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Abstract

Thermoacoustic instabilities are a major problem in boilers, low NO, gas-turbine combustors,
and rocket engine combustors. They occur due to positive feedback between the unsteady heat
release of the combustion and the acoustic waves, which leads to self-sustained oscillations.
These oscillations increase the overall noise emissions of the engine, lead the system to operate
in off-design conditions, and result in premature component failure or permanent structural
damage. The ability to accurately model the acoustic propagation and acoustic energy balance
for given operating conditions can help identify the regions susceptible to instability during the
preliminary design phase. This identification can be achieved using computationally efficient
low-order acoustic network models where the equations for the mean flow and the acoustics can

be solved sequentially.

Lower order models for the acoustics which employ analytical solutions have the benefit of
being grid-independent (or, for the case of semi-analytical solutions, grid convergent) and are
computationally fast. They also provide more physical insight into the acoustic behaviour
across the various mean flow and boundary conditions and thus allow for swift parametric

sweeps.

The primary objective of the present thesis is to develop simplified analytical frameworks for
estimating the one-dimensional and two-dimensional acoustic fields established in axial and
annular nozzles, respectively. These nozzles can (i) feature varying cross-sectional area, (ii)
feature varying axial mean temperature, and (iii) sustain subcritical /supercritical mean flow,
which does not have to be isentropic. These acoustic field predictions are achieved using
asymptotic methods, and the resulting model estimates are validated using numerical simu-
lations. The applicability of some of the developed models for stability analysis is shown by
comparing the obtained modal solutions to in-house developed low order network model solvers

based on modal expansions.

The analytical models thus developed can be of great interest to both thermoacoustic and

acoustic communities.
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CFD
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Two Linearised Euler Equations.
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Combustion Instabilities.
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Low Order Modelling for Thermoacoustic Instability.
Lower Order Thermo-Acoustic Network solver.
Lean, Premixed, and Prevaporised.

Nitrogen Oxides.

Ordinary Differential Equation.

Open Source Combustion Instability Low Order Simulator.
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Particulate Matter.

Thermo-Acoustic Instabilities.
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Nomenclature

Greek Symbols

Symbol

Description

1 dA,
A dient, a = — =,
rea gradient, « AS d.’E

Non-dimensional area gradient, a* = al.
1dT
T t dient, 8 = =—.
emperature gradient, [ T e
Non-dimensional temperature gradient, 5* = glI.
o o M2 (y—1) = p* (1 - M?)
B 1—yM? '

Adiabatic index of the fluid.

Acoustic absorption coefficient.

1

A= — .
rdm

Ratio of scales of the area («) or mean temperature () gradient

to the axial wave-number (k).

L2 norm of the error of the analytical model compared to numerical
LEEs.

<:1+1%EM?

Order of ratio of scales of the fluctuating component to the mean
component of a flow or thermodynamic variable, for example n =
v /a.

Ratio of the cross-sectional area at the inlet to the outlet, © =
As, 1/*’457 2
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Nomenclature

(1]

-

=

ASS

WR

wr

Azimuthal coordinate.

Represents the scale of the gradient of area or mean temperature
1 d?a 1 d°T

radient, K = — —=5 or ——-.
8 a?dz? 2 da?

A= (1= M) — 2 (1= M)

Ratio of the azimuthal wave-number to the meridional (or axial)
n

kor

wave-number, p =
Order of ratio of the imaginary part to the real part of the angular
frequency, v = wy/wg.

Ratio of the mean temperature at the inlet to the outlet, = =
T\ /T,

Ratio of the mean pressure at the inlet to the outlet, & = p; /Ds.
Density of the fluid.

Non-dimensional entropy disturbance, o* = s'/c).

1 dr

Meridional flow angle, ¢ = sin
dm

Mode function in the Galerkin expansion.

Amplitude of the i*" mode in the Galerkin expansion.

Y =ps/cp.
. nl
Azimuthal Helmholtz number, Q = —.
r
Complex angular frequency.

Real part of the angular frequency.

Imaginary part of the angular frequency.

Roman Symbols

Symbol

As

Description

Cross-sectional area of the quasi 1-D nozzle.

rad

kg/m3

rad

Pa

rad/s
rad/s

rad/s

Unit
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Nomenclature

¢

B:I:

Throat area of the quasi 1-D nozzle.

Flow area of an annular nozzle, Ay = 27rh/cos¢.
Coefficient matrix in the first-order system of ODEs for the invari-
ants.

Real = (or m) coordinate dependant variable in the WKB solution

representing the mean gradient changes.

|

Area variation parameter, a = l
T1

Non-dimensional area variation parameter, a* = al

Coeflicients in the WKB acoustic velocity solution written as su-
perposition of the upstream (-) and downstream (+) propagating

wave amplitudes.

Real x (or m) coordinate dependant variable in the WKB solution

representing the rapidly varying phase.

. Ty—T

Temperature variation parameter, b = %
1

Non-dimensional temperature variation parameter, b* = bl.

Constants in the WKB acoustic solution written as superposition
of the upstream (-) and downstream (+) propagating wave ampli-

tudes.

Coefficient matrix of the wave vector W in the first-order system
of ODEs.

Adiabatic speed of sound, ¢ = /vR,T.
cp =7Rg/ (v = 1).
de =1 — Kq.

dy =1— Kpg.

Matrix relating the invariant vector (I) to the non-dimensional

wave-vector (W*.)

Acoustic energy density.

Coefficient matrix governing the effects of axial flow in the invari-
ant system of ODEs.

J/m?

22



Nomenclature

| O

flower

f upper

G

H

He
Hejower

Heupper

hy

Iy

Jl

Coefficient matrix governing the effects of heat transfer in the in-

variant system of ODEs.

Coefficient matrix governing the effects of azimuthal flow in the

invariant system of ODEs.

Transfer functions for acoustic pressure and velocity.

Fr=(-1)/¢
Fy = Mgét/é.
Frequency.

Lower frequency limit.

Upper frequency limit.

Acoustic energy generation rate.

Specific enthalpy.

Helmholtz number, He = wl /e.

Lower frequency limit in terms of Helmholtz number.

Upper frequency limit in terms of Helmholtz number.

Flow width of the annular nozzle measured in the normal (n,)

direction.

Hep Sp.

Invariant vector, I = [I4 Ip Ic Ip).

Normalised mass flow fluctuations, I4 = m’/m.

Normalised stagnation temperature fluctuations, Ig = T}’ /Tt.
Normalised entropy fluctuations, Ip = s'/c,.

Specific angular momentum fluctuations, Ip = rvy.
Imaginary number, i = ++/—1.

Specific acoustic energy flux.

Jkg™!
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Nomenclature

Ny

Ny

IP

P:I:

Order of the Magnus expansion.

Wave-number, k, = w/¢.

Wave-number at the inlet, k; = w/¢;.

Nozzle length.

Length of the nozzle along the meridional axis.

Flow Mach number, M = u/e.

Meridional flow Mach number, M,,, = v, /¢.

Azimuthal flow Mach number, My = vy/c.

Average of the flow Mach numbers at the inlet and outlet.
M=1+4+2M.

Meridional coordinate.

Non-dimensional meridional coordinate, m* = m/I.

Mass flow rate.

Acoustic energy flux.

Total number of segments/modules the nozzle is divided into.
Total mode number.

Azimuthal mode number.

Normal coordinate.

Acoustic wave-vector, P = [P+ P_]T.

Non-dimensional wave-vector for annular nozzle, IP =

vl s* ruplt

TV,
Upstream (-) and downstream (-+) propagating wave amplitudes
in the WKB acoustic solution.

Upstream (-) and downstream (+) propagating Riemann invari-

ants.

W /m?

Pa

Pa

24



Nomenclature

r07 i

Vo

W*

Upstream (-) and downstream (+) propagating non-dimensional

Riemann inavariants, p* = p* = u*M.

Pressure.

Heat release rate per unit volume.

Ol

Pt,1Ct, 1

Non-dimensional heat release, Q =

Acoustic reflection coefficient, R = P*/P~.
Entropy reflection coefficient, Ry = o*/P~.

Gas constant.

Mean radius of the nozzle, r = r(x).

Outer and inner radius of the annular nozzle.

So = (M1 — Ms).

Sy = [;2 (15 M)dz.

1
5=y (2 WTFF - (1)),

Entropy.

Transfer matrix relating the wave vectors at the inlet to those at

the outlet.

Temperature.

Time coordinate.

Axial flow velocity.
Meridional flow velocity.
Azimuthal flow velocity.

T
Wave-vector, W = [P+ P~ 1/1} .

. : ~ T
Non-dimensional wave-vector, W* = [p™ p~ o*] .

Axial coordinate.

Pa

W /m3
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Nomenclature

Z

Non dimensional axial coordinate, * = x/I.

Location of the nozzle throat.

Non-dimensional acoustic impedance.

Subscripts and superscripts

Symbol

Description

Mean time-averaged component.

Fluctuating unsteady component.

Non-dimensional fluctuating unsteady component.

Represents downstream (-+) and upstream (-) propagating waves.
Flow and thermodynamic variables at the inlet (1) or outlet (2).
Iteration number for variables a, b in the WKB solution.
Represents incoming (in) or outgoing (out) waves of the nozzle.
Acoustic or entropy input forcing.

Stagnation quantity.

Represents infinitesimally upstream (u) and downstream (d) loca-

tions of the nozzle throat.
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Chapter 1

Introduction

The World Health Organization estimates that ambient outdoor pollution results in around 3
million deaths every year [1|. Transport and power generation sectors alone contribute to 65%
of the total harmful outdoor air pollutants like oxides of nitrogen (NO,), oxides of sulphur
(SO,), carbon monoxide (CO), and particulate matter . In particular, long term exposure
to NO, can cause decreased lung function, increase the risk of respiratory conditions. It also
contributes to PM and ground-level ozone formation, which are associated with adverse health
effects. NO,, emissions also lead to acid deposition and eutrophication of soil and water. The
acid deposition can adversely affect the terrestrial ecosystems due to ammonia (NH3) emissions
and subsequent nitrogen accumulation in soil and water. Eutrophication, which occurs due to
excess enrichment of water with minerals and nutrients of nitrogen, can gravely affect water

quality with increasing toxicity levels and impacting biodiversity.

With around 700 major cities spread across the world |1] having ‘unhealthy’ air quality, reducing
NO, emissions is vital. In addition to air pollution, reports also support the linkage between
environmental noise and adverse health effects, suggesting a loss of an estimated 1 to 1.6 million
healthy life years annually in high income western European Countries. For example, aircraft
noise can also negatively influence health if the exposure is long-term and exceeds certain
levels [2]. Hence, the Advisory Council for Aeronautics Research in Europe has set
stringent targets in reducing overall aircraft noise by 65% and NO, pollutants by 90% by 2050,
compared to the levels in 2000 [3].

The share of energy production and distribution (17%) and non-road transport sectors (9%)
together accounts for 26% of the total emissions from the countries of the European
Union [4]. Non-road transport constitutes aviation and maritime transport, primarily using
gas-turbine based combustion engines. These GT engines are also predominantly used

in the energy production sector and some specific industries like ceramics. Thus, GT engines
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1.1. NO,, formation in combustion engines
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could be regarded as one of the main sources for NO, emissions. Targeting these sources
could significantly reduce the total NO, produced in the non-road transport sectors. Thus,
rising environmental concern has forced GT engine manufacturers to look for efficient ways of

controlling NO, and improving the overall efficiency of these engines.

1.1 NO, formation in combustion engines

NO,, formation in combustion engines occurs via three modes |5]:

a) Thermal NO,, formation is mainly controlled by the molar concentrations of nitrogen, oxygen
and the mean flame temperature in the combustion zone. In general, the molar concentrations
of nitrogen and oxygen are fixed for engines using ambient air as the oxidiser, and only the
mean combustion zone temperature can be controlled. This mode of NO, formation accounts
for around 70% of the total NO, produced in combustion systems and is highly sensitive to
the sustained temperatures in the combustors. For example, a decrease of about 400°C in the
mean flame temperature could result in almost a ten-fold reduction in the overall thermal NO,
formation [5].

b) Fuel NO, occurs due to the oxidation of “already-ionized" nitrogen in the fuel. The con-
tribution to total NO, formation from this mode can be controlled by reducing the nitrogen

content in the fuel.

c¢) Prompt NO,, is the result of nitrogen’s reaction with active hydrocarbon radicals in the fuel.
Its contribution is limited and is < 5% of the total NO, formed.

Thus, GT engine manufacturers’ main active reduction strategies to reduce NOx emissions
have been reducing the overall combustion zone temperature. This has led to low NOx burners,

such as lean, premixed, and pre-vaporised (LPP|) burners. However, this results in an increased
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1.1. NO,, formation in combustion engines

Rocket Engine Test Facility (NASA, 1957)

Figure 1.2: Engine burner damaged by instabilities during the testing phase of Apollo moon
program (Image reproduced from with permission of the rights holder, Elsevier -

Appendix .

flame unsteadiness in the combustor, increasing the potential for a problem called “thermoa-
coustic instabilities @ Also known as Combustion Instabilities , these occur due to
a two-way coupling between unsteady heat release at the flame and acoustics of the combustor
duct . TATI are also turning out to be highly relevant for future combustor designs, which
burn fuel blends that include carbon-free fuels, such as hydrogen [10-12]. As shown in Fig.
the acoustic disturbances produced due to the unsteady heat release (Q/) in a combustor prop-
agate, reflect at the acoustic boundaries and arrive back at the heat source. As firstly presented
by Rayleigh , these acoustic disturbances can grow in magnitude if there is a net energy
gain from the unsteady heat release compared to the sum of the acoustic energy flux losses
across the boundary and due to dissipation . These growing self-sustained thermoacous-
tic oscillations cause high noise and system vibration levels until the effects of acoustic
non-linearities lead to limit-cycling or other non-linear oscillations. TAI result in permanent
structural damage to the engine. Famously, TAI were a major problem in developing the F1
rocket engine during the Apollo moon program in the 1960s. This resulted in more than 1000
real scale engine prototype tests, costing billions of dollars . Fig. shows one such burner
prototype that was damaged due to TAI during these tests. Faster ageing of the engine or
making the system operate at off-design conditions are also certain side effects of TAO .
The failure of the engine in both power generation and aviation sectors is very costly. Hence
thermoacoustic interactions need to be accurately modelled across a wide range of input flow
or acoustic boundary conditions to understand and avoid/control any undesired phenomena

inside the combustor.
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1.2. Modelling thermoacoustic phenomena

1.2 Modelling thermoacoustic phenomena

1.2.1 Challenges

The disparity between the acoustic length scales, which are O(metre), and the flame wrinkling,
O(millimetre), and flame reactions O(micrometre), makes the identification of TAO compu-
tationally costly. This is particularly the case when the sample space of flow conditions and
acoustic boundary conditions is extensive. There can be scenarios where the initial set of con-
ditions ensure stability of the combustor but it subsequently destabilises after serving a portion
of the planned lifetime due to changes in component behaviour as they age. These ageing
effects of the mechanical components can only be studied by a sensitivity analysis which is not
feasible to be implemented using high fidelity numerical simulations. Also, considering an ex-
tensive range of input flow or acoustic boundary conditions during the design stage involves too
many calculations. These conditions cannot all be implemented using numerical simulations
owing to the involved computational costs. Thus, although Computational Fluid Dynamics
(CEFD) simulations for the entire combustor domain are possible [18-22], they are impractical
as an industry analysis tool. Laboratory level experiments 22| could demonstrate the on-set
of TAI for canonical cases. However, these models cannot capture the complexity of a real
scale combustor. For example, real engine combustors often sustain two-dimensional (2-D) or
three-dimensional (3-D) flow and disturbance effects, intricate geometries, indirect noise effects
from flow inhomogeneities (entropy or vortical or compositional inhomogeneities) passing into
the downstream turbine |23|. Though possible, full-scale experimental test rigs are incredibly

costly.

1.2.2 Decoupling treatment

Computational methods that employ coupling of separate treatments for the acoustic waves
and the flame have been shown to have much promise in the accurate prediction of thermoa-
coustic behaviour |15} 24-32]. These decoupling treatment approaches utilise the fact that the
thermoacoustic oscillations have relatively long wavelengths compared to the flame features,
meaning that the flame can be treated as “acoustically compact" and represented by an in-
finitesimally thin flame sheet [33]. The acoustics is then amenable to a simplified treatment.
For some GT combustors and rocket engine combustors, this allows using a linear framework to
solve the wave propagation. This linear analysis assumes the acoustic pressure fluctuations to
be much lesser than the mean pressure. For a fluid flow comprising of a mean (denoted by ())
and a fluctuating component, (denoted by ()") this reads p’ < 0.1p |34]. As the acoustic waves
are central to the cause of TAQO, the unstable frequencies mostly remain close to the acoustic
resonant frequencies of the combustors and the deviation caused by combustion interaction
is typically small [15]. Hence, accurate acoustic propagation solutions are vital and form the

primary step in a full-scale thermoacoustic analysis.
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1.2. Modelling thermoacoustic phenomena

The Galerkin method [35-38] is one of the several acoustic modelling methods where the acous-
tic solution is approximated as a summation of multiple normal modes using the mode function,
Xi (x) with an amplitude of ¥; (t) for each mode. Thus the acoustic solution is split into two
separate time and location dependant functions. For example, the acoustic pressure is given
by,

Ny
p/(.’E, t) :ﬁz Xi (l‘) ‘ljz (t)’ (11)
i=1

with IV; representing the total mode number. Galerkin method is primarily used for combustors
with distributed reaction zones like solid rocket engines. However, this method requires large
amount of modes to accurately capture the velocity discontinuity due to @', across the thin

flame sheet present in GT combustors.

Simplified acoustic treatment using Helmholtz solvers was reported in |31} 39-42]. These solvers
can capture the geometrical intricacies and any temperature variations inside the combustor,
however, neglect the presence of any mean flow. This affects the accuracy of the achieved
acoustic solution [43, |44] and therefore cannot be applied to combustors/nozzles sustaining

high flow velocities.

The inhomogeneous wave equation governing the evolution of linear acoustic disturbance in a
nozzle sustaining an isentropic flow can be represented by [15],
1 ﬁzp’ v—1DQ’
v? /

@2 Dt2 P ="

(1.2)

where € corresponds to the speed of sound, - is the adiabatic index of the fluid and Q/ represents
the fluctuations of the heat release rate of the flame. The material derivative D/Dt = 9/0t+-V
accounts for the non-zero flow velocity. Wave based acoustic modelling treatment involves seek-
ing a solution for the wave equation described in Eq. using low order network models |15,
30, 45-53|. For planar acoustic field the acoustic solution is represented as the superposition

of the upstream (-) and downstream (1) travelling wave amplitudes P*, such that,
p(x,t) =Pt +P. (1.3)

As observed from Eq. , the heat release rate fluctuations @' acts as the source of the
acoustic waves and can potentially amplify them when they are in-phase. Solving Eq.
therefore requires capturing the flame response to acoustic excitation, which is obtained using
a flame model. As suggested by Crocco |54, 55|, the flame is modelled as an acoustic element in
response to local fluctuations. A flame model therefore links the fluctuation in the heat release
rate per unit volume, @', to acoustic or entropy fluctuations, for example, velocity fuctuations

upstream of the flame, «},. In the linear limit of such flame models, a “flame transfer function
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1.2. Modelling thermoacoustic phenomena

(FTF)” |54} |55] is defined in the frequency domain assuming a sinusoidal dependence of the

form y' = g exp(iwt), for the disturbances. This gives,

)

Uy /Ty

Fr(w) = |Ff(w)|exp(i£Fy(w)) (1.4)
where w correspond to the complex angular frequency with |Fy| and ZF; denoting the gain
and phase of the transfer function, respectively, and i2 = —1. The flame is also sensitive to to
other types of perturbations, for example, equivalence ratio, mass flow [56, 57|, temperature or

pressure fluctuations [14]; all result in heat release rate fluctuations.

While [FTFg assume the gain and phase of the transfer function to be a function of only
the frequency, Flame Describing Functions ) account for weak non-linearity by further
accounting for the dependence of the input disturbance |58, 59]. This weakly non-linear flame
behaviour captured by FDFs is representative of gas turbine combustors where the amplitudes
of the acoustic velocity fluctuations are generally large enough during instability to cause non-
linearity. It should be noted that this non-linearity occurs for the heat release rate fluctuations
in response to the large amplitude velocity fluctuation forcing while the acoustics remain linear.
A model for the unsteady flame response to acoustic excitation (flame model) can be extracted
from large eddy simulations [30, [32} |60-H68| or experiments |58, |59} 69-73]. It should
be noted that at the location of the flame, jump conditions based on conservation equations
need to be applied for both the mean and fluctuating quantities, as outlined in [74]. These
conditions along with the flame model forms a closure to the inhomogeneous wave equation
posed in Eq. . Thus the modelling of the flame response forms a separate line of research,

serving as an input to the acoustic treatment using low order network models.

Low order network models that employ analytical solutions for the acoustic field are of partic-
ular interest, as they swiftly obtain the full frequency response for a particular flow condition
inside the combustor. This facilitates faster parametric sweeps and thereby aids in the early
identification of frequencies susceptible to thermoacoustic oscillations. Low order models also
serve as a preliminary tool in analysing the thermoacoustic behaviour of real systems. Physical
insights drawn through analytical solutions employed in these models can also reduce the size

of parametric sample space.

1.2.3 Analytical modelling

The low order network models and the Helmholtz solvers separate the primary source of non-
linearity - the flame response to the flow perturbations - from the acoustic models, thus enabling
a linear acoustic framework [15]. Network models further facilitate separating simple acoustic
propagation regimes from the more intricate geometries, such as zones where the premix duct-

s/burners interact with the plenum and combustor, leading to the potential for a non-linear
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1.2. Modelling thermoacoustic phenomena

phenomenon called modal coupling |75].

It is beneficial for network models to represent the acoustic field as a superposition of the
upstream and downstream propagating acoustic wave components, this offering physical insight,
facilitating the connection to other modules and enabling acoustic damping estimates for any
attached dampers. Numerical methods based on finite-difference techniques or other higher-
order schemes can capture the acoustic propagation in axially varying flows. However, analytical
solutions are computationally fast, offering guaranteed convergence irrespective of the grid
size. This makes parametric studies much easier and, therefore, aide in quickly identifying
efficient ways of altering the system to attenuate TAO during the design stage. These analytical
solutions also serve as a preliminary industry analysis tool and help to reduce the generally

large sample space for the CFD simulations.

1.2.4 The planar acoustic field in axially varying flows

To accurately capture the acoustic field sustained in a combustor geometry at industrial com-
plexity, the analytical solutions need to account for the effects of the area variation, non-
isentropic effects such as heat transfer, three-dimensional mean flow and perturbed flow, and
be applicable over a wide range of frequencies. However, a model in the literature that accounts
for all these effects does not exist. For example, analytical solutions for the one-dimensional
acoustic field in a nozzle (a varying area duct) are broadly divided into exact and semi-analytical
solutions. Exact solutions for a nozzle with sub-critical and super-critical flow configuration
were firstly derived for acoustically compact geometries by Marble and Candel [76]. This com-
pact analysis assumes negligible frequency and, therefore, the acoustic wavelength is much
larger than the length scale of the nozzle area-change so that the nozzle appears as a ‘step’ to
the incident acoustic wave. This approach was later extended to non-zero higher frequencies
using Magnus expansion based method by Duran and Moreau |77], but assumed an isentropic
mean flow. Using the Dyson expansion-based method, Magri |78| solved for the acoustic field
sustained in a multi-component nozzle, thereby accounting for the compositional-acoustic cou-
pling; however, the mean flow was assumed to be isentropic. Acoustic wave propagation in
variable area ducts with stationary media can be traced to Webster [79]. For nozzles with
a non-zero isentropic flow, Eisenberg and Kao [80] determined the acoustic field for specific
area profiles that lead to constant coefficients for the considered ordinary differential equa-
tions, governing the evolution of the flow perturbations. The mean flow was assumed to be
subsonic, and it was observed that the momentum exchange between the mean flow and the
acoustics causes the acoustic amplitude to vary differently from that caused by area variation
alone. For incompressible, isentropic mean flows with very low subsonic flow Mach numbers
(M < 0.2), Easwaran and Munjal [81] presented exact solutions of the acoustic field in terms of
transfer matrix for conical and exponential shaped nozzles. It was observed that the mean flow

affects the transfer matrix components of the conically and the exponentially shaped nozzles
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1.2. Modelling thermoacoustic phenomena

differently.

Combustors often encounter heat exchange to the surroundings and the dilution air, affecting
the temperature distribution along its length. The temperature gradients due to heat transfer
affect the acoustic energy balance [82] inside the nozzles, and hence the acoustic models need
to account for this non-isentropic effect. Munjal and Prasad [83] derived the acoustic transfer
matrix using a first-order perturbation method for a uniform area duct, sustaining a mean
flow and a linear temperature gradient. Sujith et al. [84] obtained exact solutions describing
the one-dimensional (1-D) acoustic behaviour in a constant area duct with linear, exponential
temperature profiles in the presence of a negligible mean flow. This analysis was later extended
to low subsonic flow Mach numbers by Karthik et al. [85]. In these approaches, a transforma-
tion is sought for the governing equations into a single hypergeometric differential equation.
Subrahmanyam and Sujith [86] obtained exact travelling wave-type solutions for specific area

and temperature profiles in the absence of any mean flow.

Although these solutions are exact and capture the acoustic wave propagation for particular
cases, an acoustic solution for the general case of a nozzle - with both substantial mean-
flow and a temperature gradient (due to steady heat transfer), has not been found. For this
reason, semi-analytical solutions came into prominence, these combining good accuracy with

high computational efficiency.

Approximate wave-like solutions for second-order differential equations with variable coefficients
were traditionally solved in wave-mechanics using theWKB| approximate method, named after
Wentzel, Kramers, Brillouin |87|E|. This method predates the method of multiple scales but
works similarly. It essentially assumes the phase to vary more rapidly than the amplitude of
the wave. These WKB method based solutions include integrals of rapidly varying phase terms,

leading to higher computational time compared to an exact solution.

A slightly modified WKB method was used by Cummings [88| with separate amplitude and
phase factors leading to the acoustic field solution for uniform area ducts sustaining a tem-
perature gradient with negligible mean flow. This approach assumes the axial length scale of
the temperature (or density) variation is much larger than the acoustic wavelength and hence
requires sufficiently high frequencies. Li and Morgans [89] extended this analysis to include the
non-zero mean flow effects using an adaptive WKB method. The final solution thus obtained
accurately predicts the acoustic field for uniform area ducts with temperature gradients and

can consider up to flow Mach numbers of ~ 0.6.

Using the framework of a WKB method, Dokumaci [43] presented a semi-analytical solution

!This method is named after physicists Gregor Wentzel, Hendrik Anthony Kramers, and Léon Brillouin.
However, mathematician Harold Jeffreys had developed a generalised method of approximating solutions to
linear, second-order differential equations earlier. Hence often the solution is referred to as WKBJ or JWKB
method.

34



1.2. Modelling thermoacoustic phenomena

for a nozzle (has a varying area) sustaining isentropic mean flow. The governing perturbation
equations are written in terms of the upstream and downstream travelling wave components,
and only the off-diagonal terms in the state-space matrix are retained. This requires the wave
components to be independent and hence valid only at sufficiently high frequencies. This high-
frequency requirement is specified in terms of limiting frequency criteria which were derived
assuming negligible mean flow. The final solution requires increased computational effort [90]
to evaluate the integral terms in the state-space matrix compared to an analytical solution,
making the final solution depend on the thermodynamic and flow properties of the entire
nozzle. Rani and Rani [91] presented approximate (WKB and WKB2) solutions to the acoustic
field in a nozzle with isentropic mean flow. The achieved solution consists of complicated
parameters, increasing the computational effort and with unclear frequency limits. All the
existing WKB-based models assume either uniform area and/or isentropic mean flow, with the
final solution being a function of the upstream thermodynamic and flow properties, require

numerical evaluation.

For nozzles sustaining non-isentropic mean flows, Umurhan [82| numerically studied the effect
of different spatial heating distributions, with no heat release fluctuations, on thermoacous-
tic stability. Dokumaci also developed a numerical framework to solve the linearised Euler
equations and obtain the acoustic response of nozzles sustaining a non-isentropic mean flow.
However, an analytical/semi-analytical solution for the planar acoustic field in these nozzles
with axially varying non-isentropic mean flows is so far lacking and is the topic of Chapter 2
of this thesis.

The above WKB method based solutions neglect the effect of the entropy disturbance [92] on
the acoustic field |93]. This simplification is justified by the low subsonic flow Mach number
assumption considered in this analysis in the context of gas-turbine combustors. At these flow
Mach numbers, the acoustic-entropy coupling was observed to be weak and hence negligible [44,
94). Also, at the sufficiently high frequencies considered for the WKB analysis, the wavelength
of entropy disturbances, given as u/ f (with f as frequency), is smaller than the largest turbulent
length scales. This results in enhanced turbulent mixing and diffusion, leading to the decay of
the entropy fluctuations [95]. Even in the mid-frequency range, the amplitude of the advecting
entropy wave is strongly attenuated due to shear dispersion [95-101]. The effect of the acoustic-
entropy coupling is most relevant at the low-frequencies where most unstable thermoacoustic

modes (fundamental modes) often exist and hence the effect cannot be neglected.

Recently Weilenmann et al. [101] conducted experimental investigation of indirect noise gen-
erated by entropy waves convecting in a super-critical nozzle. The indirect noise was found to
be 60% lower than isentropic compact limit calculations. The observed difference was due to
the three dimensional deformation of the entropy waves and turbulent mixing. Rodrigues et

al. |102] also analysed the effect the of shear dispersion on entropy and compositional inhomo-
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1.2. Modelling thermoacoustic phenomena

geneities. While the dispersion effects on the compositional waves are seen to be insignificant

the entropy waves were again found to be strongly attenuated.

The effect of shear dispersion, local turbulent mixing primarily results in different convection ve-
locities to the entropy wave and there-by different resident times resulting in a two-dimensional
effect on the entropy field. These 2-D (or 3-D) non planar effects can significantly change the
thermoacoustic behaviour in nozzles. Emmanuelli et al. [103, 104] and Huet et al. [105, |106]
developed numerical acoustic models that can accurately account for the non-planar entropy

wave effects.

All these studies emphasize that the effect of entropy disturbances is less relevant for mid to

sufficiently high frequencies in practical nozzle like configurations.

Semi-analytical solutions derived from truncation of an infinite series expansion have also been
used to determine the acoustic field. For example, Duran and Moreau |77| used a Magnus
expansion based method to obtain the acoustic response of a nozzle sustaining isentropic mean
flow. These methods are applicable over a wide range of frequencies and can fully account for
acoustic-entropy coupling. Hence these models are of interest to the thermoacoustic research
communities due to their excellent low-frequency behaviour. To apply the Magnus expansion
method, the Euler equations need to be linearised and recast in terms of flow invariants, for
example, the fluctuations of mass flow rate, stagnation temperature, and entropy fluctuations
for the one-dimensional acoustic field. The resulting system of first-order differential equations
(ODES) is solved by expanding the invariant formulation around the frequency. The method-
ology presented in Duran and Moreau |77] applies only to nozzles with an isentropic mean flow
and cannot account for flows with steady heat transfer. The heat transfer effect on the acoustic

field and entropy generation for both zero and non-zero frequencies needs to be investigated.

Non-isentropic sources other than heat transfer can also affect the thermoacoustic behavior, for
example, De Domenico et al. [107, |108| analysed the effects of flow separation and friction on
the acoustics. It was observed that these effects can strongly influence acoustic and entropy
transfer functions of nozzles. The effect of dissipation (flow re-circulation and wall friction)
was modelled from conservation laws by Jain and Magri [109], who computed acoustic transfer
functions for any Helmholtz number and Mach-number regime and analysed the effect that

dissipation has on thermoacoustic stability.

1.2.5 Acoustic energy analysis

The effect of the steady heat transfer on the acoustic response of nozzles can be further revealed
using acoustic energy analysis. The interaction between the acoustics and the flow in terms
of energy balance was first investigated by Cantrell and Hart [110] for irrotational, isentropic,

subsonic mean flows. Formal definitions for the acoustic energy flux and acoustic energy density
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1.2. Modelling thermoacoustic phenomena

were also first presented in their work. The acoustic energy balance was later extended to non-
uniform flows by Morfey [111]. For one-dimensional flow, the model was further improved
to include the effects of steady (mean) and unsteady heat addition by Bloxsidge et al. [112].
Bechert [113] using a multipole analysis demonstrated that jet flows, flows through apertures

or through blade rows absorb acoustic energy and can potentially be used as mufflers.

For arbitrary steady flows, a general disturbance energy corollary was first proposed by My-
ers |114], which included both acoustic and non-acoustic disturbance energy terms. Giauque
et al. [115, |116] further extended Myers energy corollary to flows with gaseous combustion
by including species and heat release terms. Karimi et al. [117] analysed the acoustic and
disturbance energy contributions for straight ducts with steady (mean) and fluctuating heat
release. A frequency limit called the ‘entropic corner frequency’ was proposed, above which the
effect of acoustic-entropy coupling is negligible. At frequencies larger than this limit, the total
disturbance energy can be approximated as acoustic energy [117]. Although acoustic energy
balance studies exist, they are generalised and do not explicitly consider duct flows with area

and mean temperature variations.

Characterisation of the acoustic energy balance with minimal parameters reduces the compu-
tational effort in analysing the entire sample space of frequencies, mean flow conditions and
acoustic boundary conditions for identifying regions susceptible to TAO. This characterisation
of the acoustic energy generation or dissipation is achieved in nozzles by a single parameter A,

called the acoustic absorption coefficient [111].

NG |+ [N |

A=1—1—TF——
[N |+ N |

(1.5)

where N denotes the acoustic energy flux for the downstream (+) and upstream (-) propagating
waves at the inlet (1) and outlet (2) of the nozzle. It quantifies the loss of the acoustic energy flux
across the nozzle; for instance, A > 0 (respectively A < 0) implies acoustic energy absorption
(respectively generation), while A = 0 corresponds to no change in the acoustic energy inside
the nozzle. This characterisation of the acoustic energy balance using A was first investigated
in the context of nozzle/duct thermoacoustic stability analysis by Gaudron et al. |118] |119].
The simplified expression for A was shown to be a function of only a few mean flow parameters
and the wave amplitudes at the inlet and outlet of the nozzle. The acoustic wave amplitudes

can be obtained using numerical simulations, experiments or analytical models.

1.2.6 The two-dimensional acoustic field in axially varying flows

Many modern gas-turbine engines use annular combustors, with their advantages of uniform
combustion and exit temperatures, lower stagnation pressure loss and compact design 120, |121].

Several lower order models exist for annular geometries that capture the acoustic propagation
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1.2. Modelling thermoacoustic phenomena

in burner-combustor and plenum-burner-combustor configurations |45, (50} (122} [123|. These
models tend to geometrically simplify the combustor geometry, approximating it as a straight
annular duct with an isentropic mean flow in the axial direction. Aguilar et al. [124] showed
that thermoacoustic stability is sensitive to geometrical changes for annular geometries. Hence,
the acoustic models that correctly account for key aspects of practical flow configurations in

annular combustors remain a work in progress.

Annular combustors generally constitute axial and swirling (azimuthal) mean flows, along with
a temperature gradient in the axial direction due to the heat exchange with the dilution air and
heat loss through conduction and radiation [120]. Analytical and numerical models that capture
the acoustic propagation in such annular combustors are quite limited. Marble and Candel’s |76|
acoustically compact solution for 1-D nozzles was extended to choked thin-annular nozzles by
Stow [125]. An asymptotic low frequency analysis was used to estimate the reflection coefficient
in terms of an equivalent annular nozzle length. Recently, Li et al. [126, 127| developed
semi-analytical solutions extending the WKB method for the two-dimensional acoustic field
in annular geometries. While [126] considers the two-dimensional acoustic field in a straight
annular duct with arbitrary temperature gradient, [127] considers a conical-shaped annular
nozzle with an axial, isentropic mean flow with negligible temperature variation. In both
the models, the mean flow is assumed to have no azimuthal component, and one of either heat
exchange with the surroundings or the area variation is neglected. Further, the assumed linearly
varying area in [127] is restrictive and may impact the predicted stability if approximating a
more complex area variation [124]. Although a piece-wise linear approximation could be applied,
this reduces the simplicity and increases the computational cost of the analytical models. Hence
an acoustic model that accurately captures the two-dimensional acoustic field in an annular
geometry, accounting for geometric complexities in the form of varying mean radius and flow
width, and mean flow complexities in the form of an azimuthal mean flow component and
non-isentropic mean flow does not exist and is presented in Chapter 5} This model based on
WKB method estimates the two-dimensional acoustic field in an annular nozzle (shown in Fig.
5.1) with arbitrary area profile, sustaining both azimuthal and axial mean flows. The mean
flow can also consider a steady heat transfer in the form of an arbitrary temperature profile.
This WKB model again suffers from restricted flow Mach numbers, requires sufficiently high

frequencies and neglects the effect of the entropy disturbance on the acoustic field.

Duran and Morgans [128] developed a more powerful approach for annular geometries using
the Magnus-expansion based method. This semi-analytical method can describe the acoustic
propagation in annular isentropic nozzles for a wide range of frequencies for both sub-critical
and super-critical annular nozzle configurations, and can fully account for acoustic-entropy
coupling. However, it requires both an isentropic mean flow and the mean radius of the annular

geometry to remain constant axially. A two-dimensional acoustic field solution that can account
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for this mean radius variation can be applied for supersonic air-intake diffusers, turbine blades
and nozzles sustaining an isentropic mean flow, and is described in Chapter 5 of this thesis

extending the Magnus expansion based model of [128|.

1.3 Thermoacoustic solvers

The acoustic models thus developed can be combined with the flame models (Eq. (L.4)) in
a “thermoacoustic solver” and used for the stability analysis. “Low Order Thermo Acoustic
Network solver” by Stow et al. [129], “Low Order Modelling for Thermoacoustic In-
stability” solver by Campa et al. [130], “Open Source Combustion Instability Low
Order Simulator” developed by the Morgans group [52, 53| are a few thermoacous-
tic solvers that can be applicable for both longitudinal and annular nozzle geometries. Using
an axial segmentation approach [30} 131], these solvers divide the geometry into cylindrical or
straight annular segments, apply jump conditions at the interfaces and boundary conditions at
the ends and solve for the eigenmodes of the system. This work uses the WKB method based
analytical solutions to estimate the eigenmodes in quasi 1-D (Chapter and 2-D (Chapter
nozzles and compare with the in-house developed OSCILOS)4,s and OSCILOS,,, thermoa-

coustic solvers, respectively.

1.4 Organisation of this work

The limitations of the above mentioned acoustic models are sequentially accounted for in this

thesis. This work is therefore organised as follows:

e Chapter [2] of this thesis presents WKB method based analytical solutions for the planar
acoustic field in nozzles with an axially varying mean flow that can be non-isentropic. The
mean flow can have a temperature gradient, and the solutions thus achieved depend only
on the local thermodynamic and flow properties. Hence these solutions offer some physical
insight and are computationally simple. For validation, conical and exponentially shaped
nozzles sustaining a linear temperature gradient are considered, and simplified analytical
solutions are reported. However, these simplified solutions are limited to sufficiently
high frequencies and low subsonic flow Mach numbers. A general semi-analytical solution
applicable to nozzles with an arbitrary area, temperature profile, and sustaining increased
subsonic flow Mach number is also presented at the expense of increased computational
effort.

e Chapter [3| of this thesis shows that non-isentropicity in the mean flow due to wall heat
losses affects the acoustic energy absorption or generation in combustors. The WKB

solution in Chapter [2|is further used to estimate the acoustic response of the nozzle, and
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a detailed investigation on the effects of frequency and various mean flow conditions of

the acoustic absorption coefficient, A, is discussed.

e Chapter [4 of this thesis presents a novel approach in using the Magnus expansion method
to account for the non-isentropic effects. The first-order system of ODEs governing the
flow invariants is expanded around both temporal (non-dimensional frequency) and non-
temporal (non-dimensional heat transfer) parameters. This allowed the model to capture
“non-acoustically compact" and “non-isentropic" effects simultaneously. The effect of heat

transfer on entropy disturbance generation is also investigated.

e Chapter 5| presents models to estimate the two-dimensional acoustic field in a thin annular
nozzle (shown in Fig. with arbitrary area profile, sustaining both azimuthal and axial
mean flows using both the WKB method and Magnus expansion method. The WKB
model can also consider a steady heat transfer in the form of an arbitrary temperature
profile but requires lower flow Mach numbers, sufficiently high frequencies and neglects
the effect of the entropy disturbance on the acoustic field. The Magnus expansion based

method relaxes these requirements but is restricted to isentropic mean flows in this study.

1.5 Related publications

1. Journal publications during the course of the work:

(a) Yeddula SR, Morgans AS. “A semi-analytical solution for acoustic wave propagation
in varying area ducts with mean flow”. Journal of Sound and Vibration. 2021 Feb
3;492:115770.

(b) Yeddula SR, Gaudron R, Morgans AS. “Acoustic absorption and generation in ducts
of smoothly varying area sustaining a mean flow and a mean temperature gradient”.
Journal of Sound and Vibration. 2021 Sep 116437.

2. Conference publications during the course of the work:

(a) Yeddula SR, Morgans AS. “A semi-analytical solution for acoustic wave propagation
in varying area ducts with mean flow”. In: Proceedings of the 23rd International
Congress on Acoustics (ICA2019). Sept. 2019, pp. 1-9.

(b) Yeddula SR, Gaudron R, Morgans AS. “Acoustic absorption and generation in vary-
ing area ducts with non-isentropic mean flow”. In: eForum Acusticum 2020. Dec
2020, pp. 785-790.

(¢) Yeddula SR, Morgans AS. “The two-dimensional acoustic field in an annular duct
with axially varying area, sustaining an isentropic mean flow”. In: Proceedings of
ICSV 27-International Congress on Sound and Vibration. July 2021, pp. 1-8.
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Chapter 2

WKB method based semi-analytical
solution for planar acoustic wave
propagation in nozzles with low

subsonic mean flow

A semi-analytical model solution, developed for the propagation of plane acoustic waves in a
quasi 1-D mozzle sustaining a low subsonic mean flow with a temperature gradient, is discussed
wn this chapter. The mean flow considered can be non-isentropic due to steady heat transfer, such
that the axial variations of the area and the mean temperature can be independently prescribed.
For the validation of the model, conically and exponentially shaped nozzles with a linear tem-
perature gradient are considered. Further simplified analytical solutions depending only on local
spatial coordinates and inlet conditions are presented for these cases. The analytical solutions
are based on the WKB method [87] and hence require sufficiently “high” frequencies. There-
fore, the frequencies considered must be both low enough for a predominantly one-dimensional
acoustic field considered and large enough for the wvalidity of the solutions. Within the fre-
quency ranges of the model’s validity, the semi-analytical model estimates, applicable for any
geometry and temperature profiles, were found to be accurate up to flow Mach-numbers of 0.5
while the simplified analytical predictions perform well up to flow Mach-numbers of around 0.3.
The model’s applicability to stability analysis is shown by accurately predicting the eigenmodes

sustained in a conical-shaped nozzle.
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2.1. Introduction

2.1 Introduction

The analytical solutions for the planar acoustic field sustained in a combustor geometry need
to consider the effects of the area variation, steady heat transfer, non-zero mean flow and
be applicable over a wide range of frequencies. The thermoacoustic behaviour in combustors
is highly sensitive to geometry and heat transfer effects [82]. However, all the existing
analytical /semi-analytical solutions do not account for either heat transfer or area variation.
This chapter considers a semi-analytical solution using the WKB method for the 1-D acoustic
field in a nozzle which (i) has a varying cross-sectional area, (ii) sustains a low subsonic mean

flow and (iii) exhibits an axial temperature variation, as shown diagrammatically in Fig. [2.1]

This work extends the Li and Morgans WKB solution, applicable to uniform area ducts
sustaining a temperature gradient, to nozzles with an arbitrary area variation. This approach
assumes the axial length scale of the mean flow variation is much larger than the acoustic

wavelength and hence requires sufficiently high frequencies.

2.2 Analysis - non-isentropic flows

Actuator

vl

5
Anechoic (z)
boundary | i - - —
As(z)
x0 x1 Z2 >ﬂ3

Figure 2.1: Sketch of a nozzle (21 to x2) with varying mean temperature predominantly due to

steady heat transfer (Q). As(x), M (x), and T(z) represent the nozzle cross-sectional area, flow
Mach number and mean-temperature for given x. The validation test cases consider actuation
far upstream of the nozzle with an anechoic boundary further upstream of actuation.

A solution will be derived by considering firstly non-isentropic nozzle flows exchanging heat
with the surroundings, and hence the axial temperature and area gradients can be prescribed
independently. The acoustic solution is then also presented for isentropic nozzle flows (with

@ = 0), in which the axial temperature and area gradients are inter-related.
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2.2. Analysis - non-isentropic flows

As shown in the schematic (Fig, the analysis assumes that the wave fronts are far from their
source, behaving as planar 1-D waves. Thus the acoustic field depends only on the coordinate
in the direction of propagation (z). The frequencies assumed are sufficiently large that WKB
methods can be used, yet low enough to ensure that higher-order acoustic modes are not cut-on.
Higher-order flow Mach number terms are neglected in this analysis - a reasonable assumption
for combustors and after-burners, which require low flow Mach numbers to keep the flame
attached.

Non-isentropic mean flow was observed to have a strong bearing on the acoustic field [107H109)
124}, 1132]. For example, the heat loss from the walls of a combustor causes a mean temperature
drop which can profoundly affect the acoustic energy balance and there-by the thermoacoustic
behaviour. The conservation equations for a one-dimensional perfect inviscid flow in a nozzle
with mean temperature variation read,

Op = O(pAsu) ou ou 10p Os Js R

i — = Tt il — 29 ith —
"ot + Ox 0 ot +u83: * p Ox Tot +“ax P @ with p=phyT
(2.1a — d)

where p, p, T, u, s, Ry, denote density, pressure, temperature, axial velocity, entropy and

A

universal gas-constant, respectively. The flow variables are linearised to retrieve the time de-
pendant flow dynamics in the presence of small amplitude disturbances. The linearisation
principle allows separating the flow variables into a mean time-averaged component, denoted
by (), and a fluctuating component, denoted by ( ). For example, for the axial flow velocity,
u(z, t) = u(z) + v/(z, t). The net heat interaction per unit volume to the surroundings is
denoted by 6, assuming no heat fluctuations inside the nozzle (Ql = 0). Any effects of the
heat fluctuations can be modelled as jump conditions at the module interfaces in the network
solvers |74]. Hence these effects are neglected in this work as it primarily focuses on the dis-

turbance propagation regimes. This simplification results in flow conservation equations, given

as,
0 ,_ 0 ,_ _
Asa (p+p’)+%(p+p’)As (u+u') =0; (2.2)
A (w+u)+ (u+) 9 (u+u') + 9 (p+7) =0; (2.3)
ot Oz p+p 0x ’
Qf / — /g — n o_ Rg A
6t(8+8)+(u+U)8ZL‘ (s+s)—p+p/Q. (2.4)

We now consider the quantity 1 to be of the order of the ratio of fluctuating time-dependent
component to the mean time-averaged component of any flow variable, for example, n ~ v’ /%.
The linearisation process assumes that the fluctuating terms are much smaller than the mean
time-averaged quantities, that is 7 <« 1. The contributions of the mean time-averaged conser-

vation equations can then be separated from the fluctuating flow conservation equations. This
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gives:
d(pAa) . __du dp . _ds  Ry=
T 0PIt T T s 5@ (250 = ¢)

The area and mean-temperature gradients are normalised, and are represented by « and f
defined as, B
1 dA _1dT
A, dz ’ C Tdx’

a= (2.6a — b)

Using the thermodynamic relation dH = Tds+dp/p (with H denoting the specific enthalpy of
the fluid) and Eq. (2.5c), the steady (or mean) heat-transfer rate (per unit volume) is expressed

in terms of the mean flow gradients as,
= dT du
rAT 2.
Q=pu (o, v ). (2.7

where, ¢, = YR,/ (v — 1) with v as the adiabatic index of the fluid. Similarly, the linearised
equations are written by considering only the terms of order O(n) and neglecting O(nz) and
higher-order terms. The obtained linearised equations in the time domain are converted to
the frequency domain by assuming a harmonic time-dependence. For example, the velocity
disturbance is represented as v’ = e where w is the complex angular frequency and i2 = —1.

This conversion gives,

du . _dp dp [ 1 14T . da
2 2
M — 4+ (= (=—=+1- — =0, (28
<1w+7 e +6W>p+ e +<dm <M2+ 7>+vadx>U+7pdm , (2.8)
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w+ ) a+ast 4w up TR Tl (2.9)
x dz dxvp pdx x cp
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= = —+=). 2.1
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In the above equations, the density perturbation, p, is eliminated in favor of the pressure, p,

and normalised entropy, /¢, fluctuations, obtained using thermodynamic relations. This reads,
(2.11)

The effect of the entropy disturbance on the acoustic field, implied by the right-hand side of
the momentum equation in Eq. , is neglected. This simplification is justified by the low
subsonic flow Mach number assumption considered in this analysis in the context of gas-turbine
combustors [44, 94]. Also, the WKB analysis requires sufficiently high frequencies, where the
wavelength of entropy disturbances, given as @/ f, is smaller than the largest turbulent length
scales. Hence, the amplitude of the advecting entropy wave is strongly attenuated due to shear

dispersion [95-H100, 102|. Furthermore, at the high frequencies considered, the total disturbance
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energy can be approximated by the acoustic energy [117]. The effect of neglecting the entropy
disturbances’ impact on the acoustic field is investigated in Section by comparing the
analytical results with the numerical solution of Egs. - which fully account for the
acoustic-entropy coupling. A lower value of normalised entropy fluctuation (§/¢, ~ 0.01) is

considered for this investigation in Section [2.7]

In this chapter, numerical simulations of the linearised Euler equations that neglect the effect
of the entropy disturbance on the acoustic field are referred to as 2LEEs (two linearised Euler
equations). In comparison, simulations that account for this effect are referred to as LEEs or

3LEEs (three linearised Euler equations).

Simplifying the time-averaged conservation equations (Egs. (2.5))) allows various mean flow

gradients to be expressed in terms of o and 3 as,

udr  1—~M?2 pdz 1—yM2 ' pdzr  1—-yM?2 ' cdz
(2.12 - 2.15)

)

ldu  B-a  1dp —M*(B—a) 1dp —(B-ayM?) 1de g
2

where ¢ = \/vR,T, is the adiabatic speed of sound and M = u/¢ is the flow Mach number. The
linearised energy equation, Eq. for the considered non-isentropic flows, has a source term
that depends on temperature and area gradients. This dependence implies that the magnitude
of the entropy disturbance can vary as it is transported. It can also be observed that entropy
disturbance transport will be more strongly influenced by the temperature gradient, 8, than

to the area gradient, «, at low subsonic flow Mach numbers as the latter has a multiplication
factor of M?2.

On dividing Eq. (2.8)) by vp, and Eq. (2.9) by @, coefficients of di/dx are normalised, and the

equations become,

dp da dp da
Ap —i—Bd——i—C’u%—@ 0;  Dp +Ed—+F + =0 (2.16, 2.17)

where the coefficients A, B,C, D, E, F', are functions of x and wave-number, k, = w/¢, and are

given by,
1 /. 1du u 1 /dp 1
A=— |1k, Y/ p—— B=— (C=—|—|-—5+1-
pc<1 o udxHB)’ P vp(dx<M2+ >+5)’
1 du 1 ik 1du
D=—— E=— F=-"24+_-_—, 2.18a - f
~vpdz’ ou’ M+ﬂdx (2182 - )

Equations ([2.16]) and (2.17)) are used to eliminate di/dx, so that @ is expressed in terms of p
and dp/dz as,

e dp _(D-A _(E-B
u-Gp—i—H—w7 where G_(C—F> and H_<C—F>' (2.19)
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Eq. (2.19) and its differential with respect to x then replace 4 and da/dz in Eq. (2.16)), giving
a second order differential equation (ODE) in p:

2

H ’2’+<G+dH+CH+B>dp+<CG+dG+A>p—o. (2.20)

dz? dx dx dx

On using the steady time-averaged relations from Egs. (2.12) - (2.15) and the coefficients of
the linearised Euler equations given by Eq. (2.18), Eq. (2.20) is simplified. Further assuming

O O 1d 1d
B is of the order o and defining parameters § ~ ]i?) or kf)’ K = ?d—z or ﬁ2d§ ~ 0O(1),
and neglecting terms of order 62, M3 and higher, the ODE takes the following form:
O(5M) 0(5°M?)
[ ) iM o M2 | d%p
0(5) O(dM?) 0(82M)
- —A—
o i a+ﬁ+aM2(1+7)+BM2 2 (B-20)M iM @_Qdﬁ dp
¢ ko ko k2 k2 \dz “dz /) |dz
O(5M) 0(52M?)
[ BM 302 M2 M2 2772
+k2|1 - lﬂk (1+7)+ akQ (1 — kq) — aiz (8—7)+ﬁk2 (2=7)(2+ks) |P=0
' (2.21)
1 da 1dg ) ) . . .
where ko = 2ds and kg = Eq. (2.21) is the differential equation governing the

55
acoustic pressure propagation inﬂ adrfozzle with an arbitrary temperature gradient and non-
isentropic mean flow. The main assumptions underpinning its derivation are: (i) the acoustic
field is one-dimensional, (77) [6| < 1 and & ~ O(1), (iii) constant gas properties v, Ry, (iv)
low subsonic flow Mach numbers, such that terms of O(M?3) and higher are negligible and
(v) negligible effect of the entropy disturbance on the acoustic field. The coefficients of the
resultant ODE are functions only of spatial coordinate, x, and wave-number, k,. The ODE

simplifies to better-known forms under more restrictive assumptions:

e When the mean flow is negligible (M = 0), Eq. (2.21)) simplifies to:

d?p

dp .
o7 (a—l—ﬂ)a + k25 =0, (2.22)

consistent with [86].

e For a uniform area nozzle without mean-temperature variation (o« = 0, 5 = 0) but

46



2.2. Analysis - non-isentropic flows

sustaining a mean flow, Eq. (2.21)) simplifies to:

d*p dp
2 . 2

This is consistent with the forms in [8, [133].

e For a uniform area nozzle (o = 0) with zero mean-temperature gradient (8 = 0) and neg-
ligible mean flow (M =~ 0), Eq. (2.21]) simplifies to the classic one-dimensional Helmholtz
equation [79):

&Pp
@ + kop = 0. (2.24)

2.2.1 Semi-analytical solution using an iterative WKB method

The iterative WKB method described in Li and Morgans [89] is now applied to the considered
quasi 1-D nozzle sustaining non-isentropic mean flow due to steady heat transfer with the

acoustic pressure solution expressed as,

p(z,w) =1exp /I (a® (%) +ib* (2)) d7 (2.25)
xr1

where, I is an arbitrary constant, & is a dummy variable and a and b are two real z-dependant
variables determined by substituting Eq. in the ODE given by Eq. . The parameter
b represents the rapidly varying phase of the wave, while a is related to the slowly varying ampli-
tude, and hence it is assumed that b > a to apply the WKB method. Therefore the length scale
of the area change considered exceeds the acoustic wavelength. At sufficiently high frequencies,
this assumption allows the pressure solution to be represented by independent upstream and
downstream propagating plane wave amplitudes. In the context of thermoacoustics, the imagi-
nary part of the complex wave-number k, corresponds to the growth rate and is typically much
smaller than the real part corresponding to the frequency [8, 15, [30} 71| for modes of interest.
Hence the wave-number is assumed to be real for the WKB analysis presented. It will also
be shown in Section that using the analytical model to calculate the modes of the conical-
shaped nozzle with isentropic mean flow (shown on the left of Fig. , led to minor errors in
growth rate. A noticeable deviation was found only at the lowest frequency fundamental mode
(error ~ 10%) while other modes are accurately captured (error <1%) on comparison with
the in-house developed modal expansion based network solver OSCILOS|opg [53]. In the final

solution however, k, is still regarded complex such that it can be used for stability analysis.

A mathematical analysis was furthermore performed, considering the angular frequency w to
be a complex quantity such that w = wgr + iwy, where wgr and w; correspond to the real and
imaginary parts of the angular frequency. The iterative WKB solution is expanded around v

(defined as v = wy/wg) up to first-order, with the final results presented in Appendix It can
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2.2. Analysis - non-isentropic flows

be observed that considering the angular frequency to be either real or complex leads to the

same expression for the case of a planar acoustic field sustained in a quasi 1-D nozzle.

Substituting Eq. (2.25)) into Eq. (2.21) gives,

O(5M) O(5°M?)
[ iM M2 da . db
1— M2+ (8—20) 22 — (8- 2a)? 2 p2 yigab+ <2 i
+ (8 - 2a) o (8 —2a) kg]<a b* +1i ab+d:r+1dx
0(5) O(5M?) 0(62M)
[ a+B aM?(1 +A7) +BM?  2iB(B—2a)M iM (dB _da
—k, |[2iM — - e ) ib
' ke | ko k2 2 (d:c d:n) (a+ib)
O(6M) 0(52M?)
9 isM 3a?M? aBM? B2 M?
1= (1+7)+Tg(1—na)—Tg(8—’y)+ 2 (2—7)(2+kz) | =0.
_ (2.26)

To determine the values of @ and b an iterative procedure is used with the initial values, denoted

B

as ap, bo, set by the case of negligible mean flow [43, [88]. Therfore a(jf -2 1 and hence
a is of the order, O (a) or O (B) and by is of the order k, (by/ko, ~ O(1)). Equating the real
part of Eq. (2.26)) to zero and dividing by k2 results in,

Terms 1 - 0O(§?)

—ﬁ(1—M)+2Mk—+ﬁ a0+ag(a+ﬂ)+a - (2.27)
Terms 2 - O(62M)
0
M db d d
= <2ab0 + d—; + 2b0ﬁ> (B —2a) + by <d§ - de;) + O(82M25 M2 = 0. (2.28)

The WKB method requires the frequency to be large; however, the frequency must also be small
enough for the higher order acoustic modes to be cut-off. Thus, a heuristic lower frequency limit
above which the WKB approximate solution is valid is discussed. The upper frequency limit
is given by the threshold frequency above which higher order acoustic modes cut-on. These

frequency limits are presented in detail in Section [2.3]

The WKB method assumes the slowly varying wave amplitude, represented by a, and the
rapidly varying phase of the wave, represented by b, to be differently scaled. Hence in Eq. ,
terms of order O (52M 2) and higher are neglected. For the first iteration, Terms 1, 2 which
are of the order O (62) and O (52M ), respectively, are also neglected (but considered for the
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2.2. Analysis - non-isentropic flows

second iteration). These assumptions lead to the quadratic equation given by,

b? b
1—— (1-M?)+2M— =0. 2.29
. . . . + Fko -
Solutions for the above equation yield updated values of b, given by b1~ = T Similarly
on equating the imaginary part of Eq. (2.26)) to zero and dividing by k2,
Terms 1 - O(9) Terms 2 - O(6M)
2aby 1 dby by (a+p) V(B—-2a) 2a B(1+7)
A AT (AN 2 2% PA T
2 T 2 [

Terms 3 - O(6M?)

2abq 1 dby b« <1+’}’) b8
— M2 et T bl S
[kg 12 da K2 w2t
Terms 4 - O(53M)
ra2(ﬁ—2a) lda(B—2a) 2aB(B—2a) a1 (dB da
M| 5—+5— — == O(83M?2) = 0:
[kQ ke Rde R, ke K2 kK2 <dm dx)] FO("MT) =0;

o

o

(2.30)

an equation with leading order term as O (§) is obtained. Neglecting terms of order O (53M )

and higher, and solving for a® gives,

Terms 1 Terms 2 Terms 3

0

B_ (B B M?> _ ByM
ai:—§—4$<2—a>M—|—<2—a>M2+(w2 $VT+W (2.31)

This updated solution for a* (Eq. (2.31))) gives updated solution for b*. A new quadratic
equation is obtained for b using Eq. (2.27) and considering terms of order up to O (52M )
(Terms 1 and 2 included). This gives,

o3, (1-12)
b M#l‘kz

_ 2 2

= e + 0 (6°M?) , (2.32)
where @ﬁ 7 is given by,
oL = —(a%)? —a*( +ﬁ)—@—% 2ibi+@+2biﬂ (B —2a) +b* df _pda
Nr =T o\ dr ko |\ dz « dr ‘dz
_oz2 362  ap , B2 af da (1 1dg
—4+16+2:FM<O[ +2(1—’}/)—2(3—’Y)>+dx<2ﬂ:M>+2x(:tM(’y—l))

(2.33)
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2.2. Analysis - non-isentropic flows

+

d
The fraction k];” is of the order §? (|§] < 1) and hence using the binomial expansion for the
terms in Eq. |) gives,
b* 1, oy <1
T T L ONL o (521, (2.34)

ko 1xM  2k2

The final analytical solution for acoustic pressure (Eq. (2.25))) requires the integrals to be
evaluated. Integration of Terms 1 and 2 in a* (Eq. (2.31)) is straightforward, while for Terms

3 it depends on the nozzle shape and the temperature profile. For Terms 1:

. o ﬁ o -1 AS / T
Ll <—2 — 4> dz = 7 In AS’ ) Til s (235)

where A, 1, and T represent the nozzle area and temperature at the inlet (x = x1), respectively

and Z is a dummy variable. For the evaluation of the integral of Terms 2, the Mach number

gradient obtained from Eqs. (2.12), (2.15]) is used:

%t—]\j: (g—a) —i—(ﬁ—a)’yMQ%—Q@MA')":(L <§—a>M—(z]\;{; (g—a) M2:Mdd—]\j.

(2.36)
Using the final expressions for a®, b*, and the definition of acoustic pressure given by Eq. ,
the principle of superposition allows the overall analytical solution for the acoustic pressure to
be written as,

p(z, w)=CTPT (z,w0) +C P (z,w), (2.37)

with constants C™ and C~ determined by applying the boundary conditions and,

M2 T y
A 1/2 ;75 \ 1/4 | €XP <2 FM+ ;/ (aM? F BM)dx) .
- (3) (7) : o (] o)
— 5 p 1 z),
A ) \T oo (2501 .
p B + M1

(2.38)
where M is the inlet flow Mach number. From the above expression for P* (Eq. ), the
explicit dependence of the acoustic field solution on the nozzle’s area and mean-temperature
profiles is apparent. Both the amplitude and phase parts of the wave-like solution have terms
that remain under the integral, making the final solution at any location a function of the

upstream flow properties.

Similarly, the velocity perturbation, @, is determined from Eq. (2.19)) and can be written as,

1
Uz, w) = 5 (BtCtPt —BCP7), (2.39)
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2.3. Frequency range of validity for semi-analytical solution

where,

M
gt ik:o(l—yMQ)igi%—aM—k%(l—kv)j:

ik, (1— 7 M?) + (B — 2a) M

BM? alM?
1 By—-7) %

(3—2v)

(2.40)

2.3 Frequency range of validity for semi-analytical solution

e Lower frequency limit: The WKB method based analytical solution requires suffi-
ciently high frequencies, and this requirement can be written in terms of an analytical
expression. The upstream and downstream propagating planar wave amplitudes are fully
uncoupled for a uniform area duct without any temperature gradient and sustaining uni-
form mean flow. The coupling and axial evolution primarily arise due to the presence of
axial gradients of the flow, with only secondary contributions from the mean flow [43].
Therefore the high-frequency requirement can be interpreted as a “decoupling criterion”.
It ensures that the effect of the upstream and downstream propagating plane wave ampli-
tudes on each other is minimal. This high-frequency requirement there-by sets the lower
frequency limit for the validity of the WKB method based solution. This limit follows
from the terms that are neglected in the WKB analysis when making the high-frequency
approximation. The terms neglected in the second iteration of b* in Eq. (%, /K2
is < 1) set this limit, thus,

= 2 2 2
flo’we'r = ;max\/‘i (1 —+ 2,%@) + B— (3 + 4;‘435) =+ %ﬂ F M (O[Qda + 7 (1 — ’}/) db — % (3 — ’Y))

16 2
(2.41)

where the “max” function gives the maximum value of the lower frequency limit evalu-

)

ated for the nozzle, + corresponds to downstream and upstream propagating plane wave

amplitudes respectively, ¢, is the local speed of sound and d, = (1 — ko), dp = (1 — Kp).

e Upper frequency limit: The analytical solution derived is only valid for planar acoustic
waves, meaning higher-order acoustic modes such as circumferential and radial modes
must be cut-off. This requirement then sets an upper limit on the considered frequency.
For a nozzle with a circular cross-section, the frequency at which the first non-planar

radial modes cut-on at any given x is provided by,

0.293¢,

Fupper = ) (2.42)
Tz

where, 7, is the radius of the nozzle at x.

To summarise, the expressions given by Eq. (2.38)) and Eq. (2.39) are used to determine the
acoustic pressure and acoustic velocity, and are an important result of this work. Beyond the

assumptions outlined in the derivation of governing ODE for acoustic pressure, (i) terms of
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2.4. Simplified analytical solution for non-isentropic flow in a conical-shaped nozzle

order O(62M?) are further neglected, and (ii) the wave-number (k,) is assumed real, neglecting
the imaginary part. The expression for P* given by Eq. is applicable for nozzles of any
shape/area variation and temperature profiles. A simplified analytical solution can be developed
for given area and temperature profiles by evaluating the integrals in Eq. . For example,
analytical solutions depending only on the local mean flow and thermodynamic properties,
for simple conical and exponentially-shaped nozzles with a linear temperature variation are
presented in Section and Section , respectively, derived at the cost of restricted Mach
numbers (M? < 1).

T, T,
125mm T2 AS, 1:0.05m2 ] TQ
T50rnm
| s e
‘ 500mm !
Inlet Outlet Inlet Outlet
M = 2 0.05 0.27 M = g 0.06 0.28
C C
|a] 2.5 6 |a] 3 3
T 1600K 1200K T 1600K 1200K
C 802ms~!  694ms~! c 802ms~'  694ms!
0.293¢ 0.293¢
Fupper = ——— 1880Hz  4693Hz fupper = ——— 1864Hz  3882Hz
Ty Ty
Heypper/ (27) 1.2 2.9 Heypper/ (27) 1.2 2.4
frower, from Eq. l} 128Hz 470Hz frower, from Eq. 1} 237THz 257THz
Heower/ (27) 0.08 0.3 Heower/ (27) 0.15 0.16

Figure 2.2: (Left) Schematic of the conical-shaped nozzle with the flow parameters and cal-
culated frequency limits for non-isentropic mean flow. (Right) Schematic of the exponential-
shaped nozzle with the flow parameters and calculated frequency limits for non-isentropic mean
flow. (Frequency limits, corresponding Helmholtz numbers based on length of the duct and
mean speed of sound at inlet (He = 27 fl/¢;) are also presented.)

2.4 Simplified analytical solution for non-isentropic flow in a

conical-shaped nozzle

To evaluate the accuracy of the proposed semi-analytical solution it is applied to two test nozzle

geometries: the conical-shaped nozzle, shown on the left of Fig.[2:2]and the exponential-shaped
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2.4. Simplified analytical solution for non-isentropic flow in a conical-shaped nozzle

nozzle shown on the right. A linear temperature profile is considered for these nozzle cases,
and a simplified analytical solution is reported. The analytical results are then compared to
the simulation results from the two-linearised Euler equations (Egs. (2.8)), (2.9)), which neglect

the effect of the entropy disturbance on the acoustic propagation.

For the conical-shaped nozzle, the radius (r,) changes linearly with space coordinate, x, and
2

the cross-sectional area is proportional to rZ. For a nozzle of length [, with inlet at z = 1,

inlet radius 71, and exit radius 7o, the cross-sectional area varies as,

(rg —m1)

Ag(z) = Ag 1(1 +ax)?, where = p—
1

and z € [z1, 1 +1], (2.43)

The normalised area gradient parameter, «, and its spatial derivative become,

1 dA; 2a da a?
T A A Qtar)  dz 2 (2440 = <)

Considering a linear mean-temperature variation with T; at the inlet (x = 1) and To at the

outlet (z = x9, or,z = 1 +):

_ _ o o To—-T
T(x)=T, (1 + b:z:) , where b= Qfll and z € [z1,21 +1]. (2.45)
1
This gives,
b d —b°
B = 45 _ =—p32 (2.46a — c)

—_— = = s
The integrals in the phase given by b* terms can be evaluated to a reasonable accuracy by
assuming the flow Mach number to have the following simplified dependence on area and
mean-temperature,

M A, [T

— —. 2.47
M,y As ' Ty (247)

This simplification is obtained by neglecting higher-order flow Mach number terms and hence
valid for approximately M < 0.3, justified by the low flow Mach number assumption to ne-

«
glect the effect of entropy disturbances on the acoustic field. Using the expressions for e
x
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2.4. Simplified analytical solution for non-isentropic flow in a conical-shaped nozzle

d
(Eq. (2.44)), d—ﬁ (Eq. (2-46)) and ®%, (Eq. ([2:82)), b* is evaluated as,
x

/xbidx—;/x ko di:i/xq)]iwda“c (2.48)
- Y o 2k, '

I¢ I7 to If

r . T /lap B2 3a2M oM
~ ko (1 F M + M?)di + - + 3—7))di. 2.49
/xl Fho (LF M+ M7) da /m <4k0 Sk, Ak, Tk, )4 (249)

It then follows that,

A \ 2T\ M2 — 2 :
Pi—<A’1> (Tl) exp fl:F(M—Ml)—i—Jf:FJQC:FiISiiZ[; , (2.50)

Jj=1

with J¢ and J§ representing the integral of Terms 3 in a*. These along with 1§ to If read:

. ToyM? o yM2 | . . dabz+b+3d
— - e 2.51
Ji /gc1 5 47 125 |0+ 3% 1 +ax)* | (2:51)
By M
IS = :F/ 7572 dit (2.52)
xr1
= vleu 5) tan ™! L} i Ijx) —tan"'y |5 ¢ - | + 11 —i:bx -1}, (2.53)
b—a d(b-&) b—a b—a +ar
@ @ 1 M M2y/1+4b
Ig:/ k;o(1:FM+M2)d5;=k1/ T L+l f’f) dz,  (2.54)
1 e \V1+bx (1+azx) (1 +az)

2/{1 v klMlx
= — 1+bzx—1 2.55
7 <\/ + bz > F 1+Zw?+ ( )

73 1 a(1+bx) - . o
b” tan ( i > V1 + b (b(ax +3)— 2&) (b(3éaz 1)+ 4&)
ky M?

s3/2 (5 — ) o2 24 (b - a)2 (1 + dz)?

(2.56)

x1=0
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ab (14 7
5 = /;Ifd = 2 ltan! a(u;v:c) —tan_1< Ea ) , (2.57)

ey A RN L (2.58)
> o 2ko 16k \ \/1 1 b ’ '

3 [Ta’M M | /o 3abx+b+ 24
¢ = 52 di = F-1* <b+2d> i M 2.59
’ :':2/961 2ko ¥2k'l (1+dx)3 ( )
3—~ [TaBM __ (3—7)bM 1
4 > Jo, 2k, 0T T ok (1 + az)? (2:60)

where k1 = w/¢; is the wave-number at the inlet. Therefore the acoustic field solution in a
conical-shaped nozzle sustaining a non-isentropic mean flow is given by Eq. (2.37) and Eq. (2.39)
with P* and BT obtained using Eq. (2.50) and Eq. (2.40)), respectively.

2.4.1 Frequency limits

d d
Using the expressions for d—a (Eq. (2.44)) and dﬂ
T

given by Eq. (2.41]) gives,

Jiower = (\/’ Sa*M /82 + % + abM (3 - 'Y)‘) . (2.61)

(Eq. - in the lower frequency limit

2 2

The lower and upper frequency limits are calculated at the nozzle’s inlet and outlet, as shown
in Fig. (Left). It can be observed that a broad intermediate frequency range exists where
both the limits are satisfied.

2.4.2 Validation of analytical solution

The presented analytical solution for conical-shaped nozzles is validated by comparing its pre-
dictions with the numerical simulation of the [LEEE under the acoustic forcing and boundary
conditions summarised in Fig. [2.1] Like the analytical solution, the numerical simulations of
the two-linearised Euler equations (Eqgs. , . denoted as 5) neglect the effect of
the entropy disturbance on the acoustic field. Hence, the analytical model predictions should
agree with the numerical simulations of the 2LEEs, in the frequency and flow Mach ranges of
models’ validity. At the nozzle inlet, x1, the acoustic impedance, Z1, is specified by the relation
between acoustic pressure, pq, and acoustic velocity, @y, being py = p; ¢1Z111. Dowling’s [134]
method of a semi-infinite boundary condition is used for the nozzle outlet, which assumes the
acoustic waves to have not reached the outlet boundary at xo; this facilitating validation of
the solution across a wide range of frequencies. Dowling’s approach results in an initial value

problem formulation for a prescribed frequency and hence is amenable to higher-order schemes;
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the 4th order Runge-Kutta is employed for our solution. It should be noted that the acoustic
boundary condition at the outlet will not influence the current problem formulation. However
we can still apply the boundary conditions at both inlet and outlet to determine the eigenso-
lutions. For example, in Section [2.8] it is shown that the model can be used to predict the
acoustic modes of nozzles by arbitrarily imposing both the inlet and outlet boundary condi-
tions - a closed inlet and open outlet are considered. The deviation was observed only at low
frequencies owing to the lower frequency limit set by Eq. .

The transfer functions relating the acoustic pressure and velocity variations along the nozzle
to the inlet velocity forcing read:
p(z, f)

Fp(xaf):m; Fu(z, f) =

i (z, f)
ay (f)

The deviations observed with the analytical model predictions compared to the numerical solu-

(2.62, 2.63)

tions are characterised with “error coefficients”, which are relative L? norms. For N representing

the total number of spatial grid points, the pressure and velocity error coefficients are given by,

1/2

N N
€ (Fytodel FLegs) = | Y [Fhodel (%) — FLigs (25)1* /> [Fuodel () (2.64)
=1 =1

where Fiiodel or LEEs denote I, and F,, corresponding to the error coefficients €, and €,, respec-

tively.

The analytical model predictions are compared to the numerical 2LEFEs results for the conical-
shaped nozzle, shown in Fig. (Left), considered across three different inlet flow Mach num-
bers and three different frequencies. The frequencies are presented in terms of Helmholtz num-
ber based on the length of the duct (He; = 27 f1/¢;). The first two frequencies (He;/ (27) =
1,0.3) satisfy both the lower (Eq. (2.61)) and upper (Eq. (2.42)) frequency limits, with the
third frequency (He;/ (27) = 0.1) below the lower frequency limit. As the physical frequencies
(f) in Hz are used to present the limits, a factor of 1/ (27) is multiplied for the Helmholtz

numbers.

e Very low Mach numbers: For a nozzle with inlet low Mach number of M; = 0.005
and outlet flow Mach number of M = 0.027, sustaining a strong temperature gradient
of 800K /m, Fig. compares the analytical model and numerical 2LEEs solutions. At
these very low flow Mach numbers, the lower frequency limit given by Eq. becomes
proportional to §, which is generally smaller than the area gradient, a, and hence less
restrictive. Thus for the frequencies considered, § < 1, and as observed from Fig.[2:3] the

analytical model predictions are therefore in close agreement with the numerical results.

e Increased low Mach numbers: Fig. also compares the results for the nozzle
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(@)

7]

—~
=
~

LFp]m

51 Model 2LEEs | | (c) Model 2LEEs
He;/ (27) = 1, My = 0.005 Hei/ (2m) = 1, My = 0.05
Hey/ (2m) = 0.3, My = 0.005 Hei/(2m) = 0.3, My =005 — o

Figure 2.3: Evolution of F}, and F, with x. T1 = 1600 K, Ty = 1200 K, M; = 0.005 & 0.05,

My

= 0.027 & 0.27, Hey/ (2r) = 1 & 0.3, and Z; = -1. (a): transfer function gain |Fp|. (b):

transfer function phase ZF),. (c): transfer function gain |F,|. (d): transfer function phase ZF,.

with an inlet low Mach number of 0.05 and outlet Mach number of 0.27. The analytical
model and numerical 2LEEs results agree close to the inlet but slightly diverge towards
the exit for the case of lower frequency (He;/ (27m) = 0.3). This deviation is attributed to

the increased flow Mach numbers and higher « values close to the outlet.

e Frequency below lower frequency limit: For a frequency of 160Hz (He;/ (27) =

0.1), which lies below the lower frequency limit (Eq. (2.61)), Fig. (plotted in red)
compares the predictions. Even when the nozzle sustains very low Mach numbers, a

deviation is observed in the phase of Fy,, while the acoustic pressure is well-captured.

e High subsonic Mach numbers: For the case of high flow Mach numbers sustained

in the nozzle (~ 0.73 at the outlet), Fig. compares the predictions. The general
semi-analytical solution given by Eq. is used at the expense of slightly increased
computational effort due to the simplified solutions’ low Mach assumption. The model
prediction is accurate, with the final solution now depending on upstream mean flow and

thermodynamic properties.

o Effect of flow temperature: The effect of the considered frequency and the temper-

ature distribution inside the nozzle on the model’s accuracy is investigated by plotting
the errors of the acoustic pressure and velocity predictions using Eq. (2.64]). As observed
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Figure 2.4: Evolution of F, and F, with z. T = 1600 K, Ty = 1200 K, M; = 0.005 & 0.095,
My = 0.05 & 0.73, Helmholtz numbers given by Hey, and Z; = -1. (a): transfer function gain

|Fp|. (b): transfer function phase ZF,. (c): transfer function gain |F,|. (d): transfer function
phase ZF,,.

in Fig. the error remains below 10% over most conditions. Note that the flow Mach

numbers at the nozzle outlet (My) are shown on a separate axis.

e Effect of flow Mach number - using simplified low Mach solution: Fig.
plots the acoustic pressure and velocity errors as a function of inlet flow Mach numbers
and a range of inlet Helmholtz numbers. As observed, the error remains below 10% over
most conditions; however, as the acoustic field is predicted using the simplified solution
(Eq. ), valid for small Mach numbers, a deviation occurs for high flow Mach numbers

and low frequencies.

e Effect of low Mach number - using general solution: For nozzles with high
subsonic flow Mach numbers, the errors of the acoustic field predictions using the general
semi-analytical solution are shown in Fig. The planar wave amplitudes, P*, are
estimated using Eq. at an increased computational effort. The errors suggest
that the solution can be employed over an increased range of flow Mach numbers and

frequencies while keeping the error below 10%.

58



2.4. Simplified analytical solution for non-isentropic flow in a conical-shaped nozzle

M, T5/T5 M, T5/T
0.32 1 0.32 1
0.3 1 0.3 1
0.28 1 0.28 1
0.25 1 0.25 1
0.23 1 0.23 1

(a) He;/ (27)

Figure 2.5: Contour maps of (a) €, and (b) €, using the proposed analytical model as functions
of He; and T'9/T', in conical test-case. The dashed line represents the lower frequency limit

given by Eq. .

M, M, logyg € M, M,
0.424 0.07 0 0424 0.07
0.34 1 0.34 1
0.05 -1 0.05
0.24 1 0.24 1
0.03 -2 0.03
0.15 1 0.151
0.061 0.01 -3 0.061 0,01 -
0.1 0.3 0.9 1.1 0.1 0.3 0.5 0.7 0.9 1.1
(a) () He,/ (27)

Figure 2.6: Contour maps of (a) €, and (b) €, using the proposed analytical model as functions
of He; and M7, in conical test-case. The dashed line represents the lower frequency limit given

by Eq. (2.61).
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M, M, M,
0.73 1 0.73 1
0.09
0.57 1 0.57 1
0.07
0.4 1 0.4 1 005
0.23 1 0.231 003
0.06 - 0.06 0.01
0.1 0.3 0.5 0.7 0.9 1.1
(b) He;/ (27)

Figure 2.7: Contour maps of (a) €, and (b) €, using the general semi-analytical solution as
functions of He; and Mj, in conical test-case. The dashed line represents the lower frequency

limit given by Eq. (2.41).
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2.5 Simplified analytical solution for non-isentropic flow in an

exponentially-shaped nozzle

This section presents the simplified analytical solution for an exponentially-shaped nozzle with
linear mean-temperature variation, as shown on the right of Fig. 2.2 For such a nozzle with
area Ag 1 at the inlet (z = z1):
1 dA d
Ag (7)) = Ag 1e**, where a = ———> = Constant = @ _ 0 and x € [z1, 1 +1].
’ Ay dz dz
(2.65¢ — b)
Using Eqgs. (2.65), (2.46)), the integrals given in P* (Eq. (2.38)) are evaluated in a similar

manner as for the conical-shaped nozzle.

A, 1/2 g5\ 1/4 M2 — M2 5
Pi—< ’1> <1> exp | ———LF (M — M)+ JFFJ5Fil§£i» If|. (2.66)

As T 2 ,
7j=1
The various terms are given by,
. TayM? | YM2 7 o v
Ji = 5 dz = %o [(b +2a) — (b+ 2a + 2abx) exp(—?am)} , (2.67)
x

v

TByM . by M, o a(l + bx) o
5 :F/wl 5 i F\ L, g P 7 er 7 er 7 (2.68)

@ y 2%k » Mk
If= | k,(1FM+M)d: = = 1+br—1) =+ —az) —1
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1
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I kl;gf % %exp <2;> [erf( 2;(1 + Ex))Lo —\/14 bz exp(—2ax)+ 1], 0
I = iLf;;odi - 1;;1 ((1 +ba)3/? — 1), (2.70)

x 22 i

Iy = —% 5 fkoda% = 16bk1 \/11+7bx —1] : (2.71)
Igzé/g:;idi - ;]ﬁ[\/l—kl;x—l}, (2.72)

Ij = :F/:O;]j\fd:f = ii\/[k:i {(a + b+ abz) exp(—ax) — (a+l;)] , (2.73)

jr- i(?’;”)/:oﬁfdf _ iW[l—exp(—aac)]. (2.74)
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2.5. Simplified analytical solution for non-isentropic flow in an exponentially-shaped nozzle

For an exponentially-shaped nozzle with a linear mean-temperature variation, the acoustic
pressure, p, can therefore be obtained using Eq. (2.25) with P* from Eq. (2.66). Similarly, the
acoustic velocity, 1, is obtained using Eq. (2.39) with B from Eq. (2.40).

2.5.1 Frequency limits

The lower frequency limit for the exponential-shaped nozzle is obtained using area and tem-

perature gradient relations, Eqs. (2.65]), (2.46]), respectively, in Eq. (2.41)). This gives,

Cx
flowe'r = 7~ Imax
2

The above equation implies a stronger dependence of the lower frequency limit on the area

0‘2_52+0‘5¢M<a2_0‘25(3_7)>‘, (2.75)

gradient, «, compared to the conical-shaped nozzle. For flows in the very low Mach limit,
this requires |k,| > |a| and |k,| > |B|, implying the possibility for errors at even very
low Mach numbers and frequencies. The lower and upper frequency limits are shown in the
right of Fig. for both the inlet and outlet of the nozzle. While the lower frequency limit
for the conical-shaped nozzle suggests the considered frequency to be larger than 128Hz, the

exponential-shaped nozzle requires 257Hz.

2.5.2 Validation of analytical solution

e Very low Mach numbers: For a Mach number of M; = 0.006 at the inlet and
My = 0.027 at the outlet, Fig. compares the analytical model solution with the
numerical 2LEEs solution. The results agree well at high frequencies but diverge for
lower frequencies. This deviation is attributed to the increased lower frequency limit
(shown in Fig. for the exponential-shaped nozzle due to the strong dependence of
the limit criterion (Eq. (2.75)) on the area gradient.

e Increased low Mach numbers: At a flow Mach number of 0.06 at the inlet and
0.28 at the outlet, the results shown in Fig. 2.8 are only subtly different to those at very
low Mach numbers. At low frequencies, a slight deviation is observed throughout the
length, again confirming the strong dependence of the exponential-shaped nozzles’ lower
frequency limit (Eq. ) on the area gradient, «.

o Effect of flow Mach number: The acoustic pressure and velocity prediction errors
are shown in Fig. as a function of both flow Mach number and non-dimensionalised
frequency. Above an inlet Helmholtz number, He;/ (27), of 0.3, the error remains below
10%.

e Effect of changing duct convergence: Fig. 2.9 shows the dependence of the model’s

accuracy on the area gradient parameter o. Unless both the area gradient is steep and
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(a) Model 2LEEs || (c) al Model 2LEEs | |
4HHe/(2r) =1, My = 0.006  «eeee o He,/ (27) = 1, M; = 0.06
He;/ (2m) = 0.25, My = 0.006 —-- A He;/(27) = 0.25, M; = 0.06 — @

| 75|

—
=
~

LFp]m

Figure 2.8: Evolution of F, and F, with x. T, = 1600K, Ty = 1200K, M; = 0.006 & 0.06,
My = 0.027 & 0.28, Hey/ (2m) = 1 & 0.25, and Z; = -1. (a): transfer function gain |Fp|. (b):
transfer function phase ZF),. (c): transfer function gain |F,|. (d): transfer function phase ZF,.
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Figure 2.9: Contour maps of (a) €, and (b) €, using the proposed analytical model as functions
of He; and M, in exponential test-case. The dashed line represents the lower frequency limit

given by Eq. (2.75).

the frequency is low, the error remains below 10%.

To summarise, Section [2.4] and presents simplified analytical solutions of the planar wave
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Figure 2.10: Contour maps of (a) €, and (b) €, using the proposed analytical model as functions
of He; and «, in exponential test-case. The dashed line represents the lower frequency limit

given by Eq. .

amplitudes for conical-shaped (Eq. (2.50)) and exponential-shaped (Eq. (2.66))) nozzles, respec-
tively, sustaining a non-isentropic mean flow due to heat exchange with the surroundings. The
wave amplitudes vary with position along the duct, x, and are only functions of inlet condition,
Mach number, area and temperature variation parameters; they are straightforward, easy to
compute. The computational cost of the WKB analytical solution was found to be significantly
lower compared to the numerical LEEs solution, and the results are shown in Appendix
Further to the assumptions outlined for deriving the general solution, it is also assumed that

M? < 1, to facilitate using simplified Mach expressions for evaluating the integrals.

2.6 Analysis - isentropic flows

This section presents the acoustic solution of nozzles sustaining an isentropic mean flow, mean-
ing the effects of fluid viscosity, thermal conductivity, and heat sources are negligible. As the
steady (or mean) heat-flux from the system, Q (Eq. (2.7)), is zero for an isentropic flow, the

gradients of area and mean-temperature are related:

aM?(y—1)

Q=0 = g= e (2.76)

The linearised Fuler equations, governing the one-dimensional disturbance propagation in a
nozzle with isentropic mean flow, are presented in Marble and Candel . These equations

are converted to the frequency domain, again by assuming a time-dependence of the form
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/ ~

y' = get. This gives,

<1w+7M23Z>]§+ui + #%ﬂ-{-’@% =0, (2.77)

aw\ . di  dap 1dp _dag "
<1w+dx>u+udm Tieop Trde ~ " o (2.78)
iwjp +ud‘z/;” = 0. (2.79)

As the source term of the linearised energy equation in Eq. (2.79)) is zero, the entropy distur-
bance at the nozzle inlet advects with its magnitude unchanged. A second-order homogeneous
ODE in p is again obtained using a similar procedure as for the non-isentropic flow and reads:

(1 M4 20 M B 402 M?

2 A
- > >dp—(2iMko—a+2aM2—
1Ko o

d’p 2M da\ dp
dz?

da ) dp 2 2712 s
T dr ) do + (ko + 3a“M da)p 0.
(2.80)
where d, = (1 — Kq). Applying the iterative WKB method gives the semi-analytical solution for

acoustic pressure in terms of upstream (-) and downstream (+) propagating wave amplitudes

by Eq. (2.37) with,

ot _ <As,1>1/2 exp (]\412 (%) :|:.7\41:F]Wi3 (%)) ox </w1< ~k, N q>li>d5;>
)| |

A, -3 —1 1+ M~ 2k,
eXp<M2 (%):‘:M$M3 <T) 1
(2.81)
where,
oF 52 1
k—g = % F6IM + K6} (2 + M) +O(62M?), with§; = kﬁ (2.82)
o o

The corresponding velocity perturbation, @, is determined using Eq. (2.39), where B is given
by,

B* = !
iko (1 — M2) —2aM

M?(y—3 M3 1
[iko(lMZ)i(;anEa (47 )} @ (27+)

(2.83)

2.6.1 Analytical solution for a conical-shaped nozzle

An analytical solution can be further developed assuming a simplified Mach number dependence
on the cross-sectional area, given as M = M;A, 1/A,. For the isentropic flow at low Mach
numbers, the temperature variation (3) and thereby wave-number (k,) variation, can be con-
sidered negligible in the nozzle. For example, for Fig. (Left), geometry with an isentropic

mean flow, the wave-number (k,) changes by only 2% over the domain. This simplification
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leads to,
VM ax/M aM 1
+ —O%exp | —iky (@ — Y tan ™! L e
& eXp[ ' 0(3: i M \Uider ) TR (1+ az)

p oo (=g (i) (P e) )~ 5 ().

2a 1+ /M 1—+/M; +ax k’g 1+d:l))3

here 0F <A5,1>1/2 exp (MF (%52) + My ¥ M} (7311))) |

Ay exp (M2 (252) = M 5 M5 (251
(2.84)
2.6.2 Analytical solution for an exponentially-shaped nozzle

The simplified analytical solution when applied to the exponential-shaped nozzle with isentropic

mean flow gives,

ik, <exp(a:r) + M1> n iolx N iaM;y

PE=0%exp (:Faln A ok ok (exp(—ax) — 1)) . (2.85)

For the conical and exponentially shaped nozzles, the acoustic pressure in Eq. (2.37) is obtained
by using P* from Eq. (2.84) and Eq. (2.85)), respectively. The velocity perturbation, @, is
determined using Eq. ([2.39)), with B* now given by Eq. (2.83)).

2.7 Effect of the entropy disturbance on the analytical model’s

accuracy

The analytical solutions developed in this work assume that the effect of the entropy disturbance
on the acoustic field is negligible, with this assumption deemed justified by the low Mach
assumption based on previous studies [44, 94]. This section compares the analytical model
solutions to the numerical solution of the three linearised Euler equations, which fully account
for acoustic-entropy coupling. This helps in understanding how the assumption holds for the
considered geometries and flows. To investigate the effect of the entropy disturbance, a 1%
normalised entropy or reduced temperature fluctuation (s'/c, ~ T"/T = 0.01 |32]) is applied
at the inlet of the conical-shaped nozzle, and the acoustic field is studied for a range of Mach
numbers and frequencies. (The qualitative behaviour of the acoustic-entropy coupling was
observed to be similar for both the conical and exponential-shaped nozzles; hence only the

former geometry is used for this investigation.)

e Very low Mach numbers: At low flow Mach numbers, with M varying from 0.005 at
the inlet to 0.027 at the outlet, Fig. compares the analytical model and numerical
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2.8. Application of the model for stability analysis

solution, for two different Helmholtz numbers. As observed, the analytical solu-
tion agrees very well with the numerical one, confirming that the effect of the entropy
disturbance on the acoustic field is weak at these low Mach numbers.

5

(a) sl Model 3LEEs | | (c) Model 3LEEs
Hei/ (2m) =1, My = 0.005  «eee o Hei/ (27) = 1, M; = 0.05
He;/ (27) = 0.3, M; = 0.005 —-- A He;/ (2m) = 0.3, M1 = 0.05 — »

75|

—
S
~

LFy T

Figure 2.11: Evolution of Fj, and F, with x. T1 = 1600K, Ty = 1200K, §/cp = 0.01, My =
0.005 & 0.05, Ma = 0.027 & 0.27, He;/ (2m) = 1 & 0.3, and Z; = -1. (a): transfer function gain
|Fp|. (b): transfer function phase ZF,. (c): transfer function gain |Fy|. (d): transfer function
phase ZF,,.

e Increased low Mach numbers: The analytical solution remains accurate with only
small deviations (Fig. when compared to 3LEEs at the higher flow Mach numbers
(0.05 at inlet and 0.27 at outlet). This deviation was observed for both the Helmholtz
numbers considered, implying only weak influence of the entropy disturbance on the

acoustic field.

2.8 Application of the model for stability analysis

To investigate the applicability of the analytical model for stability analysis, the eigenmodes
of the conical test-case shown in Figure [2.12] are predicted, assuming isentropic mean flow.
Two different nozzle lengths of 0.5m and 1m are considered with inlet Mach numbers of 0.01
and 0.001. The obtained predictions are validated against the results of an in-house developed
low-order network solver OSCILOS [53]. This network solver cannot directly account for the

area variation of the nozzle. Therefore, the geometry shown in Figure [2.12] is represented as
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Figure 2.12: Schematic of the conical-shaped nozzle with the flow parameters and calculated
frequency limits for isentropic mean flow.

a series of constant cross-sectional area cylindrical ducts, called segments. These are joined
by applying the wave propagation and mean flow jump conditions at the interfaces. A spatial
resolution of 100 segments for the 1m nozzle length was used and the convergence with number
of segments was checked (error <0.5%). This axial segmentation approach within OSCILOS
is similar to that used in [30, 131]. Simple boundary conditions - a closed end inlet and an
open end outlet - are used for the present analysis. In many geometries, the premixed ducts
upstream provide sufficient blockage near the combustor inlet and hence a boundary condition
that is acoustically closed better represents the inlet [15]. Similarly, the outlet of the combustor
rigs often discharges the flow into the atmosphere or a large plenum chamber. Therefore a open

end boundary condition is employed for the outlet [15].

It is shown in Table that the analytical model predicts the modes accurately, with minor
errors in growth rate observed only at the lowest frequency fundamental mode. The frequency
limits, outlined in Fig. shows that the maximum of the lower frequency limit for nozzle
with length 0.5m is ~ 229Hz, while for the nozzle of length 1m it is ~ 118Hz. Hence a deviation

was observed for the fundamental modes as the frequencies lie close to this limit.

It can also be observed that the growth rate is negative for the considered modes. In noz-

zles/ducts carrying a mean flow the acoustic characteristics are altered; the damping of an
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2.9. Summary

Table 2.1: Comparison of modal frequencies obtained from the analytical model and OSCILOS.
f denotes the frequency (Hz), while w; denotes the growth rate (rad s~!). Top left table -
nozzle of length [ = 0.5m, with M; = 0.001. Top right table - nozzle of length [ = 0.5m, with
M; = 0.01. Bottom left table - nozzle of length | = 1m, with M; = 0.001. Bottom right
table - nozzle of length [ = 1m, with M; = 0.01.

= 0.5m, M, = 0.001, My = 0.006 = 0.5m, M, = 0.01, M, — 0.063
Model ‘ OSCILOS Model ‘ OSCILOS
f[Hz] wr[rad s™!] f[Hz] w;[rads™!] f [Hz] wr[rad s™!] f[Hz] w;[rads™!]
268.70 12.01 268.76 14.82 268.85  -128.05 267.24  -148.96
1169.50 -8.61 1169.60 -8.64 1168.40 -86.17 1168.20 -86.70
1984.83 -8.48 1985 -8.47 1983.06 -84.94 1983.10 -84.95
I=1m, M; = 0.001, M, = 0.006 = 1m, M; =001, My = 0.063
Model ‘ OSCILOS Model ‘ OSCILOS
f[Hz] w;[rads™!] f[Hz] w;[rads™!] f[Hz] w;[rads™!] f[Hz] w; [rad s7!]
134.35 ~6.45 134.38 741 134.42 64.47 133.62 74.48
584.73 -4.30 584.79 -4.32 584.20 -43.10 584.11 -43.35
992.41 -4.24 992.51 -4.23 991.50 -42.47 991.55 -42.48
1396.14 -4.23 1396.30 -4.22 1394.91 -42.31 1395 -42.25
1798.60 -4.22 1798.80 -4.20 1797.02 -42.20 1797 -42.16

eigenmode (denoted by wy) will be increased. The convection of the acoustics by the mean flow
and effect of flow on the reflection coefficients at the ends are the main reasons for the observed
increase in dissipation |135]. Hence, the acoustic energy dissipation (—|wy|) is higher for the

case with a faster mean flow.

2.9 Summary

In summary, a computationally inexpensive semi-analytical solution for the planar acoustic field
in quasi 1-D nozzles sustaining a mean flow that can be non-isentropic is developed. The heat
exchange to the surroundings is considered as the source of non-isentropicity. The conservation
equations are linearised and recast into a second-order homogeneous ordinary differential equa-
tion. This ODE is achieved by neglecting the effect of the entropy disturbance on the acoustic
field, neglecting higher-order flow Mach number terms, and assuming that the length scale of
the axial gradients are smaller than the wave-number of the acoustics. The resulting ODE is
solved using an iterative WKB method, with the final solution expressed as a superposition of
upstream and downstream propagating planar waves with varying amplitudes. These planar
wave amplitudes depend on wave-number, upstream thermodynamic and mean flow properties
and apply to arbitrary nozzle shapes and temperature profiles. Simplified analytical solutions
are obtained for conical and exponentially-shaped nozzles with a linear mean temperature pro-

file and validated by comparing them to numerical solutions of the linearised flow conservations.
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2.9. Summary

Frequency limits of validity are proposed for the solutions, with frequencies needing to be low
enough for the acoustic field to be planar, yet sufficiently high for the WKB assumptions to
hold. The analytical solutions performed very well within (and even slightly beyond) the cal-
culated frequency ranges of validity. Acoustic solutions are also presented for isentropic flows,
having axial area and mean temperature variations directly related. The effect of neglecting
the entropy disturbance effect on the acoustic field is investigated. It is found that the entropy
disturbance effect remains negligible for sufficiently low flow Mach numbers and entropy dis-
turbance amplitudes, consistent with previous findings. Finally, the model’s applicability to
stability analysis is shown by predicting the modal solutions and validating against the results
of the lower order network solver (OSCILOS).
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Chapter 3

Acoustic energy absorption and
generation in nozzles with low

subsonic, non-isentropic mean flow

In the previous chapter, we found that the axially varying flow conditions associated with axial
area and temperature variations affect the acoustic response of nozzles. This effect potentially
changes the acoustic energy balance of the system and therefore is important for understanding
and controlling thermoacoustic phenomena in combustors. This chapter develops an analytical
framework using the acoustic solutions from Chapter[d to quantify the acoustic energy change
in terms of an acoustic absorption coefficient A [118]. Therefore, A > 0 (A < 0) corresponds
to acoustic enerqy absorption (generation), with no acoustic energy change for A = 0. For
conical-shaped nozzles with linear mean temperature gradient, the effect of the mean flow con-
ditions (area, temperature gradients and flow Mach number) and the disturbance conditions
(frequency and inlet reflection coefficient) on A is studied. Parametric and optimisation stud-
ies are further carried out to determine the conditions that maximise or minimise the acoustic
energy absorption in nozzles. The analysis revealed that a positive mean temperature gradient,
representing a heated duct, caused acoustic energy absorption. Similarly, a negative mean tem-
perature gradient, representing a cooled duct, caused acoustic energy generation. The simplified
mathematical analysis also shows that the observations made are valid independently of the area

profile when sufficiently high frequency and low flow Mach numbers criteria are met.
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3.1 Introduction

The existing acoustic energy balance studies [110-112, |114} |115] do not explicitly consider the
nozzle flows with area and mean temperature variations. For such nozzles with non-isentropic
mean flows, the characterisation of the energy balance with minimal parameters offers physical
insights. It also reduces the computational effort in analysing many practical configurations to

identify thermoacoustically stable conditions.

The acoustic absorption coefficient (A) is used to characterise the generation or dissipation
of acoustic energy in nozzles sustaining mean flow [111]. It quantifies the loss of the acoustic
energy flux across the duct, for instance A > 0 (A < 0) implies acoustic energy absorption
(generation), while A = 0 corresponds to no change in the acoustic energy, inside the duct. This
characterisation of the acoustic energy balance for nozzle flows, in terms of A was investigated
by Gaudron et al. |118] [119]. The final expression for A was shown to be a function of only
a few mean flow parameters and the wave amplitudes at the nozzle ends. The acoustic wave
amplitudes are obtained in this work using the WKB solution presented in Chapter [2] such
that A can be estimated analytically.

The primary objective of the present work is therefore to develop a simplified analytical frame-
work to estimate the acoustic absorption coefficient A, in nozzles with (i) varying cross-sectional
area (i) varying stream-wise mean temperature and (iii) low Mach number subsonic mean flow,
which does not have to be isentropic. This is achieved by characterising the acoustic flow field
variables using the analytical solution proposed in [93| and coupling it with the approach pro-
posed in [118| for estimating A. This allows the exposure of direct linkage between nozzle
heating/cooling and acoustic damping/generation, which is one of the main contributions of
this analysis. This linkage is also investigated by utilising both the acoustic energy balance
analysis, in line with [111], and a simplified mathematical analysis for a constant area duct

with low Mach number flow.

The analytical framework developed in this chapter aims to estimate the acoustic absorption
coefficient, A, in nozzles with a subsonic mean flow. This analysis uses the WKB solution to es-
timate the nozzle’s acoustic response. Hence, the frequencies considered fall in the intermediate
range (between the lower and upper frequency limits), as described in Section These WKB
solutions also require low flow Mach numbers and a negligible effect of the entropy disturbance

on the acoustic field.
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Actuator
i |
R Wp;: ¢ Anechoic
<\ <«\"P2 “boundary
P T

‘4’ x*

*
* Ty
Ly

Figure 3.1: Conical-shaped nozzle sustaining mean temperature gradient and subsonic mean
flow. p* represent the downstream (+) and upstream (-) propagating Riemann invariants.
Subscript ‘1, 2" denote nozzle inlet and outlet and z* = x/l. An actuator downstream of the
nozzle is considered to impose inlet reflection coeflicient.

3.2 Analysis

The linearised Euler equations (Eq. (2.8) - (2.9) are presented in terms of a normalised spatial
coordinate, z*, (z* = x/l) and local Helmholtz number He = 27 fl/¢. The resulting equations

can be expressed as,

dp da dp ddi 3
Ap+ L iBa+r Sl =0, Dipt L i Ba+ R =12, (3.1,3.2)
dz* dz* dzx* dx* Cp

where the coefficients Aj, By, C1, D1, Eq, Fy, are similar to those in Eq. (2.18)) but are now
are functions of non-dimensional parameters (z*, He, a* = al and * = fl) and are slightly

rearranged. They read:

iHe 1 da el [(dp [ 1 5E
Ay = 2 M2 * Y il I * _rc
! (M —d*+7/3) Mp(dx <M2+ >+/3),01 M’
(3.3a-c)
1 da 1d da
Dy = M2_dfi, Elzﬁ(_:(lHe—i—M—d—u) F = peM, Il—pudli (3.4a-d)

The acoustic pressure and velocity fluctuations can be expressed in terms of the upstream (-)

and downstream () propagating Riemann invariants (P¥) as [43],

pz*, w) =P +P7, a(z*, w)= (PJr - P_) , (3.5)

2I|~

and the entropy disturbance is represented in terms of i) = YPs/cp.  Using Eq. (3.5)) in
Eqgs. (3.1)), (3.2) results in a first-order system of differential equations for the Riemann in-
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variants (P¥) and the entropy wave amplitude (@@) components, given by,

C11 (+) or Cay (—)

C) o . 1 d (1
= [MiM)<(DiAM)+pC(EiBM)+dx(M)(FicM)ﬂ
Cia (4) or Caz (—) C13 (+) or C23 (—)
. -1 1 d 1 R M2 ﬂ*—O(*
+P {Q(HEM) ((DiAM)—pC(EiBM)—dx(pc)(FiCM)ﬂ+¢{2(1iM)1_7M2 :
(3.6)
C31 C3a Cs3
dyp 1 1 iHe 1 dp (3.7)
av o+ L - AN e L . :
e L G I L e R b ol
B o M?* (y—1) = p* (1 — M?)
where, I' = ( 112 .

The above system of first-order differential equations govern the disturbance propagation in a
nozzle with a non-isentropic mean flow due to steady heat transfer without neglecting any effect
of the entropy disturbance on the acoustic field. Equations , can be represented in
matrix notation using a wave vector defined as W (z*) = [P+ (*) P~ (z*) @ (:L'*)]T This

gives,

q Ci1 Ci2 Ci3
e W (2")] =C (") W (2"); with C(z)= [Cy Coa Chs|, (3.8)
C31 C32 Cs3

where the elements of the coefficient matrix, C (z*), are as denoted in Egs. (3.6)), (3.7)).

In Eq. , the entropy wave coefficient C13 or Cas is proportional to M?2. As well as the
effects of shear dispersion, the low flow Mach numbers typically present in combustors makes
the effect of the entropy disturbance on the acoustic field to be negligible, thus, decoupling
Eq. from Eq. . Therefore to obtain the acoustic response of the nozzle, only acoustic

coefficients need to be retained, reducing C (z*) from a 3 x 3 matrix to a 2 x 2 matrix. Thus,

Eq. (3.8]) reduces to,

Ci1 Ci2

Co1 Co

T

[P (z")] = C(2*) P (2¥); with C (z*) = and P (z*) = [P* (z*) P~ (2")]

dx*

(3.9)
Again, a fourth-order Runge-Kutta method is used to numerically solve the system of first-order
ODEs in Eq. . The numerical implementation of the LEEs is discussed in Appendix
On integrating Eq. , the transfer matrix T of the nozzle, relating the Riemann invariants
at the inlet (2}) and outlet (23) of the nozzle is obtained (shown in Fig. [3.1). This reads,

T11 Tho

P(xz3) =T P (x2}) where T =
(#3) = [Tlyys P (a1) o

. (3.10)
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The transfer matrix elements are obtained by applying two sets of independent acoustic bound-

ary conditions at either end of the nozzle.

The variation of the acoustic energy flux across a nozzle with an arbitrary subsonic mean flow

is characterised using the acoustic absorption coefficient (A), shown to be [118, [119],

2|p+|2 =171 _ 2p—12
Aot (1+ My)*| Py | teaf (1 M1)2|P1 \2 (3.11)
O Z ¢ 11+ M)’ [PT| + (1 — M)?|Py |

where,

As,l —_ — = o
0= A, 7 VT1/T2,  and & =pi/Ps. (3.12 - 3.14)

with M7 and My as the flow Mach numbers at the inlet and outlet of the nozzle. The mean
flow inside a nozzle with a given area and mean temperature profiles can be obtained by solving
Eqgs. to obtain the flow Mach number distribution and the mean pressure ratio, £&. The
first-order system of differential equations given by Eq. is solved numerically, and the
elements of the transfer matrix (Eq. ) are determined. The Riemann invariants at the
nozzle inlet and outlet are determined from Eq. and used to compute A from Eq. .
The numerical approach is computationally costly when a large sample space of area and
temperature profiles, acoustic boundary conditions and frequencies, is investigated. Hence, the
acoustic response is obtained using the WKB method based solution described in Chapter
T,

Mean flow Inlet Outlet
r 240 mm 168 mm
& T, a*| 1.2 1.71
"2 M=12 0.15 0.273
c
T 1600K  1120K
18] 0.5 0.67
Frequency limits He f
Lower limit Eq. (3.17) 0.26 67Hz
< i Upper limit Eq. (3.18) 6.8 1735Hz
Figure 3.2: Schematic of a [ = 0.5m long conical-shaped nozzle (a* = —0.3) sustaining a
non-isentropic mean flow (b* = —0.3). As 1002 = TI"I“% or2- Other mean flow parameters and

calculated frequency limits are also presented. Frequency limits are specified in terms of both
Helmholtz numbers and frequencies.
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3.3 Analytical model for the acoustic absorption coefficient

The semi-analytical solution is used to estimate the acoustic response, as it is computationally
easy compared to numerical solutions and is applicable to arbitrary area and mean temperature
variations. This solution as discussed in Chapter 2] however, requires the frequency to be “large”
in one sense while also being low enough to ensure a planar acoustic field. For nozzles with non-

isentropic mean flow, the final solution for the acoustic pressure and velocity are determined

using Eq. (2.37) and Eq. (2.19)), respectively.

On comparing Egs. (2.37)), (2.19)) with Egs. (3.5)), and defining the inlet reflection coefficient as
R; = Pf/Pf, the constants C* are obtained in terms of Ry as,

+ F F
gl_ _ (5 iféf;;ﬁ'fl T pE= Loty eBp) e Py (1 5)],
(3.15, 3.16)
since using Eq. gives Pli = 1 at the nozzle inlet. The acoustic absorption coefficient A,
given by Eq. , is estimated using the analytical expressions for PZ, provided by Eq. .
Note that while P* denote the propagating plane wave amplitudes as defined in Eq. , p*
denote the Riemann invariants (Eq. ) To enforce a boundary condition at the inlet (z7),

the actuator in Fig. [3.1]is considered far downstream of the nozzle. Therefore, for any acoustic

wave P impinging at the inlet, P7 x Rj = P{ is reflected.

3.4 Conical-shaped nozzles with linear temperature gradient

The analysis described in Section [3.3| applies to nozzles with any area and mean temperature
profiles, provided the frequency limit criteria set in Section [2.3] are satisfied. A conical-shaped
nozzle with a linear stream-wise mean temperature gradient, shown in Fig. [3.1] is considered
without loss of any generality. Therefore the acoustic response is determined using the simplified
analytical solution presented in Section further reducing the computational effort. The
solution at any location now depends only on the local mean flow properties and frequency
(He). These expressions can be used to estimate P2i analytically using Eq. and thereby
the acoustic absorption coefficient A (Eq. ) The corresponding lower frequency limit,
given by Eq. , can be recast in terms of a critical Helmholtz number at the inlet,

b*Q
16

+ 2a*b*

le le [|-1 b*2 2a*b*
H He* — . 3.17
€1 > €er max 7;1 \/‘ ) 61 \/‘ 16 (1 4 b*)2 + (1 + (I*)(l + b*) ) ( )

where a* = al, b* = bl. Note that non-dimensional area and temperature variation parameters

a*, b* are defined to remove any dependence of the solution on the nozzle length.
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The upper frequency limit, requiring frequencies lower than Hej,, ., reads,
. |1.8411¢
Hel < He;pper = min |:7'61:| (318)

The “max” and the “min" functions in Egs. (3.17), (3.18]) gives the maximum and minimum

values, respectively, for the limits of the frequency inside the nozzle.

To identify the frequency limits of validity, a conical nozzle of length 0.5m, with radii of 240mm
and 168mm at the inlet and outlet, respectively, is considered (Fig.|3.2). The nozzle sustains a
subsonic mean flow in the presence of a linear temperature gradient. From the inlet to the outlet
the temperature varies from 1600K to 1120K, while the flow Mach number varies from 0.15 to
0.273. The schematic in Fig. [3.2] shows the nozzle geometry, mean flow parameters along with
the corresponding frequency limits given by Egs. , . It can be observed that there
exists a range of frequencies (67Hz to 1735Hz) in which the model can be applied for acoustic
field estimation without significant deviation from the numerical results. Therefore within
these frequency ranges, the WKB model can be applied to estimate the acoustic response; this

is further used to predict the acoustic absorption coefficient.

3.5 Results

3.5.1 Effect of frequency (He) and inlet reflection coefficient (R;)

For different linear area and temperature profiles, governed by the parameters a* and b*, re-
spectively, the acoustic absorption coefficient is compared as calculated with the numerical
simulations for a range of average flow Mach numbers. Assuming an anechoic boundary condi-
tion at the inlet (|Ry| = 0), the results are shown in Fig. for three different frequency values

(in terms of Helmholtz number at the nozzle inlet, Hej),

The considered area profiles correspond to the converging, uniform and diverging nozzles with
values of —0.3, 0, 0.3 for the area coefficient a* (from top to bottom in Fig. . Similarly,
three mean temperature coefficients (b*), —0.3, 0, 0.3, are considered, representing negative,
constant and positive temperature gradient in the nozzle, respectively. These variations in a*
and b* are illustrated using a graphical representation of the nozzle’s area profile and mean
temperature distribution over each plot in Fig. An average flow Mach number up to a
maximum of 0.5 is considered to understand the analytical model behaviour at high subsonic

flow Mach numbers.

The model predictions of the acoustic absorption coefficient, A, are in close agreement with the
numerical results when My, is less than 0.25, as shown in Fig. It can be observed that
for an anechoic boundary at the inlet, the acoustic absorption coefficient A is independent of
the Helmholtz number.
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Figure 3.3: Comparison of A obtained using analytical model (represented by lines) and nu-
merical LEEs (represented by markers) as a function of average Mach number (M; + Mas)/2,
for a conical-shaped nozzle with linear mean temperature gradient and an anechoic boundary
at the inlet (|R1| = 0). Top row: a* = —0.3, centre row: a* = 0, bottom row: a* = 0.3; left
column: b* = —0.3, middle column: b* = 0, right column: b* = 0.3.

For a non-anechoic inlet boundary condition with |R;| = 0.5, Fig. compares the model and
numerical calculations of A. Notably, the expression for evaluating the acoustic absorption
coefficient in Eq. contains only the absolute value of the inlet reflection coefficient,
without any influence of the phase (ZR;). At low flow Mach numbers, the model predictions
again closely match with the validation simulations. While the numerical estimates remain
independent of frequency, the model predictions deviate at low frequencies, attributed to the
violation of lower frequency limit in Eq. (He; > Hef, = 0.43) for a* = |0.3], b* = |0.3].

Two key observations are made from Figs. and (i) the value of A remains independent
of frequency, provided the lower frequency limit criterion, set by Eq. , is satisfied, (ii)
for the mean flow parameters considered, the absolute value of A for the anechoic case in
Fig. is larger than its non-anechoic counterpart in Fig. i. e, |Ar, =o| > |ARr, =05l
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Figure 3.4: Comparison of A obtained using the model (represented by lines) and numerical
LEEs (represented by markers) as a function of average flow Mach number (M; + Ms)/2, for
a conical-shaped nozzle with linear mean temperature gradient and non-anechoic boundary at
the inlet with |Ry1| = 0.5. Top row: a* = —0.3, centre row: a* = 0, bottom row: a* = 0.3; left
column: b* = —0.3, middle column: b* = 0, right column: b* = 0.3.

These observations were also confirmed by using a simplified mathematical analysis presented
in This simplified mathematical analysis is carried out assuming low flow Mach numbers
(retaining only terms up to order O(M)) and the frequency criteria set by Egs. ,
to be satisfied.

Therefore to identify the conditions leading to the extrema of A, corresponding to maxi-
mum acoustic absorption or generation, an arbitrary frequency satisfying the limits set by
Egs. (3.17), (3.18), say He; = 1, and an anechoic boundary condition at the inlet (|R;| = 0)
are chosen. This eliminates the dependence of A on the acoustic parameters (He, R;), and the

study can be confined to analysing the effects of mean flow parameters on A.
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Figure 3.5: Contours of A obtained by the model (for He; = 1) as a function of the inlet
flow Mach number M;j, for a conical-shaped nozzle with an anechoic boundary at the inlet

(|[R1] = 0) and a linear mean temperature profile. The top row plots are for a given b* (top
left: b* = —0.3, top centre: b* = 0, top right: b* = 0.3) with varying a*, while the bottom
row plots are for a given a* (bottom left: a* = —0.3, bottom centre: a* = 0, bottom right:

a* = 0.3) with varying b*.

3.5.2 Effect of mean flow parameters

Fig. [3-5] shows the model’s estimate of A as a function of the inlet flow Mach number, area
variation (a*) and mean temperature variation (b*). The contour plots are shown for a given
b* (a*) on the top row (bottom row), varying a* (b*) from -0.5 to 0.5. The acoustic absorption
coefficient, A, is presented for flow Mach numbers up to 0.5, omitting regions with higher
values as voids. The contour plots of Fig. reveal an important finding: for a negative mean
temperature gradient, the absorption coefficient is always negative, corresponding to acoustic
energy generation inside the nozzle. Conversely, for a positive mean temperature gradient,
the absorption coefficient remains positive, corresponding to acoustic energy absorption. For
the case of a constant mean temperature maintained inside the nozzle, irrespective of the
area variation parameter (a*), A remains close to zero, i.e., there is a negligible generation or

absorption of acoustic energy. For the low Mach number flow, the Mach number variation is
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3.6. Energy analysis

d
negligible along the duct (d o« M ) and remains a constant. However, for the heated duct
x

the speed of sound increases due to increasing temperature. Therefore the local flow velocity u
increases to keep the Mach number constant. The resulting high speed flow absorbs the acoustic
energy provided at the inlet, consistent with the observations in [113]135], and thereby results
in A > 0.

An energy analysis conducted along the lines of Morfey [111] (shown in Section 3.6)) and a simpli-
fied mathematical analysis (presented in Section confirms that acoustic energy generation
and absorption occurs in cooled and heated nozzles, respectively, with negligible dependence

on area variation parameter, a*.

As observed in Fig. [3.5] regions with high acoustic energy absorption or generation are mostly
confined to high flow Mach number regimes. The mean temperature variation parameter, b*,
has a stronger effect on A than the area variation parameter, a*. For a given b*, Fig. [3.5
confirms the existence of regions with a* values that maximise |A|. Hence, an optimisation
search based on a genetic algorithm is performed to identify the global extrema, and the results
are shown in Appendix [B] These findings suggest that a set of mean flow parameters result in
either significant acoustic energy damping (~ 60%) or significant acoustic energy generation

(~ 110%).

Combustors often encounter a decreasing stream-wise mean temperature, owing to heat loss to
the surroundings and mixing with the input cold dilution air. For a given combustor geometry
with a fixed area profile, the acoustic behaviour can therefore be modified by adjusting the
mean temperature profile. For example, for a* = —0.3, by reducing b* by 20% from -0.5 to
-0.4, the acoustic energy generated can be reduced by 23% (A from -0.245 to -0.19). Using
an energy analysis, this inverse linear dependence of A on the mean temperature gradient is
further investigated in Section

3.6 Energy analysis

To gain further insights into the effect of the mean temperature gradient on A, we analyse the
acoustic energy balance inside the nozzle. For the case of a quasi 1-D nozzle with mean flow,
Morfey [111] defines the acoustic energy flux N in terms of the total enthalpy fluctuations (J')

and mass fluctuations (m’) as,

/

i

M
N=m'J; withm'=pu'+—p and J == +u, (3.19)
C

I |
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3.6. Energy analysis

Multiplying Eq. (2.2)) with pJ', Eq. (2.3]) with @ m/, adding the two equations and simplifying
using Egs. (2.5)), we obtain,

E N
0 p/2 ;M 1_ )0 0 2 M /0 2 —— 2 _plza
= =4 2P 1+ M = “(y—1)+a*
o [2p62+pu — 5| o |p péﬂoU( + M?) + puu v B*(y—1) +a)
+p7ﬁu(ﬂ*(1—2v)+a* (v +v 1)) +p'u'M? (3a*(7—1)+ﬂ* (2—37+va 25 M2)>

— e —pud” <52* (1-M*)2—7)+a* (1—M*(2y- 1)))

/ (1 — 'yMQ) .
(3.20)

The contribution of the entropy fluctuations to the total disturbance energy is neglected [117],
consistent with the low flow Mach number [44) 94] and sufficiently high frequency assump-

tions [95]. Hence the relation p’ = p'e? is used. The resulting acoustic energy balance equation,

Eq. , can be expressed as,

OE ON

s + D G. (3.21)
where G, corresponding to the acoustic energy generation rate, is given by the right hand side
of Eq. . E signifies the acoustic energy density of the nozzle. A value of G > 0 signifies
acoustic energy generation and G < 0 corresponds to acoustic energy absorption inside the

nozzle.

In the limit of very low Mach number flow inside nozzles with negligible area variation (a* ~ 0),

the expression for G takes the form,

12

G~ —p*u [’;p (y—1) + pu'? (3.22)

In the above expression of Eq. , the term inside the square brackets is always positive.
Hence the acoustic energy generation, G, is proportional to the negative of the temperature
gradient (—f*). This dependence again shows that the acoustic energy absorption (generation)
always occurs for ducts with positive (negative) mean temperature gradients, explaining the
nature of the results observed in Section B.Al

Most practical combustors, nozzles, after-burners, heat-exchangers and automotive exhaust
systems exhibit a decreasing mean temperature profile due to heat loss to the surroundings,
and Eq. suggests a generation of the acoustic energy in these systems. This effect
is particularly relevant to combustors as the temperature gradient can affect the system’s

propensity for thermoacoustic instabilities.
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3.7 Simplified mathematical analysis

A simplified mathematical analysis is presented in this section to support further the conclusions
drawn on the effects of (i) the mean flow, (ii) frequency and, (iii) reflection coefficient at the
inlet boundary, on the acoustic absorption coefficient A. This analysis assumes low subsonic
flow Mach numbers (only terms up to O(M) are retained) considering the frequency limits set
by Egs. (3.17), to be satisfied. The effects of the frequency (Hep) and area variation (a*)

are firstly investigated using a nozzle sustaining isentropic mean flow (@) = 0) with an anechoic
inlet boundary condition (|R;| = 0), followed by analysing the effect of the non-isentropic mean
flow and a non-anechoic inlet boundary condition (|R1| # 0). Note that the area profile of the

nozzle considered need not be conical and is more general.

3.7.1 Nozzles with isentropic mean flow

For a nozzle sustaining isentropic mean flow (Q = 0) with negligible flow Mach numbers
(M ~ 0), the variation in temperature (8*) and pressure can be obtained from Eq. (2.76) and

Egs. (2.5]), respectively, and read,

1dT  —a*M?(y—1) 1dp  —(B8*— o)y M?

~0 = Z=1; also,

~0 = (=1,

Tde*~  1—~M?2 pdzt 1—~M?
(3.23)
and therefore A (Eq. (3.11))) is given by,
1-2M;)© + (1 +2Ms,) |P§ /Py |?

(1—2My)|Py /Pr|?

Using Eq. (3.16), explicit expressions are derived for ‘P; / PI}Q,

Pg/PH2 that depend on the

a
terms 7321, Bf:Q, obtained using Egs. (2.81)), (2.83)). Using the definition of §; 2 = HL2 and
, e1,2
neglecting terms of order O(M?), O(6%) and higher, P, BfQ simplify to,
i0
Py = VOoxp(£S, FiSy), Biy=1F =2 1161 2M) o, (3.25)

where S, = (M; — Ms), S, = fff (1 F M) dz, noting again the subscripts 1, 2 correspond to

the inlet and outlet of the nozzle, and & the dummy variable. This gives,

2 9

=7 [5% M2 exp (281) + 65 M3 exp (—285,) — 2 (61 M) (62 M) cos (2he)],  (3.26)

Py
Py

and,
2

‘f)j = O exp (—25,)

2
14 (W) ] (3.27)
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3.7. Simplified mathematical analysis

where, My 9 = 1+ 2M;, 2, hy = Hey Sp. The acoustic absorption coefficient A is estimated

using Egs. (3.26), (3.27) in Eq. (3.24), neglecting terms of order O(6?) and using the simplified
Mach number-area relation, My = M;0. This gives,

(1 —2M)

A0 =1~ (1—2M; ©) exp (—2M; (1 —©))’

(3.28)

an expression for A that depends only on the mean flow and its gradients.

Eq. (3.28) shows that the acoustic absorption coefficient depends only on the mean flow, and
hence any dependence on frequency (not captured by Eq. (3.28])) must be weak and negligible
for small values of § - a prerequisite for using the WKB solution. Therefore the mathematical

analysis confirms that the acoustic absorption coefficient, A, behaves independent of frequency
(Heyp), when the frequency criteria (Eqs. (3.17)), (3.18))) are satisfied and |§] < 1.

Using Taylor series, the exponential function in Eq. (3.28)) is further expanded, neglecting terms
of order O(M?) and higher. This gives,
(1 —2M) 1—2M,;

Bimi= = G ey (o2 ey 12, (3.29)

Thus, for nozzles with arbitrary area profile but isentropic mean flow, the acoustic absorption
coefficient equals zero. However, at low flow Mach numbers, both isentropic and isothermal
mean flows are associated with negligible and zero temperature variations respectively,

_1dT —a*M?(y—1)

bi = Tde*  1—yM2 0, while B%_ =0. (3.30)

This implies a more pronounced dependence of A on the temperature profile than on the area

profile.

3.7.2 Nozzles with uniform area, sustaining non-isentropic mean flow

This section analyses the effect of the absolute value of the reflection coefficient at the inlet,
|R1|, and the temperature variation parameter, b*, on the acoustic absorption coefficient A,
assuming a* = 0 to keep the procedure simple. Using a similar procedure as outlined in
Section and neglecting terms of order O(M?), O(5?) gives,

1—2M 1+ 2M 25.) | Ry |? 1
vl 1)+<2 + 2Ms) exp (25) | B : SC:—Ml(_+7m—(7+1)>.
(1+2M1)’R1’ +(1—2M2) exp (—QSC) =
(3.31)
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Again on expanding the exponential function using Taylor series up to O(M) gives,
Fq

2Myy (VIHH = 1) |Ri* +2Myy (VIH 5 — 1)

T (4 2M) R P+ (14 2M (W6 — (v + 1))
—
Fy

(3.32)

In Eq. (3.32), the terms F, and F} depend on the reflection coefficient at the inlet (R;). When

the temperature parameter b* is positive (b% > 0), the condition AR =0 >A requires,

L+ 4My(1+7) +4ME (1 +2y)
4M32?

by < . (3.33)
In the limit of very low flow Mach numbers, the above inequality is satisfied due to the M# term
in the denominator. Similarly for a negative value of the temperature parameter b* = — [b*|,
the condition ‘A|Ru=0|’ >|Al takes the form,

0
‘b*‘>—<1+4M1(1—7)+M I s

= M < .
AM7? SR TCIEY)

For a value of v = 1.4, inequality in Eq. (3.34) takes the form M; < 0.625, which is again
satisfied given the analysis assumes low flow Mach numbers. Therefore, it can be generalised
for both the cases of positive and negative values of b* that |A|R1\:0‘ > ‘A\Rl#o‘ in the limit

of low subsonic flow Mach numbers and sufficiently high frequencies.

It can also be noticed from the equation Eq. (3.32)) that any positive value of the temperature
profile (b% ) ensures A > 0, while negative values (b*) give A < 0. This again shows that
positive and negative values of the temperature gradient, b*, correspond to acoustic energy

absorption and generation, respectively.

3.8 Summary

An analytical framework has been developed in this chapter to estimate the acoustic absorption
coefficient (A) in nozzles with a non-isentropic mean flow due to steady heat transfer using the
WKB method based solutions developed in Chapter [2l This analysis exposed the direct linkage
between heated/cooled nozzles and acoustic energy damping/generation. The model estimates
for A are validated against the numerical predictions for conical-shaped nozzles with a linear
temperature gradient. The results were found to match at low flow Mach numbers closely and
when the frequency limits discussed in Section are satisfied. It was further observed that

the acoustic absorption coefficient depends very little on the frequency and maximises for an
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3.8. Summary

anechoic boundary condition at the inlet. A was also seen to depend more strongly on the mean
temperature variation than on the area variation with acoustic energy generation for a negative
temperature gradient and vice-versa. These observations were also explained by performing
energy analysis and a simplified mathematical analysis, assuming very low Mach number flow.
The results suggest that the acoustic energy generation can be reduced by altering the mean

temperature profile in combustors and other practical systems.
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Chapter 4

Acoustic response of non-isentropic
nozzles using the Magnus expansion
method

The WKB models so far discussed apply well at high frequencies; however, most unstable ther-
moacoustic modes occur at the fundamental modes of the system. These often occur at low
enough frequencies (~He < 0.3) that the effect of the shear dispersion on the entropy waves
is minimal [95)], and hence the effect of entropy disturbance on the acoustic field cannot be
neglected. The WKB models are also restricted to low subsonic flow Mach numbers, but some
practical applications, involving nozzles and afterburners, sustain super-critical (choked) flow
configurations. Hence, a mathematical model that is accurate across a wide range of frequencies,
applies to any nozzle shape, across a wide range of mean flow conditions and does not neglect
the acoustic-entropy coupling, could be extremely useful. This chapter presents such a model
for estimating the unsteady response of nozzles with heat transfer, excited by acoustic and/or
entropy disturbances. The linearised Fuler equations, represented as a first-order system of
differential equations, are solved using the Magnus expansion based method [136], allowing the
effects of frequency, heat transfer and acoustic-entropy coupling to be captured. The model was
found to be accurate for converging-diverging nozzles operating in both sub-critical and super-
critical (choked) configurations, showing good agreement with numerical predictions. This study
revealed a strong effect of the heat transfer on the transfer functions of the nozzle, across the
considered full spectrum of frequencies and high flow Mach numbers. It also revealed that steady
heat transfer results in large generation of entropy perturbations which can increase the overall
erhaust noise emissions in combustors and can also affect the thermoacoustic stability of the
system (82, 92)].
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Figure 4.1: Sketch of a nozzle of length [ exchanging heat (Q) with the surroundings. (Left)
Non-compact nozzle with Ag(x), M (x), and T (z) representing the nozzle cross-sectional area,
flow Mach number and mean-temperature at any x varying from x; to 3. (Right) Compact
nozzle where the acoustic wavelength is assumed much longer than the nozzle length.

4.1 Introduction

The WKB method based solutions discussed in Chapter [2] are confined to low subsonic flow
Mach numbers and neglect the effect of the entropy disturbance on the acoustic field .
Hence WKB method based models are applicable to near flame regions of combustors and af-
terburners where low subsonic flow Mach numbers are encountered. However these models are
inaccurate for nozzles and turbine blades, regions away from the flame in combustors/after-
burner where high flow Mach numbers are encountered and indirect noise effects are important.
The effect of the acoustic-entropy coupling is most relevant at the low-frequencies where most
unstable thermoacoustic modes (fundamental modes) often exist. The WKB methods being

high frequency asymptomatic methods have a poor low frequency behaviour.

4.1.1 Compact solutions

Analytical solutions for the acoustic and entropy transfer functions of a nozzle flow were firstly
derived for “acoustically compact” geometries by Marble and Candel . This compact analysis
assumes the acoustic wavelength is significantly larger than the length scale of the nozzle area-
change (as shown in Fig. (Right)). It then follows that the normalised fluctuations of the
v ! /

m s
mass flow rate (I = =), total or stagnation temperature (Ip = ?t), entropy (Ic = —)
m

t 7
remain unchanged and appear as jump conditions across the nozzle. Thus,

R A R C R O R
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The vector I = [I4 Ip Ic]*, corresponding to the flow invariants (as defined in [77]), remains

constant across the nozzle at the compact limit. In terms of the normalised primitive variables,
/ / /

P s : .
* u* = — and ¢* = —, these invariants read:

- %’ U p

IS

b

M2 4 pf 4 ——
v—1
v—1
1+ 12— M2
+ 2

In=p"+u —0o", Ip=(y-1) , Io=0o" (4.2a — ¢)

The normalised primitive variables are also related to the non-dimensional Riemann invariants
pT as, pt = p* +u*M and p~ = p* — u*M. Therefore the flow invariants can be related to the

wave vector W* = [pt p~ a*]T using the matrix D as follows,

I D W*
— —
Iy L Lo _ pt
72541(1 + M) 72541(1 M) 11
I = —(1+M) —(1-M - -, 4.3
5 se (LH M) o= (=M | p (43)
i Io | 0 0 1 i o* |
-1
where ( =1+ T

2
Equations , apply to compact isentropic nozzles with both sub-critical and super-
critical flows. For a nozzle sustaining subsonic flow Mach numbers, three different incoming
waves that correspond to the acoustic waves at either end of the nozzle (p;r > Do, f) and an
entropy wave at the inlet (ai f) are applied, where the subscript ‘ f’ denotes that the waves are
externally forced. These incoming waves result in three outgoing waves, namely, an upstream
propagating wave acoustic at the inlet (p; ), downstream propagating acoustic wave at the outlet
(p3) and an entropy wave at the outlet (03). A transfer function relates the outgoing wave to
the incoming externally forced wave, for example, F = p; / pf ¥ relates the outgoing acoustic
wave at the outlet to the incoming acoustic wave at the inlet. Considering unitary incoming
acoustic waves and no entropy waves, the transfer functions are obtained from Eq. , these
denoting the acoustic reflection and transmission by the nozzle. Similarly, the acoustic response
to an incoming entropy wave is also calculated. Together these acoustic transfer functions are

summarised in Table .11

For nozzles sustaining super-critical flow without any shock-waves inside, only two incoming
waves, pf f and of 5 can be applied, with fast and slow propagating acoustic waves at the
outlet (in), an entropy wave at the outlet (03) and an upstream propagating acoustic wave at

the inlet (p; ) as the outgoing waves. The requirement that mass fluctuations cannot occur at
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4.1. Introduction

Table 4.1: Transfer functions of a compact sub-critical nozzle with isentropic mean flow. ‘In’
represents the externally excited incoming waves while ‘Out’ denotes the outgoing waves.
Out _
In P1 p;
| | 5
5t My—M; 14 1= 50— 1)MiMy oMy 1+M L1H5(r—1)M;
1 - 1 1
=My Mot Moy 2y, PEMe M Ma gy 20 gy
o My — My 1 My — My 2
: _
1—M 1 1+ M 1
! 1+§(7—1)M1M2 M 1+§(7—1)M1M2
1 1
2
_ oMy 1-M, L1T5(r—1M Ms— M, 1—M, 1= 50— 1MiM;
P2 - 1 - 1
PRy g M MM D g,

Table 4.2: Transfer functions of a compact super-critical nozzle with isentropic mean flow. ‘In’
represents the externally excited incoming waves while ‘Out’ denotes the outgoing waves.

Out _ + _
In P Do Do
1 1 1
1—S(y—1)M L+ S(y—1)Ms 1—S(y—1)Ms
pi&- 2 2 2
1 1 1
1+§(’)’—1)M1 1+§(7—1)M1 1+*("}/—1)M1
o — M,y My — My —2M2+M1)
1 1 1 1
1+§(’)’—1)M1 2<1+2(7—1)M1) 2<1—|—2(’7—1)M1>

the choked throat (Z) is specified as a boundary condition [76] taking the form,

v—1

v A p— 4.4
M 2 P77 (4.4)
In terms of the acoustic waves (p*) and the entropy wave (c*), the above boundary condition
becomes,
_ " . 33— —2
Py = Ruqu_ + Rsoy,, with Ry, = m7 s = mv (4.5)

with the subscript ‘u’ representing the location Z,,, infinitesimally upstream of the throat.

We note that the solutions for the acoustic and entropy transfer functions, provided in Tables[4.]]
and are confined to nozzles sustaining isentropic mean flow. This compact solution was
further extended to non-compact geometries by Duran and Moreau [77]. A semi-analytical
solution derived from truncation of an infinite series expansion, called the Magnus expansion
based method was used to obtain the acoustic response of the nozzle in their work. This method

was applicable over a wide range of frequencies and can fully account for acoustic-entropy
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coupling. Hence these models are of interest to the thermoacoustic research communities due
to their excellent low-frequency behaviour. However, the methodology presented in Duran
and Moreau |77] applies only to nozzles with an isentropic mean flow and cannot account for
flows with steady heat transfer. Many practical applications encounter non-isentropic mean
flows due to wall friction or heat transfer. De Domenico et al. |107] and Yang et al. [132]
have recently showed that, in the diverging portion of realistic nozzles, the flow can separate
creating recirculation regions and, hence, turbulence both leading to mean flow non-isentropicity
affecting the acoustic behavior. The isentropic acoustic theories found to result in strong
deviations for such nozzles. Another source of non-isentropicity can be heat transfer, as happens
in combustors and heat exchangers. Chapter [3| of this thesis already showed that the steady
heat transfer can significantly affect the acoustics of the nozzle. An analytical solution for
the acoustic response of nozzles to incoming acoustic and/or entropy disturbances when the
nozzle mean flow is non-isentropic does not exist, even in the compact limit. This chapter
presents a model based on the Magnus expansion to estimate the transfer functions of a nozzle
exchanging heat with the surroundings for both compact and non-compact nozzle geometries
in the presence of a mean flow. All the other sources of non-isentropicity, for example, through
wall friction and flow separation, are neglected, and only steady heat transfer is considered in

this analysis.

The key aspects of this chapter are therefore to propose a Magnus expansion based solution
for the 1-D acoustic field sustained in nozzles with non-isentropic mean flow due to steady
heat transfer, as shown diagrammatically in Fig. 4.1} This solution: (i) applies to nozzles
with both sub-critical and super-critical flow configurations, (ii) accurately accounts for the
acoustic-entropy coupling, (iii) captures the frequency response over a wide range of frequencies.
Therefore we describe the first semi-analytical model proposing compact and non-compact

acoustic solutions for such nozzles.

4.2 Analysis

The linearised form of the Euler equations (Egs. (2.2]) - (2.4)), are written in terms of the

normalised fluctuating flow variables p*, u* and o*. This gives,

o +U%(P +u*)=-Q v (u* +9p%), (4.6)
ou*  _ou* op* du . N “
o T T T ar T2 - o =0, (47)
do* _Odo*  =y-—-1 .
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The above linearised Euler equations (LEEs), Eqs. (4.6) - (4.8)), govern the unsteady flow in a

nozzle sustaining mean flow with steady heat transfer (the source of non-isentropicity).

The definitions of the flow invariants (Eq. (4.2])) allow us to express the LEEs in Eqs. (4.6)) - (4.8))

in a matrix form as:

¢ 1
1 —

03 (v=DM?> (v —1)M?
QI_i_UExﬁI—FMESI:O, where E,=| 7—1 1 L_? 5
ot Ox 2¢p ¢ ¢

0 0 1

(4.9a — b)
+1 2
M?(1—v) -2 CL_l —WMZ—%l
1 2 2 2772 2
_ - M*(1—~ M M —1
B=3r 27(7—1)+(C) —2C'y+y_1 27(7—C>—7(’YC)M4

2¢ (yM? - 1) —2¢? 20y M?

(4.10)

It can be observed from Egs. (4.9]6) and (4.10) that the coefficients in the system of ODEs
(Eq.[4.9]a) are only functions of the axial mean flow and the steady heat transfer rate per unit

volume, Q.

On assuming a harmonic time-dependence for the fluctuating quantities in the form y = ge'*?,
Eq. (4.9]a) is recast in the frequency domain as,

d . e (i 0.\
@I_A(x, w, Q)I with A = —[E,] <UI+WLES> i, (4.11)

where 7 is an identity matrix of order 3.

The frequency and the heat transfer rate are specified in terms of the non-dimensional param-

eters He = wl/e (axial Helmholtz number) and Q = %
Pt 161

correspond to the stagnation pressure and stagnation speed of sound at the inlet, respectively.

, respectively, where p;, ; and ¢ 1

The subscript ‘¢’ denotes the stagnation (or total) quantities.

The first-order system of differential equations in Eq. is solved using a Magnus expansion
based method. In this method, the solution is expressed as an infinite expansion around the
axial Helmholtz number (He) and the non-dimensional heat transfer (Q). This infinite series
expansion is truncated to a certain order that guarantees reasonable accuracy for the model

under given conditions. The final solution is expressed as a relation between the flow invariants
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at any location (z*) to those at the inlet using,

B®)(2*, He, Q), (4.12)

NE

I(z*, He, Q) = [exp[B(z*, He, Q)]I;, with B(z*, He, Q) =

e
Il

0

where 2* = /I denotes the dimensionless axial coordinate. B®)(z*, He, Q) represents the

terms of the Magnus expansion each of order O(He, Q)k with k£ being the order of Magnus
(k)

expansion. These terms are obtained recursively using the matrix ¥, as discussed in |77,
136]:

q—J
Fi) = > B R 2<i<q-1,
! mzz | = (4.13)
_ - -1
F() = (B, A], PO = ad? )V (A)
where adg)(A) is an iterated commutator given by,
adP(A) = A, adbTV(A) = [B, adgﬂ(A)} (4.14)
Thus, B%®) is finally given by,
T* q—1 b T+
BW(z*) = drA (£), and B@W@r)=> 2 [ FY (¥)dz. (4.15)
0 = it 1

with & as the dummy variable. The exponential of the matrix B in Eq. can be expanded
using Taylor series up to an order k to obtain the invariant transfer matrix at the same accuracy
of the truncated Magnus series. To ensure convergence, the series may require computing the
transfer matrices separately for different sections of the nozzle which are subsequently multiplied
for the final result [136].

Using Eqgs. (4.12)) and (4.3), we obtain a transfer matrix, T, relating the wave-vectors at the

inlet to any location x*, which reads,
Wi, = TW;}, where T =[D,] 'CDy, (4.16)

where C = [exp[B(z*, He, Q)]] and D is given in Eq. (4.3)).

4.3 Acoustic and entropy transfer functions of the nozzle

In this section, the acoustic transfer functions of nozzles sustaining sub-critical and super-
critical flows are determined for acoustic and entropy disturbance forcing at the inlet. For

a nozzle sustaining subsonic flow Mach numbers, the incoming, W, = [pf Dy JT]T and the
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outgoing, Wi, = [pér 28 O';]T, waves are related using a scattering matrix S as,

fi = SW

out mn>

(4.17)

which is obtained by rearranging Eq. (4.16]). Note that while W. denotes wave vector at any

normalised spatial location x*, W}

- out denotes the directional wave vectors - either incoming
b

or outgoing.

For a nozzle sustaining super-critical low without any shock-waves inside, the acoustic and
entropy forcing inputs at the inlet (p] s and o] f) along with Eq. (4.5) give the three input
conditions. Eq. (4.16) for the subsonic portion of the super-critical nozzle then takes the form,

pq—r o pff
Pra | = [DQ] CD | p | (4.18)
% —_— *
Uu T/ 0-17 f

The above equation can be rearranged again by collecting the forcing inputs on one side and the
unknowns on the other. This gives, W3, = S,WV? since the upstream propagating wave near
the throat (z7,), p, , = 0, for the super-critical case and thus W}, = pi ;0 o7 T. Also
we define S; as the scattering matrix of the subsonic portion given in terms of the elements of
T'. The wave vector infinitesimally upstream of the throat (W?) propagates unaltered at the
throat and hence W3 = W7, with subscript ‘d” denoting a location infinitesimally downstream
of the throat. The transfer matrix in the supersonic portion of the nozzle is denoted by T,
and relates the wave vectors as W5 = T, W}, with T, = [DQ]_IC Dy,. This gives,

W3 = T, SV, (4.19)

Equation expresses the fast (py) and slow (p,) propagating acoustic waves and the
entropy wave (03) at the outlet as a function of the acoustic (piF ) and entropy (o7 ;) forcing
at the nozzle inlet. The upstream propagating wave at the inlet (p; ) in the subsonic portion
is given by the second element of the vector

*
out*

4.4 Validation results

The Magnus expansion-based semi-analytical solution is validated by comparing its predictions
against the numerical solutions of the linearised Euler equations (LEEs) Egs. - , and a
Magnus order of k = 5 is considered for this case. Note that these linearised Euler equations are
for a nozzle with a known distribution of heat transfer rate per unit volume, while Eqgs. -
are applicable for a given temperature profile but are both inter-convertible. It should
also be noted that these LEEs fully account for the acoustic entropy coupling unlike the 2LEEs
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used for validation in Chapter [2] and [3]

A converging-diverging nozzle of the type shown in Fig. 1] is considered for the validation,

with an area variation profile given as,

1 As,l z . ~
As~(a:) B 5 ( i 1> [cos (5) + 1} +1 ifzel0, 7 (w20
As 1+<Af’2—1>:;_f if x € [z, ]
s -z

where Z = 0.15m is the location of the throat, A, = 0.002m? corresponds to the throat area,

Ag 1A =21 and A, o/A, = 1.18.

Two different inlet conditions are considered that correspond to (i) sub-critical and (ii) super-
critical flows (without shocks). For the sub-critical case, an inlet flow Mach number of M; = 0.2
is considered with an inlet temperature of 1600 K and a pressure of 1 bar. The mean flow is
obtained by solving Eqgs. , using a Runge-Kutta fourth-order implicit scheme for
different levels of heat transfer set by Q. Although a constant heat transfer @ is assumed
along the walls of the nozzle for both cases for simplicity, the approach can assume any spatial
distribution Q(x*) The mean flow for the super-critical case is obtained using a modified
finite-difference based MacCormack scheme [137]. An inlet flow Mach number of M; = 0.29 is
considered for the isentropic case with T = 1600K, p; = 1bar. When heat is added (Q > 0)
or removed (Q < 0), the inlet Mach number for the given geometry differs and ranges from
M = 0.28 to M; = 0.30, for Q = 0.3 to Q = —0.5, respectively. The evolution of the Mach
number and the mean temperature inside the nozzle is presented in Fig. As expected, the
temperature at the outlet is higher when heat is added than for the isentropic case. For the
Mach number distribution, we observe different trends for the sub-critical and super-critical
cases. For the subsonic flow, the Mach numbers are higher when heat is added. This can be
attributed to the decrease of the density and subsequent increase of the velocity of the flow to
satisfy continuity. For the super-critical nozzle, adding heat reduces the flow Mach numbers,

explained by the increase of the speed of sound due to the temperature rise.

4.4.1 Effect of heat transfer on the acoustic and entropy response at zero
frequencies

The heat transfer effect on the acoustic response of nozzles at zero-frequencies (He; = 0) is
presented in this section. The heat transfer rate @ is varied in the range € [—0.5,0.5] for
the sub-critical flow and Q € [—0.5,0.3] for the super-critical one. For Q > 0.3 in the super-
critical regime, a normal shock appears and such flow cases are not considered for validation in
this chapter. The results compare the transfer functions calculated by the model, assuming a
Magnus expansion order, k = 5, alongside the numerical solutions of LEEs (Egs. - )
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Figure 4.2: Mach number, M, (lines) and mean-temperature, T, (lines with markers) for: (a)

sub-critical case with @ values of -0.5 (=++=), 0 (—), 0.5 (---); (b) super-critical case for Q
values of -0.5 (=+=), 0 (—), 0.3 (---).

0.5

Figure 4.3: Transfer functions for the sub-critical nozzle flow at zero-frequency predicted by the
present model (%), the compact isentropic model of (—), and numerical solutions ().
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Figure 4.4: Transfer functions for the super-critical nozzle flow at zero-frequency predicted by
the present model (), the compact isentropic model of |76] (—), and numerical LEEs (:+).

The compact, isentropic theory results of Marble and Candel |76| presented in Section are
also plotted to assess the importance of the heat transfer on the acoustic solution. As shown
in Table [4.1] these transfer functions are functions of only the flow Mach numbers at the inlet
and the outlet. Hence, corrected Mach numbers based on the non-isentropic mean flow results

are used in estimating these compact, isentropic transfer functions.

Figures and [£.4) show the coefficients of the transfer functions for the sub-critical and super-
critical nozzle flow cases, respectively. The model predictions are compared with numerical
solutions, and an excellent agreement is observed. The effect of heat transfer on the results is
revealed to be important and cannot be accurately captured using isentropic compact theory
results of [76], outlined in Tables [4.1]and [4.2] even with corrected mean flow. Strong sensitivity
of the entropy transfer function was observed for the super-critical case where the flow Mach
numbers in the diverging portion get close to 1. A finer resolution was adapted to capture the

trend reversal in these regions.

4.4.2 Effect of heat transfer on the acoustic and entropy response at non-
zero frequencies

Figure [4.5] shows the variation of magnitude and phase of the acoustic transfer functions for
the sub-critical nozzle flow as a function of the frequency, for both isentropic (Q = 0) and non-
isentropic (Q = —0.5) cases. It can again be observed that the model estimates are accurate.
The magnitudes of the reflected acoustic wave at the inlet, p;, initially peaked before exhibiting
a low pass like behaviour for both acoustic (p}L f) and entropic (o7 f) forcing. This behaviour

was also observed for the acoustic transmission transfer function (p;) for an entropy forcing
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Figure 4.5: Transfer functions for nozzle with sub-critical flow as a function of the frequency

He;. Numerical (- and model solutions () for @ = 0. Numerical (- - -) and model solutions
(0) for @ = —0.5. \\ compact solution ().
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Figure 4.6: Transfer functions for nozzle with super-critical flow as a function of the frequency
He;. |76] compact solution ().

(07 ;) at the inlet. The phase of the transfer functions is observed to be only mildly affected
by the heat transfer.

Fig. [4.6] shows the variation of the transfer functions as a function of the frequency for the
super-critical nozzle flow with Q = —0.5 and 0. The upstream propagating wave at the inlet
(py) is not plotted as this is calculated using the scattering matrix of the subsonic portion
alone and behaved similar to p; of the sub-critical flow case. The model estimates for the
transfer functions are again accurate for both cases. The slow propagating wave at the outlet
(py ) has a low pass like behaviour for both entropy (o7 ) and acoustic (p;r f) forcing at the
inlet. The phase variation is again observed to be minimal with heat transfer except for the

slow propagating wave (p, ) when forced with entropy (o} f)'

4.4.3 Effect of heat transfer on the entropy generation at zero frequencies

For nozzles sustaining isentropic mean flow, as noted from Eq. , the entropy wave advects
without any amplification or attenuation. However, for nozzles sustaining heat transfer, the
amplitude of the entropy wave changes. The indirect noise thereby produced can be higher than
anticipated using the isentropic relations and must be accurately modelled; this is achieved using

the Magnus expansion method.
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Figure 4.8: Entropy generation and amplification in super-critical nozzle flow at zero-frequency
predicted by the present model () and numerical LEEs (:++).

Figures [£.7] and [4.8] present the entropy generation and amplification in nozzles sustaining
sub-critical and super-critical flows, respectively, as a function of the Q at zero frequencies.
The model estimates are accurate and as observed, heat exchange in the form of heat added
(Q > () or removed (Q < 0) can result in significant levels of entropy generation for given input
acoustic disturbances. For the isentropic case (Q = 0), however, the entropy generation due to
these incoming acoustic wave forcing is zero (Fig. 4.7 (a), (b) and Fig. (a)). For this case of
acoustic forcing, nozzles losing heat (Q < 0) are subjected to higher levels of entropy generation
than nozzles gaining heat for the same ‘Q‘ Hence practical combustors which generally sustain
a heat loss to the cold dilution air or due to the presence of heat exchangers [10] are susceptible
to higher exhaust noise due to indirect noise generation mechanisms. The upstream propagating
acoustic component of the generated indirect noise also affects the thermoacoustic stability of

the system [92].

The entropy wave amplification (o3 /o] f) is less sensitive to @ for nozzles with sub-critical flow
(Fig. 4.7] (¢)) than super-critical flow (Fig. [4.7 (b)). A maximum of 6% attenuation occurs for

@ = 0.5 for the sub-critical case while a 20% amplification occurs for the super-critical case at

Q = —0.5. As expected, the entropy wave advects unaltered (O’;/O’if = 1) for the isentropic

case (Q = 0).
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Figure 4.9: Entropy generation and amplification for the super-critical nozzle flow as a function
of the frequency He;. Numerical (-+) and model solutions () for Q@ = —0.5. Numerical (- - -)
and model solutions () for Q = 0.3.

4.4.4 Effect of heat transfer on the entropy generation at non-zero frequen-

clies

We now turn our attention to study the effect of Q for non-zero frequencies. Figs. and
show that for the considered @, the magnitude of the transfer functions is accurately captured
with small deviations in the phase at high frequencies, for sub-critical and super-critical flows,
respectively. This deviation is attributed to the truncation of the Magnus expansion to the fifth
order in frequency (k = 5). Note that the results in this case are presented for Q = —0.5 and
0.5 for the sub-critical case, Q = —0.5 and 0.3 for the super-critical case. Negative values of Q
can be again observed to result in larger levels of entropy generation (|o3|). This difference as

a function of Q is appreciable for low frequencies and diminishes at high frequencies.
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Figure 4.10: Entropy generation and amplification for the sub-critical nozzle flow as a function

of the frequency He;. Numerical (-++) and model solutions () for @ = 0.5. Numerical (---)
and model solutions ({) for @) = —0.5.

4.5 Summary

To summarise, this chapter introduces a mathematical model to determine the acoustic and
entropy transfer functions of a quasi 1-D nozzle sustaining non-isentropic mean flows, with
heat transfer as the source of non-isentropicity. The model is applied to nozzles with both sub-
critical and super-critical flow configurations for different levels of heat transfer and frequency,
and the predictions are successfully validated against numerical solutions of the LEEs. The
computational cost of the Magnus expansion model is significantly lower compared to the
numerical LEEs solution and the detailed comparison is given in Appendix The model
results are also compared with the isentropic compact transfer functions presented by |76], and
it is observed that neglecting the heat transfer can lead to large deviations. Certain acoustic
transfer functions are amplified with increasing Q, while some are found to be attenuated.
For both the sub-critical and super-critical cases, the magnitude of the transfer functions was
found to be more strongly affected in the presence of heat transfer than the phase. For nozzles
with heat transfer, entropy generation was observed to occur in response to incident acoustic

disturbances, with stronger entropy waves for the case of nozzles sustaining heat loss.

Although this analysis considers the steady heat-transfer as the main source of non-isentropicity,
other sources are also possible. For example, De Domenico et al. [107, 108] analysed the effects
of flow separation and friction on the acoustics. The effect of dissipation (flow re-circulation
and wall friction) was modelled from conservation laws by Jain and Magri [109], who computed

acoustic transfer functions for any Helmholtz number and Mach-number regime and analysed
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the effect that dissipation has on thermoacoustic stability. Also, the effect of shear dispersion
and local turbulent mixing on the entropy wave |100] 101] were found to significantly affect
thermoacoustic behaviour in nozzles. Emmanuelli et al. [103, 104] and Huet et al. 105, |106]

developed acoustic models that accurately account for these the non-planar entropy wave effects.
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Chapter 5

Semi-analytical solutions for the 2-D
acoustic field in annular nozzles with

mean flow

In this chapter, the WKB and the Magnus expansion based solutions, presented in chapters [4
and [f), are extended to estimate the two-dimensional acoustic field in an annular nozzle flow.
The annular nozzle is assumed to have a thin gap, such that only axial and azimuthal flow
perturbations are significant. The mean radius of the annulus as well as its flow width can
vary in the axial direction, and the mean flow passing through it can have axial and azimuthal
components. The WKB solution can consider the mean flow to be non-isentropic with arbitrary
axial temperature variation, while, the Magnus expansion based analysis is limited to isentropic
annular nozzle flows in this study. The governing flow conservation equations, the mean flow
equations and the linearised Euler equations (LEEs) for both the isentropic and non-isentropic
annular nozzle flows are presented. The LEFEs thus achieved are solved using both the WKB
based and Magnus expansion based methods. While the WKB based method neglects entropy
disturbance effects and requires sufficiently high frequencies and low subsonic flow Mach num-
bers, the Magnus expansion based model presented in this chapter is limited by the isentropic
mean flow (Q = 0) assumption. The model solutions are validated against numerical solutions
by applying them to an annular nozzle with a quarter sinusoid like area variation. The WKB
model’s applicability to stability analysis is further shown by accurately predicting (< 2% devia-
tion) the acoustic modes for an axially varying annular nozzle, validated using a 2-D low-order

network model solver based on modal expansions.
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5.1 Introduction

An acoustic model that accurately captures the two-dimensional acoustic field in a thin annular
geometry, accounting for geometric complexities in the form of varying mean radius and flow
width, and mean flow complexities in the form of an azimuthal mean flow component and non-
isentropic mean flow, has so far been lacking. This chapter presents such a two-dimensional

acoustic model.

The main contribution is to derive semi-analytical model solutions, based on the iterative WKB
method and the Magnus expansion method, for the 2-D acoustic field in an annular nozzle which
(i) has a varying mean radius and flow width, (ii) sustains a subsonic mean flow which may have
components in both the axial and azimuthal directions, and (iii) exhibits an axial temperature
variation (only for the WKB solution), as shown diagrammatically in Fig. [5.1] The general
case of a non-isentropic mean flow will be considered for the WKB solution, for which the axial
temperature and cross-sectional area gradients can be prescribed independently. However,
the Magnus solution is limited to isentropic mean flows without any heat exchange with the

surroundings in this study. The capabilities of the two models are summarised in Table

Table 5.1: Modelling for thin annular nozzle flows

Isentropic flow with . Sub-critical and
: . Low subsonic . Heat transfer
Model axial and azimuthal super-critical
mean flows effects
components flows
WKB based v’ v’ R v’
Magnus expansion % o % "
based

In the context of a narrow gap annular nozzle, the two-dimensional conservation equations are
derived and presented by neglecting any effects of diffusion and flow variations in the radial
direction. The conservation equations are linearised, assuming the perturbations to be small
compared to the mean flow properties. The analysis makes the narrow annular gap assumption
[125], using which the radial modes are assumed to be cut off for the considered frequencies.
Acoustic variations in both the axial and azimuthal directions are accounted for. The LEEs
obtained for the isentropic and non-isentropic flows are also then presented, these being an

important contribution of this work.

The analysis is first applied to annular nozzles with non-isentropic mean flow due to steady
heat transfer, and the acoustic solution is obtained using the iterative WKB method. Similar
to the assumptions of the one-dimensional WKB acoustic solution, sufficiently high frequencies
and low subsonic flow Mach numbers in the nozzle are assumed. The effect of the entropy

disturbance on the acoustic field is also neglected, again citing low flow Mach numbers |44] and
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Actuator

Anechoic
boundary:
0

WC_"

: x
Figure 5.1: Sketch of an annular nozzle with varying mean radius (r) and flow width (h), in
between the inlet plane, denoted 1, and the outlet plane, denoted 2. m, n, and 6 correspond
to the meridional, normal and azimuthal directions respectively. For the validation test-cases,

actuation upstream of the area variation, and an anechoic boundary upstream of actuation are
considered.

enhanced shear dispersion of the entropy waves at these high frequencies |95, [101].

The Magnus expansion based solution is then presented for the 2-D acoustic field sustained in
annular nozzles with isentropic mean flow. As shown for the 1-D acoustic field in Chapter []
this solution can be applied to both sub-critical and super-critical configurations and is accurate
over a wide range of frequencies. The effect of the entropy disturbance on the acoustic field is

also accurately captured.

5.2 Analysis using the iterative WKB method

In an annular nozzle, as shown in Fig. the axial (z) and the radial (r) coordinates are
not independent as the nozzle radius varies as a function of x, that is r = r(z). Hence,
the axial and the radial coordinates are mapped into independent meridional (denoted by
m) and normal (denoted by mn,) coordinates as shown in Fig. |5.1] The flow variations in
the normal direction (n,) are assumed negligible for this analysis assuming a thin annular
gap [125], therefore variations in both mean flow and perturbations along the normal direction
are neglected. This transformation leads to the following conservation equations, consistent
with [13§], given by,
e Mass conservation
dp 1 9(prhvy,)  10(pvg)

o T om Troee 0 (5-1)
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e Meridional momentum conservation

O, OV, Vg Ovp, Ug ... 1op
ot TUnam T eg ST e (5:2)

e Azimuthal momentum conservation

81}9 a”UQ Vo % Um Vg ‘ingf) _ _ - F (53)

ot T "mam T o0

e Energy conservation

0s 05 wos Ry

ot om ' r oo p (54)

where v,,,, vg, r denote the meridional velocity, azimuthal velocity, and the mean radius of the
annular nozzle respectively, while ¢ = sin~! (dr/dm). Asshown in Fig. h represents the flow
width, measured along the normal direction n,. The effects of the steady heat interaction per
unit volume to the surroundings, denoted 6, is accounted for, assuming no heat perturbations
inside the nozzle (Q° = 0). The area and mean-temperature variations in the meridional

direction are also characterised by the variables o and § using:

A,
1 dAy 1dr 1dh 1dT
¥ r
- — - = —— 5.5, 5.6
A dm  rdm  hdm’ b Tdm’ (5.5, 5.6)
where A corresponds to the meridional flow area, thus Ay = 27r h s Note that the gradients
08

are defined with respect to the meridional axis. Using the thermodynamic relation dH =
Tds + dp/p, time-averaged form of Eq. (5.4) and assuming no mean flow variations in the
azimuthal direction, i.e., 20 () = 0, the steady heat-transfer rate of the annular nozzle in

terms of mean flow gradients reads:

(5.7)

dT dvy, | dug
dm '

)=7p0 Cp— +Um—— +7v
Q=pVnm ( P dm + Um + Vg am
Similarly, the time-averaged components of the annular nozzle conservation equations (Egs. (5.1))

- (5.3))) can be expressed in terms of «, 38, M,,, My and r as,

Ldﬁm_ﬁ—a—'yM(gAr 1dvg 1dp  —yMZ (B —a)+yMzA,

_ A, =L

U dm =AMz 7 vpdm " opdm 1=y Mg, ’
1dp _ ayMy — B+ yMGA, (5.8 - 5.11)
pdm L —yM3, 7 | |

where, M,,, = U,,/¢ and My = Uy /¢ are the meridional and azimuthal flow Mach numbers, and
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1 dr
rdm

T
On equating the first order perturbation components, the linearised Euler equations in the time
domain can be obtained. These are converted to the frequency domain, assuming a harmonic
time dependence of the form y' = §e“*ti"¥ for the flow perturbations, where w represents the

complex angular frequency and n denotes the azimuthal mode number - an integer. This gives,

1 M, M dp
[ + By Mo+ Mo + 72 M, ((6—00 2A>]p+ - P
pcC M, pc dm (5.12)
do in
(a—(ﬁ—oz)M,%—i—MgA)Um+d—m+—v9—0
Term 1 Term 2
do i O AU AUy, P 1 dp M, 1 dv, dv, S
. Um mn_ Um Um Um P p 0 N _ Um Vg S
—_— 4+ — ——2 Aty = — —_— —
(1w+dm+ Ue) +dm+dm ’yp+ﬁ dm M, T %, Umdm T dm e
(5.13)
. a6 C
(iw + P, 4 var) Bp 4+ Tyl 4 VP . (5.14)
r dm rp
i 3 ds 1—M2)+(1- M2 + MZA b )
<iw+mv9>8+vm Slep _ g B m) +(1=7) (20‘ m T MEA,) <vm+p>.
T p dm 1—~yMgz Um D
(5.15)

The above linearised Euler equations (LEEs), Egs. , apply to a thin annular
nozzle sustaining a mean flow with both meridional and aznnuthal components, and arbitrary
mean radius, flow width and temperature variations in the meridional direction. These LEEs
(Egs. - ), apart from the assumptions for the mean flow, assume the flow pertur-
bations in the normal direction (n,) to be negligible and assume a linear framework for the
fluctuations. The LEEs thus achieved are applicable for any frequency, azimuthal mode number

and mean flow in an annular nozzle.

The effect of the entropy disturbance on the acoustic field is governed by the source term in
the meridional momentum equation, FEq. . An important observation here is that the
gradients of both the meridional (Term 1) and azimuthal (Term 2) velocities in Eq.
affect the communication between the acoustics and the entropy. As stated earlier, owing to
the high-frequency approximation of the WKB method and low flow Mach number assumption
considered for the final solutions, the effect of the entropy perturbations on the acoustic field is
neglected. Therefore the right hand side of Eq. is assumed negligible, allowing Eqs.
and to be written in the form,

doy, dp doy,

dp
A2p+32d +02’Um+d7+X1'U9 = 0; D2p—|—E2d7+F2’Um+d7—|—X2U9 ~ 0, (516, 517)

where the coefficients As, By, Co, Do, Fo, F5, X1 and Xs correspond to the coefficients of the
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perturbation terms in Egs. (5.12)) and (5.13) and read,

1 [iw in M?
Ay =— [ + ByM,, + — My + ’}’2an ((ﬁ —a) — gAr>:| , Ba = %,
pc|c r n pc
do,, 1 1
Cy=(a—(B—a) M2+ M?A,), Dy= 2" Ey=
»=(a—(B—a) M, +MjA,), Dy am 5 2T oo
dv,, i 1 i M,
F=liwt+ 4 25— x, =2 xy = 920N, (5.18a - f)
dm T Um, T M,,

These coefficients are functions of the meridional coordinate m (axial and radial), meridional
wave-number k, = w/¢ and azimuthal mode number n. Note that the axially varying mean or
fluctuating variables can be expressed as functions of the meridional coordinate (m) once the

mapping m = m(x, r) is obtained from the nozzle geometry profile.

Again, we use Egs. (5.16)) and (5.17)) to eliminate do,,/dm, and express 0y, in terms of p, dp/dm

and 7y as,

. . dp . ) Ag — Dy By — Ey X1 —Xo
m = G Ho—+1>0y; th Go=|——=], Hy = dIl, = )
v 2p+ 2dm+ 20g; W1 2 <F2_02> 2 <F2_02> and 12 <F2—Cg)

(5.19)
Eq. (5.19) and its differential with respect to m then replace 0y, and dv,,/dm in Eq. (5.16),

leading to a second order differential equation (ODE) for p:

Ky
d%p dH> dp dG, ) dig dl, )
H27dm2 + (GQ + T + CyHy + Bz) am + <02G2 + I + AQ) p= —IQ% —(CaIy + I + X1)0g.
(5.20)
On using Eq. (5.14]), and expressing 0y in terms of p and dog/dm, we obtain,
d?p dH, dp dGs Jo K, dg
Hy—+4+(Go+ —+C3Hy+ By )| —+(CoGo+ —+ A — =Ky |p=|—-1) —.
2dm2+< 2_‘_dm+ 2Hz + 2)dm+ 2 2—i_dm—i_ 2 Ji L)p Ji dm
(5.21)
1 . .
with J; = — <iw + 2%, +var>, Jy = 2.
Um r pr

Using Egs. (5.8)) - (5.11)), any mean flow gradient terms in the coefficients of the second order

differential equation (Eq. (5.21))) are expressed in terms of «, 8, M,,, My and r. Again using
O(a) or 0(p) or o(A,) 1 da 1 dg (1)

and the ratio Kk, =

the definitions of § ~ o o o Pyl 5 dm
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and retaining only terms up to order O(6?), O(M?, M), the ODE takes the following form:

M, d?p 1
1— uMy)? — M2 — (B — m 1 ouM) | P
(0= M) = M2 = (5= 20) 3 (1= 20)| 3
. a+ 14+7)+ A, 2u’M?
- [21Mm—kﬁ(1—,uM9)2+(k7)5 n— My " 2+ My) + ‘i 0 (147rA,)
2 <2a5 (2 + uMp) — 28° — 4" My — ( - 2> (1 — 2uMy) > pror
My, iBMy (L+7)  2uMy cotp\] .
1—p?(1— ub —2A,) ) — - A [a—2A, + ==
+[ u( ue+iko(ﬁ )> i 2 a +Rc p
0
Terms higher than ordeM
_ pe 2 dog
- ?g [_MMm (2 - AT) — 2MpA, (1 + HMG)] %a
(5.22)

where, p1 = n/kor is the ratio of azimuthal wave-number (n/r) to the meridional wave-number
(ko) and R, is the local radius of curvature of the duct. In the above equation, the azimuthal
wave-number is assumed to be less than the meridional wave-number, n/r < k,, and terms of

order O(z%) and higher are hence neglected.

As indicated by the crossed out arrow, the coefficient of dvg/dm in Eq. is neglected owing
to its multiplication factor 1/k2. Eq. then takes the form of a homogeneous second order
ordinary differential equation (ODE), this governing the acoustic field in an annular nozzle
with arbitrary meridional temperature gradient predominantly due to heat transfer and mean
flow (the latter with both meridional and azimuthal components). The main assumptions
underpinning it are: (¢) the narrow annular gap assumption that the acoustic field is two-
dimensional, (i7) |6|] < 1 and & ~ O(1), (4i7) constant gas properties v, Ry, (iv) negligible
effect of the entropy disturbance on the acoustic field, (v) low Mach number flow such that
terms of O(0°M?), O(M3), O(M}) and higher are negligible, (vi) azimuthal wave-number is

less than meridional wave-number such that terms of order O(u?) and higher are negligible.

The ODE in Eq. (5.22) is consistent with our previous derivation for plane waves (Eq. (2.21)))
when the two-dimensional effects on both the mean flow and acoustic field are negligible, i.e.,
p=0,My=0,m=u.
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5.2.1 Semi-analytical solution using the iterative WKB method

The iterative WKB method is now applied to solve the ODE in Eq. (5.22)) by expressing the

two-dimensional pressure perturbation as,

p(m,w,n) =TI exp / " (a* (1) + b (10)) drna, (5.23)
mi
with m as a dummy variable, and mj corresponding to the nozzle inlet shown in Fig. The
positive (+) and negative (-) signs correspond to the downstream and the upstream propagating
wave amplitudes, respectively. The two real variables, a and b, for the first iteration take the
values a1 =~ O(a, ) while by ~ O(k,) |88, 93|. The wave-number is assumed to be real, and
the imaginary part is neglected. For the test-case considered in Fig. (right), it is later
shown in Section that the fundamental mode’s imaginary part is less than 1% of its real
counterpart, justifying this assumption. The mathematical analysis (presented in Appendix |C))
also shows that assuming w to be either real or complex for the WKB analysis resulted in a

difference of less than 0.01% for the modal solution estimates of the annular nozzle test-case in
Fig. (Right).
On substituting Eq. (5.23)) into Eq. (5.22) and equating the real part to zero, a quadratic

equation for b is obtained,
—b? [(1 — uMy)* — ME,L} + 2ko Mypb + k2 [1— p® (1 — pMyp)] + O(6%) =~ 0. (5.24)

Solutions for Eq. (5.24) yield improved estimates for b:

bt My, F A 2
— = ,  where A =1/ (1 — puMy)” — p? (1 — M2). 5.25
S Te 1 Sy VO g =2 - M2). (5.29)

Similarly, on equating the imaginary part to zero and neglecting terms of order O (63), O (53 M )
and higher relative to the leading term of order O(§), an updated result for a* is obtained,

Terrlr\ls 1
i a [ 1 dx ayM2  u?M,, ,u2M92 A,,Me2 3A M, My
=_-_£2 _ =2 + — A, - +
“ 27 4 2ndm 2 o B A 2 A
TeI'JIIlS2
M,
+ <§ — oz) (Mg1 FAM,, (1+ 2,uM9)) — AppuMy (34 2uMy) F ﬁé)\
(5.26)

Using the definition of acoustic pressure given by Eq. (5.23) along with the final expressions

for a*, b*, the principle of superposition allows the overall solution for the acoustic pressure
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to be expressed as,
p(m,w,n) =C*P* (m,w,n) +C P~ (m,w,n), (5.27)

with C* and C~ being constants that are determined using boundary conditions and,

Af 1/2 T, 1/4 A 1/2 m
pt — < A;c ) <T> (}\) exp </ [sum of Terms 1 & 2in Eq. ]dﬁm)

m1
m Mm
><exp</ ik:o( ?22)\ 2)dﬁ1),
my (1 - MMG) - Mm ( )
5.28

where subscript 1 denotes the values at the inlet and m is again a dummy variable. The explicit

dependence of the acoustic field solution on the area, mean temperature profile and meridional
and azimuthal mean flow components can be observed in Eq. . The amplitude part of the
wave-like solution in P*, given by Eq. , contains Terms 1 and 2 from Eq. under the
integral sign. This implies the final solution requires numerical integration, and at any location
m, it depends on the mean flow properties upstream. Hence this general solution, applicable

to arbitrary area and temperature profiles, is considered to be semi-analytical.

The meridional velocity perturbation, 0,,, is determined from Eq. (5.19)) and can be written as,

A 1 1 + + + —— - m A
m 9 9 =T — - N X _X 5 2
O (Myw, M) 5 [pak:o (BYtctPt —-BC P+ e (X1 2) Vg (5.29)
where S =1+ uMg + (8 — 2a)) My, /ik,, and,
BE =+~ iﬁiiﬂu—M?)ﬂk A (1 +2uMy + 3p° M§) F ikop M My
2 2\ dm " ? o orm
20 (B—A,)  BM2
+ uMyA, (3 + 2pMy) + M, <£\ (’H—/\Q) A)—'u éf\ ):I:ﬁ4m (2y=17)
2 _ 2M2 ATMQ , i
p My (3=7) _p 6 (1—7rA,)+ O+ onuMy My (2 — o _ 3ArpMimn My
2 r 2 A
(5.30)

The azimuthal velocity perturbation solution 0y in Eq. (5.29), for a given 79 1 at the inlet, is

obtained from the solution of the non-homogeneous first order differential equation given by

Eq. (5.14)), and reads,

m M
00,1 + p In [ < <M+0m—A>d )]dm
ML DUy T M, r
< ( M9m+Ar>dm>
M, r

with m and m as dummy variables.

Vg = (5.31)
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5.2.2 Frequency range of validity for semi-analytical solution

e Cut-on frequency limit: The presence of non-decaying waves in the circumferential
direction requires the frequency to be larger than the cut-on frequency of the necessary
azimuthal mode sustained in the duct. Evanescent waves in the azimuthal direction occur
for any frequency lower than this. The azimuthal cut-on frequency limit is obtained by
finding the frequency for which the determinant of the quadratic equation (Eq. )
becomes greater than zero. This condition is expressed in terms of Helmholtz number at

the inlet, Heq, thus requiring He; > He; ., where,

Heq, . = max [nlc (Me ++1- M%)] (5.32)
r C

and the “max” function gives the maximum limiting value at any location for the term
inside the square braces. A frequency above this limit is required to ensure the azimuthal

mode is cut-on inside the annular nozzle.

e Lower frequency limit: The analytical solution derived using the WKB method
assumes high frequency. Based on the terms neglected in deriving the final solution of
the acoustic variables, Egs. - can be used to obtain an expression for the
frequency above which the WKB solution guarantees accurate results, given in terms of
Helmholtz number, He = wl/¢. The lower frequency limit for the analytical solution will
then be given by either this or the azimuthal mode cut-on limit in Eq. :

Hejower = max |Hey , f—cx/ 02+ 62M,,|, where ¢ = max [;‘, ‘km] . (5.33)
Cc1 o o

Except for the fundamental plane wave mode, the lower frequency limit is generally gov-
erned by the azimuthal cut-on limit. For example, for the test-case considered in Fig.
(Left), the WKB limit given by the second term in the bracket of Eq. requires
He;/ (2m) > 0.224, which is satisfied by all azimuthal modes beyond the fundamental

plane wave mode for which n = 0.

e Upper frequency limit: The WKB solution in this chapter is valid for systems where
the higher-order acoustic radial modes are cut-off, which sets an upper limit on the
frequency that can be considered. The frequency at which the radial modes are cut-on

depends on the radial gap, and is given [125] as,

-
Heupper = min | ——— /1 M2 , (5.34)

(ro - Ti) Ccy

where, r, and r; correspond to the outer and inner radii of the annular nozzle respectively.

It is assumed that the source of acoustic waves is far upstream, as shown in Fig. [5.1] and
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any evanescent radial modes fully decay before they reach the nozzle inlet at mj.

To summarise, Eqs. - estimate the two-dimensional acoustic field in an annular
nozzle with both meridional (or axial) and azimuthal mean flows, sustaining any meridional (or
axial) temperature gradient due to heat exchange with the surroundings. These, along with the
linearised Euler equations Eqgs. - are important results of this work. It should be
noted that the variations in the meridional direction can always be mathematically expressed
in terms of axial variations once the mapping function m = m(z, r) is known from the nozzle
geometry. Beyond the assumptions stated in the derivation of the governing ODE for acoustic
pressure, (i) terms of order O(6%) and higher are further neglected, (ii) the imaginary part of
wave-number (k,) is assumed very small compared to the real part, and (iii) the considered
frequency and azimuthal mode requires to satisfy both the lower and upper frequency limits
set by Eqgs. (5.33]) and (5.34)), respectively.

5.3 Validation

The WKB method based semi-analytical model described in Section [5.2] can be applied to any
annular nozzle area variation, temperature profile, low subsonic mean flow and azimuthal mode
number, as long as the perturbation frequency conforms to the limits presented in Section [5.2.2
For validation, the model is initially applied to an annular nozzle whose shape varies axially as

a quarter sinusoid, as shown in Fig. with the outer, r,, and inner, r;, radii prescribed by,

2 2
T 1(r Tr—x

25 == ;’1 —1] |cos|m L) 41| +1, with 72 1 = 3m? and 772 5 = 1m?;
To,2 2 To,2 T2 — 11 ’ ,

2 2

T 1 (7 r—

2t == ’2’1 — 1| |cos | L) 41| + 1, with 7r? | = 2.5m? and 7r2 , = 0.8m?;
Tio 2\ 759 T2 —T1 ’ 7

(5.35)
and subscripts 1 and 2 represent the inlet and outlet planes respectively (shown in Fig. [5.1)).

A linear axial temperature gradient, varying from 1600K at the inlet to 800K at the outlet is

considered. The inlet acoustic impedance Z; = is assumed to be equal to —1. Other

P1¢10m,1
mean flow and geometrical parameters, along with the frequency limits defined in Section [5.2.2

are presented in Fig. (Left).
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Mean flow Inlet Outlet Mean flow Inlet Outlet
M,, = 2 0.2 0.236 M, =™ 0.03 0.06
C C
T 1600K 800K T 1600K 1598K
My 0.012 0.03 My 0 0
Frequency limits He/(2w) f Frequency limits  He/(2w) f
Lower limit forn = 0 0.224 168Hz Lower limit forn =0 0.16 120Hz
Lower limit forn =2 1.02 766Hz Lower limit forn =2 0.91 684Hz
Upper limit 9.8 7363Hz Upper limit 5 3756Hz

Figure 5.2: (Left) Schematic of the first annular nozzle used for validation. It has length [ = 1m
and its shape varies axially as a quarter sinusoid, with the corresponding inlet and outlet radii
given in Eq. . The nozzle sustains a non-isentropic mean flow whose parameters, along
with the calculated frequency limits, are shown in the table. (Right) Schematic of the second
annular nozzle used for validation. It has a conical shape with constant mean radius (I = 0.5m,
hi1 = 0.05m, hg = 0.025m, r = 0.175m). It sustains an isentropic mean flow whose parameters,
along with the calculated frequency limits are shown in the table. (For both the cases, the
lower frequency limit, Hejgyer, i given by Eq. , while the upper frequency limit, Heypper,

is given by Eq. ((5.34)).

The semi-analytical model solutions obtained using Egs. - , are compared with the
numerical solutions of the linearised Euler equations, Eqs. - , assuming negligible
effect of the entropy disturbance on the acoustic field. Dowling’s [134] approach of a semi-
infinite boundary is considered in the meridional direction, facilitating validation over a wide
range of frequencies and azimuthal mode numbers. For a particular frequency and azimuthal
mode number, the resulting initial value problem of the LEEs is solved using a fourth order

Runge-Kutta method by discretising the duct into 1000 equal domains (N) of lmm each.
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The definitions of the transfer functions for the acoustic pressure, meridional velocity and the
error function (calculated as an L? norm) remain as defined in Chapter 1 (Egs. (2.62), (2.63)

and (263)).

5.3.1 Results

3 . . . .
(a) WKB Model (©) Numerical LEEs
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Figure 5.3: Evolution of F,, and F,,, with meridional coordinate, m. T1 = 1600 K, Ty = 800
K; My, 1 = 0.05, 0.2 & 0.3, My, o2 = 0.09 & 0.36 & 0.56; vg,1 = 10ms™!; 651 = lms™!;
He;/(2m) = 1.2, n = 1 and Z; = -1. (a): transfer function gain |F,|. (b): transfer function
phase ZF),. (c): transfer function gain |F,,|. (d): transfer function phase ZF,,.

The quarter sinusoidal shaped nozzle in Fig. (Left) is initially considered across three
different meridional inlet low Mach numbers and three azimuthal mode numbers. The consid-
ered frequency of Hej/ (2m) = 1.2, satisfies both the lower and upper frequency limits set by
Egs. and for the considered azimuthal mode numbers.

e Low subsonic flow Mach numbers: Figure [5.3| compares the semi-analytical model
and numerical LEEs solutions for the acoustic pressure and velocity for different merid-
ional flow Mach numbers and an azimuthal mode number of n = 1. For the case of low
flow Mach numbers (M,, 1 = 0.05 and 0.2 at the inlet, and M,, 2 = 0.09 and 0.36 at
the outlet), in the presence of a strong axial temperature gradient 800Km ™!, the model
predictions closely match with the numerical solutions. Also the model prediction for
azimuthal velocity perturbation vy, shown in Fig. (a) and (b) for an inlet flow Mach

number of M, 1 = 0.05 and 99 1 = 1 ms!, is accurate.
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e High subsonic flow Mach numbers: Figures (c) and (d), compare model
and numerical predictions for the case where the inlet meridional Mach number is 0.3
(and the corresponding outlet meridional Mach number 0.56, with the maximum flow
Mach number inside the nozzle being 0.6). As the derivation of the semi-analytical model
assumes low flow Mach numbers, a deviation is observed in the model solutions for this
higher flow Mach number case. However, the model error € (using Eq. ) was observed
to be less than 7% for both acoustic pressure and velocity (¢, = 0.07 and ¢,,, = 0.063).
Similarly, the error for the azimuthal velocity perturbation (Fig.[5.4] (c¢) and (d)) estimate
was observed to be less than 8% (e,, = 0.076), compared to the numerical solution.

Although a separate first-order ODE is solved for 0y, the error is manifested from using

the acoustic pressure (p) solution given by Eq. (5.27)) in the estimation of 9y (Eq. (5.31))).

Hence the errors are of the same order.
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Figure 5.4: Evolution of F,, with meridional coordinate, m. Numerical LEEs (lines) and WKB
model (markers). T1 = 1600 K, T2 = 800 K; Up, 1 = 10ms™!; 9 1 = lms™!; Hey/ (2m) = 1.2,
and n = 1. (Left) M, 1 = 0.05, M, 2 = 0.09, (a): transfer function gain |F,,|, (b): transfer

function phase ZF,,. (Right) M,, 1 = 0.3, My, 2 = 0.56, (c): transfer function gain |F,,|, (d):
transfer function phase ZF,,.

o Effect of the azimuthal mode number: The semi-analytical model is applied to
the quarter sinusoid shaped nozzle (Fig. (Left)) for three different azimuthal mode
numbers n = 0, 1 and 2, all for the same mean flow and meridional wave-number
(Hei/ (2w) = 1.2). As shown in Fig. [5.5] the model predictions are accurate for all

three mode numbers, n. The increased effect of the higher order circumferential modes
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Figure 5.5: Evolution of F,

transfer function gain |Fj|, (b): transfer function phase ZF,
(d): transfer function phase ZF,, ,

LF,,.

(n

F,,, and F,, with m for n = 0, 1, and 2. He;/ (27) = 1.2; T4
= 1600 K, To = 800 K; Mm,1 = 0.2, My, 2 = 0.36; Up,1 = 10ms™!

1, 2) on the meridional acoustic field is apparent from Fig.

and 09 1 = lms™
. (c): transfer function gain |F},
(e): transfer function gain |F),,|, (b): transfer function phase

L (a):

m|7
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5.3. Validation

o Effect of low Mach number: The semi-analytical model’s applicability limits further
demonstrated in Fig. for n = 0 and Fig. for n = 2 using contour plots for the
error calculated using Eq. (2.64). The dotted (-) and the chain (-+-) lines correspond
to the lower and upper frequency limits Eqs. (5.33) and (5.34]) respectively. Thus, the

intermediate region between the lines represents the regimes where the model is applicable.

The acoustic pressure and velocity errors illustrate that the model can be employed over
a wide range of flow Mach numbers and frequencies while keeping the error below 10%
(enveloped by the blue contour). The model applicability limits are slightly wider for the
case with no azimuthal modes (n = 0), given in Fig. but low frequency performance

is limited by the high frequency requirements of the WKB method.

M, oMo, 1 logy €, logy €y,

0.66 - A —— 0
0.28

0.45 -1
0.19

0.24 { -2
0.1

0.024 0.01 : -3

o 1 2 3 4 5 6 7 8 9 10
(a) He,/ (27)

Figure 5.6: Contour maps of (a) €, and (b) €,,, as functions of He; and M, 1, for nozzle with
shape varying axially as a quarter sinusoid, n = 0, Tp = 10ms™!, T = 1600 K, T = 800 K,
and 99,1 = lms™!. The (-+) and (-~-) lines represents the lower and upper frequency limits
given by Eqgs. and (|5.34)) respectively.

5.3.2 Application of the WKB model for modal stability analysis

To assess whether the developed semi-analytical model can be used to predict the acoustic
modes (or, for geometries supporting unsteady heat release rate, thermoacoustic modes) of a
system, the acoustic modes are predicted for the simpler test case on the right of Fig. [5.2]
allowing validation against the in-house 2-D low-order network solver, OSCILOSnp . The
mean flow is assumed to be along the axial direction and isentropic, with no azimuthal flow
(g =0and g 1 =0 ms~!). The eigenmodes of this conical shaped annular nozzle are predicted
using the semi-analytical model. Two different azimuthal mode numbers of n = 0 and n = 2 are
considered with the nozzle inlet and outlet low Mach numbers as 0.03 and 0.06, respectively.

OSCILOSnn is able to deal with a network of annular geometries, each with a fixed flow cross-

119



5.3. Validation

My, 2Mp 1 logy €, log, €y,
0.66 -

0.28 -1
0.45 -

0.19

12

0.24 {

0.1
0.0240.01 ‘ : -3

0o 1 2 3 4 5 6 7 8 9 10 0o 1 2 3 4 5 6 7 8 9 10
(a) He,/ (2) (b) He,/ (2m)

Figure 5.7: Contour maps of (a) €, and (b) €,,, as functions of He; and M, 1, for nozzle with
shape varying axially as a quarter sinusoid, n = 2, Ty = 1lms~!, T; = 1600 K, Ty = 800 K,
and 99, 1 = lms™!. The (-+) and (-~-) lines represents the lower and upper frequency limits
given by Eqgs. and ([5.34]) respectively.

sectional area. The axially-conical geometry is therefore segmented into 50 segments along its
0.5m length. Convergence with the number of segments was checked, giving an error of < 0.01%
for the frequency and < 0.7% for the growth rate. Simple boundary conditions - an open-end
condition for both nozzle inlet (p; = 0) and outlet (pa = 0) - are used. The dispersion relation

in terms of the semi-analytical model solution can then be written as,

: 1 1 _
Determinant = =0 =7P (L,w,n)—P"(Lwn)=0 (536)
P+ (L7 w7 n) ’Pi (L7w7 n)

Table 5.2: Comparison of modal frequencies, growth rates obtained from the semi-analytical
model and OSCILOS,,;, for the annular nozzle with isentropic axial mean flow, shown in Fig.[5.2
(Right). Left table - for azimuthal mode number n = 0. Right table - for azimuthal mode
number n = 2.

n=0, My =0.03, My,,=0.06 n=2, My =0.03, My,,=006
OSCILOS_ann [ WKB Model OSCILOS_ann | WKB Model
f[Hz] w;[rad s™!] f[Hz] w;[rad s™] fin [Hz] w;[rad s7!] fin [Hz] w; [rad s71]
745.51 -46.19 749.90 -44.20 1555.71 -10.66 1557.70 -10.25
1497.62 -45.39 1499.90 -44.20 2026.60 -24.81 2028.30 -24.17
2248.38 -45.22 2249.90 -44.20 2630.47 -33.05 2631.80 -32.30
2998.75 -45.17 2999.90 -44.20 3294.94 -37.42 3296 -36.61
3748.98 -45.14 3749.90 -44.20 3989.86 -39.86 3990.70 -39.02
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5.4. Analysis using the Magnus expansion method

The modal predictions are shown in Table for the two azimuthal wavenumbers. It can
be seen that the modes are accurately predicted using the semi-analytical model (Eq. )
with minor errors, < 0.5% for the frequency and < 2% for the growth rate. This confirms
that the semi-analytical solution for the annular nozzle can also be readily applied to calculate
acoustic modes. Hence it could be incorporated in lower order network models used for stability
analysis of annular combustors ([45-47, 50} [122-124]). Notably, for a purely meridional acoustic
mode (n = 0) in the constant mean radius nozzle, the growth rate (wy) predicted by the model
remains the same for different modes, as shown in Table This behavior was observed across

different mean flow conditions.

5.4 Analysis using the Magnus expansion method

The above WKB method-based solution applies to annular nozzles sustaining mean flow (both
axial and azimuthal) and an axial temperature variation. However, the analysis is limited to
low subsonic flow Mach numbers and sufficiently high frequencies. The unstable modes in
thermoacoustically sensitive systems typically occur near the fundamental frequency, which
maybe at such low frequencies that the effect of the entropy disturbance on the acoustic field
cannot be neglected. Therefore, a semi-analytical solution based on the Magnus expansion
method is considered to capture the 2-D acoustic field in annular nozzles with varying mean
radius. The solution thus achieved is accurate across a wide range of frequencies, applies
for both sub-critical and super-critical flow configurations, fully accounts for acoustic-entropy

coupling; however, the mean flow is assumed isentropic to make the analysis simple.

This section presents such a model based on the Magnus expansion solution to estimate the
2-D acoustic field in annular geometries that sustain the effects of axial variations in both the
mean radius and the width of the annular duct. This is also an important contribution being
reported in this chapter. The linearised Euler equations presented in Section [5.2] are recast
for an isentropic flow, and the resulting LEEs are solved using the Magnus expansion method
outlined in Chapter [4]

This analysis also assumes that the variations in the normal direction are negligible, and the
mean flow is assumed isentropic, involving no heat exchange with the surroundings. The
conservation equations for mass, meridional and azimuthal momentum, and energy, in such
quasi 2-D perfect inviscid, isentropic remains similar to Egs. - , except that the heat
transfer rate per unit V(/)lume, 6 = 0. In addition to the non-dimensional fluctuating flow

/

) v v . . . .

variables p*, o*, v, = —= and vy = TH are defined. The azimuthal velocity fluctuation vy is
v

m
m Ct
normalised with ¢ to avoid singularity for the case of zero azimuthal mean flow (g = 0).

The time-averaged steady conservation equations, Eqs. (5.8) - (5.11]) along with the requirement
that Q = 0 (from Eq. (5.7))) gives the mean flow solution sustained in the isentropic annular
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5.4. Analysis using the Magnus expansion method

nozzle. Similarly, the linearised form of the Euler equations are obtained by equating the first

order fluctuating quantities. This gives,

Dp* 0 v,

Di T Py tm t Cge = O (5.37)
Dy, ¢ op*  dum vy dug Ct
- 2uy, — (v —1)p" — — 2= —(y=1)p"—0o*| = .
Dt Tmom | dm om0 P o [ 5,00~ (y =Dy =07 =0, (5.38)

Doj , @0 _Tmdvy . Do
Dt ¢ rdf Ty dm® Dt
8() 90) 8<) The above

where the material derivative is defined as — () = —= + Up,——— + Vp——=

om rdf
linearised Euler equations, Eqs. , govern the unsteady flow mblde a thin annu-

lar nozzle with both varying mean—radlus and flow width, in the presence of both axial and

=0. (5.39 - 5.40)

azimuthal mean isentropic flow .

To employ the Magnus expansion, the linearised Euler equations are recast using the flow in-
variants of fluctuating mass (I4), stagnation temperature (Ig), entropy (I¢). In addition to
these flow invariants, defined in Eq. , the fluctuating angular momentum of the fluid is con-
sidered [128]. While the fourth invariant is defined as Ip, g = vj; in Duran and Morgans [128],
it is defined as, Ip = rvj in this work as the effect of the mean radius (r) variation is also
considered. Using this definition of Ip and other flow invariants from Eq. , a relation with

the primitive variables is obtained:

I IP
— Dr —
I _ _ k
4 11 -1 0 P
1 KK
I FIMZ - . -
Ip | — | 70 7w T Um |, =TP=[DF] L (5.41)
o 0 1 0 .
IC S
o 0 0 1 .
| Ip | - - L Ty |
with F1 = (v —1)/¢, ( = 1+ T M? and Fy = My¢ci/e. The linearised Euler equations

(Egs. (5.37) - (5.40])) are now recast in terms of invariants, and are compactly written using

matrix notation as,

9 I
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5.4. Analysis using the Magnus expansion method

where now I = [I4 Ip Ic I D]T and Z represents a fourth order identity matrix,

[ ¢ 1 _ G
(y=DMZ  (v-1)MZ
-1 1 -1 0
0 0 1 0
0 0 0 I
[ 0 0 0 1/r |
v—179 M, vy 1 Tpl+(y-1)M; ~-1M>-11
C EtMg.L—l CtMrgl—l Et C(M,g.b—l) C Mgl—l’l“
Eg(m) = 0 0 0 0 ;
rM2, —r r(1+ (y—1)M2) vy 1
L (Mg -1 (=DM -1) C(y-1D(MZ-1) & Mj -1

(5.44)
The effects of the mean radius variation are captured by the coefficients E,,, and Egy; these being
different from the invariant system of ODEs presented in Duran and Morgans [128]. The matrix
coefficients of Eq. are only functions of the meridional and azimuthal components of the
mean flow. Assuming a harmonic time-dependence for the fluctuating quantities, y* = get+in?,
the above equations are written in the frequency domain. Using the definition of axial and
azimuthal Helmholtz numbers as He = wl/¢ and € = nl/r, with the dimensionless meridional
coordinate m* = m/l,, (where l,, is the meridional length of the nozzle), Eq. becomes,
—icy

g Al with Ay = — B, [HecI +Q <E9 + WI)] : (5.45)
Ct

dm* Um, Ct

The above equation is of the form Eq. (4.12) and can be solved using Magnus expansion where

we seek a solution of the form,

I(m*, He, Q) = [exp[B(m*, He, Q)JT;,  with, B(m*, He, Q) =Y B®(m*, He, Q) (5.46)
k=0

B(k)(ﬁ) now represent the terms of the Magnus expansion each of order O(He, Q)¥. For initial
conditions specified at the inlet in terms of the primitive variables IP;, using Eq. (5.41) in
Eq. (5.46)), we get the acoustic solution at any given m* for a particular He, Q as,

IP(m*, He, Q) = Db, [[exp[B(m*, He, Q)]]. [[D;};l .IPIH (5.47)
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5.5. Validation

5.5 Validation

To validate the proposed solution based on Magnus expansion, the model is applied to the
quarter sinusoid test-case shown in Fig. |5.2| (Left) assuming isentropic mean flow. The results
are compared with numerical simulations of the LEEs (Eqgs. - ) under the acoustic
forcing and boundary conditions summarised in Fig. [5.1] The linearised Euler equations are
simulated for a given value of entropy and azimuthal velocity perturbation levels at the inlet.
The boundary condition at the nozzle inlet (m1) is specified in terms of the acoustic impedance,
Zy (with Z1 = p1/ (p1€10m,1)). A semi-infinite outlet boundary condition is again used and the
resulting initial value problem is numerically solved using the 4th order Runge-Kutta method.
The variations of the acoustic pressure and velocity in the nozzle are related to the velocity
forcing at the inlet using the definition of the transfer functions defined in Eqgs. , .
Note that the acoustic pressure and velocity are presented in dimensional form for the results
such that it facilitates comparison with the WKB results. This is achieved using the definitions,

P = P*VP, Um = Uy, Um, D9 = vy¢;. Magnus expansion order of k£ = 5 is considered.

5.5.1 Results

The annular nozzle shown in Fig. (Left) is considered across both sub-critical and super-
critical configurations assuming isentropic mean flow. Inlet Mach numbers of M,, 1 = 0.02
and 0.2 (with M, 2 = 0.05 and 0.56 at the outlet, respectively) are considered for the sub-
critical case while an inlet flow Mach number of 2.5 (with M,, 2 = 1.27) is considered for the
super-critical case. Two different inlet axial Helmholtz numbers, He;/ (27) = 0.01 and 1 are

considered.

e Sub-critical flow: The analytical model estimates are compared to the numerical results
in Fig. and for Helmholtz numbers of He;/(27) = 1 and He;/ (27) = 0.01,
respectively. Inlet entropy disturbances of o7 = 0.01 and 0.1 (1% and 10% temperature
fluctuations, respectively) and an inlet azimuthal velocity disturbance 0g ,, 1 =1 ms !,
in the presence of a strong azimuthal mean flow (vp 1 = 40m s™!) is considered for this
sub-critical flow configuration. It is noted that the analytical and numerical solutions are

in close agreement for the considered axial Helmholtz numbers and flow Mach numbers.

Figure [5.10] compares the model estimates to the numerical solutions of the acoustic field
in nozzles with higher levels of inlet entropy disturbances of 0.1 and 0.3 for two azimuthal
mode numbers of n = 1, 2. The considered azimuthal mode numbers are required to satisfy
the upper frequency limit given by Eq. , and hence frequency values of Hey / (27) = 1
and 3, are chosen for n = 1 and n = 2, respectively. The model performs accurately even
for these high levels of entropy disturbance and azimuthal mode numbers considered. A

deviation, however, was observed in predicting 0p at high frequencies (He;/ (27) = 3).
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This deviation can be attributed to truncating the Magnus expansion series to the first

five terms.

e Super-critical flow: Fig. compares the analytical model estimates to the nu-
merical results for the annular nozzle (Fig. (Left)) sustaining a super-critical mean
flow with an inlet flow Mach number of 2.5 and outlet flow Mach number of 1.27. Across
the frequencies (He;/ (2m) = 0.01 & 1) and entropy disturbances (o] = 0.001 & 0.01)

considered, the model was found to be accurate.

These results suggest that the model based on the Magnus expansion method applies over a
wider frequency range for nozzles sustaining isentropic mean flow (both sub-critical and super-
critical flows), with an excellent match with numerical LEEs over the low frequency regime,
which is important for thermoacoustic studies. The model was also shown to accurately capture

the effects of the entropy disturbance on the acoustic field.

e Comparison with the WKB model solution: Figures and compare the
Magnus expansion and WKB method based solutions for frequencies He;/ (27) = 1 and
0.01, respectively, for the nozzle shown in Fig. (Left) sustaining an isentropic mean
flow. It can be observed that at high frequencies (He;/ (27) = 1), the WKB solution
remains close to the Magnus solution for lower levels of entropy disturbance (o] = 0.01)
and flow Mach numbers (M,, 1 = 0.02). As the WKB solution assumes high frequencies,
a large deviation is observed in the low frequency regimes (He;/ (27) = 0.01), as shown
in Fig. [5.13] These observations again show that the acoustic-entropy coupling effect is
not accurately captured by the WKB solution and it is limited to high frequencies.

e Applicability of Magnus expansion based solution for non-isentropic flows:
The applicability of the Magnus expansion based model for nozzles sustaining non-
isentropic mean flow due to steady heat transfer is investigated by predicting the acoustic
field sustained in the annular nozzle shown in Fig. (Left) using the Magnus expansion
based model, WKB solution and numerical LEEs. The results are presented in Fig. [5.14]
for two different azimuthal mode numbers of n = 0 & 1. As the Magnus expansion
model assumes isentropic mean flow in its derivation, corrected Mach numbers based on
the non-isentropic mean flow results are used in estimating the acoustic field. It can
be observed from Fig. [5.14] that applying Magnus expansion based solution for nozzles
sustaining non-isentropic mean flow due to steady heat transfer leads to large deviations
(>20%), while the WKB model closely matches to the numerical LEEs.
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Figure 5.8: Evolution of F,, F;,,
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and vp with m/L. M,, 1 = 0.02 & 0.2, M,, 2 = 0.056 & 0.56,
for He;/ (2m) =1 (n = 0), and Z; = -1. (a): transfer function gain |F|. (b): transfer function
phase ZF),. (c): transfer function gain |F,, |. (d): transfer function phase ZF, . (e): gain of
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phase of Z0y. The lines (—) represent the WKB based solution, markers (CJ) represent the
Magnus expansion based solution, while the lines with markers (=:0=+) represent the numerical
LEEs solution.

132



5.6. Summary

5.6 Summary

In summary, semi-analytical model solutions for the two-dimensional acoustic field in a thin
annular nozzle, sustaining a mean flow with both axial and azimuthal components, are presented
using the iterative WKB and the Magnus expansion methods. The annular nozzle is considered
to have both mean radius and flow width variations, and hence the model allows for more
general geometries than previous studies. While the WKB model applies to nozzles exchanging
heat and exhibiting an axial temperature variation, the Magnus expansion model applies to
isentropic nozzles in this study. A coordinate transformation facilitated the derivation of a new
set of mean flow equations and linearised Euler equations (LEESs), these being an important
contribution of this thesis. In deriving these equations, the variations normal to the nozzle

walls are neglected in both mean and fluctuations, assuming a thin annular gap.

Firstly, the obtained LEEs are solved using the WKB method which requires, (i) neglecting
the effect of entropy perturbations on the acoustic field, (ii) neglecting higher-order flow Mach
number terms, and (iii) assuming that the mean flow variations occur slowly in some sense,
compared to the wave-number of the acoustics. The acoustic field predictions are validated
against the numerical solutions of the LEEs by applying them to an annular nozzle whose shape
varies as a quarter sinusoid for different frequencies and flow Mach numbers. The WKB model
predictions performed very well within the calculated frequency ranges of validity for Mach
numbers as high as 0.6 inside the nozzle. The model’s applicability for studying thermoacoustic
instabilities is further shown by accurately predicting the acoustic modes for an axially varying
annular nozzle and comparing with the in-house developed numerical low order network solver
(OSCILOS.nn).-

In the second approach, the linearised Euler equations governing the acoustic field in the thin
annular nozzle are solved using the Magnus expansion method, assuming an isentropic mean
flow. This method is applicable over a wide range of frequencies, flow Mach numbers (both
sub-critical and super-critical flows) and accurately accounts for the acoustic-entropy coupling.
By applying the model to the quarter sinusoid shaped annular nozzle, it has been observed the

obtained results are accurate even at large frequencies and flow Mach numbers.

While the WKB model was found to be accurate in predicting the acoustic field in annular
nozzles with non-isentropic mean flow due to steady heat transfer, the solution is limited to low
subsonic flow Mach numbers, sufficiently high frequencies and negligible effect of the entropy
disturbance on the acoustic field. The Magnus expansion based solution led to deviations for
nozzles sustaining non-isentropic mean flow but was accurate for isentropic mean flows across
a wide range of frequencies and flow Mach numbers, accurately accounting for the acoustic-
entropy coupling. The solutions from both these semi-analytical models are computationally

easy to evaluate and can be readily employed in lower order thermoacoustic solvers.
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Chapter 6

Conclusions

6.1 Summary of the contributions of this PhD work

In this thesis we developed simplified analytical frameworks for estimating the one-dimensional
and two-dimensional acoustic fields established in axial and annular nozzles, respectively. These
nozzles feature (i) varying cross-sectional area, (ii) varying axial mean temperature predomi-
nantly due to heat transfer, and (iii) sub-critical/ super—critica]E] mean flow, which does not have
to be isentropic. Heat exchange to the surroundings is considered as the only source of non-
isentropicity, and any effects of flow separation, fluid viscosity and wall friction are neglected.
Asymptotic methods such as WKB and Magnus expansion methods are used for predicting
the acoustic field, and the resulting model estimates are validated using numerical simulations.
The applicability of some of the developed models for stability analysis is shown by compar-
ing the obtained modal solutions to in-house developed low-order network model solvers based
on modal expansions. The analytical models thus developed can be of great interest to both

thermoacoustic and acoustic communities.

The first contribution of this thesis has been to develop WKB method based semi-analytical
solutions to estimate the planar acoustic field in quasi 1-D nozzles with a mean flow that
can be non-isentropic due to steady heat transfer. The WKB models require high frequencies
and neglect the effect of the entropy disturbance on the acoustic field. The general semi-
analytical solution allows arbitrary area and temperature profiles but comes at the expense of
marginally increased computational effort. The general solution can be further simplified for
specific area and temperature profiles; for example, for the case of conical and exponentially
shaped nozzles with a linear temperature gradient, simplified analytical solutions are presented

for both isentropic and non-isentropic flows. These simplified solutions only depend on the

!By applying the Rankine-Hugoniot jump conditions, acoustic solution in the presence of any shock waves
can also be obtained [77].
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local mean flow and thermodynamic properties and the wave-number. They provide a simpler,
physically more insightful solution but are confined to low subsonic flow Mach numbers. Explicit
expressions are obtained for the frequency ranges in which the model is applicable. Within
the frequency range of validity, the model accurately predicts the nozzles’ acoustic field and

eigenmodes.

The second contribution has been to investigate the effect of steady heat transfer on the acoustic
energy balance in nozzles sustaining mean flow. This is achieved by quantifying the acoustic
energy change in terms of the acoustic absorption coefficient A, with A > 0 (A < 0) signifying
acoustic energy absorption (generation). The acoustic response for determining A is obtained
using the WKB solution, and the considered frequencies, therefore, fall within the WKB validity
limits. The effect of the mean flow conditions, frequency and inlet reflection coefficient on A
is investigated. The analytical model predictions and the simplified mathematical analysis
revealed that at sufficiently high frequencies A is not dependent upon frequency and shows a
maximum for an anechoic inlet boundary. The analysis revealed that the temperature gradient
significantly affects the acoustic behaviour, with a positive gradient causing acoustic absorption
and a negative gradient resulting in acoustic generation. It is also reported that the effect of
the area gradient on A is minimal compared to the temperature gradient. This result suggested
that practical combustors, afterburners and automotive exhaust systems, which exhibit axial
temperature drops due to heat loss, may be especially prone to thermoacoustic instabilities
due to acoustic energy generation. It is observed that by altering the temperature variation, a

proportional decrease in acoustic energy generation can be obtained in the nozzles.

The WKB solutions are confined to sufficiently high frequencies and low subsonic flow Mach
numbers and neglect the effect of the entropy disturbance on the acoustic field. A semi-
analytical solution based on the Magnus expansion method was therefore developed in this
thesis to account for the main drawbacks of the WKB method. For the first time, a Magnus
expansion solution is developed for flows exhibiting heat transfer and thus which are not isen-
tropic. The linearised Euler equations are recast as a first-order system of ODEs in terms of the
flow invariants. This system of ODEs is expanded around the non-dimensional frequency and
heat-transfer terms and truncated to the first five terms of the expansion. The model accurately
determines the acoustic and entropy transfer functions for both sub-critical and super-critical
flow configurations and is applicable over a wide range of frequencies, with small deviations at
very high frequencies. It was observed that the steady heat transfer significantly affects the
acoustic response even at the acoustically compact limit. Hence, the compact isentropic nozzle
solutions of Marble and Candel [76] cannot be applied to nozzles with non-isentropic mean
flows. This thesis, therefore, presents the first compact (and non-compact) solution for nozzles
exchanging heat to the surroundings. The results also show that heat transfer profoundly af-

fects the entropy generation in a nozzle with the potential of significantly increasing indirect
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Figure 6.1: Schematic of a jet engine with annular combustor describing the applicability of the
2D acoustic models in different domains. OS and NS represent the oblique and normal shocks
sustained in the intake.

noise emissions. A nozzle losing heat led to stronger entropy generation compared to nozzles
gaining heat. Again as most practical systems sustain heat loss, they encounter larger levels
of entropy generated noise. Therefore nozzles losing heat are prone to higher levels of acoustic
energy generation at sufficiently high frequencies and generate strong entropy waves at low

frequencies.

It should be noted that compared to WKB solutions, the Magnus expansion method based
acoustic solutions require higher computational cost (Appendix @[), and they cannot be ex-
pressed as a superposition of upstream and downstream propagating wave amplitudes. Also,
the high-frequency behaviour of the WKB solution is better than for the Magnus solution.
Therefore, in regions near the flame where the flow Mach numbers are low, and area/temper-
ature gradients are not too strong, WKB solutions can be applied given their advantages of
reduced complexity and computational cost. In regimes involving high flow Mach numbers, for

example, nozzles or turbine blades, Magnus expansion based models can be used.

The last contribution of the thesis is to extend the WKB and Magnus expansion based methods
to capture the two-dimensional acoustic field in annular nozzles sustaining a mean flow. For the
first time, the effects of both the mean radius and the flow width variations are accounted for.
While the WKB solution developed can be applied to nozzles with non-isentropic mean flow, the
Magnus solution is limited to the isentropic case in this study. The WKB solution’s frequency
limits are presented, and its applicability to stability analysis is shown. As the higher-order
azimuthal modes of the annular nozzles occur at high frequencies, the WKB predictions are
accurate with a negligible effect of the entropy disturbance due to shear dispersion. When the
mean flow sustains high flow Mach numbers with negligible changes in the temperature, the

Magnus expansion based model can be applied.

Figure shows a use-case of a jet engine with an annular combustor and regions where the

developed 2-D acoustic models can be applied. The Magnus expansion-based model can be
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applied for intakes and diffusers involving super-critical flows with or without shocks. For this
case, the acoustic propagation is separately solved in the sub-sonic and super-sonic portions,
as described in [128]. This 2-D model can also be applied to estimate acoustic propagation
through compressor or turbine blades, assuming the mean flow to be isentropic. For combus-
tor/afterburner regions involving steady heat transfer and low flow Mach numbers to keep the
flame stable, the WKB model can be applied. Therefore, the models thus developed can be
used to study the thermoacoustic behaviour in various domains of the GT engine. Similarly,

the 1-D models would be useful in GT engines using can-combustors.

6.2 Future work

e The present work developed several analytical models for the acoustic field solutions in
nozzles with axially varying flows. Implementing these solutions in lower-order ther-
moacoustic solvers could improve their accuracy for complex geometries at reasonable

computational cost.

e Steady heat transfer is considered as the prime source of non-isentropicity for the models
developed in this thesis. However, combustors and diverging portions of the nozzles
encounter flow separation and wall friction [109]. Yang et al. [132], De Domenico et
al., [107] that the presence of recirculation zones strongly affect the entropy field and
thereby the acoustic response of the nozzles. A model which can also account for these

effects would be more accurate for many flows.

e Only the effects of the acoustic-entropy coupling is discussed in this work neglecting any
compositional or vortical disturbances which can also act as sources of indirect noise. The
acoustic-vorticity coupling of acoustics with vorticity waves [139] can affect the acoustic
field and the acoustic energy balance of the system. The vortical structures are triggered
by the acoustic fluctuations at the flow separation edges, and as these structures convect
downstream they may continuously interact with the acoustic field, leading to attenuation
or amplification of the acoustic energy. Hence, acoustic-entropy [26] as well as acoustic-
vorticity coupling [113} (140} |141] may lead to net absorption or generation of acoustic

energy due to acoustical energy transfer to the entropy and vorticity mode or vice versa.

e Compositional inhomogeneities |78, |142] [143| can also lead to the generation of indirect
combustion noise and it was shown that this compositional noise depends on the local
mixture composition and can exceed entropy noise for fuel-lean conditions and supercrit-
ical nozzle flows. This suggests that the compositional indirect noise also requires due

consideration in modelling the thermoacoustic behavior inside low-emission combustors.

e The Magnus expansion based model in Chapter [5| is limited to annular nozzles with

isentropic mean flows. Further developing the model to account for steady heat transfer
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- a crucial effect - would facilitate it being employed in determining the acoustic response
of more complex components such as the stator blades (or nozzles) of the turbine. These
blades encounter heat transfer due to blade cooling and often sustain super-critical flow

configurations, and hence the WKB models cannot be applied.

e The effects of viscosity (momentum diffusion) and the boundary layer are neglected in
this analysis for both the mean flow and perturbed flow. However, the viscous effects
become important at higher frequencies, and linearised Navier-Stokes equations (LNSEE)
can estimate the acoustic field better than LEEs. Further extension of the models to

account for the viscous effects would be useful.

e Finally, the non-linear response of the normal shock, present in the intake diffuser and
turbine blades to incoming disturbances can be better determined using a weakly non-

linear analysis than a linear framework described in this thesis.
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Appendix A

Numerical procedure for solving the

linearised Euler equations

The linearised Euler equations given by Eq. (3.6) are solved assuming a semi-infinite boundary
condition at z* = 1 [134]. This results in an initial value problem which is solved using a

fourth-order Runge-Kutta method. The first-order system of ODEs are as follows,

dP*
dx*

dP~

=Cn Pt 4+ 0P, & e C1 Pt + CyoP~, subjected to P{ and P at the inlet.
(A1)

P+
with R; as the reflection coefficient at the inlet, Ry = —-.

1
In a linear framework, the elements of the transfer function, defined in Eq. (3.10)), can be
obtained by subjecting the system of ODEs in Eq. (A.1)) to any two different conditions. For

examples, Pf‘ =0,P; =1and Pf’ =1, P{ = 0 are chosen here. The acoustic response of the

: Py Py .
nozzle, expressed in terms of —= and —= is given by,
1 1
—P; =T T1o; Py _ T Too; A
= =TuR +Tia; —==Tnk +Th; (A.2)
P P

where the T11, T2, To1, Tho are the elements of the transfer matrix shown in Eq. (3.10]). These
expressions are finally used in the estimation of A using Eq. (3.11)).
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Appendix B

Optimisation search

The global extrema of A as a function of mean flow parameters (a*, b* and M;), are found
using an optimisation search based on a genetic algorithm. The constraints applied to the

parameters are as follows,
—08<a"<2; —-08<bv* <5 0<M; <03 (B.1)

Although the theoretical limits for a* and b* range from -1 to oo, these area and temperature
profiles are practically infeasible. For example, a* > 2 indicates a diverging nozzle with signifi-
cant area change and hence prone to flow separation. Thus, the area variation (a*) is limited by
nominal levels of flow acceleration for converging ducts and flow separation for diverging ducts.
The mean temperature variation (b*) is limited by the combustion process, and the practical
temperature gradients encountered. The value of M is limited by the low Mach number flow
assumption, typical for combustor flows. The flow conditions for maximum acoustic absorption

and generation are presented in Table along with their corresponding values.

Table B.1: The flow conditions and corresponding extrema for |A|.

H Acoustic generation Acoustic absorption H

a* = —-0.373 a* = —-0.72
M; =0.25 M; = 0.262
H Amin = —1.335 Amax = 0.611 H

As seen in Table maximum acoustic generation (A = -1.335) occurs when the non-
dimensional mean temperature variation b* assumes the lowest possible negative value con-
strained by the limit. Similarly, the maximum acoustic absorption (A = 0.611) corresponds to

b* = 5, constrained by the maximum positive value set by the limits.
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Appendix C

WKB analysis by assuming

wave-number £k, to be complex

The effect of neglecting the imaginary part of wave-number is evaluated mathematically in
this section. A new real parameter v is defined as the ratio of the imaginary part of angular
frequency (wy) to the real part (wg). Thus we have,

wr

V= = w=wr(l+iv) or k,=ko, r(1+iv), (C.1)

WR

For the modes of interest in thermoacosutic applications, w; < wg, and hence |v| < 1, as
stated earlier. It should also be noted that, ¢ is at-least an order larger in magnitude than v.
For example, in the annular test-case considered in Fig. (Right), |d| is observed to be is
~ 0.17 while |v| ~ 0.009, corresponding to the first harmonic mode with n = 0. It is assumed

that the parameters, J§, u are of the same order, that is,

A, .
=0 (O[,i,) s and W= knr’ with 0(5) ~ O(/J,) > O(V) (C2)
Also, , .
p— ~ _ . o 2 s . .
H= For (L+ )7 R~ Fo (1-—iv—r’+..)~ur(l—iv) (C.3)

Now Eq. (5.23) is again substituted into Eq. (5.22)) and the real part of the equation is equated

to zero. However, the wave-number k, is considered complex. This results in,

2 [(1 ~ M) — M;} + 2k, RMinb+k2 g [1 = 1% (1 — prMp)] +O(6%, 62 My, 50 Myp, ) ~ 0.
(C.4)

The contribution of the terms involving v are still negligible (since |v| < |4|). The ‘new’
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C. WKB analysis by assuming wave-number k, to be complex

quadratic equation thus obtained has real number £, g in place of k,. Thus,

b'rzewi _ Mm + )\R
ko.r (1 —prMy)® — M2,

;  where A\ = \/(1 — urMpy)* — ph (1 — M2). (C.5)

Similarly on equating the imaginary part, we arrive at,

1 dx M2 | %M, 2M2 AMZ | 3A.upM,, M,
anewi__g_é_ii el m:l:/J‘R (B_AT)J'_MR £ — ai pn ’
2 4 2\ dm 2 2\r r 2 AR
My,
+ (f — a) (M2 F ArM,y, (14 2upMp)) — Ay pupMp (3 + 2urMp) F ﬂ;AR ]

Extra term

vk bt b \?
+ T}f (1 + Zeme - <r];ew> [LRM9> .

(C.6)
The final model solution for acoustic pressure is obtained by substituting for ar,,, bi., in
place of a*, b* in Eq. . This solution was further used to solve for the eigenmodes of
the annular nozzle shown in Fig. (Right), using Eq. . However, assuming k, to be
real or complex for the WKB analysis resulted in a difference of less than 0.01% for the modal

solutions.

For the special case of a quasi 1-D nozzle sustaining a planar acoustic field, Egs. (C.5) and (C.6))

simplify as,

Term 1
B_ (B B ayM? _ ByM | vk Tk
+ @ 2 o, R + o, R
L E-EN BV N R Vi + : - _
¢ 2 4$<2 O‘) +<2 O‘) L R R T VAL e ey Vi
(.7)

Based on the definition of WKB (Eq. (2.25))), we evaluate a™ + ib™ for the general solution of
acoustic pressure, p. The addition of Term 1 in a* and ibf » (Eq. (C.7)), results in,

ino,R+i:|:ko,R _ i:F(ko,R'f'iko,I) _ ibi
1+ M 1+ M 1+ M L

(C.8)

Therefore on writing the final solution for p using the definition in Eq. (2.25), we again get
p = exp (ai + ibiE + i<I)N1/2k:0). Thus, when |v| < 1, assuming the wave-number to be real
for the initial WKB analysis still gives a complex wave-number in the final expression for the

planar acoustic field estimation.
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Appendix D

Computational cost comparison of

models

To evaluate the computational cost of the WKB, Magnus expansion and numerical LEEs solu-
tions, the conical test case in Fig. is considered across 1000 different frequencies ranging
from 0.3 to 1.1. It should be noted that in this frequency range the estimates of the WKB

models are also accurate at low levels of entropy disturbance magnitudes. Although a Magnus

expansion order of K = 5 is used in the analysis, we here compare the computational per-

formance of models from k = 2 to & = 5. The calculations are produced using MATLAB
(Windows version) installed on a HP Z4 G4 workstation with 10 physical cores, 3.7GHz clock
speed and 64GB RAM, and the results are as follows, As seen in Table the analytical

Table D.1: Computational performance of the analytical and numerical solutions.

H Model Computational time in [s] H
Numerical LEEs 4122.55
2" order Magnus, k = 2 71.50
3™ order Magnus, k = 3 112.23
4" order Magnus, k = 4 163.06
5" order Magnus, k = 5 250.12
WKB 0.02

solution computation requires minimal effort as it does not require any numerical integration

in evaluating the wave propagation.
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