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Abstract

Let G be a transitive permutation group acting on a finite set X. Recall

that G is primitive if there are no non-trivial equivalence relations on X

which are preserved by G. An orbital graph of G is a graph with vertex

set X and edges {x, y}, where (x, y) belongs to a fixed orbit of the natural

action of G on the set X ×X. A well-known result by D.G. Higman asserts

that G is primitive if and only if all the orbital graphs are connected. For a

primitive group G, we define the orbital diameter of G to be the maximum

of the diameters of all orbital graphs of G. Let C be an infinite class of finite

primitive permutation groups. This gives rise to an infinite family of orbital

graphs. It may be that the diameters of these orbital graphs tend to infinity.

More interestingly, it may be that the diameters of all the orbital graphs

are bounded above by some fixed constant; if this is the case, then we say

that C is bounded. Previous results by M. W. Liebeck, D. Macpherson and

K. Tent focus attention on classes of almost simple primitive permutation

groups which are bounded.

In the thesis we analyse the orbital diameters of three families of groups,

as follows. Firstly, we analyse the alternating and symmetric groups. For the

primitive actions of these groups, we give necessary numerical conditions for

the orbital diameter to be bounded above by some constant c and we make

the result precise for c = 5. For each primitive action, we also describe either

all or an infinite family of orbital graphs of diameter 2.
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Then we analyse the almost simple groups with socle isomorphic to the

projective special linear group PSL2(q). For the primitive actions of these

groups we give necessary conditions for the orbital diameter to be bounded

above by 2 and we also give information about orbital graphs of diameter 2.

Lastly, we analyse a large family of simple groups known as the simple

groups of Lie type which consist of the simple classical groups and excep-

tional groups. In particular, we analyse a class of primitive actions known as

parabolic actions, giving a precise description of the actions for which the or-

bital diameter is at most 2. For the simple classical groups, we also describe

infinite families of orbital graphs of diameter 2.
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Notation

Let G and H be groups, Ω a set, n a positive integer and q a prime power.

We will use the following notation throughout this text.

Cn Cyclic group of order n
Dn Dihedral group of order n
Sn Symmetric group of degree n
An Alternating group of degree n
1G The identity element in G
(G : H) The set of right cosets of H in G
H <max G H is a maximal subgroup of G
NG(H) The normaliser of H in G
G = N.Q (or n.Q) Extension of N (or Cn) by Q, i.e. G/N ∼= Q
Fq Field of q elements
F∗q Non-zero elements of the field Fq
In n× n identity matrix
MT Transpose of the matrix M
δij Kronecker delta
Xn The set of n-tuples with entries in X
C Appears as the first letter of any computer program
diamO(G,Ω) The orbital diameter of the permutation group (G,Ω)
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Chapter 1

Introduction

1.1 Fundamental concepts

Throughout this text, a permutation group will be denoted by a pair (G,X),

where G is a group with a right action on a set X. For x, y ∈ X, the stabiliser

in G of x will be denoted by Gx, and the stabiliser in G of x and y will be

denoted by Gxy. If the cardinality of X is finite, then (G,X) is called finite.

All permutation groups in this text will be assumed finite.

Let n be a positive integer. Recall that a permutation group (G,X) is

called n-transitive if for any two n-tuples (α1, . . . , αn) and (β1, . . . , βn) each

consisting of n distinct elements of X, there exists g ∈ G such that αgi = βi

for all i. We say that (G,X) is transitive if it is 1-transitive. A transitive

permutation group (G,X) is called primitive if there is no non-trivial equiv-

alence relation on X which is preserved by G.

The main objects of focus in the thesis will be a certain class of graphs

called orbital graphs, which we now define.

Definition 1.1.1. Let (G,X) be a transitive permutation group.

1. An orbital of (G,X) is an orbit of the natural action of G on X2. The

number of orbitals is called the rank of (G,X). The diagonal orbital is
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the orbital

∆0 := {(x, x) : x ∈ X}.

2. For a non-diagonal orbital ∆, the orbital graph of ∆ is the undirected

graph with vertex set X and edges {x, y} where (x, y) ∈ ∆.

The orbital graphs of a primitive permutation group are all connected;

the following well-known result justifies this.

Proposition 1.1.2. Let (G,X) be a transitive permutation group where

|X| ≥ 2. The following are equivalent:

1. (G,X) is primitive;

2. The point stabiliser Gx is a maximal subgroup of G, for all x ∈ X;

3. All the orbital graphs of (G,X) are connected.

Proof. The implication (1) ⇔ (2) can be found as Corollary 1.5A in [9], and

the implication (1) ⇔ (3) can be found as Theorem 3.2A in [9].

Since the orbital graphs of a primitive permutation group are all con-

nected, we can define a quantity called the orbital diameter of the permuta-

tion group as follows.

Definition 1.1.3. Let (G,X) be a primitive permutation group and Γ be

an orbital graph of (G,X).

1. For two vertices a 6= b of Γ, the distance between a and b is the length

of a shortest path between a and b.

2. The diameter of Γ is the maximum of the distances between a and b

over all pairs of vertices a 6= b of Γ.

3. The orbital diameter of (G,X) is defined to be the maximum of the di-

ameters of all orbital graphs of (G,X), and is denoted by diamO(G,X).
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In the thesis we will be focusing on the orbital diameters of particular

types of primitive permutation groups, namely almost simple primitive per-

mutation groups; we now define these.

For a group G, we will denote by Aut(G) the group of all automorphisms

of G, and we will denote by Inn(G) the (normal) subgroup of Aut(G) con-

sisting of inner automorphisms of G, i.e. the automorphisms of G which

are conjugation by elements of G. We will denote by Out(G) the quotient

group Aut(G)/Inn(G). It is an easy to prove fact that Inn(G) ∼= G, for a

non-abelian simple group G; henceforth, in this case we will write G in place

of Inn(G) when it is convenient.

Definition 1.1.4. A group G is called almost simple if it satisfies

Inn(T ) ≤ G ≤ Aut(T ),

for some non-abelian simple group T .

Definition 1.1.5. Let G be a non-trivial group.

1. A minimal normal subgroup of G is a non-trivial normal subgroup of G

which does not contain properly any other non-trivial normal subgroup

of G.

2. The socle of G is the subgroup generated by all the minimal normal

subgroups of G, and is denoted by soc(G).

In the following, for a group G and subgroup H, we denote by CG(H),

the centraliser of H in G, i.e. the set of elements of G which commute with

every element of H.

Proposition 1.1.6. Let T be a non-abelian simple group and let G be an

almost simple group with Inn(T ) ≤ G ≤ Aut(T ). Then soc(G) = Inn(T ).

Proof. Firstly, since T is a non-abelian simple group we have Inn(T ) ∼= T ,

and thus Inn(T ) is a minimal normal subgroup of G; we will show that it is

13



the unique one and thus equal to the socle of G. Now suppose M 6= Inn(T )

is another minimal normal subgroup of G. It is a fact that any two ele-

ments from different minimal normal subgroups commute with each other

(see Theorem 4.3A(i) in [9]), and thus M ⊆ CG(Inn(T )). We claim that

CG(Inn(T )) = 1, which would imply the contradiction that M = 1, and com-

plete the proof. To prove the claim, let g ∈ CG(Inn(T )) and let xt : T → T

denote the map which is conjugation by t ∈ T . Then xt = gxtg
−1 = xg(t)

for all t ∈ T , where the last equality is straightforward to show. Thus g(t)

and t induce the same inner automorphism of T . This implies g(t)−1t is in

the centre of T , which is trivial as it is a proper normal subgroup of the

non-abelian simple group T . Hence g(t) = t for all t ∈ T , i.e. g = 1. This

proves the claim.

1.2 Motivation

Let C be an infinite class of finite primitive permutation groups. This gives

rise to an infinite family of orbital graphs. It may be that the diameters of

these orbital graphs tend to infinity. More interestingly, it may be that the

diameters of all the orbital graphs are bounded above by some fixed constant.

Definition 1.2.1. Let C be an infinite class of finite primitive permutation

groups. We say that C is bounded if there exists a constant d such that the

diameters of all the orbital graphs of groups in C are bounded above by d.

The motivation behind the main results in the thesis is a result by M.W.

Liebeck, D. Macpherson and K. Tent which gives structural information

about the infinite classes of finite primitive permutation groups which are

bounded. The finite primitive permutation groups can be split into five cat-

egories by the O’Nan-Scott theorem [17]; one category amongst these is the

category of almost simple primitive permutation groups. The main result by

Liebeck, Macpherson and Tent deals with all five classes of primitive permu-

tation groups (see Theorem 1.1 in [15]), however we will only state the result
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concerning almost simple groups as these are the groups we focus on in the

thesis. We now make some definitions which are needed to state the result.

We begin with the classification of the finite simple groups. For the

following result, see Section 1.2 in [24]. In the result, we shall use terms

which we have not yet defined; we shall define the terms which are necessary

as the need arises.

Theorem 1.2.2. Every finite simple group is isomorphic to one of the fol-

lowing groups:

1. a cyclic group of prime order;

2. an alternating group of degree at least 5;

3. a group of Lie type

4. one of 26 sporadic groups;

In fact, the majority of the groups in Theorem 1.2.2 (except for finitely

many cases) are simple.

The main theorem in [15] deals with two categories of almost simple prim-

itive permutation groups. To define these categories we make the following

definition; again we use undefined terms which shall be defined in later chap-

ters if needed.

Definition 1.2.3. Let G be an almost simple group with socle G0. We define

a quantity called the L-rank of G when G0 is one of the groups in Table 1.1.

G0 L-rank
(A) An n
(B) PSLn(q), PΩ−2n(q) n− 1
(C) PSU2n(q), PSU2n+1(q), PSp2n(q), PΩ2n+1(q), PΩ+

2n(q) n
(D) E6(q), E7(q), E8(q), F4(q), G2(q) 6, 7, 8, 4, 2
(E) 3D4(q), 2E6(q), 2B2(q), 2G2(q), 2F4(q)′ 4, 6, 2, 2, 4

Table 1.1: L-ranks of the alternating groups and groups of Lie type
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Remark 1.2.4. The groups excluding An in Table 1.1, comprise the groups

of Lie type which are defined with respect to a finite field Fq; we will denote

by G(q) a group of Lie type. The groups of Lie type are simple excluding

finitely many cases (see [24, p. 3] for the precise result); the simple ones are

collectively referred to as the simple groups of Lie type. In particular, the

groups in rows (B) and (C) which are simple are known collectively as the

simple classical groups ; roughly speaking these are quotients of subgroups

of the special linear group SLn(q) (with coefficients in Fq) by their centres

(see Chapter 2 for detailed definitions). The simple groups containing the

symbol Ω will be referred to as the simple orthogonal groups. The groups in

rows (D) and (E) will be referred to as the exceptional groups (of Lie type).

Note that the final three groups in row (E) are each defined with respect

to a finite field Fq of a certain characteristic. In particular 2F4(q)′ (which

denotes the commutator subgroup of 2F4(q)) is defined for q = 22n+1 (n ≥ 0)

and 2F4(22n+1)′ = 2F4(22n+1) for n ≥ 1 since 2F4(22n+1) is simple for n ≥ 1

(see Section 1.2 in [24]).

Definition 1.2.5. Let n ≥ 1 be an integer. The group PSLn(q) is defined

to be the quotient of the group SLn(q) by its centre. The map A 7→ (A−1)T

for A ∈ SLn(q), is called the graph automorphism of SLn(q).

We now define some particular actions of almost simple groups; again we

use undefined terms which shall be defined in later chapters if needed.

Definition 1.2.6. Let (G,X) be an almost simple finite primitive permuta-

tion group with socle G0, and let t ≥ 1 be an integer. We say that (G,X)

has a standard t-action if one of the following holds:

1. G0 = An and X is the set of t-subsets of {1, . . . , n} with the natural

action of An;

2. G0 is a simple classical group (acting naturally on the subspaces of the

underlying vector space V ) and X is an orbit of subspaces of dimension
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or codimension t; the subspaces are arbitrary if G0 = PSLn(q), and are

otherwise totally singular, non-degenerate, or, if G0 is a simple orthogo-

nal group in characteristic 2, are non-singular subspaces of dimension 1

(in which case t = 1);

3. G0 = PSLn(q), G contains an element from the coset in Out(G0) of the

graph automorphism, and X is an orbit of pairs of subspaces {U,W}
of the underlying vector space V , where either U ⊆ W or V = U ⊕W ,

and U has dimension t and W has dimension n− t;

4. G0 = PSp2n(q), q is even, and the stabiliser in G0 of a point is isomor-

phic to PO±2n(q) (here we take t = 1).

We make one final definition before we state the main result by Liebeck,

Macpherson and Tent.

Definition 1.2.7. Let G := G(q) be a group of Lie type. A subfield subgroup

of G is defined to be a group NG(G(q0)), where G(q0) is embedded naturally

in G and Fq0 is a subfield of Fq.

Theorem 1.2.8 (Theorem 1.1(2) and (3) in [15]). Let C be an infinite class

of almost simple finite primitive permutation groups whose socle is either

an alternating group or a group of Lie type, and suppose that C is bounded

(say all the orbital diameters are bounded above by d). The following hold:

1. If the groups in C have unbounded L-ranks, then the socles of groups

of sufficiently large L-rank are alternating or simple classical groups in

standard t-actions, where t is bounded (in terms of d);

2. If the groups G in C have bounded L-rank, then the point stabilisers

Gx have unbounded orders; moreover, if G has socle G(q) of Lie type

and Gx is a subfield subgroup NG(G(q0)), then |Fq : Fq0| is bounded

(in terms of d).

17



In fact the converse of Theorem 1.2.8 also holds (see Proposition 4.1(ii)

and Theorem 1.2 in [15]). It can be seen that Theorem 1.2.8 gives structural

information about classes of primitive permutation groups that are bounded,

however it doesn’t give explicit descriptions of classes for which the orbital

diameters are bounded above by a given constant d. This brings us to the

two broad aims of the thesis, which are as follows:

1. Given a constant d, to find all the almost simple finite primitive per-

mutation groups (G,X) with diamO(G,X) ≤ d;

2. To find all the almost simple finite primitive permutation groups for

which there exists an orbital graph of diameter d, for small values of d.

Note that aim 1 also involves analysing infinite classes of primitive per-

mutation groups which are not bounded; a class which is not bounded can

give rise to finitely many permutation groups whose orbital diameters are

bounded above by a fixed constant. The motivation behind the second aim

is the fact that orbital graphs belong to a wider, extensively studied family

of graphs, namely edge-transitve graphs (a graph Γ is called edge-transitive

if for any two edges e1 and e2 of Γ, there exists an automorphism of Γ that

maps e1 to e2). Thus finding families of orbital graphs of small diameter

amounts to producing edge-transitive graphs of small diameter.

In the thesis, we work on aims 1 and 2 for some values of d ≤ 5, with

almost simple groups whose socle is either an alternating group or a group

of Lie type. Let us discuss what Theorem 1.2.8 tells us in each case. Let C
be an infinite class of finite primitive permutation groups (G,X).

Firstly, we analyse the case where G := Sn or An for n ≥ 5; it is a

well-known that for n 6= 6, Aut(An) ∼= Sn (see Theorem 2.3 in [24]) and

thus Sn and An are the only almost simple groups with socle equal to An.

We shall see later that there are three different types of primitive actions

of G; Theorem 1.2.8(1) and its converse tells us that if we let n tend to

infinity, then the only primitive action of G which will give rise to a bounded
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class, is the action on t-subsets of {1, . . . , n} where t is bounded. For the

remaining two types of actions, we find necessary numerical conditions for

the orbital diameter to be bounded above by some constant c, and give

precise descriptions of the actions for which the orbital diameters are bounded

by 5. For each primitive action, we also either determine all orbital graphs

of diameter 2 or give descriptions of infinite families of orbital graphs of

diameter 2. In fact, for the action of G on t-subsets, we give explicit formulas

for the diameters of all orbital graphs. The main results of the chapter are

Theorems 3.2.5, 3.2.6 and 3.2.8.

Secondly, we analyse almost simple groups G where soc(G) ∼= PSL2(q)

and q is odd. In this case we shall see that there are eight different types of

primitive actions; Theorem 1.2.8(2) and its converse tells us that if we let q

tend to infinity then four of these will give rise to bounded classes and the

other four will not. In the thesis, we find the possible primitive actions of

G for which the orbital diameter is at most 2 and also give descriptions of

orbital graphs of diameter 2. The main result of the chapter is Theorem 4.2.1.

Lastly, we analyse the simple groups of Lie type which form a large pro-

portion of the finite simple groups (see Theorem 1.2.2); we analyse a partic-

ular class of primitive actions known as the parabolic actions. For the simple

classical groups, we shall see later that the parabolic actions are standard

t-actions for some t, and thus Theorem 1.2.8(1) and its converse tells us that

if we let the L-rank tend to infinity then this will give rise to a bounded

class provided that t is bounded. In the thesis, we find the parabolic actions

of the simple classical groups for which the orbital diameter is at most 2

and also give descriptions of orbital graphs of diameter 2; the main result is

Theorem 6.2.1. For the exceptional groups, the stabilisers of the parabolic

actions have unbounded orders as q tends to infinity (see Chapter 4 in [24] for

the orders) and thus by Theorem 1.2.8, this case also gives rise to a bounded

class. In the thesis, we find the parabolic actions of the exceptional groups

for which the orbital diameter is at most 2; the main result is Theorem 6.2.5.
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The structure of the thesis is as follows. We start by gathering together

some preliminary material which is needed throughout the thesis in Chap-

ter 2. In Chapter 3 we analyse the orbital diameters of primitive actions of

the alternating and symmetric groups. In Chapter 4 we analyse the orbital

diameters of primitive permutation groups whose socle is the group PSL2(q)

where q is odd. The proofs of some of the results in Chapters 3 and 4 involve

computations done using a computer; we explain the computer programs

that we have written for these computations in Chapter 5. In Chapter 6, we

analyse the orbital diameters of the parabolic actions of the simple groups of

Lie type. We conclude the thesis with Chapter 7 which has a brief discussion

of possible open problems which arise from the work done in the thesis.
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Chapter 2

Preliminary theory

In this chapter we detail the preliminary theory which will be needed through-

out the thesis.

2.1 Permutation groups

For a permutation group (G,X), the orbit of x ∈ X under G will be denoted

by xG and the action of g ∈ G on x ∈ X will be denoted by xg. We recall a

few definitions below.

Definition 2.1.1. Let (G,X) be a transitive permutation group.

1. An orbital of (G,X) is an orbit of the natural action of G on X2. The

number of orbitals is called the rank of (G,X). The diagonal orbital is

the orbital

∆0 := {(x, x) : x ∈ X}.

2. For an orbital ∆, we define the paired orbital

∆∗ := {(y, x) ∈ X2 : (x, y) ∈ ∆}.

If ∆ = ∆∗, then we say that ∆ is self-paired.
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3. For a non-diagonal orbital ∆, the orbital graph of ∆ is the undirected

graph with vertex set X and edges {x, y} where (x, y) ∈ ∆.

4. If (G,X) is primitive, then the orbital diameter of (G,X) is the max-

imum of the diameters of all orbital graphs of (G,X), and is denoted

by diamO(G,X).

5. Fix x ∈ X. A suborbit of (G,X) (with respect to x) is an orbit of Gx

on X. The trivial suborbit is {x}.

Remark 2.1.2.

1. It is straightforward to see that a permutation group (G,X) which has

rank equal to 2 has only one orbital graph of diameter 1 and hence has

orbital diameter equal to 1. Similarly, a permutation group which has

rank equal to 3 has either only one orbital graph of diameter 1 or two

orbital graphs both of diameter 2, and hence in this case the orbital

diameter is either 1 or 2, respectively.

2. We will use the notation dΓ(α, β) to denote the distance between two

vertices α 6= β of a graph Γ, and we will omit Γ from the notation if

the graph in question is clear. If d(α, β) = 1, i.e. {α, β} is an edge,

then we may write α− β. When computing the diameter of an orbital

graph of a primitive permutation group (G,X), it is useful to note that

since G acts transitively on each orbital, if (α, β) and (γ, δ) are in the

same orbital, then d(α, β) = d(γ, δ).

When analysing the orbitals of a transitive permutation group, we will of-

ten use the well-known correspondence between orbitals and suborbits which

can be found in [9, p. 67] and is as follows.

Proposition 2.1.3. Let (G,X) be a transitive permutation group and let

x ∈ X. There is a one-to-one correspondence between orbitals of (G,X) and

suborbits of (G,X), where the suborbit yGx corresponds to the orbital (x, y)G

and an orbital ∆ corresponds to the suborbit ∆(x) := {y ∈ X : (x, y) ∈ ∆}.
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In light of Proposition 2.1.3, we say that a suborbit is self-paired if the

corresponding orbital is self-paired.

In various chapters of the thesis, we will need to work out the sizes of

stabilisers of points in certain actions, or justify that a particular permutation

group is transitive; we do these using the following well-known result.

Proposition 2.1.4 (Orbit-Stabiliser property, [9, Theorem 1.4A(iii)]). Let

(G,X) be a permutation group. Then |xG| = |G : Gx| for all x ∈ X. Thus if

|G : Gx| = |X|, then (G,X) is transitive.

When analysing the primitive actions of a group, we will sometimes also

need to analyse the restriction of the action to a subgroup of index 2. For

this purpose we state and prove the following result.

Proposition 2.1.5. Let (G,X) and (H,X) be transitive permutation groups.

Suppose H ≤ G is a subgroup of index 2. Let ∆ := yGx be a non-trivial

suborbit of (G,X). Then either |Gxy : Gxy ∩H| = 1, in which case ∆ splits

into 2 suborbits of (H,X) of equal size, or |Gxy : Gxy∩H| = 2, in which case

∆ remains a suborbit of (H,X).

Proof. Firstly note that using the Orbit-Stabiliser property we have

|Gx ∩H| = |Hx| = |Gx|/2. (2.1)

Secondly note that

|Gxy : Gxy ∩H| =
|Gxy|
|Gxy ∩H|

=
|GxyH|
|H|

≤ |G|
|H|

= 2.

Suppose |Gxy : Gxy ∩ H| = 1. Then Gxy = Gxy ∩ H and hence using the

Orbit-Stabiliser property and (2.1) we obtain

|yHx| = |yGx∩H | = |Gx ∩H : Gxy| =
|Gx|

2|Gxy|
=
|∆|
2
,
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i.e. ∆ splits into two suborbits of (H,X) of equal size. Now suppose

|Gxy : Gxy ∩ H| = 2. Then again using the Orbit-Stabiliser property and

(2.1) we obtain

|yHx| = |yGx∩H | = |Gx ∩H : Gxy ∩H| =
|Gx|
|Gxy|

= |∆|,

i.e. ∆ is a suborbit of (H,X).

Remark 2.1.6. Let (G,X) and (H,X) be as in Proposition 2.1.5, and let

∆ := (α, β)G be an orbital of (G,X). Then |∆| = |G : G(α,β)| = |X||βGα |.
Thus, ∆ splits into 2 orbitals of (H,X) if and only if the corresponding

suborbit βGα does.

There are certain classes of primitive permutation groups for which the

sets of diameters of all orbital graphs are equal, and therefore to study the

orbital diameters of these permutation groups, it would suffice to analyse the

most convenient permutation group out of the class. Below we make this

notion more precise.

Definition 2.1.7. Let (G,X) and (H,Y ) be two permutation groups. We

say that (G,X) and (H,Y ) are (permutation) isomorphic if there exists an

isomorphism φ : G→ H and a bijection f : X → Y such that

f(xg) = f(x)φ(g), ∀x ∈ X, g ∈ G.

If G = H and φ = 1G, then we say that (G,X) and (H, Y ) are (permutation)

equivalent.

We now state a result summarising some facts which are either straight-

forward to prove or can be found in an introductory text on permutation

groups such as [9].
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Proposition 2.1.8.

1. Every primitive action of a group G on a set X is equivalent to the

natural action (of right multiplication) of G on the set (G : H) of right

cosets of H in G, where H := Gα (α ∈ X) is a maximal subgroup of G.

2. For a group G and subgroups H and K, the natural transitive actions

of G on (G : H) and (G : K) are equivalent if and only if H and K

are conjugate in G.

3. The set of diameters of all orbital graphs of a primitive permutation

group is preserved under permutation isomorphisms.

To summarise, Proposition 2.1.8 justifies the following: in order to study

the orbital diameters of the primitive actions of a group G, it suffices to study

the natural actions of G on right cosets of conjugacy class representatives of

maximal subgroups of G.

2.2 Bounds on diameters of orbital graphs

In this section we state and prove two results which are bounds involving the

diameter of an orbital graph. These results will be used in various chapters

to narrow down possibilities for permutation groups whose orbital diameters

are bounded above by some fixed constant.

Lemma 2.2.1. Let (G,X) be a primitive permutation group where X :=

(G : H) and |H| > 1. Let Γ be an orbital graph of (G,X) with diameter d.

Then Γ is regular of valency k ≤ 2|H| and

|G : H| ≤ 1 + 2|H|+ 2|H|(2|H| − 1) + · · ·+ 2|H|(2|H| − 1)d−1 (2.2)

<
|H|
|H| − 1

(2|H| − 1)d. (2.3)
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Proof. The regularity of Γ follows from the transitivity of G on X. Let

∆ := (α, β)G be the orbital corresponding to Γ. Recall that the vertex set

of Γ is X. Let k be the valency of α ∈ X. We have (γ, α) ∈ ∆ for some γ.

Then {α, δ} is an edge if and only if δ ∈ βGα or δ ∈ γGα . Now these two

suborbits are equal if and only if ∆ is self-paired, therefore either k = |βGα|
or k = |βGα|+ |γGα|. In either case, k ≤ |βGα|+ |γGα | ≤ 2|Gα| = 2|H|. This

proves the upper bound on the valency. To prove the last assertion observe

that,

|X| ≤ 1 + k + k(k − 1) + · · ·+ k(k − 1)d−1.

Now k ≤ 2|H| and using this in the above inequality we obtain

|G : H| ≤ 1 + 2|H|+ 2|H|(2|H| − 1) + · · ·+ 2|H|(2|H| − 1)d−1

= 1 + 2|H|
(

(2|H| − 1)d − 1

2|H| − 2

)
<
|H|
|H| − 1

(2|H| − 1)d.

Proposition 2.2.2. Let (G,X) be a primitive permutation group where X :=

(G : H). Suppose there exists a subgroup Y ≤ H such that NG(Y ) > NH(Y ).

If NG(Y ) \NH(Y ) contains an element of order 2, then define a := 1, other-

wise define a := 2. There exists an orbital graph of diameter d, where

d >
log(|X|)

log(a|H|)− log(|Y |)
− 1.

Proof. Pick g ∈ NG(Y ) \ NH(Y ). Define α := H, β := Hg, and k := |βGα |.
Let Γ be the orbital graph corresponding to the orbital ∆ := (α, β)G and

define d := diam(Γ). If g has order 2, then g swaps α and β, and hence ∆ is

self-paired, i.e. Γ has valency k. Otherwise Γ has valency 2k. By the proof
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of Lemma 2.2.1 we have that

|G : H| ≤ 1 + ak + ak(ak − 1) + · · ·+ ak(ak − 1)d−1 < (ak)d+1,

where a is as in the statement of the lemma. Rearranging for d, this implies

d >
log(|G : H|)
log(ak)

− 1. (2.4)

By the Orbit-Stabiliser property, we have k = |Gα : Gαβ|. Moreover, since

Gβ = g−1Gαg, we thus have k = |Gα : Gα ∩ g−1Gαg|. Now Y ≤ H = Gα and

Y = g−1Y g ≤ g−1Gαg imply |Y | ≤ |Gα ∩ g−1Gαg|, and hence k ≤ |H|/|Y |.
Using this in (2.4), we obtain the result.

2.3 Classical groups

In this section, we define a family of groups known as the classical groups.

These give rise to the simple classical groups which will be the main groups

we study in Chapters 4 and 6.

Henceforth, all vector spaces mentioned will be over a finite field Fq.
We will denote by GL(V ), the general linear group of all invertible linear

transformations of a vector space V , and by SL(V ), the special linear group

of elements of GL(V ) with determinant 1. The classical groups are defined as

particular subgroups of SL(V ) and they arise from various maps on V which

we describe next.

Definition 2.3.1. Let V be a vector space.

1. A map f : V × V → Fq is called a

(a) symplectic form if it is alternating, bilinear, and f(v, v) = 0 for

all v ∈ V ;
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(b) unitary form if it is left-linear and f(v, w) = σ(f(w, v)), where

q = q2
0 and σ : Fq → Fq given by x 7→ xq0 is an automorphism of

Fq of order 2.

2. A map Q : V → Fq is called a quadratic form if

(a) Q(λv) = λ2v, for all v ∈ V and λ ∈ Fq, and

(b) the map f : V × V → Fq defined by

f(v, w) := Q(v + w)−Q(v)−Q(w)

is bilinear.

In cases 1a and 1b, we refer to (V, f) as a symplectic space or unitary space,

respectively, and in case 2, we refer to (V,Q) as a quadratic space.

Remark 2.3.2. Let Q : V → Fq be a quadratic from and let f be the corre-

sponding bilinear form. Then Q determines f but the converse only holds if

q is odd.

Henceforth, for the maps f as in Definition 2.3.1, we will write (v, w)

instead of f(v, w).

Definition 2.3.3. Let V be a vector space and let f : V × V → Fq be a

symplectic or unitary form, or the symmetric bilinear form associated to a

quadratic form.

1. For a subspace W ⊆ V , define

W⊥ := {v ∈ V : (v, w) = 0, ∀w ∈ W}.

2. We say that V (or the form) is non-degenerate if V ⊥ = 0.

3. We say that a subspace W ⊆ V is non-degenerate if W ∩W⊥ = 0.
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Remark 2.3.4. Let V and W be as in Definition 2.3.3. If W is non-degenerate

and V = W + W⊥, we write V = W ⊥ W⊥. We have that W is non-

degenerate if and only if V = W ⊥ W⊥ (see Lemma 2.1.5(v) in [14]).

We will need the following definition before we can define the classical

groups. Henceforth, we will use the term (V, κ) to collectively denote the

structures (V, f) and (V,Q) appearing in Definition 2.3.1, where κ : V l → Fq
and l := 1 if (V,Q) is a quadratic space, and l := 2 if (V, f) is a symplectic or

unitary space. Furthermore, we will omit the use of κ when it is clear from

the context what κ is.

Definition 2.3.5. Let (V, κ) be a non-degenerate symplectic, unitary or

quadratic space. We define

I(V, κ) := {g ∈ GL(V ) : κ(g(v)) = κ(v), ∀v ∈ V l},

and

S(V, κ) := SL(V ) ∩ I(V, κ).

We say that I(V, κ) stabilises κ.

Definition 2.3.6. The classical groups consist of the following groups:

• Linear groups: These are the groups GL(V ) and SL(V );

• Symplectic groups: These are the groups Sp(V ) := I(V, f), where (V, f)

is a non-degenerate symplectic space;

• Unitary groups: These are the groups U(V ) := I(V, f) and SU(V ) :=

S(V, f), where (V, f) is a non-degenerate unitary space;

• Orthogonal groups: These are the groups O(V ) := I(V,Q) and SO(V ) :=

S(V,Q), where (V,Q) is a non-degenerate quadratic space, and the

commutator subgroup of SO(V ), denoted Ω(V ).
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When analysing actions of the classical groups, it will not be necessary

to consider each possibility for (V, κ) separately. To explain precisely which

(V, κ) we need to consider, we make the following definition and remark.

Definition 2.3.7. Let (V, κ) and (V ′, κ′) be two spaces of the same dimen-

sion, which are both symplectic, both unitary or both quadratic.

1. An isometry is a linear map g : V → V ′ such that

κ′(g(v)) = κ(v), ∀v ∈ V l.

If the above holds, then we say that (V, κ) and (V ′, κ′) are isometric.

2. A similarity is a linear map g : V → V ′ such that

κ′(g(v)) = λκ(v), ∀v ∈ V l,

for some λ ∈ Fq. If the above holds, then we say that (V, κ) and (V ′, κ′)

are similar.

Remark 2.3.8. If (V, κ) and (V ′, κ′) are isometric or similar, and I := I(V, κ)

and I ′ := I(V ′, κ′), then there exists an Fq-linear homomorphism g : V → V ′

such that gIg−1 = I ′, and hence there is a one-to-one correspondence between

the actions of I and I ′, where the corresponding actions are permutation

isomorphic. Also note that a form κ on a vector space V is determined by

the values it takes on a basis of V ; in the case where V = V ′, by the above, it

does not matter which values are chosen as long as all sets of values determine

isometric or similar forms.

We now detail the number of isometry and similarity classes of non-

degenerate symplectic, unitary and orthogonal spaces.
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Proposition 2.3.9. (Proposition 2.4.1 in [14]). Let (V, f) be a non-degenerate

symplectic space. Then the dimension n of V is even (n = 2m) and (V, f) is

unique up to isometry. Furthermore, V has a basis {e1, . . . , em, f1, . . . , fm}
such that

(ei, ej) = (fi, fj) = 0, (ei, fj) = δij, ∀i, j.

Proposition 2.3.10. (Propositions 2.3.1 and 2.3.2 in [14]). Let (V, f) be

a non-degenerate unitary space. Then (V, f) is unique up to isometry. Fur-

thermore, V has a basis

1. {e1, . . . , em, f1, . . . , fm}, if n = 2m;

2. {e1, . . . , em, f1, . . . , fm, x}, if n = 2m+ 1,

where (x, x) = 1, and

(ei, ej) = (fi, fj) = 0, (ei, fj) = δij, (ei, x) = (fi, x) = 0, ∀i, j.

Proposition 2.3.11. (Propositions 2.5.3 and 2.5.4 in [14]). For each n,

there are precisely two isometry classes of non-degenerate quadratic spaces

(V,Q) of dimension n. If n is odd, then all the spaces are similar. Further-

more, V has a basis of one of the following forms:

1. {e1, . . . , em, f1, . . . , fm} (with n = 2m), where

Q(ei) = Q(fi) = 0, (ei, fj) = δij, ∀i, j;

2. {e1, . . . , em−1, f1, . . . , fm−1, x, y} (with n = 2m), such that

Q(ei) = Q(fi) = 0, (ei, fj) = δij,

(ei, x) = (ei, y) = (fi, x) = (fi, y) = 0,

for all i, j, and (Q(x), Q(y), (x, y)) = (1, ζ, 1), where the polynomial

t2 + t+ ζ is irreducible over Fq;
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3. {e1, . . . , em, f1, . . . , fm, x} (with n = 2m+ 1), where

Q(ei) = Q(fi) = 0, (ei, fj) = δij, (ei, x) = (fi, x) = 0, ∀i, j,

and Q(x) 6= 0.

The bases described in Propositions 2.3.9, 2.3.10 and 2.3.11 will be re-

ferred to as standard bases.

Definition 2.3.12. Let (V,Q) be a non-degenerate quadratic space. Let

W ⊆ V be a non-degenerate subspace and let QW denote the restriction of

Q to W . We define

sgn(Q) :=


◦, if (V,Q) has a basis as in Proposition 2.3.11(3)

+, if (V,Q) has a basis as in Proposition 2.3.11(1)

−, if (V,Q) has a basis as in Proposition 2.3.11(2),

and sgn(W ) := sgn(QW ).

To distinguish between the orthogonal groups corresponding to the three

different types of quadratic spaces (V,Q) in Proposition 2.3.11, we will write

Y sgn(Q)(V ) instead of Y (V ) for Y ∈ {O, SO,Ω}; if sgn(Q) = ◦, we may omit

the ◦. In order to determine sgn(Q) in later chapters, it will be helpful to

define the following types of subspaces of V .

Definition 2.3.13. Let (V,Q) be a quadratic space. A subspace W ≤ V is

called totally singular if Q(w) = 0 for all w ∈ W .

We conclude this chapter by defining the simple classical groups. It turns

out that the classical groups themselves are not usually simple groups, but

modulo their centres become simple in many cases.

Definition 2.3.14. Let X ∈ {GL, SL, Sp, U, SU, O, SO, O±, SO±,Ω◦,Ω±}.
The projective group PX(V ) is defined to be the group X(V )/Z(X(V )),

where Z(X(V )) denotes the centre of X(V ).
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Remark 2.3.15. Let V be a vector space of dimension n over Fq. By fixing

a basis of V we have that GL(V ) ∼= GLn(q). Under this isomorphism, the

groups X(V ) for X ∈ {GL, SL, Sp, U, SU, O, SO, O±, SO±,Ω◦,Ω±} will be

denoted by Xn(q). The corresponding projective groups will be denoted by

PXn(q). We will refer to n as the dimension of Xn(q) and PXn(q).

The following is a concatenation of Theorems 4.5, 8.8, 10.20 and 11.48

from [23].

Theorem 2.3.16. Let X ∈ {SL, Sp, SU,Ω◦,Ω±}. The groups PXn(q) are

simple in the following cases:

1. n ≥ 2 and (n, q) 6= (2, 2), (2, 3), for X = SL;

2. n ≥ 2 and (n, q) 6= (2, 2), (2, 3), (4, 2), for X = Sp;

3. n ≥ 2 and (n, q) 6= (2, 2), (2, 3), (3, 2), for X = SU;

4. m ≥ 1 (n = 2m+ 1) and (n, q) 6= (3, 3), for X = Ω◦;

5. m ≥ 3 (n = 2m), for X = Ω+;

6. m ≥ 2 (n = 2m), for X = Ω−.

The groups PXn(q) in Theorem 2.3.16 will be referred to as the simple

classical groups.
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Chapter 3

The alternating groups

In this chapter we study the orbital diameters of the primitive actions of the

symmetric and alternating groups Sn and An. We give necessary conditions

for the orbital diameters to be bounded above by some constant c and give

precise descriptions of the actions for which the orbital diameters are bounded

above by 5. For each primitive action, we also either determine all orbital

graphs of diameters 2 or give descriptions of infinite families of orbital graphs

of diameter 2. Throughout the chapter will we assume that n ≥ 5.

The chapter is split into five sections. We shall see later that the primitive

actions of Sn and An can be analysed in three cases. In Section 3.1, we state

the preliminary results we will need. In Section 3.2, we state the main results

of the chapter, and in Sections 3.3, 3.4 and 3.5, we prove the main results

by analysing the orbital graphs for each of the three cases of the primitive

action of Sn and An.

The majority of the material in this chapter can be found in the form of a

paper by the author in [21]. A few minor errors have been found in the paper

after publication, which have been corrected in this chapter; the main error

is in Theorem 1.3(2) in [21], which has been corrected in Theorem 3.2.8(2) of

the chapter. Also, the notation for the graph Γni from [21] has been changed

to Γn,k,i, and some text has been updated to improve readability.
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3.1 Preliminary theory

In this section we present the background material which will be needed

throughout the chapter.

Given groups G and H and a map φ : H → Aut(G), we will denote by

Goφ H, the semi-direct product of G and H with respect to φ. If the map

φ is not specified, then we will write G : H. For groups A and B where B

acts on the set {1, . . . , n}, we will denote by A o B, the wreath product of

A and B, i.e. the semi-direct product An oφ B, where φ : B → Aut(An)

is given by φ(π) : (a1, . . . , an) 7→ (a1π−1 , . . . , anπ−1 ). Recall that in order

to study the primitive actions of Sn and An, we need to know about their

maximal subgroups. The following result splits the maximal subgroups of Sn

and An into three classes.

Theorem 3.1.1. If H 6= An is a maximal subgroup of Sn, then one of the

following holds:

1. H ∼= Sk × Sn−k, where 1 ≤ k < n/2;

2. H ∼= Sk o Sl, where n = kl and k > 1, l > 1;

3. H is primitive on {1, . . . , n}.

Conversely, let H be as in (1) or (2). Then H is a maximal subgroup of Sn,

and H ∩ An is a maximal subgroup of An provided H � S2 o S4.

Proof. If H is not transitive on {1, . . . n}, then H fixes set-wise a set of size

k for some k ≥ 1, and thus H ≤ Sk × Sn−k. Since H is maximal in Sn, we

have H = Sk × Sn−k. Without loss of generality, we may suppose k ≤ n/2

(if k > n/2, then n − k < n/2). Moreover, observe that Sk × Sk < Sk o S2,

and thus H is not maximal if n = 2k. If H is transitive but not primitive

on {1, . . . , n}, then n = kl, for some k > 1, l > 1 and H fixes a partition of

{1, . . . , n} into l sets each of size k. Thus H ≤ Sk oSl and by the maximality of
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H, we have H = Sk oSl. In the remaining cases, H is primitive on {1, . . . , n}.
For the converse, see the main theorem in [16].

3.2 Statements of the main results

In order to state the main results, we will need to describe the orbital graphs

of the primitive actions of Sn and An, and thus we begin by doing this.

Throughout this chapter I will denote the set {1, . . . , n}. We will denote

by I{k} the set of k-subsets of I. If n = kl, then we will denote by I(k,l) the

set of (k, l)-partitions of I (a (k, l)-partition of I is a partition of I into l

sets, each of size k), and we will write A = A1| . . . |Al to mean that A is the

(k, l)-partition of I into the l disjoint k-subsets Ai. For two (k, l)-partitions

A = A1| . . . |Al and B = B1| . . . |Bl of I, we will denote by IAB the l×l matrix

with entries (IAB)ij := |Ai ∩Bj|. Note that the row and column sums of the

matrix IAB are k. Let N denote the set of all l× l matrices with non-negative

integer entries, and row and column sums equal to k. Define an equivalence

relation ∼ on N , where M ∼ M ′ if and only if there exist permutation

matrices P and Q such that M ′ = PMQ, i.e. M ′ can be obtained from M

by a permutation of rows and columns. The equivalence class of M ∈ N will

be denoted by [M ]. The groups Sn and An act naturally on I{k} and I(k,l)

and we now determine the orbitals of these actions.

Proposition 3.2.1. Let G := Sn and 1 ≤ k ≤ n/2.

1. G acts transitively on I{k} and for A ∈ I{k}, we have GA
∼= Sk × Sn−k.

2. The non-diagonal orbitals of (G, I{k}) are

∆n,k,i := {(A,B) ∈ I{k} × I{k} : |A ∩B| = i}, i ∈ {0, . . . , k − 1}.

Proof. The transitivity is clear. Let A ∈ I{k} and let H and K be the sub-

groups of GA fixing I \A and A pointwise, respectively. It is easy to see that
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GA = 〈H,K〉. Now H ∼= Sk and K ∼= Sn−k, and H and K commute, hence

〈H,K〉 ∼= Sk×Sn−k. This proves part 1. Clearly the sets ∆n,k,i are non-empty,

disjoint and their union (together with the diagonal orbital) is I{k} × I{k}.
Now suppose (A,B) and (C,D) are in the same orbital. Then there exists

g ∈ G such that (C,D) = (A,B)g and thus |A ∩ B| = |C ∩ D|. It remains

to show that for a given i, G is transitive on ∆n,k,i. Indeed, given (A,B)

and (C,D) in ∆n,k,i with A = {a1, . . . , ak}, B = {a1, . . . , ai, ak+1, . . . , a2k−i},
C = {b1, . . . , bk} and D = {b1, . . . , bi, bk+1, . . . , b2k−i}, any permutation map-

ping aj to bj for all j, is in G. This proves part 2.

Remark 3.2.2.

1. The proof of Theorem 3.1.1 asserts that every maximal subgroup of

Sn which is not transitive is the stabiliser of a k-subset and thus by

Proposition 3.2.1(1), for a fixed k, all such maximal subgroups are

conjugate in Sn.

2. The natural action of H := An on I{k} is transitive and for A ∈ I{k},

we have HA = GA ∩H where G := Sn. The orbitals of this action are

again the sets ∆n,k,i from Proposition 3.2.1. This follows from the fact

that if (A,B) and (C,D) are in ∆n,k,i and g ∈ G such that Ag = C and

Bg = D, then either g ∈ H or else g can be multiplied by a suitable

transposition so that the resulting permutation h is in H and satisfies

Ah = C and Bh = D.

3. The orbital ∆n,k,i from Proposition 3.2.1 is self-paired; the correspond-

ing orbital graph will be denoted by Γn,k,i, and is the graph with vertex

set I{k} and edges {A,B} where |A ∩B| = i.

4. For n > 2k, the orbital graphs Γn,k,i are connected. If n = 2k, then

Γn,k,i is connected for all i 6= 0. We will use results about the graphs

Γ2k,k,i when analysing case 2 of Theorem 3.1.1; in all such results, we

will assume i 6= 0.
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Proposition 3.2.3. Let k, l > 1, n := kl and G := Sn.

1. G acts transitively on I(k,l) and for A ∈ I(k,l), we have GA
∼= Sk o Sl.

2. The orbitals of (G, I(k,l)) are

∆[M ] := {(A,B) ∈ I(k,l) × I(k,l) : IAB ∈ [M ]}, M ∈ N .

Proof. The transitivity is clear. For A ∈ I(k,l), write A = A1| . . . |Al. For

1 ≤ i ≤ l, let Hi
∼= Sk be the subgroup of all permutations on {1, . . . , n}

which fix Ai setwise and fix Aj pointwise for j 6= i. Let K be the subgroup of

all permutations on {1, . . . , n} which permute the set of subscripts {1, . . . , l}.
Then GA = 〈Hi, K : 1 ≤ i ≤ l〉 ∼= Sk o Sl. This proves part 1. Now

note that the sets ∆[M ] are non-empty; indeed given M := (mij) ∈ N , the

set ∆[M ] contains the pair of (k, l)-partitions (A,B), where A = A1| . . . |Al,
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B = B1| . . . |Bl and,

A1 :={
A11︷ ︸︸ ︷

1, . . . ,m11,

A12︷ ︸︸ ︷
m11 + 1, . . . ,m11 +m12,

...

A1l︷ ︸︸ ︷
m11 + · · ·+m1l−1 + 1, . . . ,m11 + · · ·+m1l}

A2 :={
A21︷ ︸︸ ︷

m11 + · · ·+m1l + 1, . . . ,m11 + · · ·m1l +m21,

A22︷ ︸︸ ︷
m11 + · · ·m1l +m21 + 1, . . . ,m11 + · · ·m1l +m21 +m22,

...

A2l︷ ︸︸ ︷
m11 + · · ·+m1l +m21 + · · ·+m2,l−1 + 1,

. . . ,m11 + · · ·+m1l +m21 + · · ·+m2l}
...

Al :={
Al1︷ ︸︸ ︷

(m11 + · · ·+m1l) + · · ·+ (ml−1,1 + · · ·+ml−1,l) + 1, . . . ,

(m11 + · · ·+m1l) + · · ·+ (ml−1,1 + · · ·+ml−1,l) +ml1,

...

All︷ ︸︸ ︷
(m11 + · · ·+m1l) + · · ·+ (ml−1,1 + · · ·+ml−1,l) + (ml1 + · · ·+ml,l−1) + 1,

. . . , (m11 + · · ·+m1l) + (m21 + · · ·+m2l) + · · ·+ (ml1 + · · ·+mll)},
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and,

B1 :={A11, A21, . . . , Al1}

B2 :={A12, A22, . . . , Al2}
...

Bl :={A1l, A2l, . . . , All}.

Clearly the sets ∆[M ] are disjoint and their union is I(k,l) × I(k,l). Note

that the condition that IAB ∈ [M ] is equivalent to the existence of l × l

permutation matrices P and Q such that IAB = PMQ. Thus to prove

part 2, it remains to show that the pairs (A,B) and (C,D) lie in the same

orbital if and only if there exist l× l permutation matrices P and Q such that

ICD = P IAB Q. Write A = A1| . . . |Al, B = B1| . . . |Bl, C = C1| . . . |Cl, and

D = D1| . . . |Dl. Suppose (A,B) and (C,D) lie in the same orbital. Then

there exists g ∈ Sn such that Ag = C and Bg = D. Let C ′ = C ′1| . . . |C ′l be

the partition C but with the components Ci permuted in such a way that

Agi = C ′i. Similarly, let D′ be the partition D = D′1| . . . |D′l but with the

components Di permuted in such a way that Bg
i = D′i. Then there exist

permutation matrices P−1 and Q−1 such that IC′D′ = P−1ICDQ
−1. Now

for any i, j ∈ {1, . . . , l}, we have that |C ′i ∩ D′j| = |Ai ∩ Bj|, and hence

ICD = PIC′D′Q = PIABQ. For the converse, suppose ICD = PIABQ for

some l × l permutation matrices P and Q. Then after permuting the Ai’s

and Bj’s suitably we may suppose IAB = ICD. Now since Sn is n-transitive,

we can pick g ∈ Sn such that (Ai ∩ Bj)
g = Ci ∩ Dj for all i, j ∈ {1, . . . , l}

(note that |∪i,j∈{1,...,l} (Ai ∩Bj)| = n). Then (A,B)g = (C,D), and so (A,B)

and (C,D) lie in the same orbital. This proves part 2.

Remark 3.2.4.

1. Again, the proof of Theorem 3.1.1 asserts that every maximal subgroup

of Skl which is transitive but not primitive is the stabiliser of a (k, l)-
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partition of {1, . . . , kl} and thus by Proposition 3.2.3(1), for fixed k

and l, all such maximal subgroups are conjugate in Skl.

2. For ∆[M ] as in Proposition 3.2.3, the paired orbital is ∆[MT ], and hence

∆[M ] is self-paired if and only if [M ] = [MT ], which is not always the

case. If it is the case, then the corresponding orbital graph will be

denoted by Γ[M ], and is the graph that has vertex set I(k,l) and edges

{A,B} where IAB ∈ [M ].

3. The natural action of H := Akl on I(k,l) is also transitive and for

A ∈ I(k,l), we have HA = GA∩H where G := Skl. Since HA is not max-

imal in H for (k, l) = (2, 4) (see Theorem 3.1.1), when analysing this

case, we will assume that (k, l) 6= (2, 4). Note that Akl is not necessarily

transitive on all the orbitals ∆[M ] of (Skl, I
(k,l)) (see Lemma 3.4.22(2)

for an example).

We point out that in the case where H <max Sn and H is primitive on I,

we will assume that H 6= An, since diamO(G, (G : An)) = 1, for any n. All

groups appearing in Tables 3.2, 3.3, 3.9 and 3.10 have been denoted using

standard notation; definitions of specific groups can be found in texts such

as [24] or [9].

We now state the main results of the chapter.

Theorem 3.2.5. Let (G,Ω) be a finite primitive permutation group where

G := Sn or G := An. Suppose there exists an integer c ≥ 1 such that

diamO(G,Ω) ≤ c.

1. If Ω = I{k}, where 1 ≤ k < n/2, then k ≤ c.

2. If Ω = I(k,l), where n = kl with l > 1 and k > 1, then l ≤ 2c and

k ≤ 2c+ 1, and in particular, n ≤ 2c(2c+ 1).

3. If Ω = (G : H), where H 6= An is primitive on I, then n < 2ε(c+1)+3

with ε := 1.04.
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For particular values of the bound c it is possible to be more specific

about the precise actions that occur in Theorem 3.2.5. Here is such a result

where c = 5.

Theorem 3.2.6. Let (G,Ω) be a finite primitive permutation group where

G := Sn or G := An.

1. If Ω = I{k}, where 1 ≤ k < n/2, then diamO(G,Ω) ≤ 5 if and only if

k ≤ 5.

2. If Ω = I(k,l), where n = kl with l > 1 and k > 1, then diamO(G,Ω) ≤ 5

if and only if (k, l) are given in Table 3.1.

l 2 3 4 5 6
k ≤ 11 ≤ 5 ≤ 3 2 2

Table 3.1: Pairs (k, l) with diamO(G, I(k,l)) ≤ 5

3. If Ω = (G : H), where H 6= An is primitive on I, then diamO(G,Ω) ≤ 5

if and only if the values of n and H are given in Tables 3.2 and 3.3;

where the ‘if ’ direction is only known to hold for values of n ≤ 12

(see Remark 3.2.7(1)).
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n H Rank Diameters of Valencies of
orbital graphs orbital graphs

5 AGL1(5) 2 1 5

6 PGL2(5) 2 1 5

7 AGL1(7) 7 3, 3, 3, 2, 2, 2 7, 14, 14, 21, 21, 42

8 PGL2(7) 5 3, 2, 2, 2 14, 21, 28, 56

9 AGL2(3) 9 5, 3, 3, 3, 3, 2, 8, 27, 36, 48, 144,
2, 2 216, 216

10 PΓL2(9) 10 4, 4, 3, 3, 3, 2 20, 45, 90, 144, 180, 240
2, 2, 2 360, 720, 720

14 PGL2(13) 19299 ? ?

18 PGL2(17) ? ? ?

Table 3.2: Pairs (n,H) with diamO(Sn,Ω) ≤ 5, where Ω := (Sn : H) and H
is primitive

n H Rank Diameters of Valencies of
orbital graphs orbital graphs

5 D10 2 1 5

6 PSL2(5) 2 1 5

7 PSL3(2) 2 1 14

8 ASL3(2) 2 1 14

9 ASL2(3) 12 5, 3, 3, 3, 3, 2 8, 48, 27, 36, 72, 144,
3, 2, 2 72, 216, 216

9 PΓL2(8) 3 2, 2 56, 63

10 M10 12 4, 4, 3, 3, 3, 3 20, 45, 90, 90, 90, 144,
2, 2, 2, 2 240, 360, 720, 720

11 M11 5 2, 2, 2, 2 110, 330, 495, 1584

12 M12 4 2, 2, 2 440, 495, 1584

14 PSL2(13) ? ? ?

17 PΓL2(16) ? ? ?

23 M23 ? ? ?

24 M24 ? ? ?

Table 3.3: Pairs (n,H) with diamO(An,Ω) ≤ 5, where Ω := (An : H) and H
is primitive
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Remark 3.2.7.

1. Tables 3.2 and 3.3 contain six cases with n = 14, 17, 18, 23 or 24,

marked with question marks, where we have been unable to compute

the diameters of any orbital graphs.

2. The groups appearing in the rows corresponding to n = 5, 6, 9 (first

row), 10 and 14 in Table 3.3 are just the intersections of the corre-

sponding groups appearing in Table 3.2 with An, in other words, these

groups extend to maximal subgroups of Sn. The groups appearing in

the remaining rows of Table 3.3 do not extend to maximal subgroups

of Sn.

We also analyse orbital graphs of diameter 2 of the primitive permutations

groups (Sn,Ω) and (An,Ω). For the case where Ω 6= I(k,l), we find all orbital

graphs of diameter 2. For Ω = I(k,l), we find an example of an infinite family

of orbital graphs of diameter 2; there could be more infinite families of orbital

graphs of diameter 2, but classifying all of them could take significantly

more effort.

Theorem 3.2.8. Let (G,Ω) be a finite primitive permutation group where

G := Sn or G := An.

1. If Ω = I{k}, where 1 < k < n/2, then diam(Γn,k,i) = 2 if and only if

one of the following holds:

• i = 0 and n ≥ 3k − 1;

• i ∈ {1, . . . , bk/2c} and n ≥ 3k − 2i.

2. If Ω = I(k,k) with n = k2 ≥ 9 and G = Sn, let Γ[M ] be the orbital

graph where M is the k × k matrix with all entries equal to 1. Then

diam(Γ[M ]) = 2. If G = Ak2 and either k is odd, or k is even and k/2

is odd, then Γ[M ] is also an orbital graph of (G, I(k,k)).
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3. If Ω = (G : H), where H is primitive on I, then Tables 3.4 and 3.5 spec-

ify the values of n and H for which (G,Ω) has an orbital graph of diam-

eter 2 (the case n = 24 is still just a possibility; see Remark 3.2.9(1)).

n H Rank |D2| Valencies of orbital
graphs of diameter 2

7 AGL1(7) 7 3 21, 21, 42

8 PGL2(7) 5 3 21, 28, 56

9 AGL2(3) 9 3 144, 216, 216

10 PΓL2(9) 10 4 240, 360, 720, 720

Table 3.4: Pairs (n,H) such that (Sn,Ω) has an orbital graph of diameter 2,
where Ω := (Sn : H) and H is primitive

n H Rank |D2| Valencies of orbital
graphs of diameter 2

9 ASL2(3) 12 3 144, 216, 216

9 PΓL2(8) 3 2 56, 63

10 M10 12 4 240, 360, 720, 720

11 M11 5 4 110, 330, 495, 1584

12 M12 4 3 440, 495, 1584

13 PSL3(3) 126 28 5616[3], 11232[25]

15 PSL4(2) 1687 ≥ 8 40320[8], . . .

16 24.PSL4(2) 151 79 40320[1], 80640[2],

53760[1], 64512[1],

161280[7], 107520[3],

322560[39], 645120[25]

24 M24 ? ? ?

Table 3.5: Pairs (n,H) such that (An,Ω) has an orbital graph of diameter 2,
where Ω := (An : H) and H is primitive

Remark 3.2.9.

1. In Table 3.5, D2 denotes the set of orbital graphs of diameter 2. In

the ‘valencies’ column of the table, the notation x[y] has been used to
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denote that the valency x appears y times. This table contains the

case n = 24 which is marked with a question mark since we have been

unable to determine or disprove the existence of an orbital graph of

diameter 2 for this case.

2. The groups appearing in the rows corresponding to n = 9 (first row)

and n = 10 in Table 3.5 are just the intersections of the corresponding

groups appearing in Table 3.4 with An. The groups appearing in the

remaining rows of Table 3.5 do not extend to maximal subgroups of Sn.

3.3 Action of Sn on I{k}

In this section we prove Theorems 3.2.5(1), 3.2.6(1) and 3.2.8(1). Recall that

the orbital graph Γn,k,i has vertices which are the k-subsets of {1, . . . , n} and

edges {A,B} where |A∩B| = i. The methods used to prove Theorem 3.2.8(1)

can be extended to find the diameters of all of the graphs Γn,k,i, and so we

also prove a result on this (see Theorem 3.3.1). Some work has already been

done in [7] on finding the diameters of the graphs Γn,k,i. However, we believe

that the main result in [7] has an error, and state the correct result below.

Theorem 3.3.1. Let k ≥ 1 and n ≥ 2k + 1 be integers.

1. diam(Γn,k,0) =
⌈
n−k−1
n−2k

⌉
.

2. For i ∈ {1, . . . , bk/2c},

(a) diam(Γn,k,i) = 2⇔ n ≥ 3k − 2i.

(b) diam(Γn,k,i) = 3⇔ 5(k−i)−1
2

≤ n < 3k − 2i.

(c) diam(Γn,k,i) =
⌈
n−k+i−1
n−2k+2i

⌉
> 3⇔ n < 5(k−i)−1

2
.

3. For i > bk/2c, diam(Γn,k,i) =
⌈

k
k−i

⌉
.
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The error occurs in line 2 on p. 6648 of [7]. According to [7], the orbital

graph Γn,k,i has diameter 3 for any i > bk/2c, and Theorem 7 specifies a

construction of a path of length 3 between any two vertices A and B with

m := |A ∩ B| < 2i − k. This involves constructing a set Z = Z(n, k, i,m)

which is however impossible to construct for many values of n, k, i and m;

for example, let (n, k, i,m) := (2k + 1, k, k − 1, 0), where k ≥ 4, then

|Z| = 2k − 3i+m = 3− k ≤ −1. In fact it can be observed that in the par-

ticular case where i = k − 1, we have diam(Γn,k,k−1) = k.

We now state and prove a result from which Theorems 3.2.5(1) and

3.2.6(1) will follow.

Proposition 3.3.2. Let (G,Ω) be a finite primitive permutation group where

G := Sn or An, and let Ω = I{k} with 1 ≤ k < n/2. Then diamO(G,Ω) ≤ c

if and only if k ≤ c.

Proof. Suppose diamO(G,Ω) ≤ c. Recall that in the orbital graph Γn,k,k−1,

two k-subsets are joined by an edge if they intersect in k−1 points. Observe

that this graph has diameter k, and so k ≤ diamO(G,Ω) ≤ c. Conversely,

suppose k ≤ c and let Γ be an orbital graph of (G,Ω). For a k-subset A and

an integer j ≥ 1 define

∆j(A) := {B : d(A,B) = j}.

If B ∈ ∆j(A) and g ∈ GA, then Bg ∈ ∆j(A), hence BGA ⊆ ∆j(A). Therefore

∆j(A) is a union of non-trivial orbits of GA on Ω. The number of non-

trivial orbits of GA on Ω is the number of non-diagonal orbitals, which is

k by Proposition 3.2.1(2), and therefore diam(Γ) ≤ k ≤ c. This implies

diamO(G,Ω) ≤ c .

Proof of Theorems 3.2.5(1) and 3.2.6(1). Theorem 3.2.5(1) is the ‘only if’

implication of Proposition 3.3.2, and Theorem 3.2.6(1) is the c = 5 case of

Proposition 3.3.2.
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We now work towards proving Theorem 3.2.8(1). Henceforth, for a graph

Γ, we will use V (Γ) to denote the vertex-set of Γ. The following lemma

follows from Lemmas 1 and 2 from [8] and the fact that Γn,k,i is a subgraph

of the graph K(n, k, i) from [8].

Lemma 3.3.3. Let n ≥ 2k, i ∈ {0, . . . , k − 1} and A,B ∈ V (Γn,k,i). Let

r ≥ 1.

1. If A and B are connected by a path of length 2r, then

|A ∩B| ≥ (2r + 1)k − rn− 2ri,

2. If A and B are connected by a path of length 2r + 1, then

|A ∩B| ≤ rn− 2rk + (2r + 1)i.

Lemma 3.3.4. Let n ≥ 2k, i ∈ {0, . . . , bk/2c}, and A,B ∈ V (Γn,k,i) with

m := |A ∩B| 6= i. Then

d(A,B) = 2⇔ m ≥ 3k − n− 2i.

In particular, if n ≥ 3k − 2i, then d(A,B) = 2.

Proof. If d(A,B) = 2, then by Lemma 3.3.3(1) we have m ≥ 3k − n − 2i.

Conversely, suppose m ≥ 3k−n−2i. Recall that I = {1, . . . , n}. If i ≤ k−m,

then choose a k-subset C consisting of i elements from A\B, i elements from

B \A, and k− 2i elements from I \ (A∪B) (note that |I \ (A∪B)| ≥ k− 2i,

since n ≥ 3k−m− 2i). If i > k−m, then choose a k-subset C consisting of

i−k+m elements from A∩B, k−m elements from A\B, k−m elements from

B\A, and m−i elements from I\(A∪B) (note that |I\(A∪B)| ≥ m−i since

n ≥ 2k − i). Then A− C − B is a path of length 2, and hence d(A,B) = 2.

Now suppose n ≥ 3k − 2i. Then m ≥ 0 ≥ 3k − n − 2i. Hence d(A,B) = 2

by the first part.
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Corollary 3.3.5. Let n ≥ 2k and i ∈ {0, . . . , bk/2c}. Suppose we have

that diam(Γn,k,i) ≥ 3. Then n < 3k − 2i and for A,B ∈ V (Γn,k,i) with

m := |A ∩B| 6= i,

d(A,B) > 2⇔ m < 3k − n− 2i.

Proof of Theorem 3.2.8(1) and Theorem 3.3.1(2a). Note that diam(Γn,k,i) =

2 if and only if for all A 6= B ∈ V (Γn,k,i) such that |A ∩ B| 6= i, it

holds that d(A,B) = 2. Hence by Lemma 3.3.4, diam(Γn,k,0) = 2 if and

only if either n ≥ 3k or 3k − n = 1, and if i ∈ {1, . . . , bk/2c}, then

diam(Γn,k,i) = 2 if and only if n ≥ 3k − 2i. Now suppose i > bk/2c and

let A,B ∈ V (Γn,k,i) with |A ∩ B| = 0. If C is a common neighbour of A

and B, then |C| ≥ 2i > k which contradicts the fact that |C| = k. Hence

d(A,B) > 2 and diam(Γn,k,i) ≥ 3.

We now continue proving the rest of Theorem 3.3.1. To do so, we will

need the following result.

Lemma 3.3.6. Let n ≥ 2k, i ∈ {0, . . . , bk/2c} and d := diam(Γn,k,i).

Suppose d ≥ 3. Let A,B ∈ V (Γn,k,i) with m := |A ∩ B| 6= i. Then for

v ∈ {3, . . . , d},

P (v) : d(A,B) = v ⇔ f(n, k, i, v) ≤ m ≤ g(n, k, i, v),

where f and g are as in Tables 3.6 and 3.7, for v even and v odd respectively.

n

< (2v−1)(k−i)
v−1

≥ (2v−1)(k−i)
v−1

f (2r + 1)k − rn− 2ri (r − 1)n− (2r − 2)k + (2r − 1)i+ 1

g (2r − 1)k − (r − 1)n− (2r − 2)i− 1

Table 3.6: Criterion for distance v = 2r in the graph Γn,k,i, where r ≥ 2
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n

< (2v−1)(k−i)
v−1

≥ (2v−1)(k−i)
v−1

f 0, r = 1

(r − 1)n− (2r − 2)k + (2r − 1)i+ 1, r ≥ 2

g rn− 2rk + (2r + 1)i (2r + 1)k − rn− 2ri− 1

Table 3.7: Criterion for distance v = 2r + 1 in the graph Γn,k,i, where r ≥ 1

In order to prove Lemma 3.3.6, we now prove the following sequence

of results.

Lemma 3.3.7. Let n ≥ 2k, i ∈ {0, . . . , bk/2c} and t ≥ 3. Suppose the

following conditions hold:

1. diam(Γn,k,i) ≥ t+ 1,

2. n < (2t−1)(k−i)
t−1

,

3. P (v) holds for all v ∈ {3, . . . , t}.

Let A,B ∈ V (Γn,k,i) with m := |A ∩B| 6= i. Then for t even (t = 2r),

d(A,B) > 2r ⇔ (r− 1)n− (2r− 2)k+ (2r− 1)i < m < (2r+ 1)k− rn− 2ri,

and for t odd (t = 2r + 1),

d(A,B) > 2r + 1⇔ rn− 2rk + (2r + 1)i < m < (2r + 1)k − rn− 2ri.

Remark 3.3.8. By Lemma 3.3.9 (see below), if (1) and (3) of Lemma 3.3.7

hold then so does (2), hence after Lemma 3.3.9 has been proved we may

omit (2) from the statement of Lemma 3.3.7. Similarly, after Lemma 3.3.6

has been proved, we may also omit (3).

Proof of Lemma 3.3.7. We proceed by induction on t. For the base case

suppose the conditions of the lemma hold for t = 3. Then by Corollary 3.3.5
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and P (3),

d(A,B) = 3⇔ 0 ≤ m ≤ n− 2k + 3i,

d(A,B) = 2⇔ m ≥ 3k − n− 2i,

from which the result for t = 3 follows. Now let t = 2r > 3 and suppose the

lemma holds for t − 1. Suppose also that the conditions of the lemma hold

for t. Then the conditions of the lemma also hold for t − 1, and so by the

inductive assumption,

d(A,B) > 2r − 1⇔ (r − 1)n− (2r − 2)k + (2r − 1)i < m (3.1)

< (2r − 1)k − (r − 1)n− (2r − 2)i.

Now by P (2r), we have that

d(A,B) = 2r ⇔ (2r + 1)k − rn− 2ri ≤ m (3.2)

≤ (2r − 1)k − (r − 1)n− (2r − 2)i− 1.

We obtain the result for t = 2r by combining (3.1) and (3.2). To complete

the induction, it remains to show the result for t+ 1 = 2r + 1 which can be

done using similar arguments to the above and is left to the reader.

Lemma 3.3.9. Let n ≥ 2k, i ∈ {0, . . . , bk/2c} and t ≥ 3. Suppose P (v)

holds for all v ∈ {3, . . . t} and diam(Γn,k,i) ≥ t+ 1. Then

n <
(2t− 1)(k − i)

t− 1
.
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Proof. We proceed by induction on t. For the base case, assume P (3) holds

and diam(Γn,k,i) ≥ 4. Suppose n ≥ 5(k−i)
2

. Then using Corollary 3.3.5 and

P (3) we see that d(A,B) ≤ 3 for all A,B ∈ V (Γn,k,i), which contradicts the

fact that diam(Γn,k,i) ≥ 4. Hence n < 5(k−i)
2

. This completes the base case.

Now let t = 2r ≥ 4 and assume the lemma holds for t − 1. Suppose P (v)

holds for all v ∈ {3, . . . t} and diam(Γn,k,i) ≥ t + 1. Then P (v) holds for

all v ∈ {3 . . . , t − 1} and diam(Γn,k,i) ≥ t, hence by the inductive assump-

tion we have n < (2t−3)(k−i)
t−2

. Thus (3.1) holds by Lemma 3.3.7. Suppose

n ≥ (2t−1)(k−i)
t−1

. Then using (3.1) and P (2r) we see that d(A,B) ≤ 2r, for

all A,B ∈ V (Γn,k,i), which contradicts the fact that diam(Γn,k,i) ≥ 2r + 1.

Hence n < (2t−1)(k−i)
t−1

. To complete the induction, it remains to show the

result for t + 1 = 2r + 1 which can be done using similar arguments to the

above and is left to the reader.

Lemma 3.3.10. Let n ≥ 2k, i ∈ {0, . . . and bk/2c} and suppose that we have

diam(Γn,k,i) ≥ 3. Let A,B ∈ V (Γn,k,i) with m := |A ∩ B| 6= i. If n < 5(k−i)
2

,

then

d(A,B) = 3⇔ 0 ≤ m ≤ n− 2k + 3i,

and if n ≥ 5(k−i)
2

, then

d(A,B) = 3⇔ 0 ≤ m ≤ 3k − n− 2i− 1.

Proof. Suppose n < 5(k−i)
2

. If d(A,B) = 3, then by Lemma 3.3.3(2) we have

m ≤ n−2k+3i. For the converse, assume m ≤ n−2k+3i. Since n < 5(k−i)
2

,

we have that m < 3k−n−2i, and so by Corollary 3.3.5 we have d(A,B) > 2.

Choose a neighbour A1 of A such that |A1 ∩ B| is maximal. If i < m, then

|A1 ∩ B| = i + k − m, and if i > m, then |A1 ∩ B| = m + k − i. In both

cases (for i < m use m ≤ n − 2k + 3i, and for i > m use m ≥ 0) we have

|A1 ∩B| ≥ 3k− 2i−n. Hence by Lemma 3.3.4 we have d(A1, B) = 2, and so

d(A,B) = 3. Now suppose n ≥ 5(k−i)
2

. If d(A,B) = 3, then by Corollary 3.3.5

we have m < 3k − n− 2i. For the converse, assume m < 3k − n− 2i. Then
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by Corollary 3.3.5 we have d(A,B) > 2, and using the fact that n ≥ 5(k−i)
2

,

we see that m ≤ n−2k+3i. Now, we show that d(A,B) = 3 by constructing

a path of length 3 between A and B, as above.
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Corollary 3.3.11. Let n > 2k. We have

diam(Γn,k,0) = 3⇔ 5k − 1

2
≤ n < 3k − 1,

and for i ∈ {1, . . . , bk/2c}, we have

diam(Γn,k,i) = 3⇔ 5(k − i)− 1

2
≤ n < 3k − 2i.

Proof. Suppose diam(Γn,k,0) = 3. By Theorem 3.2.8(1) we have n < 3k − 1.

By Corollary 3.3.5, for A,B ∈ V (Γn,k,0) with m := |A ∩B| 6= 0, we have

d(A,B) > 2⇔ m < 3k − n. (3.3)

Now diam(Γn,k,0) = 3 implies that for all A,B ∈ V (Γn,k,0) with d(A,B) > 2,

we must have d(A,B) = 3. Thus using Lemma 3.3.10, we deduce that

either n ≥ 5k
2

or 3k − n − 1 = n − 2k, i.e. n ≥ 5k−1
2

. Conversely, suppose
5k−1

2
≤ n < 3k − 1. Then by Theorem 3.2.8(1) we have diam(Γn,k,0) ≥ 3.

Hence by Corollary 3.3.5, for A,B ∈ V (Γn,k,0) with m := |A∩B| 6= 0, we have

(3.3). Now Lemma 3.3.10 and the fact that n ≥ 5k−1
2

, imply d(A,B) ≤ 3 for

all A,B ∈ V (Γn,k,0). Hence diam(Γn,k,0) = 3. This proves the first statement.

The second statement can be proved similarly and is left to the reader.

Proof of Theorem 3.3.1(2b). See Corollary 3.3.11.

We need one final result before we can prove Lemma 3.3.6.

Lemma 3.3.12. Let n ≥ 2k, i ∈ {0, . . . , bk/2c} and r ≥ 2. Let A,B ∈
V (Γn,k,i) where m := |A ∩B| 6= i.

1. Suppose d(A,B) ≥ 2r, P(v) holds for v ∈ {3, . . . , 2r − 1}, and

(2r + 1)k − rn− 2ri ≤ m < (2r − 1)k − (r − 1)n− (2r − 2)i. (3.4)

Then d(A,B) = 2r.
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2. Suppose d(A,B) ≥ 2r + 1, P(v) holds for v ∈ {3, . . . , 2r}, and

(r − 1)n− (2r − 2)k + (2r − 1)i < m ≤ rn− 2rk + (2r + 1)i. (3.5)

Then d(A,B) = 2r + 1.

Proof. Suppose the conditions in part 1 of the lemma hold. If k − m < i,

then m ≥ 3k − n − 2i and so by Lemma 3.3.4 we have d(A,B) = 2 which

is not possible since d(A,B) ≥ 2r ≥ 4. Therefore k − m ≥ i. Choose a

neighbour A1 of A such that |A1 ∩ B| is minimal. Since k −m ≥ i, we have

|A1 ∩B| = 3k − i− n−m. Now rearranging (3.4) gives

(2r− 3)i+ (r− 2)n− (2r− 4)k < |A1 ∩B| ≤ (2r− 1)i+ (r− 1)n− (2r− 2)k.

Therefore using Lemma 3.3.9 (with t = 2r − 1) and P (2r − 1) we have

d(A1, B) = 2r− 1, and hence d(A,B) = 2r. This proves the first part of the

lemma. Now suppose the conditions in part 2 of the lemma hold. Choose a

neighbour A1 of A such that |A1 ∩B| is maximal. Then (3.5) implies m > i,

and so |A1 ∩B| = i+ k −m. Now rearranging (3.5) implies

(2r + 1)k − rn− 2ri ≤ |A1 ∩B| < (2r − 1)k − (2r − 2)i− (r − 1)n.

Therefore using Lemma 3.3.9 (with t = 2r) and P (2r) we have d(A1, B) = 2r,

and hence d(A,B) = 2r + 1.

Proof of Lemma 3.3.6. For v = 3, the result is proved in Lemma 3.3.10. For

v ≥ 4, we proceed by induction on v. Here d = diam(Γn,k,i) ≥ v. Firstly,

we prove the base case v = 4. Suppose n < 7(k−i)
3

. If d(A,B) = 4, then

by Lemma 3.3.3(1) we have m ≥ 5k − 2n − 4i. Since d(A,B) > 2, by

Corollary 3.3.5 we also have m < 3k − n − 2i. For the converse, assume

5k − 2n − 4i ≤ m < 3k − n − 2i. Note that since P (3) already holds,

by Remark 3.3.8, in order to use Lemma 3.3.7 (with t = 3), we only need

to ensure that diam(Γn,k,i) ≥ 4, which is true by assumption. Now using
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Lemma 3.3.7 and the fact that n < 7(k−i)
3

, we see that d(A,B) > 3, and

so by Lemma 3.3.12 we have d(A,B) = 4. Now suppose n ≥ 7(k−i)
3

. If

d(A,B) = 4, then using Lemma 3.3.7 (with t = 3) we have m > n− 2k+ 3i.

Also d(A,B) > 2, so by Corollary 3.3.5 we have m < 3k − n − 2i. For the

converse, assume n − 2k + 3i < m < 3k − n − 2i. Then using Lemma 3.3.7

we see that d(A,B) > 3. Now using the fact that n ≥ 7(k−i)
3

we have

5k−2n−4i ≤ m < 3k−n−2i, and so by Lemma 3.3.12 we have d(A,B) = 4.

This completes the base case.

Now let r ≥ 2 and assume that P (v) holds for all v ∈ {3, . . . , 2r}. We will

show that P (2r+1) holds. Suppose n < (4r+1)(k−i)
2r

. If d(A,B) = 2r+1, then

by Lemma 3.3.3(2) we have m ≤ rn−2rk+(2r+1)i. Since d(A,B) > 2r−1,

by Lemma 3.3.7 we also have m > (r − 1)n− (2r − 2)k + (2r − 1)i. For the

converse, assume that

(r − 1)n− (2r − 2)k + (2r − 1)i < m ≤ rn− 2rk + (2r + 1)i. (3.6)

Then using Lemma 3.3.7 and the fact that n < (4r+1)(k−i)
2r

we have that

d(A,B) > 2r, and so by Lemma 3.3.12 we have d(A,B) = 2r + 1. Now

suppose that n ≥ (4r+1)(k−i)
2r−1

. If d(A,B) = 2r + 1, then using Lemma 3.3.7

(with t = 2r) we have m < (2r + 1)k − rn − 2ri. Since d(A,B) > 2r − 1,

by Lemma 3.3.7 we also have m > (r − 1)n− (2r − 2)k + (2r − 1)i. For the

converse, assume that

(r − 1)n− (2r − 2)k + (2r − 1)i < m < (2r + 1)k − rn− 2ri.

Then using Lemma 3.3.7 we have d(A,B) > 2r. Now using the fact that

n ≥ (4r+1)(k−i)
2r−1

we see that (3.6) holds, and so by Lemma 3.3.12 we have

d(A,B) = 2r + 1. This shows P (2r + 1). To complete the induction, it

remains to show P (2r+ 2) which can be done using similar arguments to the

above and is left to the reader.
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Proof of Theorem 3.3.1(1) and (2c). It follows from Theorem 3.2.8(1) and

Corollary 3.3.11, that Theorem 3.3.1(1) holds when diam(Γn,k,0) is 2 or 3.

For t ≥ 4, an equivalent restatement of Theorem 3.3.1(1) and (2c) is that for

i ∈ {0, . . . , bk/2c},

R(t) : diam(Γn,k,i) = t⇔ (2t− 1)(k − i)− 1

t− 1
≤ n <

(2t− 3)(k − i)− 1

t− 2
.

(3.7)

We prove (3.7) by induction on t. The base case will be to show that

diam(Γn,k,i) = 4⇔ 7(k − i)− 1

3
≤ n <

5(k − i)− 1

2
. (3.8)

Suppose diam(Γn,k,i) = 4. Then by Theorem 3.2.8(1) and Corollary 3.3.11,

n < 5(k−i)−1
2

. By Lemma 3.3.7, for A,B ∈ V (Γn,k,i) with m := |A ∩ B| 6= i,

we have

d(A,B) > 3⇔ n− 2k + 3i < m < 3k − n− 2i. (3.9)

Now diam(Γn,k,i) = 4 implies that for all A,B ∈ V (Γn,k,i) with d(A,B) > 3,

we must have d(A,B) = 4. Thus since P (4) holds by Lemma 3.3.6, using

P (4) we obtain that either n ≥ 7(k−i)
3

or n − 2k + 3i + 1 = 5k − 2n − 4i,

i.e. n ≥ 7(k−i)−1
3

. Conversely, suppose that the right hand side of (3.8)

holds. Since n < 5(k−i)−1
2

, by Theorem 3.2.8(1) and Corollary 3.3.11 we have

diam(Γn,k,i) ≥ 4, and by Lemma 3.3.7 we see that (3.9) holds. Now using

(3.9), P (4) and the fact that n ≥ 7(k−i)−1
3

, we obtain that for all A,B ∈
V (Γn,k,i) with d(A,B) > 3, we have d(A,B) = 4, and thus diam(Γn,k,i) = 4.

This completes the base case.

Now let r ≥ 3 and suppose R(t) holds for all t ∈ {4, . . . , 2r − 2}. We

will show that R(2r − 1) holds. Suppose diam(Γn,k,i) = 2r − 1. Then by

Theorem 3.2.8(1), Corollary 3.3.11 and the inductive assumption, we have

n < (4r−5)(k−i)−1
2r−3

. Now by Lemma 3.3.7, for A,B ∈ V (Γn,k,i) with m :=
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|A ∩B| 6= i, we have

d(A,B) > 2r − 2⇔ (r − 2)n− (2r − 4)k + (2r − 3)i < m (3.10)

< (2r − 1)k − (r − 1)n− (2r − 2)i.

Now diam(Γn,k,i) = 2r−1 implies that for all A,B ∈ V (Γn,k,i) with d(A,B) >

2r − 2, we must have d(A,B) = 2r − 1. Hence using P (2r − 1), we obtain

that either (2r − 2)n ≥ (4r − 3)(k − i), or

(2r − 1)k − (r − 1)n− (2r − 2)i− 1 = (r − 1)n− (2r − 2)k + (2r − 1)i.

Conversely, suppose that the right hand side of (3.7) holds with t = 2r − 1.

Since n < (4r−5)(k−i)−1
2r−3

, using Theorem 3.2.8(1), Corollary 3.3.11 and the

inductive assumption we have diam(Γn,k,i) ≥ 2r − 1, and by Lemma 3.3.7

we see that (3.10) holds. Now using (3.10), P (2r − 1) and the fact that

n ≥ (4r−3)(k−i)−1
2r−2

, we obtain that for all A,B ∈ V (Γn,k,i) with d(A,B) >

2r−2, we have d(A,B) = 2r−1, and thus diam(Γn,k,i) = 2r−1. This shows

R(2r − 1). To complete the induction, it remains to show R(2r) which can

be shown using similar arguments to the above and is left to the reader.

We now prove some results required to prove Theorem 3.3.1(3).

Lemma 3.3.13. Let n ≥ 2k and i ∈ {bk/2c + 1, . . . , k − 1}, and suppose

A,B ∈ V (Γn,k,i) with |A ∩B| =: m > i. Then d(A,B) = 2.

Proof. Since m > i, we can choose a k-subset C containing i elements from

A∩B, and since i > k/2 implies |I \ (A∪B)| = n− 2k+m ≥ m > i > k− i,
we can also choose C to contain k−i elements from I \(A∪B). Then |C| = k

and A− C −B is a path of length 2, and hence d(A,B) = 2.

Now let n ≥ 2k and i ∈ {bk/2c + 1, . . . , k − 1}, and suppose that

A,B ∈ V (Γn,k,i) with |A ∩ B| = m < i. Let jm be the least positive
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integer such that jm(k − i) +m ≥ i, i.e. jm = d i−m
k−i e. Construct a path

A− A1 − · · · − Ajm , (3.11)

where we define A0 := A, and for l ∈ {1, . . . , jm}, Al is chosen so that

|Al−1 ∩ Al| = i and |Al ∩B| is maximal.

Lemma 3.3.14. Let n ≥ 2k and i ∈ {bk/2c + 1, . . . , k − 1}, and suppose

A,B ∈ V (Γn,k,i) with |A ∩B| =: m < i. Then d(A,B) ≤ jm + 1 = dk−m
k−i e.

Proof. Consider the path in (3.11) and observe that |Al ∩B| = |Al−1 ∩B|+
(k − i) = m + l(k − i), for any l ∈ {1, . . . , jm}. If jm(k − i) + m = i, then

|Ajm ∩ B| = i. Hence A − A1 − · · · − Ajm − B is a path of length jm + 1.

Now, if |Ajm ∩B| = jm(k − i) +m > i, then let α := jm(k − i) +m− i > 0.

Since i > k/2, this implies |Ajm−1 ∪ B| + α = 3k − 2i < 2k ≤ n, and hence

we can choose a vertex A′jm which is the vertex Ajm but with α elements

from (Ajm ∩ B) \ (Ajm ∩ Ajm−1) replaced with α elements which are not in

Ajm−1 ∪B. Then A−A1− · · · −Ajm−1−A′jm −B is a path of length jm + 1.

Thus d(A,B) ≤ jm + 1.

We will now show that the inequality in Lemma 3.3.14 is in fact an

equality.

Lemma 3.3.15. Let n ≥ 2k, i ∈ {bk/2c+1, . . . , k−1} and A,B ∈ V (Γn,k,i)

with |A ∩B| =: m. Then d(A,B) ≥ dk−m
k−i e.

Proof. Suppose d(A,B) = l+1 and A−C1−· · ·−Cl−B is a shortest path. It

can be seen using a short inductive argument that Cl can differ from A by at

most l(k− i) points. This and the fact that |Cl∩B| ≤ |A∩B|+ |Cl \A| imply

|Cl ∩B| ≤ m+ l(k − i). On the other hand |Cl ∩B| = i so i ≤ m+ l(k − i).
This implies

l + 1 ≥ k −m
k − i

,

from which the claim follows.
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Remark 3.3.16.

1. If m > i, then 0 < k−m
k−i < 1, so Lemma 3.3.15 just states that

d(A,B) ≥ 1. However if m < i, then k−m
k−i > 1 and so Lemma 3.3.15

provides useful information about d(A,B).

2. Lemma 3.3.15 also holds for i ≤ bk/2c. For m > i this is obvious by

part 1 of the remark. For m < i, this can be seen as follows. Since

m < i, we have d(A,B) ≥ 2. Also, k − i ≥ k/2 which implies that

k −m
k − i

≤ 2(k −m)

k
= 2

(
1− m

k

)
≤ 2.

Hence d(A,B) ≥ 2 ≥ k−m
k−i , from which the claim follows.

The following corollary is a consequence of Lemmas 3.3.14 and 3.3.15.

Corollary 3.3.17. Let n ≥ 2k and i ∈ {bk/2c+ 1, . . . , k − 1}, and suppose

A,B ∈ V (Γn,k,i) with |A ∩B| := m < i. Then d(A,B) = dk−m
k−i e.

We now prove the last result of this section, namely Theorem 3.3.1(3).

Proof of Theorem 3.3.1(3). Suppose A,B ∈ V (Γn,k,i) with |A∩B| = m ≥ 0.

If m < i, then by Corollary 3.3.17, d(A,B) = dk−m
k−i e ≥ 2, and if m > i, then

by Lemma 3.3.13, d(A,B) = 2. As m increases, the value of the function

dk−m
k−i e decreases. Hence the diameter of Γn,k,i is the value of this function at

m = 0, i.e. d k
k−ie.

3.4 Action of Sn on I(k,l)

In this section we prove Theorems 3.2.5(2), 3.2.6(2) and 3.2.8(2). To do this,

we will need Theorem 3.3.1(2) as well as the following results, which we shall

also prove in this section.
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Recall that for an l × l integer matrix M whose row and columns sums

are k and for which [M ] = [MT ], the graph Γ[M ] is the graph whose vertices

are the kl-partitions of {1, . . . , kl} and edges are {A,B} where IAB ∈ [M ].

Theorem 3.4.1. Let G := Sn or An and Ω := I(k,l), where n = kl with

k > 1 and l > 1. Then diamO(G,Ω) ≥ l
2

⌊
k
2

⌋
.

Theorem 3.4.2. Suppose n = 2k with k > 1. For i ∈ {1, . . . , bk/2c}, define

Mi :=

(
i k − i

k − i i

)
.

1. For k = 2, 3, diam(Γ[M1]) = 1;

2. For k ≥ 4,

(a) diam(Γ[Mi]) = 2 if and only if k−1
4
≤ i ≤ k

2
;

(b) if diam(Γ[Mi]) 6= 2, then diam(Γ[Mi]) =
⌈
k−1
2i

⌉
.

To prove Theorem 3.4.1, we will prove the existence of an orbital graph

whose diameter is at least l
2

⌊
k
2

⌋
. We now define and analyse one such orbital

graph.

Definition 3.4.3. Suppose n = kl, where k, l > 1. We define the l× l matrix

Mkl :=

 kIl−2 0 0

0 1 k − 1

0 k − 1 1


Remark 3.4.4. Observe that if A,B ∈ V (Γ[Mkl]) are adjacent, then there

exists a transposition in Skl mapping A to B (where we are considering the

natural action of Skl on (k, l)-partitions). Hence every path between A and B

can be represented by a sequence of transpositions and the number of trans-

positions is the length of the path. For a path P between A and B, we will

use σP to denote the product of the corresponding sequence of transpositions.
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Henceforth, for a permutation σ ∈ Sn, we will denote by supp(σ), the

support of σ, i.e. the set {x ∈ {1, . . . , n} : xσ 6= x} (again, we are considering

the natural action of Sn on {1, . . . , n} here).

Proposition 3.4.5. For k, l > 1, we have diam(Γ[Mkl]) ≥ l
2

⌊
k
2

⌋
.

Proof. Let A and B be two (k, l)-partitions such that

IAB ∼



⌊
k
2

⌋ ⌈
k
2

⌉
0 . . . 0 0

0
⌊
k
2

⌋ ⌈
k
2

⌉
0 . . . 0

...
. . . . . . . . .

...

...
. . . . . . . . . 0

0 . . . . . . 0
⌊
k
2

⌋ ⌈
k
2

⌉
⌈
k
2

⌉
0 . . . . . . 0

⌊
k
2

⌋


. (3.12)

Write A = A1| . . . |Al and B = B1| . . . |Bl. Let r := d(A,B) and let P be

a path of length r between A and B. Then σP maps A to B and for each

i ∈ {1, . . . , l} there exists j ∈ {1, . . . , l} such that σP maps Ai to Bj. Now

|Ai ∩ Bj| ≤
⌈
k
2

⌉
and hence σP moves at least k −

⌈
k
2

⌉
=
⌊
k
2

⌋
elements from

each Ai. Therefore |supp(σP )| is at least l
⌊
k
2

⌋
. Any permutation whose

support is at least x cannot be expressed as a product of fewer than x/2

transpositions. Therefore, σP is a product of at least l
2

⌊
k
2

⌋
transpositions.

By Remark 3.4.4, we have that r is greater than or equal to the minimal

length of a factorisation of σP by transpositions, and thus r ≥ l
2

⌊
k
2

⌋
, from

which the result follows.

Proof of Theorem 3.4.1. If (k, l) = (2, 2), then diamO(G, I(k,l)) ≥ 1 = l
2

⌊
k
2

⌋
.

Suppose (k, l) 6= (2, 2). Then ∆[Mkl] is an orbital of (Skl, I
(k,l)), and we

claim that it is also an orbital of (Akl, I
(k,l)). Indeed, by Proposition 2.1.5

either ∆[Mkl] remains an orbital of (An, I
(k,l)) or splits into two orbitals. We

will show that the former holds by showing that Akl is transitive on ∆[Mkl].
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Let (A,B) and (C,D) be two elements of ∆[Mkl], and write C = C1| . . . |Cl
and D = D1| . . . |Dl. Since Skl is transitive on ∆[Mkl], there exists g ∈ Skl

such that (A,B)g = (C,D). Suppose g ∈ Skl \ Akl. Now ICD ∼ Mkl implies

that there exist i, j such that |Ci ∩ Dj| ≥ 2. Pick two distinct elements

a, b ∈ Ci ∩ Dj and let h := g(a b). Then h ∈ Akl and (A,B)h = (C,D).

This proves the claim and thus Γ[Mkl] is also an orbital graph of (Akl, I
(k,l)).

Finally diamO(G, I(k,l)) ≥ diam(Γ[Mkl]) ≥ l
2

⌊
k
2

⌋
by Proposition 3.4.5.

We now use Theorem 3.4.1 to prove Theorem 3.2.5(2).

Proof of Theorem 3.2.5(2). Suppose diamO(G,Ω) ≤ c. If (k, l) 6= (2, 2), then

the proof of Theorem 3.4.1 shows that Γ[Mkl] is an orbital graph of (G,Ω).

Hence in particular, we have diam(Γ[Mkl]) ≤ c. Thus by Theorem 3.4.1, we

have
l

2

⌊
k

2

⌋
≤ c. (3.13)

Note that (3.13) also holds for (k, l) = (2, 2). Now since
⌊
k
2

⌋
≥ 1, (3.13)

implies l ≤ 2c, and since l ≥ 2 it also implies k ≤ 2c + 1, and hence

n = kl ≤ 2c(2c+ 1).

We believe that the lower bound in Proposition 3.4.5 (and hence also the

lower bound in Theorem 3.4.1) can be improved. To be precise, we conjecture

the following.

Conjecture 3.4.6. For k, l > 1, we have diam(Γ[Mkl]) ≥
⌊
k
2

⌋
(l − 1).

The l = 3 case of Conjecture 3.4.6 is proved as Proposition 3.4.8 (see

below). In general, if A and B are as in the proof of Proposition 3.4.5, then

it seems that a shortest path between A and B can be obtained by fixing
⌈
k
2

⌉
elements from each Ai and permuting the rest of the elements in

⌊
k
2

⌋
cycles

each of length l. Note that verification of the conjecture would allow one

to prove results like Theorem 3.2.6(2) for values higher than 5; to prove the

converse implication in the result, we use a computer which has limitations
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as the values of k and l become large, but the improved lower bound would

reduce the number of cases which need to be dealt with using a computer.

We now work towards proving Theorem 3.2.6(2).

Proposition 3.4.7. Let G := Sn or An and Ω := I(k,l), where n = kl, k > 1,

l > 1, and suppose that (k, l) is not in Table 3.8. Then diamO(G,Ω) ≥ 6.

l 2 3 4 5 6, 7, 8, 9, 10
k ≤ 11 ≤ 7 ≤ 5 ≤ 5 ≤ 3

Table 3.8: Possible pairs (k, l) with diamO(G, I(k,l)) ≤ 5

Proof. It suffices to show that if diamO(G,Ω) ≤ 5, then (k, l) is in Table 3.8.

Suppose diamO(G,Ω) ≤ 5. Then by Theorem 3.2.5(2) we must have l ≤ 10.

We obtain the values for k by using (3.13) with each l ≤ 10 and c = 5.

In order to prove Theorem 3.2.6(2), for each pair (k, l) in Table 3.8, we

must either determine that the diameters of all orbital graphs are bounded

above by 5 or find an orbital graph of diameter greater than 5, for (Skl, I
(k,l))

and (Akl, I
(k,l)). To do this, for most cases of (k, l) we shall use one of two

computer programs. However, these programs turn out not to be so efficient

for large values of n = kl; to deal with these cases, we prove the following

results. Henceforth we use the notation AtB to mean the disjoint union of

the two sets A and B.

For l = 3, we prove the following.

Proposition 3.4.8. For all k ≥ 2, we have diam(Γ[Mk3]) ≥ 2
⌊
k
2

⌋
.

Proof. Let A = A1|A2|A3 and B = B1|B2|B3 be two (k, 3)-partitions with

IAB =


⌊
k
2

⌋
0

⌈
k
2

⌉
⌈
k
2

⌉ ⌊
k
2

⌋
0

0
⌈
k
2

⌉ ⌊
k
2

⌋
 .
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Let r := d(A,B) and suppose that P is a path of length r between A and B.

As in the proof of Proposition 3.4.5, σP must move at least
⌊
k
2

⌋
elements from

each Ai. If there exists i such that σP moves all k elements from Ai, then

σP moves at least k + 2
⌊
k
2

⌋
elements in total, and hence r ≥

⌈
k
2

+
⌊
k
2

⌋⌉
=

k ≥ 2
⌊
k
2

⌋
. Now assume that σP fixes at least one element from each Ai.

Define X1 := A1 ∩B1, Y1 := A2 ∩B2 and Z1 := A3 ∩B3, and let X2, Y2 and

Z2 be their complements in A1, A2 and A3 respectively. Then the following

information can be read off IAB:

|X1| = |Y1| = |Z1| =
⌊
k

2

⌋
, |X2| = |Y2| = |Z2| =

⌈
k

2

⌉
,

A1 = X1 tX2, A2 = Y1 t Y2, A3 = Z1 t Z2,

B1 = X1 t Y2, B2 = Y1 t Z2, B3 = Z1 tX2.

Now either A1
σP = B1 or A1

σP = B3. Suppose A1
σP = B1. Then Ai

σP = Bi

for all i. Now if α ∈ X2 and β := ασP , then β ∈ X1 t Y2, so β 6= α. Also, if

β ∈ Y2 then βσP ∈ Y1 t Z2, so βσP 6= α, and if β ∈ X1, then βσP ∈ X1 t Y2,

so again βσP 6= α. Hence in the cycle decomposition of σP , α is contained

in a cycle of length at least 3. Repeating similar arguments we see that

the same holds if α ∈ Y2 or α ∈ Z2. Now r is greater than or equal to the

minimal length of a factorisation of σP by transpositions. Using the fact that

the minimal length of a factorisation of a permutation σ by transpositions

is |supp(σ)| − cσ, where cσ is the number of non-trivial cycles in the disjoint

cycle decomposition of σ, we have r ≥ |supp(σP )| − cσP . Suppose that there

are s disjoint cycles of length at least 3 in the disjoint cycle decomposition

of σP . Let J ⊆ {1, . . . , n} be the union of the supports of these cycles.

Then |supp(σP )| − cσP ≥ |J | − s (this is because cσP − s is the number of

2-cycles in the cycle decomposition of σP , whereas |supp(σP )| − |J | is twice

this number). Furthermore, s ≤ 1
3
|J | and hence r ≥ 2

3
|J |. On the other hand,

the preceding discussion implies |J | ≥ |X2∪Y2∪Z2| = 3
⌈
k
2

⌉
. Combining the
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two we obtain r ≥ 2
⌈
k
2

⌉
≥ 2

⌊
k
2

⌋
. Now suppose A1

σP = B3. Then A2
σP = B1

and A3
σP = B2. Repeating similar arguments to the above we can see that

every element of X1∪Y1∪Z1 must be contained in a cycle of length at least 3,

and so as above we have that

r ≥ 2

3
3

⌊
k

2

⌋
= 2

⌊
k

2

⌋
.

Therefore d(A,B) ≥ 2
⌊
k
2

⌋
, from which the result follows.

For k = 3, we have the following result.

Proposition 3.4.9. For all l ≥ 4, we have diam(Γ[M3l]) ≥
⌈
l
2

⌉
+ 1.

Proof. Let A and B be two (3, l)-partitions with

IAB =



1 2 0 . . . 0

0 1 2 0 . . . 0

...
. . . . . . . . .

...

...
. . . . . . . . . 0

0 . . . . . . 0 1 2

2 0 . . . . . . 0 1


as in (3.12). By the proof of Proposition 3.4.5, d(A,B) ≥ d l

2
e. We will

prove the result by showing that d(A,B) > d l
2
e. Assume by contradiction

that P is a path of length d l
2
e between A and B. Write σP = a1 · · · ad l2e,

where each ai is a transposition, and write A = A1| . . . |Al. As in the proof of

Proposition 3.4.5, σP moves at least one element from each Ai. It follows that

if l is even, then |supp(σP )| = l and if l is odd, then |supp(σP )| ∈ {l, l + 1}.
In all cases supp(σP ) = ∪d

l
2e

i=1 supp(ai), and now a careful analysis, whose

details are left to the reader, shows that in all cases there exists 1 ≤ i ≤
⌈
l
2

⌉
and 1 ≤ r 6= s ≤ l such that ai = (x y) for some x ∈ Ar and y ∈ As;
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moreover, the supports of ai and aj are disjoint for all 1 ≤ j ≤
⌈
l
2

⌉
, j 6= i,

and |supp(σP ) ∩ Ar| = |supp(σP ) ∩ As| = 1. In particular, ai commutes

with every other transposition aj and so we can write σP = aiσ
′
P where

σ′P := a1 · · · ai−1ai+1 · · · ad l2e. Thus σP maps Ar to (Ar\{x}) ∪ {y} and As

to (As\{y}) ∪ {x}. Therefore IAB ∼ N , where N is the l × l matrix M 0

0 X

 ,

with

M :=

 2 1

1 2


and X a (l − 2) × (l − 2) matrix. Thus there exist permutation matrices

P and Q such that P−1IAB = NQ. Recall that multiplication by P−1 on

the left permutes the rows of IAB, and multiplication by Q on the right

permutes the columns of N . Now the entries of P−1IAB = NQ take val-

ues from the set {0, 1, 2}. Firstly, suppose (NQ)11 = 2. Then the first

and second rows of P−1IAB must be (2, 0, . . . , 0, 1) and (1, 2, 0, . . . , 0), re-

spectively. This implies that (NQ)12 = 0 and (NQ)22 = 2, which is not

possible since N does not contain a column of the form (0, 2, . . . )T . Now

suppose that (NQ)11 = 1. Then the first and second rows of P−1IAB

must be (1, 2, 0, . . . , 0) and (2, 0, . . . , 0, 1) respectively. This implies that

(NQ)12 = 2 and (NQ)22 = 0, which is again not possible. Finally suppose

that (NQ)11 = 0. Then (NQ)21 = 0 and there exist i ∈ {2, . . . , l} such

that (NQ)1i = 1 and (NQ)2i = 2. However this is a contradiction since the

matrix IAB has the property that if (IAB)r1 = (IAB)s1 = 0 and (IAB)rt = 1,

then (IAB)st = 0, where t ∈ {2, . . . , l}. Therefore d(A,B) ≥
⌈
l
2

⌉
+ 1.

We also have a small improvement to the lower bound in Proposition 3.4.5

which is obtained as follows.
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Proposition 3.4.10. Let A,B ∈ V (Γ[Mkl]) with IAB as in (3.12). If P is a

path between A and B and σP ∈ Skl moves exactly l
⌊
k
2

⌋
points from A, then

d(A,B) ≥
⌊
k
2

⌋
(l − 1), and hence diam(Γ[Mkl]) ≥

⌊
k
2

⌋
(l − 1).

Proof. Write A = A1| . . . |Al and B = B1| . . . |Bl. Since IAB is given by

(3.12) we can write Ai = Xi t Yi for all i ∈ {1, . . . , l}, where |Xi| =
⌊
k
2

⌋
,

B1 = X1 t Yl, and Bi = Xi t Yi−1 for all i ∈ {2, . . . , l}. As in the proof

of Proposition 3.4.5, σP moves at least
⌊
k
2

⌋
elements from each Ai. Hence

by the assumption exactly
⌊
k
2

⌋
elements are moved from each Ai. Therefore

Ai
σP = Bi, for all i. In particular, XσP

i = Xi+1, for i ∈ {1, . . . , l − 1},
and XσP

l = X1. Hence writing σP = C1 · · ·Cr, where the Ci are non-trivial

disjoint cycles, we conclude that each Ci has length which is a multiple of l,

say til, and r ≤
⌊
k
2

⌋
. Then

∑r
i=1 til =

⌊
k
2

⌋
l and σP cannot be expressed as

a product of fewer than

r∑
i=1

(til − 1) =

⌊
k

2

⌋
l − r

transpositions. The expression on the right hand side is minimal when

r =
⌊
k
2

⌋
and hence d(A,B) ≥

⌊
k
2

⌋
(l − 1).

Corollary 3.4.11. For all k, l ≥ 2, we have

diam(Γ[Mkl]) ≥ min

{⌈
l

2

⌊
k

2

⌋
+

1

2

⌉
,

⌊
k

2

⌋
(l − 1)

}
.

In particular, for k ≥ 2 and l ≥ 3, we have diam(Γ[Mkl]) ≥
⌈
l
2

⌊
k
2

⌋
+ 1

2

⌉
.

Proof. Let A,B ∈ V (Γ[Mkl]) with IAB as in (3.12) and let P be a path

between A and B. Then σP moves at least l
⌊
k
2

⌋
points from A. Now if

σP moves exactly l
⌊
k
2

⌋
points then diam(Γ[Mkl]) ≥

⌊
k
2

⌋
(l − 1) by Proposi-

tion 3.4.10. Otherwise σP moves at least l
⌊
k
2

⌋
+ 1 points and hence can-

not be expressed as a product of fewer than
lb k2c+1

2
transpositions. Thus
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diam(Γ[Mkl]) ≥ d(A,B) ≥
⌈
l
2

⌊
k
2

⌋
+ 1

2

⌉
. Finally, one can easily check that for

l ≥ 3,
⌈
l
2

⌊
k
2

⌋
+ 1

2

⌉
≤
⌊
k
2

⌋
(l − 1).

For the case l = 2, we find the diameters of all orbital graphs of (Skl, I
(k,l))

as stated in Theorem 3.4.2. Recall that for l = 2 the orbital graphs are Γ[Mi],

where i ∈ {1, . . . , bk/2c} and

Mi =

(
i k − i

k − i i

)
.

Note that the matrix Mi is determined by (Mi)11 and if A,B ∈ V (Γ[Mi]),

then the matrix IAB is determined by (IAB)11. In order to prove Theorem

3.4.2 we will need to prove the following criterion which relates distances in

the graphs Γ[Mi] to distances in the graphs Γ2k,k,i from Section 3.3. In what

follows, for a k-subset X of I = {1, . . . , 2k}, we will use the notation Xc to

refer to I \X.

Lemma 3.4.12. Let i ∈ {1, . . . , bk/2c}, r ≥ 2, and A,B ∈ V (Γ[Mi]) where

A = A1|A2, B = B1|B2 and (Mi)11 := i. Suppose dΓ[Mi]
(A,B) ≥ r.

Then dΓ[Mi]
(A,B) = r if and only if there exist l,m ∈ {1, 2} such that

dΓ2k,k,i
(Al, Bm) = r. In particular, we have diam(Γ[Mi]) ≥ r if and only

if diam(Γ2k,k,i) ≥ r.

Proof. Suppose dΓ[Mi]
(A,B) = r and let A − C1 − · · · − Cr−1 − B be a

shortest path, where Ci := Xi|Yi. Then there exist {l,m} ∈ {1, 2}, and

Zi ∈ {Xi, Yi} for i ∈ {1, . . . , r−1}, such that |Al∩Z1| = i, |Zi∩Zi+1| = i for

i ∈ {1, . . . , r−2}, and |Zr−1∩Bm| = i. HenceAl−Z1−· · ·−Zr−1−Bm is a path

of length r in Γ2k,k,i. If dΓ2k,k,i
(Al, Bm) =: t < r and Al−D1− . . . Dt−1−Bm

is a shortest path, then

A = Al|Acl −D1|Dc
1 − · · · −Dt−1|Dc

t−1 −Bm|Bc
m = B

is a path of length t in Γ[Mi], contradicting the fact that dΓ[Mi]
(A,B) = r > t.
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Hence dΓ2k,k,i
(Al, Bm) = r. Conversely, suppose there exist l,m ∈ {1, 2} such

that dΓ2k,k,i
(Al, Bm) = r. Let Al −X1 − · · · −Xr−1 −Bm be a shortest path

in Γ2k,k,i. Then

A = Al|Acl −X1|Xc
1 − · · · −Xr−1|Xc

r−1 −Bm|Bc
m = B

is a path of length r in Γ[Mi], and since dΓ[Mi]
(A,B) ≥ r, we have that

dΓ[Mi]
(A,B) = r.

The following lemma follows directly from Lemmas 3.3.4 and 3.3.6.

Lemma 3.4.13. Let i ∈ {1, . . . , bk/2c} and let A,B ∈ V (Γ2k,k,i) where

m := |A ∩B| 6= i. Suppose d := diam(Γ2k,k,i) ≥ 2. Then

d(A,B) = 2⇔ m ≥ k − 2i.

In particular, if 2i ≥ k, then d(A,B) = 2. Now suppose d ≥ 3 and let

v ∈ {3. . . . , d}. If (2v − 1)i < k, then

d(A,B) = v ⇔ k − vi ≤ m < k − (v − 2)i, v even

d(A,B) = v ⇔ (v − 2)i < m ≤ vi, v odd,

and if (2v − 1)i ≥ k, then

d(A,B) = v ⇔ (v − 1)i < m < k − (v − 2)i, v even

d(A,B) = v ⇔ (v − 2)i < m < k − (v − 1)i, v odd.

Proof of Theorem 3.4.2(1) and (2a). It is straightforward to verify that for

k < 4, all orbital graphs have diameter 1. Suppose k ≥ 4 and let A,B ∈
V (Γ[Mi]) with (IAB)11 := j, where j ∈ {1, . . . , bk/2c} and j 6= i, k − i. Then

dΓ[Mi]
(A,B) ≥ 2 and by Lemma 3.4.12, dΓ[Mi]

(A,B) = 2 if and only if there
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exist l,m ∈ {1, 2} such that dΓ2k,k,i
(Al, Bm) = 2. Hence by Lemma 3.4.13,

dΓ[Mi]
(A,B) = 2⇔ either j ≥ k − 2i or j ≤ 2i. (3.14)

Therefore diam(Γ[Mi]) = 2 if and only if 2i ≥ k − 2i− 1, i.e. i ≥ k−1
4

.

Lemma 3.4.14. Let i ∈ {1, . . . , bk/2c} and let A,B ∈ V (Γ[Mi]) where

(IAB)11 := j for some j ∈ {1, . . . , bk/2c} and j 6= i, k − i. Suppose that

dΓ[Mi]
(A,B) ≥ 3. If 5i < k, then

dΓ[Mi]
(A,B) = 3⇔ either 2i < j ≤ 3i or k − 3i ≤ j < k − 2i, (3.15)

and if 5i ≥ k, then

dΓ[Mi]
(A,B) = 3⇔ 2i < j < k − 2i. (3.16)

Proof. Note that since dΓ[Mi]
(A,B) ≥ 3, (3.14) implies 2i < j < k − 2i.

We detail the proof for the case where 5i < k; the proof for the case where

5i ≥ k, can be done analogously. Suppose 5i < k. If dΓ[Mi]
(A,B) = 3, then

by Lemma 3.4.12 there exist k-subsets A1, B1 with |A1 ∩ B1| = j or k − j
such that dΓ2k,k,i

(A1, B1) = 3. Then by Lemma 3.4.13 we have that either

i < j ≤ 3i or k − 3i ≤ j < k − i. Combining these with 2i < j < k − 2i

gives the result in one direction. The converse implication follows directly

by using Lemmas 3.4.12 and 3.4.13.

Lemma 3.4.15. Let t ≥ 2 and suppose diam(Γ[Mi]) ≥ t + 1. If t = 2, then

2i < k, and if t ≥ 3, then (2t− 1)i < k.

Proof. Note that we have 2i ≤ k. If 2i = k, then diam(Γ[Mi]) = 2 by Theo-

rem 3.4.2(2a), and hence the result for t = 2. If t ≥ 3, then diam(Γ2k,k,i) ≥
t+ 1 by Lemma 3.4.12, and the result follows from Lemma 3.3.9.
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Proposition 3.4.16. Let i ∈ {1, . . . , bk/2c}. Then

diam(Γ[Mi]) = 3⇔ k − 1

6
≤ i <

k − 1

4
.

Proof. Suppose diam(Γ[Mi]) = 3. Then diam(Γ[Mi]) > 2, and so by Theo-

rem 3.4.2(2a), we must have i < k−1
4

. Then using (3.14) and Lemma 3.4.14,

we see that 3i ≥ k − 3i− 1, i.e. i ≥ k−1
6

. Conversely suppose k−1
6
≤ i < k−1

4
.

Then diam(Γ[Mi]) ≥ 3 by Theorem 3.4.2(2a). Now using (3.14) and Lemma

3.4.14, and the fact that i ≥ k−1
6

, we see that for all A,B ∈ V (Γ[Mi]) with

d(A,B) > 2, we must have d(A,B) = 3, and thus diam(Γ[Mi]) = 3.

We now prove a result generalising (3.14), (3.15) and (3.16).

Lemma 3.4.17. Let r ≥ 3 and A,B ∈ V (Γ[Mi]) with (IAB)11 =: j, where

j ∈ {1, . . . , k/2} and j 6= i, k − i. Suppose dΓ[Mi]
(A,B) ≥ r.

1. If (2r − 1)i < k, then dΓ[Mi]
(A,B) = r if and only if either k − ri ≤

j < k − (r − 1)i or (r − 1)i < j ≤ ri.

2. If (2r − 1)i ≥ k, then dΓ[Mi]
(A,B) = r if and only if (r − 1)i < j <

k − (r − 1)i.

Proof. We proceed by induction or r. The base case r = 3 has been done in

Lemma 3.4.14. Now suppose dΓ[Mi]
(A,B) ≥ r ≥ 4 and that the result holds

for all s < r. Note that (3.14) determines the pairs of vertices for which the

distance is 2. Moreover, since dΓ[Mi]
(A,B) ≥ 4, using Lemma 3.4.15 with

t = 3, we have 5i < k and thus (3.15) determines the pairs of vertices for

which the distance is 3. Now, for s < r since dΓ[Mi]
(A,B) ≥ r ≥ s + 1, by

Lemma 3.4.15, we have (2s−1)i < k and thus using the inductive hypothesis,

we can determine the pairs of vertices for which the distance is s. Combining

the above, we obtain that

dΓ[Mi]
(A,B) ≥ r ⇔ (r − 1)i < j < k − (r − 1)i. (3.17)
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For j as in (3.17), using Lemmas 3.4.12 and 3.4.13, if (2r− 1)i < k, we have

dΓ[Mi]
(A,B) = r ⇔ either k − ri ≤ j < k − (r − 2)i or (r − 2)i < j ≤ ri,

and if (2r − 1)i ≥ k, then

dΓ[Mi]
(A,B) = r ⇔

either (r − 1)i < j < k − (r − 2)i or (r − 2)i < j < k − (r − 1)i.

We obtain the result by combining the inequalities above with (3.17).

The next result is a direct consequence of the proof of Lemma 3.4.17.

Lemma 3.4.18. Let r ≥ 3 and A,B ∈ V (Γ[Mi]) with (IAB)11 := j, where

j ∈ {1, . . . , k/2} and j 6= i, k − i. If diam(Γ[Mi]) ≥ r, then

dΓ[Mi]
(A,B) ≥ r ⇔ (r − 1)i < j < k − (r − 1)i.

We now prove Theorem 3.4.2(2b).

Proof of Theorem 3.4.2(2b). Suppose diam(Γ[Mi]) 6= 2. It suffices to show

that for r ≥ 3,

diam(Γ[Mi]) = r ⇔ k − 1

2r
≤ i <

k − 1

2r − 2
.

We proceed by induction on r. The base case r = 3 is done in Proposi-

tion 3.4.16. Now let r ≥ 4 and suppose for the inductive hypothesis that

diam(Γ[Mi]) = s⇔ k − 1

2s
≤ i <

k − 1

2s− 2
, (3.18)

for all s ∈ {3, . . . , r − 1}. Suppose that diam(Γ[Mi]) = r. Then we have

diam(Γ[Mi]) > r − 1, and so by Theorem 3.4.2(2a) and (3.18), we must have

i < k−1
2r−2

. By Lemma 3.4.18 we have that for all A,B ∈ V (Γ[Mi]) with
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(IAB)11 =: j, where j ∈ {1, . . . , bk/2c} and j 6= i, k − i,

dΓ[Mi]
(A,B) ≥ r ⇔ (r − 1)i < j < k − (r − 1)i.

Now diam(Γ[Mi]) = r implies that for all A,B ∈ V (Γ[Mi]) with d(A,B) ≥ r,

we must have d(A,B) = r. Using this and Lemma 3.4.17, we see that either

(2r − 1)i ≥ k, or (2r − 1)i < k and ri ≥ k − ri− 1. In either case, i ≥ k−1
2r

.

Conversely, suppose k−1
2r
≤ i < k−1

2r−2
. Again by Theorem 3.4.2(2b) and (3.18),

we have diam(Γ[Mi]) ≥ r. Then using Lemma 3.4.18, Lemma 3.4.17, and the

fact that i ≥ k−1
2r

, we see that for all A,B ∈ V (Γ[Mi]) with d(A,B) ≥ r, we

have d(A,B) = r, and thus diam(Γ[Mi]) = r.

Proof of Theorem 3.2.6(2). Suppose diamO(G,Ω) ≤ 5. By Proposition 3.4.7,

the pair (k, l) must be in Table 3.8. For each such pair (k, l), we now verify

whether or not the converse holds. Suppose l = 2. If k = 2, then (Skl,Ω) only

has one orbital graph of diameter 1; by Lemma 3.4.22 (see below), this graph

remains an orbital graph of (Akl,Ω). Thus the converse holds in this case. If

k ≥ 3, then using the same technique used in the proof of Theorem 3.4.1 to

show that the orbital graph Γ[Mkl] remains an orbital graph of (Akl,Ω), one

can show that the orbital graphs Γ[Mi] also remain orbital graphs of (Akl,Ω).

Then Theorem 3.4.2 implies that the converse holds for k ∈ {3, . . . , 11}. Now

using Proposition 3.4.8 (with k = 6, 7), Proposition 3.4.9 (with l = 9, 10), and

Corollary 3.4.11 (with (k, l) = (4, 5) and (5, 5)) we see that diam(Γ[Mkl]) ≥ 6

for the pairs (k, l) = (6, 3), (7, 3), (3, 9), (3, 10), (4, 5), (5, 5), and hence the

converse does not hold for these pairs. For the remaining pairs from Ta-

ble 3.8 we try to use the computer program CG
DIAM(k, l) (detailed in Sec-

tions 5.1 and 5.2 of Chapter 5) to output the diameters of all orbital graphs

of (G, I(k,l)). In the case where the attempt is successful, the output en-

ables us to determine whether or not diamO(G,Ω) ≤ 5. In some cases

(namely (k, l) = (5, 4), (3, 6), (3, 7), (3, 8), (2, 10)) the attempt fails due to

limitations of the computer program, described in Section 5.1; let (k, l) be
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such as a case. Let A,B ∈ Γ[Mkl] with IAB as in (3.12) and let σ be any

permutation such that Aσ = B. Now any permutation mapping A to B is

of the form wσ, where w ∈ HA
∼= Sk o Sl (H := Skl). For each permutation

g mapping A to B, let Tg be the least number of transpositions g can be a

product of. Then the minimum value of Tg amongst all g is a lower bound for

the distance between A and B and hence a lower bound for the diameter of

Γ[Mkl]. We use the computer program CLOW(k, l, σ) (detailed in Section 5.3 of

Chapter 5) to output this lower bound. For all inputs of (k, l) except (3, 6),

we obtain diam(Γ[Mkl]) ≥ 6, and thus the converse does not hold in these

cases. For the case (k, l) = (3, 6), we use CLOW(k, l, σ) but with σ such that

Aσ = B where

IAB =



1 1 1 0 0 0

0 1 1 1 0 0

0 0 1 1 1 0

0 0 0 1 1 1

1 0 0 0 1 1

1 1 0 0 0 1


to again obtain diam(Γ[Mkl]) ≥ 6 for this case, i.e. the converse does not

hold for this case either. Collating the results together, it turns out that the

only pairs from Table 3.8 for which diamO(G,Ω) ≤ 5, are the ones in the

statement of the result, i.e. in Table 3.1.

Although the orbital diameters of (Skl, I
(k,l)) tend to infinity as n = kl

does, there do exist infinite families of orbital graphs with small diameters.

We will now present one infinite family of graphs of diameter 2 and prove

Theorem 3.2.8(2). To do this we will need the following preliminary notions.

Definition 3.4.19. Let A be an n×n matrix with non-negative real entries.

1. Let k ≥ 1 be an integer. We say that A is a k-doubly stochastic matrix

if each row sum and each column sum is k. We say that A is doubly

stochastic if A is 1-doubly stochastic.
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2. A diagonal D = (a1, . . . , an) of A is a sequence of n entries of A such

that no two entries lie in the same row or column of A. A diagonal D

is called positive if ai > 0 for all i.

Lemma 3.4.20 (Lemma 7.4.4 in [12]). Every doubly stochastic matrix has

a positive diagonal.

Recall from Proposition 2.1.5 that since An is a subgroup of Sn of index 2,

an orbital of (Skl, I
(k,l)) either splits in (Akl, I

(k,l)) or remains the same. Below

we give a more specific criterion for determining which one of the previous

two happens for a given orbital, and then use it with a particular orbital.

Proposition 3.4.21. Let (G,X) and (H,X) be transitive permutation groups,

where G := Sn and H := An. Let ∆ := yGx be a non-trivial suborbit of

(G,X). Then ∆ remains a suborbit of (H,X) if and only if Gxy contains an

odd permutation.

Proof. By Proposition 2.1.5, either |Gxy| = |Hxy| in which case the suborbit

splits, or |Gxy| = 2|Hxy| in which case the suborbit doesn’t split. Now the

former holds if and only if Gxy = Hxy which is if and only if Gxy contains no

odd permutation. Therefore, the latter holds if and only if Gxy contains an

odd permutation.

Lemma 3.4.22. Let G := Sn and H := An, where n = k2. Let ∆[M ] be the

orbital of (G, I(k,k)) where M is the k × k matrix with all entries equal to 1,

and let (α, β) ∈ ∆[M ]. Then

1. Gαβ
∼= Sk × Sk;

2. Gαβ ≤ H if and only if k is even, i.e. ∆[M ] splits in (H, I(k,k)) if and

only if k is even;

3. If k is even and k/2 is odd, then ∆[M ] splits into two orbitals of (H, I(k,k))

which are paired with each other.

76



Proof. Write α = α1| . . . |αk and β = β1| . . . |βk, and αi = {αi1, . . . , αik}. By

relabelling the αij’s if necessary, we may write βi = {α1i, . . . , αki}.
We first prove part 1. For σ ∈ Sk, let gσ denote the element of Gα which

maps αij to αijσ , and let hσ denote the element of Gα which maps αij to

αiσj. Define H1 := {gσ : σ ∈ Sk} ≤ Gα and H2 := {hσ : σ ∈ Sk} ≤ Gα.

Now each gσ and hσ also stabilise β and thus Sk ∼= Hi ≤ Gβ for i = 1, 2.

Furthermore, H1 and H2 commute and hence Sk × Sk ∼= 〈H1, H2〉 ≤ Gαβ. In

order to complete the proof of part 1, we will show that |Gαβ| = (k!)2. By the

Orbit-Stabiliser property, this is equivalent to showing that |βGα| = (k!)k−1.

Now βGα = {γ : (α, γ) ∈ ∆[M ]} and thus |βGα| is the number of distinct

(k, k)-partitions γ satisfying Iαγ = M . This number can easily be seen to be

(kk(k − 1)k · · · 2k1k)/k! = (k!)k−1. This completes the proof of part 1.

We now prove part 2. Define g := (α11 α21)(α12 α22) . . . (α1k α2k) and

observe that g ∈ Gαβ. If k is odd, then g /∈ H, i.e. Gαβ 6≤ H. Conversely,

suppose k is even. Observe that if σ ∈ Sk is a product of t transpositions,

then gσ will be a product of kt transpositions. Similarly, observe that if

the cycle decomposition of σ ∈ Sk has σi cycles of length i, then the cycle

decomposition of hσ will have kσi cycles of length i. Therefore, if k is even,

then Gαβ = 〈H1, H2〉 ≤ H. Now by Proposition 3.4.21, the orbital ∆[M ]

splits if and only if Gαβ ≤ H, i.e. if and only if k is even.

We now prove part 3. Suppose k is even. By part 2, ∆[M ] splits in

(H, I(k,k)), into two orbitals, say ∆1 and ∆2. These orbitals are interchanged

by any odd permutation. By relabelling if necessary, we may assume that

(α, β) ∈ ∆1. In order to show that ∆1 and ∆2 are paired with each other,

it suffices to show that there exists an odd permutation swapping α and β

(since the existence of such a permutation implies (β, α) ∈ ∆2). Indeed, the
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permutation

g :=(α12 α21) · · · (α1k αk1)

(α23 α32) · · · (α2k αk2)

...

(αk−2,k−1 αk−1,k−2)(αk−2,k αk,k−2)

(αk−1,k αk,k−1)

swaps α and β and is a product of k(k − 1)/2 transpositions which is odd if

k/2 is odd. This proves part 3.

Proof of Theorem 3.2.8(2). By Lemma 3.4.22, if k is odd, or if k is even and

k/2 is odd, then Γ[M ] is an orbital graph of (An, I
(k,k)).

It remains to show that diam(Γ[M ]) = 2. Let A,B ∈ V (Γ[M ]) and write

A = A1| . . . |Ak, B = B1| . . . |Bk. It suffices to show that there exists a (k, k)-

partition C such that IAC = M = ICB, i.e. that A − C − B is a path of

length 2. We will do this by describing an explicit construction for C. Define

I ′AB := 1
k
IAB. Then I ′AB is a doubly stochastic matrix. By Lemma 3.4.20, I ′AB

and therefore IAB = kI ′AB := (ast), has a positive diagonal. Moreover, the

latter diagonal has positive integer entries, in particular at least 1. Denote

this diagonal by D = (ai1j1 , . . . , aikjk), where for r ∈ {1, . . . , k}, Sirjr :=

Air∩Bjr and airjr = |Sirjr | ≥ 1. Let C1 be a k-subset which consists of exactly

one element from each intersection Sirjr , for r ∈ {1, . . . , k}. Then |C1| = k

and |Ai∩C1| = 1 = |C1∩Bi| for all i ∈ {1, . . . , k}. Note that if we subtract 1

from each of the entries airjr in IAB then the matrix I
(1)
AB which remains is a

(k − 1)-doubly stochastic matrix where (I
(1)
AB)irjr = |(Air ∩Bjr) \ C1| for r ∈

{1, . . . , k}, and (I
(1)
AB)st = (IAB)st otherwise. As before Lemma 3.4.20 asserts

that I
(1)
AB := (bst) has a positive integer diagonal, say D′ = (bt1u1 , . . . , btkuk),

where for r ∈ {1, . . . , k}, either btrur = |(Atr∩Bur)\C1| or btrur = |Atr∩Bur |.
In the former case define Ttrur := (Atr ∩Bur)\C1 and in the latter case define
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Ttrur := Atr ∩ Bur . Note that in either case Ttrur ∩ C1 = ∅. Now let C2 be a

k-subset which consists of exactly one element from each of the sets Ttrur , for

r ∈ {1, . . . , k}. Then |C2| = k, |Ai∩C2| = 1 = |C2∩Bi| for all i ∈ {1, . . . , k},
and we construct the (k − 2)-doubly stochastic matrix I

(2)
AB in an analogous

way to I
(1)
AB. We may repeat the above process to construct a k-subset Cj at

which stage we are left with a (k − j)-doubly stochastic matrix. Then we

can construct Cj+1 as long as k − j ≥ 1, i.e. j + 1 ≤ k. In this way we may

construct sets C1, . . . , Ck such that |Cj| = k and |Ai∩Cj| = 1 = |Cj ∩Bi| for

all i, j ∈ {1, . . . , k}. The sets Cj are disjoint by construction. Lastly, define

C := C1| . . . |Ck. Then IAC = M = ICB, and hence A − C − B is a path of

length 2.

3.5 Action of G := Sn and An on (G : H), where

H is primitive

In this section we prove Theorems 3.2.5(3), 3.2.6(3) and 3.2.8(3).

We will need the following result concerning the orders of primitive sub-

groups of Sn and An.

Lemma 3.5.1 (Corollary 1.2 in [18]). If H is a primitive subgroup of Sn not

containing An, then |H| < 3n. Moreover, if n > 24, then |H| < 2n.

In the following, e denotes the base of the natural logarithm.

Proof of Theorem 3.2.5(3). Suppose diamO(G,Ω) ≤ c. Then (G,Ω) has an

orbital graph of diameter d ≤ c. Hence by Lemma 2.2.1

|G : H| ≤ 1 + 2|H|+ 2|H|(2|H| − 1) + · · ·+ 2|H|(2|H| − 1)c−1 < (2|H|)c+1.

(3.19)

Using Lemma 3.5.1 and (3.19) we obtain that either n ≤ 24 or n!/2 <

2(c+1)(n+1)+n. Now n!/2 > (n/e)n (this follows from (8.8) in [10, p. 161]).
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If n > 24, then using this and the fact that (n+ 1)/n ≤ ε = 1.04, we obtain

n < e 2ε(c+1)+1 < 2ε(c+1)+3. (3.20)

Note that (3.20) also holds for n ≤ 24 (using any c ≥ 1) and hence holds

for all n.

We now work towards proving Theorem 3.2.6(3).

Proposition 3.5.2. Let (G,Ω) be a finite primitive permutation group with

G := Sn or An and Ω := (G : H), where H 6= An is primitive on {1, . . . , n}.
If diamO(G,Ω) ≤ 5, then n and H are in Tables 3.9 or 3.10, respectively.

n H
5 AGL1(5)
6 PGL2(5)
7 AGL1(7)
8 PGL2(7)
9 AGL2(3)
10 PΓL2(9)
11 AGL1(11)
12 PGL2(11)
14 PGL2(13)
18 PGL2(17)

Table 3.9: Possible pairs (n,H) with diamO(Sn,Ω) ≤ 5, where Ω := (Sn : H)
and H is primitive
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n H
5 D10

6 PSL2(5)
7 PSL3(2)
8 ASL3(2)
9 ASL2(3), PΓL2(8)
10 M10

11 M11

12 M12

13 PSL3(3)
14 PSL2(13)
15 PSL4(2)
16 24.PSL4(2)
17 PΓL2(16)
23 M23

24 M24

Table 3.10: Possible pairs (n,H) with diamO(An,Ω) ≤ 5, where Ω :=
(An : H) and H is primitive

Proof. Suppose diamO(G,Ω) ≤ 5. Then (G,Ω) has an orbital graph of di-

ameter d ≤ 5. Using Lemma 3.5.1 and Lemma 2.2.1, we obtain that either

n ≤ 24 or

|G| ≤ 2n(1 + 2n+1 + 2n+1(2n+1 − 1) + 2n+1(2n+1 − 1)2

+ 2n+1(2n+1 − 1)3 + 2n+1(2n+1 − 1)4).

Using this we can deduce that n ≤ 173 for G = Sn and n ≤ 174 for G = An;

let L[n] denote the list consisting of these values. We then use the computer

program CG
VAL(5, L[n]) (detailed in Section 5.4 in Chapter 5) to output the

values of n for which there exist primitive subgroups H of G satisfying (2.2)

from Lemma 2.2.1 with d = 5. We find that the output is 5 ≤ n ≤ 28,

n 6= 15, 16, 19, 23 for G = Sn, and 5 ≤ n ≤ 32, n 6= 19, 29, 30 for G = An.

Let L[nnew] denote the new list of values of n outputted. We then use an-
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other computer program, namely CG
LOW(5, L[nnew]) (detailed in Section 5.5 in

Chapter 5) to output a final list of values of n for which the lower bound for

the diameter in Proposition 2.2.2 is strictly less than 5. Thus the permuta-

tion groups corresponding to each discarded value of n have orbital graphs

of diameter at least 6 and hence these discarded values cannot occur. Each

entry in the final list is a pair which consists a value of n together with a

primitive subgroup H from the database of primitive permutation groups in

(the computational algebra system) Magma. The final values of n and the

subgroups H obtained are precisely the ones in Table 3.9 for G = Sn and in

Table 3.10 for G = An.

Proof of Theorem 3.2.6(3). If diamO(G,X) ≤ 5, then by Proposition 3.5.2,

the pair (n,H) must be in Table 3.9 for G = Sn and Table 3.10 for G = An.

Let L[n] denote the list consisting of these values of n. We use the com-

puter program CG
DIAM(5, L[n]) (detailed in Section 5.6 in Chapter 5) to output

the diameters of the orbital graphs of (G,X) and verify that the only pairs

(n,H) for which diamO(G,X) ≤ 5, are the ones in Table 3.2 for G = Sn

and in Table 3.3 for G = An. This program also outputs the rank of (G,X),

the valencies of the orbital graphs, and identifies the corresponding sub-

groups H with groups from the database of primitive permutation groups

in Magma. Note that CDIAM
G (5, [n]) fails to analyse the cases mentioned in

Remark 3.2.7(1) due to limitations of the program which are described in

Section 5.1 in Chapter 5.

Proof of Theorem 3.2.8(3). Suppose (G,X) has an orbital graph of diame-

ter 2. Then using Lemma 3.5.1 and Lemma 2.2.1, we obtain that either

n ≤ 24 or

|G| ≤ 2n(1 + 2n+1 + 2n+1(2n+1 − 1)).

One can check that no value of n > 24 satisfies the above inequality and

hence we have n ≤ 24 for both G = Sn and G = An; let L[n] denote the

list consisting of these values. We use the computer program CG
VAL(2, L[n])
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(detailed in Section 5.4 in Chapter 5) to output the values of n for which

there exist primitive subgroups H of G satisfying (2.2) from Lemma 2.2.1

with d = 2. Let L[nnew] denote the new list of values of n outputted. We

then use the computer program CG
DIAM(2, L[nnew]) (detailed in Section 5.6

in Chapter 5) to output the diameters of the orbital graphs of (G,X) and

verify that the only pairs of (n,H) for which (G,X) has an orbital graph of

diameter 2, are the ones in Table 3.4 for G = Sn and in Table 3.5 for G = An.

As before, this program also outputs the rank of (G,X), the valencies of the

orbital graphs, and identifies the corresponding subgroups H with groups

from the database of primitive permutation groups in Magma. Note that

CDIAM
G (2, [n]) fails to analyse the case n = 24 for G = An due to limitations

of the program which are described in Section 5.1 in Chapter 5.
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Chapter 4

The projective special linear

groups of dimension 2

In this chapter we study the orbital diameters of the primitive actions of

almost simple groups with socle isomorphic to the projective special linear

group PSL2(q), for q odd. We give necessary conditions for the orbital di-

ameters to be bounded above by 2 and to some extent make the conditions

precise. For each primitive action, we also give information about orbital

graphs of diameter 2.

The chapter is split into seven sections. In Sections 4.1 and 4.2, we

state the preliminary results that are needed for the chapter, and then state

the main result of the chapter. We devote Sections 4.3, 4.4, 4.5 and 4.6

to analysing the primitive actions which arise from the different maximal

subgroups of PSL2(q), and we give a proof of the main result in Section 4.7.

4.1 Preliminary theory

In this section we present the background material which will be needed

throughout the chapter.
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We begin by stating formulas for orders of the groups PGL2(q) and

PSL2(q); see [[24, p. 44]] for the following result.

Lemma 4.1.1. We have |PGL2(q)| = q(q2 − 1) and |PSL2(q)| = q(q2−1)
2

.

When analysing the primitive actions of PSL2(q), we will often treat

PSL2(q) as an orthogonal group. In particular, we will make use of the

following isomorphisms.

Proposition 4.1.2. We have the following isomorphisms:

1. PSL2(q) ∼= Ω3(q), for q odd (Proposition 2.9.1(v) in [14]);

2. PGL2(q) ∼= SO3(q) (Theorem 11.6 in [23]);

3. PSL2(q2) ∼= Ω−4 (q) (Corollary 11.8 in [23]).

In some sections of the chapter, we will need to determine whether or

not a given element of O(V ) belongs to Ω(V ). To do this we shall use the

following theory.

Definition 4.1.3. Let (V,Q) be a quadratic space and let v ∈ V with

Q(v) 6= 0. We define the reflection in v as the map rv : V → V given

by x 7→ x− (v,x)
Q(v)

v.

Proposition 4.1.4 ([14, p. 29]). Let (V,Q) be a non-degenerate quadratic

space over Fq where q is odd. Then O(V ) = 〈rv : Q(v) 6= 0〉. Moreover,

SO(V ) consists of the elements of O(V ) that can be written as a product of

an even number of reflections.

Definition 4.1.5. Let (V,Q) be a non-degenerate quadratic space over Fq
where q is odd and let g := rv1 · · · rvk ∈ SO(V ) be a product of reflections.

The spinor norm of g is defined to be 1 if the product
∏k

i=1 (vi, vi) is a square

in Fq, and −1 otherwise.

For the next result, see Proposition 2.5.7 and Description 1 in [14, p. 29].
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Proposition 4.1.6. Let (V,Q) be a non-degenerate quadratic space over Fq
where q is odd. Then Ω(V ) consists of all the elements of SO(V ) whose

spinor norm is 1, and is the unique subgroup of SO(V ) of index 2.

We now state an important result which will be used many times in the

chapter.

Lemma 4.1.7 (Witt’s Lemma). ([1, p. 81]). Let (V, κ) be a symplectic,

unitary or quadratic space. Let U and W be subspaces of V and suppose

g : U → V is an isometry. Then g extends to an isometry of V .

In the chapter we will not only be analysing the simple groups PSL2(q),

but more generally we will be analysing almost simple groups with socle iso-

morphic to PSL2(q), i.e. groups G satisfying PSL2(q) ≤ G ≤ Aut(PSL2(q)).

For a group G and Γ̇ ≤ Aut(G), we will denote by Γ̈, the image of Γ̇ in

Out(G), and similarly for ḟ ∈ Aut(G).

Remark 4.1.8. Let G be an almost simple group with socle S. If H is a

maximal subgroup of G and H contains S, then S acts trivially on (G : H).

For the purposes of the thesis, we are not interested in these kinds of actions,

and therefore when looking at primitive actions of almost simple groups, we

will exclude the cases where the socle is contained in the maximal subgroup.

To analyse the primitive actions of almost simple groups with socle iso-

morphic to PSL2(q), we will require explicit knowledge of automorphisms

of PSL2(q).

Definition 4.1.9. Let q be a power of the odd prime p.

1. Define δ̇ to be the automorphism of PSL2(q) which maps the coset

containing A ∈ SL2(q) to the coset containing the matrix D−1AD,

where D is a diagonal matrix with diagonal entries µ and 1, and µ is a

generator of F∗q.
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2. Define φ̇ to be the automorphism of PSL2(q) which maps the coset

containing A ∈ SL2(q) to the coset containing the matrix A with each

entry replaced by its pth power.

The next result follows from Propositions 2.2.2 and 2.2.3 in [14].

Proposition 4.1.10. Let δ̇ and φ̇ be as above. Then the following hold:

1. Aut(PSL2(q)) = 〈PSL2(q), δ̇, φ̇〉;

2. Out(PSL2(q)) = 〈δ̈, φ̈〉;

3. 〈PSL2(q), δ̇〉 ∼= PGL2(q).

We will also need a description of the conjugacy classes of maximal sub-

groups of G, where soc(G) ∼= PSL2(q). The following result can be found in

a more general context as Theorem 2.1.1 in [3]. Recall that Dn denotes a

dihedral group of order n.

Theorem 4.1.11. Let q ≥ 5 be a power of the odd prime p and let G be an

almost simple group with S := soc(G) ∼= PSL2(q). Then representatives of

the conjugacy classes of maximal subgroups H of G that do not contain S

can be read off from Table 4.1.
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H ∩ S Notes c Stab

P1 1 〈δ̈, φ̈〉
Dq−1 q 6= 5, 7, 9, 11 1 〈δ̈, φ̈〉

q = 7, 11 N1 1 〈δ̈〉
q = 9 N2 1 〈δ̈, φ̈〉

Dq+1 q 6= 7, 9 1 〈δ̈, φ̈〉
q = 7 N1 1 〈δ̈〉
q = 9 N2 1 〈δ̈, φ̈〉

PGL2(q0) q = q0
2 2 〈φ̈〉

PSL2(q0) q = q0
t, t odd prime 1 〈δ̈, φ̈〉

S4 q = p ≡ ±1 mod 8 2 1

A4 q = p ≡ ±3, 5,±13 mod 40 1 〈δ̈〉
q = p ≡ ±11,±19 mod 40 N1 1 〈δ̈〉

A5 q = p ≡ ±1 mod 10 2 1

q = p2, p ≡ ±3 mod 10 2 〈φ̈〉

Table 4.1: Maximal subgroups of G, where soc(G) ∼= PSL2(q) and q is odd

Explanation of columns in Table 4.1:

• ‘H ∩ S’: This column describes the structure of H ∩ S.

• ‘Notes’: This column describes restrictions on the values of q.

• ‘c’: This column specifies the number of conjugacy classes in S of

subgroups isomorphic to H ∩ S.

• ‘Stab’: For a maximal subgroup K of S, the natural action of Aut(S)

on the set of conjugacy classes of subgroups isomorphic to K, is transi-

tive with kernel Inn(S). Thus it induces a transitive action of Out(S).

This column specifies the stabiliser of one conjugacy class under the

latter action. If the ‘Notes’ column of this entry is not marked with

‘N1’ or ‘N2’, then let Γ̈ be the subgroup of Out(S) specified by the
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column. For any subgroup T of Γ̈, the subgroup K.T is a maximal

subgroup of S.T . If the entry in this column is ‘N1’, then this is true

only when T = 〈δ̈〉. If the entry in this column in ‘N2’, then this is

true only when T is not contained in 〈φ̈〉.

Remark 4.1.12. The group H := P1 in Table 4.1 is a parabolic subgroup of

G := PSL2(q) and the action of G on (G : H) is equivalent to the natural

action of G on 1-dimensional subspaces of the vector space F2
q (see Proposi-

tion 6.3.1 in Chapter 6), which can easily be seen to be 2-transitive.

4.2 Statement of the main result

We now state the main result of the chapter.

Theorem 4.2.1. Let q ≥ 17 be odd and let (G,X) be a primitive permutation

group with S := soc(G) ∼= PSL2(q) and X := (G : H), where S 6≤ H <max G.

1. If diamO(G,X) ≤ 2, then H ∩ S is isomorphic to one of the following:

• P1;

• PGL2(q1/2) with q1/2 ≡ 3 mod 4;

• PSL2(q1/3).

Furthermore, the converse is known in all cases apart from PSL2(q1/3).

2. Suppose G ∼= PSL2(q).

(a) If H ∼= Dq−1 with q ≡ 3 mod 4, or H ∼= PGL2(q1/2) with q1/2 ≡
3 mod 4, then (G,X) has an orbital graph of diameter 2.

(b) If H ∼= Dq+1, or H ∼= PSL2(q1/t) with t an odd prime, then (G,X)

has no orbital graph of diameter 2.

(c) If H ∼= A4, S4 or A5, then (G,X) has an orbital graph of diame-

ter 2 if and only if the value of q is as in Table 4.9 (which can be

found in Section 4.6).
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Remark 4.2.2.

1. If G and H are as in the statement of Theorem 4.2.1 and G ∼= PSL2(q),

then the existence of orbital graphs of diameter 2 is undetermined

for the cases H ∼= Dq−1 with q ≡ 1 mod 4, and PGL2(q1/2) with

q1/2 ≡ 1 mod 4. See Conjecture 4.4.2 for the latter case.

2. The orbital diameters of primitive actions of almost simple groups G

with soc(G) ∼= PSL2(q) when q ≤ 13 is odd, can be read off from

Table 4.2 (see the end of Section 4.7 for information on how the results

in Table 4.2 have been obtained). The cases H ∩ S = P1 have been

excluded from Table 4.2 as (G,X) is known to be 2-transitive in these

cases.

3. We have obtained partial results on primitive actions of almost simple

groups G with soc(G) ∼= PSL2(q), where q is even, but these have not

been included in the thesis.
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q G/S H ∩ S Diameters of Valencies of

orbital graphs orbital graphs

5 1 D6 2, 2 3, 6

5 〈δ̈〉 D6 2, 2 3, 6

5 1 A4 1 4

5 〈δ̈〉 A4 1 4

7 〈δ̈〉 D6 4, 3, 3, 2 3, 6, 6, 12

7 〈δ̈〉 D8 3, 2, 2 4, 8, 8

7 1 S4 1 6

9 〈δ̈〉 D8 4, 3, 3, 2, 2 4, 8, 8, 8, 16

9 〈δ̈φ̈〉 D8 4, 2, 2, 2 4, 8, 16, 16

9 〈δ̈, φ̈〉 D8 4, 2, 2, 2 4, 8, 16, 16

9 〈δ̈〉 D10 3, 2, 2, 2 5, 10, 10, 10

9 〈δ̈φ̈〉 D10 3, 2, 2 5, 10, 20

9 〈δ̈, φ̈〉 D10 3, 2, 2 5, 10, 20

9 1 PGL2(3) 2, 2 6, 8

9 〈φ̈〉 PGL2(3) 2, 2 6, 8

9 1 A5 1 5

9 〈φ̈〉 A5 1 5

11 〈δ̈〉 D10 4, 3, 3, 3, 3, 2 5, 10, 10, 10, 10, 20

11 1 D12 3, 3, 3, 3, 2, 2 6, 6, 6, 12, 12, 12

11 〈δ̈〉 D12 3, 3, 3, 2, 2 6, 12, 12, 12, 12

11 〈δ̈〉 A4 4, 3, 3, 2, 2 4, 6, 8, 12, 24

11 1 A5 1 10

13 1 D12 4, 4, 4, 3, 3, 3, 3, 3, 3 6, 6, 6, 12, 12, 12, 12, 12, 12

13 〈δ̈〉 D12 4, 3, 3, 3, 3, 3, 2 6, 12, 12, 12, 12, 12, 24

13 1 D14 3, 3, 3, 3, 3, 3, 2 14, 14, 14, 7, 7, 7, 14

13 〈δ̈〉 D14 3, 3, 3, 3, 3, 2 7, 14, 14, 14, 14, 14

13 1 A4 5, 5, 5, 4, 3, 3, 3, 3, 2 4, 4, 4, 6, 12, 12, 12, 12, 24

13 〈δ̈〉 A4 5, 4, 3, 3, 3, 2, 2 4, 6, 8, 12, 12, 24, 24

Table 4.2: Diameters of orbital graphs of (G,X), where soc(G) ∼= PSL2(q)
and q ≤ 13 is odd 91



4.3 H ∩ S ∼= Dq±1

In this section we analyse the diameters of the orbital graphs of the action of

G on cosets of maximal subgroups H, where S := soc(G) ∼= PSL2(q) (q odd)

and H ∩ S ∼= Dq±1. We first state the two main theorems that we will prove

in this section.

Theorem 4.3.1. Let q ≥ 13 be odd and let (G,X) be a primitive permutation

group with S := soc(G) ∼= PSL2(q) and X := (G : H), where H ∩ S ∼= Dq−1.

1. There exist no values of q such that diamO(G,X) ≤ 2.

2. If q ≡ 3 mod 4, then (G,X) has an orbital graph of diameter 2.

Moreover, if G ∼= PGL2(q) then diamO(G,X) ≤ 3 for all q ≥ 17, and (G,X)

has an orbital graph of diameter 2 for all q.

Theorem 4.3.2. Let q ≥ 11 be odd and let (G,X) be a primitive permutation

group with S := soc(G) ∼= PSL2(q) and X := (G : H), where H ∩ S ∼= Dq+1.

1. There exist no values of q such that diamO(G,X) ≤ 2.

2. If q ≥ 17 and G ∼= PSL2(q) or PGL2(q), then (G,X) has no orbital

graphs of diameter 2.

Let (G,X) be as in Theorem 4.3.2. Although there are no orbital graphs

of diameter 2 when G ∼= PSL2(q) or PGL2(q), computations suggest that

orbital graphs of diameter 2 do occur for other groups G. In particular, we

conjecture the following result which has been verified for values of q ≤ 243

using a computer.

Conjecture 4.3.3. Let q ≥ 11 be odd and suppose q is not a prime. Let

(G,X) be a primitive permutation group with G := Aut(PSL2(q)) and X :=

(G : H), where H ∩ PSL2(q) ∼= Dq+1. Then (G,X) has an orbital graph of

diameter 2.

92



In order to prove Theorems 4.3.1 and 4.3.2, we will consider PSL2(q) as a

subgroup of the 3-dimensional orthogonal group O3(q). Let q be odd and let

V be a 3-dimensional vector space over Fq equipped with a non-degenerate

quadratic form. Recall that the group O(V ) ∼= O3(q) stabilises the quadratic

form. Also recall that SO(V ) = O(V ) ∩ SL(V ) ∼= SO3(q) and Ω(V ) ∼= Ω3(q)

is the unique subgroup of SO(V ) of index 2. Now by Proposition 4.1.2, we

have PSL2(q) ∼= Ω3(q). We shall see later that under this isomorphism the

maximal subgroups of PSL2(q) which are dihedral, are stabilisers of certain

1-dimensional subspaces of V .

We now describe the automorphism group of Ω3(q). Recall that by Propo-

sition 2.3.11, the underlying vector space has a standard basis {e1, f1, x};
henceforth, for simplicity we will write e := e1 and f := f1, and we will

assume Q(x) = 1/2, i.e. (x, x) = 1 (see Remark 4.3.4).

Remark 4.3.4. By Proposition 2.5.4(ii) in [14], the two isometry classes

of non-degenerate quadratic spaces of odd dimensions are distinguished by

whether or not Q(x) is a square. As all the quadratic spaces of dimension n

are similar, for the purposes of analysing primitive actions, we may suppose

Q(x) is a square or non-square as convenient (see Remark 2.3.8). Moreover,

by replacing x by a suitable scalar multiple of itself, we may assume that

Q(x) is any non-zero element of Fq which is convenient.

Definition 4.3.5. Let V be as above where q is a power of the odd prime p,

and let {e, f, x} be the standard basis. We define φ to be the map V → V ,

given by ae+ bf + cx 7→ ape+ bpf + cpx, for a, b, c ∈ Fq, and we define φ̇ to

be the map O3(q) → O3(q) given by g 7→ φ−1gφ. Fix a non-square γ ∈ Fq.
We define δ := rxre+ γ

2
f , and δ̇ is defined analogously to φ̇.

Remark 4.3.6. Let {e, f, x} be the standard basis. For u, v ∈ V write

u = a1e+ b1f + c1x and v = a2e+ b2f + c2x, where ai, bi, ci ∈ Fq. Then

(uφ, vφ) = (a1b2)p + (a2b1)p + (c1c2)p = ((a1b2) + (a2b1) + (c1c2))p = (u, v)p.
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Using this, it is straightforward to see that if g ∈ O3(q), then φ−1gφ and δ−1gδ

preserve the form, and thus φ̇(g), δ̇(g) ∈ O3(q). One can also easily check

that φ̇ and δ̇ are bijective homomorphisms, i.e. automorphisms of O3(q).

Lemma 4.3.7. The maps δ̇ and φ̇ are automorphisms of Ω3(q).

Proof. By Remark 4.3.6, it suffices to show that φ̇(Ω3(q)) = Ω3(q), and the

same with δ̇. Now, it is straightforward to check that if det(g) = 1, then

det(φ−1gφ) = 1 and the same with δ, and thus φ̇ and δ̇ are automorphisms

of SO3(q). Further, it is an easily proved fact that the commutator subgroup

H of a group G satisfies f(H) ≤ H for all f ∈ Aut(G). Since Ω3(q) is the

commutator subgroup of SO3(q), this implies that φ̇(Ω3(q)) ≤ Ω3(q) and the

equality follows since we also have φ̇−1(Ω3(q)) ≤ Ω3(q).

Proposition 4.3.8. Let δ̇ and φ̇ be as above. Then the following hold:

1. Aut(Ω3(q)) = 〈Inn(Ω3(q)), δ̇, φ̇〉;

2. 〈Inn(Ω3(q)), δ̇〉 ∼= SO3(q).

Proof. By Lemma 4.3.7, we have A := 〈Inn(Ω3(q)), δ̇, φ̇〉 ≤ Aut(Ω3(q)). Now

δ has spinor norm −1 and δ2 = 1, thus δ̈ has order 2. Let q = pr, where

p is an odd prime. The map φ̇ maps a matrix M := (mij) to the matrix

Mp := (mp
ij), and therefore φ̇r = 1. Moreover, no power of φ̇ strictly less

than r is an inner automorphism of Ω3(q) and thus φ̈ has order r. Recall

that δ̈ and φ̈ denote the images of δ̇ and φ̇ in Out(Ω3(q)), respectively. Now

one can check that φ̈δ̈ = δ̈φ̈ and hence A/Inn(Ω3(q)) = 〈δ̈, φ̈〉 ∼= C2 × Cr.

Thus |A| = 2r|Inn(Ω3(q))| = |Aut(Ω3(q))|, where the final equality follows

from Proposition 2.6.3 in [14]. Hence A = Aut(Ω3(q)) which proves part 1.

Part 2 follows by observing that 〈Inn(Ω3(q)), δ̇〉 ∼= 〈Ω3(q)), δ〉 ≤ SO3(q), and

then comparing orders.

Remark 4.3.9. The information on maximal subgroups of almost simple

groups with socle PSL2(q) in Table 4.1, can be translated to information
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on maximal subgroups of almost simple groups with socle Ω3(q) with δ and

φ as in Definition 4.3.5 (see Table 8.7 in [3] for maximal subgroups of the

latter).

Let X denote the set of all 1-dimensional subspaces of V . For the re-

mainder of this section, we shall use Xs and Xn to denote the set of elements

〈v〉 ∈ X with (v, v) a square and a non-square, respectively. Note that if 〈v〉
is in Xs or Xn, then without loss of generality we may assume that (v, v) = 1

or (v, v) = γ (where γ is the non-square in Definition 4.3.5), respectively.

Lemma 4.3.10. We have |Xs| = q(q+1)
2

and |Xn| = q(q−1)
2

.

Proof. The size of Xs is the number of 1-dimensional subspaces 〈v〉 with (v, v)

a square; we may suppose that this square is 1. Note that (−v,−v) = (v, v)

and thus |Xs| is half the number of vectors v such that (v, v) = 1. Let

{e, f, x} be the standard basis and write v = ae+ bf + cx, where a, b, c ∈ Fq.
Then (v, v) = 2ab + c2. If b = 0, then there are 2q solutions to (v, v) = 1,

which are (a, b, c) = (a, 0,±1). If b 6= 0, then there are q(q − 1) solutions to

(v, v) = 1, which are (a, b, c) = (1−c2
2b
, b, c). Hence, the number of vectors v

such that (v, v) = 1, is q(q − 1) + 2q = q(q + 1). The result for Xs follows.

Similarly, the size of Xn is the number of 1-dimensional subspaces 〈v〉 with

(v, v) a non-square and we may suppose that this non-square is γ. Then |Xn|
is half the number of vectors v such that (v, v) = γ and as above one can

show that the number of such vectors is q(q − 1) (the case b = 0 doesn’t

occur). This completes the proof.

Let G be an almost simple group with soc(G) ∼= Ω3(q). Then by Propo-

sition 4.3.8, we have G = 〈Ω3(q), Γ̇〉, where Γ̇ ≤ 〈δ̇, φ̇〉. We would like to

define an action of G on the sets Xs and Xn; the groups SO3(q) and hence

Ω3(q) act naturally on these sets, and for v ∈ V we define 〈v〉δ̇ := 〈vδ〉 and

〈v〉φ̇ := 〈vφ〉 (one can easily check that if 〈v〉 is in Xs (resp. Xn), then 〈vδ〉
and 〈vφ〉 are both in Xs (resp. Xn)).
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Proposition 4.3.11. The natural actions of G := SO3(q) on Xs and Xn are

transitive. Moreover, for α ∈ Xs and β ∈ Xn, we have Gα
∼= O+

2 (q) ∼= D2(q−1)

and Gβ
∼= O−2 (q) ∼= D2(q+1).

Proof. We first prove the statement concerning transitivity. Fix l ∈ {s, n}
and let α, β ∈ Xl. Write α := 〈v〉 and β := 〈w〉. We may choose v and w

such that (v, v) = (w,w) and so the map i : α→ β which maps λv 7→ λw is

an isometry. Hence by Witt’s Lemma (Lemma 4.1.7) there exists g ∈ O3(q)

such that vg = w. Now since every element of O3(q) has determinant ±1

(O3(q) is generated by reflections by Proposition 4.1.4, and each reflection

has determinant −1), we have that either g ∈ G or −g ∈ G. It remains to

note that α±g = β.

Note that the isomorphisms O±2 (q) ∼= D2(q∓1) can be found as Propo-

sition 2.9.1(iii) in [14]. Now let {e, f, x} be the standard basis. We have

〈x〉 ∈ Xs. Since G is transitive on Xs, we have that Gα is conjugate to G〈x〉

for all α ∈ Xs. Therefore to prove the first isomorphism in the statement of

the result, it suffices to show that G〈x〉 = O+
2 (q). Since 〈x〉 is non-degenerate,

we have V = 〈x〉 ⊥ 〈x〉⊥ (see Remark 2.3.4), and thus G〈x〉 = G〈x〉⊥ . Now

〈x〉⊥ = 〈e, f〉 contains a 1-dimensional totally singular subspace (〈e〉, for ex-

ample) and thus G〈x〉 = G〈x〉⊥ ≤ O+
2 (q) (see Proposition 2.5.4(i) in [14]). Now

the Orbit-Stabiliser property implies |G〈x〉| = |G|/|Xs| = 2q(q2−1)
q(q+1)

= |O+
2 (q)|,

where we have used Lemma 4.1.1 and Lemma 4.3.10 for the orders of G

and Xs. Thus G〈x〉 = O+
2 (q). To show the statement Gβ

∼= O−2 (q), it suf-

fices to show that G〈e+ γ
2
f〉 = O−2 (q). As above G〈e+ γ

2
f〉 = G〈e+ γ

2
f〉⊥ ≤ O−2 (q)

as 〈e + γ
2
f〉⊥ = 〈e − γ

2
f, x〉 contains no 1-dimensional totally singular sub-

space (see Proposition 2.5.4(i) in [14]), and then the equality follows by

comparing orders.

Corollary 4.3.12. The natural actions of S := Ω3(q) on Xs and Xn are

transitive. Moreover, for α ∈ Xs and β ∈ Xn, we have Sα ∼= Dq−1 and

Sβ ∼= Dq+1.

96



Proof. We will show that S acts transitively on Xs. The corresponding claim

for Xn can be proved similarly and is left to the reader. By (2.5.12) in [14],

we have

G = S〈rxry〉, (4.1)

where G := SO3(q), and rx and ry are reflections in x, y ∈ V with (x, x) a

square and (y, y) a non-square. Let α := 〈v〉 and β := 〈w〉 be two elements

in Xs. By Proposition 4.3.11, G acts transitively on Xs so there exists g ∈ G
such that αg = β. Pick x, y ∈ α⊥ with (x, x) a square and (y, y) a non-

square (see the Remark in [14, p. 27] for why this is possible). By (4.1),

either h := g ∈ S or there exists h ∈ S such that g = hrxry. In the latter

case, we have αrxry = α and thus in both cases, we have αh = β and h ∈ S.

This proves the transitivity of S.

To prove the first isomorphism in the statement of the result, observe

that since G and S are transitive on Xs, using the Orbit-Stabiliser property

we have |Sα| = q − 1. Now Sα must be contained in a maximal subgroup

of S, the only possibility for which is Dq−1 by Table 4.1. Thus by comparing

orders we have Sα ∼= Dq−1. A similar argument shows that Sβ ∼= Dq+1.

Corollary 4.3.13. Let G := 〈S, Γ̇〉 be an almost simple group where S :=

soc(G) ∼= Ω3(q) and Γ̇ ≤ 〈δ̇, φ̇〉. Then for α ∈ Xs and β ∈ Xn, we have

Gα = Sα.Γ̈ and Gβ = Sβ.Γ̈, and both point stabilisers are maximal subgroups

of G provided q ≥ 13 and q ≥ 11, for α and β respectively.

Proof. We prove the result for α; the proof for β is similar. By Corol-

lary 4.3.12 and Theorem 4.1.11, Sα is a maximal subgroup of S and thus

Gα is a maximal subgroups of G. Now S acts transitively on Xs by Corol-

lary 4.3.12, and thus so does G. This implies G = GαS and thus

Γ̈ =
G

S
=
GαS

S
∼=

Gα

Gα ∩ S
=
Gα

Sα
.

97



By Corollary 4.3.13, in order to analyse the primitive actions of G with

S := soc(G) ∼= PSL2(q) on the cosets of H where H ∩S ∼= Dq±1, it suffices to

assume soc(G) = Ω3(q) and analyse the natural actions of G on Xs and Xn.

To analyse the latter actions, we will begin by analysing the particular case

where G = SO3(q). We begin by determining the orbitals of this action.

Proposition 4.3.14. Let G := SO3(q) and l ∈ {s, n}. For l = s and l = n,

define α := 1 and α := γ, respectively. The non-diagonal orbitals of (G,Xl)

are

∆l
±λ := {(〈v〉, 〈w〉) ∈ Xl ×Xl : (v, v) = (w,w) = α, (v, w) = ±λα},

where λ ∈ Fq for l = s, and λ ∈ Fq \ {±1} for l = n.

Proof. Let {e, f, x} be the standard basis. We firstly verify that the sets ∆l
±λ

are non-empty for the values of λ in the statement of the result. For l = s, let

v := x and w := (1−λ)e+(1+λ)f+λx. Then (〈v〉, 〈w〉) ∈ ∆s
±λ. Now suppose

l = n. Let v := e+ γ
2
f . Since 〈v〉 is non-degenerate, we have V = 〈v〉 ⊥ 〈v〉⊥.

Note that 〈v〉⊥ = 〈e− γ
2
f, x〉. Let w := a(e+ γ

2
f) + b(e− γ

2
f) + cx, for some

a, b, c ∈ Fq. Now (〈v〉, 〈w〉) ∈ ∆n
±λ if and only if (w,w) = γ and (v, w) = ±λγ.

These conditions imply the equality c2 = γ(b2 − λ2 + 1). One can see that

the latter equation has no non-zero solutions (b, c) if λ = ±1 and thus since

G is transitive on Xn, we conclude that ∆n
±1 is empty. Suppose λ 6= ±1. To

show that ∆n
±λ is non-empty, it suffices to show that there exists b such that

b2 − λ2 + 1 is a non-square. This is equivalent to proving the existence of

b, d with d 6= 0 such that b2 − d2γ = λ2 − 1 6= 0. Indeed such b, d exist (see

Lemma A.11 in Appendix A). Thus ∆l
±λ is non-empty for the values of λ in

the statement of the result.

Now fix l. It is straightforward to check that the sets ∆l
±λ are dis-

joint and that their union (together with the diagonal orbital) is Xl × Xl.

It is also clear that if (〈v1〉, 〈w1〉) and (〈v2〉, 〈w2〉) are in the same orbital

(with (v1, v1) = (v2, v2) and (w1, w1) = (w2, w2)) then (v1, w1) = ±(v2, w2).
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It remains to show that G is transitive on ∆l
±λ. Let α := (〈v〉, 〈w〉) and

β := (〈v′〉, 〈w′〉) be two elements of ∆l
±λ. Let v′′ be the vector ±v′ so that

〈v′〉 = 〈v′′〉 and (v, w) = (v′′, w′). Define the map i : 〈v, w〉 → 〈v′, w′〉 which

maps v 7→ v′′, w 7→ w′ and extends linearly. Then i is an isometry and hence

by Witt’s Lemma there exists g ∈ O3(q) such that vg = v′′ and wg = w′.

Now since every element of O3(q) has determinant ±1, we have that either

g ∈ G or −g ∈ G. It remains to note that α±g = β.

We will denote by Γl±λ the orbital graph corresponding to the orbital

∆l
±λ from Proposition 4.3.14. Note that since the form ( , ) is symmetric, the

orbitals ∆l
±λ are self-paired and thus the graph Γl±λ has vertex set equal to

Xl and edges {〈v〉, 〈w〉}, where (v, v) = (w,w) = α and (v, w) = ±λα. We

now prove various results concerning the diameters of the graphs Γl±λ when

l = s. Note that if q ≥ 13 and α ∈ Xs, then Sα is a maximal subgroup of S

where S := Ω3(q) (see Table 4.1), and so the condition q ≥ 13 in the results

below ensures that the graphs in question are connected.

Proposition 4.3.15. Let q ≥ 13. Then diam(Γs±1) = 2.

Proof. Let {e, f, x} be the standard basis and let α := 〈v〉 and β := 〈w〉
be two distinct elements of Xs. If (v, w) = ±1, then d(α, β) = 1. Suppose

(v, w) = µ, where µ ∈ Fq \ {±1}. By Remark 2.1.2(2), without loss of

generality, we may assume that v = 1
2
e + f and w = 2µf + x. Define

u := 2f +x. Then (u, u) = 1 and (v, u) = (u,w) = 1. Thus 〈u〉 is a common

neighbour of α and β and so d(α, β) = 2. The result follows.

Proposition 4.3.16. Let q ≥ 13. Then diam(Γs0) ≥ 3.

Proof. Let {e, f, x} be the standard basis. Define v := x and w := f + x,

and α := 〈v〉 and β := 〈w〉. Then (v, v) = (w,w) = 1 and so α, β ∈ Xs.

Now (v, w) = 1 6= 0 and hence d(α, β) ≥ 2. Suppose d(α, β) = 2 and let

〈u〉 be a common neighbour of α and β. Write u = ae + bf + cx, where

a, b, c ∈ Fq. Then (u, u) = 1 implies 2ab + c2 = 1, but (v, u) = (u,w) = 0
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imply a = c = 0, which results in a contradiction. Hence d(α, β) ≥ 3 and

consequently diam(Γs0) ≥ 3.

Proposition 4.3.17. Let q ≥ 13. For all λ ∈ F∗q, we have diam(Γs±λ) ≤ 3.

Proof. Let {e, f, x} be the standard basis and let α := 〈v〉 and β := 〈w〉
be two distinct elements of Xs. If (v, w) = ±λ, then d(α, β) = 1. Suppose

(v, w) = µ, where µ ∈ Fq \ {±λ}. Without loss of generality, we may assume

that v = 1
2
λe + λ−1f and w = 2λ−1µf + x. Define u1 := 2f + x and

u2 := ae+ bf + cx, where a := λ
1−λ−1µ

, b := (1−λ−1µ)2−(λ+µ)2

2λ(1−λ−1µ)
, and c := −λ−µ

1−λ−1µ
.

One can then check that the following hold:

(u1, u1) = (u2, u2) = 1, (v, u1) = (u1, u2) = λ, (u2, w) = −λ.

Therefore 〈v〉−〈u1〉−〈u2〉−〈w〉 is a path of length 3 and hence d(α, β) ≤ 3.

It follows that diam(Γs±λ) ≤ 3.

Proposition 4.3.18. Let q ≥ 17. Then diam(Γs0) ≤ 3.

Proof. Let {e, f, x} be the standard basis and let α := 〈v〉 and β := 〈w〉
be two distinct elements of Xs. If (v, w) = 0, then d(α, β) = 1. Suppose

(v, w) = µ, where µ ∈ F∗q. Without loss of generality, we may assume that

v = x and w = 1
2
(1 − µ)e + (1 + µ)f + µx. We will show that d(α, β) ≤ 3

by proving the existence of a path of length 3 between α and β. Observe

that α − 〈u1〉 is an edge if and only if u1 = de + 1
2d
f , for some d ∈ F∗q. Let

u2 := c1e + c2f + c3x where ci ∈ Fq. Then α − 〈u1〉 − 〈u2〉 − β is a path of

length 3 if and only if

2c1c2 + c3
2 = 1, (4.2)

dc2 +
c1

2d
= 0, (4.3)

c1(1 + µ) +
1

2
c2(1− µ) + c3µ = 0. (4.4)
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By (4.3) we have c1 = −2d2c2. Substituting this into (4.4) and rearranging

for c3 we obtain

c3 =
(4d2 − 1 + (4d2 + 1)µ)c2

2µ
.

Now substituting the expressions obtained for c1 and c3 into (4.2) we see that

c2
2f(d, µ) = 4µ2, where

f(d, µ) := (4d2 − 1)(4d2(µ+ 1)2 − (µ− 1)2).

We conclude that there exists a path of length 3 between α and β if and

only if there exists d ∈ F∗q such that f(d, µ) is a square in F∗q. If µ = −1,

then f(d, µ) = 4(1 − 4d2). Now the number of solutions (a, b) ∈ (F∗q)2 to

the equation a2 + b2 = 1 is at least q − 5 (see Lemma A.7 in Appendix A).

Since q > 5 we can pick such a solution (a, b) and let d = 2−1a. Then

f(d, µ) = 4b2, a non-zero square. If µ 6= −1 then f(d, µ) is a non-zero square

if and only if (4d2−1)(4d2− (µ−1
µ+1

)2) is a non-zero square. Define y := 2d and

a := µ−1
µ+1

. Then, in order to conclude the proof it suffices to show that for each

a ∈ Fq \{±1} there exists y ∈ F∗q such that (y2−1)(y2−a2) is a square in F∗q.
Provided that q ≥ 17, the latter can be shown using a number-theoretical

argument which can be found as Lemma A.1 in Appendix A.

So far we have been analysing the orbital graphs of (SO3(q), Xs). Now

we will analyse the orbital graphs of (Ω3(q), Xs). We begin by stating some

results concerning the sizes of the suborbits of (SO3(q), Xs) and (Ω3(q), Xs).

Proposition 4.3.19. Let {e, f, x} be the standard basis and let ∆s
±λ(α) be

the suborbit of (SO3(q), Xs) corresponding to the orbital ∆s
±λ, where α := 〈x〉.

Then |∆s
±1(α)| = 2(q − 1) and |∆s

0(α)| = q−1
2

.

Proof. Recall that

∆s
±λ(α) = {β ∈ Xs : (α, β) ∈ ∆s

±λ}.
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Now since 〈x〉⊥ is non-degenerate, we have V = 〈x〉 ⊥ 〈x〉⊥, and thus

∆s
±λ(α) = {〈±λx+ w〉 ∈ Xs : w ∈ 〈x〉⊥ \ {0}, (w,w) = 1− λ2}.

Therefore the size of ∆s
±1(α) is the number of w ∈ 〈x〉⊥\{0} with (w,w) = 0,

since each such w gives a unique element of ∆s
±1(α) of the form 〈x + z〉 for

z ∈ 〈w〉⊥ \ {0}. Suppose w is such an element. Since 〈x〉⊥ = 〈e, f〉, writing

w = ae + bf , where a, b ∈ Fq and a and b are not both zero, we see that

(w,w) = 0 if and only if ab = 0. If a = 0, then there are q − 1 values for b

and vice versa. So the number of pairs (a, b) for which (w,w) = 0 is 2(q−1).

Therefore |∆s
±1(α)| = 2(q − 1).

The size of ∆s
0(α) is half the number of w ∈ 〈x〉⊥ \ {0} with (w,w) = 1,

since w and −w generate the same subspace. Suppose w is such an element.

Writing w = ae + bf , where a, b ∈ Fq and a and b are not both zero, we see

that (w,w) = 1 if and only if 2ab = 1. There are q − 1 such values for a and

each one determines the value of b. So the number of pairs (a, b) for which

(w,w) = 1 is q − 1. Therefore |∆s
0(α)| = q−1

2
.

Proposition 4.3.20 (Tables 2.3.1, 2.2.1 and 2.2.2 in [13]). The sizes of the

suborbits of (SO3(q), Xs) and (Ω3(q), Xs) are given in Tables 4.3, 4.4, and

4.5.

Suborbit size 1 q − 1 q−1
2

2(q − 1)

Number of suborbits 1 q−3
2

1 1

Table 4.3: Suborbits of (SO3(q), Xs)

Suborbit size 1 q−1
4

q−1
2

q − 1

Number of suborbits 1 2 q−5
2

q+7
4

Table 4.4: Suborbits of (Ω3(q), Xs), where q ≡ 1 mod 4
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Suborbit size 1 q−1
2

q − 1

Number of suborbits 1 q−1
2

q+5
4

Table 4.5: Suborbits of (Ω3(q), Xs), where q ≡ 3 mod 4

Recall that Ω3(q) is a subgroup of SO3(q) of index 2 and hence we can use

Proposition 2.1.5 to obtain information about the suborbits of (Ω3(q), Xs).

In what follows, we will use the fact that -1 ∈ Fq is a square if and only if

q ≡ 1 mod 4 (see Lemma A.6 in Appendix A for a proof).

Proposition 4.3.21. Let S := Ω3(q). The suborbit ∆s
±1(α) from Proposi-

tion 4.3.19 splits into two suborbits ∆s1
±1(α) and ∆s2

±1(α) of (S,Xs), which

are self-paired if and only if q ≡ 1 mod 4, and are otherwise paired with

each other.

Proof. Let {e, f, x} be the standard basis. Firstly note that ∆s
±1(α) = βGα ,

where β := 〈e + x〉 and G := SO3(q). Using the Orbit-Stabiliser property

and Proposition 4.3.19, we have |Gαβ| = 1. Hence |Gαβ : Gαβ∩S| = 1 and so

the suborbit ∆s
±1(α) splits by Proposition 2.1.5. This proves the first claim.

By relabelling, we may assume that ∆s1
±1(α) = βSα . Now ∆s1

±1(α) is self-

paired if and only if there exists g ∈ S such that αg = β and βg = α. Suppose

g ∈ S such that the latter holds. Note that g2 ∈ Gαβ = 1. Now α = 〈x〉 and

thus αg = β implies xg = a(e+ x) for some a ∈ Fq. Moreover,

1 = (x, x) = (xg, xg) = (a(e+ x), a(e+ x)) = a2

implies a = ±1. Similarly we can deduce (e + x)g = bx, where b = ±1.

If (a, b) = (1,−1) or (−1, 1), then simple calculations show that eg
2

= −e
which contradicts the fact that g2 = 1, hence these cases cannot occur. Now

suppose (a, b) = (−1,−1). Then eg = e. Write f g = c1e + c2f + c3x, where
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ci ∈ Fq. Then we have

g =

 1 0 0

c1 c2 c3

−1 0 −1

 , g2 =

 1 0 0

c1 + c1c2 − c3 c2
2 c2c3 − c3

0 0 1

 .

Now det(g) = 1 implies c2 = −1, and g2 = 1 implies c3 = 0. Therefore

f g = c1e− f . Finally, (f g, f g) = (f, f) = 0 implies c1 = 0 which gives

1 = (e, f) = (eg, f g) = (e,−f) = −1.

Hence this case cannot occur. Therefore (a, b) = (1, 1). In this case eg = −e.
Writing f g as in the previous case, we obtain

g =

 −1 0 0

c1 c2 c3

1 0 1

 , g2 =

 1 0 0

−c1 + c1c2 + c3 c2
2 c3c2 + c3

0 0 1

 .

Now det(g) = 1 implies c2 = −1, and g2 = 1 implies c3 = 2c1. Thus

f g = c1e− f + 2c1x. Finally, since

0 = (f, f) = (f g, f g) = (c1e− f + 2c1x, c1e− f + 2c1x) = 2c1(2c1 − 1),

we must have either c1 = 0 or c1 = 1/2. If c1 = 0, then

0 = (f, x) = (f g, xg) = (−f, e+ x) = −1,

which is a contradiction. Hence c1 = 1/2 and

g =

 −1 0 0

1/2 −1 1

1 0 1

 ∈ G.
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We claim that g ∈ S if and only if q ≡ 1 mod 4. Now g ∈ S if and only

if the spinor norm of g is equal to 1. We use Proposition 1.6.11 from [3] to

calculate the spinor norm of g as follows. Define the following matrices:

A := I3 − g =

 2 0 0

−1/2 2 −1

−1 0 0

 , B :=

(
1 0 0

0 1 0

)
, F :=

 0 1 0

1 0 0

0 0 1

 .

By Proposition 1.6.11 in [3], the spinor norm of g is 1 if and only if det(BAFBT )

is a square in F∗q and −1 otherwise. Now

BAFBT =

(
0 2

2 −1/2

)
,

and det(BAFBT ) = −4 is a square if and only if q ≡ 1 mod 4. Therefore

∆1
±1(α) is self-paired if and only if q ≡ 1 mod 4.

Finally, we deduce from Proposition 4.3.20 that all but two of the sub-

orbits of (S,Xs) of size q − 1 are also suborbits of (G,Xs) and hence self-

paired. We use this to conclude that ∆s1
±1(α) and ∆s2

±1(α) are either both

self-paired or paired with each other. Hence ∆s2
±1(α) is also self-paired if and

only if q ≡ 1 mod 4, and ∆s1
±1(α) and ∆s2

±1(α) are paired with each other if

q ≡ 3 mod 4.

Corollary 4.3.22. If q ≡ 3 mod 4, then Γs±1 is an orbital graph of (S,Xs)

of diameter 2.

Proof. Consider the orbital ∆s1
±1 corresponding to the suborbit ∆s1

±1(α) from

Proposition 4.3.21. The orbital graph corresponding to this orbital is the

undirected graph with vertex setXs and with edges {x, y} where (x, y) ∈ ∆s1
±1.

The edge-set of this graph is trivially contained in the edge-set of Γs±1. How-

ever if q ≡ 3 mod 4, then using Proposition 4.3.21 we deduce that the re-

verse inclusion also holds, and therefore the edge-sets are equal and the or-
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bital graph corresponding to ∆s1
±1 is Γs±1, which has diameter 2 by Proposi-

tion 4.3.15.

Now let G be an almost simple group with soc(G) ∼= Ω3(q) =: S. Recall

from Proposition 4.3.8(1) that Aut(S) = 〈S, δ̇, φ̇〉. In order to determine the

orbitals of (G,Xs) and (G,Xn) we need to determine the action of δ̇ and φ̇

on the orbitals of (S,Xs) and (S,Xn).

Remark 4.3.23. Recall that G := SO3(q) ∼= 〈S, δ̇〉 by Proposition 4.3.8(2),

where S := Ω3(q) and thus the action of δ̇ on the orbitals of (S,Xl) (where

l ∈ {s, n}) is determined by Proposition 2.1.5. In other words, if the orbital

∆ of (G,Xl) splits into two orbitals ∆1 and ∆2 of (S,Xl), then δ̇ swaps

them, and if ∆ remains an orbital of (S,Xl), then δ̇ fixes it. Therefore it

only remains to determine the action of φ̇ on the orbitals of (S,Xl). For an

orbital ∆ the action of φ̇ on ∆ will be denoted by ∆φ̇.

Proposition 4.3.24. Let l ∈ {s, n} and let ∆l
±λ be an orbital of (SO3(q), Xl),

where q is a power of the prime p. Then (∆l
±λ)

φ̇ = ∆l
±λp.

Proof. Let {e, f, x} be the standard basis. Recall from Remark 4.3.6 that for

u, v ∈ V , we have

(uφ, vφ) = (u, v)p. (4.5)

Now fix l and supppose (〈u〉, 〈v〉) ∈ ∆l
±λp , where (u, u) = (v, v) = α and

(u, v) = ±λpα (recall that α is 1 if l = s and the non-square γ if l = n).

Write

u = u1e+ u2f + u3x, v = v1e+ v2f + v3x,

for some ui, vi ∈ Fq. Now, define

u′ := u
1/p
1 e+ u

1/p
2 f + u

1/p
3 x, v′ := v

1/p
1 e+ v

1/p
2 f + v

1/p
3 x,

and pick z ∈ Fq such that z2 = α−1/pα. Then using (4.5) one can check

that (〈zu′〉, 〈zv′〉) ∈ ∆l
±λ and (〈zu′〉, 〈zv′〉)φ̇ = (〈u〉, 〈v〉). This proves that
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∆l
±λp ⊆ (∆l

±λ)
φ̇. For the converse, suppose that (〈u〉, 〈v〉) ∈ ∆l

±λ, where

(u, u) = (v, v) = α and (u, v) = ±λα. Pick z ∈ Fq such that z2 = α−pα.

Then using (4.5) one can check that

(〈u〉, 〈v〉)φ̇ = (〈uφ〉, 〈vφ〉) = (〈zuφ〉, 〈zvφ〉) ∈ ∆l
±λp .

This proves that (∆l
±λ)

φ̇ ⊆ ∆l
±λp .

We will need one final result before we can determine the action of φ̇ on

the orbitals of (Ω3(q), Xl) for l ∈ {s, n}.

Lemma 4.3.25. Let (A,X), (G,X) and (S,X) be three permutation groups

with S ≤ G ≤ A, and suppose S has index 2 in G. Suppose also that f ∈ Aα
and the suborbit βGα of (G,X) splits in (S,X). Then (βf )Gα also splits

in (S,X).

Proof. Since S has index 2 in G, by Proposition 2.1.5, the suborbit (βf )Gα

splits if and only if Gαβf = Sαβf . Now it is straightforward to verify that

Gαβf = f−1Gαβf and Sαβf = f−1Sαβf . Then since βGα splits, we have

Gαβf = f−1Gαβf = f−1Sαβf = Sαβf , which implies that (βf )Gα also splits

in (S,X).

Proposition 4.3.26. Let S := Ω3(q). Suppose that the orbital ∆s
±λ splits in

(S,Xs) into two orbitals ∆si
±λ (i = 1, 2). Then ∆si

±λ
φ̇

= ∆si
±λp.

Proof. We have ∆s
±λ = ∆s1

±λ ∪∆s2
±λ. Hence, by Proposition 4.3.24,

∆s
±λp = (∆s1

±λ ∪∆s2
±λ)

φ̇ = ∆s1
±λ

φ̇ ∪∆s2
±λ

φ̇
.

Let {e, f, x} be the standard basis. If ∆s
±λ corresponds to the suborbit βGα ,

where α := 〈x〉 and G := SO3(q), then by Proposition 4.3.24, ∆s
±λp cor-

responds to the suborbit (βφ̇)Gα . Now since ∆s
±λ splits in (S,Xs) and φ̇

stabilises α, by Lemma 4.3.25 we have that ∆s
±λp also splits in (S,Xs), into
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say ∆s1
±λp and ∆s2

±λp . Therefore we obtain

∆s1
±λp ∪∆s2

±λp = ∆s1
±λ

φ̇ ∪∆s2
±λ

φ̇
.

Since all four sets in the unions above are orbitals of (S,Xs), any two of them

must either be disjoint or equal. However, ∆si
±λ

φ̇
cannot be disjoint to ∆sj

±λp

for both j = 1 and j = 2. Therefore ∆si
±λ

φ̇
= ∆sj

±λp , either for j = 1 or for

j = 2. If λ 6= ±λp, then by relabelling if necessary, we may assume that

j = i. Now suppose λ = ±λp. Then either φ̇ fixes ∆s1
±λ and ∆s2

±λ or swaps

them. We claim that the former holds. To see this, if λ = λp, then define

β := 〈λx+ c1e+ c2f〉 where c1 := 2−1 and c2 := 1− λ2, and if λ = −λp with

λ 6= 0, then define β = 〈−λx + c1e + c2f〉 where c1 := λ and c2 := 1−λ2
2λ

.

Then (α, β) ∈ ∆s
±λ and (α, β)φ̇ = (α, β), and hence φ̇ cannot swap ∆s1

±λ and

∆s2
±λ.

In the next result, we apply Proposition 4.3.26 with a specific value of λ.

Corollary 4.3.27. Let S := Ω3(q). The orbital ∆s
0 splits into two orbitals

∆s1
0 and ∆s2

0 of (S,Xs) if and only if q ≡ 1 mod 4. In the case where it splits,

we have ∆si
0
φ̇

= ∆si
0 for i = 1, 2.

Proof. By Proposition 4.3.20 we have that (SO3(q), Xs) has a unique sub-

orbit of size q−1
2

and by Proposition 4.3.19 this suborbit must be the one

corresponding to ∆s
0. Now ∆s

0 splits in (S,Xs) if and only if (S,Xs) has

two suborbits of size q−1
4

each (see Remark 2.1.6). By Proposition 4.3.20,

this is the case if and only if q ≡ 1 mod 4. The last assertion follows from

Proposition 4.3.26.

Remark 4.3.28. For ∆si
±λ as in Proposition 4.3.26, we will denote the corre-

sponding orbital graph by Γsi±λ. Note that the vertex set of Γsi±λ is equal to

the vertex set of Γs±λ but the edge set is only a subset, hence we have that

diam(Γsi±λ) ≥ diam(Γs±λ).

We can now prove Theorem 4.3.1.
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Proof of Theorem 4.3.1. Let G and X be as in the statement of the theorem.

By Proposition 4.1.2(1) and Corollary 4.3.13, we may suppose soc(G) = Ω3(q)

and X = Xs. To prove the first part of the theorem, it suffices to show that

(G,X) has an orbital graph of diameter at least 3. Indeed, by Proposi-

tion 4.3.24 and Corollary 4.3.27, either Γs0 or Γsi0 (for some i = 1, 2) is an

orbital graph of (G,X). Now diam(Γsi0 ) ≥ diam(Γs0) (see Remark 4.3.28),

and by Proposition 4.3.16 we have diam(Γs0) ≥ 3. This proves part 1. Now

suppose that q ≡ 3 mod 4. By Corollary 4.3.22, Γs±1 is an orbital graph of

(Ω3(q), X) of diameter 2, and by Proposition 4.3.24, it is also an orbital graph

of (G,X). This proves part 2. The last assertion concerning G = SO3(q)

follows from Propositions 4.3.15, 4.3.17 and 4.3.18.

It now remains to prove Theorem 4.3.2. To do this, we now prove some

results concerning the orbitals ∆n
±λ. Recall thatXn is the set of 1-dimensional

subspaces 〈v〉 such that (v, v) is a non-square, and without loss of generality,

we may assume (v, v) = γ, where γ is a fixed non-square in Fq.

Proposition 4.3.29 (Table 2.3.2 in [13]). The sizes of the suborbits of

(SO3(q), Xn) are given in Table 4.6.

Suborbit size 1 q+1
2

q + 1

Number of suborbits 1 1 q−3
2

Table 4.6: Suborbits of (SO3(q), Xn)

Proposition 4.3.30. Let q ≥ 11. Then diam(Γn0 ) ≥ 3.

Proof. Note that the condition q ≥ 11 ensures that Γn0 is connected. Let

{e, f, x} be the standard basis. Define v := e+ γ
2
f . Choose β ∈ F∗q such that

β2 6= ±1, and define w := βe + γ
2β
f . Observe that (v, v) = (w,w) = γ, and

so 〈v〉, 〈w〉 ∈ Xn. Moreover, since β 6= 1 we have v 6= w, and since γ 6= 0 and
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1 + β2 6= 0, we have

(v, w) =
γ

2β
+
γβ

2
=
γ(1 + β2)

2β
6= 0.

Therefore d(〈v〉, 〈w〉) ≥ 2. Suppose that d(〈v〉, 〈w〉) = 2 and 〈y〉 is a common

neighbour of 〈v〉 and 〈w〉. Write y = ae + bf + cx, where a, b, c ∈ Fq. Then

(y, y) = γ, (v, y) = 0 and (w, y) = 0 imply

2ab+ c2 = γ (4.6)

b+
aγ

2
= 0 (4.7)

aγ

2β
+ bβ = 0. (4.8)

Using (4.7) and (4.8) to eliminate γ, we obtain b(1− β2) = 0. Since β2 6= 1,

this implies b = 0. Now substituting b = 0 in (4.6), we obtain c2 = γ, which

is a contradiction since γ is a non-square. Therefore d(〈v〉, 〈w〉) ≥ 3, from

which the result follows.

Proposition 4.3.31. Let {e, f, x} be the standard basis and let ∆n
±λ(α) be

the suborbit of (SO3(q), Xn) corresponding to the orbital ∆n
±λ, where α :=

〈e+ γ
2
f〉. Then |∆n

0 (α)| = q+1
2

.

Proof. Recall that

∆n
±λ(α) = {β ∈ Xn : (α, β) ∈ ∆n

±λ}.

Now since α is non-degenerate, we have V = α ⊥ α⊥, and thus

∆n
±λ(α) =

{〈
±λ
(
e+

γ

2
f
)

+ w
〉
∈ Xn : w ∈ α⊥ \ {0}, (w,w) = γ(1− λ2)

}
.

Therefore the size of ∆n
0 (α) is the half the number of w ∈ α⊥ \ {0} with

(w,w) = γ, since w and −w generate the same subspace. Suppose w is such

an element. Since α⊥ = 〈e − γ
2
f, x〉, writing w = a(e − γ

2
f) + bx, where
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a, b ∈ Fq and a and b are not both zero, we see that (w,w) = γ if and only

if b2 − a2γ = γ. The number of solutions (a, b) to this equation is q + 1

(see Lemma A.10 in Appendix A), from which the result follows.

Now it turns out that if q ≡ 3 mod 4, then (Ω3(q), Xn) has precisely two

suborbits of size q+1
4

(see Table 2.2.5 in [13]), and thus in this case ∆n
0 splits

into two orbitals of (Ω3(q), Xn). Next, we would like to determine the action

of φ̇ on these two orbitals.

Proposition 4.3.32. Suppose the orbital ∆n
0 splits in (Ω3(q), Xn) into two

orbitals ∆ni
0 (i = 1, 2). Then ∆ni

0
φ̇

= ∆ni
0 .

Proof. Suppose ∆n
0 splits in (Ω3(q), Xn). Then the corresponding suborbit

(which has size q+1
2

by Proposition 4.3.31) also splits into two suborbits, of

size q+1
4

each. Thus q ≡ 3 mod 4. Write q = pr for some prime p. Then we

have that r is odd (and p ≡ 3 mod 4). Recall that r is the order of φ̇, and

thus φ̇ has odd order. Now by Proposition 4.3.24, we have

∆n1
0 ∪∆n2

0 = ∆n
0 = ∆n1

0
φ̇ ∪∆n2

0
φ̇
.

Thus ∆n1
0
φ̇

= ∆nj
0

φ̇
, for either j = 1 or 2, i.e. φ̇ either fixes ∆ni

0 for i = 1, 2

or swaps them. If the latter holds, then φ̇ must have even order which is a

contradiction. Hence φ̇ fixes ∆ni
0 for i = 1, 2.

For ∆ni
0 as in Proposition 4.3.32, we will denote the corresponding orbital

graph by Γni0 . The next aim is to prove that for sufficiently large values of q,

all orbital graphs of (SO3(q), Xn) have diameter at least 3. To do this we

take a different approach as follows.

Since all non-degenerate quadratic forms of dimension 3 are similar, we

will now assume now that the underlying vector space V has basis {v1, v2, v3}
where (vi, vj) := δij for all i, j except i = j = 2, and (v2, v2) := β where β is

a non-square if q ≡ 1 mod 4 and a non-zero square if q ≡ 3 mod 4. For the

remainder of this section, we will refer to this basis as the orthogonal basis.
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Define Ys to be the set of 1-dimensional subspaces 〈v〉 of V such that (v, v)

is a square; without loss of generality, we may assume (v, v) = 1. We now

analyse the natural action of SO3(q) and Ω3(q) on Ys.

Lemma 4.3.33. We have |Ys| = q(q−1)
2

.

Proof. As in the proof of Lemma 4.3.10, we have that |Ys| is half the number

of vectors v such that (v, v) = 1. Let {v1, v2, v3} be the orthogonal basis and

write v = av1 + bv2 + cv3, where a, b, c ∈ Fq. Then (v, v) = a2 + b2β + c2.

First suppose that β is a square, i.e. q ≡ 3 mod 4. If c = ±1, then there

are 2 solutions (a, b, c) = (0, 0,±1) to (v, v) = 1. If c 6= ±1 then there are

q + 1 solutions to (v, v) = 1 (by Lemma A.7 if 1 − c2 is a square, and by

Lemma A.10 if 1− c2 is a non-square). Hence, the number of vectors v such

that (v, v) = 1, is (q − 2)(q + 1) + 2 = q(q − 1), and the result follows. Now

suppose that β is a non-square, i.e. q ≡ 1 mod 4. As above, if c = ±1,

then there are 2 solutions (a, b, c) = (0, 0,±1) to (v, v) = 1. Moreover, if

c 6= ±1 then there are again q + 1 solutions to (v, v) = 1 (this can be shown

using similar arguments as in the proof of Lemma A.7 for both of the cases

where 1 − c2 is a square and a non-square). Thus the result follows in this

case too.

Remark 4.3.34. Note that since |Ys| = q(q−1)
2

, the set Ys is equal to the set

Xs from earlier on.

It can be shown in a similar way to the proofs of Propositions 4.3.11 and

4.3.12, that SO3(q) and Ω3(q) act transitively on Ys. Furthermore, we have

the following result.

Proposition 4.3.35. Let G := SO3(q). For α ∈ Ys, we have Gα = O−2 (q).

Proof. Let {v1, v2, v3} be the orthogonal basis. We have 〈v3〉 ∈ Ys, and

therefore it suffices to show that G〈v3〉 = O−2 (q). Since 〈v3〉 is non-degenerate,

we have V = 〈v3〉 ⊥ 〈v3〉⊥ and thus G〈v3〉 = G〈v3〉⊥ . Now, for a, b ∈ Fq,

(av1 + bv2, av1 + bv2) = a2 + b2β, (4.9)
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Since −β is a non-square, the right hand side of (4.9) is non-zero, and

hence 〈v3〉⊥ = 〈v1, v2〉 does not contain a 1-dimensional totally singular

subspace. Thus G〈v3〉 = G〈v3〉⊥ ≤ O−2 (q) (see Proposition 2.5.4(i) in [14]).

Now |Ys| = q(q−1)
2

and thus by using the Orbit-Stabiliser property we have

|G〈v3〉| = |O−2 (q)| which implies G〈v3〉 = O−2 (q).

The following result can be proved in a similar way to Corollary 4.3.12.

Corollary 4.3.36. Let S := Ω3(q). For α ∈ Ys, we have Sα ∼= Dq+1.

By Corollary 4.3.36, in order to analyse the action of PSL2(q) on cosets of

its maximal subgroup Dq+1, it suffices to analyse the action of Ω3(q) on Ys.

The following result can be proved in a similar way to Proposition 4.3.14.

Proposition 4.3.37. The non-diagonal orbitals of (SO3(q), Ys) are

∆±λ := {(〈v〉, 〈w〉) ∈ Ys × Ys : (v, v) = (w,w) = 1, (v, w) = ±λ},

where λ ∈ Fq \ {±1}.

Let Γ±λ denote the orbital graph corresponding to the orbital ∆±λ from

Proposition 4.3.37.

Proposition 4.3.38. Let q > 13. For all λ 6= 0,±1, we have diam(Γ±λ) ≥ 3.

Proof. Let {v1, v2, v3} be the orthogonal basis and define x := 〈v1〉 ∈ Ys. We

will show that for q > 13, there exists y ∈ Ys such that d(x, y) ≥ 3. We start

by considering the following two cases:

q ≡ 1 mod 4: Define y := 〈w〉 ∈ Ys where w := av1 + bv3 with a, b ∈ Fq.
Suppose d(x, y) ≤ 2 for all a, b ∈ Fq. Without loss of generality, we may

assume (w,w) = 1, and so we must have

a2 + b2 = 1. (4.10)
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Now d(x, y) = 1 if and only if b 6= 0 and a = ±λ. Also d(x, y) = 2 if and

only b 6= 0, a 6= ±λ and there exists a common neighbour 〈u〉 of x and y, i.e.

u = cv1 + dv2 + ev3 where c, d, e ∈ Fq and

c2 + βd2 + e2 = 1 (4.11)

c = ±λ (4.12)

ac+ be = ±λ. (4.13)

Since q ≥ 9, we can choose a solution (a, b) to (4.10) with b 6= 0 and a 6= ±λ
(see Lemma A.7 in Appendix A). Then since d(x, y) 6= 1, we must have

d(x, y) = 2. Combining (4.12) and (4.13), and using the fact that b 6= 0, we

obtain

e =
±λ(1− a)

b
. (4.14)

Substituting (4.14) into (4.11) and using b2 = 1− a2 we obtain

λ2 + βd2 +
λ2(1− a)

1 + a
= 1.

Then rearranging, we obtain

βd2 =
1 + a− 2λ2

1 + a
. (4.15)

Now the solutions (a, b) 6= (1, 0) of (4.10) can be written as

(a, b) =

(
u2 − 1

u2 + 1
,
−2u

u2 + 1

)
,

where u ∈ Fq and u2 + 1 6= 0 (see the proof of Lemma A.7 in Appendix A).

Therefore by (4.15) we obtain

βd2 =
(1− λ2)u2 − λ2

u2
,
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where u2 6= −1, 0, ±(1−λ)
1+λ

since a 6= −1,±λ. Since the left-hand side is a non-

square, we conclude that the numerator of the expression of the right-hand

side must be a non-square for all u ∈ Fq with u2 6= −1, 0, ±(1−λ)
1+λ

.

q ≡ 3 mod 4 : Define y := 〈w〉 ∈ Ys where w := av1 + bv2 with a, b ∈ Fq.
Suppose d(x, y) ≤ 2 for all a, b ∈ Fq. Using similar arguments to the previous

case, we see that there exists u = ±λv1 + dv2 + ev3 with d, e ∈ Fq, such that

e2 =
1 + a− 2λ2

1 + a
.

Now as before, parametrising a = u2−1
u2+1

, where u ∈ Fq with u2 6= −1, 0, ±(1−λ)
1+λ

,

we obtain

e2 =
(1− λ2)u2 − λ2

u2
.

Therefore since the the left-hand side is a square, we conclude that the nu-

merator of the expression of the right-hand side must be a square for all

u ∈ Fq with u2 6= −1, 0, ±(1−λ)
1+λ

.

In order to complete the proof, by the above, it suffices to prove the

existence of elements u1 for q ≥ 17 and u2 for q ≥ 19 such that u2
i 6=

−1, 0, ±(1−λ)
1+λ

and

(1− λ2)u2
i − λ2

is a square for i = 1 and a non-square for i = 2. (Note that since λ 6= 0,

the above expression is not trivially a square.) Indeed, such ui can be shown

to exist using a numerical argument which can be found as Lemma A.5 in

Appendix A.

Proposition 4.3.39. Let {v1, v2, v3} be the orthogonal basis and let ∆0(α) be

the suborbit of (SO3(q), Ys) corresponding to the orbital ∆0, where α := 〈v3〉.
Then |∆0(α)| = q+1

2
.

Proof. Recall that

∆0(α) = {β ∈ Ys : (α, β) ∈ ∆0}.
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Now since 〈v3〉 is non-degenerate, we have V = 〈v3〉 ⊥ 〈v3〉⊥, and thus

∆0(α) = {〈w〉 ∈ Ys : w ∈ 〈v3〉⊥ \ {0}, (w,w) = 1}.

Therefore the size of ∆0(α) is half the number of w ∈ 〈v3〉⊥ \ {0} with

(w,w) = 1, since w and −w generate the same subspace. Suppose w is such

an element. Since 〈v3〉⊥ = 〈v1, v2〉, writing w = av1 +bv2, where a, b ∈ Fq and

a and b are not both zero, we see that (w,w) = 1 if and only if a2 + βb2 = 1.

Using similar arguments to the ones in Lemma A.7 in Appendix A, it can be

seen that this equation has q + 1 solutions. So the number of pairs (a, b) for

which (w,w) = 1 is q + 1. Therefore |∆0(α)| = q+1
2

.

In the next result we return to the bilinear form specified by the standard

basis {e, f, x} and analyse the orbital graphs of the action of SO3(q) on the

set Xn, defined previously.

Corollary 4.3.40. Let q > 13. Then all orbital graphs of (SO3(q), Xn) have

diameter at least 3.

Proof. Let Γ be an orbital graph of the action and let ∆ be the corresponding

suborbit. By Proposition 4.3.29, the size of ∆ is either q+1
2

or q + 1. If

|∆| = q+1
2

, then since there is a unique suborbit of this size, and |∆n
0 | =

q+1
2

by Proposition 4.3.31, we have Γ = Γn0 and the conclusion follows from

Proposition 4.3.30. By Propositions 4.3.31 and 4.3.39, we have |∆n
0 | = |∆0|.

Hence if |∆| = q+1, then we have diam(Γ) = diam(Γ±λ) for some λ 6= 0,±1.

In this case, the conclusion follows from Proposition 4.3.38.

We can now prove Theorem 4.3.2.

Proof of Theorem 4.3.2. Let G and X be as in the statement of the theorem.

By Proposition 4.1.2(1) and Corollary 4.3.13, we may suppose soc(G) = Ω3(q)

and X = Xn. To prove the first part of the theorem, it suffices to show that

(G,X) has an orbital graph of diameter at least 3. Indeed, by Proposi-

tions 4.3.24 and 4.3.32, either Γn0 or Γni0 (for some i = 1, 2) is an orbital
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graph of (G,X). Now diam(Γni0 ) ≥ diam(Γn0 ) and by Proposition 4.3.30, we

have diam(Γn0 ) ≥ 3. This proves part 1. Now suppose G = Ω3(q) or SO3(q),

and q ≥ 17. By Corollary 4.3.40, all orbital graphs of (SO3(q), X) and hence

of (Ω3(q), X) have diameter at least 3. This proves part 2.

We conclude this section by presenting a conjecture which gives details

of the orbital graph of diameter 2 in Conjecture 4.3.3. For orbital graphs

Γn±λ1 , . . . ,Γ
n
±λl , by Γn±λ1 ∪ · · · ∪ Γn±λl , we mean the graph with vertex set Xn

and where {α, β} is an edge if and only if (α, β) ∈ ∆n
±λ1 ∪ · · · ∪∆n

±λl .

Conjecture 4.3.41. Let q = pr be a prime power with r ≥ 2. There exists

a primitive element λ ∈ Fq such that Γn±λ ∪ Γn±λp ∪ . . .Γn±λpr−1 is an orbital

graph of (Aut(Ω3(q)), Xn) of diameter 2.

4.4 H ∩ S ∼= PGL2(q
1/2)

In this section we analyse the diameters of the orbital graphs of the action

of G on cosets of maximal subgroups H, where S := soc(G) ∼= PSL2(q2
0)

(q0 odd) and H ∩ S ∼= PGL2(q0). We begin by stating the main result of

the section.

Theorem 4.4.1. Let q ≥ 5 be odd and suppose q = q2
0, for some prime

power q0. Let (G,X) be a primitive permutation group with S := soc(G) ∼=
PSL2(q) and X := (G : H), where H ∩ S ∼= PGL2(q0). Then we have

diamO(G,X) ≤ 2 if and only if q0 ≡ 3 mod 4.

Let (G,X) be as in Theorem 4.4.1. Computations suggest that for

q0 ≡ 1 mod 4 almost all of the orbital graphs of (G,X) have diameter 2. To

be precise, we conjecture the following.

Conjecture 4.4.2. Let q ≥ 5 be odd and suppose q = q2
0, for some prime

power q0. Let (G,X) be a primitive permutation group with S := soc(G) ∼=
PSL2(q) and X := (G : H), where H ∩S ∼= PGL2(q0). If q0 ≡ 1 mod 4, then

all orbital graphs of (G,X) have diameter 2, except one.
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Conjecture 4.4.2 has been verified for values of q0 ≤ 53 using a computer.

In particular, the one orbital graph in Conjecture 4.4.2 that does not have

diameter 2 is the graph Γ0 from Proposition 4.4.12.

Remark 4.4.3. Note that by Table 4.1, there are two conjugacy classes in

S := PSL2(q2
0) of subgroups isomorphic to PGL2(q0); let the representa-

tives be X1 and X2. Also let Ωi := (S : Xi) for i = 1, 2. We claim that

the permutation groups (S,Ωi) are permutation isomorphic and thus when

analysing the diameters of the orbital graphs, it suffices to study any one of

them (see Proposition 2.1.8(3)). To see this, note that by Table 4.1, the two

conjugacy classes are swapped by δ̈. Hence there exists t ∈ PGL2(q2
0) such

that t−1X1t = X2. Let ṫ be the automorphism of S which is conjugation

by t. Then ṫ swaps X1 and X2. Lastly, define f : Ω1 → Ω2 by X1g 7→ X2ṫ(g).

One can then check that ṫ and f define a permutation isomorphism between

the required permutation groups.

In order to prove Theorem 4.4.1, we will consider PSL2(q2
0) as a subgroup

of the 4-dimensional orthogonal group O−4 (q0). Let V be a 4-dimensional

vector space over Fq0 and let Q be a non-degenerate quadratic form on V

with sgn(Q) = −. The group O(V ) ∼= O−4 (q0) stabilises the quadratic form.

Also SO(V ) ∼= SO−4 (q0) and Ω(V ) ∼= Ω−4 (q0). Now by Proposition 4.1.2, we

have PSL2(q2
0) ∼= Ω−4 (q0). Under this isomorphism the maximal subgroups

PGL2(q0) becomes the stabilisers of certain 1-dimensional subspaces of V .

We now describe an automorphism of Ω−4 (q0). By Proposition 2.5.12 in

[14], V has a basis {v1, v2, v3, v4} such that (v1, v1) = η, (vi, vi) = 1 for

i = 2, 3, 4, and (vi, vj) = 0 for i 6= j, where η is a generator of F∗q0 . For the

remainder of this section, we will refer to this basis as the orthogonal basis.

Definition 4.4.4. Let V be as above, where q0 is a power of the odd prime

p, and let {v1, v2, v3, v4} be the orthogonal basis. We define φ to be the map

V → V , given by av1 + bv2 + cv3 + dv4 7→ apη
p−1
2 v1 + bpv2 + cpv3 + dpv4, for

a, b, c, d ∈ Fq0 , and we define φ̇ to be the map O−4 (q0) → O−4 (q0) given by

g 7→ φ−1gφ.
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Remark 4.4.5. Let {v1, v2, v3, v4} be the orthogonal basis. For u, v ∈ V write

u = a1v1 + a2v2 + a3v3 + a4v4 and v = b1v1 + b2v2 + b3v3 + b4v4, where

ai, bi ∈ Fq0 . Then

(uφ, vφ) = (a1b1η)p +
4∑
i=2

(aibi)
p =

(
a1b1η +

4∑
i=2

aibi

)p

= (u, v)p.

Using this, it straightforward to see that if g ∈ O−4 (q0), then φ−1gφ preserves

the form, and thus φ̇(g) ∈ O−4 (q0). One can also easily check that φ̇ is a

bijective homomorphism, i.e. an automorphism of O−4 (q0).

Lemma 4.4.6. The map φ̇ is an automorphism of Ω−4 (q0).

Proof. By Remark 4.4.5, it suffices to show that φ̇(Ω−4 (q0)) = Ω−4 (q0). Now,

it is straightforward to check that if det(g) = 1, then det(φ−1gφ) = 1, and

thus φ̇ is an automorphism of SO−4 (q0). Further, it is an easily proved fact

that the commutator subgroup H of a group G satisfies f(H) ≤ H for all

f ∈ Aut(G). Since Ω−4 (q0) is the commutator subgroup of SO−4 (q0), this

implies that φ̇(Ω−4 (q0)) ≤ Ω−4 (q0) and the equality follows since we also have

φ̇−1(Ω−4 (q0)) ≤ Ω−4 (q0).

Remark 4.4.7. Note that the information on maximal subgroups of almost

simple groups with socle PSL2(q2
0) in Table 4.1, can be translated to informa-

tion on maximal subgroups of almost simple groups with socle Ω−4 (q0) with

φ as in Definition 4.4.4 (see Table 8.17 in [3] for the maximal subgroups of

the latter).

Let X denote the set of all 1-dimensional subspaces of V . For the remain-

der of this section, we shall use Xs to denote the set of elements 〈v〉 ∈ X

with Q(v) a square. Note that if 〈v〉 is in Xs, then without loss of general-

ity we may assume that Q(v) = 1, i.e. (v, v) = 2. The group Ω−4 (q0) acts

naturally on Xs.
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Proposition 4.4.8. Let S := Ω−4 (q0). Then S acts transitively on Xs. More-

over, for α ∈ Xs, we have Sα ∼= SO3(q0).

Proof. Firstly, we prove that S acts transitively on Xs. Let α, β ∈ Xs and

write α := 〈v〉 and β := 〈w〉. Then without loss of generality, we may assume

that (v, v) = (w,w) and so the map i : α → β, which maps λv 7→ λw is an

isometry. Hence by Witt’s Lemma there exists g ∈ O−4 (q0) such that vg = w.

Now since every element of O−4 (q0) has determinant ±1, we have that either

g ∈ SO−4 (q0) or −g ∈ SO−4 (q0). So there exists h ∈ SO−4 (q0) such that αh = β.

Now, by (2.5.12) in [14], we have

SO−4 (q0) = S〈rxry〉, (4.16)

where rx and ry are reflections in vectors x, y ∈ V with (x, x) a square and

(y, y) a non-square. Pick x, y ∈ α⊥, with (x, x) a square and (y, y) a non-

square. By (4.16) there exists h′ ∈ S such that h = h′rxry. Now αrxry = α

and hence αh
′
= β. This proves the transitivity of S.

Now pick a basis {e, f, u, v} of V satisfying Q(e) = Q(f) = (e, v) =

(e, u) = (f, v) = (f, u) = (u, v) = 0, (e, f) = 1, Q(v) = 1 and Q(u) = −γ,

where γ ∈ Fq is a non-square (see Remark 4.4.9 for a justification for why

such a basis exists). Since 〈v〉 ∈ Xs, it suffices to show that S〈v〉 ∼= SO3(q0).

Since 〈v〉 is non-degenerate, we have V = 〈v〉⊥ ⊥ 〈v〉. Now S〈v〉 contains the

subgroup K := 〈H, re+frv〉, where

H :=

{(
A 0

0 1

)
: A ∈ Ω3(q0)

}
,
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and H is a normal subgroup of K. Note that re+frv =

(
B 0

0 −1

)
, where

B :=

 0 −1 0

−1 0 0

0 0 1

 ,

and thus re+frv /∈ H. Now |K/H| = 2 and since every element of K

has determinant 1, we have K ∼= SO3(q0). Finally, note that O−4 (q0)〈v〉
∼=

O3(q0) × 〈−1〉 which implies |S〈v〉| = 1
2
|O3(q0)| = |SO3(q0)| and thus S〈v〉 =

K ∼= SO3(q0).

Remark 4.4.9. Let (V,Q) be a quadratic space with bilinear form ( , ) and

basis β := {v1, . . . , vn}. Then D(Q) is defined to be the determinant of

the matrix fβ, where (fβ)ij := (vi, vj). For a subspace W ⊆ V , we define

D(W ) := D(QW ), where QW is the restriction of Q to W . Note that the

value of D(Q) depends on the basis {v1, . . . , vn} but only up to multiplication

by a square, and hence for different bases, D(Q) will either always be a square

or always be a non-square.

We claim that if V is a 4-dimensional vector space over Fq with basis

{e, f, u, v} and we define a quadratic form Q : V × V → Fq by Q(e) =

Q(f) = (e, v) = (e, u) = (f, v) = (f, u) = (u, v) = 0, (e, f) = 1, Q(v) = 1 and

Q(u) = −γ, then sgn(Q) = −. To see this, let W := 〈e, f〉 and observe that

V = W ⊥ W⊥. Now W contains a totally singular subspace of dimension 1

and W⊥ doesn’t, and so sgn(W ) = + and sgn(W⊥) = − (see Proposition

2.5.4(i) in [14]). Thus precisely one of D(W ) or D(W⊥) is a square (this

follows from Proposition 2.5.10 in [14]). Since D(Q) = D(W )D(W⊥) (see

Proposition 2.5.11(i) in [14]), we have that D(Q) is a non-square. Now if

sgn(Q) = +, then Proposition 2.5.10(i) in [14] implies D(Q) is a square.

Thus D(Q) is a non-square implies sgn(Q) = −, as required.
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Let G := 〈Ω−4 (q0), Γ̇〉 be an almost simple group with soc(G) ∼= Ω−4 (q0)

and Γ̇ ≤ 〈φ̇〉. We would like to define an action of G on the set Xs; the group

Ω−4 (q0) acts naturally on this set, and for v ∈ V we define 〈v〉φ̇ := 〈vφ〉
(one can easily check that 〈vφ〉 ∈ Xs).

Corollary 4.4.10. Let G := 〈S, Γ̇〉 be an almost simple group with S :=

soc(G) ∼= Ω−4 (q0), where q0 is an odd prime power and Γ̇ ≤ 〈φ̇〉. Then for

α ∈ Xs, we have Gα = Sα.Γ̈ and Gα is a maximal subgroup of G.

Proof. By Theorem 4.1.11 and Proposition 4.4.8, we have that Sα is a max-

imal subgroup of S, and thus Gα is a maximal subgroup of G. Also by

Proposition 4.4.8, S acts transitively on Xs, and thus so does G. The rest of

the proof is as in the proof of Corollary 4.3.13.

By Corollary 4.4.10, in order to analyse the primitive actions of G with

S := soc(G) ∼= PSL2(q2
0) on the cosets of H where H ∩ S ∼= PGL2(q0),

it suffices to assume soc(G) = Ω−4 (q0) and analyse the natural action of G

on Xs. To analyse the latter action, we will begin by analysing the particular

case where G = Ω−4 (q0). We begin by determining the orbitals of this action.

Proposition 4.4.11. Let S := Ω−4 (q0). The non-diagonal orbitals of (S,Xs)

are

∆±λ := {(〈v〉, 〈w〉) ∈ Xs ×Xs : (v, v) = (w,w) = 2, (v, w) = ±2λ},

where λ ∈ Fq0.

Proof. Let {e, f, u, v} be the basis in Proposition 4.4.8. Then, we have

(〈x〉, 〈y〉) ∈ ∆±λ, where x := v and y := (1 − λ)e + (1 + λ)f + λv. Hence

the sets ∆±λ are non-empty. Further, it is straightforward to check that

the sets ∆±λ are disjoint and that their union (together with the diago-

nal orbital) is Xs × Xs. It is also clear that if (〈v1〉, 〈w1〉) and (〈v2〉, 〈w2〉)
are in the same orbital (with (v1, v1) = (v2, v2) and (w1, w1) = (w2, w2))
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then (v1, w1) = ±(v2, w2). It remains to show that S is transitive on ∆±λ.

Let α, β ∈ ∆±λ and write α = (〈v〉, 〈w〉) and β = (〈v′〉, 〈w′〉). As in the proof

of Proposition 4.3.14, we can show that there exists h ∈ SO−4 (q0) such that

αh = β. Now by Proposition 2.5.13(i) in [14], we have SO−4 (q0) ∼= S × 〈−I4〉,
and therefore either h ∈ S or −h ∈ S. To complete the proof it remains to

note that α±h = β.

Note that since ( , ) is symmetric, the orbitals in Proposition 4.4.11 are

self-paired. We denote by Γ±λ the orbital graph corresponding to the orbital

∆±λ from Proposition 4.4.11. We now prove two results concerning the di-

ameters of these orbital graphs. Note that the condition q = q2
0 ≥ 5 is needed

to ensure that the graphs in question are connected.

Proposition 4.4.12. Let q = q2
0 ≥ 5. If q0 ≡ 1 mod 4, then diam(Γ0) ≥ 3.

Proof of Proposition 4.4.12. Let {e, f, u, v} be the basis defined in Proposi-

tion 4.4.8. Define x := e + f and y := 2f + v. Then Q(x) = Q(y) = 1

and d(〈x〉, 〈y〉) ≥ 2. Now d(〈x〉, 〈y〉) = 2 if and only if there exists z =

ae+ bf + cu+ dv with a, b, c, d ∈ Fq0 , such that

ab− c2γ + d2 = 1 (4.17)

a+ b = 0 (4.18)

a+ d = 0. (4.19)

Rearranging (4.18) and (4.19) for b and d respectively, and substituting these

into (4.17), we obtain c2γ+ 1 = 0 which is a contradiction since −1 is square

in Fq0 . Hence d(〈x〉, 〈y〉) ≥ 3 from which the result follows.

Proposition 4.4.13. Let q = q2
0 ≥ 5. If q0 ≡ 3 mod 4, then diam(Γ±λ) = 2,

for all λ ∈ Fq.

Proof. Let {e, f, u, v} be the basis defined in Proposition 4.4.8. Let 〈x〉
and 〈y〉 be elements of Xs with (x, y) = 2µ for some µ ∈ Fq, and let
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d := d(〈x〉, 〈y〉). Without loss of generality, we may suppose that x = hu

and y = (1−µ)e+ (1 +µ)f − (µ/hγ)u, where h2 := −1/γ. Suppose µ 6= ±λ,

i.e. d 6= 1. We will show that d = 2. Firstly suppose that µ 6= ±1. Then

d = 2 if and only if there exists z = ae+ bf + cu+ dv such that

ab− c2γ + d2 = 1 (4.20)

−2hcγ = ±2λ (4.21)

a(1 + µ) + b(1− µ) + (2µc)/h = ±2λ. (4.22)

Now (4.21) implies c = ±λ/(hγ) and substituting this into (4.22) implies

b =
±2λ± 2µλ− a(1 + µ)

1− µ
.

Further, substituting the expressions obtained for b and c into (4.20) and

rearranging, we obtain the following quadratic equation in a:

(1 + µ)a2 ± 2λ(µ± 1)a+ (λ2 + d2 − 1)(µ− 1) = 0.

The discriminant of this quadratic equation (choosing + for the second ±) is

B(d) := (1− µ2)d2 − (1 + µ)(1− µ− 2λ2).

In order to prove the existence of z, it suffices to show that for each λ and

each µ 6= ±1,±λ, there exists d such that B(d) is a square. This is equivalent

to showing that for each λ and µ 6= ±1,±λ there exist d, y such that

(1− µ2)d2 − y2 = (1 + µ)(1− µ− 2λ2). (4.23)

We show the latter by considering the following two cases. Suppose first that

1 − µ2 is a square. Since every element of a finite field with odd character-

istic can be expressed as the difference of two squares (see Lemma A.9 in
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Appendix A), there exist α, β ∈ Fq0 such that

α2 − β2 = (1 + µ)(1− µ− 2λ2).

Pick d and y such that d2 = α2/(1−µ2) and y = β. Then (4.23) holds. Now

suppose that 1−µ2 is a non-square and µ 6= 1−2λ2. Since q = q2
0 ≥ 9, every

non-zero element of Fq0 can be expressed as the sum of two non-squares (see

Lemma A.12 in Appendix A), and hence there exist non-squares α, β ∈ Fq0
such that

α + β = (1 + µ)(1− µ− 2λ2).

Pick d and y such that d2 = α/(1 − µ2) and y2 = −β (note that −1 is

non-square since q0 ≡ 3 mod 4). Then (4.23) holds. If µ = 1 − 2λ2, then

(4.23) holds with y = d = 0. In conclusion, z exists for µ = ±1. If µ = 1,

then let z := −2λe + (λ/2)f − (λ/(hγ))u + v, and if µ = −1, then let

z := −(λ/2)e + (2λ)f − (λ/(hγ))u + v. Then 〈x〉 − 〈z〉 − 〈y〉 is a path of

length 2 and hence d(〈x〉, 〈y〉) = 2. The result follows.

To analyse the orbital graphs of (G,Xs), where G := 〈S, Γ̇〉 is an almost

simple group with S := soc(G) ∼= Ω−4 (q0) and Γ̇ ≤ 〈φ̇〉, we will need to

determine the action of φ̇ on the orbitals ∆±λ of (Ω−4 (q0), Xs). The action of

φ̇ on ∆±λ will be denoted by (∆±λ)
φ̇.

Proposition 4.4.14. Let ∆±λ be an orbital of (Ω−4 (q0), Xs), where q0 is a

power of the prime p. Then (∆±λ)
φ̇ = ∆±λp.

Proof. Let {v1, v2, v3, v4} be the orthogonal basis. Recall from Remark 4.4.5

that for u, v ∈ V , we have

(uφ, vφ) = (u, v)p. (4.24)

Suppose (〈x〉, 〈y〉) ∈ ∆±λp , where (x, x) = (y, y) = 2 and (x, y) = ±2λp.
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Write

x = x1v1 + x2v2 + x3v3 + x4v4, y = y1v1 + y2v2 + y3v3 + y4v4,

for some xi, yi ∈ Fq. Now, define

x′ := cx
1/p
1 v1+x

1/p
2 v2+x

1/p
3 v3+x

1/p
4 v4, y′ := cy

1/p
1 v1+y

1/p
2 v2+y

1/p
3 v3+y

1/p
4 v4,

where c2 = η1/pη−1. Then using (4.24) one can check that (〈x′〉, 〈y′〉) ∈ ∆±λ

and (〈x′〉, 〈y′〉)φ̇ = (〈x〉, 〈y〉). This proves that ∆±λp ⊆ (∆±λ)
φ̇. For the

converse, suppose (〈x〉, 〈y〉) ∈ ∆±λ, where (x, x) = (y, y) = 2 and (x, y) =

±2λ. Then using (4.24) one can check that

(xφ, xφ) = (yφ, yφ) = 2, (xφ, yφ) = ±2λp,

and thus (〈x〉, 〈y〉)φ̇ ∈ ∆±λp . This proves that (∆±λ)
φ̇ ⊆ ∆±λp .

Proof of Theorem 4.4.1. Let G and X be as in the statement of the the-

orem. By Proposition 4.1.2 and Corollary 4.4.10, we may suppose that

soc(G) = Ω−4 (q0) and X = Xs. By Proposition 4.4.14, Γ0 is an orbital

graph of (G,X). Moreover, by Proposition 4.4.12 we have diam(Γ0) ≥ 3

if q0 ≡ 1 mod 4. Hence diamO(G,X) ≤ 2 implies q0 ≡ 3 mod 4. Con-

versely, suppose q0 ≡ 3 mod 4 and let Γ be an orbital graph of (G,X). Then

diam(Γ) ≤ maxλ{diam(Γ±λ)} = 2, where the equality holds by Proposi-

tion 4.4.13.

4.5 H ∩ S ∼= PSL2(q
1/t)

In this section we analyse the diameters of the orbital graphs of the action

of G on the cosets of maximal subgroups H, where S := soc(G) ∼= PSL2(qt0)

(q0 odd) with t an odd prime, and H ∩ S ∼= PSL2(q0). We begin by stating

the main result of the section.
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Theorem 4.5.1. Let q ≥ 5 be odd and suppose q = qt0, where t is an odd

prime. Let (G,X) be a primitive permutation group with S := soc(G) ∼=
PSL2(q) and X := (G : H), where H ∩ S ∼= PSL2(q0).

1. If diamO(G,X) ≤ 2, then t = 3.

2. Let G ∼= PSL2(q). The following hold:

(a) diamO(G,X) > 2;

(b) (G,X) has no orbital graphs of diameter 2;

(c) if there exist orbital graphs of diameter 3, then t = 3.

In order to prove part 1 of Theorem 4.5.1 we will need the following result.

Lemma 4.5.2. Let (G,X) be as in the statement of Theorem 4.5.1, with

q = pr for some odd prime p. If (G,X) has an orbital graph Γ of diameter d,

then

2.99− 3d+ 3

t
< d logq(2r) + logq

(
144

143

)
.

Proof. By Lemma 2.2.1 we have

|G : H| ≤ 1 + v + v(v − 1) + v(v − 1)2 + · · ·+ v(v − 1)d−1

< 1 + v + v2 + v3 + · · ·+ vd, (4.25)

where v := 2|H|. Define A := Aut(S) and define J to be the maximal

subgroup of A such that J/(H ∩ S) ∼= Out(S). Since |G : H| = |A : J | and

|H| ≤ |J |, using (4.25) we obtain

|A| <
(

2|J |d+1 − 1

2|J | − 1

)
|J | < |J |

2|J | − 1
(2|J |)d+1.

This implies

q(q2 − 1)r < (2q3
0r)

d+1 1

2− 1
|J |
.
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Note that since q is odd, we have q0 ≥ 3. Also, since t is an odd prime

dividing r, we have r ≥ 3. These imply |J | = q0(q2
0 − 1).r ≥ 72, and using

this in the above we obtain

q(q2 − 1) < (2r)dq3d+3
0

144

143
.

Now q ≥ 27 which implies q2.99 < q(q2−1). Using this in the above we obtain

q2.99 < (2r)dq
3d+3
t

144

143
.

Rearranging the above, we obtain the result, i.e.

2.99− 3d+ 3

t
< d logq(2r) + logq

(
144

143

)
.

We now prove Theorem 4.5.1.

Proof of Theorem 4.5.1(1). Suppose diamO(G,X) ≤ 2. Then (G,X) has an

orbital graph of diameter d ≤ 2. Therefore using Lemma 4.5.2, we have

2.99− 9

t
< 2 logq(2r) + logq

(
144

143

)
. (4.26)

Now logq
(

144
143

)
is a decreasing function of q. In particular, since q ≥ 27, we

have logq
(

144
143

)
≤ 0.0021. Similarly, since logq(2r) = logpr(2r) is a decreasing

function of p, we have logpr(2r) ≤ log3r(2r), where q = pr and p is a prime.

Furthermore, log3r(2r) is also a decreasing function of r, hence since r ≥ 3,

we have logpr(2r) ≤ 0.5437. Now rearranging (4.26) for t using these upper

bounds, we conclude that t = 3.
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Proof of Theorem 4.5.1(2). Suppose diamO(G,X) ≤ 2. By Theorem 4.5.1(1),

we must have t = 3. Then by Lemma 2.2.1, we have

|G : H| ≤ 1 + 2|H|+ 2|H|(2|H| − 1) = 1 + 4|H|2.

Now substituting |G| = q(q2−1)
2

and |H| = q1/3(q2/3−1)
2

into the above and

simplifying, we obtain f(q) ≥ 0, where

f(q) := q − q1/3 − 3q7/3 + 3q5/3.

However it is not hard to show that f(q) < 0 for all q ≥ 5 which is a

contradiction. The same contradiction arises if we suppose that (G,X) has

an orbital graph of diameter 2.

Now suppose (G,X) has an orbital graph of diameter 3. Then by using

Lemma 4.5.2 with d = 3, we have

2.99− 12

t
< 3 logq(2r) + logq

(
144

143

)
.

As in the proof of Theorem 4.5.1(1), we have logq
(

144
143

)
≤ 0.0021, and if r ≥ 5,

then logq(2r) ≤ log3r(2r) ≤ 0.4192. Using these in the above inequality and

rearranging for t we obtain t = 3 or t = 5. If r ≤ 4, then r = t = 3. So

in either case we have t = 3 or t = 5. We claim that t = 5 cannot occur.

Suppose there exist orbital graphs of diameter 3 for t = 5. Then using (4.25)

we obtain |G| < 16|H|5, i.e.

q(q2 − 1) < q5/t(q2/t − 1)5 = q(q2/5 − 1)5.

Simplifying the above we obtain f(q) > 0, where

f(q) := 2q6/5 + q2/5 − 2q4/5 − q8/5.

However it is not hard to show that f(q) < 0 for all q ≥ 5, a contradiction.
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4.6 H ∩ S ∼= A4, A5, S4

In this section we analyse the diameters of the orbital graphs of the action

of G on the cosets of maximal subgroups H, where S := soc(G) ∼= PSL2(q)

(q odd) and H ∩ S ∼= A4, A5 or S4. We begin by stating the main theorem

of the section. Recall that δ̇ and φ̇ are the automorphisms of PSL2(q) from

Section 4.1 and that δ̈ and φ̈ are their images in Out(PSL2(q)).

Theorem 4.6.1. Let q ≥ 5 be odd. Let (G,X) be a primitive permutation

group with S := soc(G) ∼= PSL2(q) and X := (G : H), where H ∩ S ∼= A4,

A5 or S4.

1. Let c ≥ 1. If diamO(G,X) ≤ c, then q < εm
10c
29 , where ε and m are as

in Table 4.7.

2. We have diamO(G,X) ≤ 2 if and only if G and H are as in Table 4.8.

3. (G,X) has orbital graphs of diameter 2 if and only if G and H are as

in Table 4.9.

G H ε m

PSL2(q) A4 3.083 23

PSL2(q).〈δ̈〉 A4.〈δ̈〉 3.037 47

PSL2(q) A5 5.242 119

PSL2(q).〈φ̈〉 A5.〈φ̈〉 5.227 239

PSL2(q) S4 3.856 47

Table 4.7: diamO(G,X) ≤ c⇒ q < εm
10c
29 , where X := (G : H)
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G H Notes

PSL2(5) A4

PSL2(5).〈δ̈〉 A4.〈δ̈〉
PSL2(q) A5 q ∈ {9, 11}
PSL2(9).〈φ̈〉 A5.〈φ̈〉
PSL2(7) S4

Table 4.8: Pairs (G,X) with diamO(G,X) ≤ 2, where S := soc(G) ∼=
PSL2(q), X := (G : H) and H ∩ S ∼= A4, A5, S4

G H Notes

PSL2(13) A4

PSL2(q).〈δ̈〉 A4.〈δ̈〉 q ∈ {11, 13}
PSL2(q) A5 q ∈ {19, 29, 31, 41, 49, 61}
PSL2(49).〈φ̈〉 A5.〈φ̈〉
PSL2(q) S4 q ∈ {17, 23}

Table 4.9: Orbital graphs of diameter 2 for (G,X), where S := soc(G) ∼=
PSL2(q), X := (G : H) and H ∩ S ∼= A4, A5, S4

Remark 4.6.2.

1. Let G and H be as in the statement of Theorem 4.6.1. All such pairs

(G,H) can be deduced from Table 4.1 and are given explicitly by the

first two columns of Table 4.7. These columns are repeated in Tables

4.10 and 4.11.

2. Note that PSL2(5) ∼= A5 (see [24, p. 51]) and thus the cases with q = 5

in Table 4.8 are equivalent to the actions of A5 and S5 on 1-subsets of

{1, . . . , 5}. Similarly, since PSL2(9) ∼= A6 (see [24, p. 52]), the cases

with q = 9 in Table 4.8 are equivalent to the actions of A6 and S6

on 1-subsets of {1, . . . , 6}. The primitive actions of An and Sn have

already been studied in Chapter 3.
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Proof of Theorem 4.6.1(1). Let (G,H) be a pair from the first two columns

of Table 4.7. Using the fact that |PSL2(q)| = q(q2−1)
2

, for H ∩ S ∼= A4, A5 or

S4, respectively we have

|G : H| = q(q2 − 1)

24
,
q(q2 − 1)

120
,
q(q2 − 1)

48
. (4.27)

Also, for q ≥ 5 we have

q29/10 < q(q2 − 1). (4.28)

Now if diamO(G,X) ≤ c, then (G,X) has an orbital graph of diameter d ≤ c.

We then obtain the result by using (2.3) from Lemma 2.2.1, (4.27) and (4.28)

for the pair (G,H), and rearranging for q.

We would now like to prove Theorem 4.6.1(2) and (3). To do this, one

could start by using Theorem 4.6.1(1) with c = 2. However, doing so may

produce values of q which may not be possible using (2.2) from Lemma 2.2.1.

Thus we use the upper bound in (2.2) directly to obtain the following result.

Proposition 4.6.3. Let (G,X) be a primitive permutation group with S :=

soc(G) ∼= PSL2(q) and X := (G : H), where H∩S ∼= A4, A5 or S4. If (G,X)

has an orbital graph of diameter c ≤ 2, then G and H are as in Table 4.10.

G H Possible values of q

PSL2(q) A4 q ≤ 24, q = p ≡ ±3, 5,±13 mod 40

PSL2(q).〈δ̈〉 A4.〈δ̈〉 q ≤ 38, q = p ≡ ±3, 5,±13 mod 40

PSL2(q).〈δ̈〉 A4.〈δ̈〉 q ≤ 38, q = p ≡ ±11,±19 mod 40

PSL2(q) A5 q ≤ 120, q = p ≡ ±1 mod 10

PSL2(q) A5 q ≤ 120, q = p2, p ≡ ±3 mod 10

PSL2(q).〈φ̈〉 A5.〈φ̈〉 q ≤ 190, q = p2, p ≡ ±3 mod 10

PSL2(q) S4 q ≤ 48, q = p ≡ ±1 mod 8

Table 4.10: Possible pairs (G,X) with orbital graph of diameter c ≤ 2, where
S := soc(G) ∼= PSL2(q), X := (G : H) and H ∩ S ∼= A4, A5, S4
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Proof. Let (G,H) be a pair from the first two columns of Table 4.10. The

third column contains the congruences of q for which each pair occurs (as

described in Table 4.1). The upper bounds for q can then be obtained by

using (2.2) from Lemma 2.2.1 with d := c ≤ 2.

Proposition 4.6.4. Let (G,X) be a primitive permutation group with S :=

soc(G) ∼= PSL2(q) and X := (G : H), where H ∩ S ∼= A4, A5 or S4. If

diamO(G,X) ≤ 2, then G and H are as in Table 4.11.

G H Possible values of q

PSL2(q) A4 5

PSL2(q).〈δ̈〉 A4.〈δ̈〉 5, 11

PSL2(q) A5 9, 11, 19, 29

PSL2(q).〈φ̈〉 A5.〈φ̈〉 9

PSL2(q) S4 7

Table 4.11: Possible pairs (G,X) with diamO(G,X) ≤ 2, where S :=
soc(G) ∼= PSL2(q), X := (G : H) and H ∩ S ∼= A4, A5, S4

Proof. Let (G,H) be a pair from the first two columns of Table 4.11. Suppose

diamO(G,X) ≤ 2. Then (G,X) has an orbital graph of diameter c ≤ 2, hence

by Proposition 4.6.3, the value of q must be in Table 4.10; let L[qold] denote the

list consisting of these values. We use the computer program CG,H
LOW(2, L[qold])

(detailed in Section 5.7 in Chapter 5) to compute the largest subgroup Y ≤ H

satisfying the assumption of Proposition 2.2.2 and output a new list L[qnew]

which consists of only those values in L[qold] for which the lower bound for the

diameter in Proposition 2.2.2 is strictly less than 2. Thus the permutation

group corresponding to each discarded value of q has an orbital graph of

diameter at least 3 and hence these discarded values cannot occur. The

values of q which remain in L[qnew] are precisely the ones in Table 4.11.
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Proof of Theorem 4.6.1(2) and (3). Let G and H be as in the statement of

the theorem. If diamO(G,X) ≤ 2, then by Proposition 4.6.4, the value

of q must be in Table 4.11. For each such value of q, we then use the

computer program CG,H
DIAM(q) (detailed in Section 5.8 in Chapter 5) to output

the diameters of the orbital graphs of (G,X) and verify that the only values

of q for which diamO(G,X) ≤ 2 are the ones in Table 4.8. This proves part 2.

Similarly, if (G,X) has an orbital graph of diameter 2 then the value of q

must be in Table 4.10, and we again use CG,H
DIAM(q) to output the diameters

of the orbital graphs of (G,X) and verify that the only values of q for which

(G,X) has orbital graph of diameter 2 are the ones in Table 4.9. This proves

part 3.

4.7 Proof of the main result

Proof of Theorem 4.2.1. Let q ≥ 17 be odd and let (G,X) be a primitive

permutation group with S := soc(G) ∼= PSL2(q) and X := (G : H), where H

is a maximal subgroup of G, not containing S. The possibilities for H∩S are

listed in Table 4.1. Suppose diamO(G,X) ≤ 2. If H ∩ S = P1, then (G,X)

is 2-transitive (see Remark 4.1.12), and thus there is only one orbital graph

which has diameter 1, and so diamO(G,X) ≤ 2 for this case. If H∩S ∼= Dq∓1,

or H ∩ S ∼= PGL2(q1/2) with q1/2 ≡ 1 mod 4, or H ∩ S ∼= PSL2(q1/t) with

t ≥ 4, or H∩S ∼= A4, S4, A5, then Theorems 4.3.1(1), 4.3.2(1), 4.4.1, 4.5.1(1)

and 4.6.1(2) imply that (G,X) has an orbital graph of diameter at least 3.

Hence the cases which can occur are H ∩ S = P1, or H ∩ S ∼= PGL2(q1/2)

with q1/2 ≡ 3 mod 4, or H ∩ S ∼= PSL2(q1/3). The converse for H ∩ S = P1

has already been established, and the converse for H ∩ S ∼= PGL2(q1/2)

with q1/2 ≡ 3 mod 4 can be found in Theorem 4.4.1. Now suppose G ∼=
PSL2(q). Part 2a is a concatenation of Theorems 4.3.1(2) and 4.4.1. Part

2b is a concatenation of Theorems 4.3.2(2) and 4.5.1(2). Finally, part 2c is

Theorem 4.6.1(3).
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The diameters and valencies of the orbital graphs of the primitive permu-

tation group (G,X) where S := soc(G) ∼= PSL2(q) with X := (G : H) and

S � H <max G, when q ≤ 13 is odd, can be found in Table 4.2. The first

three columns of the table can be obtained from Table 4.1. For each odd

prime power q ≤ 13, we use the computer program CPSL2
DIAM(q) (detailed in

Section 5.9 in Chapter 5) to compute the diameters of the orbital graphs of

(G,X). The output includes the orders of G and H, however in certain cases

these have not been enough to identify G and H with the groups G and H in

Table 4.2 (due to their being multiple groups of the same order). This hap-

pens in two cases; one where it needs to be distinguished whether H ∩S is a

dihedral group or an alternating group, and the other where H∩S is dihedral

but it needs to be decided wether or not G = PGL2(q). In the former case we

use the computer program CPSL2
D± (q) to output the diameters of all the orbital

graphs of (G,X) where H∩S ∼= Dq±1. We then compare this output with the

output from the two cases which need to be distinguished and identify the

output which corresponds to the case with H ∩ S being alternating. In the

latter case we use the computer program CPGL2
DIAM(q) to output the diameters

of all orbital graphs of (G,X) where G = PGL2(q). Again comparing this

with the indistinguishable outputs we can identify the output which does not

correspond to G = PGL2(q). The programs are detailed in Sections 5.10 and

5.11 in Chapter 5.
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Chapter 5

Computations using Magma

In this chapter we detail the computer programs that have been used in

Chapters 3 and 4. In particular, we present pseudocode for each program.

The source code for each of the programs detailed in this chapter has been

written on the computer algebra system Magma [2] which has a vast library

of predefined functions to deal with permutation groups.

5.1 CG
DIAM(k, l), G = Sn

In this section we detail the computer program CG
DIAM(k, l) for G = Sn which

is used in the proof of Theorem 3.2.6(2). This program takes as inputs

integers k, l > 1. It outputs the rank of (Skl, I
(k,l)) and for each orbital of

(Skl, I
(k,l)) it outputs the diameter of the corresponding orbital graph as well

as ‘true’ or ‘false’ depending on whether or not the orbital is self-paired.

The pseudocode for CG
DIAM(k, l) with G = Sn can be found in Pseu-

docode 1. We now explain the pseudocode. Lines 1 to 19 are self-explanatory;

by the end we have defined the permutation group P = (Skl, I
(k,l)) (the set

being acted on is enumerated automatically by numbers 1, 2 . . . ) and its sub-

orbits, and have output the rank of the action. In order to compute the
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diameters of all the orbital graphs we can either use two predefined functions

to firstly construct the orbital graphs and then compute their diameters, or

we can use an alternative approach which involves working out the diame-

ters of the corresponding collapsed graphs. The first method is fairly easy to

code but turns out to be inefficient when the index of Sk o Sl in Skl becomes

large; the orbital graphs have too many vertices which cannot be dealt with

using the current computing facilties. Therefore we adopt the alternative

method which eliminates the need to construct the orbital graphs explicitly;

this method still has limitations when the index becomes large, but can deal

with higher values of k and l compared to the first approach. The method is

as follows.

Let G be a transitive permutation group acting on a finite set Ω. Let

Ω1 := {α},Ω2, · · · , Ωr be the distinct orbits of Gα on Ω, with representatives

α1 := α, α2, . . . , αr. Let E be a union of orbitals of (G,Ω). Define an r × r
matrix AE where for k, j ∈ {1, · · · , r},

(AE)kj := |E(αk) ∩ Ωj|

and E(αk) := {γ ∈ Ω : (αk, γ) ∈ E}. Note that AE does not depend on the

choice of the suborbit representatives and is defined with-respect to an order-

ing of the suborbits. Let ∆ be an orbital of (G,Ω). We define the collapsed

adjacency matrix for the orbital graph Γ corresponding to the orbitals ∆ and

∆∗ to be the matrix AE, where E := ∆ ∪∆∗. The corresponding collapsed

graph is defined to be ΓC , with vertex set {1, · · · , r}, and in which (k, j) is

an edge if (AE)kj > 0. It is a fact that diam(Γ) = diam(ΓC) (see Theorem

3.2B in [19]), and thus to compute the diameters of the orbital graphs of P ,

it suffices to compute the diameters of the corresponding collapsed graphs.

The latter can be done via the collapsed adjacency matrices which are calcu-

lated in the next part of the code. Observe that if E := ∆i is a single orbital
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corresponding to the suborbit Ωi, then

(AE)kj = |E(αk) ∩ Ωj| = |Ωwk
i ∩ Ωj|, (5.1)

where wk is the trace of αk (see the next paragraph). Thus if ∆i is self-paired

then (5.1) can be used to compute the corresponding collapsed adjacency

matrix. If ∆ is an orbital which is not self-paired, then A∆∪∆∗ = A∆ + A∆∗

(see Proposition 2.2 in [19]).

In Lines 20 to 23, we calculate the trace of each suborbit representative γ,

i.e. the element g of P such that 1g = γ (we have chosen α = 1 in the previous

paragraph). The trace function is not predefined in Magma; see Pseudocode 2

for details of its construction. For the remainder of the code we do the

following for each suborbit ∆. In Lines 25 to 32, we compute the entries of

the matrix A∆ using (5.1). During this process we make use of the function

suborb (again this function is not predefined and is detailed in Pseudocode 3)

to compute which suborbit (from an ordered list) a given element belongs

to. In Lines 33 to 38, we check whether or not ∆ is self-paired. It is not

hard to show that ∆ is self-paired if and only if there exists l such that

(A∆)1l ∗ (A∆)l1 6= 0. In Lines 39 to 58, we define the collapsed adjacency

matrix of the orbital graph corresponding to ∆ using the techniques described

in the previous paragraph. In particular, if ∆ is not self-paired and has

suborbit representative β, then ∆∗ has suborbit representative 1h
−1

, where h

is the trace of β. We use this to find the suborbit corresponding to ∆∗ and

calculate A∆∗ in a similar way to A∆. Let N denote the collapsed adjacency

matrix. Then the diameter of the collapsed graph and hence of the orbital

graph in question, is just the least number r of times N has to be multiplied

by itself before each non-diagonal entry has taken a value greater than zero

at least once. The number r is what is calculated in Lines 59 to 81.

Note that Lines 11 to 81 only require a group G and maximal subgroup H

to be defined, and thus we can re-use this part of the pseudocode whenever

we have such a G and H to work out the diameters of all the orbital graphs
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of (G, (G : H)). On the other hand, this piece of code also has limitations.

In Line 11, Magma is only able to define the permutation group (G, (G : H))

if the index of H in G is not ‘too large’, and otherwise outputs an error. This

gives rise to a few unsolved cases in some of the main results in Chapter 3.

Also note that in Lines 41 and 57, we calculate the valency of the orbital

graph corresponding to the ith suborbit; this information is not needed as

an output in this particular code, however it will be needed in later codes,

where we reuse this part of the code.
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Pseudocode 1 CSn
DIAM(k, l)

1: define a := k
2: define b := l
3: define G := Sab
4: define x := a!bb!
5: define max to be the set of subgroups of G of cardinality x
6: for J in max do
7: if J ∼= Sa o Sb then
8: define H := J
9: end if

10: end for
11: define P to be the permutation group (G, (G : H))
12: define stab to be the stabiliser in P of the element 1
13: define suborbits to be the list of orbits of stab
14: define an empty list suboribtReps
15: for X in suborbits do
16: Include in suborbitReps, the first element of X
17: end for
18: define rank to be the number of element in suborbitReps
19: output rank
20: define an empty list tracesOfSuboribtReps
21: for i in [1, rank] do
22: define tracesOfSuborbitReps [i]:=trace(suborbitReps[i])
23: end for
24: for i in [1, rank] do
25: define an empty matrix Q
26: for k in [1, rank] do
27: for β in suborbits [i] do
28: define j := suborb(βtracesOfSuborbitReps[k])
29: add 1 to Qkj

30: end for
31: end for
32: define colAdjMat1 := Q
33: define selfPaired :=false
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34: for l in [1, rank] do
35: if colAdjMat1 [1][l]*colAdjMat1 [1][l] 6= 0 then
36: set selfPaired :=true
37: end if
38: end for
39: if selfPaired=true then
40: define colAdjMat :=colAdjMat1
41: define valency to be the size of suborbits [i]
42: end if
43: if selfPaired=false then
44: define β to be the first element of suborbits [i]
45: define g :=trace(β)−1

46: define γ := 1g

47: define t :=suborb(γ)
48: define an empty matrix R
49: for k in [1, rank] do
50: for β in suborbits [t] do
51: define j :=suborb(βtracesOfSuborbitReps[k])
52: add 1 to Rkj

53: end for
54: end for
55: define colAdjMat2 := R
56: set colAdjMat :=colAdjMat1 +colAdjMat2
57: define valency to be twice the size of suborbits [i]
58: end if
59: define an empty list L consisting of rank empty lists of size rank
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60: for r in [1, rank] do
61: define N := colAdjMatr

62: for k in [1, rank] do
63: for j in [1, rank] do
64: if Nkj 6= 0 and k 6= j then
65: Insert 1 into the jth position of the k-th list in L
66: end if
67: end for
68: end for
69: define numberOfNonzeroEntries := 0
70: for k in [1, rank] do
71: for j in [1, rank] do
72: if L[k][j] = 1 and k 6= j then
73: Add 1 to numberOfNonzeroEntries
74: end if
75: end for
76: end for
77: if numberOfNonzeroEntries= rank2 − rank then
78: output r, selfPaired
79: end if
80: end for
81: end for

In Pseudocode 1, the trace of an element γ is computed through a recur-

sive function called trace. The construction of this function is described in

Pseudocode 2. We now explain the code. The purpose of Lines 2 to 19 is to

construct two lists V and W , where W consists of each element of the set

being acted on, precisely once and V contains the indexes of the generators

x1, . . . , xt of P , such that W [γ]xV [γ] = γ. In the remaining code, we define the

outputs of the function, which are fairly self-explanatory given the previous

discussion.
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Pseudocode 2 trace(γ)

1: function trace(γ)
2: define an empty list V
3: define an empty list W
4: define orbit := {1}
5: define stillLeft := {1}
6: define X to be a list of generators of P
7: while stillLeft is non-empty do
8: for δ in stillLeft do
9: for i in [1, |X|] do

10: if δX[i] is not in oribt then
11: include in orbit, the element δX[i]

12: define V [δX[i]] := i
13: define W [δX[i]] := δ
14: include in stillLeft, the element δX[i]

15: end if
16: end for
17: exclude from stillLeft, the element δ
18: end for
19: end while
20: if γ = 1 then
21: return the identity element of P
22: else
23: return trace(W [γ]) ∗X[V [γ]]
24: end if
25: end function

In Pseudocode 1, we use the function suborb to compute which suborbit

(from an ordered list) a given element belongs to. The construction of this

function is described in Pseudocode 3 and is fairly self-explanatory.
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Pseudocode 3 suborbit(γ)

1: function suborbit(γ)
2: for i in [1, rank] do
3: if γ is in suborbits [i] then
4: return i
5: end if
6: end for
7: end function

5.2 CG
DIAM(k, l), G = An

In this section we detail the computer program CG
DIAM(k, l) for G = An

which is used in the proof of Theorem 3.2.6(2). This program takes as inputs

integers k, l > 1. It outputs the rank of (Akl, I
(k,l)) and for each orbital of

(Akl, I
(k,l)) it outputs the diameter of the corresponding orbital graph as well

as ‘true’ or ‘false’ depending on whether or not the orbital is self-paired.

The pseudocode for CG
DIAM(k, l) with G = An can be found in Pseu-

docode 4. From Line 11 onwards the code is identical to Pseudocode 1. The

rest of the code is self-explanatory.

Pseudocode 4 CAn
DIAM(k, l)

1: define a := k
2: define b := l
3: define G := Aab
4: define x := (a!bb!)/2
5: define max to be the set of subgroups of G of cardinality x
6: for J in max do
7: if J ∼= (Sa o Sb) ∩ Aab then
8: define H := J
9: end if

10: end for
11: Lines 11 to 81 from Pseudocode 1
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5.3 CLOW(k, l, σ)

In this section we detail the computer program CLOW(k, l, σ) which is used in

the proof of Theorem 3.2.6(2). This program takes as inputs integers k, l > 1

and a permutation σ as described in the proof. It outputs a lower bound for

the diameter of the graph Γ[Mkl].

The pseudocode for CLOW(k, l, σ) can be found in Pseudocode 5. We now

explain the pseudocode. Recall that σ is a permutation which maps A to B,

where A and B are some (k, l)-partitions, and any permutation mapping A

to B is of the form wσ, where w ∈ GA
∼= Sk o Sl (G = Skl). The method

used in the code is to calculate for each permutation g mapping A to B the

least number Tg of transpositions g can be a product of. Every time Tg is

strictly less than the value in the variable min, we re-define min to be Tg.

The variable min is initially set to the value 100; this can be set to any

number which is sufficiently large. The least value of Tg, i.e. the value of

min at the end of the code, is the output. Note that in Line 13, the notation

|c| denotes the length of the cycle c.
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Pseudocode 5 CLOW(k, l, σ)

1: define a := k
2: define b := l
3: define G := Sab
4: define g0 := σ
5: define W := Sa o Sb
6: define min:= 100
7: for w in W do
8: define g := w ∗ g0

9: define h to be the cycle decomposition of g
10: define numberOfTranspositions := 0
11: for each cycle c in h do
12: if c is non-trivial then
13: add (|c| − 1) to numberOfTranspositions
14: end if
15: end for
16: if numberOfTranspositions<min then
17: set min:=numberOfTranspositions
18: end if
19: end for
20: output min

5.4 CG
VAL(d, L)

In this section we detail the computer program CG
VAL(d, L) for G = Sn and

G = An which is used in the proof of Proposition 3.5.2 with d = 5 and in

the proof of Theorem 3.2.8(3) with d = 2, and L = L[n]. This program takes

as inputs an integer d ≥ 1 and a list L consisting of positive integers n. It

outputs the values of n from L for which there exist primitive subgroups H

of G satisfying (2.2) from Lemma 2.2.1.

The pseudocode for CG
VAL(d, L) withG = Sn can be found in Pseudocode 6

and is fairly self-explanatory. The Pseudocode for G = An is identical except

with Line 3 replaced with ‘define G := An’.
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Pseudocode 6 CSn
VAL(d, L)

1: define c := d
2: for n in L do
3: define G := Sn
4: define max to be the set of maximal subgroups of G
5: for H in max do
6: define x := |H|
7: define sum:= 1 + 2x+ 2x(2x− 1) + · · ·+ 2x(2x− 1)c−1

8: if H is a primitive subgroup of G and |G| ≤sum∗x and H 6= An
then

9: output n
10: end if
11: end for
12: end for

5.5 CG
LOW(d, L)

In this section we detail the computer program CG
LOW(d, L) for G = Sn and

G = An which is used in the proof of Proposition 3.5.2 with d = 5 and

L = L[nnew]. This program takes as inputs an integer d ≥ 1 and a list L

consisting of positive integers n. It outputs the values of n from L for which

there exist maximal primitive subgroups H for which the lower bound for

the diameter in Proposition 2.2.2 is strictly less than d. It also identifies the

subgroups H with pairs of numbers (a, b) which indicate that H is the ath

group of degree b in the database of primitive permutation groups in Magma.

The pseudocode for CG
LOW(d, L) with G = Sn can be found in Pseu-

docode 7 and is fairly self-explanatory. The Pseudocode for G = An is

identical except with Line 3 replaced with ‘define G := An’.
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Pseudocode 7 CSn
LOW(d, L)

1: define c := d
2: for n in L do
3: define G := Sn
4: define max to be the set of maximal subgroups of G
5: for H in max do
6: define x := |H|
7: define sum:= 1 + 2x+ 2x(2x− 1) + · · ·+ 2x(2x− 1)d−1

8: if H is a primitive and |G| ≤sum∗x and H 6= An then
9: define S to be the set of subgroups of H

10: define an empty list K
11: for X in S do
12: define NG := NG(X)
13: define NH := NH(X)
14: if |NG| > |NM | then
15: append X to K
16: end if
17: end for
18: define an empty list called sizes
19: for X in K do
20: append |X| to sizes
21: end for
22: for i in sizes do
23: if sizes [i] is the maximum value in sizes then
24: define j := i
25: end if
26: end for
27: define X := K[j]

28: define m := log(|G|/|H|)
log(2|H|/|X|) − 1

29: define NG := NG(X)
30: define NH := NH(X)
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31: for g in NG do
32: if g is not in NH then
33: if g has order 2 then
34: set m := log(|G|/|H|)

log(|H|/|X|) − 1
35: break g
36: end if
37: end if
38: end for
39: if m < c then
40: identify H with a pair (a, b)
41: output n and the ath group of degree b from the database

of primitive permutation groups
42: end if
43: end if
44: end for
45: end for

Note that Lines 9 to 38 only require a group G and maximal subgroup H

to be defined, and thus we can re-use this part of the pseudocode whenever

we have such a G and H.

5.6 CG
DIAM(d, L)

In this section we detail the computer program CG
DIAM(d, L) for G = Sn and

G = An which is used in the proof of Theorem 3.2.6(3) with d = 5, and in

the proof of Theorem 3.2.8(3) with d = 2, and L = L[nnew]. This program

takes as inputs an integer d ≥ 1 and a list L consisting of positive integers n.

For each primitive subgroup H of G satisfying (2.2) from Lemma 2.2.1, it

outputs the rank of (G, (G : H)) and for each orbital of the action, it outputs

the diameter and valency of the corresponding orbital graph as well as ‘true’

or ‘false’ depending on whether or not the orbital is self-paired. The latter is

useful information when counting the number of orbital graphs that occur;

the orbital graph associated with each orbital that is not self-paired occurs
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twice (a second time with the paired orbital), and thus has to be counted

only once. The code also identifies the subgroups H with pairs of numbers

(a, b) which indicate that H is the ath group of degree b in the database of

primitive permutation groups in Magma.

The pseudocode for CG
DIAM(d, L) with G = Sn can be found in Pseu-

docode 8 and is fairly self-explanatory. The Pseudocode for G = An is

identical except with Line 3 replaced with ‘define G := An’.

Pseudocode 8 CSn
DIAM(d, L)

1: define c := d
2: for n in L do
3: define G := Sn
4: define max to be the set of maximal subgroups of G
5: for H in max do
6: define x := |H|
7: define sum:= 1 + 2x+ 2x(2x− 1) + · · ·+ 2x(2x− 1)c−1

8: if H is a primitive subgroup of G and |G| ≤sum∗x and H 6= An
then

9: identify H with a pair (a, b)
10: output n and the ath group of degree b from the database

of primitive permutation groups
11: Lines 11 to 81 from Pseudocode 1, with the extra output

valency in Line 78
12: end if
13: end for
14: end for

5.7 CG,H
LOW(d, L)

In this section we detail the computer program CG,H
LOW(d, L) which is used

in the proof of Proposition 4.6.4 with d = 2 and L = L[qold]. This program

takes as inputs an integer d ≥ 1 and a list L consisting of prime powers q. It

outputs the values of q from L for which the lower bound for the diameter

in Proposition 2.2.2 is strictly less than d.
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The pseudocode for CG,H
LOW(d, L) with (G,H) = (PSL2(q), A4) can be

found in Pseudocode 9 and is fairly self-explanatory.

Pseudocode 9 C
PSL2(q),A4

LOW (d, L)

1: define c := d
2: define an empty list called remainingValues
3: for q in L do
4: define G := PSL2(q)
5: define max to be the set of maximal subgroups of G with order |A4|
6: for H in max do
7: if H ∼= A4 then
8: Lines 9 to 38 from Pseudocode 7
9: if m < c then

10: append to q to remainingValues
11: end if
12: end if
13: end for
14: end for
15: output remainingValues

The pseudocode for CG,H
LOW(d, L) with (G,H) = (PSL2(q).〈δ̈〉, A4.〈δ̈〉) can

be found in Pseudocode 10. Recall that PGL2(q) = PSL2(q).〈δ̈〉 and therefore

it suffices to define G := PGL2(q). The task of defining the subgroup H

requires a little more complicated code compared to that in Pseudocode 9;

we define H to be the maximal subgroup of G which contains A4 and satisfies

H/A4 = 〈δ̈〉 (Lines 5 to 10). After H is defined, the rest of the code is fairly

self-explanatory.
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Pseudocode 10 C
PSL2(q).〈δ̈〉,A4.〈δ̈〉
LOW (d, L)

1: define c := d
2: define an empty list called remainingValues
3: for q in L do
4: define G := PGL2(q)
5: define max to be the set of maximal subgroups of G with order 2|A4|
6: define Γ := PGL2(q)/soc(PGL2(q))
7: for H in max do
8: define S to be the set of subgroups of H
9: for J in S do

10: if J ∼= A4 and H/J = Γ then
11: Lines 9 to 38 from Pseudocode 7
12: if m < c then
13: append q to remainingValues
14: end if
15: end if
16: end for
17: end for
18: end for
19: output remainingValues

The pseudocode for CG,H
LOW(d, L) with (G,H) = (PSL2(q), A5) is iden-

tical to Pseudocode 9 except with A4 replaced by A5. The pseudocode

for (G,H) = (PSL2(q).〈φ̈〉, A5.〈φ̈〉) can be found in Pseudocode 11. The

task of defining G and H in this code is a bit more complex. For a given

value of q = p2 where p ≡ ±3 mod 10, there are multiple groups J with

soc(J) = PSL2(q) and J/soc(J) ∼= 〈φ̈〉, however by Table 4.1, only one of

these will contain a maximal subgroup or order 2|A5|. We use this fact to

define G in Lines 4 to 18 (note that Aut(PSL2(q)) is frequently denoted by

PΓL2(q)). The maximal subgroup H is defined in a similar way to that in

Pseudocode 10.
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Pseudocode 11 C
PSL2(q).〈φ̈〉,A5.〈φ̈〉
LOW (d, L)

1: define c := d
2: define an empty list called remainingValues
3: for q in L do
4: define A := PΓL2(q)
5: define Γ := A/PGL2(q)
6: define an empty set called possibleGroups
7: define S to be the set of subgroups of A
8: for G in S do
9: if soc(G) = PSL2(q) and G/soc(G) ∼= Γ then

10: include G in possibleSubgroups
11: end if
12: end for
13: for J in possibleGroups do
14: define M to be the set of maximal subgroups of J of order 2|A5|
15: if M is non-empty then
16: define G := J
17: end if
18: end for
19: define max to be the set of maximal subgroups of G of order 2|A5|
20: for S in max do
21: define T to be the set of subgroups of S
22: for J in T do
23: if J ∼= A5 and S/J = Γ then
24: define H := S
25: Lines 9 to 38 from Pseudocode 7
26: if m < c then
27: append q to remainingValues
28: end if
29: end if
30: end for
31: end for
32: end for

The pseudocode for CG,H
LOW(d, L) with (G,H) = (PSL2(q), S4) is identical

to Pseudocode 9 except with A4 replaced by S4.
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5.8 CG,H
DIAM(q)

In this section we detail the computer program CG,H
DIAM(q) which is used in

the proof of Theorem 4.6.1(2) and (3). This program takes as input a prime

power q. For G and H as in Section 5.7, it outputs the rank of (G, (G : H))

and for each orbital of the action, it outputs the diameter and valency of the

corresponding orbital graph as well as ‘true’ or ‘false’ depending on whether

or not the orbital is self-paired.

The pseudocode for a particular choice of G and H will involve defining G

andH and then computing the diameters of the orbital graphs. We can define

G and H using one of the pseudocodes in Section 5.7 and we can compute the

diameters of the orbital graphs using Lines 11 to 81 from Pseudocode 1. Thus

the pseudocode for CG,H
DIAM(q) is just a concatenation of previous pseudocodes.

Note that for some of the groups G defined in Sections 5.7 there are two

conjugacy classes of maximal subgroups isomorphic to H, however, when

constructing the set of maximal subgroups of G in Magma, a pre-defined

function is used which produces all conjugacy class representatives. In this

way, the codes mentioned in this chapter, output results for both conjugacy

classes.

5.9 CPSL2
DIAM(q)

In this section we detail the computer program CPSL2
DIAM(q) which is used to

give the output in Table 4.2. This program takes as input a prime power q.

It outputs the rank of (G, (G : H)) where S := soc(G) ∼= PSL2(q) and

S � H <max G, and for each orbital of the action, it outputs the diameter

and valency of the corresponding orbital graph as well as ‘true’ or ‘false’

depending on whether or not the orbital is self-paired. It also outputs the

groups G and H with their orders.
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The pseudocode for CPSL2
DIAM(q) can be found in Pseudocode 12 and is fairly

self-explanatory.

Pseudocode 12 CPSL2
DIAM(q)

1: define t := q
2: define sub to be the set of subgroups of PΓL2(t)
3: for G in sub do
4: if soc(G) = PSL2(t) then
5: define max to be the set of maximal subgroups of G
6: for H in max do
7: if PSL2(t) � H then
8: output G and H
9: Lines 11 to 81 from Pseudocode 1, with the extra output

valency in Line 78
10: end if
11: end for
12: end if
13: end for

5.10 CPSL2
D± (q)

In this section we detail the computer program CPSL2
D± (q) which contributes

to the output in Table 4.2. This program takes as input a prime power q.

It outputs the rank of (G, (G : H)) where S := soc(G) ∼= PSL2(q) and

S � H <max G with H ∩ S ∼= Dq±1, and for each orbital of the action,

it outputs the diameter and valency of the corresponding orbital graph as

well as ‘true’ or ‘false’ depending on whether or not the orbital is self-paired.

It also outputs the groups G and H with their orders.

The pseudocode for CPSL2
D± (q) can be found in Pseudocode 13 and is fairly

self-explanatory.
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Pseudocode 13 CPSL2
D± (q)

1: define t := q
2: define sub to be the set of subgroups of PΓL2(t)
3: for G in sub do
4: if soc(G) = PSL2(t) then
5: define Γ := G/soc(G)
6: define max to be the set of maximal subgroups of G
7: for H in max do
8: if PSL2(t) � H then
9: output G and H

10: define S to be the set of all normal subgroups of H
11: define x := (t± 1)/2
12: for K in S do
13: if K ∼= Dt±1 and H/K = Γ then
14: Lines 11 to 81 from Pseudocode 1, with the extra

output valency in Line 78
15: end if
16: end for
17: end if
18: end for
19: end if
20: end for

5.11 CPGL2
DIAM(q)

In this section we detail the computer program CPGL2
DIAM(q) which contributes to

the output in Table 4.2. This program takes as input a prime power q. It out-

puts the rank of (G, (G : H)) where G = PGL2(q) and PSL2(q) � H <max G,

and for each orbital of the action, it outputs the diameter and valency of the

corresponding orbital graph as well as ‘true’ or ‘false’ depending on whether

or not the orbital is self-paired. It also outputs the groups G and H with

their orders.

The pseudocode for CPGL2
DIAM(q) can be found in Pseudocode 14 and is fairly

self-explanatory.
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Pseudocode 14 CPGL2
DIAM(q)

1: define t := q
2: define G := PGL2(q)
3: define max to be the set of maximal subgroups of G
4: for H in max do
5: if PSL2(t) � H then
6: output G and H
7: Lines 11 to 81 from Pseudocode 1, with the extra output valency

in Line 78
8: end if
9: end for
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Chapter 6

Parabolic actions of the simple

groups of Lie type

In this chapter we analyse the orbital diameters of the simple groups of Lie

type. In particular, we describe the parabolic actions for which the orbital

diameter is at most 2. For the simple classical groups we also produce an

infinite family of orbital graphs of diameter 2.

In Section 6.1, we detail the background material necessary for the chapter

and in Section 6.2 we state the main results of the chapter. In Sections

6.3 and 6.4, we describe the maximal parabolic subgroups of the simple

classical groups and the orbital graphs of the corresponding parabolic actions.

In Sections 6.5 and 6.6, we give proofs of the main results of the chapter.

6.1 Preliminary theory

In this section we detail the background material which will be needed in

the chapter.

We begin by describing parabolic subgroups of groups with (B,N)-pairs.

The following theory can be found in Chapter 8 of [5].
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Definition 6.1.1. Let G be a group. A pair (B,N) of subgroups of G is

called a (B,N)-pair if the following hold:

1. G is generated by B and N ;

2. B ∩N is a normal subgroup of N ;

3. The group W := N
B∩N is generated by a set of elements wi, i ∈ I, such

that w2
i = 1;

4. For ni ∈ N , if ni maps to wi under the natural homomorphism, and

n ∈ N , then

BniB.BnB ⊆ BninB ∪BnB;

5. If ni is as above, then niBni 6= B.

The group W as defined above is called the Weyl group of G, the elements

wi are called simple reflections, and the cardinality of the set I is called the

rank of W .

Proposition 6.1.2 (Proposition 8.2.2 in [5]). Let G be a group with a (B,N)-

pair. Then the following hold:

1. G = BNB.

2. For each subset J ⊆ I, let WJ be the subgroup of W generated by the

elements wi for i ∈ J , and let NJ be the subgroup of N mapping to WJ

under the natural homomorphism. Then PJ := BNJB is a subgroup of

G.

Definition 6.1.3. Let G be a group with (B,N)-pair. A parabolic subgroup

of G is a subgroup H which contains gBg−1 for some g ∈ G.

The subgroups PJ from Proposition 6.1.2 certainly contain B and are thus

parabolic subgroups by definition. The next result follows from Theorems

8.3.2 and 8.3.3 in [5] and shows that in fact, up to conjugacy, these are the

only parabolic subgroups.
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Proposition 6.1.4. Let G be a group with a (B,N)-pair. Every parabolic

subgroup of G is conjugate in G, to some PJ where J ⊆ I. Furthermore, the

subgroups PJ for distinct subsets J ⊆ I are all distinct and non-conjugate

in G.

We now describe the parabolic subgroups which are maximal.

Definition 6.1.5. LetG be a group with a (B,N)-pair. A maximal parabolic

subgroup of G is a subgroup which is conjugate to Pi := PJ , where J := I\{i}
for some i ∈ I. We will denote the corresponding subgroup WJ of the Weyl

group W by Wi. A parabolic action of G is the natural action of G on the

set (G : H) where H is a maximal parabolic subgroup of G.

Remark 6.1.6. Let G be a group with (B,N)-pair. Since all the maximal

parabolic subgroups are conjugate to Pk for some k, in order to analyse the

orbital diameters of the maximal parabolic actions of G, it suffices to analyse

the actions of G on (G : Pk). Thus, henceforth we will assume that a maximal

parabolic subgroup of G is equal to Pk for some k.

There are plenty of groups which possess (B,N)-pairs. For the results

in the thesis, we will only require existence of (B,N)-pairs for the classical

groups and exceptional groups. Explicit constructions for (B,N)-pairs for

the classical groups can be found in [24, p. 46,62,67,74], which justify the

fact that the groups SLn(q), Sp2n(q), SUn(q) and Ωε
n(q) (ε ∈ {◦,+,−}) all

possess (B,N)-pairs.

Definition 6.1.7. Let G := PXn(q) = Xn(q)/Z be a simple classical group,

where Z is the centre of Xn(q). We define a parabolic subgroup of G to be

P/Z, where P is a parabolic subgroup of Xn(q).

Remark 6.1.8. We shall see later on that parabolic subgroups of the classical

groups are stabilisers of certain types of subspaces of the underlying vector

space, under the natural actions of the classical groups. Now, the centre Z of

a classical group Xn(q) is a subset of scalar matrices (see [24, p. 44,61,66,70])
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and any scalar matrix stabilises a subspace, so a parabolic subgroup of Xn(q)

always contains Z. Thus the natural action of Xn(q) on induces a natural

action of PXn(q). The maximal parabolic subgroups of the simple classical

groups are thus also the stabilisers of certain types of subspaces of the under-

lying vector spaces; we shall keep the notation Pk for the maximal parabolic

subgroups of the simple classical groups.

The exceptional groups (of Lie type) are defined with respect to a prime

power q and consist of the exceptional groups denoted E6(q), E7(q), E8(q),

F4(q), G2(q) (q ≥ 3), the twisted exceptional groups, denoted 2E6(q), 3D4(q),
2F4(22m+1) (m ≥ 1), 2B2(22m+1) (m ≥ 1), 2G2(32m+1) (m ≥ 1), and the

Tits group 2F4(2)′. We will see that it is not actually required to define the

exceptional groups for the purposes of the results in this chapter. It is a fact

that all exceptional groups (excluding the Tits group) possess (B,N)-pairs;

see [5, p. 108,227].

6.2 Statements of the main results

We now state the main results of this chapter. They are split into two

results; one concerning the simple classical groups and one concerning the

exceptional groups.

Theorem 6.2.1. Let (G, Y ) be a primitive permutation group where G :=

PXn(q) is a simple classical group with X ∈ {SL, Sp, SU,Ω◦,Ω±}, and Y :=

(G : Pk), where Pk is maximal parabolic subgroup of G. Then

1. diamO(G, Y ) ≤ 2 if and only if

(a) k = 1 (or k = n− 1 if Xn = SLn), or

(b) Xn and k are in Table 6.1.
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Xn k
SLn P2, Pn−2

Sp4 P2

SU4, SU5 P2

Ω5, Ω−6 P2

Ω+
6 , Ω+

8 , Ω+
10 Pk for k = n− 1, n

Table 6.1: Pairs (Xn, k) (k 6= 1) such that diamO(G, Y ) ≤ 2, where
G := PXn(q) and Y := (G : Pk)

2. (G, Y ) has an orbital graph of diameter 2, except for when (Xn, k) is

one of the following (in which case the rank of the action is 2):

• (SLn, 1), (SLn, n− 1)

• (Sp2, 1)

• (SU2, 1), (SU3, 1)

• (Ω3, 1), (Ω−4 , 1), (Ω+
6 , 3)}.

Remark 6.2.2. We will see that part 1 of Theorem 6.2.1 is just a concatenation

of results that already exist in previous literature, however to the best of our

knowledge, finding orbital graphs of diameter 2 in part 2 is a result which is

not extractable from existing literature.

Let (G, Y ) be as in Theorem 6.2.1. Recall that the converse of Theo-

rem 1.2.8(1) asserts that if we let n tend to infinity, then diamO(G, Y ) will

be bounded above by some fixed constant provided that k is bounded. We

conjecture the following values for diamO(G, Y ) for a special case of (G, Y ).

Conjecture 6.2.3. Let (G, Y ) be a primitive permutation group where G :=

PSp2n(q), and Y := (G : Pk), where Pk is maximal parabolic subgroup of G.

Then

diamO(G, Y ) =

n, if n ≤ 2k

2k, if n ≥ 2k.
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Remark 6.2.4. The case n = k of Conjecture 6.2.3 can be easily proved as

follows. Suppose n = k. By Lemma 6.4.2(1), the rank of (G, Y ) is k + 1.

Now, the diameter of any orbital graph is bounded above by the rank of

the action minus one, and thus diamO(G, Y ) ≤ k. Moreover, (G, Y ) has an

orbital graph of diameter k by Table 6.2 from Lemma 6.5.8, which proves

the equality.

Theorem 6.2.5. Let (G,X) be a primitive permutation group with G an

exceptional group of Lie type (G 6= 2F4(2)′) and X := (G : Pk), where Pk is

a maximal parabolic subgroup of G. Then diamO(G,X) ≤ 2 if and only if

G = E6(q) and k = 1, 6, or G = 2B2(22m+1), or G = 2G2(32m+1).

6.3 Maximal parabolic subgroups of the sim-

ple classical groups

In this section we will describe the maximal parabolic subgroups of the simple

classical groups.

We begin with the linear groups; see Section 3.3.3 in [24] for the next

result.

Proposition 6.3.1. The natural action of G := SLn(q) on the set Vk of k-

subspaces of the underlying vector space, is transitive. The maximal parabolic

subgroups of G are Pk for k ≤ n and Pk is the stabiliser in G of a k-subspace.

Remark 6.3.2. Observe that the actions of PSLn(q) on Vk and Vn−k are equiv-

alent and thus henceforth we will assume that k ≤ n/2 for this case.

We now describe the parabolic subgroups of the remaining simple classical

groups. Recall the definition of a totally singular subspace (Definition 2.3.13);

we add to this definition below.
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Definition 6.3.3. Let (V, f) be a symplectic or unitary space, and let (V,Q)

be a quadratic space.

1. A vector v ∈ V is called isotropic if (v, v) = 0, and singular if Q(v) = 0.

2. A subspace W ≤ V is called totally isotropic if (w,w) = 0 for all

w ∈ W , and totally singular if Q(w) = 0 for all w ∈ W .

3. For a subspace W ≤ V , we define Rad(W ) := W ∩W⊥.

For the next result, see Sections 3.5.4 and 3.6.2 in [24].

Proposition 6.3.4. Let G := Xn(q) be a classical group, where X belongs to

the set {Sp, SU,Ωε(ε = ◦,−)}. The natural action of G on the set Vk of all

totally isotropic (or totally singular if X = Ωε) k-subspaces of the underlying

vector space, is transitive. The maximal parabolic subgroups of G are Pk,

where

1. k ≤ n
2

for X = Sp, SU,Ω◦;

2. k ≤ n
2
− 1 for X = Ω−,

and Pk is the stabiliser of a totally isotropic (or totally singular) k-subspace.

For the next result see Section 3.7.4 in [24] and Lemma 2.5.8(ii) in [14].

Proposition 6.3.5. The natural action of G := Ω+
2n(q) on the set Vk of all

totally singular k-subspaces of the underlying vector space, is transitive for

k ≤ n − 1. If k = n, then G has 2 orbits on Vn where two totally singular

subspaces U and W of dimension n are in the same orbit if and only if

n− dim(U ∩W ) is even; let V 1
n and V 2

n denote the two orbits. The maximal

parabolic subgroups of G are Pk for k ≤ n. For k ≤ n−2, Pk is the stabiliser

of a totally singular k-subspace, and for k = n − 1 and k = n, Pk is the

stabiliser of a totally singular n-subspace in V 1
n and V 2

n , respectively.
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Remark 6.3.6. The actions of G := PΩ+
2n(q) on cosets of the two parabolic

subgroups Pn−1 and Pn are permutation isomorphic and thus to analyse the

corresponding orbital diameters, it suffices to analyse any one of the parabolic

actions. To see this, one may proceed similarly to Remark 4.4.3 in Chapter 4;

the two orbits V 1
n and V 2

n fuse under the action of PO+
2n(q) (see Section 3.7.4

in [24]). This yields an automorphism of G and a bijection between the two

orbits which form a permutation isomorphism between the two actions. On

this note, henceforth we shall not analyse the parabolic subgroup Pn−1 and

we will denote V 2
n by Vn.

Note that we have used the notation Vk and Pk to denote different sets

and groups in Propositions 6.3.1, 6.3.4 and 6.3.5. We will continue to use

this notation; the set Vk and the group Pk should be clear from the classical

group in question.

We conclude this section by stating a result which will be very useful

when calculating the ranks of some of the parabolic actions described above.

The result follows from the fact that, for a group G with a (B,N)-pair and

Weyl group W , there is a bijection between the suborbits of the action of

G on (G : PJ) and the action of W on (W : WJ) (see Theorem 10.5.1(iii)

in [4]). Notice that suborbits of the action of G on (G : PJ) are double cosets

PJxPJ , where x ∈ G. Now recall that G = BNB and PJ = BNJB, and

thus we may suppose x ∈ N . Further, for any y ∈ w := x(B ∩N), we have

PJxPJ = PJyPJ , and thus we will write PJwPJ to mean the double coset

PJxPJ for any x ∈ w.

Lemma 6.3.7. Let G be a group with a (B,N)-pair and Weyl group W , and

let PJ be a parabolic subgroup of G. There is a 1-1 correspondence between the

suborbits of the action of G on (G : PJ) and the action of W on (W : WJ),

where the suborbit WJwWJ corresponds to the suborbit PJwPJ . Thus the

rank of the action of G on (G : PJ) is equal to the rank of the action of W

on (W : WJ).
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Remark 6.3.8. If G := PXn(q) = Xn(q)/Z is a simple classical group with

parabolic subgroup H := PJ/Z, then the rank of the action of G on (G : H)

is equal to the rank of the action of Xn(q) on (Xn(q) : PJ) and thus by

Lemma 6.3.7 is equal to the rank of the action of W on (W : WJ).

6.4 Orbital graphs of the parabolic actions of

the simple classical groups

In order to prove part 2 of Theorem 6.2.1, we need to determine the orbitals

and orbital graphs of the parabolic actions of the simple classical groups,

which we do next.

Proposition 6.4.1. Let (G, Y ) be a primitive permutation group where G :=

PSLn(q) and Y := (G : Pk), where Pk is a maximal parabolic subgroup of G

and k ≤ n/2. The action of G on Y is equivalent to the natural action of G

on the set Vk. The non-diagonal orbitals of (G, Vk) are

∆i := {(A,B) ∈ V 2
k : dim(A ∩B) = i}, i ∈ {0, · · · , k − 1}.

Proof. The first statement follows from Proposition 6.3.1. It is easy to see

that the sets ∆i are non-empty, disjoint and that their union (together with

the diagonal orbital) is V 2
k . It is also clear that if (A,B) and (C,D) are two

elements of V 2
k which are in the same non-diagonal orbital of (G, Vk), then

dim(A ∩B) = dim(C ∩D).

It remains to show that G is transitive on the sets ∆i. Suppose (A,B)

and (C,D) are in ∆i. Let U be a basis of A ∩ B and let W be a basis of

C ∩ D. Extend U to a basis UA of A and UB of B. Similarly define WC

and WD. Then B1 := UA ∪ UB and B2 := WC ∪WD form bases for A + B

and C + D, respectively. Now extend B1 and B2 to bases B′1 and B′2 of

the underlying vector space; the map g which maps B′1 to B′2 point-wise is

an element of GLn(q) which maps (A,B) to (C,D). Now, observe that we
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can pick h ∈ GLn(q) mapping A to A and B to B, with det(h) = det(g)−1.

Thus det(gh) = 1 and gh maps (A,B) to (C,D).

To determine the orbitals for the parabolic actions of the remaining sim-

ple classical groups, we will use the ranks of these actions. These ranks

have been computed in previous literature and we state them next; here we

will write (PXn(q), Pk) to mean the permutation group (PXn(q), Y ), where

Y := (PXn(q) : Pk).

Lemma 6.4.2. The ranks of the parabolic actions of the simple classical

groups are as follows.

1. The rank of the groups (PSp2n, Pk), (PSU2n(q), Pk), (PSU2n+1(q), Pk),

(PΩ2n+1(q), Pk), and (PΩ−2n+2(q), Pk) (for k ≤ n) is
(n−k+1)(3k−n+2)

2
, n ≤ 2k

(k+1)(k+2)
2

, n ≥ 2k.

2. The rank of (PΩ+
2n(q), Pk) (for k ≤ n− 2) is1 + (n−k+2)(3k−n+1)

2
, n ≤ 2k

(k+1)(k+2)
2

, n > 2k.

3. The rank of (PΩ+
2n(q), Pn) isn−1

2
+ 1, n odd

n
2

+ 1, n even.

Proof. Let W be the Weyl group of the underlying classical group. The ac-

tion of W on (W : Wk) has rank exactly as in the statement of the lemma

(see Proposition 10.4.3 in [4]; see (iii) and (iv) for (1), (vi) for (2) and (v)

for (3)). Thus the proof is complete by Lemma 6.3.7.
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Remark 6.4.3. One can easily check using Proposition 6.4.1 and Lemma 6.4.2

that the only parabolic actions of the simple classical groups which have

rank 2 are the ones stated in part 2 of Theorem 6.2.1.

We can now determine the orbitals of the parabolic actions of the remain-

ing simple classical groups.

Proposition 6.4.4. Let (G, Y ) be a primitive permutation group where G :=

PSp2n(q),PSU2n(q),PSU2n+1(q),PΩ2n+1(q) or PΩ−2n+2(q) and Y := (G : Pk),

where Pk is a maximal parabolic subgroup of G. The action of G on Y is

equivalent to the natural action of G on the set Vk. For non-negative integers

i, j, let

∆ij := {(A,B) ∈ V 2
k : dim(A ∩B) = j, dim(Rad(A+B)) = j + 2i}.

If n ≤ 2k, then the non-diagonal orbitals of (G, Vk) are ∆ij where i ∈
{0, . . . , n− k}, andj ∈ {0, . . . , k − 1}, i = 0

j ∈ {0, . . . , k − i}, i ∈ {1, . . . , n− k}.

If n ≥ 2k, then the non-diagonal orbitals of (G, Vk) are ∆ij where i ∈
{0, . . . , k}, and j ∈ {0, . . . , k − 1}, i = 0

j ∈ {0, . . . , k − i}, i ∈ {1, . . . , k}.

Proof. The first statement in the result follows from Proposition 6.3.4. We

claim that for i, j as in the statement of the result, the sets ∆ij are non-empty.
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Indeed, let

U : = 〈e1, . . . , ek〉,

W : = 〈e1, . . . ej, ek+1, . . . , ek+i, fj+1, . . . , fk−i〉,

where ei, fi are the standard basis vectors. Then (U,W ) ∈ ∆ij. It is clear

that the sets ∆ij are disjoint. Now suppose (A,B) and (C,D) are two dis-

tinct elements of V 2
k which are in the same orbital. It is easy to see that

dim(A∩ B) = dim(C ∩D) and dim(Rad(A+B)) = dim(Rad(C+D)). This

implies that the rank of the action is at least one more than the total number

of ∆ij, which by counting is
(n−k+1)(3k−n+2)

2
, n ≤ 2k

(k+1)(k+2)
2

, n ≥ 2k.

In fact, the rank is precisely as above by Lemma 6.4.2(1). Thus, the non-

diagonal orbitals are precisely the ∆ij described in the statement.

Proposition 6.4.5. Let (G, Y ) be a primitive permutation group where G :=

PΩ+
2n(q), Y := (G : Pk), and Pk is maximal parabolic subgroup of G with

k ≤ n− 2. The action of G on Y is equivalent to the natural action of G on

the set Vk. Let ∆ij be as in Proposition 6.4.4. If n > 2k, the non-diagonal

orbitals of (G, Vk) are ∆ij where i ∈ {0, . . . , k}, andj ∈ {0, . . . , k − 1}, i = 0

j ∈ {0, . . . , k − i}, i ∈ {1, . . . , k}.

If n ≤ 2k , the non-diagonal orbitals of (G, Vk) are ∆ij where
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i ∈ {0, . . . , n− k − 1}, andj ∈ {0, . . . , k − 1}, i = 0

j ∈ {0, . . . , k − i}, i ∈ {1, . . . , n− k − 1},

and ∆n−k,j splits into two orbitals ∆+
n−k,j := (A,B+)G and ∆−n−k,j := (A,B−)G

of (G, Vk), for j ∈ {0, . . . , 2k − n}, where

A : = 〈e1, . . . , ek〉,

B+ : = 〈e1, . . . ej, ek+1, . . . , en, fj+1, . . . , f2k−n〉,

B− : = 〈e1, . . . ej, ek+1, . . . , en−1, fn, fj+1, . . . , f2k−n〉.

Proof. The first statement follows from Proposition 6.3.5. The sets described

in the statement are non-empty as in the proof of Proposition 6.4.4. Now

suppose (A,B) and (C,D) are two distinct elements of V 2
k which are in

the same orbital. It is easy to see that dim(A ∩ B) = dim(C ∩ D) and

dim(Rad(A + B)) = dim(Rad(C + D)). Then the proof for n > 2k goes as

in the proof of Proposition 6.4.4 since the rank for this case is unchanged by

Lemma 6.4.2(2).

Now suppose n ≤ 2k. By counting the number of orbitals described in

the statement plus the diagonal orbital, we obtain

1 + k +

(
n−k−1∑
i=1

k − i+ 1

)
+ 2(2k − n+ 1) = 1 +

(n− k + 2)(3k − n+ 1)

2
,

which is the rank of the action (see Lemma 6.4.2(2)). Therefore, to complete

the proof it suffices to show that the sets ∆n−k,j each split into at least

two orbitals. To do this, we will determine the orbitals which split for the

corresponding action of the Weyl group and then use the correspondence in

Lemma 6.3.7 to determine the result for G.

To show the result for G it suffices to show the result for H := Ω+
2n(q).
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Let ei, fi be the standard basis ordered as follows: e1, . . . , en, fn, . . . , f1. We

first find a presentation of the Weyl group of H by simple reflections. The

Weyl group of H is W := NH(T )/T , where

T :=





λ1 0 · · · · · · · · · 0

0
. . . . . .

...
...

. . . λn
. . .

...
...

. . . λ−1
n

. . .
...

...
. . . . . . 0

0 · · · · · · · · · 0 λ−1
1


: λi ∈ F∗q


(see Section 3.7.4 in [24]). We now define some elements of H. For σ ∈ Sn, a

permutation of {1, . . . , n}, let gσ be the element of H which maps e1 to ±e1,

ei to eiσ for i 6= 1, f1 to ±f1, and fi to fiσ for i 6= 1 (the signs can be chosen

so that gσ is in H; see Remark 6.4.6). For i ∈ {1, . . . , n}, let ti be the element

of H which swaps ei and fi and fixes all the other basis elements. Then we

have that NH(T ) = 〈T, titj, gσ|i, j = 1, . . . , n, σ ∈ Sn〉 and W = NH(T )/T ∼=
Cn−1

2 : Sn is a subgroup of C2 o Sn of index 2, with generators which are the

images of the elements titj and gσ. By associating the numbers 1, . . . , n to

λ1, . . . , λn and the numbers −1. . . . ,−n to λ−1
1 , . . . λ−1

n , we see that W acts

on the set {±1, . . . ,±n}. A presentation for W by simple reflections is given

by the diagram

r1 r2 rn−1
rn−2

rn−1

rn

where the nodes represent generators, the products of generators correspond-

ing to adjacent nodes have order 3, and the products of generators corre-

sponding to non-adjacent nodes have order 2 (see Table 2.1 in [24, p. 33]).
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For i ∈ {1, . . . , n− 1}, define ri := (i i+ 1), and define rn := tn−1tn(n− 1 n).

One can check that the images of r1, . . . , rn satisfy the above relations and

generate W , and thus form a set of simple reflections. Henceforth, we will

just use ri to denote the image of ri.

For k ≤ n−2, one can check that Wk = 〈ri|i 6= k〉 ∼= Sk×(Cn−k−1
2 : Sn−k),

which is the stabiliser of the k-subset {1, . . . , k} in the action of W on the

set I
{k}
± of k-subsets of {±1, . . . ,±n} where no k-subset can include + and

− of the same element. Moreover, the latter action can be seen to be tran-

sitive using the Orbit-Stabiliser theorem. Thus, we conclude that the action

of W on (W : Wk) is equivalent to the action of W on I
{k}
± . Now, for

j ∈ {0, . . . , 2k − n}, define the following k-subsets of I
{k}
± :

α : = {1, . . . , k},

β+ : = {1, . . . , j, k + 1, . . . , n,−(j + 1), . . . ,−(2k − n)}

β− : = {1, . . . , j, k + 1, . . . , n− 1,−n,−(j + 1), . . . ,−(2k − n)}.

Suppose there exists w ∈ W such that (α, β+)w = (α, β−). Then w ∈ Wk,

and must map the numbers k+ 1, . . . , n to the numbers k+ 1, . . . , n− 1,−n.

However, elements of Wk can only change the sign of an even number of

elements from k+ 1, . . . , n, and thus (α, β+) and (α, β−) must be in different

orbitals of W .

Now if WkwiWk are the distinct suborbits of W , then by Lemma 6.3.7,

PkwiPk are the distinct suborbits of H. So the distinct orbitals (Wk,Wkwi)
W

of W correspond to the distinct orbitals (Pk, Pkwi)
H of H. Now the orbital

containing (α, β+) corresponds (under the equivalent action) to the orbital

containing (Wk,Wkw), where w maps α to β+. The orbital containing the

latter corresponds (under Lemma 6.3.7) to the orbital containing (Pk, Pkw)

which corresponds (under the equivalent action) to the orbital containing

(A,B+). Similarly, the orbital containing (α, β−) corresponds to the or-

bital containing (A,B−). Now both pairs (A,B±) are in ∆n−k,j and thus
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this proves that ∆n−k,j splits into at least two orbitals of H, one containing

(A,B+) and the other containing (A,B−), as required.

Remark 6.4.6. Let A be the n× n permutation matrix corresponding to the

permutation of e1, . . . , en by the element gσ in the proof of Proposition 6.4.5.

Note that det(A) = ±1. Now, it can be shown that gσ lies in Ω+
2n(q) if and

only if det(A) = 1, and we can ensure the latter by choosing the appropirate

signs in the definition of gσ.

Proposition 6.4.7. Let (G, Y ) be a primitive permutation group where G :=

PΩ+
2n(q) and Y := (G : Pn), where Pn is a maximal parabolic subgroup of G.

The action of G on Y is equivalent to the natural action of G on the set Vn.

Let ∆ij be as in Proposition 6.4.4. For n odd, the non-diagonal orbitals of

(G, Vn) are ∆0,2l+1, where l ∈ {0, . . . , n−3
2
}. For n even, the non-diagonal

orbitals of (G, Vn) are ∆0,2l, where l ∈ {0, . . . , n−2
2
}.

Proof. The first statement in the result follows from Proposition 6.3.5. We

claim that the sets ∆0,2l+1 (for n odd) and ∆0,2l (for n even) are non-empty.

Indeed, let

U : = 〈e1, . . . , en〉,

W1 : = 〈e1, . . . e2l+1, f2l+2, . . . , fn〉,

W2 : = 〈e1, . . . e2l, f2l+1, . . . , fn〉

where ei, fi are the standard basis vectors. Then n−dim(U∩Wi) is even where

n is odd and n is even for i = 1, 2 respectively, and (U,W1) ∈ ∆0,2l+1 and

(U,W2) ∈ ∆0,2l. Now suppose (A,B) and (C,D) are two distinct elements

of V 2
n which are in the same orbital. It is easy to see that dim(A ∩ B) =

dim(C ∩ D) and dim(Rad(A + B)) = dim(Rad(C + D)). Furthermore, by
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counting, the total number of sets ∆0,j plus the diagonal orbital isn−1
2

+ 1, n odd

n
2

+ 1, n even.

By Lemma 6.4.2(3), this is precisely the rank of the action and thus the

non-diagonal orbitals are precisely the ∆0,j described in the statement.

Note that the orbitals ∆i in Proposition 6.4.1 and ∆ij in Proposition 6.4.4

are self-paired; we will denote the corresponding orbital graphs by Γi and Γij,

respectively.

6.5 Proof of the main result for the simple

classical groups

We now prove a sequence of individual results for the orbital graphs defined

in Section 6.4.

Proposition 6.5.1. For all k ≥ 2, we have diam(Γb k2c) = 2.

Proof. Let A and B be two k-subspaces with dim(A ∩ B) = j 6=
⌊
k
2

⌋
.

We may write A = 〈X〉 and B = 〈Y 〉, where X := {a1, . . . ak}, Y :=

{a1, . . . aj, bj+1, . . . , bk} and bi /∈ A for all i. Then d(A,B) ≥ 2. If j = 0,

then let C be the k-subset consisting of a1, . . . , ab k2c, b1, . . . , bb k2c, along with

a k−1
2

+1 + b k−1
2

+1 if k is odd. Now suppose j ≥ 1. Extend X ∪ Y to a basis

I for the underlying vector space. If
⌊
k
2

⌋
≤ k − j, then choose a k-subset

C consisting of
⌊
k
2

⌋
elements from X \ Y ,

⌊
k
2

⌋
elements from Y \ X, and

k − 2
⌊
k
2

⌋
elements from I \ (X ∪ Y ) (note that |I \ (X ∪ Y )| ≥ k − 2

⌊
k
2

⌋
,

since n ≥ 2k ≥ 3k − j − 2
⌊
k
2

⌋
). If

⌊
k
2

⌋
> k − j, then choose a k-subset C

consisting of
⌊
k
2

⌋
− k + j elements from X ∩ Y , k − j elements from X \ Y ,

k− j elements from Y \X, and j−
⌊
k
2

⌋
elements from I \ (X ∪Y ) (note that

174



|I \(X∪Y )| ≥ j−
⌊
k
2

⌋
since n ≥ 2k−

⌊
k
2

⌋
). Then 〈C〉 is a common neighbour

of A and B, and hence d(A,B) = 2.

Proposition 6.5.2. Let (G, Vk) be a primitive permutation group, where

G := PXn(q) is a simple classical group with X ∈ {Sp, SU,Ω◦,Ω−}. If the

rank of (G, Vk) is strictly greater than 2, then diam(Γ0,0) = 2.

Proof. Let (A,B) ∈ ∆ij, where (i, j) 6= (0, 0). Then d(A,B) ≥ 2 and to

prove the result, it suffices to construct a path of length 2 between A and B.

Without loss of generality, we may suppose that

A = 〈e1, . . . , ek〉,

B = 〈e1, . . . , ej, fj+1, . . . , fk−i, ek+1, . . . , ek+i〉,

where ei, fi are as in the standard bases. Then it is straightforward to check

that C is a common neighbour of A and B, where C is given below:

X = Sp:

C := 〈f1, . . . , fj, fj+1 + ej+1, . . . , fk−i + ek−i, fk−i+1 + fk+1, . . . , fk + fk+i〉.

Note that since the form is symplectic, all vectors are isotropic.

X = SU: Recall that a unitary form is defined over a field Fq, where q = q2
0.

Pick an element λ ∈ F∗
q20

such that λ + λq0 = 0; note that such a λ exists

since the map Fq → Fq0 given by µ 7→ µ + µq0 is surjective (see Proposition

11.2.1 in [11]) and thus its kernel has q0 elements in it. Define

C := 〈f1, . . . , fj, fj+1 + λej+1, . . . , fk−i + λek−i, fk−i+1 + fk+1, . . . , fk + fk+i〉.

Note that the vector fr + λer is totally isotropic since (fr + λer, fr + λer) =

λ+ λq0 = 0.
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X = Ω◦,Ω−: Let x be as in the standard basis with Q(x) = 1 (see Propo-

sition 2.3.11). Pick λ ∈ F∗q and define µ := −λ2. Define

C := 〈f1, . . . , fj, fj+1 + µej+1 + λx, . . . , fk−i + µek−i + λx,

fk−i+1 + fk+1, . . . , fk + fk+i〉.

Note that the vector v := fr + µer + λx is totally singular since Q(v) =

Q(fr + µer) +Q(λx) + (fr + µer, λx) = µ+ λ2 = 0.

Proposition 6.5.3. Let (G, Vk) be a primitive permutation group, where

G := PΩ+
2n(q) and k ≤ n− 2. Then diam(Γ0,0) = 2.

Proof. Firstly suppose n > 2k. Let (A,B) ∈ ∆ij, where (i, j) 6= (0, 0). Then

d(A,B) ≥ 2 and to prove the result, it suffices to construct a path of length 2

between A and B. Without loss of generality, we may suppose that

A = 〈e1, . . . , ek〉,

B = 〈e1, . . . , ej, fj+1, . . . , fk−i, ek+1, . . . , ek+i〉,

where ei, fi are as in the standard bases. Then it is straightforward to check

that C is a common neighbour of A and B, where C is given below:

k − i− j even:

C := 〈f1, . . . , fj, fj+1 + ej+2, fj+2 − ej+1, . . . , fk−i−1 + ek−i, fk−i − ek−i−1,

fk−i+1 + fk+1, . . . , fk + fk+i〉.

k − i− j odd and i = 0:

C := 〈f1, . . . , fj, fj+1 + ej+2, fj+2 − ej+1, . . . , fk−2 + ek−1, fk−1 − ek−2,

fk + ek + fk+1 − ek+1〉.

Note that n ≥ k + 2 and therefore the basis vectors ek+1 and fk+1 exist.
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k − i− j odd and i > 0:

C := 〈f1, . . . , fj, fj+1 + ej+2, fj+2 − ej+1, . . . , fk−i−2 + ek−i−1, fk−i−1 − ek−i−2,

fk−i + ek−i + fk−i+1 − ek−i+1 + ek+1, fk−i+1 + fk+1, . . . , fk + fk+i〉.

Now suppose n ≤ 2k. By Proposition 6.4.5 and the above, it remains to

show d(A,B) = 2, where

A : = 〈e1, . . . , ek〉,

B : = 〈e1, . . . ej, ek+1, . . . , en−1, fn, fj+1, . . . , f2k−n〉.

Indeed, C is a common neighbour of A and B, where C is given below:

2k − n− j even:

C := 〈f1, . . . , fj, fj+1 + ej+2, fj+2 − ej+1, . . . , f2k−n−1 + e2k−n,

f2k−n − e2k−n−1, f2k−n+1 + fk+1, . . . , fk−1 + fn−1, fk + en〉.

2k − n− j odd:

C := 〈f1, . . . , fj, fj+1 + ej+2, fj+2 − ej+1, . . . , f2k−n−2 + e2k−n−1,

f2k−n−1 − e2k−n−2, f2k−n + e2k−n + f2k−n+1 − e2k−n+1 + ek+1,

f2k−n+1 + fk+1, . . . , fk−1 + fn−1, fk + en〉.

Proposition 6.5.4. Let (G, Vn) be a primitive permutation group, where

G := PΩ+
2n(q). Suppose that the rank of (G, Vk) is strictly greater than 2. If

n is even, then diam(Γ0,0) = 2, and if n is odd, then diam(Γ0,1) = 2.
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Proof. Let (A,B) ∈ ∆0,j, where j ∈ {0, . . . , n − 2} (j 6= 0 even for n even

and j 6= 1 odd for n odd). Then d(A,B) ≥ 2 and to prove the result, it

suffices to construct a path of length 2 between A and B. Without loss of

generality, we may suppose that

A = 〈e1, . . . , en〉,

B = 〈e1, . . . , ej, fj+1, . . . , fn〉,

where ei, fi are as in the standard bases. Then it is straightforward to check

that C is a common neighbour of A and B, where C is given below:

n even:

C := 〈f1, . . . , fj, fj+1 + ej+2, fj+2 − ej+1, . . . , fn−1 + en, fn − en−1〉.

n odd:

C := 〈f1, . . . , fj, ej+1, fj+2, fj+3 + ej+4, fj+4 − ej+3, . . . , fn−1 + en, fn − en−1〉.

We have also found other orbital graphs of diameter 2 for (PΩ+
2n(q), Vn)

when n is odd, as described below.

Proposition 6.5.5. Let (G, Vn) be a primitive permutation group, where

G := PΩ+
2n(q) and n is odd. Suppose that the rank of (G, Vk) is strictly

greater than 2. If n ≡ 1 mod 4, then diam(Γ0,dn2 e) = 2, and if n ≡ 3 mod 4,

then diam(Γ0,bn2 c) = 2.

Proof. Let (A,B) ∈ ∆0,j, where j ∈ {1, . . . , n − 2} with j odd and j 6=⌈
n
2

⌉
,
⌊
n
2

⌋
, respectively for n ≡ 1, 3 mod 4. Then d(A,B) ≥ 2 and to prove

the result, it suffices to construct a path of length 2 between A and B.
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Without loss of generality, we may suppose that

A = 〈e1, . . . , en〉,

B = 〈e1, . . . , ej, fj+1, . . . , fn〉,

where ei, fi are as in the standard bases. Then it is straightforward to check

that C is a common neighbour of A and B, where C is given below:

n ≡ 1 mod 4: Note that
⌈
n
2

⌉
= n+1

2
. Define

C := 〈e1, . . . , e j+1
2
, ej+1, . . . , en+j

2
, fn+j

2
+1, . . . , fn, f j+1

2
+1, . . . , fj〉.

n ≡ 3 mod 4: Note that
⌊
n
2

⌋
= n−1

2
. Define

C := 〈e1, . . . , e j−1
2
, ej+1, . . . , en+j

2
, fn+j

2
+1, . . . , fn, f j−1

2
+1, . . . , fj〉.

We now have all the ingredients needed to prove part 2 of Theorem 6.2.1.

In order to prove part 1 of Theorem 6.2.1, we will need to verify the existence

of an orbital graph of diameter at least 3 for the majority of the parabolic

actions of the simple classical groups. For this, we shall make use of the

following result, which follows from Proposition 10.6.7 in [4].

Lemma 6.5.6. Let G be a group with a (B,N)-pair. Let W be the Weyl

group of G which is generated by the simple reflections wi. Let Γ be the

orbital graph corresponding to the orbital ∆ := (Wk,Wkwk)
W of the action

of W on (W : Wk), and let d := diam(Γ). The action of G on (G : Pk) has

an orbital graph of diameter d.

Remark 6.5.7. Consider Lemma 6.5.6 with G = SLn(q). Then W ∼= Sn and

is generated by the simple reflections wi = (i i + 1) for i ∈ {1, . . . , n − 1}
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(see [24, p. 47]). Moreover, Wk
∼= Sk × Sn−k and thus Γ is the graph Γn,k,k−1

from Chapter 3, which has diameter k.

We now state a result which gives the diameter of the graph Γ from

Lemma 6.5.6 for all the classical groups; see Proposition 10.4.3 in [4].

Lemma 6.5.8. Let (G, Y ) be a primitive permutation group where G is a

classical group and Y := (G : Pk), where Pk is a maximal parabolic subgroup

of G. Let Γ be the graph from Lemma 6.5.6 and let d := diam(Γ). Then d is

given in Table 6.2.

G d
SLn(q) k

Sp2n(q),SU2n(q), SU2n+1(q), n for k = n
Ω2n+1(q), Ω−2n+2(q) k + 1 for k < n

Ω+
2n(q) bn/2c for k = n, n− 1

k + 1 for k < n− 1

Table 6.2: Diameter of a special orbital graph of (G,Pk)

We now give a proof of the main result.

Proof of Theorem 6.2.1. Let (G, Y ) be as in the statement of the result where

G = PXn(q). By Propositions 6.3.1, 6.3.4 and 6.3.5, we may assume that

Y = Vk. Suppose diamO(G, Y ) ≤ 2. By Lemma 6.5.6, (Xn(q), Y ) and thus

(PXn(q), Y ) has an orbital graph of diameter d where d is as in Table 6.2

from Lemma 6.5.8. Thus, we must have d ≤ 2 which yields exactly the values

of k and n as in the statement of the result. Conversely, the values of n and

k in the statement of the result give rise to actions of rank equal to either 2

or 3 (the ranks can be calculated using Proposition 6.4.1 and Lemma 6.4.2),

and therefore diamO(G, Y ) ≤ 2 in these cases. This proves part 1.

The only pairs (Xn, k) for which the rank of (G, Y ) is 2 are the ones in

the statement of the result (see Remark 6.4.3). If (Xn, k) is not amongst this

list then Propositions 6.5.1, 6.5.2, 6.5.3 and 6.5.4 assert that (G, Y ) has an

orbital graph of diameter 2. This proves part 2.
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6.6 Proof of the main result for the excep-

tional groups of Lie type

To prove Theorem 6.2.5, we shall not need to explicitly define the excep-

tional groups of Lie type as we will only be working with the associated

Weyl groups. The Weyl groups of E6(q), E7(q), E8(q), G2(q), F4(q) can be

found in Section 3.12.4 in [24]. The Weyl groups of 2E6(q) and 3D4(q) are

isomorphic to the Weyl groups of F4(q) and G2(q), respectively, and the Weyl

group of 2F4(22m+1) is isomorphic to D16 (see Section 13.3 in [5]). Recall from

Definition 6.1.1 that the rank of a Weyl group is the number of simple reflec-

tions that it is generated by. The ranks of the Weyl groups of the exceptional

groups mentioned above can be found in [5, p. 43,224]. We collate the above

information in the following result.

Proposition 6.6.1. The Weyl groups of the groups E6(q), E7(q), E8(q),

G2(q), F4(q), 2E6(q), 3D4(q), and 2F4(22m+1) are as follows:

Group Weyl group Rank
E6(q) SO5(3) 6
E7(q) C2 × Sp6(2) 7
E8(q) 2.O+

8 (2) 8
G2(q) D12 2
F4(q) O+

4 (3) 4
2E6(q) O+

4 (3) 4
3D4(q) D12 2

2F4(22m+1) D16 2

In order to prove the main result, we will need to verify the existence

of an orbital graph of diameter at least 3 for the majority of the parabolic

actions of the exceptional groups. For this, we shall make use of Lemma 6.5.6.

Since the Weyl groups of the exceptional groups are independent of the value

of q (see Proposition 6.6.1), the diameter of the orbital graph described in
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Lemma 6.5.6 can be calculated using a computer, for example through the

use of Magma. We now give a proof of Theorem 6.2.5.

Proof of Theorem 6.2.5. If G = 2B2(22m+1) or G = 2G2(32m+1), then there

is only one parabolic action (see Sections 13.3.5 and 13.3.6 in [5]) which is

2-transitive (see [24, p. 117,137]) and thus there is only one orbital graph of

diameter 1, which implies diamO(G,X) ≤ 2. If G = E6(q) and k = 1, 6,

then the actions have rank 3 (see [24, p. 171]) and thus again we have

diamO(G,X) ≤ 2. It remains to show that for the remaining parabolic

actions there exists an orbital graph of diameter at least 3.

Firstly, suppose G is one of E6(q), E7(q), E8(q), or F4(q), and Pk is a

parabolic subgroup of G, where k 6= 1, 6 if G = E6(q). By Lemma 6.5.6,

(G,X) has an orbital graph of diameter d := diam(Γ), where Γ is the orbital

graph corresponding to the orbital ∆ := (Wk,Wkwk)
W of the action of the

Weyl group W on (W : Wk). Now the values for d have been computed in

previous literature and can be found in Table 10.5 in [4, p. 317]. One can

check that d ≥ 3 and thus diamO(G,X) ≥ 3.

If G = G2(q), then by Proposition 6.6.1, the Weyl group of G is W ∼= D12,

where we view D12 acting on the set {1, . . . , 6} as the group of rotations and

reflections of a regular hexagon labelled as follows:

1 2

3

45

6

Now W is generated by the simple reflections r1 := (2 6)(3 5) and r2 :=

(1 6)(2 5)(3 4) (see [24, p. 103]). Recall that Wi = 〈ri〉, for i = 1, 2. Now W

acts on the vertices and edges of the hexagon. Moreover, W1 is the stabiliser

in W of the vertex 1, and W2 is the stabiliser in W of the edge 1−6, and thus

both actions are transitive by the Orbit-Stabiliser property. We conclude that

the action of W on (W : Wi) is equivalent to the action of W on the vertices
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and edges of the hexagon, respectively for i = 1, 2. It is straightforward to

work out the orbital graphs of the latter two actions. We find that each

action has two disconnected orbital graphs and one connected orbital graph

of diameter 3. Thus the graph Γ from Lemma 6.5.6 has diameter 3, and hence

(G,X) must also have an orbital graph of diameter 3, i.e. diamO(G,X) ≥ 3.

If G = 2E6(q) or 3D4(q), then by Proposition 6.6.1, the Weyl group of G

is isomorphic to the Weyl group of F4(q) and G2(q), respectively, and thus

as in the preceding paragraphs, we have diamO(G,X) ≥ 3.

Now suppose G = 2F4(22m+1). By Proposition 6.6.1, the Weyl group of

G is W ∼= D16, where we view D16 acting on the set {1, . . . , 8} as the group

of rotations and reflections of a regular octagon labelled as follows:

1 2

3

4

56

7

8

Now W is generated by the simple reflections r1 =: (2 8)(3 7)(4 6) and r2 :=

(1 2)(3 8)(4 7)(5 6) (see Section 13.3.7 in [5]). Recall that Wi = 〈ri〉, for

i = 1, 2. Now W acts on the vertices and edges of the octagon. Moreover,

W1 is the stabiliser in W of the vertex 1, and W2 is the stabiliser in W of

the edge 1 − 2, and thus both actions are transitive by the Orbit-Stabiliser

property. We conclude that the action of W on (W : Wi) is equivalent to

the action of W on the vertices and edges of the octagon, respectively for

i = 1, 2. It is straightforward to work out the orbitals and orbital graphs of

the latter two actions. We find that each action has two disconnected orbital

graphs and two connected orbital graphs of diameter 4. Thus the graph Γ

from Lemma 6.5.6 must have diameter 4, and hence (G,X) must also have

an orbital graph of diameter 4. This concludes the proof.
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Chapter 7

Open problems

In this chapter we discuss some open problems which arise from the work

in the thesis. As mentioned in the introduction, one broad aim would be to

find an explicit list of all almost simple finite primitive permutation groups

whose orbital diameters are at most d for small values of d, say d = 2, 3, 4, 5.

For the almost simple groups with socle an alternating group An (n 6= 6), we

have established the result for d = 5 in Chapter 3. One could aim to prove

a similar result for values higher than 5.

Problem 7.1. Find the primitive groups (G,X) with diamO(G,X) ≤ d for

d ≤ 10, where G := Sn or An.

To solve Problem 7.1, it may be helpful to use the result proposed in

Conjecture 3.4.6.

Problem 7.2. Prove Conjecture 3.4.6.

For the action of the alternating group Ak2 on the set X := I(k,k) of (k, k)-

partitions of {1, . . . , k2}, we showed that if k is odd or k is even and k/2 is

odd, then (G,X) has an orbital graph of diameter 2. One could investigate

the existence of orbital graphs of diameter 2 for the remaining case.
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Problem 7.3. Prove or disprove the existence of an orbital graph of diameter

2 for (G,X), where G := Ak2 and X := I(k,k) with k even and k/2 even.

One could also investigate the existence of orbital graphs of diameter 2

for the general case of the actions of Sn and An on I(k,l), where n = kl.

Problem 7.4. Prove or disprove the existence of an orbital graph of diame-

ter 2 for (G,X), where G := Skl or Akl and X := I(k,l).

The following problems arise from the work done on the groups PSL2(q)

in Chapter 4.

Problem 7.5. Prove or disprove the converse for the group PSL2(q1/3) in

Theorem 4.2.1(1).

Problem 7.6. Prove or disprove the existence of an orbital graph of diam-

eter 2 for (G,X) where G := PSL2(q) and X := (G : H), with H ∼= Dq−1

and q ≡ 1 mod 4, or with H ∼= PGL2(q1/2) and q1/2 ≡ 1 mod 4 (see Conjec-

ture 4.4.2).

Problem 7.7. Prove Conjectures 4.3.3 and 4.3.41.

The following is a general problem one could aim to tackle.

Problem 7.8. Determine results similar to Theorems 6.2.1 and 6.2.5 for all

primitive actions of the simple groups of Lie type.
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Appendix A

Number theoretical methods

In this chapter we prove all the number theoretical arguments which have

been used in Sections 4.3 and 4.4 of Chapter 4.

Lemma A.1. Let a ∈ Fq \ {±1}. Let n be the number of solutions (x, y) ∈
F∗q × F∗q to the equation

(x2 − 1)(x2 − a2) = y2. (A.1)

If q ≥ 17, then n ≥ 1.

In order to prove Lemma A.1 we will need the following theory regarding

elliptic curves. For more details on the topic, one can see Chapter 3 in [22].

Definition A.2. A curve of the form

C : y2 = f(x) := x3 + ax2 + bx+ c,

where a, b, c ∈ Fq is called an elliptic curve over Fq if the discriminant

∆f := a2b2 − 4b3 − 4a3c− 27c2 of f is non-zero.
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Theorem A.3 (Hasse’s Theorem, [6, p. 118]). Let C be an elliptic curve

over Fq. The number N of points of C defined over Fq (including the ‘point

at infinity’) satisfies

|N − (q + 1)| ≤ 2q1/2.

Remark A.4. The ‘point at infinity’ referred to in Hasse’s Theorem is a ‘point’

which satisfies the ‘projective’ version of the elliptic curve in question, but

does not translate to a point which satisfies the original elliptic curve.

Proof of Lemma A.1. Assume q ≥ 17. Suppose first that a = 0. The number

of solutions (c, d) over Fq to the equation c2− d2 = 1 where both c and d are

non-zero is at least q − 5 (see Lemma A.8). Since q > 5 we can pick such

a solution (c, d). Then (x, y) = (c, cd) is a solution to (A.1). Now suppose

a 6= 0. Define

t := y +

(
x2 − 1 + a2

2

)
(A.2)

s := xt = xy + x3 − x(1 + a2)

2
. (A.3)

It can be checked that (s, t) satisfy the equation

2s2 − (1 + a2)t2 − t3 −
(

1− a2

2

)2

t = 0. (A.4)

Now we claim that there a bijection between solutions (x, y) of (A.1) and

solutions (s, t) 6= (0, 0) of (A.4). Indeed, if (x, y) is a solution of (A.1) then

s and t as in (A.3) and (A.2) satisfy (A.4). Note that if (s, t) = (0, 0), then

y = 1+a2

2
− x2, and substituting this into (A.1) implies that a = ±1 which is

not possible by assumption. Hence (s, t) 6= (0, 0). Conversely, if (s, t) 6= (0, 0)

is a solution of (A.4), then let

x =
s

t
, y = t−

(s
t

)2

+
1 + a2

2
.
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It can be checked that (x, y) is a solution of (A.1). This proves the claim. In

order to use Hasse’s Theorem we need to verify that (A.4) is an elliptic curve.

Rearrange (A.4) to get (4s)2 = f(t), where

f(t) := (2t)3 + 2(1 + a2)(2t)2 + (1− a2)2(2t).

Now (A.4) is an elliptic curve if and only if ∆f 6= 0. It can be checked that

this is if and only if a 6= 0,±1. Therefore (A.4) is an elliptic curve and now

by Hasse’s Theorem, if N is the number of solutions to (A.4) (including the

point at infinity), then

|N − 1− q| ≤ 2q1/2.

In particular, N ≥ q + 1 − 2q1/2 = (q1/2 − 1)2. Now the point at infinity

and (s, t) = (0, 0) do not translate to give solutions of (A.1). So (A.1) has

at least (q1/2− 1)2− 2 solutions, including points (x, y) with x = 0 or y = 0.

Substituting x = 0 and y = 0 into (A.1) we see that there are only 6 such

points. Therefore we conclude that

n ≥ (q1/2 − 1)2 − 8.

Finally, since q ≥ 17, we have that n ≥ 1.7 ≥ 1.

Lemma A.5. Let q ≥ 17 (resp. q ≥ 19) and λ 6= 0,±1. There exists

u ∈ Fq such that u2 6= −1, 0, ±(1−λ)
1+λ

and (1 − λ2)u2 − λ2 is a square (resp.

non-square).

Proof. Define y := 1− λ2 and f(u) := yu2 + y − 1, and let Q denote the set

of squares in Fq. Then y 6= 0, 1. Suppose y ∈ Q. We have

{f(u) : u ∈ Fq} = {a2 + x : a ∈ Fq},

where x := y − 1 6= 0, and we also have

S := {u ∈ Fq : f(u) ∈ Q} = {a ∈ Fq : ∃b ∈ Fq, b2 − a2 = x}.
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Now the number of solutions (a, b) to b2 − a2 = x is q − 1 (see Lemma A.8).

If b = 0 is a solution, then

|S| = q − 1− 2

2
+ 2 =

q + 1

2
,

and otherwise |S| = q−1
2

. Hence, the number of values of u for which f(u) is

non-square is at least

q − q + 1

2
=
q − 1

2
.

Now the number of solutions u to u2 = −1, 0, ±(1−λ)
1+λ

is at most 7. Since

q ≥ 17, we have q+1
2
− 7 ≥ q−1

2
− 7 ≥ 1, and therefore there is at least one

value of u with u2 6= −1, 0, ±(1−λ)
1+λ

for which f(u) is a square, and another for

which f(u) is a non-square. Now suppose y /∈ Q and let NQ denote the set

of non-squares in Fq. We have

NS := {u ∈ Fq : f(u) ∈ NQ} = {a ∈ Fq : ∃b ∈ F∗q : b2 − a2 = x},

where now x := y−1
y

. As before, the number of solutions (a, b) to b2− a2 = x

is q − 1. If b = 0 is a solution, then

|NS| = q − 1− 2

2
=
q − 3

2
,

and otherwise |NS| = q−1
2

. Hence, the number of values of u for which f(u)

is square is at least

q − q − 1

2
=
q + 1

2
.

Now for q ≥ 17, we have q+1
2
− 7 ≥ 1 and for q ≥ 19, we have q−3

2
− 7 ≥ 1.

Thus, there is at least one value of u with u2 6= −1, 0, ±(1−λ)
1+λ

for which f(u)

is a square, and another for which f(u) is a non-square.

Lemma A.6. Let q be an odd prime power. Then −1 ∈ Fq is a square if

and only if q ≡ 1 mod 4.
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Proof. Firstly, we claim that −1 ∈ Fq is a square if and only if F∗q contains

an element of order 4. Indeed, suppose −1 ∈ Fq is a square, i.e. −1 = x2.

Then x4 = 1 and the order of x must divide 4. However, the order cannot

be 1 or 2 and thus must be 4. Conversely, suppose F∗q contains an element

of order 4, say y4 = 1. Then y2 = ±1. However, y2 6= 1 since the order of y

is 4, and thus y2 = −1, i.e. −1 is a square. This proves the claim. Now it is

well-known that F∗q ∼= Cq−1 (see Theorem 2 in [20]), and that Cq−1 contains

an element of order 4 if and only if 4 divides q − 1, i.e. q ≡ 1 mod 4. This

completes the proof.

Lemma A.7. Let q be an odd prime power. The number of solutions (x, y) ∈
(Fq)2 to the equation x2 + y2 = 1 is q + 1 if q ≡ 3 mod 4 and q − 1 if

q ≡ 1 mod 4.

Proof. One solution is (1, 0). Suppose (x, y) 6= (1, 0) is a solution and define

v := y
x−1

. Then

(x, y) = (1, 0) + (x− 1)(1, v).

Now letting t := x− 1 6= 0 and using x2 + y2 = 1 implies t(t(v2 + 1) + 2) = 0.

Rearranging for t we obtain t = −2
v2+1

, where v2 + 1 6= 0. Hence

(x, y) = (1, 0) +
−2

v2 + 1
(1, v).

Conversely, one can easily check that (x, y) as above satisfy x2 + y2 = 1.

Thus the number of solutions to x2 + y2 = 1 is one more than the number of

v ∈ Fq with v2 + 1 6= 0. Now by Lemma A.6, the equation v2 + 1 = 0 has 0

solutions if q ≡ 3 mod 4 and 2 otherwise. The proof follows.

Lemma A.8. Let q be an odd prime power. The number of solutions (x, y) ∈
(Fq)2 to the equation x2 − y2 = 1 is q − 1.

Proof. Suppose (x, y) is a solution. Then x2 − y2 = (x − y)(x + y) = 1.

Define r := x+y 6= 0. Then x−y = 1
r

and rearranging for x and y we obtain
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x = 1
2
(r + 1

r
) and y = 1

2
(r − 1

r
). Hence the number of solutions (x, y) is the

number of r ∈ F∗q, which is q − 1.

Lemma A.9. Let q be an odd prime power. Every element x ∈ Fq can be

expressed as a sum and difference of two squares.

Proof. Consider the set S := {x ∓ b2 : b ∈ Fq} (−,+ to prove the result for

sum and difference, respectively). Since F∗q is a cyclic group of order q − 1,

there are q−1
2

squares in F∗q and the rest are non-squares. Since 0 is also a

square, we have |S| = q+1
2

. Now since Fq only has q−1
2

non-squares, S must

contain a square, say a2, and so there exists b such that x = a2 ± b2.

Lemma A.10. Let q be an odd prime power and let γ ∈ Fq be a non-square.

Then the number of solutions (a, b) ∈ (Fq)2 to the equation b2 − a2γ = γ

is q + 1.

Proof. Firstly suppose that q ≡ 3 mod 4. Then −1 = γ−1v2 for some v ∈ Fq,
and the equation becomes b2 + v2a2 = γ. Now the number of solutions to

the latter equation is the same as the number of solutions to the equation

x2 + y2 = −1. By Lemma A.9, the equation x2 + y2 = −1 has at least one

solution (x0, y0); let (x, y) be another solution. If (x, y) 6= (x0,−y0), then the

equation of the line joining (x, y) and (x0, y0) is y − y0 = t(x − x0), where

t ∈ Fq is the slope. Now substituting y = t(x − x0) + y0 into the equation

x2 + y2 = −1 gives

(t2 + 1)x2 + (2ty0 − 2t2x0)x+ (t2x2
0 − 2tx0y0 + y2

0 + 1) = 0.

One solution to the above equation is x = x0 and since the sum of the two

solutions is 2t2x0−2ty0
t2+1

(note that t2 + 1 6= 0 since q ≡ 3 mod 4), the other

solution is x = x(t) = 2t2x0−2ty0
t2+1

−x0. Thus y = y(t) = t(x(t)−x0) + y0. This

proves that every solution of x2 + y2 = −1 is either (x0,−y0) or (x(t), y(t))

for some t ∈ Fq. Conversely, a line with slope t ∈ Fq which passes through

(x0, y0) intersects the curve x2 + y2 = −1 in either 1 or 2 points; 1 in the

194



case where the line is a tangent to the curve at (x0, y0), and 2 otherwise.

In the latter case the second point is given by (x(t), y(t)) as above. Thus

the solutions of x2 + y2 = −1 are given by (x(t), y(t)), where t ∈ Fq, and

(x0,−y0). We conclude that there are q + 1 solutions in total.

Now suppose q ≡ 1 mod 4. Then −1 = v2 for some v ∈ Fq, and the

equation becomes γy2 + v2x2 = 1. Following the proof of Lemma A.7, the

number of solutions to this equation can be shown to be q + 1.

Lemma A.11. Let q be an odd prime power, γ ∈ Fq be a non-square and

z ∈ F∗q. Then the equation b2 − d2γ = z has at least one solution (b, d)

with d 6= 0.

Proof. First suppose that q ≡ 3 mod 4. Then −1 is a non-square in Fq and

so the equation becomes b2 +y2 = z, where y2 := −d2γ. Now if z is a square,

then we may pick d 6= 0 such that y2 = z, and so (0, d) is a solution to the

original equation with d 6= 0. If z is a non-square, then b2 + y2 = z has a

solution (b, y) by Lemma A.9 (see below), where without loss of generality

y 6= 0 (else z is a square). Thus the original equation has a solution (b, d)

with d 6= 0. Now suppose that q ≡ 1 mod 4. Then −1 is a square in Fq and

so the equation becomes b2 + y2γ = z, where y2 := −d2. If z is a non-square,

then we may pick d 6= 0 such that y2γ = z, and so (0, d) is a solution to the

original equation with d 6= 0. Suppose now that z is a square; say z = a2.

Using similar arguments as in the proof of Lemma A.7, one can show that

the solutions (b, y) to b2 + y2γ = z are (a, 0) and

(b, y) = (a, 0)− 2a

1 + v2γ
(1, v),

where v ∈ Fq. Thus there are two solutions (b, d) of the original equation

with d = 0 and so q + 1− 2 ≥ 1 solutions with d 6= 0.

Lemma A.12. Let q ≥ 7 be an odd prime power. Every non-zero element

x ∈ Fq can be expressed as a sum of two non-squares.
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Proof. Let c ∈ Fq be a primitive element. Then multiplication by c takes

a square to a non-square and vice versa. Suppose first that x is a square.

Then c−1x is a non-square. By Lemma A.9, there exist a, b 6= 0, such that

c−1x = a2 + b2 and thus x = ca2 + cb2, a sum of two non-squares. Now

suppose x is a non-square. Then we can write x = cy2 for some y. Now the

equation y2 = a2 + b2 has at least q − 1 solutions by Lemma A.7. At most

four of these have a = 0 or b = 0 and thus since q > 5, there exist a, b 6= 0

such that y2 = a2 + b2, which implies x = cy2 = ca2 + cb2, a sum of two

non-squares.
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