem 3.4.2(2a), and hence the result for ¢ = 2. If ¢ > 3, then diam(I'y ;) >
t+ 1 by Lemma 3.4.12; and the result follows from Lemma 3.3.9. ]
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Proposition 3.4.16. Leti e {1,...,|k/2|}. Then

diam(F[Mi]) =3& E <i< E
6 4
Proof. Suppose diam(I'jp;) = 3. Then diam(I'y,)) > 2, and so by Theo-
rem 3.4.2(2a), we must have i < 2. Then using (3.14) and Lemma 3.4.14,
we see that 3t > k—3i—1,ie. i > %. Conversely suppose % <1< %.
Then diam(I'5s,)) > 3 by Theorem 3.4.2(2a). Now using (3.14) and Lemma
3.4.14, and the fact that ¢ > %, we see that for all A, B € V(I'y,)) with

d(A, B) > 2, we must have d(A, B) = 3, and thus diam(I';;,)) = 3. O
We now prove a result generalising (3.14), (3.15) and (3.16).

Lemma 3.4.17. Let r > 3 and A, B € V(I'jag)) with (Iap)u =: j, where
j€A{l,....k/2} and j # i,k —i. Suppose dr,, (A, B) >r.

1. If (2r — 1)i < k, then dr,, (A, B) = r if and only if either k — ri <
j<k—(r—=1ior(r—1)i<j<ri.

2. If 2r — 1)i > k, then dr,, (A, B) = r if and only if (r — 1)1 < j <
k—(r—1)i.

Proof. We proceed by induction or r. The base case r = 3 has been done in
Lemma 3.4.14. Now suppose dp[Mi](A, B) > r > 4 and that the result holds
for all s < r. Note that (3.14) determines the pairs of vertices for which the
distance is 2. Moreover, since dp[Ml_] (A, B) > 4, using Lemma 3.4.15 with
t = 3, we have 5i < k and thus (3.15) determines the pairs of vertices for
which the distance is 3. Now, for s < r since dr,, (4, B) > r > s+1, by
Lemma 3.4.15, we have (2s—1)i < k and thus using the inductive hypothesis,
we can determine the pairs of vertices for which the distance is s. Combining

the above, we obtain that

dry (A, B) =271 & (r—1)i <j <k—(r—1)i (3.17)
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For j as in (3.17), using Lemmas 3.4.12 and 3.4.13, if (2r — 1)i < k, we have

dri, (A, B) =r & either k —ri <j <k—(r—2)ior (r—2)i<j<ri

M;]
and if (2r — 1)i > k, then
dF[Mi] (A, B) =r <<

either (r—1)i<j<hk—(r—2)ior (r—2)yi<j<k—(r—1)i.
We obtain the result by combining the inequalities above with (3.17). O

The next result is a direct consequence of the proof of Lemma 3.4.17.

Lemma 3.4.18. Let r > 3 and A, B € V(I'jag)) with (Iap) == j, where
JeAL, ... k/2} and j # i,k —i. If diam(I'ay,)) > 7, then

dF[Mi](A7B) >r & (’I“— 1)i <j<k-— (T— 1)2'.

We now prove Theorem 3.4.2(2b).

Proof of Theorem 8.4.2(2b). Suppose diam(I';y;,)) # 2. It suffices to show
that for r > 3,

k-1 = k-1

i Uiy = < .
diam(I'py) =r & 5 Si<g5 5

We proceed by induction on r. The base case r = 3 is done in Proposi-
tion 3.4.16. Now let » > 4 and suppose for the inductive hypothesis that
kE—1 kE—1

cio izl 3.18
95 'S 959 (3.18)

diam(F[Mi]) =S58

for all s € {3,...,7 — 1}. Suppose that diam(I';y;;) = r. Then we have
diam(I'(p)) > r — 1, and so by Theorem 3.4.2(2a) and (3.18), we must have

i < £=.. By Lemma 3.4.18 we have that for all A,B € V(I'|)) with
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(Iag)11 =: j, where j € {1,..., |k/2|} and j # i,k — 1,
dr, (A, B) 21 (r—1)i<j<k—(r—1)i

Now diam(I'[as,)) = r implies that for all A, B € V(I';g,)) with d(A, B) > r,
we must have d(A, B) = r. Using this and Lemma 3.4.17, we see that either
(2r —1)i > k, or (2r — 1)i < k and 7i > k — ri — 1. In either case, i > £-1.
Conversely, suppose kQ—_Tl <i< 2’3;_12 Again by Theorem 3.4.2(2b) and (3.18),
we have diam(I'[pz;) > r. Then using Lemma 3.4.18, Lemma 3.4.17, and the
fact that i > 21, we see that for all A, B € V(I'|y;,)) with d(A, B) > r, we
have d(A, B) = r, and thus diam(I',)) = 7. O

2

Proof of Theorem 3.2.6(2). Suppose diam(G,€2) < 5. By Proposition 3.4.7,
the pair (k,l) must be in Table 3.8. For each such pair (k,[), we now verify
whether or not the converse holds. Suppose [ = 2. If k = 2, then (Sk;, Q) only
has one orbital graph of diameter 1; by Lemma 3.4.22 (see below), this graph
remains an orbital graph of (A, Q). Thus the converse holds in this case. If
k > 3, then using the same technique used in the proof of Theorem 3.4.1 to
show that the orbital graph I'[y;,,) remains an orbital graph of (A, €2), one
can show that the orbital graphs I'y,) also remain orbital graphs of (A, §2).
Then Theorem 3.4.2 implies that the converse holds for k € {3,...,11}. Now
using Proposition 3.4.8 (with k = 6,7), Proposition 3.4.9 (with [ = 9,10), and
Corollary 3.4.11 (with (k,l) = (4,5) and (5,5)) we see that diam(I'(s,]) > 6
for the pairs (k,l) = (6,3),(7,3),(3,9),(3,10),(4,5),(5,5), and hence the
converse does not hold for these pairs. For the remaining pairs from Ta-
ble 3.8 we try to use the computer program CSjay(k,1) (detailed in Sec-
tions 5.1 and 5.2 of Chapter 5) to output the diameters of all orbital graphs
of (G,I*D). In the case where the attempt is successful, the output en-
ables us to determine whether or not diamp(G,2) < 5. In some cases
(namely (k,1) = (5,4),(3,6),(3,7),(3,8),(2,10)) the attempt fails due to

limitations of the computer program, described in Section 5.1; let (k,[) be
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such as a case. Let A, B € 'y, with T4p as in (3.12) and let o be any
permutation such that A2 = B. Now any permutation mapping A to B is
of the form wo, where w € Hy = S, 1S, (H := Sy;). For each permutation
g mapping A to B, let T, be the least number of transpositions g can be a
product of. Then the minimum value of T, amongst all g is a lower bound for
the distance between A and B and hence a lower bound for the diameter of
L'a,- We use the computer program Crow(k, [, o) (detailed in Section 5.3 of
Chapter 5) to output this lower bound. For all inputs of (k,[) except (3,6),
we obtain diam(I'(ys,;) > 6, and thus the converse does not hold in these
cases. For the case (k,[) = (3,6), we use Crow(k,(, o) but with ¢ such that
A% = B where

111000
01 1100
Lip = 001110
000111
100011
110001

to again obtain diam(I'[ys,;) > 6 for this case, i.e. the converse does not
hold for this case either. Collating the results together, it turns out that the
only pairs from Table 3.8 for which diamo(G,€2) < 5, are the ones in the
statement of the result, i.e. in Table 3.1. O

Although the orbital diameters of (Sy;, I*!) tend to infinity as n = ki
does, there do exist infinite families of orbital graphs with small diameters.
We will now present one infinite family of graphs of diameter 2 and prove

Theorem 3.2.8(2). To do this we will need the following preliminary notions.
Definition 3.4.19. Let A be an n x n matrix with non-negative real entries.

1. Let £ > 1 be an integer. We say that A is a k-doubly stochastic matrix
if each row sum and each column sum is k. We say that A is doubly

stochastic if A is 1-doubly stochastic.
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2. A diagonal D = (ay,...,a,) of Ais a sequence of n entries of A such
that no two entries lie in the same row or column of A. A diagonal D

is called positive if a; > 0 for all i.

Lemma 3.4.20 (Lemma 7.4.4 in [12]). Every doubly stochastic matriz has

a positive diagonal.

Recall from Proposition 2.1.5 that since A, is a subgroup of S, of index 2,
an orbital of Sy, ) either splits in (A, 1) or remains the same. Below
we give a more specific criterion for determining which one of the previous

two happens for a given orbital, and then use it with a particular orbital.

Proposition 3.4.21. Let (G, X) and (H, X) be transitive permutation groups,
where G := S, and H := A,. Let A := y% be a non-trivial suborbit of
(G, X). Then A remains a suborbit of (H, X) if and only if G, contains an

odd permutation.

Proof. By Proposition 2.1.5, either |G,,| = |H,,| in which case the suborbit
splits, or |G,,| = 2|H,,| in which case the suborbit doesn’t split. Now the
former holds if and only if G5, = H,, which is if and only if G, contains no
odd permutation. Therefore, the latter holds if and only if G,, contains an

odd permutation. O

Lemma 3.4.22. Let G := S, and H := A,, where n = k*. Let Apy be the
orbital of (G, 1% where M is the k x k matriz with all entries equal to 1,
and let (o, B) € Apyy. Then

1. Gag = Sk X Sk,'

2. Gop < H if and only if k is even, i.e. Apg splits in (H, ) if and

only if k is even;

8. Ifk is even and k/2 is odd, then Ay splits into two orbitals of (H, I*:R))

which are paired with each other.
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Proof. Write o = ... |ay and 8 = By|...|Bk, and a; = {1, ..., }. By
relabelling the «y;’s if necessary, we may write f; = {au, ..., i}

We first prove part 1. For o € Sy, let g, denote the element of GG, which
maps «;; to o, and let h, denote the element of G, which maps «;; to
a;oj. Define Hy := {g, : 0 € S;} < G, and Hy := {h, : 0 € S} < G,.
Now each g, and h, also stabilise 8 and thus Sy = H; < Gg for ¢ = 1,2.
Furthermore, H; and Hy commute and hence Sy x Sj, = (Hy, Hy) < Gop. In
order to complete the proof of part 1, we will show that |G,5| = (k!)?. By the
Orbit-Stabiliser property, this is equivalent to showing that |3%| = (k1.
Now % = {v: (a,7) € Apy} and thus |3%| is the number of distinct
(k, k)-partitions v satisfying I,, = M. This number can easily be seen to be
(K*(k — 1)k ... 2F1%) /k! = (k!)*~!. This completes the proof of part 1.

We now prove part 2. Define g := (aq1 ao1)(anz agg) ... (g aigr) and
observe that g € Gop. If k is odd, then g ¢ H, ie. Gop £ H. Conversely,
suppose k is even. Observe that if o € Sy is a product of ¢ transpositions,
then g, will be a product of kt transpositions. Similarly, observe that if
the cycle decomposition of o € S; has o; cycles of length ¢, then the cycle
decomposition of h, will have ko; cycles of length i. Therefore, if k is even,
then Gos = (H;,Hy) < H. Now by Proposition 3.4.21, the orbital Ay
splits if and only if G,3 < H, i.e. if and only if % is even.

We now prove part 3. Suppose k is even. By part 2, Apy splits in
(H, I®*)) into two orbitals, say A; and A,. These orbitals are interchanged
by any odd permutation. By relabelling if necessary, we may assume that
(v, B) € Aq. In order to show that A; and A, are paired with each other,
it suffices to show that there exists an odd permutation swapping o and /3

(since the existence of such a permutation implies (3, a) € Ay). Indeed, the
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permutation

g 3:(0412 0421) s (Oélk Oékl)

(Oé2s 0432) Tt (Oézk OékQ)

(Oék—z,k—l Oék—1,k—2) (ak—2,k CYk:,k:—2)

(Oék—l,k; Oék,k—1)

swaps a and § and is a product of k(k — 1)/2 transpositions which is odd if
k/2 is odd. This proves part 3. ]

Proof of Theorem 3.2.8(2). By Lemma 3.4.22, if k is odd, or if k is even and
k/2 is odd, then I’y is an orbital graph of (A,, I**)).

It remains to show that diam(I'a) = 2. Let A, B € V(I'\y) and write
A= A|...|Ag, B= By|...|Bg. It suffices to show that there exists a (k, k)-
partition C' such that I,c = M = Icp, i.e. that A — C — B is a path of
length 2. We will do this by describing an explicit construction for C. Define
It = $Iap. Then Iy 5 is a doubly stochastic matrix. By Lemma 3.4.20, I'; 5
and therefore Iap = kl'y5 := (as), has a positive diagonal. Moreover, the
latter diagonal has positive integer entries, in particular at least 1. Denote
this diagonal by D = (ai,j,, .-, @i, ), where for r € {1,... k}, S, =
A; NB,, and a;,j, = |S;,;.| > 1. Let C} be a k-subset which consists of exactly
one element from each intersection S;, j,., for r € {1,...,k}. Then |Cy| =k
and |[A;NCy| =1=|CiNB;| foralli e {1,...,k}. Note that if we subtract 1
from each of the entries a;,;, in I4p then the matrix [,(411)3 which remains is a
(k — 1)-doubly stochastic matrix where (II(L‘%)Z.T].T = |(A;, N B, )\ Cy| for r €
{1,...,k}, and (Ig%)st = (Iap)st otherwise. As before Lemma 3.4.20 asserts
that ISI); := (bs) has a positive integer diagonal, say D’ = (btuys- - - btpuy),
where for r € {1,...,k}, either b, = |(A;, N By,)\C1| or by, = | A, N By, |.
In the former case define 73, := (A, N B, )\ C: and in the latter case define
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Ti,u, = As, N B,,. Note that in either case Ty, N C; = (). Now let Cy be a
k-subset which consists of exactly one element from each of the sets 713 ,,., for
re{l,...,k}. Then |Cy| =k, |A;NCy| =1=|ConB;| foralli e {1,... k},
and we construct the (k — 2)-doubly stochastic matrix Iff; in an analogous
way to ISE);. We may repeat the above process to construct a k-subset C; at
which stage we are left with a (k — j)-doubly stochastic matrix. Then we
can construct C4q aslong as k —j > 1,1i.e. 7 +1 < k. In this way we may
construct sets C1, ..., Cy such that |C}| = k and |A;NC;| =1 = |C;N B,| for
all 4,5 € {1,...,k}. The sets C; are disjoint by construction. Lastly, define
C :=C(C4|...|C. Then Iyc = M = Iop, and hence A — C' — B is a path of
length 2. O

3.5 Actionof G:= S5, and A, on (G : H), where
H is primitive
In this section we prove Theorems 3.2.5(3), 3.2.6(3) and 3.2.8(3).

We will need the following result concerning the orders of primitive sub-

groups of S,, and A,,.

Lemma 3.5.1 (Corollary 1.2 in [18]). If H is a primitive subgroup of S, not
containing A,, then |H| < 3". Moreover, if n > 24, then |H| < 2.

In the following, e denotes the base of the natural logarithm.

Proof of Theorem 3.2.5(3). Suppose diamp(G,2) < ¢. Then (G,2) has an
orbital graph of diameter d < ¢. Hence by Lemma 2.2.1

|G H|<1+2/H|+2|H|(2|H| — 1)+ --- +2|H|(2|H| — 1) ! < (2|H|)*™.
(3.19)

Using Lemma 3.5.1 and (3.19) we obtain that either n < 24 or n!/2 <
e+ - Now n!/2 > (n/e)” (this follows from (8.8) in [10, p. 161]).
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If n > 24, then using this and the fact that (n +1)/n < e = 1.04, we obtain
n< 626(c+1)+1 < 2e(c+1)+3. (320>

Note that (3.20) also holds for n < 24 (using any ¢ > 1) and hence holds
for all n. O

We now work towards proving Theorem 3.2.6(3).

Proposition 3.5.2. Let (G, () be a finite primitive permutation group with
G:=S, orA, and Q := (G : H), where H # A,, is primitive on {1,...,n}.
If diamp (G, Q) < 5, then n and H are in Tables 3.9 or 3.10, respectively.

n H

5 | AGLy(5)

6 | PGLy(5)

7 | AGLy(7)

8 | PGLy(7)

9 | AGLy(3)

10 | PI'Ly(9)

11 | AGL4(11)
12 | PGLy(11)
14 | PGLy(13)
18 | PGLy(17)

Table 3.9: Possible pairs (n, H) with diamg(S,,, 2) <5, where Q := (S, : H)
and H is primitive
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n H

5 Dqo

6 PSLy(5)
7 PSL3(2)
8 ASL3(2)
9 | ASLy(3), PTLy(8)
10 Ml[)

11 M11

12 M12

13 PSL3(3)
14 PSL,(13)
15 PSL,(2)
16 2T PSL4(2)
17 PIL,(16)
23 Mgg

24 M24

Table 3.10: Possible pairs (n, H) with diamg(A4,,Q) < 5, where Q :=
(A, : H) and H is primitive

Proof. Suppose diamp(G,2) < 5. Then (G, (2) has an orbital graph of di-
ameter d < 5. Using Lemma 3.5.1 and Lemma 2.2.1, we obtain that either
n < 24 or

G| < 27(1 4 27+ 4 gt (g 1) 4 gkl (gl )2
+ 2n+1(2n+1 _ 1)3 + 2n+1(2n+1 o 1)4)‘

Using this we can deduce that n < 173 for G = S,, and n < 174 for G = A,;
let L, denote the list consisting of these values. We then use the computer
program C5y; (5, L) (detailed in Section 5.4 in Chapter 5) to output the
values of n for which there exist primitive subgroups H of G satisfying (2.2)
from Lemma 2.2.1 with d = 5. We find that the output is 5 < n < 28,
n # 15,16,19,23 for G = S,,, and 5 < n < 32, n # 19,29,30 for G = A,.

Let Ly,,,,) denote the new list of values of n outputted. We then use an-
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other computer program, namely Chyw (5, Li,..]) (detailed in Section 5.5 in
Chapter 5) to output a final list of values of n for which the lower bound for
the diameter in Proposition 2.2.2 is strictly less than 5. Thus the permuta-
tion groups corresponding to each discarded value of n have orbital graphs
of diameter at least 6 and hence these discarded values cannot occur. Each
entry in the final list is a pair which consists a value of n together with a
primitive subgroup H from the database of primitive permutation groups in
(the computational algebra system) Magma. The final values of n and the
subgroups H obtained are precisely the ones in Table 3.9 for G = S,, and in
Table 3.10 for G = A,,. O

Proof of Theorem 3.2.6(3). If diamp(G, X) < 5, then by Proposition 3.5.2,
the pair (n, H) must be in Table 3.9 for G = S,, and Table 3.10 for G = A,.
Let L, denote the list consisting of these values of n. We use the com-
puter program CSyxy (5, L)) (detailed in Section 5.6 in Chapter 5) to output
the diameters of the orbital graphs of (G, X) and verify that the only pairs
(n, H) for which diamp(G, X) < 5, are the ones in Table 3.2 for G = S,
and in Table 3.3 for G = A,,. This program also outputs the rank of (G, X),
the valencies of the orbital graphs, and identifies the corresponding sub-
groups H with groups from the database of primitive permutation groups
in Magma. Note that C2M(5 [n]) fails to analyse the cases mentioned in
Remark 3.2.7(1) due to limitations of the program which are described in
Section 5.1 in Chapter 5. O

Proof of Theorem 3.2.8(3). Suppose (G, X) has an orbital graph of diame-
ter 2. Then using Lemma 3.5.1 and Lemma 2.2.1, we obtain that either
n < 24 or

|G| < 27(1 + 2"+ 4 27l (2ntl — 1)),

One can check that no value of n > 24 satisfies the above inequality and
hence we have n < 24 for both G = S,, and G = A,; let Ly, denote the

list consisting of these values. We use the computer program CGy; (2, Liy)
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(detailed in Section 5.4 in Chapter 5) to output the values of n for which
there exist primitive subgroups H of G satisfying (2.2) from Lemma 2.2.1
with d = 2. Let Ly, denote the new list of values of n outputted. We
then use the computer program C§jay(2, Li,..)) (detailed in Section 5.6
in Chapter 5) to output the diameters of the orbital graphs of (G, X) and
verify that the only pairs of (n, H) for which (G, X)) has an orbital graph of
diameter 2, are the ones in Table 3.4 for G = S,, and in Table 3.5 for G = A,,.
As before, this program also outputs the rank of (G, X), the valencies of the
orbital graphs, and identifies the corresponding subgroups H with groups
from the database of primitive permutation groups in Magma. Note that
CDIAM(2 [n]) fails to analyse the case n = 24 for G = A,, due to limitations

of the program which are described in Section 5.1 in Chapter 5. O
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Chapter 4

The projective special linear

groups of dimension 2

In this chapter we study the orbital diameters of the primitive actions of
almost simple groups with socle isomorphic to the projective special linear
group PSLa(q), for ¢ odd. We give necessary conditions for the orbital di-
ameters to be bounded above by 2 and to some extent make the conditions
precise. For each primitive action, we also give information about orbital
graphs of diameter 2.

The chapter is split into seven sections. In Sections 4.1 and 4.2, we
state the preliminary results that are needed for the chapter, and then state
the main result of the chapter. We devote Sections 4.3, 4.4, 4.5 and 4.6
to analysing the primitive actions which arise from the different maximal

subgroups of PSLy(q), and we give a proof of the main result in Section 4.7.

4.1 Preliminary theory

In this section we present the background material which will be needed

throughout the chapter.
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We begin by stating formulas for orders of the groups PGLy(g) and
PSLa(q); see [[24, p. 44]] for the following result.

Lemma 4.1.1. We have [PGLy(q)| = q(¢*> — 1) and |PSLy(q)| = q(qul).

When analysing the primitive actions of PSLy(q), we will often treat
PSLs(q) as an orthogonal group. In particular, we will make use of the

following isomorphisms.

Proposition 4.1.2. We have the following isomorphisms:
1. PSLy(q) = Q3(q), for q odd (Proposition 2.9.1(v) in [14]);
2. PGLy(q) = SO3(q) (Theorem 11.6 in [23]);
3. PSLa(q?) 2 Q, (q) (Corollary 11.8 in [23]).

In some sections of the chapter, we will need to determine whether or
not a given element of O(V') belongs to (V). To do this we shall use the
following theory.

Definition 4.1.3. Let (V,Q) be a quadratic space and let v € V with
Q(v) # 0. We define the reflection in v as the map r, : V. — V given

N (v,x)
by x +— x O

Proposition 4.1.4 ([14, p. 29]). Let (V,Q) be a non-degenerate quadratic
space over F, where q is odd. Then O(V) = (r, : Q(v) # 0). Moreover,
SO(V') consists of the elements of O(V') that can be written as a product of

an even number of reflections.

Definition 4.1.5. Let (V, Q) be a non-degenerate quadratic space over F,
where ¢ is odd and let g := r,, -- -7, € SO(V) be a product of reflections.
The spinor norm of g is defined to be 1 if the product Hle (v, v;) is a square

in F;, and —1 otherwise.

For the next result, see Proposition 2.5.7 and Description 1 in [14, p. 29].
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Proposition 4.1.6. Let (V, Q) be a non-degenerate quadratic space over I,
where q is odd. Then Q(V) consists of all the elements of SO(V') whose

spinor norm is 1, and is the unique subgroup of SO(V') of index 2.

We now state an important result which will be used many times in the

chapter.

Lemma 4.1.7 (Witt’s Lemma). ([1, p. 81]). Let (V,k) be a symplectic,
unitary or quadratic space. Let U and W be subspaces of V and suppose

g:U —V is an isometry. Then g extends to an isometry of V.

In the chapter we will not only be analysing the simple groups PSLa(q),
but more generally we will be analysing almost simple groups with socle iso-
morphic to PSLy(q), i.e. groups G satisfying PSLy(q) < G < Aut(PSLa(q)).
For a group G and I' < Aut(G), we will denote by I, the image of I' in
Out(@), and similarly for f € Aut(G).

Remark 4.1.8. Let G be an almost simple group with socle S. If H is a
maximal subgroup of G and H contains S, then S acts trivially on (G : H).
For the purposes of the thesis, we are not interested in these kinds of actions,
and therefore when looking at primitive actions of almost simple groups, we

will exclude the cases where the socle is contained in the maximal subgroup.

To analyse the primitive actions of almost simple groups with socle iso-
morphic to PSLy(g), we will require explicit knowledge of automorphisms
of PSLy(q).

Definition 4.1.9. Let ¢ be a power of the odd prime p.

1. Define § to be the automorphism of PSLy(g) which maps the coset
containing A € SLy(q) to the coset containing the matrix D~'AD,
where D is a diagonal matrix with diagonal entries ;4 and 1, and p is a

generator of Fy.
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2. Define ¢ to be the automorphism of PSLs(q) which maps the coset
containing A € SLs(g) to the coset containing the matrix A with each

entry replaced by its p™™ power.
The next result follows from Propositions 2.2.2 and 2.2.3 in [14].
Proposition 4.1.10. Let § and(b be as above. Then the following hold:
1. Aut(PSLy(q)) = (PSLa(q), 0, ¢);
2. Out(PSLy(q)) = (0, 9);

3. (PSLy(q), d) = PGLay(q).
We will also need a description of the conjugacy classes of maximal sub-
groups of G, where soc(G) = PSLy(q). The following result can be found in

a more general context as Theorem 2.1.1 in [3]. Recall that D,, denotes a

dihedral group of order n.

Theorem 4.1.11. Let ¢ > 5 be a power of the odd prime p and let G be an
almost simple group with S := soc(G) = PSLy(q). Then representatives of
the conjugacy classes of maximal subgroups H of G that do not contain S
can be read off from Table 4.1.
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HnNnS Notes c | Stab
Py 1] (5,0)
Dy 1 q+#5,7,9,11 1] (6,¢)
¢g=7,11 N1 1] ()
¢g=9 N2 1] (5,9¢)
Dgi1 q#7,9 1] (5.9)
¢g=7 N1 1] ()
¢g=9 N2 15,9
PGL2(q0) | ¢ = q0” 2| ()
PSL2(q0) | ¢ = qo', t odd prime 15,9
Sy g=p=+1mod38 2 1
Ay ¢ =p=+3,5, +13 mod 40 1] (6)
¢g=p=+11,£19mod 40 N1 |1 | (§)
As g =p==+1mod 10 2 1
g=p% p=+3mod 10 2| ()

Table 4.1: Maximal subgroups of G, where soc(G) = PSLy(q) and ¢ is odd

Explanation of columns in Table 4.1:
e ‘H N S’: This column describes the structure of H N S.
e ‘Notes’: This column describes restrictions on the values of ¢.

e ‘c’: This column specifies the number of conjugacy classes in S of

subgroups isomorphic to H N S.

e ‘Stab’: For a maximal subgroup K of S, the natural action of Aut(S5)
on the set of conjugacy classes of subgroups isomorphic to K, is transi-
tive with kernel Inn(.S). Thus it induces a transitive action of Out(S5).
This column specifies the stabiliser of one conjugacy class under the
latter action. If the ‘Notes’ column of this entry is not marked with
‘N1’ or ‘N2’ then let T' be the subgroup of Out(S) specified by the
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column. For any subgroup 71" of T, the subgroup K.T' is a maximal
subgroup of S.T'. If the entry in this column is ‘N1’; then this is true
only when 7' = (§). If the entry in this column in ‘N2’, then this is

true only when 7' is not contained in ().

Remark 4.1.12. The group H := P, in Table 4.1 is a parabolic subgroup of
G := PSLs(q) and the action of G on (G : H) is equivalent to the natural
action of GG on 1-dimensional subspaces of the vector space Fg (see Proposi-

tion 6.3.1 in Chapter 6), which can easily be seen to be 2-transitive.

4.2 Statement of the main result

We now state the main result of the chapter.

Theorem 4.2.1. Let g > 17 be odd and let (G, X) be a primitive permutation
group with S := soc(G) = PSLy(q) and X = (G : H), where S € H <pax G.

1. If diamp (G, X) < 2, then H NS is isomorphic to one of the following:

L Pl;
e PGLy(q"?) with ¢*/? = 3 mod 4;
e PSL,(q'/?3).
Furthermore, the converse is known in all cases apart from PSLQ(ql/g).
2. Suppose G = PSly(q).
(a) If H = D, with ¢ = 3mod 4, or H = PGLy(q"/?) with ¢*/* =
3mod 4, then (G, X) has an orbital graph of diameter 2.
(b) If H= D,y 1, or H=PSLy(q"*) with t an odd prime, then (G, X)
has no orbital graph of diameter 2.
(c) If H= Ay, Sy or As, then (G, X) has an orbital graph of diame-
ter 2 if and only if the value of q is as in Table 4.9 (which can be
found in Section 4.6).
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Remark 4.2.2.

1. If G and H are as in the statement of Theorem 4.2.1 and G = PSLy(q),
then the existence of orbital graphs of diameter 2 is undetermined
for the cases H = D, ; with ¢ = 1mod4, and PGLy(¢"/?) with
¢"/> = 1mod 4. See Conjecture 4.4.2 for the latter case.

2. The orbital diameters of primitive actions of almost simple groups G
with soc(G) = PSLy(q) when ¢ < 13 is odd, can be read off from
Table 4.2 (see the end of Section 4.7 for information on how the results
in Table 4.2 have been obtained). The cases H NS = P, have been
excluded from Table 4.2 as (G, X)) is known to be 2-transitive in these

cases.

3. We have obtained partial results on primitive actions of almost simple
groups G with soc(G) = PSLa(q), where ¢ is even, but these have not

been included in the thesis.
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qg | G/S| HnNS | Diameters of Valencies of
orbital graphs orbital graphs

5 1 Dy 2,2 3,6

5 (6) Dg 2,2 3,6

5 1 Ay 1 4

5 (0) Ay 1 4

7| (6) Dy 4,3,3,2 3,6,6,12

7 (%) Dy 3,2,2 4,8,8

7 1 Sy 1 6

9 | (5 Dy 4,3,3,2,2 4,8,8,8,16

9 | (6¢) Dy 4,2,2,2 4,8,16,16

9 | (5,9) Dy 4,2,2,2 4,8,16,16

9 | (5) Dio 3,2,2,2 5,10, 10, 10

9 | (6¢) Dio 3,2,2 5,10, 20

9 | (3,9) Dio 3,2,2 5,10, 20

9 1 | PGLy(3) | 2,2 6,8

9 | (¢) | PGLy(3) | 2,2 6,8

9 1 As 1 5

9 | (¢) As 1 5

11| () Do | 4,3,3,3,3,2 5,10, 10, 10, 10, 20

1] 1 D1 |3,3,3,3,2,2 6,6,6,12,12,12

11| (6) Dy |3,3,3,2,2 6,12,12,12,12

11| (6) Ay 4,3,3,2,2 4,6,8,12,24

1] 1 As 1 10

13 1 Dy | 4,4,4,3,3,3,3,3,3|6,6,6,12,12,12,12,12,12

13| (6) Dy |4,3,3,3,3,3,2 6,12,12,12,12,12,24

13 1 Dy |3,3,3,3,3,3,2 14,14,14,7,7,7,14

13| (9) Dy 3,3,3,3,3,2 7,14,14,14,14,14

13 1 Ay 5,5,5,4,3,3,3,3,2 | 4,4,4,6,12,12,12,12,24

13| (b) Ay 5,4,3,3,3,2,2 4,6,8,12,12,24,24

Table 4.2: Diameters of orbital graphs of (G, X), where soc(G) = PSLy(q)

and ¢ < 13 is odd

91




4.3 HNSZ= inl

In this section we analyse the diameters of the orbital graphs of the action of
G on cosets of maximal subgroups H, where S := soc(G) = PSLs(q) (¢ odd)
and HNS = Dyyy. We first state the two main theorems that we will prove

in this section.

Theorem 4.3.1. Let g > 13 be odd and let (G, X) be a primitive permutation
group with S := soc(G) = PSLy(q) and X := (G : H), where HNS = D,_;.

1. There exist no values of q such that diamp (G, X) < 2.
2. If ¢ =3 mod 4, then (G, X) has an orbital graph of diameter 2.

Moreover, if G = PGLa(q) then diamp(G, X) < 3 for all ¢ > 17, and (G, X)
has an orbital graph of diameter 2 for all q.

Theorem 4.3.2. Let g > 11 be odd and let (G, X) be a primitive permutation
group with S = soc(G) = PSLa(q) and X := (G : H), where HNS = D, ;.

1. There exist no values of q such that diamp (G, X) < 2.

2. If ¢ > 17 and G = PSLa(q) or PGLa(q), then (G, X) has no orbital
graphs of diameter 2.

Let (G, X) be as in Theorem 4.3.2. Although there are no orbital graphs
of diameter 2 when G = PSLs(q) or PGLy(q), computations suggest that
orbital graphs of diameter 2 do occur for other groups G. In particular, we
conjecture the following result which has been verified for values of ¢ < 243

using a computer.

Conjecture 4.3.3. Let ¢ > 11 be odd and suppose q is not a prime. Let
(G, X) be a primitive permutation group with G := Aut(PSLs(q)) and X :=
(G : H), where H N PSLy(q) = Dyy1. Then (G, X) has an orbital graph of

diameter 2.
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In order to prove Theorems 4.3.1 and 4.3.2, we will consider PSLs(g) as a
subgroup of the 3-dimensional orthogonal group Os(q). Let ¢ be odd and let
V be a 3-dimensional vector space over I, equipped with a non-degenerate
quadratic form. Recall that the group O(V) = O3(q) stabilises the quadratic
form. Also recall that SO(V) = O(V) N SL(V) = SO3(q) and Q(V') = Q3(q)
is the unique subgroup of SO(V') of index 2. Now by Proposition 4.1.2, we
have PSLs(q) = Q3(q). We shall see later that under this isomorphism the
maximal subgroups of PSLy(¢) which are dihedral, are stabilisers of certain
1-dimensional subspaces of V.

We now describe the automorphism group of Q3(¢). Recall that by Propo-
sition 2.3.11, the underlying vector space has a standard basis {ej, f1,z};
henceforth, for simplicity we will write e := e; and f := f;, and we will
assume Q(z) = 1/2, i.e. (z,2) =1 (see Remark 4.3.4).

Remark 4.3.4. By Proposition 2.5.4(ii) in [14], the two isometry classes
of non-degenerate quadratic spaces of odd dimensions are distinguished by
whether or not Q(z) is a square. As all the quadratic spaces of dimension n
are similar, for the purposes of analysing primitive actions, we may suppose
Q(z) is a square or non-square as convenient (see Remark 2.3.8). Moreover,
by replacing = by a suitable scalar multiple of itself, we may assume that

() is any non-zero element of F, which is convenient.

Definition 4.3.5. Let V' be as above where ¢ is a power of the odd prime p,

and let {e, f,z} be the standard basis. We define ¢ to be the map V' — V|
given by ae + bf + cx — aPe + b f + Pz, for a,b,c € F,, and we define b to
be the map O3(q) — O3(q) given by g — ¢ 'g¢. Fix a non-square v € F,.
We define ¢ := Taletrdfs and 4 is defined analogously to ¢.

Remark 4.3.6. Let {e, f,z} be the standard basis. For w,v € V write
u= aje+ b f +czand v = aze + bof + cox, where a;,b;,c; € Fy. Then

(u?,v?) = (a1b2)? + (agby)? + (c1c2)? = ((arby) + (azby) + (c1e2))? = (u,v)P.
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Using this, it is straightforward to see that if g € O3(q), then ¢~'g¢ and §~1gd
preserve the form, and thus ¢(g),d(g) € Os(g). One can also easily check

that ¢ and 0 are bijective homomorphisms, i.e. automorphisms of Os5(q).
Lemma 4.3.7. The maps § and ¢ are automorphisms of Q3(q).

Proof. By Remark 4.3.6, it suffices to show that ¢(Q3(q)) = Q3(q), and the
same with 8. Now, it is straightforward to check that if det(g) = 1, then
det(¢1gp) = 1 and the same with §, and thus ¢ and § are automorphisms
of SO3(q). Further, it is an easily proved fact that the commutator subgroup
H of a group G satisfies f(H) < H for all f € Aut(G). Since Q3(q) is the
commutator subgroup of SOs(g), this implies that ¢(Q3(q)) < Q3(g) and the
equality follows since we also have ¢~1(Q3(q)) < Qs(q). O

Proposition 4.3.8. Let § and(;'ﬁ be as above. Then the following hold:

1. Aut(Qs(q)) = (Tnn(2s(q)), 8, d);

2. (Inn(25(q)), 6) = SOs(q).

Proof. By Lemma 4.3.7, we have A := (Inn(Qs(q)), 0, ¢) < Aut(€Qs(q)). Now
§ has spinor norm —1 and 62 = 1, thus ¢ has order 2. Let ¢ = p", where
p is an odd prime. The map (b maps a matrix M := (m;;) to the matrix
MP .= (mfj), and therefore ¢" = 1. Moreover, no power of ¢ strictly less
than r is an inner automorphism of 23(¢) and thus ¢ has order r. Recall
that & and ¢ denote the images of 6 and ¢ in Out(Q3(q)), respectively. Now
one can check that ¢ = d¢ and hence A/Inn(Qs(q)) = (5, ¢) = Cy x C,.
Thus |A] = 2r|Inn(Q3(q))| = [Aut(Q3(q))|, where the final equality follows
from Proposition 2.6.3 in [14]. Hence A = Aut(£23(¢q)) which proves part 1.

Part 2 follows by observing that (Inn(23(q)),d) = (Q23(q)),0) < SOs3(q), and

then comparing orders. O]

Remark 4.3.9. The information on maximal subgroups of almost simple

groups with socle PSLy(q) in Table 4.1, can be translated to information
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on maximal subgroups of almost simple groups with socle Q3(¢g) with ¢ and
¢ as in Definition 4.3.5 (see Table 8.7 in [3] for maximal subgroups of the
latter).

Let X denote the set of all 1-dimensional subspaces of V. For the re-
mainder of this section, we shall use X and X,, to denote the set of elements
(v) € X with (v,v) a square and a non-square, respectively. Note that if (v)
is in X or X,,, then without loss of generality we may assume that (v,v) =1

or (v,v) =7 (where v is the non-square in Definition 4.3.5), respectively.

Lemma 4.3.10. We have | X,| = @ and | X,| = q(q2—1)'

Proof. The size of X, is the number of 1-dimensional subspaces (v) with (v, v)
a square; we may suppose that this square is 1. Note that (—v, —v) = (v, v)
and thus |X;| is half the number of vectors v such that (v,v) = 1. Let
{e, f,x} be the standard basis and write v = ae + bf + cx, where a,b,c € F,,.
Then (v,v) = 2ab + ¢*. If b = 0, then there are 2¢q solutions to (v,v) = 1,
which are (a,b,c) = (a,0,41). If b # 0, then there are (¢ — 1) solutions to
(v,v) = 1, which are (a,b,c) = (1;§Q,b, c¢). Hence, the number of vectors v
such that (v,v) =1,1is ¢(¢ — 1) + 2¢ = q(¢ + 1). The result for X, follows.

Similarly, the size of X,, is the number of 1-dimensional subspaces (v) with

(v,v) a non-square and we may suppose that this non-square is v. Then |X,,|
is half the number of vectors v such that (v,v) =  and as above one can
show that the number of such vectors is g(¢ — 1) (the case b = 0 doesn’t

occur). This completes the proof. ]

Let G be an almost simple group with soc(G) = Q3(q). Then by Propo-
sition 4.3.8, we have G = (Q3(q),I"), where I' < (§,$). We would like to
define an action of G on the sets X and X,,; the groups SO3(¢) and hence
Q3(q) act naturally on these sets, and for v € V we define ()% := (v%) and
()% := (1% (one can easily check that if (v) is in X, (resp. X,), then (v°)
and (v®) are both in X, (resp. X,,)).
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Proposition 4.3.11. The natural actions of G := SO3(q) on X, and X,, are
transitive. Moreover, for a € X, and 8 € X,,, we have Gy = O3 (q) = Da(g—1)
and Gg = 05 (q) = Dagi).-

Proof. We first prove the statement concerning transitivity. Fix [ € {s,n}
and let a, 8 € X;. Write a := (v) and § := (w). We may choose v and w
such that (v,v) = (w,w) and so the map i : & — § which maps \v — Aw is
an isometry. Hence by Witt’s Lemma (Lemma 4.1.7) there exists g € O3(q)
such that vY = w. Now since every element of O3(q) has determinant +1
(O3(q) is generated by reflections by Proposition 4.1.4, and each reflection
has determinant —1), we have that either ¢ € G or —g € G. It remains to
note that a9 = B.

Note that the isomorphisms O;t(q) = Dsy(gr1) can be found as Propo-
sition 2.9.1(iii) in [14]. Now let {e, f,x} be the standard basis. We have
(x) € X,. Since G is transitive on X, we have that G, is conjugate to G
for all @« € X,. Therefore to prove the first isomorphism in the statement of
the result, it suffices to show that G,y = O3 (). Since (z) is non-degenerate,
we have V' = () L (z)" (see Remark 2.3.4), and thus G = G,y1. Now
(x)t = (e, f) contains a 1-dimensional totally singular subspace ({e), for ex-
ample) and thus G ) = G,y < Oy (q) (see Proposition 2.5.4(i) in [14]). Now
the Orbit-Stabiliser property implies |G | = |G|/| X| = % =105 (q)|,
where we have used Lemma 4.1.1 and Lemma 4.3.10 for the orders of G
and X;. Thus G = OF(q). To show the statement Gg = O; (g), it suf-
fices to show that G.yap) = 05 (q). As above Geyapy = Greyapr < 05 (q)
as (e + 21f)*t = (e — 1f,x) contains no 1-dimensional totally singular sub-
space (see Proposition 2.5.4(i) in [14]), and then the equality follows by

comparing orders. O

Corollary 4.3.12. The natural actions of S := Q3(q) on X, and X,, are
transitive. Moreover, for o € X, and B € X,,, we have Sy, = Dy_1 and

Sp = Dy
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Proof. We will show that S acts transitively on X;. The corresponding claim
for X,, can be proved similarly and is left to the reader. By (2.5.12) in [14],
we have

G = S(ryry), (4.1)

where G := SO3(¢q), and r, and r, are reflections in z,y € V with (z,z) a
square and (y,y) a non-square. Let o := (v) and  := (w) be two elements
in X,. By Proposition 4.3.11, G acts transitively on X so there exists g € G
such that o = 3. Pick x,y € ot with (z,2) a square and (y,y) a non-
square (see the Remark in [14, p. 27] for why this is possible). By (4.1),
either h := g € S or there exists h € S such that g = hr,r,. In the latter
case, we have o™ = o and thus in both cases, we have o® = 8 and h € S.
This proves the transitivity of S.

To prove the first isomorphism in the statement of the result, observe
that since G and S are transitive on X, using the Orbit-Stabiliser property
we have |S,| = ¢ — 1. Now S, must be contained in a maximal subgroup
of S, the only possibility for which is D,_; by Table 4.1. Thus by comparing

orders we have S, = D,_;. A similar argument shows that Sg = D,;. [

Corollary 4.3.13. Let G := (S,T) be an almost simple group where S :=
soc¢(G) = Qs(q) and T' < (6,). Then for a € X, and B € X,,, we have
Go = S,.T and Gs = Sg.f‘, and both point stabilisers are maximal subgroups
of G provided ¢ > 13 and q > 11, for o and B respectively.

Proof. We prove the result for «; the proof for § is similar. By Corol-
lary 4.3.12 and Theorem 4.1.11, S, is a maximal subgroup of S and thus
G, is a maximal subgroups of G. Now S acts transitively on X by Corol-
lary 4.3.12, and thus so does G. This implies G = G5 and thus

5 G _GuS. G _Ga
TS S GunS S,
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By Corollary 4.3.13, in order to analyse the primitive actions of G with
S :=soc(G) = PSLy(q) on the cosets of H where HNS = D44, it suffices to
assume soc(G) = 3(¢) and analyse the natural actions of G on X and X,.
To analyse the latter actions, we will begin by analysing the particular case

where G = SO3(q). We begin by determining the orbitals of this action.

Proposition 4.3.14. Let G := SO3(q) and | € {s,n}. Forl=s andl=n,
define a := 1 and « := =y, respectively. The non-diagonal orbitals of (G, X))

Al = {((v), (w)) € X; x X;: (v,0) = (w,w) = a, (v,w) = £Aa},

where X € F, forl =5, and A € F, \ {£1} forl =n.

Proof. Let {e, f,x} be the standard basis. We firstly verify that the sets AL |
are non-empty for the values of A in the statement of the result. For [ = s, let
v:=zand w = (1-X)e+(1+A)f+Az. Then ((v), (w)) € A%,. Now suppose
I =n. Let v:=e+2f. Since (v) is non-degenerate, we have V = (v) L (v)~.
Note that (v)* = (e — 1 f,z). Let w :=a(e+ 1 f) +ble — L f) + cx, for some
a,b,c € F,. Now ((v), (w)) € A%, if and only if (w, w) = v and (v,w) = £\v.
These conditions imply the equality ¢ = v(b* — A\? +1). One can see that
the latter equation has no non-zero solutions (b, ¢) if A = 41 and thus since
G is transitive on X,,, we conclude that A%, is empty. Suppose A # 1. To
show that A’ , is non-empty, it suffices to show that there exists b such that
b> — A2 + 1 is a non-square. This is equivalent to proving the existence of
b,d with d # 0 such that b — d*y = A\ — 1 # 0. Indeed such b, d exist (see
Lemma A.11 in Appendix A). Thus Al,, is non-empty for the values of X in
the statement of the result.

Now fix [. It is straightforward to check that the sets Al , are dis-
joint and that their union (together with the diagonal orbital) is X; x Xj.
It is also clear that if ((v1),(wq)) and ((vq), (wy)) are in the same orbital

(with (v,v1) = (vg,v2) and (wq,w;) = (wg, ws)) then (v, wr) = £(ve, wo).
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It remains to show that G is tramsitive on Al,. Let a := ((v),(w)) and
B = ({(v'), (w')) be two elements of Al,,. Let v” be the vector +v’ so that
(V) = (V") and (v,w) = (v",w’). Define the map i : (v, w) — (v',w’) which
maps v — v”, w — w’ and extends linearly. Then 7 is an isometry and hence
by Witt’s Lemma there exists g € Os(q) such that v = v" and w? = w'.
Now since every element of O3(q) has determinant +1, we have that either
g € G or —g € G. It remains to note that o™ = §. n

We will denote by I',, the orbital graph corresponding to the orbital
Al , from Proposition 4.3.14. Note that since the form (, ) is symmetric, the
orbitals AL, are self-paired and thus the graph 'y, has vertex set equal to
X; and edges {(v), (w)}, where (v,v) = (w,w) = a and (v,w) = £Aa. We
now prove various results concerning the diameters of the graphs 'y, when
[ = s. Note that if ¢ > 13 and a € X, then S, is a maximal subgroup of S
where S := Q3(q) (see Table 4.1), and so the condition ¢ > 13 in the results

below ensures that the graphs in question are connected.
Proposition 4.3.15. Let ¢ > 13. Then diam(I'%,,) = 2.

Proof. Let {e, f,z} be the standard basis and let o := (v) and § = (w)
be two distinct elements of X;. If (v,w) = £1, then d(«, ) = 1. Suppose
(v,w) = p, where p € F, \ {£1}. By Remark 2.1.2(2), without loss of

generality, we may assume that v = %e + f and w = 2uf + x. Define
uw:= 2f+x. Then (u,u) =1 and (v,u) = (u,w) = 1. Thus (u) is a common
neighbour of @ and  and so d(«, ) = 2. The result follows. O

Proposition 4.3.16. Let ¢ > 13. Then diam(I) > 3.

Proof. Let {e, f,x} be the standard basis. Define v := z and w := f + «z,
and « = (v) and § := (w). Then (v,v) = (w,w) = 1 and so o, € X;.
Now (v,w) = 1 # 0 and hence d(a, 8) > 2. Suppose d(a, ) = 2 and let
(u) be a common neighbour of @ and f. Write u = ae + bf + cx, where
a,b,c € F,. Then (u,u) = 1 implies 2ab + ¢* = 1, but (v,u) = (u,w) = 0
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imply a = ¢ = 0, which results in a contradiction. Hence d(«, ) > 3 and

consequently diam(I'§) > 3. O
Proposition 4.3.17. Let ¢ > 13. For all A € F;, we have diam(I'},) < 3.

Proof. Let {e, f,z} be the standard basis and let o := (v) and f = (w)
be two distinct elements of X,. If (v,w) = £, then d(a, ) = 1. Suppose
(v,w) = u, where p € F, \ {£A}. Without loss of generality, we may assume
that v = %)\e + At and w = 2\ tuf + 2. Define u; = 2f + x and

u = ae+bf + ez, where a = b= Sy and e =

1_;\71# i
One can then check that the following hold:

(ur,ur) = (ug,ue) =1, (v,ur) = (ug,uz) = A, (ug,w) = —A\.

Therefore (v) — (u1) — (ug) — (w) is a path of length 3 and hence d(a, 8) < 3.
It follows that diam(I%,) < 3.

Proposition 4.3.18. Let ¢ > 17. Then diam(I'§) < 3.

Proof. Let {e, f,z} be the standard basis and let o := (v) and § = (w)
be two distinct elements of X,. If (v,w) = 0, then d(«, 3) = 1. Suppose
(v,w) = p, where p € ;. Without loss of generality, we may assume that
v==and w=3(1—ple+ (14 p)f + pz. We will show that d(a, 3) < 3
by proving the existence of a path of length 3 between o and . Observe
that o« — (up) is an edge if and only if u; = de + %f, for some d € ;. Let
ug 1= cre + cof + c3x where ¢; € F,. Then a — (uq) — (ug) — B is a path of
length 3 if and only if

20102 + 032 = 1, (42)
&1
d — =0 4.3
Co + 2 ) ( )
1
a(l+p) + 502(1 — 1) + esp = 0. (4.4)
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By (4.3) we have ¢; = —2d?cy. Substituting this into (4.4) and rearranging

for c3 we obtain
(4d* — 1+ (4d* + 1))y

2p
Now substituting the expressions obtained for ¢; and ¢3 into (4.2) we see that
co? f(d, i) = 4p*, where

C3 —

fld, p) = (4d? = 1)(dd*(u+ 1)* = (u = 1)?).

We conclude that there exists a path of length 3 between « and [ if and
only if there exists d € I, such that f(d, ) is a square in F;. If p = —1,
then f(d, ) = 4(1 — 4d®). Now the number of solutions (a,b) € (F})* to
the equation a® + b* = 1 is at least ¢ — 5 (see Lemma A.7 in Appendix A).
Since ¢ > 5 we can pick such a solution (a,b) and let d = 27'a. Then
f(d, ) = 4b*, a non-zero square. If u # —1 then f(d, i) is a non-zero square
if and only if (4d* —1)(4d* — ( 16—3)2) is a non-zero square. Define y := 2d and
a = Z—j& Then, in order to conclude the proof it suffices to show that for each
a € F,\ {£1} there exists y € F; such that (y* —1)(y* —a?) is a square in ;.
Provided that ¢ > 17, the latter can be shown using a number-theoretical

argument which can be found as Lemma A.1 in Appendix A. ]

So far we have been analysing the orbital graphs of (SO3(q), Xs). Now
we will analyse the orbital graphs of (Q23(q), Xs). We begin by stating some
results concerning the sizes of the suborbits of (SO3(q), Xs) and (Q3(q), Xs).

Proposition 4.3.19. Let {e, f,x} be the standard basis and let A%, () be
the suborbit of (SO3(q), Xs) corresponding to the orbital A%, where a == (x).
Then |A%, ()| = 2(q — 1) and |A§(a)] = 5.

2

Proof. Recall that

ALy(a) ={B € X;: (a, ) € AL}
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1

Now since (x)* is non-degenerate, we have V = (x) L (x)*, and thus

A%y (o) = {{(FX v +w) € X, :w e ()T \ {0}, (w,w) =1 — \?}.

Therefore the size of A%, () is the number of w € (z)1\ {0} with (w,w) = 0,
since each such w gives a unique element of A%, («) of the form (z + z) for
z € (w)* \ {0}. Suppose w is such an element. Since (z)* = (e, f), writing
w = ae + bf, where a,b € F, and a and b are not both zero, we see that
(w,w) = 0 if and only if ab = 0. If a = 0, then there are ¢ — 1 values for b
and vice versa. So the number of pairs (a, b) for which (w,w) = 01is 2(¢—1).
Therefore |A%, ()] = 2(q — 1).

The size of Aj(«) is half the number of w € (z)*\ {0} with (w,w) = 1,
since w and —w generate the same subspace. Suppose w is such an element.
Writing w = ae 4+ bf, where a,b € IF, and a and b are not both zero, we see
that (w,w) = 1 if and only if 2ab = 1. There are ¢ — 1 such values for a and
each one determines the value of b. So the number of pairs (a,b) for which
(w,w) = 1is ¢ — 1. Therefore |A§(a)| = L. O

Proposition 4.3.20 (Tables 2.3.1, 2.2.1 and 2.2.2 in [13]). The sizes of the
suborbits of (SO3(q), Xs) and (23(q), Xs) are given in Tables 4.3, 4.4, and
4.5.

Suborbit size 1]g—1 q;21 2(¢q—1)
Number of suborbits | 1 % 1 1

Table 4.3: Suborbits of (SO3(q), X5)

[y

Suborbit size L A g

1
Number of suborbits | 1 | 2 %7

G
ot

w|

Table 4.4: Suborbits of (Q3(q), X;), where ¢ = 1 mod 4
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i
L

Suborbit size 1
Number of suborbits | 1

qg—1
a+5
1

||
—

&=}
[\

Table 4.5: Suborbits of (Q23(q), X;), where ¢ = 3 mod 4

Recall that 23(q) is a subgroup of SO3(q) of index 2 and hence we can use
Proposition 2.1.5 to obtain information about the suborbits of (Q3(q), Xs).
In what follows, we will use the fact that -1 € F, is a square if and only if

g = 1mod 4 (see Lemma A.6 in Appendix A for a proof).

Proposition 4.3.21. Let S := Q3(q). The suborbit A%, («) from Proposi-
tion 4.3.19 splits into two suborbits A3L(a) and A% (a) of (S, X,), which
are self-paired if and only if ¢ = 1 mod 4, and are otherwise paired with

each other.

Proof. Let {e, f,r} be the standard basis. Firstly note that A%, (a) = 3%,
where 8 := (e + x) and G := SO3(q). Using the Orbit-Stabiliser property
and Proposition 4.3.19, we have |G| = 1. Hence |Gop : GopNS| = 1 and so
the suborbit A%, («) splits by Proposition 2.1.5. This proves the first claim.

By relabelling, we may assume that A3 (a) = 8% . Now A3l (a) is self-
paired if and only if there exists g € S such that a9 =  and 59 = «. Suppose
g € S such that the latter holds. Note that g> € G,5 = 1. Now a = (z) and

thus o =  implies 29 = a(e + z) for some a € F,. Moreover,

1= (2,2) = (29,27) = (ale + ), ale + 7)) = a®

implies a = +1. Similarly we can deduce (e + z)9 = bz, where b = +1.
If (a,b) = (1,—1) or (—1,1), then simple calculations show that e9" = —e
which contradicts the fact that g2 = 1, hence these cases cannot occur. Now

suppose (a,b) = (—1,—1). Then e = e. Write f9 = cie + cof + c3x, where
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¢; € F,. Then we have

1 0 O 1 0 0
9= a e g |, = atacn—c o oag—oc
-1 0 -1 0 0 1
Now det(g) = 1 implies ¢co = —1, and ¢> = 1 implies ¢z = 0. Therefore

9 = cie — f. Finally, (f9, f9) = (f, f) = 0 implies ¢; = 0 which gives

1:(67f):(eg7fg):( 7_f>:_1'

Hence this case cannot occur. Therefore (a,b) = (1,1). In this case e = —e.

Writing f9 as in the previous case, we obtain

-1 0 0 1 0 0
9= ¢ o |s =] —atacmte o et
1 0 1 0 0 1
Now det(g) = 1 implies ¢ = —1, and g*> = 1 implies ¢3 = 2¢;. Thus

f9=cie — f+ 2cix. Finally, since
O = (fa f) = (fgjfg) = (016 - f + 2011’,016 - f + 201]7) = 261(201 - 1)7
we must have either ¢; =0 or ¢; = 1/2. If ¢; = 0, then

O:(f7x): (fg,xg) =(—f,e+:1:) :_17

which is a contradiction. Hence ¢; = 1/2 and

~1 0 0
g=11/2 -1 1 | eq.
1 0 1
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We claim that ¢ € S if and only if ¢ = 1 mod 4. Now g € S if and only
if the spinor norm of g is equal to 1. We use Proposition 1.6.11 from [3] to

calculate the spinor norm of g as follows. Define the following matrices:

2 00 100
A=Li—g=| -1/2 2 -1 |, B= F =
59 / (0 1 o)
1 0 0

[ E e )
o O =

0
0
1

By Proposition 1.6.11 in [3], the spinor norm of g is 1 if and only if det( BAF BT)

is a square in F; and —1 otherwise. Now

2
BAFBT = 0 ,
2 —1/2

and det(BAFBT) = —4 is a square if and only if ¢ = 1 mod 4. Therefore
Al (@) is self-paired if and only if ¢ = 1 mod 4.

Finally, we deduce from Proposition 4.3.20 that all but two of the sub-
orbits of (S, X;) of size ¢ — 1 are also suborbits of (G, X;) and hence self-
paired. We use this to conclude that A3l (a) and A% (a) are either both
self-paired or paired with each other. Hence A%? () is also self-paired if and
only if ¢ = 1 mod 4, and A%} () and A% («) are paired with each other if
q = 3 mod 4. O]

Corollary 4.3.22. If ¢ = 3 mod 4, then "% is an orbital graph of (S, Xj)

of diameter 2.

Proof. Consider the orbital A%} corresponding to the suborbit A%, («) from
Proposition 4.3.21. The orbital graph corresponding to this orbital is the
undirected graph with vertex set X, and with edges {z, y} where (z,y) € A%},.
The edge-set of this graph is trivially contained in the edge-set of I'%,. How-
ever if ¢ = 3 mod 4, then using Proposition 4.3.21 we deduce that the re-

verse inclusion also holds, and therefore the edge-sets are equal and the or-

105



bital graph corresponding to A% is T'%.;, which has diameter 2 by Proposi-
tion 4.3.15. O]

Now let G be an almost simple group with soc(G) = Q3(q) =: S. Recall
from Proposition 4.3.8(1) that Aut(S) = (S, 4, ¢). In order to determine the
orbitals of (G, X,) and (G, X,,) we need to determine the action of 4 and ¢
on the orbitals of (S5, X;) and (5, X,,).

Remark 4.3.23. Recall that G := SO3(q) = (S,4) by Proposition 4.3.8(2),
where S := Q3(¢q) and thus the action of § on the orbitals of (S, X;) (where
[ € {s,n}) is determined by Proposition 2.1.5. In other words, if the orbital
A of (G, X;) splits into two orbitals A; and Ay of (S,X;), then 5 swaps
them, and if A remains an orbital of (S, X;), then § fixes it. Therefore it

only remains to determine the action of ¢ on the orbitals of (S, X;). For an
orbital A the action of ¢ on A will be denoted by A

Proposition 4.3.24. Letl € {s,n} and let A, be an orbital of (SO3(q), X)),
where q is a power of the prime p. Then (Aljt/\)‘i5 =Al,,.

Proof. Let {e, f,z} be the standard basis. Recall from Remark 4.3.6 that for
u,v € V, we have
(u?,0%) = (u,0)". (45)

Now fix [ and supppose ({u), (v)) € AL,,, where (u,u) = (v,v) = a and
(u,v) = £XPa (recall that a is 1 if [ = s and the non-square v if [ = n).
Write

U =ure+usf +usxr, v=uvie+uvf+v3z,

for some u;,v; € F,. Now, define
1 1 1 1 1 1
u = ul/pe + u2/pf +u3/px, v = vl/pe +v2/pf +U3/px,

and pick z € F, such that 22 = a~'/Pa. Then using (4.5) one can check
that ((zu'), (z0)) € AL, and ((zu/), (z0))® = ((u), (v)). This proves that
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AL, C (AL,)?. For the converse, suppose that ((u), (v)) € AL,, where
(u,u) = (v,v) = a and (u,v) = £Aa. Pick 2z € F, such that z? = o Pa.
Then using (4.5) one can check that

((u), () = (W), (1)) = ({zu?), (z0%)) € Al
This proves that (AL ,)? C AL,,. O

We will need one final result before we can determine the action of ¢ on
the orbitals of (Q3(q), X;) for [ € {s,n}.

Lemma 4.3.25. Let (A, X), (G, X) and (S, X) be three permutation groups
with S < G < A, and suppose S has index 2 in G. Suppose also that f € A,
and the suborbit 3% of (G, X) splits in (S,X). Then (B/)% also splits
in (S, X).

Proof. Since S has index 2 in G, by Proposition 2.1.5, the suborbit (37)%
splits if and only if G,3r = S,pr. Now it is straightforward to verify that
Gopr = ['Gopf and S,pr = f'Sasf. Then since % splits, we have
Gopr = [ 'Gapf = f'Sapf = Saps, which implies that (37)% also splits
in (S, X). O

Proposition 4.3.26. Let S := Q3(q). Suppose that the orbital A%, splits in
(S, X,) into two orbitals A%, (i =1,2). Then A%,” = A%, .

Proof. We have A%, = A3l U A% . Hence, by Proposition 4.3.24,
s _ sl s2 qS _ sl ¢ s2 ¢
ALy = (AL UAL)? = AL UALY.

Let {e, f,z} be the standard basis. If A%, corresponds to the suborbit 3%,
where a = (z) and G := SOj3(q), then by Proposition 4.3.24, A%,, cor-
responds to the suborbit (8%)%. Now since A%, splits in (S, X,) and ¢
stabilises «, by Lemma 4.3.25 we have that A% ,, also splits in (5, X;), into

107



say A%y, and A$%,. Therefore we obtain
Asl U ASZ _ ASl ¢U ASQ ¢
£ £ = Bt X

Since all four sets in the unions above are orbitals of (.5, X;), any two of them
must either be disjoint or equal. However, A‘jf/\qj cannot be disjoint to Aj’g/\p
for both 7 = 1 and j = 2. Therefore Afﬁj = Aij)\p, either for j = 1 or for
j = 2. If X # £AP, then by relabelling if necessary, we may assume that
j = i. Now suppose A = £\. Then either ¢ fixes ASL and A% or swaps
them. We claim that the former holds. To see this, if A = AP, then define
B = (A\r +cie+ cof) where ¢; := 271 and ¢y := 1 — A2, and if A = —)\P with
A # 0, then define f = (—A\x + cie + ¢of) where ¢; := X and ¢y := 1;\‘2.
Then (a, B) € A%, and (a, 8)? = (o, 8), and hence ¢ cannot swap A3l and
A% ]

In the next result, we apply Proposition 4.3.26 with a specific value of .

Corollary 4.3.27. Let S := Q3(q). The orbital A splits into two orbitals
At and A of (S, X,) if and only if ¢ = 1 mod 4. In the case where it splits,
we have A(S)m = A§ fori=1,2.

Proof. By Proposition 4.3.20 we have that (SO3(q), Xs) has a unique sub-
orbit of size ‘%1 and by Proposition 4.3.19 this suborbit must be the one
corresponding to A§. Now AJ splits in (S, X) if and only if (S, X;) has
two suborbits of size % each (see Remark 2.1.6). By Proposition 4.3.20,
this is the case if and only if ¢ = 1 mod 4. The last assertion follows from

Proposition 4.3.26. O

Remark 4.3.28. For A%, as in Proposition 4.3.26, we will denote the corre-
sponding orbital graph by I'§'y. Note that the vertex set of I'Y, is equal to
the vertex set of I}, but the edge set is only a subset, hence we have that

diam(T%,) > diam(T%,).

We can now prove Theorem 4.3.1.
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Proof of Theorem 4.3.1. Let G and X be as in the statement of the theorem.
By Proposition 4.1.2(1) and Corollary 4.3.13, we may suppose soc(G) = 3(q)
and X = X,. To prove the first part of the theorem, it suffices to show that
(G, X) has an orbital graph of diameter at least 3. Indeed, by Proposi-
tion 4.3.24 and Corollary 4.3.27, either I'§ or ' (for some ¢ = 1,2) is an
orbital graph of (G, X). Now diam(['§’) > diam(T;) (see Remark 4.3.28),
and by Proposition 4.3.16 we have diam(I'j) > 3. This proves part 1. Now
suppose that ¢ = 3 mod 4. By Corollary 4.3.22, I',, is an orbital graph of
(Q3(q), X) of diameter 2, and by Proposition 4.3.24, it is also an orbital graph
of (G,X). This proves part 2. The last assertion concerning G = SO3(q)
follows from Propositions 4.3.15, 4.3.17 and 4.3.18. O

It now remains to prove Theorem 4.3.2. To do this, we now prove some
results concerning the orbitals A’ ,. Recall that X, is the set of 1-dimensional
subspaces (v) such that (v,v) is a non-square, and without loss of generality,

we may assume (v,v) = 7, where v is a fixed non-square in F,.

Proposition 4.3.29 (Table 2.3.2 in [13]). The sizes of the suborbits of
(SOs(q), X,,) are given in Table 4.6.

Suborbit size 1|2 g+1

2
Number of suborbits | 1 | 1 q;23

Table 4.6: Suborbits of (SO3(q), X,,)

Proposition 4.3.30. Let ¢ > 11. Then diam(I'f) > 3.

Proof. Note that the condition ¢ > 11 ensures that I is connected. Let
{e, f,x} be the standard basis. Define v := e+ 3 f. Choose 3 € F}, such that
(3% # %1, and define w := Be + %f. Observe that (v,v) = (w,w) = =, and
so (v), (w) € X,,. Moreover, since 8 # 1 we have v # w, and since v # 0 and
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14 B2 # 0, we have

76 _ 1+ 5%
(v,w) = 25 + = 2 £ 0.
Therefore d({v), (w)) > 2. Suppose that d({v), (w)) = 2 and (y) is a common
neighbour of (v) and (w). Write y = ae + bf + cx, where a,b,c € F,. Then
) =

(y,y) =7, (v,y) = 0 and (w,y) = 0 imply

2ab + ¢* =~ (4.6)
b+ % ~0 (4.7)
: 5 T 48 = (4.8)

Using (4.7) and (4.8) to eliminate v, we obtain b(1 — %) = 0. Since 5% # 1,
this implies b = 0. Now substituting b = 0 in (4.6), we obtain ¢* = , which
is a contradiction since 7 is a non-square. Therefore d((v), (w)) > 3, from
which the result follows. O

Proposition 4.3.31. Let {e, f,x} be the standard basis and let A, () be
the suborbit of (SOs(q), X,,) corresponding to the orbital A, where o =
(e+1f). Then |Ap(a)] =L

-

Proof. Recall that

Aly(a) ={B € X, : (o, 8) € AL\ }.

Now since « is non-degenerate, we have V = a L o, and thus

AL (@) = {{(2 (e + %f) +uw) € Xy weat\ {0}, (ww) = (1 - )}

Therefore the size of Af(a) is the half the number of w € a* \ {0} with
(w,w) = 7, since w and —w generate the same subspace. Suppose w is such

an element. Since at = (e — 1f,z), writing w = a(e — 1 f) + bz, where
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a,b € F, and a and b are not both zero, we see that (w,w) = v if and only
if > — a*>y = 4. The number of solutions (a,b) to this equation is q + 1
(see Lemma A.10 in Appendix A), from which the result follows. H

Now it turns out that if ¢ = 3 mod 4, then (Q23(q), X,,) has precisely two
suborbits of size % (see Table 2.2.5 in [13]), and thus in this case A} splits
into two orbitals of (Q23(¢q), X,,). Next, we would like to determine the action

of ¢ on these two orbitals.

Proposition 4.3.32. Suppose the orbital Ag splits in (Q23(q), X») into two
orbitals A" (i =1,2). Then AM® = A,

Proof. Suppose Ay splits in (Q3(q), X,,). Then the corresponding suborbit

g+1
2

each. Thus ¢ = 3 mod 4. Write ¢ = p" for some prime p. Then we

(which has size by Proposition 4.3.31) also splits into two suborbits, of

g+l

4
have that 7 is odd (and p = 3 mod 4). Recall that r is the order of ¢, and
thus ¢ has odd order. Now by Proposition 4.3.24, we have

size

AIVUAR? = AT = AT U AR
Thus Agm = Agj¢, for either j = 1 or 2, i.e. ¢ either fixes Al for i = 1,2
or swaps them. If the latter holds, then ¢ must have even order which is a

contradiction. Hence ¢ fixes A for i = 1,2. O

For A} as in Proposition 4.3.32, we will denote the corresponding orbital
graph by I't’. The next aim is to prove that for sufficiently large values of g,
all orbital graphs of (SO3(¢), X,,) have diameter at least 3. To do this we
take a different approach as follows.

Since all non-degenerate quadratic forms of dimension 3 are similar, we
will now assume now that the underlying vector space V' has basis {vy, v, v3}
where (v;,v;) 1= 0;; for all 7, j except i = j = 2, and (v2,v2) := [ where [ is
a non-square if ¢ = 1 mod 4 and a non-zero square if ¢ = 3 mod 4. For the

remainder of this section, we will refer to this basis as the orthogonal basis.
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Define Y to be the set of 1-dimensional subspaces (v) of V' such that (v, v)
is a square; without loss of generality, we may assume (v,v) = 1. We now

analyse the natural action of SO3(q) and 23(¢q) on Y.
Lemma 4.3.33. We have |Yy| = @.

Proof. As in the proof of Lemma 4.3.10, we have that |Y;| is half the number
of vectors v such that (v,v) = 1. Let {v1,vq9,v3} be the orthogonal basis and
write v = avy + bvy + cvs, where a,b,c € F,. Then (v,v) = a® + b*3 + ¢*.
First suppose that 3 is a square, i.e. ¢ = 3mod 4. If ¢ = %1, then there
are 2 solutions (a,b,c) = (0,0,£1) to (v,v) = 1. If ¢ # 1 then there are
q + 1 solutions to (v,v) = 1 (by Lemma A.7 if 1 — ¢* is a square, and by
Lemma A.10 if 1 — ¢? is a non-square). Hence, the number of vectors v such
that (v,v) =1,is (¢ —2)(¢+ 1) +2 = q(¢ — 1), and the result follows. Now
suppose that g is a non-square, i.e. ¢ = 1 mod 4. As above, if ¢ = +1,
then there are 2 solutions (a,b,c) = (0,0,£1) to (v,v) = 1. Moreover, if
¢ # +1 then there are again ¢ + 1 solutions to (v,v) = 1 (this can be shown
using similar arguments as in the proof of Lemma A.7 for both of the cases

2

where 1 — ¢* is a square and a non-square). Thus the result follows in this

case too. [l
Remark 4.3.34. Note that since Y| = @, the set Y; is equal to the set
X, from earlier on.

It can be shown in a similar way to the proofs of Propositions 4.3.11 and
4.3.12, that SO3(¢) and €3(q) act transitively on Y;. Furthermore, we have

the following result.
Proposition 4.3.35. Let G := SO3(q). For a € Y, we have G, = O; (q).

Proof. Let {vy,vs,v3} be the orthogonal basis. We have (v3) € Y, and
therefore it suffices to show that G,y = O; (). Since (v3) is non-degenerate,
we have V' = (vs) L (v3)* and thus G, = Gy,yr. Now, for a,b € F,,

(avy + bug, avy + buy) = a® + b, (4.9)
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Since —f is a non-square, the right hand side of (4.9) is non-zero, and

€1

hence (v3)*~ = (v1,v3) does not contain a I-dimensional totally singular

subspace. Thus G, = G < 05 (q) (see Proposition 2.5.4(i) in [14]).
Now |Y;| = @ and thus by using the Orbit-Stabiliser property we have
|G vy)| = |O5 (¢)| which implies G,y = O; (q). O

The following result can be proved in a similar way to Corollary 4.3.12.
Corollary 4.3.36. Let S :=3(q). For a € Yy, we have S, = Dgy;.

By Corollary 4.3.36, in order to analyse the action of PSLy(¢) on cosets of
its maximal subgroup D1, it suffices to analyse the action of Q3(¢) on Y.

The following result can be proved in a similar way to Proposition 4.3.14.

Proposition 4.3.37. The non-diagonal orbitals of (SO3(q),Ys) are
Ay i={((v), (w)) € Ys x Yi: (v,0) = (w,w) = 1, (v,w) = £A},

where A € F, \ {£1}.

Let 'y, denote the orbital graph corresponding to the orbital Ay, from
Proposition 4.3.37.

Proposition 4.3.38. Let ¢ > 13. For all A # 0, £1, we have diam(I'yy) > 3.

Proof. Let {vy,vq,v3} be the orthogonal basis and define x := (v;) € Y;. We
will show that for ¢ > 13, there exists y € Y; such that d(x,y) > 3. We start
by considering the following two cases:

g = 1 mod 4: Define y := (w) € Y; where w := avy + bvs with a,b € F,.
Suppose d(z,y) < 2 for all a,b € F,. Without loss of generality, we may

assume (w,w) = 1, and so we must have

a® +b* = 1. (4.10)
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Now d(z,y) = 1 if and only if b # 0 and @ = £A. Also d(z,y) = 2 if and
only b # 0, a # £ and there exists a common neighbour (u) of z and v, i.e.

u = cv1 + dvy + evz where ¢,d, e € F, and

A4 pd+et =1 (4.11)
c==xA\ (4.12)
ac + be = £ (4.13)

Since ¢ > 9, we can choose a solution (a,b) to (4.10) with b # 0 and a # £\
(see Lemma A.7 in Appendix A). Then since d(x,y) # 1, we must have
d(xz,y) = 2. Combining (4.12) and (4.13), and using the fact that b # 0, we
obtain

e= M (4.14)

Substituting (4.14) into (4.11) and using * = 1 — a? we obtain

N(1—a)
)\2 d2 —
+ A+ 1+a
Then rearranging, we obtain
1+a—2)\
?=—"" 4.15
p 1+a ( )

Now the solutions (a,b) # (1,0) of (4.10) can be written as

w—1 —2u

= (L
(a,b) (u2—1-1’112—1-1>7

where u € F, and u? + 1 # 0 (see the proof of Lemma A.7 in Appendix A).
Therefore by (4.15) we obtain

(1—A2)u? — )2

2 )

b =

u
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where u? # —1,0, U= gince a # —1,+\. Since the left-hand side is a non-

1+X
square, we conclude that the numerator of the expression of the right-hand
side must be a non-square for all u € F, with u? # —1,0, igi;’\).

g = 3 mod 4 : Define y := (w) € Y; where w := avy +bvy with a,b € F,.
Suppose d(z,y) < 2 for all a,b € F,. Using similar arguments to the previous

case, we see that there exists u = £Av; + dvy + evs with d, e € F,, such that

,  l+a—2N
 1l4a

(&

Now as before, parametrising a = Z;—jr}, where u € F, with u? # —1,0, ii;\”,

we obtain
., (1— /\2)u2 — )2

e = 2

u
Therefore since the the left-hand side is a square, we conclude that the nu-
merator of the expression of the right-hand side must be a square for all
. (1A
u € F, with u? # —1,0, §+/\).
In order to complete the proof, by the above, it suffices to prove the

existence of elements u; for ¢ > 17 and wuy for ¢ > 19 such that uf =+

—1,0, iﬁ:;‘) and

(1 - A2)u2 — \?

is a square for i« = 1 and a non-square for i = 2. (Note that since A\ # 0,
the above expression is not trivially a square.) Indeed, such u; can be shown
to exist using a numerical argument which can be found as Lemma A.5 in
Appendix A. O]

Proposition 4.3.39. Let {vy, va, v3} be the orthogonal basis and let Ag(cx) be
the suborbit of (SO3(q),Ys) corresponding to the orbital Ay, where o := (vs).
Then |Ag(ar)| = LE2.

Proof. Recall that
Ao(a) = {/6 S Y:g . (Cl/,ﬁ) € Ao}
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Now since (v3) is non-degenerate, we have V = (v3) L (v3)*, and thus
Ao(a) = {{w) € Y, 1w € (v3)"\ {0}, (w,w) = 1}.

Therefore the size of Ag(a) is half the number of w € (v3)* \ {0} with
(w,w) =1, since w and —w generate the same subspace. Suppose w is such
an element. Since (v3)t = (v1, v9), writing w = avy +bvy, where a,b € F, and
a and b are not both zero, we see that (w,w) = 1 if and only if a* + Sb* = 1.
Using similar arguments to the ones in Lemma A.7 in Appendix A, it can be
seen that this equation has ¢ 4 1 solutions. So the number of pairs (a,b) for

which (w,w) = 1 is ¢ + 1. Therefore [A¢(a)| = L. O

In the next result we return to the bilinear form specified by the standard
basis {e, f,z} and analyse the orbital graphs of the action of SO3(¢) on the
set X,,, defined previously.

Corollary 4.3.40. Let g > 13. Then all orbital graphs of (SO3(q), X,,) have

diameter at least 3.

Proof. Let I" be an orbital graph of the action and let A be the corresponding
suborbit. By Proposition 4.3.29, the size of A is either %1 or g+ 1. If
A = %, then since there is a unique suborbit of this size, and |Af| = %1
by Proposition 4.3.31, we have I' = I'j and the conclusion follows from
Proposition 4.3.30. By Propositions 4.3.31 and 4.3.39, we have |Aj| = |Ay].
Hence if |A| = ¢+ 1, then we have diam(I") = diam(I'1,) for some A # 0, £1.

In this case, the conclusion follows from Proposition 4.3.38. O
We can now prove Theorem 4.3.2.

Proof of Theorem 4.3.2. Let G and X be as in the statement of the theorem.
By Proposition 4.1.2(1) and Corollary 4.3.13, we may suppose soc(G) = 23(q)
and X = X,,. To prove the first part of the theorem, it suffices to show that
(G, X) has an orbital graph of diameter at least 3. Indeed, by Proposi-
tions 4.3.24 and 4.3.32, either T} or I'y" (for some i = 1,2) is an orbital
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graph of (G, X). Now diam(T'3?) > diam(T'}) and by Proposition 4.3.30, we
have diam(I'§) > 3. This proves part 1. Now suppose G = §23(q) or SO3(q),
and ¢ > 17. By Corollary 4.3.40, all orbital graphs of (SO3(g), X') and hence
of (3(q), X) have diameter at least 3. This proves part 2. O

We conclude this section by presenting a conjecture which gives details
of the orbital graph of diameter 2 in Conjecture 4.3.3. For orbital graphs
Iy Ty, by Iy U+ - U T, we mean the graph with vertex set X,
and where {a, 8} is an edge if and only if (o, 8) € AL, U---UAL, .

Conjecture 4.3.41. Let ¢ = p" be a prime power with r > 2. There exists
a primitive element A € Fy such that T, UT,, UL 1T 1 is an orbital
graph of (Aut(Q3(q)), X,,) of diameter 2.

4.4 HNS=PCLy(¢"?)

In this section we analyse the diameters of the orbital graphs of the action
of G on cosets of maximal subgroups H, where S := soc(G) = PSLy(q?)
(go odd) and H NS = PGLay(qp). We begin by stating the main result of
the section.

Theorem 4.4.1. Let ¢ > 5 be odd and suppose q = q2, for some prime
power qo. Let (G, X) be a primitive permutation group with S = soc(G) =
PSLy(q) and X = (G : H), where H NS = PGLsy(qo). Then we have
diamo (G, X) < 2 if and only if go = 3 mod 4.

Let (G,X) be as in Theorem 4.4.1. Computations suggest that for

¢o = 1 mod 4 almost all of the orbital graphs of (G, X) have diameter 2. To
be precise, we conjecture the following.
Conjecture 4.4.2. Let ¢ > 5 be odd and suppose ¢ = g2, for some prime
power qo. Let (G, X) be a primitive permutation group with S = soc(G) =
PSLy(q) and X := (G : H), where HNS = PGLy(qo). If go = 1 mod 4, then
all orbital graphs of (G, X) have diameter 2, except one.
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Conjecture 4.4.2 has been verified for values of ¢y < 53 using a computer.
In particular, the one orbital graph in Conjecture 4.4.2 that does not have

diameter 2 is the graph I'y from Proposition 4.4.12.

Remark 4.4.3. Note that by Table 4.1, there are two conjugacy classes in
S := PSLy(q3) of subgroups isomorphic to PGLy(qo); let the representa-
tives be X; and Xs. Also let Q; := (S : X;) for i = 1,2. We claim that
the permutation groups (S, 2;) are permutation isomorphic and thus when
analysing the diameters of the orbital graphs, it suffices to study any one of
them (see Proposition 2.1.8(3)). To see this, note that by Table 4.1, the two
conjugacy classes are swapped by 6. Hence there exists ¢ € PGLy(g?) such
that t7'X ¢t = X,. Let ¢ be the automorphism of S which is conjugation
by t. Then # swaps X; and X,. Lastly, define f : Q; — Q, by X9 — Xyt(g).
One can then check that £ and f define a permutation isomorphism between

the required permutation groups.

In order to prove Theorem 4.4.1, we will consider PSLy(¢?2) as a subgroup
of the 4-dimensional orthogonal group O; (¢o). Let V be a 4-dimensional
vector space over Fy, and let () be a non-degenerate quadratic form on V/
with sgn(Q) = —. The group O(V') = O, (qo) stabilises the quadratic form.
Also SO(V') = SOy (qo) and Q(V') = Q, (¢o). Now by Proposition 4.1.2; we
have PSLy(g2) = €, (qo). Under this isomorphism the maximal subgroups
PGL2(qo) becomes the stabilisers of certain 1-dimensional subspaces of V.

We now describe an automorphism of €, (¢o). By Proposition 2.5.12 in
[14], V' has a basis {vy,ve,v3,v4} such that (vi,v1) = 7, (v;,v;) = 1 for
i =2,3,4, and (v;,v;) = 0 for i # j, where 7 is a generator of F} . For the

remainder of this section, we will refer to this basis as the orthogonal basis.

Definition 4.4.4. Let V be as above, where ¢ is a power of the odd prime
p, and let {vy, vy, v3,v4} be the orthogonal basis. We define ¢ to be the map
V — V, given by avy + bvy 4 cvsz + dvy — apn%vl + bPvy + Pusg + dPuy, for
a,b,c,d € F,, and we define é to be the map Oy (90) — Oy (qo) given by
g g9
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Remark 4.4.5. Let {vy, ve,v3,v4} be the orthogonal basis. For u,v € V' write
U = a1v1 + asvy + asvs + agvy and v = byvy + bovy + bsvs + byvy, where
a;, bl € qu. Then

4

(u?,v?) = (a1bin)? + Z (a;b;)P = (albm + Zaibi> = (u,v)P.

=2

Using this, it straightforward to see that if g € Oy (qo), then ¢~'g¢ preserves
the form, and thus ¢(g) € O (o). One can also easily check that ¢ is a

bijective homomorphism, i.e. an automorphism of O, (go).
Lemma 4.4.6. The map ¢ is an automorphism of Q3 (qo)-

Proof. By Remark 4.4.5, it suffices to show that ¢(Q5 (qo)) = Q5 (¢0). Now,
it is straightforward to check that if det(g) = 1, then det(¢'g¢) = 1, and
thus ¢ is an automorphism of SOy (qo). Further, it is an easily proved fact
that the commutator subgroup H of a group G satisfies f(H) < H for all
f € Aut(G). Since Q, (qo) is the commutator subgroup of SO (qp), this
implies that ¢(Q (g0)) < Q7 (go) and the equality follows since we also have

¢~ (2% (90)) < (q0)- u

Remark 4.4.7. Note that the information on maximal subgroups of almost
simple groups with socle PSLy(g?) in Table 4.1, can be translated to informa-
tion on maximal subgroups of almost simple groups with socle 2 (go) with
¢ as in Definition 4.4.4 (see Table 8.17 in [3] for the maximal subgroups of
the latter).

Let X denote the set of all 1-dimensional subspaces of V. For the remain-
der of this section, we shall use X, to denote the set of elements (v) € X
with @(v) a square. Note that if (v) is in X, then without loss of general-
ity we may assume that Q(v) = 1, i.e. (v,v) = 2. The group Q; (¢o) acts

naturally on Xj.
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Proposition 4.4.8. Let S := Q5 (qy). Then S acts transitively on Xs. More-
over, for a € Xy, we have S, = SO3(q).

Proof. Firstly, we prove that S acts transitively on X;. Let o, € X, and
write o := (v) and f := (w). Then without loss of generality, we may assume
that (v,v) = (w,w) and so the map i : @« — (3, which maps Av — Aw is an
isometry. Hence by Witt’s Lemma there exists g € O, (qo) such that v9 = w.
Now since every element of Oy (qy) has determinant £1, we have that either
g € SO; (qo) or —g € SO; (go). So there exists h € SO (go) such that o’ = 3.
Now, by (2.5.12) in [14], we have

SOy (q0) = S(rary), (4.16)

where 7, and r, are reflections in vectors x,y € V with (x,x) a square and
(y,y) a non-square. Pick z,y € at, with (z,2) a square and (y,y) a non-
square. By (4.16) there exists b’ € S such that h = h'r,r,. Now o™ = «
and hence o = . This proves the transitivity of S.

Now pick a basis {e, f,u,v} of V satisfying Q(e) = Q(f) = (e,v) =
(e,u) = (f,v) = (f,u) = (u,0) =0, (e, f) = 1, Q(v) = 1 and Q(u) = —,
where v € F, is a non-square (see Remark 4.4.9 for a justification for why
such a basis exists). Since (v) € Xy, it suffices to show that S,y = SO3(qo).
Since (v) is non-degenerate, we have V = (v)* L (v). Now S, contains the

subgroup K := (H,rc;sr,), where

H::{(g1 (1)>3A€Q3(QO>}>
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B 0
and H is a normal subgroup of K. Note that 7, sr, = ( 0 . ) , where

0 -1 0

and thus reifr, ¢ H. Now |K/H| = 2 and since every element of K
has determinant 1, we have K = SO3(qy). Finally, note that Oy (qo) wy =
O3(qo) x (—1) which implies [Suy| = £[O3(q0)| = [SO3(go)| and thus Sp,y =
K = 503(qo). o

Remark 4.4.9. Let (V,Q) be a quadratic space with bilinear form (, ) and
basis 8 := {v1,...,v,}. Then D(Q) is defined to be the determinant of
the matrix fg, where (f3);; := (v;,v;). For a subspace W C V, we define
D(W) = D(Qw), where Qw is the restriction of  to W. Note that the
value of D(Q)) depends on the basis {vy, ..., v,} but only up to multiplication
by a square, and hence for different bases, D(Q) will either always be a square
or always be a non-square.

We claim that if V' is a 4-dimensional vector space over F, with basis
{e, f,u,v} and we define a quadratic form @ : V x V. — F, by Q(e) =
Q(f) = (e,v) = (e,u) = (f,v) = (f,u) = (u,v) =0, (¢, f) = 1, Q(v) = 1 and
Q(u) = —, then sgn(Q) = —. To see this, let W := (e, f) and observe that
V =W L W+. Now W contains a totally singular subspace of dimension 1
and W+ doesn’t, and so sgn(W) = + and sgn(W+) = — (see Proposition
2.5.4(i) in [14]). Thus precisely one of D(W) or D(W+) is a square (this
follows from Proposition 2.5.10 in [14]). Since D(Q) = D(W)D(W) (see
Proposition 2.5.11(i) in [14]), we have that D(Q) is a non-square. Now if
sgn(Q) = +, then Proposition 2.5.10(i) in [14] implies D((Q) is a square.

Thus D(Q) is a non-square implies sgn(Q)) = —, as required.
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Let G := (Q5 (qo),I") be an almost simple group with soc(G) = Q5 (go)
and I’ < (¢). We would like to define an action of G on the set X,; the group
Q5 (qo) acts naturally on this set, and for v € V we define (v)¢ = (v
(one can easily check that (v?) € X,).

Corollary 4.4.10. Let G := (S,T') be an almost simple group with S :=
soc(G) = Q5 (qo), where qo is an odd prime power and I' < (¢). Then for
a € X, we have G, = Sa.f and G, is a maximal subgroup of G.

Proof. By Theorem 4.1.11 and Proposition 4.4.8, we have that S, is a max-
imal subgroup of S, and thus G, is a maximal subgroup of G. Also by
Proposition 4.4.8, S acts transitively on X, and thus so does GG. The rest of
the proof is as in the proof of Corollary 4.3.13. O

By Corollary 4.4.10, in order to analyse the primitive actions of G with
S := soc(G) = PSLy(g?) on the cosets of H where H NS = PGLy(qo),
it suffices to assume soc(G) = € (¢o) and analyse the natural action of G
on X,. To analyse the latter action, we will begin by analysing the particular

case where G = €, (qp). We begin by determining the orbitals of this action.

Proposition 4.4.11. Let S :=Q, (qo). The non-diagonal orbitals of (S, X)

Apy = {((v),(w)) € Xg x X5 : (v,v) = (w,w) =2, (v,w) = £2X},

where X € Fy,.

Proof. Let {e, f,u,v} be the basis in Proposition 4.4.8. Then, we have
((x), (y)) € Aiy, where z := v and y := (1 — N)e+ (1 4+ \)f + M. Hence
the sets Ay, are non-empty. Further, it is straightforward to check that
the sets Ai) are disjoint and that their union (together with the diago-
nal orbital) is X, x X,. It is also clear that if ((v1), (wy)) and ({vy), (ws))

are in the same orbital (with (v1,v1) = (ve,v2) and (wy,w;) = (wa,wy))
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then (v, w;) = £(vg, wy). It remains to show that S is transitive on Ay,.
Let a, f € A4y and write o = ((v), (w)) and g = ((¢), (w')). As in the proof
of Proposition 4.3.14, we can show that there exists h € SOy (qp) such that
a" = 8. Now by Proposition 2.5.13(i) in [14], we have SO (qo) = S x (—1,),
and therefore either h € S or —h € S. To complete the proof it remains to
note that a*" = . O

Note that since (, ) is symmetric, the orbitals in Proposition 4.4.11 are
self-paired. We denote by I';, the orbital graph corresponding to the orbital
Ay from Proposition 4.4.11. We now prove two results concerning the di-
ameters of these orbital graphs. Note that the condition ¢ = ¢Z > 5 is needed

to ensure that the graphs in question are connected.
Proposition 4.4.12. Let = ¢} > 5. If g = 1 mod 4, then diam(Ty) > 3.

Proof of Proposition 4.4.12. Let {e, f,u,v} be the basis defined in Proposi-
tion 4.4.8. Define z := e+ f and y := 2f +v. Then Q(z) = Qy) = 1
and d({(z),(y)) > 2. Now d((z),(y)) = 2 if and only if there exists z =
ae +bf + cu + dv with a,b, c,d € F,,, such that

ab—c*y+d> =1 (4.17)
a+b=0 (4.18)
a+d=0. (4.19)

Rearranging (4.18) and (4.19) for b and d respectively, and substituting these
into (4.17), we obtain ¢*y+ 1 = 0 which is a contradiction since —1 is square
in F,,. Hence d((x), (y)) > 3 from which the result follows. O

Proposition 4.4.13. Let ¢ = g5 > 5. If go = 3 mod 4, then diam(T'y)) = 2,
forall X € F,.

Proof. Let {e, f,u,v} be the basis defined in Proposition 4.4.8. Let (x)
and (y) be elements of X, with (z,y) = 2u for some p € F,, and let
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d = d((z),(y)). Without loss of generality, we may suppose that © = hu
and y = (1 —p)e+ (1+p) f — (u/hy)u, where h? ;== —1/~. Suppose p # %\,
ie. d # 1. We will show that d = 2. Firstly suppose that p # £1. Then
d = 2 if and only if there exists z = ae + bf + cu + dv such that

ab— cy+d* =1 (4.20)
—2hcy = £2) (4.21)
a(l+ p) +b(1 — p) + (2uc)/h = £2. (4.22)

Now (4.21) implies ¢ = £A/(hy) and substituting this into (4.22) implies

b_j:Z)\iQ/M—a(l—i-,u)
= T2 .

Further, substituting the expressions obtained for b and ¢ into (4.20) and

rearranging, we obtain the following quadratic equation in a:
(1+p)a® £2X\(p+a+ (N +d*>—1)(p—1) = 0.
The discriminant of this quadratic equation (choosing + for the second +) is
B(d) = (1= j2)d — (14 ) (1 - — 22%).

In order to prove the existence of z, it suffices to show that for each A\ and
each u # £1, £\, there exists d such that B(d) is a square. This is equivalent
to showing that for each A\ and p # +1, £\ there exist d, y such that

(1= p*)d® —y* = (L+ p)(1 — p —2\%). (4.23)

We show the latter by considering the following two cases. Suppose first that
1 — p? is a square. Since every element of a finite field with odd character-

istic can be expressed as the difference of two squares (see Lemma A.9 in
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Appendix A), there exist «, § € F,, such that
a® — 32 = (14 p)(1 — pu—2)\?).

Pick d and y such that d*> = o*/(1 — p?) and y = 8. Then (4.23) holds. Now
suppose that 1— p? is a non-square and u # 1 —2M2. Since ¢ = ¢ > 9, every
non-zero element of F,, can be expressed as the sum of two non-squares (see
Lemma A.12 in Appendix A), and hence there exist non-squares «, 8 € F,,
such that

a+B=(1+u)(1—p—2)\).

Pick d and y such that d*> = a/(1 — p?) and y*> = —3 (note that —1 is
non-square since gy = 3 mod 4). Then (4.23) holds. If u = 1 — 2)?, then
(4.23) holds with y = d = 0. In conclusion, z exists for p = £1. If u = 1,

then let z := —2Xe + (A\/2)f — (A\/(h¥))u + v, and if 4 = —1, then let
z = —(A\/2)e + 2N\ f — (A/(hv))u +v. Then (z) — (2) — (y) is a path of
length 2 and hence d((z), (y)) = 2. The result follows. O

To analyse the orbital graphs of (G, X;), where G := (S,I") is an almost
simple group with S := soc(G) = Q;(¢) and I' < (¢), we will need to
determine the action of ¢ on the orbitals Ay of (25 (o), Xs). The action of
¢ on A, will be denoted by (Ayy)?.

Proposition 4.4.14. Let ALy, be an orbital of (2 (q0), Xs), where qo is a

power of the prime p. Then (A4\)? = ALy,

Proof. Let {vy,vq,v3,v4} be the orthogonal basis. Recall from Remark 4.4.5

that for u,v € V, we have
(u?, v?) = (u,v)P. (4.24)

Suppose ((x),(y)) € Aiy, where (z,2) = (y,y) = 2 and (z,y) = £2)\7.
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Write
T = X101 + ToV2 + T3V3 + TyVy, Y = Y1V1 + Y2U2 + Y3V3 + YUy,

for some z;,y; € F,. Now, define

/pvl_i_y;/pw_i_y?l’/p%_i_yi/zﬂm7

2= et Pvr+ad Post oy Pos a2t Poy, = eyl
where ¢ = n'/Pn~!. Then using (4.24) one can check that ((z'), (3')) € ALy
and ((z'), (y'))® = ((z), (y)). This proves that Ary C (Ayy)?. For the
converse, suppose ({(x),(y)) € Axy, where (z,2) = (y,y) = 2 and (z,y) =
+2\. Then using (4.24) one can check that

(z%,2%) = (v°,9°) =2, (2%,9%) = £2)\,

and thus ((z), (y))‘i5 € A4 y». This proves that (Ai)\)‘i’ C Agye. O

Proof of Theorem 4.4.1. Let G and X be as in the statement of the the-
orem. By Proposition 4.1.2 and Corollary 4.4.10, we may suppose that
soc(G) = Q;(q) and X = X,. By Proposition 4.4.14, I'y is an orbital
graph of (G, X). Moreover, by Proposition 4.4.12 we have diam(I'y) > 3
if g9 = 1 mod 4. Hence diamp(G, X) < 2 implies ¢g = 3 mod 4. Con-
versely, suppose o = 3 mod 4 and let I be an orbital graph of (G, X). Then
diam(I") < maxy{diam(I'+,)} = 2, where the equality holds by Proposi-
tion 4.4.13. 0

4.5 HNS = PSLy(¢')

In this section we analyse the diameters of the orbital graphs of the action
of G on the cosets of maximal subgroups H, where S := soc(G) = PSLy(q})
(qo odd) with t an odd prime, and H NS = PSLy(qy). We begin by stating

the main result of the section.
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Theorem 4.5.1. Let ¢ > 5 be odd and suppose q = qb, where t is an odd

~Y

prime. Let (G, X) be a primitive permutation group with S = soc(G) =
PSLy(q) and X := (G : H), where H NS = PSLy(qo).

1. If diamp(G, X) < 2, then t = 3.
2. Let G = PSLy(q). The following hold:

(a) diamp(G, X) > 2;
(b) (G, X) has no orbital graphs of diameter 2;
(c) if there exist orbital graphs of diameter 3, then t = 3.

In order to prove part 1 of Theorem 4.5.1 we will need the following result.

Lemma 4.5.2. Let (G,X) be as in the statement of Theorem 4.5.1, with
q=17p" for some odd prime p. If (G, X) has an orbital graph T of diameter d,

then
144

< dlog,(2r) + log, <E3> .

3d+ 3

2.99 —

Proof. By Lemma 2.2.1 we have

G:H| <1+v+vw—1)+vw—-1)72+ - +ov0—1)""
<l+ov+v?+0°+ -+ (4.25)

where v := 2|H|. Define A := Aut(S) and define J to be the maximal
subgroup of A such that J/(H NS) = Out(S). Since |G : H| = |A : J| and
|H| < |J|, using (4.25) we obtain

211+ 1 Iy
A T EE T — 2 +
Al < (2555 U1 < gy el

This implies
a1 1

_
2= 17

q(¢® — 1)r < (2q;r)
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Note that since ¢ is odd, we have ¢y > 3. Also, since t is an odd prime
dividing r, we have r > 3. These imply |J| = qo(¢2 — 1).r > 72, and using

this in the above we obtain

144
2 d_ 3d+3
—1) < (2 —_—.

Now ¢ > 27 which implies ¢*%° < ¢(¢?—1). Using this in the above we obtain

2.99 q sars 144
2 t .
¢ <) g

Rearranging the above, we obtain the result, i.e.

3d+ 3
2.99 — i

144
< dlogq(Qr) + logq (m) .

We now prove Theorem 4.5.1.

Proof of Theorem 4.5.1(1). Suppose diamp(G, X) < 2. Then (G, X) has an

orbital graph of diameter d < 2. Therefore using Lemma 4.5.2, we have

9 144

Now log, (%) is a decreasing function of ¢q. In particular, since g > 27, we
144

143
function of p, we have log,(2r) < logs-(2r), where ¢ = p" and p is a prime.

have log, (135) < 0.0021. Similarly, since log,(2r) = log,(2r) is a decreasing

Furthermore, logs-(2r) is also a decreasing function of r, hence since r > 3,

we have log,(2r) < 0.5437. Now rearranging (4.26) for ¢ using these upper
bounds, we conclude that t = 3. O
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Proof of Theorem 4.5.1(2). Suppose diamp (G, X) < 2. By Theorem 4.5.1(1),

we must have ¢ = 3. Then by Lemma 2.2.1, we have
|G H| <1+ 2/H|+2|H|(2|H| - 1) =1+ 4|H|*.

Now substituting |G| = q(q?l) and |H| = % into the above and

simplifying, we obtain f(q) > 0, where

f(q) = q—q"% =3¢ + 3¢°3.

However it is not hard to show that f(¢) < 0 for all ¢ > 5 which is a
contradiction. The same contradiction arises if we suppose that (G, X) has
an orbital graph of diameter 2.

Now suppose (G, X) has an orbital graph of diameter 3. Then by using
Lemma 4.5.2 with d = 3, we have

12 144
2.99 — - < 3log,(2r) + log, )

As in the proof of Theorem 4.5.1(1), we have log, (%) < 0.0021, and if r > 5,

then log,(2r) < logs-(2r) < 0.4192. Using these in the above inequality and
rearranging for ¢ we obtain t = 3 ort = 5. If r < 4, then r =t = 3. So
in either case we have t = 3 or t = 5. We claim that ¢ = 5 cannot occur.
Suppose there exist orbital graphs of diameter 3 for t = 5. Then using (4.25)
we obtain |G| < 16|H|?, i.e.

a(¢® — 1) < """ = 1)° = q(¢*® — 1)°.
Simplifying the above we obtain f(q) > 0, where
flq) =24 + ¢*° — 2¢*° — %,
However it is not hard to show that f(q) < 0 for all ¢ > 5, a contradiction. [

129



4.6 HNS=AA5S,

In this section we analyse the diameters of the orbital graphs of the action
of G on the cosets of maximal subgroups H, where S := soc(G) = PSLy(q)
(q odd) and H NS = Ay, As or S;. We begin by stating the main theorem
of the section. Recall that ¢ and ¢ are the automorphisms of PSLs(q) from
Section 4.1 and that § and ¢ are their images in Out(PSLy(q)).

Theorem 4.6.1. Let ¢ > 5 be odd. Let (G, X) be a primitive permutation
group with S := soc(G) = PSLy(q) and X = (G : H), where HN S = Ay,

A5 or 54.

1. Let ¢ > 1. If diamp(G, X) < ¢, then q < em=s , where € and m are as

wn Table 4.7.

2. We have diamp (G, X) < 2 if and only if G and H are as in Table 4.8.

3. (G, X) has orbital graphs of diameter 2 if and only if G and H are as

in Table 4.9.
G H € m
PSL;(q) Ay 3.083 | 23
PSLy(q).(6) | Ay.(6) | 3.037 | 47
PSL(q) As 5.242 | 119
PSLs(q).(¢) | As.(®) | 5.227 | 239
PSL,(q) Sy 3.856 | 47

Table 4.7: diamo (G, X) < ¢ = ¢ < em> , where X := (G : H)

130




G H Notes

(5)
(5)
PSLs(q) As g €{9,11}
5 -
(7)

Table 4.8: Pairs (G, X) with diamp(G,X) < 2, where S = soc(G) =
PSLy(q), X := (G : H) and HN S = Ay, A5, Sy

G H Notes

PSL,(13) Ay

PSLy(q).(0) | As.(0) | g € {11,13}

PSL;(q) As q € {19,29,31,41,49,61}
PSL,(49).(9) | 45.(9)

PSL;(q) Sy q € {17,23}

Table 4.9: Orbital graphs of diameter 2 for (G, X), where S := soc(G) =
PSLQ((]), X = (G : H) and HNS = A4,A5,S4

Remark 4.6.2.

1. Let G and H be as in the statement of Theorem 4.6.1. All such pairs
(G, H) can be deduced from Table 4.1 and are given explicitly by the
first two columns of Table 4.7. These columns are repeated in Tables
4.10 and 4.11.

2. Note that PSLy(5) = As (see [24, p. 51]) and thus the cases with ¢ = 5
in Table 4.8 are equivalent to the actions of A5 and S5 on 1-subsets of
{1,...,5}. Similarly, since PSLy(9) = Ag (see [24, p. 52]), the cases
with ¢ = 9 in Table 4.8 are equivalent to the actions of Ag and Sg
on l-subsets of {1,...,6}. The primitive actions of A, and S, have
already been studied in Chapter 3.
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Proof of Theorem 4.6.1(1). Let (G, H) be a pair from the first two columns
of Table 4.7. Using the fact that |PSLy(q)| = @, for HNS = Ay, A5 or

Sy, respectively we have

a(i*—1) q(¢®—1) q(¢*—1)
- H| = . 4.2
|G ‘ 24 ’ 120 48 ( 7>
Also, for ¢ > 5 we have
N0 < q(g* - 1). (4.28)

Now if diamo (G, X) < ¢, then (G, X) has an orbital graph of diameter d < c.
We then obtain the result by using (2.3) from Lemma 2.2.1, (4.27) and (4.28)
for the pair (G, H), and rearranging for g. O

We would now like to prove Theorem 4.6.1(2) and (3). To do this, one
could start by using Theorem 4.6.1(1) with ¢ = 2. However, doing so may
produce values of ¢ which may not be possible using (2.2) from Lemma 2.2.1.

Thus we use the upper bound in (2.2) directly to obtain the following result.

Proposition 4.6.3. Let (G, X) be a primitive permutation group with S :=
soc(G) = PSLa(q) and X = (G : H), where HNS = Ay, As or Sy. If (G, X)
has an orbital graph of diameter ¢ < 2, then G and H are as in Table 4.10.

G H Possible values of q
PSLs(q Ay qg<24,q=p==43,5,£13 mod 40

PSLy(q).(6) | Ay.(6) | ¢ <38, ¢q=p==43,5,+13 mod 40

(9)
(@)
PSLy(q).(0) | As.(0) | ¢ <38, ¢ =p=+£11,4+19 mod 40
PSLy(q) As g <120, g = p = +1mod 10
(q)
(9)-
(9)

PSLs(q As q <120, ¢ = p*, p = £3 mod 10
PSLa(q <¢> A5<¢> g <190, ¢ = p?, p=+3mod 10
PSLQ q

Sy q <48, q=p==+1mod 8

Table 4.10: Possible pairs (G, X)) with orbital graph of diameter ¢ < 2, where
S :=soc(G) 2 PSLy(q), X :=(G: H)and HNS = Ay, A5, Sy
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Proof. Let (G, H) be a pair from the first two columns of Table 4.10. The
third column contains the congruences of ¢ for which each pair occurs (as
described in Table 4.1). The upper bounds for ¢ can then be obtained by
using (2.2) from Lemma 2.2.1 with d := ¢ < 2. O

Proposition 4.6.4. Let (G, X) be a primitive permutation group with S :=
soc(G) = PSLy(q) and X := (G : H), where HNS = Ay, As or Sy. If
diamp (G, X) < 2, then G and H are as in Table 4.11.

G H Possible values of g
PSLy(q) Ay 5
PSLy(q).(0) | Ay.(d) | 5,11
PSLs(q) As 9,11,19,29
(9)

PSLa(q).(8) | As.(¢) | 9
PSL,(q S, 7

Table 4.11: Possible pairs (G, X) with diamo(G,X) < 2, where S :=
SOC(G) = PSLQ(C]), X = (G : H) and HNS = A4,A5,S4

Proof. Let (G, H) be a pair from the first two columns of Table 4.11. Suppose
diamp (G, X) < 2. Then (G, X) has an orbital graph of diameter ¢ < 2, hence
by Proposition 4.6.3, the value of ¢ must be in Table 4.10; let L, ,; denote the
list, consisting of these values. We use the computer program Cat (2, Ligoal)
(detailed in Section 5.7 in Chapter 5) to compute the largest subgroup Y < H
satisfying the assumption of Proposition 2.2.2 and output a new list Ly,
which consists of only those values in L, ) for which the lower bound for the
diameter in Proposition 2.2.2 is strictly less than 2. Thus the permutation
group corresponding to each discarded value of g has an orbital graph of
diameter at least 3 and hence these discarded values cannot occur. The

values of ¢ which remain in Ly, are precisely the ones in Table 4.11. [
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Proof of Theorem 4.6.1(2) and (3). Let G and H be as in the statement of
the theorem. If diamp(G,X) < 2, then by Proposition 4.6.4, the value
of ¢ must be in Table 4.11. For each such value of ¢, we then use the
computer program CgffM(q) (detailed in Section 5.8 in Chapter 5) to output
the diameters of the orbital graphs of (G, X) and verify that the only values
of ¢ for which diamo (G, X)) < 2 are the ones in Table 4.8. This proves part 2.
Similarly, if (G, X) has an orbital graph of diameter 2 then the value of ¢
must be in Table 4.10, and we again use C5;h((¢) to output the diameters
of the orbital graphs of (G, X) and verify that the only values of ¢ for which
(G, X) has orbital graph of diameter 2 are the ones in Table 4.9. This proves
part 3. 0

4.7 Proof of the main result

Proof of Theorem 4.2.1. Let ¢ > 17 be odd and let (G, X) be a primitive
permutation group with S := soc(G) = PSLs(q) and X := (G : H), where H
is a maximal subgroup of G, not containing S. The possibilities for HN S are
listed in Table 4.1. Suppose diamp(G, X) < 2. If HN S = P, then (G, X)
is 2-transitive (see Remark 4.1.12), and thus there is only one orbital graph
which has diameter 1, and so diamp (G, X) < 2 for this case. If HNS = D7y,
or HNS = PGLy(¢"/?) with ¢"/?2 = 1 mod 4, or HN S = PSLy(¢"/*) with
t>4,or HNS = Ay, Sy, A5, then Theorems 4.3.1(1), 4.3.2(1), 4.4.1, 4.5.1(1)
and 4.6.1(2) imply that (G, X) has an orbital graph of diameter at least 3.
Hence the cases which can occur are H NS = P, or HN S = PGLy(¢'/?)
with ¢/2 = 3mod 4, or H NS = PSLy(¢'/3). The converse for H NS = P,
has already been established, and the converse for H NS = PGLy(¢/?)
with ¢'/?2 = 3 mod 4 can be found in Theorem 4.4.1. Now suppose G =
PSLy(g). Part 2a is a concatenation of Theorems 4.3.1(2) and 4.4.1. Part
2b is a concatenation of Theorems 4.3.2(2) and 4.5.1(2). Finally, part 2c is
Theorem 4.6.1(3). O
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The diameters and valencies of the orbital graphs of the primitive permu-
tation group (G, X) where S := soc(G) = PSLy(q) with X := (G : H) and
S £ H <pax G, when ¢ < 13 is odd, can be found in Table 4.2. The first
three columns of the table can be obtained from Table 4.1. For each odd
prime power ¢ < 13, we use the computer program CEPF2 (¢) (detailed in
Section 5.9 in Chapter 5) to compute the diameters of the orbital graphs of
(G, X). The output includes the orders of G and H, however in certain cases
these have not been enough to identify G and H with the groups G and H in
Table 4.2 (due to their being multiple groups of the same order). This hap-
pens in two cases; one where it needs to be distinguished whether HN S is a
dihedral group or an alternating group, and the other where HNS is dihedral
but it needs to be decided wether or not G = PGLy(g). In the former case we
use the computer program CE3“%(q) to output the diameters of all the orbital
graphs of (G, X') where HNS = D,y,. We then compare this output with the
output from the two cases which need to be distinguished and identify the
output which corresponds to the case with H N .S being alternating. In the
latter case we use the computer program CESE2(g) to output the diameters
of all orbital graphs of (G, X) where G = PGLs(gq). Again comparing this
with the indistinguishable outputs we can identify the output which does not
correspond to G = PGL3(¢q). The programs are detailed in Sections 5.10 and
5.11 in Chapter 5.
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Chapter 5

Computations using Magma

In this chapter we detail the computer programs that have been used in
Chapters 3 and 4. In particular, we present pseudocode for each program.
The source code for each of the programs detailed in this chapter has been
written on the computer algebra system Magma [2] which has a vast library

of predefined functions to deal with permutation groups.

5.1 CSiam(k D), G=S,

In this section we detail the computer program C§;ay(k,1) for G = S,, which
is used in the proof of Theorem 3.2.6(2). This program takes as inputs
integers k,l > 1. It outputs the rank of (Sy;, I**Y) and for each orbital of
(Sp, D) it outputs the diameter of the corresponding orbital graph as well
as ‘true’ or ‘false’ depending on whether or not the orbital is self-paired.
The pseudocode for CSay(k, 1) with G = S, can be found in Pseu-
docode 1. We now explain the pseudocode. Lines 1 to 19 are self-explanatory;
by the end we have defined the permutation group P = (Sk;, I*)) (the set
being acted on is enumerated automatically by numbers 1,2...) and its sub-

orbits, and have output the rank of the action. In order to compute the

136



diameters of all the orbital graphs we can either use two predefined functions
to firstly construct the orbital graphs and then compute their diameters, or
we can use an alternative approach which involves working out the diame-
ters of the corresponding collapsed graphs. The first method is fairly easy to
code but turns out to be inefficient when the index of Sj ¢ .5; in Si; becomes
large; the orbital graphs have too many vertices which cannot be dealt with
using the current computing facilties. Therefore we adopt the alternative
method which eliminates the need to construct the orbital graphs explicitly;
this method still has limitations when the index becomes large, but can deal
with higher values of k£ and [ compared to the first approach. The method is
as follows.

Let G be a transitive permutation group acting on a finite set 2. Let

Q= {a},Qq, -+, Q, be the distinct orbits of G, on €2, with representatives
a1 = a,Qo,...,q,. Let E be a union of orbitals of (G,€2). Define an r x r
matrix Ag where for k,j € {1,--- ,r},

(Ap)k; = [E(ax) Ny

and E(ag) == {y € Q: (a,7) € E}. Note that Ag does not depend on the
choice of the suborbit representatives and is defined with-respect to an order-
ing of the suborbits. Let A be an orbital of (G, 2). We define the collapsed
adjacency matriz for the orbital graph I' corresponding to the orbitals A and
A* to be the matrix Ag, where ' := A U A*. The corresponding collapsed
graph is defined to be I'“| with vertex set {1,---,r}, and in which (k, ) is
an edge if (Ag)g; > 0. It is a fact that diam(T") = diam(I'“) (see Theorem
3.2B in [19]), and thus to compute the diameters of the orbital graphs of P,
it suffices to compute the diameters of the corresponding collapsed graphs.
The latter can be done via the collapsed adjacency matrices which are calcu-

lated in the next part of the code. Observe that if E := A, is a single orbital
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corresponding to the suborbit €2;, then
(Ap)k; = |E(ax) N Q] = [ Nyl (5.1)

where wy, is the trace of oy (see the next paragraph). Thus if A; is self-paired
then (5.1) can be used to compute the corresponding collapsed adjacency
matrix. If A is an orbital which is not self-paired, then Axja+ = Aa + Aax
(see Proposition 2.2 in [19]).

In Lines 20 to 23, we calculate the trace of each suborbit representative ~,
i.e. the element g of P such that 19 = 7 (we have chosen « = 1 in the previous
paragraph). The trace function is not predefined in Magma; see Pseudocode 2
for details of its construction. For the remainder of the code we do the
following for each suborbit A. In Lines 25 to 32, we compute the entries of
the matrix Aa using (5.1). During this process we make use of the function
suborb (again this function is not predefined and is detailed in Pseudocode 3)
to compute which suborbit (from an ordered list) a given element belongs
to. In Lines 33 to 38, we check whether or not A is self-paired. It is not
hard to show that A is self-paired if and only if there exists [ such that
(Aa)u * (Aa)n # 0. In Lines 39 to 58, we define the collapsed adjacency
matrix of the orbital graph corresponding to A using the techniques described
in the previous paragraph. In particular, if A is not self-paired and has
suborbit representative 3, then A* has suborbit representative 1", where h
is the trace of 5. We use this to find the suborbit corresponding to A* and
calculate Aa+ in a similar way to Ax. Let N denote the collapsed adjacency
matrix. Then the diameter of the collapsed graph and hence of the orbital
graph in question, is just the least number r of times /N has to be multiplied
by itself before each non-diagonal entry has taken a value greater than zero
at least once. The number r is what is calculated in Lines 59 to 81.

Note that Lines 11 to 81 only require a group G and maximal subgroup H
to be defined, and thus we can re-use this part of the pseudocode whenever

we have such a G and H to work out the diameters of all the orbital graphs
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of (G,(G : H)). On the other hand, this piece of code also has limitations.
In Line 11, Magma is only able to define the permutation group (G, (G : H))
if the index of H in G is not ‘too large’, and otherwise outputs an error. This
gives rise to a few unsolved cases in some of the main results in Chapter 3.
Also note that in Lines 41 and 57, we calculate the valency of the orbital
graph corresponding to the i*" suborbit; this information is not needed as
an output in this particular code, however it will be needed in later codes,

where we reuse this part of the code.
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Pseudocode 1 Cfryy (k. 1)

define a .=k
define b := |
define G := S
define z := a!®b!
define max to be the set of subgroups of G of cardinality x
for J in max do
if J=S5,185, then
define H :=J
end if
end for
: define P to be the permutation group (G, (G : H))
: define stab to be the stabiliser in P of the element 1
: define suborbits to be the list of orbits of stab
: define an empty list suboribtReps
: for X in suborbits do
Include in suborbitReps, the first element of X
: end for
. define rank to be the number of element in suborbitReps
: output rank
: define an empty list tracesOfSuboribtReps
: for i in [1, rank] do
define tracesOfSuborbitReps|i]:=trace(suborbitReps[if)
: end for
: for i in [1, rank] do
define an empty matrix @)
for k in [1, rank] do
for § in suborbits|i] do
define § = Suborb(5tracesOfSuborbitReps[k])
add 1 to Q;
end for
end for
define colAdjMatl:= @Q
define selfPaired:=false

W W W W RN NLNINIRNIRNLRNDRNDLN o e e e e e e
S =R B B N = R I BRI O T TR =
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34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:
50:
51:
52:
53:
54:
59:
56:
5T:
58:
59:

for [ in [1, rank| do
if colAdjMat1[1][l]* colAdjMat1]1][l] # 0 then
set selfPaired:=true
end if
end for
if selfPaired=true then
define colAdjMat:=colAdjMat1
define valency to be the size of suborbitsli]
end if
if selfPaired=false then
define [ to be the first element of suborbits|i
define g :=trace(f)™!
define v := 19
define t :=suborb(7)
define an empty matrix R
for k in [1, rank| do
for (§ in suborbits[t] do
define ,] -—suborb (6tmcesOfSuborbitReps[k:])
add 1 to Rkj
end for
end for
define colAdjMat2:= R
set colAdjMat:=colAdjMat1+ colAdjMat2
define valency to be twice the size of suborbitsli]
end if
define an empty list L consisting of rank empty lists of size rank
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60: for r in [1, rank] do

61: define N := colAdjMat"

62: for k in [1, rank] do

63: for j in [1, rank] do

64: if Ni; # 0 and k£ # j then

65: Insert 1 into the jth position of the k-th list in L
66: end if

67: end for

68: end for

69: define numberOfNonzeroEntries:= 0

70: for k in [1, rank] do

71: for j in [1, rank] do

72: if L[k][j] =1 and k # j then

73: Add 1 to numberOfNonzeroEntries
74: end if

75: end for

76: end for

7 if numberOfNonzeroEntries= rank® — rank then
78: output r, selfPaired

79: end if

80: end for

81: end for

In Pseudocode 1, the trace of an element ~ is computed through a recur-

sive function called ¢race. The construction of this function is described in

Pseudocode 2. We now explain the code. The purpose of Lines 2 to 19 is to

construct two lists V and W, where W consists of each element of the set

being acted on, precisely once and V' contains the indexes of the generators

Ty, -

..,z of P, such that W[y]*vbl = ~. In the remaining code, we define the

outputs of the function, which are fairly self-explanatory given the previous

discussion.
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Pseudocode 2 trace(7)

1: function trace(y)
2: define an empty list V

3: define an empty list W

4: define orbit:= {1}

5: define stillLeft:= {1}

6: define X to be a list of generators of P

7: while stillLeft is non-empty do

8: for ¢ in stillLeft do

9: for i in [1,|X]|] do

10: if 6%l is not in oribt then

11: include in orbit, the element §*[
12: define V[0Xl1] :=

13: define W[6X1] .= ¢

14: include in stillLeft, the element §*[
15: end if

16: end for

17: exclude from stillLeft, the element 0

18: end for

19: end while
20: if v =1 then

21: return the identity element of P
22: else
23: return trace(W[y]) « X[V [7]]

24: end if
25: end function

In Pseudocode 1, we use the function suborb to compute which suborbit
(from an ordered list) a given element belongs to. The construction of this

function is described in Pseudocode 3 and is fairly self-explanatory.
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Pseudocode 3 suborbit(y)
1: function suborbit(~y)
2: for ¢ in [1, rank] do
3 if 7 is in suborbits[i| then
4: return ¢

5: end if

6

7

end for
- end function

5.2 CSam(k, D), G= A,

In this section we detail the computer program CS\(k,1) for G = A,
which is used in the proof of Theorem 3.2.6(2). This program takes as inputs
integers k,1 > 1. It outputs the rank of (A, I*Y) and for each orbital of
(Agy, I®D) it outputs the diameter of the corresponding orbital graph as well
as ‘true’ or ‘false’ depending on whether or not the orbital is self-paired.
The pseudocode for CSjay(k,1) with G = A, can be found in Pseu-
docode 4. From Line 11 onwards the code is identical to Pseudocode 1. The

rest of the code is self-explanatory.

Pseudocode 4 Ciary (k1)

1: define a :=k

2: define b := 1

3: define G := Ay

4: define z := (a!’b!)/2

5: define max to be the set of subgroups of G of cardinality x
6: for J in maxz do

7: if J2=(S,15,) N Ay then

8: define H :=J

9: end if
10: end for
11: Lines 11 to 81 from Pseudocode 1
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5.3 CLow(k,l,O')

In this section we detail the computer program Cpow(k, [, o) which is used in
the proof of Theorem 3.2.6(2). This program takes as inputs integers k, [ > 1
and a permutation ¢ as described in the proof. It outputs a lower bound for
the diameter of the graph I'[y,,].

The pseudocode for Crow(k, [, o) can be found in Pseudocode 5. We now
explain the pseudocode. Recall that o is a permutation which maps A to B,
where A and B are some (k,[)-partitions, and any permutation mapping A
to B is of the form wo, where w € G4 = Sp 1S, (G = Sg). The method
used in the code is to calculate for each permutation g mapping A to B the
least number T}, of transpositions g can be a product of. Every time T} is
strictly less than the value in the variable min, we re-define min to be Tj,.
The variable min is initially set to the value 100; this can be set to any
number which is sufficiently large. The least value of T}, i.e. the value of
min at the end of the code, is the output. Note that in Line 13, the notation
|c| denotes the length of the cycle c.
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Pseudocode 5 Crow(k,l,0)
1: define a :=k
define b := [
define G .= S,
define gy := 0o
define W := S, .5,
define min:= 100
for win W do
define g := w % gg
define h to be the cycle decomposition of ¢
define numberOfTranspositions:= 0
for each cycle ¢ in h do
if ¢ is non-trivial then
add (|c| — 1) to numberOfTranspositions
end if
end for
if numberOfTranspositions<min then
set min:=numberOfTranspositions
18: end if
19: end for
20: output min

e e e T e e e T

5.4 CG,p(d, L)

In this section we detail the computer program C$,; (d,L) for G = S, and
G = A, which is used in the proof of Proposition 3.5.2 with d = 5 and in
the proof of Theorem 3.2.8(3) with d = 2, and L = L,. This program takes
as inputs an integer d > 1 and a list L consisting of positive integers n. It
outputs the values of n from L for which there exist primitive subgroups H
of G satisfying (2.2) from Lemma 2.2.1.

The pseudocode for CS,; (d, L) with G = S, can be found in Pseudocode 6
and is fairly self-explanatory. The Pseudocode for G = A, is identical except
with Line 3 replaced with ‘define G := A,,’.
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Pseudocode 6 Oy, (d, L)
1: define ¢ :=d
2: for nin L do
3: define G := 5,

4: define mazx to be the set of maximal subgroups of G

5: for H in mazx do

6: define z := |H|

T: define sum:=1+ 2z + 222z — 1) + -+ + 2x(2x — 1)}

8: if H is a primitive subgroup of G and |G| <sumx*z and H # A,
then

9: output n

10: end if

11: end for

12: end for

5.5 Ctoywl(d, L)

In this section we detail the computer program Clow(d, L) for G = S,, and
G = A, which is used in the proof of Proposition 3.5.2 with d = 5 and
L = L

consisting of positive integers n. It outputs the values of n from L for which

nmew]- LNiS program takes as inputs an integer d > 1 and a list L
there exist maximal primitive subgroups H for which the lower bound for
the diameter in Proposition 2.2.2 is strictly less than d. It also identifies the
subgroups H with pairs of numbers (a,b) which indicate that H is the a'®
group of degree b in the database of primitive permutation groups in Magma.

The pseudocode for CSow(d, L) with G = S, can be found in Pseu-
docode 7 and is fairly self-explanatory. The Pseudocode for G = A, is
identical except with Line 3 replaced with ‘define G := A,,’.
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Pseudocode 7 Cfn(d, L)

1: define c:=d
2: for nin L do
3: define G .= S5,

4: define mazx to be the set of maximal subgroups of G

5: for H in mazx do

6: define z := |H|

7: define sum:= 1+ 2z + 2x(2z — 1) + - - + 2z(2x — 1)%!
8: if H is a primitive and |G| <sumx*z and H # A, then
9: define S to be the set of subgroups of H

10: define an empty list K

11: for X in S do

12: define NG := Ng(X)

13: define NH := Ny(X)

14: if [ING| > |[NM| then

15: append X to K

16: end if

17: end for

18: define an empty list called sizes

19: for X in K do
20: append | X]| to sizes
21: end for
22: for 7 in sizes do
23: if sizes[i] is the maximum value in sizes then
24: define j ;=1
25: end if
26: end for
27: define X := K|j]
28: define m := —12(?((2'5{'{/'5('?) -1
29: define NG := Ng(X)
30: define NH := Ny (X)
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31: for g in NG do

32: if g is not in NH then

33: if ¢ has order 2 then

34: set m = % -1

35: break g

36: end if

37: end if

38: end for

39: if m < ¢ then

40: identify H with a pair (a,b)

41: output n and the ath group of degree b from the database
of primitive permutation groups

42: end if

43: end if

44: end for

45: end for

Note that Lines 9 to 38 only require a group G and maximal subgroup H
to be defined, and thus we can re-use this part of the pseudocode whenever

we have such a G and H.

5.6 CSian(d, L)

In this section we detail the computer program CSjay(d, L) for G = S,, and
G = A, which is used in the proof of Theorem 3.2.6(3) with d = 5, and in
the proof of Theorem 3.2.8(3) with d = 2, and L = Ly,,,). This program
takes as inputs an integer d > 1 and a list L consisting of positive integers n.
For each primitive subgroup H of G satisfying (2.2) from Lemma 2.2.1, it
outputs the rank of (G, (G : H)) and for each orbital of the action, it outputs
the diameter and valency of the corresponding orbital graph as well as ‘true’
or ‘false’ depending on whether or not the orbital is self-paired. The latter is
useful information when counting the number of orbital graphs that occur;

the orbital graph associated with each orbital that is not self-paired occurs
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twice (a second time with the paired orbital), and thus has to be counted
only once. The code also identifies the subgroups H with pairs of numbers
(a,b) which indicate that H is the a'® group of degree b in the database of
primitive permutation groups in Magma.

The pseudocode for CSia\(d, L) with G = S, can be found in Pseu-
docode 8 and is fairly self-explanatory. The Pseudocode for G = A, is
identical except with Line 3 replaced with ‘define G := A,,’.

Pseudocode 8 C5r .\ ((d, L)
1: define ¢ :=d
2: for nin L do
3: define G := 5,

4: define max to be the set of maximal subgroups of G

5: for H in mazx do

6: define z := |H|

T: define sum:=1+ 2z + 222z — 1) + -+ + 2x(2z — 1)}

8: if H is a primitive subgroup of G and |G| <sumx*z and H # A,

then

9: identify H with a pair (a,b)

10: output n and the ath group of degree b from the database
of primitive permutation groups

11: Lines 11 to 81 from Pseudocode 1, with the extra output
valency in Line 78

12: end if

13: end for

14: end for

5.7 Crowl(d, L)

In this section we detail the computer program Cfc’)i,lv(d, L) which is used
in the proof of Proposition 4.6.4 with d = 2 and L = L,

takes as inputs an integer d > 1 and a list L consisting of prime powers ¢. It

This program

Qo1d]"

outputs the values of ¢ from L for which the lower bound for the diameter

in Proposition 2.2.2 is strictly less than d.

150



The pseudocode for Cfégv(d, L) with (G,H) = (PSLy(q), A4) can be

found in Pseudocode 9 and is fairly self-explanatory.

Pseudocode 9 Cfov2 ™ (d, L)
1: define c:=d
2: define an empty list called remaining Values
3: for ¢ in L do

4: define G := PSLy(q)

5: define maz to be the set of maximal subgroups of G with order | A4
6: for H in maxz do

7 if H= A, then

8: Lines 9 to 38 from Pseudocode 7

9: if m < ¢ then

10: append to g to remaining Values
11: end if

12: end if

13: end for

14: end for

15: output remaining Values

The pseudocode for O (d, L) with (G, H) = (PSLy(q).(3), A4.(6)) can
be found in Pseudocode 10. Recall that PGLy(g) = PSLy(g).(6) and therefore
it suffices to define G := PGLy(q). The task of defining the subgroup H
requires a little more complicated code compared to that in Pseudocode 9;
we define H to be the maximal subgroup of G which contains A, and satisfies

H/A,; = (0) (Lines 5 to 10). After H is defined, the rest of the code is fairly

self-explanatory.
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Pseudocode 10 C o' ?- 0440 (g 1))
1: define c:=d
2: define an empty list called remaining Values
3: for ¢ in L do
4: define G := PGLs(q)

5: define maz to be the set of maximal subgroups of G with order 2| A,
6: define I' := PGLs(q)/soc(PGL2(q))

7: for H in mazr do

8: define S to be the set of subgroups of H
9: for J in S do

10: if J= Ay and H/J =T then

11: Lines 9 to 38 from Pseudocode 7
12: if m < ¢ then

13: append q to remaining Values
14: end if

15: end if

16: end for

17: end for

18: end for

19: output remaining Values

The pseudocode for CIak,(d, L) with (G, H) = (PSLy(q), As) is iden-
tical to Pseudocode 9 except with A4 replaced by As. The pseudocode
for (G,H) = (PSLy(q).(#), As5.($)) can be found in Pseudocode 11. The
task of defining G and H in this code is a bit more complex. For a given
value of ¢ = p? where p = 43 mod 10, there are multiple groups J with
soc(J) = PSLy(q) and .J/soc(J) = (@), however by Table 4.1, only one of
these will contain a maximal subgroup or order 2|As|. We use this fact to
define G in Lines 4 to 18 (note that Aut(PSLy(q)) is frequently denoted by
PI'Lsy(gq)). The maximal subgroup H is defined in a similar way to that in

Pseudocode 10.
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Pseudocode 11 C’fg%,é(q)'@%’%'@ (d,L)

1: define c:=d
2: define an empty list called remaining Values
3: for ¢ in L do

4: define A := PT'Ly(q)

5: define I' := A/PGlLs(q)

6: define an empty set called possibleGroups

7: define S to be the set of subgroups of A

8: for G in S do

9: if soc(G) = PSLa(q) and G/soc(G) = T then
10: include G in possibleSubgroups

11: end if

12: end for

13: for J in possibleGroups do

14: define M to be the set of maximal subgroups of J of order 2|As|
15: if M is non-empty then

16: define G :=J

17: end if

18: end for

19: define maz to be the set of maximal subgroups of G of order 2|A;|
20: for S in max do
21: define T to be the set of subgroups of S
22: for J in T do
23: if J= A; and S/J =T then
24: define H := S
25: Lines 9 to 38 from Pseudocode 7
26: if m < c then
27: append ¢ to remaining Values
28: end if
29: end if
30: end for
31: end for
32: end for

The pseudocode for C5% (d, L) with (G, H) = (PSLy(q), S,) is identical

to Pseudocode 9 except with A4 replaced by Sj.
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5.8 CDIAM( )

In this section we detail the computer program ngfM(q) which is used in
the proof of Theorem 4.6.1(2) and (3). This program takes as input a prime
power ¢q. For G and H as in Section 5.7, it outputs the rank of (G, (G : H))
and for each orbital of the action, it outputs the diameter and valency of the
corresponding orbital graph as well as ‘true’ or ‘false’ depending on whether
or not the orbital is self-paired.

The pseudocode for a particular choice of G and H will involve defining G
and H and then computing the diameters of the orbital graphs. We can define
G and H using one of the pseudocodes in Section 5.7 and we can compute the
diameters of the orbital graphs using Lines 11 to 81 from Pseudocode 1. Thus
the pseudocode for CgffM(q) is just a concatenation of previous pseudocodes.

Note that for some of the groups G defined in Sections 5.7 there are two
conjugacy classes of maximal subgroups isomorphic to H, however, when
constructing the set of maximal subgroups of G in Magma, a pre-defined
function is used which produces all conjugacy class representatives. In this
way, the codes mentioned in this chapter, output results for both conjugacy

classes.

5.9 Cpram(9)

In this section we detail the computer program CEPEZ(¢q) which is used to
give the output in Table 4.2. This program takes as input a prime power q.
It outputs the rank of (G,(G : H)) where S := soc(G) = PSLy(q) and
S £ H <max G, and for each orbital of the action, it outputs the diameter
and valency of the corresponding orbital graph as well as ‘true’ or ‘false’
depending on whether or not the orbital is self-paired. It also outputs the

groups G' and H with their orders.
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The pseudocode for CEPE2 (¢) can be found in Pseudocode 12 and is fairly

self-explanatory.

Pseudocode 12 CE%(q)
1: define t :=¢
2: define sub to be the set of subgroups of PT'Ly(t)
3: for G in sub do

4: if soc(G) = PSLy(t) then

5: define mazx to be the set of maximal subgroups of G

6: for H in maz do

7 if PSLy(t) £ H then

8: output G and H

9: Lines 11 to 81 from Pseudocode 1, with the extra output
valency in Line 78

10: end if

11: end for

12: end if

13: end for

5.10 CE32(q)

In this section we detail the computer program CES?(q) which contributes
to the output in Table 4.2. This program takes as input a prime power q.
It outputs the rank of (G,(G : H)) where S := soc(G) = PSLsy(q) and
S ﬁ H <yax G with H NS = Dgyq, and for each orbital of the action,
it outputs the diameter and valency of the corresponding orbital graph as
well as ‘true’ or ‘false’ depending on whether or not the orbital is self-paired.
It also outputs the groups G and H with their orders.

The pseudocode for CE32(q) can be found in Pseudocode 13 and is fairly

self-explanatory.
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Pseudocode 13 CE32(g)
1: define t :=¢
2: define sub to be the set of subgroups of PT'Ly(t)
3: for G in sub do

4: if soc(G) = PSLy(t) then

5: define I' := G/soc(G)

6: define maz to be the set of maximal subgroups of G

7 for H in mazr do

8: if PSLy(t) £ H then

9: output G and H

10: define S to be the set of all normal subgroups of H

11: define z := (t £1)/2

12: for K in S do

13: if K= Dy and H/K =T then

14: Lines 11 to 81 from Pseudocode 1, with the extra
output valency in Line 78

15: end if

16: end for

17: end if

18: end for

19: end if

20: end for

5.11  Cpixm(a)

In this section we detail the computer program CES%2 (¢) which contributes to

the output in Table 4.2. This program takes as input a prime power ¢. It out-
puts the rank of (G, (G : H)) where G = PGLy(q) and PSLy(q) € H <pax G,
and for each orbital of the action, it outputs the diameter and valency of the
corresponding orbital graph as well as ‘true’ or ‘false’ depending on whether
or not the orbital is self-paired. It also outputs the groups G and H with
their orders.

The pseudocode for CEUL2 (¢) can be found in Pseudocode 14 and is fairly

self-explanatory.
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Pseudocode 14 CEUL2(q)

1: define t :=¢

2: define G := PGLy(q)

3: define max to be the set of maximal subgroups of G

4: for H in maz do

5. if PSLy(t) £ H then

6: output G and H

7 Lines 11 to 81 from Pseudocode 1, with the extra output valency
in Line 78

8: end if

9: end for
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Chapter 6

Parabolic actions of the simple

groups of Lie type

In this chapter we analyse the orbital diameters of the simple groups of Lie
type. In particular, we describe the parabolic actions for which the orbital
diameter is at most 2. For the simple classical groups we also produce an
infinite family of orbital graphs of diameter 2.

In Section 6.1, we detail the background material necessary for the chapter
and in Section 6.2 we state the main results of the chapter. In Sections
6.3 and 6.4, we describe the maximal parabolic subgroups of the simple
classical groups and the orbital graphs of the corresponding parabolic actions.

In Sections 6.5 and 6.6, we give proofs of the main results of the chapter.

6.1 Preliminary theory

In this section we detail the background material which will be needed in
the chapter.

We begin by describing parabolic subgroups of groups with (B, N)-pairs.
The following theory can be found in Chapter 8 of [5].
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Definition 6.1.1. Let G be a group. A pair (B, N) of subgroups of G is
called a (B, N)-pair if the following hold:

1. G is generated by B and N;
2. BN N is a normal subgroup of N;

3. The group W := Y= is generated by a set of elements w;, i € I, such

~ BNN
that w? = 1;

4. For n; € N, if n; maps to w; under the natural homomorphism, and
n € N, then
Bn;B.BnB C BninB U BnB;

5. If n; is as above, then n;Bn; # B.

The group W as defined above is called the Weyl group of G, the elements
w; are called simple reflections, and the cardinality of the set [ is called the
rank of W.

Proposition 6.1.2 (Proposition 8.2.2 in [5]). Let G be a group with a (B, N)-
pair. Then the following hold:

1. G=BNB.

2. For each subset J C I, let W; be the subgroup of W generated by the
elements w; fori € J, and let Ny be the subgroup of N mapping to W,

under the natural homomorphism. Then Py := BN;B is a subgroup of
G.

Definition 6.1.3. Let G be a group with (B, N)-pair. A parabolic subgroup
of G is a subgroup H which contains gBg~" for some g € G.

The subgroups P; from Proposition 6.1.2 certainly contain B and are thus
parabolic subgroups by definition. The next result follows from Theorems
8.3.2 and 8.3.3 in [5] and shows that in fact, up to conjugacy, these are the

only parabolic subgroups.
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Proposition 6.1.4. Let G be a group with a (B, N)-pair. FEvery parabolic
subgroup of G is conjugate in G, to some P; where J C I. Furthermore, the
subgroups Py for distinct subsets J C I are all distinct and non-conjugate
in G.

We now describe the parabolic subgroups which are maximal.

Definition 6.1.5. Let G be a group with a (B, N)-pair. A maximal parabolic
subgroup of G is a subgroup which is conjugate to P, := P;, where J := I'\{i}
for some ¢ € I. We will denote the corresponding subgroup W of the Weyl
group W by W,. A parabolic action of G is the natural action of G on the
set (G : H) where H is a maximal parabolic subgroup of G.

Remark 6.1.6. Let G be a group with (B, N)-pair. Since all the maximal
parabolic subgroups are conjugate to Py for some k, in order to analyse the
orbital diameters of the maximal parabolic actions of G, it suffices to analyse
the actions of G on (G : P;). Thus, henceforth we will assume that a maximal

parabolic subgroup of GG is equal to Py for some k.

There are plenty of groups which possess (B, N)-pairs. For the results
in the thesis, we will only require existence of (B, N)-pairs for the classical
groups and exceptional groups. Explicit constructions for (B, N)-pairs for
the classical groups can be found in [24, p. 46,62,67,74], which justify the
fact that the groups SL,(q), Spy,(q), SU,(q) and Q¢ (q) (e € {o,+,—}) all
possess (B, N)-pairs.

Definition 6.1.7. Let G := PX,,(q) = X,,(q)/Z be a simple classical group,
where Z is the centre of X,,(q). We define a parabolic subgroup of G to be
P/Z, where P is a parabolic subgroup of X,(q).

Remark 6.1.8. We shall see later on that parabolic subgroups of the classical
groups are stabilisers of certain types of subspaces of the underlying vector
space, under the natural actions of the classical groups. Now, the centre Z of

a classical group X,,(¢q) is a subset of scalar matrices (see [24, p. 44,61,66,70])
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and any scalar matrix stabilises a subspace, so a parabolic subgroup of X,,(q)
always contains Z. Thus the natural action of X, (¢) on induces a natural
action of PX,,(¢). The maximal parabolic subgroups of the simple classical
groups are thus also the stabilisers of certain types of subspaces of the under-
lying vector spaces; we shall keep the notation P, for the maximal parabolic

subgroups of the simple classical groups.

The exceptional groups (of Lie type) are defined with respect to a prime
power ¢ and consist of the exceptional groups denoted Eg(q), E7(q), Es(q),
Fi(q), G2(q) (q > 3), the twisted exceptional groups, denoted 2Eg(q), >Dy(q),
2Fy (22 ) (m > 1), 2By(22mY) (m > 1), 2Go(3*™*) (m > 1), and the
Tits group 2Fy(2)". We will see that it is not actually required to define the
exceptional groups for the purposes of the results in this chapter. It is a fact
that all exceptional groups (excluding the Tits group) possess (B, N)-pairs;
see [5, p. 108,227].

6.2 Statements of the main results

We now state the main results of this chapter. They are split into two
results; one concerning the simple classical groups and one concerning the

exceptional groups.

Theorem 6.2.1. Let (G,Y) be a primitive permutation group where G :=
PX,.(q) is a simple classical group with X € {SL,Sp,SU,Q°, Q*}, and Y :=
(G : Py), where Py is mazimal parabolic subgroup of G. Then

1. diamp(G,Y) < 2 if and only if

(a) k=1 (ork=n—11if X, =8SL,), or
(b) X, and k are in Table 6.1.
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X, k
SL,, b P,
Spy Py
SUy, SUs Py
Qs5, Qg P
g, Q8, Qg | Pofork=n—1,n

Table 6.1: Pairs (X,,k) (k # 1) such that diamp(G,Y) < 2, where
G:= PX,(¢) and Y := (G : Fy)

2. (G,Y) has an orbital graph of diameter 2, except for when (X, k) is

one of the following (in which case the rank of the action is 2):

Remark 6.2.2. We will see that part 1 of Theorem 6.2.1 is just a concatenation
of results that already exist in previous literature, however to the best of our
knowledge, finding orbital graphs of diameter 2 in part 2 is a result which is

not extractable from existing literature.

Let (G,Y) be as in Theorem 6.2.1. Recall that the converse of Theo-
rem 1.2.8(1) asserts that if we let n tend to infinity, then diamo(G,Y") will
be bounded above by some fixed constant provided that k is bounded. We

conjecture the following values for diamp(G,Y") for a special case of (G,Y).

Conjecture 6.2.3. Let (G,Y) be a primitive permutation group where G :=
PSp,,(q), and Y := (G : Py), where Py is mazimal parabolic subgroup of G.

Then
n, if n <2k
diamp(G,Y) =
ok, if n > 2k.
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Remark 6.2.4. The case n = k of Conjecture 6.2.3 can be easily proved as
follows. Suppose n = k. By Lemma 6.4.2(1), the rank of (G,Y) is k + 1.
Now, the diameter of any orbital graph is bounded above by the rank of
the action minus one, and thus diamo(G,Y) < k. Moreover, (G,Y') has an
orbital graph of diameter k£ by Table 6.2 from Lemma 6.5.8, which proves
the equality.

Theorem 6.2.5. Let (G, X) be a primitive permutation group with G an
exceptional group of Lie type (G # *Fy(2)') and X := (G : Py), where Py is
a mazimal parabolic subgroup of G. Then diamp (G, X) < 2 if and only if
G = Es(q) and k = 1,6, or G =2By(22"1), or G = 2G4(3*™ ).

6.3 Maximal parabolic subgroups of the sim-

ple classical groups

In this section we will describe the maximal parabolic subgroups of the simple
classical groups.
We begin with the linear groups; see Section 3.3.3 in [24] for the next

result.

Proposition 6.3.1. The natural action of G := SL,,(q) on the set Vi of k-
subspaces of the underlying vector space, is transitive. The mazximal parabolic

subgroups of G are Py, for k < n and Py is the stabiliser in G of a k-subspace.
Remark 6.3.2. Observe that the actions of PSL,(¢) on V} and V,,_, are equiv-
alent and thus henceforth we will assume that & < n/2 for this case.

We now describe the parabolic subgroups of the remaining simple classical
groups. Recall the definition of a totally singular subspace (Definition 2.3.13);
we add to this definition below.
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Definition 6.3.3. Let (V, f) be a symplectic or unitary space, and let (V, Q)

be a quadratic space.
1. A vector v € V is called isotropic if (v,v) = 0, and singular if Q(v) = 0.

2. A subspace W < V' is called totally isotropic if (w,w) = 0 for all
w € W, and totally singular if Q(w) =0 for all w € W.

3. For a subspace W <V, we define Rad(W) := W N W+,
For the next result, see Sections 3.5.4 and 3.6.2 in [24].

Proposition 6.3.4. Let G := X,,(q) be a classical group, where X belongs to
the set {Sp,SU,Q(e = o, —)}. The natural action of G on the set Vi, of all
totally isotropic (or totally singular if X = Q°) k-subspaces of the underlying
vector space, is transitive. The maximal parabolic subgroups of G are Py,

where
1. k<% for X = Sp,SU, Q°;
2. k<5 —1for X =0Q7,

and Py, is the stabiliser of a totally isotropic (or totally singular) k-subspace.
For the next result see Section 3.7.4 in [24] and Lemma 2.5.8(ii) in [14].

Proposition 6.3.5. The natural action of G := Q3, (q) on the set Vj, of all
totally singular k-subspaces of the underlying vector space, is transitive for
k<n-—1. If k =n, then G has 2 orbits on V,, where two totally singular
subspaces U and W of dimension n are in the same orbit if and only if
n —dim(U NW) is even; let V. and V;? denote the two orbits. The mazimal
parabolic subgroups of G are Py fork <n. Fork < n—2, P is the stabiliser
of a totally singular k-subspace, and for k = n —1 and k = n, Py is the

stabiliser of a totally singular n-subspace in V! and V2, respectively.
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Remark 6.3.6. The actions of G := PQ3, (q) on cosets of the two parabolic
subgroups P,_; and P, are permutation isomorphic and thus to analyse the
corresponding orbital diameters, it suffices to analyse any one of the parabolic
actions. To see this, one may proceed similarly to Remark 4.4.3 in Chapter 4;
the two orbits V! and V/? fuse under the action of PO, (¢) (see Section 3.7.4
in [24]). This yields an automorphism of G and a bijection between the two
orbits which form a permutation isomorphism between the two actions. On
this note, henceforth we shall not analyse the parabolic subgroup P,_; and
we will denote V,? by V.

Note that we have used the notation Vi and P, to denote different sets
and groups in Propositions 6.3.1, 6.3.4 and 6.3.5. We will continue to use
this notation; the set V}, and the group Pj should be clear from the classical
group in question.

We conclude this section by stating a result which will be very useful
when calculating the ranks of some of the parabolic actions described above.
The result follows from the fact that, for a group G with a (B, N)-pair and
Weyl group W, there is a bijection between the suborbits of the action of
G on (G : Py) and the action of W on (W : W) (see Theorem 10.5.1(iii)
in [4]). Notice that suborbits of the action of G on (G : Py) are double cosets
P;xP;, where x € G. Now recall that G = BNB and P; = BN;B, and
thus we may suppose z € N. Further, for any y € w := x(B N N), we have
PyxP; = PyyPj, and thus we will write P;wP; to mean the double coset

PjyxP; for any x € w.

Lemma 6.3.7. Let G be a group with a (B, N)-pair and Weyl group W, and
let Py be a parabolic subgroup of G. There is a 1-1 correspondence between the
suborbits of the action of G on (G : Py) and the action of W on (W : W),
where the suborbit W;wW; corresponds to the suborbit P;wPj;. Thus the
rank of the action of G on (G : Py) is equal to the rank of the action of W
on (W :Wy).
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Remark 6.3.8. If G := PX,,(¢) = X,.(q)/Z is a simple classical group with
parabolic subgroup H := P;/Z, then the rank of the action of G on (G : H)
is equal to the rank of the action of X, (¢) on (X,(¢) : P;) and thus by
Lemma 6.3.7 is equal to the rank of the action of W on (W : W;).

6.4 Orbital graphs of the parabolic actions of

the simple classical groups

In order to prove part 2 of Theorem 6.2.1, we need to determine the orbitals
and orbital graphs of the parabolic actions of the simple classical groups,

which we do next.

Proposition 6.4.1. Let (G,Y) be a primitive permutation group where G :=
PSL,(q) and Y := (G : Py), where Py, is a mazimal parabolic subgroup of G
and k < n/2. The action of G on'Y is equivalent to the natural action of G
on the set V.. The non-diagonal orbitals of (G, Vy) are

A;:={(A,B)eV?:dim(ANB) =i}, i€{0,--- k—1}.

Proof. The first statement follows from Proposition 6.3.1. It is easy to see
that the sets A; are non-empty, disjoint and that their union (together with
the diagonal orbital) is V2. Tt is also clear that if (A, B) and (C, D) are two
elements of V> which are in the same non-diagonal orbital of (G, V), then
dim(A N B) = dim(C N D).

It remains to show that G is transitive on the sets A;. Suppose (A, B)
and (C, D) are in A;. Let U be a basis of AN B and let W be a basis of
CnND. Extend U to a basis Uy of A and Up of B. Similarly define W¢
and Wp. Then By := Uy UUpg and By := Wz U Wp form bases for A + B
and C' + D, respectively. Now extend B; and B, to bases B] and B of
the underlying vector space; the map g which maps B] to B point-wise is
an element of GL,(¢) which maps (A, B) to (C, D). Now, observe that we
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can pick h € GL,(¢) mapping A to A and B to B, with det(h) = det(g)~".
Thus det(gh) = 1 and gh maps (A, B) to (C, D). O

To determine the orbitals for the parabolic actions of the remaining sim-
ple classical groups, we will use the ranks of these actions. These ranks
have been computed in previous literature and we state them next; here we
will write (PX,,(¢), Px) to mean the permutation group (PX,(gq),Y’), where
Y = (PX,(q): Py).

Lemma 6.4.2. The ranks of the parabolic actions of the simple classical

groups are as follows.

1. The rank of the groups (PSpy,, Prx), (PSU2,(q), Px), (PSU2,+1(q), Pk),
(PQQnJrl (q>7 Pk), and (Pan+2(q)7 Pk) (fOT k< n) is

(n—k+1)é3k—n+2)’ n < 2%k

(e 1)(42) 0> 2%k,

2. The rank of (PQ3,(q), Br.) (fork <mn—2)is

1 (n—k+2)g3k—n+1)7 n < 2%k

) n > ok,

3. The rank of (PQ3, (q), By) is

"T_l—l—l, n odd

5+ 1, n even.

Proof. Let W be the Weyl group of the underlying classical group. The ac-
tion of W on (W : W) has rank exactly as in the statement of the lemma
(see Proposition 10.4.3 in [4]; see (iii) and (iv) for (1), (vi) for (2) and (v)
for (3)). Thus the proof is complete by Lemma 6.3.7. O
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Remark 6.4.3. One can easily check using Proposition 6.4.1 and Lemma 6.4.2
that the only parabolic actions of the simple classical groups which have

rank 2 are the ones stated in part 2 of Theorem 6.2.1.
We can now determine the orbitals of the parabolic actions of the remain-

ing simple classical groups.

Proposition 6.4.4. Let (G,Y) be a primitive permutation group where G :=
PSp,,,(¢), PSU2,(q), PSU2n+1(q), PQyi1(q) or PQy, 0(q) and Y = (G : P),
where Py, is a maximal parabolic subgroup of G. The action of G on'Y is
equivalent to the natural action of G on the set V.. For non-negative integers

1,7, let
Ay = {(A,B) € V2 : dim(A N B) = j,dim(Rad(A + B)) = j + 2i}.

If n < 2k, then the non-diagonal orbitals of (G, Vi) are A;; where i €
{0,...,n =k}, and

je{0,....k—1}, i=0
jed{0,... k—i}, ie{l,....n—k}.

If n > 2k, then the non-diagonal orbitals of (G, Vi) are A;; where i €
{0,...,k}, and

je{0,....k—1}, i=0
jef{0,... k—i}, ie{l,... k}

Proof. The first statement in the result follows from Proposition 6.3.4. We

claim that for ¢, j as in the statement of the result, the sets A;; are non-empty.
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Indeed, let

= <el7"'7ek>7

U:
W= <€17 N I S R -aek—i-i,fj—i-h .. '7fk—i>7

where e;, f; are the standard basis vectors. Then (U, W) € A;;. It is clear
that the sets A;; are disjoint. Now suppose (A, B) and (C, D) are two dis-
tinct elements of V2 which are in the same orbital. It is easy to see that
dim(AN B) = dim(C'ND) and dim(Rad(A+ B)) = dim(Rad(C' + D)). This
implies that the rank of the action is at least one more than the total number
of A;;, which by counting is

(n—k-l—l)é?;k:—n—i—?)’ n < 2%k

(e s gp

In fact, the rank is precisely as above by Lemma 6.4.2(1). Thus, the non-

diagonal orbitals are precisely the A;; described in the statement. O

Proposition 6.4.5. Let (G,Y) be a primitive permutation group where G :=
PQ3 (q), Y = (G : P), and Py, is mazximal parabolic subgroup of G with
k <n—2. The action of G on'Y 1is equivalent to the natural action of G on
the set V. Let A;j be as in Proposition 6.4.4. If n > 2k, the non-diagonal
orbitals of (G,Vy) are A;j where i € {0,...,k}, and

je{0,... k—1}, i=0
je{0,... k—i}, ie{l,...  k}

If n<2k ,the non-diagonal orbitals of (G,Vy) are A;; where
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ie{0,....n—k—1}, and

je{0,... k—1}, i=0
je{0,... k—i}, ie{l,....n—k—1},

and A,y splits into two orbitals A} - := (A, BY) and A, _, . := (A, B7)¢

of (G, V), for j €{0,...,2k —n}, where

A:=(eq,... e,
13+ Z::<617...6j,€k+1,...,en,j}+1,...,jbk_n>,
B~ :::<€17"'6j7€k+17"'aen—lafﬁaj}+17"'ajék—n)

Proof. The first statement follows from Proposition 6.3.5. The sets described
in the statement are non-empty as in the proof of Proposition 6.4.4. Now
suppose (A, B) and (C, D) are two distinct elements of V;? which are in
the same orbital. It is easy to see that dim(A N B) = dim(C N D) and
dim(Rad(A + B)) = dim(Rad(C + D)). Then the proof for n > 2k goes as
in the proof of Proposition 6.4.4 since the rank for this case is unchanged by
Lemma 6.4.2(2).

Now suppose n < 2k. By counting the number of orbitals described in

the statement plus the diagonal orbital, we obtain

n—k—1
—k+2)B3k—n+1
1+k+<z k—i+1>+2(2k—n+1):1+(n bt )g)’k n >,

=1

which is the rank of the action (see Lemma 6.4.2(2)). Therefore, to complete
the proof it suffices to show that the sets A,_j;; each split into at least
two orbitals. To do this, we will determine the orbitals which split for the
corresponding action of the Weyl group and then use the correspondence in
Lemma 6.3.7 to determine the result for G.

To show the result for G it suffices to show the result for H := Q3 (q).
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Let e;, f; be the standard basis ordered as follows: e, ..., en, fu,..., f1. We
first find a presentation of the Weyl group of H by simple reflections. The
Weyl group of H is W := Ny (T')/T, where

(/M0 0 )
0
U W :
T := " t A\ € Fz
: TR e
: 0
\ 0 -+ v oo 0 )\1—1 )

(see Section 3.7.4 in [24]). We now define some elements of H. For o € §,,, a
permutation of {1,...,n}, let g, be the element of H which maps e; to +e;,
e; to ;e for i # 1, f1 to £f1, and f; to fi- for i # 1 (the signs can be chosen
so that g, is in H; see Remark 6.4.6). Fori € {1,...,n}, let ¢; be the element
of H which swaps e; and f; and fixes all the other basis elements. Then we
have that Ny (T) = (T, t;it;, g5|i,7 =1,...,n,0 € S,) and W = Ny (T)/T =
Cy=1:. S, is a subgroup of Cy 1 S, of index 2, with generators which are the
images of the elements ¢;t; and g,. By associating the numbers 1,...,n to
AL, ..., A, and the numbers —1....,—n to A\[*,... A1, we see that W acts
on the set {£1,...,£n}. A presentation for W by simple reflections is given
by the diagram

Tn—1

Tn

where the nodes represent generators, the products of generators correspond-
ing to adjacent nodes have order 3, and the products of generators corre-

sponding to non-adjacent nodes have order 2 (see Table 2.1 in [24, p. 33]).
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Fori e {1,...,n—1}, define r; := (i i+ 1), and define r,, :== ¢, _1t,(n —1 n).
One can check that the images of ry,...,r, satisfy the above relations and
generate W, and thus form a set of simple reflections. Henceforth, we will
just use r; to denote the image of ;.

For k < n—2, one can check that Wy, = (r;]i # k) = S x (Cy "1 8,4,
which is the stabiliser of the k-subset {1,...,k} in the action of W on the
set I;{_Lk} of k-subsets of {£1,...,£n} where no k-subset can include + and
— of the same element. Moreover, the latter action can be seen to be tran-
sitive using the Orbit-Stabiliser theorem. Thus, we conclude that the action
of W on (W : Wy) is equivalent to the action of W on ¥, Now, for
j€ {0,...,2k — n}, define the following k-subsets of Iik}:

a:={1,...,k},
Bteo={1,...,5k+1,....n,—(G+1),....,—(2k —n)}
- ={1,...,5k+1,....n—1,—n,—(j+1),...,—(2k — n)}.

Suppose there exists w € W such that (o, 87)" = (a, 7). Then w € Wy,
and must map the numbers £+ 1,...,n to the numbers k+1,...,n—1, —n.
However, elements of W can only change the sign of an even number of
elements from k+1,...,n, and thus (o, ) and (a, $7) must be in different
orbitals of W.

Now if Wyw;W), are the distinct suborbits of W, then by Lemma 6.3.7,
Pyw; Py are the distinct suborbits of H. So the distinct orbitals (Wy, Wyw;)"V
of W correspond to the distinct orbitals (P, Pyw;)? of H. Now the orbital
containing («, 1) corresponds (under the equivalent action) to the orbital
containing (Wj, Wyw), where w maps a to 8. The orbital containing the
latter corresponds (under Lemma 6.3.7) to the orbital containing (P, Pyw)
which corresponds (under the equivalent action) to the orbital containing
(A, BT). Similarly, the orbital containing («, ~) corresponds to the or-
bital containing (A, B~). Now both pairs (4, B) are in A,_;; and thus
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this proves that A,,_j ; splits into at least two orbitals of H, one containing
(A, B™) and the other containing (A, B~), as required. O

Remark 6.4.6. Let A be the n X n permutation matrix corresponding to the
permutation of ey, ..., e, by the element g, in the proof of Proposition 6.4.5.
Note that det(A) = +1. Now, it can be shown that g, lies in Q3 (¢) if and
only if det(A) = 1, and we can ensure the latter by choosing the appropirate

signs in the definition of g,.

Proposition 6.4.7. Let (G,Y) be a primitive permutation group where G :=
PQS.(q) andY := (G : P,), where P, is a mazximal parabolic subgroup of G.
The action of G on'Y is equivalent to the natural action of G on the set V,.
Let A;; be as in Proposition 6.4.4. For n odd, the non-diagonal orbitals of
(G, V) are Aogip1, where | € {0, ..., ”Tf?’} For n even, the non-diagonal
orbitals of (G, Vy,) are Noo, where | € {0,..., %52},

Proof. The first statement in the result follows from Proposition 6.3.5. We
claim that the sets Ag g1 (for n odd) and Ag g (for n even) are non-empty.
Indeed, let

U:={ey,...,en),
W= <€17 . ~-€2l+1,f21+2, .- 7fn>7
WQ L= <61, . .621,f2[+1, .. ;fn>

where e;, f; are the standard basis vectors. Then n—dim(UNW;) is even where
n is odd and n is even for i = 1,2 respectively, and (U, W;) € Ag o4 and
(U, W3) € Agg. Now suppose (A, B) and (C, D) are two distinct elements
of V? which are in the same orbital. It is easy to see that dim(A N B) =
dim(C N D) and dim(Rad(A + B)) = dim(Rad(C + D)). Furthermore, by
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counting, the total number of sets A ; plus the diagonal orbital is

2141, nodd

5+1, n even.

By Lemma 6.4.2(3), this is precisely the rank of the action and thus the

non-diagonal orbitals are precisely the Ay ; described in the statement. [

Note that the orbitals A; in Proposition 6.4.1 and A;; in Proposition 6.4.4
are self-paired; we will denote the corresponding orbital graphs by I'; and I';;,

respectively.

6.5 Proof of the main result for the simple

classical groups

We now prove a sequence of individual results for the orbital graphs defined
in Section 6.4.

Proposition 6.5.1. For all k > 2, we have diam(FLEJ) =2.

2

Proof. Let A and B be two k-subspaces with dim(A N B) = j # |£].
We may write A = (X) and B = (Y), where X = {ay,...ax}, YV =
{a1,...aj,bj41,...,b} and b; ¢ A for all i. Then d(A,B) > 2. If j =0,
then let C' be the k-subset consisting of a4, . .. e bi, ... ’btﬂ , along with
ar-1 g +bea if kis odd. Now suppose j > 1. Extend X UY to a basis
1 fgor the uriderlying vector space. If ng < k — 7, then choose a k-subset
C consisting of |%]| elements from X \'Y, |%] elements from YV \ X, and
k—2|%] elements from I\ (X UY) (note that [I\ (X UY)| >k —2|%],
since n > 2k > 3k —j — 2 LgJ) If ng > k — j, then choose a k-subset C'
consisting of L%J — k + j elements from X NY, k — j elements from X \ Y,
k — j elements from Y\ X, and j — | £| elements from I\ (X UY’) (note that
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I\ (XUY)| > j—|%] sincen > 2k—[£]). Then (C) is a common neighbour

of A and B, and hence d(A, B) = 2. O

Proposition 6.5.2. Let (G,V}) be a primitive permutation group, where
G := PX,.(q) is a simple classical group with X € {Sp,SU,Q°,Q~}. If the
rank of (G, Vi) is strictly greater than 2, then diam(I'gg) = 2.

Proof. Let (A, B) € A;j, where (,5) # (0,0). Then d(A,B) > 2 and to
prove the result, it suffices to construct a path of length 2 between A and B.
Without loss of generality, we may suppose that

= (e1,...,€ex),

A
B <617"'7€j7fj+17'“7fk7i7€k+17"'7ek+i>7

where e;, f; are as in the standard bases. Then it is straightforward to check

that C' is a common neighbour of A and B, where C' is given below:
X = Sp:

C:={(fi... .. [i» fix1 T ejrrs o fomi + €ris frmivr + Jogts oo fio + Jroga)
Note that since the form is symplectic, all vectors are isotropic.

X = SU: Recall that a unitary form is defined over a field F,, where ¢ = ¢¢.
Pick an element A € FZS such that A + A% = 0; note that such a A exists
since the map F, — F,, given by p — p + p% is surjective (see Proposition
11.2.1 in [11]) and thus its kernel has ¢y elements in it. Define

C:={ i, [i [ix1 F Aejn, oo, fomi + New—iy fomivr + Jogts - o+ Joga)-

Note that the vector f,. + Ae, is totally isotropic since (f, + Ae,, f. + Ae,) =
A+ A0 = 0.
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X = Q°,Q7: Let x be as in the standard basis with Q(z) = 1 (see Propo-
sition 2.3.11). Pick A € F; and define yi := —\?. Define

C=(frooo o [y, fion + pejn + Az, fomi + peg—; + Az,
Sre—ivr + ferrs s fo + fopa)-
Note that the vector v := f,. + ue, + Az is totally singular since Q(v) =
Q(fy + per) + QAx) + (fr + per, M) = p+ N = 0. 0

Proposition 6.5.3. Let (G,V}) be a primitive permutation group, where
G =P, (q) and k <n —2. Then diam(Tg) = 2.

Proof. Firstly suppose n > 2k. Let (A, B) € A;;, where (7, 7) # (0,0). Then
d(A, B) > 2 and to prove the result, it suffices to construct a path of length 2
between A and B. Without loss of generality, we may suppose that

=(e1,...,ex),

A
B = <€1, ce 7€j>fj+17 s 'afk—iaek-i-lv < 'aek+i>7

where e;, f; are as in the standard bases. Then it is straightforward to check

that C' is a common neighbour of A and B, where C' is given below:
k—1—j even:

C:= <f1> cee fj, fj+1 + €542, fj+2 B2 B PIRRI Jr—ic1 + €r—is fr—i — €h—i—1,
Jo—ivr + frorts o S+ frga)-

k—1— 3 odd and 7z = 0:

C = <f17 cey fja fj+1 + ej+27fj+2 — €41y, fr—2 + €r—1, fr—1 — €r—2,
fr+ex+ fern — extr)-

Note that n > k + 2 and therefore the basis vectors eg,1 and fj1 exist.
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k—1— 35 odd and 7 > O:

C:={ i, [i, [ix1 + e five — €jr1 -, fomico + €rmict, frmic1 — €h—i—2,

Joi +eni+ fomivr — €n—iv1 + €rt1, fomivr + forts -, fo + frori)-

Now suppose n < 2k. By Proposition 6.4.5 and the above, it remains to
show d(A, B) = 2, where

A= {e,... ep),

B:= <€17 e €5y €1y e >€n71>fn7fj+17 s 7f2k7n>-

Indeed, C' is a common neighbour of A and B, where C' is given below:
2k —n — j even:

C:= <f17 cee 7fj7fj+1 + €j+2, fj+2 — €41y 7f2k—n—1 + €ok—n,
Jok—n — €2k—n—1, fok—nt1 + fot1, s fom1 + fao1, fr +en).

2k — n — 37 odd:
C:= <f1, ce fjv fj+1 + €42, fj+2 SRS P s fok—n—2 + €2k—n—1,

fok—n—1 — €2k—n—2, fok—n + €2k—n + fokh—nt1 — €2k—n+1 + €rt1,

Jok—nt1 + frrts oo from1 + fao1, fro +€n).

]

Proposition 6.5.4. Let (G,V,,) be a primitive permutation group, where
G = PQ3,,(q). Suppose that the rank of (G, Vy) is strictly greater than 2. If

n is even, then diam(I'go) = 2, and if n is odd, then diam(I'g;) = 2.
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Proof. Let (A, B) € Ay, where j € {0,...,n —2} (j # 0 even for n even
and j # 1 odd for n odd). Then d(A, B) > 2 and to prove the result, it
suffices to construct a path of length 2 between A and B. Without loss of

generality, we may suppose that

A= eq,...,en),
B

= <61,...,6j,fj+1,...,fn>,

where e;, f; are as in the standard bases. Then it is straightforward to check

that C' is a common neighbour of A and B, where C' is given below:

L even:

C:= <f17 .- 'afjafj-‘rl + ej+27fj+2 — €41, - '7fn—1 + enafn - en—l)-

n odd:

C:=(fi,..-, fj. i1, fito, fi+s + €jia, fj4a — €ji3, oo, fuoi F€n, fro — 1),

]

We have also found other orbital graphs of diameter 2 for (P2, (¢), Vi)

when n is odd, as described below.

Proposition 6.5.5. Let (G,V,) be a primitive permutation group, where
G = PQJ (q) and n is odd. Suppose that the rank of (G, Vi) is strictly
greater than 2. If n = 1 mod 4, then diam(FO’[%w) =2, and if n = 3 mod 4,
then diam(Fovth) = 2.

Proof. Let (A,B) € Agj, where j € {1,...,n — 2} with j odd and j #
{%W , [%J, respectively for n = 1,3 mod 4. Then d(A, B) > 2 and to prove
the result, it suffices to construct a path of length 2 between A and B.
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Without loss of generality, we may suppose that

A= eq,...,en),
B:<€17~~;ej;fj+17~--7fn>7

where e;, f; are as in the standard bases. Then it is straightforward to check

that C' is a common neighbour of A and B, where C' is given below:
n = 1 mod 4: Note that [2] = %, Define

C .= <€17...,€%,€j+1,...,enT—o-j7f%+l,...,fn,f%+1,...,fj>.

n = 3 mod 4: Note that L%J = ”T’l Define

C .= <61,...,6%,6]‘+1,...,e%ﬂ,f%+l,...,fn,f%+1,...,fj>.

]

We now have all the ingredients needed to prove part 2 of Theorem 6.2.1.
In order to prove part 1 of Theorem 6.2.1, we will need to verify the existence
of an orbital graph of diameter at least 3 for the majority of the parabolic
actions of the simple classical groups. For this, we shall make use of the

following result, which follows from Proposition 10.6.7 in [4].

Lemma 6.5.6. Let G be a group with a (B, N)-pair. Let W be the Weyl
group of G which is generated by the simple reflections w;. Let I' be the
orbital graph corresponding to the orbital A = (Wi, Wiwp)V' of the action
of W on (W : Wy), and let d := diam(I"). The action of G on (G : Py) has

an orbital graph of diameter d.

Remark 6.5.7. Consider Lemma 6.5.6 with G = SL,(¢). Then W = S, and
is generated by the simple reflections w; = (ii + 1) for i € {1,...,n — 1}
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(see [24, p. 47]). Moreover, W), = Sy, x S,,_x and thus I' is the graph I',, ;. x—1
from Chapter 3, which has diameter k.

We now state a result which gives the diameter of the graph I' from

Lemma 6.5.6 for all the classical groups; see Proposition 10.4.3 in [4].

Lemma 6.5.8. Let (G,Y) be a primitive permutation group where G is a
classical group and Y := (G : Py), where Py is a mazimal parabolic subgroup
of G. Let T be the graph from Lemma 6.5.6 and let d :== diam(I"). Then d is
giwen in Table 6.2.

G d
SLa(q) k
SP2,(2),SU2,(q), SUzn1(q), nfork=n
Q2n11(q), o, 10(q) k+1fork<n
2,(q) In/2] for k=n,n—1
k+1fork<n-—1

Table 6.2: Diameter of a special orbital graph of (G, Py)

We now give a proof of the main result.

Proof of Theorem 6.2.1. Let (G,Y") be as in the statement of the result where
G = PX,.(q). By Propositions 6.3.1, 6.3.4 and 6.3.5, we may assume that
Y = V. Suppose diamp(G,Y) < 2. By Lemma 6.5.6, (X, (¢),Y) and thus
(PX,.(¢q),Y) has an orbital graph of diameter d where d is as in Table 6.2
from Lemma 6.5.8. Thus, we must have d < 2 which yields exactly the values
of k and n as in the statement of the result. Conversely, the values of n and
k in the statement of the result give rise to actions of rank equal to either 2
or 3 (the ranks can be calculated using Proposition 6.4.1 and Lemma 6.4.2),
and therefore diamp(G,Y) < 2 in these cases. This proves part 1.

The only pairs (X,,, k) for which the rank of (G,Y) is 2 are the ones in
the statement of the result (see Remark 6.4.3). If (X,,, k) is not amongst this
list then Propositions 6.5.1, 6.5.2, 6.5.3 and 6.5.4 assert that (G,Y) has an
orbital graph of diameter 2. This proves part 2. ]
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6.6 Proof of the main result for the excep-

tional groups of Lie type

To prove Theorem 6.2.5, we shall not need to explicitly define the excep-
tional groups of Lie type as we will only be working with the associated
Weyl groups. The Weyl groups of Es(q), E7(q), Es(q), G2(q), Fi(q) can be
found in Section 3.12.4 in [24]. The Weyl groups of ?E(q) and *D,(q) are
isomorphic to the Weyl groups of Fy(q) and G5(q), respectively, and the Weyl
group of 2Fy(2%™*1) is isomorphic to Dy (see Section 13.3 in [5]). Recall from
Definition 6.1.1 that the rank of a Weyl group is the number of simple reflec-
tions that it is generated by. The ranks of the Weyl groups of the exceptional
groups mentioned above can be found in [5, p. 43,224]. We collate the above

information in the following result.

Proposition 6.6.1. The Weyl groups of the groups Eg¢(q), E:(q), Es(q),
Ga(q), Fi(q), 2Es(q), 3D4(q), and 2Fy(22™ 1) are as follows:

Group Weyl group | Rank
Es(q) SO5(3) 6
Eq(q) Cy x Spg(2) 7
Es(q) 2.05 (2) 8
Ga(q) Dy 2
F4(€I) 01(3) 4
°Fs(q) 0, (3) 4
*Da(q) Dy, 2
2F4<22m+1) D16 9

In order to prove the main result, we will need to verify the existence
of an orbital graph of diameter at least 3 for the majority of the parabolic
actions of the exceptional groups. For this, we shall make use of Lemma 6.5.6.
Since the Weyl groups of the exceptional groups are independent of the value

of g (see Proposition 6.6.1), the diameter of the orbital graph described in
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Lemma 6.5.6 can be calculated using a computer, for example through the

use of Magma. We now give a proof of Theorem 6.2.5.

Proof of Theorem 6.2.5. If G = 2By (2*™t1) or G = 2G4(3*™*!), then there
is only one parabolic action (see Sections 13.3.5 and 13.3.6 in [5]) which is
2-transitive (see [24, p. 117,137]) and thus there is only one orbital graph of
diameter 1, which implies diamp(G, X) < 2. If G = Fs(q) and k = 1,6,
then the actions have rank 3 (see [24, p. 171]) and thus again we have
diamp (G, X) < 2. It remains to show that for the remaining parabolic
actions there exists an orbital graph of diameter at least 3.

Firstly, suppose G is one of Fg(q), E7(q), Es(q), or Fy(q), and Py is a
parabolic subgroup of G, where k # 1,6 if G = FEs(q). By Lemma 6.5.6,
(G, X) has an orbital graph of diameter d := diam(I"), where I is the orbital
graph corresponding to the orbital A := (Wy, Wiw;)" of the action of the
Weyl group W on (W : Wy). Now the values for d have been computed in
previous literature and can be found in Table 10.5 in [4, p. 317]. One can
check that d > 3 and thus diamo (G, X) > 3.

If G = G5(q), then by Proposition 6.6.1, the Weyl group of G is W = D;s,
where we view Djy acting on the set {1,...,6} as the group of rotations and

reflections of a regular hexagon labelled as follows:

1 2

) 4

Now W is generated by the simple reflections r; := (26)(35) and ry =
(16)(25)(34) (see [24, p. 103]). Recall that W; = (r;), for i = 1,2. Now W
acts on the vertices and edges of the hexagon. Moreover, W is the stabiliser
in W of the vertex 1, and W, is the stabiliser in W of the edge 1 —6, and thus
both actions are transitive by the Orbit-Stabiliser property. We conclude that
the action of W on (W : W;) is equivalent to the action of W on the vertices
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and edges of the hexagon, respectively for ¢« = 1,2. It is straightforward to
work out the orbital graphs of the latter two actions. We find that each
action has two disconnected orbital graphs and one connected orbital graph
of diameter 3. Thus the graph I' from Lemma 6.5.6 has diameter 3, and hence
(G, X) must also have an orbital graph of diameter 3, i.e. diamo(G, X) > 3.

If G =2Fs(q) or 3D4(q), then by Proposition 6.6.1, the Weyl group of G
is isomorphic to the Weyl group of Fy(q) and Gz(q), respectively, and thus
as in the preceding paragraphs, we have diamg (G, X) > 3.

Now suppose G = 2F,(22™t1). By Proposition 6.6.1, the Weyl group of
G is W = Dy, where we view Dig acting on the set {1,...,8} as the group

of rotations and reflections of a regular octagon labelled as follows:

1 2

6 d

Now W is generated by the simple reflections r; =: (28)(37)(46) and ry :=
(12)(38)(47)(56) (see Section 13.3.7 in [5]). Recall that W; = (r;), for
1 = 1,2. Now W acts on the vertices and edges of the octagon. Moreover,
W7 is the stabiliser in W of the vertex 1, and W5 is the stabiliser in W of
the edge 1 — 2, and thus both actions are transitive by the Orbit-Stabiliser
property. We conclude that the action of W on (W : W;) is equivalent to
the action of W on the vertices and edges of the octagon, respectively for
1 = 1,2. It is straightforward to work out the orbitals and orbital graphs of
the latter two actions. We find that each action has two disconnected orbital
graphs and two connected orbital graphs of diameter 4. Thus the graph I'
from Lemma 6.5.6 must have diameter 4, and hence (G, X) must also have

an orbital graph of diameter 4. This concludes the proof. O
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Chapter 7

Open problems

In this chapter we discuss some open problems which arise from the work
in the thesis. As mentioned in the introduction, one broad aim would be to
find an explicit list of all almost simple finite primitive permutation groups
whose orbital diameters are at most d for small values of d, say d = 2, 3,4, 5.
For the almost simple groups with socle an alternating group A, (n # 6), we
have established the result for d = 5 in Chapter 3. One could aim to prove

a similar result for values higher than 5.

Problem 7.1. Find the primitive groups (G, X) with diamo(G, X) < d for
d <10, where G .= S,, or A,,.

To solve Problem 7.1, it may be helpful to use the result proposed in
Conjecture 3.4.6.

Problem 7.2. Prove Conjecture 3.4.6.

For the action of the alternating group A2 on the set X := I**) of (k, k)-
partitions of {1,...,k?}, we showed that if k is odd or k is even and k/2 is
odd, then (G, X)) has an orbital graph of diameter 2. One could investigate

the existence of orbital graphs of diameter 2 for the remaining case.
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Problem 7.3. Prove or disprove the existence of an orbital graph of diameter
2 for (G, X), where G := A2 and X = I®*) with k even and k/2 even.

One could also investigate the existence of orbital graphs of diameter 2

(K.t

for the general case of the actions of S, and A, on I*! where n = kl.

Problem 7.4. Prove or disprove the existence of an orbital graph of diame-
ter 2 for (G, X), where G := Sy or Ay and X := kD,

The following problems arise from the work done on the groups PSL;y(q)
in Chapter 4.

Problem 7.5. Prove or disprove the converse for the group PSLy(¢'/?) in
Theorem 4.2.1(1).

Problem 7.6. Prove or disprove the existence of an orbital graph of diam-
eter 2 for (G, X) where G := PSLsy(q) and X := (G : H), with H = D,
and ¢ = 1 mod 4, or with H = PGLy(q"/?) and ¢*/> = 1 mod 4 (see Conjec-
ture 4.4.2).

Problem 7.7. Prove Conjectures 4.3.3 and 4.3.41.
The following is a general problem one could aim to tackle.

Problem 7.8. Determine results similar to Theorems 6.2.1 and 6.2.5 for all

primitive actions of the simple groups of Lie type.
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Appendix A

Number theoretical methods

In this chapter we prove all the number theoretical arguments which have
been used in Sections 4.3 and 4.4 of Chapter 4.

Lemma A.1. Let a € F,\ {£1}. Let n be the number of solutions (x,y) €

[, X I to the equation
(22 — 1)(2® — a®) = 3°. (A.1)

If ¢ > 17, thenn > 1.

In order to prove Lemma A.1 we will need the following theory regarding

elliptic curves. For more details on the topic, one can see Chapter 3 in [22].

Definition A.2. A curve of the form
C:y* = f(x) = 2> +az® + br +c,

where a,b,c € T, is called an elliptic curve over IF, if the discriminant

Ap = a®b* — 4b° — 4aPc — 27¢% of f is non-zero.
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Theorem A.3 (Hasse’s Theorem, [6, p. 118]). Let C' be an elliptic curve
over F,. The number N of points of C' defined over F, (including the ‘point
at infinity’) satisfies

N = (g+1)] < 22

Remark A.4. The ‘point at infinity’ referred to in Hasse’s Theorem is a ‘point’
which satisfies the ‘projective’ version of the elliptic curve in question, but

does not translate to a point which satisfies the original elliptic curve.

Proof of Lemma A.1. Assume g > 17. Suppose first that ¢ = 0. The number
of solutions (¢, d) over F, to the equation ¢* — d? = 1 where both ¢ and d are
non-zero is at least ¢ — 5 (see Lemma A.8). Since ¢ > 5 we can pick such
a solution (c¢,d). Then (z,y) = (¢, cd) is a solution to (A.1). Now suppose
a # 0. Define

1 2
t::y+(x2— Za) (A.2)
1 2
S = a:t::z:y—i—x?’—w. (A.3)
It can be checked that (s,t) satisfy the equation
1—a?\’
25% — (1 +a*)t? —t* — ( 5 ) t=0. (A.4)

Now we claim that there a bijection between solutions (z,y) of (A.1) and
solutions (s,t) # (0,0) of (A.4). Indeed, if (x,y) is a solution of (A.1) then
s and t as in (A.3) and (A.2) satisfy (A.4). Note that if (s,t) = (0,0), then
y = 122 — 22  and substituting this into (A.1) implies that a = 1 which is
not possible by assumption. Hence (s,t) # (0,0). Conversely, if (s,t) # (0,0)
is a solution of (A.4), then let




It can be checked that (x,y) is a solution of (A.1). This proves the claim. In
order to use Hasse’s Theorem we need to verify that (A.4) is an elliptic curve.
Rearrange (A.4) to get (4s)? = f(t), where

@) = (2t)% +2(1 + a®)(2t)* + (1 — a®)*(2t).

Now (A.4) is an elliptic curve if and only if Ay # 0. It can be checked that
this is if and only if @ # 0, £1. Therefore (A.4) is an elliptic curve and now
by Hasse’s Theorem, if N is the number of solutions to (A.4) (including the

point at infinity), then
IN —1—gq] <2¢'%

In particular, N > ¢ + 1 — 2¢"/? = (¢/? — 1)2. Now the point at infinity
and (s,t) = (0,0) do not translate to give solutions of (A.1). So (A.1) has
at least (¢'/? — 1) — 2 solutions, including points (z,y) with z = 0 or y = 0.
Substituting z = 0 and y = 0 into (A.1) we see that there are only 6 such

points. Therefore we conclude that
n>(¢"*-1)>%-8.

Finally, since ¢ > 17, we have that n > 1.7 > 1. O

Lemma A.5. Let ¢ > 17 (resp. q > 19) and X # 0,£1. There exists

u € F, such that u* # —1,0, i(llJ;\A) and (1 — A)u? — A% is a square (resp.

non-square).

Proof. Define y :=1— A and f(u) := yu® +y — 1, and let @Q denote the set
of squares in F,. Then y # 0,1. Suppose y € ). We have

{f(U)ZUGFq}Z{a2~I—x:aEIFq},
where z := y — 1 # 0, and we also have
S:={uelF,: fu) e Q}={aecF,:IeF,b*—a*=uz}.
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Now the number of solutions (a,b) to b* — a? = x is ¢ — 1 (see Lemma A.8).

If b =0 is a solution, then

g—1-2 q+1
S:— 2:—

and otherwise |S| = %*. Hence, the number of values of u for which f(u) is

non-square is at least

g+1 q-—1

-y T
Now the number of solutions u to u? = —1,0, i§1+—/\>\) is at most 7. Since
g > 17, we have q;r—l —-7> % — 7 > 1, and therefore there is at least one
value of u with u? # —1,0, % for which f(u) is a square, and another for

which f(u) is a non-square. Now suppose y ¢ @ and let NQ denote the set

of non-squares in F,. We have
NS:={uelF,: f(u) e NQ} ={a€F,: I EF,:b°—a* =z},
where now x := yT_l As before, the number of solutions (a, b) to b* —a? = x

is g — 1. If b= 0 is a solution, then

g—1-2 q¢—3
NS| — -
| | 2 2 Y

and otherwise |[NS| = q;21. Hence, the number of values of u for which f(u)

is square is at least
g I qg+1

177 2
Now for ¢ > 17, Wehave%—72 1 and for ¢ > 19, Wehave%—721.
Thus, there is at least one value of u with u? # —1,0, igi\’\) for which f(u)
is a square, and another for which f(u) is a non-square. ]

Lemma A.6. Let g be an odd prime power. Then —1 € F, is a square if
and only if ¢ =1 mod 4.
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Proof. Firstly, we claim that —1 € F, is a square if and only if [ contains
an element of order 4. Indeed, suppose —1 € F, is a square, i.e. —1 = z?.
Then z* = 1 and the order of  must divide 4. However, the order cannot
be 1 or 2 and thus must be 4. Conversely, suppose F} contains an element
of order 4, say y* = 1. Then y? = +1. However, 32 # 1 since the order of y
is 4, and thus y?> = —1, i.e. —1 is a square. This proves the claim. Now it is
well-known that F; = C,_; (see Theorem 2 in [20]), and that C,_; contains
an element of order 4 if and only if 4 divides ¢ — 1, i.e. ¢ = 1 mod 4. This

completes the proof. n

Lemma A.7. Let q be an odd prime power. The number of solutions (z,y) €
(F,)? to the equation 2> +y*> = 1 is ¢+ 1 if ¢ = 3mod4 and q — 1 if
¢ =1 mod 4.

Proof. One solution is (1,0). Suppose (z,y) # (1,0) is a solution and define
v := 5. Then

Now letting ¢t := z — 1 # 0 and using z? +y* = 1 implies ¢(¢(v? + 1) +2) = 0.

Rearranging for ¢ we obtain ¢t = %, where v? 4+ 1 # 0. Hence

v2+1

(x,y) = (1,0) + (1,v).

Conversely, one can easily check that (x,y) as above satisfy z? + y? = 1.
Thus the number of solutions to 2% + y? = 1 is one more than the number of
v € F, with v + 1 # 0. Now by Lemma A.6, the equation v + 1 =0 has 0

solutions if ¢ = 3 mod 4 and 2 otherwise. The proof follows. O]

Lemma A.8. Let q be an odd prime power. The number of solutions (z,y) €

(F,)? to the equation x> —y* =1 1isq— 1.

Proof. Suppose (z,%) is a solution. Then 2% —y? = (z — y)(z +y) = 1.

Define r := x4y # 0. Then x —y = % and rearranging for x and y we obtain
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z=1(r+1) and y = $(r — 1). Hence the number of solutions (z,y) is the

number of r € F, which is ¢ — 1. O

Lemma A.9. Let q be an odd prime power. FEvery element x € F, can be

expressed as a sum and difference of two squares.

Proof. Consider the set S := {x Fb*:b € F,} (—,+ to prove the result for
sum and difference, respectively). Since F} is a cyclic group of order ¢ — 1,
there are % squares in ) and the rest are non-squares. Since 0 is also a
square, we have |S| = %. Now since [, only has % non-squares, .S must

contain a square, say a’, and so there exists b such that = a? + b2 O

Lemma A.10. Let g be an odd prime power and let v € F, be a non-square.
Then the number of solutions (a,b) € (F,)* to the equation b* — a*y = v
15 q+ 1.

Proof. Firstly suppose that ¢ = 3 mod 4. Then —1 = y~'v? for some v € F,,
and the equation becomes b? 4+ v?a? = 7. Now the number of solutions to
the latter equation is the same as the number of solutions to the equation
2? +y? = —1. By Lemma A.9, the equation 2% + y*> = —1 has at least one
solution (zg,yo); let (z,y) be another solution. If (z,y) # (xo, —yo), then the
equation of the line joining (x,y) and (z¢,y0) is ¥ — yo = t(z — ), where
t € F, is the slope. Now substituting y = t(x — x¢) + yo into the equation
22 4+ y? = —1 gives

(t? + 1)a® + (2tyo — 2t%w0)x + (Pxh — 2tzoyo +y5 + 1) = 0.

One solution to the above equation is x = zy and since the sum of the two
solutions is %’% (note that ¢ + 1 # 0 since ¢ = 3 mod 4), the other
solution is z = z(t) = wﬁ’% —x9. Thus y = y(t) = t(x(t) — zo) + yo. This
proves that every solution of z? 4+ y? = —1 is either (zg, —yo) or (z(¢),y(t))
for some ¢t € F,. Conversely, a line with slope ¢ € F, which passes through

(70,0) intersects the curve 22 + y> = —1 in either 1 or 2 points; 1 in the
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case where the line is a tangent to the curve at (zg,1p), and 2 otherwise.
In the latter case the second point is given by (z(t),y(t)) as above. Thus
the solutions of 2% + y? = —1 are given by (z(¢),y(t)), where t € F,, and
(0, —yo). We conclude that there are g + 1 solutions in total.

Now suppose ¢ = 1 mod 4. Then —1 = v? for some v € F,, and the
equation becomes vy? + v22? = 1. Following the proof of Lemma A.7, the

number of solutions to this equation can be shown to be ¢ + 1. O

Lemma A.11. Let ¢ be an odd prime power, v € F, be a non-square and
z € F,. Then the equation b — d*>y = z has at least one solution (b,d)
with d # 0.

Proof. First suppose that ¢ = 3 mod 4. Then —1 is a non-square in F, and
so the equation becomes b? +y? = z, where 3% := —d?y. Now if z is a square,
then we may pick d # 0 such that y?> = 2, and so (0,d) is a solution to the
original equation with d # 0. If z is a non-square, then b? + y?> = z has a
solution (b,y) by Lemma A.9 (see below), where without loss of generality
y # 0 (else z is a square). Thus the original equation has a solution (b, d)
with d # 0. Now suppose that ¢ = 1 mod 4. Then —1 is a square in F, and
so the equation becomes b2 + y?y = z, where y? := —d?. If 2 is a non-square,
then we may pick d # 0 such that y?y = z, and so (0,d) is a solution to the
original equation with d # 0. Suppose now that z is a square; say z = a.
Using similar arguments as in the proof of Lemma A.7, one can show that

the solutions (b,y) to b*> + y*y = z are (a,0) and

2a

1
1_{_1}27( 7v)7

(b;y) = (a,0) -

where v € F,. Thus there are two solutions (b,d) of the original equation
with d =0 and so ¢ +1 — 2 > 1 solutions with d # 0. ]

Lemma A.12. Let ¢ > 7 be an odd prime power. Every non-zero element

x € Fy can be expressed as a sum of two non-squares.
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Proof. Let ¢ € F, be a primitive element. Then multiplication by c takes
a square to a non-square and vice versa. Suppose first that z is a square.
Then ¢ 'z is a non-square. By Lemma A.9, there exist a,b # 0, such that
cl'z = a®> + b? and thus x = ca® + cb?, a sum of two non-squares. Now
suppose z is a non-square. Then we can write x = cy? for some y. Now the
equation y? = a? + b? has at least ¢ — 1 solutions by Lemma A.7. At most
four of these have a = 0 or b = 0 and thus since ¢ > 5, there exist a,b # 0
such that y?> = @ + b?, which implies z = cy?> = ca® + cb?, a sum of two

non-squares. ]

196



